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CHAPTER 1

INTRODUCTION

1.1 REINFORCED CONCRETE STRUCTURES

Concrete is arguably the most important building material, playing a part in all
building structures. Its virtue is its versatility, i.e. its ability to be moulded to take
up the shapes required for the various structural forms. It is also very durable and
fire resistant when specification and construction procedures are correct.

Concrete can be used for all standard buildings both single-storey and multi-storey
and for containment and retaining structures and bridges. Some of the common
building structures are shown in Fig. 1.1 and are as follows:

1. The single-storey portal supported on isolated footings.

2. The medium-rise framed structure which may be braced by shear walls or
unbraced. The building may be supported on isolated footings, strip
foundations or a raft.

3. The tall multi-storey frame and core structure where the core and rigid
frames together resist wind loads. The building is usually supported on a
raft which in turn may bear directly on the ground or be carried on piles or
caissons. These buildings usually include a basement.

Complete designs for types 1 and 2 are given. The analysis and design for type
3 is discussed. The design of all building elements and isolated foundations is
described.

1.2 STRUCTURAL ELEMENTS AND FRAMES

The complete building structure can be broken down into the following elements:

e  Beams: horizontal members carrying lateral loads

e  Slab: horizontal plate elements carrying lateral loads

e Columns: vertical members carrying primarily axial load but generally
subjected to axial load and moment

e Walls: vertical plate elements resisting vertical, lateral or in-plane loads

e  Bases and foundations: pads or strips supported directly on the ground
that spread the loads from columns or walls so that they can be supported
by the ground without excessive settlement. Alternatively the bases may
be supported on piles.

To learn about concrete design it is necessary to start by carrying out the design
of separate elements. However, it is important to recognize the function of the
element in the complete structure and that the complete structure or part of it needs
to be analysed to obtain actions for design. The elements listed above are
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illustrated in Fig. 1.2 which shows typical cast-in-situ concrete building
construction.

A cast-in-situ framed reinforced concrete building and the rigid frames and
elements into which it is idealized for analysis and design are shown in Fig. 1.3.
The design with regard to this building will cover

1. One-way continuous slabs
2. Transverse and longitudinal rigid frames
3. Foundations

Various types of floor are considered, two of which are shown in Fig. 1.4. A
one-way floor slab supported on primary reinforced concrete frames and secondary
continuous flanged beams is shown in Fig. 1.4(a). In Fig. 1.4(b) only primary
reinforced concrete frames are constructed and the slab spans two ways. Flat slab
construction, where the slab is supported by the columns without beams, is also
described.  Structural design for isolated pad, strip and combined and piled
foundations and retaining walls (Fig. 1.5) is covered in this book.

1.3 STRUCTURAL DESIGN

The first function in design is the planning carried out by the architect to determine
the arrangement and layout of the building to meet the client's requirements. The
structural engineer then determines the best structural system or forms to bring the
architect's concept into being. Construction in different materials and with
different arrangements and systems may require investigation to determine the
most economical answer. Architect and engineer should work together at this
conceptual design stage.
Once the building form and structural arrangement have been finalized, the design
problem consists of the following:
1. Idealization of the structure into load bearing frames and elements for
analysis and design
2. Estimation of loads
3. Analysis to determine the maximum moments, thrusts and shears for
design
4. Design of sections and reinforcement arrangements for slabs, beams,
columns and walls using the results from 3
5. Production of arrangement and detail drawings and bar schedules

1.4 DESIGN STANDARDS

In Europe, design is generally to limit state theory in accordance with the following
Eurocodes:

BS EN 1990:2002 Eurocode — Basis of structural design

BS EN 1992-1-1:2004: Eurocode 2: Design of concrete structures Part-1: General
rules and rules for buildings
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BS EN 1992-1-2:2004: Eurocode 2: Design of concrete structures Part-1-2:
General rules-Structural fire design

The design of sections for strength is according to plastic theory based on
behaviour at ultimate loads. Elastic analysis of sections is also covered because
this is used in calculations for deflections and crack width.

The loading on structures conforms to:
BS EN 1991-1-1: 2002 Eurocode 1: Actions on Structures Part-1-1: General
actions-Densities, self-weight, imposed loads on buildings
BS EN 1991-1-3: 2003 Eurocode 1: Actions on Structures. General actions. Snow
loads
BS EN 1991-1-4: 2005 + A1:2010 Eurocode 1: Actions on structures. General
actions. Wind actions

In addition to the above codes, although the code gives recommended values for
certain parameters, each nation in Europe is allowed some leeway in terms of the
values of certain parameters to be used in the codes. In U.K., the National Annex
gives guidance on the specific parameters to be used.

The code also makes a clear distinction between principles and application rules.
Principles are indicated by the letter P after the clause number. Principles
comprise general statements, models, requirements for which no alternative is
permitted. For example:

4.2 Environmental conditions
4.2(1)P Exposure conditions are chemical and physical conditions to which the
structure is exposed.

4.3 Requirements for durability
4.3(1)P In order to achieve the required design working life of the structure,
adequate measures shall be taken to protect each structural element against the
relevant environmental actions.

Application rules are generally recognized to satisfy the principles. Application
rules follow principle rules. For example under Section 5 Structural analysis:

5.1.1 (4) P Analysis shall be carried out using idealizations of both geometry and
the behaviour of the structure. The idealizations selected shall be appropriate to
the problem considered.

5.1.1 (7) Common idealizations of the behaviour used for the analysis are:

Linear elastic behaviour

Linear elastic behaviour with limited redistribution

Plastic behaviour including strut and tie models

Non-linear behaviour

In the above 5.1.1(4)P is a principle and 5.1.1 (7) is an application rule.
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Note that different application rules can be used provided they are not in conflict
with the principle rules. It is because of this, unlike say the British Standard
BS 8110 for the design of reinforced concrete structures, the Eurocodes do not
always give detailed equations for the design of an element or a structure.

The codes set out the design loads, load combinations and partial factors of safety,
material strengths, design procedures and sound construction practice. A thorough
knowledge of the codes is one of the essential requirements of a designer. Thus it
is important that copies of these codes are obtained and read in conjunction with
the book. Generally, only those parts of clauses and tables are quoted which are
relevant to the particular problem, and the reader should consult the full text.

1.5 CALCULATIONS, DESIGN AIDS AND COMPUTING

Calculations form the major part of the design process. They are needed to
determine the loading on the elements and structure and to carry out the analysis
and design of the elements. The need for orderly and concise presentation of
calculations cannot be emphasized too strongly. Very often in practice, projects
are kept on hold after some preliminary work. Work should therefore be presented
in a form such that persons other than those who did the initial design can follow
what was done without too much looking back. A useful reference for the
presentation of design office calculations is Higgins and Rogers (1999).

Design aids in the form of charts and tables are an important part of the
designer's equipment. These aids make exact design methods easier to apply,
shorten design time and lessen the possibility of making errors. Useful books are
Reynolds et. al (2007) and Goodchild (1997).

The use of computers for the analysis and design of structures is standard

practice. Familiarity with the use of spreadsheets is particularly useful. A useful
reference is Goodchild and Webster (2000).
It is essential that students understand the design principles involved and are able
to make manual design calculations before using computer programs. Manual
calculations are also necessary to check that results from the computer are in the
right ‘ball park’. This ensures that no gross errors in terms of loads or structural
idealizations have been committed.

1.6 DETAILING

The general arrangement drawings give the overall layout and principal dimensions
of the structure. The structural requirements for the individual elements are
presented in the detail drawings. The outputs of the design calculations are
sketches giving sizes of members and the sizes, arrangement, spacing and cut-off
points for reinforcing bars at various sections of the structure. Detailing translates
this information into a suitable pattern of reinforcement for the structure as a
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whole. Useful references on detailing are by Institution of Structural Engineers,
London (2006) and Calavera (2012).

It is essential for the student to know the conventions for making reinforced
concrete drawings such as scales, methods for specifying steel bars, links, fabric,
cut-off points etc. The main particulars for detailing are given for most of the
worked exercises in the book. The bar schedule can be prepared on completion of
the detail drawings. In the U.K., the form of the schedule and shape code for the
bars conform to BS 8666: 2005, Scheduling, Dimensioning, Bending and Cutting
of Steel for Reinforcement for Concrete.

It is essential that the student carry out practical work in detailing and
preparation of bar schedules prior to and/or during a design course in reinforced
concrete. Computer detailing suites are now in general use in design offices.

1.7 REFERENCES

Calavera, Jose. (2012). Manual for Detailing Reinforced Concrete Structures to
EC2. Spon Press/Taylor & Francis.

Goodchild, C.H. and Webster, R.M. (2000). Spresdsheets for Concrete Design to
BS 8110 and EC2. Reinforced Concrete Council.

Goodchild, C.H. (1997). Economic Concrete Frame Elements. Reinforced
Concrete Council.

Higgins, J.B and Rogers, B.R. (1999). Designed and Detailed, 4th ed. British
Cement Association.

Institution of Structural Engineers. (2006). Standard Method of Detailing
Structural Concrete: A Manual for Best Practice, 3rd ed. London.

Reynolds, C.E., Steedman, J.C. and Threlfall, A.J. (2007). Reinforced Concrete
Designer’s Handbook, 11th ed. Routledge.
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Fig. 1.1 (a) Single storey portal; (b) medium-rise reinforced concrete framed building; (c) reinforced
concrete frame and core structure.
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CHAPTER 2

MATERIALS, STRUCTURAL
FAILURES AND DURABILITY

2.1 REINFORCED CONCRETE STRUCTURES

Reinforced concrete is a composite material of steel bars embedded in a hardened
concrete matrix; concrete, assisted by the steel, carries the compressive forces,
while steel resists tensile forces. Concrete itself is a composite material. The dry
mix consists of cement and coarse and fine aggregates. Water is added and reacts
with the cement which hardens and binds the aggregates into the concrete matrix;
the concrete matrix sticks or bonds onto the reinforcing bars.

The properties of the constituents used in making concrete, mix design and the
principal properties of concrete are discussed briefly. Knowledge of the properties
and an understanding of the behaviour of concrete are important factors in the
design process. The types and characteristics of reinforcing steels are noted.

Deterioration of and failures in concrete structures are now of widespread
concern. This is reflected in the increased prominence given in the concrete codes
to the durability of concrete structures. The types of failure that occur in concrete
structures are listed and described. Finally the provisions regarding the durability
of concrete structures noted in the code and the requirements for cover to prevent
corrosion of the reinforcement and provide fire resistance are set out.

2.2 CONCRETE MATERIALS

2.2.1 Cement

The raw materials from which cement is made are lime, silica, alumina and iron
oxide. These constituents are crushed and blended in the correct proportions and
burnt in a rotary kiln. The resulting product is called clinker. The cooled clinker
can be mixed with gypsum and various additional constituents and ground to a fine
powder in order to produce different types of cements. The main chemical
compounds in cement are calcium silicates and aluminates.
The Euro standard for cements is BS EN 197-1:2011 Cement —Part 1I:
Composition, specifications and conformity criteria for common cements.

When water is added to cement and the constituents are mixed to form cement
paste, chemical reactions occur and the mix becomes stiffer with time and sets.
The addition of gypsum mentioned above retards and controls the setting time.
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This ensures that the concrete does not set too quickly before it can be placed in its
final position or too slowly so as to hold up construction.

2.2.1.1 Types of Cements

The code gives five groups of cements, all of which are mixtures of different
proportions of clinker and another major constituent. The five groups are:

1. CEM I Portland cement: This comprises mainly ground clinker and up to 5% of
minor additional constituents.

2. CEM 1I Portland composite cement: This comprises of seven types which
contain clinker and up to 35% of another single constituent.

1.

il.

iil.

iv.

V.

Vil.

Portland slag cement (CEM II/A-S and CEM 1I/B-S). This comprises of
clinker and blast furnace slag which originates from the rapid cooling of
slag obtained by smelting iron ore in a blast furnace. The percentage of
the slag varies between 6 and 35%.

Portland silica fume cement (CEM II/A-D). This comprises of clinker
and silica fume which originates from the reduction of high purity quartz
with coal in an electric arc furnace in the production of silicon and
ferrosilicon alloys.

Portland-Pozzolana cement (CEM II/A-P, CEM II/B-P, CEM II/A-Q,
CEM II/B-Q). This comprises clinker and natural pozzolana such as
volcanic ashes or sedimentary rocks with suitable chemical and
mineralogical composition or Natural calcined pozzolana such as
materials of volcanic origin, clays, shales or sedimentary rocks activated
by thermal treatment.

Portland-fly ash cement (CEM II/A-V, CEM II/B-V, CEM II/A-W,
CEM II/B-W). This mixture of clinker and fly ash dust-like particles
precipitated from the flue gases from furnaces fired with pulverised coal.
Portland burnt shale cement (CEM II/A-T, CEM II/B-T). This consists of
clinlger and burnt shale, specifically oil shale burnt in a special kiln at
800°C.

Portland-limestone cement (CEM II/A-L, CEM II/B-L, CEM II/A-LL,
CEM II/B-LL).

Portland-composite cement (CEM II/A-M, CEM II/B-M).

3. CEM III blast furnace cement (CEM III/A, CEM III/B, CEM III/C): This
comprises clinker and a higher percentage (36-95%) of blast furnace slag than that
in CEM II/A-S and CEM I1I/B-S.

4. CEM 1V pozzolanic cement (CEM IV/A, CEM IV/B): This comprises of clinker
and a mixture of silica fume, pozzolanas and fly ash.
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5. CEM V composite cement (CEM V/A, CEM V/B): This comprises clinker and a
higher percentage of blast furnace slag and pozzolana or fly ash.

Table 2.1 Clinker content in cements

Cement type Clinker content
A B C
CEM I 80-94% 65-79%
CEM III 35-64% 20-34% 5-19%
CEM IV 65-89% 45-64% -
CEM V 40-64% 20-38% -

The letters A, B and C designate respectively higher, medium and lower proportion
of clinker in the final mixture. However the percentage of clinker with the
designations A, B, C can be different in different types of cement as shown in
Table 2.1.
The second constituent in cement in addition to clinker is designated by the second
letter as follows:

S = blast furnace slag

D =silica fume

P = natural pozzolana

Q = natural calcined pozzolana

V =siliceous fly ash

W = calcareous fly ash (e.g., high lime content fly ash)

L or LL = limestone

T = burnt shale

M = combination of two or more of the above components

2.2.1.2 Strength Class

There are three classes of strength as shown in Table 2.2. The strength class of
cement classifies its compressive strength at 28 days.

Table 2.2 Strength class

Strength Compressive strength, MPa Initial
class Early strength Standard strength setting time
2 day 7 day 28 day Minutes
325N - >16.0 >325 <525 =75
32.5R >10.0 - >325 <525
42.5N >10.0 - >42.5 <625 >60
42.5R >20.0 - >42.5 <625
525N >20.0 - >52.5 - >45
525R >30.0 - >52.5 -
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2.2.1.3 Sulfate-Resisting Cement

Sulfate resisting cements are used particularly in foundations where the presence of
sulfates in the soil which can attack ordinary cements. The sulfate resisting
cements have the designation SR and they are produced by controlling the amount
of tricalcium aluminate (C;A) in the clinker. The available types are:
i Sulfate resisting Portland cements CEM I-SR0, CEM I-SR3,
CEM I-SR5 which have the percentage of tricalcium aluminate in the
clinker less than or equal to 0, 3 and 5% respectively.
il. Sulfate resisting blast furnace cements CEM I1I/B-SR, CEM III/C-SR
(no need for control of C3A content in the clinker).
ii. Sulphate resisting pozzolanic cements CEM 1V/A-SR, CEM 1V/B-SR
(C3A content in the clinker should be less than 9%).

2.2.1.4 Low Early Strength Cement

These are CEM III blast furnace cements. Three classes of early strength are
available with the designations N, R and L respectively signifying normal,
ordinary, high and low early strength as shown in Table 2.2.

2.2.1.5 Standard Designation of Cements

CEM cement designation includes the following information:

i Cement type (CEM I-CEM V)
il. Strength class (32.5-52.5)

ii. Indication of early strength

iv. Additional designation SR for sulfate resisting cement

v. Additional designation LH for low heat cement
Examples:

1.CEM II/A-S42.5 N

This indicates Portland composite cement (indicated by CEM II), with high
proportion of clinker (indicated by letter A) and the second constituent is slag
(indicated by letter S) and the strength class is 42.5 MPa (indicating that the
characteristic strength at 28 days is a minimum of 42.5 MPa) and it gains normal
early strength (indicated by letter N).

2.CEMIII/B 32.5N

This indicates blast furnace cement (indicated by CEM III); with medium
proportion of clinker (indicated by letter B) and the strength class is 32.5 MPa
(indicating that the characteristic strength at 28 days is a minimum of 32.5 MPa)
and it gains normal early strength (indicated by letter N).
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3.CEM 142.5 R-SR3

This indicates Portland cement (indicated by CEM I), the strength class is 42.5
MPa (indicating that the characteristic strength at 28 days is a minimum of 42.5
MPa) and it gains high early strength (indicated by letter R) and is sulfate resisting
with C;A content in the clinker less than 3%.

4. CEM lII-C 32.5 L - LH/SR

This indicates blast furnace cement (indicated by CEM III), the strength class is
32.5 MPa (indicating that the characteristic strength at 28 days is a minimum of
32.5 MPa) and it gains low early strength (indicated by letter L) and is sulfate
resisting (indicated by letters SR) and is of low heat of hydration (indicated by
LH).

2.2.1.6 Common Cements

Of twenty seven types of cement described in 2.2.1.1, the most common ones are

mainly six:
i. CEMI
ii. CEM II/B-S (containing 65-79% of clinker and 21-35% of blast furnace
slag)
iii. CEM II/B-V (containing 65-79% of clinker and 21-35% of siliceous fly
ash)

iv. CEM II/A-LL (containing 80-94% of clinker and 6-20% of limestone)

v. CEM III/A (containing 35-64% of clinker and 36-65% of other
constituents)

vi. CEM III/B (containing 20-34% of clinker and 66-80% of other
constituents)

The initial setting time must be a minimum of 75, 60 and 45 minutes for
strength classes of 32.5, 42.5 and 52.5 respectively.

Useful references on aspects of cement are Neville (1996) and Popovics (1998).

2.2.2 Aggregates

The bulk of concrete is aggregate in the form of sand and gravel which is bound
together by cement. Aggregate is classed into the following two sizes:

1. Coarse aggregate: gravel or crushed rock 5 mm or larger in size

2. Fine aggregate: sand less than 5 mm in size

Natural aggregates are classified according to the rock type, e.g. basalt, granite,

flint, limestone. Aggregates should be chemically inert, clean, hard and durable.
Organic impurities can affect the hydration of cement and the bond between the
cement and the aggregate. Some aggregates containing silica may react with alkali
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in the cement causing the some of the larger aggregates to expand which may lead
to concrete disintegration. This is the alkali—silica reaction. Presence of chlorides
in aggregates, for example salt in marine sands, will cause corrosion of steel
reinforcement.  Excessive amounts of sulphate will also cause concrete to
disintegrate.

To obtain a dense strong concrete with minimum use of cement, the cement
paste should fill the voids in the fine aggregate while the fine aggregate and cement
paste fill the voids in the coarse aggregate. Coarse and fine aggregates are graded
by sieve analysis in which the percentage by weight passing a set of standard sieve
sizes is determined. Grading limits for each size of coarse and fine aggregate are
setout in BS EN 12620:2002 + A1:2008: Aggregates for concrete.

The grading affects the workability; a lower water-to-cement ratio can be used
if the grading of the aggregate is good and therefore strength is also increased.
Good grading saves cement content. It helps prevent segregation during placing
and ensures a good finish.

2.2.3 Concrete Mix Design

Concrete mix design consists in selecting and proportioning the constituents to
give the required strength, workability and durability. Three types of mixes are
defined in BS EN 206—1:2000: Concrete. Specification, performance, production
and conformity and BS 8500-1:2006 Part 1: Method of specifying and guidance for
the specifier. This is Complementary British Standard to BS EN 206-1-1:2006.

The mixes are:

1. Designed concrete: This is concrete for which the required properties and
additional characteristics are specified to the producer who is responsible for
providing a concrete conforming to the specifications which shall contain:
a. Compressive strength class
b. Exposure classes (see Table 2.5)
c. Maximum nominal upper aggregate size
d. Chloride content class (maximum chloride content in cement is limited to
0.20-0.40% in the case of reinforced concrete and to 0.10-0.20% in the
case of prestressed concrete).

2. Prescribed concrete: The composition of the concrete and the constituent
materials to be used are specified to the producer who is responsible for providing
a concrete with the specified composition. The specification shall contain:

a. Cement content

b. Cement type and strength class

c. Either w/c ratio or consistence in terms of slump or results of other test

methods (see section 2.4.2)
d. Type, categories and maximum chloride content of aggregate
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e. Maximum nominal upper size of aggregate and any limitations for
grading
f.  Type and quantity of admixture or other additives, if any

3. Standardized prescribed concrete: This is prescribed concrete for which the
composition is given in a standard valid in the place of use of the concrete.
Standardized prescribed concrete shall be specified by citing the standard valid in
the place of use of the concrete giving the relevant requirements. Standardized
prescribed concrete shall be used only for:

i.  Normal-weight concrete for plain and reinforced concrete structures

ii. Compressive strength classes for design: Minimum characteristic cylinder

strength of 16 MPa unless 20 MPa is permitted in provisions
iii. Exposure limited to concrete inside buildings with very low air humidity
The water-to-cement ratio is the single most important factor affecting concrete
strength. For full hydration cement absorbs about 0.23 of its weight of water in
normal conditions. This amount of water gives a very dry mix and extra water is
added to give the required workability. The actual water-to-cement ratio used
generally ranges from 0.45 to 0.6. The aggregate-to-cement ratio also affects
workability through its influence on the water-to-cement ratio, as noted above.
The mix is designed for the 'target mean strength' which is the characteristic
strength required for design plus a specified number of times the standard deviation
of the mean strength. In Eurocode 2, the mean value of cylinder compressive
strength f,, is taken as characteristic strength fck plus 8 MPa. Characteristic
cylinder compressive strength f; is defined as not more than 5% of the results
falling below the chosen strength.
Several methods of mix design are used in practice. Useful references are Day

(2006) and Klett (2003).

2.2.4 Admixtures

Advice on admixtures is given in BS EN 934-2: 2009 Admixtures for concrete,
mortar and grout and related standards.
The code defines admixtures as ‘Materials added during the mixing process in a
quantity not more than 5% by mass of the cement content of the concrete, to
modify the properties of the mix in the fresh and/or hardened state’.
Admixtures covered by Euro Standards are as follows:
1. Set accelerating (retarding) admixture: admixture which decreases
(increases) the time to commencement of transition of the mix from the
plastic to the rigid state.

il. Water resisting admixture: admixture which reduces the -capillary
absorption of hardened concrete.
iii. Water reducing/plasticizing admixture: admixture which, without

affecting the consistence, permits a reduction in the water content of a
given concrete mix, or which, without affecting the water content,
increases the slump/flow or produces both effects simultaneously.
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iv. Air entraining admixture: admixture which allows a controlled quantity of
small, uniformly distributed air bubbles to be incorporated during mixing
which remain after hardening. This is used to increase resistance to
freeze-thaw damage to concrete.

v. High range water reducing agents/super plasticizers, which are more
efficient than (3) above.
vi. Hardening accelerating admixture: admixture which increases the rate of

development of early strength in the concrete, with or without affecting
the setting time.
Vii. Water retaining admixture: admixture which reduces the loss of water by
a reduction of bleeding.
There are also admixtures which produce several different actions.
Some useful references on admixtures are Rixon et al. (1999), Paillere (1995) and
Ramachandran (1995).

2.3 CONCRETE PROPERTIES

The main strength and deformational properties of concrete are discussed below.

2.3.1 Stress—Strain Relationship in Compression

Fig. 2.1 shows the stress—strain relationship for concrete in compression. The
characteristic compressive strength of cylinder f is defined as the strength below
which not more than 5% of the results fall. The mean compressive strength f., is
related to fy as f,,, = f + 8 MPa.

For the design of cross sections, two simplified stress—strain relationships are
proposed in Eurocode 2. The stress—strain relationship shown in Fig. 2.2 is a
combination of a parabola and a straight line. The second simplified representation
shown in Fig. 2.3 is bilinear.

The mathematical equation for the parabola—rectangle is given by

n
€
stress,o, = f, [1—(1——°J ]for 0<g, <gp
€c2
stress, o, = f, or €., <g; < g
Table 2.3 shows the several strength and strain properties of concrete. It also
shows relationship between characteristic cylinder strength f, and cube strength
f.,. An approximate relationship between cylinder strength f, and cube strength

fck, cube 18
fck ~0.8 fck, cube
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Fig. 2.2 Parabola—rectangle stress—strain relationship for concrete in compression.

2.3.2 Compressive Strength

The compressive strength is the most important property of concrete. The
characteristic strength that is the concrete grade is measured by the 28-day
cylinder/cube strength. Standard cylinders 150 mm diameter and 300 mm high or
cubes of 150 or 100 mm for aggregate not exceeding 25 mm in size are crushed to
determine the strength. The test procedure is given in BS EN 12390:2: 2009:
Testing Hardened Concrete: Making and curing specimens for strength tests and
BS EN 12390:3: 2009: Testing Hardened Concrete: Compressive strength of test
specimen.
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Fig. 2.3 Bilinear stress—strain relationship for concrete in compression.

Fig. 2.4 Split cylinder test.

2.3.3 Tensile Strength

The tensile strength of concrete is about a tenth of the compressive strength. It is
determined by loading a concrete cylinder across a diameter as shown in Fig. 2.4.
The test procedure is given in BS EN 12390:6: 2009: Testing Hardened Concrete:
Tensile splitting strength of test specimens.

The mean characteristic tensile strength f, is related to mean cylinder
compressive strength f.,, as follows.
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2
., =030xf} for f, <50MPa
f, = 2.12><fn[1+f1°—81] for £, >50MPa

The 5% and 95% fractiles of the characteristic tensile strength of concrete are
respectively fox 005 = 0.7 fogcand fog 0.05= 1.3 form.

2.3.4 Modulus of Elasticity

The short-term stress—strain curve for concrete in compression is shown in Fig.
2.1. The slope of the initial straight portion is the initial tangent modulus. At any
point, the slope of the line joining the point to the origin is the secant modulus.
The value of the secant modulus depends on the stress and rate of application of
the load. The code giving details of the method of determining the elastic modulus
is BS 1881-121:1983 Testing concrete. Methods for determination of Static
modulus of elasticity in compression. Note: A new Eurocode version is in
preparation.

The dynamic modulus is determined by subjecting a beam specimen to
longitudinal vibration. The value obtained is unaffected by creep and is
approximately equal to the initial tangent modulus. The code BS 1881-209:1990
Testing concrete. Recommendations for the measurement of dynamic modulus of
elasticity gives the details.

BS EN 1002-1-1:2004 Eurocode 2 Design of concrete structures gives the
following expression for the short term secant modulus of elasticity (see Fig. 2.1)
between zero stress and 0.4 f,,, for concretes made with quartzite aggregates as

Eem :22[%—81]03 GPa

where f., = f +8 MPa, f = characteristic cylinder strength.

Because of the fact that the elastic modulus is greatly dependent on the stiffness of
the aggregates, for limestone and sandstone aggregates the value from the equation
should be reduced by 10% and 30% respectively. For basalt aggregates the value
should be increased by 20%.

The tangent modulus E. = 1.05 E,

2.3.5 Creep

Creep in concrete is the gradual increase in strain with time in a member subjected
to prolonged stress. The creep strain is much larger than the elastic strain on
loading. If the specimen is unloaded there is an immediate elastic recovery and a
slower recovery in the strain due to creep. Both amounts of recovery are much less
than the original strains under load.

The main factors affecting creep strain are the concrete mix and strength, the
type of aggregate, curing, ambient relative humidity, the magnitude and duration of
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sustained loading and the age of concrete at which load is first applied.  In clause
3.1.4(2), Eurocode 2 specifies that provided the concrete is not subjected to a stress
greater than 45% of the compressive strength at the time of loading, long term
creep strain g..(oo,ty)1s calculated from the creep coefficient ¢(oo,ty) by the
equation
stress
oo, t
E, o (o0, tg)

where E. is the tangent modulus of elasticity of the concrete at the age of loading,
to. The creep coefficient ¢(o0,t;) depends on the effective section thickness, the

8cc(oostO) =

age of loading and the relative ambient humidity. The creep coefficient is used in
deflection calculations. Clause 3.1.4 and Annex B of Eurocode 2 give the
equations for determining the creep coefficient. More details and examples are
given in section 19.1.17, Chapter 19.

2.3.6 Shrinkage

The total shrinkage strain is composed of two parts, the drying shrinkage strain and
the autogenous shrinkage strain. Drying shrinkage strain is the contraction that
occurs in concrete when it dries and hardens. Drying shrinkage develops slowly
due to migration of water and is irreversible but alternate wetting and drying
causes expansion and contraction of concrete. The autogenous shrinkage strain
develops during the hardening of concrete and develops quite fast during the early
days after casting of concrete.

The aggregate type and content are the most important factors influencing
shrinkage. The larger the size of the aggregate is, the lower is the shrinkage and
the higher is the aggregate content; the lower the workability and water-to-cement
ratio are, the lower is the shrinkage. Aggregates that change volume on wetting
and drying, such as sandstone or basalt, produce concrete which experiences a
large shrinkage strain, while concrete made with non-shrinking aggregates such as
granite or gravel experience lower shrinkage strain. A decrease in the ambient
relative humidity also increases shrinkage.

Eurocode 2 gives necessary data for calculating the drying shrinkage in
equations (3.9)—(3.10) and in equations (3.11)—(3.13). Values of shrinkage strain
are used in deflection calculations. More details and an example are given in
section 19.1.18, Chapter 19.

2.4 TESTS ON WET CONCRETE
2.4.1 Workability

The workability of a concrete mix gives a measure of the ease with which fresh
concrete can be placed and compacted. The concrete should flow readily into the
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forms and go around and cover the reinforcement, the mix should retain its
consistency and the aggregates should not segregate. A mix with high workability
is needed where sections are thin and/or reinforcement is complicated and
congested.

For a given concrete, the main factor affecting workability is the water content
of the mix. Plasticizing admixtures will increase workability. The size of
aggregate, its grading and shape, the ratio of coarse to fine aggregate and the
aggregate-to-cement ratio also affect workability to some degree.

2.4.2 Measurement of Workability

(a) Slump test

The fresh concrete is tamped into a standard cone which is lifted off after filling
and the slump is measured. The slump is 25-50 mm for low workability, 50-100
mm for medium workability and 100-175 mm for high workability. Normal
reinforced concrete requires fresh concrete of medium workability. The slump test
is the usual workability test specified. The standard covering slump testing is

BS EN 12350-2:2009 Testing fresh concrete. Slump test.

(b) Degree of compactability test

The fresh concrete is carefully placed in a container using a trowel, avoiding any
compaction of the concrete. When the container is full, the top surface is struck off
level with the top of the container. The concrete is compacted by vibration and the
distance from the surface of the compacted concrete to the upper edge of the
container is used to determine the degree of compactability. Details are given in
BS EN 12350—4: 2009 Testing fresh concrete—Part 4: Degree of compactability.

(c¢) Flow table test

This test determines the consistency of fresh concrete by measuring the spread of
concrete on a flat plate which is subjected to jolting.

Details are given in BS EN 12350-5: 2009 Testing fresh concrete—part 5: Flow
table test.

2.5 TESTS ON HARDENED CONCRETE

2.5.1 Normal Tests

The main destructive tests on hardened concrete are as follows.
(a) Compression test: Refer to section 2.3.2 above.
(b) Tensile splitting test: Refer to section 2.3.3 above.



24 Reinforced concrete design to EC 2

(c) Flexure test: A plain concrete specimen is tested to failure in pure bending.
The British standard covering testing of flexural strength is BS EN 12390:5: 2009:
Testing hardened concrete: Flexural strength of test specimens.

(d) Test cores: Cylindrical cores are cut from the finished structure with a rotary
cutting tool. The core is soaked, capped and tested in compression to give a
measure of the concrete strength in the actual structure. The ratio of core height to
diameter and the location where the core is taken affect the strength. The strength
is lowest at the top surface and increases with depth through the element. A ratio
of core height-to-diameter of two gives a standard cylinder test. The Euro standard
covering testing of cores is BS EN 12504-1:2009 Testing concrete in structures.
Cored specimens. Taking, examining and testing in compression.

2.5.2 Non-destructive Tests
The main non-destructive tests for strength on hardened concrete are as follows.

(a) Rebound hardness test

The Schmidt hammer is used in the rebound hardness test in which a metal
hammer held against the concrete is struck by another spring-driven metal mass
and rebounds. The amount of rebound is recorded on a scale and this gives an
indication of the concrete strength. The larger the rebound number is, the higher is
the concrete strength. The standard covering testing by Rebound hammer is
BS EN 12504-2:2001 Testing concrete in structures. Non-destructive testing.
Determination of rebound number.

(b) Pullout force test

A small metal disc with a rod fixed centrally on one side is glued into concrete
using adhesives, so that the rod protrudes from the surface of the concrete. The
force required to pull the disc out of the concrete is measured.

BS EN 12504-3:2005 Testing concrete in structures. Determination of pull-out
force covers the test procedure.

(¢) Ultrasonic pulse velocity test

In the ultrasonic pulse velocity test, the velocity of ultrasonic pulses that pass
through a concrete section from a transmitter to a receiver is measured. The pulse
velocity is correlated against strength. The higher the velocity, the stronger is the
concrete.

(d) Other non-destructive tests
Equipment has been developed to measure
1. Crack widths and depths

2.  Water permeability and the surface dampness of concrete
3. Depth of cover and the location of reinforcing bars
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4. The electrochemical potential of reinforcing bars and hence the presence
of corrosion
A useful reference on testing of concrete in structures is Bungey et al. (2000).

2.5.3 Chemical Tests

A complete range of chemical tests is available to measure
1. Depth of carbonation
2. The cement content of the original mix
3. The content of salts such as chlorides and sulphates that may react and
cause the concrete to disintegrate or cause corrosion of the reinforcement
The reader should consult specialist literature.

2.6 REINFORCEMENT

Reinforcing bars are produced as hot rolled or cold worked high yield steel bars.
They have characteristic yield strength f, of 400 to 600 MPa. Steel fabric is made
from cold drawn steel wires welded to form a mesh. High yield bars are produced
as deformed bars with transverse ribs to improve bond with concrete.

The stress—strain curves for reinforcing bars are shown in Fig. 2.5. Hot rolled
bars have a definite yield point. A defined proof stress at a strain of 0.2% is
recorded for the cold worked bars. The value of Young's modulus E; for steel is
200 GPa. The maximum breaking stress is k times the characteristic stress fy. The
design stress fy,q = fi;/ys, where v, = 1.15.

o
fi=kfy A
fix

v

A
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€uk

Fig. 2.5(a) Stress—strain curve for hot rolled steel reinforcing bars.
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Fig. 2.5(b) Stress—strain curve for cold worked steel reinforcing bars.
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Fig. 2.6 Design stress—strain curve for steel.
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The idealized design stress—strain curve for all reinforcing bars is shown in
Fig. 2.6. In the first case the maximum design stress is greater than f4 but the
maximum strain is limited to g, taken as equal to 0.9 g. An even more
simplified option is to limit the maximum stress to f,4 with no limit on the
maximum strain. For simplicity, the second option is preferred in all common
design situations. The material safety factor for steel is taken as y, = 1.15. The
behaviour in tension and compression is taken to be the same. Annex C in
Eurocode 2 gives the properties of reinforcing bars shown in Table 2.3.

Table 2.3 Properties of reinforcing bars

Product form Bars and de-coiled rods Wire fabrics
Class A ‘ B ‘ C A ‘ B ‘ C
fy or fyo 400-600 MPa
k, minimum | >1.05 | >1.08 >1.15 >1.05 | >1.08 >1.15
<1.35 <1.35
gy ¥ 107 >25 | =250 >75 >25 >5.0 >7.5

As an example assuming;:
£, = 500 MPa, k = 1.2, y,= 1.15, f,q = fu/ .= 435 MPa, guk = 2.5 x 10,
€ua = 0.984 =2.25 x 107, E, =200 GPa, fyd/E;=2.17 x 107
The maximum stress allowable at a strain of g,4 is given by

f

d
(eug =)
Max.stress = fy 4 + (k—Dfyq x—fsdzl.OS fyq
(Buic =)

S
This shows that there is only a 5% increase in the maximum allowable stress.

2.7 EXPOSURE CLASSES RELATED TO ENVIRONMENTAL
CONDITIONS

BS EN 206-1:2000 Concrete -Part 1: Specification, performance, production and
conformity defines six possible environmental conditions and the associated class
designations which will determine the required cover to reinforcement to ensure
durability. These are shown in Tables 2.4a to f. The main physical causes and
attack by chemicals of concrete and reinforcement can be classified under the
following headings. Data on limiting values for composition and properties of
concrete are taken from Table F.1 of EN 206-1-2000.
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Table 2.4a Exposure class X0, related environmental conditions.

Class Description of the environment Informative examples where
designation exposure classes may occur
1. No risk of corrosion or attack
X0 For concrete without Concrete inside buildings with
reinforcement or embedded very low air humidity
metal: All exposures except C12/15

where there is freeze/thaw,
abrasion or chemical attack.

For concrete with reinforcement
or embedded metal: Very dry

a. Freezing and thawing

Concrete nearly always contains water which expands on freezing. The freezing—
thawing cycle causes loss of strength, spalling and disintegration of the concrete.
Resistance to damage is improved by using an air entraining agent.

b. Chlorides

High concentrations of chloride ions cause corrosion of reinforcement and the
products of corrosion can disrupt the concrete. Chlorides can be introduced into
the concrete either during or after construction as follows.

i.  Before construction Chlorides can be admitted in admixtures containing
calcium chloride, through using mixing water contaminated with salt
water or improperly washed marine aggregates.

it.  After construction Chlorides in salt or sea water, in airborne sea spray and
from deicing salts can attack permeable concrete causing corrosion of
reinforcement.

c¢. Sulphates

Sulphates are present in most cements and in some aggregates. Sulphates may also
be present in soils, groundwater and sea water, industrial wastes and acid rain. The
products of sulphate attack on concrete occupy a larger space than the original
material and this causes the concrete to disintegrate and permits corrosion of steel
to begin. Sulphate-resisting cement should be used where sulphates are present in
the soil, water or atmosphere and come into contact with the concrete.

d. Carbonation

Carbonation is the process by which carbon dioxide from the atmosphere slowly
transforms calcium hydroxide into calcium carbonate in concrete. The concrete
itself is not harmed and increases in strength, but the reinforcement can be
seriously affected by corrosion as a result of this process.

Normally the high pH value of the concrete prevents corrosion of the
reinforcing bars by keeping them in a highly alkaline environment due to the
release of calcium hydroxide by the cement during its hydration. Carbonated
concrete has a pH value of 8.3 while the passivation of steel starts at a pH value of
9.5. The depth of carbonation in good dense concrete is about 3 mm at an early
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stage and may increase to 6 to 10 mm after 30 to 40 years. Poor concrete may
have a depth of carbonation of 50 mm after say 6-8 years. The rate of carbonation
depends on time, cover, concrete density, cement content, water-to-cement ratio
and the presence of cracks.

Table 2.4b Exposure classes XC, related environmental conditions, maximum w/c ratio, minimum
strength class, minimum cement content in kg/m’

Class Description of the environment Informative examples where

designation exposure classes may occur
2. Corrosion induced by carbonation

XC1 Dry or permanently wet Concrete inside buildings with

very low air humidity.
Concrete permanently
submerged in water.
w/c =0.65

C20/25

260

XC2 Wet, rarely dry Concrete surfaces subjected to
long term water contact.
Many foundations.

w/c =10.60

C25/30

280

XC3 Moderate humidity Concrete inside buildings with
moderate or high air humidity.
External concrete sheltered
from rain.

w/c=0.55

C30/37

280

XC4 Cyclic wet and dry Concrete surfaces subjected to
water contact, not within
exposure class XC2.

w/c=10.50
C30/37
300

e. Alkali-silica reaction
A chemical reaction can take place between alkali in cement and certain forms of
silica in aggregate. The reaction produces a gel which absorbs water and expands
in volume, resulting in cracking and disintegration of the concrete. The reaction
only occurs when the following are present together:
. A high moisture level in the concrete.
il. Cement with a high alkali content or some other source of alkali
iii. Aggregate containing an alkali-reactive constituent
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The following precautions should be taken if uncertainty exists:

i Reduce the saturation of the concrete.
ii. Use low alkali Portland cement and limit the alkali content of the mix to a
low level.
iii. Use replacement cementitious materials such as blast furnace slag or

pulverized fuel ash. Most normal aggregates behave satisfactorily.

f. Acids

Portland cement is not acid resistant and acid attack may remove part of the set
cement. Acids are formed by the dissolution in water of carbon dioxide or sulphur
dioxide from the atmosphere. Acids can also come from industrial wastes. Good
dense concrete with adequate cover is required and sulphate-resistant cements
should be used if necessary.

Table 2.4¢c Exposure classes XD, related environmental conditions, maximum w/c ratio, minimum
strength class, minimum cement content in kg/m’

Class Description of the environment Informative examples where
designation exposure classes may occur

3. Corrosion induced by chlorides

XD1 Moderate humidity Concrete surfaces exposed to
airborne chlorides.

w/c =0.55

C30/37

300

XD2 Wet, rarely dry Swimming pools

Concrete components exposed
to industrial waters containing
chlorides.

w/c = 0.55

C30/37

300

XD3 Cyclic wet and dry Parts of bridges exposed to
spray containing chlorides.
Pavements

Car park slabs

w/c=0.45

C35/45

320
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Table 2.4d Exposure classes XS, related environmental conditions, maximum w/c ratio, minimum
strength class, minimum cement content in kg/m3

Class Description of the environment Informative examples where
designation exposure classes may occur

4. Corrosion induced by chlorides from sea water

XSl Exposed to airborne salt but not | Structures near to or on the
in direct contact with sea water. | coast

w/c =0.50

C30/37

300

XS2 Permanently submerged Parts of marine structures
w/c=0.45

C35/45

320

XS3 Tidal, splash and spray zones. Parts of marine structures
w/c=0.45

C35/45

340

2.8 FAILURES IN CONCRETE STRUCTURES

2.8.1 Factors Affecting Failure

Failures in concrete structures can be due to any of the following factors:

. Incorrect selection of materials

il. Errors in design calculations and detailing
1. Poor construction methods and inadequate quality control and supervision
iv. Chemical attack

v. External physical and/or mechanical factors including alterations made to

the structure
The above items are discussed in more detail below.

2.8.1.1 Incorrect Selection of Materials

The concrete mix required should be selected to meet the environmental or soil
conditions where the concrete is to be placed. The minimum grade that should be
used for reinforced concrete is 25/30 class meaning that f,, = 25 MPa and fo cube 1S
30 MPa. Higher grades should be used for some foundations and for structures
near the sea or in an aggressive industrial environment. If sulphates are present in
the soil or ground water, sulphate-resisting cement should be used. Where freezing
and thawing occur, air entrainment should be adopted.
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Table 2.4e Exposure classes XF, related environmental conditions, maximum w/c ratio, minimum
strength class, minimum cement content in kg/m3 and minimum content of air entrained

Class
designation

Description of the environment

Informative examples where
exposure classes may occur

5. Freeze/Thaw attack

XF1

Moderate water saturation,
without deicing agent.

Vertical concrete surfaces
exposed to rain and freezing.
w/c =0.55

C30/37

300

XF2

Moderate water saturation, with
deicing agent.

Vertical concrete surfaces of
road structures exposed to
freezing and airborne de-icing
agents.

w/c=0.55

C25/30

300

4% air

XF3

High water saturation, without
deicing agent.

Horizontal concrete surfaces
exposed to rain and freezing.
w/c =0.50

C30/37

320

4% Air

XF4

High water saturation, with
deicing agents or sea water.

Road and bridge decks exposed
to deicing agents.

Concrete surfaces exposed to
direct spray containing deicing
agents and freezing.

Splash zones of marine
structures exposed to freezing.
w/c =0.45

C30/37

340

4%Air

Note: For XF2—XF4, use aggregates with sufficient freeze—thaw resistance.

2.8.1.2 Errors in Design Calculations and Detailing

An independent check should be made of all design calculations to ensure that the
section sizes, slab thickness etc. and reinforcement sizes and spacing specified are
adequate to carry the worst combination of design loads. The check should include
overall stability, robustness and serviceability and foundation design.
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Incorrect detailing is one of the most common causes of failure and cracking in
concrete structures. First the overall arrangement of the structure should be
correct, efficient and robust. Movement joints should be provided where required
to reduce or eliminate cracking. The overall detail design should shed water.

Internal or element detailing must comply with the code requirements. The
provisions specify the cover to reinforcement, minimum thicknesses for fire
resistance, maximum and minimum steel areas, bar spacing limits and
reinforcement to control cracking, lap lengths, anchorage of bars etc.

Table 2.4f Exposure classes XA, related environmental conditions, maximum w/c ratio, minimum
strength class, minimum cement content in kg/m3

Class Description of the environment Informative examples where
designation exposure classes may occur

6. Chemical attack

XAl Slightly aggressive chemical Natural soils and ground water
environment w/c=0.55

C30/37

300

XA2 Moderately aggressive chemical | Natural soils and ground water
environment w/c =0.50

C30/37

320

Sulfate-resisting cement

XA3 Highly aggressive chemical Natural soils and ground water
environment w/c =0.45

C35/45

360

Sulfate-resisting cement

The limits on various chemicals in water and ground for the classes XAl — XA3
are given in Table 2 of BS EN 206-1:2000 Concrete -Part 1: Specification,
performance, production and conformity.

The reader should refer to the code for full details.

2.8.1.3 Poor Construction Methods

The main items that come under the heading of poor construction methods
resulting from bad workmanship and inadequate quality control and supervision
are as follows.

(a) Incorrect placement of steel

Incorrect placement of steel can result in insufficient cover, leading to corrosion of
the reinforcement. If the bars are placed grossly out of position or in the wrong
position, collapse can occur when the element is fully loaded.
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(b) Inadequate cover to reinforcement

Inadequate cover to reinforcement permits ingress of moisture, gases and other
substances and leads to corrosion of the reinforcement and cracking and spalling of
the concrete.

(c) Incorrectly made construction joints

The main faults in construction joints are lack of preparation and poor compaction.
The old concrete should be washed and a layer of rich concrete laid before pouring
is continued. Poor joints allow ingress of moisture and staining of the concrete
face.

(d) Grout leakage

Grout leakage occurs where formwork joints do not fit together properly. The
result is a porous area of concrete that has little or no cement and fine aggregate.
All formwork joints should be properly sealed.

(e) Poor compaction

If concrete is not properly compacted by ramming or vibration, the result is a
portion of porous honeycomb concrete. This part must be hacked out and recast.
Complete compaction is essential to give a dense, impermeable concrete.

(f) Segregation
Segregation occurs when the mix ingredients become separated. It is the result of
i Dropping the mix from too great a height in placing. Chutes or pipes
should be used in such cases.

il. Using a harsh mix with high coarse aggregate content.
ii. Large aggregate sinking due to over-vibration or use of too much
plasticizer.

Segregation results in uneven concrete texture, or porous concrete in some cases.

(g) Poor curing

A poor curing procedure can result in loss of water through evaporation. This can
cause a reduction in strength if there is not sufficient water for complete hydration
of the cement. Loss of water can cause shrinkage cracking. During curing the
concrete should be kept damp and covered.

(h) Excessive water content

Excess water increases workability but decreases the strength and increases the
porosity and permeability of the hardened concrete, which can lead to corrosion of
the reinforcement. The correct water-to-cement ratio for the mix should be strictly
enforced.
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2.8.1.4 External Physical and/or Mechanical Factors
The main external factors causing concrete structures to fail are as follows.

(a) Restraint against movement
Restraint against movement causes cracking. Movement in concrete is due to
elastic deformation and creep under constant load, shrinkage on drying and setting,
temperature changes, changes in moisture content and the settlement of
foundations. The design should include sufficient movement joints to prevent
serious cracking. Cracking may only detract from the appearance rather than be of
structural significance but cracks permit ingress of moisture and lead to corrosion
of the steel. Various proprietary substances are available to seal cracks.

Movement joints should be clearly indicated for both members and structure as
a whole. The joints are to permit relative movement to occur without impairing
structural integrity. Diagrams of some movement joints are shown in Fig. 2.7.
The location of movement joints is a matter of experience. Joints should be placed
where cracks would probably develop, e.g., at abrupt changes of section, corners or
locations where restraints from adjoining elements occur.

1. The contraction joint may be a complete or partial joint with reinforcement
running through the joint. There is no initial gap and only contraction of the
concrete is permitted.

