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Preface

Electrical noise fundamentally limits the sensitivity and resolution of commu-
nication, navigation, measurement, and other electronic systems. This book
introduces the reader to the most important noise mechanisms, the descrip-
tion of noise phenomena in electrical circuits by means of equivalent sources
and analytical or numerical methods.

The consequences of noise in high-frequency systems are not always easy
to understand. There might be complicated interactions between different
circuit parameters. Furthermore, often not only one noise mechanism has to
be considered, but an interaction of various different processes. One example
is the noise in frequency converters or mixers, respectively. In order to obtain
a sensitive input stage, the noise figure, which is a measure for the internal
noise of the system, should be as low as possible. The noise figure of the
complete circuit can be improved by inserting a low-noise amplifier in front
of the down converter, for example. If this preamplifier does not provide
sufficient gain, then the noise figure of the cascade connection of the amplifier
and the mixer can still be deteriorated by the mixer according to the cascade
formula. Nevertheless, the amplifier is often omitted for cost reasons or in
order to improve the dynamic range. In this case, a low noise figure for the
mixer is of great importance. If the intermediate frequency of the mixer is low,
then the so-called flicker- or 1/f-noise can increase the noise figure significantly.
A higher noise figure can also be caused by noise of the local oscillator. If
the mixer is not perfectly balanced then the demodulated amplitude noise of
the local oscillator increases the noise at the mixer output. An increase of

xi
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the noise figure is also observed, if the phase or frequency noise of the local
oscillator is unintentionally discriminated by frequency selective circuits. In
order to minimize the disturbing effects of the noise in the whole system,
knowledge of all these noise mechanisms, interactions, and dependencies is
necessary.

One objective of this text is to convey a qualitative and quantitative com-
prehension of the noise phenomena in linear and non-linear high-frequency
circuits. The book, however, does not claim to be complete in the sense of a
reference work. For example, a detailed presentation of the physical origin of
thermal noise and the available noise power of resistors is omitted.

The book contains a number of problems with a varying degree of difficulty.
The solutions are given at the end of the book.

This book is the result of many years of research and education. It is based
on the course ”Noise in High Frequency Circuits and Oscillators”, which has
been presented regularly at the Ruhr-University Bochum, Germany. The
notes for that course were the basis for this book.

This book addresses graduate students but should also be useful for aca-
demics, engineers, and physicists.

We wish to express our gratitude to Bianca Will for her aid in the tech-
nical editing of the manuscript, especially of the problem solutions and the
proofreading.

We wish to give special thanks to Dr. Steve Nightingale for proofreading
and his many valuable suggestions for the improvement of the text.

Appreciation is expressed for the steady encouragement and support by
our colleagues Dr. Thomas Musch, Prof. Dr. Edgar Voges, Dr. Reinhard
Stolle, Dr. Michael Gerding, Prof. Dr. Heinz Chaloupka, Prof. Dr. Volkert
Hansen, Prof. Dr. Hermann Eul, Prof. Dr. Holger Heuermann.

We are particularly grateful to Prof. Dr.-Ing. Dr.h.c.mult. Ulrich L. Rohde
for his encouragement to write this book and his helpful suggestions.

Comments from our reviewers were very much appreciated.

Finally, we wish to give special thanks to the many students over the years
who have attended the course ”"Noise in High Frequency Circuits and Os-
cillators” at the Ruhr-University Bochum, Germany, for their many fruitful
questions and discussions. Special thanks go to Nils Pohl for proofreading.

B. SCHIEK
1. ROLFES
H.-J. SIWERIS

Bochum, Germany
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Mathematical and
System-oriented

Fundamentals

In this chapter the most important mathematical, statistical and system-
oriented theoretical fundamentals are presented as they will be needed in the
following chapters. However, a certain knowledge of the theory of probabilities
and statistics will be anticipated.

In this book, noise signals continuous in time will be considered predom-
inantly. These are the kind of noise signals that normally appear in high-
frequency circuits.

The time-dependent behavior of noise signals cannot be predicted in gen-
eral. It is only possible to characterize their properties with the help of mean
values, as for example the mean square value, i.e. the mean power. The
noise power per unit bandwidth, the so-called spectrum, will turn out to be
a particularly important quantity for the description of noise signals. This
spectral representation is particularly useful and common for high-frequency
techniques. Therefore, it is one aim of a noise description to determine the
spectral distribution of the noise power, i.e. the spectrum, at any point of
a circuit or a system quantitatively. For this purpose, one can either at-
tempt to calculate the spectrum of the circuit or to measure it. However,
both procedures have to be performed with care. The best way is to make
measurements as well as calculations and to bring both results into agree-
ment. Having achieved this agreement it can be expected to some degree that
the noise phenomena of the circuit or the system are understood quite well.
On this basis it is often possible to take some measures to reduce the noise.
Whether a noise reduction is necessary or not depends on the magnitude of
the signal of interest in the circuit and furthermore on the required signal-to-
noise ratio. These questions will be answered in depth in the following pages.
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2 MATHEMATICAL AND SYSTEM-ORIENTED FUNDAMENTALS

However, some fundamentals are needed, which will be discussed in the first
chapter. One significant result of this first chapter will be that the spectrum is
transmitted within a circuit according to the magnitude squared value of the
complex system transfer function. This statement will be of great importance
for the noise analysis, as will be seen later on.

1.1 INTRODUCTION

1.1.1 Technical relevance of noise

The term noise stems from the perception a person has when electrical jit-
ter effects in the audio frequency range are amplified sufficiently and then
are passed to a loudspeaker. This phenomenon is generally known from a
broadcast receiver, for example. Later, the term noise was extended to fre-
quencies outside the audible range. In general, the electrical noise originates
from current or voltage fluctuations in electronic circuits. One disturbing
effect of noise is that it limits the sensitivity of receivers of communication
systems or reduces their transfer capacity. Furthermore, it limits the accu-
racy of measurement systems. Without noise the transmitter power could be
reduced down to a limit set by interference from communication channels. As
a consequence the electrical noise has a large influence on the system design
and thus on the costs.

On the other hand, noise, considered as a physical phenomenon, often con-
tains useful information. Temperature measurements can be performed with
the help of thermal noise over large distances by means of antennas (Remote
Sensing). In radio-astronomy weak noise signals can give information, e.g. on
molecules in distant galaxies. For electronic devices the frequency behavior
and the amplitude of the noise is often useful to evaluate the functionality
and the quality of the device.

1.1.2 Physical origins of noise

This text mainly deals with the effects of noise in electronic circuits, partic-
ularly in high-frequency circuits. Thus, the physical origins of noise will be
discussed less extensively. One focus will be on the thermal noise in electri-
cal conductors. Thermal noise, which always exists at non-zero temperatures,
originates from vibrations of the lattice atoms, which are transferred to the
free electrons. The electrons are thus performing an unsteady movement, be-
ing interrupted by collisions. This unsteady movement leads to an irregularly
fluctuating voltage between both ends of the conductor. It will be seen that
the available noise power of a resistor only depends on the absolute tempera-
ture of the resistor. The thermal noise is thus especially well suited to serve
as a reference noise source. Other kinds of noise phenomena can be compared
with it to advantage. Thermal noise is a relatively weak noise phenomenon,
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which can be further reduced by cooling. For many systems it is often suffi-
cient, if the overall noise, referred to the input of the system, is of a similar
level as the thermal noise.

Another noise mechanism, which is particularly important for electronic
devices, is the so-called shot noise. The transition of electrical potential
barriers is a statistical process, because the charge of the carriers, electrons or
ions, is always an integer multiple of the elementary charge. Consequently, the
current emitted by a cathode at constant temperature and voltage is not a pure
d.c. current, rather it fluctuates around a time average. Because the emitted
electrons arrive irregularly at the anode, the term shot noise became accepted
for this phenomenon. A similar situation can be found for potential barriers in
solid-state devices, i.e. junctions between semiconductors or between metals
and semiconductors. Therefore, such junctions also show shot noise for the
current flowing. Later on, it will be shown that a comparison between shot
noise and thermal noise will lead to the conclusion that, in general, shot noise
has the smaller available noise power.

Very high noise is generated by a semiconductor junction operated at break-
down. This noise mechanism is called avalanche noise. Accelerated elec-
trons generate new electron-hole pairs by collision. In particular, the electrons
are able to generate further electron-hole pairs after an acceleration, so that
the current increases very rapidly. In low-noise devices breakdown must be
strictly avoided. On the other hand calibrated noise sources utilize the break-
down mechanism of a pn- or Schottky-junction in order to achieve a high
well-defined noise power for measurement purposes.

The electrical properties of surfaces or boundary layers are influenced ener-
getically by so-called boundary layer states, which are also subject to statisti-
cal fluctuations. This leads to the so-called flicker noise or 1/f-noise for the
current flow. This kind of noise is especially cbservable at low frequencies and
generally decreases with increasing frequency f according to a 1/f law until
it will be covered by frequency independent noise mechanisms, e.g. thermal
noise or shot noise. It will be seen, that flicker noise is of great importance
for high-frequency oscillators, because it can modulate the carrier frequency
by non-linear processes. Unwanted amplitude and phase fluctuations with a
flicker noise characteristic will, therefore, be impressed on the oscillator signal.

Oscillators can be interpreted as amplifiers with a high-Q (quality factor)
feedback network. The noise signals, which always exist, are amplified af-
ter the supply voltage is turned on until finally saturation effects lead to an
approximately sinusoidal oscillation with constant amplitude.

1.1.3 General characteristics of noise signals

The time characteristic of noise signals can be displayed with the help of an
oscilloscope, if, for example, the thermal noise voltage of a resistor is amplified
sufficiently as shown in Fig. 1.1. The irregular time behavior of the signal is
a characteristic property of electrical noise. A mathematical description in
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o] | =

amplifier oscilloscope

Fig. 1.1 Noise signal displayed by an oscilloscope.

the time domain obviously is not possible. Also, the future behavior of the
signal cannot be predicted. In contrast to sinusoidal signals, the description
of noise signals is thus restricted to different mean values. For this purpose,
the methods of statistical signal theory are applied.

In the frequency domain, the power of a sinusoidal signal is concentrated
at a single frequency. In contrast, for a noise signal the power at a single
frequency is always zero. Power can only be measured for a non-zero band-
width. This offers the possibility of a measurement to discriminate between
sinusoidal signals and noise signals.

1.2 MATHEMATICAL BASICS FOR THE DESCRIPTION OF
NOISE SIGNALS

In this section the most important mathematical fundamentals for the de-
scription of noise signals will be discussed. More detailed introductions to the
theory of probability and of stochastic processes can be found in the literature.

1.2.1 Stochastic process and probability density

Figure 1.2 shows N equal resistors with R; = Ry = ... = Ry = R at the same
temperature T. For each resistor the time dependent open circuit voltage is
measured and recorded.

All noise voltages are recorded simultaneously. Together, they form a
stochastic process. Each single curve is a so-called realization of the
stochastic process. If a specified time, for example t;, is considered, then
the different realizations provide a sequence of voltage values Uy;(t1), 1 =
1,2,...,N. Herein U;(¢1) is called a random variable. For general consid-
erations a random variable will be denoted by Y in the following pages. If the
random variable can only adopt a limited number of values, then Y is called
a discrete random variable. If ¥ can adopt all values within a given interval,
then Y is a continuous random variable. This text will deal predominantly
with continuous random processes. The random variable Y can designate a
voltage, a current, a noise wave or similar signals. The continuous random
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Uy (t) E Uni(t1) i Ui (t2)
Un(t " /\ IAVAYVA! yavay
Ry 1(8) \/vAvi AT
Us(t) E Uia(t1) i Uaa(t2)
My A
R, Ua(t) 4 V:T\/ o E t
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R Un(t) Ar : AW A A: AA [\
) \J VATV
:tl :tz

Fig. 1.2 Set of resistors with noise voltages U1,(t1) and Uai(te), respectively,
withi=1,2,...,N.

variable Y = Y'(#;1), that results, if the number N of realizations tends to-
wards infinity, shows a certain amplitude distribution. The probability to find
an amplitude value of the random variable Y at a time ¢; in the interval from
y to (y + Ay) is described by p(Y = y) - Ay = p(y) - Ay = p(t1,y) - Ay. Here,
p(y) is called the probability density or amplitude distribution density
or distribution density or briefly density. The normalization condition
requires

+00

/p(y)dy=1 :

—00

(1.1)

Looking at the probability Wy that the amplitude is lower or equal to yj at
the time t;, then the following relation holds:

vy
Wil <y} = /p(tl,y)dy :

— 00

(1.2)
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In the same way the following equation applies for the probability that the
amplitude lies within the boundaries y; and yy

v
Wil <Y <uib= [ptiwdy wih wi<yi . (19)
vy
Electrical noise phenomena often show an amplitude distribution, which is
called normal distribution or Gaussian distribution. The normal distri-
bution is given by the following probability density, which is also illustrated
in Fig. 1.3

ply) = L ~y-wree?) (1.4)

V2. o2

The normal distribution is an even function with respect to u.

3

p(y)

VoA [T TN

Fig. 1.3 Probability density of a normal distribution.

Problem

1.1 Show that the normal distribution satisfies the normalization condition
of Eq. (1.1).

The parameter ¢ is also called statistical spread. The thermal noise and
the shot noise show a normal amplitude distribution. This is due to the
following theorem: the central limit theorem of statistics states that, under
certain assumptions, the sum of a large number of independent and random
variables with an arbitrary distribution is again a random variable but with
a normal or Gaussian distribution. For example, thermal noise arises from
the not predictable thermal movement of many single electrons, which move
independently from each other. From this it follows that the open-circuit
voltage of a resistor with thermal noise is normally distributed.
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1.2.2 Compound probability density and conditional probability

The term p(t1, y1; 2, y2)dyrdye stands for the compound probability density.
This is the probability to find, for the same realization, at a time ¢; the
amplitude in the interval dy; around y; and at a time £; the amplitude in the
interval dy, around y,.

The probability densities p(t1,y1) and p(t2, y2) can be calculated from the
compound probability density with

+00

p(ty,y1) = /P(tl»yl;fmyz)dyz, (1.5)

fade o}

le el

pt2,y2) = /p(tlayl§t27y2)dyl : (1.6)

— 00

A further quantity, which is commonly used for statistics is the so-called con-
ditional probability. The term p(t2,y2 | t1,y1)dys represents the probability,
that the amplitude at a time ¢, can be found in an interval dy, around y,,
under the condition that it was in the interval dy; around y; at a time ¢;. For
the conditional probability the normalization applies again:

+0o0

/ p(t2,y2 [t p1)dy2 = 1 . (1.7)

—0
The compound probability density and the conditional probability density are
related by the following equation:
p(t2, y2it1,y1) = p(ti y1) - plt2, y2 [t 41) (1.8)

If the amplitude at the time ¢; does not depend on the amplitude at the
time ¢1, then the random variables Y (¢;) and Y (¢2) are called statistically
independent. In this case, the conditional probability density is equal to the
probability density

plt2,y2 [ t1,31) = plt2, y2) - (1.9)
Because of Eq. (1.9) the compound probability of statistically independent
variables is given as follows:

p(ti,y1ita, y2) = p(ti,yn) - plta, y2) (1.10)

i.e. the product of the probability densities of the single variables.

1.2.3 Mean value and moments

For noise processes the main interest is focused on mean values and their
transfer characteristics in circuits. The ensemble average (Y (¢;)) or the



8 MATHEMATICAL AND SYSTEM-ORIENTED FUNDAMENTALS

expected value E{Y (¢;)} of the random variable Y at the time #; is defined
by the following expression:

+o0

(¥ (1)) = B{Y (1))} = / yi - plt,v) dys . (1.11)

— o0

The expected values of integer powers of Y are called moments of the distri-
bution and are defined by

+20

E{Y”(tl)}= /y{"p(tl,yl)dyl with n=1,2,3,... . (1.12)

-

The first moment or the expected value E{Y'} is equal to zero for many noise
processes, as for example for thermal noise. This is due to the fact that
the probability density p(ty,y1) of these processes is an even function of y;.
The second moment E{Y?} is of particular interest, because, if Y represents
currents, voltages or waves, then it is a measure for the mean noise power.

The distribution of the random variables Y around their expected values
is denoted by the central moments. This means that effectively only the
alternating part is considered:

+00

E{Y(t) -E{Y(t)})"} = /(y1 —E{Y(t)n" pltr,p)dy - (1.13)

-0

The second moment is called variance ¢ and o itself is called statistical
spread or standard deviation.

The electrical fluctuation phenomena are mostly stationary processes,
this means it can be assumed that the various densities, probabilities, mean
values and moments do not change with time. A simple example for a non-
stationary process can be imagined for the set of resistors of Fig. 1.2, if they
are stored in a thermal bath, the temperature of which is varied over time.
For a stationary process, time can be omitted and Eq. (1.11) can be replaced
by

-0
BV} = [ uptu)dy (119
hade ®l
and for Eq. (1.12) and Eq. (1.13) the results are
B} = [ vewdy (1.15)

E{(Y - E(Y})"} = / (y—E{Y})™ p(y)dy . (1.16)
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Moreover, this book will essentially deal with ergodic processes. An ergodic
process is a stationary process where the time average is equal to the en-
semble average. Then, in fact, it will generally be possible to observe noise
processes with only one measurement curve (e.g. the curve of R; in Fig. 1.2).
In the following, the main interest will be focused on the time average. Ev-
ery ergodic process is stationary, whereas the reversal is not necessarily true.
The assumption that the time and the ensemble average are equal is a use-
ful means to perform calculations, because it is often possible to predict the
characteristics of densities in advance. By denoting the time average with a
bar, Eq. (1.11) can be rewritten as follows for an ergodic and thus stationary
process:

T +o00
v = jim gz [udt =By = [ypdy .
-T —00

In Eq. (1.17) the variable ¢ describes the time dependence of the stochastic
amplitude y(t). For the quadratic time average the result is

T +00
. 1
0 = fim s [Pod=Er = [ w0
=T —00
and the higher moments
“+o0
) = B{Y"} = / ymp(y)dy | (1.19)
—o0

We get for the central moments of ergodic processes:

(y(t) —y(O)" =E{(Y - E{Y})"} . (1.20)

In order to emphasize it again: this book will deal nearly solely with continu-
ous, stationary and ergodic noise processes. The quadratic time average will
thus be of quite predominant interest. However, the relations above allow one
to calculate time averages also by means of probability densities which might
sometimes be advantageous.

1.2.4 Auto- and cross-correlation function

The autocorrelation function p(t1,ts) defines the averaged product of the am-
plitude values y(t;) at a time #; and y(tz) at a time 5. For a stationary
process this mean value only depends on the time difference § = t5 —¢;. Con-
sidering the compound probability density with ¢; = ¢ and 5 = £ + 6 one can
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write:

T
p6) = YO HETH = Jim o /y 6) dt
-T

E{Y(t,) - Y(t2)} = //Z/l 2 - plty, yista, yo) dy1dys

— 00

+o0 ;
//ylyzp(yl,yzﬁ)dyxdyg : (1.21)

-0

For the last expression on the right side it was again made use of the fact that,
for a stationary process, the compound probability density only depends on
the time difference. The determination of the autocorrelation function with
the help of a probability density will be a useful calculation method.

The autocorrelation function is always an even function of 8 for stationary
processes. This is obvious, if the substitution ¢t + § = 7 is introduced:

p(6) = yy(t +0) = y(r)y(r — 6) = p(—0) . (1.22)

For 8 = 0 the autocorrelation function is identical to the mean square value.

The autocorrelation function is a measure of how strongly the value of the
random variable at the time ¢ is influenced by the values it had before. In
other words, a large value of p(6) means that, with the knowledge of y(¢), the
values y(t £ 68) can be calculated with a higher probability than for a small or
even vanishing correlation.

If the averaging in Eq. (1.21) is not performed with two values of the
same process but with two values of different processes X and Y, then the
cross-correlation function pzy of these processes is obtained. For stationary
processes it can be written, similar to Eq. (1.21):

pey(®) = z®ylt+6) = li

lim. —1? 2(t)y(t + 6) dt

H\ﬂ

E{X(t1)Y(t2)} = //l'lyQP(tlvxlét%y2)d$1dy2

-0

“+00
/ / 2192 (21, Y2, 0) da1dys - (1.23)

In contrast to the autocorrelation function, the cross-correlation function is,
in general, not an even function.
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The cross-correlation function of two signals X and Y describes how similar
both signals are. The maximum magnitude is obtained, if both signals are
identical except for a common factor, and if, for example, they are originating
from the same noise source. Then the signals are completely correlated. On
the other hand, the cross-correlation function is always equal to zero, if the
signals originate from two physically completely independent sources, such as,
for example, from two separate resistors with thermal noise. In this case, the
signals are uncorrelated.

1.2.5 Description of noise signals in the frequency domain

In the time domain noise signals are described by the auto- or cross-correlation
functions. The auto correlation function for the time shift § = 0 is a measure
for the quadratic time average and thus the signal power. In the frequency
domain the description of the noise signals is performed with the help of the
power spectral density or the power spectrum or briefly the spectrum
W(f) for the frequency f. Here, W(f)df is the contribution of the frequency
interval df at the frequency f to the mean square value or the signal power.
The following relation thus applies:

v = [winds . (1.24)
0

Apart from the so-called one-sided spectrum W(f), which only exists for
positive frequencies, the two-sided spectrum W (f) is defined for positive as
well as for negative frequencies as the Fourier transform of the autocorrelation
function. Conversely, the autocorrelation function p(8) is the inverse Fourier
transform of the spectrum W(f).

W(f) = /pw)e—j‘-’-”f"de
= |
o6) = / W(f)eti2mf0 s | (1.25)

The autocorrelation function and the spectrum form a pair of Fourier trans-
forms. These are the so-called Wiener-Khintchine-relations. The derivation
is omitted here. These relations will be used extensively in the following
chapters. Because p(f) is a real and even function in 8, it follows that the
two-sided spectrum W(f) is also a real and even function in f. The proof is
easy. According to Eq. (1.25), the spectrum can be written as

+ 0o +00

wWip)= [ oo a3 s~ [ g2 as (1.26)

—00 —o0
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because p(f) = p(—6) is an even function. The substitution § = —7 and an
interchange of the integral boundaries leads to:

+00

W(f) = / (1) I2TIT dr = W () = W f) . (1.27)

— 00

Thus W(f) is a real and even function in f.

The two-sided spectrum is often more convenient to use because of the
symmetry of the transformations to and from the autocorrelation function.
However, only the one-sided spectrum W(f), which is defined for positive
frequencies only, has a physical relevance. The one-sided and the two-sided
spectra, W(f) and W(f), are related in a simple way:

W) =W +W(=F)=2-W(f) . (1.28)

The difference in the factor 2 results from the different definitions of the
integral boundaries. For example, the mean square value is given by

D =p6=0= [Wipygr =2 [wirng- [wirdg. 1)

By analogy with Eq. (1.25), the cross-spectrum Wi, and the cross-correlation
function p1,(6) also form a pair of Fourier transforms:

Walf) = [ pu(@)e 72 s
T |
p12(6) = / Waa(f)e 92750 gf (1.30)

In general, the cross-correlation function is not an even function, but it is a
real valued function. Hence,

-+00

Wia(f) = [ pra(@)e 70 d = Wiy(~1) (131)

-0

Thus, the real part of the cross-spectrum is an even function in f and the
imaginary part is an odd function in f. Furthermore, using the definition
(1.30), it can be shown that

p12(6) = pa1(-0) . (1.32)
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With the substitution 7 = —6, an interchange of the integral boundaries leads
to

+00

Wia(f) = /Plz(e)e_j%fed()

-0

+00

/ P21 (—9)€_j27rf9 do

—00

+00

/ o (NI2TT dr = W () | (1.33)

— o0

Furthermore, a comparison of Eq. (1.31) and Eq. (1.33) yields
Wai(f) = W5 (=) - (1.34)

Note that, in general, the cross-spectrum is a complex valued function.

1.2.6 Characteristic function and the central limit theorem

The inverse Fourier transform of the probability density function p(z) is called
the characteristic function C(u). This is equivalent to the statement that the

characteristic function is the expected value of the function eJU%:

+00
C(u) = E(eI¥T) = / JUTp(z) dz = F~1(p(z)) . (1.35)

-0

The characteristic function always exists, because |e/%%| = 1 and p(z) > 0
and real. Thus, it is given by

+00

IC(w)| < /p(x)d:c=C’(O) =1. (1.36)

-0
Since p(z) is real, the complex conjugate value of C is
C*(u) = C(~u) . (1.37)

This means that Re{C} is an even and Im{C} is an odd function of u. If p(x)
is an even function, then C(u) is also an even and thus a real function. If the
characteristic function is known, then the corresponding probability density
can be calculated by a Fourier transformation:
1 +00
p(z) = / e JUT . Clu)du . (1.38)

T or
-0
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The characteristic function and the probability density form a pair of Fourier
transforms.

As an important example as well as an application of the characteristic
function, the probability density of the sum of two independent random
variables X and Y will be determined. The probability density ps(s) for the
sum s = z + y of the two variables with the associated probability densities
pi(z) and po(y) is given by:

+oo

/ pi(z) - pa(s —z)dzx

— o0

ps(s)

+o0

/ pr(y) - pals —y) dy - (1.39)

-0

The integral in Eq. (1.39) is a convolution integral. The appropriate extension
to more than two independent random variables leads to a multiple convolu-
tion integral for ps(s)

ps(s) =pixpaxp3*pa... . (1.40)

The order of the convolution can be chosen arbitrarily. According to a theorem
of Fourier transformation, the characteristic function of ps(s), namely, Cs(u),
is obtained as the product of the characteristic functions C; of the single
probability densities p;, 1 =1,2,3...

Cs(uw) = [[ Ci(w) (1.41)

The central limit theorem of statistics states that, under quite general condi-
tions, the sum of a large number of statistically independent random variables
shows a Gaussian distribution. This result is independent of the distributions
of the single variables. In problem 1.2 it shall be shown with the help of the
convolution theorem that, even for the sum of only three variables with rect-
angular distributions, a distribution quite similar to the Gaussian distribution
results.
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Problem

1.2 Calculate the distribution ps(s) = ps(z + y + z) for three rectangular
distributions pi1(x), p2(y), p3(z), as shown in the figure.

pi(x) P2(y) p3(z)

1

' zT T2 z ‘ Y1 Y2 Y Z1 22 2

The probability densities are assumed to be independent of each other.
Numerical example: ;1 = 2,22 =4;y1 =392 =421 =120 =5

For a very large number n of equal and independent distribution densities
with a rectangular shape

1 8 B
B for =5 <z< )

p(z) = (1.42)
0 for lz| > g

it can be shown analytically by using the characteristic function Cs(u), that
the probability density of the sum p;(s) adopts a Gaussian distribution. The
characteristic function of the single random variable C;(u) is calculated as

B/2 :
1 _ sin =~
C’l(u) = E / eju'Z dr = @- (143)
-8/2 2
and Cy(u) with Eq. (1.41) as
Co{u) = CT{u) . (1.44)

An inverse Fourier transformation yields the probability density ps(s) for the
sum of n random variables with a rectangular distribution:

o<

+
1 sin(Bu)/2\" _
ps(s) = —Z—W_/ (W) e JUSduy . (1.45)

For large numbers of n the function si"(Bu/2) is different from zero only in
a small region of u = 0. Therefore, a series expansion for si”(fu/2) may be
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truncated beyond the first two elements:

i <%> ~ (1 - (‘32122>n . (1.46)

However, for large n the last term is identical to a Gaussian function, as can
be shown by comparing the coefficients of the associated series expansions.

(1 _ (ﬁ;jf)n = exp (-%(5@2) for large n . (1.47)

Thus, for ps(s) the following result is obtained by employing an integral table:

ps(s)

il
—
)
~

el
/'I\
B
w»
N
[3v)
SN
@
o]
h=4
|
o,
e
W
S
u
)

= —==n/ witho, = = : (1.48)

V12

This is a Gaussian distribution with the standard deviation ¢,. The stan-
dard deviation ¢; for a single random variable with a rectangular distribution
according to Eq. (1.42) is given by:

3
o] = —— . 1.49
VUG (1.49)
This leads to:
on =N o1 . (1.50)

It will be shown next, that the result of Eq. (1.50) could have been expected
due to general relations which hold for the sum of independent variables. For
this purpose, the variance o2 of $ = X +Y is considered. The expected value
of S, E{S} = &, is equal to the sum of the expected values of X and Y, i.e.
§ =1+ §. This leads to:

2 = / / (s — ) - p1(2) - paly) dady

= [ [ie- 0+ - 0P 5@ paly) dey

+00 +00

= / (z — 2)%p(x) dx + / (y— 9)’p2(y) dy

“oc -0
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+00 +00
c 2 [e-op@d [G-Dmwd . @5
) —00 )
-0 -0
Thus it follows:
ol =0l +o0) . (1.52)

Obviously, the result of Eq. (1.51) can be extended to n variables:

n
02 = Zaf . (1.53)
i=1

The variance of the random variable S, which results from the sum of the
independent random variables X and Y, is equal to the sum of the variances
of the individual random variables. Also, the mean value of the sum is equal
to the sum of the mean values:

n
=) 3 . (1.54)
i=1

The only requirement the single random variables must meet is that they are
statistically independent from each other. However, the result does not de-
pend on the individual distribution densities. Eq. (1.50) resulted from the
summation of n equal distributions with the standard deviation o;. Hence,
the standard deviation o,, of the sum of the variables is larger by a factor /7.
The equations (1.52) and (1.53) are also valid for differences of random vari-
ables. For independent random variables with a Gaussian distribution the
validity of Eq. (1.52) can be shown by direct calculation with the help of the
characteristic function (problem 1.3).

Problem

1.3 The independent random variables possess a Gaussian distribution.
Show by direct calculation utilizing the characteristic function, that the vari-
ance of the sum of the random variables is obtained from the sum of the
individual variances.

If the characteristic function is known, then the probability density can
be calculated by a Fourier transform (Eq. (1.35)). Differentiating Eq. (1.35)
once leads to

+00

= ‘/ejuzw-p(a:)dx . (1.55)

— o0

dC{u)
du
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From this it follows for u = 0

+00

- /x-p(:c)d:czE{X} . (1.56)

-0

1
i du

u=0

Repeating the differentiation process leads to

= E{X"} . (1.57)

For a known characteristic function, the moments can thus be determined by
differentiation. Quite often, the result proves to be very useful.

The definition of the characteristic function as the inverse Fourier transform
of the density function can be extended to more variables. The characteristic
function for two variables is given by a double Fourier integral:

Cu,v) = //ejux+jvyp(ac,y)d:cdy . (1.58)

-0

Here, the bivariate probability density of the random variables X and Y is
denoted by p(z,y). By inversion the bivariate probability density results from
Eq. (1.58)

plz,y) = (271‘_)2 //e“jum_jvy-C(u,v)dudv . (1.59)

— 00

Calculating the kth and lth derivative of Eq. (1.58) with respect to u and v,
the following relation for the mixed moments results:

1 tiow,v)
E{X* .Y} = : Aty : 1.60
{ e R S R (1.60)
Furthermore, Eq. (1.58) yields:
C(u,0) = C(u)
C0,v) = Cv)
and
|C(u,v)| £ C(0,0) =1 . (1.61)

If the random variables X and Y are statistically independent, then p(z,y) =

p(z) - p(y) and
C(u,v) = C(u)-C(v) . (1.62)
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1.2.7 Interrelationship between moments of different orders

In general, moments of different orders cannot be converted into one another.
However, if the random variables X (¢;) of a process are normally distributed
for all times ¢; and, if they possess a normally distributed multivariate den-
sity, then the higher order moments can be calculated from those of the first
and second order. Processes of this type are called Gaussian processes. In
the following, two random variables X;(t;) and Xs(t2) of different ergodic
Gaussian processes with normally distributed densities p;(z,) at a time ¢,
and p2(z3) at a time ty are considered. The expected values are assumed to
be zero. As will be shown in problem 1.4, the corresponding characteristic
function is given by

400
Cluryup) = / / NI+ J0T2p (0 1) iy dzy

-0

1
exp <—§ (P11} + paz - Ul + 2p12 - wy U2)) - (1.63)

Here, p(x1, x2) is the Gaussian distributed bivariate density.

Problem

1.4 Derive equation Eq. (1.63).

Using Eq. (1.60) it can be shown that p;; is the variance of Xy (¢1), p2o
is the variance of X3(t2), and p12 is the so-called covariance of X;(t;) and
Xo(t2). When applied to a single process with X; = Xo = X for t; = ts,
then p1o = p12(8) is the autocorrelation function depending on 8 = t5 ~ t;
and p11 = po2 = p12(6 = 0) = p(0) is the autocorrelation function at § = 0.
Equation (1.60) is useful to derive the following relation between the moment
of 4th order E{X?(t) - X2(¢+ )} and the moment of 2nd order (problem 1.5):

E{X%(t)  X*(t + 6)} = p*(0) + 20%(8) . (1.64)

Problem

1.5 Derive equation (1.64) using the equations (1.60) and (1.63).

Equation (1.64) will be required later to calculate the standard deviation
of noise power measurement results for a finite measurement time and a finite
bandwidth.
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1.3 TRANSFER OF NOISE SIGNALS BY LINEAR NETWORKS

1.3.1 Impulse response and transfer function

A linear two-port is considered with an impulse response function h(t).

oﬂ h(t) Uq (1)

Fig. 1.4 Two-port network, characterized by its impulse response function.

The voltage at the output u,(t) is related to the voltage at the input ue(t)
by a convolution integral.

+0oC

ug(t) = / h{t ) ue(t — ') dt’ (1.65)

- 00
For physical reasons, a property of the weighting function h(t) is:
ht)y=0 for t<0 (1.66)

because an effect cannot occur prior to its cause. This means that the system
is causal. Choosing a sinusoidal input voltage in complex form with U, U,
as complex phasors

u,(t) = Re {|U.[e? - e} = Re {Ue ety (1.67)
then the output signal has a sinusoidal form
Uo(t) = Re { U, ejwt} (1.68)
with
+oo
. . I
U, ¥ = / h(t) - U, - ed«temIwt gy
—00
+00
./ \ . . !
= U, et | ht)e It ar (1.69)
With the definition
+0o0
g
/ h(t)e IW gt = V(w) | (1.70)

-0
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where V(w) is the complex voltage amplification or complex transfer function
of the two-port, the following complex notation can be applied

Up=V(w) U . (1.71)

Obviously, A(t) and V(w) or V(f), respectively, are a pair of Fourler trans-
forms

v = [ e iitar,
S
h(t) = /V(f)eﬂ?”ftdf. (1.72)

-0

The function h(t) is used for calculations in the time domain, whereas V(f)
is preferred for calculations in the frequency domain. Since h(t)} is real, we
have

+o00

Vi(f) = / h(t) - 927t dt = V(~f) (1.73)
or

Thus, the real part of V(f) is an even function of the frequency, whereas the
imaginary part is an odd function.

Re{V(f)} Im{V(f)}}

Fig. 1.5 Real and imaginary part of a complex transfer function.
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1.3.2 Transformation of the autocorrelation function and the
power spectrum

As already discussed in the previous section, it will be assumed in the follow-
ing, that the noise processes under investigation are stationary. This means
that there is no time dependence of mean values. Furthermore, it will be
assumed that the noise processes are ergodic, which means that a mean value
at a fixed time over a large ensemble of similar noise processes leads to the
same result as the time average of a single noise process.

The autocorrelation function p.(8) of the input voltage u.(t) is thus given
by

pe(f) = ue(t) ue(t +6) = E{ue(t) ult +6)}

T
. 1
= Tll_Igog—f/UG(t)'UC(t+9)dt . (1.75)
-T

A corresponding definition holds for p,, the autocorrelation function, at the
output. The two autocorrelation functions p, and p. are related by a double
convolution integral as will be shown in the following. First, we have

U (t) - ug(t + 6)

+00 +x
= / h(t') - ue(t —t')dt’ - / R(t") - ue(t + 0 —t")dt"
—00 —oC

Il

+00
// R(EYR(E") - ue(t — t Yue(t — t" + ) dt'dt” . (1.76)
-0
Now the mean value with respect to ¢ is formed on both sides, making use of

the fact that the order of integration and the calculation of the mean value
can be exchanged. The substitution 7 =t — ¢’ yields

Ue(t — ') - ue(t — t” + 6)
= ue(T) ue(T +t' —t" +6) = pe(6+1t —1t") . (1.77)

In this way, a relation between p, and p. in the form of a double convolution
integral finally results, which will be used later:

pa(0) = //h(t’)h(t")-pe(9+t’—t”)dt’dt” : (1.78)

pe as well as p, are even functions of 4.
On the basis of the transformation of the autocorrelation function between
the input and the output of the two-port (Eq. (1.78)), the transformation of
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the power spectrum can also be calculated, i.e. the relation between the power
spectrum W, at the input and W, at the output. W, is the power spectrum
corresponding to the autocorrelation function p,. The relation (1.78) leads to

+00
W, = /pa(e)e“ﬂﬂf"de

-0

—+o0o
/ / h(EYR(E") - pe(8 + 1 — t")e~I27F0 4 qt'qr”
oo

= /77 R(EVA(E") - pe(8 + ' —t")

IO+t =) 2 fE =2 g g (1.79)

The last step is just an extension of the previous expression. Next, the order of
integration is changed. First, an integration over r = 6 +t' — ¢" is performed,
where t' — #"' is kept constant. The result is

+0o0 +00
Wo(f) = W.(f) /h(t’)e+j2ﬂft/dt’ /h(t”)e—ﬂﬂftﬂdt“

i

We(f) -V (£)- V()
VIO We(f) (1.80)
V(f) is the complex transfer function of the two-port, i.e. the Fourier trans-

form of the impulse response h(t). Thus, the power spectrum is shaped ac-
cording to the magnitude squared value of the corresponding transfer function.

Il

1.3.3 Correlation between input and output noise signals

A possible correlation between the input and the output noise signals of a
two-port network is described by the cross-correlation function peq(6):

Peal(f) = uel(t): Ug(t + 0)

+ 00

E /h(t’)-ue(t)-ue(t—}-t?—t’)dt’

+00

/h(t’)-pe(()—t’)dt’ . (1.81)

-

I

Again, the order of the calculation of the mean value and the integral have
been changed. Generally, the cross-correlation function is not an even func-
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tion. By a Fourier transformation of Eq. (1.81) to the frequency domain the
corresponding cross-spectrum We,(f) is obtained:

00

Wealf) = / pea(6)e =927 1040

//h g — )= I27 (0 = 1) =327 [t 4o gy

= W.-V(f) . (1.82)

As before, use was made of an extension of the equation and an interchange
of the order of integration.

In contrast to W, and W, the cross-spectrum W, is complex in general.
Due to W, = |[VI2. W, we also have

W, W,

V=, 1.83
ea(f) \V‘Q V> ( )
Furthermore, it can be shown that
%%
Woe =W =W, - V* = —V— , (1.84)

because

Pae = Uq(t) - ue(t+6)

E / h(t') - ue(t — t") - ue(t + 6)dt’

/ h(t') - pe(6+t')dt’ (1.85)
and furthermore

// Vou(B+¢) - e~ I2TfO+ 1) HI2f o (1.86)

Thus Wee = W - V* = W7, which proves Eq. (1.84). The normalized cross-
spectrum of the input and output signals of a two-port is defined by
144 W,V 14
kew = 9 = __° S= (1.87)
\/We‘Wa We"v‘\ ‘V‘
The magnitude of the normalized cross-spectrum is equal to 1. This means
that the input and output signals are completely correlated. This is not
surprising since both signals stem from the same origin.
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1.3.4 Superposition of partly correlated noise signals

3-port

ues| (D) hi Vi
\

Uq Z,
|
b |
e

Fig. 1.6 Superposition of noise signals.

By means of a three-port (Fig. 1.6) two noise voltages, ug; and uez, which
are partly correlated, are superimposed at the load impedance Z,. The auto-
correlation function of the output voltage u,(t) will be calculated.

Ua(t) - ug(t + 0)

- E{ // ha(t) - uer(t —t') + ha(t uea(t — t')] dt’

(i uer (B4 8 — t) + ha(t") - uea(t + 6 — )] dt”} . (1.88)

This equation consists of four parts:

ug(t) - Ua(t + 6) = pa(6)
// hi(t Ve per(8 4+t =) dt'dt”

+ // h2 h2 t” peg(e +t = t’/) dt’dt"”

It

+ //hl )« pere2(8 + 1t ~t") dt'dt”

+ //hl(t")-hg(t’)~p6261(9+t’—t”) dt'dt" . (1.89)



26 MATHEMATICAL AND SYSTEM-ORIENTED FUNDAMENTALS

Here, the first two parts describe the autocorrelation function and the last two
parts represent the cross-correlation function. Finally, the Fourier transform
of this expression is calculated and the order of integrations is changed. This
leads to

+oc

/ pa(G)e_jzﬂfe de

-0
|V1‘2 . Wel + ‘VQ[Z : We2
+ Vl* Vo Werea + VQ* V1 - Weaer . (1.90)

W

i

Now, the noise voltages will be replaced by sinusoidal signals of the same
frequency. According to the symbolic complex phasor notation the output
voltage is

Up=Vi Uy + Vs Ug (191)
or
Ual?> = Vil? Ual® + Vo - Ue]?
+V1*'%'UJI‘U62+V1'V2*'U61'U:2 . (192)

A comparison with Eq. (1.90) shows that there is a simple correspondence
between the calculation with power and cross-spectra and the calculation with
complex phasors. One simply has to replace |Ue|? by We, |U,|* by W, and
U Ue2 by Weie2. However, it should be mentioned that, generally, the cross-
spectrum cannot be calculated from UJ; Uea. This equivalence between spectra
and complex phasors establishes a method to perform calculations with noise
signals as comfortable as with sinusoidal signals. The main difference is that
the correlation between the noise signals has to be taken into account.

The substitution of spectra by the product of complex phasors will fre-
quently be used in the following. Two signals can be completely correlated,
if, for example, one originates from the other. They can be completely uncor-
related or, which is the most general case, be partly correlated. If two signals
are completely uncorrelated, then the powers or spectra can simply be added.
It is not easy to determine the correlation between two noise signals. However,
if the correlation is known, then, linear circuit calculations with noise signals
are no more difficult than with sinusoidal signals.

Generally, the cross-correlation function p12(6) is not an even function, but
certainly a real function. Because of Eq. (1.33), Eq. (1.90) can also be written
in the following form:

W, = VA2 Wep + [Val? - Weg + 2Re{V;" Vs - Werea} (1.93)

Thus, W, always is a real valued function, a necessary condition for a power
spectrum.
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Problems

1.6 Two non-overlapping frequency bands at different frequencies are to be
filtered out of a white noise signal. What is the correlation between these two
noise signals?

1.7 Calculate the autocorrelation function of a band limited noise signal
with a rectangularly shaped spectrum.

1.8 Consider the low-pass filter in the figure below. Calculate the autocor-
relation function of the output noise signal, if the input signal is white noise,
generated by the resistor R.

input p output

1
A

uel(t) Uq (1)
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Noise of Linear One- and
Two-Ports

Thermal noise is one of the most fundamental noise phenomena. It is present
in nearly every electronic circuit. Therefore, analytical methods for the calcu-
lation of thermal noise and its effects in electronic circuits are of fundamental
interest.

The noise behavior of thermally noisy electronic devices can be described
with the help of equivalent circuits. Typically, the thermal noise of one- or two-
ports is represented by equivalent sources, for example current- and voltage
sources and by noiseless two-ports or noiseless impedance networks. However,
if different representations are to be transformed into one another one has
to take into account that in addition to the magnitudes it is also necessary
to know the correlation between the different equivalent noise sources. For
thermally noisy networks it will be seen that it is always possible to calculate
the correlation of arbitrarily chosen sets of equivalent sources.

A representation by equivalent noise sources and noiseless networks can
also be adopted for non-thermally noisy linear networks. For example, linear
amplifiers can be described with the help of noise current and noise voltage
sources at the input and output. For this noise model the amplifier is assumed
to be noiseless while its gain and impedances remain unchanged.

Another important representation of amplifier noise is based on the noise
factor or noise figure. The noise figure describes the deterioration of the
signal-to-noise ratio when a signal passes through the amplifier. The noise
figure depends on the source impedance of the generator. Thus it is possible
to minimize the noise figure of a two-port circuit by transforming the source
impedance with the help of a lossless and noiseless network. However, such

29



30 NOISE OF LINEAR ONE- AND TWO-PORTS

a so-called noise matching is successful only if the loss of the transformation
network is sufficiently low.

2.1 NOISE OF ONE-PORTS

2.1.1 Thermal noise of resistors

The noise of resistors is caused by the thermal movement of the electrons
or holes in metals or semiconductors. This noise phenomenon is also called
Johnson noise or thermal noise. Experiments yield the following expression
for the time average of the magnitude squared of the short circuit current in
a frequency bandwidth Af:

i_z(t_)=4—kéz'Af=4kTG-Af. (2.1)

The resistance is denoted by R and the conductance by G = 1/R, respectively.
T is the absolute temperature in K and k is Boltzmann constant with

k=1.38-10"2Ws/K . (2.2)

Similarly, it can be found by a voltage measurement of the open circuit noise
voltage:

u?(t) = 4kTR - Af . {(2.3)
The spectral density function W(f) represents the mean square value of the
voltage or current, respectively, in 1 Hz bandwidth. Thus, we have

W.(f) = 4kTR (2.4)
Wi(f) = 4kTG . (2.5)

For thermal noise the spectral density function does not depend on the fre-
quency, if the frequency is not too high and if the temperature is not too low,
as will be seen in the following. The time average of the squared voltage and
the squared current can be calculated via W(f). In Eq. (2.6) f2 is the upper
and f; the lower frequency boundary.

fa
2D = / W, (f)df

2(t)

fi
f2
/ Wi (£)dF . (2.6)
f1

The spectral density function is also called the spectral distribution or
spectrum or power spectrum.



NOISE OF ONE-PORTS 31

(a) (b) >— o)

W, = 4kT - G () G;
W, = 4kT - R,

g O

Fig. 2.1 Noise equivalent circuits of a thermally noisy resistor with (a) a
voltage source and (b) a current source.

For a thermally noisy resistor the circuits shown in Fig. 2.1 are equivalent.
In the equivalent circuits, the internal resistance R; and the internal conduc-
tance G; are noiseless. The voltage source is assumed to have zero internal
resistance and the current source has infinite resistance.

2.1.2 Networks of resistors of identical temperature

If several resistors at the same temperature are combined, then an equivalent
circuit can be defined for the resulting circuit. Whether the overall resistance
is determined first and then an equivalent noise source is calculated or whether
the equivalent noise source of all individual resistors are determined first and
subsequently are combined, will lead to the same result. The same holds for
a network of resistors. However, one necessary condition for this approach is
that the noise sources are uncorrelated, i.e. that the root mean square values
can be added. Later on, some examples will follow where this is not a valid
assumption.

Problem

2.1 Two resistors in series are connected to a third resistor in parallel, as
depicted in the figure below. Show that the same overall noise equivalent
circuit results, if 1) an overall resistance is calculated first or if 2) the noise
equivalent source is determined first. Assume that 7} =T = T3 = Tj.

+—0
R, Th

R3,Ts
Ry, Ty
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Apparently, a resistor cannot be divided into arbitrarily small parts. The
assumption of statistical independence might not be valid, for example, if the
dimensions become smaller than the mean free path length of the electrons.
However, under these extreme conditions, it is also no longer possible to define
a resistor in the usual way.

2.1.3 The RC-circuit

As was shown in section 1.3.4, calculations of noisy linear networks can be
performed by means of the well-known rules for sinusoidal signals.

The noise spectra at the input and output of a device are related according
to the magnitude squared of the transfer function V(f). As an example, the
spectrum W, at the output of the capacitor of the circuit in Fig. 2.2 will be
calculated. Only the resistor R is assumed to generate thermal noise.

Sl

W, = 4kTR

Fig. 2.2 Thermally noisy resistor with a capacitor in parallel.

Applying simple voltage divider relations leads to

Y@wO) |* yrp_  HIR (2.7)

Weye = V()2 W, = |—2 20

we = V()] “ ]R+l/(ij’)] 1+ (wCR)?

The spectral density W,,. becomes frequency dependent because of the capac-
itor. The mean square value of the voltage at the capacitor can be calculated
by integration over the entire frequency range:

T 4kTR
T = /vvuc £)d = /HMCR)zf

0
2T 1

= -G 7 ———dn with 7n=wCR

0
_ 2T e |
= o arctann)

kT
ol
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Thus, the mean square voltage at the capacitor is finite, although the fre-
quency range was supposed to be unlimited. The result is independent of R,
which might be interpreted physically.

2.1.4 Thermal noise of complex impedances

In a thought experiment a real-valued resistor R’ and a complex impedance
Z(f) are connected by a band-pass filter (BPF). R’ and Z(f) are assumed

BPF
R’ Z(f)
Af
4kTR' W (f)
P/

P

Fig. 2.3 For the explanation of the thermal noise of a complex impedance.

to be at the same temperature 7. The band-pass filter is assumed to be
lossless, therefore, it does not contribute to the noise of the setup. In the
thermodynamic equilibrium the noise power P’, which is transmitted by the
resistor R’ to the load Z(f), must be equal to the noise power P, which is
transmitted by the impedance Z(f) to the load R', i.e. P = P’. The noise
powers are given by

4kT R’
P = ———— Re{Z} Af, .
Tz R A (29
W
P = ——2 __ R .Af, .
mrzoe T (2:10)
and, since P’ = P, one can determine
W, = 4kT - Re{Z} . (2.11)

Similarly, with Y = 1/Z, it is concluded that

W, = 4kT - Re{Y} . (2.12)

The noise sources for thermally noisy complex impedances or admittances
are thus also known. Both representations or equivalent circuits in Fig. 2.4 are
equivalent. For example, for the right-hand circuit in Fig. 2.4 the spectrum
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(a) (b)
Z(f)

W, = 4kTRe{Y'}

W, = 4kTRe{Z}

* -0
Y (f) W,
- 0

Fig. 2.4 Equivalent representation of complex thermally noisy impedances.

of the open circuit voltage W, is calculated as

1

Wo = Wegrhp 1
= 4kT~R;{Y;~*?W
- 4kT~ﬁ’—?
= 4’”'%'(%*?:
= W, .

) — 4kT -Re{Z(f)}

(2.13)

The equivalent circuits of Fig. 2.4 for complex impedances and admittances
remain valid, even for combinations of lumped elements and transmission
lines. The lines can either be lossless or lossy.

2.1.5 Available noise power and equivalent noise temperature

The available noise power Py, is obtained if a circuit is terminated by the
complex conjugate of the generator source impedance. In this case, the power

Z(f)
DZ*(J‘)
W,

Fig. 2.5 For the explanation of the available noise power.

P, transmitted to Z*(f) is given by

W,

B = zizr

Re{Z*} Af
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= ZE\%E'RG{Z}'M

_ 4kT-Re{Z} Re{Z}-Af

B 4-Re?{Z}

= kT -Af=P, . (2.14)

The available noise power only depends on the temperature T. It is indepen-
dent of the resistance value. The noise temperature can thus be used as a
quantity to describe the noise behavior of a general lossy one-port network.
The noise temperature T, is then called the equivalent noise temperature
of a one-port. The definition can also be extended to non-thermally noisy
one-ports.

The so-called Nyquist-relation in Eq. (2.14) is not valid for all frequen-
cies and temperatures, because it is derived from statistical thermodynamics.
For high frequencies and/or low temperatures a quantum mechanical correc-
tion factor has to be introduced. This correction term results from Planck’s
Radiation Law which applies to blackbody radiation. In the general case,
P,, = kTAf must be replaced by

Pav = kTAf 'p(fv T) (215)
with hf /KT
and
h =6.626-107*Ws? (Planck’s constant) . (2.17)

At room temperature and up to 10 GHz, p(f,T) ~ 1. The Planck correction
of the Nyquist formula also prevents that the noise power becomes infinite for
arbitrarily large bandwidths.

p(f,T)
1

0.5 \

001 01 1 10 A
kT

Fig. 2.6 Normalized radiation power as a function of frequency and tem-
perature.
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2.1.6 Networks with inhomogeneous temperature distribution

A network with impedances Z;,Z,, Z3, ..., Z;, which are at different temper-
atures T7,7%,T3,...,T};, is now considered. Fig. 2.7 shows an example with
three impedances. The network could be more complex than shown here.
Furthermore, it might also include transmission line elements. The open cir-

. ZLT W,

N e I NN

1 T Y

: Z27 T2 ZSvTS
' Zi

X W ’ ’

i u2 u3
5 I

Fig. 2.7 Noisy one-port with three temperatures.

cuit noise source W, at the external terminals will be calculated. For this
purpose, the superposition principle is applied, which is valid for all linear
circuits. The internal noise sources W;,; are consecutively transformed to the
input. In this way, the equivalent circuit in Fig. 2.8 is obtained. Here, Z; is

Wul Wu2 Wuj Wu
o o
NN N
— ./
W, Zi _— Z;

Fig. 2.8 Equivalent sources to Fig. 2.7.

the input impedance of the one-port network, which is calculated by short-
ing all noise sources. It can be assumed that the Wy, Wya,...,W,; are all
uncorrelated, because they originate from different, independent impedances.
Thus
Wy =Y Wy, = 4kT, - Re{Z;} . (2.18)
J

The W,,; are related to the W;j by the magnitude squared of a transfer
function, i.e. by a real coefficient. Consequently, the equivalent temperature
T, of the one-port is a linear function of the individual T}:

T.=> 8T, . (2.19)
J
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An obvious constraint for the real coeflicients 3; is that
J

because if all T are equal, then T}, = T must also hold. The noise tempera-
ture 1), can also be interpreted as the result of an averaging operation, which
means that

Tj,min S Tn S Tj,mar . (221)

2.1.7 Dissipation theorem

For a reciprocal network the coefficients 3; can also be interpreted as the
fraction of power absorbed by the impedance Re{Z;} when unity power is
fed into the network. This so-called dissipation theorem will be proven first.
Next, its application will be explained for some examples.

E, E;
linear
Zy reciprocal R; = Re{Z;}
.IL network ﬁ.

Fig. 2.9 For the explanation of the dissipation theorem.

According to Fig. 2.9, a resistor R; with the temperature T; is extracted
from the linear and reciprocal one-port network. This resistor R; can thus
be considered as an external termination of a linear and reciprocal two-port.
The impedance Z; and the noise voltage generator E; describe the input side,
the resistor R; and the equivalent noise source E; represent the output side.
Due to reciprocity, the current I;, which is generated by E; for E; = 0, and
the current I, which is generated by E; for Ey = 0, are related as

£
I;

E;

I
Ej=0 1E1=0

1
=, 2.22
7 (2.22)

where y is a complex constant. The impedance Z; is chosen in order to
achieve a power match to the input impedance Z;,, i.e. Z; = Z7%,. In this
case, the network should supply the available power P,, to the impedance Z;
according to Eq. (2.14). The noise power Py, transmitted from the thermally
noisy resistor R; to the real part of Zi, is equal to:

Py, = |Ln* Re{Zi} = |E;nl? - ly* - Re{Z;}
4kT;R;Af - lyl* - Re{Z1} = kT;8;AF . (2.23)

i
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With the index n a noise value will be denoted. From Eq. (2.23) it follows
that

B;=4-R; |y|*-Re{Z1} . (2.24)

This calculation can be performed for each thermally noisy element of the
network. The sum of all power contributions must be equal to the overall
available noise power Py,:

Py =k-Af- Y (T;8) . (2.25)
J

The §; are identical to those of Eq. (2.19). It can also be shown that the
term (3; represents the ratio of the power P;, absorbed by R;, to the incident
(available) power Py:

P, ‘4Re{Z1}

= =1L Ry Bz 4-R; |yl*-Re{Z:1} = 5; . (2.26)

P
In other words, the relative contribution of a resistor R; at the temperature
T; to the effective noise temperature T, of the one-port, expressed by the
coefficient 3;, just amounts to the power absorbed in the resistor R;, nor-
malized to the power fed into the one-port. Thermal noise power is very
closely related to power dissipation. A component, which cannot dissipate
real power, cannot emit thermal noise power. The dissipation theorem was
derived for circuits with lumped elements. However, it can be extended to
circuits including distributed elements.

Problems

2.2 Calculate the equivalent noise temperature T, of the circuit in Fig. 2.7
with the help of the dissipation theorem. The impedances Zi, 23, Z3 are
complex.

2.3 Determine the input noise temperature T, of the circuit in Fig. 2.10 by
using the dissipation theorem.

o—-
attenuator attenuator
I, 6dB, fixed as, variable Zo, T3 = 1200K
T =7K T, = 300K
Oo—r

Fig. 2.10 A noise source with variable temperature consisting of a fixed
and a variable attenuator and a hot one-port device.
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2.4 Calculate the equivalent noise temperature using the dissipation theo-
rem for the antenna setup in Fig. 2.11.

background at absorber at
temperature T,, temperature T4

. // 7 L ’/%/’/V

antenna

g

reflection coeflicient p

Fig. 2.11 Determination of the noise temperature of an antenna.

2.2 NOISE OF TWO-PORTS

2.2.1 Description of the internal noise by current and voltage sources

The noise of linear two-ports can be described with the help of equivalent
current or voltage sources at the input and/or output of the circuit. The
two-port itself is assumed to be noiseless and it is described in the usual
way by a matrix which linearly relates the currents and voltages at the input
and output. In Fig. 2.12 an equivalent circuit of a noisy two-port with noise
current sources at the input and output is shown. The noiseless two-port
itself is represented by an admittance matrix [Y]. The currents and voltages
are represented in a symbolic description by phasors which depend on the
frequency f:

UI=U(f),1(f) . (2.27)
Apart from the admittance matrix Y, various noise parameters must be known

in order to perform noise calculations. In the symbolic description the squared
magnitudes of the noise current sources |I,1|2, [I,2|? are equal to the equiva-
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I Is

@ Inl

% Y. In2
_ 11 12
Ul [Y] - { )/'21 Y22 j} l U2

Fig. 2.12 Noise equivalent circuit of a two-port with noise current sources.

lent two-sided spectral densities:
o112 = Woi,  |Ina|* = Wya (2.28)

Furthermore, for the complete description of the noise behavior the cross-
spectrum W,12 must be known. In the symbolic description, Wi corre-
sponds to:

Wn12 = I;:l ' In? . (229)

Equation (2.29) does not normally serve as a rule for the calculation of Wpis.
The cross-spectrum, in general, is a complex quantity and thus both its real
and imaginary part must be known or its amplitude and phase, respectively.
It is often not easy to determine the cross-spectrum. However, several ex-
amples will follow where it is possible to calculate the cross-spectrum. If the
magnitudes of the noise equivalent sources as well as their cross-spectra are
known, then all noise parameters of interest of linear circuits can be calculated
in principle.

In another description of a noisy two-port, noise voltage sources at the in-
put and output of the circuit are used and the noiseless two-port is described
by an impedance matrix [Z] (Fig. 2.13). Different representations for the same

—U_; 71 = Zv Zia ?]; U
Ull e {Zzl Z2 2

Fig. 2.13 Noise equivalent circuit of a two-port with noise voltage sources.

noisy two-port can be converted into one another. This will be demonstrated
for the circuit arrangements in Figs. 2.12 and 2.13 as an example. For such
transformations or other noise calculations it is convenient to define directions
or oriented arrows for the equivalent noise currents and voltages as well as the
terminal currents and voltages, respectively. Although, they can be chosen
arbitrarily at first, it is necessary to adhere strictly to the chosen directions
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of the arrows in the following calculations. If a resulting solution has a neg-
ative sign, this means that the actual directions of the currents or voltages
are opposite to the direction defined as positive. Although the final aim is
to calculate a noise spectrum, that is the magnitude squared of a current or
voltage, which is certainly positive, the current or voltage of the entire cir-
cuit often result from a superposition of single currents or voltages and this
superposition has to be performed with the correct signs.

For the representation with current sources in Fig. 2.12 and taking into
account the chosen orientation of the arrows, the following two-port equations
hold:

L = Y- Ui+Y Uty
I, = Yo Uy +Yen Uy+ L

or, in matrix form,
I Yiu Y Uy Iy
= : , 2.30
{ I } { Yo Yo U | 7| Lo (2:30)
which may be written more compactly as

=] Ul+{] . (2.31)

For the description with voltage sources according to Fig. 2.13, the follow-
ing two-port matrix equations apply, if first an admittance representation
is chosen. Here, [Y] = [Z]~!, because the transformation for the two-port
parameters are independent of the noise sources. Therefore,

IL = Y1 (Ui =Un)+Y12 (U= Up2)
L = Y5 (U —Upn)+Ye (Uy—Up)

or, in a matrix form,
I =[] Ul -] U] . (2.32)

A comparison of Eq. (2.31) with Eq. (2.32) leads to a relationship between
the noise sources:
[In] = =[Y] [Un] (2.33)

Unl = —[2]-[I.] (2.34)

respectively. With the help of Eq. (2.34) the spectra |Un1]?, [Un2/? and the
cross-spectrum U}, Upo of the noise sources can be calculated, provided that
the cross-spectrum I}, I,2 and the power spectra [I,;|? and |I,,5|? of the noise
current sources are known. In detail, we have

Wul = U:1'Un1
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= (Zu-In+ 212 1) - (Z11 - Iy + Z12 - Ino)
= |Zu)? | Inf + |Z12\2 | Inal?
+ 7 Zya- (I )+Z* AR VS cIno)”
= |Zul|® Wi +|Z02* Wi+ 28 Z1p - Ware
+ 27y Z - Wi (2.35)
W = UpyUno
= (Zor-In1+ Zoo - Ina)" - (Zor - Iny + Zaa - In2)
= |Zul* Im|? + 1 Z22|? - | Ino|?
+ Z3 - Zao - (Iny Ing) + Zsy Zoy - (I% - Ing)"
= |Za* Wiy + | Z9s)® - Wia + 23, - Zoa - Wino
+ 23 Zon - Wis (2.36)
Wue = Ujp - Una
= (Zu T+ Zi2 In2)" - (Zor Int + Zaz - Inz)
= ZY, Zon | naP + 25y - Zog - [ Inaf*
+ Z31 - Zaz - (Iny - Ina) + 255 Zox - (Iny - Tna)’
= Ziy Zoy Wi+ 27y Zog - Win + Z1, - Zoa - Wing
2 e W (2.37)
A more compact representation for the description results from the definition
of a correlation matrix [C,]

G = G T = | G T U e
_ [ .Unl‘ Un2 } { Wul Wu12 }
B UnlUnz ’UnZI Wiz We
= (=[Z) L) (=121 D)7 = 21 L) L) T2
= [Z][ HZ] (2.38)

with W, W,
Ciw - In * In T — il i12 :|
(Gl = Pl = | e e

Here, the superscripts denote the complex conjugate matrix (x) and the trans-
posed matrix (7).

For a two-port there are six possibilities to combine the currents and
voltages and thus there are six different corresponding matrix descriptions.
Accordingly, six different possibilities exist to arrange the equivalent noise
sources. In addition to the two configurations in Fig. 2.12 and 2.13, the four
configurations in Fig. 2.14 are possible. Consequently, there are 6-6 = 36 ways
to combine the equivalent noise sources with the algebraic two-port matrix de-
scriptions. Which one of these combinations is the most appropriate depends
on the particular problem. As an example, a configuration based on current

(2.39)
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(a) (b)
O O
@ two-port @ @ two-port @
L 5 o
(c) (d)
e ————) [0 e
@ two-port @ @ two-port @

Fig. 2.14 Further configurations for the noise equivalent sources.

sources is favorably combined with an admittance description whereas a rep-
resentation with voltage sources may be combined with an impedance matrix
description. The configuration in Fig. 2.14c is well suited for the calculation
of the noise figure as will be seen later.

The 36 different representations can be converted into each other, where,
in general, the correlation of the noise sources will change as well. Instead
of a description by noise currents and voltages it is also possible to perform
the calculations on the basis of noise waves (section 2.2.3). This is often
advantageous for high frequency circuits.

Problems

2.5 Convert the equivalent noise circuit below into the circuit shown in
Fig. 2.14c. Calculate the correlation of the new noise current and voltage

sources.
o———- ~—@—o
@ LN O
o o
input output

2.6 A noisy two-port, which is described by an equivalent noise circuit as
shown in Fig. 2.12 is terminated at its output by a complex admittance Yo
which is noise-free. At the input of the circuit the complex admittance Y;
is connected, the thermal noise of which is represented by a parallel current
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source I,. What is the magnitude of the noise power and the noise spectrum
W, respectively, at the output admittance Y57

2.2.2 Noise equivalent sources for thermally noisy two-ports at
homogeneous temperature

For the special case of thermally noisy two-ports at homogeneous temperature,
the noise equivalent sources can be calculated in a general way on the basis
of the two-port parameters. The term homogeneous temperature means that
all losses of the two-ports network, for example resistances, dielectric losses of
capacitors, the losses of eddy currents in iron, the cable losses and suchlike,
are related to the same physical temperature 7. The two-port is described by
the admittance matrix [Y] and noise current sources at the input and output
as shown in Fig. 2.12. The two-port considered here could as well characterize
any two selected ports of a N-port network, where all other ports are assumed
to be terminated by an impedance, also at the temperature 7.

The squared magnitudes of I,,; and 5 can be calculated in a simple way
by terminating the other port with a short and by considering the Nyquist-
relation (two-sided spectrum):

1?2 = W, =2kT-Re{Y11} ,
Hp2l? = Wpg =2kT - Re{Yas} . (2.40)

However, this does not give any information about the cross-spectrum W;is =
I*, - Ip. In order to determine the cross-spectrum, the input admittance Y;,
at port 1 will be calculated under the condition that port 2 is terminated
by an open circuit, I, = 0. The resulting two-port will generate thermal
noise at the temperature 7. This two-port can be described with the help
of an equivalent noise current source I}, (Fig. 2.15), where Y, is the input
admittance at port 1. Therefore, we have

I, = 2kT - Re{Yin} . (2.41)
D o
nl
temperature 7— Yin

Fig. 2.15 Equivalent circuit of a one-port with an open circuit at port 2.

On the other hand, the noise current I; for an open circuit at port 2 in
Fig. 2.12 can be calculated as well on the basis of the two noise sources In;
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and I,,. For this purpose, the noise current I for a short circuit at the
input, which means U; = 0, and an open circuit at the output, which means
I, = 0, is determined. The matrix relation (2.31)

=1y i 2.42
= O+, (2.42)
yields
L = Yo -Us+1Iy
0 = Yoo Us+ 1l . (2.43)

In Eq. (2.43) U, can be eliminated. This leads to

Y
L= I — i— ny (2.44)

It can be assumed that |I/|? is equal to |I3x]?%:

Yis Vs
[Lif* = 2kT Re{Yin} = 2kT- RE{YH - __13}/_21}
22
Y 2
= [Lig* = 2kT - Re{Yu} + || - 2T - Re{Y2}
22
Y1 Y15
“*'n"—“n'l*- ) 0 45
Inl I2 },22 1 n2 Y2*2 ( )

In Eq. (2.45) the term 2kT - Re{Y1:} can be eliminated so that finally the
following relationship results:

* Yl? * 1*2
1 In2 Y22'+'In1 .
2
Yis -
_fe -2kT-Re{Y22}+2kT-Re{—Eﬁ} . (2.46)
22 }/22

A very similar equation, however with exchanged indices 1 and 2, can be
derived, if the same calculation is performed for port 2, that means that an
open circuit is connected to port 1. Both resulting equations are linear with
respect to the parameters I}, - In2 and I,; - [},. After some manipulations
the following equation for the term I3}, - I,,2 results:

I':;l . [ng = Wn12 = kT (Y1*2 + Y21) . (247)

Similarly, the following relation is valid for a N-port considering the ports ¢
and j:
Ini - Ing = Whi; = KT - (Y35 + Yy) (2.48)

These simple relations for the cross-spectrum of the noise current sources
at the input and output of the circuit are valid for the case of thermally
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noisy two-ports at a homogeneous temperature. It is valid for reciprocal
passive circuits, that means Y;; = Yj;, as well as for non-reciprocal passive
circuits. The relation (2.47) can be transformed into the other 35 description
possibilities. If, on the other hand, the noise characteristics of a two-port
or N-port are in accordance to Egs. (2.40) and (2.47) or (2.48), respectively,
then the device can be described by a homogeneous temperature. This often
leads to a notably easy characterization of the noise behavior of a two-port. In
Chapter 5 this property will be used for the calculation of the noise behavior of
a frequency converter. A passive thermally noisy two-port at a homogeneous
temperature is an example, where the calculation of the two-port equivalent
noise sources including the correlation is possible.

Problems

2.7 Derive the relation for the cross-spectrum as given by Eq. (2.47).

2.8 Describe a thermally noisy two-port at a homogeneous temperature T
by the noise current sources I,; and I, at the input and output. The input
is terminated by a thermally noisy complex admittance Y7, which is also at
the temperature T and which is represented by the noise current source I,.
Derive a noise equivalent one-port circuit for the output port with the help
of Eq. (2.40) and Eq. (2.47).

®

11 . I,
Y. I ! two-port :
1 Y]

2.2.3 Noise description by waves

A matrix representation very common for high-frequency circuits, which is
particularly suited to transmission line structures, is the scattering matrix.
For this representation it is also possible to introduce noise equivalent sources.
Apart from the noise waves A; o propagating towards the two-port and the
waves Bj g leaving the two-port, the noise equivalent waves Xi; are intro-
duced for the description of the intrinsic noise of the two-port. The waves,
illustrated in Fig. 2.16, are defined according to

B, = Spn-Ai+Sn-4A+X
By = Sy A1+ 8y A+ X
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or in a matrix description
(B] = [8]- [A] + [X] . (2.49)

[S] denotes the scattering matrix of the two-port. A special symbol is not
in common use for the noise equivalent waves X;, X5. In Fig. 2.16 oriented

Al A2
o——> @] L 5
two-port
@ — B scattering matrix By — @
— X (9] Xy ——
o— —_—

Fig. 2.16 Representation of a noisy two-port with a scattering matrix and
noise equivalent waves X; and X.

arrows are used instead. In this context, the squared magnitudes of the noise
waves A, B, X are supposed to have the dimension of a spectral noise power
density, that means power per bandwidth.

The wave description can also be transformed into a representation with
current or voltage sources. The following equations are used for this purpose:

Uiz

77 = A2+ B,
LiaVZy = Ap-Bip . (2.50)

The real-valued reference impedance is denoted by Z; and U, I are the currents
and voltages of the current-voltage-representation. Problem 2.9 will clarify
this transformation.

Problem

2.9 Transform the configuration in Fig. 2.12 with current sources into the
representation with equivalent waves of Fig. 2.16.

2.2.4 Noise of circulators and isolators

An ideal circulator, for example a 3-port-circulator, is perfectly matched at all
of its 3 ports and it transmits without any losses from port I to port II, from
II to III and from III to I. The scattering matrix of an ideal 3-port circulator
with the transfer phase @ is thus given by

Q 0 el¥
8] = eé" ? o | . (2.51)
e’ 0
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An ideal circulator is lossless and thus noiseless. Such an ideal circulator
can be used advantageously for thought experiments. A real circulator using
ferrites is generally not perfectly matched, it has finite transmission losses,
and a finite isolation. But still a real circulator based on ferrites is passive
and generates thermal noise only.

If one port of the circulator is terminated by the reference impedance Z,
the circuit works as an isolator as depicted in Fig. 2.17.

wave termination
X
©)

o}

o
O

@ ©

isolator

@

o}

Fig. 2.17 Isolator on the basis of a circulator with one port being termi-
nated by a wave impedance Zs.

The scattering matrix of the isolator can be written as follows, if ¢ is
assumed to be an arbitrary phase:

(S = { 62; 8} . (2.52)

In general, a real isolator based on ferrites has finite losses in a forward di-
rection, but also a finite isolation in a backward direction. Under usual lab-
oratory conditions, circulators as well as isolators will be at a homogeneous
temperature.

It should be noted that isolators are usually not realized on the basis of
circulators. Nevertheless, their noise behavior with respect to the ports can
accurately be represented by a circulator with one port terminated by a wave
impedance Zy. This model will be used with advantage later.

2.2.5 Noise waves for thermally noisy two-ports at a homogeneous
temperature

In the following the thermally noisy two-port is assumed to be at the homo-
geneous temperature 7. It is the aim to derive a similar equation for the
equivalent noise waves and scattering matrices as in Eq. (2.40) and (2.47)
for the current sources. For this purpose, the two-port is terminated at its
input and output with impedances Z; = Z, = Zy, which also have the same
temperature T (Fig. 2.18).
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Ay A

two-port

Z1 = Zy @ ~—5 scattering matrix [S] By— @ Zy = Z
~—X temperature 7' Xo—

Fig. 2.18 Two-port with scattering matrix [S] at a homogeneous tempera-
ture T, which is terminated on both sides by the impedance Zs.

Because of the thermodynamic equilibrium and because of the matched
terminations at the input and output, i.e.

Zi=2y=12, , (2.53)

we get
[ALf* = |Bif* = |4 = B> = kT . (2.54)

The noise waves A; and A originate from the terminating impedances Z;
and Z,. Therefore, they are uncorrelated, that is AJA; =0, and A; and A,
are also uncorrelated with the equivalent noise waves X; and X5 of the two-
port, because they are generated in different parts of the circuit. Therefore,
it is A7 5 - X1,2 = 0. Under these conditions the following relationship can be
derived for a two-port of a homogeneous temperature:

B = Bi-By
= (S A1+ S04+ X)) (57, AT + 875 - AT+ X))
= l511|2 . iA1]2 + 151212 . |A2|2 + IX112 . (255)

From this and together with Eq. (2.54) it follows that

1 X2 kT (1= |50f® = (512%)
XofP = KT (1-[8f - |9a) . (2.56)

Il

The squared magnitudes of the equivalent noise waves X; and X, are thus
determined. Finally, the cross-spectrum between X; and X is needed, that
is the term X7 - X,. For its calculation it is advantageous to choose a method
which is very similar to the solution based on the admittance matrix. For
example, in Fig. 2.18 the termination of port 2 with an open and short circuit
can be considered and then |B; |2 can be calculated for both cases. Under the
condition of the thermodynamic equilibrium and for the termination of port
1 with Zy, the parameter |B;|? must be equal for both of the cases, namely
either open or short connected to port 2. It is, in fact, {B;]|?> = k7. This
leads to a system of equations for X7 - X2 and X - XJ. The details of the
calculation are left to problem 2.10.
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Problem

2.10 Derive the cross-spectrum X7 X5 in the representation with equivalent
noise waves and the scattering matrix for a thermally noisy two-port at a
homogeneous temperature. For this purpose, each port has to be terminated
with an open or a short circuit.

