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PREFACE 

This book covers diffusion of electromagnetic fields in magnetically nonlin- 

ear conductors and electrically nonlinear superconductors. This diffusion 

is described by nonlinear partial differential equations, and for this reason 

it is termed "nonlinear" diffusion. Nonlinear diffusion has many qualita- 

tive features that are not observed for linear diffusion, which explains why 

the study of nonlinear diffusion of electromagnetic fields is of significant 

theoretical interest. At the same time, the study of nonlinear diffusion is 

very important in rnany practical applications. Indeed, analysis of elcctro- 

magnetic field diffusion in magnetically nonlinear conductors is, in a way, 

analysis of eddy currents in those conductors. The latt,er analysis is very 

instrumental in such diverse appli~at~ioris a: design of electric ~nachi~ies, 

transformers and actuators, induction heating, ~loridestructive testing, t?lec:- 

tromagnetic shielding, development of inductive writing heads for iriag~ic:t,ic: 

recording, and design of magnetic corrlponents iri power electronics. 011 the 

other hand, the study of nonlinear diffusion of electromagnetic fields in 

superconductors is instrumental for the analysis of magnetic hysteresis in 

thosc superconductors as well as for the understanding of creep phenomena. 

In spite of significant theoretical and practical int.erests, nonlinear diffusion 

of electromagnetic fields has not been extensively studied, and currently no 

l~ook exists that covers this topic in depth. It. is hoped that this book will 

bridgc this gap. 

The book has the following salient and novel features. 

Extensive use of analytical techniques for the solutiori of nonlinear 

partial differential equations, which describe electromagnetic field dif- 

fusion in nonlinear media. 

Simple analytical formulas for surface impedances of nonlinear and 

hysteretic media. 

Analytical analysis of nonlinear diffusion for linear, circular, and ellip- 

tical polarizations of electromagnetic fields. 

Novel and extensive analysis of eddy current losses in steel laminations 

for unidirectional and rotating magnetic fields. 
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Preisach approach to the rnodeling of eddy current hysteresis and su- 

percoriductirig hysteresis. 

Extensive arialyt,ical study of rionliriear diffusion in superconductors 

with gradual resistive t,rarisitioris (scalar and vectorial problexns). 

Scalar potential for~nulations of nonlinear impedance boundary condi- 

tions arid their finite elernent implementations. 

Thc: book contai~is five chapters arid one appendix. 

Chapter 1 deals with the analytical study of electromagnetic field diffusion 

in rliagrictically nonlinear conductirig media in the case of linear polariza- 

t,ion of ~riagrietic fields. This diffusion is described by scalar nonlinear 

partial diffcrent,ial ecluatio~is of the parabolic type. Discussions start with 

t h ~  case of at)rupt rr~ag~ict,ic t,rarisit,ion (abrupt saturation) arid proceed to 

thc case of gratiual ~iiagriet~ic transit,iorl (gradual saturation). For the lat- 

ter case, first self-siniilar arialyt,icaI sol~itiorls are found, which reveal that 

~~oll l i l~car  diff~isiol~ occurs ;is a11 inward progress of alnlost, r~c:tang~ilar pro- 

fil(1s of ll~i~gl~(,t,i(: fl11x (l(\iisit,y of vi~rii~l)l(> ll(~igIlt,. Tli(:s(, all~iost, re(:t,i~lig~lli~r 

profiles of ~ili~g~l(lt.i(' flllx (l(:~isity ropr(:s(>lit, i L l i  ilit.riiisi(. f ( :a t~ i r~  of llolilill~ar 

ill torllis of thcx Prc.isiic.11 111oc1c.l. Thcl last rc~1)rc~solit.;1tio11 rt~vc~ills the, 1.0lrli~rk- 

i ~ l ) l t ,  fi~(3t tl1;t.t ~~orilillcvtr (allti tlyr~i~inic.) c~lcly c.~lrsc>rit hystc~rc~sis (:ill1 I)(, f~llly 

c:hari~c:tclrixc,tI 1)y its stc'~) rc.spollst3. 

111 Chiipt,c~r 2. cliffiisior~ of c:irc-uli~rly i~lld t~lliptic:;~lly ~)olitrizc:tl eltxc:t,rolrii~g- 

11(>t,ic fiol(1s ill ~~ii~g~l(~t , i (~i i l Iy ~io~ilinc;ir ( :o~i( l~~(~t , ing 111(>(1ii~ is (lis(*~iss~~(l. Tliis 

diffllsion is tl(~sc:ril)c~tl 1)y vector ( r i ~ t , h c ~  t,lliLll S(:iiIiLr) llolllill(~i~r ~)ilrt,iiLl dif- 

fcrt'rlt,ii~l ('(llli~t,iol~~. wlii(:li l l i i t ,~lr i~l l~ raisvs t.11c~ l(.vc,l of rrint,l~crrlatic~;il diffic.ul- 

tit.s. Howcvt.r. it, is showr~ t,liat t,ht?sc, cliffic~11lt.ic.s ( : i~ l i  1)c c:ol~il)l(>tc~ly c:irc~liri- 

vc~~it , t~l  ill t,lit. c:i~sc> of c,irc.uli~r polarizi~t,iolis i~11d isot,ropi(* 11iediil. Sillipl(3 ii11d 

cxac-t analyt,ic:al solut,ior~s arc o1)tairir:d for t,lic. altovt. case l)v using power 

law ;~l)l)roxi~r~atio~is for rrli~gric'tizatio~~ c:urvc:s. These solutions rcwal the 

rt~rriarkal)lt, fi~(:t t,lii~t t,lic,rc. is rlo gcrlcratio~i o f  liiglier-ordcr hitrlrioliic:~ cic- 

spit,(' rlorilirlc~;lr ~~li~g~l( l t , i ( .  1)ro1)(1rt.ics of (:oll(lli('t.i~~g 111(:dia. Tliis is l)cc*t~lisc: of 

t,hv high tlcgrt~l of syrrlriit~t~ry cxist.s ill  tlic' cbiLsc of circular politriznt.iolis 

allcl isot,ropic: rlit,clia. Elliptical polarizat,ioiis nricl ailisotropic rrlctfia are t,hcli 

t,rc:atetf ;is ~)t:rt,url)at,ioris of circular polariza.t,iorls a i d  isot,ropic media, re- 

spcctivt:ly. 0 1 1  tht: \)asis of this treatinent, tlie perturbation tech~iique is 

dt~vc:lopt:tl arltl silr~ple a11alytic:al solutior~s of pc.rt,urbed pro1)leriis are fourld. 
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The chapter corlcludes with an extensive analysis of eddy current losses in 

steel laminatiorls caused by rotating magnetic fields. 

Chapter 3 presents analysis of nonlinear diffusion of weak magnetic fields. 

In the case of weak magnetic fields, magnetic permeability (or differential 

permeability) is decreased as the magnetic fields are attenuated. As a 

result, physical features of this nonlinear diffusion are quite different from 

those in the case of strong magnetic fields. However, the same mathematical 

machinery that has been developed in the first two chapters can be used for 

the analysis of nonlinear diffusion of weak magnetic fields. As a result, many 

formal arguments and derivations presented in Chapter 3 are in essence 

slightly modified repetitions of what has been already discussed in the first 

arid second chapters. These argurnerlts and derivations are presented (albeit 

in corlcise form) for the sake of completeness of exposition. 

Chapter 4 deals with nonlinear diffusion of electromagnetic fields in type- 

I1 superconductors. Phenomenologically, type-I1 supercoriductors can be 

treated as coriductors with strongly nonlinear constitutive relations E ( J ) .  
These relations are usually approxirnated by sharp (ideal) resist,ive trarisi- 

t,ioris or by "power" laws (gradual resistive tran~it~iorls). Discussions start. 

wit,h t,ht. cxse of ideal rcsistivo t,ransit,ioiis and the c:rit,ic:al stat,(' iriod(~1 for 

supt~rc.ond~i~:t~i~ig hyst,erc:sis. It is shown that this ~nodcl is i~ vory l)art,ic:lilar 

(:as(: of t,lio Preisacli rriodel of liyst,crt~sis arid, on this 1)asis. it is st,roiigly 

i~1vO(:iLt,('(l to use thr Preisi~(:li i1io(lo1 for tall(: d(:sc:ril)t,ioii of ~111)(~r(:oii(lll(.tiiig 

liyst,c:resis. For the (:asp of g~ti(lllii1 r(3sistiv0 tra.nsit,iolis des(:ril)t~(l 1)y t.111' 

1)owt.r laws, i~rialysis of nonlinear cliffusion ill slll)t~rc.oiidu(~ttors 11;~s iliiLIiy 

rrl;~thc~~riatic:i~l features in c:oriirrioii wit,ll t,llo ;~nalysis of norllilicar cliffilsiorl 

~ I I  rrlagnctic!ally nonlinear coiitluct,ors. For t,his rcasori, t,hr ~11~1~t.i('ii1 t.(~,li- 

~iiclries t,hat have 11ee1l drvclopc~tl i ~ i  the first two c:haptcrs are (~xtt~nsivc:ly 

appliccl t,o t,hc analysis of norlliricar cliffi~sioii ill slll)ercolld~ict,ors. Thus, our 

discussiori of this diffusion inc:vitably c:olitaills so~ne  rcpet,it,ions; howevt:r, 

it is tielil~erately more concise and it st,ressrs the poirit,~ t,liat are clist,inct t.o 

su~)crconcluctors. 

111 Chapter 5. no~ilinear iiripct1aric:c 1)ourldary condit.ioiis art: iiit,rocluc:c~d 

and rxtlelisivt:ly used for the solut,ioli of nonlinear eddy c.urrt:nt l)rol)l(~lris. 

Tlirsc 1)oliridary coritlitions art, 1)asctl oil t,lit: expressioris for noillirit~i~r slir- 

face irripedances derived in the previous cliapt,ers. The rriairi c~nplinsis iri 

this chapter is on scalar potential formulations of impedanct? 1)oundary (:oil- 

tlitions and their finite elenlent irri~)lri~it:iltat.iorls. However, thr discussioii 

prese~itctl in the chapter is much 1)roader t,haii t,his. It ericonipasscXs s11c:li 

relat,ed aricl important topics as: a gcneral 111atheriiatic:a.l st,ruct,urc of 3-D 

eddy c~irrent problems, calculatiori of source fields, analysis of eddy current,~ 

in thin nonmagnetic conductling shells. derivations of easily coinputa.l)lc es- 

tirnates for eddy current losses, and analysis of thin magnetic shells sul~ject, 

to static magnetic fields. 
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Finally, Apperidix A covers the basic facts related to the Preisach rnodel of 

hy~t~eresis. This rriodel is t,reated as a general rriatheniatical tool that can 

be used for the dc~cript~ion of hysteresis of various physical origins. In this 

way, t,he physical universality of the Preisach rnodel is clearly revealed arid 

strongly emphasized. 

In the book, no at,tenipt is riiade t,o refer to all relevant publications. For 

this reason, the reference lists giver1 at tlie ctritl of c:ac:li chapter are not 

exhalistive but rather suggestive. The presentation of t,he rrlaterial iri tlie 

book is largely based or1 the author's put,lications that have al)~)carctf over 

t,hc last t,hirty years. 

I11 writing this t)ook, I have t)eei~ assisted by Mrs. Patricia Keeliri who pa- 

t,ierit,ly, cliligerit,ly and profcssiorially typed several versiolis of tlic rrialil~script,. 

111 preparat,ion of the rlialll~s(*ri~)t, I havct also heen i~ssistecl I)y rriy st,u- 

dcrits Chung Tse ariti hlichael Ncely. I arrl very grat,cfi~l to tlic~st, iridivid- 

i l ~  for t i  i i v a l ~ ~ l l  l i p  1 I work 011 t i  look. Tlic. r~~a i l i  pi~rt, 

Of the book WiLS ~r i t . t , ~> l l  dllrillg Illy ~iLl)])iit,i(:iL1 ~ C ~ L V C  iit th0 LiL1)Oriit.Ory 

for Physic.ii1 S(:ic:ric:c,s i~t.  Coll(~g(~ Park, hli~ryli~lld, ~ L I I ~  I V(TY t.hii11k- 

fill t,o Dr. Thorrlas Bchahli for t,llc\ givc.11 ol)port,liliit,y. hly work 011 t,l~is 

1)ook WAS st,rollgl.v (~ll(~oliriLg(~l i111(1 slll)])ort(d 1)y Dr. Os(.iir h1iilll(\y i ~ l i ( 1  

Dr. R~l)(.rt. Prict, fi.0111 t , l ~ ( '  U.S. D('l)i~rt.~~~('l i t  ( ) f '  Eli(~gy.  I gl.i~t('filll~~ i ~ ( ' -  

k~iowl(~lgcl t,hcnir c1~lc.o~ir;tgc~in(~llts ;IS wt.11 i ~ s  t , l~c ,  finil1lc.ii1.1 sl11)1)ort fill- 111y 

r(~s(~i~r(41 011 l io l~ l i l~(~i~r  (iiffl~siol~ fro111 t , l ~ ( ,  U.S. D(~1)i1rt111(~11t of Eri(\rgy. Engi- 
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CHAPTER 1 

Diffusion of Electromagnetic 
Fields in Magnetically Nonlinear 
Conducting Media (Linear 

Polarization) 

1.1 STATEMENT OF THE PROBLEM 

This c~li ;y)t , t~,  iLs wtdl ~LS the, ~ i o x t  t.wo c~1iiy)tt~rs. will 1x1 c:olic:(~rlic,cl wit.11 

t l i ~  p(~l i (~t~r t~t io l i  o f  ~l(~c:t~ro~~itigli(?t.i(~ fivl(Is iii l~it~gli(~ti(~t~ll ,v ~ i o l ~ l i ~ i ( ~ i ~ r  (~o~ i ( l t i (~ t -  

ilig 111~tiii~. Tliis ~ ) ( > ~ l ~ t , r t ~ t , i o l i  I)ro(:(,ss is (l(~s(.ril)(?(l I)y tli(2 following RIi~xw(~11 

c>clunt,ioris: 

curl H = aE. (1.1) 

Hew H iili(1 E tirv l~iiigri(~t~i(~ ali(1 (>lc(:t,ri(. fi(,l(ls. r(>sp(,(:t,iv(xly: CT is t,liv ( ~ ) l i ( l ~ ~ ( . -  

t,ivit.y o f  1nc.cIi;i: illl(l B ( H )  st,arids for t~ ~ioli l i~icnr ( i ~ ~ i ( l  1)ossil)l~ liyst.(>r(>t.i(.) 

const,it,utivt: rclatio~isliip bctwccri ~riaglict,ic flllx dt~11sit.y B i111d ~lli~gll(,t.i(. 

fieltl H. 
111 Eq. (1.1). ( l isl) l t~c(~~~icli t~ (:tlrre~lts w ( w  (Iisr(~gi~r(lc(1. Tliis is l ) ( ~ : i ~ ~ i s c >  

t,hr.sc. c:urrc>lit,s iirt' ustlally srri;lll iri ~ o l ~ l l ) i ~ r i ~ ~ ~ i  witah (.ollclllctio~l cllrrclits 

aE. 
The at)ovct t,wo ccluatioris call k)c rcci~lc:rtf t,o olic> c>clllat,ioll wit,h rt:sl)ctc,t, 

t o  the  rriagrictic: fit:ltl: 

BB ( H )  
curl curl H = -0- 

at ' 
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By using the well-kriown expression for the curl curl-operator, the last equa- 

tion can be writt,cli as follows: 

d B ( H )  - V ~ H  + grad div H = -a- 
a t  ' 

Exprcssiori (1.4) is a rioriliriear vector partial differential equation. In gen- 

c n 1 ,  it,s soIutio11 is affec:t,ed (and complicated) by a particular geometric 

shape of lrlagrict,ic cor1duc:tor as well as I)y its nonlinear magnetic proper- 

ties. To make t,hc prot)lelli rnorc or less analytically tractable, we consider 

thc cast of riorrrlal perletrat,ion of a plane electromagnetic wavc into a semi- 

ilitiliit,t rllagll~tici~lly 1101ilin(~ar ('olid~ctirig half-space shown in Fig. 1.1. 

Ni~t.~lri~lIy, t,his is t,li(: silri~)Itst 1)roI)lt111 that car1 be posed for Eq. (1.4). 

Ntvcrt,l~elcss, t.lic solution to t,his prol)leiri is of strong iliterest for the fol- 

lowirlg t,wo rcw.solls. First, t.lic soll~t,iori t.o t,his prol~lern will riot depelld 011 

i~ ~)i~rt,ic.~~litr  ~l l i~l)( '  of ~ni~gli(~t,i(. (.orl(l~~(.tor i~lld, i r i  this s(:lls(', it will T(:VCIL~ ill 

1)ul.o tcsrr~ls thcs ctff(:c:ts of nolililitli~r ~)rol)c'rt,ic.s of ~lli~gll~t,i(: (-o~l(l~l(:t~ors 011 t,he 

1)(,1i(,t,ri~t.io1i I)ro(.(,ss. S (~ ,o~ i ( l  ali(1 l r~or (~  i ~ i ~ ~ ) o r t , i ~ ~ ~ t , ,  t,li(: r(~sillt,s ok)t,ailied for 

tIl(> 1)1ill l(~ WilLr(' 110rllliL~lJ' ~)(~ll(~t.riLt~illg i l l  l l l i L ~ l l ( ~ ~ ~ i ~ ~ i ~ ~ ~ ~ ~  l l O l l ~ i l l ( ~ i L ~  ~ ~ O l l ~ ~ l l ~ ~ ~ . i l l g  

llillf-s1)it(Y5 (':ill I ) ( ,  lls(Y1 for t,ll(' (~('~ivil.tiOl1 Of 1 1 0 l l ~ ~ l l ~ ~ i ~ ~  illlj)(~(~iLll(:t ~)Oll l l (~i l r~ 

(~Olltliti(11l~. Tll('h(> /)Ollll(lilr?' ('Oll(lit.iOll~ ('il.11 t,ll('ll I)( '  il.~)l)li('(l t 0  th(' i l l l i ~ l -  

,VSis Of tll(l  ~)('llOt~i~tiOll I)l'O('('SS ill  lllitp,ll('ti(' ( 'Oll(Ill( ' t0lX Of ('01111)1('~ ~llil1)('~ 

1)rovi(l(,(l tlii~t. t 1 1 ~  1)(~11(~tri~t.io11 ("skil~") (l(,l)t11 is ~111i111. 

111 t.ll<> (,i~s(, of llor111i~l l)(,l~(>t rat io11 of ii ])li111(> ( ~ l ( , ( ~ t ~ r o l ~ ~ i ~ g l ~ ( ~ t  i ( ,  WiIV('. t 

~l~iigl~(,ti( ,  fi(,l(l ('iL11 I ) ( >  r (~ l ) r (~s(~i l t (~ l  in t l l (>  for111: 

H ( = ,  t )  = a,  H ,  (2. t )  + a,H,(z. t ) ,  (1.5) 

tIiv H = O. (1.7) 

By 11sillg (xl)r(:ssiol~s (1.6) i ~ ~ l ( l  (1.7) in E(1. (1.4)) t,ll(: l:~t,t(>r (y11;~tio11 (:iill 

I ) ( ,  i~l)l)rclc.ial)l,v silrll)lific>cl iLs follows: 
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Fig. 1.1 

The last equatiori is a rioriliriear vector diffusion equation. For t,his rea- 

son, the perietratiori of electrorriagnetic fields in conducting media is often 

ttrrrled as diffusion of electrorrlagrlet,ic fields. The penetration process has 

indeed iriany pliysical features of tliffiisiori. This is especially true in the 

case of liricar condiict,irig media. It will I)c shown litter in this cliapt,cr that, 

ill t,lic. (:&st of nolilinoar iricdia t,lio tliffiisioli (pc~rictratioii) 1)roc:css lllily dc- 

viat,c frolri it,s co~iverit~io~ial properties i~110 ('xhibit S O I I ~ C  f(:at,ures of a wave 

propag;~t,iori j)roc:css. 

Tlit~rc. art, also c:ssc,rit,ial tliff(:rc~ric:c,s 1)c~t.wc:t~ri liri('i~r i~ l i (1  11o1llin(:itr cliffii- 

sioii of tlt~c:t,rorriagrit~tit: fields t,hat car1 l)(. clirrc:t,ly asccrt,ninod fro111 t,ho vc:ry 

forrri of Eq. (1.8). To (10 t,his, we corisiclor ~lii~gli('t.i(:i~lly 1iiit:ar c:oli(lii(:tiiip 

nirtli;~ tlt~sc:ril)cti I)y t,lic c:oristzitut,ivr ~(~lli~t,iOll: 

wlicre p is t,hc iriagrictic pt:rrncai)ilitJy of  irirdia. 

By sii1)stitutirig expression (1.9) iiit,o (1.8), wc, riid up with tlic liricar 

vcct,or diffusion rquation: 

This vcc:tor equatiori car1 be written as two scalar diffusioli equat,ioiis: 

d2 H z  d H ,  
- = pa- 
dz" at ' 

which are completely decoupled (independent from one another). For this 

reason, these two equations can be solved separa.t,ely. As a result, the pen- 

etration process of an arbitrarily po1arizt.d plarir: elect.romagnetic wave can 
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be viewed as a superposition of two diffusion processes for lirlearly polarized 

electrorrlagnetic waves. This is not the case for nonlinear media. Indeed, 

the rionlinear vector diffusion Eq. (1.8) can be written as the following two 

scalar norllinear equations: 

d2H, ~B,(H, ,  H,) 
- = u  
dz2 dt 

, 

It, is clear that t,lie al)ovc scalar eclliiit,iorls arc co~lpled t.hrongh nonlinear 

coristitiltive relatio~is B, (H,, H, ) arid B, (Hz, H,) . For this reason, these 

equations carirlot. be solved separately. As il result, thc cast: of arbitrary 

polarization of clcctrolnagnet~ic w;lvcs is riot, rcd11c:iI)ltt to thc si~prrposit~iori 

Of t,wO lillcilr ~)Oli~ri%iltiOlls. 

ThC pr(~vi0lls t l i~( : l l~~iO~l  cl<>ilrly r(~v(\ills t,hC llli~ill llli~t,h~lllat,i('id (liffi(:lll- 

t,ios c~llc.oi~l~t,orotl ill t , h ~  i~rii~lysis of ~ l o l l l i ~ ~ ( ' i ~ ~  (liff~~sior~ of ~ ) l i ~ ~ l ( \  ('l('ct.roll~itg- 

1 l ( t i ( .  WilVt,S. Th(\sO tlifitic.lllt,i(~~ ill.(' ~ .Ol i l tO( l  to t.111, llolllill(~ilr llilt,llS(' Of 1)ill'tiill 

(lifF(~r(~11tii~l E(1s. (1.13)-(1.14) illl(1 t,Ilcir ~lli~t,ll('~l~iit i('il1 ( . o ~ ~ p l i ~ ~ g .  T l l < ~ ( ,  is. 

howc,vc>r. i111 iultlitiollal cliffic.~~lt,y of 1)ro1)('r clc~sc.ril)tio~i of ~ionlillc\;~r i111(1 liys- 

t,c,rcxtic. lnilgr~c~t,ic. ~)ro~)c,rticbs of nic~clii~. This is ;I ( .hi~l l( '~~gil~g (ii11(1 ~io t  (.o11i- 

~)l('t('l,y s0lvcxt 1) 1)~Ol)1(~111 Of ill)~)l.Ol)l'iilt,(' ~])( ' ( ' i f i ( ' i \ t  iOll Of ( 'O I IS~  i t  llt,ivt' ~.f'liltiOll~ 

B,. (H,,.% H!,) tili(1 B!,(H,.. H!,). This cliffi(~i11ty is (~sl)(~(~i i~l ly l )rol~o~i~i(~o(l  i l l  tliv 

c.;wcl of 11ystc~rc~tic ~rlotli;~. 

111 the, vivw of  thcx cliffic.iiltit>s j11st clc~sc~ril)c~tl. wv s11;lll first (.ol~si(l(>r t.110 

H(z.  t )  = a,H(z,  t ) .  (1.15) 

whcrc B ( H )  is ;L sc,;~lxr rlorili~~r~ar (a11d hyst(~(3tir) rcli~tion. 

By ~lsirlp, (~xl ) r (~ss io~~s  (1.15) ;LII(I (1.16). tllv ~ ~ o l ~ l i ~ ~ ( > i ~ r  v(>(*tor ( l i f f ~ ~ s i o ~ ~  

Ar~alytical t,cc:h~liclllc~s for t,hr: solnt,ion of t,hc above scalar (>(luat,iol~s will 

1 ) ~ :  t,hr: rrlairi t,opic: of our tlisc:ussior~ in this c:liitpt,cr. 111 t,litt next ch;tpt,ar, 
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our focus will be on the arialytical solution of nonlinear vector diffusion 

Eq. (1.8) or coupled Eqs. (1.13) (1.14). This will require the development 

of different mathematical machinery than that used in this chapter. 

1.2 NONLINEAR DIFFUSION IN THE CASE OF 
ABRUPT (SHARP) MAGNETIC 
TRANSITIONS 

It has already been pointed out that the analytical solution of nonliri- 

ear diffusion Ecl. (1.17) encounters forniidable mathematical diffi~ult~ies. I11 

the past, these difficulties were fully circumvented only for the case of very 

simple magnetic nonlinearities describing abrupt (sharp) magnetic transi- 

tions. Such a transition for norihysteretic media is shown in Fig. 1.2. It can 

be matliernatlically represented by the following expression: 

where, as usual, sigri(H) is dcfiiicti by: 

Tlit, clt~vt1lo1)iric~iit of t,hc arial,yt,ic.;~l t.(~c:liiii(lli(~ for tliv sol~it,ioii of 11011- 

liiic.ar cliffusion ~)rol) l (~~ils  with c~oiist,it~itivc~ ~.(>li~tioli (1.18) (:ti11 I)( '  t .ri~( '~(1 

back t,o t,licx l;uitlir~;trk papc?r of W. Wolrii>ui i~li(l H. K;td(lri [21] l)~il)lislicd 

inore t1i;~ri sixty years ago. This tjcc:liriicluc~ W;LS aft.(>rwards iild(~l)erid(~iit,ly 

rccliscovcrccl ant1 furt,her cxt,endrtl 1)y V. Arkacl'ev [2] in Russia ;tiid 1)y 

W. MacLeari [lO], H.M. McCoririell [17]. i~iid P. Agarwal [I] ill tlit: Uiiit,cd 

States. This t,echnicluc is traditioriallv c1t:rivc~cl I)y using iiit,cgral foriiis of 

Maxwell's ecluations (such as Arrip6rc's Law aiicl Fi~raday's Law of t:lcc:t.ro- 

rrlagnct,ic: iriduc:t,iorl) rat,hrr than by clirt.c~tly solving t.hc noillincar diffusion 

Eq. (1.17). Below7 wt. clcviat,ct froiri t,liis tr;tclitiori ;~nd  givc a siinplc dcriva, 

tioii of t,liis t,t~c:hriicl~ic' 1)ased upori the sol~itiori of E(l. (1.17). To t.liis cncl, wc? 

shall first. ~riodify t,liis equat,iori 1)y iiit,rod~ic*ing sliift.t~d riia.giict,ic flux dciisit,y 

of b(H) dt:filiccl as follows: 

b(H) = B ( H )  + B,, = 2B,,,s(H). (1.20) 

where s ( H )  is the unit step funct,ion 



Fig. 1.2 

111 t c , r ~ ~ ~ s  o f  h ( / f ) ,  t h~ ~lol l l i l l (>i~r  (liffll~loll  E(l. (1.17) t ilk(% thi' for111: 

Mi'c. c.olixicl(lr t hc> s o l ~ ~ t i o l ~  o f  this c.cl1lir.t.io11 for t II(. followir~g i r l i t , i ; ~ l  ;1.11(1 1)01111(1- 
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extends inside the media causing B and b to  switch from - B m  to  B, and 

from 0 to 2 B m ,  respectively. The distributions of B ( z )  and b ( z )  will be fully 

described if we find the expression for the front zo( t )  in terms of H o ( t ) ,  B,, 
and a. Indeed, if zo ( t )  is known, then 

B,, if z < zo ( t ) ,  
B(2, t ,  = { B , ,  if z > zo ( t ) ,  

and 

To firid z o ( t ) ,  we shall represent the nonlinear diffusion Eq. (1.22) as two 

coupled first-order partial differential equations: 

It is easy t,o scc t,hat partial diffcrential Eqs. (1.28) an(1 (1.29) are forrrially 

equivalent to Eq. ( 1.22). Indeetl, 1)y forrrially tliff(?rt:nt,iatillg Eq. ( 1.28) 

with respect to t  arid Etb (1.29) with respec,t t,o a arid the11 subtracting t,lic: 

 result,^, we arrivc at Eq. (1.22).  However, Eqs. (1.28) a1it1 (1.29) have sonic 

mat,hematical advantages over Eq. (1.22).  First., Eq. (1.22) (:ontailis the 

time tlerivativc of tho cliscontiriuolis furict,io~i b ( H )  and, for this reason, this 

equation is riot rigorously defined (in a c1assic:al scnsc,) for abrupt lnagrietic 

transit,ioris. Equations (1.28) arid (1.29) do riot contttin thc derivative of 

discontinuous functions and retain ~nat~hemat~ical scrisc for abrupt rnagrietic 

transitions. Actually, a solution to nonli~leitr diff~ision E q  (1.22) can 1)e 

defined as a solution to coupled Eqs. (1.28) and (1.29). Second and rriorc 

important, coupled Eqs. (1.28) arid (1.29) are easy to solve. Iricieed. from 

the definition of b ( H ) .  wc have: 

Because function w ( z ,  t )  is defiricd by Eqs. (1.28) arid (1.29) up to a coii- 

stant, from expression (1.30) we find that. w ( z ,  t )  is linear with respect to  

z when 0 < z < zo ( t )  arid it can be assurncd t,o be equal to zero when 



I~lld 

r r ~ ( 0 ,  f )  = 2aB,, ,zO(t) .  (1.33) 

13v rising (>xpr(>ssioll (1.32) ill forlrl~lli~ (1.:31). w(' 1111(1: 

if 2 5 ..()(t). 

Ot 0 .  if: > zl , ( t ) .  

'Yltis I l I ( \ iUIS  tlii~t i t t  (>v(%ry i l lst  a ~ ~ t ,  of' t,il11(\ I1 ( 2 .  I ) 11i1.s i~ ( ,olist i i~~t ~ ~ ( ~ g i ~ t  ivv 

slol)(> with r ( ~ s l ) { ~ ~ t  t o  z for 0 5 z 5 zO(t )  i1,11(1 t , I l (> n L r o  sl{q)(, for z 2 zl l ( t ) .  

'I'll(, 1i~tt.c.r is c,ol~sist.c~~lt ufit,ll t.hcl f:t.(.t I l i i i t  II(:.!) - 0 fill- z 2 s o ( t ) .  '1'1111s: 

t f ( ) ( l )  tlll~(0, I )  
- - . - - 
-o(t) tlt 
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By integrating Eq. (1.41) and taking irito account that ~ ~ ( 0 )  = 0, we finally 

arrive at: 

Expression (1.42) t,ogether with (1.37) fully describe the solution of non- 

linear diffusion Eq. (1.17) in t,he case of abrupt magnetic transitions. By 
using this solutiorl as well as the expressions 

wc: car1 clcrivc thc followirig forlri~ilas for thc induced (eddy) current density 

j arid rlc(:t,ric field E: 

At first, it iriay secrri that. forirlula (1.45) is in c:oritrnciictiori wit,li tlic 

co~lt,i~luit,y c:orltlit,ioli for tarigeriti:~l coilipoiittilt,s of c.lcc:tric fields. However, 

this c:o~lt,iriuit,y is valid only for stationarv I)oulidnries. In the case of iriovilig 

I)ountlarios, t,hc. aI)ov(: ~ ~ n t i ~ i l l i t y  (:o~iditioli is rtr~)lacrd by (sce .J.A. Korig 

[81): 
G x (E' - E-)  = (fi. v ) ( B +  - B p ) .  

whcrc:: v' is a illlit. iiorirlal to a iriovirig l)o~lliclary, v is its local velocity, wliilr 

E+, E-,  B+, and B- are the vector vallios of ele(:tric field a.nd ~nagnt:tic* 

flux derisit,y or1 two sides of tlie riioviiig l~oulidary, respectively. 

For our ~)roblclri, tlie last boundary coliditiori yields 

which, according to formula (1.40), leads to 
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The last formula is consistent with Eq. (1.45). 

Spatial distributions of H(z ,  t )  and j (z ,  t )  are shown in Figs. 1.4 a and 

1.4 b, respectively. It is clear that positive rectangular fronts of B , j ,  E and 

linear front of H move inside the medium as long as Ho(t) remains positive. 

As soon as Ho(t) reaches zero value and then becomes negative, the above 

~not,ion is terniirlated and rectangular B- and j-fronts and linear H-fronts of 

opposite polarity are formed and continuously move iriside the coriducting 

medium. By using literally the same line of reasoning as before, it can be 

shown that the same expressiori (1.42) is valid for a new zero front, zo(t), 

with only one correction: a rriirius sign appears in front of the integral. 

Now, we car1 consider the iniportarlt case when the rnagrietic field a t  

the bouridary is sinusoidal: 

Ho(t) = H, sill wt.  (1.46) 

It is clear taliat, dlirilig t,hc posit,ivc half-cycle, the positive rectangular fronts 

of B propagate i~isidc tlic riicdiurli (scc Fig. 1.5 a). This inward rnotion of 

2: ( t )  is t,('r~rii~ii~t,(>(l at t = g .  Dllri~ig t h ~  ri(\gi~tiv(: lii~lf-c.yc.l(>, tlic riegative 

~.(>('t,i~~lgllli~r frolit of B is fornic(1 :~11(1 it 111ov(>s irisicltl t,lic, rnc'cliilr~i   st^ Fig. 1.5 

I ) ) .  At. t = T ,  t,his i l i ~ i ~ r ( 1  liiot,io~i of ti ( t )  (:o~ripl(~t.(~ly w i p s  out. th(1 posit,iv(> 

r(,(:t,i~rlg~tli~r wavv of El. D~lrilig S I ~ ~ ) S ( X ~ I I ( ~ X ~ ~ ~  (.y(.l(xs. t,llv sit,l~iit,io~i r('l)(:i~t~ 

it,st.lf. 

NVxt,. WV wiL11t t.0 f i l l ( [  t,ll(' I'( 'lilti011 \)(>t,w(V,ll ('hx('tl'i(' illl(1 llliLgll~~t~i(' fi(>l(k 

iLt t,]l(> I ) O l l l l ( ~ i l ~ ~  2 = 0. Wfl ( ' O l l ~ i ( ~ ( Y  011Iy ttl(' 1)O~iti~V IliLlf-('~('I(!; for f.Il(> 

rlt~gi~t,ivc. lii~lf-c~yc~l(~ t,l~is rclli~t,iol~ rc~~lii~ilis t . 1 1 ~  sir1110. By (:oli~l)iliilig f ~ r ~ ~ l l l l i ~ ~  

(1.45) ;~11(1 (1.42), wv Ol)t,i~i11: 

Fig. 1.4 
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Fig. 1.5a Fig. 1.5b 

By substituting (1.46) into (1.47),  performing integration, and introducing 

the notation 

we arrive a t  

Thus, we car1 see t,liat thc clect,ric: fic,ltl, E o ( t ) ,  ;it tali(? 1,ouridary is not. purtlly 

sinusoitlal and contains higlicr-orc1t.r h i i ~ ~ i i ~ l i i ( : ~ .  This gc:rictrat,iori of 1iighc.r- 

order liarrrioriics can I)? at,t,riI)ut,c~tl t,o tlir iio~ilinc;ir riiagri(:t,i(* 1)rop('rt,i('s 

of tlie conducting media. It is ir~t,c,rcst.irig to point o ~ ~ t ,  t,liat this is not. 

always tlie casc, and it will be sliowr~ iri the iit?xt chapter that for circular 

polarixatio~i of elcctrornag~ietic ficltls t,l~ercl is rio gc:ilerat,io~i of higher-ortlcr 

harnionics despite the rionli~iearity of  ~ric~diw.. 

By usirig expression (1.49),  wt: call firid tlic first liarnioriic: ~ i " ( t )  of 

the electric field at the bouritlary 

cos wt + 6 sill w t )  , (1.50) 

where coefficients a anti 6 are given by t.lie followi~ig i~itegrals: 

- 

a = 1 sin wt cos wt " sin < cos < 
(4 , (1.51) J r G q  

- 
h sin2 wt " sin2 < 

dt = - 9 1 dmdC' (1.52) J I  - cos wt 

By performing integration in (1.51) and (1.52),  we arrive at 



E x l ) r c , s s i o ~ ~  ( 1  .SO) ('itrl i i l s o  t ) o  writ ~ , ( : I I  i l l  the, followir~g forrrl: 

n ~ l i c b t . ( ~  t l t v  s y ~ t d ) o l  " '' is I I M Y I  1'01. t l i i l  1 1 o t i l t i o 1 1  of' l ) l ~ i ~ ~ ) t . b .  w l ~ i l c ,  ,) = JT. 
'1'11(' I i ~ h t ,  ( ' ~ ] ) l . ( ' ~ s i O l l  ( ' i l l1  ] ) i s  l ' ( ' ~ ) l ' ( ' s ( ' l l t ( Y ~  i l l  ~ ( ' t ~ l t l s  of  s l l t f i l ( ~ ~  i l t l ~ ) ( ~ ( ~ i l ! l ( ~ ( ~  

11:  

I<:) ) = I ,  i f ( )  , ( 1.58) 
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The last expressiori has the same "appearance" as the classical formula for 

the penetration depth, 6, in linear conducting media: 

However, in spite of forrnal similarities, there are two essential differences 

between forrnulas (1.61) and (1.62).  First, formula (1.61) gives a complete 

penetrat,ion depth; there is no time-varying electromagnetic field beyond 

zo (:), that is, for z > zo ($) .  On the other hand, formula (1.62) gives a 

distance a t  which the electromagnetic field is attenuated only to e-' times 

it,s value at. t,he boundary. Secontl, in formula (1.62) p is constant and 

the penetration dept,h is field independent, while in expression (1.61) p, 

is inversely proportiorlal t,o H ,  (see (1 .48) ) ,  which makes the penetration 

depth field dependent. The last remark is also valid as far as comparison 

of expressioi~s (1.59) and (1.60) for surface impedances is concerned. In 

t,he case of linear conducting ~tlcdia, the surface inlpedanct: (1.60) is field 

irltlepen(lent, while for ~t~agl~ct,ically nonliriear conducting l~icdia the surface 

i~l~pc(l;i~i(*c (1.59) is ii fl~lictio~i of H,,,. 

It is also i~rlport,allt to st,ross that, tlir surfac:o irllpoc1a11c.c: for rionlirlear 

c:or~tluc*t,il~g rticcli;~ is clt~fil~t~l as t,hc rat,io of first harlnollic: ~)lii~sors of c,l(,c:t,ric 

iu~d rr~tig~l(>ti(- ficlltls. For this rc,asoli. t,litx vn.llic. of t,llcl ~llrfi~(:(' i111l)(:dt~11(:(, 

111:iy ( l (x~)e~~(l  011 t,llv l)o1111(1:iry (-ol~(lit,ions for H. To i l l~l~t , r i~t(> t,liis fact, as 

wc*11 ;is t,o iipl)rc,c.i;it,t> the. r;tllgc> of 1)ossil)l(, ~ i i r i i i t i o~ l~  of I / .  (.o~~si(l(>r t l i v  (.as(' 

w l l c ~ ~  t,hc rtiagl~ct,ic: ficd(1 ;it tliv l)oruicli~ry viirics wit,h tillif' ~ L S  follows: 

Herr, 1.3 is tlhc rnaxirnurri value of sir1 wt f sin 2wt; conseclur~i~t,ly, H,,, has 

t,ht. rrlranir~g of the peak viiluc. of H o ( t ) .  

This 1)ouridary c:oridit,ior~ is c:hosc~~i I)ecauso it 1ca.d~ t,o t,lio ~i1111~0idi~l 

c:lrc:t,ric: fiol(1 E o ( t )  at the l)or111(1ary. To delnonstrate this. wt> sul)stit,ut.c 

(1.63) irit,o (1.42) ant1 aftvr irlt.t'gri~tion wc o1)tain: 

where the  superscript,^ "+" i~11(1 '' '' (.orrrspond t,o l)osit,iv(: arid ~icpat.iv(' 

half-cycles, respectively. 

Now, by using cxpressions (1.63) and (1.64) in forrl~ula (1.45) a ~ i d  

taking into account the definit,io~~ (1.48) of pm,  we end up with: 

E o ( t )  = 1.24 H ,  sin wt 
ff 



Nf~xt,, ill Ord(T' t . 0  fillcl t,ll(' ~ l l ~ f i L ( : f '  illll)('dilll('(' I/ thilt,  cOI . I . ( 'SI )O~~~S t . 0  th(' 

l>o1111(1i~ry (~)11(1 i t , io l i  ( l . K 3 ) ,  nrc ( l ( , t , ( ~ r ~ ~ ~ i ~ i ( ,  th(\ first l ~ i ~ r ~ l ~ o ~ i i ( ~  ~ / ) ' ) ( t )  of  

FI()(t): 

(1 )  ff,, H,, ( 2 )  = (a  (:os wt  + 6 sin d) .  
1.3 

(1.66) 
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The results of the previous analysis can he extended to the practically 

important case of riiagnetically norilirlear conducting lanlinatiorls (plates). 

Such laminations are used in many applications. For instance, steel lamina- 

tions are stacked together to form magnetic cores of transformers, electric 

machines, and various actuators. Laminated permalloy heads as well as 

thin film heads are widely used in magnetic recording. In all these de- 

signs, magnetic lamination~ are employed for flux-guiding purposes. For 

this reason, it is desirable that cross-sections of magnetic laminations are 

utilized effectively. To check this, distrib~~tions of magnetic flux density 

over lamination cross-sections car1 be computed by using the previously 

derived expressions. Indeed, during an initial stage of positive half-cycle, 

niagnetic fields penetrate from both sides of the laminations iri the same 

way as in the case of semi-infinite half-space (see Fig. 1.6 a) .  The rriotiorl 

of the positive front z l ( t )  can be deterrnined by using forrnula (1.42) if the 

niagnetic field Ho(t) on the bouridary of the larriination is kiiowli. This is 

usually the case when the current through the coil, which creates the rnag- 

riet,ic flux, is known. When t,he voltage applied to thc coil is k~iowri, then 

the 1)oundary value Eo(f) of t,he electric field call t)e dt,t.errrliricd. By using 

Eo(t) ,  tlie riiot,ioii of thc zcro front car1 be fouild ac:c:orcliiig to t.ht, foriri~ila: 



(wl l t~~.c~ A is t,hct I i ~ ~ n i t l i ~ t ~ i o ~ r  t l ~ i c ~ k ~ l c ~ s s ) .  t.11(> t.wo positive> fl.ollt,s ill.(' 111('rg(~i 

t o g c b t . l ~ c ~  (sc.1. Fig. 1.t; 1 ) )  i l . ~ r ( l  the, t l is(r i l )~~t. iot i  o f ' i~ i i~g i~o t i ( .  f i~ lx  (l('11sity ovvr 

ii. l : ~ , t ~ ~ i i ~ i ~ , t , i o ~ ~  (~ross-s (~(~t , io i~  is 1111iforr11. It, r(ti11i~i11s tllis w;ljr (111ri11g t,ll(\ 1 ~ ~ ~ 1 ,  of' 

t110 ~)OSiti\!t, llillf-('yc'l('. \vit.ll tllc3 c'Oll l t l l ( ' l l ( ' ( ' l l l ( '~1t  Of t l l ( '  ll('gilf.iv(' Ilillf-('y('l('. 

l ~ ( ~ g i ~ t i \ f ( >  frOllt,S o f  111il~~ll~'ti~' f1 l lX ( ~ ( ' t l ~ i t ~ ~  fO~ll l( ' (~ illl(1 tll(',V 1)('tl('tl~ilt(' 

~ I Y ) I I I  l )o t , h  si(l(% of t11(, ~ ~ L I I I ~ I I ~ I ~ ~ ( ) I I  ( s ( Y ~  fYig. l . ( j  (,) .  A t  t11(> ~ I I S ~ ~ L I I ~ ,  o f  ~ ~ I I I ( >  

'k j- / A  t l ~ ( b s ( s  t~ogi~t  ivv fro11t.s ;I.IX\ I I I ( , I . ~ ( Y I  tog(,t I I ~ \ I .  ( s ( v  k:ig. 1 .(j ( I )  ;III(I t I N *  
(list t , i l ) ~ ~ t  I O L I  of' I I I ; I ~ I I ( ~ ~  i ( ,  I I I I X  ( l ( > ~ ~ s i t y  ~ ( - I I I ~ I ~ I I S  1111iforti1 (1111.i1ig t lxSst of' t 

I I ~ . ~ ; I I  i\.cs Ir;~lf-c.ycl(~. At s ~ ~ l ) s c ~ l ~ ~ ( s ~ t  c.yc.l(~s. t 110 s i t ~ l i ~ t  i o11  I . ( ~ ~ ) O ; I ~ S  itst'lf. I t  

is ( , l ( > i ~ r  f1.0111 t 1 1 ( ~  ; ~ \ ) o v ( >  ( l is( ,~~ssiot~ t11 ;1 t  1 1 1 1 ,  l ; ~ t ~ ~ i ~ ~ i \ l  ioti ( ,~ .o sb - s (~ t  io11 will I ) ( >  

( s l l ' ( ~ t  iwtly 1 1 1  i l ix(vl  if' / A  ih s111)st i111t i;iIly ~111 i i : 1 (b r  t I~ ; I I I  '1 ' /2.  ' [ ' I I ( \  viili(1ity 01' 
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arid 

1/2 
T 

E o ( t )  = ho( t )  , if t ,  < t < - - t,, 
2 

(1.83) 

Similar expressions can be written for the negative half-cycle. 

By substituting formula (1.46) into (1.83),  by performing integration 

anti taking illto account the defir~ition of h ( t ) ,  p,, and t,, we derive 

sin wt - sin wt,  
. (1.85) 

0 Jcos wt,  - c:os wt - (wt  - wt,) sir1 wt,  

Thc first hartrlo~iic of E o ( t )  call I)(' written in the forrn (1.50).  whcre cocf- 

ficic>rits (1 i~11(1 1) arc> d(~terlnit~r~d I)y tlic followi~~g il~tcxgrals. 

whcrct 
u 

t a n y  = - 
b 

By usirlg ~ O T I ~ I I ~ ~ ~ L S  (1.86) arid (1.87),  tlir vall~es of d m b 2 ,  tar1 p, ;iricl y 

have 1)ceri computed as filnc:t,ioris of <,. Thv rc?si~lt,s of thr  conip\it,atioris 

arc showri i r i  Figs. 1.8 a, 1.8 11, and 1.8 (:. By using these figurcs, t,he 

tiependence of surfac:e i~r~pedarice 71 on tlic c:oerc:ivit,y Hc call be evaluat,cd. 
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Fig. 1.X n 

tan cp 
A 

0.50 t 
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1.3 MODEL PROBLEM FOR GRADUAL 
MAGNETIC TRANSITIONS 

In Section 1.2, nonlinear diffusion of electromagnetic fields in conduct- 

ing: rriedia with abrupt magnetic trarisitions was discussed and simple an- 

alytical sollltioris were derived. However, these solutions do not allow one 

to understand how actual gradual magnetic transitions (or act,ual shapes of 

hyst,crcsis loops) may affect t,he diffiision process. For this reason, the an- 

alytical study of riorllirlcar diffusioli of e1ec:trorriagnetic fields ill coridlictirig 

lntdia with gradual (aricl more or less realistic) rnagrietic trarisitioris is ill1 

irr~port.allt. prot)lcrri. Next,, all at,t,cnipt will be niade to solve this problcrr~ 

for t,hc (:as(, of hyst,eresis loops t , l~at aro ctxerr~plificd by Fig. 1.9. Theso hys- 

torc.sis loops arc charactcrizecl by the property that their ascttriclirig (and 

dosc.ol~cli~ig) 1)rarlc:hcs (:an be su1)dividrd into two distirict parts: part I of 

slow i l l( :~.( ' i~~( '  of 111i~g11t:ti(: flux d~i1sit.y B fro111 - B, to - B, a11(l part I1 of 

st,c~'l) i~l(.r('ii~(' of B fro111 - B, to B,, . S11(:h hyst,(:r(:sis 1001)s arc typi(:i~l fix 
rllost f(~~~Ollli~gliOti(' llliLt,(~l.iiL1~ ill  t,h(! (.ilS(' of ~l lf i f i ( : i~l l t , l~ l;lrg(, ~iLlll('~ Of H, 

iLll(1 t,ll(5y iLl ' ( '  ('ll('Ollllt~(?~(~(~ ill  l~liLll)r iLl)l)li('iLtiOll~. 

'ro i ~ t  t,(>llll)t. t,ll(, i~lli~lyt,i('ill solllt,iol~ of ~iol~~il l (~; i r  (liffilsioil E(1. (1.17). wCb 

i~( l01) t  i t  b h f l i ~ t - ~ ) o ~ ( ~ ~ "  i ~ ~ ) ~ ) ~ o ~ i l ~ ~ i ~ t i o ~ ~  of  it l~yst,(~r(,sis 1001) S I ~ O W I I  i l l  Fig. 1 .!I. 

T11is i~ l ) l ) r~ )~ i l~~ i i t . i o l~  is i l l ~ ~ ~ t , r i ~ t ~ ( ~ ( l  ill  Fig. 1.10 i1.11(1 it is i~~~i~lyt,i('iilly (l(~s(~ril)(~(l 

1)g tllc' followi~ig ocl~~il t io~~s:  

D + B,,, = [ k ( H  - H , . ) ] ; .  i f  H,  < H 5 H,,, ( 1.92) 

B,,, - B = [ - k ( H  + H,.)]: ,  i f  - H,,, < H  < - H ,  (1.94) 

-//1_'"-.,' - Iim 

I 

Fig. 1.9 
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Fig. 1.10 

branch is approximated by a "flat" straight line parallel to tlie H-axis, while 

part 11 is approximated by the "power" expression (1.92).  

In the above forrriulas, coefficient k coordinates the dirncrlsioris of hot11 

sides of expressioris (1.92) and (1 .94) ,  while the exponcr~t n is a rilt:;Lslirc: 

of the sharpness of rtlagriet,ic tra~~sitiorl. It is important. t,o rlot,c> t,lint in 

applications t,he exponent 71 is usually larger than 7 ( n  2 7 ) .  This f;~c.t. 

is esscritial ant1 it. will be 11scd in our sul)sccl~icrit, disc~issioiis ill ord(.r t,o 

simplify relevant analytical cxy)rcssioiis arid to i~.c:hic:vc soirit: ~lr~ivc~rs;~lity 

i r i  tho filial for111 of the solutio~i t,o t,hr ~~oiiliri('i~r (liffilsio~i (:(l~li~t.io~l. By 
iritroduci~ig t,he "shifted" rnag~ic>t,ic field 12 i~11(1 ~iii~gii('t,i(. flux d~11sit-y 1) 

cxprnssion (1.92) can t)e rewritteri ;IS follows: 

Next,, we shall consider t,he followirig "irioclcl" pro1)leni. It will 1x1 ; t s s~~r~ ic~ I  

that 1~t  t,ilrlt: t = 0 the magiietic flux dorisit,y B is c.cp~al t80 -B,,, tliroughont, 

the coritiuctirig half-space: 

B ( z ,  0) = B , .  (1.97) 

It will also be assumed that the rriagiletic flux density a t  the I)oundary of 

thc conducting half-space is ~rioriotoriically iricreased with tinic. ;is follows: 

By using the nonlinear diffusion Eq. (1.17) as well as expressioi~s (1.95) 

and (1.96),  the stated model problem can 1)c rcdliced to tlie followirig i n -  

tial boundary value problem: find thc soltitiori of the rloriliriear diffusion 
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equation 

subject to the following initial and boundary conditions: 

b(z, 0) = 0, (1.100) 

b(0 ,  t )  = ctP. (1.101) 

It is worthwhile to mention that these boundary conditions are chosen for 

the followillg two reasons. First, it will be demonstrated that it is possible 

to firid sirrlple analytical solutioris for these boundary conditions. Second, 

these boundary coridit,ions describe a broad class of monotonically iricreas- 

ing furictioris as p varies frorn 0 to cc (see Fig. 1.11). It will be shown iri the 

sequcl that for all thesc rnonotoriically increasing boundary conditions the 

tiistribution (profile) of the magnetic flux density a? a function of z remains 

practic;illy t,hc sarne. This o1)scrvi~tiori will sliggest l~sirig the same profile of 

rr~agrlctic: flux density for art~itrary riioriot,oriically increasing (1)c:twcerl -B, 

arld B,,,) bouiidsry condit,ions. This, iri turri, will lcatf tlo very gc:~lor;~l  rid 
sirrlplo ;~n;ilytic:;~l sol~rt,ioris, which (:;LII t,hcri 1)c c~xtcrid(:d to periodic: i r i  tirrlr 

1)olri1(1i~ry (:o~i(lit,ioris. 

Nvxt,, wc, shall show t,hat t,llc, init,ii~l l)o~iiidasy vi~l~i(> 1)rol)I(~ri1 (1.99) 

(1.101) 11;~s ill1 exact ~ L I I < ~  vcry si~r~y)lo ani~l,vt,ic*i~l sollrt,ion ill t.hv (.iIs(' whorl 

7, = 6. This solution c1osc:rit)c~s ii w;~vt: o f  r~l;~gxi(~t,i(: flux dcrlsity t,l~itt, 
r~~ovc~s iilsitl(, t,hc, c~oricl~ic~t,ir~g I I I ( ~ ( ~ ~ I I I I I  wit,li (.011~t,i~iit vcIo(:it,y 7 1 .  To fili(1 this 

sol~rtio~i, wcx look for h(z, t )  i l l  t,llt. forri~: 

Fig. 1.11 
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we have: 

b(z, t )  = cp(C). 

Now, we reduce the nonlinear partial differential Eq. (1.99) to the ordinary 

differential equation with respect to p(C). To this end, we note that 

By substituting expressions (1.105) and (1.106) into nonlinear diffusion Eq. 

(1.99), we arrive at: 
d2pn d~ 

dC2 
---- + kav- = 0. 

dC 

By integrating Eq. (1.107), we obtain: 

whorc CI is an i~it,cgration const,arit. Fro111 forr~iula (1.102) and initial c,oli- 

tlitio~i (1.100), for t = O we have: 

Thus, p and must be equal to zero sinn~lta~ieously This is o~rly possi1)lr 

if 

which leads to 

The last equation can be rewritten as follows: 

By separating the variables, we obtain: 

n 
-- pnP2dp = dC 
kav 
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A(x~or(Ii11~ t o  ( ~ ( ~ ~ ~ i ~ l i t  its ( I . l  l ( j ) ,  IV(\ (Y)II(:~II(I(I I hiit t 11(, i ~ ~ t ( , g r ; ~ i  ioii ( y ) l ~ s t i ~ l ~ t  

CY2 in  FG1. (1.1 15) is ( ~ 1 1 1 i i l  t o  zc.r.o: 
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field is attenuated in the corlducting media, b(z, t)  should he a rnonotoni- 

cally decreasing function of z a t  any t .  This means that if b(z, t )  reaches 

zero at sorne point zo it should remain equal to  zero for z 2 20. From the 

last fact. and formula (1.120), we conclude that the correct expression for 

the magnetic flux density is 

1 

b(z, t )  = c t * ( 1 - 5 ) = ,  i f ~ < z < v t ,  (1.123) 
if z 2 vt. 

It is also worthwhile to note that the second line on the right-hand side of 

expression (1.123) guarantees the zero initial condition for b(z, t ) .  Without 

it, the so lu t io~~  given by expressiori (1.120) or (1.119) docs not satisfy the 

zero initial condition. This is another (mat,hematical) reason behind t,he 

fornlula (1.123). 

Solut,ion (1.123) is illllst,rat,cd in Fig. 1.12 where profiles of magnetic 

flux derisity b(z, t )  are show11 for different inst,arlts of tinit:. It is clear fro111 

t,his figure. as well as frorri clxpression (1.123) that t.1it:rc exists ;L zero front. 

z o ( t )  of clcct,ro~ri;xgrict,ic. fic,l(l t11;~t. I ~ I ~ V C S  with C O I ~ S ~ , ~ L I ~ ~ ,  vcloc.it,y 21: 

(t < t') 

Fig. 1.12 
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The existence of zero fronts of electromagnetic fields is typical for wave 

propagation problems, however, it is unusual for diffusion problems. This 

is because displacement currents are neglected in derivations of diffusion 

equations. For this reason, we should expect the infinite velocity of prop- 

agation of zero front. To illustrate and highlight the last point, consider 

a stepwise change of rnagnetic flux density a t  the boundary of conducting 

half-space with linear magnetic and electric properties. It  can be show11 (or 

found in the literature) that in this case the diffusion of the magnetic field 

in the conductir~g media is described by the formula: 

where 

whilc Bo is a "step" value of ~nagnetic flux density at the boundary. 

It is apparent fro111 for~nulas (1.126) and (1.127) that t,he rnagnetic flux 

tl(>nsit,y differs fron~ xcro ;illy (howt,vor ~ l r i i ~ 1 1 )  i ~ l s t . i ~ ~ ~ t  of t,ilric t and a t  

ariy (liowc~vc~r rtl~riot,c.) point. z .  This suggests that t,lit, zero front vclocit,y is 

ir~firiit,c,. This fttc.t is ill~lst.r;~t,(l(l in Fig. 1.13 whew clist,ril)l~tioris (1)rofilcs) of 

B(2,  t )  iLT0 S ~ O W I I  i l t  vt~I'i0115 ill~ttll l t ,~ Of t,illl(:. 

Now, t.ht1 cl~~c:st,ion (.all I ) ( %  1)osc:d why in t,lic. of ~~~itg~~(:t,i(:itlly non- 

lincnar 111cltlia t,hc. z1,ro front. vcxloc,it,y is finit.(>. T11t: iLnswclr is t,l~ttt t,lic. f i r i i t ,~ .  

vt:loc:it,y of t,hc: zero front iq)I)c'ars as ;t rcs~ilt of id(:i~lizittioll intro(i~~(:c:(l l)y 

t,l1(1 "l)ow(:rl' : ~~ )~ ) rox i~~~ t i~ t~ io l i  (1.92) or (1.96). This it1)1)roxi11i:it,io11 l(>i~(ls t,o 

t,llc, illfinit,(> growth of tliff(~rc~ntitt1 rnagric:t,ic ~)c~rn~c:i~l)ilit,y pd = ilS h itp- 

proac:hrls zcro. This i~ifi~iit,t~ growt,h of pd callscs t,ht. corri1)lt~tt~ at,t,en~int~ion of 

Fig. 1.13 
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Fig. 1.14 

the magnetic field at some finite distance zo ( t ) .  The actual profile of b ( t ,  t ) ,  
schematically shown in Fig. 1.14, has a "tail" I of sinall values of magnetic 

flux density b ( z ,  t ) ,  which asymptotically approaches zero. This tail ap- 

pears because in actual materials the above-mentioned steep growth of pd 

is moderated for srrlall values of h. This tail is usually of no practical sig- 

nificance and can be neglected. As a result, the zero front velocity attains 

the physical meaning of the velocity of the inward progress of the bulk part. 
(part 11) of the magnetic flux density profile. 

The exact analytical solutio~i (1.123) of the initial boundary valuc pro1)- 

lern (1.99) (1.101) has been found for a. very specific I>oundary c:orlditioii 

(1.122). However, it is clear from the previous discussiori that, tlic phe- 
nomenon of finite velocity of zero front is not, related to a specific 1)ourid- 

ary condition but rather it is caused by the idealizatiori introduced by the 

"power" approximation (1.92). Thus, it can be concluded tha.t. the finite 

velocity of zero front exists for any boundary condition (1.101), that is, for 

any p. The specific nature of the boundary condition (1.123) reveals itself 

in the constant velocity of the zero front. For other boundary condit,iorls of 

the type (1.101), this velocity will vary with time. 

1.4 SOLUTION OF THE MODEL PROBLEM 
(SELF-SIMILAR SOLUTIONS) 

In the previous section, we found t,hr exact analytical solution (1.123) 

of the nonlinear diffusion Eq. (1.99) by reducing this partial diffrreritial 

equation to the ordirlary differential Eq. (1.107). This reduction was per- 
formed for the particular value of p,  namely p = &. It turns out that 

the model problem (1.99) (1.101) can be reduced to the boundary value 

problem for a certain ordinary differential equation for any value of p in 

(1.101). This can be achieved through di~nensiorlal analysis. 



The, rlotat,iorl [a] will 1)c usetl for t,he disncs~sion of a plqsical cl~lar~t,ity 

a .  Fro111 forltlllli~s (1.99) i~11d (1.101)> w(: filld tklv following dirtlcl~sior~al 

[b] '" 

[b] = [c.] [t] " . (1.129) 

By hlsl)stit~sti~ig r~li\ti011 ( 1  129) irlto forrti~lla, (1.128),  wc. o1)tairr 

[c]" [tITt" [cI [tlP 
= [ k ]  [cr] - . 

[z] 2 [t I 

is t l i l~~c~ l i s io~~ l (~ss .  By rising this o ' t)sc~rv;~tio~~, web introc11ic.c~ t,llc> followi~lg 

( l i ~ ~ i o ~ ~ s i o ~ ~ l ( ~ s s  \!i~ri;tl)l(,: 

r3y r ~ s i l ~ g  t l ~ i s  v;triiil)l(. (, wc, sl~irll look for tllc. so l r~ t io~ i  o f  tllc. iuitii~l l)o1111(1i~r,y 

V ; I ~ I I ( %  ~ ) ~ . o l ) l ( ~ ~ i  ( 1.9!)) ( I .  1 0 1 )  ill  t . 1 ~  followi~ig for111: 

\ v l ~ ( ~ r ( ~  f ( < )  is S O I I I ~ ~  ~ l i s ~ ~ ~ ~ ~ ~ s i o ~ ~ l o s s  f1111(.t,io11 of  v:~,rii~t)lo E. 
Tlic. I I I ; I ~ I I  i(l(w t.11i1t w(' ~ 1 1 i \ l l  ~)I I I .SI I ( '  ll('r(> is t o  r(~11i(.(' t11(' i~ l i t i i~ l  l)o1111(1- 

viilllt' ~ ) ~ 0 l ) l ( ' 1 1 1  (1.9!1) ( 1.101) t o  t,l~(' l ) o ~ ~ ~ l ( l i i r y  ~ i l 1 \ 1 ( '  I ) ~ O I ) I < ~ I I ~  for SOIII(' 

or(li11i1,ry (liffor(>~~t,ii~l (b t l~~ i~ t io l~  1vit.11 r(hs~)o(,t t,o f \ l ~ ~ ( . t i o r ~  j (<) .  To this (\SA(I. 

TiT(' ~ l l i l l l  first ('\rillllitt(' t11c (I('riviitiv('s ~ l l v O ~ \ ~ ( ' ( ~  ill t,ll(, 1)2LITi:l,l d l f f ( ~ ~ ( : l l ~ i ~ ~ ~  

Eq. (l.!l!)). 

Fro111 (1.13'1) :Lll(l ( 1.132)> w(> (l(?riv(l 
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By s~~l)st i tut , i l ig f o r ~ i l ~ i l i ~ ~  (1.137) ii11(i (1.140) i l l  t 1 1 ~  E(l. ( I  .!)9), w(' i\.rrivc\ ;it. 

tliv follo~vi~ig clifrcr(:~itii~l c~(l~i:it,iolI for f (<) 

By llsilig c~x~)rc~ssio~is (1.132) i ~ i 1 c 1  ( I.. 1 ;$-I), WV ('in1 ( ' i \ ~ i l ~  (:011(.111(11~ t 11i1.t~ I ) ( ' ,  1 ) 

gi\wi I)? ( 1.134) will ~ i i t , i ~ f y  t ,I1<1 itlitiiil ii11(1 I ) O I I I I ( I ~ L Y Y  (:ou(Iit ion5 ( 1. LOO) ~ L I I < ~  

(1,101). sc~spcc:tivrly, if t,hc\ ful~c,t,ior~ f (<) s;~t.isfic,s t.110 l)o~ll~tl;irv c:or~clitiolls: 

'rli~ih, t,llv iliitiiil I)o~~licii~.ry viil~l(' prol ) l (~i~i  (1.99) (1. 101) is ~ ( Y I I N Y Y ~  to tli(s 

t ) o ~ l l ~ ( l i ~ r ~  \rii111(' pro1)1(>111 ( I .  141) (1.143) for t 1 1 ~  ~ ~ o ~ i l i l t ( > i ~ r  or(l i~i>i~-y (Iiffvr- 

olit.iii1 Eq. (1.141). This 11or11ir1c~;ir c>clll:it,iori  hi^^ solric. iritt~rt~stillg 1)rol)t'rt its. 

E'or i l lst , i~~~(.( ' ,  W(> shill1 1)rovv that. if f (0 is ;L sollltioli t o  !&I. ( I  . 14 1) .  1.11011 

t,hc> filnc.t,iorl 

F ( < )  = A- 7% f (A<)  (1.144) 
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B y  llsir~g t.11~: last two forrrlrllas, wt: clc'rivc. 

'I'hrls. wc, ~)rovcxcl tililt t hc. f1111c.tiou E ' ( 0  givt.11 t)v c~xprc~ssioir (1.114) is iritl(v~(1 

;I solr~t i o r ~  t o  E(1. (1 .14 1 ).  ?'liis f;wt (.i111 1 ~ '  11t i l izc~l  ;IS follows. S111)posc~ 

Wt' ('iLI1 fili(1 SOllif' s o ~ ~ ~ t ~ i o i i  J ( [ )  1 0  hi. (1. l,.i 1) tIiil,t, ~ i l t l ~ f i t ' ~  tll(' ~ ) O l I I l ( I i L I ' ~  

( , o ~ ~ ( l i t i o l ~  (1 .l.I:j). 1n1t tloc,s l i o t  sirtisfy t11c. l)o1111(1i1ry ( . o ~ ~ ( l i t  io11 (1.142): 

will I ) ( >  t11(> so111tioli t o  l*;(l (1.141). t11i1t si\tish(,\ t11(> / ) O I I I I ( L L ~ ~  ( , o l ~ ( l i t i o ~ ~  

( 1  . I  4:$) ; I I I ( I ~  i l l  i i ( I(1i t  i o ~ i .  

'This t l c ~ ~ l l o i ~ s t r i ~ t c ~ s  t ,h i~ t  wt' ('iL11 first fill(] i t  so111t.iol1 t.o Ek1. (1.  141) si~.tisf:yi~lg 

t I)0111~(Iilry ( .ol i ( l i t , io~~ ( I .  14:i). ~ L I ~ ( I  ~ . I I ( ~ I ~ .  1)y lisilig t I I ( ~  1 r i ~ , ~ l s f o r ~ i i ? ~ t , i o ~ ~  

(1.134). web ( ' iII1 ;r.lwa~ys rrlitp th i s  s o l r ~ t i o ~ ~  illt,o t.llt1 s o l r l t i o ~ ~  t,li;lt silt isfios the, 

I)or~~ltl;lry c.olltlitioll ( l .142) its wc.11. \ 2 ' ( 3  sliirll illr~st.r;itc, t.liis f i~( . t  I)y tlrriviilg 

t . h ~  solr~t;ioli (1.12:1) fro111 the> ~ ) r ( % v i o ~ ~ s  s t~ . t i o l~  I IV  11sillg f o ~ . ~ ~ l l ~ l i t ~  (1 .1:12). 

(1.134). itlit1 Eel. (1.141). 111 the, c ~ ~ s r  of the, solr~t  i o ~ ~  (1.129), wc lli~vc. 



1.4 Solution of the Model Problem 

which leads to the following form of Eq. (1.141): 

The last equation can be rewritten as follows: 

We shall look for the solutiori of the above equation in the form: 

where a and a are some unknowri constant and exponent, while the second 

line of the right-hand side of forrnula (1.156) underlines the fact that a 

sol~it~ion in the forrn (1.134) ha5 a firiit,e velocity of zero front. 

By substitut,ing (1.156) into (1.155), we o1)tairi 

I t  can I)c easily observed that thc right-hand side and t,he left-ha~ltl sidr of 

exprcssiorl (1.157) will be equal to xcro if a a.nd a are given by the followilig 

for~rmlas: 

Thus, we have found a solution to Eq. (1.141), which satisfies t,he boundary 

condition (1.143). However, this solutio~i does not satisfy the boundary con- 
dit,ion (1.142). This can be corrected b,y using the transformation (1.144) 

with X = a*. This leads to the following solution: 

which satisfies both boundary conditiorls (1.142) and (1.143). 



' r l i r  ~ ~ L c ; I  t,wo c'xprc~ssio~~s ;I.I(> i c lc l~r t ic . i~ . l  t o  t.11(, ~)rc>vio~isly forl~itl so l~~ t io l i  

(1.12:i) i1,11tl (1.125). 

Y(>xt. IV(\ I ) ~ O ( Y Y Y I  t o  t 1 ~ s  ;~11iiIyt i(,;~l so111tio11 t)f t l l(* I )01111(1iiry vi~111(\ 

1)rot)10111 ( I .  141) (1  ,142) wit 11 lx~s~)(~ct  t.o t 1 1 ~  f '~ inct , io~~ f (() for i~.rl)it,r:~,ry 

l)ositiv(> viLIll(' of' ,/I (tIli1.1, is for i1rI)itr;iry ViIlIl(' o f  1 1 1 , ) .  \v(> S I I ~ L I I  look for this 

so111t 1011 i l l  t,li(x f'orrli: 

( I . 1 t i ; j )  

11(>1~$.  ;IS 1)(4'or(\. t lit> s(~.o11(1 l i ~ ~ t ,  of' t l i ( ,  rigl~t -11;11i(l si(l(> ~11;1ri11it (v>s t 1 1 i ~ t  ;I 

so111tioi1 i r ~  t11(' I ; ) I . I I I  (1. 1 ; )  1 )  11i1h ir l i ~ ~ i t ( '  v('lo(.ity of' %(TO f'1.011t ;IS i t  I I I I I ~ I .  

'I'll(% f'a(,tor ( [ ( I  -- [)Ik i l l  (1.1ti:i) tlt~s(,~~il)(>s t11(, i ~ . ~ ~ ~ ~ l l l ) t o t i ( .  l)(~lii~\,ios of' 

i ( < )  Il('il1. i l  s X('l.0 \.illll('. I t  ( ' i l l1  I ) ( '  ('Oll,]('<'f 111'('(1 011 1 ]I(' 1)11)'~i('ill ~1'01111(15 I ! l i l t  

t 1115 ;1hy1111)tot i ( .  l ) ( \ I ~ i i ~ i o ~ .  s110111(l I ) ( >  t l l ( >  S; I I I I (~  ;I> 111 t 11r (.;I.\(> of' t l i (>  (3x;~(.t 

so111t io11 ( 1 .  l ( j 0 ) .  t l ~ i i t  ih ,  ( t  = r A . ~ i .  '1'11is ih I ) ( > ( , ~ I I I S ( ~  t I I V  i1sy111l)tot i t ,  l ) (~ I~ i rv io r  

Of 6(: .  1 )  11(';1l' its %( 'TO vilIll(' ~110111(1 1101 (1('1)1'11(1 011 il l);ll.ti('lllill. \)01111(I;1~y 

(.o11(1i1 io11 ( 2 1  1)iist ic111i1,r vi1111(\ oS1)). 1111t r i ~ t  li(xr i t  s110111(i I ) ( >  ( l ( l I  ( , r l ~ i i ~ ~ ( \ ( l  I)>- t l i ( \  

~)rOl)('rt ic.5 Of lllOt~ii1. tllill is. Ill(. rill (, Of ~ll('l.Oil.50 Of (liff(51.011t iill lllilgll('t I ( .  

~ ) ( ~ ~ , r ~ ~ o i ~ l ) i l i t y  I ( , ,  ils h ( z .  f )  i ~ l ) l ) r o ; ~ ( ~ l ~ ( ~ l  X(~I,O. 'l'l~is S i ~ ( , t  (,it11 I ) ( ,  s ~ ~ l ) j ) o ~ . t ( ~ l  l)y 

t11(, I'ollowilig ~ ~ ~ ; r l ~ l i c ~ l ~ ~ i ~ t . i c . i l l  ; L ~ ~ I I ~ I I ~ ' I I ( . s .  SII~)~)OS( '  t,lliLl 

i111(1 sigll "-'' I ~ ~ ( > ; I I I S  i~,syl~~l)tot , ic  (ltl~~;\liIy. t 11i1t. is t 1 1 ~  ('(111ilJit~ 111) to ~ , ( > I . ~ I I S  

of' l i  o r  of' s ~ i ~ i ~ l l ~ i s s  i t  11 s t  t o  (1 - 0.  
LV(, t ri11isfor111 Etl. (1.1.4 1) t,o t lit, for111: 
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By substituting expressiorl (1.164) into the last equation, we obtain 

Accordirlg to forrrlula (1.165), the second term in the last expressiorl goes 

to infinity as < approaches 1. Thus, the asyniptotic equality car1 only he 

valid if the first two terms are cancelled out. This leads to 

wkiicli yields 
1 

C ) ~ I ( Q ~ L  - l ) a n  = macv 

By rising t,hc c~st,i~t)lisllt~cl forlli~lli~ (1.16'3). wt, c~ul  rt'writc, t~sj)r(~ssioii (1.163) 

its follows: 

. f(O = 

To fir i t1 t,hv ~illkrlowr~ c.oc$hc.it~l~t,s 1 1  . ( ~ 2 .  . . . . w(, sliil.11 first. ( '~i~.lll;~t(' t,lit' 

t1oriv;~tivcs of f for 0 5 < 5 1: 
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IUv s ~ l l ) s t i t l ~ t i l ~ g  f ~ ~ l l l t l l i t ~  (1.172). (1.173), and  (1.174) i~l t ,o Eq. (1.141) writ- 

tc.11 ill t flc. for111 (I.ICiO;), wc, fillti: 



1.4 Solution of the Model Problem 

By using formula (1.177) in (1.179), we arrive at: 

which leads to the following final expression: 

By collecting in formula (1.175) all terms with (1 - <)- and by equating 

them to zero, after somewhat lengthy and tedious calculations (which are 

omitted here) we derive: 

Thc above: c:alr~~lat,ioris caari 1)c co~lt,inuctl arid 1liglit~-orclc,r t,crixis in (1.172) 

can be deterrrii~ird. 

I11 the part,icular cast of p = A, fro111 fori~ilili~s (1.133), (1.177), 

(1.181), and (1.182) wc, f i ~ ~ d :  

which coincides with t,fit: previously derivrd nrialyt,ic-al sollit,iori (1.155), 

(1.158), and (1.159). 

Solution (1.172) satisfies the t~oundary condit,ion (1.133). however, it. 

does not satisfy t,he l~oundary condition (1.142). This call I)e correctctl 1)y 

using transformation (1.144) witah 

This leads to the following solution of t,he 1)ourldary val~ie pro1)leni (1.141) 

(1.143): 

It  is clear from (1.181) and (1.182) that a1 and a2 depend on n and p. 

However, it is possible to derivc inequalities for these coefficients expressed 



orlly i r ~  tt:rrr~s of n. To do this. wc, ir~vokc tlic dcfiriit.io11 (1.133) of 711, ant1 

IISC: it, in t h :  c.x~)rc~ssio~i ( 1.181): 

(1 I (14[(21, - ) ( I  - 2 )  - 4111 
/ ( 1 2 1  5 l7-*---1 + < 

.J(drt - 1 )  6(2r1 - 1)  
I - 

( 1  188) 
1 (011 -- 2)(11 - 1 )  < - $ 

- 
O l l ( 1 1  1)(211 - 1)  X 1 t L ( l t  1 ) L  ( i l l  :1 

By slit)st.it.l~ti~ig tho l;~sf c~xpl.c~ssiori illto forln~llil (1.134) ;>.1i(1 t;iki~ig it1t.o 

i~c,c,ou~lt t l t + i ~ ~ i t , i o ~ ~  (1.132) o f  <. wc, ( ~ ( 1  ul) with t.ll(> followir~g i ~ ~ ~ i ~ l y t  iral 

solutio~i fix thct 111o(lo1 p r o l ) l o ~ ~ ~ :  
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where 

In the coriclusiorl of this section, it is relevant to point out that solutions of 

the rnodel problem exhibit an interesting property. It is clear from formu- 

las (1.132) and (1.134) that z-profiles of magnetic flux density a t  various 

irlstants of tirne car1 be obtained from one another by dilation (or contrac- 

tion) along b- arid z-axes. In ot,her words, those z-profiles remain simi- 

lar t,o orie another. This explains wliy solutioris of the type (1.134) and 

(1.132) are called self-similar solut,ions. The property of self-similarity is 

closely related t,o t,hc choice of "power" approximation (1.96) and 1)oundary 

conditions (1.101) that makes the problerri siisc:c:ptil)le to the dirncnsional 

analysis. The irit,ririsic propert,y o f  t,hc self-si~riili~r sollit,ioiis is that they art. 

c1irilc~risioli;illy (l(+i(:ic>tit,. Tliis l)rop(,rt,y ;illow(~l 11s to r(~111(:(: t,lic ll~~ilili(>iir 

partial diff(~rtliit,ial Eq. (1.99) t,o t,lit ordillwry cliff(~r~~nt,i;il Ecl. (1.141). It is 

also clear that tht. scdf-sirriilar sol~it,iolls ;ire> i~iv;~ri;i~it. 11riclc:r rc'rttti11 sc:;il- 

irig t,rii~isfor~~litt~io~ls. For tliis rv:~sori. t,li(y ; I ~ P  oftvri ( ~ i l l l ( ~ ( 1  gro~i~)-i~iv;~.riitrit, 

solut,ioris. 

The, svlf-silililar solut,iorls tlisc.ussocl ill t.llis sc,c.tioll lli~vc, I ) ( ~ . r i  dt%rivc.cl 

1)y using (lilrl('lisio1iii1 i i~ l i i ly~i~ .  For this r('ilSOi1. tli('y iir(' rc.gi~rd(:d as s ~ l f -  

sirriilar solutioils of t,llrl first ki~itl. Th tw  iirc,. howt~vc~. svlf-sirriilar sollitiorls 

t,hat cannot. Ol)t,iii~i(:<l 1)y usillg tli11l(\lisiolliil illliily~i~ i~101l~. Tht>sv so- 

lutiorls corltaiii acltlit,iorlal I)ararrlc:t,crs, whit-11 iirv ( . ;~11(~1  i~iio~rialolis diirlc:rl- 

sions. Tliesc arc: self-sirriilar solut,ions of the, sc:c:olicl kilid, ;ilici they arc' 

physically sigrlific:;~rit 1)ccausc: t,llc:y tlcsc.ril)c iiltc~riii~~cli;~t,t~ a.syrript,ot,ic:s [ 3 ] .  

The irlt,erest,irig t,reat,rrlcrit of t,hcst~ solllt,ioris I)v lising t . 1 ~  rriizc:lli~ir~y of t.llt: 

renor~nalization group is prosc:rit,c:d iri tllcl hook 171. 
Thr self-siirlilar solut,iorls for ~io~llill('i~r diffiisioli Eq. (1.99) w(>rc' first. 

studied t)y Ya. Zclclovich a i ~ 1  A. K ~ I I ~ I ) R . I ~ ( ' ~ ( : ~ , s  1211 for t,lic rdiat.ivc ht'iit, 

conduct,iori problvrrl and by G. Barcnl)liit,t [4] for 11rol)lerris of gas flow in 

porous ~nedia. The discussion prcscrlt,txd iri taliis sc.ctioli c:losclly pa.rall(:ls in 

solnt: respects the work of G. Bareill)li~t,t,. 

1.5 GENERALIZATION OF SELF-SIMILAR 
SOLUTIONS 

A brief exarriirlatiorl of the ot)tairied s~lf-sinlili~r soliltions (1.193) leads 

to the following obscrvatiori: Profiles of iriagnt.t,ic flux clensity b(z, t )  as 



Fig. 1.15 

fulic.tiolis o f  2 rc~rriiliri itl)proxiuli~tc.ly tlic' SiLlli(' (S(Y Fig. 1.15 ;IS wcll ;w 

forlr l~~li~.  ( 1 .  I!):{)) fc)r ~ i c l ( ~ - r i ~ l i g i ~ ~ j ? ;  ~ i t r i i~ t io l l s  of  t,hf> ~)oll l l( l i~ry (:olidit.io~is 

(1.101) (sc~, Fig. 1.1  1 ) .  For tyl)ic.;l.l ~ i ~ l ~ i ( . s  of  ? L ( ? L  > 7),  t,liosr profiles arcb 
r .  

vcyv c,losc> t o  roc.1 ir~ig~llitr ollt's. 111;~t insc~lisitivity o f  sc4f-si~riili~r so l~~ t io l i s  

~)rofi l(~s 1.0 ;I ~)i ir t i( ' l~li \r  l)o1111(1;11.y ( .o~~ci i t io l~  sIIgg('sts tIli~t, i~('t11il.I profij('s of 

l l l i1gllo1 i ( .  f l l lx (It*ll~it?' will I ) ( >  (,los(\ t,o ~ ( ' ( ' t ; l l l ~ l l ~ i l ~  Oll(>S SOL' illly 1110110~011~~~i1~~~ 

ilrc~rc,ilsi~ig \ ) o ~ ~ r i t l i ~ r y  c.onclitio~ls / ) , , i t )  = h ( 0 .  f) .  '1'1111s. \v(> itrrivc\ i~ t .  t 1 1 ~  

f ' o l l o w i l ~ ~  g ( > ~ ~ ( > r ; ~ l i x i i t i o ~ ~  o f  ~ ( ~ I f - s i ~ ~ ~ i l i ~ r  s o l ~ ~ t , i o l ~ s  ( 1.1!):3). 

' l 3 I l ( >  i l ( ~ ~ l l i 1 1  l)rofll( '~ Of l l l i \glI t '~i~~  fill^ ( l ( ' l l~ i ty  h ( 2 .  t )  il,l'(' > l ~ ) ~ ) ~ O ~ i l l l i t t ( ' ( ~  

~ ( ~ ~ t : \ l l g l l ~ i l ~  ollt's will1 I l l ( '  ll('ig!ll ('(jllill 1.1)  t11(' ill~tilllti1llf'Oll~ 1)01111(1i1l'y 

v;l l l l~~ I ) ( , ( / ) :  
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We recall that rectangular profiles of rnagnetic flux density were en- 

courltered in Sectiori 1.2 when we discussed nonlinear diffusion in media 

with abrupt magnetic transitions. For those transitions, rectangular pro- 

files of magnetic flux density car1 be attributed to abrupt magnetic satura- 

tion. The self-similar solutions (1.193) found in the previous section show 

that b-profiles are close to rectangular ones even if media are not saturated. 

Rectangular-like shapes of bprofiles can be explained as follows. In the 

process of diffusion, magnetic field h is attenuated as z is increased. The 

attenuation of h results in the increase in magnetic permeability (defined as 

p = = khh-l).  This increase, at first, compensates for the decrease in h 
and leads to  niore or less "flat" values of b. When values of z are sufficiently 

close to 20, t,he very fast atterluatiorl of h cannot he corrlpensated for by 

the increase in p arld this results in the precipitous drop in magnetic flux 

density b. 

Next, we shall derive the expression for tlle zero front zo(t) of b(z, t )  
in (1.195). To this end, we shall writ,e tho rionlinear diffusion Eq. (1.99) in 

the form 
d"2 zb - d,-" - ( T i ) t ~  (1.196) 

and split this c.cluat,iorl int,o t,wo first,-ord(.r 1)art.iiil diffcrent,ial ('(lui~t.io~ls 

((:orriparc, wit,h Scct,iori 1.2): 

By using tht. rectarigular profil(. approxiillat ion (1. I N ) ,  Eq. (1.97) c.;tn 1)c 

rewritte11 as follows: 

Frorn thct last. forrriula wc coric:luclt: that at cvcry ilist,alit of t.ilnc fiiiict,ioll 

w(z, t )   hi^^ a c:olist,arit ~ic:gat,iv~ slopc with rcspcc.t t,o z for 0 < : < z o ( t )  
and the zero slop? for z > zo(t). Thus. we hwt;: 

It is clear fro111 relation (1.200) tiiat thr slopc of  w(z, t )  is cqual t,c) -* 
for z 5 zo(t). 011 thc othcr hard, according t,o Eq. (1.199), t,hc same slope 

is equal to -abo(t). Consequently, 



By 11si11g rc'li~liorl (1.203) in  Eel. (I .  11)8), wc, 011(1 u p  with 

A(.c.or(lilrg r . 0  t first 1i11o o f  E(1. (1.204) il.11(1 f ~ r l l l ~ l l i ~  (1.205). w(' fi11~1: 

(1 z L ( t )  (ibo(t) 
( ( t )  = , l ( ~ ) [ i ~ o ( t ) ~ O ( l ) ]  - n-;-- 

(it 2 tit 

'r11t5 liLSt, f o ~ l ~ l l l ~ i ~  ('iL11 i l 1 ~ O  I)(, (l(lriV~Y~ 1 ) ~  l l~ll lg l,ll(! first, l 1 l O l l l t ~ l l ~ ,  l't\hlt ioll 

l i i  i i o  1 .  ( l !  I ~ i t l ~ ~ ~ t l .  Ivt ns  ~lillltiply Eel. ( l . l ! ) ( j )  \)y : 

i~11(1 il~t(,gr;~t,(\ fro111 0 t.0 2 0 ( t ) :  
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By integrating twice by parts in the left-hand side of Eq. (1.210) and by 

taking into account that 

we obtain 

We remark here that the first equality in (1.211) comes from the fact that 

the electric field is equal to zero at z = zo(t) and = = -cE. 
By using the formula of differentiation of integral dependent on pa- 

ramet,er. we obtain 

By s~il)st,it,~it,i~ig t>xprt:ssioris (1.212) :ii~d (1.215) irit,o f0~111lllii (1.210). we 

arrivcl at t,he following first rrio~rlcnt c'cluat,iori: 

whic:h again leatls to forrrlula (1.209). 

Tht: "rc~ctangular profile" approxiinatioii just discussed is very sliit,al)le 

for thc: dcrivation of time periotlic (stcacly state) solut,ions of ~ionliriear dif- 

fusion proi~lc~rls. Consider periotiic tiriir variations of magnetic field Ho( t )  
a t  the 1)ouridary of iriagrletically ~loriliilear conducting half-space. Suppose 

t,hat. at  ti~rle to initial conditiorl B(z,  t o )  = -Bm is in effect. Furt,lierinore, 

suppose that magnetic field Ho(t) is increased fro111 Hc to H ,  during the 

tirrlc ir~terval to 5 t 5 t,, then it is decreased frorri H ,  to Hc during the 



tirrlt! intorvi~l t,,, < t < &, a11d ti~ially it is t1ccrc~:tsed fro111 H ,  t,o -H, d u r i t ~ g  

t,llc tirrlr ititt:rval 6) 5 t 5 5 + to. w11c.rc T is 2~ pt.riod of Ho( t ) .  As the 

nlagl~(xt,ic: ficlcl Ho( t )  is ir~crcas(%tl frolrl H,. t,o H,,,? t,hc: r~c:tarlgular. profilc of 
rl~iig~lt>ti(: flux derlsit,y is forrrlod iiritl it ~rlovcs insitlc the, cor~tiuctirig rrlrdia. 

T11e front zo(t)  of  this ~ ~ r o f i l c  (:an I IV Fo~ind 1)y usilig forlm~la (1.209), wliicl.1 

c.ilrl I)(, rc:writtc~r~ ill t,c:r.lrls of HO(t) i~tltl L?(l(t) follows (st.(: cxl)rcssior~ 

(1.!15)): 

I t 'hc~t~ tll(> rr~;lgrlt~t,ics f i~ l t l  iit the> 1)olltlclitry I.('~L(:II('s th(' vi~lll(' of W,,, , t , h ~  

l ~ ( i g l ~ t ,  o f  t 1 1 ~  r ( ~ , t : t t ~ g ~ ~ l i ~ r  protilo I ) ( ~ ~ o t ~ ~ o s  o(111;~l t o  B,,,. As t,hc t~l: tg~~(>t, ic 

fi(,I(l ilt t lir I ) O I I I I ( I ~ I . ~ ~  is ( l ( ~ r ( ~ i ~ s v ( 1  fro111 HTIl t o  Hr, t l ~ ~  i~lw;u-(l l)rogr(>ss of th(> 

~ ( ' ( ' t i ~ l l ~ l l ~ i l ~  ~)rOfil(~ is ( ' O l l ~ i t l l l ( ' ( l  ; l l l ( i   it,^ ll('igllt, r(~llli~i11s t,ll(' SiL111(' illl(1 V(l l l iL1  

to Bl,,. ' I ~ I ( \  ];it t(\r is 111 ~ I , ( ~ ( ~ o I ~ ( I ~ L I I ( ~ ( ~  wit 11 t , l 1 ( 5  ' L f l ~ ~ t - ~ ) o w ( ~ r "  i ~ ~ ) ~ ) ~ o ~ i l ~ ~ : ~ t ~ i o t l  o f  

l~,yst .(>~~,sis  1001)s (SCT b'ix. 1.9). TII(% f ' r o ~ ~ t ,  : , ,(I).  of t11(, r ( ~ t , i ~ ~ ~ g ~ ~ l i ~ r  l)~.ofil(~ 

(.i111 11ow I ) ( %  fi)llr~cl 1)y rc5l)l;ic'irifi I lo( t )  i l l  f ' o ~ . l ~ l ~ ~ l i l  (1.218) 1)). / I , , , .  wliic.l~ I(xiuls 

to 
- -. . -- . . .. .- . - - . . . . - . 

As I I I ~  t i  i t  I o ~ ~ r  is I f r o  I .  t o  H , , ,  

~ I , I I ( I  t.l1(>11 i~~(w;ls(>(l ~'I.OIII - l K r 1 ,  t o  I f , .  (111ri11g ti111(\ ir~t(>rv;ll t~ t :: 5 t 5 
to $ 7'. t.110 r.c~c.t~iirig111irr ~)rotil(' of' "l~(y,at,iv('" ~)ol;lrit,y is fi)rtr~ocl i i l l ( l  i t  IIIOV(>S 

i l l s i t l ( ,  t . 11 (~  ( ,ori( l l~( ' t i r~g r ~ ~ ( > ( l i i ~ .  11s il~wii~.(I ~)rogr(lss is f'lllly ~ I I I ~ I ~ O ~ O I I S  t,o t,hv 

~)rogr(,ss of' t , l ~ ( >  r(~.ti1,11g111;lr ~)sofi l(> of' "l)ositiv(>" l)oli~rit,y ( l(~s(.r i l)(~l  i~l)ov(b 

for t11(~ t,i111(, i ~ ~ t , ( , r ~ i i l  to 5 t 5 t o  -+ :. Tllv frollt, ~ o ( t ) .  of t . 1 1 ~  ~. ( ! ( ' t , i~~~g~~l : i r  

~)rotil(, of "~lctgittivc." po1;irit.y ( ' i i r ~  I ) ( '  t l (~ tc~r~r i i~~c~ t l  I)y ~rsillg t.11~ forlr1111i~ 

Dllrillg s l~l~sc~cl~~c~r i t .  c-yrl(.s, the, s i t~ l i i t io l~  r(.l)c8i\ts it,sclf. 

In forrrlulas (1.218) (1.220) for t11o I'rollt z ~ ( t ) ,  ~ll;lg~l(>t,i(. fi('l(1 H ( ) ( t )  
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and magnetic flux density Bo(t) a t  the boundary are related by the "flat- 

power" approxirriation of the hysteresis loop. Thus, if Ho(t) is known, then, 

by using formulas (1.91)-(1.94), we can find Bo(t),  which, in turn, can be 

used for calculations of zo(t). 

The rectangular profile approxinlation can be further extended to make 

it directly applicable to actual hysteresis loops of the type shown in Fig. 1.9. 
In this extension, it is assumed t,hat as the magnetic field a t  the boundary 

is increased from H, to H,, the rectangular profile of magnetic flux density 

is formed and rrioves inside the media. This assumption is supported by the 

derived self-similar solutions and t,heir "rectangular profile" approximation. 

As the rnagnetic field at the boundary is decreased from H, to -H,, it is 

assurned that the profile of magnetic flux density retains its rectangular 

shape as well as its inward progress (see Fig. 1.17a). That assulnption is 

justified by the fact t,hat the niagrietic flux density varies slightly as the 

magnetic field varies from H,,, t,o - H,. This prevents appreciable deforma- 

tions of ~tlagnetic flux density profiles. Actually, this profile deforlriatiorl 

rriay cven irnprovc the, r ( : ~ ( ~ ~ l i I ) l i ~ ~ i ~ t  of i~ct,llal ~rlagrirtic flux d(>nsity profiles 

to rect,angular ones. I~idccd, whcii t,hc nii~grietic: ficltl at  t,lic, 1)ouildary is 

increased frorrl H ,  to H,,,, the, l)ou~ldi~ry vi~ll~cs of 111i~gli(>t,i(. flux (1(>1isit,y ;Lr(' 

larger tliaii thost: wit,lii~i tho 111c'clii~ ; ~ r ~ d  ii  "flat." part of ~~ l i~g~ i (> t i ( .  flllx ( 1 ( ~ -  

sity profile c:xhil)it,s soir~c~ si i~i~l l  "tlownwn.rc1" slo1)c.. As t hc. illi~gli(~t,i(. f i ~ I ( 1  

at tho 1)ouridary is dc:c:rct;~socl froill H,,, t,o H,.. t,hc. ~ili~.gll('t,i(: fl11x (l(~iisit,y 

at t,hc t~oundary is rccluc(~1 f;ist,cxr t , l~i~ll  wit,hiii tlic coiicllic.t.ii~g riit~dii~, i~li(1 

this 111ay result i11 t,hc flnt,t,c~~~iiig olit of thct i~l~ov(> "(~owI~w~LI. (~"  slop(: i~11(1 ill 

\)etter reserr~blance of actual profiles t o  rcct.angu1a.r oric?s. 

Diffusion of rect,arigular profil(ts of 11i;~gnetic: flux dc~isit,y o f  opposite 

polarity occurs i r ~  a sirriilar WiLy (lluri~ig the 1it:xt lii~lf-period. This is show11 

in Fig. 1.17 b. 

The front, zo(t), of tlirt rttc.t,arigllli~r profiles call I)c dt%cri~iiiit~d by ilsiiig 

forrrllilas (1.218) and (1.220). Howcver, in tlicscx forinlilas H O ( r )  aiid BO(r)  

are now relatcd through the actual shapes of liystt:r(:sis lool)s rat1lc.r tlin~i 

by their "flat-power" a~)proxi~~ii~t~ioils.  Tliis is just,ific:d oil t,li(. gro~iiids that, 

the derivation of formulas (1.218) i~ritl (1.220) 1)asocl oil gc~iicral   ion- 

linear diffusion Eq. (1.196) aritl t,lic. "rer:t,aiiglilar" profile assii~r~pt,ioii. This 

derivatiori did riot use thc "flat,-power" approxiinatioi~ of liyst,crc~sis loops. 

The last approxirriation was ir~st,rllrrierltal in t,hn derivat,ioii of solf-siriii1;~r 

solutions and, iri  this way, it paved the road for thc notion of rc~c:t.nl~gulitr 

profiles of niagrietic flux tierlsity. Now, t,hc "flat-powc:rx ap~)roxirr~at,io~i of 

hysteresis loops can be passed irito o1)liviori. 

The described model of noiili~iear diffusion i1np1ir:s that at cvcry poirit 

of conducting media the rnagnetic field and ~riagiletic flux deiisit8y are re- 

lated by the same hysteresis loop as at tlic boundary. This is a ~ i a t ~ i r i ~ l  



( I )  ( t )  + 1 .  I 1 )  - H, . (1.2'23) 



Now. wcl int,rodllc.c. t,hc. followiilg ftulc~tior~s: 

is tilt, frc.clt~c~~ic:y o f  t l w  f~~~~tl i~rric~rl t , ; t l  (first.) lkar~no~~ic .  o f  I l o ( t ) .  which is 
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IIo(I) = H,,, s i l l  df .  (1.235) 

111 t , l l i s  c . ; ~ s c > ,  wc. will I ) ( ,  i ~ i t . c ~ l . c ~ s t . t ~ t l  i l l  t,llt, first. I i i ~ r ~ l i o ~ i i ( .  o f  "O(f). whic~h (.;111 

I ) ( >  writ ~ V I I  i1.s f o l l o w s :  
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To simplify the calculations, we assume that Hc << H m ,  which is typical in 

many applications. Because time to is determined by the equation H o ( t o )  = 

H,, from the last inequality and formula (1.235) we conclude that to z 0. 

We shall also adopt the following power approximations: 

for the "steep" part of hysteresis loop traced when H o ( t )  is increased from 

Hc to H,, and 

( Ho( t )  + H c )  "' , (nl > l ) ,  (1.240) B m - B o ( t ) = ( B m - B , )  1- 
Hm + Hc 

for the "flat" part of hysteresis loop traced when H is reduced from Hm to  

-Hc.  
By using approxiniations (1.239) and (1.240) and the assumption H ,  << 

H,, from formulas (1.225),  (1.226),  (1.232),  and (1.235), we derive: 

T 
f H ( t i )  = ( 1  + ,y) - ( 1  - x ) ( l  - sill t i ) 7 1 1 ,  if < ti < T ,  (1.243) 

t -  

where 
B c  x = -  (1.244) 
Bm 

is the "square~~css" factor. 
By substituti~ig exprcssion (1.241). (1.242), arid (1.243) into forrnula 

(1.233) and then plugging t,he result of substitution int,o fornlulns (1.237) 

and (1.238),  after integration by parts we derive: 

t' . 
( l + x ) f ( s i n t i ) ~ s i n - s ~ ~ ~ t i d t ' +  

2 
(1.246) 

[ ( I  + x )  - ( 1  - ~ ) ( 1  - sin t i ) n 1 ]  
2 
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Forrriula (1.236) call 1)e rtr)rescnt,cd ill the  phasor forrri 

E A ~ )  = T , H ~ ,  (1.247) 

where t,he surface irnpeda11c:e 7 is given by 

By 11si1ig forr11111;~s (1.235) iir~d (1.246), wc (:;it1 c:orril)~lt,t! tliL1l p i~11(1 J Z F P  
for vz~rious V~LIIIOS o f  X ,  Tl,, i~11(1 7 1 , .  111 t,his WiLy, w(' ('iL11 (!vi~l~l;tt(\ t,o what, 

( 5 ~ t , ( > ~ l t  tho s~~rfil(.(. ~I I I I ) (v~~LII( : ( '  d ( ' ~ ) ( ! ~ l ( l ~  OII i L  l)i~rti(:llli~r ~hiil)(x of hyst,or(:sis 

lool). C0llll)llt~iLt~iOll~ show t.lliLt t,hO ~llrfiL(:(' illll)('(liLl~(:(\ is llOt, vCry s(~llsit,ivf: 

t,O ~i~riiLti011~ Of I /  illl(1 71 . wll('r('i1~ ViL~~iLti011~ Of 111iiJ' iil)1)r('('iiil)ly i~ff('('t 

tl1(> Slll ' f i l( ' (~ illl~)(Ylilll('('. ('s~)('('iiLllJ' t,ll(' vi~lllc' Of i l l 1  $9. 7'11(' l'('Slllt~S Of ('iLI('111il- 

ti011~ o f  t,i1119 i111(1 d m  i1.S f'tlt~(.t,iotis o f  \ ilrt' S ~ I O W ~ I  i l l  Fig. 1.18 i L  i i t l (1  

1.18 1). r(ssl)(~,t i \~*ly.  ' ~ I I ( \ S ( ,  (~ i~~(~11 l i t t i 011~  11itv(\ 1 ) ( ~ % 1 1  1)(~1~f'o1~111o(l for I /  = 10 

i t t l(1 I /  1 = 4.  It is i t l )1)i11~(~1lt  f1.0111 Fig. 1.18 :I t l ~ i ~ t  ti111 p vi \ r i (>~ f1.0111 0.5 to  

0.71. '1'11(,~(, is ~ I I I  ( ~ x t ( ~ l ~ s i v ( ~  I ) o ( l , ~  o f  ( ~ x l ) ( ~ r i ~ ~ ~ ( ~ ~ i t i ~ I  ( l i l t  i~ ~)11I)lisl1(~(1 i l l  I ~ I I S S ~ ~ I I I  

l i t ( ~ r i t t ~ ~ t ~ ( ~  [IS].  w l ~ i ( , l ~  S I I ~ ~ ( ~ S ~ S  t l ~ i ~ t  tit11 p ~ i l ~ . i ( ' ~  ~ ) O ~ W ( Y ~ I I  0.5 i111(1 0.69. 7'1111s. 

Olll '  ~ ~ O l 1 l ~ ~ l l ~ i l ~ ~ O l l i t ~  l'('S1lltS ill'(' ( 'Oll~i~t(~1lt  Wit11  tll('S(' ~ ' ~ ] ) ( ' t ' i l l l ( ' l l t i l ~  ( I i l t i l .  

Tllc, ( . I IYV(~S  sl10w11 i l l  Figs. 1.18 i l  iultl I .  1 ti 1 )  ('i111 I ) ( '  fi1i1.1~ i~( . ( .~ l r i l t ( ' l~ '  

111 t11(' IilSt, fOl'llllllit. tll(' (I( '~)( ' l l ( lf ' l l ( ' f '  Of t,ll(' ~ l l l ' f i l ( ' ( '  illll)('(li~ll('(' I ]  011 

tliv ~ I ~ ; L I ) o  of t11v Iiy~tc~rc~sis loop is rcy)rcsct~tccl 1)y t,lic two ~)it . r i~~iic~tcrs or~ly:  

" ~ ( ~ l l i L l ' ( ~ l l ( ~ ~ ~ "  Of t.110 1 0 0 1 )  \ illl([ llliLgll('t~i(' ])('rlll('iLi)i~it.y LL,,, . 