2. The expansion joint is made with a complete discontinuity and gap between the
concrete portions. Both expansion and contraction can occur in the same structure.
The joint must be filled with a sealer.

3. There is complete discontinuity in a sliding joint and the design is such as to
permit movement in the plane of the joint.

4. The hinged joint is specially designed to permit relative rotation of members
meeting at the joint. The Freyssinet hinge has no reinforcement passing through
the joint.

5. The settlement joint permits adjacent members to settle or displace vertically as
a result of foundation or other movements relative to each other. Entire parts of the
building can be separated to permit relative settlement, in which case the joint must
run through the full height of the structure.

(b) Abrasion

Abrasion can be due to mechanical wear such as flow of grains in a silo, wave
action etc. Abrasion reduces cover to reinforcement. Dense concrete with hard
wearing aggregate and extra cover allowing for wear are required.
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Fig. 2.7 (a) Partial contraction joint; (b) expansion joint; (c) sliding joints; (d) hinge joints.

(c) Wetting and drying

Wetting and drying leaches lime out of concrete and makes it more porous, which
increases the risk of corrosion to the reinforcement. Wetting and drying also cause
movement of the concrete which can cause cracking if restraint exists. Detail

should be such as to shed water and the concrete may also be protected by
impermeable membranes.
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(e) Overloading

Extreme overloading will cause cracking and eventual collapse. Factors of safety
in the original design allow for possible overloads but vigilance is always required
to ensure that the structure is never grossly overloaded. A change in function of
the building or room can lead to overloading, e.g., if a class room is changed to a
library the imposed load can be greatly increased.

(f) Structural alterations

If major structural alterations are made to a building, the members affected and the
overall integrity of the building should be rechecked. Common alterations are the
removal of walls or columns to give a large clear space or provide additional doors
or openings. Steel beams are inserted to carry loads from above. In such cases the
bearing of the new beam on the original structure should be checked and if walls
are removed the overall stability may be affected.

(g) Settlement

Differential settlement of foundations can cause cracking and failure in extreme
cases. The foundation design must be adequate to carry the building loads without
excessive settlement. Where a building with a large plan area is located on ground
where subsidence may occur, the building should be constructed in sections on
independent rafts with complete settlement joints between adjacent parts.

Many other factors can cause settlement and ground movement problems.
Some problems are shrinkage of clays from ground dewatering or drying out in
droughts, tree roots causing disruption, ground movement from nearby
excavations, etc.

(h) Fire resistance

Concrete is a porous substance bound together by water-containing crystals. The
binding material can decompose if heated to too high a temperature, with
consequent loss of strength. The loss of moisture causes shrinkage and the
temperature rise causes the aggregates to expand, leading to cracking and spalling
of the concrete. High temperature also causes reinforcement to lose strength. At
550°C the yield stress of steel drops to about its normal working stress and failure
occurs under service loads.

Concrete, however, is a material with very good fire resistance and protects the
reinforcing steel. Fire resistance is a function of member thickness and cover. The
code requirements regarding fire protection are set out in BS EN 1992-1-2:2004
Eurocode 2: Design of concrete structures-part 1-2: General rules-Structural fire
design.
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2.9 DURABILITY OF CONCRETE STRUCTURES

A durable structure should satisfy strength and serviceability requirements
throughout its design working life. One of the main causes for poor durability is
the corrosion of steel reinforcement. Good quality dense concrete and adequate
cover are prime requirements in order to produce durable structures. Table 2.5
gives the details of water/cement ratio, minimum cement content for producing
good quality concrete to satisfy various exposure classes and Cy,, g Which is the
minimum cover to steel from durability considerations.

The minimum cover C, to steel should satisfy the code equation (4.2):

Cmin = Maximum {Cmin, b> Cmin,dur > 10 mm} (42)
1. For safe transmission of bond forces, the required cover is Cpyn, b as
given in Table 4.2 of Eurocode 2.
1. For separated bars, C,, , 2 bar diameter, ¢.
1. For bundled bars, C,;, , 2 equivalent bar diameter, @,.

Pn=0 Vn, € 55 mm. n, = Number of bars in the bundle. n, < 4 for vertical bars in
compression and for bars in a lapped joint. n, < 3 for all other cases.

If the nominal maximum size of the aggregate is greater than 32 mm, C,;, » should
be increased by 5 mm. The cover can be reduced if stainless steel bars are used.
For a design life of 50 years, minimum values of C;n, o for various classes of
exposure are are given as follows in Table 4.4 N of Eurocode 2: X0 = 10 mm,
XCl = 15 mm, XC2/XC3 = 25 mm, XC4 = 30 mm, XD1/XS1 = 35 mm,
XD2/XS2 =40 mm, XD3/XS3 =45 mm

2.10 FIRE PROTECTION

One of the prime requirements in terms of safety of a structure is that the structure
gives enough protection to the occupants in case of fire. The code BS EN 1992-1-
2:2004 Eurocode 2: Design of concrete structures-part 1-2:General rules-
Structural fire design gives minimum dimensions for various types of members
and also the necessary cover to reinforcement for different standards (periods in
minutes) of fire resistance. Tables 2.6 to 2.9 give the necessary information. It is
assumed that the ratio of flexural resistance in fire/resistance at normal temperature
is 0.7.
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Table 2.5 Recommended limiting values for composition and properties of concrete and minimum

cover to steel for durability

39

Class Maximum | Minimum | Minimum | Minimum | Cuin qur
designation | wi/c ratio strength cement air mm *
class content content
(kg/m’) (%)

X0 - C12/15 - - 10
XC1 0.65 C20/25 260 - 15(25)
XC2 0.60 C25/30 280 - 25(35)
XC3 0.55 C30/37 280 - 25(35)
XC4 0.50 C30/37 300 - 30(40)
XDl 0.55 C30/37 300 - 35(45)
XD2 0.55 C30/37 320 - 40(50)
XD3 0.45 C35/45 320 - 45(55)
XS1 0.50 C30/37 300 - 35(45)
XS2 0.45 C35/45 320 - 40(50)
XS3 0.45 C35/45 340 - 45(55)
XF1 0.55 C30/37 300 -

XF2 0.55 C25/30 300 4.0
XF3 0.50 C30/37 320 4.0
XF4 0.45 C30/37 340 4.0
XAl 0.55 C30/37 300 -
XA2 0.50 C30/37 320 -
XA3 0.45 C35/45 360 -

*This column gives minimum cover to steel to ensure durability of reinforced

concrete structures. Figures in parentheses refer to prestressed concrete structures.

The values given are valid for a design life of 50 years.

Fig. 2.8 shows the width b for different types of members. If the web is of variable
width, width b refers to the width at the centroid of tension steel.
In the case of I-section, d; + 0.5 x d, > (220, 380, 480 mm respectively for 120,
180 and 240 minutes of fire resistance).

Fig. 2.9 shows the nominal axis distance a, the distance from the surface to the
centroid of steel and width b for different sections. Note that the value of a can be

greater than that shown because of bond and durability requirements.
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Table 2.6 Dimensions a and b for simply supported beams (reinforced and prestressed)

Standard Minimum distances (mm)
fire Possible combinations of width b of Web
resistance | beam and a, the average axis width, b,
(minutes) | distance (mm) (mm)
1 2 3 4 5 6
R 30 b=280 120 160 200 . 80
a=25 20 15 15 |
R 60 b=120 160 200 300 : 80
a=40 35 30 25 !
R 90 b=150 200 300 400 ' 100
a=>55 45 40 35
R 120 b =200 240 300 500 120
a=65 60 55 50
R 180 b =240 300 400 600 150
a=80 70 65 60
R 240 b =280 350 500 700 170
a=90 80 75 70
ag=a+ 10 mm

Note: Value of dimension a can be greater because of durability and bond
considerations.

Table 2.7 Dimensions a and b for continuous beams (reinforced and prestressed)

Standard Minimum distances (mm)
fire Possible combinations of width b of Web
resistance | beam and a, the average axis width, by,
(minutes) | distance (mm) (mm)
1 2 3 4 5 6
R 30 b =280 160 80
a=15 12
R 60 b=120 200 100
a=25 12
R 90 b=150 250 110
a=235 25
R 120 b =200 300 450 500 130
a=45 35 35 30
R 180 b =240 400 550 600 150
a=60 50 50 40
R 240 b =280 500 650 700 170
a=75 60 60 50
ag=a+ 10 mm

Note: Value of dimension a can be greater because of durability and bond
considerations.
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Table 2.8 Dimensions a and b for one-way and two-way slabs (reinforced and prestressed)

Standard Minimum dimensions (mm)
fire Slab thickness, h Axis distance, a (mm)
resistance hy=h; + h, (mm) One Two way (I, > 1,)
(minutes) See Fig. 2.10 way I/, <1.5 1.5<1/, <2
R 30 60 10 10 10
R 60 80 20 10 15
R 90 100 30 15 20
R 120 120 40 20 25
R 180 150 55 30 40
R 240 175 65 40 50
Table 2.9 Dimensions a and b for rectangular and circular columns (reinforced and prestressed)
Standard fire Minimum dimensions (mm) b and a
resistance Column exposed on more than one side Column
(minutes) exposed on
one side
i 0.2 M = 0.5 s = 0.7 s = 0.7
R 30 b =200 b =200 b =200 (300-) b=155
a=25 a=25 a=232(27) a=25
R 60 b =200 b =200 (300) | b=250(350) b=155
a=25 a=36(31) a =46 (40) a=25
R 90 b =200 (300) | b=300 (400) | b=350(450) b=155
a=31(25) a =45 (38) a =53 (40) a=25
R 120 b=250(350) | b=350(450) | b=350(450) b=175
a =40 (35) a =45 (40) a=>57(51) a=235
R 180 b =350 b =350 b =450 b=230
a=45 a=63 a=70 a=>55
R 240 b =350 b =450 - b =295
a=61 a=75 a=70

us = Axial load in fire situation. Design resistance of column at normal
temperature. A conservative value is pg = 0.7.

2.11 REFERENCES

Alexander, M. and Mindess, S. (2005). Aggregates in Concrete. CRC Press.

Blight, G.E., Alexander, M.G. (2011). Alkali-Aggregate Reaction and Structural
Damage to Concrete: Engineering Assessment, Repair and Management. CRC
Press.




Materials, structural failures and durability 43

Bungey, J.H., Millard, S.G. and Grantham, M. G. (2006). Testing Concrete in
Structures, 4th ed. CRC Press/Taylor & Francis.

Day, K. (2006). Concrete Mix Design: Quality Control and Specification, 3rd ed.
Spon/Taylor & Francis.

Dyer, T. (2011). Concrete Durability. Routledge.

Klett, I. (2000). Engineered Concrete: Mix Design and Test Methods, 2nd ed. CRC
Press.

Malhotra, V.M. and Carino, N.J. (2003). Handbook of Non-destructive Testing of
Concrete, 2nd ed. CRC Press.

Marchand, J., Odler, 1. and Skalny, J. P. (2001). Sulfate Attack on Concrete. CRC
Press.

Neville, A.M (1996). Properties of Concrete, 4th ed. Prentice—Hall.
Paillere, A.M. (1995). Application of Admixtures in Concrete. Taylor & Francis.

Popovics, S. (1998). Strength and Related Properties of Concrete: A Quantitative
Approach. Wiley.

Poulsen, E. and Mejlbro, L. (2005). Diffusion of Chloride in Concrete: Theory and
Application. CRC Press.

Ramachandran, V.S., Ed. (1995). Concrete Admixtures Handbook, 2nd ed. Noyes
Publications.

Richardson, M.G. (2002). Fundamentals of Durable Reinforced Concrete. CRC
Press.

Rixon, M.R. and Mailavaganam, R. (1999). Chemical Admixtures for Concrete.
Taylor & Francis.

Schutter, G. (2012). Damage to Concrete Structures. CRC Press.

Tang, L., Nilsson, L. O. and Muhammed Bashir, P.A. (2011). Resistance of
Concrete to Chloride Ingress: Testing and Modelling. CRC Press.

Whittle, R. (2012). Failures in Concrete Structures: Case Studies of Reinforced
and Prestressed Concrete Structures. CRC Press.



CHAPTER 3
LIMIT STATE DESIGN AND
STRUCTURAL ANALYSIS

3.1 STRUCTURAL DESIGN AND LIMIT STATES

3.1.1 Aims and Methods of Design

The Eurocode BS EN 1990:2002 + A1:2005 Eurocode. Basis of structural design

states that a structure shall be designed and executed in such a way that it will,

during its intended life (design life for building structures is generally taken as 50

years and for monumental structures like bridges as 100 years), with appropriate

degrees of reliability and in an economical way sustain all actions and influences
likely to occur during execution and use and be durable. In particular

a. A structure shall be designed to have adequate structural resistance,
serviceability, and durability.

b. In the case of fire, the structural resistance shall be adequate for the required
period of time.

c. A structure shall be designed and executed in such a way that it will not be
damaged by events such as explosion, impact and the consequences of human
errors to an extent disproportionate to the original cause.

d. The structure shall be designed such that deterioration over its design working
life does not impair the performance of the structure below that intended,
having due regard to its environment and the anticipated level of maintenance.

It is recognized that no structure can be made one hundred percent safe and that
it is only possible to reduce the probability of failure to an acceptably low level.
The method recommended in the code is limit state design in conjunction with
partial factor method. The loads (actions) will be according to the following
standards:
e BS EN [991-1-1:2002 Eurocode 1: Actions on Structures part 1-1:
General actions-Densities, self-weight, imposed loads on buildings
e BS EN 1991-1-3:2003 Eurocode 1: Actions on Structures. General
actions. Snow loads
e BS EN 1991-1-4:2005 + AI1:2010 Eurocode 1: Actions on Structures.
General actions. Wind actions

There is a U.K. National Annex to BS EN 1990:2002 + A1:2005.
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It is recognized that calculations alone are not sufficient to produce a safe,
serviceable and durable structure. The basic requirements should be met by:
e  Choice of suitable materials
e  Appropriate design and detailing
e Specifying control procedures for design, production, execution and
appropriate use

3.1.2 Criteria for Safe Design: Limit States

One criterion for a safe design is that the structure should not become unfit for use,
i.e., it should not reach a limit state during its design life. This is achieved, in
particular, by designing the structure to ensure that it does not reach two important
limit states.

1. Ultimate limit state (ULS): This limit state is concerned with the safety of the
people and of the structure. This requires that the whole structure or its elements
should not collapse, overturn or buckle when subjected to the design loads.

2. Serviceability limit states (SLS): This limit state is concerned with
e Comfort of the occupants: For example the structure should not suffer
from excessive vibration or have large cracks or deflection so as to alarm
the user of the building.
e Appearance of the structure. The structure should not become unfit for
use due to excessive deflection or cracking.

For reinforced concrete structures, the normal practice is to design for the
ultimate limit state, check for serviceability and take all necessary precautions to
ensure durability.

3.1.3 Ultimate Limit State

The structure must be designed to carry the most severe combination of loads to
which it is subjected. Each and every section of the elements must be capable of
resisting the axial and shear forces, bending and twisting moments derived from
the analysis. Overall stability of a structure is provided by shear walls, lift shafts,
staircases and rigid frame action or a combination of these means. The structure
should transmit all loads, dead, imposed, snow and wind, safely to the foundations.

The design is made for ultimate loads and design strengths of materials with
partial safety factors applied to loads and material strengths. This permits
uncertainties in the estimation of loads and in the performance of materials to be
assessed separately. The section strength is determined using plastic analysis
based on the short-term design stress—strain curves for concrete and reinforcing
steel. As already noted in 3.1.1, the planning and design should be such that
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damage to a small area or failure of a single element should not cause collapse of a
major part of a structure. This means that the design should be resistant to
progressive collapse. The structure should resist the applied loads as a unit. This
can be ensured by adequately tying the different parts of the structure using vertical
and horizontal ties.

3.1.4 Serviceability Limit States

In checking for the serviceability limit states, account is to be taken of temperature,
creep, shrinkage, sway and settlement and possibly other effects.
The main serviceability limit states are as follows.

(a) Deflection

The deformation of the structure should not adversely affect its efficiency or
appearance. Deflections of beams may be calculated, but may tend to be
complicated because of cracking, creep and shrinkage effects. In normal cases
span-to-effective depth ratios can be used to check compliance with requirements.

(b) Cracking

Cracking should be kept within reasonable limits by correct detailing. Crack
widths may be calculated, but may tend to be complicated and in normal cases
cracking can be controlled by adhering to detailing rules with regard to bar spacing
in zones where the concrete is in tension.

(¢) Vibration

The structure should not under the action of wind loads or movement of the people
vibrate so much as to make people uncomfortable or in worst cases even to alarm
people.

In analysing a section for the serviceability limit states the behaviour is assessed
assuming a linear elastic relationship for steel and concrete stresses. Allowance is
made for the stiffening effect of concrete in the tension zone and for creep and
shrinkage.

3.2 ACTIONS, CHARACTERISTIC AND DESIGN VALUES OF ACTIONS

Actions (loads) can be classified as
e Permanent actions (G): These are fixed values such as the self-weight of
the structure and the weight of finishes, ceilings, services and partitions.
e  Variable actions (Q): These are imposed loads due to people, furniture,
and equipment etc. on floors, wind actions on the whole structure
including roofs and snow loads on roofs.
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e Accidental actions (A): These are loads due to crashing of vehicles against
the building, bomb blasts and other forces.

The characteristic value of an action (load) is its main representative value defined
by a nominal value which is normally expected to have a 95% probability of not
being exceeded.
The characteristic loads used in design are as follows:
1. The characteristic permanent action Gy is given by a single value as its value
does not vary significantly during the lifetime of the structure.

2. The characteristic variable action Qy is represented as follows.

e Combination value y, Qy is used for irreversible ultimate limit states.

e  Frequent value y; Qy is used for reversible limit states.

e  Quasi-permanent value y, Qyis used for calculating long term effects such
as deflection due to creep and other aspects related to the appearance of
the structure.

Note that combination factor v is a device for reducing the design value of variable
loads when they act in combination.
Table 3.1 gives the y values for different imposed loads.

Table 3.1 Recommended values of y factors for imposed load on buildings

Imposed load on buildings
Category Description Y Y, | ¥
A Domestic, residential areas 07 {05 |03
B Office areas 0.7 105 103
C Congregation areas 0.7 107 |0.6
D Shopping areas 0.7 107 10.6
E Storage areas 1.0 109 |08
F Traffic area, 07 (07 |0.6
Vehicle weight <30 kN
G Traffic area, 07 {05 |03
30 kN < Vehicle weight < 160 kN
H Roofs 0 0 0
Snow loads for sites at an altitude > 1000 m 0.7 105 |02
Snow loads for sites at an altitude < 1000 m 05 |02 |0
Wind loads on buildings 06 102 |0

The design value of an action is a product of the representative value and a load
factor yg ;. Thus for permanent actions, design value is yr; Gy. For variable
actions, design value is yr ; Wi Qy, where 1 =0, 1, or 2 depending on whether it is a
combination value, a frequent value or a quasi-permanent value. The value of yg ;
can be different for different Qy and different from that for G,.
The partial safety factor yg ; takes account of

a. Possible increases in load

b. Inaccurate assessment of the effects of loads

c. Unforeseen stress distributions in members
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d. Importance of the limit state being considered

Note: Uniformly distributed load will be represented by small letters. If for
example concentrated permanent and imposed loads are Gy and Qy respectively,
their uniformly distributed values will be denoted by gy and qy respectively.
Permanent and variable actions are given in BS EN 1991-1-1:2002 Eurocode 1:
Actions on Structures Part-1-1: General actions-Densities, self-weight, imposed
loads on buildings. Snow loads are obtained from BS EN 1991-1-3:2003 Eurocode
1: Actions on Structures. General actions. Snow loads.

3. The characteristic wind action Wy depends on the location, shape and
dimensions of the buildings. Wind loads are estimated using

BS EN 1991-1-4: 2005 + A1:2010 Eurocode 1: Actions on Structures. General
actions. Wind actions.

4. The characteristic earth loads E, are to be obtained in accordance with
BS EN 1997-1:2004 Eurocode 7: Geotechnical design —Part 1: General rules.
Bond and Harris (2008) wrote a useful book covering the geotechnical aspects of

design to Eurocode 7.

3.2.1 Load Combinations

In practice many different loads act together and this fact has to be considered in
calculating the load for which the structure has to be designed.

Eurocode 1 gives the following load combinations depending on whether the
overall equilibrium of the structure considered as a rigid body is being considered
(EQU) or design of a structural element (STR) needs to be carried out.

3.2.2 Load Combination EQU

Design load = ‘ZIYG,J' Gij "+" vQ1 Q. "+"ZlYQ,i W 0,iQk,i (6.10)
= 1>

The load factors to be used are:
® g, = 1.10 (unfavourable), 0.90 (favourable)
e Qi 1is the leading variable action
®  7Yo,1=1.50 (unfavourable), 1.00 (favourable)
e  (y ;are accompanying variable actions
®  7Yq,i=1.50 (unfavourable), 1.00 (favourable)
In the equation (6.10) “+” implies “to be combined with”.
For further information, see Table A1.2(A) in Design values of actions (EQU) (Set
A)in BS EN 1990:2002 Eurocode -Basis of Structural Design.
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3.2.3 Load Combination STR

The code gives the following alternative equations for design of structural
elements. The equation numbers in the code are (6.10), (6.10a) and (6.10b). These
equation numbers will be used in the rest of this book to make it convenient to
refer to the code clauses.

Design load = Z/G,_i Gk,j "+ Yo Qk,] "+"Z;47/Q,i 4 O,iQk,i (6.10)
JZ 1>

or alternatively

Design load = Z%yG,j Gij "' 701 W01 Qi "+"ZI4}/Q,i ¥ 0iQui (6.10a)
= 1>

Design load = ZI§7GJ Gy " 70 Qu, "+"27/Qi ¥ 0:Qu; (6.10b)
= i>

In the above the symbols denote as follows

¥ = combined effect of

“+” = to be combined with

& = reduction factor for unfavourable permanent actions G

The load factors to be used are:

Ya, = 1.35 (unfavourable), 1.00 (favourable)

Q. 1 = leading variable action

Yo.1 = 1.50 (unfavourable), 1.00 (favourable)

Qx i = accompanying variable actions

Yq.i = 1.50 (unfavourable), 1.00 (favourable)

£=0.85 (U.K. adopts 0.925)

For further information see Table A1.2(B) Design values of actions (STR/GEO)
(Set B) in BS EN 1990:2002 Eurocode -Basis of Structural Design.

Table 3.2 Simplified equations for checking EQU and STR

Persistent Permanent actions Leading variable Accompanying variable
and action action
transient
design
situations
Unfav. Fav. Unfav. Fav. Unfav. Fav.
Equlllbrlum 1 . 10 Gk' sup 090 Gk) inf 1 5 Qk,] 0 1 5 \V 0, Qk,i 0
6.10
STR 1.35 Gy, sup 1.0 Gy inr 1.5 Q. 0 1.5 w0 Qi 0
6.10
STR 135 Gk_, sup 10 Gk_, inf §15 Voo, Qk,l 0 15 Vo, Qk,i 0
6.10a
STR *1.15 Gy, sup 1.0 Gy int 1.5 Q. 0 1.5y o0; Qi 0
6.10b

* &y g, syp = 085 x 135 = 1.15 (The U.K. National Annex value is
0.925 x 1.35=1.25).
§ In case 6.10a, there is no leading variable.

The code in a note states that ‘the characteristic values of all permanent actions
from one source are multiplied by 1.35 if the total resulting action is unfavourable
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and by 1.0 if the total resulting action effect is favourable. For example, all actions
originating from the self weight of the structure may be considered as coming from
one source; this also apples if different materials are involved.’

If only two variable loads are present, the above equations can be represented in a
simplified form as shown in Table 3.2.

3.2.4 Examples
Example 1: Fig. 3.1 shows a simply supported beam with an overhang. It is
subjected to the following loads.

e Permanent load due to self weight g, = 10.0 kN/m

e  Variable imposed load g, = 15 kN/m

e Variable concentrated load Q, =25 kN/m

3.2.4.1 Checking for EQU (Stability)

The structure will become unstable if tension develops in the left hand support or if
the right hand support sinks.

ti 12m 41—4 1.5m

Fig. 3.1 A beam with an overhang.

1. Tension reaction at the first support

The influence line for tension at the left hand support is shown in Fig. 3.2. Using
Muller-Breslau’s principle, the ordinate at the left hand end is 1.0 and at the right
hand end is 1.0 x (1.5/12) = 0.125. The area of the influence diagram in the simply
supported section is 2 X 1.0 x 12 = 6.0 and in the overhang section is
Y5 x 0.125 x 1.5 = 0.09375. Load the structure so as to develop the maximum
tension at the left hand support. The influence line shows that the maximum
(unfavourable) load should be in the overhang and minimum (favourable) load in
the simply supported section.

v == 0.125

1.0

Fig. 3.2 Influence line for reaction at left hand support.

Depending on which variable (imposed) load is considered as the leading variable,
there are two options for imposed loading.
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e Case 1: Treat the distributed load gy as the leading variable and the
concentrated load Qy as the accompanying variable.
e Case 2: Treat the concentrated load Q as the leading variable and the
distributed load ¢ as the accompanying variable.
Values of ¥ factors are taken from Table 3.1.
Using equation (6.10) for checking equilibrium, the loads in different parts of the
beam are calculated as follows:
Case 1:
(1) In the simply supported section, all loads are favourable. Therefore
YG,1 = 090, gk = 10 kN/m, YQ1 = 0, Jk = 0 kN/m, Qk = 0, Yoi = 0.7
(2) In the overhang section, all loads are unfavourable. Therefore
Yo =1.10, g = 10 kKN/m, yq; = 1.5, qx = 15, Qx =25 kN, y,; = 0.7
Design reaction =—[{0.90 x 10 + 0 x 0} x 6.0 + 0 x 0.7 x 0] in simply supported
+ [{1.10 x 10 + 1.5 x 15} x 0.09375 + 1.50 x 0.7 x 25% 0.125]
in overhang
=—154.0+3.14 + 3.28 = — 47.58 kN (acting upwards)
No tension develops at the left hand support.

Case 2:
(1) In the simply supported section, all loads are favourable. Therefore

Y61 = 090, g = 10 kN/m, Yo1 = O, Yo,i = 07, Jk = 0 kN/m, Qk = O,
(2) In the overhang section, all loads are unfavourable. Therefore

Y61 = 110, g~ 10 kN/m, Yo1 = 15, Vo, = 07, Jk = 15, Qk =25kN
Design reaction =—[{0.90 x 10 + 0 x 0.7 X 0} x 6.0 + 0 x 0] in simply supported

+ [{1.10 x 10 + 1.5 x 0.7 x 15} x 0.09375 + 1.50 x 25% 0.125]
in overhang
=-—54.0+2.51 +4.69 =—46.85 kN (acting upwards)

From the two cases considered, the minimum upward reaction is 46.85 kN and no
tension develops at the left hand support.

2. Maximum reaction at the right hand support

If checking the adequacy of the foundation under the right hand support, then
calculating the value of the reaction is a check for equilibrium. Fig. 3.3 shows the
influence line for reaction at the right hand support. The ordinate at the right hand
reaction is 1.0 and at the end of the overhang by proportion, itis 1x (12 + 1.5)/12 =
1.125. The area of the influence diagram in the simply supported section is
Y2 x 1.0 x 12 = 6.0 and in the overhang section is %2 x (1 + 1.125) x 1.5 =1.59375.

_____________ 1.0 [ p 1125

f ;

Fig. 3.3 Influence line for right hand reaction.
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Case 1: In this case all loads are unfavourable. Therefore uniformly distributed
loads occupy the entire length of the beam and the concentrated load acts at the tip
of the overhang.
Y61 = 110, g = 10 kN/m, Yo1 = 15, Jk = 15, Qk =25 kN, Yo,i = 0.7
Design reaction =[{1.10 x 10+ 1.50 x 15.0} x 6.0+ 0 x 0.7 x 0] +
[{1.10 x 10 + 1.5 x 15.0} x 1.59375 + 1.50 x 0.7 x 25% 1.125]
=201.0 +53.391 + 29.53 = 283.92 kN (Acting upwards)
Case 2:
Yo.1=1.10, gk =10 kN/m, yq, 1 = 1.50, yo,; = 0.7, qx = 15.0 kN/m, Qi = 25 kN

Design reaction =[{1.10 x 10+ 1.50 x 0.7 x 15.0} x 6.0+ 0 x 0.7 x 0] +
[{1.10 x 10+ 1.5 x 0.7 x 15} x 1.59375+ 1.50 x 25% 1.125]
=160.5 +42.63 +42.19 = 245.32 kN (acting upwards).
The maximum upward reaction is 283.92 kN.

Example 2: Fig. 3.4 shows an office building subjected to variable loading due to
characteristic imposed loading Qy and wind loading W, in addition to permanent
gravity loading Gy. Check the loading patterns for maximum tension in the left
hand column. From Table 3.1, for imposed office load take y,= 0.7 and for wind
loading take yo= 0.6.

B C
[T T Eee—
T
Minimum
[ITITTTTITTTII00d
e
Maximum
_>||||IIIIIIIIII- ]
O @)

Fig. 3.4 An office building.

Maximum tension (and hence possible over topping) in the left hand column will
occur when minimum gravity and imposed loading in the region AB, maximum
gravity and imposed loading in the region BC and wind is blowing from left to
right.
Case 1: Treating imposed load Qy as the leading variable:

a. Inthe region AB the loading is 0.9 Gy
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b. Inthe region BC the loading is 1.10 G + 1.50 Q
¢. The wind loading is 1.50 x 0.6 x Wy

Case 2: Treating imposed load Wy as the leading variable:

a. Inthe region AB the loading is 0.9 Gy

b. Inthe region BC the loading is 1.10 Gy + 1.50 % 0.7 X Qy

c. The wind loading is 1.50 Wy
Note that the value of Gy, Q and Wy need not be same at all levels. For example,
the loading on the roof is likely to be smaller than at other levels. Similarly the
wind load at the roof level will be approximately half of that at lower levels.

3.2.4.2 Load Calculation for STR (Design)

Equations (6.10), (6.10a) and (6.10b) are used to determine the bending moment at
the mid-span section and also moment over the right hand support

1. Design bending moment at mid-span section

The influence line bending moment at mid-span section is shown in Fig. 3.5.
Using Muller-Breslau’s principle, the ordinate at the mid-span is L/4 = 12.0/4 =3.0
and at the right hand end the ordinate by proportion is, 3.0 x ((1.5/6.0) = 0.75. The
area of the influence diagram in the simply supported section is % x 3.0 x 12 =
18.0 and in the overhang section is % x 0.75 x 1.5 = 0.5625.

It shows that for maximum positive bending moment (tension at the bottom face)
the maximum (unfavourable) load should be in the simply supported section and
minimum (favourable) load in the overhang section.

3.0

Fig. 3.5 Influence line for mid-span bending moment.

Case 1: Treat the distributed load qy as the leading variable and the concentrated
load Qy as the accompanying variable.
In the simply supported section, all loads are unfavourable and in the overhang
section all loads are favourable. In the simply supported section, place all
uniformly distributed loads and a concentrated load at mid-span. In the overhang
section only uniformly distributed permanent load.

YG,1 = 135, gk~ 10 kN/m, Yo1 = 150, Jk = 15.0 kN/m, Qk = 25, Vo, = 0.7
In the overhang section: Only permanent load

YG,1 = 10, gk~ 10 kN/m, Yo1 = 0, dk = 0, Qk =0 kN, Yo,i = 0.7

Using code equation (6.10),
Mid-span BM = (1.35 x10.0 + 1.50 x 15.0) x 18.0 + 1.50 x 0.7 x 25.0 x 3.0
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—1.0 x 10.0 x 0.5625
=721.125 kNm
Alternatively, using code equation (6.10a),
Mid-span BM = (1.35 x 10.0 + 1.50 x 0.70 x 15.0) x 18.0 + 1.50 x 0.7 x 25.0 x 3.0
—1.0 x 10.0 x 0.5625
=599.625 kNm
Using code equation (6.10b),
Mid-span BM = (0.85 x1.35 x 10.0 + 1.50 x 15.0) x 18.0 + 1.50 x 0.7 x 25.0 x 3.0
—1.0 x 10.0 x 0.5625
=684.675 kNm
Note that in the above calculations, different values have been used for y¢. If the
same value of yc = 1.35 is used throughout, the value of the moment will reduce
by 1.97 kNm.

Case 2: Treat the concentrated load Qy as the leading variable and the distributed
load qy as the accompanying variable.
Using code equation (6.10),
Mid-span BM = (1.35 x 10.0 + 1.50 x 0.7 x 15.0) x 18.0 + 1.50 x 25.0 x 3.0
—1.0x10.0 x 0.5625
=633.375 kNm
Using code equation (6.10a),
Mid-span BM = (1.35 x 10.0 + 1.50 x 0.70 x 15.0) x 18.0 + 1.50 x 0.7 x 25.0 x 3.0
—1.0 x 10.0 x 0.5625
=599.625 kNm
Using code equation (6.10b),
Mid-span BM = (0.85 x1.35 x 10.0 + 1.50 x 0.7 x 15.0) x 18.0 + 1.50 x 25.0 x 3.0
—1.0 x 10.0 x 0.5625
=596.925 kNm
Note that in the above calculations, different values have been used for yg If the
same value of yg = 1.35 is used throughout, the value of the moment will reduce
by 1.97 kNm.
The design bending moment is therefore 721.125 kNm from equation (6.10),
Case 1.

2. Design bending moment over the support
The influence line bending moment at support section is shown in Fig. 3.6

Fig. 3.6 Influence line for bending moment over the support.

Using Muller-Breslau’s principle, the ordinate at the end of overhang is 1.5. The
area of the influence diagram in the overhang section is %2 x 1.5 x 1.5 =1.125.
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It shows that for maximum negative bending moment (tension at the top face) the
maximum (unfavourable) load should be in the overhang section. Any load in the
simply supported section does not produce any bending moment over the support.
All loads in the overhang section are unfavourable.

Case 1: Treat the distributed load gy as the leading variable and the concentrated

load Qy as the accompanying variable.

Using code equation (6.10),

Support BM = (1.35 x 10.0 + 1.50 x 15.0) x 1.125 + 1.50 x 0.7 x 25.0 x 1.5
=79.875 kNm

Using code equation (6.10a),

Mid-span BM = (1.35 x 10.0 + 1.50 x 0.70 x 15.0) x1.125 + 1.50 x 0.7 x25.0 x 1.5

=72.28 kNm
Using code equation (6.10b)
Mid-span BM = (0.85 x1.35 x10.0 + 1.50 x 15.0) x1.125 +1.50 x 0.7 x 25.0 X 1.5
=77.60 kNm

Case 2: Treat the concentrated load Qy as the leading variable and the distributed

load qy as the accompanying variable.

Using code equation (6.10),

Support BM = (1.35 x10.0 + 1.50 x 0.7 x15.0) x1.125 + 1.50 x 25.0 x 1.5
=89.16 kNm

Using code equation (6.10a),

Support BM = (1.35 x10.0 + 1.50 x 0.70 x15.0) x1.125 + 1.50 x 0.7 x 25.0 x 1.5
=72.28 kNm

Using code equation (6.10b)

Support BM = (0.85 x1.35 x10.0 + 1.50 x 0.7 x 15.0) x1.125 + 1.50 x 25.0 x 1.5
=86.88 kNm

The design bending moment is therefore 89.16 kNm from equation (6.10), Case 2.

3.2.5 Partial Factors for Serviceability Limit States

Table A1.4 of the code gives the following combination of actions for checking the
serviceability limit state. All load factors yg and yq are taken as unity. The
combinations are shown in Table 3.3.

Table 3.3 Design values of actions for use in the combination of actions

Combination Permanent actions Gg4 Variable actions, Qq

Unfavourable Favourable Leading Others
Characteristic Gk]' sup Gk]' inf Qk 1 lP(),‘ Qki
Frequent G, sup Gu, inf Wi Qi Y, Qi
Quasi- Gy, sup Gy, in W21 Qi1 Wi Qui
permanent
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3.3 PARTIAL FACTORS FOR MATERIALS

Eurocode 2 gives the following partial factors for materials.
For persistent and transient design situations, y. for concrete = 1.5, y, for
reinforcing and prestressing steel = 1.15. For accidental design situations, y. = 1.3
and v, = 1.0.
Design strength for concrete is therefore fq = fu/ . and for steel fq = fii/ v,
where f; and fy, are respectively the characteristic cylinder compressive strength
of concrete and yield stress of steel.
The partial factor for materials takes account of
1. Uncertainties in the strength of materials in the structure
2. Uncertainties in the accuracy of the method used to predict the behaviour
of members
3. Variations in member sizes and building dimensions

3.4 STRUCTURAL ANALYSIS

3.4.1 General Provisions

In clause 5.1.1, Eurocode 2 states that the purpose of structural analysis is to obtain
distribution of internal stress resultants such as axial and shear forces, bending and
twisting moments. The method normally used is frame analysis. However in some
local areas such as
In the vicinity of supports and concentrated loads
Beam and column intersections
Abrupt changes of cross section
Anchorage zones in posttensioned members
Deep beams where the span/depth ratio is less than about 3
In cases where stress resultants cannot give a true picture of the stress and strain
distribution, methods such as finite element analysis will be required to carry out a
detailed stress analysis.
In clause 5.1.1(7), the following four idealizations are stated. They are:

e Linear elastic behaviour.

e Linear elastic behaviour with limited redistribution. This applies only to

statically indeterminate structures. See Chapter 13 and Chapter 14.
e Plastic behaviour including strut and tie models. See Chapter 8 on Yield
line analysis of slabs and Chapter 18 on strut—tie and other models.

e Non-linear behaviour.
The most common method of analysis is linear elastic analysis. The analysis is
carried out assuming

e  Uncracked cross section

e Linear stress—strain relationship
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e  Mean value of modulus of elasticity
The complete structure may be analysed elastically by the matrix method of
structural analysis using a computer program. It is normal practice to model beam
elements using only the rectangular section of T-beam elements in the frame
analysis.

It has to be remembered that an analysis of the complete statically indeterminate
structure requires the cross section dimensions to be input as data. Therefore at the
preliminary analysis/design stage, approximate methods of analysis which give
sufficiently accurate values of the internal forces without having to analyse the
entire structure so that one can decide on a preliminary design of the cross section
are essential.

In some cases linear elastic analysis with limited redistribution or even a full
plastic analysis can be used, provided certain limitations are observed. All these
aspects will be discussed in later chapters.

3.5 REFERENCE

Bond, A. and Harris, A. (2008). Decoding Eurocode 7. Taylor & Francis.



CHAPTER 4

SECTION DESIGN FOR MOMENT

4.1 TYPES OF BEAM SECTION

The three common types of reinforced concrete beam section are:
a. Rectangular sections with tension steel only (this generally occurs when
designing a given width of slab as a beam)
b. Rectangular sections with tension and compression steel
c. Flanged sections of either T or L shape with tension steel and rarely with
or without compression steel
Beam sections are shown in Fig. 4.1. It will be established later that all beams of
structural importance must have steel at top and at bottom to carry links to resist
shear.

L] ]
i . . ° L] ]
® L ] e o @
(@ (b)

©

Fig. 4.1 (a) Rectangular beam and slab, tension steel only; (b) rectangular beam,
tension and compression steel; (c) flanged beams.

4.2 REINFORCEMENT AND BAR SPACING

Before beginning section design, reinforcement data and code requirements with
regard to minimum and maximum areas of bars in beams and bar spacing are set
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out. This is to enable sections to be designed with practical amounts and layout of
steel. Requirements for cover were discussed in section 2.9, Chapter 2.

4.2.1 Reinforcement Data

In accordance with Eurocode 2, clause 8.9, bars may be placed singly or in pairs or
in bundles provided all bars are of the same characteristic strength. In a bundle,
bars of different diameters are allowed provided the ratio of diameters does not
exceed 1.7. For design purposes the pair or bundle is treated as a single bar of
equivalent diameter @,
(p,,=(p\/nb§55 mm

where n, = numbers of bars in the bundle with diameter ¢, n, < 4 for vertical bars
in compression or bars at a lapped joint, n, < 3 in all other cases.
Bars are available with diameters of 6, 8, 10, 12, 16, 20, 25, 32 and 40 mm and in
grades with characteristic strengths fy; = 400 to 600 MPa.

Preferred sizes of bars are 8, 10, 12, 16, 20, 25, 32 and 40 mm. For
convenience in design calculations, areas of groups of bars are given in Table 4.1.
Table 4.2 gives equivalent diameter of bundles of bars of same diameter.

Table 4.1 Areas of groups of bars

Size of Numbers of bars in group
bar (mm) | 1 2 3 4 5 6 7 8
8 50 | 101 | 151 | 201 | 251 | 302 | 352 | 402

10 79 | 157 | 236 | 314 | 393 | 471 | 550 | 628
12 113 | 226 | 339 | 452 | 566 | 679 | 792 | 905
16 201 | 402 | 603 | 804 | 1005 | 1206 | 1407 | 1609
20 314 | 628 | 943 | 1257 | 1571 | 1885 | 2109 | 2513
25 491 | 982 | 1473 | 1964 | 2454 | 2945 | 3436 | 3927
32 804 | 1609 | 2413 | 3217 | 4021 | 4826 | 5630 | 6434

Table 4.2 Equivalent diameters of bars in groups

Size of bars in Number of bars in group
group (mm) 1 2 3 4
8 8 11.3 13.9 16
10 10 14.1 17.3 20
12 12 17.0 20.8 24
16 16 22.6 27.7 32
20 20 28.3 34.6 40
25 25 354 43.3 50
32 32 453 554 64

A useful publication for preparing detailed drawings was published in 2006 by the
U K. Institution of Structural Engineers.
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Bars of size 12 mm and above are available from stock in lengths of 12 m. For
sizes 8 mm and 10 mm available lengths are 8, 9 or 10 m.

As shown in Table 2.4, three grades of steel A, B and C are allowed, all with
characteristic yield strength of 400 to 600 MPa but of different ductilities. The full
details are shown in Table C.1 of Annex C in Eurocode 2. In the U.K. the
corresponding grades of steel available are 500A, 500B and 500C with
characteristic yield strength of 500 MPa.

4.2.2 Minimum and Maximum Areas of Reinforcement in Beams

According to clause 9.2.1.1, equation (9.1N) of Eurocode 2, the minimum area of
tension reinforcement A i, in a beam section to control cracking should be

A

s.min = 0.26 ffCtm b, d but not less than 0.0013 b, d (9.1N)
vk
where
b, = width of the tension zone. In a rectangular beam it is the width and in a
T-beam it is the width of the web.
d = effective depth
f..m = mean axial tensile strength of concrete (see Chapter 2, section 2.3.3)
=0.30 x £, %7 f, <50 MPa,
=2.12 x ¢n(1.8+ 0.1x fy), fy > 50 MPa
For f; = 500 MPa, Table 4.3 gives the value of A yin/(b; d).

Table 4.3 Minimum value of tension reinforcement in beams

£, MPa | fum MPa | A, pud(b d)%
12 1.6 0.13
16 1.9 0.13
20 22 0.13
25 2.6 0.14
30 2.9 0.15
35 32 0.17
40 35 0.18
45 38 0.20
50 41 021
55 42 0.22
60 4.4 0.23
70 4.6 0.24
80 48 0.25
90 5.0 0.26

Maximum tension or compression steel area should not exceed 4% of the gross
cross sectional area.
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4.2.3 Minimum Spacing of Bars

Clause 8.2 of Eurocode 2, states that the spacing of bars should be such that
concrete can be placed and compacted properly. The clear distance (horizontal and
vertical) between individual parallel bars or horizontal layers of parallel bars
should not be less than

Maximum {bar diameter; (maximum size of aggregate + 5 mm); 20mm}.
Where bars are positioned in separate horizontal layers, bars in each layer should
be located vertically above each other.

4.3 BEHAVIOUR OF BEAMS IN BENDING

The behaviour of a cross section subjected to pure bending is studied by loading a
beam at two points as shown in Fig. 4.2(a). Under this system of loading, sections
between the loads are subjected to pure bending. Initially the beam behaves as a
monolithic elastic beam till the stresses at the bottom fibre reach the tensile
strength of concrete. Because of the very low tensile strength of concrete (about
10% of its compression strength), vertical cracks appear at a fairly low load. As
the load is increased, cracks lengthen and penetrate deeper towards the
compression face. Simultaneously, the strain in steel also increases. The final
failure depends on the amount and yield stress of steel. The three possible modes
of failure are:

1. Steel yields first: If the tensile force capacity of steel is ‘low’, then steel yields
before the strain in the concrete at the compression face reaches the maximum
permissible value of 0.0035 (see Fig. 2.2 and Fig. 2.3). Because steel is a ductile
material, steel elongates while maintaining its strength. The beam continues to
deform at constant load and the neutral axis moves up. The beam finally fails
when the depth of the compression zone is too small to balance the tensile force in
steel. This type of failure is the desired type because there is ample warning before
failure. All beams, if overloaded, should be designed to fail in this manner.
Fig. 4.2(b) shows the qualitative load versus deflection curve and Fig. 4.2(c) shows
the stress distribution at elastic and ultimate stages.

2. Simultaneous ‘yielding’ of steel and concrete: If the tensile force capacity of
steel is ‘moderate’, yielding of steel is simultaneously accompanied by the
crushing of concrete. Unlike the failure mode where the steel yields first, there is
little warning before failure. This is not a desirable mode of failure.

3. Concrete crushes first: If the tensile force capacity of steel is ‘high’, then steel
does not yield at all before concrete crushes. Because concrete is a fairly brittle
material, it fails in an explosive manner without any significant residual load
bearing capacity. This form of failure is to be avoided at all costs!
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Fig. 4.2 (a) Flexural cracks at collapse; (b) load—deflection curve; (c) effective section and stress
distribution.



64 Reinforced concrete design to EC 2

4.4 SINGLY REINFORCED RECTANGULAR BEAMS

4.4.1 Assumptions and Stress—Strain Diagrams

The ultimate moment of resistance of a section is based on the assumptions set out
in clause 3.1.7. These are as follows:

1. The strains in the concrete and reinforcement are derived assuming that plane
sections remain plane;

v

€

€2 Eeu2

Fig. 4.3 Parabola—rectangle stress—strain relationship for concrete in compression.

v

&

€3 Ecu3

Fig. 4.4 Bilinear stress—strain relationship for concrete in compression.

2. The stresses in the concrete in compression are derived using either the design
stress—strain curve given in Fig. 4.3 (parabolic—rectangular) or Fig. 4.4 (bilinear)
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with f.q = fu/ v, Y¢ = 1.5. Note that in both cases the maximum strain in the
concrete at failure (gq, Or €3) is 0.0035 for fx < 50 MPa and decreasing to 0.0026
for f,, = 90 MPa.

Table 4.4 Values of A, N, Ecu2 and g3

ka MPa A n (gcu2 = Scu3)>< 103
<50 0.80 1.0 3.5
55 0.7875 | 0.975 3.1
60 0.775 0.95 2.9
70 0.750 0.90 2.7
80 0.725 0.85 2.6
90 0.70 0.80 2.6

For convenience in calculation, as shown in Fig. 4.5, a drastic simplification is
made by assuming rectangular stress distribution over a depth A x, where the depth
of the stress block is A times the depth to the neutral axis denoted by x. The
compressive stress in the stress block is a constant value equal to n f4. The
maximum strain in the concrete at failure as €.

3. The tensile strength of the concrete is ignored.

4. The stresses in the reinforcement are derived from the stress—strain curve shown
in Fig. 2.6 (Chapter 2) where y, = 1.15.

Area in Compression Eeu3 Nfea

~ A C
h
Aq
o0 o | ¥ > T
F_ b — € |
(a) (b) (c)

Fig. 4.5 (a) Section; (b) strain; (c) rectangular parabolic stress diagram; (d) simplified stress diagram.
h = overall depth of the section
d = effective depth, i.e. depth from the compression face to the centroid of tension steel
b = breadth of the section
x = depth to the neutral axis
fy = stress in steel
A, = area of tension reinforcement
£.3 = maximum strain in the concrete
€, = strain in steel
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The values of A and n depend on the value of f as given in Eurocode
equations (3.19) to (3.22).

A=0.8, f, < 50 MPa (3.19)
A=0.8 — (f— 50)/400 50 < f, <90 MPa (3.20)
n=1.0, f4 < 50 MPa (3.21)
n= 10— (f,— 50)/200, 50 < f, <90 MPa (3.22)

Table 4.4 shows the values of A and n for different values of f..
The total compression force C in concrete = (Ax) X b X (1 fq) and tension
force T in steel = A, f;.

