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Foreword

Finite Element Sructural Analysis: New Concepts by J. S. Przemieniecki
introduces a novel concept for accurate assessment of solution accuracy of the
powerful and versatile finite element structural simulation technology. This has
the potential of significant impact in the development of related new analysis
codes and also modification of existing ones, which will generate reliable solution
bounds that are of great importance in the analysis of complex, practical engi-
neering problems. Further, the textbook will also act as a rich source of reference
material for researchers and practicing engineers. The author, Dr. Przemieniecki,
is the leading authority in the field of finite element structural analysis, particularly
related to aerospace engineering, and has been involved in associated fundamental
development since its very inception. This text is a fitting successor to the author’s
earlier pioneering textbook, Theory of Matrix Sructural Analysis published in
1968, which is the first comprehensive textbook related to aerospace engineer-
ing that had the most significant impact on the development of this technology
and continues to be a highly referenced source of material both in teaching and
practice. This text covers finite element developments pertaining to 1) assumed
displacements distribution, 2) corrective distribution superimposed on assumed
displacement distribution, and 3) assumed stress distribution within an element.
Such a development covers a wide array of elements including plane plate (trian-
gular and quadrilateral), solid elements (tetrahedron, prismatic pentahedron, and
rectangular hexahedron). These developments are provided in a clear and detailed
fashion, in which each element stiffness, thermal, and mass matrices are derived in
careful detail. The author also provides a fascinating depiction of relative efficacy
of the three techniques in the book, which also includes numerical data enabling
a clear comparison of the solution results. The textbook is highly recommended
for graduate- and senior-level undergraduate courses in engineering mechanics,
particularly related to aeronautics and associated disciplines. The text will also
provide invaluable guidance for practicing engineers in accurate modeling and
simulation of problems encountered in industry.

K. K. Gupta
NASA Dryden Flight Research Center



This page intentionally left blank



Table of Contents

Pr e aCE . . o XV

Part 1: Introduction
Chapter 1. Finite Element Analysiss AnOverview .................... 3
L1 INtroduCtion . ...t 3
1.2 Finite Element Analysis Procedure.................ccciivein... 5
1.3 Transformation of Coordinate Axes: A Matrices.................. 14
1.4 Basic Assumptions in Finite Element Analysis................... 16
1.5 Upper and Lower Bounds in Finite Element Analysis............. 17
1.6 Equations of Stress Equilibrium for Finite Elements.............. 18
1.7 Finite Elements Used for Lower- and Upper-Bound Analysis.. .. .. 25
Chapter 2. Static and Dynamic Properties of Finite Elements........ 27
2.1 Shape FUNCLIONS .. ..o e 27
2.2 MaSS MatriCeS . ...t 28
2.3 Stffness MatriCes. .. ..o 28
2.4  Thermal Stiffness Matrices ...t 30
2.5 Thermal Load Matrices. ..........ouiiiiiiii i 30
2.6 Static EQUAtiONS . ...t e 31
2.7 Dynamic EQUatiONS . ........ ..o 31
2.8 Natural FrequUenCies. . ... ... i 31
2.9 Dynamic Equations for Constrained Structures................... 32

2.10 Properties of Stress Elements and Enhanced
Accuracy Elements ... 32

Part 2. Flat Plates

Chapter 3. Triangular Plate T1: Assumed Displacement

Distribution ... e 35
Element StIffness . ... 38
Element Thermal Load . ... 39
Element Mass .. ....o.vi i 39

Xi



Xii TABLE OF CONTENTS

Chapter 4. Triangular Plate T2: Assumed Basic Displacement
Distribution Plus Corrective Distribution Inside

theElement Boundaries................ ... ... i, 43
Thermal Stiffness, Thermal Loads, and Mass Matrix.............. 49
Corrective Functions for the Assumed Displacements............. 49

Chapter 5. Rectangular Plate T3: Assumed Displacement Distribution 51

Element Stiffness . ... 53
Stress Equilibrium . ... 55
Thermal Stffness . . ... 56
Thermal Load .. ... 56
Element Mass . ... 56
Chapter 6. Rectangular Plate T4: Assumed Stress Distribution. ... ... 59
Thermal Stiffness, Thermal Loads, and Mass Matrices............ 64

Chapter 7. Quadrilateral Plate T5; Assumed Displacement

Distribution . ...t 65

Thermal Stffness . . ... e 68
Thermal Load . ...t e 68

MaSS MatriX. . ..ottt e 68
Chapter 8. Quadrilateral Plate T6: Assumed Stress Distribution ... .. 71
Thermal Stiffness . ... .o 76
Thermal Load . ... 76

Mass MatriX. . ... e 77

Part 3: Solid and Basic Elements

Chapter 9. Tetrahedron T7: Assumed Displacement Distribution..... 81
Thermal Stiffness . ... .o 84
Thermal Load . ... 85
MassS MatriX. . ...t e 85

Chapter 10. Tetrahedron T8: Assumed Displacement Distribution
plus Corrective Distribution Inside the Element

BOUNAAries. ..ot 87

Thermal Stiffness, Thermal Loads, and Mass Matrix.............. 97
Chapter 11. Prismatic Pentahedron T9: Assumed Displacement

Distribution ...t 99

Thermal StffNess. ..o 104

Thermal Loads . ..ot e 104

MaSS MatriX . ..ot 105



TABLE OF CONTENTS Xiii

Chapter 12. Prismatic Pentahedron T10: Assumed Displacement
Distribution plus Corrective Distribution Inside the

Element Boundaries. .........coooiiiiiiiennnn. 107
Thermal Stiffness. ... 116
Thermal Loads . ... 116
MasS MatriX ... 116
Chapter 13. Rectangular Hexahedron (Brick) T11: Assumed
Displacement Distribution ............................ 119
Thermal StiffnesS . . ..o 125
Thermal Load . ...ttt 125
MasS MatriX . ... 125
Chapter 14. Rectangular Hexahedron (Brick) T12: Composite
Element with Two PentahedronsT9 ................... 127
Chapter 15. Pin-Jointed Bar and Beam Elements.................. 129
Bibliography . ... 131
1 o [ 133



This page intentionally left blank



Preface

The motivation for writing this book arose from the fact that the existing methods
of finite element structural analysis do not provide any means of assessing the
accuracy of results obtained for any given mesh size relative to the size of the
structure and distribution of the applied loading. The new method of analysis
described in this text provides for a quantitative assessment of the accuracy. The
proposed method consists of two separate sets of analysis.

The first analysis is based on traditional element properties derived from
assumed displacement fields (some of which even violate the required equations
of stress equilibrium within the element). Such elements are described here as
displacement elements. These elements are designated in this text as T1, T3, T5,
T7,T9,and T11.

The second analysis uses three types of elements: stress elements (T4, T6),
enhanced displacement elements (T2, T8, T10), and a special element (T12). Stress
elements are based on assumed stress fields satisfying the necessary equations
of stress equilibrium. Enhanced displacement elements are based on assumed
displacement fields with additional fields vanishing on the element boundaries,
the magnitudes of which are determined from the Principle of Minimum Total
Potential Energy. The special hexahedron element T12 is constructed from two
pentahedrons based on assumed displacement fields.

The results from the first and second analysis are to be compared. If the results
between the two analyses are judged to be close enough, the solution can be
considered bounded. If not, the process is repeated with a smaller grid until a
reasonable closeness of the two solutions is obtained.

The author is very grateful for the encouragement and support he received from
Kajal K. Gupta of NASA Dryden Flight Research Center. He also wishes to thank
Maj Mirmirani, dean of the College of Engineering, Embry-Riddle University,
Florida, for preparing computer codes supporting the new analysis. Special thanks
are also extended to Anita and Kevin Harper for their support in preparing the final
manuscript for publication.

J. S. Przemieniecki
May 2009
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1
Finite Element Analysis: An Overview

1.1 Introduction

The finite element method (FEM) for the analysis and design of structures and
mechanical components is based on the concept of replacing the actual continuous
structure by a mathematical model made up of elements of finite size (referred to as
finite elements) having known elastic and inertia properties that can be expressed in
matrix form. For this reason, early finite element methods were described as matrix
methods of analysis, but today FEM has become the accepted terminology. The
matrices representing these properties are considered as building blocks, which,
when assembled together according to a set of rules derived from the theory of elas-
ticity, provide the static and dynamic properties of the actual system. To put FEM
in the proper perspective, it is important to emphasize the relationship between
finite element methods and classical methods used in the theory of deformations
in continuous media. In classical theory, the deformational behavior is considered
on a macroscopic scale without regard to size and shape of the elements within the
prescribed boundary of the structure. In finite element methods, elements are of
finite size and have a specified shape. These elements are specified arbitrarily in
the process of defining the mathematical model of the continuous structure. The
properties of each element are calculated using the theory of continuous elastic
media, and the analysis of the entire structure is carried out for the assembly of the
individual elements. When the size of the elements is decreased, the deformational
behavior of the mathematical model converges to that of the continuous structure.

Structural complexity can be illustrated for the case of the Anglo—French Con-
corde, the first supersonic passenger aircraft used commercially. A drawing of this
aircraft is shown in Fig. 1. The author participated in the design and analysis of a
precursor aircraft (Bristol Type 198) before it became the Anglo—French project.
The Type 198 was a 130-passenger transatlantic supersonic aircraft similar to the
later Concorde. The analysis performed by the author was based on a simplified
finite element model of the wing/body structure shown in Fig. 2. This analysis
used the force method (an early analysis bases on element forces) with about 120
unknown internal forces in the wing/fuselage structure. Today finite element mod-
els can use thousands of elements. An example finite element model of a modern
aircraft structure is shown in Fig. 3. Another example is shown in Fig. 4 of the
Boeing 777 aircraft, illustrating one-half of the aircraft. This example analysis used
about 70,000 nodes and 175,000 elements, with 275,000 degrees of freedom. An
example finite element model of an ocean tanker from the ship building industry

3



4 FINITE ELEMENT STRUCTURAL ANALYSIS

Fig.1 Cutaway drawing of the Anglo—French Concorde (reproduced with permission
of The Flight Collection, United Kingdom).

is shown in Fig. 5. Other applications include design of buildings, bridges, and
mechanical components.

One of the most important steps in finite element analysis is the selection of
nodal points and the size of finite elements representing the structure to be analyzed.
Traditionally, the process is repeated with smaller grids to ensure adequate accu-
racy of the stresses and deformations; however, this process is computationally not
very efficient and in some cases can produce inaccurate results if the grid-refining
process is discontinued too early. An example of this problem is shown in Fig. 6,
where the grid-refining process could be discontinued with 25 nodes because the
analysis indicated only a small change in the resulting stress from 15 nodes to 25,
but if the node-refining process were continued for another step with 45 nodes,
then the resulting stress would have indicated a significant stress increase above
the calculated stress in the previous refinement step. The proposed method of the
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Fig. 2 Finite element model of the Bristol Type 198 aircraft, before it became the
Anglo—French Concorde.

upper- and lower-bound analysis described in this text avoids this problem, and it
provides a better measure of the expected accuracy for a given grid size.

Some typical finite elements used in structural analysis are shown in Fig. 7,
where the bullet points represent element nodes at which displacements and forces
are specified. Both two-dimensional and three-dimensional solid elements are
shown. In all elements, for each node displacement there is a corresponding
element force. Pin-jointed elements and beam elements are not included in this
study because their properties are exact, and therefore they do not have lower- or
upper-bound solutions.

1.2 Finite Element Analysis Procedure

Finite element analysis (FEA) consists of a sequence of steps that are illustrated
here using a cantilever beam example represented by 12 elements (rectangular
plates of constant thickness) shown in Fig. 8. These steps are typical for any finite
element analysis.

1.2.1 Step 1: Formulation of the Element Grid and Boundary
Conditions (Finite Element Mesh)

An example of grid lines and nodes is shown in Fig. 8. In this example there
are 20 nodes (1-20) with horizontal and vertical displacements at each node and
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e Finite Element

Singl

Fig. 3 Finite element model of a large aircraft (courtesy of Lockheed Martin

Corporation).

Fig. 4 Finite element model of the Boeing 777 aircraft (only one half of the aircraft

structure is shown) (courtesy of The Boeing Company).
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Fig. 6 Stress at the lower-left corner in a cantilever under distributed load P
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Triangular plate Rectangular plate
(2-D) (2-D)
Quadprilateral plate Tetrahedron
(2-D) (3-D)

Rectangular hexahedron(3-D)
Pentahedron (3-D)

Fig. 7 Typical finite elements used in upper- and lower-bound analysis.
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Ul —»a #o, ug

tu,

Single element with
node displacements

Fig. 8 Example of FEA: cantilever beam with transverse loads at the tip.
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Fig. 9 Global coordinate system used for the two-dimensional structure in Fig. 8.

applied loads at nodes 17, 18, 19, and 20. At node 1, both horizontal and vertical
displacements are zero. In addition, horizontal node displacements at nodes 2, 3,
and 4 are zero to represent the “built-in” condition.

1.2.2 Step 2: Selection of the Reference Origin for
the Global Coordinate System

The reference origin is used for the coordinates of the element nodes and applied
loads or constraints on the structure. For the example in Fig. 8, the reference origin
is at node 1. Two examples of the selected origin for the global coordinates are also
shown in Figs. 9 and 10. In the example of Fig. 8, there are 20 nodes (1. .. 20) and
12 elements (1...12). At each node (i) there are only two displacements: uy in
the x direction and uy in the y direction. In a three-dimensional structure made up
of plate elements, each node will have three displacements. For two-dimensional
plate structures only two displacements at each node are needed.

1.2.3 Step 3: Selection of a Rigid Frame of Reference

A rigid frame of reference is needed to calculate the node displacements. For
the example in Fig. 8, this is accomplished by defining displacements uy and vy
at node 1 and uy at nodes 2, 3, and 4 as zero. This establishes a rigid frame
of reference with respect to which all other node displacements are calculated.
This means that rigid-body translations and rotations of the whole structure are
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7 — i
x "1y
Fig. 10 Global coordinate system for a three-dimensional structure made up from
plate elements.

eliminated. This is accomplished simply by eliminating all rows and columns in
the assembled stiffness, thermal stiffness, and/or mass matrices corresponding to
zero displacements defining the rigid frame of reference.

1.2.4 Step 4: Determination of the Direction Cosines
for Each Element

The direction cosines are required to calculate element properties in global coor-
dinates from the element properties in local coordinates. The direction cosines are
the cosines of angles between the nodal vectors representing node displacements
or rotations and coordinate vectors of the global frame of reference. The direction
cosines for each element on the structure are assembled into a matrix denoted by
A. The method of calculating A is discussed in Sec. 1.3.

1.2.5 Step 5: Computation of Element Properties in Local
Coordinates—Stiffness k, Mass m, Thermal Stiffness h,
and Thermal Load q

For each separate element the fundamental equation for the element properties
is of the form,

S=ku+haT =ku+q Q)

illustrated for a rectangular flat plate shown in Fig. 11.
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Fig. 11 Displacements and forces in a rectangular plate element.

The element forces S and element displacements u are given by

S=ku+haT =ku+q 2
S=1{S1S --- Sg} 3)

and
U={upup --- ug} (4)

where the element forces and displacements are expressed as column (6 x 1)
matrices. (Curly brackets are used for column matrices to save space.)
The stiffness matrix k is given by

(ki1 Ki2 kiz kiga kis kie Kki7 KigT
kg ko2 ko3 kos kos kos ko7 kog
ksi k32 ka3 kss k3s kss K37 Ksg

K — Et kot ka2 kaz Kaa kas Kag ka7 kag (5)

T 12(1—12) [ksg ksz Kksz ksa kss ksg Ks7 ksg

keo Ke2 ke3 kes Kes kes Ke7 Keg

k71 k72 ks kra kis kie ki7 kig
| kg1 ks> ksz Kksa Kkss kse kg7 kssd

where E is the Young’s modulus of the material, v is the Poisson’s ratio, t is the
plate thickness, and k; j are the stiffness matrix coefficients, which are shown in
the chapter on element properties.

The element thermal stiffness matrix h is given by the column matrix

Eta

hzm{ﬁ 1-1--1p-1} (6)

where 8 = b/a, a is the plate width, and b is the plate height.
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The thermal load q is given by
g=haT 7

where « is the coefficient of thermal expansion and T is the average temperature
of the element. The thermal stiffness h represents the element forces needed to
suppress thermal expansion a'T.

For any dynamic analysis the element mass matrix m is used. For a rectan-
gular plate the mass matrix must include inertia terms in the out-of-plane node
displacements. This mass matrix is given by

400200100200
040020010020
00400200100 2
200400200100
020040020010

_pabt{o 02 004002001 ®

=3 |[1L00200400200
010020040020
00100200400 2
200100200400
0200100200 40
0020010020 0 4

where a and b are the dimensions of the rectangular panel, t is the panel thickness,
and p is the material density. This mass matrix is in three dimensions, including
the normal direction to the plane of the plate.

1.2.6 Step 6: Computation of Element Properties
in Global Coordinates

The next step after the element properties in local coordinates are computed is
to convert these properties into the global coordinate system. These properties
are denoted here by symbols with bars and are obtained using the A matrices as
shown next:

k=21Tkxr 9)
h=aTh (10)
Q=1"Q (11)
m=ATmx (12)

(See Sec. 1.3 for a discussion of the A matrices.)

1.2.7 Step 7: Solution for the Global Node Displacements U

Once the properties of individual elements in the global coordinate system are
calculated, they are then assembled into the complete structure using the global
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coordinate system. This is accomplished by a simple addition of the properties
in the directions (i, j) to form the static load displacement equation for the whole
structure as

KU=P+Q (13)
where K is the stiffness matrix for the whole structure assembled from individ-
ual element stiffnesses, k' is a column matrix representing external forces in the

direction of U, U and P are the externally applied loads, and Q are the thermal
loads all in global coordinates.