In the following, a more illustrative and shorter way will be presented in
order to calculate the cross spectrum X7 - X3. From Eq. (2.47) it can be
concluded that the noise waves of an isolated two-port, that is a two-port
with Y12 = Y5, = 0, are also uncorrelated, as long as the noise is of thermal
origin at a homogeneous temperature. As will be seen for some examples,
this often is not a trivial assertion. Assuming that this two-port is not only
isolated but also matched at both sides, then we have

B} - B, =0, (2.57)
because of By ~ I,; and By ~ I,;. According to Fig. 2.19 a two-port will
be considered which is embedded between two ideal passive circulators. The

wave termination wave termination
at temperature T' at temperature T

circulator

two-port
scattering matrix [S]
temperature T

Fig. 2.19 Thermally noisy mismatched two-port with the scattering matrix
[S] and the temperature T, embedded between two ideal circulators.

circuit in Fig. 2.19 is assumed to be at a homogeneous temperature T'. This
assumption, in fact, applies to the whole circuit, that is the two-port and the
terminations of the circulators. The circulators are assumed to be free of losses
and they are thus noiseless. Eq. (2.57) can be applied to the circuit between
port 1 and port 2 in Fig. 2.19, because the circuit between port 1 and 2 is
isolated due to the ideal circulators and, furthermore, it is at a homogeneous
temperature. As a consequence, Egs. (2.49) and (2.57) yield

BB, = 0
= (S} Al +S[y A5+ X7)(Sa1 - A1 + S22 - As + X)
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and hence

X: Xy = (S Sy + Sty o) kT . (2.58)

The reasoning which led to Eq. (2.58) can directly be extended to a N-port.
Therefore, the following relation for the cross-spectrum at the ports 4,7 is
obtained:

X7 X; = kT ([1] - [S*][S]7) (2.59)

4,
Here, the unity matrix is denoted by [1] and [S]? is the transpose of the
scattering matrix of the N-port. In Eq. (2.59) the element 1, j of the matrix in
the brackets is chosen. For i = j, Eq. (2.59) is identical to the already known
result of Eq. (2.56).

The correlation of the equivalent noise waves X7 - X, becomes zero ac-
cording to Eq. (2.58), if the ports of the two-port are isolated. This result
could have been anticipated, because it was already implied as a precondition.
However, an interesting new result arises, i.e. the correlation also disappears
for the case that both ports are matched, that is for S;;1 = S22 = 0. As will be
seen later, this characteristic of matched, passive two-ports at a homogeneous
temperature is of great interest for noise measurement techniques and hence
is often utilized.

R
D T o @

X1<—R1 Rl—"X2

Fig. 2.20 r-attenuator with concentrated resistors.

An example of such two-ports are attenuators, which are matched at both
sides and which possess a homogeneous temperature distribution under labo-
ratory conditions. It is not relevant, how the attenuators work in detail. The
correlation of a m-attenuator with lumped resistors, as shown in Fig. 2.20, will
be calculated explicitly in problem 2.11. As expected, the correlation becomes
zero for a homogeneous temperature.

Problem

2.11 Calculate explicitly the cross-spectrum X{ X, of a matched w-attenua-
tor as shown in Fig. 2.20. All three resistors are assumed to have the same
temperature.
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It might be astonishing that the correlation of the equivalent noise waves
disappears, although the noise of the resistors R; or Rs, respectively, is trans-
mitted to port 1 as well as to port 2.

A further example, which seems to contradict the theory, is shown in
Fig. 2.21. The signal divider with A/4-lines is terminated at port 1 by a
matched impedance. Also for this configuration, one might assume at first

Fig. 2.21 Signal divider with A/4-lines and a R = 2 Z; resistor for isolation.

glance that there must be a correlation of the noise signals at port 2 and port
3 due to the common noise source at port 1. In fact, port 2 and port 3 are
not coupled and they are matched at the center frequency and, therefore, the
noise equivalent waves of port 2 and 3 are not correlated. This can also be
proven by a direct calculation, as shown in problem 2.12.

Problem

2.12 Show for the signal divider of Fig. 2.21 that the cross-spectrum X3 - X,
is equal to zero, if the resistor R is at the same temperature 7j as the input
resistor Zy at port 1.

As a further example, two antennas are considered, the radiation patterns
of which are directed in such a way that the antennas receive thermal noise
from the same area of an absorber (Fig. 2.22). The noise waves which the
antennas receive from the absorber are uncorrelated, if the absorber is at a
homogeneous temperature and if the antennas and the absorber, respectively,
are well matched. Furthermore, the antennas will be well isolated, if the
side lobe attenuation is high enough. In the relation for the cross-spectrum
in Eq. (2.58) the reflections and the isolation enter multiplicatively, so that
the correlation will be especially low. Another possible explanation is the
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absorber,

temperature Ty

antenna 1

antenna 2

_

Fig. 2.22 Two antennas receive noise from the same area of an absorber.

following: the absorber radiates into different directions in space, whereby the
correlation is destroyed. Both antennas must be placed at different positions
for geometrical reasons.

2.2.6 Equivalent noise waves for linear amplifiers

An amplifier is not a passive two-port at a homogeneous temperature. There-
fore, in general linear amplifiers of arbitrary design show a correlation between
the input and output noise waves. For example, preamplifiers with low-noise
bipolar transistors have a typical magnitude of the normalized cross spectrum
of about 0.5.

termination [

ZO Xinl Xoutl Xout

<} -+ — (<3 —
D_QO/Z’)dB —~ 90°/3dB |3

/ / output
Xin 90° 900
o] e 0 - > 2 - 0° —
m'put Xin? Xout2 Z :
coupler coupler termination II

Fig. 2.23 Uncorrelated amplifier, based on a pair of amplifiers and two
90°-3dB couplers (balanced amplifier).
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In a variety of noise measurement problems it is desirable to use amplifiers
with uncorrelated input and output noise waves, because the measurements
often are simplified in this way. A possible realization of an amplifier with
uncorrelated input and output noise waves is shown in Fig. 2.23. This setup
consists of two matched amplifiers of the same kind, connected in parallel with
the help of two 90°-3dB couplers.

For the following consideration the couplers are assumed to be perfectly
matched and lossless. The cross-spectrum X7, X, will be calculated and it
will be shown that the cross-spectrum becomes zero for identical amplifiers
and perfect couplers. Because of the 90°-couplers, which show a phase shift
of +90°=j, the following relationships hold, where X;,; 2 and X,y41 2 denote
the input and output equivalent noise waves of the amplifiers:

1 .
Xin = E(JXv;m + Xin2)
1
Xowt = —=(Xout1 + 1 Xour2) - 2.60
out \/—2—( t1 T J +2) ( )

Hence, the cross-spectrum is given by:

X Xoue = 5 (3K Xour+ 1 Xina Xousz ~ 1 Xims i Xousr +-Xna Xoue)
(2.61)
Xin1 1s uncorrelated with X,u¢2, and X2 is uncorrelated with X1, which
means X, Xour = 0 and X ,Xoue1 = 0, because the noise waves origi-
nate from two separate amplifiers. If, furthermore, the amplifiers have equal

properties, then
Xi*nlxoutl = XZnQXoth . (2.62)

With these assumptions, Eq. (2.61) yields
X;nXout = 0 . (263)

The noise from the termination I in Fig. 2.23 is not transferred to the output.
Hence, the overall noise figure of the uncorrelated amplifier is not changed as
long as the couplers are lossless.

2.3 NOISE FIGURE OF LINEAR TWO-PORTS

The noise factor or noise figure F of a two-port is a measure for the additional
noise that results if a signal, which can also be a noise signal, passes through
a two-port. Some examples of such two-ports are amplifiers, attenuators,
transmission lines or filters. If the two-port is loss-free, then the noise figure
is F =1 or 0 dB. There are several equivalent definitions for the noise figure.
Two of them will be explained in the following in more detail.
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2.3.1 Definition of the noise figure

The one-sided power spectrum at the output or load impedance Z; of the
two-port is denoted by Ws. The output impedance Z; is assumed to be
noiseless in this definition. Moreover, it will be shown that the impedance
value of Z; does not influence the noise figure. This is not necessarily true
for a practical circuit, where the output impedance will be noisy in general.
For the measurement of the noise figure, it will be necessary to guarantee a
negligible influence of the output resistance in order to be consistent with the
definition of the noise figure.

As already stated, W, denotes the power spectrum at the output resistor
Z; of the two-port at the frequency fy (Fig. 2.24). Wy represents the power
spectrum, if the considered two-port is assumed to be noiseless.

@ @ W3 Wy

T, Z, noisy

linear Z

two-port

/

W, = 4kT, - Re{Z,}

Fig. 2.24 Basic setup for the definition of the noise figure.

The noise figure is defined as the ratio of the power spectra at the output
resistor for a noisy two-port, W», and for a noiseless two-port, Wy,

F= .
Wag

(2.64)

For the definition of the noise figure the source resistor Z; is assumed to gen-
erate thermal noise at the ambient temperature T, = Tp. Hence, it generates
the spectrum Wsyo which contributes to the spectrum Ws,. In general, it is
assumed that T} is at room temperature and Tj is 290 K. Describing by AW,
that part of the power spectrum at the output resistor which is solely caused
by the noisy two-port, then

Wy =Wy + AW, (2.65)

because both parts of the spectrum originate from different regions and are
thus uncorrelated. With Eq. (2.65) the relation for the noise figure can also
be written in the form

AW,

20

F=1+

(2.66)
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As the noise figure can be described by the ratio of spectra, the representation
on the basis of one-sided spectra can just as well be replaced by two-sided
spectra. With the same meaning of the indices, the noise figure is also given
by

Fet2 202

Wag Wao

Instead of a description by spectra, the noise figure can as well be defined
by means of the associated noise powers P in the frequency band Af. If the
spectrum W is constant within the bandwidth Af, then

(2.67)

P=W.Af, (2.68)
otherwise
f2
p= / W(f)df . (2.69)
fi

Hence, if the indices are again the same as for the spectra, the noise figure

may be defined by
F=tr_, 2R
Py Py

For a further discussion of the noise figure, some definitions regarding the
amplification of a linear two-port have to be introduced.

The power gain G of a two-port represents the ratio of the power P, deliv-
ered to the load resistance and the power P; delivered to the two-port at its
input.

(2.70)

=7
The gain G, denotes the ratio of the power P, delivered to the load resistance
to the available generator power P, of the signal source:

_ B
-7

power gain: G (2.71)

transducer power gain: G, (2.72)

The available gain describes the ratio of the available output power Py, at
the two-port’s output to the available generator power. The available output
power Ps,, results from choosing Z; such that a complex conjugate match is
achieved at the output, i.e. a power match.

_ P2av

w= o (2.73)

available power gain: G

As can be seen, these definitions of the power gain are not pure two-port
quantities. They also depend on the circuitry around the two-port.

In contrast, the maximum available power gain G,, is a pure two-port
quantity. It can be achieved, if a power match is provided at the input as well
as at the output of the two-port.
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With the definition of the gain G, according to Eq. (2.72), the spectrum
Wy or the power Py for a noiseless two-port can also be written as follows:

Wao = G, W, = G, - kT (2.74)

or
Pw =G, Py=G, kTy-Af . (2.75)

Here, W, = kT is the available spectral power density of the generator. For
the noise figure F', another notation can thus be derived

Wy AW,
F = gimn=1"am
) AP,

GRToAf ~ ' T GRTAT (2.76)
A further definition of the noise figure results, if the numerator and the de-
nominator in Eq. (2.70) are multiplied by Sg. S, denotes a signal power being
available at the input and S, denotes the associated signal power at the out-
put or at the load resistance Z;, respectively. Using the following relation of
the signal power and the gain,

Sy =Gp- 8 (2.77)
the noise figure can be written as

B _ S, P _S,/P

F=2%2-29. = .
Po S, G, P, S,/P

(2.78)

From Eq. (2.78) it follows that the noise figure is equal to the quotient of the
signal-to-noise ratio at the input to the signal-to-noise ratio at the output.
The noise figure can thus be interpreted as a quantity which describes the
deterioration of the signal-to-noise ratio when a signal passes through a two-
port.

2.3.2 Calculation of the noise figure based on equivalent circuits

The calculation of the noise figure of a linear two-port, represented by an
equivalent circuit, can be performed on the basis of the symbolic notation. For
this purpose, the correlation between the individual equivalent noise sources
has to be known.

For a general discussion, the equivalent circuit with a current and voltage
source at the input (Fig. 2.25) is quite convenient. As the two-port itself
is assumed to be noise-free, the noise figure can be determined at the plane
a — a’ in front of the two-port, because a noiseless two-port connected in
cascade does not change the noise figure of the whole setup. The calculation
of the noise figure F of this circuit will be presented in the following. First, the
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Fig. 2.25 Equivalent circuit of a linear two-port for the calculation of the
noise figure.
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Fig. 2.26 Equivalent circuit of Fig. 2.25 with a voltage source instead of
the current source.

current source I, will be converted into an equivalent voltage source according
to the basic rules for electrical networks (Fig. 2.26). The oriented arrows of
the current and voltage sources can be chosen arbitrarily at first. However,
for the subsequent transformations and calculations, the rules concerning the
orientation of the arrows have strictly to be obeyed, otherwise, the resulting
sign of the cross spectra may be wrong. From Fig. 2.26 the voltages U; or
Uig for the noiseless case are obtained as

Zin
Up = (Ug+Un+2, 1) Zo + 7. (2.79)
in g
Z;
- U, L 2.
Uig Ug 7t 7, (2.80)

and thus the noise figure F is

Foo Ol U+ Un+ 2y L

[U1ol? Uyl
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UG+ |Un2 +1Zg|* - [Inf* + 2 -Re {Z, - Uy - In}
- G . (2.81)
g

By introducing spectra instead of current and voltage phasors according to

Wg
W

|Ug? = 2kTp - Re {Z,} (2.82)
iUn[2 s Wi = ’In'27 Wui = U;: In s (283)

il

the final result for the noise figure is

i Wy + 1242 - Wi + 2Re {Zy - Wy}

=1
F 2. kT - Re {Z,}

(2.84)

It can be seen that the noise figure is independent of the load resistance Z; or
the input impedance Z;,, while, on the other hand, it strongly depends on the
source impedance Z;. Consequently, the noise figure is not a pure two-port
quantity. It is, however, independent of the load resistance.

As a further example, the noise figure of the circuit in Fig. 2.27 with current
sources at both the input and the output will be calculated.

7 - _L I admittance I,
7Y, 1
matrix Z = v
1
U\ )

Fig. 2.27 Calculation of the noise figure for an equivalent circuit with two
current sources.

According to problem 2.13, the following relationship can be derived for
the noise figure of the circuit in Fig. 2.27 with Wy = |I41]2, Why = [I2)?
and Wnlg = 1;:1 ' Inzi

I}/21‘2Wn1 + [Yn + Yg[2Wn2 —2-Re {Y2*1 . (Y11 + Yg) Wnlg}

F =
Hr Vo 2kTo Re(Y,)

(2.85)

Problem

2.13 Derive equation (2.85).
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2.3.3 Noise figure of two-ports with thermal noise

Very simple relations result for thermally noisy passive two-ports at a ho-
mogeneous temperature. As an example, a matched attenuator with a ho-
mogeneous temperature 71 and the power attenuation x; = |So1|? shall be
considered. The source resistance Z; is assumed to be matched to the real
reference impedance Zy, i.e. Z; = Zp. Since the noise figure does not depend
on the load resistance Z;, the output load is also chosen to be matched with
Z, = Zy for simplicity (Fig. 2.28).

matched
two-port
@ @ | |a=2
temperature 13

attenuation kK

Z, = 7

Fig. 2.28 For the calculation of the noise figure of a passive two-port at a
homogeneous temperature T; being matched at both sides.

If, for the moment, the temperature of the two-port is assumed to be Ty,
then the noise power P, at the load resistance Z; is the available noise power
for Ty with P; = kToAf. Here, a part Poy = k1 kToAf originates from the
generator and a second part AP, = (1 — &1 )kTpA f stems from the two-port.
This latter part changes to AP, = (1 — k1)kT1Af, if the temperature of the
two-port is assumed to be at T;. Thus, the following relationship results for
the noise figure:

b, AP,
F = Z2=1+22
Py Pao
(1—' Fil)lelAf 1 — K1 T1
_ RO i G A R Sl St S 2.86
1+ I‘ilkToAf L+ K1 To ( 8 )

If the temperature of the matched two-port is equal to the reference temper-
ature Tp, then Eq. (2.86) yields
F= L for Ty =1y . (2.87)
K1
This means that an attenuator at ambient temperature 7y with an attenuation
of, for example 6 dB, has a noise figure of 6 dB. The relationships (2.86) and
(2.87) are also valid for a matched non-reciprocal passive two-port, as for
example an isolator or a circulator with a matched termination.
The noise figure of a passive and reciprocal two-port can also be determined
by means of the dissipation theorem. This is a particularly useful approach if
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the two-port consists of more than one temperature region. The part AP, of
the two-port at the load impedance is equal to

AP, = kTi B Af (2.88)

Here, the coefficient 3; represents the fraction of the power absorbed in the
two-port if a signal is fed in from the load side. Obviously, due to the assump-
tions of reciprocity and output match, we have

Bi+r1=1, (2.89)

which for the noise figure immediately leads to the result of Eq. (2.86).

In a similar way, the calculation of the noise figure of a passive two-port
at the homogeneous temperature 77 can be performed if the two-port is not
matched at both ports and if, additionally, the generator and load resistances
are not equal to the real reference impedance Z;. As the noise figure still
does not depend on the load impedance Z;, again for simplicity a complex
conjugate match or a power match, respectively, can be assumed for the load
impedance at the output.

If the temperature of the two-port is equal to Ty for the time being, then
the noise power P, at the load impedance Z; is equal to P = kTpAf. Let
the available power gain be denoted by G,,, then the part Pog = G kTpAf
originates from the generator and the part AP, = Po— Py = (1 = Go )KToAf
stems from the two-port. The latter part becomes AP, = (1 — Gg)kThAS,
if the temperature of the two-port is T7. Thus, the noise figure is given by

F:fz—:1+éfg=1+_(_1;€2v_)_,Tl

— . 2.90
Py Py Gay Ty (2.90)

Apparently, G4, replaces the term ky in Eq. (2.86). For a match on all sides
and thus k1 = Gy, the equations (2.86) and (2.90) are equal. Eq. (2.90) is
also valid for a non-reciprocal passive two-port.

Also for the mismatched case, it is instructive to determine the noise figure
of a passive but reciprocal two-port with the help of the dissipation theorem.
Equation (2.88) is again valid, and because of the reciprocity and the power
match at the output, the absorption coefficient 3, is apparently related to the
available gain G, by

Ga'u =1~ [)’1 . (291)

Here, use was made of the fact that for a reciprocal two-port the gain from
port 1 to port 2 is equal to the gain from port 2 to port 1, i.e. Gpiz = Gpoy,
as will be shown in problem 2.14.

The calculation of the noise figure of a passive and reciprocal two-port with
the help of the dissipation theorem is advantageous if the two-port consists
of more than one temperature region. This will be demonstrated in problem
2.15.
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If the temperature of a passive two-port, reciprocal or not, is equal to the
reference temperature T7 = Ty, then the noise figure according to Eq. (2.90)
is

1
Gay

In problem 2.16, Eq. (2.92) will be verified for an example by direct calcula-
tion.

F =

(2.92)

Problems

2.14 Prove that the gain of a reciprocal network does not depend on the
direction.

2.15 Two attenuators, being matched on both sides, with an insertion loss
of 3 dB and 6 dB, respectively, are cascaded. The temperatures are 7y and
T,. What is the noise figure of the combination?

2.16 Calculate the noise figure for the following equivalent circuit. Prove
that the noise figure does not depend on the load impedance and that Eq. (2.92)
is valid. Ri, Ra, Z, are assumed to be real.

Ry Th

Zg 1 Ry @ Z

2.3.4 Noise figure of cascaded two-ports

For several two-ports in cascade connection with individual power gains or
attenuations ki, Ko, K3, ... and noise figures Fy, Fyp, F3,... the noise figure of
the entire network can be calculated (Fig. 2.29). At first, it will be assumed

@ @

o——— Fi;K Foi ko Fyk3 p—o0

Fig. 2.29 The noise figure of two-ports in cascade connection.

that each two-port is terminated on both sides by the reference impedance
Zo, thus no reflections occur. The source and the load impedances are also
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assumed to be equal to Zy. This is a common design goal for high-frequency
circuits since it usually results in a smooth frequency response of the gain.
For two-ports, matched at both sides and connected to matched terminations,
the following relation for the output noise contribution of the two-port can be
derived from Eq. (2.76) and G, = k:

AW=(F-1)-w-kI . (2.93)
Thus the total or overall noise figure is given by

(Fl — 1)ﬁ1ﬁgﬁ3kTo

F, = 1+
t /“élﬁgﬁngQ
L o= DrorgkTo | (F3 — 1)rgkTy
‘ K)lfizl‘&ngQ I :‘illiglingo
- -1
- pozl BoL (2.94)
K1 K1Kka

This form of the so-called cascade formula is valid only, if the same impedance
conditions hold for the measurement or calculation of the individual noise
figures and for the cascade connection, i.e. the match on both sides.

The determination of the noise figure F} for the whole circuit is more dif-
ficult if arbitrarily mismatched two-ports are connected in cascade and if,
additionally, the source and load impedances can also be chosen arbitrarily.
Most of the difficulties are caused by the fact that, in general, the overall gain
is not equal to the product of the individual gains.

The following consideration will be restricted to the cascade connection of
only two two-ports. However, the extension to more than two stages will be
obvious. Let the noise powers at the output of the single stages, generated
by their internal sources, be denoted by AP,; and AFP,; and let P, be the
available source power (Fig. 2.30).

Uy

-

F;Gy Gy
AP APy,

Fig. 2.30 Derivation of the cascade formula for mismatched two-ports.

Note that for the measurement or the definition of the noise figure, the
load conditions for the single stages must be the same as for the cascade
connection. If G; and G, denote the gain of the first and second stage,
respectively, (Fig. 2.30), the following equations hold for the individual noise
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figures F1 and F3 of the first and second stage

APnl APn?
Fi=1+——, k=
1 +G1'ng 2 1+G2'Pg’

(2.95)

provided that Gy and F; are determined for the same source impedance which
applies to the cascade connection.

In the following, a relation between the noise figure of the whole circuit
and the noise figure of the individual stages will be derived. For the overall
noise figure F; the following equation is obtained where index av denotes the
available power:

G2+ (Gy- Fy),, +Ga (APn1),, + AP

F = Ga (G Py
(APn) APy

= 1 + ay + . 2.96

(Gl ' Pg)av G2 ' (G1 ' Pg)av ( )

Fy

Note that the first part of Eq. (2.96) is equal to the noise figure Fy. Since the
noise figure does not depend on the load impedance, the load can be chosen
arbitrarily. For simplicity, a power match is assumed at the output. As a
consequence, I} of Eq. (2.95) can be written as:

APy _ | (AP,
G, P, (G, Py,

av

Fi=1+ (2.97)

The second term of Eq. (2.96) can be related to the available gain. According
to the definition of the available gain we have:

(G1 . Pg)a‘u = Glav . Pg . (298)
Thus Eq. (2.96) yields:
AP, -1
F=F+ +—=-F— =F . 2.
! 1+Glcw'G2'Pg L Glav ( 99)

This is the general relation between the overall noise figure F; and the single
noise figures Fy and Fy. The influence of the noise figure of the second stage
is reduced by the available gain of the first stage. However, if the first stage
causes an attenuation, then Gig, is smaller than one and the influence of the
noise of the second stage will be large.

The overall noise figure Fi3 of a three-stage setup can be found by consid-
ering F; of Eq. (2.99) as the first stage. The influence of F3 can be taken into
account by applying Eq. (2.99) once again. If the gain of the first two stages
is denoted by Giogy, We get

-1 F-1
2 Lo .

Fia=F +
@ ! Glav GlZav

(2.100)
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The available gain of two stages connected in cascade is equal to the product
of the single available gains:

G12av = Glav ’ G?av . (2101)

This is comprehensible, if the available power P4, at the output of the second
stage is considered. For Pag, it is by definition

PZa.v = G2av (Gl ' Pg)av = Glav ' G2av ' Pg = Glch ‘ Pg ) (2102)

which leads to Eq. (2.101). The cascade formula of the noise figure is thus
given by:
-1 F;-1 Fyi-1

F,=F + + + +. 2.103
‘ ' Glav Glav . G2(w Glav : G2av ) GSav ( )

For matched two-ports the relation (2.103) is equal to Eq. (2.94) due to k =
GG.'U'

Problem

2.17 Two amplifiers or, more general, linear two-ports have noise figures
Fy and F, and available gains G4, and Gagy. In which order should the
amplifiers be cascaded in order to achieve the lowest overall noise figure?

A passive network at the homogeneous temperature Ty with the available
gain G, is connected to the input of an amplifier with noise figure F3. Ac-
cording to the cascade formula, the following overall noise figure F} results for
this configuration:

1 -1 E,

+ = .

GO,’U GGU Gav

Expressing the noise figure in dB, then a lossy passive two-port, connected in
front of a circuit, increases the noise figure by the dB-value of the available
gain of the two-port. If the two-port represents a matched attenuator, then
the noise figure in dB increases by the dB-value of the attenuation. In case of
an unsymmetrical passive two-port, the available gain generally depends on
the orientation of the device. The overall noise figure according to Eq. (2.104)
may change, if the two-port is turned around. In addition, the noise figure Fy
of the amplifier generally depends on the output impedance of the two-port
connected to its input.

th

(2.104)

2.3.5 Noise matching

For a given noisy two-port, the noise figure only depends on the source impe-
dance Z;. Setting the generator impedance Z; to the value which minimizes
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the noise figure is called noise matching. If the source impedance cannot
be changed directly, then an appropriate transformation circuit can be in-
troduced between the generator and the device under test, which converts
Zg to its optimum value. The transformation can be performed with the
help of transformers, reactances or transmission line elements. However, the
loss of the transformation network should be as low as possible. In general,
noise matching is not identical to power matching. For high frequencies and
broadband amplifiers, systems are often designed for power matching. In the
following, the noise matching will be discussed for an equivalent circuit with
current and voltage sources at the input of the device under investigation, as
shown in Fig. 2.31.

ULWU
I
N
Zy In, Wy noiseless
two-port D Z
Ugs W, | V()

Fig. 2.31 For the discussion of noise matching.

Based on the discussion of section 2.3.2 and using the definitions
Z=2,=|Ze7 , Wy =Wyl , (2.105)
according to Eq. (2.84) the noise figure F' is given by

+Wu+iZl2'Wi+2"Z"]Wuil'cos(@+ﬁ)

F=1 2kTy - | Z| cos ¢

(2.106)

We are looking for the minimum noise figure as a function of Z;, = Z. For
this purpose, the partial derivatives with respect to |Z| and ¢ are calculated.
One condition for noise matching is

OF(Z],¢)

iz =0 . (2.107)

From this the magnitude of the optimum source impedance Z,p; is obtained:
!Zoptl2 Wi =W, (2108)

or
W

| Zopt| = A

(2.109)
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Thus the magnitude |Z,p| does not depend on the correlation or the cross-
spectrum W,;. From the second condition

oF(Zl.9) _ (2.110)
9p

and with |Z| = |Z,p| according to Eq. (2.109) we get
singo ;= _]w__

opt =
rVWLSW

The phase of the optimum source impedance only depends on the correlation
of the noise sources. The minimum noise figure F,;, is obtained by inserting
the optimum source impedance into Eq. (2.106):

Fom=1+ —W/ICUTKQ (]km[ cos® + /1 — |ky;|? sin® 19) . (2.112)
0

For the case of a zero correlation, i.e. ky; = 0 Eq. (2.112) yields

Frin=1+ ————w . (2.113)
0

sin® = lky;|sin?d  with  |@ept] < (2.111)

ol 2

For the case of maximum correlation, i.e. |ky| = 1, and with {9¥] = /2 the
result Fi;, = 1is obtained from Eq. (2.112). This means that fully correlated
noise sources may compensate each other.

Another conclusion is that for either W,, = 0 or W, = 0 the optimum noise
figure can also be Fp,;, = 1. However, for these cases extreme impedance
transformations are required, because due to Eq. (2.109), Z,p; will either
converge towards zero or infinity.

Instead of considering the magnitude and phase of the source impedance,
it is possible to perform a similar noise match derivation with respect to
the real and imaginary part of the generator source admittance, G, and B,.
The following equation for the noise figure is derived from Eq. (2.84) with
Wy = G + 3G

(G2 + B2) - W, + W, + 2G,C, + 2B,C,

F=1 .
+ TTe, (2.114)
The derivative with respect to the conductance
8F W, B2W,+ W, +2B,C; 1\?
= +g v ) =0 (2.115)
0G,  4kTy 4kTh Gy
as well as the derivative with respect to the susceptance
oF  2B,W, +2(,;
A T R, (2.116)

8B,  4kTuG,
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of the source admittance are set to zero in order to find the optimum source
admittance. This leads straight to the following relations:

G

Bopt = —Wu7 (2.117)
Wi

G, = W_U_ngt, (2.118)

or, similar to Eq. (2.109), leads to the magnitude of the optimum source
admittance:

W,
W,
Inserting these results into Eq. (2.114) yields a further expression for the
minimum noise figure in dependence of the real and imaginary part of the
source admittance

(2.119)

2 2
]}/Optl = Gopt + ngt =

W, + Goptcr + BoptCi

Frin =1+
b 2kToGopt

(2.120)

Based on the so-called noise parameters of a linear two-port, namely the
optimum source admittance, the minimum noise figure and further on the
so-called equivalent noise resistance defined by

Wy

Fn = AKT,

(2.121)

a further noise representation of a linear two-port is obtained. This description
is equivalent to the representation on the basis of the noise spectra:

W, = 4kT4R, , (2.122)
W; = 4kToR,|You|? | (2.123)
Cr = 2kTo (Frin — 1= 2RnGopt) (2.124)
C; = —4kToR.Bop - (2.125)

Replacing the noise spectra in Eq. (2.114) by noise parameters leads to a
further equation for the noise figure with a parabolic characteristic:
R, | 2
F=Fpn+ a; . |Yg - Yopti . (2.126)
Hence, this description will be called the parabolic noise figure relation in the
following.

For passive, thermally noisy two-ports at a homogeneous temperature the
noise figure is equal to the reciprocal value of the available gain (Eq. (2.92)).
The noise figure thus becomes minimal, if the available gain is equal to the
maximum available gain G,,, which can be achieved by power matching at
both the input and the output. This is still valid if the homogeneous temper-
ature differs from Ty (Eq. (2.90)).
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For passive two-ports with more than one temperature region, i.e. an in-
homogeneous temperature distribution, the power match on both sides must
not necessarily be identical to the noise match. However, for a passive, ther-
mally noisy two-port at a homogeneous temperature the power match on both
sides and the noise match are identical. Consequently, the optimum source
impedance is Zy = Zop;. The minimum noise figure Fynin, which is achievable
by the choice of Z,pt, does not change, if the load impedance is varied, because
the noise figure generally does not depend on the load impedance. For a load
impedance deviating from the power match value at the output, normally the
power match at the input will also be removed. Therefore, a power match
on one side only of a passive two-port with a homogeneous temperature must
not necessarily be equal to a minimum noise figure (noise matching).

As can be shown (problem 2.18), the contours of constant noise figure
for a given noisy two-port, which does not need to be passive, are circles
in the complex plane of the source impedance Z,. These circles, which are
not necessarily concentric, enclose the minimum noise figure Fi;;,,. The same
applies for a constant available gain in dependance of the source impedance
Zg4. These contours are also non concentric circles, which confine the point of
maximum available gain.

F=const.> F,,;,

Im{Z,} 4 Gao=const.< G,

Fig. 2.32 The contours (circles) of constant noise figure and constant avail-
able gain in the complex plane of the source impedance Z,.

For a low degradation of the overall noise figure by the second stage in
a cascade circuit, the available gain of the first stage should be as high as
possible. Thus, Z, should be chosen such that the noise figure becomes as
low as possible while the available gain should not become too small. As a
compromise, Z; should thus preferably be chosen in the vicinity of Z{Fin)
as well as Z(Gp,).



70 NOISE OF LINEAR ONE- AND TWO-PORTS

Problem

2.18 Prove that the contours of constant noise figure are circles in the com-
plex plane of the generator source impedance Z,.

The noise match can also be discussed in terms of noise waves. The noise
figure as a function of the source reflection coeflicient I'y will be derived for
a two-port where the noise is represented by the noise waves X; and X,
(Fig. 2.33). The noisy two-port is described by the scattering matrix [S]. In

nois
Z, X, y X,
T -— two-port — Z =12
’ 18]

Fig. 2.33 Noise figure description with noise waves.

order to simplify the calculations, the load impedance Z; is chosen equal to
the reference impedance Zy. The source reflection coefficient I'y is related to
Zg by:
_Zy— 2y
g Zg + Zop .

For the circuit in Fig. 2.33 the following expression can be found for the noise
figure:

(2.127)

]Xl - So1 - Fg + (1 - Sy Fg)X2]2
kTo - (1 - [Tg[?) - [Sa?
in . Fg + (1 SR Fg)XQ/SQ]P
kTo - (1 - Tgl?)

F = 1+

(2.128)

With the abbreviations W1 = ‘X1]2, W2 = ]XQ/SQI'Z, W12 = Xik . XQ/Sgl,
Wio = |[Wia| - €79, Ty = [Ty} - €792 the noise figure is given by:

b 1y TP - S11|Ty|e/92]2W, + 2 [Wig| - [Tl - cos (91 — 93)

kTo (1 - |Dgl?)
_ 2Re{Su }|{[y[*|Wiz| cos¥s (2.129)
kTo (1= [Tgl?) '
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From

OF(Tg,92)
9|4
an equation for the magnitude of the optimum source reflection coefficient is
obtained:

=0 (2.130)

|Fg,opt\2(—Re{Su} cos ¥y + ‘le‘ COS(’L91 — 7.92))

+ T .opt| (Wi + Wa (1 — [S11[%) — 2{W12|Re{S11} cos ¥1)

- Re{Sn}cos o + ’Wm‘ COS(191 — 192) =0. (2131)
Furthermore, from

OF(|Lgl, ¥a)
09,

the optimum phase of the reflection coefficient is given by:

—‘lei sin 191 >
RG{SH} - !ngl cOoSs ’191

=0 (2.132)

U2,0pt = arctan ( (2.133)

If the two-port is matched on both sides with Si; = S22 = 0, then sin(¥; -
¥2) = 0 and for the magnitude we obtain:

W+ Wy + \/(Wl + W2)2 - 4. ‘W12|2
Foom = > W |

(2.134)

For non-correlated two-port noise waves, i.e. Wiy = 0, Eq. (2.133) for
the optimum phase reduces to sin ¥, = 0 and the magnitude of the optimum
reflection coefficient is

‘Pg,opt! =

Wi+ Wall+1Su?) | (Wl + Wa(l + ;snr2>>2 _1. 2139)
2Re{511} 2Re{511} ' '

It can be observed that, for an existing correlation, the noise figure can
be minimized by a certain mismatch of the generator, that is I'y # 0. For
thermally noisy two-ports at a homogeneous temperature being matched on
both sides, it was noticed that the noise waves X; and X5 are uncorrelated.
For a minimum noise figure, the choice I'y = 0 and thus Z, = Zg, i.e. input
matching, represents the best choice. This can also be derived from Eq. (2.131)
with 811 = 0 and Wi, = 0.

Similar to the parabolic relation for the noise figure as a function of the
source admittance, the noise figure can also be represented by an equivalent
relationship as a function of the generator source reflection coefficient:

R, {r ~—F0t)2
F=Fpin+4=2. 9= _ov ,
iy T TopP(1 = T2

(2.136)
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Problem

2.19 Prove that Eq. (2.126) and Eq. (2.136) are equivalent.
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Measurement of Noise
Parameters

The accurate determination of noise parameters is principally based on the
precise measurement of noise powers. However, the precise measurement of
noise powers is challenging and requires some experience. This is among oth-
ers due to the fact that, in general, noise signals are very weak and can not
be displayed without a sufficient preamplification. Furthermore, a band-pass
filter is needed in order to identify the frequency dependence of the noise
power. By applying, for example, a narrow band-pass filter with a variable
center frequency, the noise power density as a function of frequency, i.e. the
noise spectrum, can be measured. For a quantitative evaluation, obviously the
pass-band shape of the filter has to be known. In order to calculate the avail-
able noise power of a two-port, in addition to the overall gain the matching
properties between the device under test and the amplifier are required.
Concerning the necessary preamplification, one has to take into account
that the first preamplifier also generates noise, in fact, often of the same order
of magnitude as the device under test. As a consequence, it may be necessary
to use special comparator circuits, so-called switching radiometers, for exam-
ple, in order to eliminate the impact of the preamplifier noise as far as possible.
In this situation, it is even more difficult to remove the noise contribution of
the preamplifier, if the impedance of the device under test is unknown and
frequency-dependent as well as complex. In this case, radiometers with a com-
pensation circuit will be used. These radiometers require preamplifiers with
not only uncorrelated input and output noise waves but also a well-defined
input noise temperature. Then, the so-called available noise temperature of
the device under test can be determined, which is a characteristic property
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of the device under test and which does not depend on the matching of the
device.

An interesting variant of a radiometer is the so-called correlation radiome-
ter, which, different from the previously mentioned switching radiometer, does
not need a switch in front of the first preamplifier. Such a switch can influence
the measurement results because of its non-ideal characteristics. For a cor-
relation radiometer optional switches, preferably electronic switches, can be
inserted advantageously after sufficient preamplification. Then the switches
are less critical, because their noise contribution will be of minor importance
as compared with the preamplified noise of the device under test. A section
about the measurement of the cross spectrum and the cross correlation will
help to improve the understanding of the correlation radiometer.

The determination of the noise factor or noise figure, respectively, belongs
to the routine measurements tasks in high-frequency engineering. It is impor-
tant that the measurement technique of the noise figure is closely linked to its
definition. According to the definition of the noise figure the load resistance is
assumed to be noise-free or noiseless. In practice, this can only be achieved by
a sufficient amplification, so that the noise contribution of the load resistance
can be neglected. However, the so-called post-amplifier influences the mea-
sured noise figure. With the help of the cascade formula the influence of the
post-amplifier can be taken into account, so that the noise figure of the device
under test can be determined without the contribution of the post-amplifier.
A correction of the noise figure can be omitted, if the device under test itself
has enough gain.

In addition to the determination of the noise figure, different methods for
the measurement of the set of noise parameters, which completely describe
the noise behavior of a thermally noisy linear two-port, will be presented. As
already explained for the measurement of the noise figure, the noise parame-
ters such as the minimum noise figure and the optimum generator admittance
usually can not be measured directly. Low-noise amplification of the weak
noise signals is required, so that an error correction of the measured data be-
comes necessary in order to determine the true parameters of the device under
test. For this purpose, a so-called de-embedding method will be described.

All presented noise measurement procedures, such as the measurement of
the noise temperature with a radiometer or the measurement of the noise
figure and the noise parameters, have in common that an arbitrarily precise
measurement is not possible, even if the pre-amplification, the mismatching
and the noise contribution of the amplifier are exactly known. This is due to
the fact that a principle error bound limits the precision of the measurements.
This principle error bound results from the stochastic nature of the measure-
ment signals. For a finite frequency bandwidth and a finite measurement time
noise power can not be determined with arbitrary accuracy. The emerging
error becomes smaller the larger the frequency bandwidth and the measure-
ment time are. The high-frequency range is thus especially well suited for
noise measurements, because large absolute bandwidths are in general avail-
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able. This principle measurement error is the main difference between noise
measurement techniques and measurements with coherent signals. A further
important difference is that for the noise measurements the inevitable am-
plifier noise is generally of the same order of magnitude as the measurement
quantity.

In comparison to this principle error bound, which cannot be avoided, all
other uncertainties such as the post-amplifier noise, the mismatch of the device
under test, the magnitude and drift of the amplifier gain can be kept arbitrar-
ily small. It will thus be one aim to reduce these uncertainties down to the
order of the principle measurement errors caused by the finite measurement
time and bandwidth in order to achieve highly accurate noise measurements.

Furthermore, noise measurements can often become erronecus by cross
talk and disturbing radiation. Such disturbing signals can influence the re-
producibility of the measurements. It is thus necessary to pay attention to
shielding and filtering in order to provide suflicient suppression of such inter-
ferences. Under favorable conditions, noise measurements are comparable to
measurements with deterministic signals, with respect to reproducibility and
precision.

In the following section, the measurement of the cross-correlation function
and the cross-spectrum will be discussed first. The principle measurement
error, which results from the finite measurement time and bandwidth, will be
derived in section 3.1.8.

3.1 MEASUREMENT OF NOISE POWER

The accurate determination of noise parameters is principally based on the
precise measurement of noise power. In this section, some of the most impor-
tant methods for the measurement of the noise power will be presented.

3.1.1 Power measurement on the basis of a thermocouple

This method is based on the measurement of an increase of temperature with
the help of a thermocouple. A thermocouple is heated by an RF signal. The
increase of temperature causes a dc voltage, which can be measured and which
is proportional to the absorbed RF power.

Initially, metals like a combination of bismuth and antimony (Bi, Sb) and
gold were used as the contact material, as shown in Fig. 3.1. For the ther-
modynamic equilibrium, i.e. when all junctions are at the same temperature,
all contact voltages will compensate. Then, no dc voltage can be measured
between the outer connectors. However, if the Bi-Sb-junction is heated to the
temperature Ty while the Sb-Au-junctions remain at the ambient temperature
Tp, then a thermoelectric voltage can be measured at the outer connectors,
which is proportional to the temperature difference T} — Ty. The proportion-
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Au Bi Sb Au

—— —— -
Ty T Ty

Fig. 3.1 Setup of a thermocouple on the basis of bismuth and antimony.

ality constant is called the thermoelectric coefficient. For the combination of
Bi-Sb the thermoelectric coeflicient is particularly high with a value of about
110uV/K. Obviously, the junction area Bi-Sb must have a high thermal re-
sistance towards its environment, in order to obtain a reasonable increase of
temperature even for low power inputs.

On the other hand, the heat capacity must be sufficiently small, so that a
temperature equilibrium can be reached quickly. For this reason, thin metal
strips are used, which are arranged in such a way that the heated junction is
not in contact with the substrate material (see Fig. 3.2). For instance, the
commonly used sapphire substrate has a good heat conductivity. Thus one
can achieve cold outer junctions that are almost at the same temperature Tg.

/Au Sb 31/
|

sapphire substrate

Fig. 3.2 Thermocouple of metal strips on a sapphire substrate.

The metal strips are designed with the aim to realize a constant high-
frequency resistance of 100 Q over a frequency range as broad as possible.
The absorbed high-frequency power will be converted into heat, raising the
temperature of the Bi-Sb-junction. The whole circuit can be realized as shown
in Fig. 3.3. Preferably, two thermocouples are used, which are connected in
series for the dc signals and in parallel for the RF-signals. In order to achieve
an accurate match in a 50 {2 environment, a 100 Q resistance is chosen.

By the use of two thermocouples the need for an inductor as a filter el-
ement can be avoided. This has the advantage that capacitors can be used
instead of inductors. Capacitors can more easily be realized to cover a broad
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Fig. 3.3 Power measurement with two thermocouples.

frequency range. However, the Bi-Sb-thermocouple has a number of disad-
vantages, e.g. bad reproducibility, poor match and a small overload capacity.

State-of-the-art thermocouples with better performance are typically re-
alized as metal-semiconductor devices in thin film technology. A standard
structure is shown in Fig. 3.4. For this configuration a combination of highly

Au feed lines

Fig. 3.4 Metal-semiconductor thermocouple.

doped silicon and tantalum nitride (n™-Si/TayN) is used as a thermocouple
junction. The Ta;N-film also serves as a 100 Q high-frequency resistor.

The thermoelectric coefficient slightly depends on the doping. Hence, for
a good reproducibility, a specific doping concentration has to be realized as
precise as possible. The thermoelectric coefficient as designed for this appli-
cation is about 250uV /K. It is thus higher than for Bi-Sb. There is a certain
dependence between the thermoelectric voltage and the absolute temperature,
which must be compensated. The thermal time constant, determined by the
thermal resistance and the thermal capacity, is of the order of about 0.1 ms.
In order to measure the low dc voltages, the dc signals are amplified and mod-
ulated using, e.g. field effect transistors in a chopper amplifier with a clock
frequency of e.g. 220 Hz. This chopper amplifier should be placed as close as
possible to the thermocouple sensor, ideally on the same substrate. In order
to eliminate further unwanted thermoelectrical voltages, all conductors are
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realized in gold. The ac signal of 220 Hz, which lies between the harmonics of
50 Hz, is connected to a power meter instrument, where it is further amplified,
transformed back to a dc votage by a phase sensitive detector, A/D-converted
and displayed.

2009

[—

7

220 Hz rectangular signal

Fig. 3.5 Principle setup of a chopper amplifier.

3.1.2 Thermistor bridge

Thermistors are small samples of sintered metal oxide with contact wires on
opposite sides of the sample. The resistance Ry, of this material is strongly de-
pendent on temperature, i.e. the resistance decreases with increasing tempera-
ture (NTC-resistors, Negative Temperature Coeflicient). Two thermistors are
placed in a bridge circuit, as shown in Fig. 3.6. A high voltage gain factor and
strong feedback result in a nearly zero voltage E; at the input of the amplifier.
This means that the bridge balances itself automatically, with 2R, = R. The
resistors R are temperature independent. The balance requires a sufficiently
high current through the thermistor, so that direct current heating increases
the temperature and reduces the resistance R;p. The voltage E, at the bridge
may be Ejq for the state of the bridge without RF-power. Then the dc power
supplied to the two thermistors is

Pipo = - —= . (3.1)

If RF-power is applied to the bridge, then the feedback again forces 2Ry, =
R, but now the dc current through the thermistors is lower. The dc power
absorbed in the thermistors is

1 E2,
= == . 3.2
Pin1 1R (3.2)
The reduction in dc power must be equal to the applied RF-power F,.
1
P, =P — Poy = — (E3— E3)) . (3.3)

4R



MEASUREMENT OF NOISE POWER 79

Fig. 3.6 Bridge circuit of a thermistor.

In order to account for variations of the ambient temperature, Foq may be
measured by a second identical bridge, to which no RF-power is applied.

The thermistor bridge has a number of disadvantages compared with the
thermocouple, e.g. a smaller dynamic range and a higher time constant. How-
ever, the thermistor bridge has the advantage, that due to the substitution
principle, the RF-power measurement is an absolute power measurement. But
this is not a real advantage for noise measurements, because most of the noise
measurements, which are discussed in the next chapters, rely on relative power
measurements only.

3.1.3 Power measurements with Schottky-diodes

A detector with Schottky-diodes can be used for highly sensitive power mea-
surements, if the input signals are not too strong so that the detector is
operated in the square-law region of the current-voltage characteristic of the
diode.

The use of Schottky-diodes instead of pn-diodes in high-frequency detectors
is motivated by the fact that Schottky-diodes are based on a majority carrier
effect and are thus very fast. The nonlinear current-voltage characteristic of a
Schottky-diode, which is principally based on a metal-semiconductor junction,
can be described to a good approximation by the following formula:

i(t) = Iss <exp (%@> - 1) and Ur = -“-;“—T (3.4)

T

with
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i(t),u(t) current or voltage of the Schottky-diode

Igg reverse saturation current

Ur temperature voltage (25.9 mV for 2 =1 and T=300 K)
T temperature of the depletion layer

k Boltzmann constant

7 ideality factor, typically 1.05...1.15

q elementary charge

A detector diode in this application is generally operated without a bias
voltage. The small signal conductance G; for an unbiased operation is given
by

_di| _Iss
7 du u=0 - UT
The conductance G5 should preferably be high, so that as much high-frequency
power as possible can reach the depletion layer. One possibility to achieve a
high conductance is to increase the saturation current Isg, which can be influ-
enced, among others, by the contact potential. The contact potential basically
depends on the metal type and the metallization conditions. In practice, the
contact potential can be made small enough such that 1/G; is of the order of
some k{2 instead of the usual MQ). Therefore, matching to a conventional 50 Q-
system is not possible without a narrow-band transformation circuit. Usually
a brute-force match is achieved with the help of a resistor of approximately
50 €2, as shown in the equivalent circuit in Fig. 3.7.

(3.5)

R;

de
Gr video
output

generator

Fig. 3.7 Detector with resistor R; for a brute-force matching.

At the same time, the resistor Ry for the forced matching closes the dc cur-
rent path. The capacitor C; passes the high-frequency signal and blocks the
dc voltage. The capacitor Cy acts as a short-circuit for the high-frequency
signal. Such detectors are available for the frequency range of approximately
0.1 MHz to more than 50 GHz. The lower frequency boundary is primarily
determined by the capacitors C; and C>, the upper frequency boundary is
influenced by the parasitic elements of the Schottky diode. These parasitic
elements consist of the bulk resistance, the depletion layer capacitance, the
lead inductance and the package capacitance. In a practical detector circuit
some compensation elements are introduced in order to obtain a flat frequency
response up to the desired upper frequency.



MEASUREMENT OF NOISE POWER 81

In the case of an amplitude modulated measurement signal, the sensitivity
and the inherent matching of the detector can be improved by biasing the
detector diode, however, at the expense of the added complexity of a bias
supply. In the case of an unmodulated signal, the rectified current cannot be
distinguished from the impressed bias current.

For small input levels the video voltage is proportional to the incoming
high-frequency power and the characteristic of the Schottky-diode can be
approximated by a quadratic law. For higher input levels noticeable linearity
deviations occur. Assuming the high-frequency signals to be sinusoidal, then
the linearity deviations can be compensated by e.g. a look-up table.

For input signals with a sufficiently low signal level the Schottky diode
is operated in the square-law region of its characteristic and the detector
can be used for sensitive power measurements. Similar to the noise power
measurements with a thermocouple, it is again recommended to transform
the small dc voltages into ac signals with the help of a chopper circuit and to
amplify the signals close to the Schottky diode. Undesired thermal voltages
have again to be kept small. The further processing of the ac signals can be
performed with a similar instrument to that used for the thermocouple sensor.

Quantitatively the dependence of the video signal on the high-frequency
input power can be described as follows. The high-frequency signal is sup-
posed to be sinusoidal. Then the voltage at the Schottky diode will also be
nearly sinusoidal, because the feeding is realized with a low source resistance
compared with the junction resistance. The time dependent voltage u(t) at
the depletion layer can be approximated by

u(t) = Uy + Uy cos Ut . (3.6)

Here Uy is the existing bias voltage. With the voltage from Eq. (3.6) one
obtains for the current i(¢) through the Schottky diode by means of Eq. (3.4):

i(t) = Is {exp (%) exp <% cos Qt) - 1} . (3.7)

We are interested in the dc current I, i.e. the mean value versus time of i(t).
For this purpose, we must develop the expression exp[(Uy/Us) cos Qt] into a

Fourier series.
U, U, U,
— Qt| = — —=
7, cos } Jo (UT> + 2J4 (UT cos Ot

U
+ 2J5 (U—l) cos2Q + ... . (38)
T

exp

In the last equation the functions Jy, Ji, Jo are the modified Bessel functions.
Under the condition that 1/Gy, > R;, one obtains for the dc components of
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the loop in Fig. 3.7:

Ip= -G Uy = I Iiexp (%{) Jo (%) - 1} : (3.9)

This equation describes, although in an implicit form, the relationship between
the detector voltage and the RF-signal amplitude U as a function of the load
admittance G and the reverse saturation current I;s. For low amplitudes
Ul, i.e. Uy < Uy, this relation is of a quadratic characteristic, i.e. the detector
output voltage is proportional to the RF input power. For higher RF input
amplitudes the detector characteristic will deviate from a square law behavior.

3.1.4 Power measurements with field effect transistors

Field effect transistors on the basis of e.g. gallium arsenide with a metal semi-
conductor contact as the gate (GaAs MESFET, GaAs metal-semiconductor
field effect transistor) can also be utilized as detectors or power meters. The
basic characteristics and the noise behavior of field effect transistors are pre-
sented in some more detail in Section 4.6.1.

The non-linear current-voltage characteristics of the drain source channel
under the assumption of a constant gate bias can serve as a detector for high-
frequency signals. The drain source path is operated without a bias voltage.
Thus the transistor operates in its ohmic region.

! de video
R; : output
E Rzl}
RF signal generator g;Lte bias

Fig. 3.8 Detector with a field effect transistor.

The gate bias can be chosen to achieve both a sensitive rectification and a
good matching by a proper value of the channel resistance. A detector circuit
as shown in Fig. 3.8 leads to a characteristic for the rectified voltage Up as
shown schematically in Fig. 3.9 as a function of the high-frequency signal
amplitude U, and the gate bias voltage U, as a parameter. In the graph, the
voltages are normalized to the pinch-off voltage Up;. The conductances are
normalized to the channel conductance Gep. i

For low amplitudes (71, le. U < Upi, the relation between U; and the
detector dc output voltage Uy is of a quadratic behavior, i.e. the detector
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Fig. 3.9 Characteristics of the field effect transistor.

dc output voltage is proportional to the input RF-power. For higher RF
input amplitudes the detector characteristic will deviate from a square law
behavior.

The saturation of the detector typically occurs at higher power levels than
for the Schottky-diode detector. This is basically due to the fact that the
pinch-off voltage Up,; is typically of the order of some volts while the temper-
ature voltage k7'/q is much lower than 1 volt.

Furthermore, a detector with a field effect transistor can be operated in
a phase sensitive detector or a controlled rectifier mode. For this purpose,
a part of the high-frequency signal is directed to the gate via a 180° phase
shifter. This phase shift is necessary in order to obtain a dc contribution with
the same polarity as the part, which is directly rectified at the channel. The
principle is depicted in Fig. 3.10.

C, phase shifter

dc video output o———— 180°
1 c
Rz‘ Cl D T 3
] Gy
RF signal generator gate bias voltage

Fig. 3.10 FET-detector with a 180° phase shifter between the input and
the gate.
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3.1.5 Power measurements with analog multipliers

Four-quadrant analog multipliers are known from electronic measurement
techniques. Often they are realized with bipolar transistors. The analog
multiplier can be used as a power detector, if the RF-signal is applied to both
input ports of the multiplier simultaneously and if the output signal is filtered
by a low-pass filter. To a first-order approximation, for very high frequencies,
the double balanced mixer may be used as a substitute for an analog mul-
tiplier. In this text, the ideal analog multiplier is sometimes employed as a
component in an idealized system, that has to be analyzed.

3.1.6 Power measurements with a digital detector

The measurement of the noise power can also be performed digitally with the
help of a digital detector. The block diagram of a possible setup is shown in
Fig. 3.11. In this setup, the amplified noise signal of the device under test
is bandpass-filtered and converted and digitized by an analog-to-digital con-
verter (ADC). Behind the ADC, a digital signal processing algorithm can be
performed, consisting of an additional digital band-pass filter (e.g. a FIR-BP,
a finite impulse response bandpass filter), the calculation of the squared signal
and its mean value. This digital signal processing can be performed by, e.g. a
field programmable gate array (FPGA). Such a digital detector has the advan-

Jel gp ~ADC p IR ) 2 o 2 + PC
' FPGA :

Fig. 3.11 Block diagram of the digital detector.

tage of a high linearity over a wide dynamic range. This is of great importance,
e.g. for the very precise measurements of noise parameters. Furthermore, the
measurements by such a digital detector are quite fast. However, one has
to keep in mind that the standard deviation of the measurements is inversely
proportional to the square root of the product of bandwidth and measurement
time, as will be discussed in detail in the following section. For this reason,
the measurements cannot be performed arbitrarily fast, if a high accuracy is
required.

3.1.7 Power measurements with a spectrum analyzer

Measurements of noise power can be performed very conveniently with the
help of a spectrum analyzer and a detector at the intermediate frequency of
the spectrum analyzer (Fig. 3.12). The spectrum analyzer performs the func-
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Fig. 3.12 Power measurements with a spectrum analyzer and a detector.

tion of a fixed narrow-band bandpass filter and, even more conveniently, the
function of a wide-band tunable bandpass filter. The power detector at the in-
termediate frequency f;s of the spectrum analyzer may be realized according
to an analog power measurement principle, as has been discussed before. The
intermediate frequency f;s often lies around 20 MHz or even lower. Thus, it
is quite feasible to employ a digital detector as a power detector, as has been
discussed above (Fig. 3.11). For an intermediate frequency of e.g. 20 MHz,
a digital power detector with excellent linearity and dynamic properties is
state-of-the-art. Also digital bandpass filtering with a digitally adjustable
bandwidth at the intermediate frequency f;y can be found in modern instru-
ments but perhaps not in older ones. But practically all spectrum analyzers
have an analog i.f. output port. Then it might be possible to use an external
digital power detector, if an internal digital detector is not available.

In the following section, different measurement systems for the determina-
tion of noise parameters of one- and two-ports will be discussed. All described
systems require the measurement of noise powers. The noise power measure-
ments can be performed according to the methods described above. In the
following, the method for the power measurement will not be specified and,
therefore, the power detector will generally be symbolized simply by a detector
diode.

However, before the theory of radiometers is discussed in some more de-
tail, a quantitative derivation of the errors of noise power measurements with
limited measurement time and restricted bandwidth will be presented in the
next section. The principle error of noise power measurements under these
conditions is non-zero. As will be seen, for a limited measurement time the fre-
quency bandwidth should be as large as possible. However, a large bandwidth
has the disadvantage of providing spectrum measurements with a lower spec-
trum resolution. For spectrum analyzers the maximum bandwidth is usually
limited to a few MHz.

3.1.8 Errors in noise power measurements

The noise power or the power spectrum or generally the mean square value of
a stochastic signal can not be determined exactly, because the measurement
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time and bandwidth are not unlimited. Therefore, a quantitative expression
representing these uncertainties will be derived. A spectrometer, as used
for the measurement of power spectra, is shown in a simplified version in
Fig. 3.13. There, W3, W, W, denote the spectra and p;, p; and p, denote
the corresponding auto correlation functions. A spectrometer filters a noise

un(t) uy (1) uz(t)
BP . ¢
squarin LP ug (1)
<> amplifier Wi & Wa S
V(f) device VL(f) Wa
Wa band-pass P P2 low-pass Pas Ta

Fig. 3.13 Block diagram of a spectrometer.

signal in the spectral domain and calculates the mean square value of the noise
signal for a certain time 7. We are interested in the mean-square value of the
output voltage u,(t) or the mean-square value of samples of U, respectively:

u(t) = (Ug) =E{uz(t)} = pa(0)

+o0o

+o0
/Wa(f)df=/Wz(f)-!VL(f)|2df- (3.10)

Il

In the last equation V, is the transfer function of the low-pass filter.
The squaring device leads to the following equation for the instantaneous
values of the voltages, where ¢ is a constant:

uy(t) = c-ul(t) . (3.11)
The expected value of the output voltage u,(t) is equal to

U (t) = (Ua) = E{us(t)} = VL(0) m

]

¢ VL(0).- /W1(f)df=C~VL(0)'p1(0)- (3.12)

Next, a relation between the spectrum W5 and the spectrum W; has to be
derived. Under the assumption of a Gaussian amplitude distribution the
autocorrelation functions py and p; are related as follows (cf. Eq. (1.64)):

p2(0) = ug(t) ua(t+0) = (us(t) ua(t +6))
= & ud(t) - ud(t+0) =7 (Wi(t) ui(t+0))
= & (p}(0) +201(9)) - (3.13)
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By means of a Fourier transformation, W, can be calculated from p;. Here,
the term p?(6) in Eq. (3.13), which is a product in the f-range, is represented
by a convolution in the frequency domain

Wa(f) = ¢ p2(0) - 6(f) + 2 / Wi(f) Wa(f - £)df . (3.14)

~

convolution

Based on Eq. (3.10) and Eq. (3.14) the variance o of the output voltage u,(t)
is obtained as follows:

+0oo
o= BO-wl) =R [ VLR

+00
/ / VP - WilF — £ dr df
~ (¢ VL(0) - ;1 (0))*
+00
/ / VLR Wilf) Wilf - £)df'df . (3.15)

The bandwidth f;, of the low-pass filter is much smaller than the bandwidth
Af of the high-frequency band-pass filter, i.e. fr < Af, so that in Eq. (3.15)
the term Wi(f — f') = Wi(=f') = W (f') = Wi(f’). Furthermore, under
the assumptions that the spectrum Wi is constant within the pass-band Af
of the band-pass filter and that the band-pass filter has a rectangular shape
around the center frequency fg, Eq. (3.15) can be rewritten as

WZ(D) -~ ualt) =26 2-W(fo) - Af - / VL(H)IPdf . (3.16)

With the relative variance &, of the output signal, which is normalized to
—2
ua(t) , it follows with Eq. (3.12), using the one-sided spectra:

s _ BB -Uad) 2 Wifo)-Af- [T G
‘ wall) - Wi(fo) - (Af)?- VE(0)
_ 1 ST VL(Pdf
= 2 A_f ‘ VZ(0) (3.17)

An effective bandwidth A fp of the low-pass filter is defined as follows:

MG

A= "1

(3.18)
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Expressed by the fluctuation AT,, of the noise temperature T}, and taking
into account the system noise temperature Ty, of the spectrometer , Eq. (3.17)

becomes
_— AT, _ AT, _ Afr
Oq = Tm " Ta = Tn = 2 . Xf'— B (319)

For a rectangular low-pass characteristic with the cut-off frequency fr, we

have fr, = Af; and thus
AT, _ fL
T = 1/2 Af (3.20)

If the low-pass filter is realized as an ideal integrator with an integration time
7, then

.2
V)P = ST fT) _
WVL(HIF =¢ I (3.21)
with ¢; being a constant and
1
Afr = 77 - (3.22)
In this case, Eq. 3.20 yields
AT, 1
= ) 3.23
T N (3.23)

This important relation was first derived by Rice in 1946.

If the spectrum W) is not constant over the bandwidth Af or if the high-
frequency band-pass filter does not have a rectangular shape, then Eq. (3.19)
is still valid, if instead of Af an effective bandwidth Afes is used, which is
defined according to the following equation {(cf. Fig. 3.13):

U Wal)dfl” _ [ VDR - Wal(£)df]”
JooWEWNd TV WS (df

Afes = (3.24)

Problem

3.1 Derive Eq. (3.22). Which high-frequency bandwidth is required, if for
an integration time of 1s either 68% or 95% of all measurement values shall
deviate less than 0.1K from a noise temperature of 7,,=300K?

3.2 MEASUREMENT OF THE CROSS-CORRELATION FUNCTION
AND THE CROSS-SPECTRUM

The measurement technique for the cross-correlation function or the cross-
spectrum results from the definition of these parameters. An analog method
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for the measurement of the correlation function in the high-frequency range is
depicted in Fig. 3.14. One of the two input signals is delayed by an adjustable

uy (t) -
o— ] multiplier
delay line display
— LP
uz(t)
ot

Fig. 3.14 Measurement of the cross-correlation function.

delay time 6. The product of both signals is generated by means of an analog
multiplier and the mean value is formed by a low-pass filter. In the high-
frequency range an analog multiplier can be realized by a double balanced
mixer.

In the frequency range up to perhaps 100 MHz a digital processing might
be preferred. Then, the amplitude characteristics of u; () and uy(t) are trans-
formed by analog-to-digital converters and the following signal processing is
performed completely digitally.

The cross-spectrum can be measured with the circuit in Fig. 3.15. In
contrast to the measurement of the correlation function, here narrow band-
pass filters are used. The signals are described in the frequency domain. The

6= 0°
Vi
AT R

nl) | BP H¢—€—o——
JosAf
¢ = 90° _T display
Wiia Woiz ®°—" Lp —
a(f) BP
Jo, Af
Va

Fig. 3.15 Measurement of the cross-spectrum.

complex transfer functions of the band-pass filters including the amplifiers are
denoted by Vi and V,. The phase switch has the complex transfer function
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H,. For the cross-spectrum W5 at the output we have
Wore = Wira - VI" - Hg - V3 . (3.25)

The cross-correlation function p,12(6 = 0) is measured by the multiplier and
the low-pass filter. Provided that the band-pass filters are sufficiently narrow,
the output yields

Po12(8 =0) = / Woi2(f)df (because of 6 =0 and exp(j27f6) =1)

—0oQ

[Vf(fo) ~H(fo) - Va(fo) - Wara(fo)
+ V' (=fo) - Hi(—fo) - Va(=fo) - Wira(—fo) |Af . (3.26)

Here, fy represents the center frequency of the band-pass filters. For equal
band-pass filters with V1 = V5, = V and for the phase switch in position
¢ = 0° or Hy = 1, it follows from Eq. (3.26) due to V(—fy) = V*(fo) and
Hy(—fo) = Hi(fo):

porz = V(fo)l? Wira(fo) + Wiia(fo)) - Af
= [V(fo)]*-2-Re{Wi2(fo)} - Af . (3.27)
For the switch position ¢ = 0°, the result is equal to the real part of the input
cross-spectrum except for a proportionality constant. For the switch position
¢ = 90° it follows from Eq. (3.26) with Vi = Vo, = V and Hy(fo) = j or
Hi (= fo) = Ho(fo) = J:

porz = [—3IV(fo)I* Waz(fo) + 5|V (fo)i* - Wia(fo)] - Af
V(fo)? - 2- Im{Wir2(fo)} - Af. (3.28)

For the switch position ¢ = 90°, a value results that is equal to the imaginary
part of the input cross spectrum except for a proportionality constant which
is the same as before. By varying the center frequency of the band-pass filter,
both the real and the imaginary part of the cross spectrum can be measured
as a function of frequency. For the calibration of the correlator the inputs can
be supplied with two completely correlated noise signals. For ¢ = 90°, a zero
output signal should result. With completely uncorrelated signals it can be
verified for both switch positions, that zero output signals result.

If the input signals of the measurement setup in Fig. 3.15 are identical,
i.e. Uy = Uy = U, then the cross spectrum is equal to the power spectrum
of U. For the measurements of power spectra only, the phase switch and
one band-pass filter can be omitted and the simplified circuit in Fig. 3.16
results. Note that a multiplier with the input signals connected in parallel
and a subsequent low-pass filter form a power meter as discussed before.



MEASUREMENT OF THE CORRELATION FUNCTION AND THE CROSS-SPECTRUM 91

power meter

v R ;

multiplier

Fig. 3.16 Measurement of the spectrum with a multiplier or a power meter,
respectively.

For the measurement of the cross-spectrum according to Fig. 3.15 it is often
difficult to realize two band-pass filters, especially variable band-pass filters,
with a good tracking behavior. The problem can be solved by converting both
input signals with the help of one voltage controlled oscillator signal with a
variable frequency to two identical fixed intermediate frequencies (heterodyne
principle or double spectrum analyzer setup).

If only one variable band-pass filter is used, then the measurement can be
performed sequentially in time on the basis of the setup in Fig. 3.17. At the

Ui(f) ¢=0 _’l‘e sum output
s=g0° || 1807 1

owe display
sap | L 8% U
coupler j fo:af
o

Us(f) difference output

Fig. 3.17 Time serial measurement of the spectrum.

output of a 180°-coupler the sum and the difference of the input signals Uy (f)
and Us(f) are available. According to the mathematical identity (a + 6)? —
(a—b)? = 4ab, the spectra at the output of the 180°-coupler, representing the
sum and the difference of the signals, are measured. Next, the difference of
both measured values is calculated. In the symbolic notation, for the switch
position ¢ = 0° we have:

3 Ui+ V)" (U3 + V) V]2 = 5 (O = V)" (U~ V) - [V

= (U7 U+ Uy - U3) - |V?
=2\V|2 - Re{UU,} = 2|V|* - Re{Wi1,} . (3.29)
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This result is proportional to the real part of the cross-spectrum at the input.
In the same way, the imaginary part can be obtained by changing the position
of the phase switch to 90°. If a 90°-3dB-coupler instead of the 180° type is
used, then the real part results for the 90° position and the imaginary part
for the 0° position of the switch.

Sometimes, however, the bandwidth of the band-pass filter is so wide, that
the spectrum of the input signal is not constant within the pass-band. In
this case, for the switch position ¢ = 0° and with V; = V, = V according to
Eq. (3.26) the measured value is proportional to the frequency average of the
real part of the input cross spectrum. If f; and f, are the corner frequencies
of the band-pass filter, then

f2
pra(8 = 0) =2 [ V(1)P - Re{Waa} df . (3.30)
f1

where [V (f)|? is a weighting function. A similar expression results for the
switch position ¢ = 90°.

3.3 ILLUSTRATIVE INTERPRETATION OF THE CORRELATION

The correlation between two noise signals can be described by two equiv-
alent functions, namely the cross-correlation function p;; or the cross-
spectrum Wi,. For both representations a concise description of the corre-
lation will be discussed in this section.

At first, the cross-correlation will be considered. Let u;(t) and u2(t) be
continuous time signals, which are partly correlated. The signal u(t) is sep-
arated into two components

uz(t) = up(t) +uz(t) (3.31)

in such a way that u)(¢) is identical in time to uy(t) except for a real propor-
tionality factor +y

uh(t) = v - ur(t) (3.32)

Such a partition is always possible and, at first, only represents a formal step.
However, if vy is chosen properly, namely,

_ p2(0)
p11(0)
then uj(t) is uncorrelated with u,(t). This can be shown directly by
GO w® = (@O -l nd

ug(t) - ua (t) — - w3 (¢)
p12(8=0) =~ p11(§=0)=0 . (3.34)

(3.33)

I
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This consideration also works with two signals being shifted in time by 8
relative to each other. The cross-correlation function thus represents, except
for a normalization factor, that part of up(t) which is identical in time to u (t)
and which could, therefore, be nulled by means of a balanced configuration,
for example. As is generally known for an ac bridge, being supplied with
sinusoidal signals, a complete balance to zero can be achieved due to the fact
that two signals with a phase difference of 180° are interfering destructively.
Uncorrelated signals cannot be balanced with a bridge at all, because for a
superposition the signals have to be added according to the square root of the
sum of the squares. For partly correlated signals, the completely correlated
part u5(t), which is described by p12, can be nulled by a balance, whereas
for the uncorrelated parts uj (t) and uy(t), the square-law summation applies.
Also for a finite time shift 6 the signals can be separated into correlated and
uncorrelated parts. The partition generally is a function of the time shift 8,
similarly to the cross-correlation function, which generally depends on 6.

For a representation in the frequency domain, the correlation can be in-
terpreted in a similar way. For this purpose, the phasor notation is used.
Let Uy(f) and Us(f) denote two partly correlated noise signals. Let k2 be
a complex number, which represents that part of U, which is identical to U;
after an appropriate phase- and amplitude change:

Uy = Ué + Uél =kio Uy + Uél . (3.35)

Again, it can be shown that UY is uncorrelated with Uy, if ki2 is chosen
properly:
U - UY = Ut (Us ~ kig - Uy) = Wiy — kig - W1 (3.36)

Apparently, this relation is equal to zero, if k15 is chosen as

kg = =12 (3.37)

3.4 MEASUREMENT OF THE EQUIVALENT NOISE
TEMPERATURE OF A ONE-PORT

In this section it will be described, how the available noise power or equiv-
alent noise temperature of a one-port at the center frequency fy in a given
bandwidth Af is measured as precisely as possible.

The fundamental measurement system, which is also called a radiometer
or a spectrometer, is shown in Fig. 3.18. In principle, the measurement sys-
tem consists of at least one cascade of amplifiers with an extremely low-noise
preamplifier in the first stage, a band-pass filter, and a power meter as dis-
cussed in section 3.1. Such a noise measurement system poses a number of
problems. First of all, the gain of the cascade of amplifiers has to be known
exactly for the determination of the effective noise power of the device under
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preamplifier amplifier

Fig. 3.18 Principle setup for noise temperature measurements.

test. Furthermore, the necessary high gain of the cascade of amplifiers might
change with time, i.e. it drifts. Moreover, the first preamplifier, although be-
ing a low-noise type, also produces noise, which is often in the same order
as the noise of the device under test. It is thus necessary to discriminate
the preamplifier noise from the noise of the device under test. In addition,
the measurement result should not depend on the gain. A possible setup to
reduce these disturbing effects is illustrated in Fig. 3.19. Here, Z; denotes
the impedance of the device under test at the temperature T, and Z;, is the
input impedance of the amplifier. Z; and Z;, may be complex. The noise

BP
T, Z, T3, Z, T, Zg > Z
Ta’ GP an Af
Z; -
calibration DUT amplifier
normals

Fig. 3.19 Radiometer with different calibration standards.

contribution of the amplifier is also described by a temperature T, (system or
amplifier temperature). The amplifier can be represented by a thermally noisy
generator resistance with the temperature T, and the impedance Z,;, which is
supposed to produce the same noise at the load impedance Z; as the amplifier
itself. For this model, the amplifier is assumed to be noise-free. In addition,
two calibration standards with the known but different temperatures T; and
T> are needed, both having the same impedance Z; as the device under test.
With the gain G, of the amplifier, three noise powers can be measured at the
output impedance Z;, namely the noise power Py, for the measurement of the
device under test and the noise powers P, P, for the measurements of the
two calibration standards:

Py = G,(Tn+T.) k-Af,
P, = G,(Th+T.) k-Af,
P, = G,(Ty+T.) k-Af . (3.38)
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Solving this set of equations for Ty, yields

(P2 = Vpm g Pr1 = VP2 o (3.39)

Tm - 1
Pm2 — Pmi Pm2 — Pmi

which only depends on the known temperatures 77 and T and on the ratios
of the noise powers P,/Pi = pp1 and Pp, /P, = ppo. The result does not
depend on the unknown gain G, and the temperature of the amplifier T,.
It is advantageous to choose one of the temperatures equal to the ambient
temperature Tg, e.g. 7o = T, because the available noise power or available
temperature is then known a priori.

One disadvantage of this method is that the three single measurements
might take a relatively long time. Consequently, since the gain has to be
constant during the measurements, the amplifier needs a good long-term sta-
bility. In Section 3.5, other radiometer circuits with reduced requirements for
the long-term stability of the amplifier will be discussed.

Furthermore, the device under test might be mismatched and its impedance
might be different from the impedance of the two calibration standards. Also
for this case, radiometer circuits will be presented that may alleviate this
problem.

3.5 SPECIAL RADIOMETER CIRCUITS

3.5.1 Dicke-Radiometer

With a Dicke-radiometer, also called switching radiometer, the noise of a
one-port can be measured independently of the gain and the noise of the
multistage amplifier. In Fig. 3.20 the block diagram is shown. By means of a

Ty Zm

o, L1 DUT
BP —~ < .,}
* ‘\‘—Z{l—-f reference
_9’___ Trefvzrefzzm
! LP PSD clock generator
l display

Fig. 3.20 Dicke-radiometer for a known impedance of the device under test.

switch, which should have low loss, the amplifier input is periodically switched
between the one-port device under test with the unknown temperature 7,
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and the impedance Z,, and a reference device with the variable temperature
Trey and the impedance Z,cy. The noise signal at the output of the band-pass
filter versus time, as shown in Fig. 3.21, is composed of the contributions of T,
and T,.s, sequential in time, and of the contribution of the first preamplifier,
which is constant in time. The noise signals of the device under test and

A

P(T,,,T,) r
P(Tres, T,)

t
Fig. 3.21 Output power of the radiometer versus time.

the reference noise source are not correlated with the noise of the amplifier.
However, the contribution of the amplifier is constant for both positions of the
switch only, if the impedances of the device under test and the reference, Z,,
and Zreys, are identical. This is a precondition for the correct measurement
with this radiometer. After having passed the amplifier and the band-pass
filter, the noise signal is square-law rectified and filtered with the low-pass
filter. Next, the a.c. signal caused by the switching procedure (at, for example,
a frequency of 1 kHz) is filtered with e.g. a phase sensitive detector (PSD)
and then displayed. For the measurement of T, the reference temperature
Tres is varied until the ac-signal vanishes. In this balanced case

Tn = ref - (340)

Since the additive noise contribution of the amplifier is equal for both switch
positions, it does not influence the balance condition. Also drift effects of the
gain do not affect the balance condition as long as they are slow by comparison
with the period of the switching frequency. This is a noticeable advantage
of the Dicke-radiometer by comparison with the fundamental radiometer of
Fig. 3.18. The measurement time 7 of the Dicke-radiometer can be arbitrarily
larger than the switching period. The measurement time will be chosen large
enough, so that the related measurement error for the noise power will be
sufficiently small. However, it is absolutely essential that the power meter has
a settling time much shorter than the switching period.