4.4.2 Moment of Resistance: Rectangular Stress Block

The total compressive force C is given by
C= () x b x (1 fu)
Setting fcd: fck/yc, Ye = 15, fcd = fck/l 5=0.667 fck
ke =C/(bd fx) = 0.667 A x 1 x(x/d)

The lever arm z is

z=d-0.52x,zd=1-0.5 A(x/d)
If M is the applied moment, then

M=Cxz=(x)xbx(nfy) x(d-0.52ix)

M l><oc><(1—0.501), ocz?»%

k=—7
bd“fy, 1.5

Rearranging, o = 20 + SE =0
n
Solving the quadratic equation for a,

a=1- /(1—35)
n

Z 120520500+ 1-35)

d n
Total tensile force T in steel is

T=Axf;
For internal equilibrium, total tension T must be equal to total compression C. The
forces T and C form a couple at a lever arm of z.
M=Tz=Af,z
As=M/(f; z)

The stress f; in steel depends on the strain & in steel. As remarked in section
4.3, it is highly desirable that final failure is due to yielding of steel rather than due
to crushing of concrete. It is useful therefore to calculate the maximum neutral
axis depth in order to achieve this. Assuming that plane sections remain plane
before and after bending, an assumption validated by experimental observations, if
as shown in Fig. 4.5(b), the maximum permitted strain in concrete at the



Section design for moment 67

compression face is &3, then the strain g in steel is calculated from the strain
diagram by
_(d-x)

S €cu3
X

Strain & in steel at a stress of fi;/y, is given by

f
ES € :Lk

Tm
where fi, = yield stress , y,= 1.15 and E; is Young’s modules for steel.
Taking fi, = 500 MPa, v, = 1.15, fy/ys = 435 MPa, E; = 200 GPa, & = 0.0022

For &,=0.0022, the depth of neutral axis x is given by

6,=0.0022= U= ¢
X 1
d . 00022,
€cu3

This is the value of x/d at which steel just reaches its ‘yield’ stress and concrete
reaches its maximum compressive strain. This is called ‘balanced design’. Table
4.5 shows the value of x/d for balanced design. However in order to ensure that
failure is preceded by steel yielding well before the strain in concrete reaches &g,
resulting in the desirable ductile form of failure, maximum value of x/d in practice
is made much smaller than the value calculated for balanced failure.

In the case of statically indeterminate structures where linear elastic analysis
with limited redistribution is used in the design at ULS (see Chapters 13 and
Chapter 14), Eurocode 2 in clause 5.5 specifies that the following limits on the
depth of neutral axis x as given by code equations (5.10a) and (5.10b)] have to be
observed in order that the designed structure is reasonably ductile.

6>044+1.25x,/d fy <50 MPa (5.10a)
6>0.54 +1.25(0.6 + 0.0014/¢) x,/d £y > 50 MPa (5.10b)
> (.7 if Class B and class C reinforcement is used.

> (0.8 if Class A reinforcement is used as it is least ductile.

& = Redistributed bending moment/elastic bending moment

x, = depth of neutral axis at the ULS

Table 4.5 shows the maximum values of x,/d permitted for different ratios of
redistribution. Note that all values are well below the value calculated for balanced
design.

Similarly, Table 4.6 shows the values of z,/d =1 — 0.5 A (x,/d).

Table 4.7 shows the values of k. = 0.667 A x 1 X (x,/d).

Table 4.8 shows the values of k = 0.667 x nxk%‘x(l—O.Sk%) .
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Table 4.5 Maximum value of x,/d for different ratios of redistribution
foy €z X 10° x,/d
MPa 6=1.0 |6=090 |6=080 |0=0.70% Balanced
<50 3.5 0.448 0.368 0.288 0.208 0.6140
55 3.1 0.350 0.274 0.198 0.122 0.5849
60 2.9 0.340 0.266 0.192 0.118 0.5686
70 2.7 0.329 0.257 0.186 0.114 0.5510
80 2.6 0.323 0.253 0.183 0.112 0.5417
90 2.6 0.323 0.253 0.183 0.112 0.5417
Table 4.6 Maximum value of z,/d for different ratios of redistribution
fex z,/d
MPa =10 [6=090 |6=0.80 |oJ=0.70*%
<50 0.8208 0.8528 0.8848 0.9168
55 0.8622 0.8922 0.9221 0.9521
60 0.8683 0.8969 0.9256 0.9542
70 0.8766 0.9034 0.9303 0.9571
80 0.8828 0.9083 0.9338 0.9592
90 0.8869 0.9115 0.9361 0.9606
Table 4.7 Maximum value of k. for different f, and moment redistribution ratio
fck kc = C/(bd fck)
6=1.0 | 6=09 | 6=08 | 0=0.7*
<50 0.2401 | 0.1964 | 0.1544 0.1110
55 0.1800 | 0.1403 | 0.1018 0.0623
60 0.1677 | 0.1306 | 0.0948 0.0581
70 0.1488 | 0.1159 | 0.0841 0.0515
80 0.1335 | 0.1040 | 0.0754 0.0462
90 0.1213 | 0.0945 | 0.0686 0.0420

Table 4.8 Maximum value of k for different fy and moment redistribution ratio

£ k = M/(bd” f,,)
6=1.0 6=0.9 6=0.8 6=0.7* | Balanced
<50 0.196 0.167 0.136 0.102 0.247
55 0.154 0.125 0.093 0.059 0.227
60 0.145 0.117 0.087 0.055 0.213
70 0.130 0.105 0.078 0.049 0.191
80 0.117 0.094 0.070 0.044 0.173
90 0.107 0.086 0.064 0.040 0.159

Note that in all the tables, for Class A steel, maximum value of 6 = 0.80.
For any value of & and f,, M =k bd? £, is the maximum value of the applied
moment that the section can resist utilizing fully the compression capacity

C = k. bd f of the cross section.

This formula can be used to calculate the

minimum effective depth required in a singly reinforced rectangular concrete

sectio

n.
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, M
d o=
min k b ka

In practice the effective depth d is made larger than the required minimum
consistent with the required headroom.

is |-M
Kb fp

The reason for this is that with a larger depth, the neutral axis depth is smaller
and hence the lever arm is larger leading for a given moment M, to a smaller
amount of reinforcement. It has the additional advantage that in the event of
unexpected overload, the beams will show large ductility before failure.

fo = fu/1.15 = 0.87 iy
M=Tz=A;0.87 fxz
Ay =M/(0.87 £y 2)

4.4.2.1 U.K. National Annex Formula

According to the U.K. National Annex, the constant stress in the stress block is
taken as o 1 foq, Where o= 0.85
M=Cxz=(Ax) X b X (0t M feq) x (d— 0.5 Ax)

- ]2” = Zedly 3 (1-0.50), a=A%
bd” f.x 1.5 d

Rearranging, a’ - 20 +3 =0.

Aecll
Solving the quadratic equation for a,

a=1- /(1—3 k )
Aol
z k
Z-1-050=0.5{1.0+_|(1-3—)}
d a.nn

The justification for assuming that the constant stress in the rectangular stress
block is 0.85 1 f4 is given in

PD 6687-1, Background paper to the U.K. National Annex o Eurocode 2, Parts 1
and 3.
4.4.3 Procedure for the Design of Singly Reinforced Rectangular Beam

The steps to be followed in the design of singly reinforced rectangular beams can
be summarised as follows.
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e From the minimum requirements of span/depth ratio to control deflection
(see Chapter 6), estimate a suitable effective depth d.

e Assuming the bar diameter for the main steel and links and the required
cover as determined by exposure conditions, estimate an overall depth 4.

h = d + bar diameter + Link diameter + Cover to links

e Assume breadth at about half the overall depth.

e Calculate the self-weight.

e Calculate the design live load and dead load moment using appropriate
load factors. The load factors are normally 1.35 for dead loads and 1.5 for
live loads.

e For the given value of f, calculate A and n from Table 4.4. Note that
f <50 MPa, A =0.8 andn=1.0

e  As there is no redistribution possible in the case of statically determinate
structures, 6 =1

e Calculate value of k from Table 4.8

e In the case of singly reinforced sections, calculate the minimum effective
depth using the formula

{ M
dpmin =
Tk b £y

e Adopt an effective depth greater than the minimum depth in order to
reduce the total tension reinforcement.

e  Check that the new depth due to increased self-—weight does not drastically
affect the calculated design moment. If it does, calculate the revised
ultimate moment required.

e Calculate k = M/(b d* £,;)

e (alculate the lever arm z

Z _050.0+ /(1—35)}
d n

e Calculate the required steel A

Ay =M/{0.87 fii z}
e  Check that the steel provided satisfies the minimum and maximum steel
percentages specified in the code.

4.4.4 Examples of Design of Singly Reinforced Rectangular Sections

Example 1: A simply supported reinforced rectangular beam of 8§ m span carries
uniformly distributed characteristic dead load, which includes an allowance for
self-weight of 7 kN/m and characteristic imposed load of 5 kN/m. The breadth

b = 250 mm. Design the beam at mid-span section. Use strength class 25/30
concrete and fy, = 500 MPa for steel reinforcement.
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Solution: For 25/30 concrete, fy =25 MPa, n1=1.0,A=0.8

Design load = (1.35 X 7) + (1.5 x 5) = 16.95 kN/m

Design ultimate moment M at mid—span:

M = 16.95 x 8°/8 = 135.6 kNm

For simply supported beam, d =1 as there is no possibility of redistribution. From
Table 4.8, for f;, <50 and 6 =1, k=0.196

Minimum effective depth to avoid any compression steel is given by

M 135.6x10°
0.196xb x f 0.196 x250x 25
Using this value of d,
z =0.5{1.0+ (1—3£)]}= 0.5{1.0+J(l—3m)}=0.82
d n 1.0

The area of steel required is
A M ~ 135.6x10°
s 0.82dx0.87fy,  0.82x333x0.87x500

However, if a value of d equal to say 400 mm, which is larger than the minimum
value is used, then one can reduce the area of steel required.

=1142 mm?

— 250 __,]

400 450

v

Fig. 4.6 Mid-span section of the beam.

Assuming d =400 mm

6
M __1356x100 136 <0196

S bd2fy  250x4007 x 25

z =0.5[1.0+ /(I—SE)] = 0.5{1.0+w’(l—3w)}=0.885
d n 1.0
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6
A, = M _ 135.6x10 S8l
0.885dx0.87f,;  0.885x400x0.87x500

Provide three 20 mm diameter bars as shown in Fig. 4.6. From Table 4.1, area of
steel A =943 mm’. Assuming cover of 30 mm and link diameter of 8 mm, the
overall depth h of the beam is

h =400 + 30 + 8 +20/2 = 448, say 450 mm.

From Table 4.3, for f, = 25 MPa that the minimum percentage steel required is
0.14. Check that the provided percentage is greater than the minimum of 0.14.

100 Ay/(b, d) =100 x 943/(250 x 400) = 0.94 > 0.14.

Note that this is only one of several possible satisfactory solutions.

In simply supported beams bending moment decreases towards the supports.
Therefore the amount of steel required towards the support region is much less
than at mid-span. Therefore it is possible to reduce the area of steel away from the
mid-span.

Example 2: Determination of tension steel cut-off. For the beam in Example 4.1,
determine the position along the beam where theoretically the middle of the three
20 mm diameter bar may be cut off.
The section at cut-off has two 20 mm diameter bars continuing: A, = 628 mm”.
The neutral axis depth can be determined by equating total compression in concrete
to total tension in the beam.
T=0.87 £ A;=0.87 x 500 x 628 x 107 =273.2kN

C=nx (f4/1.5) xbx2Ax x 107, ,=0.8,n=1

C=(25/1.5 x 250 x 0.8x) x 107 =3.33x kN
Equating C=T:

x =82 mm
z=d-0.5Ax=367 mm

Moment of resistance Mg:

Mr=Tz=273.2 x 367 x 10> =100.3 kNm
Determine the position ‘a’ from the support where M = 100.3 kN m.
Left hand reaction V is:

V=16.95x8/2=67.8 kN
100.3=67.8a—0.5 x 16.95 a*

The solutions to this equation are a = 1.95 m and a = 6.04 m from end A.
The bars should NOT be stopped at the section but continued a certain length
beyond the theoretical cut-off point because of anchorage considerations which
will be explained in Chapter 6.

Example 3: Singly reinforced one-way slab section. Fig. 4.7 shows a slab section
1 m wide and 130 mm deep with an effective depth of 100 mm is subjected to a
design ultimate moment of 10.5 kNm. Find the area of reinforcement required.
foe = 25 MPa and f, = 500 MPa.
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M 105x10°
bd?f,  1000x100% x25

% =0.5{1.0+ /(1—3%)}: 0.5{1.0+1/(1—3%)}=0.97

A - M B 10.5x10°
T 097dx0.87f,,  0.97x100x0.87x500

In the case of slabs, because of the very large width, reinforcement is not usually
specified as a fixed number of bars but in terms of the diameter of the bar and its
spacing. Using Table 4.9, provide 8 mm diameter bars at 175 mm centres giving
A, =288 mm’.

Check the minimum percentage of steel.

The percentage steel = 100 Ay/(b, d) = 100 x 288/(1000 x 100) =0.29 > 0.14. The
reinforcement for the slab is shown in Fig. 4.7.

=0.042 < 0.196

= 249 mm>

1000

t _ 7

130
100

| + -+ <+ -+ 4 < | T8-180

Fig. 4.7 Reinforcement in slab.

4.4.5 Design Graph

Using the equations developed in section 4.4.2, a graph for the design of singly
reinforced rectangular beams can be constructed as follows.
e Choose strength class of concrete
Calculate parameters ) and A
Choose a value of (x/d) < 0.448
(z/d) = {1 - 0.5 Mx/d)}
C= n(fk/1.5) xb x Ax=bd f {0.667n A (x/d)}
M = C z=bd’ f4 [0.667 1 A (x/d) (1-0.5 Ax/d)
Ay =M/(0.87 £, 2) = 0.766 (x/d) An b d ( fu/fy)
A _f

o« X _ 076754 >
bd £, d

Fig. 4.8 shows a plot of k = M/(bd2 fa) versus Ay/(bd) x (f/fe) for f < 50 MPa.
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Fig. 4.8 Plot of M/(bd” f,;)) versus Ay/(bd) * (fu/fex) for £ < 50 MPa.

Table 4.9 (Table to be used for calculating steel areas in slabs, walls, etc.)

TOTAL REINFORCEMENT AREA (mm®/m)
Bar diameter (mm)

Bar spacing (mm) 6 8 10 12 16 20 25
50 566 | 1010 | 1570 | 2260 | 4020 | 6280 | 9820
75 378 | 670 1050 | 1510 | 2680 | 4190 | 6550
100 283 | 503 785 1130 | 2010 | 3140 | 4910
125 226 | 402 628 904 1610 | 2510 | 3930
150 189 | 335 523 753 1340 | 2090 | 3270
175 162 | 288 448 646 1150 | 1790 | 2810
200 141 | 251 392 565 1010 | 1570 | 2460
250 113 | 201 314 452 804 1260 | 1960
300 94 167 261 376 670 1050 | 1640
350 81 144 224 323 574 897 1400
400 70 126 196 282 502 785 1230
450 63 112 174 251 447 697 1090
500 57 101 157 226 402 628 982

Note: A = (n d*/4) {1000/(c/c spacing in mm}.
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4.5 DOUBLY REINFORCED BEAMS

The normal design practice is to use singly reinforced sections. However if for any
reason, for example headroom considerations, it is necessary to restrict the overall
depth and breadth of a beam, then it becomes necessary to use steel in the
compression zone as well because concrete alone might not provide the necessary
compression resistance.

4.5.1 Design Formulae Using the Rectangular Stress Block

The formulae for the design of a doubly reinforced beam are derived using the
rectangular stress block.

Let M be the design ultimate moment. As shown in Table 4.7 and Table 4.8
respectively, a rectangular section as a singly reinforced section can resist a
maximum value of the compressive force due to moment equal to

Csr = kc bd fck
and moment equal to

M, =kbd*f,
The corresponding neutral axis depth x, /d can be determined from Table 4.5 and
z,/d from Table 4.6.
If the applied moment M > M, then compression steel is required because
concrete cannot provide any more compressive force than Cy,.
The compressive force C due to compression steel of area A, is

, Co=AJf
where f; is the stress in compression steel.
R |
d Fre--e--e- o o oe— Cu
‘——
___________ T Csr

o000 06— |

Fig. 4.9 Doubly reinforced beam.

As shown in Fig. 4.9, the lever arm z for compression steel is

z=(d—-d)
The stress in the tensile steel is f,,/1.5 = 0.87 fi; because the neutral axis depth of
x./d is less than the value for balanced design. However the stress f; in the
compressive steel depends on the corresponding strain g, in concrete at
compression steel level. g is given by
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1

(x-d)

€sc = €cu3

If the strain & is equal to or greater than the yield strain in steel, then steel yields
and the stress f, in compression steel is equal to 0.87 fik. Otherwise, the stress in
compression steel is given by

fs' = Es Esc
If £y = 500 MPa and E;= 200 GPa, then the yield strain in steel is equal to

0.87f,,
gyield :E_ =0.0022

Therefore, steel will yield if

~d) _ 087
o DS PO 60002
X
a0,
€cu3
&g 00022 x,
d 801.13 d

Table 4.10 shows the value of E for combinations of f;; and 6.

Table 4.10 Maximum value of — for different ratios of redistribution

fck Eeuz™ 103 d'
MPa d
6=1.0 6=090 |6=080 |o=0.70%

<50 3.5 0.1664 0.1367 0.1070 0.0773
55 3.1 0.1016 0.0795 0.0574 0.0353
60 2.9 0.0820 0.0642 0.0464 0.0285
70 2.7 0.0609 0.0477 0.0344 0.0212
80 2.6 0.0497 0.0389 0.0281 0.0173
90 2.6 0.0497 0.0389 0.0281 0.0173

* Note: For Class A steel, maximum value of 6 = 0.80.

Taking moments about the tension steel,
M= Csr z,+ Csc Zsc
For various combinations of f and J, values of k. and z,/d are shown in Table 4.7
and Table 4.6 respectively.
M = {k, fy bd} x (z,/d) + A, £, (d—d)

For various combinations of f and 3, values of k are shown in Table 4.8.

M=kbd’fy+ A, f, (d—d)

As' = (M - 1\/[sr)/{fsy (d - dy)}
For equilibrium, the tensile force T is equal to total compressive force.

T=A;0.87 f = Cy + Cye
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One important point to remember is that to prevent steel bars in compression
from buckling, it is necessary to restrain the bars using links.

4.5.2 Examples of Rectangular Doubly Reinforced Concrete Beams

The use of the formulae developed in the previous section is illustrated by a few
examples.

Example 1: A rectangular beam is simply supported over a span of 6 m and carries
characteristic dead load including self-weight of 12.7 kN/m and characteristic
imposed load of 6.0 kN/m. The beam is 200 mm wide by 300 mm effective depth
and the inset d of the compression steel is 40 mm. Design the steel for mid-span of
the beam for f, = 25 MPa concrete and f,, = 500 MPa reinforcement.

— 200 _,

h r s

2H16

300
365

2HI2
vl | s

Fig. 4.10 Doubly reinforced beam.

design load = (12.7 x 1.35) + (6 x 1.5) =26.15 kN/m
Required ultimate moment M:
M =26.15x6%/8=117.7kN m
Maximum moment that the beam section can resist as a singly reinforced section is
M, = 0.196 x 25 x 200 x 300% x 10™° = 88.2 kNm
Since M > M, compression steel is required.
d/d = 40/300 = 0.13 < 0.1664 (see Table 4.11). Therefore compression steel
yields. The stress f, in the compression steel is 0.87fy.
A, = {M—M,}/[0.87 £, (d - d)]
A = {117.7 —88.2}x 10°[0.87 x 500 x (300 — 40)] = 261 mm?
From equilibrium:
A, 0.87 f = Cy + A f,
A, 0.87 x 500 =k, x 200 x 300 x 25 +261 x 0.87 x 500
ke =10.2401 from Table 4.7
A, = 1089 mm®
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For the tension steel (2H25 + 2H12) give A, = 1208 mm®. For the compression
steel 2H16 give A, =402 mm”. The beam section and flexural reinforcement steel
are shown in Fig. 4.10.

Example 2: Design the beam in Example 4.6 but with d =60 mm.
d/d = 60/300 = 0.20 > 0.166 (Table 4.11)
Compression steel does not yield.
Calculate the strain in compression steel: x,/d = 0.448, x, = 134 mm
(x—d) (134-60)

Egc = (8cu3 = 0.0035)><T =0.0035

=0.0019

Stress in compression steel is
f, = E, & =200 x 10° x 0.0019 = 397 MPa
A= {M-M}/[397 (d-d")]
{117.7 - 88.2}x 10% [397 x (300 — 60)] = 310 mm*
From equilibrium:
A, 0.87 f = Cy + A f,
A 0.87 x 500 =k, x 200 x 300 x 25 + 310 x 397
k. =0.2401 from Table 4.7
A 0.87 x 500 = 0.2401 x 200 x 300 x 25+ 310 x 397, A;= 1111 mm*

4.6 FLANGED BEAMS
4.6.1 General Considerations

In a simple slab—beam system shown in Fig. 4.11, the slab is designed to span
between the beams. The beams span between external supports such as columns,
walls, etc. The reactions from the slabs act as load on the beam.

When a series of beams are used to support a concrete slab, because of the
monolithic nature of concrete construction, the slab acts as the flange of the beams.
The end beams become L-beams while the intermediate beams become T-beams.
In designing the intermediate beams, it is assumed that the loads acting on one half
of the slab on the two sides of the beam are carried by the beam. Because of the
comparatively small contact area at the junction of the flange and the rib of the
beam, the distribution of the compressive stress in the flange is not uniform. It is
higher at the junction and decreases away from the junction. This phenomenon is
known as shear lag. For simplicity in design, it is assumed that only part of full
physical flange width is considered to sustain compressive stress of uniform
magnitude. This smaller width is known as effective breadth of the flange.
Although the effective width actually varies even along the span as well, it is
common to assume that the effective width remains constant over the entire span.
Fig. 4.12 shows typical bending moment distribution in continuous beams. The
concept of effective width applies in the region between zero moments as shown in
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Fig. 4.12 as here the flange will be in compression. Over the support region, the
flange is in tension. Therefore the web of the beam resists compression and the
beam behaves as a rectangular beam. Therefore the concept of effective width is
irrelevant in this region.

|

Assumed h

Actual

Stress distribution in the flange
Fig. 4.11 Beam—slab system.

Clause 5.3.2.1 of Eurocode 2 gives the necessary information on effective width of
flanges.

€ v L « t ,
End span Interior Cantilever
span

Fig. 4.12 Distance between points of zero moments {, in the spans of a continuous beam.

Fig. 4.13 shows the simply supported lengths in end span and intermediate spans of
a continuous beam.
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EO = 01582 +E3

[ i

Hé%\‘b aé% < gl /'\ !

|<_ EO = 08581 — | Ko = 0782 N i

< e »ie 0, »ie (s »'
[——>|

E() = 015(81 +Ez)
Fig. 4.13 Definition of {, for calculation of effective flange width.

Note: The length of the cantilever €5 should be less than half the adjacent span and
the ratio of the adjacent spans should lie between 2/3 and 1.5.

The effective width is given by Eurocode 2 equations (5.7), (5.7a) and (5.7b) as
follows. The notation is shown in Fig. 4.14.
beffeyl =02 b] +0.1 E() < 0220 and beffe‘I < b1
beffe‘Q =02 bz +0.1 E() < 0220 and beffel < bz
begr = begr,i + ber 2 + by

The design procedure for flanged beams depends on the depth of the stress
block. Two possibilities need to be considered.

beffl  le—»  «—> Defi2

; bw ;
bbb b b,
I: b ;I

Fig. 4.14: Effective flange width parameters for flanged beams.
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6.2 Stress Block within the Flange

If Ax < hy, the depth of the flange (same as the total depth of the slab) then all the
concrete below the flange is cracked and the beam may be treated as a rectangular
beam of breadth b and effective depth d and the method set out in sections 4.4.3
applies. The maximum moment of resistance when Ax = h¢ is equal to

Mﬂange =M fcd beff hf(d - hf/z)
Thus if the design moment M < My, then design the beam as singly reinforced
rectangular section b x d.

4.6.3 Stress Block Extends into the Web

As shown in Fig. 4.15, the compression forces are as follows:
In the flange of width (b.s — by,), the compression force C; is
Ci1=n feq (begr — by) he
In the web, the compression force C, is
C2 =M fcd bw AX
The corresponding lever arms about the tension steel are
z;=d-hy2
7, =(d—Ax /2)

Eeu3

v

Ax

] N [

Ax

{o® l —

Fig. 4.15 T-beam with the stress block extending into the web.

Taking moments about tension steel, the moment of resistance My, is given by
MR: C] VA + C2Z2
Mg =10 fq (b —by) he(d —hy2) + nfy by, Ax (d—2Ax/2)

From equilibrium,

T:ASfS:C1 +C2
If the amount of steel provided is sufficient to cause yielding of the steel, then
f; = 0.87fy. The maximum moment of resistance without any compression steel is
when x = x, as shown in Table 4.5. The maximum moment of resistance is



82 Reinforced concrete design to EC 2

Maw g by he g Bey s O Xy g5 %)
bcffd fcd beff d 2d beff d d
If Mfiange <M < Moy, then determine the value of x from
Moy he b X 0505
bcffd fcd beff d 2d beff d d

where x < x, and the reinforcement required is obtained from the equilibrium
condition,
AS 0.87 fyk = C1 + C2

4.6.4 Steps in Reinforcement Calculation for a T-Beam or an L-Beam

e Calculate the total design load (including self—weight) and the
corresponding design moment M using appropriate load factors.
e Calculate the maximum moment Mgy, that can be resisted, when the
entire flange is in compression.
Mﬂange =1 fcd beff hf(d - hf/z)
e Calculate the maximum moment that the section can withstand without
requiring compression reinforcement.
M—m2 =Ry he g By B X 55
boad'f, by d o 24 by d d
e If M < Mygnge, then design as a rectangular beam of dimensions, b x d.
If Mfiange <M < Mpax, then solve the following quadratic equation in (x/d)

MRy e e X g5,
b.zdf, by d 2d b d d
e  Check x <x, and the reinforcement required is obtained from
As 0.87 fyk = C] + C2
e If M > Mmax, then compression steel is required or the section has to be
revised. Compression steel is rarely required in the case of flanged beams
because of the large compression area provided by the flange.

4.6.5 Examples of Design of Flanged Beams

Example 1: A continuous slab 100 mm thick is carried on T-beams at 2 m centres.
The overall depth of the beam is 350 mm and the breadth b,, of the web is 250 mm.
The 6 m span beams are simply supported. The characteristic dead load including
self-weight and finishes is 7.4 kN/m’ and the characteristic imposed load is
5 kN/m”. Design the beam using the simplified stress block. The material
strengths are f, = 25 MPa concrete and f, = 500 MPa reinforcement.

Since the beams are spaced at 2 m centres, the loads on the beam are:

Dead load =7.4 x 2 = 14.8 kN/m
Live load =5 x 2 =10 kN/m
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Design load = (1.35 x 14.8) + (1.5 x 10) = 35.0 kN/m
Ultimate moment at mid-span = 35.0 x 6*/8 = 157.4 kN m
b =b; + b, + by, = spacing of beam = 2000 mm
b; = b, = (2000 — 250)/2= 875 mm
Lo = Span of simply supported beam = 6000 mm
beffe’l = beffe’Q =0.2 bl +0.1 Eo < 0230
=0.2 x 875 +0.1x 6000 = 775 mm
beffe,l = beffe,Z =775 < (bl = b2 = 875)
Therefore begge| = berer = 775
besr = begr1 + berr 2 + by =775+ 775 + 250 = 1800 < (b = 2000 mm)
Effective width b of flange = 1800 mm
Assuming a nominal cover on the links is 25 mm and if the links are H8 bars and
the main bars are H25, then
d=350-25-8-25/2=304.5 mm, say 300 mm.
First of all check if the beam can be designed as a rectangular beam by calculating
Mﬂange~
Miange = M feq besr by (d — hy/2)
for =25 MPa, .4 =25/1.5=16.7 MPa, 1 =1, A = 0.8,0 = 1 (simply supported beam)
Miange = 16.67 x 1800 x 100 x (300 — 0.5 x 100) x 10 ~°=750.2 kNm
The design moment of 165 kNm is less than Mg,ne. The beam can be designed as

a rectangular beam of size 1800 x 300.
k =M/ (b d* f,) = 165 x 10% (1800 x 3007 x 25) = 0.041

§=0.5[1.0+ ’(1—33) 05[10+1’(l 3%)] 0.97
n

A M ~ 165x10°
*0.97dx0.87f  0.97x300x0.87x500
Provide 3H25; A, = 1472 mm’

=1303mm?

Example 2: Determine the area of reinforcement required for the simply supported
T-beam shown in Fig. 4.16. The dimensions of the beam are:
Effective width, b = 600 mm, by, = 250 mm, d = 340 mm, hy = 100 mm.
The beam is subjected to an ultimate moment of 305 kNm. The material strengths
are f = 25 MPa concrete and fy, = 500 MPa reinforcement.
Note: n=1,1=0.8, 5 =1, f.,4 =25/1.5=16.7 MPa, x,/d = 0.448 from Table 4.5.
Calculate Mﬂange to check if the stress block is inside the flange or not.
Mﬂange n fcd beff hf (d hf/z)
Miange = 16.7 x 600 x 100 x (340 — 0.5 x 100) x 10" =1290.6 kNm

The design moment of 260 kNm is greater than Mg,ne. Therefore the stress block
extends into the web.
Check if compression steel is required, although it is unlikely to be the case.

M—m;x e heg By B X g g5 X

bd°f,, b, d 2d b,y d d
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M—'“;"Z{l—@}xmx{l— 100 }+0.8x@x0.448x{1—0.5><0.8><0.448}
b.df,, 600" 340 2x340 600

=0.583x%0.294x0.853+0.8x0.417x0.448x0.821
=0.269

M, =0.269x600x340> x16.67x10° =311.0kNm

(Mﬂange = 2906) < (M = 305) < (Mmax =31 1)
The beam can be designed without any need for compression steel.

b= 600
. B
hy =100
o
400 d=340
s 44 4 | -
J -
be=250 |
Fig. 4.16 Cross section of T-beam.
Determine the depth of the neutral axis from
1\/12 pi-Dayhe g ey bl X 6525
bcffd fcd beff d 2d eff d d
6
20010 g 2203, 190 00 10 4 08x 220X (1-0.5x0.8x )
600% 340" x16.67 600" 340 2x340 600 d d
0.264 = 0.1463 + 0.333 (x/d) — 0.133 (x/d)’
Simplifying

(x/d)* = 2.50 (x/d) + 0.885 =0

, o [2.50 —/(2.502 ~4x0.885)]
Solving the quadratic in (x/d), (x/d) = 3
x/d = (2.50 — 1.646)/2 = 0.427 < 0.448
x=0.427 x 340 = 145 mm
Ci=1f.q (b—by) hy=16.67 x (600 — 250) x 100 x 10 = 583.45 kN
Co=1 fq by Ax = 16.67 x 250 x 0.8 x 145 x 10> = 483.43 kN
T=0.87 fyk As: C1 +C2
0.87 x 500 x A, = (583.45 +483.43) x 10°
A, = 2453 mm®
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Provide SH25, A = 2454 mm” as shown in Fig. 4.12.

4.7 CHECKING EXISTING SECTIONS

In the previous sections, methods have been described for designing rectangular
and flanged sections for a given moment. In practice it may be necessary to
calculate the ultimate moment capacity of a given section. This situation often
occurs when there is change of use in a building and the owner wants to see if the
structure will be suitable for the new purpose. Often moment capacity can be
increased either by
e Increasing the effective depth. This can be done by adding a well
bonded layer of concrete at the top of the beam/slab.
e Increasing the area of tension steel by bonding steel plates to the
bottom of the beam.

4.7.1 Examples of Checking for Moment Capacity

Example 1: Calculate the moment of resistance of the singly reinforced beam
section shown in Fig. 4.17. The material strengths are f;, = 25 MPa concrete and
fix = 500 MPa reinforcement. The tension reinforcement is 4H20 giving
A, = 1256 mm®.

250

—  —

400

' : :

Fig. 4.17 Cross section of rectangular beam.

Solution: Assuming that tension steel yields, total tensile force T is given by

T =0.87 f;, A, = 0.87 x 500 x 1256 x 10> = 546.4 kN
If the neutral axis depth is x, then the compression force C is, taking A = 0.8 and
n=1



86 Reinforced concrete design to EC 2

C=nf,q (Axxb) = 12—i_><0.8><x><250><10_3 =4.167x kN

For equilibrium, T = C. Solving for x
x =131 mm < (0.448 d = 179 mm)
Check the strain in steel

g, = Lan= 00033 (g oy 00035 5 131)=0.007 > fyield strain = 2200
X 131 200x10
Steel yields. Therefore the initial assumption is valid.
z=d-0.5x A xx=400-0.5x%0.8 x 131 =348 mm
Moment of resistance M
M =T z=546.4 x 348 x 10> = 190.2 kNm

Example 2: Determine the ultimate moment capacity of the beam in Fig. 4.17,
except, A, = 6T20 = 1885 mm™.
Proceeding as in Example 1, assume that steel yields and calculate

T =0.87 f A, = 0.87 x 500 x 1885 x 10~ = 819.98 kN

C=nf,q (Axxb) = 12—i_><0.8><x><250><10_3 =4.167x kN

For equilibrium, T = C. Solving for x

x =197 mm > (0.448 d = 179 mm)
Check the strain in steel
& = €cu2 = 0.0035 (d—x) = 0.0035

X 197

Although the strain in steel is larger than the yield strain, in order to ensure
sufficient ductility, the code limits the neutral axis depth to 0.448 d = 179 mm.
Using this value of x,

C=nf,q (xxb) = f—zx0.8x179x250x10_3 =596.7 kN

(400 —197)=0.0036 > (yield strain = 0.0022)

Leverarm=d —0.5Ax=400—-0.5 x 0.8 x179 =328 mm
M=Cxz=596.7 x328 x 10° =195.7 kNm

Example 3: Calculate the moment of resistance of the beam section shown in
Fig. 4.18. The material strengths are f = 25 MPa concrete and fy, = 500 MPa
reinforcement. A, = 4T25 = 1963 mm?, A, = 2T20 + T16 = 829 mm®.

Solution: Assume that both tension and compression steels yield and calculate the
tension force T and compression force C; in the steels.

T=0.87 f A, = 0.87 x 500 x 1963 x10~ = 853.9 kN

Cs=0.87 £ A= 0.87 x 500 x 829 x107 = 360.6 kN
The compression force in concrete is

C. = nfygb Ax =1.0><%><250><0.8><x x1072=333x kN

For equilibrium, C, + C;=T.
3.33x +360.6 =853.9.
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Solving x = 148 mm, x/d = 0.42 < 0.448
Calculate strain in tension and compression steels to verify the assumption.

g, = 0.00359=X) _ 0.0035@ = 0.0048

X

e, =0.0035 329 _ 90035
X
Both strains are larger than yield strain of 0.0022. Therefore both steels yield and

the initial assumption is correct. The neutral axis depth is less than 0.448 d.

C. = Nfegb Ax =%><250><0.8><148 x1072 =493 3kN

w = 0.0023

Taking moments about the tension steel, M=C,_(d—0.51x) + C,(d—d).
M = 493.3% (350 — 0.5 x0.8x 148) x 107> + 360.6 x (350 — 50) x 10 =251.6 kNm

f

. f— 250 — _L M Ied
r N ru C
50 L s

° - <+
Y , I &+

350 -

+18 8 —> 1

Fig. 4.18 Cross section of doubly reinforced beam.

4.7.2 Strain Compatibility Method

In the previous section, examples were given for calculating the moment of
resistance of a given section. It required making initial assumptions about whether
the compression and tension steels yield or not. After calculating the neutral axis
depth from equilibrium considerations, strains in tension and compression steels
are calculated to validate the assumptions. The problem can become complicated
if say tension steel yields while the compression steel does not yield. A general
approach in this case is the method of strain compatibility which has the advantage
of avoiding the algebraic approach. The basic idea is to assume a neutral axis
depth. From the assumed value of neutral axis depth, strains in steel in
compression and tension are calculated. Thus

g :‘C’CTlﬁ(d_x), fy = Beg < 0.97f,

£ :‘SCTlﬁ(x—d'), fy = Ee, < 0.87fy)
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From the stresses, calculate the forces

T=Af, Co=Af,, Cc=nfybix, C=C,+C,
For equilibrium, T = C. If equilibrium is not satisfied, then adjust the value of x
and repeat until equilibrium is established. Normally only two sets of calculations
for neutral axis depth are required. Linear interpolation can be used to find the
appropriate value of x to satisfy equilibrium. The following example illustrates the
method.

4.7.2.1 Example of Strain Compatibility Method

Example 1: Calculate the moment capacity of the section with b = 250 mm,
d =350 mm, d =50 mm, f, =25 MPa and f,, = 500 MPa,
A, =3H20 =942.5 mm?, A,=6H25=2945.2 mm*

Trial 1: Assume x =220 mm, A=0.8,n1=1,0 =1, f,4=25/1.5=16.67 MPa
Strain &' in compression steel is given by

&' =0.0035(x —d")/x = 0.0035 x (220 — 50)/220 = 0.0027 > 0.0022
Therefore compression steel yields and the stress fy' is equal to 0.87 f;
Similarly, strain € in tension steel is given by

g =0.0035(d — x)/x = 0.0035 x (350 — 220)/220 = 0.00207 < 0.0022
Therefore tension steel does not yield and the stress f; is equal to

f, = & E,= 0.00207 x 200 x10° = 413.6 MPa
T=A,xf,=29452 x413.6 x 107 = 1218.1 kN
C=fy4xbx08x+A{xf
C = {16.67 x 250 x 0.8 x 220 + 942.5 x 0.87 x 500} x 10~
C=(733.48 +410.0) = 1043.5 kN
T-C=746kN

Total tensile force T is greater than the total compressive force C. Therefore
increase the value of x in order to increase the compression area of concrete and
also reduce the strain in tension steel but increase the strain in compression steel.

Trial 2: Assume x = 240 mm say
Strain €, in compression steel is given by
g = 0.0035(x — d')/x = 0.00277 > 0.0022
Therefore compression steel yields and the stress f;' is equal to 0.87 fi;.
Similarly, strain g in tension steel is given by
g =0.0035(d — x)/x =0.0016 < 0.0022

Therefore tension steel does not yield and the stress f; is equal to

f,= & E =0.001604 x 200 x 10° = 320.8 MPa

T=A,xf,=2945.2 x 320.8 x 10 = 944.8 kN

C=f4xbx08x+A/xf
C={16.67 x 250 x 0.8 x 240 + 942.5 x 0.87 x 500} x 10~
C=(800.16 +410.0)=1210.2 kN
T-C=-265.36 kN
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As shown in Fig. 4.19, linearly interpolate between x = 220 and 240 to obtain the
value of x giving T - C =0.
X =220 + (240 — 220) x (74.6)/(74.6 + 265.36) =224 mm
x/d =224/350 = 0.64 > 0.448
As a check calculate T and C for x =224 mm.
Strain &, in compression steel is given by
&' = 0.0035(x —d")/x =0.0027 > 0.0022
Therefore compression steel yields and the stress f,' is equal to 0.95 fi;.
Similarly, strain g in tension steel is given by
g =0.0035(d — x)/x =0.0018 < 0.0022
Therefore tension steel does not yield and the stress f; is equal to
f,= & E=0.0018 x 200 x 10’ = 360 MPa
T=A,xf,=2945.2 x 360 x 10~ = 1160.3 kN
C=fy4xbx08x+A{xf
C={16.67 x 250 x 0.8 x 224 + 942.5 x 0.87 x 500} x 10>
C=(746.8 +410.0)=1156.8 kN

T-C=35kN
This is close enough to be zero.
T-C
74.6
240

i x
220

265.36

Fig. 4.19 Linear interpolation.

Taking moments about the tension steel, the lever arm for compression force in
concrete is (d — 0.5 Ax) and for the compression force in steel it is (d — d').

M = {746.8 x (350 — 0.5x 0.8 x 224) + 410.0 x (350 — 50)} x 10~ =317.5 kNm
Since x/d > 0.448, it is sensible to limit the permissible ultimate moment to a value
less than 317.5 kNm. Limiting x to x = 0.448 d =157 mm,

Co=C=fyxbx0.8x={16.67x250x 0.8 x 157} x107 =523.4 kN
Lever arm z, =d — 0.5 Ax = 287 mm
Strain &, in compression steel is given by &' = 0.0035(x — d')/x = 0.0024 > 0.0022.
Therefore compression steel yields and the stress f; is equal to 0.87 fy,.
Cy=1{942.5 x 0.87 x 500} x 1072 =410.0 kN, Lever arm z;,=d — d'= 300 mm
Taking moments about the steel centroid, M = C, z. + C; z; = 273.2 kNm.
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CHAPTER 5

SHEAR, BOND AND TORSION

5.1 SHEAR FORCES

In beams, a change in bending moment involves shear forces. Shear force at a
section gives rise to diagonal tension in the concrete and leads to cracking. Shear
failures are very brittle and therefore should be avoided. All beams should always
be designed to fail in a ductile manner in flexure rather than in shear.

5.1.1 Shear in a Homogeneous Beam

According to engineers’ theory of bending, in a beam a state of pure shear stress
exists at the neutral axis. This causes principal tensile and compressive stresses of
the same magnitude as the shear stress and inclined at 45° to the neutral axis. This
is shown in Fig. 5.1(b) and Fig. 5.1(c) on an element at the neutral axis.
In an elastic rectangular beam shown in Fig. 5.1(a), the distribution of shear stress
is parabolic as shown in Fig. 5.1(d). The maximum elastic shear stress at the
neutral axis is given by

Viax = l.5b—Vh
where V = shear force at the section.

In a T-beam or an L-beam, most of the shear force is resisted by the web and
therefore for all practical purposes in shear calculations, flanged beams can be
considered as rectangular beams of dimensions b, x h, where b,, = width of the
web.

%ﬁ (d

(@) (b)

Fig. 5.1 (a) cross section; (b) beam; (c) enlarged element; (d) shear stress distribution.



92 Reinforced concrete design to EC 2

5.1.2 Shear in a Reinforced Concrete Beam without Shear Reinforcement
(a) Shear failure

Shear in a reinforced concrete beam without shear reinforcement causes cracks on
inclined planes near the support as shown in Fig. 5.2.

Qy

[ l Shear stresses where
concrete is in compression

Diagonal crack

/ i Aggregafe interlock
g
{

|
B —

Dowel action

!

Fig. 5.2 Different actions contributing to shear strength.

The cracks are caused by the diagonal tensile stress mentioned above. The shear
failure mechanism is complex and depends on the shear span a, to effective depth d
ratio (a,/d). Shear span a, is defined as the distance between the support and the
major concentrated load acting on the span. When this ratio is large, the failure is
as shown in Fig. 5.2.

The following actions form the three mechanisms resisting shear in the beam:

a. Shear stresses in the compression zone resisted by uncracked concrete.

b. Aggregate interlock along the cracks: Although cracks exist in the web
due to tensile stresses caused by shear stresses, the width of the cracks is
not large enough prevent frictional forces between cracked surfaces.
These frictional forces exist along the cracked surfaces and contribute to
resisting shear force.

c. Dowel action in the bars where the concrete between the cracks transmits
shear forces to the bars.

(b) Shear capacity
An accurate analysis for shear strength is not possible. The problem has been
solved by testing beams of the type normally used in practice. Shear strength
depends on several factors such as
o The percentage of flexural steel in the member. This affects the shear
capacity by restraining the width of the cracks and thus enhancing the
shear carried by the aggregate interlock along the cracks. It also naturally
increases the shear capacity due to dowel action and increase the depth of
the section in compression.
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e Compression strength of concrete strength: It affects by increasing the
aggregate interlock capacity and also the shear capacity of the uncracked
portion of the beam.

e Type of aggregate: This affects the shear resisted by aggregate interlock.
For example, lightweight aggregate concrete has approximately 20%
lower shear capacity compared to normal weight concrete.

o Effective depth: Tests indicate that deeper beams have proportionally
lower shear capacity compared to shallow beams. The reason for this is
not clear but it is thought it might have some thing to do with lower
aggregate interlock capacity.

e Restraining the tension steel separating from concrete by providing
vertical links improves shear capacity by increasing dowel action.

d lps+d lpgtd

— lygtd —*

[N

Fig. 5.3 Definition of Ay at section A.

The shear capacity of a member without any shear reinforcement is given by code
equations (6.2a), (6.2b) and (6.3N).

Vird.c =[Cra.c k{100p; fu}'? +k; 60pTbyy d = [Vinin +k; Geplbyd (6.22)

cRdc:&:o.n
(v =15)
K =1+1/@ <20
d
o =2 <0.02
d

Ay = Area of tensile reinforcement which extends a length of (design anchorage
length 1,4 + effective depth) beyond the section where the shear capacity is being
calculated as shown in Fig. 5.3.

Vimin =0.035k! [f ¢ (6.3N)
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k;=0.15
o, = Axial force/Area of concrete cross section
In the above equations, Vyp, .is in Newtons, fx in MPa, all linear dimensions are in
mm.

(c) Example

Calculate the shear capacity of a rectangular beam 250 x 450 mm, effective depth
d =400 mm reinforced at a section with 3H20 bars. f, = 25 MPa, 6., = 0. It may
be assumed that the bars extend a length l,4 + d beyond the section under
consideration. B,, =250 mm, d =400 mm, Ay =3 x 314 =943 mm?.

cRd’C:&:o.lz

(rc=1.5)

k =1+J& =1.71< 2.0
400

100p; =100 x &:0.94S 2.0
250%400

Viin =0.035 x1.71'5 /25 = 0.39MPa
Viae =[0.12x1.71x{0.94x25}"* +0.15x 0] x 250x 400x 10

>[0.39+0.15%0]x250x 40010~
Viae =58.77239.0 kN

5.1.3 Shear Reinforcement in the Form of Links

Fig. 5.4 shows a reinforced concrete beam under third point loading. Due to the
loading, bending and shear stresses act at all points in the beam. In areas where
bending stresses dominate, vertical flexural tensile cracks develop. In areas where
shear stresses dominate as at neutral axis, inclined tension cracks develop due to
diagonal principal tensile stress caused by shear stress. At sections where both
bending and shear are of equal importance, cracks which start as vertical tension
cracks due to bending become inclined as they move up due to the action of shear
stresses.

When sufficient inclined cracks form as shown in Fig. 5.5, concrete between
cracks acts as concrete struts.

If vertical steel stirrup reinforcements are provided, the combination of vertical
steel stirrups and inclined concrete struts together form the web of a composite
truss whose tension chord is steel reinforcement and the compression chord is
uncracked concrete as shown in Fig. 5.6. It is important to appreciate that this is a
‘smeared truss’ in the sense that both steel and concrete web members are not
discrete members. If Ay, is the area of one steel stirrup and the spacing is s along
the span, then the vertical force provided by the stirrups is Ay, fi;/s per unit length.
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Bending moment diagram
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Shear force diagram

Fig. 5.4 Beam under third point loading.
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Fig. 5.5 A cracked reinforced concrete beam.

S S S U S

/ / / / /

v

I Y

Fig. 5.6 A composite truss.

In this model of shear resistance, it is assumed that at ultimate loads, the steel
stirrups yield and concrete struts do not crush.

Note that bending moment alone creates a force of M/z where z is the lever arm in
the tension and compression chords. However, the smeared truss idealization



96 Reinforced concrete design to EC 2

introduces an additional force in the tension and compression chords due to shear
force V. This can be seen from the force analysis of the truss shown in Fig. 5.7.
The depth of the truss is z, the web members are inclined to the horizontal by 6 and
the panel width is z cot 6.

The force analysis of the truss shows that the tensile forces in the bottom chord are
V cot 0, 2V cot 6, 3V cot 0 and so on. The bending moments in the middle of each
panel are 0.5V z cot 0, 1.5V z cot 0, 2.5V z cot 0 and so on. Dividing the bending
moment by the lever arm z, the force in the top and bottom chords due to bending
moment is 0.5V cot 6, 1.5V cot 8, 2.5V cot 0 and so on. The force in the top and
bottom chords due to shear force alone is the difference between the total force and
the force due to bending moment. This additional force is equal to 0.5V cot 0 in
the top and bottom chords. This has to be allowed for in the design of tension
reinforcement.

z coth V cotd 2V cotd
< > P > P > &
5 < — < — <
,/ / / ¥
4 4 4 4
4 4 4 4
7’ 4 7’ 4
4 4 4 4
Z // /I // II
7’ 7’ 7/ 7’
. 7 ’ 4
// // // //
4 e // II //
v 4 4 _ 4 _ 4 ‘
A " “ w
\% V cotb 2V cotf 3V cotf
/
1
1
1
1
1
0.5V cotf 1.5V cotf 2.5V cotf

Bending moment distribution

Fig. 5.7 Additional tensile force due to shear force.

