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Preface

This book is about a sophisticated algorithm, namely, the multilevel fast multipole algorithm
(MLFMA), which has been developed and improved continuously in the last two decades
for the fast and accurate solution of real-life electromagnetics problems. When it was first pro-
posed, MLFMA enabled accurate solutions of problems relating to metallic objects that cannot
be solved directly on computers. Since then, the algorithm has been extended to more compli-
cated problems involving metallic, dielectric, and composite objects, has been improved for
realistic solutions with unprecedented levels of accuracy, and has been parallelized to handle
discretizations involving millions of unknowns. Recently, MLFMA has been the core algo-
rithm to solve the largest dense matrix equations involving more than 1 billion unknowns.

Due to high academic and industrial impacts, computational simulations of electromagnetic
phenomena have attracted the interest of many researchers. The literature includes excellent
studies involving huge efforts to develop novel solvers for more efficient and accurate simu-
lations. Along this direction, MLFMA has been one of the major algorithms that have passed
the time test. Since it was proposed, this algorithm has proved its robustness, efficiency, and
accuracy in many simulations involving diverse components and parameters. Today, most of
the leading research centers now have their own implementations of MLFMA, for sequen-
tial and/or parallel platforms, among their code libraries. Unsurprisingly, MLFMA has also
attracted the interest of industrial bodies via commercial programs using the high potential of
the algorithm. And, more importantly, due to its superior efficiency and robustness, MLFMA
will definitely be one of the key algorithms of computational electromagnetics in the future.

This book provides a detailed and instructional overview of MLFMA for post-graduate stu-
dents, researchers, and academics, studying in the areas of computational electromagnetics,
numerical analysis, and computer science.

December 2011
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1

Basics

This chapter presents some of the preliminaries to the multilevel fast multipole algorithm
(MLFMA). Using Maxwell’s equations and boundary conditions, surface integral equations
are derived to formulate electromagnetics problems involving metallic and dielectric objects.
Discretizations of the surface integral equations with basis and testing functions on triangular
domains lead to dense matrix equations, which can be solved iteratively via MLFMA. Numer-
ical integrations on triangular domains, different types of excitations, iterative algorithms, and
preconditioning are also discussed.

1.1 Introduction

Solving electromagnetics problems is extremely important to analyze electromagnetic inter-
actions of electronic devices with each other and with their environments including living and
nonliving objects [1]. A plethora of applications in the areas of antennas [2]—[13], radars [14],
optics [15], medical imaging [16], wireless communications [17], nanotechnology [18], meta-
materials [19]—[25], photonic crystals [26]—[33], remote sensing, and electronic packaging
involve scattering and/or radiation of electromagnetic waves. The following are some examples
of popular electromagnetics problems:

e Radiation from antennas, e.g., designing novel antennas and estimating their adverse effects
on the human health.

e Indoor and outdoor propagation, e.g., optimizations of wireless electromagnetic sources to
cover required areas with minimum power.

e Visualization via optical imaging devices, such as lens systems in microscopy, astronomy,
surgery, and biology.

e Transmission through frequency-selective photonic crystals and metamaterials, which are
artificial structures having a vast variety of applications, such as invisibility cloaking.

e Detection of ordinary and stealth airborne and naval targets with radar systems using the
radar cross section (RCS).

The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-Scale Computational Electromagnetics Problems,
First Edition. Ozgiir Ergiil and Levent Giirel.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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e Scattering from biological structures, such as red blood cells (RBCs), to diagnose various
diseases.
e Electromagnetic compatibility of novel electronic devices, such as THz-range circuits.

Solutions of these problems are essential in the design and manufacturing cycles of electronic
devices; they enable engineers to explore novel designs and prevent the waste of the resources
involved in building prototypes and carrying out laboratory tests.

A quick look at a list of emerging technologies shows that electromagnetic fields will play a
major role in the future. Wireless communications, e.g., cellular phones, have already become
key components of modern life, with continuously increasing markets. Wireless energy trans-
ferring systems allowing unplugged electrical devices are now at the prototype stage, and are a
major priority of technology companies. Novel designs in nanotechnology will require better
imaging systems with subwavelength focusing abilities that can be achieved with metamate-
rials. Electromagnetic scattering from human tissues will become more and more popular to
design diagnostic tools for noninvasive treatments. Hence, electromagnetics simulations will
maintain their importance in the future in testing novel devices based on electromagnetic fields
and in reducing their design and manufacturing costs.

Electromagnetics problems can be formulated rigorously with Maxwell’s equations. Unfor-
tunately, these equations can only be solved analytically for a few canonical objects, such as
a sphere [34]. Recently, computational electromagnetics has become a scientifically popular
area, where electromagnetic radiation, scattering, and transmission problems in the aforemen-
tioned areas are solved with numerical techniques. Mathematical formulations of physical
events lead to a set of equations that can be solved numerically by using computers. Thanks
to advances in computer technology and solution algorithms, it has become possible to solve
many real-life problems involving complicated structures.

Developing a fast and accurate electromagnetics solver requires a well-designed combina-
tion of diverse components in many areas, such as wave theory, integral equations, numerical
techniques, fast algorithms, iterative solvers, preconditioners, parallel implementations,
high-performance computing, and computer technology. Accurate simulations of real-life
problems usually require the solution of numerical problems involving large numbers of
unknowns, which cannot be achieved easily, even when using the most powerful computers.
Therefore, one needs to develop special acceleration algorithms, such as MLFMA [35], in
order to solve those large-scale problems efficiently on relatively inexpensive computing
platforms. This book is about MLFMA and its implementation for fast and accurate solutions
of electromagnetics problems.

1.2 Simulation Environments Based on MLFMA

Figure 1.1 presents a typical simulation environment based on MLFMA. Surface integral
equations are derived from Maxwell’s equations without any fundamental approximations and
are applied to the modeled geometry represented by surfaces. Simultaneous discretizations of
the integral equations and surfaces using a set of basis and testing functions defined on trian-
gles lead to dense matrix equations. These matrix equations can be solved iteratively, where
the required matrix-vector multiplications (MVMs) are performed efficiently by MLFMA.
Optionally, convergence of iterations can be accelerated with preconditioners. MLFMA is
employed on parallel computers, particularly those with distributed-memory architectures, to
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ELECTROMAGNETICS
Maxwell’s PROBLEM
equations

i ¢

Discretization
. . t
— e Triangulation g %?)%rzl?nrgy

Surface integral

SSLaion * Basis / testing functions
Dense matrix
| equations
Multilevel l
Fast Multipole . .
Algorithm —-— Iterative methods Preconditioners I
(MLFMA) 1
Distributed-memory .
parallel computers Solutions

Figure 1.1 A typical simulation environment based on MLFMA.

solve very large problems. Finally, solutions, e.g., scattered or radiated electromagnetic fields,
are obtained after a certain number of iterations.

Although Figure 1.1 illustrates the main focus of this book, many different simulation
environments can be constructed using alternative components. For example, volume integral
equations [36]—[40] discretized with tetrahedra can be used to formulate problems. Instead
of MLFMA, one can use the fast Fourier transform (FFT) [41]—[46] or the adaptive integral
method [47],[48] to accelerate MVMs. MLFMA can be further accelerated via asymptotic
techniques [49],[50]. Besides, in the context of parallelization, it can be employed on
shared-memory architectures. Figure 1.1 merely depicts one of the simulation environments
that have passed the time test for the accurate and efficient solutions of electromagnetics
problems.

1.3 From Maxwell’s Equations to Integro-Differential Operators

Maxwell’s equations for linear, isotropic, and homogeneous (simple) media can be written as

V X E(r, 1) = _”@ (1.1)
vxHr0=e 2T 4 jep (12)

ot
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V-Er,f) = lpe(r, ) (1.3)
€
V-H(r,t) =0, (1.4

where € and p are the permittivity and permeability of the medium, E and H are the electric
and magnetic fields, J is the electric current density, and p, is the electric charge density, which
is related to the electric current via the continuity equation as

9p,(r.1)
o
In general, electromagnetic fields and sources (currents and charges) depend on position r =

£x + Jy + 2z and time ¢. Assuming time-harmonic electromagnetic fields and sources with e’
time dependence, Maxwell’s equations can be rewritten as

V. Jrt)=- (1.5)

V x E(r) = ioouH(r) (1.6)
V X H(r) = —iweE®r) + J(r) (1.7)
V- E@) = 1p0) (1.8)
V-Hr)=0, (1.9)
where
V- J(r) =iwp,r). (1.10)

Note that, using the phasor notation,

fi(r,t) = Re{f(r) exp(—iwt)} (1.11)
fo(r.t) = Re{f ,(r) exp(—iwt)} (1.12)
@ = —iwRe{f,(r) exp(—iwt)} (1.13)

for a scalar f, and a vector f,.

Applying the equivalence principle on dielectric objects introduces magnetic sources, in
addition to electric sources. Maxwell’s equations can be extended by including the magnetic
current density M and the magnetic charge density p,, as

V x E(r) = iouH(r) — M(r) (1.14)
V x H(r) = —iweEr) + J(r) (1.15)
V-E®) = 1.0 (1.16)
V-HE) = 1p, 1), (1.17)
u
where
V - M(r) = iwp,,(r) (1.18)

is the continuity equation for the magnetic sources.
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A set of Helmholtz equations for the electric and magnetic fields can be directly derived
from Maxwell’s equations. Taking the curl of (1.14) and using (1.15), (1.16), and the identity

VXVxf,=VV-f, =V, (1.19)
one can obtain
V XV xE@r) = iouV x Hr) = V X M(r) (1.20)
VV - E(r) — V2E(r) = iop[—iweEr) + J()] — V x M(r) (1.21)
éVpe(r) - V2E(r) = 0’ ueE@) + iouJ(r) — V X M(r) (1.22)
V2E(r) + KE(r) = —iopJ (r) + éVpg(I’) +V XM, (1.23)

where k = w+/ep = 2z /A is the wavenumber and A is the wavelength. Similarly, taking the
curl of (1.15) and using (1.14), (1.17), and (1.19),

VXV XH({r) = —iweV X E(r) + V X J(r) (1.24)
VV -H(@r) — V’H(r) = —iweliopHF) — M) + V X J(r) (1.25)
lvpm(r) - V2H(r) = o’ ueH@r) + iweM(r) + V x J(r) (1.26)
U
V2H(r) + K*H(r) = —iweM(r) + lme(r) -V xJ@). (1.27)
H

By writing the fields in terms of the vector and scalar potentials as
E(r) =iwA,,r) -V, () — lV XA, ) (1.28)
€
H(r) =iwA,@r) -V, + lV XA, (r) (1.29)
H

and using the Lorentz gauge, i.e.,

VA, ) = iveud,(r) (1.30)
VA, ) = ioped,,(r), (1.31)

a set of Helmholtz equations for the potentials can be derived as

V2.0) + K 0) = 1 p,(0) (132)
V2, () + Kb, (1) = —ipm(r) (133)
VA, (1) + KA, (r) = —eM(r) (1.34)

V2A,,(r) + KA, (r) = —uJ (). (1.35)
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The Helmholtz equations in (1.32)—(1.35) can be solved for arbitrary current and charge dis-
tributions, leading to

b =1 / dr' g(r, 1) p (') (136)
b(r) = i / dr' 9,7 )p, (1) (137)
AP =ec / dr' g,V YM() (1.38)
A, () =p / dr'g(r,rJ('), (1.39)
where
g(r,r’) = exi’f:;R) R=1r—r) (1.40)

is the homogeneous-space Green’s function. Using (1.36)—(1.39) in (1.28) and (1.29), elec-
tromagnetic fields due to arbitrary current and charge distributions can be written as

E@r) = iky / dr' [J(r’)+ k—12v’ -J(r’)v] o(r.r)
—/dr’Vg(r,r’)xM(r’) (1.41)

H() = ikn™! / dr' [M(r’)+ k—l2v’ -M(r’)V] 1)

+ / dr'vgr,r'yx Jr), (1.42)
where n = f is the intrinsic impedance. Finally, by defining the integro-differential opera-
tors 7 and K as

T(X)(r) = ik / dr' [X(r’) + kl—zv’ -X(r’)v] e(r,r) (1.43)
K{X}r) = /dr’X(r’) x V'g(r,r), (1.44)

the expressions for the electromagnetic fields can be rewritten as

E(r) = nT {J}(r) — K{M}(r) (1.45)
H(r) = n ' T{M}r) + (T} (). (1.46)

Equations (1.45) and (1.46) clearly show the dependence of electromagnetic fields on electro-
magnetic sources in a simple medium.
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1.4 Surface Integral Equations

In general, electromagnetics problems involve three-dimensional objects with arbitrary
geometries that can be modeled with perfectly conducting and dielectric (lossy or lossless)
regions. As depicted in Figure 1.2, the equivalence principle can be used to decompose the
original problem into equivalent problems by employing equivalent currents on surfaces.
Equivalent problems are defined for all nonmetallic regions, including the host medium
extending to infinity. Then, integral equations can be derived by applying the operators on
the currents and enforcing the boundary conditions for the tangential components of the
electromagnetic fields.

Consider a homogeneous dielectric region D, bounded by a surface S,. As depicted in
Figure 1.3, this region may extend to infinity. Considering the tangential components of the

Equivalent problem 1
Original problem

Metallic VIS N
/ \
R R 3
( J&M ) N 4
\\ // \\_//
Dielectric
Equivalent problem 2 Equivalent problem 3 Equivalent problem 4
,"-__‘\\\ // \\
// //,/j N / '<’> \ '(/‘>
o der ) L1 uam Ll
\\‘ ’// N ~ // ~
i SO J&M
J&M ST &M

Figure 1.2 Applying the equivalence principle to an electromagnetics problem involving multiple
dielectric and metallic regions.

]
N
z:o’
N
Y
&

v oo

Figure 1.3 A dielectric region enclosed in a surface and a dielectric region extending to infinity. In each
case, the region is bounded by a surface S, which consists of multiple unconnected parts in the second
case.
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electric and magnetic fields on S,,, one can derive

_nuﬁu Xﬁu X TM{JM}(r) +ﬁu X ﬁu X Ku{Mu}(r)

— i, xit, x E™(r) = —a,xn, xE,r) (1.47)
-, X i, X T (M) — i, X i, x K,{J,} @)
— i, X, x H™(r) = -, x it,, x H,(r), (1.48)

where r € S, i1, is the inward normal unit vector, and E™ and H™ are the incident electric
and magnetic fields, respectively, created by external sources located in D,. The equivalent
currents equivalent electric and magnetic currents are defined as

J,r)=T"{H, ) =i, x H,(r) (1.49)
M, ()= -T"{E, }@r) = —h, X E,r), (1.50)

where
XY =a, X T{X}r) =i, X X(r) (1.51)

and 7 is the identity operator. The operator £, is commonly separated into principal-value and
limit parts (see Section 6.1) as

dr —Q, .
K AX}(r) = Kpy (X} () - yp 7" X }(r), (1.52)

where 0 < Q, < 4x is the solid angle that is nonzero when the observation point r is on the
surface. Using (1.52) in (1.47) and (1.48), and rearranging the terms, one can obtain

=i, X i, X TAJ @) + iy, XAy, X Kpy ( AM,}(r)

Q .
= DM@ = iy X, X E) (1.53)
_nu_lﬁu X ﬁu X Tu{Mu}(r) - ﬁu X ﬁu X ICPV,u{Ju}(r)
Q o
£ AT = iy X XHL). (1.54)

Equations (1.53) and (1.54) are known as the electric-field integral equation (EFIE) and the
magnetic-field integral equation (MFIE), respectively.

As discussed in Chapter 2, EFIE and MFIE each have two forms. In the forms given in (1.53)
and (1.54), the tangential components of the electric and magnetic fields are sampled directly
since

—AxAXf,=f,—hh-f, (1.55)

for an arbitrary vector f,. Hence, (1.53) and (1.54) are commonly known as tangential integral
equations and denoted with T-EFIE and T-MFIE, respectively. On the other hand, it is also
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possible to sample a rotated version of the tangential electromagnetic fields. Specifically, (1.53)
and (1.54) can be modified as

rluﬁu X ,ru{',u}(r) - ﬁu X ]CPV,M{MM}(")
Q .
+ —LT{M ()= -, x E™(r) (1.56)
4
1y iy X T (ML) + iy, X Ky (0, 1(0)
- &I{Ju}(r) = —it, x H™(r), (1.57)
4x

which are commonly known as normal integral equations and denoted with N-EFIE and
N-MFIE, respectively. It should be emphasized that normal integral equations do not involve
electromagnetic fields in normal directions; this convention is used throughout the book.

1.5 Boundary Conditions

Solutions of the surface integral equations (EFIE and MFIE) to compute the electric and mag-
netic currents require the use of appropriate boundary conditions at boundaries. As depicted
in Figure 1.4, two scenarios are of particular interest. When two dielectric regions D, and D,
are separated by a surface S,,,,, the tangential electric and magnetic fields are continuous across
the surface. This can be written as

J,r)=n,xH,(r)=—-J,r)=—i,xH,/r) (1.58)
M, (r)=—-n,XE,(r)=-M,r) =, xE,r), (1.59)
or simply
J,r)==J,r)=Jr)=axH(r) (1.60)
M, (r)=-M,r)=M(r)=—-nxEr) (1.61)

with 7i = 71,,. Hence, the integral equations derived for D, and D,, can be combined in different
ways to solve for J and M.

In many electromagnetics problems, some of the objects can be modeled as perfect electric
conductors (PECs). Since electromagnetics fields cannot penetrate into PECs, surface integral
equations are not required inside such objects. On a surface separating a dielectric medium

Figure 1.4 Boundaries between two dielectric regions and on a PEC surface.
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from a PEC, the magnetic current is identically zero and the electric current corresponds to
the induced electric current, i.e.,

J ) =axH@r) =J"@r) (1.62)
M, ) = 0. (1.63)

As discussed in Chapter 2, (1.62) and (1.63) are also valid for an open PEC with zero volume,
since an open surface can be considered as a limiting case of a closed surface.

Finally, finding the equivalent currents J,, and M,, on the surface S, bounding D,,, the sec-
ondary (scattered or radiated) electromagnetic fields can be computed everywhere inside D,
(and on §,) as

i dr—Q,
E;(r) =n,T{J, @) = Kpy ,{M,}(r) + TI MM, }(r) (1.64)

sec -1 4r Qu Xn,
H,“(r)=n, E{Mu}(r)+1va,u{Ju}(r)—Tl {J, 3 (). (1.65)

1.6 Surface Formulations

For the solution of electromagnetics problems, various surface formulations can be derived
by using diverse combinations of surface integral equations. Some of these formulations are
known to be stable and provide accurate results [51]—[83], although their performances may
vary significantly in terms of efficiency and accuracy. In general, surface formulations can be
categorized into three groups, i.e., tangential, normal, and mixed, depending on their contents.
Tangential formulations involve T-EFIE and/or T-MFIE, while normal formulations involve
N-EFIE and/or N-MFIE. Mixed formulations are obtained by combining the tangential and
normal formulations, and they contain at least one tangential equation and at least one normal
equation.

For dielectric objects with homogeneous material properties, surface formulations are
derived by properly combining the equations obtained for the inner and outer regions. To
avoid numerical internal resonances, it is preferable to derive a combined-field integral
equation (CFIE) by linearly combining EFIE and MFIE [62]. For example, a combination of
T-EFIE and T-MFIE leads to a T-T-CFIE formulation. Similarly, one can obtain T-N-CFIE
(T-EFIE+N-MFIE), N-T-CFIE (N-EFIE+T-MFIE), and N-N-CFIE (N-EFIE+N-MFIE) by
combining EFIE and MFIE appropriately. In these formulations, the equations obtained for
the inner and outer regions are solved simultaneously to obtain the two sets of unknowns,
i.e., electric and magnetic currents. One can also derive various other formulations involving
triple combinations, such as TN-N-CFIE (T-EFIE+N-EFIE+N-MFIE), for more stable
solutions [68].

The CFIE formulations described above are based on a linear combination of EFIE and MFIE
in the same way for each medium, but it is also possible to use different combinations for the
inner and outer regions [69]. Alternatively, it is quite popular to linearly combine the inner
and outer equations while solving EFIE and MFIE simultaneously. In this class of formula-
tions, the Poggio-Miller-Chang-Harrington-Wu-Tsai (PMCHWT) [52]—[54] and Miiller [51]
formulations are well known and commonly used in the literature. Both tangential and nor-
mal versions of these formulations are possible; however, using a Galerkin discretization,
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only the tangential PMCHWT (T-PMCHWT) formulation and the normal Miiller formulation
(NMF) are stable, whereas the normal PMCHWT and the tangential Miiller formulations are
usually unstable. Recently, remarkable efforts have been made to further improve dielectric
formulations by devising novel combinations of integral equations. For example, the com-
bined tangential formulation (CTF) [74] is similar to the T-PMCHWT formulation, but it
involves a careful (and improved) scaling of T-EFIE and T-MFIE. A similar combination of
N-EFIE and N-MFIE leads to the combined normal formulation (CNF) [74]. The modified
NMF (MNMF) is obtained by normalizing equations in NMF to produce better-conditioned
matrix equations [73]. Finally, a mixed formulation called the electric and magnetic current
combined-field integral equation (JMCFIE) is derived by combining all four types of integral
equations [71],[78],[80],[83].

Surface formulations of dielectric objects tend to be less accurate as the contrast of the
object decreases and electromagnetic properties change slightly across dielectric interfaces.
There are various applications that involve scattering from low-contrast objects, such as dielec-
tric photonic crystals [29], RBCs in blood plasma [84]—[92], plastic land mines buried in
soil [93], and polymeric materials [94]. When the contrast is low, however, conventional sur-
face formulations encounter stability problems, and scattered fields cannot be calculated accu-
rately with them. Those scattering problems can be solved accurately with volume formula-
tions [36]—[39], which are usually stable independent of the contrast. On the other hand, it is
also desirable to extend the applicability of surface integral equations to low-contrast prob-
lems to be able to take the advantage of surface formulations, which are usually discretized
with fewer unknowns compared to volume formulations. The inaccuracy of surface formu-
lations for the solution of low-contrast problems is due to insufficient modeling of radiating
parts of equivalent currents defined on objects [95]. By extracting nonradiating currents and
solving modified equations only for radiating currents (similar to volume formulations), scat-
tered fields from low-contrast objects can be calculated accurately [96],[97]. These types of
formulations are extensively discussed in Chapter 2, Section 2.2.

When the object is a PEC, T-EFIE, T-MFIE, N-EFIE, and N-MFIE can be solved indepen-
dently to obtain the induced electric current on the surface. Especially, T-EFIE and N-MFIE
are commonly used in the literature [52],[57],[61]. However, for closed conductors, those for-
mulations suffer from internal resonances. Therefore, similar to dielectric formulations, it is
essential to combine EFIE and MFIE appropriately to derive various CFIE formulations [55].
Conventional CFIE formulations are usually obtained by convex combinations of EFIE and
MFIE. However, there are many studies presenting hybrid formulations, where EFIE and MFIE
are coupled in diverse ways. For example, EFIE and MFIE can be applied on different parts of
the object to efficiently and accurately solve electromagnetics problems involving complicated
structures [59],[641],[65],[76],[82]. This type of hybrid formulations are detailed in Chapter 3,
Section 3.6.1.

For PEC objects, T-EFIE suffers from the low-frequency breakdown problem (see
Chapter 2, Section 2.3.4) when it is discretized with ordinary basis functions [98],[99].
Specifically, matrix equations obtained from T-EFIE become increasingly ill-conditioned as
the discretization is refined. The T-N-CFIE formulation is also affected by the low-frequency
breakdown since it contains T-EFIE [100],[101], whereas N-MFIE is usually stable unless
the frequency is extremely low [102]. To eliminate the low-frequency breakdown problem,
one can apply loop-star or loop-tree decomposition methods [103]—[107]. In addition, current
and charge decompositions can be used [108],[109] to derive very stable formulations at low
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frequencies. Recently, regularization of T-EFIE using Calderon identities has become very
popular to tackle the low-frequency breakdown issue [101],[110]—[116].

1.7 Method of Moments and Discretization

Electromagnetics problems involving complicated objects can be discretized and solved
numerically. By means of a simultaneous discretization of the geometry and surface integral
equations, the equivalent currents are expanded in a series of basis functions. Then, the
coefficients of the basis functions are calculated by solving dense matrix equations, which are
derived by using the method of moments (MOM) [117],[118].

Let £ be a linear operator applied on an unknown vector function f(r) to produce a known
vector function g(r), i.e.,

L{fYr) =g). (1.66)

Considering surface formulations, £ can be a combination of the integro-differential 7 and K
operators as well as the identity operator 7, while the right-hand-side (RHS) function can be
a combination of the incident electromagnetic fields created by external sources. Expanding
Sf(r) in a series of known basis functions b, (n = 1,2,...,N), i.e.,

N
@~ ) alnb, (), (1.67)
n=1
and testing (1.66) using a set of testing functions ¢,, (m = 1,2, ..., N), one can obtain
N
/drtm(r)- Za[n][i{bn}(r) = /drtm(r) -g(r) (m=1,2,...,N). (1.68)
n=1

In (1.67) and (1.68), a[n] represents the nth unknown coefficient, i.e., nth element of the
unknown vector a. Changing the order of the summation and integration, the equation becomes

N
Za[n] / drt,(r)- L{b,}(r) = /drtm(r) -g(r) (m=1,2,...,N), (1.69)
n=1
which can be written as a matrix equation, i.e.,
N f—
Za[n]Z[m,n] = w[m] m=1,2,...,N), (1.70)
n=1
where
Z[m, n] = /drtm(r) -L{b,}r) (L.71)
wlm] = /drtm(r) -g(r). (1.72)

In the context of electromagnetics problems, Z and w are usually called the impedance matrix
and the excitation vector, respectively. Furthermore, elements of the impedance matrices
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(obtained by the discretization of the integral-equation formulations) can be interpreted as

electromagnetic interactions between discretization elements, i.e., basis and testing functions.

Using small planar triangles on which basis and testing functions are defined is a popular
approach to discretize three-dimensional objects. Some examples of the triangulation of closed

and 1.7. In general, the size of triangles

)

1.6

should be small with respect to wavelength, but the discretization depends on the nature of

and open objects are illustrated in Figures 1.5,

the problem, e.g., geometry and excitation, as well as the desired level of accuracy. There are
actually two error sources that can appear in the triangulation stage. The first one is the approx-

imation of the sources (and fields) with discrete functions. The second one is the modeling of
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Figure 1.5 Surface models of various canonical geometries with triangular meshing.
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Figure 1.6 Surface models of a sphere with triangular meshing using various mesh sizes.

curved surfaces with planar elements (e.g., see Figure 1.6). Both types of errors may be reduced
by decreasing the element size unless limited by low-frequency breakdowns.

Applying a Galerkin scheme for the discretization of surface formulations, i.e., using
the same set of functions to expand the current densities (basis functions) and to test
the boundary conditions (testing functions), normal and mixed formulations will contain
well-tested identity operators. It is well-known that matrix equations involving well-tested
identity operators are diagonally dominant and well-conditioned [74],[119],[120]. However,
tangential formulations do not contain well-tested identity operators, and their discretizations
may lead to ill-conditioned matrix equations. Therefore, for the efficiency of solutions,
normal and mixed formulations are usually preferable, especially for large objects discretized
with large numbers of unknowns. On the other hand, errors in the discretization of well-tested
identity operators may decrease the accuracy of solutions obtained with normal and mixed
formulations [120]—-[122]. The error level in these formulations compared to tangential
formulations can be significant, especially in conventional implementations employing the
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Figure 1.7 Surface model of a stealth airborne target Flamme with triangular meshing.

Rao-Wilton-Glisson (RWG) [57] functions. Investigations on PEC objects show that scattered
fields obtained with N-MFIE and T-N-CFIE are significantly inaccurate compared to those
obtained with T-EFIE [123]-[129]. Similar observations have been made for the solution
of dielectric objects [74],[80]. In such cases, it is helpful to improve the discretizations by
employing more appropriate, such as higher-order [130]—[133], basis functions in order to
obtain accurate results with normal and mixed formulations [74],[127]-[129],[134]-[139].
Recent studies also show that a regularization of the identity operator improves the accuracy
of N-MFIE [140].

1.7.1 Linear Functions

Linear functions are widely used to discretize surface integral equations. Among such
functions, the RWG functions [57] are very popular due to their simplicity, flexibility, and
usefulness. Over the years, a plethora of electromagnetics problems involving complicated
three-dimensional geometries have been solved with the help of the RWG functions. Spatial
distributions of the RWG functions are depicted in Figure 1.8, and can be written as

1
2:’!1 (r—r,, res,
RWG . — )
DO =ty -n, res, (1.73)
0, res,.

In (1.73), [, represents the length of the main edge ¢,, A,,; and A, are respectively areas of the
first (S,,;) and the second (S,,,) triangles associated with the edge, and S, = S,; |J S,»- Since
they have constant normal (CN) and linear tangential (LT) components at the main edge, the
RWG functions can be classified as a CN-LT type. Despite their simplicity, they provide the
necessary flexibility to model current and field distributions on arbitrarily complicated sur-
faces with sufficient accuracy. They are also shown to possess the ability to properly model
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Y

0

Figure 1.8 Spatial distributions of the RWG functions. Arrows show the direction while the shading
indicates the magnitude of the vector distribution. Light and dark colors represent the low and high values,
respectively.

the charge distribution, in addition to the current distribution [141]. Therefore, the RWG func-
tions have been extensively used for the discretization of surface integral equations. The RWG
functions are divergence conforming and their divergence is finite everywhere, e.g.,

In

. A res,
Vb, () = _Al_2 res, (1.74)
0, reés,.

This property can be crucial in some formulations, such as T-EFIE. In addition, the total charge
distribution associated with an RWG function is identically zero since
l l
/ drv bV = A, A—" A, A—" =0. (1.75)
S, nl n2

As extensively discussed in Chapter 2, the RWG functions can be replaced with other sim-
ple functions to improve the accuracy of normal and mixed formulations. For example, the
curl-conforming 2 X RWG functions have a spatial distribution shown in Figure 1.9 that can
be expressed as

B™VG () = a x BRVS (), (1.76)
where bEWG(r) is the associated RWG function. Obviously, the #XRWG functions are
LN-CT (linear normal, constant tangential) type. Implementations of the 2 X RWG functions
can easily be obtained from the implementations of the RWG functions considering the simple
rotation relation in (1.76), whereas more efficient implementations can be derived using the
curl-conforming property of these functions, as discussed in Chapter 2, Section 2.3.9.
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Figure 1.9 Spatial distribution of the 2 X RWG functions. Arrows show the direction while the shading
indicates the magnitude of the vector distribution. Light and dark colors represent the low and high values,
respectively.

In addition to the 72 X RWG functions obtained via rotation, the RWG functions can be
decomposed into the linear-linear (LL) functions [133] to further improve the accuracy of nor-
mal and mixed formulations, as detailed in Chapter 2, Section 2.3.10. Spatial distributions of
the LL functions are depicted in Figure 1.10, where two kinds of the LL functions are defined
on the same edge e, with the expressions

lll N
") [ —ru) X2 3 =1,). r €S,
LL() oy _ ; A
b” (r) B 4(A:2)2 (r - rnz) ’ [(rn4 - rn2) X n](rnS - rn2)7 re Sn2 (177)
07 r ¢ Sn
for the LL function of the first kind, and
_1 A
4(A:1)2 (r - rnl) ’ [(r”l3 - rnl) X n] (rn4 - rnl)9 re Snl
LLQ2), o\ _ I, A
b” (r) B 4(Anz)2 (r - rﬂ2) : [(rn3 - rn2) X n](rn4 - rnZ)v re Sn2 (178)
0, rés,

for the LL function of the second kind. In Figure 1.10, vertex locations r,,;, 1, F,3, and r,4
are labeled as well as the three edges of the triangles ¢,, ¢,, and e, depending on the kind of
the LL function. Similar to the 2 Xx RWG functions that are derived from the RWG functions,
the curl-conforming 72 X LL functions can be derived from the LL functions as

anL(l)(r) — A bLL(”(r) (1.79)
L () = 7t x BLLO (), (1.80)

Spatial distributions of the 72 X LL functions are depicted in Figure 1.11.
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(b)

Figure 1.10  (a) First-kind and (b) second-kind LL functions defined at the nth edge (e, ). Arrows show
the direction while the shading indicates the magnitude of the vector distribution. Light and dark colors
represent the low and high values, respectively, and white corresponds to zero.
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Figure 1.11 (a) First-kind and (b) second-kind 72 X LL functions defined at the nth edge (e,). Arrows
show the direction while the shading indicates the magnitude of the vector distribution. Light and dark
colors represent the low and high values, respectively, and white corresponds to zero.
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In order to understand the relation between the LL and RWG functions (or the 72 X LL and
1 X RWG functions), one can consider the general representation of vector functions [130].
The zeroth-order divergence-conforming basis functions for triangular elements, such as the
RWG functions, can be written as

1
fﬁ(") = T[§p+1(r)fﬁ_] —gﬁ_l(r)fp+1] (B=12,3), (1.81)
B
where J 5 indicates the Jacobian that can be derived for the RWG functions as
2A
J, = — (1.82)
P eyl

and A is the area of the triangle. In (1.81), {; for f = 1,2, 3 represent parent (simplex) coordi-
nates with the dependency relationship

G+ oI+ G =1 (1.83)

when r is on the triangle. In addition, # in (1.81) and (1.82) for f = 1,2, 3 represent edge
vectors with the dependence

Cy+ o+ =0. (1.84)

The RWG functions, which provide three degrees of freedom per triangle, are zeroth-order
complete since they can represent any constant vector function on a triangle and their surface
divergence is also constant. Given the three RWG functions corresponding to the three edges
of a triangle as in (1.81), the set of LL functions associated with the same triangle can be
derived as

ﬁmz%%WW4 (1.85)
B
190 = =510 (1.86)
B
with the decomposition
L =fPO+f7®  (3=123). (1.87)

Note that both of the distributions in (1.81) and (1.85)—(1.86) provide a linear variation for
parallel components along the edges f. On the other hand,

V&m0 -f 1) = Epar @) (1.88)
V&g im0 - f ) = sy () (1.89)

so that normal components of the LL functions in (1.85) and (1.86) also have a linear variation
along edges f, while they are constant for the RWG functions in (1.81), i.e.,

Vé:/;("ﬂgﬁ(r):o Sp0) = Lo )+ () =1-Cp(r) =1 (1.90)

Any linearly varying vector function on a triangle can be represented by a combination of
the LL functions since

e o e e e
+ - - =_1
16,1 7 164l 15l 141 24

(1.91)
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Ko 20 o 2o o

= 1.92
ARG (1.92)
FOw ~ 0 _ 4w (193)

|21 |Z3] 2A
sl ~ O _ L%, (o)

|75 1211 2A

50 oo

BT (1.95)
£'o _awe 196

125 24

On the other hand, the LL functions are not strictly first-order complete since their divergences

M, _ 1 1 £l

V‘fﬂ (r)—]_ﬂfﬁ_l‘vélp.;.](r)— E =54 (1.97)
@, 1 1 17l

V'fﬂ (r)__ﬁ(r)fﬂﬂ‘VCﬂ_l(r)__]_ﬂ__ﬁ (1.98)

for f = 1,2, or 3 are constants. As indicated in [130], a strictly first-order complete basis
requires eight degrees of freedom on the triangle, whereas the LL functions have six degrees of
freedom. Nevertheless, the LL functions (and their curl-conforming versions, i.e., the 2 X LL
functions) have the advantage that their implementations do not require higher-order tech-
niques yet they provide significantly higher accuracy than the RWG functions for normal and
mixed formulations. This is discussed in Chapter 2, Section 2.3.10.

1.8 Integrals on Triangular Domains

Elements of the matrices derived from the discretization of surface integral equations involve
integrals over the basis and testing functions. Outer integrals over the testing functions can usu-
ally be performed via numerical integration techniques, such as Gaussian quadratures [142]
and adaptive integration methods, while inner integrals over the basis functions may require
singularity extractions [143], [144] before such numerical techniques are applied. In gen-
eral, considering a basis triangle with a surface of §,, lying on the x-y plane, as depicted
in Figure 1.12, the integrals to be evaluated can be written as

I‘fn = / ar'fr,rgr,r') (1.99)
Sub
IfV’ _ ar Nt ’
in = rf.r)ver.r), (1.100)
Sub

where f(r,r') = lorf(r,r') = (X' —x)orf(r,r’) = (y/ — y). Since the Green’s function is singu-
lar and its value becomes infinite as R = |r — r/| goes to zero, singularity extraction is required
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Observation

v
S

Figure 1.12 A source triangle on the x-y plane and the projection of an observation point.

ource triangle

in (1.99) and (1.100) for accurate computations of the integrals, especially when the observa-
tion point is close to the source (basis) triangle. Specifically, the integrals are divided into
numerical and analytical parts as

o= i/ ar'far.r) <%> + L/ dr’f(r,r')% (1.101)
Snb

4 R 4 S
/ kR) — 1 + 0.5k*R?
[ A L/ A fr. )V exp(ikR) — 1 +
mn 47[ Snb R
L / NV l _ ﬁ / NV
+ dar'f(r,r')V ar'f(r,r)V'R. (1.102)
47[ Sup R 87T S

The numerical integrals in (1.101)—(1.102) can be evaluated accurately by using Gaussian
quadratures or adaptive integration methods.

1.8.1 Analytical Integrals

Consider the scenario depicted in Figure 1.12 involving a source triangle lying on the x-y plane
and an observation point r. The analytical integrals can be further divided as

/ ar'fr )L = / arfr )L + / ar'fr )L (1.103)
Sub R Spv b R Stim R
1 1
ar'f@, )V’ (—) =/ dar'fr,r )V’ (—)
/th R SPV,nb R
/ / i 1
- 1.104
+/Sﬁmdrf(r,r)V <R> (1.104)
/ dr'f(r,r')V’R:/ dr’f(r,r')V’R+/ dr'fr,r)V'R, (1.105)
Sub Spv.nb Stim
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where §);,, is defined as the infinitesimal circular surface (with radius ¢ — 0) in the vicinity of
the projection of the observation point and Spy ., = S,, — Sj;,- Depending on the location of
the observation point, S;;,, may not exist. In general, the decompositions in (1.103)—(1.105)
allow for rigorous analytical evaluations of the integrals in terms of the geometric quanti-
ties associated with the basis triangle and the location of the observation point [144]. These
quantities are depicted in Figure 1.13 and can be listed for each edge (i = 1,2, 3) as follows:

e 1, represents the outward unit vector perpendicular to the ith edge on the x-y plane.

° R;' and R are the distances between the observation point and the end points of the ith
edge. The superscripts “+” and “—", referring to the end points of the edge, are determined
by the right-hand rule applied on the triangle in the z direction.

° R? is the distance from the observation point to the ith edge and can be written as

RO =1/22+ 02, (1.106)

where |t? | is the distance between the projection of the observation point on the x-y plane and
the ith edge. The sign of t? is determined by the position of the projection of the observation
point with respect to the edge.

° s;r and s; have magnitudes equal to the “+” and “—" segments of the ith edge. These seg-
ments are formed by the projection of the observation point on the edge. The signs of s;r
and s;" are determined by the relative position of this projection compared to the “+” and
“—" ends of the edge. In addition, §; is the unit vector in the direction of the edge using the
right-hand rule.

In order to evaluate the integrals in the form of (1.103), one can use the identities

R\ 1
V.. (—P> =2 1.107
- (5P) =% (1.107)
pr-p -x) O -V
V'R = - , 1.108
s R R +y R ( )
Observation ?

point —\/

Figure 1.13 Geometric variables introduced to express the results of the analytical integrals. Most of
the variables are shown only for the first edge on the x axis.
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where Vg represents the surface divergence or gradient in the primed coordinates and
P=PP=p—p =2(x=x)+50—). (1.109)

Then, using the surface divergence theorem and evaluating the limits (as the infinitesimal sur-
face in Figure 1.12 shrinks to zero), one can obtain

3 3
1
/S dr' = PRAAEIEDW (1.110)
nb i=1 =1

w

, —
/ dr’¥ = %x i fy, (1.111)
th i=1
3
o=y 1, .
g _ _y.zul.fSi, (1.112)
/Snb R 2 i=1
where
B e e (1.113)
.=tan —— —tan —— .
’ (R)? + [zIRY (RY? + [2IR;
B Rf +s7
f2,i = 111 m (1114)
fri =STRT = sTR + (R))fy. (1.115)

Similar procedures can be used to evaluate the integrals in the form of (1.104), leading to

3 3
/ v (1%) - Zaifzﬁzé > b, (1.116)

Snb i=1 i=1

1 3 3 3
/ dar' (¢ — )V’ (E) =512 Y Bi= Y & 8f 1 sk Y (1.117)

Sub i=1 i=1 i=1

1 3 3

/ dr’(y’—y)V’<§) =912l D) Bi= D 9 8uf 1, =2 D i (1.118)

Sub i=1 i=1 i=1

where

fri=8if — (RY = RY). (1.119)

For the integrals in the form of (1.105), f(r,#’) is usually unity and one can derive

J

nb

3 3 3
1o . R R
dr'V'R =3 Difs+2zlel Y B -2z ) (1.120)
i=1 =1 i=1
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It is essential to investigate the values of the integrals when the observation point approaches
the source triangle. For example,

3
lim,_o Y B; = a(x.y), (1.121)
i=1
where
a(x,y) =0, rés,,
alx,y) =2r, res,, and r¢as, (1.122)

0 < a(x,y) < 2=, r €os,,

and 0S,,, represents the bounding contour around the triangle. Interestingly, the value of a(x, y)
at any edge depends on how the observation point approaches the edge. Specifically, @ — 2y
asr — a5, where y is the angle between the approach path and the x-y plane, as depicted in
Figure 1.14. This angle-dependent factor vanishes in (1.110), (1.117), and (1.118), since z — 0
as the observation point approaches the edge. However, it does not vanish in (1.116). In fact,
considering this integral, it can be shown that this factor is directly related to the solid-angle
factor in the limit part of the K operator [125] (see Appendix, Section A.1).

Another important parameter in the analytical integrals is f, ; given in (1.114). The value of
this parameter is infinite when the observation point is at one of the edges of the source trian-
gle. In such a case, the value of the integral in (1.116) is also infinite due to the non-vanishing
contribution of f, ;. Since the singularity is logarithmic and it is mild, it does not cause a
serious problem in the numerical integration over the testing triangle, as long as the integra-
tion (observation) points are taken inside the testing triangle. It is also possible to apply a
singularity-extraction technique for the outer integrals in near-neighboring interactions [124].

Testing triangle

<ource triangle

Figure 1.14 A limit case as the observation point approaches the edge of the basis triangle in a
near-neighboring interaction.
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As an example, consider the scenario in Figure 1.14 and an integral

R'lF + s'lF
/ dr f(x,y,2)f> = / drf(x,y,z)In R Ts (1.123)

Sma Sma

over the testing triangle, where f(x, y, z) is a linear function. The logarithmic singularity due
to the first edge of the basis triangle can be extracted as

d 1 Ry +s7 d 1 Ri+s 21n (R°
T 2 n = r 214 n + n
/s,m, S Ry +57 /sma Sy Ry +57 D

-2 / drf(x,y,2)In (R)), (1.124)

Smll

where the second integral on the RHS can be evaluated analytically [124].

1.8.2  Gaussian Quadratures

Numerical integrations of nonsingular functions on triangles can be performed accurately and
efficiently by using Gaussian quadratures [142]. A symmetrical quadrature rule on a triangle
with a spatial support of S,, can be written as

P
/ drf(@®) & A, Y W, fT,,), (1.125)
S p=1

where A,, is the area of the triangle, P is the number of quadrature points, and w, repre-
sents the integration weight for the pth sample point. Locations of the sample points are
determined as

rpm = Cplrml + é:pzrmz + é’p3rm3, (1.126)

where r,,, r,,,, and r,3 are node coordinates of the triangle, whereas ¢, {,, and 3 are the
simplex coordinates satistying {,; + ¢, + §,3 = 1.

1.8.3 Adaptive Integration

In order to reduce the integration error in electromagnetic interactions, the order of the Gaus-
sian quadrature rule applied for the integrals can be increased. Alternatively, low-order Gaus-
sian quadratures can be employed in an adaptive scheme, which can efficiently control the error
by adjusting the sampling rate according to the integrand. Specifically, employing an adaptive
integration method, the integration points can be selected economically by using more sam-
ples at critical locations, where the integrand changes rapidly. Figure 1.15 depicts a simple
adaptive integration method based on a three-point Gaussian quadrature rule. The following

steps are carried out for the integration of a function f on §,,,:
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Y
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Figure 1.15 An adaptive integration method using a three-point Gaussian quadrature and three subtri-
angles for each triangle. (See color plate section for the color version of this figure)

e Given a triangle, three integration points are chosen at the middle of the edges. Using a
simple Gaussian quadrature rule, the value of the integral is given as

A
/ drf(r) % Iy = S ) +f(0) + 1)), (1.127)

S

m

where r,,;, r,, and r)3 are the integration points.

e Three additional integration points are chosen on the medians. These points are located at
1/3 of the medians nearer to the vertices of the triangle. Using the three-point Gaussian
quadrature rule in (1.127), the value of the integral using six points can be written as

I; 24,
/ drfiry= I = = + T[f(rp4) +f(rys) +f(r,e)l, (1.128)

S 3

where r, 4, r,5, and r s are the new integration points on the medians.
e Three-point and six-point integration values are compared. If the error
1ls — 55|

Ay_g= ———— 1.129
STA R
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is lower than a given threshold, then /4 is returned as the value of the integral over the
triangle. Otherwise, the three subtriangles are considered separately. Note that in each sub-
triangle, the integration is carried out by sampling three more points (in addition to the three
points that are already sampled) and comparing the three-point and six-point integration
values.

The steps listed above are performed recursively until the convergence is satisfied for all
subtriangles. The final distribution of the samples on the main triangle can be nonuniform
since the depth of the recursion varies depending on the integrand.

The adaptive integration method described above works well in many cases, but its efficiency
may deteriorate for triangles with large aspect ratios. An alternative method is depicted in
Figure 1.16, and can be described as follows:

e Given a triangle, five integration points are chosen. Using the three-point Gaussian quadra-
ture rule in (1.127), the value of the integral over the triangle can be written as

A
/ drf(r) =~ Is = %[f(rpl) +f(r,)

S,

m

+f(ry3) +f(r,s) + 2 (r,s)]. (1.130)

Note that two of the integration points are located at the longest edge of the triangle.

CONVERGENCE ]

[ CHECK CONVERGENCE ] B ‘
< /
o Q o
// \
@ = @
YES

Figure 1.16 An adaptive integration method using a three-point Gaussian quadrature and two subtri-
angles for each triangle. (See color plate section for the color version of this figure)
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e Six additional integration points are chosen. In order to determine the location of these
points, the medians are drawn to the longest edges of both subtriangles. The value of the
integral using ten points can be written as

A
/ drf(r) = I,y = l—rzn[f("pﬂ + () +f ) +fr,s) +fr,e) +f(r,)

S)?l
+2f(ryg) +f(rypo) +f(ry10) + 2f (1)) (1.131)
e The five-point and ten-point integration values are compared. If the error
Iig—1
A = o =5l (1.132)
|10l

is lower than a given threshold, then I, is returned as the value of the integral over the
triangle. Otherwise, the two subtriangles are considered separately.

e Before starting the next recursion cycle, the three-point and five-point integration values
are compared for each subtriangle. Note that the required integration points were already
sampled in the previous recursion step. The recursion continues for a subtriangle if the
convergence is not satisfied.

The adaptive integration method shown in Figure 1.16 is more robust than the method in
Figure 1.15. Although there is an additional cost of finding the longest edge of the triangle,
this cost can be considered negligible compared to the gain from a more efficient distribution
of the integration points. As an example, Figure 1.17 presents the integration of a function
on a triangle with node coordinates (x;,y;) = (0.0,0.0), (x,,y,) = (0.083,0.0), and (x3,y3) =
(0.042,0.048, 0.0). The integrand is depicted in Figure 1.17(a) and the integral over the triangle
is evaluated adaptively with 1% error. Figures 1.17(b) and 1.17(c) illustrate the integration
points when the methods in Figures 1.15 and 1.16 are used, respectively. It can be observed
that, using the first method (Figure 1.15), the integration points are not distributed efficiently
and there is an accumulation near one of the edges of the triangle. In contrast, using the second
method (Figure 1.16), the integration points are distributed efficiently and fewer points are used
to compute the integral, but with the same level of accuracy.

1.9 Electromagnetic Excitation

LetZ -a = w be an N X N matrix equation constructed using MOM. The excitation vector w
is obtained by testing the incident electric and magnetic fields, i.e., it contains integrals in the

form of
_ £y (1) n'E"(r)
vim] = /Smdr {tm(r) -ﬁx} { Hi""(r) } s (1.133)

where S, is the spatial support of the testing functiont,, form = 1,2, ..., N. Different types of
excitations can be used, as described below.

1.9.1 Plane-Wave Excitation

A common excitation used in numerical simulations, e.g., RCS computations, is the
plane-wave illumination. A plane wave propagating in the k direction with the electric field
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Figure 1.17 Numerical integration of a function on a triangle using the adaptive integration methods
depicted in Figures 1.15 and 1.16. Figures show (a) the function and the integration points to evaluate
the integral with 1% error using (b) the method in Figure 1.15 and (c) the method in Figure 1.16.
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polarized in the é direction (& L k) can be written as
E™(r) = ¢E, exp(ikk - r) (1.134)

) N ) N E A
H"™ () = %k x E™(r) = k x éf exp(ikk - r), (1.135)

where E, is the amplitude of the plane wave.

1.9.2  Hertzian Dipole

A Hertzian (ideal) dipole can be used as a source in many simulations. The electric and mag-
netic fields of a Hertzian dipole with dipole moment I, located at r, can be written as

. . exp(ik|lr —r ) i 1
E"(r) = iop———t ] 4 -
O =on e P\ T e T e
Ipy - (r—ry) 3i 3 )
—(r—r)2M 44 - 1.136
r=ry) Ir—r,2 kr—ryl  Rlr—r,? (1.136)
and
o exp(ik|lr —ry|) 1 )
H™ (@) =1, X (r — —ik), 1.137
O = o O 10 e =l ! (D

respectively. Singularity extraction methods are required to evaluate the integrals in (1.133)
when the dipole is close to the observation point and |r —r,| is small.

1.9.3 Complex-Source-Point Excitation

In order to obtain an electromagnetic beam, which satisfies Maxwell’s equations exactly, an
ideal dipole can be located atr, =r, g + ir,; in complex coordinates [145]. Then, the expres-
sions in (1.136) and (1.137) can be used to compute the electric and magnetic fields at any
point r, where

lr—rql =/ —=ry r—rp* (1.138)

The real part of the source location (r, ;) determines the position of the beam in real coordi-
nates, whereas the imaginary part (r; ;) determines the direction of the beam and the width of
the beam waist.

Figures 1.18 and 1.19 present some experiments involving a Hertzian dipole with
I, =% in complex coordinates. Figure 1.18 depicts the normalized electric field, i.e.,
|E(r)| exp(=k|r,,|), on the x-y plane, when r, = iAX and r, = iAy. Since r, z = 0, both beams
are located at the origin. However, the beam propagates in the positive x and y directions
whenr,; = A% and r;; = Ay, respectively. Figure 1.19 presents two different beams in the x
direction with r; = 2iA% and r; = 10iA%. Note that increasing the value of |r, ;| increases the
width of the beam waist.
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Figure 1.18 The normalized electric field on the x-y plane when a Hertzian dipole with I,,, =2 is
located at (a) r, = iAX and (b) r, = iAy. (See color plate section for the color version of this figure)

1.9.4  Delta-Gap Excitation

In some applications involving metallic objects, voltage sources are required as external excita-
tions. A voltage source can be modeled as a delta-gap excitation, as depicted in Figure 1.20. A
local electric field is defined inside an infinitely narrow opening between two coplanar triangles
of the discretization, i.e.,

E"(r) = Llim_gad(r,r,)/d, (1.139)
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Figure 1.19 The normalized electric field on the x-y plane when a Hertzian dipole with I,,,, =% is
located at (a) r, = 2iA% and (b) r, = 10i4%. (See color plate section for the color version of this figure)

where r,, represents any point at the nth edge, # is the unit vector perpendicular to the edge in
the plane of the triangles, 7, is a complex coefficient to represent the strength of the feed, and
d is the width of the theoretical gap. In the limit d — 0, the gap shrinks to the edge e,. The
Dirac delta function 6(r, r,,) in (1.139) indicates that E™(r) is zero outside the small gap.

As an example, consider T-EFIE and let a delta-gap excitation at the nth edge be tested by
the RWG functions. Using (1.139), one can obtain

e Il
w P E ] = =g~y Im] = —n! / drt,,(r) - E™(r) = £"=5[m,n], (1.140)
S, h

m
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Figure 1.20 A delta-gap source defined at the nth edge.

where [, represents the length of the edge and

1, =

S[m,n] = m=n (1.141)
0, m # n.

When using a single delta-gap excitation, only one element (rm = n) of the excitation vector

(1.133) is nonzero.

1.9.5 Current-Source Excitation

Similar to voltage sources, current sources are commonly used to excite metallic structures. A
current source and a corresponding sink can be placed at two different edges, with an electri-
cal connection established mathematically. As opposed to the delta-gap excitation, a current
source can be placed at a physical edge that is not necessarily shared by two triangles.

As an example, consider again T-EFIE discretized with the RWG functions, and let a cur-
rent source and a current sink be placed at two physical edges n; and n,, respectively. Then,
one can define two half RWG functions at n; and n,. The resulting matrix equation can be
written as

N+2 —T-EFIE
Z Z [m,nla[n] = w™E E[m] =0  (m=1,...,N), (1.142)

n=1

where the dimension of the equation is increased to N X (N + 2) due to the extra half functions.
Also note that wTEFIE[;] = 0 since there is no incident-field excitation in this case and the
integral for the RHS evaluates to zero. On the other hand, the coefficients corresponding to n,
and n, are fixed, i.e.,

aln]1=1, (1.143)
alny] = —1,. (1.144)

n
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In other words, the expansion coefficients a[n,] and a[n,] are forced to be +/, to simulate the
source and sink. By setting the two coefficients as above, one can solve the system

N+2

—T-EFIE —T-El
> Z " imnlaln) =-1,Z

FIE —T-EFIE
[m,n 1+ 1,Z [m,n,] m=1,...,N),

n=1
n#ny,ny

(1.145)

to determine the coefficients a[n] for n # ny, n,.

1.10 Multilevel Fast Multipole Algorithm

The fast multipole method (FMM) was developed for efficient solutions of radiation and scat-
tering problems in electromagnetics [146],[147]. Discretizations of integral-equation formu-
lations lead to dense matrix equations involving O(N) unknowns that can be solved iteratively
via a Krylov-subspace algorithm. Iterative solutions require MVMs, i.e., y = Z - x, which can
be performed directly with O(N?) complexity. For large-scale problems, direct multiplica-
tions render the solution impossible with limited computational resources. Despite that, FMM
provides an efficient way of performing the MVMs required by the iterative algorithms in
O(N3/?) time using O(N3/?) memory. By reducing the computational complexity from O(N?)
to O(N>/?), FMM enables the solution of large-scale problems on relatively inexpensive com-
puting platforms [148],[149]. The clustering idea of FMM can be extended and applied in a
recursive manner, leading to MLFMA [35], which enables the solution of even larger prob-
lems by reducing the complexity of MVMs to O(NlogzN) [150] or O(NlogN) [1], [68],
[151]-[157].

In conventional implementations of MLFMA, a tree structure of L = O(log N) levels is con-
structed by placing the object in a cubic box and recursively dividing the computational domain
into subdomains. This recursive clustering is illustrated in Figure 1.21, where a box is divided
into eight identical boxes and one of those smaller boxes is further divided into eight boxes, etc.
Practically, only nonempty boxes are considered and divided into subboxes, whereas empty
boxes created at any stage are simply omitted. The recursion depth depends on the problem as
well as the desired accuracy; but in general, the size of the smallest boxes at the lowest level is
in the order of the wavelength. As depicted in Figure 1.22, nonempty boxes and the recursive
relationship between them are used to construct a multilevel tree structure. In this structure,
each box at the lowest level contains some of the discretization elements and each box at the
higher levels contains maximum eight subboxes. In order to calculate the far-field interactions,
radiated and incoming fields are defined and sampled on the unit sphere.

MLFMA calculates the interactions between the radiating (basis) and receiving (testing)
elements that are far from each other in a group-by-group manner consisting of three
stages, namely, aggregation, translation, and disaggregation. In each MVM, these stages are
performed on the tree structure in a multilevel scheme. The group-by-group calculation of
the interactions is based on the factorization and diagonalization of the Green’s function,
as detailed in Chapter 3, Section 3.1. At this point, it is essential to define the near and far
zones for the boxes. A common approach is to use the one-box-buffer scheme illustrated in
Figure 1.23. Considering the red box at an arbitrary level in this two-dimensional picture,
the blue boxes (which are touching the red box) are assumed to be in the near-zone. In a
three-dimensional clustering, there are 27 near-zone boxes, some of which may be empty; all
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Figure 1.21 Recursive clustering based on dividing each box into eight subboxes.
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Figure 1.22 Recursive clustering of an arbitrary object and the construction of the multilevel tree
structure.
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Figure 1.23 Boxes in the near and far zones for a given box (red) according to the one-box-buffer
scheme. (See color plate section for the color version of this figure)

other boxes are considered to be in the far zone. Among these far-zone boxes, only some of
them (i.e., the magenta boxes, whose parents are in the near zone of the parent of the red box)
are directly interacting with the red box through translations, while the remaining interactions
are implicitly included at the higher levels.

The major operations that are performed in the three stages of MLFMA are illustrated in
Figures 1.24—-1.26, and can be summarized as follows.

o Aggregation (Figure 1.24): Radiated fields of boxes are calculated from the lowest level of
the tree structure to the highest level. At the lowest level (bottom), the radiated field of a
box is obtained by combining radiation patterns of the basis functions inside the box. At
the higher levels, the radiated field of a box is the combination of the radiated fields of its
subboxes.

o Translation (Figure 1.25): Radiated fields computed during the aggregation stage are trans-
lated into incoming fields. For each box at any level, there are (O(1) boxes to translate the
radiated field to. Using identical cubic boxes and the one-box-buffer scheme, there is a max-
imum of 73 — 33 = 316 different translations at each level, independent of the number of
boxes [158]. Examples of translations performed at two consecutive levels are depicted.

e Disaggregation (Figure 1.26): Total incoming fields at the box centers are calculated from
the top of the tree structure to the bottom. As depicted, the total incoming field for a box is
obtained by combining the incoming fields due to translations and the incoming field from
the center of its parent box, if it exists. At the lowest level, incoming fields are received by
testing functions.

In MLFMA, radiated and incoming fields are sampled on the unit sphere with respect to
spherical coordinates 6 and ¢. The number of samples required for each box is proportional
to the size of the box, as measured by the wavelength [159]. Therefore, to match different
sampling rates of consecutive levels, interpolation and transpose interpolation (anterpolation)
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Figure 1.24 Operations in an aggregation stage for a parent box involving three subboxes.
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Figure 1.25 Operations in a translation stage for some boxes in two consecutive levels. (See color plate
section for the color version of this figure)
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Figure 1.26 Operations in a disaggregation stage for a parent box involving three subboxes.
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[160] are required during the aggregation and disaggregation stages, respectively. There
are two major ways of implementing interpolations (and anterpolations), namely, through
global and local interpolation methods. Global interpolations are usually based on FFT
along the ¢ direction and the Legendre transform along the 6 direction, performed via
one-dimensional FMM [150],[161]. Using a uniform sampling, FFT can also be used along
the @ direction [162]. Such an MLEMA implementation has O(N log?N) time complexity,
while interpolations/anterpolations are performed without error, provided that the Nyquist
criterion is applied for the sampling rate. On the other hand, local interpolation methods
introduce controllable errors [163]—[165], and such methods lead to more efficient MLFMA
implementations with O(N log N) complexity.

To be employed repeatedly, translation operators must usually be calculated and stored in
memory before iterations. A direct calculation of these operators requires ((N3/2) operations,
and the processing time for their setup may become substantial as the problem size grows. As
a remedy, a two-step computation can be used based on the interpolation of the translation
operator [166],[167]. First, the translation operator is expressed as a band-limited function
and it is sampled at maximum O(N) points. Second, the operator is evaluated at the required
points by interpolation from the previous samples. With an efficient interpolation algorithm,
the processing time for the calculation of the translation operators can be reduced to O(N), as
detailed in Chapter 3, Section 3.3.4.

In MLFMA, there are also O(N) near-field interactions, which are calculated directly
in the setup stage of the program and stored in memory to be used multiple times during
iterations. These interactions are between the basis and testing functions that are near to
each other, i.e., in the same box or in two touching boxes at the lowest level using the one
box-buffer scheme. Near-field interactions can be calculated accurately by using singularity
extraction techniques [57],[143],[168],[169], adaptive integration methods, and Gaussian
quadratures [142] (see this chapter, above, Section 1.8).

In order to achieve increased efficiency and reduced complexity, MLFMA employs several
ways of gradual elimination of redundancies in the computations. Due to their gradual nature,
such techniques may be interpreted as controllable error sources [1],[159],[166],[170]—[173].
For example, truncation of an infinite series and the angular integration over the unit sphere
are two error sources of controllable error, which are also common to FMM. Interpolation and
anterpolation operations constitute the third error source introduced by MLFMA. In addition,
other errors arise due to MOM, such as the modeling of the geometry, discretization of integral
equations, and numerical integrations on spatial basis and testing functions.

1.11 Low-Frequency Breakdown of MLFMA

MLFMA is an efficient algorithm to solve large-scale electromagnetics problems discretized
with large numbers of unknowns. However, it suffers from the low-frequency breakdown,
i.e., MLFMA boxes that are small compared to the wavelength cause errors. This is because
MLFMA is based on the plane wave expansion, which becomes invalid for short distances.
Therefore, MLFMA becomes inefficient for problems involving small objects discretized
with large numbers of unknowns. Specifically, when ordinary MLFMA is applied to those
low-frequency problems, the lowest-level boxes may involve many discretization elements.
This significantly increases the processing time and memory required for the near-field
interactions, which must be calculated directly. Even the complexity of the MLFMA
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implementation can be more than O(N log N) due to excessively large numbers of near-field
interactions.

In the literature, there are two common approaches to solve low-frequency problems effi-
ciently via (modified versions of) MLFMA. The first approach is based on a spectral rep-
resentation of the Green’s function, where radiated fields are divided into propagating and
evanescent parts [174]—[177]. Evanescent waves are employed to compute the interactions
between small boxes separated by short distances. The second approach is based on the multi-
pole representation of radiated fields [178]—[183]. As also detailed in Chapter 3, Section 3.7,
the Green’s function is factorized in a series of multipoles, but the multipoles are not converted
into plane waves. In both approaches, box size is not restricted, and one can divide the object
into boxes that can be much smaller than the wavelength. There are also new studies using
alternative expansion methods for stable implementations at low frequencies [184],[185].

Obviously, diagonalization is the major source for the low-frequency breakdown of
MLFMA. As a heuristic explanation, plane waves introduced by diagonalization cannot
accurately represent electromagnetic fields of localized sources in small volumes (e.g.,
boxes). For a rigorous analysis, one should consider the factorized and diagonalized forms
of the Green’s function. As detailed in Chapter 3, Section 3.1, the factorization of the
homogeneous-space Green’s function is represented by an infinite summation involving the
spherical Bessel and Hankel functions of the first kind, i.e., j,(r) and h;l)(r). In the factorized
form, j,(r) and hﬁl)(r) balance each other, even for localized sources. Further stabilization
is also possible by scaling j,(r) and hfl)(r) with the size of the source [183]. Applying the
diagonalization, however, spherical waves are converted into plane waves and the Green’s
function is represented by an angular integration involving diagonal shifts and a diagonal
translation operator. Unfortunately, in this form, the translation operator becomes unstable for
small distances. Specifically, this operator is a summation of the spherical Hankel functions
multiplied with the Legendre polynomials. As depicted in Figure 1.27, the spherical Hankel
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Figure 1.27 Magnitude of the imaginary part of the spherical Hankel function of the first kind hﬁl)(r)
with respect to [ for different values of r from 1 to 10.
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Figure 1.28 Iterative solutions of dense matrix equations derived from integral equations.

functions grow rapidly for small arguments. Hence, the Green’s function is to be obtained by
adding and subtracting large numbers, which can be prone to numerical problems, depend-
ing on the precision used. As a trivial but rigorous solution, avoiding diagonalization for
small boxes in MLFMA effectively prevents the low-frequency breakdown, as also detailed in
Chapter 3, Section 3.7.

1.12 Iterative Algorithms

Figure 1.28 depicts how MLFMA is used to solve large-scale electromagnetics problems.
Specifically, an iterative algorithm performs iterative solutions by employing MLFMA, which
provides an efficient means of executing the required MVMs. Note that the iterative algorithm
also interacts with a preconditioner, as detailed in this chapter, below, Section 1.13. In the lit-
erature, various Krylov-subspace methods are available to solve electromagnetics problems
formulated with integral equations [186]—[196]. Some of these methods are listed below:

BiCG: Biconjugate gradient

BiCGStab: Biconjugate gradient stabilized [188]

CG: Conjugate gradient

CGS: Conjugate gradient squared [189]

GMRES: Generalized minimal residual [190]

LSQR: Least-squares QR [191]-[193]

MINRES: Minimal residual

QMR: Quasi-minimal residual [194]

TFQMR: Transpose-free quasi-minimal residual [195]

In all algorithms, the solution is (implicitly) expanded in a Krylov subspace, i.e.,

— -2 —j
a € Span{w,Z -w,Z -w,...,ZJ-w}. (1.146)
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For a given problem, the performance of each algorithm (the number of iterations j) may vary
significantly, depending on the shape of the geometry, discretization, and the type of formu-
lation; there is no one algorithm that performs best in all cases. Since reducing the number of
iterations is extremely important to obtain efficient solutions, one should investigate and com-
pare the iterative solutions provided by various algorithms [197],[198]. Sequential and parallel
implementations of iterative algorithms can be found in [186] and [199]. Chapter 3, Section 3.6
includes many examples and comparisons of iterative methods for solving electromagnetics
problems.

The Krylov-subspace methods listed above can be investigated in the context of matrix diag-
onalization.

1.12.1 Symmetric Lanczos Process

Consider a matrix equation
Z-a=w, (1.147)

where Z is an N X N symmetric matrix. One can define

DY =y (1.148)
and construct

FEHDYEHD Z 7 0 _ g RyE) _ ghy G-, (1.149)
where

a® = O . Z .y @ L gk (1.150)

and f® > 0 are chosen appropriately such that [[v®||, = 1. In (1.150), the superscript ‘H’
represents the Hermitian operation. The recursion can be rewritten as

Zysn  VIvsk = Vv - [Alex

+p%Y0 0 -~ 0 v(k+1)]ka’ (1.151)
where
V:[v(l) L v(k)]ka (1.152)
is a unitary matrix, i.e.,
—H — =
Vv .v=I (1.153)
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This process is called tridiagonalization and

(o) g2

ﬂ(Z) a® ﬂ(3)
ﬂ(3) a® ﬂ(4)

A= pYO @ (1.154)
. pk=D
ﬂ(k—l) a®=D ﬂ(k)
o g
B dkxk

is tridiagonal.

If the matrix Z is positive definite, the CG method can be applied to solve the matrix equation
in (1.147). In this method, a subproblem

ﬂ(l)
- 0
(Al - y" =] (1.155)
0 kx1

is solved so that the original solution can be obtained as a® = V - y®_ For the solution of the
subproblem, a Cholesky factorization is used, i.e.,

[Alixr = Lk - Dl - [ZH]kxks (1.156)

where L is lower triangular and Dis diagonal.
For a general symmetric Z matrix, which is not positive definite, the MINRES method can
be applied by minimizing the norm of

ﬂ(l)
yo -0 (1.157)

[ A
0 --- 0 pw :
(k+1)x k 0

(k+1)x 1

to obtain y® and a® = V. y®. For the solution of the subproblem in (1.157), a QR factoriza-
tion is used as

R

A ] —
= [0] . [ , (1.158)
k (k+1)x(k+1)
[0 e 00 pW (k+1)x k ) 0

](k+1)><k

where Q is unitary and Ris upper triangular.
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1.12.2  Nonsymmetric Lanczos Process

Consider a matrix equation in the form of (1.147), where Zisan N X N nonsymmetric matrix.
One can define

BOYD =y (1.159)
and uV - (D = 1 to construct
pUFDLEFD Z 7 Ly _ 0000 _ 500,01 (1.160)
SEFDYRHD Z 70 _ g0 _ gk (k=1 (1.161)
In (1.160) and (1.161),
a® = [0 .7 . py®, (1.162)

p® >0, and 6® > 0 are chosen appropriately such that [[v®|, =1 and [[u®||, = 1. The
recursion can be rewritten as

Zlysn  Vivse = Vivse - [Alix

+6&Do 0 ... 0 v(k+1>]ka (1.163)
[Zlyxn * [Olysx = [Oly i [Alixs
+p800 0 -0 0 vED L (1.164)
where
Vz[v(l) L v(k)]ka (1.165)
and
ﬁ:[u(l) u® ... u(k)]ka (1.166)
satisfy
—H — =
U -v=I (1.167)

This process is also a tridiagonalization and
[ oD ﬁ(Z) T
5§D ¢@ o
53 o® A
5@ q® (1.168)
ﬂ(k—l)
s k=D p®

(k) (k)
B 6 & dixk

gl
I

is tridiagonal.
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BiCG and QMR methods, as well as their transpose-free variants, i.e., BiCGStab, CGS, and
TFQMR, are based on the nonsymmetric Lanczos process. For example, in BiCG, a subprob-
lem similar to (1.155) is solved via an LU factorization in iterative methods factorization,
ie.,

Apsk = Lyscr  Dixre Ry (1.169)
The QMR method is similar to MINRES, and the norm of
M
A ] w |0
" 2l I (1.170)
[() o0 W . :
0 (k+1)x 1

is minimized by using a QR factorization.

1.12.3 Arnoldi Process

The Arnoldi process involves a recursion in the form of

Zlysn - Vv = Vivsr - Hlox

+ﬂ(k+1)[0 0O --- 0 v(k+1)]N><k’ (1.171)
Zlysy - Vlvsr = Vs - Hlg
+p500 0 - 0 VD (1.172)

where V = [vﬁ,l) v£,2) v,(f)] is again a unitary matrix. As opposed to the matrix obtained

by a tridiagonalization, H is a Hessian matrix. In general, a subproblem similar to (1.155) is
considered for the solution. The efficient GMRES method is based on the Arnoldi process.

1.12.4 Golub-Kahan Process

For a general N X N matrix equation in the form of (1.147), the Golub-Kahan process starts
with

A =y (1.173)
aOpD =7 . 5O (1.174)

and constructs a recursion as
BUFD D Z 70 _ R ®) (1.175)

DD — 7T ey fEHD, B, (1.176)



46 The Multilevel Fast Multipole Algorithm (MLFMA)

where a® > 0 and ¥ > 0 are chosen appropriately such that ||x®||, = 1 and [[p®||, = 1.
The recursion can be rewritten as

(Zlysn - Vv = Xy e * [N Dggxx (1.177)
—H —_ — —H
[Z Iyxn- [X]Nx(k+1) = [Vlyxi - [A ]kx(k+1)
+a®10 0 - 0 YEI L ) (1.178)

where A is lower-bidiagonal, i.e.,
a®
O g@

D o®
_ Y o®
A ;

. (1.179)
pU=1 gD
o g

(k+1)
B b Jk+1)xk

The LSQR method is based on the Golub-Kahan process, where a subproblem similar to
(1.157) is solved via a QR factorization.

1.13 Preconditioning

MLFMA provides the solution of large problems by reducing the complexity of MVMs
required by iterative solvers from O(N?) to O(N log N). For efficient solutions, however, the
number of iterations should also be small. Along this direction, preconditioning refers to
transforming a matrix equation into an equivalent form with more favorable conditioning
characteristics and that can be solved easier with iterative methods [200]. This is usually
achieved by multiplying the matrix equation with an approximate inverse of the matrix.

In MLFMA, there are O(N) near-field interactions, which are calculated directly and are
available for constructing preconditioners. Using the one-box-buffer scheme, these interac-
tions are between the basis and testing functions that are located in the same box or in two
touching boxes at the lowest level of the tree structure. During solutions via MLFMA, one can
reorder the basis and testing functions according to their positions in the multilevel tree. Let
N, be the number of boxes at the lowest level and N(C) represent the number of basis or testing
functions in box C = 1,2, ..., N;. Then, the basis and testing functions in box C are indexed
from N*(C) + 1 to N*(C) + N(C), where

c-1
N*(O) = ) N(O). (1.180)
C'=1
This way, the impedance matrix has a block structure, where each block represents the interac-
tion of a pair of boxes at the lowest level. In the sparse near-field matrix, only the blocks cor-
responding to self-interactions of boxes or interactions of two touching boxes involve nonzero
elements. An example of reordering is depicted in Figure 1.29, where the self-interactions of
the boxes are illustrated for a small 72-unknown problem.
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Figure 1.29 Distribution of the matrix elements in the self interactions of the boxes for a 72-unknown
problem (a) before reordering and (b) after reordering based on the box indices.



48 The Multilevel Fast Multipole Algorithm (MLFMA)

With the direct factorization in preconditioners factorization of the sparse near-field
matrix of all near-field interactions, one can obtain the near-field preconditioner (NFP).
However, in most cases, near-field interactions are distributed irregularly in the full matrix
and cannot be collected in a bandlimited diagonal region, even when using reordering
algorithms [201]. Hence, the factorization performed once before iterations and the solution
of the preconditioner system applied in each iteration can be expensive in terms of processing
time; thus the preconditioner becomes a bottleneck as the problem size grows. As a remedy,
a block-diagonal preconditioner (BDP), which is much more efficient, can be obtained by
extracting only the self-interactions of the lowest-level boxes [35] (e.g., Figure 1.29). Both
the factorization and application of BDP are O(N); this is appropriate for MLFMA since
its complexity is O(N log N) and the complexity of the preconditioner should not be higher
than that. Due to its simplicity and favorable computing cost, BDP is commonly used for
MLFMA solutions of normal and mixed formulations, such as T-N-CFIE. Unfortunately,
BDP usually decelerates iterative solutions of tangential formulations, such as T-EFIE,
except in a few special cases [202]. In addition, for large problems involving complicated
objects, acceleration provided by BDP may not be sufficient, even when normal and mixed
formulations are used.

Recently, there have been many efforts to improve iterative solutions of surface integral
equations, particularly for metallic objects, using preconditioners [203]—[211]. In the context
of MLFMA, one of the most common preconditioning techniques is the incomplete LU (ILU)
method [200],[203]-[206]. This is a forward-type preconditioning technique, where the pre-
conditioner matrix P approximates the system matrix, and one can solve for

—— —-1

P Z-a=P -w (1.181)
or
Z-P ) P-ay=w. (1.182)

instead of the original matrix equation. In (1.181) and (1.182), which correspond to left and
right preconditioning, respectively, the solution of P -x =y for a given y should be cheaper
than the solution of the original matrix equation. During the factorization of the preconditioner
matrix, the ILU method sacrifices some of the fill-ins and provides an approximation to the
near-field matrix, i.e.,

P=L-UxZy. (1.183)

It is shown that the ILU preconditioner without a threshold provides inexpensive and good
approximations to the near-field matrices for T-N-CFIE, hence it reduces the iteration counts
and solution times substantially [206]. For ill-conditioned T-EFIE matrices, however, the
ILUT (i.e., threshold-based ILU) preconditioner with pivoting [205] is required to prevent the
potential instability. Other successful adoptions of the ILU-type preconditioners are presented
in [204].

Despite the remarkable success of the ILU-type preconditioners, they are limited to sequen-
tial implementations due to difficulties in parallelizing their factorization algorithms and
forward-backward solutions. Hence, the sparse-approximate-inverse (SAI) preconditioner,
which is well-suited for parallel implementations, has been more preferable for the solution
of large-scale electromagnetics problems [207]—[210]. The SAI preconditioner is based on a
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backward-type scheme, where the inverse of the system matrix is directly approximated, i.e.,

P~Z .In MLEFMA, only the near-field matrix is considered, and one can minimize
[ —P-Zy|p (1.184)

where || - || represents the Frobenius norm. Using the pattern of the near-field matrix for the
nonzero pattern of P provides some advantages by decreasing the number of QR factorizations
required during the minimization in (1.184) [208]. In parallel implementations, one can use
row-wise partitioning to distribute the near-field interactions among processors. Therefore,
left-preconditioning must be used to accelerate the iterative solutions with the SAI precondi-
tioner. However, right-preconditioning can be used for the symmetric matrix equations, e.g.,
those derived from T-EFIE [210].