Often the switch of the Dicke-radiometer will not have the same reflection
coeflicient for both positions. In this case, the circuit of Fig. 3.20 can be
modified as shown in Fig. 3.22. First, the device under test is connected
to port 1. With the reference noise source at the switch position I a zero

compensation is performed which leads to the value Tf(i 5 Next, the reference
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Fig. 3.22 Dicke-radiometer with two reference noise sources.

noise source II is connected to port 1 and by varying TI of 8 further zero

balance is performed. For equal impedances ZI of = Zm the temperature of
the device under test is given by

T =TI . (3.41)

In this way, equal input reflection coefficients for both switch positions are
not necessary. Only the long-term stability of the input reflection is needed.
The reference noise source I at port 2 does not need to be calibrated, it just
has to be variable and stable. The impedance Z], s may be different from the
impedance of the device under test Z,,. The impedance of the reference noise
source II, however, must be identical to the impedance of the device under
test, i.e. Zy, = Zref

3.5.2 Problems with mismatched devices under test

In the previous sections, measurement methods for the determination of the
noise temperature of a matched device or devices with a known impedance
were presented. In this context, the word known can also have the meaning
that the impedance of the device under test is equal to the impedance of the
noise source. However, if the device under test is mismatched and, further-
more, its impedance is unknown, perhaps complex and frequency-dependent,
then an exact measurement of the unknown noise temperature becomes more
difficult because of two problems.

First problem: Because of the mismatch of the device under test with
the temperature T;,, one does not measure the available noise power P,, =
k-Tp - Af in the bandwidth Af, but a smaller power P, given by

Pi=(1~1p? k- Tu-Af (3.42)

where |p| denotes the magnitude of the reflection coefficient of the device
under test. This relation will be derived next.,

In Fig. 3.23 the load resistance Z;, which also serves as the reference
impedance, is assumed to be real. The noise power P, at the load impedance



98 MEASUREMENT OF NOISE PARAMETERS

r—"l:’l

=

W, = 4k - T Re(Zy) CP

Fig. 3.23 Explanation of the measured noise power for a mismatched de-
vice.

Zy, which is supposed to be noiseless, can be calculated as follows:

_ 4k T, -Re{Z,,}

P = -Zo AS . 3.43
: |Zo + Zm |? o Af (3.43)
With )
T — 7,
2 m 0
= | = 3.44
ol y (3.44)
Eq. (3.43) yields:
2:(Zm+22) Zy
P = kT, Af. L
! RN S A
iZm + Zo]2 + Q(Zm + Z* ) < Zy — ’Zm -+ Zo}2
= kT, -A Lo ‘
m f |Zm +Z0‘2
2
Zm — 2y
= kT, Afll-|———Fn
K f Zm + ZO
= KTnAf(1—[p]*) = Pau(1 = 1p%) (3.45)

Here, P,, = k- T,, - Af is the available noise power of the device under test
or the generator, respectively. The noise power P;, which arrives at the load
resistance Zg, is reduced by the reflected part P,

Pre = kTm ' Af ! ‘pEQ : (346)
The term 1 — |p|? is equal to the gain G, of the circuit:

B 2
Gp=——=1- . 3.47
p Pa'u ‘p\ ( )
If, as depicted in Fig. 3.24, the impedance of the device under test or the
generator with Z,, = Z, as well as the load resistance Z; are complex and not
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equal to the reference impedance Zy, then the following well-known relation
for the gain G, results:

_ (1= rg[HA = 0%

G, = TR (3.48)

In Eq. (3.48) I'y and I'; are the reflection coefficients of the generator and the
load impedance, with respect to the real reference impedance (Fig. 3.24)
_Zg—Zy F__ZL—ZO
T Z,+ 2y Y Zi+Zy

T, (3.49)

Equation (3.48) is not well suited for an illustrative explanation. Such an
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Fig. 3.24 Mismatched generator and load impedances.

explanation can be derived similarly to Eq. (3.45) and (3.46), if a modified
reflection coefficient p is introduced, which is defined with respect to the
generally complex generator impedance Z, = Z,,. With

zZ, - Z Z - Z;
7l = | = | ot (3.50)
i+ Zm 21+ 2,
it follows for the power P, at the load resistance:
P = P (1-13%) , (3.51)

as will be shown in problem 3.2. Here, P,, = kT,,Af is again the available
noise power (or the available power in general) of the device under test or the
generator, respectively. The power P, with

Pre: av_PZ:Pav"ﬁ.2 s (3-52)

“can be interpreted as the reflected power, similar to Eq. (3.46), as will be seen
more clearly later. The power P; can be defined as the transmitted power.
The available gain G, is again given by

Gp=1—1p* . (3.53)
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This term is identical to the term for G, in Eq. (3.48).

Problem

3.2 Verify the validity of Eq. (3.51) as well as the identity of Eq. (3.53) and
Eq. (3.48).

A second problem, which arises for a mismatched one-port device, is caused
by a noise wave of the first preamplifier radiating toward the device under
test. This noise wave can be reflected by the device under test and can thus
return to the amplifier. In general, this reflected wave will be correlated with
the noise wave at the output of the amplifier. For a measurement setup as
shown in Fig. 3.20, the noise contributions of the amplifier are no longer equal
for both positions of the switch and, consequently, it has an impact on the
noise balance. This problem can be solved by connecting a matched ferrite
isolator between the switch and the amplifier (Fig. 3.25). Such a passive
non-reciprocal device of a homogenous temperature shows uncorrelated noise
waves at its input and output, as has already been discussed. Additionally,
its noise contribution at its input is known quantitatively, if the physical
temperature of the isolator is known. Furthermore, the noise wave of the

DUT "T switch

t
+

isolator, Ty
T Zm | S

\ ce — | > | BP
TrefaZO / ZO [

II
reference -

clock generator ]

display

@ PSD —

Fig. 3.25 Radiometer setup with an isolator in front of the first preampli-
fier.

preamplifier cannot reach the device under test, due to the backward isolation
of the isolator.

If the radiometer is balanced, i.e. if the temperature of the matched refer-
ence is tuned until the noise powers at the output of the cascade of amplifiers
are equal for both positions of the switch corresponding to a zero cutput sig-
nal of the phase-sensitive detector, then the noise powers at the input of the
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isolator are given by:

positionI Pr=k T, -Af-(1- |pl2) +k Ty [p\z “Af
position II  Pry =k - Trey CAf

For position I the second term represents the contribution of the isolator. For
a balance, that means Py = Pjy, we have

T (1= 1p2) + To- lol* = Trey - (3.54)

If {p|? is known from measurements, then T, can be calculated for a known
Tres and a known temperature T of the isolator by

Tref - TO ! \plz
1—1[pf?

If a passive ferrite isolator is not available, as e.g. for frequencies below 500
MHz, then the uncorrelated amplifier of Fig. 2.23 can be used. However,
its temperature at its input has to be determined. If a high degree of de-
correlation is needed, then it is also possible to combine an isolator and an
uncorrelated amplifier.

An evaluation of Eq. (3.55) becomes difficult, if the reflection coefficient p
depends on the frequency within the measurement bandwidth. Then, |p(f)|?
in Eq. (3.55) has to be replaced by its mean value.

A more elegant way for the measurement of the noise temperature of mis-
matched objects is to use so-called compensation radiometers, where the re-
flection coefficient of the device under test does not need to be known, because
it is not part of the balance condition. Such compensation radiometers will
be discussed in the next section.

T = (3.55)

3.5.3 Compensation radiometers

As can be seen in Fig. 3.26, the device under test and the reference noise
source are connected alternately to the input of the amplifier by a switch-
able circulator. The direction of circulation can be reversed by changing the
direction of the magnetizing field of the circulator. This, however, is not a
very practical solution and therefore a more suitable circuit will be proposed
later. For operation in position I, the noise power P; enters the input of the
first preamplifier. The noise power P; consists of a noise contribution from
the reference device, which is reflected by the device under test, and a second
contribution from the device under test. Both contributions are uncorrelated.
Because of the possible mismatch of the device under test, described by the
reflection coefficient p, the noise power of the device under test is reduced by
a factor of 1 — |p|?.

PI=k‘Tref'lp|2'Af+k'Tm'(1"\pP)'Af' (3'56)
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Fig. 3.26 Compensation radiometer with a switchable circulator.

For the orientation II of the circulator and under the assumption of an ideal
circulator, the noise power of the reference source is measured:

P[[:k'Tref'Af . (357)

By varying the reference temperature T, the noise powers P; and Pj; are
balanced for the two directions of circulation:

Pr=Pi = k -Teplpl® Af+k - Tn(1-p|*) Af
= k'TrefAf . (358)

From this relation it follows that
T =Tres (3.59)

provided that the magnitude of the reflection coeflicient p of the device under
test is not equal to one. The result of Eq. (3.59) does not depend on the value
of the reflection coefficient p. Hence, p may be frequency-dependent. This
means that p(f) may vary within the bandwidth of the measurements. The
described method is called a compensation method, because the reduced noise
contribution of the device under test, due to its mismatch, is compensated by
an equivalent contribution of the reference.

One can also argue in another way: the part of the circuit within the
dashed box in Fig. 3.26 has an input noise temperature T;,. If this part is at
a homogeneous temperature T,.; = T, and if, furthermore, the circulator is
lossless, then T = Trep = Ton.

The compensation principle will be explained once more with the help of
Fig. 3.27. In this circuit, an isolator at the temperature Tj is placed between
the device under test and the amplifier. For clarity reasons, this isolator is
realized on the basis of an ideal circulator. One of the three ports of the
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amplifier
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Fig. 3.27 Principle of the compensation radiometer.

circulator is terminated by the real reference impedance Z;, which is at the
temperature Tp. One can recognize that a wave radiated from the input of the
amplifier is absorbed at port 3 of the circulator. The wave at the output of
the amplifier is constant and does not depend on the impedance of the device,
Zy. This output wave can be eliminated for the measurements. Another
noise wave originates from the termination Z; of port 3 of the circulator. It
propagates towards the device under test where it is reflected. Then, it passes
the circulator resulting in the power P, at the input of the amplifier

Pe=k Ty -Af - |pf* = Poy - |p* . (3.60)

The device under test emits the power P, to the input of the amplifier. With
T,, = Ty the power P, is given by:

Po= kTn-Af-(1=|pl*) =k -To - Af- (1= 1p%)
= Pu(1-1p) . (3.61)

This power is lower than the available power P,,, due to the mismatch of the
device under test. The missing part is compensated by P... Thus, the input
circuit is described by the equivalent circuit of Fig. 3.23.

Even if the load resistance Z; is mismatched, i.e. complex and not equal
to a real reference impedance Zy but still at the temperature Ty, an exact
compensation can be achieved. For this purpose, the circuit of Fig. 3.24 is
considered. Extracting the lossless imaginary part jIm{Z;} from the load
resistance Z;, Fig. 3.24 can be modified according to Fig. 3.28. Shifting the
reference plane from 1-1’ to 2-2’ in Fig. 3.28, the magnitude of the reflection
coefficient § remains unchanged. Adopting the expression for § from Eq. (3.50)
leads to
Z - Z;
Z, + Zg

Re{Z} — (Z, + jIm{Z,})*
Re{Z/} + (Z, + jIm{Z;}) |

At the reference plane 2-2’ the impedance is equal to Zg + jIm{Z;}. The
impedance Re{Z;} can be chosen as a new real reference impedance with

6l = (3.62)




104 MEASUREMENT OF NOISE PARAMETERS
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Fig. 3.28 Explanation of the compensation effect for a complex load resis-
tance.

Re{Z;} = Zy. Then, Eq. (3.60) and Eq. (3.61) can be applied and the case of
a complex load resistance Z; is traced back to the case of a real load resistance
Zy, to which the following considerations will be restricted.

Instead of the switchable circulator, which will probably cause switching
spikes and which might be limited to low switching rates, it is also possible to
use a fixed circulator, a signal divider and an ordinary mechanical or electronic
switch, as depicted in Fig. 3.29.

circulator

Tref;ZO -3dB T Zm

signal ﬁ ﬁ: { H
divider |-34B ' DUT
—
reference
o

> ‘_’ B E{).lay

preamplifier amplifier  rectifier

Fig. 3.29 Compensation radiometer with a fixed circulator, a signal divider
and a switch.

A compensation radiometer can also be realized without a circulator, of
which the real properties often differ noticeably from its ideal characteristics.
The compensation radiometer can also be built by means of couplers, wave
terminations, an attenuator, a switch and a non-reciprocal passive isolator, as
shown in Fig. 3.30.
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Fig. 3.30 Compensating radiometer with couplers, a switch, an isolator and
two reference sources.

Problem

3.3 Derive the balance condition for the radiometer of Fig. 3.30. The cou-
plers are assumed to be lossless with an attenuation  for the power coupling.
The matched attenuator has the power attenuation a = 1 — k. All passive
components are at the ambient temperature Tp. Except for the device under
test, which has the reflection coefficient p, all other components are matched.
The variable reference noise source with the temperature Tr.; is available
twice, with exact tracking of the two noise temperatures, i.e. Trfef = TrIeIf.

Provided that all passive components, i.e. all components within the dashed
box in Fig. 3.30, including the isolator, are at the same homogenous tem-
perature, e.g. Ty, then an arbitrarily mismatched device under test (p # 0)
at the temperature T, = Ty will necessarily be measured exactly with this
temperature. This means that for T,, = T, there is no offset error, even if
e.g. the couplers and the connecting lines have losses. Such an offset test can
be performed if, for example, a wave termination with the temperature Ty is
used as the device under test combined with a series or parallel reactance to
cause a mismatch. The reactance may have losses, if these are also at the
temperature Ty. An offset error generally occurs, if the isolator or the input
of the preamplifier are not at the temperature Ty. If the input temperature
is lower than Ty, then it can be raised artificially to the value Ty by additive
noise.
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An offset error can also be caused by correlation effects of the preampli-
fier. The isolator/preamplifier combination itself radiates some noise power
towards the device under test, i.e. a noise wave is emitted by the input of the
isolator/preamplifier, reflected by the mismatched device under test and then
returned to the isolator/preamplifier. In addition, the isolator/preamplifier
generates a noise wave at the output. For all radiometer setups discussed
so far, it was assumed for the balance condition that the noise waves at the
input and output are uncorrelated, and that the noise wave at the output
thus only adds a constant contribution for both switch positions, which dis-
appears in the final balance condition. This is true for a matched isolator
at a homogenous temperature with sufficient reverse isolation. A low-noise
preamplifier does generally not possess this characteristic except for the case
of de-correlation, as for example the de-correlated amplifier of Fig. 2.23. In
general, the isolator has a finite backward isolation. Therefore, the combina-
tion of an isolator and a preamplifier can again possess a finite de-correlation
only. In fact, a high degree of de-correlation is needed for the described com-
pensation radiometers, in order to keep the measurement errors small, as will
also be shown in problem 3.4.

Problem

3.4 Consider the radiometer circuits of Figs. 3.26, 3.29 and 3.30. Which
de-correlation of the preamplifier with isolator is required for a measurement

error below 1K? The reflection coefficient of the device under test is assumed
to be —6 dB.

It may be necessary to utilize both isolators as well as de-correlated am-
plifiers and there might even be the need for further provisions to reduce the
effective correlation. For the correlators of Fig. 3.26 and 3.29, the circulator
also reduces a possible correlation. The two variable reference noise sources
in Fig. 3.30 must have a good tracking behavior. These two noise sources can
also be realized by means of one noise source and a matched and decoupling
signal divider or by means of one noise source and a switch.

The compensating radiometer can be modified by adding a further variable
noise source so that mismatched devices under test with a temperature below
the ambient temperature Ty can be measured without using a cold noise source
(cf. problem 3.5).

Problem

3.5 With one further hot noise source with T,,, > Ty the compensating
radiometer according to Fig. 3.30 or Fig. 3.26, 3.29, respectively, can be ex-
tended such that mismatched cold devices under test with T,, < 7p can be
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measured. The variable noise source with the temperature T,,, can be in-
serted into the circuit of Fig. 3.30 via a further directional coupler in the
measurement path, so that the overall noise in this branch is increased and a
zero compensation by the reference temperature T, s becomes possible. Fur-
thermore, the compensating branch is extended by an attenuator with the
attenuation ao = 1 — Ky, After having increased the temperature T,,; in a
defined way, e.g. by a factor 7, a second balance is performed by increasing the
reference temperature Tfelf. Derive an equation to determine the temperature

T, of the device from Trlelf.

3.5.4 Correlation radiometer

The operation of a correlation radiometer will first be explained for a matched
device under test. The noise signal of the device under test with the temper-
ature T,,, described by the noise wave A4,,, is superimposed to the noise wave
A,y of the variable and matched reference noise source. The superposition
is realized with a directional coupler, e.g. a 3 dB 180°-coupler, such that the
sum of the signals A,, and A,.s is obtained at one output port and the dif-
ference of the signals A,, and A,y at the other output port (Fig. 3.31). The

1
7 (Am - Are )
V2 "
3dB-180°-coupler \
Am

U
== 0° X > — BP
T, Zo @ 180° @ - P |

Tre 7Z0 0°
H—L"]T@ 0° ©® > . \
ref 1 / Uz “correlator
~—(Am + Ares) V2 (multiplier)

V2

Fig. 3.31 Principle setup of the correlation radiometer.

noise waves of the 180°-coupler are amplified separately by amplifiers with the
complex voltage amplification factors Vi and V;. The signals are correlated
in the correlator, which can be described in the time domain as a multiplier
with a subsequent low-pass filter, thus producing the function: u (¢) - up(t). A
description of the correlator in the frequency domain leads to the expression:

Re{Wi2} = Re{UT(f) - U2(f)} . (3.63)
With
1
Ul = ﬁ'(Am_Aref)"/l
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1
U, = E'(AerAref)-Vg (3.64)
and
Am? = k- -TnAf
(Aresl? = k-Tres Af (3.65)

Eq. (3.63) becomes

Re{Wm}

-Re{(An - Aref)* (Am + Aref) VI Ve

‘k(Tm'_ ref)'Af'Re{Vl*'Vz} s (3.66)

N = D]

if A, and A,.; are not correlated. For a circuit as in Fig. 3.31, one can
expect that A,, and A,.s are not correlated, because they originate from dif-
ferent sources. A vanishing correlation, i.e. Re{Wi2} = 0 or a zero display
at the output of the correlator, respectively, corresponds to I, = Ty, in-
dependently of Vi or V5. Thus, the balance of the correlation radiometer is,
in principle, similar to the balance of the switching radiometer: the reference
temperature is varied until a zero output signal is obtained. The significant
advantage of the correlation radiometer by comparison with the switching
radiometer is that no switch in front of the preamplifier is needed. Such a
switch can produce measurement errors especially due to its switching spikes,
its non-zero and variable attenuation and its noise contribution. Nevertheless,
the additional use of a switch might be advantageous even for a correlation
radiometer, as shown in Fig. 3.32. In general, an analog multiplier shows a
finite dc voltage as an offset at its output, even if the correlation is zero. For
this reason, it is useful to introduce a 180°-phase shifter behind one of the
two amplifiers of the correlation radiometer (Fig. 3.32), which periodically
changes the polarity at a low frequency of, e.g. f;y = 10 kHz. At the output
of the multiplier (correlator) the resulting 10 kHz alternating signal is ampli-
fied and displayed. By this provision, the influence of an offset voltage of the
multiplier can be eliminated.

For the zero balance it does not matter, if the 0°/180°-phase shifter shows
a slightly different attenuation in both switching positions as expressed by the
amplification factor V{/ = Vi - (1 — AV), where AV is real. The amplitude
of the 10 kHz signal at the output of the multiplier is proportional to the
difference of Re{W1s} for both of the phase states , i.e. 0° (I) and 180° (II)
of the 180°-phase shifter (compare with Eq. (3.27)).

Re{W],} — Re{W{}}
. kAf . (Tm — T’f‘ef)Re{Vl*Vz _ ‘/1,*‘/2 ) e__jlgoa}

kAF (T — Tref)Re{VyVy — V(1 — AV)V; - e77180%}

KAS - (T = Tre)Re(Vy Vo(2 —~ AV)} (3.67)

M= oL~ D —
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Fig. 3.32 Correlation radiometer with a 180°-switch.

Obviously, a balance again leads to T}, = Trey. However, if the correlator has
a finite offset error, then a different attenuation for the two switching states
of the 180°-phase shifter leads to an error at the output of the correlator. In
other words, a parasitic amplitude modulation of the phase shifter leads to a
measurement error, if the correlator is not exactly balanced.

It should be mentioned that the 180° phase difference of the phase shifter
is not critical and that for a deviation from the 180° phase shift the sensitivity
is only marginally reduced.

Instead of a 180°-coupler in the receiver stage of the correlation radiometer,
a 90°-3dB-coupler can be employed as well. This will be discussed in more
detail in problem 3.6.

Problem

3.6 The correlation radiometer will be realized on the basis of a 90°-3dB-
coupler at the input. What further changes of the circuit are necessary in
order to measure noise temperatures with such a setup?

For mismatched devices under test the compensating methods derived for
the switching radiometer can also be transferred to the correlation radiometer.
For the correlation radiometer of Fig. 3.26, a modified version is depicted in
Fig. 3.33 as an example.

The relation for the balance of the radiometer circuit is equal to Eq. (3.58).
The circulator can also be replaced by a directional coupler as depicted in
Fig. 3.30. Two variable reference noise sources should have tracking properties
as good as possible. However, the two noise sources should not be correlated.
Therefore, it is not advisable to derive them from a single noise source with
the help of a signal divider. For the radiometers discussed here, it is not
necessary that the device under test and the reference noise source have the
same amplitude statistics.
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Fig. 3.33 Compensation-correlation radiometer for a mismatched device
under test.

3.5.5 Fundamental errors of noise power or noise temperature
measurements

As already discussed in Section 3.1.8, the power of a stationary noise sig-
nal cannot be measured without errors, because the available measurement
time and the measurement bandwidth is limited. The standard deviation
om = AT, for a temperature measurement according to Eq. (3.23) is in-
versely proportional to the square root of the measurement time and the
bandwidth B = Af. If T, denotes the system temperature of the amplifier,
then

Om = AT, = AT + To) . (3.68)

1
VT Af
A switching radiometer compares the noise temperature 7}, (standard devia-
tion ATy,) of a one-port with the noise temperature Ty..s (standard deviation
AT,.y) of a reference one-port. The balance of the radiometer yields the re-
sult T,, = Tr.;. However, this balance can be achieved only with an error
ATy (standard deviation), because the temperature of the DUT as well as
the temperature of the reference are measured with an error. With Eq. (1.52)
for uncorrelated noise signals, the variance of the error for the balance of the
temperature results as the sum of the variances of the measured temperatures
of the device under test and the reference temperature.

ATE, = AT + AT, . (3.69)

For equal measurement times 7’ for the reference and the measurement device
and for a balance of the setup, we have AT, = AT,y and

V2

ATy = V3. AT, = Y2
bal m

(T +Ty) with B=Af. (3.70)
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Concerning the switching radiometer the measurement times 7’ for the mea-
surement device and the reference device will normally be identical. With a
total measurement time 7 = 27’ the temperature error AT}, increases by a
factor of v/2 to

2
ATy = V2 V2 ATy, = ﬁ(Tm +T,) . (3.71)

The total measurement time in general is independent of the switching fre-
quency. The increase of the measurement error by a factor of V2 or 3 dB for
an equal distribution of the measurement time between the object and the
reference can be avoided, if a double or transfer switch and two amplifying
channels are used as depicted in Fig. 3.34. The transfer switch consecutively

Tm; Zo  doubling switch Vi
H [ 2 = = .
display

>< amplifiers detectors
Trefi Zy

v = =
clock Va

Fig. 3.34 Two-channel radiometer with a transfer switch.

contacts 1 with 2 and 1’ with 2’ or 1 with 2’ and 1’ with 2, respectively. The
output signals of the two detectors or power meters are in phase and can be
subtracted or, as shown in Fig. 3.34, can be added, if the polarity of one de-
tector diode is reversed. This radiometer with two channels makes maximum
use of the measurement time. The radiometer thus has a temperature error
according to Eq. (3.70). This means an improvement of 3 dB by comparison
with the simple switching radiometer.

The temperature error increases, if the DUT with a reflection coefficient p
is mismatched. This will be derived quantitatively in problem 3.7.

Problem

3.7 Calculate the temperature error for a compensation radiometer as de-
picted in Fig. 3.26 as a function of the reflection coefficient p.

The previous error considerations are independent of the switching fre-
quency. Alternatively, the necessary measurements can also be performed
subsequently, the results can be stored and the differences can then be com-
puted.
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In addition to these principle errors, which can be kept small by choosing a
large bandwidth, further errors arise due to, for example, drift effects, quan-
tization errors, non-uniform heating, etc. The reasons for these errors can be
as manifold as known from other measurement procedures. For mismatched
devices under test further measurement errors might appear, if the input tem-
perature of the preamplifier and the isolator are not precisely equal to Tj and
if the isolator-amplifier combination has partly correlated noise waves at its
input and output.

For a switching radiometer with a zero balance, the characteristic of the de-
tector has no influence, i.e. the detector must not necessarily have a quadratic
characteristic, as long as the device under test and the reference have the
same statistical amplitude behavior, for example, if they are both normally
distributed.

3.5.6 Principle errors of a correlation radiometer or correlator

One would expect that a correlation radiometer has the same temperature
error (Eq. 3.70) as a two-channel switching radiometer, because of their sim-
ilarity. In fact, this is true as will be shown in problem 3.8.

Problem

3.8 Show for a correlation radiometer (Figs. 3.31 or 3.32) that it has the
same principle measurement error as the radiometer with the double switch
of Fig. 3.34.

Furthermore, one can prove that also for a correlation radiometer the mul-
tiplier within the correlator must not necessarily be ideal, if a zero balance
is performed. In the GHz frequency range a broadband multiplier is realized
e.g. as a double balanced mixer which shows some deviations from an ideal
multiplier characteristic. Under the balance condition and for an equal am-
plitude distribution of the device under test and the reference, the correlator
must not necessarily have a perfect multiplier characteristic. This will be
demonstrated in problem 3.9 by a direct calculation.

Problem

3.9 Show by using the characteristic function that vanishing correlation is
measured correctly with a correlator, even if its characteristic deviates from
an ideal multiplier. The correlator contains a 180°-phase shifter according to
Fig. 3.32.
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3.6 MEASUREMENT OF THE NOISE FIGURE

According to its definition the measurement of the noise figure is based on a
variation of the generator’s noise power and the observation of a corresponding
change of the noise power at the output. For the 3dB-method an adjustable
calibrated noise generator is needed, the temperature T, of which should be
known (Fig. 3.35). For the quantitative determination of the noise figure

@ @

] L o] N
DUT amplifier el
Ty Zo P BP L Z
Af il
L o —o—t - -1
generator detector
power P;

Fig. 3.35 Principle setup for the measurement of the noise figure.

F, the noise temperature Ty of the generator has to be increased until the
noise power P, at the output of the device under test or the post-amplifier,
respectively, has doubled. The doubled noise power is denoted by P;. The
noise contribution of the two-port to the output noise is given by AP, and the
noise contribution of the generator with the temperature Ty is represented by
Py with:

P, = AP, + Py
PZ, = APz + PQO . 5
Ty

Solving Eq. (3.72) for AP;,

AP, = Py, [%— - 2J , (3.73)

and inserting the result into Eq. (2.70) for the noise figure yields
F=1+222_29_j_ze (3.74)

The expression T, — Tj is also called excess noise temperature T.,. The noise
figure is thus proportional to the excess temperature of the noise generator
normalized to Iy, which is necessary for doubling the noise power at the
output. Instead of an increase by 3 dB of the output power it is also possible
to choose any other arbitrary value. The noise figure is measured at the center
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frequency f; of the band-pass filter of the amplifier cascade, strictly speaking
as a mean noise figure within the bandwidth A f of the filters. The noise figure
is generally measured for the cascade of the device under test and the first
amplifier. For the determination of the noise figure of the device under test
itself, the contribution of the first amplifier has to be eliminated by using the
cascade formula. This is not necessary, if the device under test is an amplifier
with sufficient gain. Then, the noise contribution from the following stage can
be neglected. The noise powers at the output of the device under test can also
be measured directly by means of a radiometer. In this case, the noise figure
of the following post-amplification stages will not influence the measurement
result.

For the Y-factor-method a noise generator with a fixed excess temper-
ature Tgo — T is used, which can be switched on and off periodically. Such
a noise source can be realized, for example, by an avalanche dicde and a
matched attenuator. A common value for Tyq/Tg is 16 dB. For the on-state of
the noise generator with the temperature T the amplified noise power shall
be denoted by Pj. For the off-state of the noise generator with the tempera-
ture Ty the noise power at the output is assumed to be P,. The ratio of P}
and P, is called the Y-factor:

_ B

Y ==
P,

(3.75)

With Eq. (3.72) and Eq. (3.74) and a known Y, the following relation results
for the noise figure

Too/To~1 Tex

F==5 T To(Y - 1)

(3.76)

Similar to other noise parameters, the noise figure cannot be measured arbi-
trarily precisely due to the finite measurement time and the restricted band-
width. In problem 3.10 it will be shown that the error caused by the calcula-
tion of the mean square value of the noise signals is of minor importance in
comparison to the influence of the other measurement errors.

Problems

3.10 How large is the error due to the stochastic nature of the noise signal
for a noise figure measurement in a bandwidth of 5MHz and for a measurement
time of 0.1s? The noise figure is assumed to be 6dB and the excess temperature
has a value of 16dB.

3.11 How can the gain of a device under test be determined with a noise
figure meter?
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In addition to the measurement of the noise figure, the knowledge of the
minimum noise figure and the optimum generator admittance of a linear two-
port is of great interest for the design of low-noise circuits e.g low-noise am-
plifiers. Based on the measured noise parameters, the noise behavior of a
linear circuit can be simulated completely. In the following section, different
methods for the measurement of the noise parameters of linear two-ports will
be presented.

3.7 MEASUREMENT OF THE MINIMUM NOISE FIGURE AND
OPTIMUM SOURCE IMPEDANCE

A variety of methods for the measurement of the noise parameters of linear
two-ports, i.e. the minimum noise figure F,,;,, the optimum generator admit-
tance Yop: = Gopt + jBopt and the equivalent noise resistance R, will now
be discussed. Alternatively, in a spectral representation, the spectra W,,, W;,
Wy = C, + jC; for the equivalent circuit will represent the noise parameters
and have to be determined.

In principle, all methods are based on noise power measurements. The
simplified block diagram of the measurement setup is depicted in Fig. 3.36.

noise impedance power
source tuner | detector
:  — . -
| state ; amplifier
Yo o H : DUT SF
! T i BP
] 0 |
; e | 1 —
FJ : Pg] : E‘in
Tg =10, Ty + Tes Tgu

Fig. 3.36 Block diagram of the noise parameter measurement setup.

Similar to the measurement of the noise figure, the setup consists of a noise
source with a cold and a hot state, described by the noise temperatures T, and
Tz +T) for the noise generator temperature T,. At the output of the DUT the
noise signals are amplified and band-pass-filtered and the noise power can be
measured by a power meter. As already seen in Eq. (2.114) or Eq. (2.126), the
relation between the noise figure and the noise parameters only depends on the
generator admittance. The determination of the noise parameters can thus
be performed with the help of an impedance tuner with different impedance
states denoted by u, which transforms the generator admittance of the noise
source into a variety of different admittances Yy,. Such an impedance tuner
can be inserted between the noise source and the device under test (DUT).
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Besides changing the generator admittance, the tuner at the temperature
Ty also causes a change of the generator temperature for the hot state of
the source leading to an effective temperature Ty, for the u-th state of the
impedance tuner at the input of the DUT.

In order to determine the noise parameters of a linear two-port, it is possible
to measure the noise figure of the DUT according to the Y-factor-method, as
described above, and to vary the generator admittance by means of the tuner
until a minimum of the noise figure is obtained. For this optimum state,
the generator admittance can be measured with a network analyzer. This is
quite a tedious and unprecise method for the noise parameter measurement,
because on the one hand it might take quite some time to find the minimum
for the noise figure and on the other hand the impedance range of the tuner
may be restricted, so that the tuner may not necessarily be able to realize the
optimum generator admittance. Furthermore, the noise temperature for the
hot state of the noise generator may change with the position of the tuner,
thus changing the measurement value of the noise figure. For these reasons,
other methods for the measurement of the noise parameters will be presented
in the following section, e.g. the hot-cold or paired method which is based on
noise figure measurements and the cold or unpaired method as well as the
7-state-method, which are based on noise power measurements.

3.7.1 Hot-cold method or paired method

The hot-cold or paired method for the determination of the noise parameters
is based on noise figure measurements F), for a variety of different generator
admittances Yy, = Gy, +jBy,. As already introduced in Eq. (3.75), the mea-
surement of the noise figure requires two noise power measurements according
to the Y-factor method. For the u-th impedance position of the tuner with
the corresponding generator admittance Yy, the noise figure F), can be calcu-
lated from the noise power measurements P, and Py, for the temperatures
Tep = Tp and Ty = Ty + Tez . The noise figure of the p-th tuner position
can be written as a function of the spectral noise parameters (Eq. (2.114)):

. Youl?Wo + W, +2G,,Cr + 2B, C;

F, 3.77
. 4kToGy, (377)

Rearranging this equation
(Fy — 1)4kTGyy = IYgulz’Wu +W,; +2G,,.C. +2B,,C; , (3.78)

one obtains a linear equation for the spectral noise parameters W,, W,;, C,
and C;. Thus, the measurement of the noise figure for different tuner positions
leads to a system of linear equations for the determination of the unknown
spectral noise parameters. For the calculation of the unknowns, at least four
noise figure measurements for different generator admittances Y, have to
be performed. In order to minimize the measurement error, it is advanta-
geous to perform more than the necessary four measurements, so that the
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parameters can be determined on the basis of the least-squares method for an
over-determined system of linear equations. Moreover, for the enhancement
of the measurement accuracy, weighting factors can be introduced in order to
reduce the influence of data which seem to be less accurate.

The spectral noise parameters are thus known. The parabolic noise param-
eters can directly be calculated with (¢f. Section 2.3.5):

Bopt = _Vf/u (3.79)
Gopt = \\/’\/V—u——;g; (3.80)
R, = 42’;0 (3.81)
Fom = 1+2RnGopt+§%; (3.82)

For this hot-cold or paired method measurement errors arise, because the
effective generator noise temperature Ty, for the hot state of the noise source
has to be known exactly for the different source admittances Yy,. Further-
more, the source reflection coefficient I'g,, has to be the same for the hot and
the cold state of the noise source.

3.7.2 Cold method or unpaired method

The problems discussed above can be minimized by a determination of the
noise parameters mainly from unpaired noise power measurements with a
so-called cold noise source at the ambient temperature T;. For the noise
equivalent circuit in Fig. 3.37, the noise power at the output of the two-port
can be calculated in the frequency band Af as follows:

Pr, = |Us]*Re{YL}Af = k|U;|*Re{YL}Af
= kRe{YL}Af
m
[4kT4, Gy + Youl?Wy + W, + 2G,,C,. + 2B, C;]

A7 . (3.83)
Here, x represents the power gain and Yj, is the input admittance of the
device under test.

With Eq. (3.83) it follows that, in contrast to the noise figure, the noise
power also depends on the product of the power gain s, the real part of the
load admittance Y;, and the bandwidth Af, all together abbreviated by a
factor m. Furthermore, it depends on the unknown input admittance of the
two-port Y.

A partly unpaired method still needs one noise figure measurement, i.e. one
paired noise power measurement. Based on this paired measurement with the
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Fig. 3.37 Noise equivalent circuit for the calculation of the noise power at
the load admittance Y;.

hot and cold noise power P, and P, for the generator temperature Ty and T,
and for the same generator admittance Y;

m

Py = oo (4kThGy + [V, [PW,, + W, +2G,C,. + 2B,C;) (3.84)
[Yin + Yl

P = o (4KTeGy + Yo Wy + Wi 4 2G,C, + 2B,C) (3.85)
Yin + Y|

the factor m can be determined, if the input admittance Y;, is known:

_(Pum P)Yin+ P
4k(Ty — T¢)Gy

(3.86)

For the determination of all noise parameters, further noise power measure-
ments, with e.g. the noise source operated at the ambient temperature Tg,
have to be considered. On the basis of cold noise power measurements for
different tuner positions u, one obtains with Eq. (3.85)

P, — 4kT.Ggy = |YgulPWy + W, +2G,,C, +2B,,C;  (3.87)

Yin + Youl®
M m
a system of linear equations for the unknown parameters W,,W;,C, and C,,
if Y;, is known. With at least one noise figure and four noise power measure-
ments the noise parameters are calculable.

Another algorithm makes it possible to determine the noise parameters on
the basis of unpaired noise power measurements only. For this purpose, at
least five noise power measurements have to be performed for different source
admittances. For at least one of these measurements, the noise source has to
be operated in its hot state. For this method identical values of the source
admittance for the hot and cold state of the noise source are not necessary.

For the determination of the noise parameters according to the unpaired
method different ratios of the measured noise powers denoted by pn, n =
1... 4, for the u-th and v-th tuner position are considered. In this way, the
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dependence on the load admittance Y, and the power gain « or the factor m

can be eliminated: )
_ Ppru|Yin + Yy,

Pn = PLV!Y;n + Ygulz .

With the help of Eq. (3.83) the following linear relation as a function of the
unknown spectral noise parameters W,, W,, C,. and C; results:

(3.88)

4k(pnTguGgu - TguGgu) = ZCT(GQ# - pnGgu) + 2Ci(B9;L - pntu)
+ WU(IY;]/JP - pnlYguF) +W;(1-pn) .
(3.89)

At least one noise power measurement has to be performed with the noise
source operated at a hot temperature different from the ambient tempera-
ture Ty, so that a system of four linearly independent equations results. As
will be shown later, the optimum generator admittance Y,,; can already be
determined on the basis of cold noise power measurements only.

For this unpaired or cold method, the input admittance Y;, of the device
under test has to be known. It can be determined with the help of a network
analyzer. However, this additional measurement can lead to additional er-
rors. For example, reproducibility errors might arise because of the necessary
multiple connections and disconnections of the connectors.

Also for these methods it is advantageous to perform more than just the
minimum number of power measurements and to calculate the unknown noise
parameters on the basis of the least-squares method for over-determined linear
equations.

3.7.3 The 7-state-method

The 7-state-method allows to determine the noise parameters on the basis of
unpaired noise power measurements. The optimum generator admittance Y,
and the input admittance Y;, of the DUT can be calculated from cold noise
power measurements only. The measurement of the DUT’s input admittance
with a network analyzer is not necessary. The minimum noise figure F,;,
and the equivalent noise resistance R, can be determined on the basis of
cold noise power measurements only, except for the previously defined factor
m. In order to determine the unknown factor m, one further noise power
measurement with a hot noise source has to be performed.

The theory of the 7-state method is based on noise power measurements
according to Eq. (3.83). This relation can be rewritten as follows:

Py Yo+ Yin|? = m4kTy,Gop+ Wi+ Yo, *W,y, +2G,,,Cr +2B,,C,) , (3.90)
leading to

Su=Py - |Yyu + Yin|> = m4kT,, Gy + W, + |V, PW,, + 2G4, Cr + 2B,,C]
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= MYWF +2P,Gg Gin +2P,By, Bin + P, (Gf'n + Bzzn)
——— N N —rt ~—
au1 au2 au3 Qg
— 4kTop yGgum — 1 mW, — Yy, |* mW,

(Zu5 aus Wi aut Wu
— 2G,, m (2kT, + C,) - 2B, mC; (3.91)
——
aus Cr au9 Cz’

with the source temperature
Tgy=To+Tezy - (3.92)

For the different tuner positions u, a system of equations results, which
depends non-linearly on the input admittance Y;,, = G, +JBin at the input of
the DUT and linearly on the noise parameters and the factor m. The products
of the noise parameters and the factor m are substituted by normalized noise
parameters Wi, W, and C;, also called modified noise parameters. As the
real part of the cross spectrum C, and the part of the noise temperature at
ambient temperature, 4k7p, both depend on the real part of the source input
admittance, they are combined as C,. Thus, only the term a,5 in front of the
factor m depends on the excess noise temperature Tez ,.

The noise parameters, the input admittance and the factor m can be de-
termined on the basis of eight noise power measurements, where at least one
measurement has to be performed with a hot noise source temperature. In
order to enhance the measurement accuracy with the help of the least-squares
method a higher number of measurements is recommended. For the elimina-
tion of the non-linear dependence on the DUT’s input admittance, the sum S
of the squares of S, of Eq. (3.91)

S=>"5; (3.93)
u=1

is differentiated with respect to the seven unknown terms consisting of the four
normalized noise parameters, W17 Wu, C and C27 the real and the imaginary
part of the input admittance, G;, and B,,, and the factor m. This leads to a
set of seven equations:

a8

G = 2 Z S, - (a2 + 20,4Gin) = 0 (3.94)
a8

5B'Tn‘ = 2 Z S a;l-3 + 20/#43”7,) = 0 (395)
as !
- = 2 Z Sy aus =0 (3.96)
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oS - |
8W~_.i = -9 E SM CQue = 0 (397)
oS - y
W = -2 E—’ S, aur =0 (3.98)
o8 z )
- = -2 S, a,x=0 3.99
aC. élu u8 (3.99)
o8 i \
aC, Ezi " Yud ( )

which can be solved for the unknown parameters. This is demonstrated in
problem 3.12.

Problem

3.12 Derive a solution for the unknown parameter G;, with the help of
the least square error minimization of Egs. (3.94) to (3.100). Discuss the
possibility to determine G;, with the help of cold measurements only, i.e. with
the generator temperature 7., = 0.

As described in problem 3.12, eliminating B;, and solving for G, leads to
a polynomial of 8th degree with the coefficients h;, 1 =1,...,8,

hsGs, + heGl + heGS, + hsGS + hyGl, + haG2 + hoG? + 0 Gin+ho =0 |
(3.101)
which is unambiguously solvable numerically. The determination of G;, or By,
can either be performed on the basis of only cold, only hot or a combination of
both measurements. Using only cold noise power measurements with T,, , =
0 leads to ays = 0 in Eq. (3.91) and the unknown factor m can thus be
eliminated. Consequently, on the basis of cold noise power measurements,
it is possible to calculate G, and By, and the normalized noise parameters
W;, Wy, C, and C,. The spectral noise parameters are thus known, except for
the factor m. As the optimum generator admittance Y,,: only depends on
quotients of the spectral noise parameters, Y, is calculable using the results
of the cold noise measurements only:

Wi Wi

Gopt = W, B2, = W - B2, (3.102)
G C

Byt = —— ==, (3.103)
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For the determination of the factor m at least one hot noise power measure-
ment is necessary. For T, # 0 it follows a,5 # 0 in Eq. (3.91) and the factor
m can be calculated:

m=— [Py [V + Yinl® = 06 Wi = 0usWas ~ 0sCr — 0sCi| . (3.104)

aus

The 7-state-method has the advantage that an additional measurement of
the DUT’s input admittance with a network analyzer is not necessary. Re-
producibility errors due to multiple connections can thus be avoided. Fur-
thermore, nearly all unknowns, as e.g. the DUT input admittance and the
optimum generator admittance, can be determined on the basis of cold noise
power measurements. The so-called cold measurements, which are performed
at ambient temperature, help to reduce measurement uncertainties because
their noise temperature is well known by definition and is not influenced by
the state of the tuner. Figure 3.38 shows experimental results for the noise
parameters of a low noise high electron mobility transistor (HEMT) as an
active element.
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Fig. 3.38 Noise parameters of a high electron mobility transistor.
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3.8 DE-EMBEDDING OF THE NOISE PARAMETERS

In general, the weak noise signals of the device under test have to be ampli-
fied sufficiently, so that a noise power measurement becomes possible. As a
consequence, for the noise parameter measurement system in Fig. 3.36 only
the noise parameters of the cascade connection of the device under test and
the amplifier can be determined. The direct measurement of the DUT noise
parameters is not possible. For the correction of the measurement data, in
order to eliminate the influence of the preamplifier, a so-called de-embedding
has to be performed. The following correction procedure is based on a noise
correlation matrix description with chain matrices. For the equivalent circuit
of a two-port a correlation matrix representation is derived. For the input
and output currents and voltages we have:

U1 _ U2 Ud
[ JA } = [4d] { _L, } + { L | (3.105)
where [Ag4] represents the chain matrix of the two-port. The noise parameters
are defined by a noise correlation matrix [C4]:

[CA]{[IJ;H%T:{%MU; 1;]:{%‘1][2 %ﬁg} . (3.106)

where the dagger-sign (1) denotes the hermitian conjugate. The hermitian
conjugate is equal to the transposed complex conjugate matrix.
Ud Uk
= = 5
MR ; 7 N ?
d Iy amplifier

DUT
Ull (44 le ? [44]

@

Fig. 3.39 Noise equivalent circuit of the cascade connection of the device
under test and the preamplifier in the chain matrix representation.

Based on the equivalent circuits in Fig. 3.39 and Fig. 3.40 for the cas-
cade connection of the device under test and the preamplifier, the following
relations can be derived with a chain matrix description. With Eq. (3.105)

and
[ _Ufz } = [A] { _Uf’s } + [ (;: } : (3.107)

we get the following relation:

[({; }‘:[Ad][Ak}{_UIZ }HM{%}J{%} (3.108)
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Ug
L= : i3
} Iy DUT amplifier
U, 1 ? le Us
[Ad] [Ak]
© ] I E——

Fig. 3.40 Noise equivalent circuit of the device under test and the pream-
plifier in cascade connection with noise equivalent sources at the input of the
cascade connection.

for the noise equivalent circuit of Fig. 3.39. Further on, the noise equivalent
circuit in Fig. 3.40 is described by:

U U. U
{ I } = [Ad] [As] [ 1 } + [ I } : (3.109)
A comparison of the coefficients of Eq. (3.108) and Eq. (3.109) leads to
Uy | _ Uk Uq
glow(E(4] o

For the determination of the spectral noise parameters the noise correlation
matrix [Cy] is calculated for the setup in Fig. 3.40:

a[%][5]-[% ] 51-[5 ] o

Finally, from Eq. (3.110) and Eq. (3.111), a relation for the correlation ma-
trices [Cq] of the DUT and {Ck] of the preamplifier can be derived. We can
benefit from the fact that Uy, I; and Uy, I, are uncorrelated.

(2] = (a2 ][] (a5 [%])
{Ad]{({: HL{: T[&}W{%H%Y

W 4l
= [Ad4][Ci] [Ad)" +[Cd) . (3.112)

(Cy]

I

This equation can be solved for [Cy) so that the noise parameters of the device
under test are calculated as follows:

(Ca} = [Cy)] - [Ad] [Ck] [4d]" (3.113)
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if the noise parameters of the whole setup as well as the noise parameters of
the preamplifier and additionally the chain matrix of the DUT are known.
In order to perform a de-embedding of the DUT noise parameters, it is thus
necessary to perform noise measurements both with and without the DUT.

The noise parameters of a device under test are thus calculable. As de-
rived for this de-embedding procedure, a noise characterization of the setup
itself has to be performed first, leading to the noise parameters of the pre-
and postamplifier cascade of the measurement setup. Then, the DUT’s noise
parameters can be determined. The noise behavior of the measurement setup
will thus completely be characterized as part of the noise parameter determi-
nation.

3.9 ALTERNATIVE METHOD FOR THE DETERMINATION OF THE
NOISE TEMPERATURE OF A ONE-PORT

In addition to the calculation of the noise parameters of two-port networks, the
noise parameter measurement system can also be utilized for the measurement
of noise temperatures of one-ports as has already been discussed previously
on the basis of radiometers.

With the knowledge of the noise parameters W,, W;, C., C;, the input
impedance Y;, and the factor m of the measurement setup, the noise temper-
ature of a one-port device can be calculated, for example, via (Eq. 3.114). On
the basis of a noise power measurement

4kT,Gy + |Yy)* Wy + W, + 2G,C, + 2B,C;
P =m- 99 g g~r g~i ‘
L =m Y, Y (3.114)

the noise temperature can be determined by

1
T 4kG,

Y, + Yin|?
T, (PLI £ —~ nl” _ Y, *W,, — W, ~ 2G,C, - 2Bgci) . (3.115)
Contrary to the previously described radiometers, a decorrelation of the
preamplifier is not necessary for this method, because the noise behavior of the
amplifier is completely characterized and thus known, so that its contribution
is accounted for correctly in this solution.
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Noise of Diodes and
Transistors

Apart from thermal noise, shot noise is one of the fundamental noise phe-
nomena of electronic devices. Shot noise is closely related to the fact that the
current does not flow continuously but in small portions, due to the discrete
charge of the electrons. Furthermore, the transition of the electrons takes
place irregularly in time. A direct current is thus constant only as a time
average but not for short periods of time. Consequently, the direct current
is superimposed by a fluctuation current. The spectrum of the current fluc-
tuations of high-frequency devices can be constant up to high frequencies,
similar to the thermal noise. As described by the so-called Schottky-relation,
the spectrum depends on the value of the direct current. For example, pn-
diodes and Schottky-diodes show shot noise. Relating the shot noise for a
given direct current to the impedance of the diode allows one to introduce
an effective noise temperature for the pn- and Schottky-diodes, similar to the
temperature description for thermally noisy resistors. On the following pages
it will be shown that in most cases the thus defined noise temperature of
Schottky diodes is lower than that of thermally noisy resistors at the same
physical temperature.

With the PIN-diode a device will be presented, which has a noise temper-
ature nearly equal to the physical temperature.

Noise equivalent circuits of bipolar and field effect transistors can mostly
be based on thermal noise equivalent sources and on shot noise equivalent
sources. In addition, passive elements and controlled sources are needed for
the equivalent circuits. With the help of equivalent circuits, the devices can
be implemented in the circuitry of e.g. amplifiers, so that complete equiva-
lent circuits for small signal amplifiers can be found. On the basis of such

127
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noise equivalent circuits, the noise figure of amplifiers can be calculated and
compared with measurements.

4.1 SHOT NOISE

The current of electron tubes shows noise, because the transport of the elec-
trons is not a continuous process, but rather it relies on discrete charges. Noise
arises because the flow of the electrons, i.e. their number per unit time, is not
constant but is subject to statistical fluctuations. A fairly concise model is a
vacuum tube or, more specifically, a vacuum diode in the saturation region.
The entire current i(t) can be separated into a direct current Iy and an al-
ternating current igp(t). Let z denote the mean number of electrons per unit
time and g the elementary charge. Then, we can write

i(t) = Io + 1sn() (4.1)

with
Iy=z2-q. (4.2)

The time average of the alternating part of the current ig,(¢) is assumed to
be zero
isn(t) =0 . (4.3)

The alternating or noisy part i5;(t) of the current i(t) is assumed to be an
ergodic fluctuation phenomenon. This means that the time average and the
ensemble average are assumed to be equal.

A vacuum diode with a metal cathode generates a saturation current, if
it is operated at a high anode voltage. The saturated diode is also a fairly
concise model for a number of semiconductor devices, which show a similar
noise behavior. For the model of the saturated vacuum diode, the following
assumptions are valid to a large extent:

a) The electrons are emitted from the hot cathode statistically independent
from each other.

b) The path-time characteristic of the single electron in the region between
the cathode and the anode is independent of the presence of other elec-
trons, i.e. the influence of a space charge is neglected.

Furthermore, the following assumptions are made in order to simplify the
model:

¢) The electrons have no thermal initial speed at the cathode.
d) All electrons follow the same path versus time.

e) No secondary electrons are emitted at the anode.
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Each electron, which passes through the vacuum diode, induces a current
pulse of length 7 in the outer circuit. Here, 7 is the travel time of an electron
from the cathode to the anode.

The shape of the induced current pulse is equal for each electron according
to the assumptions made and it is described by a function £(¢). In principle,
&(t) can be calculated if the voltage of the anode and the geometry of the
vacuum diode are known. As will be seen, however, a detailed knowledge of
&(t) is not necessary. It is assumed that £(¢) is equal to zero at the starting
time of the electron. The electron starts its travel at ¥ = 0 and ends its travel
at ¥ = T

EW)=0 for <0 and 927 . (4.4)

Thus, the v-th current pulse, which starts at t,, has the following time char-
acteristic:

Ww(t)=q-&(t—t) . (4.5)

For some current pulses the time characteristic is shown in Fig. 4.1. Each

iv(t)

tl t2 t3 t1+T tQ"."T t3+7' t

Fig. 4.1 Time characteristic of the current pulse in the outer circuit.

electron transports the elementary charge ¢, so that a normalization condition
can be formulated for the single current pulse:

turT to+7
iw(t)dt = g-&(t—t,)dt =g (4.6)
Jon=]
ar -
/5(19) d9=1. (4.7)

0

The total current i(t) results from the superposition of the single current
pulses:

i(t) =ITo+isn(t) = q- Y E(t—t) . (4.8)
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Thus the direct current is given by

-

Iozz-/q-f(ﬁ)d0:q~z. (4.9)

0

Because of ig,(t) = 0, we get for the mean square values:
2(t) = IE + 42, () . (4.10)

In order to determine i2,(t), the variance of a statistically independent se-
quence of single pulses has to be calculated (the so-called Campbell theorem).

It will be the aim to determine the autocorrelation function of i(t). An
irregular pulse sequence p(t) (a so-called Poisson process), consisting of arbi-
trarily starting but equal and normalized single pulses £(¢ —t,.), is considered.
Let z - dt be the probability that an impulse lies within an infinitesimal time
interval dt. Here, z is constant and independent of the position of the time
interval. Furthermore, the pulses are assumed to be independent from each
other, i.e. the appearance of a pulse at a time ¢, has no influence on the
appearance of further pulses. Arbitrary pulse overlaps are allowed.

With the help of the Dirac or §-function, the single pulse can also be
represented by an integral form:

E(t—1t,) / E(t)-6(t—t, —t)dt . (4.11)

For the pulse sequence p(t), the following expression can be obtained if the
order of summation and integration is changed:

/ ()Y bt —t, —that

p(t)

/ €Y - z(t —t')dt' . (4.12)

Here, z(t) stands for an irregular sequence of §-pulses. For the autocorrelation
function p,(8) of p(t) the following expression results, where P(6) denotes the
autocorrelation function of a sequence of é-pulses:

pp(0) = //5 t"VE{x(t — tNx(t —t"" + 8)} dt' dt”

= //5 EX"Y- Pt —t" +0)dt’ dt” . (4.13)
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The autocorrelation function of an irregular pulse sequence is thus expressed
by the autocorrelation function of an irregular sequence of Dirac pulses. As
can be anticipated and as will be shown in problem 4.1, the autocorrelation
function P(#) of an irregular sequence of Dirac impulses is again a Dirac

function.
P6)=2z-6(8)+2% . (4.14)

The term z? on the right-hand side of Eq. (4.14) results from the constant
term of E{z(¢)}. For the term E{p(t)} we have:

E{p(t)} / §(t) - Bla(t - )} dt

—Oo+oo
= z /f(t)dtzz. (4.15)

Considering only the fluctuating part Pss(8) of the autocorrelation function,
we observe that this part consists of a pure Dirac function without constant
terms:

Psn(0) = E{(z(t) - E{z())})(z(t + 6) — E{z(t)})}
= P -z22=2 4(6) . (4.16)

Problem

4.1 Derive Egs. (4.14) and (4.186).

With the result of Eq. (4.14), i.e. the autocorrelation function for an ir-
regular sequence of Dirac pulses, Eq. (4.13) can be evaluated. The result
is

pp(8) =z - / E(t)-E(t+8)dt + 2% . (4.17)

This relation is called Campbell’s theorem. The power spectrum W), of the
irregular pulse sequence is obtained as the Fourier transform of the autocor-
relation function p,(6). The Fourier transform of the single pulse £(¢) is

+0oo
S(f) = /g(t)e*ﬂﬂftdt . (4.18)

The power spectrum W), of this so-called Poisson process can thus be deter-
mined immediately, because the Fourier transform of the convolution integral
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in Eq. (4.17) is just |S(f)|?. Hence we have:
“+oo

Wol$) = [ @7 0dg =5 S(P =50 (419)

- o0

The frequency characteristic is solely determined by the shape of the single
pulse. The spectrum becomes broader with shorter pulses. The term 22 §(f)
in Eq. (4.19) describes the constant part and the term z - |S(f)|? represents
the fluctuation part or the noise spectrum of the irregular pulse sequence,
respectively.

For a Poisson process the shape of the autocorrelation function or the power
spectrum is entirely determined by the shape of the single pulse. The pulse
density enters as a multiplying factor only. It is of no relevance whether there
are overlapping pulses or not. In contrast, the amplitude distribution of the
stochastic signals depends on the probability of pulse overlapping. Assuming
that the single pulses have a rectangular shape with a rate that overlapping
appears very rarely, then the amplitude distribution will have two values only,
namely the two distinct values of the rectangular signals. For strong pulse
overlapping it follows from the central limit theorem that the amplitude distri-
bution can be approximated by a Gaussian distribution, independently of the
shape of the single pulses. For the shot noise the case of an intense overlap-
ping is practically always given. As a consequence, it can be assumed that the
amplitude distribution is a Gaussian distribution. However, for the shape of
the power spectrum the assumption of strong overlapping of the single pulses
is without relevance, as has already been discussed. With the fluctuation part

psh(t) = p(t) — E{p(t)}

and

2p(t) = ¢° - p(t) (4.20)
Equation (4.19) yields the one-sided power spectrum Wy, of the current fluc-
tuations, i.e. the spectrum of the shot noise:

Wep=2-¢*-2-[S(f)F=2-¢-To-|S(A)* . (4.21)

The frequency dependence of the noise is determined by the form of the single
pulse and its spectrum |[S(f)[2.

For the region of low frequencies, i.e. frequencies f that are small compared
to the reciprocal time length 7 of the pulses, i.e.

frt, (4.22)

the noise can be calculated without knowledge of the particular pulse shape.
For this case we have:
2

S(HIE = / £(0)e=9 275 6 4g
0
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2

~ /E(O)dé =1 for f-6=0. (4.23)
0

The low-frequency part of the noise spectrum Wy, is thus independent of the
pulse form and entirely determined by the direct current Iy:

W =2¢Io . (4.24)

This so-called Schottky relation is of great practical relevance, because it can
be applied to a multitude of devices. Especially for very fast semiconductor
devices, the Schottky relation is valid up to very high frequencies. The spec-
trum |S(f)}|? only weakly depends on the pulse shape. Typically, it shows a
characteristic similar to a si® function as shown in Fig. 4.2.

IS(H)I2
1_

Fig. 4.2 Typical characteristic of the pulse spectrum.

4.2 SHOT NOISE OF SCHOTTKY DIODES

In the following section, metal-semiconductor junctions, so-called Schottky-
diodes, will be considered. Because these diodes are based on an effect of
majority carriers, they are fast enough that the Schottky relation in its fre-
quency independent form is valid up to very high frequencies (e.g. =~ 100
GHz). First, a Schottky diode without bulk resistance is considered. The
following relation holds between the current I and the voltage U:

I=1,- <exp (%) - 1) . (4.25)

In Eq. (4.25) I, is the so-called saturation current, T is the physical tempera-
ture of the depletion layer and 71 is an empirical so-called ideality factor, which
describes a deviation from the ideal exponential behavior. Typical values are
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n = 1.02...1.3. The current I, for the bias voltage Uy can be considered to
be composed of a current in the forward direction Iy and a current I, in the
reverse direction. The current in the forward direction consists of an elec-
tron current from the conduction band of the semiconductor to the metal.
With increasing bias voltage this electron current finds a decreasing potential
barrier from the semiconductor to the metal. The current in the reverse direc-
tion consists of an electron current from the metal to the semiconductor. In
this case, the electrons have to surmount a nearly constant potential barrier
from the metal to the semiconductor. For reverse voltages, the barrier from
the semiconductor to the metal increases rapidly, so that the current in the
forward direction becomes so small that it can be neglected. The current in
the reverse direction, that is the electron current from the metal to the semi-
conductor, remains nearly constant. Therefore, the saturation current I is
approximately equal to the reverse current I, i.e.

I, =1, and Ip=1Iy+ 1 . (4.26)

Without a bias voltage the magnitudes of the currents in the forward and
reverse directions are equal. For the current in the forward direction as well
as for the current in the reverse direction similar assumptions apply as for
the vacuum diode, which led to the derivation of the Schottky relation. As
long as the charge carriers move in regions with relatively large numbers of
fixed charges, the interaction of the mobile charge carriers will remain small.
Therefore, both the current in the forward direction as well as the current in
the reverse direction show shot noise, which is uncorrelated from each other.
For the corresponding noise spectra of the forward current, W¢, the reverse
current, W,., and the total current, W,,, the following relations apply:

Wf = 2Q(IO + Iss)
W, = 2qu5
Wis = 2q(lo + 21s) (4'27)

As long as the transit time and the life time of the carriers can be neglected,
that is up to frequencies in the mm-wave region, the small signal conductance
G, of the Schottky diode is given by:

N dI] _ q q-U0>
G =, = aar’ o (57
q
= Is) . 4.28
(o + L) (4.28)

With the small signal conductance G, as the source conductance and the
noise spectrum W;s of an ideal current source a noise equivalent circuit of
a Schottky diode can be specified (Fig. 4.3). The noise equivalent circuit
according to Fig. 4.3 can be extended by a thermally noisy bulk resistance
Ry with the temperature 7' (Fig. 4.4). With the source conductance G the
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L 4 O

f

G, ? Wis = 2g(Io + 2155)
O

Fig. 4.3 Noise equivalent circuit of a Schottky diode without bulk resis-
tance.

Ry Wy = 4kTRy
/AR
B s v

Gs Wis

O

Fig. 4.4 Noise equivalent circuit of a Schottky diode with bulk resistance

shot noise of a Schottky diode can be described by an effective temperature,
similar to the thermal noise. This temperature will be named the effective
temperature T, . According to Eq. (4.28) the spectrum of the shot noise W;,
can be represented by the small signal conductance G;. Thus

Wi = 27kT -Gy +2- ¢ s (4.29)

As for the thermal noise, the effective temperature is defined by the following
equation:

Wi =4k -Tp- Gy (4.30)
from which T,f can be determined:
1 1 I
Tg=za-T+-ia-T  —2— . :
ef = 57 +2n T Tl (4.31)

In practice, the second term on the right side of Eq. (4.31) is negligible for
an operating point in the conduction region with Iy > Iss. Consequently,
the interesting result can be obtained that a Schottky diode with a negligible
bulk or series resistance behaves like a thermally noisy impedance with the
temperature 7 - T/2. The available noise power P,, in the bandwidth Af is
independent of the frequency and equal to

1
Poy = 5 kT Af . (4.32)

Here, T is the thermodynamic or physical temperature of the junction of the
Schottky diode.
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For thermodynamic equilibrium, i.e. Iy = 0, the effective temperature is
expected to be equal to the ambient temperature with T,y = 7. In Eq. (4.31)
this is true for 7 = 1, however, it does not apply for 7i > 1. This is a hint of
the heuristic approach when introducing the ideality factor 7.

Figure 4.5 shows the effective noise temperature of a Schottky diode as a
function of the bias current in forward direction. In problem 4.2 it is shown
that this characteristic can be described quite well by a model as depicted in
Fig. 4.4 with one noise source for the shot noise and another for the thermal
noise of the bulk resistor Ry .

Tef f
T

0.8

0.7

0.6 -

0.5 T ] T T 7 "\
0 04 08 12 16 o/ m

Fig. 4.5 Effective noise temperature of a Schottky diode as a function of
the bias current.

Problem

4.2 Calculate the effective temperature Tes of a commercial Schottky diode
with Ry = 9.8Q2, 71=1.2 and I,; = 8 nA according to the model in Fig. 4.4.

As can be deduced from Fig. 4.5, with Schottky diodes it is possible to
realize un-cooled noise generators with noise temperatures below room tem-
perature.

At low frequencies, for example below 1 MHz, additional noise mechanisms
might appear for instance as flicker or 1/ f-noise and recombination noise. Asa
consequence, the effective temperature can increase even above Tp. Generally,
the flicker noise is more distinct for gallium arsenide (GaAs) diodes than for
silicon (Si) devices.

A considerably increased noise level can be observed if the reverse voltage
is increased into the region of the breakdown. This so-called avalanche noise is
virtually independent of frequency, similar to the shot noise and the thermal
noise.
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4.3 SHOT NOISE OF PN-DIODES

The current I of a pn-junction can be assumed to be composed of four parts:

First, a current of the majority carriers, which pass through the depletion
region and become minority carriers in the adjacent diffusion region, where
they recombine. The current of the majority carriers can consist of a current
of holes, I¢, as well as a current of electrons, I,;. For an unsymmetrical
pn-junction one carrier type will dominate.

Second, a current of minority carriers, which pass through the depletion
region and recombine in the adjacent diffusion regions. The currents are Ip,
and I,,, respectively.

For each of these four partial currents a situation known from the vacuum
diode applies: The transition of the carriers through the depletion region is
subject to statistical fluctuations. An interaction of the carriers rarely occurs,
because in the depletion region the density of the mobile charge carriers gener-
ally is much smaller than the density of the fixed ionized acceptors or donors.
The adjacent p— and n—regions are electrically neutral. Consequently, the
four listed currents generate shot noise contributions, which are uncorrelated.
The corresponding shot noise spectra are:

Wip = 2¢- (|Ips] + ng]) = 2q(I + Iss)
Wir = 2q'(upri+i1nr‘)=2Q'lss
Wis = Wip +Wir =2¢( +2Ls) . (4.33)

The saturation I, current in the reverse direction usually is very small. The
shot noise spectra thus possess the same spectral form as observed for the
Schottky diode. The equations (4.25) and (4.29) are also valid. However,
pn-junctions show, even at moderate frequencies, for example a few 100 MHz,
a noticeable deviation of the small signal conductance G(f) from the low
frequency value.

Under certain restricting conditions, the shot noise spectrum can be de-
scribed empirically but in accordance with the experiment as follows:

W, = 4kT - Re{G(f) — Gen} + 2¢(Ip + 21s) . (4.34)

It is thus assumed that the part of the conductance G(f), which differs from
the low-frequency conductance Gep, i.e. G(f) — Gen, generates thermal noise.
Consequently, the effective noise temperature increases.

4.4 NOISE OF PIN DIODES

A PIN diode made of silicon consists of the series connection of a p-zone, an
intrinsic ¢-zone and a n-zone (Fig. 4.6). If the PIN-diode is biased in forward
direction, then holes and electrons from the p- and n-regions are injected into
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Fig. 4.6 PIN-structure in the forward conduction state.

the i-zone. Temporarily, they are stored in the i-zone until they contribute to
a current due to recombination. However, part of the recombination also takes
place in the boundary regions and the contacts. Neglecting the recombination
in the bulk regions, then in principle, the current at the pi-junction consists
of holes, which are injected into the i-zone. This current I is equal to the
total charge @, of all holes divided by their life time 7.

Qp _ap A w
Tp Tp .

Iy = (4.35)
Here, A; is the area, ¢ is the elementary charge, p is the mean density of the
charge carriers in the i-zone and w; is the width of the i-zone. A corresponding
term can be written for the in-junction.

Qn g n-A-w
Tn Tn '

Iy = (4.36)
Both types of charge carriers in the i-zone are in a charge equilibrium, i.e. the
resulting space charge is zero. Furthermore, it is assumed that the i-zone
is free of fixed space charges. Because the holes and the electrons mainly
recombine with one another in the ¢-zone, we have

nNp, TpRT,=Ti . (4.37)

The high-frequency resistance R; of the i-zone can approximately be calcu-
lated via the specific conductivity o;. If pp is the mobility of the holes, u, the
mobility of the electrons in the i-zone and p; their mean value, (up + un)/2,
we get

oi=q (Up P+ pn-n)=2qu p . (4.38)
The high-frequency resistance R; of the i-zone is thus given by
; 2 2
. i Yi (4.39)

oi A 2quip-Avw 2l
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The higher the current, the more mobile charge carriers will be in the i-zone
and the lower the high frequency resistance will be. In order to realize small
high-frequency resistances, the width w; should be small and the life time 7;
should be large. The total resistance of the adjacent bulk regions also should
be as small as possible.

The minority carriers stored in the bulk regions cause diffusion capaci-
tances. For alternating signals these capacitances can be assumed to be
connected in series to the resistance of the i-zone. Beyond some kHz the
impedance of the diffusion capacitances becomes so small that it can be ne-
glected compared with the bulk resistance Ry and the resistance of the i-zone

R;.

i
i

(2

Fig. 4.7 Equivalent circuit of a PIN-diode for alternating signals.

For a reverse biased PIN-junction, a small and virtually voltage indepen-
dent depletion capacitance C; arises, which is determined by the width w;
of the i-zone, its area A;, and its dielectric constant €¢;. Fig. 4.7 shows an
equivalent circuit which applies for high-frequency signals. The PIN-diode is
highly resistive under reverse bias and of low resistance in forward direction.
The resistance can be controlled by the current and is proportional to 1/I
(Eq. 4.39). For a sufficiently high current I the resistance R; becomes small
compared with the bulk resistance Ry.

PIN-diodes can thus be used as electronically controlled high-frequency
switches or as continuously controlled high-frequency resistances or as atten-
uators.

Due to the equilibrium of the space charges in the i-zone it is expected
that the high-frequency resistance R; of the i-zone shows thermal noise. This
means that it is thermally noisy with the physical temperature of the i-zone.
This can be confirmed fairly well by the experiment. Figure 4.8 shows the
effective noise temperature of a PIN-diode as a function of the control current.
Within the measurement accuracy the effective noise temperature is equal to
the physical temperature T". This is caused by the fact that the bulk resistance
and the i-zone show the same noise temperature. Thus, the temperature
partition between the bulk resistance and the PIN junction does not change
as a function of the bias current Jp. This is a different situation compared
with the Schottky diode in Fig. 4.5.
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Fig. 4.8 Effective noise temperature of a PIN-diode as a function of the
bias current Zo.

4.5 NOISE EQUIVALENT CIRCUITS OF BIPOLAR TRANSISTORS

In the following, a pnp-transistor will be considered, the basic structure of
which is shown in Fig. 4.9. It is assumed that the operating frequency is so
high that low-frequency noise effects as flicker noise or recombination noise are
negligible. The basic remaining noise mechanisms are shot noise and thermal
noise. Some of the symbols used in the following section are given first:

I, I, I, direct current of the emitter, base or collector node

I, emitter saturation current

I.. collector saturation current

W¢ noise spectrum of the emitter-base junction

W¢ noise spectrum of the collector-base junction

Geo small signal conductance of the emitter-base junction

Uep emitter-base direct voltage

Qg direct current gain

Wge cross spectrum of the emitter and collector noise currents
Ry base bulk resistance

Ie, 1% I emitter, base, collector noise currents in a symbolic
oriented arrow notation
Ie, 1% I¢  signal currents of emitter, base and collector

The emitter-base junction is a forward biased pn-junction, which shows
shot noise according to the Schottky-relation. Furthermore, I, is the emitter

current and I, is the emitter saturation current. For the shot noise spectrum
W¢, Eq. (4.27) yields

W§ = 2q(Ie + Iee) +2q - Iee = 2¢(Ie + 2 Iee) = '1512 . (4.40)

In the usual way, the noise spectrum W¢ is set equivalent to the magnitude
squared of the corresponding oriented arrow, |I¢|%. Note that the dimension of
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P

Fig. 4.9 Schematic setup of a pnp-transistor.

the symbolic oriented arrow I€ - or corresponding arrows - does not necessarily
belong to a current. However, for the case of a current the dimension of W§
is equal to A% - s and thus the dimension of I¢ is equal to A - Ve,

The index i indicates that W¢ = |I¢|? represents a noise current source,
which is connected in parallel with the conductance Gy in the equivalent
circuit of Fig. 4.10. The spectrum W can as well be expressed with the help
of the small signal conductance Ggg of the emitter base junction. With

I, =1, (exp (qk(;fb> - 1)

and dl. U,
e q qUeh q
= = —— . = — e 4
Geo U, T Iee - exp < LT ) kT ([e + 1. ) (4 1)
we have
W; = 2q(l.+ 2 Ie) =4kT Gep — 29 - I,
2kT - Goo for L.k 1, . (4.42)

The forward current of the emitter-base junction proceeds to the base-collector
junction except for some minor recombination losses. This is described by the
current gain ag. Thus, the term ag(le + Iee) is the main part of the collector
current. A small additional part is given by the collector reverse current
(saturation current) I... The collector current is thus given by

—Io=oap(le + Lee) + Ie - (4.43)

The minus sign for I, results from the current direction defined in Fig. 4.9.
Both parts of the collector current consist of minority carriers (here holes).
For this reason, the spectrum is calculated as

W¢ = 2¢|I.| = 2q00(Ie + Iee) + 2q1.. = |I¢)? . (4.44)

The noise currents I and I¢ are strongly correlated. It can be anticipated
that the cross-spectrum
Wee = (I%)" . I¢ (4.45)
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Fig. 4.10 Noise equivalent circuit of a bipolar transistor with correlated
noise sources.

is proportional to the power spectrum of the noise of the common forward
current

517 = 2q(L + L) . (4.46)

Thus the cross-spectrum is given by

Wi = —(I§)* o If = —ag|I§|?
= —0p2q(Ie + Ice) = =2kT - a0 - Geo - (4.47)

The minus sign follows from the definition of the direction of I,. In Fig. 4.10
the thermal noise of the bulk resistance Ry of the base zone is taken into
account by a voltage source. The bulk resistances of the emitter and collector
zone are neglected.

A drawback of the equivalent circuit in Fig. 4.10 is that the noise sources are
largely correlated. In this respect, the equivalent circuit in Fig. 4.11 is more
convenient, where two noise current sources with ag - I¢ and I¢ are combined
into one, i.e. I®. Furthermore, the noise current source /¢ is converted into a
noise voltage source U®. The following relation results for the spectrum:

1

WE = |U¢? = 2kT -
£ = U o

= 2kT - Reo . (4.48)

Furthermore, the spectrum W¢ can be derived by means of the equations
(4.42), (4.44) and (4.47):

We = 192 = (aol® + 19" (ap]® + I°)
= aflI*® + [I°[ + 200 - Re{(I*)" - I}
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Fig. 4.11 Noise equivalent circuit of a bipolar transistor with uncorrelated
noise sources.

= 02(4kT - Geo — 2qI.) + 2q|Ic| — 40l - kT - Geo

= 2q(|I] - af - L) = 2q - oo(Ie + Lee) + 2q1cc — 29 F - I

= 2900 (1 —ag)(Ie + Iee) + 2(](0‘8]&5 + Iee)

= 2kT -Gy ap(l —ag) +2q(a2 - Ie + Ic) . (4.49)

Finally, the cross-spectrum W2$ becomes:

]_ *
Wfﬁ = <GEO~IE> '(CYO'IE"FIC)
1 1
= op—  WE4+ —  WE
° GeO GeO
= o ——(4kT - Cuo — 2q- Io — 2kT - Gug) . (4.50)
el

With the approximation of Eq. (4.42) one can find that WE? is approximately
Zero:

Wee 0 (4.51)

The equivalent circuit of Fig. 4.11 thus has the convenient characteristic,
that the three equivalent noise sources are uncorrelated. With the help of
noise equivalent circuits such as the one of Fig. 4.11, for example, the noise
figure of a small signal amplifier can be calculated. Figure 4.12 shows a
common emitter circuit. For simplification, the small conductance Y,y has
been neglected.
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Fig. 4.12 Small signal amplifier as a common emitter circuit with equivalent
noise sources.

