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Preface 

The term transport phenomena is used to describe processes in which mass, 
momentum, energy and entropy move about in matter. Advances in Transport 
Phenomena provide state-of-the-art expositions of major advances by theoretical, 
numerical and experimental studies from a molecular, microscopic, mesoscopic, 
macroscopic or megascopic point of view across the spectrum of transport 
phenomena, from scientific enquiries to practical applications. The annual review 
series intends to fill the information gap between regularly published journals and 
university-level textbooks by providing in-depth review articles over a broader 
scope than in journals. The authoritative articles, contributed by internationally-
leading scientists and practitioners, establish the state of the art, disseminate the 
latest research discoveries, serve as a central source of reference for fundamentals 
and applications of transport phenomena, and provide potential textbooks to senior 
undergraduate and graduate students.  

The series covers mass transfer, fluid mechanics, heat transfer and 
thermodynamics. The 2010 volume contains the four articles on the field synergy 
principle for convective heat transfer optimization, the lagging behavior of 
nonequilibrium transport, the microfluidics and the multiscale modelling of liquid 
suspensions of particles, respectively. The editorial board expresses its 
appreciation to the contributing authors and reviewers who have maintained the 
standard associated with Advances in Transport Phenomena. We also would like 
to acknowledge the efforts of the staff at Springer who have made the professional 
and attractive presentation of the volume. 

 



Serial Editorial Board 

Editor-in-Chief 

Professor L.Q. Wang The University of Hong Kong,  
Hong Kong; lqwang@hku.hk 

Editors 

Professor A.R. Balakrishnan Indian Institute of Technology Madras,  
India 

Professor A. Bejan Duke University, USA 
Professor F.H. Busse University of Bayreuth, Germany 
Professor L. Gladden Cambridge University, UK 
Professor K.E. Goodson  Stanford University, USA 
Professor U. Gross Technische Universitaet Bergakademie 

Freiberg, Germany 
Professor K. Hanjalic Delft University of Technology, The Netherlands 
Professor D. Jou  Universitat Autonoma de Barcelon, Spain 
Professor P.M. Ligrani Saint Louis University, USA 
Professor A.P.J. Middelberg University of Queensland, Australia 
Professor G.P. "Bud" Peterson Georgia Institute of Technology, USA 
Professor M. Quintard CNRS, France 
Professor S. Seelecke North Carolina State University, USA 
Professor S. Sieniutycz Warsaw University of Technology, Poland 

Editorial Assistant 

J. Fan The University of Hong Kong, Hong Kong 
 



Contents

Optimization Principles for Heat Convection . . . . . . . . . . . . . . . . 1
Zhi-Xin Li, Zeng-Yuan Guo

Nonequilibrium Transport: The Lagging Behavior . . . . . . . . . . . 93
D.Y. Tzou, Jinliang Xu

Microfluidics: Fabrication, Droplets, Bubbles and
Nanofluids Synthesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
Yuxiang Zhang, Liqiu Wang

Multi-scale Modelling of Liquid Suspensions of Micron
Particles in the Presence of Nanoparticles . . . . . . . . . . . . . . . . . . . 295
Chane-Yuan Yang, Yulong Ding

Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333



List of Contributors 

Numbers in parenthesis indicate the pages on which the authors’ contribution  
begins. 

Ding, Y.L. 
Institute of Particle Science and 
Engineering, University of Leeds, 
Leeds LS2 9JT, UK (295) 
 
Guo, Z.-Y. 
Key Laboratory for Thermal  
Science and Power Engineering of  
Ministry of Education, Department of  
Engineering Mechanics, School of  
Aerospace, Tsinghua University, 
Beijing 100084, China (1) 
 
Li, Z.-X. 
Key Laboratory for Thermal  
Science and Power Engineering of  
Ministry of Education, Department of  
Engineering Mechanics, School of  
Aerospace, Tsinghua University, 
Beijing 100084, China (1) 
 
Tzou, D.Y.  
Department of Mechanical and 
Aerospace Engineering, 

University of Missouri, Columbia,  
MO 65211, USA (93) 
 
Wang, L.Q. 
Department of Mechanical Engineering, 
The University of Hong Kong, 
Pokfulam Road,  
Hong Kong (171) 
 
Xu, J.L. 
School of Renewable Energy, 
North China Electric Power University, 
Beijing 102206, China 
 
Yang, C.-Y. 
Institute of Particle Science and 
Engineering, University of Leeds, 
Leeds LS2 9JT, UK (295) 
 
Zhang, Y.X. 
Department of Mechanical Engineering, 
The University of Hong Kong, 
Pokfulam Road,  
Hong Kong (171) 

 



L.Q. Wang (Ed.): Advances in Transport Phenomena, ADVTRANS 2, pp. 1–91. 
springerlink.com                                  © Springer-Verlag Berlin Heidelberg 2011 

Optimization Principles for Heat Convection 

Zhi-Xin Li and Zeng-Yuan Guo* 

Abstract. Human being faces two key problems: world-wide energy shortage and 
global climate worming. To reduce energy consumption and carbon emission, it 
needs to develop high efficiency heat transfer devices. In view of the fact that the 
existing enhanced technologies are mostly developed according to the experiences 
on the one hand, and the heat transfer enhancement is normally accompanied by 
large additional pumping power induced by flow resistances on the other hand, in 
this chapter, the field synergy principle for convective heat transfer optimization is 
presented based on the revisit of physical mechanism of convective heat transfer. 
This principle indicates that the improvement of the synergy of velocity and 
temperature gradient fields will raise the convective heat transfer rate under the 
same other conditions. To describe the degree of the synergy between velocity and 
temperature gradient fields a non-dimensional parameter, named as synergy 
number, is defined, which represents the thermal performance of convective heat 
transfer. In order to explore the physical essence of the field synergy principle a new 
quantity of entransy is introduced, which describes the heat transfer ability of a 
body and dissipates during hear transfer. Since the entransy dissipation is the 
measure of the irreversibility of heat transfer process for the purpose of object 
heating the extremum entransy dissipation (EED) principle for heat transfer 
optimization is proposed, which states: for the prescribed heat flux boundary 
conditions, the least entransy dissipation rate in the domain leads to the minimum 
boundary temperature difference, or the largest entransy dissipation rate leads to the 
maximum heat flux with a prescribed boundary temperature difference. For 
volume-to-point problem optimization, the results indicate that the optimal 
distribution of thermal conductivity according to the EED principle leads to the 
lowest average domain temperature, which is lower than that with the minimum 
entropy generation (MEG) as the optimization criterion. This indicates that the EED 
principle is more preferable than the MEG principle for heat conduction 
optimization with the purpose of the domain temperature reduction. For convective 
heat transfer optimization, the field synergy equations for both laminar and 
                                                           
Zhi-Xin Li . Zeng-Yuan Guo 
Key Laboratory for Thermal Science and Power Engineering of Ministry of Education, 
Department of Engineering Mechanics,  School of Aerospace, Tsinghua University, 
Beijing 100084, China 
e-mail: lizhx@tsinghua.edu.cn, demgzy@tsinghua.edu.cn 
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turbulent convective heat transfer are derived by variational analysis for a given 
viscous dissipation (pumping power). The optimal flow fields for several tube flows 
were obtained by solving the field synergy equation. Consequently, some enhanced 
tubes, such as, alternation elliptical axis tube, discrete double inclined ribs tube, are 
developed, which may generate a velocity field close to the optimal one. 
Experimental and numerical studies of heat transfer performances for such 
enhanced tubes show that they have high heat transfer rate with low increased flow 
resistance. Finally, both the field synergy principle and the EED principle are 
extended to be applied for the heat exchanger optimization and mass convection 
optimization. 

1   Introduction 

At present, human being faces two key problems: world-wide energy shortage and 
global climate worming. Since the utilization of about 80% various kinds of energy 
are involved in heat transfer processes, to study enhanced heat transfer techniques 
with high energy efficiency becomes more and more important for reducing energy 
consumption and carbon emission. 

Since convection heat transfer has broad applications in various engineering 
areas, a large amount of studies have been conducted in the past decades to get the 
heat transfer correlations and to improve heat transfer performance for different 
cases. However, the conventional way to investigate convection heat transfer has 
been to first classify convection as internal/external flow, forced/natural convection, 
boundary layer flow/elliptic flow, rotating flow/non-rotating flow, etc., then to 
determine the heat transfer coefficient, h, and the corresponding dimensionless 
parameter, Nusselt number, Nu, by both theoretical and experimental methods. The 
Nu can usually be expressed as various functions of the Reynolds number，Re, (or 
Grashof number, Gr) and Prandtl number, Pr, and heat transfer surface geometries 
[1,2]. However, there is no unified principle, which may generally describe the 
performance of different types of convection heat transfer, and consequently guide 
the enhancement and optimization of convection heat transfer. 

Up to now, passive means have usually been used for single phase convective 
heat transfer enhancement [3,4], various heat transfer enhancement elements, 
especially rolled tubes, such as the spirally grooved tube [5,6] and the transverse 
grooved tube [7] have been widely used to improve heat transfer rates[8]. Tube 
inserts such as twisted-tape inserts [9,10] and coiled wire turbulence promoters 
[11], have also been used to enhance the heat transfer in tubes. However, the 
development of these enhancement elements has mostly been based on experience 
with heat transfer enhancement normally accompanied by large flow resistances 
[12]. This implies that the enhanced heat transfer does not always save energy. 

To develop heat transfer technologies with high energy efficiency, Guo and his 
colleagues studied the optimization principle, which, unlike the heat transfer 
enhancement, refers to maximizing the heat transfer rate for a given pumping 
power. By analyzing the energy equation for two-dimensional laminar boundary 
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layer flow, Guo et al. [13,14] proposed the concept of field synergy (coordination), 
and then presented the field synergy principle for convective heat transfer, which 
indicates that the Nusselt number for convective heat transfer depends not only on 
the temperature difference, flow velocity and fluid properties, but also on the 
synergy of the flow and temperature fields. Tao [15] proved that this principle is 
also valid for elliptic flows of which most convective heat transfer problems are 
encountered in engineering. Thus, the field synergy principle provides a new 
approach for evaluating heat transfer performance of various existing enhancement 
techniques on the one hand, and can guide us to develop a series of novel enhanced 
techniques with high energy efficiency on the other hand [16-27].  

But the field synergy principle can tell us how to improve the field synergy of 
flow and temperature fields qualitative only due to their strong coupling, and can 
not guide our quantitative design of heat transfer components and devices with the 
best field synergy degree.  

In order to reveal the physical nature of the field synergy principle and to establish 
the field synergy equations, Guo et al. [28] and Cheng [29] introduced a physical 
quantity, entransy, by analogy between heat and electric transports, which can be 
used to define the efficiencies of heat transfer processes and to establish the 
extremum entransy dissipation principle for heat transfer optimization. The 
difference between the principles of minimum entropy production and the extremum 
entransy dissipation lies in their optimization objective. The former is the maximum 
heat-work conversion efficiency, called thermodynamic optimization, while the 
latter is the maximum heat transfer rate for given temperature difference or the 
minimum temperature difference for given heat flux. Several applications of the field 
synergy principle and the extremum entransy dissipation principle for developing 
energy-efficient heat transfer components and devices are demonstrated in 
references [16-19, 30-32]. 

2   Field Synergy Principle for Convective Heat Transfer 

2.1   Convective Heat Transfer Mechanism 

Guo [14] and Guo et al. [13,22] revisited the mechanism of convective heat transfer 
by considering an analog between convection and conduction. They regarded the 
convection heat transfer as the heat conduction with fluid motion. Consider a 
steady, 2-D boundary layer flow over a cold flat plate at zero incident angle, as 
shown in Fig.1(a). The energy equation is 

p
T T T

c u v k
x y y y

ρ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂+ =⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
                                  (1) 

The energy equation for conduction with a heat source between two parallel plates 
at constant but different temperatures as shown in Fig.1(b) is 
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(a) Laminar boundary layer 

 

 

 

 

 

 

 

 

(b) conduction with a heat source 

Fig. 1 Temperature profiles for (a) laminar boundary layer flow over a flat plate, and  (b) 
conduction with a heat source between two parallel plates at different constant temperatures. 

T
q k

y y

⎛ ⎞∂ ∂− = ⎜ ⎟∂ ∂⎝ ⎠
                                                  (2) 

From Eqs. (1) and (2), it can be seen that the convection term in the energy equation 
for the boundary layer flow corresponds to the heat source term in the conduction 
equation. 

The difference is that the ‘‘heat source’’ term in convection is a function of the 
fluid velocity. The presence of heat sources leads to an increased heat flux at the 
boundary for both the conduction and convection problems. The integral of Eq. (1) 
over the thickness of the thermal boundary layer is 

,

0
( ) ( )

t x

p w

w

T T T
c u v dy k q x

x y y

δ
ρ ∂ ∂ ∂+ = − =

∂ ∂ ∂∫                        (3) 

where δt is the thermal boundary layer thickness. The integral of the energy 
equation of heat conduction with heat source, Eq. (2), over the thickness between 
two plates, δ, we have 

Tc 

Th 

q�Φ�  
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0
( , ) ( )w

w

T
x y dy k q x

y

δ ∂Φ = − =
∂∫ �                           (4) 

On the left hand side of Eq. (4) is the sum of the heat source in the cross-section at x 
position between the two plates, the term on the right hand side is the surface heat 
flux at x. It is obvious that the larger the heat source, the larger the surface heat flux, 
the reason is that all the heat generated in the domain must be transferred from the 
cold plate. This is the concept of source induced enhancement.  

On the left hand side of Eq.(3) is the sum of the convection source term in the 
boundary layer at x position, the right hand is the surface heat flux at x, which is the 
physical parameter to be enhanced or controlled. Same as heat conduction analyzed 
above, the larger the sum of the convective source term, the larger the heat transfer 
rate, which is also the source induced enhancement. For the case of fluid 
temperature higher than solid surface temperature, the heat transfer will be 
enhanced/weakened by the existed heat source/sink. For convection problems, the 
convection source term acts heat source/sink if the fluid temperature is higher/lower 
than the wall surface temperature. Therefore, we can conclude from Eq. (3) that the 
convection heat transfer can be enhanced by increasing the value of the integral of 
the convection terms (heat sources) over the thermal boundary layer. 

The above results are based on the analysis on 2D boundary layer problem, 
which also hold for the more general convection problems. The energy equation of 
convective heat transfer is, 

     
( ) ( ) ( ) ( )p

T T T T T T
c u v w k k k

x y z x x y y z z
ρ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + = + + + Φ

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
�     (5) 

where Φ�  is the real heat source, for example, heat generated by viscous 
dissipation, or by chemical reaction, or by electric heating. Rearranging and 
integrating Eq.(5), where all source terms are positioned in the right hand side of 
Eq.(5), leads to  

  

,

0
( ) ( ) ( ) ( )

t x

p w

w

T T T T T T
c u v w k k dy k q x

x y z x x y y y

δ
ρ
⎧ ⎫⎡ ⎤∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + − + −Φ = − =⎨ ⎬⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎣ ⎦⎩ ⎭

∫ �
  

 (6) 

 
 

 
 
 
The term in the right hand side of Eq.(6) is the surface heat flux, and the term in the 
left hand side is the sum of the heat sources in the boundary layer. With the concept 
of source  induced enhancement, it is easy to understand why the convective heat 
transfer between hot fluid with heat sources and cold wall surface can be enhanced.  

Heat source 

by convection 

Heat source 

by conduction

Real heat source 
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2.2   Field Synergy Principle 

Based on the revisit of the convective heat transfer mechanism, Guo [14] presented 
the field synergy principle for convective heat transfer optimization. Eq. (3) can be 
rewritten with the convection term in vector form as: 

,

0
( ) ( )

t x

p w

w

T
c U T dy k q x

y

δ
ρ ∂⋅∇ = − =

∂∫                               (7)  

From Eq. (7) it can be seen that for a certain flow rate and temperature difference 
between the wall and the incoming flow, the wall heat flux increases with the 
decrement of the included (intersection) angle between the velocity and temperature 
gradient/heat flow vectors. Eq. (7) is also valid for laminar duct flow if the upper 
limit of the integral is the duct radius. With the following dimensionless variables 
for the boundary layer flow, 

∞

=
U

U
U ，

twTT

T
T

δ/)( −
∇=∇

∞

，

t

y
y

δ
= ， wTT >∞                        (8) 

Eq. (7) can be written in the dimensionless form,  

1

0
Re Pr ( ) Nux xU T dy⋅∇ =∫                                       (9) 

Eq. (9) gives us a more general insight on convective heat transfer. It can be seen 
that there are two ways to enhance heat transfer: (a) increasing Reynolds or/and 
Prandtl number; which is well known in the literatures; (b) increasing the value of 
the dimensionless integration. The vector dot product in the dimensionless 
integration in Eq. (9) can be expressed as 

βcosTUTU ∇⋅=∇⋅                                          (10) 

where β is the included angle, or called the synergy angle, between the velocity 
vector and the temperature gradient (heat flow vector). Eq. (10) shows that in the 
convection domain there are two vector fields, U and ∇T, or three scalar fields, 
U , T∇ and cosβ . Hence, the value of the integration or the strength of the 

convection heat transfer depends not only on the velocity, the temperature gradient, 
but also on their synergy. Thus, the principle of field synergy for the optimization of 
convective heat transfer may be stated as follows: For a given temperature 
difference and incoming fluid velocity, the better the synergy of velocity and 
temperature gradient/heat flow fields, the higher the convective heat transfer rate 
under the same other conditions. The synergy of the two vector fields or the three 
scalar fields implies that (a) the synergy angle between the velocity and the 



Optimization Principles for Heat Convection 7 
 

temperature gradient/heat flow should be as small as possible, i.e., the velocity and 
the temperature gradient should be as parallel as possible; (b) the local values of the 
three scalar fields should all be simultaneously large, i.e., larger values of cosβ 
should correspond to larger values of the velocity and the temperature gradient; (c) 
the velocity and temperature profiles at each cross section should be as uniform as 
possible. Better synergy among such three scalar fields will lead to a larger value of 
the Nusselt number. 

2.3   Field Synergy Number 

As indicated above, the most favorable case is that a small synergy angle is 
accompanied by large velocity and temperature gradients. So the average synergy 
angle in the whole domain can not fully represent the degree of velocity and 
temperature field synergy, which should be described by the dimensionless 
parameter as follows: 

1

0

Nu
Fc

Re Pr
U Tdy⋅∇ =∫ ＝                                         (11) 

where the dimensionless quantity, Fc, is designated as the field synergy number, 
which stands for the dimensionless heat source strength (i.e., the dimensionless 
convection term) over the entire domain, and therefore, is the indication of the 
degree of synergy between the velocity and temperature gradient fields. Its value 
can be anywhere between zero and unity depending on the type of heat transfer 
surface. It is worthy to note that the difference between Fc and the Stanton number, 
St, although they have identical formulas relating to the Nusselt number. The 
Stanton number, St = Nu/RePr, is an alternate to Nusselt number only for 
expressing dimensionless heat transfer coefficient for convective heat transfer, 
while the field synergy number, Fc, reveals the relationship of Nu with the synergy 
of flow and temperature fields. To further illustrate the physical interpretation of Fc, 
let’s assume that U and ∇T are uniform and the included angles, β, are equal to zero 
everywhere in the domain, then Fc = 1, and 

Nu Re Prx x=                                                   (12)  

For this ideal case the velocity and temperature gradient fields are completely 
synergized and Nu reaches its maximum for the given flow rate and temperature 
difference. It should be noted that Fc is much smaller than unity for most practical 
cases of convective heat transfer, as shown in Fig.2.  

Therefore, from the view point of field synergy, there is a large room open to the 
improvement of convective heat transfer performance.  
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Fig. 2 Field synergy number for some cases of convective heat transfer. (1) Synergized flow; 
(2) Laminar boundary layer; (3) Turbulent boundary layer; (4) Turbulent flow in circular 
tube 

2.4   Examples of Convection with Different Field Synergy Degrees 

Consider a fully developed laminar flow in the channel composed of two parallel 
flat plates which are kept at different temperature, Th and Tc, respectively as shown 
in Fig.3. If the flow is fully developed, the streamlines are parallel to the flat plates 
and the velocity profile no longer changes in the flow direction. The temperature 
profile along y direction is linear, same as that   for the case of pure heat conduction. 
This implies that the fluid flow has no effect on the heat transfer rate. 

For this convective heat transfer problem, the dot product of velocity vector and 
temperature gradient vector is equal to zero, that is, the velocity and heat flow fields 
are out of synergy completely. 

Another typical convective heat transfer problem, shown in Fig.4, is the laminar 
convection with uniform velocity passing through two parallel porous plates. The 
two plates are kept at uniform temperatures, Th and Tc, respectively. The fluid 
velocity is normal to the plates and the isotherms in between. Assume that the heat 
transfer between the porous plates and the fluid in the pores is intensive enough, the 
energy equation for the fluid between two plates can be simplified as, 

( )w
p

d d k dT
V T

dy dy c dy
ρ

⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
                                         (13) 

104 105 106 107

10-3

10-2

100

(4) (3)
(2)

(1)

Pr=1 for all cases

F
c

Re

Uniform U and ∇T 
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Fig. 3 Convective heat transfer between two parallel plates at different temperatures 

 

Fig. 4 Convection between two porous plates with different uniform temperatures 

with the boundary of  

0 hy
T T= = ; cy L

T T= =                                            (14) 

The analytical solution of Eq.(13) gives, 

Re Pr
Nu

1 exp( Re Pr)
=

− −
                                           (15) 

For plate 1, Vw>0, the problem is a suction flow. Then, we have Nu>1 for RePr>0. 
Eq.(15) indicates that Nu almost equals to RePr for the cases of RePr>3. It means 
that the heat transfer rate tends to reach its maximum values as predicated by 
Eq.(12) for the fully synergized convection. Here, the Nusselt number is 
proportional to RePr, the reason is that the velocity and temperature gradient 
vectors are always parallel to each other. 

For plate 2, Vw<0, it is a blowing flow. Then, we have Nu<1 for RePr>0. That is, 
the fluid motion does not enhance heat transfer, but weakens heat transfer. Nu<1 
implies that the heat transfer rate is even lower than that of pure heat conduction. 
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If –RePr>3, we have Nu tends to zero, that is, the fluid motion plays the role of 
thermal insulation.  

Zhao and Song [33] conducted an analytical and experimental study of forced 
convection in a saturated porous medium subjected to heating with a solid wall 
perpendicular to the flow direction as shown in Fig. 5(a). The heat transfer rate from 
the wall to the bulk fluid for such a heat transfer configuration had been shown to be 
described by the simple equation Nu = RePr at low Reynolds number region as 
shown in Fig.5(b). In this case the field synergy number, Fc = 1. Obviously, the 
complete synergy of the velocity and heat flow fields provides the most efficient 
heat transfer mode as compared with any other convective heat transfer situations.  

The flow and heat transfer across a single circular cylinder with rectangular fins 
was numerically studied in [25]. To numerically simulate the flow field around the 
cylinder between two adjacent fins three-dimensional body fitted coordinates were 
adopted. The tube wall was kept at constant temperature and the fin surface 
temperature was assumed to be equal to the tube wall temperature. The flow across 
single cylinder was also simulated for comparison. Numerical results of isotherms 
and velocity vectors for flow over single smooth tube with U=0.02 m/s are 
presented in Fig. 6(a) and (b), from which it can be observed that over most part of 
the computational domain (except for upstream region where the isotherms are 
nearly vertical), the velocity and the local temperature gradient are nearly 
perpendicular each other, leading to a large field synergy angle. The synergy angle 
distribution is provided in Fig.6(c). The average synergy angle of the whole domain 
is 61.7degree.  

For the finned tube at the oncoming flow velocity of 0.06 m/s, the fluid isotherms 
and the flow velocity at the middle plane between two adjacent fin surfaces are 
presented in Fig. 7(a) and (b). It can be clearly observed that the attachment of fin to 
the tube surface greatly changes the orientation of the isotherms as almost vertical 
so that the temperature gradient is in almost horizontal direction. The result is that 
the velocity and temperature gradient are almost parallel and thus in good synergy. 
The local synergy angle distribution is shown in Fig.7(c), and the average synergy 
angle is now reduced to 23.6 degree. Computational results further reveal that in the 
region of very low velocity (for the case studied, the oncoming flow velocity less 
than 0.08 m/s), the average finned tube heat transfer coefficient varies almost 
linearly with the flow velocity, once again showing a case where the local velocity 
and temperature gradient is almost parallel everywhere. 
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(a) test section 
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Correlation for boundary layer problem 

5 10 150 
0 

5 

10 

15 

Pe 

N
u 

 

(b) Nu versus Pe for the wall 

Fig. 5 Test section and Nu vs Pe for forced convection in a saturated porous medium 
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            (a)  velocity vectors                                 (b) isotherms 

 

                (c) synergy angle distribution 

Fig. 6 Numerical results of velocity vectors, isotherms and in synergy angles  for flow over 
single tube (U = 0.02 m/s) 
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                (a) velocity vectors                                      (b) isotherms 

 
             (c) synergy angle distribution 

Fig. 7 Velocity vectors, isothermals and synergy angle distributions for flow over finned tube 
(U = 0.06 m/s) 

2.5   Ways to Improve Field Synergy Degree 

It is seen from Eq.(9) that there are three ways to improve the field synergy for 
convective heat transfer. The first one is to vary the velocity distribution for a fixed 
flow rate in the duct flow, for example, by introducing vortices in a specially 
designed tube [19]. The second one is to improve the uniformity of the temperature 
profiles by the inserts composed of sparse metal filaments in circular tube [21]. The 
filaments are normal to the tube wall and thin enough to produce a slight additional 
increase in the pressure drop. Such kind of fins is neither for surface extension, nor 
for disturbance promotion, but for improvement of field synergy. The third one is to 
vary the synergy angles between velocity and temperature gradient vectors. For 
example, some parallel slotted fin surfaces are designed according to the principle 
of ‘‘front sparse and rear dense’’ to reduce the domain-averaged synergy angle of 
convective heat transfer. 
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3   Extremum Entransy Dissipation Principle 

As mentioned in the above section, by improving the synergy of flow field and 
temperature gradient (heat flow) field, the convective heat transfer can be 
effectively enhanced for a given pumping power, and a little increment of the 
velocity component along heat flow direction will result in a profound 
augmentation of convective heat transfer, since the fluid flow is almost normal to 
the heat flow direction for the existing convection modes. Nevertheless, the field 
synergy principle gives us some principled measures for heat transfer optimization 
only, but not an approach for the quantitative analyses and design of heat transfer 
optimization. For example, it can not point out what kind of velocity field is the 
optimal one for maximum heat transfer rate at the prescribed oncoming flow rate 
and characteristic temperature difference. To find the optimal velocity field is an 
optimization problem of convective heat transfer.  

3.1   Entransy 

It is well known that, Fourier law, Newton cooling law and Stefen-Boltzmann law in 
heat transfer are used to describe the heat transfer rates in heat conduction, convection 
and radiation respectively. However there is no concept of heat transfer efficiency 
because thermal energy is conserved during transfer processes on the one hand, and 
the units of the input and output for enhanced heat transfer problems are not the same 
on the other hand. In heat transfer literatures, we have the concepts of fin efficiency 
and heat exchanger effectiveness, which can not be called the heat transfer efficiency, 
as they are defined as the ratio of actual heat transfer rate to maximum possible heat 
transfer rate, rather than the ratio of output to input heat flow rate. 

Heat transfer is an irreversible, non-equilibrium process from the point of view 
of thermodynamics. Onsager [34，35] set up the fundamental equations for 
non-equilibrium thermodynamic processes and derived the principle of the least 
dissipation of energy using variational theory. Prigogine [36] developed the 
principle of minimum entropy generation based on the idea that the entropy 
generation of a thermal system at steady-state should be the minimum. However, 
both of these principles do not deal with heat transfer optimization. Bejan [37，38] 
developed entropy generation expressions for heat and fluid flows. He analyzed the 
least combined entropy generation induced by the heat transfer and the fluid 
viscosity as the objective function to optimize the geometry of heat transfer tubes 
and to find optimized parameters for heat exchangers and thermal systems. This 
type of investigation is called thermodynamic optimization because its objective is 
to minimize the total entropy generation due to flow and thermal resistance. For the 
volume-to-point heat conduction problem, Bejan [39，40] developed a constructal 
theory network of conducting paths that determines the optimal distribution of a 
fixed amount of high conductivity material in a given volume such that the overall 
volume-to-point resistance is minimized. In view of the fact that there is lack of a 
fundamental quantity for heat transfer optimization, Guo et al. [28] presented a new 
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physical quantity, entransy, by analogy between electrical and thermal systems, 
which can be used to define the efficiencies of heat transfer processes and to 
optimize heat transfer processes. The two systems are analogous because Fourier’s 
law for heat conduction is analogous to Ohm’s law for electrical circuits. In the 
analogy, the heat flow corresponds to the electrical current, the thermal resistance to 
the electrical resistance, temperature to electric voltage, and heat capacity to 
capacitance. The analogies between the parameters for the two processes are listed 
in Table 1 from which shows that the thermal system lacks of the parameter 
corresponding to the electrical potential energy of a capacitor. An appropriate 
quantity, G, can be defined for a thermal system without volume variation as [28]  

1

2 vhG Q T=
  

                                                  (16) 

where vhQ McT= is the thermal energy stored in an object with constant volume 
which may be referred to as the thermal charge, T represents the thermal potential. 

Table 1 Analogies between electrical and thermal parameters 

g p
Electrical charge stored in 
capacitor 
Qve  /  [C] 

Electrical current 
(charge flux) 
I  / [C]/[s]=A 

Electrical resistance 
 
Re / [Ω] 

Capacitance 
 
Ce=Qve/Ue / [F] 

Thermal energy stored in an 
object 
Qvh= McT / [J] 

Heat flow 

hQ  / [J/s] 

Thermal resistance 
Rh /  [s K/J] 

Heat capacity 
Mc= Qvh/T / [J/K] 

Electrical potential  
 
Ue  /  [V] 

Electrical current 
density 

eq  / [C/m2s] 

Ohm’s law 

dn
dUkq e

ee �  

Electrical potential 
energy in a capacitor 

eee UQE 5.0  / [J] 

Thermal potential 
(temperature) 
Uh=T  /  [K] 

Heat flux 

hq  / [J/m2s] 

Fourier law 

dn
dUkq h

hh �  

? 
 

 

The physical meaning of entransy can be understood by considering a reversible 
heating process of an object with temperature of T. For a reversible heating process, 
the temperature difference between the object and the heat source and the heat 
added are infinitesimal, as shown in Fig. 8.  

Continuous heating of the object implies an infinite number of heat sources that 
heat the object in turn. The temperature of these heat sources increases 
infinitesimally with each source giving an infinitesimal amount of heat to the 
object. The temperature represents the potential of the thermal energy because its 
heat transfer ability differs at different temperatures. Hence the ‘‘potential energy” 
of the thermal energy increases in parallel with the increasing thermal energy  
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Fig. 8 Spheric thermal capacitor 

(thermal charge) when heat is added. The word potential energy is quoted because 
its unit is J⋅K, not Joule. When an infinitesimal amount of heat is added to an object, 
the increment in ‘‘potential energy” of the thermal energy can be written as the 
product of the thermal charge and the thermal potential (temperature) differential, 

vhdG Q dT=                                                  (17) 

If absolute zero K is taken as the zero thermal potential, then the ‘‘potential energy” 
of the thermal energy in the object at temperature T is, 

2

0 0

1

2

T T

vh v vG Q dT Mc TdT Mc T= = =∫ ∫                            (18) 

Hence, like an electric capacitor which stores electric charge and the resulting 
electric potential energy, an object can be regarded as a thermal capacitor which 
stores thermal energy/charge and the resulting thermal ‘‘potential energy”. If the 
object is put in contact with an infinite number of heat sinks that have 
infinitesimally lower temperatures, the total quantity of the ‘‘potential energy” of 
thermal energy which can be transferred out is QvhT/2. Hence the ‘‘potential 
energy” represents the heat transfer ability of an object.  

This new concept is called entransy because it possesses both the nature of 
‘‘energy” and the transfer ability. This has also been referred to as the heat transport 
potential capacity in an earlier paper by Guo et al.[41]  Biot [42] introduced a 
concept of thermal potential in the 1950s in his derivation of the differential 
conduction equation using the variation method. The thermal potential plays a role 
similar with the ‘potential energy’ of thermal energy here, while the variational 
invariant is related to the concept of dissipation function. However, Biot did not 
further expand on the physical meaning of the thermal potential and its application 
to heat transfer optimization was not found later except in approximate solutions to 
anisotropic conduction problems. 

, , vhT c Q  

hQδ
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3.2   Entransy Dissipation and Entransy Balance Equation  

For heat conduction without heat source, the thermal energy conservation equation 
is, 

v

T
c

t
ρ ∂ = −∇ ⋅

∂
q                                       (19) 

where q is the heat flux. Meanwhile there is also an accompanying entransy flux 
through the medium, However, the entransy, unlike the thermal energy, is not 
conserved due to its dissipation during the heat transfer process. Eq.(19) multiplied 
by the temperature, T, changes to, 

( )v

T
c T T T

t
ρ ∂ = −∇ ⋅ + ⋅∇

∂
q q                                   (20) 

The term in the left hand side of Eq. (20) is the time variation of the entransy stored 
per unit volume. The first term in the right hand side is the entransy transfer 
associated with the heat transfer while the second term is the local rate of entransy 
dissipation. Then, we have the entransy dissipation function, 

( )2

G T k Tϕ = − ⋅∇ = ∇q                                   (21) 

where k is the thermal conductivity and ∇T is the temperature gradient. The physical 
meaning of the dissipation function is the entransy dissipation per unit time and per 
unit volume, which   resembles the dissipation function for mechanical energy in 
fluid flow. The entransy balance equation, Eq.(20), can then be rewritten as,  

( )h
h G

dg
g

dt
ϕ= −∇ ⋅ +�                                        (22) 

where gh is the entransy density, or the entransy per unit volume, hg�  is the entransy 
flux.  

To understand the entransy dissipation in an irreversible heat transfer process, 
two simple heat transfer processes are discussed as follows. Consider 
one-dimensional steady-state heat conduction in a plate with thickness d as shown 
in Fig. 9, where the input heat flux is equal to the output heat flux, q1=q2. However, 
the input entransy flux is not equal to the output entransy flux due to dissipation 
during the heat transport. The entransy balance equation is, 

1 2 G0

d
qT qT dxϕ= + ∫                                    (23) 

where, 

( )1 20 0

d d

Gdx dx q T -Tϕ = − ⋅∇ =∫ ∫ q T                         (24) 
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1q  2q

1T  2T  

d  

Fig. 9 1D steady heat conduction 

Eq. (9) again shows that the input entransy flux is equal to the sum of the output 
entransy flux and the dissipated entransy per unit time and per unit volume. The 
entransy transfer efficiency is then, 

1 2 2

1 1 1

Gg qT T

g qT T
η − Φ = =

�
�

＝                                      (25) 

Next discuss a transient heat conduction in a continuum. Consider two cubic objects 
with the same volume, mass, specific heat and thermal conductivity, as shown in 
Fig. 10. Their initial uniform temperatures are T1 and T2 with T1 > T2.   

1 1,

, ,

T G

M c k
 2 2,

, ,

T G

M c k
 

3

3

T

G
 

3

3

T

G
 

 

Fig. 10 Transient heat conduction between two objects 
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When the two objects are touched each other, heat will flow from the high 
temperature object to the lower temperature object. The internal resistances of the 
two objects induce entransy dissipation during the heat transfer process. After a 
sufficiently long time and if the two objects are thermally insulated from the 
environment, the two objects will come to an equilibrium temperature, 

1 2
3 2

T T
T

+=                                                       (26) 

Before touching, the entransies in the two objects are, 

2
1 1 1 1

1 1

2 2hG Q T McT= =                                        (27) 

2
2 2 2 2

1 1

2 2hG Q T McT= =                                              (28) 

After touching and equilibrium is achieved, the entransy of each object is, 

2
3 3 3 3

1 1

2 2hG Q T McT= =                                            (29) 

The entransy dissipation can be obtained from the difference in entransy of two 
object systems at the initial and the equilibrium state,  

( )2
G 1 2 3 1 2

1
2

4
G G G Mc T TΦ = + − = −                            (30) 

It is clear from Eq.(30) that the entransy dissipation is always larger than zero if the 
temperatures of the two objects before touching are not equal. Similar to the steady 
heat conduction, we have the entransy transfer efficiency from the initial state to the 
equilibrium state, 

( )
( )

2
1 23

2 2
1 2 1 2

2

2

T TG

G G T T
η

+
=

+ +
＝                                       (31) 

For both the steady-state and transient cases the entransy transfer efficiency does 
not depend on the thermal conductivity as can be seen from Eqs. (25) and (31). 
However, larger temperature differences between the two objects in the transient 
heat conduction process result in more entransy dissipation and lower entransy 
transfer efficiency. Less time is needed for two objects with higher thermal 
conductivities to reach equilibrium when the entransy dissipation per unit time is 
larger. Hence, the entransy transfer efficiency between the two objects is not a 
function of the thermal conductivity. 
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3.3   Extremum Entransy Dissipation Principle  

Following the definition of the entransy and the entransy dissipation in heat transfer 
process we will introduce the extremum entransy dissipation principle for heat 
transfer optimization in this section. 

For simplicity consider the optimization of a steady state heat conduction 
problem. Cheng [29] and Cheng et al. [43] started from the differential form of the 
conduction equation to derive a variational statement of the heat conduction using 
the method of weighted residuals. They derived a minimum entransy dissipation 
principle for prescribed heat flux boundary conditions and a maximum entransy 
dissipation principle for prescribed temperature boundary conditions that are 
referred to as the extremum entransy dissipation principle (EED principle).  

The minimum entransy dissipation principle states that for the prescribed heat 
flux boundary conditions, the minimum entransy dissipation rate in the domain 
leads to the minimum difference between the two boundary temperatures. This 
principle can be expressed as  

( )21
0

2t

V

Q T k T dVδ δΔ = ∇ =∫∫∫�                                 (32) 

where δ denotes the variation, TΔ  is the temperature difference, and tQ�  is the 
heat flow.  

The maximum entransy dissipation principle states that the largest entransy 
dissipation rate in a domain with a prescribed temperature difference as the 
boundary condition leads to the maximum heat flux. This principle can be 
expressed as  

( )21
0

2t

V

Q T k T dVδ δΔ = ∇ =∫∫∫�                                    (33) 

Unlike the Biot’s variational method, the present method works directly with the 
differential equation and boundary conditions. Furthermore, Biot’s variational 
principle is a quasi-variational principle, as Finlayson [44,45] indicated, which 
applies only to the approximate solution, not necessarily to the exact solution of 
heat conduction. He also showed that the Euler equation developed from the 
theorem of minimum entropy production reduces to the heat conduction equation 
only when 2/k T const= . 
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4   Optimization of Heat Conduction 

4.1   Criterion of Uniform Temperature Gradient 

Bejan [38, 39] developed the constructal theory of conducting paths to optimize the 
high conductivity material allocation so as to minimize the thermal resistance of the 
volume-to-point conduction, which seeks to effectively remove heat generated in a 
volume to a point on its surface. High conductivity material is embedded in the 
substrate to improve the thermal conduction. The problem is to optimize the 
allocation of a limited amount of high conductivity material so that the generated 
heat can be most effectively transported to the point to minimize the highest 
temperature in the domain. The material allocation in the volume-to-point 
conduction problem can also be optimized by using the extremum entransy 
dissipation principle to minimize the average temperature in the domain. Xia 
et al.[30], Cheng [29] and Cheng et al. [31] reported the bionic optimization of 
volume-to-point conduction based on the extremum entransy dissipation principle.  

 

5.
0 

m
 

1.
0 

m
 

T1�300K T2�300K 

Uniform heat source 

Φ�100W/m3 

adiabatic 

 

Fig. 11 Volume-to-point heat conduction problem 

Fig.11 shows a typical volume-to-point heat conduction problem. In the square 
domain there is a uniform heat source, Φ� ＝ 100W/m3, the local material 
conductivity in the domain may vary continuously but the volume-averaged 
conductivity is kept at 1W/(m·K). Two small symmetric heat flow outlets with 
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uniform temperature of 300 K are located on the boundary with other boundaries 
adiabatic. The problem is to find the optimal thermal conductivity distribution 
which leads to a lowest average temperature in the domain.  

The total heat flow rate through the two outlets is equal to the heat delivered from 
a uniform heat source in the domain per unit time, 

t

V

Q dV= Φ∫∫∫ �                                                 (34) 

The average temperature in the domain is, 

1
m

t V

T TdV
Q

= Φ∫∫∫ �                                              (35) 

According to the minimum entransy dissipation principle, Eq.(32) for the 
prescribed heat flow rate at the boundary (note: hear the heat flow rate is equal to 
the total heat source in the domain, the outlet temperature is fixed, we want to find 
the minimum average temperature of the domain, so as to obtain the minimum 
temperature difference for heat conduction), we have, 

( )21
0

2t m

V V

TdV Q T k T dVδ δ δΦ = = ∇ =∫∫∫ ∫∫∫�                      (36) 

with the constraint,   

V

kdV Const=∫∫∫  (37) 

For the above optimization problem, the following functional can be constructed,  

2
1

1
( )

2V

J k T k dVλ⎡ ⎤= ∇ +⎢ ⎥⎣ ⎦∫∫∫  (38) 

where 1λ  is a Lagrange multiplier, which is a constant. By making the variation of 
the functional, J, with respect to temperature, equal to zero, then 

( ) 0
A V

k T T dA k T TdVδ δ∇ ⋅ − ∇ ⋅ ∇ =∫∫ ∫∫∫n  (39) 

Due to the boundaries either adiabatic or isotherm, so,  

0
A

k T T dAδ∇ ⋅ =∫∫ n  (40) 
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For the case of the lowest average temperature,  

0
V V

TdV TdVδ δΦ = Φ =∫∫∫ ∫∫∫� �  (41) 

By instituting Eq.(40) and Eq.41) into Eq.(39), we have, 

( )( ) 0
V

k T TdVδ∇ ⋅ ∇ + Φ =∫∫∫ �                          (42) 

Therefore, we have the stagnation condition of the variation of the functional J 
with respect to temperature (steady heat conduction equation), 

( ) 0k T∇ ⋅ ∇ + Φ =�                                               (43)  

Making the variation of the functional, J, with respect to thermal conductivity gives, 

( )2

12T λ∇ = −  (44) 

This equation demonstrates that the temperature gradient in the domain should be 
uniform to minimize the entransy dissipation, and consequently to obtain the lowest 
average temperature in the domain. This is called the uniform temperature gradient 
criterion for heat conduction optimization. Using Fourier’s law Eq. (43) can also be 
written as the constant ratio of the local heat flux to the local thermal conductivity 
over the domain for the best performance of volume-to-point heat conduction, This 
implies that the large conductivity should be put on the place where the heat flux is 
large.  

4.2   Optimization of Volume-to-Point Problem 

The volume-to-point problem, shown in Fig.11, can be optimized numerically by 
rearranging the local thermal conductivity according to the criterion of uniform 
temperature gradient obtained based on the extremum entransy dissipation 
principle. The numerical procedure for finding the optimum distribution of thermal 
conductivity is as follow. 
 
(1) initially fill the domain with a uniformly distributed thermal conductivity,  
(2) solve the differential conduction equation to obtain the temperature field and 

heat flux field, 
(3) calculate the new thermal conductivity distribution using the following 

equation: 
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1

( , , )
( , , ) ( , , )

( , , )

( , , )
( , , )

( , , )

n
n n

Vn

V

n
n

Vn

V

q x y z
k x y z k x y z dV

q x y z dV

k x y z T
k x y z dV

k x y z TdV

+ = ⋅

− ∇
= ⋅

− ∇

∫∫∫∫∫∫

∫∫∫∫∫∫

              (45) 

(4) return to step (2) to recalculate the temperature and heat flux fields until the 
following converging criterion is satisfied at each location, 

( ) ( )( ) ( )1 1, , , , / , ,n n nk x y z k x y z k x y z ε+ +− <                    (46) 

where ε is a positive value that is much less than unity. 
 
The temperature field before optimization (uniform thermal conductivity) is 
shown in Fig. 12, where the average temperature is 1005.1K. The optimized 
thermal conductivity distribution and temperature distribution are shown in 
Fig.13 and Fig.14 respectively. The larger thermal conductivity locates on 
the neighborhood of heat flow outlets, where the heat flux is larger. The 
average temperature after optimization is about 584.2 K. It is much lower 
than the value of 1005.1 K before optimization, and the temperature gradient 
in the domain is nearly uniform, as shown in Fig.14. 
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Fig. 12 Temperature distribution in the square domain with uniform thermal conductivity 
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Fig. 13 Thermal conductivity distribution after optimization 
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Fig. 14 Temperature distribution after optimization 

In the following we discuss the optimization of a thermally asymmetric 
volume-to-point problem, that is, the two heat flow outlets are at different 
temperatures of 200 K and 300 K respectively, as shown in Fig.15. The other 
parameters are same as that in Fig.11. This problem was optimized numerically by 
performing the same procedure for symmetric problem. The optimal distribution of 
the thermal conductivity and temperature distribution are shown in Fig.16 and 
Fig.17 respectively.  
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Fig. 15 Thermally asymmetric volume-to-point problem 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 16 Optimal thermal conductivity distribution of the thermally asymmetric 
volume-to-point problem 

Fig.16 shows that the thermal conductivity is no longer distributed 
symmetrically and the heat flow rate at the low temperature outlet is relative larger. 
The average temperature after optimization is about 532.9 K, which is much lower 
than the value of 955.1 K before optimization. The temperature gradient in the 
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domain after optimization becomes uniform although the heat flow rates at two 
outlets are different, as shown in Fig.17.  
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Fig. 17 Optimal temperature distribution of the thermally asymmetric volume-to-point 
problem 

4.3    Comparison between EED Principle and MEG Principle  

To further understand the difference between the extremum entransy dissipation 
(EED) principle and the minimum entropy generation (MEG) principle the 
optimization effects of heat conduction based on these two different principles are 
compared. For the symmetric volume-to-point problem shown in Fig. 11, the 
entropy generation rate during heat conduction equals to the difference between the 
entropy flow delivered from heat source and the entropy flow out from the two 
outlets, 

1 2

1 2

1 2

1
g t

mV A A A

Q Q
S dV dA dA dA Q

T T T T T

Φ ⎛ ⎞= − − ⋅ = + − ⎜ ⎟
⎝ ⎠∫∫∫ ∫∫ ∫∫ ∫∫n

�� q         (47) 

where ( )1/
m

T  is the average value of 1/T in the domain. Because all the 
heat flow delivered from the heat source must goes through the isotherm 
boundary at 300 K, the total entropy flow through the two outlets is, 

1 2

1 2

1 2

/ 8.33 W/K
A A

Q Q
dA dA V T const

T T
+ = Φ = =∫∫ ∫∫ �                   (48) 
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The substitution of Eq.(48) into Eq.(47) yields 

1 1
8.33 2500g t

m m

S const Q
T T
⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

�                                (49) 

Eq.(16) indicates that the entropy generation is independent of the outlet 
temperature, and hence, the minimum entropy generation corresponds to the 
maximum average value of 1/T in the domain, which is approximately equal to the 
lowest average temperature, T, corresponding to the minimum entransy dissipation. 
Therefore, the optimal results given by EED principle and by MEG principle are 
close to each other for a symmetric volume-to-point problem.  

For a thermally asymmetric volume-to-point problem, as shown in Fig.15, the 
entropy flows through the two outlets are different. Eq.(47) divided by the total heat 
flow leads to,  

1 2

1 2

1 2

1 1 1g

mt t tA A

S Q Q
dA dA

Q T Q T Q T
⎛ ⎞= + − ⎜ ⎟
⎝ ⎠∫∫ ∫∫

�
                            (50) 

It can be seen in Eq.(50) that the entropy generation rate per unit heat flow depends 
not only on the average value of 1/T, but also on the difference in heat flow and 
consequently in temperature between two outlets. The entropy flow through the two 
outlets can be expressed as, 

1 2 1 2 2

1 2 1 2
2

1 2 1 2 1

t

A A A A A

QQ Q T T
dA dA dA Q dA

T T T T T+

⎛ ⎞−+ = + ⎜ ⎟
⎝ ⎠

∫∫ ∫∫ ∫∫ ∫∫                   (51) 

Substituting Eq.(18) into Eq.(50) gives 

1 2 2

1 2
2

1 2 1

1g t

mt A A A

S Q T T
dA Q dA

Q T T T T+

⎛ ⎞− ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

∫∫ ∫∫
�

               (52) 

This implies that the minimum entropy generation rate corresponds no 
longer to the lowest average temperature in the domain, because the additional 
term ( )1 2 1 2/T T TT− and 2Q  varies with the thermal conductivity distribution. 

If
1 2 1 2( )T T TT− � , we then have 

1 2 1 2

1 2

1 2 1

t

A A A A

QQ Q
dA dA dA Const

T T T+

+ ≈ =∫∫ ∫∫ ∫∫                           (53) 
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so Eq.(17) can be simplified as 

1
g t

m

S Const Q
T
⎛ ⎞= − ⎜ ⎟
⎝ ⎠

�                                        (54) 

which is identified with Eq.(49).   
To validate the above analysis, the numerical calculations for the optimization of 

volume-to-point problems are performed based on the MEG principle, and the 
results are compared with those given by the EED principle.  

For the above optimization problem, we construct the following functional,  

( )2

1 22
( )

k T
J k k T

T
λ λ

∇
⎡ ⎤= + + ∇ ⋅ ∇ + Φ⎣ ⎦

�                           (55) 

where 1λ  and 2λ are the Lagrange multipliers, 1λ  is a constant. By making the 
variation of the functional, J, with respect to temperature and thermal conductivity, 
equal to zero, then 

( )2

2 3 2

2 2
( )

k T
k

T T
λ

∇ Φ−∇ ⋅ ∇ = +
�

                                (56) 

( )2

1 22
0

T
T

T
λ λ

∇
+ − ∇ ⋅∇ =                                              (57) 

The natural boundary conditions are: 0Tδ = , 2 0λ =  for the case of isotherm 

boundary, and 0qδ = , 2 2

2k T
k

T
λ ∇∇ = , for the constant heat flux boundary. Eq. 

(23) and the natural boundary conditions are used to identify the Lagrange 

multiplier 2λ , while Eq.(57) is the control equation of thermal conductivity 

for optimization. 

The numerical procedure for finding the optimum distribution of thermal 
conductivity is as follow. 

(1) initially fill the domain with a uniformly distributed thermal conductivity;  
(2) solve the differential conduction equation to obtain the temperature field and 

heat flux field, 
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(3) solve Eq. (56) to obtain the distribution of 2λ  in the domain, 
(4) solving thermal conductivity distribution based on the following equation, 

     

( ) ( )2 0

1 22 '
1

( , , )

( , , ) , ,
( , , )

V
n n

n

V

k x y z dV
T

k x y z k x y z T
T k x y z dV

λ+
+

⎡ ⎤∇
= − ∇ ⋅∇⎢ ⎥

⎢ ⎥⎣ ⎦

∫∫∫

∫∫∫
    (58) 

(5) return to step (2) to recalculate the temperature field, heat flux fields and 2λ until 
the following converging criterion is satisfied at each location, 

( ) ( )( ) ( )1 1, , , , / , ,n n nk x y z k x y z k x y z ε+ +− <                       (59) 

where ε is a positive value that is much less than unity. 

For comparison, the optimal thermal conductivity distributions and the optimal 
temperature distributions for the symmetric volume-to-point problem based on the 
MEG principle and the EED principle are plotted in Fig.18 and Fig.19 respectively.  

It is seen from Fig.18 and Fig.19 that though the optimal thermal conductivity 
distribution and temperature field based on two different optimization principles are 
similar, little difference can still be observed because of their different optimization 
objects, one is the lowest average temperature for EED principle and another is the 
maximum value of 1/T for MEG principle.  
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Fig. 18 The optimal thermal conductivity distribution 
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Fig. 19 The optimal temperature field 

The average temperatures in the domain after optimization based on the MEG 
principle and EED principle are listed in table 2. It is seen that the difference of 
average temperature is very small.  

Table 2 Domain average temperature after optimization for the symmetric problem 

1 2 300T T K= =  MEG principle EED principle 

Average temperature (K) 587.1 584.2 

 
 
For the optimization of asymmetric volume-to-point problem, the optimal 

thermal conductivity distributions based on MEG principle and EED principle are 
shown in Fig.20 and Fig.21 respectively. 

It can be seen from Fig.20 and Fig.21 that the results are much different from 
those of the symmetry case. Fig.20 shows that high thermal conductivity locates at 
the two outlets, and higher thermal conductivity is located at the higher temperature 
outlet. Fig.21 shows the result of high thermal conductivity locating at the two 
outlets, but higher thermal conductivity is located at the lower temperature outlet, 
which is opposite to the result given by the MEG principle.  

The average temperatures in the domain of the asymmetric problem based on the 
MEG principle and EED principle are listed in Table 3. It is seen that the difference 
of average temperature becomes larger compared with the case of symmetric 
problem. Such difference in the domain average temperature increases rapidly with 
enlarging the increment of temperature difference between the two outlets, as 
shown in Fig.22. 
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Fig. 20 Optimal thermal conductivity distribution obtained by MEG principle  
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Fig. 21 Optimal thermal conductivity distribution obtained by EED principle 

Table 3 Domain average temperature after optimization for the asymmetric problem 

1 2300 , 200T K T K= =  MEG principle EED principle 

Average temperature (K) 588.0 532.9 
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Fig. 22 The domain average temperatures before and after optimization based on the EED 
and MEG principles versus the lower outlet temperature 

Fig.22 shows that the average temperatures are largely reduced after 
optimization according to either the EED or MEG principles for the case  
of 1 2 300T T K= = . However, the average temperatures after optimization 
according to the MEG principle do not decrease as T2 is much less than T1. This 
indicates that the EED principle is more preferable than the MEG principle for heat 
conduction optimization with the purpose of the reduction of the domain 
temperature. 

5   Optimization of Convective Heat Transfer 

Compared with heat conduction, the optimization of convective heat transfer is 
more complicated because two coupled irreversible processes, heat transfer and 
momentum transfer, occur simultaneously during heat convection. In the following 
we will hence focus on the optimization of heat convection with a goal to find the 
optimal velocity distribution for maximizing the heat transfer rate under the 
prescribed flow rate and the pumping power. This is a typical functional extremum 
problem. 

5.1   Field Synergy Equation for Laminar Convection 

Xia [46] and Meng [47] investigated such a functional problem in terms of variation 
principle and derived a field synergy equation which the optimal velocity 
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distribution should meet. According the extremum entransy dissipation principle 
the optimization criterion for heat convection is that the entransy dissipation rate in 
the whole domain Ω should be extremum, 

G 0δΦ ＝                                                    (60) 

where 

( )2

G

1
d

2
k T V

Ω
Φ = ∇∫                                       (61) 

There are some kinds of constraints for the heat convection optimization. The first 
is the fixed pumping power, 

J dVΦ Ω
= Φ∫                                            (62) 

where  

  

2 2 22 2 2

2 2 2
u v w u v u w v w

x y z y x z x z y
μ
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞Φ = + + + + + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

   (63) 

is the mechanical power dissipated by the fluid viscosity per unit volume and u, v, 
and w are the velocity components in x, y, z- axis respectively. 

The second one is the boundary conditions, 

0
in

Uδ = , for prescribed flow rate                         (64) 

0
w

Tδ = , for the uniform wall temperature                     (65) 

or ( ) 0
w

k Tδ ∇ =  for the uniform heat flux                    (66) 

The third includs the continuity equation, 

( ) 0Uρ∇ ⋅ =                                                  (67) 

and the energy equation, 

              ( ) 0pk T c UTρ∇ ⋅ ∇ − =                                      (68)  
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To get the optimal flow field, it needs to construct a Lagrange function which 
includes the optimization criterion and constraints as follow, 

    
( ) ( )2 2

1 2 

1
{ }

2 pJ k T A k T c U T U dVλ ρ λ
Ω

= ∇ + Φ + ∇ − ⋅∇ + ∇ ⋅∫     (69) 

where A， 1λ ， 2λ are Lagrange multipliers, 1λ  is a constant, A and 2λ  are 
functions of U, T, and the position. Through the variation calculus of J with respect 
to temperature, T, and velocity, U, then we have, 

( )
( )

2 2

 

 

   

{[ ] } 0

p

p

k A c U A k T TdV

k T k A c UA T A T dS

ρ δ

ρ δ δ
Ω

Γ

∇ + ⋅∇ − ∇

+ ∇ − ∇ + + ∇ =

∫
∫

G            (70) 

and, 

   
( )2

1 2 1 2  
   2 (2 ) 0U A T UdV P U dSλ μ ρ λ δ λ λ δ

Ω Γ
− ∇ − ∇ − ∇ + + ⋅ =∫ ∫

G
     (71) 

Due to the arbitrary value of δT and δU, the following governing equation and 
boundary conditions can be obtained, 

2 2
pc U A k A k Tρ− ⋅∇ = ∇ − ∇  (72) 

( )
 

{[ ] } 0pk T k A c UA T A T dSρ δ δ
Γ

∇ − ∇ + + ∇ =∫
G

 (73) 

2 2

1 1

0
2 2

U A T
λρμ

λ λ
∇∇ + ∇ + =  (74) 

1 2 
(2 ) 0P U dSλ λ δ

Γ
+ ⋅ =∫

G
 (75) 

According to the generalized variation principle [48], 2λ  in Eqs. (74) and (75) can 
be taken as follows, 

2 12 Pλ λ= −                                                       (76) 

where P is the pressure. Then Eq. (74) can be rewritten as, 

( )2 0U U U P C A T U Uμ ρ ρΦ∇ − ⋅∇ − ∇ + ∇ + ⋅∇ =                   (77) 
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Eq. (77) is similar to the momentum equation (Navier–Stokes equation), with an 
additional force, 

1( /2 )pF c A T U U C A T U Uρ λ ρ ρΦ= ∇ + ⋅∇ = ∇ + ⋅∇                 (78) 

where constant 
12
pc

C
ρ

λΦ =  is related to the given pumping power, and A satisfies 

Eq. (72) and boundary condition (73).  

The velocity field satisfying Eq. (77) is the optimal velocity field which 
maximizes the heat transfer rate for heat convection. In other words, any deviation 
from such velocity field will deteriorate the heat transfer performance. Since the 
optimum velocity field corresponds to the largest field synergy number for 
convective heat transfer, Eq.(77) and the additional force in it are named as the field 
synergy equation and the synergy force respectively. The role of the synergy force 
is to promote the fluid to flow along the direction of the temperature gradient for the 
improvement of the field synergy degree. 

It should be pointed out that the synergy force in the field synergy equation, 
which should be applied on the fluid from outside to form an optimal velocity field, 
is a complicated function of the velocity and temperature fields and can’t be 
realized exactly in practice. However, the performance of heat transfer can be 
remarkably improved even though the flow field produced by an enhancement 
element is close only to the optimum velocity field. 

5.2   Optimal Flow Patterns of Laminar Convection 

5.2.1   Optimal Flow Pattern in Square Cavity 

Consider the convection in a square cavity, as shown in Fig.23. The left and right 
side walls are isothermal at 300 K and 310 K respectively, the up and bottom walls 
are adiabatic. The natural convection occurs in the cavity. To enhance the heat 
transfer, in general, one can install a stirrer to produce a vortex flow in the square 
cavity. Meng [47] and Meng et al.[49] obtained the optimal flow patterns for the 
laminar convection in such a square cavity by solving the field synergy equation. 

Different from the general governing equations, the synergy equation has 
multi-solutions depending on the initial flow fields. Fig. 24 shows the numerical 
results for CΦ=-0.02 Pa/K2.  
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Fig. 23 Physical model of convection in a square cavity 
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(a) velocity                   (b) temperature                (c) Parameter A 

Fig. 24 Multi solutions of the optimized velocity, temperature and parameter A for laminar 
convection in a square cavity ( 0.02CΦ = − Pa/K2) 
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The variations of Nusselt numbers with the viscous dissipation related parameter 
CΦ  for different vortex flow patterns are given in Fig.25. The Nusselt number is 
defined by, 

    ( )Nu
h c

qL

k T T
=

−
                                                (79) 

where q is the heat flux, L is the side length of the square, k is the fluid thermal 
conductivity. Fig.25 shows that the Nusselt numbers are different when the flow is 
of different number of vortex for the given mechanical work. The optimal flow field 
relates to the largest Nusselt number. If the viscous dissipation rate , JΦ=3×10-5 
W/m3 is specified, for example, two vortex flow field is the optimal flow pattern, 
that is, the Nusselt number for the two vortex flow field is larger than that for other 
flow patterns. The vortex number of the optimal flow field increases with the 
increasing of given mechanical work input. The numerical results in Nusselt 
numbers are re-plotted in Fig. 26 to show that the optimal flow pattern is different 
for the different given mechanical work.  

It should be noted once again that the optimal flow field obtained by solving the 
velocity field synergy equation is an idealized flow field. Some stirrers can be used 
to generate a flow field only close to the optimal flow field.  
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Fig. 25 Nusselt numbers versus viscous dissipation with vortex number as parameter 
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Fig. 26 Nusselt number versus viscous dissipation with the optimal flow patterns 

5.2.2   Optimal Flow Pattern in Circular Tube 

Circular tubes are commonly used as heat transfer elements in tube-shell heat 
exchangers. The optimal flow pattern of laminar convective heat transfer in circular 
tube was obtained by solving the field synergy equation under a certain flow and 
thermal boundary conditions [47, 49]. A straight isothermal circular tube with 
20mm in diameter and 30mm in length is selected for numerical simulation with 
both the flow and heat transfer fully developed. The wall temperature is 310K and 
the average fluid temperature at the inlet is 300K.  

Different values of CΦ taken in the calculations result in different optimal flow 
patterns. The optimal flow behaves four longitudinal vortexes in the cross-section 
when CΦ is small. The number of the longitudinal vortexes increases from four to 
eight for the optimal flow when CΦ is larger than a certain value as demonstrated in 
Fig. 27. Compared to the fully-developed laminar convection heat transfer in 
circular tubes (fRe=64,Nu=3.66), the heat transfer rate (the Nusselt number) is 
increased by 313%, while the pumping power is increased by 17% only.  

5.2.3   Optimal Flow Pattern in an Elliptical Tube 

A straight elliptical tube with 15 mm in long axis and 10 mm in short axis is selected 
for numerical simulation to obtain the optimal flow pattern of laminar convection 
[47]. Both the flow and heat transfer are assumed to be fully developed and the tube 
wall is isothermal. The working fluid is water. The wall temperature is 310K, the  
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Fig. 27 Optimal flow field of laminar convection heat transfer in circular tube 

Reynolds number is 400. Same as that in circular tube, the calculation for different 
given CΦ results in different optimal flow patterns as shown in Fig.28. 

Compared with the fully developed laminar convection in circular tube, for the 4 
vortices flow pattern as shown in Fig.28 (a), the Nusselt number is three times 
increased for the optimized flow field, while the pumping power increases by 
11.5% only. For the 8 vortices flow pattern shown in Fig.28(b), the Nusselt number 
is 4.5 times increased, while the pumping power increases by 21.9% only.  

5.3   Field Synergy Equation for Turbulent Convection 

Turbulent convection occurs more often in engineering compared with laminar 
convection. Based on the previous works, Chen [50] and Chen et al.[51] obtained 
the velocity field synergy equation for turbulent convection optimization by using 
the EED principle, in which the zero-equation turbulence model was adopted. For 
turbulent convection, the entransy dissipation is defined as, 

G effk T TΦ = ∇ ⋅∇ .                                              (80) 

where effk  is the effective thermal conductivity, which contains the fluid thermal 
conductivity and turbulent thermal conductivity resulted from turbulent fluctuation. 
Similar to the analysis of laminar convection optimization, a Lagrange function can 
be constructed as, 

   
( )( )1 2eff eff pJ k T T A k T c U T U dVλ ρ λ

Ω
⎡ ⎤= ∇ ⋅∇ + Φ + ∇⋅ ∇ − ⋅∇ + ∇⋅⎣ ⎦∫

JG JG
,   (81) 

 



Optimization Principles for Heat Convection 41 
 

 

 

 

(a) Four vortices flow pattern and temperature field (CΦ = -0.01 Pa/K2) 

 

(b) Eight vortices flow pattern and temperature field (CΦ = -0.02 Pa/K2) 

Fig. 28 Optimal flow and temperature fields for laminar convection heat transfer in an 
elliptical tube 
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where A， 1λ ， 2λ are Lagrange multipliers, 1λ  is required to be constant, A and 

2λ  are functions of U, T, and the position. The viscous dissipation function is, 

22 2

2 22

2 2 2

eff

u v w

x y z

u v u w v w

y x z x z y

μ

⎡ ⎤⎛ ⎞∂ ∂ ∂⎛ ⎞ ⎛ ⎞+ +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎝ ⎠Φ = ⎢ ⎥
⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞⎢ ⎥+ + + + + +⎜ ⎟ ⎜ ⎟⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠ ⎝ ⎠⎣ ⎦

.              (82) 

where u,v,w are the time-averaged velocity components in x,y,z directions 
respectively. By the variation calculus of J with respect to temperature, T, there is,  

( ) ( )2p eff effc A k A k Tρ− ⋅∇ = ∇ ⋅ ∇ − ∇ ⋅ ∇U .                        (83) 

By the variation calculus of J with respect to u,v, w, there are, 
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where，
1

0.03874 l Uρ
−

Γ =
JG
，l is the distance to the wall surface, and, 

2 12 Pλ λ= − ,                                                 (85) 

Similar to the analysis of laminar convection optimization, Eq. (83) is the governing 
equation for the parameter A, which is similar to the energy equation. Eq. (84a), 
Eq.(84b) and Eq.(84c) are the velocity synergy equations in x,y,z directions 
respectively. Compared to the momentum equation, an additional body force 
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(synergy force) appears in the field synergy equation. The components in of the 
synergy force in x,y,z directions are as follows,  
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5.4   Optimal Flow Pattern of Poiseuille Turbulent Convection 

In order to further illustrate the applicability of the velocity field synergy equation 
[50,51] in heat transfer optimization, we take the Poiseuille turbulent convection of 
water in a parallel plate channel as an example, where the height of the channel is 20 
mm, the wall temperature of the plate is 350 K, the inlet temperature and the Reynolds 
number of water are 300 K and 20,000, respectively. Moreover, a repeated segment 
with the length of 2.5 mm was chosen in numerical simulation for simplicity. 