Preconditioners that are based on near-field interactions can be insufficient to accelerate
iterative solutions of large-scale problems, especially those formulated with T-EFIE. For more
efficient solutions, it is possible to use far-field interactions in addition to near-field interactions
and construct more effective preconditioners. As depicted in Figure 1.30, this can be achieved
by using flexible solvers and employing approximate and ordinary versions of MLFMA in an
inner-outer scheme [211]. Using a reasonable approximation of the inner solutions, the number
of outer iterations can be reduced substantially. There are two ways to describe the advantages
of this strategy:

e MVMs performed by an ordinary MLFMA are replaced with more efficient MVMs per-
formed by an approximate MLFMA (AMLFMA). Different from the relaxation strategies,
however, only a single specific implementation of AMLFMA is sufficient to construct an
inner-outer scheme. In addition, reasonable accuracy (without strict limits) is sufficient for
the approximation.

w Outer solver Z-a=w a

MVM Preconditioner
MLFMA Inner solver
Zx=y Cz=y
C~7Z AMLFMA Preconditioner
Cx=uv P-xz=v

Figure 1.30 An inner-outer scheme involving a flexible iterative solver using an inner solver as a
preconditioner.
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e Iterative solutions by an ordinary MLFMA are preconditioned with a very strong precondi-
tioner that is constructed by approximating the full matrix instead of the sparse part of the
matrix.

Strategies for building a less-accurate MLFMA are discussed in Chapter 3, Section 3.5.

In addition to more efficient solutions, the inner-outer scheme prevents numerical errors that
arise because of deviations in the computed residual from the true residual by significantly
decreasing the number of outer iterations. This is because the residual gap, i.e., the differ-
ence between the true and computed residuals, increases with the number of iterations [212].
Another benefit of the reduction in iteration counts appears when the iterative solutions are per-
formed with the GMRES algorithm, which is usually an optimal method for T-EFIE in terms
of the processing time [206],[208]. Even though other variants of GMRES, e.g., the flexible
GMRES (FGMRES) [205], require the storage of two vectors per iteration instead of one,
nested solutions require significantly less memory than ordinary GMRES solutions because
they dramatically reduce the iteration counts.

1.14 Parallelization of MLFMA

For a dense matrix equation involving O(N) unknowns, MLFEMA reduces the complexity of
MVMs from O(N?) to O(N log N), allowing for the solution of large problems with limited
computational resources. On the other hand, accurate solutions of many real-life problems
require discretizations with millions of elements, leading to matrix equations involving mil-
lions of unknowns, which cannot easily be solved with sequential implementations of MLFMA
running on a single processor. To solve such large problems, it is helpful to increase com-
putational resources by assembling parallel computing platforms and, at the same time, by
parallelizing MLFMA.

Of the various parallelization schemes for MLFMA, the most popular use distributed-
memory architectures by constructing clusters of computers with local memories connected
via fast networks [158],[214]—-[232]. Parallelization tools, such as the message passing inter-
face (MPI) [233], organizing parallel solutions via communication protocols are available.
However, the parallelization of MLFMA is not trivial due to the complicated structure of this
algorithm [217]. Although other algorithms with higher complexities, such as FMM, have
been parallelized very successfully with simple parallelization techniques [216],[226], this
is not the case for MLFMA. This is due to the unavoidable occurrences of communications
among processors, poor load balancing, and duplications of computations over multiple
processors in MLFMA. Consequently, there have been many efforts to improve the paral-
lelization of MLFMA by using novel partitioning strategies, load-balancing algorithms, and
optimized communications [217]-[232].

In a typical tree structure of MLFMA, the lowest level involves O(/V) boxes with dimensions
in the order of wavelength, and the number of boxes decreases by a factor of four from one level
to the next higher level. On the other hand, the number of samples required for the factorization
and diagonalization of the Green’s function depends on the size of boxes as measured by
the wavelength. Consequently, the number of samples increases by a factor of four from one
level to the next higher level. It is remarkable that the number of boxes and the number of
samples balance each other, and all levels in MLFMA have approximately an equal cost with
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O(N) complexity. Therefore, an efficient parallelization of MLFMA should consider the best
possible partitioning at each level. With such a strategy, it would be possible to solve problems
with hundreds of millions of unknowns on relatively inexpensive computing platforms with
distributed-memory architectures [225]—[232].

In a simple parallelization of MLFMA, boxes are distributed among processors at all levels.
Such a technique provides efficient parallelization for small numbers of processors, usually
fewer than 16. For more processors, however, the efficiency drops drastically due to poor load
balancing. This is because small numbers of boxes in the higher levels of MLFMA cannot be
distributed evenly among processors. In addition, dense communications among processors
are required. Note that low parallelization efficiency not only increases processing time but
also restricts the size of problems that can be solved. As a remedy, a hybrid technique has
been proposed to improve the parallelization of MLFMA [217],[221]. This technique is based
on using an appropriate partitioning scheme for the higher levels of MLFMA by distributing
samples instead of boxes. Due to the improved load balancing in the higher levels, the hybrid
technique significantly increases the parallelization efficiency, compared to the simple tech-
nique. Nevertheless, the hybrid technique fails to provide efficient solutions when the number
of processors is larger than 32 [219],[225].

Recently, a hierarchical parallelization technique has been developed for efficient paral-
lelization of MLFMA [219],[223],[225],[230]—[232]. In this technique, the boxes and their
samples are partitioned among processors by employing load-balancing algorithms. Although
changing the partitioning between levels bears an additional cost, the hierarchical technique
offers a higher parallelization efficiency than previous parallelization techniques for MLFMA.
Specifically, this hierarchical partitioning strategy provides two important advantages. First,
simultaneous partitioning of the boxes and their samples leads to improved load balancing
among processors at each level. Second, communications between processors are reduced,
i.e., average package size is enlarged, the number of communication events is reduced, and
the communication time is significantly shortened. Details of the hierarchical partitioning
strategy and comparisons with previous parallelization techniques can be found in Chapter 4,
Section 4.6.






2

Solutions of Electromagnetics
Problems with Surface Integral
Equations

This chapter presents formulations of electromagnetics problems with surface integral
equations. Surface formulations are derived for three-dimensional metallic, dielectric, and
composite objects with arbitrary geometries. Various stabilization procedures are discussed
for accurate solutions of low-contrast dielectric objects. Accuracy of implementations is
extensively investigated for metallic objects and various discretization schemes.

2.1 Homogeneous Dielectric Objects

For dielectric objects with homogeneous material properties, a general procedure for surface
formulations can be summarized as follows:

e Apply the surface operators on equivalent surface currents to obtain expressions for sec-
ondary fields.

e Enforce the boundary conditions for tangential electric and magnetic fields on the surface
of the object either directly or rotationally and derive basic integral equations for the inner
and outer media.

e Combine inner and outer integral equations appropriately to obtain a set of equations to
solve for equivalent currents.

e Calculate radiated electric and magnetic fields from equivalent currents.

Based on the items above, various surface formulations can be derived by using different com-
binations of boundary conditions, testing schemes, and scaling operations. Several of them are
stable, free of the internal-resonance problem, and commonly used in the literature [51]—[83].

The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-Scale Computational Electromagnetics Problems,
First Edition. Ozgiir Ergiil and Levent Giirel.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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Figure 2.1 A homogeneous object located in a homogeneous space extending to infinity.

2.1.1 Surface Integral Equations

Consider the case in Figure 2.1 involving a homogeneous dielectric object with a closed surface
separating two media D, and D; with different electrical properties (¢, 4,) and (e;, y;). Let
incident fields exist outside the object. Using the equivalence principle, the outer and inner
problems can be considered separately to derive two sets of integral equations by employing

boundary conditions, i.e.,
Mot X T, {J}(r) — A X Kpy ,{M }(r)

+&I{M}(r) = —it x E"(r)
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=t X A X TAJ}r) + i X it X Kpy AM}(r)

Q;
+EIX”{M}(r) =0  (T-EFIE-) (2.6)

07 A X TAM ) + A X Kpy (T} ()
+4%’ I{J}(r)=0  (N-MFIE-I) 2.7)

=0 A XAX T M) — A X A X Kpy {J}(0)
_%Ix”{ J}@®)=0  (T-MFIE-]) (2.8)

for the inner medium D;. In (2.1)-(2.8), 7 is the outward normal unit vector, €2, and €; =
47w — Q, are the external and internal solid angles, and E™ and H"* are the incident electric
and magnetic fields, respectively.

2.1.2  Surface Formulations

For homogeneous dielectric objects, tangential formulations can be obtained by combining
tangential integral equations [74] as

aT-EFIE-O + bT-EFIE-I

¢T-MFIE-O + dT-MFIE-I 2.9)
leading to
=i X A X [an,T, + b, T (J}@) + A X A X [aKpy , + bEpy | {M}(r)
—ﬁ [aQ, — bQ| T {M}(r) = ah X i X E™(r) (2.10)
—A XA X [cKpy, +dKpy | {T}@) + ﬁ [cQ, — dQ;| T*"{J}(r)
— X i X [en,' T, + dn ' T {M}(r) = ch X i x H"™(r). (2.11)

Among infinitely many possibilities for the scalars {a, b, ¢, d}, several choices provide stable
formulations, such as

a=b=c=d=1 2.12)
and
a=n' b=n" c=n, d=n, (2.13)

which lead to the T-PMCHWT formulation [52]—[54] and CTF [74], respectively. Combined
tangential formulation CTF can be written as

ZCTF ZCTF 1 gine
l :TF lIZTF‘| ' []\J[] (r) = X7 X l”” Hinc] (r)’ (214)
ZZI Zzz un
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where
2y =2y = —axax (T, +T) (2.15)
ZTF =axax (1, Kpy,+ 07" Kpy,;) — ﬁ (n,'Q, —n7'Q;) T (2.16)
ZSTF = —axax (n,Kpy, +nKpy,) + ﬁ (1,9, — 0, Q) T". (2.17)

Matrix equations obtained from CTF have identical diagonal partitions and they are usually
better conditioned than matrix equations obtained from the traditional T-PMCHWT formula-
tion [74].

Different from tangential formulations, normal formulations are derived by using normal
integral equations [74], i.e.,

aN-MFIE-O — bN-MFIE-I

—cN-EFIE-O + dN-EFIE-I|’ (2.18)
leading to
—ﬁ [aQ, + b T{T}(r) + At X [aKpy, — DK py | 1T} ()
+h X [an, ' T, — b7 ' T] {M}(r) = —ah x H™(r) (2.19)
—iv X [en, T, — dn,T] U }(r) - ﬁ [cQ, +dQ)] T{M}(r)
+i X [cKpy,, — dKpy | {M}(r) = ch X E™(r). (2.20)
Choices
a=pu, b=y, c=e, d=¢ (2.21)
and
a=b=c=d=1 (2.22)

in (2.18) lead to NMF [51] and CNF [74], respectively. CNF can be written as

ZCNF ZCNF inc
l 1 12 ] ) [J] (r) = —h X lH ] ), (2.23)

CNF ~CNF __gpinc
ZZI ZZZ M E
where
Z =20 =ax (Kpy, — Kpy;) - T (2.24)
ZN =ax (n,' T, - n7'T)) (2.25)
5N = x (n,T, - nT;) . (2.26)

On the other hand, choosing the scalars as
Ho Hi € €
a= . b= , C= s =
(Mo + 17) (Mo + 17) (€, +€) (€, +€)

2.27)
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in (2.18) leads to MNMF [73], which usually produces better-conditioned matrix equations
than NMF and CNF. This formulation can be written as

ZMNME >MNMF -1 pgine
l 11 12 ] . [J] ") = —h x lﬂo(ﬂo + 1) ] . (2.28)

ZlQV%NMF Zl;/éNMF M _eo(eo + €i)—1Einc
where
ZT/{NMF = (ﬂanu,)ﬁ X (uKpy = uiKpy,;)
- m (1,2, + Q) T (2.29)
QP = X (s T, = ' 7) (2.30)
o= - oy % (€T, = em ) (231)
ZIZ\/;NMF _ = _1'_ ei)ﬁ X (eo]CPv.o - €l-/vag,-)
— 47[(%1—“[) (€,Q, + Q) 1. (2.32)

Finally, mixed formulations involve both tangential and normal integral equations. For
example, JMCFIE is obtained by using all equations in (2.1)—(2.8) [71], [80], [83], i.e.,

N-MFIE-O — N-MFIE-I + #; ' T-EFIE-O + ni_lT-EFIE-I (2.33)
—N-EFIE-O + N-EFIE-I + 5, T-MFIE-O + 5, T-MFIE-I |° '
Combining operators, one can derive JMCFIE as
JMCFIE JMCFIE
[Zn 2 ] . [J] ®
JMCFIE >JMCFIE
25 2% M
. f](jlﬁ X Eim‘ _ Hinc
=nX i X Hine 4 gine ), (2.34)
where
JMCFIE _ ~IJMCFIE _ CTF CNF
a =2y =2y +4y
=-axax(T,+T)+axKpy,—Kpy,)—1 (2.35)
2 = 2514 20 = i 1 K 17 )
R _ _ 1, _ -
X (05T, =07 T) = o (051 Q, — Q) T (236)
. 1
—ax (n,T, = nT) + — (1,9, — Q) T (2.37)

4
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Note that IMCFIE is different from conventional CFIE formulations for dielectric objects,
e.g., TN-N-CFIE [68], where EFIE and MFIE are combined for the inner and outer media
separately.

2.1.3 Discretizations of Surface Formulations

For numerical solutions of surface formulations, surfaces can be discretized by using small
planar triangles, on which basis functions are employed to expand unknown surface currents,
1.€.,

N
Jr) =i xHr) ~ ) a;[nlb, ) (2.38)
n=1
N
M) = - X E@) ~ ) ay[nlb, @), (2.39)

n=1

where b, represents the nth basis function associated with the nth edge. Testing integral
equations, 2N X 2N dense matrix equations are constructed as

gll %12 . [aJ — Wi , (2.40)
Z21 Z22 aM w2
where matrix elements correspond to interactions of basis and testing functions, and RHS vec-
tors are obtained by testing incident fields. Specifically, matrix elements involve combinations
of discretized operators, depending on the formulation. Considering the mth testing function

t,, and the nth basis function b,,, the directly and rotationally tested &, 7, and T operators are
discretized as

CAX A X Kpy — Kpylm,nl] = (&, (), Kpy (b, }() 2.41)
5 Kpy = Kpylm, nl = (6,(r), 7t X Kpy (B, 1)) (2.42)
CAXAXT =T [monl = {t,@), T (b, }(") (2.43)
AXT =T [monl = {t,@).0 X T (b)) (2.44)

7T [monl = (t, @), I{b,})

= (t,,(r),b,(r)) (2.45)
7 =T Imnl = (6,0, 7" (b, ) ()
= (t,,(r), A xb,r)), (2.46)

where

{t,(n).f(r) = /S drt,(r) - f(r) (2.47)



Solutions of Electromagnetics Problems with Surface Integral Equations

59

is a surface integral on the support of the testing function (S,,). Then, the matrix partitions in

(2.40) can be derived as

—CTF —CTF —T —T
nw =Zyn =T,+T;
—CTF —T —T 1
-1 -1 -1 -1
Z12 =N, KPV,o —n; KPV,i - 5 (’7() —-n; )I
—CTF —T —T 1 -N
Zy, =n,Kpy,+nKpy;+ 3 (’10 - ’7i) 1
for CTF,
—CNF —CNF —N —N -T
Z, =1y :KPV,o _KPV,i -1
—CNF =N =N
ZlZ =N, To _'71' Ti
—CNF —N —N
Z,y, =-n,T, +nT,;
for CNF,
—MNMF 1 ( EN EN ) 1;T
= ——— (K — HiKpy; ) =5
11 (M0+Mi) 0™ PV.0 "*PV.i 2
—MNMF 1 ( _1 TN 1 TN )
= ——(Hoty Ty —pin; T,
12 (/’lo +/’li) o'lo 0 i'l i
—MNMF 1 ( TN TN)
= — € — €N 1 :
21 (eo + 6[) 0’10 0 trlz i
—MNMF 1 < I—(N I—(N ) 1;T
_ €. 1
22 (€0+€l) o™ PV.0 PV, 2
for MNMF, and
—IMCFIE —JMCFIE —CTF —CNF
1 =4y =7, +Zy

—T —=T —N —N =T
=T,+T;, +Kpy, —Kpy; -1

_IMCFIE —CTF —CNF
12 =Z, +Zp
1T 1T
=-1, Kpy, —n; Kpy,;
—N N 1 N
-1 - 1
+1, To —-n; Ti _5(”0 - )I
_IMCFIE —CTF —CNF
21 =2y, +Zy

—T —T .
=n,Kpy, +nKpy; —n,T, +n;T; + 5 (’70 - ’7i)

-N
1

(2.48)

(2.49)

(2.50)

2.51)
(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)
(2.59)

(2.60)

(2.61)

2.62)

(2.63)

for IMCFIE. It should be noted that Q, = Q; = 27 on planar triangles. The RHS vectors in
(2.40) also depend on the formulation and they involve directly and rotationally tested incident
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electric and magnetic fields, i.e.,
Vg[m] = <tm(r)7Einc(r)> = / drtm(r) . Emc(r)
Sm
Vg[m] = <tm(r)’ﬁ XEinc(,.)) — / drtm(r) - h innc(r)
Sm
vlg[m] = <tm(r),Hi"C(r)> = / drt, (r) - H™(r)
Sm

v Im] = (t,,(r), i x H"(r)) = / drt,,(r) - it x H"™(r).
Sﬂ‘l

Using (2.64)—(2.67), the RHS vectors can be written as
(WS = (o vE )

(W W = ()

MNMF _ MNMF Ho N €o N }
w W =< — A% v
{ 1 2 } { (#0 + lui) H (eo + €i) E

and
JMCFIE , JMCFIE\ _ f.,CTF , ..CNF . CTF , .. CNF
{wl Wy } = {wl TWLW, W, }
_ 1T N T , N
= {_’70 Ve = Vi —HoVy + VE}

for CTF, CNF, MNMF, and JMCFIE, respectively.

2.1.4 Direct Calculations of Interactions

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)
(2.69)

(2.70)

@2.71)
(2.72)

The electromagnetic interaction between the mth testing function ¢,, and the nth basis function

b, can be derived for different operators (7 and K) and testing types as

—T
T [m,n] = ik/
s,

m

+ 1/ drtm(r)-/dr'Vg(r,r’)V'-bn(r')
k S S,

drt,(r) - / dr'g(r,rb,(r')
SVL

T [m.n] = ik / drt, (r) - 7 X / ar' g(r, b, ()
S,

m Sn

+ i/ drt,(r) - it X / ar'vg@r,r)V' - b, ()
s

m Sy
—T
KPV [m, I’l] =
N

m

drt, (r) - / ar's,(r')x V'g(r,r)
PV.S,

—N
Kpylm,n] = / drt,(r) - i X / ar'b,(r')yx V'g(r,r),
S, PV.S,

(2.73)

(2.74)

(2.75)

(2.76)
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where S, and S, represent spatial supports of ¢,, and b,,, respectively. Dielectric formulations
can be discretized by employing the RWG functions [57] having a spatial distribution depicted
in Figure 1.8. Direct calculations of the interactions in (2.73)—(2.76) can be summarized as
follows:

e Using the RWG functions, the interactions in (2.75) and (2.76) can be modified as [168]

I_(,{V[m,n] =/drtm(r)-b”(r)></ ar'v'g@r,r’) (2.77)
n PV.S,

—N

Kpy[m,n] = / dr (£,,(r) X R) - b, (r) X / ar'v's(r,r), (2.78)
Sm PV,S"

where the outer integrals are evaluated numerically. Only the principal value of the inner
integral is required so that (2.77) and (2.78) are not evaluated for self-interactions of trian-
gles. However, the value of the inner integral is infinite when the testing point is at the edge
of the source triangle. Since the singularity is logarithmic and it is quite mild, the interac-
tion of two near-neighboring (touching) triangles can be calculated accurately by sampling
observation points strictly inside the testing triangle. In addition, accuracy and efficiency of
calculations can be improved by extracting the singularity [124].

e Using divergence-conforming functions, such as the RWG functions, the interaction in
(2.73) is modified as

—T
T [m,n] = ik/
N

m

+ i/ drt,(r) - V/ ar'gr,r)\V' - b, () (2.79)
S

Sn

= ik/ drt,(r) - / ar' g(r,r')b,,(r)
S 5,

+1 / arv - {tm(r) / dr'g(r,r' )V’ -b,,(r’)}
kJs, Sy

i

k
= ik/ drt,,(r) - / ar' gr,rb,(r")
Sm Sn

_1/
ks

m

drt,(r) - / ar' g(r,r')b,,(r')
s,

/ drV -tm(r)/ dr' g(r, v )V' - b,(r") (2.80)
Sy, s,

darv -tm(r)/ ar' g, )V' - b,(r") (2.81)
Sll

by moving the differential operator onto the testing function in the second term [57]. This
way, the hyper-singularity of the 7 operator is eliminated. For the second term of (2.74),
however, the differential operator must be kept on the Green’s function. Then, this term is
calculated similarly to the interaction in (2.76). But, as opposed to (2.76), the discretized
operator in (2.74) should also be calculated for self-interactions of triangles.
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During the calculation of interactions, computational loops are constructed over triangles
instead of basis and testing functions. To facilitate this, integrals over basis and testing func-
tions are divided into many basic (double) integrals that are independent from the alignment
of the functions.

Basic integrals are evaluated in two steps; first, inner integrals are calculated, and second,
they are used in forming integrands of outer integrals. Inner integrals are commonly shared
by more than one basic integral.

Inner integrals are performed via a decomposition into numerical and analytical parts [57],
[144], [169]. Singularities arising due to the Green’s function are extracted this way in order
to avoid numerical difficulties and inaccuracies.

Numerical integrations can be performed by using adaptive methods (such as those
described in Section 1.8.3) employing low-order Gaussian quadratures [142]. Such
adaptive methods achieve the preset required error bounds by sampling integration points
efficiently.

The processing time for the calculation of the interactions in (2.73)—(2.76) depends on medium
parameters. When the relative permittivity or permeability of a medium increases, it becomes
difficult to evaluate interactions since integrands become more oscillatory. In such cases, accu-
rate calculations of interactions may require extracting more terms to smooth integrands or
increasing the number of sampling points for numerical integrations.

Consider the interaction of two half RWG functions tRWS and bszv G associated with the ath
triangle of the mth edge and the bth triangle of the nth edge, respectively. Then,

—TRWG

1 [m,n,a,b] = Ama,nb/ dr(r—r,,,) - (r—ry) (2.82)
Sma

—N.RWG

1 [m,n,a,b] = Ama,nh/ dr(r —r,,,) - xX (@ —r,) (2.83)

ma

—T,RWG . ' —r )
T [m,n,a,b] = ikA,, ., | drc—r,,) -1, "

ma

- ﬂ'Ama nb/ drl, (2.84)
k | Sle "
—N,RWG . N (r’_rnb)
T [m,n,a,b] = ik A, .1 : dr(r—r,,) -axI,
24 d aAxI) 2.85
_? ma,nbs r(r_rma)'nx in (2.85)
—TRWG v
Kpy [m,n,a,bl = A, dr(r—ry,) - (r—r,,) xXI; (2.86)
—N,RWG R v
Kpy [m,n,a,bl=A,,., | dree—r,)xi-@—r,)XI (2.87)
where
lmln
A (2.88)

manb = mymaynb
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and
Il.1n=/ ar' g(r,r)
Snb

17 = / dr'g(r,r' )’ —r,)
N

nb

I = / ar'v'g(r,r).
Snb

(2.89)

(2.90)

(2.91)

In (2.88), 7,;, = =1 and y,,,, = +1 depend on the direction of the basis and testing functions on
triangles. Interactions of the full basis and testing functions can be obtained as

(_TRWG ) (T RWG )
1 1
—_N.RWG —N.RWG
1 1
—T.RWG 2 —T.RWG
T T

3 —NRwG ( lm,n] = z Y —~.RWG ( M. n,a,D].
T a=1b=1 | T
—TRWG —TRWG

PV PV

—N.RWG —N.RWG

pv kKPV

(2.92)

In order to calculate interactions, a coordinate transformation can be performed such that the
basis triangle lies on the x-y plane with one of its edges on the x axis, as depicted in Figure 1.12.
Such a transformation is essential in order to easily evaluate analytic integrals appearing in

singularity extractions. Then, the interactions become
~T.RWG
1
ma
—N.RWG
1

Sma
—TRWG

S,

ma

4i
- zAmu,nb/ dr]iln

ma

—N.RWG
T

ma
2i
ma

—T RW

— ;Ama,nb/ dr(r—r,,) - x1I

[m7 n,a, b] = Ama’nb/ dr(p - pma) : (p - pnb)
(... b] = Ay / dr(p = Pp) 2 X (= Poy)

[m,n,a,b] = ikAma’nb/ drp—p,.) - Igsf_pnb)

. oo 7P =P
[m,n,a,b] = lkAma’n,,/ dr(r—ry,,) -axIl "

v/
in

G ’
Kpy  [m.na,bl = A, / dr(r =1, - (r = p) X I,

Sma

—N ,RWG

KPV [m,n,a,b] = Ama,nb/ dr(r — rma) XA - (r— pnb) X Iiz,’

Sma

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)
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where p = Xx + yy and

Iﬁs/—pnh) — / dr’g(r, rl)(pl _ pnb)- (299)

Sub

For the integro-differential operators, the interactions are divided into basic integrals as fol-
lows:

e The directly tested 7 operator involves 7 basic integrals, i.e.,

—T RWG .
T [m’ n,da, b] = lkAma,nb { (xmaxnb + ymaynb)ll

_xmaIZ - ymal3 - xan4 _ynhIS + I() + I7 - %11 } 5 (2.100)
where
I145) =/S dr{1,x,y} I}, 2.101)
Li26 =/S dr{1,x} L, (2.102)
I3 =/ dr{l,y} I, (2.103)
Smll
and
I, = / dr'x' g(r,r") (2.104)
th
L, = / dr'y'g(r,r'). (2.105)
Snb

e The rotationally tested 7 operator involves 19 basic integrals, i.e.,

—N.RWG )
[m’ n,a, b] = lkAma,nb {(nyzma - nzyma)IZ + (nzxma - nxzma)13

+ (nxzmaynb — Ny ZnaXnb + 1Y maXnp — nzxmaynb)ll
+ nzanI4 - nzxanS + (nyxnb - nxynb)l6

+ndy —nly —nly +n.d

2
2 [(Zmany - ymanz)lll + (xmanz - Zman)c)ll4

k
+ nZIIZ - ny113 - nzIIS + nx116 + (ymanx - ny'xma)ll7
+n dig —nd|} . (2.106)

where the normal of the testing triangle is decomposed as

i =2Xn,+9n, +2n (2.107)
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and

Li1456) =/ dr{1,x,y,2} I;,

ma

/
1{2’7’9] =/ dr{l,y,z} Il);l

ma

!
1{3,8,10} :/ dr{l,x,z}[il

ma

~ !
ISTRERES =/ dr{l,y,z}-I)

ma

N ’
1{14,15,16}=/S dr{l,x,z}y.liz

ma

N v/
1171819 =/S dr{l,x,y}z-1, .

o The directly tested K operator involves 9 basic integrals, i.e.,

—T.RWG
KPV [m’ n,a, b] = Ama,nb {_Zmaynbll + ZmaIZ + (an - yma)13

+ Zmaxnbl4 - ZmaIS + (xma - xnb)lé
+ (xmuynb - ymuxnh)17
+(yma - ynb)IS + ('xnb - xma)19} >

where

N ’
1123y =/ dr{l,y,z}&-T)

ma

N '
Ii456) =/S dr{l,x,z}y-I;

ma

Ii780) =/ dr{l,x,y}z-I) .

Sma

e The rotationally tested K operator involves 24 basic integrals, i.e.,

—N,RWG
KPV [m’ n,a, b] = Ama,nh { [ynb(nxyma - nyxma)] Il

+ [nyxma — 1O + V)| 1>
+ [1Xa = 2] I3+ [ (g = 1310)] Ly

[ Yma = 1y i + X)) Is + [12¥a = My Zna] I
[ (X = M2 + Yo MY = 12ma)| 1
Zmally — 1,(X, + xnb)] I3

Zmally = N,V + ynb)] Iy

(continued)

(2.108)

(2.109)

(2.110)

2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

(2.117)
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+ Yuhylig —nylyy —ndyy +ndiz+ndyy
+ X dys —ndyg —n i, +ndig +nlg

—nydyy —nyly + [nxxnb + nyynb] Iy

+ndy; +nly ), (2.118)

where
1{1,10,2,3,11,12,13,14} :/ d"{lsX,y,ZsXy,Xz,yz,ZZ}ﬁ-Ii';/ (2.119)
1{45,15,6,16,17,18,19} =/ dr{l,x,y,z,xy,yz,xz,zz}j;-IZ/ (2.120)
1(78.9222021,2324) :/s d”{Lx,y,ZsXZ,yZ,xz,yz}ﬁ~II-V,,,. (2.121)

ma

Finally, the inner integrals in (2.89), (2.91), (2.104), and (2.105) are evaluated as

(1.xX )} 1 , , 3 €Xp(ikR) — 1
I = — dar' {1,x", - 7
4 / 4 { * y}

& Snb R
+ L dr' {1,(x' = x) (y'—y)}l+i{0xy}/ ar L (2.122)
471' Snb ’ ’ R 477.' T Snb R ’
1oy | 1 @00, 1 1
= Elm,c + Elm + . {0,x.3} 1, (2.123)

and

A <exp(ikR)— 1 +0.5k2R2>

n 47[ S”b R
2
+ L[ v (l) _ k—/ dr'V'R (2.124)
471' Snb R 871' Snb
! ! 2
Ly Ly 1 k= g ) (2.125)
47[ m,c 47.[ mn,a 87[ mn,a.
by extracting singularities. Note that
ikR) — 1
jim PR 1 _ (2.126)
R—0 R
ikR) — 1 + 0.5k2R?
lim V' <eXp(’ ) ) =0. (2.127)
R—0 R

In (2.123) and (2.125), Ii{nl;x”y/} and I ZZC are calculated numerically using adaptive integration
methods (see Chapter 1, Section 1.8.3) or Gaussian quadrature rules [142]. The remain-

: : (L& =0),0/ -0} 4V v/
ing terms, 1.e., Il.na s Il.n!al, and Iin,a2’

Section 1.8.1).

are evaluated analytically (see Chapter 1,
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2.1.5 General Properties of Surface Formulations

Using a Galerkin method for the discretization of surface formulations, i.e., using the same set
of functions to expand equivalent currents and to test boundary conditions, 7 and T operators
are well-tested with £,,. On the other hand, K operator is well-tested with 72 X ¢,, [74]. Conse-
quently, tangential formulations, such as CTF, contain well-tested 7 operators and/or weakly
tested K and 7 operators, i.e.,

T [m.n] = / drt, () - T b, }(r) (2.128)
SITI

I?,fv[m,n]= / drt,(r) - Kpy (b, }(r) (2.129)
S

7 imn] = / drt,(r) - i x b, (r). (2.130)
S

m

On the other hand, normal formulations, such as MNMF and CNF, contain well-tested X and
T operators and/or weakly tested 7 operators, i.e.,

Kpylm,n] = / drt,(r) - i X Kpy{b, }(r) (2.131)
Sﬂl

T ] = / drt,(r) - b,(r) (2.132)
Sl)l

T [m,n] = / drt, (r)- A X T {b,}(r). (2.133)
Sm

In mixed formulations, such as JIMCFIE, all three operators can be well-tested. The value of

1 T[m, n] in (2.132) is nonzero for overlapping testing and basis functions, and it typically has
a large value for m = n. Therefore, matrix equations obtained from normal and mixed formu-
lations are diagonally dominant. In addition, for all stable formulations, such as CTF, CNF,
MNME, and IMCFIE, well-tested operators appear on diagonal partitions of matrix equations.
This is a required property for stability.

In general, conditioning and accuracy properties of tangential formulations are determined
by well-tested 7 operators. Using a Galerkin scheme and divergence-conforming functions,
the directly tested 7 operator has a weakly singular kernel. This leads to ill-conditioned matrix
equations, but very accurate results, provided that the condition number of the matrix is not
too large to deteriorate the accuracy of solutions. On the other hand, normal and mixed formu-
lations are usually dominated by well-tested identity operators. This is preferable in terms of
efficiency since diagonally dominant matrix equations are well-conditioned and easy to solve
iteratively. However, discretization of the identity operator usually involves a large error, which
significantly contaminates the accuracy of results.

Numerical Results

In the examples below, accuracy of numerical solutions is investigated when scattering prob-
lems are formulated with CTF, CNF, MNMF, and JMCFIE. For all solutions, near-field interac-
tions are calculated with at most 1% error, and far-field interactions are computed by MLFMA
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Figure 2.2 (a) The normalized bistatic RCS (RCS/42) of a sphere with a radius of 34, and with a
relative permittivity of 2.0 located in free space. (b) The relative error defined in (2.134) for different
formulations as a function of the bistatic angle. Source: Ergiil and Giirel 2009 [80]. Reproduced with

permission of IEEE.
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with three digits of accuracy. Tree structures are constructed by fixing the box size at the lowest
level to 0.254, and using a bottom-up scheme.

Figure 2.2(a) depicts bistatic RCS values for a sphere with a radius of 31, and €, = 2.0.
The normalized RCS (RCS/42 in dB) is plotted as a function of the observation angle from
0° to 180° on the z-x plane, where 0° corresponds to the forward-scattering direction. It can
be observed that the computational values calculated by using CTF are in agreement with the
analytical curve obtained by a Mie-series solution. Although the values obtained with MNMF
are also close to the analytical curve, they are significantly inaccurate compared to the values
obtained with CTF. For a more quantitative information, Figure 2.2(b) presents the relative
error in the computational results with respect to the reference analytical solution. All four
formulations, i.e., CTF, CNF, MNMF, and JMCFIE, are considered in this plot. The relative
error as a function of the bistatic angle 0 is defined as

|ES,(0) — ES,(0)]

AR(0) = =
max |EA!€(0)|

, (2.134)

where E?, and E°) are the computational and analytical values of the far-zone co-polar elec-
tric field, i.e., |

EY(0) = lim {rE,(r,0,¢ =0)} . (2.135)

The maximum value of the relative error is also indicated by a horizontal line in the figure
for each formulation. Figure 2.2(b) shows that CTF provides the most accurate results, while
the normal formulations (MNMF and CNF) are significantly inaccurate compared to CTF.
JMCEFIE is also worse than CTF, but it is more accurate than the normal formulations. In
Figure 2.3, bistatic RCS values and relative errors are presented for a sphere with a radius of
64, and €, = 4.0. The results are very similar to the previous case. Figure 2.4 presents similar
results for a sphere with a radius of 7.54,, and €, = 2.0.

Figure 2.5 depicts the normalized bistatic RCS (RCS/ A2 in dB) of a cube with edges of 4,
and €, = 4.0. The cube is located in free space and illuminated by a plane wave propagating
in the z direction with the electric field polarized in the x direction. The bistatic RCS is plotted
on the z-x plane, where 0° corresponds to the forward-scattering direction. The object is dis-
cretized by using various mesh sizes from 4,/5 to 4,/17. Convergence to correct RCS values
is investigated as the discretization is refined. Figure 2.5 shows that RCS values obtained by
using MNMF converge slower than RCS values obtained by using CTF. Specifically, MNMF
discretized with 4,/5 and A,/7 triangles is unacceptably inaccurate. Using MNMEF, there are
also significant discrepancies between the results obtained with 4,/10 and finer discretizations.
Using CTF, however, RCS values convergence rapidly as the discretization is refined.

In general, numerical results on canonical objects verify that the normal formulations MNMF
and CNF are consistently inaccurate, compared to CTF and JMCFIE. As discussed later in this
chapter, Section 2.3.11, this excessive error in normal formulations is caused by well-tested
identity operators discretized with low-order functions, such as the RWG functions. As demon-
strated in Figures 2.2-2.4, the discrepancy between the accuracy of results obtained with
normal, mixed, and tangential formulations can be significant even for large dielectric objects
with smooth surfaces.

Being a combination of CTF and CNF, solutions with JMCFIE are contaminated with the
inaccuracy of CNF. Therefore, CTF is preferable to JMCFIE in terms of accuracy. However,
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Figure 2.3  (a) The normalized bistatic RCS (RCS/42) of a sphere with a radius of 61, and a relative
permittivity of 4.0 located in free space. (b) The relative error defined in (2.134) for different formulations
as a function of the bistatic angle. CNF is omitted in this figure since its accuracy is very close to that of
MNMEF, as depicted in Figure 2.2(b). Source: Ergiil and Giirel 2009 [80]. Reproduced with permission
of IEEE.
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Figure 2.4 (a) The normalized bistatic RCS (RCS//IIZJ) of a sphere with a radius of 7.54, and a relative
permittivity of 2.0 located in free space. (b) The relative error defined in (2.134) for different formulations
as a function of the bistatic angle. CNF is omitted in this figure since its accuracy is very close to that of
MNME, as depicted in Figure 2.2(b). Source: Ergiil and Giirel 2007 [81]. Reproduced with permission

of IEEE.
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Figure 2.5 The normalized bistatic RCS (RCS/42) of a cube with edges of 4, and a relative permittivity
of 4.0 located in free space. RCS values are obtained for different discretizations and by using (a) MNMF
and (b) CTE.
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Figure 2.6 The normalized bistatic RCS (RCS//I(Z,) of a sphere with a radius of 204, and a relative
permittivity of 2.0 located in free space. Source: Ergiil and Giirel 2009 [80]. Reproduced with permission
of IEEE.

JMCFIE can be more suitable for the solution of large problems, which cannot easily be
obtained with CTF. For example, Figure 2.6 presents bistatic RCS values for a sphere with
a radius of 204, and €, = 2.0 discretized with 2 925 708 unknowns. Computational values
obtained with JMCFIE are close to the analytical Mie-series solution, and the maximum rela-
tive error is 2.4%. This problem cannot be solved in a reasonable number of iterations when it
is formulated with CTF, CNF, or MNMEF.

2.1.6  Decoupling for Perfectly Conducting Surfaces

When an object is a PEC, operators associated with the inner medium as well as the magnetic
current disappear in formulations. Then, T-EFIE and T-MFIE in tangential formulations are
decoupled, and they can be solved independently to obtain the induced electric current on the
surface of the object. For example, CTF in (2.14) reduces to two independent equations, i.e.,

—axaxT,{J)r) =n,'nxax E™r) (2.136)
Q )
—i X 7t X Kpy 4T} (1) + 4—”1*”{1}@) =i X i X H™(r). (2.137)
T

Using a Galerkin discretization, T-MFIE in (2.137) is extremely unstable since both X and
identity operators are weakly tested. On the other hand, T-EFIE in (2.136) is stable and is
commonly used in the literature [57]. Similarly, in normal formulations, N-MFIE and N-EFIE
are decoupled for PEC objects. For example, MNMF in (2.28) reduces to two independent
equations, i.e.,

Q )
A X Kpy AT ) — 4—;1{1}0) = —i x H"(r) (2.138)

AxX T AJ}@) = —n; i X E™(r). (2.139)
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Using a Galerkin discretization, N-EFIE in (2.139) is unstable since the 7 operator is weakly
tested, whereas N-MFIE in (2.138) is stable and commonly used in the literature [168].

Finally, mixed formulations are also decomposed into two independent formulations for
PEC objects. For example, JMCFIE in (2.34) reduces to two mixed formulations, i.e., stable
T-N-CFIE

Q
—A XX T {J}r)+ 7 X Kpy (J}(r) — 4—7‘;1{1}(")
= ;' x i x E™(r) — it x H™(r) (2.140)

and unstable N-T-CFIE

Q
—i X T AJ}r) —A XA X Kpy {J}(r) + 4—;IX"{J}(F)

= ;A X E™(r) + it x it X H™(r). (2.141)

T-N-CFIE in (2.140) is free of the internal-resonance problem and is a suitable formulation
for closed conductors [55].

2.1.7 Accuracy with Respect to Contrast

Figure 2.7 presents the backscattered and forward-scattered RCS of a dielectric sphere with a
radius of 0.5/, located in free space. The normalized RCS (RCS/2) is plotted as a function
the contrast (¢, — 1) when the relative permittivity of the sphere changes from 1.0 + 1073 to
100.0. For numerical solutions, discretization of the sphere with 4,/10 triangles leads to 1860
unknowns. Computational results obtained by using CTF, MNMF, and JMCFIE are compared
with analytical results obtained by a Mie-series solution. Figure 2.7 shows that the computa-
tional values are consistent with the analytical values for moderate contrasts from 0.1 to 10.0.
However, they become inaccurate for very low and high contrasts.

In general, conventional surface formulations are unstable when the contrast of the object is
very low. To obtain accurate results, those formulations should be stabilized, as discussed later
in this chapter, Section 2.2. On the other hand, the inaccuracy of surface formulations for rela-
tively high contrasts is due to the approximation of the actual geometry in numerical solutions.
For example, when planar triangles are used for the discretization, the computational model
and the actual geometry of a smooth object are different. If the permittivity or permeability
of the object is high, small discrepancies between the model and actual geometry may create
large errors. The error is not due to the insufficient discretization of equivalent currents since
the discretized model is solved with a desired level of accuracy, e.g., using 4,/10 triangles. The
error is due to the geometric difference between the actual object and the computational model.

Figure 2.8 presents the backscattered and forward-scattered RCS of a lossy sphere with a
radius of 0.54, located in free space. The relative complex permittivity of the sphere changes
from 1.0 +i1073 to 1.0 4 i100.0. Computational results obtained by using CTF, MNMF, and
JMCFIE are again compared with analytical results. As opposed to the previous case, the
surface formulations are accurate when the conductivity is high. In fact, it is well known that
4,/10 discretizations can provide accurate results even for smooth PEC objects with infinite
conductivity. However, similar to the low-permittivity case, conventional surface formulations
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become unstable when the conductivity is low and they provide inaccurate results, as also
depicted in Figure 2.8.

In order to show that the geometric discretization is critical for high contrasts, scattering
problems involving a sphere with a radius of 0.54, are investigated. The sphere is located in
free space. Two different values for the relative permittivity of the sphere, i.e., €, = 4.0 (mod-
erate contrast) and €, = 100.0 (high contrast), are considered. The sphere is illuminated by a
plane wave propagating in the z direction with the electric field polarized in the x direction.
Figure 2.9 presents the normalized bistatic RCS (RCS/42) on the z-x plane. When the contrast
is moderate, computational results obtained by using 4,/10 discretization are in agreement
with Mie-series results. However, as depicted Figure 2.9(b), computational and analytical
results become inconsistent for the high contrast case. Figure 2.10 presents the normalized
bistatic RCS, when the discretization of the sphere is refined by using 4,/20 triangles. It can
be observed that the accuracy of computational results is improved for both moderate and high
contrasts. However, the improvement is more significant for the high-contrast case. In addition
to the better discretization of the equivalent currents, the geometric discretization of the sphere
is enhanced by using smaller triangles; this improvement is more visible when the contrast is
relatively high.

2.2 Low-Contrast Breakdown and Its Solution

Conventional surface formulations are stable and they provide accurate solutions (with vari-
ous levels of accuracy, depending on the existence of well-tested identity operators, types of
basis and testing functions, discretization method, geometry of the object, etc.), for problems
involving objects with moderate contrasts. However, those formulations become inaccurate
to compute scattered fields as the contrast of the object decreases, i.e., when electromag-
netic material properties of the object and host medium become close to each other. This
breakdown, which limits the applicability of surface formulations, does not arise in volume
integral equations. Therefore, volume formulations can be used to solve such problems accu-
rately. However, it is also desirable to extend the applicability of surface integral equations
to low-contrast problems in order to use the advantages of surface formulations, which may
require fewer unknowns compared to volume formulations in many cases.

2.2.1 A Combined Tangential Formulation

Stabilization procedures described in this section to eliminate the low-contrast breakdown can
be applied to a tangential formulation derived by using

a=b=1,c=d=n,n (2.142)

in (2.9)—(2.11), which is slightly different from the original CTF in (2.14)—(2.17). With these
coefficients, the modified CTF (M-CTF) is derived as

le\/{-CTF levé-CTF 7 o Fine
. rH=nxnx e | @) (2.143)
ZM—CTF ZM—CTF M n nH
21 22 ot
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Figure 2.9 The normalized bistatic RCS (RCS/42) of a sphere with a radius of 0.54, located in free
space, when the relative permittivity of the sphere is (a) 4.0 and (b) 100.0. The sphere is discretized with
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Figure 2.10 The normalized bistatic RCS (RCS/42) of a sphere with a radius of 0.54, located in free
space, when the relative permittivity of the sphere is (a) 4.0 and (b) 100.0. The sphere is discretized with
4,/20 triangles.
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where

ZMCTE = v xavx (n, T, +n;T;) (2.144)
2T =axax (Kpy o+ Kpyi) = 7- (9 -Q,) 1" (2.145)
T = i Xt X (K + K) + 7 (@, = ) nn 2 (2.147)
i X f Q xn
= —nmt XA X (Kpy,, + Kpy;) + 1,0 ( 1 - . 1 (2.148)
8 =~ X x (0T, +n,T;) - (2.149)
Then, the matrix partitions for M-CTF are derived as
—M-CTF —T =T
Zy  =n,T,+nT; (2.150)
—M-CTF —T —T
Zy = —Kpy, = Kpy, (2.151)
—M-CTF —T —T
Zy =0 (KPV,o + KPV,i) (2.152)
—M-CTF —T —T
Zy =nT,+n,T;. (2.153)

When discretized, M-CTF is free of identity operators (like the PMCHWT formulation) and
involves well-balanced diagonal partitions (like the original CTF) for low contrasts. In addition
to M-CTF, CNF in (2.23)—(2.26) will be considered in the context of stabilization.

2.2.2 Nonradiating Currents

In surface formulations of a closed object, equivalent surface currents can be decomposed as

Jr)=axH@E) =i x H™ ) + i x H(r) (2.154)
M) = —a X E(r) = —a X E"(r) — A X E™(r), (2.155)

where {J7, M"Y} = {fi x H", —i x E™} do not radiate outside [66], [96], [110], i.e.,

. Q;
T AT} () — levO{M’”C}(r)+ IX"{M’”C}(F) (2.156)

—l inc inc Q ><n inc
TAM™}(r) + Kpy o {J" }(r) — {J"Yr) = (2.157)
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forr € D,. Equations (2.156) and (2.157) can be projected onto the surface as

—A X X noTo _]CPV,(J . X HirAlC )
Aax Kpyo 1;'7, —i X E™

Q; (—axnax) [axnxE"™
or
—f X X no,ro _KPV,O . it X H™ r)
ix Kpyo 1,'7, | [-A x E™
Q (—-axnax) [E™
- _E { fix } [Hinc] (I') (2159)

for r € S. Nonradiating currents (and their extraction) play a major role in the stabilization of
surface formulations for low-contrast objects.

2.2.3 Conventional Formulations in the Limit Case
As the contrast goes to zero, i.e., €; = €, and y; = p,, M-CTF in (2.143)—(2.149) becomes

0 - (1-@/2z) "] [J
2 (1-Q;/2x) 1" 0 m|®

A A 2’707:) _ZKPV,O J
—n XX [Zﬂflcpv,o T, M )

1@ (2.160)

or

£ N ﬂ()n _KPV 0 J
—nXnxX s I r
|:’15]CPV,0 noT() M ( )

Einc
e | (). (2.161)
noH ]

Considering the direct form of (2.159), the solution of (2.161) can be obtained as J = i x H™
and M = —it Xx E"°. When the contrast is zero, CNF in (2.23)—(2.26) reduces to a simpler
form, i.e.,

- [g 2] : [1\14] (r) =i x [ _I’llg] ), (2.162)

where the same solution can be obtained trivially. It should be noted that the ‘incident currents’
i X H"™ —ft x E™ do not radiate and conventional forms of surface formulations satisfy the
limit case (zero contrast) mathematically. On the other hand, when they are discretized, these
formulations fail to provide accurate results for scattered fields from low-contrast objects.
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2.2.4 Low-Contrast Breakdown

As the contrast goes to zero, nonradiating currents dominate total currents, while radiating
currents, i.e., A X H'™ —i x E™™ tend to vanish. As an example, Figure 2.11 presents the
equivalent electric and magnetic currents on the surface of a dielectric sphere with a radius
of 0.3 m illuminated by a plane wave at 6 GHz. The sphere is in free space and it has a rela-
tive dielectric constant of €, = 1.0 + 10™*. The radiating parts of the currents are also depicted
in Figure 2.12. Comparing Figure 2.12 to Figure 2.11, it can be observed that radiating cur-
rents form very small portions of total currents. Therefore, when total currents are solved
by employing conventional surface formulations, it becomes difficult to perform calculations
accurately enough to capture small radiating currents properly. In other words, even though
the surface currents J and M are computed with relatively small errors, radiated fields may
not be obtained accurately from them, since radiating currents are numerically insignificant
compared to nonradiating currents.

2.2.5 Stabilization by Extraction

In order to accurately compute scattered fields from low-contrast objects, nonradiating parts
of currents can be extracted to solve only radiating currents as unknowns [95], [96]. Applying
such a stabilization procedure to the tangential formulation in (2.143)—(2.149), the stabilized
CTF (S-CTF) is derived as

ZIIV{‘CTF Z%‘CTF Jrad P Einc
Zg/{_CTF Z%_CTF ’ Mmd (r) =nXn noniHmC (r)

ZMCTE ZM-CTF inc
— " 12 - Jmc ). (2.163)
Zl;/{—CTF le\g—CTF M

Using (2.144)—(2.149) and the direct form of (2.159),

le\/{-CTF ZII/;»CTF Jrad
: (r)

M-CTF  >M-CTF rad
25 <y .
_ [yll ylz] ' J,-,,C ®. (2.164)
Vo1 Yol [M
where
QO
Vi = - xXix <E’107:) - ’7iTi> (2.165)

N N Qo Qi X

1
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A/m
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2.09 x 1075
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1.06 x 100

8.52x 107"

6.40 x 107"
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2.16 x 107"

439 x 1073
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Figure 2.11 The equivalent (a) electric and (b) magnetic currents on a sphere with a radius of 0.3 m
illuminated by a plane wave at 6 GHz. The sphere is located in free space and has a relative permittivity
of €, = 1.0 + 10™*. Source: Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier. (See
color plate section for the color version of this figure)
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1.04 x 1075
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2.45x 107

1.63x 1073

8.20 x 1074

6.25 x 10°°
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Figure2.12 Radiating parts of the (a) electric and (b) magnetic currents depicted in Figure 2.11. Source:
Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier. (See color plate section for the color
version of this figure)
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PP Qo ‘Qi xn
Y, = —n it X it X EKPV,O —Kpy, | —nom (1- n 1 (2.167)

Q
Vyy = —R XA X <a"n,fo - ngri) : (2.168)

i

When the contrast goes to zero, the RHS of S-CTF reduces to

S-CTF(0) inc
Wl B 0 (1 _ Ql/zﬂ.) xn . Jmc (r)
WSCTFO | | =2 (1 —Q;/27) T 0 ine

2
(Qo - Qi) 1,7, —Kpy Jinc
——— XX 00 <f - | @), 2.169
o Axh 2hpy s 1T, ine | (1) ( )

l

which is identically zero considering the direct form of (2.159). Hence, the solution is zero, as
expected.
Discretization of S-CTF in (2.164) leads to

—M-CTF  —M-CTF y _ o
11 12 al _\Yy, Y| |4]
—M-CTF —M-CTF |’ [amd] = l? Yo | lae]| (2.170)
21 Z,, M 21 22 M
where
A
Y, =nT, —nT; (2.171)
- —T —T
Y, =—Kpy,+Kpy; (2.172)
— —r —T
Yy = n,mKpy , — 1,0Kpy, (2.173)
—T —T
Yy =nT, —n,T;. (2.174)

In (2.170), {a"’d a’ } and {a?’c,aﬁc} are two sets of vectors involving the coefficients to
expand radiating and nonradiating currents, respectively, i.e.,

N
{AxH @), -a x B} = Y {a[nl,a)'n]} b,(r) (2.175)

n=1

N
{A X H"(r), —a x E"(r)} = )" {a"[n],ai[n]} b, (), (2.176)

n=1

and

a;=a? +a’ (2.177)
ay = a;;;d +ajr. (2.178)

rad m

Note that only a’) 4 contribute to radiated fields.
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Extracting nonradiating currents in CNF, one can obtain the stabilized CNF (S-CNF) as

ZlClNF glCZNF Jrd Hire
i X ) rad (r) = —ax inc (")
g zgr] lm -

ZCNF ZCNF inc
—Ax l oo ] . [J ](r). (2.179)

CNF  zCNF M
0 2n

Using (2.23)—(2.26),

L e
ZONF  ZCNF M "
21 2

v v Jinc
— _ax [v“ v”] - l e | (2.180)
21 V22
where
Vi=Vp= ]CPV,o - ]CPVJ (2.181)
Vio = Z0F =T, - T, 2182
Vo = 25 = -0, T, + T, (2.183)
When the contrast goes to zero, S-CNF reduces to
I 0 Jrad
[0 I] ' [Mrad n=0 (2.184)
and the solution is again zero. S-CNF is discretized as
—CNF —CNF ; - = ine
Z, Z, ajad _ Vii Vo aJn 7185
=CNF —CNF | |grad | = V. v Naine | (2.185)
2 Ly M 21 V22 M
where
— — —N —N
Vii=Vn =Kpy, = Kpy, (2.186)
— =CNF =N =N
V=2, =n,T,—nT, (2.187)
— —CNF —N —N
Vor=2y, =-n,T,+nT,;. (2.188)

The left-hand sides (LHSs) of the stable formulations are the same as those of their conven-
tional forms. In other words, the stabilization procedure only requires a modification on the
RHSs of the formulations. On the RHSs, both S-CTF and S-CNF involve operators applied on
incident fields. Since these operators are already available, the stabilization does not require a
significant cost in terms of the processing time and memory usage. The extra cost is only due to
the calculation of the modified RHSs before iterative solutions; this can be done in negligible
time compared to other parts of implementations.

In their discrete forms, a direct approach to apply operators on incident fields is to expand
these fields in a series of basis functions and perform MVMs. Such an expansion can be
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achieved by using identity operators and solving the equation
10| [aAxH™ i x H™
[0 I] ’ [—ﬁ % Einc] r) = [—ﬁ XEinc] ") (2.189)

with MOM. Using local basis functions, such as the RWG functions, identity operators lead
to sparse matrices, and the discrete form of (2.189) can be written as

= inc N
I 0 a; Yy
ol el =] (2.190)

The solution of (2.190) usually requires negligible time; however, using discretized identity
operators may deteriorate the accuracy of results, as discussed in the following sections.
Using (2.190) in (2.170) and (2.185), the discretized S-CTF and S-CNF can be written as

—M-CTF —M-CTF
rad
Zy, Z, la J ]

—M-CTF —M-CTF '
21 Zy, M
_ — T —-1 v
Y, Y I O %
- l_“ _12] 1 [ HN] (2.191)
Y, Yy 01 Ve
and
—CNF —CNF
Z, Z, a;ad
—CNF —CNF |’ "
0 Ly M
— — T -1 N
Vi,V 1%
__ _11 _12 | _OT ) HN ’ (2.192)
Vor Vo 01 Vg
respectively.

2.2.6 Double-Stabilized Combined Tangential Formulation

The presence of discretized identity operators in (2.190) may deteriorate the accuracy of
results obtained with S-CTF and S-CNFE. Although this is not critical for S-CNF, which already
involves identity operators on the LHS, the accuracy of S-CTF can be affected significantly.
Therefore, to obtain more accurate results, one can derive and use the double-stabilized
CTF (DS-CTF), which based on calculating coefficients of incident fields by discretizing and
solving the direct form of (2.159), i.e.,

TT I_<T inc VT

Moty —Rpy, aj E
O =-0.5

—T inc VT

H

Koy, no'T
PV.,0 Mo M

] . (2.193)

o

This formulation is completely free of identity operators. On the other hand, the improved
accuracy comes at the cost of reduced efficiency since it is necessary to solve an additional
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dense matrix equation rather than the sparse equation in (2.190). Using (2.193) in (2.170), the
discretized DS-CTF can be written as

—M-CTF —M-CTF rud
Zy, Z, a;" [
a

—M-CTF —M-CTF rad
21 Zy, M
Yo Tl [nT K| [
11 Y12 Noly —Rpy, E
-0.5 l_ _ ] |7 =7 . l T] , (2.194)
Yoo Yol |Kpy, n;'T, 7}

where the extra solution on the RHS is represented by a matrix inversion.

2.2.7 Numerical Results for Low Contrasts

In Figure 2.13, the improved accuracy of the stable formulations is demonstrated on scattering
problems involving a small sphere with a radius of 0.54,. The sphere is located in free space
and illuminated by a plane wave propagating in the z direction with the electric field polarized
in the x direction. Discretization of the surface with 4,/10 mesh size produces 620 trian-
gles, and 2 X 930 RWG functions are employed to expand unknown surface currents. Matrix
equations involving 1860 unknowns that are obtained by using the conventional and stable
formulations are solved iteratively. Matrix elements are computed directly with 1072 relative
error. Figure 2.13(a) shows the relative error in the computed values of the far-zone electric
field on the z-x plane with respect to different contrasts (¢, — 1) from 10~ to 10~!. The far-zone
co-polar electric field is sampled at 360 points as

E[n] = lim {rEy(r,0,,¢ =0)}, (2.195)

where 8, = (n — 1)z /360 forn = 1,2, ..., 360. The expression in (2.195) is computed by using
different integral-equation formulations and by a Mie-series method as a reference. Then, the
relative error is defined as

_ ||E29 - Ej\?9”2

=
IES, I,

where E‘(’/f”19 and EZ‘?Q are computational and analytical values, respectively, and ||.||, repre-
sents the 2-norm of the complex arrays involving 360 elements. Figure 2.13(a) shows that
the M-CTF and CNF formulations encounter stability problems as the contrast decreases
and they fail to provide accurate results for low-contrast levels. With the stable formulations,
however, the accuracy does not depend on the contrast and the results are accurate even for
e, =10+ 10~%. Note that S-CTF is more accurate than S-CNF. In addition, DS-CTF provides
the most accurate results for low-contrast problems, since its implementation is completely
free of identity operators. Figure 2.13(b) presents the RCS of the sphere when the contrast is
1073, The normalized RCS (RCS/42) is plotted on the z-x plane as a function of the observa-
tion angle, where 0° corresponds to the forward-scattering direction. It can be observed that
the traditional formulations are inaccurate, while the values obtained by using DS-CTF are in
agreement with the reference Mie-series solution.

Figure 2.14 shows the solution of a scattering problem involving a sphere with a radius of
radius 64, discretized with 264 006 unknowns. In Figure 2.14(a), the relative error is again

) (2.196)



Solutions of Electromagnetics Problems with Surface Integral Equations 89

Sphere (radius = 0.51,), A,/10 Mesh

100

Relative error
-
<

102 L
107" 104
(er=1)
(@)
20 Sphere (radius = 0.51,& &, = 1 + 107%), ,/10 Mesh
S e S S |
09990, z 5
: o : :
~504 SEIPI 0"""'O‘QQQ'O'Q'OO'OO'QO‘OO'OO'OOOO
& —60Ff - O N e _
Z
N§° 70k NS
%)
O
O 80t N e
—907] Mie
M-CTF
-1001 o onF
— DS-CTF :
-110 T 1 I
0 45 90 135 180
Bistatic angle
(b)

Figure 2.13 (a) The relative error in the solution of scattering problems involving a sphere with a radius
of 0.54, located in free space. (b) The normalized bistatic RCS (RCS /AZ) of a sphere with a radius of
0.54, and with a relative permittivity of 1.0 + 1072 located in free space. Source: Ergiil and Giirel 2008
[96]. Reproduced with permission of IEEE.
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Figure 2.14 (a) The relative error in the solution of scattering problems involving a sphere with a radius
of 64, located in free space. (b) The normalized bistatic RCS (RCS /2%) of a sphere with a radius of 64 "
and with a relative permittivity of 1.0 + 1073 located in free space. Source: Ergiil and Giirel 2008 [96].
Reproduced with permission of IEEE.
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Table 2.1 Number of CGS iterations (107° residual error) for the
solution of a sphere problem discretized with 264 006 unknowns

CNF M-CTF S-CNF S-CTF DS-CTF

Full system 35 638 33 655 616+670
Sparse system - - 8 9 -

considered for different formulations with respect to the contrast of the sphere. In MLFMA
solutions, near-field interactions are calculated with at most 1% error, and far-field interactions
are computed with three digits of accuracy. Similar to the previous example, the stable formu-
lations do not break down as the contrast decreases. In Figure 2.14(b), bistatic RCS values
are plotted with respect to the observation angle when the contrast is 1073, The conventional
formulations are accurate only in the forward-scattering direction (0°), while the accuracy is
improved significantly by using DS-CTF.

For the solution of the scattering problem involving the sphere of radius 64, with 0.1 con-
trast, Table 2.1 lists the number of iterations of the CGS method to reduce the residual error
to less than 1076, Extra costs of S-CTF and S-CNF are negligible compared to M-CTF and
CNEF, respectively. These stable formulations require only 8—9 iterations to solve the extremely
sparse matrix equation in (2.190). On the other hand, using DS-CTF doubles the processing
time compared to S-CTF since the solution of the dense matrix equation in (2.193) requires
670 iterations, in addition to 616 iterations for the solution of the main equation. Table 2.1
also shows that both the conventional and stable tangential formulations (M-CTF, S-CTF, and
DS-CTF) require more iterations than the normal formulations (CNF and S-CNF). On the other
hand, the tangential formulations are generally more accurate to calculate the scattered fields
compared to the normal formulations, as shown above.

Figure 2.15 presents the results of a scattering problem involving a cube with edges of 1 m
illuminated by a plane wave at 300 MHz. The cube has a relative permittivity of 1.0 + 10~
and it is located in free space. Figure 2.15 shows forward-scattered RCS values (m?) for dif-
ferent discretizations. Triangulation of the geometry with 4,/5 and A,/30 mesh sizes leads
to 1008 and 36,756 unknowns, respectively. In the MLFMA implementation, near-field inter-
actions are again calculated with 1% error and far-field interactions are computed with three
digits of accuracy. Figure 2.15 indicates that all stable formulations tend to converge to a limit
(correct) value as the discretization becomes denser. However, the convergence characteristics
depend on the formulation type. Specifically, S-CNF and DS-CTF have the slowest and fastest
convergence rates, respectively. Another interpretation of Figure 2.15 is that the most accu-
rate results are provided by DS-CTF for a given mesh size. For example, for the conventional
A,/10 triangulation, the error of S-CNF is more than 3%; this may not be acceptable since
matrix elements are calculated with at most 1% error.

2.2.8 Breakdown for Extremely Low Contrasts

In the three stable formulations described above, namely, S-CNF, S-CTF, and DS-CTF, RHSs
are obtained by applying the inner and outer operators on incident fields. In addition, operators
are subtracted from each other so that RHSs go to zero as the contrast decreases. Hence, these
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Element/),

Figure 2.15 The forward-scattered RCS (m?) of a cube with edges of 4, and with a relative permittivity
of 1.0+ 10~* located in free space with respect to various discretizations of the scattering problem.
Source: Ergiil and Giirel 2008 [96]. Reproduced with permission of IEEE.

formulations are called the operator-based-stabilized formulations (OBSFs). Using OBSFs,
radiating currents can be computed accurately for low-contrast objects, i.e., when these cur-
rents are numerically insignificant compared to nonradiating currents. This is because rela-
tively large nonradiating currents are extracted, and only radiating currents are solved for.
Consequently, OBSFs provide accurate results for low-contrast problems that cannot be solved
accurately with conventional formulations. However, even OBSFs break down and fail to pro-
vide accurate results for extremely low contrasts. The reason is the numerical errors arising
during the computation of RHSs of OBSFs, which may become significant when the contrast
decreases to very low values and renders the RHS vanishingly small.

To understand numerical problems occurring in OBSFs, consider S-CTF in (2.164)—(2.168)
and its discretization in (2.170)—(2.174). The RHS of S-CTF is obtained by applying the
integro-differential operators on nonradiating currents, i.e.,

_T —_T .
S-CTF inc
Wi _ o To -K PV,0 a,;
w;—CTF —T inc

T a
noniKpy, nT, M

(2.197)

—T —T ainc
noMiKpy; n,T;

—T —T .
nT; —Kpy,; ) lal;w]
M
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Operators related to the outer and inner media are applied on tangential incident fields (nonra-
diating currents) in the first and second terms of (2.197), respectively. Then, the second term is
subtracted from the first term to compute the RHS. When the contrast is low, the RHS is small,
but it is obtained by the subtraction of two terms that are relatively large. Then, depending on
the discretization and the accuracy of MVMs, the RHS of S-CTF may not be calculated accu-
rately when the contrast is extremely low, i.e., when the result of the subtraction is extremely
small.

In general, OBSFs fail to provide accurate results when the contrast is decreased to extremely
low values. Therefore, it is desirable to obtain a robust formulation that is valid for arbitrarily
low contrasts. This can be achieved by introducing fictitious fields and forming RHSs based on
the difference of fields [97]. This method leads to accurate calculations of RHSs, even when
the contrast is extremely low.

2.2.9 Field-Based-Stabilized Formulations

When incident fields are extracted from the LHS, S-CTF in (2.164) can be rewritten as

ZM»CTF ZM—CTF Jrad Q Einc
11 12 _
ZUCTF ZM-CTF " pgred (r) = Axax 0, H™ )

o'l

T G inc
taxax| M il (S (2.198)
noilpy;  1,7T; Mm"

using the direct form of (2.159). At this stage, consider incident fields as functions of medium
parameters, i.e.,

E™(r) = e(r,e,, pn,) (2.199)
H"(r) = h(r,e,, ). (2.200)
Then, fictitious incident fields can be defined as
E“(r) = e(r,€;, 1) (2.201)
H}"C(r) = h(r,¢;, p1;) (2.202)

by using the parameters of the inner medium for the outside. This way, similar to the identities
in (2.159), one can derive

—axax \ [ nT; —Kpy;| | X H}"C "
ix Kpy, n7'T; R

Q [-axax) |E"
_ f
== { o } lH},w] ). (2.203)
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By adding and subtracting terms of (2.203) in (2.198), one can obtain

le\/{—CTF Zl;/;—CTF de Qi ) . Einc _ E}nc
) rad (r)=—nxnx inc Hinc ()
Zg/{—CTF Z%—CTF M 47 N ; <H — g )

+aXnXx

T K ) % <Hinc _ Hinc)
Wi PV"] : T @), (2.204)

N MiKpy n,T; —n X (Einc — E}”(:)

which is called the field-based-stabilized CTF (FBS-CTF). In contrast to OBSFs, FBS-CTF
has a RHS obtained by subtracting real and fictitious incident fields from each other. These
subtractions can be performed analytically in the continuous space before the discretization.
Then, the operators related to the inner medium can be applied to compute the second term
of the RHS in (2.204). It should be noted that the RHS of FBS-CTF is obtained as the sum of
two terms, i.€.,

l I;I?S—CTF‘| Q, [ Eine _ E}nc ]
: = —axXnxX . ) r) (2.205)
FBS-CTF . inc _ pyinc
w2,l 4 MoM; (H Hf >
and
FBS-CTF - inc _ yyinc
Wiz PN nT  —Kpyi| [*X (H Hy ) 7206
pEBs-cTe | =7 XX ko 0T || s T ), (2.206)
22 oMiNpv,i Mo/i —fi X (E _Ef )

which are both small when the contrast is low. Consequently, the RHS can be calculated
accurately for arbitrarily low contrasts, and it is sensitive to neither discretization errors nor
numerical errors arising during MVMs. FBS-CTF can easily be obtained from the conventional
CTF implementation and, similar to S-CTF and S-CNF, its extra cost is negligible.

Using the expansion in (2.189), the discretization of FBS-CTF leads to

—M-CTF —M-CTF

rad T
Zy, Zp 5 _os VEs
—M-CTF —M-CTF a’d - :

T
21 Zy M oMV ¢
—T —T -7 -1 N
T. —Kp. | [T 0 v
1 P l " ] (2.207)
ﬂo’?iKPv,i n,T; 01 vEf
where
vl (ml = / drt, (r) - [Ei”c(r)—E;?’c(r)] (2.208)
: 5,
v, lml = /S drt,(r) - [Hl‘m'(r) —H}m'(r)] (2.209)
vy Im] = / drt, () - it X [E"”C(r) - E}”C(r)] (2.210)
Sm
vy ml = /S drt,,(r) - i X [H""C(r) - H}”C(r)] (2.211)

m

are obtained by testing the difference between real and fictitious incident fields.
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2.2.10 Numerical Results for Extremely Low Contrasts

Figure 2.16 presents bistatic RCS results for a sphere with a radius of 0.54,. The sphere is
located in free space and illuminated by a plane wave propagating in the z direction with the
electric field polarized in the x direction. Discretization of the surface with 4,/10 mesh size
leads to matrix equations involving 1860 unknowns. Matrix elements are computed directly
with 1072 relative error. In Figure 2.16, the normalized RCS (RCS/42) is plotted as a func-
tion of the observation angle on the z-x plane, where 0° corresponds to the forward-scattering
direction. The contrast of the sphere is 107 and 10~° in Figure 2.16(a) and Figure 2.16(b),
respectively. For reference, RCS values are also computed analytically by Mie-series solu-
tions. When the contrast is 1075, the conventional formulations, i.e., M-CTF and CNF, are
inaccurate, while the stable formulations provide accurate results that are close to the analyt-
ical curve. When the contrast is further reduced to 10~2, OBSFs also fail to agree with the
analytical curve. For this extremely low contrast, the only formulation that provides accurate
results is FBS-CTF. To further compare the formulations, Figure 2.17 presents the relative error
defined in (2.196) as a function of the contrast. The figure shows that the errors of M-CTF
and CNF increase sharply when the contrast decreases to below 10~'—1072, while OBSFs
break down when the contrast is about 10~5—107°. On the other hand, the error of FBS-CTF
is almost constant with respect to the contrast. Figure 2.18 presents the relative error, when
the computational values are obtained with FMM, instead of MOM. Comparing Figure 2.18
with Figure 2.17, one can observe that the extra error introduced by FMM affects the stability
of OBSFs significantly. Specifically, using FMM, those formulations break down earlier, i.e.,
when the contrast is about 107*. This is because OBSFs are very sensitive to numerical errors
arising during MVMs. On the other hand, FBS-CTF provides stable results even with FMM,
as depicted in Figure 2.18.

Figure 2.19 presents the results of scattering problems involving a sphere with a radius of
64, discretized with 4,/10 triangles leading to 264 006 unknowns. The problems are solved by
MLEMA, where near-field interactions are calculated with 1% error and far-field interactions
are computed with three digits of accuracy. Figure 2.19(a) depicts bistatic RCS values on the
z-x plane when the sphere is illuminated by a plane wave propagating in the z direction with the
electric field polarized in the x direction and the contrast of the sphere is 10, All formulations
except for the FBS-CTF fail to provide accurate results compared to the Mie-series solution.
RCS values provided by FBS-CTF deviate from analytical results only around 90°, where the
scattering is very low. As presented in Figure 2.19(b), the accuracy of FBS-CTF is stable for
all values of the contrast from 10~! to 10~°. OBSFs are also stable in the 107! —107> range,
while they offer different levels of accuracy depending on the use of the identity operator.
However, they break down eventually when the contrast decreases to below 107>, As in the
previous examples, conventional CTF and CNF break down immediately below 10~! contrast,
testifying to the need for stabilized formulations.

Next, scattering problems involving a cube with edges of 4, discretized with 4,/30 triangles
are considered. The cube is in free space and it is illuminated by a plane wave propagating
in the z direction with the electric field polarized in the x direction. Three different relative
permittivities, i.e., 1.1, 1.0 + 1073, and 1.0 4+ 107°, corresponding to 107!, 103, and 107
contrasts, respectively, are considered. The scattering problems are solved by FMM, where
near-field interactions are calculated with 1% error and far-field interactions are computed
with three digits of accuracy. Figure 2.20 presents the normalized RCS (RCS /42) as a function
of the observation angle on the z-x plane, where 0° corresponds to the forward-scattering
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Figure 2.16 The normalized bistatic RCS (RCS /AZ) of a sphere with a radius of 0.5, located in free
space, when the relative permittivity of the sphere is (a) 1.0 + 107 and (b) 1.0 + 10~°. Source: Ergiil and
Giirel 2008 [97]. Reproduced with permission of Elsevier.
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Figure 2.17 The relative error in the solution of scattering problems involving a sphere with a radius of
0.54, located in free space. Source: Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier.
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Figure 2.18 The relative error in the solution of scattering problems involving a sphere with a radius
of 0.54, located in free space. The scattering problems are solved by using FMM.
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Figure 2.19 (a) The relative error in the solution of scattering problems involving a sphere with a radius
of 64, located in free space. (b) The normalized bistatic RCS (RCS /Af)) of a sphere with a radius of 64,
and with a relative permittivity of 1.0 + 10~ located in free space. Source: Ergiil and Giirel 2008 [97].
Reproduced with permission of Elsevier.
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Figure 2.20 (a) The normalized bistatic RCS (RCS/ /1‘2)) of a cube with edges of 4, located in free space.
The relative permittivity of the cube is 1.0 + 10~!. RCS values are obtained by using surface formulations
when the mesh size is 4,/30. (b) RCS values obtained with FBS-CTF and EFVIE agree well with each
other. Source: Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier.
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direction. The contrast of the cube is 10~!. As depicted in Figure 2.20(a), there are relatively
small discrepancies among results obtained by using different formulations. In Figure 2.20(b),
RCS values obtained by using FBS-CTF are compared with those obtained by using the
electric-field volume integral equation (EFVIE) [36], which is immune to low-contrast
problems. Figure 2.20(b) confirms that FBS-CTF and other surface formulations are accurate
when the contrast of the cube is 10!, Figure 2.21 compares bistatic RCS values obtained
by using various formulations as the contrast of the cube is decreased to 1073, In this case,
RCS values obtained by using the conventional formulations, namely, M-CTF and CNF,
are inconsistent with values obtained by using the stable formulations, i.e., S-CNF, S-CTF,
DS-CTF, and FBS-CTF. As demonstrated in Figure 2.21(b), FBS-CTF (and other stable
formulations) are consistent with VIE. Hence, one can conclude that the stable formulations
are accurate, while M-CTF and CNF break down when the contrast of the cube is 1073.
Figure 2.22 presents bistatic RCS results, when the contrast of the cube is very low, i.e., 107°,
As opposed to the previous examples, RCS values obtained with OBSFs (S-CNF, S-CTF, and
DS-CTF) and FBS-CTF are not consistent. In Figure 2.22(b), FBS-CTF is again compared
with VIE, where the two formulations agree well with each other. This proves that only
FBS-CTF provides accurate results, while the other surface formulations break down when
the contrast is 1076,

Figure 2.23 presents the results of scattering problems involving a 4, X 4, % 4,/10
dielectric slab, where 4, ~ 1 m is the wavelength outside the object (free space). The slab
is located at the origin as depicted in the insets of the figure, and it is illuminated by a plane
wave propagating in the —z direction with the electric field polarized in the x direction. Three
different relative permittivities, i.e., 1.1, 1.0+ 1073, and 1.0 4+ 107, corresponding to 0.1,
1073, and 1075 contrasts, respectively, are considered. The slab is discretized with 4,/20
mesh size leading to matrix equations involving 11 424 unknowns. The scattering problems
are solved by using FMM, where near-field interactions are calculated with 1% error and
far-field interactions are computed with three digits of accuracy. The bistatic RCS is plotted
in dBm? as a function of the observation angle on the z-x plane. RCS values obtained by
using M-CTF and FBS-CTF are compared with those obtained by using EFVIE. As depicted
in Figure 2.23(a), M-CTF and FBS-CTF are consistent with EFVIE when the contrast of the
slab is relatively large, i.e., 0.1. As the contrast decreases to 103 and 107°, however, RCS
values obtained with M-CTF become inconsistent with those values obtained with FBS-CTF
and EFVIE. Similar to the previous examples, FBS-CTF is accurate and agrees well with the
reference EFVIE for all contrasts.