As will be shown in problem 4.3, the following solution results from a small
signal noise calculation:

Ry Re | (Rg+ Rp+ Reg)?
F = 1+
"R, 2R, T 2 Ry R,

2] I
. (ao(l ~ag) + Olee T Lee Cc)

T (4.52)

Problems

4.3 Determine for the equivalent circuit in Fig. 4.12 the noise figure as
well as the optimum noise figure. Calculate the minimum noise figure for
Reo=15Q, R, =409, ag = 0.98 and (@2lee + Ie)/(Ie + Iee) = 1072,

4.4 Calculate with the same data as in problem 4.3 and with the noise
equivalent circuit of Fig. 4.11 the noise figure and the optimum noise figure
for a small signal amplifier in common base configuration.

For high frequencies, the transit time of the carriers in the pn-junction as
well as in the base zone have to be taken into account. All parameters will,
in general, be frequency dependent and complex. The conductance of the
emitter-base junction, Y¢(f), split into a real and an imaginary part, G, and
B., can be written as

Ye(f) = Ge(f) +jBe(f) = Ze(f)

and
Y. =Y.(f) . (4.53)
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According to Eq. (4.34), it is assumed that the part deviating from G.g, that
is G¢(f) — Geo, shows thermal noise. For the spectra of the noise equivalent
circuit in Fig. 4.10 we get:

WE(f) = (I9)" I°=4kT - Ge(f) —2q- L
Wi(f) = %) 1°=2q ||
Wie(f) = (I9)"-I°=-2kT - o(f)  Ye(f) (4.54)
For the current gain with the cut-off frequency f, we have:
alf) =777 Ty (4.55)

Finally, the frequency dependent spectra for the noise equivalent circuit in
Fig. 4.11 can be determined.
The spectrum for the noise voltage U® can be written as

WE(f) = (4KT - Ge(f) = 2¢- L) - |Z())* . (4.56)
The spectrum of I%, that is W2, can be derived from the equivalent circuit in
Fig. 4.12 with the parallel connection of - I¢ and I¢ and with W§, W{ and
Wee from Eq. (4.54).
W) = (al®+ 19" (ad®+1I°)
= |aPWE(f) + Wi + a(WE(£)" + a"Wie(f)
laf*(4kT - Ge(f) = 2q - L) +2q- |Ie| — |o|*2kT - 2 Re{Ye(f)}

= 2(|I|~laf* - L) . (4.57)
With the result for |I,| of Eq. (4.43) we get:
W) = 2g(aole + Lee) + Lec = |f’ L)
= 2gL(ao — |l f)*) + 2q(aolee + Lec) - (4.58)

The last equation still missing is the cross-spectrum WE? between the noise
voltage U¢ and the noise current 1%

Wa(f) = (IF-Z)" (al®*+ 1) = 2] -a- W7+ 27 W*
= alf)- Z;(4kT - Ge(f) — 2¢ - Lo = 2KT - Ge(f)
— 2KT - jB.(f))
= off)- Z:(f) - (kT -Y2(f) - 2¢- L) (4.59)

Thus frequency-dependent spectra for the noise equivalent circuit according
to Fig. 4.11 have also been derived.

However, it should be noted that such equivalent circuits can offer an em-
pirical approximation only. A refinement of the model should as well consider
parasitic circuit elements of the transistor case and the connection of the
transistor to the case.

However, the linear parasitic circuit elements can also be combined with
the external linear circuitry of the transistor. A further approximation of the
models discussed is the neglected feedback of the output to the input.
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4.6 NOISE OF FIELD EFFECT TRANSISTORS

4.6.1 Static characteristics and small signal behavior

Field effect transistors (FETSs) of different types are utilized in numerous
high frequency circuits. Although amplifiers are the main field of application,
FETs are also suited for the realization of oscillators, mixers, switches and
other circuits. Field effect transistors made of gallium arsenide with Schottky-
type gates (GaAs-MEtal Semiconductor FET, GaAs-MESFET) can be used
at frequencies up to the mm-wave range (> 100 GHz).

The analysis of the noise behavior of FETs is closely related to the principle
of operation of the device. Therefore, we will start with a description of the
static and small signal behavior of the FET. Due to its dominant role in
RF-applications, only the junction FET will be considered.

Figure 4.13 shows the basic structure of a junction FET. On a substrate

source gate drain

LTINS SRR,

n-doped layer

substrate

Fig. 4.18 Principal setup of an n-channel-junction field effect transistor.

there is an active semiconductor layer, which in most high frequency tran-
sistors is n-doped. In this layer a current flows from the drain to the source
contact. The gate contact and the n-conducting channel form a junction,
i.e. either a pn-junction (Junction Field Effect Transistor, JFET) or a Schot-
tky junction (MESFET). Via the gate potential the current flow between the
drain and source can be controlled.

A detailed analysis will be restricted to the inner FET, i.e. the region below
the gate contact. Figure 4.14 shows a cross-section view of the inner FET,
the dimensions of which are specified by the length ! and width a of the gate
and the thickness d of the active layer.

A quantitative relation between the drain current I; as a function of the
gate-source voltage U, and the drain-source voltage Uy was first given by
Shockley in 1952, The theory of Shockley is based on two assumptions. With
the so called gradual channel approximation it is assumed that the width
w(z) of the space charge region smoothly changes along the channel and,
therefore, the electrical field E approximately has a y-component only in the
space charge region and a z-component only within the conducting channel
(see Fig. 4.14). Furthermore, an ohmic behavior is assumed in the channel,
i.e. proportionality between the current density and the electric field. This
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Fig. 4.14 Cross-section of the inner FET.

means that the mobility u of the electrons is assumed to be constant. In
particular, this latter assumption is not really valid for gallium arsenide and
related compound FETs. A number of models have been developed to take
into account the dependence of the carrier mobility on the electric field. How-
ever, these models will not be discussed here, because a simple analytical noise
theory for the FET so far only exists for the Shockley model.

Using the assumptions of the Shockley model, the drain current is given
by the expression

Iy = —quNpa(d - w(z))E:(z) , (4.60)

with g as the elementary charge and Np as the doping density. The electrical
field E, in z-direction and the depletion layer width w depend on the voltage
U(z) in the channel:

E.(z) = —diix), (4.61)
2¢0€,
we) = |2 Uy~ U, + Ule)) (462)

with €y as the vacuum permittivity and ¢, as the relative dielectric constant
of the semiconductor material. The quantity Upy is the so-called diffusion
voltage or built-in barrier potential of the gate contact.
With the definitions of the pinch-off voltage
_ gNpd?

Ups = .
pt 26057, (4 63)

and the normalized voltage V(z) according to

_ UDf—Ug+U(2?)
= Upi

V(z) (4.64)

the depletion layer width and the drain current may be expressed as

w(z) = dv/V(x), (4.65)
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dv
Is = quNp adUm-(l —-+vVix)) d(zm) (4.66)
The solution of the differential equation Eq. (4.66) is
Iy = G Upi F1(Vy) . (4.67)
Here,
ad
Gen = quNp—- (4.68)

l

is the conductance of the channel for vanishing depletion layer (w(z) = 0)
and the function Fj is defined by

Fl(V)=V(1—§\/17> —Vg<1—§\/@) . (4.69)

The quantities V; and V; are the normalized voltages at both ends of the
conducting channel:

V, = V(z=0)= g—DlU_—Ug , (4.70)
pi
v, = V(z=z)=Ui:Uy_giﬂ. (4.71)
pi

For a constant gate voltage U, the drain current I; increases with an increasing
drain voltage Uy until Uy is equal to the saturation value

Udsat = Upi - UDf + Ug . (472)

For Uy = Ugse: we have V(1) = 1 and therefore w(l) = d. At the drain side
end of the channel the depletion layer extends across the total thickness d of
the active layer. In the simple Shockley model, it is assumed that a further
increase of the drain current is not possible and that for Uy > Ugsqe: the
current /4 remains at the saturation value:

]dsat = Id(Udsat) = GchUpi Fl(l) . (473>

The drain current Iy can be controlled by the gate voltage Uy, The drain
current decreases if Uy becomes more negative. For Uy = Up; — Uy, the drain
current is zero, i.e. I; = 0, independent of the drain voltage. In this case,
the transistor is completely switched off. For U; = Upy the maximum drain
current Iy = GopUpi/3 is obtained. Then, w(0) = 0 and a further increase of
the gate voltage will cause significant current flow across the gate. Usually,
this state is avoided by a proper choice of the bias voltages and the signal
amplitudes.

As an example, the Fig. 4.15 shows the typical I-V characteristics of a
field effect transistor. The range with Uy < Ugge: is called the linear or
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ohmic region. The range of the characteristics with Ug > Ugsa: is called the
saturation region. For an amplifier, the bias points are always chosen within
the saturation region.

For silicon devices the characteristics calculated with the Shockley model
show quite good agreement with measurements. However, a slight devia-
tion from the model may be observed in the saturation region, because the
drain current still increases somewhat with increasing drain-source voltage.
Although the characteristics of GaAs devices are qualitatively similar to the
curves in Fig. 4.15, a precise quantitative calculation is not possible with the
Shockley model.

A -
I; Tohmic |
. !
region

saturation region

10,

»
»

Ug

Fig. 4.15 I-V characteristics of a field effect transistor.

source

Fig. 4.16 Small signal equivalent circuit of the inner FET.

If we superimpose small signal voltages uy, and ug on the bias voltages
Uy and Uy, then the behavior of the inner FET for the small signals can be
described by the equivalent circuit of Fig. 4.16. The transconductance g,, and
the output conductance gy are obtained as partial derivatives of Eq. (4.67):

0l

gm = Gy = Gen (\/—‘/Td— \/Vg> : (4.74)

92 = Fg. = Cen (1 - \/‘7;) . (4.75)
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In a similar way, the gate-source capacitance C, and the drain-gate capaci-
tance Cy are derived from the charge Q) on the gate contact:

_ A P(Va)
Qg =—Qo F(Vy) (4.76)
with
Qo =¢Npadl (4.77)

and the function
2 1 2 1
FQ(V)=V<§VV—§V) —Vg<§\/Vg—§Vg> . (478)

Via the partial derivatives of Eq. (4.76) with respect to Uy and Uy we get the
gate and drain capacitances:

_ 1=V, [Ry(Vy)
O = 2% Fy {Fl(vdfm} ! (+79)
e AL RV
Cy = 2C, O [\/17 Fl(Vd)} , (4.80)
with
Co-_—€06r%l: 2%(; . (4.81)

All elements of the equivalent circuit are functions of the voltages U, and Uy .
Of particular interest are the values for Uy = Uysqe, 1.e. along the boundary
of the saturation region. As for the drain current, one can also assume for
the quantities g, g4, Cg and Cy, that their values are not changed essentially
by a further increase of the drain voltage. Setting V; = 1 in equations (4.74),
(4.75) and (4.79), (4.80) yields:

gmUasat) = Gen(l = /) , (4.82)
9d(Uisat) = 0, (4.83)
B 1-/V, [Fx(1)
CoUin) = 200z | O = VT
_ 1+,
= 300(1”_\/‘_/;)2, (4.84)
Ci(Ugsar) = 0. (4.85)

Thus, for an operating point in the saturation region, the small signal equiva-
lent circuit of the inner FET is approximately reduced to the capacitance C,
at the input and a voltage controlled current source with the transconductance
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gm- The ratio of both values is defined as the transit or cut-off frequency wy,
of the transistor: g
m
W = = . 4.86
tr Cg ( )
At the angular frequency wy, the current gain of the inner FET has decreased
to one.

4.6.2 Thermal noise of the inner FET

According to the Shockley model, within the channel the current density and
the electric field are proportional to each other, i.e. they follow Ohm’s law.
Therefore, thermal noise will be generated in the channel. But since the chan-
nel does not have constant cross section dimensions due to the active behavior
of the FET, the relationship between the inherent physical noise sources and
the resulting equivalent noise sources referred to the outer terminals is rather
complicated.

With respect to its small signal properties, the transistor can be regarded
as a linear two-port. Therefore, the usual two-port equivalent circuits with
two noise sources can also be applied to the field effect transistor. For a fixed
operating point the noise properties are completely described by the spectra
and cross-spectra of these two noise sources. Often a model with two current
noise sources as shown in Fig. 4.17 is chosen for the FET.

noiseless

ig inner FET }@ d

5 it ——C

Fig. 4.17 Noise equivalent circuit of the inner FET.

We will proceed with the description of a general method to calculate the
equivalent short circuit noise currents 14 and iy with the help of the Shockley
relations. This calculation is based on the so-called two-transistor model. In
this approach an infinitesimal channel section of length dzx at a distance z from
the source is considered, as depicted in Fig. 4.18a. The thermal noise of this
channel section induces noise currents dig and dig in the external short circuit.
For their calculation, the transistor is separated into two noise-free transistors
with gate lengths z and | — z, respectively. As shown in Fig. 4.18b, the noise
of the infinitesimal channel section is described by a noise voltage source du
at the interface between the two sub-transistors. If for each sub-transistor an
equivalent circuit as shown in Fig. 4.16 is assumed, then the spectra dWg, dWy
and dWy, of the currents digy and diy can be calculated from the spectrum
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Fig. 4.18 Calculation of the FET noise with the two-transistor model.

dW, of the noise voltage source. The spectra W, Wy and the cross-spectrum
Wyq of the complete noise currents i, and iy are obtained by an integration
over the noise contributions of all infinitesimal channel sections. For this
integration, the assumption is made that the noise voltages du from different
positions x in the channel are uncorrelated.

The values of the equivalent circuit elements of both sub-transistors depend
on the position 2 of the interface. Eqgs. (4.74), (4.75) and (4.79), (4.80) can
be applied, if the different geometries and voltages of the sub-transistors are
correctly accounted for. With V as the normalized voltage at the position z,
we obtain for the source-sided sub-transistor:

g = Gor (Vi@ -VT;) . (.87

g = Gar (1-V7E) . (4.88)
B z 1-/Vy [ FB(V(z))

cn = 2007 pey (B V%) (489
2 = V@ (e V()

For the drain-sided sub-transistor we get:

gm2 = Gen l—_f—:g (m— vV V(x)) ) (4.91)

ga2 = Gen Z—:l—z (1 - \/‘_/;> , (4.92)
_ -z 1-—- V(i) FQ(Vd)
Cor = 200 T~ EH iy (V) <F1(Vd) F1 v z) (4.93)

l—z 1-+VVy Fz(Vd> 2(V)
Co = 20 T~ F R (V) <V Y Rwa- Ry 4
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Since the ohmic region usually is not used for amplification, we can restrict
the further discussion to the case V; = 1. This yields

gaz =Ca2 =0 . (4.95)

Due to the external short circuit between gate and source of the source-sided
sub-transistor, the elements Cy; and gmi become ineffective. For the calcu-
lation of the short circuit noise currents we can use the equivalent circuit of
Fig. 4.19. Because the circuit is linear, a noise analysis can be performed with

al
C
g2 Ug 2
gate —| % drain

Ca1 dU gme - Ug2

dl I gdi dlq

source

Fig. 4.19 Noise equivalent circuit of the FET for the calculation of the
short circuit noise currents.

the usual complex phasors dU, dl; and dlz. The result is

Jw(Cq2941 — Ca19m2)
dl, = - dU 4.96
g gm2 + gd1 + jw(Ca1 + Cy2) ( )

gm2(ga1 + JwCar)
dly = , dau . 4.97
gmz + ga1 + jw(Car + Cg2) (497)
If the above relations for the equivalent circuit elements are inserted into these
equations, the resulting expressions are very complicated. So far, a closed form
analytical solution on the basis of the Eqgs. (4.96) and (4.97) is not known.
The expressions are simplified by low frequency approximations. With

v Im2 T4 (4.98)
Ciqr+ Cgo
and
w 24 (4.99)
Ca1

Eqgs. (4.96) and (4.97) are reduced to

dIg _ jw(cg2 9d1 — Ca1 Gm2) dU | (4.1()0)
Im2 + gd1

dl;, = Im294 g (4.101)

9m2 + gd1
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The conditions (4.98) and (4.99) are only met if frequencies below the transit
frequency wy, according to Eq. (4.86) are considered. With the Eqgs. (4.82),
(4.84), (4.88), (4.90), (4.91), (4.93) and

T F (V)
ey (4.102)
one finally obtains
1-VV F 1 -V
dl, = jwC, 1 du (4.103)
1 — 4 / F2 1 \/—‘
Fl(l) 7
1-VV
dl; = ——dU . 4.104

For the corresponding power spectra dW,, dW,, and the cross-spectrum dWgq

we get:
W, = (wC,)? ( (l _ \/ﬂ <7_ W) ) AW, ,  (4.105)

2
AWy, = g2 1=VV dW, | (4.106)
1- /Y,
2
_JV _
ded = _jwcggm ! \/—_ 7 \/V qu (4107)
1=V ) 7 Ve

Here, the abbreviation

TSRO %_Vg<1_§m>

_ 11+2-/Vy+3V, (4.108)
2 1+2/V, '

was used. The quantity ~ has a simple physical meaning. According to
Eq. (4.76) v is the ratio of the space charge —Q, of the depletion layer to
the maximum charge Qg, or the averaged normalized depletion layer charge
width W/d of the inner FET. The noise dW,, of the noise voltage source is
the thermal noise of the infinitesimal channel section of length dz with the
resistance dR:

dW, = 2kTdR | (4.109)
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with
dr dx

iR = guNpa(d-w) g (1 - \/V) '

(4.110)

From Egs. (4.66) to (4.68) a relationship between dr and dV is obtained:

l
dr = —— {1-VvV)]dV . 4.111
TR ( ‘/—> (4.111)
This leads to an expression for the resistance of the channel section:
av
dR = ———— . 4.112
Gch Fl (1) ( )

Of the three spectra W,, Wy and W4 the power spectrum of the noise current
iq is the easiest to calculate. By insertion of the Egs. (4.109) and (4.112) into
the Eq. (4.106) we get

)
Fi(1) (1= y/Vg)

AWy = 2kTgp, av . (4.113)

The integration results in

we = [aw,

1
1
= ngngl(l)(l_\/vg>V/(1—2\/V+v) dv (4.114)

2

= Wlgnp s (11_ NeA) (‘61; ~Vs (1 - %\/V;+ %Vg»

After some algebraic manipulations the result can be expressed as

Wq = 2kTgn P(Vy) (4.115)
with the function
by < VTR (=) 11-3y7
ST ACEEN ) M e

In a similar way, however with more effort, the spectra W, and Wyg can be
calculated. The results are:

(4.116)

wO? -
W, = 2kT%—9lR(Vg) (4.117)
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with
4 1
hyy = TOV g (V) g0 st 0 V)
A (- V%) (- V)
_ A=V = 2=V
R (=) (- T)

_ L1t

10 1+2V, (4.118)
and

Woa = —2kTjwCeQ(Vy) (4.119)
with
5 ~v1-V,) - 2(1 L)1 - V)

vy - 3
AT ROV G- V)
S+ -V - 20—V
(1) (1= V) (v= VW)
_ 1 1432+ V)

10 (1+V)(1+2/%) (4120)

Finally, the correlation between iy and i4 is best described by the normalized
cross-spectrum kgq:

Wya s Q(Vg) 2

- (V) (4.121)
W BayRv

koa =

Problem

4.5 Calculate the function C'(Vg). Determine the upper and lower bounds
of the normalized cross-spectrum in the range 0 <V, < 1.

Figure 4.20 shows the quantities P, @, R and C, which have been introduced
above as a function of the normalized voltage V. All parameters only weakly
depend on the gate-voltage and can even be considered to be constant for a
first-order approximation. For low noise amplifiers, operating points at low
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drain currents are preferred. The corresponding V, values typically range
from 0.5 to 1. Therefore, a good approximation for the noise parameters is

PV, =~ ; (4.122)
RV, = %, (4.123)
UANERE (4.124)
CV,) =~ 04 . (4.125)

el

0.5

|

&

0 I —>
0 0.5 1V,

Fig. 4.20 FET noise parameters P,Q, R and C as a function of the normal-
ized gate voltage V.

The above calculation of the noise spectra is based on the Shockley model.
As was already mentioned, this model cannot be applied to GaAs FETs. For
these devices the electric field in the channel can be so high that the electron
mobility can no longer be considered to be constant. For a more realistic
transistor model, it is assumed that Ohm's law holds in a part of the channel
only and that the electrons move with a constant saturated drift velocity in
the remaining channel region.

The strong electrical fields in the channel also require a more complicated
noise model. In the relations for the thermal noise, e.g. Eq. (4.109), the
physical temperature of the device can not be used anymore, because the
electrons are no longer in thermal equilibrium with the crystal lattice. The
actual electron temperature is typically higher than the lattice temperature
(hot electrons). In the region of the saturated drift velocity, the current
fluctuations cannot be considered as thermal noise but must be treated more
generally as so-called diffusion noise.

The general equivalent circuit of Fig. 4.17 is valid for any linear circuit,
i.e. also for GaAs FETs. Equations (4.115), (4.117) and (4.119) for the noise
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spectra can be used for GaAs FETs as well, except that the functions P, Q
and R are different from the relations given by the constant mobility model.
Among others, an important difference from the results obtained so far is
that the noise currents iy and ig are almost completely correlated. Thus, the
values of the quantity € in Eq. (4.121) are close to 1, compared with 0.4 for
the constant mobility model.

4.6.3 Noise figure of the complete FET

In addition to the inner FET, several parasitic resistances contribute to the
noise of the complete FET. These are in particular the gate resistance R,
and the source resistance Rs. A more detailed noise equivalent circuit of
the complete FET is shown in Fig. 4.21. The thermal noise of the parasitic

Fig. 4.21 Noise equivalent circuit of the complete FET.

resistances is described by noise voltage sources with the complex phasors U,
and Uy;. The complex impedance Zy = Ry + j X0 is the source impedance of
the signal source. The noise of the signal source is designated by the voltage
phasor Ug.

The different noise phasors cause a short circuit noise current at the output
with the complex amplitude I;, which can easily be determined from the
equivalent circuit of Fig. 4.21:

—Up — U, + Uy = I(Zo + Ry + Ry)

L =
1
R+ —(1+ jwCy(Zo + Ry + Ry))

m

I
4 (1 + jwCy(Zo + Ry + Rs))
+ - Im - . (4.126)
Ry + — (1 + jwCy(Zs + Ry + Ry))

m




NOISE OF FIELD EFFECT TRANSISTORS 159

The squared magnitude of the phasor I; yields the corresponding power spec-
trum at the output. Only the correlation between the currents I; and Iy must
be taken into account. Then, the noise figure F' of the FET is given by

Rg + Rs }5 QUJCQXO ~ ~
_ P

* Ry T gmPo gmPg ( @)

N (wCy)*((Ro + Ry + Ry)? + X?)

gmRo

F =1

(P+R-2Q) . (4.127)

Apart from the transistor properties, the noise figure also depends on the
source impedance Zy = Ry + jX,. For an optimum source impedance Z,p =
Ropt + j Xopt the minimum noise figure Fy,,;p, is obtained. The partial deriva-
tives of Eq. 4.127 yield the real and imaginary parts of the optimum source
impedance:

PR(1 — C?) + gm(Ry + R)(P + R - 2Q)
(wC)(P + R —2Q))?

k)

Ropt = \/(Rg +Rs)2 +

(4.128)
1 P-Q
Xopt — « = . (4.129)
wCy P+ R—20Q
The resulting minimum noise figure is given by
C,)? L . ~
Frin = 1+2M(Ropt+Rg+Rs)(P+R—2Q) (4130)
or
o (wC?
Foin = 1+2(P+R- QQ)M(Rg + Ry)
9m
1+ f1 o PRA=C?) + gm(Bo + Re)(P + R - 2Q)
(WCy(Ry + Rs)(P+ R — 2Q))?
(4.131)
Problem

4.6 Derive the expressions Eqs. (4.128) and (4.131) for the minimum noise
figure and the optimum source impedance.

For frequencies that are small compared to the transit frequency of the
transistor, we have wCy <« g and thus the quotient under the square root
in Eq. (4.131) is much larger than one. This leads to a simplified relation for
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the minimum noise figure:

C. == - —— =
Froim = 1+2“’g—~°l PR(1 — C2) + gm(Ry + R)(P + R - 20)
C.)2 o
+2<—“i—9)—(RQ+RS)(P+R—2Q) . (4.132)

Equation (4.132) shows that the minimum noise figure far below the tran-
sit frequency increases linearly with frequency. Approaching the transit fre-
quency, Frn increases faster due to the quadratic term in Eq. (4.132). The
parasitic resistances R; and R, contribute substantially to this frequency be-
havior. If only the inner FET is considered, i.e. for R; = R; = 0, we get the

simple expression
~ = ~ C
Fomin = 1+2¢/PR(1 - C2) 222 (4.133)

9m

As has already been mentioned, the two noise currents of the inner FET are
strongly correlated for GaAs-FETs. With C & 1, the expression PR(1 — C?)
under the square root of Eq. (4.132) can be neglected with respect to the
second term. If, furthermore the quadratic term in frequency is omitted, then

4 noise figure [dB]
3+
0.15um GaAs PHEMT
24
0.15um
InP HEMT
1T S—0.1um
InP HEMT
0 ‘ SR R Lo L »
10 20 40 60 80 100 200

frequency [GHz]
Fig. 4.22 Noise figure F of GaAs and InP field effect transistors.

the noise figure is given by

R, + R,

Fom=1+ chg
9m

(4.134)
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with

K=2/P+R-2Q . (4.135)

The general dependence of the noise figure on the bias point can be derived
from Eq. (4.134). If U, becomes more negative, then Cy as well as g, decrease.
Also the ratio wCy/,/gm and thus the noise figure decreases at first. But if
the transconductance finally approaches zero close to the pinch-off point, the
noise figure increases again. Therefore, an optimum for the noise figure is
observed at a certain drain current. For a GaAs FET the optimum gate
voltage typically is close to the pinch-off voltage.

Problem

4.7 Determine the normalized gate voltage which yields the minimum noise
figure, if g,, and Cy are described by the relations derived from the Shockley
model.

Figure 4.22 shows typical noise figure values versus frequency curves of state
of the art FETs, fabricated on GaAs or indium phosphide (InP) material. The
best devices today achieve minimum noise figures close to 1 dB at 100 GHz.
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Parametric Circuits

For a very important class of non-linear circuits the drive signal of the non-
linear device (or devices) is a time-periodic pump voltage uy(t) of a relatively
large amplitude and with the fundamental frequency f,. Furthermore, there
are a number of signals, Au(t), superimposed on the non-linear device, which
are much smaller in amplitude than the pump signal and which normally have
frequencies different from f,. The so-called parametric approach is based on
the assumption that the instantaneous properties of the non-linear device are
determined exclusively by the periodic pump signal. It is assumed that the
small signals do not influence the device behavior. As a first example, we
will treat the Schottky diode with its unambiguous non-linear current-voltage
characteristic. Then, we will transfer the parametric approach to other non-
linear devices such as the field effect transistor or the varactor diode with its
non-linear charge-voltage characteristic. We will see that parametric circuits
can be treated quasi-linearly which simplifies the derivation of a noise model.

5.1 PARAMETRIC THEORY

The non-linear device relates the current I and the voltage U by an unambigu-
ous current-voltage characteristic / = I{U). The non-linear device is driven
by a periodic signal u,(t) of a relatively large amplitude. A small signal Au(z)
is superimposed on the large signal. If the amplitudes of Au(t) are very small
compared with the amplitudes of u,(t), then a good approximation is given

163
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by the parametric approach:

dl

up(t)

= I(up(t)) + Ai(t) . (5.1)

TTup(t) + Au(t)] = T(up(t)) +

The small signal voltage Au(t) causes a small signal current Ai(t) and both
are related via the time dependent admittance g(u,(t)):

Ait) = glup(t)) - Au(t) ,
_ dl(up(t)

g(t) = —aUv_ (5.2)
The instantaneous admittance only depends on the large signal u,(¢) and is
the parameter, which is changed by the large signal. It should be noted that
the small signal currents and voltages A7 and Aw are related linearly, because
they do not influence the function g(¢). Therefore, the superposition principle
holds for the small signal gquantities. However, because the admittance g(¢)
is time dependent, new frequency components will appear. The relationship
between the different frequency components may be seen more clearly by using
a phasor description. We will assume in the following derivation that the pump
or local oscillator signal is periodic with the angular frequency w, = 27f, .
Then, the instantaneous admittance g(¢) is also periodic with w, and can be
developed into a Fourier series:

gup(®) = S Gu-exp(inwyt)
'ﬂ.; iﬂ'
Gn = 5= [ oluplt) exp(—jnwyt) dluspt) - (5.3)

-
Because g(t) is a real function, we have
G_, =G (5.4)

and Gy is real. If we assume for the moment that Au(¢) is sinusoidal with
the angular frequency ws = 27 f5, then we conclude from Eq. (5.2) that Ai(t)
appears at all combination frequencies |fs£n- fp|, n =0,1,2,3 etc. The small
signal approximation has the consequence that harmonic frequencies of f; can
not appear. The small signal currents at the different combination frequencies
lead to small signal voltages at these frequencies if the load impedances at
these frequencies are not equal to zero.

At the moment, we will assume for the small signals that apart from the
current at the signal frequency f, only a current at the intermediate frequency



PARAMETRIC THEORY 165

fi = fo — fp flows through the two-terminal non-linear device. At all other
combination frequencies the load impedance is high enough to prevent any
current flow. In a phasor description with the complex current phasors I, I;
at the signal and the intermediate frequency, respectively, we then may write
for the small signal current

Aift) = % (Is Jwst | preIwst o p, Jwit o Ix e_jwit> . (5.5)

Only the voltage phasors at the frequencies fs; and f; together with the cor-
responding current phasors give rise to a power flow at the non-linear two-
terminal element. We therefore introduce components only at the frequencies
fs and f; also for Au(t):

1 ; _; ny AL
Auft) = (Us eJWst L U e IWst Ly, Wit L U e Mt) . (5.6)

If we insert Eqs. (5.3), (5.5) and (5.6) into Eq. (5.2) and arrange according to
frequency components, we obtain the following two equations in matrix form

I, Go Gi1 Us U,
l-lEawlllln] e
for fs > fp .

We can see that the complex current and voltage phasors are linearly related
via an admittance matrix. However, in contrast to time-invariant linear two-
ports, the phasors belonging to different indexes s and 7 also belong to different
frequencies, fy and f;.

The amplitude of the pump signal does not enter into the equations explic-
itly. However, it determines the magnitude of the matrix elements Gy, G,,.

In contrast to the upper sideband conversion discussed so far (Fig. 5.1a),
for the lower sideband conversion we have f; = f, — fs (Fig. 5.1b). For the

t spectrum } spectrum
p

fi o fs  f fi fs  Hh f

Fig. 5.1 (a) Upper sideband conversion; (b) Lower sideband conversion.

case of the lower sideband conversion we obtain the following matrix equation
for the current and voltage phasors:

HEEEFRGIE I
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for fo < fp .

If the large signal time function uy(¢), for a proper choice of the time origin,
is an even function around ¢ = 0, which e.g. is true for a cosine function, then
the Fourier coefficients G,, in Eq. (5.3) are real. In this case, the admittance
matrix [G] is symmetrical and the corresponding two-port is reciprocal. Up-
and down-conversion lead to the same conversion gain or conversion loss. If
the large signal time function u,(t) is an arbitrary function of time, then
the Fourier coefficients G, in Eq. (5.3) are normally complex. Due to the
special form of the admittance matrix [G] the corresponding two-port is quasi-
reciprocal and up- and down-conversion lead to the same conversion gain or
conversion loss.

The size of the admittance matrix increases with the number of combination
frequencies allowed. For instance, a 3x3 matrix is obtained if the image
frequency fim = fp £ f; is additionally taken into account.

5.2 DOWN CONVERTERS WITH SCHOTTKY DIODES

Schottky diodes are particularly well suited for the heterodyne reception at
high frequencies, because they have a high cut-off frequency. As Schottky
diodes are passive components, the stability of the mixer circuits is practically
always guaranteed. As we will see in this chapter, frequency converters with
Schottky diodes also have low noise figures. In general, circuits of down-

Schottky-
band-pass diolde
I,
BP BP
Y Y
fs fi
BP
fo
/AN
N

Fig. 5.2 Basic down converter circuit.

converters have a structure as shown in Fig. 5.2. For the band-pass filters
BP shown, it is assumed that only the specified frequency is passed while all
other frequencies are suppressed. Also, the input impedance of the band-pass
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filter is assumed to be very high at these other frequencies. In particular, it is
assumed that all band-pass filters have a high input impedance at the image
frequency fim, at least for the circuit of Fig. 5.2. As a consequence no current
will flow through the Schottky diode at the image frequency.

In a dual manner, for a Schottky diode connected in series, the band-pass
filters should have a short circuit as input impedance at all frequencies outside
the pass band. It is evident from these assumptions that only currents and
voltages at the signal frequency f; and the intermediate frequency f; have to
be taken into account. Therefore, the matrix relation Eq. (5.7) can be applied.
Let Y be the source admittance, Y; the load admittance and Iy, the signal
generator current source, then we obtain the equations:

I Gy G Us
- (B R < on o
I, = U, Y,+I, (5.10)
0 = U - Y+1; . (511)

Figure 5.3 shows a two-port equivalent circuit in an admittance description
with current and voltage phasors and a source and a load impedance. The

I,

s GO G1 , .
@ Y;g Us [ GI GO :| U‘L Y;

Fig. 5.3 Two-port equivalent circuit of a down converter.

elements of the admittance matrix Gq, G1 are the Fourler coefficients of the
periodic time function of g(¢) of the Schottky diode according to Eq. (5.3).
We will assume that a sinusoidal voltage U, from the pump signal or local
oscillator drives the Schottky diode at the angular frequency w, = 27f,. In
addition, a d.c. bias voltage Uj is applied to the Schottky diode. Then, the
voltage up(t) across the diode is given by

up(t) = Uy + U, - cos wpt . (5.12)

Because u,(t) is an even function of time, all Fourier coefficients are real. For
an exponential current-voltage characteristic according to

I=1, - (exp <—UU;> - 1) (5.13)
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and with
Ur =akT/q (5.14)
the Fourier coeflicients are obtained as
ISS
Gn = U_ eXp(UO/UT)
T
2 1-wex ?ﬂ cos{wp t) (nwpt) d{wyt) 5.15
e p Ur s(wp cos(nwp wpt) . (5.15)

—7

The integral in Eq. (5.15) represents a modified Bessel function of the n-th

order, I,(U,/Ur). Therefore, the Fourier coefficients may also be written as

I - .
G = UL: - exp(Uo/Ur) - In(Up/Ur) . (5.16)
According to this model the Fourier coefficients only depend on the peak value
of the pump signal U,. Figure 5.4 shows a typical time characteristic of the
admittance g(t). For the following discussions, we will assume that Gg is real

g(u) 1

> up(t) g t
>

4

_/
-
t

Fig. 5.4 Time characteristic of the admittance g(t).

and positive and that G; and possibly G, etc. are allowed to be complex
but have a positive real part. All Gy, G1, G2 etc. are known, because the
pump level is assumed to be known. Normally, for a fundamental frequency
converter, the relation Gg > G1 > G5 holds. With known G and G; and with
known source and load admittances Y; and Y; we can determine the power gain
or simply gain G, the available gain G, and the maximum available gain
G, of the equivalent mixer circuit of Fig. 5.3. The gain of the down-converter
is the ratio of the output power [U;|? - Re(Y;)/2 to the available source power
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1I5412/(8Re(Ys)). The ratio U;/ Iy, can conveniently be determined from the
extended matrix [G], in which the Egs. (5.9) to (5.11) are combined:

o]l Bl ek ] e
} = [G}_l- { 169 } ‘ (5.18)
Equation (5.18) yields

U; G,

or

— =~ , 5.19
Iy~ (Go+Y))(Gox V)~ [Gi? 519
which leads to an expression for the gain Gy :
U, |°
Gp = |7-| -4 Re(Y)-Re(¥))
sg
4. Re(Ys) 3) - 1Ghl?
e(Ys)  Re(Y;) - |Gy (5.20)

(Go + Y2)(Go + Yy) — (Gh[2f*

For mixer or frequency converter circuits the available gain G,, is often re-
quired, which is the ratio of the available output power to the available source
power. The available output power is obtained, if the load admittance Y;
is chosen equal to the complex conjugate of the input admittance Yj; of the
mixer circuit as seen from the load side at the intermediate frequency f; :

Y, =Y . (5.21)

Conveniently, the input admittance Y;; is computed from admittance matrix
[G;] extended by the source admittance Y; only:

2]l [ ]-[%a &1 s e

{gf}Z[GTH} : (5.23)

From Eq. (5.23) the input admittance Y;; at the intermediate frequency or
load side is obtained as
I, (G +Ys)Go - |G

Yyi=—= =Go —
U, ot Vo) o

With Y;; from Eq. (5.24) and Y; = Y} the available gain is calculated in the

same way as in Eq. (5.20), with Y; replaced by Y;; :

_ 4 Re(Y;) Re(¥j) - [G1]?
(Go+Yo)(Go +Yiy) = 1G1**

or

(5.24)

(5.25)

av
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The available gain does not depend on the load admittance Y;. The reciprocal
value of the available gain Gg, will be denoted as conversion loss L, :

1

Ly, = .
av Gav

(5.26)

The maximum available gainavailable gain, maximum available gain G,, =
1/L,, is obtained when an impedance match is provided at the mixer input as
well as at the mixer output side. Since the gain is symmetrical with respect
to the quantities Y; and Y;, we must have Y; = Y; for the maximum available
gain. For the input admittance at the source side, Y, we get, by similarity
to Eq. (5.24),

Viy = Go— ASL (5.27)
(Go +Y3)
With impedance match at the source side, i.e. Y; =Y} we obtain
. Gif .
Yo=Y, =Y,=GCGo - .28
TG (529
or
Y,1? = Yi? = G - |Gyf? (5.29)
and
Im{Ys} = Im{Y;} =0 (5.30)

and therefore,

Y=Y, = \/ G(z) - ‘Gliz ) (531>

and Y, and Y; are real quantities. If these results for Yy and Y; are inserted
into the relation Eq. (5.20) for the gain, then, after some manipulations the
following expression is obtained for the maximum available gain Gp,:

G = (%)2 ! r . (5.32)

e
The maximum available gain G,, only depends on the ratio of |G;|/Gy < 1.
Therefore, the maximum available gain is smaller than 1.

In the extreme case of a mixer driven by very narrow pulses, so-called Dirac
impulses, |G1| & Go and thus G,, =~ 1. However, under these conditions the
input admittance Y;; approaches zero and thus an impedance match is no
longer possible. Practical mixers with Schottky diodes exhibit conversion
losses in the range of 5 dB to 10 dB. The series resistance or bulk resistance
of the Schottky diode, which has been neglected so far, is the reason for the
somewhat higher conversion losses. Figure 5.5 shows an equivalent mixer
circuit that has been supplemented by a series resistance Rp.
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Ry I

Go Gy Ui [Yi
Gi Gy

Fig. 5.5 Equivalent circuit of a down converter with a series resistance R,.

Problem

5.1 Calculate the power gain, the available gain and the maximum available
gain for the mixer circuit of Fig. 5.5 by taking into account the series resistance
Ry .

For the down-converter, which has been discussed so far, we implicitly as-
sumed that at the image frequency fi, = fp— fi the load admittance is a short
circuit, because we assumed the voltage U;p, at fin to be zero. Frequently,
mixers do not have a short circuit at the image frequency, in particular, if the
intermediate frequency f; is low. In this case, the image frequency f;,, and
the signal frequency fs are so close to each other that in practice it is difficult
to supply a match at the signal frequency and simultaneously a short circuit
at the image frequency. These practical difficulties become even more severe,
if the pump frequency has to be tuned over a wide frequency range. For such
a so-called broadband mixer, the load impedance at the signal frequency and
the image frequency are nearly equal, at the price of a higher conversion loss.
Figure 5.6 shows the equivalent circuit of a down-converter, where the load
admittance at the image frequency, Y;.,, has the same value as the load ad-
mittance Y; at the signal frequency, i.e. Y, = Y. For f; > f, the currents
and voltages are related via a 3-port admittance matrix [G] as given by the
following equation:

I, Gy G1 Gy U,
Ii = G’{ GO G1 . Ui for fs > fp . (533)
Lim G; G Go Uim

Again the gains for up- and down-conversion are equal. For a feed signal from
the intermediate frequency side, due to symmetry the signal power is evenly
divided between the signal and the image port. However, because the power
at the image load admittance Y;,, is useless power with respect to the intended
mode of operation, the conversion loss for the up- and down-conversion is at
least 3 dB. Therefore, in practice, the conversion loss of a broadband mixer
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Yim = ¥, |Uim | fim

lsg? Y] lU s

Fig. 5.6 3-port equivalent circuit of a down-converter with a load admit-
tance Y;n at the image frequency.

is higher than the conversion loss of a mixer which is terminated by a lossless
load admittance at the image frequency, e.g. a short circuit.

Problem

5.2 Calculate the power gain and the available gain for the case that the
image frequency is terminated by the same complex load admittance as the
signal frequency, Yim =Y .

5.3 MIXER CIRCUITS

5.3.1 Single diode mixer

The single diode or one-diode mixer is particularly simple in its design and
can achieve a broad bandwidth. A typical realization is shown in Fig. 5.7. The
signal and the pump signal are combined via a coupler. The details of the
coupler are not important. In Fig. 5.7 a transmission line coupler is drawn.
The circuit has losses for the RF signal as well as for the pump signal. By
the choice of the coupling factor, the losses can be shifted between the RF
signal and the pump signal. If a 10 dB coupling is selected, then the pump
signal is attenuated by 10 dB while the signal is attenuated by 0.46 dB. The
high-pass filter HP must pass the high-frequency signal and the pump signal,
and suppress the intermediate frequency, which is assumed to be much lower
than the RF and the pump frequencies. The low-pass filter LP must pass the



MIXER CIRCUITS 173

local oscillator
o

(LO)
RF signal L IF
HP + Lp —
fs (line-) coupler fi
eg. _—

Schottky diode

Fig. 5.7 Block diagram of a single diode mixer.

intermediate frequency and stop the RF signal and the pump frequency. On
the diode side the low-pass filter must have a high impedance for the high-
frequency components, while the high pass filter at the diode side must show
a high impedance at the intermediate frequency.

local oscillator
o

(LO)
RF signal L Hp N P IF
f s (line-) coupler / fi

Schottky diode

Fig. 5.8 Block diagram of a series connected one-diode mixer.

Instead of operating the diode in shunt configuration, one may connect the
diode in series, as shown in Fig. 5.8. For a series connected diode the low-pass
filter on the diode side must act as a short circuit against ground for the high-
frequency signals and the high-pass filter as a short circuit against ground for
the intermediate signal. Due to the rectification of the pump signal, a direct
current will flow through the diode, if the current path is closed, driving the
diode into a low impedance state. Therefore, normally, an additional bias
voltage needs not to be applied to the diode.

5.3.2 Two-diode mixer or balanced mixer

The balanced mixer needs a 3dB coupler of the 90°- or 180°-type and two
diodes. Figure 5.9 shows a circuit with shunt diodes.

Similarly, the circuit can be built with series connected diocdes. The bal-
anced mixer circuit does not show additional losses, because for lossless cou-
plers and filters the full power gets to the diodes. As an example we will
consider a 3dB-90° coupler. At the input of the coupler the signal and the
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LO diode I
— HP - LP
fo | 90°(180°) % IF
3dB t y
f fi
. s coupler HpP _ Lp
signal %
diode II

Fig. 5.9 Principal block diagram of a balanced mixer with two diodes.

pump signal are assumed to have the following time behavior:

us(t) = U, - cos(wst + bs)

up(t) = Up-cos(wpt) . (5.34)

Then, we will observe the following signals at the diode I or diode II, respec-
tively:

diode 1 : %As-cos(wst+90°+¢s)+%0p-cos(wpt)
1 - 1 -
diode 1I : 7 s-cos(w3t+¢s)+%Up-cos(wpt+90°) . (5.35)

With the conversion factor x we obtain the intermediate frequency signal u;(t)
for the diode I:

diode I: u! = k Gy Uy cos (w;t +90° + ¢5) . (5.36)

Because the polarity is reversed for the diode II, the admittance function g(t)
has been shifted by half a period or 180° at the pump frequency f,. Thus, we
obtain for the diode II the expression:

diode II : u,{I = kG, U,cos (wit —90° +180° + @)
= kG Uscos(wit+90°+ o) . (5.37)

We assumed that the diodes are well paired, i.e. that they are equal. Then,
both intermediate frequency signals are equal with respect to the phase and
amplitude and they can be added, as it is shown in the circuit of Fig. 5.9. In
total, the mixer circuit does not have additional signal and pump losses.

Problem

5.3 Show that a mixer with two diodes and a 180°-coupler does not exhibit
additional signal or pump signal losses. What is the difference between a
mixer with a 90°-coupler and a 180°-coupler?
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The statement that a mixer is balanced has the following meaning. A pump
oscillator signal normally shows irregular amplitude fluctuations, which are
also denoted as amplitude noise. Such amplitude fluctuations are of stochas-
tic nature and typically cover a broad frequency spectrum, which may also
include spectral components in the intermediate frequency range. The origin
of the amplitude noise will be discussed in detail in Chapters 6 and 7. The
Schottky diodes of the mixer rectify the pump oscillator signal. Therefore,
a direct voltage appears across the diodes, which also shows small irregu-
lar fluctuations, similar to the amplitude fluctuations of the pump oscillator.
Spectral components of these fluctuations may fall into the frequency range
of the intermediate frequency signal. Normally, the amplitude noise spectrum
decreases with increasing offset frequency and, therefore, its contribution to
the total noise may be negligible at high offset frequencies.

A mixer with two nearly identical diodes with opposite polarity and a su-
perposition of the output signals as shown in Fig. 5.9 allows one to cancel
the amplitude fluctuations independent of time. An identical small irregu-
lar fluctuation signal appears at the second diode, but due to the reversal
of the second diode, this fluctuation signal has the opposite polarity versus
time. When added these noise contributions of the pump oscillator signal
will cancel. We will denote this balancing effect also as a noise balance. The
radio frequency signal, in contrast, does not contribute substantially to the
amplitude fluctuations, because it is much smaller than the pump signal and,
therefore, all spectral contributions are transferred linearly without being rec-
tified. On the other hand, the two intermediate frequency signals will add, as
has been explained before.

For practical mixers the balancing effect is in the order of 20 to 40 dB. This
is normally sufficient to eliminate the influence of the pump signal amplitude
noise to the noise figure of the mixer. Then, the measured noise figure of the
mixer as determined by its intrinsic noise is in agreement with the theory,
which will be shown in the next sections.

A single diode mixer is not noise balanced, of course. A so-called double
balanced mixer or ring modulator with four diodes arranged in a ring shows
a similar noise balancing effect as the two-diode mixer.

5.3.3 Four-diode double balanced mixer

An example of a so-called double balanced mixer is the ring mixer as shown in
Fig. 5.10. The name stems from the fact that the four diodes are arranged in a
ring configuration, if one follows their topology in the direction of e.g. forward
conduction. The two transformers cause a ground-symmetrical excitation of
the four diodes for the radio frequency signals and the pump signal. The
center tapping of the transformers acts as a direct galvanic connection to the
diodes for the low intermediate frequency. We may introduce directed arrows
to indicate the polarity of the radio frequency (RF) signal and the pump
signal or local oscillator (LO) signal. We will make the assumption that
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a LO directed arrow in the forward conduction direction of a diode, i.e. in
the direction of the tip of the diode symbol, represents an admittance time
characteristic with a phase of 0° relative to the LO-signal, a directed arrow
against the diode tip for a phase of 180°. The phase of the intermediate
frequency signal (IF) results from the difference of the RF-phase and the
phase of the admittance time characteristic. With these representations the
resulting directed arrows for the IF-signals give the result shown in Fig. 5.11.
We notice that all four arrows for the IF-signal are parallel and thus sum up.
Due to the bridge arrangement of the diodes the RF port and the LO port
are isolated, provided that the diodes are well paired. We may thus speak
of a signal balancing of these ports. Similarly, for symmetry reasons, the IF
port is isolated from the RF and LO ports, which may also be called a signal
balancing. The double balanced mixer is noise balanced, because the rectified
LO-signals cancel, due to their opposite polarities.

-——-r

O

Fig. 5.10 Double balanced mixer or ring mixer.

IF
fi

Fig. 5.11 Directed arrows for the IF-signals of the double balanced mixer
of Fig. 5.10.

At higher frequencies, the transformers of Fig. 5.10 might be replaced by
180° — 3dB couplers as shown in Fig. 5.12. In this figure, the 180° - 3dB
couplers are realized by 90° branch-line couplers with additional 90° phase
shifters (PS). The low-pass filters should have a high impedance for the high-
frequency signals at the diodes side. The RF and LO ports are isolated.
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PS PS
> for -]
RF—~C_ —=LO

1 |

LPLIFO_[—LP

Fig. 5.12 Double balanced mixer with two 90° branch-line couplers.

5.4 NOISE EQUIVALENT CIRCUIT OF PUMPED SCHOTTKY
DIODES

The sensitivity of a down-converter for the reception of weak high-frequency
signals depends on the conversion loss, ultimately however, it is the noise
figure which determines the deterioration of the signal-to-noise ratio at the
intermediate frequency output of the mixer. In order to calculate the noise
figure of the mixer, we need a noise equivalent circuit of the mixer. We will
choose an equivalent circuit with a parallel noise current source I,s = I, for
the signal input port at the frequency f, and a second noise current source
I,; = I, for the intermediate frequency output port at the frequency f;
(Fig. 5.13). The down converter is assumed to have a short circuit as a
load admittance at the image frequency and all other relevant combination
frequencies. The two-port with the admittance matrix [G] itself is noise-free,
G, is assumed to be real for the initial discussion. Later on, it may also
be complex. The difference to equivalent circuits of normal linear circuits is

@ Iny {g? g;} Ins @

f s Wn 1 Wn 2 fi

Fig. 5.13 Noise equivalent circuit of a down converter with an ideal Schot-
tky diode.

that the ports 1 and 2 refer to different frequencies. In order to simplify the
following discussion, we will neglect the noise contribution of the small reverse
saturation current Iss. Furthermore, we will neglect the thermal noise of the
series resistance of the Schottky diode, but will add this contribution later on.
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If we neglect the contribution of the reverse saturation current, then the
Fourier coeflicients of the current, I,, and of the admittance, G, are pro-
portional to each other, because the corresponding time characteristics are
proportional to each other. We get

> I exp(jpwpt) ~Ur - g(t)

H==00

i()

and
I, = Ur- -G, . (5.38)

The power spectra of the noise current sources are easily calculated. With
a short circuit at port 2, the input admittance at port 1 is just Gy, and the
current source shows shot-noise according to the mean value of the current,
Iy, or the mean admittance, Go. With the ideality factor 7 for the Schottky
diode the two-sided spectra W,,; and W, are given by

1
Woi =TIl =q-Io = 2k;-<—2—nT> - Go = Wna = |Ina* . (5.39)

Here, as before, k is the Boltzmann constant and T is the absolute tempera-
ture.

The considerations concerning the cross-spectrum are more difficult. If the
pump amplitude is equal to zero, then G; is also equal to zero and the ports
1 and 2 are isolated. According to the mathematical definition of correlation,
signals of different, non-overlapping frequency bands are always uncorrelated.
However, in the context of noise in mixers, the evaluation of the correlation
requires to shift one of the two frequency bands in frequency such that both
frequency bands perfectly overlap. For the unmodulated shot noise of the
Schottky diode, i.e. G; = 0, there is no correlation even after a frequency
translation for the purpose of achieving a frequency coincidence. This will be
shown in problem (5.4).

Problem

5.4 Prove for white unmodulated noise that the noise signals at the output
of two band-pass filters are uncorrelated, as long as the pass bands do not
overlap. For the calculation of the correlation, first a frequency translation
for the purpose of frequency coincidence should be performed.

We will normally observe a correlation if the shot noise of the Schottky
diode is modulated by the pump signal, because the modulation generates
noise sidebands at corresponding frequencies. After the frequency translation
towards frequency coincidence, there are noise components from the same
origin, which may lead to a correlation.
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The unmodulated white shot noise is assumed to have the time character-
istic s(¢). The autocorrelation function of s(t), i.e. p, is assumed to be a Dirac
function §(7):

=E{s(t) s(t+7)} = po-6(7) . (5.40)
The modulated shot noise is assumed to have the time characteristic sm/(t).
For the following considerations, we will make the fundamental assumption
that the instantaneous power s2 () of the modulated noise is proportional to
the instantaneous current i(¢) through the diode or admittance of the diode

g(t):

(1) = £(0) 5

21
= [1 + 22 cos(wpt) + 7-2— cos(2wpt) + }
0

]

2G
[1 + 2 cos (wpt) + -5—2 cos(2wpt) + - } (5.41)
0

or

2G, 2G,
m = . 1 —— ———
sm(t) = s(t) \/-l— Ga cos(wpt) + s

As shown in Fig. 5.14, we will discuss the correlation between the rectangularly
band-pass filtered noise signals X;(¢) at the frequency f; and X,(t) at the
frequency fs, with fs — fi = fp,. We assume that the bandwidths Af of the
band-pass filters are equal and small. In the following, only the term G; will

cos(2wpt) + - - - (5.42)

spectrum frequency translation
by f p

o

Fig. 5.14 Illustration of the correlation between two frequency bands
around f; and fs.

f

be taken into account, because further terms, e.g Gy, do not contribute to
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the correlation, as may be shown. The functions h;(¢) and h(f) denote the
impulse responses of the ideal band-pass filters with the center frequencies f;
and f;. Then, we obtain the band-pass filtered signals X;(¢) and X,(¢) from
8m(t) by a convolution of the impulse responses h;{t) and hy(t):

Xit) = /h S (t —t')dt’

= /h st—t)- \/1+%(—;Oicos{w,,(t—t’)]dt’
X,(t) = /hs( " s (t =ty dt”

= Ths(t”) s(t —t") -\/1 + %cos[wp(t—t”)] dt” .

(5.43)

The signal X, (t) includes spectral components around fs. In order to calculate
the correlation, a frequency translation or frequency shift by the amount or
distance fp from the frequency band at fs to the frequency band at f; must
be performed. As illustrated in Fig. 5.15, such a frequency translation can
be realized with the help of an ideal analog multiplier and a band-pass filter.
We obtain the signal X (t) after the ideal frequency shift of the signal X,(t)
by the frequency distance f,. The analog multiplier creates the sum and the

2 - coswpt
Af i )
Xs(t Xs(t
RPN I e E0 % ®)
£, idoal fi and sum-
multiplier ~ eduency
bandpass P

Fig. 5.15 Ideal frequency translator.

difference frequency. The difference frequency falls into the frequency band
at f;, as intended, while the sum frequency f, + fs does not contribute to
the correlation. The signals f{s(t) and X; both have spectral components in
the vicinity of f; and can be considered as the input signals of a correlator as
shown in Fig. 3.15. Then, the correlation E{X;(t) - X,(¢)} is obtained from
the following expression, in which the integration and time averaging have
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already been exchanged:

Xt): Rolt) = E{Xi(t / / Bl

: E{.? -coswpt - s(t ~t') - \/1 + % cosfw,(t — t')]
0

sig—t") - \/1 + G cos{wp(t — t")] }dt’dt" .
Go
(5.44)

We note that the expected value of the expression in the curly brackets, de-
noted by E{Z}, becomes identical to zero for t' # t”, for similar reasons as
p(7) in Eq. (5.40) for 7 # 0. We therefore analyze the expression E{Z} for
t=t"

E{z} = E {2-coswpt St —t) (1 + zgo—lcos[wp(t —t’)})}

t/=t//
= E{2-coswpt s*(t—t)} +

4G
E {G—Ol - cos wpt - cosfwy(t — t)] - s2(t — t’)}

=t

= E{2-coswpt-s*(t—1t)} +E{%€1— - coswyt’ - 82 (t —t’)}
0

2G,
+E {G_o cos[2wpt — wit'] - 8% (t — t’)}
tfzt//

E{z} = 0 for t' #¢t'. (5.45)

The first and the third expression on the right hand side of Eq. (5.45) are
zero, because s2(t — t') is multiplied by an alternating and limited weighting
function. Therefore, the final result is

2G
E{:iE}:E{—a—1 - coswpt’ - s2(t — t’)} = 2—0—1 -coswpt’ E{s2(t - t’)}
0

GO t/_t//
E{z}=0  for t' #t" (5.46)
or with Eq. (5.40):
2G4
E{%} = G— coswpt’ - pg - 6(t" — ') . (5.47)
0

We therefore can write for Eq. (5.44):

E{X,(t) - X // s
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2G
2 cos{wpt') - po - 6(t" — ¢') dt’ dt”
Go
26, [
= pg- G—Ol : / hi(t') - hs(t') cos(wyt’) dt’ . (5.48)

In the following, we will calculate the normalized correlation coefficient, i.e. the
correlation coefficient normalized to the autocorrelation coeflicient E{X,(¢) -
X;(t)} in the band with the center frequency f;. This ratio is equal to the
ratio of the cross-spectrum to the auto spectrum, (1%, - In2)/|In 1|2, because,
according to the assumption made, the crossspectrum of the current sources
is real due to the real [G]-matrix. Thus the imaginary part of I, ,2 is zero
(¢f. problem (5.5)). Therefore, we can write:

E{X(t)- Xs(t)} _ Re{lﬁljrﬂ} — IDy o Ino
TR0 Tl? T
oo 2oL | ey bt costupt e
— GO —o
_ _
oo / RA(¢) dt

(5.49)

For further evaluation of Eq. (5.49) we will use the explicit expressions for
the impulse responses h;(t) and h(f) for a rectangular band-pass filter, as
already known from a similar calculation in problem 1.7:

his =2Af -cos(2mf; - t) -si(m Af -t} . (5.50)

For a small value of Af the integrals in Eq. (5.49) are almost zero, if the
products of cosine functions in front of the term si®*(m Af-t') are alternating
weighting functions. A contribution of the integrals only occurs if the products
of cosine functions results in a constant term (c¢f problem 5.5). With this
knowledge Eq. (5.49) yields:

EX(0)- %0} _ il
E{X?(t)} 1|
1 oo :2 ! ’
= si*{(m Af-t)dt
- 251 . ?/—fw - % . (5.51)
0 5/% si2(m Af - t')dt' 0

From Egs. (5.39) and (5.51) we finally get the requested cross-spectrum
I 'InQEI;:i'Ins:

nl

Iy Iy = 2k (%w) ey (5.52)
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We notice that the cross-spectrum of two frequency bands that are related by
the pump frequency fp, are proportional to the Fourier coefficient GG1. This is
for instance true for the frequency ranges f; and f; or f; and fi,. Similarly,
the cross-spectrum of two frequency ranges that are related by twice the pump
frequency 2f,. as for instance fs and fi, are proportional to the Fourier
coefficient G5 :

1
I*  Doim =2k (-2- ﬁT) -Gy . (5.53)

Thus, the so-called correlation matrix for the equivalent noise current sources
of an ideally pumped Schottky diode has the same structure as that of a pas-
sive noisy two-port with only thermal noise at a homogeneous temperature
T. This equivalent passive two-port is also described by its admittance ma-
trix [Y] and with current sources (see also Eq. (2.47) and Eq. (2.48)). The
Fourier coefficient Gy corresponds to the admittance matrix element Y7; and
the element G corresponds to the admittance matrix element Ys; = Yi,.
However, instead of the temperature T for the passive circuit with thermal
noise, we have to use the temperature 77/2, i.e. the effective temperature
already known from the Schottky diode with a bias current but without series
resistance. The correlation matrix which corresponds to Eq. (2.32) is:
I:;,s T I:Ls Iy I;s 'I;,,im Go G Gy
Ir o Ing DD I Inim | =2k(RT/2) | GT Go Gy
In,im : Ins In,im : -[n'i In,im ' I* G; G){ GO

n,im

(5.54)

We can state that the mixer noise correlation matrix is proportional to the
correlation matrix of a passive time-invariant thermally noisy multi-port of a
homogeneous temperature and the same admittance matrix. The proportion-
ality constant is 7 7/2. This statement remains valid if some of the elements
of the G-matrix are complex, due to a non-even pump-drive of the mixer, as
will be shown in problem 5.5. The Eq. (5.54) has been given in complex form.

Problem

5.5 Determine the correlation spectra of an ideally pumped Schottky diode
for the case of complex elements G, G5 of the G-matrix, due to a non-even
pump-drive,

The noise model of the mixer of Fig. 5.13 can be extended in such a way
that it includes the thermal noise of the time invariant series or bulk resistance
Ry (Fig. 5.16). Since the series resistance is time invariant, the noise sources
W,1 and W5 are uncorrelated. For the noise sources I,,; and I, the relations
Eq. (5.39) and Eq. (5.40) remain valid. The noise sources I,,; and I,,; are not
correlated with the noise sources Uy; and Up,.
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Ry Wyi =|Uy|? =4kT R, Wyo = [Upe|? = 4kT - Ry
o
— Iy In2 Ry,  ~—
o 6] O
o— * * —0

Fig. 5.16 Noise equivalent circuit of a pumped Schottky diode with a series
resistance Rp.

5.5 NOISE FIGURE OF DOWN-CONVERTERS WITH SCHOTTKY
DIODES

For the moment, we will neglect the series or bulk resistance Rp. In this
case, the calculation of the noise figure is quite straightforward. Because the
equivalent circuit with current sources and an admittance matrix has the same
structure and the same form of the correlation matrix as a thermally noisy
two-port at a homogeneous temperature 7', we can adopt the results of time-
invariant passive noisy two-ports with thermal noise only. The difference for
the Schottky diode mixer is that we have to use the effective temperature
T,y = AT /2 and not the physical temperature T of the semiconductor. Here,
7 is again the ideality factor of the diode.

With Eq. (2.90) from chapter 2 and T} = Ty = 77/2, with the available
gain G4y = 1/L,y, and the ambient temperature Tp, the noise figure F,, of
the mixer is obtained as

A T 1—Ga

Fm=1+—~—~--——=1+—g

e (Law ~ 1) . (5.55)

One may determine the available gain from Eq. (5.25). The relation for the
noise figure Eq. (5.55) applies, if the image frequency and all further combi-
nation frequencies of secondary importance are terminated by a short circuit
or an open circuit or more generally by a lossless admittance. The relation for
the noise figure is valid for a down-converter as well as for an up-converter, for
a lower sideband up-converter as well as for an upper sideband up-converter.

Equation (5.55) may also be proven directly, i.e. with the equivalent circuit
of Fig. 5.13 and Eqgs. (5.39) and (5.52). One has to express the noise figure
as a function of the available gain {problem 5.6).

Problem

5.6 Calculate the noise figure of a down-converter with a short circuit at
the image frequency with the help of the equivalent circuit of Fig. 5.13 and
derive Eq. (5.55).
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For the maximum available gain the noise figure attains its minimum value
F,.in. Theoretically, for a narrow-band mixer and in the limit of an ideal
impulse pump drive, the noise figure may approach the value of 1 or 0dB.

The noise figure increases if the series resistance of the diode is taken into
account, as will be shown in problem 5.7.

Problem

5.7 Calculate the noise figure of a down-converter with a series resistance
of the Schottky diode with the help of the equivalent circuit of Fig. 5.16.

The mixer with a Schottky diode and a series resistance can also be de-
scribed by a two-temperature model, i.e. with a temperature fi7/2 of the ideal
Schottky junction and the temperature T of the series or bulk resistance Ry .
In general, we may write for the noise figure of a two-temperature two-port:

8 T+5 3T
F=1+————= {(5.56)
TO ! Gav
Here, 8s and §; are the relative dissipated powers in the series resistance
and junction, respectively, when feeding from the load side and assuming
reciprocity.

Problem

5.8 Calculate the noise figure of a down-converter with a series resistance as
in problem 5.7 via the relation Eq. (5.56) and with the help of the dissipation
theorem.

The broadband mixer according to Fig. 5.6 can also be treated as a two-
temperature problem. It is assumed that the same load admittance is effective
at the image frequency fi,, and at the signal frequency fs. For the moment,
the series resistance will be neglected. The part in the dashed box of the
circuit in Fig. 5.6 contains the noisy two-port of the mixer with the ports
1 and 2. This two-port consists of two temperature regions, i.e. the load
admittance Y;,, = Y; at the image frequency with the ambient temperature
Ty and the Schottky diode junction with the temperature #7/2. Therefore,
the noise figure expression is similar to Eq. (5.56):

7
Bim To + 85 §T
TO'Gav

Here, 8;r, is the relative power dissipated in the admittance Y, when feeding
from the load side, i.e. from the intermediate frequency side. If Ly, = 1/Gg,

F=1+ (5.57)
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is the conversion loss from port 1 to port 2, then, due to reciprocity, the
conversion loss from port 2 to port 1 is the same. For reasons of symmetry,

we have )
Bim = .- (5.58)

The part of the total power which is not absorbed in the load admittance Y;,,
at the image frequency or the generator admittance Y, remains in the diode
junction. According to the dissipation theorem, the feeding occurs from the
intermediate frequency port. We therefore conclude that

1 1 2
- =1-

Bj=1- .
’ LQ‘U Lav Lav

(5.59)

With this result for 8; we obtain for the noise figure of the broadband down-
converter from Egs. (5.57) and (5.58)

L1 T°+<1_L2 >gT
F:1+ av av

Ty 1/Lay

=2+ (Lgy—2)- (5.60)

[N X1
SS

Because Ly, > 2, the lower limit for the minimum noise figure of the broad-
band mixer is 3 dB.

5.6 MIXERS WITH FIELD EFFECT TRANSISTORS

The circuit structure of a mixer with a field effect transistor (FET) as the non-
linear element is particularly simple, because the FET as a three-terminal
component already provides an inherent isolation between the RF and LO
port or the gate and drain, respectively. The pump signal (LO) is fed to the
gate. The LO-signal periodically alters the value of the drain-source channel
admittance and thus determines the admittance time function g(¢). Normally,
the field-effect transistor is operated passively, i.e. without a drain-source bias
voltage and within the chmic part of the current-voltage characteristic. This
type of operation has the advantage that the mixer has good large signal prop-
erties, is unconditionally stable and, to a first approximation, does not exhibit
1/f-noise. The bias voltage together with the pump signal amplitude at the
gate typically are chosen such that the modulation of the channel admittance
varies between the open and the closed channel conditions. The parametric
mixer theory of this chapter can be applied to the FET mixer without change.
In Section 4.6 it was described how the admittance time characteristic g{t)
can be determined for a given gate signal (LO-signal) according to the ap-
proximate Shockley model. Figure 5.18 shows the cross-section through the
idealized FET for the case that the drain-source bias voltage is zero, i.e. a
'cold’ operation of the FET mixer. In contrast to Fig. 4.14, now the interface
of the space charge region and the conducting channel is a horizontal straight
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Fig. 5.17 Basic equivalent circuit of a single FET mixer.

gate
| ! |
[ " ®a
OOy
U, : w(x)= space !
; const. charge region :
1 .
source ¥ ; i |d drain
? !
vy U(x)  channel ___ L |
T

Uy

Fig. 5.18 Cross-section through the inner FET for a zero drain-source bias
voltage.

line, which moves up and down with the applied gate voltage. In the equiv-
alent circuit of Fig. 5.17 the capacitance C; blocks the gate bias voltage, the
inductance L; and the capacitance C; separate the gate bias voltage Uy from
the LO-circuit. The low-pass filter should have a high input impedance for
the RF-signal, the high pass filter should have a high input impedance for the
intermediate frequency signal.

A single FET mixer is inherently noise balanced, because the LO-signal
at the gate is not rectified. This, however, is no longer true for very high
frequencies, because a part of the LO-signal may couple into the drain-source
conducting channel via the gate-drain capacitance and may be rectified there
by means of non-linear current voltage relations. Therefore, at high frequen-
cies, the noise balance effect will decrease by 20 dB/decade with increasing
frequency.

A mixer with two FETs has additional degrees of freedom and enables,
e.g. by the use of symmetries, a better isolation of the LO port and the RF
port, as shown for the mixer-circuit in Fig. 5.19, which employs, as an example,
a 3 dB-0° and a 3 dB-180° coupler. Field effect transistors are unipolar devices
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Fig. 5.19 Example of an equivalent circuit of a two-FET mixer.

and, therefore, it is not possible, as for Schottky diodes, to change the polarity
by reversing the device. Within the circuit of Fig. 5.19 it is thus necessary to
combine the intermediate frequency signals by a differential amplifier. There
is a twofold noise balance. First, we get a reduction of the pump signal
amplitude noise by taking the difference of both FET intermediate frequency
signals. Second, the FET is inherently noise balanced, as has been discussed
before. Both noise reduction effects add up.

The conversion loss of a FET mixer is comparable to that of a Schottky
diode mixer. Typical values are 5 to 10 dB for broadband mixers.

5.7 NOISE FIGURE OF DOWN CONVERTERS WITH FIELD EFFECT
TRANSISTORS

If a FET mixer is operated in the ohmic or cold mode, i.e. without a drain-
source bias voltage or quasi-passively, then we can assume that the channel
admittance generates thermal noise only, according to its physical tempera-
ture 7. Because the value of the admittance g(t) of the channel is changed
periodically by the pump-signal at the gate, we can adopt the parametric
Schottky diode mixer theory for the FET mixer, provided that the signals
at the channel admittance are small enough. In particular, the correlation
matrix is proportional to the admittance matrix. In the FET case, however,
the proportionality constant is given by the physical channel temperature T
Thus one obtains for the noise figure Flp, the same expressions as for the
Schottky diode mixer. Only the temperature #7/2 for the Schottky diode
must be replaced by the temperature T of the FET channel. With the source
temperature Ty and the mixer conversion loss L,y = 1/Ggy, which is by def-
inition the inverse of the available gain, we obtain for the noise figure of the
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FET mixer:
T narrow-band mixer,
Fo = 1+ T, (Zaw = 1) filter at the image frequency (5.61)
T :
Freg = 2+ T (Law —2) broadband mixer . (5.62)
0

If the channel temperature T is equal to the generator source temperature T,
then the relation for the noise figure further simplifies to the expression

1
Gav '

Ffet == Lav - (563)
This latter relation holds for a mixer with a filter at the image frequency
(narrow-band mixer) as well as for a broadband mixer. The relation even
remains valid if additional resistive losses occur in the FET and the surround-
ing mixer circuit, provided that these losses also relate to the temperature
Ty. Equation (5.63) thus applies to FET-mixers quite generally, in agreement
with measurements.

The quasi-passive or cold operation of a FET-mixer, i.e. the operation of
the mixer without a drain-source bias current, has the important advantage,
as has been mentioned before, that 1/ f-noise is practically not induced. 1/f-
noise is rather pronounced in GaAs devices if a continuous current flows in
the channel. The 1/ f-noise power increases approximately quadratically with
an increasing continuous current.

5.8 HARMONIC MIXERS

For the harmonic mixer or sampling mixer a pump signal is employed which
consists of a periodic sequence of small pulses, i.e. nearly é-pulses, with the
pulse repetition frequency f,. Then, the admittance time function g(¢), which
relates the small signals according to Eq. (5.2), also has a periodic and pulse-
like behavior with the pump signal frequency f,. The Fourier series coefficients
of the admittance time function g(t) are approximately constant up to an
upper cut-off frequency f;, and approximately zero above the cut-off frequency.
Thus we have

N
9ty = D Gn - exp(jnwpt) (5.64)
n=-N

with |Gnl = constant = Gy for n<N
and IGnl = O for n>N .

In Fig. 5.20, a sketch of the line spectrum of such a periodic admittance time
characteristic g(¢) is shown.
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The upper frequency limit f5 only depends on the shape of the pulse, but
not on the repetition frequency f,. However, the value of |G, | decreases
proportional to 1/N, while the conversion loss as expressed by power ratios
even decreases proportional to 1/N?. On the other hand, for a constant pulse
shape, the maximum harmonic number N increases proportional to 1/f,.
The conversion efficiencies at all harmonic spectral lines up to the maximum
harmonic number N are approximately equal. One obtains an intermediate
frequency signal whenever the equation

ifs—nfp[:fz- n:1a253N (565)

is fulfilled.

The conversion loss of a harmonic mixer is higher than of a fundamental
mixer and increases with an increasing maximum harmonic number N. Thus,
the conversion loss also increases for a given shape of the pulse but a lowered
repetition frequency of the pump signal.

A

» »
< el

n=0 1 2 3 N order n

Fig. 5.20 Line spectrum of the admittance time characteristics for a har-
monic mixer.

A possible circuit of a harmonic mixer is shown in Fig. 5.21 in the form of
a two-wire equivalent circuit. Over a certain length [, the ground wire is split
into two parallel lines that may serve as a two-wire transmission line. This
two-wire transmission line is marked with thick lines in Fig. 5.21.

The two-wire transmission line or double line forms a section of a sym-
metrical transmission line which is short circuited at both ends. The leading
edge of the pump pulse drives the diodes into a conducting state. The pump
pulse travels along the two-wire transmission line and is reflected at the short
circuits and travels back with the opposite pulse polarity. By the reversed
pump pulse the diodes are switched off. The travel time and thus the length
[, must be adapted to the pulse width. The signal line is isolated from the
LO-pulse line over a large bandwidth. Therefore, the circuit in Fig. 5.21 is
signal- and noise-balanced. The capacitors C are filter elements and separate
the low intermediate frequency signals from the high frequency signals and
pulses.

We should add the remark that such a harmonic mixer circuit may also
serve as a sampler or sampling unit in a sampling oscilloscope. The two-wire
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Fig. 5.21 Equivalent circuit of a harmonic mixer with two Schottky diodes.

transmission line is often realized as a slot line in the metallized ground plane
of a microstrip circuit.

The realization of a harmonic mixer is even simpler with a field effect
transistor (FET) as the non-linear device, because the FET is a three-terminal
device. Figure 5.22 shows a harmonic mixer circuit with one FET. The pump

R3
us(t>
R,
Cy
o—gp——F
R,
H
10

up(t)

ui(t)
Cst

1 1

Fig. 5.22 Equivalent circuit of a harmonic mixer with one FET.

signal is applied to the gate, the RF-signal and the intermediate signal are
applied to the drain or taken from the gate, respectively. The pump signal
is inherently isolated from the RF-signal and the intermediate signal. The
RF-signal and the intermediate signal are isolated by RC-filters. Typically,
the gate bias voltage is adjusted to pinch off in the channel when no pump
pulse is applied, while the pump pulses have a polarity to open the channel for



192 PARAMETRIC CIRCUITS

a short time. This mode of operation leads to a conveniently high impedarnce
level at the intermediate frequency.

The circuit of Fig. 5.23 utilizes two identical FETs, of which one FET
is employed as a dummy component for the purpose of compensating any
residual direct voltages. This occurs at the expense of an additional 3 dB
insertion loss.

For the quantitative description of a harmonic mixer, we will start from
an idealized equivalent circuit similar to the one in Fig. 5.6, but with a much
higher number of ports to be taken into account. For the calculation of the

o=

11

Fig. 5.23 Equivalent circuit of a harmonic mixer with two FETs.

insertion loss of a harmonic mixer we may proceed in a similar way as for the
broadband mixer and start from an equation similar to Eq. (5.33), but with
a higher order of the extended admittance matrix:

Isg G0+}/3 Gl G2 GN Us
0 = G3 G; Go+ - - | - |(5.66)
0 G?V o GoA+ -

Equation (5.66) is not well suited for the analytical determination of the
conversion loss or gain of a harmonic mixer because the order of the matrix
may be very high, up to several hundred or even a few thousand. However,
the expression Eq. (5.66) is quite convenient for a numerical evaluation.
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If all small signal components are terminated with the same real load ad-
mittance Yy, then we may find a much simpler solution for the harmonic
mixer in the time domain. The assumption of a common load at all frequen-
cies might be a good approximation for a broadband harmonic mixer. The
equivalent circuit for the mixer shown in Fig. 5.24 consists of only one loop.

