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Preface to Fourth Edition 

The purpose of this book is to provide a straightforward introduction to the 
principles and methods of design for concrete structures. It is directed primarily 
at stu dents and young designers who require an underst anding of the basic theory 
and a concise guide to design procedures. Although the detailed design me thods 
are ge nerally according to Bri tish Standards . much of the theory an d practice is 
of a fu ndamental nature and shou ld, therefore. be use ful to engineers in other 
countries. Limit state concepts, as recently introduced in the new Codes of 
Prac tice , are used and the calculations are in SI units throughout. 

The subject matter has been arranged so that chapters 1 to 5 dea l mostly with 
theory and analysis while the subsequent chapters cover the design and detailing 
of various types of member and struc ture. In order to include topics that are 
usually in an undergraduate course, there is a chapter on earth-re taining and 
water-retaining structures, and also a fina l chapter on prestressed concrete. 

Important equa tions tha t have been derived within the tex t are highlighted by 
an asterisk adjacent to the equalion number. 

In preparing the fourth edition of this book, the principal aim has been to 
incorporate new information relating to the design of wa ter-retaining structures, 
as proposed by British Standard BS 8007. The remainder of the text, which 
relates to BS 8 110, remains essentially unchanged with only very minor 
amendments. 

It should be mentioned that standard Codes of Practice such as BS 8 1 10 are 
always liable to be revised , and readers should ensure that they are using the latest 
edition of any relevant standard. 

Extracts from the British Standard s are reproduced by permission of the 
British Standards Institution, 2 Park Street, London WIA 2BS, from WilOlfl 

complete copies can be obtained. 
Finally , the authors wish to th ank Mrs B. Co /greave who preparcd the diagrams 

an d Mrs F. Zimmcrmann who typed most of lhe draft and fina l copies of the 
manuscript. 

Notation 

No tation is generally in accordance wi th BS 8 110, and the principal symbols are 
listed below. Other sym bols are defined in the text where necessary. The symbols 
€ for strain and f for stress have been adopted throughout , with the general system 
of subscripts such that the first subscript refers to the material, c _ concrete, 
s - steel, and the second subscript refers to the type of stress, c _ compression, 
t - tension. 

A, 
A; 
A,b 
Aw 
a 
a" 
b 
b. 
bw 
d 
d' 

Ec 
£5 
e 
F 

I" 

1.11 

Iy 

z: 
Sk 

" lor 
I 
I, 

Cross-sectional area of tension reinforcement 
Cross-sectional area of compression reinforcemen t 
Cross-sectional area of shear reinfo rcement in the form of bent-up bars 
Cross-sectional area of shear reinforcement in the form of links 
Deflection 
Distance from surface crack posit ion to point of zero strain 
Width of section 
Breadth of web or rib of a member 
Breadth of web o r rib o f a member 
Effective depth of tension reinfo rcement 
Depth to compression reinforcement 
St atic secan t modulus of elasticity of concrete 
Modulus of elasticity of sleel 
Eccen tricity 
Ultimate load 
Characterist ic concrete cube strength 
Charac teristic strength of prestressing ten dons 
Service stress or steel stress 
Characteristic strength of reinforce men t 
Charac teristic strength of li nk re ln forcemen t 
Cha racteristic dead load 
Characteristic dead loud per unit length or area 
Overall depth of section In plallc of bending 
Thickness of nangc 
Second moment of aru 
"verage compressive Slreuln Ih, cun~r'I' for /I rectangu lar-parabolic 
IIreu block 
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k, 

I, 
I, 
M 
M. 
N 
n N

b
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Q. 
q. 
l/T)( 
rerit , 

" V , 
" W. 
Wmu 
w. 
X , 
Q, .. 
1, 
1m 
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NOTATION 

A factor that relates the depth to the centroid of the rectll llgular
parabolk stress block and the depth of the neut ral axis 
Lever-arm factor = zld 
Effective height of a column or wall 
Bending momcnt 
Ultimate moment of res.istance 
Axial load 
Ultimate load per uni t arca 

( 
Axial load on a column corresponding to the balanced condition 
Final prestress force (chapter 12) 
Characteristic imposed load 
Characteristic live load per unillenglh or area 
Curvature of a beam at poin t x 
Critical steel ratio to control thermal cracks 
Depth of equivalent rectangular stress block 
Maximum likely crack spacing 
Spacing of links along the member 
Torsional moment 
Perimete r 
Shear force 
Shear stress 
Ultimate shear stress in concrete 
Characteristic wind load 
Maximum likely surface crack width 
Ultimate load per unit length 
Neutral axis depth 
Lever arm 
Coefficient of t hermal expansion of mature concrete 
Modular ratio 
Partial safety factor for load 
Partiahafety factor for strength 
Shrinkage strain 
Coefficient of friction 
Bar size 
Creep coefficient 

1 
Properties of Reinforced 
Concrete 

Reinforced concrete is a strong durable building material that can be formed in to 
many varie d shapes and sizes ranging from a simple rectangular column, to a slender 
curved dome or shell . Its utility and verstatility is achieved by combining the best 
features of concrete and steel. Consider some of the widely differing properties of 
these two materials that are listed below. 

strength in tension 
strength in compression 

strength in shear 
durability 
rue resistance 

Concrete 
poo< 
good 

fair 
good 
good 

Steel 
good 
good , but slender bars 
will buckle 
good 
corrodes if unpro tec ted 
poor - suffers rapid loss of 
strength at high temperatures 

It can be seen from this list that the materials are more or less complementary . 
Thus, when they are combined, the steel is able to provide the tensile strength and 
probably some o f the shear strength while the concrete, strong in compression, 
protects the steel to give durability and fire resistance. This chapter can present 
only a brief introduction to the basic properties of concrete and its steel reinforce
ment. For a more comprehensive study, it is recommended that reference should 
be made to the specialised texts listed in Further Reading at the end of the book. 

1.1 Composite Action 

The tensile strength of concrete is on ly about 10 per cent of the compressive 
strength. Because of this, nearly a.1I rolnfo rced concre te structure s are designed on 
the assumption that the concreto doe. not ro.l. t II ny tonsllo forces. Reinforcement 
is deslgnod to carry these tensile forcOI , which lTe lrln,ferred by bond between 
the Interface of the twO materia ls, If 11U. bond 1'!I(l1 adequlte, lhe rein forcing bars 
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will just slip within the concre te and there will not be a co mposite action. Th us 
members should be de tailed so that the concrete can be well compacted around the 
reinforcement during construction. In addition , some bars are ribbed or twisted 
so that there is an ex tra mechanical grip. 

in the analysis and design of the composite reinforced concre te section, it is 
assumed that there is perfe ct bond , so that the strain in the reinforcement is 
identical 10 the strain in the adjacent concrete. This ensures that there is what is 
known as 'compatibility o f strains' across thecross·section o f the member. 

The coefficients of thermal expansion for steel and for concre te are of the 
order of 10 x 10- 6 per °c and 7-12 x 10-6 per °c respectively. These values are 
sufficiently close that problems with bond seldom arise from differential expan
sion between the two ma terials over normal temperature ranges. 

COmpn25siQn 

1 D 
Strain SCKtion 

D is tribu t ion A - A 

Figure 1. 1 Compolire action 

Figure 1. 1 illustrates the behaviour of a simply supported beam subjected to 
bending and mows the position of steel reinforcement to resist the tensile forces, 
while the compression forces in the top of the beam are carried by the concrete. 

Wherever tension occurs it is likely that cracking of the concrete will take place. 
This cracking. however, does not detract from the safe ty of the structure provided 
there is good reinforcement bond to ensure that the cracks are restrained from 
opening so that the embedded steel continues to be protected from corrosion . 

When the compressive or shearing forces exceed the strength of the concrete, 
then steel reinforcement must again be provided, but in these cases it is only 
required to supplement the load-carrying capacity of the concrete. For example, 
compression reinforcement is generally required in a column, where it takes the 
form of vertical bars spaced near the perimeter. To prevent these bars buckling, 
steel binders are used to assist the restraint provided by the surrounding concrete. 

1.2 Stress-Strain Relations 

The loads on a structure cause distortion of its members with relultlng llreases and 
strains in the concre te and the steel reinforcement. To corry Oul tho In,lysls lind 
design of a member It is necessary to have 0 knowlotl,o or tho rol,lIon,hlp bO lween 
these stressclind st rains. This knowledge I, JNIrticullllly h111","'''11 IIthon dOlling 
with relnrorced concrete which I,. com POlito 1Il.lflll.1 ", hI 'hi' U lho .nalysls 
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of the stresses on a cross-sect ion of II member must consider the equilibrium of 
the forces in the concrete and steel, lin d also the compatibility of the strains across 
the cross-section. 

J. 2. 1 Concrete 

Concrete is a very variable material. having a wide range of strengths and stress
strain/curves. A typical curve for concrete ill compression is shown in figure 1.2. 
As th~ load is applied, the ratio between the stresses and strains is approximately 
linear al first and the concrete behaves almost as an elastic material with virtually 
a full recovery of displacement if the load is removed. Even tually, the curve is no 
longer linear and the concrete behaves more and more as a plastic material . If the 
load were remove d during the plastic range the recovery would no longer be com
plete and a permanent deronnation would remain . The ultimate strain for most 
structural concretes tends 10 be a conslan t value of approXimately 0.0035, irres
pective of the strength of the concre te. The precise shape of the curve is very 
dependent on the length of time the load is applied, a factor which will be further 
discussed in section 1.4 on creep. Figure 1.2 is typical for a short-term loading. 

StrOIn 

Figure 1.2 Sfr'ess-Ifrain curve for concrete in comprenion 

Concrete generally increases its strength with age. This characteristic is illustra
ted by the graph in figure 1.3 which shows how the increase is rapid at flIst, 
becoming more gradual later. Some codes of practice allow the concrete strength 
used in design to be varied according t o the age of the concrete when it supports 
the design load. A typical variation in strength of an adequately cured Ordinary 
Portland cement concrete , as suggested by BS 8110, is 

7 days 

20 

I month 

30 

2 months 

33 

3 mon ths 6 months I year 

3S 36 37 N/mm' 

us 81 10 does not permit the usc or strenlths i reater than the 28-day value in 
calculations. but the Modulus of EIIIJl lcity mly bo modlOod to account for age as 
ahown overleaf. 
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Figure 1.3 
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Modulus of Elasticity o{Concrete 

It is seen from the stress-strain curve for concrete that although elastic behaviour 
may be assumed for stresses below about one-third of the ultimate com pressive 
strength. this relationship is not truly linear. Consequently it is necessary to define 
precisely what value is to be taken as the modulus of elasticity 

E '" stress 
strain 

A number of alternative definitions exist, but the most commonly adopted is 
E = E where E is known as the secant or stalic modulus. This is measured for a 
partic~lar concrCete by means of a static test in which a cylinder is loaded to just 
above one-third of the corresponding control cube stress and then cycled back to 
zero stress. This removes the effect of initial ' bedding in' and minor stress redistri
butions in the concre te under load. Load is then reapplied and the behaviour will 
then be almost linear; the average slope of the line up to the specified stress is 
taken as the value for Ee. The test is described in detail in BS 188 1 and the result 
is generally known as the instantaneous static modulus of elasticity. 

The dYfUJmic modulus of elasticity , Eeq , is sometimes referred to since this i.5 
much easier to measure in the laboratory and there is a fairly well-defined relatIOn· 
ship between Ee an d Eeq. The standard test is based on determ~ing the resona,nt 
frequency of a laboratory prism specimen and is also descri~ed m BS ! 88 1. It I.S 

also possible to obtain a good estimate of Eeq from ultrasonic measurmg techru· 
ques, which may some times be used on site to assess the concrete in an actual 
structure. The standard test for Eeq is on an unstressed specimen. It can be seen 
from figure 1.4 that the value obtained represents the slope or the tungent at zero 
stress and £cq is thererore higher than Ee . The relationship between the two 
moduli Is given by 

Static modulus Ee: • (I .25 ffcq 19) kN/mm1 
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Lood cycling 

£~'I.(dynomic) 

o U-~~--~--------
Stroin 

( 
Figu,e 1.4 Moduli of elasticity of concrete 

This equation is sufficiently accurate for nonnal design purposes. 
The actual value of E for a concrete depends on many factors related to the 

mix, but a general relationship is considered to exist between the modulus of 
elasticity and the compressive cube strength. Ranges of Ee for various concrete 
grades which are suitable for design are shown in table 1.1. The magnitude or the 
modulus of elasticity is required when investigating the deflection and cracking of 
a structure. When considering short-te rm effects. member stiffnesses will be based 
on the static modulus Ee , as defined above. If long-term effects are being consider
ed, it can be shown that the errects of creep can be represented by modirying the 
value or Ee and this is discussed in section 6.3.2. 

Table 1.1 Short-term modulus o r elasticity of concrete 

28 day characteristic 
cube strength 

feu.28 
(N/mm') 

25 
30 
40 
SO 
60 

Static modulus Ee 28 

(kN/mm2 ) • 

Typical range Mean 

19-3\ 
20-32 
22-34 
24-36 
26-38 

25 
26 
28 
30 
32 

The elastic modulus at an age other than 28 days may be estimated from 

Ee., co: Ec.1I(0.4 + 0.6/cu"II(\I,lI) 
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1.2.2 Steel 
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Figure 1.5 Stren-rtrain cur~el for Itu/ 

Figure 1.S shows typical stress-strain curves for (a) mild steel, and (b) high yield 
steeL Mild steel behaves as an elastic material, with the strain proportional to the 
stress up to the yield , at which poin t there is a sudden in crease in slrain with no 
change in stress. After the yield point, mild steel becomes a plastic material and the 
strain increases rapidly up to the ultim ate value. High yield steel on the other 
hand. does not have a defin ite yield point but shows a more gradual change from 
an elastic to a plastic behaviour. 

The specified strength used in design is based on the y ie ld stress for mild steel , 
whereas for high yield steel the strength is based on a specified proof stress. A 0.2 
pe r cent proof stress is defined in fig ure 1.5 by the broken line drawn parallel to 
the linear part of the stress-strain curve. 

Removal of the load within the plasti c range would result in the stress-s train 
diagram follOWing a line approximately parallel to the loading portion - see line 
BC in fi gu re 1.6. The steel will be left with a permanent strain AC, which is known 
as 'slip'. If the steel is again loaded, the stress-strain diagram will follow the un
loading curve until it almost reaches the original stress at B and then it will curve 
in the direction of the fi rs t loading. Thus, the proportional limit for the second 
loading is higher than for the init ial loading. This action is referred to as 'strain 
hardening' or 'work hardening' . 

St raIn 

Pip,. 1.6 Srrw/,,1t4Nllt/rlI 
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The defonnation of the steel is also dependent on the length of time the load is 
applied. Under a constant stress the strains will gradually increase - this pheno· 
menan is known as 'creep' or 'relaxation'. The amount of creep that takes place 
over a period of time depends on the grade of stee l and the magnitude of the stress. 
Creep of the steel is of little signifi cance in normal re inforced concrete work, bu t 
it is an important factor in prestressed concre te where the prestressing steel is very 
highly stressed . 

1.3 Shrinkage and Thermal Movement 

As concrete hardens there is a reduction in volume. This shrinkage is liable to cause 
cracking of the concre te , but it also has the beneficial effect of strengthening the 
bond between the concre te and the steel reinforce ment. Shrinkage begins to take 
place as soon as the concrete is mixed, and is caused initially by the absorption of 
the water by the concrete and the aggregate. Further shrinkage is cause d by 
evaporation of the water wh ich rises to the concrete surface. During the setting 
process the hydration of the cement causes a great dea l of heat to be generated , 
and as the concrete cools, further shrinkage takes place as a result of thermal 
contraction. Even after the concrete has hardened , shrinkage continues as drying 
out persists over many months, and any subsequent wetting and drying can also 
cause swelling and shrinkage . Thermal shrinkage may be reduced by restricting the 
temperature rise during hydration, which may be achieved by the following 
procedures. 

( I) Use a mix design with a low cement con tent. 
(2) Avoid rapid hardening and finely ground cement if possible . 
(3) Keep aggrega tes and mixing water cooL 
(4) Use steel shuttering and cool with a water spray. 
(5) Strike the shuttering early to allow the heat o f hydration to dissipate . 

A low water-cement ratio will help to reduce drying shrinkage by keeping to a 
minimum the volume of moisture that can be lost. 

If the change in volume of the concrete is allowed to take place freely without 
restraint, there will be no stress change within the concrete . Restraint of the 
shrinkage , on the other hand, will cause tensile strains and stresses. The restrain t 
may be caused externally by fi x.ity with adjoining members o r friction against an 
earlh surface, and internally by the action of the steel reinforceme nt. For a long 
wall or floo r slab , the restrain t from adj oining concrete may be reduced by using 
a system of constructing successive bays instead of alternate bays. Tllis allows the 
free end of every bay to contract befo re the next bay is cast. 

Day· to·day thermal ex pansion of the concre te can be greater than the move 
ments causea by shrinkage. Thermal stresses and strains may be controlled by the 
correct positioning of movcment or expansion joints in a structurc. For example, 
~he joints should be placed at an abrupt change [n cross·section and they should , 
In general. pass comple tely through the structure In one plane. 

When the tensile stresses caused by shrlnkoge or thermal movcment exceed the 
strength of the concre te, cracking will OCcur To cOlltrol the crack widths, steel 
reinforcement must be prOvided close to the cuncr(! to surface; the codes of 
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practice lpectl')' minimum qUlntlliel of reinforcement In I momber for this 
purpose . 

CalculatiOIl 01 Strtutl l"ductd by Shrinkage 

(a) Shrinkage Restrolned by the Reinforcement 

The shrinkage stresses caused by reinfo rcement in an otherwise unrestrained mem
ber may be calculated quite simply. The member shown In ngure 1.7 has a free 
shrinkage strain Ell, if made of plain concrete, but this overall movement is 

-I ~ .-------11 
O r igIna l mambar 

os cost 

PIOIn eoner-ala
unrvs t ro inad 

Raln l oread eoner a tel 
unrastrOll'lcrd 

Rcr inforecrd eOl'lervta -
lu ll y I"CIstroi nad 

Figure 1.7 Shrlnlwge W'Qin~ 

reduced by the inclusion of reinforcement , giving a compressive strain esc in the 
steel and causing an effective tensile strain Ect in the concre te. Thus 

Esh '" Ect + E"" 

'" lei + fr;J;; 
Ee Es 

(1.1) 

where fel is the tensile stress in concrete area A c and f sc is the compressive stress 
in steel area A s' 

Equating forces in the concrete and steel for equilibrium gives 

(1.2) 

therefore 

f el '" :1 fsc , 
Substituting for fe l in equation 1. 1 

r. ( A, + 1 ) 
ea,, " IC A eEe H, 

Thus if 
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a '" E, 
o E, 

'" = f~ (o,A, +--'-) 
AcE, E. 

= f~ ro,A, + 1) 
Ea \Ac 

Therefore steel stress 

9 

r. - elhE• 
~-

1 + aeA , 
A, 

(1.3) 

Example 1.1 Calculation of Shrinkoge Stresses in Concrete that Is ReslTtlined 
by Reinforcement Only 

A member contains 1.0 per cent reinforcement, and the free shrinkage strain E,,, 
of the concrete is 200 x 10-6

. For steel, E, = 200 kN/mm' and for concrete 
Ee = IS leN/mm' . Hence from equation 1.3 : 

stress in reinforcement ftc ;" 

1 + A , a, 
A, 

stress in concrete fet 

= 
200 x 1O- 6 'x 200 X 103 

1+ 200 x O.OI 
15 

= 35.3 N/mm' compression 

=0.01 x35 .3 

::: 0.35 N/mm' tension 

The stre sses produced in members free from external restraint are generally 
small as in the above example , and can be easily withstood both by the steel and 
the concrete. 

(b) Shrinkage Fu lly Restrained 

If the member is fully restrained, then the sleel cannot be in compression since 
elC • a and hence fll:. ... a (figure 1.7) . In this case the tensile strain induced in the 
concrete eel must be equil i to the free shrinkage strain ~Ih' and the corresponding 
Itren will probobly be hlgll enough to ClUse crick ing In ImmlHure concre te. 
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Example 1.1 CiJJculiJtion o{ Fully RestTtJiMd ShrlnkAge Stresses 

If the member in example 1.1 were fully restrained, the stress in the co ncrete is 
given by 

where 

then 

/;ct = €sh = 200 X 10-6 

( 
let = 200 x iO-t x 15 x 1()l 

'" 3.0 N/mm' 

When cracking occurs, the uncracked lengths of concrete try to contract so that 
the embedded steel between cracks is in compreSSion while the steel across the 
cracks is in tension. This feature is accompanied by localised bond breakdown, 
adjacent to each crack. The equilibrium of the concrete an d reinforcement is 
shown in figure 1.8 and calculations may be developed to rela te crack widths 
and spacings to properties of the cross-section; this is examined in more detail 
in chapter 6, which deals with serviceability requirements. 

Thermal Movement 

:----- \ r-------~ 

;- - - - ~ c";,' ~r------.,,~- A. '.e 
I 
1------

Figure 1.8 Shrinkage forcer adjacent 10 a crack 

As the coeffi cients of thermal expansion of steel and concre te (erl and a() arc 
similar, differential movemen t be tween the steel and concrete will only be very 
small and is unlikely to cause cracking. 

The differentiallhe rma l strain due to a temperature change Tmay be calcu
lated as 

T(.< - a,) 

and should be added to Ihe shrinkage strain €!lh if significanl. 
The overall thermal con traction of concrete is, however , frequently effective 

in producing the first crack in a restrained member , since the required temperature 
changes could easily occur overn ight in a newly cast member . even with good 
con trol o f the heat generated during the hydration processes. 

EXample 1.1 Thermal Shrinkoge 

Find the rail in lemperature required 10 callie crackl n&ln ll relt ralned membe r ir 
ultimate tensile strength o r the cOllcre te II 1 N/ nun' I. r 16 kN/mm' and 
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Clc :;; CIs '" 10 X 10-6 per "C. Ultimate tensile strain or concrete 

[. 2 2S 0- ' Elt "' - '" - I x l 
u Ec 16 )( 10' 

Minimum temperature drop to cause cracking 

'" Eult '" 125 :: 12.5 "C 
"" 10 

It should be noted that rull restraint, as assumed in tltis example , is unlikely to 
occur in practice ; thus the temperature change required to cause crack ing is 
increased. 

1.4 Creep 

I I 

Creep is the continuous deforma tion of a member under sustained load. It is a 
phenomenon associated with many materials, but it is particularly evident with 
concrete. The precise behaviour of a particular concrete depends on the aggregates 
and the mix design, bu t the general pattern is illustrated by considering a member 
subjected to axial compression. For such a member, a typical vari;jtion of defor
mation with time is shown by the curve in figure 1.9. 

o 2 3 4 5 

FilUle 1_9 1)IpiOil int:rt!tnt! of defor1Tlfldon with time fOT cont:rete 

The characteristics of creep are 

(I) The final deformation of the member can be three to fOUl times the 
short-term elastic deformation. 

(2) The deformation Is roughly proportional to the Intensity of loading and 
to the inverse of the concre te strength. 

(3) If the load Is removed , only the instantaneous elastic deformation will 
recover - the plastic deformation wUl nol. 

(4) There Is a redistribution of load between the concrete and any steel 
presen t. 
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The rcdl ' lribuliun o{ tUld I. cll used by the changc.ln compressive strains being 
transferred 10 tha Iclnlorclna lIeel. Thus the compressive stresses in the steel are 
increased so thl' the . tccl lake. II IlI rgcr proport ion of Ihe load . 

The crreell of creep lire panlculariy im portant in bellrns, where the increased 
deflections may couse the open ing of cracks, damage to nn lshes, an d the non· 
aligmnent of mechanical equipmclI t. Red istribution of stress be tween concrete 
lind sleel occurs primarily in the uncracked compressive areas and has little effeci 
on the tension reinforcement other than reducing shrinkage stresses in some 
instances. The provision of reinforcement in the compressive zone of II flexural 
member, however, often helps to restrain the defl ections due to creep. 

1.5 Durability 

Concrete structu res, properly designed and constructed. are long las ting and sh ould 
require lit tle maintenance. The durability of the concrete is in fluenced by 

(I) the exposure conditions 
(2) the concrete quality 
(3) the cover to the reinforcement 
(4) the width of any cracks. 

Concrete can be expose d to a wide range of conditions such as the soil, sea water, 
stored chemicals or the atmosphere. The severity of the exposure governs the type 
of concrete mix required and the minimum cover to the reinforcing steel. What· 
ever the exposure, the concrete mix should be made from impervious and chemi
cally inert aggregates. A dense. well-compacted concrete wIth a low water-celllent 
ratio is all important and for some soil conditions it is advisable to use a sulphate
resisting cement . 

Adequate cover is essential to prevent corrosive agents reaching the reinfo rce
ment through cracks and pervious concrete. The thickness of cover required depends 
on the severity o f the exposure and the quality of the concrete (as shown in table 
6.1). The cover is also necessary to protect the reinforcement against a f'dpid rise 
in temperature and subsequent loss of strength during a fire . Information concern
ing this is given in Part 2 of BS 81 10, while durability requirements with related 
design calculations to check and control crack widths and depths are described in 
chapter 6. 

1.6 Specification of Materials 

1. 6.1 Concrete 

The selection of the type of concrete is frequently governe d by the strength 
required, which in turn depe nds on the in tenSity of loading and the form and size 
of the struc tural members. For example. in the lower columns of a multi.storey 
building a higher-strength concrete may be chosen in prefe rence to greatly increas
ing the size o f the column section wi th a resultant loss In cleaT noor space. 

The concrete strength is assessed by measuring thc crushlngltrength o f cubes or 
cylinders of concrete made from the mix . ThclO Ire ululilly cured, and tested after 
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twenty-e ight days according to standard procedures. Concrete of a given strength 
is identified by its 'grade' - a grade 25 concre te has a characteristic cube crushlng 
strength of 25 N/mm2 . Table 1.2 shows u list of commonly used grades and also 
the lowest grade appropriate for various types of construction. 

Exposure conditions and durabili ty can also affec t the cho ice of the mix design 
and the grade of concrete. A structure subject to corrosive condi tions in a chemical 
plant, for example. would require a dense r and higher grade of concrete than, say, 
the interior members o f a school or office block. Although Ordinary Portland 
cement would be used in most structu res, other cement types can also be used to 
advantage. Blast-furnace or sulphate.resisting cement may be used t o resist chemi
cal attack, low-heat cements in massive sections to reduce the heat of hydration, 

Table 1.2 Grades of concrete 

Grade Lowest grade for use as specified 

C7 
CIO 
CIS 
C20 

C25 

C30 

C40 

C50 
C60 

Plain concrete 

Reinforce d concrete with 
lightweight aggregate 

Reinforced concrete with 
dense aggregate 

Concrete with post-tensioned 
tendons 

Concrete with pre.tensioned 
tendons 

or rapid-hardening cement when a high early strength is required. Generally. 
na tural aggregates found locally are preferred; however, manufactured lightweight 
material may be used when self-weight is important, or a special dense aggregate 
when radiation shielding is required. 

The concre te mix may either be classified as 'designed' or 'prescribed'. A 
'designed mix ' is o ne where the contractor is responsible for selecting the mix 
proportions to achieve the required strength and workabili ty, whereas for a 
'prescribed mix' the engineer specifies the mix proportions, and the contractor is 
responsible only for providing a properly mixed concrete contain ing the correct 
constituents in the prescribed proportions. 

1.6.2 Reinforcing Steel 

Tlble 1.3 Us ts the characteristic design strengths of seve ral of the more common 
type. of reinfo rceme nt. The nominal size of a bar Is the diameter of an equivalent 
circular urea . 
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Table 1.3 Strength of reinforcemen t 

Designation 

Hot-rolled mild steel (BS 4449) 
Hot-rolled high y ield (BS 4449) l 
Cold-worked high yield (BS 4461) ,)1 
Hard-drawn steel wire (BS 4482) 

Nominal sizes 
(mm) 

AU sizes 

All sizes 

Up to and including 12 

Specified 
characteristic 

sirength/y 
(N/ mm'l) 

250 
460 

485 

Hot-rolled mild-steel bars usually have a smooth surface so that the bond with 
the concrete is by adhesion only. Mild-steel bars can readily be bent, so they are 
often used where small radius bends are necessary. such as for links in narrow 
beams or columns. 

High-yield bars are manufactured either with a ribbed surface or in the form of 
a twisted square. Ribbed bars are usually described by the British Standards as 
type 2 bars provided specified requirements are satisfied, and these are the bars 
most commonly used. Square twisted bars have infe rior bond characteristics and 
are usually classified as type 1 bars, although these are more or less obsole te. All 
deformed bars have an additional mechanical bond with the concrete so that higher 
ultimate bond stresses may be specified as described in section 5.2. The bending 
of high-yield bars through a small radius is liable to cause tension cracking of the 
steel, and to avoid this the radius of the bend should not be less than three times 
the nominal bar size (see figure 5.6). 

High-yield stee l bars are only slightly more expensive than mild-steel bars. 
Therefore, because of their Significant stress advantage, high-yield bars are the 
more economical. Nevertheless, mild·steel bars are sometimes preferred in water
retaining structu res, where the maximum steel stresses are limited in o rder to 
reduce the tensile strains and cracking of the concrete. 

Floor slabs, walls, shells and roads may be reinforced with a welded fab ric of 
reinforcemen t , supplied in ro lls and having a square or rectangular mesh. This can 
give large economies in the detailing of the reinforcement and also in si te labour 
costs of handling and fixing. 

The cross-sectional areas and perimeters of various sized bars, and the cross
sectional area per unit width of slabs are listed in the appendix. Reinforcing bars 
in a member should either be straight or bent to standard shapes. These shapes 
must be fu lly dimensioned and listed in a schedule of the reinforcement which is 
used on site for the bending and fixing of the bars. Standard bar shapes an d a 
method of scheduling are specified in BS 4466. The bar types as previously des· 
cribed are commonly identified by the following codes: R for mild steel; Y for 
high yield deformed steel , type I ; T fo r high yield deformed steel, type 2; this 
notation is generally used throughout this book. 

2 
Limit State Design 

The design of an engineering structure must ensure that ( I) under the worst load
ings the structure is safe, and (2) during normal working conditions the deformation 
of the members does not detract from the appearance, durability or performance 
of the structure. Despite the difficu lty in assessing the p recise loading and variations 
in the strength of the concrete and steel, these requirements have to be met . Three 
basic methods using fac tors of safety to ach ieve safe, workable struct ures have 
been developed; they arc 

(I) /rhe permissible stress method in which ultimate st rengths of the 
materials are divided by a factor of safe ty to provide design stresses 
which are usually within the elastic range. 

(2) The load factor method in which the working loads are multiplied by a 
fac tor of safety,_l 

(3) The limit state method which multiplies the working loads by partial 
factors of safety and also divides the materials' ultimate strengths by 
further partial factors of safety. 

The permissible stress method has proved to be a simple and useful method but 
it does have some serious inconsistencies. Because it is based on an elastic stress 
distribu tion , it is not really applicable to a semi-plas tic material such as concrete , 
nor is it suitable when the deformations are not proportional to the load, as in 
slender columns. It has also been found to be unsafe when dealing with the 
stability of structures subject to overturning forces (see example 2.2). 

In the load facto r me thod the ultimate strength of the materials should be used 
in the calculations. As this method does not apply factors of safety to the material 
stresses, it cannot directly take accou nt of the variabili ty of the materials, and also 
it cannot be used to calculate the deflections or cracking at working loads . 

The limit state method of design overcomes many of the disadvantages of the 
previous two methods. This is done by applying partial facto rs of safety , both to 
the loads and to the material strengths, and the magnitude of the factors may be 
varied so that they may be used either with the plastic conditions in the ultimate 
state or with the more elastic stress range at working loads. This flexib ility is 
pa rticularly important If rull be nent. arc to be ob taIned from development of 
improved concre te and steel properties. 

1\ 
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2.1 Limit States 

The purpose of design is to achieve accep table probabilities that a structure will 
not become unfi t for its intended use - that is, that it will not reach a lim it state. 
Thus, any way in which a structure may cease to be fit for use will constitute a 
limit state and the design aim is to avoid any such condition being reached during 
the expected life of the structure. 

The two principal types of limit state are the ultimate limit state and the 
serviceability limit state. 

t (8) Ultimate Limit State ) 

This requires that the structure must be able to withstan d, with an adequate factor 
of safety against collapse, the loads for which it is designed. The possibili ty of 
buckling or overturning must also be taken into account , as must the possibili ty 
of accidental damage as caused, for example , by an internal explosion. 

(b) Serviceability Limit States 

Generally the most important serviceability lim it states are 

(I) Deflection - the appearance or efficiency of any part of the structure 
must not be adversely affected by deflections. 

(2) Cracking - local damage due to cracking and spalling must not affect 
the appearance, efficiency or durabili ty of the structure. 

(3) Durability - this must be considered in terms of the proposed life of 
the structure and its conditions of exposure. 

Other limit states that may be reached include 

(4) Excessive vibration - which may cause discomfort or alarm as well as 
damage. 

(5) Fatigue - must be considered if cyclic loading is likely. 
(6) Fire resistance - this must be considered in terms o f resistance to 

collapse, flame penetration and heat transfer . 
(7) Special circumstances - any special requiremen ts of the structure 

which are not covered by any of the more common limit states, such 
as earthquake resistance, must be taken into account. 

The relative importance of each limit state will vary according to the nature of 
the structure. The usual procedure is to decide which is the crucial limit state fo r 
a part icular structure and base the design on this. altho ugh durabili ty and fire 
resis tance requirements may well influence initial membe r sizing and concrete 
grade selection. Checks must also be made to ensure that all other relevant limit 
states are sa tisfied by the results produced. Except in special cases, such as water
retaining structures, the ultimate limit slate is generally critical for rein forced 
concrete although subsequen t serviceability checks may affect some of the details 
of the design. Prestressed concrete design, however, is generally based on service
ability conditions with checks on the ultimate limit state. 

In assessing a part icular limit state for a structure It Is necessary to consider aU 
the possi ble variable parnmeteu such as the load., lfi ltlerlai llrenaths and construc
tional tolerances, 
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2 .2 Cllaracteristic Material Strengths snd Chancteristic Loads 

2.2 I ChtutJcteristic MoteriDJ Strengths 

17 

The strengths of materials upon which design Is based are those strengths below 
which results are unlikely to fali. These are called 'characteristic' strengths. It is 
assumed that for a given material , the distribution of strength will be approxi
mately 'normal' , so that a frequency dlslribution curve of a large number of sample 
results would be·of the 'fonn shown in figure 2.1. The charactetisti~ "trength is . 
taken as that value below which it is unlikely that more than 5 per cent of the 
results will fall. This is given by 

fk '" fm - \.645 

where fk '" characteristic strength, f m '" mean strength,s '" standard deviation. 
The relat ionship between characteristic and mean values accounts for variations 

in results of test specimens and will , therefore, reflect the method and control of 
manufacture , quality of constituents. and nature of the material. 

NumbQr 
0 1 tQst 
!.pIlCirrQn 
rQsu1ts 

MQon st r llng t h (1m) 
I 
I 

StrQngth 

FiJUre 2.1 Normol frtqutncy diJrribution of Itrtngtht 

22 2 ChortJcteristic Loads 

Ideally it should also be possible to assess loads statistically, in which case 

characteristic load = mean load ± 1.64 standard deviations 

In most cases it is the maximum loading on a structural member that is critical and 
the upper, positive value given by this expression is used, but the lower, minimum 
v3lue may apply when considering stability or the behaviour of continuous members, 

These characteristic values represent the limits within which at least 90 per 
cent of values will lie in practice. It is to be expected that not more than 5 per 
cent of cases will exceed the upper limit and not more than 5 per cent will fall 
below the lower limit. They are design values which take into account the accuracy 
with which the loads can be predicted . 

Usually, however, there is insufficient statistical da ta to allow loading to be 
treated in this way, and in this case the sti ndard loadings, given in BS 6399 Design 
Loads for Buildings, Pari I : Code of PractiCe for dead lind Imposed loads, should 
be used as representing characterlsllc vlllue., 
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2 .3 Partial Factors of Safety 

Other possible variations such as constructional tolerances are allowed for by 
partial fac tors of safety applied to the strength of the materials and t o the load
ings. It should theoretically be possible to derive values for these from a mathe
matical assessment of the probability of reaching each limit state. Lack of adequate 
data, however, makes this unrealistic and in practice the values adopted are based 
on experience and simplified calculations. 

• 
2.3.1 Partiol Factors of Safety for Materials ('Ym) 

De 
. h cJracteristic strength (ft) 

sign strengt = 
partial fac tor of safety (7 m) 

The following factors are considered when selecting a suitable value for 1m 

( I) The strength of the material in an actual member. This strength will 
diffe r from that measured in a carefully prepared test specimen and it 
is particularly true for concre te where placing, compaction and curing 
are so important to the strength. Steei, on the other hand , is a relatively 
consistent material requiring a small partial factor of safety. 

(2) The severity of the limit state being considered. Thus, higher values are 
taken for the ultimate limit state than for the serviceability limit state. 

Recommen ded values for 'Ym are given in table 2.1 although it should be noted 
that for precast factory conditions it may be possible to reduce the value for 
concrete at the ultimate limit state. 

Table 2.1 Part ial factors of safety applied to mate rials ('Ym) 

Material 
Limit state 

Concrete 

Ultimate 
Flexure 1.5 
Shear 1.25 
Bond 1.4 

Serviceabili ty 1.0 

2.3.2 Partial Factors of Sofety for Loads ('Yf) 

Errors and inaccuracies may be due to a number o f causes: 

( I) design assum ptions and inaccuracy o f calculation 
(2) possIble unusual load increases 
(3) unforeseen stress redistributions 
(4) construct ional lnaccu rllcles. 

Steel 

1.1 5 
1.1 5 

1.0 
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These cannot be ignored, and are taken In to account by applying a partial factor 
of safety CYr) on the loadings, so that 

design load = characteristic load X partial factor o f safety h t) 
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The value of this factor should also take in to account the importance of the limit 
state under consideration and reflect to some extent the accuracy with which 
different types of loading can be predicted . and the probability of particular load 
combinations occurring. Recommended values are given in table 2.2. It should be 
noted that design errors and constructional inaccuracies have similar effe cts and 
are thus sensibly grouped together. T hese fa ctors will account adequately for 
normal conditions although gross errors in design or construction obviously can 
not be catered for. 

Load combination 

Dead & Imposed 
(+ Earth & Water) 

Dead & Wind 
(+ Earth & Water) 

Dead & Imposed 
& Wind 
(+ Earth & Water) 

Table 2.2 Partial factors of safety for loadings 

Ultimate 

Dead Imposed Earth Wind 
& Water 

(>0) (>Q) <>Q) (>w) 

1.4 1.6 1.4 
(or 1.0) (or 0.0) 

1.4 1.4 1.4 
(or 1.0) 

1.2 1.2 1.2 1.2 

Serviceability 
All 

(Yo ' 'YO ' l'w) 

1.0 

1.0 

1.0 

The lower values in brackets applied to dead or imposed loads at the Ul timate Limit State 
should be used when ·minimum loading is CJitica.L 

2.4 Global Factor of Safety 

The use of partial facto rs of safety on materials and loads offers considerable 
flex ibility. which may be used to allow for special conditions such as very IUgh 
standards of construction and control or, at the o ther extreme, where structural 
failure would be particularly disastrous. 

The global fa ct or of ~fety against a particular type of failure may be ob tained 
by multiplying the appropriate partial factors of safety. For instance, a beam 
failure caused by yielding of tensile reinforcement would have a factor of 

"Ym x 'Yr = US x 1.4'" 1.61 for dead loads only 

o r 

1.1 5 x 1.6 · 1.84 for live loads only 

11IUI the prllctlcal case will have a valuc betwecn these, depending on the rela tive 
lo.dlna pro portions, and this can be comparod wit h the value of 1.8 which has 
,onor.lly been used as the overall fac lo r In the tOld flc lo r design approach. 
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Similarly , failure by crushing of the concrete in the compression zone has a 
factor of 1.5 x 1.6"" 2.40 due to live loads only , which renects the fact that such 
failure is generally without warning and may be very serious. Thus the basic values 
of part ial factors chosen afe such that under normal circumstances the global 
factor of safety is similar to that used in earlier design methods. 

Example 2.1 

Determine the cross-sectional area of a mild steel cable which supports a total 
dead load of 3 .0 kN and a live load of 2 .0 kN as shown in figure 2.2. 

The characteristic yield stress of the mild steel is 250 N/mml . 
Carry out the calculations using ) 

(1) The load factor method with a load factor "" 1.8 . 
(2) A pennissible stress design with a facto r of safety of 1.8 on the yield 

stress. 
(3) A limit state design with the following factors of safety. 

'YG = 1.4 for the dead load, 'YQ '" 1.6 for the live load, 'Y m = 1.15 for the steel 
strength. 

Liv~ lood ·2'DkN 

O<zod lood • 3'DkN 

Figure 2.2 

(a) Load Factor Method 

Design load = load factor (dead load + live load) 

= 1.8 (3 .0 + 2.0) = 9.0 kN 

design load 
Required cross·sect ional area = =~'""= 

yield stress 

• 9.0x 10' =36 mm2 
250 

LIMIT STATE DESIGN 

(b) Permissible Stress Method 

Design load = 3.0 + 2.0 • S.O kN 

Permissible stress 

Required cross·sectional area 

(c) Limit State Method 

= yield stress 

safety fac tor 

250 
= - = 139 N/mm2 

1.8 

design load 
= -=~=

permissible stress 

= 5 .0xl 0
3 

=36mm2 

139 

Design load = 'Yo x dead load + 'YQ x live load 

"" 1.4 x 3.0 + 1.6 x 2.0 "" 7.4kN 

D . , _,_h="=,=,,=,=,j=,,=,,,-,-Y'=· ,=ld=,=,=,,=,,= eSlgn s ress = 
7m 

250 =_ . = 217N/mm2 

1.1 5 

Required cross.sectional area = design load 
design st ress 

7.4 x 103 

217 

= 34,1 mm2 

2 1 

These different design methods all give similar results for the cross·sectional area. 
Fewer calculations are required for the permissible stress and the load factor 
methods, so rcducing the chances of an arithmetical error. The limit state me thod 
provides much better control over the facto rs of safe ty , which are applied to each 
of U1 C variables. For convenience , the partial factors of safety in the example are 
the sume as those recommended in BS 8 110. Probably , in a practical design, higher 
rlCIOTS of safety would be preferred for a single support ing cable, in view of the 
consequences o f a failure. 

, X"lnlll t1 2. 2 

Illufl 2.3 Ahows 0 beom supported o n foundlitlOnJ lLt A and B. The loads sup-
1'01111.1 by the beam arc Its OWl! unlfonnly dlJlrlbutcu dCld weight of 20 kN/ m 
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and a 170 kN live load concentrated at end C. Determine the weight of fo unda
tion required at A in order to resist uplift 

(I) by applying a factor of safe ty of 2.0 to the reaction calculated for the 
working loads 

(2) using a limit state approach with partial factor~ of safety of "Yo '" 1.4 
or 1.0 for the dead load and"1Q = 1.6 for the live load. 

Investigate lIle effect on these designs of a 7 per cen t increase in the live load. 

) 170l<.N !Iva load 

bQ:om 

fo undat ion 

I, Om • 1. 2m I 

(0) 

' ,6)( l ivll lood 

, '4 _d<lod 
' -0 )( dQOd load ' Ioed 

I-oA-===---=-CC--t; 1', .<='--c 
(tI) l oading QrI"ongatTlQnt 101'" upl i f t at A at t ha 

ult imata limit stota. 

(a) Factor of Safety on Uplift = 2.0 

Taking moments about B 

Figure 2.3 

(1 70 x2 - 20 x 8 x 2) = 3.33 kN 
Uplift R A = 6.0 

Weight of foundation required = 3.33 x safety factor 

=3.33x2.0=6.7kN 

With a 7 per cen t increase in the live load 

. _ ( 1.07xI70x2 - 20 x8x2) =7.3 kN 
Uplift RA - 6,0 

Thus with II slight increase in the live load there II II ' lgnlOcant increase in the up
lift lind the st ructure becomes unSllfe, 
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(b) Limit State Method 

The arrangement of the loads for the max.lmum uplift at A is shown in figure 2.3b. 

Design dead load over DC - 'Yc x 20 x 2 

· 1.4 x 20 x 2 '" 56 kN 

Design dead load over AS "" 'YG x 20 x 6 

= 1.0x 20 x 6= 120kN 

Design live load ='YQx I 70 

"" l.6 x 170 = 272 leN 

Taking moments about B fo r the ultimate loads 

UpliftRA = (272 x 2 +56 x I - 120 x 3) ;40kN 
6.0 

Therefore weight of foundation required = 40 kN . 

A 7 per cent increase in the live load will not en danger the structure, since the 
actual uplift will only be 7.3 leN as calculated previously. In fact in this case it 
would require an increase of 65 per cen t in the live load before the uplift would 
exceed the weight of a 40 leN foundation. 



3 
j 

Analysis of the Structure 

A reinforced concrete structure is a combina tion of beams, columns, slabs and 
walls . rigidly connected together to fann a monolithic frame. Each individual 
member must be capable of resisting the forces acting on it , so that the determina
tion of these forces is an esSential part of the design process. The full analysis of a 
rigid concrete frame is rarely simple; hut simplified calculations of adequate 
precision caD often be made if the basic act ion of the structure is understood. 

The analysis must begin with an evaluation of all the loads carried by the 
struc ture, incJudlng its own weight . Many of the loads are variable in magnitude 
and position, and all possible critical arrangements of loads must be considered. 
Fint the structure itself is rationalised into simplified forms that represent the 
load.carrying action of the prototype . The forces in each member can then be 
de termined by one of the following methods. 

(1) Applying moment and shear coefficients . 
(2) Manual calculations. 
(3) Computer methods. 

Tabulated coefficients are suitable for use only with simple. regular structures 
such as equal·span continuous beams carrying unifonn loads. Manual calculations 
are possible for the vast majority of structures, but may be tedious for large or 
complicated ones. The compu ter can be an invaluable help in the analysis of even 
quite small frames. and for some calculations it is almost indispensable. However, 
the amount of output from a computer analysis is some times almost overwhelming; 
and then the results are most readily interpreted when they are presented diagram· 
matically by means of a graph plotter or other visual device. 

Since the design of a reinforced concrete member is generally based on the 
ultimate limit state, the analysis is usually performed for loadings corresponding 
to tha t state. Prestresse d concrete members. however , are normally deSigned for 
serviceability loadings. as discussed in chapter 12. 

3.1 Loads 

The loads 011 p st ructure ure divided Into tWO typel: ~deud' loads . and ' live ' (or 
imposed) lauds. Dead loads are tholC which liTO Ilormlilly permQnent Qnd constant 
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during the structure's life. Live loads. on the other hand. are transient and are 
variable in magnitude, as forexample those due to wind or to human occupants. 
Recommendations for the loadings on buildings are given in the British Standards , 
numbers BS 6399: Part 1. Design loads for Buildings, and CP3: Chapter V: Part 2. 
Wind loads. Bridge loadings are specified in BS 5400: Part 2, Specification for 
Loads. 

A table of values for some useful dead loads and imposed loads is given in the 
appendix. 

3.1.1 Dead Loads 

Dead. loads include the weight of the structure itself, and all architectural com· 
ponents such as exterior cladding, partitions and ceilings. Equipment and static 
machinery, when permanent flxtures. are also often considered as part of the dead 
load. Once the sizes of all the structural members, and the details of the architec· 
tural requirements and permanent fixtu res have been established, the dead loads 
can be calculated qui~e accurately; but first of all , preliminary design calcula lions 
are generally required to estima te the probable sizes and self-weights of the 
structural concrete elements. 

For most reinforced concretes, a typical value for the self·weight is 24 kN per 
cubic metre, but a higher density should be taken for beavily reinforced or dense 
concretes. In the case of a building, the weights of any partitions should be calcu· 
lated from the architects' drawings. A minimum parti tion imposed loading of 
1.0 kN per square metre is usually specified, but this is only adequate for light. 
weight partitions. 

Dead loads are generally calculated on a slightly conservative basis, so that a 
member will not need redesigning because of a small change in its dimensions. 
Over·estimation, however, should be done with care , since the dead load can often 
actually reduce some of the forces in par ts of the structure as will be seen in the 
case of the hogging moments in the continuous beam of flgu re 3. 1. 

3. 1.2 Imposed Loads 

These loads are more difficult to determine accurately. For many of them, it is 
on ly possible to make conservative estimates based on standard codes of practice 
or past experience. Examples of imposed loads on buildings are: the weigh ts of its 
occupants. furniture , or machinery; the pressures of wind, the weight of snow , and 
of re tai ned earth or wa ter; an d the forces caused by thermal expansion or shrink· 
IIgc or the concre te. 

A large building is unlikely to be carrying its full imposed load simultaneously 
on 11 11 lis fl oors. For this reason the British Standard Code of Practice allows a 
reduction In the total imposed floor loads when the columns, walls or foun dations 
.IC desIgned. for a building more than two storeys high. Similarly, the imposed 
loud mlly be reduced when designing 1I beam span which supports a floor area 
,Ie'l ter than 40 square metres. 

Although Ihe wind load is au imposed 10Dd, it II kept In a separa te category 
... hon h. parllnl factors o f safe lY arc spatlne d, Ind whlln the load combinations 
,n th, . tructure are being con.ldercd . 
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3.2 Load Combinations 

3.2.1 Load Combinotions for the Ultimote State 

Various combinations of the characteristic values of dead load Gk> imposed load 
Qk, wind load Wk and their partial factors of safety must be considered for the 
loading of the structure. The partial factors of safety specified by BS 8110 are 
discussed in chapter 2 , and for the ultimate limit state the loading combinations 
to be considered are as follows. 

(1) Dead and imposed load ) 

lACk + 1.6 Qk 

(2) Dead and wind load 

1.0Gk + l.4Wk 

(3) Dead, imposed and wind load 

1.2Gk + 1.2Qk + 1.2Wk 

The imposed load can usually cover all or any part of the structure and. therefore, 
should be arranged to cause the most severe stresses . Load combination 1 should 
also be associated with a minimum design dead load of 1.0Gk applied to such parts 
of the structure as will give the most unfavourable condition. 

For load combination 1, a three-span continuous beam would have the loading 
arrangement shown in figure 3.1, in order to cause the maximum sagging moment 
in the outer spans and the maximum possible hogging moment in the centre span. 
A stu dy of the deflected shape of the beam would confirm this to be the case. 

Figure 3.2 shows the arrangements of vertical loading on a multi.span contin
uous beam to cause (i) maximum sagging moments in alternate spans and maximum 
possible hogging moments in adjacent spans, and (ii) maximum hogging moments 
at support A. 

As a simplification, BS 8110 allows the ultimate design moments at the supports 
to be calculated from one loading condition with all spans fully covered with the 
ultimate load lACk + 1.6Qk as shown in part (iii) of figure 3.2 . 

' ,4 G~ + ' ,6 Q k ' ,4 G~ + '·6 Q~ 

\ A \ ! c 

(a ) Loading Ar ra ngl2 ml2nt for Ma:»imum 
Sagging Mom(.!nt at A afld C 

r--T [-"1 
(bl DQ I IQCUd Sl10PQ 

Plpre 3.1 1'/",. '1Xlll /)H ili 

f 
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( i ) L oad ing A r r ang l2 m (2 nt f o r M ax i m um MOm (2nt s 
in tl1(2 Sp an s 

A 

1 
( i i) Load Arron gl2m (2 nt for M ax im um Su pport 

Mom(2 n t at A 

' ·4Gk + ' ,60.-

f f f f f f 
(i i i ) Load ing 10' D(2sign Mom(2 n t s a t th, Suppo r ts 

acco r d i n g t o 858 110 

Figure 3.2 Multi-tpan beQm loading arrangements 

f J 

Under load combination 2, dead and wind load, it is possible that a critical 
stabili ty condition may occur if, on certain parts of a structure, the dead load is 
taken as IAGk. An example of this is illustrate d in figure 3.3, depicting how the 
dead load of the cantilever section increases the overturning moment about 
support B. 

~ 

1·4 Wk 

I 

, , 
: 1 
'-4 

B 

Figure 3.3 Lood combimltio ll dead plus wind 

3.1' Lood Comb/nallofIJ for the SerlJIC(!Qblllry Limit State 

27 

A pinl.1 r.ctor of safe ty of 'Y( - 1,0 I, OIUIlUy applied to all load combinations at 
thl MrvlceabllI ty limit state. 
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In considering deflections, the imposed load should be arranged to give the 
worst effects. The deflections calculated from the load combinations arc the 
immedia te denections of a structure . Deflection increases due to the creep of the 
concrete should be based only on the dead load plus any part of the imposed load 
which is permanently on the structure , this being considered fully in chapter 6, 
which deals with serviceabili ty requirements. 

3.3 Analysi<l of Beams and Frames '. 
) 

To design a structure it is necessary to know the bending moments , torsional 
moments, shearing forces and axial forces in each member. An elastic analysis is 
generally used to determine the distribution of these forces within the structure ; 
but because - to some extent - reinforced concrete is a plastic material, a limited 
redistribution of the elastic moments is sometimes allowed. A plastic yield-line 
theory may be used to calculate the moments in concre te slabs. The properties of 
the materials, such as Young's modulus, which are used in the structural analysis 
should be those associated with their characteristic strengths. The stiffnesses of the 
members can be calculated on the basis of anyone of the follOwing. 

(1) The entire concrete cross-section (ignoring the reinforcement). 
(2) The concrete cross-section plus the transformed area of reinforcement 

based on the modular ratio. 
(3) The compression area only of the concrete cross-section, plus the 

transformed area of reinforcement based on the modular ratio. 

The concrete cross-section described in (I) is the simpler to calculate and would 
normally be chosen. 

A structure should be analysed for each of the critical loading conditions which 
produce the maximum stresses at any particular section . This procedure will be 
illustrated in the examples for a continuous beam and a building frame. For these 
structures it is conventional to draw the bending-moment diagram on the tension 
side of the members. 

Sign Conventions 

(I ) For the moment-distribution analyses anti-clockwise support moments 
are positive as. for example , in table 3. 1 for the flXed end moments 
(FEM). 

(2) For subsequently calculating the moments along the span of a membe r, 
moments causing sagging are positive , while moments causing hogging 
are negative , as illustrated in figure 3.5. 

3.3.1 Non-conrinuous Beams 

One-span , simply supported beams or slabs are statically determinate and the 
analysis for bending moments and shearing for cel ls readily performed manually. 
For the ultimate limit state we need only conside r the mlxlmum load of I.4Ck 

+ 1.6 Qk on the span. 
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Example 1.1 Analysis of a Non-conti"uouJ Beam 
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The one-span simply supported beam shown in figure 3.4a carries a distributed 
dead load inclu ding self·weight of25 kN/m , a permanent concentrated partition 
load of 30 kN at mid-span, and a distributed imposed load of 10 kN/m . 

Figure 3.4 shows the values of ultimate load required in the calculations of the 
shearing forces and bending moments. 

1 4X30 . 42kN 

1 

4 'Om 

(0) Ult imotll Load 

123kN~21 
~23kN 

(b) Shllar ing For cll Olagram 

(c) Bllndlng Momllnt Dia gram 

Figure 3.4 Analysis of one-span beam 

Maximum shear force 
42 204 = - + -
2 2 

= 123 kN 

Maximum bending moment = 42 x 4 + 204 x 4 
4 8 

=144kNm 

The analysis is comple ted by draWing the shearing·force and bending-momen t 
dIagrams which would later be lliIed in the design and detailing of the shear and 
bending reinforcement. 

1.1.2 Continuous Beams 

The methods of analysis for continuous beams may also be applied to continuous 
Ilabs which span in one direction. A continuous beam is considered to have no 
fix.ity with the supports so that the beam is free to rotate. Thls assumption is not 
' Inctly true for beams framing into columns and for that type of continuous beam 
Ills more accurate to analyse them as part of a fra me, as described in section 3.3 .3. 
A simplified method of analysis that can be applied to slabs is described in 
chapter 8. 

A continuous beam should be analysed for Ihe loading IIrrangements which give 
lhe maximum stresses at each secllon, II desotlbcd In .cctlon 3.2.1 and illustrated 
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in figu res 3.1 and 3.2. The analysis to calculate the bending moments can be 
carried out manually by moment distribution or equivalen t methods, but tabulated 
shear and moment cocfncients may be adequate for continuous beams having 
approximately equal spans and uniformly distributed loads. 

Continuous Beams - The General Case 

Having determined the moments at the supports by, say, moment distribution, it 
is necessary to calculate the moments in the spans and also the shear forces on the 
beam. For a uniformly distributed load, the fqua tions (or the shears and the maxi· 
mum span moments can be derived from the following analysis. 

Using the sign convention of figure 3.5 and taking moments about support B: 

therefore 

and 

wL' 
VABL - -- +MAB - MsA=O 

2 

wL 
VAB= - -

2 

VSA '" wL - VAS 

(3 .1) 

(3.2) 

Maximum span moment Mmtx occurs at zero shear, and distance to zero shear 

therefore 

VAS' -- +MAB 
2w 

The points of contraflexure occur at M = 0, that is 

(3.3) 

(3.4) 

where x is the distance from support A. Taking the roots of this equation gives 

x = VAS ± V(VAS
1 + 2wMAS ) 

so that 

w 

VAS - V(VAS' + 2wMAS) 

w 

Q:J _ L _ V .... u + V(VAS' + 2wMAU) 

w 

(3.5) 

(3.6) 
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A similar analysis can be appliod to bellms that do not support a uniformly dis
tributed load. In manual calculations It Is usually not considered necessary to 
calculate the distances at ,Q, and Qa which locate the points of contra flexure and 
maximum moment - a sketch of the bending moment is often adequate - but if a 
computer is perfonning the calculations these distances may as well be determined 
also. 

A L ood . w /rTlat l"a B 

1'" 
........ .. 

:r , 

SF 

B.M 

Figure 3.5 Shean and momenllin a beam 

Example 3.2 A nalysis of a Continuous Beam 

The ~ontinuous beam shown in figure 3.6 has a constant cross-section and supports 
a uOlfonnly distributed dead load including its self-weight of Gk '" 25 kN/m and an 
imposed load Qk "" 10 kN/ m. 

The critical Joading arrangements for the ultimate limit state are shown in 
figure 3.6 where the heavy line indicates the region of maximum moments, sagging 

A Gk ~25kNfm. Q~ . 1OkN/m o 

t 6·0m ]~ 4 'Om j: 6 'Om j 

(1-4" 25 .1·6,,10)6 

(1) I = 306kN I 306kN 

(3 )LI __ 3,-06:..:.._' __ N_-,_::20:;,4_' __ N:":".L_....::3::06,:::'::N __ 
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Stiffness (k) 

DistT. factors 

Load (kN) 

F.E.M. 

= 

Balance 

Carry over 
Balance 

Carryover 
Balance 

Carry over 
Balance 

Carryover 
Balance 

M(kN m) 
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Table 3.1 Moment distribution for the fIrSt loading case 

A B C D 

3 I I 3 I - - - - -
4 L L 4 L 

3 I I 
- . - =0.125 = - =0.25 = 0. 125 
4 6 4 

0.125 ) 0.25 

0. 125 + 0 .25 0.1 25 +0.25 

• 1/3 = 2/3 2/3 1/3 

306 100 306 

0 
- 306 x 6 

± 
100 )(4 + 306 x 6 0 

8 12 8 

0 - 229.5 +33.3 - 33.3 +229.5 0 

+ 65.4 +l30.8 X - 130.8 - 65.4 

- 65.4 + 65.4 
+ 21.8 + 43.6 - 43 .6 - 21.8 

- 21.8 + 21 .8 
+ 7.3 + 14.5 - 14.5 - 7.3 

- 7.3 + 7.3 
+ 2.4 + 4.9 - 4.9 - 2.4 

- 2.4 + 2.4 
+ 0.8 + 1.6 - 1.6 - 0 .8 

0 - 131.8 +131.8 - 131.8 +13 1.8 0 

or possible hogging. Table 3. 1 is the moment distribution carried out for the frrst 
loading arrangement: similar calculations would be required for each of the remain· 
ing load cases. It should be noted that the reduced stiffness of } JjL has been used 
for the end spans. 

The shearing forces, the maximum span bending moments, and their positions 
along the beam , can be calcula ted using the formulae previously derived. Thus for 
the first loading arrangement and span AD, using the sign convention of figure 3 .5 : 

Shear VAD 
load c __ 

2 

'" 306 _ 131.8 ", 131.0 kN 
2 6.0 

V OA - loa d VA D - 306 Il I O- 115 .0kN 
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Maximum moment, span AD '" 

where w:: 306/6.0:: 51 kN/m. Therefore 

131.01 

Mmax'" -- :: 168.2kN m 
2 X 5 1 

Distance from A, Q3 :: VAB '" 131.0 :: 2.6 m 
w 5 1 

132 132 

~ 
(" 'C7~ 

168 168 

90 90 

(2) 
/I':" ~ 

72 72 
11.9 11.9 

A:=:1\ 
(3 ) 

161 16 1 

Flaure 3.7 Bending·moment diagrtlms (kN m) 

{" 
131 175 

G 5~ ~ 
~~"""'J 

175 131 

90 

{2{ ---=::::::::::: ~ ----=:::::J 
90 102 60 

128 10 2 178 ~ 

{3{ G ~ [~ 
~ ['92 ""'J "-J 128 

178 

33 
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The bending-moment diagrams for each of the loading arrangements 8re shown in 
figure 3.7. and the corresponding shearing-force diagrams are shown in figure 3.8. 
The individual bending-moment diagrams are combined in figure 3.98 to give the 
bending-moment design envelope. Similarly, figuxe 3.9b is the shearing-force design 
envelope. Such envelope diagrams are used in the detailed design of the beams, as 
described in chapter 7. 

14 9 149 

(0) -- ---
168 168 

178 
131 102 

--- -, "'~~ ... --( b) ' N " 
102 131 

178 

Figure 3.9 Bending-moment and Iheo:ringforce enl'e /Opes 

Continuous Beams with Approximately Equal Spans and Uniform Loading 

The ultimate bending moments and shearing forces in continuous beams of three 
or more approximately equal spans can be obtained from BS 8110 provided that 
the span s differ by no more than 15 per cent of the longest span, that the loading 
is uniform. and that the characteristic live load does not exceed the characteristic 
dead load. The values from BS 8110 are m own in diagrammatic form in figure 3.1 0 
for beams (equivalent simplified values ror slabs are given in chapter 8). 

The possibility of hogging moments in any of the spans should not be ignored, 
even ir it is not indicated by these coefficients. For example, a beam of three equal 
spans will have a hogging moment in the centre span ifQk exceeds Gk/ 16. 

End Span 

0 ·11 FL 

.11 
(0) ,~ 

Bl2nding Moml2nt s O'09FL 

O'45F 

( b) c-----.... 
S h 120 ring For c I2S '-----""<:::::::j-=----, 

O' 6F 

Intl2r ior Spon 

O·OBFL o·oen 

~ 
O·SSF 

~ 
~ 

O' S5 F 

F . Totol ultim ata load on span. ( 1'4 Gk+ l ·e Ok lkN 

L • EIfQctlVQ spon 

Figuril 3.10 Bf!ndlfll·mOmtnt tJnd IhtQr/nl'/OIc, ""'!ftd,,,,, for bttrml 
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3.J.J Structural Frames 

In situ reinforced concrete structures behave 3S rigid fmmes. and should be analysed 
as such. They can be analysed as a complete space frame or be divided into a series 
or plane rrames. Bridge-deck iypes o r structures can be analysed as an equivalent 
grillage. whilst some form or fin ile-element analysis can be utilised in solving com
plicated shear-wall buildings. All these methods lend themselves to solution by the 
computer. but many frames can be simplified for solution by hand calculations. 

The general procedure for a building rrame is to analyse the slabs as continuous 
members supported by the beams o r structural walls. The slabs can be either one
way spanning or two-way spanning. The columns and main beams are considered 
as a series of rigid plane rrames, which can be divided into two types: (l) braced 
frames supporting vertical loads only, (2) frames supporting vert ical and lateral 
loads. 

Type I frames are in buildings where none of the lateral loads , including wind , 
are transmitted to the columns and beams but are carried by shear walls or other 
forms of bracing. Type 2 frames are designed to carry the lateral loads, which 
cause bending, shearing and axial for ces in the beams and columns. For both types 
of frame the axial forces due to the ve rtical loads in the columns can normally be 
calculated as if the beams and slabs were simply supported . 

Braced Frames Supporting Vertical Loads Only 

A building frame can be analyse d as a complete frame , or it can be Simplified into 
a series of substitute frames for analysis. The frame shown in figure 3.11 for 
example . can be divided into any of the subframes shown in figure 3.12. 

The substitute frame I in figu re 3.12 consists or one complete floor beam with 
its connecting columns (which afe assumed rigidly flXed at their remote ends) . An 
analysis of this frame wil1 give the bending moments and shearing forces in the 
beams and columns for the floor level considered. 

Substitute frame 2 is a single span combined with its connecting columns and 
two adjacent spans, all fIXed at their remote ends. This rrame may be used to 

" n ~ , , 
Piau" 3. 11 8ulldr", """., 
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( ' ) 

Ha lf tiltna",s' 

(2) 

HOll stifln Q$$ Ha ll st iffnass 

(3) 

Figure 3.12 Subftitutt framer 

determine the bending moments and shearing forces in the central beam. Provided 
that the central span is greater than the two adjacent spans, the bending moments 
in the columns can also be found with this frame. 

Substitute frame 3 can be used to find the moments in the columns only. It 
consists of a single junction, with the remote ends of the members fixed. This type 
of subframe would be used when the beams have been analysed as continuous over 
simple supports. 

In frames 2 and 3, the assumption of fIXed ends to the outer beams over
estimates their stiffnesses. These values are, therefore , halved to allow for the 
flexibili ty resulting from continuity. 

The various critical Joading arrangements to produce maximum stresses have to 
be considered. In general these loading arrangements fo r the ultimate limit state 
as specified by the code are: 

(I) 

(2) 

Alternate spans loaded with tOlal ultimate load (IAGk + 1.6Qk) and all 
other spans loaded with minimum dead load (I .OGk); litis loading wiU 
give maximum span momenls and maximum column moments. 
AU spans loaded wllh the 10 lal ultlmale load ( l ACk + 1.6Qk) to pro
vide the design momenu at the ,upport,. 

J 

E 
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L 

Figure 3.13 SubftilUte f rame 
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When considering the critical loading arrangements for a column, it is sometimes 
necessary to include the case of maximum moment and minimum possible axial 
load, in order to investigate the possibility of tension fa ilure caused by the bending. 

Example 3.3 Analysis of a Substitute Frame 

The substitute frame shown in figure 3. 13 is part of t he complete frame in figure 
3.1 1. The characteristic loads carried by the beams are dead loads (including self· 
weight). Gk :: 25 leN/m, and imposed load, Qk :: 10 kN/m. unifo rmly dis tributed 
along the beam . The analysis of the beam will be carried out by moment distribu
tion: thus the member stiffnesses and their relevant distribution factors are first 
required. 

Stiffnesses, k 

Boam 

1= 0.3 x 0.6' ::5.4 x 10-3 m4 
12 

Spans AS and CD 

Span BC 

k OC -

5.4 X 10- ' 

6.0 
'" 0.9 X 10- 3 

5.4 x lO- s 

4.0 
- 1.35)( 10 ' 
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Columns 

Upper 

lower 
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J = 0 .3 X 0 .35 ' = 1.07 x 10- 3 m~ 
12 

ku' 
1.07 X 10- 3 

3.5 

I 
1.07 x)lO- 3 

4 .0 

'" 0.31 X 10- 3 

'" 0.27 X 10- 3 

kU + kL ;: (0.31 + 0.27) 10- 3 ;: 0.58 X 10- 3 

Distribution Factors 

J aints A and D 

'Lk:O.9+0.58= 1.48 

D.F'AB::: D.F.oc = 0.9 ;; 0.61 
1.48 

D.F.col$ '" 0.58 = 0.39 
1,48 

Joints Band C 

r.k = 0.9 + 1.35 + 0.58 '" 2 .83 

D.F·BA = D.F'CD::: 

D.F ·BC '" D.F,cB = 

0,9 '" 0.32 
2.83 

1.35 = 0.48 
2.83 

:: 0.58 = 0.20 
2.83 

The critical loading arrangements for the ultimate limit state are identical to those 
for the continuous beam in example 3.2 , and they are illustrated in figure 3.6 . The 
momen t distribution for the first loading arrangement is shown in table 3.2. In the 
table , the distributions for each upper and lower column have been combined, 
since this simplifies the layout for the calculations. 

The shearing forces and the maximum span moments can be calculated from 
the formulae of section 3.3.2. For the first loading arrangement and span AD: 

load 
Shear V .... n - -

2 
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• 306 _ ( - 73.4 + 136.0) = 143 kN 
2 6.0 

VBA = load - VAS IE 306 - 143 = 163 kN 

Maximummoment, spanAB = VAS" +MA B 
2w 

Distance from A, a3 

1432 
= -- - 73.4 = 126 kN m 

2 x 51 

'" VAB = 143 =2.8m 
w 51 
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Figure 3. 14 shows the bending moments in the beams for each loading arrange
ment: figure 3. 15 shows the shearing forces. These diagrams have been combined 
in figure 3.16 to give the design envelopes for bending momen ts and shearing 
fo rces. 

A comparison of the design envelopes of figure 3.16 and figure 3.9 will empha
sise the advantages of conside ring the concrete beam as part of a frame, not as a 
continuous beam as in example 3.2. Not only is the analysis of a subframe more 
precise, but many moments and shears in the beam are smaller in magnitude. 

The moment in each column is given by 

kool Mcol = 1:Mcol X -
Ekcols 

Thus, for the first loading arrangement and taking I:Mcol from table 3.2 gives 

column moment MAJ =74x 0.3 1 =40kNm 
0.58 

MAE = 74 x 0.27 = 34 kN m 
0. 58 

M SK= 46x 0.3 1 =25kNm 
0.58 

MOF - 46 x £:!2 =2 1 kN m 
0.58 

This loading arrange ment gives the maximum column moments, as plotted in 
figure 3. )7. 
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~ t{4kN m 40 7~ 

(O)~ 25 ~ 
126 126 

~ I 
(b ) } 

Figure 3.16 Bending-moment and ihearing-fora: envelop6 

40 25 25 40 
34 34 

Figure 3.17 Corumn bending moment (kN m) 
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Figure 3.18 Substiw.te frame 

Example 3.4 Anillysis ofa Substitute Frome for a Column 

The substitute frame for tlus example, shown in figure 3 .1 8 , is taken from the 
building frame in figure 3. 11 . The loading to cause maximum column moments 
is shown in the figure for Ck • 2S kN/m and QIe • 10 kN/m. 

ANALYSIS OF TI lE STRUCTURE 

The stiffnesses of these members arc Identical to those calculated in example 
3.3 , except that for this type of frame the beam sliffnesses are halved. Thus 

kAD . ! x 0.9 X 10- 3 '" 0.45 X 10- 3 

2 

kee '" ~ x 1.35 X 10- 3 = 0.675 X 10- 3 

upper colwnn ku :: 0 .3 1 x 10- 3 

lower column kL = 0. 27 X 10- 9 

"Lk = (0.45 + 0.675 + 0.31 + 0.27) x 10-3 

= 1. 70S X 10- 3 

ftxed-end moment MBA 

ftx.ed-end moment Mac 

Column moments are 

upper column Mu 

lower column ML 

6 
= 306 x - = 153 kNm 

12 

4 
= loox - =33.3 kNm 

12 

=( 153 - 33.3»( 0.31 =22kNm 
1.705 

= ( 153 _ 33.3) x 0.27 = 19 kN m 
1.705 

43 

The column moments are illustrated in ftgure 3.19. They should be compared with 
the corresponding moments for the in ternal column in ftgure 3.1 7. 

22 
19 k Nm 

Figure ].19 Co/urnll moments 

In examples 3.3 and 3.4 the second moment of area of the beam was calculated 
as bh' /12 for a rectangular section fo r simplicity. but where an in situ slab forms 
a flange to the beam, the second momcnt of U ti may be calculated fo r the T· 
section or L-section. 



44 REINFORCED CONCRETE DESIGN 

Frames Supporting Vertical Qnd Lateral Loads 

Lateral loads on a structure may be caused by wind pressures, by re tained earth, 
or by seismic forces. An unheaced frame subjected to wind forces, must be analysed 
for an the three loading combinations described in section 3.2.1. The vert ical
loading analysis can be carried out by the methods described previously for braced 
frames (see page 35). The analysis for the lateral loads should be kept separate and 
the forces may be calculated by an elastic analysis or by a simplified approximate 
method. For preliminary design calculations, and also for medium-size regular 
structures, a simplified analysis may well be adequate. 

BS 8110 recommends that any simplified form of analysis should assume 
pOints of contraflexure at the mid.lengths of all the columns and beams. A suit
able approximate analysis is th:,rantilever method. It assumes that: 

(1) Points of contraflexure are located at the mid-points of all columns 
and beams; and 

(2) The direct axial loads in the columns are in proportion to their distances 
from the centre of gravit y of the frame. It is also usual to assume that 
all the columns in a storey are of equal cross-sectional area. 

Application of this method is probably best illustrated by an example, as follows. 

Example 3.5 Simplified Anolysis for Lateral Loads - Contilever Method 

Figure 3.20 shows a building frame subjected to a characteristic wind load of 
3.0 leN per metre height of the frame. This load is asswned to be transferred to 
the frame as a concentrate d load at each Ooor level as indicated in the figure. 

By inspection , there is tension in the two columns to the left and compression 
in the columns to the right; and by assumption 2 the axial forces in columns are 
proportional to their distances from the centre line of the frame. Thus 

axial force in exterior column: axial force in interior column = 4.OP : 1.0P 

The analysis of the frame continues by considering a section through the top. 
st orey columns: the removal of the frame below this section gives the remainder 
shown in figure 3 .2 1a. The forces in this subframe are calculated as follows. 

(a) Axial Forces in the Columns 

Taking moments about paint s, I:.Ms = 0 , therefore 

and therefore 

thus 

5.25 x 1.75 +Px 6.0 - P x 10.0 - 4Px 16.0=0 

P:0.I35 leN 

N, = - N4 = 4.0p :::: 0.54kN 

N2 --N, - 1.OP - O.l35 leN 

ANALYSIS OF T il E STRUCTURE 

525kN 

l' 10'5kN 4t" z 
6 
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g 
11·25kN ' ''' 
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); 

12·0kN. '" -o 
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-----';'r, ?, ?, 
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?, 

I 8-0m 14-Om I 6 -0 01 I 

Figure 3.20 Frame with lateral load 

(b) Vertical Shearing Forces F in the Beams 

For each part of the subframe , I:.F = 0, therefore 

FI =NI =0.54kN 

F'2 :NI +N'2 =0.675 kN 

(c) Horizontal Shearing Forces H in the Columns 

45 
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E 
0 • 
E 
0 

• 

Taking moments about the paints of contraOexure of each beam , I:.M'" 0, therefore 

H , x 1.75 - N, x 3 .0 = 0 

H I =0.93 kN 

(HI +Hoz) J.75-N I xB.O- Nz x2.0=0 

H'2 = 1.70 kN 

The calculations of the equivalent forces for the fourth floor (figure 3.21 b) 
follow a similar procedure as follows. 