Figure 2.24 presents the solution of scattering problems involving a dielectric ellipsoid in
free space. Similar to the slab problems, three different relative permittivities, i.e., 1.1, 1.0 +
1073, and 1.0 + 107°, corresponding to 0.1, 1073, and 107, contrasts are considered. The
object is discretized with 6480 unknowns and the scattering problems are solved by using
FMM, where near-field interactions are calculated with 1% error and far-field interactions
are computed with three digits of accuracy. Figure 2.24 depicts the bistatic RCS (dBm?) as a
function of the observation angle on the z-x plane, when the ellipsoid is illuminated by a plane
wave propagating in the —z direction. It can be observed that both M-CTF and FBS-CTF are
consistent with EFVIE when the contrast is relatively large. However, similar to the previous
cases, M-CTF becomes inaccurate as the contrast decreases, whereas FBS-CTF is accurate
and agrees well with the reference EFVIE, even when the contrast is 107,
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Figure 2.21 (a) The normalized bistatic RCS (RCS /42) of a cube with edges of 4, located in free space.
The relative permittivity of the cube is 1.0 + 1073. RCS values are obtained by using surface formulations
when the mesh size is 4,/30. (b) RCS values obtained with FBS-CTF and EFVIE agree with each other.
Source: Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier.
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Figure 2.22 (a) The normalized bistatic RCS (RCS/ /13) of a cube with edges of 4, located in free space.
The relative permittivity of the cube is 1.0 4+ 1076. RCS values are obtained by using surface formulations
when the mesh size is 4,/30. (b) RCS values obtained with FBS-CTF and EFVIE agree with each other.
Source: Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier.
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Figure 2.23  The bistatic RCS (dBm?) of a 4, X 4, X 4,/10 slab located in free space, when the relative
permittivity of the slab is (a) 1.1, (b) 1.0 + 1073, and (¢) 1.0 + 1075.
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Figure 2.24 The bistatic RCS (dBm?) of an ellipsoid located in free space, when the relative permit-
tivity of the ellipsoid is (a) 1.1, (b) 1.0 + 1073, and (c) 1.0 + 107°,
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2.3 Perfectly Conducting Objects

For PEC objects, the boundary condition for the tangential electric field can be used to derive
EFIE as

—A XA X ik / dr' [J(r’) + kizv’ -J(r’)v] er. 1) = i X A X B (r), 2.212)
S

where the scattered or radiated electric field is expressed in terms of the induced (unknown)
surface current J. Similar to EFIE, MFIE is derived by using the boundary condition for the
tangential magnetic field on the surface as

Q )
—2Jr) +hax / dr'J'yx V'g@r,r') = —a x H™(r), (2.213)
4 PV.S

where the observation point approaches the closed surface S from the outside. Finally, the
conventional CFIE is a convex combination of EFIE and MFIE [55], i.e.,

CFIE = aEFIE + (1 — «)MFIE, (2.214)

where «a is a parameter between 0 and 1.
Discretizations of EFIE and MFIE lead to N X N matrix equations as

—EFIE
Z a=wHE (2.215)
—MFIE
Z  -a=wME (2.216)
In (2.215) and (2.216),
—EFIE —T
VA [m,n] =T [m,n] (2.217)
—MFIE 1-T =N
[m,n] = _EI [m, n] + Kpy[m, n] (2.218)
wEIEm] = —p~ vl [m] (2.219)
wMHE (] = —y[m] (2.220)

—N =T =T
form,n=1,2,...,N,where Kpy,, T ,I , vg, and "Z are defined in (2.42), (2.43), (2.45), (2.64),
and (2.67), respectively. Using the definition in (2.214), matrix equations obtained from CFIE
can be written as

—CFIE
Z  -a=wrE (2.221)
where
—CFIE —EFIE —MFIE
VA [m,n] =aZ [m,n]+ (1 —a)Z [m, n] (2.222)
wCEm] = awPE [m] + (1 — a)wMFE[m. (2.223)

Hence, the matrix equations for CFIE can easily be obtained from the corresponding matrix
equations for EFIE and MFIE.
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2.3.1 Comments on the Integral Equations

In surface formulations of electromagnetics problems involving metallic objects, EFIE, MFIE,
and CFIE can be employed either at our discretion or due to limitations imposed by the prob-
lem. Advantages and disadvantages of those formulations can be listed as follows:

e EFIE can be used to formulate both open and closed surfaces, as detailed later in this chapter,
in Section 2.3.3. An open surface can be thought of as the limit case of squeezing a closed
surface into zero thickness so that the open surface is formed by merging the two opposite
surfaces of an infinitely thin geometry. Then, current distributions on the two sides of the thin
structure becomes indistinguishable, and they are simply combined into a single equivalent
current to be solved as the unknown of the problem [67], [110]. For open surfaces, EFIE in
(2.212) is still applicable since the implied boundary condition remains valid in this limit
case. Although the current term J in (2.212) and (2.213) are the same, MFIE is not applicable
to open surfaces. Since it contains MFIE, CFIE in (2.214) is also not applicable to open
surfaces.

e For closed objects, EFIE and MFIE suffer from internal resonances, as shown below in
Section 2.3.2. In vicinities of discrete frequencies, matrix equations obtained from EFIE
and MFIE have null-space solutions, i.e.,

—EFIE —MFIE

VA ca=0 and Z -a =0, a#0. (2.224)
As a major advantage, CFIE is free of internal resonances experienced by EFIE and
MFIE [55].

e EFIE is a tangential formulation and its discretization usually produces ill-conditioned
matrix equations that are difficult to solve iteratively. Being a normal formulation, MFIE
involves well-tested identity operators, which lead to well-conditioned matrix equations
that are crucial for iterative solvers, such as MLFMA. Choosing a proper coupling param-
eter a, CFIE leads to better-conditioned matrix equations, compared to both EFIE and
MFIE [119], as also shown in the examples in Figure 2.25. Scattering problems involving
spheres of various radii, i.e., 0.64, 0.754, 1.04, and 1.54, are formulated with EFIE, MFIE,
and CFIE using a = 0.2. Discretizations with the RWG functions lead to matrix equations
involving 1302-8364 unknowns. The problems are solved with CGS accelerated with
FMM and BDP. Figure 2.25 shows that iterative solutions of CFIE are faster than those of
both EFIE and MFIE, whereas EFIE solutions do not converge in reasonable number of
iterations.

e EFIE suffers from the low-frequency breakdown problem [98], [99]. Matrix equations
obtained from EFIE discretized with ordinary functions, such as the RWG func-
tions, become increasingly ill-conditioned as the discretization is refined (see below,
Section 2.3.4). Since it contains EFIE, CFIE is also affected by the low-frequency
breakdown [100]. However, MFIE is stable unless the frequency is extremely low [102].

e MFIE is suitable for hybridization with PO method since both are based on the same
magnetic-field boundary condition [65].

e Using a Galerkin scheme, EFIE produces symmetric matrix equations, whereas MFIE and
CFIE do not.

e Asdetailed in Section 2.3.3, MFIE and CFIE involving well-tested identity operators are sig-
nificantly inaccurate compared to EFIE, especially when they are discretized with low-order
functions, such as the RWG functions.
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Figure 2.25 Solutions of scattering problems involving spheres of various radii (0.64, 0.754, 4, and
1.54) discretized with 1302—8364 RWG functions. Spheres are illuminated by a plane wave and prob-
lems are formulated with EFIE, MFIE, and CFIE (a = 0.2). Iterative solutions are performed by CGS
accelerated with FMM and BDP. Source: Giirel and Ergiil 2003 [104]. Reproduced with permission of

IEEE.
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For closed objects, CFIE is usually preferred since it is free of internal resonances and it leads to
better-conditioned matrix equations, compared to EFIE and MFIE. For open surfaces, however,
EFIE becomes an inevitable choice. When preconditioned, EFIE can also be more suitable than
CFIE for very accurate computations of the far-zone electromagnetic fields scattered from
closed surfaces.

2.3.2 Internal-Resonance Problem

In order to demonstrate internal resonances encountered in surface formulations of PEC
objects, Figure 2.26(a) presents solutions of scattering problems involving a sphere with a
radius of 0.3 m. The sphere is illuminated by a plane wave and discretized with 3 cm triangles,
on which the RWG functions are defined. Figure 2.26(a) depicts normalized backscattered
RCS values (RCS / a2, where a is the radius of the sphere) obtained with EFIE, MFIE, and
CFIE, in addition to analytical Mie-series solutions, when a changes from 0.54 to 1.24. It can
be observed that RCS values obtained with MFIE are significantly inaccurate in the vicinities
of discrete frequencies due to the internal resonances. Although EFIE also suffers from
internal-resonance problems, it produces accurate RCS results since the null-space solutions
of EFIE do not radiate.

Figure 2.26(b) presents the number of CGS iterations to reduce the residual error to below
10~ for EFIE, MFIE, and CFIE. Iterative solutions of EFIE are accelerated with NFP, whereas
MFIE and CFIE solutions are accelerated with BDP. In Figure 2.26(b), peaks at resonance fre-
quencies are observed for both EFIE and MFIE. However, CFIE is free of internal resonances
and its iterative solution is stable in the entire frequency range.

2.3.3  Formulations of Open Surfaces

Consider a PEC open surface, which is obtained by merging two opposite surfaces of an
infinitely thin geometry. Using the same discretization for the opposite surfaces, the electric
current is expanded in a series of N basis functions, i.e.,

N N
Jr)~ Y a,lnlb, @) + Y a_nlb,(r), (2.225)

n=1 n=1

where a_[n] = a[n] and a_[n] = a[n + N] represent coefficients (one for each side) of the nth
basis function b,,. Applying a Galerkin scheme, the same set of functions is employed as testing
functions. Then, the discretization of EFIE leads to a 2N X 2N matrix equation in the form of

T T [a i

— E
—r 1| [ +] =-n""| ;|- (2.226)
T T a vi

which can be reduced to

[TT TT] ] [Z+] _ _n—lv::. (2.227)
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Figure 2.26 Solutions of scattering problems involving a conducting sphere with a radius of 0.3 m.
(a) The normalized backscattered RCS (RCS /za?) and (b) the number of CGS iterations (107° residual
error) when the radius of the sphere (a) changes from 0.54 to 1.24.
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Instead of solving the under-determined system in (2.231), one can combine the coefficients
and obtain an N X N matrix equation, i.e.,

T - (a, +a_) =L (2.228)

Then @ = a, +a_ can be used to compute electromagnetic fields everywhere. On the other
hand, a similar discretization of MFIE for the same problem leads to

0.5T +Kpy 05T +Kp vy
ST+ Ky 05T +Kny| [Z+] __ l i] , (2.229)
which can be reduced to
-T —N -T —N a

[—0.51 +Kpy, 0.51 +KPV] : [a+] = —VZ (2.230)
or

—N -T N

Kpy - (a, +a_) =05l -(a, —a_) =—v}. (2.231)

Obviously the under-determined system obtained with MFIE in (2.231) cannot be solved to
obtain (a, +a_).

Similar to MFIE, the conventional CFIE, which is obtained by the convex combination of
EFIE and MFIE, is not applicable to open surfaces. Nevertheless, one can derive various com-
bined formulations based on simultaneous solutions of EFIE and MFIE for open surfaces, i.e.,

ajT 0 @, +a.) ayn~vl
.[+ —]:_l ] (2.232)

—N -T —
a,Kpy —0.5a,1 @ —a) vy
or
—T —T
o T o T an~ vl
: [‘”] =- £ (2.233)
—N -T —N -T a N ) .

where «; and a, are combination parameters. However, using alternative combined formula-
tions, such as (2.232) and (2.233), instead of EFIE may not provide any advantage in terms
of iterative solutions.

As an example, solutions of a scattering problem involving a PEC half sphere are consid-
ered. As depicted in Figure 2.27, the object is illuminated by a plane wave propagating in
the —z direction with the electric field polarized in the x direction (Excitation 1) at 2 GHz.
Discretization of the object with A/10 triangles involves 9991 RWG functions. The problem
is formulated with EFIE and with the combined formulation in (2.232) using various values
fora = a; = (1 — a,). All solutions are performed iteratively with MLFMA. Table 2.2 lists the
number of CGS iterations to reach 10~° residual error. Using the combined formulation instead
of EFIE does not accelerate iterative solutions. In fact, EFIE is almost the best formulation in
Table 2.2.
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Figure 2.27 Scattering problems involving a half sphere.

Table 2.2 Number of CGS iterations (10~° residual error) for the
solution of a scattering problem involving a half sphere depicted in
Figure 2.27 at 2 GHz

Combined formulation («)

EFIE 0.1 02 03 04 05 06 07 08 09
399 549 409 438 413 396 478 461 479 604

2.3.4 Low-Frequency Breakdown

In general, the electric field due to an arbitrary electric current J involves two parts, namely,
the vector-potential part

E,@r) = iwy/dr’](r’)g(r, r) (2.234)
N

and the scalar-potential part

Esr) = - [ar'V' - )V, r), (2.235)

we Jg
where E(r) = Ey(r) + E4(r). As the frequency decreases, the scalar-potential part dominates
the vector-potential part. In fact, using finite-precision arithmetics, the vector-potential part
can be lost during numerical solutions. On the other hand, (2.235) is not a one-to-one map
between the electric current and electric field. Specifically, for a given Eg, there are infinitely
many J. This is because, for a nonzero frequency, J may have a solenoidal part J*! such that

vV -l =0, (2.236)

and this solenoidal part contributes to the electric field only through the vector potential in
(2.234). This explains why EFIE breaks down at low frequencies.
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A major problem is that the low-frequency breakdown of EFIE can be encountered at an
arbitrary frequency as the discretization is refined. Any matrix equation obtained with EFIE
can be decomposed as

—EFIE —EFIE
Z, -a+Zs -a=wtE (2.237)
where
—EFIE ) , , ,
Z, [m,n]= zk/ drt,(r) - / dr'g(r,r')b,(r') (2.238)
m Sll
—EFIE i , ) ,
Z; [m,n]= %/ drt,,(r) -/dr Vg(r,r)V' - b, (r") (2.239)
Sm Sll

—EFIE ) —EFIE .
for m,n=1,2,...,N. It can be shown that Zg dominates Z,,  when the mesh size

decreases. On the other hand, using ordinary basis and testing functions, such as the RWG
—EFIE
functions, Zg is a rank-deficient matrix. Hence, the overall matrix equation becomes

increasingly ill-conditioned as the mesh size is reduced.

A rigorous solution of the low-frequency breakdown of EFIE is using loop-star or loop-tree
decomposition methods [103]—[107]. In this section, a simple approach based on separate
discretizations of the current and charge distributions is presented for stable solutions of EFIE.
Similar formulations are extensively discussed in [108] and [109].

Consider an alternative discretization of EFIE, where the electric current is expanded in a
series of the RWG functions and the electric charge density is expanded separately in a series
of pulse functions on triangles, i.e.,

: N
ipr) _ V' -JG&) > a, bl ), (2.240)
n=1

N

where N o is the number of triangles,

1. res®
Pr =< o 2.241
w1 {o, re i ( )

and S,,A is the surface of the nth triangle. Testing EFIE with the RWG functions, an N X (N +
N A ) matrix equation is obtained as

—EFIE-RWG —EFIE-R/P al i 7
[ZV Zg ] : [ap] = HVE’ (2.242)
where
—EFIE-RWG
Zy, [m,n] = / drtVC(r) - / dr' g(r,”bVC ') (2.243)
Sl‘l‘l Sn

—_EFIE-R/P V - (RWG
Zs o] = /S drmT() /SAdr’g(r,r’)b:,Ls(r’) (2.244)

m
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formn=1,2,....,Nandn' =1,2,..., NA. To solve the under-determined system in (2.242),
consider the Lorentz gauge

V. /dr’g(r, M) = iw/dr’g(r, p, (), (2.245)
s s

which describes the relation between the vector and scalar potentials. Discretization of (2.245)
leads to an No X (N + N a ) matrix equation

[—]‘E/FIE—P/R —EFIE—PLS] . [a] —0, (2.246)
p
where

—EFIE-PIR vV pRVG

Zy = / L) / dr’g(r,r’)"T() (2.247)
S ! S)l

—EFIE-PLS

Z = / Adrtf;%s(r) / Adr'g(r,r’)bE,LS(r’) (2.248)
55 N

form’,n" =1,2,...,Na and n = 1,2,...,N. Finally, (2.242) and (2.246) can be combined to
obtain an (N + N ) X (N + N A ) matrix equation as
zEFIE-RWG ZEFIE—R/P 4 .
lszFlE-P/R nglE—PLS] : [a ] = é [(‘)E] . (2.249)
14 s ¢

The regularized EFIE (REFIE) in (2.249) does not completely eliminate the low-frequency
breakdown. However, it is more stable than the conventional EFIE with respect to the
mesh size.

As an example, Figure 2.28 presents solutions of scattering problems involving a square
patch with edges of 30 cm discretized with 1.5 cm triangles. The patch is located on the x-y
plane and illuminated by a plane wave propagating in the —z direction. The frequency is in
the range from 7.8125 MHz to 2000 MHz. Figure 2.28(a) depicts the 1-norm condition num-
ber for the matrices obtained from EFIE and REFIE with respect to the number of triangles
per wavelength. The condition number grows as the mesh size decreases for both EFIE and
REFIE. However, REFIE provides better-conditioned matrix equations, especially for dense
discretizations. Figure 2.28(b) presents the number of iterations (for 107° residual error) for
the solution of the patch problems. Using BiCGStab for EFIE, convergence cannot be achieved
within 2000 iterations when the mesh size is smaller than 4/100. However, the number of iter-
ations is less than 400 for all problems formulated with REFIE. Figure 2.28(b) also shows that
the CGS algorithm is quite successful to solve ill-conditioned matrix equations obtained from
EFIE, and the large gap between the iteration counts for EFIE and REFIE disappears when
using CGS. In general, the number of iterations in an iterative solution does not only depend
on the condition number of the matrix. This is confirmed in this example, where the number
of CGS iterations for EFIE and REFIE are close to each other, even though REFIE produces
better conditioned matrix equations than EFIE.

Recently, there has been many efforts to eliminate the low-frequency breakdown of EFIE
using Calderon identities [101], [110]—[116]. These identities can be derived in various ways.
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Figure 2.28 Solutions of scattering problems involving a square patch discretized with 1.5 cm triangles.
(a) The condition number (1-norm) and (b) iteration counts (107° residual error) with respect to the
number of triangles per wavelength.
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For example, consider (2.159) showing the nonradiating property of the incident electromag-
netic fields on an arbitrary closed surface S. The rotational form of (2.159) can be rewritten
as

AxKpy n7laxT| [axH"™ o Q [axH™
[—ﬂﬁ xT hx KPV ) —h % Einc (r)= _E —h XEinc (r) (2250)

for r € S, which is valid for arbitrary E™ and H™ satisfying the Maxwell’s equations. Mul-
tiplying (2.250) with itself and rearranging the terms, one can obtain

[mxn f—mxnﬂmzfﬁim (2.251)
PV 1672 '
[(AxKpy) @XT)| () == [0 xT)(AXKpy)| ) (2.252)

for r € S. The equation (2.251) shows that the 7 operator stabilizes itself. Specifically, for
smooth surfaces, €;(r) = 2z and

mxrﬂﬂ=%un—mxnwfm. (2.253)

The self-stabilization property of the 7 operator is valid for closed surfaces, but interestingly,
it can be applied locally for open surfaces. For stable solutions, however, (2.253) should be
discretized via a mixed scheme involving ordinary and dual basis functions, as detailed in
[112].

2.3.5 Accuracy with the RWG Functions

Normal and mixed formulations, such as MFIE and CFIE, provide inaccurate results, com-
pared to tangential formulations, such as EFIE. The discrepancy between results obtained
with different formulations is evident especially when they are discretized with low-order
basis functions, such as the RWG functions. Although the same physical current distribution
is expanded by an identical set of the RWG functions, the same level of accuracy cannot be
obtained with EFIE, MFIE, and CFIE. Independent of the shape and size of the geometry, com-
putational results obtained with MFIE and CFIE employing the RWG functions are plagued
with a persistent inaccuracy problem.

In order to demonstrate the inaccuracy of MFIE and CFIE compared to EFIE discretized with
the RWG functions, Figures 2.29 and 2.30 present solutions of scattering problems involving
a PEC sphere with a radius of a. The sphere is illuminated by a plane wave at two different
frequencies corresponding to @ = A and a = 24. In addition to analytical Mie-series solutions,
the problems are solved with EFIE, MFIE, and CFIE (a = 0.2). For this purpose, the surface of
the sphere is discretized with various triangulations of coarse to fine densities, corresponding
to approximately 1000 to 30 000 unknowns. Figures 2.29 and 2.30 depict the backscattered and
forward-scattered RCS, respectively, obtained with various mesh sizes. The dots in the plots
correspond to the 4/10 triangulation density at each frequency. Clearly, EFIE results readily
converge to the reference analytical results for mesh densities even smaller than 4/10, whereas
MFIE results manifest significant discrepancies with the analytical results not only for A/10
triangulation, but also for much higher mesh densities. CFIE solutions in Figures 2.29 and 2.30
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Figure 2.29 The normalized backscattered RCS (RCS /za?) of a PEC sphere with a radius of (a) 4
and (b) 24 as a function of the number of unknowns. The dots on the curves correspond to the 4/10
discretization. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

are obtained by combining EFIE and MFIE with @ = 0.2. Even though backscattered RCS
values presented in Figure 2.29 do not display a significant inaccuracy for the CFIE solutions,
it should be emphasized that the backscattered and forward-scattered RCS in Figures 2.29
and 2.30 are obtained from the same CFIE solutions. Therefore, based on the comparison of
Mie series, EFIE, and CFIE solutions presented in Figure 2.30, one can conclude that CFIE
solutions bear inaccuracies caused by MFIE.

Figure 2.31 presents solutions of scattering problems involving a PEC sphere with a radius
of a, when a changes from 0.54 to 1.5A. The sphere is discretized with the RWG functions on
2 cm triangles. Relative errors in bistatic RCS values obtained with the EFIE, MFIE, and CFIE
(a = 0.2) formulations (with respect to the analytical Mie-series solutions) are investigated in
two-dimensional plots as functions of the bistatic angle and frequency. In the plots, 0° and 180°
correspond to the backscattering and forward-scattering directions, respectively. The relative
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Figure 2.30 The normalized forward-scattered RCS (RCS /7za?) of a PEC sphere with a radius of (a) 4
and (b) 24 as a function of the number of unknowns. The dots on the curves correspond to the 1/10
discretization. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

error in the forward-scattering direction as a function of the frequency is investigated separately
in Figure 2.31. In the two-dimensional plot, the relative error of EFIE is rarely above 1072,
which occurs due to zero-crossings of the bistatic RCS. In the forward-scattering direction, the
relative error of the EFIE solution is below 1073, On the other hand, the MFIE and CFIE results
obtained by the same discretization of the geometry have considerably larger errors. The exces-
sive error exists both for MFIE and CFIE, but MFIE also suffers from the internal-resonance
problems, since the null-space solutions of MFIE can radiate to far zone. Those resonances of
MEFIE appear in the last plot as peaks above a base formed by the CFIE curve.

Next, scattering problems involving a PEC cube with edges of 1 m at 300 MHz and 600 MHz
are considered. The cube is located at the origin and it is illuminated by a plane wave propagat-
ing in the —x direction with the electric field polarized in the y direction. Various discretizations
with 20cm to 3 cm triangles lead to matrix equations involving 500 to 18 000 unknowns.
Figures 2.32 and 2.33 show the magnitude of the y component of the normalized surface
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Figure 2.31 The relative error in the bistatic RCS of a PEC sphere with a radius of a, when a changes
from 0.54 to 1.54. (See color plate section for the color version of this figure)
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Figure2.32  The magnitude of the y component of the normalized surface current (|J I/ |H ine| ) induced
on the front surface (at x = 0.5 m) of a PEC cube with edges of A, obtained by using (a) EFIE with RWG
and (b) MFIE with RWG. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

current (IJyl / |H”’“|) induced on the front surface of the cube (at x = 0.5 m). In Figure 2.32,
where d = A and the triangulation size is about A4/10, and in Figure 2.33, where d = 24
and the triangulation size is about A/12.5, one can observe that the modeling of the surface
current is different for the EFIE and MFIE implementations using the RWG functions. Even
though plots look similar, significant differences can be noticed by focusing on the calculated
values at z = +0.5 m, where the induced current is expected to be singular. The combination



120 The Multilevel Fast Multipole Algorithm (MLFMA)

FANE S

AN S

Figure 2.33 The magnitude of the y component of the normalized surface current ( |,/ |H ine ) induced
on the front surface (at x = 0.5 m) of a PEC cube with edges of 24, obtained by using (a) EFIE with RWG
and (b) MFIE with RWG. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

of the geometry discretization and the RWG functions does not allow the computed current
values to become singular at those two edges of the cube. Since the physically correct
solution is singular, the more accurate computed solutions get, the higher values they would
assume at those edges in order to match the singularity as closely as possible. Comparing
Figure 2.32(a) to Figure 2.32(b) and Figure 2.33(a) to Figure 2.33(b), EFIE solutions are seen
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Figure 2.34 Solutions of a radiation problem involving a 1 cm X 1 cm X 1 cm PEC box excited by a
Hertzian dipole located inside the box at z = 0.35 cm. The relative error is plotted as a function of the
frequency from 20 GHz to 60 GHz.

to have consistently higher values than MFIE solutions in spite of employing exactly the same
discretization and the RWG functions. Since the only difference is in the integral-equation
formulation, this comparison demonstrates the inaccuracy of MFIE relative to EFIE.

To further demonstrate the inaccuracy of CFIE compared to EFIE, Figure 2.34 presents the
results of a radiation problem involving a 1 cm X 1 ecm X 1 cm PEC box located at the origin.
As depicted in Figure 2.34, the box is excited with a Hertzian dipole oriented in the z direction
and located inside the box at z = 0.35 cm. Ideally, the radiated field outside the box should be
zero due to the shielding provided by the closed PEC surface. The radiated field is calculated
in the far zone on the x-y plane at (r =3 m,0 = z/2, ¢,,), where ¢, = (n — 1)z /180 for n =
1,2,...,360. The relative error is defined as the 2-norm of the total electric field divided by the
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2-norm of the incident electric field. The total electric field is obtained by adding the incident
field due to the Hertzian dipole and the secondary field due to the induced electric current on
the cube. Figure 2.34 presents the relative error as a function of the frequency from 20 GHz
to 60 GHz. In this range of frequency, the size of the box varies from approximately 0.671
to approximately 24. The radiation problem is discretized with 7200, 28 800, 115 200, and
460 800 unknowns, and solved by a low-frequency MLFMA (LF-MLFMA). We observe that
CFIE (a@ = 0.2) is significantly less accurate than EFIE. In order to obtain the same accuracy,
the number of unknowns of CFIE should be 16 times larger than that of EFIE.

2.3.6  Compatibility of the Integral Equations

Due to the excessive error in MFIE, matrix equations obtained with EFIE and MFIE are incom-
patible, i.e., a solution vector calculated by using MFIE does not satisfy EFIE with the desired
level of accuracy, and vice versa. In fact, for a given problem, coefficient vectors obtained with
EFIE and MFIE can be significantly different, i.e.,

<ZEFIE>_1  WEFIE _ gEFIE £ /MFIE _ <§MF IE)_I . wMFIE (2.254)

even when the EFIE and MFIE solutions are not contaminated with the internal resonances.
Being a convex combination of EFIE and MFIE, CFIE is contaminated with the MFIE inac-
curacy. Therefore, coefficients obtained with CFIE are also incompatible with the EFIE and
MFIE systems.

Since EFIE is more accurate than MFIE, one can write

aMFIE — GEFIE | A ME (2.255)

where the discrepancy between the coefficients obtained with EFIE and MFIE is interpreted
as the error in MFIE. The coefficient vector obtained with CFIE is related to those obtained
with EFIE and MFIE as

4CFIE a<ZCFIE>—1 ‘ZEFIE . aFFIE (1- a)<ZCFIE>—1 .ZMFIE . QMFIE (2.256)
Using (2.255) in (2.256), one can arrive at
a“"E = gFFE 4 AqCE (2.257)
where
AaCE = (1 - a) (ZCFIE>_1 7 AGME, (2.258)

which can be interpreted as the CFIE solution being contaminated with the inaccuracy
of MFIE.
When the solution of CFIE is obtained by using an iterative algorithm, the residual vector

CFIE _

CFIE _ ZCFIE

r w . qCFE (2.259)
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is minimized. Using the definition of CFIE in (2.214), the residual vector for CFIE can be
written as

rFE = o 4 (1 — a)r©M, (2.260)
where

JC—E _ JEFIE _ ZFTE | CcRIE (2.261)

yC-M _ MFE _ ZMAE cRiE (2.262)

are residual vectors obtained by testing the CFIE solution in the EFIE and MFIE systems,
respectively.

An important observation is that the minimization of the norm of r°*'E does not require the
minimization of the norms of r¢~% and r*>¥. As an example, consider solutions of radiation
and scattering problems involving a 4 X 4 X 4 conducting box, when the problems are formu-
lated with CFIE. In the radiation problem, the box is excited with a Hertzian dipole located
inside the box at x = 0.1 4. In the scattering problem, the box is illuminated by a plane wave
propagating in the —x direction with the electric field polarized in the y direction. Discretiza-
tions with the RWG functions on 4/10 triangles lead to 2052 x 2052 matrix equations. Matrix
elements are calculated with a maximum of 1% error and iterative solutions are performed by
using the BiCGStab algorithm. Iterations are stopped when the residual error

CFIE [l 2963
res T ”wCFIE”2 ( . )

is reduced to below 107°.
Figure 2.35 presents the first 30 elements of the residual vectors rCFIE, pC=E and pC—M,

denoted by ‘CFIE’, ‘CFIE in EFIE’, and ‘CFIE in MFIE’, respectively, when a = 0.2 in
the CFIE solution of the radiation problem involving a 4 X 4 X A conducting box. It can be
observed that ¥~ and r®~M involve significantly larger elements than r*F'E. Furthermore,
the elements of ¥*~F are exactly four times those of #“~™. This is because, as the norm of
rCFIE is minimized, the elements of r¢~F and r¢=M are scaled with respect to each other, i.e.,

1 —
el U Ut ) ey (2.264)
a
instead of converging to zero. For @ = 0.2, the ratio of —(1 — @)/a = —4 is manifested in
Figure 2.35. More precisely, the error criteria for the iterative solution, i.e.,

CFIE __ ”rCFIE||2 _ “arC_E +1 - a),.C—»M”z

= = < 107°, 2.265
[lwCFE]|, [lwCFE]|, ( )

is achieved without the minimization of ||[r¢=£||, and |[r¢=¥||,.
CFIE ,C—E
b

Figure 2.36 presents the first 30 elements of the residual vectors r ,and r
when @ = 0.5 in the CFIE solution of the scattering problem involving a 4 X 4 X A conducting
box. Similar to the previous example, 7~ and r¢~™, denoted by ‘CFIE in EFIE’ and ‘CFIE
in MFIE’, respectively, involve significantly larger elements than 7“F'E, denoted by ‘CFIE’. As
opposed to the previous solution, however, r¢~f = —r¢=¥ gince —(1 — «)/a = —1. Depend-
ing on the value of a, the compatibility of the CFIE solution with the EFIE and MFIE systems

C—->M
9
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Figure 2.35 The first 30 elements of the residual vectors r*F'¥ (CFIE), % (CFIE in EFIE), and r¢=¥
(CFIE in MFIE) for the iterative CFIE (a = 0.2) solution of a radiation problem involving a A X 4 X 4
conducting box. Source: Giirel and Ergiil 2009 [122]. Reproduced with permission of IEEE.

varies, but the CFIE solution cannot satisfy both systems at the same time with the desired
level of accuracy.

2.3.7 Convergence to Minimum Achievable Error

In an iterative solution of a matrix equation obtained from the discretization of an
integral-equation formulation, the accuracy of the solution is saturated and the solution error
cannot be reduced any further after a number of iterations. This is because there are various
error sources, such as numerical calculations of matrix elements, and the overall error cannot be
minimized by only reducing the residual error. Then, in an iterative solution, a further reduction
of the residual error becomes meaningless after the minimum solution error is achieved.

A CFIE solution can be significantly incompatible with the corresponding EFIE and MFIE
systems, even when the residual error is small. In fact, an iterative solution of CFIE involves
a breakpoint, where a further reduction of the residual error does not improve the solution
in terms of compatibility with EFIE and MFIE. Since EFIE is more accurate than CFIE, this
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Figure 2.36  The first 30 elements of the residual vectors r*™'& (CFIE), r“~* (CFIE in EFIE), and r¢="
(CFIE in MFIE) for the iterative CFIE (a = 0.5) solution of a scattering problem involving a A X 4 X 4
conducting box. Source: Giirel and Ergiil 2009 [122]. Reproduced with permission of IEEE.

breakpoint, where the compatibility of the CFIE solution with the EFIE system is maximized,
corresponds to the last useful iteration to obtain the highest possible accuracy with CFIE.
It should be noted that the minimum achievable error in an EFIE solution depends on vari-
ous error sources, and not only on the reduction of the residual error. In the case of CFIE,
however, the excessive discretization error in the MFIE part can become a major error source
such that the minimum achievable error becomes closely related to the compatibility of the
CFIE solution with the EFIE system.

As an example, Figure 2.37 presents iterative solutions of a radiation problem involving a
A X A X A conducting box excited with a Hertzian dipole located inside the box at x = 0.14.
The radiation problem is formulated with CFIE when a = 0.2, 0.5, and 0.8. The residual error

in (2.263) is plotted with respect to BiCGStab iterations, in addition to
C—E C—M

r r

C—E _ ” ”2 and C-M _ ” ”2

_ - r W (2.266)
“ [IwEFE]|, o [[wMFLE||,
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Figure 2.37 Iterative solutions of a radiation problem involving a A X 4 X A conducting box excited
with a Hertzian dipole located inside the box at x = 0.14. The residual and far-field errors are plotted

with respect to BiCGStab iterations for CFIE when @ = 0.2, 0.5, and 0.8. Source: Giirel and Ergiil 2009
[122]. Reproduced with permission of IEEE.

denoted by ‘CFIE in EFIE’ and ‘CFIE in MFIE’, respectively, in the first row of Figure 2.37.
The following observations can be made:

e The number of iterations is 31, 50, and 117 when @ = 0.2, 0.5, and 0.8, respectively.

e Compatibility of the CFIE solution with the EFIE and MFIE systems is saturated at about

the 10th, 20th, and 50th iterations, respectively. The values of A,C;;E and A,CJM , which

are obtained by testing the coefficient vector in the EFIE and MFIE systems, respectively,
become steady after these breakpoints, and they do not drop further as iterations continue.

e The maximum compatibility of the CFIE solution with the EFIE or MFIE system depends
on the value of a.
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For the radiation problem, one can also calculate the error in the far-zone electric field at each
iteration, in addition to the residual error. The incident and total electric fields are sampled
in the far-zone on the x-y plane at (r = 00,0 = n/2, ¢,), where ¢, = (n — 1)x /180 for n =
1,2,...,360. The total electric field is obtained by combining the incident field radiated by the
Hertzian dipole and the secondary field due to the induced electric current on the surface of the
cube. Coefficients for the discretized induced current are provided by the iterative algorithm
at each iteration. Theoretically, the total electric field should be zero outside the cube, because
the source is shielded by a PEC closed surface. Then, the far-field error is defined as

CESIL
FF — ) 4
IES 11,

(2.267)

where E;,

the far zone. In the second row of Figure 2.37, the far-field error (2.267) in the CFIE solutions
is plotted with respect to iterations. The minimum achievable error provided by EFIE is also
indicated in each plot. The following observations can be made:

o and E7> are arrays of 360 elements containing the total and incident electric fields in

e The accuracy of the CFIE solutions is saturated and cannot be improved any further after
some numbers of iterations.

e The last useful iteration and the minimum achievable accuracy in a CFIE solution depends
on the value of a.

e For each value of «, the last useful iteration in terms of the solution accuracy corresponds
to the breakpoint, where the compatibility of the CFIE solution with the EFIE system is
saturated.

Numerical results show that the compatibility of the CFIE solution with the EFIE system is an
important indicator in determining the last useful iteration for the highest possible accuracy
with CFIE.

Figure 2.38 presents iterative solutions of a scattering problem involving a 4 X A X A con-
ducting box illuminated by a plane wave propagating in the —x direction with the electric field
polarized in the y direction. Similar to the previous example, the residual error is plotted as
a function of the BiCGStab iterations for CFIE with « = 0.2, 0.5, and 0.8. In the first row of
Figure 2.38, AC;F and AS;M are again plotted to demonstrate the compatibility of the CFIE
solutions with the EFIE and MFIE systems. For this problem, the saturation occurs at the 7th,
10th, and 30th iterations, respectively, when a = 0.2, 0.5, and 0.8. During the solutions, one
can also calculate the error in the near-zone electric field at each iteration. The total electric
field is sampled inside the cube at 19 x 19 = 361 regularly spaced points, i.e.,

Erln) = A1 Eu 30 D1 1 By 03 D1 | Epg 0530 3,0 1. (2.268)
where E E and F,

totx> Etorys tor.z @r€ X, y, and z components of the total electric field, z = 0, and
—-A/2 <x,,y, < A/2 forn=1,2,...,361. Because of the shielding effect of the PEC closed
surface, the total electric field, which is obtained by combining the incident plane wave and
the secondary field due to the induced electric current, should be zero inside the cube. Then,
the near-field error is defined as

_ ”Etoz”Z
NF —
”Einc”2,

(2.269)
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Figure 2.38 Iterative solutions of a scattering problem involving a 4 X 1 X A conducting box illumi-
nated by a plane wave propagating in the —x direction with the electric field polarized in the y direction.
The residual and near-field errors are plotted with respect to BiCGStab iterations for CFIE when a =
0.2, 0.5, and 0.8. Source: Giirel and Ergiil 2009 [122]. Reproduced with permission of IEEE.

where E, ; and E;,. are arrays of 361 elements containing the total and incident electric fields

at the sample points. As depicted in the second row of Figure 2.38, the last useful iteration for
the minimum possible error with CFIE coincides with the breakpoint for the compatibility of
the solution with the EFIE system.

Figure 2.39 presents iterative solutions of a scattering problem involving a conducting sphere
with a radius of 1.54. The sphere is illuminated by a plane wave propagating in the —z direc-
tion with the electric field polarized in the x direction. Discretization of the problem with the
RWG functions on 4/10 triangles lead to 8364 x 8364 matrix equations. Iterative solutions are
again performed by using the BiCGStab algorithm. As depicted in the first row of Figure 2.39,
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Iterative solutions of a scattering problem involving a conducting sphere with a radius of
1.54 illuminated by a plane wave propagating in the —x direction with the electric field polarized in the y
direction. The residual and far-field errors are plotted with respect to BiCGStab iterations for CFIE when
a =0.2,0.5, and 0.8. Source: Giirel and Ergiil 2009 [122]. Reproduced with permission of IEEE.

the compatibility of the CFIE solutions with the EFIE system saturates at the 9th, 13th, and

56th iterations, respectively, when a = 0.2, 0.5, and 0.8. During the iterative solutions of this
problem, the far-field error is calculated as

IEZ, —EX,|
= A8 (2.270)
”EA’QHZ

where E‘g’,g and E/‘fa are arrays of 360 elements containing the computational and analytical
values for the co-polar electric field on the x-z plane. Figure 2.39 confirms the previous results
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that the minimum achievable error and the last useful iteration in CFIE solutions are closely
related to the compatibility of solutions with the corresponding EFIE systems.

2.3.8 Alternative Implementations of MFIE
Since EFIE in (2.212) contains the electric charge density, i.e.,
V- Jr) =iwp,r), (2.271)

divergence-conforming basis functions must be used to expand the current density in EFIE.
In other words, the basis functions that are employed for the current modeling should also
be capable of properly modeling the inherent charge distribution. If an attempt was made
to use basis functions that are not divergence conforming, the divergence in (2.212) would
create singular blade functions on the edges of the entire discretization that would mathemati-
cally undermine computations and that could physically be interpreted as artificial line-charge
accumulation and gaps in the conducting surface. In addition, the hyper-singularity in EFIE is
usually eliminated by moving the differential operator onto the testing function, as shown in
(2.79)—(2.81). Then, testing functions are also restricted to be divergence conforming in EFIE.

In the conventional discretization of the rotationally tested K operator in (2.76), the differ-
ential operator is kept on the Green’s function. Therefore, there is no any restriction on basis
and testing functions in MFIE. On the other hand, one can move the differential operator from
the Green’s function onto either the basis function or the testing function. By using standard
vector identities and the

. 0
Vi=Vi+i i (2.272)
decomposition, one can manipulate (2.76) to obtain
—N
Kpy[m,n] = / drt,,(r) - i X / dr'g(r,r' )V xb,(r")
S, PV.S,
og(r,r
+/ drt, (r) - it x / ar'b,(r') x i’ 8 lr )
S PV.S, on
- / drt, (r) - it X / dr'Viy x [g(r,r' )b, ()], (2.273)
s PV.,S,

where the differential operator is partially transferred onto the basis function. In (2.273), A’
is the outward normal unit vector at the source point 7. In this discretization of MFIE, the
basis function is restricted to be curl conforming, however, no restriction exists on the testing
function. Alternatively, (2.76) can be manipulated to obtain a third form as

—N
Kpylm,n] = / dr [V x (t,@) xq)] - / dr'b,(rg(r,r')
Sy PV.S,

og(r,r’
+ / drt, (r) - i X it X / ar'y, () 280
S, PV.S, on

m

- / drv - [(tm(r)xﬁ) X / dr'bn(r')g(r,r’)], (2.274)
S PV.S,

m
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where the differential operator is partially applied to the testing function. In this discretization,
there is no restriction on the basis function; however, the testing function is restricted to be a
divergence-conforming function since

Vs X (t,@) x i) = =AY - t,(r). (2.275)

For divergence-conforming functions, such as the RWG functions, the expression in (2.76)
is appropriate to evaluate matrix elements. Although the same expression is also valid for
curl-conforming functions, the modified expression in (2.273) can be preferred for these func-
tions. In (2.273), the inner integral of the third term can be manipulated into a line integral over
the edges around the basis function. In addition, the first term in (2.273) is usually simplified
by using an expression for the curl of basis functions.

2.3.9 Curl-Conforming Basis Functions for MFIE

Investigations on the inaccuracy of MFIE show that neither the numerical evaluation of the
singular MFIE integrals, nor the incorrect use of the solid-angle factor, is the fundamental
cause of the inaccuracy [124]—-[126]. This finding stimulates further studies, especially for a
better understanding of how the discretization of MFIE and the modeling of the surface current
affects the accuracy of results. This subsection presents implementations of MFIE with the
curl-conforming 2XRWG basis functions. Numerical results show that the accuracy of MFIE
can significantly be improved by employing the aXRWG functions, instead of the conventional
RWG functions.

Spatial distributions of the #XRWG functions are shown in Figure 1.9, and can be written
as

billRWG(r) =X b’leG(r), (2276)

where bEWG (r) is the associated RWG function. Using (2.276), matrix elements are derived as

— MFIE-nRWG 1 =T.nRWG — N.nRWG
VA [m,n] = — 51 [m,n] + Kpy [m, n] (2.277)
1=T.RWG —N.RWG
= - EI [m,n] — Kp [n, m] (2.278)
—N.RWG —T,RWG . .
form,n=1,2,...,N, where Kp, and I are rotationally tested K and directly tested 7

operators discretized with the RWG functions. Hence, interactions calculated for the iXRWG
and RWG functions are closely related. When the basis and testing functions associated with
the mth and the nth edges do not overlap in space, only the principal-value term remains in
(2.277) and (2.278) such that

— MFIE-nRWG — N.nRWG —N.RWG — MFIE-RWG
Z [m,n] = Kpy [m,n] =—-Kpy, [n,m]=-Z [n,m], (2.279)

—MFIE-RWG i i
where Z represents matrix elements for the RWG functions.
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It is possible to derive an alternative implementation for the 7XRWG functions by consider-
ing (2.273), i.e.,

—MFIE-nRWG
zZ U mn] = / drt™VG () .
S

m

+ / drt“mRWG(r)-

Sin

Y

X / dr' g(r, ¥ )V x biRVG ()
PV.S,

og(r,r")

X / dr'ByRVO ) x A ==
PV.S, on

-

- / drt™ S () - it x / dr' Vi x [g@e, bRV e )]

Sim PV.S,
1=T.nRWG
-3t bmnl (2.280)
Using (2.276) in (2.280), one can obtain
—MFIE-nRRWG
27 = / drty o (r) - dr' i g(r,r)V' - BRVO ()
Sim PV.S,

drleWG (r/) ag(r’ r,)
" on’

+ / a’rtﬁWG ) -

Sy PV.S,
- / dri?VC(r) - dr'i' V' - [g@r, P bRV )]
S PV.S,
1 =T.RWG
- EI [m,n]. (2.281)

For the direct calculation of interactions between the 72 X RWG functions, the alternative
implementation in (2.281) is preferred. Consider the interaction of two half 7 X RWG
functions £"RVG and bEEWG associated with the ath triangle of the mth edge and the bth
triangle of the nth edge, respectively. Then,

— N,nRWG ') ,
K, [m,n,a,b] = Ama,nb 2 dr(r—r,,) - ar'n g(r,r)
P

Sma V.Sup
og(r,r'
+ / dr(r - rma) . dr/(r’ — rnb)L,r)
Sma PV’Snb a}’l
—/ dr(r-r,,) - ar'a’'v' . [g(r, ' - rnb)] } , (2.282)
Sina PV.S,,
where A,,, ,;, is defined in (2.88). After a coordinate transformation,
— N,nRWG ’ /
K,y [m,n,a,b] = A,y | 2 dar(z = z,,,) ar'g(r,r’)
Sma PV’Snb
og(r,r’)
+ / dr(p - pma) : dr/(P, - pnb)
Sima PV.Sy 0z

—/ dr(z - zma)/ ar'v’ . [g(r, p' - pnb)] } . (2.283)
Sma PV.Sup
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Using the surface divergence theorem, the inner integral of the third term in (2.283) can be
converted into a line integral, i.e.,

J

ma

dr(z = 2,) / dr'V’ - [g@.r)p" = pu)]
PV.S.p

).

ma

dr(z — zma)/ ar'a’ - (p' — p,,)er.r), (2.284)
PV.0S,;,

where 9S,,, represents the contour around the basis triangle and @’ is the unit vector directed
perpendicularly outward the triangle. Note that

24,
; (2.285)

n

~!

L (Pl - pnb) =

on the nth edge, but it evaluates to zero on the two other edges of the basis triangle. Then,
(2.283) becomes

— N,nRWG
KPV [m,n,a,b] = Ama,nh {2/

m

dr(z — z,,) / dr'g(r,r")
a P V’Snb

dag(r,r’)
+ / dr(p - pma) ' d",(P, - pnb) ga
Sma PV.Sup
2An / /
- dr(z — z,,4) dr'gr,r’) ¢ . (2.286)
ln Sina PV.e,

The line integral of the Green’s function along the nth edge ¢, is singular when the observation
point approaches this edge. Similar to (2.77) and (2.78), the singularity is logarithmic and
does not create numerical problems when the observation points are sampled inside the testing
triangle for the near-neighboring interactions. Nevertheless, a singularity-extraction method
can be used to improve the evaluation of these interactions [124]. In addition, the order of the
integrals can be exchanged as [169]

J

ma

dr(z-z,,) / dr'g(r,r') = / ar' / dr(z — z,,,)8(r,r"), (2.287)
PV.,e, PV.e, N

ma

where the inner integral is now bounded for every case including the sampling of testing points
on the edge of the basis triangle.
The interaction of two half axXRWG functions can be divided into basic integrals as
— N.nRWG
KPV [m’ n,a, b] = Ama,nb { - xma]6 - yma]7 + 18 + 19
+ (xmaxnh + ymaynb)13 - xnh14 - yanS - 2(Zmall - 12)
- (11 = Zmal10) ¢ (2.288)
n

where

Ine) =/S dr{l,2} 1, (2.289)

ma
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Ii345) =/ d"{l,x,y}f'l,-vnl (2.290)
1{6,8}:/ dr{1,x)z- 1Y (2.291)
Ii7o) = / ar{l,y}z-L" (2.292)
Iiio,11y :/s dr{l,Z}I;'l- (2.293)

ma

Inner integrals Il.ln and IZ, are evaluated as in (2.122)—(2.125). In addition,

A A 0 (2.294)
BV =1V ey (2.295)
where
1w/ ikR) — 1
Il(z OV = %/ dr' (' = )V’ (—eXp(l ) >
T Snb R
1 e ! 1
+— [ @' -0V (—) (2.296)
47[ th R
and

_WW! 1 exp(ikR) — 1
Lo = / ar' ey =V’ (—p )
Snb

iy 4 R
+ L[ e -V (l> . (2.297)
47[ th R

Note that only z components of 1Y, , 7% ™' and 19"V are required in (2.290)—(2.292). The

in’
basic integrals I}, and /;; in (2.293) involve a line integral

kR
Jr— / dp? SXPURR) (2.298)
en

n = R

which depends on the orientation of the basis function, as opposed to the other inner integrals.

Numerical Results

To compare the accuracy of solutions obtained by using the RWG and 2xXRWG functions,
scattering problems involving a PEC sphere are considered. The problems are solved at two
frequencies, i.e., when the radius of the sphere corresponds to 4 and 2. Figures 2.40 and 2.4 1
illustrate the normalized backscattered and forward-scattered RCS (RCS /7za?), respectively,
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Figure 2.40 The normalized backscattered RCS (RCS /za?) of a PEC sphere with a radius of (a) A
and (b) 24 as a function of the number of unknowns. The dots on the curves correspond to the 4/10
discretization. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

when the radius of the sphere is @ = A and 24. Computational values are obtained by FMM
implementations employing the RWG and aXRWG functions and for various discretizations
involving approximately 1000 to 30 000 unknowns. It can be observed that, as N increases,
RCS values obtained with the 7xXRWG functions converge to the exact Mie-series results faster
than those obtained with the RWG functions, i.e., RCS values obtained with the iXRWG
functions are more accurate for all discretization densities. The improvement obtained with
the 7aXRWG functions over the RWG functions is significant even for the A/10 discretization,
which is commonly used as a rule of thumb in numerical solutions.
Next, solutions of scattering problems involving a PEC cube with edges of 1 m are consid-
ered, when the frequency is 300 MHz and 600 MHz. Figures 2.42(a) and 2.42(b) show that,
using the AXRWG functions, the modeling of the surface current is visibly improved compared
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Figure 2.41 The normalized forward-scattered RCS (RCS /za?) of a PEC sphere with a radius of (a) 4
and (b) 24 as a function of the number of unknowns. The dots on the curves correspond to the 4/10
discretization. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

to the RWG functions depicted in Figures 2.32 and 2.33, especially in the representation of
singular currents flowing along edges. Specifically, the use of the aXRWG functions in the
MEFIE solution provides higher values at z = +£0.5 m than the use of the RWG functions with
either EFIE or MFIE. It should be remarked that this is merely an indicator for the improved
accuracy of MFIE with the use of the #AXRWG functions, but not an absolute proof since
the exact current distribution is not available for comparisons. Nevertheless, RCS results also
support the inferences obtained from current solutions. Figures 2.43 and 2.44 demonstrate the
backscattered and forward-scattered RCS (in m?), respectively, when the edges of the cube
are A and 24. Comparing the MFIE results, faster convergence (with respect to the improved
discretization and the increasing N) of RCS values with the 2XRWG functions is observed.
The improvement is significant especially for relatively coarse discretizations, even for the
commonly used 4/10 triangulation, as marked on the curves.
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Figure 2.42 The magnitude of the y component of the normalized surface current ( I/, 1/1H inc | ) induced
on the front surface (atx = 0.5 m) of a PEC cube with edges of (a) 4 and (b) 24, obtained by using MFIE

with aXRWG. Source: Ergiil and Giirel 2006 [127]. Reproduced with permission of IEEE.

2.3.10 LN-LT Type Basis Functions for MFIE and CFIE

LN-LT type basis functions, i.e., the divergence-conforming LL functions and the
curl-conforming #XLL functions, can be employed to further improve the accuracy of
MFIE and CFIE to the levels of EFIE, without increasing computational requirements.
Spatial distributions of the LL functions are depicted in Figure 1.10, where two kinds of
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Figure 2.43 The backscattered RCS (m?) of a PEC cube with edges of (a) 4 and (b) 24 as a function
of the number of unknowns. The dots on the curves correspond to the A/10 discretization. Source: Ergiil
and Giirel 2006 [127]. Reproduced with permission of IEEE.

the LL functions are defined on the same edge e, with the expressions given in (1.77) and
(1.78). Considering the labeling in Figure 1.10, for both kinds of the LL functions, the spatial
distribution

e is parallel to one of the side edges ¢, over both of the triangles,

e changes linearly along the edge e, and becomes maximum at the intersection of that edge
with the main edge e,,,

e is exactly zero at the other side edge e_,

e has a continuous normal component across the main edge e, and

e varies linearly at the main edge ¢, in both perpendicular and tangential directions.

Because of the final property above, the LL functions are classified as LN-LT type, providing
linear variation along the main edge in both directions.
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The LL functions can actually decompose the corresponding RWG function as
B = b,V ) + 8,0, (2.299)

where bEWG represents the RWG function associated with the nth edge. The charge distribution
implied by the expressions in (1.77) and (1.78) is

2A';1 B r e Sn]
Vb=V =128 res, (2.300)

0, otherwise,
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which is constant and exactly half of that for the RWG functions. Equation (2.300) indicates
that the LL functions are divergence-conforming functions since their divergence is finite.
Although this property is not crucial for MFIE, which also allows the use of curl-conforming
functions depending on the formulation type, the divergence-conforming property of the LL
functions becomes essential for EFIE and CFIE implementations.

The LL functions can also be identified as a subset of LN/QT or QN/LT type vector func-
tions discussed in [67]. Contrary to the RWG functions, the LL functions are first-order com-
plete to represent vectors by providing six degrees of freedom to model the linear variation
on triangles (see Chapter 1, Section 1.7.1). As depicted in Figure 1.10, there are two kinds
of the LL functions defined on the same edge simultaneously to expand the current den-
sity better than the RWG functions that are only zeroth-order complete. Improved current
modeling with higher-order completeness is achieved at the cost of doubling the number
of basis functions compared to the RWG functions for the same triangulation of the geom-
etry. On the other hand, the LL functions provide more accurate RCS results with MFIE
and CFIE for the same number of unknowns as the RWG functions. The improvement is
present even for curved geometries, where the discretization for the LL functions is coarser and
leads to more deviation from the actual geometry to keep the number of unknowns approx-
imately the same as when the RWG functions are used on the same geometry with a finer
triangulation.

Although the LL functions are first-order complete to represent vectors, they are only
zeroth-order complete to represent the divergence or curl of a vector. The LL functions
improve the accuracy of MFIE to levels of EFIE, while they are similar to the RWG functions
by providing linear variations for the induced current on triangular domains. In this manner,
the LL functions are different from the higher-order techniques in computational electromag-
netics appeared in the literature to improve the accuracy of integral equations [130]-[132].
Advantages of the LL functions can be listed as follows:

e The LL functions can be implemented with simple modifications on existing codes employ-
ing the RWG functions. Most of the numerical procedures in MLFMA, such as singularity
extractions for the near-field interactions and Fourier transforms for the far-field interac-
tions, can be adapted from those of the RWG functions.

e For the same number of unknowns, employing the LL functions in MLFMA implementa-
tions does not require extra computational load compared to employing the RWG functions.

The curl-conforming AXLL functions are derived from the LL functions as

D) = 7 x B () (2.301)
anL(Z)(r) —hx bLL(Z)(,.), (2.302)

such that
Vo x b = 4V - pHO(r) (2.303)

Vg X 0" ) = av - pH (), (2.304)
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Similar to the LL functions, the aXLL functions are also defined in pairs located at the same
edge with spatial distributions illustrated in Figure 1.11. For both kinds of the axXLL functions,
the spatial distribution

e is perpendicular to one of the side edges ¢, over both of the triangles,

e changes linearly along the edge e, and becomes maximum at the intersection of that edge
with the main edge ¢,,,

e is exactly zero at the other side edge e_,

e has a continuous normal component across the main edge ¢,,, and

e varies linearly at the main edge ¢, in both perpendicular and tangential directions.

The divergence-conforming LL functions can be employed for EFIE, MFIE, and CFIE. As an
example, interaction of two half LL functions t},;];(l) and bbbm) associated with the ath triangle
of the mth edge and the bth triangle of the nth edge is considered. Both functions are assumed

to be the first kind. Using (1.77) and (2.300), the matrix elements are derived as

—EFIE-LL(1) —T,LL(1)
VA [m,n,a,b] =T [m,n,a,b] (2.305)
—MFIE-LL(1) —N,LL(1) 1=T.LL(1)
Z [m,n,a,b] = Kpy [m,n,a,b] — 51 [m,n,a,b], (2.3006)
where
—T,LL(1)
1 [m,n,a,b] = Bma,nb(rm3 - rma) : (rn3 - rnb)
/ drr =r,,) - (s = 1) X 8| (r = 1) - [(rg = 1) X 1] (2.307)
Smu
—T,LL(1) )
T [m,n,a,b] = lkBma,nb(rm3 - rma) : (rn3 - rnb)
/ dr(r = r,,) - [P = Fope) X 11
Sm
/ dr'gr,r' ) —rp) - [(ry — 1) XA
S)l
— —Banw [ dr | drigr,r) (2.308)
k Su s,
—N.LL(1) .
KPV [m’ n,a, b] = Bma,nb(rm3 - rma) "R X (rn3 - rnb)
X / dr(r—r,,) - [(rm4 =TIy X ﬁ]
Smu
/ dr' (K" —=r,p) - [y = 1) XA'| Vg@r,r) (2.309)
PV.Sup
and
lmln

B =— 2.310
ma,nb 16(Ama)2(Anb)2 ( )
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After a coordinate transformation,

=T,LL(1)
1 [m,n,a,b] = Bma,nb(me - pma) ! (pn3 - pnb)
/ Ar(P = Ppua)  [(Pa = Pra) X 2] (0 = Prp) * [(Ps = Pp) X 2] (2.311)
S”‘la
—T.LL(I) )
T [m’ n,a, b] = lkBma,nb(pmS - pma) : (an - pnb)

/ drr = r,,0) + [P = 1pa) X 1

m

/ dr' g, ¥ )" = pp) + [Py — Prpy) X 2]
S

- %Bm,ﬂb / dr / dr' g(r.r') (2.312)
Sl?l Sn

—N.LL(1) R
PV [m’ n,a, b] = Bma,nb(rm3 - rma) -nX (pn3 - pnb)

)(/ dr(r—r,,m)'[("m4—"mu)><ﬁ]
S

/ A (0 = p) - [(Pos = Py) X 2] Vgl 7). (2.313)
PV,Snb

For the integro-differential operators, the interactions are further divided into basic integrals as

—T,LL(1) .
T [m9 n,a, b] = lkBmg,nh(pmS - pma) : (pn3 - pnb)

{Opa = Yu) [(Vm4 = Y, — Zpa — Zma)”y] [oma Dy = 1) = X, 14 + 1]

+ (X0 — X,p) [(Zm4 = Zy)y = Vs — yma)nz] [xma(ynbl 1 =) = yuls + 16]

+ Ot = V) [ @t = 2 = G = %) [Pa o]y = 1) = Xoply + 1]

+ (0t = %) [ Qs = X, = @t = 2] [Yna Ot = 1) = Yo ly + g

+ Ot = ) [Fons = %)y = Ot = Y| [2ma @y = 1) = X110 + 111 ]
g = X)) [Ons = Va1 = (g — ‘xma)ny] [Zma(ynbl 1 —13) = yuplio +1 12] }

4
;’Bma,nbl1 (2.314)

and

—N.LL(1) )
PV [m,n,a,b] = Bma,nb(rm3 - rma) "X (pn3 - pnb)><

{(yn4 = Yub) [(Ym4 = Yz = Zna — Zma)ny] [xmu(xnhl 1 =) = x4+ 1 5]

+ (g = ) [t = 2y = Oma = Y] [Fna Oy = 13) = Yoy + I
+ OVua = Yup) [(Zm4 = Zyp Iy — Kpa — xma)nz] [yma(xnbl = 1) = xl;+1 8]
+ (Xpa = Xp) [('xm4 = Xy, = (s — Zma)”x] [yma(ynbl 1 —13) =yl +1 9]

(continued)
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+ (yn4 - ynb) [(xm4 - xma)ny - (ym4 - yma)nx] [Zma(xnbll - 12) - xanIO + Ill]
+(X4 = Xpp) [(ym4 = Yy = (g — xma)ny] [Zma(ynbll —13) =yl +112] } . (2315)

The basic integrals in (2.314) and (2.315) can be listed as

I147.10) =/ dr{1,x,y.2} I, (2.316)
Iios811) =/ dr{l,x,y,z}lj;: (2.317)
I(369.12) =/ dr{Lx,y,Z}Iiyn, (2.318)
L4700y = /s,, dr{l,x,y,z}l,-'j,' (2.319)
I)sg.11 =/S dr{1,x,y.2} 5" (2.320)
I(560,12) =/S dr{Lx»y,Z}I?;:V,, (2.321)

ma

where 1!, 1/, 2 1V IY' and I,V are defined in (2.89), (2.104), (2.105), (2.91), (2.294),
and (2.295), respectively.

The curl-conforming AxXLL functions can be employed only for MFIE. As in the case of
the RWG and iaXRWG functions, matrix elements derived for the LL and 7aXLL functions are
closely related. On the other hand, similar to the aXRWG functions, one can derive an alter-
native and more efficient implementation for the 2XLL functions. Using (2.301) and (2.302)

in (2.273), one can obtain

—N,nLL(1,2)
o imn] = / 02y / ' g )V - B0
S, PV.S,

og(r,r
+ / drtH D / dr' B2 ) 98T
S, PV.S, on

- / drt=L 0Dy / ArR'v' . [g(r,r’)bb”‘”(r’)]. (2.322)
PV.S,

Sm

As in the previous cases, the expression in (2.322) should be decomposed into basic integrals
for the implementation.

Numerical Results (MFIE)

Figures 2.45 and 2.46 present solutions of scattering problems involving a PEC sphere with
aradius of a, when a = A, a = 1.54, and a = 2. Discretizations of the sphere with 4/10 tri-
angles lead to 3723, 8364, and 14,871 edges. The sphere is illuminated by a plane wave and
scattering problems are solved with FMM and MLFMA implementations employing the RWG,
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Figure 2.45 The normalized backscattered RCS (RCS /za?) of a PEC sphere with a radius of (a) 4,
(b) 1.54, and (c) 24 as a function of the number of unknowns. Source: Ergiil and Giirel 2006 [128].
Reproduced by permission of Radio Science — American Geophysical Union AGU.
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Figure 2.46 The normalized forward-scattered RCS (RCS /za?) of a PEC sphere with a radius of
(a) 4, (b) 1.54, and (c) 24 as a function of the number of unknowns. Source: Ergiil and Giirel 2006 [128].
Reproduced by permission of Radio Science — American Geophysical Union AGU.
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AXRWG, LL, and axXLL functions. Figures 2.45 and 2.46 display the normalized backscattered
and forward-scattered RCS (RCS /7a?, where a is the radius of the sphere), respectively. RCS
values are plotted with respect to the number of unknowns, which corresponds to the number
of edges for the RWG and 2XRWG functions, but twice that for the LL and aXLL functions. To
compare the performances of the functions, convergence to the analytically calculated value
is investigated. It can be observed that the convergence is significantly faster for the LN-LT
type functions, namely, the divergence-conforming LL and curl-conforming ##XLL functions.
In other words, for a given number of unknowns, MFIE solutions obtained by these functions
are more accurate than those obtained by the RWG and aXRWG functions. Also note that the
AXRWG functions give more accurate RCS values compared to the RWG functions, but the
accuracy is relatively poor compared to the LL and aXLL functions.

RCS values in Figures 2.45 and 2.46 are plotted with respect to the number of unknowns
so that different basis functions can be compared fairly. However, since the LL and iaxLL
functions are defined in pairs at the edges, their triangulation is different from the triangulation
of the RWG and 7xXRWG functions to keep the number of unknowns fixed. In other words, a
coarser triangulation is employed for the LL and aXLL functions. Employing these functions
for a given number of unknowns, the number of triangles to model the geometry is half of that
for the RWG and aAXRWG functions. For curved geometries, a coarser triangulation leads to
a larger deviation from the actual geometry. Therefore, in the sphere problems, it should be
noted that the LL and 72XLL functions improve the accuracy in spite of the decreased quality
of the geometry discretization.

To demonstrate the effect of using different basis functions on the modeling of the induced
current, scattering problems involving a PEC cube with edges of 1 m at 300 MHz and 600 MHz
are revisited. The cube is located at the origin and illuminated by a plane wave propagating in
the —x direction with the electric field polarized in the y direction. Figures 2.47 and 2.48 show
the magnitude of the y component of the normalized surface current (IJyl / |Hi”C|) induced
on the front surface of the cube when the frequency is 300 MHz and 600 MHz, respectively.
The modeled current is obtained for the LN-LT type functions and triangulations with the
mesh size of about 1/10. Comparing Figures 2.47 and 2.48 with Figures 2.32, 2.33, and 2.42,
it can be observed that the modeling is significantly improved with the LN-LT type func-
tions compared to the CN-LT type RWG and LN-CT type aXRWG functions, especially for
the representation of singular currents at the edges. It should be noted that the features and
the quality of the current modeling are very similar for both the divergence-conforming LL
and curl-conforming aXLL functions. Figures 2.49 and 2.50 display the backscattered and
forward-scattered RCS (m?) of the PEC cube, plotted again with respect to the number of
unknowns. As in the sphere problems, faster convergence for the LL and fXLL functions is
observed, while the RWG functions give the worst accuracy for a given number of unknowns
in MFIE.

Figure 2.51 presents the boundary-condition error (BCE) in the solution of a scattering prob-
lem involving a 4 X A X A conducting box located at the origin. The box is illuminated by a
plane wave propagating in the —x direction with the electric field polarized in the y direction.
In order to measure the accuracy of the numerical solutions, the magnetic field is sampled to
test the boundary condition pointwise on the surface of the box. A relative error

|J(r) — i X H(r)|

Ap(r) = — .
[ x H"(r)|

(2.323)
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e iy,

Figure 2.47 The magnitude of the y component of the normalized surface current ( |/, 1/ 1H ine ) induced
on the front surface (atx = 0.5 m) of a PEC cube with edges of A, obtained by using MFIE with (a) LL and

(b) aAXLL. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission of Radio Science — American
Geophysical Union AGU.
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Figure 2.48 The magnitude of the y component of the normalized surface current (|J‘.| / |H[””|)
induced on the front surface (at x = 0.5m) of a PEC cube with edges of 24, obtained by using MFIE
with (a) LL and (b) iaXLL. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission of Radio
Science — American Geophysical Union AGU.
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Figure 2.49 The backscattered RCS (m?) of a PEC cube with edges of (a) A and (b) 24 as a function
of the number of unknowns. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission of Radio
Science — American Geophysical Union AGU.

is calculated at various observation points r € S. Then, BCE is defined as the integral of the
relative error (2.323) over the entire surface, i.e.,

Apep(r) = / drAp(r). (2.324)
S

Figure 2.51 depicts BCE as a function of the number of unknowns and for various discretiza-
tions of the problem with different basis functions. It can be observed that BCE for the LN-LT
type functions is approximately half of that for the RWG and #axXRWG functions. In other
words, the boundary condition for the magnetic field is satisfied better by using the LN-LT type
functions. This explains why the LN-LT type functions produce more accurate RCS results
than the RWG and aXRWG functions.
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Figure 2.50 The forward-scattered RCS (m?) of a PEC cube with edges of (a) A and (b) 24 as a function
of the number of unknowns. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission of Radio
Science — American Geophysical Union AGU.

As an another example, Figure 2.52 presents the results of a scattering problem involving
a wing-shaped object with sharp edges and corners. The size of the object is 24 and it is
illuminated by a plane wave propagating in the —x direction with the electric field polarized
in the y direction. In Figure 2.52, BCE is plotted as a function of the number of unknowns,
when matrix elements are calculated with 1% error. Similar to the cube problem, BCE for the
LN-LT functions are significantly less than that for the RWG and 72 X RWG functions.

Numerical Results (CFIE)

The divergence-conforming LL functions can also be used to improve the accuracy of CFIE,
similar to MFIE. As an example, Figure 2.53 presents solutions of scattering problems involv-
ing a sphere with a radius of @, when a changes from 0.54 to 1.5A. The relative error in bistatic



Solutions of Electromagnetics Problems with Surface Integral Equations 151

Cube (size = 1)

100

S
5
c
S
=
8 10!
>
©
ge)
c N
8 N
@ —-©— MFIE-RWG : Lo .
—&— MFIE-nxRWG | - T
—— MFIE-LL : S
MFIE-nxLL : Lo
1072 T H H H I I
1000 5000 10000 20000

Number of unknowns
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Figure 2.52 BCE in the solution of a scattering problem involving a wing-shaped object formulated
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Figure 2.53 The relative error in the bistatic RCS of a PEC sphere with a radius of a, when a changes
from 0.54 to 1.54. The computational results are obtained by using EFIE discretized with the RWG
functions, as well as MFIE and CFIE discretized with the LL functions. (See color plate section for the
color version of this figure)
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Figure 2.54 The normalized backscattered RCS (RCS /za?) of a PEC sphere with a radius of (a) 1
and (b) 24 as a function of a in CFIE. The number of unknowns is (a) 3723 for RWG and 7446 for LL,
(b) 8364 for RWG and 16728 for LL. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission
of Radio Science — American Geophysical Union AGU.

RCS values obtained with the EFIE, MFIE, and CFIE (a = 0.2) formulations is plotted as a
function of the bistatic angle and frequency. The relative error in the forward-scattering direc-
tion is also considered separately as a function of the frequency. EFIE is discretized with the
RWG functions, whereas MFIE and CFIE are discretized with the LL functions. Comparing
results in Figure 2.53 with the previous results in Figure 2.31, it can be observed that MFIE
and CFIE become as accurate as the reference EFIE with the RWG functions. In MFIE solu-
tions, there are two consequences when the RWG functions are replaced by the LL functions.
First, the effects of internal resonances are narrower with respect to the frequency for the LL
functions. Second, the excessive error of MFIE with the RWG functions disappears and the
accuracy is improved for all frequencies. Using the LL functions instead of the RWG functions,
accuracy of CFIE is also improved to levels of EFIE.
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Figure 2.55 The normalized forward-scattered RCS (RCS /7a?) of a PEC sphere with a radius of (a) A
and (b) 24 as a function of a in CFIE. The number of unknowns is (a) 3723 for RWG and 7446 for LL,
(b) 8364 for RWG and 16728 for LL. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission
of Radio Science — American Geophysical Union AGU.

To further compare the RWG and LL functions in terms of the accuracy of CFIE implementa-
tions, Figures 2.54 and 2.55 present the backscattered and forward-scattered RCS, respectively,
of a PEC sphere with a radius of a, when a = 4 and a = 1.54. For each case, the sphere is dis-
cretized with 4/10 triangles. RCS is calculated for different values of the coupling parameter
a. Values at @ = 0 and a = 1 correspond to those obtained by MFIE and EFIE, respectively.
Besides the overall improvement in the accuracy by the use of the LL functions, Figures 2.54
and 2.55 demonstrate that the significant and undesired variance in the accuracy with the use
of the RWG functions is dramatically reduced with the use of the LL functions. In other words,
accuracy is stabilized with respect to the variable @ and it becomes weakly dependent on the
choice of this variable.

Although there is no optimum «a for the accuracy of the LL functions, Figure 2.56 shows
that the conditioning of the matrix equation depends strongly on this variable. In this figure,
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Figure 2.56 Iteration counts (1073 residual error) for the solution of scattering problems involving a
sphere of radius (a) 4 (3723 edges) and (b) 1.54 (8364 edges) with respect to & in CFIE. Source: Ergiil and
Giirel 2006 [128]. Reproduced by permission of Radio Science — American Geophysical Union AGU.

CGS iteration counts required to reach 1073 residual error for the FMM solutions of the sphere
problems are depicted. FMM employing the CGS solver is accelerated by BDP obtained from
the self-interactions of boxes in the FMM structure. It is observed that the approximate range
of @ from 0.2 to 0.3 is optimum for both the RWG and LL functions.

Figures 2.57 and 2.58 present the backscattered and forward-scattered RCS of a cube with
edges of 1 m, when the frequency is 300 MHz and 600 MHz. CFIE formulations (a = 0.2)
employing the RWG and LL functions are compared. Similar to the previous results, one can
observe a significant improvement in the accuracy of CFIE by using the LL functions.

Figure 2.59 presents the solution of a scattering problem involving a stealth airborne tar-
get Flamme [149]. The scaled size of the Flamme is 0.6 m corresponding to approximately
64 at 3 GHz, and it is illuminated by a plane wave propagating in the x-y plane at ¢p = 160°
angle from the nose. The electric field is polarized in the 6 direction (vertical polarization).
Figure 2.59 presents the co-polar bistatic RCS (in dBm?) on the x-y plane as a function of
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Figure 2.57 The backscattered RCS (m?) of a PEC cube with edges of (a) A and (b) 2 as a function
of the number of unknowns. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission of Radio
Science — American Geophysical Union AGU.

the bistatic angle ¢ from 210° to 360°. It can be observed that computational results provided
by EFIE employing the RWG functions agree well with measurements. However, the same
agreement cannot be obtained when using CFIE discretized with the RWG functions. As also
depicted in Figure 2.59, the accuracy of CFIE can be improved to levels of EFIE by employing
the LL functions, instead of the RWG functions.

Numerical Results (Large-Scale Problems)

Replacing the RWG functions with the LL functions can significantly improve the accuracy
of MFIE and CFIE, even for large and smooth geometries. As an example, scattering prob-
lems involving a large sphere with a radius of 64 are considered. The sphere is illuminated by a
plane wave, and scattering problems with different discretizations are solved by using MLFMA
implementations employing the MFIE and CFIE (a = 0.2) formulations. In Figure 2.60(a), the
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Figure 2.58 The forward-scattered RCS (m?) of a PEC cube with edges of (a) A and (b) 24 as a function
of the number of unknowns. Source: Ergiil and Giirel 2006 [128]. Reproduced by permission of Radio
Science — American Geophysical Union AGU.

normalized forward-scattered RCS is plotted with respect to the number of unknowns. Since
the size of the scatterer is fixed with respect to the wavelength, the number of unknowns is
controlled by changing the fineness of the triangulation. As the number of unknowns increases
from about 50 000 to 500 000, all computational curves approach the analytical value obtained
by a Mie-series solution. Convergence is significantly faster for the MFIE and CFIE formula-
tions with the LL functions, and MFIE with the RWG functions has the slowest convergence.
One can also observe the relatively poor performance of CFIE with the RWG functions. Since
the computational resources required for the RWG and LL functions are similar for a fixed
number of unknowns, the LL functions are superior to the RWG functions because of the
significant boost in the accuracy.

Figure 2.60(b) offers another view for the accuracy of RCS results obtained with the RWG
and LL functions. The RCS error, which is defined as the error in the scattered field in reference
to an exact Mie-series solution, is plotted on a log-log scale as a function of the number of
linear unknowns per wavelength. Then, the slope of the error curve signifies the order of the
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Figure 2.59 The co-polar bistatic RCS (in dBm?) of the stealth airborne target Flamme at 3 GHz. The
maximum dimension of the scaled geometry is 0.6 m, corresponding to approximately 64 at 3 GHz. The
target is illuminated by a plane wave propagating in the x-y plane at 160° angle from the x axis, with the
electric field polarized in € direction (vertical polarization).

convergence of the numerical solution. It is seen in Figure 2.60(b) that the error decreases
with higher slopes for the LL functions than for the RWG functions, demonstrating that the
LL functions provide higher-order convergence. Note that the slopes of the error curves for
the LL functions are not constant, as opposed to the slopes of the error curves for the RWG
functions. This is because the LL functions reduce the error so effectively that the residual error
is mainly due to the discretization, i.e., the error in the geometrical representation of the sphere.
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Figure 2.60 (a) The normalized forward-scattered RCS (RCS /za?®) of a sphere with a radius of 61
as a function of the number of unknowns. The dots on the curves correspond to the /10 discretization.
(b) The error in the scattered field as a function of the number of linear unknowns per wavelength. Source:
Ergiil and Giirel 2007 [129]. Reproduced with permission of IEEE.
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In Figure 2.61(a), the normalized bistatic RCS (RCS /za?) of a sphere with a radius of 61
is presented. The sphere is discretized with mesh sizes of about 4/8 for RWG and A/5 for
LL. Then, the number of unknowns is approximately the same for the RWG and LL cases
although the triangulation is coarser for the LL case. In Figure 2.61(a), computational results
are obtained with the CFIE (a = 0.2) formulation, and analytical results are also displayed.
The plot is divided into two parts with different scales of the y axis for clarity of details. For
bistatic directions from 0° (backscattering) to 135°, the LL functions unambiguously provide
more accurate results. In the range from 135° to 180° (forward-scattering), the improvement
is not evident in the dB scale. On the other hand, the relative error is plotted in Figure 2.61(b),
where the large error in the forward-scattering direction is visible. The error with the LL
functions is consistently lower and under 0.2%. The error with the RWG functions peaks in
the forward-scattering direction, where it is above 4%. This error may not acceptable since
near-field and far-field interactions of the matrix equation are calculated with a maximum error
of 1% and 0.1%, respectively. Furthermore, the relative residual error in the iterative solution is
1079 so that one expects the total computational error to be 1% at most. In the RWG case, the
error due to the simultaneous discretization of the geometry and current distribution is signif-
icant and dominates the computational error. As Figure 2.61(b) suggests, the excessive error
due to the discretization with the RWG functions can be easily prevented by replacing them
with the LL functions.