For the usual case before optimization, the time-averaged velocity vector and the 
temperature gradient vector are nearly perpendicular to each other, leading to a 
small scalar product between them, i.e. a poor field synergy. Here, the turbulent 
convection seems a heat conduction process with an increased thermal conductivity 
from k to keff, compared to a laminar Poiseuille convection. In this case, the heat 
transfer rate is 1,782 W accompanying the pumping power of 4.61×10-3 W in the 
computational domain. The thicknesses of the laminar sub-layer and the transition 
sub-layer are 0.116 mm and 0.928 mm, respectively.  

The optimized velocity and temperature fields near the upper wall for λ1 = -1.5 
×107 K are shown in Fig. 29. There are several small counter-clockwise vortices 
near the upper wall. The heights of vortices perpendicular to the main flow direction 
are about 0.2 mm, and the distance between every two vortex centers is about 0.4 
mm. Meanwhile, there are also several small clockwise vortices near the lower wall 
for symmetry. In this case, the heat transfer rate is 1,887 W, a 6 % improvement 
compared to that before optimization, and the pumping power is 5.65×10-3 W, 
a 23 % increment. 
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(a) Velocity vectors 

 
(b) Temperature contours 

Fig. 29 Optimized velocity and temperature fields near the wall for a Poiseuille turbulent 
convection (λ1 =-1.5 ×107 K, Re = 20,000) 

For heat transfer in a turbulent convection between two parallel plates, the 
temperature gradients in the laminar sub-layer are two to three orders of magnitude 
larger than that far from the wall, which means that the thermal resistance in the 
laminar sub-layer is dominating. Hence, reducing the dominate resistance by 
vortices is the most effective way to improve heat transfer performance. Moreover, 
from the viewpoint of the field synergy principle, the field synergy number before 
optimization is small and the heat transfer rate is low. While with the optimized 
flow field as shown in Fig.29, in the upper right part of the vortex, the fluid flows 
towards the wall, leading to the velocity vectors are nearly parallel to the local 
temperature gradients in the same direction, and consequently the field synergy is 
largely improved in this area. In the lower left part of the vortex, the fluid flows 
away from the wall, and consequently the velocity vectors are nearly parallel to the 
local temperature gradients in the opposite direction, and hence the field synergy is 
reduced in this area. However, the magnitude of the temperature gradient in the 
upper right part is larger than that in the lower left part, so the overall field synergy 
around the entire vortex is improved and the heat transfer is enhanced. 

For various values of λ1, solving the field synergy equations obtains the optimal 
flow fields for different pumping power. Figs. 30(a)-(c) show the optimized  
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Fig. 30 Optimized flow fields near the wall for various λ1 (Re = 20,000) 
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velocity vectors near the upper wall for λ1 = -1.3×107 K, -1×107 K and -0.5×106 K 
respectively. With increasing the value of λ1, the heights of the vortex increase from 
0.25 mm to 0.4 mm and to 0.6 mm respectively and consequently both the heat 
transfer and the pumping power increase. However, the normalized value of the 
increment of the pumping power is larger than those of heat transfer, especially for 
λ1 larger than -1×107 K. Therefore, for λ1 of about -1×107 K, the turbulent heat 
transfer can be effectively enhanced through the vortices. In this case, the vortex 
height is about half the transition layer thickness for the fluid flowing in a smooth 
parallel plate channel.  

5.5   Physical Mechanism of Heat Transfer Performance of 
Micro-fin Tube 

The micro-fin tube [52] is an effective facility for the heat transfer enhancement in 
turbulent convection, which usually consists of numerous helical fins with 
relatively small height on the inner surface. Webb [53] reported that the R-22 
evaporation heat transfer coefficients in a micro-fin tube can be 3.1 times as high as 
that for a smooth tube, while the pressure drop increment is as low as 35 % only. 
The R-22 condensation heat transfer coefficient can be twice of that for a smooth 
tube with a pressure drop increment slightly less than that for evaporation. 
Meanwhile, Webb [53] also cautiously classified micro-fin tubes as internally 
finned tubes and discussed the enhanced heat transfer mechanisms of single-phase 
heat transfer. He pointed out that micro-fin tubes will both significantly enlarge the 
surface area and the roughness with flow separation. In addition, Al-Fahed et al. 
[54] experimentally studied the heat transfer and flow friction performance in a 15.9 
mm outside diameter micro-fin tube with the Reynolds numbers ranging from 
10,000 to 30,000, where the number, the heights and the helix angle of the helical 
fins are 70, 0.3 mm and 18o, respectively. They found that the heat transfer 
enhancement ratios are between 1.2 and 1.8 and the friction factor ratios are 
between 1.3 and 1.8, whereas the heat transfer data showed a large discrepancy and 
the highest heat transfer enhancement occurred at a Reynolds number of 25,000 not 
30,000. Wang et al. [55] studied the flow and heat transfer characteristics 
experimentally of 8 micro-fin tubes with the Reynolds numbers ranging from 2,500 
to 40,000. Their results showed that the heat transfer enhancement is less than 20% 
for the Reynolds numbers below 6,000 but increases significantly between 6,000 
and 13,000. And later Al-Fahed et al. [56] measured the laminar flow heat transfer 
and pressure drop in micro-fin tubes. They found that the heat transfer and pressure 
drop in micro-fin tubes were only slightly higher than those in plain tubes and hence 
recommended that micro-fin tubes not very suitable for laminar flow condition.  

To study the heat transfer performance of micro-fin tube, Li [57] and Li et al. 
[58-60] carried out experimental and numerical investigations on a conventional 
micro-fin tube, shown in Fig. 31.  
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         (a) Photograph                                  (b) Micro-fin profile 

Fig. 31 Illustration of the micro-fin tube 

According to the Prandtl number dependence analysis, the vertical coordinates 
are in the form of [Nu/(Prf/Prw)0.11]/Pr0.56 and [Nu/(Prf/Prw)0.11]/Pr0.33 in Fig. 32 (a) 
and (b) for high and low Reynolds numbers, respectively. The solid line is the 
Gnielinski empirical correlation for water with the Prandtl number of 3.2. The 
dotted line is the Gnielinski empirical correlation for oil with the Prandtl number of 
80. The filled and open symbols represent the Nusselt numbers with water and oil as 
the working fluids, respectively. Fig. 32 (a) shows that for flows with a low Prandtl 
number fluid (the filled symbols with water as the working fluid), the heat transfer 
is not enhanced until the Reynolds number larger than 10,000, which is defined as 
the critical Reynolds number for heat transfer enhancement, Receh. For Re < Receh, 
the difference between the Nusselt number of micro-fin tube and smooth tube is 
below 10 %. For Re > Receh, the Nusselt number begins to increase markedly with 
the increasing Reynolds number and up to about 220 % of that for the smooth tube 
at Re > 30,000. For high Prandtl number fluid flows (the open symbols with oil as 
the working fluid), the critical Reynolds number is about 6,000. For Re < 6,000, the 
difference of the Nusselt number between a micro-fin tube and a smooth tube is 
below 10 %, while the heat transfer begins to be enhanced for Re > 6,000. In 
summary, for Re < Receh, micro-fin tube behaves as a smooth tube as shown in 
Fig. 32, while for Re > Receh, micro-fin tubes enhance heat transfer much. 
Moreover, the critical Reynolds numbers for heat transfer enhancement are 
different for fluids with different Prandtl numbers. 

The existence of the critical Reynolds number for heat transfer enhancement, 
Receh, is a interesting thing for micro-fin tubes, which is worth doing further 
discussion. In the wall bounded turbulence, there exists a very thin layer adjacent to 
the wall called viscous sub-layer, where the viscous force dominates the flow 
behavior. When the micro-fin is embedded in the viscous sub-layer, the flow is not 
influenced very much by the micro-fin, and the micro-fin tube behaves like a 
smooth tube. While when the micro-fin is higher than the viscous sub-layer, the 
micro-fin will generate turbulence and hence both the heat transfer rate and the flow 
resistance increase. Moreover, the thickness of the viscous sub-layer decreases with 
the increasing Reynolds number. For micro-fin tubes, increasing the Reynolds 
number reduces the viscous sub-layer, and thereafter the micro-fins begin to  
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                                  (a)                                                             (b) 

Fig. 32 Nusselt number of micro-fin tube 
 
 

 

Fig. 33 Friction factor of micro-fin tube 
 
 

take effect. It is the reason why a critical Reynolds number for heat transfer 
enhancement, Receh, exists. Especially, when the height of the micro-fin is 2-3 times 
of the sub-layer, the flow pattern in the tube is close to the optimal one as indicated 
in Fig.29 and Fig.30. This is why the micro-fin tube has the performance of high 
heat transfer coefficient with the relative low flow resistance. In addition, for 
different fluids with a wide Prandtl number range, though the velocity distribution 
near the tube wall is similar at the same Reynolds number, the temperature field is 
different, so the critical Reynolds number is not the same for working fluids with 
different Prandtl numbers. 

The critical Reynolds number for heat transfer enhancement also explains the 
different Prandtl number dependence of the Nusselt number at high and low 
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Reynolds number regions. For Re < Receh, the micro-fin tube is like a smooth tube 
and the Prandtl number dependence, n, is 0.3, and for Re > Receh, heat transfer is 
enhanced in micro-fin tube and the Prandtl number dependence is n=0.56. Fig. 33 
again shows the friction factor of the micro-fin tube, in which the effect of variable 
property has been taken into account. For Re < 10,000, the friction factor is almost 
the same as that in a smooth tube, while for Re > 10,000, the friction factor begins to 
increase and reaches 140~150 % of that in a smooth tube at Re=30,000.  

6   Novel Enhanced Techniques  

In the forgoing section, we introduced the EED principle for heat transfer 
optimization, which is valid for the conduction optimization of volume-to-point 
problem and in convective heat transfer optimization. Based on the EED principle, 
the velocity field synergy equations were derived for both laminar and turbulent 
convective heat transfer. In the following, two novel enhanced techniques based on 
the field synergy principle and EED principle will be discussed. Both of the 
enhanced techniques are of the feature that heat transfer is remarkably enhanced 
with lower flow resistance increment. 

6.1   Alternating Elliptical Axis Tube 

The alternating elliptical axis (AEA) tube, shown in Fig.34, is developed based on 
the principle of field synergy [47,61]. The tube consists of alternate segments 
whose cross-section is elliptical and its major axis direction is normal to that of the 
neighboring one. Between the alternate segments is a transition joint linking the 
neighboring alternate segments. Considering the junctions to the tube-bundle board 
and baffle board, the ends and several middle parts of the tube remained circular. 
The structure dimensions of the tube can influence its performance. The design of 
these dimensions has to accommodate the flow resistance, the heat transfer and the 
pressure-resistant ability. The reasonable data are as follows: the ratio of the major 
axis to the minor axis of the elliptical cross-section, A0/B0, is between 1.4 and 1.6; 
the ratio of the length of each alternate segment to the outer tube diameter, P/D, is 
from 2 to 3; and the length of the transition joint is about 0.3D–0.5D. The structure 
and dimensions of the AEA tube are shown in Fig. 35. 
 
 

 

Fig. 34 The alternating elliptical axis tubes 
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Fig. 35 Structure of the alternating elliptical axis tube 

6.1.1   Experiment on Heat Transfer Performance of AEA Tube[17,47] 

Experimental set-up. The schematic diagram of the experimental set-up is shown 
in Fig. 36. It is composed of the cold medium loop, hot medium loop, test section 
and the measure and control system. The effective length of the test tube with an 
annular structure is 2 m. The fluid outside the AEA tube is deionized water, and the 
fluid inside the AEA tube is deionized water or 22# lubricating oil. The flow rate 
outside the test tube is around 12 t/h, which is large enough to maintain a turbulent 
flow. The flow rate inside the test tube is less than 6 t/h. The maximum heating 
power is 15 kW for both heaters of the water and oil tanks. The self-stirring flow 
guarantees the medium temperature uniform inside the tanks. The refrigeration 
power of the refrigerator set is 10–15 kW. The temperature range is 5–65 ºC for the 
cold medium and 10–95 ºC for the hot medium. The flow rate, the inlet and outlet 
temperature and the pressure drop between the inlet and outlet for inner and outer 
flows are measured in the experiments for evaluating heat transfer performance. 

The experiments are automatically controlled by a computer. Fig. 37 is the 
systematic block-diagram of the measurement and control system. Instructed by the 
ThermoCon software, the water and oil pumps, refrigerator and flow rate regulating 
valves are automatically controlled, the signals of temperature, the flow rate and the 
pressure drop are processed and transmitted to the computer and stored in a 
database. Based on the controlled objectives, such as flow rate, temperature, the 
computer adjusts the heating power and flow rate of the cold and hot working fluids 
instantly according to the programmed control algorithm. The self-adapting fuzzy 
algorithm used in the automatic control system guarantees that the experimental 
data are stable and reliable. 
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Fig. 36 Systematic diagram of the experimental apparatus 
1、cold water tank   2、auxiliary heater   3、hot water / oil tank    4、heater 
5、power supply    6、computer   7、data collector  8、pump   9、valve 
10、mass flow meter  11、testing tube 12、test section       13、thermocouple 
14、pressure meter   15、flow meter  16、refrigerator 
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Fig. 37 Block-diagram of the measure and control system 
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Data Reduction. The first step is to determine the heat transfer relation outside the 
tube. From the measured fluid mass flow rate, m� , inside the tube, its temperature at 
inlet and outlet, Tin and Tout, its average flow velocity, Um,out, and the fluid 
temperature of outside tube at the inlet and outlet, tin and tout, the logarithmic 
average temperature difference of the test section and the heat flow rate inside the 
tube can be calculated with the measured parameters as follows, 
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The overall heat transfer coefficient is determined as, 
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The overall heat transfer resistance from the hot fluid to the cold fluid is a series 
connection of the convection resistance inside the tube, resistance through the tube 
wall and the convection resistance outside the tube surface. Assume that the 
relationship between the Nu and Re0.8Pr0.4 is linear for the fluid outside the tube, the 
overall heat transfer resistance can be written as, 
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where hi is the heat transfer coefficient inside the tube, ho is the heat transfer 

coefficient outside the tube, di is the internal diameter of the tube, do is the external 

diameter of the tube, λf,o is the average thermal conductivity of fluid outside the 

tube, and λwall is the tube wall conductivity. In the experiments the flow rate and the 

heat transfer coefficient inside the tube are kept constant. It can be found from 

Eq. (90) that (1/k) varies with Re-0.8Pr-0.4 linearly. Take 0.8 0.4

,

Re Pro

f o

d
X

λ
− −=  as 

the x-axis and Y = 1/k as the y-axis, we can obtain a linear relation between X and Y 

by changing the flow rate outside the tube. The constant C can be determined by 

curve fitting. Once C is obtained, it can be used to calculate the heat transfer 

coefficient outside the tube， 
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The heat transfer performance inside the tube can be determined experimentally 
after the thermal resistance outside the tube is known. In such experiments the 
external flow rate is fixed at its maximum to reduce the external convection 
resistance. The fluid temperature difference between the inlet and outlet inside the 
tube depends then on the internal flow. Usually the fluid temperature difference of 
the inlet and outlet inside the tube is 10–40 times of that of the fluid temperature 
difference outside the tube. The overall heat transfer coefficient k can also be 
determined by Eqs. (87)–(89). Then the heat transfer coefficient inside the tube, 
hi, is 
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and Nu inside the tube is, 
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The copper tubes are used in experiments, which has very low thermal resistance 
(about 0.1–3% of the overall thermal resistance) and hence, its contribution to the 
data processing error can be negligible. 

The frictional coefficient inside the tube is easy to be calculated, that is, 
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idp

f
Luρ

Δ= ⋅                                               (94) 

where Δp is the pressure drop over the tube length, L, u is the average flow velocity 
inside the tube; di is the internal tube diameter. Since the difference between the 
hydraulic diameter of the circular and elliptical tubes is not large (less 8%), and the 
Re has the same value for an equal flow rate, the circular tube diameter is taken as 
the hydraulic diameter for the sake of comparison and analysis. 

Experimental results. The dimensions of the tested AEA tubes are listed in 
Table 4.  Three AEA tubes are made from circular tube with 20 mm in diameter, 1.5 
mm in wall thickness and 2m in effective length, but with different alternate 
segments which are 40, 50, 60 mm respectively. During the experiments, the fluid 
outside the AEA tube is deionized water, while the fluid inside the tube is either 
deionized water or 22# lubricating oil. 
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Table 4 Dimensions of the tested alternating elliptical axis tubes 

No. Ai (mm) Bi (mm) C (mm) P (mm)
1 20.8 12.8 6 40 
2 20.8 12.8 6 50 
3 20.8 12.8 6 60 

 
 
For experiments with the deionized water as the working fluid the temperature 

difference between hot and cold fluids is between 10 and 25 ◦C. The flow is 
turbulent due to the small viscosity of water. The Reynolds numbers are from 104 to 
5×104 and the Prandtl numbers are from 2 to 7. The experimental results of the 
Nusselt number and frictional factors for three tested tubes are illustrated in 
Fig. 38. The difference in Nusselt number for different tubes is trivial shown in 
Fig. 38a, while the differences in friction factor for different tubes are apparent, as 
shown in Fig. 38b. The friction factor increases with decreasing alternate segment 
length because longer segment causes less variation in the flow pattern per unit 
length and leads to a less flow resistance. 
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Fig. 38 Experimental results of Nusselt numbers and frictional factors in alternating elliptical 
axis tubes with deionized water as the working fluid 

The experimental results with the lubricating oil as the working fluid are shown 
in Fig. 39. In the experiments, the temperature difference between the hot and cold 
fluids is 10–30 ◦C. The viscosity of the oil ranges from 4.5×10-6 to 16×10-6 Pa.s, 
corresponding to the Reynolds numbers from 500 to 1.5× 104, and the Prandtl 
numbers from 80 and 200. The segment length has similar effects on the Nusselt 
number and friction factor. 
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Fig. 39 Experimental results of Nusselt numbers and frictional factors in alternating elliptical 
axis tubes with 22# lubricating oil as the working fluid 

For the AEA tubes, it is found that the experimental results of the Nusselt 
number and the friction factor can be correlated in a single expression for Reynolds 
numbers from 500 to 5× 104. The correlations for tube 1 are, 

0.11

0.76 1/ 30.0615Re Pr f
e f

w

Pr
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Pr

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

(95) 
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0.321.54 Reef = −
 (96) 

To illustrate the performance of the AEA tube, the ratios of the Nusselt number and 
friction factor of the AEA tubes to the smooth circular tube are depicted in Fig. 40. 
The entrance effect in the circular tube has been included. For 500 < Re < 2300, the 
heat transfer is enhanced by 100–500%, the flow resistance is increased by 
100–350%. For 2300 < Re < 104, the heat transfer is increased by 60–200% and the 
flow resistance increment is 150–180%. The comparisons in Fig. 40 show that the 
AEA tube provides excellent heat transfer enhancement with less additional 
pressure drop for Re < 5×104. 
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Fig. 40 Heat transfer enhancement and flow resistance increment of  alternating elliptical 
axis tube compared to the circular tube 

6.1.2   Numerical Analysis on Heat Transfer Performance of AEA Tube 

To understand the mechanism of heat transfer enhancement/optimization of the 
AEA tube,  Meng et al. [19] numerically analyzed the flow field and temperature 
distribution in AEA tubes subjected to the isothermal surface temperature. In the 
simulation, the flow and temperature fields are taken as fully developed and the 
numerical simulation was performed in two Reynolds number regions, one is low 
Re region of 500<Re<104, the other is high Re region of 104<Re<6 ×104. The 
working fluid is water with constant properties. 

FLUENT6.0 is used for the numerical analysis. The local turbulences occur in 
the flow in the alternating elliptical axis tube even for Re<2300 because of the sharp 
variation of tube shape in the transition part. Hence, RNG k-ε model is used for the 
flow and heat transfer in the Re number range of 500-104. All the wall function of 
the turbulent model are obtained by using two-layer model with enhanced wall 
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functions supplied by Fluent6.0. The algorithm of SIMPLEC is selected to 
uncouple the pressure and velocity parameters. The QUICK format is applied for 
the divergence of both the momentum and energy equations. The grid mesh of the 
computed tube is shown in Fig.41. 

 

Fig. 41 Grid mesh for the alternating elliptical axis tube 

The numerical results show that the multi-vortexes exist in the alternating elliptical 
axis tube. Four longitudinal vortexes appear for Re<2000, while there are eight 
longitudinal vortexes in the tube for Re>5000. Given in Figure 42 is the calculated 
flow field of the cross-section of the straight part of the elliptical tube for Re=2×104, 
Pr = 7, Tw - Tm = 50 K, Tw = 350 K. In the cross-section, eight longitudinal vortices 
induced by the surface shape variation locate in the neighbor of the tube surface. 
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Fig. 42 Numerical results of the flow fields in the cross-section  of the alternating elliptical 
tube (Re=2×104) 



60 Z.-X. Li and Z.-Y. Guo 
 

31
0

310
330

300

350 340320
310
305

0
o

90 o

      

320

300

340

330

35
0

310

0
o

90 o

 

(a) Alternating elliptical axis tube       (b) Straight elliptical axis tube 

Fig. 43 Temperature field of the cross-section in the straight part of AEA-tube 

Figure 43(a) shows the temperature distribution in the cross section of the 
straight part of the alternating elliptical axis tube. It can be found that the 
isothermals of the alternating elliptical axis tube are different from the ellipses as in 
the straight elliptical tube (see Fig. 43(b)). The isothermals near the AEA tube wall 
are much denser than those in the straight elliptical tube, which means the 
temperature gradient at the wall surface is significantly increased due to the 
improvement of the synergy between the flow and temperature fields, especially in 
the low Reynolds numbers region. 

For comparison the local Nu distributions in circumferential direction of the 
alternating elliptical axis tube and the straight elliptical tube are given in Figure 44 
for Re=2×104 and Re=1,000. For the case of Re=2×104, seen in Fig.44(a), the 
Nusselt numbers around ϕ=60o and 120o are 70% higher and the Nusselt numbers 
around ϕ=90o, which are slightly smaller than those for the straight elliptical tube. 
The average value of Nu along circumferential direction is 210.6, which is 35% 
higher than that for the straight elliptical tube. For the case of Re=1000 seen in 
Fig.44(b), it is found that the local Nusselt numbers along circumferential direction 
of AEA-tube may be as high as 8-16 times of that for the straight elliptical tube. 
This indicates that the heat transfer in the low Reynolds number region can be 
markedly enhanced. 

Different from the existing enhanced tubes with twisted tape inserts or vortex 
generator inserts, the vortices are induced by the variation of original surface of the 
AEA tube. The velocity of the main flow does not change very much due to the 
small variation of the cross-sectional area along the axis and hence, the average  
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Fig. 44 The Nusselt numbers of AEA-tube and straight elliptical tube  along circumferential 
direction 
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velocity of the secondary flow is only about 2–4% of the main flow velocity. 
Therefore, the additional increment of flow resistance is small for the AEA tube 
compared to the straight pipe. 

6.2   Discrete Double Inclined Ribs Tube 

Based on the field synergy analysis for laminar convective heat transfer, a novel 
enhanced tube, discrete double inclined ribs tube (DDIR-tube) [62], was developed 
as shown in Fig.45. Multi-longitudinal vortexes flow can be induced by the 
periodical surface variation (discrete double-inclined ribs). The outer diameter of 
the DDIR-tube for experiment is 20 mm. There are three pairs of double-inclined 
ribs in the peripheral surface with 12 mm in pitch, 6 mm in rib length in axial 
direction, about 45 o in inclined angle, and 0.85 mm in inner rib height. 

 

Fig. 45 A photo of the DDIR-tubes 

6.2.1   Experiment on Heat Transfer Performance of DDIR-Tube 

The experiments on heat transfer coefficient and frictional factor of the DDIR-tube 
are performed on the experimental set-up described in the section of 6.1.1. Same as 
the experiments for AEA-tubes, the deionized water and 22# lubricating oil are used 
as the working fluids for the experiments and the experimental results for the 
DDIR-tube in high Re region and low Re region are shown in Figure 46 and Fig.47 
respectively. For comparison the values of Nu and f in circular tube according to the 
conventional correlations are also plotted in Fig. 46 and Fig.47. 

For Re=104-5×104
， the average temperature difference between the fluids 

inside and outside the tube is about 10-15oC. It is seen from Fig.46 that the heat 
transfer in DDIR-tube is enhanced by 110%-130% and the flow resistance is 
increased by 220%-240% compared to the circular tube. For Re=500-1.5×104

，the 
working fluid is 22# lubricating oil and the average temperature difference between 
the fluids inside and outside the tube is about 20-30oC. Under the experimental 
conditions, the dynamic viscosity of oil varies in the range of (4.5-16)×10-6m2/s and 
the Prandtl number varies in the range of 80-200. Figure 47 shows that the heat 
transfer in DDIR-tube in low Re region, especially for Re<2000, can be efficiently 
enhanced with low flow resistance increment compared to that in high Re region. 
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Fig. 46 The experimental results of Nusselt numbers and frictional factors for the DDIR-tube 
in high Reynolds number region 

Same as for the AEA tubes, it is found that the experimental results of the Nusselt 
number of the tested DDIR-tube can be correlated in a single expression for 
Reynolds numbers from 500 to 5× 104 , as shown in Fig.48.  
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                  (97) 

which is valid for Re=500-5×104
，Pr=2-200, Prf/Prw=0.2-5.  

Figure 49 shows the experimental results and the fitting curves of frictional 
factor for DDIR-tube. It is found that the experimental data of the frictional factor of 
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DDIR-tube have to be correlated in two expressions for Reynolds numbers from 
500 to 5× 104 as follows, 

4 4Re 10 5 10= − ×( )0.27
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Fig. 47 The experimental results of Nusselt numbers and frictional factors for the DDIR-tube 
in low Reynolds number region 
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Fig. 48 The experimental data and the fitting curve of heat transfer in DDIR-tube 
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Fig. 49 The experimental data and the fitting curves of frictional factor in DDIR-tube 

To illustrate the performance of the DDIR-tube, the ratios of the Nusselt number 
and the friction factor of the DDIR-tube to those of the smooth circular tube are 
depicted in Fig. 50, where the entrance effect in the circular tube has been included. 
For 500 < Re < 2300, the heat transfer is enhanced by 350–750%, while the flow 
resistance increment is about 120–300%. For Reynolds numbers from 104 to 5×104, 
the heat transfer is enhanced by 130–240%, while the flow resistance increment is 
about 130–220%.  

In summary, both the AEA tube and DDIR tube developed based on the field 
synergy principle and the EED principle have much better heat transfer 
performance with a low flow resistance increment in the low Re region. 
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Fig. 50 Heat transfer enhancement and flow resistance increment of  DDIR-tube compared to 
the circular tube 

7   Field Synergy Principle for Heat Exchanger 
Optimization[63,64] 

Heat exchangers are widely used in industries, and the improvement of thermal 
performances will raise the efficiency of energy utilization and minimize the 
equipment. The effectiveness, which represents the thermal performance of heat 
exchangers, can be improved from two levels. At the first one, heat transfer 
coefficient can be increased by enhanced heat transfer devices, such as ribs, inserts, 
turbulence generators, etc. At the second, the effectiveness of heat exchangers with 
the fixed heat transfer coefficient can be upgraded through the optimization of heat 
exchanger design, for example, using optimal flow arrangement. In this section, we 
will focus on the study of heat exchanger optimization. 

7.1   Concept of Field Synergy of Heat Exchanger 

It is known that the effectiveness of heat exchanger does not only depend on the 
heat transfer unit (NTU), but also on the flow arrangement (counterflow, 
parallelflow, crossflow etc.). However, we will exam the thermal performance of 
heat exchanger from the synergy of the temperature fields of hot and cold fluids in a 
heat exchanger. 

Since the energy exchanges between fluids with different temperatures in a heat 
exchanger, the fluid temperatures vary along the flow path, forming hot and cold 
fluid temperature fields. The whole exchanger can be regarded as being made up of 
a number of sub elements and the average temperature of hot and cold fluids, 
T(x,y,z) and t(x,y,z), in each sub element are regarded as the local temperatures of 
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hot and cold fluid temperature fields respectively. The local temperature difference 
between hot and cold fluids in each sub element then forms a temperature difference 
field in the heat exchanger.  

),,(),,(),,( zyxtzyxTzyx −=θ                              (99) 

For convective heat transfer, the field synergy refers to the synergy between the 
velocity field and the temperature gradient field of the fluid. The field synergy for a 
heat exchanger refers to the synergy between the temperature fields of hot and cold 
fluids. When they are of same function of space, but with different extra constant as 
follows, 

( ) ( )zyxfAzyxT ,,,, +=                                         (100) 

( ) ( )zyxfBzyxt ,,,, +=                                          (101) 

their difference does not vary in space, that is, the local temperature difference 
becomes uniform in the entire heat exchanger 

ConstBAzyxtzyxTzyx =−=−= ),,(),,(),,(θ                   (102) 

This implies that the temperature fields of hot and cold fluids are equivalent to the 
uniform temperature difference field in the heat exchanger. We can then define the 
uniformity factor of the temperature difference field as the field synergy factor of 
heat exchanger. For a two-dimensional heat exchanger, as shown in Fig. 51, the 
length is L and the width is W, the temperatures of the hot and cold fluids are T(x,y) 
and t(x,y) respectively. The field synergy factor is defined as, 
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For a one-dimensional heat exchanger Eq.(103) reduces to 
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Fig. 51 Two-dimensional heat exchanger 

7.2   Field Synergy Factors of Typical Heat Exchangers 

The analytical expressions for the field synergy factor of heat exchangers with 
simple flow arrangement can be obtained through the solutions of energy equation 
[64，65]. 

(a) parallel flow heat exchanger 
For a single-pass parallel flow heat exchanger, as shown in Fig.52, the local heat 

transfer can be related to the change in enthalpy of the flowing streams: 

    
( ) ( ) ( ) ( ) ( ) ( )( )min max

dQ Gc dt x Gc dT x kPdx T x t x= = − = −     (105) 

where, P is the perimeter of the tube cross-section, k is the constant overall heat 
transfer coefficient, ( )minGc  and ( )maxGc  are the heat capacity rates of cold and 
hot fluids respectively. Rearranging Eq.(105) leads to 

( ) ( )( )
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1 1d T x t x
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T x t x Gc Gc

⎛ ⎞−
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                (106) 

By using the inlet condition, ii tTxtxT −=− )()( , we have the solution of 
Eq.(106), 
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Fig. 52 Schematic of parallelflow heat exchanger 

Substitution of Eq. (107) to Eq, (104) yields the field synergy factor for the 
single-pass parallel flow heat exchanger. 

( )( )( ) ( )( )
( )( )( ) ( )( )NtucNtuc

NtucNtuc

rr

rr

++−−
++−−=Φ
12/12exp1
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where, ( ) ( )maxmin / GcGccr =  is the heat capacity rate ratio, 
( )min

/Ntu kA Gc=  is the heat transfer unit.  

(b) Counterflow heat exchanger 
For a single-pass counterflow heat exchanger shown in Fig.53 the temperature 

difference field is more uniform than that in the parallel flow heat exchanger. 
Through similar derivation as for the parallel flow heat exchanger the field synergy 
factor of single-pass counterflow heat exchanger can be obtained  
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Fig. 53 Schematic of counterflow heat exchanger 

(c) Mixed-unmixed crossflow heat exchanger 
For a crossflow heat exchanger, shown in Fig. 54, the field synergy factor for 

mixed fluid of the larger capacity rate is  
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Fig. 54 Mixed-unmixed crossflow heat exchanger 
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The field synergy factor for mixed fluid of the smaller capacity rate is  

      
)]/))exp(1(2exp(1[)]exp(1[
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The detailed derivation can be found in [64，65]. 
In general, the field synergy factor of heat exchangers with complicated flow 

arrangements can be gained numerically only. Taking an unmixed-unmixed 
crossflow heat exchanger as an example, it can be divided into M×N sub elements 
shown in Fig.51. Based on the energy balance for each sub element, 
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Gc t t dy Gc T T dx k T t dxdy− = − ≈ −         (112) 

where '
iT , '

it  are the inlet temperatures of the hot fluid and cold fluid， '
oT , '

ot are 
the outlet temperatures. The field synergy number can then be calculated by using 
the discrete form of Eq.103,  
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7.3   Field Synergy Principle for Heat Exchanger Optimization 

7.3.1   Field Synergy Principle for Heat Exchanger Optimization 

In order to understand the relation between the effectiveness and the field synergy of 
heat exchangers, the synergy number of seven heat exchangers with different flow 
arrangements, shown in Fig.55, at different heat capacity rate ratio and heat transfer 
unit are numerically studied. The flow arrangements of the seven heat exchangers 
shown in Fig.55 are described in table 5. Fig.56 gives the effectiveness versus field 
synergy number for eleven heat exchangers including seven heat exchangers shown 
in Fig.55 and the other four heat exchangers with simple flow arrangements discussed 
in the last section. It can be seen from Fig.56 that the larger the field synergy number, 
the larger the effectiveness of heat exchanger. This indicates that improving the field 
synergy of heat exchanger can raise its effectiveness. 

As well known, the counterflow heat exchanger has the largest effectiveness 
compared with other flow arrangements heat exchangers under the same given 
conditions. It seems that the flow arrangement determines the heat exchanger 
performance. However, this conclusion does not hold for multi-stream heat 
exchangers or heat exchangers with heat sink/source in fluids.  
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Fig. 55 Seven heat exchangers with different flow arrangements 

Table 5 Description of the flow arrangements of the seven heat exchangers 

1 Fluid1 unmixed in each pass and mixed between 
passes 
Fluid2 unmixed throughout, inverted order coupling 

2 Fluid1 unmixed throughout, inverted order coupling 
Fluid2 unmixed throughout, inverted order coupling 

3 Fluid1 unmixed in each pass and mixed between 
passes 
Fluid2 unmixed throughout, identical order coupling 

4 

 

 

 

Two pass parallel crossflow 

Fluid1 unmixed throughout, inverted order coupling 
Fluid2 unmixed throughout, identical order coupling 

5 crossflow Both fluids unmixed 

6 Fluid1 unmixed in each pass and mixed between 
passes 
Fluid2 unmixed throughout, inverted order coupling 

7 

 

Two pass counter crossflow 

Fluid1 unmixed throughout, inverted order coupling 
Fluid2 unmixed throughout, inverted order coupling  
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Fig. 56 Effectiveness versus field synergy number for eleven heat exchangers with different 
flow arrangements at different heat capacity rate ratio and heat transfer unit 

The heat transfer equations for the parallelflow heat exchanger with heat sinks 
are, 

( ) ( ) ( )h h c c sG c dT x G c dt x Q x− = − +  (114) 
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( )( ) ( ) ( )h hkdx T x t x G c dT x− =                                        (115) 

where Gh，Gc are the mass flow rates, ch and cc , the heat capacity, T(x), t(x), the 
local temperatures of hot and cold fluids respectively, Qs(x), heat flow rate 
delivered by the local heat sinks. Due to the presence of heat sinks in the cold fluid 
side, the temperature rise of the cold fluid in the parallel heat exchanger is 
suppressed, but the heat transfer rate increases due to the increase of the 
temperature difference between hot and cold fluids. If the intensity of the local heat 
sink is equal to the local heat transfer rate, the cold fluid temperature keeps 
constant, which resembles to a heat exchanger with the cold fluid being of infinite 
heat capacity rate. When the intensity of the heat sinks is larger than the local heat 
transfer rate, the cold fluid temperature will decreased and the consequent 
temperature difference between hot and cold fluids becomes more uniform along 
the flow direction, which resembles the evolution of the temperature difference in a 
counterflow heat exchanger. This phenomenon indicates that the effectiveness is 
dependent not only on the flow arrangement.  

For comparison of the thermal performance of heat exchanger with the parallel 
flow and counter flow arrangements numerical calculations are carried out at 
parameters, Ntu = 1.0, cr = 0.5, η = 3.24, where η is the heat sink factor defined as, 

( ) ( )ii

s

tTGc

xQ
x

−
=

min

)(
)(η .                                        (116) 

Qs

0
cold fluid

hot fluid

0
cold fluid

hot fluid

Qs  

Fig. 57 Heat exchangers with heat sinks 
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The numerical results of temperature difference between hot and cold fluids for 
both the parallel flow and counterflow heat exchanger with heat sink are illustrated 
in Fig.58. It can be found that the temperature difference field in the parallelflow 
heat exchanger is more uniform than that in the counterflow heat exchanger. The 
field synergy number of the parallelflow heat exchanger equals to 1.00 higher than 
0.85 for the counterflow heat exchanger. Correspondingly, the effectiveness of the 
parallelflow heat exchanger, 1.0, is larger than that of the counterflow heat 
exchanger, 0.991, which confirms that the criterion for heat exchanger performance 
is the field synergy number, rather than the flow arrangement of heat exchanger.  

 

                            (a) parallelflow 

 
                            (b) counterflow 

Fig. 58 Temperatures of hot and cold fluids in parallelflow/counterflow heat exchangers with 
heat sink (η=3.24) 
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In summary, the field synergy principle for heat exchanger optimization can be 
stated as: the more synergized the temperature fields of the hot and cold fluids is, 
the better thermal performance of heat exchanger has [64,65]. This principle is 
equivalent to the uniformity principle of temperature difference field in the earlier 
study, whose statement is that for given heat transfer unit and heat capacity rate 
ratio, the more uniform the temperature difference field is, the larger the 
effectiveness of the heat exchanger is [66,67] . 

The field synergy principle is also suitable for multi-stream heat exchanger, the 
detail can be seen in references [63,64]. 

7.3.2   Optimization Method of Redistribution of Heat Exchange Area 

For a crossflow heat exchanger with finned tube bundle, its field synergy can be 
improved by redistributing the heat transfer area. The numerical result of the 
normalized temperature difference field (TDF) for a two-dimensional crossflow 
heat exchanger is plotted in Fig. 59, from which the temperature difference on the 
diagonal and in the inlet region is larger than those on both sides of the diagonal and 
in the outlet region. The uniformity of TDF in the heat exchanger (on the other 
word, field synergy number), therefore, can be changed through the rearrangement 
of the heat exchange area to improve the performance of heat exchangers.  

The log-mean temperature difference can be evaluated as usual from the discrete 
temperature difference by the expression [64,65]: 

( ) ( ) ( )( )
1 1

1
, , ,

M N

m
i j

T c i j T i j t i j
MN = =

Δ = −∑∑                   (117) 
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Fig. 59 TDF in crossflow heat exchanger for the uniform distribution of heat exchanger area 
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( )
1 1

,
M N

i j

c i j e x y A
= =

Δ Δ =∑∑                                   (118) 

where T(i,j)-t(i,j) is the local temperature difference between the hot and cold fluids 
in the subelement, M and N are the numbers of subelements in the length and width 
directions. The log-mean temperature difference equals to the arithmetic mean local 
temperature difference with a weight function of c(i,j) when the heat transfer area is 
non-uniformly distributed. Based on Eqs. (117) and (118) and Δx, Δy are 
unchanged, the recurrence formula is derived for improving the field 
synergy/uniformity of TDF in the heat exchanger through the rearrangement of the 
heat transfer area [65], 

( ) ( ) ( ) ( )
1

,

, ,
, , k k

k k
m k

T i j t i j
c i j c i j

T+
−

=
Δ

                              (119) 

Combining Eq.(119) with the equations of energy conservation and known heat 
transfer rate, the field synergy factor, that is the uniformity factor of TDF, and the 
effectiveness for every recursion can be obtained numerically, and are shown in 
Fig. 60, where τ is the percentage increase in effectiveness compared to the case of 
uniform area distribution. Fig. 60 indicates that: (a) the TDF could be uniform and the 
effectiveness is consequently increased by rearranging the heat transfer area, (b) when 
Cr is unity the TDF of the crossflow heat exchanger could be fully uniform in an ideal 
distribution of heat transfer area, and the effectiveness of the crossflow heat 
exchanger becomes identical to that of the counterflow heat exchanger. 

 

Fig. 60 Percentage increase in effectiveness versus the field synergy factor, Φ, for the 
redistribution of heat transfer area in crossflow heat exchanger(Cr=1.0) 
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If the heat transfer rate is fixed, the heat transfer area can be saved by 
redistributing the area shown in Fig.61, with the percentage of area saving defined 
as 

1 2

1

A A

A
δ −=                                                  (120) 

where，A1, A2 are the surface area of uniform distribution and non-uniform 
distribution.  

As an example, the area redistribution can be realized by changing the density of 
the fins on the finned tubes. Fig.62 shows the crossflow heat exchanger consisting 
of four sub elements which is feasible in practice. The fin density in element Ae 
should be larger than in element A to improve the field synergy. The area saving 
percentages versus with the fin density ratio, B=Ae /A, are demonstrated at different 
values of Cr in Fig.63. It is seen that the optimal fin density ratio is between 3 and 4. 
For the case of fin density ratio equals to 2 and the heat capacity ratio is 0.4-0.6 the 
heat transfer area may be saved by 7-8%.[64] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 61 Surface area saving by non-uniform distribution area for crossflow heat exchanger 

 
 
 
 
 
 

Φ
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Fig. 62 Non-uniform surface area distribution 

 

Fig. 63 Area saving percentage versus the fin density ratio with Cr as the parameter 

8   Field Synergy Principle for Convective Mass Transfer 

In view of the analogy between heat conduction governed by Fourier’s law and 
mass diffusion governed by Fick’s law, the field synergy principle and the 
extremum entransy dissipation principle for convective heat transfer have been 
extended to convective mass transfer processes by Chen [50] and Chen et al. [68]  
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8.1   Field Synergy Principle for Convective Mass Transfer 

The 3D species concentration conservation equation for steady-state mass diffusion 
without mass sources can be written as, 

( )U Y D Yρ ρ⋅∇ = ∇ ⋅ ∇                                           (121) 

where, ρ is density, U, velocity, ∇Y, species concentration gradient. Integrating the 
term on the right hand side of Eq.(121) over the mass transfer domain, Ω, and 
transforming the volume integral to surface integral by using Gaussian law, there is,  

( ) ( )D Y dV n D Y dSρ ρ
Ω Γ

∇ ⋅ ∇ = ⋅ ∇∫ ∫
G

                           (122) 

For convective mass transfer process, the domain boundary can be divided into four 
parts: contaminant emitting surfaces, surfaces without mass transfer, air inlets and 
air outlets. Thus Eq. (122) can be written as 

      

( ) ( ) ( )
( ) ( )

ms nms

in out

n D Y dS n D Y dS n D Y dS

n D Y dS n D Y dS

ρ ρ ρ

ρ ρ
Γ

⋅ ∇ = ⋅ ∇ + ⋅ ∇

+ ⋅ ∇ + ⋅ ∇

∫ ∫ ∫
∫ ∫

G G G

G G       (123) 

The first term on the right hand side is the mass transfer between the contamination 
source surface and the air, which is the decontamination rate in convective mass 
transfer system. On surfaces without mass transfer, the contaminant concentration 
gradient is zero, so the second term on the right hand side is zero. The third and 
fourth terms are the axial diffusion of contaminants at the outlet and inlet, 
respectively, which may be neglected because the air velocity is high and the 
consequent contaminant concentration gradient is relatively small. Therefore, 
Eq. (123) can be simplified as, 

( )∫∫ ∇⋅=∇⋅
Ω ms

dSYDnYdVU ρρ G
                             (124) 

Eq. (124) indicates that the integral of the fluid density times the dot product of the 
velocity vector and the concentration gradient over the entire domain equals to the 
overall decontamination rate in the ventilation system. 

Define the equivalent length, 

V
L

S
=                                                          (125) 
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and the following dimensionless parameters, 

in

U
U

U
= ，

( ) /ms in

Y
Y

Y Y L

∇∇ =
−

，

dV
dV

V
=                             (126) 

where, V is the volume of the convective mass transfer domain, S is the surface area 
emitting contaminants. Then, we have, 

ReSh Sc U YdV
Ω

= ⋅∇∫                                      (127) 

where Sh, Re and Sc represent the Sherwood number, the Reynolds number and the 
Schmidt number. Eq. (127) shows that the Sherwood number depends not only on 
the Reynolds number and the Schmidt number but also on the volume integration of 

YU ∇⋅  in the mass transfer domain. The above integration is defined as the field 
synergy number of mass transfer,  

Rem

Sh
Fc U YdV

Sc Ω
= = ⋅∇∫                                      (128) 

which represents the synergy between the velocity vector and the contaminant 
concentration gradient over the entire volume. Therefore, similar to convective heat 
transfer, we have the field synergy principle for convective mass transfer 
optimization, it states: the better the synergy of velocity and concentration gradient 
fields, the higher the convective mass transfer rate under the same other conditions. 
For decontamination ventilation, the fluid is air and the Schmidt number is constant. 
Hence, the various ways for increasing the overall strength of convective mass 
transfer can be classified into: (1) increasing the fresh air flow rates and the 
consequent Reynolds number and (2) increasing the field synergy number of mass 
transfer by changing ventilation arrangement. For a given fresh air flow rates, the 
Reynolds number is constant, so the convective mass transfer capability is 
influenced only by the mass transfer field synergy number. 

8.2   Field Synergy Equation for Convective Mass Transfer 
Processes 

Consider the analogy between heat and mass transfer, a new quantity of 
mass-entransy for a system can be defined as,  

YQG vmvm 2
1=                                                     (129) 

where, vmQ  is the total mass of a kind of species in the mixture, vmQ YVρ= , its 
unit is, kg⋅(kg/kg). Y is the mass fraction of the species, its unit is kg/kg. The mass 
entransy of the species per unit volume is,  
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2

2
1

Ygvm ρ=                                                  (130) 

Similarly, the mass-entransy dissipation function can be described as, 

2

, YDYqg mm ∇=∇⋅−= ρφ                                    (131) 

For a steady, without mass source, laminar convective mass transfer process, the 
conservation equation for the species concentration is, 

( )U Y D Yρ ρ⋅∇ = ∇ ⋅ ∇                                       (132) 

Multiplying Eq.(132) by Y, results in the mass-entransy equilibrium equation, 

( )
2

2

2

Y
U DY Y D Yρ ρ ρ⎛ ⎞

⋅∇ = ∇ ⋅ ∇ − ∇⎜ ⎟
⎝ ⎠

                       (133) 

where the term on the left hand side of Eq.(133) is the mass-entransy transfer 
associated with fluid flow, the first term on the right hand side is the mass-entransy 
transfer associated with mass transfer, and the last term on the right hand side is the 
mass-entransy dissipation.  

For a steady-state, constant property and incompressible convective mass 
transfer without mass sources, the optimal velocity field can be obtained by seeking 
the extremum of the mass-entransy dissipation for specific constraints, which is a 
typical variational problem. A Lagrange function can be constructed for a given set 
of constraints such as the continuity equation, species equation and given viscous 
dissipation, 

( )
0D Y Y C

dV
A D Y U Y B U

ρ
ρ ρ ρΩ

∇ ⋅∇ + Φ⎡ ⎤
∏ = ⎢ ⎥+ ∇ ⋅∇ − ⋅∇ + ∇ ⋅⎣ ⎦

∫∫∫             (134) 

where, A,B are functions of space, and the dimension of A is same as mass fraction, 
Y,  C0 is a constant, Φ  is viscous dissipation. The variation of Eq.(134) with 
respect to Y leads to 

( ) ( )2U A D A D Yρ ρ ρ− ⋅∇ = ∇ ⋅ ∇ − ∇ ⋅ ∇                       (135) 

For a given uniform concentration boundary, 0bA = , and for a given uniform 
mass flux boundary, 

( ) ( )2
b b

A n Y n∂ ∂ = ∂ ∂ .                                    (136) 
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The variation of Eq.(134) with respect to U , A and B leads to, 

2

0 0

1
0

2 2
U A Y B

C C

ρμ∇ + ∇ + ∇ =                                 (137) 

( )U Y D Yρ ρ⋅∇ = ∇ ⋅ ∇                                     (138) 

0=⋅∇ Uρ                                                (139) 

There are four unknown variables, U, Y, A, B, in the Eqs.(135) and (137), species 
concentration equation, Eq.(138) and continuity equation, Eq.(139). Compared 
Eq.(137) with the momentum equation, 

2U U P U Fρ μ⋅∇ = −∇ + ∇ +                                   (140) 

we have, 

02B C P= −                                               (141) 

mF C A Y U UρΦ= ∇ + ⋅∇                                   (142) 

In which, CΦm is a constant related to the viscous dissipation in the domain, its 
dimension is Pa/(kg/kg)2, and, 

02mC
C

ρ
Φ =                                               (143) 

Finally, we have the field synergy equation for convective mass transfer, 

( )2
mU U P U C A Y U Uρ μ ρΦ⋅∇ = −∇ + ∇ + ∇ + ⋅∇               (144) 

it is a momentum equation with an additional volume body force.  
This additional body force can be divided into two parts, one is related to 

velocity, named as additional inertia force, UF U Uρ ⋅∇= , and the other is related 
to the species concentration, named as additional concentration gradient 
force, mYF C A YΦ= ∇ . 

For the cases without the additional concentration gradient force, the field 
synergy equation for convective mass transfer can be simplified to, 
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20 P Uμ= −∇ + ∇                                                    (145) 

As shown in Eq. (145), the additional body force counteracts the inertial force of the 
fluid flow. Its velocity distribution is of the minimum viscous dissipation relative to 
any other one for incompressible flow with the same velocity boundary [69]. If the 
additional concentration gradient force and the additional inertial force occur 
simultaneously in the fluid flow, the viscous dissipation becomes larger. The role of 
the additional concentration gradient force is to drive the fluid to flow along the 
direction of the mass flow, and then enhance the convective mass transfer. 
Therefore, the additional concentration gradient volume force may increase not 
only the viscous dissipation, but also enhance convective mass transfer. For various 
given values of Cφ,m, different optimal velocity fields can be obtained in terms of 
solving the field synergy equation of Eq. (144). 

8.3   Application 

Indoor air quality (IAQ) is also a big problem for modern human beings. To 
improve the IAQ and to save energy, it needs to optimize the ventilating system so 
as to increase the ventilation efficiency. To illustrate the applicability of field 
synergy principle for the optimization of convective mass transfer, the 
decontamination quality was varied by changing the boundary conditions of the 
ventilation system, such as the intake air velocity and the ventilation arrangement. 
In addition, for a given set of boundary conditions, the field synergy equation for 
convective mass transfer was solved to vary the synergy of velocity and 
concentration gradient fields and to change the decontamination capability. In the 
simulation, all the flows were assumed to be laminar and steady. 

8.3.1   Analysis of the Field Synergy 

The two 2D ventilation configurations are shown in Fig. 64 and Fig.65. The 
dimensions of the rectangular cavity are L = 4 mm, H = 3 mm and W1 = W2 = W3 = 
W4 = 0.2 mm. Air enters the rectangular cavity from the top left corner horizontally 
in Fig. 64 and vertically in Fig.65. The outlet locates at the lower right corner. The 
inlet air has a zero contaminant mass fraction. The contaminant source with a 
contaminant mass fraction of 0.01 is placed on the bottom, while there is no mass 
transfer on the left, right and upper surfaces of the cavity. 

The numerical results are shown in Fig.66 and Fig.67 for the vertical and 
horizontal ventilation configurations. With increasing the air inlet velocities, the 
overall decontamination rate increases non-linearly, while the field synergy number 
decreases. It is found from the two configurations in Fig.66 and Fig.67 that the field 
synergy of convective mass transfer in the vertical inlet configuration is much better 
than that in the horizontal inlet one. This is why the decontamination rate of  
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Fig. 64 Ventilation configuration with a          Fig. 65 Ventilation configuration with a 
horizontal inlet at the top left corner                        vertical inlet at the top left corner 

      

Fig. 66 Variation of decontamination rate        Fig. 67 Variation of field synergy numbers for 
horizontal and vertical inlets                            for horizontal and vertical inlets 

the vertical inlet configuration is larger than that of the horizontal inlet one for the 
same boundary condition.  

8.3.2   Validation and Application of the Field Synergy Equation 

The ventilation system with a horizontal inlet at the top left corner was selected to 
analyze how additional forces affect the velocity field and the decontamination rate. 
Numerical results for the velocity vectors and contaminant mass fraction contours 
for convective mass transfer without additional volume forces in the rectangular 
cavity at the intake velocity of 2 m/s are presented in Fig. 68. The entering air from 
the inlet creates a clockwise eddy in the cavity and the velocity vectors are parallel 
to the mass fraction contours in most of the computational domain, which leading to 
a worse field synergy. In this case the field synergy number is 1.37×10-2 and the 
overall decontamination rate is 1.29×10-6 kg /s. 
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         (a) velocity vectors                             (b) mass fraction contours 

Fig. 68 Convective mass transfer without additional volume forces 

   

                   (a) velocity vectors                              (b) mass fraction contours 

Fig. 69 Optimized results for the case of Cφ,m = -5 × 105 

Fig.69 shows the numerical results for the velocity vectors and mass fraction 
contours in the cavity for the case of Cφ,m = -5 × 105. After entering the rectangle 
cavity from the inlet, the air is deflexed and flows down the left wall immediately, 
and then flows along the contaminant surface towards the outlet. The velocity 
vectors and the mass fraction contours are nearly perpendicular at the lower left 
corner of the cavity, leading to a much better field synergy. The field synergy 
number for this case is 3.34 × 10-2 with an overall decontamination rate of 3.15×10-6 
kg/s, which are both 2.44 times the values before optimization.  

9   Brief Summary 

Based on the reexamination of the physical mechanism of heat convection, the 
concept of field synergy, which denotes the zero included angle between the local 
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velocity and temperature gradient vectors in the convection domain, is introduced. 
The field synergy principle is then proposed for the heat transfer optimization, 
which states: the better the synergy of velocity and temperature gradient fields, the 
higher the convective heat transfer rate for the given boundary conditions. The field 
synergy principle can not only explain the heat transfer enhancement mechanism of 
existing enhanced technologies, but also guide us to develop a series of new types of 
enhanced technologies. 

In view of the fact that the field synergy principle is phenomenal only and can 
not be applied to the quantitative design of heat transfer optimization, the extremum 
entransy dissipation (EED) principle for heat transfer optimization are developed 
for optimizing heat transfer with the purpose of object heating, rather than doing 
work. The new quantity, entransy, describes the heat transfer ability of a body and 
the entransy dissipation during heat transfer process is the measure of its 
irreversibility. The EED principle can be stated as: for the prescribed heat flux 
boundary conditions, the least entransy dissipation rate in the domain leads to the 
minimum boundary temperature difference, or the largest entransy dissipation rate 
with a prescribed boundary temperature difference leads to the maximum heat flux. 

When the EED principle is used to optimize the volume-to-point heat conduction 
problem, the optimal distribution of high conductivity leads to the lowest average 
domain temperature, which is lower than that with the minimum entropy generation 
(MEG) as the optimization criterion. This indicates that the EED principle is more 
preferable than the MEG principle for heat conduction optimization with the 
purpose of the reduction of the domain temperature. 

When the EED principle is used to optimize the convective heat transfer 
problems, the field synergy equations are derived by variational analysis for both 
laminar and turbulent heat transfer at the given viscous dissipation (pumping 
power). By solving the field synergy equation, the optimal flow fields for several 
tube flows are achieved. Some enhanced tubes, such as the alternating elliptical axis 
tube and discrete double inclined ribs tube are developed, which may generate a 
velocity field close to the optimal one and augment heat transfer markedly with less 
increased flow resistance. 

Unlike the heat transfer enhancement, heat transfer optimization refers to 
maximizing the heat transfer rate for a given pumping power. Both the field synergy 
principle and the EED principle are the optimization principle for heat transfer 
process. 

Finally, both the field synergy principle and the extremum entransy dissipation 
principle are extended to be applied for the heat exchanger optimization and mass 
convection optimization. 
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Nonequilibrium Transport: The Lagging 
Behavior 

D.Y. Tzou* and Jinliang Xu 

Abstract. Lagging behavior describes the non-instantaneous response between 
heat flux and temperature gradient in nonequilibrium heat transport. Extending 
over to mass transport, mass flux is in place of the heat flux while 
density/concentration gradient is in place of the temperature gradient. The lagging 
behavior may occur during the ultrafast transient; in times comparable to the 
intrinsic times characterizing the nonequilibrium transition of thermodynamic 
states. For heat transport, such intrinsic times include the mean free time of energy 
carriers and the thermalization time for the energy carriers to come to thermal 
equilibrium. For mass transport involving different species, on the other hand, the 
intrinsic times include the finite time required for the effective interdiffusion 
among the participating substances, the finite time required for the chemical 
reactions to take place in forming the interfacial substance, or in some cases the 
finite times required for releasing or absorbing specific species. This chapter is 
dedicated to the lagging behavior during the ultrafast response in nonequilibrium 
heat/mass transport. The process is termed “ultrafast” because the time scales 
involved are comparable to the intrinsic time scales governing the various 
nonequilibrium processes in heat/mass transport. The essence of thermal lagging 
will be first illustrated by well known examples in microscale heat transport, with 
emphasis on the admissibility within the framework of nonequilibrium 
thermodynamics. Equivalence of the lagging behaviors in heat and mass transport 
then follows to stretch the lagging response over to the growth of the ultrathin 
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film/interfacial compound, bioheat transfer, and multistage interdiffusion for drug 
delivery in tumor cells. In the full spectrum from the electron/phonon interactions 
in femto- to picoseconds, the heat exchange between blood and tissues and drug 
delivery in minutes to hours, to the ultrathin film/interfacial compound growth in 
days, the sources for lagging are identified and the analytical expressions for the 
phase lags are derived. A regime map based on the response time is established to 
characterize the alterations between wave and high-order diffusion as the phase 
lags of the various orders activate/diminish at certain time scales. The concept of 
thermal lagging, which is a nonequilibrium behavior in time, is extended to cover 
the nonlocal response in space in making contacts with ultrafast heat transport 
through the phonon gas with a finite mass. The correlation length and intrinsic 
times are linked together in describing the ultrafast thermal transport in small 
scales. 

1   Introduction 

Transport phenomena are nonequilibrium by nature, where the conservation laws 
join the constitutive equations in describing the transition of the thermodynamic 
state in a physical system. Nonequilibrium transition of the thermodynamic state is 
a direct consequence of the fast transient during the transport process and is 
closely ties to the pace at which the thermodynamic state varies as a result of the 
unbalanced heat or mass flow. The time-rate of change of temperature or mass 
density, for example, is a measure for the pace during the thermodynamic 
transition. Such a change with respect to time, termed time-rate of change, is an 
essential ingredient in nonequilibrium transport. If the time-rate of change of the 
thermophysical properties in transition of the thermodynamic state is small, the 
transport process can be assumed quasi-stationary, meaning that all 
thermodynamic properties would have sufficient time to well establish themselves 
before the thermodynamic state moves on to the next state. Fourier’s law in 
conjunction with the conservation of energy (in heat transport) and Fick’s law 
along with the conservation of mass (in mass transport) are known examples 
describing the quasi-stationary transition of thermodynamic states, giving rise to 
the transport equation of a diffusion type: 

2 2 2
2

2 2 2

1T T T T
T

x y z tα
∂ ∂ ∂ ∂+ + ≡ ∇ =
∂ ∂ ∂ ∂

 (1) 

where all physical properties are assumed constant and x, y, and z are the Cartesian 
coordinates, t is time, T is temperature (in heat transport) or density/concentration 
(mass transport), α is thermal/mass diffusivity, and ∇2 the Laplacian operator. The 
right-hand side of Eq. (1) results from the time-rate of change of internal 
energy/mass density, as a result of unbalanced heat (or mass density) entering and 
leaving the representative volume describing the transport process. The balanced 
law based on the time-rate of change of internal energy, as an interpretation of the 
statement made by Fourier in 1822, distinguishes principles of heat transfer from 
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mechanical theories where such a balanced law is based on the dynamic inertia. 
There are several implications from Eq. (1). First, for a conductor with a 
characteristic dimension of L, the time-rate of change of temperature on the right-
hand side, the transient term, will be as important as the conductive (steady-state) 
term on the left-hand side in times (t) comparable to the characteristic time of 
Fourier diffusion, t ~ (L2/α). This can be readily seen by comparing the 
denominators involved in Eq. (1), x ~ L2 ≅ αt, or t ≅ (L2/α). For abbreviation, the 
characteristic time of Fourier diffusion, L2/α, is termed “diffusion time,” which 
appears as the first time scale in the regime map to be constructed later in Fig. 10. 
As t >> (L2/α), the right-hand side of Eq. (1) is vanishingly small and the effect of 
conduction dominates the transport process in steady state. As t << (L2/α), or L >> 
√(αt), on the other hand, the left-hand side of Eq. (1) is vanishingly small and the 
lumped formulation prevails without the conduction effect. As recognized, the 
ratio of t to (L2/α) is the well-known Fourier number defined in transient heat 
conduction. Second, the characteristic solution to Eq. (1) is 
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For most solids with α ~ 10-5 m/s, the diffusion time (L2/α) is of the range from 
105 s (macroscale conductor with L ~ 100 m) to 10-13 s (microscale conductor with 
L ~ 1 nm). For ultrafast transient in the femtosecond (fs) domain, t ~ 10-15 s and 
consequently [t/(L2/α)] ~ 10-20 – 10-2 in the exponential function of Eq. (2), the 
diffusion based model would result in a negligible response since T ~ T0. Recent 
experiments involving material interactions with femtosecond lasers, however, 
have shown quite a contrary. Not only a definite response has been observed in the 
samples irradiated by femtosecond lasers [1-7], the clean cuts resulting from 
ultrafast, ultraintense lasers have become a unique asset for producing nanoscale 
patterning and high-precision manufacturing [8-17]. Shown by the estimate on the 
order of magnitude above, the ultrafast interaction of materials with femtosecond 
lasers must have involved additional mechanisms that cannot be described by the 
classical Fourier’s law [18-27]. Thermal response subjected to high-frequency (ω) 
excitations behaves the same way, with ω in place of the factor [1/(L2/α)] in the 
exponent of Eq. (2). In ultrafast photonics with ω in the terahertz (1012) domain, 
thermal effect may become pronounced even at regular times. As heating and 
consequently the thermal field is driven by a rapidly moving/varying source, 
obviously, additional mechanisms other than Fourier diffusion exist that are 
responsible for the temperature change.  

The wave theory in heat propagation may be the first attempt in addressing the 
shortcomings of Fourier’s law when used in describing the ultrafast transient in 
times comparable to the relaxation (mean free) time of energy carriers [28-33]: 

( , ) ( , ) ( , )t t k T t
t

τ ∂+ = − ∇
∂
q

q r r r  (3) 
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where q is heat flux vector, τ is relaxation time, k is thermal conductivity, and r ≡ 
[x, y, z] is position vector. When combining with the energy equation, 

( , ) ( , )
T

t C t
t

∂−∇ =
∂

q r ri , (4) 

with C representing the volumetric heat capacity in W/(m3K), Eq. (3) gives rise to 
the equation for thermal waves: 
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As compared to Eq. (1), Eq. (5) describes a thermal disturbance propagating at a 
finite speed c, which is a salient feature for heat transport taking place in times 
comparable to the relaxation time of energy carriers. In the limiting case of τ → 0, 
the wave speed (c) approaches infinity and Eq. (5) reduces to Eq. (1) for Fourier 
diffusion. The relaxation time is intrinsic by nature, since heat transport requires 
effective collisions to take place among energy carriers. The transport process 
described by Eq. (5) is thus termed ultrafast, since the process time (t) is of the 
same order of magnitude as the relaxation time. The relaxation time depends on 
the type of conductors. For metals with free electrons and phonons as energy 
carriers, the relaxation times for electron-to-electron collisions, electron-to-
phonon collisions, and phonon-to-phonon collisions are of the order of 10 
femtoseconds, 1 picosecond, and 10 picoseconds, respectively [5, 6]. Unlike 
Fourier diffusion where the heat affected zone extends to infinity as a result of the 
infinite speed of heat propagation, Eq. (5) implies a thermal wavefront at r = ct 
that separates the heat affected zone (r < ct) from the thermally undisturbed zone 
(r > ct). Special features in the thermal wave model include the thermal shock 
formation [34-43] and thermal resonance subjected to high-frequency excitations 
[44, 45]. As the transient time enters the threshold of the relaxation time, the 
transport process becomes ultrafast and effect of thermal relaxation represented by 
the wave term in Eq. (5) needs to be accommodated in addition to Fourier 
diffusion. 