(d) Axial Forces in the Columns 

For the frame above sect ion tt' , I:.Mt = 0 , therefore 

5.25 (3x 1.75)+ 10.5 x 1.75 +Px 6.0 - P x 1O.0 - 4Px 16.0= 0 

P= 0.675 kN 

lherefore 

N l =4.0P =2.70kN 

N~ - 1.OP - O.68 kN 
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H, .0-93 , -
j 

N, . 4 QP 

• <>54 
(0) Rool 

0-54 

0·9' t 
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Figure 3.21 Sub/romer or the roof and fourth floor 

(e) Beam Shears 

FJ :::2.70 - 0.S4=2.16 kN 

F, '" 2.70 + 0.68 - 0.54 - 0 .135 = 2.705 kN 

(f) Column Shears 

HI x I. 7S + 0 .93 x 1.75 - (2.70 - 0.54) 3.0:: 0 

HI'" 2.78 kN 

H~ '" }(1O.5 + 5.25) - 2.78 = 5.1 kN 

Values calculated for sections t aken below the remaining fl oors afC 

third floor Nt = 7.03 kN 

PI = 4.33 kN 

HI = 4.64 kN 

N, = 1.76 kN 

F, = SA l kN 

H1 =8.49kN 

second floor N I = 14.14 kN N, :c 3.53 kN 

PI = 7.11kN 

II, · 6.61 leN 

F, · 8.88 kN 

IIl - 12.14kN 

1-75 

1075 

ANALYSIS or THE STRUCTURE 

rust floor Nt = 24.37 kN N, = 6.09 kN 

FI = 10.23 kN F, = 12.79 kN 

HI '" 8.74 kN H, '" 16.01 kN 

The bending moments in the beams and columns at their connections can be 
calculated from these results by the foUowing formulae 

beams MB =F x ~ beam span 

columnsMc :: H x f storey height 

so at the roof's external connection 

'6 
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8 ' 

1)·2 

MB ::: 0.54 x t x 6.0 

::: 1.6kN m 

Me ::: 0:93 x t x 3.5 

::: 1.6kNm 
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8 ·5 

4 ·9 6·5 

,~ 

8 ·' 1>0 

~ 
1)'2 

2 1' ) 

}3J 

'·4 
5·4 

5 ·4 

' <>8 

lo·e 

17·e 

17·e 

':>6 
17 '5 1,0:, 1-,;.6 

17' 5 

Ext<lrnol 
Column 

l"- I--
24 ' 4 

(.6 

6·5 

1) ' 0 

21·) 

1,0:, 

I"-

<;J: 

1>0 

' >3 

33J 

,.... 
24 ' 4 

' ·0 

>0 
89 

"9 
14 ' 9 

14 ·9 
24 '3 

32·0 

Intarno l 
Column 

Figure 3.22 Momentr (kN 111) and reoctionf (kN) 

As a check at each jOint, :tM(I -lJ\fc • 
The bending moments due to charactorlilic wind lOads In all the columns and 

beams of this structure oro shown In nguro 3 .22. 
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3.4 Redistribution of Moments 

Some method of elastic analysis is generally used to calculate the forces in a con
crete struc ture , despite the fact that the structure does not behave elastically near 
its ultimate load. The assumption of elastic behaviour is reasonably true for low 
stress levels; but as a section approaches its ult imate mo ment of resistance , plastic 
deformation will occur. This is recognised in QS 81 10, by allowing redistribution 
of the elastic moments subject to certain limitations. 

Reinforced concrete behaves in a manner midway be tween that of stcel and 
concrete. The stress-strain curves fo r the two materials (figures 1.5 and 1.2) show 
the clastoplastic behaviour of stcel and the plastic behaviour of concrete. The latter 
will fail at a relatively small compressive strain. The exact behaviour of a reinforced 
concrete section depends on tJ# relative quantities and the individual properties of 
the two materials. However, such a section may be considered virtually elast ic 
until the steel yields ; and then p lastic until the concrete fa ils in compression. Thus 
the plastic behaviour is limited by the concrete failure ; or more specificaUy, the 
concrete failure limits the rotation that may take place at a section in bending. A 
typical moment-curvature diagram for a reinforced concrete member is shown in 
figure 3 .23. 

r -- 1st Crock 

Com; t'""QtCl! 
cr ush ing 

Figure 1.21 Typical moment/curlVlwre diagrom 

Thus, in an indeterminate structure, once a beam section develops its ultimate 
moment o f resistance Mu . it then behaves as a plastic hinge resisting a constant 
moment of that value. Further loa ding must be taken by other parts of the struc· 
ture, with the changes in moment elsewhere bc ing jusl the same as if a real hinge 
existed. Provided rotat ion of a h inge does not cause crushing of the concre te , 
further hin ges will be formed until a mechanism Is produced. This requirement 
is considered In more detail In chuptcr 4 . 
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Exampk 1.6 Mom~nf Redistribution - Slng/~ Span Fix~d~nd Beam 

The beam shown in figure 3.24 is subjected to an increasing uniformly distributed 
load. 

Elastic support moment 
wL' 

• 
12 

Elastic span moment 
wL' • 
24 

In the case where the ultimate bending strengths are equal at the span and at the 
supports; and where adequate rotation is possible then the additional load w , " which the member can sustain by plastic behaviour, can be found. 

AI collapse 

1 ~ Lood ~::::.:':":"':t~,:.:":.:th::::r 
I L I 

El ost i c 8MO 

"'" . M
c ·"'" 

Addi t ional momant s d iagr am 
(H IIlg2S ot A ond C) 

Collop sCl! MCl!c hon ism 

~ zfElost lc B M.O (Collop~ loods ) -, ' 
w L2 ~ I F lno l COl lop!.", B MO - , ' 
12 ~ ..... _--_ .... 

F igure 3.24 Moment redistribution - Qne~{J4n bum 

wL' Mu:: _ . 
12 

wL' 
-~ + addi tional mid·span moment rna 
24 

where ma = (waL 1)/8 as for a simply supported beam with hinges at A and C. Thus 

WLl wL1 w L1 
-~ . - - + - ' -
12 24 8 

lIence 

where w is Ihe load to cause the first plostlc hlnao: Ihut the beom may carry a load 
of 1.33w with redistribution. 
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From the design point of view, the elastic bending-moment diagram can be 
obtained for the required ultimate loading in the ordinary way. Some of these 
moments may then be reduced ; hut this will necessitate increasing others to main
tain the static equilibrium of the structure. Usually it is the maximum support 
moments which are reduced, so economising in reinforcing steel and also reducing 
congestion at the columns. The requirements for applying moment redistribution 
are: 

(a) Equilibrium between internal and external forces must be maintained, 
hence it is necessary to recalculate the span bending moments and the 
shear forces for the load case involved. 

(b) At sections of largest moment the depth of neutral axis, X , is limited by 

x>@b - OA)d 

where d = the effective depth , and 

fj _ moment at section after redistribution 
b - moment at section before redistribution 

Th is rule effectively prevents any reduction of the moments in columns 
which are primarily compression members with large values of x, and 
this is dealt with more fully in chapter 4. 

c 

Elast ic maml! n ls 

__ 0 __ 0 - Red is tn bu te d mome n t s 

------ -- 70% of el a st i c moment s 

c bad e Redlst n bu t ed 
deS ign momen ts 

Ft,uII 3.25 Redillr/bullo" 01 hoUl", mOnkflll 
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(c) The moment of resistance of any section should be at least 70 per cent 
of the moment from the elastic analysis, hence al lowing up to 30 per 
cent redistribution. This requiremen t ensures that there can be no 
movement in the position o f the points of contrafl exure obtained from 
the elastic analysis as shown by figu re 3.25 . It thus also ensures that a 
sufficient length of tension reinforce ment is provided to resist cracking 
at the serviceability limit state. 
For unbraced structures over four storeys the redistribution is Limited 
to IO per cent, to prevent lateral instability. 

Example 3. 7 Mo~nf RediSfribution 

In example 3.3, figure 3. 14 it is requited to reduce the maximum support moment 
of MBA = 150 kN m as much as possible , but without increasing the span moment 
above the present maximum value of 126 kN m. 