Figure 2.62 presents the results of scattering problems involving a relatively long object
with sharp edges and corners, as also described in the figure. The scatterer is composed of
planar surfaces only, and therefore, its triangulation does not lead to a deviation from the actual
geometry, as opposed to the sphere. The object is illuminated by a plane wave propagating in
the —y direction and the forward-scattered RCS is calculated at 4 GHz by employing the MFIE
and CFIE (a = 0.2) formulations with the RWG and LL functions. Different discretizations
with the triangulation size varying from 1.5cm to 0.375 cm are applied, leading to total of
15,340 to 238,672 triangles, respectively. The 4/10 triangulation corresponds to 91 782 edges
on the object. Figure 2.62(b) presents forward-scattered RCS values with respect to number
of unknowns; once again, all four curves tend to converge to each other as the mesh gets
denser, the number of unknowns increases, and computations become more accurate. However,
the convergence rate depends on the types of the formulation and basis function. MFIE with
the RWG functions has the slowest convergence while CFIE with the RWG functions shows
relatively poor performance compared to the MFIE and CFIE formulations employing the LL
functions. As in the case of the large sphere problem, the LL functions provide significantly
improved accuracy for both MFIE and CFIE solutions of the problem.

2.3.11 Excessive Discretization Error of the Identity Operator

Recent studies on the accuracy of surface integral equations show that the identity operator
is a major error source in numerical solutions. This may explain why normal and mixed for-
mulations involving well-tested identity operators are significantly inaccurate compared to
tangential formulations. Discretization of the identity operator is trivial. The integral

T [mnl= / drt, (r) - b, (r) (2.325)
S

m



Solutions of Electromagnetics Problems with Surface Integral Equations 161

2 40
Analytical
o LL (65724) ]
| * RWG (64556) | o130
: e
............. et 4 20
............. SRS O s 20 BT
Q e 9 ‘o
9 g9 P 10l /| 0
Analytical : E ' ’ ° G;‘ .
3| nalytica U I SO EN | SRS _q
31— LL (65724) : ’ s s 0
--- RWG (64556) z : _
-4 : : e —20
0 45 90 135 150 165 180
Bistatic angle Bistatic angle

(@)

w

Relative error (%)

O bl :
1
1
1
1
1 b 1
1
1
: : : al
Do 5 LY
o ettt am N LR B ]
0 45 90 135 180
Bistatic angle
(b)

Figure 2.61 (a) The normalized bistatic RCS (RCS /za?) of a sphere with a radius of 6 as a function
of the bistatic angle from 0° (backscattering) to 180° (forward-scattering). (b) The relative error for the
bistatic RCS depicted in Figure 2.61(a). The error for the RWG functions is significantly larger than the
error for the LL functions, especially in the forward-scattering direction, where the RWG error is above
4%. Source: Ergiil and Giirel 2007 [129]. Reproduced with permission of IEEE.
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Figure 2.62 (a) A scatterer composed of planar surfaces connected with sharp edges and corners.
(b) The forward-scattered RCS (m?) with respect to the number of unknowns for the scatterer in
Figure 2.62(a) illuminated by a plane wave propagating in the —y direction at 4 GHz. The curves are
obtained with CFIE and MFIE implementations employing the RWG and the LL functions. Source:
Ergiil and Giirel 2007 [129]. Reproduced with permission of IEEE.

does not contain any singularity and it can be evaluated accurately (even exactly, if desired) by
using a low-order Gaussian quadrature rule. On the other hand, the identity operator behaves
like an operator with a highly singular kernel [120],[140]. This alternative interpretation can
be understood when (2.325) is rewritten as a double integral over basis and testing functions as

-T
1 [m,n]=/
S,

m

drt,(r) - / ar's@r,r' )b, (r), (2.326)
S)l
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Figure 2.63 RMS of the far-zone electric field due to nonradiating currents {J"(r), M™(r)} expanded
on the surface of a sphere with a radius of 0.54. The surface is illuminated by a plane wave with unit
amplitude propagating in free space.

where 6(r, ') is a Dirac delta function as the kernel of the operator. Therefore, the discretization
of the identity operator may cause an unexpectedly large error, even though the discretization
itself involves very small or no error.

To present the excessive error due to the discretization of the identity operator, one can con-
sider the expansion of the nonradiating currents {J inc M"Y in a series of the RWG functions,
as in (2.176). For an arbitrary surface, the unknown coefficients a;’” and af{f can be calculated
by using two different methods:

e The matrix equation in (2.193) is solved. This method involves only integro-differential
operators and does not contain any (well-tested) identity operator.

e The identity equation in (2.190), which is remarkably simpler than the first one, is solved.
This method does not involve the discretization of any integro-differential operators.

Note that the two expansion methods are analogous to solutions of electromagnetics problems
using tangential and normal/mixed formulations, respectively. In fact, solutions with surface
integral equations can be interpreted as the expansion of total currents (instead of nonradiating
currents) in a series of basis functions.
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Figure 2.64 RMS of the far-zone electric field due to nonradiating currents {J™(r), M"™(r)} expanded
on the surface of a cube with 0.5 edges. The surface is illuminated by a plane wave with unit amplitude
propagating in free space.

Figures 2.63 and 2.64 present computational experiments on two different geometries; a
sphere with a radius of 0.54 and a cube with edges of 0.54. Both objects are illuminated by a
plane wave propagating in the —x direction with the electric field polarized in the y direction.
Amplitude of the plane wave is unity. Nonradiating currents {J"¢, M"} are expanded in a
series of the RWG functions on the objects using the two methods described above, i.e., using
directly tested K and 7 operators and using the identity operator. Expansion coefficients are
calculated and used to compute radiated fields in the far zone. The far-zone electric field in 6
and ¢ directions is sampled at 360 points as

Ef gyl = lim {7E ,4)(r.0 = 7/2,¢,)}, (2.327)

where ¢, = (n — 1)z /180 forn = 1,2, ...,360. Then, the root mean square (RMS) of the total
electric field is calculated as

360
1 o o
frus =\ 565 2 (1 ES 11> +1 Egim)?). 2328)

n=1
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Since the expanded currents {J"¢, M} should not radiate, RMS value in (2.328) directly
corresponds to the error in numerical calculations. Using the RWG or LL functions defined on
planar triangles, one can compute far-zone fields analytically; hence, the error is only due to
the discretization of currents.

Figures 2.63 and 2.64 present the RMS value in (2.328) for the sphere and cube problems,
respectively, as a function of the number of elements per wavelength. In both cases, the RMS
value decreases as the triangulation becomes finer. However, there exists a significant discrep-
ancy between the results obtained with the two discretization methods. Given a mesh size, the
RMS value is consistently smaller with the first method using integro-differential operators
compared to the second method using well-tested identity operators. In other words, the dis-
cretization of the identity operator generates larger error compared to the discretizations of the
K and T operators, even when the same set of the RWG functions is used. Figures 2.63 and
2.64 also show that the error can be reduced by using the LL functions for the discretization
of the identity operator.

2.4 Composite Objects with Multiple Dielectric and Metallic Regions

Surface formulations can easily be extended to those problems including composite objects
with multiple dielectric and PEC regions. The generalized procedure consists of the following
main stages:

e Formulate an equivalent problem for each nonmetallic domain by defining equivalent cur-
rents, applying operators on currents, and enforcing boundary conditions for tangential
fields.

e Perform a discretization for each domain by employing oriented basis and testing functions.

e Combine related unknowns on boundaries and the corresponding equations to form a single
matrix equation to solve.

o Calculate radiated electric and magnetic fields from equivalent currents.

This generalized procedure is discussed in [75] in the context of a EFIE-CFIE-PMCHWT for-
mulation, together with various techniques to handle junctions, where three or more domains
intersect. In this section, JIMCFIE is extended to those problems involving composite structures
with multiple dielectric and PEC regions.

Consider a general case involving U regions, namely, Dy, Dy, ..., Dy;_;, and Dy, is a region
extending to infinity. Each region D, for u =0, 1,...,(U — 1) is either metallic with perfect
conductivity or dielectric with constant electromagnetic parameters, i.e., permittivity €, and
permeability p,. Each region D, has a nonzero volume and is bounded by a closed surface
S, Then,

U
Su= D Sun (2.329)
v=1 v#u

where S, = §,, is the interface between the regions D, and D,. For an interface S,, for
u < v, the unit normal vector 7 is directed into the region D,,.

For numerical solutions, surface currents are expanded in a series of the RWG functions.
If there is no junction, each basis (RWG) function is located on the interface of two regions,



166 The Multilevel Fast Multipole Algorithm (MLFMA)

Scenario 1 Scenario 2
D, D,

o % D

Scenario 3

Figure 2.65 Different scenarios for the interactions of the basis and testing functions on composite
objects.

such as D, and D,. For u < v, D, and D, are called the first and second regions, respectively,
of the basis function. In addition, basis functions are indexed by first considering nonmetal-
lic surfaces, which involve Nj, < N basis functions. On these surfaces, which separate two
dielectric regions, both electric and magnetic currents are expanded in a series of the same set
of basis functions b, forn = 1,2,..., Np. The remaining (N — Np,) basis functions, if any, are
defined on metallic surfaces to expand the electric current. Using a Galerkin scheme for the
discretization, the same set of the RWG functions are employed as testing functions, i.e., there
are N testing functions to test boundary conditions.

In accordance with the definitions above, Figure 2.65 depicts different scenarios for inter-
actions of basis and testing functions. In the first scenario, the basis (blue) and testing (red)
functions are located on the same surface (S,;) between D, and D,. Hence, these functions
interact through both D, and D, . In the second scenario, the basis function is located on S,
between D, and D,, whereas the testing function is located on S;;. Hence, in this case, the
functions interact only through the region D . Finally, in the third scenario, the basis function
is located on S;,, whereas the testing function is located on Sy; between D, and Ds. Then,
these functions do not interact since there is not any common region.

For general composite objects, discretizations of JMCFIE lead to (N + Np) X (N + Np)
dense matrix equations in the form of

—JMCFIE —JMCFIE C
u 22 o, | g [
L L p|.|™ (2.330)
JMCFIE JMCFIE a JMCFIE
NpxN NpxNp
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Consider the interaction of the mth testing function #,, and the nth basis function b,,, and let a
dielectric region D,, be common for the two functions. Then, the corresponding matrix element

) ) .. =IMCEFE .
in the diagonal partition Z;; in (2.330) can be written as

—JMCFIE

Zy [m, n]<L - %/ drt,(r) - b,(r)
Sm
+ 5}1/ drtm(r) N ﬁ X KPV,u{bn}(r)
Sm

+ &l / drt,(r) - T,{b,}(r), (2.331)
SHI

where the «— notation is used to indicate the cumulative addition operation, since the value in

—JMCFIE
(2.331) may not be the only contribution to Z; [m, n]. Specifically, if ¢,, and b, are on the
same nonmetallic surface, such as depicted in the first scenario in Figure 2.65, then both regions

of these functions are common, and the corresponding matrix element Z; [m, n] involves
two sets of contributions, i.e., the interactions of the basis and testing functions through the
two regions. In (2.331), signs &,, = +1 and &, = +1 are determined by the orientations of the
basis and testing functions. If the common region D, is the “first’ region for the basis (testing)
function, then ¢, = +1 (§,, = +1); otherwise, &, = —1 (£, = —1).

When the basis function b,, is not on a metallic surface, i.e., n < Np, there exists a matrix
—IMCFIE
element Z,, [m, n] in (2.330). A contribution to this element due to the interaction of the

basis and testing functions through the common region D,, can be written as

—IMCFIE + I .
Z,, [m,n] «— — > M / drt,(r) - i X b,(r)
+ énr]u_l/ drtm(r) -h X Tu{bn}(r)
Sm
~ G [ drty0)- Ky 18,0 (233)
Sm

When the testing function #,, is not on a metallic surface, i.e., m < N, there exists a matrix
—JMCFIE ) o
element Z,; [m, n] with a contribution as

—IMCFIE + &, R
Z,, [m,n] «— 5”" drt,(r) - it X b,(r)
S

- 5;1’714/ drtm(r) <R X 7Vu{bn}(r)

m

+ Enlimlu / drt,(r) - Kpy ,{b,} (). (2.333)

m

When both of the basis and testing functions are not on metallic surfaces, there exists a matrix
—IMCFIE o ) —JMCFIE )
element Z,, [m, n], which is equal to the corresponding element of Z, [m,n],ie.,

—JMCFIE —JMCFIE
Z,, Imnl=Z,  [mnl (2.334)

for m < Np and n < Np,.
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In general, each nonmetallic region may host some external sources that produce incident
electric and magnetic fields, i.e., E™ and H. Consider a testing function t,, on the surface of
anonmetallic region D,,. Incident fields in D, are tested by #,, and added to the related element
in the upper partition of the RHS vector, i.e.,

wMCFE,) 2 e / drt, (r) - it x H" (r)
S

=& / drt,,(r) - EI“(r), (2.335)

m

where &, = +1 is determined by the orientation of ¢,,. In addition, when the testing function
t,, is not on a metallic surface, i.e., m < N, there exists a corresponding element in the second
partition of the RHS vector in (2.330). Contribution to this element due to incident fields in
region D, can be written as

+ .
wMHEm] — ¢, / drt,,(r) - i X EJ“(r)
S

— &M, / drt,,(r) - H(r). (2.336)

m

2.4.1 Special Case: Homogeneous Dielectric Object

Formulations given in this section can be easily applied to the special cases illustrated in
Figure 2.66, i.e., a homogeneous dielectric object and a coated dielectric or metallic object.
Assume that incident fields exist only in region D, which extends to infinity. In the case of
a homogeneous dielectric object, there are two regions, namely, D, and D, . Since there is no
metallic surface, N, = N, and the size of the matrix equation obtained from the discretiza-
tion of JMCFIE is 2N x 2N. All RWG functions are located on the same surface, and each
matrix element involves two sets of contributions due to the interactions of the basis and test-
ing functions through the regions D, and D;. Using (2.331), (2.332), and (2.333), one can

Einc, Him: Eint, Hinc S12
So1 So1
Dy Dy D,

(@) (b)

Figure 2.66 Electromagnetics problems involving (a) a single dielectric object and (b) a coated dielec-
tric or metallic object located in homogeneous space.
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derive
—IJMCFIE  —JMCFIE
Z, =7 = —/ drt, (r)-b,(r)
Sl‘l‘l
/drt r)-ax|[Ky—K]| {b,}@)
+ / drt,(r) - [Ty + 7] {b,} (@) (2.337)
—IMCFIE | _ 4
Z, = 5( -1y ) drt,(r) - xb,(r)
+ / drt,,(r) - i X [’75176 — ;' 7] {B,}@)
Sﬂl
- / drt,,(r) - [ny Ko + 07 K] {b, 1) (2.338)
Sm
—IMCFIE | .
Z,, = E(no - ’71)/ drt,(r)-nxb,(r)
SW!
- [ty [n7y = 0,77 8,00
Sm
+ / drt,,(r) - [noKo +m Ky {b,}(r) (2.339)

Sin

form,n =1,2,...,N. In addition, by testing the incident electric and magnetic fields, the ele-

ments of the RHS vector can be calculated as

wiMCFIE = — / drt,(r) - i x Hy“(r) — ;" / drt,(r) - Ej“(r)

S

m m

wVICHIE / drt,,(r) - i X E}“(r) — g / drt,,(r) - Hy“(r)

m m

(2.340)

(2.341)

form =1,2,...,N. The expressions in (2.337)—(2.341) agree with those in (2.58)—(2.63) and

(2.72).

2.4.2  Special Case: Coated Dielectric Object

In the case of a coated dielectric object, there are three nonmetallic regions, namely, D,
D, and D,, while D, is between D, and D,, as depicted in Figure 2.66. Since there is no
metallic surface, N, = N, and the size of the resulting matrix equation is 2N X 2N. Let the
first Ny, basis/testing functions and the remaining Ny, = (N — N,;) basis/testing functions be
defined on surfaces S, and S, respectively. Each partition in (2.330) can be divided into four
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subpartitions, i.e.,

—JMCFIE —JMCFIE

MCFIE Zupni ab,12

Zab = | =IMCRE —IJMCFIE (2.342)

a2t L2 gy

—IMCFIE —JMCFIE
fora = 1, 2and b = 1, 2. In (2342), Zab,ll and Zab,22 represent NO] X NO] and N02 X N02

matrices containing the interactions of the basis and testing functions located on S; and Sy,,
respectively. Form,n = 1,2,..., Ny,

—JIMCFIE —IMCFIE
Z]],ll [mv n] = Zzz,]] [m, }’l] = - drtm(r) . bn(r)

Sm

+ /S drt,(r) - i X [Kpy g — Kpy,1| {b,}0)

m

+ / drt,(r) - [Ty + 7| {b,}() (2.343)
N

m

—IMCFIE 1 ~ X
Zypy [mn]= 5('11 h— '101)/ drt,(r) - i X b,(r)
S’Tl

+/S drt,(r) - i X [n5' Ty — 07 ' 1] 18,3 ()

- / drt,(r) - [n5 Kpyo + 17 Kpyi] 18,1 @) (2.344)
Sm

_IMCFIE 1 .
Zy 1 [m,n] = 5('70 =m) [ drt,(r)-aXxb,(r)
S

- / drty () - i [T — mTi] {B,}0)

Slﬂ
+ / drt,(r) - [noKpyo +mKpy,| {b,}@). (2.345)
S
For m,n = Ny, + 1), (Ny; +2), ..., (Ny, + Npp), and (m',n") = (m — Nyj,n — Ny,),
—JMCFIE_ , ,  =ZJMCFEE_ , ,
le,22 [m,n] :Z22’22 [m ,n] = — drtm(l‘)-bn(r)
Sm

+ /S drt,(r) - R X [Kpy; — Kpyo| {6,}()

m

+ / drt,(r) - [T} + T, {b,} () (2.346)
S,

m

IMCFEE_ , , 1 _, X
Ziryy [m',n']= 5(712 —ny) [ drt,(r)-faxb,(r)
s

m

+ / drt, () - 2 [T, = 15 T3] (b, ) )

m

(continued)



Solutions of Electromagnetics Problems with Surface Integral Equations

171

_/ drt,(r) - [n7' Kpy, +’72_1]CPV,2] {b,}(r)

m

ZIMCFE_ , , | .
S

- / drt, () - 2 X [m Ty = T3] (B,})
S

m

+/ drt,(r) - [m Kpy, + ’72]CPV,2] {b,}(r).
s

m

—JMCFIE —JMCFIE

(2.347)

(2.348)

On the other hand, the off-diagonal subpartitions, i.e., Z,,;, andZ,,,; ,involve the inter-
actions of the basis and testing functions that are located on different surfaces. These basis
and testing functions interact only through the region D,. For m = 1,2,..., Ny, n = (Ny;, +

1), (N()l + 2), ey (N01 + N02), and n/ =n- NOl’

—IMCFIE — 1
Zyn Imn') =2y lmn'] = 5/ drt,,(r) - b,(r)
Sm

+ / drt,(r) - i X Kpy 1 (b, }(r)
S

—/ drt,,(r) - T, {b,}(r)
Sm

—JMCFIE ) ny! X
Ziyy Imn']= > drt,(r) - X b,(r)
Sm

! / drt, () -7t X T (b, (")

m

+ ’71_1/ drt,(r) - Kpy 1 {b,}(r)

m

—IMCFIE
Zy 1, [m,n']= %]/ drt,(r) - i X b, (r)
Sm

. / drt, (r) - it X Ty (b, ) (r)

m

- ;11/ drt,(r) - Kpy 1{b,} ().

Form = (N()] + 1),(N01 +2),...,(N01 +N02),n= 1,2,...,N0],andm' =m—N01,

—JMCFIE 1

Zyy [l =Zy,[m' 0] = E/ drt,,(r) - b,(r)
Sm

- / drt,(r) - i X Kpy 1 (b, }(r)

Sm

(continued)

(2.349)

(2.350)

(2.351)
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- / drt, (r) - T b, }(r) (2.352)

m

—JMCFIE

-1
n
Ziyy [m.n]= 17/ drt, (r)- i X b,(r)
Sm

e / drt, (r) - i X Ty 1B, (1)

m

+ ’71_1/ drt,(r) - Kpy 11b,}(r) (2.353)
s

m

—IMCFIE_ n

21,21 [m,n]= drt (r) axb (I’)

+ ’71/ drt,(r)- i X T\{b,}r)

m

—n / drt,(r) - Kpy 1 15, } (). (2.354)

m

2.4.3 Special Case: Coated Metallic Object

In the case of a coated metallic object, there are two nonmetallic regions, i.e., Dy and Dy,
and the size of the matrix equation is (N + Np) X (N + Np), where N, < N. Let the first
N basis/testing functions be located on the surface S, and the remaining Ny, = (N — Np)
basis/testing functions be located on the metallic surface Sy,. Then, the expressions for

—IMCFIE
the matrix elements in the diagonal partition Z; are the same as the expressions in
(2.343), (2.346), (2.349), and (2.352), which are derlved for the coated dielectric object. On
—IMCFI
the other hand, the off-diagonal partition Z,, becomes a rectangular matrix with two
subpartitions, i.e.,
—IMCFIE
zJMCFIE _ Ziy 7355
12 | =IMCFIE ’ (2.355)
12,21 INXNp,
) —IMCFIE —IM
where the matrix elements Z, ;; [m,n] and Zy,,; [m,n] form,n=1,2,...,Np and m’ =

—JMCFIE
1,2,..., Ny, are calculated as in (2.344) and (2.353). The off-diagonal partition Z,, also

becomes a rectangular matrix, i.e.,

ZIMCFIE [ JMCFIE —JMCFIE]
= , 2.356
21 [ 2o NpxN ( )
.. —IMCFIE —IMCFIE
where the subpartitions Z,,,; [m,n] and Z, , [m,n'] for m,n=1,2,...,Np, and
~ZIMCFIE
n' =1,2,...,Ny, are calculated as in (2.345) and (2. 351) The diagonal partition Z,, is

—IMCFIE
an Np X ND matrix with elements Z,, [m,n] = le [m n]form,n=1,2,...,Np.
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Numerical Results

As numerical examples, Figures (2.67) and (2.68) present the solution of large scattering prob-
lems discretized with 1,264,128 unknowns. A sphere of radius 54, is placed inside another
sphere of radius 104,. Four different cases are considered:

The relative permittivities of the core and shell are 4.0 and 2.0, respectively.
The relative permittivities of the core and shell are 2.0 and 4.0, respectively.
The core is metallic and the relative permittivity of the shell is 2.0.
The core is metallic and the relative permittivity of the shell is 4.0.

The scattering problems are solved via 6-level MLFMA, and iteration counts are 101,
283, 75, and 187, respectively, for 1073 residual error. Figures 2.67 and 2.68 presents the
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Figure 2.67 The normalized bistatic RCS (RCS/42) of a structure involving spheres of radii 54, and
104, when (a) the relative permittivities of the core and shell are 4.0 and 2.0, respectively, and (b) the
relative permittivities of the core and shell are 2.0 and 4.0, respectively. Source: Ergiil and Giirel 2009
[83]. Reproduced by permission of Radio Science — American Geophysical Union AGU.
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Figure 2.68 The normalized bistatic RCS (RCS/42) of a structure involving spheres of radii 54, and
104,, when (a) the core is metallic and the relative permittivity of the shell is 2.0 and (b) the core is
metallic and the relative permittivity of the shell is 4.0. Source: Ergiil and Giirel 2009 [83]. Reproduced
by permission of Radio Science — American Geophysical Union AGU.

normalized bistatic RCS (RCS/A2) values on the z-x plane, where 0° and 180° correspond
to the forward-scattering and backscattering directions, respectively. A good agreement is
observed between the computational and analytical results.

Figure 2.69 presents another example involving a spherical object with three dielectric
regions. A dielectric sphere of radius 0.3a is coated with two dielectric shells of radii 0.5a and
a, where a changes from 2.04, to 2.64,. The relative permittivities of the core, inner shell,
and outer shell are 1.44, 1.96, and 4.0, respectively. Only one discretization involving 215,304
unknowns is used for the entire frequency range. As depicted in Figure 2.69, solutions are
performed efficiently with maximum 101 iterations using 4PBDP. Figure 2.69 also shows
the normalized RCS (RCS /za?) in the backscattering direction as a function of a in terms of
the wavelength. It can be observed that the computational values are in agreement with the
analytical values obtained by Mie-series solutions.
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Figure 2.69 Iteration counts for the solution of scattering problems involving a dielectric sphere of
radius 0.3a coated with two dielectric shells of radii 0.5a and a, where a changes from 24 t0 2.64,,. The
relative permittivities of the core, inner shell, and outer shell are 1.44, 1.96, and 4.0, respectively. The
normalized RCS (RCS /za?) of the structure in the backscattering direction is also plotted as a function
of a in terms of wavelength. Source: Ergiil and Giirel 2009 [83]. Reproduced by permission of Radio
Science — American Geophysical Union AGU.

2.5 Concluding Remarks

As detailed in this chapter, electromagnetics problems involving three dimensional objects
with arbitrary shapes can be formulated rigorously with surface integral equations. Alternative
formulations and discretizations are available for metallic, dielectric, and composite objects.
Iterative solutions of these problems with sequential and parallel implementations of MLFMA
will be focused in the next chapters.






3

[terative Solutions of
Electromagnetics Problems

with MLFMA

This chapter is devoted to iterative solutions of electromagnetics problems with MLFMA.
Starting from the factorization and diagonalization, MLFMA is discussed in detail. Local
interpolations and anterpolations are particularly focused for accurate and efficient imple-
mentations. Iterative solutions of metallic and dielectric objects are investigated and com-
pared for different formulations and iterative algorithms. Finally, low-frequency MLFMA
(LF-MLFMA) implementations based on multipoles are presented for rigorous analysis of
small objects discretized with large numbers of unknowns.

3.1 Factorization and Diagonalization of the Green’s Function

FMM and its multilevel version MLFMA are derived from the factorization and diagonal-
ization of the Green’s function. As detailed in this section, the factorization of the Green’s
function is based on the addition theorem.

3.1.1 Addition Theorem

Consider the decomposition of an arbitrary three-dimensional vectorr;; = r; —r; = (r;;, 0, ¢;;)
into three vectors as

ry=ry+ry+ry, (3.1)
where
ry =rp=r;=(y.0y.91) (3.2)
ri =1, =r; =y 0. i) (3.3)
ry =1y =1 =05 dp) G4

The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-Scale Computational Electromagnetics Problems,
First Edition. Ozgiir Ergiil and Levent Giirel.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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and |r;| > |ry +rj|. The addition theorem can be written as

!

[es] t
Vo k)= D RV Gory +)ba 0Ty, (3.5)
t'=0 u'=—t'
where
¥, (k) = i (kn)Y, (0. 9) (3.6)
and
R{Y, (k1)) =j(kn)Y, (0, D) (3.7)

represent wave functions (multipole fields). In (3.6) and (3.7) h;l) is the spherical Hankel func-

tion of the first kind, j, is the spherical Bessel function of the first kind,

Qt+1)(@—u)!
4 (t+uw)!

Y,,(0,9) = PY(cos 6) exp(iug) 3.8)

represents spherical harmonics, and P} is the associated Legendre function. The multipole-
to-multipole translation function in (3.5) can be derived as

o) ,//
a,/,ul’,,u(k,r) = Z Z 47[itl+t”_t q}tu’un(k,r)Gt’u’t/,u/’l//’u//, (39)
"=0 u!'=—t"
where

Gyougt g it = /dzifY;,u(e’ ¢>)Yt*,’u,(0, d))Yl*",u” @, ) (3.10)

are the Gaunt coefficients. In (3.10), ‘%’ represents the complex conjugate operation. Using
/dzlAcY,’fu(O, D)y 10, ) = 8,16, (3.11)
Y,,(0.9) = (=1)"Y_,(6, ¢), (3.12)

and Y ((0, ¢) = 1/4/4x, one can obtain

GO,O,t’,u’,t”,u” = / dzkY0,0(07 ¢)Y;’u/(9v ¢)Y;/’uu (07 ¢)

—1 u A
_ &b / PRYS (0, 0)Yun_(0, )
An '
(—1)”,/
= —51’),‘”5u’(—u”) (313)
4r
and
1
Gt,u,O,O,t”,u" = _5tt”5uu” (314)

\/E
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1
Gt,u,t’,u’,O,O = 6[[’51414’ . (3.15)
Var
Setting t = u = 0 in (3.9) and using (3.13), the monopole-to-multipole translation function

can be derived as

00 "

At
at/,u/’o,o(k, r) = Z 2 4ﬂlt * lPt//’un(k, r)GO,O’,/’u/’,u’uu
=0 ul'=—t"

f”

[ee]
2 3 Axi W k)1 S8
l/ =0

ul! =—¢"

EE

S DA V(A
J71WWWmn4ww (3.16)

Similarly, setting 7’ = u’ = 01in (3.9) and using (3.14), the multipole-to-monopole translation
function is derived as

0,k ?) = VALY, (k,F) = VazhD (kn)Y, 0, §). (3.17)

Finally, setting t’ = u’ = 0in (3.16) or t = u = 0in (3.17), the monopole-to-monopole trans-

lation function can be derived as
exp(ikr)
@000tk ) = VAzhy (kYo (0, ) = g (r) = — —, (3.18)

which is simply a scaled version of the homogeneous-space Green’s function.

It is remarkable that most of the Gaunt coefficients are identically zero. Considering only
nonzero terms, the multipole-to-multipole translation function can be rewritten as

|t+t'|
k)= Y Az DGy - (3.19)
t"=|t—t"|

Using (3.19) and (3.13)—(3.15), it is possible to derive the monopole-to-multipole and

multipole-to-monopole translation functions as

Q! tu

[t

_ !
at’,u’,O,U(k’ I‘) = Z Ari ‘Pt”,—u’(k’ r)GO’O,,,,u/’,/,,_ur

t"=|—t'|
’ 1)~
= 47?(—1)[ lPt/ /(k r)( ) 6t/t15u/ul
Véar
= V(1) _.(kr) (3.20)

and
l7]

o ,l_
%00,k T) = Z Ari” Y, (k)G 000

"=t

= 42, (kP81 8 = VAT, (K, 1), (3.21)

tu

respectively.
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The addition theorem can be used to factorize the homogeneous-space Green’s function, i.e.,

ik
grr) = ——=¥ (k.1;)
4

[« '
ik
! Z 2 m{‘l‘t/’u!(k,ri] +ri)}at/’ul’0’O(k, rH).

V 4 t'=0 u'=—t'

Using (3.6), (3.7), (3.12), and (3.20) in (3.22), one can obtain

o0 t

gy =ik D Y R{W  Cery + 1)1, (kT
t'=0 u'=-1'

o t!

. /., 1 *
=ik 2 Z (=1 Jorkrigg) Yo Gy 4)”,/-)}1;,)(kr,J)Yt,’u,(H,J, b1)

t'=0 u'=-t'

=ik Y (=1)jCkryhl) Geryy)
t'=0

!’

t
Y VoG b)Y s Orys by,

u'=—t'
where
Tt = (Figgjs Oigjs Pirgi) = Tig + 75
The inner summation in (3.23) can be evaluated as
l/

2 Yt’,u’(eiIJj’ ¢i11j)Y,*r,ur(9119 ¢1y) =

u'=—t'

Q2 +1)

in Pty "’ile)’

where P, is the Legendre polynomial. Inserting (3.25) in (3.23),
ik N, , N
gry,r)) = iz Z (=D @' + 1)]t’(kriljj)hffl)(krlj)Pt’ (Fpy - Typg)s
t'=0

which is called the Gegenbauer’s addition theorem.

3.1.2  Factorization of the Translation Functions
Consider a multipole-to-multipole translation from r; to r;, i.e.,

0 l”

_ o+t —t
at,’u,’,’u(k, rl-j-) = Z Z Ari ‘Ptu’u//(k, rlj)Gt’u,t/’u/’,u’uu.

=0 u!=—t"

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Using the addition theorem (3.5) in (3.27) and changing the order of summations,

o f

1 1 ko) = Z Z Ami TR{Y, , (Korgg)

=0 uj=—1

S "

"

it Gt,u,z’,u’,t”,u” all gt (k, rU). (328)

M=0 u!=—1"
The inner summations can be modified by using (3.9) as

) f”

A
1 Gt,u,t’,u’,t”,u”atl,ul,t”,u”(k’rl./)
=0 u!=—t"

[+ %) (o] t"

— i+

= E E 4ri th,uz(k’ r]]) E z Gt,u,t’,u’,t”,u”Gt”,u”,tl,ul,tz,uz
=0 uy=—t =0 y!'=—t"
[+3) 15) [+ "

— 1+

= Z Z Ari lpzz,uz(k’rlj) Z Z Gt,u,t,,ul,z”,u’/Gt”,u”,t’,u’,tz,uz
=0 ur=—tp =0 u!'=—t"

[//

o0
_ z: z: P
= 1 Gt,u,tl,ul,t”,u” at’,u’,r”,u”(k’ r,,)

00 t//
_ !t -t
= z 1 1 Gt,u,l",u”,ll,ulat’,u’,t”,u”(k’rIJ) (329)
M=0 u!=—t"
leading to
(e n
_ ot —t
G ki) = D D Ani TR, ()
t1=0 uj=-1;
) t//
e
Z Z l ! Gt,u,t”,u”,tl,ulat’,u’,t”,u”(k’rl./)
=0 u!'=—t"
) t//
=2 D et B (KT, (3.30)
M=0 u!=—t"
where
) t”
A
ﬂ,/’u/’t’u(k,r) = z z 47Z'lt + tm{lpt/r’u//(k, r)}G,,u,,,,u/,,u’uu (331)

=0 u!=—t"
is the multipole-to-multipole shift function. By performing similar derivations, one can also
show that

(e "

O ak) = DD B Py (K1), (3.32)

M"=0 u!'=—t"
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) [N
ﬂt’,u’,t,u(k’ rile) = Z Z ﬂt’,u’,t”,u”(k’ ril)ﬂt”,u”,t,u(k» rjj)* (333)

=0 u!=—t"

and

0 4] ¢S] 5]
at’,u’,t,u(k’ rij) = 2 Z Z Z ﬂt’,u’,tl,ul (k’ ril)

H=0 uj=—t; =0 up=—1
atl RARORT (k’ rIJ)ﬁtz,uz,t,u(k’ ri)' (3 34)

Note that the multipole-to-multipole shift function in (3.31) is the regular part of the
multipole-to-multipole translation function in (3.9). Considering only nonzero Gaunt
coefficients,

|e+t'|

B bty = D Az IRV g )Y Gpy 1 (3.35)

t"=t=t"|
Setting t = u = 0 in (3.35) and using (3.13), the monopole-to-multipole shift function is
derived as

||
A
ﬂt’,u’,0,0(k’ r) = Z 4ri H ER{‘PIH,_M/(k, r)}GO’O,,/’M/,,u,_M/

=|—1|

’ -1 —u’
= 471'(—1)[ 9{{‘1’,/,_u,(k,r)}Q&,/ﬂéwu,

4
= V(=D R{W, (k)
= Vaz(=1" ju )Yy (0. 9). (3.36)
Similarly, setting 1 = u’ =0 in (3.35) and using (3.14), the multipole-to-monopole shift

function is derived as

|1]

Boorukir) = D Az "R, (k1)) Gy 0,1

t"=t|

= 4R (Y, (k1)) ——5,5

4z

= VAZR{(Y, (k) = V), (kn)Y, (0, ). (3.37)

uu

Finally, setting t' = u’ = 01in (3.36) or = u = 0 in (3.37), the monopole-to-monopole shift
function can be derived as
sin(kr)

Booo0k,r) = \/Ejo(kr)yo,o(@ @) = jolkr) = e

(3.38)

which is the regular part of (3.18).
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Consider the application of (3.32) to the monopole-to-monopole translation function, i.e.,

0 l”

ao00ter) = D D Bogumur kel o 0(kory). (3.39)

=0 u!=—t"

Using (3.12), (3.16), (3.25), and (3.37) in (3.39), one can obtain the Gegenbauer’s addition
theorem as

| ik

g(r,‘,rj e

%000k, l;,')
. ",
=ik Y (=) juukry)h,) ery)
1""=0

t”

> D YO i)Y Oy )

W =—t"

_ ik

e 2 D@+ Dkl ()P Gy By, (340)

"'=0

which confirms (3.26).

3.1.3 Expansions
Consider a vector X = kX, where X >> r = |r| for a given observation point r. Then,

exp(ik|X +r|) N exp(ikX)
4m|X +r]  © 4nX

exp(ik - r). (3.41)

Using the Gegenbauer’s addition theorem and the large-argument form of the spherical
Hankel function, one can derive

exp(ik -r) = Y "2 + 1)j,(kr)P,(k - 7), (3.42)
=0

which can be interpreted as the expansion of a plane wave in a series of spherical waves. In
order to derive an expression for the expansion of a spherical wave in a series of plane waves,
both sides of (3.42) can be multiplied with P, (k - #'"), where # is an arbitrary direction.
Performing angular integrations on both sides,

/ d’k exp(ik - r)P (k- #'")

= / dzicZi’(zH 1)j,(kr)P (k- 7P, (k - #")
=0

Z i'(2t + 1)j,(kr) / d*kP (k - #)P,u(k - ") (3.43)
=0
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_ ; i'(2t + 1)Jt(/<r)(2 D

=4z ju (k)P - 7). (3.43)

P(r r )5t”

Choosing #”/ = #, plane-wave expansion of a spherical wave can be derived as

!

—7) ~ A~
Jon(kr) = % / d*kexp(ik - PP (k - 7), (3.44)
which is useful for diagonalization.

3.1.4 Diagonalization

Conventional implementations of FMM and MLFMA are based on the diagonalization of the
Gegenbauer’s addition theorem. Using (3.44) in (3.40) forr = r;;;; andr”” = r;, one can obtain

Z 1"+ DR (k) / d*kexp(ik - 1Py - 7). (3.45)

1""=0

8o = G )2

Changing the order of the summation and angular integration, the homogeneous-space
Green’s function can be written as

" .
grr) = (4; 2 / Pkpk,ryak,ry), (3.46)

where
pk,r) = exp(ik - r) (3.47)

is the diagonal (plane-wave-to-plane-wave) shift function and
atk,r) = Y '@t + Dy (kr)P,(k - 7) (3.48)
t=0
is the diagonal (plane-wave-to-plane-wave) translation function. In practice, the summation in
(3.48) is truncated as

a (er) =Y i'Qt+ DA (kr)Py(k - 7), (3.49)
=0

where 7 is the truncation number. Using (3.46), the derivatives of the Green’s function can also
be written in diagonal forms as

ik 5 .
{Vg}rir)= (‘;T)z/dzk(lk) exp(ik - rij)alk,ry) (3.50)

/ ik & .
{VV g}(rl«,rj) = (4;)2 / dzk(kk) exp(lk . r,-IJj)Ot(k, I'H) (351)

to be used for integral equation formulations.
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In general, the diagonalization can be applied to all multipole-to-multipole shift and trans-
lation functions. For example, consider a multipole-to-multipole shift fromr; tor;, i.e.,

t//

0
! —
ﬂt’,u’,t,u(ka rij) = z 2 471'11 ! IER{\P,H’”H(k,rij)}Gt’M’tI’ul!t//’uu
=0 u!=—t"

) t/l

=) D Ami" T k)Y (0 )

M=0 u!=—t"

/ &Y, ,(0.0)Y} (0. 9)Y (6. ). (3.52)

Changing the order of summations and angular integration, and using (3.25) and (3.42), one
can obtain

ﬁt’,u’,t,u(ka r[j) =4 / dzi&[it’ Y;‘;’u/(e’ d))][i_th,u(g’ d))]

0 !

Zit,,jz//(krij) Z Yz//,u”(eij’d)ij)Y;’,ll//(e’d))

=0 W =—t"

= / k(i Y), 0. DY, (0. 9)]

D@ + Djn k)P - 7y)

1""=0
= / k(i Y5, (0, )l explik - rpli™'Y, (0, )]
= / SRTY MO0, 9B )T (6, ), (3.53)
where
15770, ) = i7'Y,,(0. ) (3.54)
is the multipole-to-plane-wave transformer and
oMo, 6) =i"Y), 0, ) (3.55)

is the plane-wave-to-multipole transformer. Applying a similar procedure, the multipole-to-
multipole translation function can be diagonalized as

@ ullsry) = / KT 10, p) .y )alk. ) plle.r ) TI(6, ). (3.56)

Note that (3.56) reduces to (3.46) whent =u =1 =u’ = 0.
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3.2 Multilevel Fast Multipole Algorithm

Matrix equations obtained from the discretization of integral equation formulations can be
solved iteratively, where the required MVMs are accelerated by MLFMA. For an N X N dense
matrix equation, MLFMA reduces the complexity of an MVM from O(N?) to O(N logN). In
general, MLFMA splits MVMs as

z-x=zNF'x+sz-x, (3.57)

where near-field interactions denoted by Z nr are calculated directly and stored in memory
to perform the partial multiplications ZNF -x, while the multiplications involving far-field
interactions (2 rr - X) are performed efficiently using the factorization/diagonalization of the
Green’s function. Note that, for electromagnetics problems involving homogeneous dielectric
objects, the factorization/diagonalization should be applied separately for each medium.

3.2.1 Recursive Clustering

Without losing generality, consider a smooth object with an electrical dimension of kD, where
k = 2z / A is the wavenumber. Discretization (triangulation) of the object with 1/10 mesh size
leads to N unknowns, where N = O(k>D?). The fundamental idea in MLFMA is to replace
interactions of basis and testing functions with interactions of groups of functions. Specifically,
far-field interactions between distant basis and testing functions are calculated efficiently in a
group-by-group manner. In order to calculate far-field interactions (associated with a medium)
in a multilevel scheme, a tree structure is constructed by placing the object in a cubic box and
recursively dividing the computational domain into subdomains, until the box size is about
0.254. A multilevel tree structure with L = O(log(kD)) = O(log N) levels is obtained by con-
sidering nonempty boxes. Although the actual number of levels is (L + 2), the highest two
levels are not used directly in MLFMA. At level / from 1 to L, the number of boxes can be
approximated as

N, = 44-DN,, (3.58)

where N; = O(N). In other words, the number of boxes decreases approximately by a factor
of four from a level to the next higher level.

A tree structure in MLFMA can be constructed by using a top-down or a bottom-up scheme.
In the top-down scheme, the size of the largest cube enclosing the object is minimized, while
the size of the smallest boxes at the lowest level depends on the size of the object and the
number of levels. In the bottom-up scheme, however, the size of the smallest boxes is fixed to
some value (such as 0.251), and the box sizes at the higher levels are recursively doubled until
the whole object is enclosed by the largest box. For a given problem, one of the two strategies
can be preferable in terms of efficiency and accuracy.

In MLFMA, a multilevel tree structure must be constructed with less than O(N log N) com-
plexity. Otherwise, the recursive clustering part can easily become a bottleneck of the imple-
mentation. One can apply the following steps to construct a tree structure for a given discretized
object.
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e Determine the number of levels L and the box size at each level. Identify boxes from the
top to the bottom of the tree structure for each unknown. At this stage, boxes are indexed
according to their locations in the octree.

e Generate a real array of size N. The value of the nth element of the array is C + n/N, where
C is the index of the box at the lowest level including nth unknown.

e Sort the real-type array by using a quick-sort algorithm.

e By tracing the sorted array once, find the number of boxes and the number of unknowns in
each box.

e Rename each box by considering only nonempty boxes in the tree structure.

These steps work well for extremely large problems discretized with hundreds of millions
of unknowns.

3.2.2 Far-Field Interactions

In MLFMA, far-field interactions are calculated in a group-by-group manner using the fac-
torization and diagonalization of the homogeneous-space Green’s function [146, 147]. In each
MVM, three main stages, i.e., aggregation, translation, and disaggregation, are performed, as
described below.

In the aggregation stage, radiated fields of boxes are calculated from the bottom of the tree
structure to the highest level (/ = L). At the lowest level, radiation patterns of basis functions,
which are calculated and stored during the setup stage, are multiplied with coefficients pro-
vided by the iterative solver and combined to obtain radiated fields of smallest boxes. The
radiated field of a box C at a reference point r- can be calculated as

Sclre.k) =) x[n1S, . k), (3.59)

neC

where S, represents the radiation pattern of the nth basis function inside the box, and x[n]
represents coefficients provided by the iterative solver. In (3.59), the radiation functions S
and S, have only 6 and ¢ components, and they depend on the angular direction k. Radiated
fields of boxes at higher levels (I > 1) are obtained by shifting and combining radiated fields
of boxes at lower levels, i.e.,

Screk) = Y, plk,re —renSei(rer k), (3.60)
Cc’eC

where f is the diagonal shift function defined in (3.47).

In the translation stage of MLFMA, radiated fields of boxes are translated into incoming
fields for other boxes. The incoming field at the center of a box C (due to the translations) is
calculated as

Gelre.k)= Y aplkre —renSei(ren k), (3.61)
C'eF{C}

where F{C} represents boxes in the far-field list of C, and a,;, is the diagonal translation
operator defined in (3.49).
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In the disaggregation stage, total incoming fields at box centers are calculated from the top
of the tree structure to the lowest level. At the highest level, the total incoming field for a
box is obtained by the combination of incoming fields due to translations. At the lower levels,
however, the incoming field at the center of a box involves a contribution from the incoming
field at the center of its parent box. For a box C at a level [ < L, the total incoming field is
calculated as

Gz(rc,k) = Gc(rc,k) + ﬂ(k, rc - rc/)GZ, (rc/,k), (362)

where G is the incoming field due to translations, and C’ is the parent box of C, i.e., C € C’.
Following disaggregation operations at the lowest level, incoming fields are received by testing
functions via an angular integration as

N
— ik \2 .
;zFF[m,n]x[n] - (;—ﬂ> / PR, (1, K) - GL(re, ), (3.63)

where F,, represents the receiving pattern of the mth testing function inside a box C at the low-
est level. Similar to radiation patterns of basis functions, receiving patterns of testing functions
are also calculated during the setup of MLFMA.

3.2.3 Radiation and Receiving Patterns

Considering the calculation of far-field interactions as described above, the radiation pattern
of a basis function b, with respect to a reference point r, can be derived as

S, renk) = (;3><3 — kk) - / dr' expl—ik - (r' —rcn)lb, ('), (3.64)
Sn

where I e denotes the 3 X 3 unit dyad. In contrast to radiation patterns, receiving patterns (of
testing functions) depend on the operator and testing type. Specifically, the receiving pattern of
a testing function #,, with respect to a reference point r can be derived for different operators
(K and 7') and testing types (T and N) as

FXT(ro k) = —k x / drexplik - (r —ro)lt,, (r) (3.65)
Sm
TT —3%x3 An .
F, rc.k)y=UI —kk)- drexplik - (r —r)lt,(r) (3.66)
SW
FXN(re k) = —k x / drexplik - (r — ro)lt,,(r) X it (3.67)
Sm
TN =3X3 A~ . n
F, " (rc.,k)=U —kk)- drexplik - (r —rpo)lt,,(r) X it (3.68)
Sm
=k x FN(re k). (3.69)

For a lossless medium and using a Galerkin scheme,

Fl (e k) = {S,0rc. k) (3.70)
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FNT(re k) = =k x (S,,(rc, k) }* (3.71)

where ‘% represents the complex-conjugate operation.
For example, consider a half RWG function associated with the first triangle of the mth edge.
Then,

I, =3x3 ..
SRV (rer k) = = k) - / dr' expl[—ik - (r' —re)l@r =r,,) (3.72)
2Aml Sl
and
L, .
FEN-RYG G k) = ZA’" kxix / drexplik - (r —ro)r —r,,), (3.73)
ml S,

ml

where the integrals can be calculated analytically. For a first-kind LL function located on the
same triangle, the patterns can be written as

l —=3x3 .
1
St rer k) = Al O s =)
(71 = 1) X 2] - /S dr' expl=ik - (' =ren)l0 = 1,,1) G79
ml
[ N A
F’ISiN, L k) = _4(A—:1)2k X [y — 1) X 7]
(s = T) X A1 - / drexplik - (r' —ro)l’ =) G7)
Sml

where integrals are the same as those in (3.72) and (3.73).

For those formulations involving combinations of operators, a single set of aggregation,
translation, and disaggregation stages is sufficient for a MVM associated with a medium. This
is because, radiation patterns of basis functions, as well as radiated and incoming fields for
boxes do not depend on the operator and testing type. Only receiving patterns of testing func-
tions should be combined according to the formulation. As an example, consider JMCFIE for a
homogeneous dielectric object. Using the expressions for the matrix elements in (2.58)—(2.58),
the corresponding receiving patterns (of the mth testing functions) can be written as

FJMCFIE(I'C, ko) — FJMCFIE(rC,kO)

11,m 22.m
=F) (re.k,) + FyN e k,) (3.76)
S e k) =, F) N (e k) = 0y ' By e k) 3.77)
PN k) = n,F 0" (rek,) = n,F 0 e k,) (3.78)

for the outer medium and

JMCFIE _ pIMCFIE
Fiim  ok)=Fy, e k)

= —F] " (re.k) + FiN(re k;) (3.79)

Y e k) = 7 Fl N e k) + 07 FT (e k) (3.80)
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FE (e, k) = i FST e k) — nFr N (e k;) (3.81)

for the inner medium. Note that, for the consistency of orientations, the radiation pattern of
the nth basis function is defined as

SMCFE G, k,) = S, (rer. k,) (3.82)
and
SINCFE (e k) = =8 ,(rer. k) (3.83)

for the outer and inner media, respectively, where a = 1,2 and b = 1, 2.

3.2.4 Near-Field Interactions

In MLEMA, there are also O(N? /N,) = O(N) near-field interactions, which are calculated
directly in the setup stage of the program and stored in memory to be used multiple times
during the iterative solution. Using the one-box-buffer scheme, these interactions are between
the basis and testing functions that are located in the same box or in two touching boxes at the
lowest level. Also note that the near-field matrix Zy; has a sparsity of O(1/N;) = O(1/N).

3.2.5 Sampling

For each box in the tree structure, radiated and incoming fields are sampled on the unit
sphere. It is common to choose samples regularly spaced in the ¢ direction and to use the
Gauss-Legendre quadrature in the 6 direction [147]. Some examples of this sample scheme
are depicted in Figure 3.1. For level / = 1,2, ..., L, the number of samples is Sf =[z()+1]
and S;j’ = 2[z(]) + 1] along the 6 and ¢ directions, respectively, where z(/) is the truncation
number for the series in (3.49) to calculate translation operators. For each level /, the
truncation number can be determined by the excess bandwidth formula [159] considering the
worst-case scenario [170], i.e.,

(1) & 1.73ka, + 2.16(dp)*/> (ka))'/3, (3.84)

where g, is the box size and d, is the desired digits of accuracy. The sampling rate depends on
the box size as measured by the wavelength (ka; = 27a;/ ), and the total number of samples
can be approximated as

S; =808 20080 x 20-Dg? = 4=V, (3.85)

where §; = O(1).
Considering the sampling along the angular directions 6 and ¢, aggregations at the lowest
level can be rewritten as

[Sz‘ s(g]51><2 = Zx[n][sg SZ)]S]XZ’ (3.86)

neC

where s? and sf are arrays of S, elements containing the 6 and ¢ components of the radia-
tion pattern of the nth basis function. Similarly, s9C and s(g in (3.86) are arrays of S, elements
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O/n

¢/n

Figure 3.1 Two grids on the unit sphere using regularly spaced points in the ¢ direction and
Gauss-Legendre points in the 6 direction.

containing the 6 and ¢ components of the radiated field of a box C at the lowest level. For a
box C at a higher level (I > 1),

[ ]slxz Z mcf—»c]s,xs, [T, (-D-tlsxs,_, '[SGC/ s(g/]s,_,xz’ (3.87)
c'ec

where Eg,ﬁc is a diagonal matrix containing the shift functions defined in (3.47) and f(,_l)_, /
is a sparse interpolation (upsampling) matrix. The Lagrange interpolation can be used to match
different sampling rates of consecutive levels [1].

Similar to aggregations, translation operations can be written in a matrix form as

62 gl = > @ Jsxs  [% % 1s0n (3.88)
C'eF{C)

where g‘g and g"g are arrays of S, elements containing the 6 and ¢ components of the incoming

field at the center of a box C, and Gg,_} c is a diagonal translation matrix containing the trans-
lation functions defined in (3.49). Then, for a box C € C’ at a level [ < L, the total incoming
field is calculated as

+.0 +¢>
c 8¢ s,><2 [gc gc]s,xz

+[F(I+1)—’1]51><51+1 ' [ﬁc’—’c]51+1><51+1 ) [gc’ gc/¢]51+1><2’ (3.89)
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where f(l +1)— 18 @ sparse interpolation (downsampling) matrix. At the lowest level, incoming
fields are received by testing functions as

N
— ik 2 _
ZZFF[m’ nlafn] ~ (i—”) {[le]lxsl (Wl s, - [gzﬂ]slxl
n=1
+[f$]1xs, : [W]s,xs1 : [gzr;’(b]s]xl} (3.90)

for m € C. In (3.90), W is a diagonal matrix involving weights of the angular integration in
(3.63), while fi and ff; are arrays of S| elements containing the 6 and ¢ components of the
receiving pattern of the mth testing function.

3.2.6 Computational Requirements

When MLFMA is used, the memory requirement for a MVM (@™¢™°%) ig proportional to the
tree size Sy, i.e.,

L L
O o S = Y NS, = 3 2N [z(D) + 112, (3.91)
=1 =1

The processing time (©1™) is also related to the tree size as

L L
O™ o N NS = Y 2e,Nj[z(D) + 11, (3.92)
=1 =1

where ¢, represents relative weights for levels / = 1,2,...,L. Using N, ~ 4N, and S, ~
40=bg,

NS, ~ N,S, = O(N) (3.93)

and all levels of MLFMA have equal importance with O(N) complexity in terms of processing
time and memory. Then,

@My = Q(LYO(N) = O(N log N) (3.94)
@M = O(L)ON) = O(N log N), (3.95)

i.e., the complexity of MLFMA is O(N log N). Although this is true in general, measurements
may present deviations from the ideal case depending on the construction technique for the tree
structure, even when N is very large. For example, in Figure 3.2, the tree size (Sy) is plotted as
a function of the number of unknowns for the solution of scattering problems involving sphere
geometries of various sizes, when the top-down scheme is used to construct the multilevel
tree. Far-field interactions are calculated with two digits of accuracy. The radius of the sphere
changes from A to 1104 corresponding to 3723 and 41, 883, 648 unknowns, respectively, using
A/10 triangulation. It can be observed that the tree size oscillates around the O(N log N) curve.
Due to such local variations, the processing time and memory requirement for MVMs with
respect to N cannot be strictly proportional to Nlog N. As an example, the tree size grows
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Figure 3.2 Tree size and the number of near-field interactions for the solution of sphere problems using
top-down scheme to construct the multilevel tree. Source: Ergiil and Giirel 2008 [221]. Reproduced with
permission of IEEE.

only by 50% when the number of unknowns increases from 23,405,664 to 41,883,648. Then,
the memory required for MVMs increases by about 50%, which is below the asymptotical
estimation of 85%.

The processing time for the initial setup of MLEMA (prior to the iterative solution) is dom-
inated by calculating near-field interactions, and it is proportional to N>/N,. The amount of
memory to store near-field interactions can also be significant. Asymptotically, N; = O(N)
and near-field interactions has a complexity of O(N). However, similar to MVMs, local vari-
ations in the processing time and memory requirement for near-field interactions may exhibit
behavior different than the asymptotical estimation. This is because, as depicted in Figure 3.2,
the number of near-field interactions may oscillate around the O(N) curve when a top-down
scheme is used to construct the tree structure. Consequently, variation in the processing time
and memory with respect to N can be higher or lower than the asymptotically linear estimate.

Using a Galerkin scheme, the following improvements are possible regarding the near-field
interactions:

e For PEC objects, EFIE produces symmetric matrix equations. Hence, only half of near-field
interactions are required to to be calculated and stored.

e For homogeneous dielectric objects, CTF, CNF, and JMCFIE leads to identical diagonal
blocks. Hence, 3/4 of near-field interactions are required to be calculated and stored. This
property is not shared by MNMF, which requires larger memory (4/3 that of others) to store
near-field interactions.
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Radiation and receiving patterns of basis and testing functions are sampled according to
the sampling rate of boxes at the lowest level. These patterns can be calculated and stored
in memory before iterative solutions. Since far-field patterns have only 6 and ¢ components,
they are stored in spherical coordinates. Although the processing time to calculate radiation
and receiving patterns is usually negligible, significant amount of memory is required to store
them, which can be comparable to the memory used for near-field interactions. If the medium
is lossless, the number of samples can be reduced to S; = [7(1)/2 + 1] X [27(1) + 2] using
the symmetry of patterns. In addition, for a lossless medium and using a Galerkin scheme, the
expressions in (3.70) and (3.71) can be used to increase the efficiency. For example, using CTF,
only one set of patterns is required for each lossless medium, because both of the receiving
patterns, F 5 T and F ;’T, can be obtained from the related radiation pattern S,,. In other words,
receiving operations during MVMs can be performed by using radiation patterns (instead of
receiving patterns) with small modifications involving a complex conjugation and a cross prod-
uct with the angular direction k. However, CNF and MNMEF require two sets of patterns, as the
receiving patterns F ,’S’N and F ,C’N can be derived from each other, but they cannot be obtained
directly from the related radiation pattern S,, in spherical coordinates. JMCFIE also requires
two sets of patterns, considering all relations between patterns.

Similar to radiation and receiving patterns, translation operators are also calculated and
stored in memory before iterations. For each box at any level, there are O(1) boxes at the same
level to translate the radiated field to. In addition, using the symmetry of cubic (identical)
boxes, the number of different translation operators is only 7> — 3* = 316, independent of the
level [158]. Although using the symmetry reduces the number of translation operators signif-
icantly, interpolation methods are needed to calculate these operators in O(N) time during the
setup stage [166]. With the optimization of interpolations, as detailed below in Section 3.3.4,
both the calculation time and memory for translation operators are insignificant compared to
other parts of the implementation, especially when the problem size is large.

As a summary, Table 3.1 lists major parts of MLFMA and their computation requirements
for the solution of large problems.

3.2.7 Anterpolation

Interpolations during disaggregations can be replaced with anterpolations (transpose interpo-
lations) to improve the of MLFMA [160]. Figure 3.3 depicts a comparison of interpolation
and anterpolation operations in a one-dimensional space. The first plot shows an interpola-
tion from a course grid involving three samples to a fine grid involving four samples. For
each target point in the fine grid, two points in the course grid are used. The interpolation
weights satisfy 2132 17 =1 for j=1,2,3,4. The second plot is also an interpolation using
two points per target point; but this time, the sampling rate is reduced from four to three using
appropriate interpolation weights. On the other hand, the third plot represents an anterpolation
operation from three points to four points. Specifically, this operation is derived directly from
the interpolation operation (in the first plot) by ‘changing the directions of the arrows.” Note
that the weights used in the interpolation (y;;) are not changed and the output function after the
anterpolation can be completely different from the input function.

In order to see how anterpolations can be used in MLFMA, consider the interaction of the nth
basis function and the mth testing function via a translation at level / # 1. The corresponding



Iterative Solutions of Electromagnetics Problems with MLFMA

195

Table 3.1 Major parts of MLFMA and their computational requirements

Part Memory

Proportional to Complexity
MVM Yo Nz + 1P O(N logN)
Radiation and receiving patterns N[z(1) + 17 O(N)
Translation operators ZIL:I d[z()) + 1T ONN)
Near-field interactions N?/N, O(N)

Processing time

Part Proportional to Complexity
MVM 21L=1 N [r(D) + 117 O(Nlog N)
Radiation and receiving patterns Nlz(1) + 177 O(N)
Translation operators Z,L= Ld =) + 117 O(N)
Near-field interactions N?/N, O(N)

¢, and d, represent relative weights for levels [ = 1,2,...,L

Interpolation
3 to 4 points

Interpolation
4 to 3 points

Anterpolation
4 to 3 points 711

1 2 3

Figure 3.3 Interpolation and anterpolation operators in a one-dimensional space. The plots show an
interpolation from the course grid to the fine grid, an interpolation from the fine grid to the course grid,

and an anterpolation from the fine grid to the course grid.
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matrix element can be written as
— N2 R
Zim.n] = (i—k) / PR, (rc. k) - G, (re. ), (3.96)
T
where G,, is the incoming field due to the nth basis function. Equation (3.96) represents the
calculation of a single interaction in MLFMA; but, note that this expression is never used
explicitly, because interactions are actually calculated in a group-by-group manner. Since
7; > 7, for [ > 1, the sampling rate for G,, is larger than the sampling rate for F,,. An accurate
way to calculate (3.96) could be to interpolate F,, and to perform the numerical integration in
the fine grid. This leads to
7 (N S W T 0
Z[m,n] ~ <E) {[gn]lel Wl - [T1oisxs, - Unls,x

+[gf]1><s, : [W]s,xs, : [f1—»1]s,><s1 : [ffi]slxl } ; (3.97)

where g and g,‘f are arrays of S; elements containing 6 and ¢ components of the incoming
field due to the nth basis function. On the other hand, the procedure in (3.97) contradicts with
the structure of MLFMA, where disaggregations need to be performed downward from top to
bottom of the tree. As given in (3.90), incoming fields must be received at the lowest level, i.e.,

_ : 2 _ _
Zimnl % (1) {001, - Wl s, T Ty, - [80)
’ Ar ml1xS; 1XS] =118 xS; ndS§;x1

s, Wlsys, - Croilses, - 18150 - (3.98)

The procedure in (3.98) fits into the MLFMA structure, but it is inaccurate since the integra-
tion is performed in the coarse grid.
In MLEMA, one can use another procedure, which is obtained by taking the transpose of
(3.97), i.e.,
Zim.n] ~ (i)2 { Ui, - 1) s s, Wi, - [80]
) iz mlixs, 1-1) 1sxs sxs; " 18nls;x1

s, 1T s - Wsies, - 881501 | (3.99)

where (fl_,,)T is a transpose interpolation (anterpolation) matrix. This procedure is suitable
for MLFMA and its accuracy is exactly the same as the accuracy of the hypothetical procedure
given in (3.97). It should be noted that integration weights related to level / also need to be
anterpolated; hence, it is appropriate to introduce them during translations when radiated fields
are converted into incoming fields.

3.3 Lagrange Interpolation and Anterpolation

In MLFMA implementations, the local Lagrange interpolation is preferable due to its favorable
computing cost and controllable error [1, 164, 165]. From the local neighborhood of each target
point in the fine grid, where the field is to be obtained by interpolation, 2p X 2p points in the
coarse grid are selected. This is illustrated in Figure 3.4 for p = 2, where values of the field
at 4 x 4 points (shaded circles) are employed to compute the value at the target point (star).
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Figure 3.4 Lagrange interpolation employing 4 X 4 points (shaded circles) located in the coarse grid
to evaluate the function at a point (star) located in the fine grid. Sampling values of 6 and ¢ are specified
in radians and selected from a practical case. Source: Ergiil and Giirel 2006 [164]. Reproduced with
permission of IEEE.

Let (0, ¢) be a scalar function representing a radiated or incoming field in MLFMA. Using
a two-dimensional Lagrange interpolation, the value of the function at a target point (6,¢) in
the fine grid is obtained by using 2p X 2p samples in the coarse grid, i.e.,

s+p +p

fO.9~ D wid) D vlOF(0;. ). (3.100)

j=s+1-p i=t+1—p

where w;(¢) and v;(0) represent interpolation weights derived as

s+p
¢ — ¢,
wi(¢) = H . (3.101)
m=s+1-p J m
m#j
for the ¢ direction, and
~ +p 0 — 9n
v =[] . (3.102)
n=t+l—p 'i ~ ’n

n#i

for the 0 direction, respectively. The reference indices s and ¢ in (3.100)—(3.102) are deter-
mined by the location of the target point (6, ¢), with respect to samples in the coarse grid.
Since sampling rates for fields are determined by considering their spectral contents, the
number of interpolation points 4p> can be fixed for the entire aggregation and disaggregation
stages. In other words, the same number of interpolation points can be employed at each level
of MLFMA. Although functions being interpolated get richer in terms of harmonic content
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for the higher levels, the sampling rate is also increased so that a fixed number of interpolation
points is sufficient to obtain the same level of accuracy at all levels.
Interpolation of a function at Se X S points requires

@'me = 4p?s05% = 8p?[z(1) + 11 (3.103)

operations. If the weights in the 6 and ¢ directions are combined, the interpolation in (3.100)
can be expressed as a MVM, i.e.,

g1 & [F(1—1)—»1 sxsp_y - UFs_ x1s (3.104)

where f represents one-dimensional arrays involving the samples of f. For interpolations from
level (I — 1) to [, there are 4p* nonzero elements per row in I';_;) ;. The matrix representation
in (3.104) is preferred due to its simplicity, and it is very useful for an easy implementation
of anterpolations in MLFMA. However, the amount of memory required for the interpolation
matrix is proportional to

MM — 4p25fsf’ = 8p’[z(l) + 117, (3.105)

matrix
which can be significant for large problems. Considering the original form in (3.100), it is
possible to store interpolation weights along the 6 and ¢ directions separately, in two arrays of
sizes 2p[7(l) + 1]1and 4p[z(]) + 1], respectively. Then, the total memory used for interpolations
from level (I — 1) to [ becomes

Oy~ = 2p+4p)[z() + 11 = 6p[z() + 1], (3.106)

without any change in the number of operations and processing time. The reduction in memory
by using the array representation instead of the matrix representation is

Oy~ pleD+11 3 .
@MY T 8p2[r(h) + 112 4plr() + 11’ :

which is especially significant for higher levels.

3.3.1 Two-Step Method

In general, interpolations and anterpolations constitute a major computational bulk of
MLFMA. Therefore, to obtain an efficient solver, it is extremely important to optimize
interpolation/anterpolation routines. The number of operations required for the conventional
(one-step) Lagrange interpolation from level (I — 1) to [ is 8p*[z(I) + 1]>. This is because
there are [z(/) + 1] X 2[z(/) + 1] points in the fine grid (samples for level /) and each of these
points has 4p? contributions from the coarse grid. On the other hand, locations of sampling
points in the 6 and ¢ directions are independent of each other. Therefore, interpolations along
the two directions can be performed consecutively, as follows:

e Perform an interpolation along the 8 direction as

+p

fO.¢)~ Y, 000, ), (3.108)

i=t+1-p

GS([J

which requires 2pS;'S,” |

operations.
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e Perform an interpolation along the ¢ direction using the result of the first step, i.e.,

s+p

fO.9)~ Y wi(d)o.e). (3.109)

Jj=s+1-p

0

This step requires 2pS; S;’5 operations.

Consequently, using the two-step method, the processing time required to interpolate the
function at §7 x Sf’ points is

@lime > =2pS'(S?  +87) = dplr() + N[z(D) + v( = 1) + 2. (3.110)

two-step

Comparing processing times required for the one-step and two-step interpolation methods,

Oosep  4ple(D) + 1[z() + (1 — 1) + 2]
Ol 8p2r() + 112
Sple() + NIz +1] _ 1 s
8p2[z(D) + 1] p '

since 7(/ — 1) < z([). Therefore, the two-step method is always faster than the one-step method.
To store the intermediate array between steps, the two-step method requires a bit more memory
than is used in the one-step method. Nevertheless, the speedup in the two-step method more
than compensates for the small increase in memory.

The two-step interpolation method is easily implemented by decomposing the conventional
one-step method into two successive parts. To demonstrate the acceleration provided by the
two-step method, solutions of scattering problems involving a PEC sphere are considered.
The radius of the sphere changes from 64 to 484 and it is illuminated by a plane wave. The
problems are formulated with CFIE and discretized with the RWG functions. Triangulations
with 4/10 mesh size lead to matrix equations involving 132,003 to 8,447,808 unknowns.
The problems are solved iteratively, with MVMs performed efficiently by MLFMA. Solu-
tions are parallelized into 16 processes on a cluster of AMD Opteron 870 processors. The
hierarchical partitioning strategy is used for the efficient parallelization of MLFMA. Far-field
interactions are calculated with two digits of accuracy and interpolation/anterpolation opera-
tions are performed using 6 X 6 stencils (p = 3). Table 3.2 lists the processing time required for
the aggregation stage, in addition to the speedup offered by the two-step interpolation method.
Compared to the conventional one-step method, the two-step method reduces the processing
time of the aggregation stage by about 45%. To demonstrate the overall improvement, Table 3.2
also presents the processing time required for MVMs, which are reduced by 25—-30% with the
two-step interpolation method.

3.3.2  Virtual Extension of the 0-¢ Space

If a target point in the fine grid is close to the boundaries of the sampling space, some interpo-
lation points may fall outside. In other words, the interpolation may need to use sample points
at (0, ¢), which may have 6 < 0,0 > z, ¢ < 0, or ¢ > 2x. To handle these cases, the extended
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Table 3.2 Processing time required for an aggregation stage and for an MVM
when interpolation/anterpolation Operations are performed by using one-step and
two-step interpolation methods

Sphere Problems Aggregation

Radius (1) Unknowns One-Step (s) Two-Step (s) Reduction

6 132,000 0.646 0.360 44%
7.5 206,499 0.844 0.470 44%
10 367,821 2.18 1.19 45%
15 829,881 3.86 2.14 45%
20 1,462,854 9.47 5.28 44%
30 3,319,524 17.1 9.43 45%
40 5,851,416 40.7 22.3 45%
48 8,447,808 54.7 30.8 44%
Sphere Problems MVM

Radius (4) Unknowns One-Step (s) Two-Step (s) Reduction

6 132,000 1.98 1.47 26%
7.5 206,499 2.52 1.86 26%
10 367,821 6.21 4.46 28%
15 829,881 11.1 8.00 28%
20 1,462,854 27.0 19.6 27%
30 3,319,524 47.0 334 29%
40 5,851,416 112 79.2 29%
48 8,447,808 152 109 28%

coverage of the sample space is required. This extended space is periodic in the ¢ direction,
i.e.,

f0,¢) =10, +2n), it ¢$<0
f6,¢)=1(0,¢—2n), if  ¢>2 (3.112)

for an arbitrary function (6, ¢). In the 6 direction, however, appropriate shifts (in the ¢ direc-
tion) are required. In addition, the value of the function is multiplied by —1 due to reversed
directions of 6 and ¢ over the poles, i.e.,

16, ¢) = —f(=6,¢ + n), if  6<0, O<¢<nx
f0,¢)=—f(-0,¢ — n), if 60<0, 7<¢<2n
f,9p)=—fQ2r—-0,¢ + n), if O0>n, O0<o¢p<nrm

fO,¢)=—fQr—-6,¢ —n), if 0>r, m<¢<2m. (3.113)
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3.3.3 Sampling at the Poles

As the problem size grows and more levels are required to construct the tree structure of
MLFMA, it becomes critical to minimize the interpolation error. This is because interpola-
tion and anterpolation operations are performed between all consecutive levels and the overall
error is accumulated during aggregation and disaggregation stages. In this subsection, a simple
method to reduce the error around the two poles of the sphere, i.e., the north pole (8 = 0) and
the south pole (6 = x), is introduced. This is essential since the error in these regions is usually
larger than errors in other regions.

Figure 3.4 demonstrates a practical case, where the value of the field is to be obtained at a
point (star) with spherical coordinates (6, ¢) = (0.409, 0.483) specified in radians. The figure
is related to an aggregation step from a level with a box size of 0.254 to the next level with
a box size of 0.54. Using the excess bandwidth formula [159] for three digits of accuracy,
the truncation number is 8 and 12 for the lower and higher levels, respectively. Therefore,
the number of samples in the 6 (¢) direction is 9 (18) for the coarse grid and 13 (26) for the
fine grid. The interpolation parameter (p) is set to 2 so that 4 X 4 points (shaded circles) are
employed in the interpolation. According to the conventional sampling scheme [147], samples
are regularly spaced in the ¢ direction while they are chosen as the Gauss-Legendre points in
the 6 direction.

In Figure 3.4, there is only one sample in the 8 direction on the coarse grid (8 = 0.253)
above the target point up to the north pole (8 = 0). Therefore, four points for the interpolation
are provided from the region on the other side of the pole. Considering the next sample in the
decreasing 6 direction, these are points with 8 = —0.253. Although this is the best choice, there
exists a wide gap in the 6 direction from § = —0.253 to 0 = 0.253. These wide gaps created
near the poles at all levels lead to larger interpolation errors compared to other regions far from
the poles.

To reduce the interpolation error described above, fields can be sampled at the poles, i.e.,
at 8 = 0 and @ = z. Although radiated and incoming fields in MLFMA are vectors with two
spherical components that can be represented as

f0,9)=00-£0.9)+ dd-£0. ), (3.114)

fields are better to be evaluated and stored in x and y directions at the poles. As an example,
for the north pole, the 6 and ¢p components are extracted as

0 - £(0,¢) = [cos ¢f,(0 = 0) + sin ¢f,(0 = 0)] (3.115)

and

¢ - £(0, ) = [cos ¢f, (6 = 0) — sin ¢f, (6 = 0)] (3.116)

whenever required for the interpolation. Consequently, independent of the value of ¢, all
interpolations performed near the poles are improved by this technique using (3.115) and
(3.116) without having to store values of f(6 = 0, ¢) for each sample of ¢. This is illustrated
in Figure 3.4, where samples computed with (3.115) and (3.116) are represented by circles
located at 6 = 0.
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To include calculations related to the poles, four more complex numbers are required (two
for each pole) for each basis or testing function. The extra memory and the increase in the
processing time are negligible compared to base requirements, since the data size for each
function is raised from 4[z(l) + 1]? to 4[z(]) + 11> + 4, where z(J) is at least 7 for two digits
of accuracy. During aggregation and disaggregation stages, values at the poles are calculated
and stored for each box to improve interpolations and anterpolations at all levels. However,
the poles do not contribute to angular integrations over unit sphere.

As a numerical example, Figure 3.5 depicts the relative interpolation error related to a basis
box C; with the size of 24 at the fourth level from the bottom of the tree structure. For the field
of the box, the number of angular samples in the 6 and ¢ directions are 33 and 66, respec-
tively, determined by the excess bandwidth formula [159] for three digits of accuracy. By the
row-wise arrangement of the 6-¢ space, the interpolation error is plotted with respect to sam-
ples. Only the error in the & component of the field, which is the dominant component in this
example, is plotted. The relative interpolation error is defined as

[f(n] — flnl|

Alnl = max [f|

, (3.117)

where f is the exact field, f is the perturbed field obtained via interpolations, and
n=1,2,...,2178 is the sample index. The exact data is calculated by evaluating the
field for each basis function inside the cube with the sample rate defined for the fourth level so
that it is obtained without any interpolation. However, in the case of the perturbed data, fields
of basis functions are sampled according to the smallest box size, which is 0.254. Then, three
aggregation steps are performed from the lowest (first) level to the fourth level. Consequently,
the perturbed data is the practical case, where the interpolation error is introduced at three
passages between levels, i.e., from first to second, second to third, and third to fourth.

In Figure 3.5, the interpolation error is plotted when the poles are not employed as in the
conventional case (gray) and when they are employed (red). For a clear comparison, maxi-
mum errors are also indicated in the plot with horizontal lines. Employing the poles decreases
errors, and the maximum relative error is reduced approximately to its half from 1.530 x 10~*
to 7.147 x 1073. The reduction in the error is clearly visible at the two ends of the horizon-
tal axis corresponding to points located near the poles. However, the improvement extends
beyond these narrow polar regions towards the middle of the horizontal axis corresponding to
points located around the equator. This is due to the fact that an interpolation error made in the
first steps of the aggregation is propagated towards the equator region in the next steps. Con-
sequently, the use of the poles improves the interpolation accuracy also for the points located
far from the poles. In general, improvements obtained by adding the poles in the Lagrange
interpolation become more significant as the problem size grows and more levels are required
in the MLFMA tree.