Ultrafast transient often involves nonequilibrium processes that take place in an 
extremely small heat affected zone. For material processing by femtosecond 
lasers, for example, the depth of optical penetration is a mere few tens of 
nanometers, in which the various microstructural interactions are driven by the 
gigantic power (in tera- to petawatts) during the femtosecond transient. Effect of 
ultrafast transient in time thus tangles with the microstructural interaction effect in 
space, which is a platform for the full engagement of microscale heat transfer. 
This chapter starts with a quick review of several representative microscale heat 
conduction models, for the purpose of abridging the physical mechanisms that are 
known active during the nonequilibrium transport in microscale. Their 
applications and specific implications are emphasized during the review. 
Inheriting from different physical bases adopted in describing different behaviors 
in microscale, however, the mechanisms described in these models are somewhat 
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devious and may become confusing sometimes. Whether a known mechanism 
described in one model, such as the relaxation of internal energy, also exists in 
another model (such as the electron-phonon interactions or umklapp relaxation of 
phonons) could be dubious, making the selection of a most suitable model 
particularly difficult for inexperienced researchers. Guided by the same type of 
energy equations, even though the physical bases involved in the various 
microscale conduction models are philosophically different sometimes, the dual-
phase-lag (DPL) model follows, pinpointing at their common features regardless 
of the different physical bases. The complicated microstructural interaction 
effects, in space, are lumped onto the resulting delayed response in time, with the 
two phase lags introduced in the DPL model describing the finite times required 
for the completion of the various physical processes in microscale. In view of the 
lagging behavior, in other words, the finite time required for recovering the 
momentum loss in the umklapp process in phonon scattering is equivalent to the 
relaxation time in the phonon-electron interactions (in metals) and the finite time 
required for achieving thermal equilibrium between electrons and phonons is 
equivalent to the relaxation time of internal energy. The sources for the delayed 
response may be different, but the same lagging behavior in time gives rise to a 
unified approach in describing the various microscale effects in space. Depending 
on the time scale in which the nonequilibrium transition takes place, high order 
effects in the lagging response may need to be considered to describe the physical 
phenomena in correspondence, which is the merit of establishing the regime map 
for characterizing the wave-diffusion duality in nonequilibrium transport. Analogy 
with mass transport in ultrathin film/interfacial compound layer growth is drawn 
to unify the same concept of phase lagging in describing nonequilibrium heat and 
mass transport. Debuting from the same origin of microscale heat transfer, the 
DPL model is the only model that has advanced itself to describe the complicated 
interactions among multiple carriers in biological systems. For both bioheat 
transfer (describing the nonequilibrium energy exchange between blood and 
tissue) and drug delivery in tumor cells (describing the rupture of liposome and 
effective absorption of antitumor drug), the phase lags resulting from the finite 
times required for accomplishing the biological processes in correspondence are 
derived to pinpoint the biological sources for delay. In spite of the intrinsically 
different physical processes, now stretching from engineering materials in 
femtoseconds to biological tissues in hours and days, the lagging behavior in time 
is shown to be a common feature that sheds light on a unified approach in 
describing the nonequilibrium transport in general. 

2   Microscale Heat Conduction 

The lagging behavior is originated from extracting the time constants governing 
the various heat transfer processes in microscale. As discussed earlier, a definite 
thermal effect observed in times comparable to the relaxation time of the energy 
carriers imply the existence of additional thermophysical mechanisms during the 
early-time transient. The effect of thermal relaxation described in Eq. (3) is simply 
one of the many possible mechanisms among others. This section review several 
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representative heat conduction models in microscale, for the purpose of 
establishing the concept of thermal lagging in addressing the various 
microstructural behaviors that are pronounced at short times. The relaxation 
behavior will be illustrated by the Cattaneo-Vernotte (CV) thermal wave model 
due to its simplest mathematical content. With the fundamental knowledge and 
mathematical tools thus developed, extension will be made to the phonon 
scattering model, the internal energy relaxation model, and the parabolic and 
hyperbolic two-step models to identify additional time constants for capturing 
more sophisticated physical phenomena in small scale. An in-depth review thus 
developed paves the way for a rigorous foundation in support of the dual-phase-
lag model. 

2.1   Cattaneo-Vernotte (CV) Thermal Waves 

In times comparable to the relaxation time of the energy carriers, thermodynamic 
states are undergoing fast transition and the quasi-stationary assumption 
embedded in Fourier’s law cannot be applied. Major developments in capturing 
the essential mechanisms in microscale heat conduction have been summarized in 
several review articles [31-33]. They include the evolution of the microscale heat 
conduction models, from the wave concept to the Jeffrey’s type of heat equation, 
which have been examined in terms of thermal inertia, critical frequency in 
molecular dynamics, irreversible thermodynamics, Boltzmann transport equation, 
and the restrictions imposed by the theory of relativity. The physical context of 
microscale heat conduction has significantly stretched over Fourier’s law and the 
CV-wave model, which by itself would be a sizable book for a complete inclusion 
and rigorous treatment. This chapter will take an alternate route in approaching the 
subject since thorough reviews are already in place. The emphasis will be placed 
on the special features behind every model reviewed, along with the mathematical 
methods required to unveil the physical insights of that model. Aiming toward 
extracting the fundamental behaviors, all thermophysical properties will be 
assumed constant unless stated otherwise. With the fundamental understanding 
thus developed, the temperature dependence of these properties can be reinstated 
for a more accurate description of the transport process, which however will 
require the use of extensive numerical methods due to the strong nonlinearity in 
the energy equations. 

Resulting from Eq. (3), the CV-wave equation represented by Eq. (5) has many 
desirable properties. Most of all, for applications and in reality at least, the finite 
speed of heat propagation has resolved the long concern of the infinite speed of 
heat propagation assumed in Fourier’s law. Estimated on the order of magnitude, 
accounting for the electron-to-phonon interactions with a relaxation time of 1 ps 
(10-12 s), thermal diffusivity (α) in the range from 10-6 – 10-4 (m2/s) for most 
metals results in a thermal wave speed of c ~ 103 – 105 (m/s) according to Eq. (5). 
For semiconductors, insulators, and dielectrics in which free electrons are absent, 
the relaxation time for phonon-to-phonon interactions is lengthened to the order of 
10 ps, which results in c ~ 102 – 103 (m/s) based on the thermal diffusivity in the 
range from 10-7 – 10-5 (m2/s). Clearly, the presence of free electrons in metals does 
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expedite the thermal wave speed by approximately one order of magnitude. The 
relaxation time further shifts toward the value for the electron-to-electron 
collisions, approximately 10 fs, in metals with a higher density of free electrons. 
With the response time entering the femtosecond domain, the wave behavior will 
be pronounced and the thermal wave speed would increase by one to two orders of 
magnitude due to a smaller value of the relaxation time.  

The time domain in which the thermal wave behavior becomes pronounced is 
the most important information for studying the wave behavior of heat 
propagation. Under a constant value of τ, Eq. (3) can be cast into a more useful 
form in weighing the contribution of the relaxation term: 

1
k T

t
τ
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⎛ ⎞∂ ⎜ ⎟
⎝ ⎠

q q
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Since the numerators (q and Δq) is of the same order of magnitude, the second 
term describing the thermal relaxation will be negligibly small as (t/τ) >> 1, or in 
the time domain where t >> τ. For heat transport dominated by phonon scattering 
with τ ~ 10 ps, thermal waves will be active in times comparable to τ, and 
Fourier’s law would be recovered as t lengthens to approximately 102τ 
(nanoseconds). The picosecond transient is termed ultrafast because the process 
time is comparable to the relaxation time of phonons. For heat transport 
dominated by electron collisions such as that in metals, femtosecond transient is 
considered to be ultrafast and the relaxation behavior in the electron gas will 
diminish in transit to picoseconds, where the relaxation behavior from the 
electron-to-phonon interactions follows. Whether the wave behavior in heat 
propagation can be neglected or not thus depends on the process time of heat 
transport relative to the carrier-dependent relaxation time. The thermal wave 
theory yields indistinguishable results from Fourier’s law in time t ~ 102τ where 
the thermal wavefront becomes extremely weak and temperature drop across the 
wavefront is negligibly small. 

Equation (3) is in a special form of the evolution equation in nonequilibrium 
thermodynamics [46]. In view of the Taylor series expansion of a general function 
with discrete delays [18], alternatively, 

2( ) ( , ) ( , ) ( ) ( , )t t t O k T t
t
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∂
q

q q r r r , (7) 

the left hand side of Eq. (3) thus results from the first-order term in τ that 
approximates the heat flux at (t + τ) as τ << t. This concept in terms of lagging 
will be used repeatedly in this chapter as the various microscale conduction 
models are revisited for revealing the essence of the lagging response in their 
frameworks. With τ > 0, Eq. (7) presumes that heat flux (at t + τ) flowing through 
a material volume occurs later than the temperature gradient (at t) established 
across the same material volume. Consequently, the cause of heat flow is 
presumed to be the temperature gradient while the heat flux is the effect. Due to 
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this assumption made beforehand, the CV-wave model can only capture a limited 
number of phenomena in microscale heat transfer. 

Unlike Fourier’s law, q(r, t) = –k∇T(r, t), where the heat flux vector at a certain 
location and time (q(r, t)) depends only on the temperature gradient ((∇T(r, t)) 
established at the same location and time, the relaxation behavior described by Eq. 
(3) implies a path-dependent process, which can be seen explicitly by integrating 
Eq. (3) with respect to time to give: 

 
[ ]

0

'
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'
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t
τ

τ τ τ
∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎡ ⎤= − − ∇ + ∇⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎢ ⎥∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎣ ⎦∫q r r r    (8) 

where t′ is the integral variable between 0 and t. At any instant during the process 
of heat transport, the heat flux vector not only depends on the end value of ∇T(r, 
t′) at t′  = t, it also depends on the distribution of ∇T(r, t′) in the entire domain of t′ 
∈ [0, t]. Additional dependence on the time-rate of change of the temperature 
gradient further complicates the path dependency. Approaching the end value of 
∇T(r, t) in a time history, the heat flux vector “remembers” the entire course 
through which the end value has been developed. Such a memory fades with time, 
however, as reflected by the exponentially decaying function of time, exp(-t/τ), in 
front of the integral. 

The relaxation behavior shown by Eq. (3) results from the relaxation time 
approximation made in the estimate of the phonon-scattering term in the Boltzmann 
transport equation [18, 47]. As such, the time-rate of change of the phonon 
distribution function driven by phonon scattering is assumed to be the difference 
between the current and the initial values over one period of the relaxation time. In 
parallel, an equally important justification for any constitutive equation in heat 
transport is its admissibility within the framework of the second law of 
thermodynamics. For the CV-wave equation describing a finite speed of heat 
propagation; in times comparable to the mean free time (or the relation time) of the 
energy carriers, this has also been shown in the framework of the extended 
irreversible thermodynamics (EIT) [18, 48]. In addition to the physical properties 
such as temperature, pressure, and entropy defining a thermodynamic state during 
quasi-stationary transition, the heat flux vector also becomes an internal state 
variable in defining a transitional/nonequilibrium state in EIT. Since the heat flux 
vector is a process quantity pertinent to the transition between thermodynamic 
states, most importantly, such an extension involving the process variables (in 
additional to the internal variables defining a thermodynamic state in equilibrium) 
injects a strong path dependency in all the constitutive equations derived from EIT. 

It is of paramount importance to note that all thermodynamic properties 
resulting from EIT are nonequilibrium by nature. The ways in which the 
nonequilibrium temperature evolves with time is described by the evolution 
equation describing the dynamic temperature, in the context of the gradient 
extension method in nonequilibrium thermodynamics [46]. Since Eqs. (3) and (5) 
apply in times comparable to the relaxation time of the energy carriers where the 
transition of thermodynamics is fast paced and highly dynamic, the nature of the 
temperature involved in Eq. (3) or Eq. (5) needs to be clarified. Let us first 
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distinguish the dynamic temperature, β, from nonequilibrium temperature, θ. The 
dynamic temperature evolves with time and is a function of the nonequilibrium 
temperature defined in the framework of EIT. As time elapses, the dynamic 
temperature recovers the nonequilibrium temperature and the dependence of the 
thermodynamic states on the process variables (such as heat flux in EIT) gradually 
diminishes. As time further lengthens, eventually, the thermodynamic state no 
longer depends on the process variable, the path-dependency disappears, and the 
nonequilibrium temperature recovers the equilibrium temperature. 
Mathematically, with τ being a positive time constant characterizing the ultrafast 
response as illustrated in Fig. 1, the dynamic temperature (β(t)) is higher than the 
nonequilibrium temperature (θ(t)) at any instant in short times. As time elapses to 
(t + τ), the dynamic temperature recovers the nonequilibrium temperature, which 
can be represented  in general as 

( ) ( ), 0t tβ τ θ τ+ = > . (9) 

Under the same condition of τ << t, parallel to that in Eq. (7), the Taylor series 
expansion of Eq. (9) containing the first-order term in τ gives 

( ) ( ) ( ) ( )
d

t t t t
dt

ββ τ β τ θ+ ≅ + = . (10) 

The time constant, τ, is equivalent to the relaxation time due to its similar role 
played in Eq. (7). The process time (t) can be pushed toward the relation time (τ) 
by incorporating more high-order terms of τ Eq. (10), which will make β(t) and  
 
 
 

time

te
m

pe
ra

tu
re

β(t+τ)
θ(t)

t t + τ

β

θ

 

Fig. 1 Delayed response between dynamic temperature, β(t), and nonequilibrium 
temperature, θ(t) 
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θ(t) more distinct in the corresponding domain of time. Equation (10) is of the 
same form as the evolution equation used in the nonequilibrium irreversible 
thermodynamics, which displays the same path dependency as described by Eq. 
(8) with q → β and ∇T → θ. From a physical point of view, Eq. (10) describes the 
ways in which the dynamic temperature evolves into the nonequilibrium 
temperature as time lengthens. With an exponentially decaying behavior in time, 
as illustrated in Fig. 1, the two temperatures will merge after a certain instant of 
time and become indistinguishable afterwards. After the merger, the two 
temperatures will continue to move together toward the equilibrium temperature 
where the classical thermodynamics assuming quasi-stationary transition of 
thermodynamic states prevails.1 It is customary to assume Fourier’s law for the 
dynamic temperature [46], β(t): 

k β= − ∇q . (11) 

Taking the derivative of Eq. (11) with respect to time and substituting Eq. (10) 

(for β� ) into the result, 

         

( )P P

1
Eq.(10): 

k
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k k
t t t

θ β
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β θ β τ θ
τ

−
−⎛ ⎞

⎜ ⎟∂ ∂ ∂= − ∇ = − ∇ − ∇ ⇒ + = − ∇⎜ ⎟∂ ∂ ∂⎜ ⎟
⎝ ⎠

q

q q
q

    

   (12) 

Equation (12) has exactly the same form as Eq. (7) (or Eq. (3)) describing the CV-
wave model, with the nonequilibrium temperature, θ, in place of T alleged in Eq. 
(7). The CV-wave model is thus admissible within the framework of 
nonequilibrium thermodynamics. Consequently, the temperature/gradient and heat 
flux vector posted earlier in Eq. (7) are nonequilibrium by nature. Both dynamic 
and nonequilibrium temperatures are semi-empirical because they are not directly 
measurable. Indirect means, such as the reflectivity change on a heated metal 
surface [49, 50], is often needed to relate them to the physical response based on 
solid state physics. Distinguishing from the equilibrium thermodynamics 
assuming quasi-stationary transition of thermodynamic states, the entropy 

                                                           
1 The physical essence of the evolution equation shown by Eq. (10) can be revealed by the 

lumped capacitance formulation for a solid of temperature T(t) that loses heat to the 

ambient (T∞) due to convection: ( ) ,  or 
T CV T

CV hA T T T T
t hA t∞ ∞

∂ ∂⎛ ⎞= − − + =⎜ ⎟∂ ∂⎝ ⎠
, 

where V and A are the volume  and surface area of the solid, respectively, and h is the 
heat transfer coefficient. With ( / )CV hA equivalent to τ , clearly, the lumped 

temperature of the solid (T) is equivalent to the dynamic temperature (β) and the ambient 
temperature (T∞) is equivalent to the nonequilibrium temperature (θ). Equation (9) thus 
describes the lagging behavior between the immersed solid and the ambient temperatures 
before they come to thermal equilibrium. 
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production rate (Σ) results from nonequilibrium thermodynamics (Eq. (12)) is 
[18]: 

[ ]
P

eq 0
k

k

θ

θ τ τ
− ∇

Σ = − ∇ + = Σ − ≥
q

q q q q
i

� �i i  (13) 

While the equilibrium component (Σeq) depends only on the thermodynamic 
properties in the equilibrium state, the additional term led by τ results from the 
dependence on the process variable, the heat flux vector q in this case, in EIT. To 
assure a positive definite entropy production rate, i.e., Σ ≥ 0, in the framework of 
EIT, note that one of the many possibilities for the bracketed quantity in Eq. (13) 
is 

[ ] 0k kθ τ θ τ∇ + = − ⇒ Σ = − ∇ + = ≥q q q q q q� �i i  (14) 

Once again, the first expression in Eq. (14) gives rise to Eq. (12), which justifies 
the validity of the CV-wave model in view of the second-law admissibility within 
the framework of EIT. 

Mathematically, Eq. (5) is termed telegraph equation that already appears in 
mathematical physics. The same type of equation also appears as the equation of 
motion governing the wave propagation in Maxwell solids in viscoelasticity. A 
large amount of efforts, however, has been devoted over the past four decades to 
Eq. (5) under the various initial and boundary value problems pertinent to heat 
conduction, aiming toward the salient features of thermal wave propagation. 
Thorough reviews have appeared over time [18, 31-33, 40, 51], which categorize 
the nature of the vast publications according to their special emphases on thermal-
wave interactions with boundaries, effects of apparent heating, and the various 
analytical and numerical techniques capturing the rapid changes in the vicinity of 
the wavefront. 

With outstanding efforts addressing the wave theory of heat conduction in 
place, two unresolved issues in thermal wave propagation require our continued 
attention. First, the presumed heat flow driven by the temperature gradient gives 
rise to a sharp wavefront, which results in an infinite time-rate of change of 
temperature (∂T/∂t) and/or an infinite temperature gradient (∇T) across the 
wavefront. This situation is illustrated in Fig. 2, where the response curve for the 
CV-wave results from the solution to Eq. (5), which is typical for heat propagation 
in a semi-infinite solid without the interference from the boundary effect or 
internal heating. A sharp wavefront exists in the physical domain, at x = ct with c 
= √(α/τ), which separates the heat affected zone (in x < ct) from the thermally 
undisturbed zone (x > ct). The temperature level established by the CV-wave can 
be much higher than that by Fourier diffusion in the heat affected zone. On the 
contrary, Fourier diffusion always renders a higher temperature in the thermally 
undisturbed zone due to the instantaneous response assumed in Fourier’s law. The 
sudden drop of temperature from the heat affected zone to the thermally 
undisturbed zone create a problem as the CV-wave approaches a physical 
boundary where the local temperature (obtained from the CV-wave equation) must 
satisfy a certain boundary condition. A sudden drop of temperature from a  
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Fig. 2 A sharp wavefront at x = ct and the infinite cooling rate in the immediate vicinity 
ahead of the wavefront 

 
 

positive value in the heat affected zone (at x = ct-) to zero in the thermally 
undisturbed zone (x = ct+) implies an infinite cooling rate, i.e., (∂T/∂t)x = ct

+ → −∞, 
in the immediate vicinity ahead of the sharp wavefront. Such a singularity is 
preserved in every solution of the CV-waves, which not only makes it impossible 
to satisfy any boundary condition, but also produce an effect of temperature 
reversal due to the excessively large cooling rate. When reflected from a physical 
boundary maintained at zero degree Kevin, more specifically, the infinite cooling 
rate would render a temperature less than zero degree Kevin after the reflection, 
which violates the zeroth law of thermodynamics. An initial effort has been made 
to compensate such deficiency by introducing an auxiliary condition to enforce the 
satisfaction of the boundary conditions [52]. Such auxiliary conditions, in relation 
to the various types of boundary conditions encountered in heat conduction, 
remain to be critical in the continuous expansion of the wave theory in heat 
propagation. 

Second, most successful experiments showing the wave behavior in heat 
propagation were carried out at low temperature in liquid helium and dielectric 
crystals [53-55]. It was believed that “… Slow speeds in ordinary materials at 
room temperature have never been measured and, even if they exist, they may be 
masked by diffusion arising from an effective thermal conductivity associated 
with modes of heat that have already relaxed…” [31]. Under some uncertainties 
due to the effects of impurities and imperfect lattice structures on the relaxation 
time, the wave speed calculated from c = √(α/τ) is a mere one order of magnitude 
higher than those obtained at a temperature close to 4 degree Kelvin. For metals 
where most of heat is carried by electrons and their collisions with phonons, the 
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thermal wave speed is claimed to be close to the Fermi velocity (~ 106 m/s) [31, 
49], which is nearly one order of magnitude larger than that calculated from the 
same formula. Evidently, different types of thermal waves activated in short time, 
a clear signature of such thermal waves, and consequently the determination of the 
thermal wave speed and the relaxation time are greatly needed for applications in 
material processing under normal conditions. The challenge remains to reside in 
the lack of fast instrumentation techniques to capture the ultrafast transient in 
times comparable to the relaxation time. For metals where the normalized 
temperature change can be calibrated in terms of the surface reflectivity change, 
the surface pumping and probing technique is exciting and promising [49]. For 
other materials where the number of free electrons is inadequate for effective heat 
transfer, slow materials with heterogeneous structures (such as an assembly of 
copper spheres, wicked structures with low volume fraction of solids, or rough 
carbon surfaces) have been used to match the speed of the thermal response with 
that of the infrared detectors [50]. There exist analytical efforts aiming toward 
permanent signatures of damage/phase change of materials induced by thermal 
waves that cannot be described Fourier’s law. Preheating a sample of ferrous alloy 
to a temperature close to but still lower than its austenitizing temperature, for 
example, may drive the austenitizing (phase change) phenomena to occur due to 
the excessive temperature rise induced by the impingements of multiple thermal 
wavefronts, alleged temperature overshooting [18, 56]. Exaggerated temperature 
response due to the thermal resonance under high-frequency excitations [44, 45], 
the shock waves emanating from high-speed cutting/grinding tools [34-40], and 
the thermally induced fracture pattern around a rapidly moving heat source [36, 
41] are additional examples that will place permanent marks on the sample that 
could be examined afterwards without relying on the fast instrumentation for the 
ultrafast response. Even though the phenomenon of temperature overshooting is 
somewhat controversial, the approach employing the creation of permanent marks 
by either phase change or cracking patterns may still be viable in verifying the 
existence of thermal waves. Should these phenomena induced by thermal waves 
be observed in the future, the thermal shock angle measured after the experiment 
can be used to calculate the thermal wave speed, and the resonance frequency in 
the temperature response can be used to calculate the relaxation time. 

2.2   Phonon Scattering Model 

Multiple relaxation times seem to exist in the phonon scattering model describing 
passage of heat waves in dielectric crystals [57]: 

( )
2 2

2 2
3 5

R R N
R

c C c
T

t

τ τ ττ ⎛ ⎞ ⎛ ⎞∂ ⎡ ⎤+ = − ∇ + ∇ + ∇ ∇⎜ ⎟ ⎜ ⎟ ⎣ ⎦∂ ⎝ ⎠ ⎝ ⎠

q
q q qi  (15) 

where τR is the relaxation time describing the umklapp process in which 
momentum is temporarily lost from the phonon system, τN is the relaxation time 
for the normal (momentum conserving) processes, c is the mean phonon speed, 
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C is volumetric heat capacity, and the coefficient in front of ∇T could be viewed 
as effective thermal conductivity, k = τRc2C/3. Equation (15) was derived from the 
linearized Boltzmann equation for the pure phonon field, under the condition of q 
= c2p with p being the momentum of the phonon gas. This condition holds in 
particular at low temperature. Along with Eq. (4), the energy equation, Eq. (15) 
needs to be solved for the heat flux vector (q) and temperature (T). In steady state, 
∇• q = 0 from Eq. (4), Eq. (15) is reduced to 

2 2
2 (steady state)

3 5
R R Nc C c

T
τ τ τ⎛ ⎞ ⎛ ⎞= − ∇ + ∇⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

q q , (16) 

which differs from Fourier’s law by the term containing ∇2q. The phonon 
scattering model thus display a new type of constitutive equation, which does not 
recover Fourier’s law in steady state. 

The special structures of Eq. (15) in time will be tied to thermal lagging later. 
For the time being, a better focus will be made on the special behavior described 
by Eq. (16) in steady state. First, the coefficient (τRτNc2)/5 can be rearranged into 
(τRc)(τNc)/5, which has a dimension of length squared. Symbolically, (τRc)(τNc)/5 
~ l2, with l being the mean free path in phonon collisions. Equation (16) can thus 
be written as 

2 2k T l= − ∇ + ∇q q . (17) 

This equation can be applied to study the radius (R) dependence of thermal 
conductivity of silicon nanowires [46, 58], which transits from a quadratic 
dependence (~ R2) under a larger radius to a linear dependence (~ R) as the radius 
becomes smaller than a threshold value [59-61]. The nanowire is ideal to be 
modeled as a one-dimensional conductor due to its small aspect ratio, 2R << L, 
with L being the length of the nanowire. As sketched in Fig. 3, a one dimensional 
heat flow is driven by a constant temperature gradient (ΔT/L) established in the 
axial (x-) direction across L, q ≡ qex. The axial heat flux is not a function of x, as 
prescribed by the steady-state energy equation, ∂q/∂x = 0, but it can vary in the r-
direction due to backscattering of phonons from the nanowire surface. 
Consequently, The one-dimensional form of Eq. (17) is: 

2T l q
q k r

L r r r

Δ ∂ ∂⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠
. (18) 

Boundary scattering of phonons, and hence the amount of heat they carry near the 
boundary, is less important for the nanowire with a larger radius due to the larger 
physical domain in support of heat conduction. Heat conduction; however, 
remains to be one-dimensional due to the large aspect ratio of the nanowire in 
place. Assuming no heat loss from the surface for this type of nanowires, Eq. (18) 
can be solved under the boundary conditions: 

( ) 0,  remains finite as 0q R q r= → . (19) 
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Fig. 3 One-dimensional heat flux in a nanowire whose intensity varies in the radial 
direction due to backscattering by the surface 

A direct integration of Eq. (18) results in 
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0
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 (20) 

where I0 stands for the modified Bessel function of the first kind of order zero. 
Another solution Y0 (Bessel function of the second kind of order zero) is 
eliminated because heat flux needs to remain finite at the origin (r = 0) (Y0(0) → 
 –∞). The effective thermal conductivity of the nanowire is calculated from the 
total amount of heat (Q) that integrates q over the entire cross section (A) of the 
nanowire 

P
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For nanowires with a small aspect ratio, z << 1 or R << l, the Taylor series 
expansion applied to the ratio of the Bessel functions in Eq. (21) results in 

2 44
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eff eff... , or
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k z k O
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⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞≅ − + ≅ +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

, (22) 

which shows that the effective thermal conductivity of the nanowire (of a larger 
radius) indeed increases with the radius squared. This is the R2-dependece of the 
thermal conductivity observed in the experiments for nanowires of a radius greater 
than 37 nm [59-61]. 

As the radius of the silicon nanowire becomes smaller than 37 nm, exemplified 
by the case of R = 22 nm [59-61], effect of backscattering of phonons from the 
nanowire surface becomes more pronounced due to its interference with the axial 
heat flow in a smaller conductive domain. Heat flow through the slender nanowire 
resembles slip flow in microchannels [62], facilitating a direct extension of the 
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boundary slip to describe the heat flux at the surface of the nanowire. Inheriting 
the same condition for the Knudsen number between 10-3 and 10-1 [63], which 
measures the nanowire diameter relative to the mean free path of phonons in this 
analogy, this “slip” condition for the boundary heat flux can be expressed as 

at ;  remains finite as 0
dq

q sl r R q r
dr

⎛ ⎞= − = →⎜ ⎟
⎝ ⎠

 (23) 

where a parameter s (nondimensional) is instated to describe the different surface 
conditions in phonon backscattering. Shown by Eq. (23), boundary heat flux 
replaces the slip velocity at the wall in this correlation. Going through exactly the 
same procedure, the axial heat flux and the effective thermal conductivity are 
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(24) 

For z << 1 or R << l, once again, the Taylor series expansion of Eq. (24) yields 
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(25) 

As a result of the boundary-scattering of phonons at r = R, in a nanowire of a 
smaller radius with the “slip” condition (Eq. (23)) in place of the previous 
insulated boundary condition, the linear dependence of the thermal conductivity 
on the radius of the nanowire is nicely captured in Eq. (25). The effective thermal 
conductivity calculated from the Wiedemann-Franz law based on the electrical 
conductivity for thin wire is [64-66] 

eff

1

1

p R
k k

p l

⎛ ⎞+ ⎛ ⎞= ⎜ ⎟⎜ ⎟− ⎝ ⎠⎝ ⎠
, (26) 

with p being the specularity parameter varying from zero (for diffuse mode of 
phonon scattering) to one (for specular mode), depending on the surface roughness 
relative to the mean free path of phonons. Comparing Eqs. (25) and (26), the 
surface parameter (s) is related to the specularity parameter (p) by 

1
2

1

p
s

p

⎛ ⎞+= ⎜ ⎟−⎝ ⎠
. (27) 

In the case of specular scattering of phonons from the nanowire surface; p → 1, 
the surface parameter s approaches infinity according to Eq. (27). The slope of 
boundary heat flux approaches zero in this case (dq/dr → 0 at r = R) due to 
symmetry of phonon backscattering. In the case of p → 0 for the diffuse mode of 
reflected phonons, the surface parameter s reduces to 2. 
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2.3   Internal-Energy Relaxation 

Gurtin and Pipkin [67] constructed the heat flux, like the entropy, from the 
functional for the free energy in the weighted Lh

2 space. For the exponentially 
decaying functionals with time, for both the internal energy and the heat flux, their 
formulation was reduced to [31] 
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where e is the internal energy above its reference value at 0 K, and Fe and Fq are 
the initial values of the functionals characterizing the internal energy and the heat 
flux vector, respectively. The quantity Fe and Fq are viewed as additional material 
constants characterizing the fast transient process in Eq. (28). Distinguishing from 
others, the Gurtin-Pipkin model introduces two relaxation times for both the 
internal energy and the heat flux vector. The one characterizing thermal relaxation 
of the hat flux vector is the same as the CV-wave model, with (τFq) takes the place 
of thermal conductivity (k). The one describing the relaxation behavior of the 
internal energy, however, is somewhat unique. Extending the same 
phenomenological description in terms of the first-order Taylor series expansion 
in τs, in parallel to Eq. (7), the first equation in Eq. (28) can be cast into the 
following form: 
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Equation (29) displays a non-instantaneous behavior between the internal energy 
and temperature, with two delay times, τe and τt, involved. The classical definition 
of the specific heat, e = CT, in particular, is no longer valid unless both delay 
times, τt and τe, are small in comparison with the process time, i.e., τt, τe << t. 
Unlike the phonon scattering model, note that Eq. (28) does recover Fourier’s law 
and specific heat in steady state. Equation (28) involves intrinsic coupling among 
the three variables, e, q, and T, which need to be solved from the three coupled 
partial differential equations. 
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2.4   Phonon-Electron Interaction (Two-Step) Model 

Nonequilibrium heat transport between electrons and phonons in metals, rather 
than modifying the constitutive equation, are described by the coupled energy 
equation in the phonon-electron interaction model [5, 6]: 
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(30) 

 

where the subscripts “e” and “l” denote electrons and phonons, respectively. Since 
heat capacity of electrons (Ce) is about two orders of magnitude smaller than that 
of phonons (Cl), the process described by Eq. (30) involves heating of electrons in 
the first step and heating of the lattices through the electron-to-phonon collisions 
in the second step. This is the reason that Eq. (30) is termed “two-step” model, 
which first appeared about five decades ago [68, 69]. It may be fair to say that 
rapid advances of femtosecond lasers since 1987 have provided strong impetus for 
the reactivation of the two-step model since the laser pulse (~ 100 fs) is of the 
same order of magnitude as the electron-to-phonon relaxation time. 

Unlike the constitutive equation approach, the flavor of nonequilibrium heat 
transport is evident in the two-step model due to the explicit involvement of Te 
and Tl. The energy exchange between electrons and phonons during the 
nonequilibrium stage are described the phonon-electron coupling terms, G(Te – 
Tl), with G (the phonon-electron coupling factor) being of the order of 1016 
W/(m3K) for most metals [5, 6]. As compared to the volumetric heat capacity (C) 
measured in J/(m3K), the phonon-electron coupling factor differs from the 
volumetric heat capacity by a unit of time, measuring the power required to raise 
the temperature in a substance of a unit volume by one degree Kelvin. The 
magnitude of the resulting energy exchange (in terms of power) between electrons 
and phonons is proportional to their temperature difference, which is equal in 
magnitude but opposite in sense as described in Eq. (30). Equation (30) is targeted 
toward the phonon-electron interaction during the picosecond transient. It neglects 
the effect of conduction in the metal lattices. It also assumes Fourier’s law for heat 
transport through electrons because the relaxation behavior of electrons of the 
order of 10 fs has already diminished during the picosecond transient targeted 
upon by Eq. (30). This can be clearly seen based on the comparison on the orders 
of magnitude as shown in Eq. (6). 

Equation (30) will be explored in more detail later, in the context of thermal 
lagging, but it may be worthwhile for the time being to better illustrate the 
nonequilibrium feature behind it. Aiming toward the transient response between 
electrons and phonons, the simplest approach is to further neglect effect of 
conduction in the electron gas, ke = 0 in Eq. (30). Electrons are assumed to start 
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with a temperature T0, as t = 0, whereas phonons are assumed to have a zero initial 
temperature. Dropping the conduction term in the electron gas (by setting ke = 0) 
and normalizing the resulting equation by introducing 

,
,

0

, , ,e l e
e l

e l

T t C
C

CT C
G

θ β= = =
⎛ ⎞
⎜ ⎟
⎝ ⎠

 
(31) 

Eq. (30) and the initial conditions become 

( ) ( ), ; (0) 1, (0) 0e l
e l e l e lC

θ θθ θ θ θ θ θ
β β

∂ ∂= − − = − = =
∂ ∂

 (32) 

Such a simple system based on the lumped formulation facilitates direction 
integrations to give 

( ) ( ){ }1 exp 1exp 1
( ) , ( )

1 1e l

C CC C

C C

ββ
θ β θ β

− − +⎡ ⎤+ − +⎡ ⎤ ⎣ ⎦⎣ ⎦= =
+ +

, (33) 

which are governed by a single parameter C, the heat capacity ratio between 
electrons and phonons. Since the value of Ce is smaller than that of Cl by 
approximately two orders of magnitude, for C = 0.01, the temperature response is 
shown in Fig. 4. While the electron temperature continues to decrease and the 
phonon temperature continues to increase due to the energy/power exchange 
between the two, the electron and phonon temperatures come to thermal 
equilibrium after a certain period. Strictly speaking, due to the exponential 
functions involved, the electron temperature and the phonon temperature become 
exactly identical as β → ∞, when θe = θl = C/(1+C) ≅ C according to Eq. (33). In 
parallel to the definition for the laminar boundary layer thickness, where the local 
velocity of the fluid flow reaches 99 percent of the free stream velocity, however, 
thermal equilibrium could be defined as a stage where the difference between the 
electron temperature and the phonon temperature is less than a certain percentage 
of the electron temperature: 

, or 1e l l

e e

T T

T

θε ε
θ

− < > −  (34) 

In correspondence with the 99 percent threshold used in defining the boundary 
layer of the fluid flow, the value of ε is one percent or 0.01. Substituting Eq. (33) 
into Eq. (34) and noting also that C (the heat capacity ratio) is a small number 
(C = 0.01), it results in the time for achieving thermal equilibrium between 
electrons and phonons: 

eq

1
ln

1
ln ln( )

1

C
C
C C
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εβ ε

+ −⎛ ⎞
⎜ ⎟ ⎛ ⎞⎝ ⎠= ≅ −⎜ ⎟+ ⎝ ⎠

 (35) 
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Fig. 4 Thermalization between electrons and phonons: Lumped parabolic two-step model: 
C = 0.01 and 0.05 

Under the same values of C and ε being 0.01, βeq ≅ 9.2, which coincide with but is 
more strict than that shown in Fig. 4. Both electron and phonon temperatures 
increase with the value of C, as illustrated in Fig. 4 for C = 0.05. The effect of C is 
more significant on the phonon temperature over the entire stage of 
nonequilibrium heating. The same effect on the electron temperature, on the other 
hand, starts to amplify after β > 1, or t > (Ce/G). Thermal equilibrium between 
electrons and phonons occurs earlier for the case of a larger value of C. For C = 
0.05, βeq ≅ 7.6 under the same 99 percent threshold. Effects of conduction and 
volumetric heating in the electron gas, which are not included in Eq. (32), will 
make the thermalization behavior much more complicated and the close forms 
shown in Eq. (33) infeasible. All salient features as those displayed in Fig. 4, 
including the involvement of the time constant, Ce/G, introduced in Eq. (31), 
however, remain the same. Such a time constant is termed the thermalization time 
in the two-step model which, in the context of thermal lagging, will appear as one 
of the two phase lags characterizing the ultrafast transient between electrons and 
phonons. 

Equation (30) describes the nonequilibrium heating between electrons and 
phonons in the picosecond domain due to the negligence of the thermal relaxation 
of electrons in femtoseconds. To shorten the domain of descriptions to 
femtoseconds, effect of thermal relaxation needs to be instated in the electron gas, 
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which results in the hyperbolic two-step model reflecting the wave effect of heat 
propagation in the electron gas: 

( )

( )

e
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e
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q
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 (36) 

The relaxation behavior accommodated in the electron gas, the second expression 
in Eq. (36), is exactly the same as that in the CV-wave, with τF ~ 10 fs being the 
relaxation time of electrons calculated at the Fermi surface. In the case of τF = 0, 
the second equation in Eq. (36) reduces to Fourier’s law and the parabolic two-
step model shown by Eq. (30) is recovered. Focusing on thermal equilibrium 
between electrons and phonons in the simplest mathematical content, parallel to 
the previous treatment applied to Eq. (30), effect of conduction in electrons is 
temporarily removed and Eq. (32) evolves into a more complicated form: 
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(37) 

Thermal relaxation of electrons raises two additional features. First, the thermal 
response now depends on the ratio (z) of the electron relaxation time (τF) to the 
thermalization time (Ce/G). Since thermalization between electrons and phonons 
occurs later than thermal relaxation of electrons, τF < Ce/G, the ratio of z is less 
than one (z < 1). Second, a second order derivative of θe with respect to time now 
arises, ∂2θe/∂β2, which allows us to specify the initial time-rate of change of the 
electron temperature, ∂θe/∂β as β = 0, in addition to the initial temperature. The 
condition of ∂θe/∂β = 0 as β = 0 is imposed in Eq. (37) to simulate electron 
heating from a stationary state, to be followed by the phonon-electron interactions 
in femtoseconds. Close form solutions to Eq. (37) are feasible under such 
conditions, 
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(38) 

for which the same nondimensional scheme shown by Eq. (31) is used. The way in 
which thermal equilibrium is achieved between electrons and phonons in this case 
is shown in Fig. 5, where the value of C is fixed at 0.01 while that of z is allowed  
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Fig. 5 Thermalization between electrons and phonons: Lumped hyperbolic two-step model: 
C = 0.01 and z = 0.1 and 0.5 
 
 
to vary from 0.1 to 0.5 to show the effect of τF relative to Ce/G. The initial zero 
slope, ∂θe/∂β = 0 as β = 0, can only be seen in the domain of β ∈ [0, 0.1], which is 
not clear in Fig. 5 due to the extended domain of β ∈ [0, 10] chosen for 
illustrating the thermalization behavior. In addition to the heat capacity ratio (C), 
the thermalization behavior between electrons and phonons depends also on the 
parameter z, τF/(Ce/G). A larger value of z (stronger effect of thermal relaxation in 
electrons) results in a higher temperature for both electrons and phonons, which 
produces a much stronger effect on the electrons than phonons as seen in Fig. 5. 
As the conduction effect is further reinstated in the electron gas, in the context of 
thermal lagging to be developed later, the time ratio of z will evolve into the ratio 
between the two phase lags. All salient features in the electron-phonon 
interactions and their thermalization behaviors are preserved in the simple 
examples provided by Eqs. (32) and (37). 

During the ultrafast transient, in times comparable to the relaxation time of 
energy carriers, explicit involvement of the relaxation time is a common feature in 
all microscale conduction models. Additional time constants characterizing the 
ultrafast transient, exemplified by the time constant (Ce/G) extracted from both the 
parabolic and hyperbolic two-step model above, however, seem to exit in 
companion. This is more obvious in the phonon scattering model and the 
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internal-energy relaxation model due to the explicit involvement of τR in Eq. (15) 
and τe in Eq. (28), but less obvious in the parabolic/hyperbolic two-step model 
where electron-phonon interactions are described through field coupling rather 
than the use of a specific constitutive equation. Apparently, this additional time 
constant will appear in different forms as different physical processes are 
described in different models. 

3   Thermal Lagging 

Regardless of different origins of the time constants characterizing the ultrafast 
response in small scales, the dual-phase-lag lumps the finite times required for 
accomplishing the various microstructural interactions in space onto the two phase 
lags in time. On top of the relaxation time of the energy carriers, recovery of 
the temporary loss of momentum in phonon scattering, additional relaxation of the 
internal energy in the context of irreversible thermodynamics, and the 
thermalization between electrons and phonons are microstructural interactions that 
will require a finite period of time to complete. In addition to the relaxation time 
that has commonly existed in all the microscale conduction models, it is necessary 
to find a way to implement another time constant to characterize the 
microstructural interaction effects.   

The premise of the thermal lagging concept, and consequently the resulting 
dual-phase-lag (DPL) model, lies in the introduction of another time constant, 
termed phase lag in a more general sense [18], in the time series of the 
temperature gradient. Inheriting the same merit as that shown in Eq. (9) describing 
the general response with delays, another phase lag, τT, is introduced in relating 
the heat flux vector to the temperature gradient: 

( , ) ( , )q Tt k T tτ τ+ = − ∇ +q r r . (39) 

Building on the familiar Fourier’s law, at least on the appearance, Eq. (39) was 
originally proposed as a constitutive equation that aims to extend what we have 
already been familiar with in macroscale to microscale heat transfer [18]. With the 
phase lag of the heat flux vector, τq, and the phase lag of the temperature gradient, 
τT, thus introduced, the overarching goal is to describe the finite times required for 
the various microstructural interactions to take place, in space, in terms of the two 
phase lags in time. Equation (39) needs to be coupled with the energy equation, 
Eq. (4), to determine the heat flux vector and the temperature. Due to the general 
delay described in Eq. (39), however, Eqs. (4) and (39) display a set of coupled 
partial differential equations where the physical quantities involved do not occur 
at the same instant of time. Instead of seeking for a solution to this type of partial 
differential equations with general delay, particularly in the 1980s when the DPL 
model was lack of either an experimental or a theoretical support, emphases were 
placed on the special conditions under which the degenerated forms of Eq. (39) 
could make a perfect contact with some experimentally verified and/or 
theoretically proven microscale conduction models. To this end, inheriting the 
first-order description made in Eq. (10), Eq. (39) can be expanded in terms of the 
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Taylor series. Assuming further that both phase lags are small in comparison with 
the process time, i.e., τT , τq << t, the Taylor series expansion of Eq. (39) 
containing the first order effects of τT and τq is 

( ) ( )2 2

( , ) ( , )

( , ) ( , ) ( , ) ( , )

q T

q q T T

t k T t

t t O k T t T t O
t t

τ τ

τ τ τ τ

+ = − ∇ + ⇒
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q
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(40) 

With the effect of delays appearing in the coefficients, once again, the Taylor 
series expansion shows its use in casting all quantities into the same instant of 
time. 

Elimination of the heat flux vector from Eqs. (4) and (40), for the purpose of 
obtaining an energy equation containing temperature alone, becomes more 
difficult due to the presence of the mixed-derivative term, ∂(∇T)/∂t, in Eq. (40). A 
more general procedure is now introduced for this process. In terms of the 
operator form, Eqs. (4) and (40) can be expressed as 
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Solving for T, it results in 
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Expanding the determinant (|•|) in Eq. (42), 
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Equation (43) has been the basis for the linear dual-phase-lag model due to the 
involvement of the first order effect of τT and τq. It has been studied extensively 
and rigorously from both mathematical and phenomenological points of view 
[70-79]. Note that Eq. (43) recovers the case of Fourier diffusion as τT = τq = τ 
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including the special case of τ = 0. Mathematically, this can be seen by casting 
Eq. (43) into the following form: 

2 21 1
0

T T
T T

t t t
τ

α α
∂ ∂ ∂⎡ ⎤ ⎡ ⎤∇ − + ∇ − =⎢ ⎥ ⎢ ⎥∂ ∂ ∂⎣ ⎦ ⎣ ⎦

, (44) 

which makes the expression in the bracket, [∇2T − (1/α)(∂T/∂t)] = 0, as a general 
solution unless the initial distribution of temperature deviates from this condition. 
Physically, this is also perceivable because the condition τT = τq = τ provides a 
trivial shift of the time scale in Eq. (39), from the initial instant of t = 0 to t =τ. 
Volumetric heating (Q) describing energy absorption in the electron gas in metals 
or metabolic heat generation in bio-heat transfer, can be instated in the energy 
equation, 

( , ) ( , ) ( , )
T

t Q t C t
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∂−∇ + =
∂

q r r ri . (45) 

The same procedure can be applied to eliminate the heat flux vector from Eqs. 
(40) and (45), resulting in 
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 (46) 

For the case involving a rapid change of heating with time, such as material 
processing involving femtosecond laser pulses, the presence of apparent heating, 
τq(∂Q/∂t) in Eq. (46), is a byproduct that must be included along with the 
relaxation behavior of the energy carriers. The effect of apparent heating is among 
the central subjects in studying the thermal shock phenomena [34-40]. Since the 
heating terms do not alter the fundamental behavior of thermal lagging, however, 
they will be omitted in this chapter unless stated otherwise. 

Like the CV-wave model, the temperature described by the dual-phase-lag 
model in Eq. (43)is nonequilibrium by nature. In the context of nonequilibrium 
thermodynamics, Eq. (10) can be viewed as the evolution equation describing the 
dynamic temperature (β) at a reference state (0): 
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Based on such a reference state describing the CV-wave behavior, the evolution 
equation can be generalized to account for the time-rate of change of the 

nonequilibrium temperature, θ� , 
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The corresponding equation to Eq. (12) is thus 
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(49) 

Equation (49) has exactly the same form as the dual-phase-lag equation shown by 

Eq. (40), with the coefficient in Eq. (48) representing the ratio of τT to τq, 
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= (τT/τq). The semi-empirical temperature introduced phenomenologically earlier 
in Eq. (40), therefore, is a nonequilibrium temperature whose time evolution into 
the dynamic regime during the thermodynamic transition is described by Eq. (48). 
The entropy production rate, in correspondence with Eq. (13) for the CV-wave 
model, has been proven to be positive definite within the framework of extended 
irreversible thermodynamics [18]. 

Equation (43) results from the linear dual-phase-lag model that accounts for the 
linear terms of τT and τq in the Taylor’s series expansion, as shown in Eq. (40). 
Continuing the expansion by retaining the first order term in τT but both the first- 
and second-order terms in τq results in 
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(50) 

The same procedure applied in Eqs. (41) − (42) can be extended to eliminate the 
heat flux vector, and the result corresponding to Eq. (43) is 
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 (51) 

Likewise, the equations containing up to the second order effects in both τT and τq 
are 
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The constitutive equation and the energy equation will continue to evolve as the 
higher order terms of τT and τq are taken into account. Rather than an endless 
expansion as such, however, a most important task is to realize the physical 
meanings of the two phase lags as well as the physical implications of their high 
order effects. 

The high order effects shown by Eq. (52) can be accommodated in the general 
framework of nonequilibrium thermodynamics. First, incorporating the second 
order term of τ2 in Eq. (10) in bridging the dynamic temperature with the 
nonequilibrium temperature, 
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the evolution equation in correspondence with Eq. (47) becomes 
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In addition to θ and β in Eq. (47), the reference state of the evolution equation for 
the nonequilibrium temperature further depends on β�� , the second order 
derivative of β with respect to time. Second, continuing the Taylor series 
expansion in Eq. (48) to include the θ�� -term, 
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Eq. (49) is cast into the following form: 
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where 
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Eq. (49), the last coefficient in Eq. (56) is 
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which makes Eq. (56) exactly identical to the first equation in Eq. (52) containing 
the full second-order effects in τT and τq. 

Admissibility of the dual-phase-lag model in general, Eq. (39), has been shown 
elegantly within the framework of the Boltzmann transport equation [80], which is 
an important milestone in the development of the phase-lag concept. Along with 
the second-law admissibility within the framework of the extended irreversible 
thermodynamics [18], the compatibility with the Boltzmann transport equation is 
one of the two guidelines that must be followed by any phenomenologically based 
constitutive equation. Boltzmann transport equation, in essence, describes the 
conservation of the distribution function f(r, v, t) of energy carriers: 

scattering scattering

Df f f f
f

Dt t t t

∂ ∂ ∂⎛ ⎞ ⎛ ⎞= − ⇒ + • ∇ = −⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠
v  (58) 

where (D/Dt) represents the total derivative as that defined in fluid dynamics, v is 
the carrier velocity, and the change of the distribution function (f) results from 
scattering of the carriers. In the absence of the scattering term, (∂f/∂t)scattering = 0, 
Eq. (58) reduces to the Liouville equation [81], which states that the number of 
energy carriers included in a hyper-spatial element (drdv) is conserved in the 
absence of an external force. Dependence of f on v results from the observation 
made in the momentum space (p). Consequently, f(r, v, t) ≡ f(r, p(v), t). Since the 
kinetic energy (ε) is proportional to the velocity squared, alternatively, such a 
functional dependence can also be expressed as f(r, v, t) ≡ f(r, ε(v), t) in the 
energy space. Following Ref. [80], the energy space will be employed in this 
review. Should the distribution function be obtained from Eq. (58), the heat flux 
vector can be calculated in the energy space 

( , ) ( , ) ( , , ) ( )t t f t D d
ε

ε ε ε ε= ∫q r v r r  (59) 

where D(ε) is the density of state of the carriers, ( ) 4 2D m mε π ε=  for 

isotropic scattering in the absence of an external force. Accounting for the 

quantum effect, the coefficient (4π) in D(ε) is replaced by 3 21/( )π= . 
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In the absence of an external force, the carrier’s velocity and kinetic energy 
remain constant. As a result of mutual interactions and scattering of the energy 
carriers, the distribution function changes in the state space, from its value at (r, ε, 
t) to that at (r + dr, ε, t + dt): 

0

scattering

( , , ) ( , , ) ( ) ( , , )

q

f f d t dt f t f f f t

t dt t

ε ε ε ε
τ

∂ + + − ∂ −⎛ ⎞≅ = ≅⎜ ⎟∂ ∂⎝ ⎠
r r r r  (60) 

The first-order description has been applied to estimate the time-rate of change of 
the distribution function, ∂f/∂t, and the relaxation-time approximation has been 
applied to estimate the scattering term, (∂f/∂t)scattering. As clearly seen, the 
relaxation-time approximation estimates the scattering term by the change of the 
distribution function from its equilibrium state (f0) over a period of the relaxation 
time, denoted by τq in Eq. (60). There are two incremental changes involved in Eq. 
(60), dr and dt. To differentiate their different origins, the left-hand side of the 
equation is decomposed into two components: 

0( , , ) ( , , ) ( , , ) ( , , ) ( ) ( , , )

q

f d t dt f t dt f t dt f t f f t

dt dt

ε ε ε ε ε ε
τ

+ + − + + − −+ =r r r r r r  
(61) 

A common term, [f(r, ε, t + dt)/dt], is subtracted in the first component and then 
added back in the second component. The first term on the left-hand side of Eq. 
(61) describes the change of the distribution function due to the change of the 
position of the energy carrier from r to (r + dr) at time (t + dt), whereas the 
second terms describes the change of the distribution function at r as time moves 
on from t to (t + dt). Since 

( , , ) ( , , ) ( , , )f d t dt f t dt d f t dtε ε ε+ + ≅ + + ∇ +r r r r ri , (62) 

according to the Taylor’s series expansion with respect to r, the first term in Eq. 
(61) can be expressed as 

( , , ) ( , , ) ( , , )
( , , ) ( , , )T

f d t dt f t dt d f t dt
f t dt f t

dt dt

ε ε ε ε ε τ+ + − + ∇ += = ∇ + ≡ ∇ +r r r r r
v r v r

i i i (63) 

Note that Eq. (63) captures the advection term in Eq. (58) at time (t + dt). All 
distribution functions involved in Eq. (63) occur at a later time, (t + dt), as 
compared to the process time, t, described in the scattering term. For this reason, a 
time constant τT is introduced in Eq. (63) in place of (dt) to highlight such a 
delayed response, in time from t to (t + τT), which is associated with the change of 
the distribution function in space, from r to (r + dr). The second expression in Eq. 
(61) can be treated the same by making the Taylor series expansion in time: 

( ) ( , , ) ( , , )
( , , ) ( , , ) ( , , ) ... ( , , )

f f t dt f t f
f t dt f t dt t t

t dt t

ε εε ε ε ε∂ + − ∂+ = + + ⇒ =
∂ ∂

r r
r r r r  (64)
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Substituting Eqs. (63) and (64) into Eq. (61), it results in 
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 (65) 

The bracketed quantity in Eq. (65) is the first-order term in the Taylor series 
expansion of f(r, t + τq) with respect to t. In consistency with the first-order 
descriptions applied so far, therefore, Eq. (65) can be written as 

0( , , ) ( , , ) ( )q T qf t f t fτ ε τ ε τ ε∇ + + + =v r ri  (66) 

To recover the heat flux vector defined in Eq. (59), Eq. (66) is multiplied through 
by (εD(ε)v) and the result is integrated over the energy space: 

[ ] 0( ) ( , , ) ( , , ) ( ) ( ) ( )q T qD f t d f t D d f D d
ε ε ε
τ ε ε ε τ ε ε τ ε ε ε ε ε ε ε∇ + + + =∫ ∫ ∫v v r r v vi  (67) 

The second term is q(r, t + τq) according to Eq. (59). The last term vanishes since 
the equilibrium distribution, f0, is an even function of v and the entire integrand is 
an odd function of v for either the Fermi-Dirac equilibrium function (for electrons) 
or the Bose-Einstein equilibrium function (for phonons). The gradient of the 
distribution function in the first term can be approximated by the chain rule, 
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(68) 

Equation (67) thus becomes 

( , ) ( , )q Tt T tτ τ+ = − ∇ +q r k ri  (69) 

For isotropic scattering with v uniformly distributed in the state space, k = kI with 
I being the unit matrix. Equation (69) reduces to 

( , ) ( , )q Tt k T tτ τ+ = − ∇ +q r r , (70) 

which is the dual-phase-lag model shown by Eq. (39). The dual-phase-lag model 
in general has thus been established in the framework of the Boltzmann transport 
equation, with τq describing the relaxation time for carrier scattering (from the 
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relaxation-time approximation) and τT describing the lagging time due to the finite 
time required for the carrier to move from r to dr. 

3.1   Correlations 

The temperature representations shown by Eqs. (43), (51), and (52) serve as the 
common platform for examining the correlations between the dual-phase-lag 
model and the other microscale conduction models. Such cross examinations are 
critical to unveil the physical meanings of the two phase lags in relation to the 
finite times required for accomplishing the various microstructural interactions 
described in the microscale conduction models. 

The phonon scattering model shown by Eqs. (4) and (15), first of all, can be 
combined by eliminating the heat flux vector. Taking the divergence of Eq. (15) 
and substituting Eq. (4) into the result for ∇•q = –C(∂T/∂t), it results in 

( )
2

2 2
2 2 2

9 3 3

5
N
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T T
T T

t c t c t

τ
τ
⎛ ⎞∂ ∂ ∂⎛ ⎞ ⎛ ⎞∇ + ∇ = +⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎝ ⎠

 
(71) 

 

The complicated structure of the heat flux vector involved in the phonon scattering 
model, evidently, results in an exactly identical form of the energy equation shown 
by Eq. (43) for the linear dual-phase-lag model. Comparing the coefficients in 
correspondence, specifically, 

2 9
, ,

3 5
R N

T q R

cτ τα τ τ τ= = = . 
(72) 

 

the phase lag of the heat flux vector (τq) is thus equivalent to the umklapp 
relaxation time (τR) in the phonon scattering model, while the phase lag of the 
temperature gradient (τT) stretches the normal relaxation time condenses by (9/5) 
times. In the context of thermal lagging, thermal diffusivity is bridged to the 
umklapp relaxation time and the mean phonon speed squared. 

In the presence of free electrons in metals, the parabolic two-step model is 
another example that provides physical interpretations to the two phase lags. In 
parallel to Eq. (41), Eq. (30) can be arranged in an operator form 
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which gives 
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(74) 

Heat transport in electrons (Te) and phonons (Tl) is governed by the same 
equation, but Te and Tl will be different due to different initial times involved in 
describing the individual behaviors of electrons and phonons. Comparing Eq. (74) 
with Eq. (43), once again, 

1
1 1

, ,e l
T q

e l e l

k C

C C G G C C
α τ τ

−
⎛ ⎞1= = = +⎜ ⎟+ ⎝ ⎠

 
(75) 

 

Even though the parabolic two-step model does not explicitly involve a different 
constitutive equation than Fourier’s law, the energy/power coupling term between 
phonons and electrons results in a lagging response with two time constants 
characterizing the transient response. In the case of G approaching infinity, 
implying that electrons and phonons are able to exchange heat in no time as a 
result of either electrons or phonons are moving at an infinite speed, τT = 0 and τq 
= 0 from Eq. (75) and Eq. (74) recovers the diffusion equation employing 
Fourier’s law. As compared to the thermalization time describing thermal 
equilibrium between electrons and phonons, (Ce/G) defined in Eq. (31), the 
expression of τT in Eq. (75) differs by the heat-capacity-ratio, τT = (Ce/G) × 
(Cl/Ce). The phase lag of the temperature gradient is the thermalization time within 
the heat-capacity ratio. In the presence of both free electrons and phonons in 
metals, clearly, the lagging behavior (τT and τq) is due to the finite time required 
for the energy exchange between electrons and phonons characterized by G. Since 

1 1, which impliesT l
q T

q e

C

C

τ τ τ
τ

= + > <  (76) 

For metals, the ratio of τT to τq is of the order 102 since heat capacity of phonons is 
about two orders of magnitude greater than that of electrons, Cl/Ce ~ 102. The 
condition of τq < τT, according to Eq. (39), implies that heat flux vector occurs at 
an earlier time that the temperature gradient. Consequently, heat flux is the cause 
for heat flow while temperature gradient is the effect. The electron-phonon 
interaction in metals is thus an example for the flux-precedence type of heat flow 
in terms of thermal lagging. In this context, the presumed gradient-precedence  
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type of heat flow (τT < τq) in the CV-wave model, with τT = 0 and τq = τ > 0 in 
comparing Eq. (7) with Eq. (39), is dubious when applied to describe the ultrafast 
transient in metals. 

Equation (43) represents a general type of energy equation describing the 
lagging response. Regardless of the sources for delay, which could be the umklapp 
and normal relaxations of phonons in dielectric crystals or electron-phonon 
interactions in metals, the temperature distributions resulting from Eq. (43) are 
sketched in Fig. 6, in times (t) comparable to τT and τq. Since thermal lagging is a 
special behavior in time, to avoid unnecessary interference from the spatial effect, 
Fig. 6 represents the one-dimensional temperature distribution in a semi-infinite 
solid subjected to the excitation of a suddenly raised temperature at the surface at 
x = 0 [18]. Fourier diffusion, Fig. 6(a), displays a monotonically decaying 
temperature toward downstream, which is recovered by the solution to Eq. (43) 
with τT = τq, or (τT/τq) = 1. Response of the CV-wave is obtained by the same 
solution with τT = 0, resulting in a sharp wavefront located at x = ct with c = 
√(α/τq). The temperature in the heat affected zone (x < ct) is higher than that 
predicted by Fourier diffusion, while that in thermally undisturbed zone (x > ct) is 
lower than that predicted by Fourier diffusion. As effect of τT comes into play on 
top of that of τq, the sharp wavefront is fully destroyed and the temperature 
distribution returns to diffusion-like. Having the same decaying pattern toward 
downstream, however, the temperature resulting from the dual-phase-lag (DPL) 
model is significantly higher than that from Fourier diffusion. The excessive 
amount over Fourier diffusion increases with the ratio of τT to τq, in the direction 
of the arrow head marked in Fig. 6(a). The significantly higher temperature due to 
thermal lagging, in times comparable to τT and τq, is critically important to prevent 
early-time thermal failure of the high power devices. While the phase lag of the 
heat flux vector (τq) introduces a finite speed of heat propagation, and 
consequently a sharp wavefront, the phase lag of the temperature gradient (τT) 
efficiently destroys the wavefront even for (τT/τq) ~ 10-3 – 10-2 as shown in Fig. 
6(b). The temperature drop in transition from the heat affected zone to the 
thermally undisturbed zone is confined within a localized zone around x = ct, 
which is stretched wider as the ratio of (τT /τq) increases. Such a localized zone 
resembles the finite width of shock waves propagating in gases [82, 83].  

The interwoven relaxations of international energy (τe) and heat flux vector (τq) 
are special features in the Gurtin-pipkin’s relaxation model, as shown in Eq. (28). 
Unlike the previous cases with two unknowns to be determined in coupling with 
the energy equation, Eq. (28) involves three unknowns (e, T, and q) to be 
determined: 
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Fig. 6 Fourier diffusion, CV-wave (τT = 0), and linear dual-phase-lag (DPL) models. (a) 
Elevated temperatures due to thermal lagging and (b) diminution of the wavefront at small 
values of (τT/τq). 

( )1 0

0 1 0

0

e e e e

q

F C C
t t

e

F T
t

t

τ τ τ

τ τ

∂ ∂⎡ ⎤⎛ ⎞+ − + −⎜ ⎟⎢ ⎥∂ ∂⎝ ⎠⎢ ⎥ ⎡ ⎤
⎢ ∂ ⎥⎛ ⎞ ⎢ ⎥∇ + =⎜ ⎟⎢ ⎥ ⎢ ⎥∂⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦∂⎢ ⎥∇⎢ ⎥∂⎣ ⎦

q
i

 (77) 

Expanding the determinant like those in Eqs. (42) and (74), the energy equation 
containing temperature alone is 
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(78) 

In addition to the wave term, ∂2T/∂t2, the relaxation time of the internal energy (τe) 
not only gives rise to the mixed-derivative term, ∂(∇T)/∂t, but also a jerk term, 
∂3T/∂t3. The jerk term is a new feature that does not exist in the phonon scattering 
model (Eq. (71)) or the parabolic two-step model (Eq. (74)). It will alter the 
fundamental characteristics of heat transport since the jerk term represents the 
highest order derivative in Eq. (78). Nicely but not obviously, Eq. (78) has exactly 
the same form as Eq. (51) accounting for the linear effect of τT but up to the 
second order effect of τq in the dual-phase-lag model. Comparing the coefficients 
in correspondence, it results in 
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 (79) 

In the framework of thermal lagging, the phase lag of the temperature gradient 
captures the relaxation time of the internal energy, whereas the phase lag of the 
heat flux vector captures the combined effect of τ (relaxation time of the heat flux 
vector in Eq. (28)) and τe (relaxation time of the internal energy). 

The jerk term is not a prerogative of the Gurtin-Pipkin’s model, however. 
Rooted on a different physical basis, the hyperbolic two-step model shown by 
Eq. (36) possesses the same feature: 
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Like the Gurtin-Pipkin’s model, there are three unknowns involved: Te, Tl, and qe 
in Eq. (80) Expanding the determinant in correspondence, the energy equation is 
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 (81) 

where T ≡ Te, Tl. The relaxation time of the electron gas, τF, gives rise to the jerk 
term, which is equivalent to the effect of τe in Eq. (78). Comparing Eq. (81) with 
Eq. (51), it results in 
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 (82) 

While the expressions of α and τT remain the same as those in the parabolic two-
step model, Eq. (75), τF (the relaxation time of the electron gas) appears as an 
added effect in τq. 