'~1,~50 
t{ ' ~ 7 111 

A~B C~D 
12 1 121 

101 Or ig ina l Mome nts . lkNml 

14~2 10L. 10L. l L.2 
71 71 
~ 2 ~ 
~ ~ 

126 126 

{b l Red istr ibuted Moments 

~~~ 
- ~~"""J 

165 2 1[,1 

lei Shears. [kNI 

Figure 3.26 Momel/tr al/d Ihto" with Tediurlbution 

Figure 3 .26a duplicates the original bending-moment diagram (part 3 of figure 
J. 14) of example 3.3 while figure 3.26b shows the redistributed moments, with the 
. pan moment set at 126 kN m. The moment at support B can be calculated, using 
• rearrangement of equations 3.4 and 3.1 . Thus 

VAB = v'[(Mmu - MAB} 2wJ 

Iud 
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For span All. w. S I kN/m. there fore 

and 

VAil · v'1( 126 +70) x2x5 !) = 141 kN 

MUA • (141 - 5 1 ~6.0) 6.0 - 70 

=-142kNm 

VOA = 306 - 141 

'" 165 kN 

Reduction in M SA '" 150 - 14'2 

=8 kNm 

8 x 100 
= = 5.3 per cent 

150 

In order to ensure that the moments in the columns at j oint B are not change d by 
the distribution, moment Mac must also be reduced by 8 kN m. Therefore 

Mac = 112 - 8 = 104 kN m hogging 

Figure 3 .26c shows the revise d shearing·force diagram to accord with the redistri· 
buted moments. 

This example illustrates how, with redistribution 

(1) the moments at a section of beam can be reduced without exceeding 
the maximum design moments at other sections 

(2) the values of the column moments are not affected ; and 
(3) the equilibrium between external loads and internal fo rces is maintained. 

4 
Analysis of the Section 

A satisfactory and economic design of a concre te structure rarely depends on a 
complex theoretical analysis. It is achieved more by deciding on a practical over
ul! layout of the structure, careful attention to detail and sound constructional 
practice. Nevertheless the total design of a structure does depend on the analysis 
lind design of the individual member sections. 

Wherever possible the analysis should be kept simple, yet it should be based on 
the observed and tested behaviour of reinforced concrete membe rs. The manipula
tion and juggling with equations should never be allowed to obscure the funda
mcn tal principles that unite the analysis. The three most important principles are 

(1) The stresses and strains are related by the material properties, including 
the stress-strain curves for concrete and steel. 

(2) The distribution of strains must be compatible with the distorted shape 
of the cross-section. 

(3) The resultant forces developed by the section mllst balance the applied 
loads for static equilibrium. 

1 hcse principles are true irrespective of how the stresses and strains are distributed, 
or how the member is loaded, or whatever the shape of the cross-section. 

This chapter describes and analyses the action of a member section un der load. 
It de rives the basic equations used in design and also those equations required for 
tho preparation of design charts. Emphasis bas been placed mostly on the analysis 
IIssociated with the ultimate limit state but the behaviour of the section within the 
elastic range and the serviceabili ty lim it state has also been considered. 

Section 4. 7 deals with tlte redistributi on of the moments from an elastic analysis 
of the structure . and tIle effect it has on the equations derived and the design 
Il rocedure. 

4 .1 Stress-Strain Relations 

Short-term stress-strain curves lire prclOnt.d In U.t) H 110. 1 hclO curvcs aro in an 
Idealised fonn which can be llsed In tha IUI,ly,11 of m.mber .. cllonl. 
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4.1. J Concrtle 

The behaviour of structural concrete (figure 4. 1) is represented by a parabolic 
stress-strain relationship , up to a strain EO , from which point the strain increases 
while the stress remains constant. Strain EO is specified as a function of the 
characteristic strength of the concrete (feu), as is also the tangen t modulus at 
the origin. The ultimate design stress is given by 

0.67 f eu = 0.67 feu = 0.447 feu :=::: 0.45 f eu 
1m 1.5 

where the factor of 0 .67 allows for the difference between the bending st rength 
and the cube crushing strength of the concrete , and 'Ym, = I .S is the usual partial 
safety factor for the strength of concrete when designing members cast in situ. 
The ultimate strain of 0,0035 is typical for all grades of concrete. 

St r l!$5 
Nl m m 2 

Pa r abolic 
curVQ. 

0 -0035 

St ro in 

Figure 4.1 Short·term del ign ,"esl-strain curve- for conCrI!tl in compre-ufon 

4.1.2 Reinforcing Steel 

The representative short·tenn design stress-strain curve for reinforcement is given 
in figure 4.2. The behaviour of the steel is identical in tension and compression, 
being linear in the elastic range up to the design yield stress of /yl'Ym where fy is 
the characteristic yield stress and 'Ym is the partial factor of safety. 

Within the elastic range, the relationship between the streS! and strain is 

stress = elastic modulus x strain 

(4.1) 

50 that the design yield , train I. 

ANALYSIS OF THE SECTION 

St r ess 
N/ mm2 

Te n sion an d 
Compress ion 

200kN/mm2 

Str a in 

Figure 4.2 Short·term delign srreSI -ltrain curve for reinforcement 

At the ultimate limit fo r fy '" 460 N/mm2 

€y '" 460/(1.l5 x 200 x 103
) 

= 0.002 

Il nd for 

~ 

d 

L 

fy '" 250 N/mm2 

€y '" 250/(1.1 5 x 200 x 103
) 

'" 0 .00109 

~ 

1
d'3 • A~ • 

~.~ r I X . _ ._ . 
aXIs 

C" 

• As • 

~ (0) 

t r i a ngular 

S<lct lo n St ra ins 

$ " O·9x 

\.[ 

(b) (c) 

rQ;ctangul a r. equi va len t 

par abolic r ec t angular 

Str<lss B loc ks 

Figure 4 .3 Secrloll ..... llh llro tli d(agram and Ilress blocks 

4.2 The Distribution of Strains and SlressCSlL crOSt a Seclion 

The theory of bending for re in forced COllcrete ... ume. Iho t the concrete will 
crack In the regions of tensile sirains and IllIat . dlfr Clackln ••• 1\ the tension is 

55 
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carried by the reinforcement. It is also assumed that plane sections of a structural 
member remain plane after straining, so that across the section there must be a 
linear distribution of strains. 

Figure 4.3 shows the cross-section of a member subjected t o bending, and the 
resultant strain diagram . together with three different types of stress dis tribution 
in the concrete. 

(1) 

(2) 

(3) 

The triangular stress distribution applies when the stresses are very 
nearly proportional to the strains, which generally occurs at the loading 
levels encountered under work ing conditions and is , therefore, used at 
the serviceability limit state . 
The rectangular-parabolic stress block represents the distribution at 
fa ilure when th~ compressive strains are within the plastic range and it 
is associated with the design for the ultimate limit state. 
The equivalent rectangular stress block is a simplified alternative to the 
rectangular-parabolic dis tribution. 

As there is compatibility of strains between the reinforcement and the adjacent 
concre te, the steel strains Est in tension and Esc in compression can be determined 
from the strain diagram. The relationship between the depth of neutral axis (x) 
an d the maximum concre te strain ( Ecc) and the steel strains is given by 

(
d - x) 

Est == f cc -x- (4.2) ) 

, nd 

(
X - d') fsc == fcc - X-- (4.3) 

where d is the effective depth of tIle beam and d' is the depth of the compression 
reinforcement. 

Having determined the strains, we can evaluate the stresses in the reinforcement 
from the stress-strain curve of figure 4.2 , together with the equations developed 
in section 4.1.2. 

For analysis of a section with known steel strains, the depth of the neutral axis 
can be determined by rearranging equation 4.2 as 

d 
X" 

At the ultimate limit state the maximum compressive strain in the concrete is 
taken as 

Ecc = 0.0035 

(4.4) 

For steel with iy = 460 N/mm2 (he yield struln 1,0.00:2. Inscrtlng these values 
in to equation 4.4 : 

X" 

ANALYSIS OF THE SEctION 

~ .. d~~ "0.636d 

1 
0.002 + - - -

0.0035 

57 

Hence, to ensure yielding of the tension steel at the ultimate limi t state: 

x):> 0.636 d 

At the ultimate limit state it is important that member sections in flexure 
should be ductile and that failure should occur with the gradual yielding of the 
tension steel and not by a sudden catastrophic compression failure of the concrete. 
Also, yielding of the reinforcement enables the formation of plastic hinges so that 
redistribution of maximum moments can occur , resulting in a safer and more 
economical structure. To be very certain of the tension steel yielding, the code of 
prac tice limits the depth of neutral axis so that 

where 

x ):> (Ph ~ 0.4) d 

(3 - moment at t he section after redistribution 

b - moment at the section before re distribution 

Thus with moment redistribution not greater than 10 per cent , and Ph ;;;. 0.9: 

x»- 0.5 d 

This limit will normally be adopted for ultimate limit state design, but larger 
degrees of moment redistribution will require a smaller limit to x to ensure th ll t 
plast ic hinges can form, providing adequate rotation at the critical sections (see 
&cclion 4.7 and tabLe 4.1). 

4.3 Bending and the Equivalent RectanguJar Stress Block 

For the design of most reinforced concrete structures it is usual to commence the 
design for the conditions at the ultimate limit state, which is then followed by 
checks to ensure that the structure is adequate fo r the serviceability limit state 
without excessive deflection or cracking of the concrete. For this reason t he 
analysis in this chapter will fir st consider the simplified rectangular stress block 
which can be used for the design at the ultimate limit state . 

The rectangular stress block as shown in figure 4.4 may be used in preference 
to the more rigorous rectangular-parabolic stress block. This simplified stress 
dis tribution will facili tate the :lllalysis and provide more manageable design 
tHluutions, in particular when dealing with non -rec tangu lar cross-sections. 

It can be seen from the figure tha t the stress block does not ex tend to the 
neutra l axis of the section but has a dep th s · 0 .9 _'<. This will result in the centroId 
uf the stress block being s/2 = 0.45 x from the tOp cdge of the sect ion , wh ich Is 
very nearly the same location IlS for the more precise rec tangular-parabolic stress 
block; also the areas of the two typcs of SlfUI bluc.k Drc I1 pprox lmately equal (see 
acction 4.9). Thus Ihe mOmen t of reSISII1!1 CCl tll tho .ocelou will be similar using 
calculations bused on either of the twO II fOU hlill k. 
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x 

d r- --' ~' 

• A~ • 

~ 
Stellon S t r:o in s S t ress Btock 

Fiaurt 4.4 Singly ref/rorced section with rectangular rtrelS block 

The design equations derived in sections 4.4 to 4 .6 are for redistribution of 
moments being not greater than 10 per cent. When a greater moment redistribu
tion is applied , reference should be made to section 4.7 which describes how to 
modify the design equations. 

4.4 Singly Reinforced Rectangular Section in Bending 

Bending of the section will induce a resultant tensile force FSI in the reinforcing 
steel, and a resultant compressive force in the concrete F C(: which acts through 
the centroid of the effective area of concrete in compression, as shown in figure 
4.4. 

For equilibrium. the ultimate design moment, M must be balanced by the 
moment of resistance of the section so that 

M =F« xz"' Fscz 

where Z is the lever arm between the resultant fo rces Fc;<;. and Fsc . 

F« :: stress x area of action 

::: 0.45 fcu x bs 

z::d - s/2 

So tha t substituting in equation 4.5 

M::: 0.45 fcubs x z 

and replacing s from equation 4.6 

M:: 0.9 fcub (d - z)z 

Rearranging and substituting K :::M/bcP feu: 

(,/dJ' - (' /dJ + K10.9 : D 

Solving this quadratic equation : 

(4.5) 

(4.6) 

(4 .7) 

, • d 10.5 + V(0.25 KID QlI (4 .8)' 

ANALYSIS OF T HE SECTION 

which is the equation in the code of practice as 8 110 for the lever arm, z, of a 
singly reinforced section. 

In equation 4.5 

Hence 

Fsc::: (fyl"fm)As 

\ = 0.87 fyA . 

with 'Ym :Z 1.1 5 
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As = ::cc:"Mo-_ 
'- 0.87 f , xz 

(4.9)' 

Equations 4.8 and 4 .9 can be used to design the area of tension reinforcement in a 
concrete section to resist an ultimate moment,M. 

, ~ M/bd
1 

' t y 
,,, 0·06 0·07 o·oa ,." 0, ' 0 0- 11 0-12 0-1) 0·" 0 ·15 0 ·156 

(0 = z/d 

0·95 

~ 

~ 0 ·90 

0 '85 

0·80 

0·775 
a 

p-g4' o·na p-g,S 0, !t01 0' 88? 0·873 o-eS7 P- SH 0' 825 0'80? 0·789 0'775 

"-

~ 
"\ 
~ Compression 

r einfor cemen t 

I \("''') I 
I 
I 
I 
I , , , 
I , 

I 
30% 20% , 

0-05 0-10 0- 15 0,156 

K= ""/bd 2 feu 

The % va lu IZ5 an thl K aK is ma r k t he li mi ts 
l or sing l y re in farCCld s ec lions w i th momen t 

redistr ibut ion oppliQd ( .. . Sec tion 1. . 11 

FiJuro 4.5 L6W1N1fm cunf 

Equation 4.8 for the lever arm z call be ulCd to act up a table and draw a lever· 
arm curve as shown in figure 4 ,5 , lind tho CuM mly bo ulCd to detennine the lever 
arm, Z, instead of solving equlltlon 4 .8 , 
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The upper IIml! of the lever·arm curve, Z = 0.95, is specified by BS 8110. The 
lowe r limit of z • 0 .775 d Is when the depth of neutral axis x = d12, which is the 
maximum value allowed by the code for a singly reinforced section in order to 
provide a ductile sec tion which will have a gradual tension type failure as already 
described. With z = 0.775 d from equa tion 4. 7: 

M = 0.9 fcub (d - 0.775 d) x 0.775 d 

M = 0.156fcubd2 (4.10)* 

as marked on the lever-arm diagram. The coefficient 0.156 has actually been 
calculated using the concrete stress as more precisely equal to 0.67 fcui'r = 
0.447 fcu , instead of 0.45 feu . m 

VVhen ~ 

M 
-';"---- =K>0.156 
bd

2 feu 

compression reinforcement is also required to supplement the moment of resist
ance of the concrete . 

Example 4.1 Design of a Singly Reinforced R ectangular Section 

The ult imate design moment to be resisted by the section in figure 4 .6 is 185 kN m. 
Determine the area of tension re inforcement (A s) required given the characteristic 
material strengths are fy = 460 N/mm2 and feu = 30 N/mm2 • 

b ~ 260 

I ' "I 

A~ • • 

d . 440' 

Figure 4.6 Design eXDmp/e ~ singly reinforced section 

K= _ M_ 
bd

2 feu 

185 X \06 
= ::: 0.122 

260 X 4402 X 30 

<0.156 
therefore compression steel Is 1101 required. 

ANALYSIS OF TI-IE SECfION 

Lever arm : 

,=d lo.s + )(0 25 - :9)1 
.~ 440 {0.5 + )(0 25 - 0~:2) I 
::: 369 mm 

(Or alternatively , the value of z = lad could be obtained from the lever-arm 
diagram, figure 4 .5 .) 

M 
As= 

0.87 fyz 

185 X 106 

= =::.:.,::-~= 
0.87 x 460 x 369 

= 1253 mm2 

AnalYSis Equations for a Singly Reinforced Section 
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The following equations may be used to calculate the moment of resistance of a 
given section with a known area of steel reinforcement. 

For equilibrium of the compressive force in the concrete and the tensHe force 
In the steel in figure 4 .4: 

Fcc::: FSI 

0.45 feu b X s::: 0.87 fyAs 

There fore depth of stress block is 

s = 0.87 fyAs 

0.45 fcub 

and 

x::: $/0.9 

Therefore moment of resistance of the section is 

M=Fstx z 

= 0.87 {rA, (d - ,/2) 

= 0.87 {rA, (d _ 0.87 {r A ,) 
0.9 [ cub 

(4.11) 

(4.12) 

These equations assume lhe tonslon reinforcemen t has y ielded, which will be 
the case if x»- 0.636 d. If this Is no t tht! ClUe, tho problem would require solving 
by trying successive values of x un til 
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F« . F,. 

with the steel strulns Ilnd hence stresses being determined from equations 4.2 and 
4.1 , to be used In equation 4. 12 Instead orO.87 Iy. 

Example 4. 2 Analysis of Singly Reinforced Reclanguwr Section in Bending 

Determine the ultimote moment of resistance of the cross-section shown in figure 
4.7 given tha t the characteristic strengths 3rc Iy = 460 N/ mm1 (or the reinforce
ment and f eu = 30 Nfmm1 fo r the concrete. 

b ~ 300 
1 ·1 

d: 520 
z 

As = 1A70 sq,mm 

••• 

Figure 4,7 Analysis tXilmple - singly reinforced l ection 

For equilibrium of 'the compressive and tensile forces on the section 

Fee'" Fst. 

therefore 

there fore 

and 

0.45 feu bs = 0.87 fyAs 

0.45 X 30 X 300 X s = 0,87 X 460 X 1470 

s:: 145 mm 

x'" 5/0.9 = 145/0.9 

= 161 mm 

This value of x is less than the value of 0 .636 d derived from section 4.2, and 
therefore the steel has yielded and fSf. = 0.87 fy as assumed. 

Moment of resistance of the section is 

M=FSf, XZ 

• 0 .87 I,A , (d - ,/2) 

• 0.87 x 460 x 1470 (5 20 - 145/2) X 10 • 

-263 kNm 
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4.5 Rectangular Section with Compression Reinforcement at the tRtimate Limit 
State 

fa) Derivation of Basic Equations 

It should be noted that the equations in tltis section have been derived for the case 
where the reduction in moment at a section due to moment redistribution is not 
greater than 10 per cent. When litis is not the case, reference should be made to 
section 4.7 which deals with the effect of moment redist ribution. 

I-
b ,?:OO3? 0·45 feu 

I I 

• ,. Id' 
,.a9xI A, x = dl2 

f--- _. " d 

A, 

• • 

Sl2ct ion Stro lns St r l2ss Block 

Figure 4.8 Section with comprtlliOn reinforcement 

From the section dealing with the analysis of a singly reinforced section when 

M>0. 156fc.ubd' 

the design uitimate moment exceeds the moment of resistance of the concrete and 
therefore compression reinforcement is required. For this condition the depth of 
neutral axis, x l> 0.5 d, the maximum value al lowed by the code in order to ensure 
11 tension failure with a ductile section. 

Therefore 

z=d - s/2 =d - 0.9x/2 

=d - 0.9 X 0.5 d/2 

=0.775 d 

For equilibrium of the section in figure 4.8 

F st = Fcc + Ftc 

. 0 that with the reinforcement at yie ld 

or with 

0.87 fyA s = 0.45 fell bs + 0.87 fyA; 

,. 0.9 X d/2 • 0.45 d 

0.87 fyA . '" 0.201 fcubd t O .87/~A; 

Dnd taking momen ts about the centroid ollho ICln t lun Iteol , A. 

(4 . 13) 
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M = Fcc x z + Fsc (d ~ d') 

= 0.201 feubd x 0.775 d + 0.S7 fyA~ (d - d') 

= 0.156 feu bd'l + 0.S7 fyA~ (d - d') 

From equation 4.14 

A' = M - 0.156feu bd2 

s 0.S7 fy (d - d') 

(4.14) 

(4.15)' 

Multiplying both sides of equation 4.13 by z :: 0.775 d and rearranging gives 

A = 0.156feu bd'l A' 
s . + s 

0.S7 } x Z 
(4.16)" 

with z :: 0.775 d 

Hence the areas of compression steel, A;, and tension steel, As , can be calculate d 
from equations 4.15 and 4. 16. 

Substituting K' = 0.156 and K =-M/bd 2 feu into these equations would convert 
them into the same forms as in the code of practice, BS SI l O, which are 

A' = (K - K ')feu bd2 

s 0.87 fy (d - d') 
(4. 17)' 

A = K' fcu bd2 + A' , . . 
0.S7 fyz 

(4.18)' 

In this analysis it has been assumed that the compression steel has yielded so 
that the steel stressfsc = 0.S7 f y . From the proportions of the strain distribution 
diagram; 

~ :: 0.0035 
x - d' x 

(4.19) 

so that 

x-d' =-~ 
x 0 .0035 

At yield with fy = 460 N/mm2 , the steel strain esc = e y :: 0.002. Therefore for 
yielding of the compression steel 

:£ )- I _ 0.002 > 0.43 
x 0.0035 

(4.20)' 

as specified in the code. or with x = dl2 

ANALYSIS OF THE SECTION 

~ > 0.215 
d 
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(4.21 ) 

The ratio of d 'id for the yielding of other grades of steel can be determined by 
using their yield strain in equation 4.19, but for values of fy less than 460 N/mm'l, 
the application of equation 4.21 will provide an adequate safe check. 

If d '/d> 0.2 15, then it is necessary to calculate the strain e"" from equation 
4. 19 and then determine f~ from 

fSIC = Es X €"" = 200 000 Esc 

This value of stress fo r the compressive steel must then be used in the denominator 
of equation 4.15 in place of O.S7 fy in order to calculate the area A; of compres· 
sion steel. The area of tension steel is calculated from a modified equation 4.16 
such that 

(b) Design Charts 

... .. .. . . 
' 2 I- x/d = 0·) 

r/d= O·L --------
I- x. / d= 0·5 - ---- di e 

"0 
2 ·0 

1 ·5 

N 10 
E 
~ 8 2 

N 

" 0 6 , 
>: , 

2 

0 

feu = 30 . fy = L60 . dYd= 0 · 10 ~ . / 

1--- C'---
/ . V 

~ 
-- A -- -- - - -- :p;:; . / 

~ 
? 

/ 
/ 

05 1·0 1 5 2 ·0 2 ·5 3·0 

100 As/bd 

Figure 4.9 Typical design cllarl for doubly reinforced beams 

~ 
1 ·o~ 

-. 
0 .5 't o 

o 
o 

3 · 5 

The equ,Hions for the design charts urc obtulncd by taking moments about the 
ncutrnl axis. Thus 

M = 0.45 fell 0.9 X (x 0.9 xli.) t I_A; (x - (/') + filA . (d - x) 

rills equutlon and 4. 13 may be written ill tho form 
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I" A • • 0.201 f eu ~ + /1/; A; 
bd d bd 

M _ 0.401 feu X, (I _ 0.45) + 1st A; (=- _ :{) + lSI A, (I _ =-) 
bd' d ' bddd bd d 

For specifi ed ratios of A'Jbd. x/d and d'/d, the two non-dimensional equations can 
be solved to give values for A./bd and M/bd" so that a set of design charts weh as 
the one shown in figure 4.9 may be plo tted. Before the equations can be solved, 
the steel stresses f. and flf:. must be calculated fo r each value of x/d. This is 
achieved by flfSt determining the relevant strains from the strain diagram (or by 
applying equations 4.2 and 4.3) and then by evaluating the stresses from the stress
strain curve of fi gure 4.2 . Values of x/d below 0.5 apply when moments arc 
redistributed. 

Example 4.3 Design of a Rectangular Section with Compression Reinforcement 
(Moment Redistribudon Factor (3b > O. 9) 

The section shown in figure 4.10 is to resist an ultimate design moment of 
285 kN m. The characteristic material strengths are fy = 460 N/mm2 and 
feu ::: 30 N/mm2 . Determine the areas of reinforcement required. 

K:::~ 
bd2feu 

285 X 106 

: =C'-':-';;S;'-:", : O. IS 9 
260 X 4402 X 30 

> 0.1 56 
therefore compression steel is required 

d'/d: 50/440 : O. II < 0.2 

as in equation 4.21 and the compression steel will have yielded. 
Compression steel: 

A':: (K - K')fcu bd1 

• 0.87 f, (d ~ d') 

Ten sion steel: 

= (0. 189 - 0.156) 30x 260x 4402 

0.87 x 460 (440 ~ 50) 

'" 319 mm2 

As '" K' feu
bd 2 +A~ 

0.87 fyz 

'" 0.156x30x260x440
2 

+3 19 
0.87 x 460 (0.775 x 440) 

- 1726+319 - 204 5 mm2 

ANALYSIS OF THE SECTION 

. ,. 
A. 

A. 
• • 

FisUre 4.10 Design txomplt witll comprtltion reinforcement, fib .. 0.9 

EXIlmple 4.4 AtI4lysis of a Doubly Reinforced Recfangulor Section , 
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Detennine the ultimate moment of resistance of the cross-section shown in figure 
4.1 1 given that the characteristic strengths are fy = 460 N/mm2 for the reinforce
ment and feu = 30 N/mm2 for the concrete. 

d: 5 10 

• • 
A~ . 628 

' r-- -

As ·2410 

••• 

Sllct ion 

1. d" 50 

T_ _ " o_.9_xlcJ::-,----J 

Sl rC2SS Block 

Figure 4.11 A M/ytls txamplt, doubly reinforced ttctiOll 

For equilibrium of the tensile an1;l compressive forces on the section: 

Fit. = Fee. + Ftc 

Assuming initially that the steel stresses fat and ftc are the design yield values, then 

0.87 lyA. ::: 0.45 leu bs + 0.87 lyA; 
'111erefore 

s::: 0.87 If (AI - A~) 
0.45 leu b 

_ 0.87 x 460 (24 1 0 - 628) 

0.45 X 30 X 280 

- 189 mm 

, 
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x=.s/O.9"'2 IOmm 

x /d =2 10/510::0.4 1 <0.636 

so the tension steel will have yielded. Also 

d'/x:: 50/210:: 0.24 <0.43 

so the compression steel will also have yielded, as assumed. 
Taking moments abou t the tension steel 

M= Fc<; (d - s/2) + Fsc (d - d') 

'" 0.45 feu bs (d - s/2 ) + 0.87 f'lA~ (d - d') 

:::0.45 X 30 x280x 189 (510 - 189/2)+0.87 x 460 X 620(510 - 50) 

"'412x 10' Nmm 

If the depth of neutral axis was such that the compressive or tensile steel had not 
yie lded . it would have been necessary to try successive values of x until 

Fst =Fec + Fsc 

balances, with the steel strains and stresses being calcula ted from equations 4.2, 
4.3 and 4.1. The steel stresses at balance would then be used to calculate the 
moment of resistance. 

4.6 Flanged Section in Bending at t he U1timafe Limit State 

d 

bf O' 45fcu 

~' , ==~==~. , ~ ~ 

A, 
• • 
~ 
Sec tion 

J 5=O.9XI F. 512 

l ._._ - ,, } 

Str ess Block 

Figure 4.12 T·see/ion. stren bloek within the jltmge. s < hI 

T·sections and L-sections which have their flanges in compression can both be 
designe d or analysed in a similar manner, an d the equotlons which are derived can 
be applied to either type of cross·section. As the flanges generally provide a large 
compressive area, it is usuaUy unnecessary to consider the case where compression 
steel is required ; if it should be required , Ihe desilln wou ld be baaed on Ihe principles 
derived in section 4.6.3. 

ANA LYSIS OF TI lE SECTION 

For the singly reinforced section it is necessary to consider two condit ions: 

(I) the stress block ties within the compression nange, and 
(2) the stress block extends below the nange. 

4.6.1 Flanged Section - Ihe Depth of tile Sfrt!Js Block Lies Within the Flange. 
s < hf (figure 4.12) 
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For tltis depth of stress block, the beam can be considered as an equivalent 
rectangular section of breadth bf equal to the nange width. This is because the 
non.rectangular section below the neutral axis is in tension and is tllerefore con. 
sidered to be cracked and inactive. Thus K = M/brd1 feu ca n be c~culated a~d the 
lever ann determ ined from the lever·arm curve of figure 4.5 or equation 4 .8. The 
re lation between the lever arm; z, and depth, x , of the neutral ax is is given by 

z""d - O.Ss 

0, 

s = 2 (d - t) 

If s is less than the flange thickness (hf ), the stress block does lie within the nange 
as assumed and the area of reinforcement is given by 

A "" M 
s 0.87 f'lt 

Thc design of a T·section beam is described fur ther in section 7.2.3 with a worked 
example. 

EXample 4.5 A nalysis of a Flanged Section 

Octcrmine the ultimate moment of resistance of the T ·section shown in figure 
4. 13. The charac teristic material strengths are fy "" 460 N/mm2 and feu"" 30 N/mml. 

I ' 

d=420 

b, . 800 

. __ nQut r a l a~ 

• •• As . 1470mm2 

SIlC tlon 
S t r QSS 
B l oc k 

F1aure 4.13 Anol)'l/' #umpl. O{II r.."ctlon. ,< hI 

Assume initially thal lhe stress block deplh lies within the nange and the rein. 
forcemen t is strained to the yield , so thill/fA 087 fr. 
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For no resu lt ant axial fo rce on the sections 

th erefore 

0.45 feu b, s = 0.87 fyA ~ 

and solving for the depth of stress block 

0,87 x 460 x 1470 , = 
0.45 X 30 x 800 

=54mm 

x =s/0.9 '" 60 mm 

Hence the stress block does lie within the flange and with this depth of neutral 
axis the steel will hay/ yielded as assumed. 

Lever arm: 

z=d-sj2 

'" 420 - 54/2 = 393 mm 

Taking moments about the centroid of the reinforcement the moment of 
resistance is 

M=Fcc xz 

= 0.45 feu bfsz 

=0.45 X 30 x800 X S4 x393 X 10-6 

=229 kNm 

If in the analysis it had been found that s > hf, then the procedure would th~n .be 
similar to that in example 4.7. 

4.6.2 Flanged Section - the Depth of the Stress Block Extends Below the Fltmge, 
s>hf 

For the design of a flanged section, the procedure described in section 4.6.1 will 
check if the depth of the stress block extends below the flange. An alternative 
procedure is to calculate the moment of resistance, Mr, of the section with s = hr, 
the depth of the flange (see equation 4.22 of example 4.6 following). Hence if the 
design moment,M, is such that 

M>Mf 

then the stress block must extend below the flange, and 

s>hr 
In th is case the design can be carried out by either : 

(a) using an exact me thod to determine the depth o r the neutral axis, as in 
example 4.6 or 
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(b) designing for the conservative condition of x = dj2 as described at the 
end of this section. 

Example 4. 6 Design of a Flanged Section with the Depth of the Stress Block 
Below the FIonge , 

The T-section beam shown in figure 4.14 is required to resist an ultimate design 
moment of 180 kN m. The characteristic material strengths are fy = 460 Njmm2 

and feu = 30 N/mm2 . Calculate the area of reinforcement required. 

d:350 

In the figure 

f) . a . 

A, 
•• 

bw=200 

~ 
Sec t ion S t r ess Block 

Figure 4.14 Design example. T-section with s > hI 

Fet is the fo rce developed in the flange 

Few is the fo rce developed in the area of web in compression 

Moment of resist ance,Mr, of the flange is 

Mf"'Fefxz l 

Mr = 0.45 fCIJ bf hr (d - hr/2) (4.22)' 

= 0.45 x 30 x 400 x 100 (350 - 100/2) x 10- 6 

'" 162 leN m < 180 kN m, the design moment 

Therefore , the stress block must extend below the fl ange. 
It is now necessary to determine the depth, sw , of the web in compression , 

where Sw = s - h f -

For equilibrium: 
Applied moment 

180 = Fcr xz l + Few Xl, 

• 162 + 0.45 lelJ bw/w )( It 
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;:: 162 + 0.45 x 30 x 200 Sw (250 - sw/2) x 10- 6 

:=: 162 + 2700 Sw (250 - sw/2) x 10- 6 

This equation can be rearranged into 

s~ - 500 ~'w + 13.33 X 103 
'" 0 

Solving this quadratic equation 

sw" 28mm 

So that the depth of neutral axis 

x = s/0.9 '" (100 + 28)/0.9 

=: 142 mm 

As x < d/2 , comptessi0JY.lreinforcement is not required. 
For the equilibrium of the section 

Therefore 

FSI = Fef + Few 

0.87 {'lAs:: 0.45 !cubfhf + 0.45 feu bw sw 

0.87 X 460 xAs = 0,45 X 30 (400 X 100 + 200 X 28) 

A s = 616x 10
3 

0.87 x 460 

= 1540 mm2 

Example 4. 7 Analysis of a Flanged Section 

Determine the ultim ate moment of resistance of the I-beam section shown in 
figure 4 .1 S. given fy ;:: 460 N/mm l and feu = 30 N/mm l 

. 

The compressive force in the fl ange is 

Fcf = 0.45 feu bfh f 

= 0.45 X 30 X 450 X 150 X 10- 3 

= 911.2kN 

Then tensile force in the rein forcing steel. assuming it has yielded, is 

Fst = 0.87 fyA s 

= 0.87 x 460 x 2410 x 10- 3 

'" 964. 5 kN 

Therefore Fst > Fcc 

so that s > hr 

ANALYSIS or T HE SECfION 

b f = 450 0·45 feu 

fo-----o< 

E, . 150 , . I 
--- --- o·gx 

d= 44 0 
n !Z u t r a l __ . _ _ . 

aX Is 

• • • A~= 2410 

F" 
bw =300 

I . ' I 

S!Z c t io n 
S t NSS 
B loc k 

Figure4.1 S Analy sis e=mple ora T'lection , s> hI 

and the force in the web is 

Few = 0.45 feu bw ($ - hf ) 

= 0.45 X 30 X 300 (5 - 150) X 10- 3 

= 4.05 (, - 150) 

For equilibrium 

Few = Fst - Fer 

0 ' 4.05 (s - 150) = 964.5 - 9 11.2 

,·Ience 

s=163mm 

x = s/0.9 =: 181 mm 

F" 

Fow 

With this depth of neutral axis the reinforcement has yielded, as assumed, and 

Few = 4.05 (163 - 150) = 53 kN 
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(I f Fcr > Fst ' then the stress block would not extend beyond the flange and the 
sec tion would be analysed as in example 4.2 for a rectangular section of dimensions 
br x d.) 

Taking momen ts about the centroid of the reinforcement 

M= FCf(d - hr/2) + Few (d - 5/2 - hd2) 

= [911.2 (440 - 150/2) + 53 (440 - 163/2 - 150/2)1 x 10- ' 

=348 kNm 

Example 4.8 Design of a Flanged Sectloll with Dep t" of Neu tral Axis 
)( =: d/2 

A safe but conservative design fo r a flanscd lCellon wit h $ > "t Clln be achieved by 
llC Wng the dept h of neutral axis to X. " /2. Iho maximum dep th allowed in the 
code, Design equations call be derived fOI thll ~tlmJlllon IS follows. 
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A, .-. -
F" 

'2 
" 

S t ress Block 

Figure 4.16 FlDnged section with depth a/neutral axil x - d/2 

Depth of stress block, S = 0.9 x,. 0.45 d 

Divide the flange d section within the depth of the stress block into areas 1 and 2 
as shown in figure 4.16 , so that 

Area 1 =bw xs=0.45 bwd 

Area2= (br - bw }xhr 

and the compression forces developed by these areas are 

Fe! ;; 0.45 feu X 0.45 bwd:: 0.2 fcuhwd 

Fe? ::: 0.45 fcuh r (br - bw ) 

Taking moments about Fez at the centroid of the flange 

M:: FsI (d - "rl2) - FcI (s/2 - hr /2) 

Therefore 

::: 0.87 !'1As (d - hrll) - 0.2 fcubwd (0.45 d - hf )/ 2 

AI'" M+O.I leu bwd (0.45 d -hf ) 

0.87 i y (d - 0.5 hr) 
(4.23)' 

This is the equation given in clause 3.4.4 .5 of BS81 10. It should not be used when 
h,> 0.45 d. 

Applying this equation to example 4.6: 

A : cI8~0c:',-,-,1 0,-' _+" 0,, . .'-1 ",::.3,,0 ",-:2"00"-,,, ::.35,..0"(",0,,.4,,5-,' ,,3,,5::.0 _-...;1,,0,,-,-0) 
$ 0.87 x 460 (350 - 100/2) 

'" 1600 mm' (compare with 1540 mm' of example 4.6) 

Before using equation 4.23 for caicuiatingA ., it is necessary to confirm tha t 
compression reinfo rcement is not required . This is achieved by usi ng equation 
4.24 to check that the momen t of resistance of lhe concre l e, M~, Is grealer than 
the design momen t, M. 
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4.6.3 Flonged Section with Compress/or! Reinforcement 

With x = d/2 in figure 4.16 and taking moments about As, the maximum resistance 
moment of the concrcte is 

Me = FC I X ZI + FC'l X %2 

(4.24) 

(Note that the value of O. 156 was derived previously for the rectangular section.) 
Dividing through by leu brd' 

M 'l =0. 156 bw + 0.45 h f (1 - bw ) (1 _!r) (4.25). 
feu brd br d bf 2d 

which is similar to the equation given in as 8110. 
If the applied design moment,M > Me . compression reinforcement is required. 

In which case the areas of steel can be calculated from 

A'= M - Mc 
, 0.87 f, (d - d') 

and considering the equilibrium of forces on the section 

Fst = FC I + Fc2 + Fsc 

so that 

As = 0.2fcu bw d + 0.45 feu"e (br - bw ) + A ~ 
0.87 f, 

Again, d'lx J> 0.43, otherwise the design compressive steel stress is less than 
0.87 f y • 

(4 .26) 

(4.27) 

When, because of moment redistribution. tJb < 0.9 the limiting depth of neutral 
axis is less than dl2 and these equations will require modification using the 
factors given in the table 4.1 of section 4.7 which deals with moment 
redistribut ion. 

4.7 Moment Redistribution and the Design Equations 

The plastic behaviour of reinforced concrete at the ultimate limit state affects the 
distribution of moments in a structure. To allow for this, the moments derived 
from an elastic analysis may be redistributed based on the assumption that plastic 
hinges have formed at the sections with the largest momen ts. The founalion of 
plastic hinges requires relatively large rotations with yielding of the tension rein
forcement. To ensure large strains 111 lho tellsion steel, the code of practice restr icts 
Ole depth of the neutral axis of a secllon according to the reduction of the elastic 
moment so that 

x > (J1. - O.4) d 

where d is the effective depth 

(4.28)' 
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moment at section after redistribution 
Pb =:~~~~~~~~~~~~ 

moment at section before redistrib ution " 1. 0 

So, fo r the design of a sect ion with compression reinforcement after moment reo 
distribution the depth of neutral axis x will take the maximum value from 
equation 4.28. 

Therefore' the depth of the stress block is 

s '" 0.9 (tJb - 0.4) d 

and the level arm is 

z=d -! 
2 

o d - 0.9 (~b - 0.4) d/2 

The mome nt of resistance of the concrete in compression is 

M~ "'F~e xz= 0,45feubs xz 

00.45 I,.b X 0.9 (jlb - 0.4) d X [d - 0.9 (~b - 0.4) d/2J 

Therefore 

~ 00.45 X 0.9 (jlb - 0.4) [l - 0.45 (jlb - 0.4)J 
bd1feu 

'" 0.402 (Pb - 0.4) - 0.18 (Pb - 0,4)1 

So that rearranging 

Me =K'bdlfcu 

where K ' 0 0.402 (jlb - 0.4) - 0. 18 (fl" - 0.4)' 

This is the equation for K' given in BS 8110. 

(4.29) 

(4.30)· 

(It should be noted that in calculating the coefficients 0.402 and 0.18, the more 
precise value of concrete stress f ~ = 0.67 fcu / l.5 has been used and not the value 
0.45 IN') 

When the ultimate design moment is such that 

M > K'bd1feu 

or K > K' 

then compression steel is required such that 

A ' '" (K - K ')[cu bdl 

• 0.87 I, (d - d') 

and 

A K'fcubdl +A' • • • 0.87 [yZ 

(4.3 1)· 

(4 .32)' 

where M Ko __ 

bd 1 feu 
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(4.33)· 

These equations are identical in fo rm to those derived previously for the design of 
a section with compression reinforcement for fJb ;;;. 0.9. 

Table 4.1 shows the various design factors associated with the moment redis· 
tribution. If the value of d'id for the sec tion exceeds that shown in the table, th e 
compression stee l will not have yie lded and the compressive stress will be less t han 
0.87 f y • In such cases, the compressive stressfsc: will be Es€st; where the strain €w.: is 
Obtained from the proportions of the strain diagram. This value of I¥:; should 
replace 0.87 fy in equation 4.3 1, and equation 4.32 becomes 

A =: K'[~ubdl +A 'x [ /IIC 
s 0.87 fyz s 0.87 fy 

Table 4.1 Moment redistribution de sign fac tors 

Redistribution ~b x/d ,/d K ' d'/d 
(per cent) 

<;10 ;;;' 0.9 0.5 0.775 0.156 0. 215 
15 0.85 0,45 0.797 0.144 0.193 
20 0.8 0.4 0.82 0.132 0.172 
25 0.75 0.35 0.842 0.199 0.150 
30 0. 7 0.3 0.865 0.104 0.129 

It should be noted that for a singly reinforced section (K < K') , the lever arm z is 
calculated from equation 4.8. 

For a section requiring compression steel, the lever arm can be calculated from 
equation 4.29 or by using the equation 

,od [0.5 + V(0.25 - K '/0.9)] (4 .34) 

as given in BS 8 110, and is similar to equation 4.8 but with K ' replacingK. 

Example 4. 9 Design of a Section with Moment Redistriburion Applied and fJb = 0.8 

The section shown in fi gure 4.1 7 is subject to an ultimate design moment of 
228 kN m. The characteristic material strengths are fy = 460 N/mml and 
{eu ::: 30 N/mml . Determine the areas of reinforcement required. 

(A) From First Principles 

Limiting neu tral axis depth, x '" (ftb - 0.4) d - (0.8 - 0.4) d 

" 0.4d - 176 rnm 

Stress block depth, 

Lever arm 

s • 0.9x - 0,1(' d 

,-d !/2 O.82d 
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A, 

• • 

d = L.L.O 

Figure 4.17 Deflgn example with moment rediltribution. {lb'" 0.8 

Moment of resistance of the concrete 

M e :: Fcc X Z = 0.45 feu bs X z 

:: 0.45 X 30 X 260 X 0.36 X 0.82 X 4402 X 10-6 

::201kNm 

< 228 kN m, the applied moment 

therefore compression steel is required. 

d'ix = 50/176 = 0.28 < 0.43 

therefore the compression steel has yielded. 
Compression steel: 

A' : M - Mc 
• 0.87 f, (d - d') 

= 
(228 - 201) x 106 

0.87 x 460 (440 - SO) 

::: 173 mm2 

Tension steel: 

A::: Me +A~ 
I 0.871yt 

201 X 106 

= "0."8-=7 --X"40-6O""'X "0"'.8-;;2--X-;44-;;;0 
+ 173 

= 1392 + 173 = 1565 mm2 

(8) A lternative Solution Applyini Equations from BS 8110 

From equations 4.30 to 4.34: 

K' = 0.402 (jlb - 0.4) - 0. 18 (jlb - 0.4)' 

= 0.402 (0.8 - 0.4) - 0.1 8 (0,8 - 0.4)' 

= 0,132 

ANA LYSIS OP H IE SECTION 

M 
K = -:-:';';-

bd2 feu 

228 X \ (f 
= ;:-;;:-=:':';0;-,--;;:; 

260 X 4402 'X 30 

=0.1 51 >K' 

therefore compression steel is required. 
Compression stee l: 

A ' , - (K - K')fcubd'l 

0.87 f , (d - d') 

'" (0.151 - 0.132)30)(260 x 4402 

0.87 x 460 (440 - SO) 
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(The variation with the previous result is due to roun ding-off errors in the arith
metic and the subtraction of two numbers of similar magnitude in the numerator.) 
Tension steel : 

,= d [0,5 + V(0.25 - K'/0,9)1 

= d [0.5 + V(0.25 - 0.132/0.9)1 • 0.82 d 

A = K'J~ubd 2 +A ' , . 
0 .87 f y z 

0. 32 x 30 x 260 X 4402 

= +I M 
0.87 x 460 x 0.82 x 440 

= 1381 + 184 = 1565 mm' 

4.8 Bf:nding Plus Axial Load at the Ultimate limit Slate 

The applied ax ial force may be tensile or compressive. In the analysis that follows, 
a compressive force is considered. For a tensile load the same basic principles of 
equilibrium, compati bility of strains, and st ress-strain relationsltips, would apply, 
but it would be necessary to change the sign of the applied load (N) when we 
consider the equilibrium of forces on the cross-section. (The area of concrete in 
compression has not been reduced 10 allow fo r the concrete displaced by the 
compression slee L This could be taken in to accoun t by reducing the stress fsc in 
the com pression steel by an amount equal to 0.4 5 f eu.) 

Figure 4.18 represe nts the cross-section of II member wit h lypical strain and 
stress distribut ions for varying positions of the neu tra l axis. The cross-section is 
subject to a mome nt At and lUI ax ial compreulve force N. and in the fi gure t he 
direction of Ihe moment is such as to f' IIU ~ cOllllue.-lull all the upper part of the 
section and tension 011 the lower part. 

I 

I 
I 

I 

I 

I 

I 
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Figure 4.18 Bending plus /lxiafload will! varying polltlom of the neutral axis 
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let 
F ~ be llie compressive force developed in the concrete and acting through 

the centroid of the stress block 
Fsc be the compressive force in the reinforcement area A~ and acting 

through its centroid 
F, be the tensile or compressive force in the reinforcement area AI and 

acting through its centroid. 

(iJ Basic Equations and Design Charts 

The applied fo rce (N) must be balanced by the forces developed within the cross· 
section, therefore 

N;Fcc + Fgc + Fs 

In this equation, F. will be negative whenever the position o r the neutral axis is 
such that the reinrorcement As is in tension , as in figure 4.18a. Substituting into 
this equation the terms ror the stresses and areas 

N= 0.45 leu bs + lseA; + I.A, (4.35)" 

where Isc is the compressive stress in reinrorcement A ~ and Is is the tensile or 
co mpressive stress in reinrorcement As. 

The design moment M must be balanced by the moment or resistance or the 
rorces developed within the cross-section. Hence, taking moment's about t he 
mid-depth or the section 

M=Fee (i-~)+Fsc(~ - d) +F. (~-d) 
0 ' 

M : 0.45/eubS(~ - ~)+fscA;(~ - dJ 

-I,A, (d-~) (4.36)· 

When the dep th or neutral axis is such that 0.9 x > h as in part (b) of figure 4.1 8, 
then the whole concre te section is subject to a uniform com pressive stress or 
0.45 l eu. In this case, the concre te provides no con tribution to the moment or 
resis tance and the fi rs t term on the right side of equation 4 .36 disappears. 

For a symmetrical arrangement o f reinforcement (A ~ = A, = A,.;:f2 and 
d' - I, - d). equations 4.35 and 4 .36 can be rewritten in the following form 

N 0.451ells r. A, r. A, - " +~ - + , -
bl, II bh bh 

M = 0.45 I", (0.5 ' ) + le A, (!!. _ 0.5) 
b/,2 II 211 bl. " 

_ I.A. (d 0) 
b" " .5 

(4.37) 

(4.38) 
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In these equations the steel strains, arid hence the stresses Is. and fl' vary with the 
depth of the neutral axis (x). Thus N/bh and M/bh 2 c~n be calculated for specified 
ratios of As/bIJ and x/h so that column design charts for a symmetrical arrange
ment of reinforcement such as the one shown in figure 4. 19 can be plotted. 

The direct solution of equations 4.37 and 4.38 for the design of column rein· 
forcemen t would be very tedious and, therefore, a set of design charts for the 
usual case of symmetrical sections have been prepared by the British Standards 
Institution. Examples showing the design of column steel are given in chapter 9. 

(ij) Modes 0/ Failure 

The relative magnitude of the moment (M) and the axial load (N) governs whether 
the sect ion will fail in tension or in compression. With large effective eccentrici ty 
(e = MIN) a tensile failure is likely, but with a small eccentricity a compressive 
failure is more likely. The magnitude of the eccentricity affects.the position of the 
neutral axis and hence the strains and stresses in the reinforcement. 

u t 
esc be the compressive strain in reinforcement A; 
fa be the tensile or compressive strain in reinforcement As 
fy be the tensile yield strain of steel as shown in the stress-strain curve 

of figure 4.2. 

From the linear strain distribu tion of figure 4.18 

(
X - d') fl(: = 0.0035 - x-

and (4.39)' 

fs =0.0035 (d ~X) 
The steel stresses and strains are then related according to the stress-strain curve 
of figure 4.2. 

Consider the foUowing modes of failure of the section as shown on the inter· 
ac tion diagram of figure 4.20. 

(a) Tension Failure, Es > Ey 

TItis type of failure is associated with large eccentricities (e) and small depths of 
neutIal axis (xl Failure begins with yielding of the tensile reinforcemenl, followed 
by crushing of the concrete as the tensile strains rapidly increase. 

(b) Balanced Failure , E5 '" Ey , pa int b all figure 4.20 

When failu re occurs with yielding of the tension steel and crushing of the concrete 
at the same instan t it is described as a 'balanced' failu re. With f. = fy and from 
equation 4.39 

d 
x :: xbtl i '" ---''---

l+ ~ 
0.0035 

ANALYSIS OF TI-I£ SECTION 

For example. substituting Ihe values of fy = 0.002 for grade 460 sleel 

xbal = 0.636 d 

Equations 4.35 and 4.36 become 

Nbal = Fcc +FSI: - Fs 

. nd '" 0.45 fcub x 0.9 xbtl l + lseA; - 0.87 /yA . 

0.9 Xb") ~ (h ) +rsc - - d +F 
2 2 • 

where 

I I(: "' 0.87 Iy 
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(4.40) 

AI!Oint b on the interact io~ diagram of figure 4.20, N:: Nbl l, M "" Mba l and 
I . -: - ? 87 f y • When the deSign load N> Nbl l the section will fa il in compression 
whilst If N < Nbal there will be an initia l lensile fail ure, with yielding of reinfo rce: 
ment As. 

______________ b 

a 

co mprQss ion 
f o i l ur"Q 

tQns ion 
l a i l urQ 

',,' ba l 

Fiaure 4.20 Bendinr. plUI a;cw//ood chart with modu of failure 

(c) Compression Failure 

In this case x > Xbal and N> Nbal. 
t'he change in slope al paint r in figure 4.20 occurs when 

file '" fy 

_lid frOIll equation 4.39 

X r '"' 0.0035 d'/(O.0035 _ ~y ) 

.. 2.33 d' for grade 460 . teel 

I'ol nl r wiU occur in the lension failure zone or the Inl eraetlon diagram if 
1', <Xbal. 
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Whenx < d 

/ , " 0 .8 7 /y and tensile 

Whenx = d 

Whenx > d 

is '" 0.87 fy and compressive 

When x '" 2.33 d, then from equation 4.39 

" . = 0.002 = €y for grade 460 steel 

A t this stage . both layers of steel will have yielded and there will be zero moment 
of resistance with a symmetrical section , so tha t 

No :. 0.45 f<:.ubh + 0 .87 fy (A~ + AI) 

SuchM-N interact ion diagrams can be constructed for any shape of cross:section 
which has an axlS of symmetry by applying the basic equilibrium and stram com
patibili ty equations with the stress-st rain relations , as d~monstrated in the follow· 
ing examples. These diagrams can be very useful for deSign purposes. 

Example 4. 10 M-N Interactive Dillgram for an Unsymmetrksl Section 

Construct the interaction diagram for the section shown in figure 4. 21 with 
r. '" 30 N/mml and f '" 460 N/mm2 . The bending causes maximum compression cu y , 
on the face adjacent to the steel area A •. 

h 

d . 

. 450 390 

- '-

• • 
A' ~ 16 10 • 

A5 : 982 

• • 

Sllc t lon 
5t r a in 

Diagram 

FigtIrt 4.21 Non-fymmetricol section M- N interQction example 

For a symmetrical cross-section, taking moments about the ce ntre· line of. the 
concrete section will give M '" 0 with N = No and both areas o~steel at the .Yleld 
stress. Thls is no longer true fo r unsymmetrical Itee l ureal I. / 'I/J .,II F. at Ylcld 
thcrefore, theoretically , momenl$ should be Cllculatod _boul I n 'xl, re ferred to 
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as the 'plastic cen troid'. The ultimate axial load No acting through the plastic 
centroid causes a uniform strain across the sec tion with compression yielding of 
all the reinforcement , and thus there is zero moment of resistance. With uniform 
strain the neutra l-axis depth, x , is at infini ty. 

The location of the plastic cen troid is determined by taking moments of aJ! the 
stress resultants about an arbit rary axis such as AA in figure 4.2 1 so that 

- !: (Fcchl2 + F~d' + F,dJ x -
p- !:(Fee +Fsc + F. ) 

0.45 f eu Ace x 450/2 + 0.87 fyA~ x 60 + 0.87 IrA , X 390 

0.45/cuAee + 0.87 lyA~ + 0.87/yA s 

= ~0.~4~5 ~X~3~0~X~3~50~X24~50~'~/2~+~0~.8~7 ~x~4~60~(~1~6~1 0~X~60~+~98~2~x~3~9~~ 
0.45 X 30 x 350 X 450 + 0.87 X 460 (1 610 + 982) 

= 212 mm from AA 

The fundamental equation for calculating points on the interaction diagram 
wi th varying depths of neutral axis are 

(i) Compatibility of strains (used in table 4.2 , columns 2 and 3): 

esc '" 0 .0035 (X :d) 
Es :: 0.0035 (d; X) (4.41 ) 

(Ii) Stress-strain relations for the steel (table 4.2, columns 4 and 5): 

e ;> €y = 0.002 , 1= 0.87 I, 
(4.42) E< ey I=£XE 

(iii) Equilibrium ( table 4.2, colum ns 6 and 7): 

N=Fcc +Fsc +F. 

or O.9x < h N= OA5/cu b 0.9x + /8CA ~ + Is A s 

0.9 x > h N = 0.45/cu b II + fscA~ + I . A , 

Taking moments about the plastic centroid 

0.9 x < II M = Fcc (xp - 0.9xI2) + Fsc (xp - d') - F. (d _ xp) 

0.9 x > h M =Fcc (x p - hI2) + Fsc (xp - d') - F, (d - xp) 

' ''. Is negative when t. is a tensile slress. 
These equations have been applied to prOvide the values In table 4.2 for a range 

of key values of x. Then the M-N Interaction diagram has bee n plotted in fi gure 
4 .22 from the values In table 4.2 as a serle. of Itrll1811t line •. Of course,N and M 
could have been calculated for In termedlu le VlIluo, or x to provide B more accurate 
curve. 
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N.kN r---------,----------y---------, 
(0 ,3164) 

3000 

(156 ,23031 

2000 

1000 
(257 , 847) 

a 
]00 lOa 200 

(1 17,-138) f.1 - kN,m 

Figure 4.22 M-N interaction diagram for Q non.-symmetrical rection 

Table 4.2 M-N in teraction values for example 4.9 

(I) (2) (3) (4) (5) (6) (7) 
x 'K '. IK I. N M 

d'=60 0 > 0.002 0 - 0.87 fy 138 117 

2.33 d' = 140 0,002 > 0.002 0.87 1y - 0.87 Iy 847 257 

Xbal = 0.636 d 
>0.002 0 .002 0.87 / y - 0 .87/y 1306 274 :248 

d=390 > 0.002 0 0.87 / y 0 2303 158 

2.33 d - 909 > 0.002 >0.002 D.87 / y 0.871y 3164 0 

Example 4./ J M-N Interaction Diagram for a Non-rectangular Section 

Construct the interaction diagram for the equilaternl trll1ngu]ar column section in 
figure 4.23 with feu'" 30 N/nun1 and Iy a 460 N/mm2. The bending is about an 
axis parallel to the side AA and causes mlxlmum comprullon on the corner 
adjacent to the steel area A;. 

ANALYSIS OF THE SECTION 

h =3 46 

I· 400 

JT2Sbor s 

1 =2135 
] 

Piaule 4.23 Non-rectangular fect ion M-N interaction example 

87 

For this triangular section, the plastic centroid is at the same location as the 
geometric centroid, since the moment of Ftt:. equals the moment of F, about this 
ax is when aU the bars have yielded in compression. 

The fundamental equations for strain compatibility and the steel's stress-strain 
relations are as p resented in example 4.9 and are used again in this example. The 
equilibrium equations for the triangular section become 

0' 

0.9 x <h 

0.9x>h 

0.9x <h 

0.9 x > h 

N = 0.45 Icusl /2 + [scA~ + [.A , 

N= 0.45 Icuh X 400/2 + l seA; + I,A, 

M= Fcc 2 (h - O.9x}/3 + Fsc (2h /3 - d')- Fs (d - 2h/3) 

M: F~ (2h/3 - d') - F. (d _ 2h/3) 

F. is negative when I, is a tensile stress , and from the geometry of figure 4.23 

2 /: - ,";3 
3 

T~b le 4.3 has been calculated using the fundamental equa tions with the values 
or x shown. T he interaction diagram is shown constructed in figu re 4.24. 

With a non·rectangular sec tion , It could beadYisab1e to construct a more 
Iccurate interaction dIagram using ot her Intermediate Ya iues of x. This would 
~e rlainly be the case with , say, a flanged ICIctlon where there Is sudden change in 
breadth . 
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Figure 4.24 M-N interaction diDgram {or Q non·recttlngllUsr stetion 

Table 4.3 M-N in teraction values for example 4.10 

f~ f. N M 
X 'K '" (N/mm2) (N/mml ) (kN) (kN m) 

d':: 100 0 >0.002 0 - 0.87/'1 330 36.5 

xba] '" O.636d 0.00 16 0.002 328 - 0.87 Iy 9 73 .0 
:: 188 

2.33 d' = 233 0.002 0 .00095 0.87/y - 189 354 68.9 

d:296 > 0.002 0 0. 87 / y 0 750 5S.1 

2.33 d '" 690 > 0.002 > 0,002 0.87 fy 0.87 i y 1523 0 

4.9 The Rectangular-Parabolic Stress Block 

A rectangular-parabolic stress block may be used to prOvide a morc rigorous 
analysis of the reinforced concrete section. The stress block Is si mihlr in shape to 
the stress-stra in curve for concrete In Ogure 4 I, huvlng II max imum stress of 
0.45 feu at the ultimate st rain o f 0.0035 

ANALYSIS OF THE SECTION 

In figure 4.25 

EO = the concrete strain at the end of the parabolic section 
w = the distance from the neutral axJs to strain 1:0 

x = depth of the neutral axJs 
kl '" the mean concrete stress 
k 2 x'" depth to the centroid of the stress block. 

:==":::::: ~5 , 

" '----, 

... . 

O'45/cu 
I I , .,. 

'::1 ' " , -, 
Cqn t r o ,a o f 
st rqss b rock. 

Saction St ra inS Strass B lock 

Figure 4.25 Section/n bendillg wilh Q TectQngulaT-ptJrobo!ic ItTeSJ block 

(a) To Determine the Mean Concrete Stress, kl 

From the strain diagram 

therefore 

x w ---= -
0.0035 EO 

w=~ 
0.0035 

Substituting for Eo = 2.4)( 10- 4 .J(fcuhm) (see figure 4.1) 
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'w'" ~::~u with rm = 1.S (4.43) 

I'or the st ress block 

k 
_ area of stress block ,-

x 

'" area pqrs - arc:. lSt 

x 

I hus. using the area properties of II parabolll (U ahown in figure 4.26, we have 

k I _ 0.45 Icu x - 0.45 Ie\! ,_w/3 
x 
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Substituting for w from equation 4 .43 gives 

k • (0.45 - 0. 15,,1[," ) , 
I 17.86 leu 

", 
A, 

, 
, ", ______ _____ _ _ J -'-"-i 

ArlilOS : 

Posi t ion of c!lntroids : 

Figure 4. 26 Propt!rties of a parabola 

(b) To Detennine the Depth of the Centroid k1x 

(4.44)· 

kz is determined for a rectangular section by taking area moments of the stress 
block about the neutral axis - see figures 4.25 and 4.26. Thus 

,.~,,~.~p~q~,~s~X~X~/~2~-~"~'~'~"~t~X~W=/4 (x - kl x)""-
area of stress block 

= (0.45 fcux)x/2 - (0.45 feu w/3)w/4 
k,x 

= 0.45fcu(x l /2 _ w l /l2) 
k,x 

Substituting fo r w from equation 4.43 

hence 

(x - klx) "" 0.45 feu Xl [ 0.5 - feu ] 
k 1x 3828 

kl "" 1 _ 0.45feu 
k, 

10.5 - ..iELJ L 3828 
(4.45)· 

Values of kl and kl fo r varying characteristic concrete strengths have been 
tabulated in table 4.4. 

Once we know the properties of the stress block . the magn itude and position of 
the resultant compressive force in the concrete ca n be de termine d. and hence the 
moment of resis tance of the sect ion calculated usln; procedures similar to those 
for the rectangular stress block. 

ANALYS IS OF HIE SECTION 9 1 

Table 4.4 Values of k l and kl fo r different concrete grades 

[" k , 
(N/mml ) (N/mml ) k. lIeu k, k.Jkd"u 

20 8.249 0.4 12 0.460 0.896 
25 10.200 0.408 0.456 0.895 
30 12. 120 0.404 0.452 0.894 
40 15.875 0.397 0.445 0.892 
50 19.531 0.391 0.439 0.890 
60 23.097 0.385 0 .434 0.887 

Typical values 0.4 0.45 0.89 

Using typical values from table 4.4 , a comparison of the rectangular-parabolic 
and the rectangular stress blocks provides 

(i) Stress resultant , Fa: 

rectangular-parabolic: k , bx II:j 0.4 feu bx 

rectangular: 0.45 feu X 0.9 bx II:j 0.4 feubx 
) 

(ii) Lever arm, Z 

rectangular parabolic: d - k I X II:j d - 0.45 x 

rectangular: d - t X 0.9x ;: d - 0.45 x 

So both stress blocks have almost the same moment of resistance, Fcc x z, showing 
It is adequate to use the simpler rectangular stress block for design calculations. 

4.10 The Triangular Stress Block 

The triangular stress block applies to elastic conditions during the serviceability 
limit state. In practice it is not generally used in design calculations except for 
liquid-retaining structures, or for the calculations of crack widths and deflec tions 
In described in chapter 6. With the triangular stress block, the cross-section can be 
considered as 

(i) cracked in the tension zone , or 
(Ii) uncracked with the concrete resisting a smail amount of tension. 

4. 10.1 Crocked Section 

A cracked section Is shown in figure 4.27 with a stress resultant Fst acting through 
the centroid of the steel and Fa: acting through the centroid of the triangular 
.tress block. 

Por equilibrium of the section 

Fa: · Fn 

0' O.S bxfcc • A. fll (4.46)· 
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• 

d 

A , 
o 0 -

5act Ion 

<" 
Strain 

, 

F" ,-+-_.L..-

S t rc1:S5 

Figure 4 .27 Triangular streff block - crocked Jeenon 

and the moment of resistance 

M=Fccxz""F~xz 

M == 0.5 bxfcc (d - x/3) = Asfst (d - x/3) 

(;)Atlolysis ala Specified Section 

(4.47)' 

The depth of the neutral axis, x , can be detennined by converting the section into 
an 'equivalent' area of concrete as shown in figure 4.28 , where ae :: EsIEc . the 
modular ratio. Taking area moments about the upper edge: 

Therefore 

x= :E(Ax) 
~A 

h 
d 

, 

Trans formed 
Stee L Area '" 
Es·As = CIt. As, 
E, 

Figure 4.28 Equivolenr trtsnsformecl section wflh the COllcrete cracked 

x = bx X ;(/2 + a, A,d 
bx +o:. A. 

ANALYSI S OF HIE SECTI ON 

0 ' 

1 b ' - x +o:eA.x - aeAsd =O 
2 

Solving this quadratic equation gives 

x = - Q'eA s ± Y [(QeA s)2 + 2b QeA • d ] 

b 
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(4.48)' 

Equation 4 .48 may be solved using a chart such as the one shown in figure 4 .29 . 
Equations 4.46 to 4.48 can be used to analyse a specified reinforced concrete 

section. 

0 ·3 

• • -. • 0 ·2 • • 

xld 

Figure 4.29 Neutrll/'ilxis depthl for cracked rectangular sectionl - eialtic behaviour 

(ilj /ksign of Steel Area, As' with Stresses 1st al1d F « Specified 

The dep th of the neutral axis can also be expresse d ill terms of the strains and 
stresses of the concrete and steel. 

From the linear strain distributlon of fig ure 4 .27: 

x 
d 

_ Ic£I£, 
{«lEe + 1_lh. 
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Therefo re 

REINFORC ED CONCRETE DESIGN 

x - . ----'-,---
d 1+l!L 

aefcc 

(4.49)' 

Equations 4.4 7 and 4.49 may be used to design the area of tension steel required, 
at a specified stress, in order to resist a given moment. 

Example 4.12 Analysis of Q Cracked Section using a Triangular Stress Block 

For the section shown in figure 4.30 , determine the concrete and steel stresses 
caused by a moment of 120 kN m, assuming a cracked section. Take EslEc '" lle '" 15 

b ~ 3 00 

I- -I 

d = 460 
11: 520 

3T2 5 " 
11. 70mm 2 ••• 

Figure 4.30 Ana/YIlt t):Dmpie with triangular 'treu block 

(k As '" 15 X 1470 '" 0.16 
e bd 300 X 460 

Using the chart of figure 4 .29 or equation 4.48 gives x '" 197 mm. 
From equation 4.47 

M'~bXfoc (d - ~) 
therefore 

120 x IIJl '" ~ x 3000 X 197 X fcc (460 _ 1 ~7) 
therefore 

f cc::: 10,3 N/mm2 

From equation 4 .46 
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therefore 

10.3 1 
1st'" 300 x 197 x - - x - - = 207 N/mm:1 

2 1470 

4. 10.2 TrlanguJorStress Block - Uncracud Section 

The concrete may be considered to resist a small amount of tension. In this case a 
tensile stress resultant Fet acts thro ugh the centroid of the triangular stress block 
in the tension zone as shown in figure 4 .3 1. 

h 

-

I" 
, 

,.-----, -

1-. 

A • 

• • 

S<lc t ion 

d 

.L..7f-_ .N Q"ut r ol 
ox is 

L .+--+-

S t ra ss 

Figure 4.31 Triangular ,,,ell block - uncracked teet/on 

For equilibrium of the section 

Fcc = F<;t + FSI. 

where 

li nd 

Fcc = 0.5 bxlo.: 

F et =0.5b(h-x)/et 

Fst = Asxfsc 

l. ( f>· X ) , 

(4. 50) 

Taking moments about Fcc , the moment of resistance of the section is given 
by 

M ; Fsrx (d - x /3)+Fct x (ix+ ~ (h - X)) (4.5 1)· 

The depth of the neutral axis, X , can be determined by taking area moments about 
the upper edge AA of the equivalent concrete section shown in figure 4 .32 such 
thllt ' 

X ' 
~ (Ax) 

EA 

E, I ao • - s termed tIle modullr n tto 
E, 
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b 
r--

I 
A A 

, , 
, 

dl / Trons f or med , 
/ S t ee l Ar e: o· , . 

E s oAs: CIt As 

1 ' ' // Z E, 

L 

Figure 4.32 Equivl/lent trllnt/armed section wirh rhe COl/crete uncracked 

Therefore 

x: ~b"h-,XC;h:;/=2_+-,.",AC"-. "x-=d 
bh + CXeAs 

'" h + 201.erd 
2 + 201.er 

where r :: A $/bh 

From the linear proportions of the strain diagram in figure 4.3 1: 

X 
Ecc "" - - X Eel 

h-x 

d - x 
E$I '" - - x Eet h-x 

Therefore as stress = E x strain: 

let = Ec€ct 

x 
fcc:: -h-- x l et 

- x 

d - x 
{SI = - - X cxefc! 

h-x 

(4.52)· 

(4.53) 

Hence if the maximum tensile strain or stress is specified, it is possible to calculate 
the corresponding concrete compressive and steel tensile stresses from equations 
4.54. 

The equations derived can be used to analyse a given cross-section in o rder to 
de tenn ine the moment of resistance of the uncracked section, as for liquid
retaining structures. This is illustrated further by examples in chapter II . 

Example 4.12 A nalysis of on Uncracked Section 

For the section shown in figure 4.30, calculate the se rviceabili ty moment of 
resistance with no cracking of the concrete, given 1(1 · 3 N/mm2 , E( • 3D kN/mml 
an d E. = 200 kN/mm2

, 

ANALYS IS OF Til E SECTION 

, = As := 

bh 
1470 :Ii: 0.0094 

300 x 520 

Es 200 
tl"e '" - = - = 6.67 

Ec 30 

x '" h .. 2rxe rd 

2 + all' 

520 + 2 x 6.67 x 0.0094 x 460 
'" =272mm 

2 + 2 x 6.67 x 0.0094 

(d-X) 
1st '" h - x l:X.e/c1 

= (460 - 272) 6.67 x 3 

(520 - 272) 
= 15.2 N/mm2 

M=As/st (d - ~) ;t ~b (h - X)fcI X (ix+ i (h - X~ 

'" 1470x 15.2 (460 - 2;2) JO~ + ~ x300(520 - 272)x3 

x (i x 272 + i(520 - 272~ 10- 6 

'" 8.3 + 38.7 = 47 kN m 
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5 
Shear, Bond and Torsion 

This chapter deals with the theory and derivation of the desi~ equatio~s for shear, 
bond and torsion. Some of the more practical factors governmg the chOIce and 
arrangement of the reinforcement are dealt with in the chapters on member design, 
particularly chapter 7, which contains examples of the design and detailing of shear 
and torsion reinforcement in beams. Pun~hing shear caused by concentrated loads 
on slabs is covered in section 8.2 of the chapter on slab design. 

5.1 Shear 

Figure 5.1 represents the distribution of principal stresses across the span of a 
homogeneous concrete beam. The direction of the principal compressive stresses 
takes the form of an arch, willie the tensile stresses have the curve of a catenary or 
suspended chain. Towards mid·span , where the shear is.low and the bending 
stresses are dominant, the direction of the stresses tends to be parallel to the beam 
axis. Near the supports. where the shearing forces are greater, the principal stresses 
are inclined at a steeper angle, so that the tensile stresses are liable to cause 
diagonal cracking. If the diagonal tension exceeds the limited tensile strength of 
the concrete then shear reinforcement must be provided. This reinforcement is 
either in the form of (1) stirrups, or (2) inclined bars (used in conjunction with 
sti rrups). 

'O llo,ono ll tQn~ion 
crOCk' 

Fiiur. S,I PrlllcfptJl ,,,,,,n Ilf. bHm 

'1M 
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The shear in a reinforced concrete beam without shear reinforcemen t is carried 

by a combination of three main components. These are 

(i) concrete in the compression zone 
(ij) dowelling action of tensile reinforcemen t 
(iii) aggregate in terlock .across nexural cracks. 

The actual behaviour is complex, and difficult to analyse t heoretically, but by 
applying the results from many experimental investigations, reasonable simplified 
procedures for analysis and design have been developed. 

5.1.1 Stinups 

In order to derive simplified equations the action of a reinforced concrete beam in 
shear is represented by an analogous truss in which the longitudinal reinforcement 
fonns the bottom chord, the stirrups are the vertical members and the concrete 
acts as the diagonal and top chord compression members as indicated in figure 5.2. 
In the truss shown, the stirrups are space d at a distance equal to the effec tive 
depth (d) of the beam so that the diagonal concrete compression members are at 
an angle of 45° , which more or less agrees with experimental observations of the 
cracking of reinforced concrete beams close to their supports. 

I- b _j 

, 
/ / comor 

r. /~ v~ ~/ ~l/. 'l • ' / 0 cf'r. 1- ~~;/~ ':d / 

~ 
0 

/ " <.;.-:/;- ~ <.o/. // '" 
/ " 

;:::/'/ / 
/"// ... J/ // // 

t ons 

~l~/ , v, X 

I o 
Soc t ,on 

(0 I 

" 

d I I I I 
PI&UJI S.2 Stirrup • • "d ,h, .""IOlVuI 11'1111 



100 REINFORCED CONCRETE DESIGN 

In the analogous truss, tet 
Asv be the cross-sectional area of the two legs of the stirrup 
[yv be the characteristic strength of the stirrup reinforcement 
V be the shear force due to the ultimate loads. 

Using the method of sections it can be seen at section XX in the figu re that at 
the ultimate limit state the force in the vertical stirrup member must equal the 
shear force V, that is 

0.87 {yv Asv = V 

0.87 /yvA'iN::: vbd (5.1) 

where v::: Vj bd is the average shear stress on the section. . 
When the stirrup spacing is less than the effective depth , a senes of su~er. 

imposed equivaJent trusses may be consider~d, so that t~e force t~ be reslst~d by 
the stirrup is reduced proportionally. Thus lhy = the stirrup spac11lg, equatIOn 5.1 

becomes 

Asv = vb 
Sv O.87fyv 

Since the concrete is also capable of resisting a limited amount of shear this 
equation is rewrit ten as 

AllY '" b(v - vc) (5.2). 
Sv 0.87fyv 

where v is the ultimate shear stress that can be resisted by the concrete. Values of 
v are given in table 5. J. It can be seen from the table that IIc increases for shaUow 
~embers and those with larger percentages of tensile reinforcement. The longitu
dinal tension bars contribute to the shear resistance by their dowelling action and 
they also help to prevent shear cracks from commencing at small tension cracks. 
To be effective these tension bars should continue an effective depth, d, beyond 
the section , or ~t a support they should be adequately curtailed and.an~hored . 

Close to supports, sections have an enhanced shear resist~ce ow mg m part to 
the induced compressive stresses from the concentrated reactIOn and ~he steeper 
angle of the failure plane, which would normally occur at angle of 30 to the 
horizontal for an unreinforced section. Within a distance of 2d from a support or 
a concentrated load the design concre te shear stress IIc may be increased to 
II
c
2d/av. The distance av is measured from the support or conce~ l ra.ted load to . 

the section being designed. This enhancement is useful when deslglllng beams With 
concentrated loads near to a support, or with corbels and pile caps. 

As a simplified approach for bClln'll carrylna mldnly uniformly dist ributed loads, 
the critical section for design may bel tWeen It • dl,tlnlOC d frOIll Ihe fa ce of the 
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Table 5. 1 Value of ultima Ie shear stress lie (Nfmml) for a 
concrete st rengih of felJ '" 30 N/mm1 

Effective depth (mm) 
lOOA s 

bd 150 175 200 225 250 300 >400 

< 0. 15 0.46 0.44 0.43 OA I 0.40 0.38 0.36 
0.25 0.54 0.52 0.50 0.49 OA8 OA6 0.42 
0.50 0.68 0.66 0. 64 0.62 0.59 0.57 0.53 
0.75 0.76 0.75 0.72 0.70 0.69 0.64 0.61 
1.00 0.86 0.83 0.80 0.78 0.75 0.72 0 .67 
1.50 0.98 0.95 0.91 0 .88 0.86 0.83 0.76 
2.00 1.08 1.04 1.01 0.97 0.95 0.91 0.85 

>3.00 1.23 1.19 LI S 1.1 1 1.08 1.04 0.97 

For charac teristic strengths o ther than 30 Nlmm' the vallJes in tile table may be mult iplied by 
(fcIJ/25 ),h / 1.06. The value of feu should not be greater than 40 N/mm'. 

support using the value of lie from table 5.1 in equation 5.2. The shear links 
required should then continue to the face of the support. 

Large shearing forces are also liable to cause crushing of the concrete along the 
directions of the principal compressive stresses, and therefore at Ihe face of a 
su pport the average shear stress should neve r exceed the lesser of 0.8 .jfcu or 
5 N/mm2. 

The areas and spacings of the stirrups can be calculated from equation 5.2. 
Rearrangement of the equation gives the shearing resistance for a given stirrup 
size and spacing thus: 

Shear resistance'" II bd '" (~~ )( 0.87 fyv + bile) d (5.3) 

Further information on the practical details and design examples are given in 
section 7.3 (Design for Shear). 

5. 1.2 Bent-up Bars 

To resist the shearing forces, bars may be bent up near the supports as shown in 
figure 5.3. The bent-up bars and the concrete in compression are considercd to act 
ilS an analogous lattice girder and the shear resistance of the bars is determined by 
laking a section XX tluough the girder. 

From the geometry of par t (a) of the figu re, the spacing of the bent-up bars is 

Sb '" (d - d') (cot a + cot If) 

Ilnd at the section XX the shear resistance of the single bar Is 

v - 0.87 fyvA .b sill a (5.4) 

where Alb is the cross-sectlollal ure. Oflho belll ·Up bu . 
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XI 
I 

XI 

A n, hor ogQ 

I" IQng th 'i 

Sb ' /d - d'}! co l ll + col OJ 
I I 

(a) Slng l~ Syst Qm 

(b) Mu ltlp l l2 Sys t am 

Figure 5.3 Bent-up hoff 

For a multiple system of bent-up bars, as in part (b) of the figure , the shear 
resistance is increased propor tionately to the spacing, Sb_ Hence 

OB7! A 
. (d - d'}(C010'+ cot(1) 

V==. yv sbsma: 
'b 

(S.S) 

The angles a: and (j should both be greater than or equa1 to 45 ° and the code 
requires that the spacing Sb has a maximum value of l.Sd. With 0: = (j "" 45° and 
Sb = (d - d '), equation 5.5 becomes 

v: 1.23fY'.Asb (S.6) 

an d this arrangement is commonly referred to as a double system. 

Example 5. J Shear Resistance at a Section 

Determine the shear resistance of the beam shown in figure 5.4 , which carries a 
uniformly distributed load. The characterist ic st rengths are: fyv = 250 N/mm'l for 
the stirrups, fyv '" 460 N/mm'l for the bent-up bars and feu = 30 N/mm2 for the 
concrete. 

lOOA . '" IOO x982 =0.43 
bd 350 x 650 

Thus, from table 5, I, lie ,. 0.5 N/mm2 by Interpolutlon , CrOIS·secUonalli reli of a 
size 12 bar - 11 3 mm2

, 
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2 - T25 
A. : 982sq.mm 

"'2 '--==-.J 
DoublQ SystQm 
T25 bQ n t up bar s 
A,o . 491 sq.mm (ZOch 

SQc tio n 

Figure 5.4 Beam with Itirrups and bent·up barr 

Thus, for the stirrups, Arv/sv = 2 x 113/ 100 = 2.26. 
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The shear resistance of the stirrupsrplus the concrete is given by equat ion 5.3 as 

V, '" Arv X 0.87 fyvd + bvcd 

" 
= 2.26 x 0.87 x 250 x 650 + 350 x 0.5 x 650 

=(319+114)x 103 N=433 x 103 N 

The bent-up bars are arranged in a double system. Hence the shear resis tance of 
the bent-up bars is 

Vb = 1.23fyvA$b 

= 1.23 x 460 x 49 1 

=278x 1QlN 

Total shear resistance of the stirrups, concrete and bent-up bars is therefore 

V= VI + Vb ::(433 +278)103 

:: 711 x IIY N 

1\ should be noted that the shear resistance of 3 19 kN provided by the stirrups 
is grealer than the shear resis tance of the bent·up bars, 278 kN, as require d by 
BS 81 10. 

It should also be checked that at the face ofsthe support V!bd does not exceed 
the lesser of 0.8 vfcl.l or 5 N/nlln2. 

5.2 Anchorage Bond 

T he reinforcing bur subject to direct lon. lolI.hown In n"ure 5,5 mu st be firmly 
anchored if it is nOI to be pu lled 0'11 of the ,"ounclo Oara . ubjected to forces 
Induced by nexurc must Sim ilarly be IlndlUlid lu dev.lull their design st resses. The 
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anchorage depends on the bond between the bar and the concrete , and the area of 

contact. Let 

L = minimum anchorage length to prevent pull out 
4> = bar size or nominal diameter 
{bu = ultimate anchorage bond stress 
is = the direct tensile or compressive stress in the bar 

, 
.. . " " -" . ~ . . 
~~. .... I 

'· · ~~~~_F 

" . 
. .. 

.... • • 

F igure 5.5 Anchorage bond 

Considering the fo rces on the bar 

tensile pull.Qut force = bar's cross-sectional area x direc t stress 

rr<l>' 
= 4 fs 

there fore 

hence 

anchorage force = contact area x anchorage bond stre ss 

L= ~<P 
4fbu 

= (L1T<fl) X {bu 

rr<l>' 
- x[, 

4 

and when Is = 0.87 I y , the ultimate tensile or compressive stress, the anchorage 
length is 

L= 0.87{'1 <p 

4 {bu 
(5. 7) ' 

The design ultimate anchorage bond stress,fbu , is obtained from the equation 

fbu"'f3.Jfcu (5.8) 

The coefficient f3 depends on the bar type and whether the bar is in tension or 
compression. Values of f3 are given in table 5.2. 

Equa tion 5.7 may be rewritten as 

anchorage length ,~ • K" <D 

SHEAR . BONO AND TORSION 

Table S.2 Value o f bond coefficient f3 

Bar type 

Plain bars 
Type J: deformed bars 
Type 2: deformed bars 
Fabric 

Bars in 
tension 

0.28 
0.40 
0.50 
0.65 

Bars in 
compression 

0.35 
0.50 
0.63 
0.8 1 
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Values of KA corresponding to the anchorage of tension and compression bars for 
various grades of concrete and reinforcing bars have been tabulated in the appendix. 

Anchorage may also be provided by hooks or bends in the reinforcement; their 
anchorage values are indicated in figure 5.6. When a bent bar or hook is used, the 
bearing stress on the inside of the bend should be checked as described in section 
7.3 .2 and example 7.8. 

10) Anc h o r ag e vo l ue I. r. bu t not gr eater t ho n 12<P 

Ib) A nch or age val ue ~ 8r. b u t not gr eate r t han 2 1. ~ 

A 
, 

For mil d s tee l b ar s mi n imum r. ~ 2<p 

For hig h y ie l d bars min imum r. ~ 3!1i or 

1.!Ii to r s izes 25mm an d above 

Figure 5.6 Anchorage IIQ/uer for bends and hooks 

Example 5.2 Calculation of Anchoroge Leng,,, 

Determine the length of tension anchorage required for the 25 mm diameter pia ill 
mild steel rein forcing bars in the can lilever of figure 5.7. The characteristic material 

.strengths aTe fe u '" 30 N/mm2 Bnd fy .250 N{mm2. 
The ult imate anchorage bond stress,[bu • fJ ...//c" • 0 ,28 .../30 = 1.5 N/mm 2 (ree 
table 5.2). 
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there fo re 
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The concrete at the top of a member is generally less compacted and 
AnchoragG: langth t also tends to have a grcn ler water content , resulting in a lower concrete 

strength. Also, at the corners of mem bers there is less confinement of 
R25 bor, the reinforcement. For these rCllsons longer lap lengths arc required at 

these iocations. 

Figure 5.7 Anchorage for Q cantilever beam 

Anchorage length L ::: 0.87/y ell 

4fbu 

'" 0.87 X 250 x 2S ;; 36 .2 X 2S 
4xl.5 

L =91Omm 

(4) Compression laps should be at least 25 per cent greater than the com· 
pression anchorage length. 

(5) Lap lengths for unequal size bars may be based on the smaller bar. 

A table of minimum lap lengths is included in the appendix . 

L02ng t h Of lop 

' I 
4 

) 

5.3 Laps in Reinforcement 

Lapping of reinforcement is often necessary to transfer the forcesJrom one bar to 
another. The rules for this are: 

( I) 

(2) 

(3) 

The laps should preferably be staggered and be away from sections with 
high stresses. 
The minimum lap length should be not less than the greater of 

15~ or 300 mm for bars 
25 0 mm for fabric 

Ten sion laps should be equal to at least the design tension anchorage 
length. but in certain conditions this should be increased as shown in 
figu re 5.8, according to the following rules. 

(a) At the top of a section and with minimum cover < 2~ 
mult iply by 1.4 

(b) At corners where minimum cover to either face < 2~ or clear 
spacing between adjacent laps < 75 mm or 6cf1 

multiply by 1.4 

(c) Where both (a) and (b) apply 

multiply by 2.0 

lop l02ng t h ~ 
o nc horog02 l02ngth J\ 1·0 

b) Incr <2o$<2d fap l<2ngt hs 

Figure 5.8 lApping of reinforcing btlrs 

SA Analysis of Section Subject to Torsional Moments 

Torsional moments produce shear stresses which result in principal tensile st resses 
inclined at approximately 45° to the longitudinal axis o f the member. Diagonal 
cracking occurs when these tensile stresses exceed the tensile strength of the can· 
crete. The cracks will fonn a spiral around the member as in figure 5.9. 

Reinforcement in the Conn of closed links and longitudinal bars will carry the 
forces from increasing torsional moment after cracking, by a truss action with 
reinforcement as tension members and concrele as compressive stru ts between 
links. Failure will eventually occur by reinforcement yielding, coupled with crush· 
Ing of the concrete along line AA as the cricks on tJle olhcr faces open up. 

It is assumed that once the 10rs10Il.1 sheaf Ilrep 011 a secllon exceeds the value 
10 cause cracking, tension reinforcemenl 1/1 Ihe form of closed li nks must be 
provided to resist the fuU torsional mOlllent 
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F igure 5.9 Tors/oM i cracking 
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Figure S. I O Tonional reil1forcemenr 

Tension force in link F ;; Asv x 0.87 fyv 
2 

b r F x I for vertical leg moment of force F a out centre me'" 2 

'" F h for horizontal leg 
2 

where A ::: cross-sectional area of the two legs of a link. The total torsional 
moment ~rovided by one closed link is, ther~fore , given by the sum ~r the moments 
due to each leg of the link about the centre Ime of lhe section, that IS 

T:F~ x2 +FlJ. x2 
2 2 

S ~IEAR , BOND AND TORSION 109 

Where links aTC provided at a distance Sv apart , the torsional resis tance o f the 
system of links is obtained by multiplying the moments due to each leg in the 
above expressions by the number of legs crossing each crack. This number is given 
by y"sv for vertical legs and x "Sy for horizontal legs if it is assumed that all 
cracks are approxim ately at 45°. 

The total torsional resistance then becomes 

Hence 

~x2 
2 

The efficiency facto r of 0.8 is include d to allow for errors in assumptions made 
abou t the truss behaviour. 

Hence closed links must be provided such that 

AiW > T ) 

Sy 0.8x 1YI (0.87 { yv) 

To ensure the proper action of these links, longitudinal bars evenly distributed 
round the inside perimeter of the links musi be provided. T his reinforcement 
wh ich resists the longitudinal component of the diagonal tension fo rces should be 
such that the to tal quantity is equal to the same volume as the steel in the links, 
suitably adjusted to al low for diffe ring st rengths. This is given by 

A >- An' {'ty (x +y) 
• f" S, Y 

where Iy is the characterist ic yield strength of longitudinal reinforcement. 
The calculated amounts of torsional reinforcement must be provided in addition 

to the full bending and shear reinforcement requirements for the ultimate load 
combination corresponding to the torsional moment considered. Where longitudinal 
bending re inforcement is required , the additional torsional steel area may eit her be 
provided by increasing the size of bars prOvided , or by additional bars. A member 
which is designed for torsion plus bending or shear will require to be heavily 
reinforced. 

The clear distance between longitu dinal torsion bars must not exceed 300 mm, 
and a minimum of fou r bars must be used in each link. All to rsion steel must also 
ex tend a distance at least equal to the largest member dimension past the pa int at 
which it is not require d to resist torsion , to ensure that all possible cracks are 
adequately protecte d. 

The torsional shear stress on a section can be determined by a variety o f 
methods. BS 8 110 recommends 3 plastic ana lysis such that , ror a rectangular 
section 
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where h min is the smaller dimension o f the section, hmu. is the larger dimension 
of the section, or 

T 
2Ahl 

for a thin hollow section 

where h t is the waH thickness and A is the area enclosed by the centre·line of the 