Demonstration of the error is not as straightforward as the interpolation error since the anter-
polated function is different from the original function. Therefore, to prove that employing
poles also increases the accuracy of the anterpolation in MLFMA, Figure 3.6 depicts errors in
partial MVMs. After translating the radiation of C; into an incoming wave for a testing box
C,, disaggregation steps are performed from the fourth level to the first level. This way, as
presented in Figure 3.6(a), one can obtain the error in the partial MVM related to boxes C,
and C, with respect to the index of the testing functions in C,. Similar to (3.117), the relative
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Figure 3.5 Relative interpolation error defined in (3.117) with respect to samples on a 33 X 66 grid
converted into one-dimensional data by a row-wise arrangement of the 6-¢ space. The reference data is
obtained without interpolation. To obtain the interpolated data, aggregation is performed from the lowest
(first) level to the fourth level by employing interpolations with (red) and without (gray) poles. (See color
plate section for the color version of this figure)

error is defined as

Aglm] = Dl =ylmll (3.118)
max |y|
where
NCp)
ylm] = 2 Z[m,nlx[n] m=1,2,....,N(Cy)) (3.119)
n=1

is the result of the partial multiplication without interpolation and anterpolation errors. This
reference data is obtained by evaluating radiation and receiving patterns of the basis and testing
functions inside the boxes C; and C,, respectively, with the sampling rate defined for the
fourth level so that interpolation and anterpolation are not involved. In (3.119), x[n] represents
the coefficients of the basis functions inside C, forn = 1,2,...,N(C,), Z[m, n] represents the
matrix elements calculated by MLFMA, and m is the testing index from 1 to N(C,) = 704.
The perturbed data in (3.117) is obtained by performing usual aggregation and disaggregation
steps so that values in Figure 3.6(a) contain both the interpolation and anterpolation errors.
Figure 3.6(a) displays a significant improvement in the accuracy obtained by using the poles.
Next, the interpolation error is eliminated by computing incoming waves to the center of the
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Figure 3.6 Relative errors defined in (3.118) in partial MVMs related to two boxes C; and C, in the
fourth level with respect to the index of the testing function located in C,. The reference data is obtained
without interpolation and anterpolation. (a) The relative error when interpolation and anterpolation are
employed. (b) The relative error when interpolation is eliminated and the error is only due to the anter-
polation. Source: Ergiil and Giirel 2006 [164]. Reproduced with permission of IEEE. (See color plate
section for the color version of this figure)
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testing box C, without employing interpolation. The result is depicted in Figure 3.6(b), where
the error in the partial MVM is due to only the anterpolation. Therefore, Figure 3.6(b) clearly
demonstrates that employing the poles enhances the accuracy of anterpolations, similar to the
improvement shown in Figure 3.5 for interpolations.

3.3.4 Interpolation of Translation Operators

In MLEMA, the direct calculation of translation operators requires ()(N>/?) operations, and
the processing time for their setup becomes substantial as the problem size grows. In [166], the
Lagrange interpolation is proposed to efficiently fill translation matrices for large problems. In
this section, the Lagrange interpolation of translation operators is revisited and the parameters
of the interpolation, namely, the number of interpolation points and the oversampling factor,
are optimized to obtain the desired level of the accuracy with the minimum processing time.
The optimal parameters are also compared to fixed parameters to demonstrate the improvement
obtained with the optimization.

A three-dimensional translation operator between a pair of basis and testing boxes is given
in (3.49). For level /, the summation in (3.49) is truncated at z(/), which is determined by the
excess bandwidth formula in (3.84). In Figure 3.7(a), the truncation number (/) is plotted with
respect to the number of accurate digits d(, and for different values of the box size q; increasing
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Figure 3.7 (a) Truncation number as a function of d, and the box size ;. (b) Processing time to com-
pute the translation function for a single box-box interaction. In both figures, there are 9 curves for
different values of the box size increasing by a factor of two from 0.254 to 644. The lowest and highest
curves correspond to 0.254 and 644, respectively. Source: Ergiil and Giirel 2006 [164]. Reproduced with
permission of IEEE.
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by factors of two from 0.254 to 64 4. Figure 3.7(a) demonstrates that L grows rapidly as the
box size increases. For a fixed ¢;, however, 7(/) increases gradually with respect to d;), and the
variation is small for large a;.

In Figure 3.7(b), the processing time to calculate translation operators measured on a 1.8 GHz
Opteron 244 processor is plotted with respect to same parameters as in Figure 3.7(a). The val-
ues are given for a single interaction between a pair of basis and testing boxes while a typical
problem requires the calculation of numerous box-box interactions. Since 7(/) = O(kq;), the
processing time to evaluate (3.49) for a fixed k is O(ka;). In addition, the number of angu-
lar directions k is O(72(l)) and the processing time to evaluate (3.49) becomes 0(k3a]3) for
a box-box interaction. For the lowest level of MLFMA, (9(k3al3) = (1), which is acceptable
although the number of boxes at this level is O(/V). However, for the largest boxes of a problem,
O(ka;) = O(N'/?) and O(kPa}) = O(N3/?), which is significant. In fact, as N becomes large,
the processing time required to calculate translation operators is dominated by evaluations at
the higher levels, although there are a few boxes at those levels. In addition, the setup time
for the translation matrix becomes dominant compared to the time required for other parts of
MLFMA, even MVMs that can be performed in O(N log N) time.

Defining a variable ¢ = cos™' (k - Fccr), a translation operator can be expressed as a
band-limited function of ¢ [166], i.e.,

()
)k Reers @) = Z "2t + DIV (KR 01 )P,(cos @). (3.120)
1=0
Choosing an oversampling factor ¢ and sampling the operator along ¢ from 0 to z at |gz(l) |
equally spaced points (|| represents the floor operation), i.e., at ¢; = #(i — 1)/(|gz(D)| — 1)
and i = 1,..., |gr(])], the translation operator can be obtained by the Lagrange interpolation
at any point as

t+p

@k Recn@)= Y apkRecr @)wi(@), (3.121)
i=t+1-p

where @ represents the translation function perturbed by the interpolation error,

SECTEIN) )
V3
and L
we =[] 222, (3.123)
j=t41—p Pi T @j
ji

In (3.121) and (3.123), p is the number of interpolation points employed at each side of the
target location ¢.

Figures 3.8(a) and 3.8(b) depict the magnitude and phase of the translation operator, respec-
tively, for two boxes separated by r» = ¥2a;, where a; = 44. Using three digits of accuracy,
7(l) = 57. The translation operator is calculated directly, where the function is evaluated at
the required points by using (3.120). In the ¢ direction, there are 2[z(/) + 1] = 116 samples
that are equally spaced from O to 2z. In the 6 direction, there are [z(/) + 1] = 58 samples
(zeros of the Legendre polynomial) and they are not equally spaced. Then, there are a total of
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Figure 3.8 (a) Magnitude and (b) phase of the translation function with respect to ¢ for the case of
a, =44, d, =3, and r., = X2a. Source: Ergiil and Giirel 2006 [167]. Reproduced with permission of

IEEE.
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2[z(l) + 11* = 6728 distinct k directions to evaluate the translation operator. It should be noted
that the transform from (3.49) to (3.120) not only depends on z([), but also on the relative
positions of boxes, i.e., it also depends on rq¢.

Before the translation matrix is filled via the Lagrange interpolation, parameters g and p
must be determined. For fixed values of d,, and g,, a scan over ¢ and p parameters is performed
to find their optimal values. Figure 3.9(a) demonstrates the interpolation error with respect to
q and p for the case in Figure 3.8. Interpolation error is defined as

|5‘T(z)(¢’[”]) - 057(1)(60[’1]”
A; = max

, 3.124
n m;lx{ |0‘T(1)((P)| } ( )

where n=1,...,2[z(]) + 1]*> and ¢[n] represents sampling points. The interpolation error
decreases when ¢ or p is increased. In this case, d; = 3, which means that MLFMA computes
far-field interactions with three digits of accuracy. Thus (p, ¢) pairs leading to larger than 1073
error are not allowable. In other words, the error introduced by the interpolation of a translation
operator should be adjusted according to the desired level of accuracy. This strategy yields a set
of (p, q) pairs satisfying the error criterion. Optimization is completed by choosing the (p, )
pair with the minimum processing time. As shown in Figure 3.9(b), the processing time (mea-
sured on a 1.8 GHz Opteron 244 processor) to evaluate the translation operator increases as p or
q is increased. Then, there exists an optimal (p, g) pair satisfying the desired level of accuracy
with the minimum processing time. The parameters p and g can be scanned for various values
of g; and d,,. All possible values of r, according to the one-box-buffer scheme [159] should
also be checked. In the end, the optimal values listed in Table 3.3 can be obtained with the
corresponding speedup compared to the direct calculation. The values presented in Table 3.3
do not depend on the computer platform. The optimal (p, ¢) pairs are valid for ¢; > 44 and they
are found to be independent of 7. For smaller boxes such as a; = A or 24, the interpolation
does not lead to a significant speedup, and therefore, direct calculations of these translations
are preferred. In the case of much smaller boxes such as a; = 0.254 or 0.54, the direct
calculation is faster than the interpolation for any (p, ¢) pair satisfying the desired accuracy.
In Figures 3.10(a) and 3.10(b), the optimal (p, g) pairs are compared to fixed p = 3, = 5.0
values suggested in [166]. In Figure 3.10(a), the interpolation error is plotted with respect to
the box size a; from 44 to 644 and for different levels of accuracy, i.e., for d, = 2,3, 4, and
5 corresponding to 1072, 1073, 107#, and 1073 relative errors, respectively. In the optimized
case, the error is always below the desired level of accuracy. However, with fixed parameters,
error is not controllable and is localized around 10~*. The corresponding speedup is plotted
in Figure 3.10(b), where it increases with increasing box size and decreases with increasing

Table 3.3 Speedup obtained by using the optimal (p, g) pair for a, > 44

dy (@)  a=41 a =8 a=161 a =321 a =641

2 (2,3.5) 14.0 27.5 543 108.3 216.0
3 (2,6.5) 10.8 20.2 40.0 71.0 151.9
4 (3,6.0) 7.9 15.0 28.9 56.9 113.7
5 (3.8.5) 7.1 13.0 24.7 48.4 96.6
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Figure 3.9 (a) Interpolation error and (b) processing time with respect to interpolation parameters p
and ¢ for the translation function in Figure 3.8. Source: Ergiil and Giirel 2006 [167]. Reproduced with
permission of IEEE.
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number of accurate digits in the optimized case. This relationship is also evident in Table 3.3.
Comparing Figures 3.10(a) and 3.10(b), the following observations can be made:

e Ford, =2 and 3, fixed p = 3, ¢ = 5.0 satisfies the desired level of accuracy but the optimal
(p, q) pairs provide higher speedup.

e For dy =4 and 5, the fixed p = 3,9 = 5.0 seems to give higher speedup compared to the
optimal (p, g) pairs, however, the accuracy is not satisfied with fixed parameters.

Based on these observations, it can be concluded that optimization is essential to improve
the interpolation of translation operators.

To demonstrate the overall improvement obtained with the interpolation, solutions of a scat-
tering problem involving a conducting sphere with a radius of 204 are considered. This is a
1,462,854-unknown problem solved by a parallel MLFMA implementation with seven levels
(L = 7). The problem is solved on a cluster of 32 processors (2.6 GHz Pentium 4 Celeron).
The box size is 0.254 for the lowest level and 164 for the highest level. As an example, if the
number of accurate digits d,, is set to three, then (/) takes values from 8 to 195. The number of
different translations is reduced by exploiting the symmetry [158]. During the setup phase of
the program, each processor checks all of its box-box interactions to eliminate the unneeded
translations. In Figure 3.11(a), the processing time for the calculation of translation operators
is plotted with respect to d,,. For both types of calculations (direct and interpolated), the max-
imum is chosen among the processing times spent by 32 processors. In Figure 3.11(b), the
speedup obtained by the interpolation method over direct calculation is plotted as a function
of d,. The speedup is over 14 up to d, = 5.

3.4 MLFMA for Hermitian Matrix-Vector Multiplications

Some Krylov subspace algorithms, such as LSQR and BiCG, require multiplications with the
hermitian of the system matrix, in addition to multiplications with the matrix itself. Those
hermitian MVMs can be performed efficiently by reversing the steps of the ordinary FMM or
MLFMA. Consider the interaction of the mth testing function with all basis functions using
FMM, i.e.,

N N
Y Zm,nix[n] = )’ Zyglm, nlxin]
n=1 n=1

ik \2 .
+(;—ﬁ) / d’kF,(rc. k) - Z a,(k,re —rcr) ZSn(rC,,k)x[n], (3.125)

C'eF{C} nec’

where F,, and S, represent receiving and radiation patterns, respectively. Then, one can derive
N N
—% —%
Y Z [n,mlx(n] = )’ Zygln, mx[n]
n=1 n=1

.k 2 . . )
+ (i—) / PkS e k) Y aikre—re) Y Fire. koxinl. (3.126)

4 CeF{C'} neC
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Figure 3.11 (a) Processing time to compute translation operators for a 1,462,854-unknown sphere

problem. (b) Speedup obtained with optimal interpolation compared to the direct calculation of transla-
tion operators. Source: Ergiil and Giirel 2006 [167]. Reproduced with permission of IEEE.
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The expression in (3.126) can be interpreted as follows:

e Combine receiving patterns of testing functions in each box.
o Translate receiving patterns of boxes into local receiving patterns for other boxes.
e Receive radiated fields of basis functions locally.

When Z is symmetric,

F(rc.k) =S, (rc. k) (3.127)
S* (re k) = F, (re.k) (3.128)
and
N N o
' Z [n,mlx[n] = Zz #lm. nlx[n]
n=1 n=1
+ (i)z LEF, e k) Y atlre —re) Y S, e oxln] (3.129)
4 m\"C"> T\ Ie C n\'C» . .
CeF{C’} neC
Using
F, (ren k) - aik,re —ren)S, (re k) (3.130)
=F(renk) - ak,rer — ro)Sire k), (3.131)

one can obtain

Z_ [n, mlx[n] = Z “[m, nlxln), (3.132)

as required.

3.5 Strategies for Building Less-Accurate MLFMA

MLFMA can perform a MVM with a desired level of accuracy, which is controlled by the
excess bandwidth formula in (3.84). There are many studies to further improve the reliability
of implementations by refining formulas for truncation numbers, especially for small boxes
[170]. In most cases, the purpose is to obtain accurate results by suppressing error sources
in MLFMA. On the other hand, it is also desirable to build less-accurate forms of MLFMA,
which can be more efficient than the original MLFMA. A less-accurate MLFMA can be used
to construct a strong preconditioner, where the accuracy is not very critical, but a reasonable
approximation is required with high efficiency.

A direct way to construct a less-accurate MLFMA is reducing truncation numbers using
(3.84). For example, if the ordinary MLFMA has four digits of accuracy, i.e., d, = 4, then a
less-accurate MLFMA may have one or two digits of accuracy [208]. On the other hand, this
strategy has two major disadvantages:
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e A less-accurate MLFMA obtained by decreasing d;, in (3.84) may not be significantly faster
than the ordinary MLFMA. Because, truncation numbers loosely depend on d,, for large
boxes at higher levels of MLFMA, such as depicted below in Figure 3.7. For example, let
d, be reduced from 4 to 1. At the lowest level involving 0.254 boxes, the truncation number
drops significantly by 40% (from 10 to 6). On the other hand, for a higher level with 164
boxes, the truncation number decreases from 200 to 184, which corresponds to an only 8%
reduction. Therefore, reducing the value of d,, does not provide a significant acceleration,
especially when the problem size is large.

e The extra cost of a less-accurate MLFMA obtained by decreasing d,, can be significant due
to radiation and receiving patterns of basis and testing functions calculated during the setup
stage. In addition to the ordinary patterns employed by the ordinary MLFMA, a new set of
patterns is required for the less-accurate MLFMA with reduced truncation numbers.

As a result, better strategies are required to construct less-accurate and efficient versions of
MLEMA.

Another strategy to build a less-accurate MLFMA can be omitting some of far-field interac-
tions. In this case, the number of accurate digits is the same as that for the ordinary MLFMA,
but the aggregation, translation, disaggregation stages are omitted for a number of higher levels
of the tree structure. The resulting less-accurate MLFMA is called the incomplete MLFMA
(IMLFMA), which does not require extra computations during the setup stage. In addition,
IMLFMA can easily be obtained via minor modifications to the ordinary MLFMA. On the
other hand, this strategy fails to provide an acceptable accuracy for a sufficient speedup. For
example, half of the levels must be ignored to obtain a two-fold speedup with IMLFMA com-
pared to the ordinary MLFMA. However, this would lead to a poor approximation since many
interactions (much more than 50%) are ignored.

Alternatively, one can use AMLFMA [211], which is based on systematically reducing trun-
cation numbers as

7,(D) = Tyin + ap (1) = Ty, (3.133)

where 7,,;, is the minimum truncation number and z(/) is the ordinary truncation number for
level /. In (3.133), a; represents the approximation factor in the range from 0.0 to 1.0. As ay is
increased from 0.0 to 1.0, AMLFMA becomes more accurate but less efficient, and it corre-
sponds to ordinary MLFMA when a; = 1.0. Since the truncation number at the lowest level is
not modified, AMLFMA does not require extra computations for radiation and receiving pat-
terns of basis and testing functions. Only a new set of translation functions is required, which
leads to a negligible extra cost.

As numerical examples, electromagnetics problems involving a sphere of radius 64 and
a 204 X 204 patch are considered. The problems are discretized with 132,003 and 137,792
unknowns, respectively. For both problems, MVMs are performed by AMLFMA with various
values of a;. In addition to AMLFMA, an IMLFMA based on omitting the interactions only
at the highest level is tested. The number of levels is four and six for the sphere and patch
problems, respectively. The input vector is filled with ones, and the output vectors provided
by AMLFMA and IMLFMA are compared with a reference vector provided by the ordinary
MLEFMA with three digits of accuracy. For each element of the output vectorm = 1,2, ..., N,
the base error is defined as

A,[m] = [log,o(A,[m])], (3.134)
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Table 3.4 Processing time for MVMs via MLFMA and less-accurate implementations of MLFMA

AMLFMA
Problem Unknowns MLFMA 0.8 0.6 0.4 0.2 0.0 IMLFMA
Sphere 132,003 349 28.3 232 19.8 16.0 13.0 324
Patch 137,792 24.5 194 15.2 12.8 10.1 8.1 21.6

where [-] represents the ceil operation and A,[m] represents the relative error with respect to
the reference value provided by the ordinary MLFMA.

Figures 3.12 and 3.13 present the number of elements satisfying various base errors for the
sphere and patch problems, respectively. Figure 3.12 shows that the accuracy of the MVM
deteriorates slightly when a; is 0.8 and 0.6 for the sphere problem, i.e., the base error is —3 or
below for most of the elements. Those elements are calculated with high accuracy, which is
even better than acceptable since the ordinary MLFMA has three digits of accuracy. Reducing
the value of as to 0.4 and 0.2, accuracy of AMLFMA decreases and numbers of elements
satisfying —2 and —1 base errors increase. Finally, when ag = 0.0, i.e., when the truncation
number is 7,,;, for all levels, there are many elements with 0 base error, which corresponds
to minimum 10% relative error. Figure 3.13 presents similar results for a completely different
geometry, i.e., 204 X 204 patch. Using AMLFMA, one can adjust the accuracy of MVMs by
choosing the approximation factor a; from 1.0 to 0.0. On the other hand, IMLFMA, which is
obtained by omitting only the highest level, provides inaccurate results compared to AMLFMA
with a; = 0.2 — 0.4 for both problems.

Figures 3.12 and 3.13 show that one can obtain relatively accurate MVMs by AMLFMA
when using a; = 0.2 —0.4. This cannot be predicted by the excess bandwidth formula in
(3.84), which suggests significantly large truncation numbers. This is because the excess band-
width formula is based on the worst-case scenario for the positions of basis and testing func-
tions inside boxes. In fact, the ordinary MLFMA must use truncation numbers obtained with
(3.84) to guarantee the desired level of accuracy. However, for a typical problem, there are
many interactions that can be computed accurately using lower truncation numbers. These
interactions can be employed in AMLFMA, which can be used to construct powerful precon-
ditioners, where the accuracy is not very critical.

Table 3.4 lists the processing time required for a MVM performed by ordinary MLFMA,
AMLFMA, and IMLFMA measured on a cluster of 16 AMD Opteron 870 processors. For
both sphere and patch problems, AMLFMA with a, = 0.2 provides a significant acceleration
by reducing the processing time more than 50% compared the ordinary MLFMA. Also note
that the speedup provided by IMLFMA is less than the speedup provided by AMLFMA, even
when a; = 0.8.

3.6 Iterative Solutions of Surface Formulations

In this section, iterative solution of electromagnetics problems involving metallic, dielectric,
and composite objects are focused in terms of iterative convergences. Hybrid formulations are
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Figure 3.12  Errors in MVMs performed by AMLFMA with a, = 0.0-0.8 and by IMLFMA (omit-
ting the highest level) for a sphere problem discretized with 132,003 unknowns. The reference data is
obtained by using an ordinary MLFMA with three digits of accuracy. Source: Ergiil and Giirel 2006

[167]. Reproduced with permission of IEEE.

derived for improved iterative solutions of metallic objects with coexisting open and closed

parts.

3.6.1 Hybrid Formulations of PEC Objects

Real-life electromagnetics problems often involve both thin and thick conductors that need to
be modeled with open and closed surfaces, respectively. Since MFIE is not applicable to open
surfaces, conventional solutions are forced to employ EFIE even when only a small part of the
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Figure 3.13  Errors in MVMs performed by AMLFMA with a, = 0.0-0.8 and by IMLFMA (omitting
the highest level) for a patch problem discretized with 137,792 unknowns. The reference data is obtained
by using an ordinary MLFMA with three digits of accuracy.

geometry is an open surface. Unfortunately, EFIE produces ill-conditioned matrix equations
that are difficult to solve with an iterative solver, especially when the problem includes some
closed parts. Consequently, as the problem size increases, the solution of composite problems
with coexisting open and closed surfaces becomes extremely difficult. Although iterations
are accelerated via efficient algorithms, such as MLFMA, convergence is usually not reached
within a reasonable number of iterations. To remedy this, hybrid formulations can be developed
for efficient solutions of composite problems without sacrificing accuracy [59, 64, 82].

Extending the definition of CFIE in (2.214), hybrid integral equations (HIEs) can be written
as

HIE = a(r)EFIE + [1 — a(r)]MFIE, (3.135)
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where the parameter « now depends on the observation point. HIEs employ MFIE or CFIE on
closed parts of the geometry, while EFIE is applied on open parts, as usual. Discretization of
(3.135) leads to

—HIE
Z -a=wlE (3.136)
where
—HIE —EFIE —MFIE
Z [mmn]l=a,Z [mn]+(1-a,Z [m, n] (3.137)
wE m] = a, wEE [m] + (1 = a, )WwME[m]. (3.138)

The matrix equation in (3.136)—(3.138) has a variable «,, depending on the index of the row
(m) in the impedance matrix, i.e., the index of the testing function. This provides the freedom
to choose different linear combinations for different testing functions, even using pure EFIE
(a,, = 1) or pure MFIE (a,, = 0) for some m. In general, one can obtain better-conditioned
matrix equations by including CFIE interactions in the solution of composite problems. Also
note that the traditional CFIE can be interpreted as a special case of HIEs for closed surfaces,
where EFIE and MFIE are combined with a fixed parameter for each testing case.

MLFMA solutions of HIEs, where «,, depends on the location of the testing function, is
similar to MLFMA solutions of EFIE, MFIE, and CFIE, and do not require any special pro-
cedures. This is because, in MLFMA, radiated and incoming fields do not depend on the type
of the formulation and «,, appears only in receiving patterns of testing functions.

Numerical Results

Figure 3.14 shows three composite problems, where relative amounts of open and closed sur-
faces are different. In numerical solutions considered below, all objects are located in free space
and discretized with the RWG functions. The problems are also summarized in Table 3.5. The
first one in Figure 3.14(a) is a radiation problem involving a dipole antenna (open surface) of
length 1 m located over a PEC rectangular box (closed surface) with dimensions of 1 m X Sm
X 5m. This structure is an example of problems with almost completely closed geometries,
except for very minor open parts. The problem is solved at 300 MHz, and the discretization of
the object leads to 24,186 unknowns on the box and only 19 unknowns on the antenna. The
feed of the antenna is simulated by a delta-gap source located at the center of the strip.

Figure 3.14(b) shows an example of problems involving mostly closed parts but with some
open parts. A cross-shaped open surface is placed over a closed ellipsoid surface with dimen-
sions shown in the figure. The object is investigated at 500 MHz and illuminated by a plane
wave propagating in the —x direction with the electric field polarized in the y direction. Dis-
cretization of the object leads to 115,023 unknowns on the ellipsoid (closed surface) and 16,608
unknowns on the cross-shaped part (open surface).

As an example to problems with comparable amounts of open and closed parts,
Figure 3.14(c) shows a sphere with radius 30cm placed over a 60cm X 60cm square
patch. The structure is illuminated by the same plane wave as in the second problem. The
problem is solved at two frequencies; at 1 GHz, the number of unknowns is 3768 on the
sphere and 1301 on the patch, whereas at 6 GHz, there are 132,336 unknowns on the sphere
and 49,200 on the patch.
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m‘

Figure 3.14 Various composite problems (a) with almost completely closed geometries, except for very
minor open parts, (b) involving more closed parts than open parts, and (c) with comparable amounts of
open and closed parts.
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Table 3.5 Composite problems involving open and closed PEC parts

Number of unknowns

Problem Frequency Closed parts Open parts
Problem 1: Figure 3.14(a) 300 MHz 24,186 19
Problem 2: Figure 3.14(b) 500 MHz 115,023 16,608
Problem 3: Figure 3.14(c) 1 GHz 3768 1301
Problem 3: Figure 3.14(c) 6 GHz 132,336 49,200

Problem 1: 24 205 unknowns
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Figure 3.15 Convergence characteristics of the problems in Figure 3.14(a) and Figure 3.14(b) for dif-
ferent formulations, i.e., EFIE, MFIE/EFIE, and CFIE/EFIE, solved with CGS. Source: Ergiil and Giirel
2009 [82]. Reproduced with permission of IEEE.

In Figures 3.15 and 3.16, convergence characteristics are depicted for the CGS algorithm and
when different formulations are applied to the composite problems. In all examples, iterative
convergence is the slowest for the conventional EFIE. Especially for the first two problems,
EFIE does not reach the 107° residual error within a reasonable number of iterations. As shown
in Figures 3.15(a) and 3.15(b), the hybrid CFIE/EFIE formulation dramatically improves the
convergence of these two problems, when CFIE with «,, = 0.2 is applied to closed parts. On the
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Problem 3: 5069 unknowns
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Figure 3.16 Convergence characteristics of the problem in Figure 3.14(c) for different formulations,
i.e., EFIE, MFIE/EFIE, and CFIE/EFIE, solved with CGS. Source: Ergiil and Giirel 2009 [82]. Repro-
duced with permission of IEEE.

other hand, when MFIE is applied to closed parts, leading to a hybrid MFIE/EFIE formulation,
improvement is not sufficient.

For the third problem containing comparable amounts of open and closed surfaces, there is
improvement with the hybrid CFIE/EFIE formulation, but it is less than those in the previous
two problems. For this problem, EFIE converges better than the first and second problems
due to the larger portion of open surface. The CFIE/EFIE formulation is still much better
than EFIE for the larger problem in Figure 3.16(b). However, the acceleration provided by
CFIE/EFIE is not very significant for the smaller problem in Figure 3.16(a). In fact, itera-
tions in Figure 3.16(a) are at the frequency where EFIE shows a quite good performance. In
Figure 3.17, a frequency sweep from 500 MHz to 1200 MHz is demonstrated for the same
problem. EFIE suffers from internal resonances, and the number of iterations peaks at vari-
ous frequencies. On the other hand, the hybrid CFIE/EFIE formulation is free of the internal
resonances so that the number of iterations is steady and consistently in the same low range.

Figures 3.18 and 3.19 demonstrate convergence characteristics for the solution of Problem 1
(in Table 3.5) using various iterative methods. In general, the hybrid CFIE/EFIE formulation
consistently leads to the fastest convergence. Table 3.6 lists the number of iterations for the
same problem to reach 107 residual error. When the EFIE formulation is applied to the entire
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Figure 3.17 Iteration counts to reach 107° residual error for the problem in Figure 3.14(c) in the
frequency range from 500 MHz to 1200 MHz. Source: Ergiil and Giirel 2009 [82]. Reproduced with
permission of IEEE.

Table 3.6 Number of iterations (10~ residual
error) for the solution of problem 1 in Table 3.5
without preconditioning

Method EFIE MFIE/EFIE CFIE
BiCG NC 495 72
BiCGStab NC 377 47
CGS 1488 372 63
GMRES NC 388 60
LSQR 1307 568 101
TFQMR 1407 358 52

NC: No convergence.

problem, CGS, LSQR, and TFQMR converge within 2000 iterations, while BiCG, BiCGStab,
and GMRES (with a restart parameter of 200 iterations) do not. With CFIE/EFIE, the number
of iterations drops for all cases, but GMRES performs the best in terms of the number of
MVMs. This is because GMRES requires only one MVM per iteration while others require
two. On the other hand, GMRES requires more memory than the other iterative methods in
Table 3.6; hence BiCGStab might be preferred as problem size grows and it becomes critical
to reduce memory.

Convergence characteristics for preconditioned systems are depicted in Figures 3.20 and
3.21. For the three problems, EFIE and HIEs are solved with CGS preconditioned by BDPs.
EFIE solutions with NFP are also presented in the same figures for comparison. To easily
check the effect of preconditioning on different problems and formulations, Table 3.7 lists the
number of iterations to reach 107° residual error. Looking at Figure 3.20, Figure 3.21, and
Table 3.7, the following observations can be made:
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Figure 3.18 Convergence characteristics of the problem in Figure 3.14(a) for various iterative methods
and different formulations, i.e., EFIE, MFIE/EFIE, and CFIE/EFIE. Source: Ergiil and Giirel 2009 [82].
Reproduced with permission of IEEE.

e For the first problem with a completely closed geometry except for a very minor open part,
the convergence of HIEs is significantly improved by the efficient BDP. However, for EFIE,
BDP does not work and the convergence is worse than the no-preconditioner (NP) case.
The strong NFP improves the convergence of EFIE, although the number of iterations is
still high, compared to HIEs.

e For the second problem, where there are more closed than open parts, BDP does not work
even with HIEs. This can be explained with the worsening of the condition of the system
since more open parts need to be formulated with EFIE, compared to the first problem.
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Figure 3.19 Convergence characteristics of the problem in Figure 3.14(a) for various iterative methods
and different formulations, i.e., EFIE, MFIE/EFIE, and CFIE/EFIE. Source: Ergiil and Giirel 2009 [82].
Reproduced with permission of IEEE.

Nevertheless, the hybrid CFIE/EFIE formulation is preferable since its NP case is still better
than EFIE with a strong NFP.

e For the third problem, where open and closed parts are comparable, the effect of EFIE
becomes significant. As in the second problem, BDP does not work even for HIEs. In addi-
tion to this, EFIE with NFP performs better than HIEs with NP. Consequently, NFP provides
a trade-off between memory and number of iterations. There is an alternative way using the
hybrid CFIE/EFIE formulation with NFP leading to fewer iterations. However, due to the
nonsymmetric impedance matrix, this would be more expensive in terms of memory than
the EFIE case.
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Figure 3.20 Convergence characteristics of the problems in Figures 3.14(a) and 3.14(b) for the pre-
conditioned CGS and different formulations, i.e., EFIE, MFIE/EFIE, and CFIE/EFIE. Source: Ergiil and
Giirel 2009 [82]. Reproduced with permission of IEEE.

In Figure 3.22, the variable a,, employed in the convex combination of EFIE and MFIE in
the CFIE part of hybrid formulations is investigated. Two different cases are demonstrated in
the figure, where the number of iterations is depicted with respect to the variable «,, applied
on closed parts of the problems. The four curves in each figure represent residual errors from
1073 to 107, Comparing Figures 3.22(a) and 3.22(b), one can observe that the dependence on
a,, is directly based on the type of geometry. In Problem 1, where only a small portion of the
geometry is open, there is an optimal «,, of about 0.2—0.4 for the best convergence. In both
directions to MFIE/EFIE (a,, = 0) and to EFIE (a,, = 1), the number of iterations increases.
On the other hand, in the case of Problem 3, the open part is relatively larger, and it is difficult
to set an optimal a,, for a,, # 1. It can be concluded that choosing «,, around 0.2 does not
guarantee the exact optimal convergence for all cases, but it provides a number of iterations
close to the optimal case.

In order to test the accuracy of HIEs, RCS results are considered for the problems in
Figures 3.14(a) and 3.14(c). In Figure 3.23, normalized RCS values (RCS/A?) are plotted on
the z-x plane with respect to 6. Highest RCS values in Figures 3.23(b) and 3.23(c) appear at
2700, which corresponds to the forward-scattering direction. For both radiation and scattering
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Figure 3.21 Convergence characteristics of the problem in Figure 3.14(c) for the preconditioned CGS
and different formulations, i.e., EFIE, MFIE/EFIE, and CFIE/EFIE. Source: Ergiil and Giirel 2009 [82].
Reproduced with permission of IEEE.

problems, it can be observed that the hybrid CFIE/EFIE formulation provides accurate results
that agree well with the reference EFIE solutions.

3.6.2 Iterative Solutions of Normal Equations

Transforming the original matrix equations into normal equations may improve the conver-
gence of EFIE significantly [197, 198]. This subsection presents the solution of EFIE by
employing the LSQR algorithm [191, 192], which corresponds to a stable application of the
CG algorithm on normal equations. Despite the squaring of the condition number due to
such a transformation into normal equations, LSQR may improve the convergence rate of
iterative solutions of EFIE by performing better than many other iterative algorithms. It is
also observed that the improved convergence is peculiar to EFIE, and LSQR does not have
a good performance for CFIE solutions. Acceleration due to the transformation into normal
equations can also be useful to reduce the memory required for the GMRES algorithm.
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Table 3.7 Number of CGS iterations (107° residual error) for the solution of
composite problems

Problem/Unknowns Preconditioner EFIE MFIE/EFIE CFIE/EFIE

Problem 1 /24,205 NP 1488 372 63
Problem 1 /24,205 BDP NC 280 33
Problem 1 /24,205 NFP 429 - -
Problem 2/ 131,631 NP NC 1387 607
Problem 2 /131,631 BDP NC NC 1058
Problem 2/ 131,631 NFP NC - -
Problem 3 / 5069 NP 280 218 219
Problem 3 / 5069 BDP 828 507 421
Problem 3 / 5069 NFP 37 - -
Problem 3/ 181,536 NP 1334 919 611
Problem 3/ 181,536 BDP NC NC 1327
Problem 3 /181,536 NFP 420 - -

NC: no convergence.

Matrix equations in (2.212), (2.213), and (2.214) can be transformed into normal equations
as

— —H — —
Z-a=w —> Z -Z-a=Z7Z -w (3.139)
with
—H —
Z =(Z ), (3.140)
where ‘7 and ‘%’ represent transpose and complex conjugate 0perat10ns respectively.

Note that ¥ = Z -Z is a Hermitian (self-adjoint) matrix, i.e., Y =Y. Using a Galerkin
scheme, EFIE matrices become symmetric so that only the complex conjugate operation is
required in (3.140). The ordinary MLFMA can be employed to perform MVMs related to the
complex-conjugate matrix as

y=2*-x=(2-x*)*, (3.141)

where only the input (x) and output (y) vectors are required to be modified. In the case of
non-Galerkin EFIE, however, a transpose operation is required in (3.140), which can be imple-
mented carefully by reversing steps of the ordinary MLFMA, as described above in Section
3.4. The resulting transpose MLFMA is also required for MFIE and CFIE, which lead to non-
symmetric matrices, even with the Galerkin method.

Figure 3.24 presents iterative solutions of a scattering problem involving a PEC sphere with
a radius of 1.54, where the residual error is plotted with respect to the iteration counts. The
sphere is illuminated by a plane wave, and matrix equations involving 8364 unknowns are
solved by the CGS algorithm using MLFMA. For both CFIE and EFIE formulations, conver-
gences of ordinary and transformed matrix equations are compared. In addition to (3.139), a
transformation

Z-a=w - Z-Z-a=2Z-w, (3.142)
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Figure 3.22 Iteration counts with respect to the variable a,,, which is applied to closed parts of the
problems in Figures 3.14(a) and 3.14(c). Source: Ergiil and Giirel 2009 [82]. Reproduced with permission
of IEEE.

where both sides of the ordinary matrix equation are multiplied with the impedance matrix,
is considered. The new matrices in (3.139) and (3.142) obtained by the transformations, i.e.,

ZH .Zand Z - Z, hgve condition numbers that are squares of the condition numbers of the
impedance matrix Z. With higher condition numbers, both transformations might decrease
the convergence rates. However, Figure 3.24 shows that this is not true and one may obtain
different results from the two transformations, especially for EFIE:

e The transformation in (3.142) decreases the convergence rates significantly for both CFIE
and EFIE compared to the ordinary solutions. The transformed matrix equations require
more iterations, especially in the case of EFIE, where convergence to an error of less than
0.1 cannot be achieved within 1000 iterations.
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Figure 3.23 Normalized bistatic RCS (RCS/4?) on the z-x plane for the structures in Figures 3.14(a)
and 3.14(c). Source: Ergiil and Giirel 2009 [82]. Reproduced with permission of IEEE.
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Figure 3.24 Iterative solutions of a scattering problem involving a PEC sphere with a radius of 1.54
formulated with CFIE (red) and EFIE (blue). Matrix equations have 8364 unknowns and solutions are
performed by the CGS algorithm applied on the ordinary equation and transformed equations in (3.140)
and (3.142), labeled by ‘ZHZ’ and ‘ZZ’, respectively. Source: Ergiil and Giirel 2009 [82]. Reproduced
with permission of IEEE.

o With the transformation in (3.139), CFIE has a faster convergence compared to the solution
obtained by the transformation in (3.142), but it is still slower than the ordinary solution.
However, in the case of EFIE, the transformation in (3.139) leads to an even faster conver-
gence than the ordinary solution.

The results presented in Figure 3.24 can be confirmed by considering various scattering
problems involving different geometries with closed and open surfaces. The transformation in
(3.139) tends to improve the convergence rate of iterative solutions of EFIE.

In Figure 3.24, the transformed equation in (3.139) offers a faster convergence rate com-
pared to the ordinary equation for EFIE. However, it does not increase the efficiency of the
iterative solution since the transformed equation requires four MVMs per CGS iteration while
the ordinary solution requires only two. Hence, the transformed equation in (3.139) can be
solved using the CG algorithm in order to reduce the number of MVMs to two per iteration,
while maintaining benefits of the transformation. Among different types of CG algorithms for
normal equations, the LSQR algorithm is a stable method based on the Lanczos bidiagonaliza-
tion as detailed in [191, 192]. Then, without having to consider the transformation in (3.139)
explicitly, one can simply feed the LSQR algorithm with MVMs related to the impedance

= —H
matrix Z and its transpose complex conjugate Z . Then, LSQR can perform the CG solutions
of the transformed equation in an implicit and stable way.

Numerical Results (LSQR)

Figure 3.25 presents iterative solutions of a scattering problem discretized with 14,871
unknowns. The problem involves a sphere with a radius of 24 illuminated by a plane wave.
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Figure 3.25 Iterative solutions of a scattering problem involving a sphere with a radius of 24 formulated
with (a) CFIE and (b) EFIE. Matrix equations involving 14,871 unknowns are solved by using various
iterative algorithms. Source: Ergiil and Giirel 2008 [197]. Reproduced with permission of IEEE.

Ordinary equations obtained with CFIE and EFIE are solved iteratively by employing various
algorithms, including LSQR. Note that the solution of the ordinary equations in (2.212) and
(2.214) using LSQR corresponds to a stable solution of the transformed equation in (3.139)
using the CG algorithm [193]. All iterative algorithms in Figure 3.25 require two MVMs for
each iteration except GMRES, which requires only one MVM per iterations at the cost of
increased memory. Figure 3.25(a) shows that most efficient solutions of the CFIE formulation
are performed by BiCGStab and the no-restart GMRES. In terms of the processing time,
GMRES is better than the other iterative algorithms since it requires only 34 MVMs to reduce
the residual error to less than 107°. However, BiCGStab is preferable since it requires only
20 iterations, or 40 MVMs, without using the extra memory needed by GMRES. On the
other hand, LSQR is inefficient compared to all other iterative algorithms by requiring 50
iterations, or 100 MVMs, to reduce the error to same levels. Therefore, LSQR appears to be a
bad choice for the CFIE solution of the problem.

In contrast to CFIE, Figure 3.25(b) shows that LSQR has significantly different convergence
properties for the EFIE solution of the problem; it is not the slowest converging iterative algo-
rithm as in Figure 3.25(a). Indeed, it requires 383 iterations, or 766 MVMs, to reduce the error
to less than 107® without using the extra memory needed by GMRES, which requires 510
MVMs. In other words, LSQR provides faster convergence compared to BiCG, BiCGStab,
CGS, and TFQMR, and it is a good alternative to GMRES, which offers a faster convergence
at the cost of extra memory. The improved convergence provided by LSQR is due to favorable
properties of the transformation in (3.139) for EFIE. The same improvement is not observed in
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Figure 3.26 Iterative solutions of a scattering problem involving a 304 X 304 patch discretized with
310,383 unknowns. Source: Ergiil and Giirel 2008 [197]. Reproduced with permission of IEEE.

CFIE solutions since the transformation in (3.139) does not improve the convergence of CFIE,
as also depicted in Figure 3.24.

In Figure 3.25, it is clearly observed that LSQR provides an improved convergence for
EFIE, but it is still inefficient compared to CFIE solutions. In general, for the solution of
problems involving closed surfaces, CFIE is very efficient and may negate the necessity of
employing LSQR with EFIE. On the other hand, for problems with open surfaces, EFIE is the
inevitable choice and the improved convergence provided by LSQR can become important.
As an example, Figures 3.26 and 3.27 present the solution of scattering problems involving
a d X d conducting patch, where d = 30 cm and corresponds to various values from 124 to
304. The patch is located on the x-y plane and illuminated by a plane wave propagating in
the —z direction. Discretizations of the object for different frequencies lead to relatively large
matrix equations with the number of unknowns ranging from 49,200 to 310,383. Scattering
problems are solved by MLFMA parallelized into 16 processes on a cluster of AMD Opteron
870 processors. Figure 3.26 presents the number of iterations when d = 304 and the number of
unknowns is 310,383. In terms of the iteration counts, LSQR provides the fastest convergence
compared to the other iterative algorithms and it requires 713 iterations, or 1426 MVMs, to
reduce the error to less than 1076, On the other hand, since GMRES requires only one MVM
per iteration, a fair comparison should be based on the processing time of iterative solutions.
In addition, such a comparison is necessary in order to consider different setup times required
by iterative algorithms, which become considerable as the number of unknowns increases. In
this manner, Figure 3.27 presents solution times with respect to the number of unknowns. The
fixed setup time of MLFMA is omitted, considering only the time required to perform the iter-
ative solutions of reduce the residual error to less than 1076, It can be observed that no-restart
GMRES provides the fastest solution, especially as the problem size grows. However, as also
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Figure 3.27 Processing time and peak memory per processor with respect to the number of unknowns
for the solution of scattering problems involving a patch geometry with various dimensions from 124 X
124 to 304 X 304. Only the time and memory required for iterative solutions are considered. Source:
Ergiil and Giirel 2008 [197]. Reproduced with permission of IEEE.

seen in Figure 3.27, it requires a peak memory that is significantly larger than the other iterative
algorithms. As an example, for the solution of the largest problem in Figure 3.27 with 310,383
unknowns, GMRES requires 321 MB memory per processor, while the total memory usage
(including the memory required by MLFMA) is only 456 MB per processor. Thus, leaving the
memory-hungry GMRES aside, among the memory-efficient solutions provided by the other
algorithms, LSQR requires the minimum processing time, as depicted in Figure 3.27. In other
words, LSQR performs better than CGS, BiCG, BiCGStab, and TFQMR, and it is a strong
alternative to no-restart GMRES, which has considerably larger memory requirements.

To further demonstrate the improved convergence provided by LSQR, two scattering prob-
lems involving a half sphere (HS) and an open prism (OP), which are depicted in Figures
2.27 and 3.28, respectively, are considered. The half-sphere problem is solved at 2 GHz and
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Figure 3.28 Scattering problems involving an open prism. Source: Ergiil and Giirel 2008 [197]. Repro-
duced with permission of IEEE.

7.5 GHz, while the open-prism problem is solved at 5 GHz and 16 GHz. For the lower fre-
quencies, discretizations with about 4/10 triangulation lead to 9911 and 11,351 unknowns for
the half sphere and the open prism, respectively (small problems). For the higher frequencies,
similar discretizations with A/10 mesh size lead to 116,596 and 127,925 unknowns (large
problems). Parallel MLFMA is employed to perform MVMs. For each geometry, two scat-
tering problems involving the plane-wave excitations described in Figures 2.27 and 3.28 are
solved. As an iterative solver, the LSQR algorithm is employed, in addition to GMRES, CGS,
BiCG, BiCGStab, and TFQMR. Figure 3.29 presents the processing time required by various
iterative algorithms for solutions. The processing time is measured on a cluster of 16 AMD
Opteron 870 processors for the convergence of the residual error to less than 107°. It can be
observed that LSQR outperforms other iterative algorithms, except for GMRES with a restart
parameter of 1000. But, once again, GMRES requires considerably larger memory than all
other algorithms. As an example, for the solution of the large half-sphere problem, the mem-
ory requirement of GMRES is about 140 MB per processor, while it is only 1-1.5MB for
other algorithms, including LSQR.

Numerical Results (Using GMRES for Normal Equations)

The improved convergence provided by LSQR is due to favorable properties of normal
equations in (3.139) for EFIE. One can also use the benefits of normal equations by
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Figure 3.29 The processing time required by various iterative algorithms for MLFMA solutions of
scattering problems described in Figures 2.27 and 3.28.
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Table 3.8 Solutions of scattering problems involving a patch geometry of
various sizes

GMRES
Size Unknowns Iterations Time (s) Memory (MB)
12A%x 124 49,200 620 568 30
184 x 184 111,405 776 2372 81
204 x 204 137,792 793 2635 107
254 %254 215,338 877 4232 180
304 x 304 310,383 991 6070 290
GMRES-NE
Size N Iterations Time (s) Memory (MB)
124X 124 49,200 254 445 13
184 x 184 111,405 335 1959 36
204 x 204 137,792 360 2269 49
254 %254 215,338 413 3620 87
304 x 304 310,383 467 5016 139

employing GMRES. As an example, scattering problems involving a square patch with
various sizes from 124X 124 to 304 X 304 are revisited. The problems are solved on a
cluster of 16 AMD Opteron 870 processors. Table 3.8 lists the number of iterations for 1076
residual error, solution time, and memory per processor, when GMRES is used to solve the
original and transformed (normal) matrix equations. Only the memory required for GMRES
is considered. Compared to conventional solutions, the number of iterations is reduced by
53-59% when GMRES is applied on normal equations (denoted as GMRES-NE). The
processing time, however, does not decrease by the same amount, since the number of MVMs
per iteration is two for GMRES-NE. Nevertheless, for the largest problem discretized with
310,383 unknowns, the processing time is reduced by 17%, while the number of MVMs
decreases only by 6%. This is because the cost of GMRES itself increases quadratically with
the number of iterations [190]. Hence, reducing the number of iterations is preferable even
when the number of MVMs does not decrease significantly. Table 3.8 shows that the memory
required for GMRES is reduced by 52—-57%. For the largest problem, MLFMA itself requires
only 135 MB memory per processor. Then, the total memory usage (including GMRES and
MLFMA) per processor is reduced from 425 MB to 274 MB, just by solving the normal
equation instead of the original equation with GMRES.

Figure 3.30 presents the solution of a scattering problem involving a two-dimensional array
(wall) that consists of 11x11 spheres. The wall is illuminated by a plane wave with normal
incidence (normal to the plane of the array) at 500 GHz. Spheres have a radius of 0.3 mm and
they are arranged regularly with 1 mm periodicity in the x and y directions. The overall size of
the wall is 5.3%5.3x0.6 mm and is discretized with 112,530 RWG functions. Figure 3.30(b)
presents convergence histories when the problem is solved with GMRES applied to original
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Figure 3.30 (a) A scattering problem involving an 11x11 array of PEC spheres illuminated by a plane
wave. (b) Convergence histories when the scattering problem is solved with GMRES applied to the
original and transformed matrix equations.

and transformed matrix equations. For the original matrix equation, the number of iterations
(for 1076 residual error) is 429. Transforming the matrix equation increases the convergence
rate and the number of iterations is reduced to 213. Hence, the memory required for GMRES
is reduced from 750 MB to 390 MB, and the total memory (including GMRES and MLFMA)
is reduced from 1447 MB to 1087 MB by solving the normal equation instead of the original
equation.
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Limitations

Transformations into normal equations can improve iterative solutions of EFIE. However, the
improvement is usually restricted to ordinary discretizations with 4/10 triangles. For example,
in Figure 3.31, iterative solutions of scattering problems involving a square patch with edges
of 30 cm are revisited. In Figure 3.31(a), the patch is discretized with 49,200 unknowns and
the frequency changes from 3 GHz to 15 GHz. The mesh size corresponds to 4/8 and 1/40 at
15 GHz and 3 GHz, respectively. Due to the low-frequency breakdown of EFIE, the iterative
convergence becomes difficult as the mesh size decreases with respect to wavelength. However,
as also depicted in Figure 3.31(a), the number of iterations increases faster for LSQR, com-
pared to the other iterative algorithms. In other words, the improved convergence provided by
LSQR vanishes for dense discretizations. Figure 3.31(b) presents another experiment, where
a 104 x 104 patch is discretized with various mesh sizes from 4/12 to 4/30. In this case, the
frequency is fixed to 10 GHz, but the number of unknowns changes from 49,200 to 310,383.
Similar to the previous example, the rapid convergence of the LSQR algorithm compared to
the other algorithms deteriorates as the mesh size decreases.

In addition to low performance for dense discretizations, the LSQR algorithm can be difficult
to accelerate with preconditioners. For example, Table 3.9 lists the number of MVMs required
for the half-sphere and open-prism problems discretized with 9911 and 11,351 unknowns,
respectively. Solutions with CGS, BiCGStab, and LSQR are compared when iterations are
accelerated with NFP, in addition to the NP case. Without preconditioning, LSQR performs
better than the other algorithms. However, using NFP, both CGS and BiCGStab are accelerated
much more than LSQR, which becomes the worst choice among the three algorithms.

Despite many limitations that prevent the use of LSQR, the advantages of this algorithm and
the transformation into normal equations for EFIE are interesting. It needs further research to
reveal how such a transformation that squares the condition number can improve the solution
of EFIE and how it can be generalized to other types of problems.

3.6.3 Iterative Solutions of Dielectric Objects

For electromagnetics problems involving dielectric objects, two types of efficient precondition-
ers, namely, the two-partition block-diagonal preconditioner (2PBDP) and the four-partition
block-diagonal preconditioner (4PBDP), can be employed to reduce the number of iterations

Table 3.9 Number of MVMs (107 residual error) for the solution of scattering
problems involving a half sphere and open prism

CGS BiCGStab LSQR

Problem NP NFP NP NFP NP NFP

Half sphere, excitation 1 at 2 GHz 798 38 1240 36 657 174
Half sphere, excitation 2 at 2 GHz 988 38 1346 38 655 172
Open prism, excitation 1 at SGHz 1342 72 1606 60 935 448
Open prism, excitation 2 at 5 GHz 1220 56 1426 54 899 422
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Figure 3.31 Number of MVMs as a function of the number of elements per wavelength for the solution
of scattering problems involving a square patch with edges of 30 cm. (a) The patch is discretized with
49,200 unknowns and the frequency changes from 3 GHz to 15 GHz. (b) The frequency is 10 GHz and

the patch is discretized with 49,200 to 310,383 unknowns.
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required for solutions. Matrix equations in the form of (2.40) can be preconditioned as

—1 |Z,. Z —1

Pl |4 Ze -[“J] =P -[wl], (3.143)

Zy Zy| %M W2

where Pis a preconditioner matrix. In MLFMA, there are O(NN) near-field interactions, which
are calculated directly and are available for constructing preconditioners. BDP, which is based
on using self-interactions of boxes at the lowest level, is commonly used to accelerate MLFMA
solutions of electromagnetics problems involving PEC objects formulated with MFIE and
CFIE [35]. The preconditioner matrix, which has a block-diagonal structure, can be inverted
and used efficiently with O(N) complexity. A direct extension of BDP for dielectric problems,

which is called 2PBDP, involves self-interactions of boxes at the lowest level in diagonal par-
titions, i.e.,

P,= | O, (3.144)

where ;11 ~Z 11 and izz ~ 222 are block-diagonal matrices. Then, a preconditioned matrix
equation can be written as

By -2, By, -Zyy] [a,] _ |Bu-w i (3.145)
By, -Z,, By, - Zy, am B, -w,
where 1_311 = Fl 11 and Ezz = ﬁzzl are also block-diagonal matrices. Similar to BDP, 2PBDP
accelerates iterative solutions of normal and mixed formulations, such as CNF, MNMF, and
JMCFIE.
To further improve iterative solutions of normal and mixed formulations, one can use 4PBDP,
which is based on using diagonal blocks, i.e., self-interactions of boxes at lowest levels, in
all four partitions of matrix equations. This way, some of the large elements in off-diagonal

matrix partitions (Z, and 221) are considered in constructing an effective preconditioner. The
resulting preconditioner matrices are in the form of

Pp= Pu Pol (3.146)
PZ] P22

Since Py, and P,; are also block-diagonal matrices, the inverse of P,p can be evaluated
efficiently as

—1 B R
P, = B, By , (3.147)
le BZZ
where
- 1 = = =1 = —
BH=P”-[I+P12~S -P21-P“] (3.148)

— 1 =
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B, =-S5 -Py Py, (3.150)
By=5 . (3.151)

and
§=F22_F21'l_’1_11'ﬁ12 (3.152)

is the Schur complement of ﬁl_l . The matrix operations in (3.148)—(3.152), i.e., matrix-matrix
multiplications, inversion of P, and inversion of S can be performed efficiently in O(N)
time using O(N) memory. Numerical experiments show that the extra cost of 4PBDP with
respect to 2PBDP is always negligible, considering the overall cost of solutions with MLFMA.
Nevertheless, 4PBDP can significantly improve the efficiency of solutions by reducing the
number of iterations, and it is especially useful when the acceleration provided by 2PBDP is
not sufficient.

In general, iterative solutions of CNF and JMCFIE become difficult as the contrast increases,
i.e., when the permittivity and permeability change significantly across dielectric interfaces.
The main reason is the existence of off-diagonal matrix partitions, which are numerically
sensitive to the contrast. The off-diagonal partitions of JMCFIE and CNF are significantly
unbalanced due to the multiplications with ! and # in Z,, and Z,,, respectively. Although
this may not be critical for low contrasts, the off-diagonal partition Z,, dominates the overall
matrix, as the contrast of the object increases. The elements in the off-diagonal partition of
CNF can be written as

—CNF .
Zy, [m,n] = iw/ drt, (r) - il(r)x
SITI
{ / dr'b, (") [uigir,r') = u,8,(rr")
(r,r’ r.r
+i/ ar'v' - b, ")V [g‘( ) _ &l )] } . (3.153)
? Js, €; €,
—CNF | ) . . . —IMCFE . ) .
Note that Z,, is also a major contribution in Z,, for sufficiently high contrasts. Using

a Taylor series expansion for the exponential in the Green’s function,

la)R)

Ly ; ;

[igir 1) = oo T = o B i) = w7 (3.154)
s=0
and
o8 ster) 2 GoRy™ [t 212 _ (ot
E; &, 47Z'R —0 & &

iRy [(u,e,)v/z (m,e,,)f/z]

- , (3.155)
47rR Zo £; £,

where R = (r — ') = RR. Note that 1/R and 1/R? singularities in (3.154) and (3.155) exist
when pu, # p; and €, # €;, respectively. In addition, numerical values of the expressions in
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(3.154) and (3.155), thus Z(Z:]N F, grow rapidly with the increasing contrast. As a result, the
overall matrix equation becomes significantly unbalanced and difficult to solve iteratively. For
those problems formulated with CNF and JMCFIE, 4PBDP, which employs large elements in
Z,,, can be very effective to accelerate iterative solutions.

Numerical Results

In the examples below, the efficiency of numerical solutions is investigated when scattering
problems are formulated with CTF, CNF, MNMF, and JMCFIE. For all solutions, near-field
interactions are calculated with at most 1% error, and far-field interactions are computed by
MLEMA with three digits of accuracy. Tree structures are constructed by fixing the size of
boxes at the lowest level to 0.254, and using a bottom-up scheme.

Figure 3.32 presents the amount of memory required for MLFMA solutions of scattering
problems involving a dielectric sphere with a radius of 0.3 m located in free space. The sphere
is illuminated by a plane wave propagating in the z direction with the electric field polarized
in the x direction. The radius of the sphere changes from 0.754, to 7.54,, where 4, is the
wavelength in free space. Discretizations with 4,/10 triangulations lead to 4142 and 412,998
unknowns, respectively, for radii 0.754, and 7.54,,. The relative permittivity of the sphere is
g, = 2.0. Figure 3.32 presents the peak memory required for MLFMA solutions with respect to
the number of unknowns. The peak memory depends on the formulation type mainly because

Sphere (g, = 2.0)

Peak memory (MB)

...... X CTF

P R 4 O MNMF
IR . |——CNForJMCFIE

10! Lo : T

104 105

Number of unknowns

Figure 3.32 Peak memory required for MLFMA solutions of scattering problems involving a sphere
with a relative permittivity of 2.0 located in free space. The radius of the sphere is in the range from
0.754, to 7.54,. Source: Ergiil and Giirel 2009 [80]. Reproduced with permission of IEEE.
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of different storage requirements for near-field interactions (identical or nonidentical diagonal
partitions) and far-field patterns of basis and testing functions (one set or two sets of patterns).
Having identical diagonal partitions and using one set of far-field patterns, CTF requires less
memory than the other formulations. CNF and JMCFIE require two sets of far-field patterns,
and their memory usage is larger than CTF. MNMF has nonidentical diagonal partitions and
requires two sets of far-field patterns, leading to a larger memory usage than CTF, CNF, and
JMCEFIE. Although the memory is not critical for small problems, it becomes more important
as the problem size grows. For example, when the radius is 7.54,,, the peak memory is 2370 MB
and 3385 MB for CTF and MNMF, respectively.

Table 3.10 lists the number of CGS iterations to reduce the residual error to below 1073
for scattering problems involving a sphere with a relative permittivity of 4.0. The radius of
the sphere changes from 0.754, to 7.54,. As the problem size gets larger, the setup time
becomes negligible, compared with the time required for iterations. Then, the processing
time of MLFMA solutions is directly proportional to the iteration counts. For all formula-
tions, two efficient preconditioners, i.e., 2PBDP and 4PBDP, are applied in addition to the
no-preconditioner case. The following observations can be made:

0’

e Preconditioning matrix equations with 2PBDP and 4PBDP does not accelerate the iterative
convergence for CTF. In fact, these low-cost preconditioners decelerate the convergence and
increase the number of iterations for this formulation. Especially for large problems, con-
vergence cannot be achieved within 2000 iterations, when 2PBDP and 4PBDP are used for
CTFE. A negative effect of efficient preconditioners was also observed for other tangential
formulations, such as EFIE for the solution of PEC objects (see above, Section 3.6.1). How-
ever, 2PBDP and 4PBDP significantly accelerate the iterative convergence for the normal
formulations (CNF and MNMF) and JMCFIE.

o Although they are both normal formulations, iteration counts for CNF and MNMF differ
significantly; convergence is consistently faster for MNMEF. For large problems, CNF fails
to provide quick convergence even when compared to CTF without preconditioning.

o Using 4PBDP provides faster convergence than 2PBDP, especially for IMCFIE. This is due
to strong off-diagonal partitions of JMCFIE, in addition to its strong diagonal partitions
involving well-tested identity operators.

e For small problems, the iteration counts for MNMF are lower than JMCFIE. This can be
observed in Table 3.10, when the radius of the sphere is in the range from 0.754,, to 34,,. For
larger problems, however, the convergence for JMCFIE becomes faster than the convergence
for MNMEF. When the radius of the sphere is 7.54,, the number of iterations is consistently
lower for JMCFIE with and without preconditioning.

To further compare the dielectric formulations, i.e., CTF, CNF, MNMF, and JMCFIE, in
terms of efficiency, scattering problems involving a dielectric cube with edges of 44, are con-
sidered. Similar to the sphere problems, the cube is illuminated by a plane wave propagating
in the z direction with the electric field polarized in the x direction. Discretization of the prob-
lem with 4,/10 triangulation leads to 64,548 unknowns. The relative permittivity of the cube
changes from 2.0 to 16.0. Figure 3.33(a) depicts the number of CGS iterations with respect to
the contrast of the cube, i.e., (¢, — 1), to reduce the residual error below 1073. For small con-
trasts, CTF has the slowest convergence, while the normal formulations, i.e., CNF and MNMF,
offer the fastest convergence. As the contrast increases, however, the convergence of CNF
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Table 3.10 Number of CGS iterations (1073 residual error) for the solution of sphere
problems with £, = 4.0

Sphere problems CTF CNF

Radius Unknowns NP 2PBDP  4PBDP NP 2PBDP 4PBDP

0.754, 4152 102 344 325 48 47 32
1.004, 7446 245 623 557 87 52 42
1.504, 16,728 259 1145 959 184 115 76
2.004, 29,742 213 1317 1183 272 182 90
3.004, 65,724 678 NC NC 305 278 128
6.004, 264,006 417 NC NC NC 1583 755
7.504, 412,998 369 NC NC 1153 1005 468
Sphere problems MNMF JMCFIE

Radius ~ Unknowns NP 2PBDP  4PBDP NP 2PBDP  4PBDP

0.754, 4152 34 26 19 46 34 28
1.004, 7446 46 30 30 94 48 37
1.504, 16,728 66 51 32 129 77 63
2.004, 29,742 66 54 46 122 86 54
3.004, 65,724 144 111 108 173 189 113
6.004, 264,006 332 234 174 414 276 148
7.504, 412,998 380 303 321 269 230 123

NP: no preconditioner, NC: no convergence.

decelerates significantly and this formulation has the poorest convergence when ¢, = 16.0.
Figure 3.33(a) also shows that MNMF provides the most efficient solutions and the num-
ber of iterations for this formulation is almost constant when the contrast increases from 3.0
to 15.0. Figure 3.33(b) presents the number of iterations when 4PBDP is used to accelerate
the convergence. Similar to the sphere problems, CTF solutions are decelerated with 4PBDP
and the convergence cannot be achieved within 2000 iterations for contrasts from 3.0 to 11.0.
Comparing Figure 3.33(b) with Figure 3.33(a), one can also observe that 4PBDP significantly
reduces the number of iterations for CNF and JMCFIE, but it provides less improvement for
MNME. Using 4PBDP, MNMF still has the lowest iteration counts, but the efficiency of IMC-
FIE becomes close to the efficiency of MNMF.

Table 3.10 and Figure 3.33 show that MNMF and JMCFIE are the most appropriate formu-
lations in terms of efficiency. These formulations are further investigated by considering both
various preconditioning schemes and different iterative algorithms to improve the efficiency
of solutions. As an example, Figure 3.34 presents the number of iterations for the sphere prob-
lems when €, = 2.0. In addition to CGS with no preconditioning and with 4PBDP, solutions
obtained by employing the BiCGStab algorithm are considered. BiCGStab is known to provide
rapid convergence for normal and combined formulations. Figure 3.34 shows that the num-
ber of iterations is reduced for both MNMF and JMCFIE, if BiCGStab is employed, instead
of CGS.
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Figure 3.33 Iteration counts for the solution of scattering problems involving a cube with edges of 44,
located in free space. The relative permittivity of the cube changes from 2.0 to 16.0. Iterative solutions
are performed by CGS (a) without preconditioning and (b) accelerated with 4PBDP. Source: Ergiil and

Giirel 2009 [80]. Reproduced with permission of IEEE.
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Figure 3.34 Iteration counts for the solution of scattering problems involving a sphere with a relative
permittivity of 2.0 located in free space, when the problems are formulated with (a) MNMF and (b)
JMCEFIE. The radius of the sphere is in the range from 0.754, to 7.54,,. Source: Ergiil and Giirel 2009
[80]. Reproduced with permission of IEEE.
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MNMEF and JMCFIE are also compared for the solution of very large dielectric problems.
Figure 3.35(a) presents the number of iterations for the sphere problems (with €, = 2.0),
when the solutions are performed by BiCGStab accelerated with 4PBDP. This time, the fre-
quency is extended to 20 GHz and the radius of the sphere grows up to 204,,. At 20 GHz, dis-
cretization of the sphere with 4,/10 triangulation leads to 2,925,708 unknowns. Figure 3.35(a)
shows that solutions with JMCFIE become significantly faster than MNMF for large problems.
Figure 3.35(b) presents the results of a similar experiment, where scattering problems involv-
ing a dielectric cube (g, = 4.0) are solved by using BiCGStab accelerated with 4PBDP. The
size of the cube changes from 4, to 204, where 4, is the wavelength in free space. The num-
ber of unknowns due to 4,/10 triangulations is in the range from 4104 to 1,624,320. Iteration
counts required for both 1072 and 1073 residual errors are plotted with respect to the number
of unknowns. Similar to the previous case, solutions with JMCFIE become faster than MNMF
for large problems.

In general, JIMCFIE leads to more efficient solutions than MNMF, when the problem size
is sufficiently large. Further investigations show that the better performance of JMCFIE
may become more evident when a problem involves complicated targets. As an example,
Figure 3.36 presents the results of a problem involving a 5-layer periodic structure in free
space excited by a Hertzian dipole. Dimensions of the structure and the position of the source
are detailed in Figure 3.36(a). Discretization of the structure with 10 cm triangulation size
leads to 38,700 unknowns. For the relative permittivity of the structure, two different values,
i, g, =2.0and e, = 4.0, are considered. Figure 3.36(b) depicts the iteration counts for 1073
residual error as a function of the frequency from 200 MHz to 300 MHz, when problems
are solved by using BiCGStab accelerated with 4PBDP. It can be observed that MNMF
offers faster solutions when &, = 2.0, and the number of iterations is halved compared to
JMCFIE. When ¢, = 4.0, however, the number of iterations for MNMF increases rapidly
as the frequency changes from 200 MHz to 300 MHz. At 300 MHz, convergence cannot be
achieved within 1000 iterations by using MNMF. On the other hand, JMCFIE is more stable
in the same frequency range, and it provides significantly faster solutions when €, = 4.0 and
the frequency is larger than 200 MHz.

3.6.4 Iterative Solutions of Composite Objects with Multiple Dielectric
and Metallic Regions

For a general problem involving U regions, MLFMA must be applied for each nonmetallic
region separately [154]. Consider the formulation of a composite problem with JMCFIE, as
described in Chapter 2, Section 2.4. For each region D,,, one can perform four MVMs with the
four partitions of the system matrix, i.e.,

—JMCFIE —JMCFIE

NW=2Zy, x;t+Zy, -xy (3.156)
—JMCFIE —JMCFIE

y2 = ZZl,u .x] +Z22,u 'va (3.]57)

where the coefficients x; and x,, are again provided by the iterative algorithm. As in the pre-
vious cases, a set of aggregation, translation, and disaggregation stages is performed once
for a multiplication with a partition, although each partition involves a combination of the
integro-differential operators. At the beginning of an aggregation stage, radiation patterns of
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Figure 3.35 Iteration counts for the solution of scattering problems involving (a) a sphere with a relative
permittivity of 2.0 and (b) a cube with a relative permittivity of 4.0 located in free space. The radius of
the sphere is in the range from 0.754, to 204, and the edge length of the cube is in the range from /4, to
204,. Iterative solutions are performed by employing BiCGStab accelerated with 4PBDP. Source: Ergiil
and Giirel 2009 [80]. Reproduced with permission of IEEE.
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Figure 3.36 (a) A 5-layer periodic dielectric structure illuminated by a Hertzian dipole in free space.
(b) Iteration counts (using BiCGStab accelerated with 4PBDP) for the solution of the problem when the
frequency changes from 200 MHz to 300 MHz, and the relative permittivity of the structure is 2.0 and
4.0. Source: Ergiil and Giirel 2009 [80]. Reproduced with permission of IEEE.
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basis functions are multiplied with the coefficients provided by the iterative algorithm and
combined to obtain radiated fields of boxes at the lowest level. In the aggregation stage per-

formed for a region D,,, only those basis functions located on the surface of the region (S,)
) ) .. =JMCFE —IMCFIE ) .
are considered. Besides, for the partitions Z,,,,  and Z,,,, , the basis functions located on

metallic surfaces are omitted. At the end of a disaggregation stage, incoming fields are received
by testing functions. Similar to the aggregation stage, a disaggregation stage performed for a
region D,, involves only those testing functions located on the surface of the region. In addition,

the testing functions located on metallic surfaces do not receive incoming fields for partitions
—IMCFIE —IMCFIE
Zy,, andZ,,, .Considering the expressions for the matrix elements in (2.331)—(2.333),

radiation and receiving patterns can be written as

SMCPE (1 k) = 6,8,k (a=(1,2),b={1,2}) (3.158)
FY e k,) = Pyt e, k,)

= &, F (resky) + e k,) (3.159)
FYCE G k) = 0 Fr N eak,) = &y 'FiT (e k) (3.160)
FYC e k) = En, PN e k,) = n,F 0N (e k), (3.161)

where FXT F7-T FXN and F7V are defined in (3.65)—(3.69).

Numerical Results

In the following examples, iterative solutions of various scattering problems involving com-
posite structures are investigated when the solutions are accelerated with 2PBDP and 4PBDP,
in addition to the NP case. For those problems involving metallic surfaces, the off-diagonal
partitions of 4PBDP are rectangular matrices. In addition, the blocks in the off-diagonal parti-
tions are not necessarily square, and some of them can be rectangular, depending on the object
and the recursive clustering scheme in MLFMA. In all examples, the scatterers are located in
free space and illuminated by a plane wave propagating in the z direction with the electric field
polarized in the x direction. Surfaces are discretized with the RWG functions on 4,/10 trian-
gulations, where A, is the wavelength outside the objects (free space), and iterative solutions
are performed using the BiCGStab algorithm. MVMs are accelerated via MLFMA, and the
relative residual error for the iterative convergence is set to 1073,

Figure 3.37 depicts the number of iterations for the solution of scattering problems involving
a spherical composite object with multiple dielectric regions. A dielectric sphere of radius a
is coated with a dielectric shell of radius 2a, where a changes from 0.54,, to 2.54,,. Discretiza-
tions lead to 13,176 and 316,032 unknowns, respectively, when a = 0.5, and a = 2.54,.
Figure 3.37(a) presents iteration counts with respect to the number of unknowns when the
relative permittivities of the core and shell are 4.0 and 2.0, respectively. In this case, 2PBDP
reduces the number of iterations substantially in comparison to the NP case, while 4PBDP
does not provide a significant improvement over 2PBDP. On the other hand, when the permit-
tivities of the shell and core are exchanged, one can obtain the number of iterations depicted
in Figure 3.37(b), where 4PBDP presents a superior performance in comparison to 2PBDP.
Due to the relatively high contrast between the shell and free space, solutions of JMCFIE
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Figure 3.37 Iteration counts for the solution of scattering problems involving a dielectric sphere of
radius a coated with a dielectric shell of radius 2a, where a changes from 0.54,, to 2.54,,. (a) Low-contrast
case when the relative permittivities of the core and shell are 4.0 and 2.0, respectively. (b) High-contrast
case when the relative permittivities of the core and shell are 2.0 and 4.0, respectively. Source: Ergiil and
Girel 2009 [80]. Reproduced with permission of IEEE.
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become difficult without preconditioning. For example, when a = 1.674,,, convergence can-
not be achieved in 1000 iterations. 2PBDP accelerates the convergence for large problems, but
the improvement is not sufficient. Using 4PBDP, the number of iterations is less than 100 for
all solutions in Figure 3.37.

Next, iterative solutions of scattering problems involving a spherical composite object with
dielectric and metallic parts are considered. A metallic sphere of radius a is coated with a
dielectric shell of radius 2a, where a changes from 0.54, to 2.54,. Figure 3.38 presents the
number of iterations with respect to the number of unknowns. Similar to the previous example,
2PBDP reduces the number of iterations significantly for the low-contrast case, i.e., when the
relative permittivity of the shell is 2.0, as depicted in Figure 3.38(a). In this case, 4PBDP
provides some improvement over 2PBDP, as the problem size grows. When the relative per-
mittivity of the shell is 4.0, however, 4PBDP accelerates the iterative solutions significantly,
compared to 2PBDP. In fact, 2PBDP decelerates solutions for large problems, and there is a
large discrepancy between the performances of 2PBDP and 4PBDP. Using 4PBDP, the number
of iterations is again less than 100 for all solutions in Figure 3.38.

In addition to the spherical problems, electromagnetics problems involving composite
objects with sharp edges and corners are considered. Figure 3.39 presents iteration counts for
the solution of scattering problems involving a coated dielectric cube. The core and shell have
edges of a and 2a, respectively, where a changes from 0.54, to 2.54,. Faces of the object
are parallel to the coordinate axes. Discretizations lead to matrix equations involving 9864
to 228,132 unknowns. Figure 3.39(a) depicts the number of iterations with respect to the
number of unknowns, when the relative permittivities of the core and shell are 4.0 and 2.0,
respectively. Results are similar to those for the spherical object depicted in Figure 3.37(a),
i.e., 2PBDP accelerates the iterative solutions significantly, and 4PBDP further reduces
the number of iterations slightly compared to 2PBDP. When the relative permittivities of
the core and shell are exchanged, however, 4PBDP performs much better than 2PBDP, as
depicted in Figure 3.39(b). On the other hand, unlike the solutions of the spherical object in
Figure 3.38(b), 2PBDP is also effective for the high-contrast case in Figure 3.39(b). This is
probably due to larger numbers of elements being used in constructing 2PBDP for the cubic
object, i.e., boxes at the lowest level of the multilevel tree are more populated for the cubic
object than for the spherical object. Nevertheless, 4PBDP is again preferable for all solutions
in Figure 3.39.

Figure 3.40 presents the solution of scattering problems involving a coated metallic cube.
Sizes of the core and shell are the same as those in the coated dielectric cube. Similar to
the previous examples, 4PBDP provides the most efficient results, and it presents improved
convergence in comparison to 2PBDP, when the contrast is high.

3.7 MLFMA for Low-Frequency Problems

MLFMA is a powerful method; however, it suffers from low-frequency breakdowns, which
limit its applicability to those problems involving small details with respect to wavelength. A
major limitation is that the box size in MLFMA cannot be very small compared to wavelength
since the plane wave expansion becomes invalid for short distances. Hence, when an ordi-
nary MLFMA is applied to low-frequency problems discretized with very small elements, the
lowest-level boxes may involve many discretization elements. As a result, the complexity of
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Figure 3.38 Iteration counts for the solution of scattering problems involving a PEC sphere of radius a
coated with a dielectric shell of radius 2a, where a changes from 0.5, to 2.54,,. The relative permittivity
of the shell is (a) 2.0 and (b) 4.0. Source: Ergiil and Giirel 2009 [80]. Reproduced with permission of
IEEE.
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Figure 3.39 Iteration counts for the solution of scattering problems involving a dielectric cube coated
with a dielectric shell. The core and shell have edges of a and 2a, respectively, where a changes from
0.54, to 2.54,. (a) Low-contrast case when the relative permittivities of the core and shell are 4.0 and
2.0, respectively. (b) High-contrast case when the relative permittivities of the core and shell are 2.0 and
4.0, respectively. Source: Ergiil and Giirel 2009 [80]. Reproduced with permission of IEEE.
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Figure 3.40 Iteration counts for the solution of scattering problems involving a PEC cube coated with
a dielectric shell. The core and shell have edges of a and 2a, respectively, where a changes from 0.54,
to 2.54,. The relative permittivity of the shell is (a) 2.0 and (b) 4.0. Source: Ergiil and Giirel 2009 [80].

Reproduced with permission of IEEE.
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the MLFMA implementation can be more than O(N log N) due to excessively large numbers
of near-field interactions that must be calculated directly.