5.1.4 Derivation of Eurocode 2 Shear Design Equations

Fig. 5.8 shows the idealized truss with a cut section parallel to the concrete
compression struts. Let z be the lever arm, the distance between the compression
chord and longitudinal reinforcement acting as tension chord. If 0 is the inclination
of concrete struts to the horizontal and s is the spacing of the vertical shear links,
the number of links in the distance z cot 0 is z cot 0 /s. If A, is the total area of
shear link and f,4 is the design yield stress of the link steel, the shear force V at
the section is given by

V=zcot(%

Asw fywd
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z cot O

Fig. 5.8 Idealized truss with a cut section parallel to the struts.

‘//A,.j//>

i z tan 0

Fig. 5.9 Idealized truss with a cut section perpendicular to the struts.

Fig. 5.9 shows the same idealized truss but with a cut perpendicular to the struts.
The length of the cut section is z/cos 0. If o, is the stress in the concrete struts, the
total compressive force F, parallel to the struts is

Z

F. =oc.b
¢ ¢V cos @
The total vertical tensile force F due to force in the stirrups is

F:ztane ¢

S sw tywd

zcot 0

However, V= Agw fywqcan be expressed as

Vitan == Ay, fyyq
s
F can now be expressed as
tan 6
Fy =2 Agy fywa = Vtan2 0
s
From Fig. 5.8,
V=F,sin0—F;
Replacing F, by V tan® 6
V =F,sin 0 —V tan’ 0



98 Reinforced concrete design to EC 2

V (1 + tan® 0) = F, sin 0
_ sin@
 (1+tan” )
_[o.b Z_ sin@
¢V cos@ (l+tan’6)
= [Gc bw z xLHZ
(I+tan” 6)

bg—

(cot 8+ tan 6)

The maximum shear force that can be resisted without crushing the concrete in the
struts is given by
1

\Y% =o,byz——
Rd,max €W (cot B+ tan )
Code limits the concrete stress o, to
G =0cw Vi feq
where v, is an efficiency factor which allows for the effects of cracking as well for
the actual distribution of stress in the struts. It is given by code equation (6.6N).

v; =0.6 (1 — £4/250) (6.6N)
., = 1 for non-prestressed structures. (6.10aN)
VRrb, max 1S given by the code equation (6.9)
1
V = Ogy Dy 2ZVy foq—m——
RD,max cw PYw 1 ted (COt 0+ tan 6)
1<cotf<2.5 (6.7N)

An approximate value for lever arm is z = 0.9 d. The value of b,, is the width of
the web in T-beams. If the width of the web varies, then the minimum width
between the tension and compression chords should be used as shown in Fig. 5.10.

@ f—- b, [ ]

Fig. 5.10 Minimum web width b,.

The shear reinforcement required is given by

Vitan0==Ag, fyyg
S

The expression for V can be written as
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v== Agy fywgcot6
s

In the code the above equation is the shear resistance due to stirrups alone and is
given as equation (6.8).

VRD.s =— Agy Fywacot 0 (6.8)
S
Table 5.1 Values of shear resistance
cot 0 VRD,s VRD,max
1.0 0.87(2/) Auy fouk 0.2(1 — £4/250) by, Z
25 2175 (2/8) Ay foux | 0.138(1 — £4/250) by, z fie

Table 5.1 shows the values of shear resistance of concrete and steel for the two
extreme values of cot 6. Taking fo= fu/ (y. =1.5), fywd = f/ (ys =1.15) and
equating the value of shear resistance of concrete to the shear resistance of stirrups,
the value of Ag,/s can be calculated. Clearly the minimum value of shear steel is
needed when cot 0 = 2.5 and the maximum value of shear steel is needed when
cot0=1.0.

5.1.4.1 Additional tension force due to shear in cracked concrete

Fig. 5.11 shows a beam cracked in shear with concrete struts inclined at an angle to
the beam axis.

I
T F

Fig. 5.11 Beam cracked in shear with concrete struts.

Taking a series of steps perpendicular to the struts, the total compressive across a
vertical cut is

F.=c.bhcos0
where 6, = compressive stress in concrete, b = width of the beam and h = depth of
beam.
As shown in Fig. 5.12, the vertical component of F, is equal to the shear force Vgq.

VEd = Fc sin 0.

The horizontal component H is equal to F. cos 6.
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Expressing F, in terms of Vg,
H=F_ cos 0 = (Vgy/sin 0) cos 8 = V4 cot 6.
The horizontal compressive force H is kept in equilibrium by tension forces in the
top and bottom chords. The force in the bottom chord is approximately 0.5H.
The additional tension force due to shear is therefore 0.5 Vgq4 cot 6.

S

1

Fig. 5.12 Additional tension force in a beam cracked in shear with concrete struts.

In Eurocode 2 clause 6.2.3(7), the additional tensile force in the longitudinal
reinforcement due to shear Vigq in members with shear reinforcement is given by
equation (6.18) as
AVgq= 0.5 Vgq (cotd — cotar) (6.18)
where 6 = angle of the cracks and o = inclination of shear reinforcement to the
vertical.
For members with shear reinforcement, the total tensile force F, for which the
reinforcement needs to be designed is given by
Fs = (Mgp/z + AVEg) < Maximum moment along the beam Mgp, max/Z

In clause 9.2.1.3(2), Eurocode 2 suggests that this additional tensile force due to
shear can be included by simply shifting the moment curve away from the section
of maximum moment in the direction of decreasing moment a distance

a; = 0.5 z (cotO — cota) 9.2)
The shifted bending moment diagram is used for design.
In the case of members without shear reinforcement, a; = d.

5.1.5 Minimum Shear Reinforcement

The code recommends in equations (9.4) and (9.5N) that minimum shear
reinforcement must satisfy the condition

0.0SJf

Agw o 0901k (9.4) and (9.5N)
Sbw fyk

In addition the maximum longitudinal spacing s is limited to 0.75 d according to

equation (9.5N). The transverse spacing (across the width b,,) should be limited to
0.75 d <600 mm according to equation (9.8N).



Shear, bond and torsion 101

5.1.6 Designing Shear Reinforcement

The steps in designing the shear reinforcement are as follows.

e Calculate the design shear force, Vgg.

e Calculate Vgp, . If Vg4 < Vgp, ., then no shear reinforcement is required
but a minimum value should always be provided.

e If Vg4 > Vgp, ., shear reinforcement is required.

e Equate V = Vgp max and calculate the value of cot 8. Check that it is with
in the limits of 1.0 and 2.5. If it is outside the limits for minimum shear
reinforcement, choose the maximum value within the limits and calculate
the corresponding value of Vrp, m.x and ensure that it is larger than Vg,.

e Design the necessary shear reinforcement from the equation (6.8)

VRD.s =— Ay fywacot 8 (6.8)
s
e  Check that the minimum reinforcement has been provided
0.08 ,/f
Asw 5 290 ekc (9.4) and (9.5N)
S bw fyk

Check the longitudinal and lateral spacings.

Example: At a cross section in a T-beam with flange width b = 600 mm, flange
thickness hy = 125 mm, effective depth d = 375 mm, width of web by, = 200mm,
flexural reinforcement is 2H32 mm bars, f = 25 MPa, f,,x = 500 MPa, design
ultimate shear force Vgg = 157.5 kN. Determine the spacing of 10 mm diameter
links.
Solution:
i. Check if shear reinforcement is required, Vgg > Vggq, ..

Vga= 157.5 kN, by, = 200 mm, d = 375 mm, Ay =2 x 804 = 1608 mm*

cRdc:&:o,u
T (¥e=15)
k=1+1’@ =1.73<2.0
375
100p1:100><&:2.14> 2.0
200x375

Take 100p; =2.0
Viin =0.035 x1.73'° /25 = 0.39 MPa
Vig.e =[0.12x1.73% {2.0x25}"/% +.0.15x0] x 200x 375x10™

>[0.39+0.15x0]x 200 x 375 x 1073
VRd,c=57.35229.3 kN
Vra, e = 57.35 kKN < Vgq. Therefore shear reinforcement is required.
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ii. Check whether the section strength is adequate, Vgg < Vrgmax-
1

V; = o b, zv, f.4 ———————
Rd,max cw Yw 1 ted (C0t9+tan9)

cos® sin®  cos?0+sin’0 1 2
cotO+tan O=——+ = - = — =
sin® cos© cos 0 sin® cos0 sin® sin20
sin 20
VRd,max = Ocw bw 2V feg
2V,

sin2¢=——"Rdmax

acw bw ZVl fcd

2V,

9:05 Sinil{ Rd,max }

acw bw ZVl fcd

Setting VRd, max VEd7
0=0.5 sin~ {—=VEd___
Aew bw zZVvy fcd

2x157.5x10°

0=0.5 sin"!{ 55
1.0x200x (0.9x375) ><O.6><E
= 0.5sin"! (0.467) =0.5x27.8=13.9°
cot 0= 4.04
The value of cot 0 is outside the limits of 1.0 and 2.5.
Choosing cot 8 = 2.5 for minimum shear reinforcement, Vg, max = 232.8 kKN > Vg4
Section size is adequate.

iii. Design of shear reinforcement.
Ensure that Vgg § > Vgq and choosing 2-leg links of H8, A, = 100.5 mm?,
cot0=2.5,z=0.9d, f,, = 500 MPa,
Vias _z A, fywd cot &
S

= Mxloo.sxs_ooxz.wlo*3
s 1.15

_ 308081 N > (v, =157.5kN)
S

s <234mm

iv. Check minimum steel requirement.

Sbw fyk

100.5 >0.08«/§
s %200 500

0.8,
Asw , 209ylek (9.4) and (9.5N)
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< 1005 100. 5 500

200 0.0845

Maximum spacing s < (0.75 d = 0.75 x375 =281 mm).

Maximum spacing should be less than 280 mm. A spacing of 225 mm will be
satisfactory. Note that for reasons of economy, it is always desirable to have the
links at maximum spacing permitted as this will reduce the number of links.

———==628mm

5.1.7 Bent-up Bars as Shear Reinforcement
The most common method of providing shear reinforcement is in the form of links.

A less common method is using bent—up bars. The reason bent-up bars are less
popular is because of the increased cost of bending and fixing the reinforcement.

S |

><><><

Bending
moment

— Shear

force
Fig. 5.13 Bent-up bars resisting shear force (simply supported end).

In the case of simply supported ends, the bending moment decreases but shear
force increases towards the support. Normally the tension reinforcement is
curtailed towards the supports. However, instead of curtailing the bottom tension
reinforcement towards the supports, they can be bent up as shown in Fig. 5.13 to
cross a potential shear crack and thus assist in resisting shear force.

A similar situation occurs at continuous supports as well. As shown in
Fig. 5.14, both the bending moment as well as the shear force increase towards the
supports. However as the bending moment causing tension at the top face
decreases away from the support, the top tension steel can be bent down to act as
shear reinforcement.

This is the main motivation for using bent-up bars as shear reinforcement.
However, often there might not be sufficient bars to bend to maintain minimum
spacing required.
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S N O S N N

F XX
W Bending

Q'

Shear
force

A\

I

Fig. 5.14 Bent-up bars resisting shear force (continuous support).

Composite truss: As shown in Fig. 5.15, the composite truss is made up of bent-up
bars and concrete struts. The concrete struts and the bent-up bars are inclined at
angles 0 and a respectively to the horizontal.
Taking a section parallel to the struts as shown in Fig. 5.16, the number of bent-up
bars is z(cot 0 + cot a)/s, where s is the spacing of the bent-up bars. The vertical
component of the bars is therefore the shear resistance Vq s of the bent-up bars.
z(cot 0+ cot o) .

VRd s :TASW fywasina (6.13)
Similarly taking a section perpendicular to the struts and proceeding as in section
5.1.4,

(cot O+cot )

(1+cot? 0)
Replacing o, by o, vi fig and V by Vrg, max

V=o,b,z

(cot O+cot )

3 (6.14)
(1+cot” 0)

VRd,max = Ocw bw ZVq fcd
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b

z (cot o + cot 0)

Fig. 5.15 Composite truss with bent-up bars and concrete struts.

v

! [
e N
z(cotd + cota)

Fig. 5.16 A section parallel to the concrete struts.

5.1.7.1 Example of Design of Bent-up Bars and Link Reinforcement in Beams

Design shear reinforcement using a combination of shear links and bent-up bars for
a rectangular beam b = 300 mm, d = 450 mm, fy = 25 MPa, f; = 500 MPa. The
tension steel consists of 3H25 mm bars. Bent-up bars are H20 bars bent in pairs at
an angle to the horizontal of 45° and at a spacing of 600 mm. The design shear
force Vg =320 kN.

Design shear reinforcement using one half of total shear force to be resisted by
links and the other half by bent-up bars.

a. Link design
Vg = 0.5 x320 = 160 kN, b, = 300 mm, d = 450 mm, Ay =3 x 491 = 1473 mm’

i. Check if shear reinforcement is required, Vgg > Vgg, ..

cRd’C:&:o.u

(rc=1.5)
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k =1+1/@ =1.67<2.0
450

100p; :100xﬂ=1.09< 2.0
300x450

Viin =0.035 x1.67"° x4/25 = 0.38 MPa

Via.e =[0.12x1.67x {1.09x25}'3 +0.15x0]x 300x 450x 10~

=[0.60+0.15% 0] x 300 x 450 10>
Vrg.c =81.4> [0.38+0.15x0]x300x450x 107> kN
=81.4>513

Vga. e = 81.4 KN < V4. Therefore shear reinforcement is required.

ii. Check the adequacy of the section, Vgg max > Via.

0=0.5 sin"!{ 2 Veq
Ocw by zvy g
B . 2x160x10°
0=0.5 sin”" " { 5 }

1.0x300x (0.9x450) x0.6x s

= 0.5sin”! (0.263) =0.5x15.27=7.64°
cotO=7.45
The value of cot 6 is outside the limits of 1.0 and 2.5.
Choosing cot 8 = 2.5 for minimum shear reinforcement, (Vrp, max = 419 kN)> Vpq.
Section size is adequate.

iii. Design of shear reinforcement
Ensure that Vgq s > Vg, and choose 2-leg links of 8 mm diameter,
Ay = 100.5 mm?, cot 0 = 2.5, 2= 0.9d, f,,i = 500 MPa,
Vias “ZAf Jcotd
s

SW T YW

~(0.9%450) 500

x100.5x% x2.5x107°
1.15

S

_17696 18> (v, =160kN)
S

s <110mm
0.75d=0.75 x 450 = 338 mm
Use a spacing of 100 mm.
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iv. Check minimum area of links

Apy o 008 7o

Sbw fyk
ﬂ2[&:3.35“0‘3]2[M=0.83.35x10‘3]
sb, 100 x 300 500

Minimum steel has been provided.
b. Bent-up bar design

i. Check if for bent-up bar case, Vg, max > V.
Assuming cot 0 = 2.5 from link design and cot a = 1.0, o= 45°

(cot O+cot o)
VRd,maX = O¢ow bw ZVq fcd—

(1+cot26)
=1.0%x300x%(0.9%450)x 0.6 (25—+12) 1073
15 (1+2.5%)
~1215x w
(1+25 )

=586.6 kKN >(Vgq =160kN)

ii. Design of shear reinforcement
Ay =2%314=0618 mm?, cot 0 =2.5, z=0.9d, fywk = 500 MPa, s = 600 mm,
a=45

VRd.s = ASW fywd (cot B+cot a)xsina

(0. 9><450)
600
Vras =456 kN > (VEd =160kN)

$ <0.75 d (1+cot a) = 0.75 x 450 x (1+1) = 676 mm which is greater than the
spacing of 600 mm provided.

VRd.s = x 628 ><(2 5+1)x0.7071x107>

Note: The code is unclear about many aspects of combining vertical shear links
and bent-up bars. For example there are two values for Vg .., one for links steel
and one for bent-up bars with the latter giving a much smaller value than the
former. As it is clearly illogical to use two different values for cot 0; in the above
example only one value of cot 0 calculated from Vyp, . for link steel case is used.

5.1.8 Loads Applied Close to a Support

When loads are applied close to a support as shown in Fig. 5.17, a large proportion
of the load is transferred to the support by strut action rather than by bending and
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shear action. Therefore one can take a reduced value of the load when designing
shear reinforcement.

| ay

T l— a - TTTmmEmTm T
v Corbel

Fig. 5.17 Loads close to support.

Clause 6.2.2 (6) states that when loads are applied on the upper side within a
distance 0.5 < a,/d < 2.0, where a, is the distance from the edge of the support to
the edge of the load as shown in Fig. 5.17 and d is the effective depth, the
contribution of that load to shear force V4 may be reduced by a reduction factor 3
equal to 0.5 a,/d. The reduction is applicable also when checking Vgq ..

Ifa,/d < 0.5, then use B = 0.25.

In addition, Vg4 calculated without the reduction by B should always satisfy the
condition given by code equation (6.5)

f
Vg €0.5b, dx{0.6[1—-=2-]txf, 6.5
Ed w X{ [ 250]}>< cd ( )

In addition to the above requirement, Vg4 calculated with the reduction by B should
always satisfy the condition given by code equation (6.19)
Vigreduced < Agy, fyygxsina (6.19)

a = 90° for links. A, is the total shear reinforcement crossing the inclined shear
crack. Only the reinforcement in the central 0.75 a, of the distance between the
loaded areas should be taken into account.

5.1.8.1 Example

A corbel 350 mm wide and 500 mm deep is reinforced in tension by 2H25 mm
bars to support a load of 400 kN. Assuming that f, = 500 MPa, f, = 30 MPa,
effective depth d = 450 mm, a, = 600 mm, design the necessary shear
reinforcement.
a,/d = 600/450=1.33
B=a,/ (2d)=1.33/2=0.67
Vg = Reduced load for shear force = f x 400 =268 kN

i. Check that Vg, satisfies equation (6.5).

f
Vo, £0.5b_ dx {0.6[1 - —%- f
Ed W X{ [ 250]} x cd
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260KN < 0.5%350 450 {0.6[1 - =T} x 2210~
250" 1.5

269 kN <832kN

ii. Check if shear reinforcement is needed, Vg, < Vgq.
Ay =2 x 491 =982 mm*
0.18
Crg,c=——==0.12
(Yc =1.5)

k =1+,’@ =1.67<2.0
450

100p; =100x —22_ —0.62< 2.0
! 35

0x450
Viin =0.035 x1.67"° /30 = 0.41MPa
Vig,e =[0.12x1.67x {0.62x30}"/% +0.15x0] x 350x 450x 10~
=10.53+0.15x 0]x350x 450 x 10>
Vig.c =83.52 [0.41+0.15x0]x300x 450107 kN

=83.5>64.6
VRd, ¢ 83.5kN < VEd-
Therefore shear reinforcement is required.

iii. Check adequacy of section, Vrq, max > Vga.

0=0.5 sin"!{ 2 VEd
Aeow bw ZV1 fcd
PR 2x267x10°
0=0.5 sin" { 30 }

1.0x350x% (0.9%x450) x0.6x s

= 0.5sin"1 (0.314) =0.5x18.3=9.15°
cot 0= 6.21

The value of cot 6 is outside the limits of 1.0 and 2.5.

Choosing cot 8 = 2.5 for minimum shear reinforcement, Vg, max = 587 kKN > V.
Section is adequate.

iv. Design of shear reinforcement Vgg s > Vg

Choosing 2-leg links of 8 mm diameter,

Ay =100.5 mm?, cot 6 =2.5, z=0.9d and fywk = 500 MPa.
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z
Vib.s =g A, fywd cot &

- MXIOO.SX%XZ.SXIO_3

S
44242
S

KN > (V,,, =267kN)

s <165mm
Maximum spacing = 0.75 d =338 mm. Choose 150 mm spacing for links.

v. Check minimum shear steel:
a, =600 mm, 0.75 a, = 450 mm, sin a = 1 and area of one 2-leg link = 100.5 mm?>.

Vg reduced < Ag,, fyyqxsina

If N links are provided in the section 0.75 a,,
268kN < leoo.SX%xl.oxm*3

N=>6.1
Provide seven links in the 450 mm length. Provide 8 mm diameter 2-leg links at
450/ (7-1) = 75 mm centres.
Note: Annex J.3 of Eurocode 2 gives further information on the design of corbels
using strut—tie method. See also Chapter 18.

T N I T O N

« |
i < >

(a) (b)

Fig. 5.18 Beams with sloping webs.

5.1.9 Beams with Sloping Webs

Very often the beam depth is increased towards the support to increase shear
capacity. Fig. 5.18 shows the situation at a simply supported end and at a
continuous support. Note that at a simply supported end, the total shear force is
increased because of the vertical component of the tensile force. On the other
hand, in the case of continuous beam, the total shear force is reduced by the
vertical component of the compressive force. These changes need to be included
when designing shear reinforcement.
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5.1.10 Example of Complete Design of Shear Reinforcement for Beams

Example 1: A continuous slab 100 mm thick is carried on T-beams at 2 m centres.
The overall depth of the beam is 450 mm and the breadth b, of the web is 250 mm
as shown in Fig. 5.19. The beams are 7 m clear span and are simply supported as
shown in Fig. 5.20. The characteristic dead load including self-weight and finishes
is 10 kN/m* and the characteristic imposed load is 6 kN/m?. Design the beam
using the simplified stress block. The materials are concrete f,, =25 MPa and steel

f4 = 500 MPa.

. 2000

100 4

N I 450
250 v

Fig. 5.19 Cross section of the T-beam.

— . 7.0 m Yo

200 mm 200 mm

Fig. 5.20 Beam and loading.

Since the beams are spaced at 2 m centres, the loads on the beam are:
Dead load = 10.0 x 2 =20.0 kN/m
Live load =6 x 2 =12 kN/m
Design load = (1.35 % 20.0) + (1.5 x 12) =45.0 kN/m
Ultimate moment at mid-span = 45.0 x 7.2%/8 =291.6 kN m

Design for bending:
Calculate the effective width:
b =D, +b, +b,, = spacing of beam = 2000 mm
b; =b, = (2000 —250)/2= 875 mm
Lo = Span of simply supported beam = 7200 mm
bete.1 = betren = 0.2 by + 0.1 £o<0.20,
=0.2 x 875+ 0.1x 7200 = 895 mm
begre, 1 = befre2 = 895 > (b = b, = 875)
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Therefore beffe’ 1= beffe’ 2= 875
beff: beff,l + beff, 2 + bw =875+ 875+ 250=2000 < (b =2000 1’1’11’1’1)
Effective width b of flange = 2000 mm
The beam section is shown in Fig. 5.17. Assuming a nominal cover on the links is
25 mm and if the links are 8 mm in diameter and the main bars are 20 mm in
diameter, then
d=450—-25—-8—-20/2 =407 mm, say 400 mm.
First of all check whether the beam can be designed as a rectangular beam by
calculating Mgpge.
Mﬂange =1 de b hf (d - hf/z)
fy = 25 MPa, f4 = 25/1.5 = 16.7 MPa, n =1, A = 0.8, & = 1 (simply supported
beam).
Miange = 16.67 x 2000 x 100 x (400 — 0.5 x 100) x 10 6=1166.9 kNm

The design moment of 291.6 kNm is less than Mg,ne.. The beam can be designed
as a rectangular beam of size 1840 x 400.

k =M/ (b d* f,) =291.6 x 10% (2000 x 400 x 25) =0.037 < 0.196

_05{10+ /(1 3— }_05{10+1/(1 3m)} 0.97

291.6x10°
) 0.97dx0.87 fyx 0.97x400x0.87x500

Provide 6H20; A, = 1884 mm”.
Check actual effective depth:
d, for bottom four bars = 450 — 25(cover) —8 (links) — 20/2 = 407 mm.
d, for top two bars =407 — 20 = 387 mm.
d=(4 x407 +2 x 387)/6 =400 mm. Assumption is valid.
Bar curtailment:
The top two bars can be curtailed, leaving the bottom four bars to run to full length.
A, =4H20 = 1256 mm®.

A= =1728 mm?

Check minimum steel:
From equation (9.1N), A min = 0.26 % (foum/fyi) * by d
f.m = 0.30 x(25)° 7=26 MPa f,, = 500 MPa, b, = 250 mm, d = 400 mm,
Ag, min =135 mm <1256 mm® pr0V1ded
Ignoring the additional tensile force due to shear:
Equating total tension to total compression,
Ay % 0.87 x £, = (2000 x a) x f4, a = thickness of slab in compression
1256 x 0.87 x500 = (2000 x a) x 25/1.5, a=16.4 mm
lever arm z = (d; — a/2) =407 — 16.4/2 = 399 mm
Moment of resistance = A X 0.87 x fi X z= 218 kNm
45 x (7.2/2) x x — 45 Xx2/2 218,x=1.79 m and 5.40 m
Top two bars can be curtailed at 1.79 m from the centre of support at both ends.
Including the additional tensile force due to shear: As a simple means of including
the effect of shear force on tensile force in the reinforcement, using the shift rule
from clause 9.2.1.3(2), the bending moment diagram is shifted by
= 0.5z (cot® — cota)
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z=399 mm, cot 0 =2.5, a=90°, cota =0, a; = 0.5 m.

The moment of 218 kNm, instead of occurring at 1.79 m from the ends, is assumed
to occur at 1.79 — a; = 1.29 m from the ends.

Assume the anchorage length 1,4 = 41 bar diameters = 820 mm (see section 5.2).
The top two bars can be stopped at (1.79 —a; —lpg ) =(1.79-0.5-0.82) = 0.47 m
from the centre of support at both ends.

Design for shear:
In clause 6.2.1(8), the code states that for members subjected to predominantly
uniformly distributed loading, the design shear force need not be checked at a
distance less than d from the face of the support. Any shear reinforcement required
should continue to the support. In addition it should be verified that that the shear
at the support does not exceed Vgy, max-
In clause 6.2.3 (5), the code states that where there is no discontinuity of Vg, (e.g.,
for uniformly distributed loading) the shear reinforcement in any length increment
£ =z (cot 8 + cot o) may be calculated using the smallest value of Vg4 in the
increment.
Reaction R =45 x 7.2/2 =162.0 kN. Width of support =200 mm.
Shear force at d from face of support =R — (100 + 400) x 10~ x 45 = 139.5 kN.
Vg =139.5 kN.

(a) Check if shear reinforcement is required, Vgq > Vgq, .
Viq= 139.5 kN, b, = 250 mm, d = 400 mm, Ay = 4 x 314 = 1256 mm>

cRd’czﬂzo,n
(rc=1.5)
kzl-l—Jﬂ =1.71<2.0
400
100p1=100><&=1.26< 2.0
250x400

Viin =0.035 x 1.71'° x4/25 = 0.39MPa
Vra.e =[0.12x1.71x {1.26 x25}!/3 +0.15x 0] x 250x 400x 10~

>[0.39+0.15%x0]x 250 % 400 x 1073
VRd,c =64.8239.0 kN
Vra, e = 64.8 KN <139.5 kN. Therefore shear reinforcement is required.

(b) Check if the section strength is adequate, Vg < Virg, max-
2 Vg4

0=0.5 sin ' {——=YEd
Aew bW zZvy fcd
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3
0-0.5 sin_l{ 2x139.5x10

25 }
1.0x250x (0.9%x400) ><0.6><§
= 0.5sin”! (0.31) =0.5x18.06=9.03°
cot0=6.29
The value of cot 6 is outside the limits of 1.0 and 2.5.
Choosing cot 6 = 2.5 for minimum shear reinforcement, Vgg, max = 310.3 KN > V.
Check that shear force at support is less than Vrg max.
Shear force at support = 162.0 kN < (Vg max = 310.3 kN).
Section size is adequate.

(¢) Design of shear reinforcement:
Ensure that Vgg s > Vg and choose 2-leg links of 8 mm diameter.
Ay = 100.5 mm?, cot 0 = 2.5, 2= 0.9d, f,,i = 500 MPa, Vg = 139.5 kN.

Z
VRd,s =: ASW fywdCOt 0

Vras = 222390 100.5x 2% 42 5x1073
: s B
2
Vigs =220k 2 (Vyy =139.5kN)
S
s <282mm

Maximum spacing s < (0.75 d =0.75 x 400 = 300 mm).
Maximum spacing should be less than 300 mm. A spacing of 250 mm will be
satisfactory.

(d) Check minimum steel requirement.

Agy . 0.084fy

Sbw fyk

100.5 >o.08JE

sx250 500
_100.5 500

s_—_
250 0.08+4/25

= 503mm

(e) Calculate the shear resistance with minimum shear steel.
s =300 mm.

z
VRd,s :; Asw fywdCOt 0

_(0.9x400)

300
This shear force occurs at (7.2/2) x [1.0 — 131.1/162] = 0.69 m from the ends.

VRd.s % 100.5 x 22 4 25 % 1073 =131.1kN
: 1.15
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Therefore beyond 0.69 m from the ends, only minimum shear links at 300 mm are
required.

Provide links at 250 mm centres for 0.69 m from the ends and links at 300 mm for
the rest of the beam. 2H12 bars are provided at the top to hold the links. The
arrangement is shown in Fig. 5.21.

4 links at 250 links at 300

100 mm 570 mm

._._._'

Fig. 5.21 Shear link arrangement.

In order to assist design calculations, Table 5.2 gives the values of A,/(s by) for
fyx = 500 MPa and f; from 25-60 MPa.

Table 5.2 Minimum shear reinforcement: Value of (Aq/(s by) x10*

fo, MPa 25 | 30 35 40 45 50 55 60
(Aw/(sbw)x10" | 8.0 | 8.76 | 9.47 | 10.12 | 10.73 | 11.31 | 11.87 | 12.39

Table 5.3 gives values of Ay,/s for various link sizes and spacings assuming 2-leg
links.
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Table 5.3 A,w/s for 2-leg links
Link Spacing s (mm)
size
(mm)

75 100 125 150 175 200 250 300
Hé 0.754 | 0.566 0.452 0.377 0.323 0.283 0.226 0.189
HS8 1.340 1.005 0.804 0.670 0.575 0.503 0.402 0.335
H10 2.094 1.571 1.257 1.047 0.898 0.785 0.628 0.524
H12 3.016 | 2.262 1.810 1.508 1.293 1.131 0.905 0.754
H16 5362 | 4.021 3.217 2.681 2.298 2.011 1.609 1.340

5.1.11 Shear Design of Slabs

Flexural design of slabs is treated in Chapter 8. One-way and two-way solid slabs
are designed for shear like beams on the basis of a strip of unit width of 1 m. Slabs
carrying moderate distributed loads such as floor slabs in office buildings and
apartments do not normally require shear reinforcement. In clause 6.2.1(4), the
Eurocode 2 suggests that minimum shear reinforcement may be omitted in
members such as slabs (solid, ribbed or hollow core slabs) where transverse
redistribution of loads is possible.

VY VYV VVY VY

@
= —

Fig. 5.22 Punching shear (a) pad footing; (b) flat slab—column junction;
(c) wheel load on bride deck..

5.1.12 Shear Due to Concentrated Loads on Slabs

Fig. 5.22 shows situations where a slab is subjected to concentrated forces such as
when the concentrated load is caused by a column reaction in a flat slab or in a pad
footing or due to a concentrated wheel load on slabs in bridge decks. A
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concentrated load causes punching failure which occurs on inclined faces of a
truncated cone or pyramid, depending on the shape of the loaded area as shown in

Fig. 5.23.
E_' \ i /'//. ‘ v
! d

2d

Fig. 5.23 Elevation of punching shear at a column.

Punching shear is considered in section 6.4 of Eurocode 2. Shear resistance is
checked at the face of the column and at the basic control perimeter u; which is
normally taken at a distance of 2d from the face of the column. Fig. 5.24 shows
basic perimeters in the case of a circular and rectangular column.

a. Circular column of diameter D: Basic perimeter, u; = n(D + 4d)

b. Rectangular column b x h: Basic perimeter, u; = 2(b + h) + 4n d

(a) m(D +4d) (b) 2(b+h) + 4nd

Fig. 5.24 Control perimeters for circular and rectangular columns.

Fig. 5.25 shows basic perimeters in the case of a rectangular column close to an
edge or at a corner at distance smaller than twice the effective depth d. Note that
the unsupported edge is excluded in the perimeter calculation.
(a) Column b x h, near to an edge: u; = 2(a+b) + h+2xnd, a<2d
(b) Column b x h, near to a corner: u; =a;+b+a, +h+nd, a; and a, < 2d
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a<2d

a;anda, <2d
(a) (b)

Fig. 5.25 Column close to edge or a corner.

5.1.13 Procedure for Designing Shear Reinforcement against Punching Shear

a. The effective depth d and the axial compressive stress o, are taken as the
average of the values in y- and z-directions.

d=0.5(dy +d,), o, =0.5(ccy + ocy)

b. At the column perimeter or perimeter of the loaded area u,, ensure that
V
L‘é < [VRd,max = 0.5vfq]lwhere v=0.6 (1 - {4/250), g = fu/ (v = 1.5)

Uo

c. At the basic control perimeter u,, calculate

VRd,e :[CRd,c k{100 p, fck}1/3 +k, O-Cp] 2(Voin Tk, O-cp)
Cra.c __018 12
(Yc =1.5)

k:1+1/%ﬁ 2.0

p1=4[Ply Pz < 0.02

piy and py, refer to reinforcement ratio in y- and z-directions respectively calculated
over a width of slab equal to width of the column plus 3d on each side.

Vimin =0.035k [f

V . .
H[vEq :u_Efl] <VRg,c - then no shear reinforcement is necessary.
1

If vig 2VRq ¢, provide shear reinforcement.
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d. Shear reinforcement is calculated according to the code equation (6.52)

Vides =075 Vg . +1.5 {i} Ay Tonder {L} sina (6.52)
S, u,d
where: Ay, = Total area of one perimeter of reinforcement
s; = Radial spacing of perimeters of reinforcement
fywa, of = Effective design strength of punching shear reinforcement
=250+0.25d <fyy
o = angle between the shear reinforcement and the plane of the slab.

If only a single line of bent-down bars is provided, take the ratio (d/s;) = 0.67.
e. Determine the position of the outermost perimeter u,, where vgg = Vggq, -

f. Arrange the reinforcement.

5.1.13.1 Example of punching shear reinforcement design: Zero moment case

Design the shear reinforcement around the column of a flat slab. The flat slab is
supported by 400 x 600 mm columns spaced at 7.5 m in both directions. The slab
is 400 mm thick and is reinforced with H20 bars at 150 mm c/c in both directions
with 30 mm cover. Assume fy = 30 MPa, f,,, = 500 MPa and shear links are H8
single leg.

The characteristic loads on the slab are:

Live load = 15.0 kN/m’.
Dead load including self weight, screed, partitions, etc. = 13.5 kN/m”.

(i) Effective depths
In y-direction, diy = 400 — 30 — 20/2 = 360 mm
In z-direction, d;, = 400 — 30 —20 —20/2 = 340 mm
d=0.5(dyy + di,) = 350 mm
(ii) Steel percentage
A, = H20 bars at 150 mm c/c =z x 20%/4 x (1000/150) = 2094 mm*/m
100 pyy =100 py, = 100 A/ (bd) = 100 x2094/ (1000 x 350) = 0.60
100 p=0.5(0.60 + 0.60) = 0.60

(iii) Column reaction
Design load on slab:
q=1.35x13.5+ 1.5 x 15=40.73 kN/m’
Column reaction, Vg4 = q X spacing in y-direction x spacing in z-direction
Vgg=40.73 x 7.5 x 7.5=2291 kN

(iv) Calculate Vgq, max and gy, ¢
fy =30 MPa, v=10.6 (1 — £4/250) = 0.53, .4 = f/(y. = 1.5) =20 MPa
VRamax = 0.5V f,4=0.5x0.53 x 20 = 5.3 MPa

1/3
VRd,c :(CRd,C k{lOO P1 fck} +k1 ch) 2(Vmin +k1 ch)
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CRdCZ&ZO-]z, k=1+,’@ =1.76<2.0,06,=0
T (Ve =L5) 350

100 9, =[Py, A1, =+J0.60 x 0.60 =0.60 < 2.0, vy, =0.035k™ [Ey = 0.45.
Substituting in the formula, vgq .= 0.55 MPa.

(v) Check for maximum shear around the column perimeter
uy = Column perimeter = 2(400 + 600) = 2000 mm
Load on slab acting downwards on the column = 400 x 600 x 40.73 x 10
=9.8kN
V=2291-9.8=2281.2 kN
v="V/(upd)=2281.2 x 10% (2000 x 350) = 3.26 MPa < (Vgg, max = 5.3)
The slab thickness is therefore adequate.

(vi) Calculate the shear stress at the perimeter u, at 2d from the column face:
u; = 2(400 + 600) + 2x x 2d = 6398 mm
The load acting within the perimeter is equal to
[400 x 600 + 2 x (400 + 600) x 2d + 7 (2d)*] x 40.73 x 10 * kN
=129.50 kN
Vi =2291—129.50=2161.5 kN
Vea = Vid/ (U x d) = 2161.5 x 107/ (6398 x 350) = 0.97 MPa > (Vgq . = 0.55)

Shear reinforcement is needed.

, 400 +2Nd ,

600 + 2Nd

Fig. 5.26 Outer perimeter Ugys.

(vii) Calculate the perimeter u,, where shear stress is equal to vgq, .
As shown in Fig. 5.26, let the perimeter be at a distance Nd from the face of the
column.

Uyt = 2(400 + 600) + 2t Nd mm
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The load acting within the perimeter is equal to
[400 x 600 + 2 x (400 + 600) x Nd + 7 (Nd) *]x 40.73 x 10 kN
Vg =[2291 — Load inside perimeter] kN
Ved = VEd/ (Uoue X d) = Vra. MPa
By trial and error, N = 3.72 and u,,; = 2(400 + 600) + 21 x 3.72 x350 = 10181 mm.
At this perimeter no shear reinforcement is required.

(viii) Calculate the position of the outermost perimeter where shear
reinforcement is required

According to clause 6.4.5(4) of Eurocode 2, the last ring of shear reinforcement
must be within kd, where k = 1.5 from the ug.

This perimeter lies at (Nd — kd) = (3.72 d — 1.5d) = 2.22 d from the face of the
column.

Perimeter length = u;,; 4 = 2(400 + 600) + 27 x 2.22 d = 6882 mm.

(ix) Calculate shear reinforcement using the code equation (6.52)
d 1 .

VRd,cs =0.75 VRd,c +1.5(—) Agy 1oywcl of (—) sina
Sy L8] d

sy = 0.75d, fyu = 500 MPa, y,=1.15, d = 350 mm, f;,,q = 500/1.15 = 435 MPa
fywder= (250 +0.25% 350 =338) <435 MPa, fyyqcr=338 MPa, vpq, = 0.55

At basic control perimeter u; at 2d from column:
VRd,es = Ved = 0.97 MPa, u; = 6398 mm
Substituting in code equation (6.52),

0.97:0.75><O.55+1.5LA !
0.75d

%338 X ————
W 6398x 350
Ay, = 1847 mm?

(x) Calculate the minimum link leg area
Using code equation (9.11) to calculate the area of a single link leg

i ,/f
Agymin (1.5sino + cos a)20.08 ck ©.11)
Sr St yk

Substituting fo = 30 MPa, f, = 500 MPa, d = 350 mm, s, = 0.75 d, s, = 2d,

sin a = 1 for vertical links, Ay, min = 107 mm’.

Choosing H12 bars, Agy, min =113 mm?>.

No. of links required = A,/ Area of one link = 1847/113 = 17 links.

A minimum of 17 links should be provided at all perimeters with the spacing
between the perimeters equal to or less than 0.75d. The first perimeter is at a
distance > (0.3d = 105 mm) from the face of the column. The last perimeter is
within 1.5d from the perimeter where shear reinforcement is no longer required.
This is at 2.22d from the face of the column (see viii above).

(2.22d - 0.3d)/0.75d = 2.56.
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Choosing the first perimeter at, say, (200 mm = 0.57d) from the face of the
column, the number of perimeters at which reinforcement needs to be provided is
(2.22d - 0.57d)/0.75d = 1.46, say 2.
Provide reinforcement on three perimeters.
Choose the perimeters as follows:
e Last perimeter at 2.22 d from the face of the column.
e  Middle perimeter at (2.22d — 0.75 d) = 1.47 d from the face of the column.
e The first perimeter at 1.47 d — 0.75 d = 0.72 d from the face of the
column.

(xi) Arrange link reinforcement

Arrange the perimeters as follows.

(i) First perimeter at a distance > (0.3d = 105 mm)

Choose first perimeter at 0.72d = 252 mm

Perimeter length = uy 7, ¢ = 2(400 + 600) + 27 x 0.72d = 3593 mm

Maximum spacing of links < 1.5d = 525 mm

Spacing of links = perimeter length/Minimum no. of links = 3583/17 = 211 mm
Provide 17 links at say 210 mm.

(i1) Second perimeter at (252 + 0.75d) =515 mm = 1.47d

Perimeter length =u, 474 = 2(400 + 600) + 27 x 1.47 d = 5233 mm

Maximum spacing of links < 1.5d =525 mm

Spacing of links = perimeter length/Minimum no. of links = 5233/17 = 308 mm.

(iii) Third perimeter at (515 + 0.75d) = 778 mm = 2.22d

Perimeter length = u, 5, 4 = 2(400 + 600) + 27 x 2.22 d = 6486 mm

Maximum spacing of links < 2d = 700 mm

Spacing of links = perimeter length/minimum no. of links = 6882/17 = 405 mm
Reinforcement is provided on three perimeters. Once the numbers are rounded up
to practical dimensions, design will be satisfactory.

5.1.14 Shear Reinforcement Design: Shear and Moment Combined

Fig. 5.27 shows the shear stress distribution in the slab due to moment acting on
the column or loaded area. It is generally assumed that the distribution of shear
stress due to moment is ‘plastic’ in the sense that apart from the sign (i.e., up or
down), the shear stress is constant around the perimeter.

The maximum shear stress vgq is taken, according to code equation (6.38) as

V,
Vpg = B4 (6.38)
U d
where the factor B accounts for the combined action of shear force Vg4 and moment
MEd.
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Fig. 5.27 Shear stress distribution due to bending moment on column.
5.1.14.1 Support reaction eccentric with regard to control perimeter for
rectangular columns

Use code equations (6.39) and (6.41) to calculate B and W, in the case of
rectangular columns subjected to a shear force Vgq and a moment Mgy.

Bol+kMEd U1 (6.39)
VeEa W
W,=05¢c’+cicyt4c,d+16d*+2ndc, (6.41)

where

c; is the column dimension parallel to the eccentricity of the load.

¢, is the column dimension perpendicular to the eccentricity of the load.
The value of k is given in Table 5.4.

Table 5.4 Values of k for rectangular loaded areas/columns

ci/cy <05 1.0 2.0 >
3.0
k 045 | 0.60 | 0.70 | 0.80

Example: Design shear reinforcement for a column 300 x 500 mm, d = 200 mm
subjected to Vgg = 450 kN and Mgy = 160 kNm. The moment acts about an axis
parallel to the longer side of the column.
As the moment acts about the longer side, eccentricity of the load will be parallel
to the shorter side. Therefore ¢; = 300 mm, ¢, = 500 mm. Substituting in code
equation (6.41),
W, =0.5 x 300% + 300 x 500 + 4 x 500 x 200 + 16 x 200* + 2 7 x 200x 300
W, =1.612 x 10° mm’
Interpolating from Table 5.2 for k at ¢,/c, = 300/500 = 0.6,
k=0.45+(0.60 — 0.45) x (0.6 — 0.5)/ (1.0 — 0.5)=0.48
u; =2(300 + 500) + 27t x 2d = 4113 mm
Med/Viq = 160 x 10% (450 x 10%) = 356 mm
Substituting in code equation (6.39),

Bo14048x356x — 13 1 44

1.612x10°
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3
Via | 4q 5 450x10

=1.44 x ————=0.79MPa
u, d 4113 x 200

Vea = B

5.1.14.2 Support reaction eccentric with regard to control perimeter for circular
columns

For internal circular columns of diameter D, code equation (6.42) gives the value
of B as
e

B=1+0.67
D+4d

(6.42)

where eccentricity, € = Mgg/Vgg.

5.1.14.3 Support reaction eccentric with regard to control perimeter about two
axes for rectangular columns

For internal rectangular columns with moment Mgy y and Mgq , about y- and z-axes
respectively, code equation (6.43) gives the value of B as

S118 {2y 4 (22 6.43
B=1+1. {(bz) (by)} (6.43)

where eccentricities, e, = Mgg ,/Vgq and €, = Mgq y/VEgq. by and b, are the overall
widths of the critical perimeter in the y- and z-directions respectively as shown in
Fig. 5.28.

Fig. 5.28 Control perimeter dimensions.

Example: Calculate vgq for a column 300 x 500 mm, d = 200 mm, subjected to:
Viq =450 kN,
Mg,y = 160 kNm, moment acts about the longer side of the column.
MEkq, . = 200 kNm, moment acts about the shorter side of the column.
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b, =500 + 2 x 2d = 1300 mm, b, = 300 + 2 x 2d = 1100 mm
ey = Mg ,/Via = 200 x 10% (450 x 10°) = 444 mm
e, = Mgq,,/Via = 160 x 10% (450 x 10°) = 356 mm
u; = 2(300 + 500) + 27 x 2d =4113 mm

444 5, 356
=1+1.8,[{(——) "+ (——)"} =1.88
p \/{(1100) (1300) }
3
Vpg = VEd _; gy A9X107 | h3vmpa
u d 4113200

5.1.14.4 Rectangular edge columns

Two cases are considered:

a. Eccentricity perpendicular to the free edge of the slab toward the interior and no
eccentricity parallel to the edge.

The value of B = 1 (i.e., the shear stress vgq is constant) on the reduced control
perimeter u;«as shown in Fig. 5.29.

<min(1.5 d; 0.5¢,)

—>

C \ 2d

C2

Fig. 5.29 Edge column: Reduced control perimeter.

Example: A 300 x 500 mm column orientated with the shorter side parallel to the
free edge, d = 200 mm, Vgq = 450 kN, Mgy = 160 kNm, moment acts about the
shorter side of the column and directed away from the free edge.

c¢; = dimension perpendicular to free edge = 500mm.

¢, = dimension parallel to free edge = 300 mm.

1.5d =300 mm, 0.5¢; = 250 mm, min (300; 250) =250 mm.

Reduced perimeter uj» =c, + © x 2d +2 x 250 = 2056 mm.

Taking B =1 and substituting in code equation (6.43),
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3
vy = gVt (, 450x10
U, xd 2056200

b. Where eccentricity is with respect to both axes,  can be determined from code
equation (6.44):

=1.09 MPa

p= uu_ll* +k \l;v_ll Cparallel (6.44)
The moment acting about an axis parallel to the free edge acts toward the interior
of the slab as shown in Fig. 5.28.
u, is the basic control perimeter as shown in Fig. 5.24.
u;+ is the reduced control perimeter as shown in Fig. 5.29.
k from Table 5.2 replacing the ratio c¢;/c, by 0.5 ¢4/c,.
€parallel = €Ccentricity parallel to the edge caused by a moment acting about an axis
perpendicular to the edge.

W1:0.25022+C1 C2+4C1 d+8d2+7'[dC2

250

—>

500 \ 400

300

275

Fig. 5.30 Column near to a free edge.

Example: A 300 x 500 mm column orientated with the shorter side parallel to the
free edge at a distance of 275 mm from the free edge is shown in Fig. 5.30.

d =200 mm, Vgg =450 kN.

Assume that moments act about both the long side as well as the short side.
Moment about the longer side = 160 kNm.

€paraltel = 160 x 10% (450 x 10%) = 356 mm.

¢, = Column dimension parallel to eyaraier = 300 mm, ¢; = 500 mm.

1.5d =300 mm, 0.5¢; =250 mm.
Min (1.5d; 0.5¢;) = min (300; 250) =250 mm.
Reduced perimeter u;« from Fig. 5.28.
ur=cy+mnx2d+2x250=300+mx2x200+ 2x250=2057 mm.

Since the dimension 275 mm is less than 2d = 400 mm, in calculating the value of
basic control perimeter u;, although the control perimeter extends right up to the
free edge as shown in Fig. 5.23, the free edge is not taken into consideration.
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Uy =cy,+mx2d+2x(500+275)=3107 mm
W,=025¢c,"+¢c,c,+4c;d+8d*+ndec,
W, =0.25 x 300 + 300 x 500 + 4 x 500 x 200 + 7 x 200 x 300 = 0.761 x 10° mm*
0.5 ¢i/co=10.5 x 500/ 300 =0.83
From Table 5.2, interpolating for c,/c, = 0.83,
k=0.45+(0.60 — 0.45) x (0.83 — 0.5)/ (1.0 - 0.5)=0.55
Substituting in code equation (6.44),

p =20 4 055x—20 _,356=231
2057 0.761x10
3
Veg = et 2 315 OOy 7 vipa
u,d 3107 x 200

5.1.14.5 Support Reaction Eccentric toward the Interior for Rectangular
Corner Column

In the case of corner columns with eccentricity toward the interior of the slab,
punching shear may be assumed to be uniformly distributed along the reduced
control perimeter u;« as shown in Fig. 5.31.

u;» = min (1.5d, 0.5¢;) + min (1.5d, 0.5¢,) + n d.