NVxt. (~Oll~i(l(Y' t.ll(> ~ ~ O l l ~ ~ ~ ~ l ' ~ ~ ~ ~ i O l l  (l(>l)t,l13 h. ill  t,ll(> ('its(' Of ~)Ol l t l (~i1r~ ( ~ ) t l -  

tlit,iorl (1.235). This  clc,l)t,h (:titi I)(. t l ( 4 i l l c ~ l  ;is follows: 



1.5 Ger~eralizatio7~ of Self-Similar Solutions 49 

By using formula (1.209) arid expressions (1 .223)  and taking into account 

that H ,  << H m ,  to  = 0 ,  and BO($ + t o )  = B,, we derive 

By using 1)ountiary condition (1 .235)  arid the tiefinition (1 .244)  of the 

"squareness" factor y, we obtain 

7 ' 

Hm JOT sin w r d r  
6 =  

xaBm 

tan cp 
A 

Fig. 1.18 a 
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Fig. 1.18 b 

As in t,he case of surface impedance, we car1 observe that  t,he dependence 

of pcnc.t,ritt,ion dopth 6 on the shape of the hyst,cresis loop is represent,ed 1)y 

two pi~ra~lict,crs ollly: "sclllareness" of the  loop x and niagntttic perrr1cat)ility 

p,,, . Tllr~ I;~t,t,t>r is i L  liolilirlr~ar f ~ l ~ ~ ( : t i o ~ i  of H,,,, which is dctcnni11r:d t)y n 1lliii11 

rl~ilg~ic't,iz;~t,io~~ ( : I I ~ V C  t .hi~t I)iL+i('S t,l1ro11gli v(>rt,i(-(>s o f  syrnlrletri(: Ii,yster~sis 

loops. Tliis 111itkc~ t 1 1 ~  p(l~i(,t,r:it,io~i (l(yt11 ficl(1 ( I (y~~i ( l ( :~ i t , .  

TIIP pr(1vioils ~ L I I ~ L ~ ~ S ~ S  CiLIl ( , i ~ ~ i l y  ( ~ X ~ ~ ( ~ I I ( I ( Y I  t o  t,11(' il~lport,iilit, c,:Ls(, 

Of llliigll('ti('iLlly llOllli~l(~i~l~ (:Oll(lll('t~illg lillllilli~t~iOl1~. 111(1(:(:(~~ (~IlI-i~lg illitiill 

st,ilgOs Of ~)Ositiv(> h;ilf-13y(,lcs, llOlllill('i~1. (liffll~iOl1 Of llli~gllf~t,i(' fif'l(ls iLt I)ot.ll 

S ~ ( ~ ( I S  Of ~illllill;Ltio~ls o('('1ll'S i l l  t.11(' S;Llll(' WiLy iLS ill tll(' ('iLS(' Of ('011(~1l('tillg 

h ;~ l f - s~) i l c~~  ( s t ~ ~  Fig. 1.19 i ~ ) .  The, n ~ o t i o ~ ~  of fro~lt  z o ( f )  (,all I)(. (:i~l('~lli~t,('(l 1)y 

rlsi~ig forlll~llil (1.209). At the i~~st , iu l t  of t.ilnc~ t~ s11c:h that, 

a) b) 

Fig. 1.19 
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two rectangular fronts are rnerged together and the distribution of magnetic 

flux density over a lanlinatiorl cross-section is uniform. It remains this way 

until the comnlericenlent of negative half-cycle (see the sanie Fig. 1.19 a) .  

During negative half-cycles, the situation reverses itself (see Fig. 1.19 b). 

It is apparent frorri this discussion that in the case of gradual magnetic 

trari~it~iorls eddy currents are being induced all the time, whereas in the case 

of abrupt ~riagnetic tralisitiorls eddy currents are limited in time and only 

induced (luring initial stages of half-cycles, that is, before the rectangular 

fronts rrierge. 

1.6 STANDING MODE OF NONLINEAR 
DIFFUSION 

We have seer1 that i11 the case of abrupt ~nagnetic t,ransitions magnetic 

flux density profiles arc rectarigular ones, while in the case of gradual niag- 

nctic trarisit,io~is act,ual profiles of rrlagnetic flux d(trisit,y are close to (and 

(:all 1)e ii~)~)roxi~liiit,(>(l I)y) rec:t,a~iglllar olics. There is, llowt:ver, ari inipor- 

diffcrt>lict: t)ot,wc~~ri tlic:sc> two cases. Iri t,lic case of ;ibrupt tmnsition, 

rctc:t,a~igular ~)rofil(bs hi~vc llc.igtlt,s t,h;it ; i r ~  (:01iStiLlit with t.illi(\, wh(:rt);~s i r i  

t,llt> (,as(, of gr;iclllal trii1isitio1is ~)rofilo I i~ ig l~ ts  wit,li t.i~li(>. This diffcr- 

( > I ~ ( Y ,  is l)cst, i l I~nr~i~~i i t (~( l  by a "st : i~i( l i~~g" 11io(1~ of ~ i o ~ ~ I i ~ ~ ( ~ t i r  (liff~isioii, wliirli 

i~lii,y o( : ( .~~r  ill  tliv (::is(> of grii(l~it~l trit~isit,io~is ii11(1 wlii(.ti is not, possil)l(: ill  

t,hcl (.as(, Of i L I ) I ' l l ~ ) t .  triill~it~iolls. 

111 t,lic (::LS(> o f  t,Ilv "st~ti~i(li~ig" liio(l(~ of ~ i o ~ ~ l i l i ( ~ a r  (liff~isio~l, t,lw ~~it~gli(:ti(- 

flux dcnsit,y h U ( t )  tit t,hv l )o~i~~t l ;uy  is iric.r(:;tsccl wit,h t,i~lic:, wllc,rc:i~s the: front,, 

zO(t). (lo(1s not, (:11ii11g(\ wit.11 t,i111o. To find 11ow bO(t) s l ~ o ~ i l ( ~  vary wit,li tirric 

for t,lint rriodc t,o I)(,  roiilizotl. wcB RSSIIIII(> t,lii~t 1)y tiill( '  t 1 i L  ~.('(:t,ii~lglili~r frorit 

is I L ~ L . C R ( ~ Y  fOr1llt:d illl(I t,llilt. 

zo( t )  = z~ = coilst for t  2 t . (1.255) 

which leads to 



'T'o ovi~ll i ;~tt~ t,ltt: il~t,cbg~,ii.l i l l  forrlri~la (1.25!)), ;L roli~t,ioil l)('tw('('li ho il11(1 110 

sholiltl c~~~ll) lo,yc~l.  To 1 ) ~  spcc.ific. ;~il(i for t,llc' s;lko of c.olrll)ltti~t.iot~il.l 

s i t~~plic~il  y. ;1 "powc:rX ;~1)1)roxilt1i~t,io11 (S(Y (1.96)) 

'1'1111s. IV(> II;\,V<> ~ ~ s t ~ ; ~ ~ ) ~ i s ~ ~ ( ~ ( ~  tlliit. i i ' t h  ~ ~ ~ i \ g t ~ ( > t , i ( .  fl11x (I(>t~sit,v 0 1 1  t11(, I ) O I I I I ( I ~ L ~ ~  

of c.oticluc.1 i r~g  Il;ili'-sl)ac.c> viiricls wit 11 t.itltc, ;~c,cx)rclii~g to  c>xpr.c~ssio~~s (1.2(j3) 

(1 .2 ( ig5) .  ~ . I I ( Y I  t11r w r o  fro11t o f  I ) ( : ,  t )  s t i ~ t ~ ( l s  st,ill (111ri1ig t11v t.ittl(> i ~ ~ t ( > t . v i ~ l  

t 1 5 I 5 t o .  111 o t l ~ t ~ r  nvor(ls. ( l ~ t r i i ~ g  this ti111(> i~kt(>rv;~l t11c ( ~ I ( ~ ( ~ t ~ O t t ~ i ~ g t ~ ( ~ t , i < ~  

ticsltl cliffrisio~r cx11il)its i l  stitt~(litlg n~oclc. illl~str;ltc.cl i11 Fig. 1.20. I t .  is (.l(>;~r 

ft.0111 (1.2Ki) t 11;~t. for t , t~(> st ;~ilOing ~lto(l(, t,o \ )(> r( , i~li~(>(l .  t k1~  l~ l i~p ,~~(> t i (*  H I I X  
(lcb~~sit,y I)()(t) O I I  t11(, ~ ~ 0 1 1 1 l ~ ~ i l ~ ~ ~  s l~o~ t l ( l  i l ~ c r ( > t ~ s t ~ l  very r;ipi(lly : L I ~ ( I  (TTII 



1.6 Standing Mode of Nonlinear Diffusion 

Fig. 1.20 

approach irlfinit,~ as t approaches to. In practice, it is irnpossi1)lc to irlcrcasc 

bo(t) up to infinity. However, if bo(t) is increased iri t,irrle i r i  ac:c:ordaric:c with 

expressioris (1.263) (1.265) during tirrie iritcrval [ti , t2] (with t2  < to ) ,  t,hcw 

for t,his tirrie interval the standing mode will occur. 

Tlic! origiii of t,hrt ~t,i~li(lilip, 11io(lc (:a11 1 ~ :  c~liic:iclat,t~cl oil 1)llysic.i~l grot~ricls 

as follows. When t,hc ~r~i~gl~(:t,i(: fli~x densit,y hO(t) a t  thcl l)oiiri(1i~ry is ill- 

crease(1 in t,inie, t , l~e~ i  ~~sti:iIly two t,lliligs 111iiy l~i~l)l)(~ll:  (1)  tlw l~(ligl~t of 

t,l~(> rc(:t,:~~lgtllar profile of ~~i:tg~l(>t,ic, flux (l(~lisit,y is i~l(.r(>i~s(>(l i111(1 (2) f i~r t , l~(~r  

irlward progress of this r(:(.t,i~ligtilitr profilt: o(:(.~lrs. Tll(>s(> t,wo 1)li(~ioi11(~1;~ 

rc:cluirc: ari additiorlal supply of c~ltlc.t,roirii~glit:t~ir f'lit~gy for t ll(>ir ~.('i~li~i~t.iolls. 

It ttirris out that,, nndcr tlic 1)oulltl:~ry c.o~iclit,ioxl (1.263) (1.265). t . 1 1 ~  t x l ( ~ : -  

t,roll~agr~ctic energy ent,erir~g t,hc (:olld~~(-t,illg ~liat,f:rii~l i\t il .11~ ii~st.i~lit of t,ill~(> 

is just criougli to affect t,lit: ullifor~n (ill z) ilic:rc:a.scx ill illitgl~(>ti(: fliix (1~~1isity 

i r i  the region (0 < z <_ zo) a1rt:atly "occupierl" 1)y t,hv c~l(~c:troiiii~gric.t.i(: f i ~ l d .  

t ~ u t  ir~suficient to affect t,llr filrthcr illwa.rd diffusioli of t,hc fit:l(i irlt,o t . 1 1 ~  

rnatcrial. 

Our previous ciisc:ussior~ of t,Il(> ~t,i~iidilig nlodc of 11olllinc.iir cliffusioil 11:~s 

1)eeri based on tlie "rectangular profile" approxilnat,iol~ for ~lii~gll('ti(. flux 

tlcmsit,y. The cluest,ion can I)() askctl whc:t,licr t,llis nioclc, is i ~ i l  iirt ifi1C.t o f  tlw 

rc:ctarigular profile a~)proxirnat,io~i. For this reasoll, it is ilit,(~r(>st.iilg to fiul :L 

standir~g rriode solutiori without rasorting to tlie abovv itl)l)roxiiri;~t.ioi~. ])lit 

rat,her through analytical sol~t~ion of ~lorilillear diffi~sioii Eq. (1.99). It is 

remarkable that the s t ,andi~~g ~riotic soltit,ioli (:all ol)t;~ilit\cl 1); 11si1lg t,lit. 

nict,hod of separatiorl of variat~los. Actua.lly, t,his is the? oilly sollit,io~l t,liiit. 

can t)c ot~t~ained 1,y this ~rlethod. 

According to the rrlethotl of sepa.rat,ioil of variables, wt. look for a so- 

lutiori of nonlinear diffusiori Eq. (1.99) in tlie for111 
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By substituting expression (1.266) into Eq. (1.99),  after obvious transfor- 

mations we obtain 
1 d 2 ~ : z l  - ka d$( t )  
-- -- - 

~ ( 2 )  d z 2  ?Jn(t) dt  ' 

(1.267) 

Since the left-hand side of the last equation depends only on z ,  while the 

right-hand side of the same equation depends only on t ,  we conclude that 

these two sides car1 be equal to one another only if they are equal to the 

same constant A. Thus, we have 

First, we shall iritegrate Eq. (1.268). To this end, we rewrite this equation 

whc~t: to is so~rlt: co~lstallt of illtc~gr;tt.io~i. 

Equation (1.269) is Inorc: (-oxlll)li('i~t,(:(l t,lii~~l Eq. (1.268), itnd its irltcgra- 

t,iori is llloro irlvo1vt:d. To i~lt,c:gr;~t,c, Eq. (1.269),  we irltroducc t,lic? following 

f~lnc.t,io~ls: 

cpn ( z )  = Q ( z ) .  (1.272) 

Fro111 tht: last two c:xprcssio~ls i~ntl Eq. (1.269),  we dcrivc? 

d R  d" d2cp"(z) - - - - - - - - = A ~ ( z ) = A B + ( ~ ) .  
dz  dz' dz2 

OIL the other hand, by using formula (1.273), we have 

By equating right-hand sides of formulas (1.274) and (1.275),  we obtain the 

first-order differential equation for R :  
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By integrating the last equation, we obtain 

In formula (1.277), a constar~t of integration was set to zero. This can be 

justified on physical grounds. Indeed, the electric field should vanish a t  

the zero front 20, that is, a t  the same point where b(z, t)  vanishes. But 

the electric field is proportional to R(z).  Indeed, by using forrnula (1.266), 

(1.272), and (1.275), we find: 

The magnetic flux density b(z, t )  is proportional to p(z) .  Thus, functions 

R(z) arid p(z)  should vanish sin~~lltarieously. Accordi~ig to fornlula (1.272), 

this is only possible if the integrat,ion constant in (1.277) is set to zero. 

Next, hy sl~bstitut,ir~g cxprc~ssion (1.273) into forrriula (1.277), we arrive at 

t,hc diffcrcr~tial c~cliiwt,ior~: 

By ir~t,c>grat,ir~g t,ht last (>(llli~t,i011, W(\ dvriv(! 

whtse zo > 0 is sorne cor~star~t of i~itt:gratiol~. 

Now, by usirlg the rolatior~ (1.272) betwee11 p(z)  a.rid Q(z)?  fro111 t,he 

last forrnula we obt,air~ 

Finally, by substituting rxprrssioris (1.271) and (1.281) into formula (1.266), 

we arrive a t  the following analyt,ic-a1 (and exact) solution of no111iric;~r clif- 

fusion Eq. (1.99): 

It is remarkable that, as a result of the above substitution, constant X 
cancels out. As a consequence, we end up wit,h the only solut,ion that can 
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1 ) t  o1)taincd by t,hc method of separation of varia1)les and this solutior~ docs 

not dcpelld or1 "separation" constarit X a t  all. 

In the  forrrl (1.282), thc above solution is not physically meaningful. 

This is 1)ecausc b ( z ,  t )  approaches infiriity as z is increased. However, tlie 

above solut,ior~ can 1)e "cut off" a t  2 = zo arid then physically reiriterpreted 

as follows. Suppose t,hxt a t  tilrit: t = O the  iriagr~etic flux dcrlsit,y snt,isfics 

t,hc followirig ir~itial conditiori: 

S111)post illso that  t.hc tli;~gli(>t.i(' fllix d ~ r ~ s i t , ~  ~ i ~ t i ~ f i f ' ~  t,l1(> followilig 1)olirldary 

c:ori(litioli for t,hc t,i~llo il~t.('rvi~l 0 5 t 5 tl): 

Tlior~, i~(.(.or(lii~g to f o r ~ l ~ l l l i ~  (1.282), t,llc, c.xiic,t, so111tio11 to  t,llc, init.ii~1 

l)o1111(1:\y \li~111(' 1)1.01)1('111 ( 1  .2X5) (1.284) for t l l c ,  ~ l o l l l i ~ ~ ( , i ~ ~  (liff~lsiol~ E(1. 
(1.99) (,all I ) ( ,  writ,t.clri 21,s follows: 

. if  0 5 : 5 2 , ) .  (1.285) 

if' 2 > 20. 

'rliis so111t.io1i is ill~istl ' i~t(-(l /)y pig. 1.21. iU l ( I  it, is i11)1)iII'('lIt, t I i i11 it, I I ~ L S  t 1 1 ~  

~)lly~i( ' i l l  lllf'illlillg Of' tll(' ~tilll(lillg 1110(10. I! ills0 ('lOill. fi.0111 tll(' l i l ~ t  fOl'llllllil 

:is ~ ( 1 1 1  i1.5 fro111 Fig. 1.21 t l ~ i ~ t ,  tliis soI11t,io11 I ~ ~ L s  t,li(~ svlf-si~~iili~rity l)ro1)vrt,y. 

Nillll('ly, t.li(' l)rofil('s of ~l~ilgll('ti(. flllx (i('1isit.y for (lifft'r('1lt i l l ~ t i ~ l l t ~  of tilllo 

(,ill1 I ) ( ,  OI)t~ilil~(~(! fl'olll Oil(, illlOt~~l('l' I)?' (~i~ilt~i011 (Ol' ~ ~ O l l ~ ~ ~ i l . ~ ~ ~ ~ O l l )  i l I O 1 1 ~  t,ll(' 

6-iixis. 111 ot,Itt~r worcls. t110sc. ~)rofil(,s ~.t'illi\ill sililili~r t,o ~ I I ( '  ii110t.l1('1.. Tliis 

sliggclsts tllilt tliv s t , i ~ ~ ~ ( l i ~ ~ g  111o<l(, soll~tioii (1.285) c.iui 1)(. clc~rivc~tl 1)y ~ ~ s i l i g  

t l i ~ ~ i t ~ ~ ~ s i o l ~ n l  alli~lysis. Howc~vclr. wo ~ l i i ~ 1 1  ~ iot .  (Irlv(' fi~rt.li('r i11t.o this ~l~i~t. t . ( ' r .  

Illst,(,i~(l, w(> s I I ~ L I I  IlS(, t,ll(, sl>lf-silllili~rit,y pr0pVrty of t,llc, il1)O\Y1 ~0~11t.iOll ill 

ordvr to givv ; ~ l i o t , l ~ ( ~  i1it,(~rl)r(~t,iitio11 (iUI(I (iofinit,io~i) of t,ll(, ~ t , i ~ l l ( l i ~ ~ g  1110(1(~. 

To this ( ~ r ~ i .  w(, iiitro(i~~(xn t,li(, ~ior~ti:iliz(~(l profilv I)*(:. f )  of ~~~i lg l l (> t i ( ,  fllix 

clt>~lsit,y: 
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*o 

Fig. 1.21 

Fig. 1.22 

Tl l~is ,  ill t,ht. c i~sc  of t,hc ~t,i~il(lillg lllod(,. t.11~ ~ i ~ r ~ l i i ~ l i ~ ( ~ ( l  ~)rofil(\ of iliiigli('t.i(. 

flllx tl(.ilsit,y tlocs riot chailgtl wit,h t,ilric, ( s c ~  Fig. 1.22 ii). This l)ropc'rt,y 

('iL11 I ) P  11se(1 i l ~  a~lothvr d(:fi~iitiori of t.11~ ~t.i~ll(lillg 11i0(1e. It is ilist.r~l('t,iv(% ti) 

~lot,t, t,hitt, i11 t.hr c-i~sc o f  self-silrlilitr solllt.io11~ (1.193). t.litl riorlrii~lizc~cl 1)rofilt. 

of rrii~gli(:t,i(' flux d(>lisity is (lili~t('(1 (cxpitrld(~1) with tiirit, (S(T Fig. 1.22 1)). 

which is rlat,ural for "forwartl" tliff~lsioll. I t  is i~lso instr~ic.t,ivt' to poilit. out. 

t,hi~t, t,hc st,andirlg lnoclc solut,io11 (1.285) is lirriit,c:d both ill t,ilii(' i~i l(1 SI)~L(:('. 

This is rt,lat,t.cl t,o t,hc fiict, t,hat, cxxpolic:rit "n" iri t,he iiollliiieitr cliffiisioll 

ccluat,ioil is 1~rgt'r t,lliLil 0111,. 111 Chitpt,(\r 3 w(' ~lii~11 show t.hitt, ill t . h ~  (.iLS(\ 

whc:ll this (:xl~orlcllt is slni~l1t:r t.hi~11 OIIC. t,ll(>r(: (:xistas t.ll(3 self-sir~lili~r ~ti \ .~i(l i l ig 

  not lo solutioil (t,hat is, tali(? solut,iorl witli t,llc ilitlepc~nderit of t,ilric. ~lOrllli~liz('(l 

profilt), and this solutioli is "ulllinlit.cd" ill tiiric arid ill s11;ic.c:. Iii ot,llcr 

words, t,kiis solut,ion cxist,s for thr. stlrrii-irifi11it.r: irit.crva1 0 < t 5 m arid at. 

ally irlst,arit of tirnc t it asyrrl~)t,ot,ically ap~,roaches zero as z is ilicrcascd t o  

iilfiriit,y (i.e., thcrc is no zero frolit,). hIort'ovcr: it will I)c sliown t,liat t.lit:rt' 
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also exist self-similar solutions with normalized profiles contracting in time. 

These solutions can be physically interpreted as "backward" diffusion. 

It is interesting to compare the exact standing mode solution (1.285) 

with the standing mode expressions derived in this section on the basis of 

rectangular profile approximation. First, it is clear from formula (1.285) 

(as well as Fig. 1.21) that, for sufficiently large "n," the actual magnetic 

flux density profiles are almost rectangular. Second, it is apparent that the 

boundary condition (1.284) can be written in the form (1.263) with "c" and 

"to" defined as follows: 

By (:olii~)i~rillg f ~ ~ l i l ~ ~ l i f i  (1.288) (1.289) wit,li forliiiilas (1.264) (1.265), rc- 

sl)(Y.t,ivC'ly, Wc fill(! t,lliLt f01. ~llffi('i(lllt,ly 1iil.g~ "71" t,h(W' ('XI)I.('SS~OIIS iLTO I)TiL(:- 

t,icsiilly i(l(>~it.i(.i~l (111) t,o in(~ss('llt.ii~1 init,ii~l t,ilil(' t l  in (1.265)). This oric:e iigi~il~ 

~ l l g g t ' ~ t , ~  t11iLt t,tl(' r('('til1lglllil~ 1)I'OfilO i~~~l~roxilllilt.iOl1 is i i  fiLil.1,~ il('('lll.ilt,(' Oil('. 

Firii~lly, it sho~ll(l I ) ( ,  rlot,c~l tlli~t. ill t,l~cl c.i~sc, of tllca ~ t i ~ ~ ~ ( l i l i g  nio(l(> of 

1 1 0 1 1 ~ ~ 1 1 ~ ~ i L ~  (1iffll~iO11, V(,ry l)(Y,lllii~I' ~ ~ l i ( ~ ~ ( ~ i 1 1 g  (~( '~(!(~liil lg) of illt(Tl1iL~ liiy(Ts of 

the: (~o~i( l~~(. t , inf i  111i~t('rii~l tilk('~ ~)lii(.('. It, is i \ . l l l~~~illg t l ~ i ~ t  this s(~lf-shi(~l(liirg 

o r  0 L i ~ r i ~ s i ~ g  l l g l l  f l l  1 1  1 1 I O l l l I i i .  It 

wolll(l I)(% il~t,(Y-<~~t.i~lg to fill([ S O I I l ( ~  1tl~~iLll~llgfll~ 1)ril(fi('id iL~)~)~i('ilt~iOlls for t,l1f1 

st,i~rltling ~notl(> of rlonlinr~i~r tliff~~sion. 

1.7 NONLINEAR DIFFUSION IN A CYLINDER 

In prcviol~s scc-tioris, wc. dtli~lt with ~ioriliric~~r diffiision of (~l(.c:tro~rlag- 

~lclt,ic: fic:ltls in c:ontluc:tors witah I ) I~LII (?  (flat,) l )o~~ndari t~s.  111 t.liis sc?c:tio11, wr 

sliall tlxt,cnti our study t,o t,llc> c:t~sc' of ~ionlin(~itr diffi~siol~ in i L  t:yIin(l~~r. This 

study will sht:cl sorilr, light on how t,llcx c.lirvat.llrtt of (.on(llr(:t.ing l ) ~ ~ l l l ( l i ~ r i ~ : ~  

rniLy i ~ f f ~ ~ t  t,lic, 1)roc.oss of riorili~rcitr diffi~sioii. 111 tliis scr.t,ion. wtt shi~11 also 

tliscuss the case of rri;tgnc:tic:;~lly i~lholnogenc!ous c~ondi~c:t,irig lncdia. 

Consitlcr an infiriit~c condl~ct,ing cvlinder of ra.dius R (sc.r Fig. 1.23) 

s111)jt~:t t,o tirric-varying ~iriiforrrl rr1agnt:tic: fictl(1 H o ( t )  whosc clirc:c:t,ioli is 

~)i~r;tllel to the cylinclcr axis. First,, wc. a~ssuriic that tliis (.ylillder is mag- 

rlr~t,it:ally horrlogerltrous wit,h c~onst,itutivt> rt:lat,ion c1c~sc:ril)c:d by Eq. (1.18). 

In other worcls. we shall first c-oiisidcr t,hc t:nsr o f  abrupt, (slliirp) irla.gr~rtic. 

tmrlsition. 

Suppose that initial values of rriagrict,ic flux density and magnetic field 

are equal to -B,, and 0, respec:tively. Next, suppose that, t,hc, ~nagnetic 
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field at  the boundary is increased from its zero value and remains positive. 

As the magnetic field at the boundary is increased, this increase extends 

inside the conducting cylinder causing the transition of magnetic flux den- 

sity from -B, to +B,. As a result, a rectangular front of magnetic flux 

density is formed and it moves from the boundary of the cylinder toward 

its axis (see Fig. 1.24). We intend to derive the expression for the radial 

coordinate, ro(t),  of this front in terms of a, B,, R and the magnetic field, 
Ho(t),  a t  the boundary. To this end, we shall exploit the circular symmetry 

of the problem. According to this symmetry, electric field lines and lines of 

electric current density are circular ones. They exist only for r 2 ro(t) .  

Consider an electric field line L, of radius r and let us apply the law 

Fig. 1.23 

Fig. 1.24 



By using 1:ig. 1.2.1. i t  is c ~ s y  to s c~ .  that t . l~c,  followirlg oxl)rossioll is villi(! 

for H I I X  cl)(r. t , ) :  

( \ I N \  111)  wit 1) 
IIrr1 (11.: ( t  ) E(/.. t )  = - -- 

1. tit 

NoK~. IV(' I . ( Y . ~ L I I  t,hi~t 
t l l f ( r ,  t )  ,(,' t )  ' 

ill. 



It, car1 1)o  show^^ that 

w11ic.h ,jl~st,ific,s (>(lllil.lit\' (1 .;iOO). 

I3y sl11)sl i t  lit i ~ ~ g  tliis c~cl~~;~li l .y  illto for111lilil (1.299). t11o11 1)(~forl11i11j: 

iut(>gr;ltiol~ f ' r o ~ ~ ~  0 t.o t ;LII(I t i ~ k i l ~ g  i ~ i t , o  ili.('01111t t,ll;tt t . ( , (O)  := R. wv ol) t , i i i~~ 

f 7 I 11is is it l l o ~ ~ l i ~ ~ ( , ; t r  ( l(p~:~t, io~i for rO ( t  ) .  I t  is ( .ot lv(>l~i(>~~t to t S ~ ~ I I S ~ ' ~ ~ I I I  this 

C Y ~ I I ; I ~ ~ ~ I I  ;LS Sallows: 

r; ( t )  
X ( t )  = -7, 

R 
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This forrrl is coriveriierlt for the graphical solutioll of Eq. (1.303). Indeed, the 

function, F ( X ) ,  can be precomputed and its graph can be constructed (see 

Fig. 1.25). Then, for every iristarit of time, the left-hand side of Eq. (1.306) 

can be tvaluat,ed and plotted along the vertical axis in Fig. 1.25. Finally, 

by drawing the horizontal line until it intersects with the graph of the 

funct,ion F(X) and the vertical line until it intersects with the horizontal 

axis, we determine t,he valuc of X(t) correspontiing to the left-hand sidc of 

Eq. (1.306). By using t,his value arid formula (1.304), we fillti ro(t). 

Eq~iation (1.306) car1 also he solved n~irncrically I,y lisilig, for iiistaricc:, 

the Newt,on itcrat,ive technique. Tliis equation can also he solved analyti- 

cally, albeit aj)~)roxirnat,cly. Thc arialyt,ic:i~l sol~itiori is i)i~c:d oli the following 

approximation of F(X) : 

To a~)prcc'iat,c' t,lic' ixc'c,llriLc:y of iq)~)ro~illli~t.ioli (1.307), t.hc g r i ~ p l i ~  of fliii(.- 

t,iori F(X) iultl it,s wl)~)roxi~iii~t,io~i i~r(' plott,t~l ill Fig. 1.26. Tliis figllrcx slig- 

g ~ s t , ~  t,l~iit, i ~ ~ ) ~ ) ~ o ~ i ~ ~ i i ~ t i o ~ i  (1.307) is (111it(\ ii(.('~lriit,(\. By s~~l)st, i t~~itii ig f o ~ i ~ i ~ i l i ~  

(1.307) illto E(1. (1.306), wv ( ~ l ( l  111) wit11 t l i ( ,  ( 1 1 1 i ~ ( I ~ i i t i ( '  (,(111i~t,io11 for ( A -  I ) ~ .  

B,y solvilig tliis (,(l~ii~tioli i ~ ~ i ( i  t i~ki~ ig  i~it,o >1(~.o111it oxl)r(~ssioii (1.304) for A. 
wt, itrrivcl ;it. tho followilig i~~)proxiiliiitc~ fi)rl~i~~lit  fol. r . , ) ( t ):  

1 .I. H , , ( T ) ( ~ T  1 (1.308) l . ( ) ( t ) % R  1 -  
m R Z  B,,, 

Fig. 1.25 
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Fig. 1.26 

The value of r o ( t )  give11 by forrnula (1.308) can be used as an initial guess 

in Newton iterations. However, this may be unnecessary, because it is quite 

conceivable that the accuracy of formula (1.308) is higher than the accuracy 

of abrupt magnetic trarisit,ioll assurnptiori, which was used in the derivation 

of Eq. (1.306). 

Having determined t h ~  ratiial coordinate, r o ( t ) ,  of t,he front,, we (:an 

fully descril)e the distribut,ion of rriag~ictic flux cicnsit,~. We call also find 

t,he (,lcctric field by invoking forrri~ila (1.295). However, t.licre is sonic ill- 

c*o~ivc~rlit~~ic:c~ in using this for~riula. This is bcc.ansc~ t,liis forniuli~ rc~(l\iir(>s 

tiifft~rcrit,it~t,io~l of r o ( t ) ,  which is fou~itl gra~)liically or ~iu~rieric~ally. This clif- 

fic-ulty can 1)e circu~nvcrit,etl by rcc:alliilg forrriu1;t (1.299) and cxprt~ssiiig $ 
as follows: 

d r i  - 
- - 

H o ( t )  
l . O ( t . )  ' 

(1.909) 
dt 0 B3,, 111 

By substituting t,he last, cxprcssiori irito Eq. (1.295). WP end up with 

The last forrriula does not contain the derivative of r o ( t )  arid. for this rtlason, 

it is convenient for calculations. By using forrnula (1.310), we call also 

find an important relationship between ctlect,ric arid n~agnet,ic: fic:l(is at, t,llc 

cylinder boundary: 

where the notation E ( R ,  t )  = E o ( t )  has been used. 

Up to this point, we have discussed the situation when the iriag~iet,ic 

field Ho( t )  at the boundary is assumed to be positive. If the rnagnct,ic 



2 ,/' Ho(r)(ir  
(1 - - 

r"(t r 2 ( t )  r2 ( t )  
-- --  " Ill .JL-- -- L 

R"R" R2 + 1. (1.312) 
a R2 B,,, 

7'liis (>(111iit,iol1 ( , ; i t1  I ) (>  11sm1 for t liv ( l < ~ t , ( ~ r ~ i ~ i ~ ~ i ~ t i o ~ i  of' t 1 1 ~  ril(Iia1 (~oot~(I i i~ :~t ( :  

r,,,(t) o f  t,llv .'~t(~g;~,t,iv(*" r ( ~ ( ~ t i ~ , ~ i g ~ ~ l ; \ , r  frolit, of  l ~ ~ i ~ , g ~ ~ ( > t i ( .  f-lux (I(111sit.v ill t 1 1 ( ~  
~ i ~ . t ~ i ( '  W;IY iis w(% h i i ~ ~  IIS(YI b;(~. (1,;JO:i). 

l ' t ic. prclvio~~s clisc.~~ssiori ( . ; L I ~  I ) ( )  (.i~silv c~xt,c~rtclc~cl t,o t,l i(> (.;IS($ W I I ( > I I  t . 1 ~ .  

iiI)r111)1, (s11;irp) rr~;t,g~iot ic t , r i~~is i t io~i  is ( l(~s(~rii)(~(l  1)y t,Il(, r(~~ti11ig111ii1. 11ystor1,- 

sis 1001) s l ~ o w ~ i  ill Fig. 1.7. 111 this c.i~sc.. tlic, "1)ositivc." ~ . c ~ . t . i ~ ~ ~ g ~ ~ l i i r  frotits ill.(' 

f'orrlic~tl i111(1 tl1t9y tllovc\ ill\t.i~r(l wlic.11 I l o ( f )  - II, is 1)ositivc.. l 'ho "~~c~g;~t . ivc~"  

r ( ~ t i t t ~ g ~ i l i ~ r  frotits ;~,ro for111(~1 i111(1 t11oy 111ovo iriwi~r(I w1tot1 H0( t )  t 11,. is 

t~(sgi~t iw>. '1'11(~ rii(Iiii1 (.oor(lii~i~t (,s of "1)osit iv(>" i1,11(1 " ~ i ( ~ ~ i ~ t  ivv" f't.o~its ( , ; i l l  

( I ( ~ L ( ~ I ~ I I I I I I ( ~ ( I  l)y s o l v i ~ ~ g  ~ t~o( l i l i (~ ( l  Is;(ls. ( I .:$O:j) ; I I I ( I  ( I .:{ 12). r ( \ s l ~ ( ~ t  iv(>ly. 

hlo(lifi(.t~t ioti of' 1 I ~ ( > S ( ,  o(111;it i o i ~ ~  (.oi~sist,s 111 t I N S  I . ( ~ ~ ) ~ ~ I ( , ( > I I I ( , I ~ ~  of' t 1 1 ( ~  i ~ i t  ( > ~ r ; i l  
I I I 

/ '  ~ I o ( T ) ( / T  ~ l l ~ ( ' ~ l ' i l ~ h  , / ' ( l i ( l (~ )  -. I ~ , . ) / / T  i l l l ( 1  , / ' ( f f [ ) ( t )  t / / , . ) /IT.  ( ' O ~ ~ ~ ' ( ' S ] ) ~ I I I ( ~ -  

0 I )  0 

i ~ ~ g l y .  \VIN~II i i 0 ( t )  is I ) ( , ~ I V ( Y > I I  .-f1, i ~ t i ( I  -k11,. ~ > v ( > ~ . y t l ~ i r ~ g  is still ; ~ t i ( I  tli(>r(, 

13 1 1 0  1 1 1 0 \ ~ ~ ~ 1 1 1 ~ ~ 1 1 ~  Of' r('('f i 1 1 1 ~ ~ ~ ~ i l l '  frOllth 
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So far, we have only considered magnetically liorrioge~leous coliducting 

media. However, in lrlally applications rnagnetir: properties of surface lay- 

ers are different from rrlagrletic properties of interior layers. To account for 

these inhomogetieitic:~, we consitler ~nagrietically layered (piecewise homoge- 

neous) media. Narnely, we shall assume that a corlducting cylinder consists 

of several cyli~ldrical layers (Rk+l  5 r 5 Rk,  k = 1 , 2 , .  . . , n),  which ex- 

hibit abrupt rllag~ietic transitioris with different satl~rat~ion values *Bmk 

(see Fig. 1.28). When rectangular fronts move through the first layer, ro( t)  

can t ) t  t:valiiatcd by using Eqs. (1.303) and (1.312). Next, wc shall derive 

si~nilar ccliiatiolls for ro(t) in thc case when rectarigular fronts Irlovc through 

cyli~ltirical layer nurrit)cr k + 1, that. is, when Rk+l < ro( t )  < Rk. To this 

end, we shall first tst,ai)lish solilt relation (1)oundary c:ondit,ioli) I)r:twc:cri 

H (Rk,  t)  illid E ( R k ,  t) .  Consiclcr a c:ircular lint L,. with Rk < r 5 R ant1 

l1.t us  ply t,llt law of r!lt:ctrolrl:tgrlctic: iritluc:t,iori t,o this line: 

dcIqRk, t )  
E(Rk.  t)27rr = -- 

(It 

l3 k 

Fig. 1.28 



From tlic last, fornluli~. we o11tai11 

crRk 
j ( r ,  t )  = ---LS(Rk. t ) .  (1.918) 

T 

rrl~(% 1i1st r(%liitio~i ( , ~ I , I I  \)(I (.o11st,r11(~1 its t,ll(, ~ ) o ~ l l l < ~ : ~ r y  (*o~l(iit.ioll tlii~t, !~ol(is 

a t  I .  = ilk for iL1l.v t.i111r t > t k .  W I I ~ I Y ,  t k  is t 1 1 ~  t.i~li(> w11(>11 t,li(> fro11t ~ I I O \ Y Y I  
t 11ro11gIl t l ic.  i~ i t (~r f i \c~c~ ' t ) o ~ ~ ~ i ( l i i r ~ y  7% = /?A,.  It is rc~lriitrki~t)l(~ tlii\.t, t,liis I)ol~i~(lilr\;  

( . o ~ ~ ( l i t  i o ~ ~  cloc~s 110t t l ( ' l ) ( ' ~ i t l  011 V ~ I ~ I I ( . S  of D,, ,k .  thi \ t  is, 011 t Il(' s l ) c x c , i f i c  11iitllrc~ o f  

iil)r~ll)t ~ l ~ i ~ g l i ( ~ t i ( ,  t rillisit iolis. Uo~~licliisy ('oli(lit.iol~ (1 .320)  ('ill1 I ) ( '  (.011v('rt(~l 

i l l t o  i\ ~ i ~ l l l i ~ ~ ( ' i ~ r  o ( l l ~ ; ~ t  i o ~ ~  for I . ( ) ( / ) .  '1-0 ( 1 0  t his. mr<> ~('('i1.11 f o r l l i ~ l l ; ~ ~  (1.2!15) 

;111(1 ( 1 .;$o;J). wlli('Il for 1 ]I(' liL~('1. 1111111~)('l' k -1- 1 ('it11 I ) ( '  ~.( '~l . i t t . (>ll  iLS  follow^: 

&,,A ( { I . ; ( / )  E(Rn.t) - 
Rk f i t 

-- "B71'"" [- (11, 5 + 1) ~ $ ( t )  + r i ( t )  111 a] = Ho(t) 
2 fit R : 
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The last equation is sirnilar to Eq. (1.303) and, actually, it is reducible to 

it for Rk = R. For this reason, the last equation can be solved in the same 

manner as was discussed for Eq. (1.303). By solving Eq. (1.321) for k = 

1,2, . . . n, we can completely describe nonlinear diffusion in magnetically 

irlhomogeneous conducting media. 

Next, we consider nonlinear diffusion in a cylinder in the case of gradual 

magnetic transitions described by hysteresis loops exemplified by Fig. 1.9. 

In this case, we shall use the rectangular profile approximation introduced in 

Section 1.5. According to this approximation, as soon as ho(t) = Ho (t)  - H ,  
becomes positive, a rectangular profile of magnetic flux density is formed 

and it moves inward (see Fig. 1.29). We intend to derive the expression 

for the radial coordinate, ro( t) ,  of this profile. This derivation, in rnany 

respects, closely parallels the derivation of formula (1.303). We start with 

the law of electrornagrletic induction: 

Bv using Fig. 1.29, t,ht flux, @(r, t) .  can cvalilatcd as follows: 

By sul)st,ituting tht' last exprcssiori into forrril11;t (1.322), wc. ( ~ i ( 1  111) wit.11 



E ( p ~ i ~ t , i o ~ ~  (1.325) lcxi~cls to  t.hc1 followir~g c\xl)rr~ssiol~ for the> c:l(bc.t,ric: c.l~rrc>nt. 

clrr~sit,y: 
0 7 .  dl)l) ( t )  cr d 

,j(T. t )  = - 
2 t l l  

+ 'j; ll)o(f)~:(t)l. 

By using forrrll11,ts (1.297) aritl (1.:$26) i~rlcl ~,c\rforrr~il~g i l~ togra t ior~  with 

rrspcLc't t o  r., wcl ohti~i11 

'1'111. IilsI (X[)l.('~SiOll (.;Ill I)(. ~ . l~wr i t t (~ l l  ;Is follows: 
7- ~ -- 

L . . . .  . I  

T11v l i ~ ~ t  (51111i~t,i011 is :L g ( ~ ~ ~ ( ~ r i ~ J i ~ i ~ ~ t ~ i o ~ ~  of L(1. (1.:$03) t o  t ) l l ( ,  l'iLq(' of g r i ~ < l ~ ~ i ~ l  

l l~i~gll( ' t i ( '  t ~ r i l ~ l ~ i t ~ o ~ l s .  It, is ? ~ ( ' t ~ l ~ i L l l ~  r(~(Ill(~(~(1 t o  E(i. (l.:jo:j) ~ l l ( ~ 1 1  / ) ~ ( f )  = 

2 ,  I 11 0 'I'llt~s. wc, ( , ; I I I  11sc. tllc- siurlc. so111t.io11 t . (~ ( . I~~ l i ( l l~ (~s  for 

K':'l. ( 1 .3:$1 ) ;is wc. i lsc~l  for E(1. ( I .:JO:l). N;~t~lclly. t.11~ fo l lowi~~g ;11)1)roxir11i~t,1> 

f ' O ~ 1 l l l l ~ i 1  ( s ~ l ~ l ~ l i l r  t,O fO~l1lll~il (1 .:jog)) (';\,I1 I ) ( '  llh('(1 fOl' tll(' ('il~('l11il~I iOl1 Of / ' O ( / ) :  



In Ekls. (1.331) and (1.3:32), h o ( t )  ;irltl b o ( l )  iIr(\ rc:latecl thro11g11 a.c:tu;tl 

s21:~pcs of hystr~resis loops. 

Finall?;. ur(> ~lli~11 11~1: E(l. (1.:$31) t , ~  ( :~ i l . l l l i~I . ( '   OW t,l~(: ( : I I T V ~ L ~ , ~ I ~ ( :  of (:011- 

duc:t i i ~ g  1)ollndary ;~ff(:ct,s t,hc l)roc:c>ss of ~lo~l l i i~cl i~r  ( l iff~~sion.  To t.his  lid, 

wtl int,rotlllc:c t,hc: v;r.ri;~l)lc 

n'cxt. 1):. llsirlg t l l ( '  l)Ow('I. scTicbs c~xl);~.l~siotl for 111(1 -- . I . ) ,  wo ot)t.ilill 

( t )  r.i(t) I $ ( / )  
-- I l l  ---- - b ( t )  h2(1) 

- f  1 z 2 -  - -- 

K' RL I { ~  rt RL 

13y s ~ ~ l ) s t i t , ~ i t , i t ~ g  for111111t1 ( 1.;{:{'7) i l l t o  E(1. (1.331 ) ;i11(1 r v t i ~ i ~ ~ i ~ l g  ot11y I l l ( >  first, 

t.wo tcbrllls of tlic ir1)ovc' ~)owc\r scxricss t'xl)iil~sion, wc\ oljt.i~i11 

/ 2  \;; / l o ( / )  

'XZtT ( t )  TTj7 1 - 7. 
.1H 
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the fornlula (1.338) can be written in the form 

In the case when 6(t) is small i11 colnparison with 6R (note factor 6) the 

second term on t,he right-hand side of (1.340) car1 be neglected and the last 

expressiorl leads to 

This forrnula coinc:ides with Eq. (1.209) derived for flat (plane) boundaries 

of conducting ~riedia, that, is, for zero curvature. This justifies the use of 

s111)orscript "(0)" for b(t). 

Forrr~ula (1.340) (:an also 1)c t.rc.;~t,ttd as a cli~adratic: equation for b(t). 

Tliis lci~ds t,o t,hc following forlr~ula for 6(t): 

111 t . l ~ ( ~  ('iLSO ~ l l ( ~ 1 1  h(())(f) is s111;~ll in ( ' 0 1 1 1 ~ ) i l ~ i ~ ~ ) l l  wit,]) R. Wc, (.all lls(> the 

1)owc'r svric>s ( > X ~ ) ; L I I S ~ ~ I I  for \/1--I i~11(1 rvf.ilill o111,v t,h(, first t.wo t.(:rlrls of 

t,llis c.xl)i~llsio~~. This l(,i~tls t,o t,l~c, following for11111li~: 

The. sc~~ontl t,c>r111 in 1mt c,x~)rc,ssior~ givtxs t,l~c, c.orrc:c:t,iorl for finit.(: c:urvat,~~rr of 

('Oll(~ll('t,illg ~ ) O I ~ I I < ~ R ~ ~ C S .  It, ;L~sO ~llgg('~t.s t.hilt., for ~11liLll ~)~ll(:t,~iLt,iOll (1~pt,hs, 

1lorilint~;ir cliffusion in c:orltl\ic:t,irlg t)otlic>s wit,h c:~~rvilinc'ar t)oin~di~rirs occurs 

i~1111o~t iil t , h ~  S:LIII(> Wiiy ;LY in th(' (:iLS(' of l)lil.ll(! (fli~t,) l)oi1nd;~ri0s. This ft~(.t, 

will I)( ,  c~xt,c:rlsivoly usc~l ill C1iul)tc.r 5. whc.rc1 t,lic: rrsult ,~ ol)t,aint!d for 1)lanc 

i)o~in(l;iricls will I)(, int,crpr(>tc(1 ~LS i~l~l)(>cli~~l(.(> 1)01~~1(1i t~~ (:on(iitio~is. 

1.8 APPLICATIONS TO CIRCUIT ANALYSIS 

111 oilr l)wvio~w clisc.ussiorls, it. h;~s 1 )c~n  tii('it,ly ; l ~ s ~ ~ n i e d  that. t,hct rnag- 

~~o t , i c  field (or t,he clcct,ric: f i ~ l ( 1 )  a t  the, 1)oiinclitry of conduct,ing rlledia. is 

kllowrl r 2 ~  i L  fi~n(.t,ion of t,irn(:. How(\vcr, ill ;i~)~)Ii('at,ions s11(:11 a sit,uat,iol~ is 

rarely rrlc:ount,c~rrd. Typically, ~r~t~grlrt,ic: firlds are crca.t.rd l>y elect,ric cur- 

ren t ,~  through coils that, are placecl arouncl niagrletic conduct,ors (la~ninated 

cores, for instance). The electric  current,^ through such coils are ~isually not 

known ill ;~tlvarict. These currcrlt,~ should 1)r deterlniried from the analysis 
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of electric circuits that contain these coils. It is apparent that the elec- 

tric currents in such circuits are affected by the voltages induced in the 

coils placed around conducting magnetic cores. These voltages, in turn, 

are determined by the process of nonlinear diffusion of magnetic fields in 

the above cores. Thus, we are back full circle: we need to know an electric 

current through a coil for the analysis of nonlinear diffusion in a conducting 

magnetic core, however, in order to  find this current the analysis of nonlin- 

ear diffusion in the magnetic core is needed. There are two ways out of this 

predicament. The first way is to treat the electric circuit equations as the 

boundary conditions for the analysis of nonlinear diffusion. This approach 

is convenient for relatively simple electric circuits. The second way is to 

use the nonlinear diffusion analysis for the derivation of terminal (current- 

voltage) relations for coils placed around conducting magnetic cores. When 

these terminal relations are found, they can he used along with other cir- 

cuit equations in the analysis of electric circuits with the above coils. This 

approach is preferable for complicated electric circuits. 

Next, we proct.ct1 with t,hc tiiscussion of t,hc first approadi. As an 

cxarnplc, c:olisider ;L t.oroidal c:o~iduct,ing rliagrictic: (:ore of circular cross- 

sect,iori. We asslirrie t,hat. a. (:oil that has N t,lirlis is ~iliifor~nly wo11iit1 arourid 

this con: (scc Fig. 1 .SO). Stipposc t,lit, "solirc:t~" volt,ilg(, I ) , ,  ( t )  across t,hc coil 

terrr~irials is kriowli. Tlit~ri, wt. (:an writ.c t.lit. followilig c.irc,uit ccp~i~t,iori: 

wherc Re is tht, cl(,c:t,ric:al rosist,alic:c. of t,hc (:oil, i ( t )  is t,hc (:oil currerit aricl 

Q ( t )  is the rriagrwtic: flux that links w(:h tlirli of t,li(> (.oil. 

111 t,hc casc when t.he tnagr~ctic core is ass~nnc~d t o  1,c li~lcas axid thc 

distribution of 111i~gll('ti(: flux density over t,hc ('err (:ross-s('(:t,ioxl is R S S U I ~ ~ C ~  

to I)c uriiforrri, we (:an irltrotltice t,he induct,ancc> L, of the coil: 

Fig. 1.30 



Now, wo slriill rc:rriovtl t,ht ~ L S S ~ ~ I I ~ I ) ~  iolr thltt. t.l~c, (.or(, is ~nit.g~~i~tic:ally lilli\il.t. 

I)ut, shii11 still assll1rlc t ,h i~t  thc: r~iii.grlotii: fiux distril)llt.ioll o v ( ~  1 . h ~  (:or(' 

(,ross-s(\i,tio~t is ill~ifornr. TII(>II. t,l1(3 flitx. cJ)(f , ) ,  (YUI I ) ( )  (bxl)r(~ss(~l iLS follows: 

wll(>l-i, A is t h(, (*ro~~-~( ' (~t~iOl l i l l  il.rc>;l i l l l ( I  / j ( k / )  st,ilntls fol- tllc' llotilt ion for 

~~or~lirrc~ir.r rc>l;l.t.iol~ l)c'twi~c~n B ;ilr(i H . 
~ t s i t ~ g  the. All~l)c;rc' L i l ~ .  w(' fi11(1 

which 1(~;1(1s to  
tl(I) iliV clLl 
-- - - - 

(11 ( t )  

t l t  I' (111 
( I ( / ) )  . -- 

rlt 

ur11(>r(> wc i ~ ~ t , r o d ~ ~ ( w l  t 1 1 ~  ~ l o ~ ~ l i ~ l ( ~ i ~ r  ( r ~ ~ l - r ( , ~ ~ t  ( I ( ~ ~ ) ~ I I ( I ( ~ I I ~  ) i ~ t ( l ~ t ( . t , i ~ ~ ~ ( x ~  I,,, ( i  ( t  ) ) 

tlt'fillc'tl ; I s  follows: 
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Now, we shall rernove the assurription that the distribution of magnetic flux 

density over the core cross-section is uniform. In other words, we shall try 

to take into accourit the screening effect of eddy currents induced in the 

core during the process of nonlinear diffusion. In this case, we shall use the 

law of electromagnetic induction and express in terms of electric field 

a t  the core boundary: 

Here L is the circular 1)oundary of toroidal cross-section arid R is its radius. 

The second equality in formula (1.354) implies circular symnietry of 

electric field, which Iiolds fairly accurately when L is small in comparison 

wit,h e ,  that is, when L << e. By substituting formulas (1.348) and (1.354) 

int,o t,lie circuit Ecl. (1.344), we erid up wit11 

E(l~~;~t , ior~ (1.355) rc,lat,(,s t,lic, 1)otincl;~ry vi~111c.s of 111i~gll('t,i(. il11d (:l~(:t,ri(: fi(>l(ls 

t,o t , l l~  kllowli s o l ~ r c ~ ~  ~Olt,i~g(', ~ l , ~ ( f ) ,  i~l)l)li('(l to tall(' (:oil t , ( ~ r ~ l ~ i ~ i i ~ l ~ .  This 

c'clIl~~t~iol1 (.:L11 I ) ( '  (.olist~r11(Y1 ;LS iL  I)Ollll(!i t l .~ (~oll(lit.iol1. iLll(I it ('a11 111' 11~('(1 

for t,llo all;~lysis of I ~ ~ ~ I I ~ I I ( > ; L ~  diffilsion of ll~i~gl~('t,i(' fi('l(1 in t11~ (:oiidll(:t~ing 

l~l;Lgll(~t~i(~  or(,. TO iIlll~t~l'iLt,(~ this, (:01l~i(!(T' first, t,ll(, ('iLS0 wh(?ll tho llli~gll(:t,i(: 

~)ropc:rt,ic:s o f  t,hv (:or(. car1 I)(: ~r~otl(.llotl as i~l>rlll)t ~l~iigl~(>t,i(, t,rixnsit.iolis. Sill(:(' 

it. is also ;LSSII I I~C(~  t,lli~t L << e ,  t,lion t,lir 11on1inc:wr cliffusion in the: toroid 

0c:c:urs i~11 l lO~t .  ill t,ll(l Sill110 WILY iLS t,hC 1101l l i l l~ iL~  diffll~iO11 ill t,llC (:ir('lllill' 

c:ylintlt:r of raclius R. For this rcasori, wo (:iLIl us(' c~xprcssio~is (1.295) and 

(1.302),  w11ic:h c:i~ii I)( ,  rc:~)rcscllt,otl ill thoso fornis: 

By using t,hc last, two forir~ulas, we car1 c:ollvc>rt t,lict 1)ollndary c:oiiditioli 

(1.355) into a ~ ior i l i i~~ar  ecluatior~ for r o ( t ) :  
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The, 1;wt cvllratiou is very similar t,o Eq. (1.303). For this rt:;uoli, t,ht, toc:li- 

~ i i ( l ~ i i ~  tllat, W:LS IIS(XI for t,ll(: sol~it,iori o f  t,lw for~n(>r  (y~ i ;~ t ; io r~  (::~IA ;ilso I)(: 11sct1 

for t hc. sol~~t, ioit  of E(l. (1.35'3). 

A f t . i ~  r o ( t )  is fountl. wc, ('iI11 t lctc~ri~~ii ic~ t.llc> c.llrroi~t, i ( t ) .  t>hro~~g l i  t,hv 

coil. To this (%11(1. wc. shi~I1 irivokr. for l l~ul i~  (1.31 1) ~ L I I ( I  trii~~sforlrl t,11(: l)o1111(1- 

iiry c:or~clit,iori (1.:155) a s  fi)llows: 

1 9 , ( t )  
I ( ! )  = -- 

I?, 

Tlllrs, t , i t l ~ i ,  ?' ('ill1 I)(' ~)hysic~;illy i~~tc~rprc~t , t~( l  iw ;L risv l.i~rlc.. 'I'his it~t,c:rpr.c~t,i~- 

t i o ~ ~  is c:spc>c.iitlly t,riLl~Sl)ii~~lit ill th(> ( m : ~ ~ o  WII(\II ~ ! , ( t )  = V;) = ( . o ~ s t .  111 f.liis 

c:i~sc>, for t > T web l i i~\~(> . r 
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The previous analysis can be extended to the important case when 

the conducting magnetic core has a small air gap. This case exhibits soine 

peculiarities, which we proceed to discuss. First, Eq. (1.348) should be 

modified. Indeed, by using the Ampkre Law, we arrive a t  

where H s  is the magnetic field in the air gap region, while 6 is the (effective) 

length of the air gap. 

By invoking the continuity of normal component of magnetic flux den- 

sity across a media interface, we find 

wherc the "+" signs account for t,wo posilt'le states of  magnetic flnx density 

within the core. 

Let us assurnc that,, befort tlir: soilrc:e voltage v,(t) is turned on ( i ( t )  = 

0), t,he i~lit~ial rriag~let~ic filix dc1lsit.y witahin t,lic, (:or(, has \)ccii ccll~i~l t,o - B,, . 
Tlitn, frorri Eqs. (1.366) and (1.367), wct oI)t,ain 

This suggests that t,hc al~rupt. inaglic~t,ic. tri~~lsit , io~i of t,lit ('or(' slio~ll(l 1)r 

descri1)cd by a rectangular loop wit,h H,: > Ho(0). Ot,littrwisc~, t,hv "(I(.- 

rriag~it~tizirig" fit:l(l H(O) is too st,rong for t,licx st,i~t,c, of B = -B,,, t,o I)(, 

sustaina1)le. 

Now, suppost t,hat t,hc voltagr sollrct., 7 1 , ( t ) .  is t , ~ i r~ i td  on aricl t,lic, 

current, i ( t ) ,  i r i  the coil has reached t,hr vallie a t  which t.lie rriagiiet,ic: field, 

Ho(t) ,  at  tlit bountlary of t,hc contl~~c:t,ing ir~;tgiiet,ic core excreds t,he va.luc 

of H,. Thcii, t,lie proc:ess of rioriliriear diffusiori of the ~nagnetic field in t,he 

core begins and thn ~riagiietic flux dcrisit,y itt t,lic. (:ore I)olliidary is tt(1uitl t,o 

+Bm. By using this fact and Eqs. (1.366) aiicl (1.3G7), wc arrive at 

wliicli leads to 

By substituting the last equation as well as the Eq. (1.354) into electric 

circuit Eq. (1.346), we end up with the followiiig modified boundary con- 

dition: 



As I)c~for.c, (.his I.)olll~tli~ry coll(lit,iol~ c.il.11 I)c c~onvc~rt(~c1 irit,o :L rior11iric~;~r oc11i;~- 

t,io~i for t 1 1 ~  r:~(liz~l ( ~ o o ~ ( l i ~ ~ i ~ t ( ~ ~  ~ ( ~ ( t ) .  o f  t,ll(\ r ( ~ ( ~ t ; ~ l ~ g ~ l l i ~ r  frolit,. T?) t , l~is (%II(I!  
wc, r.c,u.rit,cs Eq. (1.357) in t,llt> forrr~: 

wl~i(~l i  t , i ~ k ( l ~  i l l t o  ; I ( X , O I I I I ~ ,  till(> l~yst(,r(,ti(. I ~ ; L ~ , I I ~ ( ,  of t 1 1 ~  i~l)r~ll) t ,  t , r ;~~~s i t . i o l~ .  

Now. 1)y s ~ ~ l ) s t , i t ~ ~ t i ~ ~ g  :.(IS. (l.:j5(j) i ~ l l ( l  (1.372) i l l t o  tIl(' I ) O I I ~ I ( I ~ I I . ~  ('OII- 

( l i t  io11 ( I  . 37 l ) ,  mT(l o l ) t i ~ i l ~  

1 .- (1 [ , , , 2 t ) , 1 1  $ 1  ,.i(t)] JYf~fjl!t (ilif(1) -- 

2.Y (it N L  ri (it 
= P , ( t ) .  (1.:{73) 

Now. 1)y si~l)st.it.~lt illg f i ) l . l l ~ ~ ~ l i ~  ( l .:{7(j) i11t.o K(l. ( l .:$Ci(3) ; L I I ( I  t i ~ k i ~ l g  illto i ~ ( ' -  

(.o1111t t l ~ i ~ t  HI , ( /  , )  = II,.. we oI)t;~i11 
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which is the desired equation for t l .  

Now, we shall turn back to Eq. (1.375). This equation is very sirriilar 

to Ecl. (1.303) frorn Section 1.7. and it can be solved by using the techniques 

described therein. After r o ( t )  is found, the current, i ( t ) ,  through the coil 

call be det,ermined. To this end, we shall use formula (1.299) in the form 

Ho ( t )  - H ,  = aB, 
dt ' 

which accounts for the l~yst~eretic nat,ure of the core. 

From forrrlulas (1.356) and (1.378), we find 

By s~il)st,it~ltirig t,hc last forrrrul;~ irit,o c.xpressioli (1.354) arid then irit,o 

Eq. (1.344), we ol)t,airi 

wllic.ll ( ~ ~ 1 1  1 ~ 3  11sc~1 for t,ht. c:;~l(~~latioii of c~lvc.tric c~iirrtlrit,. 

For t = t ,, r o ( t l  ) = R anti. fro111 the. l i~st c~xprcssiori. wv firi(l t,hi~t, 

which is c~oi~sist.t~rlt, wit,h forir~uli~ (1.377).  

At t = T. wt, have r o ( T )  = 0, arid, fro111 f ~ ~ . l ~ i l i l i ~  (1.381). w(> (>l)t,i~ill 

cxprrssiorl (1.363). 

Thc, npproac:h t,hat wt! hitvcl t h~ls  f i ~ ~ .  clisc,~lsst~cl is convc~riic~irt whc.11 

an c.l(,c-t,ric circuit is tlescrit)etl l)y a. rc~lativc~ly siiripl(t (:(llii~tio~i s11(:11 iLS 

Eq. (1.344). If a coil with a rnag~lc>tic* c.oncluc~tiiig core is ;I pa.rt of w coriipli- 

c,nt,c,d c:lcctric circuit c1cscrit)ed by rrlaiiy diffcrc~it,ial cc~uat,ions. tliis a.pproacl1 

(1oc.s riot work very well. This is 1)ccausct co~nplicat,ecl circuit, equat,io~ls cari- 

not l)t, reduced to a simple 1)ountlary c:oridit,ion. Under t,liose circuriistances, 

ar~ot,hnr approach car1 be pursuctl. Iri t,liis approach, t,lic rioriliricnr diffiisiori 
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analysis is used in order to derive a terrnirlal voltage-current relation for a 

coil placed around a conducting nlagrietic core. In general, this terminal 

relation car1 be written in the forrri 

whcrc v(t) is the voltage induced in the coil by a tirne varying magnetic flux 

through the core, i ( t )  is tlie current through the coil, and L, stands for sonie 

(irlt,c!gral-difft:rmtial) operator. The actual forrri of t,his operator depends 

on the geometry and niagrietic characteristics of the core. If the relation 

(1.383) is fo1111d, it. (:an tllerl be used to corriplcnicnt the electric circilit, 

cql~atiolis. Irl other worcls, it car1 bc discretixetl arid solved rilirricrically 

jointly with these c:irc:uit ocluat,ioris. 

It is appt~rerit. t,hat t,he esser1c.c: of the ahovc: approach is in tlie derivatiori 

of t<:rll~ilii~l relat,ioii (1.383). W(, shall first d(:rrioristrat,ct how t,liis type: of 

rttli~t.iol1 (:iLI1 I)(' (Icriv(v1 for a gaploss, c:irc:lllar cross-st:c:tioii t,oroicl. For this 

toroicl. ;I(,(-orclirig t,o forlnlila (1.354). v o l t ; ~ g ~  ? ~ ( t )  is rt.lat,etl to t,hc cl(rt.ric 

fic,ltl E o ( ~ )  at t , l~c '  l)o~~ll(li~r\. '  1)y t.11~ (x~)r(\ssion 

N O R  r$(t) 
- , ( t )  = --U(t) Ill 7. 

Y 2LN RL 

r 2 ( t )  
Tho last ccl~latiorl car1 1)(1 solvc~l for +. w11ic.h yicltls 
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Finally, by using expression (1.388) in the last formula, it can be trans- 

formed as follows: 

The last expression can be construed as a terminal relation of the type 

(1.383), and it can be used in circuit analysis in conjunction with other 

circuit equations. 

As another example, consider a core that consists of one thin magnetic 

conductirlg lamination (or a stack of such laminations). Suppose also that 

the core has an air gap of length 6 and that magnetic properties of the 

core exhibit gradual magnetic transit,ions described by hysteresis loops as 

exemplified by Fig. 1.9. In this case, we can use "rectangular profile" 

approxiniation for magnetic flux density, which leads to the relation (1.224) 

between electric (Eo(t))  and rriagrietic (Ho(t))  fields a t  the boundary. We 

shall next express this relation in terms of v(t) and i(t) .  First, we remark 

t,hat t,he Arnpkre Law leads to the expression (1.366). Iri this expression, 

Hb car1 I)(, rc.latcd to Bo(t) by t,he forrri~ila siniilar to (1.367): 

By sul)st,it,ut,i~ig the last ecluatiori into cxprrssioli (1.366), wcl oI)t,;~iri 

hlag~ietic flux density Bo(t) is a ilonlinear fiilict,iori of Ho(t):  

which describes an asccriding branch of liyst,eresis loop. 

By using forniula (1.393) in Eq. (1.392), we have 

Next,, by using forniulas (1.384) and (1.393) iri relation (1.224), wc arrive 

at 
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A(.(.or(lil~g 1.0 t.11~' ~ ) r ( ~ v i o ~ l s  i l ~ h l l l l 1 1 ) t  iolls. w(' ( ~ ) 1 1 ( . 1 1 1 ( 1 ( ~  t hilt (11lri11~ t 

t.i111(> ~ I I ~ ( ~ I , V ; L ~  0 c: t 5 t ;I, "1)osit iv(\" I , ( Y , ~  ~ I I I ~ I I ~ ~ I I ,  f1.011t of' ~IIiig~I('t,i(' f111x ( I ( \ I I -  
sit,y is f 'or111(~1 ;\II(I I I I O V ( ~ S  t,owiir(l t11(~ i~x i s  of' i t  ( , y l i~~ ( l ( , r  (sw Fig. l .32;1). '1'11(~ 
rit(Iiil1 (~oor( l i~~i~i , (b  r ( ] ( t )  of' this fro11t (.it,Il I ) (>  ( l c > t ( ~ r i ~ ~ i ~ ~ ( v l  l)y so lv i~~g  E(1. (1.303) 

o r  I)y 115ilrg t 1 1 ~  i q ) l ) r o x i ~ ~ ~ ; ~ t o  li)1.11111lii (1.308). At ti111(\ t = t I .  t111' 111otio11 01' 

1.11(. 1)osit,ivc> I . ( ' ( . ~ ; L I I ~ I ~ ~ ; I ~  frollt, is t (~ r l l l i l l i~ (  ('(1 itll(1 it. llOp,iLtiv(' r('(:t;~l~glll;l.r fi.ollt 

of' ~ ~ ~ i ~ g l ~ ( ~ t i r  fl11x (i(tusit,y is I ' o~I I I (Y~ .  I ) ~ i l , i ~ ~ g  1 1 1 ~  t,i111(> i ~ ~ t , ( ~ r v i ~ l  t < t 5 t 2 .  t I I (%  

lilt tt11. f'1.0111 111o\:(>s towi1.1.(1 t (.ylil~(l(%r i l ~ i ~  (~( '1 '  I:ig. 1 .;12 I ) ) .  '1'11(' ~.i~(li;ll (.o- 

o ~ , ( l i ~ ~ i ~ t ( l  01' I . l i is f1.011t (.;III I N S  (l(~t.(~r111i11(,(1 l)v so lv i r~g  ~ l o ~ ~ l i ~ l ( t i ~ r  E(1. ( 1.3 12). At 
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f'rol~t ~rlovc.s 1.owit.1.tl 1110 (,J-1i11clc.r i~xis  ( I ~ l r i ~ i g  tll(' t i 1 1 1 ( 5  il~t(,rv;ll t 2  < I < t : , ,  
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i l l  Fig. l.;I'L (.. At s ~ ~ l ) s t ~ c ~ ~ ~ c ~ l ~ t  t.i111(. i~lt.c~rvit.ls ( t : ,  i t 5 t 1. t . ,  < t < t i , .  ;111tl 

I:, < 5 ll(!lv ll(~gil,l,iv(~ ;ill(/ l ) O ~ i t , i v ( ~  ~O( ' t ; I l~~l l I i~ l '  f'l'Ollt,s Of' lll?Lgll(~ti(' fillx 

(I(311sity itrct f'or111(~1, i111(1 t,ll(> ( l i s t r i l ) ~ i ~ . i o ~ ~  of' ~ ~ ~ i l p , ~ ~ ( ' t . i ( '  HIIX (1(>11sit,v ; ~ t  t,i111(> 

t = t,; looks likv tlic, ~ I I V  sllowir ill Fig. 1.;52 (1. It is ir~l~)ortil.l~t. t , o  ~ i o t c '  

t,Il;it rii(Iiit1 (:oor(liu;itt>s 7,/f)  o f  still ( ~ ~ ~ o t i o i ~ l ( ~ s s )  r(~:ttl,~il?;~~l;ir f r o ~ ~ t s  for111 i ~ ,  
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'r11is follow~s (lir(>(.t,ly fro111 it~(>(l~i;ility ( I .3!)8) ;i11(1 l(1. ( I .:{03) ; L I I ( I  ( 1 .:% 12). 

111 o t  lrc-r worcls, t hc. 1);wt t i t t l c ,  v;~r i ;~t  ious o f  ~niigllot i c *  fic,ltl Ho( t )  ; ~ t  t l i ( ~  (.OIL- 

(111(.tor l)o1111(I:~ry I(,;LV(\ t,Iwir tti;~rk 111)oti f11t,11r(, 111;ig11(>tic f111x (Iistr i \)~tt~ior~s 

o v c ~  t.lic1 c.oll(luc.t.ol. c.ross-sc~c.tio~~. 'Tliis s~~ggc~st . s  t .hi~t  t,llc>rc% is ;I. l~j-st.c~r(~tic 

r (>l ; i t io~~ I ) ( ~ ~ u J ( Y I I  tlic, t~~; ig l i (~t i (~  fi11x t l ~ r o ~ t g ~ i  tli(x ( ~ ) l ~ ( i ~ ~ ( * t o r  ( ~ r o s s - s ( ~ ~ t ~ i o ~ ~  ;LIKI 
t l i v  I I I ; L ~ I I ( ~ ~  i(' fic:ltl ;it t,llc. l )o~~r~t l ;~ l .y .  'ro c.l(~;~rlv ~iri( l(~rst~;~r~cl this Ilyst,c~rt~t,ic. 

r(>l;tt i o ~ i .  uft3 i ~ ~ t , r o ( I ~ ~ c ( .  tli(, 111;~giit~ti(. ~ I I IX:  

iixr(1 t,Iir f1111(*t,io11: 

( t )  = H~)(T)( /T.  d (1.401) 

Noxt.. wc. sh;~11 1)lot q) ( t )  vctrslls ulo(t). It. is c~vitlotit fro111 Eq. (1.303) ; L I I ( ~  

Fig. 1.32 ;L t l l i~ t  ;w w o ( t )  is r~~ol~otor~ic.;~Il,v it~('r(';fic'd cll~rirrg t,hv t.itll(, i ~ ~ t ~ t ' r v i ~ l  

0 < t < t ,  t11(, f11ix q)(t) is iilso ~ ~ ~ o t ~ o t o l i i ( ~ i i l l ~  ii~(,r(:;~sv(i st,artitig fro111 it,s 

iriit.ial vi~l\~cb --a,,, = --irRVn,,,. Thlls, t,hc, 1)r;~ric:h ' '1"  is tr;ic:ccl ill r i g .  1.33 
tl~iririg t,lic, i~1)ovc. t,irr~c, illt.('rvi~I. E;)r 1 . 1 ~ '  ti111c il~t.('rvil.l t l  < t < t 2 ,  t l i ~  
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rriagnetic field. Ho(t),  is negative and the function wo(t) is monotonically 

decreased. It is clear from Fig. 1.32 b that for the same interval the magnetic 

flux is monotonically decreased as well. As a result, the branch "2" is traced 

in Fig. 1.33. During the time interval t2  < t < t3, the magnetic field Ho(t) is 

positive and the function w(t) is ~rioriotonically increased. It is obvious from 

Fig. 1 . 3 2 ~  that for thc sarrie t,irric iritcrval the magnetic flux is monotonically 

increased as well. This result,s ill tlir: branch "3" in Fig. 1.33. By using the 

sarrir: line of reasoning, it is easy to see that new branches "4," "5," and 

"6" will be forrriecl during the t,itrle intervals t3  < t 5 t4 ,  t4 < t 5 t s  arid 

t5 < t < t6.  Thus, tile relation bet,ween @(t) and wo(t) is a multibranch 

riorilirlearity. It is also clear that brancli-to-1)rant:h transitions occur after 

each cxtrt:rriurri value: of wo(t). Indtcd, thc furictiori wo(t) assumes its (local) 

maxirriurri val~les a t  tirries t = t l ,  t = t j ,  t = t5, arid its (local) rrliriiniurn 

values a t  tirrir:~ t = t2, t = t4, and t = t5, arid at all these tirrie iristarits 

transitions to new 1)ranches occur. I t  is important to stress that the @(t )  

vs. u~(]( t )  relat,iorl is rate irrticpc~iid(~r~t. Tliis rrictaiis that thr value of @ ( t )  
tl(q)cnds 011 t,lic, p:~st. cxt,rc~rr~~llri v i ~ l ~ ~ c s  of too(t) as wcll as t,he c:llrrcrit v ~ L I I ~ ( ~  
of uio(t), tiowcvt.r, it (1oc.s iiot, ticyc~ici 011 t,liv ~ i ~ t , ( '  of t,irrit vi~ri;tt,io~is of u ~ ~ ( t ) .  

Tlic last. ~ t . i ~ t . ( ~ i r i ( ~ ~ ~ t .  is ot)vio~~s fro111 tl1(> fH(.t t hiit @(t)  is fiilly d(~t,c~rrriiric~cl 1)y 

ri~(lii~1 (~oor(lirii~tt~s of r(\(:t,:~~ig~ll:~r frolit,s of ~ l~ ;~g i i (~ t , i (~  fl~ix (l(>risit,y, iind t,li(>s(\ 

"fro~it," (~oo~.(iilrt~t,(~s (1(,1)(,11(1 o111y oil t 1 1 ~  v ; ~ l ~ ~ ( > s  of  111()(t) i~11 (1  (10 ilot, (1(,1)(:11(1 

oli t,llcl ri~to o f  its tilno vi~riiit,iO~l~. 

It, is ~ L I ) I ) : L ~ ( , I I ~ ,  t.ll:tt, t,lw t)r t~~~(: l l i l~g (l(>s(,ril)o(l ii1)ovv o ( ~ . ~ ~ r s  ir~sicl(> soi~i(> 

tii:~,jor (L'lii~lit.i~lg") llyst,(~r(lsis loop stlow11 iii  Fig. 1.34. Tliis iili~,jor loop is 

forrric3cl whc.11 for t,wo srll)sc:clut~~it irloilot,oliic. vi~ri;~t,ioils of wO(t) t,11(' ( .~rr(?- 

sl)ollcliilg frolits of rrlagl~c.t,ic: flux tl(11lsity ~.('il('ll t,li(' (.yliiid(>r ~ L X ~ S .  B~yo11(1 

thr: lliajor loo11 iilaglic~t,ic: flux @ ( t )  IiltL>l ;ISSIIIII(' only two VIL~IICS: +a,,, or 

-@,,L. 

Thcx ~rla,jor liyst,crc:sis loop ;LS wc.11 ;is t . 1 1 ~  l)ri~ll~lii~ig irisidc this 1001) 



E'ig. 1.34 

wllc~rc. ( r . , , ,  is s 1 ) c ~ c ~ i f i t ~ t l  i l l  Fig. 1 .:$.I. 111 o r ~ r  s~~l)scvl~~c\rlt ( l i s ( . l ~ h s i o ~ ~ .  i t  will 

1 )(, t i \c.it  ly ~ L S S I I I I I I Y ~  t 11i1t t l l ( 9  ;LI )ov('  sllift i ~ ~ g  c )f' { I : ( /  ) is I)('I.S( ) ~ I I I ( Y I  ~ 1 1 1 ~ 1 1  i t  is 

ll(YY I(%( I .  

NOW. wo ( . i t11 S ~ I I I I I I I ; ~ I . ~ X ( >  0111. ~)~.(%viorls  (lih(.lissiol~ 1)y stilt i ~ l g  t l ~ i \ t  t 11i' 

c.ssc,~~c,c~ o f  c ~ l ( l y  ( . I I ~ I . ( ' I I ~  I~ys t t~ r (~s i s  is t 110 ~ ~ ~ ~ l l t i l ) ~ i l ~ ~ ( . l l  ri1t($ i ~ ~ ~ l o l ) ( ~ ~ i ( l ( ~ ~ ~ t  11011- 

~ i l l ( ~ i 1 1 ~  ~(~IiltiOll l)(,t\\r(Y3~1 t,ll(\ l l l i I~ l l ( '~ i ( '  fl1l.X <I)(!) iLll(1 t l l r  f11111~tiOll f i l~ ( t )  = 

1,: ! / O ( T ) ~ T .  11 is i r ~ t ( ~ ~ x ~ s t i l i g  t o  (~x~)1orc~ t , l i (>  !is(, o f  ~ ~ ~ i ~ ~ t , ~ i ( ~ ~ ~ i i ~ t ~ i ( ' ; ~ ~ ~  11~o(~c~~s  o f  

11ys1 (brohis for t,llv ( l ( ~ s ( , r i ~ ) t , i o ~ ~  o f  t ~ l ( l y  (.11rr(~11t, l~yst(,r(>sis. OII (~  o f  t 1 1 ~  111ost 

l ) o w ( ~ ~ ~ f ' r ~ I  l~ystt~r(>sis 111o(Iols is t 11(, I~r(~is i1(~11 111o(l(4.  'Yll(\ origili o f  t,l~is IIIO(I( , I  
(.il,11 I ) ( >  t ~ , i ~ ( . i ~ l  l ) i~( ,k t,o tliv l ; i~i( i~~i; irk p ; q l ( ~  o f  F. Pr(is:l,(*h [l!l]. I~ ~ i t , i i ~ l l y .  illis 

I I I (  ) ( I 1 9 1  was clc~vc~lol)c~ l for t.hc tl(,sc*ril)t,ic 111 o f  I I ~ ; L ~ I I ( > ~  i(. hyst(~re~sis. H( ) ~ I ~ v ( ~ I . .  

i t ,  WilS j?;l'il(lllillly ~.('iili%O(l f ]lilt f ]I(' P~('isil('11 1110(1('I il ~('ll('I'ill lllilt Il('lllilf i(.ill 

t ( ) ( ) I  t 1 1 i ~ t  (,i111 I ) ( ,  I IS (YI  1'01. t I i r  ( l( ,s( , r i [) t , io~~ of l~yst  or(,sis o f  v i~ , l . i o~~s  ~ ) l ~ y s i ~ ~ ; ~ l  
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where u(t) is a physical quantity called input, f (t)  is a physical quantity 

called output, qap are rectangular loop operators with a and ,/3 being "up" 

and "down" switching values, respectively, while p ( a ,  P )  is a weight furic- 

tion. Details related to formula (1.403) can be found in Appendix A. 
The Preisach model (1.403) describes a rate-independent hysteretic re- 

lation between input u(t) and output f ( t ) .  In Appendix A, the theorem is 

proven, which states that wiping-out and congruency properties consistutc 

the necessary and sufficient conditions for a hysteretic nonlinearity to be 

represented by the Preisach model. The last theorern is very instrumen- 

tal in establishing the connection between eddy current hysteresis and the 

Preisach model. To do this, we recall that in the case of eddy current hys- 

teresis, @(t)  vs. wo(t) relation is a rate-independent hysteretic nonlinearity. 

Now, we shall denlorlstrate that this nonlinearity exhibits wiping-out and 

congruency properties. Indeed, each time wo(t) is monotonically iricreascd 

(or decreased), a rectangular front of magnetic flux density is forrned and 

it nioves toward the cylinder axis. This rriovi~~g front will wipe out tliosc 

previous rectangular fronts of rriagrietic flux cltrisity if they c:orrcsporid t,o 

the previous ext,rcrriurri values of wo( t ) .  whic:li ilrt, cxc:c~~ic:d 1)y its 11c.w c.x- 

t,rerrlum vallic. 111 t,his way, the effect of t.liosc, prcvioiis (~xt,r(~i1111111 V ~ L ~ I I ( ' S  of 

uio(t) or1 t,hc futurt: va1uc.s of rr~agtiet~ic. fl~ix @(t)  is c~o~i~plct,clly ('li~~li~li~t.('(l. 

This 1ritt;tlis t,hat. tht1 wipirig-out. proptlrt,y l~oltls. Nvxt. wc> shi~ll (11~111011- 

strate t,hc valiclit,y of the corigrucr~c-y p r o ~ ) t ~ t , y  Colisic1c.r t,wo ~i~ri i~t , iol is  of 

wo(t): w,J1)(t) it11d wj;)(t). SI~J)I)OS(: t.lii~t 1l1,O' ) ( t )  i~11(1 ( I ) / ; )  ( t )  liii~(' (liff(~r(>i~t 

past  historic:^ (tliff(,rcrit past cxtrc~rin) Illit,. ~ t i ~ r t , i l ~ g  fro111 soi11e iiist,i~~it, of 

tirrie, they Viiry r~ioriot,o~iically t)i~(:k-~~~i(l-fOl.tl~ I)(:~,W(YYI t l i ~  ~ii1111' I.OV(\I.S~L~ 

(extrernurri) vi~lucs. It is apparent. froiii t,hv ~ ~ i ( ~ ( : h i ~ l ~ i ~ i i l  of' ~ioi~liii('i~r cliffii- 

siori descri1)ctl a t  tho l)egirlrling of this scctioii that, t,littsct l)ilck-a1id-fort.11 

variations of ~ { ~ " ( t )  slid w:)(t) will il.ff~('t ill tali(: i(l('lit.i(.i~l way t,lit: SILIII(~ 

surface layers of the c:orlductirig cylinder. Coiisc?c~uc~~it,ly, t,ht:sc. v~~r i i~ t , io~ls  

will result i r i  c:cllial i~icrcrricnts of rriaglict,ic flux @(t ) ,  w1iic:h is t,t~i~tiilriol~l~t, 

to the congruency of thc corrcspondirig niiiior loops. Sill(*(: the wi~)ilig-ollt, 

and corlgrucrlcy properties are est,i~t)lisl~~(l for t,lic, @(t )  VS. t i i ~ ( t )  rclli~tioll. 

this relati011 car1 I)(! represented by tlitt Prrisnc:h 11lodtt1. Tlilis, by takiiig 

fornlula (1.401) iiito accourit, we fi~id 

By using the followirig relations 1)etween @ ( t )  arid , u ( t )  as well as I)et,wecli 

Ho(t)  and i(t): 
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expression (1.404) can be written in the form: 

The last expression can be interpreted as a terminal voltage-current relation 

for a coil placed around a conducting magnetic cylinder. It is important 

t,o note that this terminal relation is valid for arbitrary time variations of 

current and voltage. 

Formula (1.404) (as well as (1.407)) has been derived for a conducting 

magnetic cylinder of circular cross-section. However, this formula can be 

gctncralized for a conducting rtiagriet,ic cylinder of "arbitrary" cross-section. 

For s~~c:li a cylinder, the nonlirici~r tliffusion ccluation has the form: 

wht>ro for t,hcl c.;tsc. of i~ l ) r~ ip t  nli~gri('t,i(: t.ri~~isit,io~is 

B ( H ( t ) )  = B,,, sigri H ( t ) .  (1.409) 

In Eq. (1.408),  x ;LII(I y ilrt' (:oordi~iitt,(>s in thv (:yli~ider cross-s(?(:tioii plane, 

whilo t,litl ~rii~gnc~t,ic: fi(:l(l is i ~ l w a y ~  110rllii~l t,o this plane. 

Lct us now asurne t,hat thtt i~iit~iitl V ~ L ~ I ~ C  of the magnet,ic flux clt.nsit,y 

i11 t,lic. cyli~idor is tbclusl t,o -B,. Lot 11s also ikssunlct that H o ( t )  varies with 

tirncl ;L% is shown i r i  Figure 1.31. By iisi~ig the sarrie line of reasoning as 

l)t.forc,, wct c-oricluclc that positive? rec.t,angular frorits of rriagrict,ic flux density 

arc1 for~nctl arid niovetl inwards for odd tinic irltervals (t2k < t < tZk+]  ), 
wllilc. rirtgntivc frorits arc forrried and rriovcd inwards for even tinic iritervals 

( t i k + ,  < t < t Z k ) .  Next, we shall t,ransforni nonlinear diffusiori Eqs. (1.408 
(1.409) irito rate indeper1dt:rit forrris for odd and ever1 tixrie intervals. To 

this end, we introduce the furictiori 

By integrating Eq. (1.408) with respect to time fro111 tZk  to t arid by using 

formula (1.409), we derive: 
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The last equation is valid within the region ~ l ~ + ~ ( t )  occupied by a newly 

formed positive front. In this region, function w:k is monotonically in- 

creased with time and, consequently, sign (%) = 1. In the same region, 

we also have B ( t 2 k )  = -Bm.  As a result, Eq. (1.411) takes the form of the 

Poisson equation: 

v ~ w ~ ~ + ~  = 20Bm.  (1.412) 

The solution of the last equation is subject to the followirig boundary con- 

ditions: 
r t  

dw;k + 1 

du  L & + ]  ( t )  = 0 )  

when, u is a riorlrial to tlie rrlovirlg boilndary L:k+, ( t )  of tlie rcgiori f 2 i k + ,  ( t ) .  

Boundtiry c:orictitioris (4.414) and (4.415) at t,hc. rnoving l)oilriclary 

L&+, ( t )  follow frolri the fact. t,liat rnagnt:tic: fit,l(l i~nd  ti~rigerit,i;il c:onipo- 

rlerit of electric. fit,l(l arc tyual t,o xcro at t,lic: poirit,s of L&+, ( t )  for t.lic, t,i~ile 

illtcrval tak  < T < t ,  t,lint is, hcfort? the. iirriv;tl of t,lit> posit,ivt. frorit.. 

During t.vclri t,irrlc. irit,crv:~ls, H o ( t )  < 0 i ~ r i c l  ~it:gat,iv(> f ro~i t ,~  of t81ic' IlliLg- 

rit:tic: flux dorisity arc for~~icd aritl thcy t:xt,t~ricl i l l ~ i t r ( 1 ~  with t,irllt>. By i11t~1.o- 

cllicirig t,ht> f~lnc:t,iori 

w~~ = I t  H ( i ) d r .  (1.416) 
t 2 r  - 1 

and by literally rtycating the sarrie line of reasorli~ig as l)efore, wc cxid up 

with the followirig boundary valiie prol~lcrn: 

It is interesting to note that nonlinear diff~ision Eq. (1.408) is transformed 

irito linear Poisson Eqs. (1.412) and (1.417). However, iionlinearity of tlic 



problcln did riot disappc;ir; it is present in 1)ouildary c:orlditions (1.414) 

(1.415) and  (1.419) (1.420),  which should 1)e satisfied a t  iriovilig hourld- 

aries L&+ ( t )  a t d  L& ( t )  , resp~ctively. Lo(:ations of t81icse I)ouiidaries are 

not k11ow11 1)eforchand alld shoulti be det,errnined from t,llc fact t ha t  zero 

Diriclllct ;~rici Nel~~riailrl 1)ollndary c:orldit,ior~s rllust 1)c sirnultaneously sat- 

isficd at. t,licse l)ol~ll(iiiri('~. 111 oth(>r words, for~lilllas (1.412) (1.415) and 

(1.417) (1.420) dcfilltt i )oll~~diirv v:lll~t: proI)l(:iris with 111oving l)o~~iidaries,  

ancl t,llesc, rrloving 1)olllld;lric.s arc t,hc sollr(x> of iionlin(tarit,y. 

Tllr, fi)llowi~lg propc'rt,icts c3itll I)(,  iriferrctd I)y irlspec:t,iilg 

I )o~~r~cIa ry -v t i l~~(~  ~ ) ro t ) l (~~ t i s  (1.412) (1.415) ulid (1.417) (1.420). 

Rate Independence Property. 

Bo1111(Iiiry v;il~l(: l)rol)l(~r~is (1.4 12) (1.415) t ~ l l ( l  (1.41 7 )  (1.420) iir(' rat,(: 

i i ~ ( l ( y ( ~ ~ l ( l ( ~ ~ i t  I)( ' (*~LIIS( '  th('r(' arc no t.i111(> d<\riviit,iv(>s ill  t,l1(: f ~ r ~ l l ~ ~ l i i t ~ i o ~ l s  of 

tIl(~S(, \ ) 0 1 1 1 1 ( ~ i l ~ ~  Vii111(' l )rO~)~( ' l l l~.  ~ O l l ~ ( ~ ( ~ l l < ~ l l t ~ y ,  t110 ~ l l ~ ~ ~ ~ l l l ~ ~ i i l l ~ ~ O l l s  pOSit,iOllS 

i111tl sI~iilwwc,f ~llovillg I)o~ultliiric~s LTk+ ( t )  i i l lcl  L,yk ( f )  i ~ r ( \  ( l ( > t ( m ~ l i ~ l ( ~ ( l  1)y 
- 

illstilllti~ll('0llS I)Ollll(lill.J' v ~ ~ ~ I I ( ' s  Of 1 / 1 : ~ ~ +  ( f )  iill(1 1110,2k(t), 1.('Sl)('('t,i~(>ly. 

Symmetry Property. 

1 3 0 1 1 1 1 ( 1 i 1 ~  V ~ I I I I ( '  I)I.OI)I<\IIIS (1.412) ( l . f l 5 )  i ~ 1 1 ( 1  (1.417) (1.420) I I ~ I V O  
i(i(,llti(.i~l (111) t o  il ~ i g l l )  l l l i l ~ ~ l ~ ~ l l 1 i 1 ~ ~ ~ ~ i l ~  ~ t l ' l l ( ~ t l l l ' ( ~ ~ .  'I'lliS Sllgg(~StS t I l iL t .  if 

+ 1 //'(T2k 1 = 1 /11,1,2k + , 1. t 11(511 t\l(' ( ' O ~ ~ ( ~ ~ ~ ) ~ ~ l l ~ ~ l l l g  ~ ) O l l l l ~ ~ i l l ' i ( ' ~  i l l l (1 f , lk+, iL I ' ( '  

i t  I .  111 o t l l c ~  wortls. t11(,r(, is (.o1111)l('t(' symmetry 1)c~twoc~11 i ~ ~ w i ~ r c l  
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that this hyst,eret,ic relation  exhibit,^ the wiping-out and corigruericy prop- 

erties. Indeed, every n~o~iot,onic increasc (or decrease) of wo(t) results in 

the forrnatiori of a positive (or negative) rectangular front of the rriagrietic 

flux density, which extends inwards. This moving front will wipe out those 

previous rect,arigular fronts if they correspond to those previous extrerrlurn 

values of w0(t), which are exceeded 1)y a new ~xtrernlirn value of wo(t).  In 

this way, the effect. of those previous extrcmum valuc:s of wo(t) 011 the fut,ure 

values of rr~agrlet~ic flux 4(t)  is completely elirninat,ed. This rneans that the 

wiping-out propert,y holtls. Now we shall demonstrate thct validity of the 

congruency propert,y. Consitier t,wo different l~ouridary corlditions: wil)( t )  

aritl w r )  ( t ) .  Suppose taliat whl) (t)  anti w!,') ( t )  hi~v(! different past histo- 

r i c ~  (tliffcrerit past cxtre~ria) but,, st,arting from sonic iristarit of tilnc, they 

vary rrloriot,or~ically I~ack-and-fort,h twtwccri t h ~  sarrlc two ttxtrerriuxri (rcvc,r- 

SRI) v:L~I~(~s. It. is &I)l)iLrCIit t,hat. t,hcsc, 1)ac:k-arld-fort11 variat,ior~s of w,(,') ( t )  

whic.11 is vi\licl for cyli~icl(nrs of ;~rl)itrary c.ross-stjc.t.ioi~s. 

for i)y t,ll(: ili~t,rirv of t,~ic iuplit, (,I;; H~)(T)(IT) t,o tliis rilo(~(>~. s ( > ( , ~ I ~ ( I ,  tliv ~ 1 s t  

forrrlula suggost,~ t,hat thtt Preisach 111oclt.1 (.;LII I ) ( ,  ~isc,fiil for t . 1 1 ~  clc.sc,ril)t ioii 

of llyst,c~rt~sis c~xhi1)it~t~I I)y spat,ially tlist.ril)utc~cl systclllis. This is i l l  c~o~it.r;~st, 

wit,li t,hv t~r;i(lit~ioi~ally 1ic.ltl ~)oirlt of view tliiit th(1 Prc.isi~c.11 rrloclt.1 tl(~sc.ril)t~s 

oilly loc,wl llyst,t1rt!t,ic: c,ffec:t,s ill ~ni~grictic: ~ili~tc~rii~ls.  

Ntlxt., wc, t,liril t,o t,hc: clisc.ussio~l o f  ~)rol)c,rt,icls of fullc.tio11 p((t., /j) in 

forniula (1.422). By risirlg t,llc sy~rlinc:try proptlrt,y. it ('iili 1111 irlft.rrc~d that 

the same increments of wo( t ) ,  w1iic:li occurred after different ex- 

tremum values of 7 4 )  ( t ) ,  result in the same increments of @ ( t ) .  Tliis 
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fact iniplies that  the  integral 

over a triangle T ( a ,  P ) ,  defined by iinequalities a' < a ,  > D, a' - ,B' > 0, 
does not depend on a and 0 separately but rather on the  difference a - 0 .  

In  other words, the  value of the  above integral is invariant with respect t o  

parallel t,rarlslat,ioris of the triangle T ( a ,  0) along the line a = P. This is 

only possible if 

P ( ~ , P )  = - P ) .  (1.424) 

This lnearis that  filrictio~i p assurries constant values along the lines a - /3 
= const. By using this fact, it can be easily observed that  function p 

car1 bc fount1 l),y ~ricasuri~ig orilv the  ascending (or descending) branch of 

t,hc rnajor loop of @ vs. wo hyst,eretic ~iorili~iearity. I t  car1 also l>e seen 

t1ia.t ariy path t,ravctrw,d on the (wo, @) planr is 1)ic~c~ewist: congruent t o  the  

iis('o~i(lillg 1)ri~11(.11 of the ~ r ~ a j o r   loo^). (Sco Fig. 1.33.) Thus,  @ vs. wo 

liyst,c~rc~t,ic: iiolilil~(~i~rit,y is (:o~rll)lot,cly c:liarac:t,c~izc~l by t.ht: i~~(:(>lidilig I>riin(:li 

of t,l~c> 111iij0r 1001). Tliis I ) T ~ L I I ( : ~  call 111' foliiid c~x1)c~riliit~llt;illy 1)y nieil.siirilig 

t,hc st.tXl) rcsl)oliscl of c~lcly c:urrc'rit hystctrrsis. Iii(f(v~1, 1)y i ~ ~ ~ u l i i i l i g  i~iitiitl 

c.or~tiit,iori B(0) = -B,,,. wtt i ~ p ~ ) l y  tht. ficlltl Ho( t )  = s ( t ) .  whc?rc, s ( t )  is tlicl 

unit st,cy fiuic.t.io~i. Wv car1 t,lit>ri Iric.iwurc fliix ~ p , ~ ( t ) .  w1iic:li rorrrs1)oricls 

t o  ulO(t) = t.  By c~xc~lutlilig t,ilrlc t. wc' fiilcl t,lic: fiin(.t,ioli @ , ( ~ L I ~ ) ) .  wlii(:li 

clc?sc-ril)os tho iwc~o~icliiig l)riili(~li of t,li(' 1lli~j01. 1001). Tli i~s.  wo itrriv(> itt. t,li(> 

~ ( ~ i ~ i i i ~ k i i l ) l ( ~  (.o11(.111sioil thitt nonlinear (and dynamic) eddy current 

hysteresis can be fully characterized by a step response. 

It is ('l('i~r fro111 t.l~(' 1)r(vio11s dis(~iissio~is t.hiit tlir i~~('t:lidilig brallc:li of 

t,lic nii~,jor 1001) ( : i~l i  also tw (~x1)(~riiriciit~~llv foii~i(f t)y i i ~ ~ i ~ ~ i ~ r i ~ i g  response @ ( t )  

t,o ally ~rio~iot,oliic.i~lly ilic:rcv~silig fur~ct~ioii wo = X ( t ) ,  t,liiit is, t,o any positivc 

aricl suffic~ic:iit,ly 1iirgc. c:urrclnt. z(t). Irid(:c~l, for iLiiy ~ i io l i~ t ,o~ l i~ i t l ly  i~icr(msing 

furic:tio~i uio = X ( t ) ,  wcx (.iLIi f i~ld  thtt i~ivers(> fiinrt,ioli f = X - I  (wg). By 
s~il)stit,ut,iiig t,ho lattt'r filli(.t,iori i ~ i t o  rrsI)olisc @(t) .  w(' filid t,hv a ~ ~ o l i d i i i g  

1)ralic-h @ ( X - '  (uio)) of t,lic, rrinjor loop. By ~isirig t,liis l)rttlic:li, wc. (:;in predic:t, 

c ~ l d y  current li,yst,t~rcsis for ar1)itrar.y tilric: variatiolis of c:urrerit. i(t). 
Bounclary value 1)rot)lerris (1.412) (1.415) and (1.417) (1.420) ca.11 be 

11srcf for a vory t.l(lgant dcrivat,iori of tlir forlriula. for t,hc front. z o ( t )  in tlic 

(:as? of plaritl l)ouiltlary, that  is, iil t,lic. 1D case. Iri t ha t  c:a.se, the 1)ouiidary 

~it111(' ~ ) r o l ) I ~ i l ~  (1.412) (1.415) is rcduretf to: 
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The solution to Eq. (1.425) that satisfies the boundary conditions (1.426) 

and (1.428) has the form 

To find z o ( t ) ,  the boundary condition (1.427) is used, which leads to  

- o B , z ~ ( t )  + w o ( t )  = 0. (1.430) 

The last expression yields 

which is identical to formula (1.42). 

To find H ( z ,  t ) ,  we different,iate both sides of Eq. (1.429) with resptic:t 

to t,irne and recall (1.410),  which yields 

H ( z ,  t )  = 2aBmz- - - -  d" l ( t )  + H u ( t ) .  
tlt 

dzo( t )  - - Ho( t )  

dt 2 0  B, zo ( t )  ' 

By substituting the last expression into forrnula (1.432),  we arrive a t  

which is corisiste~it with formula (1.37).  

By using formula (1.431), we can derive the expression for the asce~ld- 

ing branch of the major loop of eddy current hyst,eresis in the case of a 

magnetically nonlinear conducting lamination. 111 the above case, we have: 

By substituting formula (1.431) in the last expression, we find: 
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which is tShe equation for the ascending branch. It is clear from this equa- 

t,ior~ that this branch has a vertical (infinite) initial slope, that is, the slope 

at wo = 0 (see Fig. 1.33). For this reason, weight function p(a,  P )  is singu- 

lar arld must be understood as a distribution. Although we have arrived a t  

this conclusior~ for the case of lamination, it is of a general nature. This is 

t)ccause a t  irlit,ial stages (i.e., for small penetration depths) nonlinear diffu- 

sion in conducting bodies wit11 curvilinear boundaries occurs almost (i.e., 

asymptotically) in the sarne way as in the case of plane (flat) boundaries. 

As a result, t,he ascending branches always have vertical initial slopes and 

finict,ions p(o ,  jjl) are always singular. 

The above difficulty car1 be co~r~pletely circurrlverlted if we consider the 

i~lversc wo vs. cP liysteretic relation. This relation is shown in Fig. 1.35. It 

(:all I)( .  rrlat.hc~trl;tt,ic:aIly shown that t,his irlverse hysteretic relation car1 also 

1)c rcy)rt:scnt,cd t)y t,he Prcisach model 

whic.h is then c'cl~ii~tio~~ for th(l i~(.<>ll<lillg l)ri~~l('h 
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To find function v ,  we shall invoke formula (A.22)  from Appendix A. 
For the case when property (1.438) is valid, function 3(0, P) also depends 

on c~ - ,B, and formula (A.22) takes the form: 

For the ascending branch (1.439), function 3 and argument cr can be iden- 

t,ified as follows: 

3 = w,, cr = a. (1.441) 

By subst,ituting the last equalities into expression (1.439) and the11 by using 

forrnula (1.440), we derive: 

In t,lw general casc, ful~ct,ion u ( o  - j3) can be found experilnentally. Tht: 

l)t>st WiLV t.o st1(> how it (::in I)(: acco1111)lisht:d is to writ,c forrrnlla (1.437) in 

t,c,rrtis o f  c.urrctrit i ( t )  and volt,agt. t l ( t ) .  To t2his elid, wo c:lriploy forni111:~~ 

(1.428). (1.406),  arid (1.405) all(t i~f t .~ l .  siln1)1(: t.rallsfor1rlnt~iolis wc. ;Lrrivc> ;it 

t,llt, following ox1)rcssion: 

The last txxprctssion can 1)c coristr~lcd ;ts ix t,crrriirial volt,agc>-c.urrc11t rc,- 

li~t.io11 for it coil placed arouncl a c:orlcl~ic:t,i~ig nlagrictic cylintlcr. The tliffttr- 

t,rlc:cx of t,his rclat,io11 frorri the onr: givcn by forlri~ila (1.407) is that tc~rriinitl 

r~ l i~ t , i t ) l~  (1.443) is i11 a "voltage c:orit,rollrd" forln. This s~iggcsts that l)y RI)- 

plyirlg ally posit,ive voltage v ( t )  (for ir~st,;~ric:c [ ~ ( t )  = s ( t ) )  and 1)y ~~i(':~~llx.ilig 

i ( t ) ,  wo (.it11 find c:orrttsy)oritlirlg func:t,io~is Q ( t )  a.ncl w g ( t ) .  B y  (:x(.l~iding t . ir l i t \  

t fro111 thost, f~llic:t,ioris, we (:an fintl a relat,io~i ulo(Q),  which rcl)rcsc~lits t.licb 

aseeriding 1)rarich. This relatiori can 1)t. 11scd for deter~riiriat.iorl of v ( o  - /-I). 

or it (:all 1 ) ~  t1ircc:tly 11st:d to prt:(lic:t currelit i ( t )  for arl~itrary variations of 

volt,agt: zl(t). 

