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Instructional Objectives:

At the end of this lesson, the student should be able to:

e apply the theory of segmental equilibrium for the solution of different types of
slab problems,

e apply the theory of virtual work for the solution of different types of slab
problems.

12.33.1 Introduction

The theoretical formulations of the yield line analysis of slabs are
explained in earlier Lessons 30 to 32, considering (i) the method of segmental
equilibrium and (ii) the method of virtual work. lllustrative examples are solved in
Lesson 30. This lesson includes different types of illustrative examples of slabs
with different combinations of support conditions. Two types of loadings, viz., (i)
point loads and (ii) uniformly distributed loads, are considered. In some cases,
two or three possible yield patterns are examined to select the correct one and
the corresponding loads are determined. The problems include different types of
rectangular or square two-way slabs, triangular, quadrantal and circular slabs.
Circular slabs also include one practical example where it is supported by a
central column in addition to clamped support along the periphery. Some practice
problems and test problem are also included. Understanding the numerical
problems and solving practice and test problems will give a better understanding
of the theories of yield line analysis and their applications.

12.33.2 lllustrative Examples
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Problem 1.

Solution 1.

Step 1.

Step 2.

or

Step 3.

Step 4.

Determine the uniformly distributed collapse load w kN/m? of a
square slab (L m x L m), simply supported at three edges and the
other edge is free. Assume My = 2M, = 2M.

The slab is shown in Fig.12.33.1a. Given data are:

Lx = Ly =L and My = 2M, = 2M.

To examine the possibility of yield patterns 1, 2 or both
Equation12.45 of Lesson 32 stipulates that (My/My) ( 4 (Ly ILy)? for
yield pattern 1 and Eq.12.54 of Lesson 32 gives the condition that
(My/My) ) (413) (Ly/Ly)? for yield pattern 2.

Here, Ly/Lx = 1 and My/My = 2. So, (My/M,) ( 4 (Ly /L,)? and (My/My) )
(4/3) (Ly /L)% Thus, both the yield patterns are to be examined.

Value of y for yield pattern 1
The value of y is obtained from Eq.12.43 of Lesson 32, which is

AMyLyy"+2My LAYy —-3My LA Ly =0

(12.43)
2y? +2Ly—-3L%=0
1)
which gives y = 0.823L
2)

Determination of collapse load w kN/m?

Equations 12.41 and 12.42 of the method of segmental equilibrium
of Lesson 32 and EQ.12.48 of the method of virtual work of Lesson
32 shall be used to determine w. The results are given below.

() From Eq. 12.41: w = (24ML)/{3L? (L-y) + L?y}= 17.722 (M /L?)
3)

(i) From Eq. 12.42: w = 12M/y? = 17.722 (M/L?) (3)
(iii) From Eq. 12.48: w = {12 M (2y + L)}/ {L(3yL — y?)} = 17.722
(M/L?)

3)

Value of x for yield pattern 2
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Step 5.

(6)

Step 6:

Problem 2:

Solution 2:

Step 1:

Step 2:

The value of x is obtained from Eq. 12.52 of Lesson 32, which is
6x> +4Lx —3L%=0 (4)
which gives: x = 0.448L (5)

Determination of collapse load w kN/m?

Equations 12.50 and 12.51 of the method of segmental equilibrium
of Lesson 32 and Eq. 12.57 for the method of virtual work of Lesson
32 shall be used to determine w. The results are given below:

(i) From Eq. 12.50: w = {6M(L? — 2x?)} / X?L? = 17.841 (M /L?) (6)
(i) From Eq.12.51: w = 24 Mx / {L? (3L-4x)}= 17.841 (M/L?) (6)

(iii) From EQ.12.57: w = (M/L?) {12 (L? + 2x?)}/ {x (3L — 2x)} = 17.841
(M/L?)

Correct yield pattern and collapse load

Comparison of results of steps 3 and 5 reveals that yield pattern 1 is
the correct one giving the lower value of w. For this yield pattern, y =
0.823 L and w = 17.722 (M/L?).

Determine the uniformly distributed collapse load w kN/m? of a
rectangular slab whose L,/Ly = 3/4, simply supported at three edges
and free at the other edge. Assume My = 2M,.