walls. 

If the sum of wall thicknesses of a hollow section exceeds one-quarter of the 
overall dimension, this should be treated as solid. 

A section having a T-, 1.- or I-shape should be divided into component rectangles 
to maximise the func tion ~ (hmin3 hmax ). The torsion shear stress on each rectangle 
should then be calculated by considering the rectangle as carrying a torsional 
moment of 

T ( hm.' hm.. ) 
x r:E (hmin

3 hmu.) 

Torsion reinforcement will be required if the torsional shear stress "t exceeds the 
capacity of the concrete section. It has been found experimentally that this value 
is rela ted approxima tely to the square root of the characteristic concrete cube 
strength, and the limiting value recommended by BS 8110 is 

Vt min = 0.067 vfcu but not more than 0.4 N/mm1 

Torsion Combined with Bending and ShetU Stress 

Torsion is seldom present alone, and in most practical situations will be combined 
with she ar and bending stresses. 

(a) Shear Stresses 

Diagonal cracking starts on the side of a member where torsional and shear stresses 
are addit ive . The shear force has a negligible effect on ultimate torsional strength 
when V < vcbd, the shear strength of the concrete section, but once diagonal 
cracks form, the torsional stiffness is reduced considerably. 

To ensure that crushing of the concrete does not occur (figure 5.9) the sum of 
the shear and torsion stresses on a section should not be excessive so that 

(" t ilt):> "tu 

where 

"IV. = 0.8 vfcu or S N mm1 

Additionally in the case of small sections where YI is less than 550 mm 

~ y , 
I'c .... "tv.--

550 

must be satisfied to prevent spalling of the corners. 
The recommendations for reinforcement to resist a combin ation of shear and 

torsion are given In table 7.3 . 

SHEAR, BOND AND TORSION II I 
(b) Bending Stresses 

When a bending moment is present , diagonal cracks will usually develop from the 
top .of the ~exur~1 crac~s . The flex ural cracks themselves only slightly reduce the 
torsl~nal Sti.ffness , proVlded that the diagonal cracks do not develop. The final mod 
of fa~ure will depend on the distribution and quan tity o f reinforcement present e 

Figure 5.11 ~hows a typical ultimate moment and ultimate torsion interactio~ 
cur~e for a sectIOn .. As can be seen, for moments up to approXimately 0.8M the 
sect~on can also resISt the full ultimate torsion Tu. Hence 110 calculations fo~ 
torsIOn are. generally ne~essary f~r the ultimate limit state of reinforced concrete 
unl~~ t~TSIon has been mclu ded tn the o riginal analysis or is required for 
equilibnum. 

-----' " 1'""''''---'''::'"", 
\ 
\ 
\ 
\ 
\ 
I 

Figure 5. 11 Combined bending Qnd fonion 
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Serviceability, Durability and 
Stability Requirements 

The concept of serviceability limit sta tes has been introduced in chapter 2, and for 
reinforced concrete structures these states are often satisfied by observing empirical 
rules which affect the detailing only. In some circumstances, however, it may be 
desired to estimate the behaviour of a member under working conditions, and 
mathematical methods of estimating deformations and cracking must be used. The 
design of waler-retaining structures, and prestressed concrete , arc both based 
primarily on the avoidance or limitation of cracking and these are conside red 
separately in other chapters. 

Where the foundations of a s tructure arc in contact with the ground, the pres
sures developed will influence the amount of settlement that is likely to occur. To 
ensure that these movements are limited to acceptab le values and are similar 
throughou t a structure. the sizes of foundations necessary arc based on the service 
loads for the structure. 

Durability is necessary to ensure that a structure remains serviceable through
out ils lifetime. This requi rement will involve aspects of design, such as concrete 
mix selection and dete rmination of cover to reinforci ng bars, as well as selection 
of su itable materials for the exposure conditions which are expected. Good con
struction procedures including adequate curing are also essential if reinforced 
concrete is to be durable. 

Simplified rules governing the selection of cover, member dimensions, and rein
fo rcement detailing are given in section 6.1 and 6.2, while more rigorous procedures 
for ca !eulalion of ac tual deflec tions and crack widths are described in sections 6.3 
to 6.5. Durabil ity and fire resistance are discussed in sec tion 6.6. 

The stability of a structure under accidental loadings , although an ultimate limit 
state analysis, will usually take the form of a check to ensure that empirical rules 
designed to give a reasonable minimum resistance against misuse or accident are 
satisfi ed. Like serviceabili ty checks, this will often merely involve deta iling o f 
reinforcement and not affect the total quantit y provIded. Stability requirements 
are described in sect ion 6.7. 
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'6.1 Detailing Requirements 

These are to ensure that a structure has satisfactory durabili ty and serviceability 
perf?nnance under no~al circumstances. BS S ilO recommends simple rules con
cemmg the concre te mIX and cover to reinforcement , minimum member dimen
sions, and limits to reinforcement quanti ties and spacings which must be taken 
into account at the member Sizing and reinforcement detailing stages. Reinforce
ment detailing may also be affected by stability considerations as described in 
section 6.7, as well as rules concerning anchorage and lapping of bars which have 
been discussed in sections 5.2 and 5.3. 

6. 1.1 Minimum Concrete Mix tJlJd Cover (ExpoJure Conditions) 

These requirements are interrelated , and BS SI lO specifies minimum combinations 
of thickness of cover and mix characteristics for various exposure conditions. The 
mixes are expressed in terms of minimum cement con tent, maximum water! 
cement ra tio and corresponding minimum strength grade. These basic requirements 
are given in table 6. 1. / 

The nominal cover is that to all steel , and allows for a maximum fix ing toler
ance of ± 5 mm . Adjustments must be made to cement contents if different 
aggregate sizes are used, an d details of these and other possible modifications are 
given in BS S i l O. 

6. 1.2 Minimum Member Dimensions and Cover (Fire R~SfanCf!) 

BS S I J 0 also provides tabulated values of minimum dimensions and nominal 
covers for various types of concrete member which are necessary to pennit the 
member to withstand fire for a specified period of time. These are summarised in 
tables 6.2 and 6.3. 

6. 1.1 Maximum Spacing of Reinforcement 

The maximum clear spacings given in table 6.4 apply to bars in tension in beams 
when a maximum likely crack width of 0.3 mm is acceptable and the cover to 
reinforcement does not exceed 50 mm. 

I! can be seen that the spacing is restricted according to the amount of moment 
rcdi~ t ribut i~n applied. A~y bar of diameter less than 0.45 times tha t of the largest 
bar III a section must be Ignored when applying these spacings. Bars adjacent to 
corners of beanl$ must no t be more than one-half of the clear dis tance given in 
table 6.4 fr om the corner. 

Ru les for slabs permit greater spacings under specified conditions as follows: 

(a) If II >Iii; 200 mm with high yield steel (ly = 460 N/mm1 ) 

or (b) If" >Iii; 25 0 mm wit h Mild steel (ly - 250 N/m m 2 ) 

or (e) Ir 100 A.lbd< 0.3 per ce nl 

thell the maximum clear spacing between bars sho uld no t exceed 750 mm o r 3d 
whichever is smaller. I 
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Table 6.1 Nominal cover and mix requirements for normal weight 20 nun 
maximum size aggregate concrete 

Environment classification Nominal cover to all reinforcement 
(mm) 

Mild: for example, protected against 
weather or aggressive conditions 

Moderate: for example, sheltered 
from severe rain and freezing while 
wet; subject to condensation or 
continuously under water; in contact 
with non-aggressive soil 

Severe: for example, exposed to 
severe rain ; alternate wetting and 
drying; occasional freezing OJ 

severe condensation 

Very Severe: for eX3f\1ple , exposed to 
sea water spray, de-icing salts, 
corrosive fumes or seve re wet freezing 

Extreme: for example, exposed to 
abrasive action (sea water and solids, 
nowing acid water 1 machinery or 
vehicles) 

Maximum free water/cement ratio 
Minimum cement content (kg/m' ) 
Lowest concrete grade 

·Entrained air required for wet freezing. 

25 

0.65 
275 
ClO 

20 

35 

0.60 
300 
Cl5 

20 20 

30 25 

40 30 

50" 40" 

60" 

0.55 0.50 
325 350 
C40 C45 

Table 6.2 Nominal cover for fire resistance 

Fire 
resistance 

(hours) 

Nominal cover to all reinforcement (mm) 

0.5 
1.0 
I.5 
2.0 
3.0 
4.0 

5.5. 

20 
20 
20 
40 
60" 
70" 

cont. 

20 
20 
20 
30 
40 
50" 

s.s. 

20 
20 
25 
35 
45" 
55 " 

Floors 

cont. 

20 
20 
20 
25 
35 
45" 

• Addi tional mea.~u re5 nocesSliry to reduce rI~ or .paUlna 

8.5. 

20 
20 
35 
45" 
55" 
65 " 

Ribs 

cont. 

20 
20 
20 
35 
45" 
55" 

20 

20 

25 

30 

50 

0.45 
400 
C50 

Columns 

20 
20 
20 
25 
25 
25 
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Table 6.3 Minimum dimensions o f RC members for fire resistance 
(nominal cover requirements satisfied) 

Minimum dimensions (mm) Fire 
resistance 

(hours) 
Beam 

width 
Rib 

width 

Exposed 
Floor column 

thickness width 

Wall thicknesses 

i! < 0.4% > 1.0% 
Ac 

0.5 
1.0 
1.5 
2.0 
3.0 
4.0 

200 
200 
200 
200 
240 
280 

125 
125 
125 
125 
150 
175 

75 
95 

110 
125 
150 
170 

150 
200 
250 
300 
400 
500 

150 
150 
175 

Table 6.4 Maximum clear spacings (mm) for tension bars in beams 
\ 

f, 

250 
460 

- 30 

210 
115 

% Moment redistribution 

-20 

240 
130 

10 

270 
145 

o 
300 
160 

+10 

300 
180 

+20 

300 
195 

+30 

300 
2 10 

75 
75 

100 
100 
150 
180 

Ir none of these apply , the maximum spacing should be taken as that given in 
table 6.4, except that if the ratio HJOA .lbd is less than 1.0 , the values from table 
6.4 should be divided by that ratio. If the amount of moment redist ribution is 
unknown when using table 6.4 for slabs, zero should be assumed for span moments 
and - IS per cent for support moments. 

6. 1.4 Minimum Spacing of Reinforcement 

To permit concre te flow around reinforcement during construction the minimum 
cleat gap be tween bars. or groups of bars. should exceed (hags + 5 mm) horizon· 
tally and (2h.ii/3) vertically, where hlii is the maximum size of the coarse aggre· 
aote. The gap must also exceed the baI diameter, or in the case of 'bundled bars' 
the diameter of a bar of equivalent total cross·sectional area. 

6. 1.S Minimum Areas of Reinforcement 

Por most purposes, thennal and shrinkage cracking may be controlled within 
.cceptable limits by the use of minimum rei nforcement quantities specified by 
as 8 1 10, although requirements of water·retolnlng structures will be more strin· 
le nt (see chapter II ). The principal requirements . re summarised in table 6.5 , 
.!t hough other requirements include O.IS per cen l trl nsverse reinfo rcement in 
the top surfaces of nonges in nanged beamsilld 0 .25 pet COllt (High yield) or 
0.30 per cent (Mild steel) onH-crack steel In 1)llI ln Willis (bi T diame ter 4: 6 mm or 
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one-quarter diameter of vertical comp ressive bars). Requirements for shear links 
and column bin ders are given in sect ions 7.3 and 9.3 respectively. 

Table 6.5 Minimum reinforcement areas 

Tension reinforcement 
( I) Pure tension 
(2) Flexure 

(a) rec tangular section 
(hoth ways in solid slabs) 

(b) flanged - web in tension 
bw/b ~ 0.4 
bwlb < 0 .4 

- flange in tension 
T-beam 
L-beam 

Compression reinforcement 
(I) General 
(2) ReeL column or wall 
(3) Flanged beam 

flange in compression 
web in compression 

(4) Rectangular beam 

100A JA , I 
l OOAJbwh) 
lOOAJbwh 

lOOAJbwh 
l OOAJbwh 

lOOA~/A" I 
IOOAsc/A c ) 

l00A sc/bh f 

lOOA~/bwh} 
100Asc/Ac 

6.1.6 Maximum Areas of Reinforcement 

Mild steel 
(f, = 250 
N/mm2 ) 

:0.8% 

=0.24% 

"" 0.32% 

= 0.48% 
'" 0.36% 

=0.4% 

=0.2% 

High yield 
steel 

(f, = 460 
N/mm2) 

0.45% 

0.13% 

0.18% 

0.26% 
0.20% 

0.4% 

D.2%" 

These are de termined largely from the practical need to achieve adequate com
pact ion of the concrete around reinforcement. The limits specified by BS 8 110 
are as follows. 

(a) For a Slab or Beam, Longitudinal Steel 

lOOA s 

bh 

iOOA se 

bh 
not greater than 4 per cent each 

Where bars are lapped, the sum of the bar sizes in a layer must not be 
greater than 40 per cent of the section breadth. 

(b) For a Column 

l{)()A~ not greater than 6 per cent if cast vertically 
bh 

not gre ater than 8 per cenl If cust horizonta lly 
no t greater thull 10 per celli ut lap. III either cllse 
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6. I. 7 Side Face Reinforcement in Beams 

Where beams exceed 750 mm in dep th . longitudinal bars should be provided near 
side faces at a spacing l> 250 mm over a distance 211/3 from the tension face . 
These bars. wh ich may be used in calcu lating the mOPlent of resistance, must have 
a diameter> V(Sb blfy) where Sb is the bar spacing and b the breadth of the 
section (or 500 mm if less). as indicated in fi gure 6. 1. 

I 
I 

'''''I 

c--.=o---,' I 
- I 

, 
, 

I' 
, 

, 1 

~ , ' 

30 

20 
/ , 

mm 

1. '0150 

! _I 

>' 0 .45<1) f, 
oL---~,----~-----r--

200 AOO 600 

_. 1'...., Rl2 quor"' d -----
If h ,.750 

bmm 

Figure 6.1 Side face reinforcemenl in beams 

6.2 Span-Effective Depth Ratios 

as 8 110 speci fies a set of basic span-effective depth ratios to control deflections 
which are given in table 6.6 for rectangular sections an d for flanged beams with 
spa ns less than 10m. Where the web wid th of a Oanged beam bw > O.3b, linear 
interpolation should be used be tween the values for a flanged beam and a rectan
gu lar section . Ratios for spans> 10 m are fac tored as in example 6.1. 

Table 6.6 Basic span-effective depth rat ios 

Canti leve r 
Simply supported 
Cont inuous 

Rectangular 
section 

7 
20 
26 

Flanged 
(bw ";O.3b) 

5.6 
16.0 
20.8 

The basic ratios given in table 6 .6 arc modified in particular cases according to 

(3) The service stress in the tension steel and the value of Mlbd 2 , as shown 
in ta ble 6 .7. which is also presented in the form o f a chart in fig ure 8 .4. 

(b) The area o f compression steel liS in hble 6 ,8. 

n .e are:. of tension rein forcement provided II reluted to the va lue of M/bd 2 , thus 
lower values of service stress and M/ bd 2 will rClul1 [n .ma ller dept hs o f neutral 
",I. x. T his effect wlll reduce dcnec t[o n. duo tn creop . fII there will be less of the 
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,--se;tion subject to compressive stresses. Com pression reinforceme~t restrains creep 
deflections in a similar manner and also reduces the effects of shrmkage. 

Table 6.7 Tension reinforcement modification fa ctors 

Reinforcement M/bd1 

service 
stress (N/mml) 0.50 0.75 1.0 1.5 2.0 3.0 4.0 5.0 6.0 

100 2.0 2.0 2.0 1.86 1.63 1.36 1.19 1.08 1.01 

(I, = 250) 156 2.0 2.0 1.96 1.66 1.47 1.24 1.10 1.00 0.94 
200 2.0 1.95 1.76 1.5 1 1.35 1.14 1.02 0,94 0,88 

(I, - 460) 288 1.68 1.50 1.38 1.2 1 1.09 0.95 0.87 0.82 0.78 

The service stress in the reinforcement il is usuaUy a function of tI,le yield 
stress f as indicated in the table. The reinforcemen t areas As and AI 3rc measured 
at the :e~tre of span. or at the support for a r:antilever, and I?C value of A; used 
with table 6.8 should include all bars located In the compresslOn zone. 

Table 6.8 Compression reinforcement 
modifica tion factors 

lOOA~,prov 
bd 

0.00 
0. 15 
0.25 
0.35 
0.50 
0.75 
1.0 
1.5 
2.0 
2.5 

;. 3 .0 

Factor 

1.00 
1.05 
LOB 
1.1 0 
1.1 4 
1.20 
1.25 
1.33 
1.40 
1.45 
1.50 

• 

The use of these fac tors is illust rated by example 6. 1 . It should be noted that 
the basic ratios given in table 6 .6 are fo r unifonnly distributed loadings, a?d pro· 
cedures for making adjustments to the basic ra tios to allow for other loadmg 
patterns are given in section 6.3.4 and illustrated by example 6.3 . 

EX4Itfpk 6. J Spon-Effective Depth Ratio Check 

A rectangular continuous beam spans 12 m with a mld·span ultimate moment of 
400 kN m. If the breadth is 300 mm , check the acccPtabl\l~y of an effective depth 
of 600 mm when high yield rein forcement f y • 460 N/ mm Is used, Two 16 mm 
bars are located within the compressive t one 

SERVICEABILITY, DURABIUTY ANDSTABILlTY REQUJREMENTS 119 

Basic span-effective depth ratio (table 6 .6) '" 26. 

To avoid damage to finishes , modlfled ratio = 26 x .!.Q. '" 21.7. 
12 

Tensile reinforcement modifica tion facto r: 

M 
bd

' 
-

400 X 10
6 

'" 3.7 
300 x 6002 

thus, from table 6 .7 for fy = 460 N/mm'. modification factor = 0.89. 
Compression reinforcement modification factor: 

tOOA ~ '" 100 x 402 '" 0.22 
bd 300 x 600 

thus from table 6.B. modificatio n factor '" 1.07 . 
Hence, modified span-effective depth ra tio is equal to 

2 1.7xO.B9x 1.07=20.7 I.. 

Span-effective depth ra tio provided '" 12 x 10
3 

= 20 
600 

which is less than the allowable upper limit, thus deflection requirements are 
likely to be satisfied. 

6.3 Calculation of Deflections 

The general requirement is that neither the effiCiency nor appearance of a st ructure 
I. l\3Tmed by the deflec tions which will occur during its life. Deflections must thus 
be considered at various stages. The limitations necessary to sa tisfy the require· 
me nts will vary considerably according to the nature of the structure and its 
loadings, but for reinrorced concrete the following may be regarded as reasonable 
auldes. 

( I) The final deflection of horizontal members below the level of casting 
should not exceed span/2S0. 

(2) The de flection taking place after fix ing of partitions or application of 
fin ishes should not exceed the lesser of 20 mm or span/SOO to avoid 
damage . 

1 .. lcral deflec tions must not be ignored, especially on tall slender struc tures, and 
limitations in these cases must be judged by the engineer. It is important to realise 
th., there are many factors which may hove significant effec ts on deflections, and 
110 dimcult to Il JJow ror, thus ony calculated value must be regarded as an estima te 
~nly The most importan t of these effecl! nrc III fo llows. 

(I ) Support res traints mUS1 be cslll1ulled on the bnsls of simplified assump· 
tions , which will h~ve vll rylng del/i,ru tlf IIccuru.cy, 
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(2) The precise loading and duration cannot be predicted and errors in dead 
loading may have significant effect 

(3) A cracked member will behave differentl y to one that is uncracked -
this may be a problem in lightly reinforced members whe re the working 
load may be close to the cracking limits. 

(4) The effects of floor $creeds, finishes and partitions are very difficult to 
assess. Frequently these are neglected despite their 'stiffening' effect . 

It may sometimes be possible to allow for these factors by averaging maximum 
and minimum estimated effects , and provided that this is done there are a number 
of calculation methods available which will give reasonable results. The method 
adopted by BS 8110 is very comprehensive, and is based on the calculation of 
curvatures of sections subjected to the appropriate momen ts, with allowance for 
creep and shrinkage effects where necessary . Defl ections are then calculated from 
these curva tures. 

The procedure for estimating deflections is rather lengthy and complex , involv
ing the following stages which are illustrated in example 6.2. 

(I) Calculate the short-term curvature under total load;Cs.tot · 
(2) Calculate the short-term deflection from (1 ), an d if the long-term 

deflection is required : 
(3) Calculate the short -term curvature due to permanent loads , Cs.perm. 
(4) Calculate the long-term curvature due to permanent loads, C l.perm. 
(5) Calculate the curvature due to shrinkage, CshT ' 

(6) Estimate the total long-tenn curvature q as 

q '" Cs.tot - c;.perm + q .perm + Cshr 

(7) Calculate the long-term deflection using the value from (6). 

The curvatures in (1) , (3) and (4) are taken as the larger value from considering 
the section as 

(a) cracked 
(b) uncracked . 

As the concrete may have cracked under the total load , the addi tional short-term 
curvature C s.temp due to the temporary loading is obtaine d from 

Cs.temp = Cs.tot - Cs.perm 

in part (6) of the procedure and is not calculated directly. 
If deflections are assumed to be small, elastic bending theory is based on the 

expression 

d'y 
M =£1-, dx' 

(6. 1) 

where Mx is the bending moment at a section distance x from the origin as shown 
in figu re 6.2. 

For small defl ec tions the term d2 y/dx2 approxhn ll lcly equals the curvature, 
wh ich is the reciprocal of the radi us of curvu turc : thus 
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I 
Mx =EJ -

" 

Figure6.2 eurvatureofabeam 

wh ere l /rx is the curva ture atx . \ 

(6.2) 

Integrating expression 6. 1 twice will yield-Values of displacementsy of the 
member . thus if curvatures of a member are known , displacements can be deduced. 

The analysis of deflections will use the partial facto rs of safety from tables 2.1 
and 2.2 , wh ich effectively mean that materials prope rties are taken as the charac
teristic values, and that loadings are true working loads. 

6.3. 1 Colculotion of Curvatures - Short Term 

The curvature of any section should be taken as the larger value obtained from 
conSidering the section to be either uncracked or cracked. 

" <, 
:-;-

I , -- '" , 

A, 

~ • • 
I 

' t d 1>1 O N/m m2 
c--; 

S t r a m Sl r ct SS 

Figure 6.3 VI/cracked secllOIl - llra ill and Slr eSf distribution 

Y'lCracked Sectioll 

rhe Ilssumed clast ic strain and streSt distribu tion. Ire . howlI in ngure 6.3 , an d the 
upper limit to concrete stress nt the level or t!!minn r!!\llforccmen t should be noted. 
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From equation 6 .2 

I M 
curvature - = - 

rEel 

From the theory of bending 

Mx 
le=[ 

hence 

.1.. :: Ie .!. 
r Ee X 

where M '" applied moment at section considered 
Ee '" instantaneous static modu lus of elasticity of concrete (for short-

term denections) 
I '" second moment of area of section 
Ie ::: maxim um compressive stress in the concrete 
x = depth of neutral axis. 

The above expression gives the instantaneous curvature of thl'l uncracked section. 
If this is found to be greater than for a cracked section , the tensile stress ltd of the 
concrete at the level of tension reinforcement must be checked. 

" • • 

St r om 

' td ' , · O Nlmm~ shorl t <2 r m 

or 055 N/mm2 101'19 tll rm 

S t rQ:S5 

Figure 6.4 Cracked leelion - strain I1nd streu distribution 

Cracked Section 

The recommended stress and strain distribution are given in fi gure 6.4 where the 
stiffening effec t of the cracked concre te is taken into account by the tensile stress 
block shown. 

Curvature'!' = Ie • _ h 
r xEc (el x) 1:". 
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Hence it is necessary to analyse the section subjected to its applied moment M to 
obtain values of x and either fe or f. -This calculation is ideally suited to compute r 
application, but if required to be solved manually must be performed on a trial 
and error basis. 

Considering the section equilibrium by taking moments about the cen tre of 
compression 

~AJs (d - i) +tbhfet(h - x) 

and from the strain distribution 

f' _ x ' Ee f' 

Je-(d _ x) Es JS 

and equating tension and compression forces 

{bxfe = f,A s + t b (h' - x) leI 

where fet = maximum tensile stress allowed in the concrete 

(
h -x) . -- [" 
d - x 

(6.3) 

(6.4) 

I 
'I 

I 
(6 .5) 

I 
Es ::: 200 kN/mm2 ! 
Ee = instantaneous static modulus of elasticity of concrete (for short-term 

deflection) I 
The most convenient method of solving these expressions is to assume a neu tral 

ax.is po~ition; for this value of x evaluate f, from equation 6.3 and using tlris value 
obtain two values of Ie from equations 6.4 and 6 .5. This should be repeated for 
two furthe r trial values of x , and a plot of fe from each expression is made against 
x. The intersection of the two curves will yield values of x and fe with sufficient 
accuracy to permit the curvature to be calculated. This method is demonstrated in 
example 6 .2. 

6.3.2 Calculation ofCurPatures - Long Term 

In calculating long-term curvatures it is necessary to take into account the effects 
of creep and shrinkage in addition to the reduced tensile resistance of the cracked 
concrete as indicated in figure 6.4. 

Creep 

This is allowed for by reducing the effective modulus of elasticity of the concrete 
to Een:: Ee/(I + 1fJ) where IfJ is a creep ~oefficient , equal to the ratio of creep 
. train to initial elastic strain. 

The value of 1fJ, while being affected by aggregate prope rt ies, mix design and 
curing conditio ns, is governed also by the age at nrst loading, the duration of the 
load and the section dimensions. Figure 6 .5 give, long-term va lues of 1fJ, as suggested 
by 8S 8 110, and It may be assumeti thll t about 40 per cen t , 60 per cent and 80 pe r 
cent of this wlU occur wit hin I mo nth,6 mOIIlIl. and 30 months under load 
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respectively fo r constant relative humidity. The effective section thickness is taken 
as twice the cross-sectiona l area divided by the exposed pe rimeter, but is taken as 
600 mm if drying is prevented by seating or immersion of the concrete in water. 

)0 y~'" creep (:0, 1t. Indoor O .... tdoOt 
IU K) 

eHtC h • • t"'~ k ness,t-

~ 
, , 

"0 300 600 , 

'0 1--: ~ .. g. 01 looding: 
-'" - I da," ) ~ -

3S 'S ''f r---.... '-...1 I : 
'S ;-;.. 

r:::: ~ 
30 ,. :-, .. , .-,·s . , 

~ , .. ,·s 'S - · c ":s , 
r:::--.L ' ·S , .. ::s , .. , .. , --i- ....... 

• s ' ·S .5 , , , , 
20 )0 40 SO 60 70 80 90 100 

'>'mblen t " IQIo., humi d i l~ , % 

Figure 6.5 Creep coefficients 

Shrinkage 

Curvatu re due to shrinkage must be estimated and added to that due to applied 
moments, such that 

~1 = f a Ct, SI 
,~ I 

where Ecs is the free shrinkage strain , Ct, is the modular ratio E,IEeff , and Ss is the 
firs t moment of area of the reinforcement about the centfoid of the cracked or 
gross cross-section as appropriate. 

Shrinkage is influenced by many features of the mix and construction pro
ce dures, but for most circumstances where aggregates do not have high shrinkage 
chracteristics, va lues of €cs may be obtained from figure 6.6 which is base d on 
8S 8 11O. 

The total long-term curvature of a section subjected to a combination of 
permanent and non-permanent loads should be compounded as follows. 

Total long-term curvature = long-term curvature due to permanent loads 
+ short-term curvature due to non-pennanent 
loads + shrinkage curvature 

In this expression the short-term curvature due to the non-permanent loads is 
calculated as the curva ture due to the total loads minus tha t due to the permanent 
loads. This is because the total loads may cause a cracked section and a larger 
curvature. 

The net result is that the long-term curvature of a reinforced concre te member 
may be considerably greater than the instantaneous valuc, as Illustrated in exam ple 
6.2. 
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Figure 6.6 Dry ing drr iflkage 

6.3.3 Cakulation of Deflections from CurVt1 tures 

Double integrat ion of the expression 6. 1 

d2y _ 
EI dx1 -Mx 

, 
, 

will yield an expression for the defl ection . This may be illustrated by considering 
the case of a pin-ended beam subjec ted to constant moment M throughout its 
length. so that Mx =M. 

therefore 

M M 

0) (0 
,. 

Figure 6.7 Pin-endtd beam ~ubjecud to conl tant moment M 

£/ d1y 
- <lx' 

- M 

El dY . Mx+C 
<lx 

but if the slope is lcro It mid-span where x • 1./2, then 

(6.6) 
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C = - ML 
2 

dy ML £1 - =Mx - -
dx 2 

Integrating again gives 

Mx' 
Ely= -

2 
_ MLx +D 

2 

but at support A when x = 0, Y '" O. Hence 

D:O 

thus 

y=;(X22 _ ~) atanysection (6.7) 

The maximum denection in this case will occur at mid-span, where x = L/2 , In 

which case ( L £ ZLf ) 
M L1 'M - -

Y : _ _ _ -;-r 'fI t · (6.8) 
max EI 8 ~ 

bu t since at any uncracked section .M- C- ~ L t. ) 

M eJ - "' -
£1 , 

the maximum deflection may be expressed as 

1 , 1 
Ymax = - '8 L ;: 

In general. th.e bending-moment distribu tion along a member will not be constant, 
but will be a funct ion of x . The basic form of the result ,will however be the same, 
and the deflection may be expressed as 

where 

K 

L 
1 

maximum deflection a '" KL 2 

= a constant, the value of which depends on the distribution of 
bending moments in the member 

= the effective span 

'" the mid-span curva ture for beams, or the , uppo rt curvature for 
can tilevers 

(6.9)· 
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Typical values of K are given in table 6 .9 for various common shapes of bending. 
moment diagrams. If the loading is complex, then a value of K must be estimated 
for the complete load since summing deflections of simpler components will yield 
incorrect results. 

Although the derivation has been on the basis of an uncracked section, the 
fmal expression is in a form that will deal with a cracked section simply by the 
substitution of the appropriate curvature. 

Since the expression involves the square of the span , it is important that the 
true effective span as defined in chapter 7 is used, particularly in the case of canti· 
levers. Deflections of cantilevers may also be increased by rotation of the support . 
ing member . and this must ~e taken in to account when the supporting structure is 
fairly flexible. 

Table 6.9 Typical deflection coefficients 

Lood ing 8 .M . Diagram K 

, 
I 

_M 

( .) WW,'l,l 0·125 

M M 

~ 
4/·80 . 1 

~ 48, 
- L ~f 0 , ' /z tr.~ " K :0083] 

WoL{I- o ) 

• 
I l "<W?" 0'104 

WL2/8 

~ ~ 
'" D~I I~c tlO" 

0(3-0) 
-6-

[ il O : 1 t" ln K:0'33] 

I ' 
,L 

I ~2 '"' Oe l l .. c \ ,o n 
c (4 · c) 

~ • -'-2-
[ i f a : 1 tI.an K: 0 '25] 

EXQmpie 6.2 CD/cufQ/ion of Q DefleCTion 

Estima te short·tenn and long·term deflections for the simply supported bea m 
shown in figure 6.8. which is assumed to be made of normal aggregates and props 
removed at twen ty-eight days. 

Concrete grade : 30 
Instantaneous static modulus of elasticity .. 26 kN/ mm1 

Reinforcement : Hot ·ro lled hl8h yie ld f~ . 460 N/mm2 

Loading: Dead (pe r·nnnent) • 10 kN/m u.d.1. 
Live (Irllnsll oty ) · 5 kN/m u.d.l. 



128 REINFORCED CONCRETE DESIGN 

(a) Calculate Design Moments at Mid-span 

From ta ble 2.1 

From table 2.2 

l'm '" 1.0 for steel and concrete 

'Y, = 1.0 fo r dead and live loads 

15 x 122 
Design moments - total= '" 270 leN m 

8 

IOx122 
Permanent'" = 180 kN m 

:.:. 
A, 

Live = 

8 

Sx12
1 

=90kNm 
8 

:2 No 12 mm ba rs 

Spon 12m 

S No 25mm ba r s 

Figure 6.8 

(b) Calculate Short·term Curvature - Uncracked Section - Total Load 

M 

270 X 10' 
= = 1. 2 x 1O-6 / mm 

26 x 103 x300 x7O<t/12 

(e) Calculate Short-term Curvature - Cracked Section - Total Load 

Consider equations 6.3 , 6.4 and 6.5. Assume x '" 100 and substi tute in equa tion 
6.3 , that is 

with 

roO = (!!.2) 
d - x 

x 1.0= 700 - 100 
600 - 100 

• \,2 N/mm1 
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,nd 

thus 

~s = (270 x 10' _ 300 x 700
3
X 600 x 1.2) 

, ""56;;7;-,"'2::'4"5"0 

= 158 N/mm1 

From equation 6.4 

x E, r. 
ie=ie l : (d - x) £. I 

100 26 
= -, - X 158 

500 200 

=4.1 N/mm2 

But it; is also given by equation 6.5 as 

r : r : isAs +tb (h - x}iet 
I e le2 1 

,bx 

158 X 2450 + 0.5 X 300 X 600 X 1.2 

150x 100 

= 33.0 N/ mml 

\ 

These values of it; do not agree, therefore fu rther depths of the neutral axis are 
tried giving the fo llowing results. 

x 

100 
210 
300 

roO 
4.1 

12.2 
24.7 

r" 
33.0 
16.5 
12. 1 

These.values are plo tted in figure 6.9a from which it is seen thal id : ie2 = it; 
• IS N/ mm2 approximately, at x :c: 230 mm. !-Ience 

~ = Ie = -::-::;:-.;1",5_=, .2.5 X IO- '/mm 
rb xEc 230 x26x 10 

. Since this curva ture is gretHer thun ule uncracked value, it is not necessary to 
check the concre te tensile stress for thll t cno. the cricked vulue of 2.5 X 1O- ' / mm 
be ing used to dotermlne the denccllon 
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, I, 
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Figure 6.9 

-

)00 

(0) 

(d) Calculate Short-term Deflection - Total Load 

a =KL2 1 
' b 

where 

'" 2.5 X 10-6/mm 
'b 

L = 12m 

K = 0.104 for u.d .l. from table 6.9 

Hence mid-span short·term deflection 

a:O.1 04 x 121 x 1(1i )(2.5x 10-6 

= 37 mm approximately 

./ I 

I 
I 
I 
I 
I 

350 I 
360 

(e) Calculate Short-term Curvature due to Permanent Loads 

Permanent moment = 180 kN m 

Thus, if section uncracked 

400 

- = 180 X 10
6 

". 0.8 x 1O- '/mm 
26)( 103 )( 300 x 7003 /12 'b 

and if crac ked, an approach similar to that used in (c) above gives It = 9.7 N/mm 1 

at x = 245 mm. Hence 

• ==-9"o",7;-c= '" I.S x 10- ' /mm 
245)(26)(103 
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(f) Calculate Long-term Curvature due to Permanent Loads 

In this case, analysis is based 011 a red uced concre te tensile stress of 0.55 N/m m2 

al the level of reinforcement. thus 

and a reduced 

l et=< (:=:) x 0 .55 

E _ 26 
erf-~ 

The effective sec tion thickness equals 

twice cross-sectional area '" 2 x 700 x 300 = 210 mm 

perime~er 2 (700 + 300) \ 

thus the value of IjJ from figure 6.5 for loading 3t twenty-eigh t days with indoor, 
exposure is approximately 2. 75. Hence I 

26 
Eeff = :-7:::: = 6.93 kN/mm1 

1 + 2.75 

Thus, using the same approach as previously for the cracked analysis, it is found 
lhat 

when x = 300 mm then/ci '" 4.5 N/mm1,lc'l =8. 1 N/ mm2 

x"'350mm 

x=370mm 

lei =6.6N/mm1
,lel =7. 1 N/mm1 

le i '" 7.7 N/m m1 ,1el '" 6.8 N/mm1 

Thus as can be seen from figu re 6.9b. the solution lies at x'" 360 mm whe n 
Ie '" 7.0 N/mml . Therefore 

- = :o;c;;-.;7~oO:--= :c 2.8 x 10-6/mm 
r b 360 x 6 .93 x 10' 

\ 

In this instance it is not necessary to evaluate the uncracked case since in part (e) 
It has been established that the permanent loads yield the rugher instantaneous 
curvatu re when the section is cracked. 

(_> Calculate Shrinkage Curvature 

= fa Qe S, 
res I 

E 200 
Qe'" - '- = -- =28.9 

Eerf 6.93 
where 

And ror a transformed cracked section (see n"ure 4.28) 

, _ bx' +bx(X~ 1-0,A.(d \')' 
)2 2 } 

, 
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therefore with x = 360 mm from part (f) 

,nd 

I =(1.1 7 + 3.50 + 4.08)x 109 

'" 8.75 X 109 mm" 

Ss = As (d - x) 

= 2450 x 240 

'" 588 x 103 mm l 

From figure 6.6 for indoor exposure, the long-term value 

f"cs "'" 390 X 10- 6 

Thus 

= 
390 x 10- 6 X 28.9 x 588 x 103 

8 .75 X 109 

::::: 0.8 x 1O- 6/mm 

(h) Calculate Total Long-term Deflection 

Short.term curvature, non-pennanen! loads = Short· term curvature, total loads 
_ Short-term curvature . permanent loads 

Therefore 

hence 

= 2.5 X 10- 6 - 1.5 X 10- 6 

= 1.0 x 1O - 6 /mm 

Long-term curvature, permanent loads = 2.8 x 10- 6 fmm 

Shrinkage curvature = 0 ,8 x iO- 6 /mm 

Total long-term curvature ~ = 4.6 x JQ- 6/mm 
'b 

estimated total 
long-term deflection 

KL' 
=--

= 0.104 X 121 X 106 X 4.6 X 10- 6 

=69 mm 

6.1.4 Basis of Span-Effective Depth Ratios 

The calculation of deflections has been shown to be a te dious operation, however, 
for general use rules based on limit ing the span-effec tive depth rat io of a member 
are adequate to ensure that the de flections are not excessive. The applica tion of 
this me thod is described in section 6.2. 

The relationship between the deflection li nd the IplIn..effective depth ratio of a 
member can be derived from equa tion 6.9; thus 
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" 

Figure 6.10 Curvature and strain distribution 

deflection a = K ~ L:l. 
' b 

and for sm all deflections it can be seen from fi gure 6. 10 th at for unit length,s 

where 

Therefore 

rp= ~ = fern + f nn 

'b d 

fern '" maximum compressive strain in the concre te 

frm = tensile strain in the reinforcement 

K = a faclOr which depends on the pattern of loading 

_---"~p~'n"-__ = L = ~ I 
effective depth d L K 

" 

'\ 

\ 

The strains in the concrete and tensile reinforcemen t depend on the areas of rein
forcemen t provided and their stresses . Thus for a particula r member section and a 
pattern of loading, it is possible to determine a span-effec tive depth ratio to satisfy 
a part icular aiL or deflection/span limitation. 

The modified span-effective depth ra tios obtained in section 6.2 are based on 
limiting the total deflection to span/2S0 for a uniformly distributed loading. For 
spans of less than 10m this should also ensure that the lim its of span/SOO or 20 mm 
after applica tion of fin ishes are met bu t , for spans over 10 m where avoidance of 
drull9ge to fin ishes may be importan t, the basic ratios of table 6.6 should be 
fac tored by 10/span. 

For loading patterns o ther than uniformly distributed II revised ratio is given by 
changing the basic ratio in proportion to the relative values of K, as shown in 
example 6.3. Similarly , for limiting the denection to span/B 

revise d ra tio = basIc rO l lo X 
250 

~ 
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In cases where the basic rat io has been modified for spans greater than 10 m, 
maximum deflections are unlikely to exceed 20 mm after construction of partitions 
and finishes. 

When another denection limit is required , the ratios given should be mult iplied 
by (l/20 where (t is the proposed maximum deflection . 

Example 6.1 Adjustment of /Josic Span to Effectil1e Depth Rafio 

De termine the appropriate basic ra tio for a cantilever beam supporting a uniform 
load and a conce ntra ted point load at its tip as shown in figure 6. 11 . 

20kN 

~ 
" I· .1 

Fiaure 6.1 1 Point l()(Id on cantilever example 

Basic ra tio from table 6.6:: 7 for a u.d. 1. 

From table 6.9 : 

K for cantilever with u.d.l. over full length:: 0.25 

K for cantilever with poin t load at tip"" 0 .33 

Thus. for the point load only, adjusted basic ratio equals 

7 x 0.25 =5.3 
0.33 

An adjusted basic rat io to accou nt fo r both loads can be obtained by factoring the 
moment due to the point load by the ratio of the K values as follows 

Mudl ::: IO x LI2=5L 

Mpoln t :: 20L 

(
MUdl + Mpoint X KUdl/Kpolnl) Adj usted basic ratio = Basic ratio 

Mudl + Mpoinl 

= 7 ( 5 + 20 x 0.25/0.33) 
5 +20 

= 5.6 

6.4 Flexural Cracking 

Members subjected to bending generally exhibit a series of distributed nexural 
cracks, even at working load. These cracks are unobtrusive and harmless unless 
the widths become excessive. in which case appearance and durabil ity suffer as 
the reinforcement is exposed to corrosion. 
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The actual width of cracks in a rein forced concrete structure will vary between 
wide limits, and cannot be precisely estimated, thus the Iimlting requirement to be 
satisfied is that the probability of the maximum width exceeding a satisfactory 
value is small. The maximum acceptable value suggested by BS 8110 is 0.3 mm at 
any position on the surface of the concrete in normal environments, although 
some other codes of practice recommend lower values for important members. 
Requirements for speCialised cases such as wa ter-retaining structures may be more 
stringent and these are given in chapter II . 

If calculations to estimate maximum crack widths are performed, they are 
based on 'working' loads with "If = 1.0 and material partial facto rs of safety of 
"1m ::: 1.0 for steel and concrete. as 8 1 10 recommends that the effec tive modulus 
of elastici ty of the concre te should be taken as half the instantaneous value as 
given in table 1.1 . to allow for creep effects. 

Prestressed concrete members are designed primarily on the basis of satisfying 
limitations which are differen t from those for reinfo rced concrete . 

, 

("-- _ .- - " j 

Slran 

Figure 6. t 2 Dendi"g of a length of beDm 

6.4.1 Mechanism of FlexurtJl Cracking 

Th is can be illustra ted by considering the behaviour of a member subjected to a 
un iform moment. 

A length of beam as shown in figure 6.12 will init ially behave elastically through
ou t. as the applied uniform moment M is increased. When the limiting tensile strain 
for Ihe concrete is reached a crack will form . and the adjace nt tensile zone will no 
longer be acted upon by direct tension forces. The curvature of the beam, however. 
cu uses fu rther direct tension stre sses to de velop at some distance from the original 
crack to maintain internal eqUi librium . This in turn causes further cracks to fo rm, 
Ind the process con tinues un til the distance between cracks does no t permit 
sufncie nt tensile stresses to develop to ca use further cracking. These initial cracks 
ure called 'primary cracks' . and the average spacing in a rcgion of constant 
1I10ll1Cnt has been shown experimen tally to be approx imately 1.67 (1/ - x) and 
will bc large ly indepcn dent ofreinforccmenl detailing. 

As the applied momcnt Is increased beyond this poin t, the developmen t of 
crucks Is governed to a large ex tent by the reI nfo rcemen t. Tensile stresses in the 
~onc re te surrounding reinforci ng ba ra lire cuused by bond as Ihe strain in the re in
forceme nt increases. These s t ressell nt rclI~ wi th dlltClnce frOm the primary crac ks 
lind may even tually CIlUse fu rther c .• tk, HI hum 'PIHoxlmatcly midway be twee n 
the primary cracks. This actIon mlly cunthuu wi th hll.:,c'I\nK moment until lhe 

\ 
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bond between concrete and stee l is incapable of developing sufficient lension in 
the concrete to cause further cracking in the length between existing cracks. Since 
the development of the tensile stresses is caused di rectly by the presence of the 
reinforcing bars, the spacing of cracks wiU be influenced by the spacings of the re
inforcement. I f bars are sufficiently close for their 'zones of influence' to overlap 
then secondary cracks will join up across the member, while otherwise they will 
fo rm on ly adjacent to the individua l bars. It has been confirmed experimentally 
that the average spacing of cracks along a line parallel to, and at a distance O CT 

from, a main reinforcing bar depends on the efficiency o f bond. and may be taken 
as 1.67ocr for deforme d bars, or 2.0ocr for plain round bars. 

-

, 

Figure 6. 1] BendinK lI1'tlins 

6.4.2 Estimotion of Crack Widths 

If the behaviou r o f the mem ber in figure 6.13 is examined, it can be seen that the 
overall extension per unit length at depthy below the neutral axis is given by 

1: , ::: - Y-- e. 
(d - x) 

where I:s is the average strain in the main reinforcement over the length considered, 
and may be assumed to be equal to fs/Es where Is is the s teel stress at the cracked 
sections. Hence assuming any tensile strain of concrete between cracks as smaU, 
since full bond is never developed 

1: , ::: _ Y_ I s =Lw 
(d - x) Es 

where Lw = sum of crack widths per un it length at level y. 
The actual width of individual cracks will depend on the number o f cracks in 

this unit length. the average num ber being given by length/ave rage spac ing where 
average spacing, sav::: 1.67acr for deformed bars; also sav '" 1.67(h - x), the 
spacing of prima ry cracks. Thus 

~w 
average crack widt h w.v = : €,Sav 

avo n umber o f cracks 

The designer is concerned however with the maximum crock width. and it hilS 
been shown experimentally that if this Is tllken u twice the average va lue , the 
chance of th is being Ilxceeded Is about I In 100, henu for deformlld rlli nforcing 
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bars. the maximum likely crack width wmlX at any level defmed by y in a memo 
ber will thus be given ~y 

::: 1:1 3.33acr 

provided that the limit ofwmlX = 1: ,3.33 (h - x) based on the primary cracks is 
not exceeded. 

The positions on. a member where the surface crack widths will be greatest, 
depend on the relat ive values of strain (1: 1) and the distance to a point of zero 
strain (ocr) ' Despite the effects of bond slip adjacent to cracks , and the steel strain 
across cracks, the crack width at the surface of a rein forcing bar is very small and 
may be assumed to be zero. This may therefore be taken as a point of zero strain 
fo r the purposes of measuringQcr. The neutral axis of the beam will also have zero 
strain, and hence acr may a]so relate to this if appropria te. 

--- Ncz u t r oL 

3 

2 

3 

••• 
2 

011 I !. 

( PoS i tIOn 3 
CZQ I.lld ,s tOn t f r om 
N -A o nd rcz 'nlor ~ mczn tJ 

Figure 6. 14 Critical crack pOlitions 

Criti~~ l pO~iti?ns for maximum crack width will on a beam generally occur a t 
the POSlt.lOllS md.lcate.d in figure 6. 14. These occur when the distance to poin ts of 
zer~ ~ t ram, tha t IS. remforcemen t surface o r neutral axis, are as large as possible. 
POSIlIO~S ~ and 2 wiU h~ve a m.aximum value of strain, while at position 3, although 
the stram IS smaller, Ocr IS considerably large r. The expression for Wmax at any 
point may thus be expressed in the general form 

maximum surface crack 

width at a point = constant x distance to the surface of the nearest 
reinforCing bar or neutral axis x apparent tensile 
strain in the concre te at the level conside red 

TI~e expressi~n for maximum surface crack width given in BS 8 110 is basically of 
tlus form . with the constant based on a p robabili ty of the calculated value be ing 
exceeded of somewhat greater than I in 100. The expression is given as 

- 3QcrEm (6 0) wmox - .1 • 
1 + 2 (0(1 - Cm lr!) 

" x 
where cml n is the minimum cover to the main reinforcement and I: is the average 
concrete sl rB in lind is based on e, but .1l1)W, (Or Iho.tlffening effe~t o f the cracked 
concrete In the tensio n zone t2' Til" va lue nl fJ 1" Iven by 1111 empirica l expressio n 
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_ b l (1/ - x}(a' - x) " - 3 E. A, (d - x) 
(6.11)' 

where bt is the width of section at centroid of tensile steel anda' the distance from 
compressive face to the point at which crack is calculated. This expression allows 
for variations of steel stress between cracks, and results in correspondingly reduced 
maximum crack width estimates. A negative value of Ern indicates that the section 
is uncracked. 

6.4.3 Ano/y$u of Sectio" to IHtermlne Crock Width 

Whatever formula is used, it is necessary to consider the apparent concrete strain 
at the appropriate position. This must be done by elastic ana1ysis of the cracked 
section using half the instantaneous value of Ee to allow for creep effects as 
discussed in section 6.4. 

The methods discussed in section 4.10.1 should be used to fmd the neutral axis 
position x and hence Is the stress in the tensile reinforcement. Then 

EI'" _ Y __ f. 
(d - x) Es 

hence Em may be obtained. 

I 400 I 

• • 

(a) Cross- SQction 

3 No 40mm Dars 
(min CO>lll! r .5Qmm) (b) D,uail 01 RlI!inlorC'ill'TlII!nt 

Position 

Fiaure 6.15 

Example 6:4 CoIculation of Flexuro/ Crack Widths 

Estimate the maximum flexura l crack widths for the beam section shown in figure 
6. 15a when subjected to a momen t o f 650 kN m. 

Characteristic strengths of concrete Ie ... = 30 N/mml 

of sleel 1'1 · 460 N/ mm1 

Modulus of elasticit y of Sleel II. . 200 kN/mm1 
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Calculate Neutral Axis Position and Steel Siress 

From table 1.1 . instantaneous modulus of elasticity'" 26 kN/mm' > therefore 

£ = 26 = 13 kN/mm' , 2 

Then from section 4.10. 1 the neut ral axis position is given by 

'b' E'A E'Ad 0 .,.x+T sx - 'E s = , , 
In this case AI = area of thr~ no. 40 mm bars = 3770 mm1 

d = \000 - (20 + 50) = 930 mm 

thus 

200 200 t x 400 xx' + - X 3770 xx - - x 3770 x 930 =0 
13 13 

, 
I 
I 
i , 

therefore \ 

2 

= 394mm 

(Alternatively charts may be used. as in figure 4.29 in which case 

As 200 . - : -
e bd 13 

",",,3,,-7.:.:70= : 0.156 
400 x 930 

taking A~ = 0, x/d '" 0.42 from charts and hence x = 39 1 mm.) 
The stress in the reinforcement 

thus 

M 
f . : (d - x{3)A, 

=216N/mm2 

650 X 106 

798 x 3770 

y 216 
f l '" 536 x 200 x 103 =y x 2.04 X 10-

6 

tmd using eq uation 6.11 

b, (h - x )(a' - xl 
3 E.AI (d x) 

The lIlulmum crack width will occur either ., po.llion 1 or 2 indicated on figure 
6. 15: thus 

'\ 
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536 : 268 
2 

REINFORCED CONCRETE DESIGN 

../(701 + '2681 } - 20 = 257 

Minimum cove r. Cml n : 50 mm; thus at position I 

a' 
[000 

662 

, : (1.24 _ 400 (1000 - 394){IOOO - 394)) 
m \ 3 x 200 x 3770 (930 - 394) 

: 1.12 X 10- ] 

and equation 6.10 gives 

_ 3UcrEm 

W
m

" - ( ) 1 + 2 aer - Cmi!! 
h - x 

3 x 79 x 1.12 x 10-3 

:: ~. 2 ( 79 - 50 ) 
+ 1000 - 394 

and similarly at position 2 

=0.24 mm 

0.55 

X 10- 3 

E :: r
O

.
55 

_ 400 (1000 - 394) (662 - 394)l x 10- 3 
m [ 3 x 200 x3770(930-394) J 

: 050 X 10- 3 

thus 

3 x 257 x 0.50 x 10-3 

W
max 

'" 1 + 2(257 - 50) 
606, 

=0.23 mm 

The maximum crack width of 0.24 mm is therefore likely to occur at the bottom 
corners of the member, and the cracks are likely to be at an average silacing of 
1.67uer = 1.67 x 79 >'1:1 130 mm at these positions. Cracks of similar wldth may 
occur on side faces at a spacing of approximately 1.67 x 257 "" 430 mm. 

6.4.4 Control of Crack Widths 

It is apparent from the expressions derived above that there are two fundamental 
ways in which surface crack widths may be reduced. 

(1) Reduce the stress in the reinforcement (/s)· 
(2) Reduce the distance to the nearest bar (aer) · 

The use of steel at reduced stresses is generally uneconomical, and although Utis 
approach is used in the design of water.retainlng st ructure. where cracking must 
often be avoided altogether, it is generally elSler to limit the bar cover and spacing 
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and hence aer . Durability requirements limit the minimum value of cover ; however 
bars should be as close to the concrete surface as is allowed. Reinforcement spacing 
may be reduced by keeping bar diameters as small as is reasonably possible . 

Since the side face of a beam is often a cri tical crack·width position it is good 
practice to consider the provision of longitud inal steel in the side faces of beams 
of moderate depth. Recommendations regarding this, and spacing of main rein· 
forcement. are given by BS 8 1 \0 and are discussed in section 6. J. If these recom· 
mendations are followed. it is not necessary to calculate crack widths except in 
unusual circumstances. Reinfo rcement detailing however, has been shown to have 
II large effect on nexural cracking. and must in practice be a compromise between 
the requirements of crack ing, durability and constructional ease and costs. 

L _____ _ 
I :----~~.,~, ~-----~i!'i- A. t"" 

[ 
1------

Figure 6.1 6 Forces odjQeel1t 100 crack 

6.:l Thermal and Shrinkage Cracking 

I hermDI and shrinkage effects, and the stresses developed prior to cracking of the 
tUllerete were discussed in chapter I . After cracking, the equilibrium of concrete 
IdJ~cent to a crack is illustrated in figure 6.16. 

Equa ting tension and compression forces 

As/a = Acid - AJtc 

'" 
fet:: ;' (fa + fll!) , 

( 
I, 

" , 

lr tho condition is considered when steel and concrete simultaneously reach their 
1I111111ng values in tension, that is, fSf. = fy and let : It : tensile strength of concrete 
II Ippropriate age - usually taken as three days. Then 

r = AI = It 
Ae Iy + 1M: 

'Nhelo r Is lhe steel ratio. 
, he value of f~ can be calculated but Is generally very small and may be taken 

It loro without introducing undue inaccuracy; hence the critical value of steel ratio 

r ~ rlt : ~ :: ft approximately 
Ae fy 

(6,12)" 

If the IIce l ratio Is leS! than this value. the lICol will yield In tension resulting in a 
fow wide Cricks; however If It I. grCl ter then I11UIO trick. will be formed when the 
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tensile stress caused by bond between the steel and concrete exceeds the concrete 
tensile strength, Ihll.t is 

fbSr.us;;' [lAc 

where fb '" average bond stress 
s '" development length along a bar 

Eus '" sum of perimete rs of reinforcement. 
For a round bar 

1·leoee. since 

then 

and thus 

U s _ 411'~ _ 4 
A - 1J'4)2 - ~ 

1:.11 '" ~ II for similar bars 
, A ' 

~ _ 4rA c 
~U - --, <I> 

s ;;. flIP 
4rtb 

The maximum crack spacing is twice this value immediately prior to the formation 
of a new crack , when the developmen t length on both sides is Smin. that is 

S '" f,ifJ 
mu 2rfb 

(6.13)' 

Crack spacing and hence width, therefore. is governed both by the reinforcement 
size and quantity for ratios above the critical value, which should be taken as a 
minimum requirement for controlled cracking. Empirical values for general use are 
given in section 6.1. 

6.5.1 Crack Width CoJculo/ion 

The expressions for crack spacing assume that the total thermal and shrinkage 
strains are sufficien t to cause cracking, although in practice it is found that pre· 
dicted cracks may not always occur. It is possible to estimate however the maxi· 
mum crack width likely to occur by considering total concrete contraction in 
conjunction with the maximum likely crack spacing. For steel ratios greater than 
the critical value , and when the total contraction exceeds the ul timate tensile 
strain fo r the concre te (eult), the tensile stress in the concrete increases from zero 
at a crack to a maximum value at mid·distance between cracks. Hence the mean 
tensile strain in the uncracked length is euJ .l2 when a new crack Is just about to 
form. The crack width Is thus given by crick width · (total unit movement -

SERVICEABILITY, DURABILITY AND STABILITY REQUIREMENTS 143 

concrete strain) x crack spacing with the maximum width corresponding to the 
maximum spacing of small 

where 

Wmax = (E,sh + To:( - t eull) .I'mu 

Est. = shrinkage strain 

T = fall in temperature from hydration peak 

0I:c = coeffi cient of thermal expansion of concrete - taken as 

(6.14) 

0.5 x the value for mature concrete, to aUow for creep effects 

! 
In practice, variations in restraints cause large variations withln members and 

between otherwise similar members, with 'full ' restraint seldom occurring. The 
behaviour depends considerably on this and temperatures at the time of casting. 
Guidance concerning possible 'restraint factors' is given in Part 2 of as 8110. , , 

I , 
Example 6.5 CoJculo/ion o/Shrinkoge and Thermal Cmck Widths \ 

A fully restrained :>ection of reinforced concrete wall is 150 mm thick, and drying! 
shrinkage strain of 50 microstrain (esh) is anticipated together with a temperature 1\ 

drop (n of 20°C after setting. Determ ine the minimum horizontal reinforcement 
to control cracking and estimate maximum crack widths and average spacing for a 
suitable reinforcement arrangement. 

Three-day ultimate tensile strength of concrete (It) = ultimate average bond 
stress (Ib) = 1.5 N/ mm1 

Modulus of elasticity of concrete (Ee) = 10 kN/ mm2 

Coefficient of thermal expansion for mature concrete (etc) 
= 12 microstrainrC 

Characteristic yield strength of reinforcement (ly) = 460 N/ mm2 

Modulus of elasticity of reinforcement (E, ) = 200 kN/mm2 

Critical steel rat io 'cUt = II = ~ '" 0.33 per cent from equation 6.12 
I, 460 

= 0.33 x 150 x 1000 
100 

=495 mml/m 

This could be convenien tly provided as 10 mm bars at 300 mm centres in each face 
of the member (524 mml/rn). 

For this reinforcement, the ll1u,umum crack spacing is given by equation 6.13 as 

{,<J) __ I::;, S,:;':-:cl 0,;-;-
smax = • 

2 ~ Ib 2)( S24 ~~ 
A( ISOOOO 

• 14.'\0 nun 
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Since the minimum spacing is given by one-half of this value, the average spacing 
will besav "'O.75 x 1430= l072 mm. 

The maximum crack width corresponds to Smax and is given by 

wmu '" Smu &sh + T ~ - .hult) 
as given in equation 6.14 where ultimate tensile strain for the concrete 

full "" :1 , 

therefore 

: -:-::1.;:.5,-;-;;, = 150 micros train 
to x loJ 

w '" 1430 (50 + 20x 12 _ ~) x 10- 6 

max 2 2 

= 0.14 mm 

6.6 Other Serviceability Requirements 

The two principal other serviceability considerations are those of durability and 
resistance to fi re . although occasionally a si tuation arises in which some other 
factor may be of importance to ensure the proper performance o f a structural 
member in service. This may include fatigue due to moving loads o r machinery, or 
specific thermal an d sound insulation properties, The methods of dealing with such 
requirements may range from the use of reduced working stresses in the materials, 
to the use of special concre tes, fo r example lightweight aggregates for good ther-
mal resistance. 

6.6.1 DurobiJity 

Deterio rat ion will generally be associated with water permeating the concre te, and 
the oppor tunities for this to occur should be minimised as far as possible by pro-
viding good architectural details with adequate drainage and protection to the 
concrete surface. 

Permeability is the principal characteristic of the concrete which affec ts dur-
ability, although in some situations it is necessary to consider also phy sica l and 
chemical effects which may cause the concrete to decay, 

For re inforced concrete, a further important aspect of durability is the degree 
of protection which is given to the reinforcemen t. Carbonation by the atmosphere 
will , in lime. destroy the alkali nity of the surface zone concrele. and if this reaches 
the level of the're inforcement will render the stee l vulne ra ble to corrosion in the 
presence o f moisture an d oxygen. 

If a concrete Is made with a sound Inert aggregate, deterioration will not occur 
ill the absence of an external innuence ShlQC concre te! 1.1 hIghly alkaline material, 
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its resistance to other alkalis is good , but it Is however very susceptible to attack 
by acids or substances which easily decompose to produce acids. Concrete made 
with Portland cement is thus not suitable for use in situations where it comes into 
contact with such materials, which include beer, milk and fats . Some neutral salts 
may also attack concrete, the two most notable being calcium chloride and soluble 
sulphates. These react with a mino r constituent o f the hydration products in 
different ways. The chloride must be in concentrated solution, when it has a sol
vent effect on the concrete in addition to corroding the reinforcement , while 
sulphates need only be present in much smaller quanti ties to cause internal expan
sion of the concre te with consequent cracking and strength loss. Sulphates present 
the m~t commonly me t chemical-attack problem for concrete since they may I' 

occur In groundwater and sewage. In such cases cements containing reduced pro
portions o f the vulnerable tricalcium aluminate, such as Sulphate Resisting ) 
Portland Cement or Super Sulphated Cement , should be used. The addition of I 
Pulverised Fuel Ash (pfa) or ground granulated blast furnace slag (ggbfs) may alsq 
be beneficial . Table 6. JO indicates minimum concrete mix requirements for use in 
situations where sulphates are present. Both chlorides and sulphates are present in\ 
sea wate r, and because of this the chemical actions are different , resulting in \ 
reduced sulphate .damage , although if the concrete is of poor quality, serious 'I 

damage may occur from reactions of soluble magnesium salts with the hydrated t 
compounds. Well-constructed Ordinary Portland cement structures have neverthe
less been found to endure for many years in sea water. 

Table 6.10 Concrete exposed to sulphate attack 

Concentration of sulphates Min. 
(SO,) total Max. 

CI ... Cement type cement free 
In soil In groundwater content water/ 

(total S03) WI) (kg/m') cement 

< 0,2% < 0.3 Any 

2 0 .2 to 0.5% 0.3 to 1.2 Any 330 0.50 
OPC/ RHPC+ 
25-40% Pfa 310 0.55 
or 70-90% ggbfs 
SRPC or SSC 280 0.55 

.l 0.5 to 1.0% 1.2 to 2 .5 OPC/RHPC+ 
25-40% Pfa or 380 0.45 
70-90% ggbfs 
SRPC or SSC 330 0.50 

" 1.0 to 2.0% 2.5 to 5.0 SRPC or SSC 370 0.45 

5 >2.0% > 5,0 SRPC or SSC 370 0.45 
t protection 

Nut,. Thuc valuel relate 10 dentcl COlKre lO whl1 JO",In mu 'weal10 size. 
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Physical attack of the concrete must also be considered. Thls may come from 
abrasion or attrition as may be caused by sand or shingle , and by al ternate wetting 
and drying. The latter effect is particularly important in the case of marine struc
tures near the water surface, and causes stresses to develop if the movements 
pro duced are restrained . It is also possible for crystal growth to occur from drying 
ou t of sea water in cracks and pores, and this may cause further internal stresses, 
leading to cracking. Alternate freezing and thawing is another major cause of 
physical damage, particularly in road and runway slabs and other situations where 
water in pores and cracks can freeze and expand thus leading to spalling. It has 
been found that the entrainment of a small percentage of air in the concrete in the 
form of smail discrete bubbles offers the most effective protection against this form 
of attack . Although this reduces the strength of the concrete, it is recommended 
that 4 .5 ± J.5 per cent by volume of entrained air should be included in concrete 
subjected to regular wetting and drying combined with severe frost. • 

All these forms of attack may be minimised by the production o f a dense, well· 
compacted concrete with low permeability, thus restricting damage to the surface 
zone of the member. Aggregates which are likely to react with the .alkali matrix 
should be avoided, as must those which exhibit unusually high shnnkage character· 
istics. If this is done, then penneability, and hence durability, is affected by 

( I) aggregate type and density 
(2) water-cement ratio 
(3) degree of hydration of cement 
(4) degree of compaction. 

A low water-cement ratio is necessary to limit the voids due to hydration , which 
must be well advanced with the assistance of good curing techniques. Couple d 
with this is the need for non·porous aggregates which are hard enough to resist 
any attrit ion, and for thorough compaction. It is essential that the mix is d:esigned 
to have adequate workability fo r the situation in which it is to be used , thus the 
cement content of the mix must be reasonably high. 

BS 8 110 specifies minimum cement contents for various exposure conditions, 
as well as minimum strength and max imum water cement ra tiO, related to mini· 
mum cover requirements as described in section 6.1.1. 

The consequences o f thermal effects on durability must no t be overlooked , and 
very high cement contents should only be used in conjunction with a detailed 
cracking assessment. BS 8 110 suggest s that 550 kg/m3 cement content should be 
regarded as an upper limit for general use. 

Provided that such measures are taken , and that adequate cover of sound concre te 
is given to the reinforcement , deterioration of reinforce d concrete is unlikely. Thus 
although the surface concrete may be affected , the reinforcing steel will remain 
protected by an alkaline concrete matrix which has no t bee n carbonated by the 
atmosphere. Once this cover breaks down and water and possibly chemicals can 
reach the steel, rusting and consequen t expansion lead rapidly to cracking and 
spalling of the cover concrete and severe damage visually and sometimes 
structu rally. 

j 
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6.6.2 Fire Resistance 

Depending on the type of structure under consideration , it may be necessary to 
consider the nre resistance of the individual concre te members. Three conditions 
must be examined 

(1) effects on structural strength 
(2) flame penetration resistance } 
(3 ) heat transmission properties 

in the case of dixiding members 
such as walls and slabs 

Concrete and steel in the form of reinforcement or p restressing tendons exhibit 
reduced strength after being subjected to high temperatures. Although concrete 
has low thermal conductivity, and thus good resistance to tempe rature rise , the 
strength begins to drop significantly at temperatures above 3()(tC and it has a 
tendency to spall at high temperatures. The ex tent o f this spalling is governed by 
lhe type of aggregate, with siliceous materials being particularly susceptible while 
calcareous and light·weight aggregate concretes suffe r ve ry lit tle. Reinforcement 
will retain about 50 per cent of its normal strength after reaching about 550"C, 
while fo r p restressing tendons the corresponding temperat ure is only 400" C. 

Thus as the temperature rises the heat is transferred to the interior of a con
crete member , with a thermal gradient established in the concrete. This gradient 
will be affected by the area and mass of the member in addition to the thermal 
properties of the concrete, and may lead to expansion and loss of strength. 
Oependen t on the thickness and nature o f cover, the steel will rise in temperature 
and lose strength, this leading to deflections and eventual structural failure of the 
member if the steel temperature becomes excessive. Design must therefore be 
aImed at providing and maintaining sound cover o f concre te as a protection, thus 
delaying the temperature rise in the steel. The presence of plaster , screeds and 
ot her non·combustible finishes assists the cover in protect ing the reinforcement 
Ind may thus be allowed for in the design. 

US 8110 gives tabulated values of minimum dimensions and nominal cove rs for 
v.dOus types of concrete member which are necessary to permit the member to 
withstand fire for a specified period of time. Although these values, which have 
btlln lummarised in tables 6.2 and 6 .3 , do not take into account the influence o f 
IWlIple type, they may be considered adequate for most no rmal purposes. More 
d"lalled information concerning design for fire resistance is given in Part 2 of 
II' al l 0 Including concrete type, member type and details of fini shes. The period 
ItI.t I member is required to survive , both in respect of strength in relation to 
..,olldna loads and the containment of fire , will depend upon the type and usage of 
thlllll\lcture - and minimum requirements are generally specified by building 

.1111110111, Prestressed concrete beams must be considered separately in view of 
Increased vulnerability of the prestressing steel. 

• 1 SlI bWty 

'*111'- It would be unreasonable to expect a structure to withstand extremes of 
l\Stntl lloadlng as may be caused by collision , explosion o r similar happening, 

I, Importa nt that relultlng dumage should not be disproportionate to the cause. 
'1·1I0Wllherefore that II major llf<Jclural coli. pM mull not be allowed to be 

\ 

! , 
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caused by a relatively minor mishap which may have a reasonably high probabili ty 
of happening in the anticipa ted lifetime of the structure. 

The possibilities of a structure buckling or overturning under the ' design' loads 
will have been considered as part of the ultimate limit state analysis. However , in 
some instances a structure will not have an adequate lateral strength even though 
it has been designed to resist the specified combinations of wind load and vertical 
load. This could be the case if there is an explosion or a slight earth tremor , since 
then the lateral loads are proportional to the mass of the structure. Therefore it is 
recommended that a structure should always be capable of resisting a lateral force 
not less than 1.5 per cent of the total characteris tic load acting through the 
centroid of the structure above any level considered. 

Damage and possible instabili ty should also be guarded against wherever possible , 
for example vulnerable load-bearing members should be protected from collision 
by protective fe atures such as banks or barriers. 

6. 7.1 Ties 

In addi tion to these precautions, the general stability and robustness of a building 
structure can be increased by providing reinforcement acting as ties. These ties 
should act both vertically between roof and fo undations, and horizontally around 
and across each floor , and all external vertical load-bearing members should be 
anchored t o the fl oors and beams. 

Vertical Ties 

Vertical t ie s are not generally necessary in structures of less than five storeys, but 
in higher buildings should be provided by reinforcement, effectively continuous 
from roof to foundation by means of proper laps, running through all vertical !oad
bearing members . This steel should be capable of resisting a tensile force equal to 
the maximum design ultimate load carried by the column or wall from anyone 
storey or the roof. In in situ concre te, this requirement is almost invariably satis
fied by a normal design , but joint detailing may be affected in precast wo.rk . 

Horizontal Ties 

Horizontal ties should be provided for all buildings, irrespective of height, in three 
ways 

( 1) peripheral ties 
(2) internal ties 
(3) column and wall ties. 

The resistance of these ties when stressed to their" characteristic strength is given In 
terms of a force Ft , where F t = 60 kN or (20 + 4 x number of storeys in structure) 
kN , whichever is less. This expression takes into account the increased risk of an 
accident in a large building and the seriousness of the collapse of a tall structure . 

(a) Peripheral Ties 

The peripheral tie must be p rovided. by reinforcemen t which is effectively con
tinuous. around the perimeter o f the bulldln811 t eDch noor and roof level. This 
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Intllrna l tio;!S 

\ ----Vllrt ica l tillS 

Column t illS 

// 

Figure 6.17 Tie forcer 

reinforcement must lie within 1.2 m from the outer edge and at its characteristic 
. tress be capable of resisting a force of at least Ft. 

(b) Internal Ties 

Inlernal ties should also be provided at each fl oor in two perpendicular di rections 
lind be anchored at each end either to the peripheral tie or to the continuous 
col umn or wall ties. 

These ties must be. effectively continuous and they may either be spread evenly 
Icross a floor . or grouped at beams or walls as convenient. Where walls are used , 
tho lie re inrorcement must be concentrated in the bottom 0.5 m. 

T he resis tance required is related to the span and loading. Internal ties must be 
1;II1lllbie of resisting a force of Ft kN per metre width or [Ft (gk + Qk)/7.S ] L/S kN 
pelr me tre width. if this is greater. In this expression , L is the greatest horjzontal 
I1blullce in the direction of the tie between the centres of vertical load-bearing 
members. or if smaller, S x the clear storey height measured t o underside of the 
bOlIll •. The loading (gk + qd kN/m2 is the average characteristic load on unit area 
ul the fl oor considered . Internal ties parallel to cross-walls occurring in one direc
t\un only, on plan , need only resist the force Ft kN per metre width. 

h:) Column and Wall Ties 

C'ulum n li nd wall ties must be able to resist a force of at least 3 per cent of the 
lutal ve rtical ultima te load fo r which the member has been designed. Additionally, 
the le.l.tance p rovided must nOI be less thall the smaller of 2Ft or Ft lo/2.5 kN 
where 10 Is Ihe fl oor to ce iling heigh l ln metres. Wa ll ties are assessed on the basis 
.ur the above forces acting per metre length of the waH, while column ties are con-

ntnlted wi thin I m either side of the column «I nl re Hne. Particular care should 
be liken with corner columns to ei . u re Iho)' lire tied In two perpendicular 
t1bKl lons. 

/ 
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In considering the st ructure subjected to accidental loading it is assumed that 
no othe r forces are acting, thus reinforcement provided for other purposes may 
also act as ties. Indeed . peripheral and internal ties may also be considered to be 
acting as column or wall ties. 

Fu ll anC h orage<' l02ngth 
(U lt . onct-crog<lO bond t> 
s t 15 "' ) rrlSS • . 

• • 
r-

I 
~ -• • ••• 

10 ) ( 0) 

4~ 
H 

• •• 
1< ) 

Ancho r og'l RQq u irom02n ts for In tQr no l Ti czs 

I 

OR as (b) or (t) 

OiL 
f'lczriph02ra l t l(l 

Anchorog(l RClqu lr",mcmts for Column a. Wa ll Ti(ls 

Figure 6.18 IAnchorage of tie~ 

As with vertical ties , the provision of horizontal ties fo r in situ construction 
will seldom affect the amount of reinforcement provided. Detailing of the rein
forcement may however be affected, and particular attention must be paid to the 
manner in which internal ties are anchored to peripheral ties. The requirements for 
the fu ll anchorage of ties are illustrated in figure 6.18. If these are not met , then 
the assumed stresses in the ties must be reduced appropriately. 

Precast concre te construction however presents a more serious problem since 
the requirements of tie forces and simple easily constructed joints are not always 
compatible. Unless the required tie forces can be provided with the bars anchored 
by hooks and bends in the case of column and Wil li lics, (I ll Ilnalysis of the structure 
must be performed to assess the remaining .toblilty IIftcr II l pecified degree of 
structural damage. 
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Exmnp/e 6.6 Stability Ties 

Calculate the stability ties required in an eight-storey building of plan area shown 
in figure 6.19 

Clear storey height under beams = 2.9 m 

Floor to ceiling height (/0) = 3.4 m 

Characteristic dead load (gk) 

Characteristic live load (qk) 

= 6 kN/ml 

= 3 kN/m2 

Characteristic steel strength (fy) = 460 N/mm2 

FI = (20 + 4 x number of storeys) 

= 20+ 4 x 8 = 52 kN <60 leN 

4 bays ra 6 ·5m. 26m ·1 
Figure6.19 

(I> Perlpl/eral ties 

Force to be resisted = F I = 52 kN 

52 x 103 
Bar area required = 113 mm2 

460 

I hll could be provided by one Tt2 bar. 

(b) Imemal ties 

Force to be resis ted = 

( I ) 1'mllsverse direction 

L x-
5 

kN per met re 

Force:: 52 (6 + 3) x 2. = 87.4 kN/m > F 
7.5 5 I 

Force per bay - 87.4 x 6.5 

-568. 1 leN 

I 1I.,ofore. ba r area requ Ired In oaell Iran,verte Intorlor beam Is 

( 

I 
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568 .1 x 10
3 

'" 1235 mm1 
460 

This could be provided by 4T20 bars. 

(2) Longitudinal direction 

Force'" 52(6+3) x 6.5 =81.1 kN/m >F 
7.5 5 I 

Therefore force along length of building'" 8 1·.1 x 7"" 567.7 leN, hence bar area 
required in each longitudinal beam is 

567.7 x 10' = 617 mml 
2 x 460 

This could be provided by 2T20 bars. 

(3) Column ties 

Force to be designed for is 

( I,) (3.4) - F, '" - 52= 70.7 kN <2Ft 
2.5 2.5 

or 3 per cent of ult imate floor load on a column is 

8 r~ ( 1.4 x 6 + 1.6 x 3) x 6.5 x 7... ] = 72 leN at ground level 
[ 100 2 

To allow for 3 per cen t of colwnn self-weight , take design force to be 75 kN, say, 
at each floor level. 

Area of ties required = 

This would be provided by 1 T20 and incorpora ted with the internal ties. 

(e) Vertical ties 

Maximum column load from one storey is approximately equal to 

(1.6)( 3 + 1.4 )( 6)( 3.5)( 6.5 = 300.3 kN 

Therefore bar area required throughout each column is equal to 

300.3 )( 10
3 

= 653 mm1 
460 

This would be provided by 4T1 6 bars. 
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6.7.2 Atullysis of 'DtmuJged' Structure 

This must be undertaken when a structure has five or more storeys and does not 
comply with the vertical-tie requirements, o r when every precast floor or roof unit 
does not have sufficient anchorage to resist a force equal to Ft kN per metre width 
acting in the direction of the span. The analysis must show that each key load
bearing member, its connections, and the horizontal members which provide 
lateral support . are able to withstand a specified loading from any direction. If 
this cannot be satisfied , then the analysis must demonstrate that the removal of 
any single vertical load·bearing element, other than key members, at each storey 
in turn will not result in collapse of a significan t part of the structure. 

The minimum loading that may act from any direction on a key member is 
recommended as 34 kN/m1 in BS 8 110. The decision as to what loads should be 
considered acting is left to the engineer , but will generally be on the basis of 
permanent and realistic live·loading estimates, depending on the building usage. 
1l1is method is attempting therefore to assess quantitative ly the effects of excep
tlonal loading such as explosion. The design 'pressure' must thus be regarded as a 
lomewhat arbitrary value. 

The 'pressure' method will generally be suitable for application to columns in 
precast framed structures; however, where precast load·bearing panel construction 
Is being used an approach incorporating the removal of individual elements may 
be more appropriate . In this case, vertical loadings should be assessed as described, 
I nd the structure investigated to determine whether it is able to remain standing 
by a different structural action. This action may include parts of the damaged 
II ructure behaving as a cantilever or a catenary, and it may also be necessary to 
consider the strength o f non·load·bearing partitions or cladding. 

Whichever approach is adopted. such analyses are tedious, and the provision of 
errective tie forces widiin the structure should be regarded as the preferred solu
lion both from the pOint o f view of design and performance. 

Con tinuity reinforcement and good detailing will greatly enhance the overall 
nrc resis tance of a structure with respect to collapse. A fi re-damaged structure 
with reduced member strength may even be likened to a structure subjected to 
.ccldental overload , and analysed accordingly. 

I 

/ 



7 
Design of Reinforced Concrete 
Beams 

Reinforced concrete beam design consists primarily of producing member details 
which will adequately resist the ultimate bending moments, shear forces and tor
sional moments. At the same time serviceability requirements must be considered 
to ensure that the member will behave satisfactorily under working loads. It is 
difficult to separate these two criteria, hence the design procedure consists of a 
series of interrelated steps and checks. These steps are shown in detail in the flow 
chart in figure 7. 1, but may be condensed into three basic design stages 

(1) preliminary analysis and member sizing 
(2) detailed analysis and design of reinforcement 
(3) serviceability calculations. 

Much of the material in this chapter depends on the theory and design specifica
tions from the previous chapters. The loading and calculation of Inoments·and 
shear forces should be carried out using the methods described in chapter 3 . The 
equations used for calcula ting the areas of reinforcement have been derived in 
chap ters 4 and 5. 

Full details of serviceabili ty requirements and calculations are given in chapter 
6 . but it is normal practice to make use of simple rules which are specified in the 
Code of Practice and are quite adequate for most situations. Typical of these are 
the span-effective depth ra tios to ensure acceptable deflections, and the rules for 