1.2.8 Step 8: Computation of the Node Displacements

K is a singular matrix and therefore cannot be inverted to obtain a solution
for U. Therefore in this step all rows and columns corresponding to the rigid
frame of reference (see step 3), and any other rows and columns corresponding to
additional constraints (zero displacements) are eliminated from K, U, P, and Q.
These new matrices are designated with subscripts r as K, Uy, Py, and Q, to form
the fundamental equation

KrOr = Pr + Qr (14)
Hence
Ur = l_<r_1(|5r + Qr) (15)

In practice, however, in order to preserve the original numbering system the rows
and columns in K are not eliminated but are simply replaced with zeros except for
the diagonal terms, which are replaced with ones. The justification for this process
is explained as follows. The fundamental equation in any finite element analysis

can be expressed as
K1 K U P1+C
i Kaz | f Uy 1P (_?1 (16)
K21 K22 |U2 P2+ Q2
where Uy represents unconstrained node displacements and U, represents zero
displacements at the rigid frame of reference and any other additional rigid con-

straints such as zero displacements to represent a condition of symmetry so that
only one-half of the structure needs to be analyzed. Hence,

_Kl,l 0i| |:l:J1:| _ [P+ Q1| (17)
o 1|0,

and

_L:Jl:| _ |:R1_% (_):| [P1+ Q1] (18)
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If there is need to determine the reactions at the rigid frame of reference, this can
be obtained from

P2+ Q2 = Ka1Ug (19)

1.2.9 Step 9: Computation of the Element Local Stresses

The stresses in individual elements are obtained from the element stress
equations in terms of the local displacements uy.

1.3 Transformation of Coordinate Axes: A Matrices

To determine the stiffness property of the complete structure, a common datum
must be established for all unassembled structural elements so that all the displace-
ments and their corresponding forces will be referred to a common coordinate
system. The choice of such a datum system is arbitrary, and in practice it is best
selected to correspond to the coordinate system used on engineering drawings from
which coordinates of different points on the structure can easily be found. Because
the stiffness matrix k and the thermal stiffness h as well as the mass matrix m for
each element are initially calculated in local coordinates, suitably oriented to min-
imize the computing effort, it is necessary to introduce transformation matrices
changing the frame of reference from local coordinate system to global coordinate
system (also referred to as the datum coordinate system). The first step in deriv-
ing such a transformation is to obtain a matrix relationship between the element
displacements u in the local system and the element displacement @ in the datum
system. This relationship is expressed by the matrix equation

u=2d (20)

where A is a matrix of coefficients obtained by resolving global displacements in
the directions of local coordinates. It will be shown later that the elements of A
are obtained from the direction cosines of angles between the local and global
coordinate systems.

If virtual displacements 50 are introduced on an element, then from Eqg. (20)

SuU = A80 (21)

Because the resulting virtual work (a scalar quantity) must be independent of the
coordinate system, it follows that

s0'S=su"s (22)

where S refers to the element forces in global coordinate system corresponding to
the displacements 0. Substituting Eq. (21) into (22) leads to

su’ (S—-aTs)=0 (23)
and because 80 are arbitrary, it follows that

S—ATs=0 (24)
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Using now Egs. (20) and (24), the following element force-displacement equation
is obtained in global coordinate system:

S=ki+haT =ki+q (25)

where the element stiffness, element thermal stiffness, and element thermal loads
in global coordinates are obtained from

k =ATka (26)
h=a"h (27)
g=A"haT =1"q (28)

The formulation of the transformation matrix A will be illustrated for a pin-jointed
bar element oriented arbitrarily in space, as shown in Fig. 12. The displacements
in local coordinates can be related to those in global coordinates by the equations

Up = £pqlizp—2 + MpqUzp—1 + Ngy—1 + Npqllzp
Uq = 6pqu3q_2 + mpqu3q_1 + n3y_]_ + npqu3q (29)

where £pq, Mpg, and npq represent direction cosines of angles between the line pq
and Ox, Oy, and Oz directions, respectively. Equations (29) can be arranged in

U3g—1

Z @ Ugp—2

Fig. 12 Pin-jointed bar displacements in local and global coordinate systems.
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matrix notation as

32
Uzp—1
[Up}z[ﬁpq Mpg Mpg 0 0 0] Usp (30)
Ug 0 0 0 £ Mpg Npgl | Usg—2

U3g-1

_USq_

Hence the transformation matrix A is given by

V4 m n 0 0 0
A |fpa Mpa Nog 31)
0 0 0 fpg Mpg Npg
Substitution of Eq. (31) into Egs. (26) and (27) leads finally to
_ AET[ ko —ko
k=— 32
14 [—ko ko} (32
where
€5q  €paMpq  £pgMpg
ko= |Mpglpg  M3q  MpgNpg (33)
Noglpq  MpgMpg N3
and
h = AE{€pqMpqNpg — £pg — Mpg — Npg} (34)

Thus the matrix transformation given by Eq. (31) changesa (2 x 2) stiffness matrix
kin a local coordinate system, measured along the length of the bar, into a (6 x 6)
stiffness matrix Kk in the global coordinate system. Similarly, the transformation
given by Eq. (34) changes a (2 x 1) matrix h into a (6 x 1) matrix h. For the
case of a pin-jointed bar discussed in this section, the A matrix was a 2 x 6
matrix. In general, however, the A matrix is m x n, where m is the number of
displacements (degrees of freedom) in local coordinates, while n is the number of
displacements on the element in global coordinates. The displacements (degrees of
freedom) are the actual displacements or rotations at the node points represented
by vectors.

1.4 Basic Assumptions in Finite Element Analysis

The traditional method in finite element analysis is based on the assumed dis-
placement field within each element. These fields satisfy equation of compatibility
of strains, but in general they violate the equations of stress equilibrium within the
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element. Only the simple three-node triangular plate element from among the fam-
ily of isoparametric elements does not violate the equations of stress equilibrium.
Another method of determining the properties of finite elements is to use stress
fields that satisfy equations of stress equilibrium, but this approach is limited only
to some simple elements. For elements for which no stress fields are available, the
displacement field can be augmented by an additional displacement field vanish-
ing on the element boundaries and its magnitude determined from the principle of
minimum potential energy in the element.

The fundamental equation underlying finite element analysis is the relationship
between the displacements within the element (e.g., u, v, and w in the directions
X, Y, and z) and the node displacements. Mathematically this is expressed as

ug
HRClE
u=|v|=I[al| . (39)
Wi .
Un
where ug, Uz, ..., and u, are the element node displacements. The matrix a is

described as the shape function for the element. The shape functions for each
element described in this text are given in Parts 2 and 3.

1.5 Upper and Lower Bounds in Finite Element Analysis

Finite element analysis per se does not provide any measure of accuracy of the
results for any given representation of finite elements. Naturally as the number
of elements is increased, the accuracy improves, converging to the true solution.
This text describes a new method of assessing the accuracy of the finite element
analysis by providing an upper and a lower bound for the solution. The close-
ness of the solution for the two bounds determines a measure of accuracy. The
concept is very simple: the analysis is performed for two sets of elements. One
set of elements is based on assumed displacement fields, which in general violate
equations of stress equilibrium, whereas the other set is based on assumed stress
fields for which the equations of stress equilibrium are satisfied. Only some simple
elements based on displacement fields satisfy stress equilibrium (e.g., triangular
plate). This concept is illustrated with a simple cantilever beam subjected to a
transverse load at the tip in Figs. 13 and 14. The tip displacement and stress at
the built-in end were computed for five different mesh idealizations ranging from
one to 32 elements. The results presented are for two separate analyses using
stress elements (T4) and displacement elements (T3), which provide the upper-
and lower-bound solutions. As the number of elements is increased, the two solu-
tions asymptotically approach the correct values of tip displacement and maximum
stress in the beam. Also, the differences between the two solutions decrease as the
number of elements is increased. The measure of accuracy of the results can be
taken as

RS—RD RD

A =1- = —
ccuracy RS RS

(36)
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Tip
Displacement (in)
0.04
T4 Stress Elements (Upper Bounds
0.03 — T3 Displacement Elements —
(Lower Bounds)
0.02 -
0.01 -
T[] 8 === =
LT B HHHA
Grid 1x1 1x2 2x4 4x4 4x8
Nodes 4 6 15 25 45
| | | | |

Fig. 13 Tip displacement in a cantilever under distributed load P for vari-
ous grid sizes calculated with the stress and displacement elements: P = 1000 Ib,
E=10x1081b/in2, »=0.3, beam length =24in., beam height = 12in., and
thickness = 0.1in.

where RD are the results for the assumed displacement field and RS are the results
for the assumed stress field solution. The closeness of the ratio RD/RS to one
is an indication of the accuracy for a given size of finite elements selected for
the analysis. This is crucial information for analysts and engineering designers
to decide whether the selected finite element mesh provides acceptable accuracy
for a safe design. For some elements the stress field might not be available. For
these cases the traditional displacement field is augmented by a displacement field
vanishing on the boundaries, or subelements are used.

The diagrammatic representation of the upper- and lower-bounds analysis is
shown in Fig. 15. Also, the concept of the lower- and upper-bound analysis cannot
be used for simple elements such as pin-jointed bars, shear panels, and beam
elements.

1.6 Equations of Stress Equilibrium for Finite Elements

Itwill be demonstrated that some of the elements in current use whose properties
are based on the displacement distributions violate the stress equilibrium conditions
within the element. This results in inaccuracies in the finite element results unless
the grid size is sufficiently small.
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Stress (Ib/in?)

12,000
T4 Stress Elements (Upper Bound
T3 Displacement Elements
(Lower Bounds)

10,000 —
8,000 — —
6,000 — —

| || | HHH BE=H
LT B HHHHH
Grid 1x1 1x2 2x4 4x4 4x8
Nodes 4 6 15 25 45
| | | | |

Fig. 14 Stress at the lower left corner in a cantilever under distributed load P for
various grid sizes calculated with the stress and displacement elements: P = 1000 Ib,
E =10 x 1081b/in.2, v=0.3, beam length = 24in., beam height = 12in., and
thickness = 0.1in.

The differential equations of stress equilibrium for two-dimensional elements
are given by

80’XX ao'xy N

0 37
aX ay S
ay X
These equations can be expressed in matrix notation as
% 0 aiy Oxx 0
9 9 |||~ [o] (39)
gy ax] Lo

To convert this equation into the node displacement relation, the stress-strain
(Hooke’s law) and the element strain-displacements equations are used, that is,

Oxx £ 1 v 0 Exx
oy 0 0 1-v)/2 ey
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Lower Bounds

Analysis based on the
assumed displacement
field for

specified mesh size Refine the grid | If the ratio

Ratio of the

results of Lower
over Upper [ ] not close to 1.0 to 1.0

Bounds CONTINUE END

if the ratio is is close

Upper Bounds
Analysis based on the

assumed stress field or

on the augmented
displacement field for

specified mesh size

Fig. 15 Diagrammatic representation of the upper- and lower-bounds. (The ratio
must be specified by the analyst, e.g., 0.98.)

and
€xx bxx
ey | = | by | u (41)

where by, by, and byy represent strains caused by unit displacements at the
element nodes. Substitution of Eqgs. (40) and (41) into the stress equilibrium
equations [Eq. (39)] and canceling out the factor E /(1 — v2) lead to

d ; a (1—v)i by

ax  ox 2y _ [0
Godated||plesl] @
ay  ay 2 09X by

Theoretically, the finite elements used in structural analysis should be based on
displacement distributions that satisfy the preceding equations of equilibrium;
however, this is not the case with most of the elements used today. This fact
was recognized by John H. Argyris, one of the early pioneers of finite elements,
that although the equations of stress equilibrium are violated, the effects are not
pronounced as long as the element sizes are kept reasonably small. For triangular
plate elements byy, byy, and byy contain only constant terms, which means that they
satisfy Eq. (23); however, this is not the case for a rectangular plate element T3.
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1.6.1 Rectangular Plate Element T3
For this element

bXX
bs = | byy
by
1 b=y 0 b-y 0 'y 0 -y 0
= 0 —(@a—x) 0 —X 0 x 0 (a—x)
ab[—(a—X) —~b-y) —Xx (b-y) xy @-x —y]
(43)

Substitution of Eq. (42) into the equations of stress equilibrium Eq. (42) leads to

1+v) 1+v) (1+v) (1+v)
1 0 2 0 2 0 2 0 2
ab|(1+v) 1+v) 1+v) 1+v)
2 0 2 0 2 0 2 0
ug
| o
X : =1lo
ug
which simplifies to
1
l+vfo 1 0 -1 01 0 -1]f. ]| _]Jo (44)
20 |1 0 -1 0 1 0 -1 0| | |O
ug

where uj . .. ug are the node displacements on a rectangular plate (Fig. 16).
The preceding equation is only satisfied if

Up—Ug+uUg—ug=0 (45)
and
U —uz+us—u;=0 (46)

which is true for rigid-body displacements (i.e., zero stresses) when u; = uz =
Us = Uy = rigid-body displacement in the x direction, and u = Uy = Ug = Ug =
rigid-body displacement in the y direction, or when the element is subjected to
uniform stretching when u; = u1, Us = uz, ug = Uz, and ug = ug. In general,
however, the stress equilibrium equations will not be satisfied, and this introduces
inaccuracies in the solution.
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ty
usg Ue
U7z A
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@ ®
b
U1 us
— > T —>
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Fig. 16 Node displacements on rectangular plate element T3.

1.6.2 Rectangular Plate Element T4
For this element, by is given by

—2(b-y) v@a-2x) 2b-y) —v@—2x 2y
by = — |: vib—y) —-2@-x) —vb-y) —2X v(b —2y)
2ab —a —b —a b a
v(a— 2x) 2by —v(a—2x)
2X —vb-2y) 2@-—-Xx) ] 47
b a —b

Substituting now Eq. (47) into the equations of stress equilibrium, Eq. (42) leads
to the following result:

10000000 07|" 0
_[oooooooo] : =H (48)
2810 000000 0off,| L

which, of course, satisfies identically the equations of stress equilibrium.

1.6.3 Six-Node Isoparametric Triangular Plate Element

The six-node isoparametric element (Fig. 17) is introduced here only to show
that it violates the equations of stress equilibrium within the element. This element
is not used for the upper- and lower-bound analysis described in this text.

The assumed displacements for this isoparametric element are given by

U = C1 + C2X + C3Y + C4X? + CsXy + Coy? (49)
v = C7 + CgX + Cgy + C10X? 4 C11Xy + C12Y? (50)
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@

u10

23

Fig. 17 Node displacements for a six-node isoparametric triangular plate element.

where ¢, C2 - - - C12 are constants. The strains in the element are calculated from

|

0
X1Yy1

X2Y2

X3Yy3

XaYa

XsYs

C1

C12

€12

(51)

C1
C2
C3
Cq4
Cs
Ce
C7
Cs
Co
C10
C11

& | T du/ox
&y | = dv/ay }
exy Lou/ady + dv/9X
0 1 0 2x y 0 00 O0 O O
=|/0 00 0 0O OOO1 0 x
10 01 0 x 2y 01 0 2x vy
Using Egs. (50) and (51), the node displacements u; - - - us2 can be calculated
from
F7 [y € oxayi ¥ 00 00
Uy 00 0 0 0 0 1 xx y1 x2
us 1 x2 vy X% X2Y2 y§ 0 0 0 O
Ug 0 0 0 O 0 0 1 X VYo x%
Us 1 x3 y3 x5 xy3 y3 0 0 0 0
u—|U|_f0 0 0 0 0 0 1 x3 ys X2
Tlur| T |1 xa ya X§ xaya Y3 O 0 0 0
Ug 00 0 0 0 1 1 x4 ya X
uo 1 x5 y5 x2 xsys y2 0 0 0 0O
t10 00 0 0 0 1 1 x5 ys x
3“ 1 X Yo X X6 Y43 0 0 0 0
E12l oo 0 0 0 0 1 x v X2

Symbolically, the preceding equation can be represented as

u==Cc

X6Ye

(52)

(83)
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where C is the 12 x 12 matrix of coefficients and
c=1{C1Cp - U2} (54)
Hence
c=Clu (55)

Using Egs. (41), (51), and (55), it follows that

by 0102xy 00000 0 0
by u_|:0 0000 0O0O0T1 0 x Zy]xC_lu (56)
by 0 01 0 x 2y 010 2xvy O

which when substituted into the equation of stress equilibrium (42) leads to

3 o (1-v)

= vz 102y 000000 0
ag gx 12 38y[0000000010x2y}
0 90 d=vadilg o1 0 x 2y 0102y 0
ay oy 2 0Xx

«ctu=] (57)

1
0002 0 (1-v 000 0 (;”)
1

oooo(;”) 0 000 (1-v 0 2
«ciuz |f] (58)

clearly demonstrating that the six-node isoparametric element violates the stress
equilibrium equations.

Table 1 Finite element designation for the lower- and upper-bound analysis
used in this text

Lower-bound elements Upper-bound elements
(displacement elements) Type (stress, corrective, special elements)
T1 Triangular plate T2 (corrective)

T3 Rectangular plate T4 (stress)

T5 Quadrilateral plate T6 (stress)

T7 Prismatic tetrahedron T8 (corrective)

T9 Pentahedron T10 (stress)

T11 Hexahedron T12 (special)
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1.7 Finite Elements Used for Lower- and Upper-Bound Analysis

The different types of finite elements used in this text are summarized in Table 1.
Displacement elements use assumed displacement fields in terms of element dis-
placements at specified nodes. This allows for the determination of strains and
stresses within the element as well as element properties such as stiffness, ther-
mal stiffness, and mass. Such elements are described as displacement elements,
and they are used for the lower-bound analysis (T1, T3, T5, T7, T9, T11). The
other category of elements used in this text are stress elements used for the upper-
bound analysis (T4, T6, T10). For the stress elements, a stress field is assumed
from which the corresponding displacement field is derived and element properties
calculated. Unfortunately, such solutions are possible only for a few elements. A
possible general method is to use additional displacement fields within the element
but vanishing on the boundaries (described also as bubble elements). These addi-
tional fields have multiplying coefficients that are determined from the principle
of minimum potential energy, and typically only one additional displacement field
is used for u, v, and w displacements. This concept was proposed first by T. H. H.
Pian in 1964. Examples of this approach used in this text are the triangular plate
element T2 and the solid tetrahedron element T8. Element T12 in this text is a
special hexahedron element made up from two prismatic tetrahedrons.
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2
Static and Dynamic Properties of
Finite Elements

2.1 Shape Functions

Shape functions that prescribe the displacement distributions within the element
are used to derive the fundamental properties of finite elements. Such elements can
therefore be described as displacement elements. For some elements, it is possible
to derive element properties from an assumed stress distribution. An example of
this is a rectangular plate element. Such elements can therefore be described
as stress elements. For convenience, the elements with corrective displacement
fields will also be treated as stress elements. For three-dimensional displacement
elements, the shape functions are derived from the equation

u
u u;
v |=[asp(x,y, ]| . | =aspu @)
w u-n

where u, v, and w are displacements within the element in the x, y, and z direc-
tions and u is the column matrix of element displacements. Here asp is a matrix
representing the shape function whose coefficients are assumed functions of x, y,
and z and uy - - - U, are displacements at the element nodes, where n is the number
of element node displacements. For two-dimensional elements, only functions of
x and y are used to define u and v displacements, whereas for one-dimensional
elements only functions of x are used to define the u displacement.