The slab is shown in Fig.12.33.1a. Given data are: Ly/Lx = 3/4 and

To examine the possibility of yield patterns 1, 2 or both

Equation 12.45 of Lesson 32 stipulates that (My/My) ( 4 (Ly/Ln)2 for
yield pattern 1 and Eq. 12.54 of Lesson 32 gives the condition that
(My/My) ) (413) (Ly/Ly)? for yield pattern 2.

Here, L,/Lx = 3/4 and My/My = 2 give (M,/My) ( 4 (Ly/LX)2 and (M,/M,)
) (4/3) (Ly/LX)Z. Thus, both the yield patterns are to be examined.

Value of y for yield pattern 1
The value of y is obtained from Eq.12.43 of Lesson 32, which gives:
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Step 3:

(9)

Step 4:

Step 5:

Step 6:

6y? + 8Ly — 9L,2= 0 (7)
The solution of Eq. 7is:  y =0.728 Ly (8)
Determination of collapse load w kN/m?

Equations 12.41 and 12.42 of the method of segmental equilibrium
of Lesson 32 and Eq. 12.48 of the method of virtual work of Lesson
32 shall be used to determine w. The results are given below:

(i) From Eq. 12.41: w = 24M, Ly/{3LA(Ly - Y)+ L’y}= 22.657(My/Ly2)
9)
(i) From Eq. 1242: w = 6My, / y* = 22657 (MJLO)

(i) From Eq. 12.48: w = (24M,L, y + 6M, L,®) / {L,® (3y Ly - y?)}
=22.657 (ML) (9)

Value of x for yield pattern 2

The value of x is obtained from Eq. 12.52 of Lesson 32, which is

6x°+2.25 L, x—1.6875 =0 (10)
The solution of the above equation is
x =0.375 Ly (11)

Determination of collapse load w kN/m?

Equations 12.50 and 12.51 of the method of segmental equilibrium
of Lesson 32 and Eq. 12.57 of the method of virtual work of Lesson
32 shall be used to determine w. The results are:

(i) From Eq. 12.50: w = 6(My L,* — My x%) /(x°’L,%)= 21.334 (My/L\%)
(12)
(i) From Eq. 12.51: w = 24 My x /{L,* (3Lx — 4x)}= 21.334 (My/L\%)
(12)
(i) From Eq. 12.57: w = 12{My L,*+Myx*}/{L,* X(3Lx - 2x)}

= 21.334 (M)/L,®) (12)

Correct yield pattern and collapse load

Comparison of results of steps 3 and 5 reveals that yield pattern 2 is
the correct one for which w is lower than that of yield pattern 1. For
yield pattern 2, x = 0.375 L, and w = 21.334 (M / L,).
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Problem 3:

Solution 3:

Step 1.

Step 2.

Step 3.

Determine the uniformly distributed collapse load w kN/m? of a
square slab (L m x L m), simply supported at three edges and free
at the other edge. Assume My = M, = M.

The slab is shown in Fig. 12.33.1a. Given data are:
Lx=Ly=Land My=My= M.

To examine the possibility of yield patterns 1, 2 or both

From Eq. 12.45 of Lesson 32, it is seen that (My/My) < 4 (Ly/Ln)Z. So,
yield pattern 1 has to be considered. But, (My/My) is not greater than
(4/3) (Ly/LX)2 (vide Eq. 12.54 of Lesson 32). So, yield pattern 2 is not
to be considered.

Value of y for yield pattern 1

Equation 12.43 of Lesson 32 gives: 4y*+ 2Ly —3L?=0 (13)
The solution of Eq.13is: y=0.651 L (14)

Collapse load w kN/m?

()  From Eq.12.41 of Lesson 32: w = (M/L?){(24)/(3 —2y)}=14.141(M/L?)
(15)

(i)  From Eq. 12.42 of Lesson 32: w = 6M/y* = 14.141 (M/L?)
(15)

Problem 4:

Solution 4:

Step 1:

(i)  From Eq. 12.48 of Lesson 32: w = (M/ L?) {(24 y + 6){3y-y?)}=
14.141(M/L?) (15)

Determine the uniformly distributed collapse load w kN/m? of a
rectangular slab whose Ly/Lx = 0.4, simply supported at three edges
and free at the other edge. Assume M,/M, = 1.