maximum bar spacings and minimum quantities of reinforcement, which are to 
limit cracking. as described in chapter 6. 

Design and detailing of the bending reinforcement must allow for factors such 
as anchorage bond between the steel and concrete. The area of the tensile bending 
reinforcemen t also affects the subsequent design of the shear and torsion reinforce 
ment. Arrangement of reinforcement is constrained both by the requirements of 
the codes of practice for concrete structures an d by p ractical consi derations such 
as const ruction tolerances. clearance between bars and available bar sizes an d 
lengths. Many of the requirements for correct dOlllllln& rHO Illustrated in the 
examples which dea l with the design of typlcol beaml , 
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All calcu lations should be based on the effective span of a beam which is given 
as rouows. 

(1) A simply supported beam - the smaller of the distances between the 
centres of bearings, or the clear distance betwee n supports p lus the 
effective depth. 

(2) A continuous beam t he distance between centres of supports. 
(3) A cantilever beam - the length to the face of the support plus half the 

effec tive depth , or the distance to the centre of the support if the beam 
is continuous. 

7.1 Preliminary Analysis and Member Sizing 

The layout and size of members are very often controlled by architectural details, 
and clearances for machinery and equipment . The engineer must either check that 
the beam sizes are adequate to carry the loading, or alternatively, decide on sizes 
that are adequate. The preliminary analysis need only provide the maximum 
moments and shears in order to ascertain reasonable dimensions. Beam dimensions 
required are 

( I) cover to the reinforcemen t 
(2) b"adth (b) 
(3) effective depth (d) 
(4) overall depth (h). 

Adequate concrete cover is required to protect the reinforcement from carro· 
sia n and damage . The necessary cover depends on the grade of concrete, t he 
exposure of the beam, and the required fi re resistance. Table 6.1 gives the nominal 
cover which should be provided to all reinforcement, including links. This.cover 
should additionally never be less than the bar size , and it may also need to be 
increased to meet the flte resistance requirements of the Code of ? ractice. 

• 

, 

rlluul7.2 Bt!IIm dlmln,/i)n, 
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The strength of a beam is affected considerably more by its depth than its 
breadth. A suitable breadth may be a third 10 half of the depth ; but it may be 
much less for a deep beam and at other times wide shallow beams are used to can· 
serve headroom . The beam should not be too narrow; if it is much less than 
200 mm wide there may be diffi culty in providing adequate side cover and space 
fo r the reinforcing bars. 

Suitable dimensions fo r band d can be decided by a few t rial calculations as 
fo llows. 

(I) For no compression reinforcemen t 

M/bd'fcu < 0.156 

With compression reinforcement it can be shown tha t 

M/lxi' feu < I Off cu 

If the area of bending reinforcement is not to be excessive. 
(2) Shear stress v = V/bd and v should never exceed 0.8 Y/eu or 5 N/mm' , 

whichever is the lesser. To avoid congested shear reinforcement, v should prefer· 
nbly be somewhat closer to half (or less) of the maximum allowed. 

(3) The span-effective depth ratio for spans no t exceeding 10 m should be 
within the basic values given below 

Cantilever beam 7 

Simply supported beam 20 

Co ntinuous beam 26 

which are modified according to M/bd' and the service stress in the tension rein· 
rorcement as described in chapter 6 . For spans greater than 10 m, the basic ratios 
arc mu ltiplied by 10/span. 

(4) The overall depth of the beam is given by 

h =d +Cover + t 

where ( = estimated distance from the ou tside of the link to the centre of the 
lenslon bars (see figu re 7.2). For example, with nominal sized 12 mm links and 
(me layer of 32 mm tension bars, t = 28 mm approximately. It will, in fac t, be 
1I1ahily larger than this with deformed bars as they have a larger overall dimension 
Ihan Ihe nominal bar size. 

hxomple 7.1 Beam Sizing 

A concrete lintel with an effectlve span of 4 .0 m supports a 230 mm brick wall as 
,hown in Ogu re 7.3. The loads on the linte l arc Gk II: 100 kN and Qk = 40 kN . 
. l)cterm ine suilable dimensions for the lin lei If arade 30 concre te is used. 

The beam breadth b will match the wallthlck.ness 10 that 

b-230mm 
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;oi l 

" , , , , , , , , 
,,,,' ~", , ' , , 

" A ssumczd load " , , 
, d i s t r ib ution ' 

4m. QIICl:ctlV<l span 

Fi,ure 7 . 3 

Allowing. say , 14 kN for the weight of the beam, gives the ultimate load 

F = l .4 x 114+ J.6x40 

'" 224 kN 

Therefore maximum shear 

V "' 112kN 

Assuming a triangular load distribution for the preliminary analysis, we have 

M - F xspan = 
6 

=J49kNm 

224 x 4.0 

6 

For such a relatively minor beam the case with no compression steel should be 
considered 

M < 0.156 
bd' f eu 

therefore 

149 X 10
6 

< 0 .1 56 
230 x d ' x30 

d >372mm 

For mild conditions of exposure the cover = 25 mm (table 6. 1). So for 10 mm 
links and, say . 32 mm bars 

overall depthh =d+2S + 10 T 32/2 

e d+ 5 1 
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Therefore make h = 525 mm as an in teger number of brick courses. So that 

d= 525 - SI =474 mm 

shear stress 
v , = - = 

bd 

112x 10' 

230 x 474 

"" 1.03 N/ mm' 

159 

For grade 30 concrete, maximum v allowed "" 0.8 y30 = 4.38 N/ mm'. Therefore 

< 4.38 , --
2 

Basic span-effective depth "" 4000 "" 8 .4 < 20 
474 

A beam size of 230 mm by 525 mm deep would be suit able. 

Weight of beam'" 0.23 x 0.525 x 4 .0 x 24 

'" 11.6kN 

which is sufficiently close to the assumed value . 

7,2 Design for Bending 

l'he calculatio n o f main bending reinfo rcemen t is performed using the equations 
and char lS derived in chapter 4. In the case of rectangular sections which require 
unly tension steel, the lever·arm curve method is probably Ihe simplest. Where 
compression steel is required , either design charts or a manual approach with the 
ilmpUned design formulae may be used . When design char ts are not applicable, as 
In the case of non·rectangular sections, the formulae based on the equivalent 
","ngular stress block will simplify calculations considerably. 

The type o f reinforcing steel to be used must be decided initially since this, in 
~l)ll.Iu nc tion with the chosen concrete grade, will affect the areas required and also 
jll nuence bond calculations. In most circum stances one of the available types of 
"lall-yleld b3TS will be used unless cracking is critical , as for example in water· 
1(llI llI lng structures, when mil d steel may be preferred. Areas of reinforcement 
lie calcula ted at the sections wit h maximum moments, and suitable bar sizes 
wo lcc ted. (Tables of bar areas are given in the appendix.) This permits anchorage 
ulcu latlons to be performed and details of bar arrangement to be produced, taking 
11110 accoun t the guidan ce give n by the codes of practice . 

An excessive amount o f reinforcement usually Indicates that a member is under· 
I!'ed and it may also cause difficulty In nxlng the bars and pouring the concre te. 
·1 harefore the code s tipulates A.lbll should nOt exceed 4.0 pe r cent. On t he other 
I"tld too lit tle reInforcement Is also u ndCllrahlal hcrcfore A.l bI! should not be 
$I" than 0 .24 pe r cent for mUd stecl or 0 1-' per ctnt for hlgh·yleld steel. 

\ 
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To avoid excessive deflections it is also necessary to check the span to effective 
depth ratio as outlined in chapter 6. 

7.2. J Singly Reinforced Rectangular Section 

A beam section needs reinforcement only in the tensile zone when Mjbd 1 feu is not 
greater than 0. 156. This is not true if the moments at a section have been reduced 
by morc than 10 per cent as a result of a redistribution of the elastic moments, and 
in this case reference should be made to equations 7.2 and 7.6 in order to decide 
whether or not compression steel is necessary. 

The singly reinforced section considered is shown in figure 7.4 and it is subjected 
to a sagging moment M at the ultimate limit state. Using the lever-arm curve , the 
design calculations for the longitudinal steel can be summarised as follows. 

d 

• ' I 

• • 
~ 

Sl2ct ion St r ains Str l2ss Bloc k 

Figure 7.4 Singly reinforced uct/O/l 

(I) CalculateK=Mjbd'/cu 
(2) De termine the leve r·arm,t_ from the curve of figure 7.S or from the 

equation 

, = d [0.5 + V(0.25 - KI0.9)) 

(3) The area of tension steel is given by 

A= M 
I zO.87/y 

(4) Select suitable bar sizes. 

(7.1) 

(5) Check that the area of steel actually provided is within the limits 
required by the code , tha t is 

.. d 

100 A$ < 4.0 
bh 

A 
100 _I > 0.13 for hlgh.yleld or 0.24 for mild steel 

bh 
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sections w i t h moment 

(see Sect ion 4 . 7) 

Figure 7.5 Le~t:r..Qrm curve 

Example 7.2 Design of Tension Reinforcement for a Rectangulor Section 

The beam section shown in figure 7.6 has characteris tic material strengths of 

161 

b 

f~u '" 30 N/mm' for the concrete and Iy = 460 Njmm' for the steel. The design 
moment at the ult imate limit state is 165 kN m which causes sagging of the beam 

".550 

VIjUli 7.6 

., 

\ 
\ 
\ 
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165 X 10
6 

= 0.1 
230 x 4901 X 30 

This is less than 0.156 therefore compression steel is not required. 
From the lever·ann curve of ngure 7.51. = 0.87, therefore 

lever arm z = lad = 0.87 X 490 '" 426 mm 

'nd 

M 16S x l 0' 
AI = -- • --'-'''-'-'-''--- = %8 mm] 

0.87/y z 0.87 X 460 X 426 

Provide two T25 bars, area = 982 mm2 . For the steel provided 

' nd 

IOOA. '" lOO x982 
bh 230 x 550 

0.13< IOOA I < 4.0 
bh 

=0.78 

therefore the steel percentage is within the limits specified by the code. 

7.2.2 RecfanguitJr Section with Compression Reinforcement 

Compression steel is required whenever the concrete in compression is unable, by 
itself, to develop the necessary moment ofresistance. Design charts such as the one 
in figure 4 .9 may be used to determine the steel areas but the simplified equations 
based on the equivalent rectangular stress block are quick to apply. 

The maximum moment of resistance tha t can be developed by the concrete 
occurs with the neutral axis at the maximum depth allowed by the code of practice. 
This limiting depth is given as 

x:(JJ, - 0.4)d>O.5d (7.2) 

h 
n moment at the section after re distribution 

were "'b :: 
moment at the section before redistribution 

This reduction is due to the designer redistributing the moments from an elastic 
analysis of the structure, as described in sections 3.4 and 4.7. 

With x less than d/2 the stress in the compression steel may be considerably less 
than the yield , there fore, the design procedure is somewhat diffe rent if f3b is less 
than 0.9. 

It should also be note d that, in order to maintain the limitation on the de pth 
of neutral axis as specified in equation 7.2, the areas of reinforcement required 
and provided should mee t the following requirement 

(A;.prov - A;.req) > (A •. prov - A.,req) (7.3) 

lliis is to ensure a gradual tension type failure with ylc ldlna of the tension rein· 
forcemen t as explained in chap ler 4. 
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Figure 7.7 Beam doubly reill/orced 10 resin a mggillg momellt 

Moment Redistribution Foctor f3b :> 0.9 ond d'ld» 0.2 

If d'ld is not greater than 0.2, as is usuaHy the case, the proportions of the strain 
diagram will ensure that the compression steel will have yielded. 

Compression reinforcement is required if 

M>O.IS6/<:.ubd1 

and the design equations as given in section 4.5 are 

(1) Area of compression steel 

A' = (M - 0.J S6/(Ubd1) 
, 0.87 r, (d - d') 

(2) Area of tension ~teel 

A, = O.lS6/(U bd2 + A; 
0.87/y z 

with lever ann z = O.77Sd 

(7.4) 

(7.5) 

If d'ld is greater than 0.2 the stress in the compression steel should be determined 
81 outlined in part (2) of example 7.4. 

Moment Redistribution Foctor I1b < 0.9 

'11c limit ing depth of the neutral axis can be calculated from equation 7.2 and 
.comprcssion stecl is required if 

M > O.4S /(UbJ (d ~) (7 .6) 
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where s '" depth of stress block'" O.9x. 
The design procedure is 

(l) Calculate K =M/bd2 fcu . 
(2) Calculate K' "" 0.402 (J3b - 0.4) - 0. 18 (J3b - 0.4)2. 

If K < K' , compression sleel is not required so proceed as for a singly 
reinfo rced section as in example 7.2. 
If K > K ', compression steel is required. 

(3) Calculate x = (f.lb - 0.4) d. 
If d'/x < 0.43, the compression steel has yielded and fsc = 0.871'1 ' 

If d'ix > 0.43 , calculate the s'teel compressive strain esc and hence the 
stress ftc 3S in example 7.4. 

(4) Calcula te the area of compression steel from 

A' = (K - K')!cu bd '1 (7.7) 
I '0.87/, (d _ d ') 

(5) Calculate the area of tension steel from 

A s::: K'fcu bd1 + A ~ ~ 
O.87/'Jz 0 .871y 

(7.8) 

where z = d - O.9x/2. 

Unks should be provided to give lateral restraint to the outer layer of compres
sion steel. according to the following rules. 

( I) The links should pass round the comer bars and each alternate ba r. 
(2) The link: size should be at least one-quarter the size of the largest 

compression bar. 
(3) The spacing of the links should not be greater than twelve times the 

size of the smallest compression bar. 
(4) No compression bar should be more than 150 mm from a restrained bar. 

Example 7.3 Design of Tension and Compression Reinforcement, fjb > 0.9 

The beam section shown in figu re 7.8 has characteristic material strengths of feu = 
30 N/mm:1 and fy = 460 N/mm:1 _ The ultimate moment is 165 kN m, causing 
hogging of the beam. 

M 165xlcr 
= 

bd 2 feu 230 X 3302 X 30 

::: 0.22> 0.1 56 

so that compression steel is required, and 

d'id = 50/330 · 0.15 < 0.2 

there fore 
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Figure 7.8 BetJm doubly reinforced to resist Q hOgging moment 

From equation 7.4 

Compression steel A~ :: (M-0.J5(fcu bd2 ) 

0 .87 [,Cd d) 

;: (l65 x 106 - O.l56 x30x230x 3302 ) 

0.87 x 460 (330 - 50) 

And from equation 7.5 

tension steel As ;: O.l56fcu bd2 +A ' 
0.87 f'lz S 

0.156 x 30 x 230 X 3302 
;: + 427 

0.87 x 460 x 0.775 x 330 

.. 1572 mm1 

Provide t~o T20 bars for A ~ , area:: 628 mm:1 and two T32 bars for As, area:: 
16 10 mm , so that for tIle areas of steel required and prOvided in equation 7.3 

Allo 

628 - 427> 1610 - 1572 

lOOA ' 
--' 

bh 

lOOA, 
bh 

= IOO x628 " 0. 70 
230 x 390 

= lOO x 1610 ", 1.79 
230 x 390 

165 

ther~ fore the bar areas ar~ within the limits specified by the code. 
1 he minimum link size · 20/4 • 5 mm , say 8 mm links , and the maximum link 

t plclng· 12 x 20 = ~40 n1ln, centre •. The link size li nd spacing may be governed 
by the shear calculations. Figure 7.8 , how, the arrungement o f the reinforcement 
to resist a hogging momen t. 

, 
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Example 7.4 Design of Tension and Compression Reinforcement, ~b = O. 7 

The beam section shown in figure 7.9 has characteristic material strengths of feu = 
30 N/mm" and fy = 460 N/mm2. The ultimate moment is 370 kN m, causing 
hogging of the beam. 

-

0 

1 
,,'. 100 

t 

1 ,·300 '1 

A, 

--

A' , 

5 Q:ct lon 

_ n . Q 

- ,.. . 162 r 
H 

0 -0035 

Strains 

Figure 7.9 Beam doubly reinforced to ref tit a hogging moment 

As the moment reduction factor /3b '" 0.7 , the limiting depth of the neutral 
axis is 

X= (~b - O.4) d 

= (0.7 - 0.4) 540 = 162 rum 

K = Mjbd l feu = 370 X 106 /(300 X 5402 X 30) 

= 0.14 1 

K' = 0.402 (f3b - 0.4) - 0. 18 {/3b - 0.4)2 

= 0.104 

K > K' therefore compression steel is required 

d'lx = 100/162:: 0.62 > 0.43 

therefore Is<: < 0.87 i y 

(I) 

Steel compressive strain Esc 
:: 0.003 5 (x - d') 

x 

_ 0.0035 162 100) _ 0.00 134 
162 
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(2) From the relevant equation of section 4.1.2 

(3) 

(4) 

Steel compressive stress 

Compression steel A; 

= E, Esc 

= 200000 x 0.00134 

'" 268 N/mm2 

= (K - K')/cubdl 
foc (d - d') 

"" (0.1 4 1 - 0 .104) 30 x 300 X 5402 

268 (540 - 100) 

= 823 mml 

K'r bdl r 
Tension steel As = Jcu + A~ ~,,_,,~ 

0 .87 fyz 0.87 fy 

= 0.104 x 30 x 300 X 540
2 + 823 x 268 

0.87 x 460 (540 - 0 .9 x 162/2) 0.87 x 460 

= 201 1 mm2 
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Provide two T25 bars for A~ , area = 982 m~2 and two T32 plus one T25 bars for 
AI' area = 210 1 mm2• which also mee t Ihe requirements of equation 7.3 . 

These areas lie within the maximum and minimum limi ts specified by the code. 
To res train the compression steeL at least 8 mm links at 300 mm centres should be 
provided. 

7.2.3 T-beams 

Figure 7. 10 shows sections through a T-be am and an L-heam which may form part 
of II concrete beam and slab floor. When the beams are resis ting sagging moments, 
part of the slab acts as a compression flange and the members may be designe d as 
T· or L-beams . With hogging moments the slab will be in tension and assumed to 
be cracked , therefore the beam must then be designed as a rectangular sec tion of 
widt h bw and overall depthh . 

When the slab does act as the fl ange its effec tive width is defined by empirical 
fules which aTe specified in BS 8 110 as follows . 

(I) T·section - the lesser of the actual flange width , or the width of the 
web plus one·fifth of the distance be tween zero moments. 

(2) L-SCCtiOIl - the lesser of the actual flange width or the width of the 
web plus one-tenth of the distance be tween zero momen ts. 

.AI a simple rule, the distance betwee n the point s o f zero moment may be taken as 
0 .7 ,hiles the effec tive span for II con lilluOu. beam. 

Since the slab acts as a lu rge conprculon 'rell, the Ilress block fo r the T· or 
loseetloll usually falls within the sla b Ih l,knru, ':or thl. posit ion of the stress 

! 
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" " .1 

I r---,(t, iL---, T] 
G G LO _ _ O-, ' , 

by< I 'w 

Fipre 7.10 T-beom Dnd L-Mom 

block. the section may be designed as an equivalent rectangular section of breadth hr. 
Transverse reinforcern,cnt should be placed across the top of the flange to prevent 

cracking. The area of this reinforcement shoul d not be I,ess than 0 .1 5 per cent of the 
longitudinal cross-section of the fla nge. 

Design Procedure 

( 1) CalculateM/bf d 2 f eu and determine fa from the lever-arm curve of 
figure 7.5 

Lever arm z = lad or from equation 7. 1 

(2) If d - z <hrl2 the stress block falls within the flange depth, and the 
design may proceed as fo r a rectangular section, breadth hr_ 

(3) Provide transverse steel in the top of the flange 

Area = 0.15 h f x 1000/100 == 1.5 h f mm2 pe r met re length of the bean 

On the very few occasions tha t the neutral axis does fall below the fl ange, 
reference should be made to the methods described in section 4.6.2 fo r a full 
analysis. 

Example 7.5 Design of Reinforcement foro T-section 

The beam section shown in figure 7 .1 1 has characteristic material strengths of 
feu = 30 N/ mm2 and f y = 460 N/mm1 . The design moment at the ultimate limit 
sta te is 190 kN m, causing sagging. 

M = 190 X 10
6 

'" 0.038 
b fd1fcu 600 x 5302 X 30 

From the lever-arm curve . figure 7.5 . 1& = 0.95, therefo re 

lever arm z "" lad '" 0.95 x 530 = 503 mm 

d - t= 530 - 503 

- 27 mm <lId2 
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600 I I 
RIO ot 300 

580 530 

o 0 

As 2- T25 

Figure 7.) 1 T·beom 

Thus the stress block lies wit hin the flange 

190 x 106 

: 70 .-:8~7"'X:C4:;'60=X-:50=3 A 
_ M . -

0.87 f yz 

= 943 mm2 

Provide two T25 bars, area::; 982 mm2 . For these bars 

IOOA , = IOO x 982 =0.68 r cent 
bwh 250 x 580 pe 

Thus the steel percentage is greater than the minimum specified by the code. 

Transverse steel in the flange = 1.5h f = 1,.5 x 150 

= 225 mm2 /m 

Provide RIO bars at 300 mm centres = 262 mm1 /m. 

7.2,4 Anchorage Bond 

169 

From section 5.2 the anchorage bond slress,[bu, for a reinfo rcing bar is given by 
the following equ ation: 

~ :1L ", 
bu 4L 

where f . = the direct tensile or compressive stress in the bar 
L :: the length of embedment beyond the section considered 
1> '" the bar size. 

This stress shou ld not exceed the ultlmalc anchorage bond stress given by 

fbu - /3 V/eu 

) 
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where the coeffi cient ~ Is given in table S.2. 
The required anchorage length should be measured from the point at which the 

bar is assumed to be st ressed. 
The appendix lists the anchorage lengths appropriate to the ultimate stress, 

0.87 Ill , fo r various grades of concrete and steel. The effective anchorage lengths 
for hooks and bends in reinforcing bars are detailed in figu re 5.6. 

The anchorage of a bar is more effective in a compression zone of a member 
than in a tension zone and this should be considered when detailing the reinforce· 
ment. Anchorage requirements 8TC also important when detailing the curtailment 
of bars as described in the following section. 

7.2.5 Curtailment 0/ Ban 

As the magnitude of the bending moment on a beam decreases along its length, so 
may the area of bending reinforcement be reduced by curtailing bars as they are 
no longer required . Figure 7. 12 illustrates the curtailment of bars in the span and 
at an internal support of a continuous beam. The bending-moment envelope 
diagram is divided into sections as shown , in proportion to the area and effective 
depth of each bar. I 

Each curtailed bar should ex tend beyond the poin t at which it is no longer 
needed so that it is well anchored into the concre te. The rules for curtailing such 
bars, other than at a simple end support , are as follows. 

(1) The curtai lment anchorage should not be less than twelve times the bar 
size or the effective depth of the beam, whichever is the greater. 

I ~ fun --~;::::'L1 aochorogQ . 
IQog t h , 

Cur tol l mQot 6,-_.--;L 
OOChO~~; ___ -c_)'_ 

4''------;._''''c-~ 

4 5 
9/Zam 6 7 

2.3~~========~~~==========~~===2<=i? 

, tl m d / 

" 2"-, """ / __ L~~~~==~~~-L' _ ,- , , , 
"---< 

C ur t o l lmQot 
onchoragQ 

Flaur~ 7. 12 eurtll llmtll i o/'~/nl(Nc(!lPI tlit 

DESIGN OF REiNFORCED CONCRETE llEAMS 

(2) A bar should not be stopped in (l tension zone unless 
(i) the shear capacity is twice the actual shear presen t 

(ii) the continuing bars have twice the area required to resist the 
moment at that section., or 

(iii) the curtailmen t anchorage is increased to a full anchorage bond 
length based on a st ress o f 0.871)" 

17 1 

Thus in figure 7. 12, bar 4 is curtailed in a compression zone and the curta ilmen t 
anchorage would be the greater of twe lve bar diame ters or the effective depth. 
Bars 1 and 5, though. are curtailed in a tension zone and a full anchorage bond 
length would be required, unless the conditions of rules 2(i) or 2(ii} apply, in 
which case the curtailmen t anchorage would be twelve bar diameters or the 
effective depth. . 

Curta llmont "1" 2 --,---.:;:-------~---2 

2 2 

Figure 7. t3 Sti/ggering the curttlilment pI bon 

~. 12 ~ 

(2, 

Flj:urt 7. 14 AI/unlltl .... , nchOfTl, . 1."1,111'" Ilmpltllupport 

( 
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,50"'; 

~_ 008 L 
I ~ 

008L IJ{ 
I L 

Simp l y Su~rtad 

c s 0 ·25 L 

C ..... 45~ 
C .O-15L 

2fJol. 50°,. 100·,. -
30°,. 100·,. 30·,. 

I I 1,1 
O·H 0 ·15LJ - L 

Cont inuous B'lom I 

FiJure 7.IS Simplified rules for curtailment of lXlff in beqms 

It is most imporlanl that aU bars should have at least a full anchorage bond 
length beyond the section of maximum moment. This is relevant to bars ~uch as 
no. 7 in figure 7.12 and also to bars in a cantilever or at an end support framing 
into a column. The anchorage length should be based on the design stress of a bar 
as described in sections 5.2 and 7.2.4. 

The curtailment of bars should be staggered wherever possible in order to avoid" 
sudden changes in cross-section with resulting stress concentrations and possible 
cracking. This curtailment can often be achieved whilst using bars of equal length, 
as illustrated in figure 7.13. 

At a simply supported end of a member, the reinforcing bars should extend 
over the supports so that the beam is sure to be reinforced in this region of high 
shears and bearing stresses. Therefore, each tension bar should be anchored accord· 
ing to one of the two rules shown diagrammatically in figure 7.14. No bend or 
hook should begin before the centre of the support for rule 1 nor before d/2 from 
the face of the support for rule 2. 

Where the loads on a beam are substantiaUy uniformly distribu ted, simplified 
rules for curtailment may be used. These rules only apply to continuous beams if 
the characteristic imposed lood doe! not exceed the choracterlstic dead lood ond 
the spans are equal. Pigure 7,15 shows the ru le. In I dlaau mm otlc [omt. 
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7.2.6 Span-Effective Depth RlJtioJ 

As already described in section 7.1 , it is necessary to check the span-effective 
depth rat ios to ensure that the deflections are not excessive. This is unlikely to be 
a problem with beams except perhaps for cantilevers or long span beams. These 
requirements are fully described and explained in chapter 6, dealing with 
Serviceability. 

7.2.7 Bending-,einforument Exomp/e 

The fo llowing example describes the calculations for designing the bending rein. 
forcement for a simply supported beam. It brings together many of the ite ms from 
the previous sections. The shear reinforcement for this beam is designed later in 
example 7.7. 

Example 7.6 Design of II Beom - Bend;~g Reinforcement 

The beam shown in figure 7. 16 supports the follOWing uniformly dis tributed loads 

dead loadgk = 40 kN/m , including self·weight 
imposed load Qk = 12 kN/m 

fhe characteristic material strengths are feu = 30 N/mm~ and fy '" 460 N/mm1 . 

Hreclive depth, d = 550 mm and breadth, b = 300 mm. 

ft) Analysis 

Ihfle rore 

4ao 

Figure 7.16 One.span beam· bending reinforcement 

UJ timate load Wu = ( lAgk + 1.6Qk) kN/met re 

= ( 1.4 x 40 + 1.6 X 12) = 75.2 kN/metre 

max imum design moment M - wuL~ = 
8 

75.2 x 6.0~ 
8 

"'338 kNm 

fh) Oonding ReInforcement 
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K =-~= 338x l0
6 

=-0.124 
bd 1 feu 300 X 5501 

X 30 

From the lever-arm curve , fi gure 7.5, la =- 0.83. Therefore 

effective dep th z =- lad =- 0.83 x SSO =- 456 mm 

A 
_ M . -

0.87 fyz 

338 x 106 
= ~'::::::'::C::'-cc; =- 1852 mm2 

0.87 X 460 x 456 

Provide four T25 bars, area =- 1960 mm1 

(c) Curtailment at Support 

A 90Q bend with radius 41> beyond the support cent re·line will provide an equiva
lent anchorage , length 16 1> which meets the requirements of the code. 

(d) Span-Effective Depth Ratio 

M/bd 1 = 338 x 106/(300 x 5502 ) = 3.72 

Basic ratio = 20. From table 6.7 , modification factor = 0.89 by interpolation. 
Therefore 

span 
maximum -- :: 20 x 0.89 = 17.8 

d 

span 
actual d 

7.3 Design for Shear 

= 6000 = 10.9 
550 

The distribution of shear along a beam is given by the shear-force envelope diagram. 
If V is the shear force at a section, the n the shear stress v is given by 

, = V/bd 

The shear stress must never exceed the lesser of 0.8 Vfeu or 5 N/mm2 
. 

Shear reinforcement will take the form of vertical sti rrups or a combination of 
stirrups and bent·up bars. 

7.3. 1 Vertical Stirrups 

The usual form of stirrup is a closed link. This helps to make a rigid cage of the 
beam reinforcement and is essential if there is any compression steel present. An 
alternative is the open link as shown in figure 7 .1 7 ; this may have a closing piece if 
lateral support is required, and offers advantages for in situ steel fIXing. 

All of the tension reinfo rcement must be enclosed by links, and if compression 
steel is not present, hanger bars are required to anchor the links in the compress.ion 
zone (see figure 7.1 8). The minimum spacing ofUnks Is determined by the require
ments of placing and compacting the concrete, and . hould not normally be less 
than about 80 mm. Maximum spacing of links JonallUdlnully along the span should 
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lis Ii- ",)1 ..JI 

Figure 7.17 Open lind multip/t links 

not exceed 0.75d. At right angles to the span the spacing of the vert ical legs should 
not exceed d , and all tension bars should, be within 150 mm of a vertical leg. 
Because of these requirements (or if there are large shears) , it may often be con
venient to prOVide multiple links as illustrated in figure 7. 17. 

The choice of steel type is often governed by the fact that mild steel may be 
bent to a smaller radius than high-yield stee l. This is particularly important in 
narrow members to allow correct positioning of tension reinforcement as shown 
In ngure 7.18. 

The advantages of mlld steel links are further increased by the need to provide 
Inchorage for the vertical leg of a sti rrup within the compression zone. Al though 
hlgh.yield reinforcement has better bond characteristics, anchorage lengths are 
.rcater than for mild steel bars of comparable size if the steel is to act at its fu ll 
design stress. This factor is of particular importance if 'open' links are to be used. 

The size and spacing of the stirrups, according to the equations derived in 
r.celion 5. 1.1 mould be such that 

Asy ;;. b (v - vc) 

Sv 0.87 fyv 

Hangllr 
bar r.2, 

M i l d S t QGI H i gh Y IQ l d StQQI 

FllIll rl 7. 18 H",JIH,O/II11" 

, 
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where A $Y = cross·sectional area o f the legs of a stirrup 
Sv = spacing of the stirrups 
b '" breadth of the beam 
, : Vj bd 
ve = the ultimate shear stress from ta~le 5.1 
f yv '" characteristic strength of the link reinforcement. 

Values of AIN/sv for various stirrup sizes and spacings are tabulated in the appendix. 
The calculation for AJV/sv is carrie d out at the critical section, usually distance d 
from the face of the support. Since the shear force diminishes along the beam, 
similar calculations can be repeated so that a greater spacing or a smaller stirrup 
size may be used. 

Irv is less than Ve nominal links must still be provided unless the beam is a very 
minor one and II < IIc12. The nominal links should be provided such that 

A svfsv = O.4bIO.87 fyv 

Even when shear steel is required, there is a section at which the shear resistance 
of the concrete plus the nominal stirrups equals the shear force from the envelope 
diagram. At this section the stirrups necessary to resist shear can stop and be replaced 
by the nominal stirrups. The shear resistance V n of t he concrete plus the nominal 
stirrups is given by 

Vn = (0 .4 + vc) bd 

0' 

Vn=(~: 0.87fy.r+bVc) d 

for the link spacing provided (see equation 5.3). Once this value of Vn has been 
calculated it may be marked on the shear-force envelope to show the limits for the 
shear reinforceme nt, as shown in figure 7.19. 

Example 7.7 Design of Shear Reinforcement for a Beam 

Shear reinforcement is to be designed for the one-span beam of example 7.6, as 
shown in figures 7.16 and 7.19. The characteristic strength of the mild steel links 
is iyv = 250 N/ mml . 

(a) Check maximum shear stress 

Total load on span , F = Wu x span = 75.2 x 6.0 

= 451 kN 

At face of sup pori 

shear VI = F/2 - w" x support wldthf2 

= 45 1/2 75.2xO. 15-214kN 

DESIGN OF REINFORCED CONCRETE BEAMS 

750mm 
r-----t 

S.R .concr~ 214kN 

~9~ 
~59kN ' . 

2 14 kN S . ~ Diagram 

5-R1Oat 5 - Rl0at 

. - ", OJ~~ S
220 j' R,o/unkS o t 280 220 300 

3()(; 2· RIO/hangar bars m 
1-1 ______ --"6L\QlJmlL ______ .1 

Fipre 7.19 Non-continuouf bf!am·fhear reinforcemenr 

V 214 x loJ 
shear stress II::: - ' : =-'''-''''-''-

, bd 300 x 550 

'" 1.3 N/mm1 < 0.8 vicu 

(b) Shear links 

Distance d from face of support 

shear Vd ;; Vs - wud 

'" 2 14 - 75.2 x 0.55::: 173 kN 

173 X 103 
Shear stress II = = 1.05 N/ mm1 

300 x 550 

177 

Only two 25 mm bars exten d a distance d past the critical section . Therefore 
for determining lie 

100A. = 100 X 982 c: 0.59 
bd 300 X 550 

Fro m table, 5 .1. IIc '" 0.56 N/ mm2 

AIY _ b (II lit) _ 300(1.05 0.56) 

Iv 0.87 f'IV 0.87 x 250 
-0.68 
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Provide R IO links at 220 mm centres 

A .... :::: 2 x 78.5 :; 0.71 
Jv 220 

(c) Nominallinks 

For mild steel links 

A",:; DAb = 0.4)(300 =0.55 
Sv 0.87 f'lv 0.87 x 250 

Provide R IO links at 280 mm centres 

Asv = 2 x 78.5 = 0.56 
Sv 280 

(d) Extent of shear links 

Shear resistance of nominal links + concrete is 

Vn = ~; O.87 fyv + bllc) d 

= (0.56 )( 0.87 x 250 + 300 x 0.56) 550 

= 159 kN 

Shear reinforcement is requ ired over a distance s given by 

s= Vs - Vn = 214 - 159 
wl,I 75.2 

'" 0 .73 metres from the face of the support 

Number of RIO links at 220 mm required at each end of the beam is 

I + (,/220) • I + (730/220)·5 

7. J. 2 Bent-up Bon 

In regions of high shear forces it may be found that the use of links to carry the 
full force will cause steel congest ion and lead to cbnstructional problems. In these 
situations, consideration should be given to 'bending up' main reinrorcement which 
is no longer required to resist bending forces . A t least 50 per cent or the shear 
resistance provided by the steel should be in the form of links. 

For a 'double system' of ben t-up bars at 45
0 

and spaced (d - d') apart. as 
described in section 5_1.2, the shear resistance is 

V = 2 X 1.23fy A~b 

where A sb is the cross-sectional area of a bent-up bar, 
Bent-up bars must be fully anchored past the poin t I1 t which they are acting as 

tension members. as ind ica ted in figure 5.3. To IUlltd _11l1t111 possible crushing of 
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Table 7.1 Shear resistance in kN of bent·up bars. ' double system . 
Bar size (~ 

f, 
(N/mml ) 12 16 20 25 32 40 

250 35 62 96 15 1 247 387 
460 64 11 4 177 278 455 7 13 

the concrete it may ·also be necessary to check the bearing stress inside the bends 
of a bar. This stress is given by 

Beating stress '" FbI , .. 
where FbI is the tensile fo rce in the bar , r is the internal radius or the bend, and ~ 
\1 the bar size. This stress should not exceed 

2 feu 
I + 2 c)/ab 

where ab is the centre to centre distance between bars perpen dicular to the plane 
uf the bend, but for a bar adjacent t <;l the face of a member 

ab = c) + side cover 

, xample 7.8 Bearing Stresses inside a Bend 

llelermine the inside radius required for the 25 mm ben l·up bar shown in figure 
r '0. so that the ultimate bending stress is not exceeded. T he bar has a side cover 
I ~O mm. Assume the bar is at the ultimate tensile stress of 0.87 f y and the 
hlfllcleristic material strengths are fy '" 460 N/mm 2 and feu '" 30 N/mm2 . 

,dorc 

ab '" c) + cover = 25 + 50 = 75 mm 

2 leu 

7860 .. 36 , 

2 x30 = = 36 N/mm2 
1 + 2 x 25/75 

'" 0 .87 x 460 xA, = 0.87 x 460 x 491 

rx25 25r 

7860 "--



ISO REINFORCED CONCRETE DESIGN 

r :> 7860 
36 

'" 2 19 mm or 9 !fl 

25mm bar 

Figure 7.20 Rildiuf o/bend for Q bent-up bar 

7.4 Bar Spacing 

There are limitations on the minimum and maximum spacing of the reinforcing 
bars. In the case of minimum values Utis is governed by constructional require
ments to allow fo r the access of poker vibrators and the flow of concrete to obtain 
a well-compacted and dense concrcle. The maximum limitations on spacings arc 
to prevent excessive cracking cause d by shrinkage of the concre te and the rmal 
expansion and contraction of the member. These serviceability requirements are 
dea!'t with in chapter 6 . 

7.5 Continuous Beams 

Beams, slabs and columns of a cast in situ structure all act together to form a 
continuous load-bearing structure . The reinforcement in a continuous beam must 
be designed and detailed to main tain this continuity by connecting adjacent spans 
and tying toge ther the beam and its supporting column s. There must also be trans
verse reinforcement to unite the slab and the beam. 

The bending-moment envelope is generally a se ries of sagging moments in the 
spans and hogging moments at the supports as in figure 7.2 1, but occasionally the 
hogging moments may extend completely over the span. Where the sagging momenlt 
occur the beam and slab act together, and the beam can be designed as aT-sec tion, 
At the supports, the beam must be designed as a rectangular section - this is 
because the hogging moments cause tension in the slab . 

The moment of resistance of the concrete T -beam section is somewhat greater 
than that of the rectangular concrete section at the supports. Hence it is orten 
advantageous to redistr ibute the support moments liS described in chllp ter 3. By 
this means the design supporl moments can be reduced li nd the design span 
moments possibly increased. 

DES IGN OF REINFORCE D CONCRETE BEAMS lSI 

~sign of the beam foll,ows the procedures and rules se t out in the previous 
sec tIOns. Other facto rs which have to be considered in t he detailed design are as 
follows. 

I 

, 

( I) 

(2) 

(3) 

(4) 

At an exterior column the beam reinforcing bars which resist the design 
moments must llave an anchorage bond length with in the column. 
A minimum area of transverse reinforcement must be placed in the top 
of the slab, across the effective nange width as described in section 7.2.3. 
Rein forcement in the top of the slab must pass over the beam steel and 
still have th~ necessary cove r. This must be conside red when de tailing 
the beam remforcement and when deciding the effec tive dep th of the 
beam at t he support sectiOns. 
The column and beam reinforcement must be carefu lly detailed so that 
the bars can pass through the junctions without interference. 

B M Erwa lopCOl 
25 25 ,. 25 2 

20 
25 

4 ·5m 6 'Om 

2 T25 2 T25 
2 T16 2 T20 H2O 

2r20 l T20- 1T 25 

B c 

Fliure 7.21 Arrangement of bending reinforcement 

I I,u re 7.2 1 illustrates a typical arrangement of the bending reinforcement for a 
fHplln continuous beam. The reinforcement has been arranged with reference to 

bendlng.molll.cnt e.nvelo~e and in accordance with t he rules for anchorage and 
"t.llment deSCri bed III sections 7.2.4 and 7.2.5. The bending-moment envelope 

~el1 divided into sectors equivalent to the moment of resistance of each rcin
.. dill bar. This establishes the cut·ofr points beyond which lhe bars must extend 
t lcoul a curlll ilme nt anchorage Icngth. II . lIould be no ted that at thc external 

hlm" l the reinforcement has been bent down 10 live (l full anchorage bond 
11th 
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Figure 7.22 Arrangement of shear reinforcement 

The shear-force envelope and the arrangement of the ~hear reinforcement for 
the same continuous beam is shown in figure 7.22. On the shear-force envelope 
the resistance of the concrete plus the nominal stirrups has been marked and this 
shows the lengths of the beam which need shear reinforcement. When designing 
the shear reinforcement, reference should be made to the arrangement of bending 
reinforcement to ensure that the longitudinal tension bars used to establish v" 
extend at least an effective depth beyond the sect ion being considered. 

£XQmple 7.9 Design of D Continuous Beam 

The beam is 300 mm wide by 660 mm deep with three equal S.O m spans. In the 
transverse direction, the beams are at 4.0 m centres with a 180 mm thick slab , as 
shown in figure 7.24. 

The live load qk on the beam is 50 kN/m and the dead load gk, including self· 
weight , is 85 kN/m. 

Characteristic material strengths are feu = 30 N/mm2
, fy = 460 N/mm2 for the 

longitudinal steel and fyv = 25 0 N/mm2 for the links. For a mild exposure the 
minimum concrete cover is to be 25 mm. 

For each span 

ultimate load W u :: ( l .4gk + 1.6qk) kN/ metre 

(1.4 X 85 + 1.6 X SO) - 199 leN/mcHc 
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Figure 7.23 Continuous beam with ultir11llte bending moment and shear·force coefflcientr 

Total ultimate load on a span is 

F= 199xS.0=995leN 

As Ihe loading is uniformly distributed, qk J> gk , and the spans are equal, the co· 
,rodents shown in figure 7.23 have been used t o calculate the design momen t 
Ind shears. 

(Jetlding 

el) Mld·span of 1 st and 3rd Spans - Design as a T·section 

Iherefore 

Moment M:: 0.09 FL '" 0.09 x 995 x 5 :: 448 kN m 

Effective width of flange:: bw + 0.7 LIS 

:: 300 + 0.7 x 5000 :: 1000 mm 
5 

M 448 X 106 
-- - -="'-'~- =0.041 
bd2 feu 1000 X 6002 X 30 

'ItIm llie lever·arm curve, I, :: 0.95 , therefore 

z :: 0.95 x 600 :: 570 mm 

,d 

d - z :: 600 - 570 = 30 < 11r/2 

Ihll the stress block mUSI lie within the 180 mm thick flal1ge. Therefore 

A.:: AI _ 448 ~1~ . 1964 mm2 
0 .87 fyz 0.S7 x 460 x 570 

, 1I",ldc two T32 plus one T25 bar, I fell 2 101 mill' (bo ttom steel). 
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(b) Interior Supports - Design as a Rectangular Section 

M = 0.11 FL =0.11 x 995 x 5 = 547 kNm hogging 

M 547 X 10
6 

= 0.18 > 0.156 
300 x 580:1 X 30 

Thus, compression ste(,'CI is required. 

A' = M - O.156fcu bd2 

s O.87 f y {d - d') 

547 x 106 
- 0 .156 x 3D x 300 x 580

2 
= 352 mm::! 

0.87 X 460 (580 - 50) 

This area of steel will be provided by extending the span reinforcement beyond the 
supports. 

O.156fcubd2 A' + , 
0.87 fyz 

0.156 x 30 x 300 X 580
2 + 352 = 2977 mm::! 

0.87 x 460 x 0.775 x 580 

Provide two T32 plus three T25 bars, area = 3080 mm::! (top steel). 

(c) Mid-span of 2nd Span - Design as a I-section 

M = 0,07 PL = 0.07 x 995 x 5 = 348 kN m 

Using the lever-arm curve, it is found that fa = 0.95 

A = M 348 x 10
6 

=1525mm2 
~ 0,87 fyz 0.87 X 460 (0 .95 X 600) 

Provide one T32 plus two T25 bars, area == 1786 mm2 (bottom steel), 

Shear 

(a) Check maxim um shear stress 

Maximum shear at face of support is 

Vs = 0.6F - \V II X support widthj2 

= 0.6 X 995 - 199 X 0,15 = 567 kN 

Vi 567 X 103 

V == - = 
bd 300 x 580 

= 3.26 N/rnm2 < 0.8 ..j!cu 
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RlO a t 280 

ln F4 
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~ 
I· 
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II 
3~ 

·1 
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WI-I±::::::O~R12 in 
pa irs 

32 2532 

1-

Sr.lc t ions m idspan n c.l"a r t he inte r'lo r support 

Figure 7.24 End·:;pan reinforcement details 

(h) Nominal links 

Asv = OAb == OA x 300 = 0.55 
Sv 0 .87fyv 0.87 X 250 

Provide RI O links at 280 mm centres, Asvlsv == 0.56 

h ) hnd supports 

Shear distance, d from support face is 

Vd = OA5 F - \Vu (d + . upport widlh/2) 

= 0.45 x 995 19Q (0 .6 + 0. 1 5) 

· 299 kN 

185 
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v = Vd = 299 X 10
3 

= 1.66 NJrnm2 
bd 300 x 600 

IOOAs = 

bd 

100 x 2 101 

300 x 600 

Therefore from table 5.1 

Ve = 0.70 NJmm2 

= 1.17 

Asv = b (v - vel = 300(1.66 - 0.7) 

Sv O.87fyv 0.87x250 
= 1.32 

Provide RIO links at lID mm cen tres. Asvlsv = 1.41. 

Shear resistance of nominal links + concrete is 

Vn=(~:O.87fyv+bVc) d 

:: (0.56 x 0.87 x 250 + 300 x 0.7) 600 '" 199 kN 

Shear reinforcement o ther than the nominal is required over a distance 

$= Vd-Vn +d 

w" 

= 299 - 199 + 0.6= 1.1 m 
199 

from the face of the support. 

(d) First and third spans interior supports 

Distance d from support face 

Vd = 0.6 x 995 - 199(0.58 + 0. 15) 

= 452 kN 

v = 452 X 10
3 

= 2.60 N/mm1 
300 x 580 

JOOAs = 100 x 3080 :: 1.77 
bd 300 x 580 

there fore from table 5.1 

vc =D.8 J 

A sv= 300 (2.6 - 0.81 ) =2.47 
Sv 0.87 x 250 

Provide R 12 links in pairs at 180 mm ceutre., A~/:v • 2.S I . Using Vn from 
pa rt (c) as a conservative value, shea r ihtk. I re Icqulrcd over a distance 
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s= Vd - Vn + d = 452 - 199 + 0.58 = 1.85 m 
Wu 199 

A similar calculation would show that single R l 2 links at 120 mm centres 
would be adequate 1.0 m from the support facc. 

(e) Second span 

Distance d from support face 

Vd == 0.55 x 995 - 199 (0.58 + 0.15) =402 kN 

IN7 

Calculations would show that RIO links in pairs at 150 mm centres would be 
adequate. 

7.6 Cantilever Beams 

The moments, shears and deflections for a cantilever beam are su bstantially greater 
than those for an equivalently loaded span that is supported at both its ends. Also 
the moments in a cantilever can ne ver be redistribu ted to other parts of the struc· 
ture'- the beam must always be capable of resisting the fuD static moment. 
Because of these facto~s and the ,roblems that often occur with increased deflec
tions due to creep , the design and detailing of a cantilever beam should be done 
wH h care. 

When the loads are uniformly distributed the reinforcement may be arranged as 
shown in figure 7.25 . The provision of additional steel in the compressive zone of 
the beam can help to restrain the increased deflections caused by creep. Horizon-

I" 
E ff e.! c t ive.! span, L 

or 45 l 'I 

Bars in ca m pr'(2ssion 
zo ne.! r as l st c r QQ P 

(0 ) Curtallmlln t o f Bars 

Ma in 
re.! i n f o r ce.! me.!n t 

Hor izonta l t l e.! s 

( b ) Short Ca nt i iave.! r 
Baam 
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tal links should be provided as in figure 7.2Sb when the cantilever has a short span 
or when there is a concentrated load near to the support. These horizontal links 
should have a full anchorage length within the support. 

7.7 Design fo r Torsion ' 

The method for designing a beam t o resist torsion is described in the Code of 
Practice. It consists of calculations to determine an additional area of longitudinal 
and link reinforcement required to resist the torsional shear fo rces. The require
ments for torsion have also been described in section 5.4. The procedure for a 
rectangular section is as follows. 

(I) Determine As and Asv to resist the bending moments and shear fo rces 
by the usual p rocedures. 

(2) Calculate the torsional shear stress 

2T 
v , ~c.,--~"---~--~ 

hmin ("mn. - hmin/3) 

where T '" torsional moment due to the ultimate loads 
hmin '" the smaller dimension of t he beam section 
hmu: '" the larger dimension of the beam section 

(3) If II, > v' min in table 7.2, then torsional reinforcement is required. 
Refer to table 7.3 for t he reinforcemen t requ irements with a combina· 
tion of torsion and shear stress v. 

(4) v + v, must not be grea ter than Vtu in table 7.2 where v is the shear 
stress due to the shear force. Also for sections withy, < 550 mm 

II » IItuYI 
t 5S0 

where Y I is the larger centre·to-centre dimension of a link. 
(S) Calculate the additional shear reinforcement required from 

Asv '" T 
Sv 0.8x'YI (0.87 frv ) 

where XI is the smaller centre·to-cen tre dimension of the link. This 
value of Asv/sy is added to the value from step 1, and a suitable link 
size and spacing is chosen, but 

sy <200mmorx l 

The links should be of the closed type shown in figu re 7.26. 
(6) Calculate the additional area of longitudinal steel 

A,: A~ (&.) (x , + y o) 
Sy fy 
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where Asy/sv is the value from step 5 and fy is the characteristic strength 
of the longitudinal steel. AI should be distributed evenly around the 
inside perimeter of the links. At least four corner bars should be used 
and the clear distance between bars should not exceed 300 mm. 

(1 . 24°1 
RIO at 125 

T12 D 0 
0 • 0 • " ' 25 

" ' 20 

I· 300 

Figure 7.26 Torsion t Xllmplt 

Table 7.2 Ultimate torsion shear stresses (N/mml) 

Concre te grade 

25 30 40 
or more 

III mi n 

'" 
0.33 
4.00 

0.37 
4.38 

0.40 
5.00 

1I< ~e + 0.4 

~> IIC +O.4 

Table 7.3 Reinforcement fo r shear and torsion 

Nominal shear rein forcement, 
no torsion reinfo rcement 

Designed shear re inforcc ment, 
no torsion relnforcemcnt 

Designed to rsion reinforcement 
only, but not less than nominal 
shear reinforcement 

Designed shear and torsion 
rc lnrorcemen t 



190 REI NFORCED CONCRETE DES IGN 

Example 7. 10 Design of Torsional Reinforcement 

The rectangular section of figure 7.26 resists a bending moment of 170 kN m, a 
shear of 160 kN and a torsional moment of IO kN m. The characteristic mate rial 
strengths are feu '" 30 N/ mm2 , fy '" 460 N/mm1 and f 'l v = 250 N/mml . 

(1) Calculations for bending and shear woald give 

A, '" I IOOmml 

and 
, 

An = 0.79 

" 
(2) Torsional shear stress 

2T vt :: ~,-,.:.:'----,--,co 
h m1n (hmax - h m;n/3) 

2 x 10 X 10' = 0.56 N/mm2 
300' (500 300/3) 

= 

(3) 0.56> 0.37 from table 7 .2 . Therefore torsional reinforcement is 
required. 

(4) 

(5) 

V 
II'" - '" 

bd 

therefore 

160 x I~ = 1.19 N/mml 
300 x 450 

11+ vt :: 1.1 9 + 0.56 = 1.75 N/mm1 

vtu from table 7.2:: 4 .38 N/ mm1 
, therefore 

vtuY. :: 4.38 x 440 = 3.5 
550 550 

so that vt < )lluYl,550 as required. 

Additional Arv = T 
Sy O.8x IYI (0.87 fyv ) 

10 .0 x 106 

= =--~~"=c= 0.8 )( 240 x 440 x 0.87 x 250 

= 0.55 

(6) 
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therefore 

Total AS\' .. 0.79 + 0 .55 = 1.34 

" 
Provide RiO links at 100 mm cen tres 

An = 1.57 

" 
The links are of the dosed type with their ends fully anchored. 
Additional longitudinal s teel 

A, =( ~~)( l,') (x, + y,) 

250 
= 0.55 x - (240 +,440) = 203 mm2 

460 

therefore 

total steel area = 1100 + 203 = 1303 mm2 

Provide the longitudinal steel shown in figure 7.26. 
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(7) The torsional reinforcement shou ld ex tend at least hmax beyond where 
it is required to resist the torsion. ~ 



8 
Design of Reinforced Concrete 
Slabs 

Reinforced concrete slabs are used in floors, roofs and walls of buildings and as the 
decks of bridges. The fl o, ' T system of a structure can take many, forms s~ch ~s 
in situ solid slabs, ribbed slabs or p recast units. Slabs may span In one dll"ectlOn or 
in two directions and they may be supported on monolithic concrete beams, steel 
beams, walls or directly by the structure's columns. 

Continuous slabs should in principle be designed to withstand the most un
favou rable arrangements of loads. in the same manner as beams. Because the re are 
greater opporlUnities for redistribution oflaads in slabs,. analysis may I~owever 
often be simplified by the use of a single load ca~e. prOVIded that ce~tam con
ditions are met as described in section 8 .1. Bending moment coeffiC ients based on 
this simplified me thod are provided fo r slabs which span in one d irection with 
approximately equal spans. and also for flat sla~s . . . 

The moments in slabs spanning in two directions can also be determined uSing 
coe fficients tabulated in the code of practice. Slabs whlch are not rectangular in 
plan or which support an irregular loading arrange.ment may.be analysed by 
techniques such as the yield line method or the Hilleborg stnp method, as 
described in sect ion 8. 10. 

Concrete slabs behave primarily as nexural members an d the design is similar 10 

that for beams, although in general it is somewhat simpler because 

(I ) the breadth of the slab is already fi xed and a unit breadth of I m is used 
in the calculations 

(2) the shear stresses are usually low in a slab excepl when there are heavy 
concen trated loads, and 

(3) compression reinforce ment is seldom required. 

8 .1 Simplified Analysis 

BS 8 110 permit s the use of a Simplified load arrangement for all slabs of max i
mum ult imate design load throughout all Spl 'll or panel. prOVided that the 
following conditions are met: 
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• 

• 

• 

• 

• I 

T 

• 1/ 
f' 

Figure 8.1 Slab definitions 

~ / 
/ 1 

<Jl + 
/ ~ 

I , 

(a) In a one-way slab , the area of each bay <: 30 m2 (see figure 8.1). 
(b) Live load qk:> 1.25 Dead loadgk 
(c) Live load qk ):0 5 kNJm2 excluding partitions. 
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If analysis is based on this single load case, all support moments (except at a canti· 
lever) should be reduced by 20 per ce nt and span mome nts increased accordingly. 
No further redistribution is then permitted , but special attention must be give n to 
CIlSCS where a cant ilever is adjacent to a span which is less than three times that of 
the cantilever. In th is situation the condition where the cantilever is fully loaded 
I nd the span unloaded must be examined to determine possible hogging momen ts 
In the span. 

Tabu lated bending momen t and shear force coefficie nts for use with approx i
nlately equal spans and when these conditions are satisfied are given in section 
R.5.2 for one-way spanning slabs and in section 8.7 for flat sJabs. 

M.2 Shear in Slabs 

I he shear resis ta nce of a solid slab may be calculated by the procedures given in 
d lnpt er 5. Experimental work has indicated that , compared with beams, shallow 
Ilibs fail at slightly highe r s11ear stresses and this is incorporated into the values of 

dCllsn ult imate shear stress Vc given in table 5. 1. 
rhe shear stress at II section in a solid slab is given by 

v , = -
bd 

where V is the shear force due to the ultima te load. d Is the effective depth of the 
.lab and b is the width of section considered Calculations are usually based on a 
It rip of slab I In wide. 
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The code requires that for a solid slab 

( I) II » the lesser of 0.8 Vfeu or 5 N/ mm2 . 
(2) II :> lie: for a slab thickness less than 200 mm. 
(3) If v > Vc . shear reinforcement must be provided in slabs more than 

200 mm thick. 

If shear reinforcement is required, then nominal steel, as for beams, should be 
provided when II < (ve + 0.4) and ' designed' re~fo~cement provided fo r higher 
values o f v. Since shear stresses in slabs due to dIStributed loads are generally small, 
shear reinfo rcement will seldom be required for such lo ads. Localised 'punching' 
actions due to heavy concentrated loads may, however, cause more cri tical c~n· 
dilions as shown in the following sections. Practical difficulties concerned with 
bending and fIXing of shear reinforcement lead to the recommendation that it 
should not be use d in slabs which are less than ZOO mm deep. 

8.2. I Punching Shear - Analysis 

A concentrated load (N) on a slab causes shearing stresses on a section around the 
load ; this effect is referred to as punching shear. The initial critical section for 
shear is shown in figure 8 .2 and the shearing stress is ·given by 

N _ N 
11 ;; -

Perimeter of the section x d (20 + 2b + ~ d 

where a and b are the p lan dimensions of the concentrated load. No shear .re in. 
forcement is required if the punching shear stress, 11 < lie . The value ?f lie tn 
table 5. 1 depends on the percentage of reinforcement lOOA J bd whIch should be 
calcu lated as an average of the area of tensile reinforcement in the two direc tions 

Plan 

EIQvotion 

Fillurc 8,2 Pllnch/II, ,II,., 

LoodQd 
arQO 
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and should include an the reinforcement crOSSing the cri tical section and extend. 
ing a further distance equal to a t least d or 12 bar diame ters on either side. 

a lecks must also be undertaken to ensure that the stress 11 calculated for the 
perimeter at the face of the loaded area is less than t he smaller of 0.8 yfeu o r 
5 N/mml. 

Example 8.l Punching SheQl' 

A slab 175 mm thick, d = 145 mm , is constructed with grade 30 concrete and is 
reinforced with 12 mm bars at 150 mm cent res one way and 10 mm bars at 
200 mm centres in the other di rection . Determine the max imum load that can be 
carried on an area, 300 x 400 mm, witho ut exceeding the ultimate shear stress. 

For 12 mm bars at 150 mm centres 

lOOAs '" 100 x 75 4 = 0.52 
bd 1000 x 145 

and for 10 mm bars at 200 mm cent res 

lOOA s = 100 x 393 '" 0 .27 
bd· 1000 x 145 

Average lOOA , = 0.395 
bd 

From table 5. 1, lie = 0 .62 N/mm1 for grade 30 concrete 

Punching shear perime ter = (20 + 2b + 12d) 

Max imum load 

= 600+800+ J2x 145 = 3 140mm 

'" lie X perimeter x d 

= O.62x 31 40 x 145 

=282 x 10] N 

At the face of the loaded area , the shear stress 

N ,= ;;c-c~-;
(24 + 2b) d 

282 x 103 

= ( ;-;6:::00"'+"8"'00::0) -:-14:-:-5 

= 1.39 N/ mm 2 

which is less than 0 .8 y feu and 5 N/mm2 . 

8.2. 2 Punching Shear - Reinforcement Desig" 

If re in forcement Is required for the 11I1I1al (.:ril1cailClc llon shown In figure 8.2, this 
l leel should be loca ted within the falluro lono iylna between tho face o f the loaded 
Irea and Ihe perImeter checked, The a/flount of relnrorcement required is glven by 
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~ A . ..... ( II - 11<; ) ud 
L> $V Sill (It " 

O.87 / yv 

where Q'" angle be tween shea r reinforcement and the plane of the slab 
u = length of the outer perimeter of the zone 

and (11 - ve) should not be taken as less than 0.4 N/mm:l . 
The reinforcement should be distributed evenly around the zone on at least two 

perimeters not greater than 1.5 d apart as illustrated in example 8.2. It will 
then be necessary to check a second perimeter taken a distance O.7Sd further 
away from the face of the load than the imlial critical section, as shown ill figure 
8.3. The failure zone associated with this perimeter is 1.5d wide and shear rein· 
fo rcemen t within the zone which has been provided to reinforce previous zones 
may be included when design ing reinforcement for the zone. This design pro
cedure continues by checking successive zones until a perimeter is oM-ained which 
does not require reinforcing. 

15t Pqriml2tl2r 

2nd Pl2ri ml2tqr 

",~,," __ Rqm forcqmqnt zonq 
for 2nd PQn ml2tqr 
(St<2<Z1 for prqviOus 
lOM con cont ri but l2) 

Figure 8.3 Punching tIU!IU reinforcement lonet 

Similar procedures must be applied to the regions of nat slabs which are close 
to supporting columns, but allowances must be made fo r the efTec ts of moment 
transfe r from the columns as described in section 8 .7. 

Example 8.2 Design of Punching Shear Reinforcement 

A 260 rum thick slab of grade 30 concrete is reinforced by 12 mm High yield bars 
at 200 mm centres in each direc tion. The slab is subject to II mild environment 
and must be able to support a localised concen trated load of 650 kN over a square 
area of 300 mm side . Determine the shear reinforcemen t required fo r 
fyv = 250 Nfmm' . 

For mild exposu re , nominal cover required bYlrl de 30 concrete Is 25 mm, 
thus average effective depth allowing for 8 mm \Ink. II equI I to 
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260 - (25+8 +1 2)=215mm 

(a) Check shear stress at face of loaded area 

Perimeter u '" 4 x 300 == 1200 mm 

thus II '" ..!:.: '" 650 x 10
3 

= 2.52 N/mm l 

ud 1200 x 2 15 

wh ich is less than 0.8 .Jfeu and 5 N/mml. 

(b) Check first critical perimeter at l. 5d fro m load face 

Perimeter side =300+ 2 x 1.5 x 215 = 945 mm 

and perimeter u = 4 x 945 '" 3780 mm. 

V 650 x 103 
Shear stress I' = - = :::: 0.80 N/mm' 

ud 3780x2 15 

100A , = 100 x 566 '" 0.26 
bd lOOOx2 15 

From table 5.1 , I'e = 0.50 for grade 30 concrete, and thus v > lie and shear rein
fo rcement is requ ired. 

For vertical links 

Asv = (v - ve) ud 
0.87fyv 

(I' - ve) '" 0.3 N/mml is less than the minimum 0.4 N/mm 1 required, thus take 
(I' - lie) '" 0.4 and 

Asv= 0.4x3780x2 15 
0.87 x 250 

'" 1495 mm' 

Total number of 8 mm links required = 1495 

2 x 50.3 

:::: 15 

I he links must be dist ributed evenly between two pe rimeters within the fa ilure 
IO UC. The spacing between the legs of the links must not be greater than 
1 5d:::: 1.5 x 2 15 "'" 320 mm . 

Position the links on two perimeters J 50 mm and 300 mm from the face of 
the load. The lengths of these perimeters arc 

/II =4 x 600 - 2400mm 

.nd III - 4 x 900 - 3600mm 

197 
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2400 
Number of links on perimeter, U I '" I 5 x (2400 + 3600) 

Number of links on perime ter , Ul '" 15 - 6 '" 9 

Spacing of legs of the links'" (2400 + 3600)/(2 x IS) 

'" 200 mm < 320 mm 

(e) Check second perimeter at ( 1.5 + O.7S)d from load face 

Perimeter side = 300 + 2 x 2.25 x 2 15 ;. \ 268 mm ' 

and perimeter u = 4 x 1268 = 5072 mm. 

V 650 x 103 
1 

Thus v = - '" :: 0.60 N/mm 
ud 5072x2 15 

As v > Ve, nominal reinforcement is still required within the failure zone associated 
with the second perimeter. 

A :: 0.4x5072)(2 15 =2006mml 
$V 0.87 x 250 

fo r 8 mm li nks 2006 = 20 are required 
2 )( 50 .3 

In part (b) on the perimeter at 300 mm from the load face 9 links are already 
provided, thu~ at least 11 fur ther links are required. T~ese could be provided at 
450 mm from the load face by similar links at approxunately 400 mm cen tres. 

(d) Check third perimeter at ( 1.5 + 1.5)d from the load race 

Perimeter side = 300 + 2 x 3 x 2 15 = 1590 mm 

and perimeter u = 4 x 1590 = 6360 mm. 

V 650 x 103 
2 

TilUS V = - '" = 0.48 N/mm 
ud 6360x2 15 

As this is less than v no fur ther re inrorcement is required. It should be noted, 
however, that wher:ver links are required , top steel must also be provided i ~ the 
slab at 200 mm centres to ensure proper fixing and anchorage of the shear Imles. 

8.3 Span-Effective Depth Ratios 

Excessive deOections of slabs will cause damage to the ceiling, noor finishes and 
other architectural details. To avoid thiS, limits are se t on the span-depth ratios. 
These limits are exactly the same as those for beams II.! described in section 6 .2. 
As a slab is usually a slender member Ihe restrlctlonl on the span-depth ratio 
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become more important and this can often control the depth of slab required. In 
terms of the span-effective depth ratio the depth of the slab is given by 

minimum effective depth ::: ,----,-----"p~'~n'--=_c__o_-
basic ratio x modification factors 

The modification factor is based on the area of tension steel in the shorter span 
when a slab is singly reinforced at mid·span but if a slab has both top and bottom 
steel at mid·span the modification factors fo r the areas of tension and compression 
steel, as given in tables 6.7 and 6.8 are used. For convenience, the factors for 
tension steel have been plotted in the fo rm of a graph in figure 8.4. 

It can be seen from the-figure that a lower service stress gives a higher modifica
tion factor and hence a smaller depth of slab would be required. The service stress 
may be reduced by providing an area of tension reinforcemen t greater than that 
reqUired to resist the design moment, or alternatively mild steel reinforcement 
with its lower service stress may be used. 

The span-depth ra tios may be checked using t he service stress appropriate to 
the characteristic stress of the reinforcement , as given in table 6.7. Thus a service 
stress of 288 N/mm2 would be used when fy is 460 N/mm2

• However, if a more 
accurate assessment of the limiting span-depth ra tio is required the service stress 
f. can be calculated from 
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/, '" ~ f A,reg)( _I_ 
I 8 y Asprov (3b 

where Asreq '" the area of reinforcem ent required at mid-span 
A,pmv '" the area of reinforcemen t provided at mid-span 
(jb '" the ratio of the mid-span moments after and be fore any 

redistribution 

The second part of example 8 .3 illustrates the calculations to determ ine the service 
stress, and how the provision of extra reinforcement reduces the depth of slab 
required. 

8 .4 Reinforcement Details 

To resist cracking of the concrete, codes of practice specify details such as the 
minimum area of reinforcement required in a section and limits to the maximum 
and minimum spacing of bars. Some of these rules are as follows: 

(a) Minimum Areas of Reinforcement 

minimum area = 0. 13 bh for high-yield steel 
100 

O.24bh 
fo r mi!d stee! 

100 

in both directions. 

(b) Maximum Spac ing of the Bars 

These reqUirements are describe d ill detail in section 6.1.3 and are similar to beams 
except that for thin slabs , or if the tensile steel percentage is small, spac ings may 
be increased from those given in table 6.4 to a maximum of 3d. 

(c) Reinforcement in the Flange of a T· or L·beam 

When the slab forms the flange of a T· or L-beam the area of rein forcement in the 
fla nge and at righ t angles to t he beam should not be less than 0.15 per cent of the 
longitudinal cross-section of the flange. 

(d) Curtailment an d Anchorage of Reinforcement 

The general rules for curtailment of bars in a flexural membe r were discussed in 
section 7.2.5. Simplified rules for cu rtailment in different types of slabs are 
illustra ted in the subsequent sections o f this chapter. AI a sim ply supported end 
the bars shou ld be anchored as specifi ed in figure 7.14 or fi gure 8.5 . 
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Fiaure 8.5 Anchorage at simple tupport lor Q slab 

8.5 Solid Slabs Spanning in One Direction 

201 

The slabs are designed as if they consist of a series of beams of 1 m breadth. The 
main steel is in the direction of the span and secondary or distribution steel is 
required in the transverse direction. The main steel should form the ou ter layer 
of reinforcement to give it the maximum lever arm. 

The calculations for bending reinforcement follow a similar procedure to that 
used in beam design. The lever-arm curve of figure 7.5 is used to de termine the 
lever arm (z) and the area of tension re inforcement is then given by 

A '" Mu 
s O.87/y z 

For solid slabs spanning one way the simplified rules for curtailing bars as shown in 
ngure 8.6 may be used provided the loads are substantialty uniformly distributed. 
With a continuous slab it is also necessary that the spans are approximately equal 
~J\d the Simplified single load case analysis has been used. 

B.S. I Single-span Solid Slab 

The effec tive span o f the slab is taken as lhe lesser o f: (a) the centre·to-centre 
distance o f the bearings. or (b) the clear distance be tween supports plus the effec
tive depth of the sla b. The basic spD II-cfrectlvc depth ratio for this type of slab 
1,20: I. 
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EXIlmple 8.3 Design of a Simply Supported Slab 

2U3 

The slab shown in figure 8 .7 is to be designed to carry a live load of 3.0 kN/m' . 
plus floor finishes and ceiling loads of 1.0 kN/m1 . The characteristic material 
strengths are feu = 30 N/mm' and fy :::: 460 N/mml. Basic span-effective depth 
ratio '" 20 

c span there_ore minimum effect ive dept h d = :-;;:---;c-=':--;:-:--~ 
20 x modifi cat ion fa cto r m. f. 

4500 225 
= 

20 x m.f. m.f. 

( I) Estimating the modification fac tor to be of the o rder of 1.3 for a 
lightly reinforced slab. Try effec tive depth d = 170 mm . For a mild 
exposure the cover = 25 mm. Allowing, say, 5 mm as half the diame ter 
of the reinforcing bar 

overall depth of slab h '" 170 + 25 + 5 = 200 mm 
self-weight of slab = 200 X 24 X 10- 3 = 4.8 kN/m 1 

total dead load = 1.0 + 4.8 :: 5.8 kN/m1 

For a I m width of slab 

ult imate load = (l .4gk + 1.6qd 4. 5 

= (1 .4 x 5.8 + 1.6 x 3.0) 4. 5 '" 58. 1 kN 

M'" 58. 1 x 4.5/8 '" 32.7 kN m 

Spall-Effectwe Depth Ratio 

M 32.7 x 106 
:: 1.1 3 

1000 x 1701 

From table 6.7, fo r fs '" 288 N/mm1 the span-effective de pth modification 
fac tor = 1.34. Therefore d . 

limiting span '" 20 x 1.34 = 26.8 
effective depth 

-:;;cc"sp"""n:;:-c:;:- '" 4500 '" 26.5 
effective depth 170 

actual 

Thus d = 170 mm is adequate. 

Iltmding Reinforcem ent 

M 

bd 2f cu -
32.7 X 10

6 
:: 0.038 

1000 x 1702 X 30 

hom the lever arm curve of ngure 7.5, '. - 0.95 . Therefore 

Icverarmz - l.d - 0.95)( 170- 161 rnm 
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As = _M~_ " _ -"3:::2". 7-,x~1 0:,.' _ 
0, 87 fyz 0.87 x 460 x 161 

= 508 mm'jm 

Provide T ID bars at 150 mm centres, As = 523 mm'l/m. 

Shear 

At the face of the support 

SI V 
58 .1 

leaf = --
2 

( 
2.25 - 0.5 x 0 .23 ) = 27.6 kN 

2.25 

V 
Shear stress, II = - " 

bd 

27 .6 X 103 

1000 x 170 

lOOAs = 100 x 523 = 0.31 
bd 1000 x 170 

= 0 .16 N/mm 2 < 0.8 ..Jfcu 

from table 5 .1, lie = 0.55 N/mm2 and since v < Ve no further shear checks or 
reinforcement are required 

End Anchorage (figure 8.5) 

therefore 

therefore 

v = 0. 16 <ve/2 

anchorage length;;;;' 30 mm 

end bearing = 230 mm 

230 
anchorage length = -

3 

= 77mm 

beyond the centre line of the support. 

Distribution Steel 

end bearing 
m 

3 

Area of transverse high-yield reinforcemen t = 0,1 3 bh 
100 

Provide Tl 0 at 300 mm centres. 

0.13 x 1000 x 200 
" 100 

= 260 mml/m 
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(2) The second part of this example illustrates how a smaller depth of slab is 
adequate provided it is reinforced so that there is a low service stress in the steel 
and therefore a high modification factor for the span-effective depth ratio. Try 
a thickness of slab , h = 170 mm and d = 140 mm . 

Bending 

Self·weight of slab" 0.1 7 x 24 = 4.08 kN/m' 

total dead load '" 5.08 kN/m2 

ult imate load '" (1.4gk + 1.6Qd 4.5 

'" (I.4 x 5.08 + 1.6 x 3.0) 4.5 = 53.6 kN 

M = 53.6 x 4.5 '" 30.2 kN m 
8 

30.2 X 106 

'" 0.051 
1000 x 1402 

X 30 

From the lever·arm curve, figure 7.5, la = 0.94 

Therefore using mild steel bars 

A = M 30.2 X J06 

S 0.87/yz 0.87 x 250 x 0.94 x 140 

'" JOSS mm'/m 

Provide RJ2 at 100 mm centres , As = 1130 mml /m. 

S,JQ II-E/iec tive Depth Ratio 

M _ 30.2 x 106
: 

bd1 1000 X 1402 

= 1.54 

Service stress is is given by the equation of sect ion 8.3 as 

r = ~ f Asreg 1 Is y X X ~ 
8 A s prov f1b 

5 1055 2 
'" - x 250 x -- x l '" 146 N/mm 

8 11 30 

1<lom figure 8.4 , for M/bd' = 1.54, spa n-effe ctive depth modification factor = 1.7. 
I herefore 

limit ing span .20 x 1.7.34.0 
effectlve dCIHh 
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actual 
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span 

effec tive dept? 
= 4500 '" 32.1 

140 

Therefore d '" 140 mOl is adequate. 

8.5. 2 Continuous Solid Slab Spanning in One Direction 

For a continuous slab , bottom reinforcement is required within the span and top 
reinforcement over the supports. The effective span is the distance between the 
centre lines of supports and the basic span-effective depth ratio is 26: 1. 

If the conditions of section 8.1 afe met for the single load case analysis, bend
ing momen t and shear force coefficients as shown in table 8.1 may be used. 

Moment 

Shear 

Table 8 .1 Ultimate bending moment an d shear force coefficients 
in one-way spanning slabs 

Outer Middle of First interior Middle of Interior 
support end span support interior span supports 

0 O.086FL - O.OB6FL 0.063FL - 0 .063FL 

OAF 0.6F 0.5F 

Not/!: F is thc total design ultimatc load on the span, and L is the effective span. 

Example 8.4 Design 0/ a Continuous Solid SltJb 

The four·span slab shown in figure 8 .8 support s a live load of 3.0 kN/ml , plus 
floor fin ishes and a ceiling load of 1.0 kN/ml . The characteristic material strengths 
are feu = 30 N/mm1 and fy = 460 N/mm1 . 

Basic span-effective depth ratio = 26 

span = 4500 = 173 mm 
26 26 

Try effective depth d = 140 mm, and with a mild exposure overall depth , 
h=170mm. 

self-weight of slab = 170 X 24 X 10- 3 = 4.0B kN/m1 

total dead weight = 1.0 + 4.0B = 5.0B kN/m1 

ultimate load F per span = (1.4gk + 1.6qk) 4.5 

= (104 X 5.08 + 1.6 x 3 .0) 4.5 

:: 53.6 kN pcr metre widt h 
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Figure 8.8 Continuous slab 

Bending 

Since the bay size > 30 m 2 
, the spans are equal and qk » 1.25 Kk the moment co

crticients shown in table 8.1 may be used. Thus for the first span 

M = 0.086FL = 0 .OB6 x 53.6 x 4.5 = 20.B kN m 

S" QI/- Effective Depth Ratio 

M 20 .8 x 106 

= 1.06 
1000 x 1402 bd' 

I}rom table 6. 7. span- dep th modification fa ctor = 1.36. There fore 

limiting span . 26 x 1.3 6 '" 35 .3 
errective dep th 

Ilctual Sp llll 4S00 
• · 32.1 

140 errectl ve depth 
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Thus d = 140 mm is adequate. 

Bending Reinforcement 

M 20.8 x 10' 
= 0.035 

bd 2fcu '" 1000)( 1402 X 30 

0.87[,/2 0.87 x 460 x 133 

= 39 1 mm1 per metre 

Provide TID at 200 mm centres,A$ = 393 mm1 fm. 
Similar calculations for the sup~orts and the interior span give the steel areas 

shown in figure 8.9. . 
Over the interior support beams I OOA,/bhf > 0.15 fo r the remforcement 

provided and therefore extra steel is no~ re.quired fo r,the flange of the T·beam. 
At the end supports there is a monolithic connectJon betwee~ the slab and the 

beam therefore top steel should be provided to resist any negative momen!. The 
area ~f this steel should not be less than half the area of steel at mid·span. In fact 
to provide the 0.15 per cent of steel fo r the flange of the L-beam , T I 0 bars at 
300 mm centres have been specified. 

The layout of the reinforcement in figure 8.9 is according to t he simplified 
rules for the curtailment of bars in slabs as illustrated in figu re 8.6 

O.l3bh 
Transverse reinforceme nt = - --

100 

0.13 x 1000 x 170 
= 

100 

Provide TI 0 at 350 mm centres top and bottom, wherever there is main rein
forcement. 

T10-2oo TlO -350 T 10 _ 250 110 - 250 

\ 
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8.6 Solid Slabs Spanning in Two Directions 

When a slab is supported on all four of its sides it effectively spans in both direc
tions. and it is sometimes more economical to design the slab on this basis. The 
amount of bending in each direction will depend on the ratio of the two spans 
and the conditions of restraint at each support. 

If the slab is square and the restraints are similar along the four sides then the 
load will span equally in both directions. If the slab is rectangular then more than 
one·half of the load will be carried in the stiffer, shorter direction and less in the 
longer direction. If one span is much longer than the other, a large proportion of 
the load will be carried in the short direction and the slab may as weU be designed 
as spanning in only one direc tion. 

BGom A 

4,· 
So 

E o 0 

:~ ~ 

8Qom B 

Figu1e 8.1 0 iAJ<Jds CfJrrjed by wppo,tillg beams 

Moments in each direction of span are generally calculated using coefficien ts 
whlth Dre tabu lated in the codes of practice. Areas of reinforcemen t to resist the 
UlulTlen ts are determ ined independen tly for each direction of span. The slab is 
"Inforced with bars in both directions parallel to the spans with the steel for th e 
~h"rlc r Sp3/1 placed furthest from the neutral axis to give it the greater effective 

Illh 

I he spo n-e ffective depth ratios are based on the shorter span and the percen t
(lr re ln forcemen ' in that direction. 

Wll h a unifo rmly dis tributed load the loads on the support ing beams may 
!'fu lly be apportioned as shown in figure 8. 10 . 

• J Slmplp Supporled Slab Spallllillg ill Two Direclio" s 

~.b . Imply supported on its fOur sides will deneci aboUI both axes under load 
tllhe corners will tcnd to lir, and curl up from the supports, causing torsion3l 
lIIell l •. When no provision hDS bec n made to l)feven t this lift ing or to resist the 
11)11 Ihcn the moment eoefflclc nu of loble 8.2 may be used and the maximum 

,melll . llre givcll by 
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MIX • a.x 1I/1l' In direction of span Ix 

'nd 

MII'/ .. a.ytll,2 in direction of span 1'1 

where M~x and Mry are the moments at mid-span on strips of unit width with spans 
' . and ly respectively , and 

/ 

11 = ( l Ag); + 1.6q);) , that is the total ultimate load per unit area 

ly = the length of the longer side 

Ix 0: the length of the shorter side 

and Clsx and IXsy are the moment coefficients from table B.2. 

The area of reinforcement in directions Ix and ly respectively are 

and 

A = MIJ( per metre width 
sx 0.87 fy Z 

_-,M~",A", = 
0.87['I z 

per metre width 

The slab should be reinforced uniformly across the fuil width, in each direction. 
The effective depth d used in calculating As'/ should be less than that for AS!( 

because of the different dep ths of the two layers of reinforcement. 
At least 40 per cent of the mid-span reinforcement s~ou ld exten d to the 

supports and the remaining 60 per cent should extend to within 0.1l:1C or O. l ly 
of the appropriate support. 

Table 8.1 Bending-momen t coeffic ients for slabs spanning in two 
directions at righ t angles, simply supported on fo ur sides 

i'l//x 1.0 1.1 1.2 1.3 1.4 1.5 1.75 2.0 

0" 0.062 0 .074 0.084 0 .093 0 .099 0 . 104 0.113 0 .1 18 
0" 0 .062 0.061 0.059 0 .055 0.051 0.046 0.037 0.029 

Examp/e 8.5 Design the Reinforcement for a Simply Supporled Slab 220 mm 
Thick and Spanning in Two Directions 

The effective span in each direc tion is 4.5 ill lind 6.3 m and the sla b supports a 
live load of 10 kN/ m2 • The characteristic m:ateria] slrenglhs are fl:ll .. 30 N/ mm2 

and f'l =- 460 N/mm2 . 
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1'1 /1x = 6.3/4.5 ::: 1.4 

From table 8.2, ~ =- 0.099 and a,'I =- 0.05 1. 

Self-weigh t of slab = 220 x 24 x 10- 3 = 5.3 kN/m1 

ultimate load n = l.4gk + 1.6qk 

= 1.4 x 5.3 + 1.6 x 10.0 = 23.4 kN/m 2 

Bendillg - Short Span 

Wlth mild exposure conditions take d = 185 mm. 

Mu = Qun/x 2 = 0.099 x 23.4 x 4.5 2 

=-46.9kNm 

M 46.9 X 10' u - _ ""'''-''-'?' __ '" 0.046 
btJ 2/cu - 1000 X 1852 X 30 

Prom the lever-arm curve , figure 7.5, 13 " 0 .95. There fore 

lever arm z = 0.95 x 185 = 176 mm 

and 

A, = .,..:M"u,,--_ 
0.871yz 

46.9 X 10' 
= .,...,2"c'..C-"'---

0.87 x 460 x 176 

::: 666 mm2 /m 
Provide TI 2 :at 150 mm centres, A5 = 754 mm2 /m 

\p4IIr-Effeclive Depth Ratio 

MIX _ 46.9 X 106 

bd2 - 1000 X 1852 
::: 1.37 

2 11 

1 rum IIble 6.7, for I s;' 288 N/mm2 the span-efTect ive depth modification factor 
I 11 

limiting span ::: 20 x 1.25 ::: 25.0 
effective depth 

Ilctual 
span 

effective depth 

Ilu" {J. ISS mm is adequate. 

""',11,,, LAmg SpUII 

::: 4500 = 24.3 
185 

AIry • c:t.'I IIlx 2 · 0 .05 I )( 2].4 )( 4 .52 

·24.2 k.N In 



212 IU,INI'ORCED CONC RETE DESIGN 

Since the re inforce ment fur this span will have a reduce d effective depth, take 
z = 176 - 12= 164 mm. Therefore 

24.2 X 106 
: ~c.:o..:~~ 

0.87 x 460 x 164 

= 369 mm2 /m 

Provide TI D at 200 mm centres, As = 393 mm2 /m 

lOOAs = 
bh 

1oox393 =0.1 8 
1000 x 220 

which is greater than 0.13, the minimum for transverse steel. 
The arrangement of the reinforcement is shown in figu re 8.11. 

n o - 200 

T12-150 

Figure 8.11 Simply supported dab spanning in two directions 

8.6.2 Restrained Slab Spanning in Two Directions 

When the slabs have fIx ity at the supports and reinforcement is addi d to resist 
torsion and to prevent the corners of the slab from lifting then the maximum 
moments per u nit width are given by 

Msx = f3sxn1x 2 in direct ion of span Ix 

' nd 

Msy = {lsynlx
2 in direction of span ly 

, 

where {3SJ( and {3SY are the moment coefficients given in t able 3 .15 of BS 81 10 fo r 
the specified end conditions, and n : (l.4gk + 1.6qk) , the total ultimate load per 
unit area. 

The slab is divided into middle and edge strips as shown in figure 8.1 2 and rein
forcement is require d in the middle strips to resist MSJ( and M"IIY ' The arrangement 
this reinforcement should take is i11ustrated in figure 8,6. In the edge strips only 
nominal reinforcemen t is necessary , such thnt lOOA./hil • 0. 13 for high yield 
steel or 0 .24 for mild steel. 
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I, 
'I 

I, 1 
~'l 

0' '0 _~:Ur.lO __ 

l' 
';: 1 Ie 

Ix > 1 M ldd l a s tr ip I~ M ldd l a st r ip -, ,~ 