The phonon scattering model and the parabolic two-step model have been 
described in the framework of the linear dual-phase-lag model containing the τT 
and τq effects. The internal energy relaxation model and the hyperbolic two-step 
model, on the other hand, are captured by an additional effect of τq

2. The general 
type of energy equation containing up to the second order effect of τq

2 is shown by 
Eq. (51), which can be degenerated into the various microscale conduction models 
as the three model parameters; thermal diffusivity (α), phase lag of the temperature 
gradient (τT), and phase lag of the heat flux vector (τq) assume the corresponding 
expressions summarized in Table 1. Jefferey’s heat flux model is included without 
much elaboration because of the assumed dependence between the two time 
constants. The ratio of (τT/τq) is reduced to k1 in correlation to this model. 
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Table 1 Correlations between the dual-phase-lag model and other microscale conduction 
models 
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In passing, note that the linear dual-phase-lag model, Eq. (43), has been used to 

describe the anomalous diffusion in random media [18, 84] as well. The much 
slower rate of heat transfer at short times, before recovery of Fourier’s law at long 
times, is preserved in the context of thermal lagging. Since the fractal and fracton 
models used to describe anomalous diffusion in discrete/random media do not 
have a specific form of the energy equation, their correlations to the dual-phase-
lag cannot be included in Table 1. More detailed discussion on this correlation is 
postponed until the partial expansion technique is introduced in Section 3.2 for a 
more qualitative comparison. 

3.2   Wavefront Expansions 

While the effect of τT destroys the sharp wavefront introduced by the effect of τq 
in the linear dual-phase-lag model, the effect of τq

2 in Eq. (51) brings back thermal 
waves in heat propagation. This new type of wave, termed T-wave, is intrinsically 
different from the classical CV-wave resulting from the effect of τq alone. Since 
additional dimensions in space will only complicate the mathematics without 
altering the fundamental characteristics, the wave structure can be revealed by the 
one-dimensional form of Eq. (51):  

22 3 2 3

2 2 2 3

1

2
q q

T

T T T T T

x t x t t t

τ τ
τ

α α α
⎛ ⎞⎛ ⎞∂ ∂ ∂ ∂ ∂+ = + + ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 (83) 

Within the simplest mathematical content without any interference from the 
boundary effect and the initial time rate of change of temperature, Eq. (83) can be 
solved by the method of Laplace transform subjected to the initial/boundary 
conditions: 

( ,0) 0, ( ,0) 0; (0, ) , 0 asw

T
T x x T t T T x

t

∂= = = → → ∞
∂

 (84) 
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Since thermal wave speed is a fundamental characteristic dictated by the equation 
governing the wave phenomenon, the thermal wave speed resulting from Eq. (84) 
will stay invariant even if different initial and boundary conditions are considered. 

The Laplace transform solution to Eqs. (83) and (84) is 
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(85) 

The limiting theorem in the Laplace transform supports that 
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(86) 

Under a large value of p, therefore, the short-time behavior of temperature is 
obtained by the Laplace inversion of Eq. (86), 
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2 2
q q

t
T T

T x t L p x p H t x
τ τ
ατ ατ

−

→

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟ ⎜ ⎟− −

⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (87) 

where H represents the unit step function. Equation (87) clearly indicates a 
singularity at the wavefront, located at 

2
, with T

T T
q

x c t c
ατ
τ

= = , (88) 

which separates the heat affected zone (x < cT t) from the thermally undisturbed 
zone (x > cT t). This approach employing the Laplace inversion of the transformed 
solution at a large value of p is termed partial expansion technique [18], which has 
been rigorously examined by nearly all the wave phenomena in heat transfer and 
solid mechanics. Obviously, its uniqueness lies in extracting the wave speed 
without solving the partial differential equations, which may become very much 
involved as shown by Eq. (83). As compared to the speed of CV-wave shown in 
Eq. (5), cCV = √(α/τq), 
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2T T

CV q

c

c

τ
τ
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

. 
(89) 

 

For metals in which Cl/Ce ~ 102, the ratio of (τT/τq) is of the order of 102 according 
to Eq. (76). Consequently, from Eq. (89), the speed of T-wave is faster than that of 
CV-wave by about one order of magnitude in metals. 

Now that two types of thermal waves have been shown to exist in microscale 
heat conduction, it is worthwhile to revisit the pioneered work by Brorson et al. on 
electron-phonon heat transport in gold films [49]. For gold at room temperature 
[85], Ce = 2.1 × 104 J/(m3K), Cl = 2.5 × 106 J/(m3K), α = 1.27 × 10-4 m/s, the use 
of τ = 40 fs for the relaxation time of electrons in Eq. (5) gives cCV = √(α/τq) = 5.6 
× 104 m/s. As compared to the reported value of 106 m/s [49], which is close to the 
Fermi speed, the speed of CV-wave (cCV) is slower by nearly 18 times. According 
to Eq. (76), on the other hand, (τT/τq) = 1 + (Cl/Ce ) ≅ 120 and cT = 8.68 × 105 m/s 
calculated from the speed ratio given by Eq. (89). As compared to the 
experimentally determined value of 106 m/s, the speed of T-wave is close within 
the threshold of some uncertainties (such as the temperature dependence, effect of 
impurity, or defective lattices) of the physical properties. The thermal wave 
behavior observed in Ref. [49], therefore, is more likely attributed to the T-wave 
rather than the classical CV-wave. The term “Non-Fourier” used in the field of 
thermal wave propagation, in addition, may no longer be suitable due to the 
various types of diffusion and wave behaviors resulting from the effect of τT and 
τq of the various orders. All of them are non-Fourier, but such a generic term may 
imply intrinsically different behaviors in the general framework of thermal 
lagging. 

Figure 7 sketches the responses of CV-wave (effect of τq, with τT = 0 in Eq. 
(43)), linear DPL (effect of τT and τq, Eq. (43)), and T-wave (DPL including the 
effect of τq

2, Eq. (51)). Generally speaking, as the effect of τq, τT, and τq
2 is 

gradually taken into account in the lagging response,    the CV-wave (τq-effect) to 
Fourier diffusion is the T-wave (DPL with τq

2-effect) to linear DPL  (effect of τT 
and τq). The T-wave propagates faster than the CV-wave for τq < τT (as in most 
metals), and consequently the heat affected zone produced by the T-wave is much 
wider than that produced by the CV-wave. Except for the thermally undisturbed 
zones in the wave phenomena, the temperature level is significantly higher as the 
higher order terms of τT and τq are taken into account in the dual-phase-lag model. 

Based on the partial expansion technique illustrated in Eqs. (86) to (87), it is 
worthwhile to revisit the anomalous diffusion in random media that has been 
described by the linear DPL model shown by Eq. (40) [18, 84]. Instantaneous 
heating (as t = 0) applied at the surface (x = 0) of a semi-infinite medium has been 
modeled by the use of two Dirac-delta functions in Eq. (4) as the energy 
absorption rate. The surface temperature at x = 0, which decays with time in 
general, was obtained in the Laplace transform domain, 
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Fig. 7 Effects of τq (CV-wave), τT and τq (linear DPL) and τq
2 (T-wave) 
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where Q0 is the nondimensional intensity of surface heating, z is the ratio of τT to 

τq as before, (0; )pθ  is the Laplace transform of the normalized surface 

temperature, θ(0,t) ≡ (T(0,t)−T0)/T0 with T0 being the initial temperature of the 
medium, and p is the Laplace transform variable of the nondimensional time, t/τq. 
Focusing on the short-time behavior, as t → 0, Eqs. (86) and (87) result in 
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, (91)

which shows a surface temperature calibrated by z. For the long-time behavior, as 
t → ∞, similarly, Eqs. (86) and (87) give 
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 (92) 

The asymptotic behavior shown by Eq. (92), as t → ∞, is the well-known quasi-
stationary behavior of Fourier diffusion, which displays a straight line of a slope 
being (−1/2) on a logarithmic plot. The asymptotic behavior shown by Eq. (91), as 
t → 0, on the other hand, displays the same 1/√t-behavior but the surface 
temperature is inversely proportional to √z. Both asymptotic behaviors, a straight 
line with a slope being (−1/2) as t → ∞ and t → 0, have been observed in the  
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experiments for ultrafast heating on amorphous media [50, 86]. The Laplace 
inversion for Eq. (90) can be obtained by the Riemann-sum approximation [18], 
which is summarized in Fig. 8 at the various values of z. On the logarithmic 
scales, the short- and long-time responses in terms of a straight line of the same 
slope, m = –1/2, are clearly seen. Anomalous diffusion occurs at intermediate 
times between the two extremes, where the index m is significantly smaller than 
one-half, implying a slower rate of heat transfer as compared to Fourier diffusion. 
The temperature level established at short times (left of the curves) decreases with 
the value of z, in the manner of Tsurface ~ 1/√z as proven explicitly in Eq. (91), 
while the temperature level approaches that of Fourier diffusion from above at 
long times. The resulting overshooting of temperature, as marked in Fig. 8 on the 
logarithmic scale, could be over seventy percent of the temperature predicted by 
Fourier’s law when recovered on the real scale. With all salient features thus 
captured in the framework of the linear DPL model, Fig. 8 has been used to 
determine the values of τT and τq for a number of random/discrete media. They are 
τT = 0.45 μs and τq = 9 ns for silica aerogels, τT = 27 μs and τq = 2.5 μs for rough 
carbon surfaces, and τT = 25 ms and τq = 7 ms for weakly bonded copper spheres 
(of a mean diameter 100 μm). The values of τT and τq in random media are much 
larger than those in condensed matters, which is an attractive feature in using this 
type of “slow” media for the further explorations of the lagging behavior in 
nonequilibrium heat transport. 
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Fig. 8 Correlation of the dual-phase-lag model with anomalous diffusion in random media: 
Asymptotic behaviors of the surface temperature, ln(Tsurface) ~ (−1/2) ln(t) as t → 0 and t → 
∞, and the slower rate of heat transport during intermediate times (Tsurface ~ t-m with 
m < 1/2) 
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Anomalous diffusion shown in Fig. 8 is governed by a single parameter, 
z = τT /τq, which is not always possible especially for bio-systems where heat 
generation and/or a finite domain in heat/mass transport are present. The lagging 
response does depend on the individual values of the two phase lags in general, 
but the problem that can be characterized by a single ratio between τT and τq (such 
as Fig. 8) is valuable in revealing the scaling rule characterizing the lagging 
response. Anomalous diffusion obtained from the experiment on slow materials, 
for example an assembly of weakly bounded copper spheres during the 
millisecond transient, could be extended directly to interpret the anomalous 
behavior in fast materials, such as silicon dioxide in picoseconds, as long as the 
value of z stays the same. Thermal instrumentation on silicon dioxide for 
anomalous diffusion may be nontrivial due to the picosecond transient involved, 
resulting from its correlation length in nanometers. The scaling rule based on a 
single parameter z, however, facilitates interpretation of the same anomalous 
diffusion for a wide range of materials based on the simpler instrumentation made 
on slow materials. 

3.3   Temperature and Mixed Formulation 

Temperature distributions can be obtained from the temperature formulation 
shown by Eq. (43) or the mixed formulation that joins Eqs. (40) and (45) together 
without further combination. The result, however, may be different due to 
different initial conditions involved. For Eq. (43), the temperature formulation, 
two initial conditions are needed to make the formulation mathematically 
well-posed, 

           
0 0( ,0) ( ), ( ,0) ( )

T
T T T

t

∂= =
∂

r r r r�       (Temperature formulation).        (93) 

For Eqs. (40) and (45), the mixed formulation, on the other hand, one initial 
condition for the heat flux vector and another for the temperature will be required: 

             0 0( ,0) ( ), ( ,0) ( )T T= =q r q r r r          (Mixed formulation).            (94) 

The initial temperature, T0(r), the initial time-rate of change of temperature, 

0 ( )T r� , and the initial heat flux vector, q0(r), are functions of space in general, 

which can be prescribed independently according to the formulation being used. 
Generally speaking, due to the complicated relation between the heat flux vector 
and the temperature gradient as shown in Eq. (8), the temperature formulation is 
more convenient to use for problems involving temperature-specified boundary 
conditions. The mixed formulation, on the other hand, is more convenient to use 
for problems involving heat-flux and/or temperature specified boundary 
conditions. 

Extreme caution has to be exercised as the solutions obtained from the 
temperature and the mixed formulations are compared. It can be shown that the 
initial heat flux (the initial condition specified in the mixed formulation) and 
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the initial time-rate of change of temperature (the initial condition specified in the 
temperature formulation) must follow Eq. (45) (the energy equation) to assure the 
same expression obtained for temperature: 

0 0 0( ,0) ( ,0) ( ,0), or ( ) ( ) ( )
T

Q C Q CT
t

∂−∇ + = − ∇ + =
∂

q r r r q r r r�i i  (95) 

where Q0(r) ≡ Q(r, 0). For a conductor disturbed from a stationary state with a 
zero initial time-rate of change of temperature assumed in the temperature 

formulation,  0 ( )T r�  = 0, for example, a fair comparison with the mixed 

formulation can only be assured as the initial heat flux vector specified in the 

mixed formulation satisfies the condition of 0 0( ) ( )Q∇ =q r ri . A constant 

initial heat flux (including zero) can be assumed for problems without the heating 
term, Q0(r) = 0. For problems involving initial volumetric heating, alternatively, 
the initial heat flux specified in the mixed formulation must be checked against the 

condition 0 0( ) ( )Q∇ =q r ri  to avoid any discrepancy between the temperature 

and the mixed formulations. In the presence of initial heating, Q0(r) ≠ 0, note that 
the initial conditions shown by Eq. (93) (the temperature formulation) leaves no 
room for specifying the initial heat flux vector. Consequently, even for conductors 

disturbed from a stationary state, 0 ( )T r�  = 0, the initial heat flux (q0(r)) may be 

present and significant. Similarly, in the use of mixed formulation shown by Eq. 

(94), the initial time-rate of change of temperature ( 0( )T r� ) may be preset and 

significant even in the absence of the initial heat flux vector (q0(r) = 0). For 
comparisons with the experimental results, therefore, the formulation must be 
carefully chosen that preserves the most important experimental conditions as 
reflected in the experimental data. 

In addition to the intrinsic effect on bridging the temperature and mixed 
formulations together, the volumetric heating term in Eq. (46) plays a critical role 
in interpreting the experimental data [5, 18, 85]. For problems involving a know 
distribution of heating intensity, such as a modulated heat source with prescribed 
exciting frequencies [87], the heating intensity can be directly substituted into Eq. 
(46) for simulation. For ultrafast heating on metals by femtosecond lasers where 
the heating intensity is not known [5, 18], the admissible form of the heating 
intensity in Eq. (46) must be determined from the experimental result of the laser-
light intensity, called the autocorrelation of the laser pulse [85]: 

0( ) ( ) ( )sI C I t I t dtτ τ
∞

−∞
= +∫  (96) 

where C0 is a crystal constant and τ is the delayed times between the preceding (for 
heating) and delayed (for probing) beams. The temporal profile of the light intensity, 
I(t), cannot be determined experimentally due to the ultrafast transient in the 
femtosecond domain. By varying the delayed times between the heating and probing 
beams, on the other hand, the autocorrelation function, Is(τ) as defined in Eq. (96), 
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can be measured experimentally [85]. The admissible form of I(t) must be chosen to 
preserve the experimentally measured values of Is(τ). The Gaussian profile used for 
simulating the ultrafast absorption (volumetric heating) of the femtosecond pulse in 
the microscopic two-step model [85], for example, is confirmed by the normalized 
autocorrelation of the laser pulse before its use in Eq. (46): 

2 2

0
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exp , based on ( ) exp (Gaussian)

(0) 2
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s p p

I
I t I

I t t

τ ψ τ τψ
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⎢ ⎥ ⎢ ⎥= − = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

.

 

      (97) 

For a pulse duration of tp = 100 fs, the parameter ψ is fitted to be approximately 
2.77 (4 ln(2)) as compared to the experimental result of the normalized 
autocorrelation of the laser pulse, Is(τ)/Is(0), from –200 fs to 200 fs. The 
alternative form of the light intensity introduced for facilitating the semi-analytical 
solution [18], 
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( )
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s
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, 
(98) 

as another example, fits the experimental result of the normalized autocorrelation 
of the laser pulse from –400 fs to 400 fs. With the experimentally verified results 
of Is(τ)/Is(0), the same temporal profile of I(t) is then used in the volumetric 
heating term in Eq. (46), 

1
( , ) 0.94 exp ( )

p

R x
Q x t J I t

t δ δ
⎛ ⎞− ⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

 (99) 

with J being the laser fluence, R the reflectivity of the heated surface (0.93 for 
visible light), δ the optical depth of penetration (15.3 nm for gold),  and I(t) 
inherited from either Eq. (97) or Eq. (98). A suitable form for the laser light 
intensity, I(t) in Eq. (99), therefore, cannot be determined by a simplt fit of the 
Gaussian profile in the duration of the laser pulse. Instead, the presumed profile 
for I(t) must be substituted into the integral shown by Eq. (96) for obtaining the 
autocorrelation Is(τ), and the resulting normalized autocorrelation of the laser 
pulse, Is(τ)/Is(0), must match the experimental result in the full domain of time 
[18, 85]. There are articles in which the heating intensity is determined from 
fitting the sinusoidal fuinctions to the Gaussian profile without examining the 
autocorrelation. Since sinusoidal functions are not even integrable in the time 
domain of t ∈[–∞, ∞], any form of I(t) involving sinusoidal functions must be 
exercised with extreme caution, no matter how close it is to the Gaussian profile in 
the targeted domain of time. 

3.4   Multiple Energy Carriers 

Effects of τT, τq, and τq
2 have been accommodated in the framework of thermal 

lagging to capture the various mechanisms described in the various microscale 
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conduction models. As more high order terms in τT and τq are gradually included 
in the Taylor series expansion, a most important task is to identify the physical 
mechanisms in correspondence with such high order terms. The τT

2-term included 
in Eq. (52) is an example. This term was included in Eq. (52) purely on the basis 
of mathematical extension, continuing the previous attempts of including the τq

2-
effect in bridging the DPL model with the hyperbolic two-step model and the 
internal energy relaxation model. The physics in correspondence with the τT

2-
effect remains unclear. 

To assess a possible cause for the τT
2-effect in thermal lagging, a system 

containing three energy carriers was formulated in a way similar to the phonon-
electron interaction model [88]: 
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21
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∂
∂ = ∇ + − − −
∂

∂ = ∇ + − + −
∂

 (100) 

where, for i, j = 1, 2, and 3, Ti, Ci, and ki are temperature, volumetric heat capacity, 
and thermal conductivity of the ith carrier, respectively, and Gij represent the 
energy coupling factor between the ith and the jth carriers, as sketched in Fig. 9(a). 
Equation (100), and its correspondence in general for N carriers as shown in 
Fig. 9(b), is an important step toward applications of the DPL model to 
interfacial/bioheat transfer where multiple energy carriers exist in more 
complicated settings. For heat transport across the interfacial region between 
dissimilar materials, for example, the two materials in contact and the interstitial 
air serve as the three energy carriers. For femtosecond laser processing on tooth, 
on the other hand, collagen, hydroxyapatite, and water could all be energy carriers 
that exchange heat during the ultrafast transient. To illustrate the τT

2-effect in the 
simplest content of mathematics, once again, effects of conduction in carriers 2 
and 3 are neglected, k2 = 0 and k3 = 0, which correspond to the energy carriers 
with a small physical domain (like the lattices in thin metal films). Equation (100), 
in correspondence with the operator form shown by Eq. (73), is 

2
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, (101) 
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Fig. 9 Thermal energy exchange among N carriers 

which can be expanded to give 
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(102) 

The corresponding equations for T2 and T3 are of the same form, except for the 
different coefficients of Ds’ as a result of setting k1 = 0 and k3 = 0 for T2 and k1 = 0 
and k2 = 0 for T3. An additional mixed-derivative term, D22[∂2(∇2T1)/∂t2], exists in 
Eq. (102), which corresponds to the τT

2-effect described in Eq. (52). Effect of τT
2, 

therefore, results from the energy exchange with the additional carrier in a three-
carrier system described in Fig. 9(a). Comparing Eqs. (102) and (52), from the 
coefficients of D21, D1, and D2, it results in 
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(103) 

Estimated on the order of magnitudes, it can be readily seen that τT and τq are of 
the order of (C/G). The coefficients of τT

2 and τq
2, from the coefficients of D22 and 

D3 in Eq. (102), result in 
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 (104) 

 

which indicates that τT
2 and τq

2 are indeed of the order of (C/G)2. With τT and τq of 
the order of (C/G) shown in Eq. (103), in other words, the mixed-derivative term, 
D22[∂2(∇2T1)/∂t2], and the jerk term, D3(∂3T1/∂t3), are indeed their second-order 
effects.  

In terms of the number of energy carriers, the high order effects of τT and τq can 
thus be concluded by examining Eqs. (43) and (52) with their correlations in Eqs. 
(74) and (102). Equation (43) containing the linear effect of τT and τq describes 
the energy exchange between two energy carriers, electrons and phonons. With 
reference to Eq. (74), the electrons correspond to carrier 1 and the phonons 
correspond to carrier 2. Equation (43) containing the second-order effect of τT and 
τq, with reference to Eq. (102), on the other hand, describes the energy exchange 
between three energy carriers. Should more energy carriers be present in the 
transport process, by the method of deduction, it is conceivable that a system 
containing N carriers will give rise to the lagging response of the order of τT

(N - 1) 
and τq

(N - 1). For the phonon-electron interaction model involving two carriers, 
N = 2, the lagging response is thus of the order of τT and τq, as shown in Eqs. (43) 
and (74). For the system involving three carriers, N = 3, the lagging response is of 
the order of τT

2 and τq
2, which is shown in Eqs. (52) and (102). As the number of 

energy carriers increases, the energy equation employing the DPL model will 
include more high-order terms in τT and τq, but the lagging response remains to be 
governed by two phase lags, τT and τq. Effects of conduction in carriers, when 
reinstated, will raise the order of Laplacian (∇2) to biharmonic (∇4) and higher, 
which are spatial effects that do not affect the fundamental characteristics of 
thermal lagging, in time [18]. 

The energy equation can be generalized to describe energy coupling in a system 
containing N carriers, as sketched in Fig. 9(b). Equation (100) involving energy 
coupling among N carriers becomes  
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This form will require the Taylor series expansion of Eq. (39) up to the terms of 
τT

(N – 1) and τq
(N – 1), but a general form of the energy equation corresponding to Eq. 

(102) will be difficult to obtain due to the high-order determinant to be expanded. 
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For the case of N = 4, to describes how fast such high-order terms could evolve, 
the energy equation containing the third-order effect of τT and τq is 
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While the mixed-derivative terms continue to raise their order of derivatives with 
respect to time, the snap term, ∂4T/∂t4 from the τq

3-effect, now follows the jerk 
term (from the τq

2-effect) and appear in the energy equation. Continuing on, for 
systems involving five or six energy carriers that are not many in view of the 
complicated microstructures of human tissues, the crackle (∂5T/∂t5) and pop 
(∂6T/∂t6) terms will enter the scene and the resulting energy equation describing 
the lagging response will soon evolve into the most complicated we have ever 
seen. 

The mixed-derivative terms containing high-order derivatives of ∇2T with 
respect to time is a special feature in Eqs. (52) or Eq. (102). The number of 
carriers is a possible source for such terms describing the lagging behavior in τT, 
but it by no means the only source for such unusual terms to appear in the energy 
equation. The conductive temperature (ψ) and the thermodynamic temperature (T) 
in the two-temperature model [89-91], which is shown admissible in the 
framework of the second law of thermodynamics, gives the same form of the 
energy equation while preserving the linear effect of τq as that in the CV-wave 
model. The two-temperature model employs Eq. (3) for the conductive 
temperature, ψ, 

( , ) ( , ) ( , )t t k t
t

τ ψ∂+ = − ∇
∂
q

q r r r , 
(107) 

 

while Eq. (4) stays the same for describing the thermodynamic temperature, T, 
without a heat source. 1  Equations (4) and (107) are to be solved for three 
unknowns; T, ψ, and q, supplemented by the relation between ψ and T: 

                                                           
1 The results shown in Eqs. (109) and (110) are valid in the absence of volumetric heating. 

In the presence of volumetric heating, Eq. (45) should be used in place of Eq. (4), which 
will introduce both heating and apparent heating terms in Eqs. (109) and (110). 
Consequently, the conductive and thermodynamic temperatures will differ by a 
volumetric heat source term even in steady state. 
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2 2( , ) ( , ) ( , )t T t l tψ ψ− = ∇r r r  (108) 

where l2 is the square of a length parameter (l) describing the discrepancy between 
T and ψ.2 Its role is parallel to the length parameter in Eq. (17) describing phonon 
scattering. In the case of l = 0, the conductive temperature reduces to the 
thermodynamic temperature and Eqs. (4) and (107) are reduced to the CV-wave 
model. In the general case with l ≠ 0, Eqs. (4) and (107) can be first combined by 
eliminating q to give 
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In steady state where the thermodynamic temperature is no longer a function of 
time, the left-hand side of Eq. (109) vanishes and the condition ∇2ψ = 0 prevails. 
According to Eq. (108), the conductive temperature and thermodynamic 
temperature collapses onto each other in steady state, showing that the difference 
between two temperatures only exists during the transient process. Substituting the 
expression of T from Eq. (108) into Eq. (109), it gives an energy equation 
containing the conductive temperature alone, 
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Comparing Eq. (110) with (52), clearly, τT = l2/α, τq = τ, and τTτq = τT
2/z, with z = 

τT/τq. In correlation with the two-temperature model, the finite time required to the 
energy carrier travelling through the correlation length (l) results in the phase lag 
of the temperature gradient, τT, where as the coefficient (aτ/α) is the product 
between τT and τq, which is indeed in τT

2 scaled by z. Equation (110) is thus of the 
same form as Eq. (52) without incorporating the τq

2 term in the Taylor series 
expansion. In passing, note that the conductive and thermodynamic temperatures  
 

                                                           
2  Once again, the physical essence of Eq. (108) can be revealed by heat conduction 

in a one-dimensional fin, with ∇2 ≡ ∂2T/∂x2: 
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2 2

2 2
0,  or 

c c c

d T hP d T hP hP
T T T T

dx kA dx kA kA∞ ∞

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
− − = − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

, where P and Ac are the 

perimeter and cross section of the fin, respectively, and h is the heat transfer coefficient. 
With ( / )chP kA equivalent to 1/l2, clearly, the temperature of the fin (T) is equivalent to 

the conductive temperature (ψ) and the ambient temperature (T∞) is equivalent to the 
thermodynamic temperature (T). Equation (108) thus describes the nonlocal response 
between the fin and the ambient as the energy exchange between them continues. 
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defined in the two-temperature model are similar to the dynamic and 
nonequilibrium temperatures defined in the gradient extension method. 

3.5   Wave-Diffusion Duality 

Whether heat propagation is driven by diffusion or wave has long been an 
obsession, which may have become even more exaggerated in view of different 
versions of diffusion (Fourier and linear DPL) and wave (CV- and T-wave) 
behaviors generated from the high order terms of τT and τq during the lagging 
response. Should the effects of τT

2 (which has already been absorbed in Eq. (52)), 
τq

3, τT
3, τq

4 and so forth be continuously accommodated in the DPL model, 
diffusion and wave will continue to alternate in the history of heat propagation. It 
is thus critical to establish a criterion that governs the alternations between 
diffusion and wave during the ultrafast transient. 

A criterion based on the time-rate of change of temperature has already been 
established for the dominance of CV-waves over Fourier diffusion [33, 40]. Such a 
criterion, however, is implicit by nature because the temperature, and hence the 
time-rate of change of temperature, is the response of the thermal system that may 
not be known beforehand. A more explicit approach may be on the evaluation of 
the response time, with Fourier diffusion serving as the basis for the transient 
response. Equation (5) for the CV-wave is first revisited to illustrate the 
fundamental principles in weighing the relative contributions from the diffusion 
and wave behaviors in time. Under constant thermophysical properties, the 
coefficients can be moved into the derivatives with respect to time, which is an 
exercise already performed in Eq. (6) when weighing the relative importance of 
the heat flux vector and its time rate of change. In view of finite differencing, 
derivatives involve temperature differences in the numerators, which are all on the 
same orders of magnitude. The equation of Fourier diffusion, 

2 2
2

2

1
~ ~

( )

T T T x
T t

t x tα α α
∂ ∂ ∂∇ = = ⇒
∂ ∂ ∂

, (111) 

therefore, implies equal contributions from the steady-state term (∂2T/∂x2, effect of 
conduction) and the diffusion term (∂T/∂(αt)) as their denominators are 
comparable in the physical domain where x2 ~ αt. For conductors with a 
characteristic dimension L, such as the thickness of a thin film, that means the 
transient effect of Fourier diffusion becomes as important as the conduction 
(steady-state) effect as x2 ~ αt or t ~ L2/α. The first time scale on the regime map, 
as shown in Fig. 10 from right, is thus (L2/α), which is also the characteristic time 
for Fourier diffusion. For the process time in the domain of t >> (L2/α), the 
denominator of the diffusion term in Eq. (111) is much greater than that of the 
conduction term and Eq. (111) becomes the Laplace equation governing heat 
conduction in steady state. As effect of τq comes into play, along the same line, 
Eq. (5) can be rewritten as 
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Fig. 10 Regime map for the alternation between diffusion and wave behaviors in heat 
propagation 
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Comparing the denominators, (αt) and (ct)2, the CV-wave behavior becomes as 
important as  

Fourier diffusion as 

2( ) ~ or ~ qct t tα τ . (113) 

On the regime map shown in Fig. 10, therefore, the relaxation time, τq, appears as 
the next time scale. Continuing on, shortening time further from Eq. (43) 
including the effect of τT to Eq. (51) including the additional effect of τq

2, two 
more time scales, (τq

2/τT) and √(τq
3/(2τT)), are resulted from weighing the 

successive terms and are placed on the time axis. More time scales can be 
generated in the same manner and incorporated on the regime map, including the 
last scale (τq

3/τT
2) resulting from Eq. (52) containing the τT

2 effect from systems 
with three energy carriers. As time starts from zero (left of the axis) and gradually 
increases, wave and diffusion will start to alternate in the time series. Whether 
heat behaves like diffusion or wave in the transport process depends on the time 
scale in which physical observations are made. This is the essence of the wave-
diffusion duality for heat propagation in microscale [92, 93]. As compared to the 
previous criterion employing the time-rate of change of temperature, the criterion 
based on the response time shown in Fig. 10 is explicit because all time scales 
involved are functions of the two phase lags, which are treated as material 
constants characterizing the ultrafast transient in view of thermal lagging. The 
criterion based on the process time is necessary but may not be as sufficient as the 
implicit criterion based on the time-rate of change of temperature. Particularly for 
materials with closer time scales on the time axis, the wave behavior can still be 
active in the neighborhood of a time scale for diffusion if an excessive 
temperature is established thereby. This is a situation to be noticed for material 
processing employing high-power heat sources such as femtosecond lasers in tera- 
to petawatts. 
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Like other thermophysical properties, such as thermal conductivity, the phase 
lags can vary sensitively with temperature during thermal lagging. The energy 
equation will become highly nonlinear as the effect of temperature dependency is 
taken into account, making it more convenient to solve the DPL constitutive 
equation in direct coupling with the energy equation without combining them 
together. Numerical methods have contributed significantly in providing finer 
resolutions for the lagging response, but new finite difference schemes have 
continuously arisen to solve the DPL heat equations in multi-dimensions under the 
various conditions [94-105]. The basic Neumann stability analysis, for example, 
has been reformed to account for the tangling behaviors of the two phase lags [94, 
95] in a consistent discretization scheme. Based on the fundamental 
understandings developed under constant thermophysical properties, these 
numerical methods are well ready to carry out more sophisticated but more 
realistic simulations for the lagging response. 

4   Interdiffusion of Mass 

Extension of the DPL model to nonequilibrium mass transport is intuitive in view 
of the analogy between Fourier’s laws in heat conduction and Fick’s law in mass 
transport. Particular emphases have been placed on the growth of ultrathin films 
[106] and intermetallic compound layers in metal based composites and solder 
joints [107, 108]. This branch of extension is particularly meaningful due to the 
existence of a vast amount of experimental data in the open literature, including 
not only different types of materials but also the film/layer growth data under 
different processing conditions. As compared to the time scales in heat transport, 
film growth is a much slower process that could occur in hours to days. The 
significantly larger values of the phase lags characterizing the growing process, 
however, make such prolonged times “ultrafast” due to the active and pronounced 
lagging behavior that occurs in the same domain of time. Growths of films and 
intermetallic compounds both involve interdiffusion for one substance into 
another and chemical reactions between them to form the third substance near 
their interface. Rapid thermal oxidation of silicon [109], as sketched in Fig. 11, is 
an example. Material A in this example is oxygen, which diffuses into the silicon 
lattices, material B, heated to 950-1150°C. Silicon dioxide is formed in the 
interfacial layer, which grows with time, resulting from the chemical reaction of Si 
+ O2 → SiO2 after interdiffusion. During the formation of intermetallic compound, 
as another example, material A may be Bismuth-Tin (Bi-Sn) solder and material B 
may be copper [110], and the interfacial layer is a result of interdiffusion and 
chemical reactions between the Bi-Sn solder and copper. The interface is 
zigzagging by nature, due to the interdiffusion and chemical reactions that are 
difficult to maintain uniform as they occur. This is particularly the case during the 
early-time growth when the thickness of the interfacial layer is only a few tens 
nanometers, which is comparable to the roughness and waviness of the interface. 
The thickness of the oxidation layer or the intermetallic compound, therefore, is 
more appropriately viewed as the topological means as illustrated in Fig. 11. The  
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Fig. 11 Growth of an interfacial layer between dissimilar materials 

interfacial layer grows with time, L ≡ L(t), which is measured from the original 
interface between materials A and B before the interdiffusion and chemical 
reactions take place. 

4.1   Film Growth 

The linear-parabolic model [111] has long been used for predicting the thickness 
of silicon-dioxide (SiO2) film during the rapid thermal oxidation: 

2 ( )L AL B t C+ = +  (114) 

where L is the thickness of the SiO2 film at time t, with A, B, and C being the 
material constants depending on the reaction rates (A and A/B) and the delay time 
(C) due to the preexisting oxides in the silicon wafer before the oxidation process. 
During the first 30 nm of the thermal oxidation of silicon in dry oxygen (O2), 
however, Eq. (114) was found to significantly underestimate the thickness of the 
SiO2 film [112, 113]. A further examination of the experimental data for the 
measured film thickness versus time (less than 30 nm) on a logarithmic scale, like 
those done in Fig. 8, shows that the growth rate of the SiO2 film is significantly 
less than that predicted by Fick’s law at short times [106]. The growth rate of 
Fickean diffusion is recovered as the process time lengthens, which is exactly the 
same behavior of anomalous diffusion described in Fig. 8 [18, 84]. Because of the 
shortcomings of Eq. (114) in predicting the growth of ultrathin films, in the range 
of a few tens nanometers, various attempts have been made to accommodate 
additional mechanisms into the phenomenological model, including effects of 
stress, strain, space charge/electric fields, oxide microstructures, silicon surface 
and substrate, and parallel oxidations [114, 115]. 

Rather than a phonological model shown in Eq. (114), even thought it is 
palatable to use, the linear DPL model has been extended to describe the film 
growth of SiO2, in the full range from nanometers and above [106]. Parallel to 
Eqs. (4) and (40), with one-dimensional film growth in the x-direction as shown in 
Fig. 11, the equation describing the conservation of mass and the DPL equation 
describing the oxygen diffusion into the silicon lattices are 
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 (115) 

where ρ is the mass density, j is the relative mass flux, and D is the diffusivity 
between oxygen and silicon. The two phase lags, τj and τρ in equivalence to τT and 
τq in heat transport, measure the finite time required for the interfacial chemical 
reactions to take place in forming the oxides (τj) and the finite time required for 
the efficient diffusion of the atomic oxygen into the silicon lattices (τρ). In terms 
of τρ and τj, involvement of all possible parallel oxidations, different surface and 
substrate conditions, and the various mechanical/electrical effects are lumped onto 
the resulting delayed response in time. As the silicon lattices are strained during 
the thermal oxidation, for example, it would take more time for the oxygen to 
diffuse through effectively and the resulting value of τρ would be larger than the 
normal value. In the presence of parallel oxidation at the Si/SiO2 interface and of 
the silicon fragments that control the initial oxidation rate [116], as another 
example, the resulting value of τj would be smaller as compared to that involving 
one chemical reaction alone. Inheriting the phase lag concept in heat transport, 
therefore, τρ and τj describe the finite times required for the completion of all 
microstructural processes involved, which reflect the microscale effect in space in 
terms of their greater (smaller) values for more (less) complicated processes. 
Eliminating the mass flux j from Eq. (115), parallel to Eq. (43) with ∇2 → ∂2/∂x2 
to simulate the one-dimensional process, the mass conservation equation 
containing density along is 

3 2
2

2 2

1 j

t x D t D tρ
τρ ρ ρρ τ ⎛ ⎞∂ ∂ ∂∇ + = + ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

. (116) 

Designating material A as oxygen and material B as silicon, according to the 
coordinate system described in Fig. 11, the growth kinetics is described by 

( )0 at 0; ats

d L
D x x L

t x

ρ ρ ρ ρ∂= − = = =
∂ ∂

 (117) 

where ρ0 and ρs are the density of oxygen and silicon, respectively. The first 
condition in Eq. (117) is the surface recession rate that balances the mass flux of 
oxygen at the surface (x = 0) with the internal diffusion of oxygen (through the 
silicon lattices) right next to the surface. Along with the initial and boundary 
conditions, 

0, 0 as 0; at , 0 asst x L x
t

ρρ ρ ρ ρ∂= = = = = → → ∞
∂

, 
(118) 

 

Eqs. (116) to (118) have been solved by the method of Laplace transform [106]. 
The growth rate of the SiO2 layer was obtained as 
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where l  is the Laplace transform of the nondimensional thickness, 
L/[(ρs/ρ0)√(Dτj)] and p is the Laplace transform parameter in correspondence with 
the nondimensional time, (t/τj). 

It is remarkable to note that Eq. (119) gives rise to the same asymptotic 
behaviors as Eq. (90), except for the replacement of 1/√t (for the surface-
temperature decay with time) by √t (for the film growth with time). To prove this 
analogy, the partial expansion technique in Eqs. (91) and (92) is applied to yield 
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 (120) 

The film thickness increases with √t at both ends, as t → 0 and t → ∞ (Fick’s 
law). Anomalous diffusion shown in Fig. 8 on the logarithmic scale, including the 
much slower film-growth rate during the intermediate times, therefore, remains 
the same except for the reversal of the response curves for the film thickness 
increasing with time. The Deal-Grove model shown by Eq. (114) does not have 
the same behavior as t → 0. This is also the regime where the Deal-Grove model 
significantly underestimates the thickness of the SiO2 film during the first 30 nm. 
Solving Eq. (114) for the film thickness (L) and applying the Taylor series 
expansion with respect to time (t), it results in 
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(121)

As t → 0, Eq. (121) gives a constant, which implies no film growth in small times. 
In the limiting case that (B/A) << 1 and/or (C/A) << 1, the constant term in Eq. 
(121) is vanishingly small and the resulting film thickness increases linearly with 
time. As compared to the parabolic, √t-behavior as shown in Eq. (120) obtained 
from the DPL model, evidently, the linear growth with time resulting from the 
Deal-Grove model would significantly underestimate the film thickness during the 
initial stage of thermal oxidation of silicon. 

The linear DPL model is by far the most superior as compared to other models 
in interpreting the experimental data on the film growth [106]. The values of τρ 
and τj determined from the inverse method based on the linear DPL model and the  
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Table 2 The values of τj and τρ modeling the rapid thermal oxidations 

 

Oxidation Conditions 

τj 

Hours 

τρ 

Hours 

SiO2 at 800°C and 2.03 MPa 0.1 2.8 

SiO2 at 900°C and 2.03 MPa 0.06 1.62 

SiO2 at 1000°C and 2.03 MPa 0.025 0.65 

Dry oxidation of Silicon-Germanium alloy 0.033 1.03 

Wet oxidation of Silicon-Germanium alloy 0.05 1.3 

Oxidation of (HgCd)Te (junction depth) 0.85 5.95 

  
 

experimental data are listed in Table 2. First, the two phase lags are now on the 
order of minutes/hours due to the slow processes of interdiffusion and chemical 
reactions. The oxidation process in minutes/hours is now considered ultrafast due 
to the values of τj and τρ in the same domain of time. The processes in times 
comparable to the values of τj and τρ, as those shown in Table 2, will see the 
pronounced lagging behavior represented by the mixed-derivate and the wave 
terms in Eq. (116). Second, because the ultrafast response is now stretched into 
minutes/hours, environmental conditions, such as the oxidation temperature 
described in the first three rows in Table 2, will have more pronounced effects on 
the thermal oxidation process. Both τT and τq values decrease as the oxidation 
temperature increases. The ratio of z = τρ/τj, however, stays almost the same 
(around 27) as the oxidation temperature increases from 800 – 1000°C. Once 
again, the ratio of (τρ/τj) is a dominating parameter in the process of film growth, 
even though the process of heat/mass transport depends on the individual values of 
the phase lags in general. Film growth in rapid thermal oxidation is an active field 
of research by itself. Rather than a rigorous survey on this rapidly evolving field 
of research, the intent here is to demonstrate the robustness of the DPL model in 
terms of the use of a mere three parameters; τρ, τj, and D, in describing the film 
growth, in the ultrathin range from 22.36 nm all the way up to microns. Although 
all cases shown in Table 2 fall into the category of the flux-precedence type of 
mass transport with τj < τρ (z > 1), there are a few exceptions that are of the 
density-gradient precedence type, τρ < τj or z < 1 [106]. 

With the complicated microstructural interaction effects, in space, lumped onto 
the resulting delayed response in time, growth of intermetallic compounds can be 
interpreted in exactly the same way as the film growth in rapid thermal oxidation. 
The cases examined include the thickness of the interfacial Cu3Sn and Cu6Sn5 
compounds between Copper (Cu) and Tin (Sn), as well as the growth of the 
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γ-phase (Ag5Zn8) in the β-ε diffusion couples in silver-Zinc (Ag-Zn) alloys [107, 
108]. Once again, the linear DPL model is much more superior to other models 
predicting the intermetallic layer growth. For the case of Cu3Sn and Cu6Sn5 
compounds between Cu and Sn, τj = 50 days, τρ = 17.5 days, and z = 0.35. The 
characteristic times governing the growth behavior are now further stretched into 
days, which are typical for the interdiffusion between metals and the effective 
chemical reactions to take place between them.  

Minutes and hours (for the thermal oxidation of silicon and other 
semiconductor materials) and days (for the formation and growth of intermetallic 
compound) are now considered ultrafast due to the comparable values of τρ and τj 
in the corresponding domains of time. Mathematically, effects from the mixed-
derivative term led by τρ and the wave term led by τj will be pronounced until 
Fickean behavior recovers as t >> τρ and τj. The overshooting phenomenon as 
described in Fig. 8, however, has not yet been reported in the open literature. 

5   Bio-heat and Mass Transfer 

Bioheat transfer often involves thermal energy exchange among different 
tissues/biological species. It has been a rapidly evolving field of research, 
particularly the fast transient processes that have become more active in recent 
years [117-123]. Continuing the applications of the DPL model, this section is to 
confirm the lagging behavior in bioheat/mass transport, with emphasis on deriving 
the analytical expressions of the two phase lags, τT and τq or τc and τj, in 
correlations with several bioheat/mass transfer models. In bioheat transfer, the 
two- and three-equation models describing the energy exchange between blood 
flows and tissues will be revisited [124]. For drug delivery in tumor cells [125] 
involving nonequilibrium transport of drug concentrations in living tissues, the 
lagging behavior will be demonstrated by identifying the sources for delay in 
relation to the various biological parameters. 

5.1   Two-Equation Model 

Heat transport between tissue and blood is nonequilibrium by nature, evidenced by 
the energy exchange rates described by the two-equation model [124]: 
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(122) 

 

where the subscripts b and s represent blood and tissue, respectively, u is the blood 
flow velocity, ϕ is the volume fraction of blood, and h is the energy coupling 
factor in W/(m3K). The blood flow is assumed one-dimensional due to the small 
dimension of blood vessels. Equal in magnitude but opposite in sense, Eq. (122) 
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states that the amount of heat lost from tissue is equal to the amount of heat gained 
by blood. Except for the presence of the blood flow and the conduction effect 
placed in tissue, Eq. (122) is in close resemblance to Eq. (30) describing the 
electron-phonon interactions, with h between blood and tissue in place of G 
between electrons and phonons. The nonequilibrium feature between Te and Tl 
described in Figs. 4 and 5 thus remain. Equation (122) is a step forward as 
compared to the Pennes’ bioheat equation [126] since the blood temperature is 
allowed to vary in both space and time. The blood perfusion rate in the Pennes’ 
model differs from the energy coupling factor (h) by the specific heat. 

To extract the lagging behavior in the simplest mathematical content, parallel to 
the previous treatment applied to Eq. (30), conduction effect in blood is removed 
for the time being to minimize the interference from the spatial effect. Setting kb = 
0 and casting Eq. (122) into the operator form as illustrated in Eqs. (41) to (42), 
the energy equation containing the blood/tissue temperature alone is 
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where T ≡ Tb or Ts. Except for the additional effect of convection led by the blood 
flow velocity (u), the remainder of Eq. (123) is exactly the same as the linear DPL 
model containing the effect of τT and τq. Comparing Eqs. (43) and (123), it results 
in 
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The ratio of τT to τq is thus 
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1 (two-equation model)
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Since 0 < ϕ < 1 and Cb,s > 0, Eq. (125) shows that z > 1, or τq < τT, which implies a 
flux-precedence type of heat flow. The values of α, τT, and τq shown by Eq. (125) 
are in the range of 10-7 m2/s (α), 5 – 50 s (τT), and 3 – 25 s (τq), from the biological 
data reported in the open literature. Consequently, the value of z is between one 
and two (1 < z < 2) for nonequilibrium heat transport between blood and tissue. 

With the lagging behavior thus confirmed in the two-equation model, the 
conduction effect in blood flow can now be reinstated, kb ≠ 0, which will give rise 
to an additional biharmonic term, ∇4T, in Eq. (123). The coefficients in the 
resulting equation will become more complicated due to the involvement of the 
additional term, ϕkb, but all terms in Eq. (123) remain the same. This is the same  
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result as the conduction effect is reinstated in the metal lattices in Eq. (30) [18]. 
The biharmonic term does provide finer resolutions in the spatial response, but it 
will not alter the lagging behavior, in time, as we have discussed so far. Metabolic 
heat generation is another effect to be incorporated for a more realistic simulation. 
Since the heat source term does not alter the fundamental structure of thermal 
lagging, such heating effect is temporarily removed in deriving Eq. (123). The 
convection effect due to the blood flow in Eq. (123) is, however, a salient feature 
in the dual-phase-lag model when applied to bioheat transfer. When normalizing 
Eq. (123) by α, τT and τq shown in Eq. (124) [117], the convection term 
transforms into the thermal Mach number [40], u/√(α/τq), which measures the 
blood flow velocity (u) relative to the thermal wave speed, cbs = √(α/τq). 
According to Eq. (124), the thermal wave speed in the blood-tissue (two-equation) 
system is 

s
bs

q b s

hk
c

C C

α
τ ϕ

= =  (126) 

With the value of α of the order of 10-7 m2/s and that of τq of 10 s, the thermal 
wave speed (cbs) is of the order of 10-4 m/s. Blood flow easily exceeds the thermal 
wave speed and enters the supersonic region due to such a small value of cbs. The 
temperature described by Eq. (123) increases with the thermal Mach number [117] 
during the nonequilibrium stage of heat transport between blood and tissue. 

5.2   Three-Equation Model 

The two-equation model represented by Eq. (122) involves blood and tissue as 
two energy carriers during the nonequilibrium heat transport. A more refined 
treatment further splits the blood flow into arterial (subscript a) and venous 
(subscript v) components [124], 
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 (127) 

where ϕ = ϕa + ϕv, resulting from mass conservation in the blood-tissue system. 
There are several features to be noticed in Eq. (127). First, there are three energy 
carriers, arterial blood, venous blood, and tissue, as compared to two carriers 
(blood and tissue) in the two-equation model. Second, arterial blood and venous 
blood flow in an opposite direction, as reflected by the opposite signs in front of ua 
and uv in the convective terms. This is alleged the countercurrent effect [124]. 
Third, the energy exchange described in Eq. (127) is not in the most general form 
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as compared to Eq. (100). Instead, heat loss from tissue is equal to the total 
received in arterial and venous blood. Besides, there is no energy exchange 
between the arterial and venous blood due to close temperatures in the arterial and 
venous vessels.  

To demonstrate the lagging behavior in the simplest possible mathematical 
content, once again, conduction effects in the arterial and venous blood are 
neglected, ka = 0 and kv = 0.3 Eliminating any two temperatures from Ta, Tv, and 
Ts, likewise, the energy equation corresponding to Eq. (123) is 
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where T ≡ Ta, Tv, or Ts. In addition to the individual effects of convection from ua 
and uv as before, effects from the relative velocity (ua – uv) and the cross velocity 
(uauv) are also present in Eq. (128). Excluding these terms containing the blood 
flow velocities, which are spatial effects by nature, the remainder of Eq. (128) is 
exactly the same as Eq. (52) that contains the full second-order effects in τT

2 and 
τq

2. Comparing the coefficients in correspondence, it results in 
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Thermophysical properties and flow velocities are very close for arterial and 
venous bloods; ka ≅ kv, Ca ≅ Cv, and ua ≅ uv [124], which will help simplify 
Eq. (129).  

                                                           
3 Effect of conduction has been neglected in some components in a multi-carrier system in 

this chapter, for the purpose of demonstrating the lagging behavior, in time, under the 
least interference with the microstructural effect in space. This approach, however, 
becomes almost exact in nanofluids due to the small physical domain taken by the 
nanoparticle [127, 128]. 
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With the phase lags derived analytically in Eqs. (124) for the two-equation 
model and (129) for the three-equation model, the lagging behavior becomes clear 
in bioheat transfer. It is important to note that Eq. (124) containing the linear 
effect of τT and τq results from the involvement of two energy carriers (N = 2) in 
the blood-tissue system. In the presence of three energy carriers in the three-
equation model, N = 3, the order of thermal lagging is raised to the second order as 
shown by Eq. (128). This coincides with the conclusion made in Section 3.4, that 
thermal lagging is of the order of τT

(N–1) and τq
(N–1) for a system involving N 

carriers. Equation (128) is a complicated partial differential equation describing 
the second-order response in thermal lagging. The general response including all 
the velocity terms, particularly the time derivatives involved in the convective 
terms and their effects on the lagging behavior during the nonequilibrium heat 
transport, will be a focal point in future studies. Sine such velocity terms appear in 
the low-order derivatives in Eq. (128), however, they will not affect the 
fundamental behaviors of thermal lagging. 

5.3   Liposome Drug Delivery 

The full second-order effect of τT
2 and τq

2 in thermal lagging should be a common 
feature for any system containing three energy carriers. The three-equation model 
shown by Eq. (128) has well demonstrated this trend. To further examine the same 
behavior in biosystems, with ties to nonequilibrium mass transport this time, 
thermally targeted liposomal drug delivery in tumor is revisited [125]. The 
transport process involves interdiffusion among three drug concentrations: The 
free drug concentration in the extracellular space, cE, the drug concentration in 
liposome form in the extracellular space, cL, and the intracellular bound drug 
concentration, cI. Drug concentration cE and cL are measured in milligrams per 
millimeter of total tumor volume, whereas drug concentration cI is measured in 
milligrams per millimeter of intracellular volume. The coupled transport process is 
described by 
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 (130)

where φ stands for the porosity of the tumor cell, DD is the apparent diffusivity of 
free antitumor drug, DL is the apparent diffusivity of liposome drug in tumor 
tissue, PL represents the apparent permeability of the vasculature, AL is the 
effective surface area if the vasculature per unit tumor volume, t0 is the decaying  
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time constant describing the first-order kinetics during the liposome ruptures and 
free antitumor drug release, kE(I) is pharmacodynamics parameters (in milligrams 
per milliliter), and a is the maximum cellular uptake rate, in milligrams per 
milliliter per minute. Their values for biological tissues were summarized in Ref. 
[125], with an excellent discussion of all terms involved in Eq. (130). To extract 
the lagging behavior behind Eq. (130) under the least interference from the spatial 
effects, the liposome concentration in plasma, cV, which is a known source term 
decaying exponentially with time, is dropped from Eq. (130). To minimize the 
mathematical complexity involved, in addition, the last expression in Eq. (130) 
has been linearized by remaining the first-order terms in cE(I)/kE(I). 

Proceeding for eliminating two of the three unknowns (cE, cL, and cI) from Eq. 
(130), as before, the transport equation governing the remaining unknown is 
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where c ≡ cE, cL, or cI. The biharmonic terms containing (∇4c) result from the 
conduction effects in the first two expressions (for cE and cL), which are kept 
intentionally here to demonstrate their effects in space, as repeated claimed. These 

terms are led by 0LD t , the length of drug diffusion. Focusing on the lagging 

behavior, in time, therefore, these terms reflecting the spatial effects can indeed be 
dropped to give   
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Equation (132) is the same result by neglecting the conduction effect of liposome 
drug diffusion in tumor, i.e., kL → 0 and consequently DL → 0, in Eq. (130). 

Equation (52) can be extended to mass transport by a simple replacement of the 
transport variables: T → c, q → j, α → D, τT → τc, and τq → τj:  

( ) ( )
22 2 2 3

2 2 2
2 2 3

1
.

2 2
j jc

c

c c c
c c c

t t D t D t D t

τ τττ ∂ ∂ ∂ ∂ ∂∇ + ∇ + ∇ = + +
∂ ∂ ∂ ∂ ∂

 (133) 

Omitting the second order effects in τc and τj, in fact, Eq. (133) reduces to linear 
DPL that already appeared earlier in Eq. (116), with mass density replaced by 
concentration, ρ → c and τρ → τc. Equation (133) has exactly the same form as 
Eq. (132), resulting in the following correlations by comparing the coefficients in 
correspondence: 
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. (134) 

 

Having the dimension of time, t0 and (kI/a) are common factors in τc and τj. The 
lagging behavior, and consequently the phase lags characterizing the delayed 
response in this case, thus results from the finite time required for the liposome 
rupture (t0) and the finite time required for the effective absorption of antitumor 
drug (a). Assuming that liposome bursts in no time, t0 → 0, and the antitumor drug 
is absorb instantaneously by the tumor tissue, a → ∞, both τj and τc approach zero 
and Eq. (133) recovers the familiar diffusion equation employing Fick’s law. The 
difference between τj and τc lies in the scaling factor [1+(1–φ)(kI/kE)] on the time 
constant, kI/a. Since porosity φ  < 1, and consequently (1–φ)(kI/kE) > 0, it is 
evident that τj < τc, which implies the flux precedence type of mass transport as 
liposome drug penetrates through the cellular membranes. In terms of the lagging 
behavior, the mass flux (j) is the cause of the mass flow while the concentration 
gradient (∇c) is the effect. 

Equation (133) containing the effect of τc
2 in mass transport has the same form 

as Eq. (52) containing the effect of τT
2 in heat transport. All discussions based on 

Eq. (52) thus apply to Eq. (133) as well. Effect of τT
2 further elevates the 

temperature level of the T-wave, as sketched in Fig. 12. By destroying the 
wavefront of the T-wave from the τq

2-effect, the second-order effect of τT evolves 
into diffusion of the higher order, which is active as the process time enters the 
threshold of the left-most time scale placed on the regime map, (τq

3/τT
2) in Fig. 10. 

The time scales will continue to shrink toward zero as the higher order terms in τT 
and τq are further taken into account, making the temperature higher and more 
uniformly distributed in the physical domain as the wave and diffusion behaviors 
continue to alternate in small times. Such frequent alterations between diffusion 
and wave give rise to a dual representation of heat propagation during 
nonequilibrium transport, depending on the time scale in which a physical 
observation is made. 
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Fig. 12 High-order diffusion induced by the τT
2 effect in thermal lagging 

6   Nonlocal Behavior 

The phonon scattering model outlined in Section 2.2 has already revealed some 
lights on the nonlocal response between the heat flux vector and the temperature 
gradient. As shown in Eqs. (71), (72) and Table 1, the umklapp (τR) and normal 
(τN) relaxation times in the phonon scattering model in Eq. (15) can indeed be 
interpreted as the phase lags in the lagging response, in time, but the coefficient 
(τRc)(τNc)/5 ~ l2 in Eq. (15) can also be viewed as a characteristic length (l) 
squared. At a given instant of time, more explicitly, should the heat flux be 
represented by 

( ) ( ) ( )1
( , ) ( , ) ( , ) ( , ) ...

2
t t t t+ = + ∇ + ∇ ∇ +q r L q r L q r L L q ri i i , (135) 

the case of isotropic nonlocality with identical values of l in all three directions in 
the Cartesian space, L = (l)e11 + (l)e22 + (l)e33, will gives rise to (l2∇2q) as the third 
term in Eq. (135) is expanded. The phonon scattering model can thus be viewed as 
a subset of the nonlocal response, in space [18], which only includes the second 
order effect in l2. The same effect of nonlocality is also reflected in the two-
temperature model, Eq. (108), where the same behavior of nonlocality is reflected 
by (l2∇2ψ ) without the first-order term in l. 

Nonlocal effect in space can be extended from the concept of thermal lagging 
in time, which has become evident in comparing the analogy between Eqs. (7) (for 
the lagging behavior in time) and (135) (nonlocal behavior in space). In addition 
to the signatures of nonlocality in the phonon scattering model and the two-
temperature model, this extension of the lagging concept, from time to space, is 
further prompted by the recent development on the thermomass model [129-131]. 
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6.1   Thermomass Model 

As compared to others, most distinguishable feature of the thermomass (TM) 
model lies in its recognizing a finite mass for the phonon gas, the assumed energy 
carrier for microscale heat transport in dielectric materials [129, 130]. As a result, 
the thermal and mechanical fields become mutually implied, and are no longer 
independent. The process of heat transport is modeled by the phonon gas flow 
through the porous lattices in the TM model. Major quantities involved are the 
thermomass density of the phonon gas (ρh), the drift velocity (uh), the phonon gas 
pressure (ph) induced by the thermal vibration of the lattice, and the resistance 
force (fh measured per unit volume) experienced by the phonon gas as it flows 
through the porous lattices [129, 130]: 

2 2

2
, , , andh

h h h h h

CT q c
u p f u

c CT

γ ρρ β
ρ

= = = =  (136) 

The thermomass density (ρh) is calculated from the volumetric average of the 
thermomass (mh) of the lattice, mh = E/c2, resulting from the Einstein’s mass-
energy relation with E = mRcpT representing the thermal vibration energy stored in 
the lattice at rest, c the speed of light in vacuum, C the volumetric heat capacity of 
the lattice as before, C = ρcp, and mR the rest mass of the lattice. Heat flux (q) is 
carried with the drift velocity (uh) of the phonon gas in which the volumetric 
energy density is CT. The phonon gas pressure (ph) is derived from the Debye’s 
equation of state, which is the origin for the Grüneisen constant (γ) involved in Eq. 
(136). By the use of the first expression in Eq. (136) for ρh, it can be readily seen 
that the phonon gas pressure is proportional to its temperature squared, which is 
exactly the same behavior as that in the electron gas in metals [21]. The resistance 
force results from the gradient of the phonon gas pressure, fh = –dph/dx, and the 
Darcy’s law describing phonon scattering through the porous dielectrics. The 
resistance coefficient (β) is the proportional constant between fh and uh, β = 
2γC3T2/(ρkc2) with ρ being the mass density of the lattice at rest and k the thermal 
conductivity. The phonon drift velocity (uh) is of the order of 10-5 m/s, based on a 
temperature difference of 10°K and a heat flux of 104 W/m2. 

Resulting from the finite mass of the phonon gas, most strikingly, the 
mechanical and thermal fields become mutually implied in the TM model. In the 
case of one-dimensional heat conduction, from Eq. (136), the continuity equation 
gives rise to the energy equation in the phonon gas, 
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The momentum equation, on the other hand, gives rise to the constitutive equation 
for the phonon gas, 

P P
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(138) 

where τTM is the lagging time of the phonon gas in the thermomass model, which 
is about two orders of magnitude larger than the relaxation time of the lattices 
calculated from the CV-wave model, l is a length parameter, and M is the thermal 
Mach number of the phonon drift velocity relative to the thermal wave speed 
defined as cTM = √(αTM/τTM), with αTM = k/C being the thermal diffusivity of the 
phonon gas. In the second expression in Eq. (138), the first four terms on the left-
hand side results from the inertia effect, ρh(Duh/Dt). The fifth term results from the 
pressure gradient of the phonon gas, and the last term results from the resistance 
force since fh = βuh = βq/(CT) from Eq. (136). The continuity and momentum 
equations for the phonon gas flow, which belong to the mechanical field by 
nature, therefore, directly give the energy and constitutive equation in heat 
transport without a separate consideration of the thermal field. Fourier made a 
statement in 1822 that the principles of motion and equilibrium in mechanical 
theories do not apply to the effects of heat. Equations (137) and (138), however, 
show that “the effects of heat” (energy and constitutive equations for heat 
transport) is indeed derivable from mechanical theories (conservation equations of 
mass and momentum), and one may imply the other based on the finite mass of 
the phonon gas. 

Involvement of the term containing the time-rate of change of temperature, 
∂T/∂t, warrants more explorations for the nature of Eq. (138). Eliminating heat 
flux (q) from Eqs. (137) and (138), the energy equation containing temperature (T) 
alone is: 

2 2 2 2

2 2
TM TM TM

(1 ) 1 2k M T T l T T

C x t x t tτ τ τ
⎡ ⎤ ⎛ ⎞ ⎛ ⎞− ∂ ∂ ∂ ∂= + +⎜ ⎟ ⎜ ⎟⎢ ⎥ ∂ ∂ ∂ ∂ ∂⎣ ⎦ ⎝ ⎠ ⎝ ⎠

 (139) 

In addition to the wave behavior described by the second order derivative with 
respect to time, ∂T2/∂t2, Eq. (139) contains a mixed derivative term, ∂T2/∂x∂t, 
which has not appeared in any microscale conduction model. As compared to the 
linear DPL model shown in Eq. (43), the order of the mixed-derivative term in the 
TM model in space, ∂T2/∂x∂t, is lower than that in the DPL model (∂T3/∂x2∂t) by 
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one. Note that the length parameter (l) is in the same direction of heat flux (q) as 
shown in Eq. (138). As the heat flux changes its sign due to reversal of the 
coordinate system, the length parameter switches its sign accordingly and the 
principle of spherical symmetry for any constitutive equation to satisfy follows 
[18]. 

6.2   Nonlocal Response with Lagging 

Involvement of a length parameter in Eq. (138) is enlightening for us to include 
the nonlocal behavior in space along with the lagging behavior in time: 

( , ) ( , )q q

T
q x t K x t

x
λ τ ∂+ + = −

∂
. (140) 

Physically, in addition to the lagging response between the temperature gradient 
established at time t and the delayed heat flux at (t + τq), Eq. (140) further 
correlates the temperature gradient established at a location x to the heat flux at 
(x + λq) in the neighborhood. The correlation length, λq, thus draws a radius for 
the region of influence between q and ∂T/∂x. Aimed toward the correlation with 
the TM model, the phase lag of the heat flux (τq) is assumed small in comparison 
with the process time (t), and the correlation length (λq) is assumed small in 
comparison with the space dimension (x). The Taylor series expansion of 
Eq. (140) containing the first-order effects of τq and λq then yields 
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∂ ∂ ∂
 (141) 

Eliminating heat flux (q) from Eq. (141) and the one-dimensional form of Eq. (4), 
the energy equation, 
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, (142) 

It results in 
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(143) 

Equation (143) obtained from the nonlocal response with thermal lagging (the NL 
model) has exactly the same form as Eq. (139) obtained from the TM model, 
resulting in the correlations 

2
TM(1 ), , 2q qK k M lτ τ λ= − = = . (144) 
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While the phase lag of the heat flux (τq) is equivalent to the lagging time (τTM) in 
the TM model, the correlation length (λq) in the NL model simply stretches the 
length parameter (l) in the TM model by two times. With the perfect correlation 
thus established, clearly, the NL model is equivalent to the TM model in capturing 
the effect of heat mass for heat transport in dielectrics. In addition to the thermal 
conductivity of nanowires calculated from the nonlocal effect in Section 2.2, the 
perfect correlation with the TM model is another support for the nonlocal behavior 
in the presence of thermal lagging. The phase lag of the temperature gradient, τT, 
can be instated as done in Section 3. The equations governing the nonlocal 
response with higher order effects in both τT and τq will become much more 
complicated, but further correlations will be postponed until new 
phenomena/models warrant such an extension. 