The slab is shown in Fig.12.33.1a. Given data are: L,/L, = 0.4 and
My/My = 1.

To examine the possibility of yield patterns 1, 2 or both
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Step 2:

Step 3:

Here, (M,/M,) is not less than 4 (Ly/Lx)z. So, yield pattern 1 is not to
be considered. However, (My/My) is ) (4/3) (Ly/LX)Z. So, yield pattern
2 has to be considered (vide Egs. 12.45 and 12.54 of Lesson 32).

Value of x for yield pattern 2

Equation 12.52 (Lesson 32) gives: 3x* + 0.64 L,> — 0.48 L, =0 (16)
The solution of Eqg. 16 is: x = 0.3073 Ly a7

Collapse load w kN/m?

() Eq.12.50 gives: w = (My/L®) {6(0.16-x°}/0.16x%} = 26.032 (M,/L,%)

(18)

(i) Eq.12.51 gives: w = (My/L,®)}{24x / 0.16(3-4x)}= 26.032 (My / L,®)
(18)

(i) EQ. 12.57 gives: w = (My/LA){12 (0.16+x?)/0.16(3x — 2x?)}
= 26.032 (My / L) (18)

(Equations 12.50, 12.51 and 12.57 are from Lesson 32.)

Problem 5: Determine the correct yield pattern and the collapse point load P of

the isosceles triangular slab of Q.4b of sec.12.31.7 of Lesson 31
(Fig.12.31.10), if the load is applied at the centroid of the slab. The
slab is also shown in Fig. 12.33.2a having B =6 m and 2L = 12 m.
Assume M, = 9 kKNm/m and M, = 12 kNm/m. Use the method of
virtual work.
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Fig. 12.33.2: Problem 5

Solution 5: The slab is shown in Fig. 12.32.2a. Given data are: 2L.=12 m, B =6

Step 1:

m, Mp = 9 kNm/m and M, = 12 KNm/m. In this problem, two possible
yield patterns, as shown in Figs.12.33.2b and c, are to be
considered. The lower of the two loads shall be taken, as the correct
collapse load and the corresponding yield pattern is the correct one.

Yield pattern 1

Yield pattern 1, shown in Fig. 12.33.2b, divides the slab into three
segments. Assuming the deflection of the slab at the centroid G = 4,
the rotation 6, of segment DFG = &, = A4/2 (as the distance GJ = 2
m). The length of the side DE = 6V2 m and the perpendicular
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Step 2:

Step 3:

Step 4:

Step 5:

distance from G to ED is GH = EG sin 45° = 242 m. The rotation of
the segment DEG = rotation of the segment FEG = AIGH = A/272.

TIW and TEW due to moments and loads

TIW = (M, + Mp) {DF (6) + 2DE (&)} = 21{12(4/2) + 2(62) (4/2\2)}
=252 A

So, TIW =252 4 (29)
TIW=P 4 (20)
Collapse load P

Equating TIW and TEW from Eqgs. 19 and 20, we have, P = 252 kN
(21)

Thus, the collapse load for the yield pattern 1 is 252 kN.

Yield pattern 2

Yield pattern 2 divides the segment into a large number of sub-
segments as shown in Fig. 12.33.2c. The free body diagram of a
typical segment GSR is shown in Fig. 12.33.2d. The internal work
done by moments M, and M, of the segment GSR is given below.

Internal work done by moments

=Mprdé(alr) + My rdé(alr) = (M + Mp) d6 4 (22)
Total number of such segment = 24/d6 (23)
So, TIW = (Mn + Mp) d6 4 (24d6) = (Mi + Mp) 27 (4) (24)
Total external work done by the load:

TEW = P4 (25)

Equating TIW and TEW from Egs. 24 and 25, we have
(Mn + Mp) 27 (4) = P4

which gives
P = (M + Mp) 21 = 42 n = 119.428 kN (26)

Correct yield pattern and the collapse load
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The correct yield pattern is the second one as it gives the lower
collapse load P =119.428 kN.
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Fig. 12.33.3: Problem 6

Problem 6: A circular slab of 6 m radius is shown in Fig. 12.33.3 which is

clamped along the circumference and has a column support at the
centre. Determine the yield pattern and uniformly distributed
collapse load of the slab if the positive and negative moments of
resistance M, and M, are 30 kNm/m. Use the method of virtual work.