g l '" w, ,w 

- E d- a strip -

I, ", 'L T,= 
.... i' l • ' 1' I-

, 

(0 ) '0' span Ix (b) For span I, 

Figure 8. 12 Division of flab into middle and edge strips 

In addition , torsion reinforcemen t is provided at discontinuous corners an d it 
. hould 

( I) consist of top and bo ttom mats, each having bars in both directions of 
span 

(2) extend from the edges a minimum distance 'xiS 
(3) at a corner where the slab is discontinuous in both directions have an 

area of steel in each of the fo ur layers equal to three-quarters of the 
area required for the maximum mid-span moment. 

(4) at a corner where the slab is discontinuous in one direction only , have 
an area of torsion reinforcemen t only half of tha t specified in rule 3. 

111111011 re inforcement is not , however , necessary at any corner where the slab is 
untlnuous in both direct ions. 

Where Iy/lx > 2, the slabs should be designed as spanning in one direction only. 
Shenr fo rce coefficie nts are also given in BS 811 0 fo r cases where torsion 

IIme r reinfo rcement is provided, and these are based on a simplified dist ribution 
ullolld to supporting beams which may be used in p reference to the distribu tion 
~Iuwn In figure 8. 10. 

i 'IImp/e 8.6 Mom ents in a Continuous Two-way Slab 

Ih, Pllnel considere d is an edge panel, as shown in figure 8.13 and the uniformly 
,.h lbu ted load , tI : (1.4gk + 1.6 Qk) = 10 kN/m'. 

I he moment coefficien ts are taken from case 3 of table 3. 15 of BS 8 110. 

!J.. : 6.0 : 1.2 
Ix 5.0 

r ... (lIve moments at mid·span 

Mu, - (3p fll ll ' - 0,04'2 x 10)( S' 

• 10 .5 kN m In direction I" 
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Msy = f3synl,,:2 = 0.028 x iO X 52 

= 7.0 kN m in direction Iy 

Negative moments 

Support ad, M" = 0.05 6 X 10 X 52", 14 kN m 

Supports ab and dc,My = 0,037 x 10 x 5:2 1 9.3 kN m 

E 
Q 
<D 

-' 

I' 
I.., = 5·0 m 

support 
a 

d 
support 

b 

, 

I.~ __ D iscon t inuous 
r - support12 d QdgQ 

Figure 8.13 Continuous panel spanning in two directiolll 

The moments calculated are for a metre width of slab. 
The design of reinforcement to resist these moments would follow the usual 

procedure. Torsion reinforcement, according to rule 4 is required at comers band 
c. A check would also be required on the span-effective depth ratio of the slab. 

8.7 Flat Slab Floors 

A flat slab floor is a reinforced concrete slab support ed directly by concrete 
columns without the use of intermediary beams. The slab may be of constant 
thickness throughout or in the area of the column it may be thickened as a drop 
panel. The column may also be of constant section or it may be flared t o form a 
column head or capital. These various forms of construction afe illustrated in 
figure 8.14. 

• 

The drop panels are effective in reducing the shea ring stresses where the column 
is liable to punch through the slab, alld they also provide all increased moment of 
resistance where the negative moments are greutost. They fl re generaUy used with 
live loads in excess of 7 kN/ m1 • or lhcreaboulJ. 
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0 ) F loor Wi thout 
drop ponal or 
column haod 

bl F loor with c;) Floor w i th drop 
col umn haod but ponQ I and COlurT'f"l 
no drop pona l haod 

Figure 8. 14 Drop panel, Gild column head, 

2 15 

The fla t slab floor has many advantages over the beam and slab floor. The 
t lmplified formwork and the reduced storey heights make it more economical. 
Windows can extend up to the underside of the slab, and there are no beams to 
ub. truct the light and the circulation of air. The absence of sharp corners gives 
"Ulor fire resistance as there is less danger of the concrete spalling and exposing 
tho reinforcement . Deflection requirements will generally govern slab thicknesses 

hleh shou ld not be less than J25 mm. 

'I ,---c7 Posi t ion 0' ma x imum 
nQga t I va m OlTlQn ts 

i i i 
: I : --+-- -'----4= . 

Ha l ! I Mid~ la I Ha l l 

CO lumn , 
st riP 

I , 
Icol um n 
I st r ip 
I 
I 

Pos i t ion ot m a ximum 
pas i ti vQ m omants 

Width 0 1 ha l! COlumn s t rip . 1/4 with no d r ops 

or • ho lt drop Widt h 

w hon drops erQ USQd 

F1vure 8.15 FIlii / tub dMdrJ 11110 I l rlpl 
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The analysis of a nat slab structure may be carried out by dividing the structure 
in to a series of equivalent fra mes. The moments in these frames may be determ ined 
by 

(a) a method of frame analysis such as moment distribution, or the 
stiffness method on a computer 

(b) a simplified method using the moment and shear coefficients of table 
8.3 subject to the following requirements: 

(i) the lateral stability is not depen dent on tile slab-eolumn 
connections 

(ii) the conditions fo r using the ~ingle load case described in section 8.1 
are satisfied 

(iii) there are at least three rows of panels of approximately equal span 
in the direction being considered. 

Table 8.3 Simplified moment and shear coefficients fo r flat slabs 

Outer support First 
interior 

First span support CoJ. Wall 

Moment - O.04FL· - O.02FL +O.083FL· -O.063FL 
Shear 0.45F OAF 0.6F 
Column mom. O.04FL O.022FL 

'Check column moment transfer capaci ty (!oCe BS 8110). 

Interior 
span 

In terior 
support 

+O.07IFL -O.055FL 
O.5F 
0.022FL 

In this calculation L is t h ~ effective span and F is the total ultimate load on the slab strip 
bctwcen columns. The effective span is the distance between cotumn centre lines - 2hc/3 
where he is the effective diameter of thl) column or colum n heads. 

Interior panels of tlle fl at sla b sho uld be divided as shown in figure 8. 15 into 
column and middle strips. Drop panels should be ignored if Iheir smaller dimen· 
sion is less than the 1/3 of the smaller panel dimension Ix . I f a panel is not square, 
strip widths in both direct ions are based on 1",. 

Moments determined from a structural analysis or the coefficients of table 8.3 
are distributed between the strips as shown in table 8.4. 

Reinforcement designed to resist these slab moments may be detailed accord
ing to the simplified rules for slabs , and satisfy ing normal s~ac ing li~ilS. This . 
should be spread across the respective strip , but 5teel to resIst negatIve mome~ t s m 
column strips should have two· thirds o f the area loca ted in the central I /~ st np 
wid th. If the column stri p is narrower because o f drops, the moments resisted by 
the colu mn and middle strips should be adjusted p roporlionally as illustrated in 
example 8.7. 
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Table 8.4 Division of moments between strips 

Negative moment 
Positive moment 

Column strip 

75% 
55% 

Middle strip 

25% 
45% 
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.,I.. Column moments can be calculated using the coefficients from tabJe 8.3 , bu t 
reference should also be made to as 8110 regarding the moment transfer capacity 
I t the outer columns. The moments calculated should be d ivided between the 
c:olumn lengths above and below the floor in proportion to their stifTnesses. 

Particular care is needed over the transfer of moments to edge columns. This is 
to ensure that there is adequate moment capaCity wilhin the slab adjacent to the 
column since moments will only be able to be transferred to the edge column by a 
"rlp of sla b considerably narrower than the normal internal panel column strip 
widt h. 

r he reinforcement for a flat slab should generally be arranged according to the 
ru les illustrated in figure 8.6. 

An im portant feature in the design of the slabs are the calculations for punch
III, Ihear at the head of the columns and at the change in deplh of the slab, if 
4rup panels are used. The design fo r shear should take the p rocedure described in 
Ih, prev ious section on punching shear except that BS 8 11 0 requ ires that the 
,lo\I,n shear force be increased above the calculated value by 15 per cent fo r 
lut,rna l col umns and up to 40 per cent for edge columns to allow for the effects I' mome nt transfe r. If spans are not approximately equal, reference should be 
... lIe to I1S 8 11 O. In this respect it can be advantageous to use mild steel in the 

tlan. lls the resu1!ing higher percentages of reinforcement will allow a corres
,"t1lngly higher ult imate concrete shear stress. 

I he usual span-effective depth ratios may be use d if the slabs have drop panels 
, wid ths at least equal to one-third of the respective span , otherwise the ra tios 
wIll be mult iplied by a factor of 0.9. 
tc.~rcrence shou ld be made to codes of prac tice fo r further detailed information 
IIblng the requirements for the analysis and design of nat slabs. 

'lI"p /~ 8. 7 DesiglJ of a Flal Slab 

It ~(l iumll s are al 6.5 III centres in each direc tion and the sla b supports a live 
\i IIr S kN/ ml

. The characteristic material strengths arc feu:: 30 N/ mm2 and 
250 N/mml for mild steel reinforcement. 

It h d« idcd to use a noor slab 81 shown In ngure 8.16 with 200 mm overall 
.th or sla b. and tl ro p panels 2.5 m square by 100 mm deep. The column heads 
til be made 1.4 m diameter. 
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,2.5 m $ Q droos I ,,< 200 

Dead load 

Live load 

1 

I· 6·5m 

Figure 8.16 

Weight of slab = 0.2 x 24 x 6.5 2 = 203 kN 

Weight of drop = 0.1 x 24 x 2.5 2
", 15 kN 

Total '" 218 kN 

Tota\=S X 6.5 2 =212kN 

Therefore ultimate load on the fioor F = 1.4 x 218 + 1.6 x 212 

= 645 kN pef panel 

. .' 645 53kN/' and eqUIvalent dlstnbuted load n = --2 = 1. m . 
6.5 

The effective span L = clear span - 2h c/3 

= 6.5 _ 2 x 1.4 '" 5.6 m 
3 

A concre te cover of 25 mm has been allowed , and where there are two equal layers 
of reinforcement the effective depth has been t aken as the mean depth of the two 
layers in calculating the reinforcement areas. 

The drop dimension is greater than one-third of the panel dimension , therefore 
the column strip is taken as the width of the drop panel (2.5 m). 

Since the live load is less than 1.25 x the dead load, and is not greater than 
5 kN/m2 , the single load case may be used. From tab les 8.3 and 8.4: 

Bending Reinforcement 

(1) Centre of interior span 

Positive moment = 0,071 FJ~ 

• 0,071 x b4 ~ x S. b . 257 kN m 
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The width of tne middle strip is (6. 5 - 2.5) = 4 m which is greater than half the 
panel dimension, therefore the proportion of this moment taken by the middle 
strip is given by 

0.45 x _ 4 _ '= 0.55 
6.5/2 

Thus middle strip positive moment = 0 .55 x 257 == 142 kN m 

The column strip positive moment = ( I - 0 .55) x 257 = 116 kN m 

(n) For the middle strip 

M 

bd2 fcu 

142 X 106 

c;;;";--"-C;~--,,, = 0.049 
4000 x 1552 X 30 

From the le ver-arm curve, figure 7.5, la = 0.94, therefore 

142x106 

= 087 250 = 4481 mm
2

, bottom steel 
. x x 0.94 x 155 

Thus provide twenty·three R16 bars each way in the span, distributed evenly 
Icross the 4 m width of the middle strip. 

(b) The column strip momen t will require 3622 mm2 bottom steel which can be 
provided as nineteen RI6 bars in the span distributed evenly across the 2.5 m 
width of the column strip. 

(2) Interior support 

Ncaotive moment = -0.055FL 

= - 0 .055 x 645 x 5.6 = 199 kN m 

. nd this is also divided to 

middle strip = 0.25 x 4 x 199 
6.5/2 

=0.31 x 199=62kNm 

.nd column strip ~ 0.69 x 199 =138kNm 

I. ) 110r the middle strip 

M 62x 106 

-- • =,::.=~;,~ ·0.02 
bd 2 f cu 4000 x 1552 X 30 

"Will the lever·arm curve la = 0.95 , therefore 

AI= 62x l0
6 

= 1936 mm 2 

0.87 X 250 x 0.95 x J 55 

Ptu'tlde eigh teen evenly spaced RI 2 bars as top steel. 

'II) I'or the column strip 

138x 10' 0 0029 
2500 X 255' X JO . 
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From lever-arm curve i. = 0.95, therefore 

As'" 138x lcf =2619 mm1 
0.87 X 250 x 0.95 X 255 

Provide fourteen RI 6 bars as top steel, ten of these bars should be placed at 
approximately 125 mm centres within the central half of .the column strip. 

The bending reinforcement requirements are summarised in figure 8. 17. 

~ Co lumn ~ Column, 

i 
18R12-220 18R 12-220 

I 1 
/ : / 4 r- • , , , • , . 

7 
23 R 16 - 175 cz ech w ay 

(0 ) M idd l (l st r ip 4'Om w ida 

14R 16- 125and 250 02.W. 14 R 16 - 125 ond 250q.w. 

(." . I 7 ' 
,{ ·Ft 

19 R16 · 135 

(b) Co lum n str i p 2'5m w id cz 

FlJure 8.17 iHttlils of bending reinforcement 

Punching Shear 

(I) At the column head: 

perimeter u :: 11' x diameter of column head 

"'1rX 1400 =4398 mm 

Shearforce V = F - .! 1.41 n = 645 
4 

11' X 1.4' =---=- x 15.3 
4 

= 621.5 kN 

To allow for the effects armament transfer, V is increased by 15 per cent , thus 

1.15 V , - -_. 
ud 

1.1 5 x 621.5 x lOS . 0 ,64 Nfmm2 
4398 x 255 
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which is less than 0 ,8 vfcu and 5 N/ mm2 • 

(2) First critical perimeter is 1.5 d = 1.5 x 255 mm 

= 383 mm from the column face 

thus the length of perimeter u = 4 (1 400 + 2 x 383) 

=8664 mm 

Ult imate shear force 

=645 - (J.4+ 2 X 0.383)1 x 15.3 

= 574 kN 

1.15x574 x 103 

thus shear stress v = ::: 0.30 N/ mm2 
8664 x 255 

22 1 

l1y inspection from table 5.1 v < vc, therefore the section is adequate in punching 
. hear. 

(3) At the dropped panel, critical section is 2.5 + 2 x 1.5 x 0.155 :: 2.965 m square 
lind perimeter u = 4 x 2965 ::: 11 860 mm. 

Calculated shear V"'645 - 2.965 2 x 15.3 ::5 11 kN 

thus shear stress v ::: 1.15 x 51 1 x IQl ::: 0.32N/mm2 

11 860 x 155 

which is also less than vc, thus the section is adequate. 

Spall-Effective Depth Ratios 
~ 

n his calculation could usefu lly be performed as part o f step ( I) but has been 
proacnted here for clarity.) 
At the centre of span 

M 142 x 10' 
- = 1.48 

bd 2 - 4000 X 155 2 

lwm ta ble 6.7, fo r a service stress fs = 156 N/mm 2 the modification factor is 1.67. 
Therefore 

limiting span ::: 26 x 1.67:: 43.4 
effective dep th 

actual -=_s"p:::',,-n~...,.. • 6500 "" 41.9 
effective depth 155 

f lu lake care of stability requJremen ll, exlrl reinfOrcement may be necessary in 
Ih, column . trlps to act as a tic between aleh fllir of columns _ see section 6.7.) 
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8.8 Ribbed and Hollow Wock Floors 

k n I b shown in figure Cross sect ions through a ribbed and hollow bloc oar s a are . h.1 
• . t shuttermg W I e 8 18 The ribbed floor is formed usmg temporary or permanen f I il 

. . · hbl k d o c ay t e or the hollow block floor is generally constructed W it oc S rna e . bl 
. . . . t If th block are sUlta y manu-with concrete contammg a light-weight aggrega e. e St ·b t t 

h b ·d dto ConrJ ue 0 fac tured and have an adequate strength t ey can e consl ere. h 
the strength of the slab in the design calculations, but in many desIgns no sue 
allowance is made. 

lJ 
(0 ) Ribb!ld floor 

ii.erD .. ITO .. [ij 
(b) Hollow bloc k. l loor 

Figure 8. 18 Sectiom through ribbed and hollow block f/[xm 

. h d . . ·ght achieved by The principal advantage of these fl oors IS t e re ll c tlOn ill wei f h h II 
I · d " h c'seo t e oow removing part of the concrete below the neutra aXIs an .' In t .e d and hollow 

block floor replacing it with a lighter form of constru~hon. Rlbbe b 
' ·Id· h h e 10 g spans over a out block floors are economical for bUi Ings were t ere ar n , 

5 m and light or moderate live loads, such as in hospital wards or aPI"td~ent h 
' bl f t h · g ahea\IY oa 109 suc buildings. They would not be suita e or struc ures avm , 

as warehouses and garages. slab is made 
Near to the supports the hollow blocks are stopped off and thtl b . t d 

Solid This is done to achieve a greater shear strength, and if the sla f 'SSTUPpo~ e 
. . . th fl 0 a -section . by a monoli thic concrete beam the solid secb.on a~t s as . e ange. I . 

The ribs should be checked for shear at their Junction w.lth t~e sojld slab. t ~ 
good practice to stagger the joints of the hollow blocks In adjacent rowsd~o tat , 

. b h . oss se"f,on exten mg as they are stopped off, there IS no a rupt c ange In cr -.:- t a-
across the slab. The sla bs are usually made solid under partI tIOns , nd concen r 

ted loads. . k d ' water prior to During construction the hollow tiles should be we ll soa e In n . 
. ' C··nk k' f the to concrete ange IS placing the concrete, otherWIse :;.lu I age crac mg 0 p 

liable to occur. be less than 
The thickness of U1C concrete flange or topping shou ld not 

( I) 30 mm for slabs with permanent blocks which are capable of contribu
'n d I " S 8110 lind where there ting to the structural streng th as SpeCI e n... , 

is a clear distance between ribs of not morCl thin 500 film 
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(2) 25 mm when the blocks described in (1) are jointed with a cement
sand mortar 
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(3) 40 nun or one-tenth of the clear distance between ribs, whichever is the 
greater, for all other slabs with permanent blocks 

(4) 50 nun or one-tenth of the clear distance between ribs, whichever is the 
greater, for slabs without pennanent blocks. 

The rib width will be governed by cover, bar spacing and fire resistance (section 
6. 1). 

With in situ construction, the ribs should be spaced no fu rther apart than J .5 m 
and their depth below the flange should not be greater than four times their width. 

The shear strcss is calculated as 

II'" ---.!:::.... 
bwd 

whe re bw is the breadth of the rib. If hollow blocks are used this breadth may be 
Increased by the wall thickness of thc block on one side of the rib. When II exceeds 
v~ shear reinforcement is required, and v must be less than 0.8 vfcu and 5 N/mml. 
Unks are also needed in ribs with more than one longit udinal bar if v > ve/2 . 

Span-effective depth ratios are limite d to the values fo r a flange d beam base d 
on the shorte r span but the web width used in determining the ratio from table 6.6 
may include the thickness of the two adjacent block-walls. 

At least 50 per cent of the total tcnsile reinforcement in the span should con
Iinue to the supports and be anchored . In some instances the slabs are supported 
bY'leel beams and are designe d as simply supporte d even though the topping may 
btl continuous. Reinfo rcement should be provided over the supports to prevent 
!;tIcking in these cases. It is recommended that the area of this top steel should 
nOI be less than one-quarter of the area of steel reqUired in the middle of the 
.pln and it should extend at least 0.1 5 of the clear span in to the adjoining spans. 

A light reinforcing mesh in the topping flan ge can give added strength and 
!.Iuubili ty to the sla b, particularly if there are concentrated or mOving loads, or 
If t racking due to shrinkage or thermal movcments is likely. An area of O. J 2 per 
unl of the topping flange is recommended. 

I xQmple 8.8 Design of a Ribbed Floor ~c... ~ .$( sl aJo . 
I he ribbed floor is constructed with permanent fi breglaSS~; it is continuous 

UWl r several equal spans of 5.0 m. The charac terist ic material strengths are 
I. w - 30 N/mm1 and Iy :: 250 N/mml. 

.\n effec tive sec tion as shown in figure 8. 19 is to be tried. The characteristic 
d"ld load Including self-weigh t and finishes is 4.5 kN/m' and the characteristjc 
live load Is 2.5 kN/m'. 

I he calculallolls are for un In torior 11)1111 for which the moments and shears can 
be dClIClrmilled by using the coefficIen t. in ublc R I 
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1600,1 
solid slab 

I 
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3· RIO abov" 
!loch r ib 

-------------

2 - R12 PIlr' r ib 

span . 5 ·0m 

Cr oss - SQctlO n at m i dspan 

Figure 8.19 

Considering a 0.4 m width of floor as supported by each rib 

U1timate load'" 0 .4 (1.4gk + 1.6qk) 

= 0.4 (1.4 x 4.5 + 1.6 x 2.5) 

= 4.12 kN/m 

ult imate load on the span F = 4. 12 x 5.0::: 20.6 kN 

Bending 

( I) At mid-span: design as aT-section 

M = O.063FL = 0.063 x 20.6 x 5.0'" 6.49 kN m 

M = 6::o.4.:.:9-;X::;Ic:rf'-:-;: = 0.021 
bd'lfeu = 400 x 160'1 X 30 

F rom the lever-arm curve , figure 7.5 , fa = 0.95. Thus the neulral axis lies 
within the flange and 

6,49 X 106 

= ~0-'.8"7-X'::2C:SOC-"X ""0."'9-=-S -x""'I-::;;60 A 
_ M .-O.87fyz 

I< 197 mml 

Provide two R 12 bars in the ri bs, A. -126 Illl1ll . 
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(2) At a support : design as a rectangular section for the solid slab 

M =O.063FL =0.063 x 20.6 x 5.0 = 6 ,49 kN mas in (1) 

and 

A~ = 197 mm1 as at mid-span 

Provide three RIO bars in each 0.4 m width of slab, A. '" 236 mm1 _ 
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(3) At the section where the ribs terminate: this occurs 0.6 m from the 
centre line of the support and the moment may be hogging so that the 
125 mm ribs must provide the concrete area required to develop the design 
moment. The maximum moment of resistance of the concrete ribs is 

Mu '" 0 .1 56fcubd1 '" 0.156 x 30 x 125 X 1602 x 10--6 

= 15.0 kNm 

which must be greater than the momen t at this section, therefore com· 
pression steel is not required. 

SpulI-Effective Depth Ratio 

AI mid-span Mjbd2 = 6.49 X 10
6 

'" 0.63 
400 x 1601 

From table 6.7, with f. = 156 N/nun1 , the modification facto r = 2.0. For a 
T·section with web width 0.31 x flange width the basic ratio is 20.8 from table 
6.6. 

limiting span '" 20.8 x 2 .0 = 4 1.6 
effective dep th 

actual 
span 

effective depth 

I hus d '" 160 mm is adequate. 

'" 5000 '" 3 1.3 
160 

Sh(!Uf 

MltX imum shear in the rib 0.6 m from the support centre line 

"' 0.5 F - 0.6 x 4.12 "'0.5 x 20.6 - 2.5 = 7.8 kN 

1 herefore 

V 
shear stress = - = 

bd 

7800 =,=,= = 0.39 N/mm1 

125x l60 

100A ... 100 x 226 _ 1.13 
bd 125 X 160 

I'tom table 5. 1, ve· 0 .87 N/mm2
; there fore the section is adequate in shear, and 

Inee v < VeIl no links arc requ ired provided that the bi n in the ribs are securely 
Imated during constructIon . 
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8.9 Stair Slabs 

The usual form of stairs can be classified into two types: ( 1) Those spanning 
horizontally in the transverse direction, and (2) Those spanning longitudinally. 

I • I s tr ,ngQ! r 

I I JY"m 
-t 

Spon 

Dist r ibu t ion 
~t2Cl I 

$Clc \ .on A·A 

Figure 8.20 Stairl ' panning horizontally 

8.9, J Stairs Spanning Horizontally 

Stairs o f this type may be supported on both sides or they may be cantilevered 
from a supporting waiL 

Figure 8.20 shows a stair supported on one side by a wall and on the o ther ~Y a 
stringer beam. Each step is usually designed as ha~ing a breadth,b and an eff~c tl ~e 
depth of d = D/2 as shown in the figure; a m~re ~lgoro~s a~aly~s of the sectIOn IS 
rarely justified. Distribution steel in the iongltudmai dnectlOn lS placed above the 
main reinfo rcement. 

Details of a cantilevered stair are shown in figu re 8.21. The effective depth of 
the member is taken as the mean effective dep th of the sec tion and the main rein
forcement must be placed in the top of the stairs and anchored i~ to th~ support. 
A light mesh of reinforcement is placed in the bo ttolll face to reSISt shrmkage 
cracking. 
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I- -------- _ _ _l 

I- --------- - - ~ 

1 
_ _ b~~~~~~~~~~~~-lt Ma ln I rll inlorCC2mcmt 

I 
\ • ..J 

SIlC t ,On B . B 

Figure 8.2 \ Dlntllevered stain 

8. 9.2 Stair SlIIb Spanning LongitudilUlliy 

111e stair slab may span into landings which span at right angles to the stairs as in 
"gure 8.22 or it may span between supporting beams as in figure 8.23 of the 
eXllmple. 

The dead load is calculated along the slope length of the stairs but the live load 
I, based on the plan area. Loads common to two spans which intersect at right 
_ngles and surround an open well may be assumed to be divided equally between 
the spans. The effec tive span (I) is measure d horizontally between the centres of 
the supports and the thlckne ss of the waist (h) is taken as the slab thickness. 
Span-effec tive depth ra tios may be increased by fifteen per cent provided tha t 
the stair fligh t occupies at least 60 per cent of the span. 

Stai r slabs which are continuous and constructed monolithically with their 
JUpporting slabs or beams can be designed for a bending moment of say F1/ 10, 
where F is the t otal ultimate load. Bu t in many instances the stairs 8re precast or 
constructed after the main structure, pockets with dowels being left in the sup. 
porting beams to receive the stairs , and wilh no appreciable end restraint the 
de. lgn m~mellt should ~ 1'7/8. 

Example 8.9 Design of Q S tair Slab 

rhe alOhs arc of the type shown In nguro 8.23 , pllnnlng longitudi nally and set into 
pockets In the two supporting be.tIls. r ho ofrott lve .p.n Is 3 m and the rise of the 
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Landing land ing 

wq ll 

Spao 

Figure 8.22 Stairs $panning into landings 

stairs is 1.5 m. with 260 mm treads and 150 mm risers. The live load is 3 .0 kN/m1 , 
and the characteristic material strengths are fw = 30 N/ mm1 and {y = 250 N/mml. 

Try a 125 mm thick waist, effective depth, d = 90 mm. 

Slope length o f stairs = ../(31 + 1.5
1

) = 3.35 m 
I 

Considering aim width of stairs 

weight of waist plus steps = (0.125 x 3.35 + 0.26 x 1.5/2) 24 

= 14.7 kN 

Live load = 3.0 x 3 = 9.0 kN 

Ultimate load F = 1.4 x 14.7 + 1.6 x 9.0 = 35.0 kN 

With no effective end restraint 

FI 
M"' - '" 

8 

35.0 x 3.0 

8 
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'" 13. 1 kN m 

OIeck span to effective depth rat io : 

.. !:!....- '" 13 .1 x 10
6 

= I 62 
bd 1 1000 x 902 . 
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for simply supported span, basic ratio from table 6.6 = 20 and modification factor 
fron: table 6.7 for a service stress of 156 N/mm 1 is 1.61. 
. Smce the stair fl ight occupies more than 60 per cent of the span a further 
Increase of 15 ~cr cent is permitted, thus ' 

R12 - 2~O 

1·5 m 

R12 -150 

E l lQc t l VQ dQp th,d : 90 

I· Span" 3 'Om 

R12 - 270 

Figure 8.23 SIQil'J support~d by beDms 

limiting span :: 20 x 1.6 1 x 1.15 :: 37.0 
effective depth 

actual sp:ln 
effec tive depth 

3000 - 90 -33.3 

M 13. 1 x 10' 
bd1 / cu • 1000 x 901 x 10 - 0.054 
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Therefore from the lever-arm curve of figure 7.5, /a '" 0 .93 

A 
_ M . -

O.87fy iad 

13.1 x lQ6 
= -o-=~~~---= 

0.87 x 250 x 0.93 x 90 

:: 720 mml /m 

Provide R12 bars at 150 mm centres, area'" 754 mm1 1m. 

T d· ·b · I 0.24 bh ~0".2,,4-,X-:I.;;OOO;;,,-x,,-,,1 2::::5 ransverse , Istn utiOn stee '" - -- = -
\ 100 100 

\ =300mm1 /m 

Provide RIO bars at 250 rom centre s, area '" 3 14 mm1/m. 
Cont inuity bars at the top and bottom of the span should be provided and 

about 50 per cent of the main steel would be reasonable, while satisfy ing maxi· 
mum spacing limi ts of 3 d = 270 mm, 

8. 10 Yield Line and Strip Methods 

For cases whlch are more complex as a result of shape, support conditions, the 
presence of openings, or loading conditions it may be worth while adopting an 
ultimate analysis method. The two principal approaches are the yield line method, 
which is particularly suitable for slabs with a complex shape or concentrated 
loading, and the strip method which is valuable where the slab contains openings. 

These methods have been the subject of research in recent years, and are well 
documented al though they are of a relat ively specialised nature. A brief introduc
tion is included he re to illustrate the general principles and features of the methods, 
which aTe particularly valuable in assisting an understanding of failure mechanisms. 

8. /0. 1 Yield Line Melhod 

The capacity of reinforced concrete to sustain plastic deformation has been 
described in section 3.4. For an underlreinforced section the capacity to develop 
curvatures between the fi rst yield of reinforcemen t and failu re due to crushing of 
concrete is considerable. For a slab which is subjected to increasing load, cracking 
and reinforcement yield will first occur in the most highly stressed zone. This will 
then act as a plastic hinge as subsequent loads are distributed to other regions of 
the slab. Cracks will develop to form a pattern of 'yield lines' until a mechanism is 
formed and collapse is indicated by increasing deflections under constant load. 

It is assumed that a pattern of yield lines can be superimposed on the slab, 
which will cause 11 collapse mechanism, and that t he regions between yield lines 
remain rigid and uncracked. Figure 8.24 shows the yield line mechanism which 
will occur for the simple case of a rlXed ended slab spannins in one direction wi th 
a uniform load. Rotation along the yie ld lines will occur at a constant mome nt 
equal to the ultimate moment of resistance of the IOttlon, and wl\l absorb 
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Yh,ld III'ICl5 

--'----- F lxCld Su pports ------

Figure 8.24 

energy. This can be equated to the energy expended by the applied load d 
going a ~ompatible displacement and is known as the virtual work metho~n er-
. Con;lderable car~ m~st be ,taken Over the selection of likely yield line p~tterns 

smce I e m~thod ~lll give an upper bound' solution, that is, either a correct or • 
unsafe solution. Ylel.d lines will fo rm at right angles to bending momen ts which 
h' lve reached the ultuna te moment of resist ance of the slab and the following 
ru es may be helpful. ' 

(I) 
(2) 

Y~eld ~nes ar~ u~ually straight and end at a slab boundary. 
Yfl~ld hnes ~IU he along axes of rotation, or pass through their points 
o mtersectlOn. . 

(3) Axes of rotation lie along supported edges, pass over columns or cut 
unsupported edges. 

I In dSimple case~ the alternative pa tterns to be considered will [be readily deter
III nc 011 the baSIS of common sense. while for more complex cases differential 
calculus ~a~ be u~d. The danger of miSSing the cri lical layout of yield lines and 
thus obtammg an mcorre~ t solution. means that the me thod can only be used 
with confiden ce by expenenced designers. 

A num~r of typical patte rns are shown in figu re 8.25. 
I ~ ri~ ld h~e caused by a sagging moment Is gencrally referred to as a ' pOsitive' 

)' e IIlC an represented by a fu ll line , while a hogging moment causing crack-
1IIIIiI on the top surface of the slab cause, • 'ncsallve' yield Iinc shown by a broken 

no. 
The bas,lc approach of the me thod I. U!u. tra tod fOr the sim ple case ofa 0 . 

Wly rpannlll8 slab In example 8. I O. ne 
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Figure 8.2S 

Example 8.10 Simply Supported, One-way Spanning Rectangular Slab 

The slab shown in figure 8.26 is subjec~ed to ~ unifo:ml~ dist ri~u.ted load.; per 
unit area. Longitudinal reinforcement IS 'pro~de d as mdlcated g1V10g a um a rm 
ultimate moment of resistance m pkr umt Width. ", 

The maximum moment will occur a1 midspan an? a p~sitive yield hne.can thus 
be superimposed as shown. If this is consid~ied to be subject to a small displace-

ment .6., then ' 

ex ternal work done = area X load x average distance moved for each rigid 
half of the slab 

therefore 

=(aLxt)x wx% 

1 
to tal = - aL'lwA 

2 
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Figure 8.26 

Long i tu dina l 
r~ i nforc~m~nt 

/ 
I 
~m 

Internal energy absorbed by rotation along the yield line is 

moment x rotation X length = mifJaL 

.~2(~) = 4/l 
0.5L L 

where 

hence internal energy = 4mo:.1 

Thus equating internal energy absorbed with external work done 

., 
wL' 

m = as anticipated 
8 

Si nce the displacement .1 is eliminated , this will generally be set to unity in 
cnlculations of this type. 
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In the sim ple case of example 8. 10 , the y ield line crossed the reinforcement at 
rllhlangles and transverse steel was not involved in bending calculations. Generally, 
• yield line will lie at an angle 0 to the orthogonal to the main reinforcement and 
wUl thus also cross transverse steel. The ult imate moment of resistance developed 
\I not easy 10 deline, but Johansen's SICllpcd yield criteria is the most popular 
. pproach. This assumes that an Inclined yield 11 111:1 consists of a number of ste ps, 
tIIeh oflhogo llallo a reinforcing bar as t howllin f1sure 8 .27. 
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If the ultimate moments of resistance provided by main and transverse steel are 
m1 and m2 per unit width , it foUows that for equilibrium of t he vectors shown, 
the ultimate moment of resistance normal to the yield line mn per unit length is 
given by 

mnL =m \ L cosO)( cosO +m2L sinO x sin (} 

hence mo '" ml cosl 
(} + m2 sin] (} 

In the extreme cases or8 =O, lhis reduces tom n "" ml, and whenm\ =m] =m, 
then 11I n '" m for any value of B. This latter case of an orthotropically reinforced 
slab (reinforcement mutually perpendicular) with equal moments of resistance is 
said to be isottopically reinforced. 

When applying this approach to complex situations it is often difficult to 
calculate the lengths and rotations of the yield lines, and a simple vector notation 
can be used. The total moment component mn can be resolved vectorially in thex 
andy directions and since in ternal energy dissipation along a yield line is given by 
moment x rotation X length it follows tha t the energy dissipated by rotation of 
yield lines bounding any rigid area is given by 

m;rl;rt/l;r + myly t/ly 

where m;r and my are yield moments in directions x and y. I;~ and Iy are projec
tions of yield lines along each ax is, and t/l;r and t/ly are rotations about the axes. 
This is illustrated in example 8.11. 

Example 8. J I Slab Simply Supported 0" Three Sides 

The slab shown in fi gure 8.28 supports 3 uni formly distributed load of w per unit 
area. 

Internal energy absorbed (E) for uni t dillplllcemenili t poin t. X and Y 
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Figure 8.28 

Area A 

EA =: m;r/;rtP;r + mylyt/ly 

where ¢" "" 0; hence 

EA=:ml aLx -I- =ml a 
PL P 

Area B 

EB '" m;rl;rtP;r + myly¢y 

where ~y = 0; hence 

hOl1ce total for all rigid areas is 

2EA +£e-= ~ (m Ja' +m,p') 

y 

A 

'1 

Hxtet'no/ work done can also be calculated for each region separately 

there fore 

1 I I 
W A = -2 (aL X PL) w x- =: _ wo:f3L '2 

3 6 

We "" [i wa{1L' + o:L (~ - PL) w x ~J x 2 

total =: 2WA + We 

I 
- - 0: (3 - 2IJ)L2 w 

6 

lIellce equating internal and external work. tho maximum u.d.1. that the 51 b 
. ullaln is given by a can 

235 
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2( 1 112 6 
W m .. - - m I Q' + mHI ) x --,;;---";;;;;", 

.p .(3 2P)L' 

= 12(mla1 + ml~l) 
a' L 1 (3/3 - 2(jl) 

It is clear that the result will vary according to the value of (J. The maximum value 
of w may be obtained by trial and error using several values of /3, or alternatively , 
by differen t iation . Jet ml = lim l , then 

w= 
12m L(a1 + liP') 
0:' L 1 (3)J - 2(12) 

and / 

hence 

d (m I jw) = 0 will give the critical value of (J 
dP 

p= .' [ . h(~ +"'-) - '-J 
Ii ,-V ' 9 a? 3 

A negative value is impossible, hence the critical value o f (j for use in the analysis 
is given by the positive root. 

8.10.2 Hi/lerborg Slrip Method 

This is based on the 'lower bound' concept of plastic theory which suggests that if 
a stress distribution throughout a structure can be found which satisfies all equilib
rium conditions without violating yield criteria, then the structure is safe for the 
corresponding system of external loads. Although safe, the structure will not 
necessarily be serviceable or economic. hence considerable skill is required on the 
part of the engineer in seJecting a suitable distribution of bending moments on 
which the design can be based. Detailed analysis of a slab designed on this basis is 
not necessary , but the designer's structural sense and 'feel' for the way loads are 
transmitted to the supports are of prime importance. 

Although this method for design of slabs was proposed by Hillerborg in the 
19505, developments by Wood and Armer in the 19605 have produced its currently 
used form. The method can be applied to slabs of any shape. and assumes that at 
failure the load will be carried by ben ding in either the x or y di rect ion separately 
with no twisting action. Hence the title of 'strip method', 

Considering a rec tangular slab simply supported on fou r sides and carrying a 
uniformly distributed load , the load may be expected to be distributed to the 
supports in the manner shown in figure 8.29. 

Judfcment will be required to determine the angle a, but It can be seen th at If 
a:::: 90 the slab will be assumed to be one·way . pa nnlng and, allhough sa fe, Is 

" " c -~ 
0 

~ 
" • 
~ 
~ , 
~ 
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unlikely to be serviceable because of cracking near the supports along the y axis. 
Hillerborg suggests that for such a slab, ex should be 45 ° . The load diagram causing 
bending moments along typical strips spanning each direction are also shown. It 
will be seen that the alternative pattern, suggested by Wood and Armer in figure 
8.30 will simplify the design. and in this case five strips in each direction may be 
conveniently used as shown. Each of these will be designed in bending for its 
particular loading, as if it were one-way spanning using the methods of section 8.5. 
Reinforcement will be arranged uniformly across each strip, to produce an overall 
pattern of reinforcement bands in two directions. Support reactions can also be 
obtained very simply from each strip. 

The approach is particularly suitable for slabs with openings, in which case . 
strengthened bands can be provided round the openings with the remainder of the 
slab divided into strips as appropriate. A typical pattern of this type is shown in 
figure 8.31. 

5t , ffC1nCo!:d ba nds OpCiln ing 

/ 

t 

I 
I 

FiJure 8.3 1 

9 
Column Design 

The columns in a structure carry the loads from the beams and slabs down to 
the foundations, and therefore they arelprimarily compression members, although 
they may also have to resist bend1!!g forces due to the continuity of the structure. 
The analysis of a section subjected l2. an]axiallQ.ad P!!ls_ bendi~g is dealt with in 
chapter 4-;\Vhere ins noted that a direct solution of the equations which determine 
the areas of reinforcement can be very laborious and impractical. Therefore, design 
charts or some form of electronic computer are often employed to facilitate the 
rO).l tine design o~umn sec.!!ons.\ 

Design of columns is governe d by the ult imate limit state deflections and 
crackingouring service conditions are not usually a pro lem , but nevertheless 
correct detailing of the reinforcement a!ld adequate cover are important. 

Many of the principles used in this chapter for the !ksign of a column can also 
be applied in a similar manner to other types of members which also resist an 
ax ial load plus a bending moment. 

9 .1 loading and Moments 

The loading arrangements and the analysis of a structurall!vne have been described 
with examples in chapter 3. 1n the analysis it was necessary to classify the column 
Into one of the following types 

( I) a braced column - where the lateral loads are resisted by walls or some 
other form of bracing . and 

(2) an unbraced column - where the lateral loads are resisted by the bend
ing action of the columns . 

Wit h a braced column the axial forces and moments are caused by the dead and 
Imposed load only , whereas with an unbeaced column Ihe loa ding arrangements 
which include the effects of the latcTII I loads must also be considered. 

For a braced column the critical 3rrangcment of the ultimate loa d is usually 
Ihat which causes the largest moment In the column. toge ther with a large axial 
lOad . As an example. Ogure 9 ,1 shows IS butldlna fra llle wit h the critical loading 
arra ngement for the design of Its centre columna l Iho Oral -noor level and also t he 
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Figure 9.1 A cr/rical ioading arrangement 

left -hand column at all noor levels. When the moments in columns are large and 
particularly with unbraced colu mns, it may also be necessary to check the case of 
maximum moment combined with the minimum axial load. 

The axial forces due to the vertical loading may be calculated as tho ugh the 
beams and slabs are simply supported. In some structures it is unlikely that all the 
floo rs of a building will carry the full imposed load at the same instant , there fore, 
a reduction is usually allowed in the total imposed load when designing columns 
and foundations in buildings which are two or more storeys high, as shown by 
table 9 .1. 

Table 9.1 Reduction of total imposed noor loads 
on columns/ walls and foundations 

No. of n oors carried 
by member 

1 
2 
3 
4 

5 to 10 
over 10 

Reduction of imposed 
load on all noors above 

the member 

o per cent 
10 
20 
30 
40 
50 
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9 .2 Short and Slender Columns 

A column is classified as short if both le."./h and ley/b are : 

less than 15 for a braced column 

less than 10 for an unbraced column 
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fhe effective lengths lu .... and ley are relative to the XX and YY axis, h is the overall 
depth of the sectionin the plane o f bending about the XX ax is, that is h is the 
dimension perpendicular to the XX axis. The effective lengths are specified as 

Ie'" (Jlo 

10 is the clear distance between the column end restraints 
and (t is a coefficient which depends on the degree of end restraints as specified 

in table 9.2. 

I he application o f these coefficients is illus trated for the braced column shown in 
",ure 9.2. 

Table 9.2 

(t for braced columns fJ for unbraced columns 

I nd End condi tion at bottom End End condition at botto m 
1.1111011 condit ion 

" tup 2 3 at top 2 3 

I 0.75 0.80 0 .90 I 1.2 1.3 1.6 
l 0.80 0 .85 0 .95 2 1.3 1.5 1.8 
J 0 .90 0 .95 1.00 3 1.6 1.8 

4 2.2 

VOIlndltlonJ. The rour end conditions are as follows: 
t ."Jltlon J. The end or [he column Is connected monolithically to beams on either side 

hkh .nl It lellst as deep as the overall dimension or the column in the plane considered. 
Wl'hHt the I)o lumn Is connected to II foundetion structure, this should be of a form specifi
.Ur lS\uljJnod to carry mornent . 

f "1It/1ll01l 2. The end of the column is connected monolithically to beams or slabs on 
toIlh" lido whloh are shallower than Ihe oYcr~ lI dimension of the column in the plane 

, I\l~IlId 
• 1,' .,.N,k)1I J. The end of Ihe ooiumn Is co nnected to members Which, while not specifically 

I"Itd to provide rcst ralnt to fo tl lion of tho colum n will . nevertheless. provide some 
II\I I IUllllnt . 

""'1111011 4 The end of Ihe colum n I. \u llutllined "lln. t both Interal movement and 
I 1,110," (rOt eXlmplll. the free end or I I)& ntUt¥tl COlumn In an unbrlced structure) . 
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Figure 9.2 Braced column slendemeiS TatiOf 

Short columns usually fail by crushing but a slender column is liable to fa il by 
buckling. The end moments on a slender column cause it t o deflec t sideways and 
thus bring into play an additional moment Neadd as illustrated in figure 9.3 . The 
momen t Neadd causes a further lateral deflec tion and if the axial load (N) exceeds 
a critical value this deflection , and the additional moment become self-propagating 
until the column buckles . Euler derived the critical load for a pin.ended st rut as 

tTl EI 
Nr;rit = -

I' 

The crushing load Nuz of a truly axially loaded column may be taken as 

Nuz = 0.45fcu Ac + 0.87 A sc f y 

where Ac is the area of the concre te and Asc is the area of the longitudinal steel. 
Values of Nc ritlNu1 and /liz have been calcuilited lind plotted in figure 9.4 fo r a 

typical column cross-section, 
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Figure 9.3 Slender column with la/eral deflection 
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The ratio of Nerit/Nul in the figure determines the type of failure of the 
column. With fI ll less than , say, 15 the load will probably cause crushing, Nuz is 
much less than Nenl . the load that causes buckling - and therefore a buckling 
failure will not occur. This is not true with higher values of J/h and so a buckling 
failure is possible , depending on such factors as the initial curvature of the column 
and the ac tual eccentricity of the load. When tjh is greater than 32 ·then Ncrit is 
less than Nuz and in this case a buckling failure will occur for the column COIl

sidered. 

The mode of failure of a column can be one of the following. 

(I) Material failure with negligible lateral deflection , which usually occurs 
with short columns but can also occur when there are large end moments 
on a column with an intermediate slenderness ratio . 

(2) Material failure intensified by the lateral deflection an d the additi onal 
moment. This type of failure is typical of intermediate columns. 

(3) Instability fa ilure which occurs with slender columns and is liable to be 
preceded by excessive deflections. 

9.3 Reinforcemen t Details 

The rules governing the minimum and maximum amounts of reinforcemen t in a 
load bearing column are as follows. 

Longitudinal Steel 

(I) A minimum of four bars is required in a rectangular column and six 
bars in a circular column. 

(2) 

(3) 

l OOAs <tO .4 
A col 

100A s 1> 6.0 in a vertically cast column 
Acol I 

100As 1> 8 .0 in a horizontally cast column 
Acol 

but at laps 

lOOA 
___ 8 1> 10.0 for both types of columns 

Aoo' 

where As is the total area of longitudinal steel and Acol is the cross
sectional area of the column . 

Links 

(I) 

(2) 
(3) 

(4) 

(5) 
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Minimum size = 1/4 x size of the largest compression bar but not less 
than 6 mm . 
Maximum spacing:: 12 x size of the smallest compression bar. 
The links should be arranged so that every corner bar and alternate bar 
or group in ~er layer of longitudinal steel is supporte d by a link 
passing round the bar and having an included angle not greater than 
1350

. 

All other bars or groups not restrained by a link should be within 
150 mm of a restrained bar. 
In circular columns a circular link passing around a circular arrangement 
of longitudinal bars is adequate. 

No provision is made in BS 81 10 for calculating the strength of a column which II". helical reinforcement in place of links. TWs form of spiral reinforcement is 
widely used in the USA and their codes take account of the added strength it gives 
10. column and its resistance to seismic forces. 

Figure 9.5 shows possible arrangements of reinforcing bars at the junction of 
two columns and a floor. In figure 9.53 the reinforcement in the lower column is 
Ilinked so tha t it will fit within the smaller column above. The crank in the rein
lu,~ement should , if possible , commenc~ above the soffit of the beam so that the 

, 
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2 
• -- - Dow," I 

< 
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momcnt of reslsulncc of the colum n Is not reduce d. For the same reason, the bars 
in the upper column should be the ones cranked when both columns 3TC of the 
same size as in figure 9,Sb. Links should be provided al the points where the bars 
are cranked in order to resis t buckling due to horizontal componen ts of force in 
the inclined lengths of ba r. Separate dowel bars as in figure 9.5c may also be used 
to provide continuity between the two lengths of column. The column-beam 
junction should be detailed so that there is adequa te space for both the column 
steel and the beam steel. Careful attention to detail on tllis point will greatly assist 
the flXing of the steel during construction. 

9.4 Design of Short Columns \ 
Short columns are divided into three categories according to the degree of eccen
tricity of the loading as described in the fonowing sections. 

9.4.1 Short Broced AxioJly Loaded Columns 

This type of column can occur in precast concrete construction when there is no 
continuity between the members. Also it can be cOllsidered to occur when the 
columns support a symmetrical and very rigid structure. 

When the load is perfectly axial the ultimate axial resistance is 

N=O.45feuAc +O.87 fy A se 

where Ac is the net area of the concrete and A sc; is the area of the longit udinal 
reinforcement. 

Perfec t conditions never exist and to allow for a smaU eccentricity the ultimate 
load should be calculated from 

) N=OAfcuAc +0.75fyAse (9. 1)* 

For a rectangular column and to allow for the area of concrete displaced by the 
longitudinal reinforcement this equation may be modified to 

N= OAfeubh + AIII:(0.75 fy - 0.4feu) (9.2) 

Example 9. 1 Axl4lJy Loaded Column 

Design the longitudinal reinforcement for a 300 mm square column which supports 
an axial load of 1700 kN at the ul timate limit state. The characteristic material 
strengths arefy = 460 Nfmm2 for the reinfo rcement and feu = 30 Nfmm2 for the 
concrete. 

From equation 9.2 

therefo re 

1700 X 103 = 0.4 x 30 x 3002 + Ase(0.75 x 460 - 0.4 x 30) 

Ase -= (1700 - 1080) 10
3 

'" 1862 mm2 
333 

Provide four T25 bars, area = 1960 mm2 • 
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9.4.2 Short Braced Columns Supporting an Approximately Symmerrica/ 
Arrangement Of Beams 

'fhe moments on these columns will be small and due primarily to unsymmetrical 
.rrangements of the live load. Provided the beam spans do-not differ by more lhan 
IS percent of the longer, and the loading on the beams is uniformly distributed , 
Ihe column may be designed to support the axial load only. The ultimate load tha t 
till bc supported should then be taken as 

N= 0.35fcuAc + 0.67 {yAse (9.3)* 

rO like account of lhe area of concrete displaced by the reinforcement the equa
lion for a rectangular section may be written as 

N:: 0.35{cubh + (0.67 {'/ - 0.35fcu)Asc 

' '' J Short Columns Resisting Moments and Axial Forces 

1110 .rea of longitudinal steel for these columns is determined by: 

( I) using design charts or constructing M-N interaction diagrams as in section 4 
(2) a solution of the basic design equations, or 
(3) an approximate method. 

11,11 cha rts are usually used fo r columns having a rectangular or circular cross. 
lIuli and:. symmetrical arrangement of reinforcemen t, but interaction diagrams 

til '" constructed for any arrangement of cross-section as illustrated in examples 
.. II .nd 4, 10. The basic equations or the approximate method can be use d when 

IIlIlymmetrical arrangement of reinfo rcemen t is required, o r when the cross-
Ik)n I, non-rectangular as described in section 9.5. 
Whlc.hever design method is used, a column siloUld not be designed for a 
IIIelllt leu than N x emin , where emin has the lesser va lue of hf20 or 20 mm . 

I "It I. 10 allow for tolerances in construction. The dimension h is the overall size 
Ihll column cross-sec tion in the plane of bending. 

1J.t1iln Q'oru a/ld InteractiOIl Diagrams 

IIf.IJIl of a section subjected to bending plus axial load should be in accord. 
whit Ihe principles described in section 4.8 , which deals with the analysis of 
lOu·ICCllon. The basic equations derived fo r a rectangular section as shown 
III. Q6 lind with a rectangular stress block are 

N- Fcc + Fse +F, (9.4) 

- OA 5{cubs + fseA; + f,A , 

At - Fc~ (~ - ~ ) +Fsc( ~ (9.5) 

i • II" deplh of lhe stress block - 0,9 oX 

•• lit •• rea of longitudinal relnforcemc nl In lhe more hl8hly compressed face 
• ·111 11 I(ell of re inforcement In Iho Olher fllco 

• II.. IIreu In reinforcemen t A; 
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I s = the stress in reinforcement As, negative when tensile 

These equations :lrc not su itable for direct ,solution and the des,ign o f ~ column 
with symmetrical reinforceme nt in each face IS best carried out usmg deSign charts 
similar to those published in Part 3 of as 8 110. An example of one of these charls 
is shown in fi gure 9.7. 
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Example 9.2 Column Design Using Design Charts 

Figure 9.8 shows a frame of a heavily loaded industrial struct ure for which the 
centre columns along line PQ are to be designed in this example. The frames at 
4 III centres, are braced against lateral forces , and support the following floor loads: 

dead lo;a-g'k;; 10 kN/m2 

live load qk '" 15 kN/m"l 

P lan 

Jr(l F" loor 

I 

I 
2nd 1" 100 , 

oqom~ 300 )( 700 dp 

I 

~ 

I JOO x400 ..... 
Qround 

f"loor [ ~ 
co lumns C 

6 -0 m 

lac t Io n t hrougn I hOl rromOl 

p 

I 

I 

I 
~ 

~ I 
4 -0m 

FIJure 9.8 Columnl/n . '1 Inllurrrilli , rrUCfur. 

I 
J'5m 

I 
3'5 m 

I 
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Characteristic material strengths are feu = 30 N/mml for the concrete and 
fy r:i 460 N/mm1 for the steel. 

Maximum ultimate load at each floor = 4.0(1.4gk + 1.6qt} per metre 
length of beam 

=4 (1.4 x 10+ 1.6 x 15) 

'" 152 kN/m 

Minimum ultimate load at each floor = 4.0 x J .Ogk 

= 4.0 x 10 = 40 kN per metre 
lengt h of beam I 

Consider first the design of the centre column at the underside (u.s.) of the first 
floor. The critical arrangement of load which will cause the maximum moment in 
the column is shown in figure 9 .93. 
Colu mn loads 

second and third floors = 2 x 152 X 10/2 = 1520 kN 

fIrst fl oor '" I 52 x 6/2 + 40 x 4/2 "" 536 

Column self-weight , say 2 x 14 28 

N= 2084 kN 

Similar arrangemen ts of load will give the axial load in t he column at the underside 
(u.s.) and top side (t.s.) of each fl oor level and these values of N are shown in 
table 9.3. 

The moments on the column are not large and therefore equation. 9.3 may be 
used for a preliminary sizing. Trying a 300 x 400 column 

N = 0.35fcubh + 0.67 fyAlJI! 

2084 x I IY "" 0.35 x 30 x 300 x 400 + 0.67 x 460 x All(: 

from which 

Ale '" 2674 mm1 and 100 Asclbh = 2.23 

This provides an adequate cross-section and a 300 x 400 column is to be used. 

Column Moments 

The loading arrangement and the substitute frame for determining the column 
moments at the first and second floors arc shown in figure 9.9b. Member stiff
nesses are 

bh
3 

_ 1 0.3 X 0.7
3 

_ 0 71 10- ' - -- -.,. x - . X 
I2LAB 12 x 6 

kec '" 1 x 0.3 X 0.7
3 

= 1.07 X 10- 3 
2 .,. . 12 x 4 

k 
0.3 X 0.43 

,~ . 
12 x 3.5 

= 0.46 1< 10 3 
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• • 

.. 
151 F loor 

,. .,. l 'O~ 
• 

A B C 

(a ) Cr i t i ca l loadll'\g arraflQama nt for cant rQ 
col umns a t 1$t f loor 

IrcOl umn 

1!52 ><6.912 k N 4 Q><4. 160kN 

A B c 
.456 

kN.m 
-456 .53 -53 

kcolum fl 

! b lSu b s l , 'utl2 I ramQ a fld 
load 

Figure 9.9 

I"',.(oro 

• 4 

1:k = (0.71 + 1.07 + 2 x 0.46) 10- 3 = 2.70 X 10- 3 

distribution factor for the column z: k~ol = 0.46 = 0 .1 7 
I;k 2.70 

I heed end moments at Bare 

rEM = J52x6
2 

= 456kNm 
.. SA 12 

FE M .. 40 X 4
2 

• S3 kN m .. BC 12 .. 
column moment At · 0 ,17 (4' 6 n ) - 69 kN m 

25 1 
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At the 3Td noor 

.nd 

tk . (0.71 + 1.07 + 0.46) 10- 3 

-2.24 x IO- ! 

column moment /If '"' 0.46 (456 - 53) '" 83 kN m 
2.24 

The areas of reinforcement in table 9.3 are detennined by using the design chart 
of figure 9 .7. Sec tions through the column are shown in figure 9.10. 

Cover for the reinfo rcement is taken as SO mm an d dl" l' 320/400 '" 0 .8 . The 
minimum area of reinforcement allowed in the section is gi~en by 

Asc = OJ)04bh '" 0.004 x 300 x 400 = 480 ~m2 
and the maximum area is 

Asc = 0.06 x 300 x 400 = 7200 mm" 

Of at Japs 

Asc = 0.1 x 300 x 400 '" 12000 mm" 

and the reinforcement provided is within these limits. 

Table 9.3 

Floor N M N M l OOAsc A~ 
(kN) (kN m) -

bill (mml) bh bh 

3Td u.s. 536 83.0 4.47 1.73 0.4 480 
2nd I.s. 774 69.0 6.45 1.44 0.4 480 

+5 36 

2nd u .s. 1310 69.0 10.92 1.44 0.4 480 
l si 1.5. 1548 69.0 12.9 1.44 0.9 1080 

+536 

1st u.s. 2084 69.0 17.37 1.44 2.1 2520 
Foundation 2098 34.5 17.48 0.72 1.6 1920 

A smaller column section could have been used above the first noor but this 
would have involved changes in formwork and also increase d areas of reinforce· 
ment. For simplicity in this example no reduct ion was taken in the total live 
load although this is penniu ed with some structures, as shown by table 9.1. 

(ii) Design Equations 

The symmetrical arrangement of the reinforcement with A; :: As isjustinable for 

g 
• 

J 

4 T25+ 4 T 16 

(a ) Gr o und to 
1st Fl oor 
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IRS at 240 RS a t 190 

/ 

4 T20 4 T1 6 

(b) 1st to 2nd Floor (c) 2nd to 3rd F loor 

Figure 9. 10 Column uc/iQnl in derign eXllrnple 
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the columns of a building where the axial loads are the dominant forces and whe re 
Iny moments due to the wind can be acting in either direction, But some members 
Ire requ ired to resis t axial forces combined with large bending moments so that it 
I, nOt economical to have equal areas of steel in both faces, and in these cases the 
IIluII design charts cannot be applied . A rigorous design for a rectangular section 
• ahown in figure 9. 11 involves the follOWing iterative procedUre. 

( 1) 
(2) 
(3) 

(4) 

Select a depth of neutral axis, x 
Determine the steel strains esc an d €s from the strain dis tribution. 
Determine the steel stresses lac and Is from the equations relating to 
the stress-strain curve for the reinforcing bars (see section 4.1.2). 
Taking moments about the centroid of As 

N Norma l t o thll SGct lon 

" • ~ . , ::E: " " " .. , 
~l.I tra l . . _ 1-- .-' . L 

OX ' 5 -

" '. " '- i.J.'!, 
• 

SoctO()(l Stress Block 

111a:ur. 9. 11 Colurnll with lin unl)'mm"rlNlI"",",,m,fIt ofrtlnforctrnenr 
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N ( e +~ -d2) == 0.45fcubs (d - s/2) + fICA~ (d - d') 

where s ... O.9x (9.6) 
This equation can be solved to give a value for A;. 

(5) As is then determined from the equilibrium of t he axial forces, that is 

N'" 0.45/eu bs + /ICA~ + IsA , (9.7) 

(6) Further values of x may be selected and steps I to 5 repeated until a 
minimum va lue for A~ + A s is obtained. 

The term /rt; in the equations may be modified to (fsc - 0.45/ell) to allow for 
the area of concrete displaced by the reinforcement A~ . Stress I, has a negative 
sign whenever it is tensile. 

ExampJe 9.3 Column Section with on Unsymmetrical A rrangement 0/ Rein/orcemenl 

The column section shown in figure 9 .1 2 resists an axial load of 1100 kN and a 
moment of 230 kN m at the ultimate limit state. Detenn ine the areas of reinforce
ment required if the characteristic material strengths are Iy = 460 N/mml and 
leu = 30 N/mm~. . 

(I) Select a depth of neutral axis, x = 190 mm. 
(2) From the strain diagram 

steel strain EIC = 0.0035 (x - d') 
x 

• 0.0035 (J 90 - 80) ~ 0.00203 
190 

b = 300 0 

I 'I '" , 
" 

~ 0 ~ -
0 A' X 

8 • , 
M _r:'~_ • • --- - ' , • L < 

A, 
_ L 

'" ® '" c, --

S!2'c t ion St ro ins 

Pilule 9.12 Unl},mmetriCtl/ co/urn" drl/pl exomp/e 

(3) 

(4) 

" • 

md 

steel strain E. 
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= 0.0035 (d _ x) 
x 

• 0.0035 (340 _ 190) . 0.00276 
190 

From the stress-strain curve and the relevant equations of section 4. 1.2 

yield strain, Ey = 0.002 for grade 460 steel 

Both E!IC and £, > 0.002 

therefore fiSC = 460/1.15 ... 400N/mm1 

and Is = 400 NJmm2 , tension. 
In equation 9.6 

N (e + ~ - d2) =0.45/eubs(d - s/2)+ /!C A~(d - d') 
M 230 x 106 

,.- = == 209 mm 
N 1100 x 103 

S = 0.9x = 0.9 x 190 

"" 171 mm 

To allow for the area of concrete displace d 

i!C becomes 400 - 0.45/eu = 400 - 0.45 x 30 = 386 N/mm2 

.nd rrom equation 9.6 

1100 x 103 (209 + 140) - 0.45 x 30 x 300 x 17 1 (340 - 171 /2) 

386 (340 - 80) 

.2069 mm2 

") From equation 9.7 

NE 0.45/eubs+/!CA~ +/sAs 

A '" (0.45 x 30 X 300 X 17 1) + (386 x 2069) - ( 1100 x l~) 
• 400 

=978 mm2 

Thus 

A ~ + As'" 3047 rnm 2 rOT x - 1901010 

til) V. lues or A~ + A. calcula ted rOT Other depths or neu tral axis,x are 
plolted In ngure 9. 13. From this "suTe the minimum area or reinforce· 
menl required occurs with X" 2 1 0 mill U. lng thl. depth or neut ral 
IIC ls, Itep! 2 to 5 are repelled Bivins 

255 
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3200 .-
• 

-of 3050 

2900~~--~~~~--~~~ 
190 200 210 220 230 

Ollp th of ne utral Qx i s, .x: 

Figure 9.13 Design chart for unlymmelrical column tJ«lmple 

esc .. fs ,. 0.002 17> 0.002 

[$C = iyhm = 400 N/mml and f. = 400 N/mml iension 

so that 

A~=19S0mml andA,=1049 mm l 

(Alternatively separate values of A; and As as calculated fo r each value 
of x CQuld also have been ploued against x and their values read from 
the graph at x = 2 10 mm.) This area would be prOvided with 

A~ = three T2S plus two TID bars = 2098 mml 

,nd 

As = one T25 plus two T20 bars = 1119 roml 

With a symmetrical arrangement of reinforcement the area from the 
design chart of figure 9.7 would be A~ + As = 3200 mm l or 7 pcr cent 
greater than the area with an unsymmetrical arrangement , and including 
no allowance for the area of concrete displaced by the steel. 

These types of iterative calculations are readily programmed fo r solution by a 
small microcomputer, which could find the optimum steel areas without the 
necessity of plot ting a graph. 

(jji) Simplified Design Method 
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plus a compre~force N acting through the tensile steel A. as shown in figure 
9. 14. Hence the design of the reinforcement is carried out in two parts. 

(I) 

(2) 

The member is designed as a doubly reinforced section to resist M. act· 
ing by itself. The equations for calculating the areas of reinforcement 
to resist Ma are given in section 4.5 as 

Ma '" 0 .1 56fcubd2 + 0.87 fyA~ (d - d') 

0 .87 ['lA, '" a.201/cubd + 0.87 /'IA~ 

(9.9) 

(9.10) 

The area of AI calculated in the first part is reduced by the amount 
N/0. B7f,. 

This preliminary design method is probably most useful fo r non·rectangular 
co lumn sections as shown in example 9.6 , but the procedure is first demonstrated 
with a rectangular cross·section in the following example. 

I . = 

I 
A; I A. 

I 
. 1 

• 

Figure 9. 14 Simplified design method 

, vomp/t! 9.4 CO/limn Design by the Simplified Method 

'.h:\J ll tc the area of steel required in the 300 x 4()() column of figure 9. 12. 
y 1100 kN . /If '" 230 kN m, leu = 30 N/ mm2 and 1'1 "" 460 N/mm'. 

E .. 230x 10
6 

209 >( h d) ccentncltye'" 3 ::: mm - - 2 
1100 x 10 2 

As an alternative to the previous rigorous method of design an approximate 
method may be use d when the eccentricity of loading, e is not less than ( I) Increased moment 

(h /2-d,) 
The moment M and the axial fo rce N are replaced by an increased moment 

M. where 

M.= M+ N(~ - d,) (9.8) 

A'll :M+N( ~ -d,) 
· 230 + 1100(200 60) 10 - 1 · 384 kN m 

The arca of stcel to tulJl thl, mumont tan be cO lcul ated using the 
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formulae 9.9 and 9.10 for the design ofa beam with compressive rein. 
forcement , thalls 

M. = O.156/cu bd2 + 0.87 fyA~ (d - 0) 

aod 

0.87 fyA . '" 0 .201 fcubd + 0.87 fyA~ 

therefore 

384 x 106 '" 0.156 x 30 x 300 X 3402 + 0.87 x 460A~ (340 - 80) 

so that 

,"d 
0.87 x 46DA, '" 0.201 )( 30 X 300 x 340 + 0.87 x 460 x 2 130 

A s = 3667 mm2 

(2) Reducing this area by N/O.87 fy 

AI '" 3667 _ 1100 x 10
3 

0.87 x 460 

= 9 19 mml 

This compares with A; = 1950 mm2 andAs = 1049 mm1 with the design 
method of example 9.3. (To give a truer comparison the stress in the 
compressive reinforce ment should have been modified to allow for the 
area of concre te displaced, as was done in example 9.3.) 

9.4.4 BiDxiai Bending of ShOT I Columns 

For most columns. biaxial bending will not govern the design. The loading patterns 
necessary to cause biaxial bending in a building's internal and edge colu mns will 
not usually cause large moments in both directions. Corner columns may have to 
resist Significant bending about both axes, but the axial loads are usually small and 
a design similar to the adjacent edge columns is generally adequate. 

A design for biaxial bending based on a rigorous analysis of the cross-section 
and the strain and stress distributions would be accorcling to the fundamen tal 
principles of chapter 4, otherwise a Simplifie d method as described in as 8110 
may be used. 

This method specifies that a column subjected to an ultimate load Nand 
momentsMx andMy about the xx andyy axes respectively may be designed for 
single axis bending but with an increased moment and subject to the following 
conditions: 

(aJ if Mx ;;;;. & 
II ' b' 

then increased single axis design moment Is 

COLUMN DES IGN 

, tI II' At 
Mx= Mx+" IJX y 

(bJ if Mx<~ 
h' b' 

then increased single axis design momenl is 

, b' 
My= My+{J , xMx 

h 
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The dimensions h' and b' are defined in figu re 9. 15 and the coefficient fl is speci. 
fied in table 9.4. 

"'. ° M/cy 

, 
x-

" 

IY 

I· b ,I 

.. I .. 

I 
, ~ - ---t- v ~ 

I .. i .. 

~
' b' 

M, 
Y 

Figure 9.15 Section with biaxio.l /Mndfng 

Table 9.4 Values of coefflclent {J fo r biaxial bending 

0.1 0.2 0.3 0.4 0.5 

o __ ...:..:.1.00=-_-=0::.8:,8 _ 0.77 0 ,65 0 ,53 0.42 

>0.6 

0.30 
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Example 9.5 Design of a Column for Biaxial Bending 

The column section shown in figure 9.16 is to be designed to resis t an ult imate 
aXial load of 1200 kN plus moments of M xx '" 75 kN m and M yy = 80 kN m. The 
characteristic material strengths are fe u = 30 N/mm2 and i y = 460 N/mml 

. 

I 

fj\/>1y. 80 kN m 

I' 
300 

' I 
?OI 

" Q 

~:5kNm 
X I 350 

" " 
~ 

y 

Figure 9. 16 Biaxial bending example 

Mx = 75 
h' (350 - 70) 

= 0.268 

~ = 80 =0.333 
b' (300 - 60) 

M,c/h' < My/b' 

therefore increased single axis design moment is 

b' 
My =My +f3 /1xMx 

N/bhfcu '" 1200 x 103 /(300 x 350 x 30) = 0.38 

From table 9.4, f3 = 0.55 

My =80+0.55 x 240 x 7S = }1 5.4 kN m 
280 

'Nlbh' = 1200 x !OJ /(350 x 300) ,. IlA 

'M/bll"':::: li SA x 106/(350 )( 300') · 3.66 
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From the design chart of figure 9.7 

lOOAsc/bh = 2.6 

Therefore required Asc = 2730 mm' . 
Provide fou r T32 bars. 

9.S Non-rectangular Sections 

Design charts are not usually available for columns of other than a rectangular or a 
circular cross-section. Therefore the design of a non-rectangular section entails 
either (I ) an iterative solution of design equations, (2) a simplified form of design , 
or (3) construction of M-N interaction diagrams. 

( I) Desigll Equations 

r or tl non-rectangular section it is much simpler to consider the equivalent rectan
¥lllar stress-block. Determination of the reinforcement areas follows the same 
procedure as described for a rectangular column in section 9.4.3(ii), namely 

( I) Select a depth of neutral axis. 
(2) Determine the corresponding steel strains. 
(3) Determine the steel st resses. 
(4) Take moments about As so that with refe rence to figure 9.17. 

h , 

h 
; 

N nor m a l to t hQ SQc t ion .... 

, 

SG!C t Io n 

0 '0035 

n 

FIjUffi 9 .17 Non.r.c' '1lt,tl/fU tOIumlt 1#C ,/on 

0 "45 feu 

1 I 

StrG!5S 
B lock 
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N (e-t ~ -d2) =0.45fcuAcc(d - i)+ fJC A ~ (d - d') 
Solve this equation to give A~ 

(5) For no resultant force on the section 

N :: 0.45 f cuA cc + fscA ~ + f sAs 

Solve Ihis equation to give As. 
(6) Repea t the previous steps for different values of x to find a minimum 

(A s + As)· 

In steps 4 and 5 
Ae<: is the area o f concre te in compression shown shaded 
x is the distance from the centroid of Ace to the extreme fibre in 

compression 
f . the stress in reinforcement As is negative if tensile 

The calculation for a particular cross-section would be very similar to that 
described in example 9.3 except when using the design equations it would be 
necessary to determine Ace and x for each position of the neutral axis. 

(iO Simplified Preliminary Design Method 

The procedure is similar to that described fo r a column with a rectangular $Cction 
as described in section 9.4.3(iii) and figu re 9.14. 

The column is designed to resist a moment Ma only, where 

M.=-M+N(~ - d2 ) (9.11) 

The steel area required to resist this moment can be calculated from 

M. - 0.45 (9. 12) 

, nd 

(9.13) 

where A ce is the area of concrete in compression with ~ '" d/2, and x is the distance 
from the centroid of A ce to the extreme fibre in compression. 

The area of tension reinforcement, As as given by equation 9.13 is then reduced 
by an amount equal tON/0.87fy . 

This method should not be used if the eccentricity, e is less than (h/2 - d2 ). 

(iij) M-N Interaction Diagram 

These diagrams can be constructed using the method described in section 4.B with 
examples 4.9 and 4.10. They are particularly useful for 0 column in a multi-storey 
building where the moments and associated axial fo rces chonge at each storey. 
The diagrams can be constructed after carrying ou t the approximate design pro· 
cedure in (ii) to obtain suitable arrangements of reinforcing bars. 
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d' . 8~ 

d . 320 

300 .1 

Figure 9. 18 

lI'xompie 9.6 Design of Q Non:.rt!ctongular Column Section 

1>Ol1gn the reinforcement for the non·rectangular sec tion shown in figure 9. 1B 
alven M =- 320 kN m, N =- 1200 kN at the ult imate limit state and the characteristic 
1I1110riai strengths are feu = 30 N/mml and fy = 460 N/mm 2 • 

M 320x10
6 (h) e = - = = 267 mm > - - d l 

N 1200 x 10' 2 

Increased momentMa =M + N (~ - d2) 

= 320 + 1200(200 - BO) 10-3 

=- 464 kNm 

Wuh x· d/2 = 160 mm . S = 0.9x =- 144 mm and the width (b,) o f the section at 
11,111 limit of the s tress block 

h i =300+ 200 (400 - 144) = 428mm 
400 

A _ x (b +bd 
ec- 2 

= 144(500 + 428) c66B l 6 mm2 

2 

Ih. dep th of the centroid of the trapezium is given by 

x=- s(b+ 2b l ) 

3 (b+b, ) 

· 144 ~QO+ 2 '-IN) 
3 (100' 41H) 

70 I 111m 
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Therefore substituting in equation 9.12 

464 x 106 '" OA5 x 30x 66816(320 - 70.1)+0.87 x 460A~(320 - 80) 

hence 

A~ '" 2484 mm1 

Provide thrce T32 plus two T 16 bars, area'" 28 12 mm' . 
From equation 9.13 

0.87 fyAs '" 0.45 x 30 x 668 16 + 0.87 x 460 x 2484 

therefore 

As:::: 4738 mm' 

ReducingAs by NID.S7 fy gives 

A =4738 - 1200 x loJ 
s 0.87 x 460 

= 1740 mm 2 

Provide one T1 6 plus two T32 bars, alea '" 1811 mm1 

The tolal area of reinforcemen t provided = 4623 mm1 which is less than the 
6 pef cent allowed. 

An M-N interaction diagram could now be constructed for this steel arrange
ment. as in section 4.8, to provide a more rigorous design. 

9.6 Design of Slender Columns 

As specified in section 9.2. a column is classified as slender if the slenderness rat io 
about either axis is 

> 15 for a braced column 

> 10 fo r an unbrace d column 

There is a general restriction on the maximum slen derness of 

10 l> 60b' 

and for an unbraced column 

b" 
10 l> 100 ~, 

h 

where fo is the clear distance between end restraints an d 

b' and h' are respectively the smaUer and larger dimensions of the co lumn 
sect ion 

A slender column must be designed for an addlUo nul moment caused by its 
curva ture at ultimate conditions. The expression, given In BS 8 110 for the addi· 

COLUMN DESIGN 265 

tional moments we re derived by studying the moments' curvature behaviour for a 
member subject to bending plus axial load. The equations for calculating the 
design moments are only applicable to columns of a rectangular or circular sect ion 
and with symmetrical reinforcement. 

A slender column should be designed for an ultimate axial load (N) plus an 
Increased moment given by 

M t :z M j + Madd 

"'M;+Nau 

where Mj is the initial moment in the column 
Madd is the moment _caused by the deflection of the column 
au is the defl ection of the column. 

The deflection of a rectangular or circular column is given by 

au '" f3.Kh 

The coeffi cien t /3. is calculated from the equation 

1 ( I )' (In '" 2000 b~ 

(9.14) 

(9.15) 

(9.16) 

with b' being generally the smaller dimension of the column section except when 
biaxial bending is considered. 

In equ.:ation 9.15 the coefficient K is a reduction factor to allow for the fact 
Ihlt the deflec tion must be less when there is a large proportion of the column 
Mellon in compression. The value for K is given by the equation 

K::: NUl - N " 1.0 
Nuz - Nbal 

where N Ul is the ultimate axial load such that 

NUl :0.45{cuA c + 0.87/yAsc: 

(9.17) 

Illd NtnJ is the ax i.:al load at balanced failure defined in sec tion 4.8 and may be 

I'kon as 

In order to c.:a lculate K , the area Asc of the columns reinforcement must be 
.. mtwn and hence a tr ial and error approach is necessary, taking an initial conserva. 
11'1, "blue of K '"' 1.0. Values of K are also marked on the column design charts as 

luwn In fig ure 9.7 . 

•• I HroC/!d Slender DJlumrl 

1),ltk~ bending moment diagrams fo r a brllced column aro shown in figure 9 . 19 
1I)fIIllllXimum additional momon t M. dd occurs near the mld.heightof the colum~ 

lo.lll lhis location the initio! mOlllent I, liken IS 

(9. 18) 
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lo r gl2r 
momcant 

~L ____ "'!:. ___ M"dd 

M, 

sma il l2r 
momllnt 

M"ddl2 

104, • Madd/2 

~----<. " , , 

I' ' I 

Figure 9.19 Braced slender column design moments 

where Ml is the smaller initial end moment due to the design ultimate loads 
and M2 is the corresponding larger initial end momen t. 

, 

For the usual case with double curvature of a braced column, Ml should be 
taken as negative and M2 as positive. From figure 9. 19, the final design moment 
should never be taken as less than 

M, 

Mj +M. dd 

MI + M.dd/2 

0 ' N X emln with Cmin » h/20 or 20 mm 

Equations 9.14 to 9.18 can be used to calculate the additional moment and 
combined with the appropriate initial moment to design a slender column with 
single axis bending about either axis, provided that the ratio of the lengths of the 
sides is always less than 3 and the slenderness ratio le/h for a column ben t abou t 
its major axis does not cxceed 20. Where these conditions do not apply and the 
column is bent about its major axis, the effect of biaxial bending should be con
sidered with ze ro init ial moment about the minor axis and additional moments 
about both axes. 

Example 9. 7 Design of a Slender Column 

A braced column of 300 )( 450 cross-section resists at the ultimate limit state an 
axial load of 1700 kN and end moments of 70 kN m and 10 kN m causing double 
curvature about the minor axis XX as shown in figure 9.20. The column's effective 
heights aTC lex '" 6.75 m and ley'" 8.0 m and lhe characte ristic ma terial strengths 
f,." = 30 N/mml and 1'/ = 460 N/mml. 

~. COLUMN DES IGN 

iil b.450 

~ ,-M 

0 " " " 
0 • 

- .- N 

X X ~ 

" " " -

(a) SQ;c t lon 

N . 1700kN 

!f----, M2 : 70kNm 

Ml . 10kNm 

(b) Ax ial load and In i t i o l mom02n t s 

Figure 9.20 Slender column example 

Slenderness ratios are 

lex/II = 6.75/0.3 = 22.5 > 15 

ley/b = 8.0/0.45 =z 17.8> 15 

Ilitlo fore the column is slender. 
A. the colum n is bent in double curvature 

M, - - 10 kN m 

14 MI ., O.4 M, + 0.6M2 

- 0.4 X - 10+0.6 x 70 - 38 kN m 

~ Mil. therefore greater than 0.4M2 
I he .ddlilonalll1oment Induced by done t.: lhm or Iho column i. 
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M - Nil (I.), K 
add - 2000 IJ 

= 1700 X 300 (6750)2 X 1.0 X 103 
2000 300 

=129kNm 

with K ::: 1.0 for the initial value . 
For the first iteration the total moment is 

Mt =Mi + Madd 

= 38 + 129::: 167 kN m 

Nlbh = 1700 x 10
3 

'" 12.6 
450 x 300 

M/bh2 = 167 X 10
6 

=4. 12 
450 x 3002 

From the design chart of figure 9.7 

lOOAsc/bh::: 3 .2 

,nd K::: 0 .65 

I 

This new value for K is used to recalculate Madd and hence M t for the second itera
tion. The design chart is again used to determine IOOA$c/ bh and a new K is shown 
in table 9.5, The iterations are continued until the value of K in columns ( I) and 
(5) of the table are in reasonable agreement, which in t his design occurs after two 
iterations. So that the steel area required is 

A sc =2.2bh/IOO 

= 2.2 x 450 x 300/ 100 = 2970 mm'.! 

As a check on the final value of K interpolated from the design chart: 

Nbal = 0.25 {cubd 

= 0.25 x 30 x 450 x 240 x 10- 3 

=81O kN 

N uz = 0.45{cubh + 0.87 {rAse 

= (0.45 x 30 x 450 x 300 + 0.87 x 460 x 2970) 10- 3 

= 3011 kN 

= Nuz - N . K 
Nuz - NbaJ 

301 1 - 1700 

3011 - 8 10 

" 0.6 

CO LUM N DES IGN 

which agrees with the final value in column 5 of the table. 

(1) 
K 

1.0 
0.65 

(2) 
M, 

167 
122 

'6,1 Ullbraced Slender Columns 

Table 9.5 

(3) 
M/bh2 

4.1 2 
3.0 

(4) 
IOOAse/bh 

3.2 
2.2 

(5) 
K 

0.65 
0.6 

I h, ,way o f an unbraced structure causes larger additional moments in the 
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'iumns. F igure 9.21 shows how these additional moments are added to the initial 
,umenls at the ends of the columns. The additional moment calculated from 
'111111 Ions 9. 14 to 9.17 is added to the initi al moment in the column at the end 
1111 the sti ffer joint. At the other end of the column the additional moment may 

IOduced in proport ion to the ratio of the stiffnesses of the two joints. 

sti f f02 r 'lnd 

M, 

N , 

10:&5 s tl " 
ond 

+ 

~ 
at t h is Cl nd Mad<l 
moy b'l rCld uC02d 
in propor t ion t o 
t hCl Jo int st i lftll2sSGls 
ot 'loc h Cl nd. 

I' 

Fillure 9.2 1 Unbrat:ed litmdt!r t:oil /mll des/pi momell/s 

"I 



10 
Foundations 

A building is generally composed of a superstructure above the ground and a sub
structure which fo rms the foundations below ground. The foundations transfer 
and spread the loads from a structure 's columns and walls.into the ground. The 
safe bearing capacity of the soil must not be exceeded otherwise excessive settle
ment may occur, resulting in damage to the building and its service facilities, such 
as the water or gas mains. Foundation failure can also affect the overall stability 
of a structure so that it is liable to slide, to lift vertically or even overturn. 

The earth under the foundations is the most variable of all the materials that 
are considered in the design and construction of an engineering structure. Under 
one small building the soil may vary from a soft clay to a dense rock. Also the 
nature an d properties of the soil will change with the seasons and the weather. For 
example Keuper Marl, a relatively common soil , is hard like a rock when dry but 
when wet it can change into an almost liquid state . 

It is important to have an engineering survey made of the soil under a pro posed 
struc ture so that variations in the strata and the soil properties can be determined. 
Drill holes or trial pits should be sunk, in situ tests such as the pene tration test 
performed and samples of the soil taken to be tested in the laboratory. ~om ~ 
information gained it is possible to recommend safe earth bearing pressures and, if 
~~, calculate possible set tlements of the structure. Represen tatives values 
~e bearing pressures for typiCal soils are lisiedTrilable to.l . 

desi of foundations the areas of the bases in contact with the fo unn 
should be such that the safe bearing pressures . not be exceeded. se ement 
~~~uring the W~~ki~ life of the structure , therefore the design loading 
o consl red when ca cu fiii' the base areas shou1a be those t hat apply to 