Filii~lly, we remark that forrnula (1.422) can be gciictralizcd t,o the, c:;ist' 

when i~ l~ rup t  ~nag~iet ic  transitions are described 1)y rcct,ang~llar hyst,c:rt?sis 

loops (see Fig. 1.7). It can be  easily shown that in t,his casc for~nula (1.442) 

can be rriodified as follows: 



wl~c~rci f'1111c.t i o l ~  X(lIo) is t l (~l i~ic~(l  irs ( x c ~ .  ld'ig. I .:Hi): 
- . - - - - - -. . - . . . -. . - -. . -. . - -. . - -. -. 

1 

I 
A ( H O )  = (11,)  . l!,.).s(II0 . I!,.) t (110 i ! I , ) . ? (  . II,I - I!,.). (1.~1~15) 1 

I 
. . . - -  . . -. -- .- -A 

iui(1 .s(.) is t 111, 1 1 1 1 i t  st.(y) f ' r ~ ~ i ( ~ t . i o ~ ~ .  

As i ~ ~ ) l ) r o x i ~ i i ~ t i o ~ ~ s ,  tho lilst two fi)rlllr~lirs  i it^^ I ) ( '  I I S ( Y I  ill sit .lli~tio11~ 

1 i t  I l i s t ~ s i s  l o o  I l o  to r ~ I ~ I I I I  o 111 t,lios(\ sit.11- 

i i t , io~~s ,  t 1 1 ~  S ; I I I I V  si1111)1(> ( ~ s ~ ) ( ~ r i ~ ~ ~ ( ~ ~ i t s  21s ( l(~s( .~. i l )(~(l  l)(,i'or(> ( , i l l1 I ) ( ,  I L S ( Y I  for 

i(l(\ilt ili(.i~t,io~l o f  f'~il~(,t,ioli 1 1 .  
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CHAPTER 2 

Diffusion of Electromagnetic 
Fields in Magnetically 
Nonlinear Conducting Media 
(Vector Polarization) 

2.1 NONLINEAR DIFFUSION OF CIRCULARLY 
POLARIZED ELECTROMAGNETIC FIELDS 
IN ISOTROPIC MEDIA 

111 t 11is (.Ili11)1 (T.  \v(% s11i11l (.o11t i1111(, o11r ( l i s ( ~ i ~ h s i o ~ ~  o f  I I I ) I I ~ I J I ( - ; ~ ~  (liI1'11siol1 

o f  l ) l i ~ ~ l ( '  ( ~ l ( ~ ( ~ t ~ ~ . o ~ ~ ~ i ~ g ~ i ( ~ t  i ( ,  \V;IV(\S ilk t,lh(, ( , o I I ( I I I ( , ~  i11g ! ~ i ~ l f ' - s l ) ; ~ ( ~ > .  111 t 1 ) r v v i -  

011s ( ~ I I ; I ~ ) I ( ~ I , .  o11r  ( l i s ( ,~~ss io~~  of' t l ~ i s  1 ) 1 ~ ) l ) l f > l 1 1  W;IS ( , i ~ ~ , ~ . i ( v l  o 1 1 t  for t l i ( ,  ( , i ~ h ( ~  01 

I i ~ ~ o i i r I ~ ~  l ) o l i ~ ~ . i x ( \ ( i  I I I ; I K I I ( \ ~ , ~ ( ,  f i (> l ( l s .  111 f I l i ~ t ,  (.;I.S(*. t , I l(> i111i11ysis uras r ( v l 1 1 ( ~ ~ 1  to 

t sol111 i o ~ i  o f  ii scalar I I ~ I I ~ ~ I ~ ( ~ ~ I Y  (1iff11sio11 ( ~ 1 1 1 i 1 t  i(111. 111 ~ I I ~ I I I ~  ; I I ) I ) ~ ~ ( . ~ I ~ ~ ~ I I S ,  

I l l ~ i l g l i ( ~ t i ( ~  ii(,l(l is 1101, l i l l ( ~ i l r 1 ~  ~ ) O l i l ~ ~ i ~ ( ~ ( ~ .  l'or t11is I'('iISO11. i t  is of' i l 1 i l ) o l ~ -  

t ~ L I I ( Y ~  t o  ( . ~ I I S I ( ~ > I .  I I ~ I I ~ ~ I I ( > ~ L J ,  ( l i f f ~ ~ s i o ~ ~  o f  i ~ r I ) i t r i i ~ y  1 ) o l i i r i ~ , ( ~ l  o l ( ~ ( ~ t , r o ~ ~ i i ~ . ~ ~ ~ ( ~ t i ( ~  

f i(~1cIs.  As was s 1 l o w 1 1  i l l  S ( > c t , i o l ~  1.1, f , l i (> ; ~ l ) o v ( s  1) ro l ) l (>111 ih ~ ( Y I I I ( X Y I  1 o t,lw 

s o l ~ ~ t i o ~ i  o f  t11(, vector J I O I ~ I ~ I I ( ~ ~ L I .  (I iK11sio11 ( s ( i ~ ~ i ~ t  io11: 



H , ,  - B B , , ( H , . H , )  
(T- - - - -  

azL at 

Tliis o1)viollsl-j riiiscxs the. l(.vcl o f  rrr;ithc:rr~w 1 i(:iil difIic.rrlt ivs. Howcw~r, t hc.st1 

tliffic-rilt.it:s (:a11 t)(, c:or~~plt~tc:lv c:irc~ulr1vc~1lt~c~t1 ill the: (:iLst' of isotropic: r~lc.tliii 

ii.rlc1 c,irc:~~l:~r pol:l.riz;ltion of c~l(~c.t~rorrii~gr~(~ti(: fic,ltls. 'Tliis is t l r~c  t o  tliv lrig11 

clc~grcsc, o f  symmetry of t,hcx l)rol)lcn~ i r l  1 . h ~  i~.l>ovc c~iwtx. ?'11($ ;~rr;llvsis of 

r~or~lil~(:ilr (IiRrlsio11 for- tli(% (,i1.(~111ar l)oli ir i~;i t io~l of ill1 ( ~ l ( ~ ( ~ t r o ~ i i i ~ g r ~ ( ~ t i ( ~  fi(>l(l 

is of i~~ t (>r r s t ,  for tliv f'ollowil~g t,wo r(:;~soris. IGrst:, li~l(>i~,r ;iil(l (.irc~lliir pol:~.r- 

iz;r.t:iorrs c:;lrl 1 ) ( .  virwcxtl ;IS two liriiit ing (c.;lstls for ot.hcr tyl)c5s of' 1)olariziitiori. 
r ,  I tic~rt~forc~, tllc. solr~tior~ of t,htl ~)rol)l( 'rr~ for tl~('s(' two li~r~it,ilrg ('ils(:s 111i1v 1)ro- 

vi(1v soir~(> irlsigl~ts irr liou~ t,lro s ~ ~ r f i ~ ( ~ >  ~ I I ~ ~ ) ( Y ~ ~ I , I I ( : ( ~  of' ~ ~ ~ i l g ~ ~ ( ~ t i ( : i i l l y  r i o ~ ~ l i ~ ~ ~ : ; ~ , r  

(,o11(111ct,ing rrir(li;~ (I(y)(~r(ls 011 tli(t tylw of l ) o l i ~ , r i ~ i ~ t i o ~ ~ .  S(YY)I~(I, (~lli~)t.i(,:~,l 

~)O~iLrizi~tiolls Of 1 ' ~ ~ ' ( ' ~ ~ 0 1 ~ i i l g l l ( ' ~ , i ( '  fi('l1lh (:ill1 I ) ( '  l.r(':ltO(l i1,S ~)('l?llI 'k)tLt i011~ Of 

t,llt\ c.irc.r~l;lr j)ol;irizilt.iow This will ;illow 11s t o  risv c~xt.t~iisivc~ly t.11~ j)tlrtrlr- 

l ) i ~ . t i o ~ ~  ~ ( > ( ~ ~ I I I ~ ( I I I ( ,  for ill(, solrit ion o f  L ~ I P  v(v,tor ~ r o l i I i ~ ~ ( ~ i ~ , r  (Iiff.risio~r &I.  (2.1) 

i11 t , l l( '  ('ilS(' of ('llil)ti1'?11 ~ ) O l i l l ' i ~ ; l ~ t  iolls of l ' ~ ~ ' ( ' ~ ~ ~ O I l l i ~ ~ l l ~ ' t ~ ( '  fi('l(ls. 

I-lowc~vc~r. wc, shirll I.irst 1)roc.c~~l wit 11 t lit> clisc~t~ssioi~ of' rioliliiic~iu clil-frl- 

s io~ i  111 t I I ( ?  (.;IS(, 01' (.ir(.r11;11, ~ ) o l i ~ r i x ; ~ t . i o ~ ~  ~ I I I ( I  isol.t.( )l)i(. I I I ( Y ~ I ~ I .  For i h o l  rol)i(. 

lli('(Ii;l. t \ I ( '  ( ' ~ 1 ~ ~ ~ ' ~ ~ ; 1 1 1  ~ ~ 0 1 1 1 ~ ~ 0 1 1 ~ ~ 1 1 ~ ~  Of' [ ] I ( '  lllilp,ll('t~~' flllx (h ' l l~ity ill.(' r(>lilt(Y] 

to t I](' ( ' i l ~ t ( ' ~ i ; ~ 1 1  ( ~ O I I I ~ ) ~ I I ( ~ I I ~ S  of t l l o  ti~i~gli(>ti(, fit,l(l 1)y 1.111, ~;)I . I I I I I~; IS  

-- 

wl~(.r.(> / I  (\HI) - 1, (&/lij t if:) is + I I ( >  i l l ; ig~i(~ti(  ~ ) i~ r r~~(~ i r l i i l i t y  of' isot rol)i(, 

(,o11(111(,t iilg ~l l (>( l i i~ .  

It is (,l(bi~r 111i1t imS ( l ( > i \ l  iv i t l~  t I iv  (.;IS(> oS 111111ysl~~r~~ti(~ I I I ( Y I ~ ; I .  'T I I (>  ( , i r ~ ( ~  

of isotro1)ic l~yst(>rvti(, i~l(vliii will I N ,  l r ( \ ; i t (~ l  211 t I I (>  I ~ I ( I  of' illis sv(.tiorl. 

By srll)stit~ltilrg ~ ; ) ~ I I I I I ~ ; I . S  (2.-1) i l 11~1  (2 .5)  i l l t o  E<Is. (2.2) i111cl ( 2 . 3 ) .  s('- 

sl) t~. t  iv(9Iv. w(' (,11(1 111) wit 11 1 . l ~ '  fi )llowi~lg ( , I  )lll)lotl ~ro~llirl(>;lr (liHt1sio11 ( ~ 1 1 i i 1 -  

t ions: 



Chapter 2 Diffusion of Electromagnetic Fields 

The boundary conditions (2.8) and (2.9) correspond to the circular polar- 

ization of the lriagnetic field, whereas the boundary conditions (2.10) and 

(2.11) reflect. the fact that the magnetic field decays to zero. 

Now we shall make the following very important observation. The 

mathematical st,ructure of rioriliriear partial differential Eqs. (2.6) and (2.7) 

as woll as of Ijoundary coliditions (2.8) (2.11) is invariant with respect to 

rotations of 1- arid y-axes around t,he z-axis. In other words, the mathe- 

rnatical forrn of t,he above equatioris and boundary conditioris will rernairi 

the sarnc. for ariv dioicc of x- and y-axes iri t,hc plane 2 = 0. This suggests 

that t,hc solutiori of the 1)ouritlary value prol,lr>r~i (2.G) (2.11) should also he 

illvariant wit,h rclspr!c:t t,o t,he rotatioris of  tho x- arid y-axes*. This, in turn, 

i~rll)lies t,hi~t t,hc rriagrlctic fickt is c*irc~ilnrly polarized cvcrywhcrc wit,hiri t,he 

c.orlclr~c.t,ing lrirvlii~: 

(2.13) is c.ollsistcwt wit,h t , l~c,  ~~l;~t~hc'rrl;it,ic'i\l for111 of  t l iv  I)o~ill(l;try V ~ L ~ I I ( '  1)rol t 

1(~111 (2.6) (2.11). First. it is cl(1;~r froin forli1111i1.s (2.12) i~11(1 (2.13) tlii~t : 

This rllt~i~ris t,ll;~t thc, ~lliigrlit,~i(l~ of t.l~(' 1lii~g1i(ltit. fi('l(l i~ l i (1 .  ( . O I I S ~ ~ ( ~ I I ( ~ I ~ ~ ~ ~ ~ ,  

t,lic. rrlagilc~t,ic ~)('rlli('i~l)ilit,y p((H()  do ~ i o t  (:lli~lig(? wit,li t i r l i ( x  a.t rvvry poilit. 

witl~irl tho (.oll(lrl(.til~g ~nc,tlii~. 

Next,. wcl rty)rc,sclllt, forliiuli~s (2.12) i~iicl (2.13) in tllv 1)11isor forill: 

grouricls. 111 t,hc (.as(. when t,llcrr iirc IiliLlly (or i11filiit.r 111111il)(~r of sollrtioris, 

t,hc syliiillc:t,ry of (:(l~li~t,io~~s 111if.y not, I)( ,  rrflcct.(~d in t.lifl syl11111et.ry of each 

iridivi(Ilii~1 so111t,i011, 1)lit rather in the symrnet,ry of t,llc? ovvrall pattern of 

i~l l  solutions. this is the so-called "spo~lt,aneolls sy~rirnet,ry hreakillg" plre- 

Ilol1lcIlOIl. 



2.1 Nonlinear Diffusion of Circularly Polarized Fields 

where, as before, the symbol " ^  " is used for the notation of phasors, while 

j = G .  

It  is apparent from expressions (2.14), (2.15), and (2.16) that  

and 

(2.18) 

By using phasors (2.15) and (2.16) as well as the formula (2.18), it is easy 

to transform the boundary value problem (2.6) (2.11) into the following 

boundary value problems: 

d2HZ Z 
= jd/J,L/. ( 1  Hz (Z) 1) fiz ( z ) ,  

dz2 

This exact trar~sforrrlat,iorl of the 1)oundary valuc prol)lcrri (2.G) (2.11) 

into 1)ourldary value prol)lerrls (2.19) (2.21) aild (2.22) (2.24) (:ail t)t: c:oli- 

strued as a 11iathe111atic:al proof that the circular polarizatiori of t,hc inc:idcnt 

wave is prcscrvcd cvcrywhere within the l~lag~i(~t, i( . i~lly iioli1iiit:ar c~~idii(:t,irig 

111etiia. This also proves the rernarkal~le fact, t,hat tlicrc, ;ire no higher-order 

tirne-liarrnonics of the ~riagrietic field anywlierc within the lriedia despit,~. its 

riorilinear rnagrletic properties. 

Fro111 the purely rriat,hcrr~atical point of view, t,hc ii(:lii(~ved sinll>lifi- 

cation of the bourldary value problem (2.6) (2.11) is t,roi~iciitfous. First,, 

partial differential Eqs. (2.6) and (2.7) are exactly rcd~rccd t,o ordin;try dif- 

ferential Eqs. (2.19) arid (2.22), respectively. Second, t,he 1,oundarv value 

problem (2.6) (2.11) for coupled equations is reduced t,o two completely 

decoupled boundary value problems (2.19) (2.21) and (2.22) (2.24). Fi- 

nally, the decoupled 1)oundary value problerns have ideilt,ical mat,hemat.ical 



st,ruc:t,ures. As i L  result, t,lic> sarncb sollrtioli t~trc:liriicluc~ (:all t)o ;qq)licd to  1)otli 

o f  t h r ~ r ~ .  

It. t l l r l~s  out. t ,hi~t  s i ~ n ~ ) l ( ~ ~  axialyticd soli~t,ior~s t,o Eels. (2.19) itlid (2.22) 

c:i~ri I)(: follritl iri tho i.;ls(> of il 1)owc.r 1;lw ;~1)l)roxirrlat,iori o f  a r~iiljirtc~tizitt~ior~ 

c:urvc. This ;rl)~)roxirnatiorl is giver1 by the: exl)rc:ssiolr: 

'rliis i i l ) l)roxi~~ii l t . io~~ ilrll)lic%s t11v f'ollowil~g fi)rrtl~llil for tllic, lltitgri(~t.i(: ~ ) ( ~ I . I I I ( ~ -  

itl,ilit,y: 

,,.(H) -- k ~ f  I .  (2.27) 

Sk(~ti:hc~s of t.hc fl vs. I1 i ~ l i ( 1  I L  1's. H r(~li~tiolis  (:orr(*s1)o11(1i1lg 1.0 t 11v powor 

l i ~ w  ii1)1)roxitlti1tio11 i1r~ show11 i t t  Figs. 2.1 i1r1(1 2.2, rc'sl)c~.tivc,ly. I t  is i,lc.i~r 



Fig. 2.2 
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First, wc: filld the: solut,ior~ t.0 t ) O ~ l i ~ d i ~ ~ y  V U I I I ~  ~ ) r o l ~ l e ~ r l  (2.32) (2.34). 

This  solut,ion will 1)c sorrght in the forrri: 

wht:rc 

H", = H",, ej , 

It, is c.l(,;~r t,lli~t t.ht' f~~ric. t io~l (2.:1X) si~tisfic.~ t,hc, l )o l~~lc l i~ry  c-olldit,iorrs (2.33) 

t~li(1 (2.34). Noxt , wcl shall c:lioosc ~);~r;~lrrc>t c5rs zo, tr' ;111d tk" in t,hc: way that, 

E(b (2.32) will 1)c. also s;~tisfic'd. To this c ~ ~ i t l ,  wo sli;~ll rcwritc for~ririla (2.38) 

13.v sl~l)st,it.rlt.ir~g for111111ils (2.31) i ~ ~ l ( l  (2.43) iiit,o E(1. (2.32). w~ ;~rrivc, at: 

I t  is c.l(,il.r t lr;~.t, t hcl I i lst ,  ocl~~;~.lit.v will hol(l, if t l l ~  followiiig two c.o~ldit.io~ls 
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Next, we shall use the characteristic Eq. (2.46) to determine a" and zo. To 

this end, we shall represent this equation in the form: 

which is equivalent to the following two equations: 

By using formula? (2.47) and (2.49), we find 

Next, 1)y sut)st,itutirlg t,his vxprt.ssio11 for ct" illto Eq. (2.50). wr arrive at: 

By taking forrriula (2.47) irito acc:ouiit ill tlic last cclil;tt,iori, wc firia.1l-j obtai~i: 

Formulas (2.38), (2.47), (2.51), arid (2.53) corlipletcly define t,he solutiori to 

the boundary value pro1)lerri (2.32) (2.34). The 1)ouridary value problem 

(2.35) (2.37) is idrntical (up to rlotations) t,o the 1)oiiiidary value problcrn 

(2.32) (2.34). For t>liis rtwori, the solution to the 1)oundar-j value problem 

(2.35)(2.37) can be written i ~ i  the form: 

where cr arid 20 are giver1 by the expressioris (2.40), (2.47), (2.51), and 

(2.53). 
Solutions (2.38) anti (2.54) are written in terms of phasors. We shall 

next transforni then1 into time-domain foriris (2.12) and (2.13). To this 



c w l .  wc shall first. ~ i s c  t h r  f o l l o u ~ i ~ i g  t , i ~ i ~ ~ ~ s f o r r l ~ ; i t , i o ~ ~ ~ :  

By r (x l ) (b i l t  i l l g  t l i ( '  S i l l l l ( ~  l i i l ( -  o f  r ( > i ~ s o l l i ~ ~ g .  w ( >  i ~ r r i v v  ill l l i ( >  f o l l o \ v ~ ~ l g  (>x l ) r (>s -  

s io11 for / I ! , ( : ,  I ) :  

I - - -  
- - -. . . . . . . . -. -- - -. -. . . . , . . - . . - - - - 

1 
2 ,, - -- 

~ ~ , ( I ; ~  = 1 ,  ( - ) I s i l l  [.! + - o ~ ,  + I (  )], 1 
I 

-11 I 1  1 

( 2 . 5 8 )  

111 t l i ~ t  ~ W O  f o ~ . l l l ~ l l i \ ~ .  ~ ) i ~ ~ i l l l l t ' t  (11. is giv(111 I)?' ( ~ s I ) I . ( ~ s s ~ ~ I I  ( 2 . 53 ) .  

W ) r ~ l i ~ l l i l s  (2 .57)  i ~ l ~ ( l  (2 .58)  givv t 11ct exact i111illq.t ic.i\l s o l ~ l t  io11 t.o t hc. 

~ ) 0 1 1 1 1 ( ~ i l ~ ~  ~ i l l l l ( '  1)rOI )k ' l l l  (2 . ( i )  ( 2 .  1 1) i l l  t.ll(' ('iIS(' Of ]lO\VOl' I i lw  l ~ ( ~ ~ i l t i 0 1 1  

( 2 . 27 ) .  N(.xt.. u-I, 4 1 i l l l  i ~ ~ l i ~ l ~ ~ t ~  this s o l ~ l t i o ~ i .  I f  w t .  fix t i ~ l l c ~  I i l l  t l ic,  I i ~ s t .  

two f o r l ~ i ~ l l i ~ s  i l u t l  c . o ~ ~ s i t l ( t r  [ I , ,  i ~ i i t l  H,, ;IS f1111(.t i o l l s  01' 3. t l l t > l ~  WO (.a11 (YIS- 

ily o l ) s c ~ r v o  t.11;tt. 011 t l ~ c .  i l l t . t , l .~ i l l  0 5 r: 5 2~ t l ic~sc ,  f i ~ ~ i c . t i o i ~ s  I l i l ~ ( '  i r ~ f i l i i t c ~  

r111111t)c.rs o f  xcLros ( i i ~ t i r i i t c ~  I I I I ~ I I ~ ) ( T S  o f  o s ( . i l l i l t i o l l s ) .  It is i l l s o  ( . l( ' i lr  t h i l t  t 

s c ~ l 1 1 ( ~ 1 1 ( ~ ( ~ s  o f  H,-xc~ros i ~ n t l  11,-zclros c.ot~vc~~.fic' t.o I ( ) .  Tl~is is tlic. r1~s11li o f  

l o g i ~ r i t h ~ r i i c  ( l c ~ l ) t ~ l ( l c ~ l l ( ~ ~  o f  ~ ) l ~ i l s ( .  H ( 2 )  011 2 .  I r l t i c ~ ~ l .  (.01111)i1rillg t l l ~  l i \ ~ t .  

two f o r ~ r r ~ ~ l i ~ s  wit h ( ~ ? c l ) ~ v s s i o l ~ s  ( 2 . 12 )  i11icl (2 .13) .  wc' filicl 



By using t,he Iilst c:clui~t,ior~ i~rlci fornmlii (2.29); wc firltl tlic: followil~g c.xl)rc:s- 

siorl for t,hv ~rlagriit~itlc~ o f  rr1agric:tic fiux dc:nsity i ~ s  ;I fulic:t,io~i o f  z :  

A typical plot o f  B ( z )  i ~ s  ii f~uic.tior~ o f  z is show11 iri Fig. 2.3. 11: is i q ) -  

~ ) i ~ s c ~ ~ t .  f r o ~ r l  t.11is f i g l ~ r ~  (ils n~lll i1S frorr~ fol.r11111i~ (2.6 I ) ;LII(I o t h ( ~  I ) ~ ( ~ I ~ I I S  

fO~l1ll l~il~) t,llil,t, t,tl('lIx il fillit(! (1('1)ta1l 2,) Of ~)('~le't,ri~t,iOll Of ( ' ~ ( ' ( ~ t ~ O 1 1 l i L g l l ~ ! t ~ ( :  

f i ~ l ( 1 ~  i11t o ~ ~ l > i g ~ ~ ( ~ t , i ( ~ i ~ l l ~ r  ~ l o ~ ~ l i ~ i ( ~ i ~ r  ( * o l l ( l ~ ~ ( t i ~ ~ g  111(\(lii~. Tliis (:ill1 I)(> (~xpIi~irl(~(1 

1)y t . 1 1 ~  fiic.t, t,h;~t. l)ow('r l iw i ~ l ) l ) r o ~ i ~ l ~ i l . t i o ~ i  (2.26) ir~t,rotl~~c.cs i(lr;~.lizn.t.ion o f  

lllil~p,ll('f,i(' ~)ro l ) (~r t i (~s  o f  (>o11(111(,i,itlg 111(:(iii~ 1 ) ~ -  i~Ilo\v-i~~g for t,llc i~~fii i i t(> growt,11 

Of t11c5 l~ l i~g l l (~ t . i ( '  l)(T'lll(';il)ihtJ' ~ ~ 1 0 1 1  tho  ~lliLgll(~t,i(, fi(,l(l t,(>ll(Is 1,O x(lro. This 

i l l f i l l i t ( '  gl.Owt]l i l l  / I  ('illlS('S tll( '  ('Ollll)l('t(' iLttf'llllilt.iOl1 of  t l lf '  llliI~ll('t.i(~ f i f l l ( l  

:It, t , I l ( >  fillit f >  (list iilI('(' 20. A(,t llill 2-~il,l'liit iol1 oc l l l ;~~l lOt~i(~  I!llx (l(~l1sity fI(:), 
~ ( ~ l ~ ( ~ ~ ~ ~ i i . t . i ( ~ i ~ , l l ~  S ~ I O \ V I ~  i l l  Fig. 2.4. (~x11iI)it.s ii t.iiil "1" it( ~ ~ i l i ~ l l  V ~ L ~ I I ( I S  o f  B ( 2 ) .  
( 7  1 I l k  t,ilil l l ~ l l i l ~ l ~  Of I10 ~) l~ i l ( ' t i ( ' iL l  ~igllifi( ' illl(~(~ ;L11(1 (,iLll l~(~p,l(V~t(~(i. t 4 ~  ;L 

I X ~ S I I ~ ~ , .  t,lw ( l ( > l ) t l ~  z1, i ~ t . t , i ~ i ~ i s  t Iiv pl~ysi(*id 111(>i111iiig o f  t , l ~ o  l ) ( , ~ ~ ( > t , r i ~ , t i o l ~  ( i ( l l ) t , l ~  

of t l ic .  "l)lllk" 11i11'1 o f  111i"tl('t.i(. c!t~x cl(>~isity. 

Now. wcx ~ ) r o ( . ( ~ ' ( l  t o  t 1 1 ( ~  tlisc,~lssio~~ o f  s~lrfi~(.(, i~~il)t~tliinc~c* i l l  t.11c. (.i~so 

o f  c.irc,~~liii. l)ol;n.izi~t.ioi~. '1)) t i ~ l c l  t,llis ilril)t~tliu~c.c~. wc, sl1i111 I I S ~ .  t11(, followil~g 

S o s i ~ ~ ~ i l i ~ s  for 1 I i v  ( \ l ( ~ t  sic fivI(1 l)k~i~,sors: 

LJ/lb", 
r /  = ( ( I  t j b )  - J f l  
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Fig. 2.3  

Fig. 2.4 
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By performing simple calculation in accordance with formulas (2.67), (2.68), 

and (2.70), we find that as n varies from 7 to  CQ, coefficients a and b as well 

as d m  and t a n 9  vary within the following narrow limits: 

This suggests that. with fair accuracy the surface impedance 7 can be rep- 

resented by the formulas 

It  is iristruc:tivc> t,o (:oIIil)iLrtt t,lit:sf' reslilts wit,l~ t,li(> ('x~)I.('ss~oII for t.lic' S I I ~ ~ ~ L ( . ( '  

i1npet1anc:e oI)t,;~invcl in tht: 1)rc.vious c:h:~l)t,c:r (st!(, Stlc:t,io~i 1.5) for the. c::tsc of 

liriear polt~rizi~t,ior~ of t~lt~c~t,ro~riagri(tt,ic firlcls. This cxprc>ssion c.;Lri I)(: writ,t,cn 

in tlit: sarric for111 as (2.69) (2.70), liowrvc>r. t,lic, li~riit~s of varintio~is for 

d m i  and t,an cp arc1 q)~)rt~c:ial)ly clifft'rf>~~t i ~ ~ i d  sl)(x:ifi(d licrf~ 

.49 5 tan p 5 .71. (2.77) 

It  was s11ow11 that ill t,htt (:as(; of linoar pol;l.rizat,iol~ the. valuc: of  surfacr: 

impedance is rnost se~isitive to the "scluarctrit~ss" y of liyst,cresis loops. 

There is no para~rict~cr like taliat i ~ i  forrri111a.s ((2.67) illld (2.68). This ~na.kcs 

the above co~nparisori \)otwt:en t,ho c:ascts of (:ir('lili~r i ~ n d  linear po1ariza.t.io11 

somewhat arnbiguous. This ambiguity can bc: co~riplct,cly rttrr~oved in the 

case of abrupt magnetic trarisitio~is descril~ed by rectang~~lar  n~agrlet , izatio~~ 

curves. These niagnctization curves can bc ol)t,ainrd fro111 t,lic: power law 

approximation (2.26) in the limit of n approac:hing in fin it,^. In this lirnit, 

by using formulas (2.67), (2.68) and (2.70). we find 

Ja" b2 = 1.19, 

tan cp = 0.707. 



I11 t,h(: ('iLS(' Of lill(:iLr ~)O~iLri%il~.iOll. fOl. thv Sillll(? (~lliL1lt.iti~~ W e  hiwV (s(:(, 

forlrlula (1.55) fro111 Ch;iptor I ) :  

Thr last two c~x~)rc.ssiol~s Ili~vc. 1 ) ( ~ 1 1  ol)tit.i~ic~d for sirl~lsoidi~l ~ i ~ r i i i t i o ~ l ~  o f  

rrii~girc~t,ic. fic:l(l ; ~ t  thcl l)ollrlcl;~rv of c:o~ltl~~c~t,ir~g h;llf'-sp;ic.c.. 111 t.hv c:;~sc: of si- 

~i~isoidi~.l vir.riiltiorls of c.l(~.t,l,ic fic.I(l ; ~ t  t , h ~  I)o~lll(litry. 1 . 1 1 ~  1;wt 1 . ~ 0  (\x~)r(~ssiolls 

ilr(: 111oclific~cl iw follows (sc~, for11111l;w (1.71) i ~ l l c l  (1.72)): 



Fig. 2.5 

B illl(1 H i1rC ~ ( ' ( ' 1  Or ~)llilSOrh ~ ~ O ~ ~ ( ' ~ ~ ) O l l ( ~ i ~ l g  t,O B(t) 2111(1 H ( f ) :  I ' c s ~ ) ( ~ ( ~ ~ ~ v c ~ ~ ,  

urhilt' E ~ ( ~ ~ i ) f ~ - . 1 6  (,;ill I)(. c.o~ist ~ 1 1 ~ ~ 1  i1.s :L c.o~nl)l(:x ~ ~ ~ i ~ g ~ l ( ' t i ( .  ~ x l r ~ ~ ~ ( ' i ~ t ) i l i t y  with 

b 1)c~itlg ii "loss" ~LIIK~( ' .  

111 1 I)(. sc~cl111'1. wt, shill1 ilsch t hc. ;~ .~)~)~ .oxi r r~ ; l t io~l  (111otlr.1) (2.27) for 11,. 

wlli(.11 ('ill1 ills0 writ t(>11 i l l  t,ll(, fOrl1ls (2.:i()) itlI(I (2.:$1 ) :  

'Tlio l i~st  ; L S S I I I I I ~ ) ~ ~ ~ I I  will I ) ( '  j ~ s t  iti(,(l (t,o SOIII( '  ( 'xtc>l~t) iiftc'r tho (l('riviit.ioll 

o f  t c~xl)I'c~ssioli f( ~ . I I ( '  llliigll('t.i(' flllx (1(\11si t y. 

By ri~iiig ~ O ~ . I I I I I ~ ~ L \  (2.84), (2.85). i1111l tllc. id)ovt\ i~ . s s i l~~ l l ) t i o l~ ,  wc, (.i111 

1 1 1 o ( 1 i f j  t 1 1 ~  I)01111~li ir~ vi~l11(\ ~ ) ~ ~ I ) I ( > I I ) S  (2.:{2) (2.:3,4) ii11(1 (2.;35) (2.;{7) i \ ~  Sol- 

lows: 



To s o l v ~  t,lic:scx 1)orirld;~ry vii l l i~ ~ , r o l ) l c ~ ~ ~ s ,  wc slid1 rlse t,ht> S~LIII( '  "1)- 

 roach ;LS t~eforc!. N>LIII(?~Y. wc ~ l l i ~ 1 1  look for the solution of Eq. (2.86) in the 

- . . - - -. 

~ l i ( ' r ( '  HTrL = l17 ,L~~~'"0 i~11(i (Y = ( k l  + j(tl'. 
It is c,l(.:lr t hitt fllr~c,tiol~ (2.92) s;tt,isfic~s t.hc> 1)orlllci;t.ry c,oridit.io~is (2.87) 

; r r i t l  (2.88). Froln t h ~  last foril~lili~. wo ;i.lso filid 

Now. 1)y sr~l)st.itlltil~g fOl~l1111lil~ (2.!)2) ;111(1 (2.93) il1l.o 1;;(1. (2.86). wc, fiiitl t 11;~t  

I Ilis c~cp~;rtio~i will siitisficbtl i t ' ( k  is t l r c s  root, of' 1 ho ti)llowi~~g ( ~ h i ~ r i ~ ( ~ t ( ~ r i ~ t i c .  

(\(111i~tio11: 

(1 ( ( 1  - 1 ) = . j d U / l  ,,,/'-," -0 -' . (2.!)4) 

I . . . - - _ -- - -. . - -- - 

W(3 sll;~.ll irc.xt ~ ) r o c ~ ~ ~ l  to t11c. c l (~ tc~r~~i i r~ i~ t io l i  of' illiitgili;~~.y 1)i~l.t 0'' i i r ~ ( l  

1'1.oi11 K(1. (2.93). 'li) thih O I I C I ,  wet shill1 rcwritcx thcl c~oii~l)l(~x k:cl. (2.94) ;is 

t , l i ( ,  followiilg t,wo ( Y ) I I I ) I ( Y I  ( y ~ ~ ; ~ t i o ~ l s :  

( t l /  (2rr1 - 1 ) = UIC,,,,,, 2; (,os h. (2.98) 

BV l l~il lg fOl.lllllliI (2.!)(i) ill tll(. Iilst two (~(ll l i~tiOil~,  wc> hilt1 



The  last cxpressiori yields: 

By sl~t)st.itllti~lg t,hv last forlriuli~ into Eq. (2.99). wc. arrive, ;it 

Finally. I)y s i ~ l ) s t . i t ~ i t i ~ ~ g  for11111la(2.103) into Eq. (2.101), wc. clorivt. 

r- 
-- - -- - -- .- - . . - - - -- . . -. - .- - - - 

I 

Thc. last. c:xprcbssiol~ suggt*sts t.liirt for s~lflicic~r~tly 1;irgc' (tint1 t.yl)ica;il) vi~111c.s 

of TL, t , l i ~  I ~ I ~ L ~ I I I ~ ~ I I ( ~ ( ~  of ~riiipi(:t,i(. flux (I(>r~sit,y is f i ~ i 1 . 1 ~ 7  (,los(, to 11,s I)o~iri(l;iry 

villuc ;tll~losl ovcrywhc>rc' wit,hiri t,l~c: c:ol~tluc:t,irlg ~llc~li i i  (S(T Fig. 2.3). 

Thc:rcforr!. tlit. loss i~rlgl(> 6, w11ic:ll is a fu11c:tioli of D ( z ) ,  is illso (.lost) to 

its I)or~r~clary vnlllc, ;111iiost c~vc~rywliorc~ within the. rrlt:tli;t. This j~lstitic~s t .11~ 



n' -t- j t r"  
t] = 

l7.3() 

i\> wi15 l ) o i ~ ~ t c v l  0 1 1 1  I)c.fo~.c..  c.ot*llic.ic'~~ts o i i 1 1 ( 1  1) i l l . ( .  1 1 0 1  ~ ( ~ 1 . y  s c ~ ~ ~ s i l i v c ~  to 

1) i r l . t  i c . 1 1 1 i r 1 .  v;il11(5> 01' 1 1  Sol. 11  7 .  '~'IIII>,  ; I S S ~ I ~ I I ~ I I ~  t l ~ i l t  I /  is s l ~ l l i ( . i ( b ~ i t  1y 1;1t.g('. 

mr(, ( ' i \ I i  > i ~ ~ ~ ~ ) l i l ~ s  t 1 1 ( ,  1;1st two ( ~ 1 1 1 i i t  io~is:  

. .. . . 

2 (, - ---- ~ . -- 
-- . . . . - - 

- -  (2 .  lo!)) 

J.I. , c )A c> ( ~ y  (5 .k 2 - ;; t , i l l l , j  ) .  



2 .  Perturbation Tech~~ique 

A 

Fig. 2.6 

Fig. 2.7 

orc1t:r hi~rirloiiic:~. For t,llis roasorl, t,llcsc. f o r i ~ l ~ l l i ~ ~  w(:r(\ approximate irl 

i l i~ t ,~~rc\ .  h'li~rly y('iLrs ~) ;LSS(Y~ i)ofor(~ it, was ~ ~ i ~ ( I ( ~ r s t o o ( l  ~ L I I C I  l ) rov(~I  (st>(> [4]. 

[ 5 ] )  t,llat, t,lic~st: fO1.1111ili~~ give t,llt' exact sohlt.ion t.o ;L tlifforc:iit l)roblcl~i. 

i l : ~ i ~ ~ ( ~ l y ,  t,llat, of ~ioi~lir l(~iir  (liff~~sioii of circularly pol;triz(:(I (~l(:(~t~roii i i~.g~l(~t~i(~ 

fic~lcls. This Iiist,orit~;~l fi~c,t s~lpport ,s  t,hr not,ioil thilt "sc~ic~iitific' I)rogrt>ss. 

c,orlsiclorc:cl hist,oric.iilly, is iiot, i L  stric:t,ly logi(.;~l ~)~O(.(:SS" (s(Y' [IO]). 

2.2 PERTURBATION TECHNIQUE 

Ill t,his sc.c:t,ioil. wc, slii~ll d(~v01ol) tllo ~~l i~ t , l~ ( : i i l i~ t i ( . ;~ . l  iliil(.llili('ry fi)r t l i ~  

i~ni~lys is  of ilorlIi~i(~i~r (Iiffiision ill t ,l~(, (:i~s(: of lior~(*ir(~~iIii,r l ) o l i ~ r i ~ i ~ t , i o i i ~  of 

ctl(~ct,rolnagrlct,i(: fit:l(ls. Wc, shall t,rr:~t thcst' polarizi~t,ioils ;IS l ) (>r t ,~~r l ) i~t , io i l~  

of c:ir<:ular poli~riz;~t,iorl. S1ic.h a n  approach rcciuircs the: clt~vrlo1,nlcilt of por- 

t,urI)atiorl tecllnicjlic:. This t,c:c:hnicluc: will lead t,o linear 1)itrt,i;tl diff(~rt:nt,ial 

cttluat,ioils for porturl):xtiorls. 



To st,art t,hc: tlisc:~lssioi~. wc shall tirst ~ri;~t,hciniitic:iilly s ta te  (.he prok)loir~ 

~lricler c:onsitl(~ratior~ as t,hc: fo l lowi~~g t)c~urldary vd~lcr 1)rol)lt:rrl: firid t,llc t.iule- 

~)oriodic soliltior~ t,o thc: coupl(~d no11li11c:ar diffi~siorl ecluat,ior~s 

H,(O, f )  = H,,, s i ~ ~ s ; t  -t F I I ~ , ,  f i l ( t ) >  (2.114) 

I t .  is ii,l)1)iLr(\t1t, t,Iti~t l)o1111(1i~ry (.oti(Iitiolls (2.1 13) : L ~ I ( I  (2. 114) (,;ill vi(wo(1 

i ~ q  l ) (~r t~i~~I) i i t . ior~s  of l)o1111(1;~ry ( ,o~~( l i t , i o t~s  (2.8) ;LII(I (2.9). wl~i(.ll ( ~ ) r r ( ~ s p o ~ ~ ( l  

t o  t , l ~ ( >  cir(.~ll;~r ~)oliiriz:tt,io~~ of t it~(~i(I(~ilt,  ( ~ l ( ~ ( ~ t ~ o l ~ ~ i ~ ~ l ~ ( ~ t  ic ti(xl(l. 'I'II(X orlly 

tlil-l'c~r-c,~ic~c~ is tlli~t.. for t11(' s;ikt> of ~iotiitiolli~l sirltl)li(.it.y, i11it.i;il I)II;LS(' 00 h i ~ s  

l ) ( ~ \ t i  o~llitt( '(l i r t  1)01111(litry (.ori(litiot~s (2.1 13) i i l l ( l  (2.1 14) it1 (.oltll)i~ri~o11 

wit11 I ) ~ I I I I ( ~ ~ L I . ~  cor~(litiotls (2.8) : I , I I ( ~  (2.9). This illit i;tl pll:~s(x is not ( ~ ~ ~ t ~ l i t i i i l .  

~ L I I ( I  it (,it11 iilwavs I ) ( >  ro~r iov(~I  l)y t,ll(: i~pl)roprit~t,c ( ~ I I ; L I I ~ ( ~  of t,iirl(> or-igii~. 

Now. t)y ~isitlg t,llt\ gc~llc~rirl iclc.;~ of l)ort.~irl)at io11 t.c~c.ll~iic~ut~s, wc. shi~ll  c.ol~- 

s i t h ~  sc>ricts ( ' X I ) : L I I S ~ ~ ~ I S  for f1,,(1, t ) ,  Hy(:. t ) .  Dr(H.,.. H ! / ) .  iI . tI(I  B!,(H,., H ! / )  
wit11 rt'spc3r.t t o  c .  By rcst.ricsting oltrsc~lvc~s o ~ t l y  to Z(>IYI-  ;111(1 first-oi.(lvr 

t(\r111s, t 11c :~t)ov(, f - o x l ) i i ~ ~ s i o ~ ~ s  ( , ~ L I I  1 ) ~  w r i t , t , ( ~ ~  ;LS follows: 



\vl l(>r~ H,!!(z. f ) ,  H!j(z.  t ,) .  ;LII(I It,, ( 2 ,  t ) ,  11+,(z~ t )  i ~ r ~  z ( ~ o -  ~ L I K I  first-or(l(xr tlvrlris 

of  H,(z. t) ;11itl H V ( , ~ .  t) .  rrsl)oc:! i\v\ly. 

By sul)stit,lltil~g f 'o~.lnllli~~ (2.1 18) (2.121) illto E(ls. (2.111) (2.117) :~11(1 

I)y c,iluatir~g t hc, t . t ~ ~ r i s  of  like I)owt3rs of' 6 ,  wc, (t11(1 (11) wit,ll t.hv followir~g t u ~ o  

l)O~lll( 1iwy v;llll(~ ~ ~ 1 ~ o l ~ l ~ ~ l l l s :  

r 7 1 I l l l~ .  Wtl hiL~0 i~rrivt~tl  ilt t,ll(' l loll l i l l( ' i l l .  I ) O l l l l ( I i L l ' ~  ~ i l I l l ( '  1)rOl)1('111 (2.122) 

(2. 126) for x ( ~ I ' o - o I ' ~ I ( ~ ~  ! O I . I I ~ S  FIl!(s. 1 )  i1.11(1 ~ J , ; ( s .  I )  i ~ t ~ ~ l  ( II(' li~l('ilr l ) o ~ ~ l ~ ( l i ~ ~ . y  

V;I,III(> proI)lv111 (2.127) (2.131) for ~ ) ( ~ r t , t i r l ) ~ ~ t , i o ~ ~ s  I I , . ~ ( ~ .  t )  >LI I ( I  II!~(Z.  t ) .  
It is ol)\riolls t.hat t , I lo  l )ol l l~(l ;~ry ~i~111(' 1)ro111(\111 (2.122) (2.121;) is i(1(:11- 

t.i(.iLI t o  t.ll(: I)ollll(lilry viLI11(' 1)1.01)1('111 (2.6) (2.1 1 ) ~ l , l l ( l i ~ ( l  ill 1,11(' ~ ) r ( ~ v i o l ~ s  

scY.t.iorl for the, c ~ a s c ~  of (:il'(:lllilr ~lol;~l~i%il.~.iOll. (.~Ol~~(:(lll('llt,ly. Ur(, (:ill1 llS(: t,ll(> 



rt:slllt,s fro111 tlic: prc.vio~~s src:tioli ~ L I I ~  writ.fi t,11(' so l~i t , io~i  t,o the 1)ouricl;~ry 

vnlllc, prot)l(:~~i (2.122) (2 .1X)  iri t,h: forln: 

wllt~rc,. ;I.< I)c.fort,. 11 is t.11c. c,xpo~ic~rit in the, ~)owc'r lilrv ;ipj)roxirrl;lt i o ~ i  (2.25), 
wl~il(, 2 , )  is givc.11 1)s t l~ t '  forrrll11;r. (2.53). 

( ) I I ~  ~ ~ c . x t  stcy) is t.o rlsc> t,hc: 1;~st two c~xl)rc~ssio~is to  t . r i ~ ~ ~ ~ f i ) r l l l  bh':(~s. (2.127) 

;11i(1 (2. 128) for 1j(,rt11rl)i1,tio1ls. \Yo l)(bgi~i this 1011gtIiy t , r :~~isfor~il :~, t , io~~ 1)y 

( * \ r ; l l ~ ~ ; ~ t  i11g t l i ( ,  c I (~ r iv i~ , t i \~ (~~  

13s lisil~g 1;)r111111;1s (2. 1 l ( i )  i ~ 1 1 ( 1  (2 .  I I T )  ;111(1 ht ri~iglit forwi~r(l ( l i f f ' ( ~ ~ . o l ~ t i ; ~ t , i o ~ ~ .  



I 
nn, ~ S B ,  - 1 - 7, 

- -- - -- - - (2.122) 
i3H, 3Hx r1 

Frorr~ tht) last (>xprt~s:,io~t, w(> o't)t.;li~i 

whc.rc1. for the, s;lk(> of I)rcxvit.y, t I I P  followilig ~ ~ o t , i ~ t i o ~ r  is rlsc~l: 

i3y s~ l l ) s t i t , ~~ t i r~g  fi)r.~rr~llits (2.145) (2.148) ir1t.o c'xpr.c~ssior~s (2.141) (2 .133)  

; ~ r l t l  t 1 1 ( ~  into Eqs. (2.127) i ~ r l t i  (2.128); wc, (.;in t.ri~11sfor111 t h(ss(, (~ l l l i \ t i o~ i s  

i1s follows: . ?l2hJ ( z .  t )  - 3 . l  1 1  + 7 1  
f l  - - \  ,,, -- 1, (-, +, -- 
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Equations (2.150) arid (2.151) are coupled linear partial differential equa- 

tions of parabolic type with variable (in time and space) coefficients. These 

equations look messy, however, their structure can be essentially simplified 

by int,roducing new state variables: 

+(z, t)  = h,(z, t )  - jh,(z, t) .  (2.153) 

Intleed, by multiplyirlg Eq. (2.151) by j and then adding it to Eq. (2.150), 

wc find 

dz" 
(2.154) 

1 - n  1 - n  
+ ---- h, ( ,, t)eJ(2~'+'Q(:)) - j--- hy (2, t)(,3('wl+20(-)) 

2n 2n 

Eq. (2.154) (:an hc ttrt~llsforrnc(l ;LS follows: 

Now, by rrlultiplying Eq. (2.151) by - j  and thcn adding it to Eq. (2.150) 

and hy using the transforn~atioris t,hat are sirrlilar to those just described, 

we derive: 
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We shall be interested in periodic solutions to  Eqs. (2.156) and (2.157) 

subject to the boundary conditions 

which follow frorn boundary coriditions (2.129) (2.131) and formulas (2.152) 

and (2.153). 

We look for the periodic solution to the boundary value problems 

(2.156) (2.160) in terms of Fourier series: 

By sul~st i tut i~lg Follritlr soric3s (2.161) a.nd (2.162) irit,o Eels. (2.156) itricl 

(2.157) arlcl c~cluat,irig t,ht: t,c.rrlis with t,hc sarricL t>xpoIlcrlt,s, aft.cr sirriplc t,r:~ris- 

forlii;tt,iorls wc. dcxrivc, t,lit. followi~~g c:o11plt:(1 ~ ~ ( l i l l i ~ r y  cliffor(\rltii~l c:(lllilt,ioiis: 

w h c ~ c  for thc sake, of brevity thr. following iiotationh arc, iiitroduc~c~d: 

Thus, we have reduced the coupled partial differential Ecls. (2.156) and 

(2.157) to the infinite set of coupled ordinary differential Eqs. (2.163) axid 

(2.164). The remarkable property of these simultaneous ordinary 

differential equations is that they are coupled in separate pairs. 



~ I I ( ~ I X ,  / : , ,A ; I I I ( I  j;,/,k ; I I , ( ~  14'011si(\1. (,o(>lli(.i(>~ith of' I ' I I I I ( . I ~ ~ I I ~  j:, ( 1 )  i 1 1 1 ( l  i l l ( / ) .  
l ~ ~ ~ s ~ ~ ~ ~ ( ~ t i v ( ~ l y .  \vl~il(\ l 1 1 ( ?  I)ot11i(1;11.y ( , o ~ i ( l i t i o ~ ~ s  (2.1( i ! j )  (2 .171)  I'ollo~v 1'1.0111 

I J ~ I I I I ( ~ ; L ~ J .  ( ~ o i i ( l t t . t o ~ ~ ~  (2.  158) ( 2 .  I t i ( ) ) .  

i l l ' t t > l .  I ' I ~ I I ( , I , ~ ~ I I ~  (/)A ( z )  ; I I I ( ~  l , l k ( z )  ; \ I . ( >  ( I ( ~ ~ ( ~ I ~ I I I ~ I I ( ~ ( I ,  I'ro111 l*;(is. ( 2 .  152) i111(1  

( 2 .  Is:{). w(% ( Y I I I  ti11(1 ( Y ) I I I ~ ) ~ ( , x  Fo11si(31. (,o(lfiiri(>~~t s for i ~ ~ r t  111.1)ilt io11~ / I , ,  ( z ,  t )  

; l l l ~ l  I l l , ( ; .  t ) :  



i4'v will s ( ~ k  ;L so111t,io11 t,o L l s .  (2.167) i i ~ i ( l  (2.1.68) 111 t,lki: for111 

AS l ) (~ f i~ r t~ ,  it is t,i~(:it.ly \111(1(~r~t00(1 t.Ililt I'Orl1111lil~ (2.176) ; L I I ( ~  (2.177) il.rcs 

~il l i t l  for O 5 z 5 zo. wll(:rt-.ils for z 2 zo f111lc:tiotls (hh(z) ; ~ ~ r ( l  I : J ~ - ~ ( Z )  arc, 

(~111~1  to Z C \ ~ O .  Tli~ls ,  t l l ~  1)01111(ti\.r~ ( ~ o ~ i ( l i t , i o ~ ~ s  (2.171) itr($ si~tisfi(\(l. 

13y sl~l)st,it,l~t.irlg for111tll;~s (2.176) i1.11(1 (2.177) irit,o E(ls. (2.lfi7) i11ic1 

(2.168); wc: find t.hat tllt~si. c>cp;ltio~is irril si~t,isfic,cl if ,Ak ,  Hk-2. i r r ~ c l  j'jk ir.rc: 

c .o~ l s t r i~ i~ r t~ l  I)y t , l ~  rc,l;~.t.io~ls 

R(.lilt io t~s  (2.178) il11(1 (2.  L7!)) ( . ; I~ I  I ) ( '  ( ~ o ~ i ~ t . r ~ ~ ( ~ l  lil~(bi~r s i l i l~ l l l  i111(~)11s ( Y ~ I I ~ I -  

tiolis wit,l~ r(>sl)(~.t ,  to ,+IL i1,11(1 2 .  Sill(.(, t,lios(b ( Y ~ I I ~ I I  io11s I I O I I I O ~ ( ~ I ~ ( ~ O I I ~ ,  
tli(1y will I ~ ; I V ( \  I I O I I ~ ~ ~ O  so111t i o t l  it' ; I I I ( I  o l~ ly  it' ! 1 1 ~ 1  ( .or~. ( l s l )o~~( l i~ig  ( lv t ( \ r~~ i i -  

11;111t is ( ~ 1 1 1 i l l  1 o zc.ro. 'I'liis yic.ltls t lii. fi)llowi~~g c~l~;~r;lc.tc~risl ic. ((lisl)c.rsio~~) 
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It can be shown that ,  for any k and n, the characteristic Eq. (2.180) 

has two roots (two solutions ) Dl, arid p; with positive real parts: 

By using these roots and formulas (2.176) and (2.177), the solution @k(z) 
and 7,hk-2(2) to differential Eqs. (2.167) and (2.168) can be represented in 

the for~ri 

(2.184) 

Thc unknown coefficients A',, A:, Bl,-2, and Bi -2  can be found by satis- 

fying thc boundary conditiorls (2.169) and (2.170) as wcll as Eq. (2.178). 
This rc.sult,s i11 t,he following fol~r cicluat,ioris: 

A', + 4 = H,,, (fr,k + j f y , k ) ,  (2.186) 

As filr iLCi Ecl. (2.179) is c.orlc:c.rnc.d, it will I)() i~~it,oiiia.t,ici~lly sat,isfic.cl. This 
is l)oc::~~lsc> it is ccluiv:~l(~rlt to Eq. (2.178) whc.11 [-lk is t.hv solut.ioi1 t,o t,hcl 

c'h:~r;~ctc'rist,ic. Eq. (2.180). 

Ecp;it,ioris (2.186) (2.189) c : ;~ r l  (.i~sily solvcd ancl t,hcir sol~it,iori is 
givcn by 

A', = H ,  

A; 
Hm [ c A f z . k  - fx .k-2  c L f y , k  + f y , k - 2  

cl, - c; + .i cl, - c; 

BLP2 = CLA',, BlP2 = ClA:, (2.192) 

wht)rt. the constants C; and C; are defiricd as follows: 
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Thus, the algorithm of calculation of perturbations h,(z,  t )  and h y  ( z ,  t )  con- 

sists of the following steps: ( 1 )  solve the characteristic Eq. (2.180) and find 

the roots that satisfy conditions (2.183); ( 2 )  use formulas (2.190) ( 2 . 1 9 4 )  

to find the coefficients A;, At ,  BI, and B; and plug them into expressions 

(2.184) and (2.185) to determine the functions 4 k ( z )  and + k ( z ) ;  ( 3 )  use 

formulas (2.172) and (2.173) to find Fourier coefficients hX,k and hy,k and 

then the perturbations themselves according to Eqs. (2.174) and (2.175). It 

is useful to stress that this algorithm is valid for any periodic perturbations 

f x ( t )  and f y ( t ) .  
Up to this point, we have discussed only first-order perturbations in 

E. For higher-order perturbations in t ,  calculations become much more 

convoluted. However, the structure of partial differential equations for the 

higher-order perturbations remains almost the same as for the first-order 

perturbations. Indeed, if we use the following 

H y  ( 2 ,  t )  = H,"(z,  t )  + <hy  ( z ,  t )  + t 2 h y  ( 2 ,  t )  + . . . , (2.196) 

a r~d  repeat t,hc: same lirw of reasoning as in t,he derivat,io11 of  Eqs. (2.127) arid 

(2.128),  tJhen we arrivc at the followir~g equations and I)ol~ndary c:or~dit,ioris 

for t,he sccoricl-order pert,url)ations h,(z.  t )  a11d h,y ( z ,  t):  
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By comparing partial differential Eqs. (2.197) and (2.198) with partial dif- 

ferential Eqs. (2.127) and (2.128), we observe that these equations have 

alrrlost identical struct,ures with tshe only difference that the equations for 

the first-order perturbations are homogeneous, whereas the equations for 

the second-order perturbations are inhomogeneous. The right-hand sides 

of t,he later equations are determined by the zero-and first-order terms. 

On the other hand, the tmundary conditions for the second-order pertur- 

1)ations are homogeneous, whereas this is not the case for the first-order 

pcrtur1)ations. Since the equations for the second-order perturbations have 

tt~c: siilrlc rrlat,herriatic:al structure as i r i  the case of the first-order pertur- 

bat,iolls, the same analytical technique car1 t)e used to find their solution. 

Nalnc.ly, t,hese part,ial differential equations can be reduced to the infinite set 

of ordinary (iifftrcnt,ial c(luat,iol~s coupled in separate pairs. However, the 

soliltion of t,hr,sc, ordilii~ry tliff(!rc~rlt,ial ctcluations cannot 1 ) ~ :  c:arrittd out ex- 

plic.it,ly t)oc:i~~~sc\ the, first,-ortlcr ~)c:rt,llrl)iitioris should be found first. Fir~ally, 

wc, shwll r('111i~rk t,hi~t. pi~rt.iii1 tliffcrtlitinl cclliations similar t,o Eqs. (2.197) 

iili(l  (2.198) (*;LII I ) ( )  clc,rivc>tl for 1)t~rt1irl,i~t,ioris of any order. Howcvcr, t,hc 

rig~lt-~lilll(l s~(!(,s of t.ll(>s(> (Y~lliLt~iOll~ ~)(YbOl l l (~  lIlor(~ (:Olll])~(~x :LS t,ll(\ Ord(:r Of 

1)c'rt ~~ r l ) i~ t , i o l~  is i~lc~rcx;~st\t I. 

2.3 NONLINEAR DIFFUSION OF ELLIPTICALLY 
POLARIZED ELECTROMAGNETIC FIELDS 
IN ISOTROPIC MEDIA 

111 this sc>c.t,ion, wcb shall alq)ly t . 1 1 ~  1)(~rt,iirl)i~t,iol1 t . (~: l~i~i( l i i (~ clt~vc~lopc~l in 

t11t. ~)rc>vior~s sc,c,t,ior~ t,o t,hc, i~l~i~lysis  of ~iollliricar cliffiision of c:llipt,ic.;~lly ptr 

li~rix(,tl c*lt'c-troli~ngl~t'ti(. fit'l(1s. Wv l)('giii with ii brief I-CV~CW of 1 1 0 ~  (>lli~)ti(:i~l 

H,(O. t )  = H,,,, c.os (wt + go,) , (2.201) 

I)c,illg tin il~it,ial pliast. tliffcreric:c,. It, is well known t,liat the eiiclpoint of 

t,hcx rr~i~glic~t,ic- fic.l(l vector H(0. t )  s~)cxc.ifieci by Eqs. (2.201) (2.202) traces 

iLri c~llipst.. The scrni~najor and the seirii~riiiior of this ellipse as well as its 

oricnt,at,ion with rttspect to x- and y-axes are conlpletely deterrniried by 

t,hrctt pi~ralrir:t,ers H,,, H,,, ancl 8". In this sense, these three pararncters 
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complet,ely characterize elliptical polarizations. However, these parameters 

do not have the same dimension. For this reason, it is sornetilnes rrlore 

convenient to characterize elliptical polarizations by the Stokes parameters. 

These parameters are defined as follows: 

V = -2H,,, H,, sir1 Oo. (2.207) 

These pararrieters have the same di~nensiori and they are related 1)y t,he 

equation 

1' = Q' + U" v 2 .  (2.208) 

The last eclilat,iorl leads t,o the riot,iorl of the Poinc:ark splicrc:. The racliiis of 

this sphere is I, i~lid poirit,~ 011 this s~)her(: iLr(' ~llii(ln(:ly d(:firi(~I 1)y t,li(> Stokes 

paraui('t,(~rsQ, U, aiid V .  Tlitso t,liroc: St,okos 1)itritrnc~t,cLrs i~lso ~ilii(lii(>ly 

c.hi~ritc~t,t~rizc~ vitriO11~ clliptic.al polarizat,ions. Thus. wtx (.011(-111(1(~ t,li;~t t,li(> 

(.llil)t,i(:itl politrizitt~ioris rcy)rt:sc:iit,ccl 1)y t,lic~ poilit,s oli the' Poiric.i~ri. 

spht,rcl (2.208). In this rc~l)rc~sc~rit,:tt,io~i, t,lic 1iort,li 1)01(' ( V  = I. U = 0 .  Q = 0) 

>t~i(l t,li(, so~it,li l)ol(, (V = - I .  U = 0, Q = 0 )  (.orr(~spori(l t,o l~ft , -  it11(1 riglit- 

hitritl(~t1 c:irc:i~Ii~r pol>trizat,iolis, rcxspcc:tivoly. wliilc t,litx 1)oilit.s of thc. ('(lllitt,or 

V = 0 c:orrcsporitl t,o lirrc,ar ~)olariza.t,ioris of diffi~rc~rit. ori('lit.itt,ioris. Tlic 

poirit,s of t,hc riort,lic~rri itlid sout,hcrn hc~iiisplic~rc~s rc~l)rc~sc~lit, lrft- itiicl riglit- 

liaridcti (:lliptic:;tl polarizi~t~ioris. 

Thr Stokes ~)itritlll(!t,<~~.~ it11d t , h ~  Poiri(:i~rk sl)lit~rtl itrcl fr(~cll~t~rit~ly 11sc~l 

for c:har;~c:t,orizat,iori o f  ollipt,ic:al polarization ill opt,ic:s wlic~rc, 1)itri~1ll('t.('r I 

 hi^^ the p1iysic:al rric:ariirig of light irit,eiisit,y. Howevt>r, tlic~sc. 1 ) 1 ~ ~ i ~ l l i ( ' t ( > ~ ~  iLr(' 

riot corivt:riicrit for t,licl d(:v(~lol)rricnt of tlie port,urI)itt,iori t,c'c.liriic~lrc:, 1)t:c.nirsc 

of riorili~icar relittioris i)t~t,wc~cri t,hc St,okes pari~rr1ct.t.r~ i1.11d ~~litgli(:t,i(: fi(:l(l 

c:orriporiorit,s. Ei)r t,liis rclasori, we shall use t,hc c:Ii;~ri~c~t.crizitt.ioli of t~llil)t.ic~itl 

polarizat,ioris I)ast:tl or1 p;trarriet,ers H,,,,, H m y ,  ttri(1 BO.  This (~li;tr;i.(~t~c~rizi~- 

t,ion allows one to t,ako oxplicitly into acconnt tlie isot,rol)icit.y of 111(:diit an(1 

rt:duce t,hc riuml)cr o f  pararnetcrs used for ~pt~cificat~iori of ~ l l ip t  ival polarizit- 

t,ioris. Iricleed, for fixrcl H,,,. aricl H,,, the ori(>~it,i~t,ioli of it11 clllipst: t,raccd 

by tlie cndpoirit of H(0, t )  is t1c:tcrrriincd I)y the phase. cliff(~rc.ric.o Bo How- 

cvcr. for isot,ropic: rrieclia. all t,lieso orierit,at,ions art. ctluivi~.l(~lit.. Conscc~lic~rit,ly, 

oric can choose x- arid y-axes as rriajor alitl rliirior axc:s of t,lic c:llipsc, which 

results iri the following expressiorls for the field corripolirnt~s: 

H,(O, t )  = H,, cos w t ,  (2.209) 



Hy (0. t )  = H,,,!, sill ult. ( 2 . 2 1 0 )  

111 t . l l i~  WiLy, (~lli~)t.i(;iLl ~)O~;~~lZiLtiO~ls ('it11 I ) (>  ('lliiriL(;t~('riZ('(l 1 ) ~  0111,~ t,wO 1)it- 

l t l s  , i , of 1 i l l  1 1 1 1 ~ 0 1 1 .  ?Illis ( : l l i l . l . iL ( ' t (?T i%i1 t t i 01~  

also c:or~vcr~ior~t. for I.11c. i1it.rot111ction of ~ ) o r t ~ ~ r l ) a . t . i o ~ ~  I)itri~ll~ct,(~r C :  

H,.(O. I )  = If,,, c.osult + elf,,, c,osult. (2 .213)  

H,,(O. t )  = H,,, sill wt - tli,,, sill d t .  ( 2 . 2 1 , l )  

13y c , o ~ t ~ ~ ) ; ~ ~ ~ i r r g  I ) o I I ~ I ( ~ ~ I I . > '  ( .ot~(l i t io~is (2 .213)  (2.21.1) wit11 t)o1111(1;11~y (.or~(li- 

t,iol~s ( 2 . 1 1 3 )  (2. 1 1 . 1 ) .  w(> ( ' i t11 i ( l ( > ~ i l  i l : ~  f'1111(,t io11s , f . r ( t )  ~ L I I ( I  / : r , ( l )  21,s follows: 

f , ( t )  = cos-.'!. ( t )  = S ~ I I U " ~  ( 2  21 (i) 

Now, i t  is (.I(-i~r t l~ i t t  t l l v  l.'c)~i~.ic>r. c,ocffic~ic~~~ts 01' f i~l~(. t ioiis  j:,. ( t )  i ~ i i ( l  J'!,(t) it1.0 

~ i v c . ~ ~  I)y 
1 1 

f r , . l  - 5. f , . ~  = 5 ,  .f.,..i.-0 i f ' lk l#  I .  ( 2 . 2 1 7 )  

I ( 1 )  H 1i-i. [ O )  = 0 if X .  f 1. ( 2 . 2 2 0 )  



if k 2 0 arid k # 3. 

For k = 3. we have. 

q'~k.2) = 0 if' k 2 0 iili(1 k # 1. (2.230) 

1 ( )  : I ( )  1 ( )  = I ,  ( )  0 if A. # 1 it11(1 k # 3, 
(2.231) 

whew "*" Ilioilns ;I, c~o1111)lt~x (.olljl~giit(' ( l ~ ~ i l ~ i t , i t . ~ .  

'Thus, Wls (:Oll('l\l(l(' tlllilt O l l l , ~  (111' first i1.11(1 t.h(' t.llircl ~lilI'lllOlli('~ Of tll(' 

r~~:igrlc.t,ic. ficsltl 11ot c~lrlirl to z/,ctro. whilv a11 ot1ic.r I i i~ri~ior~ic~s iirt, ('(lui~l 

t o  zvro. Wc I~avc, ol)t ;rirird t,liis rc~siilt l)c:c:i~.~iso wt, 11avcvc> rt,stric.t,etl ol~rst!lvc~s 

only to  first,-orclc>r j)(~rtllr\)ittiOils. If urt: t,:tkt, i11t.o it(.('Ol~~lt l~igli(\r-or(l(,r l)clr- 

t~irl)i~.t.ioiis, wo shiill rcXc.ovcLr 1iigllc.r-orclor har l r~onic ,~  o f  t.110 ol(~c.t.ro~r~;igi~r~t.ic 

tic,ltl. 

Fro111 t,l~(> l)\lr(>ly IiiiLt ht>~ii:~t,i(:itl ~ ~ o i l l t ,  o f  vi[w. it is (111it,v i~it,(~r(,st.ii~p, t11;it 

tlic solntiol~ t,o thc' c .o l~~ , l (~ l  ~) i~r t , ia l  tlifft~rc:llt,iitl Eqs. (2.150) (2.151) slil)jt~:t, 

t o  tlic, l )o~ l~ idxry  coli(litio~is (2.129) (2.131) c.iLrr I ) ( ,  rcy)rc~st~~ltc>cl :IS a. sliiri 

of first,- arlcl thirtl-orcler li:~rrno~lic:s orlly. This suggost .~ thiit, t.llt, c ~ ) u p l ( ~ l  

Eqs. (2.150) (2.151) rniiy 1 1 i ~ c .  i~ihc:ritccl soliic5 syrrir~ic~tr~v ~)rol)t>rt,icn fro111 



'1'11115, if w(' SOIV(' t,110 l)01111(li~~y V>LIII(> ~ ) ~ O ~ ) I ( ~ I I I  (2.225) (2.228) ; I I I ( ~  fi11(1 

t11(1 f1111(,t iorls (;$:i(z) it11(1 ( z ) .  w(> ('>I11 t ~ ( L I I  ( l ( l t ( l r ~ ~ ~ i ~ ~ ~ ,  t 11(, first ; I I I ( ~  thir(1 

l r o ~ i s  of' g t i  f i l l  r t ~ r l ~ t i o ~ ~ s  Tt1(1 so111I~io11 of ]I( '  1)01111(li\ry 

virl~lc. 1)ro1)1(~111 (2.225) (2.2223) l , roc .c~~ls   l lo rig t.ho 1illc.s tlisc,~~ssc>(l i l l  t . 1 1 ~  

~ ) ~ . ( > v i o ~ ~ w v ( . t . i o r ~ .  N ~ I I I I ( . I ~ .  wc, sc~bk t 11(, sol~rt i o r~  to  t 11is l ) o t 1 1 1 0 i 1 ~  vi1111(\ 

i)roI)1(>111 i l l  t11(, for111 

( i l l  + ) / I  - 1 ) 71  $- 1 
I ,[,(,, = -- - - - -  - 

( / I  - d-2: - 
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Consequeritly, roots 13' and 13'' are only functions of n. These functions 

have been corrlputed and presented in Figs. 2.8 and 2.9, respectivcly. By 
krlowing roots P' and P1', coefficients A',  A", B 1 ,  and B" in formulas (2.236) 

arid (2.237) can be fourid by using the expressions 

- n 

Fig. 2.9 
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The. li~st. ctxprc:ssiol~s arc, tl(:rivc,d i r ~  ;i st,rniglltforwi~rtl wily frorn forrr~~ilas 

(2.190) (2.194) i ~ . ~ i d  (2.217) (2.218). 

Kriowirig thcx c.oc.ffic.irrits A', A", B': a.ntl U", wc ca.n riow proc:t.t:d t,o 

thcl c~ i~I ( :~~la t io l~  o f  ~ ~ ~ r f i ~ c . t '  ~ I I I ~ ) ( ' ( ~ ~ L I I ( . ( ' .  First,, wc' sllall filld t h ~  c:xprcssioris 

for ~ )h i~sors  of tho first arid t,hird 11;lrrrloiiic:s of the rriagxlntic: field. Acc:ord- 

i r~g  1.0 forlli~llit (2.174): for t11~ first-ortlcr hitrlrlor~ic of t,lic: ~nagrictic. fic,l(l 

, > I his r l i c ~ ~ l ~ s  t,lli~t 2/1,..~ (2) is t . 1 ~ ~  1)ll;wor of / t ! . ' ) ( z ,  t ) .  Ily llsirlg t,liis fi tc. t ,  the, 

1)11i~sor o f  t11v first. lki~r111011i(' of 1 I J ~  111iigII('t ic fidd ('it11 writt(w >I.\ f'ollo\vs: 

N o w .  1)y 11si11g ~ O I . I I I I I ~ ~ L S  (2.38). (2.5.l), (2.2;)2), (2.2:U). ii11(1 (2.237) i l l  1.111, 

litst two ( ~ x l ) r ( ~ s ~ i o ~ ~ s .  wv ol)t i ~ , i r ~  

13y ~is i~rg  tho sitlnc. lirlc, of rt*wsoriirig ;IS I)c.fort). wc, clorivt~ t,llo fol lowil~~ cxx- 

~)rc~ssio~ls for t.licx pliasors of tllc. tllirtl liarnio~~ic. of the, ~~~itgli(:ti(: fi(,l(l: 
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It is i~lt~eresting to note that, in the first-order approximation (with respect 

to t ) ,  the third harnionic of t,he magnetic field is circularly polarized, and 

its sense of polarization is identical t,o that of the incident field a t  the 

boundary. 

By invoking fortnulas (2.63), we find the following expressioiis for the 

phasors of the first harniollics of the electric field a t  the boundary: 

Now, wc (:an dcfine surfacc irnpc?danccs: 

whtw 71 is t,hcb surfi~ce i11ipc:daric:o ill t,lic: c.i~sc: of c:irc:l~lnr ~)olilri~iit.ioli of t,lic 

rriagrlc~t,ic: fic.ltl. 

Forlrlli1a.s (2.255) a1ic1 (2.256;) allow orie t,o c~vi~l~rattx t,o what c>?ct.c~lit t,lie 

si1rf;~co i~ i~ l ) (~ ( l>~r~ce  is i~ff(~(~t,(~(l 1)y cleviat,ioris fro111 (:irc~il:ir ~)oltiriza~t~io~is. It. is 
i~riportarit t,o not,e that thc rightJ-1ia~lcl sidvs of for~r i~~las  (2.255) itricl (2.256) 

tlo riot c1e:pc:rld or1 H,. This is t)ec,awc.. ac:c.ordi~ig to forrnlllk~s (2.243) i~ l i (1  

(2.244), c:oefficierit,s B' arid B" arc clirt\ct,ly pro~)ort,ional to H,,,. Thus, the 

right-liarid sicles of (2.255) and (2.256) arc func:t.ioris only of  n i~lid f .  These 

f~~ric~t~ioiis have t)eeri ~:orriptit,cd for various v1~11ic~s of 71 iilid c a11d the results 

of corriputat,ioris arc. shown i r i  Figs. 2.10. 2.11, 2.12: i ~ ~ i d  2.13. 
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Fig. 2.10 

Fig. 2.1 1 



Fig. 2.13 

1 1  1 1 0 1 s  i t  1 0 1 l l i 0 1  1 1 1 1 1 .  For t , l l i ~  

 so 1 1  I i t  1 1  r o x i ~  ( i I I .  Tllc~r(tforc,. it is t lvsir- 

>tl)lc\ t,o ( ~ v ; L ~ I I ; L ~ ( ~  1,11(: ~ ( Y I I ~ ; L ( . v  of t 1 1 ~  l ) (> r t .~ l r l ) i~ t , i o~~  ~ ( ~ ( , I I I I ~ ( ~ I I ( ~ .  '1'11~ r igoro~is 

I I I ; L ~  l~cl~t~i~t , i ( , ; \ l  (>~~ii111;tt  io11 o f  t ~ I O  ; I ( . ( , I I ~ ~ I ( . ~  o f  I I I V  l)(>rt 111.1);rl ioli t , ( lc . l~~~i(l~i(> is 

1)c~yolitl tllc, ~ ( . o l ) ( ~  of t,his 1)ook. Howovc~r, sonlo i~lsights  ( . o l~ ( , ( \ r l~ i~ lg  this ;L(.- 

( ,~ i r ;~( .y  st,ill (.;III I)(: g;~i11(~(1. 'Vl~is ( , ; L ~ I  I ) ( %  ( l o i~c  1)y ; t l ) ~ ) l y i ~ ~ g  t , l~(> ])(art III.I);I~ i o i ~  

t c\c.111ricln(' 1 . 0  t 1 1 ~  c.;rscx of c . i ~ . c , r ~ l i ~ t  1)oI;1rix;rtiol1. E'er t l l i h  c.irsc,. t11c. c5s;l.c.1 ;III;I.- 

lyt.ic.;rl so111t i o ~ ~  is ;~v;~il ;~l) l( .  ( s c ~  S(>c.t i o l ~  2.  1 ) .  'I'11(1 c,o1111);1riso11 o f  t.llis t%xi~c.t 

so l~l t , io~i  wit11 t.11~ s o l ~ l t i o ~ i  o l ) t ; ~ i ~ ~ ( ~ ( l  I ) ?  11si11g t11(~ l ) ( ~ s t ~ i r l ) ; r t i o ~ ~  ~ ( , ( ~ I I I I ~ ( ~ I I ( ,  

will l)tovi(l(> so111(\ i1lsig11ts int,o t ; I , (Y , I I~ ;L( .~  o f  t11v 1 ~ ~ t 1 1 r l ) i r t  io11 t ~ c ~ ( . I ~ ~ ~ i ( l r ~ c ~ .  

C'onsi(l(>r ~ko~~li l i (~;r , r  (Iiff11hio11 o f  tlicl H I ~ I ~ J I ( \ ~  ic f i ( x l ( i  i11 t 1 1 ~  (.;IS(, of t 1 1 ~  

Sollo\n~i~~g I ) O I I I I ( ~ ; L I . ~  ( 'o~l( l i t iol~s:  

( 0 .  t )  = , ( o h  - t hl l ldf ) .  (2 257) 

ivl~(>r(x t is SOIII(> s111ilI1 j ) i ~ r i ~ ~ ~ ~ o t . ( , r .  

It, is ( Y L S ~  t.0 s c ~  t,11;1t tli(b 1)c3rt 1 1 r l ~ ~ l  i111(l I I I I ~ ) ( T ~ I I ~ ~ ) ( Y ~  111;1g11(~ti(~ fi(,l(ls 

arc> (it('111i~rlY l)oliirix(,(l. First ,  \vc9 sl~iill 1 1 s ~  tI1(1 j ) ( ~ r t i ~ t l ) i ~ t i o ~ ~  ~ ~ ( ~ ( ~ I I I I ~ ( ~ I I ( ~  
clc~vc,Io~)(~i ill t ht, l)rc,vior~s sc.c.t.ioll. By c , o ~ r ~ ~ ) ; ~ r i n g  forl~liil;is (2.257) (2.258) 

wit 11 forn1111;rs (2.119) (2.114). web o l ) sc~vc~  thi1.t. 



( 0 )  = O for i ~ l l  k > 0. (2.263) 

Thus, as t:xpc~.t , i~l .  t,lloro artx 110 1iighc:r-ortl~r hitrtrlorlic:~ of tllc: rnagrlctic: 

ficltl ~)crt .~lrI)itt , io~~.  To c:omp~itc' t11r first, harlriollic of the rliagr~etic: field 

pc'rturt)itt,iorl. wc> irlvokv Eq. (2.167), wliic:l~ for A: = 1 (.a11 writtt.11 i ts 

follows: 



This rricans t,hat Eq. (2.271) i,oiric:itlcs wit 11 t 11c: i:h;lr;lct,t.rist ic. Eq. (2.46). 

B(~C:~LIISC! (1 is t.li(' root of thi: I;~t,tt.r c.clli;~t.iori. wr(: co~~c.lud(> that  E(l. (2.2711) is 

sat,isfit:d. This proves that  exl)rt~ssior~ (2.21iD) is tllc. solutiou t o  t,hv i)olinclary 

valrlr pro1)lclri (2.267) (2.268). 

Now. by using f 'or~rl l i l ;~~ (2.232), (2.233). (2.245), ;u1(1 (2.2(i9), wt, firld 

t,li;~t t,hc pc:rt,riri)a.t.iorl tc~~hnic l~ic  lcilds t,o thi: followillg c:xprcssiori For t.11~: 

l ) l l ; ~ s ~ r ~ ) f '  ttll(: ~~l i~gi~i : t , i ( :  ti(:l(l: 

111 tl1(1 last two t'orll1111;~~. tllc~ l)<'l~('trirt.io~l cl('l)lh 2~ is (It~t(~rl11i11(~(1 I)?; tll(, 

v;il~i(l of i i l l l  ( ~ ) i i ~ p r l t , ( ~ I  for ff = H,,,:  

N ~ x t .  w(' sII;LII 1 1 ~ 1 '  tall(' f o ~ l l l l ~ l i ~ ~  (2.38) i~11(1 (2.54) i i ~ ~ i l  writ.(' t 1 1 ~  ( ' ~ i ~ ( . t  ('x~)R's- 

siolis For t . 1 ~  l) l i i~\i~rs of t . 1 ~  i i ~ ; ~ ~ ~ i ( ~ t ~ i ( ~  fi(ll(1. First,. WP  lot,^, l l l i~ t ,  ;ux.or(i i~~g 

t.o t lic, I)oriii(li~ry i ' o~~( l i t  ions (2.257) ;~1ii1 (2.25X), wc, lrilvi~ 

Now. 1)y llsirrg for~ll l~las (2.38) ;111(1 (2.54). wc, fillcl 

Iri tlic~sc. two forrriri1;is. t hi. svlri1)ol - is 11sc:tl to clist,irlguish l)( , twc~,l~ tlitl c:x;lc:t 

vallicx of pc~rlc~tr;rt.iorl clcytli a~icl tliv o11(, fi)1111(1 t,hror~gli t,llc, pc*rtlirt);tt,ioi~ 

tc:chniclr~(\ (sc~b (2.273) (2.274)). By c.oi~il)i~ri~ig foriril11;rs (2.277) (2.278) 
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and (2.273) (2.274), we find that they are identical with the exception that 

the penetratio~l depth io is detcrrnined t)y the value of brn cornputcd for 

t,he exact magnitude of the magnetic field H = J ~ H , :  

This cliscrepaticy in t,he penetrat,ion depth det,errriines the inaccuracy of the: 
pert,urbatiori t,echnique. Let us examint: how this discrepancy affects the 

surfact i~ripedance, which is t,he clua~it~ity that is ~riost iritcrestirig in iriariy 

applications. By l~sirig thc sanle reasoriirlg as l)eforc, we find that the values 

of the surface irlipec1aric:e ot)tainetf 1)v llsirig the pertur1)ation t,cc:liriic~ut anti 

t,hc exact solutions a r t  give11 1)y 

Frorr~ t,ht~sc, forlri~~l;w, wf. c:ol~c:hlti(~ t,lliit. t.h(\ ~) l l i i~( '  of t,h(: s~~r f i~ ( . (>  

irriy)c!d;u~c*c~ is not. affc,c:t,t~cl hy t,lic, i~~ac:c.uriu.y of t11c. ~)c~tl l r l ) i~t , io~i  t,c:c.hr~icl~~c>. 

As far ;is t,Iic> ~~ i i~g~ i i t ,~ i ( l ( ,  of tlic ~11rfii(.(1 i~l i l ) (~(l i i~i(~(~ is ( Y ) I ~ ( Y T ~ I ( Y ~ ,  fro111 for- 

111111i~s (2.280) ~ L I I ( I  (2.53) w(, fi11(1 

T11(, r(>~lllt,S Of ( ~ o l l l ~ ) ~ ~ ~ . i ~ ~ i O l l s  Of t.ll(' I ' i l t iO 1; 1 fOr V i l ~ i ( 1 1 l S  ViLlll('S Of 1 ,  iill(1 f 

;trcx show11 ill  Fig. 2.14. It is (.1(,;ir fro111 this figi~r(' t 11ilt fix r 5 0.5 t lit' ( ~ r o r  

of t,llv ~ ) ( ~ r t , ~ i r t ) i ~ t ~ i o ~ ~  ~ . ( Y . ~ I I I ~ ( ~ I I O  (lo(,s 11ot ( > x ( : ( ~ ( l  5'XN. 

Fig. 2.14 
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2.4 NONLINEAR DIFFUSION OF CIRCULARLY 
POLARIZED ELECTROMAGNETIC FIELDS 
IN ANISOTROPIC MEDIA 

111 this section, we shall extend the perturbation technique to the anal- 

ysis of nonlinear cliffusion of circularly polarized electromagnetic fields in 

arlisot,ropic media. We shall nlathenlatically treat constitutive relations for 

arlisotropic rrledia as perturbatioris of constitutive relatior~s for isotropic me- 

dia. However, we shall first discuss the question of how the material proper- 

ties of rl~agrietically noriliriear and anisotropic media should be mathemati- 

cally descri1)ed. This qutstion is of indeperiderlt iriterest. In the sequel, we 

assume that ~rlagr~et,ic ~riedia is urll~yst,eretic. Since hysteresis is rieglectetf, 

tllo relation lwtwee~l the ~iiagrlet~ic flux density B and the magnetic field H 
slioul(1 he rcprestrit,eti 1,y a siriglc-vahletl function: 

whc~rc. L is ill1 i~rI)it,ritry (:10~('(1 ~)itt,h ill  H-S~;L(:O. t,hitt is, ill th(' t , h r ( ~  (lillio11- 

sio~~iil  S~);L(:(: wit,h itX(!S H,, Hy, i~11(1 H ; .  

0 1 1  t,ll(, ot,ll(>r 11;~11(1, w(! llitv(> 

The. last ocluat,iorl I I I C ~ L ~ I S  tliat thr B-fit:l(l is curl-fr(?c: ill H-spacc: 
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This  irr~ulics t,hat,: 

is syrllr~~(:tri(:. 

This is i i  I ~ I ~ L (  h('~l~i~ti(.ill r(\st.ri('t.io~~ t l~ i l t  I I I I I S ~  t)i '  ir~l~)oscvl 0 1 1  iLIlY c'or1st.i- 

tllt,ivc> rc'littio~l B(H) for ~ ~ o ~ ~ l ~ y s t ~ c ~ r ( ~ t i ( :  rl~cltliil. Howc1vi.r. this is 11ot the> or~ ly  

rcst,ric:tio~~ or1 B ( H ) .  T11t.r~: iir(> two acltiit,ior~itl (itrltl r ~ i i t ~ ~ ~ r i ~ l )  c:or~str;tints oil 

B ( H ) .  w11ic~I1 (:;LII I)(. c.x~)rc.ssc~l 1)~.  t . l ~ ( b  followirig ir~ocl~~illit.ic~s ( s c ~  [7]): 

WII (TO C '  > (. > 0. A H  is ill1 i~~'l)it~.iir,v ~ I I ( ~ S ( > I I I ~ I I ~  of 1,11(' ~ ~ ~ i i p , i i ( ~ t ~ i ~ ~  fi(,l(l, 

\vllil(> A B  is tllv c.orrc~sl)ol~tli~~g illc.r.c'~nc~~rt of' I I I ~ I ~ I I ( ' ~ . ~ ( .  (l(wsitv. 

1 1 1 i t  i s  ( 2 )  i t  I o 1 o i 1 1 g  i i ~ r t r r t t i o .  Tliv 

I(>f't i~lcscl~~i~lity i l l  (2.2X!)) is ~ i l l i c l  for passive l l l ( \ ( l i ; ~ .  ]:or SII<.I I  111(,(liii, ill- 

( , I X , I I I ( ~ I I ~ , S  A H  of' 1 1 1 i l ~ 1 1 ( ~ t  i ( ,  fi(bl(l ~ L I I C I  t , l l ( ,  ( ~ o r ~ ~ ( ~ s l ) o ~ ~ ~ l i ~ ~ g  ~ I I ( , ~ ( > I I I ( \ I I ~ S  A M  of' 

~ ~ ~ i ~ ~ ~ ~ ( ~ t i x i ~ t ~ i o ~ i  ~ O ~ I I I  ;L( . I I~(?  ~ I I I ~ I ( , S .  'IYiis ~ ~ ~ ( ~ i ~ l i ~  t l ~ i ~ t  1)ro,i(,(,tio11s of' A M  011 

tI1(5 ( I i~wt . io~~s  of' AH iir(> I I ~ I I I I ( ~ ~ ~ I ~ ~ v ( ~ .  111 t i t l ~ c ~ r .  ~01x1s. ~)i~ssivit,,v o f  111t\(liii 

i~ r~ l i l i (~s  tl~iit,  iuiy i ~ i ( ~ r v ~ ~ i ( ~ ~ ~ t .  A H  o f ' t , l r t \  l l l i i ~ l l ( ' ~ ~ ~ ( '  fivI(1 r(%s111ts i l l  ii11 ~ I I ( ~ ~ ( ~ I I I ~ I I ~ .  

A M  I I I : L ~ I I ~ > ~ ~ Z ; I ~ , ~ ~ I I  WIIOS(,  ( , O I I I ~ ) O I I ( > I I ~ .  l)i~.ri~ll(~I to A H *  ~lio111(1 11iiv(> t . 1 1 ~  

Siil11(3 (Iir(>ctior~ iLS A H  (s(~1 Fig. 2.15). 'I'll(, l)~.ol)vrty of' l)ii.ssivit,y o f  111(~li i~ 

~ ( V ~ I I I I X ' S  t 11iit 

A M  - A H  2 0. (2.2!)0) 

whic.11 is t , i ~ ~ i t . i i ~ l ~ ( i ~ ~ ~ l t  1.0 t I I ( '  l(ift. i~~ t \ ( l~~ i i l i t . y  ill  (2.280) wit, l~ (. > / I , , , .  
'I'll(. right inc.cl~~iilit.y i l l  (2.28!)) roflc~sts t.11(, I)rolicLrt,y of silt.llr;tt,io~l of 

~nagllc>t,ic: n1c:cli;i. 'This propc>rt,y IIi('iL11S tlliit, for ;111y tixi>cI H ii11(1 B. pro- 

,j(~~t,iolis of A B  011 th: clircic:tior~s o f  A H  arc lllO~lOtOlli(:ill1~ i l~ (* rc ' i~s i~~g  fiillc- 

tioris of 1 A H / ,  wt~ic.l~ c1xhil)it silt l ~ r i ~ t , i o ~ ~ .  111 ot,hor worils! t  hi:^^ fll~l(.tiolls 
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are represented by curves that lie below some straight line (see Fig. 2.16). 

Mathematically, the last fact can be expressed as follows: 

Fig. 2.15 

where C is t,ht slope of t,hc ;~l)ovc~-lric~iit,io~i(~(l straight lilic. 

It is ol)violis that thc last forrriulil is ( ~ l ~ i i v i ~ l ~ ~ i t .  to t.11~ right. i~l(,(l~li~lit,v 

in (2.289). 

Iric~clualit,ic:s (2.289) (:ail 111. ctxprc.ssc.cl ill t,t:riris of . J i t ~ ~ l ) i i t ~ i  iriittrix (2.288) 

as follows: 

c1d2 5 j ( ~ )  f .  << c1d2, (2.293) 
+ 

wlierc H is ari arbitrary iriag~ictt,ic. fictl(1. wliilc < is i ~ i i  a.rl)itr;try vc~t,or.  

The proof of ccl~iivalt.rice of irlc~cl~li~lit,ies (2.289) ;i.rid (2.294) is l):wcd oil 

the followi~lg relatio~i: 

A B  = (l' d ( ~ , , ) d v )  AH, 

To establish relation (2.295), we 1)egin wit,li thc~ o1)vions identit,y 

A s x z  = B,, (H + A H )  - B,, ( H )  = (2.297) 
dv 

On the other hand, we have 



Bv sul)stit~~ting t,hc. last for~riuln i l l t o  clxpr-c.ssior~ (2.2'37)- wcb find 

k'ig. 2. I f i  

wl~ic. l~ is t h~ S ~ I I I I ( '  i1s f;)r1111lli1 (2.205). 

i ly  11si11g 1 , ( 1 I i 1 t i o 1 1  (2.2!)5). i11(~(111;1Iiti(~s (2.28!)) ( . i i11 I ) ( %  ~ ~ \ v r i t t ( \ ~ ~  ;I-s fol- 

lows: 

A H  < ( ( H , )  A H  AH 5 (-,AH('. (2.300) 

TII(YI, ; I S S I I I I I ~ I I ~  t.11;~t (.o(#i(.i(mt.s of  . J ; ~ ( . ( ) l ) i i ~ 1 1  ~ ~ l i ~ . t , r i ~  iLr(' ( , o ~ ~ t . i l i l ~ o l ~ s  ~IIII ( : -  

tio11s of H. wcX C ; I I I  f i l l ( ]  S I I ( . I I  i t  s111;~ll V ; L ~ I I ( \  of  AH t11:1t, for ; i l l  HL, = 

H -1. / / A  H u  :LII(I  0 5 5 I w(, I I ; I V ( \  
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which contradicts to the left iriequality (2.301). This reasoning by con- 

tradictioll proves the left inequality (2.294). By using the same line of 

reasoning, the right inequality (2.294) can be established. 

Thus, we have found that the Jacobian matrix (2.288) of the consti- 

tutive relation B(H) of nonhysteret,ic magnetic media is symmetric and 

satisfies inequalities (2.294). It is easy to demonstrate that these restric- 

tions hold for t,he constitut,ive equation of isotropic media: 

Indeed, forrriula (2.136) suggests that the corresponding Jaco1)ian rnatrix is 

syrnrrictric. The validity of irlcqualitics (2.294) can also be verified. To this 

end, wt rnention that forniulas (2.135) (2.137) can be written as follows: 

This iwsrllllptiorl is, for illst,itnc:c. vitliil for thcx powor law ;~~)~~i-oxirll;tt.ioi~ 

(2.25) (2.27). By ~lsirlg ill('illli~lit,y (2.308). fro111 for~rlllln (2.307) wi. c1c:rivc.: 

By using t,he last irlecluality ant1 (2.308) irl f i ) ~ ~ ~ l l l l i ~  (2.307), we ol)t,aill 



It. is c:lt:ar that, 

wIiic.11 Ill('iLllh t hilt 

WII(>IY> l l ~ i ~ t i ~ l i l ~ t ~ ~  i t ~ ~ ( l  I I ~ ~ ~ X ~ I I I ~ I I I I  iLr(' t.itk('11 OVVI. 1.1111 ~ . ( ~ l ( ~ ~ i ' i l ~ ~ t  ril!ig(' o f  ~ i \ . ~ i i ~  t,ioli 

of' H. 

It is wort l~wl~i l ( ,  t o  tioto t l ~ i ~ t  so~ric~tirttc~s t11v s i t . ~ l i ~ t i o ~ ~  (.illt I)( '  1~11(.01111- 

t ( 9 1 ~ ~ l  W ~ I ( , I I  ( ,  = 0 ~ L I I ( I  (' -- X.  This is. for ( , x i l ~ ~ ~ l ) l ( $ ,  t lies (.iwt5 W I I ~ ~ I I  w(. ( l( \ i~l  

w i t  I o I i ~ ~ o x i ~ ~ ~ i i o t ~  (2.25) (2.27).  111 tllis c.irsc,, t,llc' ;l.l)ovc\ 

~itlliltiOl1 iWih('~ l ) ( ' ( ' i l l l ~ ( '  Of tilt' l11il~~~l('t11iL~i('il~ i(~('i1~i~:lt~iOll Of il( ' t .lli11 t l l i ~ ~ l l ( ' ~  i ( '  

pro1)(,sti(,s oc 111(%(1iit Sot, wbt.y s l t ~ i ~ l l  ( F f  + 0 ,  /1,(11) + w )  ;~ l i ( l  v(>t.y Iil,rgv 

( I /  1 .x. /I,,(\.{) + 0 )  \F;I~II(>S of t 1 1 ( %  ~~i i~p ,~ i ( l t i ( .  fivI(1. 

K ( x t  . wv (~ot~si(I(~t.  t I I ( ~  (111(\st i o ~ i  of' 11on. t I t ( %  ( .o~~st  i t  111 iv(5 I X > I : L ~  ioli (2.305) 

I ) ( %  l ) ( ~ t , ~ ~ r l ) ( ~ l  ( I I I (  )( l i t i (>(l)  i t 1  o s ( l ( ~  t o  i ~ ( ' ( ' (  j1111t for i ~ ~ ~ i s o t ~ s o l ) i ( ~  ~ ) t . o l ) ( ~ t  i(,s 

of 111iip,11(\t i(. t ~ i ( \ ( l i i i  wit 1io11t violi~t i ~ i g  t . 1 1 ~  h y ~ ~ ~ ~ l i ( \ t  of .Ji~(.ol)ii111 111iit rix. ' Y I I ( ~  
ct;1sy ;III(I t ~ i l t ~ i ~ . i ~ l  W ; I ~  t o  g ( b ~ ~ ( b ~ . i ~ t ( '  511('11 1)(~1.1111.1~i1.1i0~1~ is 1)y I I S ~ I I ~  t . l l ( 5  11o t io11  

of  t 1 1 ~  ~ ) o t ( ' ~ t t i i ~ l  01' B-ficblt l  i l l  H-sl)i~(.( ' .  A(.c.orclirlg I O  ~ ' O ~ I I I I I ~ ~ I S  (2.285) i111(1 

(2.286). t,l~is ~ ) o t ( ~ ~ ~ t  ii11 is klgit i t t ~ i ~ t ( %  iL!l(I ( . ~ L I I  ( l ( l f i ~ ~ ( ~ ( l  ~LS follo~s: 

I t  is i ~ p l ) i ~ , r ( ~ t ~ t  ( 1 1 i ~ t  tliis ( ,o l~s t i t~ t t iv( ,  r ( s l ;~ t , io~~ will si~,t,isfy l*;(l. (2.286). m r l ~ i ( . l ~  

is ~ L I ~ I I I O I I ~  o t 1 S ~ S V  of' I J i   ti^ If  t.liis 111;~trix is 

c ~ x l ) s ( ~ s ~ ~ l  i l l  tc,rlt~s of  ~ ) o t , c ' ~ ~ t i i ~ l  r i .  i t  l ) c~ .o~~~c>s  t.ltc. I-ic~ssiilli I I I ~ L ~ . S ~ X :  
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According to formula (2.294), this matrix is positive definite. This implies 

that the potential U is (strictly) convex [ l l ] .  Thus, a B-field in H-space, 

which is generated by a constitutive relation B ( H )  for nonhysteretic mag- 

netic media, can be described by a convex potential U defined in the same 

space. 

Now let us derive the expression for the potential U(H)  in the case of 

isot,ropic media. By substituting relation (2.305) into formula (2.316) arid 

iritegrating along the ray between 0 and H, we find 

If we assurrie the power law approxirriatiori (2.27), tlieri fro111 the last eclua- 

which (:an 1,e rewrit,t,en i r i  teriris of H,  arid H ,  as follows: 

It is clear t,lii~t t,hc isot,ropicity of xriedii~ is r(>flf~.t,rd in t,hv synlrii(~t.ry of  t,li(l 

last c:xpressioli for U(H,, Hy)  wit,h rc:sl)(:(:t t,o H,,. i ~ 1 1 ~ 1  H,. To g('~l('ri~t,(' t,li(\ 

pot,cilt,ial for itllisot,ropic. rrlc:clia, t,ht* ii1)ovc~ syniiiic~try niilst 111' l ) ( ~ t , ~ i r l ) ( ~ l .  

Tho silnpl(,st wily to ( lo  t,his is to assign cliff(~rc~rit "wc.iglit," c~oc4fic:ii.lits for 

H, iili(1 Hy. By 11sing ;L pc>rt,~irl)at,iori I ) i l~ . i t l~ i~ t ,~~ .  E. t,liis ('ill1 I)( '  il(~('~)i1il)li~11(~(1 

iLS f01Iows: 

By using for~riulas (2.322) alid (2.317), wc, g('li(>~.i~t~(' thv following (.oiist.it.~i- 

tivc relat,io~ls for i~llisotropi(. rn~dia:  

' - 1  

BL(Hx, H,) = ( I  + r)kH, (J(l + r ) ~ :  + ( I  - t ) ~ ; )  " . (2.323) 

which automatically satisfy thr: syrrirrlctry rc~st,ric.t,ioii (2.287). In t,lic. lilriit- 

ing case of n + co, expressioiis (2.323) arid (2.324) ltwcl t,o t,lie c*onst,it~it,ivtl 

relations for ariisot,ropic rrltxiia with al)rupt ~ringnttt,ic. t,~.i~risitii)ns: 



Now wtt 1)ro(:(~(I  t,o t,hv i ~ ~ l ; ~ l y s i s  of 11orilinc~;l.r cliffi~siori of (.ir(.~ll;~rIy po- 

I i r . t~ ixc~t l  c~l(~c~trort~i~.gt~c'tic. fioltls ill i~llisot rol)i(. ( : o ~ t ( l ~ ~ ( . t i l l ~  111('(li;1 w I ~ o s ( ~  111ir.g- 

~i(%tic. l)sol)(~t.t i c s s  ;IS(. cl(~sc.l.il)c'(l c,o~lst i t  111 ivc> l.c?l;~t i o ~ ~ s  (2.32:j)  ; ~ l l t l  (2.:12.1). 

h I ; ~ t l ~ ( ~ ~ ~ i ; t t  i ( ~ ~ l l y ,  f,l~is :~ll;~lybis is ~ ; I I I ~ , ~ ~ I I I O I I ~ I ~  to 1 ] I ( ,  so111t i o 1 1  01' t , t l ( ~  follo\vitiK 

l )o1111(li11y V;LIII( ,  ~)I.OI)I(>III: till(! ~ , I I P  t i ~ t ~ ( ~ - l ) ( ~ r i o ( l i ( ~  soI11tio11 t o  t 1 1 ( ~  followir~g 

I!, (x. I )  = I ! l , ( x ,  t )  = 0 (2.:13 I )  

\V(, i ~ ~ t , ( > i ~ ( l  to ; I ~ ) I ) ~ J .  1.110 ~ ) ( l r t , ~ ~ r l ) i ~ t , i o ~ ~  t ( x ( * l ~ ~ ~ i ( l ~ ~ ( x  t o  t 1 1 ~  soI11tio11 of' t , l t (>  iLI )OV( '  

l)o1111(1;1,ry v:ili~(> prol) l(~~li .  '1'0 t.11is v 1 ~ 1 .  \v(, sliidl first fi1i0 ~ - ( ~ X ~ ) ; L I I S I ~ I ~ S  for t11(, 

c~o~is t i t ,~ i t ivc~ rc-li~tio~ls (2.:12;1) ;111tl (2.324). LVo I)(bgiti wit11 t11(, c-cxlj;~l~sioli 

of t 11c f11n(~tio11 



l3y r o t ; t i ~ ~ i ~ i g  o l i l y   so- ; I I I ( I  i i s s t . - o r ( l ( s r  t c , r ~ i ~ s  i l l  t i l o  l;~st two  ( ~ i ~ ~ i ~ t . i o ~ i s %  w ( ~  

t l . ; l . l l ~ f01~111  t l l ( ~ 1 1 1  t \ s  f'ollo\vs: 

(2,:bI:j) 

w l l ( ~ 1 . ( 5  z ( ~ o - o 1 ~ 1 ( ~ 1 .  t c > l . i r l s  B',!(H,. . H!,) ; r ~ i t l  Bj/'(ll,, . 11,) cx i i t r c i c l c j  w i t . 1 1  t . l i ( .  ( . O I I -  

st i t  111 ivv r c , l i ~ t  i o l i s  f o l .  i s o l  1.ol)ic. ~ t i ( y l i i l :  

LV(t s 1 1 ; ~ l l  look for t . 1 1 ~ .  s o l ~ l t i o l i  1.0 t . I l (> I ) ~ ~ l l i ( l i l ~ . ~  V ;L~I I ( '  1)1.01)1('111 (2.3:%0) 

(2.:134) i l l  t.11~. fo1.111 



By s111)st itutiilg t l ~ :  last two ( \xp r~ss io~rs  into (2.342) i t r ~ t l  (2.343), c:xparldilig 

t,llc. rcs111t.s of sut)st,it,~itiorls wit,h rcspnc:t t o  c ii.11(1 rct,ainirlg only zero- arid 
first-or(lcr t,errns. wcL o l h i n  

Now. 1)y s~iI)st,itr~t,irlp, f o r ~ ~ ~ r i l i ~ s  (2.345) (2.348) into t.lit' \)o~irlcliiry vil.l~lc> 

l)ro1)1(~111 (2.330) (2.334) it11(I I ) , JJ  ( > ( j ~ ~ ; t t i ~ l g  ill(, t,(\r111s of likf, l ) o \ v ( ~ s  of f .  

wv V I I ( I  111) wit,li t,lic foIlo\vi~ig t\vo l)o1111(I;~ry vii111(~ ~)rol ) I (~111~ for z(>ro- :LII(I 

fir,st-or(I(~ t ( s ~ ~ ~ ~ ~ s ,  rosl)(~(~t,iv(~ly: 

11','(0. t )  - Il l , ,  c.os dt .  

l l ; (O? t )  = If,,l s111 wt. 