Likewise, it can be demonstrated that for two- and one-dimensional elements
the corresponding shape functions are given by

ug
u

[3] = [ap(x,Y)] 52 = aypu (2)
Un

[u] = [a1p ()] [Eﬂ aipu )

where the number of rows in u depends on the number of displacements in any
given element.

27
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2.2 Mass Matrices

The mass matrix m for a three-dimensional elements is determined from the
integral

m=p [ ez dv @

where p is the density of the element material, agp is the shape function and
the integration is performed over the volume of the element. Likewise, for two-
dimensional elements the mass matrix is determined from

m=p // alpagp dx dy (5)

and for one-dimensional elements from

m=p / ajpaip dx (6)

2.3 Stiffness Matrices
The stiffness matrices for structural elements are derived from the matrix b in
the relationship
e=bu (7

where e is the matrix of strains in the element and u are the element displace-
ments previously defined. The stiffness matrix for three-dimensional elements is
calculated from the volume integral

ksp = / blpEsbsp dV (8)
where
1—v v v 0 0 0
v 1—v v 0 0 0
E. - E v v 1l—v 0 0 0
ST d+na-2n| O 0 0 1—-2v 0 0
0 0 0 0 1—2v 0
0 0 0 0 0 1-2v
)

E is the Young’s modulus, v is the Poisson’s ratio of the material; and the matrix
bsp is obtained from the strain-node displacement relationship of the form

e= b3Du (10)
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Also from Eq. (1),
c=Cgau (11)

The strains e in a three-dimensional element are computed from

exx au/ox
_ ezz _ w YA _ _ -1 _
e= exy = 3U/3X + 8u/8y = A3pC = A3pC "u = bspu (12)
eyz ow/ay + dv/0z
€sx au/oz + aw/ax
where
bsp = A3pCap (13)

in which A3zp is obtained from the partial derivatives of F with respect to X, v,
and z.

The stiffness matrix for two-dimensional elements is calculated from the area
integral

kop =t / bJpE2bap dx dy (14)
where
E 1 vV O
Ez=—— |:v 1 0 } (15)
A=v910 0 @-w,2

and t is the element thickness, E is the Young’s modulus, v is the Poisson’s ratio
of the material, and the matrix b,p is obtained from the strain-node displacement
relationship shown next:

Exx au/ox
e= |:eyy} = [ dv/ay } = AjpC = AZDCZ‘Dlu = bypu (16)
where

bop = ApCop (17)

The stiffness matrix for the one-dimensional elements of length ¢ is calculated
from the line integral

4
kip = / blpEbip dx (18)
0
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The strain-node displacement relationship is obtained from

au
e = a = AipC= ACl_DlU = bipu

where

bip = AipCy3

2.4 Thermal Stiffness Matrices

(19)

(20)

The element thermal stiffness for three-dimensional elements is computed from

-1 -1
-1 oT -1
E -1 EV -1
h — bT - V = 3D

3D fv D12, | O 1—2v| 0

0 0

0 0

where V is the volume of the element.
For two-dimensional elements
-1

EV -1
h =/bT—
TN A-) 0

For one-dimensional elements

1
hip = / b]pEACds = EA [_11]
0

where A is the cross-sectional area of the element.

2.5 Thermal Load Matrices
The thermal loads for the elements are obtained from

Osp = aThsp
O2p = aThyp
gip = aThyp

(21)

(22)

(23)

(24)
(25)
(26)

where « is the coefficient of thermal expansion and T is the element temperature,

assumed to be uniform throughout the single element.



STATIC AND DYNAMIC PROPERTIES 31

2.6 Static Equations

The static equation for a structure assembled from individual finite elements is
represented by the equation

KU=(/P+Q) (27)

where K is the assembled structure stiffness, U is the column matrix of the node
displacements, P is the column matrix of applied loads at the nodes, and Q is the
column matrix of the assembled thermal loads in the same directions as the loads
P. By eliminating the rigid-body degrees of freedom and any other additional rigid
constraints, Eq. (27) becomes

KrUr = Pr + Qr (28)
Hence,

Ur =K 1(Pr +Qr) (29)

2.7 Dynamic Equations

Equations of motion of a structure represented by finite elements are expressed
as the matrix equation

MU 4+ CU + KU = P(t) + Q(t) (30)

where M is the assembled mass matrix for the whole structure (just like the assem-
bled stiffness matrix K), C represents the damping matrix, U represents displace-
ment velocities, and U represents accelerations in the directions of U. Both P and
Q are functions of time.

2.8 Natural Frequencies

Because the free oscillations are harmonic, the displacements U can be
written as

U=qe 't (31)

where q is a column matrix of the amplitudes of the displacements U, w is the
circular frequency of oscillations, and t is the time. Using Eq. (31) in Eq. (32) and
then canceling the common factor e'“!, it follows that

(—w®M +K)g =0 (32)

which can be regarded as the equation of motion for the undamped freely
oscillating system. Equation (33) has a nonzero solution for g provided

| —w’M +K| =0 (33)

The preceding equation is called the characteristic equation from which the natural
frequencies of free oscillations w can be calculated.
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2.9 Dynamic Equations for Constrained Structures

If the rigid-body translations and rotations of the whole structure are eliminated,
then the dynamic equation of motion and the characteristic equation for natural
frequencies become

M Ur + CrUr + K Ur = Pr(t) + Qr(t) (34)
and
|—*M; + K| =0 (35)

Additional constraints beyond those used to suppress the rigid-body degrees of
freedom can also be imposed.

2.10 Properties of Stress Elements and Enhanced
Accuracy Elements

In general, the displacement elements violate the equations of stress equilib-
rium; one exception for which the stress equilibrium is satisfied is the triangular
plate element. The determination of stress elements from an assumed stress dis-
tribution generally is difficult, and a more convenient approach is to superimpose
onto the displacement element field an additional displacement field vanishing on
the boundaries of the element and multiplied by a coefficient the magnitude of
which is determined from the principle of minimum total potential energy in the
element, for example, the T2 triangular plate element and T8 tetrahedron element.

Detailed discussion of the properties of the displacement elements, stress
elements, and the enhanced accuracy elements can be found in Parts 2 and 3.



Part 2
Flat Plates
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3
Triangular Plate T1: Assumed
Displacement Distribution*

The node displacements for a triangular plate element uy - - - ug and the node
numbering are shown in Fig. 1.1. The element is subjected to element forces
S1 --- Sg and thermal loads g1 - - - Qg in the same directions as the corresponding
element displacements uy - - - Ug.

The displacement field in the x and y directions will be assumed as

U=C1 + CoX + C3y (1.2)
v = C4 + C5X + CgY (1.2)

where u and v are displacements in the x and y directions within the triangle and
C1 --- Cg are constant coefficients. The preceding equations can be rewritten as

C1
ul (1 x y 0 0 Of].
M‘[OOley]: (1.3)
Ce

Next, using Eg. (1.3), the element node displacements u can be expressed as

ug 1 x1 y9v 0 0 O C1
up 0 0 0 1 xx vyi]]fce
_Jusf |1 x2 y2 0 0 O C3
u= up| |0 0 0 1 x2 V2 Cy (1.4)
Us 1 x3 y3 0 0 O Cs
Ug 0 O 0 1 X3 Y3 Ce
Symbolically, the preceding equation can be expressed as
u==_Cica (1.5)
where C1 is the 6 x 6 matrix in Eq. (1.4), and therefore
o =Cilu (1.6)

*Finite elements used in this study are designated with a notation Ti, where i is a number 1,2,3,
etc. used as subscripts with matrix symbols denoting different element properties. Thus, k3 is used
to denote matrix of stiffness coefficients for elements of type 3, which is a rectangular plate with the
assumed displacements within its boundaries.

35
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Fig. 1.1 Nodedisplacementsfor triangular plate elements.

where
(X2ys — X3Yy2) 0 (—X1Ys + X3Yy1)
Y23 0 Y13
c1_ 1t Y23 0 X13
1 2A123 0 (X2Y3 — X3Yy2) 0
0 Y23 0
0 X32 0
0 (X1Y2 — Y1X2) 0
0 Y12 0
0 —X21 0
(X3y1 — X1Y3) (X1y2 — y1X2) (€.7)
—VY13 0 Y12
X13 0 X12

and A3 is the area of the triangular plate given by

1
A3 = E[(X3 —X1) (Y1 +Y3) + (X2 — X3) (+Y2 + ¥3) + (X2 — X1) (Y1 + ¥2)1/2

= (X12Y23 — X23Y12)/2 (1.8)
Substituting Eq. (1.6) into (1.3) leads to
ul (1 xy 00 OfA~-1,
M—[o 00 1 x y}cl u=ayu (1.9)
where
1 xy 00 0|~z
al—[o 00 1 x y}cl
1 Y23 0 Y31 0 Y12 0
= 0 —X23 0 —X31 0 —X12 (1.10)
2A123
—X23 Y23 —X31 Y31  —X1i2 Y12

represents the shape function derived from the assumed displacement field.
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The strains e in the element are computed from

exx au/ox 01000 07|%
e:[eyy]:[ dv/dy }:{o 0000 1} ; (1.11)
Exy dv/ox 4 du/ay 0 01 010

Cé
or symbolically as
e=Ac =A1CTtu=byu (1.12)
where A1 is the (3 x 6) matrix in Eq. (1.11) and
by = A1Cy! (1.13)

Here the matrix by represents a matrix of strains caused by unit displacements at
the element nodes. All three components of strains are constant throughout the
element. By inverting Cy, it can be shown that

Y23 0 y31 0 y12 0
0 —X23 0 —X31 0 —X12 (1.14)
—X23 Y23  —X31 Y1 —X12 Y12

B 1
 2A13

by

where A123 is the area of the triangle and
Xij = Xi — Xj (1.15)
Yij = VYi —Yj (1.16)

Equation (1.11) indicates that the assumption of linearly varying displacements
within the triangular plate element leads to constant strains, and hence, by Hooke’s
Law, it also leads to constant stresses. This stress field satisfies the equations of
strain compatibility as well as the equations of stress equilibrium.

The stress-strain equations are given by

0 1 v 0 e 1
o= [gx} - & [V 1 0 } [eﬂ _ oTE H (1.17)
oyl @7V l0o 0 a-vy2]ley) @V o

which can be written symbolically as

1 1
oTE oTE
o =Ee— - |:é:| = Eosbiu — - |:é:| (1.18)

where the two-dimensional Young’s modulus E; is given by

E 1 V 0
E2=—2|:l) 1 0 } (1.19)
QA=v9l0 0 @-v),2

Strains e are derived from the displacements caused by the external loading P
and thermal loading Q. The temperature T of the element will be assumed to be
constant.
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Element Stiffness
The stiffness matrix for the triangular plate is obtained from

ky = / bl EzbydV = / bl Exbitdx dy = b] ExbtAs2s (1.20)
\%
where t is the plate thickness and A1»3 is the area of the triangle calculated from
111 Xt y1
Az = > |1 X2 Y2| = - (Xa3y31 — X31Y23) (1.21)
A
Substituting Egs. (1.14), (1.19), and (1.21) into Eq. (1.20) leads to
= G =%
235 + (1 — v)xg, —2vy23X23 — (1 — v)Xa3Y23 2y23y31 + (1 — v)Xa3Xa1
—2vX23Y23 — (1 — v)ya3Xa3 2x35 + (1 — v)y3, —2vXz3y31 — (1 — v)ya3Xa1
2y31y23 + (1 — v)X31%23 —2vy31%23 — (1 — v)X31Y23 2y2 + (1 —v)x3,
X
—2vX31Y23 — (1 — v)y31Xe3 2x3 + (1 — v)ya1y23 —2vXa1y31 — (1 — v)yaiXxa1
2y12Y23 + (1 — v)X12X23 —2vy12X23 — (1 — v)X12Y23 2y12y31 + (1 — v)X12y31
| —2vX12Y23 — (1 — v)Y12Xo3 2X12X23 + (1 — v)y12Y23 —2vy12y31 — (1 — v)y12X31
—2vy23X31 — (1 — v)Xa3ya1 2y23y12 + (1 — v)Xa3X12 —2vy23x12 — (1 — v)X23Y12 ]
2%23X31 + (1 —v)yasysr  —2vXasy12 — (1 —v) —yasX1z  2Xo3X1z2 + (1 — v)yasy12
—2vy31X31 — (1 — v)Xa1Ys1 2ya1y12 + (1 — v)Xa1X12 —2vysix12 — (1 — v)Xa1y12
23 + (1 —v)y3, —2vXa1y12 — (L —v)ysXiz  2Xa1Xaz2 + (1 — v)ya1ya2
—2vy12%31 — (1 — v)X12Y31 2y2, + (1 — v)x2, —2vy12%12 — (1 — v)X12Y12
2X12X31 + (1 — v)y12y31 —2vX12y12 — (1 — v)y12X12 22, + (1 — v)y2,

(1.22)

As an example, the stiffness matrix k1 is shown in Eq. (1.23) for v = 0.3 and
X1 =0, y1=0, xo =10in.,, yo =0, x3 =0, and y3 =10in., that is, for a
rectangular triangle.

0.7418  0.3571 —0.5495 —-0.1923 -—-0.1923 —-0.1648
0.3571  0.7418 —-0.1648 —-0.1923 —-0.1923 —0.5495

Ky = Et x —0.5495 -0.1648 05495 O 0 0.1648
—0.1923 -0.1923 0 0.1923 01923 O
—0.1923 -0.1923 0 0.1923 01923 0

—0.1648 —-0.5495 01648 O 0 0.5495

(1.23)
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The element thermal stiffness hy is computed from

—Y23

E [ B | o
hy= [ bl—— |-1|dv=——| & 1.24
' /\/ 1(1—V)|:0j| 21—v) | X1 (1.24)

—Y12

X12

Element Thermal Load
The element thermal load q is obtained from

01 =aTh (1.25)

where T is the element temperature assumed to be constant within the element and
« is the coefficient of thermal expansion.

Element Mass

To calculate the complete mass matrix for a plate element, we need not only the u
and v displacements but also the w displacements. The element cannot resist loads
in the z directions, and it will be assumed here that the displacement distribution in
the z direction is of the same form as that for u or v, and the node displacements will
be denoted with bars over the displacement symbols as shown in Fig. 1.2. Hence

W = C7 4 CgX + Cgy (1.26)
which when combined with Egs. (1.1) and (1.2) leads to
u 1 xy0000O0GO0O]|C|
[v}z[o 001 xy 00 o} | = A (1.27)
w 0 000 O0OT1 Xy S

Fig. 1.2 Node displacements for use with the mass matrix for triangular plate
elements.
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where
Ci=¢C1 --- Cg (1.28)
and A1 is the 3 x 9 matrix in Eq. (1.27). Hence, from Eq. (1.27)
U1 1 x3 y1 0 0 0O O O O077[¢C1T
TP 0 0 0 1 x y1 0 0 O Co
us 0 0 0 00O 0 1 xx w1 C3
Ug 1 x y90 0 0 0 0 O Cs _
U=(fus| =0 0 0 1 x2 y2 0 0 O Cs | =CiC1  (L.29)
Us 0 0 0 0 0 0 1 x2 vy Cs
uy 1 x3 3 0 0 0 0 0 O C7
Us 0 0 0 1 x3 y30 0 O Cs
| Ug_| |0 0 0 0 0 O 1 x3 ys] LCol

where C isthe (9 x 9) matrix just given. It can be shown that its inverse is given by

[(y2X3 — Y3X2) 0 0 (Y3X1 — Y1X3) 0
Y32 0 0 Y13 0
X23 0 0 X31 0
B 1 0 (Y2X3 — Y3X2) 0 0 (Y3X1 — Y1X3)
= T 0 Y32 0 0 Y13
123 0 X23 0 0 X31
0 0 (Y2X3 — Y3X2) 0 0
0 0 V32 0 0
L 0 0 X23 0 0
0 (Y1X2 — Y2X1) 0 0 7
0 Y21 0 0
0 X12 0 0
0 0 (Y1X2 — y2X1) 0
0 0 Yot 0 (2.30)
0 0 X12 0
(Y3X1 — Y1X3) 0 0 (Y1X2 — Y2X1)
Y13 0 0 Y21
X31 0 0 X12 i

From Eq. (1.29) it follows that

& =C;lo (1.31)
and the shape function equation is obtained from Eq. (1.26) as
u - -
|:v:| =A;CM0 = &0 (1.32)
w
where
& =CAT! (1.33)

Uy = {ug --- Ug} (1.34)
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P
z & =constant & =

Fig. 1.3 Triangular coordinate system.

To determine the mass matrix, the resulting integration in local coordinates
over the triangular area would be extremely unwieldy. Therefore it is preferable to
introduce a special triangular coordinate system & and n shown in Fig. 1.3. These
special coordinates are related to the rectangular coordinate system through the
following equations:

X = X1 — &(X12 + nX23) (1.35)

y=y1—§y12+ny23) (1.36)

Substituting the triangular coordinates & and » for x and y into Eq. (1.26) leads to
a typical term for u as a function of uy, ug, and uy:

u=(1-8&u +&1—nug+Enuy (1.37)

With similar terms for the remaining displacements, it can be shown that

1-8) 0 0 &7 0 0 &Q-mn 0 0
u
[v}= 0 1-% 0 0 én O 0 §1—mn) 0
w
0 0 @-% 0 0 é&n 0 0 EL—mn)
1
X A 0a=au (1.38)

where a3 is the (3 x 9) matrix with the premultiplying factor 1/A123.
Denoting the element material density by p, the mass matrix is computed from

1,1
M1 =,0/// aj a; dx dy dz =,0t/0/0 aj a1 (x,y)| d& dp (1.39)
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where |J(x, )| is the determinant of the Jacobian J given by

_OX 9y oxdy B
[Jx | = 0E Dy ondE (X12 + nX%23)Y238 — (Y12 + nY23)X23&
= (X12Y23 — X23Y12)€ = 2A123€ (1.40)

Hence it can be shown that

2 0 0 1 0 0 1 0 07
020010010
002001001
 pApst|1 00200100
My = 0100200710 (1.41)
12 1o 01002001
100100200
010010020
001 00100 2




4
Triangular Plate T2: Assumed Basic
Displacement Distribution Plus Corrective
Distribution Inside the Element Boundaries

The node numbering and element displacements u; - - - ug for a triangular plate
are shown in Fig. 2.1. At each node point there are two element forces and two
displacements in the x and y directions, respectively. For each displacement there
is a corresponding element force S - - - S.