e servicea i 1ty mit state , and typical values that can be ta en arc 

(1) dead plus imposed load 

(2) dead plus wind load = I .OCk + 1.0 WI< 

(3) dead plus imposed plus wind load = J .0Ck + 0.8 Qk + 0.8 Wk 

These partial factors of safety are suggested as it is hiSh ly unlikely that the maxi· 
mum imposed load and the worst wind load will occur simultaneously. 
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Table 10 .1 Typical allo wable bearing values 

Rock or soil 

Massive igneous bedrock 
Sandstone 
Shales and mudstone 
Gravel, sand and gravel, compact 
Medium dense sand 
Loose fme sand 
Hard clay 
Medium clay 
Soft clay 

1· 06,. 

~ 

.r .L 

-------------
Up li ft 

Figure 10.1 Uplift on looting 

Typical bearing value 
(kN/m' l 

10 ()()() 
2000 to 4000 
600 to 2000 
600 
100 to 300 
less than 100 
300 to 600 
100 to 300 
less than 75 

1·4Wk 

Whe re the fou ndations are subject to a vertical and a horizontal load the 
~I"wlna rule can be applied. 

.! + !!... < 1.0 
P., Ph 

It V • the vertical load 
11 • the horizontal load 
.P., • the allowable vertical load 
Ph • the aUowable horizontal10lld 

27 1 

Ih, . lIowable horizontal load would tako aCCOunt of the passive resis tance o f 
,fI,lund In contac t with the vertlc.1 f. co or the foundation plus the friction and 

Ion IIlong the bllsc. 
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The calculations to determine the structural strength of the foundations, that 
is the thickness of the bases and the areas of reinforcement , should be based on the 
loadings and the resultant groun d pressures corresponding to the ultimate limit 
state. 

With some structures, such as the type shown in figure 10.1 , it may be 
necessary to check the possibility of uplift on the foundations and the stabili ty of 
the structure when it is subjected to lateral loads. To ensure adequate safety, the 
stability calculations should also be for the loading arrangements associated with 
the ultimate limit state . The critical loading arrangement is usually the combina
tion of maximum lateral load with minimum dead load and no live load, that is 
1.4 Wk + I.OGk . Minimum dead load can sometimes occur during erection when 
many of the interior finishes and fixtures may not have been installed. 

For most designs a linear distribution of soil pressure across the base of the 
footing is assume d as shown in figure 1O.2a. This assumption must be based on 
the soil acting as an elastic material and the footing having infinite rigidity. In fact, 
not only do most soils exhibit some plastic behayjour and all footings have a 
finite stiffness, but also the distribution of soil pressure varies with time. The 
actual distribution of bearing pressure at any moment may take the form shown 
in figure 10.2b or c, depending on the type of soil an d the stiffness of the base 
and the structure. But as the behayjour of founda tions involves many uncertain
ties regarding the action of the ground and the loading, it is usually unrealistic to 
consider an analysis which is too sophisticated. 

tilt!!) 
(0) Un i form 

distribut ion 
(b) COh02S ivQ 

soil 
(e) Sandy 

soi l 

Figure 1 0.2 Pres~ure diuribulions under footings 

Foundations should be constructed so that the underside of the bases are below 
frost level. As the concrete is subjected to more severe exposure conditions a 
larger nominal cover to the reinforcement is required. It is recommended that the 
minimum cover shoul d be not less than 75 mill when th e concrete is cast against 
the ground, or less than 50 mm when the concrete is Cllst aga inst a layer of bl ind· 
ing concrete . A concrete grade of at least feu " 3S N/mml Is require d to mee t the 
serviceability requirements of BS 8 110 : see table 6. I, 
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10.1 Pad Footings 

I he footing for a single column may be made square in plan, but where there is a 
1~I"e moment acting about one axis it may be more economical to have a rectangu
I., buse. 

Assuming there is a linear distribution the bearing pressures across the base will 
l,1kc one of the three fonns shown in figure 10.3, according to the relative magni
hlrJel of the axial load N and the momentM acting on the base. 

I I) In figure lO.3a there is no moment and the pressure is uniform 

N 
p= ED (10.1)' 

I) With a moment M acting as shown, the pressures are given by the equation for 
Ix lnl load plus bending. This is provided there is positive contact between the 

Brl20dth ot foo ting . B, 

D 

pIlI I t 

N 
P : BD 

'0> 

Ecel2n t r i eity(~) • H 

D 

'01 

P: 2N ., 
whQrl2 

Y:](~ _~ ) 

'oJ 

F1llu re t 0.3 Pad /lKII"" prnlllNl IlImlb,u/ons 
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base and the ground along the complete length D of the footing, as in figwe 

I O.3b SO that 

N My 
p = - ± -

BD I 

where J is the second moment of area of the base about ~e ~s of bending 
andy is the distance from the axis to where the pressure IS bem~ c::a1cu1ated. 
Substi tu ting for I '" BJil / 12 and y = DI2, the maximum pressure IS 

N 6M ( 10.2)" 
P I = BD + BD' 

and the minimum pressure is 

N 6M 
P'l = BD - BD'! 

( 10.3)" 

There is posit ive contact along the base if P'l from equation 10.3 is positive. 

When pressure P2 just equals zero 

M D - - -
N 6 

So that for P'l to always be positive, MIN - or the effecti~e. eccentrici~Y, ~ 
must never be greater than D/6. In these cases the eccentricity of loadmg IS 

said to lie within the 'middle third' of the base. . .. 

(3) When the eccentricity e is greater than DI6 there IS no longer a pOSitive 
pressure along the len~th D and the pressure diagram is triangular as shown 
in fi gure 10.3c. Balancing the downward load and the upward pressures. 

t pBY =N 

therefore 

2N 
maximum pressure P = BY 

where Y is the length of positive contact . The centr~id ~f the pressure 
diagram must coincide with the ecc~ntricity of loadtng m order for the load 
and reaction to be equal and opposite . Thus 

Y D _ '" - - e 
3 2 

0' 

FOUNDAT IONS 

IhC'lrfOfein this case of e > D/6 
2N 

maximum pressure p :: -~~--
3 B (D/2 - , ) 
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( 10.4)" 

A Iypica l ::arrangement of thli! reinforcement in a pad fOOling is shown in figure 
fI·1 With a square base the reinforcement to resist bending should be distributed 

Ilunnly across the full width of the footing. For a rectangular base the reinfo rce· 
'11 In the short direc tion should be distributed with a close r spacing in t he region 

rand ne::ar the column, to allow for the fa ct that the transverse moments must 
.Iuter nearer the column. If the footing should be subjected to a large over· 

h'l moment so tha t there is only partial bearing, or if there is a resultan t uplift 
. then rei nforcement may also be required in the top face . 

Uuwcls or slarter bars should extend from the footing into the column in order 
wylde continuity to the reinforcement These dowels should be embedded 
th, footing and extend into the columns a full lap length. Sometimes a 

1\ length of the column is constructed in the same concrete pour as the foot· 
.. to form a 'kicker' or support for the column shutters. In these cases the 
lip Icngth should be measured from the top of the kicker. 

, 
: V I 
, I 

.....--DOW QI S , , 
1 ap lQngth 

I-
-I . . ~ .. 

I' o . j 

• A. -, 

Ftj ur" lOA Pod [oo lillg rtill!orcemenr detolls 

. WI . l lOclions through the bose for checking shear. punching shear. bend· 
k .1 bond IIrc shown in figurc 10.5. The shearlnl rorce and bending 

,..~",.t "' tluacd by the ultim alc IOlds from Ihe column and lhe weight of the 
d 1101 be Included In these cIll:ulaliool. 
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The thickness of the base is often goverened by the requirements for shear 
resistance. 

The principal steps in the design calculat ions are as follows. 

( I) Calculate the plan size of the footing using the permissible bearing 
pressure and the critical loading arrangement for the serviceabili ty limit 
state. 

(2) Calculate tJle bearing pressures associat ed with the critical loading 
arrangement at the ul timate limit sta te. . 

(3) Assume a suitable value for the thickness (II) and effective depth (eI) . 
Check that the shear stress at the column face is less than 5 NJmm 2 

or 0.8 yfeu, whichever is the smaUer. 
(4) Check the thickness for punching shear, assuming a probable value fo r 

the ultimate shear st ress, ve . from table 5.1. 
(5) Detennine the reinforcement required to resist bending. 
(6) Make a final check of the punching shear , having established Vc 

precisely. 
(7) Check the shear stress at the critical sections. 
(8) Where applicable. foundations and structure should be checked for 

overall stability at the ultimate limit state. 

Reinforcement to resist bending in the bottom of the base shoul d extend at 
least a ful! tension anchorage length beyond the critical section for bending. 

I"-::::'t::: ~t=1 tt: =.Ji I, ~ ~ • • '1 ' I ~ - ...r 

r-----, , , , , , , , , , 
L ____ _ _ 

&2nding 

Mox lm um shllor 

I ' . , 
j I ! 

Punch ing shl;!or 
perim(2t (Z r ~ 

co lumn p!lr i l'l'lllt(Zr 
. 8 x 1·5d 

. , 
. - -L1-_' __ -r-Sh(Zor 

Fillure 10.5 Crltf«tl'tctfon, for UtI/III 
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~ ~u",pfelO. f DeSign of Q Pad Footing 
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ItIC! fOO ling is required to . t h . 
~ .1) kN . d r reSlS C aractenstic ax ial loads of 1000 kN de d d 

Impose rom a 400 mm s ua re I a an 
,1/ II 200 kN/m2 and the charact q. t' co un~n . The safe bea ring pressure on the 
d Iy C 460 NJmm2. ens IC matenal strengths are feu = 35 N/mm~ 

" ',ume a foot ing w . hi f 150 e~ a kN so that the total dead load is 1150 kN. 

400sQ 
I--i 

1~ 520 

9T20 a t 330(2.w. 

~ _ _ =-2 ",8m~'9;L __ ~ 

Figure I 0.6 Pad lOOting example 

' lH" 1110 Serviceabili ty Limit State 

Total design ax ial load '= 1.0Gk + 1.0Qk 

= J 150 + 350 = 1500 kN 

required base area 1500 
= - =75m2 

200 . 

. 10"'0 l.8 III squa re, area'" 7.8 m2 . 

Ih" Ultlma te Limit Sta te 

Column design ax ial load '" lACk + 1.6Qk 

'" lA x 1000+ 1.6 x350= 1960kN 

OIHlh preSSure 1960 
= - = 250 kNJm 2 

2.82 

• bOO nun thick footi ng ond wi I I ~ 
1010 Ihe minimum COvcr Is tll kO :l l.~ ~O OOllnsr" onslruclcd on II blinding 

pili (/ 520 1l1ln . 111m lcrerore take mean 
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A t the column fll ce 

shear stress, lie II N/ (column perimeter X d) 

= 1960 , 10' /(1600 , 520) 

:: 2.36 N/mm' < 0 .8 .Jfcu 

(d) Punch ing Shear - see figure 10.5 

therefore 

critical perimeter = column perimeter + 8 x I .Sd 

= 4 x 400 + 12 x 520 '" 7840 mm 

area within perimeter = (400 + 3 d)2 

= (400 + 1560)2 

= 3.84 X WI> mm1 

punching shear force V = 250 (2.8 2 - 3.84) 

= 1000 kN 

V 
punching shear st ress II = - - -'--

Perimeter x d 

1000 x 1()l = 0.25 NJmm' 
7840 x 520 

From table 5. 1 this ultimate shear stress is not excessive, therefore h = 600 mm 
will be suitable. 

(e) Bending Reinforcement - see figure 1O.7a 

At the column face which is the critical section 

M = (250 x 2.8 x 1.2) x ..!..2 
2 

= S04kN m 

for the concrete 

Mu =O. 156!C\lbd' 

=O. 156x35 x 2800 x 520' x 10- 6 

=4 133kNm>504 

A 
_ M . -

0.87/y % 

From the lever-arm curve , figure 7 .5, 1. · 0.95 . TIICHefore 

FOUNDATIONS 

504 x 106 

A s = ~,,--='-",.:,:,--,= 
0.87, 460(~ , 520) 

= 2550 mm1 

ttYovide nine TIO bars at 330 mm centres. A , = 2830 mml. Therefore 

JOOA s = 100 x 2830 '" 0 .17 > 0.13 as required 
bll 2800 x 600 
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~ lI1ttJllum spacing = 750 mm. Therefore the reinforcement provided meets the 
' Iulrcments specified by the code for minimum area and maximum bar spacing 
• at_b. 

a '68m 

1-- '.2m ,1 

28m 

Figure 10.7 Critical uctions 

• '1"11 Check of Punching Shear 

I,ble 5. 1. for f eu'" 35 and 100A J bd = 0. 19 

ultim ate shear stress, Vc '" 0.4 N/mm1 

' ·Od < 

a '52 m 

o 

(b ) 5haor 

hla,hear s tress was 0.25 N/mml , therefore a 600 mm thick pad is adequate. 

hnT Stress - see figure 10.7b 

ulliclll section for shear , I.Od from the column face 

v - 250 x 2 .8 X 0.68 

- 476 kN 

V 476 x I0' ,. - = 
bd 2800 , 520 

· 0.33 N/n1l111 < 0.4 

'u" the ICc llon Is tadcqua tc In ,hOlt 
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10.2 Combined Footings 

Where two columns are close together it is sometimes necessary or convenient to 
combine their footings to for m a continuous base. The dimensions of the footing 
should be chosen so that the resultant I~ad passes through the centroid of the base 
area. This may be assumed to give a uniform bearing pressure under the footing 
and help to prevent differen tial settlement. For most structures the ratios of dead 
and imposed loads carrie d by each column are similar so that if the resultant passes 
through the centroid for the serviceability limit state then this will also be true -
or very nearly - at the ultimate limit state, and hence in these cases a uniform 
pressure distribu tion may be considered for both limit sta tes. 

C(lnt ra id 01 bascz and 
nrsullon \ load cOinc ldcz 

- +---e 

Rczc t ongular 

Figure 10.8 Combined INlSef 

TropczZa,dol 

The shape of the footing may be rectangular or trapezoidal as shown in figure 
10.8. The t rapezoidal base has the dlsadvantage of de tailing and cutting varying 
lengths of reinforcing bars; it is used where there is a large variation in the loads 
carried by the two columns and there are limitations on the length of the footing. 
Sometimes in order to strengthen the base and economise on concrete a beam is 
incorporated between the two columns so that the base is designed as an inverted 
T-secttcn. 

The proportions of the (ooting depend on many factors. If it is too long, there 
will be large longitudinal moments on the lengths projecting beyond Ule columns, 
whereas a short base will have a larger span momen t between the columns and the 
greater width will cause large transverse moments. The thickness of the footing 
must be such that the shear stresses are not excessive . 

Example 10.2 Design of a Combined Footing 

The footing supports two columns 300 mm squnre and 400 mm square wi th 
characteristic dead and imposed loads as shown In figure 10.9 . The safe bearing 
pressure is 300 kNfml and the characteristic miterilll i trenglhs are f eu = 35 Nfmm2 

and f y = 460 Nfmml 
, 

FOUNDATIONS 

23m 

G_ .lOOOkN 

Qk ' 200 k lll , 

124m 'I 
G_ • 1400kN 

Q . 300k N 

rt . - 'r+ 
I 

~ 
9T2~ 

A 

\ 
T16 at 160 
(transwrscz) 

1 

~ 
9T2O 

400,. m 
00,"= T 

I 
3·0m 

46m 

1 

·1 1 0 6m I : 
Figu re 10.9 Combined /oolillg eXQmple 

11101 : allow, say, 250 kN for the self-weigh t o f the footing. At the 
.... bltity limit stale 

10lal load :c 250 + 1000 + 200 + 1400 + 300 ;;; 3 150 kN 

. 3150 
Brea o f base required = -- = 10.5 m2 

300 

rvldoll roc ll1 ngulnr bnsc . 4.6 m x 2.3 m, area :: 10.58 m2 . 

28 1 

ulllllli of column loads Ilnd ce ntroid of base: taking moments about the 
III' line of Ihe 400 mill square column 

X· 
12()() ){ 3 

12()() + 17()() • 1.24 m 

k .. I. cent red a ll Ihls positIon or Ih, r"l1l1anl or the column loads as 
11 In naure 10.9 
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(3) Bearing pressure at the ultimate limit state: at the ultimate limit state 

column loa"ds: 1.4 x 1000+ 1.6 x200+ l Ax 1400+ 1.6x300 

:: 1720+244;O=4160kN 

therefore 

4 160 
earth pressure = ::: 393 kN/m' 

4.6 x 2.3 

(4) Assuming an 800 mm Utick base with d = 740 nun for the longitudinal bars 
and with a mean d = 730 mm for punching shear calculations: 
At the column face 

shear stress, lie = N/column perimeter x d 

For 300 mm square column 

lie'" 1720 X 1~/(1200x730) 

;: 1.47N/mml <O.8V!cu 

O'5 4m 

I' '11720kN 
' ·06m I I' 

2440 kNl 

If f It ftffftft 
w . 393~ 2-3 = 904kN/m 

1232 958 

~ t=-----.. 
~I_______ I 

1 ~1482 
I S . ~·kN 

I 
I 
1708 

~ 
~ V-

508 
B M · kN m 

Plaure 10. 10 Shf!(lr·forel , nd /l4'ItJ{n,monl'''t d14fTrl ltll 

( 
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For 400 mm square column 

lie = 2440 X l(f 1(1 600 X 730) 

= 2.09 N/mm1 < 0.8 ...//cu 

(' ) Longitudinal moments and shear forces: the shear-force and bending-moment 
diagrams at the ult imate limit state and for a net upward pressure of 
393 kN/m1 are shown in fi gure 10.10. 

Ifl) Shear: punching shear cannot be checked, since the critical perimeter 1.5d 
from the column face lies outside the base area. The critical section for shear 
I. taken 1.0d from the column face. Therefore with d '" 730 mm 

V'" 1482 - 393 x2.3(0.74 +0.2) 

'" 632 kN 

shear stress v '" J::..::: 632 X 10
3 

1.o ngltudinal bending 

bd 2300 x 730 

'" 0.38 N/mm1 which from table 5.1 is just 
satisfactory for grade 35 concrete 

(I) Mld·span between the columns 

A 
_ M ,-

0.87/'1 z 
708 X 106 

• ;;-;;:;-~~---:= 
0.87 x 460 x 0.95 x 740 

:: 2517 mm1 

II,ovldc nine TID at 270 mm centres, area'" 2830 mm1 , top. 

ell) AI the face of the 400 mrn square column 

AI '" 393 x 2.3 x (1.06 0.2)2 

c 334 kN m 

AI '" M 
0.87/y z 

2 

334 X 106 

. ~~~-
0.87 x 460 x 0 .95 x 740 

- 1188 mm1 

minimu m A •• O.13M • 
100 

0,13 x2300 x 800 
100 

· 2392 mm' 
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(8) 
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Provide nine TID at 270 rom centres, As ': 2830 mml. bottom. 

Transverse bending 
'-----, 

But 

I 15 2 
AI = 393 x - '- = 260kN m/m 

2 

M 
As:::: "",0::0--

0.87 fyz 

260 x 10' 

0.87 x 460 x 0,95 x 720 

= 950 mml /m 

minimum A = O.13bh = O.13 x lOOO x8QO 
5 100 100 

= 1040 mm1Jm 

Provide Tl 6 bars at 180 rom centres, area '" 1117 rom l per metre. 

The transverse reinforcement should be placed at closer cen tres under the 
columns to allow for greater moments in those regions. 

10.3 Strap Footings 

Strap footings, as shown in figure 10.11 , are used where the base for an ex terior 
column must not project beyond the prope rty line. A strap beam is constructed 
between the exterior footing and the adjacent inte rior footing - the purpose of the 
strap is to restrain the overturning force due to the eccentric load on the ex terior 
footing. 

The base areas of the footings are proportioned so that the bearing pressu res 
are unifonn and equal under both bases. Thus it is necessary that the resultant o f 
the loads on the two footings should pass through the centroid of the areas of the 
two bases. The strap beam between the footings should not bear against the soil, 
hence the ground directly under the beam should be loosened and left uncom· 
pacted. 

To achieve suitable sizes for the footings several trial designs may be necessary. 
With reference to figure 10.11 the prinCipal steps in the design are as follows. 

(1) Choose a trial width D for the rectangular outer foo ting and assume 
weights WI and W:z for the footings and Ws for the strap beam. 

(2) Take moments about the centre line of the inner column in order to 
determine the reaction R I under the outer foot ing. The loadings 
should be those required for the serviceability limit state. Thus 

(RJ - Wd (L+f - ~) - N'L - W. ~"'O ( 10.5) 
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and solve for R l ' The width B of the outer footing is then given by 

B "" B..! 
pD 

where p is the safe bearing pressure. 

(3) Equate the vertical loads and reactions to determine the reaction R'J. 
under the inner footing. Thus 

(4) 

(5) 

(6) 

(7) 

(8) 

R, +R, - (NI +N'l + WI + W'l + W, ) = O (10.6) 

and solve for R,. The size S of the square inner footing is then given by 

s= J:' 
Check that the resultant of all the loads on the footings passes through 
the centroid of the areas of the two bases. If the resultant is too far 
away from the centroid then steps 1 to 4 must be repeated until there 
is adequate agreement. . 
Apply the loading associated with the ul timate limit state. Accordmgly, 
revise equations 10.5 and 10.6 to determine the new values for R, and 
R'J.' Hence calculate the bearing pressure Pu for this limit state. It may 
be assumed that the bearing pressures for this case are also equal and 
uniform. provided the ratios of dead load to imposed load are similar 
for both columns. 
Design the inner footing as a square base with bending in both direc· 
tions. 
Design the outer footing as a base with bending in one directio n and 
supported by the strap beam. 
Design the strap beam. The maximum bending moment on the beam 
occurs at the point of zero shear as shown in figure to. t I . The shear on 
the beam is virtuaUy constant, the slight decrease being caused by the 
beam's self·weight. The stirrups should be placed at a constant spacing 
but they should extend into the footings over the supports so as to give 
a monoli thic foundation. The main tension steel is required at the top of 
the beam but reinforcement should also be provided in the bottom of 
the beam so as to cater for any differential settlement or downward 
loads on the beam . 

lOA Strip Footings 

Strip footings are used under walls or under a line of closely·spaced columns .. Even 
were it possible to have individual bases, it is often simpler and more econom iC to 
excavate and construct the formwork for a continuous base. 

On a sloping si te the foundations should be constructed on a horizontal bearing 
and stepped where necessary. At the steps the footl np . hould be lapped as shown 
in figure 10. J 2. 
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Figure 10.12 Sup~d {ootingon ufoping lite 

Jht f otings are analysed and desi ned as an inver 0 bnuous beam su . ected 
Ihe aroun earing pressures. 1!.!! a IC rig! oo ting and a firm soil. a linear 
trlliU ilon of &earing pressure is considered. If the columns are equally spaced and 

11.I~ lIrloaaed the pressure Is uniformly diStributed but if the loading is not sym· 
Irlcal then the base is subjected to an eccentrlcfoad and the bearing pressure 

flo ••• shown in figure 10.13. 

N N N N, N~ N, 

! ! ! 

I 
nn IT 

fff ffl' [1111 1 ) 

Uni for m p rClssu rCi NOn- uni for m p rClssurCl 

Fliure 10. 1] UneoT prellure distribution under Q rigid strip looting 

Ib, bearing pressures will not be linear when the footing is not very rigid and 
.11 1. soft and compressible. In these cases the bending·moment diagram 

M be quite unlike that for a continuous beam with firmly held supports and 
Ilulllcm lS could be quite large, particularly if the loading is unsymmetrical. For 

foundation it may be necessary to have a more detailed investigation of the 
pl,lIures under the base in order to determine the bending moments and 
, .... forces . 

•• llIr~~eQuired in the bottolD .. m t~ base to resis t the transverse 
III momen ts \0 J.!!IdiUon to the reini:2rzmcnt required for th~inal 
h'l ' ootings which sup ort hellvily loa lied columns o ften require stirrups 