Yo
N

usg(t) <> g(t)

Fig. 5.24 Equivalent circuit for a harmonic mixer in the time domain.

The admittance Yj is the source admittance as well as the load admittance
for all small signal frequency components. The admittance time function g(t)
is periodic with the angular pump frequency or pulse repetition frequency
wp. We thus obtain the following relationship between the signal generator
voltage usg and the small signal currents Ai(t):

Ait) = 9(t) Yo

=i Usg = G(t)  Usg (5.67)
with () Ye

o 9t Yo

g(t) — g___(t) n YO . (5.68)

Because §(t) is also a periodic function of time, it may be expanded into a
Fourier series. For simplicity we assume that §(¢) is an even function of time
and can be written as a Fourier series with cosine terms only.

§(t) = Go+Gi cos(wpt)+...+ Gp cos(nw,t)

N
Z Gn ~cos(nwpt) . (5.69)
n=0

Without loss of generality we can write for the source voltage ug4(t)

Ugsg(t) = Vig - cos(ws t) (5.70)
and then obtain the small signal current Ai(¢) by inserting Eq. (5.70) into
Eq. (5.69)

N
Ai(t) = Vig-cos(wst): Z G - cos(nw,t)
n=0

N =

N
Vig Z Gn (cos[(ws — nwp)t] + cos[(ws + nwy)t]) .
n=0

(5.71)
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If we are only interested in the spectral current component at the intermediate
frequency w; = ws — nwp, then one term of the sum of Eq. (5.71) is sufficient
to determine the intermediate frequency current 1;(t):

() = %ng G, cos(wit) . (5.72)
With the knowledge of the intermediate frequency current 7,(t), the Fourier
coefficient G, and the source voltage Eqq, it is straightforward to calculate the
conversion loss or gain. One may wonder why the calculation of the gain of
the harmonic mixer is so much simpler than the calculation in the frequency
domain via Eq. (5.66). The answer is that the values of the Fourier coefficients
G, and G, are different. These Fourier coefficients are related via Eq. (5.68).
Taking the fundamental mixer as an example, it can be demonstrated in which
way the Fourier coefficients differ from each other.

The fundamental mixer described in the frequency domain needs one Fou-
rier coefficient GG; only, which for simplicity is assumed to be real:

g(t) = Go +2Gy - cos(wpt) . (5.73)
The Fourier series for the mixer described in the time domain is given by
G(t) = Go+2G - cos(wpt) + - . (5.74)

According to the relation Eq. (5.68) we may formulate two equations by the
method of harmonic balance, linking the Fourier coeflicients G; and G;:

G~0(G0+Y0) = GOYO“Glél

Gi(Go+Yy) = 2Y,G,-2G. Gy . (5.75)
These two equations can be solved for Gy:

= 2Y02 Gl
G = (Gt Yo — 262 (5.76)

We obtain for the voltage U; at the intermediate frequency:

I; Gy

S G RO ve- eyt

(5.77)

which is the same expression as for a calculation in the frequency domain,
given by Eq. (5.18).

5.9 NOISE FIGURE OF HARMONIC MIXERS

We will assume that the harmonic mixer has the same real load admittance
Ys at all frequencies involved. Furthermore, in this section we will neglect any
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bulk resistance R, and employ an effective noise temperature T,y = A7/2 for
the Schottky diode. For the calculation of the noise figure we make use of the
dissipation theorem and the reciprocity of the available gain. For the applica-
tion of the dissipation theorem we have to feed the harmonic mixer from the
intermediate frequency side, although we consider a down converter. Feeding
the harmonic mixer with a sinusoidal signal at the intermediate frequency will
produce a spectrum as shown in Fig. 5.25, with pairs of spectral signal lines
below and above all harmonics of the pump or pulse repetition frequency wy.
We assume that the Fourier series coefficients of the admittance time function
g(t) are approximately constant up to an upper cut-off frequency f, and are
approximately zero above the cut-off frequency. With constant real Fourier

A

1 | O R
n=0 1 2 3 4 5 6 N ordern

Fig. 5.25 Spectrum of a harmonic mixer fed with a sinusoidal signal from
the intermediate frequency port.

coeflicients up to a maximum harmonic number of N and a total of 2N — 1
spectral signal lines we can also assume that the available conversion gain from
the intermediate frequency side to all spectral signal lines is approximately
the same and equal to G,,. Then, we obtain for the noise figure F; of a

Schottky diode harmonic mixer with a junction temperature T in accordance
with Eq. (5.57):

2N —-1})-Ga T+ (1 ~-2NGyy)
Gav'TO

The corresponding expression for the noise figure F; of the harmonic mixer
using a field effect transistor (FET) with the channel temperature T is

2N =-1) Ga - To+(1-2NGy,)T
Gav ' TO .
Finally, for the case that the channel temperature of the field effect transistor

is at the ambient temperature 75, the expression for the noise figure of the
harmonic mixer simplifies to

T

NSt

Fi=1+

(5.78)

Ft=1+

(5.79)

as expected.
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5.10 NOISE FIGURE MEASUREMENTS OF DOWN CONVERTERS

Since a down-converter has loss and not gain, a low noise figure of the first
intermediate frequency amplifier is very important for a low overall noise
figure. An alternative solution is a low noise amplifier already in front of the
mixer.

For the noise figure measurement of the down-converter there is a peculiar-
ity which has to be noted. Because the noise sources which are employed are
typically broadband sources, a broadband down-converter will receive noise
power from the noise generator not only at the signal frequency but also at
the image frequency. Thus, the noise power of the noise generator seems to
have doubled. Therefore, the measured noise figure value, measured e.g. with
the Y-factor method, has to be increased by 3 dB. Except for the addition of
3 dB, the measurement of the noise figure of the mixer and a post-amplifier
does not differ from the noise figure measurement of an ordinary linear two-
port, apart from the fact that the input and output frequencies are not the
same. The effective bandwidth is normally determined by a band-pass filter
with a center frequency f; and a bandwidth A f at the intermediate frequency.
Then, for a broadband mixer two frequency bands above and below the pump
frequency at f, + f; and f, — f; with a bandwidth of Af enter into the mea-
surement. If the mixer properties are somewhat frequency dependent, then
the intermediate frequency should not be too high in order to ensure that the
noise figure does not change significantly between the upper and lower side-
band. If the amplifier-converter stage already includes a sufficiently narrow
radio frequency (RF) band-pass filter, then the measured noise figure may be
the correct one and 3 dB must not be added to the measured noise figure.

5.11 NOISE FIGURE OF A PARAMETRIC AMPLIFIER

Reverse biased pn-diodes have a capacitance which is not constant but de-
pends on the reverse bias voltage U,,. These so called varactorvaractor diodes
or simply varactorsvaractor, varactor diode can be applied for a number of
functions in the high frequency area, e.g. for frequency up-converters and
frequency multipliers of relatively high powers. Also parametric amplifiers
have been realized with low noise figures. Although parametric amplifiers are
no longer of practical importance, their principle of operation is of general
interest. Often a voltage controlled oscillator with a varactor diode as the
frequency controlling device shows instabilities due to parametric amplifica-
tion. A good comprehension of the mechanism of the parametric instability
in conjunction with the varactor diode may help to avoid this effect.
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5.11.1 Characteristics and parameters of depletion layer varactors

The voltage swing of the varactor is assumed to occur only in the depletion
region. Then, the pn-junction is mainly a variable capacitance that depends
on the bias voltage Us. We will limit the discussion to the simple case of
an abrupt pn-junction with a constant doping of the p- and n-regions. For
the case of a piecewise constant donor and acceptor doping, Np and N4, the
space charge p(z), the electric field E(x) and the potential ®(x)} are shown in
Fig. 5.26. Here, Up denotes the diffusion voltage, x is the spacial coordinate in
the one-dimensional model, g is the elementary charge, and ¢ is the dielectric
constant in the semiconductor. Twofold integration of the Poisson equation,

-

T l T g
—wW X
P 1‘:0

Fig. 5.26 Abrupt pn-junction.

steady field and potential behavior at z = 0 and vanishing electrical field in
the neighboring bulk regions yields with U,, = —~Uj a relationship between
the reverse bias voltage Uy, the doping levels Np and N4 and the space
charge widths w, and wy:

Uy +Up = -g—(ND-w2+NA~w2) =w2~£— N -}—-]Y—é
i 2¢ " P nToe \P Ny



198 PARAMETRIC CIRCUITS

2¢ ‘NA
Wn = | Uy + Up) B
n q ( ™ D) ND (NA+]VD)
2¢ ND
= ’/——— U Up) m——-— . 5.81
Wp q ( rv + D) NA (NA n ]VD) ( )
From this expression one obtains for the total space charge width w, = w,, +
Wp
2¢ 1 1
= =,/ =, U —+— . .82
Wi = Wy + Wp \/q(m+ D) (NA+ND) (5.82)

In order to determine the differential junction capacitance C(U;,) one has to
know the charge of one polarity of the total charge, for instance the charge
Qn, of the n-region:

Qn=¢q A w, Np . (5.83)

In the latter equation, A is the area of the semiconductor device. The differ-
ential capacitance C(U,,) follows from a differentiation of the charge Q, with
respect to the voltage U,

dQn dwn
OUn) = 35~ = ¢-A-Np- g2t
q.e.]\]A.ND A'E
= A. = . 5.84
\/Z(NA-(—ND)(UM-FUD) Wy < )

Let Qp = Qn(Ur, = 0) be the charge of one polarity without an applied
reverse bias voltage:

2¢ Na
=q-A-Np | —Up —2——n | 5.85
@p=q b \ 4 P 'Np (N4 + Np) (5.85)

Let @, be the additional charge Q,, — Qp at a reverse bias voltage U,, with
Qrs > 0 and Uy, > 0. Then we get for the additional charge Q,y:

Qrv:Qn_QDzQD

U
1 Y1), .86

Rearranged, this equation can be written as

Urv + UD _ (Qrv +QD>2
Up @p '

Except for additive constants this last equation establishes a quadratic re-
lationship between the charge Q,, and the voltage U,,. For the differential
capacitance C(U,,) we obtain from Eq. (5.86):

CU,,) = 1 _ o : . (5.88)

:dUrv—QUD \/1+UTU/UD

(5.87)
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Instead of the differential capacitance C(U.,,) it may sometimes be more con-
venient to perform the mathematical calculations with the inverse of the ca-
pacitance, the so called differential elastance S(Uy,) or S{(@rv), because then
one obtains a linear relationship between the elastance S and the charge Q. :

S(Un) = g =2 (g-g) - (QLQ;QP—) —S(Qn) . (5:89)

For the reverse bias operation the capacitance of the space charge region fol-
lows any voltage changes nearly instantaneously, because the growth and the
decay of the space charge region is a majority carrier effect. The maximum
voltage swing is limited by the breakdown voltage Ug. The charge correspond-
ing to U may be @ p. Figure 5.27 shows the capacitance and elastance as a
function of the reverse bias voltage U, or charge @, respectively. Losses are

C(Urv) : S(Qrv)
[ Smax' -7
._.,1—~=1‘""C4 E
U"B X UD Cng IQD
— Uy U— ~—Qr Q—

Fig. 5.27 Capacitance versus voltage and elastance versus charge for an
abrupt pn-junction.

introduced by the constant, i.e. voltage independent bulk or series resistance
Ry. We define a cut-off frequency f, as the frequency, at which the maximum
capacitive reactance, as given by the minimum capacitance Cy,.yn, is equal to
Ry :

1 1 _ Smaz
27 Cmm-Rb N 27I'Rb )

fe= (5.90)

5.11.2 Parametric operation of a varactor

Often a varactor is operated parametrically, i.e. a strong pump signal at the
frequency f, determines the instantaneous operating point for a variety of
small signals. If the pump signal as described by the charge as a function
of time, @,(t), is a periodic function of time, then also the elastance S(t)
is a periodic function of time and can be developed into a Fourier series.
For an abrupt pn-junction, S(t) and @Q,(t) are linearly related according to
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Eq. (5.89). If Q,(t) is an even function of time, which we will always assume
in this section, then S(t) can be expressed as a Fourier series with cosine terms
only:

S(t) =Sy +2S1coswpt+285c082wpt+ -+ . (5.91)

We will assume small signal phasors for the voltage U and the charge Q at
three different frequencies, namely the upper sideband at the frequency f,
with the phasors U, and @Q,, the lower sideband at the frequency f; with the
phasors Uy and @4 and the intermediate frequency at the frequency f; with
the phasors U; and @;. The following relationships hold between the different
frequencies:

fu = fp+fi
fa = fo—fi . (5.92)

As for the mixer, the small signal phasors are related to the real Fourier
coefficients Sg, S1, 5> via a linear set of equations.

U, So S1 5 Qu
U l=1s s s || o |- (5.93)
Us Sz 51 S Qg

The current and charge phasors are related by
IL=jw, Qu; Li=jw Qi ; Ij=—jws Qg . (5.94)

Then, the relation of voltage and current phasors is given by

Uy SO/qu Sl/jwi —Sz/jwd I,
Ui | = | Sifjwu Sofjwi —Si/jwd L . (5.95)
Ug Sa/jwn Si/jwi —So/jwg I;

The relation between currents and voltages at the varactor is no longer recip-
rocal. Among others, one result from this fact is that down- and up-conversion
do not have the same conversion loss or gain.

Problem

5.9 What does Eq. (5.93) look like if the pump drive is a general periodic
function of time?

5.11.3 Parametric amplifier

The parametric amplifier requires the same frequency scheme as a lower side-
band up-converter (Fig. 5.28).
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0 fi fa fp f

Fig. 5.28 Frequency scheme of the parametric amplifier.

The amplification occurs at the frequency f;. One needs an auxiliary reso-
nant circuit at the frequency fy, which needs not be accessible from outside.
At the frequency f, one must provide a high impedance termination. Then
the current at this frequency is negligibly small, i.e. I, = 0. The current and
voltage phasors Uy, Uy and I;, I; are related via an impedance matrix [Z] in
accordance with the matrix of Eq. (5.95):

EARRE e IFINCE
(5.96)

The equivalent circuit of a parametric amplifier is shown in Fig. 5.29. The

I i X Ry Ry Iy
b T e
1z
@,

Fig. 5.29 Equivalent circuit of a parametric amplifier.

large signal drive of the elastance is assumed to be cosinusoidal at the pump
frequency fp, i.e. Sy = 0. The lower sideband with the frequency f; serves
as an auxiliary circuit and is terminated by the inductive reactance jXj.
Furthermore, the input circuit is extended by the inductive reactance jXj.
Both the inductive reactances jX; and jX,; are chosen in such a way that
the capacitive reactances Sp/jwy and Sp/jw; are tuned or compensated in the
form of a series resonance by jXy and jX;, respectively. This proves to be
expedient in order to optimize the gain of the parametric amplifier.
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The Z-matrix extended by X4 and jX; and twice Ry reads:

[ U, } _ { Ry + So/jws +5X; -81/jwaq I;
0 S1/jw; Ry — So/jwa— i X4 I;

Ry —-51/jwa I;
= ; 5.97
{ 51 /] Wi Rb I; ( )
The input impedance Z; at the frequency f; is given by
U; 52
Zi= = =Ry l1—- —1__1 . 5.98
Ii b { Wi Wy R%} ( )

The input impedance Z; is real and for a sufficiently large S; it becomes neg-
ative. The possible amplification for a negative resistance Z; can be expressed
by the reflection coefficient p:

 Zi- 2,
—Ziw'—Zo '

In the above equation Z; is the characteristic impedance of the reference
transmission line. For Re(Z;) < 0 the reflection coefficient becomes greater
than one, i.e. |p| > 1, which means that the reflected wave is larger than the
incident wave. One may employ a lossless transformer in order to increase
the negative impedance. This, however may reduce the bandwidth. The
amplification grows beyond all limits, i.e. the amplifier oscillates, if Z; = Z;.
Practically, a gain of 15 dB to 20 dB is possible. Normally, the pump signal
amplitude must be controlled in order to keep S and thus the gain constant.
The separation of the incident and reflected waves may be accomplished by a
circulator, as outlined in Fig. 5.30.

(5.99)

pump signall

input signal circulator matching -
circuit ] ‘4

parametric
output amplifier
signal

||”

Fig. 5.30 Parametric amplifier with a circulator.

One can estimate the minimum cut-off frequency of the varactor, which is
necessary to balance the negative and positive resistance. For this purpose, the
expression in the parentheses of Eq. (5.98) must be negative, corresponding
to

S > wwy- RE . (5.100)
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For a cosinusoidal charge pump at the frequency f,,, the elastance time
function has a cosine form also and Ss and S3 are zero. The Fourier coeffi-
cient S; becomes maximum for the largest possible excitation, i.e. when S(t)
approaches the values zero and Sy,,,. Then, this maximum 5 is

1 1

Sl maz T Z Smaz = 40 — - (5101)
min

The inequality Eq. (5.100) can be expressed by the cut-off frequency fe:

fe>4/fa  fi . (5.102)

In reality, the cut-off frequency must even be higher than described by equa-
tion (5.102) in order to compensate for circuit losses and also guarantee a
positive gain.

5.11.4 Noise figure of the parametric amplifier

The equivalent circuit of a parametric amplifier is extended by a thermally
noisy generator with the real source impedance R, as shown in Fig. 5.31. In
this equivalent circuit, the real load impedance R is identical to the source
impedance Ry, i.e. R = Ry. In a practical circuit, the corresponding signals
must be separated, e.g. by a circulator as shown in Fig. 5.30. The only noise

R = Rg | 71X Ry Upi Uba Ry

JXd

Fig. 5.31 For the explanation of the noise figure of a parametric amplifier.

considered in the parametric amplifier is the thermal noise of the series or
bulk resistor Rp, namely at the auxiliary or image frequency f; and the inter-
mediate or generator frequency f;. The noise contributions of the thermally
noisy bulk resistance as expressed by the noise voltages Up; and Upg at these
two frequencies are uncorrelated, because the bulk resistance is assumed to be
constant versus time, i.e. not modulated by the pump signal. The non-linear
capacitance is a lossless pure reactance and thus it is noise-free. With these
assumptions the calculation of the noise figure does not pose any particular
problem. We will again make the assumption that the two inductive reac-
tances compensate for the capacitive reactances of the varactor so that the
input impedance of the varactor is real. With Z; from Eq. (5.103) one obtains
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for the squared magnitude of the current ;;, caused by the noise voltage Up;:

Ui |

I = ———— .
YT R+ 2)

(5.103)

The noise current I;5, caused by the noise voltage Upg, is conveniently evalu-
ated via the following extended matrix:

0 R+ Ry —51/jwq I;
- = . . N . 104
{ v, } { S\ /jw: R I (5.104)
From this extended matrix we obtain:
S1/jwd .
Ii2 = 1/ 2 ' Ubd s
(Ri + Ry) Rp — —
Wi Wy
52 2
Ipl? = 1/d 5z 12 Upal?
(Ri + Rp) Ry — —
Wi Wy
2/, .2
S VL [Upal® . (5.105)

RZ (R + Z,)?

Thus, we find for the spectrum AW, of the noisy two-port at the load resis-
tance R; with the contributions of the noisy bulk resistance R}, at the tem-
perature 1"

AW, = Ry |Iq>+ Ry L)
1+ 87wy R;?
= 4kT Ry R R+ Z)° (5.106)

The spectrum Waq is the amplified source spectrum supplied to the load re-
sistance R; via the circulator. For this calculation the parametric amplifier is
assumed to be noise-free. Regarding R, as the real reference impedance Zy,
then we have

Zi— Ry\’
2 g

With R; = Ry the Eqgs. (5.106) and (5.107) yield the noise figure F;:

1
Z; ~ Rg)?

AW, T s?
=1+4— Ry R, |1 .
Wag M T, g{+W§'R§ (

F=1+ (5.108)

For a low noise figure it is apparently favorable to choose the auxiliary fre-
quency fy as high as possible.
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Problem

5.10 Show that the gain and the noise figure become optimum, if the in-
ductive reactances jX; and jXz just compensate the capacitive reactances
So/jw; and Sp/jwq.

For a correct operation, the parametric amplifier only shows the relatively
low thermal noise of the bulk resistance R, with the temperature T. By cool-
ing the amplifier, the temperature T and thus the noise figure can be reduced.
Uncooled parametric amplifiers achieve system temperatures T, = (F; —1) T
of about 150 to 200 K at several GHz. Cooled amplifiers, cooled down to the
temperature of liquid helium at 4.2 K, may have system temperatures as low
as 5 to 10 K. The varactor diodes must be made of GaAs, because for sili-
con at very low temperatures there are not enough electrons available in the
conduction band. For low noise figures also the circuit around the varactor
diode should be cooled, in order to reduce circuit losses and thermal noise.
Parametric amplifiers have been installed e.g. in satellite and astronomical re-
ceivers and some are still in operation, but are no longer considered in modern
systems due to their only moderately low noise figures, their complexity and
narrow bandwidth.

An oscillator tuned in frequency by a varactor diode, may show additional
spurious oscillations, because unintentionally one may have realized an un-
stable parametric amplifier. This, however, must strictly be avoided because
then additional spurious spectral lines can appear and the noise spectrum may
deteriorate. For a large tuning range of a voltage controlled oscillator (VCO),
the varactor diode must tightly be coupled to the oscillator, which may lead
to a large voltage excursion at the diode. This is a situation which is favorable
for the excitation of parametric self oscillations. Among others, stability can
be improved by also terminating the sum frequency f, = fp+ fi by a suitable
impedance, which helps to reduce the gain of the parametric circuit.

5.12 UP-CONVERTERS WITH VARACTORS

The frequency scheme of the upper sideband up-converter is the same as
in Fig. 5.1a. Feeding takes place at the intermediate frequency f; and for
reasons of stability the output power is taken at the upper sideband only.
Small signals may be present at the intermediate frequency f; and the upper
sideband frequency f,, while at the pump frequency f, = fu. — fi a large
voltage excursion is necessary. An equivalent circuit of the upper sideband
up-converter is shown in Fig. 5.32.

Also for this circuit it proves to be advantageous to choose the inductive
reactances j.X; and jX, in such a way that the capacitive reactances of the
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I jX; Ry Ry J Xy

U, l

[ 2]

Fig. 5.32 Equivalent circuit of an upper sideband up-converter.

varactor diode Sp/jw; and Sp/jw, are compensated. From the extended ma-
trix with the real load and source or generator impedances R, and R,

Ug _ Rg + Rb Sl/jwu ‘ ['L
{ 0 }_[ Si/jwi Ru+Ry | | L |’ (5.109)

we can determine the gain G, . We get

2
(Y an, n.

[(Ry + Rp)(Ry + Ry) + S%(wi Wy )]

P = 5 - (5.110)
Up-converters with varactors show good efficiencies and may even have gain
and handle large powers. They have been used when post-amplification was
difficult. Also the noise figure is low. However, the circuit is narrow-band
and an up-converter with Schottky diodes or field effect transistors (FETSs) is
usually preferred.

Problem

5.11 What is the maximum gain G,, and the noise figure F; for the above
upper sideband up-converter with a varactor diode?
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Noise i1n Non-linear
Clircuits

6.1 INTRODUCTION

The two-ports that have been treated so far were linear with respect to the
input and output signals. The parametric systems like mixers and parametric
amplifiers of Chapter 5 are based on devices operated in a non-linear mode,
but the relationship between the input and output phasors, although assigned
to different frequencies, is still quasi linear. For all linear two-ports the noise
figure or noise factor is the most commonly used quantity for the characteriza-
tion of the noise behavior. The noise figure can be determined from the signal
and noise powers at the input and the output of the two-port under investi-
gation. The situation is illustrated in Fig. 6.1. A signal with the signal power

noise factor F 77 4 GpPy
75
gain Gp )

Fig. 6.1 Illustration of signal and noise powers of linear two-ports.

P is fed to the input of a two-port. Furthermore, the signal source supplies
the noise power F,,. The operating bandwidth is assumed to be small enough
that the properties of the two-port do not change within this frequency band.
For a noise-free two-port with power gain G, we get a signal power G, - Ps

207
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and a noise power G, - P, at the output. Therefore, the ratio of the signal
power to the noise power has not changed while passing through the linear
two-port. For a noisy two-port the noise power at the output is raised by the
noise contribution AP,, which stems from the internal noise sources of the
two-port. The noise figure is defined by

_ GpPy+ AP,

F= 1+AP”

GpyP, GuP,’

Here, the noise temperature of the signal source has the fixed value T, e.g. 290
K.

According to Eq. (6.1) the noise figure does not depend on the signal power.
This statement, however, is only valid on the premise that the quantities AP,
and G, are independent of the signal power. This condition is met by linear
two-ports but not by non-linear ones. Together with some further effects this
leads to the situation that the noise figure and similar quantities from the
linear regime are not suitable for the description of non-linear networks. This
will be discussed in this chapter.

(6.1)

6.2 PROBLEMS WITH THE NOISE CHARACTERIZATION OF
NON-LINEAR TWO-PORTS

A very important practical example of a non-linear two-port is an amplifier
under large signal conditions. If the input power, starting from small values,
is steadily increased then the output power cannot grow forever at the same
rate but will finally reach a saturation value, which mainly depends on the
characteristics of the active components used. This means that the power gain
will eventually decrease, once the input power has passed a certain threshold
value. Then also the noise figure will depend on the input power. Generally,
however, not only the power gain will change under large signal conditions
but also the noise power AP, generated within the two-port. There are
two different reasons for this situation. Firstly, under large signal conditions,
parameters may vary which directly influence the physical reason for the noise,
e.g. temperatures may change and thus the thermal noise or de currents and
thus the shot noise. Secondly, a non-linear operation can lead to frequency
conversions, similar to that in mixers. Generally, for a large signal drive at
an angular frequency Qg the noise can be shifted in frequency by =Ny with
N =1,2,3,.... Therefore, it is theoretically possible to observe noise at the
output of a non-linear two-port at an angular frequency g, even without any
physical noise sources existing at this frequency.

This discussion shows that the interrelations between signals and noise are
much more complicated for non-linear two-ports than for linear circuits. Nev-
ertheless, it might seem possible to use the concept of noise figures for the
characterization of non-linear networks as well, if in each case the input and
output signal power levels are specified, too. However, the noise signal at the
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output of a non-linear two-port shows two additional particularities, which
are not directly covered by the noise power AP, and, therefore, do not en-
ter into the noise figure. Firstly, due to the frequency translations, spectral
components at different frequencies are not necessarily uncorrelated, as is the
case in linear circuits. This in particular is true for spectral components that
are located symmetrically with respect to the signal frequency Q. It is thus
possible that a low frequency noise signal at a frequency w with w < € gives
rise to noise components at the frequencies )y — w and gy + w at the output
of the two-port by mixing with the carrier signal. These noise components
are fully correlated, since they have their origin in the same physical source.
The detailed and quantitative knowledge of this correlation is very impor-
tant for the assessment of how this noise interferes with other signals. The
second particularity concerns the frequency dependence of the noise power
spectral density. So far, we have dealt with noise processes with nearly white
spectra, i.e. nearly frequency independent power spectral densities. This in
most cases is true for the output noise of linear two-ports, if the operating
bandwidth is so small that the frequency dependence within this range can be
neglected. For non-linear two-ports, however, one often observes noise spectra
as in Fig. 6.2, where the power spectral density close to the high-frequency or
RF signal changes rapidly. For many systems the disturbing effect of the noise
also depends upon the frequency difference to the RF signal, so that again
a specification of the total noise power alone is not sufficient for a proper
characterization of the noisy system.

Fig. 6.2 Typical spectrum of a RF signal plus noise at the output of a
non-linear two-port.

In conclusion, we can state that the noise figure is a meaningful quantity for
the description of the noise behavior of linear two-ports only. For non-linear
two-ports additional properties of the noise have to be considered that require
a different kind of characterization. Before we introduce new parameters for
this purpose we first shall discuss the reasons for the frequency dependent
noise spectra as depicted schematically in Fig. 6.2.

6.3 1/F-NOISE

The physical noise processes that have been treated so far, can be described
by almost white i.e. nearly frequency independent spectra. However, in many
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materials carrying a direct current, in particular in all semiconductor compo-
nents, an additional noise mechanism occurs with a spectrum approximately
inversely proportional to the frequency. All these noise mechanisms are col-
lectively called 1/ f-noise or flicker-noise. A combination of 1/ f-noise and
white noise may lead to a spectrum as in Fig. 6.3. At low frequencies the

W

Fig. 6.3 Noise spectrum with a 1/f-component (logarithmic scale).

1/f-component dominates, while at high frequencies only the white noise is
apparent. The boundary between both regions, where both contributions are
equal, is designated as the noise corner frequency f,. The corner frequencies
of semiconductor components range from below 1 kHz up to approximately
100 MHz. A particularly strong 1/f-noise is observed in compound semi-
conductors, e.g. gallium arsenide. This semiconductor is very important for
microwave applications because, e.g. amplifiers with GaAs field effect tran-
sistors can operate up to mm-wave frequencies.

For all linear applications of electronic components, e.g. small signal am-
plifiers, the 1/ f-noise is of no concern, if the frequency range of interest lies
above the corner frequency. The situation changes drastically when non-linear
effects have to be taken into account, as for power amplifiers, mixers or oscil-
lators. By the non-linear interaction between the low frequency noise and the
large high-frequency signal, the low frequency noise is upconverted resulting
in lower and upper noise sidebands around the RF signal. Another view is
that the RF signal is modulated by the 1/ f-noise. In this way, we can obtain
spectra like the one in Fig. 6.2.

The physical origin of the 1/f-noise still is not completely understood.
Only in special cases, it has been possible to develop satisfactory models for
the 1/f-noise. The 1/f-noise does not seem to have one unique origin. It
appears that quite a number of different fluctuation processes may lead to a
1/f type spectrum. In particular, this frequency dependence is difficult to
model. An analysis of physical fluctuation phenomena often leads to spectra
of the form

W ~ ! (6.2)
1+ (f/fip)? .
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where fi, is a characteristic corner frequency. It is possible to show, however,
that in a limited frequency range the superposition of many spectra of the
type of Eq. (6.2) with different corner frequencies f;, may approximately lead
to a 1/f-spectrum. It is not known if there is a lower limit of the 1/ f-noise
spectrum. In experimental investigations, the 1/f-law of the noise spectrum
could be confirmed even at frequencies as low as 1076 Hz.

Apart from models for certain electronic components there are also theo-
ries to explain the 1/f-noise as a universal phenomenon. An experimental
observation for the power spectrum W,(f) of the low frequency fluctuations
of a current I through a homogeneous metal or semiconductor sample is the
approximate relation ,

OcHl
Here, N is the total number of free electrons in the sample, f is the frequency
and oy is a proportionality factor (Hooge's constant), which approximately
equals 2 - 1073 for a number of materials. However, it does not seem to be
possible to extend this relation, which is approximately valid for homogeneous
samples, to more complicated structures like semiconductor components.

6.4 AMPLITUDE AND PHASE NOISE

Because the usual description of linear two-ports is not well suited for non-
linear circuits, new quantities will be introduced now that are better suited
to noise in non-linear circuits.

6.4.1 Noise modulation

The spectrum of a sinusoidal carrier signal with an underlying small noise
spectrum, which may also include small coherent signals, typically has the
form as shown in Fig. 6.2. It will be assumed throughout this chapter that
the noise spectrum is band limited to the range Qy — AQp to Qo + AQp. It
is further assumed that the bandwidth 2AQ, of the small-signal noise-band
is smaller than the carrier frequency €2.. If an ideal sinusoidal carrier passes
through a linear or non-linear two-port, either high-frequency noise may add
or by some sort of modulation, low-frequency noise may be up-converted to
the carrier, e.g. by amplitude or phase modulation or both. The same may
happen with small coherent signals which may also add to the noise signals.
A signal z(t) is supposed to consist of a sinusoidal carrier signal Xg cos(Qot +
¢o) and a superimposed small noise-signal n(t). The noise-signal n(t) may
also include spurious coherent signals but, nevertheless, we shall refer to it as
a noise signal. We thus can write:

z(t) = Xocos(Qot + ¢g) + n(t)
[(Xo + Az(t)] - cos[Qot + ¢o + Ad(t)] . (6.4)
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Here, the influence of the noise signal n(t) on the carrier is described by
random amplitude and phase fluctuations of the sinusoidal carrier. This may
also be regarded as amplitude noise and phase noise of the carrier signal x(¢).
The mean values of the amplitude and phase fluctuations are supposed to be
zZero:

Azx(t) = Ag(t) =0 . (6.5)
In complex form Eq. (6.4) reads:
2(6) = Re {Xo 1 ) e A0 (o)

The amplitude and phase fluctuations normally are very small with Axz(t)/Xo
<« 1 and A¢(t) < 1. Therefore, Az(t) - A¢(t)/ Xy = 0, because this product
is small of higher order, and also:

A0 1+ jAs() . (6.7)

With these approximations the equation (6.6) simplifies to

2(t) = Re {X [1 + A;;(t) + jAcﬁ(t)} ejﬂof} , (6.8)
0
where )
X = Xoel %0 (6.9)

is the complex phasor of the carrier. In order to find a relation between the
high-frequency noise signal n(t) and the amplitude and phase fluctuations
Az(t) and Ag(t) we shall first analyze the case of small sinusoidal fluctuation
signals. Later on this can easily be extended to arbitrary signal waveforms,
because all fluctuation quantities are related by linear equations.

6.4.2 Sinusoidal amplitude and phase modulation

Sinusoidal amplitude and phase fluctuations with a frequency w <« € can be
described by complex phasors AX and A®:

Az(t) = Re{AXej“’t}=%<AXej“’t+AX*e“j‘*’t) . (6.10)

As(t) = Re{aset) = % (a2l + a@reIet) . (5.11)

Inserting the equations (6.10) and (6.11) into Eq. (6.8) we obtain:

Xo
L Ix <¥ +qu>> eJ'(QoW)t}. (6.12)
Xo

z(t) = Re{Xejﬂot + éX (AX +jA<I>*> I (Qo —w)t

2
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We note that the amplitude and phase modulation leads to two sideband
signals at a distance w from the carrier. For the complex phasors X; (I=
lower sideband) and X,, (u= upper sideband) we get the following equations
from Eq. (6.12):

X [AX™ X (AX
= =—+jA® ) , X,==|— +jAd) , 6.13
X 2<X0+3A> 2<X0+J ) (6.13)
or, in matrix notation,

. . X

X; Xo | e=J%0  _je~i%0 ax
=2 | o0 ed%o Xo 1 (6.14)

Xy e je A®

By inversion of the matrix Eq. (6.14) the amplitude and phase fluctuations
may be expressed as a function of the lower and upper sideband phasors:

X _afd% eino [ x
A£ - XO ej¢0 j e—j¢0 Xu

(6.15)

Generally, the relations (6.14) and (6.153) can not directly be transferred to the
corresponding spectra by forming the squared magnitude of the phasors. This
is due to the fact that the phasors belong to different frequencies. The problem
can be avoided by assigning equivalent baseband phasors at the frequency w
to the sideband phasors at the frequencies Qy & w. With an electronic circuit
consisting of ideal filters and an ideal mixer or analog multiplier the sideband
signals can be converted to baseband signals and vice versa. Figure 6.4 shows

2cos(Qp- t)

i
ma)o— || & L e

mixer or
sideband filter  muyltiplier ~ low-pass filter

Fig. 6.4 Ideal single sideband converter.

a possible realization of a single sideband converter.single sideband converter
The circuit can operate in both directions. When operated as a single sideband
receiver, a high-frequency signal z; ,(t) is fed from the left-hand side, which
may or may not include both sidebands:

Z14(t) = Re {Xlej(QO —wWt, x, el Qo+ wﬁ} . (6.16)

The sideband or bandpass filter suppresses either the lower or the upper side-
band. By mixing with the local oscillator signal 2 cos ot in an ideal mixer or
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analog multiplier and subsequent filtering with a low-pass filter, the resulting
output signal in the baseband is either

aip(t) = Re{ X eI¥t) (6.17)

or .

Zub(t) = Re{ X, e/} | (6.18)
depending on the sideband that is passed by the filter. In complex phasor
notation we thus can write

X =X/ (6.19)
and
Xub = Xu . (620)

If the low frequency baseband signal z,(t) is the input signal to the circuit
of Fig. 6.4, then the circuit operates as a single sideband modulator. The
output signal is a sinusoidal signal at the frequency Qg ~w or Qg +w. The
corresponding image sideband is suppressed by the band-pass filter. The
relation between the complex phasors of the corresponding signals still is
given by Eq. (6.19) and Eq. (6.20).

Problem

6.1 Prove the equations (6.17) through (6.20).

If in Egs. (6.14) and (6.15) the sideband phasors X;, X, are replaced by
the equivalent baseband phasors Xjp, Xup, then we only deal with phasors
of the same frequency w, which are related by linear expressions. We there-
fore can apply the known methods for linear circuits and the corresponding
transformation rules for the noise spectra.

6.4.3 Spectra of the amplitude and phase noise

Let Wy, and W, be the spectra of the equivalent baseband signal and let W,
and W, be the spectra of the phase noise phasor A® and of the normalized
amplitude noise phasor AX/Xg, respectively. Then, with the corresponding
cross spectra Wiy and Wee, Eqgs. (6.14) and (6.15) yield:

X2
X5 Xy —Wp= —ZO- Wo + We + 2Im{Wye}] (6.21)
X2
X5 Xy — Wep = 29 Wy + Wy — 2Im{Wyas}] (6.22)
X" AX 1 —
AXAX L, =L Wiy + W + 2Re {e7I200Wi ], (6.23)
XO XO

1

AT AP W, = 35
0

[Wlb + Wy — 2Re {e—j2¢0 Wlub}:‘ (6.24)
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Notice: Although in the above equations (6.21) through (6.24) double-sided
spectra have been used, the relations are valid for positive frequencies only.
For negative frequencies some signs would have to be changed. This is due
to the fact that for negative frequencies the matrix elements in the equations
(6.14) and (6.15) must be replaced by their complex conjugates. In order to
simplify the equations, only the version for positive frequencies will be given
in the following.

Problem

6.2 Prove the equations (6.21) through (6.24).

Finally, the relation between the baseband spectra Wiy, Wy, and the spec-
trum W, of the high-frequency noise signal n(t) is of interest. Similar to the
description of the sinusoidal sideband signals it is also appropriate to split the
noise signal n(t) into a lower and an upper sideband signal:

n(t) = ni(t) + ny(t) . (6.25)

The corresponding spectra Wi, W, and W, are related by

Wa(Q) for Q<0

Wi(Q) = { O( ) for oSt (6.26)
_ Wo(2) for Q>

W, (Q) = { ! 0 (6.27)

The relation between the high-frequency spectra W;, W, and the correspond-
ing baseband spectra Wy, Wy can be calculated by means of the ideal single
sideband converter of Fig. 6.4. Instead of a rigorous derivation only an illus-
trative explanation will be given here. The single sideband converter links
the baseband components at the frequency w to the sideband signals at the
frequencies g — w or 0y +w in a quasi linear way. Therefore, we may expect
the relationships:

Wi(§o — w) = Wip(w) (6.28)

and
W + w) = W) - (6.29)

This is confirmed by a more rigorous treatment. The relations between the
different spectra are shown schematically in Fig. 6.5.

By inserting the equations (6.26) to (6.29) into (6.21) to (6.24) we obtain
the required relationships between the high-frequency noise and the amplitude
and phase noise:

Wal@-w) = 28 [Wa) + Wolw) + 2m{Waglw)}] , (630
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Qg Q

Fig. 6.5 High-frequency noise spectra W;, W,, and the corresponding base-
band spectra Wi, Wys.

Walo+w) = 2L [Wa(w) + Wolw) - 2m{Waolw)}] . (631
Walw) = Xig [Wa(Q0 — ) + Wa(Q +w)

+ 2Re{e_j2¢0W'lub(w)H , (6.32)
Wy(w) = )—% (W0 = w) + Wa( +w)

~ 2Re {e‘j2¢0mub(w)H . (6.33)

Only for the cross-spectrum W, there is no equivalent expression, because
signals with different and non overlapping frequency ranges, in this case the
lower and upper high-frequency noise sidebands, are always uncorrelated ac-
cording to the mathematical definition. A comparison of the equations (6.30)
to (6.33) with the equations (6.14) and (6.15) shows, that again we can de-
scribe the carrier amplitude and phase noise or the carrier sideband noise by
complex phasors. The squared magnitudes of these phasors are equivalent to
the corresponding noise spectra. We may observe, however, that in contrast
to linear systems we often calculate spectra by combing phasors of different
frequency bands. Furthermore, as an example, the phasor product X; X, and
not X; X, stands for the cross-spectrum Wi,,. With the power spectra W, (w)
and Wy(w) of the amplitude and phase noise as well as their cross-spectrum
Wae the noise properties of a non-linear two-port are described completely
and much more in detail than by the concept of the noise figure. The fre-
quency w is named the baseband or offset frequency. Normally, all spectra
will change, if one parameter of the input signal is changed, e.g. the frequency,
the amplitude, or the form of the signal.

6.5 NORMALIZED SINGLE SIDEBAND NOISE POWER DENSITY

As has been shown in the preceding sections, the noise behavior of a non-
linear two-port with a noise-free and precisely specified periodic input signal
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or an input signal with known noise fluctuations is fully characterized by
the noise spectra Wy, W, and W,,. However, these quantities can not be
measured directly by a sensitive spectrum analyzer, as is possible for the
highfrequency noise spectra. According to the equations (6.30) and (6.31)
the noise sidebands depend upon the amplitude and phase noise in a rather
complicated way. The relations simplify essentially, if one of the two kinds
of fluctuations can be neglected. Quite often the phase noise dominates and
the amplitude noise can be neglected. In this case, the equations (6.30) and
(6.31) simplify to

X2
Wa(Qo = w) = Wn(Qo +w) = ZE Wy (w) (6-34)
or for a one-sided noise spectrum to
X2
W, (Q £ w) = TOW¢(w) . (6.35)

The term X2/2 is a measure of the power P, of the carrier, W, (£ £ w) is a
measure of the noise power Pggp, of one sideband in 1 Hz bandwidth and at an
offset-frequency w from the carrier. Figure 6.6 schematically shows the powers

P

Qo Q+w
Fig. 6.6 Illustration of the normalized single sideband noise power.
P. and Pg4 within the spectrum of a large sinusoidal signal plus noise. The

ratio Pse /P is the normalized single sideband noise power. With Eq. (6.35)
we obtain for a carrier with phase noise:

(%bh = IWylw) = W) . (6.36)

A similar relation may be given for the case where the noise sidebands are
caused by amplitude fluctuations only:

(32) = 3Wel) = Wolw) (6.7
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The equations (6.36) and (6.37) may also be regarded as definitions for the
equivalent normalized single sideband noise power of the amplitude and phase
noise, when both kinds of fluctuations are present simultaneously. The noise
powers then are no longer identical to the physical high-frequency noise side-
bands. However, the ratios (Pssp/Pe)q and (Psg/FPe)e can be used for the
characterization of the carrier noise instead of the spectra W, and Wy, as
is often done in practice. The power ratios are usually given logarithmically
in dBc/Hz as a function of the offset frequency w. The correlation between
amplitude and phase noise usually is not specified in data sheets. The cross-
spectrum Wegy is less important and is also difficult to measure.

6.6 AMPLITUDE AND PHASE NOISE OF AMPLIFIERS

In the following, we will discuss the amplitude noise and the phase noise of
amplifiers for various drive levels. If the noise-free sinusoidal input signal with
the angular frequency €y and the amplitude X is small enough so that non-
linear effects will not occur in the amplifier, then only a white noise signal with
the constant spectral density Wy is superimposed to the carrier. Since there
is no interaction between the carrier and the noise signal, the noise spectrum
remains unchanged and we obtain for the noise sidebands

Win(Qo — w) = Wr(Q +w) = Wy = const. (6.38)

Furthermore, both sidebands are independent of each other, because no cou-
pling occurs via the carrier. Therefore, the equivalent baseband signals are
uncorrelated:

Wiwp(w) =10 . (6.39)

With the equations (6.32), (6.33) and (6.38), (6.39) we obtain for the spectra
of the amplitude and phase fluctuations the simple result

Walw) = Wo(w) = %o (6.40)

Thus we see that the superposition of white noise to a sinusoidal carrier leads
to amplitude and phase noise with identical white spectra. Starting from
Eq. (6.15) we are also able to calculate the cross-spectrum of the amplitude
and phase noise. We obtain:

(‘;X) AD = [J\Xlﬁ’—g\x 2 jemI200 x, X, + jel 2%0 X7 X*] . (6.41)
0

With the equations (6.38) and (6.39) the result for the cross-spectrum from
Eq. (6.41) is

Woas(w) = Xio W@ = w) = Wa(Qo +w)] =0 . (6.42)
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We thus conclude that, for the assumptions made, the phase noise and the
amplitude noise are completely uncorrelated.

Within the limits of linear amplification the amplitude and phase noise
may also be expressed by the noise figure F. If both the carrier and the noise
signals are referred to the amplifier input port, then X2 /2 corresponds to the
carrier input power F;, and FkT, is the one-sided spectral power density of
the white noise, which is referred to the carrier at the input port. Then

_ 1 FkTy
_2 Pm

Wa(w) = Wy (w) (6.43)

or with the equations {(6.36), (6.37)
(Pssb> _ (Pssb) :}FkTO ' (6.44)
P. /], P jy, 2 Py
For example, for a noise figure of F = 2=3 dB and P, = 1luW = — 30
dBm Eq. (6.44) yields —144 dBc/Hz, independent of the offset frequency w.
Apparently, the amplitude and phase noise can be reduced by increasing the
input power. A limit is reached when the amplifier is driven into saturation
and thus the linear range is left.
In the strongly non-linear region, the amplifier may approximately be
treated as if the carrier is modulated in amplitude and phase by a single

low frequency noise process. Therefore, one may write for the fluctuations in
complex form:

AX
X—o = maM, (645)
AD = mgM . (6.46)

Here, the phasor M describes the low frequency noise process, which is linked
to the amplitude and phase noise of the carrier by the complex frequency-
independent modulation factors m,, and mg. With |M?|=W,, the spectra are
given by

Walw) = [mal?Wn(w) , (6.47)

Wolw) = |mg|* Win(w) . (6.48)
Since both kinds of fluctuations are caused by the same noise source, we
expect that the amplitude and phase noise are perfectly correlated. This is

confirmed by a direct calculation via the equations (6.45) and (6.46). From
(AX/X5)*A® we conclude

Was(w) = m; meWp(w) (6.49)
and the normalized cross-spectrum

Woplw) _ mame
W) We(w)  |malimg

(6.50)
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has a magnitude of one.
With the equations (6.30) and (6.31) the spectra of the high-frequency
noise sidebands are obtained as

Wo(Q —w) = %& [Imal? +Ime!? + 2Im{m} my}] Wi (w) , (6.51)

2
Wi (S +w) —)—29— [Imal? + Imel? — 2Im{m}, mg}] Win(w) . (6.52)
The imaginary part of the product m? m, disappears if the amplitude and
phase modulation have the same phase. Then, the high-frequency noise spec-
trum is symmetrical with respect to the carrier frequency Qg. If one of the
two kinds of modulation dominates, the spectrum also is symmetrical. In
general, however, the noise sidebands may differ in magnitude. With the help
of Eq. (6.14) we are able to determine the cross-spectrum of the equivalent

base band signals. From
2
X, X, = X3 {eﬂ% A_XI — eJ2001A82

4 Xo

cjed200 (BEN Ag 4 202K npe| (653
Xo XO
we get for the cross-spectrum from the equations (6.47) to (6.49)
X2 .
Wias(w) = Z2eI290 [imq? - |mo[? + 2jRe{m} mo}| Wn(w) . (6.54)

From equations (6.51), (6.52) and (6.54) the normalized cross-spectrum can
be calculated:

Wiws(w)
VWa(Qo — W)W (0 + w)
= J2¢0 Ima|? — |mg|? + 2jRe{m}, my}

(6.55)

(Imaf? + Imef2)? — dlm?{my my}
A more detailed analysis of Eq. (6.55) shows that also the normalized cross-
spectrum of the noise sidebands has a unit magnitude, as was to be expected

from the analogy to the spectrum Wy,.

Problem

6.3 Prove that the normalized cross-spectrum of Eq. (6.55) has a magnitude
of one.
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Finally, the normalized single sideband noise powers are obtained from
equations (6.36), (6.37) and (6.47), (6.48):

(Z2) = el | (6.56)

(Pssb)

P Js
Physically, the spectrum W,,(w) often corresponds to the 1/f-noise of semi-
conductor components within the amplifier. Then, also the amplitude and
phase fluctuations show a 1/f-spectrum. For a strongly non-linear mode of
operation, the input power only has a minor influence on the noise of the out-
put signal. A practical large signal amplifier is usually operated somewhere
between the extreme cases regarded here. Therefore, the amplitude and phase

noise in general will partly be correlated and the spectra will show a 1/ f-region
as well as a frequency independent region at higher offset frequencies.

I

Imgl? W (w) . (6.57)

6.7 TRANSFORMATION OF AMPLITUDE AND PHASE NOISE IN
LINEAR TWO-PORTS

Up to now we have assumed that the amplitude and phase noise fluctuations
which appear at the output of a two-port are entirely caused by noise processes
within the two-port, i.e. we assumed that the input carrier signal is noise-free.
This situation will never occur in practice. At least a certain noise floor will
be superimposed on the input signal, for instance the thermal noise from the
signal source. Generally, amplitude and phase fluctuations are altered when
the signal passes through the system, if this system is frequency dependent.
Therefore, the amplitude and phase fluctuations of the output signal consist
of a noise contribution from the two-port itself and a contribution by the input
signal.

XOT HQ) (—o Y

Fig. 6.7 Linear system with the transfer function H(Q).

In this section, a linear system with the transfer function H(2) as depicted
in Fig. 6.7 will be considered. For the derivation of a conversion matrix we
start from Eq. (6.14), assuming that the system itself is noise-free. With the
phase angle ¢y and the magnitude Xy of the complex input carrier signal
X = Xoexp(j¢o) the likewise complex amplitude and phase fluctuations
AX/Xo and Ad can be transformed into the complex sideband phasors X
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and X,:

0 (6.58)

[ Xl* } _ &-)— |: e_j¢0 _j e—j¢0 }
Ad

ax
X, 2 el %o j el®o }

A similar relation holds for the complex carrier signal at the output ¥, =

Yo exp(j1o) with the complex amplitude and phase fluctuations AY/Y; and

AV

Ay
0

AU

)/}*

v, (6.59)

_ Yo e-jwo -7 e_jdjo
I R j ed%o

Since the network with the transfer function H is linear, the corresponding
sidebands are at the same frequency and are linked via the transfer functions
H; and H,, while the carrier signals at the input and output of the network
are linked by the transfer function H.:

Vi=H(Q -w)X, = HX; , (6.60)
Yo = H(Q + w)Xy = Hy X (6.61)
Yoel¥0 = H(00) Xoed®0 = H, Xyel%0 (6.62)

From equations (6.58) to (6.61) we get

=

s AX ;
AY : , s [ e=JPo 22 _ 5 —J0
Yo =33 {em e | [ (9% e )
-5 .1 . —aq) . .
AT jejwo —je~J%o H, <e]¢0%)£ +jeJ¢0 A<I>>
0

and with Eq. (6.62)

] - — e — AX
AY 2i(%o — 60) (H;‘ eJ (%o = 90) 1 g, e=3(%0 ¢o)> AX
Yo | = —g— | | Xo
AT ¢ j<Hl* eJ (Yo — &) —Hue“J(wo—Cbo)) ~

+j <_Hl* eJ (Yo = do) 4 H,e=J(Yo— ¢0)> AD

+7J <Hz* eI (o —d0) L g, =i (o - ¢>o)> Ad
(6.63)

With

J2(t0 ~ ¢0) _ < He )2 __H _H (6.64)
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one finally obtains:

Yo | =1 ¢ He e e Xo | . (6.65)
av | 2| o (He _H A AD
T\, H H. H;

In this way, all elements of the conversion matrix can be calculated from the
transfer function. We may observe from Eq. (6.65) that the amplitude and
phase fluctuations of the input signal are transferred to the output by the
same factor. The two factors for the AM-PM- and PM-AM-conversion differ
by the sign only. For a symmetrical transfer function with respect to the
carrier frequency, i.e. for H,/H. = (H;/H.)*, there is no mutual conversion
with respect of the two kinds of fluctuations. The same is true for a frequency
independent network.

6.8 TRANSFORMATION OF AMPLITUDE AND PHASE NOISE IN
NON-LINEAR TWO-PORTS

6.8.1 Conversion matrix

In this section, the transformation of the amplitude and phase noise in a non-
linear system will be discussed. Again, the noise fluctuations of the output
signal consist of a noise contribution by the non-linear network in addition
to the noise contribution from the input signal. However, by passing through
the non-linear two-port, these fluctuations do not remain constant but are
subject to a certain change, with a possible conversion of amplitude noise to
phase noise and vice versa. If we denote the fluctuations of the input signal
by AX/X, and A®, and those of the output signal by AY/Y; and A¥, then
we can express the relation between these quantities by the following matrix
equation:

éz Kaa Ka¢, _A_)£ AYn
Yo |= Xo |+ Y . (6.66)
AT Koo Koo Ad AT,

The elements of the conversion matrix (K] describe the way in which the
fluctuations of the input signal are changed by passing through the non-linear
network, while the quantities AY, /Y, and AV, describe the contribution of
the internal noise of the two-port. These contributions have been dealt with
in a preceding section. In the following, we will discuss some of the properties
of the conversion matrix. The discussion is not only valid for noisy signals
but also includes the case that the fluctuations are caused by a deterministic
modulation, intentional or not, as long as the fluctuations are small, i.e. as
long as |AX/Xg} < 1 and AD <« 1.
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While linear two-ports can be described by a complex transfer function,
non-linear networks can be characterized by the so-called describing func-
tion. For the definition, we assume at the input a perfect sinusoidal signal of
angular frequency €y with the complex amplitude X. Due to the non-linear
properties of the two-port the output signal normally is no longer sinusoidal,
however, it remains periodic with the angular frequency Qg and it will typi-
cally include higher harmonics. The output signal can therefore be described
as a Fourler series with a complex amplitude Y for the fundamental angular
frequency Qq. We will again denote Y as a phasor quantity. The ratio of the
complex phasors X and Y defines the describing function, denoted by D:

Y
D= X (6.67)
The describing function does not directly depend on the higher harmonics of
the output signal. In contrast to the transfer function of linear two-ports,
the describing function not only is a function of the frequency but also of the
amplitude of the input signal. With X, = [X| we can write for the describing
function D with respect to the amplitude and phase:

D = Do(Xo, Qp)edoX0: Q0) (6.68)
Dy is defined as a real-valued quantity.

Problem

6.4 A piecewise linear relation as shown in the figure below shall describe
the relation between the input voltage u;,(t) and the output voltage ueys(t) of
an amplifier. Calculate the describing function in dependence of the amplitude
Xy of the input signal.

uoutT
+ U, + —_—
: : -
—Ug +uUp Uin,
T ~Um

For the amplitude and phase noise, the interesting angular offset frequencies
w usually are small compared to the angular carrier frequency Qy. Because
we consider active non-linear devices that have a relatively large bandwidth
around the center frequency £y and due to the assumption that w < €y we
shall neglect the frequency dependence of the active non-linear two-port in
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the small frequency region of Qg +w. With X = Xye/% and Y = Ype’¥e the
amplitude and phase of the input signal and the amplitnde and phase of the
fundamental frequency component of the output signal are related by

Yo = Do(Xo) Xo (6.69)
Yo = oo+ o(Xo) (6.70)
If the amplitude and phase of the input signal change by small amounts Az

and A¢, then the resulting changes Ay and A of the output signal may be
calculated by a linear Taylor approximation of the describing function:

dD
Yo+ Ay = Do(Xo) + —Ol Az (Xo + Az) (6.71)
dXg ]ffo
d
Yo+ AV = oo+ Ad+ o(Xo) + 3}9— Az (6.72)
01X,

With Egs. (6.69), (6.70) and by neglecting the term (Az)? in Eq. (6.71), which
is of higher order small, we obtain

X, dD
Ay = Do(Xo) |1+ Do(;)(o)d—X—z A ] Az , (6.73)
Xo
Ay = Ao+ Ar (6.74)
dXo |,

Assuming that the relations (6.73) and (6.74), which were derived for static
amplitude and phase variations, are also valid for low-frequency time-variant
fluctuations, the elements of the conversion matrix directly follow as

Xo dDO}
Koo = 1+ — , 6.75
Do(Xo) dXo | ¢, (6.75)
Kop = 0, (6.76)
do
Ko = Xo—o- , .
¢ OdXO 2 (6.77)
Kgo = 1. (6.78)

With derivations with respect to amplitude and phase of the describing func-
tion, we can define an amplitude compression factor k, and an AM-PM con-
version factor ky:

X, dDg

ko = - =2 6.79
@ Do(Xo) dXo ! £, (6.79)
do |

dXo |z,

ke = Xo (6.80)
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We can thus write the conversion matrix in the following form:

1=ka O } (6.81)

[K}:{ ks 1

In the linear case we have k, = kg = 0. The amplitude and phase fluctuations
of the input signal are not changed by the two-port, under the assumption,
however, that the frequency dependence of the two-port can be neglected.

Problem

6.5 Determine the amplitude compression factor k, for the amplifier exam-
ple of the problem (6.4). What is the value of k4?

6.8.2 Large signal amplifiers

For an amplifier under large signal conditions, the amplitude compression is
the main effect of the non-linear operation. The AM-PM conversion may be
important since it can cause crosstalk, if the carrier is subject to a combined
amplitude and phase modulation. For noise considerations the conversion
factor kg is of minor importance. In practical systems the phase noise usually
dominates. Then it is of no concern if a part of the much smaller amplitude
noise is converted into phase noise. For this reason, the AM-PM conversion
factor kg will be neglected in the following.

For a large number of amplifiers, the dependence of the power gain G, as
a function of the signal input power Ps; may approximately be described by
the following empirical equation:

Gp(Ps) = P;‘” {1 — exp <—GPOP:H . (6.82)

Here, Gy is the small signal power gain and Pj,; the saturation value of the
output power. For P; < Psu/Go we get G, = Go. With Eq. (6.82) we
are able to determine the compression factor k,. If we assume a real input
impedance Z; of the amplifier and a voltage amplitude X; of the input signal,
then P, = X?/(2Z;). The corresponding describing function of the amplifier
follows from the equation (6.82):

97, Psq Go X2
Do(Xi) = \/72—2 {1 — exp (_QZszat>:] . (683)
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With Eqgs. (6.79) and (6.83) the amplitude compression factor k, is obtained

as:
2t [,y (- 20|y (~ 2
K = X? YA 2Z;Pyqy (6.84)
a 27 Pga: [1 ~ exp <_ GOX(LQ )}
X? 27 P04
. G Go P,
ko =1-— Gp((;)s) exp (— Piﬂ:) . (6.85)

For small input powers, i.e. for Py <« Ps:/Go, we see that k, ~ 0 and
an amplitude compression does not occur. With increasing input power the
exponential function in Eq. (6.85) converges to zero and k, approaches the
value one. For k, = 1 all amplitude fluctuations of the input signal will be
perfectly suppressed, the amplitude of the output signal is constant.

In order to estimate typical values of k, within the limits 0 and 1, it should
be clarified which input power is a suitable or perhaps optimum choice for a
large signal amplifier. For a power amplifier one often attempts to optimize
the difference between the output power G, P; and the input power Ps, i.e. the
added power AP;. With Eq. (6.82) we obtain for this power difference:

GoP,
AP, = GpP; — P, = Py {1 — exp (- PO )} - P, . (6.86)
sat
Differentiation with respect to P; yields
d(AP;) Go P,
=G — -1. .
4P, 0 exp < P, (6.87)
From this result we obtain the optimum input power
P,
Ps,opt = —sat In GO . (688)
Go
The power gain at this point of operation is
Gy 1 Gy -1
G,(P, =—|1-—=)= . .
p(Fsopt) = o < G0> RYen (6.89)
Finally, we get for the corresponding amplitude compression factor
1 In Go
kpg=1- —o——=1- ———— . 6.90
* Gp<Ps,opt) GO -1 ( )

In Fig. 6.8 we can see this relation in a graphical form. For a typical small
signal gain usually between 6 dB and 20 dB, we observe a strong amplitude
compression if the amplifier is operated as a power amplifier with optimum
drive level. Because this compression partly also suppresses amplitude fluctu-
ations that are generated in the amplifier itself, the amplitude noise is usually
smaller than the phase noise. The phase noise is nearly uneffected by non-
linear effects, due to Ky = 1.
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k4

1 -

0.5+

0 + —p
0 10 20 Go

Fig. 6.8 Amplitude compression factor for an optimal operation point.

6.8.3 Frequency multipliers and dividers

Up to now, the input and output signals of the non-linear two-ports had the
same frequency. Because of K4, = 1 the phase fluctuations of the input signal
are transferred to the output without change, except for internal noise and
possibly additional noise contributions due to AM-PM conversion. This is no
longer true if the output frequency changes due to frequency multiplication
or frequency division.

If the input signal of a frequency multiplier is described by

z(t) = Xo cos|Qt + Ad(t)] (6.91)
then the output signal is given by
y(t) = Yy cos[NQt + NAo(t)] , (6.92)

with N as the multiplication factor. The ratio of the amplitudes Yy and X
depends upon the conversion loss or the gain, respectively, of the frequency
multiplier. As a consequence of the frequency multiplication all phase ex-
cursions are amplified by the factor N, too. If the phase fluctuations of the
output signal are denoted by A (t), then Eq. (6.92) yields

AY(t) = N - Ad(t) (6.93)
or
Kso=N . (6.94)

This linear relationship can be transformed directly into a relation of the cor-
responding spectra, i.e. the input spectrum Wy(w) and the output spectrum
Ww (w):

Ww(b)) = N2 W¢(w) . (695)

Due to Eq. (6.36) the factor N2 is also valid for the normalized single sideband
noise powers. Then, e.g. for a multiplication by a factor of 10, the ratio of the
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single sideband noise power to the carrier power deteriorates by 20 dB. This
effect normally is crucial for the phase noise of the output signal. The contri-
bution from the internal noise of the multiplier can often be neglected. Good
practical frequency multipliers, e.g. multipliers with step recovery diodes, usu-
ally only show an internal noise slightly above thermal noise and also low 1/f
noise cut-off frequencies.

For the generation of microwave signals with good long term frequency
stability, the output signal of a quartz crystal oscillator is often multiplied
by a chain of multipliers up to the required frequency. In this way, the total
multiplication factor can be rather high and, therefore, a strong phase noise of
the output signal can result. If, e.g. , the crystal oscillator has a frequency of
10 MHz and an output power of 10 dBm and if one assumes that -as the best
possible situation- only thermal noise of —174 dBm/Hz is added to the carrier,
then the phase noise of the crystal oscillator is (Pysp/Pe)p = —187 dBc/Hz.
This value results from Eq. (6.44) with F = 1 and P, = 10 dBm. By a
multiplication to a frequency of e.g. 10 GHz the normalized single sideband
noise power deteriorates by 60 dB to (Pssp/Pe)y = —127 dBe/Hz.

For frequency dividers with the division ratio N we observe just the inverse
relationships. If, again, we denote the phase fluctuations of the input signal
by A¢(t) and those of the output signal by A(t), then we have

AY(1) = 5 - A(H) (6.96)
or
1

Kpp=— . 6.97

00 =% (6.97)
Again, this linear relationship can be transformed into a relation of the cor-
responding spectra:

1

=%

Because the phase fluctuations of the input signal are reduced in magnitude at
the output, the contribution of the internal noise of the divider to the output
phase noise will typically be of relevance. Therefore, for frequency dividers
the magnitude of the internal noise is of greater importance than for frequency
multipliers and is more likely to contribute to the overall noise performance
of a system.

Wy (w) Welw) . (6.98)

Problem

6.6 Theinput signal of a frequency divider with a division ratio of V consists
of two sinusoidal components with the small frequency difference Af = fo— f1
and the large amplitude ratio A; /A3 > 1 according to the figure below. What
does the spectrum of the output signal look like? The same question should
be answered for a frequency multiplier with a multiplication factor of N.
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Ay

Y

fi fa f

6.8.4 Frequency converters or mixers

For a shift in frequency of a carrier signal with small phase fluctuations by
means of a frequency converter or mixer the situation is particularly simple,
if we can assume that the mixer is operated quasi linearly or parametrically.
Under this and the further assumption that the local oscillator signal is ideal
and free of noise and neglecting the noise contribution of the mixer itself, it
follows that the output phase noise AY(t) is equal to the input phase noise
A¢(t), independent of the frequencies involved:

AY(t) = Adt) (6.99)
and
Koo =1. (6.100)

From this result we conclude that the corresponding spectra are equal:
Wy(w) = Wy(w) . (6.101)

Under the assumption of quasi-linearity of the mixer also the amplitude fluc-
tuations will linearly be transposed in frequency. If, however, we do not ne-
glect the phase fluctuations of the local oscillator A®, with the corresponding
spectrum W, then the equation (6.101) will read as

Wy(w) = We(w) + We(w) , (6.102)

provided that the local oscillator signal is free of amplitude fluctuations and
that its phase noise is not correlated with the phase noise of the other signals.
The last equation (6.102) is even valid under large signal conditions for all
signals involved at the mixer, as long as the signals are free of amplitude
fluctuations. Furthermore, we must require, as before, that the signals due to
phase fluctuations are small relative to the carrier signals.

6.9 MEASUREMENT OF THE PHASE NOISE

The amplitude noise of a non-linear two-port is not measured very often,
because it is not as important as the phase noise and because its measurement
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non-linear y(t)
two-port
phase wlt
z(t) ' detector (t)
‘ i

Fig. 6.9 Measurement of the phase noise of non-linear two-ports.

is less straightforward. The phase noise, on the other hand can be determined
relatively easy. The measurement principle is demonstrated in Fig. 6.9.

The input signal z(¢) and the output signal y(¢) of a non-linear two-port
are both connected to the input ports of a phase detector. With z(t) =
Xo cos[Qot + Ad(t)] and y(t) = Ypcos[Qot + Aw(t)] the voltage u(t) at the
output of the phase detector is proportional to the difference of the phase
fluctuations of (¢} and y(¢). The proportionality constant is named Kpp:

u(t) = KpplAy(t) — Ag(t)] . (6.103)

The phase fluctuations Ay(t) of the output signal include the fluctuations
Ag(t) of the input signal and the noise contribution Ay, (¢) of the noisy two-
port under test:

AY(t) = Ad(t) + AYn(t) . (6.104)

We can thus write for the spectrum of u(¢):
Wy(w) = Kip - Wyn(w) . (6.105)

Therefore, the spectrum W), is a replica of the spectrum Wy, of the internal
noise fluctuations of the two-port under test. After a sufficient amplification
it can be displayed, e.g. with a spectrum analyzer.

For a quantitative measurement we need to know the product of the phase
detector constant Kpp and the amplification factor between the phase de-
tector and the display system. This product can be determined e.g. by a
calibration measurement. For this purpose, two sinusoidal signals of the same
frequency can be applied to the inputs of the phase detector. One of these
signals is phase modulated in a well defined manner. The frequency and am-
plitude of the calibration signals must be identical to those of the measurement
signals, because otherwise the detector constant Kpp may change.

For not too high frequencies, integrated digital circuits are available as
phase detectors. For even higher frequencies one can employ balanced mixers
for this purpose. The sensitivity then depends according to a sinus function
on the phase difference of the two input signals. In order to adjust the sys-
tem for maximum sensitivity, the circuit in Fig. 6.9 must be extended by a
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variable phase shifter at one of the input ports of the phase detector. In
practice, however, and for convenience one should first try to perform the
phase noise measurement directly with a sensitive high-frequency spectrum
analyzer instead of using a measurement circuit as shown in Fig. 6.9. This
requires that the amplitude fluctuations are small enough which often is the
case. The spectrum analyzer offers the additional advantage of a spectrum
power calibration.

Problem

6.7 A balanced mixer can be treated as an ideal analog multiplier. Deter-
mine the phase detector constant Kpp.

The circuit in Fig. 6.9 can only be applied if no frequency translation occurs
within the non-linear two-port under test. In order to perform also measure-
ments with frequency multipliers and frequency dividers we must extend the
circuit according to Fig. 6.10. In this measurement setup instead of one circuit

non-linear vi(t)

two-port

phase
detector

f non-linear

two-port Y2 (1)

z(t) o—ve

Fig. 6.10 Measurement circuit for the phase noise with two identical non-
linear two-ports.

under test, two samples of the two-port under test are required with proper-
ties as similar as possible. The input signal z(t) is applied to both two-ports.
The phase fluctuations Ay (t) and Ay, (t) of the output signals both contain
a contribution of the input noise signal and the internal noises Ay, (t) and

Awn2 (t):

Ai(t) = N-Ao(t) + Ayn(t) , (6.106)
As(t) N A¢(t) + Ana(t) (6.107)

For frequency multipliers and frequency dividers, the frequency multiplication
factor or division factor N is different from one, i.e. N # 1. For the spectrum
W, the equations (6.103), (6.106) and (6.107) yield

Wy (w) = K3p [Wyni (@) + Wyna(W)] (6.108)
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because the noise contributions of both two-ports under test are uncorrelated
and because the phase fluctuations A¢(t) of the input signals cancel. As a
result the measurement delivers the sum of both phase noises of the two-
ports under test. For equal or nearly equal noise properties of the two-ports,
we therefore obtain the result of the individual two-port simply by reducing
the total measurement result of the spectrum by 3 dB. If the two-ports are
unequal, then the spectrum of any of the two two-ports is smaller than the
measured total spectrum. Furthermore, if available, the second measurement
object may be replaced by a frequency multiplier or frequency divider with
much lower noise. In this case, the total measured output noise directly yields
the phase noise of the device under test. Finally, as will be shown in the next
problem, one can use three possibly different devices under test and perform
three paired measurements in order to determine all individual phase noise
spectra.

Problem

6.8 Three samples of a frequency divider (frequency multiplier) with equal
or unequal noise properties are available. Determine the individual noise prop-
erties of the dividers (multipliers) from the result of sequential measurements
of all possible pairs of the samples.

Again, in practice, and for convenience, one will usually first try to per-
form the phase noise measurement directly with a sensitive high-frequency
spectrum analyzer and not use a measurement circuit as in Fig. 6.10. Again
the requirement for this procedure is that the amplitude fluctuations are small
enough compared with the phase fluctuations, which very often is the case.
Furthermore, it is required that the phase noises of the internal sources of
the spectrum analyzer are smaller than the phase noise to be measured. The
spectrum analyzer offers the additional advantage of an easy spectrum power
calibration. Fig. 6.11 shows examples of typical measured results of the in-
ternal phase noise for an amplifier and a frequency divider in a schematic
representation.
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Fig. 6.11 Phase noise of (a) an amplifier and (b) of a frequency divider.
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Noise in Oscillators

The output signal of an ideal oscillator has an exactly periodic, for high-
frequency oscillators usually a sinusoidal, function of time. The frequency
and the amplitude of the output signal are constant with time, except for
possible slow drift effects, e.g. by temperature changes or aging effects. For a
real oscillator, the noise processes within the circuit lead to small disturbances
of the frequency or phase and the amplitude of the output signal. As for the
nonlinear two-ports of Chapter 6, we will describe the disturbing effects of the
noise on the output signal by amplitude and phase fluctuations of the carrier
signal. Therefore, we can fully adopt the concepts of this former chapter,
e.g. the concept of single sideband noise power.

In this chapter, we will discuss models that allow one to describe the influ-
ence of the different circuit parameters on the noise behavior of the oscillator.
Furthermore, we will introduce possible concepts for the practical realization
of low-noise signal sources. Finally, we will deal with the appropriate mea-
surement techniques.

7.1 TWO-PORT AND ONE-PORT OSCILLATORS

Each oscillator consists of an active amplifying part and a passive network
with a frequency selective feedback circuit that determines the oscillation fre-
quency and a signal divider part to branch off the output signal. Principally,
there are two different classes of oscillators. A two-port oscillator consists of an
active two-port, that provides amplification, and a passive, resonant and thus

235
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frequency selective feedback network, which together with the output port
may be described as a three-port (Fig. 7.1). One-port oscillators are based
on an active one-port with a negative real part of its terminal impedance and
a passive frequency selective circuit, which is usually a two-port. One-port
oscillators are the typical choice in the mm-wave region, while at lower fre-
quencies both types of oscillators are employed. Often it only depends on the
point of view, whether the oscillator topology is considered as a one-port or
a two-port oscillator. Most common active elements are bipolar transistors
and field effect transistors. Gunn and Impatt diodes are sometimes found in
existing mm-wave oscillators but are now more and more replaced by bipolar
and field effect transistors. Vacuum tubes are still very important for oscilla-
tors with high powers and high frequencies but will not be discussed in this
text.

. || passive o . .
active pth tout active passive to ;
two-port ree- | outpu one-port two-port| OUtPU
— port ——-o o —0
(a) (b)

Fig. 7.1 Block diagram of (a) a two-port and (b) a one-port oscillator.

7.2 OSCILLATION CONDITION

Both kinds of oscillators can be described by the flow graph shown in Fig. 7.2.
The active element is operated under large signal conditions and, therefore,
must be treated as a non-linear network. The relationship between the com-
plex input phasor X with | X| = X, a signal with a sinusoidal waveform, and
the complex phasor of the output Y, a signal component at the fundamental
frequency which, therefore, also has a sinusoidal wave form, is given by the
describing function D

Y = D(Xp)X (7.1)

We will assume throughout this chapter that the describing function of the
active element of an oscillator, operating at a fixed frequency, only depends
on the amplitude of the input signal and not on the frequency.

For oscillators this assumption is usually justified, because the frequency
dependence of the active part normally is negligible compared with the strongly
frequency dependent passive part of the circuit, which typically has the prop-
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feedback network

H(Q)
X Y Z
D(X) A(Q) b—o0
active network output network

Fig. 7.2 General block diagram of oscillators.

erties of a resonator. For the two-port oscillator the phasors X and Y describe
the input and output signals of the active two-port, e.g. the input and output
signals of a bipolar or field effect transistor. With respect to the dimension
these signals may be voltages, currents or waves. If quantities of the same
dimension are used for the input and output signal, then the describing func-
tion is dimensionless. For a one-port oscillator the describing function for
the active element usually has a dimension. If the input signal is chosen as
a current and the output signal as a voltage at the terminals of the active
one-port, then the describing function has the dimension of an impedance. A
dimensionless describing function results for the one-port, if the signals at the
interface between the active and passive parts of the circuit are introduced
as waves propagating towards and back from the active impedance. Then,
the describing function corresponds to the reflection coefficient of the active
one-port.