B is given by the ratio u;/ u;« and u, is as given in Fig. 5.22.

Min( 1.5d; 0.5¢,)

NES

Min( 1.5d; 0.5¢,)

Fig. 5.31 Corner column.

Example: A 300 x 500 corner column located 275 mm from the edges is subjected
to a shear force of 180 kN. The eccentricity of the load is toward the interior of the
slab. Taking d =200 mm, calculate the value of B and the shear stress vgg.
¢; =300 mm, ¢, = 500 mm. 1.5d =300 mm.

u;+ = min (300, 150) + min (300, 250) + x x 200 = 1028 mm
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u=c;+275+c¢c, +275+nd
u; =300+ 275+ 500 + 275 + 7t x 200 = 1978 mm
B=1978/1028 =1.92
Vea =P Vid/ (ug« d) = 1.92 x 180x 10%/ (1028 x 200) = 1.68 MPa

5.1.14.6 Approximate values of f for columns of a flat slab

In cases where the lateral stability of the structure does not depend on the frame
action of the slab and columns, the following approximate values of f may be used.
e Interior column: B =1.15
e Edge column: B=1.4
e  Corner column: p=1.5

5.2 BOND STRESS

Bond is the grip due to adhesion or mechanical interlock and bearing in ribbed bars
between the reinforcement and the concrete as shown in Fig. 5.32(a). The bearing
of the forces on the ribs causes radial cracks as shown in Fig. 5.32(b) and hoop
reinforcement to resist the cracking greatly enhances the bond strength.

B 5|

(b)
(2)

Fig. 5.32 (a) ‘Bond’ forces; (b) radial cracks.

Anchorage is the embedment of a bar in concrete so that it can carry loads through
the bond between the steel and concrete. If the anchorage length is sufficient, then
the full strength of the bar can be developed by bond. The area over which the
bond stress acts is the product of the anchorage length lyg reqq and the perimeter © @
of the bar.

If 6y is the design stress in the bar of diameter ¢ and constant bond stress is fyq,
equilibrium requires that
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Force in the bar = Resistance due to bond

T2
Z¢ Osd = TP Xlpq reqd % Tod

Simplifying the above equation leads to the code equation (8.3)

(I) Osd
lbd,reqd = % = (8.3)
T4 i
If 64q = fyq, fya = fud (vs = 1.15),
1 f
(— ¢

bd,reqd = 4.6 f
. bd

Clause 8.4.2 of Eurocode 2 covers aspects of bond stress. The ultimate bond stress
f,q is given by code equation (8.2) as

foa =2.25m M2 feg (8.2)

where
N1 is a coefficient related to quality of bond conditions and the position of the bar
during concreting.
N1 = 1.0 when good conditions are obtained as in the following cases as shown in
Fig. 5.33:

a. Bars inclined at an angle a to the horizontal such that 45° < o < 90°

b. For all bars in a slab if the total depth of slab h <250 mm
Restricted good conditions occur in the following cases as shown in Fig. 5.34.

Direction of
l concreting l

ol

(a) 45° < a < 90° (b) h <250 mm

Fig. 5.33 Cases of good bond conditions for all bars.

a. For slabs h > 250 mm and concreted from above, only for bars in the
bottom 250 mm of slab.
b. For slabs h > 600 mm and concreted from above, only for bars in the zone
beyond 300 mm from the top face.
N = 0.7 in all other cases
M, is related to bar diameter ¢
M =1.0, ¢ <32 mm, 1, = (132 — 9)/100, ¢ > 32 mm
foa= 0.7 X fo/Ye, Ye= 1.5, (see code equation (3.16)
fom = 0.3 x £,°7, £, <50 MPa
=212 xLn (1.8 + 0.1 x fy), fy > 50 MPa
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In clause 8.4.2(2), it is suggested that the value of f; should be limited to 60 MPa
as concrete above this strength tends to be brittle. Table 5.5 gives the values of
bond stress and anchorage length lpg g when 1, = 1.0.

T e | I
T E ] == el
52 5555555 W ; 300
o | 250mm | ! !
Vo 4

(aYh>250 (b)Y h> 600 mm

Fig. 5.34 Hatched areas indicate poor bonding.

For situations where the bond conditions are poor for which n; = 0.7, the values
of bond stress in Table 5.5 must be multiplied by 0.7 and lyg, req divided by 0.7.

Table 5.5 Bond stress fi,q and basic anchorage length 1bd, reqd for good bond conditions, f= 500 MPa

fck MPa fbdp MPa lbd, eqd/q)
0<32mm | ¢=40mm | ¢<32mm | ¢=40mm
20 2.32 2.13 47 51
25 2.70 2.48 40 44
30 3.05 2.81 36 39
35 3.37 3.10 32 35
40 3.69 3.40 30 32
45 4.00 3.68 27 30
50 4.28 3.94 25 28
55 4.43 4.08 25 27
60 4.57 4.20 24 26
5.3 ANCHORAGE OF BARS

Bars are anchored by providing sufficient anchorage length in the case of a straight
bar. The length required can be reduced by providing a standard bend
(Fig. 5.35(a)) or a standard hook (Fig. 5.35(b)) or by a standard loop (Fig. 5.35(c)).
In the case of the standard bend or hook, the bar has to have a straight length of at
least five times the bar diameter beyond the end of the curved portion. Anchorage
length can also be reduced by welding a transverse bar as in the case of welded
mats. Fig. 5.35(d) shows the corresponding anchorage length. The diameter ¢, of
the transverse bar must be equal to or greater than 0.6 times the diameter of ¢ the
main bar.
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Fig. 5.35(b) A standard hook.

1b,eq

Fig. 5.35(c) A standard loop.

>5¢

v

1bx:q

Fig. 5.35(d) Welded transverse bar.
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5.3.1 Design Anchorage Length

The basic anchorage length 1, (.qa given by equation (8.3) is modified as follows to
obtain the design anchorage length I,4.

—

¢ O-sd 1 k
1 P 0w _ 1 & 8.3
bd,reqd 4 fbd {46 fbd }¢ ( )
lpq is given by code equation (8.4) as
lba = o 0 03 04 0is I, reqa = I, min (8.4

where: a;, o, 03 04 05 are coefficients shown in Table 5.6.
(0 xazxas)>0.7 (8.5)

Table 5.6 shows the values of o, to o5 for various situations that will influence
‘bond length’ and help to reduce the required bond length. Note that the smaller
the value of these factors, lower will be the anchorage length required. However it
has to be said that in practice, conditions generally limit the number of situations
where one can reduce the bond length l,4 to less than Iy reqq to a small number of
cases.

o, reflects the shape of bar (i.e. straight, hooked, looped, etc.) with adequate cover.
o, reflects the effect of minimum cover for the bar.

o, and a, are functions of the parameter ¢4 as shown in Fig. 5.36.

a
.. I e ©°
¢ | c
Ci C
= mi Cq=¢C
cq=min (a/2, ¢, ¢) cq =min (a/2, ¢;)
Looped bars

Straight bars Bent or hooked bars
Fig. 5.36 Values of ¢4 for beams and slabs.
a3 reflects the fact that confining transverse reinforcement resists cracking of

concrete around the bars as explained in section 5.2 and Fig. 5.32(b). This is
reflected by the parameter K shown in Fig. 5.37.
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K=0.05

~
[
=)

Fig. 5.37 Values of K for beams and slabs.

Table 5.6 Values of a; o, 03 04 o5 coefficients

Influencing factor Type of Reinforcing bar
anchorage Tension Compression
Shape of bars Straight a =1 a =1
Other than a;=0.7,if ¢4 > 30 o =1
straight Otherwise a; = 1
See Fig. 5.36 for c;
values
Concrete cover Straight ar,=1-0.15(cqg — @)@ =1
>0.7
<1.0
See Fig. 5.36 for c;
values
Other than ay=1-0.15(cs3 o)/ =1
straight >0.7
<1.0
See Fig. 5.36 for c;
values
Confinement by All types az;=1—-k\ az=1
unwelded >0.7
transverse <1.0
reinforcement See Fig. 5.37 for K value
Confinement by Fig. 5.32(d) a,=0.7 a,=0.7
welded transverse
reinforcement
Confinement by All types as=1—-0.04p
transverse pressure >0.7
<1.0

length.

XZ(ZASt _zAs,min)/As
YAy = cross sectional area of transverse reinforcement along the design anchorage

YA min = Cross sectional area of the minimum transverse reinforcement
=0.25 A, for beams and O for slabs.

A, = area of a single anchored bar with maximum bar diameter.

p = transverse pressure in MPa at ultimate limit state along 1.
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o4 takes account of the fact that welded transverse reinforcement naturally
enhances the ‘bond’.

as accounts for the effect of transverse compression to the plane of splitting along
the design anchorage length.

lp, min 1s defined by code equations (8.6) and (8.7) as follows.

Iy, min > Max(0.3 1y reqq; 109; 100 mm) for anchorage in tension (8.6)
Iy, min > Max(0.6 1y reqq; 109; 100 mm) for anchorage in compression (8.7)

Clause 8.4.2(2) of Eurocode 2 states that as a simplified alternative to code
equation (8.4), in the case of standard bend or hook or loop

1bd = lb, eq =0y 1b, reqd 2 lb, min
In the case of a welded transverse bar

loa = lb, cq = @4 I, reqd = Ib, min

5.3.2 Example of Calculation of Anchorage Length

Example : Calculate the full anchorage lengths in tension for a H32 bar,
fix = 500 MPa in fc = 25 MPa concrete. Assume that the bar is fully stressed.
Assume link diameter = 8 mm, clear cover to links 30 mm. A cross section of the
beam is shown in Fig. 5.38.

8 mm ——_|

30mm | 350

32 mm ‘§=\E

30 mm I v

Fig. 5.38 Beam cross section.

Calculate the coefficients a; to as:

From Fig. 5.33, clear cover to the bars at the bottom as well as at sides is the
sum of link diameter + cover =c =c¢; = 30 + 8§ =38 mm.

Clear distance between bars =a =[270 —2(30 + 8 + 32)]/2 — 32 = 33 mm.
Calculate o:
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cq=min (a/2; ¢;; ¢) = min (33/2, 38, 38) = 16.5 mm < (3¢ = 96 mm)
For a straight bar or one with a standard bend, a; = 1.0.
Calculate o,:
Straight bar: a, = 1—0.15(cq — @) /¢ = 1.07 > 1.0, a, = 1.0.
Standard bend: ap, = 1—0.15(cq—39) /o =1.37> 1.0, o, = 1.0.
Calculate aj: If links are provided at 375 mm c/c, then there are approximately
three 8 mm links over a distance of 1125 mm.
Link area = /4 x 8*=50.3 mm*
YA~ 3 %503 =151 mm’
A, = 804 mm? (cross sectional area of one 32 mm bar)
TAmn = 0.25 A;=0.25 x 804 =201 mm®
A=(151-201)/804=-0.06
K=0.05,0;=1.003>1.0,a3=1.0
Calculate a4: No welded bar. a,=1.0.
Calculate as: No confining lateral pressure. os = 1.0.
o X oz Xas=1.0>0.7
f

etm = 0.30 x £3567 = 0.30 x (25)%67 = 2.6 MPa

From equation (3.16) in clause 3.1.6(2)P,
foa = 0.7 X fo/ (y. = 1.5) =12 MPa
¢ =32 mm, n; = 1.0 for good bond, n, = 1.0 as ¢ <32 mm
fog =225m, n, £,y =2.25x1.0x1.0x1.2=2.7MPa

ctd
f = 500 MPa, 6,4 = fu/ (v, = 1.15) = 435 MPa

Lo reqd P 0u_ (32 D5 1589 mm
4 £, 40 27
Ly, min > max (0.3 Iy reqq; 10¢; 100 mm) for anchorage in tension
lp, min > max (0.3 x 1289; 10x 32; 100 mm)
=max (387; 320; 100) = 387 mm

loa = 0 02 03 04 05 Iy, reqd = I, min
As all values of o; = 1.0, lpg = lp, reqa = lp, min = 1289 mm.
As a simplification, ly oq = 0l X lp rqd.

lb, eq = 1.0 x lb,rqd =1289 > (lb, min — 320) =915 mm
1289 mm =~ 40 ¢

In compression because a; = o, = o3 = 1.0, the anchorage length in compression in
this case will be same as in tension viz. 1289 mm = 40 ¢.

5.3.3 Curtailment and anchorage of bars

Sufficient reinforcement must be provided at all sections to resist the envelope of
the acting tensile force including the additional tensile force due to the effect of
inclined tensile cracks in the webs due to shear. The tensile force due to bending is
given by Mgy/z where Mg is the design bending moment at the section and z is the
lever arm.

The additional tensile force AF due to shear Vgq is given by code equation (6.18)
as
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AF = 0.5 Vgq (coto — cota)

where 2.5 > cotg > 1.0 and o = Inclination of shear reinforcement to the beam axis.
In the case of vertical shear links, cota = 0 and coto is generally about 2.5.
The total tensile force Fyy

Fia=Mgd/z + AFy < Mg, ma/Z
where Mgy, max 18 the maximum moment along the beam.
As a simplification, the effect of the shear force can be accounted for by shifting
the bending moment in the direction of the decreasing bending moment (and
therefore increasing shear force) by a value a, given by code equation (9.2)

a; = z (cote — cota)/2

where z ~ 0.9d.
Generally taking cote = 2.5 and cota = o for vertical shear links,

a; =z (cote —cota)/2=1.125d

5.3.4 Example of Moment Envelope

A three span continuous T-beam with spans of 8 m is used to support a 100 mm
thick slab spanning 3m between the T-beams. The characteristic loads are:
Super imposed dead load due to partitions, ceiling, floor finishes = 3 kN/m?.
Imposed live load = 3.5 kN/m™.
T-beams have a total depth of S00 mm and a web width of 300 mm as shown in
Fig. 5.39. fu =25 MPa, f; = 500 MPa.

3000

500

300
Fig. 5.39 Cross section of T-beam.

Cross sectional area = 0.5 x 0.3 + (3.0 — 0.3) x 0.1 = 0.42 m’
Self weight = 0.42 x 25 =10.5 kN/m
Super dead load = 3 x (span of slab = 3) = 9.0 kN/m
2=10.5+9.0=19.5 kN/m
gk = 3.5 x (span of slab = 3) = 10.5 kN/m
Qmax = 1.35 % 19.5+ 1.5 x 10.5 =42.08 kN/m

Qmin = 1.0 X 19.5+ 0.0 x 10.5=19.5 kN/m
Load cases: (see clause 5.1.3 of Eurocode 2).
Case 1: Quax> 9Qmins dmax t0 give maximum span moment in spans 1—2 and 3—4 as
shown in Fig. 5.40.
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42.08kN/m 19 51 N/m 42.08 kN/m
8 | 8 [ 8 "
1 2 3 4

Fig. 5.40 Case 1 loading.

Support moment at 2 and 3 = 197.06 kNm.

Span 1-2:
Reaction V; = 42.08 x 8/2 — 197.06/8 = 143.69 kN
M = 143.69 x x — 42.08 x x*/2
M, = 245.2 at x =143.69/42.08 =3.42 m
Span 2-3:

Reaction V, =42.08 x 8/2 = 78.0 kN
M =-197.06 + 78.0 x x — 19.5 x x*/2
M, .. = —41.1 at x = 4.0

Case 2: Qmax> Qmax» Qmin tO give maximum support moment at 2 as shown in
Fig. 5.41.

42.08 kN/m 42.08 kN/m

Tnnmmm
A L A

X 8 T 8 ‘ 8 "
1 2 3 4
Fig. 5.41 Case 2 loading.

19.5 kN/m

Support moment at 2 = 293.69 kNm and support moment at 3 = 172.87 kNm.
Span 1-2:
Reaction V| =42.08 x 8/2 —293.69/8 = 131.61 kN
M = 131.61 x x —42.08 x x°/2

Mpax =205.8 atx =3.13 m

Span 2—3:
Reaction V, =42.08 x 8/2 +(293.69 — 172.87)/8 = 183.32 kN
M =—293.69 + 183.32 x x — 42.08 x x°/2
Mpax = 1056 atx =436 m

Case 3: Qmin> Qmax> 9min tO give maximum span moment in span 2—3 as shown in
Fig. 5.42.



138 Reinforced concrete design to EC 2

19.5 kN/m 42.08 kN/m

o 3 >le 3 < g >

19.5 kN/m

1 2 3 4
Fig. 5.42 Case 3 loading.

Support moment at 2 and 3 = 197.06 kNm.

Span 1-2:
Reaction V; =19.5 x 8/2 — 197.06/8 = 53.77 kN
M =53.77 x x — 19.5% x*/2
My =74.1 atx=2.76 m
Span 2-3:

Reaction V,=42.08 x 8/2 =168.32 kN
M =—197.06 + 168.32 x x —42.08 x x*/2
Mpax = 139.58 at x = 168.32/42.08 =4.0 m

Case 4: qmin, Qmax> Qmax tO give maximum support moment at 3 as shown in Fig.
5.43.
19.5 kN/m 42.1 kN/m 42.1 kN/m

A A

8 T 8 ) 8
1 2 3 4
Fig. 5.43 Case 4 loading.

Support moment at 2 = 172.87 kNm and Support moment at 3 = 293.69 kNm.
Span 1-2:
Reaction V; =19.5 x 8/2 — 172.87/8 = 56.39 kN
M =56.39 x x — 19.5% x*/2
M = 81.53 at x = 56.39/19.5=2.89 m
Span 2—3:
Reaction V, =42.08 x 8/2 —(293.69— 172.87)/8 = 153.22 kN
M =-172.87 + 153.22 x x — 42.08 x x*/2
M = 106.1 at x = 3.64 m

Bending moment diagrams are shown in Fig. 5.44. Bending moment envelope is
shown in Fig. 5.45.
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300
200
100
g —a—I-raze |
= 0 —e—hi-Clase 2
Eﬁ —a— M-Claze 3
-100 ——NWI-Case 4
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Fig. 5.44 Bending moment diagrams.
300 -
200
100 +
:z.E' —a—I-Fos
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-200
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Fig. 5.45 Bending moment envelope.

Design of beam 1-2; span section: M = 245.2 kNm

Effective width:

b =3000 mm, by, =300 mm, b; = b, = 1350 mm, 1, =0.85 x 8.0 =6.8 m
besr1 = berra = 0.2 x 1350 + 0.1 x 6800 < 0.2 x 6800

beff’l = befﬂz =1360 mm < b1

ber =2 % 1350 + 300 = 3000 mm

Effective depth, d: Assuming 30 mm cover, 8 mm links and 25 mm bar diameter
d=500-30-8-25/2=450 mm

fo =25 MPa, 4= f/(y. = 1.5) = 16.7 MPa

fyx = 500 MPa, f4=f;/(ys = 1.15) =435 MPa

Maximum moment capacity Mg,y if the entire flange is in compression:
Mﬂangc = f(:d X bcff X hf>< (d - hf/z)
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=16.67 x 3000 x 100 x (450 — 100/2) x 107° = 20004 kNm
Compression depth s is less than the slab depth.
245.2=16.67 x 3000 x sx (450 —s/2) x 10°°
s*~900s+9789 =0
s=11 mm
A X fyd = (3000 X S) X Teq
A, = 1265 mm = Say 3H25 = 1473 mm’
Check minimum steel (code equation (9.1N) :
£, = 500 MPa, f.q = 0.3 £y ¥ =0.3 x (25)#® = 2.6 MPa,

y
d =450 mm, b, = 300 mm

A _ 0.26 fem b,d > 0.0013b,d
fuy

s, min

= 0.26x%x300x4502 0.0013x300x450

= 183 2176 mm>

As, provided = 1473 mm2

Ratio As, Provided/As, required =0.86

Maximum stress in bar = f4 < 0.86 =373 MPa

fua=0.7 X f,(n/1.5=1.21 MPa

Assuming good bond, f,; =2.25xf_, = 2.25x1.21 = 2.7MPa
1bd,rch =% ?-_Sdz {§X32_7’:;

bd .

Taking o) = 10, lbd = lbd, reqd — 863 mm.

} =863 mm

Bar curtailment at bottom in span 1-2:

If one bar is curtailed, A, due to two bars = 982 mm? > A, min

Equating tension and compression forces, A X f4 = (3000 x s) x f 4

s =28.5 mm

z=d-s/2 =446 mm

M= A, x f4 xz=190.3 kNm

From Case 1 in Span 1-2: M = 190.3 = 143.69 x x — 42.08x x*/2

Moment of 190.3 kNm occurs in span 1-2 in Case 1 at 1.79m and 5.03 m from
support. The maximum moment occurs at 3.42 m from support.

Taking o) = 10, 1bd = lbd, reqd — 863 mm.

Design support section: M =293.7 kNm

As the flange is in tension, design as a rectangular beam 300 x d
293.58 = 16.67 x 300 x sx (450 —s/2) x 107

s*~900s+ 117449 =0

s =158 mm

Ay x £,4= (3000 x s) x f 4

A, = 1817 mm’ = Say 4H25 = 1964 mm?

Ratio As, Providcd/As, required — 0.93

Maximum stress in bar = f4 X 0.93 = 402 MPa
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9 ou_ (25 40
4

= - =931 mm
bd,reqd fbd [ 4 27]

Taking o = 1.0, lpg = lpg, reqa = 931 mm.

Bar curtailment at top at support 2 in spans 1-2 and 2—3:

If two bars are curtailed, A due to two bars = 982 mm?’

Equating tension and compression forces, A X fq = (300 x s) X f4

s =85 mm

z=d-s/2=407 mm

M= A, x fi4 X z=174.0 kNm

Span 1-2:

From Case 2, M =—-174.0=131.61 x —42.08 x*/2

x =7.38 m from left support or at (8.0 —7.38) = 0.62 m from support in span 1-2.
From Case 3 in span 1-2, the negative moment is zero when

M =0=53.37 x — 19.5 x*/2 at x = 5.47 m from left hand support or at

(8.0 - 5.47) = 2.53 m from support 2.

Span 2-3:

From Case 2, M = —174 = —293.69 + 183.32 x — 42.08 x*/2

x = 0.71 m from support in span 2—-3.

In span 2-3, negative moment always exists as can be seen from the moment
envelope shown in Fig. 5.45.

5.3.4.1 Anchorage of Curtailed Bars and Anchorage at Supports

As shown in section 5.1.4.1, the code in sections 9.2.1.3 gives rules for the
curtailment of longitudinal tension reinforcement.

1. Sufficient reinforcement must be provided at all sections to resist the tension
caused by the bending moment and additional tension caused by the effect of
inclined cracks due to shear. The effect of the additional tension force can be
accounted for by using the ‘shift rule’.

Fig. 5.46 Shift rule.

The modified bending moment diagram is obtained by shifting the basic bending
moment diagram by a distance a; from the position of maximum moment (and zero
shear force) towards the direction of decreasing moment. Therefore the theoretical
cut-off point based on bending moment only is shifted a distance a; from the
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position of maximum moment towards the decreasing moment as shown in
Fig. 5.46.
The equation for a; is given by code equation (9.2) as
a; = z (cotp — cota)/2
where
z~0.9d,
o = inclination of shear reinforcement to beam axis.
¢ = angle of inclination of concrete struts. 2.5 > cot ¢ > 1.0.
Note that if cot ¢ = 2.5 and cota =0, a; = 1.125 d.

2. All bars should extend a length equal to 1y beyond the point where they are no
longer needed.
The cut off point from a support = Theoretical cut off — a; — lq4.

Bottom steel: Taking cotp = 2.5, cota, = 0 because of vertical links only, d = 450
mm and z= 0.9 d =405, then

a; = z (cote — cota)/2 = 506 mm
The bending moment diagram is shifted by 0.506 m from the position of maximum
moment towards the supports as shown in Fig. 5.46.
The bars can be curtailed as follows.
Bottom steel in span 1-2: Middle bar H25.
Adding 1,4 = 0.863 m and a, to the end of the bar, the final position of the bar is
(1.79 — 0.506 — 0.863) = 0.421 m to (5.03 + 0.506 + 0.863 = 6.4 m) from the left
hand support.
Two bars extend all the way through with an anchorage length of 1,4 = 0.0.863 m at
the end supports. At the intermediate support, the bar should have an anchorage
length of 10 ¢ =250 mm.

Top steel: At the top, 4H25 extend from the support a length equal to

0.62 +a; + 1,3 =0.62 + 0.503 + 0.931 = 2.054 m to the left of support 2 and
0.71+a; +1,3=0.71 + 0.503 + 0.931 = 2.144 m to the right of support 2.

From the moment envelope, the negative moment is zero at 2.53 m to the left of
support 2. Therefore, 2H25 continue a length of

2.53 +a;+1,g=2.53+0.503 + 0.931 = 3.964 m to the left of support 2.

On the right, the bars continue through the entire span 2-3 and extend 3.964 m
beyond support 3.

5.3.4.2 Anchorage of Bottom Reinforcement at an End Support

In clause 9.2.1.4, the rules are given as follows.

1. If in design it is assumed that at an end support provides little or no end fixity,
then the area of bottom reinforcement provided should be at least 25% of that

provided in the span. The anchorage length is measured from the line of contact of
the beam with support as shown in Fig. 5.47.
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2. At intermediate supports, as shown in Fig. 5.48, the anchorage length should not
be less than 10, where ¢ is the diameter of the bar.

Fig. 5.47 Anchorage of bottom steel at end support.

Fig. 5.48 Anchorage of bottom steel at intermediate support.

5.3.5 Laps

Lengths of reinforcing bars are joined by lapping, by mechanical couplers or by
butt or lap welded joints. Only lapping which is the usual way of joining bars is
discussed here. It is important that laps are not located in areas subjected to high
moments. In order that sections are not weakened, laps should be staggered so that
not all laps occur at the same section.
The lap length | is given by code equations (8.10) and (8.11) as

l, =0 a0,y 05 0 lb,reqd >1

1

0,min (810)
=max(0.3,;15¢;200 mm) (8.11)

0,min

o to as are as given Table 5.6 but a3 calculated taking
XA, min = Area of one lapped bar X (o/ fyq)

o5 1s calculated as
P1
1.5 =2 [og=,]—] =21.0
[ag \’25]

p1 <0.33, 05 =1.0 and p; > 0.50, a5 = 1.5.
p1 = % of reinforcement lapped with in 0.65 1, from the centre of lap considered.
As an example, consider the situation shown in Fig. 5.49.
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In this example four bars are lapped. Counting only those bars whose centre lines
of the lapped section are within the 0.65 1, on either side of the first lapped bar, one
can count only the top and bottom bars. Therefore in this case p;= 50%.

s =\ (50/25) = 1.41.

lo

— —>

1
0.65 1o : 0.65 1o

Fig. 5.49 Percentage of lapped bars at one section.

The rules for laps are as follows.

a. The clear distance between the lapped bars should be equal to or less than 4¢ or
50 mm as shown in Fig. 5.50. Ifit is greater than these, then the lap length should
be increased by the amount by which the limitation is exceeded.

ly min (50 mm, 4 ¢)

—

A

1 o

Fig. 5.50 Single lap.

b. In the case of adjacent laps, the clear distance between adjacent bars should be
equal to greater than 2¢ or 20 mm and the longitudinal distance between two
adjacent laps should not be less than 0.3 1, as shown in Fig. 5.51.

>031,
—
— "

A

v

> Min (20mm, 2¢)

A

v

Fig. 5.51 Adjacent lap.
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Where all the conditions stated above are complied with, the lapped bars in
tension may be 100% provided all bars are in a single layer. Where the bars
are in several layers, the percentage should be reduced to 50%

5.3.5.1 Transverse Reinforcement in the Lap Zone
Transverse reinforcement is required in the lap zone to resist transverse

tension forces. Fig. 5.52 and Fig. 5.53 show the details of transverse
reinforcement in tension and compression laps.

1o/3 1o/3

v

A

TALR2 A2

— B —
ly

Fig. 5.52 Transverse reinforcement at a tension lap.

10/3 1o/3

v

A

0 A2 TA2 4o

hy 10 >

Fig. 5.53 Transverse reinforcement at a compression lap.

The requirements for tension laps are as follows.

e [f the diameter of the bars is less than 20 mm and the percentage of bars
lapped in any section is less than 25%, then any transverse reinforcement
or links necessary for other reasons such as shear may be assumed to be
sufficient.

e If the diameter of the bars is greater than or equal to 20 mm then total
transverse reinforcement XA > area of one lapped bar should be provided
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as shown in Fig. 5.52. The spacing between the links must be less than
150 mm.
The requirements for compression laps are similar to that of tension laps, except
that the last link should be placed at a distance of four diameters from the end of
the lap.

5.3.5.2 Example of Transverse Reinforcement in the Lap Zone

The tension reinforcement in the web of a T-beam 250 mm wide consists of three
32 mm bars. The bars are lapped as shown in Fig. 5.54. Calculate the transverse
reinforcement required. Concrete cover is 30 mm and link diameter is 12 mm.
Assume i = 30 MPa, f,; = 500 MPa.

781 781

Fig. 5.54 Lapping of bars in T-beam.

Solution: Calculate factors a; to os:

oy = 1.0 as the bars are straight

o: (See Fig. 5.36)

c=¢;=30+12=42 mm

a = clear space between bar = [250 —2 x (30 + 12) — 3 x 32]/2 =35 mm
cq=min (35/2; 42; 42) = 18 mm

op=1-0.15x (18 —32)/32=1.44> 1.0

Take o, = 1.0

Assume o3 to os = 1.0

Calculate ag:

Percentage of reinforcement lapped: As the centre lines of only two out of three
laps are likely to be in the 0.65], region, p; = (2/3) X100 = 67

06 =" (67/25)=1.64>1.5

Take o= 1.5

Calculate lp, reqd

f

C

m = 0.30 x £5%67 = 0.30 x (30)%6%7 = 2.9MPa
fua = 0.7 X f/ (yc = 1.5) = 1.35 MPa

¢ =32 mm, n; = 1.0 for good bond, n, = 1.0 as ¢ <32 mm

fog =225n, n, £, =2.25%x1.0x1.0x1.35=3.1MPa
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Calculate Ay:

£ = 500 MPa, 0 = f,/ (v = 1.15) = 435 MPa
T ec _?0u_ {ﬁxﬁ} =1123 mm
T %0 31

Ip= ((11 0 O3 Oy Os (16) X lb, reqd — 1.5 x 1123 = 1684 mm
0.65 1y = 1095 mm, 1y/3 = 505 mm

A, = Area of 32 mm bar = 804 mm>

YA, = A, = 804 mm’, TA/2 = 402 mm’

Io/3 = 505 mm

505/150 = 3.4, say 4

Number of links required on each side of lap=4+1=5

Area per link = 402/5 = 80 mm’

Area of a 12 mm bar = 113 mm’

Provide at laps a total of ten 12 mm diameter bars as shown in Fig. 5.52.

5.3.6 Bearing Stresses Inside Bends

Bars are anchored by providing a standard bend as shown in Fig. 5.35(c). It is
often necessary to anchor a bar by extending it around a bend in a stressed state, as
shown in Fig. 5.55.

v

Fig. 5.55 Bar anchored around a bend.

In both cases concrete inside the bend is subjected to compressive stress and it is
necessary to make the radius of the bend large enough to prevent the crushing of
the concrete. It is also necessary that the radius of the bend is not so small that it
might crack the bars during fabrication of the reinforcement.

In clause 8.3, the code prescribes the following limitations.

1.

In order to prevent the bar from cracking during the bending of the
bar, the minimum inside diameter of the bend should be 4¢ for bars
of 16 mm diameter and under. For bars of greater diameter than 16
mm, the radius of the bend should be 7 ¢.

Explicit verification of concrete stress inside the bend is not
necessary, if:
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where
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The anchorage does not require the bar to extend by more than 5 ¢ beyond
the end of the bend

Inside radius complies with the requirement in (a) above.

The plane of the bend is not close to concrete face and there is a bar of a
diameter at least equal to the diameter of the bar inside the bend as shown
in Fig. 5.56 which will clearly reduce the stress in concrete inside the
bend.

If the above conditions are not fulfilled, then the minimum diameter of the
bar around which the bar should be bent (called diameter of the mandrel)
is given by code equation (8.1)

¢m,min 2 &X{i—‘rL} (81)
fo a, 20

Fy. = tensile force in the bar, ¢ = diameter of the bar, a, = half the c/c
distance between bars, f 4 = f / (v, = 1.5), fy < 50 MPa.

For bars adjacent to the face of a member, a, = cover + ¢/2.

Table 5.7 gives the ratio of @m min/ @ for fy, = 500 MPa, y, = 1.15, Fy, =
(n/4) ¢ f,4.

Fig. 5.56 Longitudinal bar inside a bend.

Table 5.7 Mandrel diameter in terms of bar diameter

fck Pm min/ ?
=20 |3,=3¢ |a,=4¢ | a=50]| a,=10¢
20 25.6 21.3 19.2 17.9 15.4
25 20.5 17.1 15.4 14.3 12.3
30 17.1 14.2 12.8 12.0 10.2
35 14.6 12.2 11.0 10.2 8.8
40 12.8 10.7 9.6 9.0 7.7
45 11.4 9.5 8.5 8.0 6.8
50 10.2 8.5 7.7 7.2 6.2
>55 9.3 7.8 7.0 6.5 5.6
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5.4 TORSION

5.4.1 Occurrence and Analysis of Torsion
In practice two types of torsion occur.

1. Equilibrium torsion: This is the case where torsional resistance must be
provided in order to maintain equilibrium. Fig. 5.57 shows an example of a
cantilever L-shaped in horizontal plane, carrying a vertical load at the tip. The
longitudinal beam is subjected to a twisting moment equal to [W x a] and it is
necessary that the beam can resist this twisting action as otherwise the beam will
simply collapse. The twisting moment (W X a) is equilibrium torsion.

7

Fig. 5.57 Equilibrium torsion.

P

\

Fig. 5.58 Two interconnected beams.

2. Compatibility torsion: This is the case where members are subjected to
twisting moment in order to preserve continuity of displacements, but torsional
resistance is not required to maintain equilibrium. Fig. 5.58 shows a grid work of
two intersecting beams. Only the longitudinal beam carries an external load W
normal to the plane of the grid. An analysis assuming that the two beams are
identical and are pin connected at the intersection shows that for the two beams to
have the same deflection at the intersection, the load distribution is as shown. The
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vertical force R at the intersection is 0.344W, where W is the applied load. The
longitudinal beam rotates in the clockwise direction at the intersection. If the two
beams are rigidly connected, then the transverse beam, for compatibility reasons,
will be forced to rotate in the same direction. This twisting of the transverse beam
will create a twisting moment in the longitudinal beam. This is called
compatibility torsion. This torsion is not needed to maintain equilibrium.

The code suggests in section 6.3.1 (2) that the minimum longitudinal and shear
reinforcement normally provided can provide sufficient resistance against
excessive cracking caused by compatibility torsion. Reinforcement needs to be
designed to resist equilibrium torsion only.

5.4.2 Torsional Shear Stress in a Concrete Section
Fig. 5.59 shows a rectangular beam subjected to a torsional moment. Because

concrete is weak in tension, the resulting shear stresses cause cracks which spiral
around the axis.

N ™

Diagonal cracks

Diagonal tension

(2)
Fig. 5.59 Diagonal cracking pattern.

Fig. 5.60 shows a rectangular box beam whose wall thickness can be considered as
small compared to other cross sectional dimensions. It is shown in books on
strength of materials that when the box section is subjected to a torsional moment
Tgq, the shear flow q defined as the product of shear stress in the wall and its
thickness is a constant in the walls of the box. The walls of the box are in a state of
pure shear. The shear stress t; in the side of thickness t; is given by

=T; t =
q 171 2Ak
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where Ay is the area enclosed by the centre line dimensions of the sides of the box
and t is wall thickness.

Fig. 5.60 Stresses in a thin walled box beam under torsion.

Fig. 5.61 shows the elastic stress distribution in a solid rectangular section
subjected to a torsional moment. The shear stresses due to torsion are tangential to
the sides and in an elastic material, the maximum shear stress occurs in the middle
of the longer side of a rectangular section. The stress is zero at the centroid of the
section and increases in a non-linear manner towards the edges. A very high
proportion of the torsional resistance comes from the shear stresses acting over a
short thickness near to the surface of the box. Therefore for all practical purposes
the solid section can be treated as a thin-walled hollow section

el
ATy
f

¥
/

Fig. 5.61 Torsional shear stress distribution in a solid rectangular section.

>\

/

The above ideas can be generalized and hold true for any hollow section. In clause
6.3.2, the code gives the following design procedure.
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As shown in Fig. 5.62, the shear stress T, ; in the i™ wall of thickness ter, i of a
section subjected to pure torsional moment Tgy may be calculated from code
equation (6.26) as

T
q=Ty; tef; = 2/51 (6.26)

where
q = constant shear flow the walls of the section.
Ty, ; = shear stress in the ith wall.
ter ; = effective wall thickness of the ith wall.
Ay = area enclosed by the centrelines of the connecting walls including the inner
hollow areas.
Note that
1. ts; may be taken as A/u, but should not be taken as less than twice the
distance between the edge and the centreline of the longitudinal
reinforcement. For hollow sections, the real thickness is the upper limit.
2. A = total area of the cross section within the outer circumference,
including inner hollow areas.
3. u=outer circumference of the cross section.
The shear force Vg ; in the ith wall is given by code equation (6.27) as
Vig,i = tegi ter, 1 Zi = q (6.27)

Fig. 5.62 Torsional stress distribution in a polygonal hollow section.

5.4.2.1 Example

Fig. 5.63 shows the cross section of a trapezoidal box girder with side cantilevers.
The webs and bottom flange are 300 mm thick; the top flange is 400 mm. It is
subjected to a torsional moment Trq = 5000 kNm. Calculate the shear forces in the
walls of the girder.

Solution: As the thin cantilevers will not provide any significant torsional
resistance, the cross section can be reduced to a simple trapezoidal box as shown in
Fig. 5.64. The top width of the box:

1200 + 2x {(3000 — 1200 — 2x 600)/2} x 2000/ (2000 —400) = 1950 mm
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3000 mm

2000 mm

1200 mm

Fig. 5.63 Trapezoidal box girder with side cantilevers.

1950 mm

2000 mm

1200 mm
Fig. 5.64 Trapezoidal box girder.

(i) The centre-line dimensions:
Top flange = 1950 — 300 = 1650 mm
Bottom flange = 1200 — 300 = 900 mm
Height = 2000 — 400/2 — 300/2 = 1965 mm
Inclined length of web =V [1965 + {(1650 — 900)/2}*] = 2000 mm
Ay = 1965 x (1650 + 900)/2 = 2.505 x 10° mm?
uy = Perimeter of A, = 1650 + 900 + 2 x 2000 = 6550 mm
q=Ted (2 x A)=15000 x 10% (2 x 2.505 x 10°) = 998 N/mm
(ii) Shear stress in the walls:
Webs: 1= g/t = 998/300 = 3.3 MPa
Bottom flange: T = g/t = 998/300 = 3.3 MPa
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Top flange: T = g/t = 998/400 = 2.5 MPa
(iii) Shear forces in the walls:
Webs: V = q x length= 998 x 2000x107> = 1996 kN
Bottom flange: V = q x length= 998 x 900x10 " = 898 kN
Top flange: V = q x length= 998 x 165010 = 1647 kN

5.4.3 Design for Torsion

As explained in the previous section, torsional moment induces shear stresses in
the walls of the beam. Design of the walls for the shear stress induced by torsion
follows the same lines as design for shear in beams. The walls are assumed to
resist shear stresses by a combination of concrete struts and shear links. Unlike
beams where there is compression force in the top chords due to bending moment,
under pure shear induced by torsion, it is necessary to provide longitudinal
reinforcement in the top chord also.

Fig. 5.65 shows the composite truss resisting the shear stress caused by torsion.

h cot6

Fig. 5.65 Composite truss resisting torsional moment.

If q = Tg/(2 Ay) is the shear flow per unit length, going around the perimeter uy,
the total force due to torsion is q uy. In the same manner, if F, is the force in the
concrete compression strut, for equilibrium

F.sin 6 = q u;

F.=qu/sin 0

F. cos 0 = Total horizontal force = ZAg fyq
where XA = total longitudinal steel area and f,4 = stress in the steel reinforcement.
Expressing F. in terms of u,
XAy fy4 = q ui (cos 0/sin 0)
AT

sl “yd

=q cotd
Uy

In the above equation substituting for q in terms of twisting moment as Tgyq/ (2 Ay)
leads to the equation (6.28) of Eurocode 2.
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A T
Sty Tpg cot O (6.28)
u, 2A,

If A,y is the area of one link spaced at s, the vertical force resisted by the link is
hcot 8
Fs = Asw S fyd

The vertical force from torsion is gh. Equating F; to gh,

F=gh=A_ hcot&fyd

Substituting for q in terms of Tgp,

qh=hh=A hcotHf
2A, Voo

Simplifying, the equation to calculate the link reinforcement is given by

T S
A f ,=——Ed >
sw Tyd 2Ay cotH

It is necessary to put a limit on the compressive stress in the struts. Considering
the truss in a single plane as shown in Fig. 5.66:

b =h cosf

=
N
’
/
N
N

Fig. 5.66 Composite truss; width of struts.

e Compressive force F, = qh/ sinf
e If o, is the stress in the strut, F, =t b o,
e  The width covered by a strut is b =h cos6
Equating the two expressions for Fc,
gh/ sinB =t h cosO o,
q Ty 1 1 Ty 11

oO. =
¢ t,sinfcos® 2A, t,sinfcosf A, t. sin20
The code limits the concrete stress o, to
G¢ =Vi1 fcd

where vi = v given by code equation (6.6N) is an efficiency factor which allows
for the effects of cracking as well for the actual distribution of stress in the struts.
vi=v=0.6 (1 -1£4/250) (6.6N)



156 Reinforced concrete design to EC 2

sinzezﬁ;
Ak tef G¢

25>cot0>1.0

5.4.3.1 Example of Reinforcement Design for Torsion

Design the longitudinal and link reinforcement for the example in 5.3.3.1. Assume
foc = 30 MPa, fq = /1.5 = 20 MPa, f,, = 500 MPa, f,q= 500/1.15 = 435 MP.
v; =0.6(1 —30/250) = 0.528

0. =V f,g=0.528 x 20 = 10.56 MPa

As previously calculated, uy = 6550 mm, q = 998 N/mm,
6
sin2¢9:h 1 _ 5000><106 N 1 _
A, t,o, 2.505x10° 300x10.56
0=19.5%cot0=2.82>25

Take cot 6 =2.5

6
SA, <435 =By, cot 0 =010 6550x2.4 = 16.34x10°
2A, 2x2.505x10
YAy = 37568 mm?, Ay /u, = 5.74 mm>/mm
Using H25 bars, this gives one H25 at every 86 mm. The above bars are
distributed around the perimeter in a uniform manner. In order to tie the links, it is
practical to put one bar at each corner.
Top flange, provide an additional 19 bars at 87 mm spacing.
Bottom flange, provide an additional 10 bars at 90 mm spacing.
In each web, provide 23 bars at 87 mm spacing.
Total number of bars provided = 4 + 19+ 10 + 2 x 23 = 79H25 = 38779 mm”.
Link reinforcement: Using H12 links, Ay, = 113 mm?®

T S
Ao f ,=—EBd >
W Y475 AL cot0
6
113x435 = 500010 S

—_— X —
2x2.505%x10° 2.5

s =123mm
Provide H12 links at 120 mm c/c.

5.4.4 Combined Shear and Torsion

As the mode of resistance for shear and torsion is by a composite truss consisting
of concrete struts, shear links and longitudinal reinforcement, it is important to
make sure that the concrete struts are not overstressed.

The code in equation (6.29) limits the combined effect of shear force and torsion as
follows.
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T
Bd VB4 o (6.29)
TRd,max VRd,max
Rdmax = 2V Oy, Toq Ay top; Sindcos @ (6.30)
1
V, =a b, zvf ——— 6.9
Rd,max cw Cw cd cot 0 +tan€ ( )

gy, = 1 for non-prestressed structures

5.4.4.1 Example of Design of Torsion Steel for a Rectangular Beam

A rectangular beam section has an overall depth of 500 mm and a breadth of 300
mm. It is subjected at ultimate to a vertical sagging moment of 320 kNm, a
vertical shear of 230 kN and a torque of 30 kN m. Design the longitudinal steel and
links required at the section. The material strengths are fy = 30 MPa,
fyx =500 MPa. Use H25 bars for longitudinal steel and HS bars for links.
Design for bending:
Using cover to steel of 30 mm,
d=500-30-10-25/2 =447 mm
k =M/ (b d* f,) =320 x 10% (300 x 447* x 30) = 0.178 < 0.196
Design as a singly reinforced beam.
n=1,2d=05[1.0+ (1 -3 xk)]=0.84
fya =500/1.15 = 435 MPa
Ay=M/ (z * fq) = 320 x 10% (0.84x 447 x 435) = 1959 mm’

Provide 4H25, A, = 1964 mm® > 1959 mm?”
Check minimum steel:

Agmin = 0.26 X (fu/fs) X by d, fom = 0.3 x 30%%7 = 2.9 MPa, f,; = 500 MPa,

Aqmin = 202 mm” < 1959 mm”

Design for shear:
Vea =230 kN

i. Check if shear reinforcement is required, Vgq > Vgq,
Via= 230 kN, by, =300 mm, d = 447 mm, Ay = 4H25 = 1964 mm*

e I8 o1
(ve=1.5)
kzl-i—Jﬁ =1.67<2.0

447
100p1=100><ﬂ=1.47< 2.0
300x447

Viin =0.035 x1.67"% x+/30 = 0.41MPa
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Vig,e =[0.12x1.67x {1.47x30}"/% +0.15 0] x 300x 447 x 10~

>[0.41+0.15% 0]x300x 447 x 107
VRq,c =94.9>55.0 kN

VRd, c— 94.9 kN < VEd-
Therefore shear reinforcement is required.

ii. Check if the section strength is adequate, Vg < Vgg, max

0=0.5 Sin*I{W—Ed
Ocw by zVvy feg

3
0=0.5 sin"'{ 2x230x10

300
1.0x300 (0.84x447) x0.6x—
= 0.5sin”! (0.34) =0.5%x19.9=9.95°
cot0=5.7

The value of cot 0 is outside the limits of 1.0 and 2.5. Choose cot 6 =2.5.
vi=v=0.6(1 - £,/250) = 0.6(1 — 30/250) = 0.528

1
V, =a, b, zv,f  ——
Rd, max cw W 1%ed COtH +tan0
1
=1.0 x 300x(0.84 x 447)x0.528x 20 x —————x10° = 410kN
(2.5+0.4)

VRd, max 410 kN > VEd~
Section size is adequate.

iii. Design of shear reinforcement:
Ensure that Vgq s > Vg, and choose 2-leg HS links,
Ay =101 mm’, cot 0 = 2.5, z = 0.84d, f,, = 500 MPa,
Vi EASW £ cotd
s

s

- (0'84X447)x101x15?05x2.5x10*3

S

41221
S

kN > (V,,, =230kN)

s <179mm

Maximum spacing = 0.75d = 0.75 x 447 =335 m.
Check minimum shear steel:
Py, min = (0.08 x \fy)/ £, = 0.876 x10~°
Pw = Ag/(s X by) = 101/(179 x 300) = 1.881 x107° > 0.876 x10°

Design for torsion:
Calculate t.g:
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A =300 x 500, u=2(300 + 500),
Effective wall thickness t.r; = A/u = 94 mm
Dimension of the ‘hollow’ section:
b=300-94 =206 mm, h=500—94 =406 mm
Ay =206 x 406 = 83636 mm?, u, = 2(206 + 405) = 1224 mm
Tgg =30 kNm
q=Tes/ (2 AyY) =179 N/mm

TA T, :huk cot &
O2A,
_ 30x10°
2x83636
YAy = 1262 mm?, 3H25 = 1473 mm’
For symmetry, use 4H25. Since bending provides compression in the top chord,
only 2H25 need be provided in the bottom chord.
Link design:
A, = area of H8 bar = 50 mm?, fya = 500/1.15 = 435 MPa
A, 4> Teg S
Y T2A, cotd
30x10° S
2x83636 2.5
s <303 mm

SA, x435 x 1224 x 2.5

50 x435 >

Arrangement of reinforcement

Longitudinal bars: bending = 4H25, torsion = 2H25, total 6H25.