The presence of the mixed-derivative term in Eq. (143) does not alter the 
fundamental characteristics since the highest order derivative remains to reside in 
the wave term. The wave speed, however, may be altered due to the additional 
derivative with respect to time carried in the mixed-derivative term. Equation 
(143) can be rearranged into a standard form: 

2 2 2

2 2

1 q qT T T T

x t x t t

λ τ
α α α

⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂= + +⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
 (145) 

Taking the Laplace transform of Eq. (145) under zero initial conditions and 
extracting the component that vanishes as x approaches infinity, the result 
corresponding to Eq. (85) is 
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The partial expansion technique shown by Eqs. (86) and (87) then yields 

( )2 2

1 1

0

2

2

1

4 4
lim ( , ) ~ lim ( ; ) lim exp /

2

4
exp

2 4

2

q q q

t p p

q q q

q q q

p p p p x
T x t L T x p L p

px

L H t
p

λ λ α ατ

α

λ ατ λ
α λ ατ λ

α

− −

→ →∞ →∞

−

⎧ ⎫⎧ ⎫⎡ ⎤⎛ ⎞− + +⎪ ⎪⎜ ⎟⎪ ⎪⎢ ⎥⎪ ⎪ ⎪⎪⎝ ⎠⎡ ⎤ = =⎢ ⎥⎨ ⎨ ⎬⎬⎢ ⎥⎣ ⎦ ⎢ ⎥⎪ ⎪ ⎪⎪
⎢ ⎥⎪ ⎪ ⎪⎪⎣ ⎦⎩ ⎭⎩ ⎭

⎧ ⎫⎡ ⎤⎛ ⎞+ −⎪ ⎪⎢ ⎥⎜ ⎟−
⎪ ⎪⎜ ⎟⎢ ⎥ ⎛ ⎞+ −⎪ ⎪⎝ ⎠⎣ ⎦ ⎜ ⎟= −⎨ ⎬ ⎜ ⎟⎪ ⎪ ⎝ ⎠
⎪ ⎪
⎪ ⎪⎩ ⎭

,x
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

(147) 

which possesses a discontinuity at the wavefront of the nonlocal-lagging (NL) 
wave: 
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where cCV = √(α/τq) and cq = (λq/τq) is the averaged wave speed travelling across 
the correlation length over the relaxation time. The NL-wave propagates faster 
than the CV-wave, cNL > cCV. In view of the TM model, from Eqs. (144), (138), 
and (136),  

TM

2 2
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q h
q

l q
c u

CT

λ
τ τ

= = = = . (149) 

The wave speed cq is thus twice of the drift velocity of the phone gas in correlation 
with the TM model. Since uh << cCV, by substituting Eq. (149) into Eq. (148),  

2 2
NL CV CVh h hc c u u c u= + + ≅ + , (150) 

which explicitly shows the difference between the NL- and CV-wave speed by uh. 
The NL-wave obtained from the solution to Eq. (145) is sketched in Fig. 13. 

The wave structure is extracted from a simple system for heat propagation in a 
semi-infinite solid, driven by a suddenly raised temperature (Tw) at the surface at 
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Fig. 13 Nonlocal behavior in thermal lagging – The wave behavior 
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x = 0 [131]. The NL-wave speed, heat affected zone, and the temperature within 
the heat affected zone all increases with the value of λq due to the enlarged domain 
of influence. From Eq. (145), returning to the regime map, the nonlocal term 
becomes as important as the wave term as the process time enter the threshold of t 
~ τq(L/λq), with L being the characteristic dimension of the conductor. Depending 
on the ratio of L to λq, this time scale can either be on the left (L < λq) or right (λq 
< L) of τq. The nonlocal response in space, particularly as more high-order terms 
of λq are taken into account, thus adds another dimension of complexity to the 
regime map established in time.  

The nonlocal behavior with thermal lagging is admissible within the framework 
of nonequilibrium thermodynamics. Based on the same reference (0) state, Eq. 
(47), gradient of the dynamic temperature (a vector) can be implemented as an 
additional internal state variable in the evolution equation: 
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where, in consistency with the linear expansion adopted so far as in Eq. (48), the 

deviation of ∇β  from the reference state ( 0( , )β θ β� ) is assumed so small that 

only the first-order term needs to be included in the Taylor series expansion. 
Therefore, from Eq. (11), 
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Multiplying throughout by τ, it results in 
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In the case of one-dimensional response, q ≡ qex, ∇ ≡ ∂/∂x, 
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With the substitutions of k ≡ K, τ  ≡ τq, and ( )
0

/ ( / ) /q qxβ β λ τ⎡ ⎤∂ ∂ ∂ ∂ ≡ −⎣ ⎦
� , Eq. 

(154) has exactly an identical form to Eq. (141) describing the nonlocal behavior 
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with thermal lagging. In the representation made in the state space of β�  versus 

∇β, the slope of the reference state, 
0

/ ( / )xβ β⎡ ⎤∂ ∂ ∂ ∂⎣ ⎦
� , refers to the mean 

speed cq = λq/τq as defined in Eq. (149). It can either be positive or negative 
depending on the direction of the nonlocal response. In correlation with Eq. (141), 
the negative sign in front of the nonlocal term (∂q/∂x) in Eq. (154) implies a 

negative slope, 
0

/ ( / )xβ β⎡ ⎤∂ ∂ ∂ ∂⎣ ⎦
�  < 0; meaning that the temperate-rate ( β� ) 

decreases as the temperature gradient (∂β/∂x) increases in departure from the 
reference state. Equivalently, in terms of the mean speed cq in the nonlocal 
response, this implies the nonlocal response in the opposite direction of the 
coordinate system, cq < 0, which has already been seen in Fig. 3 as the phonons 
are backscattered from the nanowire surface. Unlike thermal lagging in time, 
which involves scalars in describing the phase lags, the nonlocal response is 
direction dependent in space, which will involve a careful adjustment of the sign 
of cq according to the physical event being described.  

7   Conclusion 

Lagging behavior in time and nonlocal behavior in space are natural consequences 
during nonequilibrium transport. The thermodynamic state transits at a fast pace 
during nonequilibrium transport, resulting in many phenomena that cannot be 
described by the conventional approaches assuming a quasi-stationary transition. 
The various wave behaviors, while alternating with the high-order diffusion in 
times comparable to the phase lags characterizing the lagging response, are 
noteworthy. Depending on the sources for lagging, the phase lags can be from 
femto- to picoseconds for heat transport by electrons and electron-phonon 
coupling in metals. The phase lags could be stretched into days, on the other hand, 
during the intermetallic compound growth due to the prolonged processes of mass 
interdiffusion and chemical reactions involved. Any process taking place in times 
comparable to the phase lags is ultrafast, even though for some seemingly slow 
processes in minutes and days, because the lagging/nonlocal behaviors will be 
pronounced in the same domain of time. The nonequilibrium temperature resulting 
from the lagging/nonlocal response can be many times higher than the equilibrium 
temperature in general. As the process time enters the physical domain of phase 
lags, the excessive temperature induced by the effect of τT and the large 
temperature gradient induced by the effect of τq near the wavefront are important 
causes for the thermal and mechanical damage. The regime map in terms of the 
process time has been established to help avoid their incidences. 

Employing two phase lags, in time, the DPL model is a phenomenological 
approach targeted toward lumping the various microstructural interactions effects 
in space into the resulting delayed response in time. The two phase lags absorbs 
the finite times required for the microstructural interactions to accomplish, 
regardless of their different nature in microscale. The relaxation time of electrons 
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and the thermalization time for the phonons and electrons to come to thermal 
equilibrium and the umklapp and normal relaxation times in dielectric crystals, for 
example, describe the lagging behavior without following detailed mechanical 
traces of electrons and phonons in microscale. Continuing on to the 
nonequilibrium mass transport, based on the same premise, the finite times 
required for the effective interdiffusion and chemical reaction to take place during 
the thin-film/interfacial-layer growth and the finite times required for the liposome 
rupture and the effective antitumor drug absorption identify the same lagging 
behavior with intrinsically different origins of delay. In transition from one type of 
medium to another with fundamentally different compositions in microscale, 
development of the DPL model has closely followed the guidelines from 
mathematical analogy. The exactly identical forms of the transport equations 
describing lagging/nonlocality, which has spun from the linear effect of the phase 
lag of the heat/mass flux vector to the inclusion of the full second-order effects 
including the phase lag of the temperature/concentration/density gradient as well, 
not only highlight the lagging/nonlocal effects during the nonequilibrium transport 
but also facilitate the interpretations of the two phases lags/correlation length in 
terms of the various microstructural parameters involved in different types of 
media. The correlations shown in Table 1, which relate the DPL model to the 
various microscale conduction models with different sources of delay, as well as 
the lagging behaviors derived from the bioheat equations, ultrathin film/interfacial 
layer growth, drug delivery in tumors and inclusion of the nonlocal behavior in 
thermal lagging, are explicit efforts with the same merit. With the lagging 
behaviors thus confirmed, continued efforts for the determination of the phase 
lags/correlation length in the laboratories should be promising. 

The number of phase lags sufficient to describe the lagging response in general 
is an important philosophical question to be answered. Sine any physical process 
involves cause and effect, it has been shown that two phase lags, one for the cause 
and another for the effect, are sufficient to cover a wide variety of materials. This 
has been evident in the use of one phase lag for the heat/mass flux vector and 
another for the temperature/concentration/density gradient. As new phenomena 
continuously arise in nonequilibrium transport during the ultrafast transient, 
exemplified by those from biological systems with multiple carriers, high order 
effects of the same phase lags will appear and continue to evolve. As the 
nonequilibrium process in microscale continuously advances due to the creation of 
new technologies, this is an observation to be examined over time. 

Tangling of the two phase lags during the nonequilibrium transport in ultrafast 
transient results is by far the most complicated equations in any discipline of 
engineering and science. They give rise to the various wave and high-order 
diffusion in heat and mass transport, activating/diminishing at different times 
during the transport process. Depending on the sources of lagging and/or 
nonlocality, the number of microstructural parameters involved can be 
overwhelmed as seen in the biological systems covered in Section 5. By 
introducing the phase lags in characterizing the lagging response, all 
microstructural parameters are absorbed in the three parameters in DPL, the two 
phase lags and the effective thermal diffusivity. There are special cases where the 
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lagging response is governed by the ratio between the two phase lags, such as the 
anomalous diffusion in amorphous media or the growth of ultrathin films or 
intermetallic compounds. The number of dominating parameters in these cases is 
further reduced from three to one, but they are demonstrations for the scaling rule 
in thermal lagging and cannot be viewed as a general result. This is particularly 
the case for problems involving a heat source or a finite boundary, which are 
typical in bioheat and mass transfer. 

Relative to the decade-long development of the dual-phase-lag model, nonlocal 
effect in thermal lagging is a new direction. The phonon scattering model and the 
two-temperature model have addressed, in part, the second-order effect of 
nonlocality, but recently developed thermomass model provides an incidence to 
formally and rigorously introduce the nonlocal behavior in the same framework of 
thermal lagging. Nonlocality in space has been accommodated in the same way as 
thermal lagging in time, both appearing as discrete parameters in the general 
response between the heat flux vector and the temperature gradient. For heat 
transport in dielectric crystals, all salient features resulting from the finite mass of 
the phonon gas are nicely captured by a simple accommodation of the first-order 
effect in nonlocality and the first-order effect of the phase lag of the heat flux 
vector in thermal lagging. Like evolution of the DPL model from the linear 
version to the inclusion of the full second-order effects, however, further 
accommodation of the high order terms in nonlocality should wait until more 
experimental/theoretical developments appear, which could also include another 
correlation length to be introduced in the temperature gradient. 

References 

1. Momma, C., Chichkov, B.N., Nolte, S., Alvensleben, F.V., Tunnermann, A., Welling, 
H., Wellegehausen, B.: Short-pulse laser ablation of solid targets. Optics 
Communications 129, 134–142 (1996) 

2. Shirk, M.D., Molian, P.A.: A review of ultrashort pulsed laser ablation of materials. J. 
Laser Applications 10, 18–28 (1998) 

3. Hopkins, J.M., Sibbett, W.: Ultrashort-pulse lasers: big payoffs in a flash. Scientific 
American 283, 72–79 (2000) 

4. Perry, M.D., Staurt, B.C., Banks, P.S., Feit, M.D., Yanovsky, V., Rubenchik, A.M.: 
Ultrashort-pulse laser micro-machining of dielectric materials. J. Appl. Phys. 85, 
6803–6810 (1999) 

5. Qiu, T.Q., Tien, C.L.: Short-pulse laser heating on metals. Int. J. Heat and Mass 
Transfer 35, 719–726 (1992) 

6. Qiu, T.Q., Tien, C.L.: Heat transfer mechanisms during short-pulse laser heating of 
metals. J. Heat Transfer 115, 835–841 (1993) 

7. Russo, R.E., Mao, X., Gonzalez, J.J., Mao, S.S.: Femtosecond laser ablation ICP-MS. 
Analytical Atomic Spectrometry 17, 1072–1075 (2002) 

8. Nolte, S., Chichkov, B.N., Welling, H., Shani, Y., Lieberman, K., Terkel, H.: 
Nanostructuring with spatially localized femtosecond laser pulses. Optics Lett. 24, 
914–916 (1999) 



Nonequilibrium Transport: The Lagging Behavior 165
 

9. Wang, Z.B., Guo, W., Pena, A., Whitehead, D.J., Luk’yanchuk, B.S., Li, L., Liu, Z., 
Zhou, Y., Hong, M.H.: Laser micro/nano fabrication in glass with tunable-focus 
particle lens array. Optics Express 16, 19706–19711 (2008) 

10. Rizvi, N.H.: Femtosecond laser micromachining: Current status and applications. 
RIKEN Review 50, 107–112 (2003) 

11. Perrie, W., Gill, M., Robinson, G., Fox, P., O’Neill, W.: Femtosecond laser micro-
structuring of aluminium under helium. Appl. Surf. Sci. 230, 50–59 (2004) 

12. Feng, Q., Picard, Y.N., Liu, H., Yalisove, S.M., Mourou, G., Pollock, T.M.: 
Femtosecond laser micromachining of a single-crystal superalloy. Scripta 
Materialia 53, 511–516 (2005) 

13. Kam, D.H., Mazumder, J.: Three-dimensional biomimetic microchannel network by 
laser direct writing. J. Laser Appl. 20, 185–191 (2008) 

14. Bovatsek, J.M., Arai, A.Y., Yoshino, F., Uehara, Y.: Ultrashort pulse micromachining 
with the 10-μJ FCPA fiber laser. In: Proc. SPIE, vol. 6102, pp. 1–11 (2006) 

15. Moreno, P., Méndez, C., García, A., Arias, I., Conejero, E., Roso, L.: 
Micromecanizado de materiales cerámicos mediante láser de femtosegundo. Boletin 
de la Sociedad Española de Cerámica y Vidrio 44, 9–12 (2005) 

16. Wang, Y., Dai, N., Li, Y., Wang, X., Lu, P.: Ablation and cutting of silicon wafer and 
micro-mold fabrication using femtosecond laser pulses. J. Laser Appl. 19, 240–244 
(2007) 

17. Sudheer, S.K., Kothwala, D., Prathibha, S.: Laser microfabrication of L605 cobalt-
chromium cardiovascular stent implants with modulated pulsed Nd:YAG laser. J. 
Micro/Nanolithography, MEMS, and MOEMS 7, 33012 (2008) 

18. Tzou, D.Y.: Macro- to Microscale Heat Transfer: The Lagging Behavior. Taylor & 
Francis, Washington (1997) 

19. Tzou, D.Y., Beraun, J.E., Chen, J.K.: Ultrafast deformation in femtosecond laser 
heating. J. Heat Transfer: Special Issue in Micro/Nanoscale Heat Transfer 124, 
284–292 (2002) 

20. Tzou, D.Y., Chen, J.K., Beraun, J.E.: Hot-electron blast induced by ultrashort-pulsed 
lasers in layered media. Int. J. Heat Mass Transfer 45, 3369–3382 (2002) 

21. Tzou, D.Y., Chen, J.K., Beraun, J.E.: Recent development on ultrafast 
thermoelasticity. J. Thermal Stresses 28, 563–594 (2005) 

22. Chen, J.K., Beraun, J.E., Grimes, L.E., Tzou, D.Y.: Modeling of femtosecond laser-
induced non-equilibrium deformation in metal films. Int. J. Solids Structures 39, 
3199–3216 (2002) 

23. Chen, J.K., Beraun, J.E., Tzou, D.Y.: Thermomechanical response of metals heated 
by ultrashort-pulsed lasers. J. Thermal Stresses 25, 539–558 (2002) 

24. Chen, J.K., Beraun, J.E., Grimes, L.E., Tzou, D.Y.: Short-time thermal effects on 
thermomechanical response caused by pulsed lasers. J. Thermophysics Heat 
Transfer 17, 35–42 (2003) 

25. Chen, J.K., Tzou, D.Y., Beraun, J.E.: Numerical investigation of ultrashort laser 
damage in semiconductors. Int. J. Heat Mass Transfer 48, 501–509 (2005) 

26. Chen, J.K., Beraun, J.E., Tzou, D.Y.: Investigation of ultrafast laser ablation using a 
semiclassical two-temperature model. J. Directed Energy 1, 261–274 (2005) 

27. Chen, J.K., Tzou, D.Y., Beraun, J.E.: A semiclassical two-temperature model for 
ultrafast laser heating. Int. J. Heat Mass Transfer 49, 307–316 (2006) 

28. Cattaneo, C.: A form of heat conduction equation which eliminates the paradox of 
instantaneous propagation. Compte Rendus 247, 431–433 (1958) 



166 D.Y. Tzou and J.L. Xu
 

29. Vernotte, P.: Les paradoxes de la théorie continue de l’équation de la chaleur. Compte 
Rendus 246, 3154–3155 (1958) 

30. Vernotte, P.: Some possible complications in the phenomena of thermal conduction. 
Compte Rendus 252, 2190–2191 (1961) 

31. Joseph, D.D., Preziosi, L.: Heat waves. Rev. Modern Phys. 61, 41–73 (1989) 
32. Joseph, D.D., Preziosi, L.: Addendum to the paper on heat waves. Rev. Modern 

Phys. 62, 375–391 (1990) 
33. Özisik, M.N., Tzou, D.Y.: On the wave theory in heat conduction. J. Heat 

Transfer 116, 526–535 (1994) 
34. Tzou, D.Y.: On the thermal shock wave induced by a moving heat source. J. Heat 

Transfer 111, 232–238 (1989) 
35. Tzou, D.Y.: Shock wave formation around a moving heat source in a solid with finite 

speed of heat propagation. Int. J. Heat Mass Transfer 32, 1979–1987 (1989) 
36. Tzou, D.Y.: The effects of thermal shock waves on the crack initiation around a 

moving heat source. J. Eng. Fracture Mechs. 34, 1109–1118 (1989) 
37. Tzou, D.Y.: Thermal shock waves induced by a moving crack. J. Heat Transfer 112, 

21–27 (1990) 
38. Tzou, D.Y.: Thermal shock waves induced by a moving crack - A heat flux 

formulation. Int. J. Heat Mass Transfer 33, 877–885 (1990) 
39. Tzou, D.Y.: Thermal shock formation in a three dimensional solid due to a rapidly 

moving heat source. J. Heat Transfer 113, 242–244 (1991) 
40. Tzou, D.Y.: Thermal shock phenomena under high-rate response in solids. In: 

Tien, C.L. (ed.) Annual Review of Heat Transfer, ch. 3, vol. IV, pp. 111–185. 
Hemisphere Publishing Inc., Washington (1992) 

41. Tzou, D.Y.: Fracture path emanating from a rapidly moving heat source - The effects 
of thermal shock waves under high rate response. J. Eng. Fracture Mechs., 111–125 
(1992) 

42. Tzou, D.Y.: Experimental evidence for the temperature waves around a rapidly 
propagating crack tip. J. Heat Transfer 114, 1042–1045 (1992) 

43. Tzou, D.Y.: Reflection and refraction of thermal waves from a surface or an interface 
between dissimilar materials. Int. J. Heat Mass Transfer 36, 401–410 (1993) 

44. Tzou, D.Y.: Thermal resonance under frequency excitations. J. Heat Transfer 114, 
310–316 (1992) 

45. Tzou, D.Y.: Damping and resonance phenomena of thermal waves. J. Appl. 
Mechs. 59, 862–867 (1992) 

46. Cimmelli, V.A., Sellitto, A., Jou, D.: Nonlocal effects and second sound in a 
nonequilibrium steady state. Phys. Rev. B 79, 14303 (2009) 

47. Majumdar, A.: Microscale heat conduction in dielectric thin films. J. Heat 
Transfer 115, 7–16 (1993) 

48. Jou, D., Casas-Vázquez, J., Lebon, G.: Extended irreversible thermodynamics. Rep. 
Prog. Phys. 51, 1105–1179 (1988) 

49. Brorson, S.D., Fujimoto, J.G., Ippen, E.P.: Femtosecond electron heat transport 
dynamics in thin gold films. Phys. Rev. Lett. 59, 1962–1965 (1987) 

50. Fournier, D., Boccara, A.C.: Heterogeneous media with rough surfaces: A fractal 
approach for heat diffusion studies. Physica A 157, 587–592 (1989) 

51. Wang, L.Q., Zhou, X.S., Wei, X.H.: Heat Conduction: Mathematical Models and 
Analytical Solutions. Springer, Heidelberg (2007) 

52. Haji-Sheikh, A., Minkowycz, W.J., Sparrow, E.M.: Certain anomalies in the analysis 
of hyperbolic heat conduction. J. Heat Transfer 124, 307–319 (2002) 



Nonequilibrium Transport: The Lagging Behavior 167
 

53. Tisza, L.: Sur la supraconductibilite thermique de l’helium II liquide et la statistique 
de Bose-Einstein. C. R. Acad. Sci. 207, 1035 (1938) 

54. Peshkov, V.: Second sound in helium II. USSR J. Phys. 8, 381 (1944) 
55. Bertman, B., Sandiford, D.J.: Second in solid helium. Sci. Ameri. 222, 92–101 (1970) 
56. Taitel, Y.: On the parabolic, hyperbolic, and discrete formulations of the heat 

conduction equation. Int. J. Heat Mass Transfer 15, 369–371 (1972) 
57. Guyer, R.A., Krumhansl, J.A.: Solution of the linearized Boltzmann equation. Phys. 

Rev. 148, 766–778 (1966) 
58. Tzou, D.Y.: Nonlocal behavior in heat propagation. Int. J. Heat Mass Transfer 

(in press) 
59. Asheghi, M., Leung, Y.K., Wong, S.S., Goodson, K.E.: Phonon-boundary scattering 

in thin silicon layers. Appl. Phys. Lett. 71, 1798–1800 (1997) 
60. Li, D., Wu, Y., Kim, P., Shi, L., Yang, P., Majumdar, A.: Thermal conductivity of 

individual silicon nanowires. Appl. Phys. Lett. 83, 2934–2936 (2003) 
61. Liu, W., Asheghi, M.: Phonon boundary scattering in ultra thin single crystal silicon 

layers. Appl. Phys. Lett. 84, 3819–3821 (2004) 
62. Zhang, Z.M.: Nano/Microscale Heat Transfer. McGraw-Hill, New York (2007) 
63. Gad-el-Hak, M.: The fluid mechanics of microdevices – The freeman scholar lecture. 

J. Fluids Eng. 121, 5–33 (1999) 
64. Sondheimer, E.H.: The mean free path of electrons in metals. Adv. Phys. 50, 499–537 

(2001) 
65. Ziman, J.M.: Electrons and Phonons. Oxford University Press, Oxford (2001) 
66. Dingle, R.B.: The electrical conductivity of thin wires. Proc. R. Soc. 201, 545–560 

(1950) 
67. Gurtin, M.E., Pipkin, A.C.: A general theory of heat conduction with finite wave 

speeds. Arch. Ration. Mech. Anal. 31, 113–126 (1968) 
68. Kaganov, M.I., Lifshitz, I.M., Tanatarov, M.V.: Relaxation between electrons and 

crystalline lattices. Soviet Phys. JETP 4, 173–178 (1957) 
69. Anisimov, S.I., Kapeliovich, B.L., Perel’man, T.L.: Electron emission from metal 

surfaces exposed to ultra-short laser pulses. Soviet Phys. JETP 39, 375–377 (1974) 
70. Wang, L.Q., Xu, M.T., Zhou, X.S.: Well-posedness and solution structure of dual-

phase-lagging heat equation. Int. J. Heat Mass Transfer 44, 1659–1669 (2001) 
71. Wang, L.Q., Xu, M.T.: Well-posedness and solution structure of dual-phase-lagging 

heat equation: higher dimensions. Int. J. Heat Mass Transfer 45, 1165–1171 (2002) 
72. Antaki, P.J.: Solution for non-Fourier dual phase lag heat conduction in a semi-

infinite solid with surface heat flux. Int. J. Heat Mass Transfer 41, 2253–2258 (1998) 
73. Jou, D., Criado-Sancho, M.: Thermodynamic stability and temperature overshooting 

in dual-phase-lag heat transfer. Phys. Lett. A 248, 172–178 (1998) 
74. Al-Huniti, N.S., Al-Nimr, M.A.: Thermoelastic behavior of a composite slab under 

rapid dual-phase-lag heating. J. Thermal Stress 27, 607–623 (2004) 
75. Hader, M.A., Al-Nimr, M.A., Abu Nabah, B.A.: The dual-phase-lag heat conduction 

model in thin slabs under a fluctuating volumetric thermal disturbance. Int. J. 
Thermophys. 23, 1669–1680 (2002) 

76. Quintanilla, R., Racke, R.: A note on stability in dual-phase-lag heat conduction. Int. 
J. Heat Mass Transfer 49, 1209–1213 (2006) 

77. Su, S., Dai, W., Jordan, P.M., Mickens, R.E.: Comparison of the solutions of a phase-
lagging heat transport equation and damped wave equation. Int. J. Heat Mass 
Transfer 48, 2233–2241 (2005) 



168 D.Y. Tzou and J.L. Xu
 

78. Tang, D.W., Araki, N.: Non-Fourier heat conduction behavior in finite mediums 
under pulse surface heating. Mat. Sci. Eng. A 292, 173–178 (2000) 

79. Tang, D.W., Arakia, N.: Wavy, wavelike, diffusive thermal responses of finite rigid 
slabs to high-speed heating of laser-pulses. Int. J. Heat Mass Transfer 42, 855–860 
(1999) 

80. Xu, M., Wang, L.Q.: Dual-phase-lagging heat conduction based on Boltzmann 
transport equation. Int. J. Heat Mass Transfer 48, 5616–5624 (2005) 

81. Carey Van, P.: Statistical Thermodynamics and Microscale Thermophysics. 
Cambridge University Press, Cambridge (1999) 

82. Stupochenko, E.V.: Estimation of the width of the front of strong shock waves in 
gases. J. Appl. Mech. Tech. Phys. 6, 81–82 (1965) 

83. Raitza, T., Reinholz, H., Röpke, G., Mintsev, V., Wierling, A.: Reflectivity in shock 
wave fronts of xenon. J. Phys. A 39, 4393–4399 (2006) 

84. Tzou, D.Y., Chen, J.K.: Thermal lagging in random media. AIAA J. Thermophysics 
Heat Transfer 12, 567–574 (1998) 

85. Qiu, T.Q., Tien, C.L.: Femtosecond laser heating of multi-layer metals – I. Analysis. 
Int. J. Heat Mass Transfer 37, 2789–2797 (1994) 

86. Goldman, C.H., Norris, P.M., Tien, C.L.: Picosecond energy transport by fractons in 
amorphous materials. In: ASME National Heat Transfer Conference, Portland, 
Oregon (1995) 

87. Ordóñez-Miranda, J., Alvarado-Gil, J.J.: Determination of time-delay parameters in 
the dual-phase lagging heat conduction model. J. Heat Transfer 132, 061302 1-9 
(2010) 

88. Tzou, D.Y., Dai, W.: Thermal lagging in multi-carrier systems. Int. J. Heat Mass 
Transfer 52, 1206–1213 (2009) 

89. Chen, P.J., Gurtin, M.E.: On a theory of heat conduction involving two temperatures. 
Z. Angew. Math. Phys. 19, 614–627 (1968) 

90. Chen, P.J., Gurtin, M.E., Williams, W.O.: A note on non-simple heat conduction. Z. 
Angew. Math. Phys. 19, 969–970 (1968) 

91. Youssef, H.M.: Theory of two-temperature-generalized thermoelasticity. IMA J. 
Appl. Math. 71, 383–390 (2006) 

92. Tzou, D.Y.: Heat propagation: Duality of diffusion and waves. In: Panel on Dual-
Phase-Lagging Heat Conduction, 1st ASME International Conference on 
Micro/Nanoscale Heat Transfer, Tainan, Taiwan, January 6-9 (2008) 

93. Tzou, D.Y.: Thermal lagging: duality of diffusion and wave in ultrafast transient. In: 
The 7th International Symposium on Heat Transfer, Beijing, China, October 26-29 
(2008) 

94. Tzou, D.Y., Chiu, K.S.: Temperature-dependent thermal lagging in ultrafast laser 
heating. Int. J. Heat Mass Transfer 44, 1725–1734 (2001) 

95. Tzou, D.Y.: Computational Techniques for Microscale Heat Transfer. In: Minkowycz, 
W.J., Sparrow, E.M., Murthy, J.Y. (eds.) Handbook of Numerical Heat Transfer, 2nd 
edn., pp. 623–657. Wiley, New York (2006) 

96. Zhang, J., Zhao, J.J.: High accuracy stable numerical solution of 1D microscale heat 
transport equation. Comm. Numer. Meth. Eng. 17, 821–832 (2001) 

97. Zhang, J., Zhao, J.J.: Unconditionally stable finite difference scheme and iterative 
solution of 2D microscale heat transport equation. J. Comp. Phys. 170, 261–257 
(2001) 

98. Zhang, J., Zhao, J.J.: Iterative solution and finite difference approximations to 3D 
microscale heat transport equation. Math. Comput. Simul. 57, 387–404 (2001) 



Nonequilibrium Transport: The Lagging Behavior 169
 

99. Dai, W., Nassar, R.: A compact finite difference scheme for solving a three-
dimensional heat transport equation in a thin film. Numer. Meth. Partial Diff. 
Eqns. 16, 441–458 (2000) 

100. Dai, W., Nassar, R.: A compact finite difference scheme for solving a one-
dimensional heat transport equation in microscale. J. Comp. Appl. Math. 130, 
431–441 (2001) 

101. Dai, W., Shen, L., Nassar, R., Zhu, T.: A stable and convergent three-level finite 
difference scheme for solving a dual-phase-lagging heat transport equation in 
spherical coordinates. Int. J. Heat Mass Transfer 47, 1817–1825 (2004) 

102. Dai, W., Tzou, D.Y.: A stable finite difference scheme for thermal analysis in an 
N-carrier system. Int. J. Thermal Sci. 48, 1530–1541 (2009) 

103. Dai, W.: A hyperbolic microscopic model and its numerical scheme for thermal 
analysis in an N-carrier system. Int. J. Heat Mass Transfer 52, 2379–2389 (2009) 

104. Chou, Y., Yang, R.-J.: Two-dimensional dual-phase-lag thermal behavior in single-
/multi-layer structures using CESE method. Int. J. Heat Mass Transfer 52, 239–249 
(2009) 

105. McDonough, J.M., Kunadian, I., Kumar, R.R., Yang, T.: An alternative discretization 
and solution procedure for the dual phase-lag equation. J. Comput. Phys. 219, 
163–171 (2006) 

106. Chen, J.K., Beraun, J.E., Tzou, D.Y.: A dual-phase-lag diffusion model for predicting 
thin film growth. Semicond. Sci. Technol. 15, 235–241 (2000) 

107. Chen, J.K., Beraun, J.E., Tzou, D.Y.: A dual-phase-lag diffusion model for interfacial 
layer growth in metal matrix composites. J. Mater. Sci. 34, 6183–6187 (1999) 

108. Chen, J.K., Beraun, J.E., Tzou, D.Y.: A dual-phase-lag diffusion model for predicting 
intermetallic compound layer growth in solder joints. ASME J. Electron. Packag. 123, 
52–57 (2001) 

109. Helms, C., Deal, B.E. (eds.): The physics and Chemistry of SiO2 and the Si-SiO2 
Interface. Plenum, New York (1988) 

110. Vianco, P.T., Killgo, A.C., Grant, R.: Intermetallic Compound Layer growth by solid 
state reactions between 58Bi-42Sn solder and copper. J. Electron. Mater. 24, 
1493–1505 (1995) 

111. Deal, B.E., Grove, S.: General relationship for the thermal oxidation of silicon. J. 
Appl. Phys. 36, 3770–3778 (1965) 

112. Nulman, J.: In-situ processing of silicon dielectrics by rapid thermal processing: 
Cleaning, growth and annealing. Mater. Res. Soc. Symp. Proc. 92, 141–146 (1987) 

113. Blanc, J.: The oxidation of silicon by dry oxygen – Can we distinguish between 
models? Phil. Mag. B 55, 685–710 (1987) 

114. Bjorkman, C.H., Lucovsky, G.L.: Strain Dependent Diffusion During Dry Thermal 
Oxidation of Crystalline Si. In: Helms, C.R., Deal, B.E. (eds.) The Physics and 
Chemistry of SiO2 and the Si-SiO2 Interface, 2nd edn., pp. 15–21. Plenum, New York 
(1993) 

115. Watanabe, T., Tatsumura, K., Ohdomari, I.: New linear-parabolic rate equation for 
thermal oxidation of silicon. Phys. Rev. Lett. 96, 196102 (2006) 

116. Ganem, J.J., Rigo, S., Trimaille, I.: Modellization of the silicon rapid thermal 
oxidation in the initial stages according to the silicon fragments model. 
Microelectronic Eng. 22, 35–38 (1993) 

117. Tzou, D.Y.: Lagging behavior in biological systems, Keynote Lecture. In: 2nd ASME 
International Conference on Micro/Nanoscale Heat Transfer, Shanghai, China, 
December 18-22 (2009) 



170 D.Y. Tzou and J.L. Xu
 

118. Liu, K.C., Chen, H.T.: Analysis for the dual-phase-lag bio-heat transfer during 
magnetic hyperthermia treatment. Int. J. Heat Mass Transfer 52, 1185–1192 (2009) 

119. Xu, F., Lu, T.J., Seffen, K.A., Ng, E.Y.K.: Mathematical modeling of skin bioheat 
transfer. Appl. Mech. Rev. 62, 050801(1-35) (2009) 

120. Zhou, J., Chen, J.K., Zhang, Y.W.: Dual-phase lag effects on thermal damage to 
biological tissues caused by laser irradiation. Computers in Biology and Medicine 39, 
286–293 (2009) 

121. Zhou, J., Zhang, Y.W., Chen, J.K.: An axisymmetric dual-phase-lag bioheat model for 
laser heating of living tissues. Int. J. Thermal Sci. 48, 1477–1485 (2009) 

122. Xu, F., Seffen, K.A., Lu, T.J.: Non-Fourier analysis of skin biothermomechanics. Int. 
J. Heat Mass Transfer 51, 2237–2259 (2008) 

123. Xu, L.X., Liu, J.: Discussion of non-equilibrium heat transfer in biological systems. 
In: Clegg, S. (ed.) Advances in Heat and Mass Transfer in Biotechnology, ASME 
HTD, Vol. 362/BED-Vol. 40 pp. 13–17 (1998) 

124. Roetzel, W., Xuan, Y.: Transient response of the human limb to an external stimulus. 
Int. J. Heat Mass Transfer 41, 229–239 (1998) 

125. Zhang, A., Mi, X., Yang, G., Xu, L.X.: Numerical study of thermally targeted 
liposomal drug delivery in tumor. J. Heat Transfer 131, 043209 (1–10) (2009) 

126. Pennes, H.H.: Analysis of tissue and arterial blood temperature in the resting human 
forearm. J. Appl. Physiol. 1, 93–122 (1948) 

127. Vadasz, P.: Heat conduction in nanofluid suspensions. J. Heat Transfer 128, 465–477 
(2006) 

128. Wang, L.Q., Wei, X.H.: Nanofluids: Synthesis, heat conduction, and extension. J. 
Heat Transfer 131, 033102 (1-7) (2009) 

129. Cao, B.Y., Guo, Z.Y.: Equation of motion of a phonon gas and non-Fourier heat 
conduction. J. Appl. Phys. 102, 535031–535036 (2007) 

130. Guo, Z.Y., Hou, Q.W.: Thermal Wave Based on the Thermomass Model. 
J. Heat Transfer 132, 072403 (1-6) (2010) 

131. Tzou, D.Y., Guo, Z.Y.: Nonlocal behavior in thermal lagging. Int. J. Thermal Sci. 49, 
1133–1137 (2010) 

 



L.Q. Wang (Ed.): Advances in Transport Phenomena, ADVTRANS 2, pp. 171–294. 
springerlink.com                                       © Springer-Verlag Berlin Heidelberg 2011 

Microfluidics: Fabrication, Droplets, 
Bubbles and Nanofluids Synthesis 

Yuxiang Zhang and Liqiu Wang* 

Abstract. Present studies include a series of investigations on microfluidics from 
fabrication to application. In the application this study focuses on some 
fundamental problems regarding the manipulation of droplets and bubbles inside 
microfluidics, including the size control during generation, the critical condition for 
breaking droplets, chaotic mixing inside moving droplets and nanofluids synthesis. 

A low-cost fabrication method for manufacturing glass-based microfluidic 
devices is developed in a routine laboratory without the requirement of a clean 
room. Direct bonding of glass material is realized without using any additives. The 
fabrication method is very reliable and the yield is larger than 90%. Channel surface 
modification from hydrophilic to hydrophobic is realized inside the microfluidic 
devices after fabrication. With the help of the surface modification, both of the two 
types of droplets, oil-in-water and water-in-oil, can be generated inside glass-based 
microfluidic devices. 

Droplet formation under controlled flow rates and bubble formation under 
controlled pressures in confined T-shaped junctions are experimentally investigated 
by changing thermophysical properties of continuous phases and by changing the 
controlled dynamic parameters. A pressure-driven mechanism of droplet/bubble 
formation is experimentally discovered. The influence of the continuous phase 
thermophysical properties and the controlled dynamic parameters on droplet/bubble 
volume and formation time is systematically investigated. Empirical correlations 
are obtained for predicting the droplet volume and formation time. 

Droplet breakup in either symmetrically or asymmetrically confined T-shaped 
junctions is experimentally studied. The critical condition with which microfluidic 
droplets will break equally is theoretically analyzed based on the pressure-driven 
mechanism. A semi-empirical correlation is obtained for predicting the equal 
breakup in symmetric T-shaped junctions. Besides the equal breakup, a new droplet 
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breakup pattern, unequal breakup, is observed in the symmetric T-shaped junction. 
In asymmetric T-shaped junctions the droplet breakup is found to be very difficult. 

Scaling analysis of the chaotic mixing inside moving droplets is conducted based 
on the idealized recirculating flow and the Baker’s transformation. Experimental 
investigations on the mixing efficiency inside the droplets moving in curved 
microchannels are performed with the help of the micro visualization system. It is 
found that the mixing efficiency is significantly enhanced by the chaotic advection 
inside the moving droplets and the full mixing time can be reasonably estimated by 
the scaling analysis. A significant mixing enhancement during the droplet 
formation process is observed, which is not so frequently reported by others. An 
effective microstructure is designed for mixing two or more individual droplets 
after their formation. 

Synthesis of copper nanofluids is realized in microfluidic reactors. In contrast to 
the traditional method, the copper nanofluids synthesized in the microfluidic 
reactors have a narrower size distribution. The synthesis time is also reduced by one 
order of magnitude. It is also found that the particle size and size distribution are 
insensitive to the flow rate of reactants, the reactants concentration and the 
surfactant concentration. 

1   Introduction 

1.1   Background 

Microfluidics refers to devices where precise control and manipulation of fluids are 
geometrically constrained to a small scale, typically larger than one micron but less 
than one millimeter [1]. From historical point of view, microfluidics can be regarded 
as a branch of micro-electrical-mechanical system (MEMS) because the fabrication 
method of microfluidics is borrowed from MEMS industry in the early days and both 
of them function at the microscale [2-4]. Microfluidics has been remarkably 
developed since 1980s, triggered by the generalization of ink jet printing because of 
the high demand on fast and cheap portable devices able to perform chemical and 
biological analysis [5]. When microfluidics is combined with electric, magnetic, optic 
or acoustic elements, it will build up an even more powerful microsystem which is 
called Lab-On-a-Chip (LOC) or micro-Total-Analysis-System (μ-TAS) by 
researchers in chemical society [6]. Microfluidic technologies hold great promise as it 
can perform typical laboratory reactions using a fraction of reagents in significantly 
reduced time. Compared to conventional techniques, the use of microfluidics has 
many advantages, such as the significantly reduced consumption of samples and 
reagents, fast screening time and narrow distribution of residence time due to the fast 
and uniform mixing, and decreased risk of the manipulation of toxic and harmful 
reagents [7]. One subcategory of microfluidics is droplet/bubble-based microfluidics 
involving manipulation of discrete droplets and bubbles inside microfluidics. 
Microfluidics has the natural superiority to generate uniform droplets and bubbles in a 
controllable way because of its microscale dimensions and the easily controlled 
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laminar flow inside. Different from continuous flow systems, droplet-based 
microfluidics allows for independent control of individual droplets, so that the 
droplets and bubbles can be individually transported, mixed, and analyzed as 
microreactors [8-12]. The diameter of bubbles and droplets generated in microfluidics 
ranges from several micrometers to hundreds of micrometers, resulting in the volume 
ranging from femtoliters to nanoliters. In such small volume, the reagents 
consumption is even reduced and the mixing efficiency is further enhanced, which 
facilitates fast reactions and examinations in chemical synthesis and biochemical 
analysis [9, 13-18]. 

1.2   Microfluidics Fabrication 

Fabrication methods of microfluidic devices depend on the selected materials. In 
general, all fabrication methods include two steps: fabricating the desirable 
microstructures and sealing the opened structures fabricated with proper covers, 
which is normally called bonding. Microfluidic devices in the earliest reports have 
relied on quartz material, e.g. silicon and glass, as the mature micromachining 
technology borrowed from the well developed semiconductor industry [19-21]. 
Micromachining of silicon and glass are mainly relied on photolithography, wet or 
dry etching, and a variety of other techniques, all of which require the use of 
clean-room facilities and equipments [22]. Recently, polymer materials tend to be 
popular for fabricating disposable microfluidic devices as their potentially low 
manufacturing cost and the ease of mass production for chemical and biochemical 
applications. The most widely used polymers are polydimethylsiloxane (PDMS) 
[23-25], SU-8 [26-29] and poly(methylmethacrylate) (PMMA) [30-32]. 
Microstructure fabrication of polymer usually needs a mold to replicate the 
designed microstructures by either casting (e.g. PDMS) or hot embossing (e.g. 
PMMA), but for photosensitive polymers (e.g. SU-8) the mold is not necessary as 
microstructures can be fabricated by photolithography [33-35]. In the following 
sub-sections we generally outline the fabrication methods for quartz material and 
different polymers. Three most reported polymers, PDMS, PMMA and SU-8, are 
taken as examples to illustrate the fabrication methods of polymer materials. 

1.2.1   Photolithography Technology for Processing Quartz Material 

The general procedure of photolithography for processing quartz material is outlined 
in Fig. 1. A clean and polished substrate can be a silicon or glass wafer (Fig. 1 (a)). A 
layer of photoresist is first coated on the flat surface of the substrate and then 
exposed to UV light (or electron beams) through a photo-mask with desirable 
microstructures (Figs. 1 (b) and (c)). Under UV light, the exposed photoresist 
changes its solubility in the following development process, compared to the 
unexposed part. After development, the desirable microstructures are revealed, 
where the substrate material is ready for etching (Fig. 1 (d)). The remained 
photoresist material will protect the uncovered area of the substrate from etching  
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Fig. 1 General procedures of photolithography for processing quartz material 

(Fig. 1 (e)). Etching process can be either dry etching using plasma or wet etching 
using chemical solutions (HF solution) depending on the requirement of the 
accuracy of the microstructure. Dry etching usually gives a higher resolution and 
straight sidewalls of the microchannels fabricated, and the smallest micro-feature 
can be on the scale of nanometer, but the cost is high and the expensive etching 
machine is necessary [22]. Wet etching in chemical solution usually gives a 
relatively low resolution and curved sidewalls. The smallest micro-feature can be 
only on the scale of micrometer, but the cost is pretty low [36-38]. 

1.2.2   Casting 

Casting is the most widely reported method for fabricating polymer microfluidics, 
which is also referred as soft lithography, a term coined by Whitesides and 
coworkers [39-43]. PDMS microstructures are normally fabricated by using this 
method. A typical fabrication process is shown in Fig. 2. PDMS is a kind of 
elastomer, on which if an external force is acted the polymer will have an elastic 
deformation and will return to its original shape as soon as the external force is 
withdrawn [34]. Before casting, PDMS prepolymer is mixed with its curing agent at 
a certain volume ratio according to its operation manual. At this stage, the mixture 
is still liquid because the curing effect is slow at room temperature (thorough curing 
is normally finished in about 48 hours in room temperature), but in elevated 
temperature the curing is much faster, for instance 2 hours at 60°C and 30 minutes 
at 115 °C (Becker and Gartner 2008). The mixture is then simply poured over a 
master and cured in a furnace in a temperature range of 40-80 °C [25, 44, 45]. 
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Fig. 2 Schematic illustration of PDMS casting 

The stiffness of PDMS microfluidic devices is controlled by the curing temperature 
and the ratio of the curing agent to PDMS prepolymer. After curing, the PDMS 
sheet is peeled off the master. Channel inlets and outlet can simply be realized by 
punching into the cured material at proper locations with a suitable needle. With 
this method, three-dimensional microstructures can be built up by bonding such 
two-dimensional sheets layer by layer [23, 25, 42]. 

1.2.3   Hot Embossing 

Hot embossing is a technique that involves the use of thermoplastic materials, 
typically in a format of flat sheets which are patterned against a master (stamp) by 
using pressure and heat [30, 46]. PMMA is a representative of thermoplastic 
materials (one kind of polymer) that can be structured using hot embossing [32]. 
Figure 3 shows a schematic diagram of a hot embossing machine. The process 
consists of the following steps: (1) the master and the polymer substrate (sheet 
material) are placed in the system and heated in vacuum to a temperature just above 
the glass transition temperature of the polymer material; (2) the master is then 
pressed into the polymer substrate under some pressure which is depended on 
channel design, polymer properties and master material; (3) the Master and the 
substrate are isothermally cooled to a temperature just below the glass transition 
temperature and then separated. 

1.2.4   Injection Molding 

Injection molding is a process widely used in the plastics industry to produce a 
variety of everyday objects [46-49]. Figure 4 schematically shows a diagram of an 
injection molding machine. The polymer material is fed as pre-dried granules into 
the hopper. In the heated barrel, a screw transports the material towards the 
injection port, during which the thermoplastic (e.g., PMMA, PC) are melted 
(200–350 °C) and injected under high pressure (typically between 600 and 1,000 
bar) into the heated mold cavity of the molding tool. For accurate microstructure  
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Fig. 3 Schematic diagram of a hot embossing machine 
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Fig. 4 Schematic diagram of an injection molding machine 

replication, the mold cavity has to be vacuumed to achieve a good filling of the 
mold and to prevent the formation of air bubbles. The injected pieces are then 
cooled below glass transformation temperature of the material and separated from 
the mold. 
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1.2.5   Photolithography for SU-8 

Photolithography is frequently used to manufacture SU-8 microfluidic devices. 
SU-8 is a relatively new photosensitive material capable of developing thick 
photoresist structures in a single photolithographic step [27, 28, 50-52]. The aspect 
ratio of the microchannels fabricated by SU-8 can be over 25 [53, 54] and the sheet 
depth is up to 1.5 mm in a single coating step [55]. When it is exposed to UV light, 
very strong cross-linking takes place in a process of cationic polymerization, which 
offers high mechanical strength and excellent thermal and chemical stabilities. 
Figure 5 schematically illustrates a typical fabrication process using SU-8. First, a 
layer of SU-8 is spin-coated onto a substrate (Figs. 5 (a) and (b)), silicon or glass 
wafer. The layer thickness is controlled by the spinning velocity. The coated wafer 
is then transferred to a hot plate or an oven for soft baking at around 90 °C for  
 

 1. Glass or silicon wafer is used as a substrate

Substrate

Substrate

Substrate

Substrate

Substrate

UV

 2. A layer of SU-8 is spin-coated on the substrate

3. Flood UV exposure

4. Another layer of SU-8 is spin-coated on top of the 
    first layer exposed.

5. UV expose with a negative mask 

6. Unexposed area is removed  by developing

SU-8

Mask UV

Substrate

(a)

(b)

(c)

(d)

(e)

(f)  

Fig. 5 General procedures of photolithography for processing SU-8 
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several minutes, depending on SU-8 species, aiming to increase its stiffness and get 
ready for the next step–flood UV exposure (Fig. 5 (c)). After flood UV exposure, 
the exposed SU-8 becomes cross-linked and hardened and will be remained after 
development. In the next step, another SU-8 layer is spin-coated on the top of the 
previous exposed one, followed by the same soft baking as the previous one (Fig. 5 
(d)). The second coated SU-8 layer is then exposed to UV light under a mask with 
designed microstructures (Fig. 5 (e)), where the exposed SU-8 will be cross-linked 
and hardened. One more baking, post baking, is employed for further increasing 
SU-8 layers’ stiffness. Finally, the two layers are developed in SU-8 developer in 
order to remove the unexposed part and uncover the microstructure features (Fig. 5 
(f)). The developed SU-8 microstructures can be simply peel off the base wafer. 

1.2.6   Microfluidics Bonding 

No mater what kinds of material are used, the fabricated microstructures have to be 
sealed to a cover in order to close the channels for fluid flow, which is called 
bonding [3, 4, 6, 32, 56]. Bonding methods can be clarified into two catalogues: 
direct bonding and adhesive bonding. In the direct bonding, the substrate with 
microstructure and the cover are directly bonded together, and no other material is 
introduced between them. The direct bonding can be realized by either self 
stickiness for polymers [23, 24, 45, 57] or thermal bonding [31, 58] and anodic 
bonding for quartz material with the help of electric field [22]. In the adhesive 
bonding, a third layer of material is introduced between the microstructure substrate 
and the cover plate. The third layer material can be glues [37, 59], or other curable 
polymer materials that can bond the two plates after being cured [60, 61]. 

1.3   Microfluidic Droplet Manipulations 

In microfliudics, droplet manipulation has attracted much more attention compared 
with bubble manipulation. In fact, the manipulation methods for droplets and 
bubbles are quite similar. The following discussion on droplets is also applicable to 
bubbles. Droplet manipulation inside microfluidics mainly involves droplet 
generation, droplet fission and droplet fusion [62, 63]. The droplet generation 
means generating droplets inside microfluidics [64-67]. The droplet fission, also 
called droplet breakup, means splitting one mother droplet into two or more 
daughter droplets with smaller sizes [68-70]. The droplet fusion stands for 
controlled coalescence of droplets inside microfluidics at desirable locations 
[15, 71]. All those manipulations can be realized in either active or passive ways. 
By the active ways, the droplet manipulation is realized under the external forces 
induced by piezoelectric transducer, pneumatics, electric field, etc. By the passive 
ways, there are no movable parts or actuators inside microfluidics, and the droplet 
manipulation is fully controlled by droplet size, channel geometry and local flow 
field. In present studies, we focus on using the passive ways to realize some 
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manipulation of droplets and bubbles inside microfluidics. For active manipulation 
readers can refer to several reviews and books [5, 62, 63]. 

1.3.1   Droplet Generation 

In droplet generation, the fluid used to be dispersed is commonly named as 
dispersed phase, and the fluid carrying droplets is named as continuous phase. The 
introduction of the dispersed phase and the continuous phase relies on 
pressure-driven flow accomplished by syringe pumps or other high pressurized 
sources. Droplets are formed under the influence of the local flow field that highly 
depends on the local geometrical structures of the microfluidics. Many microfluidic 
structures have been demonstrated in generating droplets effectively, including 
straight microchannel arrays [72-75], flow focusing devices [65, 71, 76], 
microcapillary tubes [77-80], and microchannel T-shaped junctions [66, 67, 81-85]. 
Depending on the flow field at the location where the two phases meet, those 
structures can be categorized into three groups: (1) co-flowing configuration (Fig. 6 
(a)), (2) flow focusing configuration (Fig. 6 (b)) and (3) cross-flowing configuration 
(Fig. 6 (c)). 

Dispersed phase
Continuous phase

Continuous phase

Dispersed phase

Continuous phase

Continuous phase

Continuous phase

Dispersed phase

(a)

(b)

(c)
 

Fig. 6 Flow configurations for generating droplets and bubbles in microfluidics: (a) 
co-flowing configuration, (b) flow focusing configuration and (c) cross-flowing 
configuration. 
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Although all the structures have been demonstrated to be capable of generating 
uniform droplets, the understanding of controlling parameters regarding droplet 
size and formation time is quite limited. In general, the droplet formation is 
characterized by the competition between the local stresses acting to detach the 
forming interface and the capillary pressure acting to stabilize the forming interface. 
Due to the confinement of the local structure, a dramatic increase of the upstream 
pressure is usually reported as a driving stress to detach the forming interface. In the 
co-flowing and flow focusing structures, two different regimes of droplet 
formation–dripping and jetting–have been discovered depending on the continuous 
phase velocity [86-89]. When the continuous phase velocity is low, the forming 
droplet will be released near the outlet tip of the inner channel and the droplet size is 
relatively big. As the continuous phase velocity increases, the forming droplet will 
be released at a long distance downstream to the mouse of the inner channel and the 
droplet size is relatively small. Cramer et al. (2004) performed experimental 
investigation on the effect of flow rates, fluid viscosities and interfacial tensions on 
the droplet size in the dripping regime by using a capillary tip immersed in a 
continuous co-flowing liquid [86]. In the experiments, they found the droplet size 
decreased monotonically with increased continuous phase velocity, and increased 
with decreasing interfacial tension. The viscosity of the dispersed phase had little 
influence on the droplet size in a wide range of continuous phase velocity. 
Umbanhowar et al. (2000) conducted a similar experiment, and proposed a scaling 
analysis of droplet size by taking the whole forming droplet as the investigating 
object on which a force balance model was applied [64]. Based on their scaling 
model, the predicted droplet size was independent of the dispersed phase viscosity 
and decreased as the interfacial tension decreased. It is seen that this result agrees to 
the result reported by Cramer et al. (2004) [86] on the influence of the dispersed 
phase viscosity, but conflicts with the influence of the interfacial tension. 

The microfluidic flow-focusing configuration is first proposed by Anna et al. 
(2003) [65], and then widely employed to generate droplets [71, 76, 90-92] and 
bubbles [93, 94]. At present time, no simple model has been reported on predicting 
either droplet or bubble size, as a function of controlling parameters such as flow 
rate ratio, fluid viscosity and interfacial tensions. Additionally, in the work reported 
by Ward et al. (2005), the droplet size was found to be significantly influenced by 
the control manner of the dispersed phase and the continuous phase, under 
controlled flow rates or under controlled pressures [91]. In either control manner, 
the droplet size cannot be simply predicted by the pressure ratio or flow rate ratio of 
the dispersed phase to the continuous phase. Bubble size was experimentally 
investigated by Garstecki et al. (2004) in the flow-focusing configuration [93]. The 
bubble volume was found to be proportional to the gas driven pressure and 
inversely proportional to the product of flow rate and viscosity of the continuous 
phase. The authors proposed a bubble formation mechanism that the bubble 
detachment is fully driven by the pressure increase in the continuous phase before 
the orifice, resulting from the blockage of the orifice by the forming interface. 
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T-shaped junction is the most frequently reported structure for utilizing 
cross-flowing configuration. Most microfluidic T-shaped junctions can be 
classified into two groups according to their geometrical characteristics: unconfined 
T-shaped junctions and confined T-shaped junctions [95]. In the unconfined 
T-shaped junctions, the main channel size is much larger than the lateral channel 
size such that the growing droplets can freely develop before detaching, whereas in 
the confined T-shaped junctions the main channel size is comparable with the 
lateral channel size and the forming droplets will be seriously confined by the main 
channel walls. In unconfined T-shaped junctions, a force or torque balance model is 
frequently mentioned to predict droplet volume, which states that the droplet will 
detach when all possible forces exerted on it reach equilibrium [83, 85]. Husnty et 
al. (2006) argued that the droplet detachment will occur when the drag force exerted 
on the forming droplet by the continuous phase flow overcomes the interfacial 
tension force resisting the detachment [85]. According to their results the droplet 
size wholly depends on the capillary number and the hydraulic diameter of the main 
channel. Xu et al. (2005) argued that another two forces, dynamic lift force and 
buoyancy force, should be included as the detaching forces that facilitate the droplet 
detachment, and a torque balance model was adopted to predict the droplet size in 
their work [83]. The droplet size predicted by either the force balance or the torque 
balance model agreed well with their experimental results, respectively. In the 
confined T-shaped junctions, however, the force balance model is not applicable 
any more, which has been noted by many researchers recently [82, 84, 96, 97]. 
Experimental investigation of droplet size in confined T-shaped junction was first 
implemented by Thorsen et al. (2001) under controlled-pressure driven of the 
dispersed and continuous phases [81]. They proposed a simple analysis of the 
droplet diameter based on the assumption that droplets should detach when the 
viscous stresses exerted on the forming droplet overcome the interfacial tension, 
resulting in the droplet diameter inversely proportional to the capillary number. 
Garstecki et al. (2006) argued that a significant pressure increase would occur in the 
upstream continuous phase flow as the forming droplet blocked the continuous 
phase flow at low capillary number, and the droplet detachment was mainly induced 
by the pressure increase rather than viscous stresses [84]. Such pressure increase 
was verified in a recent numerical simulation [97]. In the work reported by 
Garstecki et al. (2006), the droplet size was depended on the flow rate ratio of 
dispersed phase to continuous phase and on the main channel width. The fluid 
properties of either dispersed phase or continuous phase did not influence the 
droplet size. But in the simulation work it was found that both the increased 
pressure and the continuous phase properties played an important role on 
determining the droplet size [97]. Van der Graaf et al. proposed an empirical model 
based on the numerical simulation and experiments [82, 96, 98]. They 
experimentally observed that the droplet volume consists of two parts, a critical 
volume coming from the initial expansion of the forming droplet and a necking 
volume coming from the detaching process. By using the two reference values from 
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simulation, reference volume and reference necking time, an empirical correlation 
was proposed to predict the droplet volume [96]. 

1.3.2   Droplet Fission and Droplet Fusion 

Droplet fission, shown in Fig. 7, has been realized inside microfluidics by using 
either symmetric or asymmetric T-shaped junctions [68, 70]. They found that not all 
mother droplets would break up in the symmetric T-shaped junction. Only when the 
deformation of the mother droplet is large enough, the droplet breakup occurs. Such 
critical condition was discussed by Link et al. (2004) based on the competition 
between shear stresses and interfacial tensions on the deforming droplet according 
to the Rayleigh-Plateau instability in which a cylindrical liquid thread can reduce its 
total surface area by breaking when its length exceeds its circumference [68]. 
Theoretical studies of the critical condition in two-dimensional T-shaped junctions 
were conducted based on lubrication analysis with a simple geometrical 
construction by Leshansky and Pismen (2009) [99]. 

Droplet fusion inside microfluidics has been accomplished in a sudden 
expansion or in a gradual expansion in the channels where droplets are translated 
[15, 100, 101]. Figure 8 schematically shows the fusion process in the sudden 
expansion and in the gradual expansion. In the expansions the upstream droplet 
move faster than the downstream droplet, making the upstream droplet catch up and 
finally fuse with the downstream one after certain time. The fusion process is quite 
complex and is totally determined by the changing local flow field. The quantitative 
investigation of such fusion process is very limited. 

Mother droplets

Daughter droplets

Mother droplets

Daughter droplets

Daughter droplets Daughter droplets(a)

(b)
 

Fig. 7 Droplet fission in T-shaped junctions: (a) equal breakup in a symmetric junction and 
(b) unequal breakup in an asymmetric junction 
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Fig. 8 Droplet fusion in expansions: (a) a sudden expansion and (b) a gradual expansion 

1.4   Microfluidics Application 

Microfluidics has been widely used in the bio-/chemical society for fast reactions 
and high resolution screenings [7]. In microfluidics, reactions occur in an 
environment of controllable laminar flow over microscale dimensions. The 
molecular diffusion over such small scale is much faster than in conventional 
reactors (e.g. beakers), and the temperature variation and unequal mixing over such 
small scale is dramatically reduced. Almost all the reactions conducted in 
microfluidics take the advantage of the fast and uniform mixing over such 
microscale dimension. In microflulidic droplets, the reaction scale is further 
reduced and the mixing efficiency and uniformity are further enhanced due to the 
chaotic advection inside moving droplets. The other benefits of microfluidic 
droplets for conducting reactions include the confinement of the interfaces 
preventing the material inside from possible contaminations outside, narrow 
residence time distribution, transport and manipulation of each individual 
droplet-reactor, and tiny reagents consumption [7, 62, 102]. Tens of thousands 
chemical reactions and biochemical assays have been reported by using 
microfluidic methods in either single phase flow or moving droplets, including 
enzyme assays [103], biological screening [17, 104], protein crystallization [105, 
106] and many others [62, 107, 108]. Recently microfluidic reactors have been 
successfully used to manufacture new materials such as micro/nano-particles with 
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desirable shapes [8, 109-113] and uniform nanocrystals [114-118]. Besides 
bio-/chemical applications, microfluidic droplets have also been successfully used 
to fabricate monodispersed emulsions that are widely used in cosmetic, 
pharmaceutical and food industries [72, 119, 120]. The polydispersity of the 
droplets generated by microfluidics, defined as the standard deviation of the size 
distribution divided by the mean size, can be as small as 1%, which significantly 
increases the emulsion’s stability. 

1.5   Organization of Present Work 

From the above introduction to the manipulation of droplets inside microfluidics, it 
is seen that there are many arguments over the mechanism of the droplet formation 
and breakup in microfluidics. In addition, though many applications have been 
successfully demonstrated relying on the fast mixing inside droplets, the 
quantitative investigation of the mixing efficiency inside droplets seems 
inadequate. In present work we try to answer some fundamental questions regarding 
the droplet formation and breakup (i.e. fission) in microfluidic T-shaped junctions, 
as well as chaotic mixing inside moving droplets, with the help of micro 
visualization system. In order to generate and observe the droplets and bubbles 
inside microfluidics, a low-cost fabrication method for manufacturing transparent 
glass-based microfluidics is developed in a routine laboratory without clean-room 
requirement. Besides the fundamental studies regarding droplets and bubbles, the 
application of microfluidic reactors in synthesizing nanofluids is also studied. The 
influences of the reaction conditions on the nanoparticles dispersed in the 
nanofluids are systematically investigated. 

Present work consists of seven parts: introduction, glass-based microfluidics 
fabrication, droplet and bubble formation in confined T-shaped junctions, droplet 
breakup in confined T-shaped junctions, chaotic mixing in moving droplets, 
nanofluids synthesis in microfluidics, and conclusion. 

In part 1, some background information regarding microfulidics fabrication, 
droplet manipulation and microfluidics application is presented. Finally, contents of 
present studies are outlined. 

In part 2, glass-based microfluidics fabrication is discussed in more detail. A 
low-cost and efficient fabrication method for fabricating glass-based microfluidics 
is developed in a routine laboratory without clean-room requirement. Transparent 
glass-based microfluidic devices with high chemical and mechanical resistance are 
fabricated out. Channel surface modification from hydrophilic to hydrophobic is 
realized inside the microfluidic devices after fabrication. 

In part 3, droplet formation under controlled flow rates of dispersed phase and 
continuous phase is experimentally investigated in a confined T-shaped junction. 
Bubble formation under controlled gas inlet pressures and controlled flow rates of 
continuous phase is experimentally studied. The influences of continuous phase 
viscosities and interfacial tensions on droplet/bubble volume and formation time are 
systematically investigated. The relationship between droplet volume and droplet 
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formation time is developed and experimentally confirmed. Two empirical 
correlations are obtained for predicting the droplet volume and droplet formation 
time, respectively. The influences of the controlling parameters on the bubble 
formation regime, bubble volume and bubble formation time are also studied. 

In part 4, droplet breakup in either symmetrically or asymmetrically confined 
T-shaped junctions is experimentally studied. Scaling analysis of the critical 
condition where mother droplets can break is performed based on a 
pressure-driven-breakup mechanism, which is also experimentally verified. A new 
droplet breakup pattern is found in the symmetrically confined T-shaped junction. 

In part 5, chaotic mixing inside moving droplets in curved channels is 
experimentally studied. Scaling analysis of the full mixing time based on idealized 
recirculating flow is performed and can give a reasonable estimation of the full 
mixing time inside moving droplets. An effective microstructure for mixing two 
individual droplets (i.e. droplet fusion) is proposed and experimentally tested within 
a wide range of flow conditions. 

In part 6, copper nanofluids synthesis is realized in microfluidic reactors and is 
compared with the ones synthesized in beakers by traditional methods. Some new 
features of the copper nanoparticles are found. The particle size synthesized in the 
microfluidic reactors is quite stable and uniform, and is insensitive to the flow rates 
of reagents, reagents concentration and surfactant concentration. 

In part 7, conclusion of present studies is presented. 