The properties of the passive network of both the two-port oscillator and
the one-port oscillator are described by frequency dependent transfer functions
in the signal flow diagram. The transfer function H(?) designates the fraction
of the output signal Y of the active element which is coupled back to its input
as a signal X, in order to maintain a stationary oscillation. The transfer
function A(Q) specifies the relationship between the output signal Y and the
signal Z at the external load impedance of the oscillator. Regarding the
dimension of the transfer function, the same considerations hold as for the
describing function. From Fig. 7.2 we get

X=HQY (7.2)

and
Z=AQ)Y . (7.3)

Combining the equations (7.1) and (7.2) yields

D(Xo)H(Q) =1 . (7.4)
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This last equation is known as the oscillation condition. This condition
states that the oscillator can not oscillate with arbitrary amplitude and fre-
quency but only with those combinations of Xg;,{);, which meet the condi-
tion Eq. (7.4). For a given oscillator circuit with known functions D(X) and
H (), all possible modes of oscillation can be found by solving Eq. (7.4). On
the other hand, the oscillation condition can be used as a basis for the sys-
tematic design of the oscillator circuit. For this purpose, one may start with
a proper selection of the signal amplitude Xy at the active element. Quite
appropriate is the amplitude which maximizes the difference between the in-
put and the output power (see Section 6.8.2). From the corresponding value
of the describing function and Eq. (7.4), the feedback transfer function at the
specified oscillation frequency is obtained. With this result the passive net-
work can be designed. Then, with Eq. (7.4), the circuit can be analyzed once
again in order to check if the oscillation condition has additional solutions at
other frequencies. This must be avoided, since in this case unwanted parasitic
oscillations at other frequencies are possible. If necessary, the circuit design
has to be modified until a single frequency oscillation is guaranteed.

A particularly important and difficult issue in the design process is the
accurate description of the active element and the describing function, either
by measurement or by simulation or both. Often the description of the active
element is based on a small signal characterization, which is easier to accom-
plish but may lead to a non-optimum output power performance. In such a
situation, it is common practice to improve the performance of the oscillator
empirically.

The oscillation condition is a necessary but not a sufficient condition for
stationary oscillations. A further condition is that the mode of oscillation
is stable, which means that, after a disturbance, the oscillation amplitude
automatically returns to its former steady state value. The stability condition
will be discussed later on, using results of the noise analysis.

7.3 NOISE ANALYSIS

The aim of the following noise analysis is the general calculation of the am-
plitude and phase noise of oscillators. For the amplitude and phase noise of
linear and non-linear active networks the results can directly be taken from
chapter 6. For convenience, the most important results will be repeated here.

If we denote the amplitudes of the input and output signals by X, and
Yy, respectively, and the corresponding amplitude and phase fluctuations by
AX/Xg and AY/Y; or AD and AW, then we can write

BY 1 [ Kep Kap][2X] [ AL
Yo | = Xo | +]| Yo . (7.5)
AT Ksa Koo Ad AT,
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The quantities AY,, /Y, and AV, describe the contribution of the internal
noise of the active network to the amplitude and phase noise of the output
signal. The matrix elements of [K] denote the changes of the fluctuations
of the input signal when passing through the non-linear network. For the
calculation of the oscillator noise it is normally sufficient to take into account
the amplitude compression only. With the amplitude compression factor k,
(see section 6.7.1) we get from Eq. (7.5):

AY 1 rig, o[ AKX [ A
Yy = { } Xo |+ Yo . (7.6)
AT 0 1 AD AT,

As already discussed in Section 6.6, the contributions of the internal noise of
the active element depend on the drive level. For a weak drive level i.e. quasi-
linear operation, we can determine the spectra of the amplitude and phase
noise approximately from the noise figure F and the input power P;, of the
active network according to the relation

FET,
2Pin

The spectra are approximately independent of frequency, i.e. white, and the
amplitude and phase fluctuations are not correlated.

For a strongly non-linear mode of operation, in many oscillator circuits
the internal noise can be described approximately by a low frequency noise
process and a frequency up-conversion. We then may write

Wan = W¢m =

(7.7)

Won = ’\ma‘z Wi (78)

and
Won = Img|* Wi (7.9)

with the modulation factors m, and mg. The low frequency spectrum W,
typically has a more or less pronounced 1/f-characteristic. Amplitude and
phase noise are fully correlated according to this model.

The quantitative determination of the spectra We, and Wy, for a non-
linear network is complicated and requires accurate models for the non-linear
elements. If the spectra can not be determined by measurements, the following
empirical approach may be used, which results from a slight modification of
the relations for the linear case:

co W
Waon = <1+ f7> : { (l(’_ka)QWO (7.10)
Won = <1+ —f}—"> W (7.11)
with Foo kT
Wy =220 (7.12)

2P
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The spectrum Wy corresponds to the noise in the linear case, however, with an
effective large signal noise figure F,;, which usually is higher than the small
signal noise figure F'. Typical values for F,; might range from 2 dB to 20 dB.
The factor (1 + fe./f) accounts for the 1/f-noise of the active component.
The noise corner frequency f., has already been introduced in Section 6.3 and
typically is found in the range of 1 kHz to 100 MHz. The spectrum W, may
be multiplied by the factor (1 — kq)? if it can be assumed that the amplitude
noise mainly originates from the input section of the non-linear network and
that it therefore will be subject to an amplitude compression. A possible
correlation between amplitude and phase noise is normally neglected.

The relationships between the amplitude and phase fluctuations of the
input and the output of the linear network with the transfer function H of
the block diagram of Fig. 7.2 have already been given in chapter 6, Eq. (6.20).
However, it must be noticed that the meanings of X and Y are interchanged
in Fig. 7.2. With the abbreviations H, = H({), H = H{Q — w) and
H, = H(Qy + w) we have:

B 1 H, Hy H. H: v
H, Hr H H

Ad I et Rt | huiniC L AT
g (H H:) H, ' H;

For convenience the intrinsic thermal noise of the passive feedback circuit is
neglected because it is typically small compared with the noise of the active
circuit. However, in principle, it would not raise any problem to consider also
the thermal noise of the passive circuitry.

Similar to Eq. (6.16) we obtain a conversion matrix for the linear output
network to the load of Fig. 7.2 with the transfer function A(Q). For the
amplitude and phase fluctuations at the output, AZ/Z; and AB, we get the
matrix equation

Az A A (A AT ay
=1 T A, A =2
Zo | = : Yool (714
(A, A A, A
(A ATy A AT AT
A0 ’ (Ac Az) A, T A

with the abbreviations A, = A(£p), A4; = A(Qp —w) and A, = A(Qg + w).
With the results described above, the noise of the complete oscillator can
be calculated in a general form, once the feedback loop is closed (see Fig. 7.2).
Here, the feedback loop is closed via the phasors of the amplitude and
phase fluctuations. Using alternative algebra, which, however, delivers exactly
identical results, one may use the upper and lower sideband phasors, in order
to close the loop.
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Combining Egs. (7.6) and (7.13), we get
H, H} , H, H}
AY (1—ka)(_—+ l) J(l—ka><—_ l)
1

—ﬁ _ H. H; H, H;
2 H, H; H, Hy
[ Be u M
v j(Hc H:) (HC+H:)
AY 1 7 Ay,
o | Y . (7.15)
AV AT,
With the abbreviations
1 (H, H;
=3 (F " H:)
and L H H
[ il l
PRETEA a0
we get
1= (l-ka)Hz —j(l-ka)Ha | [ &5 S
Yoo |- 0 . (717)
JHa 1 - Hs AT AT,
Solving for AY/Y, and AV we obtain:
éz — (I‘HE)(AYn/Yb)‘Fj(l*ka)HA A, (7 18)
Yo (1-Hg)[1~(1~kao)Hsg] - (1~ ko)HZ ’ '
AT Ll - (1 - ka)HZ} A\I}n —J HA(AYTL/}/O) (719)

(1-Hg)[1 - (1-ka)Hs] = (1 —ka)HE

The amplitude and phase fluctuations each depend on the noise contributions
AY, /Yy as well as AT, of the active network, because in the linear circuit
a mutual conversion of both kinds of fluctuations is possible. As was already
mentioned, this conversion vanishes if the passive resonance circuit has a
symmetry in the sense that H,/H, = (H;/H.)*. With Hy = H,/H,. and
Ha =0 the Eqgs. (7.18) and (7.19) simplify to

AY 1 AY,

Y T -G kHJH Y, (7.20)
1

AT = — AU (7.21)

1-H,/H.~— "~
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With Eqgs. (7.13) and (7.14) it is possible to calculate from AY/Y; and A¥
the amplitude and phase fluctuations at the input of the active network as
well as at the load output of the oscillator.

By forming the squared magnitude, the above relations can be transformed
into equations for the corresponding spectra. Apart from the spectra W, and
W, the spectrum for the frequency fluctuations Wy is sometimes also given.
The frequency fluctuations, i.e. the deviations of the instantaneous frequency
from the mean value Q./27 are obtained by a differentiation with respect
to time of the phase fluctuations and a division by 27. The phasor of the
frequency fluctuations is denoted by AF. Then, in complex notation we can
write

jw
AF =— A% . .22
o (7.22)
Therefore, the relation between the spectra is given by
w \2 5
Wy = (57) We = fPWe . (7.23)

7.4 STABILITY CONDITION

In Section 7.2, it was already mentioned that the oscillation condition (7.4) is
not a sufficient condition for a stable oscillation at a certain frequency. The
stability is only guaranteed if the oscillation amplitude is insensitive to dis-
turbances. This requires that the oscillation amplitude returns to its former
value after a disturbance stops. Only such a behavior corresponds to a sta-
ble mode of operation. If the amplitude deviation remains constant or even
increases over time, then the oscillation mode is unstable.

The stability of the oscillation amplitude can be checked with the help
of Eq. (7.18). This equation is not restricted to noise signals but relates
in a general manner disturbances of the amplitude and phase in the active
network to the resultant amplitude changes of the oscillator. The relation is
linear and Eq. (7.18) can be considered as the transfer function of a linear
system. Therefore, well-known methods can be employed in order to test for
stability of the system. If we denote the denominator of the equation (7.18) as
De, then De is a complex function of the offset frequency w or De = De(jw).
For a stability test we will replace the expression jw by the complex frequency
p = 0 + jw. Subsequently, we will search for the solutions p; of the equation

De(p) =0 . (7.24)

The transfer function (7.18) belongs to a stable system, if for all solutions p;
of Eq. (7.24):
Re{p;} <0 . (7.25)

In this case, the oscillation amplitude of the oscillator is stable.
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7.5 EXAMPLES

7.5.1 Two-port oscillator with transmission resonator

resonator

Qr‘a QO

D — 0 output

amplifier power
divider

Fig. 7.3 Two-port oscillator with a transmission resonator.

As an example of a two-port oscillator we will analyze the circuit in Fig. 7.3.
The output signal of a large signal amplifier is applied via a signal divider to
the input of a transmission resonator. The transmitted and filtered signal is
fed back to the input of the amplifier, thus closing the feedback loop.

It is expedient to describe the circuit by scattering wave parameters. We
will assume for convenience that all components are matched around the os-
cillation frequency so that reflections do not occur. Furthermore, all signal
delays and attenuations caused by interconnecting lines are neglected. They
are thought to be included in the amplifier, the signal divider, or resonator.

The non-linear properties of the large signal amplifier have already been
treated in Section 6.8.2. The power gain G, decreases monotonously with in-
creasing input power P; and approaches zero asymptotically. Quantitatively,
this dependence of the amplifier gain G, as a function of the input power P;
can be described by the approximate empirical expression:

Py, G P
Gp(Ps) = ;St {1 — exp (—%S;)J . (7.26)

Here, Gy is the small signal gain of the amplifier and Ps,; is the saturated
output power of the amplifier. We can thus write for the describing function
D of the nonlinear amplifier circuit:

2
D(Xo) = \/ P [1 ~ exp (—-G—gifﬁﬂ . (7.27)
0 sa

The phasor amplitude Xg in the above equation now belongs to a wave quan-
tity.
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The scattering parameters S;; and Si, of the transmission resonator can
be written in a general form as

S21 = 512 =

2+/6152
o (7.28)

L+ 01+ B2+ Qo <§*—E>

with Qg as the unloaded quality factor and ), as the resonance frequency
of the resonator. For = ), the scattering parameters S, and S,; are
real and have their maximum magnitude. The positive and real quantities 3;
and (3 are the coupling factors of the input and the output of the resonator.
In the following, we will assume a symmetrical coupling, i.e. 81 = B = 5.
Furthermore, we will use for the resonator the approximation that (Q/Q, —
Q,/Q) = 2w/Q, for w < Q and with w = Q — Q,. Then, Eq. (7.28) simplifies
to the expression

24
1+2,@+j2Qow/Qr '

Sip = Sy = (7.29)

We assume that the signal divider has a frequency independent transfer func-
tion of 1/4/2 for both output ports. Thus we obtain for the two transfer
functions of Fig. 7.2

_ _ V28
HQ) = Hw+Q)= 13275 520,070, (7.30)

(7.31)

Sl

The oscillation condition (7.4) together with the equations (7.27) and (7.30)

reads:
Psat GsOXg \/56 _
\/X§ [1 e"p( P )| Troprs0000e, 1 7%

Since the imaginary part of the oscillation condition must be zero, we conclude
that the oscillation frequency Qy = w +$, is equal to the resonance frequency
Q. of the oscillator, i.e. w = 0. Squaring the real part of the oscillation
condition yields:

Psat GsOXg 262 .
[1 — exp (— P )} . T+237 - 1. (7.33)

For given circuit parameters, this equation allows one to determine the oscil-
lation amplitude Xy and thus also the output power P; of the amplifier. If the
amplitude of the amplifier input signal Xy has been fixed, then the necessary
coupling factor 8 of the resonator can be determined with Eq. (7.33).
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Problem

7.1  An amplifier has the saturated output power Py, = 20dBm and the
small signal gain Gs = 15dB. Which signal input power Py leads to a
maximum difference between the output and input power? What is the value
of the coupling factor 38 in order to meet the oscillation condition Eq. (7.33)
for this optimum drive level? What is the value of the corresponding output
power?

For the amplifier characteristic according to Eq. (7.268) the amplitude com-
pression factor k, has already been determined in Section 6.8.2:

_ Gs() GsOPs
ko =1- G P exp( P ) . (7.34)

Furthermore, for the calculation of the noise we need the quantities Hy and
Hp from Eq. (7.16). With Eq. (7.30) we obtain

1+283
Hy = 7.35
= 1+28+372Qow/Q (7.35)

Ha = 0. (7.36)

With Eqgs. (7.20) and (7.21) the amplitude and phase fluctuations at the out-
put of the amplifier are given by

AY 1+28+72Qw/Q  AY,

Yo © R(1128) 152000/ Yo (7.37)
1+2ﬂ+j2Q0w/Qr

AT - VANV 7.38

]2Q0w/ﬂr ( )

Because the transfer function of the signal divider is assumed to be frequency
independent, the output coupling network does not change the noise. There-
fore, the amplitude and phase fluctuations of the output signal of the oscillator
are identical to those at the output of the amplifier. With the assumptions

Wan = (1 = ko)2 W, (7.39)

and

for the internal noise of the amplifier we obtain for the spectra of the oscillator
noise:

2 _(1+28)°+ (2Qow/Qr)?

Walw) = (1-ka) R 1T207 + 20w/ o (T4l
2
W () 1+ (%—) } Wo . (7.42)
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From the Eqgs. (7.41) and (7.42) two corner frequencies may be derived, de-
noted by wy1 and wyo (see Fig. 7.4):

wy = ko (1+28) 2%’0 , (7.43)
we = (1+28) 2%0 = fkﬂ (7.44)

Because k, < 1 we have wy; < wya. Therefore, for offset frequencies below wy;
we observe a frequency independent amplitude noise:

1 2
Wa(w) = (k— - 1) Ws wK Wy - (745)
o

Between wy; and wys the amplitude noise decreases with increasing offset fre-
quency by up to 20 dB/decade, before it again approaches a constant level
above wya:

Wolw)=(1-k)?>Wo, w>wp. (7.46)

The phase noise decreases with 20 dB/decade up to the corner frequency wys .
For even higher offset frequencies, the spectrum W, approaches the constant
value Wy. Thus, we qualitatively observe a noise behavior of the two-port
oscillator, as shown in Fig. 7.4a.

—30 dB/decade

¥
;
W1 W2 w

(a)

Fig. 7.4 Qualitative spectra of the amplitude and phase noise of a two-port
oscillator (a) without 1/f-noise and (b) with 1/ f-noise.

If a 1/ f-noise contribution is included in the spectra Ws, and Wy,, then
the form of the spectra changes as shown in Fig. 7.4b, assuming that the
1/ f-noise corner frequency wp < wy;. A quantitative noise calculation is to be
performed in the next problem.
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Problem

7.2 Calculate the noise spectra W, and Ws for the data of the two-port
oscillator of problem 7.1. The amplifier is assumed to have an effective noise
figure of F.;=20 dB and a 1/ f-noise corner frequency fj of 0.1 MHz. The res-
onance frequency of the resonator is assumed to be 10 GHz, and the unloaded
quality or @Q-factor 1000.

Of crucial importance for the phase noise is the resonator quality factor
Q. For small offset frequencies, a doubling of the quality factor leads to a
reduction of the phase noise by 6 dB. Therefore, for a practical realization of
an oscillator circuit, a high resonator quality factor is of prime importance.

An improvement of the phase noise can also be achieved by a reduction of
the coupling factor 3, i.e. by a weaker coupling of the resonator. However,
the range of possible coupling factors is rather small because, according to
Eq. (7.29), a smaller coupling of the resonator also leads to a higher trans-
mission loss of the resonator.

The amplitude noise is only slightly affected by the properties of the res-
onator. The two limits according to Eqs. (7.45) and (7.46) only depend on the
properties of the amplifier. A change of the resonator parameters just leads
to a shift of the two corner frequencies w;; and wys.

The spectra of the two-port oscillator also depend on the position of the
output coupling circuit as is shown in the next problem.

Problem

7.3 The circuit of a two-port oscillator as shown in Fig. 7.5 is modified in
such a way that the output coupling network is located at the output of the
resonator or the input of the amplifier, respectively. Calculate the spectra
of the amplitude and phase noise with the same numerical values as in the
problems 7.1 and 7.2.

The stability of the two-port oscillator can be analyzed by means of the
denominator of Eq. (7.37). With the complex offset frequency p, a zero of the
denominator occurs at the complex offset frequency py:

1= —ko (1+26) 2% . (7.47)

Because k, > 0 and § > 0 the zero lies in the left half of the complex
p—plane. The solutions of the oscillation condition (7.32) thus correspond to
stable oscillation modes.
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resonator

QT?QO

output = — I>

power amplifier

divider
Fig. 7.5 Two-port oscillator with output coupling network at the amplifier
input.

7.5.2 One-port oscillator with a series resonator

As a second example we will examine the circuit in Fig. 7.6. The active
element is a one-port, which in the equivalent circuit is described by a real
resistance R. Between the amplitudes of the current and the voltage there is
a non-linear relationship. Therefore, the resistance is not constant.

I —

L C

o[] v i

Fig. 7.6 One-port oscillator with a series resonator.

Figure 7.7 shows typical curves for the dependence of the voltage amplitude
and the resistance on the current amplitude. For small amplitudes the active
two-port has a nearly constant negative terminal resistance. Therefore, high-
frequency power can be delivered to the load. With increasing current or volt-
age amplitudes the magnitude of the negative resistance will decrease, similar
to the decrease of the gain in a saturated amplifier. There are, however, also
some differences between a one-port with a negative terminal resistance and
an amplifier. While the output signal of an amplifier increases monotonously
with the input signal, for a one-port also a decrease of, e.g. the voltage ampli-
tude with an increasing current amplitude may be observed. Therefore, the
resistance can drop to zero already for a finite current amplitude, while for
an amplifier the zero gain is only reached asymptotically.
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_U4 R

v

(a)

Fig. 7.7 (a) Voltage and (b) resistance of the active two-port as a function
of the current.

With oriented arrows for the current and voltage phasors as defined in
Fig. 7.6 we can write
U=-RI. (7.48)

If we consider the current phasor I as the input signal and the voltage phasor
U as the output signal of the non-linear network, then the negative resis-
tance —R corresponds to the describing function D of Fig. 7.2. By means of
Eq. (6.79) we can determine the amplitude compression factor ky from the
current dependence of R according to Fig. 7.7. With Iy = |I| we obtain

Iy dR

b= TRy Al

(7.49)

Due to dR/dIy > 0, ks > 0 for R < 0. For amplifiers, k, is also smaller
than one. This restriction does not apply to active one-ports. Because of
Eq. (7.49), ko may even become arbitrarily large in the vicinity of the zero
crossing of the R—function. Even without an exact knowledge of the function
R(I}) the value of the compression factor k, > 0 leading to maximum output
power can be estimated, as will be shown in the next problem.

Problem

7.4 For an active non-linear two-port the amplitudes of the current and the
voltage have been chosen such that the power transferred from the active one-
port to the load becomes maximum. What is the value of the compression
factor ks > 0 in this case?

The linear network of the oscillator or its equivalent circuit consists of a
resonator with an inductance L and a capacitance C in series and additionally
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the load resistance Ry. For the linear network the voltage U is considered as
the input signal and the current I as the output signal. Therefore, the transfer

function H(Q) of Fig. 7.2 is identical to the admittance of the series connection

of L, C and Ry:
1

T RetjQL+1/QC

If we consider the voltage at Ry as the output signal, then the transfer function
A(Q) of the output coupling network is given by

H(Q)

(7.50)

Ry
A = . .
() Ry +jQL+1/5QC (7.51)
The oscillation condition (7.4) for this equivalent circuit yields
~R(I
R{) =1. (7.52)

. 1
R0+j (QL——Q—E>

From the real part of Eq. (7.52) a condition for the oscillation amplitude o
is obtained:
—R(Iy) =Ry . (7.53)

An oscillation amplitude Iy will build up with a corresponding negative re-
sistance value of the active element which in its steady state is equal to the
load resistance Ro. The imaginary part of the oscillation condition Eq. (7.52)
shows that the oscillation frequency g is equal to the resonance frequency
Q, of the series resonance circuit:

1
Qpo= e =Q, . 7.54
°= VIc (759
With Eq. (7.54), Eq. (7.50) yields
H(Q) = ! (7.55)
PP 1 1%
0T J3r Q. 9)

and with Q = Q, + w and w <« Q we get

1
HQ) = —"-7-—. 7.5
) Ro+j2wl (7.56)
For the quantities Hx and Ha we then obtain
H, R
Hy = 0 (7.57)

H, Ro+j2wl’

Hy = 0. (7.58)
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The corresponding elements of the output coupling network A(Q) are

Ry
- 7.59
AQ) Ro+j2wl (7.59)
and
A, R,

A = —_—= = 7.
= A  Ro+j2wl (7.60)
Ar = 0 (7.61)

By insertion of Egs. (7.57) and (7.58) into Eqgs. (7.20) and (7.21) we obtain
the amplitude and phase fluctuations of the voltage U:

Un
AU L AUn (7.62)
Uo (kg0 U
) R+ j2wl
AV = #——iﬁ— AT, . (7.63)
0
YRl

The fluctuations at the load resistance AUg/Ugy and A® are related to
the fluctuations AU/Uy and A¥ according to Eqgs. (7.14), (7.59), (7.60) and

(7.61):
81 [ i O &7
[ Uro ot J2w R, [ Us } (7.64)
e v
A8 0 Ry+j2wl A

Inserting AU/Uy and AT from the Egs. (7.62) and (7.63) into Eq. (7.64) we
obtain

AUg Ry AU,
= . .65
Uro koRo+j2wl Ug ! (76 )
Ry
AB . n - .
j2wlL (7.66)

For the spectra of the amplitude and phase noise of the active one-port we
can use a description according to the Eqs. (7.10) to (7.12). If we neglect the
1/ f-part of the noise (fp, = 0) and if we set W, = Wy, = Wy, then we obtain
as a final result for the amplitude and phase noise of the oscillator:

Waw) = R % (7.67)

T ke Rl + Qwl? '
R?

W (w) Wo . (7.68)

(2wl)?
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Note that the amplitude and phase noise differently depend on the offset
frequency w (see Fig. 7.5). The phase noise constantly decreases with growing
distance from the carrier by 20 dB/decade. In practice, this decay is ultimately
limited by the thermal noise, e.g. the thermal noise of the load resistor, which
has not been included in the above formulas. For the amplitude noise we can
identify an angular corner frequency w; from the Eq. (7.65):

_ kaRo
we= 5T (7.69)
For w < wy the Eq. (7.67) leads to
1
Walw)= 5Wo , wKw . (7.70)

k2
For offset frequencies below the corner frequency w;, the amplitude noise is
constant. Far above the corner frequency, the second term in the denominator
of Eq. (7.67) dominates:
R}
Welw)= —5W5 , w>w . 7.71
W)= o ‘ @10

For high offset frequencies the amplitude noise also decreases by 20dB/decade
and has, in this model, the same spectral density as the phase noise. Quali-
tatively, the noise spectra versus frequency are depicted in Fig. 7.8a.

—30 dB/decade

—20 dB/decade

v

(a)

Fig. 7.8 Qualitative spectra of the amplitude and phase noise of a one-port
oscillator (a) without 1/f-noise and (b) with 1/f-noise.
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Problem

7.5 A one-port oscillator has the element values L = 1uH, C = 0.1 pF,
Ry = 500, kq = 2, P, = 1mW, F,y = 12dB. Calculate the oscillation
frequency and the spectra of the amplitude and phase noise.

The shape of the spectra changes, if with f, # 0 also a contribution of the
1/f-noise is considered. Qualitatively, for this case the noise spectra versus
frequency are depicted in Fig. 7.8b.

Finally, we will inspect the circuit for stability. After the introduction of a
complex frequency p, the denominator De(p) of Eq. (7.65) reads

De(p) = ko Ro + 2pL . (7.72)
From De(p;)=0 it follows
koR
pL=— 2L0:—wt<0 . (7.73)

The zero of the denominator De(p) is negative real. Therefore, the solution
of the oscillation condition (7.52) corresponds to a stable oscillation mode of
the oscillator.

Problem

7.6 In the oscillator circuit of Fig. 7.6 the series resonance circuit is replaced
by the parallel resonance circuit of Fig. 7.9. Prove that this oscillator circuit is
not stable. What modification of the U-I-characteristic of Fig. 7.7 is necessary
in order to obtain stable oscillations?

I

R[:] U L C Ry

Fig. 7.9 Oscillator circuit with a parallel resonator.

Some oscillator circuits may be considered as one-port or two-port oscilla-
tors, simply by defining the interface between the active and the passive part
of the circuitry accordingly. An example is given in Fig. 7.10, where the active
element is an operational amplifier.
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(a) active network (b)  active network

o—12 ' output

passive network passive network

Fig. 7.10 An example of an oscillator, which may equally well be considered
as (a) a two-port or (b) a one-port oscillator.

Generally, the interface should be chosen such that the active part includes
all active components and only passive components with weak frequency de-
pendence. The passive part should contain only passive components including
the resonant part of the passive circuitry. Then, the convenient approximation
is justified that the active part can be considered as frequency independent
with respect to the small offset frequency range close to the carrier frequency.
The passive part does not depend on the oscillation amplitude. Under these
assumptions, the interface between these two main parts of the oscillator cir-
cuit is arbitrary and any choice will lead to the same result.

A negative input resistance or a negative real part of an input impedance
is needed for the operation of a one-port oscillator. Such negative resistances
can be realized with transistors. Figure 7.11 shows the idealized small signal
equivalent circuit of a bipolar transistor with a voltage controlled current
source, controlled by the voltage upe, and with the trans-conductance g,.
As will be shown in the problem 7.7, the real part of the small signal input
admittance Y; becomes negative, if the load admittance at the base, Yp, is
an inductive reactance and the collector admittance Yo is real. The circuit
can oscillate, if a resonator circuit is connected to the emitter terminal, of
which the real part of the admittance is smaller than the real part of the input
admittance Re{Y.;}. A similar argument applies to the small signal equivalent
circuit of a field effect transistor, as shown in Fig. 7.12. The calculation of
the input admittance Yj; at the source can be performed in a similar way to
that described in problem 7.7.
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Fig. 7.11 Small signal equivalent circuit of a negative resistance with a
bipolar transistor.

ol 5

Fig. 7.12 Small signal equivalent circuit of a negative resistance with a field
effect transistor.

Problem

7.7 Calculate the input admittances Ye; of Fig. 7.11 and show that it can
become negative for an inductive reactance at the base.

7.5.3 Voltage controlled oscillator (VCO)

A voltage controlled oscillator (VCO) is tunable with respect to the oscillation
frequency via a varactor or capacitance diode, which changes the resonance
frequency of the passive part of the circuitry. A one-port equivalent circuit of
a VCO is shown in Fig. 7.13. The active element is a bipolar high-frequency
transistor. For a given oscillation frequency the noise theory of the VCO
does not differ from the noise theory of a fixed tuned oscillator, which has
been presented above. The varactor diode can be treated as a passive lossy
capacitor, of which the instantaneous capacitance is determined by the bias
voltage of the varactor. The losses of the varactor give rise to thermal noise
with a noise temperature, which is equivalent to the physical junction tem-
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Fig. 7.13 A one-port equivalent circuit of a VCO.

perature of the varactor. A necessary condition for such a noise behavior is a
low noise bias supply of the varactor. The bias and tuning voltage should be
well filtered, stabilized and the bias voltage source impedance should be low.
If these precautions are taken, then the excess noise of the varactor due to a
frequency modulation by the bias circuit can be negligible as compared with
the thermal noise of the capacitance diode and the other passive circuitry.

Across the tuning range of the VCO the small signal real part of the active
admittance Y, ., as seen from the plane a-a’ in Fig. 7.13, must be higher than
the real part of the admittance of the passive branch Yjqs of the one-port
oscillator. According to a rule of thumb it should be at least about twice
as high, i.e. across the intended tuning range. The oscillation frequency is
determined by the condition that the imaginary parts of the admittances are
of opposite sign. Figure 7.14 shows the simulated small signal admittances
versus frequency of a VCO with a structure as shown in Fig. 7.13, which is
tunable from 3 to 9 GHz.

7.6 NOISE IN PHASE-LOCKED LOOP CIRCUITS

Figure 7.15 shows the principal structure of a phase locked loop circuit. The
oscillator to be stabilized must be tunable, i.e. it must be a VCO, a volt-
age controlled oscillator. The VCO signal with the frequency f, is divided
in frequency by a factor of N by means of a programmable divider and is
then compared with the phase of a reference signal with the frequency fres.
The phase comparison is performed with a so called phase detector, which
generates an output voltage that is proportional to the phase difference of
the divided VCO signal and the reference signal. The reference signal often
is derived from a quartz crystal oscillator signal, possibly after a frequency
division. In the locked mode of the phase control loop, the phase of the VCO
signal is rigidly locked to the phase of the reference signal in such a way that
the phase difference is constant and typically small. Then the divided VCO
angular frequency Q, = 27 f, is equal to the reference angular frequency
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Fig. 7.14 Small signal admittances Y, of the active and Y, of the passive
circuit of the VCO.

reference phase loop
oscillator ~_detector filter VCO

@ﬁ? PD Fjw) : hf”

/N +—————e—ooutput signal

divider

Fig. 7.15 Block diagram of a phase locked loop circuit.

Qres = 27 frey, i€

Qy =N - Qpes (7.74)
or

fo=N-fref . (7.75)
The frequency stability of the VCO output signal only depends on the stability
of the reference signal and the properties of the control loop. This feature is
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the essential reason for the great importance of phase locked loops for the
realization of stable signal sources at high frequencies. The long term and
partly also the short term frequency stability of a crystal oscillator can thus
be transferred e.g. to microwave frequencies, where crystal oscillators are not
available. In addition, the frequency of the VCO signal can be changed in
steps, simply by a variation of the division ratio N in integer steps. Thus,
a huge number of different frequencies can be generated in equal frequency
steps, all with the same relative long term stability as the crystal oscillator
signal.

Besides the long term frequency stability, the short term stability or phase
or frequency noise of an oscillator can also be improved. Figure 7.16 shows
two signal flow diagrams for the phase fluctuations corresponding to Fig. 7.15.
In this section about phase locked loops, only phase fluctuations will be con-

(a)
ABres — PD F(jw) ——@—»?h A®,,

A@pd e

1 /N 0 ABy,

output signal

A@diu
(b)

noise free
reference — PD F(jw) —@—*@4—— AB,,
signal l

/N +———L—o AByeo

output signal

Y
AO,y = —A@Tef + A@pd + ABgiv

Fig. 7.16 Signal flow diagrams for the phase fluctuations within a phase
locked loop circuit.

sidered, amplitude fluctuations will be neglected, because their influence nor-
mally is of minor importance. The phase fluctuations of the free-running VCO
will be denoted by the phasor A#,,, those of the reference oscillator by the
phasor Af,.; and the phase noise of the stabilized VCO output signal by the
phasor Ab,., (Fig. 7.16a). Furthermore, the equivalent phase noise produced
by a noisy phase discriminator including the loop filter and amplifier as re-
ferred to the divide-by-N output port will be described by the phasor Af,4.
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Finally, the equivalent phase noise of the divide-by-NV circuit, also referred to
the output port of the divider, will be described by the phasor Af4,. We
can introduce a resultant phasor A6, referred to the plane of the reference

oscillator with
A6tm§ = _Aeref + Aepd + AHcli'u y (776)

where A#f;,; describes the total equivalent phase noise at the input of the phase
detector (Fig. 7.16b). The noise phasors Af,.s and Afpq and Afg;, typically
are all mutually uncorrelated. Therefore, we can write for the corresponding

phase spectra
Wtot = Wref + Wpd + Wdiv . (777)

The frequency divider also reduces the amplitude of the phase fluctuations
by a factor of N (compare with Section 6.8.3). The sensitivity of the phase
detector is described by the constant Kpqy. The loop filter has a transfer
function F'(jw), which normally is frequency dependent. The VCO may have
the constant tuning sensitivity Kyc,, which is assumed to be independent
of the offset frequency w. The transfer function of the control voltage at
the tuning input of the VCO to the phase of the VCO is given by Keo/jw.
This is because the frequency of the oscillator as controlled by the tuning
voltage is the time derivative of the phase. We therefore obtain the following
relationship from the flow diagram of Fig. 7.16:

K
' Kpa F(j ) 52
Abygo = —— 7 Doy + —— Fo— Dby
. vCo .
1+]_V_Kde(jw>j—w 1+NKde(jw)—.—
(7.78)
The control behavior strongly depends on the open loop gain V(jw):
. . cho

V{jw) = Kpa F{jw) P (7.79)

A loop filter may be designed by means of an operational amplifier according
to the schematic diagram in Fig. 7.17 and with the transfer function F(jw):
U, jwre + 1

F(jéd) = a = —-‘3:}-;—— with T = R10 and T = RQC . (780)

The magnitude of the transfer function |F(jw)| of the loop filter as a func-
tion of frequency is schematically shown in Fig. 7.18. Typically the open
loop gain will show a low-pass behavior. Let us define an angular corner fre-
qUEency Weoy of the loop filter such that |V {(jweon)| = 1. For [V(jw)] > 1, ie.
w < Weon, the phase noise of the oscillator output signal Af,., is determined
by the phase fluctuations of the reference signal plus the equivalent noise of
the frequency divider and the phase discriminator plus the control circuit,
ie. A@tot:

Aevco =N. Agtot for WK Weon - (781)
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Fig. 7.17 Equivalent circuit of an active loop filter of first order with the
amplification factor Vs & co.

log |F(jw)| |
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|
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Fig. 7.18 Transfer function F(jw) of the loop filter versus frequency.

For |V(jw}] < 1 and w > wey the phase noise of the oscillator output is
equal to the phase noise of the free running VCO, Af,,.

Abyeo = Dby, for WS> Weon - (7.82)

In summary, a phase locked loop circuit offers the possibility to reduce the
phase noise of a tunable oscillator almost to the level of the reference oscillator,
but only for offset frequencies w that are small with respect to the angular
corner frequency we,p, of the open loop gain.

The reference oscillator will often be a quartz crystal oscillator with rather .
low phase noise and a low 1/f-noise corner frequency. Further noise will add,
e.g. noise from the phase detector and the frequency divider. In the follow-
ing text, we will denote the total phase noise Af;,: by the name reference
oscillator phase noise or reference phase noise for simplicity. Typically, this
reference phase noise will show a rather flat and frequency independent be-
havior, although in absolute terms the noise level will increase considerably
due to the times N multiplication factor, as predicted by Eq. (7.81). On
the other hand, the internal phase noise of the free-running VCO will typi-
cally drop with increasing offset frequencies by 20 dB/decade. Therefore, we
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will normally observe an intersection of the multiplied reference phase noise
curve and the free-running VCO phase noise curve. Let us call the angular
frequency belonging to this intercept frequency win:. A loop filter angular
corner frequency weon, which is approximately equal to wyn:, may be a good
choice in many circumstances and will give an overall phase noise behavior
versus offset frequency as shown qualitatively in Fig. 7.19.

\
We 1 vVCO
N With ™. free running VCO
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Fig. 7.19 Qualitative phase noise spectrum of a PLL stabilized VCO with

Weon = Wint.

If we choose the cut-off frequency of the open loop gain ween, smaller than
the intercept frequency wint, 1.6. Weon < Wint, then we will observe a phase
noise behavior versus offset frequency as shown in Fig. 7.20. We observe
an increase of the phase noise of the stabilized oscillator around the inter-
cept frequency w;,:, because the phase noise of the free running VCO is now
dominating around the offset frequency wey,. If we choose the cut-off fre-

We VCO

with ™. free running VCO
x PLL :

N\

reference
oscillator

v

Weon w

Fig. 7.20 Qualitative phase noise spectrum of a PLL stabilized VCO with

Weon < Wint-

quency of the open loop gain we., greater than the intercept frequency wins,
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i.e. Weon > wing, then we will observe a phase noise function versus offset
frequency as shown in Fig. 7.21. We observe an increase of the phase noise of
the stabilized oscillator above the intercept frequency wyn¢, because the phase
noise of the reference oscillator is now dominating around the offset frequency
Weon. In summary, within the loop bandwidth, a VCO stabilized by a phase

i
We VCO

N\ with ™. free running VCO
\PLL N
AN N

~
————— ==
reference N

oscillator

v

Fig. 7.21 Qualitative phase noise spectrum of a PLL stabilized VCO with

Weon > Wint-

locked loop behaves much like a frequency multiplier concerning the input and
output phase noise. Because the input phase noise spectrum is multiplied by
the division factor N2, care should be taken to keep the reference frequency
as high as possible. If this does not comply with the desired frequency step,
a solution with more than one loop has to be chosen.

7.7 MEASUREMENT OF THE OSCILLATOR NOISE

7.7.1 Amplitude noise

An apparently obvious method for the measurement of the amplitude noise,
namely the application of a spectrum analyzer, does not work because the
phase noise is dominant and covers the amplitude noise. Therefore, we need
a selective method to measure the amplitude noise.

In the simplest case, the amplitude noise can be measured with a setup
as shown in Fig. 7.22. The amplitude noise detector consists of a rectifier
diode, which can be a Schottky diode, a low pass filter and an amplifier. The
output voltage u(t) is proportional to the time dependent amplitude of the
input signal z(t). With x(t) = [Xo + Az(t)] cos[Qt + AD(t)] the relation

u(t) = KaalXo + Az(t)] (7.83)

may be formulated for the output signal u(t) of the amplitude detector. Here,
K ,q is a proportionality constant characterizing the sensitivity of the ampli-
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Fig. 7.22 Simple circuit for the measurement of amplitude noise.

tude detector. The output signal consists of a constant part Uy = KyqXo and
a time dependent part Au(t) = K,qAxz(t). We obtain the spectrum W, (w)
of the normalized amplitude fluctuations Az(t)/X, from the d.c. voltage Up
and the spectrum W, (w) of the signal part Au(t):

1

Wa(w) = ‘U‘OQ*

Wulw) . (7.84)
In this form, the measurement method is only partly useful in practice. The
amplitude noise of most oscillators is so weak, that it will give rise to a detector
output signal of only the same order of magnitude as the internal detector
noise. In order to achieve a better sensitivity, it is necessary to determine the
internal detector noise first and then subtract it from the measured total noise
spectrum W,,. Because the internal noise depends upon the carrier drive level,
it would be necessary to drive the detector with a noise-free carrier signal of
the same amplitude and frequency. This, however, is not possible in practice.
The problem can be solved with a measurement circuit as shown in Fig. 7.23.
The oscillator signal is split into two equal signals by means of a signal divider

Ui (t)

&

z(t) | amplitude-

oscillato
g r detectors

_%_

ua(t)

Fig. 7.23 Measurement of the amplitude noise with two amplitude detec-
tors.

and is then applied to a couple of paired amplitude detectors. We then obtain
for the output signals or voltages

U1 (t) = Kad[XO -+ A.’L’(t)} + unl(t) , (785)
ug(t) KoalXo + Az(t)] + una(t) (7.86)
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where the signals u,; and u,s describe the internal noise of the detectors.
The output voltage can either be the sum or the difference of the voltages u;
or Usg:

ug(t) = wi(t) +ua(t) = 2Kaa[Xo + Az(t)] + un1(t) + uno(t) ,(7.87)
ua(t) = us(t) — ua(t) = un1(t) = una(t) , (7.88)

The voltage uy includes a d.c. component Uy = 2K,4X,, while the voltage
ua only consists of the internal noise of the detectors. Because the noise
contributions from the two detectors are uncorrelated, it follows for the spectra
of the time dependent parts:

Wes(w) = (2KagXo)? Walw) + Wat + Wy | (7.89)
WuA(w) = Wn+ W . (790)

Then, we obtain the spectrum W, (w) of the normalized amplitude fluctuations
Az(t)/Xo by the algebraic operation

1

Wa(w> = U_02 [

Was(w) - Waa(w)] - (7.91)
In this manner, the influence of the internal detector noise can be eliminated
to a large extent.

Alternatively, the influence of the detector noise may also be eliminated
by calculating the cross-correlation of the signals u;(t) and wuz(t), instead of
taking the sum and difference of the signals.

As an example, Fig. 7.24 schematically shows the measured amplitude noise
of an oscillator with a GaAs field effect transistor as the active element. The
oscillation frequency is approximately 10 GHz.

Because the amplitude noise is less important for practical applications
than the phase noise, it is seldom measured and in most cases not specified
in data sheets.

7.7.2 Phase noise

The most convenient method in order to measure the phase noise of an os-
cillator is by means of a high quality spectrum analyzer as has already been
mentioned in Section 6.9. There are, however, some restrictions on the use of
a spectrum analyzer, as has also been discussed in Section 6.9. A successful
measurement is only possible if the amplitude noise is sufficiently small and if
the internal phase noise of the spectrum analyzer is lower than the phase noise
to be measured. Here, we will examine other possibilities for the measurement
of phase noise, which do not need a spectrum analyzer.

The first method needs a second oscillator, e.g. at the same frequency. The
measurement principle shows similarities with the measurement of the phase
noise of two-ports, described in Section 6.9. Figure 7.25 shows a block diagram
of the measurement circuit.
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Fig. 7.24 Schematic diagram of the measured amplitude noise of a GaAs

field effect transistor oscillator with an oscillation frequency of approximately
10 GHz.
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Fig. 7.25 Measurement of the phase noise with a reference oscillator.

The phase fluctuations of the output signals of the device under test and
the reference oscillator are compared by a linear phase detector. With A®(t)
as the phase fluctuations of the measurement oscillator and A®,.;(t) as the
phase fluctuations of the reference oscillator, we can write for the signal u(t)
at the output of the phase detector

u(t) = Kpq [AD(t) — Adres(t)] (7.92)
or for the corresponding spectra, respectively,

Waw) = K2y Wow) + Wres(w)] (7.93)
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The constant K,q again describes the sensitivity of the phase detector. The
condition for the validity of the Egs. (7.92) and (7.93) is that both sources
oscillate at exactly the same frequency. Furthermore, the phase difference of
these two oscillators must either be constant or show only small and slow vari-
ations in time. The stringent requirements regarding the frequency equality
of the two oscillators normally can not be met with free running oscillators
but rather requires a phase locked loop system for stabilization. Therefore,
either the measurement oscillator or the reference oscillator needs to be tun-
able in frequency. It is important that the corner frequency of the phased
locked loop system is smaller than the smallest offset frequency to be mea-
sured. Otherwise the phase fluctuations of both oscillators are equal and due
to A®(t) = Ad,.s(t) the output signal of the phase detector becomes zero
according to Eq. (7.92). The input signals of the phase detector may also be
derived from the oscillator signals by frequency division, if the oscillation fre-
quencies are too high as direct inputs to a highly linear digital phase detector.

The spectrum W, (w) can be analyzed with a low frequency spectrum an-
alyzer after a proper low noise amplification. A high-frequency spectrum
analyzer may be used for an absolute calibration. According to Eq. (7.92) the
spectrum W, (w) is the sum of the phase noise spectra of the measurement
oscillator and the reference oscillator. Therefore, it is obvious to use a refer-
ence oscillator with a very low phase noise so that its contribution to W,, can
be neglected. Otherwise the measurement procedures discussed in section 6.9
can also be applied to oscillator measurements. Thus, the reference oscillator
may be replaced by a second measurement oscillator, closely matched to the
first one, which requires a correction of the measurement result by 3 dB, or
one needs to evaluate the combined noise of the three possible pairs of three
different oscillators (see problem 6.8).

The calibration of the different discriminator circuits can be performed by
modulating the oscillator under test in frequency or in phase at a given off-
set frequency w. For this purpose, also a sinusoidal calibration signal may be
introduced by phase or frequency modulating the tunable oscillator. The mod-
ulation index and thus the calibration factor can be determined via the gen-
erated carrier sidebands. The sidebands can be observed on a high-frequency
spectrum analyzer. In case that the oscillator under test is not tunable, a
modulation of the reference oscillator might be necessary. Then, a tunable
reference oscillator is needed.

The use of a reference oscillator and a frequency stabilizing circuit is some-
what disadvantageous because of the high effort involved required for its re-
alization. The next method does not need a reference oscillator because the
oscillator signal is directly applied to a frequency discriminator, where the
phase or frequency fluctuations of the oscillator under test are converted to a
low frequency noise signal.

The working principle of most frequency discriminators relies on the con-
version of phase or frequency fluctuations of the discriminator input signal
into amplitude fluctuations, which then can be measured quite easily with
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an amplitude discriminator. Figure 7.26 shows a block diagram of the basic
setup of such frequency discriminators. The output signal of the oscillator
under test is divided by a signal divider into two parts and is applied to two
linear networks with strongly different transfer functions H(j) and G(jQ).
In the following section, H(jf2) is assumed to be the transfer function of a
transmission type resonator with a high quality factor and G(j€2) is assumed
to be the transfer function of a frequency independent phase shift network.
The output signals of the two networks H and G are added and yield a sum

H(j%)
oscillator amplitude
(DUT) detector
Ad(t : Ayt
< : > (t) | linear @ u(t) : u(t)
networks ]
G(j9)

Fig. 7.26 Block diagram of a frequency discriminator for the measurement
of phase noise.

signal phasor Y with the amplitude Y. The amplitude detector converts the
amplitude fluctuations Ay(t) of this sum signal to the output signal u(t).

Up to the amplitude detector input, the discriminator is a linear system
with the transfer function H(jQ) + G(j€). The normalized amplitude fluctu-
ations can therefore be calculated with Eq. (7.14) in complex form:

AY 4 H(Qr+w)+G(Qr +w) H*(Q —w)+ G (9, —w) AD

Yy 2 H(Q,) +G(Q) H*(Q.) + G*(Q) '

(7.94)

In this equation, the amplitude noise of the sinusoidal carrier signal under
test has been neglected.

The relation between the amplitude fluctuations Ay(t) of the sum signal
and the output signal u(t) of the detector can again be described by means
of Eq. (7.83). The output signal consists of a DC part Uy = K,Yp and a
fluctuating part Au(t) = K,q - Ay(t). We are only interested in the time de-
pendent part Au(t) or the discriminated phase noise and obtain the following

expression for the spectrum W, (w):

W) = (Hee0)

H(Q +w) +G(Q +w)  H'(Q —w)+ G (Q —w) [
H(Q,) + G(Q,) H*(Q,) + G*(Q,)

Wa(w) . (7.95)
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As an example for a frequency discriminator we will examine the circuit of
Fig. 7.27 in more detail. Here, the frequency dependent network H () consists
of a circulator and a reflection type resonator, which is tuned to the oscillation
frequency of the oscillator under test. This circuit structure has a particularly
high discrimination efficiency. If the signals are assumed to be wave quantities,

@ resonator

amplitude
detector
circulator
AD(t) o—s (H— —44 ——oult)
04

phase shifter

Fig. 7.27 TFrequency discriminator with a reflection type resonator.

then the transfer function H{(jf2) is identical to the reflection coefficient of the

resonator:

, Q Q.

N - _ T
B J Qo (Qr Q >
_ Q  Q,
1 — _ T
B+1+ 7@ (Qr Q >
In the last equation, 8 > 1 is the coupling factor to the resonator and Qg is

the quality factor of the unloaded resonator. With = ), +w and w € ),
Eq. (7.96) simplifies to

HQ) = (7.96)

_B-1-72Qew/Q,
HO+0) = T 0000 (7.97)

The other linear network is a phase shifter with a frequency independent
transfer function

G(jQ) = eV . (7.98)

It follows from the Egs. (7.95), (7.97) and (7.98)

Wy(w) = (@)2
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F=1-72Qow/Q  j9 B-1-72Q0w/Q  —jv
B+1+72Qow/Qr _ B+ 1+52Q0w/0r

We(w)
O o B-1 g
B+1 Te 5Tl +e
(7.99)
or, after some manipulations,
2
W, (w) = (Kauq Yo)? sin®
YT 1+<ﬁ_1>2+2ﬁ_1cos19
B+1 B+1
48 Qow/Sy 2
'hﬁ+1ﬂﬂ+1+42Qowﬂh) Ws(w) - (7.100)

By forming the derivative with respect to ¥ we can find the optimum setting
of the phase shifter, as a function of the coupling factor 3. The conversion
efficiency of the discriminator becomes maximum for

g-1

) —
8+1

2
14 (!:i)
B+1
A variation of the coupling factor 5 between 0 and oo causes a change of the
optimum phase shift value ¥y between 0° and 180°. For a very weak coupling
(8 = 0) as well as for a very strong coupling (8 > 1), the discrimination
efficiency becomes very small. In between there exists an optimum coupling
value of 3 = 1, i.e. H(j§,) = 0. This coupling is also called critical coupling.
The corresponding phase shift value is ¥y = 90°.
If we limit the discussion to offset frequencies that are small compared

with the 3-dB bandwidth of the resonator, then 2 Qo w/Q, <« 1 is valid. For
a constant phase angle ¥ = 90° we obtain from Eq. (7.100)

¥ = ¥y = arccos (7.101)

2
——) W(w) (7.102)

It also follows from Eq. (7.102) that the critically coupled resonator (8 = 1)
has the best discrimination efficiency. Once the coupling 5 and the phase angle
¥ have optimally been chosen, the discrimination efficiency entirely depends
on the unloaded @Q-factor of the resonator. Therefore, for the measurement of
low-noise oscillators the Q-factor of the resonator should be sufficiently high.

If a circulator in the circuit of Fig. 7.27 is not available or not suitable, one
may employ a 3dB coupler instead, however at the expense of 6 dB additional
loss in conversion efficiency.
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The ratio of W, and W, is proportional to the square of the offset frequency
w, as may be seen from Eq. (7.102). This shows that the circuit basically
acts as a frequency discriminator and not as a phase discriminator. If in
Eq. (7.102) the spectrum W, is replaced by the frequency noise spectrum
Wy = (w/2m)% Wy, then the conversion efficiency is independent of the offset
frequency.

The circuit of Fig. 7.27 may be simplified by using a transmission type
resonator, as shown in Fig. 7.28. In this case, the transmission line bypass with
the phase shifter 9 is not needed. However, for this configuration the carrier

amplitude
resonator detector

A<I>(t) Y N

Fig. 7.28 TFrequency discriminator with a transmission type resonator.

frequency must not coincide with the resonance frequency of the resonator
but should rather be positioned on the slope of the resonance curve. There is
an optimum frequency position which has to be found in the next problem.
The discrimination efficiency is lower than that of the circuit of Fig. 7.27. The
details are left to problem 7.8.

Problem

7.8 Calculate the discrimination efficiency for the circuit of Fig. 7.28. At
what offset frequency relative to the resonance frequency of the resonator
does the maximum discrimination efficiency occur? What is the degradation
in efficiency relative to the circuit of Fig. 7.27, if we assume the same unloaded
Q-factor for both circuits?

A frequency discriminator can also be realized with a delay line as shown

in Fig. 7.29. The discriminator circuit is similar to the one in Fig. 7.27.

It is assumed that the delay line has a length [ and an attenuation factor

a = o - 1. Furthermore, we will assume that the total length of the is an

integer multiple n of the wavelength at the oscillation frequency. As will be

shown in problem 7.9, the relation between the spectra Wy and W), is given
by the expression

A

sin —

Waw) = (Kaa ¥o)® | —24

103
cosha’l Wolw) (7.103)

where v = Qg l/(n27) is the phase velocity of the transmission or delay line.
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delay line
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amplitude
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¥ = 90°
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phase shifter

Fig. 7.29 Frequency discriminator with a delay line.

Problem

7.9 Derive Eq. (7.103). Which length of the delay line leads to the highest
discrimination efficiency?

Up to now we have assumed that the oscillator signal to be measured

is free of amplitude fluctuations.

If this approximation is not valid, then

the measurement circuit of Fig. 7.27 can be modified by substituting the
amplitude detector by a balanced mixer (see Fig. 7.30).

@ resonator

O

circulator

¥

phase shifter

amplitude
detectors
—1 3dB
| coupler m u(t)
balanced
mixer

Fig. 7.30 Frequency discriminator with a balanced mixer.

The balanced mixer allows one to reduce the impact of the amplitude noise
significantly, as is proven in problem 7.10.
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Problem

7.10 Show that for the balanced discriminator circuit of Fig. 7.30 the am-
plitude noise Axz(t) of the carrier signal does not contribute to the output
signal u(t) for a perfectly balanced mixer.

The calibration of the different discriminator circuits can be performed by
modulating the oscillator under test in frequency or in phase at a given offset
frequency w. As has been discussed before, the modulation index and thus
the calibration factor can be determined via the generated carrier sidebands.
The sidebands can be measured by a high-frequency spectrum analyzer. In
the case that the oscillator under test is not tunable, a frequency modulation
of the resonator might be an alternative. Because only a very small modula-
tion index is needed, the resonator may loosely be coupled to e.g. a varactor
diode, without deteriorating the quality factor of the resonator significantly.
The calibration factor of the resonator, which is modulated in its resonance
frequency, can be determined by a substitution measurement with a tunable
oscillator of the same frequency and output power. The comparison is done
on the basis of equal low frequency signals at the output of the discriminator.
The calibrations should be evaluated as a function of the offset frequency w.

High-frequency systems, for instance radar systems or parts of radar sys-
tems, often have a structure similar to the circuit shown in the figures 7.26 to
7.30. Therefore, it is possible that a circuit in the system acts as a frequency
or phase discriminator and converts the phase noise of oscillator or carrier
signals into low frequency noise signals. These noise signals are sometimes
considerably stronger than the internal noise of preamplifiers or mixers. A
reduction of the carrier phase noise may then be necessary.

7.7.3 Injection locking

For the method of injection locking, the signal of an auxiliary oscillator or an
injecting oscillator or a reference oscillator is directly injected or coupled into
the main oscillator. One may use an amplifier and a circulator or a coupler
to isolate the auxiliary oscillator from the main oscillator and the output as
shown in Fig. 7.31. If the fixed frequency Q; of the auxiliary oscillator and the
frequency € of the free running main oscillator are sufficiently close together,
then the main oscillator will also oscillate at exactly the frequency €, i.e. the
frequency of the reference oscillator. We can observe that the main oscillator
is synchronized by the reference oscillator. For a quantitative analysis of this
effect we must extend the signal flow diagram of Fig. 7.2 as shown in Fig. 7.32.
The injecting oscillator signal Z; is coupled to the oscillation circuit via the
coupling network E(Q) and induces the signal ¥; into the oscillation loop.
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Fig. 7.31 Circuit for injection locking of an oscillator.
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Fig. 7.32 Signal flow diagram for an injection locked oscillator.

This modification alters the oscillation condition. With the definition

%/} = ¢ eV (7.104)

we obtain for the oscillation condition
D(X) H() (1 +a; ejﬁ> =1. (7.105)

Despite the formal similarity to Eq. (7.4), a substantial difference exists be-
tween both oscillation conditions. For the case of the free running oscillator,
the oscillation condition determines the oscillation frequency and the ampli-
tude. For the case of injection locking, the frequency of the main oscillator is
equal to the frequency Q; of the auxiliary oscillator and thus is known. But
now the angle ¥ appears as an unknown quantity, which describes the phase
difference between the injecting signal Y; and the oscillation signal Y.
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By means of Eq. (7.105) some general properties of an injection locked
oscillator can be derived. For this purpose, we will assume in the following
section that the oscillation condition has a solution with the amplitude Xy
and the angular frequency Qg for ¢; = 0, i.e. for the free running case. For
g; # 0, generally both the amplitude and the frequency of the oscillation will
change. However, usually the changes are small. Therefore, we assume that
due to X =~ Xy and §; = )y the describing function D(X) will only change
its magnitude and the transfer function H(Q) will only change its phase.

Under these conditions we will first consider the case Q; = €, i.e. the
injection locked oscillator has the same frequency as the reference oscillator.
Then, D(X)}H(Q,) = D(X) H(Qg) is real and due to Eq. (7.105) also the
factor 1+ ¢; ¢JY must be real. Thus, the only solutions for the angle ¥ are 0
and 7. For ¥ = 0, we have 1 +¢; /U > 1 and the magnitude of D(X) must
decrease as compared to the free running case. For the amplifier, this will lead
to an increased drive level and also to an increased oscillation amplitude. For
¥ = £, the relations will reverse. However, this operating point is unstable
and, therefore, will not appear in practice. If the frequency of the reference
oscillator is changed, then the product D(X) H(€;) becomes complex, and
therefore 1+ g; &/ U must also become complex. From this we conclude 9 5 0.
Because of ¢; < 1, the phase angle of the expression 1+ g; eJV is limited. The
largest angle occurs for ¥ = £90° and is equal to arctan g;. This operating
point corresponds to the largest phase change of the function H(£;) and,
therefore, to the largest deviation of the frequency €); from Q. If the reference
frequency deviates even further from g, then Eq. (7.105) no longer has a
solution. Thus, only a limited frequency range 3y + AQ,, exists, within
which an injection locking or a phase synchronization of the main oscillator is
possible. By varying Q; within this range, the phase ¥ will change from —90°
via 0° at ©; = Qg to +90°.

The synchronization range is proportional to ¢; and thus to \/P;/P,, where
P; is the injected power and Py is the output power of the main oscillator.
Furthermore, the frequency dependence of H()) is important. The less the
phase of H(f2) changes as a function of €1, the wider the synchronization range
2A80,, becomes. For a resonator the phase slope is proportional to the quality
factor (J. Therefore, we expect a relationship of the type

1 R

RQV P
For a more rigorous evaluation of the synchronization range, we will con-
sider the one-port oscillator with the series resonance circuit of Section 7.5.
Figure 7.33 shows the circuit which has been supplemented by the voltage
source U;, which corresponds to the injection signal Y; of Fig. 7.32. We thus
have U; /U = ¢; exp(j3), and therefore the oscillation condition with respect
to the real and imaginary part is given by:

Ry + R(I)(1+ g;ecos¥) = 0, (7.107)

AQ, (7.106)
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Fig. 7.33 Phase synchronization of a one-port oscillator.

Q(Qi—Qo) L+R(1) qisinﬁ = 0. (7.108)

At the limits of the synchronization range we obtain from ; — Qp = £AQ,,
and ¢ = £90°:

Ro+R(I) = 0, (7.109)
2-AQ,, - L+R(I)-¢ = 0. (7.110)
The output power of the oscillator is given by
1 U |?
Po==Ryl?’== R , (7.111)
2 IR
and with Eq. (7.109) we get
_iup
Py = °R; (7.112)

If we define as injection power P; the available power of the voltage source U;
with the resistance Ry, then

U;?
P = %R—L : (7.113)

G P;
“@=7 =25 (7.114)

and with the Eqgs. (7.109) and (7.110):

From this we get

Ry [P

AQy = TVE -

(7.115)

For a resonator it is customary to define an external quality factor Qez: by

QOL

Qe:ct RO

(7.116)
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If we insert this into Eq. (7.115) we obtain

Qg b
AQ,, = \ 5 7.117
Qezt PO ( )

This is a very useful equation for the determination of the external quality
factor of an oscillator by means of a measurement of the synchronization
range.

Problem

7.11 In the circuit of a two-port oscillator with a transmission resonator

resonator
Qr, Qo —o — P
X 3 dB coupler
D L— 0 «—— P,
amplifier

as shown in Fig. 7.3 the signal divider is replaced by an ideal 3dB coupler.
The injection signal with the available power P; is fed into one of the ports
(see figure). By analogy with Eq. (7.117) derive for this oscillator circuit a
relationship between the parameters AQ,,, P;, Py and the properties of the
resonator.

A general determination of the amplitude and phase noise for the injection
locked oscillator with the signal flow diagram of Fig. 7.32 is tedious. Therefore,
we will only treat the special case that Q; = Q,, i.e. the frequency of the free
running main oscillator is equal to the frequency of the reference oscillator.
Then, we have ¥ = 0. Furthermore, the amplitude noise will be neglected and
only the phase noise will be discussed.

If the phase fluctuations of the signal Y are denoted by A¥ and those of
the signal Y, by AU,, then Eqs. (7.6), (7.14) and (7.15) yield

AT = Hy AT, + AT, . (7.118)

Due to ¥ = 0 and thus ¥, = (1 + ¢)Y the phase fluctuations A¥, can
be determined from the fluctuations A¥ and the fluctuations AW, of the
injecting signal. Figure 7.34 illustrates the situation for the case that only the
injecting signal Y; has phase fluctuations AWV;. Since the sum signal Y, has an
amplitude which is larger by (1 4 ¢;)/g:, the corresponding phase disturbance
is reduced by approximately the same factor. A similar reasoning applies to
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Fig. 7.834 Superposition of a noisy injecting signal.

the phase fluctuations AW of the signal Y. In summary, we obtain the result

1
AV, = AV + ¢;A¥;) . 7.119
(AT +gAw) (r.119)

From the Egs. (7.118) and (7.119) we get

- g Hs AV, + (1 + q:) AT,

AY
1+¢; — Hs

(7.120)

For a better insight into the last equation we will again consider the one-
port oscillator with a series resonant circuit. With Eq. (7.57) and taking into
account the output network, we obtain for the phase fluctuations A© at the
load resistance

Rqy g
Ry+j2wl 1+g¢

q; )
+j2wl
14+4¢; J

AV, + AT,
AO = Ry

(7.121)

Ro

For ¢; — 0 the Eq. (7.121) coincides with the Eq. (7.66).

If the phase noise of the injection signal can be neglected, then Eq. (7.121)
simplifies to
Ry

qi .
R, +j2wlL
01+Qi J

A® = AT, . (7.122)

In contrast to the free running oscillator, we observe for the synchronized
oscillator a corner frequency w,., which is given by the expression
¢ 2L G+1"

(7.123)

Above the corner frequency, the phase noise approaches the value of the free
running oscillator. For offset frequencies below the corner frequency, i.e. w <
we, the noise level approaches the constant value

A® = (1+1/q;) AT, | (7.124)
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if the injection signal is assumed to be noise-free. If the injection signal has
phase noise itself, then for frequencies w < w, we obtain from Eq. (7.121) the
expression

ABG = AT, + (1 + l) AT, . (7.125)

a4

Thus, the injected phase noise can simply be added to the case without noise
from the injection signal, as given by Eq. (7.124). Qualitatively, we may ob-
serve noise spectra as shown in Fig. 7.35, if we assume that the phase noise
of the injection oscillator is much lower than that of the main oscillator. For
small offset frequencies, the total phase noise of the synchronized main oscilla-
tor approaches the noise of the injection oscillator, for high offset frequencies
it approaches the noise of the free running oscillator. In between there is a
range of nearly constant phase noise. Thus, the situation is very similar to a
phase locked loop circuit.

w, 4

N
synchronizeci\- free running VCO

.. N

Injecting AN

signal N
N

—

We

»
—»
W

Fig. 7.35 Noise spectra of an injection locked oscillator.

Injection locking has not received technical importance for the stabilization
of oscillators. However, the effect of injection locking can occur unintention-
ally, if two ore more oscillators operate at frequencies that are close to each
other. Particularly critical is the situation when a swept source temporarily
gets close to the frequency of a fixed frequency oscillator. If for instance the
isolation between the two oscillators is not sufficient, they may synchronize
each other and oscillate at the same frequency for a short time. From a system
point of view, such a situation may be quite disastrous and normally must be
avoided, e.g. by means of a better isolation of the sources.
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7.8 DISTURBING EFFECTS OF OSCILLATOR NOISE

In this section, we will discuss some examples for the deteriorating effects of
oscillator noise, i.e. mainly of oscillator phase noise, in high-frequency circuits
and systems.

7.8.1 Heterodyne reception

Receivers for high-frequency signals are usually realized using the heterodyne
principle. By means of a mixer the signal spectrum of input frequencies is
mixed with the sinusoidal signal of a so-called local oscillator, which is often
tunable in frequency, and thus converted to a lower intermediate frequency
band (i.f. band). The wanted i.f. signal is filtered by a fixed i.f. band-pass filter
and separated from the unwanted signals. Figure 7.36 illustrates the situation
with the help of two sinusoidal input signals at angular frequencies 2, and
Qg2 but significantly different amplitudes. By the frequency conversion with

'y

Qir1 Qipo Qo Qa1 Qs

(b)

Q
Qi1 Qigo Qe Q1 N2

Fig. 7.36 Heterodyne reception with a noise-free (a) and a noisy (b) local
oscillator.

the local oscillator of frequency Q1o two intermediate frequency signals with
angular frequencies ;51 = Q51 — Qo and Q50 = Q59 — Qo will appear at
the mixer i.f. output. Any amplitude noise of the local oscillator can be made
ineffective by the use of a well balanced mixer. However, the phase noise of
the local oscillator signal will lead to i.f. spectra as shown in Fig. 7.36. The
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noise sidebands are transferred to the i.f. signals through the mixing process.
Then, it might happen that noise sidebands of the strong i.f. signal cover
the weaker i.f. signal, so that a detection of the weak i.f. signal is no longer
possible. Here, the phase noise of the local oscillator ultimately leads to a
reduction of the input sensitivity and the dynamic range of the receiver.

7.8.2 Sensitivity of a spectrum analyzer

A block diagram of a standard spectrum analyzer system with a frequency
range of approximately 100 kHz to 4 GHz is shown in Fig. 7.37. Typical rel-
evant frequencies are given for clarity. Let us assume that the input signal

input 1st mixer 2nd mixer
LP BP BP
— — >
s Gz 0 5 cme > 000 M2
1. LO 2nd LO é
5...9GHz 4.5 GHz
variable fixed
| L_ BP
<ol .
display *—W < | 90 MHz 3rd mixer
3rd LO
480 MHz
fixed

Fig. 7.37 Block diagram of a 4 GHz spectrum analyzer.

is an ideal sinusoidal signal of 2.2 GHz, i.e. an input carrier signal without
noise sidebands. Then, nevertheless, we will observe a line spectrum with
noise sidebands on the display, as shown schematically in Fig. 7.38. The noise
sidebands originate from the phase noise sidebands of the internal VCO and
the fixed local oscillators of the spectrum analyzer. Their phase or frequency
fluctuations are transferred to the intermediate frequency range by linear fre-
quency conversions in such a way that the phase deviations remain invariant
and thus also the noise-to-carrier ratio. This result has already been discussed
in Section 6.8.3. Therefore, the phase noise of the internal oscillators of the
spectrum analyzer will determine the limiting sensitivity, if the phase noise of
carrier signals are measured.

Typically the VCO will contribute the most significant part of the internal
phase noise of the spectrum analyzer. A YIG-tuned oscillator instead of a
VCO will be found in high quality instruments, if a particularly good phase
noise behavior is required. A small YIG (Yttrium Iron Garnet) sphere is used
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»
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f

Fig. 7.38 Idealized spectrum of a sinusoidal carrier signal displayed on a
spectrum analyzer.

as a high quality resonator, which determines the resonant frequency of the
tunable oscillator. The resonant frequency is controlled by a magnetic bias
field.

7.8.3 Distance measurements

Because electromagnetic waves propagate with the speed of light ¢, they can
be utilized for the measurement of the distance ! to a reflecting object. If a
signal

z1(t) = Xi cos[p(t)] = X cos[Qpt] (7.126)

is radiated by the transmitting antenna, then we obtain a time delayed signal
of the form
Z2(t) = Xocos[p(t — 7)) = X cos[Qo(t — 7] (7.127)

at the receiving antenna. Here,

is the propagation time of the signal forth to the object and back to the
antenna. The distance information is given by the phase difference between
the transmitted and received signal:

. C
20,

! [p(t) — ot — 7)] , (7.129)

because for a noise-free system we can write
P(t)— ot —T)=Qo T . (7.130)

If the transmitted signal has phase fluctuations A¢, then Eq. (7.130) should
be substituted by

o) — ot —7) = Qo7+ Ad(t) — Ad(t — 1) . (7.131)
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We conclude from the last equation that for A¢(t) # 0 the measured distance
[ will also show fluctuations which can be determined by means of Eq. (7.129).
Quantitatively the measurement error can be described by the standard de-
viation o;. Due to Eq. (7.129) we have

c

= '2—Q—00'¢ s (7132)

a1
where, according to Eq. (7.131), o4 is the standard deviation of the phase

difference. Generally the standard deviation ox of a stochastic variable X
can be determined from different mean values:

ox =\ (X-X) =X~ (X)*. (7.133)

Equations (7.131) and (7.133) yield

o2 = [Ap(t)])* + [Ag(t — 7)]* ~ 286(¢) At — 7) . (7.134)

If the products of the phase fluctuation functions are expressed by their au-
tocorrelation functions Ry, we obtain for the standard deviation oy

o3 =2 [Ry(0) = Ry(7)] - (7.135)

The autocorrelation function Ry can be expressed by the spectrum Wy via a
Fourier transformation:

oF = 2 /Wd,(f)u—exp(jzwfr)]df (7.136)
= 2 /W¢(f) [l —cos(2mfr)]df . (7.137)

The error in the measurement of the distance results as a weighted integral
of the spectrum Wy. The stronger the phase noise of the signal source, the
greater is the statistical error in the distance measurement.

7.8.4 Velocity measurements

Using the principle described in the preceding section, it is also possible to
determine the velocity v of a reflecting object that moves parallel to the di-
rection of the electromagnetic wave. This is a practical application of the
doppler effect. For a transmitted signal according to Eq. (7.126) we obtain
for the received signal:

z2(t) = X5 cos [Qa - (t — 7)] = X2 cos Kl - %) Qo (t— 7')} (7.138)
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In the noise-free case, we have

Q
vzcc—ﬁg , (7.139)
with
0y = Qy = const. (7.140)
and
v
Q= (1 - E) Q . (7.141)
For a signal source with phase noise the frequencies Q; and {2, are given by
d
Q = Qo+ 7 [Ag(t)] = Qo + AQ(1) (7.142)
v d
o = (1- Z) (QO+ = [Ad)(t—r)])
- (1 - %) Qo+ AQ(t — 7)) . (7.143)

Due to the phase noise the measured velocity v, also shows statistical fluc-
tuations:

(1 - %) Qo + AQ(t — 7)]

Um = e b= Qo + AQ()
AQ(t) — AQ(t — 7) + = [Qo + AQ(t — 7)]
~ C ¢
Qo
C v
~ & [An(t) - AQ(t-7)+ 2 QO} . (7.144)

For the last approximations, use has been made of the relations AQ <« Qg and
v € c¢. This leads to a measurement error which depends on the frequency
fluctuations of the signal source:

U — v = ﬁc— AQ(t) -~ AQ(t — 7)) . (7.145)
0

Problem

7.12 Calculate, by analogy with Eq. (7.137), the standard deviation o, of
the measured velocity vy, as a function of the phase noise spectrum Wy of the
signal source.

Apart from the above measurement error, a doppler radar for the measure-
ment of speed is affected by another disturbing effect. The Eq. (7.145) also
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holds for v = 0. This implies that a fixed object can give rise to a noise signal
at the output of the receiver, due to the mechanism of phase or frequency dis-
crimination of the delayed signal. Such discriminated noise signals, if caused
by strong reflectors, can disturb or even cover the signals from small moving
objects. In radar systems this type of noise is called clutter noise.

7.8.56 Transmission of information by a frequency or phase modulated
carrier signal

For frequency or phase modulation in a communication system, the frequency
or phase of a highfrequency carrier signal is controlled in a well defined manner
by the information to be transmitted. In the receiver the information can be
retrieved by a proper demodulation process. Since the demodulator can not
distinguish between the intentional changes of the phase or frequency by the
modulation and the unintentional phase noise, the phase fluctuations will lead
to a disturbing noise signal at the output of the demodulator. Furthermore,
in a practical system, the phase noise contributions of several oscillators may
add up, due to multiple mixing processes.

Im?
m fluctuations
e AR due to
K & phase noise
I/ \\
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\.\ e
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Fig. 7.39 Phase states for a QPSK-modulation in a complex plane.

These discussions not only apply to analog but also to digital communi-
cation systems. In digital systems the phase noise will increase the bit error
rate. Figure 7.39 shows as an example the modulation states of a QPSK-
system (Quarternary Phase Shift Keying). For this modulation method
the amplitude remains constant while the phase of the carrier signal is changed
according to the digital modulation. The phase difference between adjacent
states is 90°. The four states can be described by points in the complex plane,
equally distributed on a circle. However, the oscillators are not ideal but show
statistical fluctuations of their phase. If the resultant phase error exceeds 45°,
then the actual state cannot correctly be detected and a bit error results. The
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stronger the phase noise, the higher the probability that a bit error occurs.
The stability requirements of the source become even higher, if more sophis-
ticated modulation methods are employed. E.g. , the 64 QAM-modulation
(Quadrature Amplitude Modulation) consists of a combination of 64 am-
plitude and phase states of the carrier. Accordingly, already smaller phase
disturbances may lead to a bit error.

7.8.6 Measurement system for the microwave gas spectroscopy

Figure 7.40 shows a block diagram of a microwave gas spectroscopy system.
A sinusoidal microwave signal is transmitted through a gas cell and rectified
wave guide with Hyg-mode
as a gas cell

Stark modulation / Stark field
display /
@—~ gas cell — & ——
generator detector i

Stark electrode

Fig. 7.40 Block diagram of a microwave gas spectroscopy system.

by a microwave detector. In the gas cell, the gas to be analyzed has a low
pressure. The frequency of the microwave signal coincides with the resonance
absorption frequency of the gas. In the gas cell a periodic change of the electric
field, the so-called Stark field, e.g. with a frequency of 30 kHz, will also shift
periodically the gas resonance absorption frequency by a very small amount.
This may lead to a weak periodic amplitude modulation of the microwave
signal, which is demodulated by the detector. The sensitivity of the detector
may be limited e.g. by the shot noise of the diode.

The transmission behavior of the gas cell including the coupling networks
may show some irregularities versus frequency, i.e. the magnitude of the trans-
fer function may have a ripple. This can lead to a discrimination of the phase
noise of the microwave source, which then is converted into amplitude noise
and also measured by the detector. For this example, the important contri-
bution of the phase noise stems from an offset frequency of 30 kHz, i.e. the
Stark modulation frequency. Under unfavorable circumstances the discrimi-
nated phase noise may be stronger than the intrinsic noise at the detector.

In order to improve the sensitivity, the gas cell may be converted into a
long resonator by placing short circuits at both ends of the gas cell. Such a
resonator gas cell tends to discriminate phase noise even more effectively.
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Quantization Noise

8.1 QUANTIZATION NOISE OF ANALOG-TO-DIGITAL
CONVERTERS

A simple but useful model of a quantizer is shown in Fig. 8.1. In this model
the quantization error is treated as an additive noise signal with a constant

frequency spectrum.

quantizer

k) — Q| (k) = Q(z(k))

Fig. 8.1 Quantization error model with additive white noise.