H S ' ( x .  t )  = I - l ; , ! ( i x .  1 )  = 0, 



wlierc. the functions g x ( z ,  t )  ; L I ~  y,(z, 1 )  ;ir'c. givc.11 t)y the followil~g rxprt.s- 

sioris. 

It,  is ol)vioi~s t,11itt t , l l c \  l)ol~~iclii~.y v;IIu(' I )YOI)I ( \ I I I  (%.:.$4!)) (2.353) is i(l('1lt.i('i~l t,o 

t . h ~  l ) o t l ~ ~ ( l i ~ ~ ~  ~ i t l l ~ ( '  I)I.OI)IOII~ (2.122) (2.126). ( ' o I ~ s ( ' ( ~ I I ~ ~ I ~ ~ ~ , v ,  t,llt' ZC>SO-0rc1c.r 

ttkrrlls H,:!(z. t )  ;r.11(1 H;:(z ,  I) ~ I I Y .  givc.11 l)y for~r l l~l i~s  (2. l:I2) ;tlrcl (2.133). It is 

;ilso o l ) v i o ~ ~ s  t liiit li;(ls. (2.354) ; u I ( I  (2.;$55) ilrt' si111il;~r t,o Fils. (2.127) > I I I ( I  
(2.128). r ~ l l ~ )  o111y ( l i f f ( ~ r ( ~ ~ ~ ( ~ ( ~  is tI1it.1, I ( I s .  (2,; iL.I)  it11(1 (2.355) ;N(> i l i l ~ o ~ ~ i o -  

g ( l ~ ~ ( ~ o ~ ~ s .  t . l ~ i ~ t  is. tlivy 11i1v(> r ig l~ t . - l~ ;~ l~ ( l  si(1vs (i.v.. "(lrivi~ig f ' o ~ ~ ( ~ ( ~ s " ) .  wI~i(,ll 

; L ~ ' ( I  ( l ( > t , ( s ~ . ~ ~ ~ i ~ i ( s ( i  1)y f ' ~ l ~ ~ ( , t , i o ~ ~ s  , qr ( : .  t )  ; I I I ( ~  y!/(z, I ) .  'r111ts. it, ('it11 ( , O I I ( , ~ I I ( { ( Y ~  

t11i1t I<(ls. (2.35'1) ii1111 (2.:ic7)5) (,it11 I ) ( >  ts;i11sfo1.111(~1 i l l  t11( \  si1111(~ wily ; ~ 5  web 

t Y ~ I I I S ~ ' ~ I ~ I I I ( ~ ( I  IC(1s. (2.127) i111(1 (2. 128) i l l  S($(,t io11 2.2. '1'11(~ o11ly I I ( ~ \ V  (>It,- 

I I I ( ~ I I ~ ,  ~ v i l l  I ) ( ,  t . l ~ ( -  t r ; ~ . ~ ~ s f o ~ , ~ ~ ~ i ~ t . i o ~ ~ s  of' t 1 1 0  ri~l1t-l1;111(1 si(I(6s 01' blls. (2.354) 

;1t1(1 (2.:$55). ' I . I I ( ~ S ( >  ~ ~ ~ I I I S ~ O I ~ I I ~ ; I ~ ~ O I I S  ;III, I ) ( ~ I ~ O Y I I I ( Y I  i t s  ~ ' o ~ ~ o w s .  1 % ~  s11I)sti- 

t l l t i l ~ j :  (x~) t . (~ss io l~s  (2.1:$2) ;111(1 (2.1;$3) illlo I ; ) ~ I I I I I ~ ~ I S  (2.:I5H) i111(1 (2.:15!)) 

; I I I ( I  I )?  I I S ~ I I ~  si1111)1(~ t t . igo~lo~~~(s t ry .  wo o l ) t ; i i ~ t  

c,~(z, t )  - I t ,  (2, t )  + j I) , / (2,  t ) ,  





ordinary c1ifft:relitial cclu:itior~s: 

( r l2 d2pk(z )  I - -  - . (lk--2(2) = 
zo dz" I 

(2.371) 

FIcrc: 6-1.k. & , . ,  h1,kP2, i i r i (1 h-3,1;-2 i~rt: t hr. tiro~lcbc:k(>l. c 1 c ~ l t . i ~ ~ .  yk ;l.ll(l ( I  i l ly '  

spc'c:ificttl by forrr1111a.s (2.165) ;iritl (2.166). rc~s~)oc.tivc~ly. whil(, I /  i ~ l i ( 1  ( ill.(' 

givcr~ I)y tllc: followirig c~xprossiorls: 

I t  is o1)vious t,hi~t for i ~ l l  k. 2 0 illl(l k. # 3, (2.:170) i i r ~ t l  (2.:371) ; ~ r ~ t l  t,l~c) 

corrcs~)ol~di~lg boundary c.ollclit.iolls i ~ r c  hol l iogc~l~(~o~~s.  'Ihis i111pli~s t hiit 

Fro111 thc:sc> forrnl~li~s, wc> c-o~ic,l~~clcl t,hiit wit , l i i~~ the. Iirst-orclv~. ~)tsrt l~rl);~tio~i 

thcory all 11;irrtionics o f  tlic. olt.c:trorr~ag~~t,tic: tic.ltl. cxxc:c'l)t thcl first ii11(1 t.liir(1 

h > ~ r ~ r ~ o ~ ~ i ( : s ;  i1,rt1 ('(11liiI 1 o x r o .  To fill(! t ~ I V  first i i l i (1  t,hird llttrx~lolli(.s of 
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rringnet,ic: field perturt)atioris, wc riecd to solve the followirig boundary value 

pro1)lerri: 

d:%(O) = (0) = 0. (2.380) 

q 5 : 3 ( x )  = (m) = 0. ( 2 . s s l )  

Lli. look for. t.hc l);~rt.i(.~~li\r. sol~~t,iori t o  F;cls. (2.378) ant1 (2.379) i r ~  tlic, fort11 

I3y s ~ ~ l ) s t , i t ~ ~ t i ~ i g  t~xprc~ssiotis (2.:{$2) ; i r i ( I  (2.383) i r~ to  E( l s  (2.378) i ~ l ~ t l  (2.379)! 

wc3 cncl 111) wit,li t hc. followilrg s i ~ ~ i ~ ~ l t . i ~ ~ c ~ o ~ ~ s  ('(ll~iit,ioll~ for C:{ iitlld C,:  

Uy ti~kitig into ac:c:ourit, Eq. (2.271) i~11<1 th(: fact that XI = tr ,  t.lici last, 

two c~cluatiorls (:iL11 \I(: t:i~sily soIvt~1. AS i i  rt:slilt,, wt: arrivct ;it tho followirig 

c~xprc~ssioris for C.':% i~rlcl : 



( ) jj' ( 
) l j ' '  ( ) A.1 

<;$:{ ( z )  = A' 1 - + A" 1 - -1- : ' I  1 -- - , (2.389) 
io "o 20 
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Fig. 2.17 

Fig. 2.18 



2.4 Nonlinear Diffusion of Circularly Polarized Fields 

Fig. 2.113 

Fig. 2.20 

By using t,hc last t,wo cyuat,iolis arid 1)y irivokiilg t,hc forrriuliw (2.63) i~rid 



(2  65), wc o l~ t i l i l~  the. following c~xpr~~ssioxls for ~11~fit( .( '  ~~I I~ ) ( ' (~~LI I ( ' ( ' s :  

w111>r(> 71 is t , l~v s ~ l r f ; t ( ~  i ~ ~ ~ p ~ ~ ( l ; i ~ i i : ( ~  i l l  t11c (:iLs(' o f  isotropi(: l~w(lia.  

Forl~l~llils (2.397) ;LII(I (2.3'38) allow 0111' t o  t~vi~l t~i i t ,<~ t.11~ i~ff(*(:t of  lrliig- 

ric>tic* ;~~l isot ropy 011 t h r  s11rfi~c.c. irnl)c~tiilllc-c\. I t  is irrtl)ort.;i~it, t,o strilss t.lr;~t 

thcs right-h;r.~icl siclc.s of  for~rl~llils (2.397) iu~cl (2.3!18) (lo not (11'p111111 011 li,,,. 
This is I)c.c.;~~lsr., i~,c.c.ortli~~g t o  forr1lll1it.s (2.37'2). (2.573): (2.387). (2.:388), 

it11(1 (2.30 1 ) (2.:%94). (~oo l f i c i (~~~t  s . Ill, i111(l D" il,r(> (lir(>(,tly l)ro1)ort i o 1 1 ; ~ l  

t,o HI,> . 

1 1 1 ~  1 0  / , / I  1 / / /  i l l '  f l l t t i t l ~  0 1 1  Of 1 1 6 .  'rllt~sc. 

hulc.t.io~~s Iii~vc. 1 ) ( ~ , 1 1  ( .or111)11t,c~l for v ; l r io~~s  v;lli~c>s o f  1 1  i t ~ l t l  ( i l l l ( l  tlic, rc's111t.s 

of ( , O I I I ~ ) I I ~  at.io11s ;Irtt sl~ocvn ill Figs. 2.17. 2.18, 2. I!). i ~ t l t l  2.20. 

2.5 NONLINEAR DIFFUSION OF ELLIPTICALLY 
POLARIZED ELECTROMAGNETIC FIELDS 
IN ANISOTROPIC MEDIA 

fLl(0, t )  = HI,,,,-1 c-os wt .  (2.3!)9) 
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Hyf(O, t) = Hmyl sinwt. (2.400) 

By introducing the perturbation parameter C: 

the last two formulas can be rewritten as follows: 

Hz, (0, t )  = H,,, cos wt + FHm coswt, (2.402) 

Hy, (0, t)  = H ,  sir1 wt - FH, sin wt, (2.403) 

where, as before, 

Hm = 
H,x1+ Hmyl (2.404) 

2 

The x- and y-component of the magnetic field H(O, t)  can be expressed in 

terms of x'- and y'-components of the same field and the orientatioii angle 

O() as follows: 

H,(O, t )  = H,.! (0 ,  t )  cos Oo - H,I (0 ,  t)  sir1 00, (2.405) 

H, (0, t )  = Hz,  (0, t)  sin 00 + H,, (0, t )  cos 00. (2.406) 

By sut~stituting forrriulas (2.402) arid (2.403) in t,hc litst. two ccluat,ioris illid 

by using sirnple trigonornctry, we ericl up with t,lir followirig rclat,ions for x- 
arid y-cornponents of thc iriagrietic field: 

H,(O, t)  = H ,  C:OS(W~ + d o )  + EH,, C O S ( W ~  - do), (2.407) 

H,(O, t)  = H, sin(wt + 6") - FH, sin(wt - 60). (2.408) 

The last two forniulas are trarlsparent fro111 the physical point of view, arid 

they reflect the well-known fact that any el1iptic:al polarizat,io~i (:an be r e p  

resented as a superpositiori of two oppositely rotating rirc:ular ~,olarizat,ions. 

One of these circular polarizations is trea.ted as a perturtm.t,iori. 

Now, we proceed to the analysis of rionliilear diffusion of elliptically 

polarized electromagnetic fields in anisotropic rnedia wit,h coristitutive rc- 

lations (2.323) and (2.324). Matheniatica.lly, this analysis is t,aritaniount to 

the solution of the following equations: 

a"~, t )  = ff dBy (Hz, Hy)  
az2 a t  

, 



s l~ l ) j (~ : t .  t o  t,ht: i)otl~i(lary c:or~tlit.ioris (2.407) (2.408) i~rid zero conciitior~s at 

ilifiriity. 

By itsil~g thc  g(:110riiI i(lei~ of t.hc pc'rt,urbat,ion t.cc:hnicluc, wc look for 

t.ho so l l l t i o~~  irt t . 1 1 ~  forrn 

111 ot 11c.r wortis: wc: list> c:xp;u~siotis witah rcspcct to t,wo prr t  url)at iot~ pa- 

r;~lllc.t,c:rs (c arltl i), w11ic:li ;Lro prcserrt in t,hc c:o~ist,it~ltive rclatiorls a.ltd t,he 

I ) ~ I I I I ( I ~ L T ~  (.ol~(lit ~ O I I S ,  r(,sp(:(.tivi:ly. 

n v  s11l)st it.111 ing t,llc\ liist t,wo cbxprc:ssiolis illto ~ O T I I I I I ~ ~ L S  (2.323) iitld 

(2.324) ;trlcl 1)y r ~ s i l ~ g  t.11~ S;~III( :  lillc: o f  r(~iisolii~lg iLS irl SI:(:~.IOIIS 2.2 itrid 

2.4. WP iirrivc, i ~ t  tht, followir~g c~xp;irisior~s for B,(H,, H,) i i~id By ( I f , ,  H,): 

i)B" 
( I ! .  I )  + - -  ( [ I "  

" i ) H ! ,  

\ v l ~ ( ~ r ( ~ ,  i ~ 5  Iwforo* ll,',!(H,;!. H:;) i~11<1 B:j (H:! .  Hi;) arcs (.ol~stit,ut,iv(> r(>Iat,ior~s for 

isot,rol)i(, t l~(~( l ik~ (l(~fi~i(xI 1)y Eil. (2 .344) .  I t  is ('iLsy t,o scc t,ll;~t, t > x ~ ) i ~ ~ l ~ i o t l s  

(2.413) i ~ l < l  (2.4 l(1) iir(x si1111)1(> (~~) t~ i I ) i l~ i i t i o~ l s  of ( ~ X ~ ) ~ L ~ I S I ( ) I I S  (2 .347) )  (2.120) 

; r l ~ c l  (2.;j.IX). (2 .121) ,  rospc~c.t,ivc~ly. iw t,l~c,y ~nl is t  \ ) t , .  

Uy s111)st it l~titil?; rxl)w.lisio~is (2.4 1 l ) ,  (2:112), (2 .413) ,  ; t l ~ t l  (2.414) into 

Kip. ( 2 , 409 )  (2.*408) ;1,1i(I t)y ( q ~ i ; ~ l i t ~ x  si111ili~r t,(,rlt~s. wv (YNI 111) with t , h  

followil~g t.llrc.o l)ollli(li~ry wi111c ~ ) ro l ) I ( \~ t~s :  
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LlD" a!/,/(:. f )  
+ I ~ ! / ( : . t ) ~ ~ ( f f j ! > f ~ ; ; )  =o--,----- 

0 4 ,  ] iit 

a2i1,!/ ( 2 ,  t ) -..(, :i [- uu;; /1,,.(Z. t ) - ( f ~ . ' , ! ,  HI;) 
dz2  0 H.,. 

11, (0 .  t )  = H,,, c.os(dt - O O ) .  

11,(0, t )  =- -ti,,, s i ~ i ( w f  - H o ) .  



I t  is ~ lc i l r  t,lla.t, t,l~r, l)olll~clitr~ vi~111t: prol ) l (5~l~s  (2.4 15) (2.41 !I), (2.420) (2.423). 

arid (2.424) (2.418) ;lrct i ~ l l r l ~ ~ t  idc:~lti(.i~l to thv l)ollli(la.ry vitlli(: ~ ) ~ O ~ ) ~ C I I I S  

(2.349) (2.353); (2.354) (2.357). it.rld (2.127) (2.131). rc:sl)c,c:tivcly. T11c 

only diff(:renc:c> is t,hc> prosc\rlc:ct o f  t,hc: "oric~t~titt,ior~" i~rlglr 6'0 in f o r r r ~ ~ ~ l i ~ s  

(2.417); (2.418). (2.4261), ;r.llcl (2.427). For t,his rcilson, I?:(z, t )  iulcl H,: (2, t )  
will l)(, givt:ll by forlriulils (2.57) (2.58) i l~st( ' i~(I  01' forll11i1it.s (2.132) (2.133). 

This will rt:stllt. i r ~  t.lie rcb~)lirc~c~r~~c~r~t of rcd;~t.ior~ (2.14!1) for 6 ( z )  I)v t,lic- fol- 

Iowil~g fo r~ l~ l l l i~ :  

Dv 11si11g litc,rillly tho siilnc' lillc, of rc~itsor~il~g its ill thc~ 1)rtviolls soc.t i o l~ .  it (:ill1 

I)(. show11 t.h;lt t h ~  s o l ~ ~ t i o r ~  t o  t h e  I ) o ~ ~ l ~ ( l i l r ~  \7itl11(> I ) ~ O I ) ~ P I I ~  (2.420) (2.423) 

( ' O l l ~ ~ i ~ ~ i ~ l  Ollly tll(' iiIXt il,ll(I tlliIY1 ~ l i l I ' l ~ l O l l ~ ( ' ~ .  \~ll i l( '  id1 ot,ll(T lliLrlllolii(~s arc> 

('(111i11 t , ~  avro. TO fil~tl t , l ~ ( ~ s ~  first i111tl t hilxl hil . r l l~ol~i( .~,  th(' l ) o l l ~ ~ ( l i l r ~  V:LIII(' 

~ ) I ' O \ ) ~ ( ~ l l l  (2,420) (2.423) ('ill1 I ) ( '  r('(111('('(1 t , l lO f01h)willg ~ ) O l l l l ( ~ i l ~ ~  ~ i I l l l ( '  

1)rol)l(>11) for t 11(% o r ( I i ~ ~ i t ~ , ~  (litf(xr(>~~t i;11 ( V ~ I I .  'I t ,IO)IS: ' 

wl i (~ r (~  p ; i ( z )  i~11(1 ~~1 ( z )  t.li(> t,l~ir(l it11(1 first l~a , r~~ io r~ i ( : s  of' t,ll(\ f ~ ~ l i ( . t . i o ~ ~ s  

$I(;) i ~ . l ~ ( l  v ~ ( z )  (l('till(\d 114- forl~~ll l i \ .~ (2.3fj2) i1.11(l (2.363). I . (~s I ) ( ' ( .~  ivc'l,v. 

K';cluittio~~s (2.490) it~ltl (2.131) ; ~ r ( ~  v c ~ y  sil11i1it.r t.o E(ls. (2.378) ~ L I I { I  
(2.:$79). I ' l l (% o111v ( I i f i (~ r (~ r~( , (~  is tlt(, I ) ~ ( \ S O I I ( Y ~  or ( ) ~ l ) o ~ ~ ( > r ~ t i i ~ . l  f t ~ ~ t o r s  f ~ ~ ~ ) ~ ~  i i l l (1 

J ' ~  I . ( 2 . 4 0 )  I f i t  l o  I J I 1 .  ( 2 . 4 )  I - I o w c ~ v c ~ ~ .  
this (iiffvr(~r~(,(\ ( b i ~ ~ ~  I ) ( ,  i ~ ( ~ ( ~ o ~ ~ t ~ ~ ~ o ( l i ~ t ( ~ < l  1)y l o o k i ~ ~ g  for tlio 1)i~rti('11liir so111t~iolt 

t.o Eqs. (2.430) :ill(l (2.431) i l l  t,Il($ for111 



wht~ro A:, ancl A 1  are  givt.11 I)y fo r r i~~ l l i~s  (2.384). 

By su1)stituting fui~ct,ioris (2.434) i~iitl (2.435) illto Eqs. (2.430) i ~ r l t l  

(2.431). we (:lit1 up  with tlic: sirr~ulti~lic:ous ( : ( l l ~ i ~ t i o ~ i ~  for (.o(:ffi(:i(:~it,s C:{ 2i1icl 

C1 which art: iclc:ntic:a.l t,o Eqs. (2.385) itlicl (2.386). This rric:;tris th;it. thosc 

c:oeHic:ic>~its can I)c computed I)y r ~ s i ~ l g  forrnlr1it.s (2.387) i11ld (2.388). 

Thc: c:or~iplct.c: so l i~ t io l~  to diffi~rc.~it,ii~l Eqs. (2.430) i1.11tl (2.431) (,i1.11 I)(,  
sougllt irl t , h ~  form 

B,y 11si1ig t l ~ ( ,  S ~ I I I I ( ~  I i r i v  o f  r v i ~ s o l ~ i ~ i ~  21,s l)(~foro. i t  ( .~LI I  I ) ( )  s11ow11 t , l ~ i ~ t  i11i(1 

ij" ; I . ~ ( I  t.licb roots of t lict c~hirl.;ic.t.orisI ic.  E l l .  (2.2:jX) wit h 1)osit ivc, rc.il1 1)ilrts. 

url~il(. c.oc.ffic.ic~11t5 / I 1 .  11". 11'. ; l ~ l ( l  13" ('ill1 I ) ( '  1;)1111(1 I)?' ho lv i~~p  si l~ll~lt . i l l l ( 'o~~s 

F ; c l ~  (2.3!)1) (2.:1!)3). 'T l i~~s ,  wtt ('iill sc\c5 tlli~t, tllc, i~lgoritliln of c.;tl(.rlli~tioli 

of c~oc,flic~ic~lit.s C:%. . A'. A'', B'. ;LII(I ljl' is c,xi~c.t.ly t Iiv sitlll(' iw ill tlic. 1)r"- 

violis sc,c,t.iol~. i111t1 t liitt t . l ~ ( '  ~)(,( .~~li i~.r i t .y of ECJS. (2.3;)O) i111tl (2.431) is fully 

i~( ' ( 'o~~~l t . ( ' ( l  for 1 ) ~  fii(.tors ('J:'"" ;t~ltl ('.'O" ill ~ C ) ~ I I I I I I ~ I S  (.L.'t:l(i) itll(l (2.4:17). 

rcsl)c:(~t.ivc~ly. 

Nvxt . wcT proc.c~t'tl t o  t 11c. s o l ~ ~ t  ion of  t.Ii(, 1)01111(li\.r~ V:LIII(' 1)1.01)10111 (2.32~I) 

(2.428). By ir~trocllicing tllv f i l r l c . t  ior~s 

(!)(z. t j  = 1 1 ,  ( 2 .  t )  4 ) h , l ( z .  t ) .  (2.338) 

arid t)y 1itc~rii.lly rrl)c.i~.t,il~g the‘ s i ~ r r ~ c ~  liilc, of rc~ii .so~ii~~g i ts  i lk S(v.tiolls 2.2 i111(l 

2.3. it (:it11 1)(, c:st~i~l)lislic~d tlikit, olily t 11c. first aritl t l~irt l  l~ii.rlliol~i('s of' p(1. 1) 

; ~ l l ( l  <$(:, t )  r(:~p('(:t,l~(>ly. ilr(' 1iOt ('(lllill t o  Z('r0. TO fill(] tll('s(' ~ 1 i 1 ~ 1 1 1 0 1 1 ~ ~ ~ ~ .  tll(> 

l ) o ~ ~ ~ i c l ; ~ r y  vi~111(> l)ro1)1(~11 (2.424) (2.428) c:i~lr I)(. rc~til~c~ccl to the> followilig 

I)(  )1111(li~ry vii.l11(, pr( )l)1(>11i for t,li(t or(Ii11i1,ry cIiff(~ro11t iid ( ~ 1 1 1  il, t ,1011s: ' 

2 2 -  
(1 ( / I : ,  ( z )  

(2.440) 



Agiiili. wt. fi11(1 t1ii1.t th( '  l)o1111(I;~ry v ~ ~ I I I ( '  1)r01)1(3111 (2.440) (2.443) is vvry 
sir~iiliir t.o t,ho l)o~l~lt l i l ry ~ i ~ l ~ l ( '  prol)l(,lri (2.225) (2.228). T l i ~  otlly (1iffc.r- 

(,II(.(% is tlic: IN(W~: I I ( . (~  01' cx~)o~l('rit .ii~l f i ~ . ( ' t o r ~  (J2('" ill E(l. (2.440). 1,-.12'" ill 

Kcl. (2.441), i \ .~i(I  t >  .J""il t.lrt, sc~.oiltf l>ol~l ld i~ry  (.oii(lif..io~i (2.4.12). Th i s  clif- 

frr(>il(.(> (.ill1 I ) ( '  i ~ . ( . ( ~ o ~ ~ l ~ ~ l o ( l ; ~ ~ t ~ ( ~ ( l  I),v lookillg li)l. t li(i solllt,io~l t o  t.110 1)01111(li1ry 

V : ~ I I ~ ( \  pro1)1(>111 (2.440) (2.443) ill t .1~:  for111 

Ily 115i1ig t 11(, s ; ~ i i ~ ( ~  lili(1 of r ( l ; ~ s o ~ ~ i ~ ~ g  ;IS l)(,l'o~x>. hr(> li11{1 t l1;1t !jl i11i(l !jl' ill.(> 

t I I ( ~  roots of' t li(b ( ~ l i ; ~ r ; ~ ( ~ t ( ~ r i s t ~ i ( ~  l+:(l. (2.238) ~ v i l  11 1)osit ivv r(>;~l  1);ll.t~. ~ v I ~ i l ( b  

(.o('ffi(,i(wts I i . '  . ;if'. fif ; L I I I  13'' ( . ;L I I  I ) ( '  (.01111)11t,(~(l I ) ,  ~ ~ s i l ~ l ? ;  li)rlllllli~h (2.2 12) - - .  
(2.2 1 I ) .  r l l l ~ ~ ~ s .  t t i ( ,  i i l~or i t  11111 01' (.;II(.III>I~ io11s 01' ;i'. ;?'. .-I1. '4". B1. ; I I I ( I  I?'' 

is c>x;tc.t.ly t.llct s;i~lrt> ;IS irl S(tc.tio11 2.3, ;111(l t I1(1  ~)(v.lili;~rit,v of E ( ~ s .  (2.340) 

(2.441) ;L I I ( I  t,llo l)o1111(1;~ry ( ~ o t ~ ( l i t , i o ~ ~ s  (2.442) is 1'11Ily ; ~ ( ~ o ~ ~ ~ i t , o ( l  for l)y Si~,(,tors 

o . ~ ' ' ~ ~  it11(1 ~ I I  Sor1111il;~\ (2.444) ;111(1 (2.415). rt\sl)(>(,t iv(,ly. 

l I ;~.vir~g ( l ( ~ t ( ~ r t ~ ~ i ~ ~ ( ~ ( l  ill1 (.o(,fi(.i(~lits i t l l ( l  ( ~ x l ) o ~ ~ ( ~ l i t . s  ill forlli111;1s (2.-lXi) 

(2,437) ;L I I ( I  (2. 1-14) (2.- l45),  t,l1(1 l ) l~ i~so r s  of' t I N ,  first l i , ~ r ~ i i o ~ ~ i ( . s  o f  t , l~ (>  111;ig- 

11t\t,i(, licl(l ( ~ O I I I I ) ~ I ~ ( ~ I I ~ S  ci11i I ) ( ,  fo1111(1 ;IS f o l l o ~ ~ s :  



w \ i ( > r ( >  11 is t , l~ ( l  s11rf';1(~5 i ~ ~ ~ l ) ( ~ ( I i u ~ ( v  111 t l i v  ( k ; ~ s ( ,  of is01 r o l ) i ( .  i ~ i ( , ( l i ; ~ , .  

AS 1 )(bf'Ol'(s. it is ('iLSy t 0 S(I0 t . l l> l t  r?l t , iOS I / , ,  / I /  i l l l ( i  ( 1 0  l l o t ,  (1<51)(~11(1 

011 H,/,. This is INT;I I IS( ,  ( , o ( , f f i c i ( t ~ i t  s C', . 13'. Dl', B'. ii.l,(l B" :\,r($ ( i i r o ( . t  ly 

~ ) l ' O l ) O l ' ~ ~ i O l l i i ~  1 0  f!,,,. 11 ; \ IS0 ('I('i1.l' f ~ 0 1 1 1  t,ilO i 1 1 ) 0 \ ~ ( ~  ( ~ l ~ ( ' l 1 ~ ~ ~ 0 1 1  \ l i l t ,  t l l ( , s ( \  

c o ( , f l i ( , i ( ~ ~ ~ t , s  (10 1101, ( l o ~ ) ( ~ 1 ~ ( 1  011 t l i (!  " o r i ( > ~ i t , ; ~ l  i o l i "  i1,11gI(> (lo ;11i(i ; ~ r ( >  o l i l y  ~ 'IIII( . -  

t i o l l s  o f  t x s l ) o l l c x l l t  rt rrsc,ti i l l  t llcs ~ ) o w t ~ r  l i i w  i ~ l ) l ) r o s i l ~ l ; l t  i o l l .  111 t.liis s t . ~ i s t > .  

for111111:is (2.148) ;111(l ( 2 .  ItI!)) give ( ~ x l ) l i ( t i t  ( I ( ~ ) v I I ( I ( Y I ( Y ~  o f  S I I ~ ~ : I ( Y \  ~ I J I ~ ) I ~ ( I ~ I I J ( ~ ( ~  

l ' i l . t , i O ~  i l l  t . ( ' ~ l l l s  Of l , l l ( '  ~ ) ( ~ r t ~ l l r ~ ) i ~ t . i o ~ l  l);\~l';lIll( '~l'l 's C i l l l (1  ?111(1 1 " O ~ ~ ( ' l 1 t ; l t i O l l "  

i l l l g l 0  oo. SO1110 S i l l l l l ) I ( '  r ( ' h l l l t ,S  Of  ( ' i l l ( : l l l i l t iOl l  Of  f h(' l ' i l t i 0 ~  I / , ,  ! / / ? I  i l l l ( I  I / , , , , . /?~ 

i i r ( ,  ~ ) r ( ~ s ( ~ ~ ~ t ( ~ l  i l l  Figs. 2.21 t l l r o ~ ~ g l ~  2.28. 
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Fig. 2.22 



2.5 Elliptically Polarized Fields in  Anisotropic Media 

Fig. 2.23 

Fig. 2.24 
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2.6 EDDY CURRENT LOSSES IN THIN 
LAMINATIONS 

It is well krlowrl that rotating rrlagnetic fields occur in various types of 

electric machinery, actuators and other devices. It was realized that eddy 

current losses in steel larrliriatioris caused by these fields are appreciably 

higher that1 losses associated with ur~idirectional alternating magnetic fields 

of cornparal)le rnagriitude. For tshis reason, "rotatiorial" eddy current losses 

have been a. focus of active research for marly years. These losses were first 

investigated cxperirr~er~t,ally for solrle specific field values and flux patterns 

(see [12], [13], [8]). Then solrle efforts were made to study these losses 
t,licoret,ically [3] Ily using rliirncrical t,echniqucs for the solution of nonlinear 

tliffusiorl ecluat,iorls. 111 this sectioli, wc shall revisit the issue of "rotational" 

ctldp cilrrcnt losses. By using tShc rcslllts o1)tairled in the previous sections, 

we sh;~ll dtx-ivt ,zr~alytic:al expressioris for these losses and clarify certain 

;~spc~:t,s aritl clutst,io~ls rclat,cti t,o t.his rnatt,er. 

Wc l)ogi~i wit,h the t1isc:ussiori of rddy c:llrrt.lit losses ilrlder the as- 

surrlpt,iori t,h;~t, i L  (li~t.ri~)ilt~io~i o f  ~rlagllct.i(. flux derlsit,y over a lanlirlatiori 

cross-st.c.t,iori is 11lliforr11. Wc St.iLrt wit.h t,ll(> (.iLS(' of ~l~lidire(:tiollal alternat- 

irlg 111i~gil(~t.i(. fi(,l(ls. This is 21 c,li~ssic~ill l ) ro l ) l (~~l~  t.lli~t  hi^^ I)c:rri c~xt,c~rwively 

t,r('i~t,('(l iri t,l~o lit,(,ri~t~lr(\. T l i (~1  t,11~ (lis(~1~ssio11 of t,liis (,l:~ssi(,:~l prol)lcr~~ will 

I ) (> g(~ll(TiLli~O(1 t.0 t l l ( ~  (:iLS(' Of rOtiLt,illg lllilgll(~ti(~ fi(>l(k. 

Collsitl(,l. il ~lii~gll(,ti(. (.oll(l~l(.tirlg l i l .~ l l i~~i l t , i~ l~  wit11 hoight h,  widtll 111, 

i ~ 1 1 ~ 1  t,lli(.kll(>ss A (s(Y' Fig. 2.29). It is ~ L S S I ~ I I I ( ' ( ~  t.lli~t. t 11(' ~lli~gll(>t.i(: fl~lx (l(wsit,y 

is 11rliforrll ov(,r t.11(* li~111illi~t,io11 (.ross-s(>(.t,iol~ ~ L I I ( I  11:i.s orllv t,ll(> .I:-(:oIII~)oII(~~I~, 

B(t) = el,. B,,, c ~ s i ~ t .  (2.450) 

This t,illlo-vitryi~~g 111i~gll(>t,i(. fl~lx (I(,~lsit,y ill(lil(.(\s (~lclv (:11rr(~rlt.s w11os0 (:lased 

lillt1s lit, ill  I ) L ~ L L I ( ' S  11or111iL~ 1.0 t , h ~  2-axis. Lvt L,,. I ) (> 011(? of  t1lf:sf: ('d(1-y (:llrrf:llt, 

1illc.s. By iq)plyi~lg F ~ L I . ~ u ~ ~ L ~ ' s   lit^ o f  ol('(.t~rollii~.gll('t.i(. i11(111(:t,io11 t,o 1)i~t,l1 L,, 

wht~rc a,.(,-. t )  is t,llo flux t,hat links L,. 
By t,aki~lg illt,o i~(.('O~lllt, t.11i~t. t,l1(> la~llirli~t,ioli is t,llill (A << h), the left,- 

haricl a1lc1 right,-llit11(1 siclt~s of forrrlul;~ (2.451) (villl I)(. al)l)roxirrla.t,rd as fol- 

lows: 



LSy 11si11g (ls1)r(~ssior1 (2.454). rv(> ( , ~ I I I  (~o1111)11tv lo(.i11 l)ow(>r loss (l(>i~sit,y p(,;. t ) :  

Thi s  ~)owc'r loss clcs11sit.g vi~rics wit.11 ti111c\. k'or this  scL;~sor~. it is c . ~ ~ s t o l l ~ i ~ r y  

t,o (.l~i\,r;~.(.t,($rix(, ( ~ l ( l y  ( , I I ~ ~ ( > I I I  lossc>s 1)g t,li(> t~v(:ri~,g(, l)ow(\r loss ( h ~ l s i t y  p i ; ) .  
wl~i(*lk ('iL11 I ) ( '  ( ~ O ~ ~ I ~ ) I I ~ , O ( I  21s f0110w~: 



'r11is r ~ i i ~ g l l ( , t , i ( ,  f111s ( l ( 9 1 i s i t y  i11(111(cs  t l ~ ,  ( - l ( ' ( , t r i ( .  t i ( ~ l ( 1 .  w l i i ( , l ~  lii1.s .I,- i111(1 !I- 

( ~ o ~ ~ i j ) o ~ ~ ( ~ ~ i t s .  'I'll(> ! / - ( . O I I I ~ ) ~ I I O I I ~ ,  o f  this fi1\1(1 ( Y I I I  I ) I ~  ( Y ) I I I ~ ) I I ~ , ( Y ~  i l l  t l l ( %  S:IIII(\ 

way ;w l ) ( ~ f o r ( ~ .  111 ot.I1(51. w o r ( l s ,  I ' O ~ . I I I I I ~ ~ I  ('2.15.1) is v i ~ l i ( l  for tl~is ( . O I L I ~ ) O I I ( Y I ~ .  

To ( Y ) I I I ~ ) I I ~ ( %  I l l ( >  . I ~ - ( ~ o I I I ~ ) o I ~ ( ~ I ~ ~ .  of t111~ ~ ~ l ( ~ ( ~ t , r i ( ~  f i ( % l ( I .  IV(, ( , o ~ i s i ( l ( , r  i I  ])i1t11 

in i i  l)\i111(\ I I O ~ I I ~ ~ I ~  t o  ! / - i i ~ i ~  (SCT Fig. 2.25) ~ L I ~ ( I  i11) l ) ly  F i ~ , r i ~ ( i i ~ y ' ~  \;I.w t o  this 
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By corrlparirlg formulas (2.454) and (2.466) we conclude that the induced 

electric field is circularly polarized. This is expected because the inagnetic: 

flux density is circularly polarized. By using formulas (2.454) and (2.466))  

we can compute the instantaneous power loss density 

p ( z ,  t)  = a [E ; (Z ,  t )  + E ~ ( z ,  t ) ]  = a w 2 z 2 ~ $ .  

It is apparent front the last equation that this power loss density is constant 

in tirne. In other words, in the case of circular polarization of the niagrletic 

flux density the "ecldy current," energy dissipation occurs at a constant rate 

in time. This clearly explains why the rotational eddy current losses are 

higtlcr than t,host for unidircct,ior~al magnetic fields. 

Frorn forniula (2.467) we cortclude that. 

2 2  2  
p ( z )  = p ( ~ ,  t )  = nw z B,, . (2.468) 

By ir~tt\gr;~ting tit(, last clxprtssior~ with rcs1)c.c.t to a ,  wc> ol)t;~iri losscs pc'r 

1111it s~~rf;icc ; ~ r ( , i ~  of Iii~~~iti:~tiori: 

whc,rc, suporsc,ript "c.ir" irtc1ic.iit.t~~ t11:it t . 1 1 ~  1oss~s i~r( '  (.o1111)1tt(~l for t,lt(> (.;is(' 

Of (:iI'(:lll:Lr ~ ) O ~ i ~ ~ i ~ i i t , i O l l  Of llli~gll(~ti(' fiPl(1. 

By 11sir1g forlr~~lla (2.460),  t,hc liist t'(111i~tiolt (:iL11 I)(! ~ ~ ~ L I ~ S ~ O T I I ~ ( Y ~  ~LS 

follows: 
w 2 a A  

jjcir = - 
12 

(2.470) 

B(t) = e,,,B,,,, c:os U J ~  + e ,  B,,, sir1 L J ~ .  (2.472) 

For this CiLh(', for111111:~s (2.466) it~td (2.354) I)c rc~spc~c~tivc~ly writtt.11 as 

follows. 

E,(z,  t )  = -wzB,, cosuit, (2.473) 



This I ( ~ s t I s  t,o t he  followirig c,xprctssiolis for t,hv irlst,it~lt,iulc:o~ls powtxr loss 

d t ~ i s i  t,y 

Now, 1)y lit,c.riilly r.i~l)cwt,ing t,hc silrne lirlc. o f  rciwor~irlg ;is hefore: wcb 01)- 

tiiirr t,hv followirrg c>xI)rc:ssio~~ for t he  l ) o w i ~  Iossc~s l)c,r 111iit ~ l ~ r f i ~ ( ' ( '  i~.r('ii of 

, . 1 11(' li1.5t ('Xl)l.('~~iOll ('lOi\1-ly sl lgg( 's t~ t1l;lt ( ' ( l ( 1 ~  c'lll.l.('llt 1 0 ~ ~ 0 ~  i l l  t l l ( '  ('iL.S.L;(' Of 

csllil)t.ic.;ll !)ol i~rix;r t io~~s o f  t l i c t  ~ ~ ~ i ~ g ~ l ( ' t , i ( .  l111x (I(511sity ; I I .~ '  ( Y ~ I I ~ I ~  to t.llt '  S ~ I I I I  

o f  ( ~ l ( l y  ( . I I S I Y ~ I I ~  loss(>s i~sso(~ii~to(l wit.11 two ~ ~ ~ ~ i ( l i r ( ~ ( , t i o ~ i i i l  i111(l o r t l ~ o x o ~ ~ i ~ l  

~'0111~)oll('11~~~ Of lll;lgll('~ i ( '  fillx ( l( ' l i~i ty il,('tillg ~( ' i ) ; i r i l~  ('1y. Frll i~ hU't nr;lS first, 

Ol)~<>rvt:<l ( '~l)(~l . i l l l ( ' l l t i l l l~ (s('(' [12]. [1:{]) illl(I lilt('l. WilS ('Ollfi~lllO~l 1 ) ~  111111l(~l~i- 

(.ill ( ~ o ~ ~ i l ) ~ l t i i t  iolis [:I]. I t  is i1111)ort,i111t t o  l)oil~t o 1 1 t  t 11i1t nT(\ 11i1v(\ i ~ ~ i ; ~ l v t ~ i ~ ~ ; ~ l l y  

t l (~rivc~1 t,l~is f'i~(.t witllol~t ilivokil~g ;illy i~s , l ih~i~~~l) t io~~: ,  ( . o ~ l ( . ( ~ r i i i ~ ~ g  ~ ~ ~ i ~ g l ~ ( ' t . i ( .  

~)l'Ol)('l.ti('s Of' li1lllilliltiOlls. I70r t l l i ~  I.('ilSO11, 1Ilis 1';1(.1 i l s  ~ ( 1 1 1  ;IS fOl.lllllIil~ 

(2.470) ~ L I I ( I  (2.477) l ~ o l ( l  for ~ ~ ~ i ~ g ~ ~ ( , t , i ( ~ i ~ l l y  isot~,ol)i(* illi(1 i111i~ot ro1)ic lii11ii11i1- 

t , io~is  wit.11 (iill(1 w i t l i o ~ ~ t )  l~yst(>r(lsis. r l ' l ~ ~ >  I I I ; ~ ~ I I  1i111it ;~t ioi i  of' olir (it ,riviitio~~ 

is ; I S S I I I I I I ) ~ , ~ O I ~  t . l~ i~t ,  t . 11~  111iig11(~ti(, l111x (Iv11sity is 1111ifor1ii o v ( ~  i1 l i~~ l i i -  

11;LtiOll ('I.OSS-S('(.~.~OII. If t l l i ~  il~~1lllll)tiOll ( ~ O ( ' S  1lOt 1101(1. t l l c '  il\)Ovc' filc't iill<l 

f o r l ~ ~ l ~ l i ~ s  (2.470) iultl (2.477) ;is(, ~ io t ,  vi~litl. 111 ot.llc>r wo~.cls. ill t.lic. (.;IS(, 

of' 1io111111ifor111 ( l i s t r i l ) l~ t . io~~s  o f  ~ ~ i ; t ~ g ~ ~ ( ~ t i ( ~  fllix ( l(>~isi ty,  ( ~ l ( l y  ( . I I I . ~ ( ~ I I ~  pon7(\r 

1ossc.s iLr(' i l f f (~ . t c~ l  1)y tl~c, ~rii~gucxt.ic: ~)ro~)('rtic's of  l i ~ . l ~ i i ~ l i ~ t i o l ~ s .  

' I i)  t,rc>i~t the\ (.iis(' o f  ~ l o ~ ~ ~ l l i i f o r l i i  ~ ~ l i ~ g ~ i ( ' t i ( .  f l~ ix  (1(~1isit,v, wc* ~11iill IIS(' 

1.11(, rc~sl~lt.:, o l ) t ;~ i~~oc l  ill t,l~i, l)rt:vior~s sc:c:tiol~s o f  this ('lliij)l('r. 'I'l~(:so 

slllt~s IlikW' l)('('ll (l(Ti~('(1 for l lO1l~~ll~~il~l~ (~iffll~i011 Of ~'~('( '~l 'Oll l i lgl1~'t~i( '  fi('1ds ill 

111;~gll t! t i (~; l~~~ l l o l l ~ ~ 1 l ~ ~ i l ~  ~ ~ 0 1 1 ~ ~ ~ l ~ ~ ~ ~ l l g  IlilIS-~!)il('('. illl(I t11cb (~Xi~t,(~ll(.(: o f  fill it,(^ 

~)c~nc,t,r;ltio~i tlc:l)tli 11;~s 1 ) ( ~ : 1 1  c~sti~l)lishc~cl. '1'1101.c~forc~. i t  is ol)violls tha t  if  

tlicl t11ickl1c.s~ of Iiirliillir.t io11 clxc.t~otls 22,). t I I ( ~  11ol1li11o;~r ( l i t f ~ ~ s i o l ~  o f  (:lrc.t,ro- 

rrli~gnctic: fic:l(ls at, c ~ i ~ c ~ h  sitl(1 of  t.ho I ; ~ r ~ i i n ; ~ t i o ~ i  will ocul r  ill tlic, siinltl wiL>r 

as ill t.hc (.;IS(. of  tlic. s t ~ ~ ~ r i - i ~ ~ f i ~ ~ i t , c x  c:ontl~ic*tirlg l~ i~ l f -~ l ) i i (* (~ .  C ' o ~ ~ s c ~ c l ~ ~ c ~ ~ ~ t l y ,  wo 
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can use the previously derived results for the case of conducting lamination. 

Namely, when the magnetic field is circularly polarized and conducting nle- 

dia are magnetically isotropic, we can write the following fornlulas for the  

phasors of the magnetic field: 

where 20 ant1 a are given hy c:x~)rcssior~s (2.53) i ~ l ~ d  (2,40), (2.47): (2.51), 

respcctivcly. 

By ll~illg t,il(\sc fOrl1111~iLs, W(, ('ill1 (:Olll~)llt~(~ SllrfiL('(\ i l l l ~ ) ( ~ ( ~ i L l l ( ' ( ' ~  011 <'il('ll 

side of t,hc, I : L I ~ I ~ I I : L ~ , ~ ~ I I .  It is oI)vioi~s t.hi~t. ~,II ( \S(> ~ I I ~ I ) ( ' ( ~ ~ L I I ( . ( > s  will I)( '  t,11(> S ~ L I I I ( '  

:~nd giv(>11 1)y for i i~~i l i~s  (2.66) (2.68). Now. 1)y ii~voking t , l i ~  1iotio11 of t,11(> 

$ I r  =2R(,(S a,) = Rv 

( 2  481) 

whcrc t,hv syrrlt)ol * is ~ l s c ~ l  for t,ho 110t,i~t,i01l of (:o1111)1('~ (~)l!j~lgt~t.(> (llli~l~t,it.y. 

By r ~ r l p l o y i ~ ~ g  tht, r(>li~t,i011~ 

and by su1)stitutirig thc'rr~ illto forrr~uln (2.481). wcx clt,rivt, 

where we used thr  fact that iri tlic case of cir(:~ilar polarizat,ions 1 H ,  (4)  1 = 

1 ~ .  ($11 = Hm. 



Now, by rc~cxlling c~xprc~ssior~s (2.66) arlti (2.67), wc, arrive a t  

111 t,his forrr~~llil, "rot.ilt,io~~i~l" c!tl(ly c:lirr(!rit, 1osst:s iLrtL c:xprc>ssc>d ill terlr~s 

of the. rlii~giic~tic: Iit~ltl rnngrriti~dc at, tlic lii~r~irli~t.io~i 1)ollrltl;try. 111 111a1iy 

;~l)l) l i(- ;~t , io~~s,  tli(, tot,i~I fllix t , h r o ~ ~ g h  t , h ~  l i ~ l ~ i i r ~ i ~ t ~ i o ~ ~  is giv(!ll. For t,liis r('iLSorl! 

i t  is clc:siri~l)l(t 1.0 oxl)rcxss rotatior1;ll c ~ k l y  c:~lrrc~rit lossos iri t,t:rir~s o f  t,his flux. 

TO t . k l 1 ~  (,llti. WC I.c(:~LII t,hO i'(lllilt,iOll 

I3y int,c:gr;iting this ( \ ( l ~ ~ i ~ t . i ~ l ~  wit , l~ ~.('sl)('(.t t o  3 ,  u.(, Ot)t,ili11 

W1lcsr(' W(' I I S ( ' ( ~  1 I I ( '  f'il('1 i klilt t;,',. ($ - :o) = 0. ;111(1 (1) is i~ f l 1 1 ~  ,)(,l' 111lit mri(lt,1l 

(or li(ig11t ) . 

I%\.. 11lilizi11g t . l ~ t ,  i~~~ l ) ( ' ( l i \ l~ ( ' ( '  ~ . ( ' l i ~ t i o ~ ~  (2.482) ~ I I  t.11c. I i~st f'Orl11111il. w(' 

'P,,, = ------- 
(I/cT2() 

II,,, 

Sill(.(, 2,) (1(~1)(~11(ls 011 /i,,ll (S(Y, (2.53)). wlii(,11 ill ~ I I Y I I .  is il f1111(:tioi1 of fITl,. t,li(, 

li~st fi)ri11111a (.i1.11 1 ) ~  C O I ~ S ~ ~ I ~ ( Y ~  i1.s a, nolllinrnr c>clui~t.iorr fi)r !I,,,. By solvir~g 

this (~(~11iLtiOll. w(> ( ' i l l1  f i l l(1 fl,,t iLll(I fol' t,ll(, gi~( ' l1 c ~ ~ , l , .  By plliggillg t,his 

vii111c. of' i l l  t.11c. o x ~ ) r o s s i o ~ ~  fi)r 20 i l l ~ ( l  1 ) ) ~  11silig fi)r11111li~ (2.488), wc. fil~cl 

t.11~ followi~~g ( > x p r ( ~ s s i o ~ ~  for HfI ,  i l l  ~ ( T I I I S  of d),,,: 
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Froln formulas (2.40), (2.47), arid (2.51), we easily derive 

By substituting forniula (2.489) into expression (2.484) and by using Eqs. 

(2.53) and (2.490), after sirriple transformations we arrive a t  the  following 

result,: 

By c.oniparirig the  last result with forr~lula (2.484), we car1 o1)serve tha t  the  

a l~ove rot,at,io~ial edcly c:llrrellt, losses have cliffererit frttcluency depc:ridericics. 

Thcsc. 1ossc.s iricrc~ase ;IS -- w; in t,hc c::tsc of the fixc~l rriagrict,ic- fittld rriag- 

llit.ll(l(t iLt t,ll(, litl~litlilt,iOll IIOllll(liL~y, iLll(1 t , l l ~ y  gl.OW A5 W $ f01. th(t giv(111 

111i~gll('t,i(. flllx throl~gli t,hc lar~iillittior~. I t  is also c:loar that  tliese losstts d(:- 
pcrld diff(>rc~r~tly 011 a i~nt l  p,,, . A(.(.ordilig t,o fo r i~~~i l i t s  (2.484) arid (2.491), 

tli(% rot.i~t,ioi~i~l ( ~ l ( l y  ( ,~~rr(>l i t ,  loss(>s arcs riolili~~c~itr f ~ ~ ~ i ( : t , i o l ~ s  of H,,! i~ l i (1  (I>,,z. 
rc~spt~c't~ivt~ly. 

So far, wtx hitvt, tlisc~~lssc~tl t,ho c.asc3 whc.11 2z0 < A. Colisic1c.r t.lic1 lill~it.i~ig 

(.iLstx W ~ I ( , ~ I  a 
~ o =  7. (2.492) 

2 

Now. 1)y s l ~ l ) s t i t ~ l t ~ i ~ ~ g  ~.('lilt,ioli (2.489) i1it.o t 1 1 ~  li~st. (,(llli~t.iol~, w(' ol)t,iiili 



it11(1 fi)r1111lli1 (2.495) ('it11 11ow t ) ~  rc\writtc>li iw follows. 

7 1 ' l ~ ( s  lirst ( ' ( l ~ ~ i ~ t i o l ~  (.oil~(.i<l(>s wit.11 f0r11111lii (2.370) tl(,rivc,tl I)y using ; I  tliffor- 

1>11t, l i~io of r(,;~so~iiiig 1111(1(~ t,l1(1 ~ I S S I I I I I I ) ~ ~ ~ I I  t.lii~t t.l1(' i l i ; lg~~(~t . i ( ,  flux (1(:11sity 

\vit,lii~i t l ~ ,  l i ~ ~ ~ ~ i i ~ ; t t i o ~ ~  is 1111ifori11. . A l t , l ~ o ~ ~ g l ~  ( , I I ( . ~ I I ~ ~ I , ~ ~ I I ~ ,  this ( ~ o i ~ i ( ~ i ( l ( ~ ~ ~ ( ~ ( ~  

is 110t vcyy s111.1)risitlg. 'l'llis is I)(Y.;IIIS(> I I I I ( I ( T  ( . o l ~ ( l i t i o ~ ~  (2.4!)2) tllv tlistri- 

1)11t  i o ~ i  of ~ i ~ ; ~ g ~ ~ t ' t . i c ,  fl11x (It311sit,y is i 1 l l 1 1 0 ~ t  111lifor111 ( ~ ( 5 1 3  Fig. 2.30). '11111s. w(' 

( . i \ l l  (.011(.111<1(' t . l l i ~ t  f01. ,O 5 w(' (.it11 I ~ s ( ~  f ; ) r ~ l ~ ~ i l i \  (2:4!)1 ) fi)r t 11(' ( . i ~ l ( , ~ ~ l i ~ t  io11 

of i .o t ;~ t io~~; t l  (~ I (1y  ( . I I I . I . ( ~ I I ~ .  Ioss(~s. w l ~ i l ( ~  f;)r z0 > 2 f o r ~ l ~ ~ ~ l i l  (2.470) is ;\I)- 

l)~.ol)r~i~t,(s. i111tI t l i ( ~ o  is ;I I I I O ~ ( ~  or  l(,ss srl~oot 11 t ri111sit 1 0 1 1  fro111 t,ll(> vi~111t\s 01' 

c>tltly ( . I I ~ I . ( ~ I I ~  I o s h ( t h  ~ ) ~ . ( ~ ( l i ( . t ( ~ ( l  I)? fi)r111111;1 (2..4!)1) t o  t I I ( ~  ~i11111'5 proclic~tc~tl 1)y 
a 

fi)l.l11111;1 (2:170). I t  is ~ I I s O  i1111)ort;l.llt t o  1)oilit 0111. t.lli\t i l l  t.li(' (.iw('S -0 < 7 L 

i111(l z , ,  > $ I , I I ( ~ I ~ %  ; I I X %  ( l i#(w,~~t .  fr(~11101l(.y ( I ( ~ I ) ( ~ ~ I ( ~ ( ~ I I ( ~ ~ ( ~ S  for t . 1 1 ~  r o t ; ~ t , i o ~ ~ i ~ l  

\V~I(YY\ k,, % 1 ($) itll(I kv, 1 ($1 :l.r(' t,l1(' 1)lli~'iOrS of t,ll(' first, l l i~rl i lol l i~~s o f  1- 

ant1 y - c ~ o ~ i ~ l ) o i ~ ( ~ ~ i t , u o f  (,l(xcbtric. f i~ l t l  i ~ t  tho \)OIIII(I~LI.V. 

'Tllc~sc. ~)l~ir.sors i~rc: related t,o the‘ ptlt~sors of t,he J:- i~11cl r / - ( . o ~ r ~ l ) o ~ i ~ t ~ t , s  

of t h(\ ~l l i lgl lc~~.i(~ ficxl(l I)?  t,llt. ('(111' rl 1' 1011S 



8.6 Eddy ( 7 ~ 1 , 7 ~ t ! 7 & 2  I , ( ISS~?S i71, TILS~L L ~ ~ L ? ; I I , Q ~ ~ ; o ~ L s  

Fig. 2.30 

By r~sirig the. Ii~st two rc~liit,ioris ill for l~lul i~  (2.500): wc5 ilrrivc. at. 

1 %  (Q) 1' = ( 1  + c ) 2 f l : l .  lfi!/ (:) l 2  = ( 1  - i2l7:).  (2.503) 

By s1iI)st.it1it i11g th(5 li~ht two (>xl) r (~ss io~~s  i11t.o f01.1ll1lli~ (2.502). w(' fi11(1 

111 S(,c*t.io~i 2.3, urc. Iliwc, disc~lissoti i11 tl(,tiiil tllc, t,(~'lllii(lli(~ for (.i11(.11Ii~rio11~ 

o f  i l ~ l ~ ) ( ~ ( l i i ~ ~ ( . ( ~ s  /ly,- ; L I I ( ~  ~ 1 , ~ .  By lisi~ig t Ilis t(\(.hlli(llic> i t l ~ l  f o r ~ ~ ~ ~ l l ; ~  (2.505), 

t,ll(' (1('~)('11(1('11('(' Of I'i~t,lOIl pf"/pCir 011 f for (liff(Y'(bl~t i ~ i l I l l t ' ~  Of ',! Ili\,S I)('('ll 

c.;~lrlll;lt,c~i. Tlic, siilllplt' rclsult,s of t,lic~sc, c~i~I(:~ilat io~ls iirc, showll ill Fig. 2.31. 

By ~isirig t,ht> rttslilt,~ o f  Svc:tiorls 2.4 alid 2.5, silriilar c.:~lc:ul;it,ions ( . i ~ ~ i  

I>(: pcrfor~~i(:(l for tinisotro1)ic (ori(>~~t,(:(l st(!(ll) l i i ~ ~ i i ~ ~ i ~ t i o ~ l s  ill t,ll(~ (:ils(: of (*ir- 

c-ular iilid c,llil)tic:;il polariziit,ior~s of t.hr. ~lliig~i(>t,i(. f i ( x l ( l  iit t,li(' l)o1111(1;~ry. 
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However, in applications, the total ~riagnetic flux through the laminatior1 

is usually given. This requires some rnodifications of the techniques pre- 

sented in Sec t io~~s  2.3, 2.4, and 2.5. Next, we shall proceed to outline these 

rnodifications. 

Suppose t,hat the total niagrietic flux through the larriinatiori is ellipti- 

cally polarized: 

Wc shall firid t h t  I)ol~ridary colltiition c~orresporidi~ig to  this situation. Wt 

start wit11 t11c ~iorilint~ar diffusior~ ccluatior~ 

i~11(1 i ~ ~ t , ( > g r i ~ t , ~  this ('(lll;it,io~i with ~(IsI)(:(:~ t,o i ,  wllic.11 l('i~(ls to 

l;cx d2 H.,. 
-- 

(la) 
(12 = (T-- 

, i l z2  tlt 

By ~)(~rfol.lllillg i~lt,(~jil.ilt.iOll i l l  t.ll(' If'ft-llilll(l ~ i ( l ( ,  of' t.ll(' Iil~t f'OI'1llllIil i l l l(I 1)s 
i ) l l  tiikir~g illto ~ L < . ( . O I I I I ~  t l l i l t  *(x, t )  = 0. w(, f i t l ( 1  
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By sul)st,it,~it,iiig exprcssiori (2.506) into thc  relations (2.50'3) and (2.510),  

we ol)t,airi the boundary coritlitions 

d H x  
---- (0 ,  t )  = -CTwamx (:OS w t ,  
d z  

i)Hy 
- (0, t )  = - C T W ~ , ~  sill u t .  
82 

Tlic last I)ouiidilry c*oiidit,iolis c.:~ii l)c writ.tt:rl ill t,lw forrri t.2iat is i~pproprii~tc, 

for t,lic, t lc~vt~lo~)r~it~~it ,  of t,hc pc:rturl);tt,ioll t('(:hlli(l~l(>: 

Ho ( t )  = H,,, sill df . (2.516) 



In t,his c.;~sc., by usirig tho Poynt.ir~g vcct.or: we can  t:;wily dcrive that  the 
c:d(ly c:ur.rerlt 1ossc:s arc given l?y t,hr c~xprc~ssiori 

whorc: tho surfi~c:ct irriy)ed;~r~c:o .q is tlrfilictl t)y fornrlrlil (st.(. (1.57)): 

Now sll~)~)osc> t l~ii t  t,hc, 1;~rnili;~tion is slrl)j(>c:t t.o t llc, silrl~soicl;il flllx: 

B,v 11si11g t,l~c. si t l r lc .  l i ~ l c s  o f  roilsor~ing ;is i r l  t.l1(1 clol.iv;~t ion of f01.111llli~ (2.4Mj). 

(1~1) ( f ) 
P; , / (o .  t )  = - 

(If 



I .  
' ~ 1 1 1 1 ~ .  its I)(.fi)lt: W"(l (:itU O ~ ) S ( . ~ V ( >  tllilt tYltly (:lll'l'c:llt los~(ls ill('l(%s(> as  - w 2 111 

the. c.;wts of tlic, fixc:tl 111ug11c3t.ic fic:ltl irl,  1 ho I)o~ir~tl;~ry,  ar~t l  t,lic~scb losstss grow 

iLS W ;  ill tllf' (:>IS(' Of tho gi~(:ll f l l l ~  tllrO~g11 tllcl lillllillilt,iOll. 

Considcr t,he c:;tse wht:xi t . 1 ~  pcrict,r:tl.ion tlcpt,h is cxi~ctly equal to $. 
By usi11g forrril~la (1.73). this (.a11 I)(% r~lat.l~c~r~la.tic~:~lIy (~xprt~ssc~tl ;IS follows: 

Now, 1)y llsilig (2.52(i) ill (2.527). wt, ;~rrivcb ;it, 
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rather it is due to idealizations introduced by abrupt magnetic transitions. 

111 the case of gradual rriagrlet,ic transitions and rectangular profile approxi- 

riiatioti (see Sectiotl 1.5), the rrierger of rectangular profiles of the magnetic 

flux density a t  the triiddle of the lamination does not result in the constancy 

in t h e  of the niagrletic flux through the lamination. Instead, this nierger 

rcslllts i r i  t,hc uriiforni distribution of the magnetic flux density ovcr tlie 

latrliriation cross-section, t ~ u t  this uniforni magnetic flux density still varies 

with tirtic. Iri ot,llcr worcis, t,he nierger of rectangillar profiles results iri the 

c:oriditio~is under which forrtlula (2.461) has l)een derived. Thus, it (:an 1)t: 

c.oric.llltlcd t,hat t,hc sooncr t,he rect,ariglilar profiles of the rrlagrletic flux dcn- 

sity lrlcot. a t  t,hc triid(l1e of thc larrii~iatioll, the triore accurate t,htt forrrll~la 

(2.461) for c~l(ly c:urrc>rit losses. 111 gcnoral, eddy currerit losses nlay have two 

dist,irict c:o~iipolicrit,s. The first cotrlporient re1)rcsc:nts f:d(ly c:lirrcnt losscs 

oc:c.iirrotl prior t,o thc rrierger of the rcc:t,atiglllar profiles of the niagric:t,ic: 

fl~lx tlcrlsit,y. This c.orriporlcrit irlcreascs with frrcl11cric:y as  - w"'. The: st:(:- 
olitl c ~ ) t l i ~ ) o t ~ ( ~ ~ ~ t ,  rtyrc.s(.rlt,s tlie c~ltly c:irrrctnt losscs that oc:currcd nftc.r t.lic: 

rll(>rg(~ of t,l1(1 r(~(~ti~rlg111;tr profil(,s of t , l i~  ~r~i~g~i(:t , i( ,  flux (I(~risit,y. A(-(bor(lir~g 

to forr~iirli~ (2.461). t,his (*o1111)011(~lit. of tlic (vl(ly ( * ~ i r r ( ~ ~ t .  IOSS(\S grows wit,]) 

h .c~l~~(~r lcy  ;LS -- ij2. 'Thc~so t,wo c:orllpor~t>i~ts t,ogt't.hcxr 1r1;~y :y)rocl~~c.c~ t . l ~ c x  fr(,- 

(,ll(511(~y ~ l ~ ~ ~ ~ o l l ~ l ~ ~ l l ~ ~ ~ ~  of (YI(1y (~llrr(~11t ~ O S S ( ~ S  of t,ll(, t,ypv - w5' + w2 t,l1;tt lliL5 

I ) ( Y ~ I I  01)sc~vc~l i l l  c~xl)c~ri~ric~l~ts. Ariotl~or ( 'xl)li~~ii~tiol~ for this (>xl)orilii(~rit,i\11' 

01 )S(TVO< l ~ ' I Y ' ( ~ I I ( > I I ( . ~  (101)('11(1(~11(.0 of ('(I(1y ( . I I I T ( ' ~ I ~  IOSS('S I I ~ L S  1)('(>11 giv(111 1 )y 

G .  Bvrtotti ( [I] .  [2]) i t t ~ ( l  it is l ) i ~ s ( ~ l  0 1 1  il (liff(\rv~~t ( ~ o r ~ ( ~ ~ l ) t i i i ~ l  f o ~ ~ ~ ~ ( l i ~ t i o ~ ~ .  
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CHAPTER 3 

Nonlinear Diffusion of Weak 
Magnetic Fields 

3.1 NONLINEAR DIFFUSION OF LINEARLY 
POLARIZED ELECTROMAGNETIC FIELDS 

111 tliv pr(wio1is (-lii~pt,(!rs, wv (lis(wss(,(l ~ i o ~ i l i ~ i ( ~ i ~ r  (liff~~siori of (:l(~t,ro- 

ll~t~gll(lt,i(: fi(,l(ls in ~~l t ig~i(~t i ( : t~l ly  rlorilill(~t~r (:or~(lli(:t,irig ~ii(xIi:~ in t,lw case wli(>~i 

(liff('r(,rlt,i;~l ~~iiig~i('t,i( '  ~)(~r~rioilI)ility p I I ( H )  of 11l( '( l i i~ is tl(~c:rc;lsetl as tlic rriag- 

rict,ic. tic:l(l is i~ic~rc~a~sc~tl. This type of ~ i ~ r i i ~ t , i o ~ i  of th(' diff(,reritial rriilgrictic 

p('rrrical)ilit,y tyl)ic:i~lly oc:c:urs for suffic:iolit,ly st,rolig ~ritigrif~t,ic fit:ltls arid it 

rc.floct,s ~riag~lc,tic: st~t,urat,ion of  rrietlia. 111 t,liis c:lial)t,or, we shall discilss 

rio~ili~ici~r (liffiisio~~ of rriag~ieti(: fields ill nriotlicr case wlieri the differen- 

tial rllagric~tic: pc:rrnc:t~l)ilit,y of rrictlia is iric:rc;wed with t,lir ilic:reasc: irl tlic 

~rli~g~i('ti(: fi(:l(l. This (:as(! is rc:alized for relatively weak rriagrietic fields. 

Typical B vs. H  tint1 pd VS. H rf:lat,ior~s f01. this (:iiS(' il.1.C show11 i r i  Figs. 

3.1 a and 3.1 11, rcspc:ctivc:ly. In t,he seqilc.1, wc slia.11 use tlie followi~ig power 

law approxirrlat,iorl for this type of rc?lat,iorls 

This approximation is formally similar t o  ories used i r i  t,he previous cliap- 

ters. Howc,vt:r, tlic irriportant diffc:rcnce is that  agproxir~iat~ion (3.1) is valid 

for n < 1, whereas in the previously used power law approximations we 

hat1 n > 1. The  for~rial similarity of these two power law approximations 

will allow us to  use almost ideritical mathematical machinery for the anal- 

ysis of riorilinear diffusion of electromagnetic fields. However, the physical 



Fig. 3.1 

f ( ~ i ~ t , l ~ r ( > s  of ~ l o ~ l l i ~ l ( l i ~ ~ .  (liff~lsioli it,sclf will (ptit.(, (Iiff(~rv~it,. Th i s  is I)( ' ( :~LIIS<\  

for 11 > 1 t.hc ~ ~ o ~ ~ l i l l ( ~ i ~ r i t . v  o f  ~ l ~ ( ~ ( l i l ~ l l i  r~s111t.s i l l  t 1 1 ~  i~ l ( : r ( ' i ~~ ( '  ill I L ( ~  itl~(l.  

( ~ o ~ l s ( : ( ~ ~ l ( ~ ~ l t , ~ y ,  ill tll(> i l l (I ' ( ' i~~( '  ill  1 11(' ;L t , t  t b l l l l : l ~ ~ ~ O 1 l  X.ilt,(' Of (~~ (~ ( ' t~ l 'O11 l i l g l l (~ t i ( :  

tic,l(ls ;is t,llcy ;lrcl clill'~~so(i tl(vy)c.r ;111tl tl(,cy)c'r ilisitl(> tlict ( .ol~(l~i( . t , i~ip l l~( ' ( i i l l~r~ .  

0 1 1  t l i ( '  ot.hr,r 11;i11(1. for I I  < 1 t11v 11o11li11oiirit.y of ~ ~ i ( v l i ~ ~ l ~ i  r ( 5 ~ ~ ~ l t ~  ill tll(' 

( l ( ~ r ( ~ ; ~ s ( ~  i l l  / L ( ,  i1,11(1. ( ~ O I I S ( Y ~ I I ( , I ~ ~  ly, ill t , I i (?  (l(~.r(bi~s(t i l l  t,ll(, i ~ t t ( * ~ i ~ ~ ; ~ t i o ~ i  riLt(' of 

c~l(~c.trol~i;igli(~ti(. ti('l(ls  IS t.ll(<y ; ~ r ( ,  f ~ l r t t ~ ( ~ l .  (litfils(~cl illsi(l(> t I I V  111(~(1 i l i l l l .  

Next,. hf(> 1)oillt o 1 1 t  t1i;t.t. vari;it i o~ i s  o f  (liffor(~~iti:~l ~ ~ ~ i ~ g ~ i ( , t , i ( ,  l ) ( > r ~ ~ ~ ( ~ i ~ l ) i l i t y  

s i ~ t ~ i l t ~ r  t,o t , l ~ i ~ t  sl1ow11 i t 1  Fig. :i. 1 1 )  ;it.(, o l ) ~ ~ r v ( ~ l  ~ I I  ot,ll(\r s i t ~ ~ i i t i o l ~ s  its ~ ~ ~ 1 1 .  

I . : x i ~ . l ~ ~ ~ ) l ( ~ s  of  t l ~ c ~ s t l  s i t~ l i i t io l~s  itl(.ll~(l(' syttllli(~tri(, ; I I I ( ~  11o11sy111111(\t1.i(. 111i11or 

I~ystc~~.osis  loo~)s(sc 'c~  Figs. iI.2 ;I i\.ll(l 3.2 I ) )  f01.111(~1 for sllffi(.i(>llt.ly ~ l l l i ~ I 1  

l l ~ ; i g ~ ~ ( ~ t ~ i ( ~  fi(,l(i v;iriat.i( )!IS. ~ L I I ( ~  illit iiil l)i1,1.1 s of' ; ~ s ( ~ ( ~ l l ( l i ~ l g  i I I l ( I  ( i ( l s ( . ( l ~ ~ ( i i ~ ~ g  

1)1.;111(~11(~s of sy~ l i~ t~ (> t~ l . i ( .  I~yst.or(~sis loops (Fig. 3.2 (.) f;)r111(~1 for S I I H  i(.i(%l~t ly 

li~,rg(> fl(%I(l ~iLX.iiltiOllh. 111 ill1 t l l ( '~( \  sit~lliLt.iOlls, tll(' l)Ow('r 1i1,W i L ~ ~ ~ ~ ~ O x ~ l l l i l ~ ~ 0 1 1  

of t ll(5 for111 

h = ( k l t ) + ,  ( n < 1 )  (3 .2)  

i l l  tlic> c,i~so of t.licb Ilvst.c:rc~sis lool)  show^^ i l l  Fig. 3.2 1) .  111 ; i l l  t.hc~scb c.;isc:s. t 1 1 ~  

( l i ff ' ( : l~~~it~ii~l  ~ l i ag~~(> t , i ( :  p(>rl~~vi~l) i l i t ,y is i l ic~r(~;~s(~(l  ;is 11, is i~~( ; r (~ i l , s (~( l  (12ig. 3.2 ( 1 ) .  
It. is wort,hwhil(s t,o 1)oint o11t t.11ilt i~ l ) l ) rox i~n i~ t io~ l s  ( 3 . 1 )  ii11(1 (:1.2) iclcl- 

itlizv ; ~ ~ t ~ ~ i i . l  ~ l ~ t \ , g ~ ~ ( ~ t , i ( ,  l)rol)crti(,s of I I I (YI~;I ,  for v ( ~ y  sr1l;)ll \?LIIIVS of H ;i11(1 11,. 
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This ~rlod(,I prot)l(w~ is s i ~ r ~ i l i ~ r  to o~lc- ~ ~ o s c ~ i  ill St,c.tio~~ 1.3. xr~tl i i  (.or- 

rc:spoiitls t o  rlorlliiic~ilr tliffl~sioi~ of ol(~c:t,rorr~ilgi~(~tic~ fic.l(ls ill ;I c.o~~cluc,til~g 

half-spi~cc. 

'I'll(> i ~ ~ i t i i ~ , l - l ) o ~ ~ ~ ~ ( l i l r y  villi~(> l)roI)l(~111 (3.7) (3.10) (:a11 I)(,  I-(Y~II(.C(I t o  t,lio 

l ) o l ~ ~ ~ ( l i ~ r y  v~I .~ I I ( :  1)rol)l(:11i for il. ( :(~rt , i~ir~ o ~ d i ~ ~ i l r y  (lifft:t.('~it~iill ( ' ( l ~ ~ i ~ t i o ~ ~ .  AS 

i l l  C:hi i~) t (~  1 .  t,l~is car1 I)(, ;ic:l~ic~vc~cl t11r011gli t1w tlir~ir~~lsior~iil ;~r~itlysis of' 

E(1. (:1.7) ii11(1 I ) o I I I I ( ~ ; \ ~ ~  \i*or~(litioli ( 3 . 8 ) .  This i i ~ ~ i i l y ~ i ~  I ( ' i l ( l~  t o  t.11~ followir~fi 

n-liic~li sl1ggc3st, tliilt tliv following virrii~l)lt, is t l i~ r~c~~~s io l i l (~ss :  

r3y I I S I I I ~  t i~l)ov(s ( l i ~ ~ i ( ~ ~ ~ s i o t i l ~ ~ s s  vi~~~iitl)I(,.  wtl s l ~ i ~ l l  look l'or I so111t i o 1 1  01' 

t l l ( \  itlit ii11-~)~)1111(~i~t'b' V i I I \ I ( '  ~ ~ 1 ' 0 ~ ) ~ ( ' 1 1 1  ( : j . T )  (:$. 1 0 )  111 I 11(% f'OI'l11 

wll(~rt> .f (0 is i1. ~ l i ~ ~ ~ ~ ~ t ~ s i o ~ ~ l ~ ~ s s  f'111i(.t ion of ( l i ~ ~ ~ ( ~ ~ ~ s i o ~ ~ l ( ~ s s  viiriirI)l(~ [. 

B?' ht~(Y'i111~~ l'('[)Oill i11g t11(, Sitil l( '  li11(~ of l '~~i~~Ollillp, its i l l  S(\(,til)ll 1 ..I. w($ 

f i~~c l  t . l l i ~ t ,  b ( z .  1 )  givcl~~ I)v S O I . I I I I I ~ ~ I  (3.15) will I ) ( '  t 1 1 0  s o l l ~ I . i o l l  1 0  t 1 1 ( 1  il~itiill- 

I ) o l ~ t ~ ( l i ~ ~ ~  vi~lllct l ) r o l ) l ( ~ ~ ~ r  (:1.7) (:1. 10) i f ' f ~ i ~ ~ ( ~ t i o ~ i  I ( ( )  h i l l I S l i ( ' ~  IOl lo~ i~ lg  

( ' ( l l l i l t  iOt1 i l l l ( ~  ~ ~ O l l l l ~ ~ i l ~ ) '  ('Oll(ht i011~: 

F ~ ~ i i ( ~ t i o ~ i  ,f (<) ('ill1 I ) ( '  ( * O I I S ~  Y I I ( Y I  ils I IIO ~ l ~ ) ~ ~ l ~ i ~ l i ~ ( ~ ( l  1)~0fil(\. I ) ( : ,  t ) ,  111i~p,- 

11c4 i c .  f111x t l t .~~sity:  



186 Chapter 3 Nonlin.ear Dzffusion of Weak Magnetic Fields 

This profile completely characterizes the nonuniformity of magnetic flux 

derisity distribution a t  any iristant of time. The analysis of the normal- 

ized profile reveals that there is a very important difference between the 

self-sirnilar solutiorls discussed in Section 1.4 and the self-similar solutions 

(3.15). This difference sterns frorri the fact that in Chapter 1 we had the 

situatioll when n > 1 and, for this reason, exponent m was positive for all 

values of p > 0. I11 the situation being discussed, we have the inequality 

n < 1 (see forinulas (3.10) a r~d  (3.2)), which suggests that exponent m in 

formula (3.13) lrlay change its sigri. Indeed, according to formula (3.14), 

we have three distirict. cases: 

111 th(' first (.;Ls('. fro111 f o r ~ l l ~ l l i ~ ~  (3.13) il11(1 (3.11)) w(' (.011(.111(1(' t l ~ i ~ t  tht' 1101.- 

~llitlizc~tl profil(,s of t,llc> ~n;tgllc~t,ic. fiux tl(.iisity itr(\ tlili~t ('(1 (st.rc.tc~l~c~l) i~lolig 

t.110 2-axis iw tiill(' f is i l~( . r(~i~s(~(l  (S(T Fi~.3. :% i ~ ) .  111 otll(>r wor(Is. t l l v  ~loi~i l l~i-  

forlnit,v of  t.110 ~ ~ ~ i t g ~ ~ ( t t i ( >  HIIX (I(-l~sit,y (list.ril)~~tiol~ is ( I ( ~ ( ~ r ( ~ i \ ~ ( ~ ( l  wit11 tiniv. 

111 t.11~. sc~c~oiltl c.;wt,. fro111 forlrl~ili~s (3.13) itll(1 (3.11)) w(' fi11(1 th i~ t  t11v 

~lorirlitlizc~tl profil(, o f  tllo illitgll('t,i(. flllx (ltwsit,y (100s ]lot ('liiti~gf' its t,illl(' t is 

illc.rcvlsc1tl ( s c ~ .  Fig. 3.3 I ) ) .  This inc!:iils t,llitt, tht. ~loi~lliliforll~ity of t l l ~  Illitg- 

r l c t t i c .  HIIX tl(3i1sity tlistril)rlt,iol~ ~.( ' l l l i i i l~~ th(1 SiLl11(' wit,li tilllt'. This l)rol)('rt,y 

(.;ill 1)o il~t,t>r~)rot,c~tl its LL~t,it~l(lil~p" (lifflfilsiol~ of t:l(~(:t,rO~lliigi~t!ti(. fi(ll(1s. 

b) c) 

Fig. 3.3 
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Finally, it is apparent from formulas (3.13) and (3.19) that in the third 

case the normalized profiles of the magnetic flux density are contracted 
along the z-axis as time t is increased (see Fig. 3.3 c). In other words, the 

nonuniformity of the magnetic flux density distribution is increased with 

time. This property of self-similar solutions is quite unusual, and it can 

be construed as "backward" diffusion. "Backward" diffusion is peculiar 

for nonlinearity (3.2) and it does not exist for linear media (n  = 1) or 

media with saturation (n  > 1). Indeed, according to formula (3.22), the set 

of self-similar solutions that exhibit "backward" diffusion becomes smaller 

and smaller as n tends to 1, and it disappears in the limit when n = 1. 

It turns out that the simple analytical solution to the boundary value 
problem (3.16) (3.18) can be found in the case of "standing" diffusiori. 

Since in this case m = 0 and p = A, Eq. (3.16) can be written a$ follows: 

To integrate this equation, wc: iritroduc:~. auxiliary fur1c:tiolls: 

By using t,hcsc furirt,iorls, we fi~itl 

By using formulas (3.24) arid (3.26), t,lie sccontl-order tlifft:rcnt,ii~l Eq. (3.23) 

can be reduced t,o the following first,-ordcr ccluat,ion: 

By iritegratirig the last cquatiori, wc ol~taili 

where Al is an integration constant. By recalling forrnulrr~ (3.24) an(1 (3.25). 

the last equation can be transformed as follows: 
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To find the constant A l l  we demonstrate that 

Irideed, we can easily establish the following expression for the electric field: 

Now, by using forrnulas (3.15) and (3.13), we find 

Frorrl forrrnila (3.32) ancl thr: fact that the electric fiold vanishes a t  infin- 

it,y, wc. ostiil)lish tho vali(lit,y of condition (3.30). Fro111 this coridition and 

for111l1l;w (3.18) i ~ t ~ d  (3.29), we firicl t,hat 

A1 = 0. (3.33) 

As i~ rc~si~lt, clifft,rc>ntii~l E(l. (3.29) is si~riplifir~l 21s follows: 

where A2 is a corlst,arlt, of  irlt,r:gratio11. Thc last forrriula car1 bc transforrncd 

which, ill turn, yiclds the cxprc:ssiorl 



Now, 1)y irlvokirlg the 't)oirr~tlary c,oriditiori (3.17). froltl f o ~ ~ l l l l l i ~  (3 .38 )  WV 

tl(trivcx 

A:! = 0. (3.3!)) 

wlric.11 yic,l(ls t.hv followir~g c~x~)rc~ssiorr for tht. i~li~.gl~c~t,ic. fivl(l: 

f'ow r(311r;~rks i~ rv  i ~ r  or(101. (~or~(,(~rl l i t lg t I I V  " s t i t t ~ ( l i ~ ~ ~ "  111o(1(1 so111t,io11 (3. . l l ) ,  

'1'11is so11it iorr is si111ili1.r (111 S O I I I ( ~  wi~ys) to t11(> st,i~rt(li~rg 111o(l(, so111t i o t ~  ( 1  .285) 

o l ) t . i ~ i ~ ~ c * c l  ill S(ic,tiol~ 1.b. 111 1)otlr c.i~sc>s. I I I ( ~  solllt ioiis ~ L I Y .  rc~)rc~st~rrl~~cl iih t II( .  
pro(i~l(.t of t,wo f ~ ~ t r ( ~ t ~ i o r ~ s ,  v,~hi(,l~ (l(y)(~rtO o111,y 011 I i ~ r ( I  2 .  r (~s1) (~~ l iv (~ ly .  It 
IS t , l l i~  l l l i l t  ~l('llltl~t,l<'i~~ l)~Ol)('l'tJ' Of' 1110 i l l ) O ~ ( '  ~ O ~ l l ~ i O l l ~  1 llilt I ( ' i l ( 1 ~  f 0 t]l('iI' 

l ) l ~ ~ ~ i ( ~ i \ l  illt (~l)r(xt  il,ti011~ it.? "st i ~ ~ ~ c l i ~ ~ g ' '  I~IO(I ( IS .  This l ) ~ o l ) ~ r t y  ~ L I S O  S I I K ~ , ( , S ~  s 

t hilt t,ll(~ sollltio~l (3.41)  (.;irr I ) ( ,  o l ) t i ~ . i t ~ ( ~ l  1)y lrsirrg tltv r ~ ~ ( % t l ~ o ( l  of' s(>l)ilriit io11 

of' \~i~,rii~,I)l(~s. tIlliit is, in t l l ~  SiIIII(x W ; L ~  ;I-s WiLs (IOLI(, for 1 1 1 ~  soI~tt , io~~ ( 1.285). 

' l ' l l c ~ - c s  irrct. I~owt~vctr. slil)st.i~llt.i;~l cliff(~r-c~~ic.tss I)c~twc~o~r t.ht> ill)ovt, l wo soll~tiorrs. 

TI](, sol11t.io11 (1.285) is l o (~ i \ I i~ (~( l  ill ti111(1 i111(l sl)ii('('. u , I I ( ~ ~ ( ~ ~ L ~  t , l t ( ,  so111tio11 

( I )  is 1 i 1 i 1 '  1 1  l o t  t i  1 1  i 111 otlrc~t. wo~~cls. t 11(' l i ~ t t c ' l .  

so~l1tiol1 (,xihls f'ol' t,ll(, s~~ll1i-i l l~lr1it~~ ~ , i l l l (~  illt(,I'~i\l 0 5 1 5 i l , l l ( I  ilt, iIIIy 

i11sti111t o f  t,i111(> t > 0 this sol~rt,iorr (~xt(~rr(ls t,o i~tfilrit,y 111 t,lrv (lir(l(*t,iot~ o f  
t hc> :-ilxis. ' rhc~ itl)0vcx ~OllltiOll i L 1 ~ 0  sllgg('sts t.hf' iL~,Vl~l~)t.Oti(. 1)f'llilviol. o f  t l l ( \  

~rli~grr(~t i ( .  H I ~ X  d(xl1sit.y i1.t i11ti11it.y. Ni~~~r( ' ly .  for-~t~~ll i l  (3.41) ~ 1 1 0 ~ s  l I l i l t  143. 1)  

t.ctnti:, t o  zor-o irs a"? wwhl 2 i~lq)ro;ic:Iic~s il1fii1it.y. Next. wv ( l o t ~ ~ o ~ ~ s t r i ~ t ( ~  

t l~ii t  tllis is ti g('ll('rill ~)rol)c'rt,y t,lri~.t is valid for ill1 self-si~l~ili~r soll~t.ior~s 

(:$.15). To t.his t\rld. wc. sllitll filitl tho iisyl111)t.otic.s o f  fiill(.t.io~l ,f ($) iLt. irlfi~~it,y. 

Wv shi~ll ~rsc: t,hv rlot,i~t,iorl 



I t  is c,l(:ilr t h a t  fOl.1tlllIil (3.43) i l t l  il~yllll)t.Oti(: ('(lllillit~r. 

'To fir~cl A .  t r ,  i ~ ~ c l  0 in fi)rrrilili~ (3.-l:J), urc: t,iirli to ciiff(:rcmtiiil Eel. (3.16) 

arid rvwrit,o this  cscllli~.t,ior~ ill t . l~o  f o r r t ~  

d21"' ?,I 
-. 

(q rrt (If 
= - - ( I  +a<)-  + -- + ] I S .  

(itL ( I  tl< (1 d< 

By a s s ~ l ~ n i r l g  i~sylnl)tot.ic\s (;$.43) for f l l~~( ' t io l i  f (<). w(' (.;III tri~11sfor111 

(3.45) illto t.h(, followillg iLs~llll)t,oti(' (YllliditJ': 



Now. hy rcc:alling tJic exprrssioil (3.40) for f ([)! wcl o't,sc~rvtl t.liat it, 1i;ts the, 

for111 of (3.43) wit,li t,hc val~lc,s of tr ,  A,  itll~l 0, givvcl I)y forr r~~l l i~s  (:1.4!1), 

(3.5 1) , ar~t i  (3.52). rc>spc:c:t,ively. 

Thus. wc havr cstablis1ic.tl t,liat 

By using tlitr Ia.st iwytrll)tot,ic: ~ ( l ~ l i ~ l i t ~  ill for~lllllit (3.15) R I I ~  t iiki~lg i i~ t  o a(.- 

c:orrnt t:xprcssiori (3.13) for $, we r:i~silv c:o~ic:ll~dr. t,hat t,ht> followir~g i~sylrlp- 

t,otic:s is valid for t,hc 111agric~1-ic flux tlt.~lsity 

Tliis is t,ho f w t  wc: iiit,c~ri(l(~(l t o  I)rovct. I t  is ~ ~ t i i l , l i ~ h ( : d  for I ~ o ~ r r i ( l i ~ r j ~  (.OII- 

(lit,io11s(3.8), thiit is. for itrlv p > 0. 'l'1ic:sc~ I)o~uicli~ry c.oliclitiolls ctc~sc.ril)c, 

t L  V(Ty l)rOii(l ( 'I~Lss Of 1110110~~0t1~~~il~~y itl('l'(~i~~i11g fllll~tl01ls :IS /) \r?l,ri(x~ fro111 

0 to i11tiriit.y. This s~lggc,st,s tliirt iwyrr~l)totic.s (3.54) is ~it l i t l  for i111.v inono- 

~~Oll i ( : id l~  ill(~l'(~?l.~lllg ~ ) O l l l l ( ~ i ~ ~ ~  (~011(~i~iOll. ' r l l i ~  fiL('t, ('ill1 I ) ( >  1 ~ 1 i I ~ ~ ~ l ( ' l l l ~ I ~  i ( ' i 1 1 1 ~  

I)rovclti I ) ?  ~isirig t,hc~ "tn;ixi111111r1 ~)rit~cil)l(, ' '  for Eel. (3.7). 

f2U.t t,llilt ill ; I~yl t l ] ) tOt i (~~ (:$.5:{) .A iIll(I 11, lloi illcl(q)(~ll(~(~lit 1)11t 

rc~l:r.t.c~l Iiy t . 1 1 ~  c>xl)rc~ssioti (3.50) is iiot itc~c~itlt~t~tal. I t .  ( . i ~ . i i  I ) ( >  trilc.c>tl 1 . 0  tllc, 

l ) r o l ~ ( ~ t ~ I , j ~  of E(1. (3.  10) l)(sirig i ~ i ~ i t r i : t ~ ~ l  with r(,sl)o(.t to t , l ~ r  t . r i ~ , l i ~ f o ~ i ~ ~ i ~ t i ~ ) ~ ~ ~ :  

111 ot,l~(lr \vor(ls. i f  j ( [ )  is sol~ltiori t ,o  k51. (3.1(j) t , l i (~ i  F(() is ?I so111tiorl 

t o  t .1~'  sitl11(> ( ~ ( ~ l ~ i ~ t i ~ ~ ~ l .  This ('iI11 I)( '  ( ~ s t ~ i ~ I ~ l i s l ~ ( ~ ( l  1 ) ~  lit ,(~ri~lly r(,l)(>iititlg t l i ~  

rci~soning givcw iri Svc.t.io11 1.4. Tliis l)rol)('rty (.iirl I ) ( '  ~it,ilizc>(l it1 tllc. followi~ig 

way. S~il)l)osc. wcl ( , i ~ i i  fillti ;\ so111t.ioi1 t,o Eel. (3.16) t11ir.l sir.t,isht~s tht, I)o~~ii( l i iry 

( .o~i(l i t io~i (3.18) 1)11(. (10~s 11ot ~ i l t i ~ f ?  t l i ~  \ ) ~ ) ~ I ~ I ( ~ ~ L L . V  (.oiiclitiol~ (3.17): 

w(% find that  thc  fiirlc*tioti 

will I)(> tlicx so l~~ t io l i  to Eq.(:$.16) t l i i~ t  si~tisfic.~ I)ot,li I)olltldiir~ c-oritlitio~~s 

(3.17) itli(1 (3.18). T1111s~ if w(! ktiow i~riy so l~ i t io~ l  t,o F31. (3.16) sii,t,isf,virig 



thc. I)olll~clary c~ollclit.io~l (3.18). t.llc\rl, I)y r~silig t,ra.~isforlrli~,t~io~l (3.55). wt: (.;I.II 

111ii1) t,llis so11itiot1 iilt,o tlic sol~~tion t11i~t s;itisfi(\s t11(~ 1)0111i(li~ry (>ol l ( l i t io~~ 

(:i. 17) iis ~ i ! l l .  

Tr;irisforlilatio~~ (3.55) ;ilong wit11 ;wyrr~l)toI.ic,s (3.53) (.iirl 1)t) ~lt,ilizt~il 

for t.ll(: solrit,iol~ of' Eq. (3.16). N;I,I~I(+~, w(, ('ilil look for t h ~  so111t,io11 111 t11(> 

f'orlll 

By ~l l~ )~ t~ i t , l l t~ i l lg  t,ll(> 1il~I (~XI)L(~SS~OI~ illto E(l. (:j.l(j) illl(I 1 ) ~  O(~11:l~illg t(lrltlS 

o f  t.licx s;l.lrrt: ortlrr o f  (1 -1 0,  wc. ('ill1 stvl~lcwti;rlly ( Ic ' t (~r~~l i l i r  (,o(+firi(\~~t.s 
r 7 . (1.2. . . .. 111(,11, l)y 11si11g t r ; ~ t ~ s f ' o ~ ~ i l ~ i ~ l  io11 (3.58), KT ( , : \II  i t ~ ; ~ p  so111tioli 

(3.5!)) illto t.ll(, s o l i ~ t , i o ~ ~  t , l ~ i ~ l  wil l  st~,t isf:y t11(, 1~01111(Iiir~ ( ,on( l i t . io~~ (ti. 17). 
+ ? 

I his is t.tlc> stri~tc,g,v t,Ili~t wils ~lti l izc>tl  ii11(1 work(~1 ~ ( ' 1 1  i l l  S('(.t ion 1 .-I. 7 1 ' l ~ i ~  

JWI,S t 11c ( . i~~s(> l ) (~ , i t~ i s (% ( ~ x l ) o ~ i ( ~ ~ i t  11 i l l  l)ohr(?r i1.1)1)roxi111i1.t,iotl ( 1.92) (o r  ( 1.03)) 

WiIs  il1)l)I'(Y~i;ll)ly 1;1rg(~I' Illill1 1. rrlli~ IS 110t. t l ' l l (>  for (~X~)Oll(~lll~ 11 ill 1)okV(Y' 

t l ~ ~ ~ ~ ~ O ~ ~ i l l i i ~ ~ ~ 0 1 1  (3.2).  POI' t , l l l ~  ~('iLSO11~ b7(' l)llrSIl(' illlOt~l('~ itl)l)~Oil('ll 1 ]lilt, ('X- 

1)loits s ~ ~ i i ~ l l ~ i c ~ s s  01' 111. I t l t l ( ~ ~ l .  ti)r 111. = 0 wc3 lli\vt> forlll(1 t11(% (>xi~('t.  i~li;~lyl i(.;ll 

h o l ~ l t  i o l ~  (;1..10) t o  12(1. ( ;1.  l ( i ) .  S o w .  I ) \ .  i 1 s s 1 1 1 1 1 i l l ~  l I ~ i i l  I I I  is s~~fIi( . i(~ll t  Iy 5111i111. 

w(, s11i1lI I IS ( \  t . I l ( \  l ) o t . t ~ ~ r l ) i ~ t i o ~ ~  t ( > ( , l i i ~ i ( l ~ ~ ( >  to f i l l ( [  so111tio11h to l<(l. (;i. If;). '1'0 

tl~is ( > i i ( l .  U Y ~  (\x[)r(%sh p i l l  ~ ( > I . I I I ~  of' 111: 

'1'0 1 ) r o c ( ~ ~ l  flut 1lc.r.. wtt 11i1vc. 1 o f i l l t l  f . l ~ ( ,  1)owc.r scxric*s ( , ~ l ) i \ l ~ ~ i O t i  wit 11 r ( - s1) (~ t  

to I l l  for  , f 7 ! :  

k ,  J'" = (J;, - t  / / I  Il -1 1 / l 2 j >  t . . . 111 jk +. . . . ) "  . (;{.6:{) 



( l2 ,fC1,' r i 2  ,;; - , 2  . I ,  - 2 2 

-- + ItI,I1 -- 
.f 2 ~ L ( I )  - 1) (I j,) ( 1 2 . f " - 1  . , ' 1  + -- 

ti(" t l E Z  [ (L(2 2! ( L t 2  ' " I  



27n 
-- 

n - 1  
(fo + 7 7 ~ f '  + m"fz + 7 1 L 3 j 3  + , , .) 

1 
+ - (fo + ,111, f 1 + r t ~ , ~ f ~  + n,,:' fc3 + . . .) = o 

rr - 1 

1)' lffc '.., I (  11t i i ~ l  1<(1. (:1.7:1) is iclc.11tic.ii1 t o  cliffiv-c,~it.ial E(l. (3.2:I). w11ic.ll wc, 1 1 i l ~ c .  

i~lr(t;~(ly S O ~ V ( Y I  (st>(' ~ ~ ) ~ I I I I I ~ ~ I  (:1:10)). T~IIIS.  il so111tio1i to E(1. (3.7:1) t.lli~t ~,o('s 

t o  zc,ro at i11fillit.y ( ~ 1 1 1  I)( '  writt('11 ;LS follows: 

wIlc~.c> ( I  is givc.t~ Iy forl11111i~ (3.52). 

L)iK(lr(%~~t iiil FGls. (3.74). (3.75), ; \ ,II(I  (3.76) II;I,V(I si111ili~r III;I t 11(\111i1t i(>i11 

s t . r~~c, t .~~rc>s .  All tl~c~sc, ( ' ( l ~ ~ i t t i o ~ l ~  ('ill1 I ) ( ,  writtc.11 ill t11r followil~g gc~rloric. 

I'or111: 

wIl(~ro t 1 1 ~  r i g l ~ t - l ~ ; ~ ~ ~ ( l  si(l(,s (<) iir(, (i(>t(brl~~i~~ca(i fro111 t110 soI11tio11 o f  E(1. 

(:1.78) for ;ill d.' < k . .  

l3y I I S ~ I I ~  c,x~)r(~ssiol~ (3.77). wo filltl 
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By substituting formula (3.79) into Eqs. (3.78), we arrive a t  

Thus, for all k's we need to solve similar Euler's type differential equations. 

These are linear equations with variable coefficients. Since Euler's type 

equat,ions are well studied, in principle, Eq. (3.80) can be solved up to any 

value of k for a given n.  However, if we want to perform these calculations in 

general (symbolic) form, formulas become very complicated and convoluted 

as k is increased. For this reason, we shall consider only the calculation of 

the first, order t,errn f l  and then sllall draw some corlclusiorls. For k = 1, 

froni forrnulas (3.74) and (3.77) we find 

Corisc~cl1i(~iit,ly. for k = 1 Eq. (3.80) (.a11 I)(, writ,t.c:ii i ~ s  follows: 

Tlic c.orrt~s~)oiltliiig horriogt:~it:ous (~(llii~t.ioii 

has solut,io~is of t,llc, for111 

Here, 0 is a root of c-haractcrist,ic equatiori 

By takirig irit,o ax:count forinulu (3.52), tho last, equat,iori car1 1)c siiriplifiocl 

arid writ,t,cri as follows: 



Sill(:(, (11 c:oiric,idt>s with tht> cXx~)ol~c.r~t, o f  t hc: rigllt,-1i;~rltl sidv of  Eq. (3 .82) ,  

wc. look for t,hc. solut.ior1 of  t,l~is cclllatiol~ in  t,lic, for111 

I t .  i:, ('its?.. t .o  S(Y' t l ~ i t t  f1111(.tio11 J ( E )  siltisfi(~s 1)otli 1)01111<li\~ ( . o l i ( l i t  iolis (:%.17) 

;rrltl (:I. 18). If'tllis wcsrc3 riot t111,  (.its('. wc, wollltl rlsv t r i ~ ~ l s f ' o r ~ i ~ i ~ t i o ~ ~  (:{..!IS) 1 0  

iltll)os(> t 1 1 ( ,  l)o1111(1;11.y ( . i ) l l ~ l i t i o t l  (:{. 17). 11, is (,I(,;LI. fro111 fort11111;l (3.!)1) tlii~t 

I t  is ;~lso i~ l ) l ) i~~( ' f i t  t.11il.t. fllll(.t,ioll j ( [ )  is ~)osi t , iv( \  for 0 < < <  XI. This lil(liilis 

tli;~t tllis fl~l~(,t.ioli ;ISSIIIII('S ; ~ t  I~ilst. OII(' I I I ~ L X ~ I I I I I I I I  v;1111('. 7; )  f i l l ( ]  t Ilis vii.111(\. 

wo c.oiisi(l(~r t I)(> cc111. <I, t ,1011 ' 

/ ( ( & I )  = 0. (:{.!Id) 



Thus,  funct,ion f, (0 11;~s o ~ l l y  o~lct rr~itxirtr~lrrl. This  fu~~c~ t io r l  is sc~llc~rri~ti- 

(:ally showll in Fig. 3.4. 13y s~~t)st i t ,ut~irlg h)rrrlult~s (:3.05) i1.1ld (:j.!)fi) irlt,o 

cx1)r(~ssiorl (3.91) wc: firid 

By ~lsilig tlic: last forrrlllla. wc, ilorivc~ 

For- this (.i\sc>, irc,c,ortli~ig to l 'orrrl~~li~ (:l.(iO). w(' l ~ i l ~ ( '  

For tl~osc. vil111c.s of I ) ,  t 1 1 ( ~  1)01111(liir~ ( , o ~ ~ < l i t . i o ~ ~ s  (ii.8) (I(~s(,r i l)(~ ;I s~iHi(.i(>~it Iy 

I)roii(l cliiss of ~ ~ ~ o ~ ~ o t o ~ k i ( . i ~ l i ~  i ~ ~ ( , r ( > i ~ s i ~ ~ x  l ' ~ i r ~ ( , t  io11s 01' 1 i111v (s(Y> Fig. :3.5). 

IIou:(~v(xr. for all 111(~s(, ~ ~ ~ o ~ i o t , o ~ i i c . i ~ l l y  i ~ ~ ~ ~ r o i ~ s i ~ ~ g  I ) ( ) \ I I L ( I ~ L ~ ~  (~o~ i ( l i t i o~ i s .  

(,orcling t,o forllkillirs ( : j . ! )K)  i~11c1 (3.9!)) w(' I I ~ I V ( '  

T ~ I I I S ,  iLs it first ii~)~)roxillli~,t ioli. MI(> ( , ; i l l  ~ l ( ~ y , l ( ~ , i  1 t ( h ~ l l l  1 1 1  f (0 itll(l l lh( '  t,ll(' 

followilig cxi)rc~ssioll for f (0: 
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Fig. 3.4 

Fig. 3.5 

Wc (:iLri rri;lk(> t,lic. nvxt st,cll) i r i  oilr it~)~)roxirrr;tt,ioris ari(1 ;1~s1111ic that. 

forlri~ll;~ (3.103) is fairly ;~c.c-~iri~t,t. for all ~ilo~iotorlic~i~lly ilic:rcwsirig 1)ouridary 

c:orltlit,iow. Urikriowri f~iric:t,ioli z o ( t )  in tliis forrrilila tlieri car1 1)o det,crrriiried 

frorrl thcx first rriorricXrit t:cluat,iorl for rioriliriear ciiffusioii Eq. (3.7) 

By lit,crally rt!pcat,irig t,hc siulit' lint: of reasoning as iri S~(:t,iori 1.5, we can 

t,rarisfor~ri thc last forrnula as follows: 
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where ho(t) is the boundary value of the magnetic field. 