2   Glass-Based Microfluidics Fabrication 

2.1   Introduction 

Glass-based microfluidic devices have many advantages compared with polymer 
microfluidic devices when exposed to extreme operating conditions. Glass material 
has excellent performance in chemical resistance, thermal resistance and 
mechanical strength. Moreover, glass material is inert to most organic/inorganic 
solutions, while polymers (e.g. PMMA, PDMS and PC) will be swollen when 
exposed to organic solutions. The bonding strength of glass material at high 
temperature is up to 12 MPa [121]. The bonding strength of polymer is much lower, 
which limits its application to the hydrodynamic field where the pressure is 
normally very large compared with the polymers bonding strength. In addition, 
PDMS microstructure will have large deformation when exposed to high pressure 
due to its high elasticity. Additionally, the mold involved in many fabrication 
methods of polymer microfluidics is usually made of glass/silicon by using 
traditionally photolithographic technology [46, 122, 123]. In our studies, we mainly 
focus on investigating the manipulation of droplets and bubbles, chaotic mixing 
inside droplets and nanofluids synthesis in microfluidic devices by utilizing micro 
visualization technology, which requires the microfluidic devices to have such 
properties that they must be transparent to visible light and resistant to high pressure 
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(maximum pressure is about 7 bars in our experiments) for long time running. 
Therefore glass-based microfluidic devices are much more suitable for our research 
considering its excellent transparency, mechanical strength and chemical 
resistance. 

2.2   Glass-Based Microfluidics Fabrication 

Figure 9 shows the protocols developed in our laboratory for fabricating 
glass-based microfluidic devices. The main steps involve substrate preparation 
(Fig. 9 (a)), mask fabrication (Fig. 9 (b)), UV exposure, developing and chrome 
removing (Figs. 9 (b)-(d)), wet etching and channel characterization (Figs. 9 (e) and 
(f)), thermal bonding (Fig. 9 (g)), and connectors adhesion (Fig. 9 (h)). In addition, 
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Fig. 9 Protocols for fabricating glass-based microfluidic devices 
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to generate aqueous droplets inside glass-based microfluidic devices, modification 
of the wetting ability of channel walls must be applied. In the following sections, we 
will discuss each step in detail for a better understanding of the device fabrication. 

2.2.1   Chemicals 

Chemicals used in the fabrication process of glass-based microfluidic devices 
include hydrofluoric acid (HF), ammonia fluoride (NH4F), perchloric acid (HCl), 
perchoric acid (HClO4), ammonium cerium nitrate ((NH4)2Ce(NO3)6), sodium 
hydroxide (NaOH), acetone (C3H6O) and ethanol (C2H6O). All chemicals are 
analytical grade and bought from Tianjin Damao Chemical Reagent factory, China. 

2.2.2   Substrate Preparation 

In order to do selective etching, a layer of photoresist must be coated on glass 
substrate to protect the undesirable glass area from etching. To further increase the 
adhesion force and protect the designed microstructure, a thin metal layer, such as 
chrome, is normally deposited between glass substrate and photoresist layer before 
coating photoresist [22, 35], because any shedding of photoresist will cause 
deathful damage to the designed microstructure in wet etching process. Those 
preparation processes need expensive facilities such as spinner for coating 
photoresist and vacuum evaporator for metal deposition. 

In our studies, we use commercial glass wafers on which chrome and photoresist 
have already been coated. Therefore the complex preparation procedures and expensive 
facilities are not necessary any more. Such commercial glass wafers (SG2506) are 
bought from Shaoguang Chrome Blank Co. Ltd., China, and are shown in Fig. 10 (a). 
On the top of the glass wafer, a layer of 145 nm chromium and a layer of 570 nm 
positive photoresist AZ-1805 have already been deposited uniformly. The commercial 
glass wafers have an identical length and width of 62 mm, and the thickness is 1.7 mm. 
Glass wafers without any coating will be served as covers to seal the etched 
microchannels and are also bought from this company, shown in Fig. 10 (b). 

2.2.3   Mask Fabrication 

Masks used in our studies are provided by Shenzhen New Way electronics Co. Ltd 
and are shown in Fig. 11. The masks are made of transparent plastic films, 
measuring 60×60 mm2, on which microstructure design is printed by using high 
resolution photo-plotter. As the photoresist (AZ-1805) coated on the glass wafer is 
positive photoresist, positive film mask must be used. When the film mask is 
exposed to UV light, therefore, the light can only penetrate though the designed 
microstructure and in other places the light will be blocked. Figure 12 explains the 
final etched channels at the different combinations between the positive and 
negative mask and the positive and negative photoresist. In our design, the 
minimum channel width on the film mask is always larger than 10 µm which is  
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Fig. 10 Coated and uncoated glass wafers 

Fig. 11 Film masks 
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Fig. 12 Microstructures etched at different combinations of mask and photoresist: (a) 
positive mask and positive photoresist; (b) positive mask and negative photoresist; (c) 
negative mask and positive photoresist; (d) negative mask and negative photoresist 

constrained by two limitations. The first one is the limitation of the photo-plotter 
resolution (3000 dpi). By examining the provided film mask, it is found that when 
the channel width is 10 µm the channel quality is not stable and channel blockage is 
found in some cases as shown in Fig. 13. This problem can be resolved by using a 
photo-plotter with even higher resolution, but the cost will be much higher. The 
second constrain is the exposing efficiency. It is found that when the channel width 
on film masks is 10 µm failure of exposure can happen in some cases. This may be 
resulted from inadequate dose of UV light, probably caused by the diffraction or 
interference when the UV lights pass through such narrow channel. 

2.2.4   UV Exposure, Developing and Chrome Removing 

A contact exposure is employed in an UV exposure unit (LV204, Mega Electronics 
Ltd., UK), the expensive mask aligner is not necessary. Since the photoresist is 
sensitive to UV light, this step and the following fabrication steps until preparation 
of inlets and outlets must be conducted in a dark room (under yellow light). During  
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Fig. 13 Channel blockage on film mask 

UV exposure, we make the film mask surface on which ink is printed contact with 
photoresist layer closely in order to transfer designed microstructures and channel 
width as accurate as possible (Fig. 14 (a)). The exposure time is an important 
parameter depended on the intensity of the UV light and the photoresist properties. 
For the exposure unit used here the UV intensity is 650 W/m2, and the suitable 
exposure time is experimentally found to be around 20 seconds for AZ-1805. 
Inadequate exposure will result in incomplete chemical reaction in photoresit and 
cause the following development to fail, whereas over exposure will cause enlarged 
transfer of channel width due to the possible reflection and refraction of unparallel 
UV light between the film mask and the photoresit layer. Although the UV expose 
unit is designed to shine parallel light, small amount of unparallel light cannot be 
totally avoided in practice. When the small amount UV light exposes onto the film 
mask for long time, enlarged transfer of channel width will be induced. Figures 14 
(b)-(c) graphically illustrates the reason why the unparallel light will cause enlarged 
transfer of channel width.  By comparing Fig. 14 (b) with Fig. 14 (c), it is found that 
when the ink-printed surface of the film mask is attached to the photoresist the 
enlarged area (red color in Fig. 14 (c)) is smaller than in Fig. 14 (b). That is why we 
always keep ink-printed surface attached to the photoresist layer (Fig. 14 (a)). 

After UV exposure, the glass wafer is developed in 0.7 wt % NaOH solution in 
which the exposed photoresist has a much faster dissolving speed than the 
unexposed area. The developing process is conducted in a 500 mL plastic beaker for 
40 seconds under a gentle hand-shaking. The developing time has to be controlled 
preciously. Because if the develop time is too short the exposed microstructure 
pattern may not be totally dissolved, which will cause the followed chrome 
removing to fail and in turn wet etching to fail. On the other hand, if the developing 
time is too long the unexposed photoresist on the edges of the exposed pattern may  
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Fig. 14 Mask aligning manners and unexpected UV exposure: (a) idea UV exposure, (b) 
unexpected UV exposure when ink-printed surface is up, (c) unexpected UV exposure when 
ink-printed surface is down 

be partially dissolved unexpectedly, which will result in large channel width after 
chrome removing and wet etching. 

The next step is to remove the chromium layer uncovered in the photoresist 
development step stated above. The solution used to remove the chromium layer is 
a mixture of HClO4 (70%, 6 mL) and (NH4)2Ce(NO3)6 (25g) dissolved in 150 mL 
deionized water [56]. The glass wafer developed in the last step is immediately 
washed using deionized water and put into the removal solution for 20 seconds. For 
similar reason as stated in the photoresist development step, much attention should 
be paid on the time control. If the time is too long the chrome under the unexposed 
photoresist near the area of the developed area may be dissolved and result in 
enlarged channel width after wet etching. 

The total resolution loss caused by the steps stated above is estimated to be 20μm 
based on our experience 

20+≈ fmbe WW  (1) 

where Wbe (μm) is the channel width after removing the chrome layer but before wet 
etching and Wfm (μm) is the designed channel width on the film mask. The enlarged 
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transfer of channel width is a result of unparallel UV expose, partial dissolve of 
photoresist and chrome in the developing and removing steps. This resolution loss 
(~20 µm) must be considered when designing the desirable microchannel width. 

2.2.5   Wet etching and Channel Characterization 

After removing chrome, the glass wafer is immediately washed using deionized 
water to flush away the removing solution. Then the glass wafer is dried and baked 
in a vacuum oven (DZF-6020, Shanghai Shengxin Scientific Instrument Factory, 
China) at 100 °C for 15 minutes in order to harden the photoresist and improve its 
resistance in the etching step. A mixing solution of HF (1 mol/L) and NH4F 
(1 mol/L) is used for etching glass wafer, according to the following chemical 
formula, 

SiO2+4HF=SiF4+2H2O. (2) 

Here NH4F is used as a buffer solution to supply HF smoothly and continuously to 
maintain a constant concentration of HF in the etching solution 

NH4F=NH3+HF. (3) 

The etching solution is contained in a 500 mL plastic baker placed in an ultrasonic 
cleaner (Cole-Parmer® 8893, Cole-Parmer Instrument Company, USA). The 
developed glass wafer is soaked in the etching solution and is etched under 
ultrasonic environment (f=44 KHz) at room temperature. During the etching 
process, the revealed microstructure where glass is exposed to HF solution will be 
etched and the other place will be protected by both photoresist layer and chromium 
layer. After etching, the etched glass wafer is washed by deionized water, followed 
by removing the left photoresist layer and chromium layer using ethanol and 
chrome removing solution, respectively. The cross section of the microchannel 
etched on glass material has a bowl-like shape (Fig. 15); the curved sidewalls are 
resulted from the isotropic property of glass material in the wet etching process. 
Channel width and depth are controlled by chemicals concentration, etching time, 
etching temperature and ultrasonic intensity [36, 37, 124]. In our studies, we always 
conduct etching by using 1 mol/L etching solution under the same ultrasonic 
intensity (f=44 KHz) at room temperature. Given all those conditions unchanged, 
we have experimentally obtained the relation between the etching time and channel 
depth measured by using a surface roughness tester (SV-3000S4, Mitutoyo 
Corporation, Japan). It is found that under our experimental conditions the channel 
depth is linearly proportional to the etching time, shown in Fig. 16, and the 
correlation is experimentally fitted as 

H=1.2t (4) 

where H (μm) is channel depth, and t (minute) is etching time. This correlation 
provides us the ability to get the desirable channel depth according to the etching 
time which is the easiest parameter to be controlled. The upper (wider) channel 
width can then be estimated by 



Microfluidics: Fabrication, Droplets, Bubbles and Nanofluids Synthesis 193
 

HWW be 2+= . (5) 

Substituting Eqs. (1) and (4) into Eq. (5), the upper channel width (μm) reads,  

204.2 ++≈ tWW fm . (6) 
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Fig. 15 Cross section of etched microchannel 
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Fig. 16 Correlation between channel depth and etching time 
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Equations (4) and (6) are used to roughly estimate the final channel width based on 
the value on the film mask and the etching time. In practice, the accurate channel 
width after etching is measured by using a vision measuring machine with an error 
of ±0.1 μm (Quick Vision Pro 202, Mitutoyo Corporation, Japan). The cross section 
area of the etched microchannels can be estimated as 

( )
2

2
2H

HHWA
π+−=  (7) 

2.2.6   Thermal Bonding 

Before thermal bonding, inlets and outlets for fluids flow are drilled on the etched 
substrate using a 1.5 mm diamond driller (Metabo, Germany). Then the etched 
substrate is tailored to small pieces according to the microstructure designed on the 
film mask. Those small pieces are cleaned using a brush with home detergent and 
flushed with tap water, flowing at a high speed, in order to flush away glass debris 
brought in during inlet and outlet drilling. Uncoated glass wafers tailored to pieces 
with the same size as the etched ones are used as covers to seal the channels. 
Thorough cleaning of the tailored cover pieces is necessary in order to remove dusts 
introduced during tailoring. Deep cleaning must be conducted in order to remove 
tiny and invisible contaminations on glass surfaces of both substrate and cover 
pieces because such kind of tiny contamination may cause serious problem to 
thermal bonding and results in low bonding yield. Those glass pieces, in our studies, 
are cleaned in detergent solution, acetone, ethanol and deionized-water, 
sequentially, under ultrasonic environment for 20 minutes. Finally the substrate 
pieces and the cover pieces are put together in pairs in deionized water. Each pair is 
then tightly tied up by using PTFE tape and put into the vacuum oven for 
desiccation and pre-hydrolysis at 200 ºC for 2 hours. After desiccation, the glass 
pairs are already bonded together but the bonding strength is weak. They can be 
easily separated from each other during handling. Therefore the pre-bonded glass 
pairs are transferred to a programmable muffle furnace (Vulcan® 3-550, 
DENTSPLY Ceramco, USA) where thermal bonding at high temperature will be 
conducted. The temperature program employed here is similar to that reported by 
Xiao et al. (1999) [58] and Liu et al. (2006) [122]. There are four stages in the 
temperature program as shown in Fig. 17: (1) Stage 1, the temperature is raised to 
150 ºC with a raising ratio of 10 ºC/min and kept at 150 ºC for 1 hour, aiming to 
eliminate the internal thermal stresses; (2) Stage 2, the temperature is raised from 
150 to 300 ºC and kept at 300 ºC for 1 hours, where fast hydrolysis reaction between 
glass interfaces will start; (3) Stage 3, the temperature is further raised from 300 to 
580 ºC and then kept at 580 ºC for 3 hours, where the hydrolysis reaction will be 
finished and glass surfaces will be fused together; (4) Stage 4, the temperature is 
naturally cooled down to room temperature, taking more than 6 hours, in order to  
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Fig. 17 Temperature program in the thermal bonding process 

minimize the thermal stresses inside the microfluidic devices. The total time 
consumption is around 11 hours for one cycle of such thermal bonding. 

Using this method the product yield is found to be larger than 90%. Some failure 
cases are found when the unbounded area locates near or within the designed 
microstructures. The unbounded area can be easily examined by Newton Rings 
resulted from light interference. In the center of the Newton Ring there are probably 
some residual tiny dusts after cleaning processes or introduced from air during 
operation. 

2.2.7   Connectors 

The microfluidic devices after thermal bonding cannot be connected into 
experimental systems until interfaces are provided to the inlets and outlets. 
Luer-Lock fittings (1/16”, Nylon, cole-parmer, USA) are found to be very suitable 
for playing such a role as they can be connected or disconnected quickly and 
repeatedly without linkage at all within our experimental range. Female Luer-Lock 
fittings are glued to the microfluidic devices at the inlets and outlet by using 
transparent epoxy glue. Figure 18 shows several microfluidic devices after 
providing the connectors, which are ready to be used. 
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Fig. 18 Glass-based microfluidic devices fabricated in our lab 

2.2.8   Wetting Ability Modification 

To generate droplets or bubbles, the main channel walls must have such a property 
that on the wall surfaces continuous phase have much stronger wetting abilities than 
dispersed phase, i.e. the contact angle of continuous phase must be less than the 
dispersed phase. Figure 19 graphically demonstrates the definition of contact angle 
θ by taking water and glass surface as examples. When θ<90° the solid surface is 
hydrophilic, whereas when θ>90° the solid surface is hydrophobic. The freshly 
fabricated channel walls are totally hydrophilic surfaces, contact angle θ=0, 
meaning water can spread all over the channel walls and form a thin film. Therefore 
when water is used as the continuous phase, the glass-based microfluidic devices 
can be used directly after fabrication to generate oil-in-water droplets and bubbles, 
without any wetting ability modification. But if water is used as the dispersed phase 
to generate water-in-oil droplets, the fabricated channel walls have to be 
modified from hydrophilic to hydrophobic. Octadecyltrichlorosilane (ODS, 
CH3(CH2)17SiCl3, Sigma, USA) is a hydrophobic molecule that is widely used for 
self-assembled monolayers (SAMs) on hydroxylated surfaces such as silica glasses 
[125-128]. In our fabrication method, ODS is used to alter the channel surface from 
hydrophilic to hydrophobic. ODS solution is prepared in toluene with a concentration 
of 0.1wt%. Since ODS is easily hydrolyzed under the influence of atmospheric 
humidity and oxygen, the ODS toluene solution is always freshly prepared and used 
within 30 minutes after preparation. When a drop of ODS solution is dipped into one 
inlet of the channel network of the microstructure, the ODS solution will quickly 
spread the whole channel network spontaneously under the effect of capillary 
force, normally in less than 10 seconds. As soon as ODS solution fills the  
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Fig. 19 Contact angle on (a) hydrophilic glass surface (θ<90°) and (b) hydrophobic glass 
surface (θ>90°) 

whole channel network, it is flushed with toluene several times to drain the surplus 
ODS solution and then dried using nitrogen gas. Finally the microfluidic devices 
will be cured in the muffle furnace at 100 °C for 30 minutes to further enhance 
siloxane effect. After ODS treatment, the contact angle of water on glass surface 
changes from 0 to between 104° and 115° as reported by Srinivasan et al. (1998), 
Maboudian et al. (2000) and Kirkpatrick and Muhstein (2007) [127, 129, 130]. 

The surface modification mechanism is schematically illustrated in Fig. 20. The 
trichlorosilane polar head-groups hydrolyze and convert the Si–Cl bonds to Si–OH 
(silanol) groups. The silanol groups, which are strongly attracted to the oxidized 
hydrophilic channel surfaces, condense with the OH⎯ groups on the surface to form 
Si–O–Si (siloxane) links. The siloxane groups condense with other and similar 
groups on precursor molecules, producing covalent siloxane bonds [129, 130]. The 
result is a monolayer in which the molecules are connected to each other and to the 
surface by strong chemical bonds. Curing at 100 °C can further enhance those cross 
linking between chains. Finally, the hydrophobic tail-group of the precursor 
molecule is at the outside while the head group is firmly attached to the channel 
surfaces, and then the channel surface is changed from hydrophilic to hydrophobic. 
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Fig. 20 Chemical fundamentals of ODS silanization 
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2.3   Concluding Remarks 

Glass-based microfluidic devices have been successfully fabricated out in a routine 
laboratory without the requirement of clean room. The fabrication method is very 
reliable and the product output is larger than 90%. The relationship between etching 
speed and etching time and the relationship between designed channel width and 
etched channel width are studied, offering us the ability to predetermine the channel 
dimensions before etching. Wetting ability modification of glass material is realized 
inside the microfluidic devices after fabrication. With the help of such modification, 
either oil-in-water or water-in-oil type droplets can be generated in glass-based 
microfluidic devices. 

3   Droplet and Bubble Formation in T-Shaped Junctions 

3.1   Introduction 

Most microfluidic T-shaped junctions can be classified into two groups according 
to their geometrical characteristics: unconfined T-shaped junctions and confined 
T-shaped junctions [95]. In an unconfined T-shaped junction, the main channel is 
much larger than the lateral channel such that the forming bubbles/droplets can 
freely develop before detaching, similar to the droplet formation process in the 
membrane emulsification [131-135]. A force balance model is normally adopted to 
predict the droplet/bubble size. The force balance model states that the 
bubble/droplet will detach when all possible forces exerted on it reach equilibrium 
[83, 85]. In confined T-shaped junctions, however, the forming droplets/bubbles are 
seriously confined by the main channel walls and the force balance model is quite 
inaccurate to predict the droplet/bubble volume, which has been noted by many 
researchers [82, 84, 96, 97]. The failure may be resulted from the inaccurate 
estimation of the forces involved in the droplet formation process that is seriously 
influenced by the confinement of main channel walls. There are many arguments 
over here regarding which parameters contribute to the formation process most and 
how those parameters influence the droplet/bubble size. Some researchers believe 
that, in confined T-shaped junctions, fluids properties have little impact on 
droplet/bubble volume when the capillary number is less than 0.01, and the flow 
rate ratio of dispersed phase to continuous phase is the only factor affecting the 
droplet/bubble size for a specified T-shaped junction [84, 97]. In contrast, the 
capillary number representing the influence of fluids properties is found playing an 
important role on determining droplet/bubble size, but the influence of flow rate 
ratio is not indicated [82, 96]. In addition, few studies on the formation time in such 
confined T-shaped junctions are available. Most works on droplet/bubble formation 
in microfluidic T-shaped junctions are focusing on the size rather than the 
formation time. In fact, the droplet/bubble size and the formation time are always 
coupled together because, intuitively, the droplet/bubble volume (i.e. size) is equal 
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to the volume of the dispersed phase pumped into the forming droplets/bubbles 
within the formation time. Therefore a further examination of the formation process 
in such confined T-shaped junctions is necessary for better utilization and 
manipulation of droplets and bubbles. In this study, droplet formation under 
controlled flow rates and bubble formation under controlled pressures in confined 
T-shaped junctions are experimentally investigated. The influence of fluids 
properties on the droplet/bubble volume and the formation time is systematically 
studied. 

3.2   Reexamination of Force Balance in Confined T-Shaped 
Junctions 

As the formation process and the force analysis of droplets and bubbles are quite 
similar, we take droplets as an example to do the force analysis, but it is also 
applicable for bubbles. In unconfined T-shaped junctions, the dispersed phase 
grows, deforms and detaches under a series of forces all of which can be clarified as 
two groups depending on the effect of the forces on droplet detachment: (1) 
resisting forces, trying to stabilize the forming droplet, including the force caused 
by interfacial tension only; (2) driving forces, tending to detach the forming droplet, 
including buoyancy force caused by density difference and gravity, viscous force 
exerted by continuous phase flow on the forming interfaces, and inertial forces 
caused by continuous and dispersed phase flow and inflation [85, 136-138]. When 
the unconfined T-shaped junction is placed in the vertical plane, the gravity may 
play some role, and another driving force, buoyancy force, caused by density 
difference between the continuous and the dispersed phases is considered [83]. The 
droplet size derived from the force balance model was reported to be capable of 
giving a reasonable estimation of droplet size. 

Force analysis in confined T-shaped junctions is much more difficult than in 
unconfined T-shaped junctions because of the highly disturbed flow field of the 
continuous phase around the forming droplet. In confined T-shaped junctions, the 
forming droplet is always confined by channel walls; therefore the buoyancy force 
will be balanced by the opposite force from channel walls at any time, which does not 
contribute to the detachment. The inertial forces involved in the droplet formation in 
the confined T-shaped junctions are usually omitted because the Reynolds numbers of 
either continuous or dispersed phase are quite small [68, 84]. The buoyancy force 
which plays an important role on bubble formation in unconfined flow is always 
balanced in confined T-shaped junctions, and the inertial forces of gas phase is much 
smaller compared with dispersed liquid phase, which can be neglected. Therefore the 
formation process of and the force analysis on droplets should be also applicable for 
bubbles. Hereafter droplets will be used as an example to do the force analysis. In 
addition to the driving forces in unconfined T-shaped junctions there is another 
driving force that arises from the pressure increase in the continuous phase flow, in 
the upstream of the forming droplet. Then the main forces involved during droplet 
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formation process are the interfacial force caused by interfacial tension, the force 
caused by pressure drop in the continuous phase flow over the forming droplet and the 
viscous force exerted on the forming interface [84]. Figure 21 shows a typical 
intermediate process of a droplet formation in a confined T-shaped junction. The 
whole forming droplet is usually taken as an investigating object. The interfacial force 
is taken as a resisting force; and the viscous force and the force caused by pressure 
drop are the two driving forces. The interfacial force results from the different 
interfacial curvatures at the two tips of the forming droplet. At the front forming tip, 
the interface is confined by both channel depth H and width Wc, then the two principal 
radius of curvature are R1≈Wc/2 and R2≈H/2 (Figs. 21 (a) and (b)), whereas at the rear 
tip the interface is regarded as being confined only by the channel depth, R2≈H/2, 
because the principal radius in the horizontal plan is very large compared with 
channel width, i.e. R1~∞. The pressure inside the forming droplet is assumed to be 
constant and equal to P0 everywhere. Taken the droplet formation as a quasi-static 
process and based on Young-Laplace equation, the capillary pressure at the front tip 
∆Pσ2=P0-Pc2≈2σ(1/Wc+1/H), and at the rear tip ∆Pσ1=P0-Pc1≈2σ/H, then the total 
capillary pressure difference, pointing upstream, is ∆Pσ=∆Pσ2-∆Pσ1=-(Pc1-Pc2)≈2σ/W. 
The pressure drop in the continuous phase flow over the forming droplet can be found 
at the same time, Pc1-Pc2≈-2σ/W. The force caused by pressure difference in the 
continuous phase is regarded as resulting from the increased pressure at Pc1 when the 
droplet partially blocks the main channel where the flow resistance of the continuous 
phase is dramatically increased. It was argued that the viscous force was resulted from 
the continuous phase flow in the thin film between the interfaces and the channel 
walls and was regarded as a driving force. 

Although the force balance model is attractive and frequently mentioned in many 
reported works, it seems that no one has obtained a reliable and accurate correlation 
for predicting droplet volume [84, 97]. We believed that this results from the 
inaccuracy and difficulty of the force estimation in confined T-shaped junctions. 
From the above deduction of the total capillary pressure drop ∆Pσ, it is seen that the 
pressure drop Pc1-Pc2 will always be balanced by the total capillary pressure drop if 
taking the whole forming droplet as the investigating object. Then the pressure 
increase at Pc1 will not influence the droplet detachment, which conflicts with many 
reported works where the pressure increase plays an important role in droplet 
detachment [84, 97, 139]. In addition, the total viscous force exerted on the forming 
interfaces by the continuous phase is really hard to be judged regarding whether it is 
a driving force or a resisting force as the serious confinement from channel walls. 
Here we separate the whole forming interface into three parts. Two partial 
interfaces close to the upper and lower walls of the main channel are named to be 
upper and lower interfaces (Fig. 21 (b)), respectively, and the left part is named to 
be lateral interface. During the whole droplet formation process, the forming 
droplet is always confined by the channel depth, surrounded by thin films of 
continuous phase existing between the forming interfaces and channel walls. The 
flow velocity in the thin films between the upper and lower interfaces and channel  
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Fig. 21 Schematic diagram of droplet shape in a confined T-shaped junction during 
generation 

walls is probably much lower than inside the forming droplet due to the wall effects, 
and the viscous forces on these two interfaces are resisting forces. The viscous force 
on the lateral interface is much more complex depending on the size of the forming 
droplet. When the forming droplet is sufficiently large the lateral interface can be 
distinguished into three sections (Fig. 21 (c)): (1) the rear interface opposing to the 
main flow stream of continuous phase in the up steam direction, (2) the front 
interface opposing to the main flow stream of the continuous phase in the down 
stream direction, and (3) the middle interface between the rear and the front lateral 
interface. When the forming droplet is not so big, the middle interface will 
disappear (Fig. 21 (b)). On the rear interface the viscous force is probably a driving 
force, pointing downstream, because it is very close to the mouse of the T-shaped 
junction where the dispersed phase flow inside the forming droplet is mainly in the 
direction along the lateral channel, perpendicular to the flow direction of the 
continuous phase in the main channel. The dispersed phase flow inside the forming 
droplet will be changed direction under the viscous stresses exerted on the rear 
interface by the continuous phase flow. The viscous force on the middle interface is 
probably a resisting force due to the wall effects (Fig. 21 (c)). The viscous force on 
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the front interface is very hard to be judged because it is depended on the 
developing flow field inside the forming droplet and in the continuous phase flow. 

To summarize, taking the whole forming droplet as an investigating object to 
apply force balance model to predict droplet volume is not easy to make. The total 
viscous force exerted on the forming interfaces is extremely difficult to determine 
due to the confinement of channel walls. Sometimes, even the direction of the 
viscous force cannot be determined easily. 

3.3   Experiments 

3.3.1   Characterization of Microfluidic T-Shaped Junctions 

Two microfluidic T-shaped junctions are fabricated for investigating droplet and 
bubble formation processes, respectively. Figure 22 shows the dimensions of the 
two T-shaped junctions. The two T-shaped junctions have the same length for the 
main channel and the lateral channel. The lateral channel is located in the middle 
point of the main channel. The T-shaped junction used for investigating bubble 
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Fig. 22 Schematic diagram of the T-shaped junctions for studying droplet and bubble 
formation 
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formation has a wider channel width than the one used for investigating droplet 
formation. As stated in Part 2, microchannels manufactured by wet etching have 
curved sidewalls and their cross section area can be calculated by Eq. (7). Then the 
following two equations are used for calculating the cross section area of the lateral 
channel and the main channel, respectively. 

( )
2

2
2H

HHWA dd

π+−=  (8) 

and 

( )
2

2
2H

HHWA cc

π+−= , (9) 

where Wd is the lateral channel width, Wc is the main channel width and H is the channel 
depth. For the T-shaped junction used for investigating droplet formation, Wd=86.5 μm, 
Wc=101.3 μm, H=35.4 μm, Ad=2.52×10-9 m2 and Ac=3.05×10-9 m2. For the T-shaped 
junction used for investigating bubble formation, Wd=364.1 μm, Wc=430.0 μm,  
H=36.0 μm, Ad=1.25×10-8  m2 and Ac=1.49×10-8 m2. For both T-shaped junctions the 
lateral channel length is L=20 mm, and the main channel length is 2L=40 mm. 

3.3.2   Fluids Selection 

Deionized water is used as continuous phase; hexadecane and air are used as dispersed 
phases to generate droplets and bubbles, respectively. The deionzied water is prepared 
by using a home-made water purification system. The hexadecane is bought from 
Sigma-Aldrich Inc., USA. To investigate the influence of continuous phase viscosity 
on droplet/bubble volume and formation time, different amount of glycerin (Tianjin 
Damao Chemical Reagent Factory, China) is added into the deionzied water to change 
continuous phase viscosity. To investigate the influence of interfacial tension, 
surfactant Tween 20 (Sigma-Aldrich Inc., USA) and Sodium dodecyl sulfate (SDS) 
(Tianjin Damao Chemical Reagent Factory, China) are used to alter the interfacial 
tension between dispersed phases and continuous phases. Continuous phase viscosities 
are measured by using a viscometer (SCHOTT-GERATE GmbH, Germany) with an 
accuracy of 0.65%, and interfacial tensions between dispersed phases and continuous 
phases are measured by using a tensiometer (Cole-Parmer® Surface Tension Meter 
20, Cole-Parmer Instrument Company, USA) with a measurement error of ±0.25 
mN/m. Table 1 lists the measured values of the viscosity and interfacial tension at 
room temperature. Each value is an average over three measurements. 

3.3.3   Experimental Setups 

Two experimental setups are built up for investigating the formation process of 
droplets and bubbles respectively. The only difference between the two 
experimental systems is the injection methods of the dispersed phase. When  
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Table 1 Measured viscosities and interfacial tensions at room temperature (23ºC) 

Dispersed phase-Continuous phase μc mPa·s σ  mN/m 

Hexadecane-Deionized water 1.0 44.0 

Hexadecane-30wt.% glycerin aqueous solution 2.4 29.7 

Hexadecane-60wt.% glycerin aqueous solution 10.5 28.0 

Hexadecane-0.0001wt.% Tween 20 aqueous solution 1.0 28.0 

Hexadecane-0.1wt.% Tween 20 aqueous solution 1.0 10.0 

Air-Deionized water 1.0 72.8 

Air-60wt.% glycerin aqueous solution 10.0 68.0 

Air-0.3wt.% SDS solution 1.0 9.0 

 
 
hexadecane is used as the dispersed phase, a syringe pump is used to inject the 
hexadecane, while when air is used as the dispersed phase a pressurized air tank is 
used to drive it into the microfluidic T-shaped junction. In other words, the 
hexadecane is fed in under controlled volumetric flow rates, and the air is fed in 
under controlled pressure. 

Figure 23(a) is the schematic diagram of the experimental system for 
investigating droplet formation. The dispersed phase and the continuous phase are 
injected into the T-shaped junction by two syringe pumps via flexible PTFE tubings 
(Cole-Parmer Instrument Company, USA). The flow rate of either phase is 
automatically controlled by the syringe pumps with an accuracy of 0.5%. When the 
two flow streams meet at the T-shaped junction, droplets will be formed as a result 
of instabilities between the two phases. An inversed microscope is used for micro 
visualization purpose (XD101, Nanjing Jiangnan Novel Optics Co. Ltd., China), 
with which a high speed camera is integrated for recording the droplet formation 
process in terms of imagines and videos (MotionPro® X4, IDT, Taiwan). Nominal 
speed of the high speed camera is 5000 fps (frame per second) for capturing 
512×512 pixels photos. The capturing speed used in our studies ranges from 100 to 
4000 fps, depending on the droplet formation time (frequency) at different flow 
conditions. The droplet formation time is directly measured from the consecutive 
images by utilizing the software provided with the high speed camera. We usually 
measure five consecutive droplet formation processes and calculate the average 
value of the formation time. The droplet volume can be derived from the droplet 
dimensions in the images in Adobe Photoshop. We will discuss the method for 
determining droplet volume in detail later on. To insure the collected information of 
the droplet formation is under a steady state, we check out the number of droplets 
formed within a specific time period at least three times with a time interval at least 
five minutes after every change of the flow rate of either dispersed phase or  
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Fig. 23 Experimental setups: (a) for studying droplets and (b) for studying bubbles 
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continuous phase. The pictures and videos are collected only when the number does 
not change for the last two measurements. 

Figure 23(b) is a schematic diagram of the experimental setup for investigating 
bubble formation. The only difference with the system used for investigating 
droplet formation, as stated above, is the injection method of the dispersed phase. 
Here the dispersed phase, air, is injected into the T-shaped junction via an 
adjustable pressurized air tank monitored by a pressure sensor with an accuracy of 
0.2% (ZFBY3803, Xi’an Zhongfei Aero Sensors Technology Co. Ltd., China). To 
avoid any possible dusts or contaminations entering the T-shaped junction, a 
micro-filter (Beijing satellite manufacturing factory, Beijing, China) is placed in the 
gas loop. 

3.4   Results and Discussion 

3.4.1   Droplet Formation Process 

Two stages have been experimentally identified during a typical droplet formation 
process: (1) growing stage—when the two streams meet at the T-shaped junction, 
the dispersed phase gradually intrudes and inflates into the continuous phase 
(Figs. 24 (a) and (b)) and reaches a critical position after which the rear interface of 
forming droplet tip starts traveling downstream (Fig. 24 (b)); (2) necking 
stage—after reaching the critical position, the rear interface travels downstream in 
the continuous phase, and the neck connecting the forming droplet and the main 
stream of the dispersed phase becomes thinner and thinner until it breaks near the 
downstream corner of the T-shaped junction (Figs. 24 (c)-(e)). Within the two 
stages, the forming droplet is always confined by the main channel, but it does not 
wet main channel walls due to the higher interfacial energy between water and glass 
than between hexadecane and glass. 

Based on the experimental observations of the droplet formation process, it is 
seen that the movement of the rear interface determines the droplet formation time 
and in turn determines the droplet volume after generation. The droplet formation 
time is equal to the time consumed by the rear interface traveling from the very 
beginning position to near downstream corner of the T-shaped junction. This 
inspires us to take the rear interface rather than the whole forming droplet as the 
investigating object, and then it is not necessary to consider the total force exerted 
on the whole forming interface. We only pay attention to the rear interface, where 
the viscous force is probably a driving force due to the cross-flowing configuration 
at the T-shaped junction. 

3.4.2   Determination of Droplet Volume 

Droplet volume, after detachment, is determined from image analysis of micrographs 
captured by the high speed camera. In the micrographs the main channel width is  
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Fig. 24 A typical droplet formation process (CP: continuous phase, 0.1wt% Tween 20 
aqueous solution, Qc=16μL/min; DP: dispersed phase, hexadecane, Qd=6 μL/min) 

measured in terms of pixels and compared with the real channel width measured from 
the vision measuring machine (Quick Vision Pro 202, Mitutoyo Corporation, Japan), 
and then the represented length of one pixel is obtained. Square of this represented 
length is the represented area of one pixel. Based on the represented length and area, the 
measured droplet dimensions in micrographs can be easily transformed to its real size. 
The main channel width in the micrograph is about 25 pixels and the measurement error 
is about 2 pixels, thus the relative error of the represented length and area of one pixel is 
about 8% and 16% respectively. The main error of droplet volume determination results 
from those two errors because the measured channel width by using the vision 
measuring machine can be neglected (less than 0.1%). The curved sidewalls of 
microchannels, however, make the determination of droplet volume not so intuitive. 
We measure droplet length, width and area in Adobe Photoshop, and find most droplets 
generated in our study have a longer length than the main channel width, and even for 
smaller droplets the length is still comparable with the main channel width. It is 
reasonable to assume that the middle section of a long droplet fully occupies the cross  
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section of the main channel and its two tips have the same shape in both horizontal and 
vertical planes (Fig. 25). Each tip can be treated as a semicircle with a diameter of the 
main channel width in the horizontal plane. The curved tip in the vertical plane, 
confined in the channel depth direction, can be regarded as a body of rotation by 
rotating half cross-section of the main channel from A to B along O-O′ (Fig. 25). With 
the above postulations, the droplet volume is a sum of the volume in the middle part and 
the volume of the two tips, 

( ) ( ) ( )
⎟⎟
⎠
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⎜⎜
⎝

⎛ −+⎟
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⎜
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4
2

2
4 2HWHW

HH
H

WWLHV cc
ccdd ππ  (10)

where Ld is droplet length between the two ends. Note that Eq. (10) is only valid for 
the case Ld≥Wc. When Ld<Wc, the droplet will have a circle shape in the horizontal 
plane and we assume that the droplet has a “cylindrical” shape confined by the main 
channel depth. Vd is thus calculated by 

AHVd κ= , (11) 

where k is a correction coefficient used to modify the assumption of cylindrical 
shape. A is droplet area in the horizontal plane. When Ld=Wc, the value of k=0.83 
can be derived from Eq. (10). For the case of Ld<Wc we estimate that the k value 
does not vary too much because the droplet generated in our experiment is not so 
small that letting itself have a spherical shape between the up and bottom channel 
walls. In fact, the droplet volume should be slightly smaller than the value of a 
cylinder considering its curved lateral interface in reality. Then a constant value 
k=0.80 is employed in Eq. (11) for calculating droplet volume when Ld<Wc. 

For the long droplets, Ld≥Wc, the measurement error of droplet length Ld in 
micrographs decreases from 8% to 2% as their sizes increase in our experiment.  
 

 

Fig. 25 Schematic illustration of droplet volume calculation 
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Considering the error introduced by the represented pixel length, the error of droplet 
volume calculated by Eq. (10) is less than 16% and will decrease as droplet volume 
increase. For the small droplets, Ld<Wc, the measurement error of droplet area in 
micrographs is estimated less than 5% and will decrease as droplet volume increases. 
Considering the error introduced by the represented pixel area, the error of droplet 
volume calculated by Eq. (11) is less than 21%, and will decreases as droplet volume 
increases. Droplet volume generated in our experiment ranges from 0.10 to 1.32 nL 
(nano Liter) at different flow conditions, calculated by Eqs. (10) and (11). Under 
each specific condition, the droplet volume is quite uniform, the polydispersity 
defined as the ratio of volume variation to the mean volume is about 2%. 

3.4.3   Relationship between Droplet Volume and Droplet Formation Time 

For incompressible dispersed phases, droplet volume should be equal to the volume 
of the dispersed phase pumped into the forming droplet within droplet formation 
time. In our experiment the dispersed phase is pumped at controlled flow rates, the 
droplet volume should satisfy 

ddd QtV ⋅= , (12) 

where td represents the droplet formation time, Qd is the flow rate of the dispersed 
phase. After measuring the droplet formation time, we have conducted a 
comparison of the droplet volume determined by Eqs. (10) and (11) with the values 
calculated by Eq. (12). Figure 26 shows the comparison results in a dimensionless 
format, where the droplet volume Vd is normalized by WcWdH. A good agreement of 
the droplet volume calculated by the two methods can be seen, implying that Eqs. 
(10) and (11) are effective and accurate for estimating droplet volume generated in 
confined microfluidic T-shaped junctions. It also confirms that the relationship 
between droplet volume and droplet formation time, Eq. (12), does exist. 

3.4.4   Analysis of Droplet Volume and Droplet Formation Time 

Equation (12) has demonstrated the relationship between the droplet volume and 
the droplet formation time. The droplet volume equals the dispersed phase volume 
flowed into the forming droplet within the formation time. From the analysis of the 
droplet formation process stated above, the droplet formation time consists of two 
parts: the time consumed in the growing stage and the time consumed in the necking 
stage. The former can be estimated by 

g

g
g v

l
t =  , (13) 

where lg is the distance of the forming droplet tip intruding into the continuous 
phase in the growing stage (Fig. 24 (b)). gv  is the average intrusion speed of the  
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Fig. 26 Validation of the droplet volume 

forming tip. In the growing stage, the dispersed phase tip does not inflate downstream 
too much, which leads gv  could be approximated by the average velocity of the 
dispersed phase flowing in the lateral channel, vd=Qd/Ad. The penetration length lg is 
always less than but comparable with Wc as being found by experimental 
visualization of the droplet formation process. Therefore lg and gv  in Eq. (13) can be 
further estimated as Wc and vd, respectively. We note that using Wc instead of lg will 
overvalue tg since the dispersed phase can hardly block the entire main channel width 
in the growing stage, resulting in lg<Wc; using vd instead of gv  will underestimate tg 
because in the growing stage the front interface does inflate downstream some 
distance, resulting in dg vv < . Due to such two-side effect, Wc/vd should give a 
reasonable estimation of tg. To increase the accuracy of the estimation, a correction 
coefficient a should be introduced. Then tg becomes 

d

c
g v

W
at = , (14) 

where a is a dimensionless correction coefficient depending on fluids properties and 
the local flow field at the T-shaped junction, and should be on the order of one. 
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The time consumed in the necking stage is estimated as 

n

n
n v

l
t = , (15) 

where ln is the distance of the rear interface traveling from the critical position to the 
breakup point in the necking stage (Fig. 24 (b)). nv  is the average speed of the rear 
interface traveling downstream in the continuous phase. From the analysis of the 
droplet formation process, we note that ln can be approximated by Wd since the 
breakup always happens at the downstream corner of the T-shaped junction. The 
average traveling speed nv  should have a same magnitude of the average velocity 
of the continuous phase in the main channel, vc=Qc/Ac, where Qc is the flow rate of 
continuous phase. Therefore ln and nv  in Eq. (15) can be further estimated by Wd 
and vc, respectively. It is notable that using Wd instead of ln will overestimate tn 
because Wd>ln, and using vc in stead of nv  will underestimate tn because vc> nv  due 
to the leakage of continuous phase in the flow gap between the forming droplet and 
channel walls. Because of this two-side effect, Wd/vc should give a reasonable 
estimation of tn. Similar to the estimation of tg, a correction coefficient b is adopted 
here, and tn reduces to 

c

d
n v

W
bt = , (16) 

where b is a dimensionless correction coefficient depending on fluids properties and 
the local flow field at the T-shaped junction, and should be on the order of one. 
Then the droplet formation time is calculated by 

c

d

d

c
d v

w
b

v

w
at += . (17) 

Based on Eq. (12), the droplet volume is obtained 

c
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QW
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Substituting Qd=vdAd and vc=Qc/Ac into Eq. (18), we have 

c

d
cddcd Q

Q
AbWAaWV += . (19) 

We take the characteristic volume of the T-shaped microchannel as WcWdH and 
normalize Eq. (19) by this value, and then a dimensionless expression of the droplet 
volume can be obtained 
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where V d=Vd/(WcWdH). We note that the value of Ad/(WdH) and Ac/(WcH) are solely 
depending on the shape and dimensions of the microchannels cross section. For the 
lateral channel and the main channel in our experiment, Ad/(WdH)=0.82 and 
Ac/(WcH)=0.85. 

3.4.5   Determination of Correction Coefficients 

Equation (20) shows that the droplet volume may be linearly proportional to the 
flow rate ratio of the dispersed phase to the continuous phase. Here we plot 
the relationship between the dimensionless droplet volume and the flow rate ratio at 
two typical flow rates of continuous phase in Fig. 27. In Fig. 27 it is seen that the 
droplet volume formed in all investigated continuous phases, changing viscosity or 
changing interfacial tension or both, always linearly increases as the flow rate ratio 
Qd/Qc increases at different flow rates of continuous phase. We also note that the 
minimum droplet volume and the increasing rate of the droplet volume with respect to 
the flow rate ratio changes as either the continuous phase viscosity or the interfacial 
tension or the flow rate of continuous phase changes. In other words, the slope of Vd vs. 
Qd/Qc as well as the minimum droplet volume, Vd,min, is a function of μc, σ and vc, 
where μc is the viscosity of continuous phase and σ is the interfacial tension. Under 
each flow rate of continuous phase, the influences of the continuous phase viscosity 
and the interfacial tension on the droplet volume are investigated. Figure 28 shows the 
influence of the continuous phase viscosity on the droplet volume at the two typical 
flow rates of continuous phase. We can see that the minimum droplet volume and the 
slope of Vd vs. Qd/Qc decrease as the continuous phase viscosity increases. Figure 29 
shows the influence of the interfacial tension on the droplet volume at the two typical 
flow rates of continuous phase. We can see that the minimum droplet volume and the 
slope of Vd vs. Qd/Qc increase as the interfacial tension increases. Figure 30 shows the 
influence of the average velocity of the continuous phase on the minimum droplet 
volume for all the tested continuous phases at a constant flow rate of dispersed 
phase. It can be seen that the minimum droplet volume decreases as the average 
velocity of the continuous phase decreases. From Eq. (20) we note that the minimum 
droplet volume is represented by the correction coefficient a, while the slope is 
represented by the correction coefficient b, for fixed microfluidic T-shaped junctions. 
Based on the above analysis of the influences of μc, σ and vc on droplet volume, we 
note that the correction coefficients a and b will increase as σ increases and will 
decrease as either μc or vc increases. The main stresses involved in the formation 
process are viscous stress, interfacial stress and inertial stress. For most of our 
experimental results, the inertial stress has the weakest influences on the formation 
process because the Reynolds numbers, Re=ρcvcWc/μc, representing the relative 
importance of inertial stress to viscous stress, are on the order of 0.1. Therefore 
the correction coefficients are mainly dependent on the competition between the 
two most important stresses, the viscous stress and the interfacial stress,  
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Fig. 27 Linear relationship between droplet volume and flow rate ratio at typical 
experimental conditions (a) Qc=2 µL/min and (b) Qc=16 µL/min 
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Fig. 28 Influences of continuous phase viscosity on droplet volume at typical experimental 
conditions (a) Qc=2 µL/min and (b) Qc=16 µL/min 
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Fig. 29 Influences of interfacial tension on droplet volume at typical experimental conditions 
(a) Qc=2 µL/min and (b) Qc=16 µL/min 
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Fig. 30 Influences of the average velocity of the continuous phase on the minimum 
droplet volume (Qd=1 µL/min) 
 
 
which can be represented by the Capillary number Ca=μcvc/σ. Inspired by the work 
reported in [96], an exponential correlation is adopted for relating the correction 
coefficients to Ca, 

1
1

αCaCa = , (21) 

2
2

αCaCb = , (22) 

where C1, α1, C2 and α2 are dimensionless numbers depending on the geometrical 
characteristics of the T-shaped junction. Combining Eqs. (20)-(22), the 
dimensionless droplet volume is formulated as 

c

d

c

c

d

d
d Q

Q

HW

A
CaC

HW

A
CaCV 21

21

~ αα += . (23) 

By fitting our experimental data, it is found C1=0.147, α1=-0.344, C2=0.535 and 
α2=-0.141 for the T-shaped junction used in this study. 

Substituting the expressions of a and b into Eq. (17), the droplet formation time 
is also obtained 
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Figure 31 shows a comparison of the measured droplet volume and the calculated 
droplet volume by Eq. (23). A very good agreement is presented in Fig. 31, where 
most of the points are located on the line V d (measured)=V d (calculated). Since the 
fitted dimensionless numbers C1, α1, C2, and α1 are fitted by using Eq. (23) on the 
droplet volume, they are double checked by using the droplet formation time, 
Eq. (24), shown in Fig. 32. The measured droplet formation time and that predicted 
by Eq. (24) are also compared as a function of Ca and vd in Figs. 33 and 34, 
respectively. The good consistencies confirm our understanding of the droplet 
formation process and the validity of the relationship between droplet volume and 
droplet formation time. In our study, the Capillary number is in the range of 
5.0×10-4–3.3×10-2. In Eq. (23) the first item on the right side C1Caα1Ad/(WdH) varies 
from 2.10 to 0.39, and the coefficient of Qd/Qc in the second item, C2Caα2Ac/(WcH), 
varies from 1.46 to 0.74 when Ca increases from 5.0×10-4 to 3.3×10-2. 

For long droplets, the ratio Ld/Wc is an alternative expression of droplet size. When 
droplets are relatively large, droplet volume Vd can be estimated by treating droplets as 
cuboids with a height of H, a length of Ld and a width of Wc, resulting in an  
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Fig. 31 Comparison of droplet volume between the values calculated and experimentally 
measured 
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Fig. 32 Comparison of droplet formation time between the values calculated and 
experimentally measured 

estimation of Vd≈LdWcH. After substituting this estimation into Eq. (23) and doing 
some rearrangement, we have 
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which can be further reformed to 
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where 
cd

dc

WAC

WAC
Ca

1

212 ααλ −= . 

Substituting the fitted value of C1=0.147, C2=0.535, α1=-0.344, α2=-0.141, Wd, Wc, 
Ad and Ac into Eq. (26), it is found the value of C1Caα1Ad/(WcH) varies from 1.79 to 
0.33 and λ varies from 0.72 to 1.9 when Ca increases from 5.0×10-4 to 3.3×10-2. The 
unity order of these two items in Eq. (26) exhibits the consistency of our result with 
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the reported scaling analysis on droplet size formed in confined T-shaped junctions 
by Garstecki et al. (2006) [84] and De Menech et al. (2008) [97], 

c

d

c

d

Q

Q

W

L λ+= 1  (27) 

where λ is a constant on the order of unity and depends only on the geometrical 
characteristics of T-shaped junctions. However, according to our experiments the 
value of λ changes a lot even for a specific T-shaped junction, 171% increase from 
0.72 to 1.9, meaning both Ca and Qd/Qc have strong influences on determining 
droplet size. The influence of Ca on droplet volume is also reported by van der 
Graaf et al. (2006) [96], 

d
n

refneck
m

refcritd QCatCaVV ,, +=  (28) 

where Vcrit, ref and tneck, ref are the critical volume and the necking time at Ca=1, 
respectively. The exponents m and n depend on the geometrical characteristics of 
T-shaped junctions, and are taken to be m=n=-0.75 for the T-shaped junction in 
[96]. Unfortunately Eq. (28) did not capture the linear influence of the flow rate 
ratio on the droplet volume. 
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Fig. 33 Comparison of droplet formation time between the values calculated and 
experimentally measured at different capillary numbers 
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Fig. 34 Comparison of droplet formation time between the values calculated and 
experimentally measured at different dispersed phase velocity 

3.4.6   Bubble Formation Process 

In addition to the growing and the necking stages observed in droplet formation 
process, a third stage is observed in the bubble formation process. We name this 
stage as the flowing stage. At the end of the flowing stage, the bubble formation 
process enters the growing stage and then the necking stage. Figure 35 shows the 
three stages in a typical bubble formation process: (1) flowing stage—the air stream 
tip recoils back some distance in the lateral channel after the last bubble released 
and then starts to move toward the main channel (Figs. 35 (a) and (b)); (2) growing 
stage—the forming bubble tip intrudes into the continuous phase in the main 
channel (Figs. 35 (b) and (c)) and gradually reaches the critical position at which the 
rear interface of air tip starts to travel downstream (Fig. 35 (c)); (3) necking 
stage—the rear interface travels downstream until it touches the downstream corner 
of the T-shaped junction and releases a bubble, during which the forming bubble is 
still linked to the main air stream but the connecting neck becomes thinner 
continuously (Figs. 35 (c)-(e)). 
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Fig. 35 Typical bubble formation process in the T-shaped junction (µc=1 mPa·s, σ=72.8 
mN/m, Qc=20 µL/min and Pg=26 kPa) 

3.4.7   Bubble Formation Regime 

In the study of bubble formation, the flow rate of continuous phase is changed from 
1 to 10 µL/min for 60wt% glycerin aqueous solution and changed from 10 to 100 
µL/min for 0.3wt% SDS aqueous solution and deionized water. The concentration 
of SDS is above the Critical Micelle Concentration (CMC), which is about 0.2%. At 
such high concentrations, surfactant transport between the continuous phase and the 
forming interfaces is fast, which can suppress the Marangoni effect caused by 
interfacial tension gradient [140]. When we gradually increase the air inlet pressure 
Pg under each flow rate of continuous phase, we find that there exists a certain range 
of air inlet pressure outside which bubbles cannot be formed. The minimum and 
maximum inlet pressures are denoted as Pg,min and Pg,max respectively. To determine 
Pg,min and Pg,max with a high accuracy, the air inlet pressure Pg is increased 
successively with a step of 1 kPa which is the minimum value limited by the 
accuracy of the pressure sensor. Under this pressure increment, the uncertainty of 
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Pg,min and Pg,max is found to be less than 6.3%. When Pg<Pg,min, the air stream in the 
lateral channel cannot intrude into the continuous phase and will be pushed back to 
the lateral channel as shown in Fig. 36 (a), while if Pg>Pg,max the air stream does not 
release bubbles anymore but changes to a layer of air flow in the main channel as 
shown in Fig. 36 (b). The air inlet pressure is actually equal to the pressure inside 
the forming bubbles because of the negligible air pressure drop in the lateral 
channel, resulted from the extremely low flow rate (~10 µm/min) and air viscosity 
(~10-5 Pas). We experimentally examined the air pressure drop in the lateral channel 
and found that the pressured drop was less than 1% of the air inlet pressure. 
Considering the forming bubble and based on the Young-Laplace equation, the air 
inlet pressure is related to the pressure drop in the main channel from the T-shaped 
junction to the outlet 
 

 

Fig. 36 Typical flow situations beyond the bubble formation regime: (a) the air tip flows back 
to the lateral channel (Qc=4 µL/min, Pg=38 kPa); (b) parallel flow of air and continuous 
phase in the main channel (Qc=4 µL/min, Pg=43 kPa) 
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cg PPP Δ=Δ− σ  (29) 

where ΔPσ is the capillary pressure caused by interfacial tension and ΔPc is the 
pressure drop in the main channel from the T-shaped junction to the outlet. Here we 
define the value of Pg-ΔPσ as an effective inlet pressure Pe, because only when 
Pg-ΔPσ>0 the air-liquid interface in the lateral channel has the possibility to flow 
toward the main channel. Equation (29) establishes the physical relationship 
between the dispersed phase and the continuous phase. In this T-shaped junction the 
channel depth is much smaller than the main channel width (H/Wc=0.084), the 
capillary pressure is mainly resulted from the shorter principal radius of the 
curvature confined by the channel depth. It is thus reasonable to estimate 

ΔPσ=2σ/H (30) 

The pressure drop ΔPc in the main channel from the T-shaped junction to the outlet 
should be the pressure drop of bubbly flow. However, the pressure drop of bubbly 
flow in microchannels is very complicated, depending on many factors including 
the number of bubbles, bubble size, the additives types and channel wall properties 
[125, 141-143]. In this study, we do not focus on the pressure drop of bubbly flow. 
Then we simply use the single-phase continuous phase flow to estimate ΔPc. The 
pressure drop of the continuous phase flow is calculated by using the analytical 
result for calculating pressure drop of single phase laminar flow in rectangular 
channels [144, 145], 
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Figure 37 shows the minimum effective inlet pressure at different values of the 
pressure drop of continuous phase flow. We can see that the minimum effective 
inlet pressure Pe,min linearly increases as the pressure drop ΔPc increases and can be 
fitted as 

cge PPPP Δ=Δ−= 2.4min,min, σ . (32) 

Equation (32) offers much more information than just describing the minimum 
effective inlet pressure needed to form bubbles at the T-shaped junction. It partially 
reveals the mechanism of the bubble formation. At the very beginning of the bubble 
formation regime, the bubble number generated from the T-shaped junction is 
relative small and the minimum effective inlet pressure is an indicator of the average 
pressure in the continuous phase around the forming bubbles. From Eq. (32) we can 
see that the continuous phase pressure in the upstream near the forming tip must be 
increased in order to balance the pressure inside the forming tip. In other words, the 
pressure inside the continuous phase at the T-shaped junction increases from ΔPc to 
4.2ΔPc as the dispersed phase enters the T-shaped junction at the very begging of 
the bubble formation regime. This pressure increase is resulted from the  
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Fig. 37 The minimum effective inlet pressure 

partial blockage of the main channel by the forming bubbles. Such pressure increase 
is also found by numerical simulations using phase-field methods [97]. By 
examining their figures, we find that the ratio of pressure increase is about 2.5, 
which is comparable with the value of 4.2 found in this work. 

For the maximum effective inlet pressure, shown in Fig. 38, similar linear trends 
are presented, but the influence of the interfacial tension appears. When the 
interfacial tension is reduced from σ=72.8 to σ=9.0 mN/m, the maximum effective 
inlet pressure increases a lot and the increasing speed becomes much faster. For the 
interfacial tensions σ=72.8 and σ=68.0 mN/m, no obvious difference can be detected 
between the maximum effective inlet pressure due to the small difference of the 
interfacial tension. By fitting our experimental data, it is found that the maximum 
effective inlet pressure for 0.3wt% SDS aqueous solution (σ=9.0 mN/m) is 

110.6max,max, +Δ=Δ−= cge PPPP σ , (33) 

and for distilled water (μc=1.0 mPas and σ=72.8 mN/m) and 60wt% glycerin 
aqueous solution (μc=10.0 mPas and σ=68.0 mN/m), 

cge PPPP Δ=Δ−= 9.4max,max, σ . (34) 
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Fig. 38 The maximum effective inlet pressure 

Figure 39 plots the bubble formation regime represented by the minimum and the 
maximum effective inlet pressures. It is seen that the bubble formation regime in 
0.3wt% SDS solution is much larger than the other two continuous phases. The 
wider range of bubble formation regime, Pe,max-Pe,min, in 0.3wt% SDS solution may 
be resulted from three reasons. The most important one is the stabilization effect of 
surfactant additive (SDS) which will reduce the system’s instability and facilitate 
bubble formation. The second one is the significant increase of the pressure drop of 
the bubbly flow in the main channel. As a result of the stabilization effect of the 
surfactant additive, large amount of bubbles will be generated and flow inside the 
main channel, which significantly increases the pressure drop in the main channel. 
The third possible reason is the large flow resistance in the main channel in the 
presence of surfactant additive. The presence of surfactant on interfaces of flowing 
bubbles may make the stationary liquid films between gas-liquid interface and 
channel walls to move at a speed of bubble velocity, which increases the viscous 
dissipation and results in a high flow resistance [84, 142, 143]. 

3.4.8   Bubble Volume and Formation Time 

Bubble volume, Vb, is determined by using Eq. (11) where the coefficient k=1 is 
adopted. Because the main channel width of the T-shaped junction used for 
investigating bubbles is Wc=430 μm that is much larger than the channel depth 
H=36 μm, the effect of the curved sidewalls on bubble volume is quite small. In last 
section, we have pointed out that bubbles will be formed only when the inlet  
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Fig. 39 Bubble formation regime 

pressure is larger than the minimum inlet pressure. Figure 40 shows the plot of the 
variation of bubble volume as changing effective inlet pressures at three typical 
pressure drops of continuous phase flow. It is noted that the bubble volume almost 
linearly increases as the effective inlet pressure increases under each pressure drop 
of continuous phase flow, i.e. Vb∝(Pg-ΔPσ)/ΔPc. Under constant effective inlet 
pressure and constant pressure drop of continuous phase flow, it is found that the 
bubble volume is almost the same for the continuous phases with similar interfacial 
tension (σ=72.8 mN/m and σ=68.0 mN/m), but for the continuous phase with 
surfactant SDS (σ=9.0 mN/m) the bubble volume significantly decreases. Figure 41 
shows the variation of bubble formation time, tb, as changing effective inlet 
pressures under the three typical pressure drops of continuous phase flow. It is 
found that the formation time exponentially decreases as the pressure ratio 
(Pg-ΔPσ)/ΔPc increases. Under constant effective inlet pressure and constant 
pressure drop of continuous phase flow, it is found that the formation time 
decreases as viscosity decreases (i.e. increasing average velocity of the continuous 
phase flow) at similar interfacial tension (μc=10.0 mPas, σ=68.0 mN/m and μc=1.0 
mPas, σ=72.8 mN/m), and decreases as the interfacial tension increases at the same 
viscosity (μc=1.0 mPas, σ=9.0 mN/m and μc=1.0 mPas, σ=72.8 mN/m). 
 

 
 



Microfluidics: Fabrication, Droplets, Bubbles and Nanofluids Synthesis 227
 

0 20 40 60 80 100 120
0

4

8

12

16

20

ΔP
c
=16.8 kPa

ΔP
c
=8.4 kPa

 μ
c
=1.0 mPas, σ=72.8 mN/m

 μ
c
=1.0 mPas, σ=9.0 mN/m

 μ
c
=10.0 mPas, σ=68.0 mN/m

B
ub

bl
e 

vo
lu

m
e 

V
b, n

L

Effective inlet pressure P
g
-ΔP

σ
, kPa

ΔP
c
=4.2 kPa

 

Fig. 40 Variation of bubble volume with the effective inlet pressure and the pressure drop of 
continuous phase flow 

10 100
1

10

100

1000

ΔP
c
=16.8 kPa

ΔP
c
=8.4 kPa

ΔP
c
=4.2 kPa

 μ
c
=1.0 mPas, σ=72.8 mN/m

 μ
c
=1.0 mPas, σ=9.0 mN/m

 μ
c
=10.0 mPas, σ=68.0 mN/m

B
ub

bl
e 

fo
rm

at
io

n 
ti

m
e 

t b, m
s

Effective inlet pressure ΔP
g
-ΔP

σ
, kPa

 

Fig. 41 Variation of bubble formation time with the effective inlet pressure and the pressure 
drop of continuous phase flow 
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3.5   Concluding Remarks 

Droplet and bubble formation in confined T-shaped junctions are experimentally 
analyzed. The movement of the rear interface of the forming tip of dispersed phase 
plays a very important role in determining formation time and volume. Based on the 
similar formation processes of droplet and bubble and the existence of the minimum 
inlet pressure in the bubble formation process, the formation process of either 
bubbles or droplet can be generalized as follows: (1) the dispersed phase tip with a 
higher pressure gradually intrudes into the continuous phase and the pressure 
behind the rear interface of the forming tip gradually increases in order to balance 
the pressure inside the forming droplet/bubble. During this process the rear 
interface does not move downstream, while the front interface moves downstream 
within this stage because the initial pressure inside the growing tip is higher than the 
pressure in the downstream; (2) when the pressure behind the rear interface is 
increased to a critical value, the rear interface starts to move downstream under the 
effects of the increased pressure, as well as the viscous force exerted on the rear 
interface, until touching the downstream corner of the T-shaped junction. 

It is experimentally confirmed that the droplet volume is equal to the volume of 
dispersed phase flowed into the forming tip within droplet formation time. Two 
empirical correlations for predicting droplet volume and formation time have been 
developed. When the dispersed phase is liquid and driven under controlled flow 
rates, the droplet volume linearly increases as the flow rate ratio increases. 
Influences of continuous phase viscosity, interfacial tension and average velocity of 
continuous phase can be characterized by capillary number as a correction 
coefficient to modify the correlations. When the dispersed phase is gas and driven 
under controlled pressures, it is found that the bubble volume is almost linearly 
proportional to the ratio of the effective inlet pressure to the pressure drop of 
continuous phase flow from the T-shaped junction to the outlet. The bubble 
formation time exponentially decreases as the ratio increases. 

4   Droplet Breakup in T-Shaped Junctions 

4.1   Introduction 

As interests grow in the field of droplet-based microfluidics, more technologies 
have been developed to control and manipulate droplet size. Inside a droplet, the 
fast mixing and uniform reaction environment mainly benefits from the small 
length scale of the droplet. Further reducing the droplet size will even facilitate the 
mixing and reactions inside the droplet. Droplet breakup after the droplet formation 
(i.e. droplet fission) is one way to realize such purpose. After breakup, mother 
droplets will be separated into multiple daughter droplets with either identical or 
different sizes which can be used to realize parallel reactions simultaneously at 
different locations inside microfluidics. In Part 3 we have demonstrated the ability 
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of microfluidic T-shaped junctions in generating uniform droplets and bubbles. 
Beside the controllable generation ability, microfluidic T-shaped junctions have 
been also demonstrated to be able of droplet breakup in a controllable manner 
[68, 70]. It is found that the mother droplets could be broken into smaller daughter 
droplets in either symmetric or asymmetric T-shaped junctions when the flow 
condition and droplet size reach a critical condition. Link et al. (2004) proposed a 
scaling analysis on the critical condition in the symmetric T-shaped junction based 
on shear-driven-breakup mechanism according to the Rayleigh-Plateau instability 
in which a cylindrical liquid thread can reduce its total surface area by breaking 
when its length exceeds its circumference in order to minimize the interfacial 
energy to get a steady state [68]. The critical condition has also been studied 
theoretically by using the lubrication theory with a geometrical construction in 
simplified 2-D symmetric T-shaped junctions [99]. In Part 3, we have studied the 
droplet formation where the upstream pressure increase significantly influences the 
droplet formation process due to the confinement. In fact, droplet breakup in a 
confined T-shaped junction experiences a similar confinement where the upstream 
pressure should also increase dramatically. We believe such pressure increase will 
play an important role in determining the droplet breakup. Therefore further 
examination of droplet breakup in confined T-shaped junctions is necessary for a 
better understanding of the breakup mechanism. 