Provide 4H25 in the bottom and 1H25 in the middle of the sides.

Links: shear: 2-leg HS links at 179 mm c/c, torsion: HS links at 303 mm c/c.
Provide 8 mm links at 150 c/c but use 2-leg links alternatively.

Check shear-torsion interaction:
cotd =2.5, 6=21.8°, sin 0 = 0.37, cos 6 = 0.929
=2via,, f At ;sinfcos O

cw “cd

=2x0.528x20x83636x94x0.37x0.93x10°° = 57.1kNm
Viq =230 kN, Tgg =30 kNm
T, Ve 9
TRd,max VRd,max
ﬂ+@:1.09 >1.0
57.1 410

Design is unsatisfactory. Use a larger section.

T,

Rd, max
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5.5 SHEAR BETWEEN WEB AND FLANGE OF T-SECTIONS

Section 6.2.4 of Eurocode 2 deals with the reinforcement to resist the shear
between web and flanges. Fig. 5.67 shows a T-beam between two sections. The
difference in bending moment between the two sections causes differential bending
forces in the flanges. In order to transmit this force to the web, shear stresses
develop at the junction between the web and the flange. Reinforcement is needed
in the flange to resist this shear stress.

Fig. 5.67 Shear stresses at flange-web junction.

5.5.1 Example

Determine the shear reinforcement in the flanges for the T-beam example in

section 5.1.10 and shown in Fig. 5.19 and Fig. 5.20.

Solution:

Mid-span bending moment = 291.6 kNm, d = 400 mm, f,, = 25 MPa.

z/d=0.97, z=388 mm.

Let s be the depth of flange in compression.
z=d-s/2,s =24 mm

Bending stress in the flange = f.4 = 25/1.5 = 16.7 MPa.

Width of one half of flange = (2000 — 250)/2 = 8§75 mm.
Compression force C in one half of flange at mid-span = 875 x s x f,q 107
C=875x24x16.7 x10~° =350.7 kN
The compression force varies from zero where the bending moment is zero to a

maximum value of 350.7 kN at position of maximum moment, i.e., mid-span.
The shear force AF4=350.7 kN.
Assuming uniform distribution of shear stress at the flange-web junction, an
average value vgq is given by code equation (6.20):
Vg = AFy/ (hfx AX) (620)
h¢= thickness of the flange = 100 mm.
Ax = distance between the position of maximum moment and zero moment
Ax = effective span/2 = (7.2 /2) =3.6 m
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Vea = 350.7 x 10%/ (100 x 3.6 x 10°) = 0.97 MPa.
The transverse reinforcement Agrat spacing syis given by code equation (6.21) as

Asf
=L g2 vggx

6.21
S¢ cot 6, (621)

To prevent the crushing of the compression struts in the flange, the condition given
by code equation (6.22) has to be satisfied

VEg < vi4sin6; cos 6,
The limits on cot0; are:
1.0 < cotf; <2.0 for compression flanges
1.0 < cotB; < 1.25 for tension flanges

v=0.6 (1-f/250) = 0.528, f.q = 25/1.5 = 16.7 MPa,
Veg S VI sin6, cos b,

0.97<0.528x16.7x (0.5sin26))
sin26,>0.22,6, = 6.4°

cotf; =9.0 >2.0. Take coth; =2.0
Using H10 bars, A= 79 mmz, fyq = 500/1.15 = 435 MPa,

Asf
S—fde VE4 X
f

cot 0;
D 4352 0.97x 2
Sf 2.0
sf <704 mm

Generally T-beams form a part of the monolithic slab and T-beam flooring with the
slab spanning between the T-beams. The transverse bending of the flange caused
by the slab spanning between the beams will need reinforcement which might very
well exceed the reinforcement calculated to resist shear between flange and web.



CHAPTER 6

SERVICEABILITY LIMIT STATE
CHECKS

6.1 SERVICEABILITY LIMIT STATE

In Chapter 4 and Chapter 5, design procedures for the ultimate limit state (ULS) in
bending, shear and torsion were described. It is necessary in practice to ensure that
the structure can not only withstand the forces at the ultimate limit state but also
that it behaves satisfactorily at working loads. The main aspects to be satisfied at
serviceability limit state (SLS) are deflection and cracking. In this chapter checks
that are normally used to ensure satisfactory behaviour under SLS conditions
without detailed calculations are considered. These are known as ‘deemed to
satisfy’ clauses. Methods requiring detailed calculations are discussed in Chapter
17.

6.2 DEFLECTION

6.2.1 Deflection Limits and Checks

Limits for the serviceability limit state of deflection are set out in clause 7.4 of the
code. It is stated in 7.4.1 (4) that the appearance and general utility of a structure
could be impaired if the deflection exceeds L/250 where L is the span of a beam or
length of a cantilever. Deflection due to dead load can be offset by pre-cambering.
The code also states that deflections that could damage adjacent parts of the
structure should be limited. For the deflection after construction, L/500 is
normally appropriate under quasi-permanent loads.

Generally it is not necessary to calculate the deflections explicitly. Code allows
limiting the span-to-effective depth ratio to ensure that deflection under SLS does
not exceed the limits.

6.2.2 Span-to-Effective Depth Ratio

In a homogeneous elastic beam of span L, if the maximum stress is limited to an
allowable value ¢ and the deflection A is limited to, say, span/250, then for a given
load a unique value of span-to-effective depth ratio L/d can be determined to limit
stress and deflection to their allowable values simultaneously. Thus for the simply
supported beam with a uniformly distributed load,
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Maximum bending moment = W L/8
where W = total load on the beam and
WLy WLO0.5d
8 1 8 1
where / is the second moment of area of the beam section, d is the depth of the
beam and L is the span.

Maximum stress 6 =M y/l =

_ L _ 5 WP _WLosd 512 _ s
250 384 El 81 24Ed  24Ed
L 48 E
_— — —
d 250 o

where
E is Young's modulus, ¢ = allowable maximum stress
Similar reasoning may be used to establish span-to-effective depth ratios for
reinforced concrete beams to control deflection. The method in the code is based
on calculation and confirmed by tests. The main factors affecting the deflection of
the beam are taken into account such as
e The basic span-to-effective depth ratio for rectangular or flanged beams
and the support conditions
e The amount of tension and compression steel and the stress in them at
SLS
e Concrete strength f;;
The allowable value for the span-to-effective depth ratio can be calculated using
the code equations (7.16a) and (7.16b) for normal cases.
The equations have been derived on the basis of the following assumptions:
e  The maximum stress in steel o, at SLS is 310 MPa for f,,, = 500 MPa. Ifa
different level of stress o, other than 310 MPa is used, then L/d from
equation should be multiplied by 310/ o, where

310 _ 500 Asprov

Gs fyk As,reqd
e For flanged sections, if b/b,, exceeds 3, then L/d from equation should be
multiplied by 0.8.
e For beams and slabs other than flat slabs, where the effective span Ly
exceeds 7 m and the beam supports partitions liable to be damaged due to
excessive deflections, L/d values from equation should be multiplied by

7/Legs
3
%:K{IIH.S JE 2rvsn Ji (2e-1? if p<p, (7.162)
P P
L

Py 1 /p' ,
—=K 11+1.5~/f —,+—1/f‘ — }tif p> 7.16b
q { ck —p 12 ck P yif p>p, ( )

where
L/d = limit of span/effective depth ratio.
K = factor to account for different structural systems.
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po =107 x\fy,.

p = tension reinforcement ratio to resist the maximum moment due to design loads.

p' = compression reinforcement ratio to resist the maximum moment due to design
loads.

Table 6.1 shows the basic L/d ratios for reinforced concrete members without axial

restraint calculated from the code equations.

Table 6.1 Basic L/d ratios

Structural System K p= p=
1.5% 0.5%
Simply supported beam, one-way or two-way 1.0 14 20
spanning simply supported slab.
End span of continuous beam or one-way 1.3 18 26

continuous slab or two-way spanning slab
continuous over one long side.

Interior span of continuous beam or one-way 1.5 20 30
or two-way spanning slab.

Flat slabs (based on longer span) 1.2 17 24
Cantilever 0.4 6 8

6.2.2.1 Examples of Deflection Check for Beams

Example 1: A continuous slab 100 mm thick is carried on T-beams at 2 m centres.
The overall depth of the beam is 350 mm and the breadth b,, of the web is 250 mm.
The beams are 6 m spans and are simply supported. The characteristic dead load
including finishes is 4.5 kN/m” and the characteristic imposed load is 5 kN/m?,
The material strengths are fy =25 MPa and fy =500 MPa. Check if L/d is
adequate. If inadequate, redesign the beam.
Since the beams are spaced at 2 m centres, the loads on the beam are:
100 mm thick slab + finishes = (0.1 x 25 + 4.5) x 2 = 14.0 kN/m
Weight of rib only = (0.35 — 0.1) x 0.25 x 25 =1.56 kN/m
Live load =5 x 2 =10 kN/m
Design load = 1.35 x (14.0 + 1.56)) + (1.5 x 10) = 36.0 kN/m
Ultimate moment at mid-span = 36.0 x 6%/8 = 162 kN m
Effective width b.g of flange can be shown to equal 1800 mm (See Chapter 4,
section 4.6.5).
The beam section is shown in Fig. 4.17. Assuming a nominal cover on the links is
25 mm and if the links are H8 and the main bars are H25, then
d=350-25-8-12.5=305mm
It can be shown that the beam can be designed as a rectangular beam of size
1800 x 300.
k =M/ (b d*f,) =162 x 10% (1800 x 305> x 25) = 0.039 < 0.196

% =0.5[1.0+ /(1—3%)] = 0.5[1.0+,/(1—3%(3)9)]=0.97
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A M ~ 165x10°
0.97dx0.87fy,  0.97x305x0.87x500

Provide 3H25; A, = 1472 mm?’
A prov 1A reqa = 1472/1282 = 1.15
p=A/ (b, d)=1282/(250 x 305) =0.0168, p% = 1.68
po =107 x\25 = 0.005, py% = 0.5
P> Po
Simply supported beam, K =1
No compression steel, p' =0
b/by, = 1800/250 = 7.2 > 3.0. Therefore L/d from equation is multiplies by 0.8.

%zK[lHl.S o 22 +% N 1/3 1ifp>po (7.16b)

As an approximation, the stress o in the steel at SLS can be taken as
o = (load at SLS/Load at ULS) x fi4

Load at ULS = 1.35 x (14.0 + 1.56) + (1.5 x 10) = 36.0 kN/m

Load at SLS = 1.0 x (14.0 + 1.56) + (1.0 x 10) = 25.56 kN/m
Note that load at SLS can be more appropriately taken as gy + v, qx.

o, = (25.56/ 36.0) x (500/1.15) =318 MPa =~ 310 MPa assumed in the formula.
L/d=11+1.5x5x%0.005/0.0168 =13.2
L/d=13.2x0.8=10.6
Correcting for Ag prov > Ag reqa, L/d=10.6 X 1.15=12.1
Actual L/d = 6000/305 =19.7

Depth is too small. Deflection will exceed the permitted L/250.

=1282mm?

Redesign the beam:
L=6m,d=6000/12 =500 mm
h =500 + 25 (cover) + 8 (links) + 25/2 = 550 mm
d=550-25-8-25/2 =504 mm
Increase in moment due to deeper web = (0.55 — 0.35) x 25 x 1.35 x6%/8
=30.38 kNm
k =M/ (b d*fy) = (162 + 30.38) x 10% (1800 x 504% x 25) =0.02 < 0.196

% =0.5[1.0+ ’(1—3%)] = 0‘5[1'0+”(1_3%)]:0'99

N M _ (165+30.38)x10°
*0.99dx0.87fy,  0.99x504x0.87x500

Provide 2H25; A, = 982 mm*
A prov /A, reqa = 982/900 = 1.09
p=Ay (b, d) =982/ (250 x 454) = 0.0087, p% = 0.87
po =107 x325 = 0.005, pe% = 0.5 < p%
Simply supported beam, K =1
No compression steel, p' =0
b/by, = 1800/250 = 7.2 > 3.0. Therefore L/d from equation is multiplied by 0.8.

=900 mm?>
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.\/_k\/g]ifp>p0 (7.16b)

Lid=11+ 1.5 x5 x0.005/0.0087 =15.3
L/d=153%x0.8=12.24
Correcting for A prov > Ag, reqay L/d = 12.24 x 1.09 = 13.34
Actual L/d = 6000/504 =11.9
Deflection will not exceed the permitted L/250.

Example 2: A rectangular beam is simply supported over a span of 6 m and carries
characteristic super dead load of 34 kN/m and characteristic imposed load of
17.0 kN/m. The beam is 300 mm wide by 500 mm deep and the inset of the
compression steel is 40 mm. Design the steel for mid-span of the beam for the
material strengths of f, =25 MPa and f,, =500 MPa. Check the adequacy of L/d
ratio.
Self weight = 0.3 x 0.500 x 25 =3.75 kN/m
Design load = (34.0 + 3.75) x 1.35 + (17.0 x 1.5) = 76.46 kN/m
Required ultimate moment M:
M = 76.46 x 6°/8 = 344.1 kN m
d = 500 — 25(cover) — 8(link) — 25/2 = 454 mm
Maximum moment that the beam section can resist as a singly reinforced section is
M;; = 0.196 x 25 x 300 x 454” x 10 =303 kNm
M > My, Compression steel is required.
d'/d =40/454 = 0.09 < 0.1664 (see Table 4.11)
The compression steel yields. The stress f, in the compression steel is 0.871y.
A= {M M}/ [0.87 £, (d — d)]
= {344.1 —303.0} x 10°[0.87 x 500 x (454 — 40)] = 234 mm’
From equ111br1um
Ag0.87 £ =Cy + A £
where Cg, = k. bd f, compression force in concrete. k. = 0.2401 from Table 4.7.
A% 0.87 x 500 =k, x 300 x 454 x 25 + 234 x 0.87 x 500
A,=2113 mm’
For the tension steel SH25 give A, = 2454 mm”.
For the compression steel 2H12 give A,' = 226 mm’.
A prov /As, reqa = 2454/2113 = 1.16
p=Ay (b, d) =2454/ (300 x 454) = 0.018, p% = 1.80
po =107 x325 = 0.005, p% = 0.5
P> Po
Simply supported beam, K = 1
Compression steel, p' =234/ (300 x 454) =0.0017, p'% = 0.17
Load at ULS = (34.0 + 3.75) x 1.35 + (17.0 x 1.5) = 76.46 kKN/m
Load at SLS =(34.0 +3.75) x 1.0 + (17.0 x 1.0) = 54.75 kN/m
Note that load at SLS can be more appropriately taken as g + y, gx.
o, = (54.75/ 76.46) x (500/1.15) =311 MPa = 310 MPa assumed in the formula.
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Loxpiets iy Po_, 1 \/a\/z]ifp>p0 (7.16b)
L/d=11+ 1.5 x5 x0.005/0.018 + (5/12) x N(0.0017/0.018) = 13.2.

L/d=13.2.

Correcting for A prov > Ag, reqasy L/d =13.2 X 1.16 = 15.3).

Actual L/d = 6000/454 = 13.2.

Deflection will not exceed the permitted L/250.

6.3 CRACKING

6.3.1 Cracking Limits and Controls

Cracking is normal in reinforced concrete structures. However any prominent
crack greatly detracts from the appearance and might even affect the proper
functioning of the structure. Excessive cracking and wide deep cracks affect
durability and can lead to corrosion of reinforcement. In section 7.3.1, code
recommends the following limits on crack width.

For exposure classes X0 and XC1 (see Table 2.5), crack width is limited to 0.4
mm in order not to spoil the appearance of the structure. For exposure classes
(XC2 to XC4, XD1, XD2, XS1 to XS3), crack width is limited to 0.3 mm.

The value given above is valid for ensuring appearance and durability under quasi-
permanent loads but does not include any special requirement such as water
tightness in structures retaining aqueous fluids.
Two methods are available to ensure crack widths limits are not violated. They are:
1. In normal cases control of cracking without direct calculation as
given in section 7.3.3 of the code is followed. This is done by
following the maximum bar diameter values given in Table 7.2N of
the code reproduced here as Table 6.2 or the values for maximum
spacing of bars given in Table 7.3N reproduced here as Table 6.3.
2. In special cases crack widths of an already designed structure can be
calculated using the equations given section 7.3.4 of the code.
In this Chapter only rules for the normal case are considered. Rules for special
cases are discussed in Chapter 19.

6.3.2 Bar Spacing Controls in Beams
Cracking is controlled by specifying the maximum distance between bars in

tension as given in Table 6.2 or by restricting the maximum bar diameter as given
in Table 6.3.
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Table 6.2 Maximum bar spacing for crack control

Steel stress, Maximum bar spacing (mm) for
MPa maximum crack width, wy
Wi = 0.4 Wi = 0.3 Wy = 0.2

mm mm mm
160 300 300 200
200 300 250 150
240 250 200 100
280 200 150 50
320 150 100
360 100 50

169

In the above table, the steel stress corresponds to stress in steel at SLS. It is
reasonable to assume that the steel stress at SLS can be calculated as

Steel stress at SLS = Steel stress at ULS x [quasi-permanent load/load at ULS]
The stress in steel at ULS is normally taken as fyq = fii/ (ys = 1.15).

Table 6.3 Maximum bar diameter ¢’; for crack control

Steel stress, | Maximum bar size (mm) for maximum
MPa crack width, w;
Wy = 0.4 Wy = 0.3 Wy = 0.2
mm mm mm
160 30 32 25
200 32 25 16
240 20 16 12
280 16 12 8
320 12 10 6
360 10 8 5
400 8 6 4
450 6 5

The above value of ¢’ has been calculated assuming f. . = 2.9 MPa, coefficient
k. = 0.4, depth of the tensile zone immediately prior to cracking, h. = 0.5h,
(h—d)=0.1h.

The above value needs to be modified as follows as given by code equations
(7.6N) and ((7.7N) respectively.

@, = @) % 'E:';’F’F b :[::1 for cases of bending (7.6N)
. fote R , , ,
@, = @y X "—;F X g(;;ﬂ for cases of uniform axial tension (7.7N)

6.3.3 Minimum Steel Areas

If crack control is required, a minimum amount of steel reinforcement is required
in areas where tension is expected. In beams, a minimum reinforcement is
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required in individual parts of the beam such as webs, flanges, etc. The minimum
reinforcement is calculated using the code formula (7.1).
As, min Os = kc k fcl, eff Acl (71)
where
A, min = the minimum area of steel in the tensile zone.
A, = Area of concrete in the tensile zone (See Fig. 6.1).
o, = Permitted steel stress. A lower value than fy, is required so as not to violate
crack width limitations (see Table 6.2).
fet, eft = fuum Of concrete at the time when cracks are expected to occur.
k = 1.0 for webs h <300 mm deep, flanges with widths less than 300 mm.
0.65 for webs h > 800 mm deep, flanges with widths greater than 800 mm.
Interpolation for intermediate values is allowed.
k. = 1.0 for pure tension.
For bending or bending with axial force,
k = 0.4 for webs of box and T-sections
k=10.9 [Fo/ (Ay x fy, o) = 0.5 where absolute value of the tensile force F, within
the flange immediately prior to cracking due to the cracking moment calculated
with fct, eff-

l 4 Tensile zone

Q- -@- @ 2

Fig. 6.1 Tensile area in beams.

6.3.3.1 Example of Minimum Steel Areas

Example 1: A rectangular beam 300 x 650 is required to span 7 m. The ends are
simply supported. The characteristic dead load g, = 20 kN/m and imposed load
qx = 30 kN/m. f; =30 MPa, f,, = 500 MPa.
que=1.35%x20+1.5x30="72kN/m
My, = 72 x 7%/8 = 441 KNm
d =650 — 30 (cover) — 8 (link) — 25/2 (bar radius) = 599 mm
k =M/ (b d* fy) =441 x 10% (300 x 599* x 30) = 0.137 < 0.196
n=1,2/d=05{1+ (1 - 3xk/n)} = 0.884
z=10.884 x 599 = 530 mm
fya =500/1.15 = 435 MPa
A, =M/ (z f,q) = 441 x 10% (530 x 435) = 1915 mm’
A, = 4H25 = 1964 mm’
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1. Check L/d ratio using code equation (7.16b)
f.c =30 MPa po% = 0.1 x\fy = 0.55
p% =100 x 1964/ (300 x 599) = 1.09
p'% =0
Load at ULS = 1.35 x 20 + 1.5 x 30 = 72 KN/m
Load at SLS=1.0 x 20 + 1.0 x 30 = 50.0 KN/m
=(50.0/ 72.0) x (500/1.15) = 302 MPa =~ 310 MPa assumed in the formula.

+i2 ek 1/3 1if p>po (7.16b)
p

L/d=11+1.5%5.5%0.55/1.09=15.2
A prov/As, reqa = 1964/1915 = 1.026
L/d corrected = 15.2 x 1.026 = 15.6
Actual L/d=7000/599 = 11.7 < 15.6
Deflection check is satisfactory.

2. Check minimum longitudinal steel using code equation (9.1N)
fmm—o 3% £y "7=0.3%x 30" =2.9 MPa
A min = 0.26 (fon/ f31) by d = 0.26 < (2.9/500) x 300 x 599 =271 mm’

3. Check maximum spacing of bars using Table 6.2

qsLs =gt qx=20+30=50kNm

qSLS/ quLt = 50/72 =0.69

o5 = fy4 X 0.69 = 300 MPa

From Table 6.2, for 6, =300 and wy = 0.3 mm, maximum spacing = 125 mm
Bar spacing = [300 — 2 x (30 + 8) — 25]/3 = 66 mm < 125 mm

4. Check minimum reinforcement areas using code equation (7.1)
Stress in steel at SLS = 302 MPa (see (1) above.
From code equation (7.2), as there is no axial load, . =0, k.= 0.4.
k=1.0 for h <300 and k = 0.65 h > 800.
Interpolating, k = 0.65 + {(800 — 650)/ (800 — 300)} x (1.0 —0.65)=0.76
A= {2(h—d) =102} x {width =300} = 30600 mm”.
Assuming that cracks might appear at about 3 days, calculate fi(t).
f(3) = fom(t) — 8
fem(t) = Bee(t) fom (3.1
Bec(t) = exp{s x [1 = V(28/)]} (3.2)
Taking s = 0.25 for class N cement and t = 3, B.(t) = 0.6
fom = fuc + 8 = 38 MPa, f,(t) = 0.6 x (38) =22.8 MPa
fom = 0.3 x £, " = 0.3 x 22.8°" = 2.4 MPa
Substituting in code equation (7.1),
As min X Os = k k fct eff Aut (71)
Aq. min = 0.4 ¥ 0.76 x 2.4 x 30600/ 302 = 74 mm”
All checks are satisfactory.
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6.3.4 Bar Spacing Controls in Slabs

The maximum clear spacing between bars in slabs is given in clause 9.3.1.1(3). If
h is the overall depth of the slab, for main steel, the spacing of the bars should not
exceed the lesser of 3 h or 400 mm. Secondary steel spacing of the bars should not
exceed the lesser of 3.5 h or 450 mm.

Example 1: A 350 mm deep slab has been designed for an ultimate moment of
200 kNm/m using fox = 30 MPa and f;, = 500 MPa. Apply ‘Deemed to satisfy’ rule
to check the maximum bar spacing.
Dimensions of slab: b = 1000 mm, h = 350 mm, cover = 30 mm, main steel H16
bars.

Effective depth, d =350 —30—16/2 =312 mm.

k=200 x 10° (1000 x 312* x 30) = 0.069 < 0.196
n=1,2/d=0.5(1.0+ (1 -3 x0.069) = 0.95
A required = 200 x 10%/(0.95 x 312 x 0.87 x 500) = 1552 mm*/m
As providea = H16 at 125 mm = 1609 mm?

Maximum spacing allowed: clause 9.3.1 (3) states that spacing 3 h <400 mm.
Spacing = 125 mm.
Actual spacing of 125 mm is less than permitted maximum spacing. Design is
satisfactory.

T <150 mm
X —
¥ L
4
2 d-x

Fig. 6.2 Surface reinforcement.

6.3.5 Surface Reinforcement

Appendix J of the code gives details regarding surface reinforcement to resist
spalling. It should be used where the main reinforcement is made up of bars of
diameter greater than 32 mm or bundled bars with an equivalent diameter greater
than 32 mm. The surface reinforcement consists of small diameter bars or of
welded mesh and is placed outside the links parallel to and perpendicular to the
main tension reinforcement as shown in Fig. 6.2. The area of surface
reinforcement should not be less than 0.01 times the area of concrete external to
the links. The spacing of the bars should not exceed 150 mm.



CHAPTER 7

SIMPLY SUPPORTED BEAMS

The aim in this chapter is to put together the design procedures developed in
Chapters 4, 5 and 6 to make a complete design of a reinforced concrete beam.
Beams carry lateral loads in roofs, floors etc. and resist the loading in bending,
shear and bond. The design must comply with the ultimate and serviceability limit
states.

=

=

leff

Fig. 7.2 Bearing support.

7.1 SIMPLY SUPPORTED BEAMS

Simply supported beams do not occur as frequently as continuous beams in in-situ
concrete construction, but are an important element in pre-cast concrete
construction.
The effective span l.¢ of a simply supported beam is defined in the code in clause
5.3.2.2, equation (5.8) as

lcff: 1n +ta ta (58)
1, = distance between the faces of supports
a; and a, refer to support width at ends 1 and 2 of the beam
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a; = min (0.5h, 0.5t)

h = overall depth of the beam

t = width of support as shown in Fig. 7.1

If a bearing is provided as shown in Fig. 7.2, then a, (or a,) is the distance from the
face of the support to the centre of the bearing. In other words, the effective span
is the distance between the centres of bearings.

7.1.1 Steps in Beam Design

Although the steps in beam design as shown in (a) to (j) below are presented in a
sequential order, it is important to appreciate that design is an iterative process.
Initial assumptions about size of the member, diameters of reinforcement bars are
made and after calculations it might be necessary to revise the initial assumptions
and start from the beginning. Experience built over some years helps to speed up
the time taken to arrive at the final design. The two examples in this chapter do
not show this iterative aspect of design.

(a) Preliminary size of beam

The size of beam required depends on the moment and shear that the beam carries.
Clause 9.2.1.1(3) gives the maximum reinforcement as 4% of the cross sectional
area of concrete. The minimum percentage must comply with the code equation
(9.1N)

f
A 1in=0.26 x £ x b, d (9.1N)
£) fyk
where f.,, = mean tensile strength of concrete, b, = width of the web, d = effective
depth, fy; = characteristic strength of reinforcement.

A general guide to the size of beam required may be obtained from the basic span-
to-effective depth ratio from Table 7.4N of the code.

The following values are generally found to be suitable.

Overall depth ~ span/15.

Breadth ~ (0.4 to 0.6) x depth.

The breadth may have to be very much greater in some cases. The size is generally
chosen from experience. Many design guides are available which assist in design.

(b) Estimation of loads:

The loads should include an allowance for self-weight which will be based on
experience or calculated from the assumed dimensions for the beam. The original
estimate may require checking after the final design is complete. The estimation of
loads should also include the weight of screed, finish, partitions, ceiling and
services if applicable. The following values are often used:

Screed: 1.8 kN/m®

Ceiling and service load: 0.5 kN/m’

Demountable light weight partitions: 1.0 kN/m?
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Block-work partitions: 2.5 kN/m’

The imposed loading, depending on the type of occupancy, is taken from
Eurocode 1: Actions on Structures-Part 1-1: General actions-Densities, self-
weight, imposed loads for buildings.

(c) Analysis

The ultimate design loads are calculated using appropriate partial factors of safety
from BS EN 1990-2002 Eurocode-Basis of Structural Design. The load
combinations to be considered are as explained in section 3.2.3, Chapter 3. The
details are summarised in Table 3.2, repeated here for convenience.

Table 3.2 Simplified equations for checking EQU and STR

Persistent Permanent actions Leading variable Accompanying variable
and action action
transient
design
situations
Unfav. Fav. Unfav. Fav. Unfav. Fav.
6.10 1.35 Gy, sup 1.0 Gy int 1.5 Q. 0 1.5y 0; Qui 0
6.10a 1.35 Gk, sup 1.0 Gk, inf §15 Voo, Qk,l 0 1.5 Voo, Qk.i 0
6.10b *1.15 Gy sup 1.0 Gy inf 1.5 Q. 0 1.5 v 0, Qui 0

Note: In equation (6.10b), The U.K National Annex uses the multiplier as 1.25
instead of 1.15 for unfavourable permanent actions.

The ultimate reactions, shears and moments are determined and the corresponding
shear force and bending moment diagrams are drawn.

(d). Cover
Choose cover to suit the environment and fire resistance. See Chapter 2, sections
2.9 and 2.10 for details.

(e) Design of moment reinforcement
The flexural reinforcement is designed at the point of maximum moment. Refer to
Chapter 4 for the steps involved.

(f) Curtailment and end anchorage

A sketch of the beam in elevation is made and the cut-off point for part of the
tension reinforcement is determined. The end anchorage for bars continuing to the
end of the beam is set out to comply with code requirements in clause 9.2.1.4. See
Chapter 5 for details. It requires that the bars should continue for a length equal to
anchorage length measured from the line of contact of the support with the beam.
It is necessary to include the additional tensile force Fg due to shear equal to

Fz=0.5 Vgp coth, 1.0 <cotb <2.5

(g) Design for shear
Design ultimate shear stresses are checked and shear reinforcement is designed
using the procedures set out in section 6.2. Refer to this and Chapter 5.
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Note that except for minor beams such as lintels, all beams must be provided
with at least minimum links as shear reinforcement. Small diameter bars are
required in the top of the beam to carry and anchor the links.

(h) Deflection
Deflection is checked using the rules from section 7.4.2. Refer to Chapter 6.

(i) Cracking
The maximum clear distance between bars on the tension face is checked against
the limits given in the code in section 7.3.3 and Table 7.3N. Refer to Chapter 6 for
more details.

(j) Design sketch
Design sketches of the beam with elevation and sections are needed to show all
information for the draft sperson.

7.1.2 Example of Design of a Simply Supported L-Beam in a Footbridge

(a) Specification

The section through a simply supported reinforced concrete footbridge of 7 m
effective span is shown in Fig. 7.3. The characteristic imposed load is 5 kN/m? and
the materials to be used are fy, = 25 MPa concrete and f; = 500 MPa
reinforcement. Design the L-beams that support the bridge. Concrete weighs 25
kN/m’, and the unit mass of the handrails is 16 kg/m per side. The beam will be in
XDI1 environment.

Screed 30 mm Handrail

120 400

«— 200

————— 1600 >

Fig. 7.3 Cross section of a foot bridge.

(b) Loads, shear force and bending moment diagram
The total load is carried by two L-beams. All the load acting on 0.8 m width acts
on an L-beam.
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The dead load carried by each L-beam is
[(0.12 slab + 0.03 screed) x 0.8 + 0.2 x (0.4 — 0.12) rib] x 25

+16 x 9.81x 10" hand rails = 4.6 kN/m
The total live load acting on each beam is 0.8 x 5 = 4.0 kN/m.
As there is only one variable load, when using equation (6.10) the design load at
ultimate limit state is (1.35 x 4.6) + (1.5 x 4) = 12.21 kN/m
The ultimate moment at the centre of the beam is 12.21 x 7%/8 = 74.8 kN m
Support reaction = 12.21 x 7.0/2 = 42.74 kN.
The load, shear force and bending moment diagrams are shown in Fig. 7.4.

12.2 kN/m

S N N N N S A
1

.
>
3
-

42.74 kN \

|

74.8 kNm

Fig. 7.4 Loading, shear force, and bending moment diagrams.

«— b=800 —

T i T 120
—_—
_l_ b, = 600

b,, =200

400

Fig. 7.5 The L-beam.

(c) Design of moment reinforcement
The effective width b of the flange of the L-beam shown in Fig. 7.5 is given by
code equations (5.7), (5.7a) and (5.7b). See Fig. 4.11, Chapter 4.
b1: 600 mim, 10 =7 m,
beff’ 1= 0.2 b1 +0.1 103 0.2 lo
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berr, 1 =0.2 x 600 + 0.1 x 7000 < min (0.2 x 7000, b)
= 820 < min (1400, 600) = 600 mm
begr = begr, 1 + by, = 800 mm
b =800 mm
Assume exposure class as XD1, from Table 2.26, Chapter 2, Cpin, gur = 35 mm for
structural class S4. Assume 25 mm bars for reinforcement.
Cover, Cy,, = max (diameter of bar; Cyiy, qu; 10 mm) = max (25; 35; 10) =35 mm.
The effective depth d is estimated as
d =400 — 35 (cover) — 8 (link diameter) — 25/2 = 344.5 mm, say 345 mm
Check for the depth of the stress block:
The moment of resistance of the section when the stress block is equal to the slab
depth hy= 120 mm is
MFlange = fcd X b x hf x (d - hf/z)
MEiange = (25/1.5) x 800 x 120 x (345 — 0.5 x 120) x 107° =456 kNm
(M = 748) < (MFlange = 456)
The stress block is inside the slab and the beam can be designed as a rectangular
section.
k =M/ (bd”® £3) = 74.8 x 10°% (800 x 345% x 25)=0.031 < 0.196
n=1,2zd=0.5[1.0+(1-3k)=0.98
z=0.98 x 345 =338 mm
A, =M/ (0.87 £, z) =74.8 x 10% (0.87 x 500 x 338) = 509 mm’
Provide 2H25, A, = 982 mm’,
Check for minimum steel area using the code equation (9.1N).

fom = 0.3 x £557=0.3 x 25967 2.6 MPa

C

s, min

A =026 x Lm b x d = 0.26 x28 % 200 x 345= 93 mm?
£, 500

As provided > As, min

Curtailment of bars: As there are only two bars, all bars will be taken right to
the end.

(d) Design of shear reinforcement
Maximum shear force Vgq at d from the face of support
Vig=42.74-12.2 x 0. 345 =38.5 kN
i. Check if shear reinforcement is required, Vgg > Vgq,
Viea=37.4 kN, b, =200 mm, d = 345 mm, Ay = 2H25 = 982 mm’

-8 o2
(re=15)

k :1+1/@ =1.76<2.0
345

100p; =100X&=1.42< 2.0
200x345

Rd,c
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Viin =0.035 x1.42 %425 = 0.30 MPa
Viae =[0.12x1.76x {1.42 x25}'"* >0.30] x 200x345x10~° =47.9 kN

Ve, c = 47.9 KN > Vg4 Therefore no shear reinforcement is required but nominal
minimum reinforcement will be provided.

Check minimum shear steel requirement

Agy _ 0.08fy

Sbw - fyk
100.5 0.08+/25
s %200 500

gwx 500 = 628 mm

200 0.08+25
Maximum spacing s < (0.75 d = 0.75 x345 =259 mm).
Maximum spacing should be less than 259 mm. A spacing of 250 mm will be
satisfactory. 2H12 bars are provided to carry the links at the top of the beam. The
shear reinforcement is shown in Fig. 7.6.

HS8 at 250 mm
2H12

2H25 - I ]

Fig. 7.6 Shear reinforcement.

(e) End anchorage
Clause 9.2.1.4 (1) of Eurocode 2 states that
e The area of bottom reinforcement provided at supports with little or no
end fixity should be at least 25% of the area of steel provided in the span.
o The tensile force Fy to be anchored is given by code equation (9.3) as
a
Fg = |VED|;1 9.3)
a; is given in code equation (9.2) as
a =§ (cot 6—cot o) 9.2)

o = angle of shear reinforcement and for vertical links, a = 90° and cot a = 0.
cot0~=25,a,/z=1.25
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FE = 125 VEd
The bond length needed (see clause 9.2.1.4(3)) is measured from the line of contact
between the beam and the support.
At support, Vg =38.5 kN. Fg=1.25x38.5=48.13 kN.
Area of steel required to resist this force = Fp/f 4

=48.13 x 10%/ (500/1.15) = 111 mm?.

As all the steel is carried over to the support, area of steel provided is that of 2H25
equal to 982 mm*> 111 mm®.
From Table 5.5, Chapter 5, for f, = 25 MPa, the bond length is 40 bar diameters.
The bond length £,4 needed = (A required/A; provided) x (40 x 25).
Lpg = (111/982) x (40 x 25) =113 mm.

(f) Deflection check
The deflection of the beam is checked using the equation (7.16a and b) of the code.
A prov /Ag reqa = 982/509 = 1.93.
p=Ay (b, d) =982/ (200 x 345) =0.014, p% = 1.42.
po =107 x V25 =0.005, po% = 0.5. p> py.
Simply supported beam, K = 1.
No compression steel, p' = 0.
b/by, = 800/200 = 4.0 > 3.0. Therefore L/d from equation is multiplies by 0.8.
Load at ULS = (1.35 x 4.6) + (1.5 x 4) = 12.21 kN/m
Load at SLS = (1.0 x 4.6) + (1.0 x 4) = 8.6 kN/m
Stress o, in steel at SLS = (8.6/12.21 ) x f,4 =306 MPa

%zK[llH.S,/ka Po ,+%,/fek1/ﬂ lifp>py  (7.16b)

L/d=13.6 x 0.8 =10.9.

L/d ratio corrected for A prov / A reqa is 10.9 X 1.93 =21.1.
Actual L/d =7000/345 = 20.3.

Deflection will not exceed the permitted L./250.

p

(g) Check for cracking
The clear distance between bars on the tension face is
200 -2 x (35 +8)—25=89 mm
Sustained load at SLS = g + q, = 4.6 + 4.0 = 8.6 kN/m.
Load at ULS=135g+ 1.5q=135%x4.6+1.5%x4.0=12.21 kN/m.
Stress o, in steel at SLS = 306 MPa.
From Table 6.2, for 0.3 mm crack width, maximum spacing is approximately
120 mm. The actual spacing of 89 mm does not exceed 120 mm. The beam is
satisfactory with regard to cracking.

(i) Beam reinforcement
The reinforcement for each L-beam is shown in Fig. 7.6. Note that the slab
reinforcement also provides reinforcement across the flange of the L-beam.



Simply supported beams 181

7.1.3 Example of Design of Simply Supported Doubly Reinforced
Rectangular Beam

(a) Specification

A rectangular beam is 300 mm wide by 575 mm overall depth with inset to the
compression steel of 55 mm. The beam is simply supported and spans 9 m. The
characteristic dead load including an allowance for self-weight is 20 kN/m and the
characteristic imposed load is 11 kN/m. The materials to be used are f,, = 25 MPa
and f; = 500 MPa. Design the beam.

(b) Loads and shear force and bending moment diagrams
Design load = (1.35 x 20) + (1.5% 11) =43.5 kN/m
Ultimate moment = 43.5 x 9%/8 = 440.4 kN m
Shear force at support =43.5 x 9/2 =195.8 kN
(¢) Design of the moment reinforcement
Calculate the effective depth d:
Assuming 25 mm bars for reinforcement in two layers, 10 mm diameter for links
and cover to the reinforcement is taken as 35 mm for XD1 exposure, effective
depth d is
d=575-35-10-25=505 mm
The maximum moment of resistance of a singly reinforced rectangular beam is
0.196 b d” f4 = 0.196 x 300 x 505% x 25 x 10~° = 374.9 kNm < 440.4 kNm
Compression reinforcement is required.
From Table 4.5, d'/ d = 55/450 =0.12 < 0.1664.
The compression steel yields. Stress in the compression steel is fy4.
The area of compression steel is
Aly=(M—-0.196 bd* f,) / [(d — d') x fyal
= (440.4 — 374.9) x 10% [(505 — 55) x 435] = 335 mm’
Provide 2H16, A', = 402 mm”.
Equate total tensile and compressive forces. Neutral axis depth with maximum
moment for singly reinforced beam from Table 4.5 is 0.448 d. The stress block
depth is 0.8x = 0.358 d
fcd xb x0.358d + A's X yd = As X fyd
16.67 x 300 x 0.358 x 505 + 335 x 435 = A x 435
A, = 2414 mm*
Provide SH25, A, = 2454 mm’.
Note: The value of d is slightly changed.
d, for the top 2H25 =575 — (35+10) — 25 — 25/2 = 492.5 mm.
d, for the bottom 3H25 =d; +25=1517.5 mm.
d=(2xd;+3xdy)/(2+3) =508 mm.
The revised values are:
0.196 b d” fy, = 0.196 x 300 x 508% x 25 x 10 ° = 379.4 kNm < 440.4 kNm
The area of compression steel is
A'y=(M—0.196 bd” f) / [(d — d') x £q]
= (440.4 — 379.4) x 10% [(508 — 55) x 435] =310 mm?
Provide 2T16, A = 402 mm”.
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f.0x b x 0.358d + A X fy4= Ay X fq
16.67 x 300 x 0.358 x 508 + 310 x 435 = Ay x 435
A, = 2401 mm*
Provide 5T25, A, = 2454 mm’.
There is a very slight reduction in tension and compression steel.
The top layer 2H25 can be curtailed.
Stress block depth s: A, =3H25 = 1473 mmz, d=d, =473 mm.
foa X b xs=Ayx fi4,s=128 mm
z=d - s/2 =409 mm
M = A, x 4% (d —s/2) x 107°=262.1 kNm
262.1=195.8 x — 0.5 x 43.5 xx*
x=1.64 and 7.36 m

(d) Design of shear reinforcement
Vg = Shear force at d from face of support = 195.8 —43.5 x 508 x 10°
=173.7kN

i. Check whether shear reinforcement is required, Vgg > Vgq, .
Via= 173.7 kN, by, = 300 mm, d = 508 mm, Ay = 5H25 = 2454 mm”.
0.18

T (1e=15)

k :1+1’@ =1.63<20
508

100p; =100x —24__1 61< 20
300x508

Viin =0.035 x1.63' %425 = 0.36 MPa
Vid,o =[0.12x1.63x {1.61x25}!/3 +0.15x0]x 300x 508 10>

Rd.c =0.12

>[0.36+0.15% 0]x300x 508 x 10>
VRd ¢ =102.2>54.9 kN
Vga, e = 102.2 kKN < V4. Therefore shear reinforcement is required.

ii. Check whether the section strength is adequate, Vgg < Vrg, max
0=0.5sin"'{ 2Vea
Lew bw zZv] fcd

3
_ 0.55in71{ 2x173.5%10 \

5
1.0x300x(0.9x508)x0.6x (é)

= 0.5sin71(0.25)=0.5x14.65 = 7.33°
cot 6 = 7.8, which is outside the limits of 1.0 and 2.5. Choosing cot 6 = 2.5 for
minimum shear reinforcement, Vg ynax = 473.1 kN > (Vg4 at support = 195.8 kN).
Section size is adequate.
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iii. Design of shear reinforcement
Ensuring that Vg4 s > Vg, and choosing 2-leg links of 10 mm diameter,
Ay =157.1 mm?, cot 0 =2.5,z=0.9d, f,, = 500 MPa,

z
VRd,S :?ASW nydCOt 0

_ (09x508) s, 500 5 51073
s 115

31229
S
s < 180mm

iv. Check minimum steel requirement
Agy - 0.08,/ka

Sbw fyk
157.1 >0.08JE
s x300 500

s <655mm

Maximum spacing s < (0.75 d=0.75 x 508 = 381 mm).
Calculate Vgq s for s =375 mm.

kN > (Vgq=173.7 kN)

Z
VRd,s =?ASW fywdCOt 0

_ (09%508) 1 er 1,390 5 51073 =83.3kN
375 115

This shear force occurs at 2.59 m from the supports. This means that in the middle
portion of the beam for a distance of (9.0 — 2 x 2.59) = 3.83 m links at a spacing of
375 mm will be satisfactory. In the rest of the beam, a spacing of 175 mm will be
satisfactory.

(e) Bar curtailment and end anchorage
The additional tensile force generated by shear that can be accommodated by
shifting the bending moment diagram by a distance a; is given by code equation
(9.2) as

a; = z (cotp — cota)/2 9.2)
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2H16
H10
575
B ® ’ 5H25
— —
300
Fig. 7.7 Beam cross section.
I 1
16H10 at 175 10H10 at 375 16H10 at 175

Ii ij

Fig. 7.8 Beam reinforcement.

Using z = 409 mm, cot 8 = 2.5, cot a = as only vertical links are used as shear
reinforcement, a; = 511 mm.
From Table 5.5, l,y = 40 ¢ = 1.0 m, the top 2H25 can be stopped at
(1.64 — I,g — a;) = 0.14 m from the ends. This is too short a length to bother about.
It is simply convenient to carry all bars to the ends. The compression bars will be
carried through to the ends of the beam to anchor the links.
The amount of bottom reinforcement at the support is clearly greater than 25% of
the steel at mid-span as required by the clause 9.2.1.4(3).
The tensile force Fg at the support to be anchored is

FE = VED X (al/z) ~1.25 VED
At support, Vgp = 195.8 kN, Fg =245 kN.
Area of steel = 2H25 =982 mmz, stress in the bar = 199 MPa.

Stress in the bar /f,q = 0.46

From Table 5.5, 1,4 = 40 bar diameters.
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lpq required = 0.46 x 40 x 25 = 460 mm.
The anchorage of the bars at the supports will be provided by a 90° bend with an
internal diameter of seven bar diameters equal to 175 mm. The diameter of the
bend is determined on the basis that the bar is not damaged (see section 5.2.6).

(f) Deflection check
The deflection of the beam is checked using the equation (7.16 b) of the code.
A prov /As, reqa = 2454/2091 = 1.17
p = Ay (by d) =2454/ (300 x 508) = 0.016, p% = 1.61
po =107 x325 = 0.005, p% = 0.5
p'=A'Y (b, d) =402/ (300 x 508) = 0.0026, p'% = 0.26
P> Po
Simply supported beam, K = 1.
Load at ULS = (1.35 x 20) + (1.5x 11) =43.5 kN/m
Load at SLS = (1.0 x 20) + (1.0 x 11) =31.0 kN/m
Stress o, in steel at SLS = (31.0/ 43.5) x f,4 =310 MPa

Loxpes Jip e L \/fc_k\/E] ifp>p,  (7.16b)
L/d=13.9

L/d ratio corrected for A proy / Ag) reqa 15 13.9 X 1.17 = 16.3.

Actual L/d =9000/508 = 17.7.

Deflection will exceed the permitted L/250. The beam needs to be redesigned

with a deeper beam.

(g) Check for cracking
The clear distance between bars on the tension face is
[300 -2 x (354 10) — 3 x 25]/2 = 68 mm
Stress o, in steel at SLS = 310 MPa.
From Table 6.2, for 0.3 mm crack width, maximum spacing is approximately 120
mm. The actual spacing of 68 mm does not exceed 300 mm.
The beam is satisfactory with regard to cracking.

(i) Beam reinforcement
The reinforcement for the beam is shown in Fig. 7.7 and Fig. 7.8.
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CHAPTER 8

REINFORCED CONCRETE SLABS

8.1 DESIGN METHODS FOR SLABS

Slabs are plate elements forming floors and roofs in buildings, which normally
carry uniformly distributed loads acting normal to the plane of the slab. In many
ways the behaviour of a beam and a slab are similar but there are also some
fundamental differences. A beam is essentially a one-dimensional element
subjected on a face to bending moment and shear force as shown in Fig. 8.1(a).

T M

v

(a) Beam element

L@ Myy
(@ T M«

(b) Plate element
Fig. 8.1 Beam and plate elements.
A slab is similar to a beam element except that it is a two-dimensional element as

shown in Fig. 8.1(b). It can be visualized as representing two beams at right
angles. On the faces normal to the x—axis, bending moment M, and shear force V,
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act. Similarly, on the faces normal to the y-axis, bending moment My, and shear
force V, act. However, because of the two-dimensional nature of the slab, it is
subjected not only to bending moments M, and M,, and shear forces Vy and V,
but also to twisting moments My, on all the four faces.

The slab is essentially a statically indeterminate structure and for a slab of given
shape and support conditions, the distribution of bending and twisting moments
and shear forces in the slab subjected to loads normal to the plane of the slab
cannot be determined easily. Elastic analysis can be done for simple shapes such
as rectangular simply supported plates by analytical methods but for practical
problems, the finite element method is used.

The object of determining the distribution of moments and shear forces is to obtain
a set of stresses which are in equilibrium with the applied ultimate loads. Provided
the slab cross section behaves in a ductile manner, elastic distribution of stresses or
some variations within limits of the elastic stresses can be used for designing the
slab.

The code gives very little guidance on the equations for bending moments and
shear forces for which the slabs need to be designed. However clause 5.5 lays
down a few basic principles which one needs to adhere to. The basic principles
are:

e Linear analysis with limited redistribution may be applied to the analysis
of structural members for the verification of ULS.

e The moments at ULS calculated using a linear elastic analysis may be
redistributed provided that the resulting distribution of moments remains
in equilibrium with the applied loads.

e In continuous beams and slabs which are predominantly subjected to
flexure and which have the ratios of adjacent spans in the range of 0.5 to
2.0, redistribution of bending moments may be carried out without
explicit check on the rotation capacity, provided that the following
limitation given by code equations (5.10a) and (5.10b) on the neutral axis
dept x, at the ultimate is satisfied.