For low-frequency problems, an efficient implementation of LF-MLFMA based on mul-
tipoles [178]—183 is presented in this section. Fields are expanded in terms of multipoles,
but they are not converted into plane waves to avoid low-frequency breakdown. This way,
the box size is not restricted, and objects can be partitioned into boxes that can be much
smaller than the wavelength. Without the plane wave expansion, translations are not diag-
onalized and they involve dense MVMs, which may decrease the efficiency. On the other
hand, number of multipoles does not depend on the box size for small boxes, and the resulting
LF-MLFMA implementation has O(N) complexity, provided that the object is not very large.
Since the multipole expansion becomes inefficient for very large boxes, it is required to com-
bine LF-MLFMA and the ordinary MLFMA to obtain a broadband implementation for dense
discretizations of very large objects.

3.7.1 Factorization of the Matrix Elements

Low-frequency problems can be solved efficiently by using the factorization of the Green’s
function without diagonalization. Consider the solution of electromagnetics problems involv-
ing metallic objects discretized with the RWG functions. Matrix elements related to far-zone
interactions can be written as

—EFIE
Zpp [m,n] = ik/ drt,,(r) -/dr’g(r,r’)bn(r’)
Sﬂ

S’I’I

- i / drvV -t (r) / dr'g(r,r)\V' - b, (") (3.162)

S, s,

—EFIE —EFIE
= Zppylm,nl + Zgp glm,nl (3.163)

and
ZMFIE[m n] = drt, (r) X it) - dr'b, (r')x V'’ !
FF M, N|= m n glr,r’) (3.164)
S PV.S,

for EFIE and MFIE, respectively. Using (3.34), the Green’s function can be factorized as

g(rr Z Z Z ZﬂOOH”l rc)

t|_0 uy=—t; ty=0 up=—t
’
@ty KBy iy 00k Ter = 1), (3.165)

where |reer| = |re —rerl > [r—r' —re +ro|. Using (3.165) in (3.162)—(3.164), one can
obtain

© 131 o0 153
Zymytmon = ()’ 2 X X X Aeed

N PR (2 rcc,)sfljzli2 (rers k) (3.166)
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—FFIE lk 9 ® 151 (e 12
ZFF,S[m’n]=<E) Z Z Z Z Foiit (re. k)

H=0 uyj=—11 tp=0 up=—t,

Ty Ko o) S (Fer, k) (3.167)

. (o] 15} (e 15
fom[m,nh(%)zz Y Y Y R

(=0 uy=—t; 5,=0 uy=—1

S0, (Ko rCC’)S%t]:EZ (rer, k), (3.168)
where
Sy rer k) = SYVE(rer k) = Var / dr'b,(r" B, 00k, rer — 1) (3.169)
S)l
EFIE Vazn It ’ ’
Spru Ters k) = % dar'’N"-b,(r")p, 00k, rer = 1) (3.170)
Sn
are radiation patterns of the nth basis function and
Firlre k) = Vax /S drt,, () .. (k.r — 1) (3.171)
EFIE Vazx
Fiure k) = % : arv -t,.(r)fo ..k, r —r¢) (3.172)
MFIE Var ~
F, . (rc k) = 5 dr(t,,(r) X i) X Vo oruk.r —1c) (3.173)
1, ; 5, 0.1,

are receiving patterns of the mth testing function. Note that, for a lossless medium and using
a Galerkin scheme,

FEEGr e k) = (SEEE (e ) (3.174)
Filetre b = —{Spure, b)) (3.175)
since
Bor wt st = B,y o (k=) (3.176)
for a real k.

In (3.166)—(3.168), matrix elements are calculated by a direct translation between the box
centers rq, and ro, where radiation and receiving patterns are evaluated. However, as in the
ordinary MLFMA, multilevel interactions can be designed by performing shifts before and
after translations. For example, let a multipole-to-multipole translation be performed between
rp and rp,, which are close to the receiving and radiation centers, i.e., r and s, respectively.
Then, the translation function in (3.166)—(3.168) is further factorized as

o) 13 0 71
a’l""l’th"‘Z(k’rccl)z Z Z Z 2 ‘Bfl’“l’fs’uz(k’rCD)
13=0 uz=—13 14=0 ug=—1ty4
at3,u3,t4,u4(k’rDD’)ﬂt4,u4,t2,u2(k’rD’C’)’ (3.177)

where rep =rc—rpandrpicr =rp —rer.
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In practice, the summations in (3.166)—(3.168) and (3.177), as well as those in the transla-
tion and shift functions, must be truncated at t = 7. A worst-case analysis can be performed in
order to determine truncation numbers required for a desired level of accuracy. Consider two
identical boxes with edges of a;, = 21=2 3 where [ changes from —7 to 4, i.e., A/512 < a; <
44. The ‘source’ box is centered at (x,y,z) = (0,0,0) and the ‘observation’ box is centered
at (x,y,2) = (2a;,0,0), according to a one-box-buffer scheme. Then, a total of 64 different
cases are considered, when the source and observation points are located at box corners, i.e.,
r' = (xa;/2,+a;/2,+a;/2) and r = 2a; + a;/2, +a,/2, +a,;/2). The Green’s function is cal-
culated by using the factorization in (3.22) with multipole-to-multipole translations between
box centers. The relative error of the factorization compared to the exact evaluation of the
Green’s function is obtained for different values of the truncation number z. Considering 64
different cases, the maximum error is selected to determine the number of accurate digits for
a given truncation number. As a result, the truncation numbers required for various box sizes
and different numbers of accurate digits (d;;) from 1 to 5 are obtained, as listed in Table 3.11.
One can observe that, for a desired level of accuracy, the truncation number is almost constant
when the box size is small. For very large boxes, however, it grows rapidly as the box size
increases; this limits the applicability of multipole-to-multipole interactions for large boxes.

The truncation numbers listed in Table 3.11 are also tested for two-level interactions. Once
again, two a; X a; X a, boxes centered at (x, y, z) = (0, 0,0) and (x, y, z) = (24,, 0, 0) are consid-
ered. This time, each box contains a smaller box with edges of a;/2. Source and observation
points are located at the corners of the smaller boxes. A total of 8 X 8 X 8 X 8 = 4096 cases
are tested considering eight different locations for the source and observation points, as well
as eight different placement of the smaller boxes inside the larger boxes. In each case, the
homogeneous-space Green’s function is calculated by using a factorization involving two shifts
on the source side (from the source point to the center of the smaller box and from the center of
the smaller box to the center of the larger box), a multipole-to-multipole translation between

Table 3.11 Truncation numbers obtained by a worst-case analysis of the
factorization of the Green’s function in (3.22)

Number of accurate digits

~

Box Size dy=1 dy=2 dy =3 d, =4 dy =35

4 42 25 28 31 33 36
3 24 14 16 19 21 27
2 A 8 10 12 19 25
1 A/2 5 8 12 19 24
0 A4 4 7 11 17 24
-1 /8 3 7 11 17 24
) /16 3 7 11 17 24
-3 4/32 3 7 11 17 24
—4 /64 3 7 11 17 24
-5 2/128 3 7 11 17 24
-6 /256 3 7 11 17 24
-7 A/512 3 7 11 17 24
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Table 3.12 Maximum relative error in a two-level calculation of the
Green'’s function using the truncation numbers in Table 3.11

Box Size Maximum relative error

Large Small dy=2 dy=3 dy=4

41 22 1.1882E-2 6.2268E-4 8.2273E-5
21 A 5.1073E-3 4.3117E-4 8.3946E-5
A A2 3.9394E-3 8.3753E-4 1.3247E-4
/2 A/4 4.5135E-3 1.0285E-3 1.0108E-4
A/4 /8 7.8453E-3 1.0573E-3 9.7895E-5
/8 A/16 7.1366E-3 1.0489E-3 9.6000E-5
/16 /32 6.9732E-3 1.0468E-3 9.5533E-5
/32 1/64 6.9331E-3 1.0463E-3 9.5417E-5
A/64 A/128 6.9232E-3 1.0461E-3 9.5388E-5
A/128 A/256 6.9207E-3 1.0461E-3 9.5380E-5
/256 A/512 6.9201E-3 1.0461E-3 9.5379E-5

the centers of the larger boxes, and two shifts on the observation side (from the center of the
larger box to the center of the smaller box and from the center of the smaller box to the obser-
vation point). Table 3.12 lists the maximum relative error of the factorization compared to the
analytical evaluation of the Green’s function for different box sizes and desired accuracy. One
can observe that, in some cases, the error is larger than desired. This is because the truncation
numbers listed in Table 3.11 are obtained for single-level interactions and extra shifts in mul-
tilevel interactions may deteriorate the accuracy of the factorization. Nevertheless, the relative
errors listed in Table 3.12 are obtained for the worst case scenarios and the target errors are
generally satisfied.

3.7.2  Low-Frequency MLFMA

LF-MLFMA can be implemented by using the factorizations of matrix elements in
(3.162)—(3.164). The recursive clustering and construction of the tree structure in LF-MLFMA
are very similar to those in the ordinary MLFMA. However, as opposed to MLFMA, there
is no limitation for the box size. Without considering the electrical size of the object, a tree
structure of L = O(log N) levels can be constructed by placing the object in a cubic box and
recursively dividing the computational domain into subdomains. Then, far-field interactions
are calculated in a group-by-group manner via three main stages, i.e., aggregation, translation,
and disaggregation. For level [ = 1,2,..., L, the number of multipoles to represent fields is
M, = [z(l) + 1]%.

In the aggregation stage, radiated fields of boxes are calculated in terms of multipoles from
the bottom of the tree structure to the highest level (I = L). Aggregations at the lowest level
can be written as

IS sy 5% SEluyea = D XIS 83 5 $31yg a0 (3.178)
neC
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where x[n] represent coefficients provided by the iterative solver, {sﬁ,si;, s%, 85} are arrays of
M; elements containing the radiation pattern of the nth basis function, and {s., s ,sZC, s} are
arrays of M, elements containing the radiated field of a box C at the lowest level. Note that s3,
and s, which are related to the scalar electric potential, are not required for MFIE. For a box
C at a higher level (I > 1),
[S)é Sé SZC SSC]MIX4 = Z [ﬁC’—»C]MlxMFl : [S’é/ S’Z,/ SZC/ sSC/]MZ,IX4’ (3.179)
Cc'eC

where Bc'qc is an M; X M,_; dense matrix containing multipole-to-multipole shift functions
By sulksre —re)fort’ =1,2,..,z(hand t = 1,2,...,7(I = 1).

In the translation stage, radiated fields of boxes are translated into incoming fields for other
boxes. The incoming field at the center of a box C due to boxes in the far-field of C, i.e., F{C},
can be obtained as

Y : s Yool o
[gXC 8¢ gZC g€C]M1><4 = 2 [aC’—>C]M1><M, : [S)é/ Scr Ser sz"]Mlx4’ (3.180)
C'EF(C)

where {g., g, g8} are arrays of M, elements containing the incoming field at the center of
abox C and ot.r_, - is an M; X M, dense matrix containing multipole-to-multipole translation
functions a,s s, (k,rc —rcr) fort’ =1,2,...,z() and t = 1,2,..., 7(]).

In the disaggregation stage, total incoming fields at box centers are calculated from the top
of the tree structure to the lowest level. For a box C at alevel [ < L, the total incoming field is
calculated as

+x Y gtz y o
[gcx gcy gCZ gcs]M]x4 = [g.)(cj gc gZC gYC]Mlx4
+ [ﬁclqc]Mlme : [gz,,x gz,/y g-g,,z gZ’/S]Mlez; (3.181)

by combining contributions from translations and incoming field at the center of the parent
box C’. In (3.181), B¢ is an M; X M,,, dense matrix containing multipole-to-multipole
shift functions ﬂ,/,u/’,,u(k,rc —re)ford =1,2,...,7(l—=1)andt = 1,2,..., z(]). For alossless
medium,

[BC/—>C]M[><M[+I = {[BC—)C,]M[_H)(M[}H’ (3.182)

where ‘H’ represents the Hermitian operation, since fy s, (k,rc =rc)) =7 , (k,rer —
rc). At the lowest level, total incoming fields are received by testing functions as

N
> lk 2 X X ) Sy
ZZFF[m’ nla[n] ~ (E) {Umdixn, - [gZ’ Iny < + [fin]lle : [gz}]Mlxl

n=1

+ ol - [gJE'Z]M]xl + Ul - [gZ’S]Mlxl} (3.183)

for m € C, where {2, fo.f5.f5} are arrays of M, elements containing the receiving pattern
of the mth testing function.

Using multipoles, the processing time and memory requirement for the aggregation, transla-
tion, and disaggregation stages at level / are proportional to N;,M}, where N; ~ 4!=DN, is the
number of boxes. For small objects, M; = O(1), which is independent of N, and LF-MLFMA
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is dominated by computations at the lowest level with @O(N) complexity. On the other hand,
LF-MLFMA is not appropriate for large-scale problems since the number of multipoles can
be prohibitively large at the higher levels. As a remedy, the ordinary MLFMA should be
employed at higher levels, where the multipole representation becomes inefficient. The result-
ing broadband implementation of MLFMA can provide efficient solutions of large-scale prob-
lems involving small details with respect to wavelength [183].

3.7.3 Broadband MLFMA

In a broadband MLFMA implementation using multipoles, radiated fields represented by mul-
tipoles at level / are converted into plane waves as

[s%. 7. 5% 5] T [sh s s s8] (3.184)
C °C Pc PclSx4 — £ S xM; Cc 7c 7c PclMxa .

—M—P
where T is an S; X M, transformer matrix containing the multipole-to-plane-wave trans-
formers in (3.54). Note that only the 6 and ¢ components of radiated fields are required using
the plane-wave representation. They can be obtained as

sec[n] = cos(0[n)]) cos(¢>[n])s’é[n] + cos(8[n]) sin(¢[n])sy(;[n] — sin(e[n])szc[n] (3.185)
s‘g[n] = —sin(0[n)) sin(qb[n])s)é[n] + sin(@[n]) cos(qﬁ[n])s*é[n] (3.186)

forn=1,...,S,, where 6[n] and ¢[n] represent the spherical coordinates of samples on the
unit sphere. When fields are converted into plane waves, the aggregation, translation, and dis-
aggregation stages at level / and higher levels can be performed as in the ordinary MLFMA.
After the disaggregation operations are performed from the highest level to level /, incoming
fields represented by plane waves are transformed back to the cartesian system and converted
into multipoles as

[s%, 7. 5% §5.] =T - [s% s 8% s8] (3.187)
c%c %c Sclmxa Mxs; " e Sc Sc Sclsxss :

—P-M . .. .
where T is an M; X S, transformer matrix containing the plane-wave-to-multipole trans-
formers in (3.55).

3.7.4 Numerical Results

In order to test the accuracy of LF-MLFMA using multipoles, solutions of scattering problems
involving a PEC sphere of radius 0.3 m discretized with 930 RWG functions are considered.
The sphere is illuminated by a plane wave propagating in the —z direction with the electric field
polarized in the x direction in free space. The frequency is in the range from 15.625 MHz to
500 MHz. Hence, the diameter of the sphere changes from approximately 4/32 to A, whereas
the mesh size changes from approximately 4/320 to 1/10. The problems are formulated with
EFIE, MFIE, and CFIE, and solutions are performed by using a very accurate MOM imple-
mentation and LF-MLFMA with three digits of accuracy. Figure 3.41(a) presents the relative
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Figure 3.41 Relative error (a) in the first column of the impedance matrix and (b) in expansion coeffi-
cients obtained by using LF-MLFMA compared to a very accurate MOM implementation for the solution
of scattering problems involving a PEC sphere.

error in the first column of the impedance matrix as a function of sphere size with respect to
wavelength. The relative error is defined as

—LE-MLFMA —MOM
;= VoM , (3.188)
max, {|Z  [m, 1]}
—LE-MLFMA —MOM . ) )
where Z and Z are matrices obtained by using LF-MLFMA and the reference

MOM implementation, respectively. One can observe that matrix elements can be computed
accurately with the desired level of accuracy using LF-MLEMA. Specifically, the relative error
is less than 1073 for all formulations and at all frequencies. On the other hand, accurate compu-
tations of matrix elements do not necessarily lead to accurate solutions. Figure 3.41(b) presents
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Figure 3.42 One-layer metamaterial wall involving 18 X 11 SRRs.

the relative error (defined with respect to the reference MOM solution as in (3.188)) in coeffi-
cients to expand the electric current obtained by using LF-MLFMA. In the case of EFIE, the
relative error increases as the mesh size decreases. This is because EFIE itself suffers from
a low-frequency breakdown and three digits of accuracy provided by LF-MLFMA becomes
insufficient when the condition number is very large. Note that CFIE is also affected by the
low-frequency breakdown problem, but MFIE provides stable solutions in the entire frequency
range since the frequency is not extremely low.

In order to demonstrate the efficiency of LF-MLFMA, solutions of real-life electromagnetics
problems involving metamaterials are considered. Figure 3.42 depicts a 1-layer metamaterial
wall, which is constructed by periodically arranging 18 X 11 split-ring resonators (SRRs). A
single SRR has dimensions in the order of microns and resonates at about 100 GHz when
embedded into a homogeneous host medium with a relative permittivity of 4.8 [22]. An inci-
dent field is generated by a Hertzian dipole located at x = —1.2 mm. For numerical solutions,
surfaces are discretized with 1/100 triangles, where 4 is the wavelength in the host medium.
Such a dense discretization is required for accurate modeling of SRRs that involve small details
with respect to wavelength. The problems are formulated with EFIE and matrix equations
involving 16,236 unknowns are solved iteratively by the GMRES method without restart.
MVNMs are performed by MLFMA and LF-MLFMA with 2 digits of accuracy. Iterative solu-
tions are also accelerated by the SAI preconditioner.

Figure 3.43 presents the solution of electromagnetics problems involving the 1-layer SRR
wall depicted in Figure 3.42. The number of iterations for 1073 residual error, solution time,
and total time are plotted with respect to frequency from 90 GHz to 110 GHz. The number
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Figure 3.43 Solutions of electromagnetics problems involving a 1-layer SRR wall discretized with
16,236 unknowns depicted in Figure 3.42. The number of GMRES iterations (1073 residual error), solu-
tion time, and total time including setup and solution times are plotted with respect to frequency.
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Figure 3.44 Solutions of electromagnetics problems involving a 2-layer SRR wall discretized with
32,472 unknowns. The number of GMRES iterations (107> residual error), solution time, and total time
including setup and solution times are plotted with respect to frequency.
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Figure 3.45 Solutions of electromagnetics problems involving a 4-layer SRR wall discretized with
64,944 unknowns. The number of GMRES iterations (1073 residual error), solution time, and total time
including setup and solution times are plotted with respect to frequency.
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Figure 3.46 Memory required for the solution of electromagnetics problems involving 1-layer, 2-layer,
and 4-layer SRR walls discretized with 16,236, 32,472, and 64,944 unknowns, respectively.
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of iterations become maximum at 95 GHz due to a numerical resonance. Considering only
MLFMA, the SAI preconditioner reduces the number of iterations significantly compared to
the NP case. On the other hand, the solution time is not reduced due to the additional fac-
torization cost of the preconditioner. In other words, reducing the number of iterations does
not necessarily accelerate solutions. One can also observe that using LF-MLFMA instead
of MLFMA increases the number of iterations since the number of near-field interactions
used to construct the preconditioner is smaller in LF-MLFMA, compared to MLFMA. On
the other hand, the most efficient solutions are provided by LF-MLFMA. Superior perfor-
mance of LF-MLFMA is more apparent in terms of the total time, which includes the setup
time dominated by the calculation of near-field interactions in addition to the solution time.

Figures 3.44 and 3.45 present the number of iterations, solution time, and total time with
respect to frequency for 2-layer and 4-layer SRR walls involving 2 X 18 X 11 and 4 x 18 x 11
SRRs, respectively. It can be observed that LF-MLFMA provides very efficient solutions,
compared to MLFMA. Figure 3.46 presents the memory required for the solution of 1-layer,
2-layer, and 4-layer SRR walls. In addition to faster solutions, LF-MLFMA requires less mem-
ory than MLFMA.

3.8 Concluding Remarks

As shown in this chapter, electromagnetics problems formulated with surface integral
equations can be solved accurately and efficiently with MLFMA. This algorithm is a powerful
tool to reduce the complexity of matrix-vector multiplications required for iterative solutions
without sacrificing the accuracy. Using MLFMA, it becomes possible to solve large-scale
problems that cannot be analyzed via direct methods. In the next chapter, parallelization of
MLFMA will be considered for the solution of even larger problems discretized with millions
of unknowns.



4

Parallelization of MLFMA for the
Solution of Large-Scale
Electromagnetics Problems

Parallelization of MLFMA is essential for the solution of very large electromagnetics problems
discretized with millions of unknowns. This chapter presents the hierarchical partitioning strat-
egy and various high-performance computing techniques for the efficient parallelization of
MLFMA on distributed-memory architectures. Due to improved load balancing and reduced
communications, the hierarchical strategy offers a higher parallelization efficiency than pre-
vious approaches, especially when the number of processors is large. Higher parallelization
efficiency translates into the ability to solve larger problems with available resources. Using
optimizations and load-balancing algorithms along with the hierarchical strategy allows for
accurate analysis of complicated targets that are larger than 10004 on moderately parallel
computers.

4.1 On the Parallelization of MLFMA

Because of the complicated structure of the algorithm, parallelization of MLFMA is not trivial
and several issues must be carefully considered.

e Partitioning: The main task in the parallelization of MLFMA is partitioning the data among
processors with minimal duplication. As discussed in Section 4.6.7, the hierarchical parti-
tioning strategy allows for efficient distribution of the multilevel tree structure.

e [oad balancing: Parallelization cannot be achieved efficiently without distributing tasks
equally among processors. Load-balancing algorithms must be used for each part of the
implementation to obtain high parallelization efficiency.

e Communications: In parallel MLFMA, processors need to communicate with each other
to transfer data. Using appropriate partitioning schemes and load-balancing algorithms

The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-Scale Computational Electromagnetics Problems,
First Edition. Ozgiir Ergiil and Levent Giirel.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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significantly reduces the data traffic. However, remaining communications must be
organized carefully. For high efficiency, it is also essential to use high-speed networks to
connect processors.

4.2 Parallel Computing Platforms for Numerical Examples

Numerical examples presented in this chapter are performed on the parallel computers listed
in Table 4.1. In each of these computers, nodes are identical and connected via an Infiniband
network, while processors in a node are connected through high-speed mainboard buses. In
addition, memory in a node is available to all cores in the node. Note that, in the context of
parallelization, the terms ‘processor’ and ‘core’ are used synonymously. For a solution on
p processors, solutions are performed on the maximum number of nodes available, i.e., the
number of processes per node is minimized. In other words, if a code is parallelized into
2% processes and if 2/ < N,, where N, is the number of nodes, then 2/ nodes are used, each
running only one process. This ensures that parallel implementations are tested rigorously by
fully using the network between nodes. When 2/ > N,,, however, the solution is parallelized
over N, nodes, and 2'/N,, processors are employed per node.

Obviously, the clusters in Table 4.1 that are involving multicore nodes are nonuniform in
terms of communication rates between cores. As an example, Figure 4.1 presents the time
required for one-to-one communications measured on the B-Clovertown cluster. A single data
package of 4 kB is communicated between all pairs of the cores of the cluster. One can observe
large discrepancies between the time required for the intra-node and inter-node communica-
tions. Specifically, the package can be communicated in more than 10 ps when the cores are
located in different nodes, whereas it takes less than 6 ps when the cores are located in the same
node. The rate of the intra-node communications also depends on the location of the cores in
the node, e.g., communications are faster if the cores are in the same processor package. For the
generalization of numerical results in this chapter, the nonuniform property of the clusters in
Table 4.1 are not explicitly used. However, it is worth mentioning that the hierarchical strategy
described below in Section 4.6 is very suitable for such nonuniform platforms by facilitating
processor arrangements to minimize inter-node communications.

Table 4.1

Computer Nodes Processor per node Memory per node
B-Clovertown 8 2 Quad-Core E5345 (2.33 GHz) 32GB
C-Clovertown 128 2 Quad-Core E5345 (2.33 GHz) 16 GB
S-Clovertown 16 2 Quad-Core X5355 (2.66 GHz) 16 GB
B-Harpertown 16 2 Quad-Core X5472 (3.00 GHz) 32GB
U-Nehalem 64 2 Quad-Core X5550 (2.67 GHz) 24 GB
S-Nehalem 16 2 Quad-Core X5560 (2.80 GHz) 32GB
N-Nehalem 16 2 Quad-Core X5560 (2.80 GHz) 48 GB
S-Westmere 16 2 Quad-Core X5670 (2.93 GHz) 48 GB
S-Tigerton 16 2 Quad-Core X7350 (2.93 GHz) 32GB
S-Dunnington 16 4 Six-Core E7450 (2.40 GHz) 48 GB

S-Nehalem-EX 16 4 Eight-Core L7555 (1.87 GHz) 128 GB
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Figure 4.1 Time required for one-to-one communications measured on the B-Clovertown cluster.
A data package of size 4 kB is communicated between all processors (cores) of the cluster. (See color
plate section for the color version of this figure)

4.3 Electromagnetics Problems for Numerical Examples

Figure 4.2 presents the objects that are employed for testing parallel implementations
of MLFMA. In addition to the sphere, two canonical objects, namely a 1 x3.5%x0.1m
rectangular box and a wing-shaped object with sharp edges and corners, are considered.
These are illustrated in Figures 4.2(a) and 4.2(b), respectively. The NASA Almond [234] in
Figure 4.2(c) and the Flamme [149] in Figure 4.2(d) are famous benchmarking objects, whose
scattering problems are also investigated in this chapter. Note that all objects in Figure 4.2
involve closed surfaces, which can be formulated with CFIE when these surfaces are PECs.

In all numerical examples, problems are discretized with the RWG functions on 4/10 mesh
size, where 4 is the wavelength in the host medium. Both near-field and far-field interac-
tions are calculated with maximum 1% error. All iterative solutions are performed by using
BiCGStab accelerated with BDPs. For relatively small problems involving 1-20 millions
unknowns, the target residual error is chosen as 107°, while this value is usually relaxed to
1073 for the larger problems, provided that the accuracy is not sacrificed.

4.4 Simple Parallelizations of MLFMA

Simple parallelizations of MLFMA are usually based on distributing boxes among processors
at all levels. One can apply load balancing for both near-field and far-field interactions. Details
of a simple parallelization of MLFMA are presented in the following subsections.

4.4.1 Near-Field Interactions

In the parallelization of MLFMA, near-field interactions should be distributed equally among
processors using a load-balancing algorithm. Considering the sparse near-field matrix, rows
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Figure 4.2 Objects that are considered for testing parallel implementations of MLFMA: (a) rectangular
box, (b) wing-shaped object, (c) NASA Almond, and (d) Flamme.

m=1,2,...,N are assigned to processors in such a way that all processors have approximately
equal numbers of near-field interactions (near-field partitioning). Distributing rows equally
among processors usually fails to provide good load balancing, even for the solution of those
problems involving symmetrical geometries, such as the sphere (see below, Section 4.7.3).
After the distribution, near-field interactions are calculated in each processor without any com-
munication.
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4.4.2 Far-Field Interactions

Calculation of far-field interactions is organized according to the partitioning of the tree
structure (far-field partitioning). One can choose a level of distribution (LOD) to distribute
boxes among processors using a load-balancing algorithm that considers the combined load
of all descendants (children, grandchildren, etc.) of each box at LOD. The combined load for
a box is the size of the subtree attached to the box; all descendants weighted by the number
of field samples are counted. The load-balancing algorithm assigns the whole branch of the
tree starting at an LOD box to the same processor. This way, aggregation and disaggregation
stages up to LOD can be performed without any communication. During the setup stage, each
processor calculates and stores radiation and receiving patterns of basis and testing functions
included in its local tree according to the far-field partitioning.

Using the simple parallelization strategy, there can be two different schemes for the
parallelization of higher levels above LOD. In the first scheme, boxes are still distributed
among processors equally as much as possible. Then, a box and its parent box may belong
to different processors. As a consequence, aggregation and disaggregation stages involve
dense communications for higher levels of the tree structure. Rather than this scheme, one
can choose a second one, where boxes at levels above LOD are allowed to be duplicated in
different processors, if required. This way, all aggregation and disaggregation operations can
be performed without any communication. Note that, in this scheme, when radiated fields
are translated into incoming fields, contributions from different processors are combined
automatically for duplicated boxes.

Translations in MLFMA constitute a critical part in terms of the efficiency of the simple
parallelization strategy. This is because dense one-to-one communications are required
between processors. In general, each processor sends some data (radiated fields) to all other
processors. These communications can be organized by using a communication map, which
consists of interaction layers to match processors. Specifically, for p processors, it can be
shown that translation communications can be achieved in (p — 1) steps, as depicted in
Figure 4.3 for a 8-processor case. After processors are paired, the following operations are
performed on the receiver and sender sides of each pair:

e The sender and receiver determine box-box interactions involving basis boxes on the sender
side and testing boxes on the receiver side.

e Radiated fields of basis boxes are sent one by one.

e When the radiated field of a basis box is received by the receiver, all translations involving
this basis box and testing boxes owned by the receiver are performed. This ensures that the
same data is not transferred more than once.

To further improve the efficiency of translations, nonblocking send and receive operations
of MPI can be used to transfer the data. In addition to inter-processor translations, there are
also intra-processor translations that are related to boxes located in the same processor. These
translations can be performed independently in each processor, without any communication.

In the setup of MLFMA, each processor is tasked with calculating a set of translation
operators that will be required during MVMs. For a given translation, the operator is calculated
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Figure 4.3 Processor pairing for translations.

by the processor working on the testing box. Due to symmetry, a translation operator can be
used for many interactions at a level. Therefore, some translation operators are duplicated and
included in more than one processor. Those duplications may decrease the efficiency of the
parallelization, especially due to increasing cost of these operators at higher levels.

Finally, to match near-field and far-field partitioning schemes during MVMs, all-to-one and
one-to-all communications are required, as depicted in Figure 4.4. After near-field computa-
tions are performed, the partitioning of the output vector is modified for far-field computations.
Note that the iterative solver is also parallelized according to the far-field partitioning. The pro-
cessing time for these communications is usually negligible. Similar all-to-all communications
are also required during solutions of preconditioner systems.

4.5 The Hybrid Parallelization Strategy

The simple parallelization strategy that is based on assigning each box to one processor fails to
provide efficient solutions. This is mainly due to dense communications between processors,
duplication of computations, and unbalanced distribution of the workload among processors.
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Figure 4.4 A demonstration of communications performed in each MVM to match near-field and
far-field partitioning schemes.

Since such problems arise mostly at the higher levels of MLFMA, the hybrid partitioning
strategy, which applies different partitioning schemes for lower and higher levels, can be used
to improve the efficiency [217], [221]. In this strategy, processor assignments are made on the
basis of fields of boxes at higher levels. In other words, each box at higher levels is shared by
all processors, while each processor is assigned to the same portion of fields for all boxes.

As an example, Figure 4.5 depicts a 4-level tree structure (L = 4), where the levels are
represented by two-dimensional rectangles. The horizontal and vertical dimensions of the
rectangles correspond to boxes and € samples of fields, respectively. At the lower levels (dis-
tributed levels), there are many boxes with small numbers of samples for radiated and incoming
fields. Therefore, it is appropriate to distribute boxes at these levels by assigning each of them
to a single processor. At the higher levels (shared levels), however, it is easier to distribute
field samples among the processors by assigning each box to all processors, since there are
a few boxes at these levels with large numbers of samples. Note that field samples are parti-
tioned only along the 6 direction for an easy implementation of interpolation and anterpolation
operations.

Distributing field samples instead of boxes at the higher levels of MLFMA has two major
consequences:

e Translations can be performed without any communication at higher levels, whereas aggre-
gation and disaggregation stages require one-to-one communications.

e [oad balancing is improved since the distribution of samples is easier than the distribution
of boxes at higher levels.

In the following subsections, details of the hybrid strategy are presented by emphasizing the
major differences compared to the simple strategy.

4.5.1 Aggregation Stage

Using the hybrid strategy, the partitioning scheme is changed during the aggregation stage at
LOD by employing an all-to-all communication, as shown in Figure 4.6. For each box, samples
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Figure 4.6 All-to-all communications performed at LOD to change the far-field partitioning scheme
from distributed levels to shared levels. (See color plate section for the color version of this figure)

of the radiated field stored in a processor is distributed among all processors. From LOD to the
highest level L, the aggregation stage involves one-to-one communications that are required for
the interpolation of fields. This is illustrated in Figure 4.7, where an interpolation is performed
on samples of a box C located at level 3 of the tree structure in Figure 4.5. As an example,
only the interpolation in processor 5 is depicted although similar operations are also performed
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Figure 4.7 Interpolations at shared levels involving one-to-one communications. (See color plate
section for the color version of this figure)

in other processors. To compute the data at each sample in the fine grid, a set of samples
are used in the coarse grid. Even though a local interpolation method is used, some of those
coarse samples may be located in other processors. Therefore, one-to-one communications are
performed to provide the required data (inflation). After the data is prepared, interpolation and
shifting operations are performed to include the contribution of the box C in the radiated field
of its parent box C’.

It should be note that communications at shared levels are mainly required between the
processors located close to each other. In other words, a processor with index n requires data
from its neighbors, i.e., (n — 1) and (n + 1). On the other hand, depending on the partitioning
and number of interpolation points, more data might be required from other processors next
to neighbors. One can apply a load-balancing algorithm to distribute fields appropriately so
that the amount of the data transferred among all processors is minimized. However, as the
number of processors increases and field samples are distributed over many processors, dense
one-to-one communications cannot be avoided; this may reduce the efficiency of the hybrid
partitioning strategy.

For each problem, the number of distributed and shared levels can be determined by an
optimization. For this purpose, LOD is assigned to a series of possible levels and the distri-
bution of boxes and their fields is monitored. For some levels (higher levels), the distribution
of fields is better than the distribution of boxes, i.e., field samples can be partitioned evenly
among processors, but not boxes. For others (lower levels), however, boxes can be partitioned
easily, while it is difficult to partition field samples among processors. Then, one can choose
LOD such that distributing fields (boxes) is more preferable for all levels above (below) LOD.
The choice of LOD depends on the tree structure (hence the geometry of the object) as well
as the number of processors. However, experiments show that, for a given problem, LOD is
insensitive to the latter parameter if only a small number (e.g., 2 to 16) of processors are
employed.

4.5.2 Translation Stage

Using the hybrid strategy, all translations at shared levels can be performed without any com-
munication since field samples are distributed among processors and a processor is assigned
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to the same portion of radiated and incoming fields for all boxes. In addition, translation oper-
ators are not duplicated at shared levels, since they are also partitioned among processors. At
distributed levels, however, some translations are needed between boxes located in different
processors. These inter-processor translations are performed via one-to-one communications
using a communication map, as in simple parallelizations of MLFMA (see above, Section 4.4).

4.5.3 Disaggregation Stage

Similar to the aggregation stage, one-to-one communications are required during the disaggre-
gation stage at shared levels. Since the anterpolation is the transpose of the interpolation, some
of the samples obtained from an anterpolation operation should be sent to other processors.
This is because interpolations during the aggregation stage are performed by using inflated
data prepared by one-to-one communications among processors. As the reverse of this process,
anterpolations produce inflated data, which must be deflated via one-to-one communications.
This is illustrated in Figure 4.8, where the processor 5 performs an anterpolation operation on
samples of box C’ for its subboxes C. Some of the resulting data in the coarse grid is used
locally, while the rest are sent to the other processors (deflation), i.e., exactly the reverse of
the inflation in interpolations. As the disaggregation proceeds down to LOD, the partitioning
is changed via an all-to-all communication. Then, the disaggregation is performed from LOD
to the lowest level without any communication. Finally, at the lowest level, each processor
performs angular integrations and produces a partition of the output vector to be returned to
the iterative solver.

4.5.4 Communications in Hybrid Parallelizations

As a summary, Table 4.2 lists communications required during MVMs using the hybrid paral-
lelization strategy. For distributed and shared levels, communications are required in trans-
lation and aggregation/disaggregation stages, respectively. In addition to those one-to-one
communications, the hybrid parallelization strategy requires collective all-to-one, one-to-all,
and all-to-all communications.
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anterpolation Level 3

cluster C

Figure 4.8 Anterpolations (transpose interpolations) at shared levels involving one-to-one communi-
cations. (See color plate section for the color version of this figure)
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Table 4.2 Communications required during MVMs using the hybrid
partitioning strategy

Part Communication
Near-field interactions All-to-one and one-to-all
Distributed aggregation/disaggregation None
Aggregation/disaggregation at LOD All-to-all

Shared aggregation/disaggregation One-to-one
Distributed translation One-to-one
Shared translation None

4.5.5 Numerical Results with the Hybrid Parallelization Strategy

To demonstrate the efficiency provided by the hybrid partitioning strategy, Figure 4.9 presents
the solution of a scattering problem involving a PEC sphere with a radius of 24 4. The sphere
is illuminated by a plane wave propagating in the —x direction with the electric field polarized
in the y direction. The problem is discretized with 2,111,952 unknowns and solved on the
S-Clovertown cluster. Figure 4.9 depicts the efficiency (with respect to the solution with a
single processor) when the solution is parallelized into 2, 4, 8, 12, and 16 processes. The
parallelization efficiency is defined as

=L A.1)

where T), is the processing time of the solution using p processors. Figure 4.9(a) shows that
the overall efficiency (setup and iterative solution) is above 85% when the number of proces-
sors is 16. In this case, the efficiency ratios for the setup and solution parts are about 97% and
80%, respectively. One can observe in Figure 4.9(a) that the setup part is parallelized very effi-
ciently, since this part is communication-free and involves computations (especially near-field
interactions) that are perfectly distributed among processors using load-balancing algorithms.

Figure 4.9(b) presents the parallelization efficiency for the aggregation, translation, and dis-
aggregation stages, in addition to the overall efficiency for MVMs. It can be observed that
the aggregation and disaggregation stages are parallelized with about 87% efficiency, while
the efficiency for the translation stage is 59% for the 16-processor case. To further investi-
gate the parallelization, Figure 4.10 presents the processing time and efficiency (with respect
to the solution with two processors) for various categorized parts of MVMs. The following
observations can be made:

e The aggregation and disaggregation stages at the distributed levels (I = 1, 2, 3, 4) constitute
the significant part of the processing time of MVM. These stages are perfectly parallelized,
thanks to the load-balancing algorithm for the distributed levels.

e The parallelization efficiency of the aggregation and disaggregation stages at the shared
levels (from [ =5 to [ = L = 7) is also quite high. However, the efficiency drops to about
80% for the 16-processor case. This is due to the increasing amount of one-to-one commu-
nications for interpolations and anterpolations.
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e Parallelization efficiency of the communication-free (intra-processor) translations is in the
80%—100% range. All of translations at the shared levels and some of those at the distributed
levels are communication-free.

e Translations that are performed with communications (inter-processor translations) and
all-to-all communications performed at LOD exhibit reduced efficiency as the number
of processors increases. Since they take longer processing time, the inter-processor
translations affect the overall efficiency more than the all-to-all communications.

In general, inter-processor translations are bottlenecks of the hybrid parallelization strategy
(as of the simple parallelization strategy). Since these translations are performed at distributed
levels, their negative contributions can be minimized by increasing the number of shared levels.
However, aggregation and disaggregation at lower levels cannot be performed efficiently by
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Figure 4.9 Parallelization efficiency for the solution of a scattering problem involving a PEC sphere of
radius 244 discretized with 2,111,952 unknowns. Source: Ergiil and Giirel 2008 [221]. Reproduced with
permission of IEEE.
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Figure 4.10 Processing time and parallelization efficiency for various categorized parts of MVMs for
the solution of a scattering problem involving a PEC sphere of radius 244 discretized with 2,111,952
unknowns. Source: Ergiil and Giirel 2008 [221]. Reproduced with permission of IEEE.

partitioning coarsely sampled fields. In fact, numbers of distributed and shared levels should
be optimized for the solution of each problem. The numerical results presented in Figures 4.9
and 4.10 are obtained with the best possible choice for the number of distributed/shared levels
in terms of the overall parallelization efficiency.

Figure 4.11 presents the solution of a scattering problem involving a sphere of radius 804
discretized with 23,405,664 unknowns on the S-Clovertown cluster. The sphere is illuminated
by a plane wave propagating in the —x direction with the electric field polarized in the y direc-
tion. In Figure 4.11(a), the total processing time is depicted for all processors from 1 to 16.
After the input and recursive clustering part (1), computations of translation operators (2) and
radiation/receiving patterns (4) require negligible time. Calculation of near-field interactions
(3) dominates the setup time, which is about 94 minutes. Then the solution part (5), involving
a total of 34 MVMEs, is performed in about 155 minutes. The processing time for a MVM is
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Figure 4.11 Time diagrams for the solution of a scattering problem involving a sphere of radius 804
discretized with 23,405,664 unknowns using the hybrid parallelization strategy on 16 processors of the
S-Clovertown cluster. (a) Overall time and (b) single MVM. In the diagrams, white areas correspond to
waits before operations that require synchronization. Source: Ergiil and Giirel 2008 [221]. Reproduced
with permission of IEEE. (See color plate section for the color version of this figure)
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depicted in 4.11(b), including the near-field stage (1), aggregation/disaggregation at distributed
levels (2.,9), all-to-all communications (3,8), aggregation/disaggregation at shared levels (4,7),
communication-free (intra-processor) translations (5), and inter-processor translations (6). The
most problematic parts in terms of parallelization efficiency, i.e., all-to-all communications
and inter-processor translations, require negligible time compared to other parts of the MVM.
This is commonly observed with large-sized problems and supports the conclusion that the
parallelization efficiency for a fixed number of processors usually increases as the problem
size grows.

Even though the hybrid parallelization strategy increases the parallelization efficiency signif-
icantly, compared to simple parallelizations, the improvement can be insufficient, especially
when the number of processors is large. As a remedy, the hierarchical partitioning strategy
that is well suited for the multilevel structure of MLFMA can be used. With the enhanced
load balancing offered by such a technique, the parallelization of MLFMA can be improved
significantly.

4.6 The Hierarchical Parallelization Strategy

The hierarchical partitioning strategy is based on the simultaneous partitioning of boxes and
their fields at all levels. Partitioning in both directions (boxes and samples of fields) is adjusted
appropriately by considering the number of boxes and the number of samples at each level. As
an example, consider again a 4-level tree structure (L = 4), where each level is represented by
a rectangular box. A hierarchical partitioning of the tree structure among eight processors is
depicted in Figure 4.12. At the lowest level, boxes are distributed among eight processors, and
each box is assigned to a single processor, without any partitioning of field samples. Then,
at the next level (I = 2), field samples are partitioned among two groups of processors, i.e.,
(1,3,5,7) and (2,4,6,8), while the number of box partitions is reduced to four. At this level,
samples of each box are shared by two processors. As proceeding to the higher levels, the num-
ber of partitions for boxes and samples of fields are systematically decreased and increased,
respectively. In the following subsections, the hierarchical partitioning strategy is detailed by
considering the main stages of MLFMA.

4.6.1 Hierarchical Partitioning of Tree Structures

Consider the parallelization of MLFMA on a cluster of p processors, where p = 2/ for some
integer i. Using the hierarchical partitioning strategy, the number of partitions for boxes at
level [ is chosen as

1} = max {p20",1} . 4.2)

p,czmax{ b ,
; 20-1)

Note that boxes are not partitioned for levels / > log, (p), if such a level exists. The number
of boxes assigned to each processor can be approximated as

N, 20-DN, /p, 1< log, (p)
P _l ~ 1/Ds < 108,
N TP { 400N 1> log, (p) [ (4.3)
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Figure 4.12 Distribution of a 4-level tree structure among eight processors using the hierarchical par-
titioning strategy. Source: Ergiil and Giirel 2009 [225]. Reproduced with permission of IEEE. (See color
plate section for the color version of this figure)

In addition, samples of fields are divided into

P . -
P = p_ = min {2(1 D,p} 4.4
lc

partitions along the @ direction for level [. The number of 6 samples assigned to each proces-
sor is

s s I<log, (p)
Se‘pz—lz{ N =108 } 4.5
L T p \200SY/p, 1> log, (p) S

Also considering the sampling in the ¢ direction, the total number of samples per processor
can be written as

! 40=D8, /p, 1> 1log, (p)

Finally, the size of the local data at each processor is

(-1 <
SV = 5075t ~ { o [<log (p)}. (4.6)

NJS] = NiS,/p 4.7

forl=1,2,...,L.
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4.6.2 Aggregation Stage

For the partitioned tree structure in Figure 4.12, the aggregation operations from level 3 to
level 4 are depicted in Figure 4.13. Since field samples are partitioned among processors,
one-to-one communications are required to inflate the local data in accordance with the inter-
polation requirements. As shown in Figure 4.13, one-to-one communications occur within
two separate groups of processors that are located in the same columns, i.e., (1,2,3,4) and
(5,6,7,8). As an important advantage of the hierarchical partitioning strategy, distribution of
0 samples into large numbers of partitions is avoided. Therefore, communications are required
only between pairs of processors located next to each other. For example, processor 3 com-
municates with processors 1 and 2, but not with processor 4. Processors 3 and 4 would need
to communicate with each other if the number of the § samples required for the interpola-
tion is larger than the number of the € samples per processor. However, using the hierarchical
strategy, the number of partitions along the @ direction, hence the number of § samples per pro-
cessor, can be adjusted such that those secondary communications between distant processors
are totally avoided.

When the required data is prepared by one-to-one communications for a box, its radiated field
is interpolated and shifted to the center of its parent box. Temporary levels involving parent
boxes and field samples after interpolation and shifting operations are denoted as intermediate
levels. As an example, for the partitioned tree structure in Figure 4.12, level 3.5 is depicted in
Figure 4.13. Following the interpolation, the number of samples along the 6 direction assigned
to each processor is doubled, i.e.,

op  _Hcow _ J 280 1<log, (p)
S @25 ”{2’59/17, [>1log, (p) [~ “.8)

At the same time, the number of boxes in each processor can be written as

p
NP ]& ~ 27N, /p, 1< log, (p) (4.9)
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Figure 4.13 Aggregation operations from level 3 to level 4 for the partitioned tree structure in
Figure 4.12. Source: Ergiil and Giirel 2009 [225]. Reproduced with permission of IEEE.
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Intermediate levels are defined temporarily and used to arrange the data in each processor,
before communications are performed to modify the partitioning according to the employed
hierarchical structure.

From an intermediate level (/ + 1/2) to the next level (I + 1), data is exchanged among pro-
cessors, if [ < log, (p). As depicted in Figure 4.13, processors are paired according to their
positions in the partitioning scheme. Each processor performs the following communications:

e Send half of field samples of each box at the intermediate level.
e Receive the complementary data, which involves field samples of some boxes, from the
associated processor.

With data exchanges, the number of boxes in each processor is doubled with respect to the
number of boxes at the intermediate level, while the number of samples along the 6 direction
is halved. Then,

2DN, /p, 1+ 1) < log, (p)
P ~ 1 9 = 2
Niwa ¥ { ADN, 1+ 1) > log, (p) (4.10)
and 50 (+1) < log, (»)
e,p ~ 1° + S ng
o1 {215?/17, (+1) > log, (p)}’ (4.11)

which agree with the expressions in (4.3) and (4.5), respectively.

4.6.3 Translation Stage

Using the hierarchical partitioning strategy, one-to-one communications are required during
the translation stage for levels / < log, (p), since boxes are partitioned and some translations
are needed between boxes located in different processors. As in the simple and hybrid paral-
lelization strategies, those communications are achieved by pairing processors and transferring
radiated fields of boxes between pairs. On the other hand, using the hierarchical partitioning
strategy, communications are required only among processors that are located in the same row
of the partitioning. For example, as depicted in Figure 4.14, communications at level 2 are
performed within two separate groups of processors, i.e., (1,3,5,7) and (2,4, 6, 8). In general,
for inter-processor translations at level [, each processor is paired one by one with the other
(p 1. — 1) processors. Once a pairing is established, radiated fields of boxes are transferred and
translations are performed by the receiver processor.

4.6.4 Disaggregation Stage

As usual, the parallelization of the disaggregation stage is very similar to the parallelization
of the aggregation stage using the hierarchical partitioning strategy. When incoming fields are
calculated at box centers at level /, partitioning is modified via data exchanges among proces-
sors, if / < log, (p) + 1. This way, the partitioning at level (/ — 1/2) is generated, as required for
anterpolation and shifting operations. Then, incoming fields at box centers are anterpolated and
shifted to the centers of their subboxes at level (/ — 1). Following an anterpolation operation,
some of the resulting data are used locally, while the rest are sent to other processors. Similar
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to communications during interpolations, data is transferred among neighboring processors in
the same column of the partitioning scheme.

4.6.5 Communications in Hierarchical Parallelizations

Using the hierarchical partitioning strategy, computations on the tree structure are distributed
among processors with improved load balancing, compared to previous strategies based on
partitioning with respect to only boxes or only samples of fields. However, there are still
unavoidable communications among processors, which may reduce the efficiency of the par-
allelization. In this section, these communications are investigated in detail.

Communications in Aggregation and Disaggregation Stages

During an operation in a processor at level / =2,3,...,(L — 1), the amount of data required
from other processors for each box is proportional to the number of samples in the ¢ direction.
Considering also the number of boxes per processor, the communication volume for interpo-
lations at level / can be written as

(1=
| t-ngp § 277N /p, L <logy (p)
Vg & 2778 { 40-DN 1> 1og, (p)

le?/P, I <log, (p)
NiS? /20D, 1> Tog, (p)

<NS?/p (4.12)
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for [=2,3,...,(L = 1). In general, the communication volume v;,,; tends to decrease with
the increasing number of processors p. Also note that aggregations at the lowest level do
not involve one-to-one communications to inflate data, since samples are not partitioned at
this level.

For levels [ < log, (p), half of the produced data is exchanged between pairs of processors
to modify the partitioning in accordance with the hierarchical structure. The volume of these
communications can be expressed as

I NS /p, [<log, (p)
excl 0, I>log,(p)

forl=1,2,...,(L — 1), where the upper bound is again inversely proportional to the number
of processors p. The communication volume for the disaggregation stage is the same as the
communication volume for the aggregation stage.

} <N,S\/p (4.13)

Communications in Translation Stage

Using the hierarchical partitioning strategy, each processor is paired one by one with (p ;. —
1) = max {p 20-D 1,0} processors to perform inter-processor translations at level /. For
each pair, the number of box-box interactions required to be performed is proportional to the
number of boxes per processor. In addition, the size of the data transferred in each interaction
is proportional to the number of local samples per box (Sf). Therefore, the communication
volume for translations can be written as

Onrans & max {p 2070 = 1,0} NS] < N8 /207D (4.14)

for/ =1,2,..., L. Note that the upper bound for the communication volume in (4.14) depends
on the level. Specifically, communications during translations may become significant for
lower levels, i.e., when [ is small. In fact, due to these communications, the translation stage
is a major bottleneck in hierarchical parallelizations of MLFMA (similar to simple and hybrid
parallelizations).

Although it is a rather standard technique in parallelization, it is worth mentioning that the
translation stage is very convenient to be improved by overlapping communications and com-
putations. A simple illustration is shown in Figure 4.15, where two processors (p; and p,) are
involved in a series of communications, i.e., p; prepares and sends data to be processed by
p,- Using nonblocking communications of MPI, it is possible to reduce the wait periods for
synchronizations. Specifically, by using nonblocking communications, p; does not wait for
the completion of the data transfer and immediately starts preparing the next data after the
communication is successfully buffered. Various nonblocking communication schemes are
available in MPI and can be found in [233]. These schemes are very useful for translations,
which involves repetitive communications and data processing.

4.6.6 Irregular Partitioning of Tree Structures

In the previous sections, the partitioning is assumed to change regularly on the tree structure,
i.e., the number of partitions of boxes decreases from a level to the next upper level and the
number of partitions of field samples is adjusted accordingly. In fact, for a given problem, one
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Figure 4.15 Improvement of the parallelization by overlapping communications and computations.

can choose the number of partitions at each level depending on optimizations. For example, in
some cases, the number of partitions may not change from a level to the next level. This may
be required to avoid excessive communications during aggregation and disaggregation stages.
Partitioning at the lowest level is also a parameter and, as opposed to the common practices
described above, field samples can be partitioned at this level depending on the number of
processors and the number of boxes/samples at this level. In general, optimizations should be
applied at each level to ensure that the hierarchical partitioning is optimal.

4.6.7 Comparisons with Previous Parallelization Strategies

In this subsection, the hierarchical partitioning strategy is compared with two previous
approaches, namely, the simple and hybrid partitioning strategies. As detailed above in
Section 4.4, a simple parallelization of MLFMA can be based on the distribution of boxes
among processors at all levels. A major disadvantage of the simple parallelization strategy
is the difficulty in distributing small numbers of boxes at higher levels. When the number of
processors is large, those boxes must be duplicated over multiple processors. Otherwise, a
large amount of data is required to be communicated during aggregation and disaggregation
stages. In addition, when using the simple parallelization strategy, translations involve dense
communications among processors.

The hybrid parallelization strategy has been successfully developed to improve the paral-
lelization of MLFMA [217]. As detailed above in Section 4.5, lower (distributed) levels of
MLFMA are partitioned as in the simple strategy, i.e., boxes are distributed among processors.
At higher (shared) levels, however, samples of fields are distributed, instead of boxes. Unlike
the hierarchical partitioning, samples at a shared level are distributed among all processors,
without any partitioning of boxes. Distributing samples provides improved load balancing and
communication-free translations for higher levels. On the other hand, problems arise for some
levels at the middle of the tree, where it is not efficient to distribute either fields or boxes among
processors.

The hierarchical partitioning strategy provide two important advantages, compared to the
simple and hybrid strategies.

e Improved Load-Balancing: Partitioning both boxes and samples of fields leads to improved
load balancing of workload among processors at each level. Consequently, duplication of
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computations, which may occur in simple parallelizations, and waits for synchronizations
of processors are minimized.
e Reduced Communications: Although the hierarchical partitioning strategy increases the
types of communications, compared to the simple and hybrid approaches, the amount of
data transferred is decreased. In addition, due to improved load balancing, the average pack-
age size is enlarged and the number of communication events is reduced. As a result, the
communication time is significantly shortened.

To demonstrate reduced communications in hierarchical parallelizations, Table 4.3 presents
the solution of a scattering problem involving a PEC sphere of radius 204 discretized with

Table 4.3 Communications during a MVM for the solution of a scattering problem involving a sphere
discretized with 1,462,854 unknowns on 64 processors

Hybrid Hierarchical
Number of Amount Number of Amount
events (bytes) events (bytes)

Interpolation at / = 7 1360 646,272 136 107,712
Interpolation at [ = 6 6960 1,030,080 292 108,040
Interpolation at / = 5 0 0 590 148,680
Interpolation at / = 4 0 0 1170 182,520
Data exchange at [ = 5 0 0 2 55,552
Data exchange at [ = 4 0 0 2 73,920
Data exchange at [ = 3 0 0 2 106,560
Data exchange at [ = 2 0 0 2 122,640
Data exchange at [ = 1 0 0 2 213,304
Change partitioning 1160 171,680 0 0
Aggregation total 9480 1,848,032 2198 1,118,928
Aggregation ratio 100% 100% 23% 61%
Disaggregation total 9480 1,848,032 2198 1,118,928
Disaggregation ratio 100% 100% 23% 61%
Translation at [ = 7 0 0 56 111,104
Translation at [ = 6 0 0 148 139,120
Translation at / = 5 0 0 235 156,288
Translation at [ = 4 425 749,700 427 179,340
Translation at [ = 3 910 615,160 1005 313,560
Translation at [ = 2 1812 587,088 1861 602,964
Translation at [ = 1 3228 464,832 3483 501,552
Translation total 6375 2,416,780 7215 2,003,928
Translation ratio 100% 100% 113% 83%
MVM 25,335 6,112,844 11,611 4,241,784
MVM ratio 100% 100% 46% 69%

Average package size

241 bytes (100%)

365 bytes (151%)
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1,462,854 unknowns. The problem is solved by a 7-level MLFMA parallelized with hybrid
and hierarchical strategies on 64 processors. The hybrid strategy involves three shared and four
distributed levels. The number of box partitions in the hierarchical strategy is 64, 64, 32, 16,
8, 4, and 2 from the lowest level to the highest level. Note that field samples are not distributed
forlevels ! = 1 and [ = 2. Table 4.3 lists the number of communications and the amount of data
communicated during a MVM. It can be observed that the total amount of communications is
reduced by 31% using the hierarchical partitioning strategy compared to the hybrid strategy. In
addition, the average size of packages is increased by 51% and the number of communication
events is reduced by 54%. These results are also confirmed with other experiments involving
different numbers of processors and different objects with diverse geometries.

Another important advantage of the hierarchical partitioning strategy appears when MLFMA
is employed on a cluster with multiprocessor nodes. Most of the mainboards built recently have
multiple processors connected via high-speed buses. Then, parallel computers are constructed
by clustering a number of multiprocessor computing units, i.e., nodes, instead of processors.
Resulting parallel computers are highly nonuniform, since communications among proces-
sors in the same node are significantly faster than those among processors located in different
nodes (see Figure 4.1). Using multicore processors further complicates the situation, since
communications within nodes also have diverse rates, depending on whether inter-core com-
munications are taking place in the same processor or between two processors in the same
node. The hierarchical parallelization strategy are suitable for such parallel platforms.

As an example, let the tree structure in Figure 4.12 be partitioned among two nodes, each
having four processors, i.e., processors 1—4 and processors 5—8 are located in two different
nodes. Then, all communications during the aggregation and disaggregation stages from level 1
to level 3 are performed inside nodes. Inter-node communications are required only for trans-
lations and for data exchanges during aggregation and disaggregation stages between level 3
and level 4. In general, the hierarchical partitioning strategy facilitates processor arrangements
in nonuniform platforms to minimize inter-node communications. However, in the numerical
examples presented in this chapter, this advantage is not used directly. Hence, the improved
efficiency obtained with hierarchical partitioning strategy is general and valid for all types of
distributed-memory architectures.

4.6.8 Numerical Results with the Hierarchical Parallelization Strategy

The improved efficiency provided by the hierarchical partitioning strategy, compared to
previous parallelization approaches, is demonstrated on scattering problems involving PEC
spheres of various sizes discretized with millions of unknowns. Each sphere is illuminated
by a plane wave propagating in the —x direction with the electric field polarized in the y
direction. Figure 4.16 presents the parallelization efficiency obtained for the solution of a
scattering problem involving a sphere of radius 204 discretized with 1,462,854 unknowns.
Figure 4.16(a) depicts the efficiency for the total time (including the setup and iterations),
when the solution is parallelized on 2, 4, 8, 16, 32, 64, and 128 processors of the S-Tigerton
cluster. It can be observed that the hierarchical strategy improves the parallelization efficiency
significantly, compared to the simple and hybrid strategies, especially when the number
of processors is large. The hybrid parallelization strategy performs better than the simple
parallelization strategy; however, its efficiency drops rapidly for p > 32, and it becomes
inefficient, compared to the hierarchical parallelization strategy. Using 128 processors, the
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Figure4.16 Parallelization efficiency with respect to the number of processors for the solution of a scat-
tering problem involving a PEC sphere of radius 204 discretized with 1,462,854 unknowns. (a) Overall
efficiency including setup and iterations, when the solution is parallelized by using the simple, hybrid, and
hierarchical strategies. (b) Efficiencies for MLFMA stages, i.e., aggregation, translation, and disaggre-
gation, using the hierarchical strategy. Source: Ergiil and Giirel 2009 [225]. Reproduced with permission

of IEEE.
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hierarchical parallelization strategy provides 58% efficiency, corresponding to a 74-fold
speedup with respect to the single-processor solution.

Figure 4.16(b) presents the parallelization efficiency for the three main stages of MVMs,
i.e., aggregation, translation, and disaggregation, using the hierarchical parallelization strategy.
One can observe that (once again) the translation stage becomes a major bottleneck when the
number of processors increases. For a solution on 128 processors, the parallelization efficiency
of translations drops below 30%. This is because the communication volume for translations,
given in (4.14), does not scale with the number of processors p, unlike the communication
volume for aggregation and disaggregation stages. In addition, many communications required
for inter-processor translations occur among processors located in different nodes. Then, the
rate of communications during translations is mostly limited by the speed of the network.
Nevertheless, even the parallelization of translations is improved with the hierarchical strategy,
and the overall efficiency provided by the hierarchical strategy is consistently higher than those
obtained with the simple and hybrid strategies.

Figure 4.17 presents the parallelization efficiency for the solution of scattering problems
involving PEC spheres of radii 404 and 604 discretized with 5,851,416 and 13,278,096
unknowns, respectively, where the efficiency is defined with respect to solutions with two and
four processors of the S-Tigerton cluster. Similar to the previous results, the parallelization
efficiency is increased significantly by using the hierarchical partitioning strategy.

Even though Figures 4.16 and 4.17 compare relative performances of different parallelization
strategies, it should be emphasized that they do not provide a complete information for the
efficiency of solutions. In general, one should also consider the following factors.

e Clock Rate of Processors: Although using faster processors leads to faster solutions, the par-
allelization efficiency can be degraded as the computation time is reduced. This is because
the communication time becomes more significant when the processing time for computa-
tions is small.

e Efficient Implementation of the Algorithm: Minimizing the processing time of MLFMA
may also have an adverse effect on the parallelization efficiency. For example, radiation
and receiving patterns of the basis and testing functions are calculated during the setup of
the program and used efficiently during iterations. Calculating the patterns on the fly in
each MVM without storing them is also a common practice for low-memory implementa-
tions. That would increase the processing time, but the parallelization efficiency would also
increase, since those calculations can be parallelized very efficiently.

e Accuracy Parameters: Accuracy of solutions also affects the parallelization efficiency. For
example, most of communications during aggregation and disaggregation stages could be
avoided by reducing the number of interpolation points. This would increase the paralleliza-
tion efficiency, but the accuracy of solutions would deteriorate.

Note that the efficiency results presented in Figures 4.16 and 4.17 are obtained under strict
circumstances, using a fast and accurate implementation of MLFMA on a cluster of processors
with a relatively high clock rate. To quantify the efficiency of solutions, Table 4.4 lists the pro-
cessing time, when the three problems are solved on 128 processors of the S-Tigerton cluster.
Using the hierarchical parallelization strategy, the largest problem with 13,278,096 unknowns
is solved in less than one hour.
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Figure4.17 Parallelization efficiency for the solution of scattering problems involving (a) a PEC sphere
of radius 404 discretized with 6,851,416 unknowns and (b) a PEC sphere of radius 604 discretized with
13,278,096 unknowns. Parallel efficiency is defined with respect to two and four processors, respectively.
Source: Ergiil and Giirel 2009 [225]. Reproduced with permission of IEEE.
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Table 4.4 Solutions of sphere problems using the hierarchical
parallelization strategy

Sphere radius 204 404 604
Unknowns 1,462,854 5,851,416 13,278,096
Number of iterations 27 30 43

Setup time (s)

Simple 184 1065 2630
Hybrid 89 356 812
Hierarchical 88 348 797

Solution time (s)

Simple 512 2467 5400
Hybrid 442 1162 3122
Hierarchical 184 804 2257

4.7 Efficiency Considerations for Parallel Implementations of MLFMA

The hierarchical partitioning strategy enables the efficient parallelization of MLFMA by
improving load balancing, reducing communications, and facilitating processor arrangements
for faster communications. On the other hand, efficient solutions require more than efficient
partitioning and one needs to consider other factors, such as programming, system hardware
and software, load balancing, and optimizations. This section provides an overview of these
factors for a basic understanding of efficient parallel implementations of MLFMA.

4.7.1 Efficient Programming

It is well-known that programming is as essential as the underlying algorithms to obtain effi-
cient implementations. Specifically, implementations must be optimized to eliminate all bot-
tlenecks and to avoid stagnation when the problem size is large. As an example of impacts
of programming style to the efficiency of solutions, Figure 4.18 presents a simple experiment
involving multiplications of N X N dense matrices (X and Y) using the Fortran 90 program-
ming language. The processing time is measured on an AMD Opteron 870 processor as a
function of N3. Theoretically, the complexity of matrix-matrix multiplications is ( (9(1\]3). Two
different schemes are considered to perform multiplications in the formof V=X -Y.

e Ordinary: Loops are constructed as
for m=1,2,....N
forn=1,2,...,.N
for k=1,2,....N

Vim,n] = Vim,n] + X[m, k1Y [k, n].
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Figure 4.18 Processing time required for the multiplication of N X N dense matrices on an AMD
Opteron 870 processor. Source: Ergiil and Giirel 2011 [230]. Reproduced with permission of IEEE.

e Improved: Loops are constructed as

for n=1,2,...,.N
for k=1,2,....,.N
for m=1,2,....N

VIm,n] = Vim, n] + X[m, k]Y[k, n].

Figure 4.18 shows that, using the first (ordinary) scheme, the processing time of the
matrix-matrix multiplications does not change linearly with respect to N3, i.e., the complexity
of matrix-matrix multiplications seems larger than O(N3). In addition, the processing time
is significantly longer for the first (ordinary) scheme compared to the second (improved)
case, especially when N is large. A major difference between these two schemes is the use
of the data stored in memory. Using the Fortran programming language, matrices are stored
columnwise in memory, and it is always faster to access a local data compared to a distributed
data. When the loops are constructed by following the ordinary scheme, X and V are not used
in an efficient way. Specifically, in the ordinary scheme, both X and V are used row-wise,
which leads to significant delays when accessing data in memory. Even the complexity of
matrix-matrix multiplications seems larger than the expected due to the inefficient use of
memory. As depicted above in Figure 4.18, simply changing the order of loops rectifies the
complexity and provides the desired efficiency.
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4.7.2  System Software

Software of the parallel computer should be optimized for the best possible performance
of parallel implementations of MLFMA. As an example, Figure 4.19 presents an optimiza-
tion of intra-node communications between eight processors of the B-Clovertown cluster. A
simple update of the basic input/output system (BIOS) significantly accelerates intra-node
communications. Specifically, the latency decreases and the bandwidth increases as depicted
in Figures 4.19(a) and 4.19(b), respectively.

Figure 4.20 presents a similar acceleration of inter-node communications by updating the
Infiniband driver. The processing time required for an integer transfer is plotted when pro-
cessors located in different nodes perform communications with each other. If the number of
processors is larger than two, multiple communications are performed at the same time. Hence,
the communication time increases as the number of processors increases. Figure 4.20 shows
that an update of the Infiniband driver can significantly accelerate inter-node communications.

4.7.3 Load Balancing

Load balancing in MLFMA can be performed with data-binning techniques since the multi-
level structure, as well as near-field and far-field interactions, are known at the beginning of the
program. The effectiveness of different load-balancing algorithms and resulting parallelization
efficiencies can be monitored on various problems.

Using cubic boxes in MLFMA provides many computational advantages thanks to the
symmetry. At the same time, since the box size is fixed, basis and testing functions are
distributed unequally among boxes at the lowest level. As an example, Figure 4.21 presents
the solution of a scattering problem involving a PEC sphere of radius 204 discretized with
1,462,854 unknowns. The problem is solved by a 7-level MLFMA using a bottom-up scheme.
Figure 4.21(a) depicts a histogram of the lowest-level boxes in terms of the number of
unknowns. It can be observed that the number of unknowns per box changes in a wide range
from 1 to 42. Also note that about 7000 out of 109,790 boxes involve only one unknown.
Figure 4.21(b) depicts the number of near-field interactions assigned to each processor when
the solution is parallelized on a cluster of 32 processors and the rows of the matrix equation
are distributed equally among processors. Since the number of unknowns per box vary
significantly, the number of near-field interactions per row also vary significantly, even for a
simple sphere geometry. Hence, an equal distribution of rows leads to an unequal distribution
of unknowns among processors. As a remedy, one can use a load-balancing algorithm in order
to distribute near-field interactions (instead of rows) equally among processors, leading to the
near-field partitioning. Note that a different load balancing of far-field interactions leads to
the far-field partitioning, which can be significantly different from the near-field partitioning.

Numerical Examples

Table 4.5 presents the solution of large-scale electromagnetics problems discretized with more
than 100 million unknowns on the B-Harpertown cluster. A scattering problem involving a PEC
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Figure 4.19 Optimization of intra-node communications in the B-Clovertown cluster via a BIOS
update. (a) Sorted latency (us) and (b) sorted bandwidth (MB/s)
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Figure 4.20 Optimization of inter-node communications in the B-Clovertown cluster via an Infiniband
driver update.

sphere of radius 1804 discretized with 135,164,928 unknowns is solved by a 10-level MLFMA.
In addition, scattering problems involving the Flamme at 360 GHz, the NASA Almond at
850 GHz, and the wing-shaped object at 120 GHz are considered (see Section 4.3). The sphere
is illuminated by a plane wave propagating in the —x direction with the electric field polarized
in the y direction. Other three objects are illuminated by a plane wave propagating in the x-y
plane at a 30° angle from the x axis with the electric field polarized in the z direction (V polar-
ization). Solutions are performed on 16, 32, and 64 processors of the B-Harpertown cluster.
Table 4.5 lists the processing time, as well as the parallelization efficiency obtained for 32
and 64 processors with respect to 16 processors. In addition to the setup and solution parts,
aggregation, translation, and disaggregation stages are considered separately. Note that ‘ MVM
Rest’ accounts for near-field interactions, all-to-all communications to change the partitioning
of the output vector before far-field interactions, and some input/output operations. Table 4.3
shows that, using 64 processors, the parallelization efficiency for the total time is more than
80% for all problems.

Table 4.6 lists the total memory required for the solutions listed in Table 4.5. Increasing the
number of processors raises the memory requirement since the efficiency of the parallelization
is not perfectly 100%. Nevertheless, using 64 processors, the parallelization efficiency in terms
of memory usage is also larger than 80% for all problems.

Figure 4.22 presents some details of the processing time for the 64-processor solutions
listed in Table 4.5. It can be observed that the calculation of near-field interactions and
the iterative solution are dominant parts. The processing time for near-field interactions is
perfectly balanced among processors for all cases, except for the wing-shaped object. This
is because all near-field interactions are calculated accurately with 1% error and the number
of integration points, thus the processing time, for an interaction depends on the relative
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Figure 4.21 Solution of a scattering problem involving a PEC sphere discretized with 1,462,854
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Table 4.5 Solutions of large-scale electromagnetics problems involving more than 100 million
unknowns with parallel MLFMA on the B-Harpertown cluster
Problem Sphere Flamme Almond Wing
Size 3604 7204 7154 4004
Unknowns 135,164,928 134,741,760 125,167,104 121,896,960
Levels 10 11 11 10
Box size 0.1764 0.1764 0.1754 0.1954
Excitation H (0°) V (30°) V (30°) V (30°)
Iterations 23 44 20 17
Processing time for 16 processors
Setup (minutes) 480 537 435 366
Solution (minutes) 489 644 330 177
Total (minutes) 975 1186 769 546
MVM (s) 618 425 449 285
Aggregation (s) 200 138 154 98
Translation (s) 194 129 128 69
Disaggregation (s) 209 144 155 106
MVM rest 15 14 12 12
Processing time for 32 processors
Setup (minutes) 243 (99%) 272 (99%) 219 (99%) 186 (98%)
Solution (minutes) 263 (93%) 369 (87%) 171 (97%) 99 (89%)
Total (minutes) 511 (95%) 646 (92%) 394 (98%) 289 (95%)
MVM (s) 327 (95%) 234 (91%) 239 (94%) 155 (92%)
Aggregation (s) 103 (97%) 72 (96%) 77 (100%) 51 (96%)
Translation (s) 105 (92%) 75 (86%) 72 (89%) 40 (86%)
Disaggregation (s) 106 (99%) 76 (95%) 80 (97%) 54 (98%)
MVM Rest (s) 13 11 10 10
Processing time for 64 processors
Setup (minutes) 126 (95%) 136 (99%) 109 (100%) 96 (95%)
Solution (minutes) 161 (76%) 203 (79%) 101 (82%) 62 (71%)
Total (minutes) 292 (84%) 345 (86%) 215 (89%) 163 (84%)
MVM (s) 194 (80%) 128 (83%) 137 (82%) 92 (78%)
Aggregation (s) 58 (86%) 37 (93%) 43 (90%) 28 (88%)
Translation (s) 64 (76%) 41 (79%) 39 (82%) 21 (82%)
Disaggregation (s) 60 (87%) 38 (95%) 45 (86%) 30 (88%)
MVM rest (s) 12 12 10 13

positions of basis and testing functions. On the discretized wing-shaped object, there are
difficult interactions that require longer processing time, compared to other interactions.
Hence, using a load-balancing algorithm based on the equal distribution of near-field
interactions without considering their computation times, those difficult interactions may
accumulate in some processors, leading to unequal processing times for the near-field stage.
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Table 4.6 Peak memory (GB) required for the solutions in Table 4.5

Problem Sphere Flamme Almond Wing
Size 3604 7204 7154 4004
Unknowns 135,164,928 134,741,760 125,167,104 121,896,960
16 processors 424 427 385 431

32 processors 438 (97%) 455 (94%) 414 (93%) 443 (97%)
64 processors 467 (91%) 513 (83%) 471 (82%) 500 (86%)

Nevertheless, distributing near-field interactions equally among processors may still be
preferred since this is usually the best choice in terms of memory. For the 64-processor
solutions, Figure 4.23 presents details of MVMs, which involve near-field, aggregation,
intra-processor translation, inter-processor translation, and disaggregation stages. It can be
observed that, using the hierarchical strategy and load-balancing algorithms, the workload is
distributed very efficiently.

Figure 4.24 presents some details of the memory usage for the 64-processor solutions listed
in Table 4.5. In this figure, the total amount of memory used in each computing node from 1 to
16 s considered. A majority of memory is required to store near-field interactions and radiation
and receiving patterns of basis and testing functions. Another significant contribution is due
to aggregation and disaggregation arrays, which contain radiated and incoming fields of boxes
calculated during MVMs. Memory used in computing nodes may not be the same, mostly due
to different amounts of radiation and receiving patterns of basis and testing functions assigned
to processors. Those patterns are distributed according to the far-field partitioning of the tree
structure. In general, boxes at the lowest level are distributed almost equally among processors.
However, box populations, i.e., numbers of basis and testing functions in boxes, may vary
significantly. A load-balancing algorithm, which accounts for populations of boxes, can be
used to improve the distribution of radiation and receiving patterns. However, this method
may deteriorate the load balancing of MVMs in terms of the processing time.

4.7.4  Memory Recycling and Optimizations

Although the minimization of the processing time is crucial in parallel solutions, efficient use
of the available memory becomes more critical as the problem size grows. Parallel implementa-
tions of MLFMA usually have complicated memory footprints. Dynamic memory allocations
and deallocations are essential to recycle the used memory as much as possible. An impor-
tant issue is the optimization of memory during MVMs (usually the peak memory). Applying
memory recycling, all unnecessary data structures are deallocated; only essential data struc-
tures remain allocated before iterative solutions. During an iterative solution, a majority of
memory is used for near-field interactions, radiation/receiving patterns of basis/testing func-
tions, translation operators, and aggregation/disaggregation arrays. For solving large prob-
lems on distributed-memory architectures, it is essential to distribute these data structures
equally among processors. Otherwise, even though the total amount of memory is sufficient
to solve a given problem, memory required by a specific processor can exceed the maximum
memory limit available for that processor, and this may prevent the solution of the problem.
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Figure4.22 Details of the processing time for the solution of large scattering problems on 64 processors
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Hence, parallel MLFMA implementations should be carefully optimized such that all pro-
cessors require approximately the same amount of memory during iterative solutions. Note
that this optimization can be different from the load-balancing scheme for the multilevel tree
structure, which is essential to minimize the processing time. For the optimization memory,
one needs to consider some other significant contributions, such as near-field interactions, in
addition to tree structures.

Figure 4.25 presents the optimization of the MVM memory on a scattering problem involving
a sphere of radius 2604 discretized with 307,531,008 unknowns. The solution is parallelized
into 64 processes on the C-Clovertown cluster. The amount of memory used by each process is
plotted as a function of time steps. Only one MVM is considered since the memory requirement
is exactly the same for all MV Ms. It can be observed that the used memory is not monotonically
increasing and it fluctuates due to allocations and deallocations. Also note that the memory
required for the master process is quite different than those of other processes due to some
initial sequential operations for data input and management. Figures 4.25(a) and 4.25(b) depict
the memory before and after the optimization. It can be observed that all processes use nearly
the same amount of memory during MVM, thanks to the optimization. This means that larger
problems can be solved on the same computer.