The displacement field used for the T1 element (triangular plate) was repre-
sented by

U =C1 + CoX + C3y (2.1)
v = Cq + C5X + CgY (2.2)

where u and v are displacements at a point (x, y) in the x and y directions, respec-
tively. To simplify the analysis, the origin for the rectangular coordinates will be
taken at the node 1 with the y axis coinciding with the element edge from node 1
to node 3. The displacements will be evaluated in terms of the triangular coordi-
nates shown also in Fig. 2.1. The x and y coordinates are functions of the & and
triangular coordinates as shown here:

X =& —mnx (2.3)
and
y =&(y2 — 1Y23) (2.4)
where
Y23 =Y2 — Y3 (2.5)

This leads then to the formulas for & and n as
X

- 2.6
d X2(1—1n) (26)

and

1
- = _ 2.7
n Ev2s éEy2—-Y) (2.7)

43
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n=1
: : n=constant.
IX©
n=0
Uy !
.. o)
£=0 =
i 5 f:'constant
e ®
U T
Triangular plate Triangular coordinates

Fig. 21 Node displacementsand triangular coordinates.

A simple function f (¢, n) that can be used as the corrective function for both u and
v is given by

fEn=Q-8nd—n (28)

This function vanishes on the boundaries of the triangular element. Thus the new
displacement field for the triangle becomes

U= cC1 + CaX + cay + c7f (&, 1) (2.9)
v = C4 + CsX + CgY + Ca f (£, 1) (2.10)

which can be represented as

v

[”] —[Ga Gb]c=Ge (2.11)

where G is a rectangular matrix whose elements are the assumed displacement
functions. The matrix G consists of two submatrices G, and Gy, given by

{1 xy 0 0 O
Ga—[o 00 1 x y} (212)

and

_|f&En
Gp = [f . n)} (2.13)
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while the column matrix c is given by

c={c1C2 -~ Cg} = {Ca Co} (2.14)

where
Ca = {C1---Cg} (2.15)
Cp = {C7 Cg} (2.16)

Using Egs. (2.9) and (2.10), the individual node displacements u can be
expressed as

10 0 0 0 O 0 0 r¢iq
Uz 00 0100 0 0|]|%
Uz C3
U= ﬂj _ |1 X ¥y 00 0 00 g: 2.17)
Us 0 0 0 1 x v 00 Co
Us 1 0 y3 0 0 0 0 0%
. [ Cg_
10 0 0 1 0 y3 : 0 0]
Symbolically Eg. (2.17) can be expressed as
u=[Ca 0] [gﬂ (2.18)
where Cj is the 6 x 6 submatrix from Eq. (2.17). Hence it follows that
ca=C;lu (2.19)
where the inverse of C; is given by
1 0 0 0 0 0
y23/X2Y3 0 =1/x2 0 —y2/Xy3 0
—1_ | —1/ys 0 0 0 1/ys 0
Cai=1 0 1 0 0 0 0 (2.20)
0 yz/Xeyz 0 1/% 0 —Y2/X2y3
0 —1/y3 0 0 0 1/y3
where
Xij = Xi — Xj (2.21)
Yii =VYi—VYj (2.22)

To obtain the element strains, partial derivatives of the displacements must be
obtained first. To find the partial derivatives, the chain rule of differentiation is
used as given here;

9 99 9 ony

= —— 4 — 2.23
X 8$8x+8n8x ( )



46 FINITE ELEMENT STRUCTURAL ANALYSIS

and
d 0 0& 9 an

oy =gy " anay

(2.24)

From the relationship between the rectangular and the triangular coordinates in

Egs. (2.6) and (2.7), it follows that

B

% _,
ay

and
0
a_
ax

Hence from Eq. (2.8),
of  of 0 (1—2&)n
ox  0& oX X2
and
of ofanp  —(1-6)(1-2n)
3_y a %3_)/ a Y23
The strains in the element can now be computed from
ou_ . N c7(1—28)p

By = — =
XX ax 2 X
B = 3_” — e — cs(l—-&)(1—2n)
Yy 3y 6 Vo2
au 9 c7(l—2n)(1 - cg(l—2
oy = gy 7( m( E)+a( &)n
dy X Y23 Xy
which leads to
Exx c
e=|ey|=Hc=[Ha Hy] [Cﬂ
where
H=[Ha Hpl

010000
Ha:[oooooq
001010

(1 =28)n/x2 0
Hp = [ 0 —(1—5)(1—277)/}/23]
—(1-86)A—-2n)/yz3 (1 —28)n/x2

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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Combining now Eg. (2.19) with the identity ¢, = ¢y yields

Cfeal _[C3t O[u] _ \un

c= [Cb] = [ 0 el = Wa (2.36)

where

. C_l 0 _ W11 Wop
W = [ 8 I} = [W21 Wiy (2.37)
Wy = C;* (2.38)
Wiy =0 (2.39)
Wy =0 (2.40)
Wy =1 (2.41)
and

(= [Cﬂ (2.42)

The strain energy U; in the element is given by

1 1
Ui = —/eTEzeT dv = -cT/ HTE,H dVce
2/, 2"/,

1

1. +-
= EaTWT/ HTEsH dVWQ = EaTka (2.43)
where
R=w / HTE,H dvw — [Kaa  Kab (2.44)
; Kba Kbb
and
E 1 vV 0
Ep=——— v 1 0 (2.45)
QA=v9l0 0 @-v,2
The volume integral in Eq. (2.44) is calculated from
1 1
/HTEZH dv = t/ / HTEoH|J (&, n)| dé dy (2.46)
v n=0J&=0

where t is the element thickness and |J (&, n)| is the determinant of the Jacobian J
given by
ax dy  ox ay
JX Y| = —-—2 - ——2 = —
NIC%] 0 3y 0y 0t (X12 + 1X23)y235 — (Y12 + 1Yy23)X23¢
= (X12Y23 — X23Y12)& = 2A123 (2.47)

and Apo3 is the area of the triangular plate.
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The total potential energy U in the element can be written as

U=Uj—u's
_lotee Te_Lpnm aqlkea ka|[u T 71|S
=50 k —u S_E[u ¢ ke kee | | co —[u" ] o| (248)

where Sis a column matrix of the element forces corresponding with the displace-
ments u and the term u' S is the potential of external forces. The condition of
minimum potential energy requires that

ou
a0

b NEHRE 25

The matrix cp can be expressed in terms of u by solving the second row of the n
equations in Eqg. (2.50) so that

=0 (2.49)

leading to

Co = —Kpp Kpall (2.51)
which when substituted into the first row of the m equations in Eg. (2.50) results in
(Kaa — KabKpp Kba)U = S (252)

Hence, by definition, the element stiffness matrix k» is given by
k2 = Kaa — KanKpp Kpa (2.53)

The component stiffnesses Kaa, Kph, Kap, and kpa can be extracted from Eq. (2.44).
Alternatively, these components can be obtained by matrix operations as shown
next for Kaa:

ko Kao] [16
kaa = [l@x6) Ox2] [kﬁi kZE] [oiixii] (259

where the subscripts with the identity matrices | and the zero matrices O denote
the numbers of rows x the number of columns.

As an example, the stiffness matrix k is shown forv = 0.3andx; = 0,y; =0,
x2 = 10in.,y2 = 0, x3 = 0, and y3 = 10in., that is, for a rectangular triangle.

0675 0325 -050 -0.175 -0.175 -0.15
0325 0675 -0.15 -0.175 -0.175 -0.50

—0500 —015 050 0 0 0.15
ke =EtXx| 0975 _0175 o0 0175 0175 0 (2.55)
—0175 -0175 0 0175 0475 0

-0.15 —-0.50 015 O 0 0.50
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The equation for the shape function, that is, a relationship between the
displacements u and v within the element and the node displacements u, can
be obtained from Eq. (2.11) as

>

H 1 y 00 0 : f(g,n)_ 'ca]
vl . Cph
01 x vy : fEn]*

o
o

1 x 0 0 0 : f&n [ G
_ y + T u (2.56)
0001 x vy : f&n] | Kykea

In the preceding equation f (¢, ) is a function of x and y.
The strains e are now determined from Eq. (2.32), which can be rewritten as

e=HaCs + HpCp (2.57)
The equation for c; from Eqg. (2.36) can be rewritten as
Ca=C;t (2.58)
and using ¢, from Eq. (2.47) in Eq. (2.32), the strains e are computed from
e= (HaCy' — Hpkpphu (2.59)
The corresponding stresses are then obtained from

o =Epe (2.60)

Thermal Stiffness, Thermal Loads, and Mass Matrix

As an approximation, the thermal stiffness, thermal loads, and mass can be
assumed to be the same as for the T1 element, that is,

hy &~ hy (2.61)
02 ~ Q1 (2.62)
my ~ My (263)

Corrective Functions for the Assumed Displacements

The corrective displacementsf (£, 1) = £(1 — &)n(1 — n) [see Eq. (2.8)] vanish
on the boundaries of the element creating a bubble over the triangular plate element.
This type of element can therefore be described as a bubble element.

Other elements discussed in this text, which can also be described as the bubble
elements, are the T8 tetrahedron and the T10 prismatic pentahedron.
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5
Rectangular Plate T3: Assumed
Displacement Distribution

The node displacements for rectangular plate elements and the node numbering
are shown in Fig. 3.1. The displacements u and v within the element will be
assumed as

U=C1§ +C26n +C3n+C4 (3.1)
v = Cs€ + Ce&n + C77 + Cg (3.2)

where &€ = x/a, n =y/b, and arbitrary constants cy, ..., Cg are determined from
the known node displacements in the x and y directions (ug, . . ., ug). The assumed
displacement distribution is usually referred to as the bipolar distribution. The
preceding equations can be rewritten as

C1

u & & n 1 0 0 0 0)].
Mz[o 0 0 0 —& gnnl]: (33)

Cg

Using Egs. (3.1) and (3.2), the element node displacements u can be expressed as

U] 0 00 100O0°TU0 C1
Uz 0 00 O0O0OTO0OTU O 1 C2
us 10010000 C3
_{usl OO0 001001 Cq
U=1us|=]1 111000 0ffcs (3.4)
Us 000O0O1111 Ce
uz 00110000 7
| ug_| [0 0000 0 1 2]Lcg |
Symbolically the preceding equation can be expressed as
u = Csc3 (3.5)
where Cs is the (8 x 8) matrix in Eq. (3.4) and c3 = {c; - - - cg}. Hence
e =Cjlu (3.6)

51
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ty
usg Ue
U7z A
— Us
@ ®
b
U1 us
— > T —>
@ Tuz “ U4T @

Fig. 3.1 Nodedisplacementsfor rectangular plate elements.

Substituting Eq. (3.6) into Eq. (3.3) leads to the shape function equation

ul _|A=-610-mn) 0 §Q—mn 0 g&n O
v| 0 1-5HA-n 0 El—-n 0 é&n
U1
nd—§) 0
0 nl—§)
ug
=agu (3.7

where az represents the shape functions for this element.
The strains e in the element are then computed from Egs. (3.1) and (3.2) as
follows:

1aua
5/5

€xx au/ax 1
dv/ox + ou/ay 1 1
aau/ag + Bau/an

where A3z is obtained by the indicated partial differentiation of ag. Hence
symbolically e is obtained from

e=Azc3 = A3C;lu = bau (3.9)
where

by = A3C;?! (3.10)
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Here the matrix bz represents a matrix of strains caused by unit displacements at
the element nodes. By inverting Cg, it can be shown that

1 —b@ —n) 0 b(1—n) 0 bn
by = — |: 0 —-al-¢&) 0 —a& 0
ab| _a1-g —bl-n —a& bl-n at

0 —bn 0

aé 0 a(l — g)} (3.11)
bnp a(l-§  —bpy

The preceding equation indicates that the assumption of linear distribution of dis-

placements within the rectangular plate element leads to linearly varying strains,

and hence, by Hooks’ Law, it also leads to linearly varying stresses. The stress field

satisfies the equations of strain compatibility, but, it does not satisfy the equations
of stress equilibrium within the element. The stress-strain equations are given by

o 1 v 0 e 1
o= |:U§§:| - LZ [V 1 0 } |:e§§:| _ _oTE H (3.12)
oyl @7V l0 0 a-vys2lley T o

which can be written symbolically as

oTE
=Eye— 110 3.13
o=Be- 77— 110 (3.13)
where the two-dimensional Young’s modulus is given by
E 1 V 0
Eo=——-|v 1 0 (3.14)
QA=v9l0 0 @-v2

Strains e are derived from the displacements caused by the external loading P and
thermal loading Q. The temperature T of the element can be constant or a function
of the x and y coordinates.

Element Stiffness
The stiffness matrix for the rectangular plate element is obtained from

b ra 1,1
k3=/b§E2b3dV=t/f ngzbgdxdyztabf/ bl Exbg d dn
\ 0 JoO 0 Jo
(3.15)

where t is the panel thickness (assumed constant).
The stiffness matrix k3 for a rectangular plate element derived from Eq. (3.15)

is given by
|k Kk
ks = [k21 k22:| (3.16)
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where
Et
ki = 12(1 — v2)
4421 —v)/B  3(L+1v)/2 4B+ 1+ —3(1—3v)/2
3L+v)/2  4/8+20—wB 31 -3v)/2 2/—2(1— B
—48+(1+v)/B 31 —3v)/2 4B+2(1—v)/B —3(1L+v)/2
31-3v)/2 2/8-20-wB —31+v)/2 AB+2(1— 1B
(3.17)
Et
ka1 = 21— 12

—28—-(1—-v)/8 -31+v)/2 28-2(1-v)/B 3(1-3v)/2
—3(1+4v)/2 =2/-1-v)B =-301-3v)/2 —4/B+1—-v)B
“128-2(1—-v)/p -3(1-3v)/2 -28-—(1-v)/B 3(1+v)/2
3(1-3v)/2 —4/64+ (1 —-v)B 31+v)/2 -2/B—1—-v)B
(3.18)
k12 =k, (3.19)
_ E
T 12(1 —v?)
4864+ 2(1—v)/B 31+v)/2 —48+(1—-v)/p —-3(1—-3v)/2
314+v)/2  4/B+20—-v)B  3(1-3v)/2 2/8-21-v)B
48+1—-v)/B 3(1—-3v)/2 48 +2(1—-v)/B —3(1+v)/2
—3(1-3v)/2 2/8-21—v)f —=31+v)/2 4/8+2(1-v)B

(3.20)

k22

For 8 = 1 and v = 0.3, the stiffness matrix k3 is given by

r 0.4945 0.1786 —0.3022 —0.0137 —0.2473 —0.1786 0.0549 0.01377

0.1786 0.4945 0.0137 0.0549 —0.1786 —0.2473 —0.0137 —0.3022
—0.3022 0.0137 0.4945 —0.1786 0.0549 —0.0137 —0.2473 0.1786
—0.0137 0.0549 —0.1786 0.4945 0.0137 —0.3022 0.1786 —0.2473
—0.2473 —0.1786 0.0549 0.0137 0.4945 0.1786 —0.3022 —0.0137
—0.1786 —0.2473 —0.0137 —0.3022 0.1786 0.4945 0.0137 0.0549

0.0549 —0.0137 —0.2473 0.1786 —0.3022 0.0137 0.4945 —0.1786
L 0.0137 —0.3022 0.1786 —0.2473 —0.0137 0.0549 —0.1786 0.4945

(3.21)

k3 =Et

Solving for the constants c1,...,cg from Egs. (3.3) and (3.5), the element
displacement field can be expressed in terms of the node displacements as

H _ [(1—5)(1—77) 0 1-&n 0 &0 E(l—n)}
v 0 1-&61A-n 0  (1-§ &n 0 &Q—n
ug
x| (3.22)
ug
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where the function of & and n in the preceding matrix are usually referred to as
the shape functions. Now, using the Hooke’s law for the plane stress problems, the
stress-displacement equation becomes

Oxx E —b(l —mn) —va(l—#) b1 —n)
oy | = T —vb(1 —1n) —a(l—¢) vb(1 —1n)
oy | @A=v9a |1 _va@ -£)/2 —@L—-vb@d —-n)/2 —(1 - v)ag/2
—vaé bn vag
—a& vbn ag

(I—=vbd—n)/2 1-v)as/2 (1-v)by/2(1—-v)a(l—-§)/2

—bn val—g| "
—vbnp a(l—¢) :
—(1 —v)bn/2

: (3.23)
Us

Stress Equilibrium
Using Eq. (3.21), it follows that
8Uxx 1 8(7)()( E
ax a o9& (1—v2)ab
== = 0 —v O 0 —v Ofu 3.25
3y bon  (1—vdab [v voEY v 0] (3:25)
BGXy i 1 3ny

v 0 —v 0 v O —v]u (3.24)

X a 0&
B E 1L—v) A=v)  d-v) _ 1-v)
_(1—v2)ab|: 2 0 - 2 0 2 0 2 O]u
(3.26)
80’)(y_}80'xy
dy b an
B E 1—v) 1-=v) _ (1-v) 1-v)
_(1—v2)ab|:0 7 05 00— }u
(3.27)
where
u=1{ug --- ug} (3.28)

Hence the two equations of stress equilibrium within the element can be rewritten
as

8Uxx ao'xy
ax oy | _ E 01 0 -101 0 1] o
doyy doxy | T 21—1v2ab|l O -1 0 1 0 -1 0] |0
ay X

(3.29)
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The preceding equations are only satisfied if

Up —Us+Usg—ug =0 (3.30a)
and

Uy —uz+us—u7=20 (3.30b)

which is true for either rigid-body displacements (i.e., zero stresses) when u; =
Uz = Us = Uy = rigid-body displacement in the x direction, and u, = us = ug =
ug = rigid-body displacement in the y direction, or when the element is subjected
to uniform stretching when u7 = ug, Us = us, Ug = U2, and ug = Ug. Ingeneral, the
stress equilibrium equations will not be satisfied, and this introduces inaccuracies
in the solution.