By substituting expression (3.103) into (3.105) and performing irite- 

gration, we derive 

Forrriulas (3.103) ar~cl (3.106) provide a complete (albeit quite approximate) 

description for rlorilirlear diffusion of e1t:ctrornagnetic fields. This descrip- 

tion is not as accurate (and l~niversal) as the one we obtained in Chapter 1 
for the case of strong magr~etic: fields. Moreover, this descriptiorl c:arlrlot be 

exterided to treat time-periodic pro1)lems of nonlinear diffusion. It turns 

out that t,hr: time-periodic prot)lcrrls of nonlinear diffusion arc more or less 

rnaliagea1)le ill the <:ase of circular and elliptical polarizatio~ls of clectro- 

~riagnr~t~ic fields. A tlct,ailetl analysis of t,hosc pro1)lerxis is preseritc:d iri t.hc 

following sc,c.t,ior~s. 

3.2 NONLINEAR DIFFUSION OF CIRCULARLY 
POLARIZED ELECTROMAGNETIC FIELDS 
IN ISOTROPIC MEDIA 

H z  (0, t ) = H,,, c ,o s (~ t  + H o ) ,  (3.109) 

As t~cforc, we ol~servc t,hat. t,hc rr~at~lic~lr~at~ic:al st,ruc:t~ire of nonlinear dif- 

fercxitial Eqs. (3.107) (3.108) ant1 l)o~~ridary c:oliditioris (3.109) (3.1 12) is 

illvariant wit,h rrspcct t,o rotat,io~is of the: x- ~ L I I ~  y-axes. 111 ot1ic.r words, 
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the, ~n>l.thcn~i~ti(:iil forrri of t.htxsc, (:clrliitio~~s 2111ti 1)o1111ci~ry (:o~iditioris will rr.- 

I 1 I for I l o  of - 1 i s  i 1 1 z = 0 This 

irr1p1ic.s that t,tlt> solutiori o f  t,h> bolnltli~ry V ~ L ~ I ~ C  1)roi)lo111 (3.107) (3.1 12) 

shollltl 2tlso t)t: rot.wt,ior~ally ir~v:tria~rt.. This rnc,iLrls tlwt the. ~rl;tgrlt:tic: fic'ltl is 

c:ir<:tlli~~ly ~)olarizt>ti ;ir~ywhc:rc~ irisitlc (.hct c:on(lnc:tiug rncvli;~: 

H,, ( 2 )  = H ( z )  ( . o s ( ~ f  t -  O(2)) ,  (3.113) 

Next,: wc. shi~ll  for~ll;r.lly c lc~~~iol ls t r i~ t t~  t h i ~ t  tho "cbircsrl1i~rly 1)oli~rizt~tl" so l~i -  

t,ior~ (3.113) (;1.114) is c.o~lsist ,c~~~t with t,llc! ~ r i ~ ~ . t , ~ ~ c ~ r ~ ~ i r l  ic.itl sl.rrlc~t~~lro of t.11(. 

1)01111(1iir~ vil,l\~(> l)r01)1(~111 (3.107) (3.1 12). 

First. wc5 11ot.(~ t ,h;~t  ;r.c,c*ortli~~g t,o forrrnili~s (3.1 13) iultl (3.114) web 11;1vt> 

1 3 ~  11si1rg for11111li~ (3.11!)) ;I.\ ~ ( ' 1 1  ;IS ; L I I ~  it.il)i~t('(l 1'01.111~ (3.1 13) i111(l (3.1 13) for 

t,l1(1 so111t io11. w(% ( , ~ L I I  t . r : ~ ~ r s f o r ~ ~ ~  t,11r 1 )o1111(1;1,ry vi111 I(, 1)rot)Ic~lt I (:{. 107) ( 3 .  I 12) 

il~t,o t lict following t,wo I)olultli~ry vi~l~tc' ~)rol~lollls: 



7 ' h ~  vvry f;ic:t, t,llitt. t11(1 I)ot~~ltl;~r.y valllc, 1)rot)lcrrl (3. 107) (3.112) is exactly 
tr;1.lrsforlr1r~c1 illto t.hc I ) o ~ ~ ~ ~ c l a . r v  V ; I ~ I I ~ ,  prol)l(,l~ls (3.120) (3.122) ;~rlcl (3.123) 

(3.125) fir rt~iy,t~c~tic. fivl(1 l)l~i~sor.s il~tlic.at.os t,ltiit t,hv "c-ire-t~li~rly poli~rixc~d" 

s o l ~ ~ t , i o l ~  is (x)~~sist;(*l~l~ wit,l~ Ll~s III;L~.~I(>~II:I,~,~(,;L~ str11ct I I ~ ( ,  of t,llc l)o1111(1ar,y va,ltt(, 

~ ) ro I ) l (~ r l~  (:1.107) (3.1 12). 'I'llis f';ic.t. i~ lso  provos t.hilt thcxrcs ; ~ r . c ,  I I O  hig11c.r- 

or(1or t ~ I I I ( I - ~ I ; I ~ I ~ I ~ I I ~ ( * S  of t , l ~  tr~ilp,~~(>t,i(' fi(~l(1 :ir~,vwll(~ro wi t , l~ i~t  t11(, ( - o t ~ ( l ~ ~ ( ~ t i t ~ g  

t~ i (d i ; i  (l(>s~)it(s it,s l ~ o l ~ l i r ~ ( ~ i ~ r  I I I ; L ~ I I ( > ~ , ~ ( ,  1)ro1)(lrti(~s. 

'1'11(, ; ~ ( . l ~ i ( ~ v ( ~ ( l  s i ~ ~ ~ l ) l i i i ( . i ~ t i o ~ l  is (11iit,(\ rol~~i~rk;i l) l ( ,  fro111 t , l~(> 1)11r(>ly 111i1tl1- 

( ~ t ~ ~ ; ~ t , i ( ~ i ~ l  l)oi11t o f  vivw. I-'irst,. 1)itl.t i i~ l  ( l i ff(~rot~ti i~l  (\(111;itiotls (:1. 107) ( i j .  108) 

ill .( '  (\xil.(,ttiy S ( Y ~ I I ( Y ~ ~  t o  o r ( i i t ~ i ~ ~ , y  (I i#(~r(~~~t, i i i !  bkls. (3.120) ii11(1 (;{.12:$). 

S(YY)II(I. t I I ~ S  I ) O I I I I ( ! ~ I I . ~  vi~111(> l)rol)l(~111h (:{.120) (3. 122), :I,II(I (3 .  123) (3 .  125) 

i ~ s ( >  ($111 ir(~1y ( I ( Y ~ I I ~ ) I ( Y I .  ' l ' I t i ~ ~ ( l ~  t , l ~  ( I (Y .~ I I~ ) I (YI  1)011t1~Iitrv vi1111(% 1)roI)l(~111s I I ~ I , V ( ,  
i ( I ( s 1 1 1  i(.i11 I I I ; I ~  I I ( , I I I ~ I ~  i(.i11 51 I . I I ( ,~  I I I IS .  1:or t Itis I . ( ~ ; I . ~ O I ~ ,  t ,11(> si1111(, so111t ioli t(y.11- 

l , i ( l 1 1 1 \  c.;rll I ) ( .  11sc~1 lo  11i111(l l (~ tll(~,(' ~ ) ~ . o I ) l ~ ~ t ~ ~ s .  It is i ~ ~ s t r t ~ ( . I i v ( ~  to s t r ~ ~ s s  tlliit 

; ~ l l  t I~c~scb sil~ll)lilic.;~t io11s S ~ , ( > I I I  fro111 t I N '  ~.ot . i~t  i o t l i i l  S ~ I I I I I I ( ~ ~ . ~ ~  01' t I I O  ori~i11i1.1 

I ) o t ~ l ~ ( l i ~ ~ . y  vi1111(> 1)1 .01)1(~11 (3.107) (:{. 112). 

'l'lit> i~l)ov(l sit111)lih(~;1t.io1ts i i t x b  viiIi(1 for ;i11y isot,rol)i(, llo11li11(~;11~ l l l ( ~ ( l i i ~ ,  

'1'0 1 ) r o ( ~ ~ ~ l  t ' ~ l t . t l ~ ( ~ ,  wv slti~ll IIS(\  t,11(, followi~lg (x)l~st,it,tttivo (v i t~ ;~t . io~l  for 

iho! rol)i(, 111(~(lia: 

rj = A I I , ~ ,  ( I I  > 1 ) .  (:1. 127) 

'l'ltis (.o11st i t  11t.ivo (,(111i1,1,io11 (l(>s(*ril)(,s fl vs. fl ~ , ( t l i ~ , t , i o ~ ~ ~  (>x (*~ l~ l ) l i f i (~ l  l)y Fig. 

3.1 i t .  111 ot , l~( ,r  wot.(Is, t 111s ( . O I I S ~  i t  111,iv(s (\(111iitio11 is si111iIi1,r t o  t,li(% OII(\  g1vv11 

I ) ?  fi)rl1111li1 (:!.I). I~O'M.('V('I.. t,h(' I ~ I ( ' ; I I ~ ~ I I ~ S  01' 1 1  ; L I I ( ~  k ill.(' (liff'('rt't~l. i\.'o ! I~ IV( '  

I I ~ ; L ( ~ ( *  this ( . ~ I ; L I I ~ ( ~  I)(V.;I.IIS(> i t  It?i~(ls t o  s i l ~ ~ l ) l ( \ r  ( ~ X I ) ~ ( ~ S S ~ O I I S .  

P'~.OIII r o r t ~ ~ l ~ l ; ~  (3.127). wc5 fillcl 



Frorr~ t h c b  last two for~rlulas. wt. obtain 

Consc:cl~i(~it ly, 

B,v lisirlg r(>li~tio~ls (3.131). Eqs. (3.120) : L I ~ ( I  (:<.123) (.;LII writt(>li iis fol- 
lows: 
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I t  is clear- that  the  last eqliality can I)(: valid only if 

The l i~s t  c.cluatiorl yicltls 
---- 1 

L . . -- ~-- _I 

Next, the c:harac:t,c:ristic: Eq. (3.139) will i )o 11st:c1 ill orticrr to fir~cl tr" arid 

20. To this r~ l t l ,  wc: s11;~Il writ(, c:olliplcx c.harac:t,orist,it: Eq. (3.131)) ;IS t . h ~  

fo l lowi~~g two real rclli;~t,ions: 

- - 

'I'IILIs. forrr111l;w (3.134). (3.135). (3. 141), (:3.144), ~ L I I ( I  (i3.11-5) ( . O I I I I ) I O ~  (rly 

clr:firlt: t,he solutiol~ of t licl I)o~ll~clriry V;LI I I (~  l)ro1)1(~11i (3.120) (3.122). 'I'll(, 

l)o1111(1;~ry v:il~it~ ~)rol)1(~111 (3.12:i) (3.125) is i(It111t i(xl (111) to 110t,i~t,io11~) t,o 

I 1 o 1 1 ; ~ r  v o 1 1  ( 1 0 )  ( I )  11s ;I ros~~l t . .  t l 1 c 1  so111tio11 1.0 

t,hc fornlcr t)ourltlarv valucx prol)l(.l~~ (.;LII I)(, writt>cl~ 21s follows: 

By <:orlvc:rt,ir~g forlriulirs (3.134) itlit1 (3.1'16) frc ,111 t.lit. 1)lliisor for111 ir~t,c) 1 . h ~  
t,irnc-dorn;~i~~ forrii arltl t ;~king i11t.o ;tc~:ol~lit, r( ' l i~ti011~ (3.141) i~lld (3.144). 

we obtai11 the fo l lowi~~g sol~~t , ion  of the boundary valutl ~ ) r o l ) l o ~ ~ i  (3.107) 

(3.1 12): 



whc~c.  zo is givcxt~ I)y Eq. (3.145). 

It, is i~istrrlc~t,ivc> t,o sllow that  i t 1  t,hv l i~ t~ i t ,  o f  r l  + 1 f o r n ~ l ~ l i ~ s  (3.147) 

i l . ~ l ( l  (3.148) pivc ( . l i~s~ i ( , i~ l  c.xl,rc~ssiolrs for lill(~:v r~lctdi;l. First,, it, is al)piirclit 

honi for1tl111;~ (3.1.15) ti)r zu t l l ; ~ t  



plli~sc~ 8 ( ; )  with ~ ( \ S I ) ( : C ~  to  z ~. i~ t l l ( ' ~ .  t,lli~ti in li~~('il,r ~ i l . r i i~ t i011~ of t:his ~ ) I I ~ L s ( ' .  
I t  is illso irit.c~rc~st,iilg to  c.orI1pilr.c: for11111li~~ (3.147) ilii<l (3.148) wit.li sollit,ioi~ 

(2.57) (2.58) frotr~ t.llc> provio~is rhi~l)t,cxr. WP ol)sc,rvc, that  irl t,llo (:as(, of 

st,rorig rrlagrlc:tic. fic:l(ls tllc~ proc,c.ss of 11orilirlc~;lr clifrr~sioti is Io(: i~li~(>d I ~ C ~ L I .  

t 1 1 ~  l)01111(1i~ry of (v l l ( l~ ic t , i~~g  111(\(1iii, wli(:r(xs ill t.k~(, (:;LSO of  ~ ' ( ' i ~ k  ~ r ~ i ~ g r ~ o t i ( ,  

fic:ltls non1irlt:i~r (liffiisiori ctxtc!r~cls 111) to ir~fit~ity. 111 fortlniliw (2.57) ;~rl(i 

('2.58) 1)i1ri1.1~ivt.c~r zo  hiw t,hc. r~lril.~lirlg of pc.r~c~t,r;it.iot~ cl(:l)t,l~. t,h;~t, is, tllc:rtb is 

rio c,l(:c:tro~rli~.g~~(>t ic: 1-ivltl 1)ttyorltl q. Irl c.ol~trilst.. 1)iiri1.1rlrt,cr 20 iri f o r l r l ~ l l i ~ ~  

(3.147) iili(l (3.148) tloc>s rlot.  11i~vc. iL t.ri~ilspi~rt~tlt ~.c>liltiotl t.o t,hv l)c~rlc~t>ri~t,ior~ 

( ~ ( ~ ~ ) t , I l .  i l~~ ,~ lOl lg~ l  it. (:l('ilI.ly il,ff('('t,S t,ll(> rittP of (l(?(:il.y Of t,ll(' lll;lp,11(~~1(' fi('l(1; 

t.11iit is. tall(, ~lt l i l~lt ' r  ZO t,ll(> fil~t,('l' t,kl(> tlliLgll(~t i(. fi(31(l ( 1 ( Y , i ~ J 5 .  

Fro111 fi)r11111li~s (:J.147) i ~ 1 1 ( 1  (3.148), u7c, f i 1 ~ 1  
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By irivokirig forrriulas (3.135), (3.141), (3.144), and (3.145), frorn the last 

equation we derive 

Thus, the surface irripedarice is expressed in ternis of frequency and physical 

properties of conducting media. This impedance is field dependent because 

p,, is determined by the value of the magnetic field a t  the rriediuni bound- 

ary. By settirig n = 1, we recover from the last equation the wcll-known 

forrntlla for t,hc surface ill~pcdarice of li~icar corlcll~cting rrietiia: 

Of c.ollrsc., ill  this (:;is(> t,l~cl ~~~ i~g~ i ( : t , i ( .  p(:rni(:al)ility docs 110t (l('l)('lld 011 t,ll(: 

t i  1 I is 1 s v r w r  w i l i i  1 i For t,his 

~(\;LSOII.  ~11l)s(-ript. rrl for /L i l l  t,llct liwt f ( ) r ~ l l ~ ~ l i ~  is o~liit , t ,~(l.  

It is oft,cm clctsir(icl t,o rc '~)rc~st~~~t  t,llc' slirfi~(:(\ i i ~ ~ l ) ( ~ ( l ; ~ r ~ ( : ( ~  i l l  t . 1 1 ~  1)ol;ir for111 

Fig. 3.6 



Fig. 3.7 

( la )  ( t  ) ti*, ( t )  
1 1 ( 0  t )  = - - - k,',(O. t )  = - , 

tlt (ti 
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where 

4m = @me3811. 

Now, by i~lvokirlg forrllula. (3. lCil), we find 

By sul)stit,~~tirlg thc last. t,wo ecl~latiorls into (3.134) anti (3.146), rc:spc>c:t,ivcly, 

WP C:II(I 111) wit,h 

which i~ r ( '  t l ~ t ,  for11111liw wcx i~~t('li(lo(l t,o ( '~ t . i~ l ) l i~ l l .  

It is illl~)ortil.Ilt t,o I lOt,( \  tllilt. t.ll(' l i l ~ t ,  two fOl.lllllIil~ (10 I lOt  g i ~ ( ,  f'llll\.. 

(5xl)licit (xl)r(~ssio~ls for ~ ~ l i ~ g ~ l ( > t i ( ,  f i ( l I ( 1  ( Y ) I I I ~ ) o ~ ~ ( ~ I I ~ s  i t 1  t(~i~i11s o f  (1). 'Fliis is 

I ) ( Y ~ ~ I I I S ( ~  ZO ( l ( ~ l ) ( ~ ~ l ( l s  011 /I,,, t1IiI.t. i l l  t111.11. ( ! ( ~ ~ ) ( ~ I I ( ~ s  011 H,,,.  T ~ I ~ s  (Iifi(~111ty 

( , ~ I I I  I ) ( )  ( ~ ~ I ~ ( ~ I I I I I v ( ~ I I ~ ( ~ ( ~  i f  w ( ~  writ(-  ~ x > l i ~ t i o ~ l  (:{.171) i l l  t11v for111 

3.3 NONLINEAR DIFFUSION OF ELLIPTICALLY 
POLARIZED MAGNETIC FIELDS IN 
ISOTROPIC MEDIA 



H,(O, t )  = HI,, sir, ~t + c H,, J,(t) .  (3.1 77) 

H t ~ - c ,  f is i L  slrlnll pi~rti~~lt:t,c:r, whilc f,,:(t) arltl f,(t,) arc  kllowrl pc:riotlic: fun(.- 

tiolls of t.iri~c with pcriotl T -- $. 
By usir~g the, gc.~ic,ri~l i c l m  of  pc>rt,url);ltio~l tc~c:hrlic/lir:s. wc: look for the. 

solution of Ecls. (3.107) (3.108) s~rl)jt~c:t to I)o~iri~I;~r?; ( . o ~ ~ d i t i o r ~ s  (3.176) 

( 3 .  177) ; ~ r ~ t i  (3.11 1) (13.1 12) irl t,ht, folloivix~g forlli: 

H ,  (z. f )  = li','(z, t )  + c11, ( 2 .  I ) ,  (3.178) 

I-I,(z. 1 )  = H i ( z .  t )  + ch,(s, t ) .  (3.179) 

1 - i ~  s ~ ~ i ) s t i t ~ ~ t ~ i ~ ~ p ,  tllv I : L s ~  twro fo1'1111l~:~s illto (~(~l l i l t i011~ ; L I I ( ~  / ) O I I I I ( ] ~ I ~ V  

( . o r ~ d i ~ i o r ~ s  1~1(~1it io11(~(1 i ~ I ) o \ ~ ( '  i ~ r 1 ( 1  l)y ( '(llli~t~i~lg t,l~(l t , ( x r ~ ~ l s  o f  like powers of' c ,  

wcx ~ l ~ t l  111) wi1.h t . l b c x  followi~~g l )o \ i~~ t l i l r~ .  vi~l11c3 l)roI)l(~r~ls: 

lf j'(0. I )  = H,,, c,os;f. 

/I:,'((). t )  = /Irrl sill d l .  

d21t,, < I [  on, ?I 11 
= 0;-  It.,- 

0 z Z  dt  I JH ,  ( H : ! , H " ) - + I ~ , , - ( H , : ! . H ; ) ] .  ' dII ! /  (:r.ln[j) 

-- 

B., ( I f . ,  . fI,) = / I ,  (m + nt )) H,, . (:3.192) 
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Thc: 1)ourltfiiry valuc proble~ri (3.180) (3:.185) is idt:rlt,ic:al to tht: I ;)o~~r~clary 

vrtlue ~)rot)lern (3.107) (3.112): which descril)t:s ~iolllirlear diffusion of cir- 

c~l~l i~r ly  polarizrtl elcctro~~lagnctit: fic:ltls. Tht. solution to  this prot)l(:~r~ was 

folllltl i r i  tllc: prc,vious src:t,ior~ :irlcl it (:ill1 I)(:  writ,t,c,rl in t.he followirig forxrl: 

($(a. t )  = h ,  ( 2 .  t )  + . ) l l I i ( ~ .  t ) .  (3.190) 

1 , 1 ( : .  t )  = 1 1 ,  ( 2 ,  t )  -- j l l , ,(2,  t) .  (:3.200) 



1::k-2(0) =: H,,, (f,.,k-2 - jfIl.k-2) (:3.209) 



13olilidary c:oriclit.ior~s (3.208) (3.209) follow fro111 for111111it~ (3.199) (3.200) 

a ~ l d  I)ourltl;~ry corrclitio~~s (3.188) (3.18!))) w11c~ro;~s r~oti l t ior~s f:,;,k arid fV,k 

st,i~ri(l for Fo~lricr (:o(:ffi(:i(!~~t,s of  f~iri(:tio~ls f , r ( t )  i ~ 1 1 ~ l  f y ( f , ) .  r(:spcct,iv~lv. 

Hi~ving solv(:d Eqs. (3.205) (3.20(i), wc. (.;ill find Fourier c:oeffic:it~rit,s of  

p ( ~ t  ~lrt) i~t , ior~s:  
1 

h, ,k(z)  = ; [ & ( z )  + $j,::'k(z)] . (3.21 1 )  
2 

117,f .r t ff,,, !, 
If,,, = 

( = If,!,., . f ~ l , , ! /  

2 11,,,,r + 1f,l,!/ 

By ( . o ~ ~ ~ p ; i t . i ~ i g  I )o~~ t r ( l i~ ry  ( ~ o ~ i ( l i t ~ i o ~ ~ s  (q'j,218) (3.21!)) i v i t l l  l )o~ i~ i ( l :~ ry  (.o11(1i- 

t.io11s (3.176) (9. 177). wc> (.it11 iclc,~ltify f,,.(t) ;111(1 S, ( f )  its follows: 

( f )  = o f y  ( t )  = - hi11 cv't. (3.220) 



G 3 k ( z )  = (IT l / l k ~ ~ 2 ( 2 )  = 0 if' h, 2 0 ; L I I ( I  X. # ;i. (3.225) 

r , I I I I IS ,  olily t lw first i 1 1 ~ 1  t l ~ i r ( l  l ~ i ~ r ~ l i o ~ ~ i ( , s  i11.0 r i o t  ( ~ ~ 1 1 i i 1  1 , o  n ~ o .  '1'0 l i11(1  tll(~s(% 

I I ; L I ~ I I I ~ I I ~ ( . S .  wv sI1:111 writ,(, his. (:i.205) (:3.20(j) ~ O I .  X. = :{ ;111(l S I I ~ ) ~ ) I ( ~ I I ( ~ I I ~  
t Ircmi w i t , l ~  I ) o ~ l ~ ~ ( l i i r y  c o ~ ~ ( l i t  io~ls (:1.22-1) ; I I I ( I  (;1.210). 111 this  w;I!.. wt3 ilr~.ivo 

iit tliv followil~g 1)o1111(ii1ry v;i111(, 1)rol)l(>111: 

(,$:r(-x ) = (x) .- 0. (:i,2;io) 

LVc, sli;ill look for  t,lrc' so111t.io11 o f t  IIC.  1)01111(li\ry \ . i i l ~ ~ t ,  ~ ) r o I ) l ( ~ t r ~  (:3.227) (:1.2:10) 

i l l  t hcl for111 
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By suI)stit,uting cxprrssioris (3.231) into tfiffercnt,ial Eqs. (3.227) (3.228), 

wc firitl t ha t  these ecluatior~s 1i:tvc sollltiorls i r ~  the forrr~ (3.231) if 0 sat,isfies 

the followi~lg characteristic cquatiori: 

'I'IIIIs, t,l~c, c,oc~ffic~ic~rits of c~li;~ritc~tc~ris( ic.  E:cls. (3.232) tl(y)t\r~d orily  or^ ,rr. C:ori- 

s(y111(>1lt,ly. t11(~ roots of' tliis (t(111i1tio11 ( l (~pc~ l~( l  or~ly o r 1  71, ~LS u,(~ll. 7'0 s;~t,isf.v 

tl~c, I ) o I I I ~ ( ~ ~ L ~ Y  (.on(litiol~s (:3.2:30). ( 'XI)OII( ' II~ /j ill f0~11111lii (3.231) ' ~ I ~ L S  t , ~  ~ L ~ I V ( '  

it, ~~vg i~ t , ivo  rvi11 l)art,. I t  ( , ; L ~ I  i ) t >  ~ 1 1 0 ~ 1 1  t11;it (~I~iLriL(~t~(:rist~i(: E(1. (:<.232) II~LS ~ , w O  

root,s* /jr ; L I I ( I  $', wit 11 I I ( > ~ ; I ~  iv(1 r(xitl 1)iirts. ' r l~(\s(> r0ot.s 1 1 i ~ \ / ( h  I ) (Y>I I  (.orr11)11t(~I 

i ~ s  t ' ~~ i~ ( ; t , i o~ l s  of' / I , .  ari(I tllo r(\s111ts o f  ( ~ o ~ ~ ~ ~ ) ~ ~ t , ; ~ t i o r i s  ;~r(!  l)r(:s(>r~t.~(l 111 Figs. 

3.8 ti11[1 3.8 1) .  
By 11si11g roots ,if ;L I I ( I  /jrr g(:rl(~ri~l so111t i o ~ ~ s  (3.231) t,o (liffor(~lit,ial EGIS. 

(:J.227) ~ L I I ( ~  (3.228) (.;LII I ) (% writ tol~ i11 thcs for111 

13y 1isi11g tllc. sii111c. l i w  of rcjiwo~~ir~g ~ L S  in S(.c.t,ior~ 2.2, web find that. f~lr~c.t,ior~s 

(9.236) ;~rld (3.237) will sat,isf;y l)or~~iclary c.or~(lit.ior~s (3.229) and tliff(:rc.~~tiitl 

Eqs.(3.227) (3.228) if c:oc:ffic:ir:rlts A'. A'', B', i ~ n ( l  B" ii.r(: clett:rrr~inecl frorr~ 

t,llc\ followirig s i~r~ul t , i t r ic~o~~s oclr~at,io~is: 

B' + B" - H,,,. (3.239) 





Chapter 3 Nonlinear Dz f i s ion  of Weak Magnetic Fzelds 

Fig. 3.9 

*;7 
. . . . . . . .- . .A - - - F  

Fig. 3.113 

n - i l l  

Fig. 3.11 



By tlsi~lg i t , r , l  (2) ; 1 1 1 ( l  / I ! , ,  ( z ) .  wv C;I,II f i 1 1 t 1  t , I l t >  l ) l ~ i ~ s o r s  of' t . l l c 1  first l ~ i ~ r ~ i ~ o ~ i i ( ,  

of t , l r c .  t , o t ; ~ l  t i c . l ( l :  

H ,,., (,:) = IZ,:!(Z) + 2 ~ 1 ! . ~ .  ~ ( 2 ) .  (3.247) 
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By using the last two forrilulas as well as formulas (3.160) and (3.161),  we 

derive the followi~lg expressions for the surface irnpedalice: 

rlyx - O H ,  - E [B' (P' + j2a1')  + B" (PI' + j2,")] - - , (3.252) 
71 ~ ( l  + c)Hm 

where 71 is the surface inipedaricc iri the case of circular polarization of thc 

rnagrietic field. 

Forrriulas (3.251) arid (3.252) allows one to evaluate to what extent the 

stirface i1ripet1aric:e is affectetl by deviatio~is fro111 the circular polarizatioris. 

Thcsc dcviatioris arc accountctl for by pararrlctcr 6 in (3.251) arid (3.252).  

It is ir~structivc to riotc that t,hc right-harid sides of forlnulas (3.251) arid 

(3.252) do riot dcpcrld or1 H,,,. This is I)rc:ause, ac:cordilig to forrlnilas 

(3.243) (3.241),  c:ocfitic.icrlts B' ;iricl B" arc directly proportiolii~l t,o H,,. 
Thus, t,Ilct right,-11;~ritl sidcs of  (3.251) ; L I I ~  (3.252) ;ire filric.tioris only of n, 

illl(1 f .  ThPsc. fllll('t~i0lls tlilvc. i)(Y'll ('Olll~)llt~('(i for vi~~iolls V ~ L ~ I I ( ' S  Of 71 i ~ l l ( 1  

f i111(1 t,ll(' r('s111t.s of (.o1111)1it,i1.t,ioiis iLr(' s1iow11 ill Figs. 3.9, 3.10, 3.11, it11(1 

3.12. 

3.4 NONLINEAR DIFFUSION IN ANISOTROPIC 
MEDIA 

111 t \ lk  ~('('t,lOll, i L  t~~O-~)ilYiLlllOt~~'Y ~)(~~t . l l I '~ )~ \ t~Ol l  t~('( '~llli(~ll(~ i~j)l)liO(l to  

thcl itllilly~i~ of ~ l o ~ l l i ~ i ( ) i ~ ~  (1iffusio11 of c~lIil)t,ic~itlly poli~rizt~l c~l(~c.t~rolrli~gric)t.i(. 

fi(ll(1s ill ii11isotrol)ic i~ i (~( l i i~ .  OIIV 1)itri1111(~t,(>r is I I S ( Y ~  for t.110 (l(:s(:ript,io~i of' 

it~li~Ot,rol)i(~ 11~iLgl~ot.i(~ prol)vrt,i(!s of 111(Yliil ii.5 ])(~~t~l~l)iLt~iolis of isot,ropi(. pro1)- 

c.rtitxs. whilo i~~ioth('r ~) i~ri t~l l (>t(~r  is ilitro(I~i(.(>(l to tl.('i~.t c,lliptic.i\l poli~riziltio~~s 

its l)ort~~irl)itt~io~ls of ('ir('~ili~r l)oI:~riz:it,ioris. 

A ('Oll~('lli('l1t. WiL,V t,O illt~~Odll(:(' t,ll(' first. ~)('l.t,lll.l)ittiOll ~)it~il.lll('t.O~. is 

t,hrougli t,hr ~)ot,('llt,iill f~l~i(-t.ioil U(H)  of B-fi(%l(l ill H-sl);tc:o (sc~. S(.ctioli 

2.4).  For isotropic- 111c>tlii~ wit,h c:o~~st,it~~t,ivo ~.('li~t,io~l (3 .127) ,  t,liis ~)ot,t'~ltinl 

fu~ic,tio~l is givcw I)y the* c,xprt~ssio~i 

The last cxprcssior~ can 1,c rcwrittcn ill tcr111s of H, tui(1 H,, ;is follows: 

The syirirnc~t,ry o f  the last expression with rcspcct t.o H ,  itlid H y  rrflcct,~ thc 

isotropicity of riictdia. To gellcrat,t: the ~)ot,t?rit,ii~l for a~iisot,roj)ic: ~iledia., t,lict 
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above symmetry must be perturbed. A simple way to do this is to assign 

different "weight1' coefficients for Hz and H,. By using a perturbation 

parameter E ,  this can be achieved as follows: 

By taking the gradient of U,(H,, H,) with respect to Hz and H, (see 

formula (2.317)), we end up with the following constitutive relations for 

magnetically anisotropic media: 

Next, we introduce another pararritter E to describe elliptical polarizations 

as perturbations of circular polarizations. This is done as follows: 

whilc H,,! arid H,,J are peak values of tlit: ~riag~iet~ic firld alo~ig t.lic. 11iiLjo~ 

(x') and rriirior (y') axes of tht! polariziit,io~i ellipse, rcspcctivcly, a~icl Oo is 

the i~1ig10 betwee11 the ~tiajor axis s' a~icl tall(: a.nisotropy axis x. 

I11 accordar~ce with the gt:rlt:ral id(:il of the pcrturbat,io~~ tec:li~iic~uc~. wc 

look for the rriagnetic field in tht. for111 of  the followixig expansioris: 

Next, we sut~stitute forniulas (3.261) and (3.262) into l~ourldary c:oriditioils 

(3.258) arid (3.259) and rionliriear diffusiori t?cluat,ioris 

3 = u dBy(Hx,  H,) 
az2 a t  



220 CIt,apter ,Y Nor/,li~rc!nr D ~ ~ ~ I L S Z O P I ,  of W~ak:  Magnetic Fields 

'Thc:rl wc: c:cl~lat,r thc: tc:r~ris of likr powers of c iuitl i. As a rc:sult! wr cncl up 

with t l ~ :  follt)~vil~g I~Ollll(IiLl.~ ~illllt? 1)1.01)1(:111~ f01. H: i~11(1 IL,, alltl h,, 

It,, . iL1ld f l y ,  r(:~~)(Y:t,ivc.ly: 

H ; ( o ,  t )  = H,,, ( * o ~ ( ~ t  t el,), (3.267) 

l-l:(O, t )  = H,,, slll(wt f 00).  (9 .268)  

H:(x, t )  = H ; ( X ,  t )  = 0 .  ( 3  26'3) 

<ID" a!/.i. 
( I )  - 1 ( I .  1 )  = (, - , (:,.'7()) 

i )  H ,  ift 



hL (0, t )  = I f r r l  cos(ut  - &), (3.280) 

h,,(O, 1 )  = - H,,, s i r~(wt  - flu), (3.281) 

Thct 1)01111(lary val~lc. ~,roI)lorl~ (3.265) (Y.2(i9) I I I I I S ~  I)(:  solvrd first. T~I(:II ,  

I),y hi l~ i l lg  ~ O I I I I ~  HI) i l l i d  H;;: I > o ~ l l l d i i ~ . ~  V ~ ~ ~ I I C  I)I.O~)~(:XIIS (3.270) (3.277) ;IIJ(I 
(3.278) (3.282) (YLII 1 ) ~  t,nr:kl(xtl. I t  is ilpl,ilr(.~lt, I,hilt, t htx 1)0111l(li\ry V ~ L I I I O  1)r( )I)- 

I ~ : I K I  (3.265) (3.26:)) is ic1c~rltic:i~l (111) to tlicb i~~i t i i r l  pliasc, Oo)  t o  t,llc> I ) O I I I I ( ~ ; L I . ~  

v:~l~i(> prot)l~:i~i (3.180) (:$. 185). ' ? o ~ ~ s ~ ( l ~ ~ ( ~ i t l y ,  it,s so111t i o i ~  is giv(m 1)y for- 

l l l l l l i~~  (3.194) (3.1!)5) with t h(' only 1liotlific~ii.t.io11 that. p1i:wc' H ( z )  ti~k(bs into 

i~c,c:orll~t, t .11~ iliit,i;il l )h i l~( '  00: 

13.y l l ~ ~ l l g  fOI.11lll~i~~ (3.194). (;{. 1!15). >l.ll(l (3.283) ill tll(> ~ ) O l ~ l l ( ~ i ~ ~ ~  YiLlll(~ l)l~ol)- 

l(5111 (3,270)-(3.277) :~11ii l)y l i I (~r i i~ l1~ r('~)(bi~t i11g t,l1(5 S : ~ I I W  1i11v o f  r o i ~ s o ~ i i ~ ~ g  i i s  

i l l  s(b(.t.iolis 2.4 i111(1 2.<j, it, ( ' i l l1  I ) ( '  S ~ ~ O W I I  t l ~ i i t ,  / I , ,  ( 2 %  t )  ii11iI / I ! , ( : .  t )  ~ I ; I V ( ,  O I I ! ~  

t I i (>  first, ~ I I I ( I  t,Ilir(l t ~ t t i ( ~ - I t i i r ~ ~ t o ~ ~ i ( ~ ~ .  '1.0 fi11cI t l~( ,s t> l l i i r ~ ~ i o ~ ~ i ( ~ s .  l,l~is followit~g 

( ) r ( I i~~ i \ ry  (liflisr(>l~t i i i l  (~(111:1tio~1s I ~ ~ L v ( '  t . 0  I ) ( >  s o I v ( ~ l  for >t~lxili>i,ry ~ I I I L ( , I  io11s ( / I :$  

> l l l ( l  1;. ,  : 



By s ~ ~ l ) s t , i t , ~ ~ t ~ i ~ i g  fu~l(*t , io~is (3.28!J) :1,1i(I (3.290) i11t,o (Iiff(~r(~111,iiil o(111i1tio11s 

(3.284) i~riti (3.285), urc firlti tha t  t.11c~sc. c>cll~atiolrs will I ) ( ,  si~tisiic.cl if 

(5.293) 

wllc~rt. ; j l  iilitl if" ;ucb t 110 r0ot.s of t,licb c.l~i~ri~c.tc'risti(, E(1. (3.232) wit 11 ~l(~gii t , iv(~ 

r(Wl 1)iIrts. 

By 11silrg lit ,(~r;~lly t,l1(3 S ; L I I ~ ( ~  1i11(% of' ~ . ( ' ~ L < ( ) I I I I ~ ~  i~s ill S(*(st io~is 2.4 i~li(l 2.5. 

urcb i ~ r r i i ~ o  i ~ t  tllo c.o~lc.lrlsio~~ t.lli\t c.ocxffic.icb~~ts '*I1. il", fj', iultl fl" (-i111 I ) ( ,  

~ ' O I I I I ( ~  fro111 si11l11lt ~ \ I I ( ' ~ I I S  l i~ lo i~s  E:(js. (2.391) (2.:)!)4). A f t . 1 ~  t.h(,sc- ( y ~ ~ i ~ t i o l l s  

s o l v t ~ l  it11(1 t l ~ ,  i ~ l ) o v ( ~  (~o( t I i (~ io~i t  s (101 ( b r l ~ ~ i ~ i ( ~ l .  t lit, firs1 :1.11(1 t liir(1 t.i~riv 

~1iLrll1011i~~s Of ] ) (~~ t . l l~ l )~L t~ iOl l~  iLll(I /1,!,.1 ('ill1 I ) ( '  ( ' t l~ (~ l~~ iL t ( ' (~  <L('(:O~(Illlg t,O t.Il(, 

fO~11~11~:i~ 
I j 

/ I , ~ ,  l ( 2 )  = --'c3, ( ~ 1 %  / I . ! , ,  (Z) = ( z ) >  
2 2 

(3.2!)5) 



Now wr ~)rocc.ed t.o tht: solutiorl o f  t , h ~  \ ) 0 1 1 1 l d i ~ ~ ~  ~il.lllf:  prot)1(:111 (3.278) - 
(3.282). As before. it, c;tn 1)t: clc:rnorlst,rat.ccl that l)tirturt);tt,iorls l r , . ( , - .  1) 

nrlti h , ( z :  t )  havc o11l.y t.11~ first arltl thircl t i r~~c- l i a r i r~o~~ics ,  wlrilc all ot,llc%r 

11;irrnonic:s arc: ( Y ~ I I ~ L I  to z(:ro. Tht: c: i~l (~ul>r t io~~ of tllc first ;~ilci third t,i111(,- 

h;~rrnonic:s car1 rt:cl~~c:c~cl tlo t.he sol~it,ior~ of tht: followirlg c:ou~)lt:d ordiria.ry 

diff(%rrr~ti;il c~cl~~ut, ior~s for anxiliilry fill~ctions 4: , ( z )  i~11(1 ( 2 ) :  



f i r  t,hc phasors of t,l~t. first harl~~oliic. of t,hc: f,ot,i~l liclltf, wc. Il;l.vt. 

H~ ( z )  y H ; ( z )  + 2f [h , . ~ I  ( z )  t j? ( z ) ]  , (3 305) 

&,.I ( 2 )  ~ ; ; ( z )  + 2f [ 1 1 7 / , ,  ( z )  + i?h/,l (211 (:3.;<06) 

'l'his l(,atls to tlhc, follo~virig c~x~)rc~ssiol~s:  
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superconductors is of practical and theoretical importance because it can 

t ~ e  useful for the evaluat,iori of magnetic hysteresis in these superconductors 

as well as for the study of creep phenomena. 

Mathematically, this analysis has many features in common with the 

analysis of nonlinear diffusion in magnetically nonlinear conductors that 

has been carried out in the previous chapters. For this reason, our discus- 

sion of norilirlear diffusion in superconductors will inevitably contain some 

repetitions, however, it will bc deliberately more concise and it will stress 

the point,s that are distinct to superconductors. 

We begin with the case of a sharp (ideal) resistive transition shown 

in Fig. 4.1. This t,ransitiori irliplies that persisterit currents up to a crit,i- 

(:a1 c:urrrnt density ,I, are always induced in superconductors. We consider 

no~ilinc~ar tiiffusion of liriearly polarizeti elrctroniagrietic fields in a larnina- 

tion (slat)) of thickriess A. At first,, it iniiy seerri 11at11ral t,o use the scalar 

~lol~lirlc~i~r tliffl~sion t'cluat,iori 

for tlio i ~ l l i i l ~ s i ~  of t,l~is ~ionlin(vir (liff~lsio~i. How(>v(xr, silic(\ t,ll(, ll~i~g,~l(,ti(h 

fi(,l(l iLt tllo still) I)Ollll(liL~.~ 1 1 ~ 1 1 i l 1 1 ~  s])('(.ifi('(l, il silnl)l(Y wiL,y tt) solve, t.llcb 

1)ro1)1(,111 i t t  hiill(l is to I)iis(' 0111. ;LI I ;L~YS~S OII t h(' ('(llli~t,ioll 

w1iicll ill 0111' O ~ l ~ ~ - ~ ~ ~ l ~ l ( ~ l l ~ ~ O l l ~ ~ ~  ( '~LS(~  ('ill1 l )( ,  writ tvll iLS 

Fig. 4.1 
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The sharp (ideal) resistive trarisitiorl (see Fig. 4.1) along with formula 

(4.3) forrn the basis for the crit,ical state model for magr~et~ic hysteresis of 

type-I1 superconductors. This rnodel was first proposcd by C.P. Bean [2]. 

[3], (see also (161) arid then it was further generalized i11 [12] to take into 

account a dependence of critical current density on the magnetic field. The 

critical state type models have been tested experinlentally anti have proved 

t,o be fairly accurate for simple specimen geonietrics (plan(! slabs, circu- 

lar cross-sect,iori cylinders). It was also realized that the critical st,at.c t,ypc 

nlotlcls have sornc intrinsic liniitations. First, these rnodcls do riot t,akc into 

account act,ual gradual resistive t,raiisitions of type-I1 superconductors. Scc- 

ontl, even under t,he assumptiori of ideal rf:sistivc transitions, t1lc:se rriodrls 

Icacl t,o explicit analytical rosult,s olily for very simple spt1c:irricri gcornct,rics. 

Next,, we shall briefly c1cscriI)c sonic hasic: facts coticcrriilig tile c:ritic:d 

state (Bean) niodel for sliy)crc:oild~icti~~g hysteresis. Then, wr shall dc1rior1- 

strat,c t,hat tlic crit,ical st,at,c t,ypt, rrlotlcls art, pi~rt.ic:lll;tr cases of t,hc Prcisac:h 

iriotlcl o f  hyst,c:rcsis clisc.usscd ill d(>t,ail ill Soc.t,ioli 1.9. By ilsirig t.liis fac.t.. 

we shall try to rilakc t,he (:as(: for t,hc Prcis:~c:li ~nodol as ail (4fic.ic~lit. t,ool for 

t,hc, clc~sc.ript,ioii of s~ipcrcolicl~lc~ting liyst,c~rc~sis. 

cOll~i(lt'l' ii l)lilll<' ~ l l ~ ~ ~ ~ Y ~ ~ O l l ~ ~ l l ~ ~ ~ ~ ~ l ~ g  SIiLl) ~lll),j('('t t,O iL11 ('xt('YlliL1 t,illlV- 

varyil~g ~ l l i i g~~( , t , i~  fi(ll(1 Hl)( t ) .  LVc will iiit,(~r(~st,(!(l ill t,lic B vs. H,) r(,liit,ioll. 

Htnrtn, B is it11 iiv(lriigtx ~lii~gll('t,i(. flllx (l('lisity t,l~iit is (l('fi111~1 i ~ s  

iiii(1 H(2) is t,llr, ~riagnt~t~ic~ fic,ltl wit,l~ili t.licx sli~l). 

111 ~)rii(,t,i(~(,. B :~11(1 Ho artx (i~iiii~t~it~ios tlliit, iir(' (~~1)(~ri111(~1it~i~ll~ l ~ i ( ~ i ~ ~ ~ l r ( ~ ( l  

iiiltl it is t,hclir r( ' l i~t,io~~ t,lii~t (>xhit)it,s Iiyst(~r(~sis. 

It follows frorri forrriula~s (4.4) t,lli~t ill  ortlor t.o c:o1i11)iitt, B for illiy Ho. 

wc 11iiv(> to fi11~1 i~ ~l~i~g~l( , t , i ( '  fivl(1 1)rofiIv (ili i~gi~(~t,i(~ fi(bI(1 (list,ril)i~t,ioi~) wit,liiii 

t,lit1 si~l)c~rc~olltltlc:t~iiig slat). This is c,xi~c.t,ly wlii~t wc> slinll (lo ilcLxt.. 

S l l~ )~ )os (~  t,kliLt. I10 l~liigll(~t~i(~ fi(>l(1 WiLS 1)I'(,~(\llt 1)riOr to t1lV ~ l i ~ ~ i ~ i i ~  of  

t~il110 to. It is i ~ ~ ~ l l l l l ( ' ( I  tlliit for t,illl(,~ f > to. tll(: (,xt,(:rlli11 lllilgl~(~ti(~ fi(,l(l 

Ho(t )  is ~lloiiot~oilic:ally ill(-rt:asc,tl iu~til it. rc~iic:lic,s soliic, 11ii~xiliil1ili ~ i ~ 1 1 1 ( '  H,,, . 

The. illonot~oiiic irlcreasc. ill t,hcl c~xtoriiirl ~liiigll('t.i(: fi(!l(i ili(lil(.(,s l)('rsist iiig 

c,l(,c.t,ric c:urrcrit,s of clcrlsit,y .I,. A(:c,orcliilg t,o forirn~ln (4.3)- this rcs1llt.s in 

tht. fornlitt.io11 of liiicar ~)rofiles of t.li(x ~lliig~l(>t.i(. fi('l(l show11 in Fig. 4.2. 

Tht. c-orrcspol~tlirlg dist~ril)ut,iori of pt!rsistii~g t,lcct,ric: c.iirrcl~it,s is showil ill 

Fig. 4.3. It is easy t,o sccl t,h:~t t,llt\ i~lst,i~.rit,i~lic~o~~s (I(!l)t.li of p(>li(>t.rat.ion of 

t,licb ~li;~grict,ic: field is givctn 1)y 



By llsilig Fig. 4.2 ;111(1 forl111ll;~~ (4.4). (4.5), il11(1 (3.7). WI' fill(] t I10 iiv('l.ilg(' 

v ; ~ 1 1 1 ( 3  of' t 110 111iig11(~1 i ( ,  f111x (i(51isit y: 

SNI)I)OW HOW t 1ii1I a f ' t t ~  ac.hit~vi11g t lit. 11li~xill11l111 vi111l(\. H,,, , t.li(' ( ~ ~ 1 . 1 ~ 1 ~ 1 1 1 ~ 1  

I I I ; L ~ I I ( ' ~ ~ ( ,  fiol(1 is ~ ~ l o l ~ O t o ~ ~ i ( ' i ~ l l ~  ( l (~( . r ( ' i~~( ' ( l  t o  X('I.O. AS so011 ; 1 ~  t.h(> I ~ I ~ L X ~ I ~ I I I I I I  

v;r.lric~ I-J,,, is ;~c.lrit~vc~(l. t,lw ~rlotioll o f  t,hc, ~)rcvioris lill(';t~. prolilt' is t(tl.lllilli~t,(,(l 

I L I o i  1 o i l  o f  t i  1 is o 1 1  DINS t,o t l ~ v  



pr(~vio11s1y i11(111(,(!(1 l)t>rsistil~g c,lirr(>rlt s ,  t ,l~(, ~ ) r ( , v i o ~ ~ s  profil(b st,:iys still ;ir~(l 

is 1) i i r t i i~ l l~  w i ~ ) ( ~ ( i  o l~ t ,  1)y t.ll(, 11iotio11 of thv II( \W profil(,. 7'11(~ c~ i s t . r i~~~~t , i i ) r i  of 

t,ll(: lIltig~l(:t,i(: fi(:ld Wit~lill th(' ~ l i l , t )  th(: i ~ l s t i ~ ~ l l ~  Of l , ~ l l l ( '  \ ~ k l ( > l l  t,ll(> (?~t(X'lliil 

111ir.grrc~tic: fic:l(l is rt~cliic~c~cl to  w r o  is show11 ill Fig. 4.4. This fig11rc. shows 1.liat. 

t hclrc is rlorlxclro (posit ivc,) t~vc~;r.gc: I I I : I . ~ I ~ P ~  i(. t l l~x tlvnsity. ~vhic-11 is givt.11 l)y: 

This c.l('i~.rl$- s l ~ g g ~ s t s  t,hiit t hr, B vs. If, rc~l:~.t,io~~ c~xiiil,it.s lrystc'rt~sis. \V(' 

II(:X[, (l(wlo~lstri~l(: tli(! viili(Ii1y of this ~t,iit,('111(>11t 11.v (.olr~l)~itir~p, t,11(, hyst,(w%sis 

loop for t,ll(, (~i~sc, of' l )>~ i~k- :~~~i l - fo r t , l~  viiriir,t,ion of t 1 1 ~  (~xtc~r11:il ~ l i ; ~ g r ~ ( ~ t i ( *  fi(,l(l 

I)c~lwc~c~l~ I f , , ,  iiricl - f-H,, ,  . For t,hcl silk(, o f  si~lrl)lic.ity o f  ollr c .o~l i~) l~t i~t . ior~s .  

wc, shiill trssllrrlc, that  

HI, ,  5 f f*  (1.10) 

\.ti, first c.ol~siclc'r thv hialf-pc'riotl w l i c ~ ~  tlic. c~xt.orr~irl rr i irg~~(~t i ( .  tiol(l is 1110110- 

tor~ic.iill?; tl(~.rc'irsc~tl. .A tyi)i(.i~l ~ r ~ i ~ p , ~ l v t i ( ,  f i ( , i ( l  ( I i s t , r i l )~~t io~r  for t11ib I l i ~ I f -  

l)(>t.io(l is s110wt1 i l l  Fig. 4.5. For t l l ( $  ~ ) ( ~ ~ ~ ( ~ t . i ~ i ~ t i o r ~  ( l<~l)t l ls  i111iI A ,  ~ I I O L L ~ I I  ill 

t Iris lig~r(1. w(' 11;\v(' 

'F11is l(>i~(ls 1.0 t 11(, l'ollowi~~g (~xl) r (~ss io l~  1'01. t 1 1 ( >  i ~v (~r i rg (~  111ir,g11(~ti(. l111x (l(wsity 

0 1 1  1.111. clc~sc.c~~rtlit~g I ) r i~ . l~c~ l~  of' t 11(,  11ys1 cwlsis 1001): 
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Fig. 4.5 

I L O H ~  /LO (HnL - H0 l 2  B = B,,, - AB = ----- - 
2H*  4 H *  

Corlsicler rlow t,hc half-period durirlg which t,llc, c.xt,c,rrial rnagrietic field is 

~l~ol~ot,o~li(-i~lly i~icr(v~s(~(l frorr~ - H,,, t,o + Hn, . A t,yl)i(*i~l l~i:~g~ict,ic. fi(,lc1 (lis- 

t,ril)rlt,ioll for t,llis 1li~lf-l)c~riotl is showrl ill Fig. 4.6. By usirlg t,his figllrt., i ~ s  

whew tho lrl)ptbr signs c,orrcts~)ol~tl t,o tlic, clc~sc~c~rlcliiig l ) r i~~~( :h  of t h ~  1001). 

while the, 1owc.r s i g ~ ~ s  c~orrc~s~~olld t,o t l l ~  itsc~t~llclillg l)ra11(.11. 

0 1 1  tho 1):~sis of thcl previous clisc~iissioii. the essrr1c:e of th(> Bear1 rnodol 

cart now t)c s~uilirlarizt~cl as follows. E ; K ~  rc?vc:rsal of thc rnagl~etic field 

Ho(t) at t,hrl l)ounclar,y of thcr supcrconduc.t,ir~g slid) results i r i  the forrrlat,ion 

of a lirlt.ar ~~rofilt: of t,hc rnaglict,ic ficlcl. This profile ext,eiids iriwartl into 

t,ht. s1rpc~rc:ollcluctor urlt,il i ~ l l o t , h<~  I.c!v(:I.s~L~ va1110 of t.h(t ~rlag~l(:t,i(: field at the 

1)ourldary is rc;ic:hc:d. At this poi~lt, t,lle ~llot~iori of t,he previous profilc is tcr- 

rriirlatctl a11d i~ INIW moving liricar profilc: is forlried. Duc t,o the previously 

inducctl porsist,irig c:urreiit,s, t,he previous linear profiles s h y  still and t,hey 

represent past, history, which leaves its mark upoll future values of average 
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resentation of actual hysteresis nonlinearity by the Preisach model. Thus, 

we coriclude that the Bean model and generalized critical state models are 

particular cases of the Preisach model: 

It is instructive to find such a function p(cr, P )  for which the Preisach 

model coiricides with the Bean model. To do this, consider a "major" 

loop formed wheri the external magnetic field varies hack-and-forth between 

+H,  and -H,. Consider first-order transition curves Baa attached to 

the ascending branch of the previol~sly mentioned loop. We recall that t . 1 ~  

curves Boo are formed wheri, after reaching tlie valiie -H,, tlie external 

rnagrietic field is rnollotorlically increased to the vali~e cr and subsequerltly 

monotonically decreased to thc value 0. Deperidirig on particular values of 

cr and 0, wt rr~ay have t,hree typical field distril)llt,ions sliowri in Fig. 4.7, 

4.8, arid 4.9. Wc will usc thcsc figurcs t,o cvaluat,c t,hc fiirlctioll 

1 
F ( m  i o  = - (B<, - B<V/j). 

2 

Figure 1.7 is v;ilicI 1lncic.r tht, c.ol~clit,ioli: 

H,,, + tu < 2 H ' .  

Fig. 4.7 
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Fig. 4.8 

Fig. 4.9 

Filii~lly, tll(1 (l ist ,r i l)~~t, io~l of t,ll(> l~i:~gl~(>t,i(. fi(>l(l sliow~i i11 Fig. 4.9 o(~. i l rs  wli(>~i 

H,,,+tr > 2 H *  i ~ ~ i d  ( i - [ j > Z H * .  (4.23) 

Fro111 Fig. 4.9, wc ok)t,airl 

Po F(tr. [l)  = - ((1 + 0 - H " ) .  (3.23) 
2 

Thcl c~xprc~ssio~ls (4 .20) ,  (4 .22) ,  arlcl (4.23) call I)(. coni1)ined irlto ollc forniula: 

if O < Q - ,!? 5 I H * ,  I C Y ]  L HTn, 1/31 I Hm.  
F(Q,O)  = 

?(a + /? - H ' ) ,  if cu - ,!? 2 2 H * ,  Icul 5 H,, 101 L H,. 
(4.25) 



wc f i n d  

'I'o st ; I . I . ~  t.lrc9 c l i s c . ~ ~ s s i c  ) I I ,  c . o t ~ s i t l t t r  ;I s ~ ~ l ) c ' r c , o ~ l ( l ~ ~ c . (  i ~ l g  : : ~ v l i ~ i ( l ( > r  of  i ~ r l ) i -  

tri~r?; i . r o s s - s c . c . t . i o ~ ~  s r ~ l ) , j o c . t  t o  t l ~ i ,  11t l i for111 0x1 ('1.11i11 f io l t l  B(t)  ulliosc5 c l i r c > c . t i o ~ ~  

i l o c t s  l l o t  c'llilllgc' w i t 1 1  t i l t l ( '  i l l l ( I  l i r s  i l l  t , j l ( '  l ) l i l l l ( '  of  ~ l l 1 ) 1 ' 1 ' ( . o l l ( ~ l l ( ~ t o l .  ( . r o s s -  

sc.c.t io11 (Fig. '1. 11 ) .  LVv w i l l  c , l ~ o o s c ~  t h i s  t l i rc>c . t iou  21,s t . l i (> clirc,c.t i o ~ l  of  ; ) x i s  
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Fig. 4.11 

x. As the  tirne-varying flux enters the superconductor, it irlcl~ices screenir~g 

(shielding) currerits of density * J,. The  tlistril~ution of these sliperconduct- 

i ~ i g  screening currc,rits is slic:h that, they (:reat(: thc: ~rlagrietic: field, which at. 

any instant of tirric c:orr~plct,ttly c:orr~perisat,f:s for t,lic~ c:hangt~ in t,hci cxt,crnal 

field Bo(t). hlat,l~en~:~t,ic::~lly, this can 1)c c.xprcsscd ; ~ s  follows: 

Hvrc. 6Bll(t)  is t,hc. c:lla~lg(> i l l  B o ( ~ ) .  wllilc, B , ( t )  is tilt, tic.lt1 c.rcxi~t.c~l 1)y 

s ~ l ~ ) ( ~ r ( : o ~ ~ ( l ~ l ( ~ t , i ~ ~ g  s ( . r (> ( ,~~ i~ ig  ( , i ~ r r ( ~ ~ ~ t s ,  i111(1 (~p~i~, l i t ,y  (4.28) 11ol(Is ill tilt, rvgio11 

irlt,c,rior t,o t,hosc, c.1lrrcxllt,s. 

It, is c:lct:~r t,lli~t, 6B(]( t )  2 0 wIi(~11 Bo(t) is ~ ~ i o ~ ~ O t , o ~ ~ i ( ~ i ~ l l y  ir~(~rc~i~sc~(l ,  i~11(1 

bRo(t)  5 0 w11o11 B o ( f )  is ~ ~ i o ~ ~ o t o l i i c ~ i ~ l l v  (l('(:r('i~~('(I. By ilsil~g t,liis fit(-t, i~11(1 

(4.28), it r;~rl 1x1 c : o ~ ~ c , l ~ ~ t l ( ~ l  t,hi~,t t~horc. is ;L rt~vc~rsi~l in t,llt> tlirc>c.t.ion (l)oli~rit,y) 

of su~)c:rcor~tl~lc:ti~~g sc.rc,cmil~g c.llrrcwt,s i ~ s  Bo(t)  goc.s t,llroiigl~ its ~ r l i ~ x i ~ r ~ l ~ ~ n  

or ~ r~ i~ i i r r l l ln~  v <I 1 11~s. 

Wit11 tll(:st: fii(:t,~ in 111iti(1, ( .o~~si(l(>r 110w t 1 1 ~  ( l i s t , r i l )~~ t , io~~  of s~~p(>r(;oli-  

cluct,ing c:urrcr~t,s is gctnc:ric:ally rnotlifircl i11 tirr~t: 1)y t,('~l~~)Oritl ~ i ~ r i i l t , i o ~ l ~  of 

t,he cxtorrlal ~rlagrlt:t,ic: fittltl. Su~)l)oso t,llitt,, st,i~rt,il~g fro111 %(TO VIL~I I~ ' ,  t,h(: 

cxt,crnal fic:lcl is ~nor~ot,o~lic.ally i~lc.rc~;wc~cl iil~t,il it. ~t:ii.(:li('~ its ~ ~ l i ~ ~ i l ~ l l ~ l l l  vi~111c' 

hfl at, so111<: t,il~ic, t = t:. This ~ l i o ~ l o t ~ o ~ l i ( ~  vi~riitt,io~i o f  BO(t) iiicll~(*(~s i~ s11r- 

fa(:(! layer of su~)orc:o~~cli~c-t~i~lg sc.rclc,llil~g c:llrrctrlt,s. Tlic, illtcrior .l)oil~l(li~ry o f  

t,his current layer ext,(:r1(1s il~war(ls iLS BO(t )  is ill(:r(?i~st'(l [sfic' Fig. 4.12 a], 

anti nt any irlstarit of ti~nc, t,his l)ot~r~clary is uriiql~cly dc:t,c:rniil~cd 1)y the, irl- 

st,ar~taneous values of Bo( t ) .  Next,, wc. suppose t,hat t,liis nlorlot.onic iric:roisc~ 

is followed by a rrionot,or~ic: tlcc:roiwo unt,il Bo( t )  rt~~c:llt>s its ~nillirllllrrl valuc 

rill a t  sorrie time t = t i .  For t,hcl tiriic. 1)clillg it is assu~llctl t,hilt. 1 ml 1 < hI . 
As soorl ~s the r r ~ a x i n ~ u ~ r ~  vit111c~ M I  is ac:hieved, tlit. inward progress o f  the  

previous curre~i t  layer is t,crminat,cd and a. nt:w sllrf;~cc: c:urroilt layer of rc,- 

versed polarity (direction) is irlduced [see Fig. 4.12 I,]. This new currerlt 
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( I ( ~ I ( ~ ~ I I I ~ I I ( ~ I  l ) y  1 , 1 1 1 8  i ~ ~ s t i ~ ~ i t i ~ l i t ~ o ~ ~ s  v ;11t1(>  01' O I l l , ( t ) ,  i111c1. I ~ O I I S ( ~ I I I I ( ~ I I ~ ~ ~ .  1 ) y  t11tt  

i i ~ s t i ~ t i ~ o ~ ~ s  I I '  ( t )  S o  I i f  ( I )  I o f  I .  Kow 

S I I ~ ) ~ ) O S I >  t 11;tt  t 1 1 i o 1 1 o t  o i ~ i ( ,  I I ( T S I > ; I > I >  is f o l l o \ v ( ~ l  l ) y  i t  1 1 1 o 1 1 o t o 1 1 i ( ~  i ~ l ( , r ~ l i ~ s ( ,  

1 1 1 1 t i l  f l O ( / )  I . [ ~ ; I ( . I I ( ~ S  i t >  I I ( V  I I I ~ I X ~ I I ~ ~ I I I I  V ; I ~ I I ( ~  A l ,  ; i t  S O I I I ~ ~  l i r ~ l c '  / = f i .  K ) r  

111(9 t i i l ~ t !  I ) t i l l g ,  i t  i h  ; I S S I I I I I ~ Y ~  t.11i1t :\I2 i. l r r 1 ~ 1 .  AS so011 ;I> t l l c .  I I I ~ I ~ ~ I I I I I I I I  

V ; I ~ I I ( >  I I I  I is ; ~ c , l ~ i c ~ v c , c l .  t 1118 i ~ l w i l r c l  ~ ) r o g r t ~ s s  o f  t11( -  s c ~ . o t l t l  I i 1 y 1 ~  o f  ~ I I ~ ) ( > ~ ( . O I I -  

( l ~ i ~ . t i ~ l g  s ( , r ( , ~ \ ~ i i ~ ~ g  ~ I I I . I X > I I ~ S  o f  I , ( , V ( , I . S I Y ~  l ) o l i l ~ ~ i l y  is i ~ ~ t ~ ~ o ( l ~ ~ ( , ( v l  to ( , O I I I I ~ ( \ I . ~ I ( , ~  

t l ~ ( >  1 1 1 [ ) 1 1 o t o 1 1 i ( .  i ~ i ( , l . ( * i l s ( >  of' t 11(, ( ~ ~ t ( ~ 1 ~ 1 1 i 1 1  f i v I ( 1  [s(Y> Fix. , I .  12 ( . I .  'I7l~is ( , I I ~ I Y \ I I ~  

I i ~ y ( , r  ~ ) r u g ~ ' ( ~ s s ( ~ " i ~ i v ; ~ ~ . ( l  1111til t l i ( ~  I ~ I ~ I X ~ I I I ~ I ~ I ~  V ; I ~ I I ( \  ill2 is i i ( . l l i ( ~ v ( v l :  i ~ t  t l l i s  

l ) o i ~ l t  t,I1(9 i11ivi11xI ~ ) r o g ~ x ~ s s  o f  ( , I I I , ~ ~ I I ~  l i ~ y ( , ~ ,  is ~ I ~ I . I I I ~ I ~ ~ I ~ . ( ~ I ~ .  11s I ) (>I 'OIX*;  

t i l ~ s t . ; l ~ i t  ; L I I ( Y ) I I S  ] ) o h i t  i o l i  o f  t l ~ ( '  i l l t t ' r i o l .  I ) O I I I I ( ~ ; I . I . J '  01' t l i i s  l i ~ y ( ' r  is ~ l ~ l i ( l ~ l ( , l y  

( I I \ ~ ( ~ I . I I I ~ I I ( Y ~  1 ) y  t I N ,  ~ I I S ~ ~ I I I ~ ; L I I ( ~ ~ I I S  V ; I I I I ( >  of' ( S I 3 [ ) ( t ) ,  i t 1 1 ( 1 %  ( ~ o I I s ( ~ ( ~ I I ~ I I ~ ~ ~ ,  1 ) y  t . 1 1 ~  

i ~ l s t i l ~ ~ t i \ ~ ~ ( ~ o ~ l s  v i r 1 1 1 c ~  o f  I I o ( t )  for ;I s l ) c l c . i f i c  ( g i v c . 1 1 )  v21l11c. o f  1111 . 
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the  external field changes in tirrie rnonotonically. 

T h e  r~lagrletic ~rlorrierlt M of the  superc:olidlictor is related to  the dis- 

t,ribution of the  s~perconduct~irig scrcenirlg currents a s  follows: 

where the  integration is perforirled over the  sllpercond~lct,or cross-sectiori. 

Iri gcrieral, t,his rriagriet,ic rriorrlcllt has x and y corriporlcrits. A(:cordirlg 

t,o (4.29), tllcsr c o ~ l ~ p o r i e ~ l t , ~  are  giver1 1)y tho expressiorls 

It. is (.lt.ilr t.lliit if tht, s111)c\r(.olltl11(,t~or cross-sc:c:t,iorl is sylilrric~t.ric wit,l~ rc~s~)c~. t ,  

t,O t,llO .l:-ii~iS, tIl('l1 0 1 1 1 ~  t,il(, .I' ~ ~ O l ~ l ~ ~ O l l ~ ~ l l ~ ,  Of t1lC llliigll('t i(. 1110111(~11t, is l ) ~ ( ~ ~ ( , l l t , .  

111 t llc, i1l)sc~llc~~ o f  t , l~is syl1111l(~tr~.. t,wo (.o~lil)oll('~lts 01' t.ll( '  l ~ i i ~ g ~ ~ ( \ t i ( .  rll~lll(\llts 

oxist. 

It is iil)l)i~r(,l~t fro111 t11(1 l)t .(vio~~s (Iis(~11ssio11 tIIiIt tll(> ~ ~ ~ s t i ~ l ~ t i ~ l l ( ~ o ~ l ~  \rill- 

ll('S Of A[,r(t) i l l l(1 A[!/(/) ( l ( ' ~ ) ( ' l l ( l  110 t  Otlly 0 1 1  t110 ( ' l l ~ l ' ( ' t 1 ~  ~ t l ~ ~ i l 1 1 ~ ~ 1 1 1 ~ ~ 0 1 1 ~  ~ i l l l l ( '  

of t 11(' (~x t~r l l i l l  fic'ltl B(] ( t )  1)llt ()11 t Il(' l ) i \ ~ t  ('st r('ll111111 \ ' i i l ~ t ( ' ~  of n ~ ( f )  ;IS w ~ l l .  

'I'lli:, is I ) c ~ ~ i i ~ ~ s c ,  tliv ovc~ri~ll clistril)~ltioti of pc,rsistitlg sl~l)c~rc.oiicll~c'tit~p ( . I I ~ -  

~.(.llts t l ( 5 1 ) ( ' l l t l ~  0 1 1  t I l ( l  1)il~t ('xtl'('llli1 Of n ~ ( f ) .  'I'1111~. i t .  ('ill1 l)( '  ('011('111(11'(1 tllilt 

rc~liit~iorlsliil):, A[,.(t) vs. I lo( t )  i111(l AI,(t) vs. B ( t )  t>xl~il)it rlisc,rraf(, i~rc~tiiorit~s 

t . l~ i~t ,  i ~ r ( ~  (.lliiriL(~t(~risti(~ ;111(1 illtI'ill~i(, for t l l v  t ' i ~ t ( ~ - i t l ( ~ ( ~ ~ ) ( ~ l l ( ~ ( ~ l l t  llySt.(~l'(~Si~. It 

is worthwliilv to  ~lotc, t 11ilt it is tllv llystc%r(.tic r( ' l i~tiol~sl~il)  A l , . ( t )  vs. B,)(t)  

t.lii~t, is typi(,iilly l l l (~ i i s l l r (~~  ill ( ~ ~ ~ ) ( ~ r ~ l t l O l l t ~ ~  llsillg. for illStilll('('. il vi1)riLt- 

i ~ ~ g  siirl~l)l(. 1niigrlc~t~olilc~t~c.1. (VShI) wit,li i1 011(> 1)ilir of 1)ic.k111) (.oils. By ~isilig 

il VShI ( q ~ ~ i p p ( l ( l  wit11 two 1 ) i ~ i r ~  o f  o r t l l o g o ~ ~ i ~ l  l)i(.kitp (.oils. t l l ~  l ly~ t , ( , r~ t i (*  

roliitio~l I)('t,w('('ll A[!/(f) illl(I B ( , ( f )  ('iL11 I)( '  lll('iL.Slll'('(I i1S ~('11. 

It is i11l~)O~ti~llt t o  s ~ ~ ( > s s  1l('l'(, tllilt t1lV Origill Of l'ilt(' 111(~(~~) (~11(1( '11( ' (~  Of 

s~i~)c~rc.ot~(Lu(.tiiig hyst(~r(~sih ('iLi1 I)(' tri\(+(>(l \)i\('k to t l l ~  ~ L S S I I ~ ~ I ~ ) ~  io11 of i(l(>i~l 

(sharl)) rt~sistivc~ tr;l~isitiotls. This c~olirlc~c:t.ioll is c~s1)c~c~iitlly iq)~);lr'c~nt for 

s ~ ~ ~ ) ( ~ r ( ~ o r i c l ~ i ( ~ t , i ~ ~ g  sl)c'c.i~nc~tis of si~tlpltx s I i a~) (~s  (~) l i t t~( '  ~ l i t l ) ~ ) .  Ei)r sii(.11 SI)(Y- 

ii11(~11s. t,llc rxpli(~it, i i l l (1 siligl(~-v:i111o(l r(>Iii.tio~~s l ) ( l t , w ( ~ ( ~ ~ ~  t11t> i~ i (~ r r~ i i r i l t s  of 

t,llcn ( > ~ t , ( ' r l ~ i ~ l  fivl(1 i i l ~ ( l  t,hr Io('i~ti011 of inw;l.rtl I)o~~nclilric~s o f  s~~l)c~rc~ol~tl~ic. t i r lg 

~ ; L ~ O Y S  (;it11 I ) ( )  f01111<1 l ) , ~  r(>sortilig 011ly t , ~  A1iil)6r(>'s l i~w.  It is idso ('l('i~r t,l~:\.t, 



of s~~l)c:rc~o~~clu(:tors urc: (l('it1 with c~l(,c:t.ric:;~lly 1101llitl(>ilr ( . o r ~ ( l ~ ~ ( : t i ~ i g  ~t l ( \ ( l i i~ ,  

~ v ~ I c ' ~ ( ~ ; L s  ill tkl(: ('iLS(' Of ( Y l ( 1 ~  (:llrI'(Tlt s \V(> (l('i11 t l l i~~lI( ' t~( '>I, l l ,~ I I ~ I I ~ ~ I I ( ~ ; L ~  

('Olldll(.t,lllg lll(:(lii~ W ~ ( Y C ~ L S  W(! 100k ;1( ~ I ~ S ~ , ( ! I ( \ S ~ S  I)(:~w(:('II th(! SiLIll(' Vit~ii~l)10~ 

R R I I ~  H. 

It is (:I('ilr frorn t,hc> 1)rt~scilitixtl disc:llssior~ t,hitt i1 ncwly il~(lr~(.('(l iL11(1 

it~w;~r~I-(~xt,(~~~(litrg l;l.y~r of S I I ~ ) ( ~ ~ ~ ( ~ ~ I I ( I I I ( : ~ ~ I I ~  (:11rr(~11t.s will wipv o l~ t ,  (rol)l;t(:(,) 

SOIIK> I ~ I , Y ( ~ ~ S  of l)(>rsisti~lg s ~ i ~ ) ( ~ r ( : o i ~ ( i ~ ~ ( ~ t i t i g  ( , I I ~ I I , ~ I ~ , S  if t , l~(>y (*orr(!spot1(1 to  t,lic 

~ ) r t v i o ~ l s  c~xtrc~rri~t~rt vi~lrtr\s of B o ( f ) ,  which ill.(' (.xt:c~~lo(l l),v ;I. 11c.w c ~ x t r c ~ ~ ~ t r ~ n t  

v i~l~~tx .  111 tlris m'i~y. tll(\ ( 'ff(~:t of thos(> I ) I . ( ~ V ~ ~ I I S  ( b ~ t . ~ . ( b ~ t ~ l ~ ~ ~ i  V ~ L ~ I I ( ' S  of no(!) 
or1 I . l r ( 1  ovc~ri1.11 firt,llrc\ c.~~rrc,lrt clist,ril)l~tiolls will I)(, c-o~nl)l(~t.c~ly (klir~ri~ii~tc*cl. 

A(.(.or(lil~g to ~ o ~ ~ I I I ~ ~ ; I . s  (4.:(0) ;1ti(1 (3.:j 1 ), I 11(' ('ff('(.I o f  t has(' 1 ) i L ~ t  ( ' X ~ . ~ ( ' I ~ I I I I I I  

V:I,~II(\S of t.11~ (xxt(%1,11;11 rtl;ig~t(>t.i(* fi(>l(l  OII 111(> ~ I I ; L ~ I I ( ~ ~  i(. I I I O I I ~ ( ~ I ~ ~ ,  will I ) (% (>lirli- 

i~ri~tc.tl irs wc.ll. Tllis is tIi(1 wi~) i t~g-o~ l t  l)rol)(>t.ty of tltv s ~ i l ) ( ~ r ( ~ o ~ i ( l ~ ~ ( ; t i ~ i g  

livstt~rc~sis i ~ s  tl(~sc.ril)c,tl I)y t,l~cy wit icirl st;lt.tl t r l o t l ( , l .  

Nrst , .  wc. l ) r o c ' ( ~ ~ l  witli tllc. tlisc,ltssioli o f  t.llt\ ( . o ~ t g r ~ r ( ~ ~ ( . y  1)rol)orty. 

( ' o ~ ~ s i ( I i ~ t ~  two (listil~(,t vi ir i ;~t , io~~s of' tit(% ( ' ~ t , ( ' r r ~ i ~ l  fi(~l(i. I I ~ , ~ ' ( / )  ~ L I I C I  ll(02)(t). 

S111)1)os(\ t l i ; ~ t  tIi(~s(5 two ( ~ t ( ~ t ~ i ~ , l  fi(,l(ls I I ; I V ( \  ( I i f l i~ t~(~r~t  ~)i~st, liistori($s ii11(1. 

( . o i ~ s ( ~ ( ~ ~ ~ ( ~ l i t  ~ y .  (Iilt.(~rt,~lt S ( ~ ( ~ I I ( , I ~ < T ~ ~  o f  I O ( . ; ~ I  1)?1ht (,xt I I , ~ I I ( > .  { i\/;.'), ,I,:.' 1 ~ I I I ( I  

{ ;11:.~'. I I I ~ . ~ ' } .  l-io\v(\v(>r. sti1.1.t i~rg, f'1.ot11 S O ~ I I ( >  i t ~ s t i ~ t t I  of' t i t t ~ ( >  t 11ry \ r i ~ r ~ ,  l ) ; ~ ( , k -  

;rt~(l-f'o~.tl~ I )c%twc~~r~ t . l t ( >  s;rrllc\ 1.c~vc~rsi11 virl~rc~s. 11 is ;i1)1);111~1it ft.0111 t , l~o (I(,- 

s(,ril)t iolr o f  t lr( ,  crit i ( . i t l  h t i l t ( >  t r~o( l (~l  ; ~ t i ( I  (x1)1x>ssiot1s (.l.:iO) i ~ t l ( I  (4.;! I ) t tii11 

t 11(,s(> two i(Iorrt i ( . ; i l  l);~(~k-ii~i~l-fort.lr v;~ri;rt 1011s of' t t i ( >  (ext ( ' t . t ~ i ~ l  fivl(i will I,(,- 

51ilt  111 t ] I ( ,  I ' O I I I I ; I ~  io11 of t.\kro r l i i l t o t .  1001)s fiw t l i r  Iryst (,r(?t,i(, r x > I i r t  ior~ ;\/, ( I )  

1,s. I l o ( t )  [or :I/!,(/) vs. I l o ( l ) ] .  I t  is itlso ; I ~ ) ~ ) ; L I . ( , I I ~  f'rotir 111(' S ; L ~ I I ( \  (I(~s(.t.il)t.io~i 

01' t ] I ( ,  wit i ( . ; r l  st ; i t ( ?  111o(l(-t t 11;1t t I I ( W >  t,wo l)i~(~k-;~rr(l-li)t~I 11 vi~,t.i;~t io11s of' t , l~(,  

( 5 ~ l ( ~ l ' t l i ~ l  f i ( ~ l ( 1  ; r f f ' ( ~ . t  ~ I I  1 l l ( \  / I / ~ , ~ I ~ I I Y I ~  UT;t>- t , l l ( ,  .s(lutl(, s l l I ' f i l ( ~ ~  Iily('r~ of' i L  s1l- 

~ ) ( ~ ~ ( ' o I ~ ( ~ I I ( ~ I o I ' .  I J~~ ; \ l i ' c~ . t t~ l  Iiryc~t~s of' t I I V  ~)c~t.sistc>~rt s~~l)c~l.c.ol~(l~~c.t. i l~g (.~rsr(*rit.s 

will I ) ( ,  (Iiff(~tx~tit I ) ( Y , ; I I I S ( ,  o f  (liff(ar(,~~t 1);rst. Iristori(,s of' l l ,Ot ) ( f )  i \ t ~ ( l  l l / ~ ) ( t ) .  

HoNY'\~(,~. ;l(,(,o~(1it1g 1 o (.l.:jc)) ; i l t < l  (.i.:jl ) .  ~ , I I ( ' s ( '  111lilff'('('~~('(I l i ~ y ( ' r ~  Of 1)rrsis- 

t~11 t  ( , ~ ~ r r ( % ~ r t , s  txbs111t i r r  ( ~ o ~ r s t ; l t i t - i ~ ~ - t i ~ r r ( ~  ("\);~(.kg~.or~tr(I" j  ( ~ ) ~ ~ ~ l ) o ~ i ( ~ ~ i t , s  of t,11(> 
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this result?" The answer to this question can be stated as follows: There 

is no readily available analytical machinery for the calculation of the interior 

Fig. 4.13 
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boundaries of supercorlducting current layers for specimens of arbitrary 

shapes. For this reason, tlie critical state ~riodel does riot lead to  mathe- 

rnatically explicit results. The application of the Preisach model allows one 

to circumvent these difficulties by using some experimental data. Namely, 

for any superconducting specimen, the "first-order transition" curves can 

be measured arid usecl for t,he iderltificatiori of the Preisach model for the 

given specimen. By using these curves, complete prediction of hysteretic 

behavior of the speciriieri car1 be given at least a t  the same level of accu- 

racy and physical legititliacy as i r i  the case of the critical state model. In 
particular, cyclic arid "rarrip" losses car1 be explicitly expressed ill terms of 

t,hc first-order t,rarisitioii curves (see [17]). 

Experimental tostirig of t,hc congruency arid wiping-out properties (and 

with t,l1(:111 tlie app1icat)ility of the Preisach ~riodel) ha.; 1)eeri receritly car- 

ried out I)y G. Fricdrrian, L. Liu, and .J.S. Kouvel [9]. Iri the reported 

oxptri~rierits, two sl~y)erc:oriduc:til~g sarrlplns wf:rt: 1iset1. Oiit: WiLs a high- 

ttt~iipcrat~ure slipcrc:orlduc:tor B ~ L ~ ~ , ~ ~ ~ K ~ . ~ ~ ~  Bz@. Tlict ot.lic:r was 1iio1)ilirri 

(Nl)). Thc\ir 11iiijor loops iirf' show11 ill Figs. 4.13 ti11(1 4.14, rc~spc.c*t.ivtly. 

The. wiping-ol~t l)ropc>rt,y wi~s c,hc>c.kt~l 1)y ol)sc~rvi~ig c,los~~rc. of rrii~ior loops 

;it t,llt, (>l l t l  of t,hcl first c.yc.l(, o f  t,ll(> llli~gllf't,i(~ fi(>l(l. To (~xtiilliil(~ t,llf> (~) l l -  

g r ~ ~ ( ~ ~ i ( , y  l)rol)vrt,y. ~~ii i ior  liyst(~rosis 1001)s w(\r(, foriil(~1 1)y cy(.Iil~g ~~iiig~i(kt,i(' 

ficnl(ls wit,h (liff<wllt prior I~istori(~s. Tho rc,s~ilts of t,lic.sc. cx~)c~riiilo~lts for 

t . l ~ ( b  B(iIiB,O:$ ~ i i ~ ~ i l ) l ( ~  iii1(1 t11(1 Nt) ~i i i t~ l ) l (~  ~ L W  S I I O W I ~  i l l  Figs. 4.15 i i ~ ~ ( l  4.16. 

rc~sl)(~(~tivc~ly. Tllc~sc. c~x~)c~ri~iiolit~id ~ ( ' s ~ l l t , ~  s ~ l g g ~ s t  t.lii1.t t . 1 1 ~  P~('i~il(.h 1110(1('1 is 

fiiidy ii('('lIl'iit,(' for t,ll('S(' ~)iLrt,i('llliir ~ 1 1 ~ ) ( ~ ~ ( ' 0 1 1 ( ~ l l ( : t . O r ~ .  

AS iL11 ? I S ~ ( ~ ( I ,  W(' 1)Oiilt Ollt tlliit ,  tIlV l)r(~s(~llf(Y~ ( ~ i S ( ' i l S ~ i 0 1 1  ('ill1 i l .1~0 I)( '  

1isof111 w l i o ~ i ( ~ v ( ~  ~ i~ l~ l i (~r i (~ i i l  i ~ ~ i l ) l ( ~ ~ ~ ~ ( ~ ~ ~ t ~ t i t ~ i o ~ i  of t,liv B(,;iii i i~o(l(~l is t i t  t,(~iiil)t~(:(l. 

I i i ( l (~~1,  t,llv i~ \ i i~~(~r i<~i i I  i i ~ i ~ ) l ( ~ i i ~ ( ~ ~ ~ t ~ i i t . i o ~ ~  of tall(> B(,tlli 111o(l(>1 (*ti11 1x1 ;ipl)r(,(:ia- 

l)ly sii~~l)lifi(~(l l)y ( ~ o ~ i i ~ ) ~ ~ t i ~ i g  oilly t.ll(l '*first-or(lf>r t.rii~~sitiol~" (.lirv(>s ti11(1 

t11011 1)y 11sii1g t,llvs(> ( .~~rv(>s  for t,l~(, l)r(>(li(vtio~i of liyst,(,r(,t,i(* l)(,litivior for i1.r- 

1)itriiry l)io(~(~wis(~ l~lo~iot.o~ii(~ v;iriiit.iol~s of t , ] ~ >  (xxt , (~i~i~l  fi(xl(1. Tli(x li~tt,(>r is 

~)ossil)l(~ t)c:c.;i~isc:, whc~ilcvc.r t,hcl (.o11gr11(t11('y t~lld wil)iilg-o~it prol)(>rt.ivs iir(' 

v;ilitl, ti11 hyst,c,rct,ic tl;~t,;i (.ail I)(.  c~)~nprt~ssc~cl (c:olliq)stvl) illto t,hc% "first,-orc1r.r 

t rii~lsit,ioll'' c.urvc3s. 

4.2 PREISACH MODEL WITH STOCHASTIC 
INPUT AS A MODEL FOR CREEP 
(AFTEREFFECT)* 

'This sectiorl is not c:orlc:ey)tually relntcd to the su1)sc~qucnt sc.c:t,ioiis of 

t,his chaptcs. 
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systems. At. equilibriurri, large deviat,ior~s of random (thermal) perturba- 

tions  nay cause a hysteret,ic systcrri to rriove fro111 one rnetasta1)le state to 

anotller This rriay result in gradual (slow) changes of an output variable 

(magnetization or magnetic flux density). This temporal loss of memory 

of hysteretic systclris is generally rcfcrrt:d to as "crctcp" in the literature 

on s~ipercoiiductors and as "aftereffect" or "visc:osityn in the lit,erature 011 

~ r ~ a g ~ ~ e t i c s .  111 our discl~ssior~, we shall niostly use tlie term "viscosity." 

Tradit,ioni~lly, t,hc ~)hct~o~ncnological iiioclcling of hysteresis arid viscos- 

ity has beer1 pursu(d along t,wo cluitc dist,iric:t lilies. In rriotlrtlirig of liystere- 

sis, tho Preisac-11 approi1c:h has t)ceri prorr~inent, whr:rt:as creep, aftereffect, 

ancl visc:osity liavc! l)clc.r~ st~ltlictd hy using t h ~ r l r ~ i ~ l  a(:t,ivation-type ~nodftls. 

It is tlesiritI)l(~ t,o clcvt~lop ;t ~lliiforlli ;tpproac:h t,o t,lic: rrioclcling o f  hyst,ere- 

sis alitl viscosity. 111 t.liis sc>ction, wc sliall t:x~)lorc suc:h ari approach to the 

~riotielirig of viscosity. TIIP ('0lltrit1 idea of this ;~1)~)r0it(:li is to 1llodc1 ri~lld0111 

th('rllli~1 i~git~i~tions l)y i L  sto(:l~ifit,i(: i111)lit to tall(: P r ~ i ~ i ~ ( : l i  1110(1(~1. 

Cor1sidt.r ;L clc.t.ctrll~il~ist,i(. ill~)llt I L ( ~ ) ,  w1iic:h a t  tilric. t = 0 itsslirricts sonlo 

v;~lr~c\ IL ;tntl rtrnw.ins c.onst.;tl~t thc~rowftc~r. In ;L ~)llrc\ly clc't,c,rrnil~ist,ic. sit,~~;ttiori, 

t,Il(, olit,1)11t, f ( t )  wo~rlcl r(,111i~i11 c ~ ) ~ ~ s t , ; ~ i ~ t ,  for t 2 0 :LS ~ ( ~ 1 1 .  I Iow(~v(~ ,  in or(1cr 

to n~otl(~l  visc.osity ~)11t~1io111(~11011, WP i~ss~ini t~ t , l i~t.  sor1itX nois(' tl(~s(.l.il)(~(i l)y t , l i t x  

stoc.li;istic. ~)roc~,ss  .Yl is s~il)t~riltil)ost~(l 011 c~onst.;~nt. ilil)llt 11. C'or1s(~l1i(\litly, 

t11v Pr(,isi~(41 111o(l(\1 is (Iriv(111 1)s t . 1 1 ~  followi~ig ri111(lo111 l ) ro (~~ss :  

It. is i~~st , r~~(. t iv(s  to 11ot(\ t , I ~ i t t  i~(l(li~ig r~oisc XI to tli(, (l(~t(~~.irii~iisti(~ in- 

1)llt  ,u(t) 1s 1 1 1 2 t ~ ~ ~ l ~ ~ 1 1 1 i L ~ ~ ~ ~ ~ i L ~ ~ y  t ~ ~ ~ l l ~ ~ i l ~ ~ ~ l l ~  t.0 ~ll~)l,ritt~t,illg tlr(, Sillll(' I I O ~ S ( >  fr0111 

switching throslioltls t r  i111<l /j. This is I)('(.~LIIs(' 

Ilnposing nois(> 011 t11v swit,(41i11g t,l~r(!sliol(ls (l)ttrri(>rs) ~riiiy 1 ) ~  ~rior(~ t,r;~ris- 

pnrc:nt fron~ thc physical point of vivw. 

To simplify the probl(~iri, wta sh:t11 first rliodel the ~ioisc I)y ;I. discret,c:- 

t,iirlv irltlcpc~rlder~t iclcnt,ic:;~ll,y tlistril)~lt,t:tf (i.i.d.) randon1 proccw X,. Tlie 

cor~ti~~llo~~s-ti111c: noise will 1)o c1isc:ussed afterwards. 111 tali(: disc:rct.tt-tirr~c? 



(.ils(', i t .  (,;It1 ;~SSIIIIIO(~ t,lliLt. I)l.O('CSS ~illlll)l('s r('l1lilill ('011~t.i~llt ilt t.i111(' ill- 

t , ( ~ v : ~ l s  At = t7,+ ] - trl :LII(I 1111t!(~go ~ ~ l o ~ l o t o t ~ i ( ;  st,(y (:llat~g(\s ;it. t , i t~lvs  tT l+ l .  

A(~c:orditlgly, t.llc% Prtrisi\.rh trlod(>l is tlrivcbn I),v thr 1)roc:css 

'1-1111s. t 1 1 ~  \ill~ol(> ~ ) I Y ) I ) I ( ~ I I I  is r ( ~ l l ~ ( ~ ~ l  t,o t 1 1 ~  (~vi~Iiiii,t,io~~ o f  t 1 1 ~  o x j ) ( ~ t ( ~ l  vitI~l(>. 

K{4 , , ; j . r , , ) .  Si11c.c. 3,,;j.r1, ~ni\y  ii.ss~ltt~(~ o111y two V ~ I ~ I I O S  f l ii~l(l I .  NY> ht1(1 



Sirrliliir rrlttallirigs hol(l for t l i ~  swit,c:hillg 1)rol)al)ilit ivs I:,.:, (71) ;~ritl P,:,; ( r r ) .  

I t  is c:l(:ar t ,hi~t. 

p:,T ( 7 1 )  + p;j ( 7 ~ )  = 1. (4.44) 

P = - 1 = I - qCIM(7t,). (,$.46) 

By using (4.3'3) i~rltl (4.40) (4.46). urtj (.;LII t ,r;ll~sf'orl~~ (4.41) 1.0 

~ ' - - t  ,,!, ( r l )  = I::+ = I ~ { . I , ~ + ~  ;> (t} T / )( . l . )( /~~.  1, ( 4  50) 

.ii 

( I )  = 1 - = l { r t  < } = / ,~(.l.)il.l~. 
! j (1.5 I ) 

w\I ( ,~ ( ,  p(.r) is ii ~~ro l ) i~ l ) i l i t y  (l(wiity f1111(.tio11. 

By I I S ~ I I ~  (4.50) > L I I ( I  (4.51). t , I1(1 l i ~ ~ i t ( t  (liff'(~r(~tlc~(~ (4.47) ( , ~ I I I  I ) ( ,  I,(%))- 

rc~sc~llt <Yl ;Is follows: 
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E q ~ l i ~ t i o n  (4.52) is a constant, cocficit?r~t first-order firlite difference equatiori 
whose gc:rlcrtil so l l~t ior~ has tht: forrxl: 

By sribst,it~itirig (4.55) irito (4.52), we find 

1 .  if ( t r ,  , l )  E S+(O), 
q,,,9(0) = 

0, if ( (Y, 3 )  S- (0 ) .  

I 9 ( 0  I 9 ( 0 )  ;ircb 1)osit ivcl ;tricl r~c~gilt.ivc, sc,t.s 011 !,IN: ( tr ,  ,!11)-tli;~grarri, 
r(~spc~c,t,ivc~ly. ; ~ t  t.hcx ir~st.;tr~t of t.inlo t - 0. Ekorl~ (4.55) (4.57) wc, tlc~rivc. 

lt3y using (4.5$), (4.62), arid (4.63), wcL car1 tri~risforrn (4.61) to  

E { ? ( x l j x T ~ }  ij) - <(o, ~j)]~:{j + C(O,  (4.64) 
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By substituting (4.64) irito (4.36), we finally find 

where 

7, = l i ~ n  7, = J/ p(a. B)( (O.   dad^. 
7 1 - c c  

(4.66) 

I t  is apparerlt fro111 (4.65) and (4.66) that  the limiting expected value of 

output 7, does riot depend 011 the history - of iriput variations prior t o  

tirr~e t = 0. I11 this respect, the value, f ,. hears some reserriblancc t o  the 

allhysteretic ollt,pl~t value. This rcsc1ri1)lance is eriliariced by the fact, that  
- 
f, = 0 if the expectred value IL of x, is ecliral t,o zero. To provc: this fact, 

wc. ;~ss~r~r ic  t,tiat p ( x )  = p ( X )  is all cvon furlct.ion. Iri this c;iso. ac,c:ording to  

(4.50) ixrl(I (4.51). we find 

p i +  = P+- -a ' (4.67) 

- 

If  (1  is 11ot ( ~ l i r i i l  t o  zc'ro, t,hcxrl f, is riot 1 ~ 1 1 1 i ~ 1  to  z ( ~ o  ;is wtxll. i ~ r i c l  it.s v;~111c- 
- 

clc~~)or~cls 011 rioist, c.llari~c.t,c~ristic.s. 111 t.11~ c.i~so whc~11 p(.r)  is G ~ L I I S S ~ ~ L I I .  f 
clt~p(~u(ls only or1 t,l~t, v i ~ r i i t l ~ ~ ~ v  a%of t.lrt‘ rioisc?. This - tl(:l)t:~rd(~lic:(~ 11;~s 1 > ( ~ 1 1  

riui~loric~iilly i~~l i i lyz(~d arid it h i ~ s  ~ ) ( Y . I I  forrrlcl t,lli~t f, is rlot vvry sc~rrsiti\~c, 

t,o a? This fiict is anot,hc:r rc:woll to  idrrlt,ify 7, with i ~ ~ i l l y ~ t t ~ ( ~ t , i ( .  o l i t . l )~~t  

v;Lluc~s. 

Nc.xt,. wc. ~11 i~ l l  (:oII1p:Lrc t,hv r ~ s l l l t  (4.65) witah t,li(:~-rlial activi~t, i~rl  t.yp(: 

rrloclt.1~ for visc:osity. For this I)urposc: wt. rc'plac:cl cliscrc:t,c. t,irlrc> 71 1)y c.011- 

t,iiluous t,irrlc t arid rc:writ,c (4.65) ifi follows: 



[(a, 0) = -In rap. (4.73) 

Iri t,hcr~nitl ac:t,ivatiori typo r~~oclcls, it is assurried t ,h i~t  mctasta1)lc ccluili1)- 

rill111 st.i~t,(>s of I iys t t r~t i (*  syst,elris arc: scpar;tt,(td I)y r.rlc:rgy 1)i~rriers EB.  I t  

is also ass l i~~iod t,hat. t,htrc is a c:oiit.i~i~nirri o f  t,llcsc cnr:rgy lmrriers slid it is 

post,~~l:~t,ctl (with sorlic, ~)hysi( 'i~l j~ist,ificat,ion) t,hat t,lio visc:osity ~)lic:rio~ricriori 

is dosc.ril)c.tl by t,hc ~liodcl 

A. is Bolt Z I I I ~ I I I ~ I ' s  c~)l~st; l l l t .  T is tilt' i ~ l ) s o l ~ ~ t  c ,  t c ' ~ ~ i l ) t ~ i ~ t , ~ ~ r c . ,  wliil(~ A i~11(1  XI) 
ilr(, solllc' c~ollstilllts. 

I t  is (.I(~ilr i1lsl)t~c~tioll tllilt t ~ l ( ~ 1 . c ~  is f'OI'llliL1 sill1ili~rit.y 1)c'twf~f'll 0111. 

I . ( > S I I I ~  (4.71) i111(1 t110 ~ , I I ( > ~ I I I ~ I I  > ~ ( . t . i ~ i ~ t i o ~ ~  I I I O ( I ( \ I  (4.74). A ( * t ~ ~ i ~ l l y .  0111, I I I O ( I ( \ ~  
(-1.71 ) ( . i t11  I ) ( ,  ~.otl~ic.otl to ('1.7 1 )  i l l  t 1)irl.l  ic , l i l i r i .  (.;IS(> w1lc.11 ollly sy~ll i l l(~t  ~ . i ( . i t l  

loops (o[)(~riltorh) ?,,,-,, ilr(> ils(Y1 i l l  tll(> I ~ l . ~ ~ i ~ i l ( ~ I l  l l lO(I( , l .  Ill t11is (,iLS(\ 

Now. I)y 1ihi11g t l l v  c.hiulgo of viuii~l)l(~s: 

tllcl cxl)rt~ssio~l (4.77) (.;LII l)o rc~tlrlc~c~tl t o  (4.74). This s l~ows tlli~t, tllcx Pr(.isii('ll 

i ~ l o t l ( ~ l  of viscosit,y (31.71) is rc~ll ic. t~l  to tl~c. t.ll('rl~~it.l i~(.tivi~tioll 1iio(1(~1 ill i t  

vvry ~ ) i~ r t , i ( .~ l l i~ r  (.ilS('. This (.iLS(' o( '( .II~s WII ( \ I I  011ly ~ y l ~ i ~ ~ l ( > t r i ( ' i i l  ~ . ( ~ . t . i ~ ~ i g ~ ~ l i ~ r  

loo1)s ;irv ~ i s c ~ f  i l l  tlio Prc3is:ic.h ir~otl(~l .  Siilc,cx it is g t~nt~r i~l ly  I)(~lic~vc~tl t l ~ ; ~ t  

1 l O l l ~ ~ l l l l l l t ' t ~ ~ i c . i l ~  1 0 0 1 ) ~  ill t,hO PI'('i~iL('11 1110(11'1 il('('0llllt f0r "l)ii~.t,i('l(l illt(Til.('- 

t,ioris," t,hc. litst ro(I~~(:tiori is (:or~sist,(>~it with t.li(' ~( ' l~( ' r i~ l l ,v  hd( l  o1)iliioll tht1.t 

tlic. thc~rirlnl i~(.t,i~i~t,i011 rrlo(i(:l (4.74) is ;I "lio1iirltt:r;tc:t,i11g part.ic:l(." irioclc~l. 
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In c:orrlpariso11 wit11 tllc thermal ac:t,ivatirig t,ypc> iriodels of the  forin 

(4.74), the rriotlcl (4.65) (or (4.71)) has (:crt,i~ill i~t,tril(:t,iv(: fcatllrcs. First,, 

t hc  model (4.65) cxy)licit,ly accoullt,~ for t,hc specific hyst,c:rct,ic: nat,lire of 

the  systcrrl ;is well as for specific iriplit liist,oric:s. Sec:orld,  stochastic:^ char- 

act,erist,ics of therrrlal rloistl t.xplicitly i1ppe;lr ill t,hc 1riodt:l (4.65), w1lc:roas 

t,lic' t,hcrnl;~I wc.t,ivat.io~~ t,ypc rrloclcls are forrnu1ntt:d irl purely dctcrl~iinisti(: 

t,crrns. Third,  thc:rrn:~I ;~c:t,ivat,ioii type rrlocicls (4.74) arcL i~it,rilisi(:i~lly scalar 

rriotlt~ls, wllr,rcas t,llc lrloclcll (4.65) (.all 1)c gc~ricralized t,o t.hc vcct,or case (sco, 

for ilist,i~ilc:c, [10]). 

Tllc itiod<:l (4.65) h i ~ s  1)ccii ex1)tirilricrlti~lly tc:st,c~l 1)y C.E. Korrrli~ri 

arlti P. R~igkwarlisook [l3] for 2 - F e 3 0 2  rriagilttt,ic: rc\c:orcliiig ~~ii~t,( 'riiil.  

Thc,rirlill viscosity for this 111i~t,('rii~l (itll(1 illi~gil(~I.i(: i l l i~ t . (%ri i~l~  ill g(>li(\ri~l) 

LLILS irlally f(\at,uros iri c:orrlrllori wit.11 t.ll('~111id (:r(xy for sl~l)c~rc:olicl~~c:tors. 

By 11siilg w vil)ritt,i~lg S W I ~ ~ ~ I ( \  ~ ~ l i ~ g l l ( ' t ~ l l i ~ t . ( ~  (VShl),  first,-orclc~r rc,vc~rsnl 

c,lirvc!s w ( , ~ o  I~I('~LSIII.C(~. T~I(Is(' ('~l)(,~ilil(>ilt,id d i~1. i~  W(TO 1 1 ~ ( ~ 1  for t . h ~  i(l('ii- 

t,ific:i~t,ioil of t,hcl Prtlisil(.ll lllOtl(~l ( t l~ ' t . ( ' l . l l l i l i i~t i~)l l  of / L ( ( V . / ~ ) ) .  I t  WiLS 

fOlll l t l  fi.0111 t,ll(l~(> <liLt,il. t,hilt tkl(' ('O(T('i~itp' Of t,hf' ~iL1111)1(\ WiLS iL])1)1.0~iltlilt(~1~ 

2'30 Oc,. TIl('i1 viscosity i ~ i ( ~ i ~ s ~ l r o ~ l l ( ~ ~ i I s  W(W\ l ) ( ~ f o r i ~ i ( ~ l  1111(1('1. tlic (.orl(li- 

t i o~ l s  t l ~ i ~ t ,  Ill(, si~1111)1(> wi~s first, I)ro11gl11 l o  l)osit,iv(, ~ i~111~i i t io l i  i ~ l l ( 1  i~ft(%r- 

wilrtl tllo ii~)l)lic~tl ficsltl wiis rc.vc~rsc~l. l 1 1 s l t l  (.oilst i~ilt i ~ t  soi11(, fix('(] v;il11(3. 

i i l i (1  gri~(111i11 (l(v,i~y of' r l ~ i ~ g i ~ ( ~ t i x i ~ t i o ~ l  ivi~s ol)s(~rvo(l. 'I'll(> vis(,osity III(>~ISIII.(>- 

I S  w o 1 1  i t  O I I  i s  i I I w 800 O(,  

i i l l(1 100 Oc,. 'rll(~~(, l l l ~ ~ i l ~ l ~ ~ ~ ~ l l l ~ ~ l l ~ S  ill'(' ( ~ ( ' l l l ~ ) l l ~ t ~ i l t ~ ' ( ~  ill l2igs. . l . l? i l l l ( I  d.18. 