Solution 6: Figure 12.33.3 shows the slab. Given data are R = 6 m and M,, = M,

= 30 KNm/m.

The analysis of this type of slab is explained in sec. 12.32.6D of
Lesson 32 by the method of virtual work. We have Eqs.12.89 and
12.90 to determine the values of r and w (Fig. 12.32.7a to c). Using
those equations with reference to Fig. 12.32.7 of Lesson 32, we
have

(i) From Eq. 12.89: r = 0.2679 R = 1.6074 m (27)
(i) From Eq. 12.90: w = 22.39 (M/R?) = 18.658 kN/m? (28)
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Determine the yield pattern and uniformly distributed collapse load
of the quadrantal slab of radius R = 6 m as shown in Fig.12.33.4,
which is clamped along the straight edges OA and OB, and free
along the curved edge ACB. Assume M, = M,= 30 kNm/m. Use the
method of segmental equilibrium for this problem.

Yield pattern

The slab and the yield pattern are shown in Fig. 12.33.4. Here, the
negative yield lines are along OA and OB, and the positive yield line
OC divides the slab into two symmetrical segments. The point G is
the centroid of the segment COA. The angle GOA = /8. We know,

OG = (2R/3) (sin #18 | #18), GD = OG sin /8 and area of the
segment COA = zR%/8
(29)

Segmental equilibrium equation
Taking moment of the load of segment COA about OA and
considering M, and M,, we have

M, (OA) + M, (OC cos45°) —w (7 R?/8) (GD) =0
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or

or

M (R) + M, (R/12) —w (7R%8) (2R/3) (sin /18 / 18) sin 18 = 0
Mn +Mp/N2 — (2 w R?/3) sin % (/8) = 0 (30)

The value of the collapse load w can be determined from known
values of M, , My and R from Eq.30.

Let us assume:
Mn =Kk Mp (31)

Equation 30 then gives

w = {3 (12 k +1) M} AR*(12 -1)} (32)

For this particular problemk =1 and R =6 m.
Thus, from Eq. 32, we have:

w = 14.571 kN/m? (33)

12.33.3 Practice Questions and Problems with Answers

Q.1:

A.l:

Q.2:

A.2:

Determine the uniformly distributed collapse load w kN/m? of a
circular slab of radius = 6 m simply supported along the periphery, if
Mp = 30 KNm/m. Use the method of segmental equilibrium.

The analysis of such slabs is explained in sec. 12.32.6B of Lesson
32 employing the method of segmental equilibrium with reference to
Fig. 12.32.5a and b. Equation 12.82 gives the value of the uniformly
distributed load, which is

w = 6M,/R? = 6(30)/(36) = 5 kN/m? (34)
Therefore, the collapse load of this slab is 5 kN/m?.

Determine the uniformly distributed collapse load w kN/m? of a
circular slab of radius = 6 m and clamped along the periphery, if My
= M, = 30 kNm/m. Use the method of segmental equilibrium.

The analysis of such slabs is explained in sec. 12.32.6C of Lesson
32 employing the method of segmental equilibrium with reference to

Figs.12.32.6a and b. Equation 12.83 gives the value of the uniformly
distributed load, which is
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Q.3:

w =6 (M, + M) / R? = 60(60)/36 = 10 kN/m? (35)
Therefore, the collapse load of this slab is 10 kN/m?.

Determine the uniformly distributed collapse load of a 6 m x 6 m
square slab clamped along four edges and has the moment of
resistance Myx = Mpy = Mnx = My = Mp = M = 30 KNm/m.

Clamped edge
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L ' Lx=E|FTI

|
™ b |

Fig. 12.33.5(a): Yield pattern 1

Fig. 12.33.5(b}): Yield pattern 2
Fig. 12.33.5: Q.3
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A.3:

Step 1:

Step 2:

Step 3:

Fig. 12.33.5(c): Yield pattern 3

For this problem, we have to examine three yield patterns 1, 2 and
3, shown in Figs.12.33.5a, b and c, respectively.