Thermal Stiffness
The thermal stiffness for this element is computed from

-1
. + E B abtE [/ T
hS_/Ub3(1—v)[ 1] =1 bs dsdr;

Eta

=5 * 1 -8 1-8-1p8 -1 (3.31)

Thermal Load
The thermal load for the element is obtained from
gz =aT hs (3.32)

where T is the temperature of the element (assumed to be constant) and « is the
coefficients of thermal expansion.

The thermal loads g3 represent a self-equilibrating force system needed to
supress thermal expansion caused by the temperature increase T.

Element Mass

For the mass matrix three displacements will be assumed at each node point as
shown in Fig. 3.2 The additional displacement w needed for the mass matrix m3
can be assumed to be of the same form as u and v, that is,

W = Cg§ + C1067 + C117n + C12 (3.33)
Combining the three equations (3.1), (3.2), and (3.33) leads to

C1
u &E é&énm n 1 0 0 0 OO O OO Cy _
[v] = [0 0 0 0 & é&n n 1L 0 0 O 0} . | =CsCs
w 0O 0 0 0O0O O OO0 E€¢ &n n1 :
C12

(3.34)
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Fig. 3.2 Nodedisplacementsfor the mass matrix ms.

Hence
U
uz
a= .
LU12
0 001 00 0O0O0 O O O]
000O0O0OOOT1100O00
000O0O0OOO OO OGO OGO 0T 01
1 001000WO0O0O0TO0O
000010010000 gl
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=/t 1110000000 0||:|=RCk @3
00001111000 0|,
000O0O0OOO0OOT1111
0011000O0O0O0GO0TO
000O0O0OOT110000
|0 000O0O0O0OT OGO 1 1]

where Az is the 12 x 12 matrix in Eq. (3.35). This in turn leads to the following
equations:

& =A;'0 (3.36)

and

u
|:vi| = C3A;'0 = &0 (3.37)
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where

(3.38)

C3A§

The mass matrix ms is then given by

ag dé dn

3

1,1
dx dy = pabt / f
0 Jo

a

Y

a pb
mgzpfégéng=pt/f
v 0 JO

(3.39)

_002001002004
ONOOdOONOOTO
NOO-1OONOOSTOO
OO0 O0ONODOTOON
OO0 O NOOTSTOONO
OO NOOTOONOO
OO NOOTOONOO
ONOOTTOONOO—HO
NOOSOONOOHOO
COTOONOOHOON
O OONOO-HOONO

_400200100200

O
™

pabt



6
Rectangular Plate T4: Assumed
Stress Distribution

The node displacements for rectangular elements and the node numbering are
shown in Fig. 4.1. The assumed stress field that satisfies the equations of stress
equilibrium can be taken as

Oxx = a1 + agy (4.1)
oyy = a3 + X (4.2)

where a; - - - as are constants. The assumed stress field and the resulting stiffness
derivation are based on known concepts.

From the strain-stress equation for ey and the assumed stress field, it
follows that

ou 1 1
Exx = x = E(Uxx — voyy) = E(al +agy —vaz — vayXx) (4.4)
where E is the Young’s modulus and v is the Poisson’s ratio. Integration of this
equation leads to

1 [aix + axXxy — vagx — vagx?
E 2

1
) + E f(y) (4.5)

where f (y) is an arbitrary function of y. Similarly, starting with the strain ey

v 1 1
ey = a_y = E(o'yy — Voyy) = E(a3 + asx — vag — vagy) (46)

from which it follows that

1 [azy + asxy — vary — vagy? 1
- = 2 4.7
V=g ( > + 29X (4.7)

where g(x) is an arbitrary function of x. Also, from the shearing stress equation

au ov ny 1
Xy 8y+8x G E(+V)5 (4.8)
59
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Fig. 4.1 Nodedisplacementsfor rectangular plate elements.

[Note here that the shear modulus G = E/2(1 + v).] To avoid the derivation of
the coefficients a; --- ag, we will use the results of [1-3] for the strain-node
displacement relationship as shown here:

Exx au/ox

Exy au/ay + dv/ax
where
[—(b-y) v@-2x) (b-y) —v@-2x y
ab 2ab ab 2ab ab
by | YB=2) —@=%) —v(b—2y) —X v(b —2y)
4 2ab ab 2ab ab 2ab
-1 -1 -1 1 1
L 2b 2a 2b 2a 2b
v(a—2x) -y —v(@a—2x)7]
2ab ab 2ab
ab 2ab ab
1 -1
2a 2b 2a _
and
ug
u=|: (4.11)

Ug
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The stresses within the element are calculated from the stress-strain equations
for the plane stress field and are given by

Oxx E 1 v 0 Exx
1
LI b (4.12)
1-v) g

which can be expressed symbolically as

1
oT
o =FEye— - |:(1)] (4.13)
where
E 1 \% 0
Er=—— |:v 1 0 } (4.14)
A=v910 0 @-w,2

The stiffness matrix for the rectangular plate element is then obtained from
mzfﬂamw
v

b ra 1,1
=/f bIEzmdxdy:abt// bj Exbg dé dn (4.15)
0Jo 0Jo

where t is the plate thickness (assumed constant) and

X
£ = 3 (4.16)
_Y
= (4.17)
and
b
B = 3 (4.18)

It can therefore be shown that the stiffness matrix k4 for a rectangular plate derived
from the assumed linear distribution of stresses is given by

|k ko
k4_[k21 kzz} (4.19)
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where
Et
k= ——
U= 1a -0
Et
kpp= ——
A= DA -0

(4 2)p

+§(1—V)//3

3
5(1 +v)

—(4—v?)B
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—(4—1?)/p
TR JCRnY:
ga—sw
—ga—vw
4—?)B
+§a—vVﬂ

3
—5(1 +v)

2+v2)p

—;(1—1))//3

3
—5(1=3v)

-2 -v?)p

3
—;d=v)/B

3
E(l +v)

—g(l — 3\1)_

@+v?)/B
3(1

3 +v)

3
+§(1 —v)B

4—v?)/p

Sa-wp |
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3

—(4—1?)B
3

+§(1 — \))ﬂ

g(l—i-v)

—Q2+v%)/B

3
—5@ -8 |
(4.20b)

(4.20c)
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(a—p Jarw  —a-dp a3 ]
3 3
+§(1 —v)/B +§(1 —v)/B
3 2 3 2
5(1+V) 4—-v°)/B 5(1—31)) 2+v9)/B
3 3
& +5A-v)p —5 A=)
271202 3 3
—(4—vHB z(1—3v) 4 -3 —§(1+v)
+g(l —v)/B +g(1 —v)/B
3 2 3 2
—5(1—31)) 2+v9)/B —5(1+v) 4—-v9)/B
3 3
i —5 A= +5A=0)f
(4.20d)
and where
a

For 8 = 1 and v = 0.3, the stiffness matrix k4 based on the linear stress assump-
tion is given by

ks = Et

- 04542 0.1786 —0.2619 -0.0137
0.1786  0.4542  0.0137  0.0952
—0.2619 0.0137 0.4542 -0.1786
y —0.0137  0.0952 -0.1786  0.4542
—0.2875 -0.1786  0.0952  0.0137
—0.1786 —0.2875 -0.0137 —-0.2619
0.0952 -0.0137 -0.2875  0.1786
| 0.0137 -0.2619 0.1786 —0.2875

—0.2875 —-0.1786  0.0952  0.01377
—0.1786 -—0.2875 -0.0137 -—0.2619
0.0952 —-0.0137 —-0.2875  0.1786
0.0137 —-0.2619  0.1786 —0.2875
04542  0.1786 —0.2619 —0.0137
0.1786  0.4542  0.0137  0.0952
—0.2619  0.0137  0.4542 -0.1786
—0.0137  0.0952 -0.1786  0.4542 |

(4.22)
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Fig. 4.2 Nodedisplacementsfor the mass matrix my.

Comparison of the diagonal stiffness coefficients for T4 and T3 indicates that the
ratio of these coeficients is 0.92, that is, T4 element is less stiff than T3.

Thermal Stiffness, Thermal Loads, and Mass Matrices

As an approximation, the thermal stiffness, thermal load, and mass matrices
can be assumed to be the same as for the T3 element, that is,

hy ~ hg (4.23)
da ~ 03 (4.24)
my &~ m3 (4.25)

The node displacements for the mass matrix my are shown in Fig. 4.2.



7
Quadrilateral Plate T5: Assumed
Displacement Distribution

The node displacements for quadrilateral plate elements and the node number-
ing are shown in Fig. 5.1.
The assumed displacement field for the quadrilateral element can be taken as
U = C1 + CoX + C3Xy + CgY (5.1)
v = C5 + CgX + C7XYy + Cgy (5.2)

where u and v are the displacements in the x and y directions as shown in Fig. 5.1.
Hence, the element node displacements u can be expressed as

ruqT] 1 x3 xay1 y1 0 O 0 07 1eq
U 0 0 0 0 1 xg1 X1y1 Y1 Co
us 1 X X2¥2 Y2 0 O 0 0 C3
_ Ug _ 0 O 0 0 1 X2 X2¥2 Y2 Cyq
u= Uus [ — |1 x3 xsy3 y3 0 O 0 0 Cg (53)
Ug 0 0 0 0 1 xs X3y3 VY3 Ce
uz 1 X4 xaya y4 0 O 0 0 C7
lus] 1O 0 0 0 1 x4 Xqy4 VYal Lcsl

Symbolically, the preceding equation is expressed as

u = Cscs (5.4)
from which

cs=Cglu (5.5)

The strains e in the element are then computed from the assumed displacements as

C1

au/ox 01y 00O 0O 0O0][%
e:[ dv/ay }:[O 0 00 0 0 x 1} : (5.6)

ou/oy + dv/ox 0 0x 1 01y O cy

Cg

65
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Fig. 5.1 Nodedisplacementsfor quadrilateral plate elements.

or symbolically as
e=Asc = AsCyu = bsu (5.7)
where As is the preceding (3 x 8) matrix and
bs = AsC; " (5.8)

Here the matrix bs represents a matrix of strains caused by unit displacements at
the element nodes. These strains satisfy equations of strain compatibility within
the element, but they do violate equations of stress equilibrium.

The stress-strain equations for the plane stress field are given by

Oxx E 1 v 0 Exx aT 1
o= O'yy = PTEEENN v 1 0 eyy -—|1
oyl A=V 0 0 @a-vy2]ley) @V o

Siaatrer m 7
where
E [Lv 0
E, = s [8 (1) . —Ov)/2:| (5.10)

To calculate the element stiffness matrix ks, the natural coordinate system (&, n)
is introduced as shown in Fig. 5.2. This system allows for a simple numerical
integration over the quadrilateral.



QUADRILATERAL PLATE T5 67

7 (1,1)

(1771)

Fig. 5.2 Natural coordinate system for quadrilateral elements.

The geometric center g for the quadrilateral coordinate system is defined as

(X1 + X2 + X3+ X4)

Xq ; (5.11)
(Y1 +Yy2 +Y3+VYa)
Yg = 7 (5.12)

The rectangular coordinates x and y can be expressed in terms of the natural
coordinates & and n as

4
X = fix (5.13)
i=1
and
4
y=>_fiyi (5.14)
i—1
where
fod=dd=mn Sfl =) (5.15a)
f, = W (5.15h)
f= LHOATD Sfl Rl (5.150)
fy = a-5Hd+n (5.15d)

4
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The stiffness matrix for the quadrilateral element is obtained from

ks :/ngzbs dv :t// bl Exbs dx dy:t/ bi Exbs|J(&, )| dg dp
\
(5.16)

where t is the panel thickness (assumed to be constant) and |J| is the determinant
of the Jacobian J, which is expressed as

_[Ju Ji2| X & vy,
J(E.n)—[le JZZ]—[M y,n} (5.17)

Here the subscripts & and n denote differentiation with respect to & and n of the
previously defined expressions for x and y in terms of the natural coordinates & and
n. The integration of the expression for k5 can be performed numerically using
the Gaussian quadrature method.

Thermal Stiffness
The thermal stiffness for this element is computed from

h bl —C _1 d Et ' 1bT _i de d
- —— |-1|dv= 1| e,
: /;5(1—1)) ! (1_v)/_1/_15 L€l o o

(5.18)
Thermal Load

The thermal load for the element is obtained from
0s = aThs (5.19)
where T is the temperature of the element (assumed to be constant) and « is the
coefficients of thermal expansion.

Mass Matrix

The node displacement for use in the element mass matrix is shown in Fig. 5.3.
In addition to the displacements u and v, the transverse displacement in the z
direction will be assumed to be of the same form as for u and v, that is,

W = Cg + C10X + C11XY + C12Y (5.20)
which, when combined with Egs. (5.1) and (5.2), leads to

u 1 x xY y 0o 0 00O0OT O0O%
[vi|:[0 0 0 01 x xyxy 0O O O:| ;
w 0 00 00O OO0 1 xXx xyvy Ciz

= Cs3s (5.21)
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u3

Fig. 5.3 Nodedisplacementsof aquadrilateral panel used for the mass matrix.

Ug

where Cs is the preceding (3 x 12) matrix and

Cs = {c1---C12} (5.22)
Hence, from Eq. (5.21)

" ug ] 1 x1 xy1 y1 0 O 0 0 0 O 0 077 el

Us 0 O 0 0 1 x3x xy1 y1 0 O 0 0 C2

us 0 0 0 0 0 O 0 0 1 x4 x1y1 V1 C3

usg 1 X X2Y2 Y2 0 O 0 0 0 O 0 0 Csq

Us 0 0 0 0 1 x2 X2 y2 0 O 0 0 Cs

0= us [ |0 O 0 0 0 O 0 0 1 X2 Xoy2 V2 Cs

“lur | T |1 x3 Xsy3 y3 0 O 0 0 0 O 0 0 C7

ug 0 0 0 0 1 x3 x3y3 y3 0 O 0 0 Cs

Ug 0 O 0 0 0 O 0 0 1 x3 X3y3 Y3 Co

U10 1 X4 Xay4 Y4 0 O 0 0 0 O 0 0 C10

u1q 0 0 0 0 1 x4 xqy24 0 0 O 0 0 C11
juz| |0 0 0 0 0 O O vys 1 ys Xaysa Ya] [C12]
= AsCs (5.23)

where As is the (12 x 12) matrix in Eq. (5.21). Therefore,
& =Agla (5.24)
and

u
|:v] = CsA; 't = asi (5.25)

where

s = CsA; ! (5.26)
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is the shape function and
U={uy --- U} (5.27)

The mass matrix msg for this element is then determined from

1 1
ms=p [[[alasaxayqr—pt [ [ alaspemiscar 628

where |J(x, y)| is the Jacobian introduced earlier and the integration is performed using
the Gaussian quadrature.



8
Quadrilateral Plate T6: Assumed
Stress Distribution

The node displacements for quadrilateral elements and the node numbering are
shown in Fig. 6.1.
The assumed stress field for this element is

oyx = ai + axy (6.1)
oyy = a3 + X (6.2)
Oxy = a5 (6.3)

From the strain-stress equation for eyx and the assumed stress field, it follows
that

au 1 1
Exx = X E(Uxx — Voyy) = E(al +agy —vagz — vayXx) (6.4)
where E is the Young’s modulus and v is the Poisson’s ratio. Integration of this
equation leads to

1 (alx + apXy — vagx — vagx?

1
E > ) + E f(y) (6.5)

where f (y) is an arbitrary function of y. Similarly, starting with the strain ey,

ad 1 1
ey = 8_;)/ = E(o'yy — Voyy) = E(a3 + asx — vag — vagy) (66)

from which it follows that

o 1 (asy +auxy — vary — vapy?
T E 2

)+ g oo 67

where g(x) is an arbitrary function of x. Also, from the shearing stress equation

ou v ny 1
ey=—+4+—=—"2==21+va 6.8
X ay  ox G E ( V)3 ©8)

71
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Fig. 6.1 Nodedisplacementsfor quadrilateral panel elements.