.o OOOY I I L - 7 -  

0 1W 200 300 4 W  XO GIY, 7 3 0  R M  RDo 'Mu 
T n e  w 

Fig. 4.17. ( 0 1 9 9 7  IEEE) 
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100 
f i n e :  * 

Fig. 4.18. ( 0 1 9 9 7  IEEE)  

Figurc 4.18 shows t,c.l~lporal ( ' I I ~ L ~ I ~ ( ' s  i l l  1~1:ig11~t.iziit.io11 011 t,ht: logarit,h~~ii(: 

t,i~rlc'-sc:i~l(. iilc~asurc~ti at. v;irious f i x t ~ l  V~L~II( 'S  of  t.l~(' ~~liigll('ti(. fi(d(1. I t  is 

~);ir(.i~t fro111 this figl~rc. t , l~at  slop(, S rcxac:llc?s its l ~ l i i ~ i l l l l l l ~ l  Il('iir t he  (*o(>r(:ivit,y 

290 Oe. 

The. clc~sc.ril)c~tl visc.osity c~x~)t~rirnc~iit,s wc~rc. 1111111(~ri(~ii11j ~illi~llitt.(>(i 1)y US- 

ilig il~o(lol (4.65) i i ~ l ( I  (~x1)(~rilr1(!i1t,:iIly 111(~i~s11r(~(l first-or(h>r t,ritlisit,io~l (:11rvcs. 

Tht. r~oiscx was ii~~11111(>(1 to be Gaussian a r ~ d  c:alc:~~lat,ioiis wc2 porforlried for 

differer~t viiluos of  viiria~lccs u2.  T h e  calri~lnt,ior~s rcvealtrd t,lit. snrric "111 t"- 
illt,c~rrriccli;it~o i~sylr1l)totic:s as t,hoscr give11 by' forl~i~ilil. (4.79). Tlir  slo1)tls of 

t,hr,sc! asy~ript,ot,i(:s woro ( : o I I I ~ I ~ ~ , ( ~  by Illcil.11S of t.11~ for11111la 

tlrtr11 t,hey wcrr rlorrnalizcd allti it  was o1)servcd t,ha.t the  rlorrnalized curves 

S(u)/S,,,,, corr~putetl for differerit variances prac:t,ic:ally collapsed into one 
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curve. This computed universal curve is almost identical to the normalized 

curve S(u)/Smax found from the experimental data previously described 

(see Fig. 4.19). This suggests that the variance rr2 of the noise can be 

found by matching Smax, and then the model (4.65) predicts the same curve 

S(u)  as observed in experirnents. It would be interesting to examine the 

existence of the collapse of the normalized curves S(u)/Sma, experimentally 

observed for different temperatures. 

Next, we turn to the discussion of continuous-time noise. From the 

mathematical point of view, this rnakes the problem quite complicated. It 

is shown next that these difficulties can be largely overcome by using the 

mathematical machinery of the "exit problem." 

The noise Xt in equations (4.32) arid (4.33) will be modeled by a (con- 

tinuous time and continuous samples) diffusion process, which is a solution 

to the Ito stochastic differential equation ( [ l l ] ) :  

111 this equation, KTt is the Wicner proc:c:ss, and its forrrlal tirne derivative 
is the whito noise. Forrriula (4.81) can 1x1 construed as a gc:nc:ric: ocllia- 

t,iori for dyrlarriical systtrris drivc.11 I)y the whit,c rioisc:, and tr;t,j(:ct,orics of 

such dyna1nic:al systerris can t)c vit~wvcl as sairiples of st,ocliast,ic: cliff~isioii 

Fig. 4.19. (01997 IEEE) 



Chapter 4 Nonlinear Diffusion i n  Superconductors 

I . ) ) . . . , ,  
I' ' I ' C '  

P - 
P a 
I . . ,  , . A -  

I' ' ' ' ' I 

P a 

Fig. 4.20 

I)roc,c,sscss. Eioll~ t ht' l ) l~ r t~ ly  ~lli~tll(~llliiti(.i~l poilit o f  view. t.11~ It,() st .o(.hi~~ti( .  

(IiR(~r(511tii11 r ( [ i ~ i ~ t i o r ~  g(>r~(~r i~t , (>s  ( ~ o r ~ ~ l ) l i ( ~ t ~ t , ( ~ ( l  (Iiffl~siori procvss(>s 1)y lrsiiig t,llv 

Wi(-~i('l. ~) ro( . (~ss .  wl~i('11 is OII( '  of' tllo siil~l)l(>st ~ I I I ( I  r11ost stll(li(~(1 ~ t ,o ( . l l i~~ t i ( .  

l)ro('('ss('s. 

Now wo s11i111 r(>t.~irll t.o !&I. (4.33).  sill(,(, irlt~(~gri1t~ioll is iI lill(>iLr O1)('riL- 

t io11. fro111 (4.33) wo (l(,riv(x: 

rI'l~~ls. t11(~ 1)roI)l(>ir1 is r ( ~ l ~ i ( ~ ~ l  to t l l ~  ( ' ~ i ~ l ~ ~ i ~ t i o ~ l  of tliv ( > x l ) ~ ( , t ~ ( l  V;L~II(,, 

E{+,, ,{XI 1 
Lot 

( l<?,[j( t)  = Pr()l){?,,,,j.rt = + I  1 (4.83) 

111 t,llis wk~,y, t.11~ l)rol)I(>~r~ is ro(111(~~1 to t 1 1 ~  ( : : ~ l ( . ~ ~ l i ~ t i o ~ l  of qQ, f i ( t ) .  T11c l t~s t  

cl~~ant,it,y (:;~ri I)(. c~xpressecl iri tc,r~rls of swit,chiilg 1)roI)al)ilitios P:(t) niid 

Pkr ( t ) ,  which i~ rv  (l(lfi11~d as follows: 



iv11(~1. (~  f , ( t )  is ;I. l l t i i t ,  s t , o l ) - f ~ ~ ~ i ( ~ t ~ i o i i .  

I t  is ( , l ( ~ i i r  t hilt 

\ ' * ( t . . r . )  = ~ , r o l ) { ~ :  < f } .  

1 3 V k ( t .  .r) 
() ( f  > .r) = --- 

ill 



is thc. 11rol)al)ilit.y tl(>r~sit,y fiir~c.t,ion for tht: I .~LII ( IO~II  ~ilriiil)l(' 7.j:-. 

It, is i~,l)pa,rc:nt frolr~ (4.89) (4.!) I )  t,liii.t. P i ( t ,  :I:) (.a11 I ) ( ,  c,;viil~, c c o ~ r ~ p ~ i t c ~ l  

if ( t .  z) arc sor~~c,liow fo~lrlct. It t ~ i r . 1 1 ~  011t (i~11(1 this is it ~ ( ~ l l - k r ~ o w ~ ~  I .( 'sII~~, 

fro111 t 1 1 ~  thcory of st,oc:llastic< proc.c:ssc's) thilt, v' ( t ,  .c) is t,ilc> sol~itioll 1.0 

t he  follo\vi~~g i~li t , i i~l  t)(11111(Iiiry \ ; ~ l ~ l t >  p~ol)l<:t~i  for t,ll<> t ) i~ ( :k~r i l~ ( l  Kol~~iogorov 

ocliri~t,iori: 

u.hc,rc, (ni i~r.1> t.110 clxit. poirlt,s f'or thc, ~)roc~c~ss X I .  wliic~11 i~1.1. ( ~ p ~ i r l  to t t  - ,i~,, 

i~licl /j - 11,(,, r(~sp(x-t,iv(,ly. 

Nvxt , wc. shi1.11 show t.llii.1 switc.l~il~g ~)rol);~l)ilit.it~s P: ( t )  c:iur I)(: c~>;l)rossc~l 

i l l  t.clrlns of 71'' ( t )  i ~ l ~ ( l  /)" ( t  ) .  Noto t,hirt. i~c,c,ortlillg t,o (4.8!)) (-I.!) 1 ) .  p * ( t )  

;rrc> rc~l;~t~c~tl t.o 1:' ( t )  ;is f'ollo~vs: 

I t ,  is ( , I ( Y I I .  f'rolll tllc. vcSr?.; tlc>til~it io11 of' 11 i- ( t .  . I . )  t I l i i t  

I t  is i i~)~)iI~( ' l l t  frOllh Fig. 4.2 1 t,llilt 1 11~ '  O ( ' ( ' l l I ' ~ ( ' l l ( ' ~ '  Of ( ' X ? I ( ' ~ , ~ Y  Oil(' ( 1 0 ~ l l ~ i l ~ ( l  

swit.(.l~iug is t l r v  1111io11 ol' t 1 1 ~  f'ollo~vil~g (iisjoilrt ( ' I ( ~ I I I ( ' I I ~ ~ I ~ ~  ( w \ r ~ t s :  (10~11- 

wiwl s ~ v i t ( ~ l ~ i r ~ g  O(Y.II~.S i l l  t . l ~ c >  tirlr(1 i ~ ~ t , ( > ~ - \ r i ~ l  ( A .  A -t (!A) ~ L I I ( I  t11(,11 110 111)witr(I 

switc.l~il~g O ( Y . I I ~ S  111) to t I l ( \  tillr(> t,. 1111(, to t11(,  ~ t , r o ~ i ~  l l i i r k o ~  l)rol)(~t,?.; of' 

X , ,  t110 1)rol):1l)ility o f  t 111s 0 1 ( ~ 1 i ( ~ r t  i1,r.y ( lvc)~~t is giw1r1 l)y 

Now t.li(. 1)rol);rljility 1'; ( t )  of'c~xirc.tly OII (>  clourriwi~.rtl switc41i11g (,i1.11 I ) ( >  

l'o111ic1 l)y i ~ ~ t ( l g r i ~ t i ~ ~ g  (4.06) fro111 0 tlo t :  

111 ot,llc.r worcls. 1': (1)  is thr! c.ollvolr~t.iorr o f  p ( t .  0) 1 I + (  -- IL,,): 



Fig. 4.21 

I\;vxt, c*olisitl(,r t.hct 1)rol)itl)ility I?: ( I )  o f  t IN '  oc.c.llrrc,rlc,c' of c x ; i c , t  ly two 

>wit ( , l ~ i l ~ g s  s t i~ r t  i ~ i g  fro111 t . l i ( \  i l l i t  ii11 st ; i t  (, ')<,,j.r,, =: 1. i\(,(,or(lil~g to  Fig. .1.22, 

t , l~is  o ( , ( .~ i r r (>~~( . ( -  (,;III I ) ( >  ( .o l~s i ( l (~r (~( l  ;IS t l ~ -  1111io11 of' t 1 1 ( %  l 'ollowi~~g (lis,joil~t 

( ~ l ( ~ ~ l ~ ( ~ ~ i t i ~ ~ y  ( 5 v ( L ~ ~ t  s: ( ~ O X V I I W ; I , ~ ( ~  s ~ i t  c.lii11g ~ ( Y . ~ I I . s  i l l  t l i ( b  t i111(, 1111 (trviil ( A .  A 1 

(/A) ; I , I I(I  t l ~ ( ~ i  (xx;i,c,t 1y O I I V  ~ ~ l ) w i ~ . r ( l  sw i t ( , l i i~~g  ~ ( T I I ~ S  111) t o  t11(, t i11iv t .  '[.IIo 

prol);~,l)ility of' t l~(>s t>  ( > l ( b ~ ~ i ( > ~ ~ t ; ~ r y  ( x v t ~ ~ i t ~  is g i v ( > ~ ~  1)y 

r?it ( t )  = ( A .  o ) ~ ;  ( t .  ,\),/A .I' 

f.. ( f )  = p t ( t .  0 )  * 0- ( t .  (k - uo) v 1,'(t3 ; j  -- 1 ~ ~ ~ ) .  

(4.102) 

('I. lo:%) 

For t,ll(~ s t ~ k ~  of ( ~ o ~ ~ ( , i s ( ~ l i ( ~ s s ,  wb hit ro(l11(~9 t 110 ~~ot . t~ t , io l i s :  



Fig. 4.22 

/ ) d z ( l .  0) = ( 1 ) .  /)+ ( I 1  . j  - l l < , )  = /,-' ( I ) ,  , I - -  ( t .  (, - l , , , )  == / I -  ( I ) ,  ( ' ~ . l O . I )  

1 . ~ ( t . 0 )  1 O ? ( I ) .  1 P t ( l . > j  - 1 1 , ) )  = 1 . l  ( I ) .  1 .  ( I . ( ,  - 1 1 , ) )  = l j  ( f )  ( 4  105)  

I'i , , ( t .  ( 1 , ) )  = 0,: ( I )  * / ) - ( f )  * ,)' ( I )  * , . * / I  ( I )  * , I '  ( I )  * t l - ( f ) .  (4,107) 

I )  ' I  ( R v  s :. ( I ) .  (,4.108) 



'1'1111s. t l i ~  1)rol11(\111 o f  ( , ~ I I I J ) I I ~ ~ I I K  G,k,, is ~ ( V I I I ( Y Y I  t o  t 1 1 ~  l ) r o l ) 1 ( ~ 1 1 1  of 

( l ( > t . ( ~ ~ ~ ~ i ~ l i t ~ g  F'(.s). This ( ~ 1 1 1  I ) ( >  i ~ ( ~ ( ~ o ~ ~ ~ ~ ) l i s l ~ ( ~ ( l  l ) y  11s i11g  t,11(1 i ~ ~ i t . i ; ~ l  I)o1111(1;1,ry 

x1111 ( '  1)ro1)1('111 (4.!)2) (3.!1:{). Th( '  ( . o 1 1 1 1 ) 1 ( ~ x i t y  of' t l~is  t , i ~ ~ k  will ( l ( ~ ~ ) o ~ l ( l  011 t . l i ( ~  

I I ~ I ~ , I I I . ( ~  of' t11v s t , o ( ~ l l : ~ . s t  ic ~ ) r o ( ~ , s h  X I .  w l i i ( , l ~  I I IO( I (* IS  t ] I (> 1 1 o i s ( \  111 l i y s t ( > r ( , t , i ( ,  

S ~ S ~ ( ~ I I ~ S ,  It 1,s t1i11 11 r i11  t o ~ x ~ ( l ~ i i r ( >  t h i 1 1  t l i ~  s t , o ( , l ~ ; ~ . \ l  ir l ) r o ( ~ > s s  t ] l i l t  ~ ~ i o ( l ( , l s  

t l l ( '  l l O i s ( '  11111s~ I ) ( '  i l  ~ t i l t i O l l i l r ~  ( : i l l l h s i i l l l  l l ; l l . l < o ~  I)l.O('('hS. t ~ ( . ( ' O l . ( l i l l p ,  ( 0  111(' 

ljool) ~ L ~ I ( Y ) ~ ( , I I I  1 l 1 t I I V  o ~ i l y  l ) r o ( ~ ~ s s  i l i i ~ t  s i l t  i s f i ( t s  ~ I I ( L M ~  I . ( % ( ~ I I ~ ~ ( > I I I ( , I I ~ . ~  is t 

( ) I . I IS[  (>i11-1 J l d ( ~ ~ i l ) ( ~ l i  ~ r o ( , ( % h s .  'l 'l~is l ) ~ . o c , o s s  is t s o l ~ i t  i o11  to t S o l l o \ v i ~ ~ p ,  

l t o  h t o ( . l ~ ; i h t  i ( ,  ( l i i l ' ( > ~ , ( ~ ~ i t  i ; ~ l  ( Y ~ I I ; I [  I O I I :  

' I 1 l i ( ~  so111t i o ~ ~  to t l i ( '  l ) o1111 (1 i \ r y  v i ~ l ~ t t '  1) roI)1( '111 (.I.  I 18) (.I. 1 I!)) (.;III I)(' 
writ t ( l l 1  i l l  1 l l ( ,  Sor111: 

,,,.A .(,.I ) J , / , l A A  D - . , / / , ( . t . / A )  
( s .  ) = - 1 - (, -- --). : ( ,I- .,,/,((~-k/~) 



Expr(:ssior~s (4.115). (4.1 14). ~ L I I ~  (4.120) joil~tly wit,h (4.82) il11(1 (4.84) ol~t , -  

l i t ~ r .  t,lrt' ~niiili s t ty s  o f  c~) r l11 )11 t  ing 7,. 
It. is appiircnt tha t  tha riL'ic of c:o~it,irll~ous-ti~ric' r~oiso is c ~ o r r ~ ~ ) ~ i t , a t ~ i o r ~ ; ~ l l y  

Illor(, c,xpc~~~sivc,. Solric, sil,rr~l)lt, c:xit~r~l)lcs of c . o r ~ ~ l ~ l ~ t i ~ t , i o ~ ~ s  for t.his (:iLs(l (:;ill 

fo~intl ill [14]. [Is]. 

4.3 NONLINEAR DIFFUSION IN 
SUPERCONDUCTORS WITH GRADUAL 
RESISTIVE TRANSITIONS (LINEAR 
POLARIZATION) 

,, 1 11c. c\sl)o11(~11t " r r "  is ;I Ili(xil.sl~(~ of t11v s l ~ ; r r l ) ~ ~ c ~ s s  o f  tllc, rc~sist.ivc~ t.r;~11- 

sit ioli i111(1 i t ,  111;iy vi~ry ill tlio ri~11go 7 1000. 111it ii~lly. t 1 1 ~  1)omr(3r 1i1.v.r w i~s  

r (sgi~r( l (~l  o1i1,y ;IS ;I r ( ~ i ~ \ o t ~ i ~ l ) l ( %  (,l~il)iri(,iil (l(>s(,ri11t,io11 01' t r(,sistiv(> trii11- 

hit  iOll. l < ( ' ( ' ( ~ l l ~  1y. tll('r(' I I~LS  l )O( ' l l  ;I ('O~lsi(~('ril\)l(~ r('~('ilI'('l1 (#Ort t,O jll~t.ify 

t l i i s  1;iw thc~orc~tic.iilly. 11s ;I rt>slllt, 111otl(~ls 1) i~~t) t l  OII .Josc~l)hsor~-j~ir~(~tioli 

( . o ~ ~ l ) l i ~ i g  1271, " ~ i i l ~ ~ i ~ g i ~ ~ g "  [S], i ~11 (1  s1)iitiill (list,~.il)~it io11 o f  (,ril.i(,i~.l r ~ l r r ( ~ ~ ~ t  

[%I I l i l ~ c '  ))( '( ' I1 ~)rOl)Osc'(l. ~I0wc'~c'l.. t .llc'  I l k O ~ t  ~)lilllsil)l(' ('~l)lillliltiOll for th(' 

l ) o ~ ~ ( > r  li1\+1 ( . ; I I I ~ ( ~  fr( )III t t 11(>r111;~1 ii(*t.iv>~tio~i t 11(>ory 161. 17'1% [2!)]. A( , ( ,or ( I i~~g 

to  this t 11c~)ry. t.11(% c,loc.t,ric. ficll(l E: i l~( l l l ( . ( , ( l  l)y th(~r~~l i l . l ly  ivitt('(1 drift o f  

i111x fiIit111('11t~ (vort icrs) (,;ill I ) ( >  wri t , t , (>~~ ill t l ~  for111 of t l ~  A ~ - r l l ( v ~ i ~ ~ s  law: 
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is assumed, then from formula (4.122) we readily obtain the power law 

(4.121) for the resistive transition. 

Whatever the theoretical rationale may be behind the power law, this 

law has been observed in nunlerous experiments. For this reason, in our 

subsequent discussions, this law will be used as a constitutive relation for 

hard superconductors. By using this constitutive relation and Maxwell's 

equations, it is easy to show that rionlinear diffusiori of linearly polarized 

electrorrlagnetic fields for rnonotonically increasing boundary conditions is 

described ?q the following nonlinear partial differential equation: 

We shall first consitfer the solutiori of t,his equation for the followir~g bound- 

ary and initial conditio~ls: 

.J(O, t )  = r tP,  ( t  2 0, p > 0 ) ,  (4.125) 

I t  llliiy sc~~rri at first t,hat, t,hc,srl l)o1111di1.1?: c~)l~clit,io~is ill.(' of il V V I ~  sl)(>(.ifi(. 

I ~ : I ~ I I I Y ~ .  Howovvr, it, ('ii11 I)(% r(~l~liirk(~<l t,lliit t , l l ( ~ \  l ) o ~ l ~ ~ ( l i ~ r y  (.ori(litio~is (10 
(l(:~(Ti\)(~ it wid(, ( ' ~ ~ L s s  Of 1llOllO~~Oll~~~i~~~y ill(~l'(~il.~illg, f l l l l ~ ~ ~ ~ i 0 1 1 ~  iLS J) viiri(>S froill 

0 t,o x: (so(% Fig. 4.23).  It will I)(.  sl~owli 1)c.low t1i;it for ill1 tllc~sc, I )o~ll i ( l i l~.~ 

c~oilciit~ioiis t l l ~  profile of (.l(~:t,ric. c.rirrcmt clcxlisit,y iLS ii f1111(:tio11 o f  2 ~ ( ' 1 1 i i i i 1 1 ~  

~)r;ic-t,ic-:illy tht, sarrltx. This ol)st~rv:~t,io~i will s~~ggc~st.  using t.l~cl Sii111(: 1)rofilv 

of c:l(,c.t,ric c.rirrc~iit clt~risit,y for iirl)it,ri~r~ 111o11ot.Oili(.iill~r iii(:r(~iisilig l)o~li~(liiry 

c:o~itlit,io~~s. This will Icticl t,o vc?ry siriil)1(, ~llii1~t,i(:ii1 sollit.ior~s. 

Tlic i~iit,ii~l l)olln(li~ry vtlri(, proI)l(w~ (4.124) (4.126) is ~ l ~ ~ ~ t l l ( ~ ~ i ~ i ~ t i ( : i i l l ~  

i t i  to 1 o r o l l  l i s : ~ s s : l  I t o r s  1.3 1 1.4. AS ii 

rcsult,. t,ht, soll~t,ioli o f  t,he i~~it,ial I)or~~~cliiry ~ i i l~ l ( ;  1)rol)loi11 (4.124) (4.126) 

c:lost:ly ~)iiriill('I~ t,ii(> sol11ti011 of t,hc 111od0l 1)rol)loni ~i~(~nt~ioli(~cl iiI)ov(~. For 

t,his rclasori, wcx shall orily out,liric, t,hc' ~niiiri st,c,~)s of t l~ is  solut,iori. 

Thc ii~it~ial t)oundary value, prol)l(:ni (4.124) (4.126) (.an 1)c rt>duc:c.tl t.o 

t,hv l)olir~tlary value prol)lt:rr~ for an ordii~ary diff('r(>ntiiil c(1lliitioli. This rc:- 

duc:tio~i is l):~sc~l or1 t,ht: cliri~crisioi~al analysis of Eqs. (4.124) arid (4.125).  

This i i ~ l i i l ~ ~ i ~  lt:i~(ls to the conclusiori t,li;it, t,lic. following v:triiil)lr is c1iirlc~n- 

sionlcss: 
u 

< = (4.127) 

whore 
p ( n -  1 )  + 1 

m = 
2 



By 11sillg t , l~is  c l i ~ ~ ~ c ~ i ~ s i o l i l ( ~ s s  vi~r.iiil)l(,, wt. look f ix t.110 st5lf'-sil~iililr so111tio11 of 

i ~ ~ i t , i i ~ l  l ) o ~ i ~ ~ ( l i ~ r y  vi111i(> l)rol)1(~111 (4.125) (4.124) i l l  t , l ~o  f'or111: 

tlZ J'" l l j  
- t tJ l< - - - .  I / /  -: 0. 
(I<" (li 

It is i r ~ ) ~ ) ; ~ s ( ~ l ~ t  t l l i~t  .1( 2 ,  t ) xivctr~ I)? c s s~~rc>sh io~~  ( . I .  129) will silt isfj. l)o1111(1- 

i1r.y i l l l t l  i l l i t . i i l1  ( . O l l ( l l t  1 0 1 1 ~  ( . I .  125) i l l l l l  (4.126) i f  j' hil t  Isfit's 1 [I( '  I ) O l l l l ( I i l ~  

c.ol~tlit io l~s :  

,f ( 0 )  = I .  (4.131) 

is 1 i I o t o  t i  i t  o o I I S  i t  A This  ~)r~l)('rt!: ( . ;II~ 

l ) ( l  ~~tilixcxtl ;IS follows. S11l)l)osc' wc- hi~vc. so l i~ t  i o r ~  J ' (<)  t o  Eq. (4.130). w11ic.h 

siitisfi(\s tllv 1)01111(liiry \;-onclitio~i (4.132). l i o w ( ~ v t ~  



'Tl1c:n: 1)" using A = c ~ ' ~ - ' / <  WW(, find that. 

is t 1 1 ~  so l l~ t io l~  t o  Eq. (4.130),  w11ic:h siitisfic.cl (4.132) ;I> wc:ll as t.ll(: I ) ~ \ l l ~ ( l i i r ~  

c:orldit,io~~ (4.131). T111ls. wo (.a11 first fintl i L  s o l l ~ t i o l ~  1.0 E(l. (4.130) s ~ ~ i ) j ( ~ : t .  

t . 0  l ) o ~ ~ l ~ ( l i t . ~ y  (.ot~dit,ion (4.132). tll(>11. 1)y 11silig t ~ . i l l ~ ~ f o r ~ ~ l i ~ t i o ~ ~  (4.132). w(> 

( , ~ L I I  I I I > I , ~ )  this sol111,ioii int,o t klo sol~~t, ioti  l,l~;it i~ lso  satisfi(>s tliv l )o \~ l~ ( l i~ , ry  

c:olltlitior~ (4.131). 

I t  c:i~r~ l)(l sliowrl t.hat i1 s o l ~ ~ t , i o l ~  1.0 Eel. (4.130) s;~tisf:yir~g 1.111. 1)01111(Iarv 

c.onclitio11 (4.'132) 11iis t.llc\ forlr~: 

1 ,  I )  I+I , , ( l  - - x < ) + l ~ L ' ( l - ~ < ) L + . . .  
. . - -- -- - -- 

f ( 0  = l + ! I ,  S I,?+. , if' 0 5 A{ < 1, ( . 1 , , , 1 ~ )  
if' A< .> 1.  
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be accol~iplished by using the following inequalities for bl and b2, which can 

be easily derived frorri Eqs. (4.128), (4.138), and (4.139): 

Frorri the a1)ove ilicclualities, for n > 7 we fititl 

This sllggcst,~ the following sitriplification of soliltiorl (4.142) 

(4.146) 

By s ~ ~ I ) s t i t . ~ ~ t ~ i r i g  fo~.l l~ll l i~ (4.146) i ~ ~ t , o  ox~)r(>ssioli (4.129) alld t , i~ki~lg  irlt,o 

ii(s('o~ult E(l. (4.127). wo 1.11d 111) wit,h t,llc following ii11;~l~t,i('i~l cx~)rcssiotl for 

t,ht> c.11rrc.11t. t1cwsit.y: 

The  t)ricf c.xi~~rlilint,ioli of st'lf-silliili~r sol~lt,ions (4.147) I(:;tds t,o t,hr followirig 

c.orlc:lusiori: thtl ~)rofil(l of cll(:c:t,ric. c:urrc:nt dt:nsit,y ,I(,-, t )  rcr~iitins approx i  

rrlat,c:ly t,hv si~rric~ ill spit,(' of wi(10-ra11gi11.g vitrii~t,iolis of 1)o111idary (:ondit,iolis 

(4.125) ( s c ~  Fig. 4.23). For t,ypical values of IZ (11~ili~lly 7 1  > 7). t,his profile 

is vtlry c:losc, t,o a r('c't~allg1lliLr 011c5. This silggcLst,s t,hat t,lit. ;~c:tual profile of 

tll(!c:tric: c:urrcllit tlolisit,y will I)( .  close, t,o ;L rt:c:t,;~~igtilar ollc for ot,lier I~ouridary 

c:otitlitioris as woll. Tlllls, wc arrive a t  the following gencralizat.ion of the 

critical state rrlotlcl. 

Current density . J ( i ,  t )  has a rectangular profile with the height 

equal to the instantaneous value .Jo(t) of electric current density 

on the boundary of the superconductor (see Fig. 4.24). Magnetic 
field H ( z ,  t )  has a linear profile with a slope determined by the 

instantaneous value of .Jtl(t). 

To l)ct,tcr appreciate this generalization, we recall that, in the criti- 

cal state rnoc1c:l thc: c:urrerit has a rect,w.ngiilar profile of constant (in time) 



ht.ight, while t h r  ~rl:r.griet,ic: fieltl h i ~ s  a l i r ~ r a r  profilc with co~lst~ari t  (in t,irno) 

slop(:. 

For t,hck zoro front of  thc~ c:~lrrc:rit profile wc: havt: 

Hoi~( '~ t ' l ' .  f10(/)  i111(I . / ~ ( f )  ill'(' IIOt. ~i l l l l l~t i l l l ( '0l lsI~ k110~11. 1'01. f . l l i ~  Yf'ilSOlI. W(> 

intc111tl 10 fill(l . I ( , ( / )  irl ((*I.IIIS of  / l ~ ( t ) .  rIi) this ( 'II(I.  w ( ~  111111til)ly Ei1. (4.12-1) 

i)y 2 ;LII(I i~~ top , r i~ t (>  fro111 0 to  20(t)  wit, l~ r (>sl ) (~, t  t o  2 ;111(l fro111 0 t o  t wit.11 

IY~S])(Y,I, to i .  D,v l i t ( ~ s i ~ ~ ~ y  r(>l)ot~,t,ilig t,11(, S ~ L I I ~ O  ~ , r i ~ ~ ~ h f o r l l ~ i ~ t i o l l h  ih5 i l l  S(y,t io11 

1.5, wo ilrriwx i ~ t  t,11(, followillg o(~11i1tio11: 

!dv llslllg 111 f.ll(' IiLst, ('(~\liit.iO~l t,ll(: l ' ( ' ( ' t ~ i ~ l l ~ ~ l ~ i l ~  ~ ) r o f i I ( ~  ~ ~ ~ ) ~ ) r o x i l ~ l ; ~ ~ t ~ i o ~ l  for' 

, I ( : ,  t ) .  ~ V V  ol) t :~ , in  



wt: (.all ri:l)r(>s(>lit. fornlllli~ (4.152) as t h  following tlifi(~rc~~lt.iill (:(pi;lt ion with 

By intcgritti~lg Eil. (4.154) ~ 1 ~ 1  by llsilig Eq. (4.153). w(> ;~rriv(: ill. t h ~  Sol- 

lowing c:xprctssior~ for . J o ( t ) :  

l3y slll)stitut.ir~g forlrlul;t (4.155) illto E(l. (4.14!)). wc, find tlw followiug vx- 

prcssio11 for z(,ro frolit z ~ ( f )  in ~ ( > ~ I I I S  of  t 1 1 ~  I I I ; L ~ I I ( - ~ , ~ ( ,  fi(,\(l. H , ) ( i ) ,  ill 

111) to t,l~is l)oilit> ~ ~ o l ~ l i ~ i ( ~ i ~ r  (Iiff~~sioll of ( - I o ( ~ ~ ~ ~ o I I I ; I ~ I I ( ~ ~  i ( ,  fi(ll(1s i t 1  s o ~ l ~ i -  

illfillit~o ~ 1 1 ~ ~ ~ ~ 1 ~ ~ ~ 0 1 1 ~ ~ 1 1 ~ ~ ~ ~ 1 1 g  ~ l i i ~ f - ~ ~ ) i l ( ' ( '  11;lh l)<V,l l  ( ~ ~ h ( ~ l l s s ~ ' ( ~ .  ~ ~ O R Y ' V ~ ' ~ ,  1 ] I ( '  ;lI)Ov(' 

rcls~~lt.s c.i111 I ) ( ,  c1ircbc.t Iy c.xt.ckl~clc~l to t lit, c.;rst, of ; I  51;11) of' f i 1 1 i t c 9  I lrickl~c~ss A .  
r 7 

1111s C ~ L I I  I ) ( >  (lo11(3 ( I l l ( >  to t . l l (>  fillit(> S ~ ) I Y Y I  of l)ro!); igi~tio~~ 01' z(>ro Srot~t . ~ ( ~ ( t ) .  

As ;L r t~s~ t l t .  i f  q I ( t )  *:. 2 .  ~ l ( ~ ~ ~ l i ~ l ( , i i ~ .  (IifK~tsio~~ i ~ t  l)ot 11 si(l(5s of ;t s111)i~r- 

( . o t ~ ( l ~ ~ ( ~ t i ~ ~ g  s1;ll) o ( , ( . ~ ~ r s  i t 1  t S ; I I I I ( ~  \Vi\y :IS i l l  t (.ii.v1 o f  S I I ~ ) ( > I . ( . ~ I I ( ~ I I ( . ~ ~ I I K  

l~;i lf-s~)i~(~o. 'Yllis is i1111st rill ( , ( I  I ) ?  Figh. .4.25 ; I  i111(1 .1.25 1) .  
Aft,vr t11(1 111sti~llt o f  t i111(* t * ,  ~ l l ( ~ 1 1  t\vO f t .o l l t s  t 1 1 0 ( ~ t  i l l  t l ~ l l ( l ( ~ h ~  of  1 ll(,  

sliil). ~ ~ ) I . I I I I I ~ ~ I  ( -1 .  155) is 1 1 o t  \ r ; i l i c l  ;111~.11101.(~. '1;) fiil(l t i~l)~)sol)ri ;~t .( '  S O ~ I I I I I ~ ~ I  

for .I(]( /)  ill t (.iis(' / > 1 * .  \v(, sI1i111 ;ig;\i11 I IS( ,  t111,  1i1,st I I I O I I I ( > I ~ ~  r(ali~t io11 for 

t , l l v  t ~ o t ~ l i ~ ~ ( ~ ; ~ r  (iiff11sio11 ( ' ( l ~ ~ i ~ t i o ~ ~ .  IIow(~v(~r.  t,l~ih 111o t i1 (~11 t  1.(51;1tio11 sI1o111~1 I ) ( ,  

son1cw11;~t ~noclifichcl ( i l l  c~ot~rl)ilrisot~ with (.I. 150)). '1'0 fill(l t11is ~t~otl if ic ' i~tiot~.  

xr(\ ~t , i i r t  wit11 ill(, I I ~ I ~ I I ~ I ( Y I , ~  ( I i l f~ t s io~~  (~111;1.t.io11: 



A 
( I )  - H ( ; . I )  -= T . J , l ( t i .  

( t 1 < ~ 2 < ' 3 )  

a) b) 

Fig. 4.2.5 



By sut)st,ituting the  last, forrnula illto oxpressior~ (4.164),  wo arrive at, t,lit: 

following ortliriary diffttro~~t.ial ecluatiori for J o ( t ) :  

Tll i~s ,  i r i  orc1c.r to fi~lcl .JO(t) for t  > t*.  t,llcs so111t~io11 to cliffi~rc~iit,ial Eq. (4.1fj7) 

s~ll),j(sc:t t,o t.11c. init.iill c.olrclit,io~l 



4.3 Nonlinear Diffusion in  Superconductors 267 

It is interesting to note that formula (4.173) coincides with the long- 

time (intermediate) asy~r~ptotics found in [29] (see also [6], [7]). These 

asymptotics are used to describe the phenomenon of flux creep in super- 

conductors. To better appreciate this, we shall rewrite formula (4.173) in 

t,he form: 

By assuniirig that 

and by usirig only two terrris of thv T i ~ ~ l o r  expansion ill  f ~ r i l i ~ l l i ~  (4.175), wct 

filld 

Tliis is t,liv w(>l l -k~~ow~~  logi~r i t l i~~~ic  i ~ ~ t ( ~ r l ~ i ( ~ ( l i i ~ t , ( ~  i~synil)t,oti(~s. wl~i(,li is 

(:l~i~r:i(.t,(>rist,i(: of cr(!(y ~ ) I ~ ( ~ ~ I ~ I ~ I o ~ I ~ L .  Tli~ls, it, ( , i ~ l i  1 ) ~  (~oII(.III(I(YI t,lliit, lo11g- 

t,ilr~ct solut,ior~s t,o t,hc ~iorilillc~i~r cliff~lsioli E(b (4.124) itrcl i l i~trlil~i(~liti~l for 

t,licl tl(,sc,ript,iorl of c.rc'cxp. TIIV i ( l (> i i  of 1isi11g l io~il i i~(~i~r  (liffiisio~~ ('(111i~tio11~ 

for t , h ~  tl(.sc:ri1)t,iol1 of H I I X  (.rc3('~) ('it11 I)( ,  t,~.ii(:~(l l)i~(:k to t l i ~  li~~l(ll~liirk ])iLl)('rS 

of P.W. Aiiclc~rso~~ ~ L I I ( I  Y.B. I \ i l l l  [ I ]  iill(1 h1.R. Bc~~sl(ly. R .  Liil)~lsc.l~, i i l l ( l  

W.W. Wt~l)l) [5]. 

Ty1)ic:iil clist,ril)~~t,iolls of t11(, c.loc.tric. ( .~irr(,l~t (1(>11sity i~11(1 t.l~(' ~lliig~i(>t,i(: 

fic:l(l c - o ~ ~ i p ~ i t c ~ l  by. ~lsiilg t,ho d(~sc.ril)t~cl gc~i~c~ri~liziitiol~ of t.l~(' (.riti(.iil ~t,iit,(' 

~r~oclcl for t l ~ ~  (::LSC H o ( t )  = Ho = c.011st. iL1.0  S ~ ~ O W I I  ill  Figs. 4.26 i L  i~ild 

4.26 1). 

Next, we i~itcr~cl to show t,hi~t ('l(:(.t,ro111i~g1i(,t,i(: fi(%l(l (liffl~sioli ill s11- 

pt?rc:ot~ductors with gratlui~l rcsist,ivtl t,ri~~~sit,ioxis ~iiiiy (xhil)it. i L  l)(l(.~ilii~r 

(i~~iorr~alous) rnodc that c1ot.s iiot tnxist i l l  s~il)t~rcoiid~~c:tors wit11 i ( I (> i~ l  rv- 

sist,ivcx t,rai~sit,ion. This is :L s t i i ~ ~ ( l i ~ ~ g  111o(io. Iii t,ll(% ('iLq(' of t,l~is liio(1c:. tllv 

ttlttc:t,rori~agnetic: fittltl or1 a s1l1)tlrc,o11tl11c,t,or l )o~l~id i~ry  i i ~ ( : r ( ' i ~ ~ ( ' ~  with ti~~icx, 

whilc tho rcgion occupitttl by the, cl(:c:t,roir~agnct,ic: field docs r~ot  cxpt~l~d.  

Wt: shall first find the co~iditio~i for the, c,xistcl~c,c, of t,liis iiiod(t by usiiig tali(: 

"rt.c:t,iingular profile" a~,proxiiriat,io~i for the t .~irr(~nt (1c:nsit.y. Tlic~xl wo shi~11 

dt:rive t,l~c: exac:t cxprctssio~is for t,licl st,aliding i~iodc, t,hroligli t . 1 1 ~  a.~~nlyt,ic'i~l 

solutiori of the nonlinear tfiffusioli ttclliat,ion. that, is, wit,liolit. resortiiig t.o 

the rectangular profilc approxirr~atior~. Finally, wc shall c,orlil);tre tlicsr t.wo 

results. 

To start the discussion, we turn t,o equation (4.150) iind t,ry t,o firicl 

such a monotonically incrcasirlg I)our~tlary coriditioi~ Jo(t)  for wliicli thct zero 



Tlw liist. c,xprc*ssiol~ (:;in I ) (% t . r i~.~~sforr~~c\t l  i ts follows: 

( I ,  < t,< t3)  

a) b) 

Fig. 4.26 



Thus, wc liavc: csta1)lisIied that,  if t.he cilrrerit density or1 the boi~ridiiry 

of superc:o~~ductillg half-space varies with tinic acc:ordirig to the cxprcssioils 

(4.182) (4.183). t,hen the xcro frorit, zo(t), of tlie current derisity starids 

still during the tirrie interval 0 5 t < to. In other words, during this tirne 

ilitcrval t,hc cltct,rorliagrictic fictlcl diffilsioii cx1iit)its a staridir~g nioclc. This 

niotlc is ilhlst,rat,otl 1)y Fig. 4.27. 
It. is t1esirwl)le t,o ttxpress the 1)oundary coridit,iori for tht: staridirig iriode 

iri t,c:rrris of ~iii~grict,i(: ficl(1 H O ( t )  at t h ~  s ~ I ~ ) o ~ c o I ~ ~ ~ ~ ( : ~ o T  1)ouiitlary. This car1 

1)e t,asily ;~c:colnplishtd 1)y using (4.182) i~riti Arrip6ro's I ~ L w ,  w1iic:li lend t,o: 

1 t l L 9 ( Z ) "  - / , , ,kl3 (l\$(t) 
pp pp - 

p(2) t l zL  \I!" ( t )  d t  . 



ti#(,-) 
p ' )  = ( a )  R ( a )  = 

d z 

VI 0111 ( I .  I!)()) i ~ l i ( 1  (4 ,188) .  w(' (l(xriv(> 

111 forlllllli~ ( . l . l ! )~ l ) ,  ;r ('OlI~tilllt o f  illt~(~grtlt.iot1 WiLS sf3t. t,o ~ ( ~ l ' o .  'I'llis (.ill] I ) ( '  
,j~lst,ifi(~I 011 tl~(b l ) t~ysi ( ,~~, l  g r o ~ i ~ ~ ( l s .  ~II ( I (YYI.  t , l l ( \  ~~i t l ,g~~( , t , i ( ,  fi(>l(l SIIOIII ( I  \ l i ~ ~ t i ~ l ~  

i ~ t  t.llc> ;/.cbro frolit,. t . l~ i~t .  is. ill. tliv siu1lcx 1)oilit whtlrc. . J ( z .  t )  v;ll~isl~c>s. l-$y 

usit~g (4.185) ii11(1 (4.190). it, (':i11 ~ 1 1 0 ~ 1 1  t11ilI. t ,l~(, 111iig11(,ti(. f i~ l ( l  i~11(1 

.I(:.  f )  ; ~ r v  proport,ior~i~l t.0 R ( z )  > ~ t 1 ( 1  0 ;  ( 2 ) .  rvsp(l(-t,iv(,ly. 'rliis tn(>at~s  t hilt, 

t,l~c>so two filr~c~tioris shoiil(l v;ulish sixrlrrlt,i~r~c:or~sly. 'rllis is o~ l ly  ~)ossil)lo i f  

t.hv i~~t( 'gr i i . t . io~~ (:o~~st.il.~it it1 (4.1!)4) is svt. t,o zc:ro. 



Nrxt , by usirlg (4.1 90) in (4.1!)4). wc) filld 

Now. t)y s ~ ~ l ) s t , i t , ~ ~ t i ~ ~ g  (4.189) il11tI (4.197) illto (4.1851, wc. fil~tl t.li(. fo l l owi~~g  

; i~~ i~ l , v t i ( - i~ l  (ii11(1 ( , : I Y L C ~ )  so111t,io11 o f  ~ ~ o l ~ l i t ~ ( \ i i r  (lif-I'~lsio~~: 

[ 
( r r  -- 1 j ,  ; " ' 

. / [ ) ( f  ) = .I(O. t )  = 
,?(?I + l ) / ~ ( t o  - 1 )  ]l. 



'I'llis soll~tiorl is illrlst.r;~tc\tl 1)). Fig. 4.28 a11(1 it. is iip~);il.c:rlt t.ll;it i t  1iii.s t l l c .  

~)hysic.i~l ~rrcv~r~itlg of t,l~c, stir.lrclilig ~liotlt,. It is i~ lso  c,l~.;ir from for11111la (4.201) 

( i ~ r ~ i  Fig. 4.28) thiit I.ht1 al)ovcl so l~~ l io l i  has tlic. followi~lg svlf-sitnil;~ritv 

~)rol)(:rt,y: t,ll(, profi11:s ofi:lc:c.tri(: ( ~ ~ r r o ~ i t ,  (I( :~~sity for (liff(\r(:t~t i ~ s t , ; i ~ ~ t s  o f  t i111(% 

(YLII I)( ,  ot~t,;~i~l(!(l fro111 ottc : ~ , l ~ o t ; i ~ < ~  t)v (1il;~tion (or ( :o~~tr :~(*t , io~i)  alolig t,llv ,J- 

axis. I o t  o r  t l i  r o l  i s i i  t i  0 1 1 o t 1  This  

s11ggt~st.s t.h;~t so111t.iotl (4.201) (.;LII I)( .  clcvivc.(l I)y usi~lg tllo c l i t r l t ' ~ l s io~~ ;~ l i t~  

iil~i~lysis. 14o\v(>v(~, \vc> s11;~Il t l o t  (11,1v(, f ~ ~ r t l i ( , r  int,o t liis I I I : L ~ ~ ( ~ I . .  

Fro111 t,li(t ~)~.;~(~t,ic.;ll 1)oillt of' viow, it. is tl(~siriil)lt~ to oxl)rc~ss tlic, I)o1111(li~ry 

c.orlclitio11 (3.200) for tilt, stitlltlillg ~ t ~ o t i c ,  ilr t,c.~,llrs o f  rtl;~g~rc,tic 1-ic51(l Ho( t )  

011 t I I V  s ~ ~ ~ ) ( ~ r ( ~ o ~ ~ ( l l ~ ( ~ t o r  t)o1111(I;iry. Ai.cor(lit~g, t,o Atl~p(~ro's  law, IV(, t~ i~v(s  

I t  is ;~ l so  illst r11(.t iv(, t o  (,01111)itr(* t I I ( \  i~l)ov(s (,xi~(.t st ; L I I ( ~ ~ I I ~  I I I O ( I ( ,  so111t ioli 

1vit 11 t I I ( ~  51 i111(li11g I I I O ( I ( \  O X ~ ) I . ( ~ S S ~ O I I S  ( l(>~.iv(>~l 0 1 1  t I I ( >  l);~sis of' t ~ ~ t  ; I ~ I ~ I I ~ ; L I .  

I )~ .of i l (% ;~j)lroxilli;rtiotr. I2ir.sl. i t  i5 (.l(,;\r f1.0111 fi)rl11111;1 (.1.201) (;111(1 I:ip,. 1.28) 

I ]lilt. 1'01. s ~ t l i i ( ~ i ( ~ ~ ~ ~ ~ l ~ ~  li~rg(5 1 1 .  t ii(.t 11;bl (~111.t1~1tt ( l ( , ~ ~ s i t j .  l)~.ofil(-s l ' o t .  t 

st illl(li~ig 1 1 1 0 ( 1 ( '  ill.(' illlllos~ l'('('~i111g11~;11'. Sf'('oll(l. i l  i:, ill)l)ill.('llf 1 kl i l t  (111'  

I ) o ~ ~ l i ~ l i ~ t . y  ( . o ~ ~ ( l i t  ioli (.1.200) ( . i l l i  I ) ( '  writt ('11 i l l  t I I ( '  ~ ; ) I . I I I  ( . I .  182) wil 11 1 .  ;111(1 

t ( ,  t l ( ~ l i l l c ~ t l  21s fi)llo\vs: 
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By corrlp:irirlg (4.204) (4.205) witsh (4.183), it, (:an I)c o1)servt:d t,hat for 

s~rfficicnt,Iy large n thesc cxprctssiorls arc 1)ractic:nlly identical. Thus,  t,hc 

rectangular 1)rofilc i~1q)roxirllatiorl is fairly accurat,c. as  far as t811e predict,ion 

of t,hc st1:irlc1irlg ~riotle cliffi~sio~l is c:ol~c:orric,d. This 1)rirq.p filrtllcr c.rc:d(r~lct~ 

to  t,llc r c c t : ~ ~ ~ g ~ ~ l : ~ r  profile :11)~)roxirrl:~t,iot1. 

The, origir~ o f  t , h ~  starltlillg 1110(1(' (:iLl1 I)(: (:111(:idi~t(:d 011 phy~i( : i~l  groll~lds 

21s follows. Urid(,r t,llc. 1)oilrlcl:iry c.oridit,io~~ (4.200), thc cl('c:trorrii~g~lctic crl- 

crgy trlt,c:ri~lg t,llc, s ~ ~ ~ ) c ~ r c ~ o l l t l ~ ~ c . t i l ~ g  ~ni~t,c'riill ; ~ t  iLny irlst,i~tlt of tirrlt\ is just 

c:~lollgh t,o :tff(!c:t t,hc' al l~lost  ul~iforrrl ill(:r('i~~(t ill ~l(,(:t,ri(: ~11rr(>ilt (lcr1sit.y ill 

t,hv rcgioll (0 5 z 5 zo)  i~Ir(':~dy o(-(.l~l)i(d l)y t,llc fi(M 1)11t i ~ ~ s ~ ~ f i f i ( . i ( ~ l t  t,o 

; ~ f f ( ~ . t  t,llc, furt,llc>r tliffusiotl of t,hc. fic,l(l ill t,llc> rili~t,t>rial. 

Ill t,ll(' t l i ~ ( ~ l l ~ ~ i O l 1  ~)l.t'~('llt,('(l iil)O~t'. tll(' l!l('thO(l Of ~~1)iLI'iLt.iOll Of ~ i L l . i i ~ I ) l ( ' ~  

11;~s I ) ( > O I I  11s(~l in or(l(\r t,o f i t ~ l  tlw ..sllort-t,ir~~(~" so111t,iotl, wlli(.ll (I(~scril)(>s t,lw 

st , : ir~(li~~g rt~o(l(s of tior~litl(~iir (1iff'ilsio1~. It, ~ , I I I . I I S  o11t t l ~ i ~ t  t,ll(, s i ~ i ~ i ( \  111(\t11o(l of 

s(tl)i~ri~t,ior~ of' vi~rii~I)l(~s ( , i ~ 1 1  I ) ( ,  I I S ( Y ~  i t 1  ol.(l(,r t o  s t ~ u l y  " lo r~g- t i r~~(~"  s o l ~ ~ t i o r ~ s .  

wlli(~11 (l(~s(,ril)(, tIl(1 ~ ) I I ( ~ I I O I I I ( ~ I I O ~ ~  of H I I S  (,rr(\l). As 11;~s I ) ( Y \ ~ I  ( l ( ~ i ~ ~ o x ~ s t t . i ~ t ( ~ ( l  1)y 

f.:.Il. IIt~iit~(lt ['i]. ~ I I O S ( ,  ..lollg-tilll(%" s o l ~ ~ t i o ~ ~ s  (.ill1 f i ) l l ~ l ( l  i l l  (l l~it( '  ~ ( ' ~ l ( , ~ . i l l  

s i t ~ ~ i ~ t i o l ~ s .  111 o11r ~ ) Y ( ~ s ( ~ I I ~ ~ I ~ ~ ( I I I  l)(~low. w(, (~los(~ly  follow t , l ~ ( %  1)i11)01. ['i] of' 

k ; . l l .  1 3 1 ~ i l l l ( l t .  

('ol~si(lot. ;I 1o11g S I I ~ ) ( > ~ ( . O I I ( ~ I I ( , ~ ~ I I ~  (.yli11(1(,1. of' i111 i~l.l)itl.i~ry ( ~ ~ ~ o s s - s ( ~ , t  io11 

s i~ I ) , j (~ , t  t o  1111ifor111 111iig11(~t i ( ,  fi(,l(l B(] ( I i ~ x ~ . t ( ~ l  i11o11g t.11(, !/-tixis (S(Y> Fig. .1.2!)). 

'I'llis ~ ~ l i ~ g ~ l ( ' t  i(. fivl(l ill(lii(.(~s ( . I I ~ Y ( ' I I ~  J i l l  t S I I ~ ) ( ~ I ~ ( ~ O I I ( ~ I I ( ~ ~ . O I .  i i l ~ ( I  t 11(~s(' (.111.- 

~ ( ' I I ~ S  ill'(' (Iil'('('t,('(l il~(ll1g tll(' :-ilxi~. 'I'll(' vO( '~ ,OI '  lllilgtlOt~i(' ~)O~~('lltlill A is i l l ~ o  

tlirc-c.totl ii1011g tllo .?-itxis i ~ t 1 ( 1  it is giv('11 11y t 1 1 ~  fi)llowillg f i ) r t ~ l ~ ~ l i ~ :  

i, 
E(r .  t )  = - - A(r .  f ) .  

0 f 
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Now we consider "long-time" conditions when the external magnetic field 

is maintained constant,: 

By substituting (4.210) irito Eq. (4.209) and taking into account power law 

(4.121), we arrive a t  the followirig nonlinear integro-differential equation: 

Wc look for a tlorlzcro solutioli of this ccluatiorl in the form: 

By s~ll)st.it,l~t,ing for~rltlli~ (4.212) irit,o Eq. (4.211), wo fill(] that the. ;~l)ovo 

(y~l;~t, ioti  is s;~t,isfiv(l i f  
(k 

c t  = - - 1.  (4.213) 
I1 

Fig. 4.29 
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arid Eq. (4.211) is reduced to  the following norilinear integral equation: 

As n >> 1 and T <:an be  chosen suficierltly large, Eq. (4.216) can be solved 

riu~llnrically by tusirig coritrwction ~liappirig iterations [7]. 

Hl~virlg coir ip~~ted p(r), we car1 find thc: clcctric current, density: 

To i~lvc:st,igat,o tht, irlt~c~riiiotiint,e i ~ ~ y ~ ~ l ~ ) t , ~ t i ( : i ~ l  1)c~liavior of tho current d(.r~- 

sit,y, wc, sh;~ll c.1111)loy t,llc, forinul;~ 

For s[i(,11 t i l~l(>s.  w ( ~  (,it11 rvti1i11 o ~ i l y  two ~ ( T I I I S  o f  t 1 1 ~  ' I ' i~~lor ( , X I ) ~ I I I S ~ ~ I ~  of 

t,llcn cxl)oi~ol~t  i l l  forl~il~lii (4.218). 'I'llis l(,i~tls t o  tl~ci followillg i l~ t t~ r~~~c~c l i i~ t , c .  

logi~r i t . I~~~i i ( .  i ~ ~ ' j 1 1 1 l ) t  ot i(.s: 

4.4 NONLINEAR DIFFUSION IN ISOTROPIC 
SUPERCONDUCTORS WITH GRADUAL 
RESISTIVE TRANSITIONS (CIRCULAR 
POLARIZATION) 

111 t,lic, ~)rcviolis scxc~t,iolls of this ~IliLl)t('I', 1lOl l l i l l f~ i~1 .  (liffllsioll of  lill~iL1.1y 

pOlill.i~(:tl ~l(?('t ,rO~ll iLgll(~ti( '  fi('l(1~ WiLS (~~s(:IIss( ' (~.  0111. illlil1)'~i~ WiLS I)iLS('(1 011 

t,ll(, solIlt~io11 of S('ilIiW 11011~~110iLr (1iffliSiOll (YllliLtiOll~. NOW WC tllrll t,O t,lle 

disc:~issior~ of Illor(, c,o~i~l)lic.;~t,c,tl ;LII(I (:hi~llc~lgi~lg l)rol)lcins, wlitlrc e l e ~ t ~ r o -  

ir~;~gnc:t,ic fields x t !   lot 1ilic~:~rly polarizccl. Tliis will rc.cpirc1 t,he soliltiol~ of 

vc?c:t,or norilirlear tliffusioli ocluatior~s. We begi11 wit,li t.hc sii~iplc>st case when 

(:l(;(;t,ro~~~agii<:ti(: ficI(is i ~ r o  (;ir(wl:~rly poli~rize(1 i~ l l (1  s~il)(:r(:o~i(l~i(;t,i~~g 111e(1ia 
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itSt' ilssll11l(Yl t o  I ) (% fllt'('t,ri('il.lly i~Ot.l.Opi(:. \v(' ~ l l i ~ l l  ~ t , i l l  IIS(' t,ll(, l)O\Vf'r Iilw 

;IS t I I P  (>ol~s t , i t ,~~t iv( ,  r(>Ii~t ioti for t , l ~  isot,ropi(, s ~ i l ) ( : r ( : o ~ ~ ( l ~ ~ ( : t i ~ ~ g  ui(:(li;~,. 111 t,li(, 

v ( ~ . l o r  (.iLS('. t.tl(> I)OW('I' law (4 .121)  (';Lll urritt.cll iLS follows: 

ij2 I.;!/ i) i- 
= ' ' (I  Ot , [o ( q  I<! + I.:;;) I.;(,] . 

SOW LV(> l ' o ~ ~ t t ~ : ~ l l ~  ( l ( 6 ~ ~ ~ ~ ~ ~ i ~ t , r ; ~ t  ( %  tliiit t 11(> ('ir('111i1rl~ ~)o I : i t . i x (~ ( l  ~ o l ~ i t i o t i  (4.22!)) 
(4.2:10) is (.o~~sist('llt. wit 11 t \ I ( '  tllilt.ll('lllilti('ill st~.ll(.t~lll~(~ of  t.11(' I)OIIII(I;L~Y V;L~II('  

~)1~01)113111s (4.22.1) (4.228). First, i t  is (.I(>;LS fro111 t,li(' ILI)OV(' f01.11111li~5 tlliit 



Now. 1)y rlsir~g 1)11iwors (3.292) i i l ~ t l  (4.2;I:l) its wc.11 irs t 11(, fi)r11111li1 (.1.2:{5). 

wt5 (.;LII exactly ~ ~ ~ I I ~ S ~ O ~ I I I  t I)01111(liir~ vitl~t(' 1 ) ~  )I ) 1 ( ~ 1 1  ( e l  .22-1) (.1.22H) i t  it o 

t,llc. fOll0willg l)ollll(lill.\.. ~ i \ l l l ( '  1 ) 1 . 0 1 ) 1 ( ' 1 1 1 ~  1'01' I;',, ( 3 )  ;111(1 I : ' , , ( : ) .  1.('~1)('(.t i\'(>ly: 
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To solve Eqs. (4.236) and (4.238), we shall first slightly transform them. 

According to formulas (4.223) and (4.235), we have 

o ( [ E ~ [ )  = k ] ~ ~ l ; - l ,  (4.242) 

1 

om = ~ ( 1 ~ ~ 1 )  = k l ~ ~ l n - ' .  (4.243) 

From the last three expressions, we derive 

By sul)sti t~~tirlg forlri~las (4.244) atid (4.245) into Eqs. (4.236) arid (4.238), 

rt~sy)t.c*tivcly, wc firid 

1-1 

(L".~ =,,,oC,,,iir' dz" En, gx. 

Thc: solution to  Eq. (4.246), subjcct t,o t,he boundary conditions (4.237), 

can t)c sought i r i  the forrn: 

whcrc 

Hrrc, z", a' arid a" are parameters, which will be appropriately chosen to 

guararitee that E X ( z )  given by formula (4.248) satisfies Eq. (4.246). 

It is important to  keep in mind that expression (4.248) is an abbrevi- 

ated form of the solution. In other words, it is tacitly understood that this 

form is valid for 0 5 z 5 zo, while for z > zo the solution is equal t o  zero. 



By s~lt)stitlltirlg fortrl~llas (4.248) ;~11(1 (4.251) illto Eq. (4.246). wr, find 

It. is c.lt>;tr t 1i;it ('(l~liilit,y (3.252) will holil, if t,hc followillg 1 . w ~  c:onclitiotis i~re' 

1 .- - _- .- - -  -- . 1 

'I'll(> s t ~ , o ~ l ( l  ( , o ~ ~ ( l i t  i o ~ i  (4.25'1) (,:it1 I ) ( >  c o l ~ s t , r ~ ~ ( ~ I  iLS i i  (~li i i r i~c~t(~rist  i ( ,  (5(llIiit i o t ~ .  

\vl~i(.lr ( , ; I , I~  1 ) ~  IIS(YI for ( l ( ~ t ( ~ r t ~ ~ i t i i ~ t i o l ~  of ( t"  i ~ l ~ ( l  20. rI.l~is is i1t1 ( > ( ~ I I : L ~ ~ ~ I I  i11 

t . ( x r ~ ~ i s  o f  ( ~ o ~ r ~ ~ ) l ( ~ x  \!i~sii~l)l(, (k, It.  ( Y ~ , I I  I ) ( ,  ~ ( Y I I I ( ~ ( I  t o  t l i v  fo l lowi~~g  two rcb;~l 



' I ' l lc .  i111ot 'c~ I ~ ) I . I I I I I ~ ; I ~  ~ i v v  t I r ( 1  exact i ~ ~ l i i l y t  i ( , i l l  solllt i011 to t I I O I I I I ( ~ ~ I I . ~  

V : I I I I ( %  1 ) 1 ~ o l ) I ( ~ 1 1 i  (.1.22.1) (/l.228) 1'01. ( . o 1 1 1 ) 1 ( ~ l  11o111i1roilr (IifY~~sio~r (*(111iltiorrs. 

'I'l~is is t . I ~ ( x  11igIr h g ~ r ~ ~ r r ( ~ t l . y  s o l ~ ~ t i o ~ l .  wlli(.l~ is i ~ ~ v i ~ s i i ~ ~ ~ t  (111) 1.0 i t  ( . l ~ o i ( . t s  01' 

i r ~ i t  ii11 ~) l i i i . s (~  00) wit 11 r(ssl)(~(,t to ~ . o t , i ~ t  iot~s o f  i~x(,s .r i I I i ( I  !/. 

1 % ~  rlsir~g t ] I ( '  Iirst two for~~llll:~:, ~ I I O I I ~  wit11 (\xl)~.( 'ssio~~s (.1.221) (.1.2'2;{). 

\v(- oI)ti1i11 I I I ( X  l'oliowilig l ' ( ' I i I t i O 1 1 ~  1'01. 111(,  ( b l ~ ~ ( . t ~ . i ( ,  (~ l l~ . r (~ l l t  (~ (~ l i s i t i (~s .  

-.. .............. .. . .  . . . . .  - - - 

I I 



lv(> s(!(! t,llil.t, for 1) )  >> 1 l)rofil(, o f  lJ(:)l is il~ltlO~I. ~ (~ (~ t i l , l l~ l l~?Lr .  h i  t,vl)i(:ill plol  

of' t,llis ~)rofilo is sliowri ill Fig. 4.30. iV( ,  (.i1.11 ;11so o't)st~rvcs t11r logivit11111ic~ 

~-il~iiltiOll Of l)llil,S(' witti l'('~l)('(:t, t,O 2. AS il ~('~111[, f ' 0 ~  iLIl,V fix('(1 tilll(' L. ('i('('tl'i(' 

c, t t r r t~r~t  clc~risit.it~s .J,,. itl~tl .J, (;IS wc>ll i ~ s  c,l(>c.tric, ficxltls E,,. i ~ l ~ t l  E!,) 11i~v(\ i~~ f i l i i t ( '  

1rll1111)c.r~ o f  z t ~ o s  (illfinit(: I I I I I I I \ ) ( ~ ~ S  o f  os(,illittioi~s) ill tll(> i~lt(\rvit.l 0 < 3 5 zO.  

U1) t,o t,ltis ~ ) o i ~ r l , .  i l  11ils ~ ) ( Y , I I  ~LSSI I I I I (YI  tlli~l. t 11(' ( k ( . t , r i ( .  fi('I(1 ( ' O I I I ~ ) O I I ( ~ I I ~ , S  

itrv sl)t'c'ific-tl or1 thv l )o~l~i ( l i~ . ry  of' t,ll(\ si11)(~s(~o11(111(~tirlg l~i~lf-spil(.(% 2 > 0. 

H o w ( w ~ ~ , ,  i11 i1,1)1)li(~i1,t,io11s it is 111or(> ( ~ o i ~ v ( ~ l ~ i ( ~ l ~ l ,  to sl)(>cify t 1 1 ~  l ) o i ~ t ~ ( t ; ~ r y  

ll' H ~ , ,  is giv(\11. t II(,I, t II,, libst r . ( > l i ~ t  io11 (, i t11 I ) , ,  (,o~ist 1 . 1 1 t ~ l  ;IS i t  nonlinear 

c\cl~~i~tiol l  [or E,,,. '1'11is (>(ltliltio~l 15 l ~ o r ~ I i l ~ ( ~ i t s .  I ) ( Y ~ I . I I ~ ( >  ;[, (I(>~)( ,II(IS 011 n,,,. 

wllic.11 is it llOlllill('ill. I'llll(.t ioll 01' k',,, . '1.0 111111it' 1 l i i h  llolllill('il!'ity lltilllil'('~1. 

wo IISO fi)rlll\~lil (I.'Lr)!)) ill (-1.271) i \ l~ ( l  (I(~l.iv(~ 



Bv sul,stitatirig forrrlrila (4.274) illto (4.273), wc. c~rld 111) with tht' nonlint\ar 

c.(l~li~t,io~l for Em : - 

Fig. 4.30 



4.4 Nonlinear Dzffusion i n  Isotropic Superconductors 

By using the polar form of the impedance 

from Eq. (4.279), we derive 

crl 
tancp = -. (4.282) 

ck ' I  

By invoking formulas (4.259) and (4.274), from (4.281) we find 

Similarly, frorri forrriulas (4.255), (4.258), and (4.282), wc arrivc at, 

The last two forrrlu1a.s arc rtt11iarkai)ly si~rlple. 111 t.lit. pert,ic:ular (:as(: of 

n = 1 (linear ~nedia),  thc:sc for1riula.s 1ea.d to t,ht wc.11-kllowll (~xprc~ssioiis: 

It is i~rlportant to riott that the magnitude of t,hc surfacr i~ril)rdancc is 

field dependent. This is c-learly seen from formula (4.277). 111 coiit,rast,. tJic 

phase cp of the surface i~ripedancc is not field depc~ident,. It is doterrriilied 

only by the sharpness of the resistive tra~lsitiori. Figs. 4.31 arid 4.32 show 

respectively the dependence of \ q l / , p  and tan. or1 tlir mpone~it  71. 
" 

which is the natural measure of the sharpness of the rrsist,iv(i transition. 

In another limiting case n = GO (sharp trarisit,io~i), fro111 formulas 
(4.283) and (4.284) we derive 

lql = JE, tan cp = JZ. 



w l ~ c ~ ~ ' ( , .  fix I ]I(, h i ik ( '  01' s i ~ ~ l l ) l i ( . i t , y ,  i t  is ~LSSI~IIL( '(I  t 11i1t t11v i l ~ i t , i i ~ l  ~ ) I ~ i f i ( '  o f  t 1 1 ~  

i ~ l i l ~ l l ( ~ t ~ ( ~  f i (> l ( l  i l t  t l l ( >  ~ ) O l l l l ( ~ i i l ' ~  is (YllliLl 1 , ~ )  X<brO. 

N ~ x t . .  wo s h i ~ l l  s l l o w  t .h i i t , .  in thc  l i ln i t i l i l ? ;  ( , i i s c  of stlai-1) wsit ivo t r i i ~ l -  

~ i t i O l l s  ( 1 1  - 'X). t.ll( '  IiLst two ( 'XI )~ ' ( 'SS~O~IS iLI'(' 1.('(111(:1'(1 t>O t . l l O ~ ( '  f . l l i i t .  Wf'W 



i ~ < ~ ~ r t ( ' i l  114' C:. Uc:;u~ i11 t .11~ I)iipt:r [4]. TO this c.~ltl, fro111 f~)~11111lii (4.271): wtl 

f i ~ r c l  

111 - 

l ( ~ l  H -- J 7r7 . (4.28!)) 
&/-l,o('lrr Zo 

( , ~ I I I  I ) ( %  (,otiht r11(%(1 ;ih t I I ( ~  f i ( b I ( 1  ( 1 ( ~ 1 ) ( ~ 1 1 ( 1 ( ~ 1 1 t  (13(ii111) ~ ) ( b ~ ~ ( ~ l  r ; ~ t  1 0 1 1  ( l ( 9 l ) t  11. \vIii(.11 

wc5 (l(';11t wit.11 f o r  l i l l c~ ;~~ .  j )o l ;~~ . iz i~ t  i o l ~ s  o f  ~ r l i r g r ~ c ~ t i c .  fit>l(ls ( h ( ~  ~ ; ) I . I I I I I ~ ; I  ( I .  1 I ) ) .  

13y 11silig c~?cl)l.(~ssio~~ ( I.'L!):l) i l l  l'osll1111i1 (.1.2!) 1 ) .  i t 1  t 1 i ( h  1i111i t  i 1 1 ~  (.;IS(' of' 

11 -4 x. U7(? 0 l ) t  ill11 

:-= v h j .  ( 1.2!).1) 

' I ' l i~~s ,  t 11($ 1~,1i<\t r ; ~ t  io11 ( l ( l l ) t  li ill t (.;I,S(~ of' t , l ~ o  ci r ( .~ l l i~r  l ) o l i ~ r i ~ i ~ l  ioli is 

t.i111(~5 !ilrg(>l' tllilll ill tll(' (';l.S(> Of Iill('i1r l )Ol i l r l~ ; l~  1011. 

Fi~ri~lly. 114. h ~ ~ I ) s t . i t ~ ~ t i l ~ g  fi)t111111il (-1.294) illto c~xl)sc.hhio~~s (4.287)  ;111(1 

(.1,2X8) iIlI(1 k3t,ti1ig I /  go 1 0  itifitiity. \+J($ (l(,riv(, 



286 Chapter 4 Nonlinear Diffusion i n   superconductor.^ 

a superconduct,ing slab of finite thickness A if thtt perletration depth zo 
sat,isfies the followir~g ir~ecluality: 

Uritler coliditiori (4.297), r~onliriear diffi~sion of elect,romagriet,ic fields a t  

each side of t,he supercondilcting slab occurs i r i  the sanic way :as iri the 

case of the supercoriduct,ir~g half-space. As a result, we obtain the followiiig 

formulas: 

Si11iil;~r g(~~~(~ri i l iz t~t , io i~s  (,;LII I N ,  givo11 for t,l~(x (~l(,(,tri(. fi(,l(l ~ L I I ( I  ( . i i r ~ . ( ~ ~ ~ t  (I(TI- 

sity. It, wo111(1 I ) ( >  i l~t( ,r( ,st , i~~g to fili(1 1 . 1 1 ~  so111tio11 to tlio l~oi i l i l~(~i~.r  ( l i f f ~ ~ s i o ~ ~  
A 1)ro\)1(~111 ill t hcl (.iiS(' W I I ~ T I  20 > L. 

4.5 NONLINEAR DIFFUSION IN THE CASE OF 
ELLIPTICAL POLARIZATIONS AND 
ANISOTROPIC MEDIA 

111 t,his swt,iol~, wv s11i~ll IIS(% t,l1(1 l)vrt~irl)at~iol~ t,(>(,li~~iqli(> ill o r ( l c ~  to 

t~xt,c~ll(l t.hv rcxsi~lt,s fro111 t,llt> 1)rcvioiis scxc,t.ioli t o  111or(' (.o1iil)li(.i~f('(1 sit.llilt.iol~s. 

To s t i~ r t  t,llt, tiisc.llssiol1, (Y)ll~i(ltY' il l)la,ll(> (~l('(.t1.01lliigll('ti(' WiLV(' 1)('111'- 

tratiug the, s ~ ~ ~ ) c ~ r c : o ~ l t l ~ ~ c t ~ i ~ i g  h;~lf-sl)ac.c, : > 0. Thv l~~i~gl~( ' t . i ( :  fi('l(1 iit t h ~  

l)our~clnry o f  t,his half-spi~c:c, is spt~, i t ic~l  a.s follows: 

whclrt E is so111(1 sl~lall ~)ararr~ct,or, whilt: f , .(t) t ~ i i ( 1  f , ( t )  art: givt.11 pc.rioclic: 

fur~ctior~s of t,irrlc> wit,h t,hr, periotl $. 
It is apparent t,hat this plar~c wave can 1)c c.or1st.1-ucd as a pert,url)atioli 

of t,hc circ:lllarly polarizetl planr wavt,. By usil~g t,hc: h,Ia.xwell equatior~s, wc? 



4.5 Nor~linenr J l i f f ~ r . s i o~~  i7t. tlre Case of Elkip!?,tir:c~l Polarizcrtio7~s 287 

aZ E, 8J,(EJ1, E,,) 

82" - = l*o 
at 

wh(lrc. f ~ i l ~ c ' t , i o ~ ~ s  .I,. (E, .  , E!, ) iit1(1 .J!, (E.! , E!, ) ill.(' s1)(-(.ifi(~(l 1 ) ~  f01.11111lil~ (,2.22 1). 

(4 .222) .  ;LIHI (4 .223) .  

N('xt, wc' sll;lll look for tllc' l)('riO(li(' sOlllt j o t 1  Of' t tic' i)Ollll(lil.l.?' ~ i l l l l f '  

l)roI)l(~111 (ql.:iOl) (,l.:i05) i t 1  t11(, f'ollowil~g fort11: 

K / ( z .  t )  = F;:,yz3 I )  + c ~ ~ , ~ ( : .  t ) .  (4.:<07) 

By s11\)st i t  11t,i11g (~x l ) r (~s s io i~s  (-I.:iO(j) i~t1(1 (4.30'7) into k:~is. (.l.301) ;111tl (4.:%02) 

;LII(I l ) o~~ l i ( I ;~ ry  c , o ~ ~ ( l i t  iolis (4.303) (4.305) ;III(I i)y ( % ( l ~ l i ~ , t , i ~ ~ g  t 11(, t(~111s o f  likv 

1)oW''rS o f  e .  wc. ~ L ~ S ~ V I .  ;lt tllc. followillg 1)orultl;lry vilI11t' ] ) r o ~ ) l ( ~ l ~ l s  for El!. f?;: 

i~l l( l  ( , v :  



'I'll(> I ) o ~ l ~ l i i i t r ~ ~  V ~ L I I L ( '  p~01)1(,111 ((1.308) (4.311) (l(~s(.ril)(>s t11(: 1)(>11(>tri~tio11 of' 

i i l l ~  1 i i  i 1 1 0  1 s l l r o l ~ t i ~ i t i r g  I - i .  Thil 

s o l l ~ i i o ~ ~  t o  this ~)roI)lt'lrl 11;~s I ) ( Y ~ I ~  fo1111tl i l l  t.hv 1)rcviolls schc:t.io~l. For t.h(. 

(YLS(\ wll(~11 tli(5 i~~it , i ; i l  ~ ) I I ~ I S ( \ ,  :,. is s11(,1i tl1i1.t. tlio illitit11 1)11;1s(> of' Eo (111 t,ll(> 

1)0111l(li~r,v ( z  -- 0) is ('(lt~ill t o  %(TO, t.llis sollltioll is giv('11 11y t 1 1 ~  f ' o l l o ~ i l l ~  

c~.w~)rx~ssio~~s: 

0 = 1 1 ,  ( 1  j;) 

1 % ~  s ~ ~ l ) s t i t ~ ~ t i ~ i g  ( , l . : i l i )  ;111(1 (4.ii18) i ~ i t o  b;(ls. ( l . : i l 2 )  ; ~ 1 1 ( 1  (.t.:il:!) ~ I I N I  I ) ?  

11si11g ( x l ) r ( ~ s s i o ~ ~ s  (.1.221) (4.22:$), i\f'I(%r s i~r l l ) l (~  I ) I I I  ~ o ~ ~ ~ t ~ \ \ ~ l ~ i ~ t ~  1(>11gt 1)y I 1.i111s- 

fO~llLi\t iollh ( I  I l i l t  ( 'ill1 I ) ( '  ~ 0 1 1 1 1 ( ~  ill S('(.t iOll 2.2)  W(' i \ . l . l . i~ ( ,  i l t .  1 ho followillj: 

V ( I I I ? I ~  iolih for ( v r  i111(1 (I!,: 



E:cl~i ;~t ioi~s  (4.32;i) ;111tl (4.324) iircx c . o l l ~ ) l t ~ l  lirlt>ar ~ > i ~ ~ t , i i ~ l  cliff(~rcwtia1 (:(lllii- 

i o  of' l o  t i t  11 r i i l  1 1  t 1 1  1 i o f i t  s Mi' 

ivo~ll(l  likv t,o fi11(1 t 1 1 ~  l)(,rio(li(, s o l ~ ~ t , i o ~ ~ h  of' th(ls(b (~111i1t  io11s s t ~ i ) , j ( ~ : t ,  f , i> t 1 1 ~  

I ) o l l ~ ~ ( l i ~ r y  ( . o ~ ~ ( l i t i o t i s  (-I.:< 14) (/l.:il(i). '1'0 t h i s  ('11(1, wo i ~ ~ t r o ( l ~ ~ ( . ( '  II('W ('0111- 

1)l(,x \ ~ ; L I I I ( Y I  stilt P \ ~ ; ~ r i i ~ l ) I c s :  

: I S S I I I I ~ ~ I I ~  t l 1 ; 1 1  f ~ ~ ~ l ( . t i o ~ ~ : ,  i , - ( f )  ; I I I ( I  i l l  I ) O I I I I ( ~ ; I I . ~  ( , o l ~ ( l i ( i o l ~ h  (.I.:{I.1) 

; ~ r i t l  (.l.:il.')) ;11.(\ 1'111i(.t i o ~ ~ s  of' l ~ i ~ l l - w i l ~ ' ( '  sy111111(~t 1.y ( 1  I i ( 5  ( . i lh( ,  t11i11 ib 11h11i11ly 

of' 111os1 l)ri~(.t  i ( , i ~ l  i11t ( 9 1 ~ \ s t  ). w(- ( Y ) I ~ ( ~ I I I ( I ( ~  t I i i \ t  ( , , r  (:. / ) ; I I I ( I  ( ,/ ( 2 .  t ) will illso 

I ) ( .  t l ~ ( .  f ' l ~ ~ l ( . t i o ~ ~ h  01' I l i~lf-wi\t '(~ sy111111(~t1.y. l.'or t l ~ i s  I X , ~ I ~ O I I .  \v(> \ t r i l l  t l l ( >  

Sol lo iv i~ i~  l ; o ~ ~ ~ . i ( > r  s(>l.i(,s for <I)(:. 1 )  ; I I I ( I  f P ( z .  1 ) :  

(I).;k-k 1 ( z )  = t i 1 -  ? k -  1 ( z ) .  ('l.:{:<l) 



2!)0 chapter. 4 Nonliur,c:ar. Diflusior6 231 S ~ L P ~ , ~ Y . O ~ L ~ ~ L C ~  07:s 

By s l~l )s t , i t~ l t i l~g (4.32'3) i ~ i ~ d  (4.330) into (4.327) i~ll(i (4.328) ant1 by 

cvlliatilig thc t,orlris with the s;trrict cxl)orlc.rit.s, aft,er sirripltt tra~lsforrriittio~is 

wc3 tl(~rivc1 

'I)2*,+ 1 (Z) = "i12n.+ 1 ( 1 - ;,);j. --.- 

By s ~ ~ l ) s t i t ~ ~ t  i i ~ g  (il.336) i1.1ltl (4.337) ii11.o (3.333) i111(l (4.334). wt. c,r~cl 111) wit11 

t11(- followil~g s i ~ i i ~ ~ l t . i ~ n c ~ o r ~ s  holliogc~lic~orls c . c l~~ i l t . i o~~~  wit 11 rt'sl)c~c~t to  Azk+ 1 

i ~ l l ( \  !j2n.-. 1 : 



'Thc: ii1)ovt: Ilorriogr:~lc:o~ls (,cltlat,iorls 1iil.vc: 1lollzc.ro solutioll for A2~-+1 i11ld 

if ; L I I ( ~  o111y if tlw (:orr(:sl)o~i(li~ig ( i(>t(~r~tl i~~;lr i t ,  is ('(111iiI t ,o wro .  'Yhis 
yic.l(ls t,hc followir~g ~h:~ri~(:t,(:~.i~t.i(' ( q ~ i i l t i o l ~  for /j: 

(4kL - 1)(3n + I)'(TL + 1) r )  $ 1 
yzk+, Y l k -  I Z;f = ---- --- 

( r r  - 1)' . (4.342) 

wll(%r(, for t,l~(t ~ i ~ k ( 3  o f  110t.iIt i o ~ l i ~ l  s i~~ i l ) l i (~ i ty  \v(> 11i\ , \~\  olliit t ( ~ 1  t 1 1 ~  ( I ( ~ ~ ) ( ~ I ~ ( I ( ~ I I ( T *  

of' [Il i111(l jj,2 011 1 1  ;L I I ( I  k .  

FI.O~II J ) O I ~ I I I ~ ~ I I . ~  (.o~l(litiolis (,1.:11-1) (I.:Jlr)) il11(1 t~xl)r(\ssiol~s (.1.:125) 
( 1 )  ( 2 )  ( ,4.92(i)? wc. ol)t,iiil~ t 1 1 ~  followii~g c%clr~ittiolls for , , , 13ii.)- I a ~ ~ t l  

( 2 )  . 
U2k- 1 .  



By solvillg s i l n ~ ~ l t . ; ~ n c ~ o ~ ~ s  t :cl~~atiol~s (4.345) (4.3.-18), wc, c s ; ~ r ~  firltl c :oc l f -  

( 2 )  T h c ~ i ,  b y  ilsiug (4.343). (4.344). fi(*i(wt,s A$:)- .4g1+ . D::!. i i ~ l ( I  1 1 ~ ~ -  
(4.32)) (4.330) arltl (4.325) (4.32fi) wtt c:iu~ clot,c~r~riir~c~ l)c~rt . l~rl)at . io~~s r j , , .  ( 2 ,  f ) 
i ~ 1 1 ~ 1  cy(z,  t ) .  which ill t.lir11 (.;LII I)(' 11sc:tl ill (4.300;) (4.307) t.o c : o i ~ ~ p r ~ t c ~  tht: 

t otal c,l(,c.t,ric. fic%ltl. 

'?orlsi(l<:r tho ~)ilrt.i('lllilr ('iLS(' Urll('ll 

f, ( t )  = ( . o s ~ f .  f,, = s i 1 1 ~ 1  (4.:J4!)) 

This cnitsc, c~orrc:sl)olitis t o  c~llipt.ic,ijl 1)oli~riziltion or tllv ir~c.iclc~~t fiol(l. It is 

( Y L S ~  t,o sofX tha t ,  ill t ,l~is ('iI.S(' th( \  rigI~t-l~ii,~l(l sidf\s of t ~ ( l l ~ i ~ t i o ~ i s  (4.345) ~ I I I O  

(4,:jilti) iLrcS ( h ( l 1 l i 1 . 1  t o  zc9ro for ill1 k cXxc.('~)t k. = I .  This Irlc5illls I hilt o r~ ly  first. 

iI.ll(1 tIli~(1 ~ l i L ~ l l l 0 1 l i ( ' ~  1lOt ('(lllill t 0  X('1.0. \v(' IliLv(' 1.('i~('Il('(l ~ ~ 0 1 1 ~ ~ ~ 1 1 ~ ~ 0 1 1  

I ) c~ . ;~ r~sc~  wc, liitv(> c~olisiclc~rt~(1 o111y fiust -ortl(-r 1x5rt 111'1);1t io11s with rcisl)i>c.t 1 . 0  f .  



w11ic:h ;Lrc: c~o~~s t , i t , ~ i t i vc~  rt:liit.iolis for isot.ropi(. s ~ ~ ~ ) ( ~ s ( - o ~ i ( l ~ ~ ( : t i ~ ~ l ? ;  rnt>dia wit.11 

grii(111al rvsisi,iv(> tr;~lisit,io~is (l(>s(-ril)(>(l l)y t 1 1 ~  l)ow(>r I>LVJ. 

Tfllis, t .11~ artisotropic. 1ric1cli;i with c:o~lst,it,l~t.ivo rc>l;~tio~is (4.350) ~ L I I ~  

(4.351) ('iL11 I)(' 1 1 1 2 1 . ~ ~ ~ 1 ~ ~ 1 l l ~ L ~ ~ ~ ~ ~ i ~ ~ ~ y  tR'ilt(Yl ;IS ~)(~rt , l l~~)iLt , l011~ Of l~Otl'Ol)l(' ltl(:(~iil 

clc~sc.ri1)cxcl I),v tlicr powc:r' I ~ L w .  This  sl~ggc:sts ttl;lt t 1 1 ~  ~ ) c ~ r t , u r l ) i ~ t . i o ~ ~  tc~c:linicll~c~ 

(,ti11 I)(: w r y  i t i s t ~ r ~ ~ t ~ i c ~ ~ i t ; ~ l  i l l  t,li(: ~ ~ i i i t . l l ( ~ ~ ~ ~ i ~ , t , i ( ~ ; i l  ; i~i i~lysis  of ~ i o ~ i l i t ~ ( ~ i i r  ( l i ff~lsiol~ 

i l l  i~~iisot,ropi(. 111(>(lii~ with ( .o l i s t i t~~t iv( ,  r ( > l i ~ t , i ( ) ~ l ~  (4.:{50) >LII(I (4.351). 

Forlriuli~s (4.350) iili(l (4.351) Ioittl t o  1)onc.r l;ilv-t,yl)c> rtviist.ivc: t.r;l.~isi- 

1 iolis ;l,long t.li(> :I,- ; L I I ( ~  y-;l.xis: 

I I ,  I / ,, 
with A,,. = A:(l -1 f ) ? ; ~  il.11(1 A,,,/ = X.(X - <)- - .  

111 tll(t l i n ~ i t i ~ ~ l ? ;  (.iis(% of' t i  = XI. (x1)r(~ssiolib ('1.:{5.1) iill(1 ( 1.355) (l(~s(,ril)(s 

i ( l ( \ i i l  (..hl~iit.l<.) l,(\sist,iv(> t1i1115iti0115 wit11 (.lit i(.ill ( . I I ~ I Y I I ~ S  .l:' = ( I  i ( ) k  ~ I I I ( I  

1' = ( 1  -- c)k.  It is ;11so i ~ ~ i l ) o r l ; l ~ ~ t  l o  i ~ o t ( ,  t l t i i t  t11( '  .Ji~(,ol)i;111 l i ~ i ~ t t i x  for 
' !I 

J ( E )  tl(~fil~c'tl 1)y k:':(p. (.1.:{50) i11111 ( l.:iT,l) is s ~ I I I I I I ( ~ ~ I . ~ ( . .  'l'llis ~ I I ; I I . ~ I I I ~ . O ( ~ S  1 

i l I ) s c ~ ~ i c . c ~  o f  I o ( , i ~ l  c.yc.lic. (11ystc~t.c~t ic. (.I)(>) 1osst.s ( M Y ,  S(.c,tiot~ % . . I ) .  

Xow (,olibi(l(,~. ii 1)li111(\ (~ir(~111iisly l ) o l ; ~ ~ . i x ( ~ ( l  (bl(~,l r o ~ ~ l i ~ g ~ l ( > t  nr;1v(% l ) ( s ~ ~ ( 3 -  

i ,~ ' i~t i t ig t11(, S I I ~ ) ( ~ ~ ( ~ ~ I I ( ~ I I ( ~ ~ ~ I I ~  l~ i i I i ' - s l ) ;~(~~ : ;,, 0. ' I ' I I ( >  I I I ~ I ~ I I ( ~ ~ ~ ( ,  ti(tI(1 0 1 1  t 

I ) O I I I I ( ~ ; I J ~ S  of' Illis l ~ i ~ l f - s l ) i ~ ( ~ ~  i h  s1)(,(,ifi(>(l Solloiv~: 

13y ~ i s i ~ ~ g  t 11(\ h l i ~ ~ ~ ~ ( ~ I l  ('(111iit ioti. it is (>;IS? to fill(l t 11i1t i110 (list ri1)11tio11 of' 

c - 1 0 c . t  ric. fic,ltl i l l  t11v I~;~lf-sl)irc~c~ 2 > 0 si~tihficbs t 11(' i 'ollowi~~g c ~ ) ~ ~ l ) l ( ~ l  ~ ~ o ~ i l i ~ l ( ~ i l ~ .  

1)iirt.iiiI ( I i f f ( ~ ~ x ~ ~ i t  ial ( ~ 1 1 t i 1 t  io11s 



Next, l).v using the pert~irbation t,c.chnique, we shall look for the  solut,iox~ of 

the boundary value. problerrl (4.358) (4.361) iri the forrrl: 

E Z ( z ,  t )  = E:(Z, t )  t- ce,(z, t ) ,  (4.362) 

E' , (z ,  1 )  = ~ ; ( z ,  t )  + F ~ , ( z ,  t ) .  (4.363) 

Wc shall also use the  followirlg 6-cxp;trisior1s for constitutive relst.ioris (4.350) 

i t~ld (4.351): 

.JT(Ez, E?)) = +J, ! (E~.  B y )  + C.J;(E,~.  E,) 

(4.364) 

J , ( E ~ .  E,,~) = t ~ z ( ~ . c ,  E ~ )  - C , ~ O ( ~  y l r l  E !I ) 

(4.365) 
whc~~.c, .I: (I!:., , Ey ) i ~ ~ i ( l  .J;(E,,. . L&) iU(' cl(,fir~(~l 1)y oxprossio~is (4.952) arid 

(4.353). r(~sp(,(:t,iv(,lyq wl~il(t 1; = JE: + E;. 

13y s~il)st,it ~~ t , i r ig  t~x~)ross io~ls  (4.:%62) (4.363) irito Eqs. (4.358) (4.:15!1) 

I)o~intl i~ry c-oriclit,iorls (4.360) (4.361). i ~ r i t l  c.c/~lat.i~~g t . h ~  t.trr~lis of lik(1 
~ O W ( > I . S  o f  r .  wc. (.11(1 111) witah t11c. followilig I)o~u~cl;try vill~ic, ~)rol)l(:ll~s for 

E:!. k::; i ~ l l ( 1  ('!): 
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The t~oundary value problern (4.366) (4.368) describes the diffusion of 

circularly polarized ele~t~rolnagrietic wave irl the isotropic slrpercoriti~ictirig 

half-space z > 0. Thc sol1itior1 t,o this ~)rol)lerri has beell found iri the 

previous section. For the case whet1 the initial phase y i r i  (4.367) is such 

that. t,he iriitial phase of Eo on the 1)ouridary (z = 0) is (:qua1 t,o zero, this 

solut,ion is giver1 by forrrlul~s (4.31 7) (4.322). 

By sut)stit,ut,irig (4.317) :~ild (4.318) int,o Eqs. (4.369) i~lid (4.370) alicl 

1)y using exprcssions (4.352) a i ~ d  (4.353), afttr strniglit,forward but sorric- 

what lerigt,liy t,rarrsforirlat,iolis wc dcrivo the following ecl~rat,iolis for e, arid 

ey:  

1 - rl 
c.os :J (wt  + H(z)) 

411 1 

Q(z, t )  = e, ( 2 ,  t )  + jcy(z,  t ) .  (-1.374) 



Chapter 4 Nonlznear Dzffusi07~ zn Supercondu~tor~  

By using these state variables, we can transform Eys. (4.372) and (4.373) 

as follows: 

By lookill# for thtl sol~ltioli of E(ls. (4.376) i l l i ( l  (4.377) ill t . c ~ l l ~ s  o f  Fo11ric.1. 

it, ( ~ ~ 1 1  1)(, sliow~i (S(Y t,lic r( , t~sol~il~g in S(>(.t ioii 2.4) t lik~t, oiily q):<, @ -  1 .  q l l  . iill(I 

arc not ~(111al t,o zero. For Q:$ an(] q l l  tilt, followi~ig ( ~ ) ~ ~ p l v ( l  (orclinary 

(lifi(~r(~~lt,ia,l (y~~t i t , io~ ls )  call (lvriv(d: 
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- , j t l z i ( ' : I  + [ A l ( A l  - 1 )  - , j \  ~ f ~ z ; ]  ( ' 1  = j~/~:~~i',,,. (&1.:$88) 

I t  i x  (,I(.;II. I 'SOI I I  (1.:11!)). (,4.:182). (.1.:18:1). it11(1 (4.:1H(i) t11i1t 111( .  c.otlftic~ic,l~ts 

i l l  E:cls (.4.:187) (,I.:IKH) t l ( y ) c t l ~ t l  o111y 011 1 1 .  'Illis OI)OIIS thcb o1)1)ort1111it.y to 

( . ~ I I I ~ ) I I ~ ( ~  t I ] ( %  l.ilt,ios /k,'l,, ~ I I K I  (';{/i?,',,l ;LS f111i(.t io11s of' 7 1 .  

I t  11;~s 1 ) ( ~ > 1 1  s l ~ o w ~ i  l)(>Sor(, t.ll;\t t , l 1 ( 3  soli~t io11 o f  I I O I I I O ~ ( ~ I I ( ~ ~ I I S  ODkk (,or- 

r(*sl)o~i(l i l~g t.0 (.1.:180) (4.381 ) 11;~s t 11(, ~ O L . I I I :  



It r;Lrl 1x1 showrr t,hat t,hcx al)ovc: c:hi~ri~(:tc'risti(: ( ' ( l i l ;~ t io~~ 11;~s two roots ar1~1 

ijz wit,l~ positive‘ rc:;~I pnrt,s. By using t . l ~ s c ~  root,s i).rld c.xprossio~ls (4.385) 

~LII(I (4.38I)). th(' soll~t.iorl of (:q~i~it.ior~s (4.:j$O) (4.381) (.a11 1)o writtc:ri as  

follows: 

Th(1 1111krlowr1 c:oc>Hic:iorit,s A2. A, .  13, , 1111(1 D2 (:ill1 I ) ( '  f01ll1(1 fro111 t,11(' I ) o I I I ~ ~ -  

;uy c.oritlit,io~is (4.384) a t  2 = 0 i ~ r i ( l  fro111 t11(' fi1.c.t t l i i ~ t .  (~xpr(~ssio11s (4.:18!)) 

sli0111(l si11,i~fy I ~ O I I I O ~ O I I ~ ~ O I I S  ()IIKs ( ~ O I ~ S ~ ~ S ~ ) O I I ~ I ~ ~ ~ ~  t o F%~s. (4.380) (4.38 1 ) . 
'I'liis yi(,l(ls t , l ~ ( ,  followi~tg si11111lt ;L I I (~OI IS  ( * ( l ~ ~ : ~ t i o ~ i s  for t 1 1 ~  :~l)ovcb (~o(lffi(~i(w1.h: 

(!.Il --  ,j'Ltr")IJl t (:jz - ,;'A\'') [I2 = - A l ( ' l .  ('1 .:{!)-I) 

i l ~ i l i ~ l .  i t ,  is c\ilsy 1 . 0  st5(> 1 11iit tllc, c,ocsffic~ic,~~t s o f ' c . l ~ ; t~ . i ~c . l . c '~ . i s t . i ( .  ( ~ 1 1 1 i ~ t  i o~ l  (1.:190) 

;r.s wt,ll ;IS 1 1 1 ~  (.o('fti(.itwt,h of s i ~ l ~ ~ l l t . i i ~ i ( ~ o ~ l s  ( ~ ( l ~ ~ i t t i o ~ l s  (-1.:I!):\) (3.:l!)(i) (1(7)1~1(1 

o1i1y 011 rr. 'I'llis i~llows O I I ( ,  to ( . o I I I ] ) I I ~ ( ~  1.1115 roots I j l  a11(1 /j2 ;IS w(dl iis 

1 1 . 1 0 ~  I / , ,  . / ,  l 1 I  / ,  I .  f ' l l l l 1 0 1 1 ~  of I .  111 t11(' 

li111it i11g ( ~ ; i ~ ( ~  of' 11 = x, (i(l(ti11 rosist i w  tr.ii11sit io~~-( , r i t  i ( x 1  st,i~t ( >  r~~o( l ( l l ) .  o ~ i ( ,  

(.iirt (~o1111)111(\ sl)(~.if i( .  I I I I I I I (SI .~( . ;L~ vi1111(~s o f  t ; ~ l ) o v ( ~  ( j ~ t i i ~ ~ t  i t  ios. ' ~ I I ( \ S ~  V I I ~ I I ( ~ S  

:i 
i1l-c. iw f'ollows: ; j l  = 2 + ./ "5. ;j2 = 1 .!Ul + .;:i.(i!)!). Cil /b;?ll = j - 
. o"'5 . (1  "'j 
,] %> c':i/k'il, = , J L K ,  i~l/l<l,l = --0.12!) + j0.1 I(;, -/42/1c,,1 :: 0.071 - 

0 . O  / ? , ,  = - 0 . 0  + O O ! .  1?2/E,,l = -- 1 .899 + ~ 0 . 5 1  3. n y  

lisillg t,ltt~sc. v ; ~ l ~ ~ t l s  ;i l l  tl(.sil.c~cl c l ~ ~ i ~ ~ ~ t i t i c - s  (.:LII 1~ foli~t(l. For irtstii~t(.(*. i l l ( ,  

lll;lg1li~~Il1~(~~ of' t l l ( >  first i111(1 t,llir(I lli~~11101ii1~~ i l l I ( I  e;j Of ~ , I I ( \  ~ ) ( ~ ~ t , l l Y ~ ) i l ~ i o ~ ~  

( Y I , I ~  I ) ( ,  ( ~ ) r r 1 1 ) 1 i t  (> ( I  i ~ s  t l ~ :  f1111(:t,ioris of' 2 .  'I 'll(, r(bs111t.s of' t,lios(, (*or~ i l )~~ t ;~ t io r i s  

;irv sl~owll i l l  Fig. I.:I:J. Ei)r grit.cl11i11 rc,sist ivc. t . ~ . i ~ ~ i ~ i t  io~ls  (fi~~it,c' I , ) ,  t ) l ~ c '  rool.s 

[jl iL1111 [j2 il.5 hY5l1 ;LS till t,lltb 111(~1itiOll~~~~ (,O(+fi(i(tllt~ kli~'J(' I)(Y:ll (~olll])llIo(~ ;LS 

~'I I I I ( :~ ,~OIIS of' 1 1 .  'Pl1(8 t~>s~i l t , s  o f t , l~ (~s (>  co1111)11ti~t io11s l ) r ( ~ s ( ~ ~ i t , t ~ l  i11 Figs. 4.:34 

t,liro~~glt 4.37. Fi~mlly. Fig. 4.38 s l~ows t 1 1 ( ~  ( I ( ~ ~ ) ( ~ I I ( I O I I ( Y ~  011  11, o f  le1 1 ar1(1 le:il 

i1.t 2 = 0. 
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Fig. 4.33 

Fig. 4.34 
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Fig. 4.36 



Fig. -1.37 

Fig. 4.38 

'I'hc. l)rc's('llt('(l il1l;lly~i~ (';ill I)(' t'~t~O~ltf('tf to tll(, ('?IS(' Of 1101l l i l l f~ i l l .  (liffll- 

sion of c:lli~)t~ic~;~ll,v 1)olarizc.tl c ~ l ( ~ c . t ~ r o ~ n i ~ g ~ ~ ( f t ~ i ( ~  fitll(ls ill iulisot~ro1)ic~ sul,txrc,oll- 

tl~~c,t,ing 111cltlii~ t l(~sc~ri1)t~tl l)y c.ollst i t ,~~t, ivo roli~t ions (3.350) (-1.351). 111 this 

(.ils(l, t,llO l)(3rtllrI)ilt iO11 t.(b('~llli(~ll(' wit,Il r(\sl)(Y't to two sl11;ll~ l)iiriLl~l(?t,(?r~ ('ill1 

I ) ( )  o111~)1oy(~l. O I I ( ~  s111i~Il 1)iir;i111('t,(~r is i~lvolv(,(l ill t,ll(\ (~o~lst~it~~it , iv(? r(>li~t,iolls, 

wllil(. iiltot,l~(~r is 11so(1 ill t,l1tl I ) o ~ l l l ( l i ~ r ~  (.ol~(lit,iolls. hIi~tll( '11li~t.i~i~1 (I(xt,i~.il~ 

o f  t,liis ~ ) ( > r t , ~ ~ r l ) i ~ t , i o ~ ~  t ,(~(: l~ll i( l~~(,  art, ~ L I I I I O S ~ ,  i(l(>~lt,i(:i~l t,o t,l~os(, prcs(mt,(~(l ill 

S(:c.t,ior~ 2.5. For t,his ~(VLSOII, tho (lisc:~ission of t.liis ~)(>l. t ,~l~.I)i~t . io~l t , (~(: l l~ii( l~i(~ 

is ornit,t,c.tl hcrc,, 1111(1 t.11t' rca(1cr is rt~f(~rr(~cl t,o C l~ i i~ ) t , (>~ .  2. 
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CHAPTER 5 

Nonlinear Impedance Boundary 
Conditions and Their Application 
To the Solution of Eddy Current 
Problems 

5.1 MATHEMATICAL STRUCTURE OF 
MAXWELL'S EQUATIONS FOR EDDY 
CURRENT PROBLEMS 

( , o ~ ~ l l ) ~ ~ t i ~ t . i o ~ l  o f  (~l(1.v ( ~ l r r ( ~ ~ ~ t , s  ill <~)11(111(~t.ors o f  (~)1111)1(,x s I ~ ~ I ~ ) ( ' s  l ) r o ~ i ( l ( ~ ( ]  

t , l l i~t t,ll(, l ) ( > l ~ o t . r i ~ t i o ~ l  ( " s k i ~ l " )  (l(,~)t,Il is ~ 1 1 1 i ~ l l  i t1  (.o1111)i~riso11 wit,ll g(,ol~iot,ri(, 

< l i ~ l l ( ~ l l ~ i O l l ~  Of th('Sf3 ('Oll(lll('t,Ol.~. I t  t111~115 Ollt, t.llilt t,ll(' illll)('(~i~ll('f ' 1)01111(1- 

ilry c~ollclitiolls ('ill1 I)(' 1110st (xff(Y't,i~(,l)' fOl'llllllilt('(l ill t.(~l.llls Of t l l ( '  lllilgll('ti(. 

sc~itlilr ~)otf'llt.iill. x) l l l l ( I ( '~~t i l l l ( l  t.kl(' l'iltiOlli\ltl I)('llill(l this f01.llllllilt.iOll. i t  is 

wortliwllil(~ t o  c.ollsitl(.r tint, t l l ~  ~ ~ l i ~ t l ~ ( ' ~ ~ ~ i ~ t i t . i i l  S ~ ~ I I ( . ~ , I I I Y '  of  h l i ~ ~ ~ ( ' 1 1 ' ~  (~111i1-  

t,iolls for 3-D c~l t ly  c.~~rrc>l i t  prol)ltwls. Tl i is  st.rllc~t,llrc> is cluitc. p('(.~lliilr. i ~ ~ i ( l  

i t  is o f  i~it.('r('st, ill it,s ow11 right,. 