As predicted by Amdahls law, sequential data structures, particularly those that are allocated
in the initial stages of parallel implementations, become bottlenecks as the problem size grows
and more processors are used. Three simple rules are used repetitively to avoid memory peaks
and associated stagnations:

e Rule 1: Allocate memory for a data structure just before it is required.

e Rule 2: Deallocate memory used for a data structure as soon as it becomes useless so that it
can be used later in the program.

e Rule 3: Rearrange the program such that Rules 1 and 2 can be further applied.

Rule 3 is particularly useful to reduce memory peaks before iterations and MVMs. Code
rearrangements for memory recycling depend on the implementation and no common proce-
dure exists. But, Figure 4.26 illustrates how such rearrangements can be used to effectively
reduce the peak memory.

Figure 4.27 presents again the memory used for the solution of the scattering problem involv-
ing a sphere of radius 2604 discretized with 307,531,008 unknowns. This time, the solution
is parallelized into 128 processes on the C-Clovertown cluster. Using 128 processes, there are
memory peaks before iterations, as depicted in Figure 4.27(a). These peaks are major bottle-
necks before the memory recycling. Using code rearrangements and memory recycling, the
peak memory of the implementation can be reduced significantly (from 12.6 GB to 10.4 GB),
as depicted in Figure 4.27(b). This reduction translates into the ability to solve larger problems
on the same computer.

4.7.5 Parallel Environment

Parallel solutions are naturally affected by the parallel environment. This subsection presents
effects of some factors, such as other running problems, distribution of processes, MPI version,
and faulty processors.
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Figure 4.25 Memory used for the solution of a scattering problem involving a sphere of radius 2604
discretized with 307,531,008 unknowns. The solution is parallelized into 128 processes using the hier-
archical strategy. Memory for each process is plotted as a function of time steps (a) before and (b) after
the optimization of the MVM memory. (See color plate section for the color version of this figure)
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Other Running Programs

Figure 4.28 presents the solution of a scattering problem involving a PEC sphere of radius 204
discretized with 1,462,854 unknowns. The problem is solved by a 7-level MLFMA using the
hybrid strategy and a bottom-up scheme on the B-Clovertown cluster. Two different cases are
considered:

e A system program requiring a significant processing load is employed on a single processor
of a node, in addition to the parallel MLFMA.
e All processors are reserved for the parallel MLFMA.

Figures 4.28(a) and 4.28(b) depict the processing time for the setup and iterative solution
parts, respectively, with respect to the number of processors. It can be observed that the pro-
cessing time decreases regularly as the number of processors increases up to 32 in both cases,
i.e., with and without the system program. When the number of processors is further increased
to 64, however, the existence of the system program affects the processing time significantly,
even though this program is employed on a single processor. In fact, for the solution part, the
processing time increases from 32 processors to 64 processors. This experiment shows the
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Figure 4.27 Memory used for the solution of a scattering problem involving a sphere of radius 2604
discretized with 307,531,008 unknowns. The solution is parallelized into 128 processes using the hier-
archical strategy. Memory for each process is plotted as a function of time steps (a) before and (b) after
code rearrangements followed by memory recycling. Source: Giirel and Ergiil 2013 [235]. Reproduced
with permission of IEEE. (See color plate section for the color version of this figure)
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Figure 4.28 Processing time for the solution of a scattering problem involving a PEC sphere of radius
204 discretized with 1,462,854 unknowns. (a) Setup and (b) solution times are investigated with and
without a system program employed on the B-Clovertown cluster.
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Figure 4.29 Solutions of a scattering problem involving a PEC sphere of radius 204 discretized with
1,462,854 unknowns on the B-Clovertown cluster. The processing times obtained when the parallel com-
puter is employed as usual and when it is overloaded are compared.

necessity of a ‘master node’ to host system programs without affecting the processing time of
parallel implementations.

Figure 4.29 presents again the solution of the sphere problem involving 1,462,854 unknowns
on the B-Clovertown cluster. In addition to ordinary solutions on 16—64 processors, over-
loaded solutions are considered by employing dummy programs at the same time on all 64
processors of the cluster. In Figure 4.29, the ratio of processing times required for the over-
loaded and ordinary solutions is plotted as a function of the number of processors. It can be
observed that the setup time is doubled since each processor is actually used with 50% effi-
ciency. On the other hand, overloading significantly affects the solution part, which involves
many communications between processors. Specifically, using 32 and 64 processors, over-
loading leads to more than 15-fold deceleration for the solution part.

As discussed above in Section 4.6.7, using slower processors may increase the paralleliza-
tion efficiency since the computation time tends to increase and dominate the communication
time. This observation does not contradict with the results in Figure 4.29. Specifically, over-
loading in Figure 4.29 does not only slow down processors but also decreases the performance
of the whole system, including communications. The setup part, which involves only compu-
tations, is affected by 50% due to the reduced effective clock rate. The solution part, however,
is affected more than 50% since it requires synchronizations between processors, and hence,
delays in different processors tend to accumulate.
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Distribution of Processes

Figure 4.30 presents solutions of a scattering problem involving a PEC sphere of radius 204
discretized with 1,462,854 unknowns on the S-Tigerton cluster. Solutions are parallelized
among various numbers of processors. Figure 4.30(a) depicts a comparison of two different
cases, i.e., when 8 and 16 nodes of the cluster are employed. In both cases, the number of active
nodes is maximized for all solutions. One can observe that the ratio of processing times on 8
and 16 nodes is close to one, except for the 64-processor case. In this case, using 8 nodes instead
of 16 nodes increases the solution time by 8%. This experiment shows that using all proces-
sors in a node may decrease the performance of the parallel computer, even though a sufficient
number of processors is available. Figure 4.30(b) presents the solution of the same problem on
16 nodes of the S-Tigerton cluster when the number of nodes is maximized (distributed) and
when the number of nodes is minimized (full). For example, 16 processors are selected from 16
nodes (1 processor per each node) and 2 nodes (8 processors per each node) in the distributed
and full schemes, respectively. Figure 4.30(b) confirms that using all processors in a node
increases the iterative solution time. Note that, this is not observed for the setup part, which
only involves computations and does not require any communications between processors.

MPI Version

The choice of the MPI program is another major parameter, which affects the parallelization
of MLFMA. For a given parallel computer, one of the interfaces may perform better than
others. As an example, Figure 4.31(a) presents a comparison of different MPI versions for
the solution of a scattering problem involving a PEC sphere of radius 204 discretized with
1,462,854 unknowns on the B-Clovertown cluster. One can observe that MVAPICH leads to
faster solutions than LAM-MPI and Open-MPI, especially when the number of processors
is large. It is remarkable that the setup time does not depend on the MPI program, but the
solution time does. Using 64 processors, Open-MPI and LAM-MPI are 100% and 30% slower
than MVAPICH for the solution part.

On the B-Clovertown cluster, MVAPICH is also more stable than other MPI versions for
the solution of large-scale problems. As an example, Figure 4.31(b) presents the solution
of a scattering problem involving a PEC sphere of radius 1104 discretized with 41,883,648
unknowns. The processing time required for each MVM is plotted. It can be observed that
the first two MVMSs require significantly more time than the others using LAM-MPI. This
undesirable effect is not observed when using MVAPICH that provides more stable solutions
than LAM-MPIL. It should be emphasized that these findings on the MPI versions are based on
their current versions and they are measured on the B-Clovertown cluster, i.e., they may not
be generalized to other parallel computers. Nevertheless, the results in Figure 4.31 shows that
the choice of the MPI program can be crucial in terms of the efficiency and stability of parallel
solutions.

Faulty Processors

As the number of processors of parallel computers increases, it becomes more probable that
some processors suffer from technical problems, such as overheating. Such faulty processors
directly affect the efficiency of parallel solutions, but unfortunately, their effects may not be
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Figure 4.30 Solutions of a scattering problem involving a PEC sphere of radius 204 discretized with
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Figure 4.31 Comparisons of MPI versions on scattering problems involving (a) a PEC sphere of
radius 204 discretized with 1,462,654 unknowns and (b) a PEC sphere of radius 1104 discretized with
41,883,648 unknowns.
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Figure 4.32 Solution of a scattering problem involving the NASA Almond at 1.4 THz. The prob-
lem is discretized with 306,696,192 unknowns and the solution is parallelized into 64 processes on the
U-Nehalem cluster. Details of a MVM are shown for all processors. (See color plate section for the color
version of this figure)

understood easily. As an example, Figure 4.32 presents the solution of a scattering problem
involving the NASA Almond at 1.4 THz discretized with 306,696,192. The solution is paral-
lelized into 64 processes on the U-Nehalem cluster. Figure 4.32 depicts the details of a MVM,
which involves near-field, aggregation, intra-processor translation, inter-processor translation,
and disaggregation stages. White areas correspond to wait periods before synchronizations.
It can be observed that two of the processors require significantly longer time during the dis-
aggregation stage. Hence, other processors have to wait before the final synchronization and
the parallelization efficiency drops. The results in Figure 4.32 looks like an unbalanced work-
load among processors. But, in fact, two processors suffer from overheating problems and they
significantly affect the overall performance of the parallel implementation on the cluster.

4.7.6  Parallel Computers

Obviously, efficiency of parallel implementations may vary significantly depending on the par-
allel computer. There are many parameters, such as the processor model, clock rate, cache size,
memory access rate, and network, and all these parameters make contribution to the overall
efficiency of parallel solutions. As an example, Tables 4.7—4.9 present the solution of a scat-
tering problem involving a PEC sphere of radius 204 discretized with 1,462,854 unknowns.
The problem is solved on various parallel computers listed in Table 4.1 after various time
and memory optimizations described earlier in this chapter. Tables 4.7—4.9 presents the setup,
iterative solution, and total computation times for the solution of the scattering problem on
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Table 4.7 Setup time for a scattering problem involving a PEC sphere discretized with 1,462,854
unknowns on different numbers of processors of the computers listed in Table 4.1

Number of nodes X Number of processes per node

Computer Ix1 2x1 4x1 8x1 16x1 16x2 16x4 16 % 8
C-Clovertown 12560 6319 3203 1612 817 411 210 109
B-Harpertown 7767 3599 1851 933 467 242 120 63
U-Nehalem 8259 4131 2095 1049 534 269 137 73
S-Nehalem 7950 3954 2058 1011 557 279 141 70
N-Nehalem 8467 4138 2111 1050 529 263 133 65
S-Westmere 7294 3658 1844 930 472 237 120 62
S-Dunnington 9114 4612 2348 1197 591 297 154 80

Table 4.8 Iterative solution time for a scattering problem involving a PEC sphere discretized with
1,462,854 unknowns on different numbers of processors of the computers listed in Table 4.1

Number of nodes X Number of processes per node

Computer Ix1 2x1 4x1 8x1 16x1 16x2  16x4 16 x 8
C-Clovertown 6907 3564 1892 1029 563 319 201 150
B-Harpertown 5510 2913 1564 833 456 259 168 142
U-Nehalem 5189 2760 1456 774 432 255 167 135
S-Nehalem 4910 2855 1498 829 455 232 140 122
N-Nehalem 5542 2938 1572 847 459 243 147 93
S-Westmere 4388 2396 1311 690 385 208 130 95
S-Dunnington 6634 4240 2604 1479 911 477 363 350

Table 4.9 Total computing time for a scattering problem involving a PEC sphere discretized with
1,462,854 unknowns on different numbers of processors of the computers Listed in Table 4.1

Number of nodes X Number of processes per node

Computer Ix1 2x1 4x1 8x1 16x1 16x2 16x4 16 % 8
C-Clovertown 19474 9891 5103 2649 1388 738 420 270
B-Harpertown 12,679 6515 3419 1768 926 505 292 209
U-Nehalem 13462 6905 3565 1838 980 539 316 219
S-Nehalem 12,862 6819 3566 1852 1023 522 291 203
N-Nehalem 13011 7079 3686 1899 991 508 282 161
S-Westmere 11,684 6064 3157 1630 867 447 253 162

S-Dunnington 15,751 8855 4956 2681 1507 778 525 440
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these computers using different numbers of nodes and processors per node. The setup time
includes (and is dominated by) the computation of near-field interactions. The iterative solu-
tion time includes 27 iterations (54 MVMs) to reduce the residual error to below 107°. Finally,
the total time includes the setup and iterative solution, as well as data input and management.
It can be seen that the total time of the fastest solution is 161 seconds on 128 processors of
the N-Nehalem cluster. It is remarkable that, among the parallel computers listed in Table 4.1,
N-Nehalem does not have the fastest processors. Figure 4.33 depicts the solution of the scatter-
ing problem on three different clusters, i.e., S-Nehalem, N-Nehalem, and S-Westmere. Both the
total computing time and the corresponding parallelization efficiency are plotted with respect
to the number of processors from 1 to 128. It can be observed that the parallelization efficiency,
which is defined with respect to one-processor solutions for each cluster, changes significantly
depending on the computer. As also discussed above in Section 4.6.7, the parallelization effi-
ciency can be misleading to assess the actual efficiency of parallel solutions. And, in fact, as
demonstrated in Tables 4.7—4.9 and Figure 4.33, a direct comparison of the computing time
may provide a better assessment of the efficiency on different computers.

4.8 Accuracy Considerations for Parallel Implementations of MLFMA

MLFMA is a full-wave solver with a controllable accuracy. However, accuracy of a solution
and its dependence on various error sources of the algorithm may not be obvious. For a given
problem, its discretization (e.g., the number of unknowns) and other accuracy parameters may
not be sufficient to assess the actual accuracy of the solution. This uncertainty of accuracy
makes it difficult to rigorously compare different implementations, since the accuracy of solu-
tions obtained with these implementations can be different and direct comparisons can be
unfair. Increasing the problem size and the number of unknowns (a recent trend in compu-
tational electromagnetics) should be supported and accompanied by the investigation of the
accuracy of results.

In general, MLFMA implementations involve various error sources that can be categorized
as follows:

e Discretization of surfaces using small elements, e.g., planar triangles, with respect to wave-
length.

e Discretization of integral-equation formulations using a set of basis and testing functions.

e Direct calculation of the near-field interactions using numerical integration methods, e.g.,
Gaussian quadratures and adaptive techniques.

e Factorization and diagonalization of the far-field interactions, e.g., truncation, clustering
scheme, and translation strategies.

e Multilevel aggregation and disaggregation, e.g., interpolation and anterpolation techniques.

e [terative solution, e.g., convergence to the target residual error.

All these error sources are important and affect the accuracy of solutions, but some of them
may dominate the others depending on the problem and implementation. Recent analyses
based on numerical comparisons show that some error sources are more dominant and thus
should be suppressed for more accurate solutions. At the same time, identifying less-effective
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Figure 4.33 Solution of a scattering problem involving a PEC sphere of radius 204 discretized with
1,462,854 unknowns on three different clusters. (a) Total computing time and (b) the corresponding
parallelization efficiency are plotted with respect to the number of processors from 1 to 128.
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error sources may allow for the derivation of more efficient implementations by systematically
relaxing the corresponding parameters.

As an example, solutions of a scattering problem involving a PEC sphere of radius a = 964
discretized with 33,791,232 unknowns are considered. The sphere is illuminated by a plane
wave propagating in the —x direction with the electric field polarized in the y direction. The
problem is formulated with CFIE = aEFIE + (1 — a)MFIE. In order to demonstrate the effect
of the combination factor a on the accuracy, two different solutions with « = 0.2 and a =
0.6 are considered. Both near-field and far-field interactions are calculated with maximum
1% error. Convergence to 0.001 residual error is achieved in 20 and 66 iterations for a =
0.2 and a = 0.6, respectively. Figures 4.34 and 4.35 present the normalized RCS (RCS/7a?
in dB) on the x-y plane as a function of the bistatic angle ¢ from 0° to 180°, where 0° and
180° correspond to the backscattering and forward-scattering directions, respectively. RCS
results around the backscattering and forward-scattering directions are particularly focused
in separate plots. In general, the computational results agree well with the analytical results
obtained by a Mie-series solution. However, one can find different levels of error in a detailed
analysis, such as the focused plot around the backscattering direction. Specifically, the error
is more significant in Figure 4.34, i.e., when a = 0.2 and the MFIE contribution is large in
the CFIE formulation. For a more quantitative analysis, the relative error given in (2.196) is
calculated when the computational and analytical values are sampled at 0.1° intervals. For
the results depicted in Figures 4.34 and 4.35 (when @ = 0.2 and a = 0.6), the relative error is
found to be 2.41% and 0.69%, respectively. These values clearly show that the combination
factor a of CFIE is an important parameter for the accuracy, even for very large problems.

Figures 4.36 and 4.37 present solutions of another scattering problem involving a PEC sphere
of radius 2804 discretized with 374,490,624 unknowns when a« = 0.2 and @ = 0.6, respec-
tively. Similar to the previous example, the accuracy of the solution is significantly affected by
the choice of the combination factor a of CFIE. Specifically, for this problem, the relative error
defined in (2.196) is 1.95% and 0.58% when a = 0.2 and a = 0.6, respectively. The number of
BiCGStab iterations to reduce the residual error to below 1073 increases from 31 to 89 when
a changes from 0.2 to 0.6; but this increase in the iteration counts (hence the computing time)
can be acceptable because of the significantly improved accuracy.

Table 4.10 lists the relative error in various solutions of the scattering problem involving
the sphere of radius 964. For both « = 0.2 and a = 0.6, accuracy is investigated when the
far-field interactions are calculated with zero, one, two, and three digits of accuracy. These val-
ues correspond to 100%, 10%, 1%, and 0.1% errors in the worst-case scenario. The following
observations can be made:

e When a = 0.2, the number of accurate digits in the far-field interactions has a negligible
effect on the final result. For those solutions, the error due to the low-order discretization
of the identity operator (in the MFIE contribution) dominates the error arising during the
calculation of the far-field interactions.

e When a = 0.6, the discretization error due to the identity operator is moderately suppressed.
Hence, calculating the far-field interactions accurately becomes more critical compared to
the @ = 0.2 case. On the other hand, the accuracy is slightly improved when the far-field
interactions are calculated with two or three digits of accuracy instead of one digit of accu-
racy. In other words, there is no need to calculate the far-field interactions with high accuracy
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Figure 4.34 Normalized bistatic RCS (RCS/za*) of a sphere with a radius of 964 (discretized
with 33,791,232 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values are obtained with a CFIE formula-
tion using @ = 0.2. Source: Ergiil and Giirel 2011 [236]. Reproduced with permission of IEEE.
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Figure 4.35 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 964 (discretized
with 33,791,232 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values are obtained with a CFIE formula-
tion using a = 0.6. Source: Ergiil and Giirel 2011 [236]. Reproduced with permission of IEEE.
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Figure 4.36 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 2804 (discretized
with 374,490,624 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values are obtained with a CFIE formula-
tion using @ = 0.2. Source: Ergiil and Giirel 2011 [236]. Reproduced with permission of IEEE.
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Figure 4.37 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 2804 (discretized
with 374,490,624 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values are obtained with a CFIE formula-
tion using a = 0.6. Source: Ergiil and Giirel 2011 [236]. Reproduced with permission of IEEE.
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Table 4.10 Error in the solution of scattering problems involving a PEC
sphere of radius 964 discretized with 33,791,232 unknowns

a of CFIE=0.2
Accurate digits (MLFMA) 0 1 2 3
Relative error (RCS) 3.96% 2.52% 2.41% 2.38%
a of CFIE=0.6
Accurate digits (MLFMA) 0 1 2 3
Relative error (RCS) 2.95% 0.74% 0.69% 0.66%

(requiring high computational requirements) unless the excessive discretization error is fur-
ther suppressed. In these solutions, note that the near-field interactions are calculated with
maximum 1% error. Hence, achieving 0.1% error (three digits of accuracy) in the final
results may not be possible, even when EFIE (a = 1.0) is used instead of CFIE and the
far-field interactions are computed with three digits of accuracy.

Interestingly, numerical examples show that RCS values obtained with the 0.6 CFIE param-
eter (and only one digit of accuracy in the far-field interactions) can be more accurate than
those obtained with the 0.2 CFIE parameter (and three digits of accuracy in the far-field inter-
actions) even though the far-field interactions are calculated 100 times more accurately in the
latter.

4.8.1 Mesh Quality

An important parameter, which is often discarded in large-scale simulations, is the mesh qual-
ity. In addition to the mesh size, the quality of the discretization is essential to obtain accu-
rate solutions of electromagnetics problems. Nevertheless, it becomes increasingly difficult to
the detect errors in the discretization, as the problem size gets larger and the discretization
involves many triangles. As an example to those errors encountered during discretizations,
Figure 4.38 presents the solution of a scattering problem involving the Flamme. The electric
current induced on the surface of the target is investigated. It can be observed that the current
values become unusually high at two symmetric locations. By zooming into those locations,
extremely narrow triangles with very large aspect ratios are observed. Such contaminations of
accuracy of discretizations in solutions due to distorted discretization elements, such as trian-
gles with large aspect ratios, can be difficult to detect without investigating the induced current
on each and every portion of the surface.

4.9 Solutions of Large-Scale Electromagnetics Problems
Involving PEC Objects

By developing and employing parallel implementations of MLFMA using the hierarchical
partitioning strategy, electromagnetics problems discretized with hundreds of millions of
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Figure 4.38 Induced electric current on the surface of the Flamme. Unusual currents due to triangles
with high aspect ratios are clearly visible. (See color plate section for the color version of this figure)
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Table 4.11 Truncation number and the number of samples on the unit
sphere to obtain two digits of accuracy for different box sizes in MLFMA

Box Size Truncation number Number of samples
(on the unit sphere)

0.1754 5 72
0.351 8 162
0.704 13 392
1.4 22 1058
2.8 39 3200
5.64 72 10,658
11.24 136 37,583
22.42 262 138,338
44.84 510 522,242
89.64 1003 2,016,032
179.24 1986 7,896,338
358.42 3945 31,141,832
716.84 7857 123,496,328

unknowns can be solved both efficiently and accurately without resorting to approximation
techniques. This section presents examples of numerical solutions of very large electro-
magnetics problems involving PEC objects with canonical and complicated geometries (see
Figure 4.2). Since they are obtained by using a full-wave solver, numerical results presented
in this section can be used for benchmarking purposes.

In all solutions presented in this section, the target accuracy is defined as maximum 1% error
in far-zone electromagnetic fields. In order to achieve this error threshold with the best possible
efficiency, some of the parameters can be listed as follows:

Formulation: CFIE with a = 0.5.

Discretization: Nearly equilateral triangles with edges smaller than 1/10.

Near-Field Interactions: Adaptive integration methods with 0.5% maximum error.
Far-Field Interactions: Excess bandwidth formula with two digits of accuracy in the worst
case.

Interpolations/Anterpolations: Lagrange interpolation with 6 X 6 stencils.

e [terative Solutions: Convergence to 0.001 residual error.

As an example, Table 4.11 lists the truncation number and the number of samples on the unit
sphere for different box sizes to compute far-field interactions in numerical solutions.

4.9.1 PEC Sphere

Figures 4.39-4.49 present solutions of increasingly large scattering problems involving a PEC
sphere of radius a = 0.3 m. The sphere is illuminated by a plane wave propagating in the —x
direction with the electric field polarized in the y direction when the frequency changes from
20 GHz to 340 GHz. In this range, the diameter of the sphere changes from approximately 404
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Figure 4.39 Normalized bistatic RCS (RCS/za®) of a sphere with a radius of 204 (discretized
with 1,462,854 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.40 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 404 (discretized
with 5,851,416 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.41 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 804 (discretized
with 23,405,664 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.42 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 964 (discretized
with 33,791,232 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.43 Normalized bistatic RCS (RCS/za®) of a sphere with a radius of 1204 (discretized
with 53,112,384 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.44 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 1604 (discretized
with 93,622,656 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.45 Normalized bistatic RCS (RCS/7za®) of a sphere with a radius of 1804 (discretized
with 135,164,928 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.46 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 2104 (discretized
with 204,823,296 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution. Source: Giirel
and Ergiil 2013 [235]. Reproduced with permission of IEEE.
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Figure 4.47 Normalized bistatic RCS (RCS/za*) of a sphere with a radius of 2604 (discretized
with 307,531,008 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution. Source: Giirel
and Ergiil 2011 [237]. Reproduced with permission of IEEE.
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Figure 4.48 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 2804 (discretized
with 374,490,624 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Figure 4.49 Normalized bistatic RCS (RCS/za?) of a sphere with a radius of 3404 (discretized
with 540,659,712 unknowns) from 0° to 180°, where 0° and 180° correspond to the backscattering
and forward-scattering directions, respectively. RCS values are zoomed around the backscattering and
forward-scattering directions in separate plots. Computational values provided by the parallel MLFMA
implementation with maximum 1% error agree well with an analytical Mie-series solution.
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Table 4.12  Solutions of increasingly large electromagnetics problems involving a sphere of
radius a = 0.3 m on the S-Nehalem-EX cluster

Frequency Unknowns Iterations Total time
(GHz) (1073 residual) (minutes)

20 1,462,854 21 4

40 5,851,416 27 16

80 23,405,604 33 61

96 33,791,232 39 107
120 53,112,384 44 183
160 93,622,656 47 333
180 135,164,928 47 471
210 204,823,296 50 647
260 307,531,008 55 1080
280 374,490,624 58 1430
340 540,659,712 65 3632%

to approximately 680A. Figures 4.39—4.49 depict the normalized RCS (RCS/za” in dB) on the
x-y plane as a function of the bistatic angle ¢ from 0° to 180°, where 0° and 180° correspond
to the backscattering and forward-scattering directions, respectively. RCS results around the
backscattering and forward-scattering directions are particularly focused in separate plots. It
can be observed that the computational results agree well with the analytical results obtained
by Mie-series solutions. Table 4.12 lists the number of BiCGStab iterations (for 103 residual
error) and the total computing time measured on the S-Nehalem-EX cluster. All solutions are
parallelized into 128 processes except for the largest problem, which is solved on 64 proces-
sors. Note that a direct solution of this problem involving 540 million unknowns without using
MLFMA would require 2.3 exabytes (1 exabyte = 10° GB) of memory, and it would take more
than 4000 years just to construct the matrix equation on the same S-Nehalem-EX cluster. In
addition, such a hypothetical solution would not be able to attain 1% error due to accumulation
of rounding errors in finite-precision arithmetics.

Table 4.13 lists the relative error in far-zone electric fields obtained by the computational
solutions of the scattering problems in Table 4.12. The relative error defined in (2.196) is
calculated in different angular ranges, i.e., 0°~30°, 0°-90°, and 0°—180°, when the compu-
tational and analytical values are sampled at 0.1° intervals. Considering the 0°—180° range, it
can be observed that the target (maximum 1% error) is generally satisfied. As usual, it is more
difficult to attain high accuracy around the backscattering direction due to lower RCS values.
But, even in the critical 0°~30° range, the largest error in Table 4.13 is 2.19%.

4.9.2 Other Canonical Problems

Figure 4.50 presents the solution of scattering problems involving a 1 X 3.5 X 0.1 m PEC box
(see above, Section 4.3) at 75 GHz. At this frequency, the size of the box corresponds to
approximately 8754, and its discretization leads to matrix equations involving 174,489,600
unknowns. The box is illuminated by two plane waves propagating on the x-z plane at 30° and
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Table 4.13 Relative error in far-zone electric fields obtained by the Computational
solutions of increasingly large scattering problems listed in Table 4.12

Frequency Unknowns Relative error

(GHz) 0°-30° 0°-90° 0°-180°
20 1,462,854 0.0052 0.0055 0.0092
40 5,851,416 0.0092 0.0079 0.0097
80 23,405,664 0.0099 0.0095 0.0125
96 33,791,232 0.0147 0.0111 0.0099
120 53,112,384 0.0122 0.0092 0.0099
160 93,622,656 0.0170 0.0123 0.0104
180 125,164,928 0.0209 0.0139 0.0093
210 204,823,296 0.0116 0.0088 0.0072
260 307,531,008 0.0219 0.0156 0.0090
280 374,490,624 0.0183 0.0127 0.0087
340 540,659,712 0.0203 0.0136 0.0082

60° angles from the z axis with the electric field polarized in the ¢ direction. The total number
of iterations is 32 and two solutions are performed in a total of 10 hours on the S-Dunnington
cluster. Figure 4.50 depicts the co-polar bistatic RCS (dBms stands for dBm?) on the x-z plane
as a function of the bistatic angle 6. In addition to the forward-scattering direction, RCS values
make peaks at two specular reflection directions, i.e., at 150° and 330° for the 30° illumination
and at 120° and 300° for the 60° illumination. Both the directions and magnitudes of these
peaks are consistent with reflections from the large top surface and the small side surface.
Figure 4.51 presents the solution of scattering problems involving a wing-shaped object with
a size of 1 m (see above, Section 4.3) at 150 GHz. The object is discretized with 172,228,608
unknowns, and it is illuminated by two plane waves propagating on the x-y plane at 30° and
60° angles from the x axis. The electric field is polarized in the  direction. The total number
of iterations is 36 and two solutions are performed in a total of 12 hours on the S-Dunnington
cluster. Figure 4.51 depicts the co-polar bistatic RCS (dBms) on the x-y plane as a function of
the bistatic angle ¢. It can be observed that RCS values of the wing-shaped object make peaks
at three directions due to specular reflections, in addition to the forward-scattering direction.
Two of these peaks are due to specular reflections from the two large flat surfaces of the wing,
but the third one, interestingly, corresponds to double reflection from both surfaces. This result
can be used to benchmark single-bounce and multi-bounce high-frequency approximations.
Measuring the accuracy of solutions for arbitrary geometries is not trivial, especially for
very large problems. But there are special cases that can be investigated to check the accu-
racy. As an example, Figure 4.52 presents the solution of a radiation problem involving a
2004 x 2004 x 2004 PEC box discretized with 75,276,288 unknowns. A Hertzian dipole ori-
ented in the z direction is located on the top of the box. Figure 4.52 presents the z component
of the normalized electric field in the far zone on the x-y plane. In addition to the incident field
radiated by the Hertzian dipole, the secondary field due to the induced electric current on the
surface of the cube is considered. It can be observed that the secondary field is 30—40 dB less
than the incident field, and the incident field is very close to the total field. In fact, the sec-
ondary field can be interpreted as the noise created by the box to the radiation of the Hertzian
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Figure 4.50 Co-polar bistatic RCS (dBms) of the rectangular box in Figure 4.2 at 75 GHz on the x-z
plane. The box is illuminated by plane waves propagating on the x-z plane at 30° and 60° angles from the
z axis with the electric field polarized in the ¢ direction. Source: Ergiil and Giirel 2011 [230]. Reproduced
with permission of IEEE.



Parallelization of MLFMA for the Solution of Large-Scale Electromagnetics Problems 341

Wing-shaped object (5001)

; : 270

' RGCS (dBms)

70 :
65 L ]

60 fooereee ...........

180 55 L] ..........

o b o]

RCS (dBms)

45 b ] ........

35

239 240 241
Observation angle (¢)

180

Figure 4.51 Co-polar bistatic RCS (dBms) of the wing-shaped object in Figure 4.2 at 150 GHz on the
x-y plane. The object is illuminated by plane waves propagating on the x-y plane at 30° and 60° angles
from the x axis with the electric field polarized in the 6 direction. Source: Ergiil and Gtirel 2011 [230].
Reproduced with permission of IEEE.
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Figure 4.52 Radiated electric field (dBV) in the far zone on the x-y plane due to a Hertzian dipole
located on a 2004 X 2004 X 2004 conducting box.

dipole. Since the box is very large, it behaves like an infinite ground plane and it does not affect
the radiation pattern of the dipole. This also shows that the numerical solution performed by
MLFMA is accurate and leads to physically expected results.

4.9.3 NASA Almond

The NASA Almond depicted in Figure 4.2(c) is an important benchmark problem, which is
commonly used for testing numerical implementations of electromagnetics solvers, particu-
larly because its geometry can be defined mathematically [234]. This section presents solutions
of various large-scale electromagnetics problem involving the NASA Almond. All solutions
are again performed with a target of maximum 1% error in far-zone fields.

Figures 4.53—4.55 present the solution of scattering problems involving the NASA Almond
at 850 GHz, i.e., when the the size of the object corresponds to approximately 7154. Dis-
cretization of the object with 1/10 mesh size leads to matrix equations involving 126,167,104
unknowns. As also depicted in Figure 4.2(c), the object is located on the x-y plane such that
its nose is directed towards the x axis. It is illuminated by various plane waves propagating
on the x-y plane with the electric field polarized in the ¢ and 6 directions. Figures 4.53 and
4.54 present the number of BiCGStab iterations and processing times (setup, iterative solu-
tion, and total) in minutes when the solutions are performed by an 11-level MLFMA on
the B-Harpertown cluster. The number of iterations and processing times are plotted with
respect to the illumination angle measured from the x axis. Due to the smooth surface of the
NASA Almond, the number of iterations and solution time do not change significantly as the
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Figure 4.53 Number of BiCGStab iterations (with respect to the illumination angle measured from the
x axis) for the solution of scattering problems involving the NASA Almond at 850 GHz discretized with
125,167,104 unknowns. Source: Ergiil and Giirel 2011 [230]. Reproduced with permission of IEEE.

illumination angle changes. Figure 4.55 presents the co-polar bistatic RCS (dBms) on the x-y
plane as a function of observation and illumination angles. It can be observed that, in addi-
tion to the forward-scattering direction, RCS of the NASA Almond is quite high in a range of
observation angles, depending on the illumination angle. Specifically, for both ¢ and 6 polar-
izations, large RCS values from (120° — ¢;) to (240° — ¢;), where ¢; is the illumination angle,
are observed. On the other hand, there exists no strong specular reflection from the NASA
Almond, and its RCS does not exhibit any visible peak except for in the forward-scattering
direction.

Figures 4.56—-4.58 present numerical experiments on the NASA Almond at 1.1 THz, i.e.,
when the size of the object is approximately 925 . At this frequency, discretization of the object
with 4/10 mesh size leads to matrix equations involving 203,476,224 unknowns. Similar to
the previous examples, the object is illuminated by various plane waves propagating on the
x-y plane. Figures 4.56 and 4.57 present the number of BiCGStab iterations and processing
times when solutions are performed by a 12-level MLFMA on the C-Clovertown cluster. The
co-polar bistatic RCS (dBms) on the x-y plane is depicted in Figure 4.58 for both ¢ and 6
polarizations. It can be observed that the RCS results are very similar to those at the lower
frequency, depicted in Figure 4.55.

Figures 4.59-4.63 present the solution of increasingly large scattering problems involving
the NASA Almond. The frequency changes from 112.5 GHz to 1.8 THz, i.e., the size of the
object changes from approximately 944 to approximately 1514 4. Discretizations with 4/10
triangles lead to matrix equations involving 2,157,462 to 552,310,272 unknowns. At each
frequency, two different illuminations are considered; a plane wave propagating in the —x
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Figure 4.54 Processing times (with respect to the illumination angle measured from the x axis) for the
solution of scattering problems involving the NASA Almond at 850 GHz discretized with 125,167,104
unknowns (measured on the B-Harpertown cluster). Source: Ergiil and Giirel 2011 [230]. Reproduced
with permission of I[EEE.
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Figure 4.55 Co-polar bistatic RCS (dBms) of the NASA Almond at 850 GHz. RCS is plotted on the x-y
plane as a function of the observation and illumination angles when the incident electric field is polarized
in (a) ¢ and (b) @ directions. Source: Ergiil and Giirel 2011 [230]. Reproduced with permission of IEEE.
(See color plate section for the color version of this figure)
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Figure 4.56 Number of BiCGStab iterations (with respect to the illumination angle measured from the
x axis) for the solution of scattering problems involving the NASA Almond at 1.1 THz discretized with
203,476,224 unknowns.

direction (0° from the x axis) and a plane wave propagating on the x-y plane at 30° angle
from the x axis. For both illuminations, the electric field is polarized in the ¢ direction.
Figures 4.59—-4.63 depict the co-polar and cross-polar bistatic RCS (dBms) on the x-y plane
with respect to the bistatic angle ¢ from 0° to 180°. The following observations can be made
for all frequencies:

e RCS is generally higher in the 120°-240° and 90°-210° ranges for the 0° and 30° illumi-
nations, respectively.

e There exists no strong specular reflection from the object.

e The cross-polar RCS is very low compared to the co-polar RCS.

e The co-polar RCS in the backscattering direction is very low, and the NASA Almond
exhibits a stealth ability. For example, at the highest frequency, the backscattered co-polar
RCS is 90 dB lower than the forward-scattered co-polar RCS.

Table 4.14 lists the number of BiCGStab iterations (for 1073 residual error) and the total
computing time measured on the S-Nehalem-EX cluster for the solution of large-scale scatter-
ing problems involving the NASA Almond. All solutions are parallelized into 64 processes.
Note that the largest problem discretized with more than 550 million unknowns can be solved
by using a 13-level MLFMA in 54—56 hours per excitation.
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Figure 4.57 Processing times (with respect to the illumination angle measured from the x axis) for the
solution of scattering problems involving the NASA Almond at 1.1 THz discretized with 203,476,224
unknowns (measured on the C-Clovertown cluster)
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Figure 4.58 Co-polar bistatic RCS (dBms) of the NASA Almond at 1.1 GHz. RCS is plotted on the x-y
plane as a function of the observation and illumination angles when the incident electric field is polarized
in (a) ¢ and (b) 0 directions. (See color plate section for the color version of this figure)
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Figure 4.59 Co-polar (HH) and cross-polar (HV) bistatic RCS (dBms) of the NASA Almond at
112.5 GHz. The target is illuminated by plane waves with the electric field polarized horizontally. For
numerical solutions, the target is discretized with 2,157,462 unknowns.
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Figure 4.60 Co-polar (HH) and cross-polar (HV) bistatic RCS (dBms) of the NASA Almond at
225 GHz. The target is illuminated by plane waves with the electric field polarized horizontally. For
numerical solutions, the target is discretized with 8,629,848 unknowns.
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Figure 4.61 Co-polar (HH) and cross-polar (HV) bistatic RCS (dBms) of the NASA Almond at
450 GHz. The target is illuminated by plane waves with the electric field polarized horizontally. For
numerical solutions, the target is discretized with 34,519,392 unknowns.
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Figure 4.62 Co-polar (HH) and cross-polar (HV) bistatic RCS (dBms) of the NASA Almond at
900 GHz. The target is illuminated by plane waves with the electric field polarized horizontally. For
numerical solutions, the target is discretized with 138,077,568 unknowns.
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Figure 4.63 Co-polar (HH) and cross-polar (HV) bistatic RCS (dBms) of the NASA Almond at
1.8 THz. The target is illuminated by plane waves with the electric field polarized horizontally. For numer-
ical solutions, the target is discretized with 552,310,272 unknowns. Source: Ergiil and Giirel 2013 [238].

Reproduced with permission of IEEE.
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Table 4.14  Solutions of Increasingly large electromagnetics problems involving the
NASA Almond on the S-Nehalem-EX cluster

Frequency Unknowns Iterations Total time
(GHz) (1073 residual) (minutes)

Exc: 0° Exc: 30° Exc: 0° Exc: 30°

112.5 2,157,462 27 26 8 8

225 8,629,848 31 27 33 31

450 34,519,392 40 32 148 134

900 138,077,568 47 50 634 654

1800 552,310,272 68 70 3269 3396
4.9.4 Flamme

The Flamme depicted in Figure 4.2 is a stealth airborne target [149]. The scaled size
of the object is 0.6 m and it involves a cavity at the back (see Chapter 5, Section 5.1).
Figures 4.64—4.66 present the solution of scattering problems involving the Flamme at
360 GHz, i.e., when the the size of the object corresponds to approximately 7204. Discretiza-
tion of the object with 4/10 mesh size leads to matrix equations involving 134,741,760
unknowns. The object is located on the x-y plane such that its nose is directed towards
the x axis and it is illuminated by various plane waves propagating on the x-y plane. Both
¢ and 6 polarizations of the incident electric field are considered. Figures 4.64 and 4.65
present the number of BiCGStab iterations and processing times (setup, iterative solution,
and total) in minutes when the solutions are performed by an 11-level MLFMA on the
B-Harpertown cluster. The number of iterations and processing times are plotted with respect
to the illumination angle measured from the x axis. As opposed to the solutions of the NASA
Almond (Figures 4.53 and 4.54), the number of iterations increases with the increasing
illumination angle for the Flamme, due to the resonant characteristics of the cavity at the
back of the target. Figure 4.66 depicts the co-polar bistatic RCS (dBms) of the Flamme on
the x-y plane as a function of observation and illumination angles. It can be observed that the
bistatic RCS of the Flamme is very different from the bistatic RCS of the NASA Almond.
Specifically, the Flamme RCS exhibits several peaks in various directions depending on the
illumination due to specular reflections.

Figures 4.67-4.69 present solutions of scattering problems involving the Flamme at
440 GHz, i.e., when the size of the object is approximately 880A. At this frequency, dis-
cretization of the object with 4/10 mesh size leads to matrix equations involving 204,664,320
unknowns. The object is again illuminated by various plane waves propagating on the x-y
plane. Figures 4.67 and 4.68 present the number of BiCGStab iterations and processing times
when the solutions are performed by a 12-level MLFMA on the C-Clovertown cluster. The
co-polar bistatic RCS (dBms) on the x-y plane is illustrated in Figure 4.69 for both ¢ and
0 polarizations. RCS values are quite similar to those at the lower frequency, depicted in
Figure 4.66.

Figures 4.70—4.72 present the solution of scattering problems involving the Flamme at
a higher frequency. The object is investigated at 670 GHz, i.e., when its size corresponds
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Figure 4.64 Number of BiCGStab iterations (with respect to the illumination angle measured from
the x axis) for the solution of scattering problems involving the Flamme at 360 GHz discretized with
134,741,760 unknowns. Source: Ergiil and Gtirel 2011 [230]. Reproduced with permission of IEEE.

to approximately 13404. Discretization with A/10 triangles leads to matrix equations
involving 357,888,000 unknowns. The problems are solved on the C-Clovertown cluster.
Figures 4.70-4.72 present the bistatic RCS (dBms) when the target is illuminated by plane
waves propagating at 30°, 60°, and 90° angles from the x axis. Both the co-polar and
cross-polar RCS is plotted on the x-y plane with respect to the bistatic angle ¢ from 0° to
180°, when the incident electric field is polarized in the 6 and ¢ directions. The following
observations can be made:

e The Flamme RCS exhibits several peaks in various directions depending on the illumination
due to specular reflections from the straight edges and nearly flat surfaces of the target.

e The cross-polar RCS is large and comparable to the co-polar RCS of the Flamme.

e Similar to the NASA Almond, the Flamme exhibits a stealth ability, i.e., the backscattered
RCS is significantly lower than the forward-scattered RCS.

Figures 4.73 and 4.74 presents the solution of very large scattering problems involving the
Flamme at 820 GHz, i.e., when its size corresponds to approximately 16404. The object is
discretized with 538,967,040 unknowns and illuminated by plane waves propagating in the
—x direction and propagating at 30° angle from the x axis. The electric field is polarized in the
¢ direction. Each problem is solved on the S-Nehalem-EX cluster by using a 13-level MLFMA
in approximately 60 hours.
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Figure 4.65 Processing times (with respect to the illumination angle measured from the x axis) for
the solution of scattering problems involving the Flamme at 360 GHz discretized with 134,741,760
unknowns (measured on the B-Harpertown cluster). Source: Ergiil and Giirel 2011 [230]. Reproduced
with permission of IEEE.
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Figure 4.66 Co-polar bistatic RCS (dBms) of the Flamme at 360 GHz. RCS is plotted on the x-y plane
as a function of the observation and illumination angles when the incident electric field is polarized in
(a) ¢ and (b) 0 directions. Source: Ergiil and Giirel 2011 [230]. Reproduced with permission of IEEE.
(See color plate section for the color version of this figure)
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Figure 4.67 Number of BiCGStab iterations (with respect to the illumination angle measured from
the x axis) for the solution of scattering problems involving the Flamme at 440 GHz discretized with
204,664,320 unknowns.

4.10 Solutions of Large-Scale Electromagnetics Problems Involving
Dielectric Objects

The hierarchical strategy can be extended to large-scale electromagnetics problems involv-
ing dielectric objects. Specifically, tree structures constructed for different media can be
parallelized efficiently by using the hierarchical strategy. This section presents examples of
numerical solutions of very large electromagnetics problems involving dielectric objects. All
problems are formulated with the conventional JIMCFIE (a = 0.5) and solved by using an
optimal set of values for the error parameters (as described in the previous section) to achieve
maximum 1% error in far-zone electromagnetic fields.

Figure 4.75 presents the solution of a scattering problem involving a dielectric sphere with a
radius of 0.3 m in free space. The relative permittivity of the sphere is 2.0 and it is illuminated
by a plane wave propagating in the z direction with the electric field polarized in the x direction
at 100 GHz. At this frequency, the radius of the sphere is approximately 1004, and the problem
is discretized with 67,582,464 unknowns. The solution of the problem, which is performed by
using a 10-level MLFMA parallelized into 64 processes on the N-Nehalem cluster, requires
237 iterations (for 0.005 residual error) and a total of 77 hours. The total amount of memory
used for the solution is 723 GB. Figure 4.75 depicts bistatic RCS values (in dBms) on the z-x
plane as a function of the bistatic angle 6 from 0° to 180°. Computational values obtained
by using MLFMA are compared with those obtained via analytical Mie-series solutions. RCS
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Figure 4.68 Processing times (with respect to the illumination angle measured from the x axis) for
the solution of scattering problems involving the Flamme at 440 GHz discretized with 204,664,320
unknowns (measured on the C-Clovertown cluster)
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Figure 4.69 Co-polar bistatic RCS (dBms) of the Flamme at 440 GHz. RCS is plotted on the x-y plane
as a function of the observation and illumination angles when the incident electric field is polarized in
(a) ¢ and (b) 0 directions. (See color plate section for the color version of this figure)
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Figure 4.70 Co-polar and cross polar bistatic RCS (dBms) of the Flamme at 670 GHz. The target is
illuminated by a plane wave propagating at 30° angle from the x axis. Both 6 and ¢ polarizations of the
incident electric field are considered. For numerical solutions, the target is discretized with 357,888,000
unknowns.

values around the forward-scattering (0°) and backscattering (180°) directions are also focused
in separate plots. It can be observed that the computational values agree very well with the
analytical results.

Figure 4.76 presents the solution of an electromagnetics problem involving a hemisphere
lens with a radius of 25 mm. The lens has a relative permittivity of 4.8 and it is illuminated
by a plane wave propagating in the —z direction (towards its convex surface) at 1.08 THz. At
this frequency, the radius of the lens corresponds to approximately 904,. Discretization of
the object with 4,/10 triangles leads to a matrix equation involving 49,851,936 unknowns.
Solution of the problem via 10-level MLFMA requires 105 iterations and a total of 19 hours
using 128 processes on the N-Nehalem cluster. The total amount of memory used for the
solution is 673 GB. Figure 4.76 depicts the total electric field on the axis of rotation of the lens
from z = —40 mm to +40 mm, where a focussing is observed at around —7 mm.
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Figure 4.71 Co-polar and cross polar bistatic RCS (dBms) of the Flamme at 670 GHz. The target is
illuminated by a plane wave propagating at 60° angle from the x axis. Both 6 and ¢ polarizations of the
incident electric field are considered. For numerical solutions, the target is discretized with 357,888,000
unknowns.

Figure 4.77 presents the solution of an electromagnetics problem involving a 5-layer periodic
structure. Five 2 X 2 X 0.41 cm slabs with 1.6 relative permittivity are placed at 0.5 cm inter-
vals in free space and illuminated by a plane wave at 1.62 GHz. Discretization of the object
with 4,/10 triangles leads to a matrix equation involving 112,849,200 unknowns. Solution
of the problem via 10-level MLFMA requires 102 iterations and a total of 37 hours using
64 processes on the N-Nehalem cluster. The total amount of memory used for the solution is
669 GB. Figure 4.77 depicts the electric field on axis of symmetry from z = —5cm to 5cm
for the inner and outer problems. For the inner problem, the equivalent currents obtained by
using MLFMA are allowed to radiate into a homogeneous space with the electrical parameters
of the inner medium assumed everywhere. Hence, in this case, equivalent currents should not
radiate outside the object and any nonzero field value can be interpreted as the error. Similarly,
for the outer problem, equivalent currents radiate into a homogeneous space with the electric
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Figure 4.72 Co-polar and cross polar bistatic RCS (dBms) of the Flamme at 670 GHz. The target is
illuminated by a plane wave propagating at 90° angle from the x axis. Both 6 and ¢ polarizations of the
incident electric field are considered. For numerical solutions, the target is discretized with 357,888,000
unknowns.

parameters of the outer medium, and any radiation into the object can be interpreted as error.
Note that those solutions of the inner and outer problems can be combined for a complete plot.
Figure 4.77 clearly demonstrates the high accuracy of the solution with very low values of
unwanted radiations.

Figure 4.78 presents the solution of a scattering problem involving a two-dimensional array
of 81 X 81 = 6561 lossy dielectric cubes. As depicted in Figure 4.78(a), cubes with edges of
1 pm are periodically arranged on the x-y plane with 2 pm periodicity in both x and y directions.
The relative permittivity and conductivity of the cubes are 8.0 and 0.01 S/m, respectively. The
array is illuminated by a plane wave propagating in the —z direction with the electric field
polarized in the x direction at 300% THz, i.e., when the edges of the cubes are approximately
4, and the overall size of the structure is approximately 1614, X 1614, X 4,. The problem is
discretized with 26,926,344 unknowns and solved in a total of 9 hours (including 32 iterations)
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Figure 4.73 Co-polar and cross polar bistatic RCS (dBms) of the Flamme at 820 GHz. The target is
illuminated by a plane wave propagating in the —x direction with the electric field polarized in the y
direction. For numerical solutions, the target is discretized with 538,967,040 unknowns. Source: Giirel
and Ergiil 2011 [237]. Reproduced with permission of IEEE.
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Figure 4.74 Co-polar and cross polar bistatic RCS (dBms) of the Flamme at 820 GHz. The target is
illuminated by a plane wave propagating at 30° angle from the x axis with the electric field polarized in
the ¢ direction. For numerical solutions, the target is discretized with 538,967,040 unknowns. Source:
Ergiil and Giirel 2013 [238]. Reproduced with permission of IEEE.



Parallelization of MLFMA for the Solution of Large-Scale Electromagnetics Problems

365

Sphere (radius = 1001, €, = 2.0)

60

RCS (dBms)

RCS (dBms)

| —— Mie

BO ey ........................ ............... ‘ ........ ___JMCF'E

— Mie

....... —_——— JMCFIE 4

90
Bistatic angle

60
50
40
30
20

10

RCS (dBms)

0

2 4
Bistatic angle

— Mie

0 i
74 176
Bistatic angle

180

Figure 4.75 Solution of a scattering problem involving a dielectric sphere with a radius of 0.3 m at
100 GHz discretized with 67,582,464 unknowns. RCS (in dBms) is plotted as a function of the bistatic
angle from 0° to 180°, where 0° corresponds to the forward-scattering direction. Computational values
provided by the parallel MLFMA implementation agree very well with the analytical Mie-series solution.
Source: Ergiil 2011 [232]. Reproduced by permission of the Optical Society of America.
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Figure 4.76  Solution of an electromagnetics problem involving a dielectric hemisphere lens with a
radius of 25 mm at 1.08 THz. The lens has a relative permittivity of 4.8 and the problem is discretized
with 49,851,936 unknowns. The total electric field on the axis of rotation of the lens is plotted from
z = —40mm to +40 mm. Source: Ergiil 2011 [232]. Reproduced by permission of the Optical Society of
America.

Periodic slabs, 1.62 THz

5 T T T T T T T T
: : : : N Sl 5 o S :
: : : : ‘Interior region : :
° OF o ......... AT ......... P ¥ 1 o, RN e i
Il : 8
N CEEEEREERRRRRTRTS PEERRREEE | RERRRRREN SR ERRR LR E | Lt R |1 L L | | R AP R ERRRR m

Total electric field (dB) at # =0 & »

‘| — Outer problem []
— Inner problem

2 3 4 5

Figure 4.77 Solution of an electromagnetics problem involving five 2 X 2 X 0.41 cm dielectric slabs at
1.62 THz. The structure has a relative permittivity of 1.6 and the problem is discretized with 112,849,200
unknowns. The total electric field on the axis of symmetry is plotted from z = —5cm to 5cm for the
inner and outer problems. Source: Ergiil 2011 [232]. Reproduced by permission of the Optical Society
of America. (See color plate section for the color version of this figure)
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Figure 4.78 Solution of a scattering problem involving an array of 81 X 81 = 6561 lossy dielectric
cubes. (a) Cubes with edges of 1 pm are periodically arranged on the x-y plane with 2 pm periodicity in
both directions. The relative permittivity and conductivity of the cubes are 8.0 and 0.01 S/m, respectively.
(b) RCS is plotted on the z-x plane, when the array is illuminated by a plane wave propagating in the
—z direction with the electric field polarized in the x direction at 300 THz. Source: Ergiil 2011 [232].

Reproduced by permission of the Optical Society of America.
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using 64 processes and a total of 663 GB memory on the N-Nehalem cluster. Figure 4.78(b)
depicts the bistatic RCS (in dBums) on the z-x plane, demonstrating peaks at around 30° and
150°, in addition to high values in the backscattering and forward-scattering directions.

4.11 Concluding Remarks

On distributed-memory architectures, the hierarchical partitioning strategy enables efficient
parallelization of MLFMA. Thanks to the higher parallelization efficiency provided by this
strategy, MLFMA can be employed to solve extremely large electromagnetics problems dis-
cretized with hundreds of millions of unknowns on moderately large computers. In this chapter,
efficiency and accuracy of the developed implementations are demonstrated on various canon-
ical and complicated objects. The next chapter presents more examples to the solution of
real-life problems with sequential and parallel implementations of MLFMA.
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Applications

This chapter consists of various case studies and solutions of real-life electromagnetics prob-
lems using MLFMA. The topics are selected based on the authors’ experiences on scattering
from airborne targets, transmission through metamaterials and photonic crystals, scattering
from RBCs, and radiation from log-periodic (LP) antennas and their arrays. Simulation results
are presented to demonstrate the capabilities of electromagnetics solvers based on MLFMA.

5.1 Case Study: External Resonances of the Flamme

External resonances can be encountered when a scatterer involves a cavity and the cavity is
excited appropriately. Those physical resonances lead to rapid changes in scattering charac-
teristics of the target, which can be visible when electromagnetic fields are investigated with
respect to frequency. For example, Figure 5.1 presents the bistatic RCS of the stealth airborne
target Flamme [149] from 2 GHz to 11 GHz when the target is illuminated by a plane wave
propagating at 140° angle from the nose. The plane wave is vertically polarized and both
co-polar (VV) and cross-polar (VH) RCS are considered. It can be observed that the RCS val-
ues change rapidly around 7.9 GHz due to the resonance of the cavity located at the back of
the Flamme.

To further investigate external resonances of the Flamme, Figure 5.2 presents the electric
current density induced on the surface of the target at three different frequencies, i.e., 7.5 GHz,
7.9 GHz, and 8.4 GHz. Comparing Figures 5.2(a) and 5.2(b), one can observe that the value
of the current density inside the cavity at the resonance frequency (7.9 GHz) is significantly
larger than the value of the current density at the ordinary frequency (7.5 GHz). As depicted in
Figure 5.2(c), another external resonance occurs at 8.4 GHz. However, at this frequency, the
value of the current density inside the cavity does not increase significantly and the resonance
is not visible in the RCS results depicted in Figure 5.1.

In order to verify that the cavity of the Flamme resonates at 7.9 GHz and 8.4 GHz, Figure 5.3
presents the solution of scattering problems involving the cavity alone. The cavity is isolated
from the rest of the target and illuminated by the same plane wave at 7.5 GHz, 7.9 GHz, and
8.4 GHz. It can be observed that the value of the current density inside the cavity becomes
large at 7.9 GHz and 8.4 GHz due to the resonances.

The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-Scale Computational Electromagnetics Problems,
First Edition. Ozgiir Ergiil and Levent Giirel.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.



370 The Multilevel Fast Multipole Algorithm (MLFMA)

Flamme, 140° HH

Bistatic angle

Frequency (GHz)
(a)
Flamme, 140° VH

180

Bistatic angle

Frequency (GHz)
(b)

Figure 5.1 (a) Co-polar and (b) cross-polar bistatic RCS of the Flamme from 2 GHz to 11 GHz. The
target is illuminated by a plane wave propagating at 140° angle from the nose with the electric field
polarized in the vertical direction. (See color plate section for the color version of this figure)
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Flamme, 140°V, 7.5 GHz

Flamme, 140°V, 7.9 GHz

(b)
Flamme, 140°V, 8.4 GHz

Figure 5.2 Induced electric current on the surface of the Flamme at (a) 7.5 GHz, (b) 7.9 GHz, and
(c) 8.4 GHz. The target is illuminated by a plane wave propagating at 140° angle from the nose with
the electric field polarized in the vertical direction. (See color plate section for the color version of this
figure)
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Cavity, 140°V, 7.9 GHz
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Figure 5.3 Induced electric current on the surface of the cavity of the Flamme at (a) 7.5 GHz,
(b) 7.9 GHz, and (c) 8.4 GHz. The cavity is isolated and illuminated by a plane wave similar to the
Flamme. (See color plate section for the color version of this figure)
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5.2 Case Study: Realistic Metamaterials Involving Split-Ring
Resonators and Thin Wires

Metamaterials are artificial structures that are constructed by periodically arranging unit cells,
such as SRRs and thin wires [19]—[25]. Due to resonant natures of those cells, electromagnetic
properties of the host medium, i.e., permittivity, permeability, or both, can effectively become
negative for some frequencies, which can be useful in diverse applications, such as subwave-
length focusing, cloaking, and designing improved antennas. At a resonance frequency, even a
single SRR is able to block the transmission of waves, which can be observed as a shadowing
effect. This unusual behavior can be explained with the induced negative effective permeabil-
ity in the medium. Due to the complex effective wavenumber, the propagating power decays
rapidly in the transmission region behind the SRR. It is well known that periodical arrange-
ments of thin wires can also be used to block electromagnetic waves, if the spacing between
thin wires is small compared to the wavelength and if thin wires are aligned parallel to the
electric field of the incident wave. As opposed to SRRs, however, the shadowing effect can
be obtained with thin wires over a wide range of frequencies. In the context of metamaterials,
the shielding property of thin wires can be explained as the induction of negative effective
permittivity in the medium.

Figure 5.4 depicts a 1-layer composite metamaterial (CMM) wall constructed by combining
the 18 X 11 SRR array in Figure 3.42 with thin wires. The dimensions of the thin wires are com-
patible with the dimensions of SRRs, and they exhibit negative effective permittivity in a wide
range of frequencies, including the resonance frequency of SRRs, i.e., 100 GHz. By arranging
SRRs and thin wires in the same medium, both effective permittivity and effective permeability

% (mm)
o
I

y(mm) 2

Figure 5.4 One-layer CMM wall involving 18 X 11 SRRs combined with thin wires.
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can be simultaneously negative for some frequencies. When SRRs do not resonate, CMM
structures are opaque due to the negative effective permittivity induced by thin wires. At res-
onance frequencies of SRRs, however, CMMs are unexpectedly transparent, which can be
explained by the induced double negativity [19].

Figure 5.5 presents the solution of metamaterial problems involving the 1-layer SRR and
CMM walls depicted in Figures 3.42 and 5.4, respectively. Both walls are embedded into a

CMM
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Figure 5.5 Power transmission on the z =0 plane for 1-layer SRR and CMM walls at 95 GHz,
100 GHz, and 105 GHz. A y-directed Hertzian dipole is radiating from x = 1.2 mm. Source: Giirel et
al. 2009 [24]. Reproduced with permission of PIER. (See color plate section for the color version of this
figure)
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homogeneous host medium with a relative permittivity of 4.8 and located at x = 0. SRRs are
oriented perpendicular to the z direction, while the splits are along the y direction. A y-directed
Hertzian dipole is radiating from x = 1.2 mm. The problems are formulated with EFIE, dis-
cretized with the RWG functions, and solved iteratively using MLFMA. The total electric and
magnetic fields (E™" and H'") are calculated at various points on the z = 0 plane. The power
transmission at an observation point r = (x,y, 0) is defined as

[P (r)]

T(r)= —2%—| (5.1
[Py ()]

where P and P¢ represent the total and incident time-average power densities, i.e.,

P = ZRe(E™() X [H(7)]') 52)
Pl = JRe(E™ () X [H™()]"), 53

In Figure 5.5, it can be observed that the power transmission to the left of the SRR wall is
almost unity (0 dB) at 95 GHz. Then, at 100 GHz, the transmission drops drastically, and a
shadowing effect is observed. At this frequency, the SRR wall is opaque, due to the nega-
tive effective permeability stimulated in the medium. The wall becomes transparent again at
105 GHz, although the transmitted power is less than 0 dB. The CMM structure constructed by
combining SRRs and TWs is opaque at 95 GHz. At this frequency, the transmission property
of the CMM is dominated by the negative effective permittivity dictated by the thin wires. At
100 GHz, however, the structure becomes transparent, and a relatively high power transmis-
sion to the left of the array is observed. This unusual behavior of the CMM is a result of double
negativity; since SRRs resonate at 100 GHz, both effective permittivity and permeability of the
medium become negative at this frequency. The transparency of the CMM wall tapers down
at 105 GHz. All computational results in Figure 5.5 agree well with the experimental results
in the literature [19]—[23].

Figure 5.6 presents transmission results for a large SRR wall involving 51x29x20 SRRs.
The scattering problem is discretized with 2 425 560 unknowns and solved by using MLFMA
parallelized into 64 processes. Figures 5.6(a) and 5.6(b) depict the power transmission on
the y = 0 and z = 0 planes, respectively, when the wall is illuminated by a Hertzian dipole at
85 GHz, 100 GHz, and 110 GHz. The area occupied by the wall is indicated with the black
frames in the plots. A deep shadowing effect is observed at 100 GHz due to the resonances of
the SRRs.

Figures 5.7-5.9 present the solution of scattering problems involving metamaterial walls
constructed by using 7 X 19 x 19 SRRs. Figure 5.7(a) depicts a metamaterial wall, where
the SRRs have the same orientation. In addition to this ordinary wall, another wall involving
7 % 19 X 19 randomly oriented SRRs, as depicted in Figure 5.7(b), is considered. Discretiza-
tions with the RWG functions on 4/100 triangles lead to matrix equations involving 207 214
unknowns. The walls are illuminated by a Hertzian dipole located at x = 1.5 mm. Two orienta-
tions (y direction and z direction) of the dipole are considered for investigating the transmission
properties for different polarizations. The problems are solved at 100 GHz using a six-level
LF-MLFMA. Figure 5.8 present the power transmission as a function of location on the y = 0
plane for the metamaterial wall depicted in Figure 5.7(a). One can observe that a shadowing
effect occurs only when the Hertzian dipole is oriented in the y direction. For the z orientation,
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Figure 5.6 Power transmission results for a large SRR wall involving 51x29%20 SRRs on y = 0 and
z = 0 planes. The results are obtained by solving a 2 425 560-unknown problem at 85 GHz, 100 GHz,
and 110 GHz. Source: Giirel et al. 2009 [24]. Reproduced with permission of PIER. (See color plate
section for the color version of this figure)

the wall is almost transparent and the power transmission is close to unity in the transmis-
sion region on the left of the wall. This is because SRRs do not resonate when the electric
field is (almost) perpendicular to their surfaces. However, as depicted in Figure 5.9, this major
restriction of the metamaterial structures, i.e., the polarization dependency, can be partially
eliminated by using randomly oriented unit cells. Figures 5.9(a) and 5.9(b) shows that the
shadowing effect occurs for both polarizations of the dipole, thanks to the randomly oriented
SRRs.
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Figure 5.7 Metamaterial walls involving (a) 7 X 19 X 19 SRRs with the same orientation and (b) 7 X
19 x 19 randomly oriented SRRs. Source: Ergiil and Giirel 2010 [25]. Reproduced by permission of
PIER. (See color plate section for the color version of this figure)

5.3 Case Study: Photonic Crystals

Similar to metamaterials, photonic crystals are artificial structures constructed by periodically
arranging unit cells [26]—[33]. They exhibit frequency-selective electromagnetic responses,
i.e., their electromagnetic transmission properties usually change rapidly as a function of fre-
quency. For example, Figure 5.10(a) depicts a photonic-crystal structure involving periodic
dielectric slabs. Depending on the frequency, this relatively simple structure can be transparent
and behave like a waveguide or it can be opaque and inhibit the transmission of electromag-
netic waves [29]. Due to its frequency-selective property, this structure can be used as a filter in
microwave circuits and antenna systems. Another example, namely, a perforated waveguide,
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Figure 5.8 Power transmission as a function of location on the y = 0 plane for the metamaterial wall
depicted in Figure 5.7(a) when the Hertzian dipole is oriented (a) in the y direction and (b) in the z
direction. Source: Ergiil and Giirel 2010 [25]. Reproduced by permission of PIER. (See color plate section
for the color version of this figure)

is depicted in Figure 5.10(b). This structure is also frequency selective, and it can be used to
change the direction of electromagnetic waves in a range of frequencies [27]—[32].

Figures 5.11 and 5.12 present the solution of transmission problems involving a periodical
arrangement of 0.41 cm X 2 cm X 2 cm dielectric slabs with a relative permittivity of 4.8. The
structure involving 10 identical slabs is illuminated by an x-directed Hertzian dipole at 20 GHz,
25 GHz, 30 GHz, and 35 GHz. The problems are formulated with JMCFIE and discretized with
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Figure 5.9 Power transmission as a function of location on the y = 0 plane for the metamaterial wall
depicted in Figure 5.7(b) when the Hertzian dipole is oriented (a) in the y direction and (b) in the z
direction. Source: Ergiil and Giirel 2010 [25]. Reproduced by permission of PIER. (See color plate section
for the color version of this figure)

the RWG functions. Matrix equations involving 77 400 unknowns are solved iteratively via
MLFMA. Tterative solutions are also accelerated by using the SAI preconditioner. The power
transmission defined in (5.1) is computed at various locations in the vicinity of the structure
on the z-x plane. Figure 5.11 shows that the dielectric structure behaves like a waveguide at
25 GHz and 30 GHz. At those frequencies, power radiated by the Hertzian dipole is transmitted
to the region on the LHS of the structure. At 35 GHz, however, the structure becomes opaque
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Figure 5.10 Examples of photonic-crystal problems: (a) periodic slabs and (b) perforated waveguide.
Source: Ergiil et al 2011 [33]. Reproduced with permission of IEEE.

and does not transmit the power, as depicted in Figure 5.12(a). Since the structure is constructed
by using finite-size slabs, shadowing is not observed for all locations in the transmission region.
Specifically, high transmission values are observed even at 35 GHz, especially around the
edges of the structure. Nevertheless, the electromagnetic response of the structure at 35 GHz
is completely different from its waveguide-like response at 20 GHz and 25 GHz. Finally, as
depicted in Figure 5.12(b), the power transmission rises again when the frequency is increased
to 35 GHz.

Figure 5.13 presents the solution of transmission problems involving two perforated waveg-
uides with 0.6X26x34 cm and 0.6X29%38 cm dimensions. The structures have a relative
permittivity of 12.0 and located in free space. The holes are arranged such that electromag-
netic waves can be transmitted from one of the edges to another edge. Specifically, some of
the holes in the regular grids are missing to allow the propagation of waves inside the struc-
tures. The distance between the centers of the holes is 1 cm, whereas the radius of each hole
is 0.29 cm. With these dimensions, the transmission is maximized at 7.6 GHz. The struc-
tures are excited by a Hertzian dipole. The problems are formulated with CTF, discretized
with 475,782 and 597,462 unknowns, and solved iteratively via MLFMA. Iterations are also
accelerated via Schur-complement preconditioners [33]. Figures 5.13(a) and 5.13(b) depict the
normalized magnetic field inside and in the vicinity of the structures. It can be observed that
the waveguides operate as expected and electromagnetics waves are transmitted efficiently.

5.4 Case Study: Scattering from Red Blood Cells

Scattering from RBCs has attracted the interest of many researchers in the area of biomedical
science and engineering [84]—[92]. Scattering cross section (SCS), which is defined similar
to RCS, of an RBC can provide essential information on the morphological properties of the
cell. Hence, SCS values can be used to diagnose various diseases involving the deformation of
RBCs. Using a diagnosis setup, i.e., a flow cytometer, a liquid stream including many RBCs
from a blood sample can be passed through a thin tube, and SCS values of each RBC can be
measured via an optical detection system. Then, measurement values can be compared with
reference values in order to obtain statistical data on the size and shape of RBCs in the blood
sample under investigation. This section presents solutions of scattering problems involving
ordinary and deformed RBCs for the diagnosis of various diseases.
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Figure 5.11 Power transmission on the y = 0 plane for a 10-layer dielectric structure illuminated by
an x-directed Hertzian dipole at (a) 20 GHz and (b) 25 GHz.

Five different RBC shapes are illustrated in Figure 5.14 and listed in Table 5.1. An ordinary

RBC depicted in Figure 5.14(a) is modeled by a rotationally symmetric biconcave surface
defined as

r(0, @) = asin?(0) + b, 5.4
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Figure 5.12 Power transmission on the y = 0 plane for a 10-layer dielectric structure illuminated by
an x-directed Hertzian dipole at (a) 30 GHz and (b) 35 GHz.

where ¢ = 5,a = 3.3 pm, and b = 0.55 um. With these parameters, the size and volume of the
ordinary RBC are 7.70 pm and 80.90 pm?, respectively. The spherocyte, which is modeled as
a dielectric sphere with 5.36 pm diameter, as depicted in Figure 5.14(b), has exactly the same
volume as an ordinary RBC. The microcyte and the macrocyte in Figures 5.14(c) and 5.14(d)
also have biconcave shapes as defined in (5.4), but their volumes correspond to 5/6 and 4/3
of the volume of an ordinary RBC. Finally, the sickle cell depicted in Figure 5.14(e) also has a
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Figure 5.13 Total magnetic field inside and in the vicinity of 0.6X26x34 cm and 0.6X29x38 cm perfo-
rated waveguides. Source: Ergiil et al 2011 [33]. Reproduced with permission of IEEE. (See color plate
section for the color version of this figure)

rotationally symmetric shape as the others do, but it is elongated in one dimension. The size of
the sickle cell is 20.9 pm, whereas its volume is the same as the volume of an ordinary RBC,
i.e., 80.90 pm?>.

RBCs in Figure 5.14 are illuminated by a plane wave propagating in the —z direction with
the electric field polarized in the x direction having a unit amplitude. Since the orientation of
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Figure 5.14 Healthy and deformed RBCs. A healthy (ordinary) RBC with a biconcave shape, a sphe-
rocyte having exactly the same volume as the ordinary RBC, a microcyte that is smaller than an ordinary
RBC with a biconcave shape, a macrocyte that is larger than an ordinary RBC with a biconcave shape,
and a sickle cell having exactly the same volume as an ordinary RBC. Source: Ergiil et al. 2010 [92].
Reproduced by permission of SPIE.

an RBC can be arbitrary in the flow cytometry, 13 different cases are investigated for each
RBC, except for the spherocyte because it has a fully symmetric geometry. As an example, the
default orientation (6, = 0°, ¢, = 0°) of an ordinary RBC is depicted in Figure 5.15. Rotations
are performed around x axis (by an amount of 6,) and z axis (by an amount of ¢,), respectively.
Specifically, rotations with 6, = {30°,60°,90°} and ¢, = {0°,30°,60°,90°} are considered,
in addition to the default case in Figure 5.14. Relative permittivities of RBCs and the host
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Table 5.1 Ordinary and deformed RBCs

Red blood Volume Maximum size Number of
cell (pm?) (pm) A, unknowns
Ordinary cell 80.90 7.70 14.1 213 090
Spherocyte 80.90 5.36 9.79 -
Microcyte 67.42 7.24 13.2 188 472
Macrocyte 107.9 8.48 155 259 086
Sickle cell 80.90 20.9 38.1 246 828

(0,¢,) = (0.0)

Figure 5.15 Default orientation (6, = 0°, ¢, = 0°) of an ordinary RBC.

medium are selected as 1.40 and 1.33, respectively. Numerical simulations are performed at
474 THz, corresponding to the output frequency of a typical Helium-Neon laser. The size of
each RBC in terms of the wavelength inside the host medium (4,) are listed in Table 5.1. Due
to their relatively large sizes, accurate discretizations of RBCs using 4,/10 triangles lead to
matrix equations involving 180 000—260 000 unknowns, as also listed in Table 5.1. Except for
the spherocyte, scattering problems are formulated with JMCFIE and solved iteratively using
the BiCGStab algorithm accelerated via MLFMA and 4PBDP. Scattering from the spherocyte
is solved exactly by using a Mie-series algorithm for comparisons. Solutions with MLFMA
require only 15-20 iterations, and each solution is performed in 3.0—4.5 hours on a 3.6 GHz
Intel Xeon processor using 1.5 GB memory.

Figure 5.16 presents the solution of scattering problems involving the RBCs depicted in
Figure 5.14. SCS values in the forward-scattering (9 = 180°) and backscattering (6 = 0°)
directions are plotted in Figures 5.16(a) and 5.16(b), respectively. Since SCS depends on the
orientation of the target, multiple values are obtained for each cell, except for the spherocyte.
It can be observe that, depending on the cell type, SCS values change significantly. Consid-
ering the results for the ordinary RBC, safe regions are determined as indicated by horizontal
lines in Figures 5.16(a) and 5.16(b). For example, an SCS value higher than 44 dB pm? or
lower than 43 dB pm? in the forward-scattering direction indicates a detection of an abnor-
mal RBC, possibly a macrocyte (if greater than 44 dB pm?) or a microcyte (if smaller than
43 dB pm?). Note that, although less likely, a sickle cell may also present a low SCS value
in the forward-scattering direction. As depicted in Figure 5.16(b), an SCS value smaller than
—24 dB pm? in the backscattering direction indicates a detection of a macrocyte, a microcyte,
or a sickle cell.



386 The Multilevel Fast Multipole Algorithm (MLFMA)

Forward scattering

47 T T
46| V- |
&< =
% 45+ 4
o
S 44}
5 — A
o —n— —o— A
o 43}
[%]
Q
o
= 42f 1 —A— i
.é
= 41+ g
[&]
(0]
" DODONY
39 1 1 1 1 1
MAC MIC ORD SPH SIC
Cell shape
(@)
10 ' ' Back sc'atterlng ' '
X
Of —— —A ]
t
Z -10¢ 1
5 v —A—
c " —o—
§ —20 ] ]
1 +
g —30+} 4 J
S 2
3]
—40 } J
2 2
) 2
£ -50f 1
(&
(]
- DOD O
-70

MAC MIC ORD SPH SIC
Cell shape
(b)

Figure 5.16 Solutions of scattering problems involving an ordinary RBC (ORD) and four different
types of deformed RBCs, i.e., a spherocyte (SPH), a macrocyte (MAC), a microcyte (MIC), and a sickle
cell (SIC). (a) SCS in the forward-scattering direction and (b) SCS in the backscattering direction. Source:
Ergiil et al. 2010 [92]. Reproduced by permission of SPIE.
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SCS values in the forward-scattering and backscattering directions do not provide com-
plete information for diagnosing diseases. For example, using the data in Figures 5.16(a) and
5.16(b), a spherocyte cannot be distinguished from an ordinary (healthy) cell. The required
data can be obtained by considering SCS values in a set of side-scattering directions. SCS is
sampled on the x-y plane as a function of bistatic scattering angle ¢ from 0° to 360° with 1°
intervals. Then, the average SCS value in the side-scattering direction is computed as

360

1 o
aweside = \| 360 D (1SCS© = 90°.,)1%). (5.5)
n=1

SCS

where ¢, = (n—1)° for n = 1,2,...,360. In the above, 8 = 90° refers to the azimuth plane,
i.e., the x-y plane, on which all SCS values in the bistatic ¢, directions are averaged. As
depicted in Figure 5.17, an average SCS value higher than —15 dB pm? or lower than
—24 dB pm? in the side-scattering direction indicates a detection of an abnormal RBC, such
as a macrocyte, a spherocyte, or a sickle cell.

Finally, using all SCS results in Figures 5.16 and 5.17, one can determine strict guidelines
to detect deformed RBCs in a diagnosis setup. Figure 5.18 presents a decision chart based on
SCS values obtained in the forward-scattering, backscattering, and side-scattering directions.
A sufficient number of RBCs are assumed to passed through the setup. The diagnosis of each
disease can be described as follows.