[Note here that the shear modulus G = E/2(1 + v).] Substituting now the deriva-
tives of u and v into the shear equation and multiplying it throughout by E, it
follows that
ax +f'(y) +ay +g'x) =21 +v)as (6.9)
which after rearranging becomes
f'(y) + asy = 2(1 + v)as — g'(x) — axx = ag (6.10)
where ag represents a constant and primes denote derivatives with respect to the
indicated variables. The preceding equation can only be satisfied if both sides are
equal to the constant ag. Rearranging Eq. (6.10), it follows that
f'(y) = ag — agy (6.11)
and
g'(X) =2(1 + v)as — axX — ag (6.12)
Hence solving for f (y) and g(x),
f(y) = agy — asy’/2 + a (6.13)
and
g(x) = [2(1 + v)as — aglx — axx?/2 + ag (6.14)

The constants of integration a; and ag represent the rigid-body translations, while
the previously introduced constant ag defines the rigid-body rotation.
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Substitution of the expressions for f (y) and g(x) into the expressions for u and
v [Egs. (6.5) and (6.7)] leads to the following two equations:

1
u= E[alx + apxy — vagx — as(vx® +y%)/2 + agy + a7 ]
= C1X + Coy — C3(1)X2 + y2) + 2C4Xy 4+ Cs (6.15)

and

1
v=—[-vay — ap(x% + vy?)/2 + agy + asxy + 2(1 + v)asx — agX + ag]

E
= 2CaXy — C4(X% 4 vy?) + CeX + C7Y + Cg (6.16)
where
¢ = (a1 —vaz)/E (6.17a)
cp = ag/E (6.17b)
Cc3 = ag/2E (6.17c)
¢y =ay/E (6.17d)
cs =ar/E (6.17¢)
Cs = [2(1 4+ v)as — ag]/E (6.17f)
¢7 = (a3 —vay)/E (6.179)
cg = ag/E (6.17h)

The unknown constants c; --- cg can now be determined from the element
displacements u; - - - ug. Hence using Egs. (6.15) and (6.16),

U
uz
us
Us
u= Us
Us
uz
LUg_|
XL y1 —x¢+y)  2ay1 1 0 0 0] e
0 0 2X1Y1 x2+vy?) 0 x1 yl 1|]c,
X2 Y2 —(wX3+y3)  2y. 1 0 0 Of/cs
|0 o0 2X2Y2 X3+vy2) 0 x2 y2 1||ca
= 22 (6.18)
x3 y3 —(vx5+VY5) 2X3Y3 1 0 0 0f]|¢cs
0 0 2X3Y3 (x3+vy) 0 x3 y3 1||Cs
x4 y4 —(x3+yh)  2aya 1 0 0 Of|%
[0 0 2X4ya1 xZ+vy2) 0 x4 y4 1] LC8
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Symbolically the preceding equation can be expressed as

u = CsCs (6.19)
or as
c6 = Cglu (6.20)
The strains in the element are then computed from
i au/ox
e= Bv/ay j|
| du/dy 4 dv/oX
C1
10 —2ux 2y —2vx 0 0 07|%
=[(0 0 2x 2X —2vy 0 1 0:| ; (6.21)
[0 1 0 —2(x+y) —-2x+y) 1 0 O cr
Cs
Hence
e=AgCs = AsCqg U = bsu (6.22)
and

where Ag isthe (3 x 8) matrix above with the factor 1/E and bg represents a matrix
of strains caused by unit displacements at the element nodes. These strains satisfy
both equations of strain compatibility and stress equilibrium. The expression for
bg is shown next:

—1-mn va-28% dA-n —vd-2§

a 2b a 2b
b = v(l-2n) —-(1-§&) —v(l-2n) —£
2a b 2a b
-1 -1 -1 1
2b 2a 2b 2a
n v(l—2§) -n —v(1—2§)
a 2b a 2b
v(l—2n) § —(1-2n) 1-9 (6.24)
2a b 2a b
1 1 1 -1
2b 2a 2b 2a

The stresses within the element are calculated from the stress-strain equations
for the plane stress field given by

[} 1 v 0 e 1
|:a;;j| = LZ |:v 1 0 } [eﬂ __oT H (6.25)
oyl @7V l0 0 a-vys2lley @M lo
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7 (1,1)
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Fig. 6.2 Natural coordinate system for quadrilateral elements.

which can be expressed symbolically as

1
oT
o =Ee— v [é] (6.26)
where
E 1 V 0
Er=— |:v 1 0 } (6.27)
QA=v910 0 @-v),2

Introducing now the natural coordinate system (&, i), as shown in Fig. 6.2, and
defining the geometric center g for the quadrilaterals as

X1+ X2+ X3+ X4

Xg = 4 (6.28)
Y1 +Y2+Y3s+Vys
Yg = — (6.29)

the rectangular coordinates x and y can be expressed in terms of the natural
coordinates & and n as

4
X = fix (6.30)
i=1
and

4
y=>_ fiyi (6.31)
i=1
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where
fl = W (6.32a)
fp = w (6.32b)
fy = w (6.32¢)
fg = w (6.32d)

The introduction of the natural coordinate system allows the performance of the
integration over the quadrilateral area of the element so that the stiffness matrix
for the quadrilateral can be obtained from

1 1
k6=/ bg Exbg dV =tf/ nggbedxdyztf f bg E2bg|d (&, n)| d& dn
\ -1J-1
(6.33)

where t is the panel thickness (assumed constant) and |J| is the determinant of the
Jacobian J that can be expressed as

| Ji2| | Xe Ve
o= 3] [ 3 -

in which the subscripts & and n denote differentiation with respect to & and »n of
the previously defined expressions for x and y in terms of the natural coordinates
& and 5. The integration of the expression for kg can be performed numerically
using the Gaussian quadrature method.

Thermal Stiffness
The thermal stiffness for this element is computed from

h —/bTL j dv—iflfle j 9, nldéd
S Ay | | T amw e T e

(6.35)

Thermal Load
The thermal load for the element is obtained from

s = aThg (6.36)

where T is the temperature of the element (assumed to be constant) and « is the
coefficients of thermal expansion.
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Mass Matrix

For the mass matrix, three displacements in the x, y, and z directions will be used
at each node point as it was done for the T5 element. The node displacement for use
in the element mass matrix are shown in Fig. 6.3. In addition to the displacements
u and v, the transverse displacement in the z direction will be assumed to be of the
same form as for u and v, that is,

W = Cg + C10X + C11Xy + C12Y (6.37)
which when combined with Egs. (6.1) and (6.2) leads to

u 1 x xy y 00 0 0O0O0TUO0 O07|% )
|:v:|=|:0 0 1 x xy y 00 O O] © | = CgCq
0 0 0 0 1 x

0 O
w 0 0 00 Xy y C.12
B (6.38)
where Cs is the preceding (3 x 12) matrix and
G=1{c1---cC12} (6.39)
Hence from Eq. (6.38)
F U]
uz
us3
Us
us
_ Ug
a= Uy
ug
Ug
uio
u11
_U12_
1 x3 xxy1 y1 0 O 0 0 0 O 0 0] [c1]
0 0 0 0 1 xx xy1r y1 0 0 O O|]c
0 O 0 0 0 O 0 0 1 xg X1y1 Y1 C3
1 X2 Xoy2 Y2 0 0 0 0 0 O 0 0 Cq
0 0 0 0 1 x2 xy2 y2 0 0 0 O0]]ecs
. 0 O 0 0 0 O 0 0 1 x X2Y2 Y2 Cs
11 X3 Xzy3 V3 0 0 0 0 0 O 0 0 C7
0 O 0 0 1 x3 x3y3 y3 0 O 0 0 Cs
0 O 0 0 0 O 0 0 1 x3 X3y3 VY3 Cq
1 x4 XaYa Ya 0 O 0 0 0 O 0 0 C10
0 O 0 0 1 xg XaY4 0 0 O 0 0 C11
(0 0 0 0 0 0 0 ys4 1 ya Xaysa Yya||Ci2]
= AgCs (6.40)
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Ug

u3

X

Fig. 6.3 Nodedisplacementsof a quadrilateral plate used for the mass matrix.

where As is the (12 x 12) matrix in Eq. (6.38). Therefore,

& =Ag'0
and
u
|:U:| = CgAq lg = as U
W
where
s = CeAgl

is the shape function and

0= {uy---up}

The mass matrix mg for this element is then determined from

1 1
mﬁzpff égésdxdydz=pt/l/légéel~](€|n)|d5d77

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

where |J(X,Y)| is the Jacobian introduced earlier and the integration can be per-
formed using the Gaussian quadrature. As an approximation, the thermal stiffness,
thermal load, and mass matrix can be assumed to be the same as for the T5 element,

that is,
hg ~ hg

Os ~ Qs
Mg =~ Mg

(6.46)
(6.47)
(6.48)
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9
Tetrahedron T 7: Assumed Displacement
Distribution

The node numbering and element displacements u; - -- ug2 for a tetrahedron
element are shown in Fig. 7.1, where the origin for the rectangular coordinates
is assumed to be at node no. 1. At each node point there are three element forces
and three displacements in the x, y, and z directions, respectively.

For each displacement u; there is a corresponding element force S;, where i =
1...12. The displacement field for the tetrahedron element can be represented by

U = C1 + CoX + C3y + C42 (7.1)
v = Cs5 + CgX + C7Y + CgZ (7.2)
W = Cg + C10X + C11y + C12Z (7.3)

where u, v, and w are displacements at a point (X, y, z) in the X, y, and z directions,
respectively (Fig. 7.1). To simplify the analysis, the origin for the rectangular
coordinates will be taken at node 1 with the y axis coinciding with the element
edge from node 1 to node 3.

Hence the element node displacements u can be expressed as

B uq ] ! X1 VY1 721 0 0 0 0 0 0 0 C1

Uy 0 0 0 01 x4 y1. 2 0 0 0 O ()

us 0 0 0 0 0 O 0 0 1 xq Yi 71 C3

ug 1 X Yo 22 0 0 0 0 0 O 0 0 Csq

Us 0 0 0 0 1 x vy, 2 0 0 0 O Cs

U= U | 0 O 0 0 0 O 0 0 1 x Yo 22 Ce

“luzr | T 11 X3 Y3 Z3 0 0 0 0 0 0 0 C7

ug 0 0 0 0 1 x3 y3 23 0 0 0 O Cg

Ug 0 0 0 0 0 O 0 0 1 X3 Y3 Z3 Co

U1o 1 x4 Ya 24 0 0 0 0 0 O 0 0 C10

Uuq1 0 O 0 0 1 xa Ya 24 0 O 0 0 C11

_U12_ _0 0 0 0 0 O 0 0 1 xa Ya Z4_ _C12_
(7.4)
Symbolically the preceding equation can be expressed as

u=CsC (7.5)
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U12

@

Fig. 7.1 Nodedisplacementsfor tetrahedron elements.

Hence
c=C;lu (7.6)

The strains e are then computed from

[Cexx au/ax
By dv/ay :|
e— €z | _ dw/0z
T |exy | | dv/0x 4+ du/ay
eyz ow/dy + dv/az
| €xx au/oz + aw/ax
[0 1. 00 00O0O0O0O0O0 O]y
0000O0OT1O000O00O0O Of|c
|0 0 0O0OO0OOOOUOU OO 01 7.7
10 01 001000O0O0TO : '
0 00O0OO0OOOTI1TU0TU 0T1O0]||Cn
|0 001 0O0O0O0O0OT1IO0 O]LC2
or symbolically as
e=Asc=A;C;lu=bsu (7.8)

where

by = A;C71 (7.9)
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Here the matrix b7 represents a matrix of strains caused by unit displacements at
the element nodes. These strains satisfy equations of strain compatibility and stress
equilibrium within the element. All six components of strains are constant through-
out the tetrahedron element. The stress-strain equation for the three-dimensional
stress field can be written symbolically as

oTE
=Eze——{111 7.1
o 3e (1—21)){ 000} (7.10)

and the expression for the three-dimensional Young’s modulus is given by

E
E3=——1——
A+v)(1-2v)
1-v) v v 0 0 0
v 1-v v 0 0 0
v % 1-v) 0 0 0
“1 o 0 0 (1-2v) 0 0
0 0 0 0 (1-2v) 0
0 0 0 0 0 1-2v)
(7.11)
The stiffness matrix for the tetrahedron element is obtained from
k7 = / bl E3b; dv
v
= // bl Esby dxdy dz = bl E3by /dv = bl E3byv (7.12)
where V is the element volume calculated from the simple formula
. 1 x1 y1 1 .
1l xe oy o) 4
V = 6 1 X3 Vs 73 = 6X2y224 (7.13)
1 Xa ya 2

because x; =y; = 0,21 = 0,and x3 = 0.

Here b7 in this case is a matrix of constant coefficients, and therefore the
product b; E3b7 can be taken outside the volume integral. As an example, the
stiffness matrix k7 forv =0.3and x; =0,y =0, 21 =0, X, =10 in,, y2 =0,
22 =0,x3=0,y3=101in.,,z3=0and x4 =0, y4 = 0 and z4 = 10 in. is given
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in Eq. (7.14):
[ 4.8077 2.2436 2.2436 —2.2436 —1.2821 —1.2821
22436 4.8077 2.2436 —0.9615 —1.2821 0.0000
22436 2.2436 4.8077 —0.9615 0.0000 —1.2821
—2.2436 —0.9615 —0.9615 2.2436 0.0000 0.0000
—1.2821 —1.2821 0.0000 0.0000 1.2821 0.0000
ks = EV x —1.2821 0.0000 —1.2821 0.0000 0.0000 1.2821
—1.2821 —1.2821 0.0000 0.0000 1.2821 0.0000
—0.9615 —2.2436 —0.9615 0.9615 0.0000 0.0000
0.0000 —1.2821 —1.2821 0.0000 0.0000 0.0000
—1.2821 0.0000 —1.2821 0.0000 0.0000 1.2821
0.0000 —1.2821 —1.2821 0.0000 0.0000 0.0000
| —0.9615 —0.9615 —2.2436 0.9615 0.0000 0.0000
—1.2821 —0.9615 0.0000 —1.2821 0.0000 —0.96157]
—1.2821 —2.2436 —1.2821 0.0000 —1.2821 —0.9615
0.0000 —0.9615 —1.2821 —1.2821 —1.2821 —2.2436
0.0000 0.9615 0.0000 0.0000 0.0000 0.9615
1.2821 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 1.2821 0.0000 0.0000
1.2821 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 2.2436 0.0000 0.0000 0.0000 0.9615
0.0000 0.0000 1.2821 0.0000 1.2821 0.0000
0.0000 0.0000 0.0000 1.2821 0.0000 0.0000
0.0000 0.0000 1.2821 0.0000 1.2821 0.0000
0.0000 0.9615 0.0000 0.0000 0.0000 2.2436 |
(7.14)
Thermal Stiffness
The thermal stiffness is computed from
-1
1
1
-1 -1 -1
-1 -1 0
H ol E -1 EVbl | _1 EV 0
7_/v TA-2v)| O “@-2»n| 0| " 10@-2n]| O
0 0 -1
0 0 0
0
0
__1_
(7.15)

where the right-hand side of Eq. (7.15) shows the numerical values from the
preceding example. The force system resulting from hy is self-equilibrating.
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Thermal Load
The thermal load g7 is obtained from

d7 = hzaT (7.16)

where T is the element temperature and « is the coefficient of thermal expansion.

Mass Matrix
Equations (7.1-7.3) can be combined to give

u 1 xy z 000O0UOUO0TUO0O0]|<
[4:[0 0001 xy z 0OO O 0] : | =D7c (7.17)
w 0 000 O0OO0OOO0O1 x vy z 1

where D7 is the preceding (3 x 12) matrix. Substituting Eq. (7.6) into Eq. (7.17)

u
|:v:| = D;C;lu = ayu (7.18)
w
where

a7 = D;C;* (7.19)

is the shape function for the tetrahedron. The mass matrix for the tetrahedron is
calculated from

200100100100
0200100100710
002001001001
100200100100
010020010010
o — o faTaqy V|00 1002001001
[ 20011 00100200100
0100100200710
001001002001
100100100200
010010010020
001001001002

(720)
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10

Tetrahedron T8: Assumed Displacement
Distribution plus Corrective Distribution
Inside the Element Boundaries

To obtain greater accuracy beyond that of the constant strain for a tetrahedron
element, additional corrective displacements that vanish on the boundaries are
introduced. The node numbering and element displacements uy --- ugp for a
tetrahedron element are shown in Fig. 8.1, where the origin for the rectangular
coordinates is assumed to be at node no. 1. At each node point there are three ele-
ment forces and three displacements in the x, y, and z directions, respectively. For
each displacement u; there is a corresponding element force S;, wherei =1...12.
The displacement field for the tetrahedron element can be represented by

U=C1+ CoX+ C3y + C4z (8.1)
v = C5 + CgX + C7y + CgZ (8.2)
W = Cg + C10X + C11Y + C12Z (8.3)

where u, v, and w are displacements at a point (x, Y, z) in the x, y, and z directions,
respectively. To simplify the analysis, the origin for the rectangular coordinates will
be taken at the node 1 with the y axis coinciding with the element edge from node
1 to node 3 and the x axis in the plane of the tetrahedron base. The displacements
will be evaluated in terms of the tetrahedral coordinates shown in Figs. 8.2-8.4.
The x, y, and z coordinates are functions of the &, n, and ¢ tetrahedral coordinates
as shown in Egs. (8.5-8.7). The basic displacement distribution represented by
Egs. (8.1-8.3) can be augmented by a correction function vanishing on the bound-
aries of the tetrahedron element. A simple function f in terms of the tetrahedral
coordinates &, i, and ¢ can be taken as

f=f&n0=0-6n1—-nNil—2)
=E - —n*)C —¢P) (8.4)

The relationship between the rectangular and a special tetrahedral coordinate
sytems is given by

X=E1—mx¢ + 1 —)x4 (8.5)
y=§&W2—ny23)¢ + (1 —¢)ya (8.6)
1=01-0)2 (8.7)

87
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U12

)

Fig. 8.1 Node displacementsfor tetrahedron elements.

é‘_
77:
C_
@
E=1
n=1
(=1
®
®
E=0
n=0
¢=1 £=1
n=0

Fig. 8.2 Tetrahedral coordinate system: & = constant.
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n=20
¢=0
@
E=1
n=1
(=1
®
@
&E=0
n=20
¢=1 £=1
n=20

Fig. 8.3 Tetrahedral coordinate system: » = constant.