8> 0.44+1.25(0.6+ 0'0014)x%u f. < 50 MPa
Eeu2 (5.10a)
5> 0.54+1.25% (0.6+ 0‘0014)x%‘1 f..> 50 MPa
Eeu2 (5.10b)

where
d = Ratio of redistributed moment to elastic bending moment.
x, = Depth of neutral axis at ULS after redistribution.
a2 =3.5% 107 4, <50 MPa

= {2.6 + 35 x [(90 — £,)/100]*} x 107 £, >50 MPa
Note in equation (5.10b), 3 > 0.7 if Class B and Class C reinforcement is used and
6 > 0.8 if Class A reinforcement is used. Note that the higher the value of o, the
lower the amount of redistribution.
See Annex C of Eurocode 2 for properties of Class A, B and C reinforcements.
Equations (5.10a) and (5.10b) can be simplified as
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§>044+125x2%  f, <50 MPa
d

5> 0.54+clx%u f. > 50 MPa

for £ = (55, 60, 70, 80 and 90), the corresponding values of C; = (1.32, 1.35, 1.40,
1.42,1.42).
The following example illustrates the above ideas.

Example: Table 8.1 shows the results for the three span continuous beam in
section 5.3.4. Fig. 8.1 shows the bending moment distribution for the four load

cases.
Table 8.1 Bending moments from elastic analysis

Loading Span 1-2 | Support2 | Span2-3 | Support3 | Span 3—4

MAX, min, MAX | 238.3% 197.1 —41.1 197.1 238.3%

245.2* 245.2*

MAX, MAX, min | 190.0$ 293.7 103.5% 172.9 69.63

205.8* 106.1* 81.5*

min, MAX, min 57.5% 197.1 139.7 197.1 57.5%

74.1* 74.1*

min, MAX, MAX 69.63 172.9 103.5% 293.7 190.0
81.5* 106.1*

Note: If two values are shown for span moment, the figure with * is the maximum
bending moment in the span and the figure with $ is the bending moment at mid-
span. If only one value is shown then the maximum bending moment occurs at
mid-span.

300

200

100
s —a—DM-case 1
E 0 ——M-Case 2
Eﬁ —a—M-Caze 3

-100 — WICage 4

-200

=300 -

Fig. 8.2 Elastic analysis bending moment diagrams.
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Because the support moments tend to peak over a short distance only, one can
reduce the support moment to a more manageable value. For example, assuming &
0.7 for reduction of maximum support moment, Table 8.2 shows the modified
moments and Fig. 8.3 shows the modified bending moment diagrams. As can be
seen, the change applies only to loading cases (MAX, MAX, min) and
(min, MAX, MAX). Note that once the support moment is reduced, then the span
moment increases in order to maintain equilibrium with the applied loads. The
maximum support moments are changed from 293.7 kNm from elastic analysis to
70 percent of the elastic value. @ The new support moment value is
0.7 x 293.7 =205.6 kNm.

Table 8.2 Modified elastic bending moments

Loading Span 1-2 | Support2 | Span2-3 | Support3 | Span 34
MAX, min, MAX | 238.3% 197.1 —41.1 197.1 238.3%
245.2* 245.2*
MAX, MAX, min | 234.0% 205.6 147.63 172.9 69.63
241.8* 147.8* 81.5*
min, MAX, min 57.5% 197.1 139.7 197.1 57.5%
74.1% 74.1*%
min, MAX, MAX 69.63% 172.9 144.63% 205.6 234.0%
81.5* 147.8* 241.8*

Note: If two values are shown for span moment, then the figure with * is the

maximum bending moment in the span and the figure with § is the bending
moment at mid-span. If only one value is shown then the maximum bending
moment occurs at mid-span.

300 5

200

100
& ——Mi-cazel
= 0 —+—M-Case 2
= —e—DI-Case 3

-1o0 ——M-Caze 4

-200

X m

-300

Fig. 8.3 Modified elastic analysis bending moment diagrams.



Reinforced concrete slabs 191

The continuous beam can be designed as shown in section 5.3.4, using the moment
values shown in Table 8.1. In this case as there has been no change from the
elastic analysis values, therefore § = 1 and the maximum depth of neutral axis and
maximum moment capacity are given by Table 4.5 and Table 4.8.
For fy <50 MPa, 6 =1.0:
x,/d = 0.448 and My, = 0.196 b d” f,
Assuming a breadth of b = 300 mm, f, = 25 MPa, for the maximum support
moment of 293.7 kNm, the minimum effective depth needed is
293.7 x 10° = 0.196 x 300 x d* x 25, d = 447 mm
For fy <50 MPa, 6 =0.7:
xy/d = 0.208 and My, = 0.102 b d” fi,
Assuming a breadth of b = 300 mm, f = 25 MPa, for the maximum support
moment of 205.6 kNm, the minimum effective depth needed is
205.6 x 10°=0.102 x 300 x d* x 25, d = 518 mm

Therefore, although the maximum moment has reduced, in order to ensure
sufficient ductility, one needs to adopt a deeper section if one wants to use a singly
reinforced section.

Because of the difficulty of obtaining the elastic moment distribution,
historically many simplified methods of determining the distribution of bending
moments and shear forces which intuitively reflect the distribution of the loads to
the supports have been used in practice. Slabs designed by these methods have
behaved satisfactorily and are widely used in design practices.

In practice, apart from the finite element method which is generally used for non-
standard design situations, slabs are designed using the following methods.
1. Simplified elastic analysis which uses the idealization of a slab into strips
or beams spanning one way or a grid with the strips spanning two ways
2. Using design coefficients for moment and shear coefficients which have
been obtained from yield line analysis
3. The yield line and Hillerborg strip methods
These methods will be illustrated by several examples.

8.2 TYPES OF SLABS

Slabs may be simply supported or continuous over one or more supports and are
classified according to the method of support as follows:

1. spanning one way between beams or walls

2. spanning two ways between the support beams or walls

3. flat slabs carried on columns and edge beams or walls with no interior

beams
Slabs may be solid of uniform thickness or ribbed with ribs running in one or

two directions. Slabs with varying depth are generally not used. Stairs with
various support conditions form a special case of sloping slabs.
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8.3 ONE-WAY SPANNING SOLID SLABS

8.3.1 Idealization for Design

Uniformly loaded slabs
In section 5.3.1(5), the code defines that a slab subjected dominantly to uniformly
distributed loads may be considered as one-way spanning if either:
e It possesses two free (unsupported) and sensibly parallel edges.
e It is the central part of a sensibly rectangular slab supported on four edges
with a ratio of longer to shorter span greater than 2.

Fig. 8.4 Plan of a typical one-way slab spanning between beams.

/-Hument steel /—Disrrihuﬁun steal
... 1 1 F}
Vird LAV o
Span |

(a)

Fig. 8.5 (a) Simply supported slab.

Fig. 8.4 shows the plan of a typical one-way slab spanning between beams and the
beams supported on columns. The beams could be either T-beams or L-Beams.
L-beams occur at the edges and T-beams occur in the interior.

One-way slabs carrying predominantly uniform loadS are designed on the
assumption that they consist of a series of rectangular beams 1 m wide spanning
between supporting beams or walls. The sections through a simply supported slab
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and a continuous one-way slab are shown in Fig. 8.5 (a) and Fig. 8.5 (b)
respectively.

—Tnmnr steel Distribution steel

Fig. 8.5 (b) Continuous one-way slab.

8.3.2 Effective Span, Loading And Analysis

(a) Effective span
Clause 5.3.2.2 of the code gives the rules for calculating the effective spans. The
effective span for one-way slabs is the same as that set out for beams in section 7.1.
If 1, is the clear span (distance between faces of supports), the effective span l.g is
given by

leff= ln ta ta
The effective spans for non-continuous (simply supported), continuous and fully
constrained situations are shown in Fig. 8.6.

(b) Arrangement of loads
The slab should be designed to resist the most unfavourable arrangement of loads.
In clause 5.1.3 of Eurocode 2, the following two loading arrangements are
recommended for buildings.

1. Alternate spans catrying (y¢Gx + Yo Qi) other spans carrying only y¢G.

2. Any two adjacent spans carrying (ygGx + 7o Qx). All other spans carrying

only y5Gy.

In note 3 to the Table A1.2 (B) of BS EN 1990:2002 Eurocode —Basis of structural
design, it is stated that characteristic values of all permanent actions from one
source such as that from self weight of the structure, are multiplied by yg, s if the
total action effect is unfavourable and by yg i if the total action effect is
favourable.
Y6, sup = 1.35, Y6, s = 1.0, yo = 1.5 if unfavourable otherwise 0.

Fig. 8.7 shows the loading arrangements to cause the maximum bending moment
in the chosen span and at the chosen support of a continuous beam. In order to
cause the maximum bending moment in a chosen span, place the maximum load on
that span and in all alternate spans. In the remaining spans, only minimum load is
applied.
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In order to cause the maximum bending moment in a chosen support, place the
maximum load on spans on either side of the chosen support. On the remaining
spans only minimum load is applied.

Maximum load is equal to (1.35 g, + 1.5 qx) and minimum load is equal to 1.35g,.
Once all loading patterns are analysed, envelopes of maximum and minimum
moments can be drawn and the slab is designed.

a; = 0.5 x min (h; t)

=

Z

—_——
Non—

a; = 0.5 x min (h; t)

=

g&\v L _._, >

54__ - . Fully restrained

Fig. 8.6 Effective spans for various support conditions.

Fig. 8.8 to Fig. 8.11 show the bending moment diagrams for continuous beams of
uniform constant cross section subjected to a uniformly distributed load on one
span at a time. Table 8.3 gives the values of bending moments at support sections.
The sign convention is positive values show hogging moments and negative values
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indicate sagging moments. These tabular values are very suitable for calculating
the support moments using spreadsheets.

MAX . MAX ) MAX
T| | | | | | | | T|| OO DR | | | | | | | | | | | | | | | | ':':':‘:‘:':':':':':':':':'4| | | | | | | | | | | |
1 ) 3 4 5 6

Maximum moment in span with MAX load

. MAX MAX ,
min min min

AR R R RRR AR RRRRRRRRRRR T
1

3 4 5 6
Maximum moment at support 4

Fig. 8.7 Eurocode 2 suggests loading to cause maximum bending moments in a span and at a support.

‘ 1

Fig. 8.8 Two-span continuous beam.
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Fig. 8.9 Three-span continuous beam.

Once the support moments are known, then the maximum moment in the span of
an isolated member can be calculated as shown in Fig. 8.12.

vV, =0.5qL—[MR—IjML]

Maximum span moment My, occurs at x = V/q.
Mpax =My + VL x x — 0.5 x q x x°

Note the signs of the moments at supports. M| is positive clockwise but My is
positive anticlockwise.
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Fig. 8.10 Four-span continuous beam.

8.3.3 Section Design, Slab Reinforcement Curtailment and Cover

(a) Cover
The amount of cover required for durability is given in Table 2.5 and the cover for

fire protection is given in Table 2.9 in Chapter 2.
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(b) Minimum tension steel

The main moment steel spans between supports and over the interior supports of
continuous slab. The slab sections are designed as rectangular beam sections 1 m
wide.

The minimum area of main reinforcement has to satisfy clause 9.2.1.1(1).

Ag min = 0.26 fom b;d but>0.0013 b, d
] fyk

where b, = width (for slab design 1000 mm), d = effective depth.

Table 4.3, Chapter 4 shows the value of A, ., calculated from the code equation

(9.1N).

(¢) Distribution steel

The distribution, transverse or secondary steel runs at right angles to the main
moment steel and serves the purpose of tying the slab together and distributing
non-uniform loads through the slab. Clause 9.3.1.1(2) states that in the case of
one-way slabs, secondary reinforcement of not less than 20 percent of principal
reinforcement should be provided.

Note that distribution steel is required at the top parallel to the supports of
continuous slabs. The main steel is placed nearest to the surface to give the
greatest effective depth.

Table 8.3 Support moment coefficients

No. of | Load on Support moment coefficients
spans span Support 2 Support 3 | Support 4 | Support 5
2 1-2 6.25
2-3 6.25
3 1-2 6.67 -1.67
2-3 5.00 5.00
34 -1.67 6.67
4 1-2 6.6970 —1.7860 0.4463
2-3 4.9066 5.3568 —1.3352
34 —1.3352 5.3568 4.9066
4-5 0.4463 —1.7860 6.6970
5 1-2 6.7003 —1.7945 0.4778 —0.1190
2-3 4.9023 5.3836 —1.4346 0.3567
34 -1.3157 5.2634 5.2634 -1.3157
4-5 0.3567 —1.4346 5.3836 4.9023
5-6 —0.1190 0.4778 —1.7945 6.7003

Note: Support moment = Coefficient x (qL*/100).

q = load per unit length on span, L = constant span.

Sign convention: Positive values show hogging moments.
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(d) Slab reinforcement

Slab reinforcement is a mesh and may be formed from two sets of bars placed at
right angles. Table 4.9, Chapter 4 gives bar spacing data in the form of areas of
steel per metre width for various bar diameters and spacings. Reinforcement in
slabs consist of a large number bars both ways which need to be tied together to
form a mat. This is an expensive operation. Although more steel might be used
than strictly required, it is often economical to use cross-welded wire fabric.
Table 8.4 shows the particulars of fabric produced from cold reduced steel wire
with f; = 460 MPa as given in BS 4483:1985. The fabric is available in
4.8 m x 2.4 m sheets.

Table 8.4 Fabric types
Fabric Longitudinal wire Cross wire
reference Wire Pitch Area Wire Pitch Area
size (mm) (mm*/m) size (mm) (mm?*/m)
(mm) (mm)
Square
mesh
A393 10 200 393 10 200 393
A252 8 200 252 8 200 252
A193 7 200 193 7 200 193
Al42 6 200 142 6 200 142
A98 5 200 98 5 200 98
Structural
mesh
B1131 12 100 1131 8 200 252
B785 10 100 785 8 200 252
B503 8 100 503 8 200 252
B385 7 100 385 7 200 193
B285 6 100 285 7 200 193
B196 5 100 196 7 200 193
Long mesh
C785 10 100 785 6 400 70.8
C636 9 100 636 6 400 70.8
C503 8 100 503 5 400 49.1
C385 7 100 385 5 400 49.1
C283 6 100 283 5 400 49.1
Wrapping
mesh
D98 5 200 98 5 200 98
D49 2.5 100 49 2.5 100 49
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(e) Crack Control
Maximum spacing of bars is given in Clause 9.3.1.1(3) as follows. Ifh is the total
depth of slab, then maximum spacing is normally restricted to

3h <400 mm for principal reinforcement

3.5 h <450 for secondary reinforcement
However in areas of maximum moment, maximum spacing is restricted to

2h < 250 mm for principal reinforcement

3 h <400 mm for secondary reinforcement

(f) Curtailment of bars in slabs

Curtailment of bars is done according to the moment envelope. However, clause
9.3.1.2(1) requires that half the calculated span reinforcement must continue up to
support.

It is further stated that in monolithic construction, where partial fixity occurs along
an edge of a slab but is not taken into account, the top reinforcement should be
capable of resisting at least 25 percent of the maximum moment in the adjacent
span and this reinforcement should extend at least 0.2 times the length of the
adjacent span measured from the face of the support.

The above situation occurs in the case of simply supported slabs or the end
support of a continuous slab cast integral with an L-beam which has been taken as
a simple support for analysis but the end of the slab might not be permitted to
rotate freely as assumed. Hence negative moments may arise and cause cracking.

(g) Shear

Under normal loads shear stresses are not critical and shear reinforcement is not
required. Shear reinforcement is provided in heavily loaded thick slabs but should
not be used in slabs less than 200 mm thick (clause 9.3.2 (1)).

(h) Deflection

The check for deflection is a very important consideration in slab design and
usually controls the slab depth. In normal cases a strip of slab 1 m wide is checked
against span-to-effective depth ratios.

8.4 EXAMPLE OF DESIGN OF CONTINUOUS ONE-WAY SLAB

(a) Specification

A continuous one-way slab has four equal spans of 4.0 m each. The slab depth is
assumed to be 160 mm. The loading is as follows:

Dead loads due to self—weight, screed, finish, partitions, ceiling: 5.2 KN/m?
Imposed load: 3.0 kN/m?

The materials strengths are: concrete, fx = 25 MP, reinforcement, fy, = 500 MPa.
The condition of exposure is XC1. Fire resistance = 2 hours. Design the slab and
show the reinforcement on a sketch of the cross section.

(b) Design loads

Consider a strip 1 m wide.
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Design maximum ultimate load = (1.35 x 5.2) + (1.5 x 3) = 11.52 kN/m
Design minimum ultimate load = (1.35 x 5.2) + (0 x 3) = 7.02 kN/m
Five load cases are analysed as shown in Table 8.5. The analysis is done using the

bending moment coefficients given in Table 8.3.

Table 8.5 Load cases analysed

Maximum Loads on spans

moment at Span 1-2 | Span 2-3 | Span 34 | Span4-5
Support 2 11.52 11.52 7.02 7.02
Support 3 7.02 11.52 11.52 7.02
Support 4 7.02 7.02 11.52 11.52
Spans 1-2 & 3-4 | 11.52 7.02 11.52 7.02
Spans 2-3 & 4-5 | 7.02 11.52 7.02 11.52

(i) Maximum moment at support 2

Qmax ON Spans 1-2 and 2-3.

Jmin load on span 3—4 and 4-5.
Table 8.6 shows the results of calculations.

Table 8.6 Loading for maximum moment at support 2

Load on q qL?/100 Moment at
span Support 2 Support 3 Support 4
1-2 11.52 1.8432 12.34 -3.29 0.82
2-3 11.52 1.8432 9.04 9.87 —2.46
34 7.02 1.123 —-1.50 6.02 5.51
4-5 7.02 1.123 0.50 -2.01 7.52
SUM > 20.38 > 10.59 >11.39

Note: Loading for maximum moment at support 4 will be mirror image of the
results for maximum moment at support 2. My =M,, M,= M, and M; = M;.
Maximum moment at support 2 = 20.38 kNm.

Table 8.7 Loading for maximum moment at support 3

Load on q qL?*/100 Moment at
span Support 2 Support 3 Support 4
1-2 7.02 1.123 7.52 -2.01 0.50
2-3 11.52 1.8432 9.04 9.87 —2.46
34 11.52 1.8432 —2.46 9.87 9.04
4-5 7.02 1.123 0.50 -2.01 7.52
SUM X 14.60 X 15.72 > 14.60

(ii) Maximum moment at support 3

Jmax ON spans 2-3 and 3—4.

Jmin load on spans 1-2 and 4-5.
Table 8.7 shows the results of calculations.
Maximum moment at support 3 = 15.72 kNm.
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(iii) Maximum moment in spans 1-2 and 3—4

Jmax ON spans 1-2 and 3-4.

Jmin load on spans 2-3 and 4-5.
Table 8.8 shows the results of calculations.

Table 8.8 Loading for maximum moment in spans 1-2 and 3-4

Load on q qL*/100 Moment at
span Support 2 Support 3 Support 4
1-2 11.52 1.8432 12.34 -3.29 0.82
2-3 7.02 1.123 5.51 6.02 -1.50
34 11.52 1.8432 —2.46 9.87 9.04
4-5 7.02 1.123 0.50 -2.01 7.52
SUM > 15.89 > 10.59 > 15.88

From the support moment values in Table 8.8:

span 1-2
M, = 15.89 and left hand reaction, V, = 19.07 kN/m and the maximum moment is
15.78 kKNm/m at 1.66 m from support 1. Moment reduces to half the maximum at

1.2 m on either side of the maximum.

span 3—4

M; = 10.59 kNm/m, M, = 15.88 kNm/m, right hand reaction, V, = 24.36 kN/m and
the maximum moment is 9.88 kNm/m at 2.12 m from support 4. Moment reduces
to half the maximum at 0.92 m on either side of the maximum.

Table 8.9 Loading for maximum moment in spans 2—-3 and 4-5

Load on q qL*/100 Moment at
span Support 2 Support 3 Support 4
1-2 7.02 1.123 7.52 —2.01 0.50
2-3 11.52 1.8432 9.04 9.87 —2.46
34 7.02 1.123 -1.50 6.02 5.51
4-5 11.52 1.8432 0.82 -3.29 12.34
SUM >15.88 > 10.59 > 15.89

(iv) Maximum moment in spans 2-3 and 4-5
Jmax l0ad on spans 2-3 and 4-5.

Jmin ON spans 1-2 and 3-4.

Table 8.9 shows the results of calculations.
From the support moment values in Table 8.9:

span 2-3

M, = 15.88 kNm/m, M; = 10.59 kKNm/m, left hand reaction, V, = 24.36 kN/m and
the maximum moment is 9.88 kNm/m at 2.12 m from support 2. Moment reduces
to half the maximum at 0.93 m on either side of the maximum.
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span 4-5

M, = 15.89 kNm/m, right hand reaction, Vs = 19.07 kN/m and the maximum
moment is 15.78 kKNm/m at 1.66 m from support 5. Moment reduces to half the
maximum at 1.2m on either side of the maximum.

Fig. 8.13 shows the resulting bending moment diagrams.

—a— M2-Max
——M3-Max
—a— M4-max

M, kNm

——span!-2 and 3-4 max

span2-3 and 4.5 max

Fig 8.13 Bending moment distribution in a four-span continuous one-way slab.

Fig. 8.14 shows the symmetrical moment envelope which will be used for
designing the reinforcement and also to decide on the bar curtailment.

The maximum bending moments are:

(i) Hogging

Supports 2 and 4: 20.38 kNm/m.

Support 3: 15.72 kNm/m.

In both cases, the moment reduces to half the peak value at approximately 0.4 m on

either side of the support.

(ii) Sagging

Span 1-2 and span 4-5: 15.78 kNm/m.

Moment reduces to half the peak value at 1.2 m on either side of the peak value
which occurs at 1.7 m from the simply supported end.

Span 2-3 and 3—4: 9.88 kNm/m.

Moment reduces to half the peak value at 0.92 m on either side of the peak value
which occurs at 1.89 m from the end with a moment of 10.59 kNm/m.
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Fig.8.14 Moment envelope for four-span one-way continuous slab.

(c) Design of moment steel

The minimum cover required is 40 mm on the basis of fire protection and 15 mm
on the basis of XC1 exposure. Assume 10 mm diameter bars. The effective depth:
d=160-40-10/2 =115 mm. Width, b =1000 mm.

(i) Hogging moment

Supports 2 and 4:

M =20.38 kNm/m.

k =M/ (bd* f;) =20.38 x 10% (1000 x 115% x 25) = 0.062 < 0.196.
Singly reinforced section can be designed

% = 0.5[1.0 +[(1-3k)]=0.95

A, =M/ (0.87 £, z) = 20.38 x 10%/ (0.87 x 500 x 0.95 x 115) = 429 mm*/m
10 mm bars at 175 mm spacing gives A, = 448 mm*/m (see Table 4.9, Chapter 4).
Support 3:
M = 15.72 kNm/m.
k =M/ (bd” fy) = 15.72 x 10° (1000 x 115% x 25) = 0.048 < 0.196.
Singly reinforced section can be designed

% = 0.5[1.0 ++[(1-3k)]=0.96

A, =M/ (0.87 £, z) = 15.72 x 10%/ (0.87 x 500 x 0.96 x 115) = 327 mm*/m.
10 mm bars at 200 mm spacing gives A, = 392 mm*/m (see Table 4.9, Chapter 4).

(ii) Sagging moment

Spans 1-2 and 4-5:

M = 15.78 kNm/m.

Moment reduces to half the maximum at 1.2 m on either side of the maximum.
k =M/ (bd? ;) = 15.78 x 10% (1000 x 115% x 25) = 0.048 < 0.196.
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Singly reinforced section can be designed

% = 0.5[1.0+[(1-3k)]=0.96

A, =M/ (0.87 £, 2) = 15.78 x 10%/ (0.87 x 500 x 0.96 x 115) = 329 mm*/m.

10 mm bars at 200 mm spacing gives A, = 392 mm?/m (see Table 4.9, Chapter 4).
Spans 2-3 and 3—4:

M = 9.88 kKNm/m.

Moment reduces to half the maximum at 0.93m on either side of the maximum.

k =M/ (bd* f,) = 9.88 x 10% (1000 x 115 x 25) = 0.03 < 0.196.

Singly reinforced section can be designed

% = 0.5[1.0+,J(1-3k)]=0.98

A, =M/ (0.87 £, ) = 9.88 x 10% (0.87 x 500 x 0.98 x 115) = 202 mm*/m.
10 mm bars at 300 mm spacing gives A, =261 mm*/m (see Table 4.9, Chapter 4).

Fig. 8.15 shows the calculated steel at different locations. Taking into account the
maximum spacing and also the minimum steel requirement, the above calculated
value of steel is adjusted to simplify the layout and also minimize the number of
variations in order to minimize errors during construction.

175¢/c 200c¢/c 175¢/c

A
200¢/c T 300c¢/c T 300c/c 1 200c/c T

Fig. 8.15 Calculated H10 steel at supports and in spans.

Minimum steel
fm =0.30 x £3567=0.30 x 259667 = 2.6 MPa.

C
A min = 0.26 (fom/fii) b d >0.0013 b, d.
A min = 0.26 x (2.6/500) x 1000 115 >0.0013 x 1000x 115.
Aq. min = 156 mm?/m.
In this case h = 160 mm.
In areas of maximum moment, spacing < 250 mm for main steel. For 10 mm
diameter bars at 250 mm c/c, area of steel is 314 mm?/m.
In other areas, spacing < 400 mm for main steel. For H10 bars at 400 mm c/c, area
of steel is 196 mm?/m.
Both the above values are greater than the minimum steel of 156 mm*/m

Main steel
Bottom steel: The steel reinforcement can be rationalized as follows.
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In spans 2-3 and 34, calculated steel is 10 mm bars at 300 c/c. However in
maximum moment areas, the bar spacing is limited to 250 mm. In addition, away
from the areas of maximum moment, the maximum spacing is limited to 400 mm.
Therefore all bottom steel can be at 200 mm spacing and alternate bars can be
curtailed to give a spacing of 400 mm c/c.

From Table 5.5 for f, = 25 MPa and ¢ < 32 mm, the anchorage length is 40 bar
diameters which is equal to 400 mm.

In the end spans, sagging moment reduces to half the peak value at 1.2 m to the left
and right of peak value.  As there is generally no shear reinforcement in the slabs,
the shift in bending moment to accommodate the tensile stress caused by shear is
equal to the effective depth. Adding 400 mm of anchorage length plus
(d = 115 mm) to these lengths, the length over which the bars at 200 mm c/c are
required is 2 x1.2 +2 x 04 + 2 xd =343 m. The length of steel saved by
curtailment in a span length of 4.0 m is only 0.57 m. To keep the layout simple, it
is better to have the steel at 200 mm c/c in the bottom of the slab over the entire
four spans.

Top steel: Maximum steel over the internal supports can be a constant value of
175 mm c/c. In the end spans, the moment reduces to half the peak value
approximately 0.4 m from the support. Adding an anchorage length of 400 mm
and a shift value of (d = 115 mm), the length is 0.0.915 m. The negative moment
reduces to zero at 1.4 m from the support. Adding an anchorage length of 400 mm
and a shift value of (d = 115 mm), this comes to 1.915 m. The steel can be
provided as follows.

End spans: Provide steel over the supports at 175 mm c/c. Stop alternate bars
0.92 m from support. Continue the rest of the bars 1.92 m from support.

Middle spans: Provide steel over the supports at 175 mm c/c. Stop alternate bars
0.92 m from support. Continue the rest of the bars over the whole length.

Secondary steel: Secondary steel to be not less than 20 percent of main steel.
Spacing restricted to 3h <400 mm in areas of maximum moment and 3.5h <450
mm.

Minimum steel as calculated is 156 mm*/m. Using 8 mm bars at 300 mm spacing,
A, = 168 mm*/m.

Use H8 at 300 as secondary steel.

Fig. 8.16 shows the final arrangement of flexural steel.
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Fig. 8.16 Flexural steel.

(¢) Shear force distribution in the slab

Fig. 8.17 shows the shear force diagrams for the five loading cases analysed.
Fig. 8.18 shows the corresponding shear force envelope.

The maximum shear force is 28.14 kN/m at support 2 for span 1-2.

—8— Series]
—+— Series?

—a— Series3

—a— Seriesd

—a— Series]

Fig. 8.17 Shear force diagrams.



Reinforced concrete slabs 209

30 -

20 1

10

¥V, kN/m
=
=

-10 A

20 4

xm

30 -
Fig. 8.18 Shear force envelope.

(d) Shear resistance
by, = 1000 mm, d = 115 mm, A, = H10 at 200 = 393 mm*/m

e =218 015
(’YC:l.S)
k=1+]2% 53520

115
k=2.0
100p1=100xi=0.34s 2.0
115%x1000

Viin =0.035 x2.0' x4[25 = 0.50 MPa
Vrg.e =[0.12x2.0x{0.34x25}'/3 +:0.15x 0] x115x 1000x10~>

>[0.50+0.15% 0]x 115x1000x 107

VRd.c =56.30 239.1 kN
Vi, = 58.30 KN/m > (Vg = 28.14 kN/m)

No shear reinforcement is required.
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(e) Crack control
As all the reinforcements satisfy the maximum spacing requirements, the slab will
not suffer excessive cracking.

(f) Deflection
Use the code equation (7.16a).
po% = 0.1 x\fy = 0.5.
b, = 1000 mm, d = 115 mm, A, = H10 at 200 = 393 mm?/m
p% =100 x393/(1000%115) = 0.34.
K=1.3.
3
=K[11+1.5 \/g +3.2 J_( ~1)2]ifp<p,

(7.16a)

d_13x[11+15J_ 32J_5(050—1)2]=35.4

Actual L/d = 4000/1 15= 34.8 < 35.4
L/d ratio is slightly higher than desirable but the slab will not deflect more than
L/250.

8.5 ONE-WAY SPANNING RIBBED OR WAFFLE SLABS

8.5.1 Design Considerations

Solid slabs are uneconomic in spans over 4 m due to self weight. When spans are
long (perhaps over 5 m) but the live loads are relatively moderate or light, it is
advantageous to reduce the dead weight of the slab. By having a series of ribs
(beams) connected by structural topping as shown in Fig. 8.19, the weight of the
slab between the ribs is considerably reduced.

Ribbed slabs may be constructed in a variety of ways. Two principal methods of
construction are:

a. Ribbed slabs without permanent blocks. The space between the beams is
created using square or rectangular plastic formers during casting.
Reinforcement is laid between the formers.

b. Ribbed slabs with permanent hollow or solid blocks to obtain a flat
ceiling.

8.5.2 Ribbed Slab Proportions

Clause 5.3.1(6) states that ribbed or waffle slabs need not be treated as discrete
elements for the purpose of analysis, provided that the flange or the structural
topping and transverse ribs have sufficient torsional stiffness. This may be
assumed provided that:
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Fig. 8.19 Ribbed slab.
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The centres of ribs should not exceed 1.5 m.
2. The depth of rib below the flange does not exceed four times its width.
3. The depth of flange is at least one-tenth of the clear distance between ribs
or 50 mm, whichever is greater.
4. Transverse ribs are provided at a clear spacing not exceeding 10 times the
overall depth of the slab.
5. The minimum flange thickness of 50 mm may be reduced to 40 mm
where permanent blocks are incorporated between the ribs.
Note that to meet a specified fire resistance period, non-combustible finish, e.g.,
screed on top or sprayed protection can be included to give the minimum thickness.

8.5.3 Design Procedure and Reinforcement

(a) Shear forces and moments
Shear forces and moments for continuous slabs can be obtained by analysis as
shown in section 8.3.

(b) Design for moment and moment reinforcement

Design consists of determining the reinforcement required in the ribs. The mid-
span section is designed as a T-beam with an effective flange width. The support
section is designed as a rectangular beam. The slab may be made solid near the
support to increase shear resistance.



212 Reinforced concrete design to EC 2

Moment reinforcement consisting of one or more bars is provided at the top and
the bottom of the ribs. If appropriate, bars can be curtailed in a similar way to bars
in solid slabs.

(c) Shear resistance and shear reinforcement
The shear resistance is checked as for beams and any necessary shear links are
designed.

(d) Reinforcement in the topping

Minimum percentage of reinforcement is provided in the topping in each direction.
The code states in clause 9.2.1.1(1) that minimum cross sectional area of not less
than 0.13 percent of the area of the topping should be provided in each direction.
The reinforcement normally consists of a mesh which is placed in the centre of the
topping. If the ribs are widely spaced the topping may need to be designed for
moment and shear as a continuous one-way slab between ribs.

8.5.4 Deflection

The deflection can be checked using the span-to-effective depth rules given in
section 7.4.2 of the code.

8.5.5 Example of One-Way Ribbed Slab

(a) Specification

A ribbed slab is continuous over four equal spans each of 6 m. The characteristic
dead loading including self-weight, finishes, partitions etc. is 4.7 kN/m” and the
characteristic imposed load is 2.5 kKN/m*. The construction materials are concrete,
fox = 25 MPa and reinforcement, fy, = 500 MPa. Design the end span of the slab.

(b) Trial section

A cross section through the floor and a trial section for the slab are shown in
Fig. 8.20. The thickness of topping is 60 mm and the minimum width of a rib is
125 mm. The deflection check will show whether the depth selected is
satisfactory. The cover for mild exposure is 25 mm. For H12 bar, effective depth
d=350-25-12/2 =319, say, 320 mm.

Note: Minimum thickness of topping = 50 mm or clear distance between ribs/10
whichever is greater. In this case topping is 60 mm which is greater than 50 mm or
(450 — 125)/10 = 32 mm.
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(¢) Design loads
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Fig. 8.20 Top: Section through floor. Bottom: Section PP through slab.
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Consider a typical T-beam. Load over a width of 450 mm (equal to the spacing of
beams) acts on the beam.

g =4.7%x045=2.12 kN/m
qQ =2.5%0.45=1.13 kN/m
Design maximum ultimate load = (1.35 x 2.12) + (1.5 x 1.13) = 4.56 kN/m
Design minimum ultimate load = (1.35 x 2.12) + (0 x 1.13) =2.86 kN/m
Five load cases are analysed as shown in Table 8.10. The analysis is done using
the bending moment coefficients given in Table 8.3.

Table 8.10 Load cases analysed

Maximum Loads on spans

moment at Span 1-2 | Span 2-3 | Span 34 | Span4-5

Support 2 4.56 4.56 2.86 2.86

Support 3 2.86 4.56 4.56 2.86

Support 4 2.86 2.86 4.56 4.56

Spans 1-2 & 3-4 | 4.56 2.86 4.56 2.86

Spans 2-3 & 4-5 | 2.86 4.56 2.86 4.56

Table 8.11 Loading for maximum moment at support 2
Load on q qL*/100 Moment at
span Support 2 Support 3 Support 4
1-2 4.56 1.6416 10.99 -2.93 0.73
2-3 4.56 1.6416 8.06 8.79 -2.19
34 2.86 1.03 —1.38 5.52 5.06
4-5 4.56 1.03 0.46 —1.84 6.90
SUM > 18.13 > 9.54 > 10.50
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(i) Maximum moment at support 2

Jmax ON spans 1-2 and 2—3 and 4-5.

Jmin load on span 3—4.

Table 8.11 shows the results of calculations.

Note: For loading for maximum moment at support 4 will be mirror image of the
results for maximum moment at support 2. My =M,, M,= M, and M; = M;.

(ii) Maximum moment at support 3
Jmax ON Spans 2-3 and 3-4.
Jmin load on spans 1-2 and 4-5.

Table 8.12 shows the results of calculations.

Table 8.12 Loading for maximum moment at support 3

Load on q qL*/100 Moment at
span Support 2 Support 3 Support 4
1-2 2.86 1.03 6.89 —-1.84 0.46
2-3 4.56 1.6416 8.06 8.79 -2.19
34 4.56 1.6416 -2.19 8.79 8.06
4-5 2.86 1.03 0.46 —-1.84 6.89
SUM X 13.22 ¥ 13.90 ¥ 13.22
(iii) Maximum moment in spans 1-2 and 34
Jmax ON Spans 1-2 and 3-4.
Jmin load on spans 2-3 and 4-5.
Table 8.13 shows the results of calculations.
Table 8.13 Loading for maximum moment in spans 1-2 and 3—+4
Load on q qL?/100 Moment at
span Support 2 Support 3 Support 4
1-2 4.56 1.6416 10.99 -2.93 0.73
2-3 2.86 1.03 5.06 5.52 —1.38
3-4 4.56 1.6416 -2.19 8.79 8.06
4-5 2.86 1.03 0.62 —1.84 6.89
SUM X 14.48 X 9.54 > 14.30

From the support moment values in Table 8.13:

span 1-2

M, = 14.48 kNm and left hand reaction, V;, = 11.27 kN/m and the maximum

moment is 13.92 kNm at 2.47 m from support 1.

span 3—4

M; = 9.54 kNm, M, = 14.30 kNm, right hand reaction, V, = 14.47 kN/m and the

maximum moment is 8.67 kNm at 3.17 m from support 4.

(iv) Maximum moment in spans 2-3 and 4-5
Jmax load on spans 2-3 and 4-5.

Qmin ON spans 1-2 and 3-4.
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Table 8.14 shows the results of calculations.

Table 8.14 Loading for maximum moment in spans 2-3 and 4-5
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Load on q qL*/100 Moment at
span Support 2 Support 3 Support 4
1-2 2.86 1.03 6.89 -1.84 0.62
2-3 4.56 1.6416 8.06 8.79 -2.19
34 2.86 1.03 -1.36 5.52 5.06
4-5 4.56 1.6416 0.73 —2.93 10.99
SUM ¥14.32 ¥ 9.54 ¥ 14.48

From the support moment values in Table 814:

span 2-3

M, = 14.32 kNm, M; = 9.54 kNm, left hand reaction, V, = 14.48 kN and the
maximum moment is 8.66 kNm/m at 3.17 m from support 2.

span 4-5

M, = 14.48 kNm, right hand reaction, Vs = 11.27 kN/m and the maximum moment
is 13.92 kNm/m at 2.47 m from support 5.

Fig. 8.21 shows the resulting bending moment diagrams. Fig. 8.22 shows the
symmetrical moment envelope which will be used for designing the reinforcement
and also to decide on the bar curtailment.

The maximum bending moments are:

—a—R2-max
—+—FR4 max

—«—PR3-Max

I, kNm

—— Spans 1-2 and 3-4
—&—Spans 2-3 and 4-5

Fig. 8.21 Bending moment distribution in the four-span continuous ribbed slab.
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M, KNm

Fig. 8.22 Moment envelope for the four span one-way ribbed slab.

(i) Hogging

Supports 2 and 4: 18.13 kNm.

Support 3: 13.90 kNm/m.

In both cases, the moment reduces to half the peak value at approximately 0.6 m on
either side of the support.

(ii) Sagging

Span 1-2 and span 4-5: 13.92 kNm.

Moment reduces to half the peak value at 1.75 m to the left and to the right of the
peak value which occurs at 2.47 m from the simply supported end.

Span 2-3 and 3—4: 8.66 kNm.

Moment reduces to half the peak value at 1.4 m to the left and to the right of the
peak value which occurs approximately at mid-span.

(d) Design of moment steel

(i) Hogging moment
Because the flange is in tension, design this section as a rectangular section
125 mm wide and d = 320 mm.
Supports 2 and 4:
M = 18.13 kNm/m.
k =M/ (bd? fy) = 18.13 x 10% (125 x 3207 x 25) = 0.057 < 0.196.
Section can be designed as a singly reinforced section.
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% = 0.5[1.0 ++[(1-3k)]=0.96

A =M/ (0.87 £, z) = 18.13 x 10% (0.87 x 500 x 0.96 x 320) = 136 mm’
2H10 gives A, = 157 mm®.
Support 3:
M = 13.90 kNm/m
k =M/ (bd* fy) = 13.90 x 10% (125 x 320 x 25) =0.043 < 0.196
Section can be designed as a singly reinforced section.

g = 0.5[1.0+/(1-3k)]=0.97

A, =M/ (0.87 f;, ) = 13.90 x 10% (0.87 x 500 x 0.97 x 320) = 103 mm’
Provide 2H10. Ay =157 mm’.

(ii) Sagging moment
The flange breadth is 450 mm, hy= 60 mm, d = 320 mm.
Effective width: (see Fig. 4.11).
b; =b, =(450-125)/2 =163 mm, £, = 0.7 x 6 m = 4200 mm
befre, 1 = befre,2 = 0.2 by + 0.1 £, < 0.20, and begr | < b,
Bee, 1 = 163 mm
begr = begr, 1 + begr 2 + by
b =450 mm
Spans 1-2 and 4-5
M =13.92 kNm/m.
Check if the stress block is inside the flange.
Mﬂange =" fcd b hf (d - hf/z)
f.q=25/1.5=16.7MPa,n =1

Miange = 1.0 X 16.7 x 450 x 60 x (320 — 60/2) x 10°=130.8 > 14.57 kNm.

The neutral axis lies in the flange. The beam is designed as a rectangular beam.
k=13.92 x 10 [450 x 320 x 25]=0.012 < 0.196

g =0.5[1.0+4/(1-3k)] =0.99

Ay=13.92 x 10% (0.87 x 500 x 0.99 x 320) = 101 mm’
Provide 2H10. A,= 157 mm’.

Spans 2-3 and 34
M = 8.66 kNm.
k=18.66 x 10°/ [450 x 320% x 25]=0.008 < 0.196

% =0.5[1.0+,/(1-3k)] = 0.99

A, = 8.66 x10% (0.87 x 500 x 0.99 x 320) = 63 mm’
Provide 2H8. A,=101 mm®.

Fig. 8.23 shows the calculated steel at different locations. Taking into account the
maximum spacing and also the minimum steel requirement, the above calculated
value of steel is adjusted to simplify the layout and also minimize the number
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variations in order to minimize errors during construction. As all steel is carried to
the supports, there is no need to check on the possibility of bar curtailment.

2H10 2H10 2H10

a
2H10 T JHS T 2H8 T 2H10 T

Fig. 8.23 Calculated steel at supports and in spans.

(iii) Minimum steel
fm =0.30 x £3567 =030 x 259667 = 2.6 MPa.

C
A min = 0.26 (fom/fyr) b d >0.0013 b, d.
b, = width of web = 125 mm, d = 320 mm.
Ag min = 0.26 x (2.6/500) x 125% 320 > 0.0013 x 125x 320.
Ag min =54 mm?. The areas of steel calculated are higher than the minimum
values.

(e) Shear forces in the rib

Fig. 8.24 shows the shear force diagrams for the loading considered in Table 8.9.
The ‘shear force envelope’ is shown in Fig. 8.25.

At support 2 for span 1-2: Vgg = 16.70 kN.

Check if shear reinforcement is required, Vig > Vg ..

Veg= 16.70 kN, b,, = 125 mm, d = 320 mm, Ay =2H10 = 157 mm?.

cRd,C:ﬂ:mz

(vc=1.5)

k :1+1/@ =1.79<20
320

100p, =100><L=0.39< 2.0
125%320

Vinin =0.035 x1.79'% x4[25 = 0.42 MPa
Viae =[0.12x1.79%{0.39x 25} +0.15x0] x125%320x10°°
>[0.42+0.15x0]x125%320x107°

Viae =18.35216.7 kN
Vga, e = 18.35 kKN > (Vg = 16.70). Therefore no shear reinforcement is required.

H6 links at 1000 mm c/c will be used to make a reinforcement cage.
The arrangement of moment and shear reinforcement in the rib are shown in
Fig. 8.26.
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—+—R3-Max
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Fig. 8.24 Shear force diagram: Ribbed slab.
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Fig. 8.25 Shear force envelope: Ribbed slab.
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(f) Deflection

Fig. 8.26 Reinforcement detail in the ribs of a ribbed slab.

Using the code equation (7.16a):

by

po% = 0.1 x Vf, = 0.5
=125 mm, d = 320 mm, A, = 2H10 = 157 mm*
p% =100 x157/ (125 x 320) = 0.39 < py%
p'% =0
K = 1.3 for end spans
3

%zK[lHl.S e 22432 fro B2 -1)2 Jif p<p,
p P

—l

3x[11+15J_050 32J_(ﬂ_1)2]_299

Correction for ﬂange width to web w1dth ratio:

b/b,, = 450/125=3.6 >3
Correction factor = 0.8
L/d=29.9 x0.8=23.9

Actual L/d = 6000/320 = 18.75 <23.9

The slab is satisfactory with respect to deflection.

(g) Reinforcement in topping

Minimum steel

S min

f

=030 x £3%67=0.30 x 25%%67 = 2.6 MPa

A min = 0.26 (fom/fix) b d >0.0013 b, d
=(0.26 x (2.6/500) x 1000x 60 > 0.0013 x 1000% 60
Ag, min = 81 mmz/m

C

Maximum spacing is normally restricted to

3h <400 mm for principal reinforcement
3.5 h <450 for secondary reinforcement

In this case h = 60 mm. Taking the maximum spacing as 3.5 h =210 mm and the
minimum steel as 81 mm?m, 5 mm bars at 200 mm c/c both ways gives
A, =98 mm’/m. From Table 8.3, wrapping mesh D98 fulfils the requirements.
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8.6 TWO-WAY SPANNING SOLID SLABS

8.6.1 Slab Action, Analysis and Design

When floor slabs are supported on four sides, two-way spanning action occurs as
shown in Fig. 8.29. In a square slab the action is equal in each direction. In long
narrow slabs where the length is greater than twice the breadth, the action is
effectively one way. However, the end beams always carry some slab load.

Slabs may be classified according to the edge conditions. In the following
continuous over supports also includes the case where the slab is built in at the
supports. They can be defined as follows:

1. Simply supported one—panel slabs where the corners can lift away from
the supports.

2. A one panel slab held down on four sides by integral edge beams (the
stiffness of the edge beam affects the slab design).

3. Slabs with all edges continuous over supports.

4. Slab with one, two or three edges continuous over supports. The
discontinuous edge(s) may be simply supported or held down by integral
edge beams.

Elastic analytical solutions of rectangular and circular slabs for standard cases
are given in textbooks on the theory of plates. Irregularly shaped slabs, slabs with
openings or slabs carrying non-uniform or concentrated loads, slabs with edge
beams can be analysed using computer programs based on finite element analysis.

Commonly occurring cases in slab construction in buildings are discussed. The
design is based on shear and moment coefficients based on intuitive understanding
of load distribution in two orthogonal directions. The slabs are square or
rectangular in shape and predominantly support uniformly distributed loads.

8.6.2 Rectangular Slabs Simply Supported on All Four Edges: Corners Free to
Lift

A typical example of a slab based on an intuitive understanding of load distribution
is the design of simply supported slabs that do not have adequate provision either
to resist torsion at the corners or to prevent the corners from lifting. Fig. 8.27
shows a slab simply resting on a wall or on a steel beam which illustrates this
situation.

If the corners are not held down, under loading, the slab curls up at the corners
and is therefore not supported along its entire length. The portion of the slab not in
contact with the support depends on the load as well as the stiffness of the slab.
Even when using finite element programs, the exact portion of the slab not in
contact with the support can be determined only by trial and error. The following
is a sensible common sense approach. It is based on the design procedure given
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originally by Rankine and Grashoff and was included in British Standards BS8110
which has been used for many years leading to satisfactory designs.

In an elastic simply supported beam subjected to uniformly distributed load q per
unit length as shown in Fig. 8.28, the deflection at mid-span is given by

A=——qr?
384El

where EI = flexural rigidity.

Fig. 8.27 Slab resting on a wall or on a steel beam.

Fig. 8.28 Elastic simply supported beam.

P S

AR,

Fig. 8.29 Rectangular simply supported slab.

Fig. 8.29 shows a simply supported rectangular slab subjected to a uniformly
distributed load q per unit area. Taking at the middle of the slab a strip of slab in
the x-direction and another in the y-direction, if q, is the load carried by the strip
ion the x-direction and gy is the load carried by the strip in the y-direction, then for
compatibility of deflection at the centre,

5 4 5 4
4 = L
384EI X X T 3gap Y
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LX
L

y

Total load, q = qx + qy. Solving for qy and g,

q, =a* q,a=(=)21.0

4

dx = dy =

Tlra®) T rah)
For a square slab: a = 1. g, =q, =0.5q.
For a rectangular slab:
a=1.25,9,=0.29q,q,=0.71q
a=1.50,9,=0.17q,q,=0.83q
a=2.00,g,=0.06 q,q,=0.94q
As is to be expected, as the shape of the slab becomes more rectangular, a greater
proportion of the load is carried in the short (L,) direction. For values o greater
than 2.0, the slab behaves essentially as a one-way spanning slab.
The maximum bending moments in the strips are:

4 L2 L2 4
Short (Ly-direction):  q, =q = 70> My = qy_y= q— = P
(1+a™) 8 8 (1+a*)
2

2
Long (L,-direction): q, = q;é‘, m, = qy Ly = Ly 1 7]
(I+a™) 8 8 (1+a™)
The design of reinforcement is done for the above moments. 60 percent of the
mid-span steel is carried over to the supports and fully anchored. The remaining

40 percent can be stopped at 0.1 of the span from the supports.