Selection of yield patterns

In this problem, (L, / LX)2 =1 and (Mpy + Mpy)/ (Mpx +Mpy) = 1. So,
yield pattern 1 has to be considered. Since, (Mpy + Myy) / (Mpx + Mny)
is not greater than (4/3) (L,/Ly)?, yield pattern 2 is not possible. Yield
pattern 3 is also possible. So, we have to examine yield patterns 1
and 3.

Yield pattern 1

Equation 12.26 of Lesson 31 gives the value of w for yield pattern 1,
which is

W= 12{Mpx + MIL)E + My + Mpl(Ly)?
(12.26)

= 12 {60/36 + 60/36} = 40 kN/m?
Thus, w = 40 kN/m? for yield pattern 1

Yield pattern 3
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Equation 12.83 of Lesson 32 gives the value of load w for yield
pattern 3, which is:

w = 6(M, + Mp) / R (12.83)
Using M, = M, = 30 kNm/m as R = 3 m, we have w = 40 kN/m?,

Therefore, the collapse load of this slab is 40 kN/m? either for the
yield pattern 1 or for the yield pattern 3.
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12.33.5 Test 33 with Solutions

Maximum Marks = 50, Maximum Time = 30 minutes
Answer all questions.
TQ.1: Determine the uniformly distributed collapse load of a rectangular

slab (Figs. 12.33.1a, b and c) having L,/Lx = 0.5, simply supported at
three edges and free at the other edge. Assume My = 0.5 M.

ATQ.1: The slab is shown in Figs. 12.33.1a, b and c. Given data are: Ly/Lx =
0.5 and My/My = 0.5.

Step 1: To examine the possibility of yield patterns 1, 2 or both
Here, (My/My) < 4(Ly/LX)2. So, yield pattern 1 is possible. Again
(My/My) ) (4/3) (Ly/LX)2 . S0, yield pattern 2 is also possible. Thus,
both yield patterns 1 and 2 are to be examined.

Step 2: Value of y for yield pattern 1

Equation 12.43 of Lesson 32 gives: 2y? + Lyy — 0.75 L,>= 0, which

gives,
y = 0.4114 L, (36)
Step 3: Determination of collapse load w kN/m?
(i) Eq. 12.41 gives: w = (My/L%) {12/(1.5-2y)} = 17.722(M,/L,®)
22 (i) EqQ. 12.42 gives: w = (My/L®) (8ly?) = 17.722 (My / L,®)

(iii) Eq. 12.48 gives: w = (ML) {(12y + 3) / y(1.5-y)}
=17.722 (ML) (37)
(Equations 12.41, 12.42 and 12.48 are from Lesson 32.)
Step 4: Value of x for yield pattern 2
The value of x is obtained from Eq. 12.52 of Lesson 32, which is,
1.5x*+ Lyx—=0.75L2=0 (38)
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Step 5:

(40)

(40)

Step 6:

12.33.6

The solution of Eq. 38 is:
X = 0.448 L (39)
Determination of collapse load w kN/m?

(i) EQ. 12.50 of Lesson 32 gives: w = 17.841 (My/Ly°)

(i) EQ. 12.51 of Lesson 32 gives: w = 17.841 (M,/L%)

(iii) EQ. 12.57 of Lesson 32 gives: w = 17.841 (M,/L,?) (40)

Correct yield pattern and collapse load

Comparison of results of Steps 3 and 5 reveals that the yield

pattern 1 is the correct one giving lower value of w = 17.722
(MLy2).

Summary of this Lesson

This lesson explains the different types of yield pattern of triangular,
rectangular, quadrantal and circular slabs through several numerical problems.
Both the methods of segmental equilibrium and virtual work are employed. The
loadings considered are either point load or uniformly distributed load. All
possible yield patterns of a particular problem are examined to select the correct
one and the corresponding lower/lowest load for the slab problems. The
moments of resistance of the slab in the two directions are also varied in the
problems. Different types of support conditions are taken up in the numerical
problems. In addition to illustrative examples, practice problems and test problem
will help in understanding the theories and their applications in analysing slab
problems with different types of support conditions and loadings.
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