£E=0
n=0
(=0
@
E=1
n=1
(=1
®
®
£E=0
n=0
¢=1 £=1
n=0

Fig. 84 Tetrahedral coordinate system: ¢ = constant.
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where

Y23 = (Y2 — ¥3) (8.8)

The location of the four node points is given in rectangular coordinates as
(X1,Y1,71), (X2,¥2,22), (X3,¥3,23), (X4, Y4, 24), and the preceding equations can
now be used to determine expressions for &, n, and ¢ as

X—(1—=2)Xq
- 2" " 8.9
d 1 —-nmx¢ ®.9)
Ey2 —y)¢
= 27° 772 8.10
7 §Yy23 (8.10)
1-z

(== (8.11)

The function f (&, n, ¢) vanishes on the boundaries of the tetrahedron element. Thus
the new displacement field for the tetrahedron becomes

U= C1 + C2X + €3y + €4z + C13f (£, 71, ¢) (8.12)
v = C5 + CeX + C7y + CgZ + C14 f (&, 7, &) (8.13)
W = Cg + C10X + C11Y + C12Z + C15f (£, 7, ¢) (8.14)

To obtain the element strains, the partial derivatives of the displacements must
be obtained first. To find the partial derivatives of the function f (¢, n, ¢), the chain
rule of differentiation shown next is used:

9 99 9 oan 9 ac

—_—=——4 — — A
X  0& 3x+8n8x a¢ X (815
LI S NS (6.16)
dy  9&dy ondy 9Cdy

) _ 09 0om 00 @a7)

9z g0z | onoz | aCc oz

From the relationship between the tetrahedral and rectangular cordinates in Egs.
(8.9-8.11), it follows that

¥ _ 1 (8.18)
X X(l—mn¢
an _
Fvi 0 (8.19)
9
= 0 (8.20)
% _ 0 (8.21)

ay



TETRAHEDRON T8 91

i __ L (8.22)
ay &Yya3
I
- 0 (8.23)
&
Frie 0 (8.24)
an
i 0 (8.25)
a1
Frimie (8.26)
Also from Eq. (8.4) the following relations are obtained:
of
9 1=25)n1-mt1-90) (8.27)
of
%=$(1—$)(1—2n)§(1—§) (8.28)
of
ac =&1-HmA-mA-2¢) (8.29)
Using now the relations in Eqgs. (8.18-8.29) and (8.12-8.14)
of _afog _ (1—26)nA—mid—¢) (6:30)
X & AX X2 '
af _ofan _ —(1-6)A-2me*A-0) ©:31)
ay  dn ay Y23 .
ot af ¢ —E(L—E)n( - —2¢) 6.32)
9z 9c 9z 2 '
u
|:v:| =[Ga Gp|c=Gc (8.33)
w

where G is a rectangular matrix whose elements are the assumed displacement
functions. The matrix G consists of two submatrices G5 and Gy, given by

y 2z 0000 (8.34)
0

1 xy z 0O0O0OOO©OTUOO@O
Ga = [O 0 00 1 x }
0 00 O0O0TO 01 x vy z

and

f 00
Gb=[0 f 0] (8.35)
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while the column matrix c is given by

c={ci1C2 --- C15} = {Ca Cp}
where

Ca = {C1---C12}
Ch = {C13 C14 Cis}

(8.36)

(8.37)
(8.38)

Using again Eqgs. (8.12-8.14) and noting that z; = 0,z = 0, and z3 = 0, the

node displacements u can be expressed as
cul T
uz
us
ug
Us
Us
uz
Usg
Ug
u1o
Uil
_u12_

c

Il

Il
OCOoOrOORrROOROOR
cofooFfooXooo
cofFooSocoSocooo
colN oocoocoocoococoooo
OrRPrO0OORrROOROORO
ofocoFf oo oooo
ofF oo oo ocoocoo
o ocooocoocoocoococoooo
POORrROOROOROO
LFooXooooooo
ST ooFocoocoocoocoocooo

Symbolically, Eq. (8.39) can be expressed as
u=_Cycy

Hence
ca=C;lu

The strains in the element can now be computed from

ou  cx+c13(1—26)n(1 — it —1¢)

Exx =

ax X2
o _dv_ o1 —CuE -6 -2m¢*A—¢)
W=y T Y23
o W _ c2—Cisk - Hnd—mA—2)
T8z 2

dv  du €3+ Cp + C13(1 — 2&)n(1 — )¢ (1 —¢)

OO O0OO0OO0OO0ODOOOO0OO0o

N
N
L

%= ox Ty T o - cwE@ - £)A - 2020~ 0)fyas

| C12

C1
C2
C3
C4
Cs
Ce
C7
Cg
Co
C10
Ci11

(8._39)
(8.40)

(8.41)

(8.42)
(8.43)
(8.44)

(8.45)
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o 3_W+3_v _ Cg+C11 —C1asd(1 —-&)(L -2 —2¢)

P70y oz ym—csEQ—Enl—nL—2¢)/2

e — au n w _ CatcCio— C13(1 —2&)n(1 — n)¢(=¢) (8.47)
9z ax (X2 —C15E(L — &)L — (L — 20))/24

which leads to

(8.46)

Exx
Eyy
eZZ C,
e= |2 | =Ho=[Ha Hi) [Cﬂ (8.48)
Eyz
€2x
where
H=[H, Hp] (8.49)
01 0000O0O0GO0O0TU OO
0000O0OT1O0TO0O0UO0O
0000O0OO0OOGO O 0@ O 1
Ha=10 01 001000000 (8.50)
0000O0OOTI1O0T0T10
00010000UO0T1Q00
T A=25nA-nid-)x 0
0 —E(1 -1 —2nc2A-0)/y3
e 0 0
T AL=26mA—meA—-0)/x2 —EQL—8A—2n¢%(L—17)/y23
0 —£AQ-85A -2 —2¢/y2
L-(1 =251 —-n¢d —-)/x2 0
0 -
0
—E1 =5 -1 -2
EQL-8&n( 0n)( $)/24 (8.51)
—EQ-mA-—nA-2nNA—-28)/24
—EQ-8nA-—nA—-28)/24

Combining now Eg. (8.41) with the identity c, = ¢y yields

c= [gﬂ - [Cgl ﬂ [C“b] —Wa (8.52)

c;t o
W:[ 8 |] (8.53)

where
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and

0= [“} (8.54)

Co

The strain energy U; in the element is given by

1 1 1
Ui = E/eTEg,edv = ECT/ HTEsH dVc = EaTWT/ HTE3H dv WG
v

v v

= %aﬂza (8.55)

w7 T _ kaa kab
k=W /UH EsHW dV = |:kba kbb:| (8.56)

and the expressions for the three-dimensional Young’s modulus are given by

E
B = v wa—a
1-v) v v 0 0 0
v 1-v) v 0 0 0
v v 1-v) 0 0 0
x 0 0 0 (1—2v) 0 0
0 0 0 0 (1—2v) 0
0 0 0 0 0 (1—2v)

(8.57)

The volume integral in Eq. (8.56) is calculated from

/HTEgH dv =/// HTEsH dxdydz
=1 pp=1 p&=1
=f / f HTEsHT D0y, 2)| dednds  (8.58)
=0 Jp=0 Je=0

where |J(x,Y, 2)] is the determinant of the Jacobian J given by

X oIX  OX
25 z” gf L—mxl kX2  EL—nx
_|9Y 9oy 9yl _ _ _ _
[JX,y,2)| = o6 an 0| (Y2 —n)y23¢  —&Y23¢ nYy23
3z 9z 9z 0 0 74
9 oy or

= £nXoY324 = 6E1%Vg (8.59)
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where Vg is the volume of the tetrahedron element. The total potential energy U
in the element can be written as

TOA 1 Kaa K u
1) _uuTe_ T To_ =T T aa ab
U=Uj—u'S=-0'kl—u'S= > [u" o] |:kba kbb:| |:Cb:| (8.60)

where U; is the strain energy in the element, Sis the matrix of the element forces
corresponding with the displacements u, and the term u' S is the potential of the
external forces. Now the condition of the minimum potential energy requires that

U
o0

1 kaa kab u S _ 0
2 [kba Kob | | b o] |0 (8.62)
The preceding expression can be derived by multiplying first the individual
matrices in U and then performing partial differentiation with respect to ug, up, . ..
and then condensing the resulting equations into the matrix equation (8.62).

The component submatrices in k can be obtained most conveniently from the
following formulas:

0 (8.61)

leading to

A=laa O]k =[kaa Kapl (8.63)
Kaa = A (')ZZ (8.64)
Kap = A ?;‘E (8.65)
B=[Oba Ibb]k=I[Koa Kbbl (8.66)
Kpa = B BZZ (8.67)
kob = B ?;‘E (8.68)

where | is an identity matrix, O is a null matrix, a = 12 and b = 3, whileaand b
indicate the number of rows and columns, respectively.
The strain energy U; in the element is given by

1 1
Ui = /eTEgeT dv = ECT/ HTEsH dVc = EATWT/ HTE3H dVWQ

v v v

a'ka (8.69)

Nl N -
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where

SERYYLl T _ Kaa Kab
k=W va EsHdVW = [kba kbb:| (8.70)

The matrix ¢, can then be calculated from the second row in the preceding
equation as

¢ = —KppKpal (8.71)

which when substituted into the first row in Eq. (8.62) results in
(kaa — Kbk kba)u = S (8.72)

Hence, by definition, the element stiffness matrix kg is given by
ks = Kaa — KabKpy Kba (8.73)

As an example, the stiffness matrix kg for v=0.3 and x; =0,y1 =0, 21 =0,
X2 =10in.,y, =0,22 =0,Xx3 =0,y3 =101in.,z3and x4 =0,y = 0 and 24 =
10 in. is given here:

[ 4.4707 1.8795 2.1008 —1.9336 —1.1273 —1.4097
1.8795 4.4033 2.0786 —0.6379 —1.1148 —0.1269
21008 2.0786 4.4447 —0.8408 —0.0018 —1.2582

—1.9336 —0.6379 —0.8408 —1.9473 —0.1422 0.1285

—1.1273 —1.1148 —0.0018 —0.1422 1.1954 0.0741

—1.4097 —0.1269 —1.2582 0.1285 0.0741 1.2072

—1.1273 —1.1148 —0.0018 —0.1422 1.1954 0.0741

—0.7522 —2.0064 —0.7948 0.7801 —0.0807 0.0528
0.0000 —1.1282 —1.2821 0.0000 0.0000 0.0000

—1.4097 —1.1269 —1.2582 0.1285 0.0741 1.2072
0.0000 —1.2821 —1.2821 0.0000 0.0000 0.0000

| —0.6910 —0.6697 —1.9045 0.7123 -0.0723 0.0510

—1.1273 —0.7522 0.0000 —1.4097 0.0000 —0.6910]
—1.1148 —2.0064 —1.2821 —0.1269 —-1.2821 —0.6697
—0.0018 —0.7948 —1.2821 —1.2582 —1.2821 —1.9045
—0.1422 0.7801 0.0000 0.1285 0.0000 0.7123
1.1954 —0.0807 0.0000 0.0741 0.0000 —0.0723
0.0741 0.0528 0.0000 1.2072 0.0000 0.0510
1.1954 —0.0807 0.0000 0.0741 0.0000 —0.0723
—0.0807 2.0871 0.0000 0.0528 0.0000 0.7420
0.0000 0.0000 1.2821 0.0000 1.2821 0.0000
0.0741 0.0528 0.0000 1.2072 0.0000 0.0510
0.0000 0.0000 1.2821 0.0000 1.2821 0.0000
—0.0723 0.7420 0.0000 0.0510 0.0000 1.8534 |

(8.74)

kg = EV x

The stress in the element can now be calculated from
o = Eze (8.75)
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Thermal Stiffness, Thermal Loads, and Mass Matrix

As an approximation, the thermal stiffness, thermal load, and mass matrix can
be assumed to be the same as for the T7 element, that is,

s ~ 07 (8.77)
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11
Prismatic Pentahedron T9: Assumed
Displacement Distribution

The element displacements for a pentahedron element are shown in Fig. 9.1.
The element forces (not shown in this figure) are in the same directions as the
corresponding element displacements. The displacements within the element u, v,
and w in the x, y, and z directions are assumed to be given by

U = C1 + C2X + C3Yy + C4Z + C5XY + CpZX (9.2)
v = C7 4 CgX + Cgy + C10Z + C11YZ + C12Xy (9.2)
W = C13 + C14X + C15Y + C16Z + C172X + C18YZ 9.3)

These assumed displacements ensure that all three direct strains ey, ey, and e
vary linearly in cross-wise directions. To simplify the expressions for node dis-
placements, it can be assumed without loss of generality that the origin for the
rectangular coordinate system is at node 1 and the y axis coincides with the edge
(1)-(2). Therefore,

X1=X3=X4=Xe=Y1=Y4=21=2=23=0 (9.4)

Because the shaded triangular planes shown in Fig. 9.1 are parallel to each other
and perpendicular to the z axis,

X5 = X2 (9.5)
Y5 =Y2 (9.6)
Y6 = Y3 (9.7)
y=2=12=C (9.8)

where c is the length of the prismatic pentahedron. Thus using Eq. (9.1-
9.3) together with the coordinate relations Egs. (9.4-9.8), the element node

99
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Fig. 9.1 Node displacements for prismatic pentahedrons. (The shaded sides are in

the x—y planes.)
displacements can be expressed as
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(9.9)
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Symbolically the preceding equation can be expressed as

(9.10)

u=CgcC

where Cg is the 18 x 18 submatrix in Eg. (9.9) and

(9.11)
(9.12)
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(9.13)
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0O 0 0 0 0O OO0 0 O
0O 0 0 0 0O OO0 0 O
0o 0 0 1 0 O O O o
0O 0 0 0 0O OO0 0 O
0O 0 0 0 0O OO0 0 O
0 0 0 1 x vy2 0 0 O
0O 0o 0 0 0O OO0 0 O
0O 0o 0 0 0O OO0 0 O
0 0 0 1 x3 y3 0 0 o0
0 0 0 00 00 0 0 (9.14)
c 0 0 0 0O OO0 O o©O
0 0 0 1 0 0 c 0 O
0O 0 0 0 0O OO0 0 O
C yoc cxp 0 0O 0 O O 0
0 0 0 1 X2 Y2 C Yy2C CX2
0O 0 0 0 0O OO0 0 O
c ys3c ¢cx3 0 0 0O O O 0
0 O 0 1 X3 y3 C ysC CX3|
The strains in the element are computed from
Exx au/ox
ey dv/dy
e— €z | ow/oz
T | exy | | 9v/9x + ou/ay
€2x ou/az + ow/ax
01000z00000000O000O00O
0000000010z 00000CO00O
~|0000000000000001yY X|A~-1
=100102001000z000000|C Y (@)
0000000001y x00102z0
0001yx00000001000 2z
The preceding equation can be rewritten as
e=bou = DgCqy'u (9.16)
where
by = DgCqy*! (9.17)

and Dg is the 6 x 18 matrix in Eq. (9.15). Subsequently, the stiffness matrix can

be computed from
kg = f// b{ E3bg dx dy dz

=(CyHT / / / D{ E3Dg dx dydz Cg* (9.18)
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The integration with respect to z presents no difficulty because the range of
integration is from 0 to c; however, further integration with respect to x and y can be
best accomplished by changing the rectangular coordinates x and y into triangular
coordinates & and » as shown in Fig. 9.2 for which the range of integration is from
Oto 1.

The rectangular coordinates x and y are expressed in terms of the triangular
coordinates & and n by

X =§&X2(1—n) (9.19)
y =§(y2 — ny2s3) (9.20)

where
Y23 =Y2 — Vs (9.21)

Also the coordinate z can be expressed in terms of the nondimensional coordinate
¢ as

z1=c¢ (9.22)

Using Egs. (9.19), (9.20), and (9.22), it can be shown that the determinant of the
Jacobian J(x,Y, z) is given by

AX/IE  AX/dn OX/AC

J(X,y,2)| = |dy/d& dy/on 3Y/d¢| = —2CEA13 (9.23)
37/ 9z/0m 07/dC

Y
f n=1
ug : n=constant.
n=0
Uy
i—» u3 @
£=0 =
® :..'constant
Uy — ® - ¢
U T
Triangular plate Triangular coordinates

Fig. 9.2 Nodedisplacementsand triangular coordinates.
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where Aj23 is the area of the triangle with vertices 1, 2, 3. The element stiffness
matrix kg can therefore be calculated from the modified Eq. (9.18) as

1 p1 p1
k9=<cg1>T/0fO/O DI (¢, 1, mEsDsld(x, v, 2)| d dy d¢ Cy2

1 p1 pl
— 2cA123C5 /0 /0 /O D (¢, 0)EsDo (€, n, ) dé dndeCyt  (9.24)

Cg must be expressed in terms of the &, n, and ¢ coordinates.

Thermal Stiffness
The thermal stiffness hg is determined from

1
-
_ 9 -1 _
hg_/v—(l—Zv) 0 dV—///Hngdde
0
0
=/// Ho(&, n, )13 (x,y, 2)| d dy de
1 1 1
— 2cA1 /0 /O /0 Ho(&, 7, 0)& d& dn e (9.25)
where
-1
ol |1
_ _Eby |-1
o= | 0 (9.26)
0
0

Thermal Loads
The thermal loads qg are determined from

qo = Thg (9.27)
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Mass Matrix

The displacements u, v, and w within the pentahedron are obtained from
Eq. (9.1) as

u 1 xyzyzzx 00000 0O00O0O0TO 0 07]%
|:v}=|:0000001xyzyzzx000000:|;
w 0000O0O OOOOO 1 xy

0 O Z Yz 2X] | ¢
= Agc = AgCylu (9.28)
where Ag is the 3 x 18 matrix in Eq. (9.28) and
ag = AgCy* (9.29)

The mass matrix my3 is then determined from

mg:p/agagdv =p// ad ag dx dy dz

1 p1 p1
:pf/f al aslJ (x,y,2)| d& dy dg
0 Jo JO

1 1 1
— 2cA1z3p /O /0 /O al agé d dn dz (9.30)

where ag is expressed in terms of the nondimensional cordinates &, n, and ¢.
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Prismatic Pentahedron T10: Assumed
Displacement Distribution plus Corrective
Distribution Inside the Element Boundaries

The element displacements for a pentahedron element are shown in Fig. 10.1.
The element forces (not shown in this figure) are in the same directions as the
corresponding element displacements. The origin of the rectangular coordinate
system x,y,z is assumed to be at the node (1) with the Oy axis coinciding with
the element edge 1-3. The nondimensional coordinate system (triangular non-
dimensional coordinate system in the x—y plane) and the rectangular coordinate
system are shown in Fig. 10.2. The triangular nondimensional system is needed
here to perform integration within the element boundaries.

The x and y coordinates are functions of the & and 5 triangular coordinates as
shown here:

x=§1—-mnxz (10.1)
y =&(y2 — ny23) (10.2)
where
Y23 =Y2—Y3 (10.3)
and
z=¢cC (10.4)

where c is the length of the prismatic pentahedron. This leads then to the formulas
for &, n,and ¢ as

X

- 10.5
d Xo(1—mn) (105)
1
= (Ey, — 10.6
n vm Ey2—Y) (10.6)
z
= (10.7)

107
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Uiz Uil

Fig. 10.1 Node displacements for prismatic pentahedron. (The shaded sidesare in
the x—y planes.)

= 1
- : 1 =constant.