TO st,iLrt, t,ll(> < ~ i S ( ; l l ~ ~ i O ~ l ,  (;01lSi(I(T il ('Oll(lll('t,O~ 1,'' Of ill'l)itl'ill')' slltLp(> 

sl11)jt~:t t.o a givc111 ( :xt .~r l l i~I  ( " s o I ~ ~ ( * ( ~ " )  fi(>1(1 (S(Y Fig. 5.1). Not, i \ t iol l~ E' 



;L I I ( I  H0 will I ) ( ,  I I S ( Y I  1'01. t 1 1 ~  ( x l ( ~ , t r i ( ,  i \11(1 ~ ~ ~ i ~ , g ~ i ( s t i ( ,  v ( ~ . t , o r s .  1 v s 1 ) ( ~ ( ~ t i v ( ~ I y ,  oc 

t l ~  so~~rc~c. l ic . l ( l .  f . ; l ( ~ c ~ t , ~ . i c  ; ~ i ~ t l  t l ~ i ~ j i ~ ~ ( . t i ( .  vcxc.to~.s of' t l l v  s c . i ~ t t t > l . c ~ l  ( ~ ~ c ~ f l o c , t o t l )  

f ics l t l  will I ) (>  r o s l ) c ~ c . t i v c ~ l , v  c l t ~ ~ i o t ~ c ~ l  ;IS E- ~ L I I ~  H . \ , V i t , l ~ i ~ ~  t 1 1 ~  ( ~ o 1 1 ( 1 1 1 ( . t , o r .  

t I I ( .  t o t i r l  ( ~ l ( ~ . t  r o ~ ~ ~ i ~ g ~ l ( \ t i ( .  l i ( s l ( l  v ( ~ t  01.5. E ' i l ~ i ( l  HS . will I ) ( '  (91111)10y1~1.  

 OM:. l),V l l ~ i l l ;  h l i l ~ ~ f ( ' l l ' h  ~ ' ( ~ 1 l i l ~ ~ O l l h .  t l l ( '  ( ' i l ~ ( ' l l ~ i l t i 0 1 1  O f  t i l l l ( '  ~ l ; l l ~ l l l O l l ~ ~ ~  

( , l ( ~ . t  ~ ~ I I I ~ I K I I ( * ~  i ( ,  li(~l(ls ( , ; I I I  I ) ( %  I . (YI I I ( .O( I  t o t Sollowi~~g 1)01111( l ; t t .y  V ; I I I I ( >  1)1.01)- 

I ( \ I I I :  li11(1 t 110 so111t i o11  o f  t I l ( -  o ( j 11 i1 t  io11. i  

11 ; l l h O  1 i l ( ' l t  1~ l l l l ~ ~ ~ ~ l ~ h ~ O O ~ ~  1  I l i l t  1 ill> O l l t ~ O i 1 1 j i  ~ 0 1 1 1 1 1 1 ~ ~ 1 ~ ~ ~ ~ ~ ~ ~  l ' i ~ ( I i i \ t  i o 1 1  

0 1 1 0 1 1 ~  i l l  1 1 1 1 0 ~  i t  l l l f l l  0 1  S i l I  1  0 1  E i l l l ( I  

H .  
111 1.11(' ilt)O\!(' ( ' ( l l l i l t  i o l l h .  l lOt , ; l t  i 0 l l . i  / I .  ( .  i l l l ( 1  cT h t  i l l l ( l  f o l '  l l l i l g l l c ' t  i(. l ) ( ' r -  

~ i ~ ( b i ~ I ) i l i t y .  ( l i o h s < , ~  r i ( .  l ) ( > r l i ~ i t  t . i v i t y .  ; I I I ( I  ( . o I I ( I I I ( . ~  ivit y, I . ( ~ S ~ ) ( Y ~  i v ( > l y .  w l ~ i l ~ s  1.7 i.i 

; I  I l l l i t  v ( ~ . t o r  Of' O l l t ~ i l l . ( I  l l o ~ l l l i l l  to t l l 0  ( ~ o 1 1 ( ~ 1 1 ( ~ t o r  l ) o l l l~ ( l ; l l . , ! . - .  ,s. If  is i ~ l s o  

(.1(,i11. t.11i1t t , \ i ( ,  i i \ ) o v ( l  ( > ( l ~ ~ i ~ t . i o ~ ~ s  i ~ r ( ?  w ~ , i t , l ( ~ ~ i  f 'ol.  l ) l l i ~ s o ~ .   to^. ( l ~ ~ i ~ i ~ t i t i ( s s .  

It ( ' ; \ I I  I ) ( '  ~)I .OV( ' I I  t l l i t t  t . l h < '  I ) O I I I I ( I ~ I ~ ~  V ~ I I I I ( '  ~ ) ~ O I ) I ( ' I I ~  (5.1) (5.(i) 1 1 ; ~ ~  i ~  

111ii(111(% so111t io11. 'I'l1(\ 1)roof' ( ~ 1 1 1  I ) ( %  f'o1111(l 111 11li111.v t ( > x t , l ) o o k s  0 1 1  ( \ I ( Y . ~ , I . O I I I : L ~ -  

~ l c ~ t . i c ~ s .  



I t  (:a11 I)(> rc~lrli~rkt~cl t , I ~ i ~ t  the> following t!cllri~tior~ i~11(1 illt,e>gri~l-tl\ip(: l)o~lrid- 

iLry (:oi~(litiori 

tliv E- = 0, (5.7) 

wliic.ir. i r ~  (.o~~il)irliltior~ wit11 f ' O ~ l I ~ l I l i I  (5.10).  is ( \ ( l l l i~ i~l (~l l l  1.0 I ) O I I I I ( ~ ~ I ~ , V  ( .OI I -  

( l i t  io11 (5.8). 

'I'll(, I I O I I I I ( I ~ I I . ~  vii111(\ ~ ) I . O I ) I ( \ I I I  (5.1) (5.(j) is tyl)i(.i~lly I IS (YI  for 11ig11 1 ' 1 ~ 3 -  

( ~ I I ( ~ I I ( ~ ~ ( ~ s  (s(,i~t.t.(xri~~g l)ro1)1(~111s). 111 ( ~ l ( l y  ( . ~ ~ r r ( ~ r ~ t ,  l )~~oI)lor~is,  i t  is ( . I I S ~ ~ I I I ; L I . ~  

tliiit fr(~l11(~11(~y LJ r(~liLt,i~Oly h l l l i l ~ l .  l2or t Ilk I'('iLSOl1, (~is])~il~~'('l11('11t~ ('1l~l't'~lts 

ii~si(l(- i111(l oi~tsi(l(, i l l ( ,  (~)11(11i(.tor V +  (,i1,11 I ) ( %  r l ( \ ~ l ( ~ t ( ~ l .  Tliis l(ta(ls to t,l~(, 

li)llowi~ig ( I (~g(~~i(~r i i t ( '  fi)1.111 o f  tho 1)0111i(lii~ vii1110 l)rol)1(~111 (5.1) (5.(j): ( i~i(l  

t11v so1111 i o 1 1  to tllv ('(111 it t ' 1 0 1 1 ~  

x (H+ - H p )  = 17 x H", (5.16) 



T11c. I)orlntl;r.ry vi~lrlc. l)roI)lvlr~ (5.12) (5.17) (1oc.s iiot. Iii~vc~ ;L ui~icl~rt, sollrt,ioii. 

Irid(~c~c1. fOrli1111i~ (5.7) (Io(:s I I O ~ ,  follow fro111 E(1. (5.15) i111tl~ (:ollsocl~~o~lt.ly, 

tlivE - rlliLy iissllIll(' ;LII i ~ ~ l ) i t r i l r ~  V ~ I I I I O :  

It is i l .1~0 c.l(>i~r t11;r.t. t.llc, I)o~lr~cl;rry c.o~rclitio~r (5.8) cloc>s riot follow fro111 

k;cl. (5.15) cit.11c.r. .AS i~ I . ( ' s I I ~ ~ . ,  ii~t,c:grir.l < js  E . dS Illily iLsSllIll(' ill1 itrJ)itri~ry 

v;l.lllO irs wc>ll: 

[ E  dS f 0. (5.19) 

.s 

Theorem 1. '1'11(. I )o i~~i( l i~ . ry  v i~ l~ l ( \  1)rol)I(~111 (5.20) (5.27) wit 1 1  i~ l ) l )~ . (  )l)~.ii~t.(% 

(.ot~(lit,io~is ;it i ~ ~ f i ~ ~ i t , y  I I ~ L ~  i~ I ~ I I ~ ( I I I ( %  so111t ion. rn 

'rll(> ]) l 'oOf Of' 1 Ilk 1 ~lOOr(~111 ilS IW51l ;IS Ot 1 1 ( ~ 1 '  ~ ~ ~ 1 ( 5 0 1 ' ( ~ 1 1 1 ~  fI.0111 t , l l ib  s(Y'tiO11 

(XI I  I ) ( %  fo1111(l ill [I 71. 

' l ' l~( '  fi\,(.t, t , l ~ i ~ t  t 11(' I ) O I I I I ( I ~ I , I ~ ~  V ~ L I I I C '  ~ ) ~ O I ) I ( \ I I I  (5.20) (5.27) l i i ~ ~  i~(i(li t,io11;~1 

Eel. (5.23) i~11(1 1)01111(1iiry ( :o~~(li t  i o l ~  (5.27) ~ll i~k(,s  t IIO ir~it,ii~l fo~ i l i l~ l i~ t , io~ l  

(5. 1) (5.6) look si1111)l(>r ~ , I I ;L I I  t f o r ~ ~ ~ l l l i l t i o i ~  (5.20) (5.27). 'l'his fi1c.t ulay 
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also suggest that it would be better to  compute eddy currents in conduc- 

t,or V+ wit,hout rleglecting displacement currents, that is, by using the 

initial forrriulation (5.1) (5.6). However, the close exaniiriation of the sit- 

uatiori shows that this is not the case. First, the boundary value problem 

(5.1) (5.6) is ill-posed for srriall frequencies. Indeed, for small frequencies 

t,he prot~lerr~ (5.1) (5.6) is very close to its degenerate form (5.12) (5.17), 

which does not. have a ~lrliclue solution. Consequently, discretizations of 

the t~ourldary value prot)lern (5.1) (5.6) may result in sets of simultaneous 

algebraic equatioris with det,ernliriants that are close to zero for small fre- 

cluericics. Sr,cotid and triore import,ant, the mathematical structure of the 

1)oundary value pro1)lern (5.20) (5.27) is simpler than that of the bouridary 

VR~II( '  ~)rol)Ier~i (5.1) (5.6). Irideeti, t,kie rrlagnctic field H- is curl-free iri Vp 
(scc Ecb (5.23)). For this reason, this field car1 he expressetl iri ternis of 

rrli~gli(~t.i~' s(:iilar ~)ot ,e~~t , i i~I:  

wtlich l ( . i ~ t l  to H - p i ~ l l ( l  E - p f~)l'l~llllilti~)ll~. ~.(~~l)( ' ( . t i~(>ly.  

111 H - p formulation orlt3 t l ( x i l l ~  wit21 t , l i c ~  sol~it,io~i of t , l l t> c~cl~~irtiolls: 

v ' x  (H' + Vq-) = 17 x H". (5.32) 

111 tht. (.as(> of E - p formulation. olic3 (l(,i~Is with t,hc solut,iorl of t,llt> 

followillg c>clu:~t,iorls: 

c:url curl E+ + jwap+Ef = 0 in V', (5.35) 



5.1  Mathenlatical S t r ~ ~ c t u r e  of Maxwell's Equations 

subject to the  interface boundary conditions 

and t,he colltlition a t  irifiriity 

I t  is c;tsy to  scc t,hat Eqs. (5.30) anti (5.35) follow fro111 Eqs. (5.20) i~11(1 

(5.21), whilt: Eq. (5.31) (arid (5.36)) cnri I)(: (:ilsily dorivod from Eq. (5.22), 

which i11il)lit:s t,h;~t, 

cliv Hp = 0. (5.40) 

Theorem 2. 'Ill(, l ) o ~ ~ ~ i ( l ; ~ r , y  v:~l~i(s 1)rol)lt\111s (5.30) (5.34) i ~ l i ( I  (5.35) (5.:$!1) 

1i;lvc~ ~uiicl\icl solutior~s. 

111 t.ll(> H - 9 illl(1 E - $9 fOl.lllll~iltiO11~. v('('t0l' ( ' ( l l l i l t i O l 1 ~  ill'(' t 0  111' 

sOIv(Y1 Ollly ~ i t l l i l l  t1lP ('011(~ll('t~illg ~(\giOll. wIlil(' tll(' ~( ' i l l i l , l '  I,ill)lil('(' ('(]lliLtiOll 

is rt~cl~iircltl to I ) ( >  solvc~l in t,licl r('gio11 s ~ ~ r l . o ~ i ~ ~ ( l i i i g  tliv ( .o~~(li i( . tor .  This is 

;L tl(+iriit.o ; i ( l v i ~ ~ ~ t , i ~ g ( ~  o v ( ~  t.l~(' fo r l~ i~ i l i~ t io~ i  (5.1) (5.6). ~ ) ( ' ( . ~ L I I s ( '  i t  I ( ' i l ( 1 ~  t o  

t,l~t. ; ~ ~ ) p r ( ~ ( . i i ~ l ) l ( ~  rt>cl~lc-t.ioi~ o f  t l~tl  total 1111111l)(~r o f  (Iis(.r(~tizo(l ( ' ( l~ i i~t . io l i~  to 

I ) ( ,  soIv(~1 fro111 3-D (~l (1y (.11rr(~11t pro1 )1oi11s. 'I'll(> (.11oicv I ) (~ tw(~(~ t i  H - ; 

i ~ r ~ c l  E - y fori1i111;~tioiis d(yc~ilcls oil ;I ~ ) i ~ r t i ( . ~ i l i ~ r  ~il i~~i( '~. i( . i l l  t ( ~ ( ' l ~ i ~ i ( l ~ ~ ( ~  to  

I)(. usc~l .  Tho H - p for~llulat~ioli is very s~lit.al)lv f i r  t h t ~  apl)lic:;~t,io~i o f  t.lic, 

~)ol l~l (~: l ry  0~(~111(~tlt~ t,(:('~llli(lll(~. By l l~il lg t , l l i~  i l~ )~ ) l 'O i l . ( ' ~ l .  tll(' ~ ) O l l l l ( ~ i ~ ~ ~  illtPgr?ll 

c~cluat,ioiis of iliiiiiinu~r~ ordor hnvv I ) (T I I  tltxrivt>cl i111(1 c~xtc~~isivoly 1 1 s t ~ l  for t.lic> 

c~al(:r~l;~t.ioil of c~lt ly c.urrcx~~t,s [8] .  [!I]. 7'11(' E - p fo r i~ l l l l i~ t io~~ .  011 t,l1(1 o t 1 1 ( ~  

11;~11(1, I(~ii(1s it,sclf t,o t,hv fillit,(' o l ( ~ i i ( ~ l ~ t  i~l~l)l( ' l i i ( ' l~ti~t  ioli. f i ~ r t ~ I ~ ( ' r i r ~ o r ( ~ .  t.liis 

forrril~liltion is ;~lso attrilc:t~ivo I)f3('i111~(' it I f ' i l . ( I~  (liro(:t,ly to  th(' ('i~l('llli~t,iOll of 
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region V-. To compute the electric field E- in the same region requires 
the solution of the additional boundary value problem, which will be called 

the E--problem. In the E--problem, one deals with the solution of the 

following equations: 

curl E- = jwpoVcp-, (5.41) 

div E- = 0, (5.42) 

subject to  the boundary conditions 

It is npparcr~t t,hat t,he abovc forrrliilas are directly derivable from relations 

(5.22), (5.24), (5.26), (5.27), and (5.28). It is also clear that the solntion of 

t,he E--prohlt:~t~ (:iirt be atter~ipt,c,(l orily after the H-cp or E-cp formulations 
 hi^^(' I)c('II ir~l~)lcrticr~t,t~(l. 

Th(1 followirlg ~tiit,(!111(:11t (:iLIl \)C I)rovcri. 

T h e o r e m  3. T l i ~  1101111(li~ry V:L~II(> proI ) l (~ i~  (5.41) (5.45) l i i ~ ~  ii  i i i i i ( ~ i i c ~  

so111tio11. 

Thtl proof of t,ht: i~1)ovc t11oorc~111 is i~ist,rurt,ivc 1)ecallsc it c:l(.;~rly rc.vc.als 

t,h:lt t,ht. oit~issior~ of Eq. (5.42) or the I~oundary coridit,iori (5.44) resillts 

in r~o~iuriiclue~iess of clect,ric tic3ltl E - .  ~ V P  shall not give this proof here, 

liowc~vt.r, we shall rather tlricfly derr~oi~st,rat,c how the 1)ouiidary corlditioxi 

(5.44) is cssent,ial for the ~i~iiclucr~c~ss of E--field. To this end, wt: col~sider 

tho 1)oiindary value problerr~ with all rc.lat,ioiis (5.41) (5.45) 1)eing liorrioge- 

rloous c>xc:opt the boundary condit,ior~ (5.44): 

curl E = 0 iii V - ,  (5.36) 

It can be easily recognized that the E--field described by formulas (5.46) 

(5.50) is the "electrostatic" field created by the charged conductor V+ with 



t . o t , i~ I  ( : l~i~rg( '  (1. lt is in or(1vr t,o (>x(.111(ic this < : I ( ~ ~ t , r ~ ) ~ t , i ~ t , i ( ~  ficI(1 t ,l~;it t,l1(1 

l)o1111(1:~ry (:o11(1itio11 (5.45) (or (5.27) for t l i ~  siL1ll(l 111:1,t,t,(11.) is i ~ ~ i l ) o s ( ~ l .  

13y s l l ~ ~ ~ l r ~ i ~ r i z i ~ ~ g  thv (lis(.~~ssiori pr(:s(wtod ;1.1)0~('. it, (~111 1 x 5  < : o I I ( ' ~ I I ~ c ( ~  

t .11i~t fo r~ l~ l l l i~ t , i o~ l  (5.20) (5.27) (::ill I ) (> ( l t ~ ~ ) ~ l p l ( ? c l  (split) into t ,hr  H - p (or 

E - $) f0~1lllll;ltiOll illl(I t 11(! E--))l'ol)l(~lll. ~ ) l i ( : l l  ('ill1 I ) ( )  S O ~ V ( Y ~  ~ ( ~ ( l l l ( ' l l t i i l ~ l ~  

olltl i~f't ,(~r i~~iot , l lor .  This dtlc-o~lpli~lg is ;I. 1)clc.1lli;1.r ~) ro~)( ' r t ,y  of' 3-D c~ l t l y  

( ' I I I ' I Y Y I ~  ~ ) ~ O I ) I ( ' I I I S  t l ~ i ~ , t ,  ('ill1 I ) ( >  t r i i ( ~ ~ 1  l);~('k t , ~  t 1 1 ~  I I P ~ I P C ~  of' (iis1)1;~(;(~111(~11t 

c.ur.rtv)t,s. 111 rnilliy c~rrgirlc~ctril~g ;q)l)lic.;ltio~~s (s11c:ll >is, for il~stiulc.c>, 11or1c1t.- 

st,r~~(*t,iv(t t(>sti11~, i11(111(>t,io11 l ~ ( v i t , i ~ ~ g .  g(!ologi(,iil (:xl)lori~tio~is) th( \  s o l ~ ~ t , i o ~ i  

of' t , l1 (3  E - - l ) r o l ) i ( ~ ~ ~ i  (,i111 1 ) ~  i~~oi(1(>(1. 111 t , l i ~ ~ ( s  i ~ p ~ ) l i ~ ~ i ~ t i o r ~ ~ ~  ;dl t , l~ (>  I Y ~ I ( ~ V > L I ~ I ,  
i ~ ~ f o r l l l i t t i o ~ ~  ( S I I ( . ~ I  iLs (list,riI)litio~~s of' ( ~ l ( l > r  (-1irr011ts ii11(1 ~ ~ l i i g ~ ~ ( l t i ( ,  fli~x(,s) 

c.;i,rl 1 x 5  clircsc.l.ly c~xtri~c~totl fro111 H - p (01. E - p) forl i i l~l i~. t , io~~.  wllil(1 t l l ( 5  

k ~ ~ o w l ( ~ l g ( ~  01' t,11(> Ep-fi(>l(l is tlot I ) ~ L ~ ~ L I ~ I O I I I ~ ~ , .  N ( ~ v ( ~ r t l i ( ~ l ( ~ ~ ~ ,  t,l~(,r(, ilrf' S O ~ I I ( \  

i l ~ ~ ~ ) o r t , ; ~ l ~ t  ( ~ ~ l g i l l ( ~ ( \ r i ~ ~ g  ~ ) I . O I ) I ( \ I I I S  t1i;~t. ( l o  r(\(111irr t , l lv k~~owl(?( lg(>  o f  t , l ~ v  E--  

1 I o ~ s ~ i ~ t l ,  t i  o ~ i o  o f  I E -1)ro1)1(~111. '111oso ~)rol)1~~111s 

;11.1. rc'liltc~l 1llO~tly t o  tllc' ;U'('il 01' i1('('('1('1.il(Ol' ~.('('111101Og?'. For ill~t~;lll('O, i f 1  

I)cll;~trol~ i~('(.('l('riitol.s. ~)il.r.ti('l('s ;ir(' i~(,(.('l('l.ilt('(I (bl('(.t.l.i(. l i c k l t l s  i ~ ~ ( l ~ l ( , ( ' ( l  in 

;lit. or. i l l  ;I V ;~ ( . I I I I I I I .  1':<1(Iy ( . I I I . ~ . ( > ~ I ( ~  ill ( .o~~(l l l ( . t i l ig S I I I . I . O I I I I ( ~ ~ I I ~ S  of ~)i~.l.ti(.l(,  

r i ~ ~ g s  ( , f f ( ~ , t  t I l (% ~ I I ( I I I ( , ( Y I  (bl(~l,t 111. fi(,l(is i I I l ( I .  ( , O I I S ( Y ~ I I ( ~ I I ~  ly. t 1111 i~('(.('I('rt\t i o11  

~~l"""'SS. 

5.2 CALCULATION OF THE SOURCE FIELD H0 

1 1 1  t , l l ( ,  1)rovio11> s ( ~ . t  1011. wv I ISO( I  t 1 1 ~  (l(>(,o1111)osit ioli of' t I N S  t o t  ;LI i i(tl(l  

H' i11 I I I ( >  ( ~ t ( b ~ . i o r  1.vgio11 \,'-- i l l t o  two ( . O I I I I ) O I I ( ~ I I ~ S :  t l w  S O I I I X Y )  l i ( ~ l ( l  H0 
; I I I ( ~  t 1 1 ( ~  " ~ . c s f i c ~ , t ( ~ i "  (~c'c.ontli~r\.) f i cb l t l  H : 

ITvr(3 J0 is t.hc' k r ~ o w r ~  c,~lrrc>~lt t l v ~ ~ s i t , y  i l l  t,llc> (.oils, wl~i lo  C'(' is tlic. rcy,ioll 

o(.c111)i(~I I)? t11(, ( , ~ ~ ~ . r o ~ i t - ( , i ~ r ~ , y i ~ ~ g  ( ~ ~ i l s  (S(Y Fig. 5.2). 
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cliv H = 0 i l l  C F  . (5.55) 

'1'11is ~ ) I . O I I I I ) ~ ( Y I  t11(, i ~ ~ t r o ( l ~ ~ ( , t i o ~ ~  of' t 111iig11(>ti(. s(,i~lii~. l )oto~~ti i~l  



1 1 1  t l l i x  c.;tsc,. t I I ( \  vo111111(~ i~~ t i ' gr i~ l  i l l  S O ~ I I I I I ~ ~ I  (r).OO) ( . ; I I I  I ) ( ,  I . ( Y I I I ( . ( Y I  to 

t l i c t  stlrf';rc.c* i~~tc*gl.;rl. 'l'llis ( . ; ~ I I  I N S  ;tc~c~ot~~l)lisllc.tl ;IS follows ( h ( ~  [ ' T i ) .  I<'ro111 

t 1 1 ( ~  vcsc~tol c ~ i l l ( ~ 1 l l l l s .  \vc, Il;lvc~ 

Now. 1)). i l ~ v o k i ~ ~ g  t I 'ollowi~~g i l l l ( 'g~. i~l  1.('1;1t i o l i  fro111 v(v.tor ( . ~ I I ( , I ~ I I I s  
(s(v, is]): 

, I a = ii n a(!.. 4 (5.W) 

,s 





5 .2  Calculation of tht: SOTL~(:C Field H0 

'bottom 

Fig. 5.3 

Sirlcc. tllc, c.l~rrc!rit derisit,~ distlril)ilt,ioli cloos riot tl(.l)c:ritl o11 z ,  wo look for 

thr: sol11t.io11 of Eqs. (5.69) arid (5.70) ill tht. forrrl: 

It. is i~ppi~rc'r~t tl~iit Eel. (5.70) is s~lt,isfic,cl, whilv E(l. (5.6!)) (.it11 1)o 1.cy)rc~sc~1it.c~t1 

w follows: 

I3H" 
= ( r .  ) i l l  v", 

a!/ 

1 1 0 s i 1 0 0 1 1 1 v - v0 
Now. wt. ii~t.rotll~c.c~ t.llc' ~t~('iLi11 fllr~(.t,iori T ( Q ) :  

wlit~rcl LoC2 is ; L ~ I  itr1)it.riiry lirit. i l l  thc. ~ ) l i l r ~ t ~  2 = z ' ,  (0 < 2' 5 h ) ,  tho 

rc:fcrc:r~i:c poilit (1 l ) ( \ lo~~gsto thc. siticb sllrfac:t, S,,,i,.,. ; ~ r i c l  .I:;' is t,llc! (~orrll)ollc~rit 

of t,hc sour(.(. c:urrc.lit clc\r~sity J0 norrr~;tl t o  t.hc lir~o Lay. 

17 . J" = 0, (5.70;) 

sidrs 

it is rlri~r that t,he valllc of  tht. strt3aln fiinctior~ 7'(dJ) docs riot c1f:pericl 

011 t h c t  part,iclllar c:lioic*t: of thc rf.fftrcrlc:c: poilit. 0 o ~ i  Ssi,I,,s or on t h c  slia~)c* 



of thct lint:  LO^. ?'hc> vi~luc, of t.llc. streal11 fulic:tiol~ tlcpc:rltls ollly o11 the. 
l)osit,iori of o l )s (~rvat , io~~ poilit Q in t.lic: plan(: z = z' itlit1 it. is t,he saint: for 

ir.11 z',  (0  5 2' 5 h) .  I t  is wcll kllowri (i ir l t l  it is also i.i\sily tl(:riva.l,l(. frorr~ thc 

tl(,fillit,io~~ (5.74)) thi1.t tllc, str('i~111 ftl~l(.ti(.)l~ is r ~ l i ~ t ( ' ( i  to thi: (:11rr(:1lt (1(:11sity 

iw follows: 

'l'his is 111(. s o ~ ~ g h t  fos11111l;l for tho SOII~( . ( \  fi(ll(l. It, is ; i l ) ~ ) ; ~ r ( ~ ~ ~ t  SI.OIII this 

~ ~ ) ~ I I I I I I ; I  t l ~ i l l  

HO(()) 0 .  if' (2 S'-i,l ,,>. (5.80) 

W I I ( ~ I . O  I ih t t o 1  ; \ I  ( . I I ITC>I I~  t I I I . O I I ~ I I  t 110 (.oil. 

If' t 1 1 ( >  (,oil ( ~ r o h s - s ( > ( ~ t i o ~ ~  21s ~ 0 1 1  ;I.\ t i i ( ,  ~ ~ l i ~ g ~ l i t ~ ~ ( i ( >  lJ1° of' t,11(, ( . ~ t r r ( , ~ ~ t ,  

(l(-lisity ; ~ r ( %  lr11iSor111 t I I ( % I I  tll(5 S O I I I . ( Y ~  tiol(1 Ho V ; I I . ~ ( > S  li~~(bt\rly 111 110r11li11 (,ross- 

s(\(,t i o l r  o f  1 " I .  ( ) t . l~ (~ rwis (~ .  1 ( ' i l I ( ' l I I i i t l O 1 1  o f  so l l r (~ (~  fi(\/(l  H0 r (x(~l~i r ( l s  t11(, 

( ' v ~ I I I I ~ \ ~ ~ O I I  of' o110 ( I i l ~ ~ v ~ ~ h i o l ~ ; ~ l  i l i t , (~gr ;~~s  (5.7.1). i111(1 in ( s ; ~ ( . l ~  I I O S I I ~ ; ~ , ~  (TOSS- 

s('t.t ioll t Il('s(' illt ('gl'ill~ ils(' O\~il~llilt~('(i i11('~Olllt511t illly for t'i~('11 110W O~)~Or\~;Lt~iOll 

1)Oillt (2.  111 ot.11(,1' rvortls. ('Ol~l])llt~iltiOll~ Of' tllc' i l l ) O ~ ( '  illt('grills (10 1lOt st.;ll 'l. 

fro111 h(~r;lt(~Il. 

N( , s t .  wc, tlisc,~tss t.11~. i ~ ~ ~ l ) l i ( , i ~ t . i o l ~ s  of t11(% i11)ovtt (.lioi(.(> of' tlic S O I I ~ ( . ( >  

iioltl. It is c.l(.;~l. 11.0111 fi)r111111;\~ (5.68) (5.70) t hilt t.l~cs iic>ltl H -  sirtisticw thcl 

E ( ~ s .  (5.54) (5.55). ~ ~ o w ( ~ v ( ~ r .  tIl(, l lO~111iLI ~ ~ o l l ~ ~ ~ o l l t ~ ~ l ~ ~ s  of H ~ -  irl~o (iis(*ol~tiI~- 

I I O I I S  ilt'rohh t 11(' f i i \ t  S I I ~ ~ W ~ ~ S  .5't,,l, i1,11<l Sl, , , t lr , , , , :  

W1l(YY' tllc' ~ , V l l l l ) O l  [(l]l ,y ~tilll(!S f0r i L  (liS('0lltillllOll~ ('llilllg(' ill (1llitlltit~J' n 

ac:ross S.  



Foriliul:w (5.84) (5.85) spt:c:ify t,lic: clriving forc~:s fix t.lic. rrliig~~cbtic. s(.;tliir 

pOt(,llt.id. iill(I t,ll(>s(, f ' O ~ 1 ~ l l l ~ i ~ ~  <'ill1 i1iisi1y ill~:Or~)Orilt(Y~ illt,O fillit.(> ~ ~ ~ ~ b l ~ l ~ ~ l l t  

for~nl~li~tiolis .  Thc%st> fort1i111ai.s i~ lso  i~(l11lit t.ll(' followii~g l~,llysi(~ir.l ilit..(q)rc~t.ii- 

t,iori: clist:o~it,irl~lit.icls (5.84) (5.85) ( i f i  wc.11 as (5.82) (5.85)) (:ill1 1)t'  vic'wcbtl 

as (.;i~isod l)y fic:t it ious s ~ i r f i i c ~ ~  ~lii~g~l(bti(. (:liiirgvs (list l.il)~lto(l o v ( ~  L5'tl),) it.ll(l 

S,,,,t,l,,,,. Tlic, cl(~~lsit,it.s of thc>sv rliiirgc-s arc, givc.11 1)y tilt. f i ) r~l~~i l i t s  

0111,  i ill^ ('itsily r (~( .ogl~ix(~ ;I (.los(, sill~ilit.rity 1 ) ( t t  W ( Y I I  t 11($ ~ i ~ o ( l o l i ~ i g  OF ('oil5 

wit11 ( . I I ~ ~ ( > I I ~ . S  l)y ~ ~ ~ i i g i ~ ( ~ t i ( ~  ( ' l~il . rg( '~ (5.Mj) (5.87) i111(1 t l l ( 9  ~ ~ i o ( l ( \ l i r ~ g  of i ( I ( b i 1 1  

l ) ( ~ r ~ ~ \ i ~ l ~ ~ ~ i t  i l i i~g~i(\ ts  I)?, s~~r f i l ( , ( ,  l ~ ~ ; ~ g , ~ i ( > t i ( ,  (.11;1rg(-h. '1'111s si~i~il i ir i ty is i ~ o t  

i~(~i ( l (>l l t id  I ) ( Y . ~ ~ . I I ~  t110 i(I(w.1 p ( , r l l ~ i ~ . ~ ~ ( > ~ ~ t  i ~ i i ~ g i ~ o t s  ( Y I I I  i~lso ~ i i o ( I ~ ~ l ~ v 1  l)y 

( ' l l ~ ~ ( ~ l l t - ( ' i l ~ ~ ~ i l l g  ('Oils. 

Nvxt wv l ) r o ( ~ ~ ~ l  to  tlic ( l i s ( ~ ~ ~ s s i o ~ i  o f  t,li(> M\( ,OI I ( I  ;11)l)roii(.l1. wlii(~11 is 

w~)l)lic*iil)l(~ t.o (,oils o f  c ~ o ~ ~ ~ l ) l ( , x  gc~o~nt~lr i i~s .  71'l~is i l l ) ~ ) ~ ~ o i ~ , ( ~ l l  is l) i is(~l  0 1 1  111(, 

1iot,io11 of' t11(, Poi~~(.iirC gilIlg('. w11icl1 is i~ltro(l~i( .( ,( l  1'01, ~ ~ i i ~ g ~ ~ ( > t i ( ,  v ( ~ , t o r  1)o- 

t i~litii~ls 1161. [ I ] .  First. wcy slii~ll 1)rit.fly cl(~si.ril)c. t 1 1 ( 9  l ) i~sic.  f;~c.t:, ~ ( ~ l i \ t ( ~ d  t o 

t liis g;Lrlgcl. 

It, is wrll k ~ i o w ~ i  t l ~ t  t!ir l l~ i lg l~ (~ t  ic v ( ~ , t o r  l)ot(~lil i i i l  is i~~trocil i<x~(l  l)y 

t I I V  ( : ( l~~ i~ t io l i  

(,111.1 A = 13. (5.88) 



tll(\11 it is (!?Lsy t o  (~sti1~)~isl i  tlliI,I E(1. (5.89) (:ill1 1 ) ~  ~~ri t , t , (? l l  ill t,(~rlrls of t,tl<> 

t,r;~llsforll~c:cl ~)ot,c:i~t i;tl i ~ s  fi)llows: 

c r l ~ ~ ~ s .  t , l~(,   tor l)ot,(>l~t it11 (.iLll I ) ( ,  ( , ~ ; 1 1 1 l i ~ t ( ~ l  l)y i l~ t (>gr i~ t i~ ig  ;11o1ig tli(1 

ri~y. wl1ic.11 c.olirlcbc~ts tl~c, origiri wit.11 t l i ( ~  ( ~ l ) s ( ~ r ~ i ~ I i o ~ ~  1)oint. 

It is tlhis si1111)h~ forlr1111;r t11;l.t. ~ l l i ~ k t ~ s  tllcs I'oilic.;1r6 gi\ug(' i~ t t r i t ( . t i~o  ill 

(~ l l i l l l t l l l l l  ~ ~ i ( ~ ( . l ~ i ~ l i i ( , s .  'I'll(' I .~ '~ISOII is t hilt t I I ( '  v ( Y . ~  or ~ i ~ i ~ g l ~ ( \ t  i(. ~ ) o t . ( ' ~ ~ t  i i ~ l  ill)- 

I i 1 1  S l ~ r i i i r  i ~ t i o .  '1'1111s. if' w(' wo111(1 lik(' t.o writ(, th(% 

~( ' l l r~i ( i i~ lg( ' r  ('(lllilt ioll for il giv011 ('xtt'I.ll:I,l lllilgll('ti(' fi('l(1. \V(' ll('('(1 tllv ('X- 

l)r(xsior~ for t l i c b  c~o~.rc~sl)o~rcli~ig rl~i\~gll(~t,ic~ vc~*t  or I ) (  )tt'l~t ii~l. iilitl f'orllil~lit (5.1):1) 
(.i~,li I)( ,  I I S ( Y ~  for t , l~is 1)11q)os(,. 

'rl1<9 P ~ ~ I I ( . ; L ~ ( :  gi1llg(\ (,i1,11 illso  IN^ wtry at tra(,t ivv 111 (,01111)11titt iolii~l (,I(,(,- 

t ro~~ii tg~~(tt , i ( .s .  I t  (5~~f'o~.(*os t , l1(1 I I I I ~ ( ~ I ( ~ I I ( ~ S S  of' t,11(> 111i1g11ot i ( ,  v ( ~ - t o r  [)ot(~l~t,i;il 

I)y loc,i~lly rc.tl~~c,i~ig (t.hror~gll E(1. (5.!)2)) t11v ~ I I I I I I I ) ( T  of I I ~ ~ ~ ~ I ~ U ~ I I S  to two. 

i s  I v i i t i ~ ~  o r  i t  I t  ~ I I ~ I I I I I ~ , ; I ~ ~ ~ I I S .  IJli- 

for t , r~~~i~tc>ly ,  t,lic, Poi11c:ii.rC gilllfi(' is 11ot ~ 0 1 1  ~ I I O W I I  i l l ~ ( l  is ~ i o t  sl~ffi('i(\~it ly 

i~~)l)rc'c:iiat,(~(l 1)y t hc> finit,(' < ~ l t ' l ~ ~ ( ~ ~ i t  (.oinlli~~~lit.,v. 



Next. wcx ~ 1 1 ~ ~ 1 1  11st. t,he Poi11c:i~ri. gi~ugt. for il. ciiff'(~rt.rit l)url)osr; ri;tlii(~ly~ 

Wt' Shitll iLl)l)l,V it t,O t 11~'  (:ill('lIlilt,iOll 0s th(' SOllr('t: fit:l(i HI'. 'I'll(: rKJilir1 ('c]U;L- 

t.ioll t.hi~t the! so1irc.c fiol(l rliust si~tisfy rixr1 t)c' writ,t.clri i ~ s  follows: 

whcrc it is t,;lc:itly ifis~l~li(.d t,li;~t J" is ( ~ l ~ l i ~ l  I o 7 , ( ~ 0  olltsi(lc' V O .  Mi~t.11~111itt- 

ic:il.llv, t hcl 1;~st- c~clriiltiol~ is i(lillll,ic:itl tlo forli~rila. (5.88), al~tl 1)y itscdf it cloc's 

11ot. ~~riicl~lc'ly tl(4ilic. t.hc3 s o ~ ~ r c ~ l  fic,l(i H". To rli;tk(: tliis fic*l(l I ~ I I ~ ( ~ I ~ ( s .  wc ~lii~11 

i1111)os(\ t,liv Po i~~( ' i l~ i .  g:~11g(~ c:orldit,io~~: 



By sl~l~st,it.rltitlg c>xl)rc~ssio~ls (5.102) ii11(1 (5.10:3) into forttil~lil. (5. 100). w(' 

f i l l t l  

~ " ( r ' )  -t- r'V . ~ " ( r ' )  = -r' x ~ " ( r ' ) .  (5.103) 

wet 1itl;rlly tl(trivci t 1 1 ( ~  I?)I .IIIII~;I  (5.96). 

F O ~ I I ~ I I I ~ I  ( r ) . ! ) ~ )  is v;iIi(I f i ) t .  ; \~.I) i tr i~ry g('otl~('t~.y ( ) I '  t I ] ( '  S0111'('f' ~ . t ' g i o ~ ~  \ fO. 

ii11(1 t , l l ih is ill1 ill~l)ort;llll i ~ ( l v i ~ ~ l t i l ~ ( '  of' t l l i h  I'o~~tlllili~ ov('r I ' O I . I I I I ~ ~ ~ I  (5.7!)). 

wl1ic.11 is i~l)l)lic.;ll)l(~ or11y to (.oil:, of' s~~ffic,ic,~~l.ly s i ~ l ~ l ) l ( s  g ( ~ o ~ ~ l ( ~ i . t . i ( ~ s ,  111 o t 1 1 ( ~  

wO~.(~S, fOl.lllllIil (G.!)fi) is ;IS g('ll(\l.ill ;IS t]l( '  13iot-S;l\~\rt Iilw (5.(;0). HOW- 

vvvr, it,s t ~ r ~ l ~ ~ ( \ l . i ( . i l l  i t i i l ) l t ' ~ ~ ~ ( ~ ~ i t i l t i o ~ ~  is i ~ ~ ) ~ ) ~ . ( ~ . i ; \ l ) l y  :,il~~l)l(\r. First. ( I I I ( >  t,o 

t gi111g(> ( , o ~ t ( l i t  i o 1 1  (5.95). o111y two ( ~ O I ~ I ~ ~ O I I ( ~ I I ~ S  of' t l t ( b  so~l r ( . (~  i-i(ll(l slio111(1 

I)(, ( Y ) I ~ I ~ ) I I ~  ( ~ 1  at, (>\v>ry ( 1 1 ) ~ f ~ r ~ i i t  i o t l  l ) o i ~ ~ t , .  S ( ~ ~ ) l i i l .  t l i ( ,  ( Y ) I I ~ ~ ) I I ~  ; ~ t  i o t ~  of' t 11(,s(, 

~~o111~~011(~l l~s  rO(lllir(>s 0111~" (~~i l~l l i l t i (111~ O f O l l ~ ~ - ~ ~ ~ l l l ~ ~ ~ l ~ ~ i ~ l l ; l ~  i ~ l t ~ ( ~ g ~ i l I ~  il1011g I ! I (>  

1.iIyS ( Y I I I I I ( Y , ~  i11g t I I C  ol)s(~rv;ht,io~~ 1)oi11ts wit 11 I I I V  ori~i11. 7 ~ l i i t . ( l .  for oI ) s (>~ .v i~-  

t . i o 1 1  1)0i11ts l ) f~ lo~ ig i~ rg  t,o t,lrc\ s iur i t .  ritys. t l i c ,  i111ovc~ il~t(-g~.ills (.il.tl I ) ( ,  c~v;rllt;ltc~tl 

~11('~('111(~1l~.iL~l~. I'iltll('I' t,ll;111 I ) ( ' i l l~  ('011l~)ltt~O(~ fro111 ~('l'ilt~('l1 ( ' i~( '11  lI(>tV 01)- 

sc~rvir.t,ior~ ~ ) o i ~ ~ t .  i 1 1 1 I y  t I s o  I is l o i l i ~ l .  111 o t . l ~ ( > t .  worcls. I hcl 
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source ticlcl is equal t,o zcro i~1<)11g tlit rays, whidi do not cross t,hc source 

rogior~ 1)''. Furt,lit!rliiort~, for tlic rays that do cross V O :  the source field Ho 
varies only along t,host. scgrncrits of t,hosc rays, wliicli arc wit,hin tlic source 

region. As is usually t.lic: cast. t,he cicscri1)cd coirip~t~atioiinl efficiency coIries 

at soiric cost,. The disrcrgt.nc:e of t,lic source field H0 defiiic~l by the forlriula 

(5.96) is ~ io t  cq1in1 to zero: 

tliv H 0  # 0. (5.109) 

AS i L  roslilt. 

div H = - tiiv H0 # 0. 

This ~lloii~is t,lii~t, t,l1(> iii~giict~i(. ~('iililr ~)ot.(>lit,iiil (P- will sat,isfy ttlitx Poissoii 

t~cluiit,ioii 

v ~ ~ -  = div HO, (5.111) 

5.3 IMPEDANCE BOUNDARY CONDITIONS 



('iL('11 ~ ~ O l l l l ~ ~ i l ~ ~  l )O i l l t ,  t~iL11p,('llt.ii~l ( 'O l l l~ )Ol l ( ' 1 l t~~  Of ('l('('t,ri(' illl(1 l lJ>lgll( ' t i( ;  f i ~ ? l ( l ~  

a.l'(, l'(sliL((l(l ( 0  OII(> il.llOt.h(~l. i l l l l l O ~ t  i l l  t,ll(' Sillllf! Wi1.Y il.5 i l l  t.ll(' ('>IS(> Of I)~;LII(\ 

witvc's ~ ) ( ~ l i ( \ t . r i ~ . t i n g  1.111' ( . o ~ l ( l ~ l ( ' t . i ~ i g  1iil.lf-spi\(:c. T l i c s c  r t l u t i o ~ i s  l)c~twc~:11 t,llc: 

tiLllg('llt~iiL1 ( ' 0 1 ~ 1 ~ ) 0 1 i ( ' l l t ~ ~  Of ('I('(:t,ri(: iLll(i ~ l l iLg l l~ ' t , i ( '  f i ( ' I ( h  (::Lll k)(' (:Oll~t,I71(Y1 :LS 

1oc.a.l i r r ~ l ) c t l i \ ~ l c : o  I ) o ~ l ~ l ( l i ~ r v  c :o l i t l i t , io l i s .  T l l t : so  r e l a t i o l i s  ; t r ~  wt.11 k r i o w r l  it1 t,ho 

(.:l.s(> Of li l l(Ylr ( 'Oll(i l l( ' t . i l lg 1llfYliil it11(1 t !1(>~ ('ill1 PXI)~'(:SS(YI ll l i l .~~Il( ' l l l i l .I  i('illl,y 

iLS follows: 
-- - . -- - -- -. - -- p~ 

1 7 x  E = fj(17x H).  (5.11 :{) 

W'~l('l~(' cis il i l l l i t  \r( ' (fOr Of OlltlXrill (1 l l O ~ ~ l 1 i l ~ .  lX711i1(' f j  is Il l( '  il~l])('(!illl('(' l l l i l tI ' iX, 

whic.11 is t l(>fincttl  i l s  follows: 

\VI I (~ I . (>  111 2 ;111(l I / >  1 ( I ( > ~ ( S I I ( I  011 1 l i t>  l .y l ) (>  01' l ) o l i ~ r i z ; ~ t  io11 of' ( ~ l ( ~ t  r o ~ i i ; ~ g l ~ ( ~ t , i ( ~  

f i ( s l ~ i  ;It ;I p,i\Yt11 ] )o i l l t  o f  t l l ( ~  ( '011(~ll( ' tOl '  ~ ) O l l l l ( ~ i l ~ ~ .  FOl' i l l ~ t i l l l ( ' ( ~ ,  i l l  l , l l(> 

( . ; I>(> o f  ( ~ ~ ~ ~ ( ~ I I ~ ~ I I ~  ~ ) o ~ i 1 1 ~ i z i 1 t i o 1 1 ~  \v(> l l i ~ v ( ~  ( I (~ l~ iv (Y1  (s(Yb ( 'I l i \ l) t( ' l '  2) t11(1 f o l h ) l X ~ i ~ ~ p ,  

c ~ s l ) r ( ~ h s i c  ,115: 

1/12 = 1/21 = l t / I c J G .  (5.117) 

l l (>r(x r t  is ill1 ( ~ x ] ) o 1 1 ( ~ 1 1 t  i l l  1)oxr(>r  I;LW i ~ ~ ) ~ ) ~ ( ) ~ ~ l l ~ i l l ~ i ( ) ~ ~  fol '  111i1~11('t i7,;~t i o ~ i  ( , I I ~ ~ ( \ S ,  

W11il(~ / I , , )  is I l l ( >  l l l ; l p , l l (~ t i (~  ~ ) ( h l ' l l l ( ~ i l ~ ) ~ ~ i t y  ;I1 t ) O l l l l ( I i l ~ ~  l ) O i l l t ~ ~  ~ ~ l l i ( ' l 1  IS il 

l l o l l ~ ~ l l ~ ~ i l ~  f l l l l ~ ~ ~ l O l l  Of l l l i l g l l ( ~ t i ( ~  fi(lI(1 l ~ l i l g l l i t l l ( ~ ( ' :  l l l i l k ( ~ s  t,ll(' i 1 1 l ~ ) ( ~ ( ~ i l l l ( ~ ( ~  

I ) ~ I I I K ~ ; I I . ~  ( , o t ~ ( l i t . i o l ~ s  (5. I 13)  i ~ o ~ ~ l i i i ( ~ ; ~ ~ ~ .  

111 t Ii($ ~ ) r c > v i o ~ ~ s  (.11;11)t~(~rs. wc> l ~ i i v c ,  i l l s o  t l ( , r ivcvl  t l ~ ~  c x l ) r c b s s i o ~ ~ s  for 1 1 , ~  

I 1/21 i l I f '  I I l i t i  o l i ~ r i i ~ t i o ~ s .  All ~ I I P S ~ '  (,x- 
~ ) r ( ~ s s i o l i s  (.ill1 1 ) ~ .  cbirsil~. i ~ ~ ( . o ~ . l ) o r i ~ t  ('(1 i l l  t II(' i ~ ~ ~ l ) ( $ ( l i l l i ( . ( \  l ) o l ~ t l ( l i l r . ~  ( . o ~ l ( l i t i o l ~ s  

( l ( ~ f i ~ i ( ~ ( l  l ) y  f'orr11111il.s ( 5 . 1  13) ; I I I ( I  (5.1 l(i). 

It is ~ I I I ~ ) ~ I . ~ ~ L I I ~  1.0 SII.('SS t , h i t t  t,ll(' i l l~ l ) ( ' ( I i~ . l l (x '  I ) o ~ l ~ ~ ( l i \ r ~  ( ' o l ~ ( l i t . i o ~ l s  ill.(' 

I i t  I L I ~ I I I I ; I I  i i t  Tll~!: ill.(' s ~ ~ f f i c i t w t l y  i i ( ' ( : ~ ~ ~ i ~ t ( %  011ly 
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for srnall ski11 depths, ariti t,he srr~aller tlie skin depths in comparisori with 

geoliiet,ric dilnensions of the conductors the Inore accurate the impedarice 

boundary conditions. The rnathematical justification of the inlpedance 

boundary coriditiol~s is based on the fact that electromagnetic fields, which 

are tight,ly concentrated near tlie conductor l)ouridarics, can I)(: construed 

as "t~oundary layers." This suggcst,s that eddy currcrit prol,lerr~s with small 

skin depths belong to tile class of sillg~ilarly pcrtur1)cd problems. For t,his 

reason, t,he impedance 1)otlridary corlditions have lollg 1,cc:ri justified by us- 

ing the perturbation arialysis. This approach car1 1)c t,rac:cd hack t,o the 

paper of S.M. R.ytov [Is]. Thc ill~pedarice 1)oliridary c:oriditio~is have been 

cxt,crisivtly ~ ~ s c d  in clcc:t,ro~l~ag~lcti(: field co~riplitat,io~is (see, for inst,a~icc, 

[3], [17]), a r~d  their ac:c:t:pt,:~lic,t: has rc;tc:hcd t,lic: poilit t,lii~t thoy arc now 

prcsentctl in tcxtt~ooks (41. 

To undcrst;~r~tl t)ctt,cr t,hc ac:c:umc:y of t h ~  irr~l)odaric:t~ 1)olllidary c:oli- 

clit,iol~s as wt:ll as t,hcir s1)ccial irllport,a~ic:c for magnetic c~oricilict,ors, wc' 

c:or~sitlcr the, c:xalr~pl(. prol)lt:rri of i~ (~o~idll(:t,i~ig sl)li(~-(> V +  slil)j(~(.t, t.o il 111ii- 

for111 t,irlir,-hixrn~o~Iic: ~tiilgl~tt,i(: flux (I(,i~sit,y B0 (S(Y Fig. 5.4). This prol)l(>rr~ 

:t(Ill~it,s t,llc cx;~(:t :~~ii~lyt,i(.;~l sol~i t , io~~.  wIiic11 ('ill1 I)(% colnp:~r(,(l wit,li tli(t ;q)- 

proxilliato ;~nalyt,ic.;~l sollltior~ ol)t.ilili('(l 1)y 11si1ig t l i v  i l ~ i l ) ( ~ l i ~ i ~ ( ~ '  \)o~ili(litry 

TII(YI. it is cI(,itr t,lii~t t . 1 1 ~  l)oso(l 1)rol)l(\111 is i~xii~lly s y l i ~ ~ ~ ~ ( ~ t r i ( ~ .  As ;I rvs~ilt, 

t,Ilo lli:~gll(~ti(~ v ( ~ t o r  pot,v~iti;~l 11:~s o111v t11 (~  +-(,oli~j)ol~(~lit. A,.  111 t11(> r(agio11 

V o~lt.siclc. t,110 c,oliclr~c~t,irig sl)hc~ro, this (.ol~ll)o~~('llt ('ill1 111' r o ~ ) r ( ~ ( ~ ~ i t ( ~ I  ilS 

follows: 

A, = A- + '4') + 9. (5.120) 

Fig. 5.4 
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where A; is the magnetic vector potential of the field in V -  created by 

the magnetization and eddy currents induced in the magnetic conducting 

sphere, while A0 is the magnetic vector potential of the source field BO. 
It is easy to establish that the potential A: is related to the source 

field B0 by the expression 

1 
A$ = - B O ~  sin 8, 

2 

where r, cp, and 8 are spherical coordinates with the origin coinciding with 

the center of the sphere. 

Indeed, consider a circular path LT,@ defined by equations r =const 

and 13 =const. The source flux, which links this path, can be evaluated by 

using the line integral of A: along LT,e as well as the surface integral of Bo 
over the circular region enclosed by LT,e. This leads to 

 dl = ~ $ 2 7 ~  sin 8 = ~ ' d s  = B'T~' sin2 8 ,  (5.122) 

which yields forrriula (5.121). 
The potcritial, A;, satisfies i r i  tht. region V- the, followirig ecl~iatiori: 

for R 5 r < a. 

where R is the radius of t,he conducting sphcrc. 

It is a~surried that the frequency of t11c sourrc fit'ld is large erio~lgh that, 

the skin depth in the conducting sphere is cluit,c sirlall in coiripariso~l with 

R. Under these conditions, we car1 usc the irnl)cdance boundary cor~ciitiolis 

on the sphcrc t)oundary SR. We shall first reforniulatc these bounciary 

co~iditions in tcrnis of A,. To this end, we shall invokc t,hc relations: 

By assu~ning the corlducting medium of the sphere to 1)e linear aricl by 

using formulas (5.124) a~itl  (5.125), we represent. the impedance 1)ounclary 

conditions (5.113) (5.115) in the form: 



111 or(l(:r 1 0  silt isfy t.li(, l)O1111(liir~ co~i(Iit,i( ) I I  (5. 126), w(, look for t . l~( ,  so111tio11 

of Eq. (5.123) i11 t,licx for111 t ,h ;~ t  hi1.s t,lic, Sillll(' (1(~1)(~11(11~11(~(: OII 0 ;1s A:. It is 

1\;1sv 1.0 S(T t,hiit t liis sol11t iou is givc.11 1)y for l ln~l ;~  

wllc~ro c.oclIfic.ic~~it ( 1 1  slior~ltl I)(. tl(~lc~rrili11t~t1 froln thv I)or~~l(lil.ry (,oli(litio~i 

(5.126). 

By s~lt)st,it,llt.ilig rcil;it iolls (5.128) ;i11(1 (5.12 1) illto f0~11111lil (5.120) iLIi(I 

t!1(:11 int,o tIl(l ~ ) 0 1 1 1 l ( ~ ~ l r ~  (~olh(~itio11 (5. 126). iIft('I' ~ t l~ ;Lig l l t fOr~i~r(1  t,r;~llsfor- 

111i1t io11s hvr (I(xriv(1 tlir follotvil~g (>xl)r(>ssio~l for 11 1 : 

13y 11sii1g t.l1(5 li~st, two for11111li1s 111 E(1. (5.1:jO). w(, (ti~sily o l ) t , i ~ i ~ ~  t fo l lowi~~g 

i ~ s y ~ ~ ~ l ) t , o t . i c  c~x l ) r c~ss io~~  for (I';." : 
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By dividing the numerator and denominator of the fraction in (5.135) by 

p P R  and taking into accourit (5.131), we derive 

which coincides with (5.129). Thus, as far as the external field is con- 

cerned, the impedance boundary conditions lead to the solution, which is 

asymptotically (for small skin depth) the same as the exact solution. 

As an example, consider the conducting sphere with R = O.lm, p = 

1 0 ~ 1 ~ ~ ~  u = 0.833.107& and assume that the frequency of the external 

field is f = 6Osec-'. For these data, we have 

and thr. condit,iori (5.132) is rrlct,. By s~il)st,it,~it,irig these data into formula 

(5.136) (or (5.129)), wc find 

NOW, ltlt, 11s t ' O l I l ~ ) i i ~ ( '  t.llt) i ~ l l ~ ) ( Y ~ i l ~ l ( ' ( ~  ~)Ollll(~;iry (:O~l(lit~iOli~ witall Ot,ll(>r ELI)- 

~)roxillliit.(> 1)01111(li~~y (.on(lit.ions, whic:h 11;1v~ lollg I ) ( Y > I ~  11st.d for the soliit,io11 

of c~l(~c~t~rolllagll(~tti(. 1)rol)lt~ills. 111 t,llrx (.iLs(' of ~loll~ii;igilt't,it: (:olid~r(.t.or arid 

srrlall skill clc>~)t,hs, t,hc> 1)ountlxry c:ondit,iorl of pc:rfvc:t (ic1cta.l) concluc:t,or is 

(.11st,oilliirily 1is(~1. This l)o~incl;try t:onclit.ioll (,;ill 1~ writt,eil as follows: 

w1iic:li rc~flc.c,t,s t,hiit. t,angcrlt,ial corri~)oiicnts of c:lvc.t,ric: fittlds on tllc bollildary 

o f  gootl c:o~ltl~lctors is alrnost equal to zero. 

F'rorrl t,hc> ti1)ovc 1,olillclary c:ontlit,ion. wtx fincl 

which means t,liat otldy c:urrtirlt,s, irltluccd ill good c:onductors, shield these 

coriduct,ors from the, 1nag11t.tic ficltis ancl for(.(. tlic irlagnctic field lines to go 

arou~ld t,ht: co1it1uc:tors. 

Consiclcr t,he solut,iort of thc above prot)leirl in the case of boundary 

conditiori (5.139). By irlvokirig the relation (5.124), the above bouridary 

condit,iorl can be written as follows: 



Now. 1)y lisilig ill(, lirst. c:clllir.t,ion ;IS wc.11 i1.s for~rillli~s (5.120), (5.121)> i ~ ~ l ( l  

(5.128). wc. c,i~sily cl(~ir-c. 
' j 

tsl = R '  . (5.142) 

By  c .o l~~pi l r i i~g  f i ) ~ . ~ l ~ l ~ l i t ~  (5.142) i~11(1 (5.143) i111(l t i iki~lg i~ i ( ' (~~~ i l l i t , y  (5.132) 

illt.0 it(~(:Ollllt,. W(> ('O~l('llltl(' t,1liit. ill t:hP ('iLS(' Of llolllllitgll(~~.i(~ (~oll( l l l ( . to~s iL11(I 

s111;1,ll skiii (l(,l)t,l~, t .11~ l)(>lf(,(>t (~)11(111(~t.or l )o~i~i ( l i~ , r j r  (~o~i( l i t , io~ls  :III(I i ~ ~ i l ) ( ~ ( l i i ~ i ( ~ ( ~  

I )o~~~~c l i r . ry  c.o~iclit,io~is 11.;1(1 t,o i~syir~l)t~otic:;ilj?i c>clrriv;~l(~~lt rc's~~lt,s. 111 ot,lic:l. 

worcls. ;a f;ir iw t,ho c ~ x t c ~ r ~ i i ~ l  ficyl(ls iLr(' c,oric.(~r~iotl. t,licl ~)cbrf(~,t (.o11(111(.- 

tor 1)01111(1;1r,v (.o11(1it iolis g i w  f;~irly i1(~.11rilt(> r(>sllIts (first ;1,1)1)roxii1ii~t,io1is), 

' l ' l ~c~s (~  \)olllrcl;rry c~olrclitiol~s ill'(' (.xir(,l ill 111(1 ('iLh(' wllt311 / I  = :x ; i l rc l  1 1 0  

(.11rr(~lt is (>11(,1os(~l 11,v .'i(l(~i\l" I I I ; I ~ I I ( S ~ ~ ( .  01),j(~.t,s. For r ( ~ 1  ~ ~ i ; ~ g l ~ ( ~ t , i ( ,  o l ) , i (~(~ts .  

tills ~)Ollllcl;ll'~ ( 'Ol l ( l i t  iOllh ('ill1 I ) ( '  ~.(')!,ill.(l('(l ;I> ill)l)~O~illli\f ( Oll('S. 

No\v.  c.ol~sitl(>r t.li(s so111tio11 o f  t 1 1 ( -  1)1.01)1(*111 s11ow11 ill I:ig. 5.4 i l l  t11( '  

c.i~so of' l ) o ~ ~ ~ l t l i r r y  c,or~clit i o ~ ~  (5 .  14.4).  invokillg 111(~ ~.( ' l i~t  io11 (5.125). tliis 

I ) O l l l l ( I i l . ~ ~  (.Oll(litiOll ('ill1 I ) ( '  ~ r i t t f ' l l  ; IS  follows: 

Now. I)y 11silig t11('  lilst (>(l~lil.t.io~i ;i.s \ v ( ~ I I  ils fi)r111111;~~ (5.120). (5.121). ;lli(l 

(5. 128). wv i~;isily tl(~rivc5 

( l (  = 2 ~ " .  (5.146) 



I ) i l i t y  01' i ~ ~ ~ l ) c ~ c l i ~ u c . c ~  I ) 0 1 1 1 1 ( l i \ r y  ( . o l i ( l i t  i o ~ ~ s  is l i ~ ~ l i t ( ' ( l  t o  t 111% (.;IS(' of' SII I ; I I I  s k i l l  

t l ( q ) t l l s .  I I ( ~ V ( ~ I ~ ~ I I ( ~ I ( - S S .  for t l i ( '  ~ ~ i i ~ g ~ i ( ~ t i ( .  ( . O I I I ~ I I ( . ~ O I . S  t l i i s  (.;IS(' is ( l l ~ i t ( '  t \ . l ) i ( , ; ~ l .  

TIII~ I X ~ ; I S O I I  is t 11;1t ( I I I ( %  to 11igI1 V ; I I I I ( \ ~  o r  I I I ; I ~ , I I ( , ~  i(, ~ ) ( ~ r ~ ~ l o ; ~ l ) i l i t y  o f  t I I ( ~ S I >  

( ~ O I I ( I I I ( . ~ O I . ~  t 1 1 ~ s  s k i 1 1  ( l ( s l ) t  11 is 1 1 1 1 i t ( >  ~ I I I ; I I I  ( h v o ~ ~  Sol .  Io\v I ' I . ( ~ I ~ I I ( ~ I I ( ~ ~ ( ~ s .  1 2 o r  l l l i l g -  

1 1 t ~ t  i ( ~ i 1 1 1 ~ ~  I I I ) I I I I I I ( \ ~ I I .  ( ' o I I ( ~ I I ( . ~ o ~ s ,  t l \ ( t ~ ~ s  is f111.t I I ( * Y  ( I I Y ~ I ~ I ~ ; I s ( ~  OS t 1 1 ( ,  s k i 1 1  ( l ( % l ) t  11. 

I)oc.;111sc1 1 I I I ; I ~ I I I ~ ~  i c ,  l ) c ~ ~ . ~ ~ l c ' ; ~ l ) i l i t y  i ~ ~ s i ( l ( b  t 11(' ( ,o11(111(.t  01,s is i11(.1.(~;1s(>(l (111(s 

to t 1 1 ~  i 1 t t ~ 1 1 1 1 i 1 . t  i o 1 1  01' I I I ; I ~ I I I > ~ ~ ( ,  f i ( , l ( l .  

~ J I I ~  i l  IIOW. n ~ )  I I ~ I V ( %  ( l i s ( ~ ~ ~ s s ( ~ ( l  t so111t i o 1 1  o f  1 l i(5 ~ ) I X ) I ) I ( ~ I I ~  o f  t 11(> ( , O I I -  

( l ~ ~ ( . t i ~ i x  s l ) l ~ ( , r ( >  f 'ol.  t . 1 1 ~  1 i 1 1 v ; l r  (,;IS(, ~ I I ( ~ I I  t 1 1 ( ,  I I I ; I ~ , I I ( > ~ ~ ( ,  1 ) ( ~ 1 ~ 1 1 1 1 ~ ; 1 l ) i l i t ~ y  of' I I I ( S  

c . o l ~ c l ~ ~ c . t . i ~ ~ g  s ~ ) ~ I I ' I . ( '  I I ~ I S  I ) (Y ' I I  ~ I . Y S I I I I I ( Y ~  1 . 0  I ) ( '  ( . O I I ~ ~ ; I I I ~  ill111 i ~ i ( l ( % l ) ( ~ ~ ~ ( l t ~ ~ ~ t  of' 

X I I ; I ~ I I I , ~  i ( ,  f i ( , l ( l .  It is i ~ ~ s t r ~ l ( ~ t  i v ( b  to s o l v ( ,  t 11(, si1111(> l ) r o l ) l ( ~ ~ ~ i  i11 I I ~ I ~ I ~ I I ( ~ ; I I ~  

f o r n ~ ~ l l ; ~ t i o ~ l  l ) y  I I S ~ I I ~ ,  t11(' I I O I I ~ ~ I ~ ( > ~ I I .  ~ I I ~ I ) ~ ( ~ ; I I I ( . ( ~  I ) O I I I I ( ~ ; I I . J .  ( . o ~ ~ ( l i t , i o ~ l s .  1)11(' 

t o  the, i ~ ? i i ; ~ l  sy11111\( ' t  1.y o f  t !I(' I ) O S ( Y ~  1)~01)1('111. i t  is (.I( ' ;II .  t11i1t f 11( ' r ( '  is o 1 1 l y  

;I O - ( ~ ~ I I I ~ ) O I I ( ~ I \ ~  o f  t I I I ; I ~ I I ( ~ ~  i ( .  f i ( > l ( l  t , i111g(>11t i;11 t o t 111, s p l ~ ( , r ~ , .  ' F l i i s  SILK-  

g ( ' ~ t . S  t . l l i 1 t  i l t .  ('il('11 ~ ) O l l l l ( ~ i 1 . ~ ~  ~ ~ O i l l t  t l l ( '  ('/('('t ~ O l l l i l g l l l ~ ~ . i ~ ~  f i O I ( 1  1)( ' l l( ' t  l ' i l t , (% t 11(> 

~1)11('I '( '  ;I.< 21 ~ i l l ( ' ; l ~ ~ ~  1 ) O l i l l ' i ~ ( ' ( ~  ~ ) l i l l l ( '  SV;ll'l'. ' ~ ' ~ 1 1 1 s .  \V(' ('2111 I t s ( '  t , l l ( '  1 1 0 1 l ~ i l l -  

v i ~ r  ~ I I I ~ ) ( , ( ~ ~ I . I I ( ~  ( , O I I I ~ ) I I ~ ( Y I  i l l  S ( x ( . t i o ~ ~  I .5 i l l  t.110 I ) O I I I I ( I ~ I I . ~  c . o ~ ~ ( l i t i o l i  (5,113). 

This. t o g ( ' t l ~ ( ' r  w i t 1 1  f ' o r l l 1 1 1 1 i 1 ~  (5.121) i11111 (5.125). l ( , ; ~ ( l s  1 . 0  t l l c .  fo l lowi~~g 

~ i o l i l i ~ i ( ~ i ~ r  ~ I I I ~ ) ( ~ ( ~ ~ L I I ( , ( ~  1)0111l(l;1ry ( , o ~ i ( l i t . i o ~ ~ s :  



' r l i ( \  prc~vious c : x p ~ . c > s s i o l ~ s  arc\ t , i ~ k t , i r  f r o 1 1 1  Figs. 1.18 ii. i l r l t i  1.18 I )  for tho 

" s c l ~ ~ i ~ r c ~ r i o s s "  p i r r a l r l c X t  c9r % % 0.8. 

I3y llsillg tilt: l l l ( ' t , l l O ( l  O f  ~ ( ' ~ ) i l l . i L t i O l l  O f  ~ i l , l . i i ~ 1 ) 1 ( ' ~ ,  i L  g(?ll( ' l . i~I s 0 1 1 1 f . i O 1 1  t , O  

kl1.  (5.123) (:iLt1 I)(. r c y r c ~ s c ~ r i t c b c l  ill I.krc' f i m r i :  

No\&' t I l ( >  ; ~ ~ g o r i t ~ i 1 1 1  of' t I 1 ( ,  s o ~ l l t i o l l  of' t I l ( ~  ~ ) r O \ ) ~ ( ~ l l l  ( , ; I l l  I ) ( \  ~ t i i t . ( ' ( I  ;IS 4 t i ( ,  sC5- 

( ~ I I ( , I I ( Y ~  01' t 1 1 ~  f 'o l lowi~~g st(q)s: ( I )  first,. ; I S S I I I I I ( >  i l l  (5. 148) t,o I ) ( >  c,o11- 

s t i t 1 1 1  ; I I I ( I  ;111i l ly t  i ( , i ~ l l y  s o l v ( >  t !I(, ~ ) I . O I ) I ( > I I I  i l l  (>X;I ( , I  ly t S;IIII(\ w ; ~ y  :IS wb ( l i c l  

I ) c 3 f 0 l ' c k :  ( 2 )  l l ~ i l l g  t11(,  f i ) l l l l ( l  ~ 0 1 1 1 t i O l l .  Wf' ( . i l l1  ( ' V i l l l l i l t . ( '  !Ill ; l l l ( l  / / , , , ( / f ! ( l / )  

i l l  S O L . I I I I I ~ ; I  (5. I 18); (3 )  1)). s 1 1 1 ) s t  i t  111 i 1 1 ~  ~ ' ~ I . I I I I I ~ ; I ~  (5. I21 ) ~ I I I ( ~  (5. Ll!)) i l l t o  

I I I ( ~  1 1 0 1 1 1 l ( l i 1 r y  ~ . o ~ ~ ( l i t  i o 1 1  (5. 1.17) ; I I I I ~  ~ . ( v l ~ ~ i l . i l l g  t l l ; ~ t  t l ~ i h  I ) O I I I I ( ~ ; L L . ~  ( , o ~ ~ ( l i t  i o 1 1  

is s;~t  i s t i ( > ( l  i l l  I l ' o I l o \ v i l ~ g  ' . ( , o I l o ( . a t  io11' '  1 ) o i 1 1 t h  

/H(I~.O)l F(fj)  -= -- - -- 

III;LXO 1 H ( U ,  fi) 1 ' 
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Yr 

Fig. 5.5 

5.4 FINITE ELEMENT IMPLEMENTATION 
OF IMPEDANCE BOUNDARY CONDITIONS 

TO iH'I'iv(> t,ll(' s(':L~;LI. ~)Ot,flllt~iiL~ fO~lllll~ilt.ioll of t,ll(' illl~)O(~iLll(~(~ ~)o1111(1- 

iLry (.oil(lit,io~~s, wo i~itro(Iir(.(! o r t l ~ o g o ~ i i ~ l  (:~lrviIil~(:i~r ( ,oor(l i~~i~t,( :s  T ,  , 7 2 %  i1,11(i 

u. Thtlsc. c:oorcli~ii~tt~s art1 such t,hi~t. T I -  :tilt1 r2-c:oorcliiiatc li11t.s lit. oil tlic. 

c:o~ltlllc~t,or l)our~tl;try S ,  wliilc u-('oo~.(Iilii~t,(' liii(1s ill.(' 11or11ii~1 t,o S .  Lvt, 
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al, a 2 ,  and a3 be the triad of orthogorial unit vectors that are tangent to the 

TI- ,  72-, and u-coordinate lines, respectively, and that form a right-handed 

set in this order. Also, let h l ,  h2, and h3 be the corresponding metric 

coefficients. The introduced curvilinear coordinates will be extensively used 

in subsequent derivation. However, the final finite element formulation will 

contain no traces of these coordinates; in this sense, it will be coordinate 

invariant. 

We begin our derivation by irivoking the Maxwell equation: 

curl E = -jwpaH, (5.154) 

and the followirlg expression for the curl-operator irl thc curvilinear coor- 

dinates: 
h l a l  h2a2 h3a3 

curl E = - - a a (5.155) 

lE,, h2ET2 h:G" 

Frorri the lwt. two cclu:~t,ions, wc' firid 

By sul)stit,utirig t,lic: last two forrilul;~~ ixlt,o Eq. (5.156), wcl ( ~ ( 1  u p  wit,ll t,hc> 

followi~lg H-forrnulut,io~~ of t,hc: i11lpc~(ii~11(.(: l)o111i(lt~ry (:oriditions: 

It is c:ollvt!rlicnt t,o i~~t,roduc,c! vtxc:tor c , :  

where 

and 



332 CJjr trpt c8r .  5 Norll.l:rl c:c~,r ~rr~pt~t ia .n i~i~  Bo,1~71,(1o.~.y (~076d i t ,%or6 . s  

Tllt>tl tho I ) o ~ ~ r l d ; ~ r y  c.ollctitioii (5. 159) c.;~rl I ) ( ,  writtc.11 in tht, for~ri: 

'I'o llllt~(~rst~ilr1tl tllc: lll('ii11illg of tllf: 1.igtlt-1li~lld si(i(' of fOl.lllllIil (5.163) iill(1 

how i t  (:;ill I ) ( :  c,;~st ill liliit,c\ c\l(~rricwt t,c>rins. ~vt. s11;ill 1 1 c ~ v 1  s o ~ r i ( ~  ~~lit(.hillory 

o f  t l ~ o  vc:c:t,or ficll(l 1.lic~)r.y 0 1 1  (.~~rvilirl(!i~r s~II.~;L(.('s (~~~i i r~ i fo I ( l s ) .  This  tli(>ory 

Of ~( ' l l ( ' r i1~ illt('r('~t i l l l ( 1  it) 11il.5 ilIr(';l(l,~ 1)('('11 l l ~ ( ' ( 1  ~ l l ( ' ( ' ( ' ~ ~ f 1 1 ~ ~ ~  fOl' (VI(1.v 

c*~~r r t .~ l t  iui;~lvsis [6] [ Id ] .  To rriak(t orlr c.xpositior1 sc'lf-c,or~t;iir~cd i ~ r 1 ( 1  ('i~sily 

r.c~il.tlal)l(', wcl sliiill l)rt9sc~rlt ~lt'xt S O I I I ~ .  si~lt~c.t ct 1 ii11(1 ~.(\I(~vii t~t  fil(.t s f1.0111 this 

t l ~ c ~ ~ r y .  'I'hc~sc, fil(.t,s will I)(, v c y  i l l s t r ~ ~ ~ r ~ c ~ r i t ~ i ~ l  i l l  t 11c cli~vi~Io1)11i(~~11 o f  fillit.(' 

(~~(~ll l(~11t f O ~ 1 1 l l l ~ i l ~ ~ ~ O 1 1 ~  ( ~ i s ( ' l l ~ s ( ~ ( i  i l l  t,llis i i l l ( 1  s l l ~ ) ~ ( ~ ( ~ r l ( ~ l l t ~  s('('t,iOlls. 

('o~lsitl(.~. so111~ voc.tor fic,ltl c t,ll;lt is t i~~~g(xl~t i ; t l  t o  ( .~irvil ir l(~i~r sri~.Sii(.(~ 

S.  W(. sli;~ll ~ ioxt  i~llroclr~c,c> t l l ~  11otio11 o f  tlivctrgc-~lc~c, o f  vt~.tor.  fic ' l(1 c O I I  

$9. To t,l~is o11(1. (,o~isi(l($r ti11 ;trI)itr;il.y 1)oint 1' 0 1 1  .5' ii11(1 i~ c~ los (~ l  l)ilt11 I, 
0 1 1  .S t11 i1 t  (\II( .IO:,(>S t l ~ ( ,  1)oillt 1' (S(Y 1:ig. 5.6). I,(,[ n I ) ( ,  ; I  1111it vc3(.tor t l ~ i ~ t ,  

is t ; ~ ~ l g ( ~ ~ ~ t i i l l  to .5' i i t ~ ( I  11or111i\l t o  1,. r l l i ( ~ ~ ~ .  t11(, ( l iv (~sg(~ l~( . (~  o f  c 0 1 1  ,S (i.c>.. 

t l i ~ , ~ c )  i:, t l ( ~ f i 1 1 c v  l ;IS fi)llows: 
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Fig. 5.6 

S 

Fig. 5.7 

By sul)stitlitirig forrrlul;ts (5.166) axid (5.167) into t,hc definition (5.164) ancl 

t , i~ki~lg into i~(:(:o~int t,hat cxprcssio11s (5.166) and (5.167) 1,c~:oint. rrlorc arid 

rriorc accurate as A S  goes to zero, we finally derive 

By c:o~riparirlg for~rllilas (5.168) and (5.163) and taking int,o acc:olirit rcla.t,ion 

(5.160), we can represent t,hc impedance bouridary conditioxi (5.163) in the 

following co~npact for~rl: 
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where the irnpedancc matrix ( is defined by (5.162). 

Thc above form of thc irripeclarice boundary conditions will 1)e used 

in the developllierlt of the finite elerrlent forrnulatiorl. Before proceeding 

to this formulation, we shall establish some additional useful facts from 

tlic vcctor ficld theory on curvilinear surfaces. First, we shall provc the 

"clivorgcrlcc t,hcorcrri" : 

P tlivscciS = 0 .  (5.170) 

S 

To this oriti, lct 11s c.orlsidtr sorrlt. srriooth closeti s1lrf;tce S and let us parti- 

tiou it irito sr~~iill  ~)it,('t,s ASk (set> Fig. 5.8). Thcri, we can write 

tlivsc - ---- 1 A 
as, ' 



1)y 11si11g i ~g i t i~ l  for111111il (5. I(jH) i111(1 t f i ) l lowil l~ (x1)1.(>ssio11 1'01. 1 1 ~ '  gl . i l ( l i (>~~t  

of' s(,iiliir f ' ~ i ~ ~ ( , t i o t ~  1:- i ~ l o ~ i g  .S: 



Now wc: ;l,pl)ly tli(, tlivc~rgc~r~c.(~ t.l~clorc~rtl t o  clivs($c): 

f3y r ls i~~g t ~.('l;lt i o ~ i  (5. 1 8;)). w(' 1'('1)1'('5('11t t 111' i~~~l ) (> t l ; i r l ( . (>  1)0111i(l;l1y ( .OI I -  

( l i t  io11 (5. l(.i!)) i l l  t for111: 
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Thus, regularity conditions on ip- in the form (5.193) are weaker than those 

in the boundary value problem (5.185) (5.187). Tlie form (5.193) is called 

the "Galerkin form" for historical reasons. The point is that forms like 

(5.193) were first proposed by the Russian engineer B. Galerkin as alter- 

natives to  variational formulations. It can be shown that if the Galerkin 

forrn (5.193) is satisfied for any (sufficiently smooth) function 11, and func- 

tion ip- is twice differentiable, then p- is the solution of the boundary 

value problern (5.185) (5.187). Iri this sense, the boundary value problem 
(5.185) (5.187) arid the weak Galerkin form (5.193) are equivalent. 

The weak Galerkirl forrrl is convenient for the construction of approx- 

irnate finite ele~tient. solut,iori as well as for the proof of various statements 

concerning the t)oundary value prot)lem (5.185) (5.187). We demonstrate 
the latter! by proving the uniqueness of the solution to the 1,ouridary value 

problern (5.185) (5.187) for thr: linear case. For this case, the Galerkin for111 

(5.193) car1 he written as follows: 

will sat,isfy the, followirlg lio~iiogt~r~c~ous Gnlcrkili forrll: 

The, last Galcrki~l for111 holds for a~ iy  fi~iic~t,ioli ?/r, so it shoul(1 hold for 

7/1 = Cp*. (5.197) 

where 3* is a complex conjugatc to $. 





u7c. (,11(1 u p  with t11c following firlit e t~l(trrlr~11t c~clliatio~is: 

~ t r ,  . HyrlS - r r ,  ~ l j d S .  

S 4 S 

A ~'(~lt l : l~ 'kil~)~( '  f(liltllr(' Of tIl('s(' ( '(~llilt~011~ is t,lliLt tkll' (:Ot1~~i~)ll~~iOl1 Of Sllrfik('(' 

i ~ ~ t ( > g r i ~ l s  

) Vstt, . V,slk,,flS ./ (5.207) 

S 

is vc-1.y s i ~ ~ ~ i l i ~ r  i t 1  f ' o t ~ l ~  to t I I ( '  ( . o l ~ t r i l ) ~ ~ t i o l ~  of' V O ~ I I I I I ( '  il~l.(~gt.ills 

I. Go,  . Vrr,,tltl 

I:os t l ~ i s  I . ( ~ ; I ~ o I I .  t l1c1  S I I ~ ) I I I ~ I ~  t.ix fi)l.lr~o(l l)y t11( '  SIII .~~I( . ( \  i~ltogr;~Is (5.207) ( . i l l 1  

I ) ( -  c.i~ll(%tl t "sl~~.fi~c.c, stift't~t>sh 111i1t rix." Its i~hs(>~~l l ) ly  is (111it,(> siltlil;~r 1 o 

t 1 1 ~ .  i ~ s s c . ~ ~ ~ l ) l y  o f  t llc '  V O ~ I I I ~ I ( ~  st ifit~(-ss 111i~t.rix (5.208). T11is s l~gg(~s t s  t l ~ i ~ t  

111(> t ~ l l ~ ~ ~ ( ~ ~ . i ( . i l l  i t~~ l ) l ( '~~~(y l~ l . ; l t  i o l ~  01' t ( l i s ( .~~ss(~(I  t ( s ( . l ~ ~ ~ i ( l l i ( x  lliiiy r ~ ' ( l ~ ~ i r ( '  v('ry 

t11i11or I I ( > W  ~Oftwi\r(' ( I ( ~ v ( ~ I o ~ ) I I ~ ( ' I I ~ .  
111 O I L Y  l)r(violls t l i s c , ~ ~ s s i o ~ ~  oI' lit1it.c. ( ~ ~ ( Y I I ( ~ I I ~  f o r l ~ ~ l ~ l i ~ t i o ~ ~ .  i t .  IliL5 1)o('('11 

~ I S ~ I I I I I ( Y I  t . l ~ i ~ , t ,  1,110 S O I I ~ ( Y ~  fivl(1 is (*01111)11to<l l)y 11sit1g t,I1(1 Biot,-Sit~i~rt, I ~ I w .  
IIowc~vc~. t l l i s  fi)rr11111ilt ioti (.it11 viwily ( > x t . ( ~ ~ ( l ( ~ l  to i l ( . ( . o ~ ~ ~ ~ ~ ~ o ( l i ~ , t , ( \  ot l l ( ~  

t ( d ~ t i i ( l ~ ~ ( ~ s  1'01. t I l ( >  (~:~h~ll1i~tiotl o f  t l l ( >  soltr(Y~ fi(,l(l. ( I ( ' I ~ ~ O I ~ S ~ ~ ~ L ~ ~ ( '  this for 

i I I ( >  (,;IS(- wl1(\11 t.Il(> S O I I ~ ( T  ti(~l(i is ( . r ( , i~ t (~ l  l)y i~ roil wit 11 r ( ~ t  i~1ig111i~r (TOSS- 

~ ( Y . ~ ~ O I I  (st,(, Fig. 5.:{). It 1 1 i ~ q  I N Y \ I I  s11o\vt1 ill s(~,t ioli 5.2 llli~t, it1 t l ~ i s  (:its(, t.ll(* 

so11r(x~ fi(tI(1 H0 (,it11 l)(, (,otltit~(,(l to t,Iw ( , x t ( ~ l ( I ( ~ l  s o ~ i r ( ~ ,  r(yjo11 L"' i ~ t l ( 1  it, is 

giv(511 1)y for11111li~ (5.79). As rt>s111t , t1111 s(>l;~t,iol~ (5.183) t i~kcs  t110 for111: 

Ily 11si11g tllc~ 1;wt f 'orrrl~~li~ ~ L S  ~ ( ~ 1 1  i i ~  ~ O I . I I I I I ~ ; L S  (5.84) it11<1 (5.85). x7(: (:11(1 111) 

wit.11 t l ~ v  follo~vi~ip, I)o~~lltlirry vitluc~ prol)l(m1: fi 11t1 thc. solrlt,iol~ to l.11(, L;q)litc:(> 

(Ylll. rl.  t .  1 0 1 1  

v~~~ = 0 it1 V - .  (5.210) 



V,il . VQ.- (1,- - - V,< 1;. . <Os3 11.5' = 

.s (5.215) i , 
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It is clear that the stream function T ( Q )  of the source currents is the 

"driving force" in the above finite element formulation. 

In the case of nonlinear impedance boundary conditions, the matrix el- 

ements of ( depend on IVscp-[, which makes the finite element Eqs. (5.217)- 

(5.219) nonlinear. For this reason, iterative techniques must be employed 

to solve the above equations. One of the simplest iterative techniques can 

be described by the following formulas: 

c Y~'u?"' = fz, (5.220) 

j 
(*) = 1- Va, - Vandu - -- !Val . ((*)Vsa,ds, Ynz (5.221) 

WPO 
S 

where the matrix elerrlerlts of I ( * )  are computed by using IVscp(*)J, which 

is the rriagnetic scalar potential coniputed on the previous step of itera- 

tions. 

5.5 IMPEDANCE BOUNDARY CONDITIONS 
FOR THIN MAGNETIC CONDUCTING 
SHELLS AND THEIR FINITE 
ELEMENT IMPLEMENTATION 

Thcx rri;~tht~rrl:~tic~>~l ~~li~c.hi~i('ry clt~vc~lopc~cl i r i  t,hc previo~is sec:t,ion car1 

i~lso 1)t. u s t ~ i  for t,ht, c.al(.~~l;~tiorl of c~l(ly currcnt,s ill  t,hiri rriagri(~t,i(: ~ o r i d ~ i ~ t i ~ i g  

shcllls. To start thc. clisc:r~ssiol~, let us c:or~sicler the pro1)lrrii of computing 

3-D t~l(~c:trorriagri(:t,i(: firlcl c:roat,t?d by givtxi (knowll) t,ilrlo-liarlrio~iic "sol1rc:e" 

c:~irrcnt,s J" in coil V" in t,hc presc?nc:c? of thin rriagriet,ic: conduc.t,irig shell V" 
(sc~! Fig. 5.9). Thc shclll rc.gio11, VS, is 1)ourldcd by surfaces S1 and S2. The 

posotl pro1)lern is a sirriplt. orlt:. Nevertheless, the finite elenlent formulation 

tlrvt!lopetl for this pro1)lcvn c x r i  easily extended to rnorr c:ornplcx and 

rt>;~list,i(: sit,uat,ioris. 

Wit,liin t,he concl~ic.t,ing shtdl, clcct,ric E and rnagrletic H fields sat,isfy 

t,hc following equations: 

curl H = aE, (5.222) 

Tht! last two equatioris can t)e written in the following symmetric for~n: 

curl H = J,, (5.224) 

curl E = J,, (5.225) 



5.,5 I711,perlarcr:e Zlolr~idery  Co71,d~tior~s for Thin Mrig~letic: 

Fig. 5.9 

17x (H+ - H - )  = 17 x (17 x i , . ) .  (5.230) 

,7 x (E+ -- E )  = 17 x (17 x i,,, ) .  (5.2:Jl) 

wht~ro t,l~c> s11pc:rsc.ril)t s "-I" i~11(1 '' " i~~(li(.:it(' thv V;LIII('S of  l)h)'si(.i~l clr~;ult i- 

t,i(xs irisi(l(x il11(1 o~~t ,s i ( l (>  ,?. r(~sp(\(~t.iv(dy. 

111 tllv ('iLY(: o f  t,Ili11 s ~ I c ! ~ ~ s ,  it, CiLI l  I)( :  i L ~ ~ l l l l l ( ' ( I  wit,kl lligl1 i\,<'( ' llr>i<~~ t,ll:lt 

locally (at c~i~c*h point) c~l (~c . t , ro~n;~g~~(~t , i ( .  fitsl(ls ~)('~l(~t,riit.<' t h(~s(\ s11oIls i l l  t 

I wiv s I i s  t r  t i  o 1 1 t i 1  1 1 t . s .  This is t h ~  
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Fig. 5.10 

I w v  ~ 0 ~ 1 1 1 0 1 1 .  llsillg t,llis i~~)~)l.oxilni~t~iol1 1~11(1 fOl'lllllli~~ 

(5.228) i~llcl (5.229). wc, (.i~ll csi~sily tl(,rivcx t.lic1 followi~ig c.xl)rc~ssiolis for i,, 
i~11(1 i,,, ill t,(ll.lll~ of' f 11(' ~)Oll l l (~i l l '~  V;LIII(\S of  (\l(\('t,l.i(' iLll(1 lllil.gllf~ti(. fi('l(!~: 

17 x (E+ + E )  = {(v' x (H' - H - ) )  x v', (5.237) 

17 x (E' - E- ) = ,/(17 x (H' + H - ) )  x 17. (5.238) 

'I'l~osc, ir~~l)t~tl;ilic.o I)o~ii~ciary c,ol~tlitiolls iillow ol~c, t.o i~voicl t,lic. ( . i~ l ( . l~ l i~ t io l~  

o f  c'l('c.trollli~gllt'ti(. fiol(1s wit.11iii t , l~( '  c.oll(lli(,t,i~lg s11(:11. 111 ot.ll('r wor(1s. t.li(' 

;~llitlysis o f  c~l t ly  ca~irrc\rlt,s ill thcl ~tli~gll('t.i(. (.oii(l~~(.tillg slioll is 1.1~111(~~1 t.o t . 1 1 ~  

sol~it,ioll o f  thcx fit.ltl < ' ( l ~ ~ i ~ t i o ~ i ~  in tho  r(>giolis cxtvrior t,o t,l1(1 ~ 1 1 ~ 1 1  s l~ l ) j (~ : t ,  t,o 

t , I ~ o  il~lp(~(liill(:(~ I)Otll~(li~~.y ( .ol~(li t , io~~s (5.237) i111tl (5.238). 
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whoscs r / - c , o ~ l l l ) o ~ i ( > ~ ~ t  (.ill1 I ) ( .  writt (xu ;IS f i ) l l o ~ v h :  



By using irnpetlar~cc~ I,ouridary colldit,ioi~s (5.242) (5.245) ill Eq. (5.247). 

wc, dvrivo 

Now, 1)y rctc~;~llil~g the. fort11111;~ (5.168). wr  r ( q ) r ~ s ( ~ ~ i l  t,hv 1:wt two r(9li~tiotis 

ill thcx followtr~g f o r r ~ ~ s :  

F o r r l ~ l ~ l ; ~ ~  (5.250) i i ~ ( l  (5.251) (*olistit~lt(- t.l1(' l~~i~j?;l i(>t . i( '  licl(l forlt~~ilitt,iot~ of 

~ I I I J ) ( ~ ( I ; L ~ I ( , ( ~  I)o1111(l:t,ry (,ot~(lit,iol~s (5.237)-(5.238). By :~(l(I ir~g :t,li(l sul)t rit( ' i .i~~g 

forlti11I;~s (5.250) i ~ l l ( 1  (5.251). t 1 1 ~  :i\)ov(t ir~tl)o(I:~~l(*(~ 1)0111i(Iiir~ ( -o~~( l i t , i o t~s  ( s i ~ l ~  

;i.lso I ) ( %  writ t c 9 r i  ;LS follows: 
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where H0 is the source field. 

For the sake of simplicity, it will be assumed that the coil VO has a 

rectangular cross-section (see Fig. 5.3). In this case, the source field is 
confined to the extended source region VO and it is given by the formula 

By using the last five formulas, we arrive a t  the following boundary value 

problem: find the solution to the Laplace equations 

V2ipf = 0 in V', (5.258) 

~ ' i p -  = 0 in V-,  (5.259) 

subject to t,hc houridary conditions 

[S] 1 = T ( Q ) ,  

st,,,,,,,,,, 

and the followi~ig condition at i~ifinit,y: 

To reducc the abovr I)o~~ridary valur problelri t,o wc,itk Galorki11 fornis, wc. 

invoke the Green forlnula (5.188). By applyilig t,liis forrri~~la t,o rt.gions 

V+ and V- and by taking into account Eys. (5.258) and (5.259) arid t,hc 
boundary conditions (5.262) and (5.263), we obtain tlir following relatiolis: 
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Now, by using the bouridary coriditions (5.260) and (5.261) in the formulas 

(5.265) arid (5.266), we obtain 

To l)ro(:twl further, wc shall usc gcrlcric formula (5.182) i r i  ordcr to traris- 

form t,hc s~lrf;~t:c irlt,ogrnls i rk  c~xprcssions (5.267) anti (5.268). As a rc~sillt,, 

wcL i~rrivcl at thcl followirig c~)lly)l(~I Gi~lcrkili's forrns: 

The, wc~i~k Gi~l('rki11'~ for111s (5.269) i~11(1 (5.270) iirc, t.111~ 11itt.11ri~l st.iut,iiig 

1)oirlt for firlit,(, c~lt~iriorit tlisc.rct,izat,ioris. 1lid~:c~tI. 1)y lisirig tlw followilig firiitt, 

c~lc~ric~rit ;~~)~)roxi~riat , iorls for V+ i ~ ~ l ( l  yp , rrspectivcly: 
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and by substitutirlg therri into Galerkin's forms (5.269) arid (5.270), we 

~iaturally elid up with the firiite elerrlerit equatiolis: 

The  matrix coefficierits and tlic right-hand sidtxs of thrse filiit,t, clcrric'lit 

equatioris are  given by thc followirig for~rlulas: 

For t,liis rt!itsorl, t,ht. s~iI)illi~t~ric.c~s forlrlc~l t)\i tht. i i l ) O ~ ( \  ~llrfii(.(> iilt()g~.iil~ ('ill1 

I)(. ci~111~1 "slirfiic,c, st,iffilc'ss ~ll;ttric~c~s." Tllc.ir ifi~('lli1)ly is (~li i t( '  siiliili~r to t 11(' 

a~..ssc~lrlt)ly of volulrlc~ st,iffllc~ss rrli~t,ri('(>s, whirh is ;L ~ti1lidiir(1 ~)ro(.(x(llir(> ill iiiiy 

firiitc c:l(:rrlent prograrrl. This suggests t,lint t,hc rnilrlcric.i~l i ~ r l l ) l t ~ l i i c ~ i i t i ~ t i o l i  

of the  ahovc firlit,(, ol(.lrlcwt cbc~uat,iorls rrlay rc:clliirc. vvry lit,t.lr a(l(litiorlii1 

soft.warc, dcvcloprricrlt, wit,h rc,s~)t~c,t t,o t i l r~ady c:xistirlg ollc,s. 

Firiwlly, wc shall t~st~al)lish t,l~t. roli~t,iorlship I)(:t.w(~,11 t liv ~ t , r ( ' i ~ l ~ i  fuiict ioii 

Ty(M)  for cd(1y (:~irr(~ll ts  i, ill t,hv t,llili (-ori(lli('t,irig sshc~ll i ~ i l ( 1  t,l1(: V ~ L ~ I ~ O S  of  

the rliagrletic scalar pot,c:rlt,i;~l cp+ i~il(1 y- or1 S. First,. wc. ~ l i i ~ l l  (It+iii(l t,l10 

st,rearrl furlctior~ T s ( M ) .  Corlsidcr two poir~t~s A1 i ~ l i ( 1  Q 011 S (S(T Fig. 5.1 1).  

Let LQhr be a11 ar t~i t~rary  path that  lies on S itnd c:olinc.c:t,s poirlt,s A1 ;iri(I 

Q. Therl, the strearri firrlc:tiorl (*all I)(: defiried as follows: 



I t  is ; i ~ ) l ) i r , r ( ~ ~ ~ t  tllilt t . 1 1 ~  \ G I ~ I I O  of' t st  ti^.^^^ f'1111(.t io11 ' l ~ y ( ; I l )  ( l o ( b s  1 1 o t  (1(~1)(~11(1 

o n  t,l~tl c,l~oic.c, o f  t.11t. i~it.('j?;rilt i o11  l)irt.l~ \ ) ( ' t  ~ ( ~ ~ 1 1  t 1 1 ( s  1)oilit.s ill ;LII(I 0. Il is 

i~lso c * l ( - i r ~ .  fi.0111 (5.282) t liirt t li(3 "l(.vc,l" li11c.s o f  . I s ( A f )  ( l i ~ ~ o s  of' ('(111iil \ ~ i ~ l ~ ~ t l s  

o f  7 ; y ( i \ l ) )  ( . o i ~ ~ ( , i ( l ( s  iit, (,v(,~,v i ~ ~ s t . i i ~ ~ t  of' ti111(> wit , l~  tl1(1 l i l~ (>s  of' ( ~ l ( l p  ( , I I I T ( > I I ~  

i, ( t )  'I'1111s. if  t llc> l(>vcll l i ~ l c , : ,  of' 7 : s ( l l I )  i~ r ( .  s o ~ ~ ~ c ' l r o w  f ' o ~ ~ l i ~ l .  t 11(y ( . ~ I I I  I ) ( '  
I I S C Y I  for t li(> vis11il1iz;tt io11 01' (list ri1)11t i( 111s of' t ~ l ( l y  (,11rr(~11ts i, ( t )  011 ,S. 'I'liis, 

ill ~ I I I I I .  III;IJ- I)rl~(>fit ,  t , l~ (>  l )ost- l )~.o(~(~ssi~~g of' t l l ( \  fillit,(\ ( ~ ~ ( ~ I ~ I ( ~ I I I  ~ 0 1 1 1 t ~ i o 1 i .  

L3y 11si11g f ' o r ~ ~ ~ r i l ; ~  (5.2:JO) ill  t II(, (l(*fil~it io11 (5 .282)  of ' t . l~( '  str('ill11 1'111i(.t i o l ~  

7:s(i\1). W(> fill(1 

Up rc.c,;~lli~lg forlrl~iliis (5 .255)  (5 .257) .  t I 1 ( 9  l i ist  c%xl)rc~ssiol~ ~ . ;LI I  IN )  trillis- 

f'or~ntltl ;w follows: 
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Because the stream function is defined up to an arbitrary constant, the last 

(Q-dependent,) terrn iri the relation (5.284) can be omitted, a i d  we arrive 

a t  the following result: 

Thus, the stream furlctiorl is equal to the "step" change in the magnetic 

scalar poteritial across the corlducting shell. By using this fact and the finite 

eleinerlt solution for the magnetic scalar potential, the lines of "equipoten- 

t,ial differences" ( ip+(Af ,  t) - cp-(AT, t )  = const) can be determined at any 

irist,aiit. of tirrie t .  These liiics will coinc:itlc with t,he lines of eddy currt3nt,s 

a t  t,hc same iiistaiit of tiiric t .  For t,his reason, thcsc liiics (:an 1)e ~ised for 

the visualization of eddy clirrcrlt tlistril)ut,ions. 

5.6 CALCULATION OF EDDY CURRENTS IN 
THIN NONMAGNETIC CONDUCTING SHELLS 

TIiv fillit,(> ol(~iii(~i~t t(~(.Iiiii(l~l(~ (lis(~~iss(~(l iii  t 1 i ~  l)r(,vio~is s(,(,tioii r(,(l~iir(>s 

t,li(, sol~it,ioii of fillit,(% (~l(~i~i(~i i t ,  (~(111ittiOli~ iii  t,lic r(~gio1is i ~ ~ o ~ i i i ( I  iiiiigii(~t,ic 

(~oii(l~lct,iiig s11(*lls. Iii t,Iiis ~(~i i so .  t,Iiis is ii "vol~iiiit~" soIlit,ioii tv(~liiii(11i(~. 

I t  t,~lriis ollt, t,hiit ill thcb (.iis(> of tlliii nonmagnetic (.oii(lli(.tiiig slic~lls t l i c y  

"l)o~li i ( l i~r~" so l~~t , io i~  t~(~(~li i i i (~~io ('iiii I ) ( ,  (l(~v(:Iol)(:(l. Tliis t,(~(:liiii(l~l(~ r(~(l~i i r(~s 

oiily tlisc.rc~t,iziitioi~s of slic~ll ~~lrfii(.(.s. 'The, tlt~vc~lo~)irit~iit. of t.liis l)o~ill(li~ry 

t,c~c~hiiicl~l(b ~it,iiizc.s t h ~  siilric, liliit l~(~l~ii~t.i(.iil i~li~(:liili(~ry of v('(.t,or (.;~1(.11111s 011 

('llr~ilillOii~ l l l i ~ l l i f O ~ < ~ ~  t,hilt 1li~'i l)('(xll tl(V(>101)(Yl iLll(I O~t( ' l l~i~( ' Iy lls(Y1 i l l  th(' 

pr<violis t,wo sc'c.t,ioiis. Thc' clc~vc~lol)i~ioiit of this l)o~incli~ry t,(~(:hiii(lli(\ i i 1 ~ 0  iii- 

V O I V ~ ~ S  ii(l<lit,io~iitl i~i;~t~lit~iriiit~ic~iil tools fi.0111 fiiii(:tio~ial i~ i i i i ly~i~ .  Thew t.ools 

1)riiig ilcw i~11d iiit,cr(:st,iiig i~isiglit,~ i~ i t~o  t . 1 1 ~  iiiit,~lr(! of ( ~ l d v  (.~irr('iit. 1)rol)l(~iiis. 

Tliv valut. of t,1ic~stx iiisigllt,~ iriay oxt,c~icl far 1)c~yoiid t.11~ ~lt,ilit.y of t,hv t.c~:h- 

riicllic' itsclf. For iiist,niic~c~, by usilig t,lic~sc. ini~t,lic?iriat,ic.iL1 t.ools, t~ffic.ic~iit. (i.c%.. 

(,:wily c:oirlput,al)lt:) ost.iiriat,(!s for (~l(1y (:~irr(:iit IOSSOS iLr(\ (l(>riv(,d. Thew 

( ~ ~ t . i i l i i ~ t ~ ( ~ ~  iillow oiiv t,o o1)tiiiil 1is(\f111 iiiforiiitit,ioii (~oii(:(~riiiiig (~ l ( Iy  (.~irr(>iit 

lossos without rc.sort,iilg t,o 1aI)orious c~lcly c.lirrciit ~ i ~ l ~ l i l i \ t , i ~ l i ~ .  

To start thn tliscussioii, corisidrr ii tliin nori~riitgii~t,i(. (~oiid~i('t.iiig slic!ll 

show11 iii Fig. 5.12. Tllv c:lcc:t,ric field wit1liii this t:oiiduct,iiig slit~ll sat,isfic:s 

t,licx t~clu;tt,ioii 

c11r1 E = - j w B .  (5.286) 

B = curl A, (5.287) 



Fig. 5.12 

fro111 t,ll(. Iilht two fO~1lllllil~ W(, ( ~ T ~ v O  

wll(>r(' ( ' i l l1  I ) ( '  illt(sl'l)I'('t('(l 21,s il.11 ('[('('i l ' i( '   illill ill' ~)Oi('llt~iil~. 