The analog signal V(w) which has been analog-to-digital (A/D) converted
is assumed to be limited in frequency by a low pass filter with the corner
frequency fi,. Furthermore, it is assumed that the band limited analog signal
has been sampled with a sampling frequency fs, which is at least twice the

287
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frequency of fi,. The statistical description of the quantization noise is based
on the following assumptions:

1) The error sequence ng is a stationary random process.

2) The error sequence is uncorrelated with the sampled sequence z(k).

3) The spectrum of the error sequence can be described as white noise.

4) The amplitude density distribution of the error sequence is constant
across the range of the quantization error.

The A/D converter may have m quantization bits, a full range excursion
of Xp, and a quantization step of A. Then we can write

Xpp=2""A . (8.1)

For small values of A and large values of m it is justified to assume that ng is
a stochastic variable which is evenly distributed in the range —A/2 to +A/2,
as shown in Fig. 8.2.

pen(”Q) i
A
_a a nQ
2 2

Fig. 8.2 Probability density distribution of the quantization error.

Then, the expected value of ng is zero and its variance o2 is
A2
2
oo = — . 8.2
2= (5.2)

Assuming a full range excitation by a sinusoidal signal with a peak-to-peak
amplitude of X, and an effective value of \/5/2 Xpp, the ratio R,y of the
signal power to the quantization noise power is given by
2
12X2,
8 A2
3.22m
= . 8.3

. (83)
In decibels the signal to noise ratio is thus given by 10 log R, = m-6.02dB +
1.76dB.

With the assumption of a constant or white spectrum and an effective
frequency band of half the sampling frequency fq, the spectrum of the quan-
tization noise Wy, is given by

Rsn =

2-A% 1 A2
= = 8.4
un ]-2'fsa 6fsa ( )
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In a practical circuit the influence of the quantization noise can be reduced
to an insignificant level, simply by increasing the quantization bit number m.
An insignificant noise level of the quantization noise is definitely reached when
it is lower than the noise level of the other physical noise sources, e.g. the
amplified thermal noise.

Another possibility to reduce the level of the quantization noise is to in-
crease the sampling frequency fs, and to apply subsequently a low-pass filter
with the corner frequency fip to the signal V(w) containing the information.
The low-pass filter may also be a digital filter.

The influence of the quantization noise is much more pronounced in the
example of the next section, namely the example of a fractional divider phase
locked loop system. Here, the quantization noise is inherently connected to
the solution of the given problem and its influence can only be reduced by
increasing the number of stages and, thus, also increasing the complexity of
the system.

8.2 QUANTIZATION NOISE OF FRACTIONAL DIVIDER PHASE
LOCKED LOOPS

For a phase locked loop (PLL) circuit consisting of a single loop the smallest
achievable frequency step is equal to the reference frequency fr.;. Fig. 8.3
shows a block diagram of a simple PLL-circuit. In the locked mode the VCO

phase loop
detector filter
fref — PD F(S)
reference
/N
fu
divider V€O

Fig. 8.3 Block diagram of a single loop PLL.

frequency f, changes by a frequency step of Af, if the integer division factor
N is changed by an integer unit to N£1. Thus, we can recognize a dilemma of
the single loop PLL, namely that a reduction of the frequency step width can
only be achieved via a reduction of the reference frequency fr.s. A reduction
of the reference frequency, however, has a number of disadvantages, e.g. a
smaller control loop bandwidth and a longer turn-on time of the loop and
also a higher total multiplication factor with an associated higher phase noise
level. One alternative of a single phase locked loop circuit is the use of several
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interlocked loops at the price of a higher complexity. Still another method
applies a fractional divider concept, in order to create fractions of the reference
frequency as step width. With the integer division factor P in front of the
decimal point and the fractional division factor F' behind the decimal point
we obtain for the VCO-frequency f,:

fva'F'fref (85)

The fractional part F' is generated by a variation versus time of the integer
division factor V. A simple possibility for the variation of the division factor
is shown in Fig. 8.4.

division T = M
factor 1 fref
N " 1 Pra—
M-1
N ke
] I tv

T 2T

Fig. 8.4 Periodical variation of the division factor.

During M cycles of a period T, the integer division factor N is switched
once from N to N + 1, i.e. for the duration of one period of the reference
frequency fr.y. We obtain for the mean value of V, i.e. N the expression:
NM-1)+(N+1)-1 1

=N+ — . 8.6
M 7 (8.6)
Within one period T, it is possible to change the division factor N to the
division factor N + 1 just n-times, with n = 0,1,2,..., M. In this case, we
get for the mean value of N:

NM-n)+(N+1)-n n
M =N+

We see that the division factor can be varied in steps of 1/M. Then, the VCO
frequency of the phase locked loop can take on the values

fo= N+ 55) Frer - (8.8)

The realization of a fractional division ratio by a periodic variation of the
division ratio is, however, not a practical solution for a PLL-system. Due to
the periodic switching of the division ratio, a strong periodic phase modula-
tion of the carrier signal occurs, which leads to intolerably strong disturbing

N =

N=

neN, 0<n<M. (87
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spectral lines in the vicinity of the carrier signal. This disturbing spectrum
changes its shape with the fractional division factor F' and can not be removed
by filtering, because the spectral lines often lie close to the carrier frequency.
Apparently, the division factor variation should not be performed periodically
but in a pseudo-random manner, such that the mean value of the division fac-
tor exactly equals the value P.F. Furthermore, the broad spectrum which
arises from the pseudo-random switching of the division factor should be per-
formed in such a way that the spectral density close to the carrier frequency
becomes small. A circuit concept, which fulfills all these requirements, can be
derived from the so-called Sigma-Delta (X/A) modulation.

8.2.1 Application of the Sigma-Delta modulation

Figure 8.5 shows a block diagram of the sigma-delta modulation. After the
integrator and an analog-to-digital converter (ADC), an integer digital sig-
nal y(k) is derived, which due to the analog-to-digital conversion possesses a
quantization error ng. The digital output signal y(k) is fed back to the input
with a time delay. The feedback signal, at least in principle, must again be
converted to an analog signal (DAC, digital-to-analog converter), because the
input signal z(t) was assumed to be an analog signal. In order to obtain a

nQ

|

2(t) — % A/D y(k)

D/A —

Fig. 8.5 Block diagram of the sigma-delta modulation.

fully digital circuit, already the input signal z(t), which describes the frac-
tional part F' of the mean division factor, is a high resolution digital signal.
This digital signal is applied to the adder, which now also operates digitally.
The D/A converter shown in Fig. 8.5 can thus be omitted.

The output signal of the adder is first integrated, which is accomplished
digitally (symbol I), before it is applied to the integer quantization (Fig. 8.6).
Again the error signal is described by ng. This error signal ng serves for
a mathematical description, it is not a signal which is added to the circuit.
The mathematical description of the circuit is performed with the aid of the
Z-transformation. This transformation can advantageously be applied for the
description of discrete-time signals, as is the case here.
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The different components of Fig. 8.6 are designated by the corresponding
transfer functions of the variable z = exp(jw) of the Z-transformation. Here,
w is a normalized angular frequency. The delay element d is related to z via
d = z7'. The output signal Y (z) of the one-stage system is obtained as

Y(z) = —— (F-2"Y(2)) = ng

or Y(2) F+(1-2z""ng . (8.9)

One may recognize that the mean value of Y, i.e. Y(z(w = 0)) or Y(1), is

nQ

5

1
F == Q J’vﬂ'-—’y(k)

Fig. 8.6 Block diagram of a one-stage fractional digital circuit.

exactly equal to F. Furthermore, one may notice that the quantization er-
ror ng is differentiated once. On a logarithmic scale this corresponds to a
decrease of the quantization noise spectrum by 6 dB/octave when approach-
ing the carrier frequency. In the scale of the angular offset frequency w the
carrier frequency is at w = 0. For the case that F is a fractional number,
the discrete-time signal y(k) has a non-periodic quasi-stochastic, noise-like
character. Therefore, the spectral power density of the quantization noise is
approximately white, i.e. frequency independent. Due to the differentiation,
however, we observe a decrease of the spectrum of the signal y(k) towards
the carrier by 6 dB/octave, as has been mentioned before. If the reciprocal
value of the fractional number F is an integer number, then the corresponding
spectrum is a line spectrum.

8.2.2 Multiple integration

In order to reduce the phase or frequency noise in the vicinity of the carrier,
one may employ multistage circuits. As an example, Fig. 8.7 shows a three-
stage circuit. This circuit has the property that the quantization noise of the
first and the second stage is compensated exactly and just the quantization
noise of the third stage remains. For this three-stage circuit the noise spectrum
decreases by 3-6dB = 18dB/octave toward the carrier frequency.
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Fig. 8.7 Block diagram of a cascade three-stage fractional digital circuit.

In this multistage system the quantization error signal is fed to the input of
the following stage. With the transfer function of a differentiation D = 1—z~}
and D? and D3 as a double and a triple differentiation, respectively, we can

write
Y=Y +Y)+ Yy

and, furthermore,
Y1 =F+ nQy - D .

We also find that
Xo=Y1—nqi - Y1 = —ng

and
Yo = (XQ—Z_l-YQ)I+NQ2
YQ/ = —nQi* D+ ng2 - D2

and similarly
y3// = —NQ2 D*? +nQ3 - l)3 .

From the above equations we finally get the result

Y=F+nQ3-D3 .

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

We see that the quantization noise of the first and second stage is compensated
and the quantization noise of the third and last stage is multiplied by D3,
which leads to a decrease of the spectrum toward the carrier by the already
mentioned 18dB/octave. Again the mean value of Y is exactly equal to F.
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Fig. 8.8 Simulated noise spectrum of a three-stage fractional divider circuit.

Figure 8.8 shows a spectrum W(f) as it results from a simulation of the
three-stage circuit of Fig. 8.7 with F = 0.05. The output frequency is exactly
equal to f,/P.F, where f, is the VCO-frequency. The deviations of the divi-
sion factor AN are, for example, for a certain period of time: 1, —1, 0, 0, 1,
-1, 0, -2, 3, —2....

In the tree-stage configuration, the deviations of the division factor AN
stay in the range from —3 to +4. In the two-stage configuration, they remain
in the range —1, 0, 1, 2 and in the one-stage configuration the deviations of
the division factor are 0, 1. This is proven in problem 8.1.

Problem

8.1 Show that for a one-stage configuration the possible division factor de-
viations AN are 0 and 1, for a two-stage configuration —1, 0, 1, and 2 and
for a three stage configuration -3, -2, —1, 0, 1, 2, 3, and 4.

The high noise level which appears further away from the carrier frequency,
must strongly be reduced by analog filtering in the loop filter of the PLL. It
is interesting to note that this filtering can only be performed by an analog
filter and not with a digital filter.

Another possible configuration for the generation of the sequence of division
factors is shown in Fig. 8.9. This circuit will be designated as a chain circuit in
contrast to the cascade circuit of Fig. 8.7. Again a three-stage configuration is
shown which, however, in addition contains multipliers with the real weighting
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factors &y, k; and k3. For this circuit we obtain for the output signal Y (z) as
nQ
F _L Y
ﬁmlﬁ@ﬁfﬁ_ﬂa@ﬁf 0
K1 Ko K3

T SR o

Fig. 8.9 Block diagram of a chain circuit of integrators with weighting
factors in the feedback pathes.

a function of z:

Y(s) = ([m (F= 5 Y(2) T = w2 ()] T ky- 271 Y () I+ ng
(8.15)
or F Do
Ky £ +ng-

Y(z)= . 8.16

(2) D3+ (D? kg +D- Ko+ K1)zt (8.16)
As will be shown in the next section, the cascade circuit of Fig. 8.7 and the
chain circuit of Fig. 8.9 provide identical results for coefficients k; = Ky =
k3 = 1 in the chain circuit. This not only is true for a three-stage circuit but
for any number of stages. The identity also holds for the time sequence of the
output values of y(k) and, therefore, for the division factor deviations. Thus,
the possible deviations of AN range from —3 to 4 also for the three-stage

chain circuit, provided that the weighting coefficients « are all equal to one.

8.2.3 Identity of the cascade and the chain circuit

It is possible to transfer both the chain circuit of Fig. 8.9 and the cascade
circuit of Fig. 8.7 into another circuit, which is identical to both circuits. For
this purpose, the weighting factors k; with 1 = 1,2,3... are set equal to one
in the chain circuit:

Kl =Ky=Kz=1. (8.17)

The chain circuit can be simplified in several steps, which are self-explanatory,
as shown by the following figures.

The feedback signals are quantized and remain quantized after passing
through the delay and the integration units. Under the assumption of in-
finitely wide quantizers which, however, are not realizable in practice, the
signals pass the quantizer without a further quantization. For already quan-
tized signals the quantizer has no effect. Therefore, the feedback paths can
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Fig. 8.10 Some simplifications of the chain circuit.

also be located directly behind the quantizer. This fact is used for the next
conversion steps as shown in Fig. 8.11. A last evident conversion leads to
the final circuit of Fig. 8.12 which, however, is not a practical circuit, as was
mentioned before.

Next, the chain circuit will be simplified. For this purpose, the first stage is
considered. The already quantized signals are transferred with the transfer
factor one by the integrator of the second stage. Thus, the quantized signals
of the first and second stage directly reach the differentiator at the output
of the second stage. Similarly, the signals of the third stage directly reach
the double differentiator. After several conversion steps one obtains the same
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Fig. 8.12 Conversion of the chain circuit to the final circuit.
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Fig. 8.11 Further conversions of the chain circuit.

D3_’_

297

block diagram for the cascade circuit as for the chain circuit. Thus, it is shown

that both logic circuits can be transformed into each other, which proves that
they are identical.
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Fig. 8.13 Conversion steps for the cascade circuit.
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Fig. 8.14 Further conversion steps of the cascade circuit.

8.2.4 Chain circuit with weighting coefficients

The weighting factors x; to k3 of the chain circuit can not be chosen arbi-
trarily. It has to be guaranteed that the denominator of the polynomial in
Eq. (8.16) is stable. As is to be verified in problem 8.2, a choice of the weight-
ing coefficients according to e.g. k1 = 1/4, ko = 1/2 and k3 = 1 leads to a
stable system. With respect to the z-plane the system is stable if all zeros z;
of the denominator polynomial lie within the unit circle, i.e. if

<1 . (8.18)
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Fig. 8.15 Further conversion steps of the cascade circuit.
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Fig. 8.16 Further conversion steps of the cascade circuit.
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Fig. 8.17 Final conversion steps of the cascade circuit.

Problem

8.2 Show that a choice of the weighting coefficients according to x; = 1/4,
ke = 1/2 and k3 = 1 of Fig. 8.9 leads to a stable system.
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The variation of the division factor in integer steps around the mean divi-
sion factor N leads to a corresponding phase modulation at the output of the
divider chain. At the output of the phase discriminator of the phase locked
loop circuit these phase fluctuations are transferred to corresponding volt-
age fluctuations, which are proportional to the time dependent variations of
the division factor. In order to achieve a rapid decrease of the quantization
noise close to the carrier frequency, it is essential that the phase discriminator
has a very high linearity between the input phase and the output voltage.
Non-linear effects in the phase discriminator may lead to a strong increase of
the quantization noise close to the carrier frequency due to non-linear mixing
processes. Then, the noise spectrum of Fig. 8.8 may change to a spectrum as
shown in Fig. 8.18. The influence of the non-linear effects in the phase discrim-
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Fig. 8.18 Noise spectrum of a fractional divider circuit with increased close-
to-carrier noise due to non-linear effects in the phase discriminator.

»
»

inator can be reduced by reducing the peak-to-peak division factor variation
AN. For the example of the three-stage chain circuit with k3 = 1/4, ko = 1/2
and k3 = 1 the division factors at the output of the fractional divider vary
in a range between —1...2, corresponding to a peak-to-peak deviation of 3,
which is a significant reduction compared with the value of 7 for the three
stage system with unity coefficients. Thus, the peak-to-peak variation of the
division factor has been reduced by a factor of 2.3, as compared to the chain
circuit with unity weighting factors.

The circuit of Fig. 8.19 shows a four-stage fractional logic core with an
additional delay element in the integrator chain.

The weighting coefficients are chosen as k1 = 3/16, ke = 1/2, k3 = 1 and
k4 = 1. This leads to a stable circuit.
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Fig. 8.19 A four-stage fractional logic core with an additional delay element
in the integrator chain.

Problem

8.3 Show that a choice of the weighting coefficients of Fig. 8.19 according
to k1 = 3/16, k2 = 1/2, k3 = 1 and k4 = 1 and an additional delay element
in the integrator chain leads to a stable system.

The additional delay element in the logic core behind an integrator al-
lows one to increase the maximum clock frequency of the logic circuit. This
delay does not alter significantly the frequency characteristic of the trans-
fer function compared with a four-stage circuit without this additional delay
element. Stability is guaranteed by the proper choice of the weighting fac-
tors. This four-stage circuit shows a decrease towards the carrier frequency of
4-6dB = 24 dB/octave. With an average division ratio N = 20.05 the division
factors at the output of the fractional divider vary in a range from 18 < 22.
Thus, the peak-to-peak variation of the division factor has been reduced by a
factor of 3.75 compared with the four-stage chain circuit with unity weighting
factors, which has a peak-to-peak deviation of 15.

The numerical calculation of first the sequence and then the spectrum is
straightforward and not particularly difficult. Figure 8.20 shows a typical
phase noise spectrum of a VCO stabilized by a four-stage fractional divider
circuit.

Instead of determining the sequence of division factors in real time, it is also
possible to determine all division factors once in advance and to store them in
a fast digital memory. This procedure is possible due to another remarkable
property of the sequence of division factors, namely that it is periodic with a
period of the length npmee. The length of the period depends on the number of
stages @ and on the bit length m of the fractional part F and is approximately
given by

The bracket in the exponent in the last equation denotes a rounding to the
nearest integer number. The fact that the sequence is not much longer than
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Fig. 8.20 Typical phase noise spectrum of a 8 GHz VCO stabilized by a
four-stage fractional divider circuit.

the inverse of the fractional part of the division factor F' makes it in some
cases feasible to build fractional synthesizers on the basis of fast digital mem-
ories. One can take advantage of the relatively short period of the sequence
and store exactly one sequence period in the memory. The memory is read
out periodically, in order to realize, for example, one fixed frequency. An-
other fixed frequency makes it necessary to store and read out another stored
sequence.

8.2.5 Transient behavior of a fractional logic circuit

When starting a real time fractional logic circuit, some initial starting values
are assigned to the integrators and delay units and normally all these values
will be zero. We may arrange all these contents and in addition the output
signal in the form of a vector and we name this a vector element [V] of the
chain circuit. A sequence consists of a number of consecutive vector elements
Vi1, V]2, [V]s ... V], that are exactly reproduced in the following period of
the sequence. Depending on the chosen weighting coefficients x;, however, the
associated starting zero vector element [V];; may not be an element of the
sequence. If nevertheless one starts with [V, then a transitory behavior is
observed with a limited number ¢, of steps which is always smaller than the
length of the sequence.

After t, steps a transitory vector element will become necessarily identical
to a vector element of the sequence. Once this has happened, the transient
path will be left and the vector elements will follow those of the sequence
with its periodicity. However, a large number of different sequences exist that
do not have any vector element in common, but the same length and the
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same statistical properties, e.g. identical spectra. Which one of the different
sequences the transient path will cross and then follow, depends on the starting
vector element. However, in case of the chain circuit with unity coeflicients
the zero starting vector element is an element of one of the sequences. The
same is true for the cascade circuit.

In order to illustrate the transient behavior, we choose the following numer-
ical example: A three-stage chain circuit has the coefficients k1 = 1/4, ko =
1/2, k3 = 1 and the input signal F = 278 + 2713, The length of the sequence
is [ = s'7 and with a zero starting vector [V],; the transient path length turns
out to be t,. = 30.

8.2.6 Fractional divider without a PLL

Figure 8.21 shows a fractional divider circuit without a phase locked loop.
An oscillator with the fixed frequency f, is divided in frequency by the vari-

fo/P.F
( : ) — /N output

oscillator

with 7 . logic
fv

Fig. 8.21 Fractional divider circuit without a phase locked loop.

able division factor N. The sequence of the division factor versus time may
e.g. be the one produced by the fractional division factor generator as shown in
Fig. 8.7 or 8.9. One might expect to observe a spectrum as shown in Fig. 8.8.
Passing the output signal through a narrow band-pass filter such a circuit
could find use as a fine tunable oscillator signal. Unfortunately, however, the
output signal has a spectrum as shown in Fig. 8.22. The phase modulation of
the output signal also leads to a parasitic amplitude modulation which does
not decrease towards the carrier frequency and which considerably raises the
noise floor in the vicinity of the carrier frequency. Therefore the qualitative
shape of the spectrum looks like the spectrum shown in Fig. 8.22.

The reason for the parasitic amplitude modulation is the constant peak
signal amplitude at the divider output, which together with the phase modu-
lation or pulse width modulation leads to an amplitude modulation and thus
stochastic amplitude fluctuations with an approximately constant spectrum.
Numerically, it is not particularly difficult to calculate first the sequence and
then the spectrum at the output, while an analytical solution is more difficult
and needs some simplifications.
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Appendiz A

Solutions to the
problems of Chapter 1

Chapter 1
Problem 1.1

The normalization condition is given by Eq. (1.1). With the normal distribu-

tion given by Eq. (1.4) the following equation holds:

+00

— 0
This can be transformed with the substitution
y—
o)
Inserting Eq. (A.2) into Eq. (A.1) leads to

z= and dy =0 dz .

+00

-0

/ L e —(y—w? dy =1
o2 202 '

/ p(y)dy = -—1\/; +/ooexp [— %22} dz .
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The integral can either be solved by using an integral table or by squaring
and converting into polar coordinates. The latter method yields

+00 2
1

/ exp <~ 522> dz

o0

Il
@
>
e
|
N
™
[ &}
| IS
.
N
—t
8
[
b
e
|
|
<
[\~
_
Qu
(4

Il

//exp <— al ;”2> dzdv . (A.4)

With a transformation into polar coordinates according to z = r - cos ¢ and
v=r-sin¢g and dz-dv =r - dr - do, we obtain

+0 2 27 o0
/exp (— %;ﬁ) dz| = /dcb-/exp (— C;)rdr . (A.5)
0 0

The integration over ¢ yields a factor of 27 and the substitution 72/2 = s
leads to
2

400 ]
/exp (—%22) dz = 27r-/exp(—s)ds = 2m . (A.6)
o0 0
Thus, for a normal distribution,
T ~ (v - " 1
/a'\/ﬂexp[ 7 }dy = E\/ﬁ =1, (A7)
-0

which means that the normalization condition is fulfilled.

Problem 1.2

The probability density of the sum variables can directly be written as a
convolution of the probability densities by using Eq. (1.40). But the result-
ing convolution integrals are rather complicated. Therefore, the probability
density will be calculated with the help of the convolution theorem and the
characteristic function. Each of the rectangular distributions must meet the
normalization condition Eq. (1.1). Thus we have for the density of the rect-
angular distribution p; (z):

p(@) = ——— (u(z-2)- vz~ 2)) (A8)

T2 — I
. 1 for >0
with u(x)—{ 0 for z<0 }
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The characteristic function of the rectangular distribution p;(z) is given by

1 ; 1 1 ; ;
Ci(u) = /e]uxdx = C— (ejum? - e]uml) . (A9)
To — Ty
T

Similar expressions are obtained for the rectangular distributions ps(x) and
pa{z). The characteristic function C,(u) of the sum variable is given by
Eq. (1.41) as the product of the individual characteristic functions. Inserting
the numerical values leads to the following expression for C(u):

Cs(u) = a— <€13ju _ eleu _ ellju + eleu
8 (ju)
— U Bgu Tou _ By (A.10)

An inverse Fourier transformation yields for ps(s):

pels) = ze[(s=6)7uls —6) = (s~ TVPuls = 7) - (s ~ 8)%u(s - §
+ (5 —9)%u(s — 9) — (s — 10)%u(s — 10) + (s — 11)%u(s — 11)
+ (s — 12)%u(s — 12) — (s — 13)2u(s — 13)] . (A.11)

In Fig. A.1 a graphical representation of ps(s) is shown. For comparison a
graph of the normal distribution is also shown in the figure. For the calculation

0.35
ps(S)

03 r

025+

02 F

0.15F

01F

Fig. Al

of the variance 67 the sum of the individual variances was used.
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Problem 1.3

If X is a random variable with a Gaussian distribution, the characteristic
function of X is

1
Cylu) = exp (juuz - 505 . u2> . (A.12)

Proof: Inserting p(x) as given by Eq. (1.4) into the Eq. (1.35) of the charac-
teristic function, the exponent of the integrand is given by

-1
202

h(z) = ((x— pa)? — 2jua§r} . (A.13)

It follows by a quadratic complement:

_~1
202

h(z)

. 1 )

(T — po — Juo)* + F( 208 — 2jua§,um)} . (A.14)
T

The second term is independent of x and can be placed in front of the integral.

With the substitution z = & — p; — juc? and an intermediate result from

problem 1.1, we obtain for the first term:

e o 9\2
/ exp {—(m — M;g; Juos) } dx
+oc 2
= / exp [2—22} dz = o,V21 . (A.15)
U(E
-0

This leads to the statement:

Calw) = / J%J exp (h(2)) dz

, o2 y?
exp (ju,ugc -3 ) . (A.16)

Il

For the random variable Y, which is independent of X, we correspondingly
obtain:

) 1
Cy(u) = exp (]U/Ly - —2—02 : u2> . (A.17)

For the characteristic function of the sum of the random variables the following
equation holds:

2
Cs(u) = Cp(u) - Cy(u) = exp [ju (pz + py) — 9-2— (02 + 02)] . (A18)
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With p, = pz + iy and 02 = 03 + 0} the characteristic function of a Gaussian
distributed random variable is given by

o2,

Cy(u) = exp [jups— 32“1 . (A.19)

Thus the inverse Fourier transformation leads to a Gaussian distribution with
the variance 02 and the mean value ;.

Problem 1.4

For the proof of Eq. (1.63) two random variables Y; and Y, are introduced.
Y; and Y, are assumed to be statistically independent of each other and in
addition to be normally distributed, that is E{Y} = 0 and ¢2 = 1. For a
random variable with these properties Eq. (1.63) could easily be shown. But
for X; and X5 the statistical independence was not assumed. In order to get
an expression for C(uy, ug), nevertheless, the variables X; and X, with

X1 =anY: +anls

Xo =021 +a2Ys (AQO)
are expressed by the statistically independent variables ¥; and Y,. Because
of

E{Xl} = auE{Yl} + ale{Yz}

E{X2} = azlE{Yl} + CLQQE{YQ} (A21)
the random variables X; and X, have zero expectation values. According
to a theorem of probability theory, a random variable resulting from a linear
combination of normal distributed random variables is normally distributed
again. But the quality of statistical independence and the value of the vari-
ance are not maintained. Therefore the assumptions made for X; and X5 in

conjunction with Eq. (1.63) are valid. For the following steps it is convenient
to use matrices:

a1y a2 Y; X
A: = = . .
(o) v=(4) x=(%) o=
Thus we have
X=A'Y. (A.23)

On rather general conditions the inverse matrix A1 exists and Eq. (A.23)
can be written as

Y=A"1.X. (A.24)
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With the transposed matrix Y7 the quadratic matrix

r_ (Yt "l
Y.Y ,<Y2Y1 vy (A.25)

can be formed. Replacing the matrix elements Y;Y: by the respective expecta-
tion values E{Y;Y}} leads to the covariance matrix py = E{YYT}. The main
diagonal of this matrix consists of the variances E{Y;Y}};;=+x and the matrix
also contains all covariances E{Y;Yx}}ixzs- E{YYT} = p, is identical to the
unit matrix I due to the assumptions made for Y;. The covariance matrix px
of the variable X is given by

px = E{XXT}
= E{AY (AY)T} = E{AYY?TAT} = AE{YYT}AT
= AIAT = AAT. (A.26)

For the statistically independent variables Y; and Y, the characteristic func-
tion of the bivariate Gaussian distribution can be written as the product of
the characteristic functions of the variables Y7 and Ya:

+00
C(v,v2) = //QXP (Juiyr + jvay2) - p (y1,y2) dyrdys
—00

+00
= //exp (GvTy) 2 (y1.v2) dy1dys
—o0

= exp (-%v%) . (A.27)

By switching to the variables X; and X, the expression exp (jva) becomes
exp (jvTA~!x). In order to return to the form of Eq. (1.59) the following
substitutions are made:

Then we have

i

C (uy,ug) //exp (juTx) - p(x1,22) dz1dzs

1
= exp (—— EuTAATu>

= exp <—%u7‘pzu> . (A.29)
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Since the covariance matrix py is a symmetric matrix, this equation is identical
to Eq. (1.63) and can easily be extended to multivariate Gaussian distribu-
tions.

Problem 1.5

As mentioned earlier in problem 1.4, Eq. (1.63) can easily be extended to e.g.
four variables. Thus

4 4
1
C(ul,u2,u;;,u4) = exXp (—522,0%’111‘21]6) . (A30)
In order to obtain the specified moment, an equation similar to Eq. (1.57) has

to be solved:

1 640 (Ul,U2,U3,U4)

j4 BU18U28U38U4

u1=...=u4=0
= pP12pP34 + P13P24 T P14P23 - (A.31)
Thus the moment of fourth order is
E{X(t.) X(t2)  X(t3)  X(t4)} (A.32)

= p(ta — t1) - p(ta — t3) + p(ts — t1) - p(ta — t2) + p(ta — t1) - plts — t2) .
For the special case t; = t2 = ¢ and 3 = t4 = t + 0 this relation is reduced to

E{X%(t)  X%(t + 6)} = p*(0) + 20%(8) . (A.33)

Problem 1.6

According to the definition of the correlation the noise signals of two fre-
quency bands at different frequencies filtered from arbitrary broadband noise
are totally uncorrelated. The noise signals filtered from white noise are even
uncorrelated, if they are transferred to the same frequency band by frequency
translations.

Problem 1.7

Rectangularly shaped white noise has the following power density spectrum:

Wb(f) — { gI/O i(izefl Sfo2 and —f2§f§—f1 } (A34)

with Wy > 0 and real.
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By application of an inverse Fourier transformation the corresponding au-
tocorrelation function p(8) is obtained:

ale el

o(6) / Wilf) - exp (27 £6) df

W,
= j27:9 (exp (J2r f20) — exp (§27 f10) + exp (—j2n f16) — exp (—j27rf29)>

- %’ (sm (27 28) — sin (27 f19)>
= WLAf -2 cos(2n8fy) - si(nAf0) (A.35)

L RS Y

In the figure below the autocorrelation function and its envelope are drawn.

with fo

0.8+

Fig. A.2

Problem 1.8
With Eq. (1.80) the power spectrum of the output noise is given by

Wo
W)= — e A.36
with the following transfer function V(w) of the low pass filter:
Us 1
Viw) = (A.37)

U. 1+jwRC



In order to apply the Fourier transform correspondence

, 2k

2
Umo——oa' exp(—k]()\) y

the result for W,(w) is rewritten as

2
= Wo _ W RC _ 2 2k
Wa(w) = 1+w2R2C?2  2RC 1 2 TRt
R2C?

Thus the autocorrelation function of the output noise is given by
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(A.38)

(A.39)

(A.40)
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Appendiz B

Solutions to the
Problems of Chapter 2

Chapter 2

Problem 2.1

1) The overall resistance R; of the parallel connection of Rz and the two
resistors Ry and R, in series can be calculated as follows:
R3(Ry + Ry)

Rl + R2 + R3 '
Thus the following noise equivalent circuit with the spectrum W, of the noise
equivalent voltage source can directly be specified:

R; = (R, + Ry)||R3 = (B.1)

R3(Ry + Ry)
Ry +Ry+Rs
2) Determining the noise equivalent source first, each of the resistors is re-

placed by a noise equivalent circuit.
The spectra of the noise equivalent voltage sources are given as follows:

Wu = 4kT1Ry

W, = 4kTp - Ry = 4kT, - (B.2)

315



316 SOLUTIONS TO THE PROBLEMS OF CHAPTER 2

o /2
/
W,
R;
o

Fig. B.1 Noise equivalent circuit.

o Py

Ry C) Was

e

R,

O &

Fig. B.2 Noise equivalent circuit.

Wy, = 4kT:R,
W,z = 4kT3H;3 .

(B.3)

In order to calculate the resulting noise equivalent source, each source has to
be transformed towards the input of the circuit. For that purpose, all other
sources are short circuited. Furthermore, note that the spectra are related
according to the squared magnitude of the corresponding voltage transfer

functions:

|

Rs 2
/ . Wu —_—
ul ‘<R1+R2+R3>
R; 2
/ = W _
u2 “2<R1+R2+R3>

! - W3< R1+R2 )2
us “*\ R1 + R2 + R3

This leads to the following noise equivalent circuit:

In order to calculate the resulting noise equivalent voltage source W,,, the

three spectra have to be summed up:

Wy = Wi + W, +Wig
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AN
Wi Wi Wi

o

Fig. B.3 Noise equivalent circuit.

4k (TlRle + TQRQR% + T3R3(R1 + R2>2)
(Rl + Ry + R3)2 '
So far, the calculations also apply to different temperatures 7. The special
case Th =T, = T3 = T leads to the following equation:
R3(Ri + Ry)
R +Ry+ Ry

Thus the same overall noise equivalent circuit results for 1) and 2).

(B.5)

W, = 4kTp- (B.6)

Problem 2.2

The ratio of the real power P; dissipated in each impedance Z = 1/Y and
the total real power P, has to be calculated. First the real power dissipated
by a complex impedance is calculated in general as a function of the voltage
phasor U and the current phasor /

U* 1 1
= I = U. = 2. VU2 —
P Re{U - I'"} Re{ Z*} Re{U} Z*} U] Re{Z}
= Re{|U]? - Y*} = |U]? -Re{Y"} = |U> Re{Y} . (B.7)
L LT W,
N e IV
X 7\
| Z2, Ty Z3,T;5
Ul %, Ujlj=s
LW,
: Wi u3
o '

Fig. B.4 Noise equivalent circuit.

With Uy and Uj as shown in Fig. B.4, we obtain for the coefficients 3;:

8, = P _ [Us - Re{Yj} Re{Y}}
77 P U2 Re{Y3} Re{Y;} ’

=g (B.3)
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where P, is the total power dissipated in the circuit. By using Eq. (2.19) the
equivalent noise temperature 7,, can be calculated. For the circuit in Fig. 2.7
the result is as follows:

Pz | Zi(Za+Zy) P

8 = v2 |z )Zl(Z2+Z3)+Zng (B.9)
2 ( 12
G = |lz£!\z:lzgl|zg =17 22+Z§ff+zzzs| (B10)
% = 6 (B-11)
T, = 6iTh+ BoTe + 5575
_ g;%}%qﬂw@%—{%:ﬁﬁgggﬁiﬂ. (B.12)

Problem 2.3

The input temperature is the equivalent temperature of the noise equivalent
source of the overall circuit. T, can be calculated by using Eq.(2.19):

T, = BT+ BT+ 6315 . (B.13)

According to the dissipation theorem the coeflicients §; can be derived from
the real power, dissipated in the lossy elements of the circuit. The attenuator
with a fixed attenuation of 6 dB dissipates a fraction of 0.75 of the injected
power. The variable attenuator dissipates the fraction (1 — agy) of the remain-
ing power. The remaining real power is dissipated in the impedance Z;. Thus
the input temperature is given by

1 1
T, = %-77K+Z-(1—a2)~300K+Z-a2-1200K. (B.14)

Problem 2.4

With p as the reflection coefficient of the absorber, a fraction (1 — |p?) of
the radiated power of the antenna is converted into heat in the absorber.
The reflected part of the radiated power is absorbed by the background. The
dissipation theorem leads to the following equation for the noise temperature:

T,=1—1p® Ta+lp? Tz - (B.15)

The part of the power reentering the antenna is assumed to be negligibly
small.



319

Problem 2.5

For a noise-free two-port, described by impedance parameters, we have

Uy = Zu-h+Zp I
U2 = 221 . Il —+ 222 . I2 . (816)
Adding the noise source U, leads to
Uy = Zn - Lhi+202 1o
U, -U, = Zot 'Il+222‘12 . (B17)

The directions for the new noise sources to be calculated are chosen according
to Fig. B.5.

Unl
L o~ — Iz
o » S
N I
ANO 2 @ |v
o . ——— o

Fig. B.5 Noise equivalent circuit.

Then the circuit can be described by
Ui+Un = Zy-(h+ILa)+Zi2-I2
U2 = 221 (Il +In1)+222'I2 . (318)
Solving Egs. (B.17) and (B.18) for U, and U,, respectively, equating and
reorganizing leads to
1

Li = — U,

n Za v
Z

Uy = =2.U, . (B.19)
Zy

Next, the correlation between the sources has to be determined. Using the
symbolic description for the cross-spectrum of the new noise current and volt-
age sources we have

Wa = Up I

7o) (2 w)
= (2. y, | (= U,
<Z21 Z21

= Wi (B.20)
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The magnitude of the related normalized cross-spectrum is equal to one, be-
cause U,y and I,; are completely correlated:

[Wai| _ |Way |
VWi - Wi [Unil? [ Tn1]?
_ |Wa1l
vV \U;h ’ Inl‘z
_1Zul W Za®
AR ABIA =1. (B.21)

Problem 2.6

As depicted in Fig. B.6, the current sources I, and In1, which are connected
in parallel, can be combined to one current source Io; = I + I.

@

I n2
Y] Us Ys

Fig. B.6 Noise equivalent circuit.

In an admittance representation we get the two-port equations:

L = YW Ui+Y U+1a
I = Yo Uy +Yan U+ In (B.22)

The following equations apply for the currents and voltages at the input and
output of the given circuit:

Il = —Y1 ' U1 and Ig = —Y2 . UQ . (B23)
Equation (B.22) can be solved for Us:

Y; Y/
U2=—21—-I 11

-], ith Y/, =Y, Y; . B.24
e e R (524

Here, det[Y”] is the determinant of the matrix

_ | Yu+h Yi2

Y/
Y] Yo Yoo+ Y,

(B.25)
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According to the rules of the symbolic calculus of Chapter 1 the squared
magnitude of Eq. (B.25) can be calculated by multiplying with the complex
conjugate:

1 x *
U? = EESTER (Va1 - [T |* + (Y11 ? - 2l = Y\ Y5 Tna ey

- Y/\"Ya1I:,1q) (B.26)

Thus the noise power at the load admittance Y3 is known. A conversion to
spectra leads to

1

W = e

[Yor|* - Wer + |Y{11? - Wha = Y{1 Y5, Weino
— Y/ Yo Whoa)  (B.27)

With Eq. (1.33) we can write

1 2
2" (}Y21l— ' Wcl + ‘Y1/112 ' Wn2

" ey

— 2 Re{Y{, Y5\ Weina}) (B.28)

Next. the noise spectrum W, is considered. The calculation of the squared
absolute values of I;; = I,; + I, and a conversion to the spectra leads to

Wer = Wht + Wg + Wgnl + Wnlg =Wn + Wg s (B29)

because for the given example the two sources I,; and I, are completely
uncorrelated. Also the thermal noise of the complex admittance Y; is com-
pletely uncorrelated with the equivalent noise source I,2 at the output. The
final result for the spectrum W, at the load admittance is

1

W = e

Yo1|? - (Wny + 2kT - Re{Y1}) + V{1 1> Wiy

— 2 Re{Y{| Y Wy1n2}) (B.30)

Problem 2.7

We have the following equations:

2
Qk‘TRe{YQQ}

Yi2Yoy }
22

Y, Y, * Y;

+ 2kT~Re{ (B.31)
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and
« Yor\" Yor |Yu|?
NI | == I I 22 )
niin2 <Y11> -+ 1 n2Y1 Y11 2kT Re{Yu}
+ 2kT Re {3@@} (B.32)
Y

This system of equations has to be solved for I*,7,2. For this purpose the
first equation is multiplied by Y3;/Y7; and the second equation is multiplied
by (Y12/Y22)*. Taking the difference of the two equations leads to

1 Y51 Y1 _(YieYoy *
L2 Y1 Yo Yi:1Yo,

_ kT{YZI{-&2 Y12Y21+<Y12Y21>*]
Yii | Y22 Y22 Yoo

Y. 2 *
<y;§> [Yzl (Y11+Y1*1)+Y12Y21 +<Y12Y21> }}

Vi1 Yi Yi
— kT{ Y21Y12 [ 2 Y21Y1*2Y2*1
YiYo [ Y5

Yy,
_YRYy {Yzl Y1*2Y12Y21}
Y5V [ Ya Y5V
Yo Yo
B kT{YuYzz{
_YRYH
Y2*2Y1*1

(Yoo + Y35) +

(Yoo +¥55) + Yzl}

(Y1 +17)) + le} -

2 Yoo + Y1y + Yo, —

Ya1
Yu

ad
Y22

Y
Vi ¥ - v ) (B.33)

*
Y22

[)/21 + =

Thus we have
. nYie  YR¥3 } {YzlYm Y5y }
I - = kT (Y], + Y- ——= - === 5% (B.34
{}/’11)/22 Yl*l)/2*2 ( 12 21) Y11Y22 Y2*2Y1*1 ( )

Finally, we obtain

Inilne = kT (Y5 + Ya1) (B.35)
the solution of Eq. (2.47).

Problem 2.8

This problem can be understood as a continuation of problem 2.6, if the open
circuit at the output is included in the matrix [Y’] by setting ¥ = 0. The
direction of the current I; has no relevance in this case because the sources
I, and I,y are uncorrelated. The solution of problem 2.6

1
(]Yzl[z . (WInl + 2T - Re{Yl}) + |Y1/1[2W[n2
12

Waz = det[Y7]

—2Re{Y), Y51 Wrnima})  (B.36)
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is modified by inserting the equations (2.40) and (2.47):
2kT

Wu2 = —————'det[Y’]F (‘Y21‘2 . Re{yl/l} + ‘Y1/1|2 . Re{yzz}
— Re{Y., Y5 (Y5 + Ya1)}) (B.37)
2kT , .
= Garve (YA Re(¥a} - Re(¥¥a¥n}) . (B38)

With Re{Y!, Y51 Y5} = Re{Y{TY21Y12} a short calculation leads to

2T .
We = W'Re{Y{rdet[Y’}}
KT(Y: - det[Y'] + Y/, - det[Y™])
et Y] - det]y "]
KTY  KTYY,
_ _ B.39
dery] T deny’] (B-39)

Introducing the input admittance from the load side Y;,,

Y12Y21 det[Y’}

- - = B.40
Y;n Y22 Ylll Yl/l ( )
one finally obtains:
kT kT 1
Wy = — = 2kT Re< —
ST {7}

This result was expected because 1/Y, is the source impedance related to
port 2. Thus it is possible to describe the resultant one-port by a thermally
noisy resistor with the temperature 7.

Problem 2.9

In order to facilitate the following calculation, the two-port equations (2.31)
are transferred into a normalized form. For this purpose normalized currents
and voltages are introduced:

: U,
Ziz.[i'\/Z uiz—l—
° Vo

1=1,2 . (B.41)
ini = Iniv/Zo tns = UmL

" Vi

The elements of the admittance matrix are also normalized to the real refer-
ence conductance Yy = 1/Zg:

yix = Yix - Zo i=1,2 k=1,2. (B.42)
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For the normalized representation of the two-port, Eq. (2.31), a matrix form
results:

il = [ylu] + [in] - (B.43)
Equation (B.43) can be rewritten with Eq. (2.50) in the following way:
[A] - [B] = [yl([A] + [B]) + [in] - (B.44)
This equation can be converted according to Eq. (2.49):

(Al =[Bl = [l(A]+ [B]) + [in]
(Bl +[yi[B] = [A] - [y[[A] - [in] (B.45)

Introducing the unity matrix [J] yields
(Bl = (ly] + I~ = DA = (] + ) ia] (B.46)
A comparison with Eq. (2.49) leads to

1S] = i+ D™ (U]~ D)
(X] =(ly] + )™ in] - (B.47)

Thus the known noise current sources from Fig. 2.12 can be transformed into
noise waves using these equations.

Problem 2.10

The parameters as shown in Fig. B.7 are used for the following calculations:

4 4

L % X; L[ T

P1 [8),T P2
B B,

Fig. B.7 Noise equivalent circuit on the basis of noise waves.

The noise waves of the two-port are denoted by X;, X, those of the load
impedances by L, Ly. The load impedances are at the same temperature
as the two-port. Equation (2.56) thus holds for the noise powers |X;|?> and
| X5|2. The noise powers of the load impedances are defined according to the
dissipation theorem:

L2 = kT(1 = |p2) and |Lof® = KT(1 = p2f?) . (B.48)
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Here p1, ps are the reflection coefficients of the load impedances. The noise
waves of the two-port are not correlated with the noise waves of the load
impedances. The noise waves of the circuit are given by

Bi = X{ +S11A1 + S1242 By = X5 + SyAs + 531 A

B.49
A =L, + ;B Ay =Ly +psBs . (B.49)

First, an open circuit is assumed at port 2, and port 1 is terminated by a
matched load:

p1 = 0, p2 =1, Ly=0 = A1 =L . (B50)

The following relation results for B; after a short calculation:

By =X, +811L,+ (X2+521L ) (B51)

1—522

Under the condition of thermodynamic equilibrium, Eq. (2.54) applies to the
noise waves of the circuit. With

|B1|? = |L,1* = kT (B.52)

and Eq. (2.56) some manipulations yield

Sig ST,
XX —= X, X .
1— 522 122 + 1— S;g 1492 (B 53)
S1o 81181281 S1151,55
= kT llS 2 1-18 2y _ 11 _ 12%21
[[m l gJ( Sl 1— Sy 1- 83,

Next, port 2 is shorted and port 1 is terminated by a matched load:
p1 =0, p2 = —1, Lo=0 = A1 =1L (B54)

A similar calculation as above leads to a second equation for X7 X, and X; X3:

S1a .
ETT&&+HSX& (B.55)
S 2 ST, 5125 S1157,S3
=kT (=18 2+ 12 1-18 2y _ Fi110i2v21 P1iW3999]
{11” }1 '( 15221%) 1+ Sy 1+ 83,

Both equations establish a system of linear equations for X7 X, and X; X
After some calculations the equations can be solved for X} X,:

X1Xy = —kT(S7,S21 + 815 S2) . (B.56)

This is the result for the cross-correlation already given by Eq. (2.58)
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[n2

Fig. B.8 Noise sources of the two-port.

Problem 2.11

The noise of each of the three real admittances is described by an equivalent
noise current source as shown in the following picture:

The source I,,; can be replaced by two sources, one connected in parallel
to I, the other one connected in parallel to I,3. This leads to the following
circuit:

Fig. B.9 Noise equivalent circuit of the two-port.

The purpose of this problem is not to get the correlation I I/, (it could
easily be calculated with Eq. (2.47) as I3 I, = —2kTG3), but to calcu-
late the correlation I7I; of the currents flowing through the two terminating
impedances with the impedance values Z;. Generally, we can write for the
currents I; and Ip:

I = Vil +Valp,
I, = Vil +Valp, . (B.57)

Here V7 and V; are real transfer functions. Forming the correlation 57 and
using the following equations:

InIL, = 2kT-Re{Yip} =—2kT -Gy =1I,I%
[I'.]? = 2KT Re{Yy}=2kT (Gi+Gz) i=12  (B.58)

yields after a short calculation:

L, = —2kT (-2WViG: + (Vi — V2)?G2) . (B.59)
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The m-attenuator shall be matched on both sides. Then the input impedance
on both sides is equal to Zg. Therefore, half of the currents I,; and I,
flows into the attenuator, the other half flows into the terminating impedance.
The current flowing into the attenuator is transferred by the current transfer
function

ZyGy — 1
= —— . B.60
S ZyGy +1 ( )
The transfer functions Vi and V, are given by
1 1
Vie=—-= Vo==8. B.61
1= -3 2=3 (B.61)
For a simultaneous match at both ports, Gz in dependence of G is given by
1—(G12p)*
—_— B.62

With these relations for Vi, V2 and G3 and V; = —1/2 the bracket term in
Eq. (B.59) can be written as follows:

—2ViVaG1 + (Vi = Vo)2G; = VoG + G2 (Vi — Va)?

1, ZGi =1 1-(GiZo)* (1  1ZG1-1\"

T 272G + 1 2G, Z2 ('é 52001+1>

1, ZeGi—-1 1, (1-Gi1Zo)(1+G1Zy) Gi1Z \’

= 3 G 1 2o (G12,)? '(Glzo+1>

B ZoGr—1 1., 1-GiZ,

T 272G +1 27N+ G2

= 0. (B.63)

Thus it holds that the correlation I7 [ is equal to zero.

Problem 2.12

The noise generated by R and Zp will be analyzed separately and afterwards
summed up according to the principle of superposition. First, the influence
of the noise generated by R at port 2 and port 3 will be calculated. For this
purpose an equivalent noise current source for the resistor R is implemented
(Fig. B.10a). Fig. B.10b shows an equivalent circuit with two identical current
sources. The wire in the symmetry plane carries no current. Thus it can be
connected directly to the ground potential and the ports 2 and 3 are operating
in the odd mode. Therefore, the entire symmetry plane of the transmission
line structure can be connected to ground. The resulting short circuit at the
end of the line is transformed into an open circuit at the input by means of a
A/4 transformation, so that for port 2 and port 3, respectively, the equivalent
circuits in Fig. B.10c and B.10d are obtained.
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© e

I
R =27, D .=

L

(e)

Fig. B.10 Noise equivalent sources of the signal divider.

Similarly, the noise of Zy can be expressed by an equivalent noise current
source I/,, with |I},1? = 2kT/Z;. The signal of the source I, is transferred
to the ports 2 and 3, being attenuated by v/2, because of the O-degree and 3
dB-signal divider. The noise of Z; can also be described by two equivalent
sources (Fig. B.10e,f)

o (B.64)

1
= =T
\/§ n2
at port 2 and port 3. Using the isolation condition R = 27, the squared
magnitude of the noise equivalent sources are related by

I 1? = 1] . (B.65)
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Furthermore, the sources are uncorrelated:
I;1[n2 = ];21711 =0. (B~66)

The equivalent sources resulting from the superposition at port 2 and port 3
are also uncorrelated, because

X;Xz = (Inl + Inz)*([nz - Inl) =0 . (B67)

Problem 2.13

Replacing the equivalent noise voltage source of the generator resistance by

an equivalent noise current source leads to the same relations as given by

problem 2.6, if the conductance Y is replaced by Y. The noise figure is given

by

AW,
20

F=1+

(B.68)

AW, is the noise at the output as induced by the two-port. This spectrum is
given by the result of problem 2.6, if Y, is considered to be noise-free, leading
to W;; = Wy1. Thus

AW, 2 ([Ya1]? - Wt + Y11 + Y2 Wio

= Jdet[Y]
— 2Re{Y5] - (Y11 +Yy) - Wn12}) ‘ (B.69)
Wao is the noise at the output caused solely by Y,. This spectrum is given

by the result of problem 2.6, if the two-port is assumed to be noise-free, i.e.
Wia1,Wha and W, 12 are chosen to be zero. This leads to

1
Wy = ————
207 Tdet[y]?

Inserting the result into Eq. (B.68) leads to Eq. (2.85).

: |Y21|2 -Zk‘ToRe{Yg} . (B.?O)

Problem 2.14

First, the gain of the two-port will be described by scattering parameters.
According to Eq. 2.72 the gain is given by

P

Gp=% . (B.71)
g

With the designations introduced in Fig. B.11 the real power P dissipated
by the load Z; is

Py = [b]? ~ [a2f® = [bof® - (1 = mf?)
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70 e |7 []a

Fig. B.11

where r; = aa /by is the reflection coefficient of the load. In order to calculate
the available generator power FP,, the incident wave a; of the two-port is
examined. It is the sum of the part ay generated by the source, and a part
Tgb1, reflected by the generator, where r, is the reflection coefficient of the
internal generator impedance:

a1 =ag+rghy . (B.72)

Then the available generator power is given by:

Py =layf? - b = % B.73
9—|all—|1\—w- (B.73)
Thus the gain is obtained as
|b212 2 2
Gpar = ——5 (1 = [m[*)(1 = [rg]") . (B.74)
lag|
With Eq. (B.72), the definition of 7, and
[b] = [S][a] (B.75)

a short calculation leads to an equation for the ratio by/a,. By inserting this
ratio into the equation for the gain we obtain

2 (1= )1 — Irgl?)

sz - ‘Sml \(1 - 5117‘9)(1 — Saory) — 512521Tg7'll2 ' (B.76)
In order to show that the gain of a reciprocal two-port is independent of the
direction, the voltage source in Fig B.11 is placed at port 2 and the power
transfer from port 2 to port 1 is examined (Z, and Z; remain in place). For the
determination of Gpi2 the same calculation as for Gyo1 has to be performed.
A comparison with the calculation above shows that the index 2 has to be
replaced by the index 1 (and vice versa) and the index g has to be replaced
by the index ! (and vice versa). This leads to

(1= ) = Irgf?) |
l(l — Slng)(l - Sgg’l"l) — 3125217"97‘[‘2

Gpz = |S12}* - (B.77)



331

For reciprocal two-ports Sy = Sa1, and thus the gain is independent of the
direction.

Problem 2.15

The cascade connection of the two attenuators can be considered as one single
two-port with two temperature regions. Equation (2.70) is used for the de-
termination of the noise figure of the two-port. AP, is composed of the part
APr; generated in temperature region 1 and the corresponding part APr»
for the region 2. We thus have

APQ = APTI + APTQ (B78)
with

APr; = KNGAS
APpy, = kToBoAf . (B.79)

For the part Py from the generator we obtain with ki = K1 - Ko:
P20 = K1 ﬁQk‘ToAf . (B80)

The coefficients 3; are equal to the power fractions absorbed in the respective
temperature regions ¢ = 1, 2, if the power is fed in from the output side:

B = (1—-ka)
B = ko(l—k1) . (B.81)

Inserting these expressions into Eq. (2.70) leads to:

1151 + T3
K1K21
Tl(l e Kl) . Tg(l — 52)
/‘ElTo Kq/igTo
F2 -1
K1 ’

F = 1+

= F1+

(B.82)

With the numerical values k1 = 0.5 and k3 = 0.25 we obtain for the noise
figure:

T1 T2
F = — =, .
1+TO+6T0 (B.83)

Problem 2.16

If the whole circuit (Rq, Ry, Zg, Z;) is taken as one resistive network with two
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temperature regions, namely, with the temperatures T and T3, the spectrum
Wag at Z; as caused exclusively by Zg is given by

R,|1Z; :

R, + Zg +R2HZ[

Wi = 4kTo Z, (B.84)

Z; is assumed as noise-free. The inclusion of the noise contributions of R,
Ry and Z; leads to the spectrum Wo:

2

Ryl Z)
W, = 4kT\ R
2 ! 1’[}21+Z9+R2HZ1
Z(Zg+R) |
L 4kT\R :
' 2%324%211{(%*1%1)
R:||Z; 2
4kToZ B.85
TR0 BT 7 T Rl 2, (B.85)

Calculating the ratio of these terms leads to the following expression for the
noise figure:

F=1+

T; ((Rl +Zg)(Ro + R+ Z,) 1) (B.86)

T Z,R;

Thus it is evident, that the noise figure is independent of the value of the load
resistance. To show the validity of Eq. (2.92), the available gain must directly
be calculated. Gg, is defined as the ratio of the available output power Py
to the available generator power F,. We have

_ U2
Py = 1z, (B.87)
and

R 2

v,z Vsl (R‘TRZTZ)
P2av - ]UQO‘ = ! 2 J . (BSS)

47, 4 (Ral[(R1 + Zy))

For the ratio of both terms a short calculation leads to

1 P, (R1+ Z4)(Ra+ Ry + Z,) Py, . (B.89)

_Ca - P2av - ZgR2

This result is equal to equation (2.92).

Problem 2.17

According to Eq. (2.99) it is more advantageous to place the first amplifier in
front of the second amplifier, if the condition

-1 -1
2 < Fy+ !

F+
! lav G2av

(B.90)
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is fulfilled. A short conversion leads to an equation, which is more useful in
practice:

-1 -1
1 < 2

_ 1 . 1
Glav G2av

(B.91)
1

The terms compared here are called "noise measure”.

Problem 2.18

In order to calculate the circles with a constant noise figure in the complex
generator impedance plane, equation (2.106) is modified as follows:

Wo + | Z]2W; + 2Re{Z - W,;}

F =const =1+ WTo Re(Z) (B.92)
Setting Z = R+ jX leads to
_ o Wut (R + X2 )W + 2(R - Re{Wy} — X - Im{Wai})
F=1+ WToR . (B.93)
A short transformation yields
-W, = R*W, + 2R (kT (1 — F) + Re{Wu:})
+ X2W; — 2X - Im{ Wy} (B.94)
Further algebraic manipulations lead to
Wy 2 kTo(1 — F) + Re{Wy;} 2 Im{Wy;}
W, = (R + 2R W + X—2X~—Wi——
_ (g Fo(—F) + Re{Wu} ?  [kTo(1— F)+Re{Wu}\*
B Wi Wi
Im{W}\>  [(Im{Wu}\>
N (X Wi ) ( Wi (B9
and
KTp(1 = F) + Re{W,i} Im{W,:}\?
(R + W + (X - W
_ (kTo(1 - F) + Re{W,;}\* L (1m{ Wi} W (B.96)
B Wi Wi w; '

resulting in

C=(R-Ry)*+ (X - Xp)? . (B.97)
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A further calculation shows that the constant C is greater or equal to zero for
all cases which are physically possible. Thus the solution is the equation of a
circle. Because the centers (Rg, Xg) of the circles depend on the noise figure
F, the circles generally are not concentric.

Problem 2.19

Equating Eq. (2.126) with Eq. (2.136) leads to the following expression, which
should be fulfilled:

Rn Rn IFQ - Fomfz

Fmin""—'Y_Yo 2= int 4 —5 - , (B.98
g, Yo Yorl = Eme bt G o e 0 P
or, equivalently,
1 1 Ly =T, tt2
— Y, ~Y, =4 = g P .
G, Yo = Yo Zo 1+ Tom2(1-]T,2)
A short transformation leads to
4Gy - Tg = Topt|® = Zo - |V = Yop[> - |1 + Tope*(1 = [Tgl?) . (B.99)
Inserting the equations:
1- YgZO 1- YoptZO
— > 2920 Dppe = — 222 B.100
1+ YZy PET L~ Yo Zo ( )
and
G, = Re{Y,} (B.101)
leads to:
e (1 = Yy Zo)(1 + Yope Zo) — (1 4+ Yy Zo) (1 = Yo Zo)?
g [(1+Y9Z0) '(1+Y0ptZ0)l2
1+Yo tZO 1-Y, A
= Zo - Y "Yo 2 14 P 2
o g pt‘ ll-{—YDptZo 1+YoptZ0‘
(L YZ |1—YgZO|2> (B.102)
1+ Y,Z0l2  11+Y,Z)? '

Simplifying this expression by using |X|? = X - X* leads to the following
equation:

Gy 4Z2Y, — Yops? = Zo - 1Yy = Yop|* - 4G, Zo (B.103)

Thus it is proven that Eq. (2.126) is identical to Eq. (2.136).
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Appendiz C

Solutions to the
Problems of Chapter 3

Chapter 3

Problem 3.1
With

7

Vpl2 = 72 si’(nft) and }i_’n%)si(wft) =1 (C.1)
we get
VO = o7 (C2)

2

Thus Eq. (3.18) can be simplified as follows:

o0 2 o0 .
PVl 0 iy

n*(r
cir? er2 | 7 (w

Jt) .. T .2
w12 df——o/51 (mft)df . (C.3)
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The substitution f' = 7 f7 leads to
1 T :2 / !
Af = — [ si*(fYdf = — . (C.4)
0

We will take an integration time of 7=1s as a numerical example. A part of
all measured values shall have an accuracy better than 0.1K, that means that
the variance has to reach a given value. The measured values are normally
distributed, thus the number X of measured values, which are located around
T,, in an interval of 2AT is given by

T +AT T,
1 1 - m
X=— — —— i dT . C.5
Vor AT, / P ( 20TZ, > ()
Tp—AT
With the substitution
T-T,
=T .
AT, (C.6)
and accounting for symmetry leads to
AT/ATm
X=_2. / exp <—3T’ 2) dT’ (C.7)
V2T ) 2

The integral can be calculated numerically with different integration limits.
With X = 0.68 we find

AT
m = l . (0-8)

With AT=0.1K and Eq. (3.23) the necessary bandwidth is given by

1/ Tm \?

With X = 0.95 and AT/AT,, = 2 and AT =(.1K we obtain
Af = 36MHz . (C.10)

The result clearly shows the dependence of the measurement precision on the
bandwidth for a given measurement time.
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Problem 3.2
With
1Z + Zo}2 —1Zy - Zo}2 _ 220(Z) + Z7)

tol e Zze O

and
2Zy(Z4 + Z;)

1T,
Tl Z, + 2ol

(C.12)
and

(Zy + Zo)(Z1 + 2Z0) = (Zy = Zo)(Z) ~ Zo) |

|
(Zg + Zo)(Z1 + Zo) l
2Z0(Z4 + Z)

= 1
Z,+ Zal'lZi+ 2o (C13)

1 —T,Ty

the fraction on the right-hand side of Eq. (3.48) is given by

(L-T®)(-|Tgn) _ 428(Z+ Z5)( 2+ 2)
|1 — Tl - 422174 + Z)|?
4Re{Z,} - Re{Z;}
Zg + Z1?

(C.14)

Using the definition of Eq. (3.50) leads to the following term for the right-hand
side of Eq. (3.53):

Z+ Zy12 -2 - Z3?

1- g

Zy + Zg|?
L+ L2+ 212 + 2,27,
- |Z) + Z,41?
4Re{Z,} - Re{Z;}
C.15
1Z) + ngz ( )
A comparison yields the identity of the equations (3.53) and (3.48):
1—Dg2)(1 -T2

1 -T2

The power, absorbed by Z;, can be calculated from the current I; flowing
through Z;:

P =|I* - Re{Z}} . (C.17)
The current I is given by

1 _ 4Re{Z,}

\‘[1’2 = 4kTAf ' Re{Zg} ' E:——Z[_? = Iqy "’ m .

(C.18)
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Then P, can be written as follows:

. 4Re{Z,} - Re{Z;}

P =P, , C.19
: |Z + Zg‘z ( )

A comparison with Eq. (C.15) shows that
P = Pa'u(1 - [5'2) (C'QO)

and thus the validity of Eq. (3.51).

Problem 3.3

As for the compensating radiometer in Fig. 3.26 the switching states I and
II are treated separately. According to the dissipation theorem the power Py
reaching the amplifier in switching state I is given by

Pr=kAf [To(l — K)o+ Trepra + (1 — a)Tp] . (C.21)

The terms relate to Zy, the reference, and the attenuator, respectively. Simi-
larly, we obtain for switching state /I:

P = k‘Af T0H+Tref:“é(1—)€)}p|2
+ T (1= oD -R) + oL - 1)) (C.22)

Here, the noise powers derived from Zj, the reference, the measurement object
and from the isolator have been added. The noise wave emitted by the isolator
passes through the coupler twice and is reflected by the measurement object.
A balance of the measured powers, P; = Pyy, is achieved by a variation of the
temperature of the reference noise source. Taking into account the losses of
the attenuator and the coupler we get:

To(1—k)?+ KT —Tok = T (1=~ o)1= &) + Trepr(l - 5)(pf?
+ To(1 — K)?[p|? — Tresr(l — k) . (C.23)

Dividing both sides by (1 — &) leads to
To(1 = &) = T+ (1= [p[2) + Tresrlpl? + To(1 = R)lpl? = Tregi . (C.24)
Rearranging the terms results in
To(1 = &)(1 = |pf*) + Trepr(l = [p*) = Trn - (1 = [pf*) (C.25)
and, after eliminating 1 — |p|2,

T =To(l — &) + Tresk (C.26)
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This expression is independent of the reflection coefficient p of the measure-
ment object. If the ambient temperature and the temperature of the reference
are known, the temperature of the measurement object can be determined.

Problem 3.4

For the determination of the correlation between the input and output noise
waves of the preamplifier with isolator, the powers Py and P;; must be cal-
culated at the output of the preamplifier.

T
’—_: Xin Xout
= P e
— T0;V
X ” Xtot

Fig. C.1 Noise waves at the amplifier with isolator.

Therefore, we must determine the squared magnitude of the total noise
wave X0 in terms of the quantities shown in Fig. (C.1).

Here, Xn/0us are the input and output equivalent noise waves of the pream-
plifier with isolator, I' is the source reflection coefficient, X; is the noise wave
with contributions from the reference source and the measurement object, and
V is the voltage gain of the amplifier. We obtain

Pl =Xt = | Xowl + 1 Xin PITPV? + | X2V
+ 2. Re{l* XI - Xow-V°} . (C.27)

The term | X,.¢|? is constant and will be neglected in the following. The last
term in Eq. C.27 describes the effect of the correlation X}, - Xou:.

For the derivation of the balance condition of the circuit in Fig. 3.26 the
switchable circulator was assumed to be lossless so that the term |X;,|? -
IT'{2|V'|2 did not need to be considered. In the case of a lossy isolator with the
temperature T the balance condition is given by

|p/?
1-|p2
If the combination of amplifier and isolator is completely de-correlated, the
temperature of the measurement object T, can be determined by using
Eq. (C.28), on the basis of a known temperature of the isolator and a known
reflection coefficient of the measurement object. If the amplifier and the iso-
lator are not completely de-correlated, the balance condition reads:

Iplz _ 2 * Xz‘*nXout
L mmotl } - (29

Tm = dLpef — TO ‘ (C~28)

Tm: ref—TO'

"

correlation term
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The correlation term in Eq. (C.29) describes the measurement error resulting
from a finite de-correlation i.e. X}, - X4y # 0. For the circuit of Fig. 3.30 we
have

2<l_'{) X5 Xout
T = To(1 - PR LA A s Dinfout | .
m=To(1 = &)+ Trest ZcAf(l—Ip?)Re{p v } (C.30)

7

v

correlation term

A comparison of Eq. (C.30) with the result of problem 3.3 shows that the
correlation term describes the resulting measurement error.

If the preamplifier and the isolator are at the same temperature Ty, the
deviation |AT,| of the measured temperature of the measurement object
as compared to the correlation X}, - X,,: can be evaluated. With the de-
correlation @ (0 < |Q| < 1) defined as

*
XmXout

“mo - kTS Q (C.31)
and k — 0 in Fig. 3.30 we obtain
2T,
iATmimaz = ‘1—_“# . RG{P : Q} . (032)

With p=1/2 £ 6dB the maximum measurement error is given by
4
|AT | maz = 3 T Q) (C.33)
|AT vl mee =1K and T =290K leads to |Q| = 0.26%.

Problem 3.5

Figure C.2 shows the extended measurement circuit.
The powers P; and Py are obtained as

% - Trefﬁl(l-—f{l)(l-ﬁlz)
+T0[(1—m)2<1—m)+(1-n2)m+n2} (C.34)
P = Tl )1 - A1 = R)

+ Treslplr1(1 = £1)(1 = K2) + Tauzkz
+ To[loP(1 = k)21 = R)’

cr(l-R) + PRl - )P —mg)] . (C35)
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T Tre f Touz 1 T Tre f
Z Zy
ZO ZO 2 Zo ZO T .7
K - _11 II Ko K1 . ms4m

Uiy lal = _1a2 Lo OS—) <«
— M —fe | meas.
To; Zo Ty T,  © | object

> p

isolator
SH>H=—

Fig. C.2 Compensated radiometer for measuring low noise temperatures.

After a procedure similar to problem 3.3, equating and solving the equation
for T, leads to
K2
(1= r)(1—k2)(1—|pf%)
(C.36)

Tm = Hl(Tref - TO) + Ty - (Tauz - TO) ’

This result is not sufficient to calculate T}, because |p|? is unknown. The
following procedure leads to a system of equations for T}, and |p|?:

The first step is to adjust Tr.s; to the ambient temperature (Tre5; = Tp).
Then T,,, is raised until the balance condition is fulfilled. This leads to a
first equation for Tp,:

K2
(1= k1)(1 = K2)(1 = 1pf?)

The second step is to raise the excess temperature of the auxiliary noise source
in a defined manner by a factor of n (Tayz2e — To = n{(Tauzr — Tp)). The
temperature of the reference noise source is raised to Tres» until the balance
condition is fulfilled. This leads to a second equation for Tjy,:

Tm = TO - (Tauxl - TO) ' (037)

K2
(1= k1)1 = k)1~ [pf?)
(C.38)

Tn =R (Tref2 - TO) +Th — n(Tau:cl - TO) ‘
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Multiplying the first equation by n and subtracting both equations leads to
the following result:

Ty = To — n”—_ll(T,nef2 ~Ty) . (C.39)

With the circuit described above it is possible to measure temperatures in
the range of 0K < T, < Tp. With n = 2 a fixed 3dB attenuator can be
inserted in front of the auxiliary noise source in a first step. In a second step
this attenuator is bypassed. There is no need to calibrate the auxiliary noise
source. It just has to be variable and stable during the measuring time.

Problem 3.6
The lossless 3dB-90° coupler has the phase relations shown in Fig. C.3.

Uy T input T U,

AN

0°  90°

CN

Uy i outputé Us

Fig. C.3

We get for the correlation between the output voltages:
1

U S
UjUs = \/E(U1+]U2) —E(JUl-i—Uz)
1. 1.
= 5]1U1|2 - §J|U212 , (C.40)

because U; and U, are uncorrelated. This shows that for a correlation ra-
diometer with a 90°-coupler the real part of the correlation at the output is
always zero. Thus the zero balance must be performed on the basis of the
imaginary part of the correlation. As shown in the figure below this requires
a further 90° phase shifter.

Problem 3.7

In Fig. 3.26 the circulator can be replaced by an isolator as shown in Fig. C.5:
The isolator is assumed to have the same temperature as the reference noise
source. A zero balance is obtained for

Tres = Treslp® + Tm(1~ [p1?) (C.41)
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object, Top; multiplier

e O — > —{90°—{BP S

o] —
%0 — balance

f' coupler o
r___>‘ . BP indicator

reference, Tref

FE:}_%\\E
S mLs

Zo;Tref isolator ~ preamp.

Fig. C.5

leading directly to:
Tn = Trep - (C.42)

The noise signals at the output of the preamplifier are uncorrelated for both
switch positions. Thus the absolute error of the switching radiometer is given
by

ATsw = ﬁ'ﬂATref
WUTyes =

7§3Hm+n» (C.43)

Inserting the balance equation C.41 into the error term ATy, leads to
Tref £ ATs = Treplpl* + Tr(1 = 1p?) . (C.44)
Solving this equation for T}, leads to

ATy

T =Tres =728

(C.45)

The temperature of the measurement object is measured with the following
error:

j—', ATy

m = 1= I,DP . <C46)
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For the relative error we get

AT, AT, 1

L= T TILE (C.47)

For |p| — 1 the relative error becomes arbitrarily large.

Problem 3.8

For the evaluation of a temperature error an equation for the correlation
radiometer corresponding to Eq. (3.16) has to be determined. The following
calculation is based on Fig. C.6.

Um W1 V. Uai W3
© 3dB — 180° 1 TBP " ”
coupler Wia Wai2 Vi -
oO—r Vo, —BP @
Uref [ Wo Ug2

Fig. C.6 Principle circuit of the correlation radiometer.

The average squared output voltage is calculated according to Section 3.2.2
as follows:

0 o0

2= [ Wi = [ Wapmaln e (C.48)
For the calculation of the spectrum W3(f) with
p3(0) = us(t) us(t+0)
= Cz Ual (t) * Ug1 (t + e)ua2(t) ! ua2(t + 8) (C49)

the results of Section 1.2.7 and accordingly problem 1.5 have to be extended
to the form that is needed here. Under the assumptions made there, we have

p3(0) = c? [Pim(O) + pa1(8)pa2(0) + pa12(9>pa21(9)} . (C.50)

A Fourier transformation of Eq. (C.50) leads to an expression for Ws(f):

Walf) = c22i(0)5(f)
L2 / WarlF') - Was(f — £+ Wara(F') - Waaa (f — £ df" -

— 00

(C.51)
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With W(f) = W(~f) for the power spectra and Wy, (f) = Wy.(—f) for the
cross spectra, Eq. (C.51) can be written as follows:

Wi(f) = cp212(0)8(f)

o]

Lo / War () - Waa( £ — £) + Wara( ) - Wara(F' = F1df' .

(C.52)
With

— N2 2
Wl = (V2(0) u®) = (e Vi(0) - tarOuaa(®))
= (c-VL(0) - pa12(0))? (C.53)

2 can be calculated similar to the calculation in Eq. (3.15):

the variance o

o2 =u2(t) — us(t) t) = c?pa12(0 /(VL WES(f

+e / / V(AR W (FYWar(F' = £) + Wara(f ) Wara(f' — £)] df'df
(CVL(O) pa12( ))

— / / Ve (F)E War (f )Waa(f = F) + Wara(F)Wara(F' = )] df'df .

(C.54)

With the same approximations as made in Section 3.1.8 for the voltage gains
V1 and V5 of both channels we get

oo

2 n / V()RS (C.55)
{ / VARV PWA(F)Wa(F)df + / (VirVa)? 12<f>df} |
Because of
W) =WE(-1) (C.56)
we have

Re {W(£)} = Re (Wh(-£)} (C.57)
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and
Im {W% ()} = ~Im {W3(~ )} (C.58)
and hence
/sz(f)df - / (Re {WA ()} + Im (W(F)})df

Re {W&(f)}df . (C.59)

It
o
o — g

Then, the equation for o2 can be written as follows:

o0

2 x 2. / VL(F)

0

g

2/l%lzl%Ile(f)Wz(f)der?/ e { (V' Va)*Wiy( }df} :
o] 0]
(C.60)

With the assumption V; = V, = V and rectangularly shaped band-pass filters
Eq. (C.60) can be written as

X

2 o~ o2 02/|VL(f)|2df
0

oo

[ave [wowana +2ve / Re {Wh(/)} ]

0

= 4 / VL (F)I2dF - VIS TWA(fo)Walfo) + Re {W3(fo)}] Af

oo

e / VL) Rdf

0
VI W (fo)Wa(fo) + Re® {Wha(fo)} — Im® {(Wia(fo)}] A
(C.61)

With the effective low-pass bandwidth Afy as given by Eq. (3.18) we obtain

2

o0 2
uy(t) = (Vi(0)pa12(0))? = (evL(c)) / Wa12df>
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- 2
(ZCVL(O) / Re {Wai2(f)} df)

0
(2VZ(0)|V (fo)PAS Re {Wis(f)})” - (C.62)

The normalized variance of uy(t) is given by

o2

52 = —5 (C.83)
Uq ()
_ Wilfo)Wa(fo) + Re® {Wis(fo)} — Im® {(Wia(fo)} Afr
Re? {Wis(fo)} Af
or, using the normalized cross spectrum kjo defined in Eq. (1.87):
52 = lﬂ) Afr
of = (2 + R (ki) ) BT (C.64)

The output signal of the correlation radiometer is proportional to the real
part of the cross-spectrum Wy, at the band-pass center frequency fy:

ua(t) = C - Re® {Wiz(fo)} - (C.65)

Inserting into (C.64) leads to

o2 = G2 ug(t) (C.66)
= C? [2Re {Waalfo)} Wl ol Wallo) — Waa( )] 5L
The zero balance condition is
Wi =0 =  Re?{Wia(fo)}=0. (C.67)

After adjusting for zero balance we get for the variance of the output voltage:

AfL

02 = O* Wi (fo)Walfo) = Wi (f0)")] 35 - (C.68)

Using the symbolic notation leads to the following expression for the spectra:

Wi(fo)Af = UL =kAf(Tm + Tres) (C.69)
= UU; = Wa(fo)Af
= 2kAfT, for zero balance
and
Wia(fo)Af = kAf(Tm — Treys) (C.70)

0 for zero balance .
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The error of the output voltage can be interpreted as a temperature error:

Af,  ——2
af %O in g, AT

= CYHEAF)* (T — Trep)? = C*(kAF)*AT?
Afp

ol = C'Wilfo)Walfo) =+

2 2
= 4T, Af = AT
AT [af

Using an ideal integrator with the integration time 7 as a low-pass filter we
get with Eq. (3.22):

AT
AT, =V \/ZF

This result is identical to Eq. (3.70).