10 Average side scattering
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Figure 5.17 Solutions of scattering problems involving an ordinary RBC (ORD) and four different
types of deformed RBCs, i.e., a spherocyte (SPH), a macrocyte (MAC), a microcyte (MIC), and a sickle
cell (SIC). Average SCS in the side-scattering direction is plotted in dB pm? for different orientations of
RBCs. Source: Ergiil et al. 2010 [92]. Reproduced by permission of SPIE.
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e Macrocytosis: Detection of SCS values higher than 44 dB pm? in the forward-scattering
direction is a major indicator for macrocytosis. SCS values lower than —25 dB pm? in
the backscattering direction and average SCS values higher than —15 dB um? in the
side-scattering direction increase the reliability of the diagnosis.

e Microcytosis: Detection of low SCS values in all directions indicates microcytosis. Specif-
ically, detection of SCS values lower than 43 dB um? in the forward-scattering direction,
SCS values lower than —25 dB pm? in the backscattering direction, and average SCS values
lower than —24 dB pm? in the side-scattering direction indicate microcytosis.

e Spherocytosis: Spherocytosis can be diagnosed by the detection of average SCS values
lower than —24 dB pm? in the side-scattering direction, without any abnormal SCS values
in the forward-scattering and backscattering directions.

e Sickle-Cell Anemia: Similar to microcytosis, sickle-cell anemia can be diagnosed by the
detection of low SCS values in all directions. On the other hand, sickle-cell anemia also
leads to average SCS values higher than —15 dB pm? in the side-scattering direction; this
can be used to distinguish sickle-cell anemia from microcytosis.

To sum up, by investigating SCS values in the forward-scattering, backscattering, and
side-scattering directions, not necessarily limited to conventional cytometer setups, one can
able to determine strict guidelines to distinguish deformed RBCs from healthy RBCs and to
diagnose related diseases.

5.5 Case Study: Log-Periodic Antennas and Arrays

Log-periodic (LP) antennas are important with their ability to display nearly frequency-
independent characteristics over wide bands of frequency [2]—[4]. Unlike LP dipole arrays,
which have well-known and time-tested theoretical design recipes, more complicated LP
antennas require some degree of correction following their theoretical design according
to log-periodic rules. In this section, nonplanar trapezoidal-tooth LP antennas and their
circular arrays are considered. Accurate numerical simulations can bridge the gap between
approximate designs of LP structures obtained with theoretical design recipes and more
precise performance requirements.

Radiation problems involving LP structures are formulated with EFIE, discretized with the
RWG functions, and solved iteratively using MLFMA. Although the number of unknowns is
relatively low (1000—10 000), acceleration provided by MLFMA is necessary since multiple
solutions are required at several frequencies. In many cases, high sampling rate in frequency
sweeps is used so that one can properly observe rapid oscillations in radiation patterns and
directive gains of LP antennas and their array configurations. This leads to about 100 to 1000
solutions per problem, requiring an efficient algorithm, such as MLFMA, to reach solutions
quickly without sacrificing accuracy.

5.5.1 Nonplanar Trapezoidal-Tooth Log-Periodic Antennas

In Figure 5.19, a nonplanar antenna design comprising two planar LP arms with narrow
trapezoidal-tooth elements is shown with its apex located at the origin. On each arm, the
antenna has 22 teeth, alternating from side to side of the constant-width feed-line, whose
lengths, widths, and distances to the source location are determined according to log-periodic
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Figure 5.19 A nonplanar trapezoidal-tooth LP antenna design. (a) Top view and (b) three-dimensional
view. Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American
Geophysical Union AGU.

rules. The tooth sequence does not continue up to the apex location, where the source is
located, establishing a toothless part of the feed-line to supply the electrical connection. The
geometric growth factor

n+1 (56)
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and the tooth-width ratio
P e 5.7

are selected as 0.95 and 0.98, respectively, where R, is the distance between the source location
and the nth tooth, whereas w,, is the width of the nth tooth. The angle « is 15° so that arms
expand from the source location with an angle of 30°, and teeth are attached to center strips
with constant widths. If the length of arms is kept constant, increasing or decreasing the angle
a shifts the frequency range of operation to lower or higher frequencies, respectively. On the
other hand, if it is desirable to keep the frequency range unchanged, then varying the angle «
affects the length of the antenna arm.

For the LP antenna in Figure 5.19, the angle between the two arms (¢) is chosen as 45°,
which affects the directive gain of the antenna. Specifically, higher values of ¢ reduce the
width of the main beam, but increase the side-lobe level. Lower values of ¢ suppress side
lobes, but increase the beamwidth. Values of ¢ in the 30°—45° range are observed to provide
a trade-off for high directive gain.

The smallest and the largest teeth of the antenna in Figure 5.19 are approximately 9 cm
and 27 cm, respectively. A significant majority of the current on an LP antenna exists in the
active region, which resides on teeth that are about quarter-wavelength long so that pairs of
quasi-symmetric teeth form half-wavelength long radiating elements. Note that the location
of the active region depends on the frequency, i.e., for lower and higher frequencies of the
operation range, the active region resides on larger and smaller elements, respectively, and
partially spills out of the antenna. At intermediate frequencies, for which the active region is
completely accommodated on the surface of the antenna, frequency independence is satisfied.
In this case, the antenna behaves as if it has an infinite length, since the current out of the
active region is negligible. In other words, truncation of the element sequence at both ends of
the antenna does not make a difference compared to a theoretical infinite structure. On the other
hand, as the active region reaches the end of the antenna and begins to overflow, the antenna
becomes dysfunctional and the frequency independence collapses. If the small current outside
the active region is ignored, the antenna in Figure 5.19 is expected to operate nearly frequency
independent in the 300—800 MHz range. Nevertheless, this simple guess does not consider
the overflow of the active region due to its finite but unknown width, which could easily be
included in the analysis by using the available information if the design was an LP dipole
array [2]. For the design under consideration, this valuable information can only be obtained
through numerical simulations.

In the operation frequency range, variation in radiation characteristics with respect to the
frequency is directly related to the density of elements on an LP antenna. If 7 is close to
unity, which means that elements are closely spaced, the active region moves on the antenna
smoothly. As a consequence, variation in the radiation characteristics becomes small in the
interval [f;, f;, 11, where f; = zf;, ;. On the other hand, for lower values of 7, frequency inde-
pendence deteriorates due to the large separation between elements. Note that choosing a small
7 value makes it easier to construct the antenna with fewer elements for the same frequency
range of operation.

Figure 5.20 shows normalized plots of the three-dimensional far-zone radiation pattern of
the LP antenna in Figure 5.19 at various frequencies in the 300—800 MHz range. The main
beam points in the z direction, along the apex of the antenna, due to backfire radiation. For



392 The Multilevel Fast Multipole Algorithm (MLFMA)

LTI

RSSO
s
X

| <1
\'l.!?“«'" 4

2 20 2
40 20 20 4020 20
300 MHz 400 MHz

40 40 20 40 40 20

500 MHz 600 MHz

20 20
40740 40720 20

700 MHz 800 MHz

Figure 5.20 Far-zone radiation pattern of the LP antenna design shown in Figure 5.19 for various fre-
quencies in the 300—800 MHz range. The normalized radiated power is presented in the logarithmic scale.

Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American Geophysical
Union AGU.

low frequencies, the radiation pattern seems to be nearly frequency independent. However,
the antenna fails to maintain the same radiation pattern for frequencies above 500 MHz. In
other words, the antenna does not operate frequency independently in the frequency band
it is designed for. Since the radiation pattern of the antenna deteriorates towards the higher
end of the frequency band, it is easy to guess that the trouble is associated with the smaller
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teeth of the antenna. Indeed, plots of the current distribution at various frequencies shown in
Figure 5.21 demonstrate that the active region spills out of the antenna for higher frequencies.
Both the observation and the diagnosis of this problem, which is not predicted by theoretical
design rules, are performed in the simulation environment. The solution is also monitored
by simulations: Extra teeth are added one at a time towards the source end of the antenna

until the frequency-independence property of the antenna is found satisfactory over the entire
300-800 MHz frequency range.

*
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Figure 5.21 Current distribution on the LP antenna design shown in Figure 5.19 at different frequen-
cies. The active region is seen to shift as a function of the frequency and spills out of the antenna at high

frequencies. Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American
Geophysical Union AGU. (See color plate section for the color version of this figure)
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The corrected design with 2 X 38 teeth is shown in Figure 5.22, while radiation-pattern and
current-distribution plots for this design are shown in Figures 5.23 and 5.24, respectively.
Far-field plots in Figure 5.23 are nearly frequency independent in the desired frequency range.
Plots of the current distribution in Figure 5.24 show that the active region is successfully
located on the antenna for all frequencies in the desired band, as opposed to the high-frequency
spillover demonstrated in Figure 5.21. Finally, for a frequency-independent antenna, the direc-
tive gain is expected to remain relatively unchanged over the frequency band of interest. The
directive-gain curves in Figure 5.25 clearly demonstrate the improvement in the operation of
the modified antenna.

Figure 5.22 Top view of a nonplanar trapezoidal-tooth LP antenna design with 16 teeth added to each
arm of the original antenna design shown in Figure 5.19. Source: Ergiil and Giirel 2005 [6]. Reproduced
by permission of Radio Science - American Geophysical Union AGU.
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Figure 5.23 Far-zone radiation pattern of the corrected LP antenna design shown in Figure 5.22.
Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American Geophysical
Union AGU.

5.5.2  Circular Arrays of Log-Periodic Antennas

LP antennas can be employed to construct circular arrays with regularly spaced elements, as
depicted in Figure 5.26. To preserve frequency independence, the antennas are arranged in a
circular form. Theoretically, the radiation intensity of a circular array of identical elements can
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Figure 5.24 Current distribution on the corrected LP antenna design shown in Figure 5.22 at different
frequencies. The active region is seen to be successfully contained on the antenna for all frequencies.
Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American Geophysical
Union AGU. (See color plate section for the color version of this figure)

be calculated as [2]
PO, ) = fap(0, 9)PE (0. @), (5.8)

where P° and P represent radiation intensities of a single element and the array, respectively.
This theoretical scenario is depicted in Figure 5.27, where the elements are represented by dots
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Figure 5.26 Circular array of LP antennas constructed by employing three identical trapezoidal-tooth
antennas depicted in Figure 5.22. Antennas are regularly spaced. Source: Giirel and Ergiil 2008 [10].

Reproduced with permission of PIER.
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Figure 5.27 Configuration for a circular array, where the array elements are represented by dots on a
circle. Source: Giirel and Ergiil 2008 [10]. Reproduced with permission of PIER.

on a circle. The array factor f, in (5.8) can be calculated as

P

Jar(0,¢) = Z Ip exp(—ika sin 0 cos(¢p — de)), 5.9)

p=l

where P is the number of antennas, k is the wavenumber, a is the radius of the circle, Ip is the
complex excitation coefficient of the pth element, and ¢, is the angle between the pth element
and the x axis. For LP arrays, one can assume that the dots in Figure 5.27 represent the center
of active regions located on LP antennas. Since the active region appears on those elements
that are about a quarter-wavelength long, the circle in Figure 5.27 has a radius that is inversely
proportional to k. Consequently, f4  becomes independent of frequency with the elimination of
the k factor in the exponential term of (5.9). Finally, if f, is almost frequency-independent, the
radiation intensity of the array f,, should also be independent of frequency to the same degree.

Despite the simple discussion above, simulations show that mutual couplings between LP
antennas may not be ignored. To demonstrate this, radiations from the single antenna in
Figure 5.22 and the array in Figure 5.26, where only the antenna on the x axis is active, are
compared. Considering (5.8) and (5.9) in this case, 1, is zero for the unexcited elements,
and the radiation of the array should be the same as the radiation of the single antenna. On
the other hand, in Figure 5.28, the directive gain in the —x direction is plotted with respect
to frequency, and it is completely different for the array and the single antenna. Due to
mutual couplings, unexcited antennas in the array significantly affect the total radiation.
Specifically, the directive gain of the array oscillates much more than that of a single element,
demonstrating a drop in the quality of frequency independence.

Oscillations in Figure 5.28(b) are directly related to the geometric growth factor (7) of the
LP array. Let f; and f;,; be two consecutive frequencies, at which the directive gain makes a
peak. Then, f;/f;,, = 7, which is equal to 0.95 in this case. Figures 5.29(a) and 5.29(b) show
the directive gain when 7 becomes 0.98 and 0.85, respectively. It is clearly observed that the
oscillation rate depends on 7. In fact, this relation also exists in the case of the single antenna



Applications

399

Directive gain in -z

Directive gain in —z

Frequency (MHz)
(@

0 i ; i i
300 400 500 600 700 800

10 _ ................. ................. ..................

Frequency (MHz)
(b)

0 i i i i
300 400 500 600 700 800

Figure 5.28 Directive gain in the —x direction sampled with 1 MHz resolution for (a) the
trapezoidal-tooth LP antenna in Figure 5.22 and (b) the circular array in Figure 5.26 with only the antenna

on the x axis active. Source: Giirel and Ergiil 2008 [10]. Reproduced with permission of PIER.
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and Ergiil 2008 [10]. Reproduced with permission of PIER.
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in Figure 5.28(a). However, the active region on the single antenna moves so smoothly that
radiation characteristics change little in intervals [f; f;, ;] and the oscillation is less visible. Note
that, in array configurations, mutual couplings between antennas disturb the localization of the
active region, leading to a large effect on radiation characteristics.

As discussed above in Section 5.5.1, frequency independence of an LP structure can be
controlled by the geometric growth factor . However, as depicted in Figures 5.28 and 5.29, it
becomes increasingly difficult to control the variation in radiation characteristics as multiple
LP antennas are coalesced in an array configuration. In other words, it might be impossible to
obtain the desired level of frequency independence with the highest allowable 7, which must be
lower than unity because of nonzero widths of elements. This is mainly due to the complicated
mutual couplings among antennas. In order to improve frequency-independence properties of
LP arrays, one can optimize the excitations of array elements via genetic algorithms (GAs).

GAs have been successfully employed in many electromagnetics applications [8]. They are
especially useful when the optimization space is large and it is difficult to derive an analyt-
ical expression for the cost function of the optimization. Therefore, GAs can be employed
to improve the frequency independency of LP arrays. The optimization procedure can also
be used to provide beam-steering ability to those arrays. Since it is desired to point the main
beam in a specific direction, choosing the directive gain as the cost function of the optimiza-
tion is logical. Specifically, GAs can be used to optimize the excitations of array elements that
maximize the directive gain in some given direction (0, ¢).

Consider the three-element LP array in Figure 5.26. GAs work on a pool of individuals (cit-
izens), each of which represents a trial combination of optimization variables. An individual
suggests values for antenna excitations I; = A; exp @, I, = A, exp @,, and I; = A; exp @3,
where A ;3 and ¢ , 5 represent the amplitude and phase, respectively. Without loss of gen-
erality, one can set @; = 0 and there are five variables to be optimized. Parameter values are
selected from the optimization space formed by sampling A , 5 and ¢ , in [0,1] and [0°,360°]
ranges, respectively. Uniform samplings with intervals of 0.1 in amplitude and 36° in phase
are observed to be sufficient, leading to 10 samples for each variable. A one-to-one map is
employed to convert values represented by each individual into a single lengthy word of binary
numbers, called the chromosome. Each individual also has a degree of success, which is sim-
ply the value of the cost function of the optimization, i.e., the directive gain at the optimization
angle. A successful individual is defined as the set of excitations /;, I,, and I3, which results in
high directive gain. In the beginning of the optimization, individuals can be created randomly.
The optimization is then continued as new generations are formed and the pool is modified pro-
gressively. There are three important operations to produce a new generation from the old one.

e Crossover: Two successful individuals are selected to exchange some bits of their chro-
mosomes randomly and generate two new individuals called children. There are various
crossover schemes to perform these exchanges.

e Mutation: Some of the binary numbers in chromosomes are modified randomly, i.e., 1
changes into 0 and O changes into 1.

e Elitism: One or two most successful individuals are preserved in the pool without any mod-
ification.
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Heuristically, as new generations are produced and the pool evolves, the overall success of
the population increases. In the extreme case, after a number of generations, all individuals
are the same with the highest possible success. Then, the optimization is completed and any
individual gives optimal values via an inverse mapping from the chromosome to excitations.
However, it is usually sufficient to interrupt iterations after a number of generations and select
the most successful individual in the pool as the optimization result.

Prior to performing an optimization for the LP array, parameters of GAs should be adjusted
carefully by examining results obtained at some frequencies. Specifically, different values for
the size of the pool, mutation rate, and number of generations should be considered. By check-
ing final results and convergence characteristics of GAs, parameters are selected and fixed,
i.e., the same set of parameters is used for all computations at different frequencies. For the
optimizations of LP arrays, pools with 20—30 individuals are usually sufficient. The mutation
rate for each digit of chromosomes is selected to be 5% and elitism is applied only for the
most successful individual. The limit for the number of generations is selected to be 50, i.e.,
iterations are stopped after the 50th generation. Therefore, the number of trials to complete
an optimization at a single frequency is about 1000—1500. A brute-force approach to check
all possible combinations of the five optimization variables with the same sampling would
require 107 trials, which is 100 times larger than that of GAs. With numerous experiments, it
has been confirmed that GAs converge to optimized values that are very close to those found
by a brute-force approach.

Although GAs reduce the number of trials significantly compared to a brute-force optimiza-
tion, the calculation of the success for each individual has to be performed efficiently. For any
LP array, the number of MLFMA solutions can be kept as low as the number of elements in
the array using a superposition technique. Specifically, in each solution, only one antenna is
excited with the excitation strength of unity. The radiated field is then calculated and stored
in the memory. For the rotationally symmetric array in Figure 5.26, the number of MLFMA
solutions per frequency is further reduced to one using the symmetry. Note that the solution
by exciting an antenna in the array is different from the solution of an antenna alone, since
the former includes mutual couplings between antennas. Whenever it is required to test a set
of values for excitations, radiated fields are multiplied by the corresponding coefficients and
superposed to obtain the total radiation intensity and directive gain of the whole array.

Figure 5.30 presents the result of the optimization by GAs for the array in Figure 5.26.
The directive gain in the —x direction is plotted with respect to frequency for two differ-
ent cases; when only the antenna on the x axis is excited, and when all antennas are active
with optimized excitations. For any frequency, optimization is expected to provide increased
directive gain. This is in fact the case; however, optimization is even more effective at those
frequencies, where the directive gain is low. Therefore, the optimization by GAs reduces the
variation in the directive gain with respect to frequency, and the array becomes more frequency
independent.

Since the array in Figure 5.26 is symmetric, i.e., its elements are regularly spaced, it already
has some beam-steering ability. Considering the optimization of the directive gain in the —x
(¢ = 180°) direction, the same directive gain can also be obtained at ¢p = 60° and ¢ = 300°
by simply exchanging excitations among antennas. However, it is also desirable to steer the
main beam in any direction within a sector between two antennas. This can again be achieved
via optimization with GAs. Figures 5.31 and 5.32 show the results of the optimization.
Since it is easier to rotate the antenna than to change the optimization direction, different
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Figure 5.30 Directive gain in the —x direction sampled with 1 MHz resolution for the array in
Figure 5.26 when (a) only the antenna on the x axis is active and (b) three antennas are active with
optimized excitations. Source: Giirel and Ergiil 2008 [10]. Reproduced with permission of PIER.

configurations shown at the bottom of Figure 5.31 are used; the optimization angle is fixed
at ¢ = 180° for all configurations. The array is rotated 10° and 20° in the ¢ direction to test
the beam-steering ability in a sector of 2 X 20° = 40°. A rotation in the negative direction
is not required; due to symmetry, results of an optimization in the —¢, direction can be
approximated from the optimization in the +¢; direction. In Figure 5.32, it can be observed
that the optimized directive gain in the —x direction drops as the antenna is rotated. This is
because the main beam is not totally controllable, and it is difficult to maintain the directive
gain at high levels. This is also evident in Figure 5.31, where the far-zone radiation pattern of
the array is plotted for some selected frequencies and for different alignments of the array.
The maximum radiation cannot be kept in the —x direction when the antenna is rotated 20°.
Nevertheless, the directive gain is larger than five up to 20°. This means that the array in
Figure 5.26 can provide a directive gain larger than five in three distinct sectors, each of
which has an extent of 40°. Also note that this ability is valid for a wide frequency range from
300 MHz to 800 MHz.

5.5.3 Circular-Sectoral Arrays of Log-Periodic Antennas

In sectoral arrays of LP antennas, elements are placed side by side in a circular arrangement,
as depicted in Figure 5.33. Such an array with closely spaced elements is observed to pro-
vide a wider scanning range and higher directive gain compared to full-circular arrays, e.g.,
depicted in Figure 5.26. Therefore, sectoral arrays might be preferable depending on the appli-
cation. On the other hand, sectoral arrays with closely localized elements do not eliminate the



404 The Multilevel Fast Multipole Algorithm (MLFMA)

40

AT 40 7 40
TR ;

ST

4%

20

(300 MHz)
o

20 7 8 SN T, Yo Y NS S = ===

40

40

20

(500 MHz)
o

20

40

40

20

(700 MHz)
o

20

40
40

x x x

(0°) (10°) (20°)

Figure 5.31 Far-zone radiation pattern of the array in Figure 5.26 for various frequencies and align-
ments. Directive gain is optimized in the —x direction. Source: Giirel and Ergiil 2008 [10]. Reproduced
with permission of PIER.

need for full-circular arrays, where regularly spaced elements provide narrower but multiple
scanning ranges.

Figures 5.34 and 5.35 present far-field radiation patterns for three-element and four-element
arrays depicted in Figure 5.33, demonstrating beam-steering abilities of arrays for 0°, 10°, 20°,
and 30° on the azimuth plane. The directive gain is optimized in the —x direction while rotating
arrays from 0° to 30° as depicted in the first column of each figure. Since steering the beam
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Figure 5.33 Circular-sectoral arrays of closely spaced LP antennas with (a) three elements and (b) four

elements. Source: Ergiil and Giirel 2007 [9]. Reproduced by permission of Radio Science - American
Geophysical Union AGU.
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Figure 5.34 Far-zone radiation pattern of the array in Figure 5.33(a) for various frequencies and align-
ments. The directive gain is optimized in the —x direction. Source: Ergiil and Giirel 2007 [9]. Reproduced
by permission of Radio Science - American Geophysical Union AGU.

at —10°, —20°, and —30° can also be realized by symmetry, a total scan range of 60° can be
achieved. Due to the frequency independence, radiation patterns do not change significantly
with respect to the frequency. When the array is rotated from 0° to 30°, the main beam is in
the —x direction due to the optimization by GAs. However, as the rotation angle is increased,
it becomes difficult to keep the main beam in the —x direction. In other words, although GAs
attempt to maximize the directive gain in the —x direction, the main beam may not be pointed
in the —x direction for large rotation angles.

For more quantitative information, Figures 5.36(a) and 5.36(b) present the directive
gain in the —x direction as a function of the frequency with 25 MHz intervals and for
different orientations of the three-element and four-element arrays, respectively. Results of
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(400 MHz) (500 MHz) (600 MHz)

Figure 5.35 Far-zone radiation pattern of the array in Figure 5.33(b) for various frequencies and align-
ments. The directive gain is optimized in the —x direction. Source: Ergiil and Giirel 2007 [9]. Reproduced
by permission of Radio Science - American Geophysical Union AGU.

optimizations for 40° and 50° orientations are also included. It can be observed that both
arrays in Figure 5.33 provide directive gain over 9 in angular sectors of 100°. This is achieved
in the frequency range from 300 MHz to 800 MHz, and this range can be extended by adding
more teeth to the LP antennas. On the other hand, Figure 5.36 also shows that the directive
gain of the four-element array has larger fluctuations compared to the directive gain of the
three-element array. This is due to increasing mutual couplings among antennas when the
array becomes more populous. In other words, mutual couplings among antennas tend to
deteriorate the frequency independence and this becomes more significant as the number of
elements in the array is increased.
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Figure 5.36 The directive gain in the —x direction obtained by the genetic optimization for (a) the
three-element array in Figure 5.33(a) and (b) the four-element array in Figure 5.33(b). The arrays are
rotated for different angles from 0° to 50° to test the beam-steering ability in a sector of 100°. Source:
Ergiil and Giirel 2007 [9]. Reproduced by permission of Radio Science - American Geophysical Union
AGU. (See color plate section for the color version of this figure)
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5.6 Concluding Remarks

MLFMA can be used to solve a vast variety of real-life electromagnetics problems. Some
examples (case studies) involving airborne targets, metamaterials, photonic crystals, RBCs,
and LP antennas are presented in this chapter to demonstrate capabilities of efficient imple-
mentations of MLFMA. The results obtained in these and similar simulations can be used
to reduce the time and expenses required in building prototypes and carrying out laboratory
tests.



Appendix

A.1 Limit Part of the £ Operator

As given in (1.52), the integro-differential operator XC, is commonly separated into
principal-value and limit parts as

dr—-Q, .
K AX}r) = Kpy {X}(r) - —; L X}, (A1)
where Q,(r) is the solid angle. Specifically, Q,(r) = 0 when the observation point r is not
located on the source X. If it is located on the source, however, Q, (r) € (0,4x) is determined
by the “shape” of the surface, on which J is defined. If the surface is planar at r, then Q,,(r) =
27z and

K AX}r) = Lpy (X }(r) - %Ix”"{X}(r)- (A2)

Derivation of the limit part of the K operator is quite straightforward when the source X
is locally defined on a planar surface. Consider Figure A.1, where the observation point r
approaches a planar surface S, which is divided into two parts, i.e., Spy, and S, ,. Specif-
ically, S}, is defined as the infinitesimal circular surface in the vicinity of the projection of
the observation point and Spy , = S, — S}, ,- The K operator can be written in two parts as

K iX}r) = /dr’X(r’) x Vg, (r,r) = Kpy fX}(F) + £y, AX (), (A.3)

where
K {1 X)) = limaﬁo/s ar'xw’yx Vv'g,r,r) (A4)
= lim,__, /0 d¢’' /0 dp' X)X V'g,(r.1). (A.5)

Using

exp(ik,R) (A.6)

V’gu(r, Py =V exp(ik,R) _ (1 —ik,R)
47R 47 R3

The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-Scale Computational Electromagnetics Problems,
First Edition. Ozgiir Ergiil and Levent Giirel.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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Observation z

point \/

Figure A.1 Observation point approaching a planar surface.

with R = |R| = |r — r/| and considering the limit a — 0,

( ) 2r
Kiim (X}(r) = 4—><11ma_,0/ dd)/ dp'p

~ —%z X X(r), (A7)

which can be generalized as
[
Kiim (X3 (r) = ¥ X(). (A.8)

When the observation point approaches a planar surface, the expression in (A.8) indicates that
the limit value of the K operator has a magnitude equal to the half of the source value and has
a direction perpendicular to and in the same plane with the source flow. In general, the limit
value depends on the solid angle of the surface at the observation point and (A.8) is further
generalized as

4r - Q,
]Clim,u{X}(r) ~ —T’lu X X(r). (A9)

Nevertheless, in numerical implementations using planar triangles, the generalized form in
(A.9) is never used [125]. For observation points located inside the triangles, Q, = 2z and
(A.8) is valid. In the limit case, i.e., when the observation point approaches the edge of the
source triangle, the solid-angle factor is implicitly included in the near-neighboring inter-
actions [126]. This is discussed in Chapter 1, Section 1.8.1 in the context of the analytical
integrals.

A.2 Post Processing

Numerical solutions of electromagnetics problems are usually followed by various
post-processing procedures, such as computations of fields at various locations, depending on
the application.
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A.2.1 Near-Zone Electromagnetic Fields

Finding the coefficients for the electric current on a PEC object, i.e., a;[n] forn = 1,2, ... N,
one can calculate the secondary (scattered or radiated) electric and magnetic fields at any point
ras

N
sec . / / 1 / / /
B0 = ikn Yl /S a 5,07+ L9 1,0 gt (A.10)
N
H() = Y a,ln] / dr'b, (") x V'g(r.1'). (A11)
n=1 Sn

If the observation point r is close to the object, singularity extractions are required to accu-
rately evaluate the integrals in (A.10) and (A.11). On the other hand, conventional singularity
extraction methods must be avoided when the observation point is far from the object and |r|
is very large.

For dielectric objects, expansion coefficients of both electric and magnetic currents must be
considered to compute the electric and magnetic fields. For example, if the observation point
r is outside the object,

N
1
E*“(r)=ik,n, Y a;n] [ ar |b,")+ =V -b,")V| g, . r
") n;J[]/Sn )+ 5V b0V g, ()

o

N
- Y aylnl / dr'b, (') x V'g,(r.r') (A.12)
n=1 SVL
N
H*(r) = Zaj[n]/ dr'b,(r')x V'g,(r.r)
n=1 S,

+ e ZaM[n]/ ar’ [b )+ = e Ly b L )V] g,(r.r), (A.13)

/P 0

where the electrical parameters of the host medium are used. On the other hand, if the obser-
vation point is inside the object,

N
sec . / / 1 ’ / /
E*“(r) = —ik;n; Zaj[n]/sndr lbn(r )+ EV b, (r )V] gir,r')

n=1 i

N
+ Y ayln] / dr'b, (') x V'g,(r,r) (A.14)
n=1 Sn
N
0=~ Fa b / 4B, () X Vg )
n=1 S,

- ZaM[n]/ dr' lb )+ — = Lvip )V] g, (r.r), (A.15)

l
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where the electrical parameters of the object is used. In typical computations involving many
observation points, one does not need to check whether observation points are located inside
or outside the object. Instead, (A.12)—(A.13) and (A.14)—(A.15) can be computed separately
and superposed to obtain the secondary fields at all observation points. This is allowed since
the expressions in (A.12)—(A.13) and (A.14)—(A.15) are related to the outer and inner prob-
lems and they do not contribute to the electromagnetic fields at the observation points inside
and outside the object, respectively. A similar procedure can be applied for composite objects
involving multiple dielectric and metallic parts. Without checking the positions of observation
points, electric and magnetic currents are allowed to radiate using the electrical parameters of
each medium.

Figures A.2—A.5 present solutions of various scattering problems involving spherical com-
posite objects located in free space. In Figure A.2, a dielectric sphere of radius 0.54,, is coated
with a dielectric shell of radius 4,. The object is illuminated by a plane wave propagating
in the —z direction with the electric field polarized in the x direction. The relative permit-
tivities of the core and shell are 4.0 and 2.0, respectively. The problem is formulated with
JMCEFIE and solved via MLFMA. Figures A.2(a) and A.2(b) depict the radial (p) and angular
(¢p) components of the total electric field on the x-y plane in the vicinity of the object. It can
be observed that the angular component of the electric field is continuous across dielectric
interfaces. Figures A.3—A.5 present similar results when the material properties of the core
and shell are changed. In Figure A.3, the relative permittivities of the core and shell are 2.0
and 4.0, respectively. In Figure A .4, relative permittivity of the shell is 2.0, while the core is
PEC. In Figure A.5, the relative permittivity of the shell is 4.0, while the core is again PEC.
Note that the magnitude of the electric field becomes vanishingly small inside PEC spheres,
as physically expected.

A.2.2 Far-Zone Fields

In the far zone, normalized field quantities are particularly important. These are defined as

E*““(0, ) = exp(=ik,|r)lim, o, {IF[E*(r)}

. N
ik,n, =3x3  a.
- ?;aj[n] (1 - k) V0. 4)
. N
ik, N
- ; ay[nlk x V,(0,p) (A.16)
and
H*“®(8, ¢) = exp(—ik, [rDlimy o, {[F|H*“(r)}
= Lix E*“®(0, ), (A.17)
[
where

Vn(0,¢)=/dr’b,,(r’)exp(—ikgi*-r') (A.18)
s

n
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Figure A.2 (a) Radial and (b) angular components of the total electric field in the vicinity of a dielectric
sphere of radius 0.54, coated with a dielectric shell of radius 4. The spherical object is illuminated by
a plane wave. The relative permittivities of the core and shell are 4.0 and 2.0, respectively.
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Figure A.3 (a)Radial and (b) angular components of the total electric field in the vicinity of a dielectric

sphere of radius 0.54, coated with a dielectric shell of radius A,. The spherical object is illuminated by
a plane wave. The relative permittivities of the core and shell are 2.0 and 4.0, respectively.
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Figure A.4 (a) Radial and (b) angular components of the total electric field in the vicinity of a PEC
sphere of radius 0.54, coated with a dielectric shell of radius 4. The spherical object is illuminated by
a plane wave. The relative permittivity of the shell is 2.0.
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Figure A.5 (a) Radial and (b) angular components of the total electric field in the vicinity of a PEC
sphere of radius 0.54, coated with a dielectric shell of radius 4,. The spherical object is illuminated by
a plane wave and the relative permittivity of the shell is 4.0.
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Figure A.6 Discretization of the unit sphere: (a) Sampling with equally spaced points in the -¢ domain
and (b) uniform sampling of six biquadratic patches in the u-v domain.

is the vector current moment of the nth basis function. In many cases, far-zone electromagnetic
fields need to be calculated at various directions with respect to the angular coordinates 6 and
¢. If the unit sphere is sampled with equally spaced points in the 0-¢p domain, the resulting
discretization is illustrated in Figure A.6(a), where an unnecessary crowding of the sampling
points around the north pole and south pole is observed. Since far-zone fields are completely
arbitrary, there are no preferred directions requiring denser sampling. Thus, not only is the
dense sampling around poles redundant and inefficient, but it also generates misleading (more
difficult to read) three dimensional plots. As an alternative, the unit sphere can be modeled
with six biquadratic patches, as shown in Figure A.6(b). Each biquadratic patch has a general
representation of

2 2
rwo) =) Y a,,u"" (A.19)

m=0 n=0

forO < u,v <1, where a,, , represents vector coefficients and r(u, v) is the position vector from
the origin pointing to the surface. Then, sampling points can be obtained on each patch by a
uniform distribution in the #-v domain. Figure A.6(b) illustrates a discretization with 13 x 13
points on each patch, producing a total of 864 directions on the unit sphere. In contrast, the
discretization in Figure A.6(a), which has comparable fidelity around the equator, contains
33% more sampling directions.

Far-zone scattering properties are usually characterized by RCS defined as

RCS(6, ¢) = "‘7_” 0.9 (A.20)

. 2 Ax
Ey=0.¢)| + =
o

which depends on the frequency, shape and material properties of the object, excitation (illu-
mination), and observation angle. For a given target and excitation, RCS can be investigated
as a function of the frequency and observation angle (bistatic RCS). For example, Figures A.7
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Figure A.7 Co-polar bistatic RCS of the Flamme from 2 GHz to 11 GHz. The target is illuminated by
a plane wave propagating at 60° angle from the nose with the electric field polarized horizontally and
vertically. (See color plate section for the color version of this figure)
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and A.8 illustrate the bistatic co-polar RCS of the stealth airborne target Flamme [149] located
on the x-y plane. In Figure A.7, the target is illuminated by a plane wave propagating at 60°
angle from the nose. Both horizontal (H) and vertical (V) polarizations are considered. In
polar plots, the radial and angular directions represent the frequency and observation angle,
respectively. The bistatic RCS is plotted as a function of frequency from 2 GHz to 11 GHz
and as a function of observation angle from 0° to 360°. Note that the RCS of the Flamme is
very low in the backscattering direction (0°) due to the stealth ability of the target. For the
horizontal polarization, a strong reflection from the target at about 330° is also remarkable.
Figure A.8 presents similar results when the Flamme is illuminated by a plane wave propa-
gating at 120° angle from the nose. For this excitation, the backscattered RCS of the Flamme
is usually at low levels, but it increases at various frequencies, particularly for the horizontal
polarization. As shown in Figures A.7 and A.8, two-dimensional RCS plots can provide many
useful information on the electromagnetic properties of scatterers.

A major parameter to measure the radiation quality of an antenna is the directive gain in a
desired direction (6, ¢y), which can be derived as

D(6y, ¢o) = 4r L= (0o, $o) . (A21)

[77d [T dO sin 0P (6, $)

In (A.21),

P20, ¢) =

E‘“""(e o[ +

E“C°°(9 ¢)| (A.22)

is the radiation intensity. Using the sampling scheme depicted in A.6(b), the integral in (A.21)
can be expressed in the u-v domain for each biquadratic surface as

1 1 2 2
= / du / dv [Ejf‘*“(u, u)| + B, u)| ]p(u, v), (A.23)
0 0
where
00, ) = A1t D) 11, 0) = 12,0, 0) (A.24)
is the Jacobian and
. or or
Juu (U5 0) = v a
2 2 2
Z 2 Z L mz’nzmlmzum1+m2—2vn1+n2 (A.25)
oo 200
or or
Jyy(u U) a_ a
2 2 2

= my+my  ny+ny—2
= Z YYD Gy Gy (A26)

my=0my=0n;=1n,=1
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Figure A.8 Co-polar bistatic RCS of the Flamme from 2 GHz to 11 GHz. The target is illuminated by
a plane wave propagating at 120° angle from the nose with the electric field polarized horizontally and
vertically. (See color plate section for the color version of this figure)
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A

2 2 2 2
_ my+my—1_ ny+n,—1
- Z Z Z Zaml’”l Gy, T T U R (A27)
my=1my=0n;=0ny=1

Note that the directive gain is used in Chapter 5, Section 5.5 to compare various designs of LP
antennas and their arrays.

A.3 More Details of the Hierarchical Partitioning Strategy

The hierarchical partitioning strategy described in Chapter 4, Section 4.6 provides efficient
parallelization of MLFMA. This section presents more details on the implementation of this
strategy, particularly considering the organization of communications.

A.3.1 Aggregation/Disaggregation Stages

Figure A.9 depicts a simple example involving a hierarchical partitioning of two consecutive
levels among eight processors labeled from O to 7. For the sake of brevity, communications
involving processor 2 are focused. At level /, boxes (subdomains) and field samples are divided
into four and two partitions, respectively. The partitioning is changed at level / 4+ 1 (assuming
that this is more efficient), where boxes and field samples are divided into two and four parti-
tions. To facilitate this rearrangement of partitioning, an intermediate level / + 1/2 is defined,
as also illustrated in Figure A.9. A set of boxes assigned to a processor p at any level [/ are
represented by J\/Ip . Atactual levels (/ and [ + 1), there is no overlapping data between proces-
sors. At the intermediate level, however, samples for a single box can be duplicated at some
of the neighboring processors.

Table A.1 lists the major operations performed for an aggregation step from level [ to level
[+ 1 using an intermediate level [ + 1/2. Note that these operations are reversed in a disag-
gregation step from level / + 1 to level /. The first loop is constructed over local boxes at the
intermediate level. Then, for a given box c, local sub-boxes Sub{c} are considered in the sec-
ond loop. Processors that are in the same column of the intermediate-level partitioning handle

1+ 172 [+1
Clusters C

@
8]
<«—>  Samples
Y
+
N

Overlap

Level I+ 12 Level [ + 1

Figure A.9 Partitioning of two consecutive levels among eight processors using the hierarchical parti-
tioning strategy. Source: Ergiil and Giirel 2011 [239]. Reproduced with permission of IEEE.
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Table A.1 Pseudocode of major operations performed by a processor p for an aggregation step from
level I[to [+ 1

do for each box ¢ € .Af]il/z
do for each sub-box ¢, € Sub{c} & ¢, € N}
get S, {c,} from the local aggregation array
Sp{cx} — columnwise (neighborinNg) communications — Sp e}
Sp+{cs} — local interpolati9n - Sp{gs} .
divide data into two parts: S, {c } = Si{c } U SP{c,}
53‘,‘ {c,} — shift radiation center and add to the local aggregation array
Slf {c,} — shift radiation center and add to a communication array
send and receive data (communication array) to modify the partitioning

the same set of boxes and sub-boxes, and this requires a perfect synchronization for efficiency.
For a given sub-box ¢, a set of field samples S, {c,} is extracted from the aggregation array,
and the local data is inflated via one-to-one communications between neighboring proces-
sors. Next, the radiated field represented by an inflated set of samples S, {c,} is interpolated
according to the sample rate of the next level. At this point, the contribution of the sub-box c;
to the radiation of the parent box ¢ can be obtained by shifting the radiation center for the field
values at the samples. But, since the partitioning is required to be changed, the inner loop is
completed by dividing the samples S'p {c,} into two parts. Some 9f the samples, i.e., 5‘;‘{%},
are added to the local aggregation array, while the others, i.e., Slf {c,}, are added to a com-
munication array to be sent to a corresponding processor. After all boxes at the intermediate
level are processed, data collected in the communication arrays are exchanged between pairs
of processors to modify the partitioning. In the example depicted in Figure A.9, processor 2
communicates with processor 3 to inflate the local data for each sub-box c¢,. When the loops
in Table A.1 are completed and the intermediate level is constructed, processor 2 exchanges
data with processor 0 to obtain the partitioning at level [ + 1.

A.3.2  Translation Stage

Communications between processors are also required during a translation stage, since boxes
are partitioned, and some translations are required among boxes located in different proces-
sors. Table A.2 lists the major operations performed for those inter-processor translations. In
general, each processor p needs to be paired with all other processors (p” # p) to exchange data.
Given a pair of processors, constructing a single connection between them and exchanging all
data at once leads to better performance than pairing the processors repetitively. Hence, as
shown in Table A.2, the first loop for inter-processor translations is pairing processors. When
a pairing is established, each level is considered one by one in the second loop. At level /, com-
munications are required only if the processors are located in the same row of the partitioning.
If this is the case, field samples S, {c; } are transferred from processor p’ and translations are
performed on the receiver side (processor p). For a given box ¢, whose field is transferred from
processor p’, incoming fields are computed for each box ¢, that are in the far-field list of ¢,
and owned by processor p. Then, incoming fields G,{c, w ¢,} are added to the local disag-
gregation array. Note that processor p also sends field samples S, {c,, } to p’ for inter-processor
translations to be performed by p’.
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Table A.2 Pseudocode of major operations performed by a processor p for inter-processor translations

do for each processor p’ # p
do for each level / (also check if any translation is required or not)
do for each box ¢, that is required to be transferred from p’
receive S, {c, }
do for each box ¢, owned by p and in the far-field list of ¢,
Sp,{ch} — translate — gp{cb - .}
add G, {c, » c,} to the local disaggregation array
do for each box c, that is required to be transferred to p’
send Sp{cb}

When two processors are paired, the amount of communications required for inter-processor
translations between them depends on the partitions of the tree structure assigned to the pro-
cessors. Specifically, processors may need to communicate for some levels while they may
not for others. Consequently, for efficient inter-processor translations, one needs to determine
the order of pairing among processors carefully. For example, consider the partitioning of two
levels among eight processors in Figure A.9. When processor 2 is paired with processor 6,
they possibly communicate at levels / and / + 1 since they are located in the same row of the
partitioning at both levels. Then, at the same time, one can match processor 0 with processor 4,
processor 1 with processors 5, and processor 3 with processor 7; because all these pairs involve
processors that are located in the same row at both levels. This strategy leads to a very good
synchronization among processors and avoids possible delays between the pairing rounds.

A.4 Mie-Series Solutions

Mie-series solutions of scattering problems involving spherical objects are known for more
than 100 years [34]. The solution procedure is based on an analytical application of the
Maxwell’s equations on spherical objects that are illuminated by electromagnetic waves.
Although the solution method is named after its developer German physicist Gustav Mie, it
is known that the basic theory was presented previously by Ludvig Valentin Lorenz in 1890.
Since then, many variations of the theory have been published in journal papers and text
books. Mie-series solutions are still used in electromagnetics, especially to test the accuracy
of computational solvers.

Mie-series solutions involve the expansion of electromagnetic fields in terms of spherical
functions. Among various types of procedures, a rigorous derivation based on Debye poten-
tials is presented in this section. Consider time-harmonic scattering from spherical objects
located at the origin in a homogeneous medium extending to infinity. The angular frequency
is w. Total electric and magnetic fields in each homogeneous medium can be separated into
known incident and unknown scattered fields. By applying the boundary conditions on spheri-
cal surfaces, unknown coefficients for scattered fields can be determined analytically. In theory,
electromagnetic fields can only be expanded by infinite numbers of terms. Therefore, an exact
solution cannot be generated by using a computer program. However, a finite number of terms
would be sufficient to obtain the solution with a desired level of accuracy.
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A.4.1 Definitions

Some spherical functions, which are frequently used in Mie-series solutions, are defined as

©,(0) = —— [cos OP, (cos 0) — P,._(cos 0)] (A.28)
sin @
.0
Q,(6) = sin 0, (0) (A.29)
= " [(ncos?0 — 1)P,(cos 0)
sin @

—2(n—1)cosOP,_,(cos 0) + (n — 1)P,_,(cos 9)] (A.30)
yu(kr) = k) (kr) (A31)
r k) =2 [rh;”(kr)] _ [krh(l_)l(kr) - nhfj)(kr)] (A32)

or n
v, (kr) = krj,(kr) (A.33)
Y, (kr) = % [rj,kn)| = [krj,_ 1 (kr) = nj,(kr)] , (A.34)

where h;l) is the spherical Hankel function of the first kind, j,, is the spherical Bessel function
of the first kind, and P, is the Legendre polynomial.

A.4.2 Debye Potentials

Debye potentials at r = (r, 8, ¢) are defined as

7, = 223 4 v(kryeo, ©) (A35)
n=1
7,(0) = —singp " b, v(kr)w, (), (A.36)
n=1

where v is a spherical Bessel or spherical Hankel function. In (A.35) and (A.36), a, and b,
are coefficients determined by the boundary conditions. Derivatives of Debye potentials are
derived as

0 _cos¢ -

57" = s ;anvn(kr)ﬂn(ﬁ) (A.37)
Sor(r) = —Sij;"’ X autbrio, 0 (A38)
d _ sing -
5 =——— ; b, v, (kr)Q, (0) (A.39)

%ﬂm(r) = —cos ¢ ; b, v, (kr)w, (6). (A.40)
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A.4.3  Electric and Magnetic Fields

Electric and magnetic fields can be obtained from Debye potentials as

E()——'a2 7+ — L (r) (A41)
o1 rorof sinf dgp " :

: 2

Eyr) = m afad) r,(r) — %ﬁm(r) (A.42)
i 0° 1 0

He(r) —w—m (r) + w%ﬂ'e(r) (A43)

i 0%
H,r) = s arg () — 7[ (). (A.44)

A.4.4 Incident Fields

Assume that spherical objects are located in a homogeneous space with electrical parameters
(e,, u,) and they are illuminated by a plane wave propagating in the z direction with the electric
field polarized in the x direction, i.e.,

E;”C(r) = cos 0 cos ¢ exp(ik,r cos 0) (A.45)
ng(r) = —sin ¢ exp(ik,r cos 0). (A.46)

The incident electric and magnetic fields can be expanded in terms of spherical functions at
r=(r,0,¢)as

Ere(r) = —k:f%fe gRS” [0,(k, )0, (8) = Y, (k, )2, (6)] (A47)
E(r) = k;irsli‘:e gRS” [0,(k,P)€2,(0) = Y, (k, P, (6)] (A48)
H"(r) = ko;j‘r% g‘;RS’) [Y,,(k,1)Q,(0) + iv, (k,r)w,(0)] (A.49)
H(r) = _Leosh f‘,Rﬁ” 1Y, (k, ), (0) + v, (k, V2, (0)] (A.50)

kot,rsin@ =

where

0 _ (=)7"@n+1)
RV = i (A51)
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A.4.5 Perfectly Conducting Sphere

Consider a PEC sphere with a radius of r,. The scattered electric and magnetic fields outside
the sphere atr = (r, 0, ¢) can be derived as

ES“(r) = — ka"r";f - g (b1, )0,(0) = ia, T, (k, )R, (0)] (A52)
ES“(r) = k;“s‘if - 2 (D7 (k,IR,(0) — i, T, (k, )0, ()] (A53)
H40() = ’Slrnsf’ - 2 L6, 92,(0) + i 7,k oy )] (A54)
HEo) = U;iissflo Z T, (k, P, (0) + i, 7, (k, )2, (0)] (A.55)

Applying the boundary conditions on the PEC surface, one can obtain

ORI (A.56)
! ! Fn (ko ro) .
b, = —R® 2nlkolo) (A.57)

n = n yn(kora) :
A.4.6 Dielectric Sphere

Consider a dielectric sphere with a radius of r, and with electrical parameters (e;, u;). The
electric and magnetic fields inside the sphere can be derived as

Ei(r) = —k;(’ssil‘fe 2 [d, 0, ki), (0) — i, Y , (k)2 (0)] (A.58)
E5*(r) ksfs“l’ Z a2, (0) = i€, Y, (k;r)eo, (0)] (A.59)
H () = ki:;:ﬁa Z [d, Y, (ki)Q,(0) + e, ki), (0)] (A.60)
HE ) = klﬁ%ﬁe ; [d, Y (i )0,(0) + ic, 0, (kir)2,(0)] (A.61)

Equations (A.47)—(A.55) can be used to derive the electric and magnetic fields outside the
sphere. Applying the boundary conditions and using

0,0 = 7,(0)Y,(x) =i, (A.62)



Appendix 429

one can obtain

-1 —1
a, = Ri(zo) nilvn(koru)Yn(kiro) - rl,‘_lvn(kiro)Yn(koro) (A.63)
n; vn(kiro)rn(koro) — yn(koro)Yn(kiro)

-1 -1

ur Un(kura)Yn(kiro) —-n Un(kiro)Yn(koru)
b, =RY — Z 1 (A.64)
Mo Dn(kiro)rn(koro) - ’7,' yn(koro)Yn(kiro)

k .
=R <— > 1 — (A.65)
ko, n 0, (kir )Ty (ko) — 15 v, (ko1 )Y, (Kir,)
k; ~
d, =RY ( i ) ! 1 . (A.66)
koo )y v, (kir )T, (k1) — n; Yu(kory) X, (kiry)

A.4.7 Coated Perfectly Conducting Sphere

Consider a PEC sphere of radius r; coated with a dielectric shell of radius r,. The dielectric
shell has electrical parameters (e, p,). The electric and magnetic fields inside the shell can be
derived as

E{ ) = kcf;ng[n k0, (0) — i€ T, (k112 0]
- k:f;fe Z [ 0k, )0,(6) — i€ Y, (kR 0)] (A67)
ESr) = kj:’;f - 2 512k, 712,0) = ie? T k), (0)
k‘ysrirslif 2 ; [/ 0 k)R, (0) = e, Y, (kyr),, ()] (A.68)
H ) = ;Sflfﬂ HZ T, (k,P)2,(0) + ey, (k, P, (0)]
+ kg;ff‘sfm Z [ Y k12, (0) + i€ v,k oo, 0)] (A.69)
1) = S 6 0) + i, (.2, 0)

kg rsin @ —~

iCOSP . N
Corand 2 W X0 0) +iGro, k0@ 0] . (AT0
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Equations (A.47)—(A.55) can be used to derive the electric and magnetic fields outside the
object. Applying the boundary conditions, one can obtain

1+RVRY
a =R~ (ATD)
R,”+R,’R,

(2) p(6)
) 1+R,’R,

b, =R, W (A.72)
where
R =~ Xuhsr) (A73)
r,(k,r,)
R = k) (A.74)
! Vulksrs)
R = M 1kt Yukor) = 0 ko) i) (A75)
15 0, (kg )Y,k r,) = 115 0, (kT )Y, (k)
RO = ko U (kgr,) = 057 7, (kgr )T, (K 1) AT6)
15 0, (kg )Y (k1) = 15 0, (ko )Y (K1)
RS = N llyn(kuro)Yn(ksro) — 15 "0, (kyr )T, (k) A7)
ny v, (kg )Y, (k,r,) —n, 1vn(koro)Yn(ero)
2 _ Mo 1k )Y kory) =m0, koo U (ki) (A78)
" no_lun(ksro)Yn(kora) - ns_lvn(karo)Yn(ksro)
20 = M akor)Tukiry) = 15 vk )T ko) (A79)
T oGk )Y (k) = 15 0, (K r )Y ()
#® _ 1 Tk ) Yulksry) = 15 0, (ki) hory) (A.80)
" o,k )Y, (ko) — 17 o, (ke )Y, (k)
Letr, #r,, ¢ =¢€,,and p, = u,. Then,
a, > REPM — _g0 Lnlkoro) (A81)
R® L(kors)
b, — R,@M = —Rﬁf’)w, (A.82)
R® 7.(k,r,)

which are in agreement with the expressions in (A.56) and (A.57) for a PEC sphere in a homo-
geneous space.

A.4.8 Coated Dielectric Sphere

Consider a dielectric sphere of radius r, coated with a dielectric shell of radius r,. The core and
shell have electrical parameters (e;, ;) and (e, y1,), respectively. Once again, (A.47)—(A.55)
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can be used to derive the electric and magnetic fields outside the sphere. Similarly, Equations
(A.58)—(A.61) and (A.67)—(A.70) can be used to derive the electromagnetic fields inside the
core and shell, respectively. Using the boundary conditions, one can obtain

_ o 1+ RPRY (A.83)
n— n RS 4 ROR® '
1 + RPR®
_ p) n 'n

bn = R S RO R RO (A.84)

n n n

where
o)) nx_lyn(ksrs)Yn(kirs) - ni_lvn(kirs)rn(ksrs)

R\ = (A.85)

- ni_lvn(kirs)Yn(ksrs) - ”.v_lvn(ksrs)Yn(kirs)
R(Z) — ’7;_11 J/n(ksrs)le(kirs) - ns_ll l)n(kirs)rn(ksrs) (A.86)
un vn(kirs)Yn(ksrs) - '7,'_ vn(ksrs)Yn(kirs)

_ ’73_ ! v" (ké rO)YI'I (k() r()) - r’; ! Un (k() r() )Yn (k\ r())

RY =T - (A87)
’13‘_ yn(er())Yn(k()rt)) - ;10 Un(k()rt))rn (ksr())
RW — no_lyn(karo)Y11(ksro) ~ ns_lvn(ksro)rn(kor‘)) (A.88)
! ”.;lyn(ero)Yn(koro) - ”;lvn(koro)rn(ksro)
—1 -1
(5) 1, yn(koro)rn(ksro) — N yn(ksro)rn(kor())
RY = o - (A.89)
ﬂs yn(k_yr())Yn(k()ro) - ’10 Dn(koro)rn(ksro)
R(G) _ ’1(71 vn(ksro)Yn(koro) - nx_l Un(kura)Yn(ksr") (A 90)
C o kg )Y, = 3 o, (kT k)
R(7) _ ns_l 7/n(ko"‘O)Yn(ksro) - n;lvn(ksro)rn(koro) (A 91)
! ”;lyrz(ksro)Yn(koro) - ”;lvn(kora)rn(ksro)
R® — ”‘;lyn(koro)rn(ksro) - ”glyn(ksro)rn(koru) (A.92)
L k)Y Gkgry) = 15 0, (kT (K )
Letry #r,, € =€, # ¢, and yu, = u, # p;. Then,
RO o, (kr)Y, (k,r,) —n; o, (k,r)Y, k7,
an N ln 4 — 510) i l n s n 0" Ss ()l n oS n s (A.93)
RE1 )RE1 ) ’7(7 yn(kgrs)Yn(kirs) - '71_ Dn(kirs)rn(k()rs)
b — Rglo) ) no_lvn(kirs)Yn(kors) - ni_lvn(kors)Yn(kirs) (A 94)

n

RORD "y, yr )Y (ki) = 5 0, G )T, (k)

which are in agreement with the expressions in (A.63) and (A.64) for a dielectric sphere in a
homogeneous domain.
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A.4.9 Far-Field Expressions
Using the large-argument form of the spherical Hankel function, i.e.,
lim,_ 500 v (it P (A.95)
lim,_ T, (x) [(—i)" exp(ix) — n(—iy"*! M] (—i)" exp(i), (A.96)
X
one can derive
EQ(0,¢) = lim, ., {[rexp(=ik,r)] E;"}
icosp w , . "
= — 0)+b,w,(0 A.97
kosiw;( i)' [,2,(0) + b,@,(0)] (A.97)
EZ0.¢) =lim, _, { [rexp(—ik,r)| E(S;a,o}
isin¢ o .
= - —i)" 0)+b 0 A.98
kosin(,’;( )" [a,0,(0) + b,2,(0)] (A.98)
2
RCS(0, §) = 4z [|E;°(9, o)+ |E;°(9, ¢)| ] . (A.99)
When 6 = 0° (backscattering direction),
0
@n0) | _nn+ 1) (A.100)
sin @ 2
Q (0
n& | _nt D (A.101)
sin @ 2
o icos¢ - nn+1), .,
EX0,¢) > — T Z S— (=) (a, +b,) (A.102)
-~ isin ¢ - nn+1), .
EX(0,¢) — T Z > (=" (a, +b,), (A.103)
and
- 2
RCS(0 = 0°) = k£2 2{ n(n+ 1)(=i)" (a, +b,) (A.104)
0 |n=
Similarly, when 6 = 180° (forward-scattering direction),
0
CO.n( ) n(n+1)( 1y (A.105)
sin @
Q (0
n() n(n+1)( Iy (A.106)

sin @
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- icosg x nn+1),.,
EX©0.¢) — — e n;”"z )" (a, = b,) (A.107)
o isin ¢ - nn+1), .,
ES6,¢) — - T ; 5— (a, - b,), (A.108)
and
. 2
RCS(0 = 180°) = é ;n(n+ DG)" (a, - b,)]| - (A.109)

A.5 Electric-Field Volume Integral Equation

Volume integral equations can be used to formulate electromagnetics problems involving
dielectric objects. Major advantages and disadvantages of volume formulations compared to
surface formulations can be listed as follows:

e For thin dielectric objects, volume integral equations produce better-conditioned matrix
equations than surface integral equations.

e Volume integral equations do not breakdown for low-contrast objects, as opposed to con-
ventional surface integral equations.

e Heterogeneous dielectric objects can easily be modeled with volume integral equations,
which allow different electrical parameters for different discretization elements.

e Volume integral equations usually require more numbers of unknowns than surface integral
equations for a given problem.

This section presents a volume integral equation, namely, EFVIE, for nonmagnetic dielectric
objects.

Consider a dielectric object with a relative permittivity of €, located in free space. An equiv-
alent electric current can be defined as

J(r) = iox(r)D(r) = iok(r)eye, (rEr), (A.110)
where ¢ is the permittivity of free space and

)
€.(r)

is the contrast at the observation point r. When r is located outside the object, x(r) = 0, hence
J(@r) = 0. The total electric field in (A.110) can be written as

K(r) = (A.111)

E@r) = E™(r)

+ ikono/dr',](r’)go(r, r)— ZZ—OV/dr’J(r’) -V'gor,r), (A.112)
D o Jp
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where E™ is the incident electric field created by external sources, ky = 27/ 4y = @+/Ho€o

is the wave number, and 7, = , /%2 is the wave impedance in free space. Using (A.112) in
€0
(A.110), one can obtain [36]
D(r) . / - ’ / /
—ikgny | driiox( )D(")g(r,r")
e, (1) ofo | 0
i ,
+ — riok( )DF) - r,r) = r), .
ZOV/d "ok )D(’) - V'gy(r,r') = E™(r) (A.113)
o Jp

which is called EFVIE. Note that, when the contrast of the object is low, i.e., k(r) = 0, the
equivalent electric current can be approximated as

J(r) = iok(r)eye, (NE™ () = io[1 — €,(r)]e,E™ (1), (A.114)

which is known as the Born approximation.
For numerical solutions of EFVIE, the quantity iwD can be expanded in a series of basis
functions, i.e.,

N
D) =Y a,b,@), (A.115)
n=1
and the equation can be tested by using a set of testing functions ¢,, form = 1,2, ... ,N. This
leads to N X N dense matrix equations in the form of
—EFVIE
Z -a = wEFVIE, (A.116)

where the matrix elements and the elements of the RHS vector are derived as

—EFVIE 1 1
VA [m,n] = — dr—t,(r) - b,(r)
iwey Jp, € r)

D,

- L drt, (r) - V/ ar' kb, (') - V'gy(r,r') (A.117)
la)eo D,, D

drt,(r) - / ar'x(rb, (g r,r')
D’l

m

n

and

wEVIE (] = / drt,(r) - E"(r), (A.118)
Dm
respectively.
EFVIE can be discretized with the Schaubert-Wilton-Glisson (SWG) functions [36]. Each
SWG function is defined in a pair of tetrahedra sharing a common surface. The nth SWG
function with a spatial support of D, = D,; + D, can be written as

An
3Vn1 (r_rnl)’ rEDnl
SWGon ) A
So o) #(rnz—r), ren, (A.119)
n2

0, ré&b,,
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where A, represents the area of the common surface, whereas V,,; and V,, are volumes of the
first (D,,;) and second (D,,) tetrahedron, respectively. In (A.119), r,,; and r,, are the coordi-
nates of the two vertices opposite of the common surface. The charge density represented by

the nth SWG function can be derived as

n

V—nl, re Dnl

V- VG =1 A, rebD (A.120)
Vnz’ n2
0, répb,.

Consider the interaction of two half SWG functions £5% S and b:ZVG associated with the ath
tetrahedron of the mth surface and bth tetrahedron of the nth surface, respectively. One can
obtain

—EFVIE Cma nb 1
V4 [m,n,a,b] = — dr (r=ry) (r—=ry)
iwey Jp,, €

- iw,uOCmu’nb/ dr(r—r,,) - /D ar'k (' —r,)gor, 1)
nb

ma

Cma,nb

- / dr(r-r,,) - V/ ar'x()@' —r,,) - Vg, r'), (A.121)
la)eo Dy Dy,

where
AmAn
Cma,nb = GV VvV bymaynb
z

ma " r

(A.122)

and ¥,;,, ¥, = %=1, depending on the direction of the basis and testing functions in tetrahedra.
At this stage, assume that the permittivity is constant inside each tetrahedron. Then,
—EFVIE Coanb

V/ [m,n,a,b] = -
iweye

/ dr(r—r,,) - (r—r,,)
D,

r,nb ma

- iw”OKanma,nh/ dr(r - rma) : ./D dr,(r’ - "nb)go("’ r,)
nb

Dma

C K
_ JmanbTnb / drr—r,,) -V / dr'@ —r,,) - V'gr.r'). (A.123)
L€ D Dy

ma

For the third term in (A.123), the divergence theorem and the properties of the SWG functions
can be used to arrive at

ro ' N 3an / / ’ ’
dri(r' —ry,) - Vigyr.r)= 2 drigy(r,r') =3 drgy(r,r). (A.124)
Dnb Sn

n Dnb
Inserting (A.124) in (A.123), and using the divergence theorem again,

—EFVIE Cma nb
Z [m, n,a, b] =T
lWEYE, )

/ dr(r—r,,) (r—rp,,)
Dma

(continued)
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lwﬂOKrszn1a nb/ dr(r rma) / dr (I‘ _rnb)go(r I‘)

D ma

9Cma nbKnb
- dr | dr'g,r,r
o /D y / 8o(r,r’)

nbynmeu/ dr/ dr g()(r 7 )
la)€0

nanbyma/ dr/drgo(rr)
la)€0 ma Dy,

Enb¥nbYma / dr / dr'gy(r.r'). (A.125)
iwe
Finally, (A.125) can be written in terms of basic integrals as
—EFVIE Coanb
z [m,n,a,b] = ———— {(xmax bt YmaYnp T Zmaznb) ma + 117 + 118 + 119
la)eoer‘nb

_(xma + xnb)IM - (yma + ynh)ll5 - (Zma + an)llf)}
- ia)MOKanma,nb {(xmaxnb + YmaYnb + Zmaznb)ll + 18 + 19 + 110

- anZ - ynb13 - an14 - xmaIS - ymalﬁ - Zmal7}

9C K Vv Vv V..V,
_ n-m,nb nb 11 _ maI“ _ _an12 + ma nb113 (A126)
iwe, A, A, ALA,
where
1{1’2’3’4} =/ dr{l,x,y,z}/ dr,go(r,r,) (A.127)
Vma an
Iise7y = / dr/ dr {x’,y’,z'}go(r,r’) (A.128)
nb
= / drx / dr'x' go(r, 1) (A.129)
ma an
/ dry / ar'y' go(r,r') (A.130)
ma an
/ drz/ ar'7 go(r,r) (A.131)
Vina Vb
I = / dr / dr'gy(r.r) (A.132)
Sm Dnb
= / dr/ dr' g,(r,r') (A.133)
Dma Sl‘l

113=/Sdr/s dar' go(r,r) (A.134)
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Ii14.15.16) =/ dr{x,y,z} (A.135)
v,

ma

1117,18,19) =/ dr {xz,yz,zz}. (A.136)

ma

The inner integrals in (A.127)—(A.136) can be calculated accurately by using singularity
extraction methods [143]. Note that the surface integrals in I, I|,, and /|5 can be omitted
when electrical parameters (in this case the permittivity) do not change across S, or S,,. This
is because contributions from two tetrahedra on the two sides of the surface cancel each other.

A.6 Calculation of Some Special Functions

In this section, fast and efficient computations of some special functions that may be required
for various implementations of MLFMA are presented.

A.6.1 Spherical Bessel Functions

Spherical Bessel and Hankel functions of order ¢ are calculated as

D =351 p@) (A.137)

(1.2) T yy(1,2)
700 =4[ 5o ), (A.138)
where J,.;/, and H;ilz )2 are the ordinary Bessel and Hankel functions that are available in

many numerical libraries. Note that a recursive calculation of a Bessel or Hankel function of
order ¢ requires the calculation of the functions with lower orders 7 < ¢. Hence, for a given
value of ¢, numerical libraries usually provide all orders up to ¢ simultaneously.

A.6.2 Legendre Functions

Normalized Legendre functions are defined as

Ri(cos 0) = 1/ L= piccos ) (A.139)
! t+u)! ' '
for |u| < t. Starting with
R)(cos0) = 1 (A.140)
R)(cos ) = cos 0 (A.141)

1 1/2 .
R'(cos9) = ——— (1 —cos?9) '~ = ———sin@ (A.142)
: V2 ( ) V2
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R (cos ) = \/EP;l(cos ) = —%P}(cos 0) = —R](cos 0), (A.143)
2

a recursion can be constructed as follows:
o |u|l#1t

(r—w)!
(r+uw)!

(2t—1) (t—u) (-1

(t—u) \/(t+u)\/t—1+ u)! PP (cos0)
(t+u—1) (t—u) |t=1=u) [(t-2 u) (cos 6)
(t—u) G+ t-14+w\ ¢—2+u)! Pl

= Ccos 7R” " (cos )
(t —u)t+u)

~ ViE—1+u)(t—1-u)
V(i —u)(t+ u)

R{(cos ) = P{(cos 6)

R ,(cos 0). (A.144)

1
V2!

S (=12t = DN(1 = cos?0)/?
(20!
L@ (1 _00520)1/2

- Jan! 211!

=— (2t2_t 1)(1—00 9) R’ “1(cos 9). (A.145)

RY(cos ) = Ri(cos ) =

Pi(cos 0)

v@n!

RY(cos 0) = R '(cos 0) = \/(20)!P"(cos 0) = —( 1)!Pi(cos 6)

(20!
! |
e A

2
S (1= cos*0)
2t — 1)(

2t

t/2

1 —cos20)) "’ (cos ). (A.146)

In the recursive formulas (A.144)—(A.146), R/(cos §) = 0, when u > tor u < —t.
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A.6.3 Gradient of Multipole-to-Monopole Shift Functions

LF-MLFMA implementations using MFIE require the gradient of multipole-to-monopole shift
functions, which can be calculated as

VBoosuk: ) = VarV (jt(kr)Y (9, q’)))

] 3} 0,
= ar 2Dy 0.4+ oy/aD L0 D)

Ji(kr) 0Y,,(0, )
\/_rsme 29

= ;-\/E(—l)t { ;],(r) - kjt+1(k")} LICR)

Jikr) [t + 1) (t —u)! . _0P"(cos0)
+0Van(-1) \/ o expiug)

. i (k
+ ¢\/E<—1>’%m Y,..(0, %)

= Var(=1) { Z0) = Koy () | Y,,,0. )

i (k AU+ Dt +1— 1

- é@(—nfM(z + 1)Y"(cos 6)

+ ¢Van(- 1)’1’( ) uY, (6., ¢). (A.147)

A.6.4 Gaunt Coefficients

Gaunt coefficients G, s, Which are required in LF-MLFMA implementations, are cal-
culated for |u| <¢t, || <1, || <, |t=1| <t <|t+?V|,u" =u—u',and when ¢t + ¢ +
1" is even. They can be derived as

Gtu ol 1 = (_1)”\/( s 4 X )

t vt t
<0 0 0> <—u u u”) (A.148)

in terms of Wigner-3j symbols. In order to calculate Wigner-3j symbols, one can start with

, , —D="=" {12! ’ o ’_ //!1/2
<tt t+t> -1 (@1 + 1 +u")i(t+ 1 —u")) (AL149)

wi w )T Q2+ DI+ 0 — 0+ i) — )]
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and construct a recursion for |t —¢'| < ¢ < |t+ 1| as
(o) =G 2D) -G 2t e
where
a=@{"+D{["+27-@—-1)]
[+ + 1 =" +2°] [ +2)° = ") }1/ : (A.151)
b={"+2){[" +1 -1
[(6+7+ 12 = + D] [ + ) = @]} (A.152)
c==Q" +3) [tt+ D" = + D" = (" + D" + 2 —w)]. (A.153)
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Figure 1.18 The normalized electric field on the x-y plane when a Hertzian dipole with I}, =Z is
located at (a) r, = iAX and (b) r, = iAy



Hertzian dipole at z = 27 A

—10\ 40 dB

35
-5\ 30
25
0 20
15
5\ 10

5

! gzl\ (8 -5\ 0 5L 100 0

(a)
Hertzian dipole at z = 10 A
—-10A 40 dB

35
-5\ 30
25
0 20
15
5L 10

5

19;“ (U8 -5\ 0 5\ 0

(b)

Figure 1.19 The normalized electric field on the x-y plane when a Hertzian dipole with I,,, =% is
located at (a) r, = 2iA% and (b) r, = 10iA%
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Figure 2.11 The equivalent (a) electric and (b) magnetic currents on a sphere with a radius of 0.3 m
illuminated by a plane wave at 6 GHz. The sphere is located in free space and has a relative permittivity
ofe, = 1.0+ 10~*. Source: Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier
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Figure2.12 Radiating parts of the (a) electric and (b) magnetic currents depicted in Figure 2.11. Source:
Ergiil and Giirel 2008 [97]. Reproduced with permission of Elsevier
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Figure 2.65 Different scenarios for the interactions of the basis and testing functions on composite
objects
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Figure 3.5 Relative interpolation error defined in (3.117) with respect to samples on a 33 X 66 grid
converted into one-dimensional data by a row-wise arrangement of the -¢ space. The reference data is
obtained without interpolation. To obtain the interpolated data, aggregation is performed from the lowest
(first) level to the fourth level by employing interpolations with (red) and without (gray) poles
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Figure 3.6 Relative errors defined in (3.118) in partial MVMs related to two boxes C; and C, in the
fourth level with respect to the index of the testing function located in C,. The reference data is obtained
without interpolation and anterpolation. (a) The relative error when interpolation and anterpolation are
employed. (b) The relative error when interpolation is eliminated and the error is only due to the anter-
polation. Source: Ergiil and Giirel 2006 [164]. Reproduced with permission of IEEE
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Figure 4.1 Time required for one-to-one communications measured on the B-Clovertown cluster. A
data package of size 4 kB is communicated between all processors (cores) of the cluster
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Figure 4.11 Time diagrams for the solution of a scattering problem involving a sphere of radius 804
discretized with 23 405 664 unknowns using the hybrid parallelization strategy on 16 processors of the
S-Clovertown cluster. (a) Overall time and (b) single MVM. In the diagrams, white areas correspond to
waits before operations that require synchronization. Source: Ergiil and Giirel 2008 [221]. Reproduced
with permission of IEEE
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Figure 4.25 Memory used for the solution of a scattering problem involving a sphere of radius 2604
discretized with 307 531 008 unknowns. The solution is parallelized into 128 processes using the hier-
archical strategy. Memory for each process is plotted as a function of time steps (a) before and (b) after
the optimization of the MVM memory
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Figure 4.27 Memory used for the solution of a scattering problem involving a sphere of radius 2604
discretized with 307 531 008 unknowns. The solution is parallelized into 128 processes using the hier-
archical strategy. Memory for each process is plotted as a function of time steps (a) before and (b) after
code rearrangements followed by memory recycling. Source: Guiirel and Erguiil 2013 [235]. Reproduced
with permission of IEEE
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Figure 4.32 Solution of a scattering problem involving the NASA Almond at 1.4 THz. The prob-
lem is discretized with 306 696 192 unknowns and the solution is parallelized into 64 processes on the
U-Nehalem cluster. Details of a MVM are shown for all processors
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Figure 4.38 Induced electric current on the surface of the Flamme. Unusual currents due to triangles
with high aspect ratios are clearly visible
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Figure 4.55 Co-polar bistatic RCS (dBms) of the NASA Almond at 850 GHz. RCS is plotted on the x-y
plane as a function of the observation and illumination angles when the incident electric field is polarized
in (a) ¢ and (b) 0 directions. Source: Ergiil and Giirel 2011 [230]. Reproduced with permission of IEEE
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Figure 4.58 Co-polar bistatic RCS (dBms) of the NASA Almond at 1.1 GHz. RCS is plotted on the x-y
plane as a function of the observation and illumination angles when the incident electric field is polarized

in (a) ¢ and (b) € directions
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Figure 4.66 Co-polar bistatic RCS (dBms) of the Flamme at 360 GHz. RCS is plotted on the x-y plane
as a function of the observation and illumination angles when the incident electric field is polarized in
(a) ¢ and (b) @ directions. Source: Ergiil and Giirel 2011 [230]. Reproduced with permission of IEEE
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as a function of the observation and illumination angles when the incident electric field is polarized in
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Figure 4.77 Solution of an electromagnetics problem involving five 2 X 2 X 0.41 cm dielectric slabs at
1.62 THz. The structure has a relative permittivity of 1.6 and the problem is discretized with 112 849 200
unknowns. The total electric field on the axis of symmetry is plotted from z = —5cm to 5cm for the
inner and outer problems. Source: Ergiil 2011 [232]. Reproduced by permission of the Optical Society
of America
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Figure 5.1 (a) Co-polar and (b) cross-polar bistatic RCS of the Flamme from 2 GHz to 11 GHz. The
target is illuminated by a plane wave propagating at 140° angle from the nose with the electric field
polarized in the vertical direction
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Figure 5.2 Induced electric current on the surface of the Flamme at (a) 7.5 GHz, (b) 7.9 GHz, and (c)
8.4 GHz. The target is illuminated by a plane wave propagating at 140° angle from the nose with the
electric field polarized in the vertical direction
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Figure 5.3 Induced electric current on the surface of the cavity of the Flamme at (a) 7.5 GHz, (b) 7.9
GHz, and (c) 8.4 GHz. The cavity is isolated and illuminated by a plane wave similar to the Flamme
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Figure 5.5 Power transmission on the z = 0 plane for 1-layer SRR and CMM walls at 95 GHz, 100
GHz, and 105 GHz. A y-directed Hertzian dipole is radiating from x = 1.2 mm. Source: Giirel et al. 2009
[24]. Reproduced with permission of PIER
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Figure 5.6 Power transmission results for a large SRR wall involving 51 X 29 x 20 SRRs on y = 0 and
z = 0 planes. The results are obtained by solving a 2 425 560-unknown problem at 85 GHz, 100 GHz,
and 110 GHz. Source: Giirel et al. 2009 [24]. Reproduced with permission of PIER
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Figure 5.13 Total magnetic field inside and in the vicinity of 0.6 X 26 X 34 cm and 0.6 X 29 X 38 cm
perforated waveguides. Source: Ergiil et al 2011 [33]. Reproduced with permission of IEEE
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Figure 5.21 Current distribution on the LP antenna design shown in Figure 5.19 at different frequen-
cies. The active region is seen to shift as a function of the frequency and spills out of the antenna at high
frequencies. Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American
Geophysical Union AGU
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Figure 5.24 Current distribution on the corrected LP antenna design shown in Figure 5.22 at different
frequencies. The active region is seen to be successfully contained on the antenna for all frequencies.
Source: Ergiil and Giirel 2005 [6]. Reproduced by permission of Radio Science - American Geophysical
Union AGU
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Figure 5.36 The directive gain in the —x direction obtained by the genetic optimization for (a) the
three-element array in Figure 5.33(a) and (b) the four-element array in Figure 5.33(b). The arrays are
rotated for different angles from 0° to 50° to test the beam-steering ability in a sector of 100°. Source:
Ergiil and Giirel 2007 [9]. Reproduced by permission of Radio Science - American Geophysical Union
AGU
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Figure A.7 Co-polar bistatic RCS of the Flamme from 2 GHz to 11 GHz. The target is illuminated by
a plane wave propagating at 60° angle from the nose with the electric field polarized horizontally and
vertically
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Figure A.8 Co-polar bistatic RCS of the Flamme from 2 GHz to 11 GHz. The target is illuminated by
a plane wave propagating at 120° angle from the nose with the electric field polarized horizontally and
vertically
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