8.6.3 Example of a Simply Supported Two-Way Slab: Corners Free to Lift

(a) Specification

A slab in an office building measuring 5 m X 7.5 m is simply supported at the
edges with no provision to resist torsion at the corners or to hold the corners down.
The slab is assumed to be 200 mm thick. The total characteristic dead load
including self-weight, screed, finishes, partitions, services etc. is 6.2 kN/m*. The
characteristic imposed load is 2.5 kN/m”. Design the slab using f, = 25 MPa
concrete and fy = 500 MPa reinforcement.

(b) Design of the moment reinforcement
Consider centre strips in each direction 1 m wide. The design load is
q=(1.35x6.2) + (1.5 x 2.5) = 12.12 kN/m’
LJ/L,=75/5=15

For cover of 25 mm and 12 mm diameter bars the effective depths are as follows:
For short-span bars in the bottom layer: d, =200 — 25 - 12/2 = 169 mm
For long-span bars in the top layer: d, =200 — 25— 12 - 12/2 = 157mm

Minimum steel:



224 Reinforced concrete design to EC 2

f,m=0.30 x £3%7=0.30 x 25*" = 2.6 MPa,

A min = 0.26 (foum/fx) b d > 0.0013 b, d.
Short direction: A i, = 0.26 x (2.6/500) x 1000x 169 > 0.0013 x 1000x 169.
Aq min = 229 mm?/m.
Long direction: A pmin = 0.26 x (2.6/500) x 1000x 157 > 0.0013 x 1000% 169.
Aq min = 212 mm?*/m.
Slab depth, h =200 mm. Spacing of steel < min (3h; 400 mm), spacing < 400 mm.
Short span
4 ) L2
=10.12 kN/m?, m ?y=31.63kNm/m

dy = =q
y (1+a4) y— iy

k=31.63 x 10% (1000 x 169 x 25) = 0.044 < 0.196

% = 0.5[1.0+4/(1-3k)]=0.996

Ay =M/ (0.87 fi z) = 31.63 x 10% (0.87 x 500 x 0.996 x 169) = 432 mm*/m
Provide H12 bars at 250 mm centres to give an area of 452 mm?%m. Curtailing 50
percent of bars gives a steel area of 226 mm?/m which is approximately equal to
the minimum value. However the spacing increases to 500 mm which is greater
than the maximum value permitted. Therefore continue all the bars to the supports.

Long span
2 L
=2.0 kN/m”, my = q, %:14.06 kKNm/m

9dx =9
* (1+(x4)

k = 14.06 x 10% (1000 x 157 x 25)=0.023 <0.196

% = 0.5[1.0+.f(1-3k)]=0.998

Ay =M/ (0.87 f4 z) = 14.06 x 10% (0.87 x 500 x 0.998 x 157) = 205 mm?*/m

Provide HS8 bars at 225 mm centres to give an area of 223 mm?/m which is almost
equal to minimum steel area. Therefore no curtailment is possible. All bars must
be carried over to the support.

Fig. 8.30 shows the reinforcement details.

(c) Shear resistance:

Although for flexural design it was assumed that the total load is shared between
the strips in the short and long directions, for calculating the shear force in the
strips, it is assumed that the all the load in the portions of the slab as shown in
Fig. 8.31 go to the supporting beams. This shows that the maximum shear force in
the strip spanning in the short direction is almost equal to q L,/2 for a meter-wide
strip. This is obviously an over-estimation of the actual shear force but errs on the
safe side.
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H12 at 250
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HS8 at 225
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Fig. 8.30 Slab steel: (a) plan; (b) part section.
— —— Ly
— —_—
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Fig. 8.31 Load to the supports.

Vg =12.12 x5.0/2 = 30.3 kN/m.
Check if shear reinforcement is required, Vig > Vg c.

Veqa=30.3 kN/m, b, = 1000 mm, d = 169 mm, Ay = 452 mm*/m.
0.18

Y. =1.5)

Rd,c —
(

=0.12

k :1+1’& =1.09<2.0
169

225
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100p; =100x —22_—027< 2.0
1000x169

Vinin =0.035 x1.09' x4/25 = 0.20 MPa
Vg, =[0.12x1.09% {0.27x25}!3 +0.15x0]x 1000 16910~

>[0.20+0.15x 0] x 1000 x 169 x 1073
VRrd,c=41.78 >233.8 kN
VR, o =41.78 KN > (Vg = 30.3). Therefore no shear reinforcement is required.

(d) Deflection
Use the code equation (7.16a).
po% = 0.1 x\fy = 0.5
by = 1000 mm, d = 169 mm, Ay = 452 mm*/m
p% = 100 x452/ (1000 x 169) = 0.27 < pe%
p'% =0
K =1 for two-way spanning simply supported slab

3
=K{1+15 JF, 2o 432 £, (-2} if p<p,
P P

ol &l

3
— 11415425220 35 2590 3y 35
0.27 0.27

Actual L/d = 5000/169 =29.6 < 37.5
The slab is satisfactory with respect to deflection.

(e) Cracking
Maximum spacing is normally restricted to

3h <400 mm for principal reinforcement

3.5 h <450 for secondary reinforcement
In this case h = 200 mm. Taking the maximum spacing as 3 h = 600 mm, the
actual spacing of bars is 250 mm which is less than permitted. Therefore the
design is safe against unacceptable crack widths.

(f) Finite element analysis

A finite element analysis of the slab was carried out by assuming that a meter
length of the slab from each corner is not in contact with the support. The results
are shown in Fig. 8.32 to Fig. 8.35. Fig. 8.32 and Fig. 8.33 show respectively the
contour of bending moments in the long and short directions.

Fig. 8.34 shows that the bending moment in the long direction is sensibly constant
over 60 percent of the span. The maximum value is about 13.25 kKNm/m compared
with 14.06 kKNm/m from the approximate calculation. Similarly Fig. 8.35 shows
that the maximum moment in the short direction is 25.4 kNm/m compared with
31.63 kNm/m from the approximate calculation. This shows that the assumptions
made in the intuitive approach are reasonable.
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Fig. 8.33 Contour of bending moment distribution in the slab in the short direction (L,).
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0.0 2.0 4.0 6.0 8.0

Fig. 8.34 Bending moment distribution in the slab in the long direction (Ly).

I /'__,df"__"'—_“*x\_\

0.0 1.0 2.0 2.0 4.0 5.0
Distance (m)

Fig. 8.35 Bending moment distribution in the slab in the short direction (Ly).

8.7 RESTRAINED SOLID SLABS

In the previous section, design of slabs not restrained from lifting up at the corners
was considered. In many cases, if the slabs are monolithic with the support beams
or are continuous over supports, the slabs cannot freely lift. In such cases, along
the supported edges not only restraining bending moments but also twisting
moments and shear forces act.

The presence of twisting moments has two important consequences.

First, the twisting moment My, on an edge over an infinitesimal distance y can be
replaced by two forces My, dy apart. Similarly over an adjacent point, the twisting

M,y

moment will be My, + dy which over a distance 8y can also be replaced by

oM
two forces F=Myy +ny5}’, dy apart. As can be seen, the net result is a distributed
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M,y
ay
Similarly from the adjacent edge, there is another force equal to My,. The net
result is at the corner there is a concentrated force equal to 2 M,y acting in the same
direction as the load as shown in Fig. 8.36. Note that the unit for M,y is kNm/m
which is the same thing as kN. The units for 2 M,, is kN. These concentrated
forces act in the same direction at the diagonally opposite corners. On two corners
the forces act down and at the other two corners they act up. These upward forces,
if not opposed, lift the corners up.

shear force equal to except at the corner where the force will be My,.

M,y

Fig. 8.36 Twisting moments at a simply supported corner leading to concentrated corner force.

— 7 T/

Top face Bottom face

Fig. 8.37 Twisting moments at a simply supported corner.
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Second, as shows in Fig. 8.37, the twisting moment can be thought of as two shear
forces at the top and bottom edges. The shear force due to twisting moment
produces tensile stresses in the top face causing a crack at 45° to the horizontal.
Similarly, the shear force due to twisting moment produces tensile stresses in the
bottom face causing a crack at 135° to the horizontal. If orthogonal reinforcement
is used, then shear reinforcement will be needed in both x- and y-directions both at
the top as well at the bottom face. In contrast to reinforcing for bending moment,
reinforcing for twisting moment requires four layers of reinforcement: two in the
top face and two in the bottom face.

8.7.1 Design and Arrangement of Reinforcement

Restrained slabs can be designed using moments calculated from finite element
analysis. However for routine design, this approach is unnecessarily complicated.
In this section, the design procedures as stated in the British Standards BS8110 are
used. As stated before in section 8.6.2, this design has been used for many years
and produced satisfactory designs.
Moment coefficients given here have been derived from yield line analysis. The
derivation of the coefficients will be given in section 8.9.16. Table 8.15 shows the
moment coefficients for the design two-way spanning slabs supported on all the
four edges but only some of which are continuous. The moment coefficients are
given both for support moment (hogging, negative) and span moment (sagging,
positive) in both the short span and long span directions. In this method the corners
are assumed to be prevented from lifting and provision is made for resisting torsion
near the corners. The maximum moments at mid-span on strips of unit width for
spans L, and L, are given by
Mgy = ﬁsx q Ly2
myy = Py q Ly2
where L, = short span and Ly is the long span. q = applied load per unit area.
These equations may be used for continuous slabs when the following provisions
are satisfied:
1. The characteristic dead and imposed loads are approximately the same on
adjacent panels as on the panel being considered;
2. The spans of adjacent panels in the direction perpendicular to the line of
the common support are approximately the same as that of the panel
considered in that direction.

The design rules for slabs are as follows.

1. The slabs are divided in each direction into middle and edge strips as
shown in Fig. 8.38.

2. The maximum moments defined above apply to the middle strips. The
moment reinforcement is designed for 1 m wide strips using formulae in
Chapter 4. The amount of reinforcement provided must not be less than
the minimum area as given in section 9.2.1.1 of the Eurocode. The bars
are spaced at the calculated spacing uniformly across the middle strip.
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3. The minimum tension reinforcement specified is to be provided in the
edge strips. The edge strips occupy a width equal to total width/8 parallel
to the supports as shown in Fig. 8.38.

Table 8.15 Bending moment coefficients for rectangular panels supported on all sides with
provision for torsion and corners prevented from lifting.

Short span L, coefficients: By, % 10° Long span
LX
coefficients
Bu x 10°
Side ratio L,/L, For all
1.0 [1.1 [12 [13 14 [15 [175]20 ratios
Case 1: Interior panel
Edge =31 |37 | 42 | 46 | 50 | =53 | -59 | -63 -32
Mid-span | 24 28 32 35 37 40 44 48 24
Case 2: One short edge discontinuous
Edge -39 | 44 | 48 | 52 | 55 | =58 | —63 | 67 =37
Mid-span | 29 33 36 39 41 43 47 50 28
Case 3: One short edge discontinuous
Edge -39 |49 |56 |62 | 68 | -73 | -82 | -89 =37
Mid-span | 30 36 42 47 51 55 62 67 28
Case 4: Two adjacent edges discontinuous
Edge 47 | =56 | -63 | 69 | 74 | -78 | -87 | -93 —45
Mid-span | 36 42 47 51 55 59 65 70 34
Case 5: Two short edges discontinuous
Edge —46 | =50 | 54 | 57 | 60 | -62 | —67 | 70 —
Mid-span | 34 38 40 43 45 47 50 53 34
Case 6: Two long edges discontinuous
Edge — — — — — — - — —45
Mid-span | 34 46 56 65 72 78 91 100 34
Case 7: Two short edges and one long edge discontinuous
Edge =57 |65 | =71 | =76 | 81 | -84 | 92 | -98 —
Mid-span | 43 48 53 57 60 63 69 74 44
Case 8: Two long edges and one short edge discontinuous
Edge — — — — — — — — -58
Mid-span | 42 54 63 71 78 84 96 105 44
Case 9: All edges simply supported
Mid-span | 55 [65 |74 [81 [87 [92 [103 [111 | 56
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Fig. 8.38 Middle and edge strips.

The reinforcement is to be detailed in accordance with the simplified rules
for curtailment of bars in slabs as shown in Fig. 8.39 and Fig. 8.40 at the
continuous end and simply supported end respectively. At the
discontinuous edge, top steel of one-half the area of the bottom steel at
mid-span is to be provided to control cracking.

Continuous member (Fig. 8.39):

Sagging moment: 100 percent of steel calculated for maximum sagging
moment is placed over 60 percent of effective span and 40 percent
maximum steel is placed over the 20 percent of effective span towards the
supports.

Hogging moment: 100 percent of steel calculated for maximum hogging
moment to extend to 0.15 of the effective span from the face of the
support or 45 bar diameters. 50 percent of maximum steel to extend to
0.30 of the effective span from the face of the support.

Simply supported end (Fig. 8.40):

Sagging moment: 100 percent of steel calculated for maximum sagging
moment to extend up to 0.1 of the effective span from the simply
supported end and 40 percent of maximum steel to extend over (0.1
effective span + 12 times the bar diameter or equivalent anchorage).

Torsion reinforcement is to be provided at corners where the slab is
simply supported on both edges meeting at the corners. Corners X and Y
shown in Fig. 8.41 require torsion reinforcement. This is to consist of a
top and bottom mesh with bars parallel to the sides of the slab and
extending from the edges a distance of one-fifth of the shorter span. The
area of bars in each of the four layers should be, at X, three-quarters of the
area of bars required for the maximum mid-span moment and at Y, one-
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half of the area of the bars required at corner X. Note that no torsion
reinforcement is required at the internal corners Z shown in Fig. 8.41.

L 40%,02 ¢ i

- | i 100% : .

i | *—Mid-span
; I Face of support i

; 1

Effective span, £

(a) Sagging moment

| 100%
1 0.15¢
-
! | 50%, 0.300
: i: >
i |
! i—
' Face of support
' Effective span, £
(b) Hogging moment

Fig. 8.39 Reinforcement arrangement at continuous end.
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Fig. 8.40 Reinforcement arrangement at simply supported end.
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Fig. 8.41 Slab arrangement, floor plan: case 1: interior panel; case 2: one short edge discontinuous; case
3: one long edge discontinuous; case 4: two adjacent edges discontinuous.

8.7.2 Shear Forces and Shear Resistance

Shear forces

Shear force coefficients f,, and f,, for various support cases for continuous slab
strips are given in Table 8.16. The maximum shear forces per unit width in the
slab are given by

st = Bvx q Ly

Vo =Bwaly
These are numerically the same as the design loads on supporting beams per unit
length over the middle strip.
The coefficients have been derived using yield line analysis and will be discussed
in section 8.9.16.
Shear resistance is checked as detailed in section 6.2 of the Eurocode 2.

8.7.3 Deflection

Deflection is checked in accordance with section 7.4.2 of the code by comparing
the actual span-to-effective depth ratio with the corresponding allowable ratio.
Calculations are done for the short span as it carries the maximum load.
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Table 8.16 Shear force coefficients for rectangular panels supported on all sides with provision for
torsion and corners prevented from lifting

Type of edge Short span L, coefficients: B, x 107 Long span
Ly
coefficients:
By X 10°
Side ratio L,/L, For all
1.0 [11 [12 [13 J14 [15 [175]20 ratios
Case 1: Interior panel
Contiwous [ 33 |36 [39 [41 [43 [45 [48 [50 | 33
Case 2: One short edge discontinuous
Continuous 36 39 42 44 45 47 50 52 36
Discontinuous — — — — — — — — 24
Case 3: One short edge discontinuous
Continuous 36 40 44 47 49 51 55 59 36
Discontinuous | 24 27 29 31 32 34 36 38 —
Case 4: Two adjacent edges discontinuous
Continuous 40 44 47 50 52 54 57 60 40
Discontinuous | 26 29 31 33 34 35 38 40 26
Case 5: Two short edges discontinuous
Continuous 40 43 45 47 48 49 52 54 —
Discontinuous — — — _ _ _ _ _ 26
Case 6: Two long edges discontinuous
Continuous — — — — — — — — 40
Discontinuous | 26 30 33 36 38 40 44 47 —
Case 7: Two short edges and one long edge discontinuous
Continuous 45 48 51 53 55 57 60 63 —
Discontinuous | 3() 32 34 35 36 37 39 41 29
Case 8: Two long edges and one short edge discontinuous
Continuous — — — — — — — — 45
Discontinuous | 29 33 36 38 40 42 45 48 30
Case 9: All edges simply supported
Discontinuous [ 33 [ 36 [39 [41 [43 [45 [48 [50 | 33

8.7.4 Cracking

Crack control is attained by adhering to the maximum spacing of bars as detailed in
section 9.3.a of the code.
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8.7.5 Example of Design of Two-Way Restrained Solid Slab

(a) Specification

The part floor plan for an office building is shown in Fig. 8.42. It consists of
restrained slabs poured monolithically with the downstand edge beams. The slab is
180 mm thick and the loading is as follows:

Total characteristic dead load g, = 6.2 kN/m?

Characteristic imposed load qi = 2.5 kN/m’

Design the comer slab using grade f, = 30 MPa concrete and fy,, = 500 MPa
reinforcement. Show the reinforcement on sketches.

(b) Slab division, moments and reinforcement
The corner slab is divided into middle and edge strips as shown in Fig. 8.42.

6m 6m
075m '__.la-sm |o75m
B . —
| | X Y
| |
£ | | 13
| I <
1
t 4 o S £ ._]L_Z, e
(0-036) {-0-067)
] 19 L
M (-0-047)
*  dvvam— i S L
(a) ' ‘ (b)

Fig. 8.42 (a) Part floor plan; (b) symmetric moment coefficients.

The moment coefficients are taken from Table 8.14 for a square slab for the case
with two adjacent discontinuous edges. The values of the coefficients and
locations of moments are shown in Fig. 8.42 (b).

Design ultimate load = (1.35 x 6.2) + (1.5 x 2.5) = 12.12 kN/m’
Assuming 10 mm diameter bars and 20 mm cover, the effective depth of the outer
layer to be used in the design for moments in the short span direction is

d=180-20-10/2 =155 mm
The effective depth of the inner layer to be used in the design for moments in the
long span direction is
d=180-20-10-10/2 = 145 mm
The moments and steel areas for the middle strips are calculated. Because the slab
is square, only one direction need be considered.
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(i) Positions 1 and 4 (over supports) short direction:
d=155mm
my, =—0.047 x 12.12 x 6> = -20.51 kN m/m
k=20.51 x 10°/(30 x 1000 x 155%) =0.029 < 0.196
z/d = 0.5[1.0 +V (1.0 — 3 x0.029)] = 0.98
Ay=20.51 x 10°/(0.87 x 500 x 0.98 x 155) =310 mm*/m
Provide H10 bars at 250 mm centres to give an area of 314 mm?/m.

(ii) Position 2 (mid-span) short direction:
Use the smaller value of d.
d=145 mm
mg, = 0.036 x 12.12 x 6 =15.71 kN m/m
k=15.71 x 10°/ (30 x 1000 x 145% =0.025 < 0.196
z/d =0.5[1.0 +V (1.0 — 3 x0.025)] = 0.98
Ay=15.71 x 10°/(0.87 x 500 x 0.98 x 145) = 254 mm*/m

Provide H8 bars at 175 mm centres to give an area of 287 mm?*/m.

(iii) Minimum steel:
fom=0.30 x £37 =0.30 x 30%%7 = 2.9 MPa .

ctm
A min = 0.26 (fom/fii) b d >0.0013 b, d.

b, = width of web = 1000 mm, d = 155 mm.

A min = 0.26 % (2.9/500) x 1000x 155 >0.0013 x 1000 x 155.

A, min = 233 mm?/m. The areas of steel calculated are higher than the minimum
values.

Note that H8 bars at 200 mm centres give an area of 251 mm?*/m.

(iv) Positions 3 and 5 (discontinuous edges):
Top steel one half of the area of steel at mid-span is to be provided.
A,=0.5x 310 =155 mm*m < 210 mm*/m (minimum steel)
Provide 8 mm diameter bars at 200 mm centres to give an area of 251 mm?*/m.
In detailing, the moment steel will not be curtailed because both negative and
positive steel would fall below the minimum area if 50 percent of the bars were
stopped off.
Fig. 8.43 shows the reinforcement arrangement.

(c) Shear forces and shear resistance

(i) Positions 1 and 4 (continuous edge):
Byy = Bux =0.40
Vea= Vg =0.4 x12.12 x 6 =29.01 kN/m
Check if shear reinforcement is required, Vgg > Vg, c.
Veqa=29.01 kN/m, by, = 1000 mm, d = 155 mm, Ay = 314 mm?*/m

Crpoa8_ 12

(rc=1.5)
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k =1+1’@ =2.15>2.0
155

Takek =2.0

i=0.20< 2.0
1000x155

Vi =0.035 x2.0'° xAf30 = 0.54MPa
Vid.e =[0.12x2.0x{0.20x30}'/3 +0.15x 0] x 1000x 155x 10~

100p; =100 x

>[0.54+0.15x 0] 1000x155x 10~
VRd,c=67.6 > 83.7 kN

VRra, e = 83.7 KN > (Vgg =29.01). Therefore no shear reinforcement is required.

| e .' ® o LN L
R T | 1- ® 'y ® ° e ' o
] T |
; 18m HS at 175

P 6 m >
Fig. 8.43 Reinforcement arrangement (cross section).

(i) Positions 3 and 5 (discontinuous edge):
Buy = B =0.26
The bottom tension bars are to be stopped at the centre of the support. The shear
resistance is based on the top steel with A;=251 mm?*/m.
Vig= V=026 x12.12 x 6 =18.91 kN/m

d =145 mm
UL B
(’\{C=1.5)

k :1+1’& =2.17>2.0

145
Takek =2.0
100p1:100><i:0.17< 2.0
1000x145

Vinin =0.035 x 2.0'° x[30 = 0.54 MPa
Vid.e =[0.12x2.0% {0.17x30}'3 +0.15x0] x1000x 145x 10~

>[0.54+0.15%0]x1000x 145x 107>
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Vra.c =599 > 783 kN

VR, e = 78.3 KN > (Vg = 18.91). Therefore no shear reinforcement is required.

(d) Torsion steel

Torsion steel of length equal to 1/5™ of shorter span = 6/5 = 1.2 m is to be provided
in the top and bottom of the slab at the three external corners marked X and Y in
Fig. 8.42 (b).

(i) Corner X

The area of torsion steel is 0.75 x (Required steel at maximum mid-span moment):
A,=0.75 x 254 =191 mm*/m

This will be provided by the minimum steel of 8§ mm diameter bars at 200 mm

centres giving a steel area of 251 mm*/m.

(ii) Corner Y
The area of torsion steel is one half of that at corner X.
A,=0.5% 191 =96 mm?/m.
Again provide minimum H8 bars at 200 mm centres giving a steel area of
251 mm?*/m.

(e) Edge strips
Provide minimum reinforcement, 8 mm diameter bars at 200 mm centres, in the
edge strips both at top and bottom.

(f) Deflection
Check using steel at mid-span with d = 145 mm.
Using the code equation (7.16a),
po% = 0.1 x\fy =0.55
by = 1000 mm, d = 145 mm, Ay = 287 mm*/m
p% =100 x 287/ (1000 x 145) = 0.20 < py%
p'% =0
K = 1.3 for two-way spanning slab continuous over one long edge
3

%: K[11+1.5 f, p—0+321/ ( “1)2 Jif p<pg

3
d_13x[11+15J_— 32\/_(E—1)2]_964

(7.16a)

Actual L/d = 6000/145 = 41.4 < 96.4
The percentage of reinforcement is quite low. The L/d ratio is rather higher than
desirable but calculations indicate that the slab is satisfactory with respect to
deflection.
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(g) Cracking
The bar spacing does not exceed 3 h = 3 x 180 = 540 mm. The slab will not suffer
excessive cracking.

Fig. 8.44 Contour plot of M.

8.7.6 Finite Element Analysis

In the previous section, the design was done using the moment coefficients
obtained from yield line analysis. As a comparison, an elastic analysis of the slab
was carried out using a finite element analysis program. The results are shown in
Fig. 8.44 to Fig. 8.47.

Fig. 8.44 and Fig. 8.45 show respectively a contour plot of moment in the x-
direction and twisting moment M,,. Fig. 8.46 shows a plot of the variation of the
moment along the centre line of the slab. The maximum hogging and sagging
moments in kNm/m are 29.3 and 12.6 respectively giving a ratio of 2.3. The
corresponding values from the yield line analysis are 20.5 and 15.7 respectively
giving a ratio of 1.3. Clearly the support moment has decreased and the span
moment has increased due to redistribution of the moment caused by yielding.

Fig. 8.47 shows the variation of M, along the diagonal. As is to be expected, the
maximum twisting moment is at the corner where two simply supported edges
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meet. In section 8.12, design using the elastic values of (M, My,, M,,) will be
discussed. This is more versatile than the design based on yield line analysis.

Fig. 8.45 Contour plot of Myy.
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Fig. 8.46 Variation of My, along the middle section of the slab.
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Fig. 8.47 Variation of M,y along the diagonal section of the slab.

8.8 WAFFLE SLABS

8.8.1 Design Procedure

Two-way spanning ribbed slabs are termed waffle slabs. Waffle slabs can be
designed using the method detailed in section 8.6 provided the slab satisfies the
criteria detailed in section 8.5.2.

Slabs may be made solid near supports to increase moment and shear resistance
and provide flanges for support beams. In edge slabs, solid areas are required to
contain the torsion steel.

8.8.2 Example of Design of a Waffle Slab

(a) Specification

Design a waffle slab for an internal panel of a floor system that is constructed on
an 8 m square module. The total characteristic dead load is 6.5 kN/m” and the
characteristic imposed load is 2.5 kN/m’. The materials for construction are
fox = 35 MPa concrete and fy, = 500 MPa reinforcement.

(b) Arrangement of slab

A plan of the slab arrangement is shown in Fig. 8.48 (top). The slab is made solid
for 500 mm from each support. The proposed section through the slab is shown in
Fig. 8.48 (bottom). The proportions chosen for rib width, rib depth, depth of
topping and rib spacing meet various requirements set out in section 8.5.2.
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(¢) Reinforcement
Design ultimate load = (1.35 x 6.5) + (1.5 x 2.5) = 12.53 kN/m?
The middle strip moments for an interior square panel are, from Table 3.14,

Slab width supported by one rib = 500 mm.

The moment per rib is therefore
Support msx=—-24.86 x 0.5=—-12.43 kNm
Mid-span mg, = 19.25 x 0.5 =9.63 kNm

Fig. 8.48 Top: Plan of waffle slab. Bottom: Section through the slab.

Support msx =— 0.031 x 12.53 x 82 = — 24.86 kNm/m
Mid-span m,, = 0.024 x 12.53 x 8% = 19.25 kNm/m
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The effective depths assuming 12 mm diameter main bars and 6 mm diameter links
and 25 mm cover are as follows:
Outer layer d =350 —25—-6—12/2 =313 mm
Inner layer d =350 -25-6-12-12/2 =301 mm

Support: solid section 500 mm wide
As the flooring dimensions and supports are symmetrical, it is convenient to have
the steel arrangement also symmetrical. Section design is based on the smaller
value of d equal to 301 mm.
k=12.43 x 10°/ (500 x 3012 x 35) = 0.008 < 0.196
2/d=0.5[1.0 + v (1 — 3x 0.008)] = 0.99
Ay=12.43 x 10°/(0.87 x 500 x0.99 x 301) = 96 mm?

Check minimum steel

foun =0.30 x £3597 =0.30 x 35%%67 = 3.2 MPa

A min = 0.26 (fom/fix) b d > 0.0013 b, d
b, = width of web = 500 mm, d =313 mm
A min = 0.26 x (3.2/500) x 500 x 313 >0.0013 x 500% 226
Aq min = 260 mm”.

The areas of steel calculated are less than the minimum values. Provide 2H16 in
the ribs giving an area of 402 mm?.
At the end of the solid section, the maximum moment of resistance of the concrete
ribs with width 125 mm is given by

M =0.196 x 125 x 3017 x 35 x 10°° = 77.7 kNm
This exceeds the applied moment at the support and so the ribs are able to resist the
applied moment without compression steel. The applied moment at 500 mm from
the support will be somewhat less than the support moment.

Centre of span. T-beam, d = 301 mm
The flange breadth 4 is 500 mm and hy= 75 mm. f4=35/1.5=23.3 MPa.
Mﬂange = fcd X b x hf>< (d_hf/z) x 1076
Miiange = 23.3 x 500 x 75x (301 — 75/2) x 10° =230 kNm > 10.06 kNm
Hence the neutral axis lies in the flange and the beam is designed as a rectangular
beam.
k=10.06 x 10°/ (500 x 301% x 35) = 0.006 < 0.196
z/d=0.5[1.0 + V(1 =3 x 0.006)] = 0.995
z=10.995 d =299 mm
Ay=10.06 x 10°/(0.87 x 500 x 299) = 77 mm?

Provide two 8 mm diameter bars with area 101 mm®.

Check minimum steel

£ =0.30 x £3567 =0.30 x 35%67 = 32 MPa

A min = 0.26 (fem/fix) b d > 0.0013 b, d
b, = width of web = 125 mm, d =301 mm
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A min = 0.26 X (3.2/500) x 125x 301 > 0.0013 x 125% 301
A min = 63 mm’,
The areas of steel calculated are higher than the minimum values.

«—— 500mm —e— 500mm —» 2H16

: | 3

: rg < !
| Solid :
| « section ) !
: S 2. - :

2HS8
Links: 6 mm at 225 mm ——

Fig. 8.49 Reinforcement detail in the rib including shear reinforcement.

(d) Shear resistance
The shear force coefficient is taken from Table 8.15. The shear at the support is

Vg =0.33 x12.53 x 8§ =33.41 kKN/m
The shear at the support for the width of 500 mm supported by one rib is

Vg =33.41 x0.5=16.71kN
Loading over 500 mm width = 12.53 x 0.5 = 6.27 kN/m

The shear on the ribs at 500 mm from support is

Vgg=16.71-6.27 x 0.5=13.57 kN

d=301 mm

Craoe8_ 12

(rc=1.5)

k:1+1’& =1.82<20
301

100p; =100x — A —027< 2.0
125301

Voin =0.035 x1.82"% x4/35 = 0.51 MPa
Vi, =[0.12x1.82x {0.27x35}"3 +0.15x 0] x 125 x301 x10~

>[0.51+0.15% 0]x 125 x301x 10>
Via,c =17.36 > 19.19 kN

Vrd, e = 19.19 KN > (Vg = 13.57).
Therefore no shear reinforcement is required.
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Provide 6 mm diameter 2-leg links to form a cage. The arrangement of the
reinforcement and shear reinforcement in the rib is shown in Fig. 8.49.

(e) Deflection

b/b,, =500/125=4.0>3

Correction factor = 0.8

Check using steel at mid-span with d =301 mm.
Using the code equation (7.16a), py% = 0.1 X \/ka = 0.59, b, = 125 mm,
d=301 mm, Ag =101 mm?
p% =100 x 101/ (125 x 301) = 0.27 < pe%, p'% =0
K = 1.5 for interior span of two-way spanning slab

Lokqies |, po Lo3a fFy (”’0 —1) Vif p<p,

_15x{11+15J_059 32J_(059—1)2} 82.2

Correction factor for b/b,, > 3 is 0.8.

L/d=82.2 x 0.8 =65.6.

Actual L/d = 8000/226 = 35.3 < 65.6.

L/d ratio is a bit high but the slab is satisfactory with respect to deflection.

(7.16a)

calt-‘ o_l

(f) Reinforcement in topping
For a topping 75 mm thick the minimum area required per metre width is

£ =0.30 x £3567 =0.30 x 35%67 = 3.2 MPa

A, min = 0.26 (feum/fyi) b d > 0.0013 b, d

b, = width of web = 1000 mm, h =75 mm

A min = 0.26 x (3.2/500) x 1000x 75 >0.0013 x 1000x 75

Aq. min = 125 mm?/m.

Provide H6 bars at 225 mm spacing giving an area of 126 mm*/m.  Provide in the
centre of the topping A142 square structural mesh with H6 bars at 200 c/c both
ways, giving a cross sectional area of 141 mm?/m.

8.9 FLAT SLABS

8.9.1 Definition and Construction

The flat slab is a slab with or without drops, supported generally without beams by
columns with or without column heads. The slab may be solid or have recesses
formed on the soffit to give a waffle slab. Here only solid slabs will be discussed.
Flat slab construction is shown in Fig. 8.50 for a building with circular internal
columns, square edge columns and drop panels. The slab is thicker than that
required in T-beam floor slab construction but the omission of beams gives a
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smaller storey height for a given clear height and simplification in construction and
formwork.

1 I 1
I = R e

Fig. 8.50 Flat slab construction.

| L |

<2hy b

|

| >2(hg+d)

>2(hy + d) L

Fig. 8.51 Slab without drop panel, with a rectangular drop panel and flared column head.

Various column supports for the slab either without or with drop panels are
shown in Fig. 8.51. As can be seen, the total width of the drop can vary over a
wide range. Drop panels only influence the distribution of moments if the smaller
dimension of the drop is at least equal to one-third of the smaller panel dimension.
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Smaller drops provide resistance to punching shear. The panel thickness is
generally controlled by deflection.
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Fig. 8.52 Plan of a flat slab.
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Fig. 8.53 Part of the flat slab used for analysis.

8.9.2 Analysis

The bending moment distribution in a flat slab is quite complex. Fig. 8.52 shows
part plan of a flat slab 30 x 24 m with columns spaced at 6 m both ways. Fig. 8.53
shows a symmetrical half of a part of the slab 6 m wide lying between the centre
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lines of the panel. The slab is 300 mm thick and is loaded by a uniformly
distributed load of 18.75 kN/m?. Fig. 8.54 shows the contours of moments in the
x-directions for a symmetrical half of a slab from finite element analysis.

Fig. 8.55 shows the distribution of bending moment along the line of columns. As
can be observed it is similar to bending moment distribution in an equivalent
continuous beam.

Fig. 8.54 Contour of bending moment in the x-direction.

Fig. 8.56 shows the variation of the bending moment across the width at a section
at the second column and Fig. 8.57 shows the variation of the bending moment
across the width at a section midway between the first and second columns.

The main point to notice is that the hogging moment is highly concentrated over a
short width near the column line but the sagging moment is less concentrated than
the hogging moment.

The results from the finite element analysis indicate that
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Fig. 8.55 Distribution of bending moment along the line of columns.
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Fig. 8.56 Variation of bending moment M, across the width at the second column.
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Fig. 8.57 Variation of bending moment M, across the width between first and second columns.

e Continuous beam analysis of a part of the slab lying between the centre
lines of the panel will yield reasonable distribution of the bending moment
in the flat slab.

e The moment tends to concentrate over a width near the column.

These observations are taken into account in the Eurocode 2 recommendations for
flat slab analysis and design.

8.9.3 General Eurocode 2 Provisions

The design of slabs is covered in the Eurocode 2 in two places:
e Section 6.4 which gives the procedure to design against punching shear
failure.
e Annex I which gives the procedure for the analysis of flat slabs.
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In Annex I, the code simply states that design moments may be obtained by using a
proven method of analysis such as

T

L,, Width
_— _________________________ .I. ........................ .—
; L,, Span : :
_. ......................... .._ ......................... ..

; ! Ly/4

e W e m-% Column strip
; R L,2
i i L,/4

......
— L.>L >
i Ly i Middle strip
! Ly ! L2
L4
5 : L/4

______ L o o e eeL___¥.

Fig. 8.59 Division of a panel into column and middle strips.
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(a) Equivalent frame method

(b) Grillage method

(c) Finite element analysis

(d) Yield line analysis
Annex I also gives some guidance on the use of the equivalent frame method.
The code states that normally it is sufficient to consider only the single load case of
maximum design load (1.35 x dead load + 1.5 x imposed load) on all spans. The
following method of analysis is used to obtain the moments and shears for design.

8.9.4 Equivalent Frame Analysis Method

The structure is divided longitudinally and transversely into frames consisting of
columns and strips of slab contained between the centre lines of adjacent panels as
shown in Fig. 8.58. The stiffness of the members may be calculated from their
gross cross sectional dimensions. For vertical loading, the stiffness may be based
on the full width of the panels. For horizontal loading, 40 percent of the gross
value should be used to reflect the increased flexibility of the column—slab joints in
flat slab structures compared with that of column—beam joints.

The total bending moment obtained from the analysis is should be distributed
across the width of the slab. The panel should be divided into column and middle
strips as shown in Fig. 8.59. The bending moment should be apportioned to the
strips as shown in Table 8.17.

Table 8.17 Distribution of moments in flat slabs
Distribution between column and middle strip
as percentage of total negative or positive moment

Column strip Middle strip
Negative | 60 to 80 percent 40 to 20 percent
Positive | 50 to 70 percent 50 to 30 percent

Section 9.4.1 of Eurocode 2 states that at internal columns, 50 percent of the total
reinforcement to resist the negative (hogging) moment should be placed within
L,/8 on either side of the column.

8.9.5 Shear Force and Shear Resistance

The punching shear around the column is the critical consideration in flat slabs.
Rules are given in section 6.4 of the Eurocode 2 for calculating the ultimate design
shear resistance capacity force and designing the required shear reinforcement.
Chapter 5, sections 5.1.11 to 5.1.14 gives many examples of designing against
punching shear. Section 6.4.2 of Eurocode 2 gives details about the control
perimeter as shown in Fig. 8.60 for circular and rectangular columns. The control
perimeter is at a distance of 2 d from the column perimeter.
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Section 6.4.3 of Eurocode 2 gives equations for calculating punching shear
capacity. The following checks are required:
e At the column perimeter, Vgq < VR, max
e  Punching shear reinforcement is not required if Vgg < Vg .
e  Where punching shear reinforcement is required, it is provided as detailed
in section 6.4.5

Fig. 8.60 Control perimeters for circular and rectangular columns.

Where the support reaction is eccentric, the calculated value of column reaction
should be multiplied by a factor B. In the case of structures where lateral stability
is not dependent on the frame action (braced structures), the values of f = 1.15, 1.4
and 1.5 respectively for internal, edge and corner columns. For other cases where
the value of moment transferred to the column is known explicitly, B can be
calculated using Eurocode 2 equations (6.30) to (6.46).

As conventional shear reinforcement in the form of links greatly complicates and
slows down the steel fixing process, it is not desirable to have shear reinforcement
in light or moderately loaded slabs. However some prefabricated proprietary shear
reinforcements are available which considerably simplify the provision of shear
reinforcement. Another form of shear reinforcement used is the stud rail which
consists of headed shear studs welded to a steel plate.

8.9.6 Deflection

The check is to be carried out for the most critical direction, i.e., for the longest
span using Eurocode 2 equations (7.16a) and (7.16b.)

8.9.7 Crack Control

The bar spacing rules for slabs given in Tables 7.2N and 7.3N of Eurocode 2 apply.
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8.9.8 Example of Design for an Internal Panel of a Flat Slab Floor

(a) Specification

The floor of a building constructed of flat slabs is 30 m x 24 m. The column
centres are 6 m in both directions and the building is braced with shear walls. The
slab is 300 mm deep. The internal columns are 450 mm square.

The loading is as follows:

Screed, floor finishes, partitions and ceiling = 2.5 kN/m?

Imposed load = 3.5 kN/m?

The materials are f, = 30 MPa concrete and f;, = 500MPa reinforcement.

Design the edge panel on two sides and show the reinforcement on a sketch.

(b) Slab and column details and design dimensions
A part floor plan and slab details are shown in Fig. 8.61.

Half Middle strip=1.5 m

|

A

Column strip =3.0 m

Span =6 m

A

Half Middle strip= 1.5 m

I S b

Fig. 8.61 Plan of continuous beam.

(c¢) Design loads and moments

Considering a 6 m width of the slab and taking unit weight of concrete as
25.0 kN/m’.

Slab weight = 6 x 0.3x 25 =45 kN/m

Screed weight =6 x 2.5 =15 kN/m

gy =45+ 15=60 kN/m

Imposed load, g, =6 % 3.5=21 kN/m

Design load = 1.35 x 60 + 1.5 x 21 =112.5 kN/m
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As shown in Fig. 8.62, the equivalent frame consists of five 6 m span continuous
beams loaded by 112.5 kN/m. The continuous beam may be analysed by any
suitable method.

112.5 kN/m

S S S N S A B

A A A
— > 6m —_——

3m

Fig. 8.62 ‘Equivalent frame’ continuous beam.

The final moment is shown in Fig. 8.63.
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6 758405 12 134G 15

Fig. 8.63 Moment distribution in the continuous beam.
The key values are:

Total Negative moments:
Moment at second and fifth support = —426.4 kNm
Moment at third and fourth internal support =-319.9 kNm

Total Positive moments:
Span 1-2 and 5-6: M =315.5 kNm
Span 2-3 and 4-5: M = 134.5 kNm

(d) Design of moment reinforcement

The cover is 25 mm and 16mm diameter bars in two layers and 8 mm links are

assumed. The effective depth for the inner layer is
d=300-25-8-25-16/2 =234 mm
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Fig. 8.64 Top steel in the x-direction.

Negative moment reinforcement (steel at top), end panel
M =426.4 kNm
k=1426.4 x 10°/ (6000 x 234* x 30) = 0.043 < 0.196
2/d=0.5[1.0+ (1 -30x0.043)] =0.97
z=0.97d =226 mm
A, =426.4 x 10°/(0.87 x 500 x 226) = 4337 mm”

Column strip reinforcement

50 percent of 4337 mm” equal to 2169 mm? is placed in the column strip of width
of L,/4 = 1500 mm. Provide 11H16 at 150 mm c/c giving steel area of 2211 mm®.
The remaining 20 percent of 4337 mm” equal to 867 mm” is placed in the column
strip of width of L,/4 = 1500 mm. Provide 3H16 at 375 mm c/c on 750 mm width
on either side of column giving steel area of 2211 mm®.

Middle strip reinforcement
The remaining one 30 percent of 4337 mm’ equal to 1301 mm® is placed in the
column strip of width of 3000 mm. Provide 7H16 at 500 mm.

Fig. 8.64 shows the reinforcement arrangement at the top of the slab.

Positive moment reinforcement (steel at bottom), end panel
M =315.5 kNm
k=315.5x10°/ (6000 x 234 x 30) = 0.032 < 0.196
2/d=0.5[1.0+ (1 -3 0x 0.032)] =0.98
z=0.98 d =228 mm
A,=315.5x10°/(0.87 x 500 x 228) = 3181 mm’
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Column strip reinforcement

60 percent of 3181 mm” equal to 1909 mm” is placed in the column strip of width
of 3000 mm. Provide 10H16 at 300 mm c/c giving steel area of 2011 mm®.

Note that in section 9.4.1 (3), the code recommends that bottom reinforcement
(= 2 bars) in each orthogonal direction should be provided at internal columns and
this reinforcement should pass through the column.

Middle strip reinforcement

The remaining 40 percent of 1272 mm?® is placed in the 3000 mm wide column
strip. Provide 7H16 at 500 mm.

Fig. 8.65 shows the reinforcement arrangement at the bottom of the slab.

Fig. 8.65 Bottom steel in the x-direction.
(e) Shear resistance
Fig. 8.66 shows the shear force distribution. The reaction at the second support is

the sum of right reaction of 408.57 kN from span 1-2 + left reaction of 355.25 kN
from span 2—3 giving a total of 763.8 kN.
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Fig. 8.66 Shear force distribution in the continuous beam.

i. At the column face
Reaction = 763.8 kN
Internal column: Unbalnced moment factor, p=1.15
Vieg=763.8 x 1.11 =847.8 kN
Column: 450 mm square, uy =4 x 450 = 1800 mm, d = 234 mm
Vea = 847.8 x 10° / (1800 x 234) = 2.0 MPa
v=0.6 (1 — f4/250) = 0.6 x (1-30/250) = 0.53, f.4 = 30/ (y.= 1.5) =20 MPa
VRd, max = 0.5 (v =v) x f,43=10.5 x 0.53 x 20 = 5.28 MPa
VEd < VRd, max- 1he maximum shear stress is satisfactory.

ii. At 2.0 d from the column face
Shear perimeter, u; =4 x 450 + 2 x tx (2% d) = 1800 + 2941 = 4741 mm
v =2847.8 x 10’/ (4741 x 234) = 0.76 MPa
Note: It is more accurate to deduct the downward load inside the shear perimeter in
calculating v.
Area inside shear perimeter = {450 x 450 + 4 x 450 x (2d) + 7 x (2d)*} x 10°°
=1.73 m’
Applied load = 18.75 kN/m*
Load inside the perimeter = 1.73 x 18.75 =32.49 kN
v =(847.8 — 32.49) x 10°/ (4741 x 234) = 0.74 MPa

The improvement is insignificant.
Calculate vgg :
In the centre half of the column strip 16 mm diameter bars are spaced at 150 mm
centres giving an area of 1340 mm*/m.

100 p; = 100 Ay (bd) =100 x 1340 / (1000 x 234) =0.57 <2.0

Cra.e=0.18/ (y.=1.5)=0.12, k = 1 + V(200/d) = 1.93 < 2.0

VRd.c =Cra.c k (100p; £ )*2? =0.12x1.93 x (0.57x30)** = 0.60 MPa
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Vain = 0.035 % kK9xf, = 0.035%1.93"° x\30 = 0.51 MPa
(v=0.76) > (Vg . = 0.60)
Shear reinforcement is needed.

iii. Calculate the perimeter u,, where shear stress is equal to vgq, .
As shown in Fig. 5.23, let the perimeter be at a distance Nd from the face of the
column.

Ugye = 2(450 + 450) + 2 Nd mm
The load acting within the perimeter is equal to

[450 x 450 + 2 x (450 + 450) x Nd + 7 (Nd) *]x 18.75 x 10 kN
VEgq = [847.8 — Load inside perimeter] kN

Ved = VEd/ (Uout X d) = Vg, MPa

By trial and error, N = 2.65.
Ugye = 2(450 +450) + 271 x 2.65 x 234 = 5696 mm

At this perimeter no shear reinforcement is required.

iv. Calculate the position of the outermost perimeter where shear
reinforcement is required

The last ring of shear reinforcement must be within kd, where k = 1.5 from the u,.
This perimeter lies at (Nd — kd) = (2.65 d — 1.5d) =1.15 d from the face of the
column.

Perimeter length =u, ;54 =2(450 + 450) + 2zt x 1.15 d = 3491 mm.

v. Calculate shear reinforcement using the code equation (6.52)

| } sina (6.52)

l
=0.75d, fi = 500 MPa, y,= 1.15, d = 234 mm, fyy,q = 500/1.15 =435 MPa
Fd, o = = (250 +0.25% 234 - 309) <435 MPa, f wd.of = 309 MPa, vgg . = 0.60

Vides =075 Vgg o +1. 5{ A

W ywd ef {u

VRd,cs =0.75 VRd.c +1.5(S—) Agw fywd,ef (n) sina
r 1

At basic control perimeter u; at 2d from column:
VRd, s = VEd = 0.76 MPa, u; = 4741 mm
Substituting in code equation (6.52),

d 1.
VRd,es =0.75 VR c +1.5(S_) Agw fywdef (ﬁ) sino
r 1

0.76 = 075 x 0.60+1.5—— A_ x309 x[ ———]
0.75d 4741x 234

Ay =557 mm’

vi. Calculate the minimum link leg area
Using code equation (9.11) to calculate the area of a single link leg.
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(1.5sino + cos a) >0.08 \/g
S St fyk
Substituting fo = 30 MPa, f = 500 MPa, d = 234 mm, s, = 0.75 d, s, = 2d,
sin o = 1 for vertical links,
Agw, min = 48 mm?’. Choosing 8 mm diameter bars, Ay, min = 50 mm?’.
No. of links required = A,/ Area of one link =557/50 = 11.1 links.
A minimum of 12 links should be provided at all perimeters with the spacing
between the perimeters < 0.75 d.

A

sw,min

vii. Arrange link reinforcement

Arrange the perimeters as follows.

(1) First perimeter at 100 mm = 0.43d > 0.3d

Perimeter length = ug 43 ¢ = 2(450 + 450) + 27 x 0.43 d = 2432 mm

Max