4.2   Pressure Analysis around Breaking Droplets 

To understand the mechanism of droplet breakup, it is critical to understand the 
driving forces that make the interface deform and move. A perfectly symmetric 
T-shaped junction is employed to make such analysis of driving forces exerted on 
the deforming interface. Suppose that a mother droplet is moving in the main 
channel at a velocity of Ud and has an initial length of L0

d before entering the 
T-shaped junction, shown in Fig. 42 (a). The moving speed Ud is actually almost 
equal to the superficial velocity in the main channel J=(Qc+Qd)/Ac due to the 
negligible slip velocity between dispersed phase and continuous phase [2, 146]. The 
stage when the mother droplet just fully enters the T-shaped junction is named to be 
the initial stage of droplet breakup, shown as Fig. 42 (a). At the initial stage the 
mother droplet has an almost flat interface at the end of the main channel. We focus 
on the analysis of pressure field around the mother droplet after it fully enters the 
T-shaped junction. Three pressure points are defined in the continuous phase 
around the mother droplet and the locations are indicated in Fig. 42 (b). Point P1 is 
set at the end of the centerline of the main channel, point P2 is near the mother 
droplet tip, and point Ps is near the curved interface in the middle part of the mother 
droplet. The average pressure at the defined points is represented by P1, P2 and Ps 
respectively. And the pressure P1 and P2 are named to be upstream pressure and 
downstream pressure, respectively, relative to the breaking droplet. Pressure inside 
the mother droplet is assumed to be uniform and is equal to P0. Obviously we can 
find P1>Ps>P2 along the flow direction in the continuous phase. 



230 Y.X. Zhang and L.Q. Wang
 

Ps

P1

P0
P2

Mother droplets

Daughter droplets Daughter droplets

Mother droplets

Fσ

(c)

P1 P2

FΔPs2

P0
P2

PsR

J /2

L

Ld
0

e
d

d
0

0
dL

U d

L

(a)

(b)

Ud

Daughter droplets Daughter droplets

R1

R2

Inset A
A

A'

A-A' view

 

Fig. 42 Schematic illustration of the mother droplet deformation in a symmetric T-shaped 
junction 
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At the initial stage, the principal radius R1, shown in Fig. 42 (a), of the interface 
at the end of the main channel has an infinite value, and the principal radius R2, 
shown in the Inset A in Fig. 42 (a), is still confined by channel depth, H. According 
to Young-Laplace equation, assuming the interface motion is quasi-static, the 
upstream pressure at point P1 is 

P1=P0-2σ/H (35) 

The mother droplet can be treated as blocking the main channel due to the small 
capillary number that represents the relative weak strength of viscous stresses to 
interfacial stresses. Therefore the shear stresses exerted on the interface by the 
continuous phase are not strong enough to deform the interface significantly away 
from an area-minimizing shape [97]. As a result, the continuous phase is confined to a 
thin film between the interface and the outlet channel walls. Then the continuous 
phase flow in the thin film is subject to an increased viscous resistance, which leads to 
a build-up of the upstream pressure P1, similar to the pressure increase in a T-shaped 
junction where a droplet is generated rather than broken up [84, 97, 139, 147]. 

The pressure build-up of P1 during deformation can be confirmed by examining 
the pressure Ps on the curved interface. Again using Young-Laplace equation, the 
pressure Ps is estimated to be 

Ps=P0-2σ/H+2σ/R, (36) 

where R is the radius of the curved interface in the middle part of the mother droplet 
(Fig. 42 (b)). It is clearly shown that the pressure Ps during deformation is already 
larger than the value of P1 in the initial stage. Thus the upstream pressure P1 at the 
end of the main channel is obviously built up, and this pressure build-up causes the 
movement of the interfaces until breakup. Similar to that specified by De Menech et 
al. (2008) [97] for the droplet generation case, we conclude here that the droplet 
breakup is also fundamentally different from the breakup in unbounded creeping 
flow because the pressure effects are never negligible, unless the radius of the 
droplet is much smaller than the channel width [97, 148]. 

From the above analysis we describe the interface dynamics as the following: 
after the mother droplet fully enters the T-shaped junction, the interface near the 
end of the main channel will be deformed due to the pressure build-up in the 
continuous phase, and the dispersed phase inside the mother droplet will be 
squeezed downstream, where two droplet tips will be formed (Fig. 42 (b)). The two 
droplet tips then move downstream in the two outlet channels at the same velocity 
under the force, FΔPs2, caused by pressure difference ∆Ps2 between points Ps and P2. 
At this time the two tips are still connected via a thinning column in between them, 
the resultant force exerted on one tip by the other one can be represented by the 
interfacial force, Fσ, exerted on the perimeter of the thin column, shown in Fig. 42 
(c). Once the upstream pressure P1 is built up to a critical value that makes FΔPs2 
large enough to overcome the hinder of the interfacial force and possible viscous 
forces exerted on the interfaces close to channel walls, the droplet tips will move 
downstream continuously until breakup. In other words, the critical condition can 
be expressed as the following: the pressure drop over half of the breaking droplet, 
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∆P12, must be larger than the pressure drop, ∆Ps2, in order to provide enough energy 
for the droplet tips to overcome the interfacial energy of the connecting column of 
the dispersed phase. If ∆P12<∆Ps2 the droplet tips do not have enough energy and 
the breakup will not happen. 

By treating each droplet tip as a moving droplet, the pressure drop, ∆Ps2, can be 
estimated by the classic Bretheton correlation that describes the pressure drop over a 
moving droplet/bubble flowing in capillary tubes [2, 149]. Bretherton points out that 
for droplets moving at a speed of U, the pressure drop across the whole droplet is 
estimated as 10σCa2/3/r, where Ca=µcU/σ and r is the radius of capillary tube. In our 
study the moving velocity of each droplet tip is estimated to be the same as the 
superficial velocity in each outlet channel, J/2, half of the superficial velocity in 
the main channel, where J=(Qd+Qc)/Ac. Because, based on our pressure analysis, the 
movement of tips is mainly driven by pressure where the shear stress is relatively 
weak, which implies that the slip between interfaces and channel walls is not serious. 
Then the pressure drop across each droplet tip is estimated to be on the order of 

H

Ca
Ps

3/2

2

10
~

σΔ , (37) 

where Ca=µcJ/σ. We chose channel depth H as the characteristic length for 
estimating ∆Ps2 because the channel depth is smaller than the channel width, 
meaning that the channel depth has a stronger influence because ∆Ps2 is inversely 
proportional to the characteristic dimension. The pressure drop ∆P12 over half of the 
breaking droplet is estimated by the equation describing pressure drop for single 
phase laminar flow in rectangular channels [143, 145] 

( )( )
212

2/2/12
~

H

LJ
P

d
e

cμΔ . (38) 

The only unknown parameter in Eq. (38) is the length of the extended mother 
droplet, Le

d. In fact, this value can be estimated as the value of L0
d without 

introducing serious errors because the deformation of the mother droplet is assumed 
to be driven mainly by pressure where the stretching effect of shear stress is not so 
strong. By replacing Le

d with L0
d and after some simple rearrangement, Eq. (38) 

becomes 

2

0

12

3
~

H

JL
P

dcμΔ . (39) 

Balancing Eqs. (37) and (39) with a modification coefficient ψ, we have the critical 
conditions where breakup of the mother droplet is achievable, 

3/1
0

3 −= Ca
H

L d ψ , (40) 
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In order to get a more concise expression, another dimensionless parameter, χ=3ψ, 
is used to further simplify Eq. (40) to 

3/1
0

−= Ca
H

L d χ , (41) 

where χ is a dimensionless coefficient modifying the estimation of the two pressure 
drops. From Eq. (41) we can see that at the critical condition the initial droplet 
length rescaled by channel depth is proportional to the Ca-1/3, i.e. L0

d/H∝Ca-1/3. 

4.3   Experiments 

4.3.1   Characterization of T-Shaped Functions 

Three different designs of microfluidic T-shaped junctions are employed to 
investigate droplet breakup and are schematically shown in Fig. 43. In each design 
there are two T-shaped junctions placed along the main channel. The first one 
locating in the middle point of the main channel is used to generate droplets, and the 
second one locating at the end of the main channel is used to break up the droplets 
generated at the first one. The second T-shaped junction in design A is a symmetric 
structure having two identical outlet channels (Fig. 43 (a)), whereas in design B and 
C asymmetric T-shaped junctions are adopted (Figs. 43 (b) and (c)). In the designs 
B and C, the length ratios of two outlet channels are 1:2 and 1:3, respectively. In this 
Part we do not focus on droplet formation in the first T-shaped junction but focus on 
droplet breakup at the second T-shaped junction induced by either symmetric or 
asymmetric outlet channels. The asymmetric influence on the droplet breakup is 
designed to be realized by asymmetric length of the outlet channels only. In order to 
eliminate possible influences caused by other geometrical differences, all the other 
geometrical dimensions in the three designs are the same, including channel width, 
channel depth and channel length. In any design, the main channel width Wc, the 
lateral channel width Wd and the outlet channel width Wo are designed to be of 120 
μm, i.e. Wc=Wd=Wo=120 μm, and the uniform channel depth is designed to be of 35 
μm i.e. H=35 μm. All the channel dimensions are measured after fabrication and 
listed in Table 2. The slight difference of channel width in Table 2 is introduced 
during the fabrication process. 

4.3.2   Fluids Selection 

Deionized water is selected as dispersed phase, hexadecane and silicon oils with 
different viscosities are used as continuous phases. The deionzied water is prepared by 
using a home-made water purification system. The hexadecane and silicon oil are 
bought from Sigma-Aldrich Inc., USA. Different from the experiments in Part 3, no 
surfactants are used in the investigation of droplet breakup. The continuous phase 
viscosities are measured by using a viscometer (SCHOTT-GERATE GmbH, Germany)  
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Fig. 43 Channel configurations and dimensions of the T-shaped junctions used for 
investigating droplet breakup: (a) Design A, length ratio of the outlet channel is 1:1; (b) 
Design B, length ratio of the outlet channel is 1:2; (c) Design C, length ratio of the outlet 
channel is 1:3 

with an accuracy of 0.65%, and interfacial tensions between the dispersed phases 
and the continuous phases are measured by using a tensiometer (Cole-Parmer® 
Surface Tension Meter 20, Cole-Parmer Instrument Company, USA) with an 
accuracy of 0.25mN/m. Table 3 lists the measured values of the viscosity and 
interfacial tension at room temperature. Each value is an average over three 
measurements. 
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Table 2 Channel dimensions 

 Wc=Wd=Wo, μm H, μm L, mm 

Design A 122.1 36.2 10 

Design B 120.7 35.1 10 

Design C 125.3 37.3 10 

Table 3 Measured viscosities and interfacial tensions at room temperature (23°C) 

Dispersed phase-Continuous phase cμ / mPa·s σ / mN/m 

Deionized water-Hexadecane 3.0 44.0 

Deionized water-Silicon oil (10 mPa·s) 10.0 31.2 

Deionized water-Silicon oil (50 mPa·s) 50.0 31.6 

4.3.3   Experimental Setup 

The experimental setup used in this study is exactly the same as used in the droplet 
formation investigation in Part 3. For the completeness of this part we simply 
outline the key steps here. Please refer to Part 3 for more details of the experimental 
system. The dispersed phase and the continuous phase are injected into the first 
T-shaped junction by two syringe pumps via flexible PTFE tubings (Cole-Parmer 
Instrument Company, USA). The flow rate of either phase is automatically 
controlled by the syringe pumps with an accuracy of 0.5%. An inversed microscope 
is used for micro visualization purpose (XD101, Nanjing Jiangnan Novel Optics 
Co. Ltd., China), with which a high speed camera is integrated for recording the 
droplet breakup process in terms of imagines and videos (MotionPro® X4, IDT, 
Taiwan). The droplet length is obtained by measuring the micrographs captured by 
the high speed camera in Adobe Photoshop. To insure the collected information of 
the droplet breakup is under a steady state, we check out the number of droplets 
formed within a specific time period at least three times with a time interval at least 
five minutes after every change of either flow rate of the dispersed or the continuous 
phase. The pictures and videos are collected only when the number does not change 
for the last two measurements. 
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4.4   Results and Discussion 

4.4.1   Droplet Breakup in Symmetric T-Shaped Junction 

As expected, the mother droplet does not always break in the symmetric T-shaped 
junction, non-breakup case is also experimentally observed. In the non-breakup 
cases, mother droplets will flow out the T-shaped junction, without breaking, via 
the two outlet channels alternatively. More interestingly, besides non-breakup and 
equal breakup, a third breakup pattern—unequal breakup—is also observed in the 
symmetric T-shaped junction. We conclude that the unequal breakup is resulted 
from the asymmetrically geometrical characteristics of the two outlet channels, 
introduced during the channel fabrication process, which will be discussed in detail 
later. After measuring the initial length of mother droplet, a pattern diagram of the 
droplet breakup is plotted in terms of L0

d/H and Ca, shown in Fig. 44. It is found that 
there exist three droplet breakup patterns, zone A to C from lower left to upper right 
in the pattern diagram (Fig. 44). Zone A is the area below the boundary A0-A1-A2, 
where no droplet breakup occurs. Zone B is constructed by boundary 
A2-A1-B1-B2, where the mother droplet always breaks into two daughter droplets 
with identical sizes. Zone C is the area above the boundary A0-A1-B1-B2, where 
the mother droplet always breaks into two daughter droplets with unequal sizes. 
Points A0, A1 and B1 locate on the line L0

d/H=13.3. Boundary A1-A2, the critical 
condition where the mother droplet can just break up, is experimentally fitted by 
using Eq. (41) and is shown in Fig. 45. A very good agreement between the 
experimental values and the estimation of Eq. (41) can be seen and the coefficient χ 
is found to be χ=1.2. 

Figure 46 shows a typical non-breakup situation in zone A. In this zone 
L0

d/H<1.2Ca-1/3, the pressure difference in the continuous phase over half the 
deforming mother droplet is not large enough to provide sufficiently large force to 
overcome the interfacial force due to the relatively short droplet length. 
Additionally, it is found that the mother droplet will always flow out through the 
two outlet channels alternatively, shown as the droplets labeled 0, 1 and 2 in Fig. 46. 
This can be explained by the alternative increment of flow resistance of the two 
outlet channels and the unbalanced shear forces exerted on each half-droplet. 
Before reaching the critical condition, the mother droplets size is relatively small, 
and when they enter the T-shaped junction, the blocking effect is not so serious and 
the shear forces exerted on the interface cannot be neglected. In Fig. 46 (a) the last 
previous mother droplet is moving into the outlet channel A (OCA), the flow 
resistance in this outlet channel will be increased because more energy is needed to 
overcome the viscous dissipation between droplet interfaces and channel walls. 
Since pressure drop from the T-shaped junction to either outlet of the two outlet 
channels is the same, the superficial velocity in the outlet channel A (OCA) will be 
lower than in the outlet channel B (OCB). When the next mother droplet (droplet 1) 
arrives at the T-shaped junction, the shear forces exerted on the two halves of 
droplet 1 are not balanced any more, the relatively larger shear force will drag the  
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Fig. 44 Droplet breakup pattern in the symmetric T-shaped junction 
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Fig. 45 The critical condition of droplet breakup in the symmetric T-shaped junction 
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Fig. 46 Typical non-breakup pattern in the symmetric T-shaped junction (L0
d/H=6.1, 

Ca=4.3×10-3) 

mother droplet into the outlet channel B (OCB) where the superficial velocity is 
higher. The flow resistance now in OCB is higher than OCA because some droplets 
in OCA have already flowed out and its flow resistance returns to previous level. So 
the following mother droplet (droplet 2) will flow out through OCA as the similar 
reason for droplet 1 in OCB. Such alternating cycle will be repeated when the 
following droplets arrive at the T-shaped junction. 

Figure 47 shows a typical process of equal breakup in zone B 
1.2Ca-1/3<L0

d/H<2.4Ca-1/3. Mother droplets moving in this zone will always equally 
break into two daughter droplets and flow out through two outlet channels 
simultaneously. 



Microfluidics: Fabrication, Droplets, Bubbles and Nanofluids Synthesis 239
 

 

Fig. 47 Typical equal-breakup pattern in the symmetric T-shaped junction (L0
d/H=8.4, 

Ca=6.0×10-3) 

The critical condition described by boundary A1-A2 has been theoretically 
investigated by Leshansky and Pismen (2009) [99] for 2D T-shaped junctions 
where the channel depth H was regarded as infinite compared with the channel 
width Wc. The critical condition was reported to be dependent on the droplet 
extension and capillary number by combining a geometric construction for the 
interface and with lubrication analysis in the narrow gap between the breaking 
mother droplet and channel walls. By using our notation, the analytical solution is 

Le
d/Wc≈1.3Ca-0.2, (42) 

where Le
d is the extended length of mother droplet at the critical condition. 

Leshansky and Pismen (2009) did not show the explicit relation between Le
d and the 
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initial droplet length L0
d. To do the comparison, we use the initial droplet length L0

d 
and H in stead of Le

d and Wc in Eq. (42), respectively. Link et al. (2004) reported 
another correlation based on experimental observation combined with the classical 
Rayleigh-Plateau instability in which a cylindrical liquid thread can reduce its total 
surface area by breaking when its length exceeds its circumference under the effect 
of shear stress [68, 150]. By using volume conservation before and after the mother 
droplet deformation, a correlation describing the critical condition of droplet 
breakup was proposed 

[ ][ ][ ]23/200 1)/()/( −= −
HLHLCa dd ππα , (43) 

where α was a dimensionless constant depending on viscosity contrast of dispersed 
phase to continuous phase and on the geometry of junction. Its value was 
experimentally fitted to be 1 in their study. This correlation was examined by 
numerical simulations by using a phase-field method conducted by De Menech 
(2006) [151]. Figure 48 shows the comparison of the critical condition between our 
results Eq. (41) and the two reported correlations, Eqs. (42) and (43), by plotting Ca 
as a function of L0

d/H in order to get a uniform format with Eq. (43) where L0
d 

cannot be expressed by Ca explicitly. It is found that a large discrepancy exists 
between our correlation and the two reported ones. We conclude that the large 
discrepancy is resulted from different reasons for the two reported correlations. The 
correlation, Eq. (42), is derived from a 2-D simplification where the channel depth 
is regarded as infinite and the influence of channel geometry is only from the 
channel width. We consider that such assumption may not be suitable for 
determining the influence of channel geometry in real microchannels, especially 
rectangular ones. In rectangular microchannels the depth is usually comparable or 
less than the width, therefore the influence of channel depth cannot be neglected. 
The difference between our correlation and that reported by Link et al. (2004) [68], 
Eq. (43), is resulted from the different understanding of the mechanism behind the 
droplet breakup. Their correlation is proposed based on the consideration of a 
shear-driven breakup rather than pressure driven. This kind of consideration is 
reasonable for their experiments because in their experiment the capillary number is 
relatively high, Ca>0.1, and the droplet length is relatively small, L0

d/H<4, which 
will result in a relative larger shear stress than the increased pressure exerted on the 
interface of the deforming mother droplet. In our experiments, the capillary number 
is much smaller, Ca~10-3-10-1, and the droplet length is relatively large, L0

d/H>4, 
which makes the breakup dominated by the pressure driven rather than the shear 
driven. From this kind of comparison we can see that for mother droplets with 
different sizes and flowing at different capillary numbers, different mechanisms of 
droplet breakup, either the shear driven or the pressure driven or both, should be 
considered. 
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Fig. 48 Comparison of the critical condition with the reported ones 

Theoretically all the mother droplets locating above the critical boundary 
L0

d/H=1.2Ca-1/3 should break into two equal-sized daughter droplets. However we 
find when L0

d/H>2.4Ca-1/3 or L0
d/H>13.3 (zone C in Fig. 44), the mother droplet 

will not break up equally any more. Figure 49 shows a typical process of the 
unequal breakup. This asymmetric breakup is probably caused by the asymmetry of 
the two outlet channels introduced in the channel fabrication process. For a 
perfectly symmetric T-shaped junction, the flow field at the T-shaped junction is 
always symmetric to the center line of the main channel. However fabricating a 
perfectly symmetric T-shaped junction seems impossible in practice. In our channel 
fabrication process, asymmetric features of outlet channels may be resulted from 
non-uniform strength of wet etching induced by possible non-uniform ultrasonic 
strength. Then, when mother droplets enter the T-shaped junction, different amount 
of dispersed phase will be squeezed into the outlet channels (Fig. 49 (e)) and the 
mother droplets finally break into two daughter droplets unequally due to the 
asymmetric flow resistance. It is interesting to note that the influence of geometrical 
asymmetry on droplet breakup does not appear in Zone B, equal breakup zone. Such 
breakup difference means that the asymmetric influence is quite sensitive to droplet 
size and flow conditions in the T-shaped junction. In Zone B the influence of 
geometrical asymmetry is weak and unequal breakup cannot be observed. However, 
the influence will become strong enough to make mother droplets break up 
unequally for the combinations of droplet sizes and flow conditions in Zone C. 
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Fig. 49 Typical unequal-breakup pattern in the symmetric T-shaped junction (L0
d/H=12.3, 

Ca=5.7×10-3) 

4.4.2   Droplet Breakup in Asymmetric T-Shaped Junctions 

Figure 50 shows our experimental results on droplet breakup in the asymmetric 
T-shaped junctions. It is found that the droplet breakup in the asymmetric T-shaped 
junctions is quite difficult. As we change the capillary number three orders of 
magnitude (10-4<Ca<10-1), only several points are found in the T-shaped junction 
with 1:2 outlet channel ratio (Design B), where the mother droplets can break up, 
shown as the black dots in Fig. 50. In the T-shaped junction with 1:3 outlet channel 
ratio (Design C), we do not find any breakup within our experimental range. Even at 
the several breakup points in Design B, we find that the droplet breakup at the 
second T-shaped junction is not stable any more. Figure 51 shows the two typically  
 



Microfluidics: Fabrication, Droplets, Bubbles and Nanofluids Synthesis 243
 

 

1E-4 1E-3 0.01 0.1
1

10

 None breakup
 Breakup

L
0 d/H

Ca=μ
c
J/σ

L
0

d
/H=24

 

Fig. 50 Droplet breakup pattern in asymmetric T-shaped junctions 

unstable breakup situations. The length ratio of the daughter droplets changes from 
case to case. 

In asymmetric T-shaped junctions, it is found that mother droplets always flow 
out via the shorter outlet channel and no droplets flow out through the longer one, 
shown in Fig. 52. As mother droplets enter the asymmetric T-shaped junctions, the 
moving droplet tip in the short outlet channel always moves at a much higher speed 
than the tip in the longer channel due to the lower flow resistance in the shorter 
outlet channel (Fig. 52 (b)). After mother droplets fully enter the T-shaped junction, 
a smaller half will be formed in the longer outlet channel, and a longer half will be 
formed in the shorter outlet channel (Fig. 52 (c)). The blockage effect of the short 
half droplet is much weaker than the longer half, and the deformation of the short 
half droplet in the longer channel at this time is mainly driven by viscous forces 
(Figs. 52 (d)-(f)). In the longer channel the superficial velocity is much lower; the 
resulted viscous forces are not large enough to overcome the interfacial forces 
exerted on the perimeter of the dispersed phase column connecting the two halves. 
Then the short half droplet will be pulled into the shorter channel and flow out 
(Figs. 52 (g) and (h)). 

Droplet breakup in asymmetric T-shaped junctions was also investigated by Link 
et al. (2004) [68]. They mentioned that mother droplets will break into two 
different-sized daughter droplets with a length ratio inversely proportional to the 
length ratio of the outlet channels. But they did not mention the conditions where  
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Fig. 51 Unstable droplet breakup in the asymmetric T-shaped junction with the outlet 
channel length ratio of 1:2 (Design B) (L0

d/H=32.0, Ca=1.5×10-4): (a) Ll:Ls=0.36 (b) 
Ll:Ls=0.86 
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Fig. 52 Typical non-breakup pattern in asymmetric T-shaped junctions (L0
d/H=10.7, 

Ca=2.1×10-4) 

this breakup can be realized and if the breakup was stable or not. In our work, we 
find that the droplet breakup in asymmetric T-shaped junctions is quite difficult. 
Only when the mother droplets are sufficiently long and the capillary number are 
sufficiently small several unstable breakup cases can be observed (L0

d/H>24 and 
Ca<3×10-4). We consider that such big difference between our study and that 
reported by Link et al. (2004) [68] is resulted from the large difference of interfacial 
tension. In their work, they used surfactant (Span 80) to stabilize the droplets 
against coalescence, which will also decrease the interfacial tension significantly. 
The interfacial tension in their study is about σ=5 mN/m, whereas it is σ=44 mN/m 
in our works without any surfactant. Droplets with lower interfacial tension will 
facilitate the breakup because the interfacial tension force is easier to overcome. 
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4.5   Concluding Remarks 

Scaling analysis of the critical condition for droplet breakup in symmetric T-shaped 
junctions is conducted based on the analysis of the pressure field during droplet 
breakup. The scaling analysis is experimentally confirmed, implying that the 
droplet breakup in a confined T-shaped junction is a pressure-driven process when 
the capillary number is less than ~0.1. After mother droplets fully enter the 
T-shaped junction, the upstream pressure will be increased significantly and such 
pressure increase is the main driven force yielding the droplet breakup. The critical 
condition where mother droplets can breakup is found to be dependent on the initial 
droplet length, channel depth and capillary number, which can be formulated as 
L0

d/H∝Ca-1/3. A new droplet breakup pattern, unequal breakup, is found in the 
symmetric T-shaped junction. Such unequal breakup is resulted from the slightly 
asymmetric properties of the T-shaped junction introduced in the fabrication 
process. In other words, slight asymmetry of T-shaped junctions will influence the 
breakup significantly under some flow conditions. In practical operation of droplet 
breakup, flow conditions should be controlled within proper ranges where the 
influence of the asymmetry does not appear.   In asymmetric T-shaped junctions it is 
found that the droplet breakup is quite difficult, and reducing interfacial tension 
may benefit the droplet breakup. 

5   Chaotic Mixing in Microfluidic Droplets 

5.1   Introduction 

Microfluidic reactors have been widely used for performing chemical reactions 
because the reactions can be more precisely controlled at microscale than at 
conventional macroscale due to the laminar flow of low Reynolds number. 
Although diffusion mixing over the microscale is already much faster than at 
traditional macrosacle, the mixing efficiency is still seriously limited by diffusion 
and sometimes it cannot satisfy our requirement. Thus, efficient mixing of reagents 
requires a stirring mechanism, such as chaotic advection that stretches and folds 
fluid elements throughout the entire volume of the flow. In single phase flow, 
various channel structures and obstacles have been designed to introduce chaotic 
advection in order to increase the mixing efficiency, including C-shaped channel 
[152], L-shaped channel [153, 154], X-shaped channel [155] and some other 
geometries [156, 157]. However, those complex structures are not easy to fabricate 
and the cost is quite high. More recently microfluidic droplets are widely reported 
as effective reactors where the mixing is significantly enhanced due to the naturally 
chaotic advection inside the droplets moving in the Stokes flow [10, 158-164]. The 
residence time distribution is also narrowed down as a result of confined dispersion 
inside the droplets, compared with reactions in the single phase flow. 
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The mechanism of chaotic mixing inside moving droplets is normally studied by 
idealizing the chaotic advection as the recirculating flow and is explained by the 
Baker’s transformation. In this part we will discuss the scaling of the full mixing 
time of chaotic mixing based on the work reported by Bringer et al. (2004) [165], 
and compare with our experimental results. 

5.2   Recirculating Flow Inside Moving Droplets 

Suppose that the velocity of a moving droplet is Ud and the absolute velocity field 
inside the moving droplet is u. Then near the front and back interfaces inside the 
moving droplet u≈Ud as the continuity requirement and in the areas far from the 
front and back interfaces the velocity profile is parabolic due to the viscous stress 
exerted on the moving interfaces induced by channel walls. Figure 53 (a) shows a 
schematic illustration of the flow field inside the moving droplet. For the parabolic 
type flow far away from the front and back interfaces, the internal velocity is largest 
in the center-plane of the microchannel and decreases to a smallest value on the 
interfaces close to channel walls. When we examine the relative velocity field, 
u-Ud, inside the moving droplet, a pair of symmetric vortices will be presented, 
resulted from the symmetric influences of channel walls. The relative velocity field 
can be understood as the fluid velocity observed from inside the droplet (droplet 
frame of reference), which means that the observer is moving at the same velocity 
as the droplet. Such symmetric vortices pair has already been confirmed by many 
researchers in either numerical or experimental studies [146, 166-170]. In curved 
channels the two vortices are not symmetric any more due to the asymmetry of flow 
field inside the moving droplet and the asymmetric influence of channel walls. It is 
found that a big vortex always locates near the outer wall side and a small vortex 
always locates near the inner wall side [146, 171-174]. Figure 53 (c) schematically 
shows the two asymmetric vortices. 
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Fig. 53 Schematic illustration of recirculating flow in moving droplets 
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The mixing rate inside moving droplets depends on the relative fluid velocity. 
The recirculating flow inside each vortex will significantly enhance the mixing 
efficiency, and such rapid mixing is usually referred to chaotic mixing in 
microfluidics area [35, 160, 163, 165, 174, 175]. In general, there are two 
arrangements of the reagents to be mixed inside a moving droplet, relative to the 
center-plane of the moving droplet. In the first arrangement the two reagents can be 
located along the center-plane, shown in Fig. 54 (a), and in the other one the two 
reagents can be located perpendicularly to the center-plane, shown in Fig. 54 (b). It 
is intuitively seen that for the first arrangement the internal recirculating flow will 
result in chaotic mixing in either straight channels or curved channels. For the 
second arrangement, the recirculating flow cannot benefit the mixing of reagents in 
straight microchannels because the two vortices totally locate within the two 
reagents respectively and the recirculating flow in each vortex can only induce 
recirculation inside the reagent where it is located (Fig. 54 (b)). The mixing between 
the two reagents can only rely on diffusion through the “interface” of the two 
vortices, i.e. the center plane of the moving droplets. In curved channels, however,  
 

A B

Ud
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Ud
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(b)

(c)
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Reagent B

A B

A
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Fig. 54 Mixing situation at different initial distribution of the two reagents: (a) the two 
reagents distributed along droplets center plane in straight channels, (b) the two reagents 
distributed perpendicular to droplets center plane in straight channels, and (c) the two 
reagents distributed along droplets center plane in curved channels 
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chaotic mixing inside droplets can still happen due to the asymmetric feature of the 
two vortices. Figure 54 (c) schematically illustrates the process how the asymmetric 
vortices facilitate the mixing of reagents A and B. Before the droplet enters the 
curved microchannels, the two reagents are equally distributed perpendicularly to 
the center-plane of the moving droplet. In the first curved section, the bigger vortex 
will bring an amount of reagent B exposed to the inner wall into vortex A. When the 
channel curvature reverses in the following section the original smaller vortex 
evolves into the relatively bigger one and takes an amount of reagent A. As such 
alternative exchange is repeated, the chaotic mixing of the two reagents will be 
realized under the effects of the recirculation within each vortex and under the 
advection of the “interface” between the two vortices. 

5.3   Baker’s Transformation 

Baker’s transformation is usually employed to explain the chaotic mixing inside 
moving droplets [159, 165, 176-178]. The Baker’s transformation can be 
geometrically explained in Figs. 55 (a)-(c): a unit square is stretched to a rectangle 
which is twice as wide and half as tall, and then this rectangle is cut along the center 
plane, and then place the right-hand part above the left to reform a square. After one 
time Baker’s transformation the number of interfaces between reagents A and B 
increases from 1 to 2. Figures 55 (a)-(g) demonstrates the interface increment after 
three times Baker’s transformation. The interface number increases from 1 to 8. 
From the Baker’s transformation it is seen that the interface number is increased by a 
factor of two for each cycle of stretching and folding, and as the cycles are repeated 
the interfaces between the two reagents increase exponentially according to 

nN 2= , (44) 

where N is the interface number after n cycles of Baker's transformation. 

(c) (e)(d) (f) (g)

Streching StrechingFolding Folding FoldingStreching

Reagent B

Reagent A

(b)(a)
 

Fig. 55 Schematic illustration of the Baker’s transformation 

5.4   Scaling Analysis of Chaotic Mixing 

Microfluidic mixing normally operates at low Reynolds number and over small 
length scale where turbulence cannot happen. Therefore the diffusive mixing in 
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laminar streams is the most significant feature inside either droplets or continuous 
streams. The time consumed by diffusion to reach full mixing, tfdif, is proportional to 
the square of the striation thickness and inversely proportional to the diffusion 
coefficient 

D

S
t t

fdif 2

2

= , (45) 

where St is the striation thickness, the distance that reagents must diffuse to mix 
with each other [179]. D is the diffusion coefficient. The striation thickness is 
defined as 

2ti

total
t A

V
S = , (46) 

where Vtotal is the total volume involving interfaces, and Ati is the total interfacial 
surface area involved in the total volume. When there is only one interface between 
the two reagents, this stage is defined as the initial stage. At the initial stage, by 
treating the droplet to be a cuboid, the droplet volume is estimated to be 
Vtotal≈LdWcH and the total interfacial surface area Ati =A0≈2LdH (Noting that one 
interface has two interfacial surfaces), where Ld is the droplet length, Wc is the 
channel width and H is the channel depth. Therefore the initial striation thickness is 
S0≈Wc. When chaotic mixing happens, the recirculation inside droplets is 
reasonably treated as repeatedly stretching and folding that can be idealized by the 
Baker’s transformation. Figure 56 schematically shows the increased interface 
number, as well as interfacial surface area, between reagent streams in each vortex 
after a number of recirculation cycles. As a result the total interfacial surface area 
increases to, according to Eq. (44), 

( ) 00 2 AANnA n
ti =⋅= , (47) 

where A0 is the initial interfacial surface area before the recirculation occurs and n is 
the number of recirculating cycles. During the mixing process, the two reagents are 
confined in the droplet and the total volume is not changed. Then the striation 
thickness will decrease exponentially based on Eq. (46) 
 

Ud

 

Fig. 56 Schematic illustration of the increased interfaces inside a moving droplet 
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where St (n) is the striation thickness after n cycles recirculation. Substituting Eq. 
(48) into Eq. (45) leads to 
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where t0 is the initial diffusion time, t0=S0
2/(2D). Equation (49) presents the 

mechanism behind the chaotic mixing in moving droplets: recirculating flow inside 
the moving droplets results in exponential decrease of the striation thickness, where 
full mixing by diffusion happens not necessarily on the droplet width scale but on 
the scale of the decreased striation thickness, and then the diffusion time over the 
striation thickness is exponentially decreased. Note that the initial striation 
thickness S0≈Wc. The initial diffusion time to reach full mixing is estimated to be 

D

W
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2

2

0 ≈ . (50) 

Substituting Eq. (50) into Eq. (49), the diffusion time after n cycles recirculation, 
tfdif(n), is obtained 
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We estimate that the recirculation velocity, u-Ud, is on the scale of 0.5Ud [168]. The 
time taken by one cycle recirculation inside the droplet is then estimated to be on the 
scale of 

d

d
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and the time consumed by n cycles recirculation is estimated to be 

( )
d

d
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nL
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4
~ . (53) 

where tconv(1) and tconv(n) is the time consumed by one cycle and n cycles 
recirculation flow by convection inside the droplet, respectively. 

It is generally assumed that the full mixing time is approximately the time when 
the diffusion time on the striation thickness scale and the convective transport time 
inside droplets are matched [159, 160, 165, 180]. In other words, after n cycles 
recirculation the diffusion time over the striation thickness will be equal to or much  
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smaller than the total time collapsed already [165]. Based on this assumption, we 
can balance the time consumed by diffusion over the striation thickness with the 
time consumed by the convection, 

)(~)( ntnt convfdif . (54) 

Substituting Eqs. (51) and (53) into Eq. (54), we have 
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Rescaling the droplet length by the channel width, Ld=mWc, results in 
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where m is the dimensionless droplet length rescaled by channel width. 
After some rearrangement, Eq. (56) becomes 

Pe
D

UW
mn dcn =+ ~2 32  (57) 

where Pe is the Peclet number defined by Pe=WcUd/D. 
The value of n (the number of recirculation) can be determined by taking 

logarithm operation on both sides of Eq. (57), 

( )
2

3
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~ −− mnPe

n . (58) 

Given that Pe and m are known values, the value of n can be numerically solved 
from Eq. (58), and substituting the value of n into the express Eq. (53), the full 
mixing time scale by diffusion is then estimated to be, 
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5.5   Experiments 

5.5.1   Fluids Selection 

Silicon oil with the viscosity of 10-2 mPas is used as continuous phase. Two 
reagents to be mixed are Parker ink solution (Parker Quink black) and deionized 
water (colorless). The Parker ink solution is used as a dye solution to evaluate the 
mixing efficiency. The reagents chosen should satisfy the following requirements: 
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(1) the two reagents must be miscible to each other; (2) the two reagents must have 
a strong black and white contrast under the illuminating light, limited by the 
monochrome color of the high speed camera used in our experiment. The dye 
solution in this investigation is prepared by diluting black Parker ink with deionized 
water at a volume ratio of 1:10.  

5.5.2   Channel Design and Characterization 

Figure 57 schematically shows the channel configuration in this study. Two inlet 
channels for introducing ink solution and deionized water are merged into a very 
short channel before entering the main channel, where a T-shaped junction is 
constructed. Droplets containing the reagents to be mixed will be generated at the 
T-shaped junction. The curved channel consists of a series of S-shaped sections 
connected sequentially, shown in Fig. 57 (b). The total channel length from the 
T-shaped junction to the outlet is L=103 mm, the channel width is Wc=122.1 μm, 
and the radius of curvature of the channel centerline is R=120 μm. Wetting ability 
modification of the microchannel walls has to be applied in order to get 
hydrophobic surfaces that are necessary for aqueous droplets formation in the 
T-shaped junction. 

Ink solution Deionized water

Continuous phase
(Silicon oil)

(a) (b)

Wc

R

Droplets

 

Fig. 57 Schematic diagram of the channel design 

5.5.3   Experimental Setup 

Figure 58 presents the schematic diagram of the experimental system. The ink 
solution and the deionized water are preloaded in two identical syringes (2.5 mL, 
Gastight 1001, Hamilton Co., USA) and are injected into the inlet channels at the 
same volumetric flow rate controlled by the same syringe pump (Cole-Parmer® 
74900, Cole-Parmer Instrument Company, USA). Such arrangement of one syringe  
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Fig. 58 Experimental setup for investigating chaotic mixing inside droplets 

pump propelling two identical syringes secures that the feed of the two reagents is 
always at a same flow rate, where equal volume distribution in the droplets is 
realized. Another syringe pump with the same model is used for introducing the 
continuous phase, silicon oil. All the flow rates are automatically controlled by the 
syringe pumps. An inversed microscope is used for visualization purpose (XD101, 
Nanjing Jiangnan Novel Optics Co. Ltd., China), with which a high speed camera is 
integrated for recording the mixing process in droplets in terms of imagines and 
videos (MotionPro® X4, IDT, Taiwan). We note that the images recorded in our 
experiment give an average mixing situation in the channel depth direction, which 
is limited by the microscope used in this study. A full scale 3-D mixing 
visualization in microscale is still a challenging problem. The lens used in this 
experiment is either 4×, tracking droplets location along the main channels, or 10×, 
evaluating the chaotic mixing efficiency inside the droplets. Because the 4× lens 
gives a wider field of view (view diameter is about 1.5 mm) in the digital 
micrographs captured by the high speed camera but with a lower resolution, 
whereas the 10× lens gives a narrower field of view but with a higher resolution 
(view diameter is about 0.5 mm). Therefore the 4× lens is used for finding the full 
mixing location primarily and quickly, and then the 10× lens is used near that 
location for further evaluating the chaotic mixing efficiency with a higher 
resolution. Droplet traveling time is directly measured from the consecutive images 
by utilizing the software provided with the high speed camera. Droplet length and 
channel width in micrographs are measured in ImagJ (Rasband, W.S., ImageJ, U. S. 
National Institutes of Health, Bethesda, Maryland, USA, http://rsb.info.nih.gov/ij/, 
1997-2009). To insure the droplet formation and the mixing inside are under a 
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stable state, we check out the number of droplets as well as the volume distribution 
of the two reagents within a specific time period at least three times after every 
change of either flow rate of dispersed phase or continuous phase. We collect the 
data including droplet length, droplet formation time and full mixing time only 
when the number does not change for the last two measurements. 

5.5.4   Time-Distance Relationship 

Note that as the chaotic mixing takes place inside a droplet, the droplet travels in 
microchannels at the same time. Therefore the time consumed by chaotic mixing is 
equal to the time consumed by the droplet traveling along the channel. The traveling 
time can be estimated by the distance the droplet travels over the droplet moving 
speed. Then the time-distance relationship is established, 

tmix=Ltr/Ud, (60) 

where tmix is the time consumed by chaotic mixing inside the droplet. Ltr is the 
distance the droplet travels. 

Equation (60) relates the mixing time collapsed inside the droplet and the 
distance the droplet travels from the T-shaped junction to the measuring positions. 
One distinct characteristics of droplet formation in a single T-shaped junction is the 
extremely high stability in terms of droplet formation time and droplet volume, 
meaning that at a specific observation spot droplets always appear at the same time 
interval with the same droplet size. This is quite useful when conducting CCD 
micro visualization experiment because the observation field in the microscope is 
quite narrow within which the full mixing by diffusion is probably not reached, then 
tracking the droplet in the downstream observation spots is necessary. But tracking 
a specific droplet in the following spots is quite difficult because the droplet 
probably flows downstream far away within the time for shifting the observation 
spots. Fortunately the high stability of droplet generation in microfluidic T-shaped 
junctions together with the time-distance relationship, Eq. (60), offers us the ability 
not necessarily tracking one specific droplet but observing any droplet in a desirable 
location. 

5.5.5   Estimation of Ink Diffusion Coefficient 

In order to calculate the full mixing time via Eq. (48) the diffusion coefficient of 
Parker ink must be provided. However this value cannot be found in either literature 
or from the product provider. Parker ink is a kind of complex colloid, consisting of 
carbon nanoparticles, colored ionize (Fe2+ and Cu+), surfactants, and some other 
materials. For such complex mixture, Einstein relation describing the diffusivity of 
particles is not applicable any more [181]. Therefore we have designed a simple 
experiment to estimate the diffusion coefficient of the Park ink solution used in this 
study. A Y-shaped straight microchannel, shown in Fig. 59, is designed for 
estimating the diffusion coefficient of the ink solution. The ink solution and 
deionized water are simultaneously pumped into the straight channel via the  
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Fig. 59 Y-shaped straight channel for determining the diffusion coefficient of ink solution 

Y-shaped inlets at a very low flow rate in order to eliminate possible convection in 
channel width direction. In this diffusivity estimation experiment, the two reagents 
are pumped at a total flow rate of 0.02 μL/min, and the resulted Reynolds number is 
on the order of 10-3. At such small Reynolds number, convection in channel width 
direction can be effectively neglected. As reagents flow in the straight channel, 
diffusion mixing occurs in channel width direction and convection occurs in 
channel length direction simultaneously. Considering the influence of parabolic 
profile velocity inside the channel, the diffusion coefficient can be estimated from 
the concentration diffusion in Hagen-Poiseuille flow [7], 

tr

c

L

vW
D

28=  (61) 

where Ltr is the distance from the meeting point of two reagents to the location 
where the full mixing by diffusion is achieved. v is the average flow velocity of the 
two reagents in the straight microchannel, v=(Qink+Qw)/Ac. 

It is seen from Eq. (61) that finding the distance where the full mixing of the two 
reagents is achieved is crucial to estimate the diffusion coefficient since the other 
parameters can be easily obtained from either measurement or calculation. 
Micrograph analysis based on evaluating gray values of pixels is used here to judge 
where the full mixing is reached. Figure 60 shows the method for determining Ltr. 
Starting from the meeting point, we place a series of cross line in the flow direction 
with a distance interval of the channel width. Then the gray value on each cross line 
is measured and plotted in Fig. 61. At the first cross section x=0 (Fig. 61 (a)) a sharp 
gray value difference within channel width means that the diffusion mixing has not 
started yet. As the diffusion takes place, the gray value difference within channel 
width becomes smoother and smoother, standing for the increasing mixing 
efficiency along channel direction. In the last two insets (Figs. 61 (g) and (h)), no 
obvious difference of gray value can be detected, which means that the full mixing 
is achieved at x=6Wc. The small fluctuation of gray value within channel width, 
shown in Fig. 61 (g), is probably induced by the non-uniform background 
illumination. The full mixing length is then estimated to be between x=5Wc and 
x=6Wc, and a middle value x=5.5Wc is accepted in this estimation. Substituting  
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Fig. 60 Graphical instruction of the method to find the full mixing location 

Wc=112 µm, Qink=Qw=0.01 µL/min, Ac=3.39×10-9 m2, and Ltr=5.5Wc into Eq. (61), 
the diffusion coefficient of ink solution is estimated to be D=2.9×10-9 m2/s. 

5.5.6   Full Mixing Determination Inside Moving Droplets 

In the estimation of ink diffusion coefficient, we have already used some basic 
techniques of micrograph analysis based on the gray values of pixels. Here we will 
discuss much more in detail because the determination of full mixing inside the 
droplet is much more complicated. 

When the transparent deionized water is exposed to illumination, much more 
light will be penetrated and captured by the CCD sensor and results in bright areas 
in the micrographs. When the ink solution is exposed to illumination, much more 
light will be absorbed by the ink solution, resulting in weak exposure of the CCD 
sensor and dark areas in the micrographs. Moreover, the ink solution with different 
concentrations will exhibit different abilities of absorbing light and in turn results in 
dark areas with different gray values in the micrographs. The denser the ink solution 
is, the darker the area in micrographs is. As the mixing inside the droplet takes 
place, the local ink concentrations decrease from the initial values at different 
speeds due to the recirculation. Therefore, the gray value of each pixel inside the 
droplet is not uniform until the full mixing is achieved. This provides us a powerful 
tool to determine the full mixing by using micrograph analysis based on analyzing 
the homogeneity of the pixel gray values within the drops in micrographs, given 
that the background illumination is absolutely uniform everywhere. The standard 
deviation of the gray values of the pixel inside the mixing droplet can be accepted as 
an index of mixing efficiency. The standard deviation should decrease from a  
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Fig. 61 Pixel values variation in channel length direction 
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Fig. 62 Coefficient of variation at different time instant (Qc=4.0 μL/min, Qw=Qink=2.0 
μL/min) 

certain value to zero as mixing undergoes until full mixing is achieved. In any real 
experiment, however, absolutely uniform background illumination seems not 
possible due to the non-uniform light strength from light source, unequal light loss 
during light transport, and unequal light absorbing resulted from non-uniformity of 
internal structure of microfluidic devices through which light passes. Any such 
possible influence will result in a nonzero value of the standard deviation when full 
mixing is achieved. To overcome this problem, we track the change of coefficient of 
variation of pixel values instead of the standard deviation, which will eliminate the 
influence of the non-uniform background illumination. The coefficient of variation, 
CV, is defined as the standard deviation over the mean value, 
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1  is the mean gray value of N pixels. N is the number of pixel 

selected inside the droplet in the micrograph. Gi is the gray value of each pixel. 
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In ImageJ we set the gray value of absolute white as 255 and absolute black value as 

0, then any gray value of pixels locates within 0–255. As mixing takes place, CV 

value will decrease to a certain value and keep unchanged when the full mixing is 

achieved. Figure 62 shows a typical mixing process inside a moving droplet and the 

change of coefficient of variation at different time instant. When the CV value 

measured at different mixing time does not change any more, the full mixing is 

regarded to be achieved and the time collapsed is the full mixing time. 

5.6   Results and Discussion 

5.6.1   Chaotic Mixing during Droplet Formation 

Much effort has been made on the influence of the chaotic mixing inside the droplet 
that are already moving in microchannels, not much attention has been on the 
mixing process during the droplet formation. However, we experimentally observe 
that the chaotic mixing inside the droplet has already started during the droplet 
formation especially when the forming droplet is relatively small, Ld/Wc~1, shown 
as the vortex in Fig. 63 (e). According to the scaling analysis of droplet size in Part 
3, the droplet size Ld/Wc∝(Qink+Qw)/Qc. Therefore smaller droplet size corresponds 
to larger velocity difference between silicon oil and reagents stream, where larger 
viscous stresses will be exposed on the forming droplet as it just intrudes into the 
continuous stream. A thin layer of ink solution is stretched from the main stream of 
the ink solution to the front of the forming tip under the viscous stresses resulted 
from the velocity difference between silicon oil and reagents flow can be seen in 
Figs. 63 (a) and (b). The vortex will be formed inside the front part of the forming 
droplet under the viscous stresses. It is seen that for smaller droplet size the vortex 
can be sustained and occupy almost the whole forming droplet due to the higher 
viscous stresses and smaller droplet size, shown in Figs. 63 (c)-(h). The mixing 
within formation process is already highly enhanced by the chaotic advection inside 
the forming droplet. It is experimentally observed that the full mixing inside small 
droplets is nearly achieved at the moment of the droplet detachment. For larger 
droplets, the chaotic advection is relatively low because the velocity difference is 
small and the viscous stresses are relatively weak. The vortex cannot be sustained 
inside the whole forming droplets but evolves to a weak vortex inside the front tip. 
Figure 64 shows a typical mixing process for a relatively large droplet (Ld/Wc~3) 
during the droplet formation process. In Figs. 64 (a)-(c) we can see that there is also 
a thin layer of ink solution brought from the main stream of the ink solution to the 
front of the emerging droplet tip under the viscous stresses. When the droplet tip 
almost blocks the main channel, however, the droplet will be squeezed downstream 
mainly under the increased pressure behind the rear interface (Fig. 64 (d)). The 
viscous stresses exerted on the interfaces are not strong enough to sustain the vortex  
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Fig. 63 Chaotic mixing inside a small droplet during its generation (Qc=4.0 μL/min, 
Qw=Qink=0.25 μL/min) 

in the entire forming droplet. The weak vortex generated at the beginning of the 
droplet formation will be quickly smoothed and propagated downstream 
(Figs. 64(e)-(h)). 

In this study, the recirculating flow inside droplets, after generation, moving in 
the curved microchannels, is hard to be observed clearly due to the limited 
resolution of the high speed camera and the smoothed contrast between the ink 
solution and the deionized water. However, the enhanced efficiency of chaotic  
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Fig. 64 Mixing inside a big droplet during its generation (Qc=0.5 μL/min, Qw=Qink=0.25 
μL/min) 

mixing inside moving droplets is indeed confirmed by measuring the full mixing 
time, which will be discussed in the next section. 

5.6.2   Full Mixing Time 

Since the chaotic mixing during the droplet formation process is already started, 
the total full mixing time must include the time used during the droplet formation. 
After measuring the full mixing time, it is found that the full mixing time inside 
moving droplets is usually less than 0.4 s which is one order smaller than the 
full mixing time by pure diffusion without chaotic advection. According to Eq. (50), 
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t0=Wc
2/(2D), the full mixing time by pure diffusion over the channel width is 

estimated to be 2.5 s. For smaller droplets in which the chaotic mixing dominates 
during the formation process, the full mixing time is reduced as much as two orders, 
from 2.5 s to 0.04s. 

Since no serious slippery flow occurs between the moving droplet and the 
continuous phase, the droplet moving speed is estimated to be the superficial 
velocity in the curved microchannels, Ud=J=(Qink+Qw+Qc)/Ac. Actually the slip 
velocity between the droplet and the continuous phase can be neglected based on 
the classic Bretherton correlation [2, 149]. It points out that the droplet moving in 
microchannels will travel at a little higher speed than the average velocity of the 
continuous phase, and the relative excess velocity is estimated to be 1.29(3Ca)2/3, 
where Ca=μcJ/σ. In our experiments, the capillary number is in the range of 10-3 to 
10-2, thus the relative exceeding velocity is less than 5% which can be neglected 
without introducing serious errors. The negligible slip velocity is also confirmed by 
the experimental PIV measurement by Tung et al. (2009) [146]. After measuring 
the droplet length, the value of n in Eq. (58) can be numerically solved and finally 
the full mixing time by chaotic mixing inside the droplet can be calculated 
according to Eq. (59). Figures 65 and 66 show the comparison of the full mixing 
time between the values calculated by Eq. (59) and that experimentally measured. 
From Figs. 65 and 66 we can see that the scaling analysis of Eq. (59) can give us a 
reasonable estimation of the full mixing time inside moving droplets. 
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5.7   An Effective Microstructure Designed for Droplet Fusion 

In last section we note that the ink solution and the deionized water are always 
distributed perpendicularly to the center-plane inside the droplets after generation. 
In order to get the better arrangement of the two reagents, distributed along the 
center-plane (Fig. 54 (a)), an effective microstructure for getting such initial 
distribution is crucial. A possible way is generating two droplets of the reagents, ink 
droplet and water droplet, respectively, and making them fused in channel length 
direction. In a channel with identical width, droplets will never be fused without 
external forces (e.g. electrical field) since they move at the same velocity and are 
always separated by slugs of continuous phase. In a channel where channel width 
varies in channel length direction, the velocity field and the pressure field inside the 
channel will vary in the channel length direction, and the droplets moving at 
different locations will have different velocities, which provides the possibility of 
droplets merge somewhere inside the channel [15, 71, 101]. Inspired by the work 
reported by Hung et al. (2006), a divergent nozzle is designed for the fusion purpose 
[15].  Figure 67 shows the microstructure and its dimensions designed for realizing 
such purposes. Two T-shaped junctions along the main microchannel are placed on 
the opposite sides, where ink droplets and deionized water droplets will be 
generated respectively, followed with a divergent nozzle where the fusion will be 
realized due to the reduced droplet velocity. We name the T-shaped junction where 
the ink droplets are generated as ink junction and the T-shaped junction where the  
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Fig. 67 Channel dimensions of the microstructure designed for droplet fusion 

deionized water droplets are generated as water junction for making a clear 
reference in the following text. Different flow rate combinations of the continuous 
phase and the dispersed phase are employed for testing the generation and fusion 
ability of the microstructure. The flow rate of silicon oil is tested from Qc=0.5 
μL/min to Qc=4 μL/min with a twofold increment. Under each flow rate of the 
continuous phase, the flow rate ratio of deionized water to ink solution, Qw/Qink, is 
tested at 2:1, 1:1 and 1:2, respectively. All the testing conditions are outlined in 
Table 4. 

Table 4 Testing conditions for the microstructure designed for droplet fusion 
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It is found that stable fusion at all the tested flow conditions is reliable, but the 
fusion situation is different and depends on the flow rate ratio of Qw/Qink. When 
Qw/Qink≥1, droplet fusion happens at the ink junction, in other words the ink 
solution is injected into the deionized water droplets as the deionized water droplets 
flow pass the ink junction. Figure 68 shows a typical fusion process at Qw/Qink≥1. In 
Fig. 68 (a), a previous fusion, injection of ink solution into a deionized water 
droplet, has been finished and the fused droplet has detached the ink junction. At 
this time, the water droplet tip is already formed at the water junction. But the ink 
droplet tip grows very slowly compared with the water droplet tip (Figs. 68 (b) and 
(c)) because the growth of the ink droplet tip is suppressed by the increased pressure 
in the continuous phase at the ink junction locating downstream to the water 
junction. When the water droplet arrives at the ink junction, it will merge with the 
growing ink droplet tip (Figs. 68 (c)-(f)). Within this stage it is seen that only little 
 

 

Fig. 68 A typical fusion process at Qw/Qink=1 (Qc=2.0 μL/min, Qw=Qink=0.5 μL/min) 
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ink solution is injected into the front part of the water droplet (Fig. 68 (e)). The water 
droplet fused with ink solution continuously moves downstream and finally detaches 
the ink junction (Figs. 68 (g) and (h)). At the end stage of detaching, we can see that 
large amount of ink solution is injected into the back half of the water droplet (Fig. 
68 (g)), resulted from the quick release of the accumulated pressure in the ink stream. 

When Qw/Qink<1, droplet fusion situation is much more complicated than that 
described above because the generation frequency of the water droplet and the ink 
droplet is not the same any more. Two droplets will be released from the ink stream 
and only one droplet is released from the water stream within the same time 
interval. Figure 69 shows a typical fusion process when Qw/Qink<1. In Fig. 69 (a), 
 

 

Fig. 69 A typical fusion process at Qw/Qink=0.5 (Qc=2.0 μL/min, Qw= 0.25 μL/min and 
Qink=0.5 μL/min) 
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the previous water droplet fused with the ink droplet tip has just detached from the 
ink junction, and a small water droplet tip has already been formed at the water 
junction. In the growing process followed, the ink droplet tip grows at a speed 
slightly slower than the water droplet tip (Fig. 69 (b)). After certain time the water 
droplet has already detached, but the first ink droplet is still under growth 
(Fig. 69 (c)). As the water droplet approaches to the ink junction, the first ink 
droplet detaches and moves downstream (Fig. 69 (d)). When the water droplet 
arrives at the ink junction, the water droplet will be fused with the reforming ink 
droplet tip (Fig. 69 (e)). Within this stage, the fusion process is similar to that 
described above for Qw/Qink≥1 (Figs. 69 (e) and (f)).  In Figs. 69 (g) and (h), the 
water droplet fused with the reformed ink tip detaches from the ink junction and 
moves downstream at a higher velocity than the first ink droplet because at this 
moment the first ink droplet has already entered the divergent nozzle where its 
velocity is reduced. After certain time, the fused water droplet will catch up the first 
ink droplet within the nozzle area and final fusion is realized (Figs. 69 (i) and (j)). 

5.8   Concluding Remarks 

Chaotic mixing inside droplets is experimentally investigated by using a micro 
visualization system. It is experimentally observed that the chaotic mixing is 
already started during droplet formation. For small droplets, the chaotic mixing 
during generation is very strong and the full mixing can almost be achieved after 
droplet detachment. For large droplets, the chaotic mixing during generation is not 
as strong as inside small droplets, but it still enhances the mixing significantly at the 
initial stage of droplet formation. To evaluate the full mixing, the chaotic mixing 
during the formation process must be considered. The determination of full mixing 
is accomplished with the help of micrograph analysis based on the gray values of 
pixels. It is found that the mixing efficiency inside moving droplets can be 
significantly increased by the chaotic advection and the full mixing time can be 
reduced as much as two orders of magnitude compared with the pure diffusion in 
single phase laminar flow. The scaling analysis of the chaotic mixing based on the 
idealized recirculating flow and Baker’s transformation can give a reasonable 
estimation of the full mixing time. An effective microstructure is designed for 
mixing two or more individual droplets. The good performance of the 
microstructure is experimentally confirmed at different flow conditions. 

6   Microfluidic Synthesis of Copper Nanofluids 

6.1   Introduction 

Nanofluids are stably dilute suspensions of nanomaterials including nanoparticles, 
nanotubes, and nanofibers. After first proposed by Choi (1995) [182], nanofluids 
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have attracted intensive effort from thermal society due to their excellent 
performance in heat transfer [183-186]. In clinical studies, magnetic nanofluids 
have been successfully applied to treat patients with cancers [187, 188]. In general, 
there are two methods to produce nanofluids: two-step method and one-step 
method. In the two-step method nanoparticles are first fabricated out and then 
separated and redispersed in base fluids [189-191]. In this method the aggregation 
of nanoparticles, resulted from the separation process, usually causes poor stability 
of nanofluids after redispersion. In the one-step method nanoparticles are fabricated 
out in based fluids directly, no redispersion process needed, by Vacuum 
Evaporation onto a Running Oil Substrate (VEROS) [191, 193], Submerged Arc 
Nanoparticle synthesis system (SANSS) [194-196], or chemical synthesis in flasks 
[185, 197, 198]. Nanoparticle size produced by the methods mentioned above is 
normally hard to be controlled and the size distribution is relatively broad. 

More recently microfluidic method as a promising technology has been reported 
superior to traditional methods for producing high quality nanoparticles due to the 
advantage of eliminating local variations in reaction conditions such as 
concentration and temperature variations. Many kinds of nanopartilces have been 
synthesized by using microfluidic methods in continuous stream or inside droplets, 
which involve semiconductor quantum dots [13, 14, 199-202], metallic 
nanoparticles [115, 203-209], composite nanoparticles [114, 117], and polymeric 
nanoparticles [210, 211]. However, a systematic investigation on the influence of 
involving parameters, like flow rates of reactants, reactants concentration and 
surfactants concentration, is still limited. In present work copper nanofluids 
synthesized in microfluidic reactors and in traditional flasks are studied. In 
microfluidic reactors, the influence of flow rates of reactants, reactant concentration 
and surfactant concentration on copper particle size and size distribution is 
systematically investigated. 

6.2   Experiments 

6.2.1   Chemicals and Materials 

Hydrazine hydrate (98%) and copper hydroxide (99.9%) are purchased from Sigma 
Aldrich Inc. (USA). Sodium dodecylbenzenesulfonate (DBS), Chloride acid, and 
Trisodium phosphate (Tris) are purchased from Tianjin Damao Chemical Reagent 
Co., Ltd. (China). Ammonia solution (25%) is bought from Tianjin Fuyu Fine 
Chemical Industry Co., Ltd. (China). Deionized water is prepared by an in-house 
ion exchange system with ultrasonic treatment before use to dispel the dissolved air. 
All reagents are of reagent grade and used as received without further purification. 

6.2.2   Preparation of Stock Solutions 

A typical synthesis procedure involves the preparation of two stock solutions: a 
dilute [Cu(NH3)4]·(OH)2 solution and a dilute hydrazine hydrate solution containing 
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stabilizer DBS. Stock solution [Cu(NH3)4]·(OH)2 is freshly prepared by dissolving 
0.195 g copper hydroxide into 40 mL dense ammonia solution (25%) followed by 
being diluted to 100 mL with diluted ammonia solution (1 M (mol/L)), resulting in 
the final concentration of [Cu(NH3)4]·(OH)2 to be 20 mM (mmol/L). Different 
concentrations of [Cu(NH3)4]·(OH)2 solution used in the experiment, from 0.5 mM 
to 8 mM, are obtained by diluting corresponding amount of stock solution with 
deionized water to a total volume of 20 mL. The reducing solutions are prepared by 
dissolving corresponding amount of hydrazine hydrate in 20 mL deionized water 
such that the molar concentration ratio of hydrazine to copper complex 
[Cu(NH3)4]·(OH)2 is always kept at 30:1. Different amount of DBS is added into the 
reducing solution before synthesis in order to stabilize the resulted nanofluids. A 
buffer solution, pH=8.5, is prepared by mixing 50 mL Tris solution (0.1 M) and 
14.7 mL HCl solution (0.1 M), and then diluted with deionized water to 100 mL. 