(C.72)

A direct calculation of the temperature error is explained in the following.
The balance indicator signal BI of the correlator is proportional to the real
part of the cross spectrum of its input variables:

1 *
BI~Re{§(Um+Uref)(Um — Urey) } . (C.73)
Using the identity

Re{ab*} = = (la + b* — [a — b}?) (C.74)

O,

leads to
BI ~ %|Um + Ures + U = Ures|?
— U+ Ures = U + Ureg P
% (|Unl* - {Uresl?) . (C.75)
Thus the expected proportionality
BI ~ (T, ~ Trey) (C.76)

results. For the variance of the temperature error under balance conditions
the Equations (3.69) and (3.70) apply.
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Problem 3.9

A correlation radiometer as given in figure 3.31 with a non ideal multiplier
does not provide a zero indication under a zero balance condition (Trey = Trm)
even if the measurement object and the reference are completely uncorrelated
sources. The resulting direct voltage error shall be calculated in the following.

The output signal y of a non ideal multiplier can be described in general
by a power series:

v=_Y Bnauluf . (C.77)

At the output of the low pass filter the time average is given by

=33 Bon(ul - up) . (C.78)

m=0n=0

For uncorrelated gaussian distributed input variables u; and uy Egs. (3.69)
and (3.72) lead to

1 1
L[ cqtded) @ st

(uf" - uz) = Jmn we : @ (C.79)
|luy=v2=0
2
For the n-th derivative of the function €2? it holds:
dn k af ok
JES— n-—
e g K (no 2k) (2av) (C.80)
n . .
) - if n is even
with k= % (C.81)
if nis odd .
As can be shown, the term ( ) becomes zero if either m or n are odd. If

n and m are even, m can be replaced by m = 2k and n by n = 2[. This leads
to the following result for the output signal of the correlator:

k+l
=33 G CLTEOL OO ey (o

k=0 1=0

A dc offset appears at the output which depends on the power of the input
variables.

Using a periodical phase shift as shown in figure 3.32, the coefficients (uT*u})
also become periodical functions of time. However, the time average (y) re-
mains constant. As in the unmodulated case the resulting error is a pure
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direct voltage error. Using a phase-sensitive detector at the switching fre-
quency of e.g. f; = 10kHz, only the correlation term makes a contribution at
the frequency f;. Then the display shows a zero for a vanishing correlation,

independent of the type of multiplier.

Problem 3.10

Using Eqs. (3.75) and (3.68) we obtain for the Y-factor for small relative

errors:
1:(:.Ai2/
v PQ’iAPé_ﬂé P
m PQ:FAPQ—PQ Af)2
oy
2
141
VAFT 2
=Y —Y = =YV |(1£
1 ,/Efq-

RN

The error of the Y-factor causes an error of the noise figure:

Tex 1

ol 2 ),
VAT

Fm

Ter 1 <1ZFYY 2 ):FiAF.

T, Y -1

—1J/AfT

For the given numerical example with

T.
Af = 5MHz; 7 = 0.1ns; F = 6dB £ 4; _Te_a =16dB £ 40
0
and
TGI
Y=1 =11
T, F

we get for the relative error of the noise figure:

AF
—- =0.0031 .
7 0

Problem 3.11

(C.83)

(C.84)

(C.85)

(C.86)

(C.87)

(C.88)

With computer-controlled equipment for the measurement of noise figures of
linear two-ports it is possible to measure the powers P, and P, both with and
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without a measurement object. If Gy is the gain of the measurement circuit
without a measurement object, the measured noise powers are

P, = Go(To +To)kAS
P, = Go(Ty+Ta)kAf
Pj- P,

Here Tyo — T is the excess noise temperature of the noise generator and T,
is the system temperature of the preamplifier.

If Giot = Gop; - Go is the gain of the cascade of the measurement object
and the measurement circuit, we get with the modified system temperature
T.:

B, = Guu(To +TLKAS
B = Giu(Tyo+TkAS
B- P
= G = ——2 2. (C.90)

kA f(Too — To)
Thus the gain Goy; of the object under test is given by

Gtot_lsgl_]s2
Go P-P

Gobj = (Cgl)

Problem 3.12

For the determination of the input admittance Y;, the Egs. (3.96) to (3.100)
are combined in a matrix and vector form. With the matrix

@501 ) G55052 ) 055053 ) G550
2 0j6051 30602 ) Aj6053 Y AjeQ;4
[Kil= | Yapmaj Y ajra;e Y ajrajs Y aj7a54 (C.92)
28051 )_QjsGj2 ) Gj8G53 ) G;8Gj4
20Gj9a51 D0 QjoGja 3 GjeGjs Y G005,

and the symmetrical matrix

Z‘ﬁs Zajsajﬁ Zajsaﬂ Zajsajs Zajsajg
2Gj6Q55 DA% 3 G56Q57 Y. Gjea58 Y Gjedjo
(Kol = | Yajrass Yajraje D.a%;  Yajras Y. ajaze | (C.93)
> 8055 058056 D Aj8G57 9,035 Y G;8G0
22aj9055  D.a;9G56 3 Gjoay7 > ajoajs D a4l



352 SOLUTIONS TO THE PROBLEMS OF CHAPTER 3

it follows:
1 m
G, Wi
(K1 B =Ky | Wa (C.94)
mn é
G? + B? ‘T
m wm Ol

For better clarity, the boundaries of the sum symbols have been omitted in
this representation. By multiplication with the inverse of the symmetrical
matrix [K5] a relation for the modified noise parameters and the factor m
results:

1
Gin
Bin
G, + Bl

= [Ko T K- (C.95)

QI F =y

Equation (3.94) and (3.95) can also be converted into a matrix and vector
form:

T 1
Wi
(K] + Gf" vy ) | W | = ([Kal+ Gf” © Uy Gf" . (C.96)
an é an an
< G'LG+B22n

(Ks] = 2052055 X Gj2056 D G;20;7 D520 G528540 } (C.97)
20aj3a55 2. 0G53056 ;3057 053058 Y Q3059
Yajaj Y63 3. a;a5 2%2%1

Ky = J C.98

(Kl [Zaﬂajl Sajza;  doaly 3 ajsag (C.98)

= 2 [Zaj4aj5 Zaj4aj6 Zaj4aj7 Zaﬂajg Zaj4ajg] (C99)

v, = 2[Xauan Yauap Yauas Yak,] (C.100)
With Eq. (C.95) and Eq. (C.96) the unknown noise parameters and the factor

m can be eliminated. The following equations result for the determination of
the real and imaginary part of the input admittance of the device under test.

|2
—
|

1
B . Gn . | Gm
@Ka}[}{g] 1[K1}—-LK4])+[B1J(Q1[K2J l{Kl.—Ez)) N
an + Bl271
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With the terms

Ks) = [K3)[K;] ' [Ki] - [Kd] (C.102)
vy = u[K 'Kyl -, (C.103)

Equation (C.101) can be rewritten as follows:

Gin [u3(1,1) 1+ v5(1,2)  Gin +13(1,3) - Bin +23(1,4) - (G5, + Bf,)]
[K5)(1,1) - 1+ [K5](1,2) - Gin + [K5[(1,3) - Bin

+ [Ks)(1,4) - (G}, + B,) =0 (C.104)
Bin [—QS(L 1) 14+ v3(1,2) - Gin + v3(1,3) - Bin +u3(1,4) - (ng =+ Bfn)}

+ [Ks5}(2,1) - 1+ [K5)(2,2) - Gin + [K5)(2,3) - Bin

+ [K5)(2,4) - (G}, + BY,) =0 (C.105)

The elimination of B;, and solving for G, leads to a polynomial of 8th degree,

hSG?’n + h7G7 + h6G6 + hsGa + h4Gf}n -+ ]’LgGZBn -+ hQG:?n +hGip+ho=0,

(C.106)
which is unambiguously numerically solvable. Exemplarily, the coefficient hg
is given by

hs = [ug(1,4) ([K5](2,2) — [K5](1,3)) — vs(1,2)[K5](2,4)
+ 05(1, 3)[Ks)(1,4))" + [wa (L, 4) ([K5)(2,3) — [K5](1,2))
— v5(1,3)[K5](2,4) + v5(1,2)[K5](1,4)]° (C.107)

The other coefficients hg to h7 can be derived similarly.
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Appendix D

Solutions to the
Problems of Chapter 4

Chapter 4
Problem 4.1

In order to derive the auto-correlation function of an irregular sequence of 6~
impulses, the auto-correlation function of an irregular sequence of rectangular
impulses is calculated first. Such a sequence y(¢) shall have the following
properties:

y(t)zZu(t—tu) u(t—tu):;mect{&—;—t"—)} (D.1)

with

rect{z} ={ b }i} S (D.2)

355
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Thus the rectangular impulses have the same momentum as the §-impulses:

+0o0 +oc

/u(t)dt: /6(t)dt:1 . (D.3)

—o0 —o0

The auto-correlation function of the sequence of rectangular functions,

Py (6) = E{y() - y(t + )} , (D.4)

will be calculated. Therefore the time intervals 1, 2 and 3 of Fig. D.1 are
considered, in each of which a defined number m,; of impulses starts. With

y(O)= = (my+m) and y(t+6) = = (m +ma) (D.5)

the auto-correlation function is given by

1
Pyy(6) = ;§E{(m1 +mga) - (M2 +m3)} . (D.6)
1 2 3
e NP % e e
t—T1 t—7+86 t t+6 t
Fig. D.1

Because of the assumed independence of the impulses we have
E{mima} = E{mi} - E{mao} , (D.7)

and corresponding equations for the other products. Furthermore, with the
impulse density z we have E{m1} = E{m3} = z- 8 and E{mzo} = z(r — 6).
Because of

E{m3} =E{ma}+E{m2}’ (D.8)

we obtain
E{m3} =z(r-0)+2*(1-6) . (D.9)
For a positive § and 8 < 7, insertion of these variables into Eq. D.6 leads to

Py (0) = Tiz(f 9 +2? for <. (D.10)
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If @ > 7 only the intervals with the length 7 before y(t) and y(t + ), respec-
tively, have to be considered and thus

P(8)=2* for 6>71 . (D.11)

Because the auto-correlation function of a stationary process is an even func-
tion, the following equation holds:

= (r-loh+2  forjgi<r
Py@)=4{ 7 . (D.12)
22 for |6 > 7

Thus the auto-correlation function is constant for |§] > 7 and has a triangular
shape for || < 7. The maximum value occurs at § = 0:

-

P,,(6=0) =i+z2 . (D.13)

The shape of this auto-correlation function is shown in Fig. D.2.

Fig. D.2 Auto-correlation function of rectangular impulses.

For the limit 7 — 0 or y(t) — z(t), the auto-correlation function assumes
the shape of a d-function superimposed by the constant value z?. Then the
auto-correlation function of a sequence of rectangular impulses merges into
the auto-correlation function of a sequence of j-impulses:

Pu(6) = 2 6(8) + 22 . (D.14)

Thus Eq. (4.14) has been derived. In Eq. (D.12) the constant component
22, which is independent of 8, appears for both |f| > 7 and |§] < 7. Such
a component can only result, if the considered process has a constant term.
Thus the term 22 becomes negligible if only the oscillating component of y(t)
is considered and we obtain /

z
- _ — - (r—18]) for |8| <7
Fan 6) _{ 5 for 6] >7 (D15)
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In the limit for 7 — 0, this function also approaches a Dirac-impulse with the
weighting z:

P (8) =z-6(8) . (D.16)
Thus Eq. (4.16) has been derived as well.

Problem 4.2

First the noisy diode will be replaced by an equivalent thermal noise source
Wy p and an internal resistance R;. For the elements of this source, according
to Fig. 4.4, we have

i = F— 1
R; = Ry + . (D.17)
and
Wi , 1
Wyp =Wy + E = 4kT Ry + 4kTef . G—s . (D].S)

§

T, ¢ is the effective noise temperature of the Schottky diode with a negligible
bulk resistance and with

/f 1 I
= -A1 > D.19
T 2”( - I0+Iss ( )

as given by Eq. (4.31) we obtain, because of Wyp = 4kT¢s R;:

T/
Tef —e + RyG,

T
= —— D.2
T 1+ RbGs ( O>

With G; as given by Eq. (4.28) and the given values, the numbers in the
following table are calculated for 7" = 300K. For Iy > 0,2mA the results well
agree with measured values.

Io/mA | 01 ] 02 ] 04| 08| 12| 16
Tes/T | 0.61 ] 0.62 | 0.64 | 0.68 | 0.71 | 0.73

(D.21)

Problem 4.3

The noise figure of a two-port is defined as the ratio of the output noise
spectrum of the noisy two-port and that of the noise-free two-port. First, the
two spectra are calculated.

Because of Eq. (4.48) we have for the spectrum related to U*®

|U€%? = 2kTR., . (D.22)
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With the currents I, and I. taken as mesh currents it follows for the voltage
1, in the left mesh as induced by the noise sources:

up = (Ry + Ry + Reo) - I + Reol. . (D.23)
Here I, is given by:
L= (Ja + ao.fe) S (10 —ao(ly + fc)) . (D.24)
Thus with R = Ry + Ry + Rep we have
u; = Rl + Reol.
I, = 22— . (D.25)

Solving the first equation for Iy, inserting the result into the second equation
and solving the second equation for I, leads to

I, = ! - »<u1 - 51“) . (D.26)
Ro+R (— - 1) @0
Qo

Using a symbolic notation we get

1 R?
|u1§2+a—2—|I"12) . (D27

e

Here the mixed terms are omitted because the sources are uncorrelated. Writ-
ing the parts of |u;|* separately, leads to

PP = Wy (D.28)

2
! 4kT (Rg + Ry + 510) + iwg}

el )

The output spectrum for the noisy transistor is thus calculated. In order to
get the spectrum of a noise-free transistor, the spectra W¢, |U®? and |U¢|?
just have to be set to zero:

II|? = Wi =

1
Wigo = 5 - [4kTRy) . (D.29)

(&)

Taking the ratio of both spectra leads to the noise figure:

2
4kT<R9+Rb+REO>+E§Wf
F:Wiz _ 2 aj
Wiz 4kTR,
R, R. R, +R 0)?
~ 1B Ro (Bot RotReo) o (D.30)

R, ' 2R, 4a2kTR, :
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With Eq. (4.49) and Eq. (4.47) the result of Eq. (4.52) is confirmed. Thus the
noise figure depends on the internal generator resistance as expected. For the
value Rgopt the noise figure F has its minimum value. In order to calculate
Ry opt the derivative dF/dR, of Eq. (4.52) has to be calculated and set to
zero. We thus obtain:

Reoag
(aglee + Icc)
I+ I

R? (Ry + Reo)? + (2Ry + Rug) -

gopt =

. (D.31)
040(1 — Oéo) +

After inserting this result into Eq. (4.52), a short calculation leads to the
following expression for the minimum noise figure:

Rg opt + Rblf“ ReO (a(%lee + -[cc)

Foin =1+ Rogod og(l — o) + L+ L. (D.32)
For the given numerical values the results are
Rgopt = 22200, (D.33)
and
Frin = 157 or Foin =2dB . (D.34)

Problem 4.4

The calculation of the noise figure of a common-base circuit starts from the
equivalent circuit shown below. The calculation is performed in analogy to

problem 4.3.
I
Ue ag le
v n, O
p 4
Iy
@ Iﬂ
R, Ry R,
ng be I
Fig. D.3

uy = (Ry + Reo + Ro)e + Ry - I. = RI, + Ry, (D.35)

L=-("+a L) . (D.36)
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Solving Eq. (D.35) for I, and inserting into Eq. (D.36) leads to:

U - Z.ZI"‘
I = _E_—R: (D.37)
Qg
and
= [+ e (D.38)
(%-=)

for the squared magnitude. If W;5 and W;5g are determined, the same relation
for the noise figure is obtained as in problem 4.3.

Thus the noise figure and the optimum noise figure for the common-emitter
circuit and the common-base circuit are equal under the assumptions made.

Problem 4.5
Equations (4.115), (4.117), (4.119), and (4.121) yield

(D.39)

and hence

CVy) = ——F— . (D.40)

Inserting Eq. 4.116, 4.118 and 4.120 leads to

1 14 3/Vy(2++/V,)
AN 10 (14 /Vy)(1+2/Vp)
? 1137, 11+ 717,
21+2,/V, 101 +2./V,
143/ Vg2 4+ /Vy)
(1+ /T /31 + 3y V) (1 + 7/7)
For V, = 0 the function C(V}) has the numerical value 0.447 and continuously

decreases to the numerical value 0.395 at V, = 1. Thus, the normalized cross-
spectrum is almost independent of the operating point.

(D.41)
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Problem 4.6
The differentiation of Eq. (4.127) with respect to Xy leads to
OF 2wCy wCy)? =~ = -
— = P-Q)+2X, P+ R-2Q) . D.42
5% = g (P Q)+ 2Xe Q) (D.42)
From this the reactive part of the optimum source impedance follows as
1 P-q
Xopt == M = Q = . <D43)
wCy P+ R-2Q
By inserting Eq. (4.127) we obtain
R, PR - Q?
F(Xopt)=1+ { ..Q..
Ry ngO P+R-2Q
+ (WCy)*(Ry+ Ry + R)*(P+ R~ 2@)} . (D.44)
The differentiation of this function with respect to Rg leads to
dF(Xopt) _ _Ry+ RS
" dR, R?
1 . ~ -
——— 129 Ro(wC)* (Ry + R s)(P -2
+ R |29 PGy (Ro + By + R)(P + R~ 2Q)
_ PR-@?
"By E-2G
~ gm(wCy)*(Ry + Ry + R)*(P+ R~ 2@)} . (D.45)

From the condition dF(X,p:)/dRo = 0 for the real part of the optimum source
impedance we get

(WCy)? (Ropt + Rg + Rs) (Ropt — Ry — Ry) (P +R- 2(2)
_ PR-@
= gm(Ry + Re) = Fp—s =0 (D.46)

Using Q% = C?PR from Eq. 4.121 the result for R,y is

I

Rops = \/<Rg Ry« PRUZC?) Ry = R)(P+ R=2Q)

(wWCy)2(P + R~ 2Q)?

. (D.47)

Insertion of

o o
@%%%6—) s gm(Ry + RS) + (wCo) (P + R = 20)(Ry + R.)*
= (wCy)?’R2 (P + R~ 2Q) (D.48)
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into the equation for F(X,p:) leads to

(wCy)? (Ropt + Ry + Ry)(P + R = 20) , (D.49)

me=1+2‘

m

and with the result for Rop:, Eq. (4.131) follows directly.

Problem 4.7

Inserting Eq. (4.82) and Eq. (4.84) into Eq. (4.134) leads to the minimum
noise figure:

1+./V,
Foin = 1+ 3KwCqyy/ Rgg R | VY . (D.50)
O 1+2V)1- VT,

Setting x = /Vj, the evaluation of the optimum operating point is equivalent
to finding the minimum of the following function:

l+z

(1+2z2)2/1-z

Setting the derivative to zero leads to

VI—z(1+2z) - (1+7) <—% +4-\/1—a:> =0 (D52

and after some algebraic conversions we obtain the following quadratic equa-
tion:

(D.51)

x2+g(z—1):0 . (D.53)

The solution to this equation is

1 7
= — (V145 - §5) = — D.
2= (VI -5~ 5 | (D.54)

from which the optimum value of the normalized voltage V, follows as

7\? 1
Vgopt ~ (E) ~ 5 . (D55>

For this calculation the factor X in Eq. (4.134) was taken as constant. Ac-
counting for the V,-dependence of K as described by Eq. (4.135) results in a
marginally different value for the normalized voltage:

2
71
Vopt = (%) ~03 . (D.56)
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Appendiz E

Solutions to the
Problems of Chapter 5

Chapter 5

Problem 5.1

If the resistors R are interpreted as the external circuit of the two-port with
the admittance matrix [G], a short calculation with

I
[ 5.? } = [G] { gj } with U, =Us~ IRy, and U =U; - LR, (E.1)
leads to
I _ 1 Ry(G% —- G%) + Gy G Us
L |~ UGy - GOR Gy Ry(GE-GH+Go)| U,
Us
= [G/][ U } : (E.2)
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Extending [G'] by Y, and Y; leads to the matrix [G'], from which the ratio
U;/Isg can be calculated:

Ji_ & (E.3)

Thus the gain is given by

_ 4Re{Y,} Re{Yi} G}

G, a
|det[G"]]?

(E.4)

With the matrix [G.], extended by the generator admittance only, we obtain
for the input admittance:
I,  det[G]

Yin = — = —— . E.5
U; (Gl (E5)

Inserting Y; = Y5 in Eq. (E.4) yields an expression for the available gain. For
a power match at the input and output we have

det|G.]
Y, = S .
e (E.6)
A short calculation leads to
Y2 - [Rb(Gg - G%) T GOEQ - G% (E 7)
s (1 +GoRy)? — G}R3)? ‘

By inserting this relation into Eq. (E.4), an expression for the maximum
available gain results after some manipulations:

ez 1
(R5(GE = GT) + Go)?

G = . (E.8)

14+4/1~ i
(Ro(GF ~ G + o)

This result can also be derived directly by a comparison of Eq. (E.2) and
Eq. (5.9). Replacing Gy in Eq. (5.32) by

Ry (G2 - G2) + Gy

leads to (E.8).
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Problem 5.2

The ratio U; /I,y as needed for the determination of the gain, can be calculated

with the matrix [G] extended by Y5, Vi and Yi,,. Because of

Isg=Y3U3+ISa O=Y;Ui+-[i7 O:Yi:nU;;n'*‘I;mv (Eg)
we have
-[sg Go+Ys Gy G, Us
0 |=| 6 Go+Y, G U, (E.10)
0 Gs G Go+ Y, Ui
and thus
i ~ G1(Y: + Go) — G1G
E_. — [Gb_ll - _ 1( im + 0~) 12 - (Ell)
Isg det[G]

With Eq. (5.20) we obtain for the gain

2

G1(Yin + Go) — G1G2|™ 4Re{Y;} - Re{Y;} . (E.12)

det[G]

-

For the calculation of the available gain, the input admittance of the inter-
mediate frequency port has to be determined. Therefore, the matrix [G] is
extended by Y, and Y} :

bl

Thus the input admittance Y;, is given by

G1 Go G: U; . (E.13)
G, G1 Go+Y}, Ur,

Go+Y, &4 Gs } Us

1 det[G]

Yin = = .
Gelss  (Go+Ys)(Go+Yy,) — GE

(E.14)

Inserting ¥; = Y}, into Eq. (E.12) leads to an expression for the available
gain.

Problem 5.3

For a 180° coupler we observe the following signals at diode I and diode II,
respectively:

1 - N
diode I: ~—= (U + cos (ws t + 180° + ¢5) + Uy - cos (wp t))
V2
. R -
diode 1T : 7 (Us - cos (wst + ¢s) + Up - cos (wpt)) . (E.15)
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The intermediate frequency signal of diode I is:
diode I: u!l ~ G, U, cos (wi t + 180° + ¢,) for w, > wp (E.16)
and because the polarity has been changed for the diode II

diode I : ui” ~ —GlUscos(wit-k—q‘)S)
= Gy U,cos(wit+180° + ;) . (E.17)

Thus the intermediate frequency signals at both diodes are in phase also for
a 180° coupler. The difference between the 90° and the 180° coupler is the
following: For similar mismatched diodes and a 90° coupler the signal path
and the pump oscillator path are not isolated, but they are both matched. In
contrast both paths are isolated, if a 180° coupler is used, but the reflection
might have increased in this case. Thus it has to be decided which coupler is
more advantageous for the given application.

Problem 5.4

With rectangularly shaped band-pass filters the signals X (¢) at the frequency
f1 and X5 (t) at the frequency fs are filtered from unmodulated white Gaussian
noise. The bandwidth of the band-pass filters is assumed to be small with
respect to the frequency offset f» — f1. The bandpass filtered signals can be
written as the convolution of the unmodulated white Gaussian noise signal
s(t) with the corresponding impulse responses h;(t) and ha(t), respectively:

0

Xi(t) = /hl(t’)'s(t—t’)dt’

— o0
oo

/ ha(t") - s(t —t")dt" . (E.18)

-—00

The signal X5(t) shall be shifted in frequency by f. — fi. This is possible,
for example, by an ideal multiplication with 2 - cos[27(fz — f1)t]. Thus the
resulting signal X,(t) has frequency components at f;. In addition to X (t),
it can be considered as an input signal of a correlator as shown in Fig. 3.15.
If integration and averaging in time are interchanged, then the correlation is
given by

(X1(t) - Xa(t)) = (E.19)

Xa(t)

+oo
// R(tVho(t")(2 - cos(2m(fa — f1)t) - s(t — t')s(t — t"))dt'dt” .

The average over s(t — t')s(t — t”) yields a non-zero contribution only for
t' = t", because s(t) is a white Gaussian noise process. Thus, the expression
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in angular brackets has to be evaluated for t' = t” only:
(2 - cos(wpt) - s(t —t')s(t — t"))|pr=er = (2 cos(wpt) - s> (¢ —t')) . (E.20)

The time average of a function multiplied with cos(wt) is always zero. Thus,
the real part of the cross-spectrum of X;(¢) and X,(t) vanishes. In the same
way, it can be shown that the imaginary part also disappears.

Problem 5.5

First, it will be shown that the imaginary part of the cross spectrum disap-
pears for an even pump drive signal. For the measurement of the imaginary
part with a circuit as shown in Fig. 3.15 a phase shift by 90° has to be per-
formed in one path. In the case discussed here, this 90° phase shift may
be achieved by means of an ideal frequency shifter and by multiplying with
2sin(wpt) instead of 2cos(wpt). Then an expression, abbreviated by AT,
similar to Eq. (5.47) results:

ATy = %;isinwpt’)poé(t’—t“) : (E.21)
0

For the ratio of the cross-spectrum and the power spectrum we obtain

(Xi(t) - X, (8)) Im{I7, Ino}
(XZ()) n1[?

o0
pot - [ hieha(e) - sinfuyt e
Go o

[oe]
po- [ miehar

. (E.22)

As can easily be shown, the integral in the numerator is zero because the
expression

cos(w;t”) - cos(wst’) - sin(w,t’)
1
= Z[sin(prt’) + sin(2wst’) + sin(2w;t')] (E.23)
has no constant term.

For a mixed even-odd pump drive signal the following relation results instead
of Eq. (5.42):

Sm(t) = s(t)\/l + 2;%;1—} - cos{wpt) — @C—f’?ﬁ -sin(wpt) . (E.24)

Obviously, the integration in Eq. (5.48) yields a contribution different from
zero only, if Eq. (5.47) includes a cosine function. For the calculation of the
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real part, i.e. by multiplying with 2cos(wyt), an expression, abbreviated by
ATy, similar to Eq. (5.47) results as follows:

ATy = pg - 6(t' — ) 2Re{Gi} cos(wpt') + UniGi} sin(wpt’)
Go GO

(E.25)

Only the first part in the bracket yields a contribution. A calculation similar
to the one for an even pump drive leads to

(Xu(t) Xo(t) _ Re{lmln} _ Re{Gi}

BEDY . ImP Go (E.26)

For the calculation of the imaginary part, i.e. the multiplication with 2 sin(wpt),
we obtain an expression corresponding to Eq. (5.47) :

2RG{G1} _ QIm{Gl}

_ ) 1t . ’
ATs = pg - 6(t' —¢t") s in{wpt’) Ga

-cos(wpt’) | . (E.27)

In this case, only the second part in the bracket results in a contribution and
we have

(Xi(t) - X, (1) _ Im{I Iz} _ _Im{G:} - (E.28)
(XF(®) a1 l? Go
Inserting Eq. (5.39) leads to the wanted result:
Il = Re{l}Ino} + jIm{I7 Ina}
= 2% <2T> [Re{G1} ~ jIm{G,}]
it .
= 2k §T G7 (E.29)
. For the other matrix elements we obtain with Eq. (5.54):
InsIns  LnsIni Inslpim 5 Go GI G3
I, Iy LN =2k - 3 T | Gy Gy G . (E.30)
InimIns I;,—;mjni Inimj;:q;m G2 Gl GO

If the correlation matrix of the Schottky diode mixer for a mixed even-odd
pump drive is compared with the correlation matrix of a passive thermally
noisy N-port network at a homogeneous temperature (Eq. (2.45)), i.e.

2 - RG{YH} le*g + )/21 Yl’?i + Y31
ET| Yi+Ye - , (E.31)



371

with
Y+ Yn2Gi+Gi =2 G (E.32)

the proportionality of both matrices is obvious.

Problem 5.6

The down converter to be analyzed is shown in Fig. E.1.

I;
G]
Fig. E.1
With
I | | Go Gi U,
HEERII )
for a real Gy and
Iy = Inj+1Ip—-UY, (E.34)
I, = I,,-UY, (E.35)
we have
IgO+In1 _ GO+}/s Gl Us A Us
ot <[5 o[ ] 5]
Solving for U; leads to
Ui =[Gl Ina + [Glg - (go + In)
_ (Go+Y5)lns — gl(IgO + In1) ' (E.37)
det|G]
Thus the noise figure F' is given by
|2 _ 2
Fo \Uil* — UGo + Ys)Ing = Gi(Iyo + In1)] . (E.38)

Ul [G1lgol?
With Egs. (5.39) and (5.52) a short calculation with a real Y, leads to

i T G3Go = 2G3(Go + Ys) + Go(Gg + Y,)?

F=1
T3 G7 Y,

(E.39)
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With Eqs. (5.25) and (5.24) the last equation can be rearranged to

n T 1
F—l+§ﬁ<cav—1) . (E40)

From this, the wanted result, Eq. (5.55}, follows directly. A similar calculation
with complex G; and Y; leads to the same result.

Problem 5.7

The circuit in Fig. 5.16 can be interpreted as a cascade connection of three
noisy two-ports. Two two-ports consist of a noisy series resistor R at the
temperature 7. The mixer at the temperature 77/2 without a series resis-
tance with the noise figure F' and the available gain G,, is embedded between
these two-ports. With the noise figures Fy1, Fjo and the available gains G,
and G0 of the series resistors, the total noise factor F; follows by means of
the cascade formula Eq. (2.100):

F-1 Fp -1

Ft B Fbl " Gavl - Galeav '

(E.41)
For the noise figures Fy; and Fiy of the two-ports, formed by the series resis-
tors, Eq. (2.90) yields

T1-G T1-G
Fpy=1+—-——l Fpo=1+ — av2

_ E.42
Ty Ga1 Ty Gawe ( )

Inserting Eq. (5.55) into (E.41) and manipulating the expression leads to

T I Gau2 + GaUQGav(l - Gavl) + gGan(l - Gav)
Ft S -7—-‘0— GavIGav2Gav

(E.43)

The available gain G, of the mixer without losses from the series resistance
can be calculated by means of Eq. (5.25). For the available gain of the circuits
with series resistors as a function of the load resistance at the input we obtain

R R
Gavl = 1 Gav2 = 2

—_— E.44
Ry + Ry Ry + Ry ( )

For the first series resistor we have R; = Z;, i.e. Ry is equal to the source
resistance on the signal side. For the second series resistor we have Ry =
Zin, where Z;, is the real input resistance of the mixer at the intermediate
frequency side.
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Problem 5.8

The mixer is interpreted as a cascade connection of three two-ports as in
problem 5.7. The dissipation theorem yields for the cascade connection of N
two-ports:

N

Z BT,
=1

BoTo

Here, the coefficients 3; denote the normalized dissipated power in the differ-
ent temperature regions.

F =

(E.45)

reverse direction

N -2 N-1 N
Z
Brn—2 BN-1 BN
load
Fig. E.2

For convenience, as the noise figure is independent of the load resistance, a
power match is assumed for Z; at the output. For the normalized real power,
dissipated by the N-th two-port if the feeding is performed from the output
side, we have

By (1-

7
By = __ﬁ,ﬂl 1 Gy . (E.46)
g

Here, G’ is the power gain of the N-th two-port in reverse direction and
P, is the available source power. Furthermore, we obtain for the (N-1)-th
two-port:

ﬁN—l = G/](N(l - G/(KN—l)) y (E47)
and, in general,
N
8;=0-Gx;) ] Gk - (E.48)
i=j+1

In order to calculate §; as a function of the available gains in forward direction,
we will utilize the fact that the gain is independent of the direction (problem
2.14).
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Y
b — Pyy
Zy J : Zy

Fig. E.3

Taking any of the cascaded two-ports Fig. E.3, the power transferred in
reverse direction by this two-port is given by

P; =G;'{j (1- |pj}2)'Pav . (E.49)
Here, P, is the available power and p; is the reflection coefficient according
to a mismatch. Eq. (E.49) can also be written as
Pj =Gy, Pay (E.50)
where G),; is the gain in reverse direction. With Egs. (E.49) and (E.50) we
obtain
G,
! . o= _—P] . E. 1
Kj 1 — }pj!Q ( 5 )

For power match on the right hand side (Zy = Zop:, p; = 0) we have G, =
G;j. The complex conjugate match on the generator side, which is assumed
for the definition of the gain, is considered in Eq. (E.51). In a similar way a
relation between the gain and the available gain in forward direction can be
derived:

Gy = (1= lpsf?) - Gl - (E.52)

With the gain being independent of the direction (G, = G}), Egs. (E.51) and
(E.52) yield

=Gl (E.53)

Thus, for every reciprocal two-port, the available gain G, is equal in forward
and reverse direction.

Inserting (E.53) into (E.48) leads to the §; of the series connection of three
two-ports. With the relations of problem 5.7 we have

Bz = 1-Gaw (E.54)

52 = Gav2(1 - Gav) (E-55)

Bl = Gav : Gav2(1 - Gavl) (E56)
1

50 = Gav ' Gavl ' Gav2 = (E57)

’E .
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Insertion into Eq. (E.45) leads to the result for the noise figure of a down
converter with a series resistance, already known from problem 5.7:

n
T 1- Gav2 + Gaszav(l - Gavl) + §Gav2(1 - Gav)

B =i TO Galeav2Gav
(E.58)
Problem 5.9
With
o0
s{t) = Z Sy exp(jnwyt) (E.59)
and
S_,=S, {s(t) real) (E.60)
we get according to Eq. (5.66):
Uy S S1 S Qu
Ui = Sf So Sl Qz . (E.61)
Ui 53 ST S Qa

Problem 5.10

The gain in Eq. {5.97) becomes maximum if Z; approaches the negative ref-
erence impedance —Z. Zp is assumed to be real and, for example, equal to
Ry. Thus, the imaginary part of Z; must vanish. This can be achieved by a
match at both the input and the output. If the gain is very high, then —Z;
is close to Zg = Ry. Inserting —Z; ~ Ry = R; into Eq. (5.106) leads to the
noise figure:

52
1~{—cu-(.ull‘2gzjI
F=1+— e E.62
+TO 312 ) ( )
wiwq - R?

As can be seen by Eqs. (5.96) and (5.97), we obtain for a high gain, i.e.
2

1
o B (E.63)
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for the noise figure

T
F:1+—<

wiwq - R? L
Tp

E.64
S? wq ( )

Differentiating the expression in brackets with respect to w4 leads to the op-
timum frequency wqopt:

Sy
ot = — E.65
Wdopt B, ( 5)
Inserting wyopt into Eq. (E.64) leads to the optimum noise figure:
2-T wy
Fopo=1+—— E.66
opt TO Wd opt ( )

Problem 5.11

In order to determine the available and the maximum gain, the input re-
sistances at the signal and at the load side have to be calculated. With a
compensation of the inductive reactances we have

{(})JZ Rb_;_Rg j—zz [ﬁ]ﬂz}{fjﬂ (E.67)

For a power match at the output, R, has to be equal to the real input
impedance Z;, on the load side. We have
Uy 1 S?

Zin=Ry=—= =Ry + -
L, (2157 77 Gwa(Ry + Ry)

(E.68)

Inserting R, into Eq. (5.108) leads to the following expression for the available
gain:

1
Gap = E.69
wi Ry + Ry waiz (Rg + Rb)2 ( )
w. R, 52 R,
Assuming symmetry and a match at both ends,
R,=R,=Rp+ 51 (E.70)
9T e T T ou(Ry + Ry) ‘
we get
SZ
R,=R,=/R}+— (E.71)

Wildy ’
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Inserting Eq. (E.70) into Eq. (E.69) leads to the maximum gain:

_ St L
" WiR

5 . (E.72)

S5t

L+ /1+
wiwy R2

For the calculation of the noise figure, a power match at the output is as-
sumed. The noise contribution of the series resistance is taken into account
by two noise sources |Up|? = 4kTR,Af connected in series. The sources are
uncorrelated because they operate at different frequencies. The noise of the
resistor at the signal side is transmitted to the load side according to the
squared magnitude of the corresponding transfer function. For the available
power at the load resistance caused by the noise of the series resistance we
obtain

AP, =

ETAf - Ry ‘ S,
R, wi(Ry + Rp)

2
+ 1) : (E.73)

With R, from Eq. (E.68) and the available gain from Eq. (E.71) some calcu-
lations lead to the noise figure of the up-converter:

AW, AW,
F = ]_ —_—
T W T GukT
T Ry w? 2
= 1 - ° ks s .
+ TR, (1 + 32 (Rg + Ry) ) (E.74)
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Appendixz F

Solutions to the
Problems of Chapter 6

Chapter 6

Problem 6.1

At the output of the sideband filter either the lower sideband z;(t) or the
upper sideband z,(t) appears:

zi(t) = Re{X;- exp[j(Q — w)t]}
= X ewlj(@0 - W)t + X7 el -]}, (F1)
zu(t) = Re{Xy-exp[j(Qo +w)t]}

= %{Xu‘exp[j(90+w)t]+X;-exp[—j(?Qo-}—w)t]} . (F.2)

These signals are multiplied by 2 - cos Qpt = exp(jQt) + exp(—jQt) in the
mixer. The mixing product for the lower sideband results as

/ 1 : N .
(t) = E{Xl -explj (200 — w)t] + X[ - exp(jwt)

379
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+X - exp(—jwt) + X[ - exp[—j{Q — w)t]} . (F.3)
A similar expression follows for the upper sideband:
1
z,(t) = i{Xu -exp [J(2Q + w)t] + X - exp(—jwi)
+ X, - exp(jwt) + X7 - exp [~ (20 + w)i] } . (F.4)

The low-pass filter suppresses the frequency components at 2Q0y + w. Thus
the output signal is either given by

zp(t) = % (X[ exp(jwt) + X, exp(—jw)t]
= Re{X] exp(jwt)} = Re{Xip exp(jwt)} (F.5)

or

5 [Xu exp(jit) + X; exp(—jt)]
= Re{X,exp(juwt)} = Re{Xypexp(jwt)} . (F.6)

mub(t)

The circuit can be calculated in a similar way, if used as a single sideband
modulator.

Problem 6.2
With Eq. (6.19) and Eq. (6.20), Eq. (6.14) yields

[ X } _ X { exp(—j®o) —Jj-exp(—j®o) [% } CE7)
Xup 2 | exp(j®)  j-exp(j®o) A
XoP = 2 U—Aj—(z—([zﬂﬁ@l?—j-A;E*Aq“rj%A@*}
_ )‘?U%JQHMPHM{A;Z*M}} , (F.8)
X = X "%rﬂmﬁ—j-%mq%wﬂ
= XTS 4%E2+1A@2—21m{A;§*A@} . (F.9)

Replacing the phasor products by the corresponding spectra leads to Eq. (6.21)
and Eq. (6.22).
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With Eq. (6.19), Eq. (6.20) and Eq. (6.15) we get
AX

- 1 exp(j®o) exp(—j®o) Xip
Xo = , (F.10)
AD 0 [ j-exp(j®o) ~Jj-exp(~jPo) Xup
'9—)52—3—' 2 2 % Xub - —2§®0) + X X7, - 2j®)]
= <5 X" + 1 Xu]” + X Xub - exp(=2§0) + Xip Xy, - exp(27P0)]
X | X2
1 . . )
}5 L]nglz + },Xub!2 + QRQ{leXub . exp(—2]®o)}] , (F.11)

0
1 * . * . it
ADP= %z [ Xiof* + | Xupl? — X Xup - exp(—2®0) ~ XipX 5, - exp(2j®o)]
0
1 )
=5 [ Xi6]® + [ Xup|® — 2Re{ X}, Xup - exp(—2j®0) }] . (F.12)
a
We get Eq. (6.23) and Eq. (6.24) by using the corresponding spectra.

Problem 6.3

For the squared magnitude of the normalized cross-spectrum we obtain:

2

i Wiup(w)
VWa(Qo —w) Wa(Qo +w) |

ima|? — [ms|?)” + 4Re*{mZmq }

_{
 (imal +Ime )? — 4Im” {mzma }
(]m + !mq>\2)2 — 4|mq|*|me|? + 4Re*{mime }

([mal? + [mal?)” — 4Im? {mama ) . (F.13)
With
malflme* = [my P ms?
= |mimg!?
= Re’{mime} +Im*{mims} , (F.14)

we conclude that the squared magnitude is equal to one.
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Problem 6.4

We have i (t) = U, - coswt. Then the output voltage is given by

Voliin coswt ,  uinl < ug
Uoue(t) = Um Uin > UQ (F.15)
—Um Uin < —Ug
with the small-signal gain
Vo= Lm0 (F.16)
Ug

For 4;, < wug the amplifier operates in a linear range and the describing
function D is equal to the small-signal gain V:

D=V, for Um<ug . (F.17)

For in > up the waveform of uyy:(t) is shown in the figure below.

Uout (t) A

)
|

/ a \ e / 3m 2 wt
_u —— —

Fig. F.1

The boundary point a between the linear range and the saturation range
follows from

Volkin * COS G = Um (F.18)
as

Up
—— = arccos — . F.19
Voliin WUin ( )

a = arccos

The output voltage can be written as a Fourier series:

[ ]
Uoyt () = Z Uoutn * COS WL . (F.20)

n=1
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The amplitude of the fundamental wave is given by

2m
Uout1 ;T_ /uout (t) - cos wit dwt

SRS

0
/2
= / Uoyt (t) - cos wt dwt

w/2

0
a
= / Uy, COS Wt dwt + / Votisn cos® wt dwt
0

a

4 . a 1. .
= = {um -sina + Votiin (% — 5) - ZVoum . s1n2ai1
= 4u 1—3%-cosa -sina—kl&E (E—a) (F.21)
- ™ m 2 Up 2 Ug 2 ’ ’
With
cosa = ZLO (F.22)
Uin
and
un \ 2 un \ 2
sina = sin {arcsiny/1l — (———0—) =4/1- <70—> (F.23)
Uin Uin
we obtain
[ 2 .
4u 1 1 4o + L (7 arccos 4o
u = - - - — —— | == —
outl ™ m 2 ﬁm 2 Ugp 2 WUin
2 [ u \? 4 U
= Zu, 1-— <Ti> + T aresin —2 | . (F.24)
s WUin Up Uin
The describing function finally is given by
21 u U 2 U
D=Vo2 | 2y/1- (—A—O> + arcsin —-| . (F.25)
T | Uin Uin Uin

At the transition to the linear range, i.e. if 4, = ug, we get D = Vj, as
expected. For %;, — 00, D approaches zero and w1 approaches 4/ U,,. In
summary, the describing function depends on the input drive level as shown
in Fig. F.2. D is continuously differentiable, even at the transition to the
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0.51

saturation range.

Problem 6.5

Using the notation of problem 6.4 we obtain

Uin  dD(lin)

ko = —— > F.26
¢ D(tin)  diin (F.26)
The derivative of the describing function is given by
g0 <_ o ) _to
A ) 1—(?—°>2+“—° b \ g
dlisn i s, Tin

ﬁin 2 2
Uin Uin

4 u uo \°
= Vo= /1~ (0) : (F.27)
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Thus we get
2
4 u U
i 1o ()
ko T Uin Uin, ’
2 1 u Up 2 Ug
Vo— 71 1-— (7—> + arcsin —
T | Uin Uin Uin
U uo \ 2
22 4 /1- <—°>
Uy 1
= = - i : (F.28)
U, U U,
AO 1—<AO> —}-arcsinri
Uin Uin Uin

At the boundary to the linear range, that means 4;, = ug, we have k, = 0.
For 4, > ug and thus arcsin ug/dy, & ug/Gy, and with

1 <—“i)2 ~1 (F.29)

Uin

we obtain ky =~ 1. In the linear range we have D = V) =const and accordingly
ko = 0. In summary, the curve of the amplitude compression coefficient is
shown in Fig. F.3. If the linear range is exceeded, k, rapidly rises to values
close to one.

ka

A
1+

0.51

4
A

1 2 3 4 5 6 7T 8 9  Un
Uo

Fig. F.3

In this example, there is no phase shift between the input signal and the
output signal, independent of the amplitude. Thus the phase g of the describ-
ing function is ¢ = const = 0 and consequently kg = 0.
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Problem 6.6

The input signal can be considered as a combination of a carrier signal at f;
and an upper sideband at f; + Af. The sideband causes both an amplitude
modulation and a phase modulation of the carrier with the modulation fre-
quency Af = fo — f1. Both types of modulation can be treated separately, if
the upper sideband is split into two in-phase components with the amplitude
A/2 and if two antiphase signals with the same amplitudes are added at the
lower sideband frequency fi — Af (Fig. F.5).

Al Al
A
Ao Aq As
T 2 3
fi h+Af f v O R+Af g
fi — Af
Fig. F.4

Since A3/A; >> 1, the in-phase pair of sideband signals causes a pure am-
plitude modulation, the other pair a pure phase modulation. In a non-linear
system with hard amplitude clipping the amplitude modulation is almost com-
pletely suppressed so that at the output only the carrier and the sideband
signals of the phase modulation will appear. If the peak phase deviation of
the modulation remains constant, the relation of the sideband to the carrier
amplitudes does not change and with an amplification factor V the following
spectrum is observed at the output:

VA,
A
. A f>4< ,,,,,, Af> L/i
j 2
VA y g f



387

If for a frequency multiplier or frequency divider the phase deviations are
multiplied or divided by the factor N, the sidebands amplitudes are changed
by the same factor relative to the carrier. The resulting spectra are shown in
Fig. F.6.

BBy 4,

<Af><Af> VA2 < Qe > NV—Q—
dov .
VAY  f £l NA f
2N N N VT
frequency divider frequency multiplier

Fig. F.6

Note that by a multiplication or division the phase or frequency deviations
change but not the modulation frequency. Thus the sidebands of the output
signals have the same offset Af to the carrier as the component Ay of the
input signal.

Problem 6.7

We will assume that the signal z(¢) is not directly fed into the mixer but via
a phase shifter with the phase shift ;. Then we have

z(t) = Xo-cos|[Qt+ Do+ AD(t)] , (F.30)
y(t) = Yo cos[Qot+ AT(2)] . (F.31)

If the mixer is treated as a multiplier with the multiplier constant K, the
output signal is given by

u(t) = Ku-z(t) - y(t)
= Kpr - XoYycos[Qot + @5 + AD(E)] - cos [Qot + AT(t)]

- %KMXOYO{COS IAT(t) — AB(t) — ]
+ cos [2Qot + B + AD(2) + AT(2)]} (F.32)

The second term, which is a high-frequency component, is suppressed by a
low-pass filter. With |[A¥(t) — A®(¢)] < 1 we obtain

u(t) = %KMXOK){cos@Ocos[A\II(t)—A(b(t)]
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+ sin g sin[A¥(¢) — AD(t)]}
~ %KMXOYZ){cos@o-i-sintDo-[A\If(t)——A@(t)}} . (F.33)

The output signal consists of a dc and an alternating voltage which is propor-
tional to the difference of the phase fluctuations of both input signals. The
phase detector constant Kpp thus follows as

1
Kpp = ‘Q‘KMXOYO -sin §g . (F.34)

For &; = 0 we get Kpp = 0. The highest sensitivity is obtained if both input
signals have a phase difference of 90°. In this case, the d.c. voltage of the
output signal is zero. By monitoring the d.c. voltage while tuning a variable
phase shifter, a balanced mixer can be adjusted for maximum phase detector
sensitivity.

Problem 6.8

The three measurement objects shall have the noise spectra Wyn1, Wyns and
Wyns. If for all pairs of objects the phase jitter is measured with the circuit
shown in Fig. 6.10, the following noise spectra of the output voltage u(t) are
obtained:

Wul - K?’D(Wzﬁnl + Van2> ) (F35)
Wue = Kpp(Wynt + Wyns) , (F.36)
Wy = K}%D(Wunﬂ + W¢n3) . (F.37)

This linear system of equations can be solved for the unknown spectra Wyp,,
i=1,2,3:

1

Wen1 = %(Wul + Wye — Was) (F.38)
1

Wyne = '@'(Wul — Wy + Was) (F.39)
1

W\Iln3 = (_Wul + Wu2 + WuS) . (F4O)

2K%,
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Appendix G

Solutions to the
Problems of Chapter 7

Chapter 7
Problem 7.1
The optimum signal power can be determined with Eq. (6.88).
Piopt = ];;‘” .In Gq = (5dBm) In(15dB) = 10.4dBm . (G.1)
0

The gain for this signal power is

Gy—1
In GO

G(Piopt) = =9.5dB . (G.2)

Therefore, the power at the output is 19.9 dBm. Due to the signal divider
the output power of the oscillator is reduced to 16.9 dBm ~ 50 mW.
Equation (5.91) leads to
G(Pyopt) 28*=(1+28)2 =48 +48+1 (G.3)
389
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or
283 1
B2 - - =0 . G.4
G(-Psopt) -2 2G(Psopt) -4 ( )
This quadratic equation has the solution
1+ \/G(Psopt>
2
= ——————=— =045 . G.5
G(Pisopt) — 2 (G-5)

Problem 7.2
According to Eq. (6.90) the amplitude compression factor is

In GQ

ko =1-—
Go~1

= 0.887 . (G.6)

With F. = Q,/(27), the corner frequencies fy; = wy1/27 and fio = wia/27
are given by

F
fio = ko(l+28)=—— =843MHz ,
2Qo
1
ft2 = —k‘— ftl = 9.50MHz . (G?)
[#1
The spectral power density W is calculated as
For kT
Wo = % = (=174 +20 — 3 — 10.4) dB/Hz = —167.4dB/Hz . (G.8)
in

Without consideration of the 1/f-noise, the amplitude noise at frequencies
below fi is

2
W, = (ki - 1) Wy = —185.3dB/Hz (G.9)

(03
and above fi it is

Wy = (1—ka)® Wo = —186.3dB/Hz . (G.10)

For strong amplitude compression both corner frequencies are close to each
other. Then, the drop in amplitude noise is not very pronounced.
Without 1/f-noise the phase noise is given by

1 2
|+ ( +2 ﬁ‘ )
2Qo f/Fo
At f=1kHz and in 1 Hz bandwidth we obtain the numerical value W = —87.8
dB/Hz. With the 1/f-noise included all numerical values for the spectra are

Wo(f) Wy . (G.11)
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War Wy
([dB/Hz) 4
-7 Ws —30dB/decade
—90 T /
—110r
—20dB/decade
—1301
—10dB/decade
~150T o \
[e]
—1704
—190T
K L fe

102 104 10° f [Hz]

Fig. G.1 Quantitative spectra of the amplitude and phase noise of a two-
port oscillator with 1/f-noise included.

multiplied by (1 + f/f). The result is shown in Fig. G.1.

Problem 7.3

Interchanging the positions of the resonator and the signal divider does not
change the function H(f2). Thus, also the oscillation condition remains un-
changed and therefore the values for the oscillation amplitude, the coupling
factor 3 and the amplitude compression factor k, are the same as those of the
problems 7.1 and 7.2. However, by modifying the output coupling network,
the function A() is no longer frequency independent but is given by

AQ) = HQ) . (G.12)

With the Eq. (7.14) we obtain for the amplitude and phase fluctuations of the
output signal:

Az He jHa AY
Zy | = . Yy (G.13)
A6 -JHA Hg AY
with oy
_+_
Hy = .14
S = 123+ 52000/, (G-14)
and

Ha=0. (G.15)
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Hence we get

% = RO T (G18)
A§ = jTlQ’—:i—fg—o.Ayn , (G.17)
with the spectra
Walw) = (1= ka)? k§(1+2;3’1);-+2£32);0w/90)2 Wo , (G.18)
Welw) = %WD . (G.19)

A comparison with the Eqgs. (7.41) and (7.42) shows that there is no corner
frequency wy any more. The phase noise decreases steadily by 20 dB/decade.
The same holds for the amplitude noise at offset frequencies above w;;. Below
the corner frequency w;;=8.43 MHz we obtain the same quantitative values
for the spectra W, and Wy as in 7.2. The constant decrease by 20 dB/decade
for f > fu1 leads to the dotted curves in Fig. G.1.

Problem 7.4
With U and I real, we have R = —U/I and
b, - 1 dR__I’d (U
« R(I) dI ~— U dI'\I
auv
P Ix-V 1 oau
—7'——‘12——-——5'-(1—]7—%-1. (G.QO)
The output power is given by
1
P= 5 Ur. (G.21)

For the maximum power the derivative of the power with respect to the current
amplitude I equals zero:

dP 1 dU
== il 7l =0 . .22
=3 <[ i +U) 0 (G.22)
Hence
ig:——U— <0 . (G.23)
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This means that the maximum of the output power occurs in the descending
part of the U/I characteristic of Fig. 7.7a. We obtain for the compression

factor at this operating point
ko =2 . (G.2¢)

Problem 7.5
The oscillation condition follows from Eq. (7.54):

Q, /2 = %w IC = 503.3MHz . (G.25)

With kTy = —174 dBm/Hz and Eq. (7.12) we obtain for Wj:

Fef - kTh (—174+20) dBm/Hz
W, = = = -1 . 2
Q0= 2Pjn 3dB 57 dB/HZ (G 6)

The corner frequency f; = we/27 is given by

f _kaRy 250
YT 4n L 4m-10-6

Hz = 7.96 MHz . (G.27)
For f « f; the amplitude noise has the constant value

W, = éWO — (=157 ~ 6) dB/Hz = —163 dB /Hz . (G.28)
The phase noise at an offset frequency of 1kHz is calculated as

R2 ~ 2500

W, = =
* T 2wLl)? % (4r-10% - 10-6)2

(~157dB/Hz) = —85dB/Hz .

(G.29)
The corresponding spectra W, and W are shown in Fig. G.2 .
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Wa, W
[dB/Hz]

4
—80 A
—100 1
—120 1
—140 7

—160 -

—180 A

Problem 7.6
The function H(Q) of Eq. (7.50) is given by

(G.30)

By inserting this relation into the oscillation condition we obtain the same
expressions as for the series resonance circuit given by the Egs. (7.53) and
(7.54). The oscillation frequency and amplitude are equal for both circuits.
The voltage U is identical to the voltage at the load resistance, hence A(Q}) =
1. With © = Qg + w and w <« g we obtain

H(Q)=i+j2w0 , (G.31)
Ry
and
Hg=1+j2wROC, Hp=0. (G.32)
The results for the amplitude and phase fluctuations are
AUgp AU _ 1 AU,
Ure  Us ka—j2wReC(1—ka) Up '
1
A = AV = ————u— AT, . G.33
j2wRo C ( )

The stability can be checked with the function

De(p) = kg — 2R C(1 — ka)p . (G.34)
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From De(p;) = 0 we get

ko

pl = m . (G.35)

For 0 < ko < 1 we have p; > 0. Thus, in general, the circuit is not stable.
However, one-port oscillators are stable if the active one-port has a charac-
teristic of the form shown in Fig. G.3

FA G a

N

Jt4

Ul

1
i

Fig. G.3

Compared to Fig. 7.7 current and voltage have been exchanged. Then,
the circuit with the parallel resonance circuit can be calculated in exactly the
same way as the circuit with the series resonance circuit by exchanging the
quantities current and voltage.

Problem 7.7

The calculation of the input admittance of the circuit in Fig. 7.11 can be
performed as follows. The input admittance at the emitter is given by:

le

Y= — . )
“ = (G.36)
For the currents i, and i. we have
iv = (gve + JWChe)Ube (G.37)
ic = GmUpe - (G.38)

The voltage u. and the current i, at the emitter port are given by

Ue = —(pe+ivZp) (G.39)
ie = —(ib+ic) (G.40)

with Zg = 1/Yp. Inserting Eq. (G.37) and Eq. (G.38) leads to

e = —(1+ ZB(gbe + jwChe))upe (G.41)
ie = _(gbe +jwcbe +gm>ube . (G42)
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Thus the input admittance at the emitter can be calculated as

Y.:ie_: gbe+jwcbe+gm
< Ue 1+ ZB(gbe + jwcbe) .

(G.43)

Considering Zp as a pure reactance with Zg(jw) = jXpg(w) and separating
Y.; into its real and imaginary parts leads to

Gbe + gm(l - wcbeXB)
(1 - wcbeXB)Q + (gbeXB)2
wChe — wW?CLXB — gbe XB(gbe + gm)
(1 —wCheXB)? + (gbe X B)?

Ye;

+

(G.44)

The requirement of a negative real part of the input admittance can be met
if Xp(w) > 0. The base of the transistor should be connected to an inductive
circuit with Zg(jw) = jXp(w).

Problem 7.8

The transfer function of the symmetrical transmission resonator was already
given by Eq. (7.28). With §; = 2 = § as the coupling factor, Q, as the
angular resonance frequency, ©; as the angular input carrier frequency and
Qo as the unloaded Q-factor we get for the transmission coefficient S3; or
transfer function H:

S12 =85 = H(Ql) = 25 : (G-45)

Q Q

1+208+jQo (Q_—ﬁl-)

The input angular carrier frequency €y differs from the angular resonance
frequency - by the angular displacement frequency AQ,, i.e. Q1 = Q, +AQ,.
With w as the angular offset frequency of the noise sidebands and with the
assumption that Qo w/Q, < 1 and AQ,/Q, <« 1 we can write for Eq. (7.16):

1 H, H}
Ha = 2(Hc Hz)
l(H(Qlﬁ—w)_H*(Ql—w))
2 H(Qy) H*(Q)
, AQ,
B 1 1+2,3+]2Q0' Qr
Y _ AQ, . W
1+208+352Q0 o HQQOQT
AQ,
1+28-372Q0- )

(G.46)

AQ, . w
1+28-52Q0 L +j2Qo—
B8—72Qq Q. J Qer
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AQ
Q,
(14+208)2+(2Qo

- W
~2Qq '2Qo§‘
A

& (G.47)
Q.

X

)2

There is no useful optimum choice for the coupling factor 3. Although the
magnitude of Ha has a maximum at 3 = 0, this choice for 3 is not practical.
However, 2QgAQ, /), = 1 + 20 leads to an optimum value with respect to
the angular displacement frequency AQ,.. Then, we get for the spectrum the
expression:

Qo w 2
W, = | Ko Yo — ] W . G.48
) = (KarYo ;255 2 ) Wolw (©-49)
For a practical choice of the coupling factor of 8 = 0.5 leading to a transmis-
sion loss of the transmission resonator of 6 dB, we get for the spectra:

2
Walw) = (Kad HhR ) Wele) (G.49)

Comparing this result with the circuit of Fig. 7.27, i.e. Eq. (7.102), one may
argue that the transmission resonator type discriminator shows a degradation
of the discrimination efficiency by 6dB as compared to the circuit with the
reflection type resonator and the by-pass phase shifter.

Problem 7.9

The delay line has the transfer function

- (a’ +7J %) l} = exp {— (a’ +7 9—01):£> l} ,  (G.50)

where v is the phase velocity of the line. Because [ is assumed to be an
integer multiple n of the wavelength at the oscillation frequency 1y, we have
Ql/v = n2r and thus

H(Q) = exp

H(Qy +w) =exp [— (a' +7 %) l] . (G.51)

In conjunction with G(2) = j we obtain from Eq. (7.95):

sy e[
2
oo (+5%) 37

B exp(—a'l) — j g Wa(w)

Walw) = (
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2

(e 2

K Y—M— : 1—cosw—l 2+sin2w—l We(w)
“ 20 T exp(—2a/l) v v | e

il

(G.52)
After some further manipulations we finally obtain
Lowl 2
9 sin 5";
Wy (w) = (Ko Yo) ; Ws(w) . (G.53)
cosh o/l

The optimum length l,p; can be determined by means of a differentiation
of the expression within the brackets with respect to the length [. With
the approximation sinw{/2v ~ w!/2v for low offset frequencies the optimum
length o5 follows from the condition

&'lopt tanh(a'lop) = 1 . (G.54)
This transcendental equation has the approximate solution
Alopt 1.2 or  lopr = 1.2/00, . - (G.55)

Problem 7.10

The resonator is assumed to be critically coupled so that the frequency dis-
criminator has its maximum sensitivity. With 8 =1 Eq. (7.97) yields

H(Qo) =0, H(Qo + w) = H*(Qo -~ w) . (G56)

If a 3 dB-180° coupler is employed, then at one output the sum and at the
other output the difference of the input signals is obtained. The amplitude
fluctuations of both output signals are calculated with Eq. (7.14):
AY, 1 [H(Qo+w)+exp(j'y) H(Qo+w)+exp(——j’y)} AX
S = : + .
Yo 2 exp(J7) exp(-j7) Xo

2

j {H(Qo +w)+texp(jv)  H(Qo +w)+ exp(—jw)} AD
exp(j7) exp(—77)

A
1+ H(Qq +w)-cos*y}~5(£ + H(Qo +w) -siny- AP ,
0

(G.57)
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AY; _ 1 {H(Qo+w)—e><p(jv) N H(Qo+w)—exp(—j7)} AX
Yy 2 —exp(j7) — exp(—J7) Xo

2

J {H(Qo +w)—exp(jy) H{Qo+w) - eXp(—ﬂ)} AB
—exp(J7v) - exp(—Jv)

il

1-H(Q+w) ~cos'y]%(£ — H(Qp +w) -siny- AD .
0
(G.58)

The output voltage u(t) is the difference of the voltages of both detectors,
which are proportional to the amplitude fluctuations AY;/Y; and AY, /Y5,
We thus obtain

AYy - AY,

u(t) 7

AX
=2H(Qp +w) <00577— +sin’yA<I>> . {G.59)
0
We note that the contribution of the amplitude fluctuations of the input signal
vanishes for ¥ = 90° while the conversion efficiency for the detection of phase
fluctuations reaches its maximum. If a 3dB-90° coupler is employed, the same
result is achieved for v = 0.

Problem 7.11

For the output signal of the amplifier, the 3 dB coupler has the same effect as
the signal divider in Fig. 7.3. Therefore, the transfer functions H(Q) and A(Q)
do not change. The transfer function E(2) of the input coupling network
of Fig. 7.32 has the constant value 1/4/2 as A(Q). With Y; = Z;//2 and
Z = Y/v/2 we have

Y, 12, .
y=57 " g; exp(j ¥) (G.60)
and
112Z; 1 /P
w=3 % =55 (G-61

Since according to Eq. (7.27) D(X) is real, the imaginary part of the oscillation
condition, Eq. (7.105), leads to

(1+208)¢q sin? —2Qq

Q-0
a9 ®(1+ ¢ cos?) =0 (G.62)

At the boundaries of the synchronization range we have ; — Qg = AQ.,
and ¥ = £90°. This results in

AQ,,
(1+28)q=2Qo AQ, (G.63)
and
Qg P
AQ,, = — (1+2 == . G.64
4Qo ( 8) I ( )
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Problem 7.12
With Eq. (7.145) the standard deviation of the measured velocity is given by

c

Oy = — 0 G.65

v QO Q ( )

with oq as the standard deviation of the angular frequency difference. Similar

to the calculation of og, the standard deviation oq can be determined by an
integral of the corresponding spectrum:

+0o0
od =2 / Wa(f)[1 - cos(2rfr)ldf . (G.66)
-0
Because of J
AQ(t) = pr [A@(t)} (G.67)
the relation between the spectra W and Wy is given by
Wao =21 f)*Ws . (G.68)
This leads to
+00
Wo =2 / (27 £)* Wa(f) [1 ~ cos(2mfr)| df . (G.69)

-0
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Appendiz H

Solutions to the
Problems of Chapter 8

Chapter 8
Problem 8.1

The cascade circuit generates impulse like signals behind the 1-bit quantizer
at the positions y1, y2 and ys with amplitude values of zero or one. A signal
with the amplitude value one for one time step shall be denoted as unity
impulse or simply impulse. For the first stage a unity impulse (y; in Fig. 8.7),
is directly transmitted to the output y. After the second and third stage
the unity impulses (y» and yz in Fig. 8.7) are differentiated once or twice,
respectively, and also transmitted to the output (y in Fig. 8.7), where all
three signals (y1, y4 and y4 in Fig. 8.7) are summed up.

The Z-transformed transfer functions of the three differentiation networks
are given in the table. By a reverse Z-transformation into the time domain
one obtains the corresponding finite impulse responses h{k), also given in the

401
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table.
stage | H(z) { h(n)
1 (1-z"H) =1 §(k) (H.1)
2 1-zHl=1-27" §(k)—6(k—1)

3 | (Q-212=1-2"1+2"2| 6(k)—26(k — 1)+ 6(k — 2)

The contribution to the total deviation of the division factor AN for the
different stages is shown in Fig. H.1.

1. stage 2. stage 3. stage
deviation deviation deviation

A A A
+1+ +1+ +1+

0 » 0 » 0 L

t t t
-1+ -1+ -1+
-2+ -2+ 924

Fig. H.1

For instance, with the appearance of an impulse at the position ys, an
increase of the division factor N behind the differentiator of second order
by +1 is induced, a decrease in the succeeding clock cycle by —2 and once
again an increase by +1 in the following clock cycle. Because the impulses
of the different stages can arrive either simultaneously or at earlier or later
clock cycles and because the differentiation networks are linear circuits, the
maximum division factor deviation can attain the value +4 for a three-stage
configuration. This situation occurs if an impulse is produced by all three
stages simultaneously and in addition an impulse signal already appeared two
clock cycles earlier. The minimum deviation of the division factor is obtained
when at least the second and the third stage produce impulses simultaneously
in front of the differentiation networks, but not the first stage. The sum of —1
and —2 leads to the maximum negative deviation of —3. Similar reasoning
results in division factor deviations of —1 to +2 for the two-stage and 0 to +1
for the one-stage configuration.

Problem 8.2
The transfer function H(z) is given by

Y(z) K1

H(z) F =D3+(D2~53+D~/€2+51)-z“1




Thus the zeros

1
4
1
(1—2z71P3 +|(1-271)2+ 5(1 -2+ 1 z~1
1
4
22— §z+l
4 2

z1,2 of the denominator are

2y = %(~5:tj\/7)
or
21| = |22i=—\/§-

2
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(H.4)

We conclude that the zeros lie within the unit circle and stability is guaran-

teed.

Problem 8.3

The transfer function H(z) is given by

H(z)

The zeros of the denominator are

Y (z)
F
z—l
i, 3,
D4+D3'2—1+.D2'Z 1+—D~z + = .z
2 16
22
27 1
3_2 2 s . =
AR T LA
lzo] = 0.5772...
za| = |23/ =09307... .

(H.6)

Again we conclude that the zeros lie within the unit circle and stability is

guaranteed.
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Index

1/f-noise, 3, 210
3 dB-method, 113
A/D converter, 288
Admittance matrix, 39
AM-PM conversion factor, 225
Amplifier, 53
uncorrelated amplifier, 54
Amplitude compression factor, 225
Amplitude detector, 270
Amplitude distribution, 5-6
Amplitude distribution density, 5
Amplitude modulation, 109
Amplitude noise, 175, 211, 230, 252
of amplifiers, 218
of oscillators, 238
Analog-to-digital converter ADC, 287, 291
Analog multiplier, 89
Antenna noise, 52
Attenuator, 51
Autocorrelation function, 9-10, 22
transformation of the, 22
Auxiliary oscillator, 272
Available gain, 168, 170
maximum available gain, 170
of the down converter, 168
Available noise power, 34
Avalanche diode, 114
Avalanche noise, 3, 136
Balanced mixer, 173, 271
Baseband phasor, 213

408

equivalent baseband phasor, 213
Bipolar transistor, 140, 236
Bivariate probability density, 18
Boltzmann constant, 30
Broadband mixer, 171
Campbell theorem, 130
Cascade circuit, 295
Cascade formula, 63
Central limit theorem, 6, 14
Central moment, 8
Chain circuit, 295
Characteristic function, 13
Circulator, 47, 272
Clutter noise, 284
Cold or unpaired method, 117
Combination frequencies, 164
Compensation radiometer, 101
Complex transfer function, 21
Compound probability, 7
Conditional probability, 7
Conditional probability density, 7
Contro! loop bandwidth, 289
Conversion loss, 170
Conversion matrix, 223, 240

of linecar networks, 240
Corner frequency, 252
Correlation, 10, 92, 178
Correlation matrix, 183
Correlation radiometer, 107, 112
Correlator, 107, 109
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Coupling factor, 268 Harmonic mixer, 189, 194
Covariance, 19 Heterodyne principle, 279
Critical coupling, 269 Heterodyne reception, 279-280
Cross-correlation function, 10, 92 Hot-cold noise measurement method, 116
Cross-spectrum, 92 Image frequency, 166-167
De-embedding, 123 Impatt diode, 236
Delay line, 270 Impedance matrix, 40
Describing function, 224, 236 Impulse response, 20
Dicke-radiometer, 95 Injection locking, 272
Discrimination efficiency, 268 Injection power, 275
Dissipation theorem, 37, 60 Intermediate frequency, 165
Distance measurement, 281 Inverse Fourier transform, 13
Down converter, 166167, 188 Isolator, 48
two-port equivalent circuit, 167 Johnson noise, 30
with field effect transistor FET, 188 Large signal amplifier, 226
Effective bandwidth, 87 Local oscillator signal, 164
Effective noise temperature, 135 Lower sideband conversion, 165
Elastance, 199 Majority carrier, 133
Ensemble average, 7 Maximum available gain, 168
Equivalent circuit, 171 of the down converter, 168
of a down converter, 171 Mean noise power, 8
Equivalent current source, 39 Measurement, 88, 262
Equivalent noise source, 46 of amplitude noise, 262
Equivalent noise temperature, 35, 93 of oscillator noise, 262
measurement of the, 93 of phase noise, 264
Equivalent voltage source, 39 of the cross correlation function, 88
Ergodic process, 9 of the cross spectrum, 88
Expected value, 8 Microwave gas spectroscopy, 285
Field effect transistor FET, 146, 236 Minimum noise figure, 159
Flicker noise, 3, 136, 210 Mixer, 230
Fourier transform, 13 Noise corner frequency, 210
Fourier transformation, 13, 87 Noise factor, 54
Fractional divider circuit, 301 Noise figure, 54, 60, 65, 184, 207
Fractional divider phase locked loop, 289 Noise figure measurement, 114, 196
Fractional division factor, 291 Noise figure
Fractional division ratio, 290 minimum noise figure, 66
Fractional logic circuit, 302 of the parametric amplifier, 200
Free running oscillator, 272 total noise figure, 63
Frequency converter, 230 Noise match, 69
Frequency discriminator, 266 Noise matching, 66
Frequency divider, 228 Noise modulation, 211
Frequency domain, 21 Noise power measurements, 85
Frequency modulation, 284 Noise sidebands, 210
Frequency multiplier, 228 Noise temperature, 35, 110
Frequency translation, 180, 209 Noise wave, 46
Galin, 56 Normal distribution, 6
available power gain, 56 Normalization condition, 5
maximum available power gain, 56 Normalized cross-spectrum, 24
of the down converter, 168 Nyquist-relation, 35
power gain, 56 Offset frequency, 216, 252
transducer power gain, 56 Ohmic region, 149
Gallium arsenide (GaAs) diode, 136 One-port oscillator, 235, 248
Gaussian distribution, 6 One-sided spectrum, 11
Gaussian process, 19 Oscillation condition, 238
Gunn diode, 236 Paired noise measurement method, 116

Harmonic frequency, 164 Parametric amplifier, 196, 200
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Parametric approach, 164
Phase detector, 231
phase detector constant, 231
Phase locked loop, 256
phase locked loop circuit, 256
Phase modulation, 284
Phase noise, 211, 276
of oscillators, 238
Phase shift, 269
Phasor description, 164
PIN diode, 137
Pinch-off voltage, 147
Planck correction, 35
PLL, 261
PM-AM conversion factor, 225
PN-diode, 127, 137
PN-junction, 137
Poisson process, 130
Power gain, 168
Power meter, 90
Power spectral density, 11
Power spectrum, 11, 30
Probability density, 5
Pump level, 168
Pump signal, 164
Pump voltage, 163
Quantization bits, 288
Quantization error, 287
Quantization noise, 288-289
quantization noise power, 288
Quantization step, 288
Quantizer, 287
Radiometer, 93, 111
switching radiometer, 93
two-channel radiometer, 111
Random variable, 4
continuous random variable, 4
discrete random variable, 4
Reference impedance, 47
Reference oscillator, 272
Reflection coefficient, 99
Reflection type resonator, 268
Resonator quality factor, 247
Sampling frequency, 287
Sampling mixer, 189
Saturation region, 149
Scattering matrix, 47
Schottky diode, 127, 133, 170
Schottky relation, 133
Shockley model, 147
Shot noise, 3, 128, 132, 178
Sigma-delta modulation, 291
Signal-to-noise ratio, 57

Signal divider, 52, 267
Silicon (Si) device, 136
Single sideband converter, 213
Sinusoidal voltage, 167
Source impedance

optimum source impedance, 69
Spectral density function, 30
Spectral distribution, 30
Spectrometer, 93
Spectrum, 11, 30

one-sided spectrum, 11

two-sided spectrum, 11
Stability condition, 242
Standard deviation, 8
Stark modulation, 285
Stationary process, 8
Stationary random process, 288
Statistical independence, 7
Statistical spread, 6, 8
Stochastic process, 4
Superposition principle, 164
Synchronization range, 274
System temperature, 110
Thermal noise, 2, 30
Time domain, 21
Transformation, 23

of the power spectrum, 23
Transient behavior, 302
Transmission resonator, 276
Two-channel radiometer, 111
Two-port, 208
Two-port equivalent circuit

of a down converter, 167
Two-port oscillator, 235, 243
Two-port

non-linear two-port, 208

linear two-port, 209
Two-sided spectrum, 11
Two-transistor model, 151
Up-converter, 205
Upper sideband conversion, 165
Vacuum diode, 128
Vacuum tube, 128, 236
Varactor, 196

varactor diode, 196
Variance, 8
Velocity measurement, 282

Voltage controlled oscillator VCO, 255

Weighting coefficients, 298
Weighting function, 20
Wiener-Khintchine-relations, 11
Y-factor-method, 114
YIG-tuned oscillator, 280
Z-transformation, 292