@ :

& = constant

Fig. 10.2 Triangular coordinates.
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The displacements within the element u, v, and w in the x,y, and z directions are
assumed to be given by

U = C1 + C2X 4 C3Y + C4Z + C5XY + CpZX

+c19f (£, 7, ) (10.8)
v = C7 + CgX + Cgy + C10Z + C11YZ + C12XY
+c20f (&, n,¢) (10.9)
W = C13 + C14X + C15Y + C16Z + C17ZX + C18YZ
+ca1f(§,n, ) (10.10)

These assumed displacements ensure that all three direct strains ey, eyy, and e
vary linearly in cross-wise directions. The selected function f (¢, n, ¢) vanishes on
the element boundaries and can be assumed as

fEn)=60-5nA-mid-70) (10.11)

For the selected coordinate system it follows that

X1=X3=X4=X%Xs =0 (10.12)
yi=ya=0 (10.13)
211=2=23=0 (10.14)

Because the shaded triangular planes shown in Fig. 10.1 are parallel to each
other and perpendicular to the z axis,

X5 = X2 (10.15)
Y5 =Y2 (10.16)
Y6 = V3 (10.17)
Iy =15 =1 =C (10.18)

where c is the length of the prismatic pentahedron. Equations (10.8-10.10) can be
represented as

u
|:vi| = [Ga Gplc= Gc (10.19)
W
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where G is a rectangular matrix whose elements are the assumed displacement
functions. The matrix G consists of two submatrices G and Gy, given by

1 xy zxy zx 0000 0 O O0OOOO O
Ga=|:00000leyzyzxyOOOOOO}
0 000 0 O O0OOOOTU OO0 1 x vy z x vz
(10.20)
and
f&no)
Gp=|f&no) (10.21)
f&,8.0)
while the column matrix c is given by
C={c1C2---C21} = {Ca Cp} (10.22)
where
Ca = {C1---C18} (10.23)
Cp = {C19 C20 C21} (10.24)

Thus using Egs. (10.7-10.9) together with the coordinate relations [Egs. (10.12—
10.18)], the element node displacements can be expressed as
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Ug
Us
Us
uz
ug
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uio
Uil
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Uig
uis
Uie
Uiz
uig |
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0O 0 0 0 O 0 C1

0 0 0 0 O 0 Co

1 0 0 0 O 0 C3

0O 0 0 0 O 0 Cs4

0 0 0 0 O 0 Cs

1 x2 y2 0 O 0 Ce

0 0 0 0 O 0 c7

0 0 0 0 O 0 Cg

1 0 y3 0 0 O Co
00 00 0 0 ||cw (10.25)

0 0 0 0 O 0 c11

1 0 0 ¢ O 0 C12

0 0 0 0O O 0 C13

0 0 0 0 O 0 C14

1 x2 y2 ¢ ¢cx2 O C15

0 0 0 0 O 0 C16

0 0 0 0 O 0 C17

1 0 y3 ¢ 0 cys |[Cis]

The preceding equation can be expressed symbolically as

u = CyoCy (10.26)
where
u={ug Up---usg} (10.27)
and Cj3, is the 18 x 18 submatrix in Eq. (10.25). Hence,

c=Cpu (10.28)

To obtain the element strains, the partial derivatives of the displacements must
be obtained first. To find the partial derivatives of the function f (¢, n, ¢), the chain
rule of differentiation shown next is used:

ad d d d d d d
§, 00n 99

9 _99% (10.29)
ox 9E0x  dnpoax  9¢ IX
0 a0 o0& d an Jd d¢
o _99% 0o, 909 10.30
dy —agay andy | oc ay (10.30)
0 J 0 J 0 d 0
9 _0% 9% 34 (10.31)

3z 9tz  anaz | ac az
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From the relationship between the rectangular and triangular coordinates in

Egs. (10.5-10.7), it follows that

0
0X

1

~xed—1)

]
M _ o
daX

¢

dX
0

ay

an 1
Iy Eyxm

0

9y

ay

d

% _,

0z

877_

9z

a1
c

0

0z

Using now the relations in Egs. (10.29-10.31) and Egs. (10.32-10.40),

of  of a8
X 9 ax
of  af an
8y onay

1_
i)
X2

_ —(1-&)(@1-2n
Y23

of _ofag  §1-6A-ma-20

9z ac oz

C

The strains in the element can now be computed from

ou
exx = — = C2 +Csy + CZ + C19(1 — 2&)n/c (1 — O)x2

dX

d
By = 8_; = Cg +C11Z + C12X + C20(1 = &)1 = 2n)¢ (1 — &) /Y23

0
6 = 2 — c16+ C17X + CigY + Coré(1 — &)n(L — (L — 20)/c

0z

(10.32)

(10.33)
(10.34)

(10.35)

(10.36)

(10.37)

(10.38)

(10.39)

(10.40)

(10.41)

(10.42)

(10.43)

(10.44)

(10.45)

(10.46)
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ov ou
exy=&+a—y=03+05X+Cs+019(1—%')(1—277)§(1—C)/Y23
+c20(1 = 28)n¢ (L = &) /%2 (10.47)
ow  dv
By = Fm + 5, = C1o + C11y + €182 + €15 + C206(1 — E)n(1 — 2¢) /¢
+ca(l-8A-2mc(L—¢)/y23 (10.48)
ou  ow
€ = o+ o = Ca+ CeX + Cug + CorZ + Coé(L —&mA —nA —2¢)/c
+ca(l—-25mc(l—-¢)/x2 (10.49)
which leads to
Exx ca
e=|ey|=Hc=[Ha Hb][cb} (10.50)
where
H=[Hy Hp] (10.51)
01 00y z 0OO0OOOOOOOOOTPO
0 0O0OOOOOO1O02zx 0O0O0ODO0ODO0OTDWO
H_0000000000000001y0
a~ 10 01 0 x 001 0O0O0O0O0OO0OO0OO0OTG O0ODPW
0 00O0O0OOOOO11Y O0O0OO11O00 :z
0001 0x 0O00O0OOOOOT1TO0O0TZDO
(10.52)
L =&nc —-28)/% 0
0 -1 -85A-2n¢1—-¢)/ys
0 0
Hp =

A-5A-2ncA—-2)/y2s Q=251 -0) /%2
0 A-5HmAl-mA-25)/c
En(l—m@A—-2¢)/c 0

0
0

§1-5)n1 —On)(l—ZC)/C (10.53)

—1-8)A -2t —-2)/y2s
(1—-28)nc1 —5) /%2
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Combining now Eqg. (10.28) with the identity ¢, = ¢y yields

c= [zj _ [Cgl ﬂ [(ﬂ — W (10.54)

where
c;t o
w=|"2 (10.55)
0
and
. u
0= [Cb] (10.56)

The strain energy U; in the element is given by

1 1 1
Ui = E/eTEgeT dv = ch/ HTEsH dVc = 5aTva/ HTEsH dvV W
v

v v

1 1n
= EﬂTka (10.57)

R=wT f HTEgH dV W = [E:: Ezﬂ (10.58)
v

and the expressions for the three-dimensional Young’s modulus is given by

E
ST na-
1-v) v v 0 0 0
v 1-v) v 0 0 0
« v v 1-v) 0 0 0
0 0 0 1-2v) 0 0
0 0 0 0 1-2v) 0
0 0 0 0 0 1-2v)

(10.59)

The volume integral in Eq. (10.58) is calculated from

/HTEngV:///HTEgH dx dy dz

;=1 pn=1 pé&=1
=0 Jn=0 JE=0
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where |J(x,Y, 2)| is the determinant of the Jacobian J given by

dX oX oX
0 0 d
A 0
J=XY.Dl=|= — —|=|02—mYys —§yz3 = —£XoY3C
[J(X,Y,2)] FRETRET: o 2 ° EXay3
0z 0z 0z
e (10.61)

For a volume element dxdydz = |J|d& dndg, and also in this case xpysC =
2x element volume.
The total potential energy U in the element can be written as

1,14, 1 k k u S

T T T T T aa ab T AT

U=Uj—-u'sS 2u 0—-u's 2[u Cb][kba kbb] |:Cb:| [u cb][o}
(10.62)

where Sis a column matrix of the element forces corresponding with the displace-
ments u and the term u' Sis the potential of external forces. Now the condition of
minimum potential energy requires that

wu
a0

kaa kab u S _ 0
b 2] [a]-[5]-[o 0o
The preceding expression can be derived by multiplying first the individual matri-
ces in U and then performing partial differentiation with respect to ug, up, ... and
then condensing the resulting equations into the matrix equation Eq. (10.64).

The matrix ¢p can then be calculated from the second row in the preceding
equation as

0 (10.63)

leading to

Co = —Kpp Kpall (10.65)
which when substituted into the first row in Eq. (10.64) results in
k1o — KabKpp-Kpall = S (10.66)
Hence, by definition, the element stiffness matrix k1g is given by
k1o = Kaa — KabKpy-Kba (10.67)
The strains e are now determined from Eq. (10.32), which can be rewritten as

e=Hacy + HpGp (10.68)
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Substituting Eq. (10.28) and Eq. (10.65) into Eq. (10.68), the strains e are
given by

e= (HaCz* — HpkyHu (10.69)
The corresponding stresses are then obtained from

o = Eze (10.70)

= Cm)' f f f D],E3Dio dxdydz Cy3 (10.71)

Thermal Stiffness
The thermal stiffness hyg is determined from

-1
. -1
Ebp | -1
hyo = v(1—21)) 0 dV—[//HlodXdde
0
0
=///Hm(s,n,;>|J<x,y,z>|dsdndc
1 p1 p1
- 2cA123/0 fo /0 Hao(€, 1, )& d di dz
(10.72)
where
-1
T -1
Eb -1
Hio = 10 10.73
0="7"2,| 0 ( )
0
0
Thermal Loads
The thermal loads gy, are determined from
gip = @Thyo (10.74)

Mass Matrix

Neglecting the corrective displacement field within the element boundaries,
the displacements u, v, and w within the pentahedron are obtained from
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Eg. (10.20) as

u Xy z yz zx 0000 0 O O0OOOOTUOO
|:v:|=00000leyzyzszOOOOO}
wl |0 000 O O O0OOUOOTU OO0 1 x vy z yz X
G
C1s
where
a10 = GaCry (10.76)

The mass matrix m1as is then determined from

Mo = p/ alpagpdV = p /// alpago dx dy dz
v

1,1 01
:p/(;/o/o ajparolJ (x,y,2)| d& dndg

1,1 p1
= 2CA123p'/0 /(; /0 aIOaloé dé dnd¢ (10.77)

where ajq is expressed in terms of the nondimensional coordinates &, n, and ¢.
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13
Rectangular Hexahedron (Brick) T11: Assumed
Displacement Distribution

The node numbering and element forces are shown in Fig. 11.1 for a
rectangular hexahedron (brick). At each node point there are three element
forces and three corresponding displacements in the x, y, and z directions,
respectively.

The assumed displacement field for the hexahedron element (brick) can be
taken as

U =Cy + C2§ +C3n + €4l + C5&n + Ceni +C78é

+ cgéng (11.1)
v = Cg + C10§ + C1171 + C12¢ + C136n + C1an¢

+ C15¢& + C168n¢ (11.2)
W = C17 + C18§ + C19n + C20¢ + C216m + C22n¢

+ C230& + Ccabng (11.3)

where u, v, and w are displacements in the x, y, and z directions within the element.
The nondimensional coordinates used here are given by

X
£=— (11.4)
_y
n=i (11.5)
zZ
¢=- (11.6)
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Hence the element node displacements u can be expressed as

[eNeolojlololololololololo ol ool ool oo X Nol

OO0 O0O0O0O0O100O0O1OO0OO0ODO0OO0ODO0OO0OO"1O0OO—AO0O

OO0 O1O0OO0O1000DO0DO0DO0OO0O—1OO1OOOO

OO0 0100100100100 1001000

OO OO0 O0OO0ODO0ODO0OO0ODO0ODO0ODO0OO0OO0OO0OO0ODOHOOOOO

OCO0OO0OO0ODO0ODO0OO0O0DO0OO0OO0OO0O0OO0OO0OTOOHOOOOO

OO OO0 O0OODO0ODO0OO0ODO0ODO0OO0OO0OO0OO0OO0OOHOO OO

OO0 O0OO0OO1OO0OO0ODO0ODO0ODO0ODO0ODO0OO0ODO0ODOHOOOOO

OO0 O0O0O0O0O0OO0O0OO0O0OHOO1O0OOHOOHOO

OO0 O0OO0O0Od10O0100O0O00O00O0O01O0OO 10O

OO O0O1O0OO10000DO0O0O0O0O1OOHOOOOO

_1_00100100100100100100100_

T
—

=}

L

[
=]

@
=]

<
=

o)
=]

©
S

~
S

[co)
=

[)]
=]

uio
ui1
ui2
ui3
U4
uis
Uie
Uiz
uig
uig
u20
U1
uz2
uz3
LU24 |

(11.7)

N M < 10 © - O D
O 0O OO0 o0 oo

C10
C12
€13
C14
C15
Ci6
C17
C18
C19
€20
C21
C22
C23
C24_|

—
~
o

o

000000000000000000001000
OO O0OO0OO0O0DO0ODO0O0ODO0OO0O0OO0OO0OO0O0OO0OHOOHOOO
ejojojojojololojoolojojojojoloolo oo k==
O OO0 O0O0OO0OO0O1OODODODODODODOODODOOOHOOO
OO OO0 O0DO0OO0O0DO0OO0O0O0O0OHOOAOOHOO
OO O0OO0OO0O0OO0OO0O100100O0DO0ODO0O0OO0OHOO A
OO0 O0OO0O0O1O0O0O0O100O0O0DO0O0O0OO0OHOOHOOO
OO0 O0O100100—T1O0O0—100—10O0—10O0O
[ejejojojojlojolololojlojlololo ool ool looloja)
OO OO0 O0DO0OO0O0ODO0OO0O0OO0OO0OO0OTO0OO"10O0O0OO0O
[eNeolejoolololeololojojlolojoloolololol NoNall Ne)

[elejojolojoal ool jojololojolajolol il oo

Symbolically the preceding equation can be expressed as

(11.8)

u=CycC
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Fig. 11.1 Nodedisplacements and forcesfor rectangular hexahedron.
Hence,
c=Cu (11.9)

Noting that du/dx = du/9& x d&0X, etc., the strains e in the element are then
computed from
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C1
C2
x| (11.10)
C23
C24

or symbolically as
e=A1cC (11.11)

where A11 isthe 6 x 24 matrix in Eq. (11.10). Substituting now the already derived
expression for cin Eq. (11.11),

e= Allcl‘llu = bj1u (11.12)
where
bi = AnCyf (11.13)

Here the matrix bg represents a matrix of strains caused by unit displacements at
the element nodes. These strains do not satisfy equations of stress equilib-
rium within the element. Also, all six components of strain are varying linearly
throughout the hexahedron element.
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RECTANGULAR HEXAHEDRON (BRICK) T11

The inverse of the matrix Aqs is given by

OO OO OO0 OO0OO0DO0OO0OO0OO0OO0O0O0OO0OTHAOAAO

(11.14)

cNeololoNeolololololoR o NeloRoNols lololNeoNeNeNeNo o) _000000000000000000000101

000000000000000000001001__

0000000000001001_.00000000

0000000000000101__00000000

00000101__0000000000000000

O OO0 O0ODO0OO0ODODO0OODO0OODOO0DODODODODODOODOOO
OCOO0OO0OO0OO0OO0ODODO0OO0OO0ODO0OOO0OOTOODODODOODOOO
OCOO0OO0OO0OO0OO100O0CDO0DODO0DO0ODODO0OODOOOOOOO

000000000000000000000011__

OO OO0 OO0 O0OO0OO0OO0O0OO A0 0000000

00000011__0000000000000000

O OO0 OO0 ODO0OO0OO0OO0OOO0OO0OO0OOOHO



124

The stress-strain equations are given by
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which can be written symbolically as
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0 0
0 0
0 0
0 0
1-2v)/2 0
0 (1-2v)/2
(11.15)
(11.16)

TE
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The expression for the three-dimensional Young’s modulus Ej3 is given by
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(11.17)

The stiffness matrix for the rectangular hexahedron element is obtained from

k11 :f b-{lEgbll dv = f// bIlE3b11|J(X,y,Z)|dX dy dz
\

1,1 p1
= abc/ / / b{,Esba1 dé dyd¢
0 Jo Jo

(11.18)
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because
oX dx  OX
0 0n 0C
|9y 9y dy|
XY, 2)| = 3% ;5 9 = abc (11.19)
0z 0z 0z
0 0n 0

Thermal Stiffness
The thermal stiffness is obtained from

-1 —1
-1
E -1 Eabc _1
=[bl,—— b dé dnd
. / Ha-an | 0|7 T a- 2v>f// | o ddnde
0 0
0 0
(11.20)
Thermal Load
The thermal load g, is obtained from
g1 = «Thy (11.21)

Mass Matrix

Based on the assumed displacement field given by Egs. (11.1-11.3), the
relationship

u
|:U:| = anu (11.22)

w

can be derived from which ay7 is found and then used in

1,1 1
mp = p/ ajja; dV = pabc/ / / al,ay; d& dyd¢ (11.23)
) 0o JoJo
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It can be shown that
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Rectangular Hexahedron (Brick) T12:
Composite Element with Two Pentahedrons T9

The node numbering for the composite element T12 is shown in Fig. 12.1 for
the two pentahedrons representing the hexahedron element T12. This composite
element can be used for the upper-bound analysis. At each node point there are three
element displacements and corresponding three element forces in the x, y, and z
directions, respectively. The computation of the stiffness matrix of the hexahedron
T12 involves only the addition of the corresponding stiffness coefficients from the
two pentahedrons, each as 18 x 18 matrices placed into the framework of the larger
24 x 24 stiffness matrix for the hexahedron. The cutting plane forming the two
tetrahedrons is in the plane passing through the node points 1, 3, 7, and 5 as shown
in Fig. 12.1. This approach is simpler than the use of the enhanced displacement
field vanishing on the boundaries of the element to create the upper-bound element.
The node numbering, the node forces, and the corresponding node displacements
remain the same as in the T11 element. Furthermore, the mass matrix m12 and the

Fig. 12.1 Rectangular hexahedron represented by two prismatic pentahedrons.
127



128 FINITE ELEMENT STRUCTURAL ANALYSIS
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Fig.12.2 Nodedisplacementsand forcesfor rectangular hexahedron represented by
two pentahedrons.

thermal stiffness matrix hi, are assumed to be the same as in the T11 element.
The numbering of element displacements and their associated element forces are
shown in Fig. 12.2. The cutting plane forming the two tetrahedrons is in the plane
passing through the node points 1, 3, 7, and 5 shown in Fig. 12.1.
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Pin-Jointed Bar and Beam Elements

Some of the elements used currently in the finite element analysis do not
have any upper- or lower-bound formulations because their properties derived
for the finite element analysis such as stiffness or mass matrices are exact. This
is the case of pin-jointed bars and beam elements, which can be referred to as
“exact elements.” If such elements are needed for the finite element analysis, they
can be included with both the upper-bound analysis as well as in the lower-bound
analysis.

The pin-jointed bar element has only two axial displacements, one at each end.
The beam element, in addition to the axial displacements at each end, has also two
bending rotations and one twisting rotation.
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Finite element method/model (FEM)

(continued)
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