N m t .  l)y ~ I S S I I I I I ~ I I ~  t11:it ( l i s t r i l )~~t  io11 of' ( ~ l ( l y  ( ,~~r r (> i l t s  o v ( ~  t li(, sli(~11 

tl~ic.k~lcsss is 111or(, or I(\ss ~~l l i fo r l~ l .  w($ r ( ' l ) l ; ~ c ~ ~  i110 i l ( . t ~ ~ i ~ l  (.oli(ll~(.tilig sl1c.11 1)y 

its . ' l l l i( i( i i( ,"  ~Ill'fiI('(' i I l l ( I  t l l ( ,  il('t1IilI (list 1 i l ) l l t  i o l i  of (>(I(ly (~llr l~(~11ts wit 11i t1  

t I I ( I  sl~(>ll I)?  t ] I ( ,  ( ~ ( l ~ ~ i \ ~ i \ l ( ~ ~ ~ t  (list ri1111t io11 o f  ~ l ~ r f i i ( , ( '  ( . ~ l r r ( ~ ~ i t s  i (S (Y>  Fig. 5. I ; $ ) :  

i E  (E, =alh,',, +aLKT2:'r,. (T,.?H!f) 

wlltYT. iLS l)(~fOr(~. VsU lllc~iuls i1 gl.;l(li(~llt ;11ollg tllc. s l l r f i l (~~  S. 
Tll(, lllilgll(~ti(~ vO('t0l' ~)Ot( ' l l t~ i l~  A, 11;l.s two ( I i ~ t i l l ( . t  (~ol11])0ll(~llt.s: A'. 

w11ic.h is tl~lc, t,o the, tlist,ril)ut,iol~ of  c~l t ly  ( . ~ ~ r r t ~ l ~ t . s  i ov(\r S, i~ll(l AO. wlli(.li 

is t111c. t o  t110 sollrc,cb ficnltl. Th11s. wcl (.ill1 writ c,: 





w h c ~ c  n is ;l liliit. vt>(:t.or t ;~llg(:~~tiitl t,o S ancl norlnitl to t,hv t)ourrtlary I' of  

S. (By t,lltx way. this Loru1d;~ry Iria4v c.or~sist of sovt:r;~l c:lost~l lir1c.s if t,hc 

c~o~icli~c.tirig shc.11  hi^^ I~ol(ls. 0111. s ~ ~ l ) s o c l ~ l ~ l l t  tlisct~ssiorl is c1ircc:tly ;11)plic:;~bl(b 

to this Il1orc. gcrlc~ral c:t~scx.) 

By sr~l)stitrltir~g t,ht~ rt!li~tior~ (5.2'32) into forlll~ilas (5.296) alid (5.2'37). 
wc. i~rrivc, ;r.t thc followi~~g N(~IIIIIRIII~ I)o~ir~dilry V;LIII(, ~ ) r o l ) l r l ~ ~  for Cr 011 

c.~lrvilirlc:;~r S I I ~ ~ ~ L ( . ( '  S: 

~ ~ ~ 1 ; -  . v,s[/,i,? - tin . V,sl~tll = - j u  V,sl;.* . ( A '  + A0)tl.5' 

I ' 
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of integrals in formulas (5.306)-(5.307) can be run in parallel for various 

observation points Q, which is another advantage of the above iterative 

technique. 

Theorem. Iterations (5.305)-(5.307) converge globally (i.e., for any choice 

of initial guess) if parameter ct satisfies the inequalities: 

where V is the diameter of S (that is the largest distance between two 
points on S). 

Proof. The proof is somewhat lengthy and uses some standard facts from 

the functional analysis [2]. However, some results developed in the course 

of this proof are of interest in their own right. 

The central point of the proof is the interpretation of the "boundary" 

formulation (5.294) (5.295) and (5.298) (5.299) as a special operator eclua- 
tion. This interpretation is achieved by treating t,litt sul)tlrac.t,ion of  crhVsU 
in formula (5.292) as an operation of orthogonal projection. In order to givc: 

the exact rrlea~iirlg to the last staterrlent, we have to introduce sornc Hili)c,rt, 

spaces. First,, consider t,he Hilt~ert spacc 'H of v~c:t,or valucd func:t,ions 011 S 
with the in~ier product,: 

where c*(M) is a vector whose Cartesiaii coriiponrnts arc c:orrlplex co~iju- 

gate to the Cartesian components of the vector c(A1). 111 the spacc 'H con- 

sider a linear subset of continuously differcntial~lc voctor funct,ions, which 
satisfy the following two conditions: 

The closure of the above subset (in the norrri 1 1  bll = J '  of thc spacc 

'H) is a subspace of 'H. The notation 'Ho will be used for the ilotatiori of t,his 

subspace. It is clear from formulas (5.296) (5.297) that the surface eddy 

current density i (M)  belongs to the subspace 'Ho. 

Next, we shall prove that for any b ( M )  E 'Ho and an arbitrary function 

.II, we have 

< b(M) ,  Vs$ >= 0. (5.312) 



(5.3 13) 
NOW. I)v ~ . ( , ( ' i ~ l l i ~ ~ g  f ' o r l ~ ~ ~ l l i ~ ~  (5.310) ; ~ l ~ c l  (5.iJ.l 1 ) )  wo i ~ r ~ i ~ ( >  i1.t t.110 i(lor1titv 

( 5 . 2 ) .  St,ric.tly ~l)t>itki~lg.  this iclc>~ltity has ~ ) ( Y I I  ~)rovc!tl for s~rffic-ic>rttlq- 

srrloot,h b(A1) fro111 'Rcr. Howc,vttr. I)y llsilig t hc. c.or~tirlllit y i~rg~llll(:llt,, this 

~.c~s~ll t ,s  c.ilrl I ) (>  c ~ x t t ~ l t l t ~ l  t o  ;~rly b(AI) frorr~ 3-I(r. This t,vl)(> of' sr~l)t,loty is 

t i~cit ly I L S S I I I ~ I ( Y ~  ill t hc> s ~ i l ) s c ~ l ~ ~ ( ~ i ~ t  (lis(:~issiol~. 

This t~i(~iiris t , l~ i~t ,  t l i t >  ol)(b~i\ , t , io~~ of ~ ~ i l ) t I . i \ ( ' t i O ~ l  of' V , y U  is t 1 1 ( ~  o1)vr;1,t,ioli o f  

or t l~ogo~~i i l  ~)ro,j(sc.t.io~~ O I I  'HI,. 7'1111s. wc, ( ' i l l1  ~ ~ ~ ~ ~ l ) o l i ( ~ i ~ l l y  wtitc.: 

wllctrcb I' is t h c b  lirlc>;lr opc,r;\t or of  ort hogo~l i~l  ~)ro,j(*(.t i o r t  (111 R ( ) .  It, is kliow11 

t,lliit t 111s ()1)('I'iit is ~<'lf-iI(I~)Olllt ( ~ ~ ( ~ ~ t l l i t ~ ~ i l l l )  ;111(1 ] l i l t  
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Next, we introduce the rnatrix integral operator: 

with 

F'rom formulas (5.320) (5.323) we firid that surface integral Eqs. (5.294) 

(5.295) can be represented in the following operator form: 

This c:ilrl I)(. c:hoc:kocl I)y using t,hv d(+il~it,io~l (5.309) of t,110 ililit:r ~)rodrlct, 

ant1 formulas (5.321) (5.323). a 

Now, wc. iLrv goi~ig t,o prove i L  vc:ry in~l)ort.;tlit, f;~c:t, t.1iat opcrat,or P K  is 
sclf-adjoint on thc~ sul)s~)i~(.(: ?lo. Let, 

which Inearls t,hat. 

~b = b, PC = c .  

Tht:n, l ~ y  rlsirig the list forrrlulas arlcl t,lie fact t,hat P ancl are self-adjoint 

operators, we c1c:rivc: 

which IneaIis that operat,or PK is self-adjoint 011 'Ho 
Next, we shall rewrite Eq. (5.324) in the followi~lg concise form: 



5.6 C~u~l (~~ t~ lo t io r i  of Eddy ( = ~ L P T T : T L ~ S  in. T/I,I,%R No7~rr~ng7rr.tir 

It, is a1)p;~rc:rlt t,hat operator ?' is solf-itdjoirlt. 

By rlsirlg p;tral~lc%(!r t r ,  wc 111akc the followillg ocluival(mt t,r;~risforlr~atiorl 

o f  op(>riit,or Eel. (5.32'3): 

i =- (1 -- t r ) i  - joTi + nf .  (5.33'2) 

wc. rc.writc1 Eq. (5 332) ;LS follows: 

i = C>,i  + r r f .  (5.334) 



r .  
111il t ~ ~ ; ~ t . r i x  i l~t ,(>gr;~l  01)(>t.i1l.or fi is i111 O1)(lrilfOr wit 11 ~'('i1.k s ~ l l ~ ~ l ~ i l r ~ ~ y .  A(,- 

(,ot.(Iit~g 1.0 [13]? t110 l 'o l lo~vi~~g ( ~ s t . i ~ t ~ ; ~ t . ( \  is v;~li(l for t110 11ort11 of !<: 

I t ~ ( , ( [ ~ ~ i ~ . l i t i ( > ~  (5,:bj;i) iIr<' ~lIiIri\~it( '( '(I if '  W(l  r('[)l;\('(' l l ? ' / 1 2  (5.:$-Lc$) 1 ) ~  i ts 

(1st illl;~.t,c- (5.346). 'I'l~is l(>i~,(ls t o  t 11c i11(,(111;1lity (5.;iO$) for ( 1 .  '1'1111s. i t ,  is 

c~st.ir.l)lisllc~tl t 11i1t itc'ritt.iol~s (5.336) i~.r( '  glol)i~ll,y ( . o r ~ \ ~ ( ~ r g ( ~ r ~ t  i f  I ~ ) ~ I I I I I ~ ~ I  (:).:{OH) 

is villitl. B?. 11si11fi ~ ~ ) ~ . I I I I I ~ ~ I . S  (:).:.i;32). (5.:3;$1). (5.;$;$0). i1.s wc.11 11s t I I ( %  (I('fi11itio11 

of Ol)('I'i~l i011 k* 1 it(YiltiOl1~ (s.:j:<(j) ~ ' i l l l  ~ ~ ~ ~ ~ l ' ~ ~ ~ ( ~ 1 1 ~ ~ ~ ~ ~  i t 1  1 ll(> foI'111: 

w l ~ ( ~ r < ,  ll(') ib t11(% s o l t ~ t i o ~ ~  01' I , I I ( ,  l ) o t i ~ ~ < l i ~ r y  i;i1111(\ l)roI)l(~rr~ (5.2!)8) (5.29!1) 
, A  I 

wit.11 A: rty)lilc~c~tl 1)y A: . T'11is 1)01111il;1rv \,iil\~(' 1)rol)l(,111 is. ill  t11r11. (i1,11- 

t,i1111ot11it t.o tliv wv;~k ( i i~ l ( \ l . k i~~ ' s  fot.111 (5.305). l:i~itilly. it is cli\i~r t11i1,t it,or- 

~ I , ~ I O I I S  (5.348) iIr(' ( ' ( ~ I I ~ v ~ L ~ ( ' I I ~  1 0  t,l1(' i t , ( ' r i ~ i . i ( ) ~ ~ ~  (5.306) (5.;$07). 



. A K I ~  vil.111(\ of' (r  t l ~ t  sat,isfi(ss i i ~ ( ~ ( l ~ ~ i ~ l i t i ( ; s  (5.308) (?;LII I ) (>  I I S ( Y ~  ill i t , ( ~ i ~ , -  

t i o l ~ s  (5.305) (5.:307). E I o ~ ( ~ v t ~ r .  the. 1 ) ~ s t  c:stiil~;ttc for t,hc. c : o l ~ v o r g c ~ ~ ~ c ~ ~  ~ . i ~ t ( l  

of tl~thsc: i t(:ri~t,ior~s ('iL11 ol)ti~i~l(:(l  for 

S o w  it is ol )v io~ls  t.11;11 

[lil12 5 lifl12 
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current density, which is induced by the electrornagnetic field created by 

eddy currents then~selves. For this reason, this part can be called the eddy 
current reaction. Thus, we reach the conclusion: the actual eddy cur- 
rent losses are always smaller than those computed by neglecting 
the eddy current reaction. In other words, the eddy current reaction 
reduces eddy current losses. 

To proceed further, we use the irit:quality: 

I I ~ A ~ I I  5 llr;1/ . 11~31. (5.356) 

By recalling forrtiula (5.319) from (5.355) and (5.356), we derive 

which rrlcaris t,hat 

111 t h ?  St,(:l) Of ( ) I l l '  df'ri~iitioll, W(' Ili~v(' r(>pliL(YYl //PA: / / I)y //A',' / 1 .  
Irl cioirlg so, wc, 11;ivc. ric~gl(~~tc~t1 "shi~1)c. c'ff(~:t,s." Tlilis, it. ( . i ~ r l  I ) ( ,  (-or1(.111(1(~1 

t,liiit "shape effects" reduce eddy current losses as well. 
It, is (:l('i~r t,lliit, t,li(, (>~till~iit,(> (5.363) is (~ i i~ i ly  (~01111)11t.i~l)l(~. AII(I tliis is 

t.ll(, l l l i ~ i l l  iit,tril('tiV(> f('iitllr(' Of iiI)Ov(' (~~t,illliLt,(~. 

The, ilic~cll~alit,y (5.358) 11;~s 1)13011 clttrivc~l for tllc. (.;IS(, of tillic lii~rl~iolli(~ 

sour(-c fic.l(ls. Howclvor, 1)y 11si11g this i~i(:(l~~i~lit.y i11i(1 t,hr Folirit>r t,ri~~lsfor~ri. 

wo c-all clt.rivt. t,lic. c.i~sily (.01111)lltiiI)l(' ('~t,illiilt,('~ for (~l(1v (.11rr('1it IOSS(>S ill 

t,l~t. cast, of i~rl)itri~ry t,i~rlt\ vi~ryirlg S0111.(:1? fic:l(ls. Thv (i(>rivi~t,ioli ~)ro(:(:(:(ls itS 

follows: 

According to (5.358), for each frcclutmcy w we have t,ht? i11eclllalit.y: 

By substit,uting thr last iricquality into forrriula (5.360). wc. find 
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By using Parseval's relation again, we finally derive 

All the results obtained in this section can also be derived for eddy currents 

in "bulk" nonmagnetic coriductors [14]. In the case of these conductors, the 

following relation is valid for the volume eddy current density 

where AO is the niag~ietic vector potential of the source field, AJ is the 

magnetic vector potential of the field crcated by the eddy currents and this 

potential is given by the expression: 

while t,hc, t,l(>c.t,ric. ~)ot,c~riti;~l U is ( ~ ~ O S O I I  t,o glii~l.iL~lt,('(' tali(> followirig c:oliciit~ioiis 

for the: c~ltly c:~lrrc\nt cl(:iisity: 

tliv J = 0 i l l  V'. (5.366) 

with Vf  : ~ r i c l  S 1)t~ilig t , h ~  rrgioli oc:c:~~pic.tl I)y t.lic. c~ondiic:t,or ;tlid it.s I)oulid- 

ary, rc?spcc.tivc~ly. 

By sul)stit,ut,irig forliiula (5.365) into E(l. (5.364), wcx arrivct i1.t tali(, fol- 

lowing int,c,grd cclrlt~t~iori for t,hv c.clcly c.iirro~it clc~iisit.y. 

This i~lt,cgr;~l c~clr~:~t,iori is liot c:oiiipl(~t,c~ ;tilt1 slioiil(l I)(: s~il)plc?~ric~ritc~d by tali(: 

following interior Nrw~riarin t)ountlary viiliic~ prol)le~ii for U :  

The last two rclatioris are easily tlerivable frorri forliiulas (5.364), (5.365), 

(5.368) and Coulorrih gauge conditions for thc niagnctic vector poteiltials 

A~ and AO. By using the same line of reasoning as I~efore, it can be 

demonstrated [14] that the operation of subtractioii of o V U  in forniula 



(5.364) car1 t)(. int,r~prtrt.c~il as tlic> opc>rat.ioil of  ort,hogorlitl pro,j(:c*tiorl or1 

su1)sl);~c.c 7-lo(V+) def i~~ni l  I)y c.o~~st,rairits (5.366) (5.367). Or1 the. basis of  

this fact, tliv for~lllllat,iori (5.368) (5.370) (:ark I)(. r( :cl~i~:f~l  to  thc  opc,r;~t,or 

ecluatior~ of the for111 (5.324) with t,lic> solf-itcl.joirlt optbrat,or 011 'Flo(V+). 
By (~111pli)yirig t,llis o p ~ r a t , o r  ~ ( ~ t i i ~ t ~ i o r ~  i i ~ l ( I  t , l i ~  Sillli(x rez~so~i i~lg  21s l)(>forcb, it, 

( , ;LII \)(, ~ ) r o v ( ~ I  t ,h i~ t  t 1 ~ ~  followiilg i t c~ r i~ t , io~~s :  

L -- - . . . . . . . - _ . . . _ . ~- - . I 

W I I ( ~ I Y  11' is t I I V  rii(Ii11s of' t 11(, S I I I ; \ I I ( > S ~  I ) i i l l  f 11i1t ( , o ~ ~ t ; ~ i l ~ h  L,. ' . \ v l~ i l (>  (i is t l ~ i >  

k i l t  ( l ( s l ) f  11. 
,, 
I l i ( s  l ) ( s s t  ( ~ s t i ~ ~ ~ i i t ( ~  Sor t 11(> ( , O I I \ ; ( ~ I . ~ ( ~ I I C , ( ~  I . : I ~ ( ~  is o l ) l i ~ i ~ ~ ( t ( l  f'or t / I ( ,  f'ollo\\~i~~g 

v;llll(~ of' 0: 

1ii)r tllis vitll~o of' ( I .  t . 1 1 c x  itol.ilt iotis (5.371 ) (5.973) c~ot~vc.sgc~ i l l  I c 5 ; l s t  its fi~st 

;IS g ( ~ ) i ~ ~ ( , t  rii. scri(%s wit11 t 1 1 ~  ~ . i ~ t , i o :  
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Next, we shall illustrate our previous discussion with some examples. 

Example 1. Consider a thin spherical conducting shell subject to uniform 

time-harmonic source magnetic field HO. By using formula (5.121) for AD 
and estimate (5.358),  we find 

where R is the radius of the shell. 

This problem can also be solved analytically by using the method of 

separation of variables. The analytical solution leads to the following ex- 
pression for eddy current losses: 

which is exact up to small terms of order k. 
From formulas (5.379) and (5.380)' we derive 

where X = wpooh.  
The furict,ion 17 = f ( X R )  is shown in Fig. 5.14. It is apparent from this 

figure that the estimate (5.358) is fairly accurate for 0 5 XR 5 1.5. 

Example 2. Consider a nonmagnetic conducting ball of radius R subject 
to uniform time-harmonic source field HO. By using the estimate, (5.377),  
we find 

L, 5 L, = 2 n w p 0 H ' ~ '  15 
, (;) 

Fig. 5.14 
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Thc cxi~ct, analyticid sol~~t,ion of t,his prot)lolr~ rcsult,~ in the followirlg exact, 

c.xprc.ssio~l for  c~ltly cur.rt,~~t, 1ossc:s: 

The, furlc.t,io~i , I )  = f (f  ) is s l~ow~i  ill  Fig. 5.15. It is c.l(bi~r fro111 t,his figllrc, 

tlli~t t,hc, c.st,ilr~atc% (5.377) is f i~ i~ ly  i~c~ . l~ r i~ t t ,  for 0 < 2 < 1.5. 

Example 3 (see [14]). Collsitl(\r i L  slot,t,od c.o1)1)('1. (,111)1, wit,li 1 ~ 1 1 1  lolig 

( ~ l g ( > ~  i ~ ~ l  c = 5.8 x 107 A. S I I I ) ~ < Y , ~  to S O I ~ Y ( Y '  111i~g11(\t,i(, f i ~ I ( 1  (T(YL~,(:(I i ) ~  ii 
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current through the "rectangular frame" conductor around the cube (see 

Fig. 5.16). This problem was solved for different frequencies varying from 

1 Hz to 500 Hz by using the iteration (5.371)-(5.373). The convergence 

criterion used was one part per million. The finite element mesh used in 

calculations contained 30,282 nodes and 32,513 (hexahedron and prism) 

elements. Some sample results of calculations are presented in the table 

below. In this table, L,.,,, stands for the right-hand side of the estiniate 

(5.377), while L,. are actual eddy current losses computed by using the 

above iterations. It is clear from the table below that the actual numbers 

of iterations in many cases are substantially smaller than the numbers of 

itaerations estimated on the basis of the q-value given by formula (5.376). 
Thus, as expected, the actual convergence is faster than the theoretical one 

predicted by the estimate (5.376). It is also worthwhile tlo note that the 

estiniat,e (5.376) for eddy current losses is quite realistic even for fairly small 

skin depths (see the last colulrin of the table). 

Iteratioris It,erations 

f [Hz]  b[cm] $ o q Actual Estimated 

1 6.6 0.13 0.09961 0.01983 4 4 1.019136 

5 3.0 0.29 0.99023 0.09867 5 G 1.01992 

10 2.1 0 . ~ 2 1  0.!16217 0.19451 (i t i  1.0201 1 

20 1.5 0.59 0.861109 0.36866 !I 1 4 1.0208!) 

30 1.2 0.72 0.79861 0.51127 12 2 I 1.02220 

40 1.0 0.83 0.61382 0.62144 1 6 30 1.02402 

50 0.93 0.93 0.50427 0.70408 2 1 40 1 .026:38 

GO 0.85 1.02 0.41398 0.76552 2 7 52 1.02923 

100 0.66 1.31 0.20275 0.89289 62 122 1.04588 

500 0.295 2.93 0.010070 0.99495 1526 2751 1.67280 

5.7 ANALYSIS OF THIN MAGNETIC SHELLS 
SUBJECT TO STATIC MAGNETIC FIELDS 

This analysis is important for at least, two reasons. First., this arialysis 

is of interest in it,s owl1 right bec:arise t,hiri magnetic sht~lls arc. widely used for 

shielding of static: niagnrt,ic fields in marly enginering applicat,iorls. Secolitl, 

the static analysis can also bc of interest as an approxir~iat,c oiie i r i  situa- 

tioris when magnetic conductirig shells are employed for shielding of time- 

harmonic fields. The stronger the magnetic shielding effects in comparison 

with the eddy current shielding effects the Illore accurat,e t,his approxima- 

tion. In other words, this approximation is justifiable whcri dist,ribut,ions 
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of magnetic flux density are fairly uniform over the shell thickness. In t,hat 

case, the static aiialysis can be perfornied first to fiiid the distribution of 

magnetic field and then eddy current losses can be approximately evaluated 

by using appropriate formulas from Section 2.6. 
Below, the analysis of thin magnetic shells subject to static magnetic 

fields will be based on boundary condit,ions t,hat are mathematically sim- 

ilar to t,hose used for thin magnetic conducting shells in Section 5.5. For 

this reason, the same mathemat,ical machinery will be utilized to carry out 

finite eleinerit formulat,ions of this analysis. However, we shall also develop 

additional mathematical tools t,o rigorously study the convergence of finite 

elenlent discret,izat,ions as well as the global convergence of special iterative 

techniquc>s for the solut,ioli of nonlitlear finite element equations. 

We begin our discussioli witli the tlerivation of boundary c:ollditions 

for t,hin lrlagnetic shells. To t,his end, considcr the irifil~it,esirnal volume as 

showii in Fig. 5.17. Tlie t1orlllt1ar.y of t,liis volunie c:orlsist,s of t.liret. 1,icc:es: 

AS ,,,,,, AS, ,,,, , ,,,,, , and S,,,,,., . Piec:cs AS, ,,,, aritl AS,,,,, , ,,,,, lit. on t,lie t.xt,crior 

arid interior l)ou~idarits of the s t~t l l ,  respcctivcly. and havt. allliost tlic sanlt> 

;irclw AS, w h i l ~  ~)ic.c.c. S,,,,,., is (lllt.ir('ly wit hi11 t,lit ' sli(~11. By 11silig t l l ( ,  ~)riiit ' i~)l(~ 

of c~olit.ilir~ity of t.lic1 ~iiagli(~fi(. flux, M.Y> fil~cl 

b;;t(.l~ 1.(~1'111 01' f.h(' I(xft-ll:lll(l ~ i ( l ( '  Of' 111(' f ~ ) l ~ l l l l l l i l  (5.:$!)0) ( ' i l l1  I ) ( '  ( ' \ ' i l I l l i l t t ' ( I  ; IS  

follows: 

I' B . d S  = (B . I ; )  AS. (5.;$8(j) 
. .y,,,,, 

/' St,,,,,,,,,, B . ~ s - - ( B '  .;)as, 
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Herc v' is the unit outwartl riorlrial to  the  ~niddle  surfacc: S of the shell, h is 

the thickness of the  shell, L is tshc closed line of intersection betwc:cr~ &idcs 

and S ,  while n' is a unit vect,or t,angerltial t,o S and rlorrrial t,o L. 
By sul)stituti~lg forrrllllt~s (5.386) (5.388) into Ecl. (5.385), we obtai11 

whic.21 (.;ui t)c, rc>wri t to~~ ~ L Y  follows: 

Now wcl r( '~)li~(.( '  tllc' ii(.t.l~iil t1li11 lllilg~~('t,i(. ~li(~11 1)y it.s 111i(l(ll(' s~lrfil.(.(' S iL11(1 

wcb IISO t,h(' I ) o l ~ l l < l i ~ ~ . ~  ( .o~~(l i t , io~l  (5.392) O I I  this SII~.~~L( . ( ' .  It is t,i~(.it,ly ~ L S S I I I I I ( ' ~  

tlliit B ill t.h(' iil)ov(> t)o~lrl(li~ry (-orl(lit,ioli is t,11o tot.ii1 I I I ; L ~ I I ( % ~ . ~ ( .  flux (lt>llsit,y, 

w l ~ i ( , l ~  is t i i~~g(~~i t , i i i l  t o  S. 'rllis ;~ss~~l~ipt , ior i  is jllstifiv(1 1)y t,ll(> fitct, tl~iit, withi11 

t,hv i ~ ( . t ~ \ i ~ l  thin ~i~i~gl lv t i ( .  sh(1lls t,l~(l 11oritli~1 (~0111~)Oll(~llt.~ o f  B ;~r( '  v ( ~ y  ~ l i ~ i ~ l l  

This a s s u r r ~ ~ ) t , i o ~ ~  is just,ific.tl by t,hv ~111iill t,hi(*k~l('ss o f  t,l~(' shc>ll a.s well ~LS 

I)y the cor~tirluit,y of t,hr: t,angcrltial co~lipol~ent,s of  thc  ~liagritttic: field across 

tlltt ~txt~ctrior aritl irit,c>rior I)ou~ltlaric:s of tlic, act,ual s11c:ll. 
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Next, we shall introduce the magnetic scalar potential cp and formulate 

the boluidary value problem for this potential. For the sake of simplicity, 

we assurne that the shell is closed and that the source field is created by a 

coil with a rectangular cross-section. In this case, the source field can be 

confined to the extended source region VO and it is given by the formula 

(see Section 5.2): 

{ a,T(Q) in yo, 
HO(Q) = 

outside V' 

To t)c specific, we shall also assulrie that the coil and the extended source 

region V" are locat,ed within the shell. In this case, the magnetic scalar 

pot,cntial can be introduced as follows: 

To i~rrivc: at the fi~iite elemerit forrnulat,ion, we shall first reduce the 1)olilid- 

;Lry v;~l~~c. pro1)lcrri (5.397)-(5.403) to thr appropriate weak Galerkili's forlli. 



To this clrid, we shall rc:c:all t,hc scalar Grcc:~i forrr~~ilns: which car1 I)(: writ,t,cr~ 

irr t,lre forlrl: 

Horc wc havc nlrratly t,i~kcri irit,o xccourit. Eqs. (5.397) (5.598), tlisc~otitillllity 

(:o~l(iitio~ls (5.401) (5.402) : i l l ( ]  (so~~( i i t , io t~  (5.403) i ~ t  i~~fillitjr. F3v  i\(l(litig for- 

I I I I I ~ ~ L S  (5.404) t ~ l i ( I  (5.405) i~11(1 t,aki~rg itlt,o ii(~o1111t t h ( ~  t)o~l~i(l t~,r?f  (;o~i(Iit,ior~ 

(5.400), wc, ol)t , i t i~~ 

wllc~rc~ v = b'+ $ v-. 
Now. I1.v ii~)l)lyilig i t l ( .~~t  i t  (5. 182) to t s~~rf'i~c.c\ i l l (  c>gt.i~l i t 1  (.5:lO(j). wc, 

;ll,rivc> i ~ t  t,hc, fi)llowi~~g (;irlt\rlii~~ fortri: 

7- 
. - -. - - -- . -.-LA. .- - - 

--I 

I . .- -. -- -- . -- 

'l'his G;~l( \ rk i l~  fort11 is c .o~~si t l (~rc~l  011 t . I 1 ( 5  sc5t. o f  ( . o ~ i t i t ~ ~ i o ~ ~ s  I '~ltr(~tiol~s. 111 

t.his wtiy, t,l~c' 1 ) 0 1 1 1 l ( l i ~ 1 . ~  ( . o ~ ~ ( l i t i o i ~  (5.:3!)!)) is t , i~k( '~i  illto il(.(.o~lt~t. '1'1111s. w(* 

11i~vo p r o v ( ~ i  t.l~:~t, if' tlr(\ ~ i l > ~ g ~ w t , i ( ,  s(,ttliir l ) o t . ( ~ ~ ~ t i i ~ l  ; is i t  so11itio11 of' t l ~ r  

l)o~incl;~ry vt~l11c1 ])rol)l(~tr~ (5.:{97) (5:103), t11c.11 tlris ~)ot ,(~ll t  i i l l  silt isfic's 1.110 

I l k i  f o r  (5.407) for I s i i t l y  r 1 1  ~ t i o  1 .  '1111(' 

i~~vcq-sc, st,i~t,crrl(>llt (,:ill t)o (~st . ;~I)l isl~(~(l  i ~ s  ~ ( 4 1 .  Ni1.111t~ly. it ( ~ ~ 1 1  1~ l ) rov(~l  

t,lli~t if tlrc, pot ,ct~~ti i~l  p is t,wic.c' cliff(~rc~~it~iill)l(~ i r ~  I/+ i i ~ ~ i l  bi ~ L I I ( ~  si~tisfi(\s 

t,hch urc~ ik  Gi~1('rki11 for111 (5.407) for ;LIIY fiilt('tior1 0, ~ I I ( T I  Illis ~)ot(,tit.i;~l is i L  

so111tio11 of t,11(> l)o~txi(l:~r,y vi~,l~i(> 1)roI)li~111 (5.3!)7) (5.403). '1'11(> I I I ; I ~ I I  i(lvii of' 

t,liis proof is to exploit, I . I I ( ,  i~rI)it,ri~ri~l(wi o f  f\111(.t,ii)n ,q! i11 t,Ilo C l i~ l (> rk i~~  ~'OI.III  

(5.407). 

It. is (:l<.ti.r fro111 t,he ;tl)ovc> cliscussiolr t,h;~t the. l )o~~ t i t l ;~ ry  vi~I~i( '  1)ro1)1~1t1 

( 5 . 7 )  (5403)  is i v l t  t o  1 ~ k i  S o  (5 .407)  I-lowc~vt~r. t . 1 1 ~  
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above Galerkin form can be preferable for the following reasons. First, this 

Galerkin form is a more concise statement of the problem; this statement 

is expressed in one formula (5.407). Second, the Galerkin form can be di- 

rectly used for finite element discretizations. Finally, the Galerkin form is 

more convenient for derivations of various integral estimates that are in- 

dispensable in proving various mathematical facts. We shall first illustrate 

the last statement by proving the uniqueness theorem for the boundary 

value problerri (5.397) (5.403). Before directly proceeding to the proof of 

the uniqueness theorem, we recall that constitutive relations B(H) for un- 

hysteretic rnedia satisfy the following constraint~ (see Section 2.4): (a) Ja- 

cobian matrices for c~ristit~utive relations are symmetric; ( b) the following 

inequalities are valid: 

Hcrc A H  is an arbitrary inc:rerncrit of the magnetic field and A B  is the 

c o r r s o l i i  iric:rerlient of tlic rnagrictic flux density. 

Thc: lcft il~~~(llii~lit,y in (5.408) c:xI)rcsses t , l l~  fact that tht: rxiagnctic 

i ~ ~ c ~ ( l i l i l i i  is I)~LSS~VO, while t , h ~  right in~(liiality ir i  (5.408) rc:flec:ts saturation 

p h ( ~ n o ~ ~ i ( ~ i i ; ~  of i~li~p,n(:t,i(: in(>(li;~. 

Iii(~(l(lalit~i(~s (5.408) (.;in iilso I) ( ,  writ,t.cw in t,llc followirig t'(llliviil(:~it for111: 

wllc~c, . j ( ~ )  is a t ,hrc~t!-clii~ic~~isio~ii~l syl~ini(:t,ri(: .Ji~(.ot)ii~~i I I I ; L ~ , ~ ~ X  with r~iatrix - 
(~l(~ni(~iit,s (:~illlii~t~~!d at t,hc: fit>l(l H ;LI I (~  < is an arbitrary t1iret:-di~rie:r~sior~al 

vc>t3t,or. Thcl val~ics of ronst,itnt,s c i ~ r i c l  C depmd oil 1)t~rtic:ula.r forrns of 

c.o~~st,itut,ivt: rc~latioris. 111 the c:i~sc? of r~olili~icar isotropic rxiotlia with B ( H )  = 

p ( H ) H ,  wc 1i:~vc. t?stal)lishetl (sctc, (2.31 5)) that 

c = i ( H )  C = rnax p ( H ) ,  
II H 

(5.410) 

where rriinirrlurri ant1 ~r~axi~nuiri  are taken over the relevant range of variation 

of H.  

Now we are ready to provc: the validity of the following statement. 

Uniqueness Theorem. For urihyst,eretic rnagnetic ~ncdia with constitu- 

tive relations that satisfy inequalities (5.408) (or (5.409)), the boundary 

value pro1)lerri (5.397) (5.403) has the unique solutio~l. 

Proof. Suppose that there are two solutions cp(') and cp(2) of the bound- 

ary value problern (5.397) (5.403). Then, these solutions must satisfy the 
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Gal(;rkin form (5.407): 

By ~isirig t,lica Ii~st inc>cllliility i11 t,hc forrriril:~ (5.414). wc. arrive at. tliv c.ollt,ra.- 

clic:t,iorl 
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This corltradiction is removed only when 

Because +(m) = 0, from the last equation we find 

and 
v ( l )  = (2 )  

Y .  (5.421) 

The uniqueness is proved. 

Next, we proceed to the finite element discretization of the Galerkin 

for111 (5.407). We shall look for the approximate solutiori in tho form: 

, ( i = 1 . 2  . . . .  N). (5.423) 

wc, c ~ i t l  111) witah t,hr following ~ ~ o ~ i l i ~ ~ ( ' i ~ r  a.lgrl)rilic eclll;ttioris: 

o,TrlS - I' tr,TdS, ( i = 1 . 2  , . . .  N). 
Sl,,,,,',,,, 

By solvirlg t,hc:so ecluat,io~~s with rt'spc.ct t,o ~irlkrlowrls y,, , we call firid thc: 

i~l)l)roxill~nt,c' solut,ioll YN. 

T1lrc.v ilrlportailt qucstiolls (:;LII 1~ posed co1ic:errlillg rlollliriear fillit(: 

c>lcrilc-~~t Eq. (5.424). Is t,hc solut,iorl t,o these ecll~ations unique? Does t , h ~  

tii~it,cl txl(,llicrlt solut,ion y~ convrrgo t,o t,lle exact sollition y?  Is it possi1)lc 

t,o tl(1sig1i it,crativc t,echrliques for t,he solut,iorl of rlonliriear finite elenlent 

ccluat,ions (5.424) that are globally convergent,? Next we shall present, 

af i r~r~at~ive answers to all these questiorls. 
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To c~st,aI)lish t,hr ~ir~icllieriess of  the solltt,ior~ o f  t.hc firlit,(: c:lrrnc:r~t c.cllra- 

t,ions (5.424), wc shall rctwrit,o the111 i11 thc followit~g c~cluivalcnt forlrl: 

= 1 tr,TdS - o,TdS, ( 2  = 1,2,. . . N )  
St,,,, 



Theorem (convergence of the finite element technique). Tllc. Sol- 

Proof. First, 21, f(>w r(\111;1rks ( ~ o ~ l ( , ( ~ r ~ ~ i ~ ~ g  t , l 1 ( 3  I I I ( > ~ I I ~ ~ I I ~  o f  this t11(~or(~111. It 
is ('l(bi~r t l ~ t  tli(b i ~ l ( ~ ( ~ i ~ i ~ l i t , v  (5.430) i1111)1i(,h I I J V  ( ~ o ~ ~ v ( ~ r g ( ~ ~ i ( . ( ~  o f  t11(, f i~~i t ,c ,  

( ~ ~ ~ ~ ~ I I ( ~ I I ~  ~ ( I ( ~ I I I ~ ( ~ I I ( \ .  T11is is I ) ( Y . ~ I I I S ( ~  t l ~ v  (,rror o f  t I i ( 5  I ~ s s t .  i~1)1)roxi111i~tio11 of 

iL I I s  f ~ ~ ~ l ( , t i o ~ l  p fro111 'H '  1)y f ~ ~ t h ( , l i o ~ ~ s  fro111 'H,ir ,yo(\s 1 0  ~ ( > r o  i~s t 1 1 ( ~  (l(~1isity 

o f  t 110 f - i~i i l ,o  ( ~ I ( , I I I ( ~ I I ~  I I IOSII  is i ~ i f i ~ ~ i t ( > l ~ .  i ~ i ( ~ r ( ~ i ~ ~ ( ~ ( l  (1%' + 1%) .  'r11is i t ~ ( b ( ~ ~ ~ i ~ l i t . y  

ills0 ('1lilril('t('riX('~ t,llt' l 'ilt(' Of ('OllV('l'K('ll('('. ~ i l ~ l l l ( ' l y .  t,IliS i l l (~( l l l i l~i ty  lll(~;llls 

t i l i l t  9s ( ,OIIV( ' I .K(~S t.0 p ;IS l ' i ~ ~ t  iI.5 6'; (.oIIv( 'I .~( 's 1 0  .pî . ~ ' I I ~ . ~ ~ I ( * ~ I I I o ~ ( > .  tliih 

i l~v(l~i;i , i i ty s~iggvsts I,ll(> i ~ t ~ l ) o r t , ; ~ ~ ~ ( , ( ~  o f  t,liv l)ro1)(%r (1osig11 o f t  ] I ( ,  l i t ~ i l ( \  ( * I ( ~ I I I ( ~ I I ~  
I I I ~ ~ S ~ I .  Thc. 1)c.ttc.r t cltlsiji~l o f  t11(. linitv ( ~ I ( Y I I ( ' I I ~  111(,sli. t l i ~ t  I(,ss t 11(' (111iirltit.y 

1 lp - t / ' x :  1 1  illl(I t ]I( '  l ) ( , t t ( , l '  I t1(? (~llitl i ty o f  1 fillit,(% ( 5 ~ ~ ~ l l l ( ~ l l t  so~ l l t io l l .  ' Y l ~ i s  
is t 1 1 ( ~  1rit.r 111it,xi111 t l i ;~t  1 1 1 ( \  fillit(\ ( \ I ( ~ I I I ( ~ I I ~  s o l ~ i l i o ~ ~  is i1.5 goo(1 i ~ s  its fillit(, 

(~l(~lll(~11t l l l (~~I1 .  

' ~ I I ( \  1)roof of  i1ic~c111;tlity (5:I;iO) is l)i~5(bil 011 I I I ) I ) ( ' ~  ~ I H ( I  lowcv (>st illlilt ('s 

o f  t llc. followi~~g c~x~) rc~ss io~~:  



To fiud t,lle I I I ) ~ ( T  (:sti~lu~t,e for I. wc. shi~l l  rcwritc. for~lllili~ (5.432) ill t11c 

followirig c:cluiva.ltwt forrrl: 
I' 

I t  tllrlls out, t hitt 

Llt~,i~ilsc' I;?:, - p , ~  I ) ( t lo~~gs  to 7-I; i i11(1 \ ) i ~ c , ; ~ ~ ~ s c ,  t I I ( I  i t l v ~ ~ t  i t  y (5.4:17) is valit l 
o r  I 1 ,  f r o  , it i i t  1 )  i t  f i r  ; ,  = 1 ,  - ; N .  'L'liih ~)rov('h 

tl11. f i ) ~ l ~ l l ~ l i ~  (5.436). 

F ~ O I I I  forl111lli1,~ (5.,4:!5) ~ L I I ( I  (5:4;3(i), \VO (~ ) l~ ( . l l l ( l (~ :  



By ~ . ~ ~ i ~ l l i ~ l g  forrnll l i~~ (2.295) i~rld (2.296). WP have 

B ( - V y )  - B ( - V . S ~ N )  - A[--VS(V - p,v)] ,  (5.440) 

Strictly s l ~ ~ i t k i ~ l g ,  111i~trix A (101)('11il~ OII p i i~ld 9;". Howov(~ ,  for- ill1 possi l ) l~  

9 ,-I.LII(~ p ~ ,  this rr l i l t  rix is syrrilriet rii: i~rltl satisfic's iiir~cll~;~litic~s: 



Now. wc> r o ~ l s ~ c l o r  t lies globally ( , ~ I ~ v ( Y ~ ( ~ I I I  i t  (br;tt ivt' t ~ V . ~ I I I ~ ( ~ I I ( ~  fill. t 

so111tio11 o f  ~ ~ o l ~ l i l ~ ( ' i i ~  l i i ~ i t ( ~  ( ~ I ( ~ I I I ( ~ I ~ ~  k;(ls .  (5..125). ' l ' l i ib t ( ~ ( . l ~ ~ i i ( l ~ ~ ( t  ( , i ~ ~ i  I ) ( ,  

1~1;1.t~~l~~1rl;lt~i(~i~11y fOl. l l l l l I i l t f ' (I  i lS   follow^: 
.- - - - - --. - - -- 

7 
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Thus, on each step of iterations we have to  solve linear simultaneous Eqs. 

(5.453) whose right-hand sides depend on the previous iteration as well as 

on excitation condit,ioris. The matrix of these linear equations remains the 

same for all iterations. This can be clearly seen if the iterative technique 

(5.453) is written in the form: 

cr,TdS. 
St,,,, .SI,,,,,,,,,, w- 

To provt. t,he glot);~l c:orivcrgc.~~c~e of t,hv ii1)ovc. t,cc:liriicluc wc iiitrodiicc~ spa(:(, 
~ h , , , ,  of linvitr c*ori1l)inat,io~i~5.327) with t , h ~  following iriiit:r l)rotfilc:t,: 

Next, wc, shall prove, t,hc followirig rc,slllt,. 

Theorem (global convergence of iterative technique). Iterations 

(5.453) glo1)i~lly c:olivcrgc t,o t,hv solut,ioii of riori1iriea.r firiito c1elrit:rlt Eqs. 

(5.425) i ~ t  loi~st, as fast as a gc:orriet,ric scxrit:s wit,li tho r;tt,io: 

Proof. By using sirnplc transformat,ioris, frorri forrnulas (5.453) wo derivc 

""' / v S d r N  . V S ( p E " )  - p g ) ) d s  = VdjN . ~ ( c p C + ' )  - pjyk))d~ + - 
Po . 

S 
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wherc Ij,,v is an arbitrary func~tion frorr~ IHir>,, . By taking 

(h-+1) (k) 
Y*v = Pn: Y.v 1 

fro111 forrnrllas (5.45'3) arid (5.461) wet find 

(k-I) ( k )  i k k  = , , = - + I , ,  - p . (5.4ti5) 

wllc~rc. f is t,lic~ i t l ( , ~ ~ f  ity 111iitri~ 

Ntlxt. wc, shi~11 ~)rovc' t,lii~t 

By risirlg t,liis f;~c:t i~rltl fortn~lla (5.454) for / I , . .  wcl tilltl 



~~c:c:;ulsc\ rr~i~t,r.ix I - L-.4k,k- is sy~~lllic>t,ric. t l i ~  litst i~~(><ll~itIit,i<>s ir111)1y tho 
A L c  

validity of i r~( ' ( l l~i~li ty (5.467). 

By  sing i r~~(l11i~li tv (5.467), wc, derivtk 

Now. wc> t.llrll 1)ac.k t o  for11111I;~ (5.466) :~rlcl, 1)y rising (5.470) ii11(1 t.11il Cti.~i(:I~y 

i1icc11i;~lit.y. wc: ol)t,iti~i: 

, . 
1 ] l i l t  Ill('iIl1S tIlilt it('~ilti0lls ,911.) fOl.111 il ( 'Ol l t  l.il('t.ill~ S('(1111'11('('. 'I'llis SO(lll~'ll('(' 

('ollV(~rg(bS ilt l(\ilst, il.5 f i~st  iLS il g('Olll('tl'i(' s('ri('s Wit11 t,tl(' I'itt,iO giv('l1 1)y t,ll(' 

I'or1111l1;i (5.460). 

It is (>vi( l ( i~~t  ~ I X ) I I I  t11(~ l ) r o ~ f  of t.11(, ~ I I ( ~ O U % I I I  t . I~ i~ t  t,11(, i ~ ( . t l ~ i ~ l  riit(> o f  (,OII- 

V(ll'gOlli'(' 1ll;lJ' I ) ( '  ~ 1 1 ~ ) ~ t ~ i l l l t i i l ~ ~ ~ ~  lllgll('l' t ~ l i L 1 1  t l l ( '  Oil(' ~i)O('ifi('(l I)? ~ll('(~1l;L~itJ' 

(5.472). 'I'llis is t)c~:;i~lscb wc. hi~vc' r l s t~l  ro11g11 c,st.ilil;~t,c,s t.o g~~ :~r i t~ l t ( ' (>  t.11~: 

vi~1itlit.y of illo(llliility (5.472) 1111(1(~1. ill1 1)ossil)l(> ( . ~ ~ ( . I I I ~ I s ~ . ; ~ ~ I ( ' ( ' s .  It is illso iln- 

1)ol't;l.llt 1 0  k(~51) I l l  l l l i l l t ~  t l l i \ l  W(' IlilV(' 1)1.0~( ' (1 tll(' glOl)it1 ('OllV('rgi:ll(.(. Of t.ll(' 

itvrittivc t,(~(~1111i(111(, (5.455) (5.457) i11 t,ll(\ 1ior111 (5.459). wlii(,ll is strollg(~r 

t lli1,11 t,ll(b 1ior111 (5.429). 'r'llis I I I ( ~ ~ L I I S  t11i1t t I I V  it,('ritti~(' t ~ ( ~ ( ~ l i ~ ~ i ( ~ ~ ~ o  (5.455)- 

(5.457) will ( . o ~ ~ v o r g ( ~  f i l~ t , ( \~ .  in tll(, I I O ~ I I I  (5.42:)) t1lit11 is ~) r (~ ( l i (~ t (> ( l  1 ) ~  t,llc 

i~~r>cl~ii~li t .y (5.472). 

Tllv l)rovc,i~ t.I1(~ori~111 also i111l)lii:s t,lw existence of t,llc, solrlt,ioll of IIOII- 

l i~i( , i~r fillit(, (~1(~111(~11t  K(~s. (5.424) for ;illy li~iit.(, ~ > I ( Y I I ( , I I ~  III(:S~I (for iV). 



iLll(1 l),V ~ i t ( ' I ' i 1 ~ ~ ~  ~Vl)('il~illg tll(\ SiLIll(' Ii11(~ Of ~ (~ i~~O1l i l lg  iLS ill tll(\ 1)rOOf Of 

tll(> l i~st  tlic~orc~ln, W(> ('ii.11 ( ' ~ t i ~ l ) l i ~ h  t ,h;~t  it.(:ri~ti011~ (5.473) g10l);~lly ( Y ) I I \ Y T ~ < \  

to t l 1 ~  cbxiic-t sol~~t, ioll  p spclc-itic:cl I)y tlic. wc~itk Gillcrki~i for111 (5.407). This 

i1111)lic.s 1111. existence o f  t,llc~ \vc>i~.k s o l ~ ~ t i o ~ ~  o f  tllr iio~~liilc~i\.r I )o~~r i t l i~ ry  v i ~ l ~ ~ c .  

~)rol)l(~lll (5.397) (5.403). 

11, is i i~s t r~~( . t iv (>  t o  ( ~ o l I I l ) i L I ~ ( x  t 1 1 ~  it(~rii.t~iv(~ l , ( ~ l ~ i i i ( l ~ t ( ~  (5.455) (5.457) wit11 

t 110 I\;c~wt.ol~ 1ilc5t l l o t  I .  Thtt ;i.l)ovct i t . ~ r i ~  t ivo t c ~ . l i i ~ i c l ~ ~ c s  c , c  ) ~ ~ v c ~ g o s  glol)i~lly (i.t.. . 
l'or ~ I , I I ~  (.11oi(.(% o f  i l l i t  i;d ~ I I ( I S S ) ,  w l ~ ( ~ ( t i ~ s  t l i v  Y(>ivt,or~ I I I V ~  110(l ( ,o l~v(>rg(~s  10- 

(.i~lIy (i.v.. for i ~ ~ i t i i i l  g~~c~ssc,s tlli~t. ;~rc' s\iftic.ic,i~t I?- rlosc. to tilt, i ~ c . t i i ; \ l  sol111 i o ~ ~ ) .  
r .  1 ] I (% ;I.\ )ov(, it,rr;~t.ivv t ( ~ ( * l ~ ~ i i ( l ~ ~ ( ~  r ( ~ l ~ ~ i r ( > s  t 11v s( )I111 1011  ( ) f '  Iili(>;~r ( '(111i~t io11s wit 11 
t I I ( ,  si1111(> st in'l~(*ss 111;1trix {7 , , ,  } (%vary s ~ ( ~ I )  of it,(,t.ilt,io~~s. W ~ I ( ~ I ~ ~ ; L S  111 t 1 1 ~  

c.;l.scb o f  1 I I ( >  I \ jowto~~ 111(lt  l l o ( l  1 I I ( <  t11i11 rix of t s i ~ ~ l ~ ~ l l . i ~ i ~ ( ~ o t ~ s  ( ~ l ~ i i ~ t . i o ~ i s  1 o 

I ) ( '  s O ~ V ( ' ( ~  i l l  ('il('11 i t ( ' l . i l1  ~ O I I  is ;I . ~ ? l ( ' O ~ ) i i l l l  ol' 1 ]I( '  l l ~ ~ 1 1 ~ ~ t l ~ ~ ; L l ~  fill it(^ ( ~ ~ ( ~ 1 1 1 ~ ~ t l t  

( Y I I I ; I ~ ~ O I I S  ; I I I ( I  tliis ,Jii(.oI)iii~l I I I I I S ~ ,  I ~ ( ~ ( ~ L ~ ; L I I I ; L ~ , ( ~ ( I  l)y I I S ~ I I R  t11(, pr(,vio~ls it- 

( 5 ~ . i ~ t  io11. '1'1111s. t 111s .J;~(.ol)i;ii~ ( . I I ~ I I I ~ ( \ S  fro111 o 1 1 ~  il.(br;it io11 to i i ~ ~ o t  I I (T .  'rl~is 

I I I ~ L ~ ( ' S  tllv (.01111)1it ;1tio11 o f  (b \ r (xr~r  il(>\v i t t ' l ' i ~ t  i o ~ i  ~ I I O ~ ( >  (,ost.ly. IIow(~v(~r.  111 

i L  s~lffi( , i( t~~t ly rIos(> vi(.iliit,y of t l i ( ~  i i ( ' t , ~ ~ i ~ l  so111t ion. t,l~is ;~(l(lit.ioii;il ( Y ) ~ I ~ ) I I ~ ; I -  

t , i o ~ ~ i ~ l  c,ost is 1 ) i ~ i t  1 for I)y tlic. quadratic ~.irtc. of c,ollvt>rgthllc,c. of 1.110 N t w t  O I I  

~ii(~tIio(l .  ~ l~ ( l r (> i t -<  I , I I (>  it(>riit,iv(% 1(~(.11~~i(111(~ (5.455) (5.457) 11;~s o~i ly  lin- 
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Appendix A 

The Preisach Model of Hysteresis 

S111)1)os(> t l i i ~ t  w(, w i 1 1 1 t  to I I I O ( I ( ~ I  ;I l ~ y s t ( ~ ~ x - t i ( ,  I . ; I ~ ( ~ - ~ I I ( I ( ~ ~ ) ( ~ I I ( I ( ~ I I ~  ~x~I ; i t i o t~  

I ) ( > I W ( Y > I I  S O I I I ( >  1)Iiysi(.i11 ( l ~ ~ i ~ ~ ~ t i t y  [ I ( / ) .  w l i i ( 4 1  \vill I ) ( >  (,;III(YI l I 1 ( 5  i111)llt. i111(l 

i111ot 11(.1. ~)liysic.i~l ~ ~ I I ; I I I ~  i l ? .  / ( I ) .  wl1ic.11 will I ) ( .  c,;~ll(~tl t lrc' 0 1 1 t  1 ) 1 1 t .  I t  i h  i ~ h -  

S I I ~ I I ( Y I  t I l i ~ t  t l i ( t  / ( t j  vh.  ( I ( / )  ~ . ( ~ l i ~ t i o ~ l  ('x11il)its I ~ i s t o ~ . y - ( I ( ~ l ) ( ~ ~ i ( l ( ~ ~ ~ t  l)l.ill~(.lli~~p,. 

' l ' l ~ i h  I I I (~ ; I I IS  t \ l i l t  t I I ( I  ~ x > i ~ l i x i ~ t  1011 of' 21 1);1rt i(.l11;11. I)I.;II~(,II of' t Ilis l~ j~s i (>~x*t , i ( ,  

r(b1i1t i o ~ i  ih ( I ( * t ( ~ ~ ~ ~ t ~ i i ~ ( ~ ( l  1)y t I I ( *  1);1st ( 5 x t ~ x > t ~ i ~ ~ ~ ~ ~  \ ,;IIII<~S of' t I I ( -  i1 i1 )11 t  i i ( 1 ) .  '1'0 

I I I O ( I ( ~ I  S I I ( . I I  i1 11yst ( % ~ , ( , t  i ( ,  lx\l;it ioll. w(, I I ( Y Y ~  it 111i1t 11(*111i1t i(x1 too1 1 Iii11 i t , s ( , 1 f '  

( ( I I I ( >  t o  i1.s i11t rillsic >t.rll(.t I I I . ( > )  will I ) ( '  i~1)1(' 1.0 ( l ( t t ( ~ . t  ;III(I ; I ( . ( . I I I I I I I ~ ~ I ~ , ( S  i111)llt 

(.st r . c X ~ ~ i ; ~  ;1.11(1 t l1c.11 I o c,l~oc~scb itl)1)ro1)1.iat ( '  I ) r i ~ ~ l c ~ l r c ~ s  O F  t 1 1 ( 9  11yst.c~l.t.t i c .  1.(>1;1- 

ti011 ;~ ( . ( . o r ( l i~~g  to t11o ; I ( . ( . I I I I I ~ I I ~ I ~ ( ~ ( I  Ilistol.i(\s. OII( '  s11(.11 tool i >  t l i ( '  1'1~(~isi1(~11 

111o(l(-1. wlii(.lh wv will l ) l . o ( , ( ~ ~ I  to ( I ( ~ l i 1 1 ( 5  ~ i ( , x t .  

('o~~siclc,r i111 i ~ ~ t i ~ ~ i t c t  ((.o11t i111lo11s) s('t oi' I ] I ( ,  s i ~ ~ ~ l ) l t , s t  Ilysttw,ti(. ~ l o l l l i ~ l -  



Appendix A 

Fig. A . l  

Thlis, t,lic, Prcis:tc.h rriotlt.1 is c.ollst,r~lc.t,t.d i ~ s  a supt?rpositioli of t,lit, si111l)lest 

liyst,c~rc:t,ic opcrst,ors -j,,j. Thc.st1 ol)c>r;tt,ors (:it11 vitxwc~d iL.1 11liti11 l)liil(lirig 

1)loc.k~ of t,he rrioclc~l. 111 t,Ilis s t ~ l ~ s t ~ ,  t,hc? Prc>isac.h rriotit?l (::ill 1)1. vi(?wc.cI iw ;I 

sport,ratl (l(~(:or~i~)osit,iol~ of (.o~r~r)li(,itt,(~(l Iiyst,(,r(>t,ic operators i~it,o r(~-t, : t l~g~l- 

litr loop o~)orat,ors Tliorc~ is also it11 i~~t,c~rc.st.irig parall('l l)rt,wtlcw t,lic> 

Prrisac:h rnodcl and w:~vc:l(lt t,rarisforl~ls, w11ic:h itr(! c:~irrc:~it,ly very poplilar 

ill thc: arc:& of sig~ial proccssirlg. I~id(~ocl, a11 rcc:t;tliglllar loop opc!rat,ors iaU 
(:all k)t3 Ol)tiIill('d !)y t,ri~ll~liIt,i~lg itll(1 (liliLt.i~lg t110 rOct,allgllliLr 1001) O~)f~rilt,or 

, which ~ : L I I  I)(? rcgardccl as tllv "~~iot,licr loop operator." Thus, t,lic? 

Prc?isac:h rriotlt!l can t ) t ~  viewt?cl as a "witvrlrt, oprrat,or t,ransforrn." 

It is i~rlportant to note that rcc:t.a.~igulttr loop operators Yap arr Iiys- 

t,crrt,ic opt,rat,ors with local nic~rloric~s. This rrlc~i~ris t,hiit for thew opc:r;tt,ors 

the values of out,put at SOIII(~ ilist,a~lt of t.i111e to and the v:tlues of input. 

~ ( t )  at it11 s1it)st:q11ent illst,arit,s of t,i111(! t > to ~irliclliely ~>rrdf!t,ernline the 

value of olitput for all t > to. Iri other words, for hysteretic operators with 

local rrlerriorit's the past exerts its irlflucncc Iipori the future through tlle 

current values of output. Although t,he Preisach rriodel is const,r~ict,ed a.5 a 

superposition of rectangular loop operators with local nienlorirs. it lislli~lly 

has a nonlocal Irierriory. 111 other words, for the Preisach 111odel t,he current 

value of output f (to) is not sufficient i11 ordcr t,o predict the future values 

of f (t)  for t > to given the values of u(t) for t 2 to. It turns out that 

the past extremuni values of u( t)  that occurred for t < to affect, the fiiture 

values of f ( t )  for t > to, and this is the essence of nonlocal memory. It is 

remarkable that a new qualitative property of ~lonlocal memory emerges as 

a collective property of a system having a huge (infinite) number of simple 



i~11(1 (l~~i~lit,t~t,i\r(:ly si111iliir c : o r ~ ~ ~ ) o t ~ ( ~ ~ ~ t s  +(,(j wit11 l O ( ' i ~ 1  111(~111orios. 

'r0 l l ~ l ( ~ ( ~ r ~ t ~ ~ 1 1 1 ( ~  t,ll(> fOt'lllil.~~Oll Of llOll~O(:ii~ 111(~1110~~ Of tll(: r'rf'l~ilt'll 1110(~(:~ 

as well its its ot,llc:r ~)ro~)(~rtic's, tllc sl)c~c~ii~I cliagriitlr t(:c~hiric~~ic: (:;HI 1)t. tlrr1- 

ployctcl. This diitgr;trn t,cc:hr~icluct is l ) i t ~ t ' ( l  011 the sirllplc: fii(:t t , l~at tl~c*rc, is ih 

ant:-t,o-or~c: c:orros~)ond(~ri(:t~ 't)c:t,wc~:r~ o~)or;ltor.s j,,;$ iiritl poir~ts ( tr .  ,!j) o f  t11cl 

l~ i~l f -p l i~t~( :  0 2 [j (S(T Fig. A.2). Consitl(,r il, right t r i i ~ ~ ~ g l ( '  'I'. 1t.h ~ I ~ ~ ) O ~ . ( ~ ~ I \ I S ( ~  

is ;I p i ~ r t  o f  t,hv l i r ~ c ~  tv = i 3 .  wl~il(, t.11c. vc~rtc~x o f  it.s right i i ~ ~ g l < '   hi^^ th(1  or- 

(iititit(,s (?() it11(1 [j() wit11 ,& = - ( t o .  111 f,]lc> s(Y~llfx1. tllis tI'iill~gl(~ will \)c (:illI('tI 

t,ll(, li111it~i1~g t,riitllgk: illl(I t]l(' ('?is(' Wll(~11 / / ( ( i 5  ij) is il, f i l l i t , ( ,  flll~(:~,iOll wit11 iI 

sl~pport, witahill 7' will t)(. clisc:~issc>cl. 111 o t , l ~ c ~ r  wortls, it will 1 ) ~  : ~ s s r ~ r l ~ c ~ l  t.lliit, 

t,ht' flrllc:t;ior~ /l,((l. ij) is (~111til t.0 %(TO o~~t.si(I(' t . l l(1 t ~.iitt~gl(l T .  r l ' l i i ~  (.;IS(' (.ov(>rs 

t.hc i ~ l ~ p o r t ; i ~ i t  rlitss o f  11ystc~rc.sis ~ ~ o t l l i r ~ c ~ i ~ r i t ~ i c . ~  wit 11 (.Ios(~l 111it,j01. 1001)s. 

rro st,iirt, t l i(> (1is(,!issiori. w(> first : L S S I I ~ I I ( ~  111iit t ]I(' i111)11t ( / ( I )  iit, S O I I I ( >  

ilistiil~t, Of ti111(> f i t  1 1 ; ~ ~  it \'il,Ill(' t,llilt I(!ss 1 Ili1,tl /jil. ' ~ l l ( ~ l 1 .  tll(, 011t~)ll t~ Of :ill 5- 
o l ) (~ i i to r s  t l l i ~ t ,  c,orr(>s1)o11(1 to t i \ (>  1)oi11ts o f  t11(, t . i . i i~~~gl(> 7. ; ~ r ( >  (~111iil t,o - I. 111 

ot,l~or wortls, ill1 + - o l ) ( ~ t ' i ~ l  ors itr(' i t 1  t,ll(, " t low~~"  ~)os i t i o~ l .  'I'llis c .o r rc~s~)o l~( l s  t o  

t11(, stilt(, of  "~~(>g i~ , t , i v (~  silt  ~ l ~ ' i l . l . i o l ~ "  o f  t,11(> 11yst (>rosis 11o11li11(~;1.rit~v r (~l) lY~sc~11t(~~ 

1)y t 1 1 c ~  f '1 .c~is i rc~l1 1110(1(~1. 

Now, wc5 ~ L S S I I I I ~ ( ~  t l ~ i ~ t  t i111)11t is ~ ~ l o ~ l o t o ~ ~ i ( , i ~ l l > .  iri(*~.(~i~.s(,(l I I I I ~  i l  i t  

rc>;ic.l~c,s i ~ t  t.i111(\ t S O I I I ( >  I I I ~ L X ~ I I I I ~ I I I  V;LIII(> 41 I .  .AS t 1 1 c s  i111)11t is I ) ( b i l ~ g  i l l -  

( ~ ( ~ i r s c ~ l .  ill1 <*-ol)(~ri~I OI.S wit 11 " I I ~ ) "  swit ( . I I ~ I I ~  V ~ I I I I ( I S  1 )  l(>ss t Il i111 t l ~ c >  ( , I I I . I ~ > I I ~  

i111)llt. vi1111(~ 1 1 , ( t )  i ~ r ( '  I)( 'i~ig t I I ~ I I ( Y I  i l l t o  t 111' ..III)" 1)ohit  i o ~ ~ .  'l'11i.s I I I ( ~ ~ I I I S  t 11il1 

t l~(lir 01it1)11ts I ) ( V . O I I I ~ >  t ~ 1 1 1 i 1 l  to + I .  [ : ( Y ) I I I ( , ~  ~.i( , i~lly.  i t  l(9i1cls to t h111)tlivi- 

sio11 of tli(> tt ' iii~~gl('  'f' it110 t\vo ~ ~ t s :  ,S+(f) ( , o ~ ~ s i s t i t ~ g  of l ) o i ~ ~ t s  (0.  d)  fo r  

wllic,ll t 11v c ~ ) l . ~ . c ~ s l ) o ~ l t  li11g -r-ol)(~it t  01,s i~rc,  i l l  1 I I ( >  ""1'" 1)ohi t  io~l .  iultl Sp ( t )  

c.o~~sistillg o f  ~)oi~lt.s ( (1 .  i l )  sl1c.11 t ]lilt t l ~ c b  c,or~.c,sl)orltlit~g ?-01)(~1'i11 ors ;\I.(> st i l l  

i t 1  t . 1 1 ~  "(IOUJII" 1)osit.iorr. '171~is s ~ ~ l ) ( l i \ f i s i o ~ ~  is I I I ~ I ( I ( \  l)y t I i v  1i11v I )  =: / l ( t )  (S(Y 

Fig. A.Y) ,  wl~ ic , l~  ~~ lovc>s  111)witrtl ;L\ 1.l1c1 i ~ i l ) r ~ t  is I ) ( ~ I I ~  i~~c.t,cs;~sc-tl. ' I ' l l ih ~ i ~ ) ~ i ~ . t . t l  



Fig. A.3 

I I I O ~  i o l ~  is t , ( ' r l ~ ~ i ~ ~ i ~ t ( ' ( i  W ~ ( \ I I  t.l~('  i111)ut T('~I( ' I I ( ' s  1.110 ~ I I ~ L X ~ I I I ~ I I I I  V ~ L I I I ( '  71 1 . ?'II(' 
s~ l l ) ( l iv i s io~~  of t.hc t,riiil~glt, 1' illto S + ( f )  i ~ ~ l < l  S -  ( f )  for t,his l ) i~ r t . i ( ' ~~ l i~ r  i ~ i s t . i ~ ~ ~ t  

o f  t i111(> is SIIOWII i l l  Fip. A.3. 

Nrxt ,  \v(, ih5SlIlll(' t l ~ i ~ t ;  t 1 1 ~  i ~ i p ~ ~ t ,  is ~ ~ ~ o ~ ~ o t , o ~ i i ( : ; i l l ? ~  < l t ~ ( ~ t , ( ~ i ~ \ ( ! ( l  1111t,il i t ,  

rt,i~c.l~cls i ~ t  t.illlo t 2  SOIII(' I ~ I ~ ~ I ~ I I I I I I I I  ~ i ~ l l l ( \  112. AS t h(' i~ipllt is I)(\il~g ( I ( Y . ~ ( ' ~ L S ( $ ( ~ .  

all ? - ~ l ) ( ' r i \ t . ~ l ' ~ i t l ~  "clow~i" swit,c~l~il~g v i ~ l ~ ~ c , s  ,'I ;~\)ovt. t ] I ( ,  ( - l~rr ( ' l~ t  i111)llt. 

~ 1 ,  ( t ) .  i t  I 1 1 t 1 1 0 ' '   ti. This ( . h i l l ~ ~ ( ' ~  

t.hc: j)rc>vio~~s s111)tlivisiori of 7' illto positive, i~11(1 ~i(~gil.t,ivc. stXt.s. 111( l (~( l ,  t.ll(1 

il~t,t.rfi~c:c> L ( t )  I ) ( ' ~ w ~ Y ~ I I  S+ ( t )  i i l~(l  S ~ -  ( f )  IIOW I I ~ I S  ~ , W O  Iillks! t,l~('  11ori~O11tiil 

itn(l vcrt,ic-a1 ollc>s. The> vclrt,ic.i~l l i l~k lnovc>s frorr~ right to  lvft alitl its 111ot.iol1 

is spo(ifi(t(1 \),v t.ll(1 (~(11ii~t.io11 /j = ,u( t ) .  'rliis is i l l~~st ,r i~t ,(vl  l).v Fig. A.5, T11v 

i~l)ovt> 111otio11 of t,l1(1 v(:rti<:iiI link is t ~ : r ~ ~ ~ i l l t ~ t t ~ l  W,~I (> I I  t11c inp111, rva(:l~(>s it,s 

rriil~ilr~llrr~ vitl~~ct 11s Tht. s r~l )~l iv is io l~  of the, t.rii~~lgl( '  T for this pitrt i(:l~litr 

i l ~ s t , i l ~ ~ t  of t.ilnc is shown in Fig. A.6 .  Thcb vc,rt,ox o f  tlic, ir~terfac:(: L ( i )  ;i.t, 

t , l~is instii~lt o f  tirllv h m  thcx c:oorcli~~i~tos tr = I r l  ~ L I I ( I  ,!j = 712. 
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Fig. A.5 

Fig. A.6 

Now, we msunic that the input is incrctased again iint,il it rc:ac:lics at, 

tirnc tg  some 11iaxi11111rr1 value us, which is less tl ia~i u1. Gt:orliet,ric:ally, 

this increase results in t,hc forrriat,ion of a r1t.w liorizo~lti~l link of L( t )  t.lii~.t, 

niovcs upwards. This upward motion is t.c?rrriiliatt:cl wliori t,hr rnw.xiniulri ug 

is reached. This is shown iri Fig. A.7. 

Next, we %sunie that the input is decreased again until it reaches 

at tirrie t4 some niir~irriurri value u 4 ,  which is al~ovc 112. Georrietrically, 

this input variation results in the forrriation of a ricw vertical link t,liat, 

moves from right to left,. This niotion is terniinated as the input reaclies 

it,s minimum value uq. AS a result, a new vertex of L( t )  is fornied that has 

the coordinates cr = us and P = ub This is illustrated by Fig. A.8. By 
generalizing the previous analysis, the following co~lclusion can be reached. 

At any instant of time, the triangle T is subdivided into two sets: S + ( t )  



Fig. A.8 

c.olisist i11g of' 1)oit1t,s (0. ij) for w l ~ i ( , l ~  t . 1 1 ~  ( , o~ . r (~s l )o l~ ( l i l~g  ~ - o l ) ( ~ r i ~ t , o ~ ~  i \ , r ~  i r k  

t 1 1 ( ~  "III)" l )os i t , io~~,  i111(l & S - ( f )  (,otisist.itig of' 1)oi11t,s ( 0 .  ~ j )  fo~,  \vl~i( ,J~ t l ~ ( b  (.OI,- 

rc~spoli(lil~g j-ol)ori~tors iLrc9 it1 t.li(> "tlowti" 1)osit i o ~ i .  '1'11(% ilitc~rf;r.c~c~ L ( t )  
I ) (b twc~-~~  , S + ( t )  ; r t ~ t l  S - ( t )  is il st;~it,c,;wt, I i r r c >  wl~osc~  vc>l.tic,css I I ~ I V ( '  t r  i~titl :j 

(,oor(lit~i~t(ss ( , o i ~ ~ ( , i ( l i t ~ g  l ~ ~ s l ) ( ~ t  ivt,l>- wit 11 lo(,;11 I ~ I ; I X ~ I ~ I ; I  2~11cl  t t ~ i t i i ~ ~ ~ ; ~  01' i t11)11t ,  

;rt ~)l .cviol~s i~lstiilits of' til1lct. The$ ti11;~l link 01' I,(!) is i~tt.ii(.li(ttl 1.0 t11(% l i ~ l c .  

( \  = ; I ~ I ( I  it t~lov(vi w11(~i t,lw i ~ i p ~ i t  is (~li;~lig(vl. 'I'liis l i t~k  is i~ liorixo~it,i~l 

0 1 1  L it i o v  w r  i s  1 1  I is i ~ l  ( s  Fig. A ! )  TII(> 
fi!~;il li11k is ;I v(>rt,i(,;~l o11(, it11(I it IIIOVOS fro111 tiglit t o  l(,ft ;IS t,li(- iu1)11t, is 

tl(~c.rc~;~sc~l (sc~s Fig. A .  10). 

~\c.c.orclillg t o  th( '  i l l ) o~ (>  ('0!1c~llt~lol1, i l l  iilly iltstillll. of  l i t l l ( '  1.11(' int('- 

I i t  ( 4 .  I )  i t  I s 1 1 1 I i v i l l  t o  two i ~ t ; ~ I s ,  o r  9 ' )  I S ( t ) .  
rc,sl)(.(,l ivc,lv: 
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Fig. A.9 

a 

Fig. A.10  

Sixice 
( t )  = 1 if ( tr .  O)cS+(t) (A.3)  

2ind 

5 n c j ~ ~ ( t )  = -1. if ( a ,  (A.4)  

f ( I )  = [ p(n,  a)dndLi  - (A.5) 

if ( t )  s -  ( 1 )  



li'rorr~ t,lris txprchssiol~. it. fi)llows t ,h i~ t  ari i l~st , i~~ri t i l~ic~oits  villuo of oi i l .p~tt  (lo- 

l ) ( ~ t ~ ( l s  O I I  ;I ~)i~rt,i(.~tlir.r s~tl)tlivisiotr of t h ~  l i l l l i t  i ~ i g  triilt~glc. 7', i11t.o posit,ivc\ 

i ~ r ~ c l  ~rc~ga.t,ivt~ s ~ t s  S + ( t )  ; L ~ I ( I  .S(t). Thi s  s~lt)tlivisioii is c lc~tc~r~l~ir~c~cl  I)y i L  

pi~r t , i ( , \~ l i i .~  ~ l l i~ l>(x  of t , l ~ %  i ~ i t ~ ( d ' i ~ ~ : ( ~  L ( t ) .  Thi s  ~11i~1)(),  ill t ,~irli ,  (10p01t(ls 011 th(: 

1)ilst. c~xtrc~trn~ttl  viilrtt~s of irlpitt, l)(~c.;l.l~sc, thew ( > X ~ ~ ( > I I I I I I I ~  villll(>s ilr(, tki(\ (:o- 

or(lirl;~t,(\s o f  t h(> v(>~.ti(.(>s o f  L ( t ) .  C~otls( : ( l i l (~~it , l~.  t.h(' l ) i ~ . ~ t  (xtr('11111111 v i i l l l~s  

o f  illl)~lt slii11)(* t,hc% st.i~it.c:;lsc, itlf;cd'ilc.c~. L ( f ) .  i ~ r ~ c l  ill this  w i ~ y  they I(xilvc. t11c.ir 

111;~rk I I I )OII  t,ll(\ f'11t11r(>. 

'1'0 111ii,k(, t , l~is  1)oilit ~ ) ( > ~ S ( Y . I , I V  (.I(\;LI.> (~oi i s i ( l (~r  l.vlo it11)11t.s t i !  ( t )  i~11(1 712(t,) 

with t.wo cliHi~rc~i~t ~);rst hist,oricss Sol. t < t'. T h i s  I I ~ ( ~ ; L I I S  tltilt t hey hacl 

l i f t  0 1  t r i  o r  t < t .  It is I I ( ' X ~  ~ L S S I I I ~ I ( Y ~  t , l ~ i ~ t  t.hos(\ i i ~ p ~ l t s  

(.oit~ci(l(, fol. t 3 t'. 'I'li(~1 ;~(x*or( l i t~g  t o  ( A . 5 ) .  tIl(> 0111 1)11t,s f l  ( t )  i111(l j :2 ( t )  
c.or~.c~s~)otulitig t o  t ;LI)O\J(I it1j)itt.s i~t.o giv(ht1 t),y t l ~ ,  l'ortr~~iliio: 

\ \ . l ~ ( . l ' c ~  .s; ( I )  i l l l t I  (7, ( I )  i I t I ( I  .s, ( I )  ~)osi l ivt-  i111(1 tlcbgiitivcs hc . t s  01' 
t tvo s~il)tlivisiotls o f  ' I '  i ~ s o ( ~ i ; \ t ( ~ ( l  wit l l  11 ( 1 )  i111(1  I I ~ ( ~ ) .  tx~s1)~(. t iv(~ly.  

' I ' I I ( ~ ~ ( ~  txvo h ~ ~ l ) ( l i v i s i o ~ ~ s  i i i ~ ~  (1iIl'(~r(>111 I ) ( Y . ~ L I I ~ ( \  t11vy (~ ) t~ r (~s l )o11 (1  to lwo 

(lill '(~t.(~t~t i t i l ) ~ l t  l~istot.i(~h. 'I'IIIIs. Fro111 (A . ( j )  i t t l ( 1  (11.7) v8(- (Y)II(.III(I(> t11;1t ,  



TO l l l i ~ k ( ,  t,llis ! ) ~ ~ ) l ) ( ~ r t y  ( ' l ( ' i ~ ~ . .  ( ~ o ~ i s i ( l ( ~ r  i1 1 ) i \ r t , i ( , 1 1 1 ; ~ ~  l ) ; ~ ~ t ,  history t 11;\t, is (.II;IY- 

i ~ ( ~ t , ( , r i ~ ( l ( l  1)s i l  f i l l i t . ( ,  ( i ( x ( , r ( y ; i s i l ~ g  S ( Y I I I ( ~ I I ( Y ~  { I I , ~  . !I,:$. ,115. 117 } 01' Io(.;11 i111)11t. III;IX- 

i n i ; ~  ; L I ~ ( I  ; I I I  i l ~ ( ~ r c ; i s i l ~ g  S ( Y ~ I I ( V I ( Y ~  { ! 1 , 2 .  11 ,. I I ( ; ,  I I * }  of Io( , ;11 i l i ~ ) \ ~ t ,  I I I ~ ~ I ~ I I I ~ I .  A 
t i  - ;j c l i i ~ . g r ; ~ l l l  l i ) r  t . l l i s  k i l ~ t l  o f  I l i s t , o r , v  is s11ou.11 i l l  Fig. 11.11, Now. 

wc> i r s s l ~ ~ ~ t c .  1 I I ; I ~  ilr1111t c r ( t )  is ~ ~ ~ c ~ l ~ o t o ~ ~ i c . ; ~ l l y  i ~ ~ c . r c ~ i l s c b c l  I I I I ~  i l  i l  r . o ; l c . I ~ c ~ s  

so111 ( '  I I I ~ I S ~ I I I I ~ I I I  V ; L ~ I I ( '  (111. w l l i ( . I l  is i l I ) O ~ t '  !I:(. '1'11is ~ ~ k o l l o t o l ~ i ( .  i r l ( ~ 1 . 1 ~ i 1 s o  of' 

i l l [ ) t l t  ( I ( [ )  r ( s s i 1 1 t s  i l l  t , l ~ ( ,  S O I . I I I ; I ~  i o 1 1  01' i i  l ~ o l ~ i x o ~ ~ t i ~ l  li11;11 1111li 01' I , ( / ) .  w l l i ( , l ~  

~ ~ ~ o v c ~ s  I I I ) w ~ I . ( ~ ~  1111t i l  t l l ( '  I I I ~ I S ~ I I I I I I I I  \ , ; I ~ I I ( -  (I!) is r ( - ; ~ ( , l ~ ( ~ l .  ' l ' l ~ i s  r(>s11!t5 i l l  

; I  1 1 1 o ( I i f i ( v l  (1 - ;j ( I ~ ; I X ~ ; I I I I  S I I O \ V I I  i l l  f;ig. 11.12, I t  i h  ( tv i ( l ( ,~ t l  t l i ; ~ t  ~ I I I  v ( - r -  

t i  I - o o r i i t s  r l o  I I I I I .  I t  i h  i l l s o  

( , 1 (~ ;1 r  t 11;1t t 11(> 1 v i 1 ) i l l g  o11t  01' v ( ~ . t  i ( , ( % s  is (~1111iv;11(~11t  I o t110 o r i ~ s i ~ ~ ~  01' t 111, l i i s -  
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that the wiping out of vertices occurs in a similar manner for monotonically 

decreasing inputs as well. Thus, we can formulate the following property 

of the Preisach model, which is called the wiping-out property. 

Each local input maximum wipes out the vertices of L ( t )  whose a- 
coordinates are below this maximum, and each local minimum wipes out the 
vertices whose P-coordinate are above this minimum. 

The wiping-out property is asserted here in purely geometric terms. 

This property can also be described in analytical terms. 

Consider a particular input variation shown in Fig. A.13 for the time 

interval to 5 t 5 t'. We assume that a t  the initial instant of time to the 

input value u ( t o )  was below Po. This means that the initial state is the state 

of negative saturation. Consequently, the whole history has been written by 

the input variation after time to. We would like to specify explicitly which 

local input extremum values will be stored by the Preisach model a t  time 

t'. Consider the global ~riaxirilurn of the input a t  the time interval [ to ,  t ' ] .  
We will use the notation lLll for this maximum and t: for the instant of 

time the rriaxinlurn was reached: 

= rriax u ( t ) ,  u(t:)  = M I .  
[tll,t'l 

(A.9) 

It is c:lcar t,liat all prvvious i~iput t:xtrerria. wcrcx wipttd out I)y t,his rnaxirnuin. 

Now, consider t,hv g1ot)al rrliriimu~n of the iriput at the interval [t:, t ' ] .  We 

will use t,hc riot,atio~i ntl for this rriiriirriulrl arid t ;  for the time it was 

reached: 

T = I ( t )  u ( t l )  = nzl. (A. lO)  
It: >t'l 

It is apparent that all intermediate iriput extrerria that, occurred between 

t f  and t l  were orased t)y the minimum mi .  Next, corisider t,he global 

rnaxi~nuni of the input a t  the interval [ t l ,  t ' ] .  The rlotat,ioris hf2 and t ;  are 

appr~priat~e for this rriaxirrium arid the time it. oc:c:urred: 

M2 = niax u ( t ) ,  u ( t l )  = Af2 
I t l , t ' I  

It is obvious that this maximum wiped out all iriterrnediate input extrema 

that occurred between t l  arid t l .  As before, considcr the global minimum 

of input at the ti~rie interval [ t l ,  t '] arid the riotatioris 

m2 = min u ( t ) ,  u ( t 2 )  = m2. (A.12)  
lt;,tll 

It is clear that this minimum wiped out all intermediate input extrema. 



.1/1k = niax ~ ( t , ) ,   ti) = Mk. (A .  13) 
[ l k  , % ( ' I  

of 111iig11(>t i(,s S ~ I O W  t,ll(%  xis st(,^^(*(> 01' ~ I I ; I ~ O L  I I ~ S I ( T ( \ S ~ S  I O O ~ ) S  W ~ I O S ( >  ~ l l i 1 1 ) ( \ ~  ( 1 0  
l lO t ,  </('])('ll(l 0 1 1  llO\V tll('S(' 1001)s ill'(' i l I ' ~ l ~ ( ' ( 1  ; i t .  Ill Otll('l' WOI'(IS. t,lJ(' 1IliljOl' 

llyst.(~r(~sis 1001)s i ~ r o  wall ( I ( ~ ~ I I ( , ( I .  '1.1lis I I J ( > ~ I I I S  t 11ii,t, l)i\st liistory is wil)(,(l O I I ~  

1)y i111)11t, OS('ii~ilt~i0lJ~ of s ~ ~ f i i ( , i o ~ ~ t l y  Iiirgr ~ ~ ~ ; i g ~ i i t , ~ ~ ( l ( x .  'I'liis is 111 ( ~ ) 1 1 1 1 ) l t ~ t ( \  

i i , g ~ ~ t ~ > i ~ ~ ( ~ ~ ~ t .  wit.ki t I IV w i l ) i ~ i g - o ~ ~ t  1) ro l ) t~ ty .  

('o~isi(l(,r i ~ ~ i o t , l ~ o r  (~ l i ;~ ,~ . i~(~tor i s t~ i ( ,  l ) ro l ) (~ t , y  o f  tIl(1 l"r(kii~,(d~ 11io<l(~1 t liitt is 

villi(] for [)c,rio(lic, illl)llt ~ i ~ r i i ~ t i O l 1 ~ .  L('t 11 1 ( t  ) i l l l(I  1 6 2 ( t )  \)(' two i111)llt.s t I l i l t .  

111i1,y l i i ~ . \ ~ ~  (lil.f(-r(%lit 1)iut histories (( l i ff(~r(~i~t  i ~ l l ( ~ r i i i ~ t i ~ ~ g  s(tri(\s of ( l o ~ ~ ~ i n i t ~ i t  

(txtr(t111it). HOW(,I~(\I,, st,;irt,ing fro111 SOIIIO i11sti~11t o f  t i111(> t o ,  t IIOS(\ i111)11ts viiry 

1);lc.k i111(1 fort,h I ) ( ~ t , w c ~ ~ ~ i  the. s;illlc\ t.wo c , o l i s c ~ ~ ~ ~ t  ivc, (ax{ rc.ilnllrl vi~.l~ic~s. 11, i t ~ ~ t l  

I!-. I t  ('ill1 I ) ( ,  SllOwll tIlilt t l l ( s~(x  1)(Y'iO(ii(, 1111)\lt, vi\rliltioll~ r(~S1l~t i l l  111~llOI '  

I~ystc~~.c~sis  Iool)s. T,('t. Figs. i1.l.l i111t1 12.15 rcy)rc>sc~~t r r  -- /i clii~gr;~llis Sol. 

t11c. i ~ l l ) ~ ~ t , s  ' I L ~  ( t )  i ~ . ~ l ( l  / l2(t) ,  r ( ~ s l ) ( ~ ( ~ t . i ~ ( ~ l y .  11% t.h(' ii11)11ts VilTy l)il(.k i i ~ ~ ( l  f0rt.h 

l)(\t\~('(>ll 11,- illl(I ( 1 -  . tll(' fillill 1111kS Of St~;l i l~( ' i l~(~ illt(Y'fil('(~~ L1( f )  iill(1 L 2 ( / )  

111ov(~ wit 11111 tllv i(l(%lit.i(*i~l t r i i ~ ~ ~ g l ( ' ~  rl'l i l l ~ ( I  7;. 'Illis ri~s111ts ill  1)vrio(li(, sIl;il)o 

vitri;itiol~s for t,, ( t . )  i ~ ~ i ( l  L 2 ( t ) ,  \vl~i(~Ii i l l  t,11r11 p r o ( l ~ ~ ( ~  l)(,rio(li(, vi1,rii~t i o l~s  of  

the, o~~ t . l ) i~ t . s .  ffl (1) i1.11(1 f2(1).  'l'liis lncliills t.1l;r.t. sol110 111inor Iiq.st.c~rc~sis 1ool)s 

L t i  1 1 1  f - L L o 0 t 1  i t s  ( S  F i g  A i )  '1'11(> 

1)ositioris o f  t.hc~sc> two loops wit11 rcbsl)tbc,t t.o t,lic, f - ax i s  (liff('r(mt. l . ' l~is  is 

1)c:cilusc t,l~c.sr t.wo i11l)lits l i i~vr cliff(*rc,ut ~)iwt, l i is torirs~ whic:li I(.iltl t .o  cliff(sr- 

('lit ~kliLl)('~ f 0 ~  St,iliI'(:iLS(' iIlt,('rfil,('('s, ( f , )  illl(1 L 2 ( t ) .  AS i l  I X ' S I I ~ ~ ,  l,ll(' \~illll( '~ 
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of outputs for the same values of inputs are different. This is easily seen 
from the formula (A.5). However, it can be proven that these two hysteresis 

loops are congruent. This means that the coincidence of these loops can 

be achieved by the appropriate translation of these loops along the f-axis. 

Fig. A.13 

Fig. A.14 



Fig. rZ.15 

The> 1)r.oof o f  t.110 ( . o ~ ~ g r ~ ~ ( ~ ~ i r y  of th(\st' 1001)s is ( ' ( ~ I I ~ v ~ L ~ ( ' I I ~  t o  showilig t . l~ i~l .  

; ~ i v  ( Y I I I : ~ ~  ~ I I ( ~ ~ ( ~ I I I ( ~ I I ~ s  of  i111111ts 71.1 ( t )  ~ L I I ( I  ,1 l2 ( t )  r(\s111t, in (~11i:tl i ~ ~ ( ~ r v l ~ i ( ~ ~ i t , s  of 

o ~ i t . ~ ) ~ i t s  f l  (t,) ;tlltl . f2( t ) .  To this c'lltl. lot 11s ; L S S I I I ~ I ~ ~  t,liilt I)ot,l~ i~~y)rlt,s irftc'r 

i~(.hi(>vilij?; t.ht' S ~ I . I I ~ ( >  I I ~ ~ I I ~ I ~ I I ~ ~ I I  V ~ L I I I ( \  IL . .  iLr(' i~~(.roiis('(l 1 ) ~  t.l~(' SiLIllf' ~ L ~ I I ~ I I I I ~ , :  

All, = A71, = AIL. As  :L r(~s1i1t of' t11os(, I I I ( ~ ~ . ~ s .  t 1 1 ~  i(Iv~iti(,i~l t ria.~~glos 

i~ritl n y >  ikr(. iultI(YI t,o tht, positive st>ls S: ( f )  i111(l .CT(f) iLll(I ~ l I I ) l l . i l ( ' t ( ' < I  

fro111 t,ht, ~ic~j?;i~tivc. srt,s S, ( t )  i111(1 5'2-(t) (S(T Figs. A.14 i~ l i (1  A.15). Now, 

11si11g tllr for111111:~ (.4.5)> wv fi11(1 t l ~ t  t,l~(b ( . o r r ( > s j ) o ~ ~ ( l i ~ ~ g  011tp11t i~i(:r(~~lio~it .s  

a.rt> givcxn I)g 

A f = 2 // I,,((Y. /i)iirrdii, (A.15) 

A'I-, 
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The  equalit,y (A.17) has been proven for the  case when iriputs u l ( t )  and 

u2( t )  are rrloriot,onically increased by the same amount after achieving the  

sarrie ~riininiuni val~it. ti-. Tlilis, this ~(ll lal i ty Ineans congrllency for the  

;tscc~ldirig I)ri~11ches of t,hcso 1iiil1or loops. By literally repeating the  prctvious 

reasoriirig, wc! ~i211 prow: that  the S R I I ~ ( ~  e(1uitlity (A.17) holds when the  inputs 

u ,  ( t )  arid 712(t) arc ~ l io r io t ,o~ i i~~~I ly  ( I (~~rcasod I!Y t,hc sarrie arrlolirit Au after 

;~(:liicvi~ig tlic ~ l l t~x i~~ i l l l l l  ~ i~ l l l f :  11+. This 1111:alis t,hat tho desct:iitiing txanches 

o f  t,hcsc, 111illor loops arc, c:ongrurtrit ifi ~011 .  Thus,  we havc established t he  

following proport,y o f  tlic Prcis;~c:li rrlotlol, w1iic:h is c:allctl the congruency 

property. 

N ~ s t  . wc. 1 ) r o ( ~ ~ ~ 1  to t,hcl tlisc,~~ssioil of t.lic, itl(~~it,ific'i~t.ioli prol)l(\l11 for 

t11(, I'r(~isit(~11 111o(Iol. Tll(> ( ~ S S ( I ~ I ( ~  of tliis l ) ~ ~ o l ) l ( ~ ~ i ~  is i l l  t11v ( l ( > t , ( , r ~ ~ ~ i ~ ~ i ~ t , i o ~ ~  of 

w(ig11t f ~ i ~ l ( . t i o l ~  I / ( ( > .  ,j). Tll(, sot of' first-ol~l(,r t l.ii.11~it io11 ( . I I ~ ~ ( % S  will I ) ( ,  IIS(YI 
for t.l~is ~ ) I I ~ ~ ) O S ( - .  ' Y l i ( ~ ,  ( , I ~ ~ v ( , s  ('it11 I ) ( %  (I(lfi11(~1 iis f'0110w~. First,. t,ll(> illl)~it, 

c r ( / )  s l~o~i l t l  I ) ( -  tl(~.rc>;ihc~l to t l l c s  vit111c~ t .11i~t  is Itiss t11ii11 j jo. This 1)rings ;L 

~ Y S ~ ( ~ I ' ( ~ S ~ S  1 1 0 1 1 ~ ~ 1 1 t ~ i t ~ ~ ~  t,O t ]I(' ~til.t(' Of 110giitiW' ~ii t l l~i~t~i011. N('x~,, t,ll(' illl)llt, 

is 1liollotollic.iil1y ill(.rvi~s(>(I lllltil i t  r(,i1(.11(1s so111(' V;I~I I ( '  ( 1 ' .  Thc, c,orrc~sl)olicI- 

ilig (k - /i tliilgritl~~ is S ~ I O W I I  ill Fig. A.17. AS t11(, i111)11t, is i~~(:r( , i~s(>(i ,  iLt1 

;isc.oi~tlillg I)riilit~l~ of ;t nlii,jor  loo^) is followc~l (sc~b Fig. A. 18). This I)r;~.~lc.li 

will ;~lso I ) ( ,  (.iill(~i t,l1(3 lil~lit.ii~g ;is(-(w(ling l ) r i i ~ ~ ( ' l ~  I ) ( ~ ( ~ i i ~ i ~ ( ~  I ~ S I I ~ L I ~ ~  t,Ii(>rv is 110 

a 

Fig. A.17 
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Fig. A.18 

branch below it. The notation fa! will be used for the output value on 

t,his branch, which corresponds tso the input value u = e'. The first-order 

transition (reversal) curves are attached to the limiting ascending branch. 

Each of tlicsc c:lirves is forrried as the ahovc rrio~iot,oriic: ir1c:rcase of the iriplrt 

is followcd 1)y ;L s~il)sccll~ent rrioriotoriic dccrc;tsc. The terrri "first-order" is 

used to c~riphasizc, t,hc fact. t,hat. each of  tlic~sc, cllrvcs is forrried after thtt 

first rt,vttrs:~l o f  illput,. Tlict riot,at,iori f o r B ,  will 1~ ~ i s c ~ i  for t,hc out,~)ut v:~l~i(\ 

or1 t,lio t,rarisit,iori cwrvc, at,t,nc,hc.cl t,o tho lirriit.i~ig i~sc~c~licling 1)ritnc.h at t,lic. 

poirit f,,. This or~t,pr~t value. c:orrc~spo~icls t,o t . 1 1 ~  irip~it ~i~111( '  IL = ij' (S(Y 

Fig. A.18). Tliv i~1)ovc rrioriot,oiiic: cIcc.rc'i~sc of i11l)lit rrio(lifi('s t.hc proviolis 

0 - p tliagrarri showri i r i  Fig. A.17. A riew o - 1) cliitgr;~rri for t,lie irist,a~it o f  

tirrie whorl t,llt> input rctac:lic:s tJic valuc [l' is ill~ist,ratctd 1)y Fig. A.19. 

Now, wo d(tfiric> thr func:t,io~i: 

This fu~iction is equal t,o one half of the out,put irlc:relricnts along the first- 

order trarisit,ion curves. The next step is to rxprcLss this fl~nctiori iri t.errns 

of the weight furictiori p(o ,  0 ) .  TO this crid, wt. (:orriparc: t,ho a - [j diagrairis 

showri in Figs. A.17 and A.19. It is clear from t,licsc diagrarns that the 

triangle T(a1,  /j') is ad(1t.d to the nega.t,ive srt  S -  anti subtracted fro111 the 

positive set S+ a? a result of t,he rnoriot,onic illput decrease from the value 

u = a' to t,he value u = 0'. Usirig this fact and the fornrula (A.5). wc 

firid that the Preisach model will rrlatcli the out,put iric:rer~icrits along t,lie 

first-order transition curves if the funct,ion p(cr, 0) satisfies t,htx equatiori: 
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I ) I . ( W ~ O I I  (11.5) (.;ti1 I ) ( )  s c q ~ t w w t c ~ t l  i l l  t l i v  for111 
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It is clear t,hat the nurnber, n, of these trapezoids ant1 their shapes rnav 

change wit,h time. For this reason, 7~ and Qk are shown in (A.26) as func- 

tions of tirne. 

Each trapezoid Qk can be represerited as a difference of two triangles, 

T ( M k ,  n ~ k - ~ )  and T ( M k l  m k ) .  Thus. we obtain 

where. for the case of k = l1 7 r ~ ,  i r ~  (A.27) is rlaturally equal to [j<,. 

According t,o (A.20). we firiti 

and 

/ I ( ~ Y .  [j)dadij = F7(i\Ik. 7 1 ) ~ ) .  (12.29) 

' 1 ' ( h f &  , 7 1 1 ~  ) 

Frorri (A.27), (A.28), t~ r i c l  (A.29), wcx tl(.rivc, 

It is c:lc;tr frorn Fig. A.21 that 711, is (:qua1 to thc: c.urrcrit vtd~ic~ of  i ~ i p ~ i t , :  

m,, = u( t ) .  (A.32) 

Cor~seclucntly. thc  cx1)ression (A.31) (.an k)(, writtc.11 

r , ( t ) - 1  

f ( t )  = - F(o, .  ii,) + 2 [F(Mk, w x - I )  - F(Mx. ?nu)] 
k= l 

+ 2[F(1bf1,. m,-1) - F ( M , ,  ~ ( t ) ) ] .  (A.33) 
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The last expression has been derived for monotonically decreasing input, 

that is, when the final link of interface L(t) is a vertical one. If the input u(t) 
is being monotonically increased, then the final link of L(t) is a horizontal 

one and the o: - p diagram shown in Fig. A.21 should be slightly modified. 

The appropriate diagram is shown in Fig. A.22. This diagram can be 

considered as a particular case of the previous one. This case is realized 

when 

According to the definition (A.20) of F ( a ,  P) ,  we find 

Fig. A.21 

a 

Fig. A.22 
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From formulas (A.31), (A.34), and (A.35), we derive the following expres- 

sion for f (t) in the case of monotonically increasing input: 

Thus, we have derived the explicit formulas (A.33) and (A.36) for output 

f ( t )  in terms of the data used for the identification of the Preisach model. 

These formulas constitute the basis for the numerical implementation of 

the Preisach model. These formulas can also be useful for the evaluation 

of the time derivative of f ( t ) :  

We next proceed to the forrnlilation and tlic proof of the furidurric:rital 

theorem, which gives tlie rlecessary and sufficient coriditioris for t,hc reprc- 

sentatiori of actual hysteresis noriliriearit,ies 1)y t,ht: Prt!isi~c,li rriotlcl. 

Representation Theorem. Tho wiping-out propt'rty i~11(1 t,lr(' (:oxigriit?rit:y 

property constitute t,he ri(~ccssary and silffic:io~it c~ondit,ioris for ii. 1iyst.c~rcsis 

rionlirrearity to be rcprcsent,cd by t,he Preisac:li rr1oclt.1 or1 t,iit, sc,t of ~)it:c~c~wist~ 

rnonotor~ic inputs. 

Proof 

Necessity. Let a hysteresis r~orilirrcarity bc r(:ps(?serit,t~l)lt~ 1)y tthc Pr~isacli  

model. Then, this ~ionlirrcarit,y siioulti have the sanit? propert,irs as t,lir 

model. In particular, it should l i m  the wiping-out arid congrucr1c:y prop- 

erties. 

Sufficiency. Considtr a. hysteresis riorilinearit,y that has I)ot,li the wipirig- 

out property and tlie congruency property. We intend t.o prove t.liat thc 

hysteresis nonlinearity can be represented by the Preisach niodel. 

The proof of the last statement is construct,ive. First, it is assurntid that, 

the weight function, p(o,  P ) ,  is found for the giver1 hystcrt?sis noriliriearity 

by matching its first-order trarrsition curves. This call 1)c ac:corriplished 

by using the formula (A.19). This formula, is equivalent to (A.22), wliicli 

means that the integrals of p (o ,  P) over triangles T(o l .  /3') are equal to 

one half of output increments, ;A f = ;(fat - falB~), along the first-order 

transition curves. Next, it will be proven that if this weight function is 

substituted in (A.l) ,  then the Preisach model and the given rlonlillearit,y 
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will have the same input-output relationships. This statement is true for 

the first-order tral~sitiori curves due to the very way by which the weight 

function, p ( a ,  P ) ,  is determined. The induction argument will be used to  

prove that the same statement holds for higher-order transition curves as 

well. Let us assume that this statement is true for transition curves with 

number 1,2,  . . . k. Then, for the induction inference, we need to prove that 

this statement holds for a transition curve number k + 1. 

Let a be a point a t  which the transition curve nuniber k + 1 starts 

(see Fig. A.23). The point, a ,  corresponds to some input value u = a'. 

According to the inductiori assumption, the output values of the hysteretic 

nonliriearity and the Preisach model coincide a t  this point. Thus, it remains 

to be proven that the outsput increments along the trarisitiori curve nurriber 

k + 1 are the same for the actual rionlinearity arid the Preisadi rnotiel. 

Consider an arbitrary input value u = 0' < a'. The output incrcrrierit for 

the nonlinearity will t)e eclual to the iricrerrierit of f along sonic. curve a b  (see 

Fig. A.23). Let Figs. A.24 a arid A.24 b represent cr - ,/I diagr;trris for thn 

Prcisach rriodcl a t  t,hc t,irnc. inst,arit,s whc>ri u = cr' arid 1~ = [It, rt~spc:ct,ivcly. 

From t,hcsc tliagri~~ns wc> fillcl t,h;~t t,l~c. ir~pi~t.  (~(>(:~(YLS(> fro111 0' t.o [j' res~llts 

ill ;~tf(lirig t,hc trianglc T ( n l .  j j ' )  t,o t,l~c> ~it>gi~t,iv(\ sc't., S - ,  i~11(1 ~lll)t,ri~(:t.ilig t,hc 

SiL1rl(L t,rianglc frorn t , h ~  1)ositivc. s ~ t .  S+.  Using t,liis fi~(.t ,  i ~ r i c l  t11c\ f ~ ~ l l l l ~ l i ~  

(A.5), wc. f i ~ ~ d  t,l~iit for t,hv Prc.is;ic.tl 111oclc.l t.11c. oi~t.~)ilt ill(.r(~nlc~nt. i~ lo l~g  t.l~c' 

t,riinsit,io~l (:Ilrvcl 111l111l)or k -t 1 is giv('11 1))': 

Fig. A.23 
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reduction rests on both the wiping-out property and congruency property. 
The proven theorem is very important because it clearly establishes the 

limits of applicability of the Preisach model. These limits are formulated in 

purely phenomenological terms, without any reference to the actual physical 

nature of hysteresis. This reveals the physical universality of the Preisach 

model. 
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