6.2.3   Design and Characterization of Microfluidic Reactors 

Two microfluidic reactors are designed for synthesizing copper nanofluids, which 
are schematically depicted in Fig. 70. The only difference between the two 
microfluidic reactors was the number of inlets for introducing reactant streams. 
There are two inlets for [Cu(NH3)4]·(OH)2 and N2H4 in the two-inlet design shown 
as inset A in Fig. 70(a), whereas an additional inlet for introducing the buffer 
solution was added in the three-inlet design shown as inset B in Fig. 70(b). Due to 
the extremely low flow rate in the microfluidic reactors, ~μL/min, the 
compressibility of aqueous solution and the flexibility of tubings connecting 
syringes and microfluidic reactors extend the time the flow system requires to get 
equilibrated significantly. A blind channel, “indicating channel” shown as inset C, 
is designed to monitor whether the flow system reaches a stable state or not. The air 
spontaneously constrained in the “indicating channel” will be compressed after the 
solutions are pumped. The motion of the air-liquid interface can be treated as a 
signal reflecting flow situations inside the microfluidic reactors. When the flow 
situation inside the microfluidic reactors reaches a steady state, the interface will 
have a fixed position corresponding to the total flow rate. Channel dimensions are 
shown in Fig. 70(c): channel width Wc=122.2 μm, channel depth H=40.1 μm and 
curved radius R=120 μm. The cross-section area Ac and perimeter Lp of the curved 
channels can be calculated by 

( )
2

2
2H

HHWA cc

π+−= , (63) 

( ) HHWL cP π+−= 2 . (64) 
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Fig. 70 Schematics of microfluidic reactors: (a) two-inlet design; (b) three-inlet design; (c) 
cross section of curved channels; (d) micrograph of curved channels (Inset A: micrograph of 
the two-inlet design; Inset B: micrograph of the three-inlet design; Inset C: micrograph of 
air-liquid interface in the indicating channel) 

The total length of the curved channel was L=2304 mm. The volumetric capacity 
Vmr of the microfluidic reactors is 9.5 μL calculated from 

cmr ALV ⋅= . (65) 

In our studies, chemical synthesis of copper nanofluids is normally found to be finished 
within ten-minute scale by using traditional method in a 50 mL boiling three –neck 
flask. To insure nanoparticles are fully synthesized in microfluidic reactors, the long 
reaction channel is necessary for providing sufficient residence time. Curved channels 
with a total length of more than two meters are designed to do so. Another purpose of 
the utilization of curved channel is to introduce Dean vortices to provide an even 
efficient mixing for nanoparticles nucleation and growth. When a fluid flows through a 
curved channel, the counter-rotating Dean vortices on the cross-section plane will arise 
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from the interaction among viscous, inertial and centrifugal forces [212-216]. The 
strength of Dean vortices is evaluated by the Dean number, 

R

D
ReDn h= , (66) 

where Re is Reynolds number. Dh=4Ac/LP is the hydraulic diameter of reaction 
channels. Reynolds number indicates the relative ratio of inertial force to viscous force, 

μ
ρ hvD

Re = , (67) 

where ρ is copper nanofluid density. μ is copper nanofluid viscosity. v=Q/Ac is the 
average velocity of copper nanofluid in the curved channels, where Q is the total 
volumetric flow rate of all the reagents. In fact, it is quite accurate to use the density 
and viscosity of the base fluid (deionized water) instead of the copper nanofluids in 
Eqs. (66) and (67) because the influence of copper nanoparticles on the density and 
viscosity of deionized water is negligible at very low volume fraction. The classic 
theoretical model to describe the effective viscosity of nanofluids with a low 
concentration of rigid spherical particles is developed by Einstein [217, 218] 

( )Φbfeff 5.21+= μμ , (68) 

where μeff is the effective viscosity of nanofluids. μbf is the viscosity of base fluids. 
Φ is the particle volume fraction in base fluids. In our experiment, the highest molar 
concentration of copper hydroxide is 4 mM, and the resulted volume fraction and 
mass fraction of copper nanoparticles is about 0.0029% and 0.026% respectively. 
Therefore the error of using base fluids density and viscosity to calculate Re and Dn 
can be omitted. 

6.2.4   Copper Nanofluids Synthesis in Flasks 

Diluted N2H4 solution (20 mL) containing surfactant DBS is first placed in a boiling 
three-neck flask with a capacity of 50 mL. Diluted stock solution [Cu(NH3)4]·(OH)2 
(20 mL) is then added into the flask under a magnetic stirring at 400 round/min at 
room temperature. The mixed solution turns into light yellow immediately, 
implying a very fast reduction rate from Cu2+→Cu, and the color of the reacting 
solution becomes denser gradually until no further color changes after about 10 to 
30 minutes depending on the reagents concentration. 

6.2.5   Copper Nanofluids Synthesis in Microfluidic Reactors 

In the process of microfluidic synthesis, reagent solutions are preloaded in 1mL 
Gastight syringes (Gastight 1001, Hamilton Co., USA) to which microfluidic 
reactors are connected using Luer-Lock fittings and 1/16” PTFE tubing 
(Cole-Parmer, USA). The preloaded stock solutions were introduced into 
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microfluidic reactors at the same volumetric flow rates propelled by a syringe pump 
(Cole-Parmer® 74900, Cole-Parmer Instrument Company, USA). The motion of 
the air-liquid interface in the “indicating channel” and the flow situation inside 
microfluidic reactors were monitored by an inversed microscope (XD101, Nanjing 
Jiangnan Novel Optics Co. Ltd., China) interfaced with a high-speed camera 
(MotionPro X4, IDT, Taiwan). Due to the ease of oxidization of copper 
nanoparticles, copper nanofluids are collected in the buffer solution to slow down 
the oxidization rate in the two-inlet design (Fig. 70(a)). 

6.2.6   Nanoparticles Characterization 

Particle morphology, size, and size distribution are determined from image analysis 
of micrographs taken by a Transition Electron Microscope (Philips Tecnai G2 20 
S-TWIN TEM microscope, FEI Co., USA), and the open software ImageJ is used to 
do so (Rasband WS, U. S. National Institutes of Health, Bethesda, Maryland, USA, 
1997-2009). Observation of 150 to 300 particles for each sample is used in the 
calculation of average size (diameter), d, and the size distribution, CV, defined as 
the ratio of standard deviation to the average diameter. Measurement error in 
micrographs by using ImageJ was estimated to be less than 0.3 nm. To do TEM 
measurement, samples are first dripped onto a 400-mesh carbon-coated copper grid 
(G400 Square Mesh, SPI supplies, USA), followed by washing with absolute 
alcohol, and then dried in ambient atmosphere. Typical micrographs of copper 
nanoparticles synthesized in either the flask or the microfluidic reactors are shown 
in Figs. 71 (a)-(c). Element of the nanoparticles is confirmed by doing Selected 
Area Electron Diffraction (SAED) measurement on 400-mesh carbon-coated nickel 
grids (G400 Square Mesh, SPI supplies, USA). By comparing the lattice spacing, 
rings in the SAED micrograph (Fig. 71 (d)), with the standard atomic spacing along 
their characteristic hkl index documented in the Powder Diffraction File (PDF), the 
nanoparticles synthesized by chemical method in present study are verified as 
copper nanocrystal. 

 

Fig. 71 TEM micrographs of copper nanoparticles synthesized by: (a) flask method; (b) 
two-inlet microfluidic reactor; (c) three-inlet microfluidic reactor; (d) SAED image of copper 
nanoparticles (4 mM [Cu(NH3)4]·(OH)2, 120 mM N2H4, and 1 mM DBS) 
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6.3   Results and Discussion 

6.3.1   Influence of Total Flow Rate on Particle Size 

During the experiment, it is found that the syringe pump could not be operated at 
very high flow rates. When the total flow rate is over 30 μL/min, the syringe pump 
would be stalled because the frictional resistance inside the microfluidic reactors is 
too high to be overcome by the syringe pump thrust. On the other hand, the total 
flow rate cannot be too low. It is noted that the experimental system needs at least 
10 minutes, sometimes hours, to reach a steady state after every change of flow rate, 
judged from the air-liquid interface motion in the “indicating channel” (inset C in 
Fig. 70). The lower the flow rate is, the longer time the system needs. When the total 
flow rate is too low, the waiting time could be extremely long and sometimes even 
no nanoparticles could be detected in the nanofluids. 

To investigate the influence of flow rate on nanoparticle size and size 
distribution, we synchronously change both flow rates of the two stock solutions 
from 1.25 to 10 μL/min, resulting in the total flow rate variation from 2.5 to 20 
μL/min in the two-inlet microfluidic reactor (Fig. 70(a)). Hereafter without special 
specification the microfluidic reactor used to investigate the influence of flow rate, 
reactants concentration and DBS concentration is the two-inlet microfluidic reactor. 
The concentration of [Cu(NH3)4]·(OH)2 solution is set at 4 mM, and the reducing 
solution N2H4 containing 1 mM DBS is retained at 120 mM. Average residence 
time of the two precursors is directly related to the volume of the microfluidic 
reactor and the total flow rate, 

Q

V
t mr

r = . (69) 

where tr is the average residence time. 
As the total flow rate increases from 2.5 to 20 μL/min, the average residence time 

decreases from 227 to 28 s. Since the average residence time at Q=20 μL/min is 
much shorter than the synthesis time observed in the flask method, nanoparticle 
synthesis might still be in progress in the receiving container if it is not fully 
conducted inside the microfluidic reactor. To testify that the copper nanoparticles 
are fully synthesized in the microfluidic reactor for those cases, a comparison of the 
nanoparticles taken from the collecting container and collected at the moment when 
nanoparticles just flow out the outlet. It is found that the particle size and size 
distribution are almost the same, and no distinct difference was detected. Moreover, 
such comparison reveals that by using the microfluidic reactor the synthesis time of 
copper nanoparticles is drastically decreased as much as one order of magnitude, 
compared with the traditional flask method that usually takes 10 to 30 minutes to 
fully finish the synthesis. 

Figure 72 depicts that the total flow rate has little influence on particle size as it is 
changed from 2.5 to 20 μL/min. The average size is around 3.3 nm, and the  
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Fig. 72 Dependence of the average particle size on the total volumetric flow rate in the 
two-inlet microfluidic reactor (4 mM [Cu(NH3)4]·(OH)2, 120 mM N2H4, and 1 mM DBS) 

coefficient of variation is about 22% for all the samples collected at different flow 
rates. The insensitivity of particle size and size distribution to the change of the total 
flow rate may be explained by the same mixing mechanism for copper nucleation. 
In the range of the total flow rate studied, mixing for copper nucleation in the 
microfluidic reactor is mainly dominated by the mass diffusion because of the 
extremely low Re and Dn, where the Dean vortices are not strong enough to induce 
intensive transverse convections and cause large discrepancies in mixing efficiency 
at different flow rates. Numerical studies of mixing in curved square/circular ducts 
have shown that fluid mixing is hardly influenced by the Dean vortices when Re is 
on the order of unity, and the mixing is primarily diffusion driven [219]. A detailed 
comparison between numerical and experimental investigation of fluid mixing in a 
200 μm square curved channel has also revealed that for low Dean number (~10) no 
chaotic mixing occurs, and the inter-diffusion area approximately moves back to its 
original position when channel curvature is reversed [213]. In present study, as the 
total flow rate increases from 2.5 to 20 μL/min, Re increases from 0.6 to 4.7 and Dn 
number increases from 0.4 to 3.2. Both Re and Dn are below their threshold (Re~5 
or Dn~10) for Dean vortices to significantly enhance the mixing in curved 
microchannels. 

In common with other colloidal formation by chemical synthesis, copper 
nanoparticles are formed starting from an initial homogenous nucleation in which 
tiny nuclei precipitate spontaneously from solutions and entering a subsequent 
growth phase in which the freshly formed nuclei capture dissolved atoms or 
molecules by diffusion [220, 221]. Particle size and size distribution are strongly 
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influenced by the quality of nuclei formed in the nucleation phase which is 
significantly influenced by the mixing efficiency of precursors. In the 
inter-diffusion area between the two reactant streams, large amount of copper atoms 
appear because of the high reduction rate, and then a quick nucleation process 
arises. After fully mixed, a similar number of copper nuclei form at different flow 
rates due to the same mixing mechanism–mass diffusion. The formed copper nuclei 
absorb copper atoms generated from chemical reaction to further increase the 
particle size until all copper atoms are consumed. Therefore the copper 
nanoparticles finally grow up to a similar size regardless of the changes of the total 
flow rate. 

6.3.2   Influence of Reactants Concentration on Particle Size 

The influence of reactants concentration on particle size is investigated in both the 
microfluidic reactor and the flask by altering the concentration of [Cu(NH3)4]·(OH)2 
from 0.5 to 8 mM while keeping a fixed concentration ratio at 4: 120: 1 for 
[Cu(NH3)4]·(OH)2: N2H4: DBS. Figure 73 shows the results that reactants 
concentration has little influence on copper nanoparticle size synthesized in the 
microfluidic reactor. The average particle diameter is around 3.4 nm, and the 
variation of coefficient is about 22%. The insensitivity of particle size and size 
distribution to the reactants concentration may be interpreted as a result of the fast 
and efficient mass diffusion in the microfluidic reactor. The full mixing time, tfdif, in 
the microfluidic reactor by diffusion can be estimated as 

D

W
t c

fdif 2

2

≈ , (70) 

where D is the mass diffusivity of Cu/N2H4 in water. Given that D is on the order of 
10-9 m2/s, tfdif is estimated to be around only 7.2 seconds. With the help of fast and 
efficient mixing, copper atoms have an equal opportunity to aggregate to form 
copper nuclei in the nucleation phase. At a higher concentration, larger amount of 
copper nuclei will arise from a single or multiple nucleation and many more copper 
atoms are consumed in the nucleation phase. At a lower concentration, less amount 
copper nuclei will be formed and less copper atoms are consumed. Therefore at the 
end of the growth phase of copper nanoparticles synthesized at either higher or 
lower reactants concentration, the particles will have a similar average size and size 
distribution. However, in the flask method copper nanoparticle size exhibits an 
unpredictable dependency on reactants concentration, which could be resulted from 
the un-equilibrated balance between mixing efficiency and copper nucleation rate, 
resulted from the non-uniform mixing inside the flask. The average particle size 
varies from 2.7 to 4.9 nm with a broad size distribution, larger than 30%, as shown 
in Fig. 73. 
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Fig. 73 Dependence of the average nanoparticle size on the concentration of copper complex 
in the two-inlet microfluidic reactor (C([Cu(NH3)4]·(OH)2): C(N2H4): C(DBS)= 4: 120: 1) 

6.3.3   Influence of DBS Concentration on Particle Size 

The concentration of DBS in N2H4 solution is changed from 0 to 1 mM while 
keeping the concentration of [Cu(NH3)4]·(OH)2 and N2H4 at 4 and 120 mM, 
respectively. It is found that, shown in Fig. 74, the DBS concentration has little 
influence on nanoparticle size synthesized in the microfluidic reactor; the average 
particle size is around 3.4 nm with a coefficient of variation (CV) about 23%. 
However, the average size of particles synthesized in the flask increases from 3.3 to 
4.9 nm as DBS concentration increases, and the CV-value is larger than 30%. The 
large discrepancy of the influence of DBS concentration on particle size is probably 
resulted from the different mixing mechanism for copper nucleation and growth in 
these two methods. In the microfluidic reactor, mixing for nucleation is mainly 
dominated by mass diffusion, while in the flask, mixing is mainly dominated by 
convection. In the limit of low Re, for spherical particles, the diffusivity of particles 
can be estimated by Einstein correlation [222] 

r

TK
D B

πμ6
= , (71) 

where KB is the Boltzmann constant. T is the absolute temperature. r is the diameter 
of particles, including molecules or atoms. For a copper atom the diameter is on the 
order of 10-10 m, and the diffusivity is on the order of 10-9 m2/s in water. In aqueous 
solutions, surfactant DBS (C18H29SO3Na) dissociates a long chain group with  
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Fig. 74 Dependence of the average nanoparticle size on the concentration of surfactant DBS 
in the two-inlet microfluidic reactor (C([Cu(NH3)4]·(OH)2)=4 mM, C(N2H4)=120 mM) 

surface activity C18H29SO3
- of which the equivalent diameter is at least one order 

higher than the copper atom. According to Eq. (71), the diffusivity of C18H29SO3
- is 

on the order of 10-10 m2/s that is one order smaller than the copper atom. The higher 
the diffusivity is, the faster the particles transport in liquid by diffusion. Therefore 
in the microfluidic reactor, copper atoms aggregate to form nuclei and are further 
absorbed onto already formed nuclei at a much higher speed than the C18H29SO3

- by 
diffusion. The large discrepancy of diffusivity between the copper atoms and 
C18H29SO3

- weakens the influence of DBS on the size of copper nanoparticles in the 
microfluidic reactor. In the flask, however, precursors are under a strong stirring 
where the mixing is dominated by fluid convection. The intensive convection will 
promote the motion of both C18H29SO3

- and copper atoms and relatively reduce the 
difference of the aggregation rate between copper atoms and C18H29SO3

- such that 
the influence of DBS on particle size is visible. 

6.3.4   Stability Improvement of Copper Nanofluids 

Copper nanofluids synthesized by chemical reduction without pH adjustment are 
found to have a poor stability due to the oxidization of copper nanoparticles, where 
the freshly synthesized copper nanofluids can only stand for ~2 hrs without obvious 
oxidization or precipitation in open air at room temperature. It has been found that 
pH adjustment of copper nanofluids would effectively slow down the oxidization 
rate and the effective pH range is located between 8.45 and 8.65 [223]. Therefore, a 
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Tris-HCl buffer solution with a pH =8.5 is used to collect copper nanofluids in this 
study. After pH adjustment, the copper nanofluids can normally stand for 5 hours 
including the time consumed in the collection process without obvious oxidization 
or precipitation. The three-inlet microfluidic reactor (Fig. 70(b)) is designed to do 
so by introducing the buffer solution between [Cu(NH3)4]·(OH)2 and N2H4 during 
chemical reaction rather than after the reaction finished. It is found in such a flow 
configuration the copper nanofluids have a similar stability as that synthesized 
without but collected in the buffer solution. 

6.3.5   Aggregation of Nanoparticles on Channel Walls 

Nanoparticle agglomeration on channel surfaces is found in our experiments in 
either two- or three-inlet design. Figure 75 shows a typical agglomeration of copper 
nanoparticles on microchannel walls. At present time it seems that effective 
methods to prevent nanoparticles from aggregating on channel walls are still 
unavailable for such continuous synthesis in microfluidic reactors. Particle 
agglomeration on channel surfaces is affected by many parameters among which 
the running time and the reactants concentration are found to be the most important 
ones. Severe aggregation normally appears after a long time running of chemical 
reaction at a high concentration. For 4 mM [Cu(NH3)4]·(OH)2, agglomeration of 
copper nanoparticles would be found after ~3 hours running at the total flow rate of 
10 μL/min (Fig. 75 (a)), and severe agglomeration is found after ~5 hours running 
(Fig. 75 (b)). The agglomeration in the three-inlet microfluidic reactor is also found, 
shown in Fig. 75 (c), after running at the total flow rate of 10 μL/m for 4 hours. 

 

Fig. 75 Aggregation of copper nanoparticles on channel walls at the total flow rate of 10 
μL/min for: (a) 3 hours; (b) 5 hours; (c) 4 hours (C([Cu(NH3)4]·(OH)2)=4 mM, C(N2H4)=120 
mM and C(DBS)=1 mM) 

6.4   Concluding Remarks 

Synthesis of copper nanofluids is realized in microfluidic reactors. Although 
agglomeration of nanoparticle on channel walls is still a challenge, a variety of 
benefits arising from the fast and efficient mixing have been demonstrated, 
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including the insensitivity of nanoparticle size and size distribution to the flow rate 
of reactants, reactants concentration and surfactant concentration. In comparison 
with the flask method, copper nanofluids containing nanoparticles with a uniform 
size distribution can be achieved by using microfluidic reactors. Copper 
nanoparticles synthesized in the microfluidic reactors have an average size around 
3.4 nm with a coefficient of variation of about 22%, whereas the average size of 
copper nanoparticles synthesized in the flask changes from 2.7 to 4.9 nm with a 
coefficient of variation larger than 30%. By using microfluidic reactors, the 
synthesis time of copper nanofluids is reduced one order of magnitude, from ~10 
minutes to ~28 seconds.  

Dean vortices effectively used in micromixing technology have limited 
application in enhancing the mixing efficiency for nanofluid synthesis because of 
the extremely low Re and Dn, normally on the order of unity. Unlike pure 
micromixers, microfluidic reactors designed for nanofluids synthesis must have 
such a feature that provides long enough residence time for nanoparticles nucleation 
and growth. That can be realized by slowing down flow velocity in the reaction 
channel or by increasing the length of the reaction channel. However, low flow 
velocity directly causes low Re and Dn and negligible transverse convection, 
whereas long reaction channel will result in operational difficulties due to the high 
flow resistance and the manufacture of long microfluidic reactors. 

7   Conclusion 

A low-cost fabrication method for producing glass-based microfluidic devices has 
been developed in a routine laboratory without the requirement of a clean room. 
The fabrication method is very reliable and the product output is larger than 90%. 
Wetting ability modification of glass material, from hydrophilic to hydrophobic, 
has been realized inside the microfluidic devices after fabrication. With the help of 
such modification, either oil-in-water or water-in-oil type droplets can be generated 
in glass-based microfluidic devices. 

Droplet and bubble formation in confined T-shaped junctions has been 
experimentally examined. The movement of the rear interface of the forming tip of 
dispersed phase is found to have a very important role in determining formation 
time and volume. The formation process of either droplets or bubbles can be 
generalized as follows: (1) the dispersed phase tip with a higher pressure gradually 
intrudes into the continuous phase and the pressure behind the rear interface of the 
forming tip gradually increases in order to balance the pressure inside the forming 
droplet/bubble. During this process the rear interface does not move downstream, 
while the front interface moves downstream within this stage because the initial 
pressure inside the growing tip is higher than the pressure in the downstream; (2) 
when the pressure behind the rear interface is increased to a critical value, the rear 
interface starts to move downstream under the effects of the increased pressure, as 
well as the viscous force, exerted on the rear interface until the rear interface 
touches the downstream corner of the T-shaped junction. It has been experimentally 
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confirmed that droplet volume is equal to the volume of dispersed phase flowed into 
the forming tip within the droplet formation time. Two empirical correlations for 
predicting droplet volume and formation time have been developed. When the 
dispersed phase is liquid and is driven under controlled flow rates, the droplet 
volume increases linearly as the flow rate ratio increases. Influences of continuous 
phase viscosity, interfacial tension and average velocity of continuous phase can be 
characterized by capillary number as a correction coefficient to modify the 
correlations. When the dispersed phase is gas and driven under controlled pressures, 
it has been found that the bubble volume is almost linearly proportional to the ratio 
of the effective inlet pressure to the pressure drop of continuous phase flow from the 
T-shaped junction to the outlet. The bubble formation time exponentially decreases 
as the ratio increases. 

Scaling analysis of the critical condition where mother droplets can break up in 
symmetric T-shaped junctions has been made based on the pressure-driven 
mechanism and has been experimentally confirmed. After mother droplets fully 
enter the T-shaped junction, the upstream pressure will be increased significantly 
and such pressure increase is the main driven force responsible for the droplet 
breakup. The critical condition has been found to be dependent on the initial droplet 
length, channel depth and capillary number, which can be formulated as 
L0

d/H∝Ca-1/3. A new droplet breakup pattern, unequal breakup, has been found in 
the symmetric T-shaped junction. Such unequal breakup is resulted from the 
slightly asymmetric properties of the T-shaped junction introduced in the 
fabrication process. In other words, slight asymmetry of T-shaped junctions will 
influence the breakup significantly under some flow conditions. In practical 
operation of droplet breakup, flow conditions should be controlled within proper 
ranges where the influence of the asymmetry does not appear.   In asymmetric 
T-shaped junctions it has been found that the droplet breakup is quite difficult. 

Chaotic mixing inside droplets has been experimentally investigated by using a 
micro visualization system. It has been experimentally observed that chaotic mixing 
has already started during the droplet formation. For small droplets, the chaotic 
mixing during generation is very strong and the full mixing can almost be achieved 
after the droplet detachment. For large droplets, the chaotic mixing during 
generation is not as strong as inside small droplets, but still enhances the mixing 
significantly. To evaluate the full mixing, the chaotic mixing during the formation 
process must be considered. It has been found that the mixing efficiency inside 
moving droplets can be significantly increased by the chaotic advection and the full 
mixing time can be reduced as much as two orders of magnitude compared with the 
pure diffusion in single phase laminar flow. The scaling analysis of the chaotic 
mixing based on the idealized recirculating flow and the Baker’s transformation can 
give a reasonable estimation of the full mixing time. An effective microstructure is 
designed for mixing two or more individual droplets. The good performance of the 
microstructure has been experimentally verified at different flow conditions. 

Synthesis of copper nanofluids has been realized in microfluidic reactors. 
Although agglomeration of nanoparticles on channel walls is still a challenging 
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issue, a variety of benefits arising from the fast and efficient mixing have been 
demonstrated, including the insensitivity of nanoparticle size and size distribution 
to the flow rate of reactants, reactants concentration and surfactant concentration. In 
contrast to the flask method, the copper nanofluids synthesized in microfluidic 
reactor have a narrow size distribution, and the synthesis time is reduced by one 
order of magnitude, from ~ 10 minutes to ~28 seconds. 
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Multi-scale Modelling of Liquid 
Suspensions of Micron Particles in 
the Presence of Nanoparticles 

Chane-Yuan Yang and Yulong Ding* 

Abstract. A combined continuous, discrete, and statistic mechanics (CCDS) method 
is proposed to model micron particle dynamics in the presence of nanoparticles – a 
highly asymmetric system. The CCDS method treats the liquid medium as a 
continuum and the micron particles as a discrete phase, whereas the statistics 
mechanics method is used to treat the nanoparticles. The treatment of the 
nanoparticles involves the use of the Ornstein-Zernike equation with Percus-Yevick 
approximation based on the hard-sphere interaction. Such an approach enables the 
effective coupling between different length scales. Sedimentation of micron particles 
in the presence of nanoparticles is used as a case study for the CCDS method. It is 
shown that, at a high salt concentration where electrostatic repulsive force is 
significantly screened, the structural force induced by both monodisperse and 
bidisperse nanoparticles could overcome the van der Waals attractive force between 
the micron particles and thus prevent particle flocculation. It is also shown that the 
introduction of disparity in the system complicates the effective interactions between 
the micron particles and consequently the particle dynamics. 

Keywords: Multi-scale modelling; Micron particles, Nanoparticles; Structural 
interaction; Stabilisation of colloidal suspensions; CCDS method. 

1   Introduction  

Liquid suspensions of colloid particles are relevant to numerous industrial 
applications including surface coatings, personal care, healthcare, homecare, 
energy, food and drink, and pigment. One of the key aspects for such suspensions 
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is their physical stability, particularly when the particles have a density very 
different from the liquid medium. Such density difference can lead to creaming if 
the particles are lighter than the liquid medium or sedimentation if the particles are 
heavier. Apart from particle density, the creaming or sedimentation behaviour is 
affected by many other factors such as size, shape, concentration and solution 
chemistry. If particles are very small, interparticle forces such as van der Waals 
(attraction) and electrostatic (repulsion) forces may affect the suspension 
behaviour. For example, the attractive van der Waals force may cause particles to 
aggregate and hence to accelerate the suspension destabilisation (Russel et al., 
1991; Larson, 1999). As a consequence, stabilization of colloidal suspensions has 
long been the centre of concern for both industrial and academic communities.  

Conventionally, suspension stability is achieved through either or both of steric 
and electrostatic stabilisations (Hunter, 2001). The strategy of the steric 
stabilisation involves grafting a layer of polymers onto the surface of the particles, 
resulting in repulsive brushes that prevent the colloidal particles from contacting. 
The charge stabilisation method makes use of the repulsive interaction between 
particles carrying like surface charges due to the overlapping of the electric double 
layer of microscopic co-ions and counter-ions. The combination of the van der 
Waals attraction and the electrostatic double layer repulsion gives the well-known 
DLVO theory (Derjaguin and Landau 1941, Verwey and Overbeek 1948). Over 
the past decade, another mechanism for stabilising micron particle suspensions has 
been proposed, which makes use of structural interactions due to the presence of 
small nonadsorbed species including macromolecules, micelles, and nanoparticles. 
Such a stabilisation mechanism is interpreted by the so-called ‘haloing’ structure 
of nanoparticles around micro particle surfaces. The ‘haloing’ effect is 
hypothesised to generate the Coulombic interactions between the small particles, 
leading to a repulsive barrier preventing the microparticles from approaching each 
other (Tohver et al. 2001a & 2001b). 

This work aims to investigate numerically the structural stabilisation of dilute 
liquid suspensions of micron particles in the presence of nanoparticles. Two of the 
biggest challenges for doing this are (i) the system contains multi-components 
with relevant length scales differing by many orders of magnitudes, and (ii) the 
number of discrete components particularly those with smaller sizes is 
astronomical. Such challenges imply that the use of direct numerical simulation 
method is prohibitively expensive even with today’s computing power. The 
challenges could be tackled by the concept of coarse-graining, whereby the 
degrees of freedom of the microscopic species are traced out. In this way, 
suspensions of micron colloids can be viewed as a system of Brownian colloidal 
particles, which interact with each other through an effective interaction potential 
and interact with the host liquid (Ermak, 1975). Numerically, the modelling can be 
achieved by using the so-called combined continuous and discrete approaches 
(Tsuji et al., 1992; Xu and Yu, 1997; Zeidan et al., 2007; Yang et al., 2008). In 
such a combined scheme, the dynamics of particles is treated individually using  
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Newton’s second law of motion, which is more commonly known as the Distinct 
Element Method (DEM) originated by Cundall and Strack (1979), whereas the 
flow field of the liquid medium is treated as a continuum using the computational 
fluid dynamics (CFD) method. Numerous studies have been reported in the 
literature on modelling suspensions with asymmetric time and length scales. 
However, most of these studies are limited to binary systems with small size 
ratios; see for example Boublik (1970), Fries and Hansen (1983), Malijevsky et al. 
(1997), Dickman et al. (1997) and Yau et al. (1997) for a size ratio smaller than 
10, and Malherbe and Amokrane (1999) and Largo and Wilding (2006) for size 
rations up to 20. There are a few reports on systems with an asymmetrical ratio up 
to 100; see Liu and Luijten, (2004a, 2004b, 2005a, 2005b & 2006), and Martinez 
et al. (2005). However, these authors used a variant of the geometric cluster 
algorithm for the simulation. Such a method was originally introduced by Dress 
and Krauth (1995), which facilitates the rejection-free simulations of highly size-
asymmetric mixtures via large-scale collective updates that move whole group of 
particles, rather than individual particles, in a single step.   

This work uses the combined continuous, discrete and statistic mechanics 
(CCDS) method to deal with large size disparities in liquid suspensions (Yang 
2008). In such a method, nanoparticles in a colloidal mixture are taken as a 
microscopic species similar to ions in suspensions. This implies that the multi-
component mixtures of micron particles and nanoparticles are mapped onto an 
effective one-component system, in which the degrees of freedom of the small 
constituents including liquid molecules, ions and nanoparticles are integrated out. 
The CCDS treats the solvent as the continuous phase and the microparticles as the 
discrete phase, whereas the nanoparticles are treated by using the statistics 
mechanics approach involving the use of the Ornstein-Zernike equation with 
Percus-Yevick approximation (Yang, 2008). Such a method enables the effective 
coupling between different length scales. The paper is organised in the following 
manner. In Section2, CCDS model formulation and numerical solution to the 
model are presented. The results of the numerical simulations are discussed in 
Section 3 using a case study to how the model reveals the effect of the presence of 
nanoparticles on the dynamics of microparticle suspensions. Section 4 summaries 
the conclusion.  

2   CCDS Model Formulation and Numerical Solutions 

The CCDS model involves the treatments of microparticles, nanoparticles and the 
base liquid. Section 2.1 presents the model of microparticle dynamics, the 
dynamics of the fluid phase is dealt with in Section 2.2, and the detailed 
methodology for the treatment of nanoparticles is given in Section 2.3. Finally, 
numerical method for solving the CCDS model is briefly descried in Section 2.4, 
where the conditions for the case studies are also given. 
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2.1   Dynamics of Micron Particles – Discrete Method 

Consider a liquid suspension containing spherical micron particles, the dynamics 
of the micron particles is governed by the Newton’s second law of motion: 
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where mi is the mass of the ith particle, up,i is the velocity vector of the ith particle, t 
is the time, Fs are various forces acting on the particle to be detailed in the 

following, ∑
=

+
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,, )ff(  is the summation of the contact forces ( ,c ijf ) 

and viscous contact damping forces ( ,d ijf ) acting on the ith particle in both normal 

and tangential directions by other particles, and ik is the number of particles in 

contact with the ith particle. The contact forces can be modelled by using the 
spring and dash pot models; see Cundall and Strack (1979) and Xu and Yu (1997) 
for details. 

Fvdw,i in Equation (1) is the total of the van der Waals force acting on ith particle 
by all the other particles. For two spherical particles with radius a separated by a 
centre-to-centre distance r, the van der Waals force takes the following form 
(Russel et al., 1991): 
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where pmpA  is the Hamaker constant for the two particles in the liquid medium. 

According to the Lifshitz theory, pmpA  is positive for two identical particles so 

the van der Waals force is always attractive (Israelachvili 1997). Fvdw,i can be 
obtained by considering all pair interactions as given by Equation (2) in the 

vector’s form. ,edlr iF  in Equation (1) represents the total of the electrostatic force 

acting on ith particle due to overlapping of the electrical double layer of the 
particles. For any pair of particles the electrostatic force is given by the following 
Debye-Huckel equation (Hunter 2001): 
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where σi is the surface charge density, εε0 is the dielectric permittivity of the bulk 
liquid, r is the interparticle surface separation, κ  is the inverse of the Debye 
screening length given by: 
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where z  is the ionic valence, 0n  is the number density of ions in the bulk 
solution, e  is the electronic charge, Bk  is the Boltzmann constant, and T the 
absolute temperature. Like Fvdw,i, Fedlr, i can be obtained by considering all pair 
interactions as given by Equation (3). G,iF  in Equation (1) represents the 
combination of the gravitational and buoyancy forces acting on the ith particle 
given by:  

( )gF fp
3
iiG, ρρπa= −

3

4  (5) 

where pρ and fρ are the densities of the ith particle and the fluid, respectively, 
and g the gravitational acceleration. ,Br iF  in Equation (1) represents the stochastic 
force giving rise to the Brownian motion, which satisfies: 

0Br =F  and ( ) ( ) ( ) ( )0Br Br B f it = 2k T 6πμ a δ tF F I  (6) 

where the brackets, , represent the time average, μf is the effective suspension 

viscosity, and I and δ(t) are respectively the dyadic unit tensor and delta function. 

,D iF  in Equation (1) is the hydrodynamic drag force from the fluid, which can be 

calculated by: 

( ), ,D i f i f p i= 6πμ a −F u u  (7) 

where fu  is the local fluid velocity vector and ai is the micron particle. Equation 

(7) is the so-called Stokes law which is applicable for cases with relatively a small 
liquid-particle slip velocity, and can be easily extended to more complicated cases. 

,str iF  in Equation (1) is the structural force induced by the nanoparticles and will 

be detailed in Section 2.3. 
Note that Equation (1) contains two main assumptions: (a) all the forces 

considered are additive to give the total force, and (b) the van der Waals, 
electrostatic and structural forces can be obtained by summation of pair 
interactions. The validity of these assumptions needs further investigation but is 
expected to apply for dilute suspensions of micron particles. 

Among the forces detailed above, the non-contact forces, e.g. the gravitational 
and fluid drag forces, act on the mass centre of the particle i, while the contact 
forces act at the contact point between particles i and j. This inter-particle contact 
forces will generate a torque, Tij, causing particle i to rotate. For a spherical 
particle, Tij can be given by: 
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where Ri is a vector running from the centre of the particle i to the contact point. 
The equation governing the rotational motion of the particle i is: 
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where iω  is the angular velocity, and iI  is the moment of inertia of particle i, 
given as 22

5i i iI m a=  for a spherical particle.  

2.2   Fluid Dynamics – Continuum Based Method 

As detailed in Section 2.1, solving the equations governing particle motion 
requires the information of the fluid dynamics. This is obtained by solving the 
continuity equation and the locally averaged Navier-Stokes equation (Anderson 
and Jackson, 1967): 
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where pε , p , pfF and Γ are respectively porosity, fluid phase pressure, fluid-
particle interaction force and viscous stress tensor, and ρf is the fluid density. The 
porosity pε  in a computational cell is defined as the ratio of the void volume to 
the cell volume: 
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where VΔ is the volume of a local computational cell, ,p iV  the volume of 
particle i and in  the number of particles in VΔ . The fluid-particle interaction 
force can be obtained by using the Newton’s third law of motion over a fluid cell: 
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where ,D iF  is the hydrodynamic drag force acting on particle i and has been 
discussed in Section 2.1. Equation (13) acts as a linkage between the discrete 
phase of micron particles and the continuous fluid phase. The viscous stress tensor 
in Equation (11) is given by (Bird et al., 1960): 

( ) ( ) 12
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3f f f K f f fΓ u δ u uμ μ μ
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 (14) 

where kδ is the Kronecker delta, and '
fμ  is the bulk viscosity. Equation (14) 

contains two suspension viscosities, '
fμ  and fμ . For liquids under normal 

conditions, they can be regarded as incompressible and hence the bulk viscosity is 
zero. The shear viscosity, fμ ,  usually increases with increasing particle 
concentration and the following polynomial expression is often used to describe 
the dependence of the shear viscosity on particle volume fraction: 
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where 0μ  is the viscosity of the base liquid, k1, k2, k3, … are constants and pφ  is 
particle volume fraction in the suspension. Equation (15) is truncated to different 
orders for different suspensions. For example, for very dilute suspensions 
containing non-interacting particles, a first order approximation is sufficient, and 
for suspensions containing interacting particles, higher order approximation is 
needed; see for example Batchelor (1972), Larson (1999), Cheng and Law (2003) 
and Ding and Wen (2005) for more discussion. In this work, the following 
expression proposed by Cheng and Law (2003) will be used: 
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Clearly, Equation (16) can be easily replaced by other appropriate expression such 
as the famous empirical expression proposed by Krieger and Dougherty (1959), 
which can also account for the effect of particle aggregation (Chen et al., 2007).  

2.3   Nanoparticle-Induced Structural Interaction – Statistic 
Mechanics Method 

Apart from the fluid hydrodynamic information, solving the dynamics of micron 
particles also requires information of the structural interaction between micron 
particles due to the presence nanoparticles (Section 2.1). This is discussed in this 
section. Assuming that only pair interactions occur in the suspensions, then, within 
the framework of statistical mechanics, the Boltzmann equation provides an exact 
expression relating the pair radial distribution function, g(r), to the potential of 
mean force between a pair of micron particles immersed in a fluid (Hanson and 
McDonald, 1989):  
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where w(r) is the potential of the mean force, kB is the Boltzmann constant and T 
is the absolute temperature. The radial distribution function, g(r), measures the 
probability that, given a particle at the origin, another particle in the system can be 
found at a distance of r from it. Differentiation of Equation (17) gives the 
interaction mean force between two micron particles:  

( ) ( ) ( )rgTk=rw=rF B ∇⋅−∇  (18) 

To obtain the functional form of g(r) on the distance between two particles, r, a 
seemingly universal route is by solving the Orstein-Zernike (OZ) integral equation 
(IE), which reads: 
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where ( )ijc r  is the direction correlation function between species i and j, kρ  the 
number density of particle species k, and r the centre-to-centre distance between 
the particles. Equation (19) shows that solution to the OZ equation requires a 
mathematical closure and there are many of them (Hansen and McDonald, 1989). 
Among the mathematical closures, the most popular one is the so-called Percus-
Yevick (PY) approximation (Percus and Yevick, 1958):  
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where ( )rv  is the pair interaction potential and the simplest model for ( )rv  is the 
hard-sphere (HS) interaction model for which the particles interact only through 
infinite repulsion at contact. The HS model for particles of diameter d is expressed 
by: 
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Numerous efforts have been devoted to the solution of OZ/PY equations by using 
the above HS model. Henderson and Locada-Cassou (1986) obtained an analytical 
expression of the Laplace Transformation (LT) of g(r) by using an algorithm 
developed by Perram (1975) in a single-component i.e., monodispersed, hard-
sphere fluid, which is able to account for the oscillatory profiles in both the 
depletion potential and the force. Subsequently, Henderson (1988) obtained the 
LT of the interaction energy and force from Lebowitz’s expression (1964) for the 
LTs of the radial distribution function for a one-component hard-sphere mixture. 
More recently, Henderson et al (2004a), extending the approach for one-
component hard-sphere liquid to a two-component hard-sphere fluid and propose a 
more generalized approximation of the correlation function for a pair of 
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macrospheres immersed in a background fluid. In the limit of extremely large size 
of colloids compared with fluid particles, the expression reads: 
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where s is the Laplace variable, 
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with n=0, 1, 2, 3, m is the number of species and id  is the diameter of species i. 

D(s) in Equation (22) is: 
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From the above, one can see that an analytical radial distribution function of the 
Laplace transformation is obtained. The use of Laplace transformation has two 
important advantages. First, the Laplace transform of the force is easily obtained 
from the LT of the energy, eliminating the difficulty in the subsequent numerical 
differentiation. Second, the analytic results are obtained in Laplace space and the 
results in real space can be obtained by simple integration, thus avoiding the time 
consuming iterations (Henderson et al., 2004a).   

After obtaining the Laplace transform, the g(r) in the real space can be obtained 
via the inverse Laplace transform of the Equation (22). Three methods could be 
used for the inverse transformation. The first is the so-called zonal method 
(Henderson, 1988), which works for monodisperse systems or for binary systems 
with small size ratios. If the size ratio is large, then the procedure is very 
cumbersome as a large number of zones are needed. The second method is the 
linear integral method, which is highly time-consuming. The third method is 
through Fourier transformation (Henderson et al., 2004a). The third method has 
been found to be convenient and will be used in this work. This method involves 
inserting s = ik±  into the LT of g(r) to obtain the following expression: 
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where i is the imaginary number and k the Fourier transform variable. Integration 
of Equation (28) gives the radial distribution function: 

( ) ( )∫
∞

⋅=
0

sin~2
kxdxkgxg

π
 (29) 

Equation (29) requires a numerical integration. Once g(x) is obtained, Equation 
(18) can be solved for the interaction force. To avoid difficulties in the direct 
differentiation of the radial distribution function, this work takes the real space 
derivative of the radial distribution function through numerical inverse Fourier 
transformation (Henderson et al., 2004a). 

Note that the above treatment follows the methodology proposed by Henderson 
et al. (2004a), which contains an assumption of very large size ratios and hence is 
specifically suitable for the systems considered in this work – the effect of the 
presence of nanoparticles on the stability of micro particles. Note also that the 
stabilisation of micron particles using nanoparticles is a dynamic process as the 
nanoparticles can move between bulk phase and confined regions (between 
micron particles) rapidly due to small sizes of nanoparticles and large nano-to-
micro particle size ratios. As a consequence, it would be reasonable to assume that 
distribution of nanoparticles around the surfaces of the microparticles reach their 
thermodynamic equilibrium with the bulk solution quickly and is within the time 
step that is suitable for dynamics of microparticles. 

Coming back to the real space derivative for obtaining the interaction force as 
mentioned above, the real space expression of Fourier transform can be given as 
(Henderson et al., 2004a):  
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The parameters in the above equations have all been defined before. By analogy 
and using the relationship between the Laplace transforms and the Fourier 
transform of g(r) in the form of Equation (29), the Fourier transform of the 
interaction force or the real space Fourier transform of the derivative, ( ) xxg ∂∂ / , 
is:  

( ) ( ) ( ) ( ) ( )
( ) ( ) d

kdkc

kckbkddka
kkg s 22

2~
+
−=′  (35) 

As the Fourier transforms of g(x) and ( ) xxg ∂∂ /  are not monotonic functions and 
they converge very slowly to zero, a direct inverse transform requires a large 
number of integration points. To resolve this issue, Henderson et al. (2004a) 
proposed the following difference functions: 
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where g(d) is the so-called contact value given as:  
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and the corresponding derivative is:  
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The advantage of using the difference functions, Equations (38) and (39), is that 
they go to zero more rapidly, and is therefore more efficient than direct inverse 
Fourier transform. Since the expressions of g(r) and its derivative are obtained, the 
real space functions of the radial distribution and its derivative can be calculated 
respectively as follows:  

( ) ( ) ( ) λxδg −edg+x=xg  (40) 

( ) ( ) ( ) λxg'δg' −

∂
∂

ed+x=
x

xg
 (41) 

where ( )xδg  and ( )xδg'  are respectively the results of the inverse Fourier 
transforms of ( )kgs

~δ  and ( )kgs′~δ  using Equations (29). 
From above, the radial distribution function, g(r), and its derivative, g’(r), are 

obtained, which, upon inserting into the Boltzmann equation (Equation 17), gives 
the interaction potential and hence the effective interaction force by using 
Equation (18). The interaction force induced by nanoparticle can be directly 
employed in the discrete particle simulation for dynamics of microparticles; see 
Section 2.2.  

2.4   Numerical Solution to the CCDS Model 

An in-house code has been developed for the CCDS method. The code was 
written in FORTRAN environment and run in Dell dual core workstations. In the 
following, a brief account is given on the discretisation of the governing 
equations, the methodology for solving the discretised equations, the initial and 
boundary conditions, and the convergence criteria. 

2.4.1   Discretisation and Solution to the Governing Equations 

The finite difference method is used in this work to discretise the governing 
equations. Using such a method, the continuous derivatives in the partial 
differential equations are replaced by a truncated Taylor series expansion to an 
order appropriate to the problem (Fletcher, 1991). This gives a system of algebraic  
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equations, which is the conservative form of the discretised equations. For 
performing the discretisation, the simulation domain is discretised first to give the 
so-called control volumes (also called computational cells). In this work, the 
concept of finite volume is employed to generate the control volumes. These 
treatments imply that the original continuous variables throughout the simulation 
domain are now defined at the discrete positions located at the centre or the 
surface of the control volumes.  

There are two approaches to construct the computational cells. One is the non-
staggered grid method, which involves building the grids first and then 
constructing the cells by positioning their faces at the middle between 
neighbouring grids. In this method, all the flow variables such as velocities, 
pressure and volume fractions are stored at the same grid points, which, despite 
being successfully applied to incompressible single-phase flows (Armfield and 
Debler, 1993), fails to converge when applied to multi-phase flow problems (Xu, 
1997). This work uses the second approach - the staggered grid method. Such a 
method was first employed by Harlow and Welch (1956) (with a name of Marker 
and Cell – MAC method), and then adopted by Patankar (1980) in the well-known 
SIMPLE (Semi-Implicitly Modified Pressure Equations) algorithm. The staggered 
grid method involves building the cell boundaries first and then placing a grid 
point at the geometric centre of each cell so that different variables are evaluated 
at different grid points.  

Discretisation of the governing equations using the method briefly discussed 
above will lead to a system of coupled algebraic equations. These equations were 
solved by using the SIMPLE method first developed by Patankar and Spalding 
(1972) and elaborated by Patankar (1980). 

2.4.2   Initial and Boundary Conditions 

The computational domain employed in the case study is a rectangular box of size 
0.02×0.02×0.04 m3 with the side wall surfaces in parallel to the gravitational 
direction. Both the micron particles and the fluid phase are taken as stationary at 
time zero. At the wall surfaces (boundaries), the no-slip condition is specified for 
the velocity components. For the voidage and pressure, a zero gradient in the 
normal direction applies along all the boundaries. Note that, for specifying the 
boundary conditions, the computational domain is surrounded by a layer of 
dummy cells. These dummy cells are virtual ones although there are also 
geometrical quantities like volume or face vector associated with them. The 
purpose of the use of dummy cells is to simplify the computation of fluxes, 
gradients and dissipation, etc. along the boundaries.  

2.4.3   Convergence Criterion  

As mentioned above, discretisation of the governing equations gives the algebraic 
equations, which have to be solved using the iteration approach. The convergence 
criterion is therefore defined as following Patankar (1980):  
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i,j,k
Cells

bb e′≤∑  
(42) 

where kj,i,bb  is the mass residual for individual cells and the summation is over 
all the cells. e′  is the tolerance of the mass residual, which is set as 1.56x10-8.  

3   Results and Discussion 

The case study in this work considers two identical micron particles with 2.85µm 
diameter. The micron particles are spherical and have a density of 1400 ke/m3 . They 
are submerged in an aqueous electrolyte solution containing nanoparticles; see Figure 
1 for a schematic diagram. The colloidal mixture is placed within the 3-dimensional 
rectangular box. Both monodisperse nanoparticles with a diameter of 26nm and 
bidisperse nanoparticles with diameters of 26nm and 50nm are considered. For the 
bidispersed case, the 26nm particles is denoted as nanoparticle 1 ( ,1 26nmnpd = ) 
and the 50nm particles as nanoparticle 2 ( nm502, =npd ). To investigate the 
stabilising / destabilising effect induced by the nanoparticles, the micron particles are 
initially set to separate at specific surface-to-surface distance, which are scaled by the 
physical diameter of nanoparticles 1. A typical simulation lasts about 7-10 days. The 
results of the simulations are presented in the following subsections.  
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y

Surface separation

Colloid 1

Colloid 2

dnp,2

dnp,1

 

Fig. 1 A schematic representation of the simulation system:  diameters of nanoparticle are 

,1npd =26 nm and ,2npd =50nm. The initial surface separations between the two colloidal 

micron particles are scaled by ,1npd . 
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3.1   Monodisperse Nanoparticles 

3.1.1   Force Profiles between Micron Particles 

Figure 2 shows the force profiles between two micron particles for various volume 
fractions of monodisperse nanoparticles with 26nm diameter. For comparison, the 
DLVO interaction forces are also shown in the figure for two mono-valence salt 
concentrations of 0.02M (DLVO-1) and 0.002M (DLVO-2). One can see that the 
presence of nanoparticles leads to the oscillatory dependence of the interaction 
force on the separation between the micron particles and the magnitude of the 
peaks/troughs depends on both the separation between the micron particles and the 
nanoparticle concentration. A smaller separation between the micron particles 
gives a higher peak / deeper trough, whereas a higher nanoparticle concentration 
gives a higher peak / deeper trough. The presence of nanoparticles is also seen to 
affect the effective range of interaction between the micron particles. For example, 
the interaction force between the micron particles (also called the 
structural/depletion force) at a nanoparticle volume fraction of 20% is larger than 
that of the DLVO forces at the higher salt concentration of 0.02 M. Figure 2 also 
shows that the profile of mean force becomes more oscillatory at higher 
nanoparticle concentrations. The peaks in the force profiles represent repulsive 
energy barriers, whereas the troughs denote the attractive depletion energy wells. 
The results shown in Figure 2 suggest that the magnitude of the repulsive barrier 
be higher enough to overcome the van der Waals attractive interaction, and thus 
help stabilisation of micron particle suspensions. In the meantime, at high 
nanoparticle concentrations, the preceding attractive energy well could also be 
deeper enough to favour flocculation of micron particles.  

3.1.2   Dynamics of Micron Particles in the Presence of Nanoparticles 

As discussed above, the structural interaction force between micron colloidal 
particles due to the presence of nanoparticles depends on both nanoparticle 
concentration and surface separation between the micron particles. Simulations 
were therefore performed to investigate the effects of initial separations between 
the micron particles and nanoparticle concentration on the micron particle 
dynamics. Such an exercise may provide a mean to assess colloidal stability as 
destabilisation of micron particle suspensions often happens when colloids 
approach one another due to the attractive interaction between them, leading to 
flocculation of and hence acceleration of sedimentation (if micron particles are 
heavier than the suspending medium). The results of the simulations are presented 
in Figures 3-10, where Figures 3, 5, 7 and 9 show respectively the time evolution 
of the surface separation between the micron particles at an initial separation of 1, 
2, 3, and 5 times the nanoparticle diameter, and Figures 4, 6, 8 and 10 illustrate the 
corresponding sedimentation velocities of the micron particles as a function of 
time. These results are discussed in the following. 
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                                            2(a) 

 
                                           2(b) 

Fig. 2 Effective interaction force between two microparticles (a) and enlargement of part of 
force profiles to show the magnitudes of the structural forces (b). The surface separation 
between micron particles is scaled by the diameter of nanoparticle 1. DLVO-1 and DLVO-
2 represent respectively the DLVO interaction force at a mono-valance salt concentration of 
0.02M and 0.002 M. 
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3(a) 

 

3(b) 

Fig. 3 Interparticle surface separation as a function time for an initial normalised separation 
of 1 in the presence of different concentrations of monodisperse nanoparticles (a) and 
enlarged view of the profiles for nanoparticle concentrations of 0, 2, and 5% by volume  
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4(a) 

 

4(b) 

Fig. 4 Time evolution of sedimentation velocity of micron particles at various nanoparticle 
concentrations for micron particle 1 (a) and micron particle 2 (b). The initial normalised 
micron particle separation is 1. 
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5(a) 

 

5(b) 

Fig. 5 Interparticle surface separation as a function time for an initial normalised separation 
of 2 in the presence of different concentrations of monodisperse nanoparticles (a) and 
enlarged view of the profiles for nanoparticle concentrations of 0, 2, and 5% by volume 
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6(a) 

 

6(b) 

Fig. 6 Time evolution of sedimentation velocity of micron particles at various nanoparticle 
concentrations for micron particle 1 (a) and micron particle 2 (b). The initial normalised 
micron particle separation is 2. 
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7(a) 

 

7(b) 

Fig. 7 Interparticle surface separation as a function time for an initial normalised separation 
of 3 in the presence of different concentrations of monodisperse nanoparticles (a) and 
enlarged view of the profiles for nanoparticle concentrations of 0, 2, and 5% by volume (b). 
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8(a) 

 

8(b) 

Fig. 8 Time evolution of sedimentation velocity of micron particles at various nanoparticle 
concentrations for micron particle 1 (a) and micron particle 2 (b). The initial normalised 
micron particle separation is 3. 
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9(a) 

 

9(b) 

Fig. 9 Interparticle surface separation as a function time for an initial normalised separation 
of 5 in the presence of different concentrations of monodisperse nanoparticles (a) and 
enlarged view of the profiles for nanoparticle concentrations of 0, 2, and 5% by volume (b). 
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10(a) 

 

10(b) 

Fig. 10 Time evolution of sedimentation velocity of micron particles at various 
nanoparticle concentrations for micron particle 1 (a) and micron particle 2 (b). The initial 
normalised micron particle separation is 5. 
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Look at the time evolution of the interparticle separation of the micron particles 
first (Figures 3, 5, 7 and 9). For all the initial surface separations considered in this 
work, only the presence of 20% nanoparticles could give a sufficient level of 
structural force to overcome the van der Waals attraction, and hence to prevent the 
micron particles from approaching each other (the final separation between micron 
particles is larger than that initial separation). At lower nanoparticle 
concentrations, i.e. 0, 2 and 5%, the structural forces are insufficient to counteract 
the inherent van der Waals attraction between micron particles, and hence the final 
equilibrium separation between the micron particles is smaller than the initial 
values. An inspection of Figures 3, 5, 7 and 9 shows that the interparticle distances 
decrease rapidly with time at low nanoparticle concentrations. This agrees with the 
force profile shown in Figure 2, where significant repulsive forces appear at a 
normalised separation distances being integers.  Once the interparticle distance is 
away from these positions, the structural potential could be attractive – the so-
called depletion potential (Asakura and Oosawa, 1954 & 1958). Such a depletion 
attraction combines with the inherent van der Waals attractive interaction, leading 
to the rapid approaching of micron particles. This implies that, under certain 
conditions, the addition of nanoparticles is not only able to stabilise micron 
particle suspensions, but also to cause destabilisation. 

The sedimentation velocities of the micron particles are shown in Figures 4, 6, 8 
and 10 as a function of time. In these figures, the negative values represent the 
upward velocity due to the coordinate system designed in the simulation (Figure 1). 
From the velocity profiles, one can examine the sedimentation behaviour of the 
micron particles in the presence of nanoparticles. Take Figure 4 as an example, at 
low nanoparticle concentrations of 0, 2, and 5%, the velocity of particle 1 is 
positive for about 90 ms (meaning a downward motion, while the velocity of 
particle 2 is negative during the initial ~90 ms (implying an upward movement). 
This implies the two particles approach each other over the initial period of ~ 90 ms 
at these low nanoparticle concentrations. After ~90 ms, velocities of the micron 
particles approach zero, implying a very slow settling process. At the high 
nanoparticle concentration of 20 vol%, on the other hand, the velocity of particle 1 
is negative and velocity of particle 2 is positive in the initial 90 ms. This implies 
that particle 1 moves upward as a result of structural force effect and particle 2 
settles due to a combined effect of gravitational action and the structural repulsion 
and the high nanoparticle concentration has a stabilisation effect on the micron 
particles, i.e. preventing them to approach each other. Similar analyses can be made 
on Figures 6, 8 and 10.  

3.2   Bidisperse Nanoparticles 

Although monodisperse nanoparticle suspensions can be excellent model systems 
for the theoretical studies, binary nanoparticle mixtures are more realistic models 
since, in practice, nanoparticles are not monodisperse. It has been observed both 
experimentally (Bindal et al, 2002) and theoretically (Henderson et al, 2003; 
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2004b) that, when the size disparity of fine particles is introduced, the effective 
structural interaction is deteriorated. As a consequence, the effect of size disparity 
of nanoparticles is investigated by using 26 and 50 nm nanoparticles. In this set of 
simulations, the volume fraction of 50 nm nanoparticle are taken as 5, 10 or 15% 
by volume and the corresponding concentration of the 26 nm nanoparticles are 15, 
10 or 5%. The overall nanoparticle concentration is therefore maintained at 20%. 

3.2.1   Force Profiles between Micron Particles 

Figure 11 shows the interaction force between the micron particles in the presence 
of bidispersed nanoparticles, where V1 and V2 denote concentrations of 
nanoparticle 1 (26nm) and 2 (50nm), respectively. For comparison, the DLVO 
forces at two salt concentrations of 0.02 M and 0.002 M and the interaction force 
induced by monodisperse nanoparticles at 20% (V2=0) are also shown in the 
figure. One can see that the magnitude of the structural/depletion forces induced 
by nanoparticles decreases with increasing concentration of 50 nm nanoparticles at 
a surface separation of one diameter of nanoparticle 1 (dnp,1 = 26nm). When the 
concentration of the nanoparticle 2 is comparable to that of nanoparticle 1, a 
second repulsive barrier occurs at a surface separation of one diameter of 
nanoparticle 2 (dnp,2 = 50 nm), while the main peak at the surface separation of 

,1npd  decreases. In addition, with an increase in the concentration of nanoparticle 
2, an extra potential barrier occurring at surface separation of 2dnp,1, which 
corresponds to approximately the diameter of nanoparticle 2. The force profiles of 
the micron particles in the presence of bidisperse nanoparticles are much more 
complicated than that of the monodisperse nanoparticles, which also provide more 
opportunities (and challenges) for engineering micron particle suspensions. 

3.2.2   Dynamics of Micron Particles in Bidisperse Suspensions of 
Nanoparticles 

The sedimentation behaviour of microparticles in the presence of binary 
nanoparticle suspensions are illustrated in Figures 12-15, where Figures 12 and 14 
show respectively the time evolution of the surface separation between the micron 
particles at an initial separation of 1 and 3 times the diameter of nanoparticle 1, 
and Figures 13 and 15 are the corresponding sedimentation velocities of the 
micron particles as a function of time. These results are discussed in the following. 

From Figure 12, one can see that the surface separation between the micron 
particles increases with time at concentrations of nanoparticle 2 (V2) of 0, 5 and 
10% and an initial normalised separation of micron particles of 1, indicating the 
presence of the nanoparticles gives a stabilising effect on the micron particles. 
However, the surface separation of the micron particles decreases with time at 
V2=15%, indicating an effect of destabilisation. This agrees with the force profiles 
as shown in Figure 11. At an initial micron particle surface separation of 26 nm and 
V2=15%, the structural potential is mainly induced by the 26nm nanoparticles, 
which, at a volume concentration of 5%, is smaller than the van der Waals attraction.  
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                                           11(a) 

 
                                           11(b) 

Fig. 11 Interaction force induced by the presence of bidisperse nanoparticles (a) and 
enlarged view of the force profiles (b). V1 denotes the volume fraction of nanoparticle 1 
(26nm); V2 denotes the volume fraction of nanoparticle 2 (50nm). DLVO-1 represents 
DLVO force at a salt concentration of 0.02M. DLVO-2 represents DLVO force at a salt 
concentration of 0.002M.  



322 C.-Y. Yang and Y.L. Ding
 

 
 

 

12(a) 

 

12(b) 

Fig. 12 Interparticle surface separation as function of time for an initial normalised 
separation of 1 in binary nanoparticle suspensions (a) and enlarged view of the profiles (b). 

 

 
 



Multi-scale Modelling of Liquid Suspensions of Micron Particles 323
 

 
 

 

13(a) 

 

13(b) 

Fig. 13 Time evolution of the sedimentation velocity of the micron particles at various 
combinations of binary nanoparticle concentration for an initial normalised separation of 1: 
(a) micron particle 1; (b) micron particle 2.  
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14(a) 

 

14(b) 

Fig. 14 Interparticle surface separation as function of time for an initial normalised 
separation of 3 in binary nanoparticle suspensions (a) and enlarged view of the profiles (b). 
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15(a) 

 

15(b) 

Fig. 15 Time evolution of the sedimentation velocity of the micron particles at various 
combinations of binary nanoparticle concentration for an initial normalised separation of 3: 
(a) micron particle 1; (b) micron particle 2. 
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Physically, these 26nm nanoparticles cannot enlarge the gap between micron 
particles to let the 50nm nanoparticles enter the confined region, and as a result, the 
micron particles become closer with time. This can also be seen from the 
sedimentation velocity of micron particles shown in Figure 13, where a higher 
approach velocity of the micron particles is seen at V2=15%.  

The results shown in Figure 14 are for an initial normalised separation of 
micron particles of 3, which differ considerably from that shown in Figure 12 for 
the initial particle separation of 1. First, the normalised separation of the micron 
particles for all combinations of V1 and V2 decreases with time until time = 
~2.5ms. After 2.5ms, the normalised separation becomes constant for V2=0, 10 
and 15% and ranges between ~2 and ~2.2, whereas that for V2=5% decreases 
further with time and eventually reaches ~1.2. This can also be explained from the 
force files as shown in Figure 11. At an initial normalised separation of 3, the 
repulsive forces induced by these four combinations of V1 and V2 are lower than 
the van der Waals attractive forces. As a result, the separation of the micron 
particles decreases. When the separation approaches ~2, three combinations of V1 
and V2 (20 and 0, 10 and 10, and 5 and 15) give a sufficient potential barrier to 
overcome the van der Waals attraction and as consequence, the separation 
becomes constant.  

As discussed above and shown in Figure 14, the final (equilibrium) separation 
is about 2.2 for V2=0. This results from the second peak of potential induced 
entirely by 26nm nanoparticles. At V2=10 and 15%, nanoparticles 2 
( nm502, =npd ) produce potential barriers around a separation of 50nm i.e. 2 
times diameter of nanoparticle 1 ( nm261, =npd ). At V2=5%, although the 
50nm nanoparticles also induce a significant barrier at a surface separation of 50 
nm, it is less than the van der Waals attraction at such a position and as a result, 
microparticles approach each other to the final separation of ~1.2. The surface 
separation results agree with the particle sedimentation data shown in Figure 15 
where a sharp peak appears for the micron particles at V2=5%.  

4   Concluding Remarks 

This paper introduces a new combined continuous, discrete and statistical mechanics 
(CCDS) method for modelling suspensions of highly asymmetric particles. The 
CCDS method treats the liquid medium as a continuum and the micron particles as a 
discrete phase, whereas the statistics mechanics method is used to treat the 
nanoparticles. The treatment of the nanoparticles involves the use of the Ornstein-
Zernike equation with Percus-Yevick approximation based on the hard-sphere 
interaction. Such an approach enables the effective coupling between different 
length scales. The sedimentation behaviour of two micron particles submerged in 
both monodisperse and bidisperse nanoparticles suspensions nanoparticles is used as 
a case study for the CCDS method. The results show that, at a high salt 
concentration where electrostatic repulsive force is significantly screened, the 
structural force induced by both monodisperse and bidisperse nanoparticles could 
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overcome the van der Waals attractive force between the micron particles and thus 
prevent them from flocculation. The results also show that the introduction of 
disparity in the system complicates the effective interactions between the micron 
particles and consequently the particle dynamics. 

Although the case study considers only two micron particles, it is straight 
forward to extend the modelling to multi-micron particles systems. Currently, the 
limitation for modelling the multi-micron particle systems is the computer power. 
As a consequence, we are in a process of developing the code further to enable 
parallel computing, which, together with increasing computer power, is able to 
deal with large number of micron particles. 
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Symbols  

Alphabets  
 a  radius of micron particle 

pmpA   Hamaker constant for two particles through medium  

bb    mass residual for individual cells in CFD 
c(r)  direct correlation function 
d  diameter of microparticle 

e    electronic charge 

e′   tolerance of the mass residual in continuum equation 
g(r)  radial distribution function 
h  surface-to-surface distance between two particles  
h(r)  total correlation function 
i   imaginary number 

iI   momentum of inertia of ith particle  

k   Fourier variable 

Bk   Boltzmann constant 

[ ]L   notation of Laplace transform 

im   mass of ith particle 

0n    number density of ions in the bulk solution 

p  fluid pressure in a computational cell 
r  centre-to-centre distance between two particles 
s   Laplace variable 
t  time 
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T  absolute temperature 

( )rv   the pair interaction potential 

,p iV   volume of ith particle  

( )rw   potential of mean force 

z    ionic valence  
Vectors and tensors 

BrF   Brownian force 

iD,F   drag force 

g,iF   gravitational force 

pfF   volumetric fluid-particle interaction force 

vdW,iF   van der Waals attractive force 

edlr,iF   electrical double layer repulsive force 

str,iF   structural force due to nanoparticles in suspension 

,c ijf   contact force due to collision between particle i and j 

,d ijf   viscous contact force due to collision between particle i 

and j 
g   gravitational acceleration 

fu   velocity of fluid 

,p iu   velocity of particle i 

I  unit tensor 

kδ   Kronecker delta tensor 

Γ  viscous stress tensor 
 

Greeks 
VΔ   volume of a computational cell 

σ    surface charge density 

( )tδ   Delta function 

ε   permittivity of medium 

0ε   permittivity of vacuum 

pε   porosity of computational cell 

pφ   volume fraction of nanoparticles in the suspension  

1κ−   Debye screening length 

0μ   viscosity of water 
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fμ   viscosity of solution 

fμ′   viscosity of bulk solvent 

fρ   density of fluid 

kρ   number density of fluid component k  

pρ   density of solid particle 
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