n" up rs to res s Ie shell r ng orces. - -
IpI, /0.1 Des/g" of (J Strip FOOIIIf, 

•• trlp footing 10 carry 400 mlll ' quaro column. equally spaced 013 .5 m 
• On cach column tho ch'rlcterl' llt 1 ~ .. tI,"" 1000 kN dead and 350 kN 
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3·5 m ctr s 
I I 
~- + 
I /8 T20 I 

~~~~-:;.U , 
8T20 T20 at 250 ctrs 

I. 2 2 m J 

Figure 10. 14 Strip footing with bending reinforcement 

imposed. The safe bearing pressure is 200 kN/rnz and the characteristic material 
strengths are feu'" 35 N/mm2 and fy = 460 N/mm2

. 

(1) Trya thickness of footing = 800 with d = 740 mm for the longitudinal 
reinforcement. Assume a footing self.weight = 45 kN/m. 

W·d h f f· . d oI0:cOO=--+-:3:o:5,,0_+-:{-:45c..X=3.C"-S) = 2.15 ,n 1 t 0 ootmg requue = -
200 x 3.5 

Provide a strip footing 2.2 m wide. 
At the ultimate limit state 

column load = l.4x 1000 + 1.6 x 350= 1960kN 

. 1960 
beanog pressure = c-''''-''-c 

2.2 x 3.5 

= 255 kN/m2 

(2) Punching shear at column face 

Vc = N/column perimeter x d 

= 1960x Ifrlj1600x740 

= 1.7 N/mm2 < 0.8 .J/cu 
By inspection, the normal shear on a section at the column face will be 
significantly Jess severe. 

(3) Longitudinal Reinforcement 
Using the moment and shear coefficients for an equal-span continuous 
beam (figure 3.10), for an interior span 

moment at the columns = 255 x 2.2 x 3.52 x 0.08 

=SSOkNm 

therefore 

A s:::: SSO X I0
6 

- 1955m m2 

0.87 x 460 x 0.95 )( 740 

(4) 
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Minimum As = 0.13bh = 0. 13x 22oox 800 
100 100 

= 2288 mm l 

Provide eight T20 at 300 mm centres, area = 2510 mm2 , bottom steel. 
In the span . 

M = 255 x 2.2 x 3.52 X 0.07 

=481kNm 

therefore 

As= .481 X 10
6 

= 17lOmm2 

0.87 x 460 x 0.95 x 740 

Provide eight T20 bars at 300 mm centres, area = 25 10 mm2 , top steel. 
Transverse Reinforcement / 

1 12 / 
M = 255 x _.- :::: I SS kN m/m 

2 

A" , 155 X 10
6 

=S66mml/m 
0.87 x 460 x 0.95 x 720 

M· . A O.l3bh 013 000 800 040 ' lmmum s = - - -=. xl x-=l mm 
100 100 

Provide T20 bars at 250 mm centres, area = 1260 mml/m, bottom steel. 
(5) Nonnal Shear will govern as the punching shear perimeter is outside the 

footing. 
1.0d fro m column face 

V= 255 x 2.2 (3 .5 x 0.55 - 0.74 - 0.2) = 553 kN 

(The coefficient of 0.55 is from figure 3.10.) 

553 x 103 

Shear stress v = = 0.34 N/mm 2 

2200 x 740 

Allowable ultimate shear stress:::: 0.38 N/mm2 , from table 5. 1 for 
feu = 35 N/mm2

. 

au ~ Raft Foundations 

"rt foundation transmits the loads to the ground by means of a reinforced 
'I,,'re IC slab that is continuous over the base of the structure. The raft is able to 
.. " over any areas of weaker soil and it spreads Ihe loads over a wide area. 

I Ivll)' lOa de d structures I1 re often provided wit h one cont inuous base in pre-
1'1I(;e to many closely spaced, Se pOT (l le foo tings. Also where settlement is a 
"lIlom. because of mining subSidence. II I. common practice 10 use II raft founda
II In conjunction with II more fle xlblo . upermllchu e. 

The simplest Iypo of rll fl Is a nal I I.h ul Ullifclnn Ihlckncss supporting the 
It Will •. Where punching shcars hre 1lrllCl II .. ~lIhllnn. 1111)' be provided wHh 3 
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pedestal at their base as shown in figure 10. 15. The pedestal serves a similar 
function to the drop panel in a flat slab floor. Other, more heavily loaded rafts 
require the foundation to be strengthened by beams to fonn a ribbed construc
tion. The beams may be downstanding, projecting below the slab or they may be 
upstanding as shown in the figure. Downstanding beams have the disadvantage of 
disturbing the ground below the slab and the excavated trenches are often a 
nuisance during construction, while upstanding beams interrupt the clear floor 
area above the slab. To overcome this a second slab is sometimes cast on top of 
the beams, so forming a cellular raft. 

Rafts having a unifonn slab, and without strengthening beams, are generally 
analysed and designed as an inverted flat slab floor subjected to the earth bearing 
pressures. With regular column spacing and equal column loading, the coefficients 
tabulated in section 8.7 for flat slab floors afe used to calculate the bending 
moments in the raft. The slab must be checked for punching shear around the 
columns and afound pedestals, if they are used. 

(0) F l a t s lob (b ) Oownston d 
bOlam 

Figure JO. IS RaJtfoundation, 

--I"~ 
Wa t <lr 
tablOl 11 1 111 

/ 

(c) Upstan d 
b<2am 

---

F~re 10.16 Raft foundation subject to uplift 

A raft with strengthening beams is designed as an inverted beam and slab floor, 
The slab is designed to span in two directions where there are supporting beams on 
all four sides. The beams are often subjected to high shearing forces which need to 
be resisted by a combination of stirrups and bent-u p bars. 

Raft foundations which are below the level of the Willer table as in figure 10, 16 
should be checked to ensure that they are able to rel l" the uplIft fo rces due to Lhe 
hydrostatic pressure. This may be critica l durin. cun, CrucHon before the weight of 

/' 
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Ihe superstructure is in place, and it may be necessary to provide extra weight to 
lhe raft and lower the water table by pumping. An alternative method is to 
_lIchor the slab down with short tension piles. 

10,6 Piled Foundations 

IIUe. are used where the soil conditions are poor and it is uneconomical, or not 
IMJ .. lblc, to provide adequate spread foun dations. The piles must extend down to 
n,m loil so that the load is carried by either (1) end bearing, (2) friction, or 
U). combination of both. end bearing and friction . Concrete piles may be precast 
,,_d driven into the ground, or they may be the cast in situ type which are bored 

f 'XcaYated. 
/!. .oils survey of a proposed site should be carried out to determine the depth 

LI firm soil an d the properties of the soil. This information will provide a guide to 
lengths of pile required and the probab;rfafe load capacity of the piles. On a 

' .. contract the safe loads are often determined from full-scale load tests on 
J1h:. 1 piles or groups of piles. With driven piles the safe load can be calculated 
.m equa tions which relate the resistance of the pile to the measure d set per 
uW I nd the driving force. 

I ho load-carrying capacity of a group of piles is not necessarily a multiple of 
I (or II single pile - it is often considerably less. For a large group of closely 
od friction piles the reduction can be of the order of one-third. In con trast, 
hl~d capacity of a group of end bearing piles on a thick stratum of rock or 
IIIKI sond or gravel is substantially the sum total of the resistance of each 

Jt,Jdu~ 1 pile. Figure 10.17 shows the bulbs of pressure under piles and illustra tes 
tho se ulemen t of a group of piles is dependent on the soil properties at a 

tff depth. 

P ll et g"OUO Sin g let p ll et 

Plaur. 10,11 81111/, ul P'",\4,.. 
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The minimum spacing of piles, centre to centre , should not be less than ( I) the 
pi le perimeter - for friction piles, or (2) twice the least width of the pile - for 
end bearing piles. Bored piles are sometimes enlarged at their base so that they 
have a larger bearing area or a greater resistance to uplift. 

A pile is designed as a short column unless it is slender and the surrounding soil 
is too weak to provide restraint. Precast piles must also be designed to resist the 
bending momen ts caused by lifting and stacking, and the head of the pile must be 
reinforced to withstand the impact of the driving hammer. 

It is very difncult if not impossible to determine the true distribution of load 
of a pile group, therefore, in general, it is more realistic to use methods that are 
simple but logical. A vertical load on a group of vertical piles with 8n axis of 
symmetry is considered to be distributed according to the following equa tion, 
which is similar in form to that for an eccentric load on a pad foundation : 

P _ N ± Ne",,,, ± Neyy 
" - - -- Yn xn 

II I:x:x Iyy 

where Pn is the axial load on an individual pile 
N is the vertical load on the pile group 
II is the number of piles 

e",,,, and Cyy are tile eccentricities of the 10adN about the centroida l axes XX 
and YY of the pile group 

I ;c;c and Iy)l are the second moments of area of the pile group about axes XX 
::lIId YY 

xn and Yn are the distances of the individual pile from axes YY and XX , 
respectively. 

Exlltnple 10.4 Loods in II Pile Group 

Determine the distribution between the individual piles of a 1000 kN vertical load 
acting at position A of the group of vertical piles shown in figure 10. 18. 
Centroid of the pile group: taking moments about Line TT 

2.0 + 2.0 + 3.0 + 3.0 '" 1.67 m 
6 

where n is the number of piles. Therefore the eccentricities of the load about the 
XX and YY centroidal axis are 

,nd 

similarly 

TIlerefore 

e;c;c :: 2.0 - 1.67 = 0.33 m 

\ 

en = 0.2 m 

I",;c = l:Yn 1 with respect to the cen troidal axis XX 

=2x 1.671 +2x O.33l + 2x 1.33l =9 .33 

FOUNDATi ONS 

Pn "'!:! ± NcJO( Yn ± Ncyy Xn 
II l;c;c 1)1)' 

1000 ± 1000 x 0.33 
= - 6- 9.33 Yn ± 

= 166.7 ± 35.4Yn ± 33.3xn 

Therefore, substi tuting for Yn and xn 

1000 x 0.2 

6.0 

PI = 166.7 - 35.4 x 1.67 + 33.3 x 1.0 '" 140.9 kN 

P2 :: 166.7 - 35.4 x 1.67 - 33.3 x 1.0 = 74.3 kN 

PJ = 166.7 + 35.4 xO.33+33 .3 x 1.0= 211.7 kN 

P4 = 166.7 + 35.4 x 0.33 - 33.3 x 1.0 = 145.1 kN 

Ps = 166.7 + 35.4x 1.33+33.3x 1.0=247.1 kN 

P6 ", 166.7 + 35.4 x 1.37-33.3 x 1.0 '" 180.5 kN 

, . ,·\57,nl 

T 

Total 999.6 ~ 1000 kN 

. y 

~ 

10.8m l t
_"Y _O'2m] y 

T 

2·0m 

-+._x 

1·0m 
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When a pUe group Is unsymmetrical about both co-ordinate axes it is necessary 
to consider the theory or bending about Ihe principa l axes which is dealt with in 
most textbooks on stre ngth or materials. In this case the formulae for the pile 
loads are 

where 

and 

A '" N(en'I:x~ - eyy'I:xnYn) 
'I:x~I;y~ - (1:x nYn)2 

B '" N(eyy1:y~ - en 1:xnYn) 

1:x~:1:y-~ - (I:xnYn )~ 

Note that en is the eccentricity about the XX axis, while eyy is the eccentricity 
about the YY axis, as in figure 10. 18. 

Piled foundations are sometimes required to resist horizontal forces in addition 
to the vertical loads. If the horizontal forces are small they can often be resisted by 
the passive pressure of the soil against vertical piles, otherwise if the forces are not 
small then raking piles must be provided as shown in fig ure 10.19a. 

To determine the load in each pile either a static method or an elastic method is 
available. The static method is simply a graphical analysis using Bow's notation as 
illustrated in figure 1 0. 19b. This method assumes that the piles are pinned at their 
ends so that the induced loads are axial. The elastic method takes into account the 

o 

, 

(0' (0, 
, 

Figure 10. 19 Force. in rr/kln, pile. 
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displacements and rotations of the piles which may be considered pinned or fIXed 
Ilt their ends. The" pile foundation is analysed in a similar manner to a plane frame 
or space frame and available computer programs are commonly used. 

The pile cap must be rigid and capable of transferring the column loads to the 
plies. It should have sufficient t hickne ss for anchorage of the column dowels and 
the pile reinforcement, and it must be checked for punching shear, diagonal shear , 
be nding and local bond. Piles are rarely positioned at the exact locations shown on 
Ihe drawings, therefore this must be allowed for when designing and detailing the 
pile cap. 

( 



11 
Water-retaining Structures and 
Retaining Walls 

The design of both of these types of structure is based on fundamental principles 
and analysis techniq ues which have been discussed in previous chapters. Because 
of their specialised nature, however , design is often governed by factors which 
may be regarded as secondary in normal reinforced concrete work . Such structures 
are relatively common, in one form or another , and hence justify coverage in some 
detail. 

1 1. 1 Water-retaining Structures 

Thls category includes those which arc required to contain, or exclude , an y non
aggressive aqueous liquid. Since water is that most corrunonly involved, however, 
the rather loose title is frequently used to describe such structures. Conunon 
structures of t his type include water towers and reservoirs, storage tanks including 
sewage disposal and treatment systems, and floors and walls of basements and 
o ther underground constructions where it is necessary to prevent ingress of 
groundwater. 

As jt is important to res train cracking so that leakages do not take place the 
design is genera lly governed by the requirements of the serviceabili ty limit state, 
but stabili ty considerations are particularly important an d design must take 
careful account of the construction methods t o be used. British Standard Code 
of Practice BS 8007 offers guidance on the design and construction of this 
category of structure, and is based o n 3 limit state philosophy as embodied In 
BS 8110. 

Elastic design met hods have tradi tionally been used , and these 3re also sum· 
marised in this chapter al though not included in BS 8007. 

Code o f Practice BS 8007 recommends modifica tio ns to the detailed Limit 
State design requirements o f BS 8 110, with the prinCipa l features being: 

(a) Use o f 'Y f = 1.4 for liquid loads. 
(b) Use of concrete grade C35 A (thl. hllS. m."hmnn w'ler/cement ratio of 

./ 

(0) 

(d) 

(0) 
(r) 

(8) 
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0.55 and minimum cement content o f 325 kgJm3 
- that is, durability 

performance comparable to grade C40). 
Exposure classification of internal me.mbers and both faces of members 
exposed to liquid on at least one face is severe, giving minimum cover of 
40 mm. If a more severe exposure condition exists, BS 81 10 durabili ty 
requirements may dominate. 
Maximum crack width limited to 0.2 mm unless the aesthetic appearance 
is critical, when 0.1 mm is required to avoid staining of the concrete. 
Maximum bar spacing of 300 mm. 
Anchorage bond stresses for straight horizonta l bars in sections subjected 
to direct tension must be reduced to 70 per cent of the usual values. 
At least 75 mm blinding concrete is required below ground slabs. 

l 'coltsn procedures are aimed primarily at providing appropriate combinations of 
I luvemenl joints and reinforcement to limit crack widths t o t he required values. 

II. 1.1 Design and Construction Problems 

I II ensure a watert ight structure the-'POncrete must be adequately reinforced in 
~ l lolIs where tension may occur. For this reason it is important to be able to 

" vllllge the deflected shape of the structure and its individual elements. Tensile 
II" \CIS due to any direct tensile forces as well as those due to bending must be 

luded in the design calculations. 
Continuity reinforcement to prevent cracking must be provided at corners and 
nKlmber junctions. This reinforcement must extend well beyond where it is 
~ lIlred to resist the tensile stresses, particularly when t hese stresses occur on the 

In con tact with t he liquid. 
I ho design should consider the cases where the structure is full o f liquid 

1I.lwlns fo r blocked outlets) and also when it is empty. The structure when empty 
I h .... e the strength to withstand the active pressure of any retained earth . 

the passive resistance of the earth is never certain to be acting, it should 
"Illy be ignored when designing for t he structure full. 
C IIc.;.klng may occur not only from nexure and shrinkage, but also from sub· 
tin: lind in some areas earthq uakes. Careful attent ion must thus be given to 

11,.,lcal llspects of a proposed site and in particular to the possibilities of 
1I,,"' ntlll l settlemen t. It may sometimes be necessary to provide movement 

h to cater for lilis, in addit ion to expansion and contraction joints required 
IIluw fo r therma l and shrinkage movements. Flexural cracking can be control· 
hV a reful design and detail ing and is discussed in chapter 6, while shrinkage 
Ihll rnml effects ca n be reduced consid erably by careful attention to the 
u uclioTl fu ctors listed in section ) .3. 

Wllh n thick section, the heat gcnerated by hydration cannot readily be dis· 
IttI , lind the resulting temperature rise In the body of the concrete may be 

,lr rL\ blc. In addition to the no rmal precautions, it may be necessary to use 
lit" cemonts and to restrict t he size o f pours, for exa mple. Experimental 

, .. Ii • • shown t hat In Willis and sltlbs greuler than SOO mm in tllickness, the 
, ,~O mill o n each face may be regilded u the surf(lce zone and the remainder 

..... Minimum reinforcement qUllnllliOl to cOnlmlthetnllll llnd shrinkage 
.. hlK should thus be based on a mulnnun m.mher thi ckness of 500 mm. 
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The bottom surface zone fo r ground slabs should be only 100 IIUIl. TeT1)perature 
rises due to hydration must be averaged to allow fo r the core temperature. 

The importance of good curing cannot be overemphasised . but it is important 
to remember that good compaction on site is just as vital, if not more tritical, in 
prod ucing an impermeable concrete. It is essential. therefore , that the concrete 
mix used is sufficiently workable to enable easy handling during construct ion, 
with no tendency to segregation. An increased water content combined wit h a 
higher cement content will help to achieve this, while a longer mixing time, and 
the use of natural aggregates in preference to crushed stone are also helpful. Wall 
t hicknesses of at least 200 mm are recommended to assist compaction. 

Formwork must also be ca refully constructed to avoid grout leakage at joints 
and consequent areas of concrete vulnerable to water penet ration. Particular care 
must also be given to the use of formwork ties. Through ties should not be used , 
as these offer a potential leakage path. The choice of surface finish should take 
account of possible staining of exposed surfaces. 

Flotation, particularly during construction, is a major problem in many under· 
ground tanks and basements. To overcome this it may be necessary to dewater the 
site, increase t he dead weight of the structure, use anchor piles or provide for 
temporary flooding of the structure. In any case, the con struction sequence must 
be carefully studied , and specified at the design stage to ensure a minimum facto r 
of safe ty of 1.1 against flotation. 

When filling a tank or reservoir for the first time , this should be done slowly. 
This permits st ress redistributions to occur, and this, coup led with creep effects, 
will greatly red uce the extent of cracking. An initial watertightness test is likely to 
be specified, and a recommended procedure is given by BS 8007 . Access provision 
will be required for inspection , cleaning and testing and this must take account of 
safety and ventilation requirements. 

11 .2 Joints in Water-retaining Structures 

AU concrete structures must inevitably contain construction joints, alt hough the 
need for joints to accommodate movement in water·retaining structures is governed 
by the likelihood of, and need to restrict , unacceptable cracking principally due to 
shrinkage and t hermal movements. Frequent ly it may be possible to combine the 
two categories of joint. 

The principal cha racteristics of joints are that they must be watertight , and in 
the case of movement joints must also permit the repeated required movements to 
take pla ce as freely as possib le. Waterbars will generally be incorporated, either 
the surface type in slabs, or commonly the centre bulb type in walls. These must 
be effectively held in position during concreting, while allowing good co mpaction 
of the concrete to be still possible. Such waterbars must furthermore be able to 
accommoda te anticipated movemen t witho ut tearing, and withstand considerable 
water pressures. 

All movement joints must be sealed with a fl exible compound which effectively 
is watertight and also prevents dust and grit from entering lin d thus block ing the 
joint. Jointing materials must be durable under the conditions of exposure to 
which they may be subjected, but routine replaceme nt I, likely to be necessa ry. 

WATER·RETAINING STRUCTURES AND RETAINING WALLS 

11.2. 1 Construction Joints 

299 

( 'unit ruction joints cannot be avoided , and the aim must be to ensure reinforce· 
Ilt continuity with good bonding between the new concrete and old. Such 

Iluirements, of COllIse, apply to any reinforced concrete construction but 
,~cJa l ca re must be taken in this instance if leakage is to be avoided. laitance 

IIJllll lways be removed to expose coarse aggregate and a sound irregular con· 
Iflo surface . The new concrete is then poured either directly against this surface , 

alternatively a t hin layer of grout may be applied before casting. If well con. 
fueled, such joints should be complete ly watertight. Waterslops are not usually 

olllry ; however, it is sometimes preferred to seal the joint on the water· 
'lining surface as an additional precaution. 

h 
\ Pra porad $urloca 

Figure 11.1 ConmuctlonJoint 

horover possible the construction should be arral)ged so that the joints are 
, .U horizontal or all vertical. In some instances long lengths of walls or slab 
'Iltlructcd in alternate lengths as shown in figure 11.2, so that when the 

modla te pours are made later the o lder concrete in the earlier pours will have 

11~·=,':;":,,=iIr==,:,·=r=:2:n:·=~I·=- ~:::;uctlOn 

Alt Qr '1ota Boy COI"Istruct.on 

'" 2nd ". 

Flp l ' 11.2 COfutrur//Ol! pr.)«Jw,. III' "..,lIt 
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already t aken up some of the shrinkage movement. But on the other hand some 
engineers prefer to construct successive lengths, arguing that this will mean there 
is only one restrained edge and the other edge of the slab is free to contract with-
out cracking. . 

11.2.2 Movement Joints 

Movementjoints are provided t o reduce the likelihood of unwanted thermal or 
shrinkage stress concentrations. They ensure there is only a partially restrained 
condition dUMg contraction o f the immature concrete. 

Joints to accommodate contraction may be of two types, 'partial' or 'com
plete', depending upon the extent of contraction anticipated and the degree o f 
rest raint that can be tolerated . 'Partial' contraction ,joints are the simplest to 
provide, and consist of a deliberate discontinuity of the concrete, but without 
an initial gap, as shown in figure 11.3. Care must be taken t o prevent excessive 
adhesion of the concrete surfaces when the second slab is cast against the first, 
and a waterbar may be desirable as a precaution in addition to the joint sealer. 
Reinforcement is continuous across the jOint to provide some shear transfer , but 
at the same time this reduces the effective freedom of movement of the adjacent 
concrete sections. Such joints thus provide only limited relief from constraint 
and they must always be separated by at least one movement joint with complete 
discontinuity of concrete and steel. 

(a) Wo l l (b) Slob 

Figure 11.3 Partial contraction joint 

An example of a 'complete' contraction joint which fulfils this requiremen t is 
shown in figure l 1.4a. In this case both steel and concrete are discontinuous, but 
if any shear must be transferred then a shear key is required, as shown. In this type 
of jOint a waterbar is considered to be essential, although there is no initial gap 
between the concrete surfaces. 

Where expansion of the concrete is considered pOSSible, joints must be provided 
which permit this to take place freely withoUi the development of compressive 
stresses in the concrete. Expansion joints must, therefore, not only provide com· 
plete discontinuity of concrete and steel reinforcement, bUllIlso must have an 
init ial gap to accommoda te such movemen t. ('nntrlll; llo n can II lso o f co~ be 
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~ l& l c red for by this type of joint. Figure 11.4b shows a common expansion jOint 
iJe l~il , where in addition to a sealer and special waterstop, the joint is filled with a 
1II111·:tbsorbent compressible filler. Shear can obviously not be transmitted by tltis 
jul ll! , but ifit is essential that provision for shear transfer be made , a special jOint 
Involving sliding concrete surfaces must be designed . Water pressure on the joint 
lIileria ls may also cause problems if the gap is wide, and this must be considered. 

SIIQlelr 

Comprelssi bl ll 
l i ll elr 

Celntrll bu lb 
w.o tll r bo r 

Concrlltll bond 
brOKlln 

SlIolllr 

'-U Shllor l<.elY 
( il relquirlld) 

Bond brllokllr V"~;C~~4"~~~ 
(pol yth'lfl(fSh<Nt) t-

Bl ind ing COnCrq \ 1I 

(0 ) Com p i lltll con t roctlon 
Join t in wa ll 

Su r facII watllrbar 

(b) Expans ion joint 
in f l oor s lob 

Figure 11.4 Complete movement joints 

atlonally, a structure may be designed on the basis that one part is to be free 
10,"0 reilltive to another, for example in a circular tank on a flat base, the walls 
II designed as independent of the base. In such cases special sliding joints 
'lIIolhnes used . The essential requirement is that the two concrete surfaces 

Ilutely plane and smooth and that bond is broken between the surfaces such 
II. blllng or the use of buildillg paper, or that a suit able flexible rubber pad is 
I IIlurCi 11.5 shows a typical detail for such ajoint, which must always be 

",",Iy SCialed. 

F llI)Oab lel 
SllolCl r 

PrClPO"od ' I I'd'ng ' 
jo,n\ lurloCO 
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Provision_of Movement Join ts 

The need fo r movement joints will depend to a considerable extent on the nature 
of the structure and the usage to which it is put. For instance an elevated st ructure 
may be subjected to few restraints, while an underground st ructure may be 
massive and restrained. On the other hand, temperature and moisture variations 
may be greater in exposed structures than those which are buried. lfwann liquids 
are involved, then this must be reOected in the provision of adequate jOints. 

The type of member, and construction sequence, will also be an important 
consideration. Floor slabs will generally be cast on a separating layer of polythene 
or some similar material laid on the blinding concrete, and in this case joints should 
be complete contraction or expansion joints. Alternatively, the slab may be cast 
directly on to the blinding and reinforced to limit cracking on the basis of full 
restraint as described in chapter 1. 

Walls may Similarly be designed as fully restrained , o r alternatively cont raction 
jo ints provided at spacings indicated by table II. t . 

Expansion joints must be provided if necessary. In some instances roofs may be 
separated from the walls by sliding joints. If the roof is to be designed as unre· 
strained then great care must be taken to minimise the rest raints to thermal 
movement during construction. If significant res traints cannot be avoided , rein· 
forcemen t must be designed to limit the likely cracking. Where roof and wall are 
monoli thic, joints in the roof should correspond to those in the wall, which in 
turn may be related to those in the floor slab. 

If design of a member is based on the fully restrained condition , it is assumed 
that cracking will be cont rolled by the reinforcement; therefore the critical steel 
ratio 'em which is discussed in section 6.5 must be exceeded. The reinforcement 
is then detailed to limit the maximum likely crack width to the required value , 
using appropriate values of likely temperature change and concrete properties 
recommended by the code of practice. In this instance greatest benefit is 
obtained from closely spaced small diameter bars. 

Alternatively , if proper movement joints are provided so that cracks are con· 
cent rated at the joints, reinforcement may be designed on the basis of only partiol 
restraint as indicated in table 11.1, but bar spacing should not exceed 300 mm, or 
t he section thickness. 

11.3 Reinforcement Details 

Reinforcement should normally be placed near the surface of the concrete but 
with a minimum cover of 40 mm. Minimum steel areas in each of two directions 
at right angles depend on the joint arrangement as discussed above, but these 
will frequently need to be exceeded to limit thennal crack widths. 

The critical steel ratio, ' crit> is given by fctffy as in equation 6.12 of section 6.5, 
and typically has the following values for grade C35A concrete: 

High-yield bars (fy '" 460 N/mml), 'e~ · 0.0035 

Mild steel bars (fy ... 250 N/ mm1)"ntt • 0 .0064 
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In walls less than 200 mm thick or ground slabs less than 300 mm thick steel areas 
should be provided in one layer, but in thicker members two equal layers should 
be provided. Spacing should 1I0 t exceed 300 mm or the section thickness. 

Limitation of crack widths means that under service conditions the reinforce
ment is likely to be acting at stresses below those normally existing in reinforced 
concrete members. This red uces the advantages of increased strengths usually 
associated with high-yield steels. It will be noted however 1113t minimum thermal 
crack control quantities are considerably reduced if deformed bars arc used, 
because of their improved bond characteristics. The choice between high-yield 
and mild steel is, therefore , not well-defined and is often a matter of personal 
preference of the engineer. 

t t.4 Design Methods 

The design of water-retaining st ructures may be carried out using either 

(1) a limit state design, as recommended by BS 8007, or 
(2) an elastic design , which is not now covered by the British Code of Practice. 

A limit st ate design is based on both the ultimate and serviceability limit states, 
using the methods described in the previous chapters. As the restraint of cracking 
is of prime importance wi th these structures, the simplified rules for minimum 
steel areas and maximum spacing are no longer adequate. It is necessary to check 
the concrete strains and crack widths, using the methods described in chapters I 
and 6. The calculations tend to be lengthy and depend on factors such as the 
degree of restraint, shrinkage and creep which are difficult to assess accurately. 

Elastic design is the traditional method which will possibly cont inue to be 
used for many structures. It is relatively simple and easy to apply. It could be 
used in conjunction with limit state methods when there are special circumstances, 
such as when stability calculations are necessary, or when the structure has an 
irregular layout, so that the critical loading patterns for the ultimate limit state 
should be considered. Even though a structure has been designed by the elastic 
method it may stili be necessary to calculate the possible movement and crack 
widths. 

11.4.1 Limit State Design 

The application of limit state techniques to water-retaining structures is relatively 
new and the recommendations of BS 8110 are used subject to modifications 
contained in BS 8007. The principal steps for the limit state design of a 
reinforced concrete structure are: 

1. Ultimate limit state design calculations 
2. Serviceability limit state design calculations wi th eithcr 

(a) Calcul ation of crack widths 
or (b) 'Deemed to satisfy ' requi rements for applied loading effccts on tht 

mature concrete. These are based 0 11 maximum service st resses In 
the reinforcemc nt and II naly. ls InvnlvCl the triangula r stress block 
of sec lion 4. 10. 
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If II water-retaining st ructure is to be constructed in prest ressed concrete , the 
,Icgory of prestressed member to be adopted as described in chapter 12 will be 

,It'lermi ned on the basis of the exposure cond itions. Once the appropriate category 
I., been establislled . each member will be designed in the way described in 
hdpler 12. Special provisions for cylindrical structures which are prestressed 
tlically and circum ferentially are given in BS 8007. 
For the u! timate limit state the procedures followed are exactly the same as for 

'yother remforced concrete structure . The partial factor of safety on imposed 
ding due to contained liquid should be taken as 1.4 for strength calculations to 

!loct 11.le d.egree of accuracy with which hydrostatic loading may be predicted. 
.kulatiOns for the analysis of the structure subject to the most severe load 

nhinations will then proceed in the usual way. 
~rviceabil~ty design will involve the classification o f each member according 
II, crack-width category as described in section 11.1. External members not in 
Ilct wilh the liquid can be designed using lhe cri teria discussed in other 
Illers fo r normal reinforced concrete work. 
I he maximum likely crack widths may be calculated using the methods given 
~l lon 1.3 and chapter 6 and then checked for compliance with the allowable 

ItII. Alternatively, reinforcement stresses due to bending or direct tension may 
~ I cu l a t ed and checked for compliance with the demand to satisfy limits as 
Hil led ill example 11.1. 

rvlceability calculations will be requi red to consider three specific cases: 

f I) Flex ural tcmion in nurture concrete. TlLis may result fro m both dead and 
Imposed loads. 

I) /)irect tellsion ill mature concrete. This may be caused by hydrostatic 
loadi ngs. 
Direct tension ill imf1urture concrete. This is caused by rest rained thermal 
Ind shrinkage movement. 

'NI Tel/sioll ill Mature Concrete 

I Ila,n surface crack width may be calculated from equation 6.10 in section 
Im;h .hal 

_ Joer Em 

W

m .. - 1+2(' -em;.) 
II - x 

(6.10)' 

11'" Is the distance from the point at which the crack width is being cal-
1141 II poin t of zcro concre te strain (which is common ly taken as the surface 
11ClfCSt longitudina l reinforcing bar) as illustra ted in figure 11.6. cmin is the 
IIUI cover to main rein forcemen t, Em is the 3verage concrete strain and is 
·n Cl , !lIe apparen t strain , bU l ll lJows for the stiffening effect of the cracked 
I In Ihe tension zone by the relatlonshlp em • el - ('2. The value of E2 is 
Y In empirical expression such IhAi 

t, • h, (II - x)(a' 

3 f.'. A, (d 
xl 

.,) 
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f· • ·f 
Posi t i on ot wh i ch crock 
width is blling QssiZssed 

Figu(e 11.6 Position of Cllfcublted Crtlc/c width 

fo r a limiting design surface crack width of 0.2 mm, as in equation 6.11 

_ ..01 Co' 5-;;-b,;:,{",h.,---;x,-,)-,(a,-' .,---"X"-) 
fl -

3E,A,(d-x) 

for a limiting design surface crack width of 0.1 mm. In these expressions h t is tile 
wid til of the section at the centroid of the tensile steel and a' is the distance from 
the compressive face to the pOint at which the crack is calculated . A negative 
value o f em indicates that the section is uncracked. 

As an al ternative to such calculations of crack widths, table 11.2 offers maxi
mum service stresses for the reinforcement and if these values can be shown to be 
satisfied it may be assumed that maximum likely crack widths in the mature 
concrete will be below the limiting values. This requires an elastic analysis of the 
member under working conditions using the equations for the triangular st ress 
block as derived in section 4.10 and illust rated in example 1\.1. 

Table I \.2 Allowable steel stresses in direct or flexural tension for 
serviceability limit states 

Design crack 
width 
(mill) 

Allowable stress 

0.1 
0.2 

Plain bars 
(fy = 250 N/mml) 

(N/mm2
) 

85 
115 

Direct TellSion in Mature Concrete 

Deformed bars 
(fy = 460 N/mm2

) 

(N/mm1
) 

100 
130 

The maximum likely surface crack width due to direct tension may be calculutcd 
from 

Wmax '" 3acr em (II 

where acr is the distance to the surface of the lIearell reinforci ng bar and the 
average concrete strain em Is given by em - t l t) 
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whe re £2 = 2 b th for a 0.2 mm design surface crack width limit 
3Es A s 

(11.3)' 

" e1 '" ~ for a 0.1 nun design surface crack width limit 
EsAs 

(l1.4)* 

III these expressions £1 is the apparent concrete tensile strain and b l is the width 
., the section at the centro id of the tensile steel. This is illustrated in example 11.2. 

Service stresses in the reinforcement may alternatively be calculated for 
1l1parison. with the 'deemed to satisfy' stresses given in table 11.2. 

",bllled Flexural and Direct Te1l$ion in Mature Concrete 

te flexu ral tension and direct tension are combined, the strains due to each 
I be added togethe r in calculating crack widths in the mature concrete. 

"lIy olle of these will dominate as illustrated in example 11.3. 

" 'rension in Immature Concrete 

IJlll llons of crack widths are based on the procedures described in section 6.5 
I\1I II1e simplifications often used. Provided the critical steel ratio rcrit is 
ded, Ihennal cracking is takcn to have a maximum spacing 

fel $ 
smax "'~- X -

Ib 2r 
(6.13)' 

r • steel ratioA J Ac 
<II • bar diameter 
It I • 3 day tensile strength - taken as 1.6 N/ mm2 for grade C35A concrete 
It! • average bond strength bctween concrete and steel - taken as 1.6 N/ JTIJtil 

fo r plain round bars, o r 2.4 N/ mm1 (o r defonned type 2 bars. with 
grade C35A concrete. 

,lIk.1 steel ra tio rcm will have a value o f 0.0035 when fy = 460 N/ mm2 , or 
4 whe n fy = 250 N/ mm1 as described in section 11.3. 

wid th of a fully developed crack may be taken generally as 

wonax = smax (e$l1 + T ~ - (100 x 10- 6
)) 

'11 ~Clu llt ion 6.14 where €sh is the drying shrinkage strain and O:c is the 
III of thermal expansion o f Ihe mature concrete. III practice the drying 

.t ruln nl3Y be of the order of 100 X 10- 6 ps, hellce a simplified 

." 
T O, 

wmu "smax -
2 

( 11.5)' 

Ifd as adequate, where r Oc li the relev'llI tCll1porlltllrc chl nge. 
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Temperature rises due to hydration of the concrete (TJ"C) in walls may be 
expected to be of the order of 20G e in winter and 30°C in summer but should be 
increased fo r high cement contents, rapid hardening cement, thick members o r 
timber shutters in summe r. Values for ground Ooor slabs may be about SoC less 
as illust ra ted in table 11.3. 

Table 11.3 Typical design values of TJ for O.P.C. concrete in U.K. 

Section Walls and slabs with Walls with 18 mm Slabs on ground or 
thickness steel formwork plywood fo rmwork plywood fonnwork 

(mm) 
Cemen t content Cement content Cement content 

(kg/m') (kg/m3
) (kg/m') 

325 350 400 325 350 400 325 350 

°c °c °c °c °c °c °c °c 
300 20' 20' 20' 23 25 31 15 17 
500 20 22 27 32 35 43 25 28 
700 28 32 39 38 42 49 

1000 38 42 49 42 47 S6 

· lS0C for slabs. 
Note: These values assume a placing temperature of20oe with a mean daily 
temperature of 15°C, and the fo rmwork is not removed until the temperatu re 
peak has passed. No allowance has been made for solar gain in slab s. 

400 

°c 
21 
34 

Additional seasonal temperature falls may also be directly substituted into the 
above expression since the effects o f concrete maturi ty are offset by a smaller 
ratio of tensile to bond strength and other effects. These should be included as 
TIoC in calculations fo r continuous construction so that T= TI + TI . 

The fi nal details o f reinforcement to be provided must be co-ordinated with 
the joint spacing arrangement. This is a complicated procedure since a wide range 
of possibilities exists, but some alternative combinations based on control of 
thermal and shrinkage effects are suggested in table 11.1 and are illustrated in 
example 11. 1. Particular care must be taken to ensure that joints do not in terfere 
with intended structural actions. Reinforcement provided to resist thermal and 
shrinkage cracking in the immature concrete may fonn part or the whole of the 
reinforcement required 10 resist direct or flex ural cracking in the mature concretc. 

It will be seen that small·sized , closely spaced bars are best whenjoin l spacing 
is large; however, since crack spacing is related to bar diameter, large bars should 
be used whcn closer joints are combined with less steel. Although table t 1. 1 offe n 
a general guide, fl exural effects may dominate and it is recommended Ulal the 
engineer consults specialist literature when undertaking a major design on this 
basis. 

Example 11.1 Limit State Design 0/ a Water·re talnlng Sectioll 

The wall section shown in figu re I \.7 is subject to a moment of 14.6 kN m under 
working loads which may be considered as purely hydrostatic. The mOlllel\l acts 
so that there is tension in the face adjacent In lli t' liqUid A grade C3SA concrete 
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with mild steel bars are speCified and appearance is not critical. 18 mm plywood 
Immwork is to be used. 

• • I
b • l .0m I 

~[[f1 : : : ~~~~ :t 
li q uid 

dist r ibution 
s l 0202 1 

Figure II. 7 Wa ll section 

IIIlmum cover:: 40 mm, therefore assume d:: 150 mm. 

I tlililllatc Limit State 

IIlIIl te momen t M =: 14.6 x 1.4 :: 20.44 kN m 

M 20.44 x 10' 
= :-;;;;~~C:--::-:- = 0 .026 

1000 x 1502 x 35 

"lore lever-arm factor I.:: 0.95, hence 

A 
_ 20.44 X 10' 

st - = 659 mm2/m 
0.87 x 250 x 0.95 x ISO 

'('qui res 12 mm bars at 150 mm centres, area = 754 mm2 / m. 

rn'lceability Limit State 

If til TensiOIl in Mature Concrete 

the 'deemed to satisfy' conditions, check the service stress in the reinforce
I ~ timing a cracked sec tion and an estimated Ee :: 27 kN/mm2 . 

I I Es 200 
1., TIt 0 De :: -- = -- :: 14.8 (includes allowance for creep) 

Ec/2 27/2 

,~"o 

ae ~ :: 14.8 x 754 :: 0.074 
bd 1000 x 150 

'111 ngure 4.29, x ~ 0.31d '" 0.3 1 X 150'" 46 mill , therefore the reinforcement 
'lieU Is given by equat ion 4.47 liS 

14 .6)( \06 

• • 144 N/ nun' 

754 (I~O ~) 
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This is greater than the 115 N/ mm2 allowable from table 11.2 and the steel area 
must be increased if 'deemed to satisfy' requirements are to be met. 

Minimum A s '" 144 x 754=944 mm2 /m 
115 

which may be provided as 12 mm bars at 110 mm cent res, area 1028 mm2 /m, and 
exceeds the ultimate limit state requirement. 

Direct Tension in lmmalure Concrete 

To control thermal and shrinkage cracking, the critical steel ratio 'cril '" 0 .0064 
from section 11.3 for plain bars and grade C3SA concrete. Thus 

minimum steel area to control cracking'" As = 0.0064 Ac 

=0.0064 x 1000 x2oo= 1280mm2 /m 

and maximum crack spacingsmax '" let x ~ from equation 6,13. 
fb 2r 

For grade C35A concrete and plain bars'!ct = 1.6 N/mm2 and ib = 1.6 N/mm2 
, 

thus for 12 mm bars 

1.6 x 12 
"max '" - - -''''''-''O::c:-- = 937 mm 

1.6 X 2 X .,-,-"-12:::8",0= 
200 x 1000 

The temperature fall from the hydra tion peak T1 , assuming summer concreting 
(ambient temperature 15 c C), is taken as 23c e from table 11.3. Assuming a typical 
value of (Xc ::: 10 X 10- 6 te 

_ ere _ lO x 10- 6 
w max - smp - TJ - 937 x X 23 ::: 0.1 1 mm 

2 2 

from equation 11.5. This satisfies the 0.2 mm limit. 

Reinforcement and Joint Detailing 

Since the waU is 200 mm thick , reinforcement must be provided in two layers with 
at least 1/2 rcrit = 640 mml/m in each face. (1 2 mm bars at 175 mm cenlres, 
area'" 646 mm2 1m.) Thermal effects may thus be considered adequately covered 
if 12 mm bars arc provided at 110 mm centres in the liquid adjacent face as 
required by flexural requiremen ts, and at 175 mm centres in the o ther face. 
Alternatively 10 mm bars also at 110 mm centres (area = 722 mm2/m) may be 
more convenient in the liquid remote fa ce. 

Continuous construction wiu be required in the direction subject 10 the bendln, 
moment. Thus seasonal temperature effects on thermal crack widthA should be 
checked. 
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For the proposed reinforcement aL"rangement, 

small:: , 1.6 X 12 ::: 7 17 mm 

1.6 X 2 x (1028 + 646) 
200 X 1000 

.od assuming Tl :: 25°C, equation 11.5 gives 

wmp = smp Clc: (TJ +T2 ) :::f717 x~ X 10- 6 (23 +25) 
2 2 

=0.17mm 
hlch still satisfies the 0.2 mm limit. 

I'ransverse reinforcement reqUirements will depend on jOinting·arrangements. 
I there are no struct ural actions in that direction, options as dermed in table 11.1 

110 from continuous construction to close jOint spacings with steel reduced to 
1 'nit which is the equivalent of 10 mm bars at 185 mm cent res in each face 
'1 mml/m total). 
H conti nuous construction is to be used, crack widths including seasonal 

wperature changes should be checked and it will be found that a total steel 
• or at least 1440 mml 1m is required to satisfy the 0.2 mm limit. 
If Option 3 of table 11. 1 is adopted, the alternatives are: 

I ( 'otllple te joints at 4.8 + ~ metres , 
whc re W '" allowab lc crack width:: 0.2 X 10- 3 m 

.wJ e - thermal strain:: ere Tl '" ..!.Q X 10- 6 X 23 :: 11 5 X 10- 6 m 
2 2 

Ih"l .pacing must be less than 4.8 + 0.2 x 10-
3 

11 5x 1O 6 

'" 4.8 + [.74'" 6.54 m cen tres. 

!to rnllte pa rtial and complete joints at '" 0.5smax + 2 .4 + ~ metres , 
, thl. calculation smu should correspond to a steel area o f 853 mm2/m and 
10 mill bars and will thus be 

:: 937 X 1280 X .!..Q X 10- 3 = 1.173 m 
853 12 

1.173 
tll']1Ilcln8 must be less than -- + 2.4 + 1.74 '" 4.73 m cent res. 

2 
w 

11.1 Jo ints at '" .1' mu +, 
'II .paclng mu~t be less than 1.1 73 t 1.74 .2.<) 1 III centres. 
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Example 11.2 Limit State Design of Section Subject to Direct Tension Only 

A wall is subject only to a direct tensile working force of 265 kNJm due to hydro
static loads. Determine a suit able thickness and reinforcement arrangement using 
high-yield bars, fy ::= 460 N/mm2 , and grade C35A concrele for a 0 .1 mm 
maximum crack wid th. 

(a) Ultimate limit state 

Ultimate tensile force = 265 x 1.4 = 371 kN/m 

thus As= 37 1 X 10
3 

=927mm2 /m 
0,87 x 460 

(b) Serviceability limit state 

Critical steel ratio to control thermal cracking from equation 6. 12 

rCrit=fct = 1.6 =0.0035 as in section 11.3 
fy 460 

thus for cont inuous construction , maximum allowable section thickness for this 
steel area is given by 

~ =0.0035 
lOOOh 

hence maximum h = 265 mm. 
Try h = 150 (note tha t this is less than the 200 mm generally recommended 

but is used to illustrate proced ure s). 

Direct Tension in Mature Concrete 

Maximum crack width = 0.1 mm = 3 acr €m 
thus for alSO mm thick section, with 16 mm bars at 100 mm centres in one layer 

tension force 265 X 103 = 0.0006(1 
As = 2010 mm2 /m and strain EOl = -"'",,"'-"":::C 

EsAs 200 x 103 x2010 

and from equation ll A 1000 x 150 = 0.00037 
200 x 103 x 2010 

hence 

fm = €l - €z = 0.00066 - 0.00037 = 0.00029 

Since from equation 11.2 W max = 3 ocr fm 

maximum aUowable ocr = 0.1 - 11 5 mill 
3 x 0.00029 
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hlr 16 mm bars in one layer at IDa mm centres 

acr = j{(IOO)' +(I SO)'} -8 =82 mm which is less than 
2 2 115 mm (see example 6A) 

Crack width is less than 0.1 mm as required. 

f}/rec/ TellSion in Immature Concrete 

I II control the rmal and sJuinkage cracking 

A 20 10 
steel ra tio r =..;....!. = C7::::'== == 0.013 (> rcrit) 

bh 1000 x 150 

thul from equation 6.13 sma" = fet <}l where fctlfb == 0.67 for high-yield bars 
fb 2r 

= 0.67 x 16 = 41 2 mm 
2 x 0.013 

111111 for continuous constmction with Tl == 200 e, T2 = 200 e and £\'c == 10 x 1O- 6re, 
Ulli ion [1.5 gives 

O:c 10 x 10-6 
Wmn == Smlll< - (Tl + T2 ) = 412 x (20 + 20) = 0.08 mm « 0.1 mm) 

2 2 

h'C a [50 mm thick section with 16 mm bars at 100 mm centres in one cen tral 
r Is acceptable. 

to : If a thicker section is used, thermal cracking will probably dominate since 
IlI lhe direct tension calculation decreases while smax increases. If the thickness 
t tl . 200 111m, steel should be provided in two equal layers. 

",,"p/~ //.1 Design of a Water-retaining Structure by the Limit State Method 

fII •• ·section of a long rectangular tank which is to be designed is shown in figure 
• It Tile floor slab spans on to supporting beams at Band C. A grade C3SA 

"etc and plain mild steel bars are to be used (1 m3 of water weighs 9.8 1 kN). 
.t hetle appearance is critical hence maximum crack width is 0. 1 mm. It may be 
lilted Ihatac :: 10 iJS/oe and Es = 27 kN/mm2

• 

l UI the walls: It = 200 mm and d = 150 mm with Tl = 200 e and T2 = 200 e 

t III the slab: II = 300 mm and d = 2S0 mm with Tl = Isoe and T2 == ISoe 

dOilsn of the floor slab in this example illustrates the calculation of crack 
Ih. In the mature concrete. 

IlIIum wuter pressure at bllse o f wu.lI - Q.8 1 )( 2.0 · 19.62 kN/m2. For the 
live spun or the can lilever and con. lderhl, II I III lenath of waU, the 

IIbillty moment 
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rl
200 

R16 - 125 

R16 _115 

A 

4-5 m 

Figure 11.8 Wa rer tank showing location of mIlin reinforcement 

M= t X 19.62 X 2.0C;O + O~lS)= 14.6 kN m 

(a) UlOffUlte Limit State 

This has been considered in example 11.1 giving a minimum requirement of 
659 mm1Jm. (12 mm bars at 150 mm centres gives area = 754 mm1 fm.) 

(b) Serviceability Limit Slate 

Flexural Tension in Mature Concrete 

Check the service stress in the reinforcement as in example 11.1 giving 144 N/mlll~. 
For 0.1 mm crack wid th limit this stress must be limited to 85 N/mml as in 
table 11.2. 

Thus 

minimumA s = 144 x754=1 277 mm1/m 
85 

Try 16 mm bars at ISO mm centres, area = 1340 mm' /m wltich exceeds ultimate 
lintil state requirements. 

Direct Tension in Immature Concrete 

To control thermal and shrinkage cracking, equa tion 6. 12 gives 

. . . • I t ' fCI 1.6 00064 cnllCiLL stee ra lorcm = - = --= . 
fy 250 

thus 

minimum Sleei ll rea = 0.0064 hi. O.OOM)( 1000 )( 200 • 1280 mml 

WATER-RETAlNING STRUCTU RES AN D RETAINING WALl.S 

It 16 mm bars at 150 mm centres are provided in each face 
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then 

2)( 1340 
, = 1000 x 200 = 0 .01 34 and for plain bars fet = fb 

1.0 x 16 
=597 mm from equation 6. 13 

2 X 0.0134 

Vl1l8 1l maximum crack width ofwmllX = .i'mllX ~ (Tl + T,) from equation 11.5 

=597x IO X
2

1O-
6 

(20 + 20)=0.1 2 mm 

o this exceeds the 0.1 mm allowable, close 16 mm steel to 125 mm centres in 
II foce giving wmu = 0.10 mm which is just acceptable . Continuous construction 
~u1red vertically. Similar steel should be provided transversely assuming 
1\/lIlOUS construction along the length of the tank, or alternatively joints should 

I'fllvlded as illustrated in example 11.1. 

rvtceabili ty bending moment diagram is shown drawn on the tension side of 
ruClUre in figure 11.9. 

33·1 33· ' 

c 

I'Igurc 11.9 8ellding-momellt diDgrom (kN m) 

Weight of slab + water - 0 .3 )( 24 + 9,81 )( 2 - 26.8 kN/m' 

We igh t of wall -2.3 )( 0 .2 )(24 - 11 .O kN/m 

11' I III breadth of slab; at Ihe l upport lna bt'lIl 

"' - 14.6+11.0( 1,0 O. ]}t 2(IM wOK 1 /.2 11 I kNmhoBaing 



316 REINFORCED CONCRETE DESIGN 

and at mid-span between Band C 

M '" 26.8 x 4.5 2 /8 - 33. 1 = 34.7 kN m sagging 

The slab will also carry a direct tension fo rce of 

t X 19.62 X 2.0 = \9.62 kN/m 

which must be aUowed fo r in t he design. The critical section fo r bending is al 
mid-span. 

(a) Ultimate Limit State 

Ultimate moment = 1.4 x 34.7 = 48 .6 kN m/ m 

M = 48.6 X 10
6 

= 0.022 thus 1 = 0.95 
bd' feu 1000 X 2502 X 35 , a 

,nd A - 48.6 X 10
6 

,. 941 mml/m 
s - 0.87 x 250 x 0.95 x 250 

(b) Serviceability Limit State 

Flexural and Direct Tension in Mature Concrete 

Try 16 mm bars at 125 nun centres, area '" 1610 mml /m, as for walls then 

a,,= j{e~5)' +50' } - s=n mm 

and Q'eA s '" 14.7 x 1610 = 0.095 
btl 1000 x 250 

hence! '" 0 .34 from figure 4.29 and x = 85 mm , thus equat ion 4.47 gives the 
d 

bending stress in steel 

thus 15'" 97.2 N/mml 

and flexural strain = (II - x) fL = 2 15 
(d - x) Es 165 

x 97 .2 = 0.63 x 10- 3. 
200 X 103 

0 , il' tension force 19.62 x 10
3 

003 10- 3 !feet tens e stram:: - ,;;: , X . 
A s Es 1610 x 2 x 200 )( 10 

Thus it is clear that flexural strain dominates, and total strain 

€ I = (0.63 + 0.03) x 10- 3 - 0.66 x 10 1 

For 0. 1 mm crack width limit 
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em ;;: (el - 1:(2) where e2 = 1.5 bt (II - x)(a' - x) according to equation 11.1 
3E, A . (d - x ) 

then € =1.5 x 1000(300 - 85)(300 - 85) = 0.43 x 10-3 
2 3x200x103 x I6 10 (250 - 85) 

1I1l1s Em = (0.66 - 0.43) x 10- 3 '" 0.23 X 10- 3 

.tld equation 6.10 gives 

3acr€m 3x 72 x O.23x 10-3 
wmax = --.::;~~~"" = 

1 +2 (acr -Cmln) 1 +2 ( 72 - 40) 
II - x 300 - 85 

= 0.038 nun 

hlch is acceptable. 

Olf,e( Tension in Immature Concrete 

Itl control thermal and shrinkage cracking th e critical steel ratio Ycrlt = 0.0064, 
IIUI minimum As ,. 0.0064 A c. 

:. As =0.0064 x 1000 x 3OO = 1920mm2 /m 

Iii. proposed 16 mm at 125 mm centres in each fa ce, area = 3220 mm1 fm, 
Ihnes this requirement. 

n 

r = As ,. _.::,32",2",0~ '" 0.0107 
Ae 1000 x 300 

_fet 41_ I.Ox l 6 
Smax - - X - - = 748 mm from equation 6.13 

fb 2r 2 x 0.0107 

oquatlon 11.5 giving a maximum crack width 

a 
wmax = Smu - (T. + T2 ) 

2 

:: 748 x.!.Q x 10- 6 (is + IS) 
2 

= 0.1 1 mill 

Itttt oxceeds the allowable limit, and since continuous construction is required 
direc tIon of the span 16 mm bar spaci ng should be reduced to 115 mm 

I, 1111 bOlh faces, area '" 3500 1ll1112 / m. The design of Ihe slab is thus governed 
1111111 cracking requirements, li nd hoggln8 moments at A and 13 are 

1I.IClly covered. Similar reiJlforee1l1enl will be required t ran sversely unless 
Iy .plced joints arc provided accord ing 10 tublo 11 . 1. 

I J Hmlc /)~slgn 

thod Is based on worklllglo.dl, . nd jlf lmh,lhle .tlOt lin tho concrete 
I which lI fC considered 10 boltr.: tirl. Wllllill tho I'lnllt ,.n.c. lienee Iho 
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design assumes a triangular stress block as analysed in sectiotl 4. 10. The rat io 
(ae) of the modulus of elasticity of steel to that of concrete is taken as 15. 

Calculations arc perfomlcd on the basis of two criteria : strength, and 
resistance to cracking, with exposure class related to allowable crack widths. 

Strength calculations assume a cracked section. Low permissible stcel stresses 
are specified in order to limit the width of cracks and thus reduce the chance of 
leakage and corrosion of the reinforcement. 

The analysis for resistance to cracking assumes a limiting tensile stress in the 
concrete and is based on an uncracked concrete section. The governing factor in 
such an analysis is inevitably the permissible tensile stress in the concrete, with 
the steel and concrete stresses being related by the compatibility of strains across 
the section. 

Reference should be made to previous editions of this book for a more detailed 
treatment of this design approach. 

11.5 Retaining Walls 

Such walls are usually required to resis t a combination of earth and hydros ta tic 
loadings. The fundamental requirement is that the wall is capable of holding the 
retained material in place without undue movement arising from de flection, over
turning or sliding. 

11.5.1 Types of Retaining Wall 

Concrete retaining walIs may be considered in terms of th ree basic categories: 
(I) gravity, (2) counterfort, and (3) cantilever. Within these grou ps ma ny common 
variations exist. for example cantilever walls may have additional supporting ties 
into the retained material . 

The structural aclion of each type is fundamentally different , but the techniques 
used in analysis. design and detailing are those normally used for concrete struct ures 

(i) GraVity Walls 

These are usually constructed of mass concrete , with reinforcement included in 
the faces t o restrict thermal and shrinkage cracking. As illustrated in figu re 11.10, 
reliance is placed on self-weight to satisfy stabili ty requirements, both in respect 
of overturning and sliding. 

It is generally taken as a requirement that under working conditions the result· 
ant of the self-weight and overturning forces must lie within the middle third at 
the in terface of the base and soil. This ensures that uplift is avoided at this inter
face. as described in section 10.1. Friction effects which resist sliding are thus 
main tained across the entire base. 

Bending. shear. and deflec tions of such walls are usually lns!gnlncant [n view of 
the large effective depth of the section. Distribution . [eeIIO control thermal crock · 
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Ing is necessary , however. and great care must be taken to reduce hydration 
lcmperatures by mix deSign , const.ruction procedure and curing techniques. 

V'/AY 

\ 
Tot a l SOi l 10rc02 

I \ , 
'/N I , , -," -- Fr ic t i on l orc02 

• R02'5ultant So" 
l O r- CO2 W02l g h \ 

Figure 11.lO Gravity wa/l 

J Coullter/ort Walls 

Ihll type of construction will probab ly be used whe re the ovelall height of wall is 
II.rge to be constructed economically either in mass concrete or as a cantilever. 
rhe basis o f design of coun terfo rt wa lls is that the earth pressures act on a thin 

.11 which spans horizontally between the massive counterforts (figure 11. 11). 
to must be suffiCiently large to provide the necessary dead load for stability 

(ulreme nts. possibly with the aid of the weight of backfil l on an enlarged base. 
.. ounterforts must be designed with reinforcement to act as cantilevers to 

I' the considerable bending moments that are concentrated at these poin ts. 
I he spacing of coun terforts will be governed by the above factors, coupled 

III Ihe need to maintain a satisfactory span -depth rat io on the wall slab, which 
I be designed for bending as a continuous slab. The advan tage of this form of 
IlucHon is that the volume of concrete involved is conSiderably reduced, 

,.by removing many of the problems of large pOUTS, and reducing the quanti
uf excavation. Balanced against this must be considered the generally increased 
IIIrl1l8 complication and the probable need for increased reinforcement. I' 

J nmrllever Walls 

ne designed as vertical call tllcvcrs Ipanlling fro m II large rigi d base which 
I' 10Uei on lhe weight of bocknlt on the base to prOvide stability. Two forms 

I~I. construction are illustrated In nluro 11 .12. In bo th cases, stability caJcula
follow similar procedures to thOle ror ,f.vHy Wi ll. to enw re that the 

IoIllr'll rorce lies within the middle third nr Iho bu •• nd Ihll l overtu rning and 
roqulrements are me t. 
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Wa ll Count llrlort 

c'--

1= 'T 'I 
~ 

I, Sp on 

Cross ~ S<lct ion 

FiguIe l U I Counter[ort wall 

". ". 
1,. 

.... - .... .. 
HeN1 bcrom G~ ... 

.) b) 

Figure 11 . 12 Omtfleverwrzlls 

J /.5.2 AlJIllysis and Desiln 

The design of retaining walls may be split into three fundamental sl.age s: ( I ~ 
Stability analysis - ultimate limit state , (2) Bearing pressure analysIs - serVlce· 
ability limit state, and (3) Member design and detailing - ultimate and 
limit states. 

(i) Stability Analysis 

Under the action of the loads corresponding to the ultimate limit state . a "",'n",. 
wall must be stable in terms of resistance to overturning and sliding. This is 
strated by the simple case of a gravity wall as shown In ngure 11 . 13. 

The critical conditions for stability are when I ll1uhnum ho rizontal fo rce Mett 
with a minimum vertical load . To guard I pln.t I mbllily ,.lIure, It Is usual 10 
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RQsu l t ont 

I lor CQ 

, "''''--~~-~~~.-t~~.-''F''ICtiOn 
". 

.J; lorCQ ~ G .. 

Figure 11.13 Forces and presfUrel on a gravity IWIl 

."ply conservative factors of safety to t he force and loads. The values given in 
.bla 2.2 are appropria te to strength calculations but a value of "If = 1.6 or higher 

lIuld be used for stability calculations. 

" 

If this force is predominantly hydrostatic and well defined , a factor of I A may 
ulICd. A partial factor of safety of "If '" 1.0 is usually applied to the dead load 

f'ot resistance to overturning, moments would normally be taken abou t the toe 
the base, point A on figure 11.1 3, thus the requirement is that 

( 11.6) 

lIIuce to sliding is provided by friction between the underside of the base and 
,Iou nd. and thus is also related to lotal self·weight Gk . Resistance provided by 
rlulve ear th pressure on the front face of the base may make some contribu-
. bu l since this material is o rten backfilled against the face , this resistance 

ntH be guaranteed and is usually ignored. Thus, if the coefficient of friction 
Iwten base and soil is Il , the total friction fo rce will be given by $lGk for the 

Itt of wall of weight Gk; and the requirement is tha t 

(11.7) 

" Uk is the horizontal fo rce on this length of wall . 
It this criterion is not me t , a heel beam may be used, and the force due to the 

IvtI cllrt h pressure over the face arel! of the heel may be included in resisting the 
n¥ force. The partial load factor "If on the hee l beam fo rce should be taken as 
It) j ive the worst condition. To ensure the pro per action of a heel beam , the 
I rice mu st be cast di rectly IlSalml sound, undistu rbed material , and it is 
'''Int Ihat this is not overlooked du rln8 (:oIlSlructlon, 

1/\ tOllSldering ca ntilever walls, a consldcnblc amount of backfill is oft en 
d on lOp of the base , and this Is taken lnUl lcf;()Unl 111 tha liability analysis. 

(lirets acting in tlus caso are . hownln nlmO I I 14 In .ddil ion to Gk and Hk 
I. I n addil loual vertical load Vk duo ttl th'III.""latlbnvt tho base acting a 



322 REINFORCED CONCRETE DES IGN 

distance q from the toe. The worst condition for stability will be when this is at a 
minimum ; therefore a partial load factor 'Yf = 1.0 is appropriate. The stability 
requirements then become 

I.OGkx + 1.0 Vk q ;;;' "1fHkY for overturning (1 1.8) 

fo r sliding ( 11.9) 

When a heel beam is provided the additional passive resistance of the earth must be 
included in equation 11.9. . . 

Stability analysis, as described here , will normally suffice . However, ~f t~~re IS 

doubt about the foundation material in the region of the wall or the reliability of 
loading values. it may be necessary to perform a full slip-circ\e analysis, using 
techniques common to soil mechanics, or to use increased fac tors of safety. 

, 

". 

B('!ori ng 
p rqSSUr<l 5 P, 

'/"'. 
I 
I 
I 
I 

. ~ant I 
I 

! orCQ I'\, I 

I I 
I 

I 

t! L 
Soil larca 

0" 

Figure 11. 14 Forca on" CIltitilt ~tr WIlli 

(ii) Bearing Pressure Analysis 

As with foundations , the bearing pressures underneath retaining walls are assessed 
on the basis of the serviceability limit state when determining the size of base that 
is required. The analysis will be simila~ to that discussed in sect~on 10: 1 with the 
foundat ion being subject to the combllled effect s of an eccentric verl lcal load , 
coupled with an overturning moment. 

Considering a unit length of the cantilever wall COlure t 1.14) the resultant 
mome nt about the centroidal axis of the base It 
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M '" "tfl Hky + 'Yn Gk(D/2 - x) + 'Yo Vk (Df2 - q) 

nnd the vertical load is 
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(I 1.10) 

( 11.11) 

where in this case for the serviceability limit state the partial factors of safety are 

'Yn '" 'Yn '" 'Yf3 '" 1.0 

The distribu tion of bearing pressures will be as shown in the figure, provided the 
erfeclive eccentricity lies within Ihe 'middle third' of the base , that is 

1 he maximum bearing pressure is then given by 

N M D 
PI :: - + - x -

D J 2 

.here 1= d / 12. Therefore 

I.d 

N 6M 
PI = - + -

D D' 

N 
p, "' 

D 

6M 

D' 

J Member Design and Detailing 

(I 1.12) 

( 11 . 13) 

wllh foundations, the design of bending and shear re inforcement is based on an 
1)'lls of the loads for the ultimate limil Siale, with the corresponding bearing 

ures. Gravity walls will seldom require bending or shear sleel, while Ihe walls 
Ilunterforl and cantilever construction will be designe d as slabs. The design of 

IIl1erforts will generally be similar to that of a cantilever beam unless they are 
tlve. 

With 11 cantilever· type retaining waU the stem is designe d to resist the moment 
d by the force "(fHf , with 'Yf:: 1.4 o r larger. depending on how accurately the 

J may be predicted. For preliminary sizing, the thickness of the wall may be 
illS 80 nun per melre depth of back fil l. 

Iho thickness of the base is usually of the same order as Ihal o f the stem . The 
lind toe must be designed to resist the moments due 10 the upward earth 
liull pressures and the downward weight of the soil and base. The soil bearing 
lures nre calculated from equatlons 11.1 0 to 11.13, provided Ihe resultan t of 
hurizontal and vertical fo rces lies wilhln the 'middle third'. Should Ihe result· 
I outside the 'middle third' , then the bearing pressurCi should be calculaled 

.qull tion 10.4. The partial fuclon of nfelY "(rl' "(fl lind "(n should be taken 
tlvlde a combination which gives Ihe cllllr;.1 dtlilln condition, 
Inrorcement detailing must follow the il"11C11.1 fill,.. rllt .lIlbland beaml as 

uJlrln te . Particular care must be alven ItIlh~ Utt.llln. uf r"lnrlllcemoll l 10 
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limit shrinkage and thermal cracking. Gravity walls are particularly vulnerable 
because of the Jarge concrete pours that are generally involved, and these should 
be treated in the maImer described in section 11 .1 for thick sections. 

Restraints to thermal and shrinkage movement should be reduced to a mini
mum ; however, this is counteracted in the construction of bases by the need for 
good friction between the base and soil; thus a sliding layer is not possible. Rein
forcement in the bases must thus be adequate to control the cracking caused by a 
high degree of restraint. Long walls restrained by the rigid bases are particularly 
suscept ible to cracking during thermal movement due to loss of hydration heat , 
and detailing must attempt to dist ribute these cracks to ensure acceptable widths. 
Complete vertical movement joints must be provided, and the methods used for 
the design of joints for water-retaining structures can be used. These joints will 
often incorporate a shear key to prevent differential movement of adjacent section. 
of wall. and waterbars and sealers should be used as shown in figure 11.4a. 

The back faces of re taining walls .wiU usually be subject to hydrosta tic forces 
from groundwater. This may be reduced by the provision of a drainage path at the 
face of the wall . It is usual practice to provide such a drain by a layer of rubble or 
porous blocks as shown in figure 11.15, with pipes to remove the water , often 
through to the front of the wall . In addition to reducing the hydrostatic pressure 
on the wall, the likelihood of leakage through the wall is reduced, and water is 
also less likely to reach and damage the soil beneath the foundations of the wall. 

P'DQ: cas t 
,n lo waH 

Dr OlnogQ: 
C hon n<l l ~ ....... 

Ru bb l Q: 
drOln 

Figule t t.tS Drainage layer 

Example} J.4 Design of a Retaining Wall 

The cantilever retaining wall shown ill figure 11. 16 supports a granular material ul 
satura ted density 2000 kgJm·. and the allowable bearing pressure is 110 kN/mJ 
It is required to 

( I) creck the stabili ty of the wall 
(2) determine the actual bearing pressures. Bnl! 
(3) design lhe bending rein fo rcement uslni II lah.yleld steel, f y '" 460 

and grade 35 concrete. 
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(0) Stability 
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Horizontal force: it is assumed that the coefl1cient of active pressure Ka '" 0.33 
which is a typical value for a granular material. So the earth pressure is given b; 

p :.K. pgh 

whe re p is the density of the backfi ll and IJ is the depth considered. Th us. at the b,., 
p:. 0.33 x 2000 x 10- 3 x 9.8 1 x 4.9 

=31.7kN/m1 

Therefore horizontal force on 1 m length of wall is 

Hk = O.5ph =0.5 x3 1.7x4.9=77.7 JcN 

Vert ical loads 

wan '" +<0.4 + 0.3) x 4.5 x 24 

base = 0.4 x 3.4 x 24 

'" 37.8 kN 

'" 32.6 

earth '" 2.2 x 4.5 x 2000 x 10- 5 x 9.81 "" 194.2 

Total '" 264.6 kN 

I ur Itability calculations a partial fac tor of safety of 1.6 is used for the lateral 
Inldll18S, while 1.4 will be use d for strength calculations. 
tI) Sliding: from equation 11.9 it is ne cessary that 

,uming a value of coefficient of friction p. = 0.45 

fric tional resisting force'" 0.45 x 1.0 x 264.6 = 119. 1 kN 

sliding force'" 1.6 x 77.7 '" 124.3 kN 

t' the sliding force exceeds the frictional force, resistance must also be pro. 
d by the passive earth pressure acting against the heel beam and this force is 
1\ by 

Hp = 'Yr x 0 .5 Kppga1 

fI Kp is the coefficient of passive pressure, assumed to be 3.0 for this granular 
I' rlil l und a is the depth of the heel. Therefore 

Hp = 1.0 x 0.5 x 3.0 x 2000 X 10- 3 x 9.8 1 X 0.61 

- 10.6 kN 

.. fore to tal resisting force i! 

11 9. 1 + 10,6 - 129.7 kN 
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which exceeds the sliding force. 
(ii) Overturning: taking moments about pOint A at the edge of the toe, at the 
ultimate limit state 

overturning moment = "'ffHkh/3 = 1.6 x 77.7 x 4.9/3 

=203 kNm 

restraining moment :::: 1.0(37.8 x 1.0 + 32.6 x 1.7 

+ 194.2 x 2.3) 

=540kNm 

Thus the criterion fo r overturning is satisfied. 

(b) Bearing Pressures 

From equations 11.12 and 11.13 the beadu; 1)IIIU\" OIl re slven by 

WATER-RETAINING STRUCTUR ES AND RETAINING WALLS 

N 6M 
p=- ± -

D D' 

where M is the moment about the base cen tre-line. Therefore 

M= 77.7 x 4.9/3 + 37.8( 1.7 - 1.0) + 194.2( l. 7 - 2.3) 

= 126.9 + 26.5 - 116.5 = 36.9 kN m 

Therefore 

maximum bearing pressure PI 

which is less than the allowable. 

(e) Bending Reinforcemen t 

(I) W,lI 

= _26_40_6 + ~6"x-,,3;6,,0 9 
3.4 3.42 

'" 77.8 + 19.2 = 97 kN/m2 

Horizontal force = 'YfO.5Kapgh2 
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= 1.4 x 0.5 x 0.33 x 2000 x 10- 3 X 9.81 X 4 .52 

= 9 1.8 kN 

considering the effective span , the maximum moment is 

M = 91 .S (0.2 + 4.5/3) = 156 k:N m 

M 

bd2 feu -
156 X 10

6 
= 0.04 

1000 X 3302 X 35 

tor which 13 = 0.95 (figure 7.5). Therefore 

As = 156 X 10
6 

= 1243 mml/m 
0.95 x 330 x 0. 87 x 460 

Provide T20 bars at 200 mm centres. 
(II) Bose: the bearing pressures are obtained from equations 11.10 to 
11 13. The critical partial factor s of safety are 

'Yn = 1.4 an d 1f2 = 'Y(3 = 1.0 

U.lng the figu res from part (b) of this exam ple , the moment about the 
~.,c centre-line is 

AI""')'n x 126 .9 +1f2 x 26.5 - 'Yn x 116.5 - 87,7 kN m 

N" 'Yn (37.S + 32.6) + "Yr9 )( 194.2.264 .6 kN 

Ihcrcrore 

264.6 6 )( 87.7 , 
pressure PI • - + - , • 7M t .. n • 121 leN/ill 

3.4 3.4 
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P'l = 78 - 45 = 33 kN/m1 

and in figure 11.16 

P3 ::33 + ( 123 - 33)2.2/3.4=9 1 kN/m' 

Heel: laking moments about the stem centre·line for the vert ical loads 
and the bearing p ressures 

M:. 'Yn x 32.6 x 1.3 x 2.2 + 'Yf3 x 194.2 x 1.3 - 33 
3.4 

therefore 

x 2.2 x 1.3 - (91 - 33) x 2.2 x 0.93 = 126 kN m 
2 

= 1004 mml/m 
0.87 x 460 x 0.95 x 330 

Provide T20 bars at 200 mm centres, lop steel 
T oe: tak ing moments about the stem centre-line 

M "'" 1fl x 32.6 x 0.6 x 0.8 - 'Y(3 x 123 x 0.8 x 0.6 
3.4 

.= 55 kN m 

(I n fa ct for th is wall the design moment for the toe would be marginally 
higher with "Yfl = 1.4 and 'Yo '" 1.4 throughout.) 

55 x 10' 
As :: = 438 mml / m 

0.87 x 460 x 0.95 x 330 

The minimum area for this, and for longitudinal distribution s teel which is also 
required in the wall and the base is 

As = 0.13 x 1000 x 400= 520 mm" /m 

Thus, provide T l 2 bars at 200 mm centres, bottom and dis tribut ion steel. 
Also steel should be prOvided in the compression face of the walt in order to 

prevent cracking - say, TID bars at 200 mm centres each way . 
Bending reinforcement is required in the heel beam to resist the moment due 

to the passive earth pressure, Th is reinforcement would probably be in the fo rm 
of closed links. 

12 
Prestressed Concrete 

The analysis and design of prestressed concrete is a specialised fi eld which cannot 
possibly be covered cOlTlprehensively in one chapter. This chapte r concentrates 
the refore on the basic principles of prestressing, and the analysis and design of 
. t~tical1y determinate members in bending for the serviceabili ty and ultimate 
limit states. 

A fun damental aim of pres tressed concrete is to limit tensile stresses, and hence 
flexural crack ing, in the concrete under working conditions. Design is therefore 
based initially on the requirements of the serviceability limit state. Subsequently 
considered are ultimate limit state criteria for bending and shear. In addition to 
Ihe concrete stresses under working loads, deflections must be checked, an d 
I!lention must also be paid to the construction stage when the prestress force is 
nnt applied to the immature concrete . This stage is k nown as the transfer condition. 

Design of prestressed concrete may there fore be summarised as 

( I) design for serviceabili ty - cracking 
(2) check stresses at transfer 
(3) check deflect ions 
(4) check ultimate limit state - bending 
(5) design shear reinforcement for ultimate limit state. 

I he Singes are illustrated by the now chart in figu re 12. 1. 
When considering the basic design of a concrete section subject to prestress, the 

_Iress distri bution due to the prestress must be combined with the stresses from the 
I".ding conditions to ensure that permissible stress limits are satisfied. Many 
'(lD lytical approaches have been deve loped to deal with this problem; however, it 
,. wnsidered that the method presented o ffe rs many advantages of sim plicity and 
'~IIC of manipulation in design. 

12 .1 Principles of Prestressing 

'" Ihe design of a rei nforced concrc le heliUl tUhlfl'lt'd ICI hendlng II is tlccepled Ihat 
Iha concrete In the lensile '1.O lle II c rll~ked. Illd Ihll .lIlh, trutUe resistance I, 
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provided by the reinforcement. The stress that may be permitted in the reinforce
ment is limited by the need to keep the cracks in the concrete to acceptable widths 
under working conditions, thus there is no advantage to be gained from the use of 
very high strength steels which are available. The design is therefo re uneconomic 
In two respects: (I) dead weight includes 'useless' concrete in tensile zone, and 
(2) economic use of steel resources is no t possible. 

'Prestressing' means the artificial creation of stresses in a structure before load
Ing. so that the stresses which then exist under load are more favourable than 
would otherwise be the case. Since concrete is strong in compression the material 
In a beam will be used most efficiently if it can be maintained in a state of com
pression throughOUt. Provision of a longitudinal compressive force acting on a 
concrete beam may therefore overcome both of the disadvantages of reinforced 
concrete cited above. Not only is the concrete fully utilised, but also the need for 
conventional tension reinforcement is removed. The compressive fo rce is usually 
provided by tensioned steel wires or strands which are anchored against the con
crete and, since the stress in this steel is not an important factor in the behaviour 
of the beam but merely a means of applying the appropriate force, full advantage 
may be taken of very high st rength steels. 

The way in which the stresses due to bending and an applied compressive force 
may be combined are demonstrated in fi gure 12.2 for the case of an axially applied 
rorce acting over the length of a beam. The stress distribution at any section will 
equal the sum of the compression and bending stresses if it is assumed that the 
(oncrele behaves elastically. Thus it is possible 10 determine the applied force so 
tllll i the combined stresses are always compressive. 

, 

Sqndlng st r Oln 
d l :iOtr l b ul Klr1 
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By applying the compressive force eccentrically on the concrete cross-section, a 
further stress distribution , due to the bending effects of the couple thus created, is 
added to those shown in figure 12.2. This effect is illustrated in figure 12.3 and 
offers further advantages when attempting to produce working stresses withln 
required limits. 

Early attempts to achieve this effect were hampered both by the limited steel 
strengths available and by shrinkage and creep of the concrete under sustained 
compression, coupled with relaxation of the steel. These meant that the steel lost 
a large part of its initial pretension and as a result residual stresses were so small as 
to be useless. It is now possible, however, to produce stronger concretes which 
have good creep properties, and very high strength steels which can be stressed up 
to a high percentage of their 0.2 per cent proof stress are also available. For 
example, hard-drawn wires may carry stresses up to about six times those possible 
in mild steel. This not only results in savings of steel quantity , but also the effects 
of shrinkage and creep become relatively smaller and may typically amount to the 
loss of only about 25 per cent of the initial applied force. Thus, modern materials 
mean that the prestressing of concrete is a practical proposition, with the forces 
being provided by steel passing through the beam and anchore d at each end while 
under high tensile load. 
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Figure 12.3 Effects of eccentric preHren 

12.2 Methods of Prestressing 

Two basic techniques are common ly employed in the construction of prestressed 
concrete, their ch ief difference being whether the steel tensioning process is IKr· 
fo nned before or after the hardening of the concrete. The choice of method will 
be governed largely by the type and size of member cou pled with the need for 
precast or ill Si fU con struc tio n. 
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12.2.1 Pretensioning 

b this method the steel wires or strands arc stretched to the required tension an d 
anchored to the ends of the moulds for the concrete. The concrete is cast around 
lhe tensioned steel, and when. it has reached sufficien t st rength, the anchors are 
released and the force in the steel is transferred to the concrete by bond. In add i· 
tion to long·tenn losses due to creep , shrinkage and relaxation , an immediate d ro p 
in prestress force occurs due to elastic shortening of the concrete . These feat ures 
are illustrated in figure 12.4. 

Because of the dependence on bond, the tendons fo r this form of construction 
generally consist of small diameter wires or small strands which have good bond 
characteristics. Anchorage .near the ends of these wires is oft en enhanced by the 
pr-ovision of small indentations in the surface of the wire. 

The method is ideally suited for factory production where large numbers of 
Ide ntical units can be economically made under con trolled conditions, a develop
me nt of this being the ' long-line ' system where several units can be cast at once 

end to end - and the tendons merely cut be tween each unit after release of the 
IInchorages. An advantage of fac tory production of prestresse d units is that special
Ised curing techniques such as steam curing can be employed to increase the rat e 
o f hardening of the concrete and to enable earlier ' transfe r' of the st ress to the 
concre te_ This is particularly important where re·use of moulds is required, bu t it 
Is essential that under no circumstances must calcium chloride be used as an 

'" 
t<lndons [I I 

~d 
lQ: ngth 

I 

I;o;;-d 

_Bll forll 
trans fllr 

-Af \<l r 
t ranslQ:r 
&. IOSS<lS 

l<lng th 

Figure 12.4 Ttm d(m t t' (ltltt pretl!lIslol1lng 

,,·,elcrator because of its severe corrosio n aCllolI 011 small diame ter steel wi res. 
One major limita tion of this approach Il th llI tendons must be straight . which 

III,Y CIIUse difficult ies when attempting 1 pruduce IlCC:CI)l llblc nnw stress levels 
tliloughout the length ofa member, 1\ ffi lly thorofore be neccSSllry to reducc clther 
til, prcstrcss force or eccentricity of (on;c~ nO'1 Iho ond. of a member, III which 

1110 tendons must either be 'dc bondod' 01 'UClnf" ted' 
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Debonding consists of applying a wrapping or coating to the steel to 
prevent bon d developing with the surrounding concrete. Treati ng some 
of the wires in this way over part of their length allows the magnitude 
of effective prestress force to be varied along the length of a member. 
Deflecting tendons is a more complex operat ion and is usually restricted 
to large members. such as bridge beams, where the ind ividual members 
may be required to fo nn part of a continuous structure in conjunction 
with in situ concrete slabs and si ll beams. A typical arrangement for 
defl ecting tendons is shown in figure 12.5, but it must be appreciated 
tha t substantial ancillary equipment is required to provide the necessary 
reactions. 

TO 

jocks 

[)a1\~c t i on !>upports 
( Cut o ff a ftczr t r ansf cz r) 

/ '" 
Figure l2.s Tendon deflection 

To 

jocks 

Mou ld 

12. 2. 2 PosNenJionJng 

This me thod, which is the most suitable for in situ construction, involves the 
stressing aga inst the hardened concrete of tendons or steel bars which are not 
bonded to the concrete. The tendons are passed through a nexible sheathing, 
which is cast into the concrete in the correct position. They are tensioned by 
jacking against the concrete, and anchored mechanicaUy by means of steel thrust 

Par abolic tandans 

Prac ast sqgmqnts 

Figure t 2.6 Po'Hensfoned Itlm".,,1 colli/ruction 
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pla tes or anchorage blocks at each end of the member. Alterna tively, stee l bars 
threaded at their ends may be tensioned against bearing plates by means of tight. 
ening nu ts. It is of course usually necessary to wait a considerable time between 
casting and stressing to permit the concrete to ga in sufficient strength under in 
$itll conditions. 

The use of tendons consisting of a number of strands passing through nex ible 
sheathing offers considerable advantages in that curved tendon pronIes may be 
obtained. A post·tensioned structura l member may be constructed from an 
usembly of separate pre-cast units which are constrained to act together by means 
of tensioned cables which are often curved as illustrated in figure 12.6. Alterna· 
tlvely, the member may be cast as one uni t in the normal way but a light cage of 
un tensioned reinforcing steel is necessary to hold the ducts in their correct position 
during concreting. 

After stressing, the remaining space in the ducts may be left empty ('unbonded' 
construction), or more usually will be fil led with grout under high pressure 
('bonded' construction). Although th is grout assists in transmitting forces between 
the steel and concrete under live loa ds. and improves the ultimate strength of the 
me mber. the principal use is to prolecl the highly stressed strands from corrosion. 
rhe bonding of the highly stressed steel wit h the surrounding concrete beam also 
arcol ly assists demolition, since the beam may then safely be ' chopped-up' into 
Ima lliengths without releasing the energy stored in the steel. 

11.3 Analysis of Concrete Section under Working Loads 

Since the object of prestressing is to maintain favo urable stress conditions in a 
"ncrete mem ber under load , the 'working load' for the member must be con

,lI,lered in terms of both maximum and min imum values. Thus at any section, the 
ttruses produced by the prestress force must be considered in conjunction with 
the stresses caused by maximum and minimum values of applied moment. 

Unlike reinforced concrete, the primary analysis of prestressed concrete is 
hued on service conditions, and on the assumption that st resses in the concrete 
'/0 limi ted to values wh ich will correspond to elastic behaviour. In this section, 
the following assumptions are made in analysis. 

(I) Plane sections remain plane. 
(2) Stress-st rain relationships are linear. 
(3) Bending occurs about a principal axis. 
(4) The prestressing force is the value remaining after all losses have occurred. 
(5) Changes in tendon stress due to applied loads on the member have 

negligible effect on the behaviou r of the member. 
(6) Section properties are generally based all the gross concrete cross·section. 

Ihe Itress In the steel is unimportant in the 1,,!pIYl is of the concrete section under 
nrklng condit ions. it being the force prOvided by the Ileel thllt is considered in 

Ih'l nalysis. 
rhe sign convenlion s and nOIGlionl liNd 1m th, I!llilyal. Ire irldlc(lted in Ogure 

I 7. 
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A r <lo A . b h 

,------, - F ibr<l 2 

-

P r<l s tr<lSSing 
t<l ndon 

Figure 12.7 Sign converHion Gild nOla lion 

For direct and bending stresses . compression is taken as positive - and a positive 
momen t is defined as one wh ich causes a numerically greater stress to occur in 
fib re 2 than in fibre I , that is 12 grea ter than fl corresponds to a posit ive moment , 
hence sagging is positive. To fi t th is convention. the eccentricity of the prestress 
force from the ccntroidal axis must thus be taken as having a negative value if 
below the axis and positive if above . 

12.3. J Member Subjected to Axial Prestress Force 

If section BB of the member shown in fi gure 12.8 is subjected to moments ranging 
be tween Mmax an d Mmill • the net stresse s at the outer fi bres of the beam are given 
by 

+ = 

B,md ong TOlo l 

StrQSS DIstr Ibut Ion - S<lt tlon S . S 

Figure 12.8 Srrellel It, mttmhtr ... "fI, ukrl prelfrell [ore, 
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p + M m8JI. f1 = - at the top 
A " 

( 12. 1) 

under Mmax p _ Mmax . 
t, -- at the bottom 

A " 
(1 2.2) 

) 
Il = P t Mmin at the top 

A " 

11 '" P _ M min at the bo ttom 
A " 

( 12.4) 

(12 .3) 

unde r M min 

whllre Z I and Zl are the elastic section moduli and P is the fmal prestress force. 
The critical condition for tension in the beam is given by equation 12.2 whi ch 

fur 110 tension. that is II '" 0, becomes 

!... = Mmax 

A " 

'" 
P MmaxA . . f ' d = = ffimliTI Um prestress orce requITe 

" 
I ur this value of prestress force . substitution in the other equations will yield the 
h,ms In the beam under maximum load and also under minimum load. Simi
~lly the stresses immediately after prestressing. before losses have occurred . may 
I I;IIJculated if the value of losses is known. 

Por example, the maximum stress in the top of the member is given by equation 
1' 1 

,dore 

h = !... + M max 

A " 

P 
+ 

A 
~=!....(Z I +Zl) 
Zl A Z2 

" u n be see n fro m the stress distributions in figure r 2.8 Lh ll ! the to p fib re is 
1.lIy In considerable compression, while the bOllom fibre is genera lly at lower 

I. Much beller use of the concrete could be made If Ihe stresses at both top 
I bollom can be caused to vury ove r the filII rallKe of I>c rmlsslble stresses for 
IwO ex treme loading conditions. Thl, mlly be Q\: hlcvcd by IHovldlng the force 

en ~ccn l rl c lty e from the centro id 
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12.1.2 Member Subjected to Eccentric PresfTns Forc~ 

The stress distributions will be similar to those in section 12.3. 1 but with the 
addition of the term ± Pelt due to the eccentricity e of the prestressing force. For 
the position shown in figure 12.9, e will have a negative value. So that t =!.. + Mmu + p, at the top (1 2.5) 

A Zl Z, 

under Mmu I , :::!.... _ Mmu _ Pe 
at the bottom ( 12.6) 

A z, 2 , 

11 z:: P + Mmin + Pe 
A 2, 2, 

al. the top (1 2.7) 

under Mm1n f - P Mmill Pe ,- - --- - - at the bottom ( 12.8) 
A z, Z I 

The critical condition for no tension in the bottom of the beam is again given by 
equation 12.6, which becomes 

p _ Mmu _ Pe::
O 

A z , 2 , 

P Mmax . . f ' d f = ~ ::: immmum prestress aree reqUIre or no 
~ _ e tension in bottom fibre 
A 

+ 

'1A • Mlz , 

AlIlo l Pr<l~t no! S$ B"nd ing 

-
- ~, 

" 
ECC(Ol nt rlc i ty 
0 1 Prvs t r Cl:!oS 

" 

" 
To tal 

I' igure 12.9 Sm:net /11 membtr " 'fi ll tcc:tlllrlr prrllrtlllorcr 
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rhus for a given value of prestress force P. the beam may carry a maximum 
moment of 

Mmax '" P (~ - e)v ,(, -f fH 
A . 

When compared with Mmax =-Pz1 IA for an axial prestress force it indicates an 
Increase in moment carrying capacity of Pe when e is negative . 

The maximum stress in the top of the beam is given by equation 12.5 as 

I, '" P + Mmax + Pe 
A z, z, 

where 

M '" PzI -Pe 
mu A 

thus 

P PzI Pe Pe 11= - +- -- + -
A AZ2 Z2 Z2 

"': ( ZLZ:Z2) 
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hlt h Is the same as th at obtained in sec tion 12.3.1 for an ax i~lIy prestressed 
mber. Thus the advantages of an eccentric prestress for ce with respect to the 

IlI( lmu m moment-carrying capacity of a beam are apparent. 
If Ihe siress distributions of figu re 12.9 are further examined, it can be seen 

IlL. I Ihe differences in the net stress diagrams for the extreme loading cases are 
,,,"Iy due to the d ifferences between the applied moment te rms Mmu and Mmin . 

It ",]lows that by increasing the range of the stresses by the use of an eccentric 
ul less force the ra nge of applied moments that the beam can carry is also 
lllise d. The minimum moment Mmin that can be resisted is generally governed 
the need to avoid tension in the top of the beam. as indicated by equat ion 12.7 . 
In the design of prestressed beams it is important that the minimum moment 

IIIlIlIon Is no t overlooked. especia lly when straight tendons are employed, as 
It ~s near the ends of beams where momen ts are small may often exceed those 
~ d lons nearer mid-span. This feat ure is illustra ted by the results obtained in 
."tl)le 12. 1. 

II.ffllll(f I Z. I Calculatioll of Prestrl!SJ Force and S tresses 

, ,lllIl ilula r bellm 300 x I SO mm I, slmpl)' supported over a 4 m span, and 
11'1't1l1'lI llve load of 10 kN/ m. Ir a slnllillllendon Is provided at an eccentrici ty 
fl\ Inm below the ce ntroid of Ihe sec tion, flnd lhc rnlnhl1urn preslress force 

!tfy for no tension under live lou d . , mid ' P;III r l kuhlle the correspondi ng 
• under se lf·welght only li t rnld ' pun I nd . 1 tltt flit!. uf the member, 
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(a) Beam Properties 

Self-weight = 0.15 x 0.3 x 24::: 1.08 kN/m 

Area::: 45 x lOS mm' 

bh' ISO x 300' 
Section moduli Z I = Z, = Z = - = "":..::::..:::"-- = 2.25 x 106 mm' 

6 6 

(b) loadings (Mid-span) 

M _ (10 + 1.08) x 4' 
max - 8 =22.2kNm 

Mmin = =2.2kNm 

(c) Calculate Minimum Prestress Force 

For no tension at the bottom under Mmax 

where 

hence 

P 

A 
Mmax Pe - 0 - - - -- -, , 

e= - 6Smm 

p= (~m~'e) = 

= 193 kN 

22.2 X 106 X 10- 3 

2 .25 X 10
6 + 65 

45 x J03 

(d) Calculate Stresses at Mid-span under Mmin 

where 

S f 
P Mmin Pe 

tress at top 1 =- + --+-
A , , 

P 193 X 103 

= 4.3 N/mm1 --
A 4S X 103 

M min = 2.2 X 106 
= 1.0 N/mml , 2.25 x 106 

Pe - 193 x 103 
X 65 = • 

z 2.25 X 106 
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lienee 

12 '" 4.3 + 1.0 - 5.6::: - 0.3 N/mm2 

lind 

stress at bottom II 
p M min Pe 

=-
A , , 

'" 4 .30 - 1.0 + 5.6::: + 8.9 N/mm' 

(e) Calculate Stresses at Ends 

In th is situation M = O. Hence 

and 

P Pe I, = - +
A , 

= 4.3 - 5.6 '" - 1.3 N/mm2 

P Pe I ' II = - - - '" 4.3 + 5.6 '" 9.9 N mm 
A , 

tl.4 Design for the Serviceability Limit State 

34 1 

I he design of a prestresse d concrete member is based on maintaining the concrete 
Illeacs within specified limits at all stages in the life of the member. Hence the 
Ilthnary design is base d on the serviceability limit state, with the concrete stress 
1111111. based on the acceptable degree of flexu ral cracking. 

A prestressed member may be categorised into one of three basic groups 
~pcnding on the allowable concrete tensile stress. 

Class I - no tension permitted under working conditions. 
Class 2 - tensile stresses are permitted, but these are limited to avoid 

l1exural cracking. 
Class 3 - cracking permitted, but tensile stresses limited on the basis of 

maximum permissible flexural crack widths. 

(,"'dance regarding suitable tensile stress limits for class 2 and 3 members is given 
In Il') 8 110, but the maximum allowable concrete compressive stress in bending is 

lIorllly the same for all three classes at one-third of the characteristic compress
... ,ube strengt h , this value being determ ined by the dual requirements of avoid
u". of splllling in the compression zone, and the prevention of excessive loss in 
1'1' Ilrellress force due to creep. 

At Initial transfer to the concrete, the prestress force will be considerably higher 
Itl," the ' long-term' value as a result o f subsequent losses which are due to a 
I !lnber of causes including elasUc shortening, creep lind shrinkage of the concre te 

mber, Estimation of losses Is described In teCllon 12,4,6. Since these losses 
nUTle nce Immed iately, the condltlon. llllrll/IJfor rcprellC llllt Irltnsltory sllIge in 

lifo of t.he member and maximum pcrm\"lhle toncre le . t relIC. arc related to 
" lUll cube strenglh allrll llsfcr , u. u.lly hy. rl!. lell Ill" OIlC ·hblf. o ncrctc 
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tensile stress limits may be increased where they are due to prest ress alone. and 
fo r a class 1 st ructu re 1.0 N/ mm2 is permitted. 

The choice of class for a structu re will depend upon a number of factors which 
include condit ions of exposure and the na ture of loading. If a member consists of 
precast segments with mortar joints. or if it is essential that cracking should not 
occur then design must be as a class 1 member. but otherwise class 2 would 
generally be used . This offers the most efficient use of materials. while still avoid
ing flexural cracking under normal circumst ances. The design procedure for class 
I and class 2 members will be similar. with the basic cross-section and prestress 
force details being detennined by the above serviceability requiremen ts. Subse
quent checks fo r adequacy at the ultimate limit state will generally be satisfied, 
although a class 2 member may some times require a small amount of additional 
reinforcing stee l (see sect ion 12.5.2). 

Oass 3, which is often known as partial prestressing, represents a form of con
struction which is intermediate between reinforced and prestressed concre te. 
While not offering the full advantages of prestressing, this technique allows high 
strength steels to be used in situations where crack avoidance is not essential , and 
Ihe otherwise excessive deflections are controlled by the prestressing. T his form 
of construction is governed by the requirements of the ultimate limit state , thus 
the design procedure should consider this first . followed by the design of pre
stressing. 

The design of prestressing requirements is based on the manipulation of the four 
basic expressions given in section 12.3.2 describing the stress distribulions across 
the concrete sec tion. These are used in conjunction with the permissible slresses 
appropriate 10 the class of member, coupled wilh the fi nal prestress force after 
losses and the maximum an d minimum loadings on the member. These loadings 
must encompass the full range that the member will encounter during its life, and 
the minimum value will thus be governed by the construction techn iques 10 be 
used. The partial factors of safety applied to these loads will be those for the 
serviceability limit state, that is 1.0 for both dead and live loads. 

The basic equations from section 12.3.2 are expressed in the foUowing form 

at the top 

" th, bottom) 

p p, 
+-

A 

where [max and [min are the appropriate permissible stresses. 

12.4.1 Delermifliltion of Minimum Section Proptrlles 

The two pairs of expressions can be combined as follows. 
12.9 and 12.10 

( 12.9)' 

(1 2. 10)' 

(1 2.11)' 

(J 2. 12)' 
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(Mrnax - Mmin) <; ([rnax - [min) Z1 

I !. II and 12.12 

(Mmu. - Mmin) " ([max - [min)z I 

lienee. if (Mmax - Mmln) is written asM", the moment variat ion 

, M, 
" ' ([mIX - [min) 
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(12.13) 

( 12. 14) 

(12 .15)* 

(12. 16)' 

I hese mi nimum values of section moduli must be satisfied by the chosen section 
In order tha t a prestress fo rce and eccen tricity exist which will pennit t.he stress 
IInllu to be met. Stresses at transfer are discussed in 12.4.3. and to aVOId. o,verstress-
1111 In that condi tion the chosen section must h~ve a margin. above the mlmmum 
,,"Iues of section moduli calculated above. Detailed calculations may be based on 
III" estimates, but it will usually be adequate at tllis stage to provide ~ section with 
Inoduli exceeding the calcula ted min ima by 20 per cenl for post.tensloned a.nd 35 
per c.:ent fo r pre-tensioned construct ion. T he ma~~um ~omenl on Ihe sect.lOn has 
nut directly been included in these figures. thus It IS posslbl~ ~hat the r.esultmg pre· 
IlletU force may not be economic or practicable. However , It 15 fo~n~ III Ihe . 
'Ijority of cases that if a section is chosen W~ich satisfies th~se mmmtum reqUire
letnls. coupled with any other speCified reqUirements regardmg the Y'lape of the 
"!lon then a satisfactory design is usually possible. The ratio of acceptable 

p'lIl.d~pth for a prestressed beam canno t be categor ised on the basis o~ de~ec-
'111 as easily as for reinforced concre te . In the absence of any other cntena. the 

h.llowlng formu lae may be used as a guide and will generally produce reasonably 
III\\Crva\lve designs for post-tensioned members. 

span <; 36 m 

span ;>36 m 

h= span +0.1 m 
25 

h 
_ span 
- -- m 

20 

In thc case or short-span members it may be possible to use very much greater 
.n-deplh rat ios quile satisfactori ly. although the resulting prestress forces may 

"!lUI very high. 
Olher fa ctors wh ich must be considered at this stage include the slenderness 

.Un of benms, where the same criteria IIpply as for reinforced concrete. lind the 
Ilblllt y of web and nange splitting in nllnged members. 

, l. mpl, 12.2 $election o[ CrO$1·secllon 

II rectllngular section for I pOltlt1nllnnad !'In m to tin y, In addition to its 
It 'Wc l&ht , a unifo rmly dlstrlbutcd 10lld or' kN/ 1II II"'" . Imply IUPI)Orled . pan 
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of 10 ffi . The member is to be designed as class I with grade 40 concrete, without 
lateral support. 

Class I member. thus 

thus 

[ max 
40 

'" - '" 13.3 N/mm2 
3 

[min = 0 N/mm2 

' Uve load' 
moment at 
mid·spanMv 

3 X 102 

" --- =37.5kNm 
8 

37.5 x loti 
• ,-","-:'c'"C- = 2.82 x I Qii mm' (minim um) 

13.3 

This should be increased by 20 per cent to allow for transfer case . Therefore 

z = 1.2 x 2 .82 x 106 mm' 

= 3.38 x 106 mm3 

To prevent lateral buckling, BS 8 110 specifies maximum permissible span/ 
breadth = 60, that is 

minimumb :::: 

thus if b= 17Dmm 

hence 

bh' ,. - . 
6 

= 167 mm 

minimum h = )(6 ~;~38 x 10') 
'" 345 mm 

This represents a span-depth ratio = 10 x 103 /345 = 29.0 which may prove to be 
excessive when deflections afe checked (see example 12.7) but as a first Irial a 
section 350 x 170 is adopted (z , "" %2 '" Z = 3 .47 x 10' mm3

) and this is used in 
subsequent examples, 

12.4.2 Design of Pr~s(r~ss Forc~ 

The inequalities of equations 12.9 and 12.12, and 12. 10 and 12. 11 may also be 
combined to yield expressions involving tho momont varia lion Mv , thus 
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12.9 and 12.12 

( " + ',) (A~ - P) A max 
(12. 17) 

12.IO and 12.1 1 

Mv '" (Mmll< - Mmin) .s;;; (%1: Z2) (P - A/min) '( 12.18) 

thus if Mv and P are treated as variables, these are both of the general form 
f;f~ '" aP + (J where a and tJ are constants. These two expressions therefore re pre
aent linear limits, and since the signs of P are opposite , one represents an upper 
Um it to P and the other a lower limit as shown in figure 12. 10. The upper limits to 
Mv for the section moduli chosen . as given by equations 12.13 and 12. 14 are also 
shown and since these are independent of the value of P, these are parallel 'hori
lonal lines'. If the section is symmetrical . lines 12.13 and 12. 14 coincide , and it 
can be shown that this passes through the intersection of 12.17 and 12.18. 

17 18 

I , , , p 

Figure 12. 10 Moment Wlritt/ion Qnd prntreff force relQtionships 

II Is necessary to choose a value of prestress force which lies between these 
limit s for the appropriate value of mome nt variat ion to be carried by the member. 
II tI n be seen that no advantage in moment va riation capacity is to be gained by 
111t)vldlng a prestress fo rce in excess of the value X shown In figu re 12. 10. 

In Ihe case illustrated in figure I 2. 1 0 , where %, > % I , the value o f X is given by 
Ih' In tersection of equations 12 . 14 and 12. 18. Ihal is 

( 12. 19) 
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and Y is similarly given by 

[muZl + f mlnZ I 

(,. ;") (1 2.20) y 

If 21 > Z2 then 12.13 lies below 12.14 and the values of X and Yare interchanged. 
The minimum prestress force for a given moment variation is therefore given by 

equat.ion 12. 18 which is based on satisfy ing the minimum stress requirements. 
This may be rewritten in the fo rm 

that is 

p> §Mv +Almin 
2 1 + Zl 

A 

( 12.21)' 

Although a range of values of permissible prestress force can be found , this makes 
no allowance for the fact that the corresponding eccentricity must lie within the 
beam. It is necessary therefore to consider the effect of lim iting the eccentricity 
to a maximum practical value for the section under consideration. The effect o f 
Ihis limitation will be most severe when considering the maximum moment acting 
on the section. that is. the inequalities of equations 12.9 and 12.1 1. 

If tlle limiting value for maximum eccentricity, emu depends on cover require. 
ments; equation 12.9 becomes 

Mmax <;' fmaxZ2 - p(~2 +em ~x) (12 .22) 

and equation 12.11 becomes 

Mmax <;. p(:1 - e max ) - fm in ZI (1 2.23) 

Thus these represent linear relationships between Mmax an d P. For the case of a 
beam subjected to sagging moments, emax will generally be negative in value , thus 
equat ion 12.23 is of positive slope and represen ts a lower limit to P. It can be 
shown also that for most practical cases [(Z2/A) + emax ] < 0 , thu s equation 12.22 
is similarly a lower lim it of posi tive , though smaller, slope. 

Figure 12. 11 represe nts the ge neral form of these exp ressions , and it can be selin 
clearly that provid ing a prestre ss force ill excess of y' produces only slllall benen tl 
of additional maximum moment capacity. The value of y ' is given by the in ter· 
section of these two expressio ns, when 

p( ~I - em• x) f min ZI : fmu :1 p( ~l + emu) 

PRESTRESSED CONCRETE 347 

23 

22 

MoJo. MOrn<lnt 

p 

y ' 

Figure 12. 11 Maximum moment and prestrest force relationship 

]hus 

(12.24)* 

It lhould be noted that this corresponds to the value of p : Y in equation 12.20. 
Ihul the value of prestress force p: Y: y' may be conveniently conside red as a 
lIIu lmu m eco nomic value . Equation 12.23 provides a second lower limit to P 
llI~h that 

p .." Mmu + fminZI 

(J -em .. ) 

(1 2.25)' 

"" I: tlcally therefore, the prestress force must be selected to satisfy two lower 
IItlll. based on 

III 
(2) 

(3) 

the moment variation,Mmax - Mmin fr om equation 12.21 
the maximum perm issible eccentricity and max.imum moment Mm•x 

from equation 12.25 
the prestress force should be less than the economic maximum given 
by equation 12.24. 

ht the case o f a simply supported beam, the design prestress force will generally 
hucd on the minimum val ue which la tlJncs thcse cri teria at the crit ical section 
'~ndln8In the member. If the governing crite rion Is thllt of moment vari ll tion , 

me mber is said to be 'be low the crltlclllllllI' , Ind If maximum moment 
Inl, it is 'above the critical span' Ihe lallcl Clie Kenerally applies only to 

• 'P"" beams. 
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Although this treatment relates only to the commonly occurring case where 
Mmu and Mmin are both sagging, the approach can be extended quite easily to 
deal with other situations which may occur. 

EXample /2.3 Colculation of Prestress Force 

Calculate the minimum prestress force for the beam in example 12 .2. (From 
example 12.2. b = 170 , h = 350,zj = z,. = 3.47 X 106 mm3 , Mv = 37.5 kN m, 
[min = 0 , {max = 13.3 N/mm:l .) 

(a) Based on Moment Variation 

Lower limit to P from equation 12 .21 

P;;' Mv + fmin(Zj +Z2) 

( "A+") 
~37.5x l06+0 X 10- 3 

2x3.47x106 

350 x 170 

;;;. 322 kN 

(b) Based on Maximwn Eccentrici ty and Maximum Moment 

thus 

Self· weight of beam =: 350 x 170 x 10--6 x 24 =: 1.43 kN/m 

1.43 X 10
2 

=: 17.9kN m 
8 

Mmax =Mmin + Mv = 17.9 + 37.5 = 55.4 kN m 

Thus lower limit to P from maximum moment is given by equation 12.25 as 

p~ Mmax + fmi n ZI 

C' -'mu) 
where emax is given by - [(hI2) - cover] . T hus if minimu lll cover = 50 mm, 

em8~ = - (175 - 50) 

= - 125 mill 

hence 
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55 .4 X 106 + 0 

3.47 X 10
6 

+ 125 
350xl70 

~ 302 kN 

X 10- 3 

Th us the crit ical minimum value is given by moment variation requirem en ts and 
the member is below the critical span . Provision of a prestress fo rce of 322 k N will 
therefore produce an acceptable eccen tr ici ty at mid-span. 

(c) Check the Upper Limit to Prestress Force 

From equation 12.24 

p",- fm axZ2 + fmi n ZI = 13.3zA 
Zl+Z1 2z 

A 

"'-6.65A 

"'-6.65 x 350 x 170 x 10- 3 

"'- 395 kN 

~lnce Ihis is above the value of 322 kN to be provided , the design will be considered 
•• acceptable at this stage. 

11,4,3 Transfer Stresses 

Sheases existing in the concrete at transfer must always be checked, sin ce these 
w!ll gcnerally b~ higher than those occurring in the design based on final prestress 
'mce, T his is due to the combined effects of a higher prestress force , and an applied 
moment which is freque ntly lower than Mmin considered in the basic design . In 
.ddl tlon to' the increased stresses, the concrete is usually relatively immature and 
no t at full strength. These factors combine to make transfer a cri tical stage which 
mutt always be examined carefully , even though allowance may have been made 
whclI determ ining section size. 

Since this condition is transitory with losses commencing immediately, It Is 
IUIII,lIl' permitted that stresses may rench higher values than normal relative to the 
IlIlcrete strength. This has been discussed in section 12 .4 and transfer-stress ealcu· 

1.lIons will often govern the minimum permissible concre te cube strength at the 
Hille o f transfer. 

1l(lJI1fplt /2,4 Transltr Stresses 

l or lite previous examples. check Irlnl fer . lrOilOl at mld-.spo.n, Assume losses · 25 
r I cenl and prestress force constan t tluouahout ' 1)1111 , Assume also thllt M · Mm1n 

17 .9kNm nnde -- IOO mm , 
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322 Prestress for ce at transfer PI = -- '" 430 kN 
0.75 

Then minimum stress at top fi bre, from equation 12. 10 is 

P, + P" + Mmin 430 x 103 430 x 103 x]OO + 17.9x 106 

Im in = A 
" 170 x 350 

=7.2 -1 2.4+ 5.2 

=0 

and maximum stress at bottom fi bre from equatioll 12.12 is 

[max 
= PI _ Pte _ M m in 

A Z t Z l 

= 7.2 + 12.4 - 5 .2 

= 14.4 N/mm:l 

3.47 X 106 

If it is assumed that the compressive stress at transfer may reach SO per cent of the 
cube strength at that time , the minimum permissible concrete strength at transfer 
is given by 2 x 14.4 "'" 30 N/mm2

. The minimum stress is within the limit permit
ted in a class I structure. 

Near the ends of the membe r,Mmin becomes very small and the resultant 
st resses will be even more severe than those calculated at mid-span . This demon
strates the common situation where it is necessary to reduce either the prestress 
force or its eccentricity near supports as discussed in sections 12.2.1 and \2.4.4. 

12.4.4 DeSign of Tendon Profiles 

Having obtained a value of prestress force which will permit all stress conditions to 
be satisfied at the critical section, it is necessary to determine the eccentricity at 
which this force must be provided, both at the critical section and throughout the 
length of the member. 

At any section along the member, e is the only unknown term in the fou r 
expressions 12.9 to 12. 12 and these will yield two upper and two lower limit s 
which must all be Simultaneously satisfied. This reqUirement must be met at aU 
sections throughout the member and will reflect both variations of moment, 
prestress force , and section properties along the member. 

The design expressions can be rewritten as 

e-< r fmax Z2 _ Z2] _ Mmax (12.26) t PAP 

e;" r fmin Z2 _ 2J _ Mmin 
t PAP 

e< ~I - fm~Z ' ] _ ~;ax 

{l 2.27) 

( 12.28) 

PRESTRESSED CONCRETE 35 1 

fmaxZ,] M m1n 
- --- -

P P 
( 12.29) 

Al though it is relatively simple to evaluate all four expressions, it can be shown 
that expressions 12.27 or 12.29 and 12.28 govern when Mmax and Mmin are both 
positive, although this does not apply in other situations. The moments Mmax and 
Mmin are those relating to the section being considered. 

For a member of constant cross·sec tion, if minor changes in prestress force 
ll iong the length are neglecte d, the terms in brackets in the above expressions are 
constants. Therefore the zone within wh ich the centroid of prestress force must lie 
15 governed by the shape of the bending-moment envelopes , as shown in figure 
12.) 2. In the case of unifonn loading, these are parabolic, hence the usual pract ice 
Is \0 provide parabolic tendon profiles if a straight profile will not fit within this 
l one. 

[~ - f m ,; r,] 

X -------- -------- E,",;' 
_ M mo~ /'---l~'"nVO l da I 

p aX Is 

/ [::::::=;==~~~~=::::::::::::J E2~ ' 
[r: . I,"",; r2] 

Figure 12.12 Cable zone limits 

Atthe critical section, the zone is generally narrow and reduces to zero if the 
"Ilue of prestress force is taken as the minimum value from moment variation 
requirements. At sections away from the critical section, the zone becomes 
Increasingly wide as the momen ts reduce and the prestress force provided is 
Increasingly greater than the minimum required. 

lixompie i 2.5 Colcuwtion of Coble Zone 

I)o tt rmine the cable zone limits at mid-span and ends of the member designed in 
'.II ~ mples 12.2 and 12.3 for a constrant prestress force of 322 kN. 

(I ) Ends of Beam 

I hnlts to cable ecce ntricity are give n by 

,(\uu tlon 12.27 

e ~ ~m;Zl _ ~2j 
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and equation 12.28 

e ~ [~I - Im~n Z I ] _ M; ax 

equation 12.27 becomes 

e;. [o- 3.47 x 10
6
] - 0 

350 x 170 

> - 58.3 mm 

Sim ilarly equation 12.28 becomes 

e .. [3.47 Xl<f - 0]-0 
350 x 170 

,,+ 58.3 mm 

Thus at the en ds of the member, the tendons must lie at a practical eccen tricity 
in the range ± 58 mOl. 

(b) Mid-span 

Equa tion 12.27 gives 

e;' [ 0 - 3.47 x 10
6

] _ 

350 x 170 

;. - 58 .3 - 55 .6 

>- 113.9mm 

and equat ion 12.28 gives 

e" [3.47 x 106 -0] 
350x l 70 

< 58.3 - 172 

<; - 1lJ.7 mm 

17.9 X 106 

322 x 10' 

55.4 x 10' 

322 x 10' 

Hence at mid-span the tendon must theoretically lie at an eccentricity of - 113.8 
mm and the practical width of cable zone is zero for this prestress force. 

12.4.S Width of Cable Zone 

The widths (sx ) of the permissible cable zone at any section x may be obtained by 
subtracting equations 12.28 and 12.27 for a simply supported beam, thus 

S ""!! • A 
_ [mlnZ, _ Mmu. 

p p 
+ z, 

A 
+ Mmin 

p 
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therefore 

where the values of moment. prestress and section properties are those relat ing to 
section x . The design expression for minimum prestress force based on moment 
variation (equation 12.21) may be rewritten so that 

M. = (~) - f, (z, +z,) 
P A min p 

where Mv = design moment variation at critical sect ion. Hence 

S "" Mv _ ( Mmax - Mmin ) 
• p p 

= Mv - (Mmll!: - M mln) 
p 

When section x coincides with the cri tical section, (Mmax - Mmin) corresponds to 
Mv and hence Sx = 0, unless the value of Mv used in the design calculations for pre· 
. tress fo rce is increased to provide for a positive zone width , in which case the 
vil lue of Mv used in the design must be obtained from the above expression, so 
Ihat 

Mv = (Mm .. - Mmin ) + Psx 

where Sx is the minimum required zone width at section x. Hence the expression 
(or minimum prestress force corresponding to equation 12.2 1 becomes 

p> (Mmax - Mmi n} + Psx + fminCZ I +Z2) 

(ZI :Z2) 

"' 
(12.30)' 

I flJmp/~ / 2.6 Calculation of Pre~'treS.f Forc~ for Minimum Cable Zone Width 

lind the min imum prestress force neccssllry for the bea m in examples 12.2 and 
I' .l lf the minimum cable zone wid th Is to be :t 10 Illlll and minimum cover 
t.mu!ns at 50 mm . 

h) I)ased on Momen t Variation froUl F(IUlt l icln 12,10 

", mld·spa n section 
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where s" = 20 mm. Hence 

p ~ 37.5 X 10
6 

+0 X 10- 3 

2 x3.47x106 

~Oo:-'-;';;;;'- - 20 
350x170 

~ 388 kN 

(b) Based on Lim its of Eccentricity from Equation 12.25 

Now for maximum tolerance, cmax may be reduced to - (h/2 - Cover] 
thus 

ems" = - (175 - 50) + 20= - 105 mm 

hence 

p-;. 

55.4 x 106 +0 
X 10- 3 -;. 

3.47 X 106 

+ 105 
350x 170 

~ 339 kN 

Thus, moment variation still governs. 

+ 20, 

It will be noted immediately that the minimum prestress force is increased ca n· 
siderably by this requirement, and approaches the maximum economic value of 
395 kN for the section chosen, as determined in example 12.3. This demonstrates 
clearly the nee d for precision of construction in prestressed concrete mem be rs, 
particularly with reference to tendon fixing. The importance in selecting section 
properties which exceed the minimum values by a reasonable margin is also 
emphasised and confirmed by example 12.4 in order tha t transfer conditions may 
be met. 

12.4.6 Prestress Losses , 

From the moment that the prestressing force is first applied to the concrete 
member, losses of this force will take place because of the following causes 

(I) Elastic shorten ing of the concre te. 
(2) Creep of the concrete under sustained comprcssion. 
(3) Relaxa tion of the prestressing steel under 5u ~ t fll ned tension. 
(4) Shrinkage of the concre te, 
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These losses will occur whichever form of construction is used, although the 
effec ts of elastic shortening will generally be much reduced when post-tensioning 
is used. This is because stressing is a sequential procedure , and not instantaneous as 
with pre -tensioning. Creep and shrinkage losses depend to a large extent on the 
properties of the concrete with particular reference to the maturity at the time of 
stressing. In pre-tensioning, where the concrete is usually relatively immat ure at 
transfer, these losses may therefore be expected to be higher than in post
te nsioning. 

In addition to losses from these causes, which will generally total be tween 20 
to 30 per cent of the initial prestress force at transfer, further losses occur in post
tensioned concrete during the stressing procedure. These are due to friction 
be tween the strands and the duct, especially where curved profiles arc used, and 
to mechanical anchorage slip during the stressing operation. Both these factors 
depe nd on the actual system of ducts, anchorages and streSSing eqUipmen t that arc 
used. 

Thus although the basic losses are generally highest in pre-tensioned members, 
In some instances overall losses in post-tensioned members may be of similar 
magnitu de. 

Hlus ric Shortening 

rhe concrete will imme diately shorten elastically when subjected to compression, 
I nd the steel will generally shorten by a similar amount (as in pre-tensioning) with 
I corresponding loss of prestress force . To calcula te this it is necessary to obtain 
the compressive strain at the level of the steel. 

If the transfer force is PI, and the force after clastic losses is p' then 

P' = PI - loss in force 

.nd the corresponding stress in the concrete at the level of the tendon 

, _ l' (I',)x, I( ) 
J, - - + + Wd 

C A I I 

whe re ! (Wd) is the stress due to self weight which will be relatively small when 
Iveraged over the length of the member and may thus be neglected. Hence 

fe= ~ (I + e;A) 

.ud concre te strain = felEe , thus reduction in steel strain = fe/Ee and 

reduct ion in steel st rcss· (f') t.' • (l' /. 
He • c e 

Ihul 

loss In prestress fo rce · a,/f /.1 .. 

where A l l • ~ I rca of tendons 
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hence 

so that 
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=a, A.1" 
A 

remaining prestress force P' = --_-:'p~,"--, __ ," 

I +ae : M (I + e:A) 
In pre-tensioned construction this full las! will be present ; however when post

tensioning the effec t will only apply to previously tensioned cables and although a 
detailed calculation could be undertaken it is nonnally adequate to assume SO per 
cent of the above losses. In this case the remaining prest ress force is 

P' : _ P, 

I + O.Sae ~st ( I + e:A ) 
and it is this value which applies to subsequent loss calculations. 

Creep o[O:mcrele 

Th,e susta ined compressive stress on the concre te will also cause a long-term short. 
clllng due to creep. which will s imilarly reduce the prest ress force. As above, it is 
the stress in the concrete at the level of the steel which is importan t, that is 

loss of stee l stress"" Esfc x specific creep strain 

then 

loss of prestress force = Es ~st fI (I + e; A) x specific creep lit'. 

The value of spe cific creep usc d in th is calculation will be infl uenced by the 
fac tors discussed in section 6.3.2 . and may be obtai ned from the v<l lues of creep 
coefficien t ~ riven in figure 6 .5 us.ing the relationship 

specific creep strain = l.. I N/mm1 

E, 
Fo r lIlost outdoor exposure purposes in the UK It will be adeq ullte to use VBI\lr. 

of creep coefficient between 1.8 for transfer within] dUy. and 1.4 for transfer 
aft er 28 days. 
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Relaxation of Steel 

Despite developments in prestressing steel mallu fa cture which have taken place in 
recent years , relaxation of the wire or strand under sust ained tension may still be 
expected to be a significant factor. The precise V"Jlue wiu depend upon whether 
pre-t6llsion ing o r post·tension ing is used and the cha racteristics of the steel type 
defined in BS 5896. Factors allowing for me thod of construction are given in 
BS 8 110 which should be applied to 1000 ho ur relaxat io n values provided by the 
manufacturer. The amount of relaxa tio n will also depe nd upon the init ial tendon 
load relative to its breaking load . In most practical sit ua tions the transfer steel 
st ress is about 70 per cent of the characteristic strength and relaxation losses are 
likely to be approximate ly 8-10 per cent of the tendon loa d remaining after 
Inuisfer. This loss decreases linearly to ze ro for a transfer s tress of abou t 40 per 
cenl characteristic. 

Shrinkage of Concrete 

This is based on empirical figures for shri nkage/unit lengt h of concrete (esh) for 
particular curing condi tions and tra nsfer maturity as discussed in chapter 6. 
l'ypical values for pre· tensioned concrete (s tressed at 3 to 5 days) range from 
100 X 10 - 6 for UK outdoor exposure to 300 x 10- 6 for indoor exposure . Cor
responding values fo r post ·tensioning (stressed at 7 to 14 days) are reduced to 
70 x 10- 6 and 200 x 10- 6

. More detailed guidance in unusual circumstances 
may be obtained from section 6.3.2. 

The loss in steel stress is thus given by £ME., hence 

loss in prestress force'" E"ME$ A st 

/-rfetion ill Ducts (post-tensioning only) 

When a post-tensioned cable is stressed , it will move relative to the ducl and other 
abies within the duc t and friction will tend to resist this movement hence reducing 

Ihe effec tive prestress fo rce at positions remote from the jack ing point. This effect 
m~y be divided into unin tentional pro fil e variations. and those due to designed 
urvature of duc ts. 

(a) 'Wobble' effects in straight ducts will usuaUy be present. If Po = jack 
force, and Px ::: cable force at d istance x from jack then it is generally 
estimated that 

P = P e- b 
• 0 

where e = base of nap ierla n logs (2.7 18) and k ::: constant , depending on 
duct chamcte ristlcs and construc tlon procedures, generally taken as 
<{ 33 x 10-4 bul reducing to I 7 x 10- 4 in special cases. 

(b) Duct cu rvature will genemUy caule greater prest ress force losses, and is 
given by 

Px ;;:' Poe- lulrPl' 

where JJ. . coefflclent of friction (1 )'1,1, .lIy 0 55 ' Ico l on concrete , 0,3 
steel o n l leel, 0, 12 gresucd Itrlnd UIII,I',II.) ~lId 'I" t.dlu.ofcurvlI 
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lure of duct. If r ps is not constant, the profil e must be subdivided into 
sec tions, each assumed to have constan t ' "" in which case Po is taken as 
the force al Ihe jack ing end of the section and x the length of Ihe seg
ment. Pl: ' the [orce at the end remole from the jack then becomes Po 
[or the next sec tion and so on. 

The above effects may be combined to produce an effec tive prestress force 
diagram for a member. If friction losses are high , it may be worth while to jack 
Simultaneously from bo th ends, in which case the two diagrams may be super
imposed, maintaining symme try of prestress fo rce relative to the length of the 
membe r. 

Example J 2.7 Estimation of PrestTl!ss Losses 

A rectangular 250 x 150 mm pre·tensioned beam is stressed by wires of total area 
200 mm2 with a total characteristic strength of 370 kN at an eccentricity of 
- 50 mm. p~ 

If the transfer prestress force is 250 kN, est imate the fina l value after losses. 
Assume: Ee ( transfer) "'" 28 kN/mm2 ; E. "'" 205 kN/mm2 ; shrinkage/unit length 
(€sh)::: 300 X 10- 6 ; specific creep::: 48 x 1O- 6/N/mm2. 

(1) Elastic Shortening 

p= PI 

I + £te AS!: 
A 

~ 2$"0 ( I t" [o~ • 1(,0 of 1 
?i.fi9> Y 

where A = 37500 mml 

bh' 
J= - - '" 195 X 106 mm4 

12 

therefore 

(2) Oeep 

250 
?= --~~~~~~~~ 

1 + 205 x _2_00_ I + SOl X 37500 
28 37 500 195 x 106 

= 236.3 kN ( that iS, loss = 13.7 '" 5,5%) 
250 

P P, _ 
p,_p', 

7$0 ~ 216 '. 

Loss in force'" specific creep x Es x ~ (1 + e; A ) AR 

=48x lO-6 )(205XIO' X~ x 
37 500 

(
I + SOl X 37 S~ ) , 200 

195 , 10' 

,,~~J 

n 
.. Ill', 

(3 ) Relaxation 
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= 18 .3 kN (that is, loss '" 18.3 = 7.3%) 
250 

Transfer force::: 250 x 100 '" 67.5 per cen t charac teristic 
370 
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there fore assuming that a loss of about 8 per cent corresponds to a stress of 70 per 
cent characteristic, 

there rore 

(4 ) Shrinkage 

Thus 

I lld 

1 . 1 8 (67.5 - 40) 7 3 re axat lon oss"'" x "' . per cent 
30 

loss in force "'" 7.3 x 236.3 = 17.3 kN 
100 

Loss in for ce'" €shEsAst = 300 x 10- 6 X 205 x 200 

'" 12.3 kN 

fina l prestress force = 236.3 - 18.3 - 17.3 - 12.3 

= 188 kN 

total estimated loss of force is 62 ::: 25 pll r cent 
250 

11.4. 7 CoJcukJtion of Deflections 

rhe anticipated deflections or a prestressed member must always be checked since 
~pec lfic span-effective depth ratios are not met in the design procedure. The 
defl ection due to the eccen tric prestress force must be evaluated and added to that 
from the normal dead an d applied loading on the member. In the case of class 1 
I nd 2 struc tures. the member is designed to be uncracked, and a similar procedure 
I, rollowed to tha t described in chapter 6. Although cla ss 3 members are designed 
II cra.cked under fu ll load , when evaluating denectlons due to non·prestress load· 
Ina' It has been round that little error Is In troduced Ir the uncracked case is again 
(ol1sldered. thus simplirying calcul a. tlons conSiderably. BS 8 11 0 recommends that 
ror class 3 members such an a~umptlon nlay be mode Ir Ihe permanent load is no 
"lore than 25 per cent or the tOlal design 10ld I( thl' I. no t .. tlsfled then the 
member de flections must be evaluated aJ tricked unle" the bilic . pan-e rrec tlve 
<Se pth ratiol (section 6 .2) are 58t lsned . In wh lo. h c ... th. deflec tion. or Ihe 
rn.mbcr may be luumed 10 be no t cxce 11f' . 



360 REINFORCED CONCRETE DES IGN 

The basic requIremen ts wh ich should generally be satisfied in respec t o f denec. 
lions are similar to those for a rein forced beam (section 6.3). which are 

(I) Final defl ec tion 1> span/2S0 measured below the level of supports, 
( 2) 20 mm or span/500 max imum movement after fi nishes applied. 

Addi t ionally in prestressed concrete 

(3) Total upward de neclion 1> span/3S0 or 20 mm where fini shes 3re 
applied. unless uniformity of camber be tween adjacen t units can be 
ensured. 

The evaluation of deflections due to prestress loading can be obtained by 
double integration of the expression 

M ::Pe = £ Jd
1
y 

x 11 dT2 

over the length of the member, alt hough this calculation can prove tedious fo r 
complex ten don profiles. 

The simple case of straight ten dons in a uniform member however . y ields 
M =-Pe =- 3 constan t. wh ic11 is the situa tion evaluate d in section 6.3.3 to y ield a 
max imulll mid-span defl ectioll of - ML 1/8EI =- - PeL 1/8E1. If the cables lie 
below the cenlroidal axis, e is negative, and the deflection due to prestress is 
then positive . that is upwards. 

Another common case of a symme trical parabolic tendon profile in a beam of 
constant section can also be evaluated quite simply by considering the bending
momen t distribution in terms of an equivalent unifonnly distribu ted load. 

For the beam in figure 12. 13 the moment due to prestress loading at any 
section is Mx =-Pex but since ex is parabolic, the prestress loading may be likened 
to a uniformly distribu ted load We on a simply su pported beam; then mid.span 
momen t 

thus 

weL2 

8 

8Pec we:: -
L' 

But since the mid-span deflection due to a uniformly distributed load waver u 
span L is given by 

5 wL4 
y= - -

384 £1 

the deflection due to We is 

5 
y::: - -

48 
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p p 

-- . --"'. ".--

'" 
Figure 12. 13 Parabolic tendon profilt! 

If the prestress force does not lie at the centroid of the section at the ends of 
the beam. but at an eccentricity eo as shown in figure 12. 14. the expression for 
de flection must be modified. It can be shown that the deflection is the same as 
Ihu l caused by a force P acting at a constant eccentricity Co throughout the length 
of the member, plus a force P following a parabolic profile with mid-span eccen tri
city e~ as shown in figure 12. 14. 

p 

.T --------------
~ f---"-...: '; _+--...L"_ 

Figure 12. 14 Parabolic telldon profile eccentric at ends of btQm 

The mid·span de nection thus becomes 

_ (Peo )L1 5 (Pe~)L2 
y - - 8EI - 48 £1 

Dcnectiolls due to more complex tendon profiles are most conveniently esti
mll, led on the basis of coefficients which C!in be evuluated ror comm only occurri ng 
II nngemcn ts. These are on the basis y . (A'L')/t:1 where K incorpora les Ihc varia
lion' or curvature due to preslress olona the member length. 

There are three principal stages In Ihe li re or II prestressed member al which 
de flections may be critical and Illay requ ire 111 he 1I'~sscd . 
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( I) At transfer - a check of actual deflection at transfer for comparison 
with estimated values is a useful guide Ihal a preslressed beam has been 
correctly constructed. 

(2) Under dead load, before applicat ion of fini shes - deflections must be 
evaluated to permit subsequent movement and possible damage to be 
estimated. 

(3) Long term under full load - deflections are required, both to detemline 
the subsequen t movement and also to assess the appearance of the final 
structure. 

Short-tenn deflections wit! be based on materials propertie s associated with 
characteristic strengths (1m '" I) and with actual loading ('Yf = )), Long·tenn 
assessment however must not only take into account loss in prestress force, but 
also the effects of creep bo th on the applied loading and the prestress loading 
components o f the denection. Creep is allowed for by using an effective modulus 
of elasticity for the concrete , as discussed in section 6.3.2. 

Thus if Ec is the instantaneous value. the effective value after creep is given by 

Eeff ", ~ 
1 +. 

where the value of t/I. the creep coefficient can be obtained from figure 6.5. 
It can be shown in some instances that when net upward denections occur. 

these often increase because of creep, thus the most critical downward deflection 
may well be before creep losses occur, while the most critical upward denection 
may be long term. This fu rther complicates a procedure which already has many 
uncertainties as discussed in chapter 6; thus denec tions must always be regarded 
as estimates only. 

Example 12.8 Calculation of Deflections 

Est imate transfer and long-te rm deflections for the 350 x 170 mm beam of to m 
span in examples 12.2 to 12.4 if it is assumed that the mid·span eccentricity " 
- 100 mm and the end eccentricity'" O. Assume that prestress losses amount to 
25 per cent an d that the creep coefficient = 2.0. The prestress for ce may be 
assumed constant throughout the member. (From the previous examples, final 
prestress force p ::: 322 kN. minim um loading wmin ::: 1.43 kN/ m and max imu rtl 
loading w max ::: 4.43 kN/ m.) 

(a) At Transfer 

P '" 322 '" 430 kN 
1 0.75 

take Ee '" 3 1 kN/mm) as typica l for a grade 40 concrete . Thus 

deflec tion due to se lf-weight:: __ 5_ wmlnL 
4 

384 Eel 

5 (Ple~) /} denect ion due to prestress • 
4R 

But 

Thus 

deflection 

PRESTRESSED CONCRETE 

J= bh' ::: 170x350' ::: 607x l ifmm4 

12 12 

- 5 x 1.43 x l it x 1012 

Y'" 384x31 x l<r x607x 106 

5 430 X 103 x (- 100) X 102 X 106 

- 48 x 31 x 10' x607x lif 

::: - 9.9 +24 

::: + 14 mm (upward) 

(b) At Application of Finishes 

363 

If the dead load due to finishes = 2.0 kN/m. the instantaneous deflection due to 

finishes 

_ 5 x 2.0 x lit X 1012 

y::: 384 x3 1 x l<r x607x 106 

::: - 14 mm (downward) 

Assuming that only a small proportion of prest ress losses have occurred at this 
stage, the total defl ection will be given by 

y:::+ 14 - 14 =0 

(c) In the Long Term 

Eeff::: _E_,_ ::: ~ ::: 10.3 kN/mm2 
1 +4> 1+ 2 

Thus denect ion under sustained minimum loading of dead load plus finishes 
becomes 

5 x ( 1.43 +2.0) x lit x 1012 5 x322x 103 (_ 100) x 101 x ]cr 

)1=- 384x IO.3xl6' x607 x I06 - 48 x lO.3x loJx607x]cr 

= - 7 1 + 53::: - 18 rtlJIl (dowllw(lrd) 

The deflection under sustained maximum looding Is give n by 

4.43 53 y::: - 7 I x- + 
3.43 

• 92 + 53 

• 39 mm (downwlld) 
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The criteria that should be satisfied are 

(1) Maximum downward deflection '" span/2S0 = 10 000/250 = 40 mm. 
This is just ~tisfied . 

(2) Maximum upward -deflection = span/350 '" 29 mm or 20 nun. This is 
satisfied. 

(3) Maximum movement after fUlishes = span/SOO = 20 rum. 

The actual value is given by 

Maximum long-term deflection - instantaneous defl ection 
after application of finishes 

= - 39 - 0 = - 39 mm 

Hence this requirement is not satisfied, and special consideration must be given 
to the importance attached to this criterion in this particular instance. 

12.4.8 End Blocks 

In pre-tensioned members, the prestress force is transferred to the concrete by 
bond over a definite length al each en d of the member. The transfer of stress to 
the concrete is thus gradual. In post-tensioned members however, the force is 
concentrate d over a small area at the end faces of the member, and this leads to 
high tensile forces at right angles to the direction of the compression force. This 
effec~ W~l extend some distance from the en d of the member until the compression 
has dlstnbuted itself across the full concrete cross-sect ion. This region is known as 
the 'end block' and must be heavily reinforced by steel to resist the bursting 
tension forces. End block reinforcement will generally consist of closed links which 
surround the anchorages, an d the quantities provided are usually obtained from 
empirical me thods. 

F la t P late<' Anchorage<' _ COni c a l Ancho rage<' . 

Figure 12.15 

Typical 'flow lines' of compressive stress are shown in figure 12.1 5, from which 
it can be seen tha t whatever type of anchorage is used, The required distribution 
can be expected to have been attained at a distance from the loaded face equal to 
the lateral dimension of the member. This is rel(l tive ly indepe ndent of the anchor 
age type, and the distribu tion of bu rs ting tensile stress is generally ::as shown in 
figure 12.16. 

" " .. o c -" " c 0 
o 0 . " o 

" 
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1.0'2 Yo 

2 'Oyo 

Figure 12.16 

Ec d 
8 10c l< 
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The magnitude of these stresses de pends on the ratio of the dimensions of the 
loaded area to the dimensions of the end block. [t will normally be necessary to 
eslablish the end-block dimensions bo th horizontally and vertically based on the 
size of the end face of the beam and the layout of the anchorages. The end block 
fo r each in dividual anchorage will be symmetrical about the centre line of the 
anchorage and its total width (2yo) will be limite d by the distance (yo ) to an edge 
of the concrete member or half the distance to an adjacent anchorage. Values of 
bursting tensile force (Fbst) are given in ta ble 12.1 related to the jacking force (Po) 
for a square end block of side 2y o loaded through a square anchorage of side 2y po' 

If a circular anchorage is use d, then 2ypo is taken as the side of a square of equiva
len t area. and if the end block is not square , then separate values of Fbst must be 
ev::a luated for bot/J vert ical and horizontal planes based on the largest symmetrical 
end block. 

Once Pbn has been obtained , reinforcement is provided to act at a stress of 
200 N/mml and is usually distributed evenly over the length of the end block. The 
cOi lculalion is thus base d on serviceability conditions and will be adequate for 

Table 12.1 Bu rsling fo rces in end blocks 

2ypo 
0.3 0.4 

2yo 
0.5 0.6 0.7 

Ph. 
P, 

0.23 0.20 017 0. 14 0. 11 
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bonded tendons. If tendons are unoonded, an ultimate limit state check with F tm 
based on the tendon characteristic load and with rein forcement acting at its design 
strength ofO.87fy will be necessary. 

High local stresses should also be controlled by limiting the maximum compres· 
sive bearing stress to 0.6 x transfe r cube strength, and extra helical reinforcement 
is often incorporated into 'wedge' type anchorages. 

In situations where there is more t han one anchorage , each should be treated 
individuallY,and then combined as indicated in example 12.9 . 

Example 12.9 Des;,n of End Block Reinforcement (Bonded) 

The beam end in figure 12.17 is stressed by four identical 100 mm conical anchor· 
ages located as shown, with a jacking force of 400 kN applied to each. 

The area may be subdivided into four equal end zones of side 200 x 150 mm 
(figure 12. 17a) , that is 

2yo '" 200 mm vertically 

'" 150 mm horizontally 

, , : , , , 
1- _. __ .1. __ . _ , 

, ' , , ' , 

(0) 

g 
N 

g 
N 

o 
o 

g 
• 

FiaUre 12. 17 

I· 

---------

D ~ 
I-

176 

400 
'I 

'D) 

Equivalent square anchorage has side 2ypo '" "';eff x 1001/4) '" 88 mm. Thus 
vertically 

2ypo", ~ 
2yo 200 

hence from table 12.1 

=0.44 

FbtIt '" 400 x 0.188 "" 75 .2 kN 

to be resisted by horizontal stee l within 200 mm of end f. co; and horizorHafly 
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2ypo '" ~ :: 0.59 
2yo 150 

hence from table 12. 1 

Fbst,::: 400 x 0.143'" 57.2 kN 

to be resisted by vertical steel within 150 mm of end face. 
Then using High·yield steel with fy =:: 460 N/mm1 for bonded tendons 

allowable slress:: 200 N/mm1 

hence force of 75.2 kN requires 

75.2 x 103 ::: 376 mm1 
200 

tha i is. three 10 mm closed links (47 1 mm1) adequate. at say 50, 100 and 
150 mm fTOm end face 

Check horizontal plane: two links lie within 150 mm of en d face, thus 
requirement satisfi ed. 

COllSider combin.ed effects of an.chorages, Pk '" 4 x 400 = 1600 kN 

hence 

I nd 

side of end block '" 400 mm each way (figure 12.1 7b) 

side of equivalent anchorage = "';(881 x 4)::: 176 mm 

2ypo '" 176 = 0.44 
2yo 400 

Fbst ::: 1600 x 0.188 = 301 kN 

367 

to be resisted by horizontal and vertical steel over 400 mm from end face needing 

301 x IcY :: 1505 mm1 
200 

provide as seven 12 mm links (1584 mm1) at 50 mm centres commencing 50 mm 
hom end face of the beam. 

Il.S Analysis and Design at the Ultimate Umit Stllte 

M tor a prestressed member hilS been deslgnod to satisfy serviceabili ty require
IIlen l •. a check must be carried out to ensure that the ultimate moment of resist
ellce lind shear resis tance arc adequate to "tllfy the requ irements of the ultimate 
limit IIlte. The partial facton of safelY on IOldl.nd m.terlals for this analysis 
III the normal values for the ultimate limit IllIe whlc,;h I'C given In chapter 2. 
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12.5. 1 Analysis of the Section 

As the loads on a prestressed member increase above the working values, crack ing 
occurs and the prestressing stee l begins to behave as conventional re in forcement. 
The behaviour of the member at ultimate is exactly the same as that of an ordinary 
reinforced concrete member except that the initial strain in the steel must be take n 
in to account in the calculations. The section may easily be analysed by the use of 
Ihe equivalent rectangular stress block described in chapter 4. as 8 1 JO contains 
tables to permit the stress in the prestressing steel al ul t imate , and Ihe correspond. 
ing neutra l axis position to be obtained for rectangular sections. These 3rc based 
on empirical results but alternatively the simplified method illustrated in example 
12. 10 may be adopted for bo nded members. 

Although illustrated by a simple example this method may be applied to a 
cross·sec tion of any shape which may have any arrangemen t of prestressing wires 
or tendons. Use is made of the stress-strain curve for the prestressing steel as 
shown in figure 12.18, to calculate tension forces in each layer of steel. The total 
steel strain is that due to bending added to the initial strain in the steel resulting 
from prestress. For a series of assumed neutral ax is positions, the to tal tension 
capacity is compare d with the compressive force developed by a uniform stress of 
0.45 feu' and when reasonable agreement is obtained, the moment of resis tance 
can be evaluated. 

St r<lSS 
N/mm 2 

008fpU 
1m 

I 
I 

I 
I 

I 
I 

I 
I 

I 

Vor i<ls 16SkNlmm2 

to 206kNl mm2 

accor d ing to st <l<l l tYP<l 

(854486 or 855896) 

Figure 12.18 Stress-strain curve for prelfre"fng Iteel 

Exompk J 2. J 0 Cokulotion of lRtimot~ MomMt of R~sISfQ"U 

S t ro ln 

The section of a pretensioned beam shown In ngure 12. 191s stressed by ten 
5 mOl wires of characteristic sl rengthfpu • 1470 N/ mm' . If these wires are 
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initially stressed 10 1000 N/mm' and 30 per cent losses are anticipate~ , estimate 
the ultimate moment of resistance of the section if grade 40 concrete IS used. 
The stress-strain curve for the prestressing wire is shown in figure 12.20. 

8 
M 

" E 
E 
z 
• • • -~ '" 

Area of5 mm wire "'trx5' J4 = 19.6mm' 

Stress in steel after losses'" I ()()() x 0.7'" 700 N/mml 

b : 120 

I' 'I 

••••• 
• • • • • 

SQ;ct io n 

too 

B<lnd ing 
Strains 

Filure 12.19 

F, 

~ : 1470 
Ym 1-15 

Str<lSS 
B lock 

1278 -------------- --">..---
0 ·8 fpoJ 

1022 

205kN lmm ~ S tra In 
o t, 

(0 OOS) 
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therefore 

strain in steel after losses '" i. "" 
E, 

which is less than E I , the lower yield strain. 

700 "" 0.0034 
205><103 

A depth x of ne utral axis must be found for which the compressive force Fe 
in the concrete is balanced by the tensile force F, in the steel. Then the ultimate 
moment of resistance is given by 

M" =Fcz=Fsz (12.31) 

where z is the lever arm between Fc and Fs. 
As a fir st attempt try x = 130 mm, approximately equal to 0.5d. 

(a) Steel Strains 

Final steel strain E, = prestress strain + bending strain , 12; 

(I n calculating €~. the initial concrete strain due to prestress can be ignored with· 
ou t undue errOL) 

Top layer 

therefore 

Boltom layer 

12M = 0.0034 + E~ 

= 0 0034 (250 - x) Esa . + €cc 
X 

= 0.0034 + (250 - J30) 0.0035 
130 

= 0.0066 

€st. '" 0.0034 + €~b 

'" 0.0034 + (275 - x) Ecc 

X 

:::: 0.0034 + (275 - 130) 
130 

:::: 0 .0073 

0.0035 

(b) Steel Stresses 

From the stress-strain curve the corresponding steel stresses are 

Top layer 

iM:::: 1022 + (1278 - 1022) 
(0.0 112 - 0.005) (fa 

0.005) 

(12.32) 

(1 2.33) 

( 12.34) 

and 
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= 1022 + 4 1 290 (0.0066 0.005) 

:::: 1088 N/mml 

fSb'" 1022 + 41 290 ( fib 0.005) 

= 1022 + 41 290 (0.0073 0.005) 

:::: 1117 N/mm1 

"I 

( 12.35) 

(c) Forces in Steel and Concrete 

Steel tensile force F, .. :Ef,A. - (fM + fsb) 5 x 19.6 

=( 1088 + 1117)98 

=2 16x 103 N 

(12.36) 

With a rectangular stress block 

concrete compressive force Fc = OA5fe" b x 0.9x (12.37) 

=0045 x 40 x 120x 130xO.9 

:253x 103 N 

The force Fe in the concrete is larger than the force F, in the steel, therefore a 
.maller depth of neutral axis must be tried. 

Table 12.2 shows the results of calculations fo r further trial depths of neutral 
Ilxls. For x "" lID, Fc became smaller than F s, therefore x '" 120 and 116 were 
Hied 3n d it was then found that Fs "" Fe. 

Table 12.2 

Strains Stresses Forces 

, e. e" f. [" F, F, 
hllm) (x 10') (N/mm1

) (kN) -
110 6.6 7.3 1088 1117 2 16 253 
110 7.8 8.6 1138 11 71 226 2 14 
I 'I) 7.2 7.9 11 13 1142 221 233 
II. 7.4 8.2 112 1 11 54 223 225 

In term s or the tensile rorce in tho stee l, the ult imate momen t of resista nce of 
Mellon is give n by 

M,, " F, z:: IIf.A . (d OASx)1 (1 2.38) 

- 5 x 19.6 (11 2 1 (250 0.45 x 116) + 11 54(275 - 0 .45 x 11 6)( 

· 46.9 x 10' N III IlI 
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If x had been incorrectly chosen as 130 mm then using equation 12.38 Mu 
would equal 44.1 kN m. or in terms of the concrete 

Mu = 0.45 fcub x O.9xz 

"'" 0.45 x 40 x 120 x 0.9 x 130(262.5 - 0.45 x 130) x 10- 6 

"'" 51 kN m 

Comparing the average of these two values of Mu (:: 47.5 kN m) with the correct 
answer , it can be seen that a slight error in the position of the neutral axis does 
not have any significant effect on the calculated moment of resistance. 

12.5.2 Design of Additional Reinforcement 

If it is found, as may be the case with class 2 or 3 members, that the ultimate limit 
state requirements are not met, additional untensioned or partially tensioned steel 
may be added to increase the ultimate moment of resistance. 

Example J 2.1 J Design of Untensioned Reinforcement 

Design untensioned high yield reinforcem-ent (ry = 460 N/mm2) for the rectangular 
beam section shown in figure 12.21 which is stressed by five 5 mm wires, if the 
ultimate moment of resistance is to exceed 40 kN m for grade 50 concrete. The 
characteristic strength of tensioned steel, fpu = 1470 N/mm2 . 

(a) Check Ultimate Moment of Resistance 

Maximum tensile force if = 5 x 19.6 x 1470 x 10- 3 = 125 kN 
prestressing steel yielded 1.15 

Concrete compressive "" 
area to balance 

125 X 10
3 

= 0.9 x 120x 
0.45 x 50 

thus, neutral axis depth x = 5 1 mm . 
Assuming prestrairi'as calculated in example 12.10 

Hence 

totlj.i steel strain = prestrain + bending strain 

Lever arm 

"" 0.0034 + (d - x) x 0.0035 
x 

= 0.0034 + 224 x 0.0035 "" 0.0 187 (> yield) 
51 

= 275 - 0.45 x 5 1 = 25 2 mm 

ultimate moment of resistance"" 252 x 125 x 10- 3 
'" 3 1.5 kN m 

Untensioned stee l is there fore reqU ired to permit the boam to support an ultimate 
moment of 40 kN m. 
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Additional moment of capacity to be provided '" 40 - 3 1.5 = 8.5 kN III 

Effective depth of additional steel 

then 

= 245 mm 

lever arm to addit ional steel R:l 210 mm 

then 

additional tension force requ ired = 8500 = 40.5 kN 
2 10 

b : 12 0 

I" "I 

1_. 09l ~ 
'" I-".'L-

'" • -_._-
~ N 
N 

,~ 

• • 2T10 -'--- ··-1- F, 

Tl.mS IOM!d-i I. £"s b .1 
St02021 

" 
, 

SQction B02nd ing 
Stroin s 

StrQss B lock. 

Figure 12.21 

Ihus 

eiftimated area of untensioned steel", _ 4::0,-5",00",,-_ '" 102 mm~ 
required at its yield stress 460 x 0.87 

I'ry two iO mm diameter bars (1 57 mm2 ) . 

(b) Check Steel Strain 

1/1 

Ir I ddltlonal steel has yielded , force in two T 1 0 bars = 157 x 460 x 10- 3
/ I . 15 c: 

fi2.8 kN, therefore 

IOlltl tclIsile force if all the steel has yielded '" 125 + 62.8 

• 187 .8 kN 

f1IU, 

187.8 x 10' 
depth of neutral ax is I' ulllnn ie • .,...-,-:':':c:..::.:c:-~~ 

0.45 x 50 x 120 x 0.9 

- 77 mm 
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Therefore 

REINFORCED CONCRETE DESIGN 

. I' 198 prestressing slee stram Esb = -
77 

x 0.0035 + 0.0034 

= 0.0124 (> yield) 

. d I · ~24,,;5;;;-~7_7 untensiOne stee stram fsa = 
77 

x 0.0035 

= 0.0076 

This value is greater than the yield strain 0(0.002 from section 4. 1.2. 

(e) Check Ultimate Moment o f Resistance 

Taking moments about the centre of compression 

Mu = 125 (275 - 0.45x) + 62 .8 (245 - 0.45x) 

= [1 25(275 - 0.45 x 77) + 62.8(245 - 0.45 x 77)] 10-3 

= 43 .2 kN m 

If it had been found in (b) that either the prestressing steel or untensioned steel 
had not yielded, then a trial and error approach similar to example 12. 10 would 
have been necessary . 

/ 2.5.3 Shear 

Shear in prestressed concrete is considered at the ult imate limi t state. Design for 
shear therefore involves the most severe loading condit ions, with the usual part ial 
factors of safety on loading for the ultima te limit state being incorporated. 

The action of a member in resist ing shear is similar to that for reinforced 
concrete, but with the additional effects of the compression due to the prestress 
force. This will increase the shear resistance considerably , since design is based on 
limiting the diagonal principal tensile stresses in the concrete. 

Although most prestressed concrete members will be uneracked under working 
loads, when carrying the loads for the ultimate limit sta te they may well be 
cracked over part of their span. This will reduce the shear capacity , but fortunately 
the regions of cracking in simply supported members will generally be the centre 
part of the span where shear forces are relatively small. 

Uncracked Section 

At an uncracked section , a Mohr's circle analysis of a beam element shown in 
figu re 12.22 which is subjected to a longitudinal com pressive st ress II! and a shear 
stress Yeo , gives the principal tensile stress as 

t.· J[(;')' + '~J - (~,) 

PRESTRESSED CONCRETE 

This can be rearranged to give the shear stress 

Yeo = v(Il1 Jdl) 

~ <o _ 

J-"-
L ____ -' "0 

Figure 12.22 
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The actual shear stress at any level of a beam subjected to a shear force . V, can 
be shown to be 

_ V(Ay) ,- ---
bl 

where (Ay ) is the first moment of area of the part o f the section above the level 
,ol\sidered about the cenlroidal ax is o f the beam, as shown in figure 12.23, b is 
the breadth of the section at the level considered and I is the second moment of 
.rea of the whole sec tion about its centroidal axis. 

lienee if II is the limiting value of principal tensile force , the ult imate shear 
resis tance Vco of an uncracked section becomes 

Vco = (!~) v(f? + fcft) 

I'or I rec tangular section the maximum shear stress occurs at the centroid , thus 
t • b1J/2, J := bh] 112. Y "" h14 : then 

Ivllli 

~"" O.67bh 
(Ay) 

3 Vco 
lIeo"" -

2 bll 

VI!O = 0.67 biI v (f,l + lefl) 

I hi, equation fo rms Ihe basis of Ihe detlan cxproliion alven In as 8 110. A 
tllll i file lor o f safe ly of 0 .8 is applied to Iho ton lrold,1 compreu:lve SIren due 10 

i""eu/ep' hence II! · D.8/cp . II I, Ilkon .. penlt! .... Ind 1.,lven, limiti ng vllue 
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A 

PRESTRESSED CONCRETE 

M '" ultimate moment acting on section 
Mo '" 0.8 [ptl/y is the moment necessary to produce zero stress at the 

extreme tensile fibre which is a distance y from the centroid of 

377 

the section , where [pi is the concrete" compressive stress at this level 
due to prestress and a facto r of safe ty of 0.8 is applied to this value. 

Thus if M < Mo it follows that Vcr will always be greater than the applied 
ultimate shear force , and a check on cracking is thus incorporated. The vertical 
component of prestressing force should not be added to the value of Vcr obtained 

a from this expression. 

Cross -Serct lon Sheror Strerss "<0 

figure 12.23 

of 0.24 v/cu which may be regarded as being equivalen t to 0.3 V(/euhm) with 
1m:: 1.5. 

The resulting expression 

Veo '" 0,67 bh V(/? + O.B/cpit) 

may also be applied to ). and T·sections with sufficient accuracy for practical 
purposes, although the maximum principal tensile stress may not coincide with 
the centroid. If the centroid of the section lies within the fl ange however. the 
expression should be evaluated for the flange/web junction with b taken as the 
web width and iep being the compression due to prestress at that level. 

If a duct lies in Ihe web, then the value of b used in calculations should be 
reduced by the duct diameter if the tendons are unbonded or two-thirds of the 
diameter if bonded. 

Additional shear resistance will be provided by the vertical component of the 
prestress force where curved cables are used, provided the section is uncracked. 
Near the ends of beams where shear forces are highest, and cable slopes generally 
greatest, a considerable increase in resistance can be obtained from this, and shear 
strength contribution should be a consideration when detailing tendon profiles. 

The tola1 shear resistance of an uncracked section may then be taken as 
Vc ::: Veo + P sin fJ where fJ is the cable slope. 

Cracked Section 

BS 8 110 gives an empirical expression for the calculation of shear resistance of a 
section which is cracked in flexure 

where {pe 
d 
b 

Vcr'" (I -0.55 ~) IIc bd + Mo V oct 0.1 bd vicu 
{PI' ftl 

:: prestressing steel stress after losses 
'" effective depth to centroid of tendons 
= width of web for flanged beam 
'" allowable ul timate shear stress (as for reinforced concrete) 
= ultimate shear force acting on section 

. Upper Limit to Shear Force 

A further upper limit to shear force must be imposed to avoid web crushing and 
this is achieved by limiting the va lue of shear stress so that Vlbd < vmax in the 
same way as for reinforced concre te. 11m .. is the maximum allowable ultimate 
shear stress with a value which may be calculated as the le sse r of 0.8 vicu or 
S N/mm2 . 

Design Procedure 

The usual design procedure consists of calculating the shear resistance of the 
crocked and uncracked sections at intervals along the length of the member for 
comparison with the applied ultimate shear fo rce V. The lower of the two values 
obtained from the analyses must be taken as shear resistance at the point concern· 
ed. Thus 

'. 
In this expression d t is the greater of the depth to the centroid of the tendons or 
thc corner longitudinal bars anchoring links. 

As for reinforced concrete the usual design procedure will be to evaluate the 
"tCll r resistances of the sec lions plus nominal steel to identify areas which reqUire 
more de tailed attention , as ill ustrated in example 12. 12. 

Ii xQmplt 12. 12 Design of ShetH Reinforcemt nt 

Ihe beam cross·section in figure 12.24 It conSlllnt ove r a 30 m span wi th a pa ra· 
"')111; tendon pronlc and an eccentrici ty Yll/ylnl between 300 mm at the ends to 

750 mm II mld·span . The belm IUppollil n ult imate urllrorml y distributed load 
1'( 43 kN/m and Is of arade 40 concreto 
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p. 2590 kN 

1= 145 106 x 106 mm4 

A =500x l~ mm'2 

(a) Upper limit to shear force 

V 

bd 

43 x 15 x 1000 • ::::.,?;;;='-";;~,. '" 4.5 N/mm'2 
150 x 950 

<0.8v/c\I (= 5.1 N/mm'2) and<5 N/mm'2 al end of beam 

(b) Uncracked resistance : since centroid lies wilhin web 

Vco = 0.67 bh v(/12 + O.S/ep/t) 

where /1 = 0.24 v/cu = 0.24 V40 = 1.51 N/mm'2 and 

hence 

p 
Icp = A = 2590 X 10

3 
= 5 8 N/ ' r.l . 1 mm 

500 x lu-

I· 

I 

-,.-

woo 
·1 

I 

Ctlntro ,dol 
--=-.~ 

-

Figure 12.24 

Veo:: 0.67 X 150 x 1500V(1.511 + 0,8 X 5. 18 X 1.51) x 10- 3 

:: 440.4 kN 

PRESTRESSED CONCRETE 

The vertical component of prestress force is P sin (1, where (1 = tendon slope. 

Tendon profIle is y ",!(xl + C, and if origin is at mid-span x '" 0, y = 0 and 
C= 0 hence atx = 15000, Y =- 750 - 300 '" 450 and 

450=Kx 15000'2 

K '" 2.0 x 10- ' 

therefore tendon profIle is y = 2.0 X 1O- 'x1
• therefore 

tendon slope '" dy .: 2Kx 
<Ix 

at end dy = 2 X 2.0 x 10- ' x 15000 '" 0.060 = tan.6 
<Ix 

hence.6 = 3.43 0 and sin.6 "'" tan.6:: 0.06. Therefore 
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vertical component of prestress force at end of beam = 2590 x 0.06 = 155 kN 

l ienee 

maximum uncracked resistance:: 440 + 155 

·595 kN 

Th is value will decrease away from the end of the beam 

at 2 m from support =440+ 134 =574 kN 

5 m from support = 440 + J 03 :: 543 k,N 

IOm fromsupport::440+ 51 ::491kN 

(e) Cracked resistance 

Va' (I -055/::) V 
IIcbd+Mo -

M 

rhls will vary along beam. At mid-span V = 0, d '" 1400 mm. If tendons stressed 
1070 pe r cenl characteristic strength at transfer and then subject to 30 per cent 
IOlseS 

~ =0.7 x O.7 = 0.49 
f" 

If 101111 alea of tendons :E 3450 mm1 , then 

100A. = lOO x 3450 - 1.64 
bd 150 X 1400 

Iherofore from table 5. 1, lie - 0,86 N/mm1 fOT grlldo 40 concre te 

Ver • (i - 0.55 x 0.49)0.86 x 150 x 1400 X 10- ' 

• 132 kN 
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Also check minimum 

V CT « 0.1 bd .J[cu 

-CO.! x )50 x 1400 x ..j4IJ x 10- ] 

'" 133 kN 

At .section 10 m from supports, d "" 1400 - 2.0 x JO-6 x s()()()2 '" 1350 mm, 
therefore 

IOOA 
--' '" 1.70 and hencevc =0.87 

bd 

V=43x5=21SkN 

M = 15 x 43 x 10 - IOx43 x S :::4300kNm 

I 
Mo = a.Sip! -

y 

where)'=Yl = S50mm, and 

hence 

'nd 

_ P PeY I 
fpl -- - --

A I 

'" S.18 _ 2590 x (- 700) x 850 x 103 

' 145106 x l it 

'" 15.8 N/mm2 

Mo= 0,8 x 15.8 x 145 106 =2 158 kN m 
85 0 

2 )58 x 215 x l OS 
Vcr = ( I - 0.55 X 0.49)0.87 X I SO X 1350 + 4300 

: (128.7+ 107.9) X 10' N 

'236.6 kN 

This calculation may be repeated for other sections to give the resistance diagram 
shown in figure 12.25. 

From this diagram it can be seen that at all points except for about 3 m at 
midspan V> -} Vc an d hence nominal reinforcement is require d such that 

Asv:: O.4b 

Sv 0.87 fyv 

PRESTRESSED CONCRETE 

8 00 Uncroc k<ld rers'st onC<I 

_*_ N_o_m ' nol -"'_'Z' __ 
Uncrac k er d r ers , stanC<l 

600 r"'~'~~~~~~<L.~~'='o~' P Sin P 

' 00 

200 

o 
Support 

Ul t ,mater 
Sheror F"o r cer v 

5m 

F igu re 12.25 

10 m 

therefore with mil d·stee l link s f'lY = 250 N/mm2 , hence 

A$V = 0.4 x 150 = 0.276 
Sy 0.87 x 250 

Croc k<l d 
r<lS ls\ance Vc ' 

38 1 

wh ich could be provided by 8 mm stirrups at 350 mm centres (Asv/sy = 0.287). 

Shear resistance provided by these links = 0.87 {yvdt ( ~: ) 

he nce al the ends of the beam 

= 0.87 x 250 x 1400 

x 0.287 x 10- 3 

= 87.4 kN 

total shear resis tance of section + nominal steel = 595 + 87.4 

= 682.4 kN 

Since this is greater than the ultimate shear force of 645 kN , no additional 
reinforcement is required. Thus provide 8 mm mild·stee llinks at 350 mm centres 
throughout. 



Appendix 

Floor and Roof Loads 

Classrooms 
Dance halls 
Flats and houses 
Garages, passenger cars 
Gymnasiums 
Hospital wards 
Hotel bedrooms 
Offices for general use 
Flat lOofs, with access 
Flat roofs, no access 

APPEN DIX 

kNJm 2 

3.0 
5.0 
1.5 
2 .5 
5.0 
2.0 
2.0 
2.5 
1.5 
0.75 

383 
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Sect ional areas per metre width for various bar spacings (mm2
) 

Bo< Spacing of bars 
size 

(mm) 50 75 l DO 125 ISO 175 2DO 250 300 

6 566 377 283 226 189 162 142 113 94.3 
8 1010 671 503 402 335 287 252 20 1 168 

ID 1570 1050 785 628 523 449 393 314- 262 

12 2260 ISiO 1130 905 754 646 566 452 377 
16 4020 2680 201 0 1610 1340 1150 1010 804 670 
20 6280 4 190 3 140 25 10 2090 1800 1570 1260 1050 

25 9820 6550 4910 3930 3270 2810 2450 1960 1640 
32 16 100 10700 8D40 6430 5360 4600 4020 3220 2680 
40 25100 16800 12600 ] 0100 8380 7180 6280 5030 4190 

Sbear Reinforcement 

Asvlsv fo r varying stirrup diameter and spacing 

Stirrup St irrup spacing (mm) 
diameter 

(mm) 85 90 100 I25 ISO 175 2DO 225 2S0 275 3DO 

8 1.183 1.1 18 1.0060.805 0 .671 0.575 0.503 0.447 0.402 0.366 0.335 
10 1.8471.744 1.57 1.2561.0470.8970.7850.6980.6280.5710.523 
12 2.6592.5 11 2.26 1.8081.5071.291 l.l3 1.004 0 .904 0.822 0.753 
16 4.7294.4674.02 3.2 162.68 2.2972 .0 1 1.787 1.608 1.462 1.34 

APPENDIX 385 

Anchorage and Lap Requirements 

Anchorage lengths (anchorage length L = KA x bar size) 

KA 

feu = 25 3D 35 40 or more 

Plain (250) 
Tension 39 36 33 31 
Compression 32 29 27 25 

. Deformed Type 1 (460) 
Tension 51 46 43 40 
Compression 41 37 34 32 

Deformed Type 2 (460) 
Tension 41 37 34 32 
Compression 32 29 27 26 

Basic lap lengths in tension and compression (lap length'" KL x bar size) 

KL 

feu = 25 3D 35 40 or more 

Plain (25 0) 39 36 33 31 
De formed Type 1 (460) 51 46 43 40 
Deformed Type 2 (460) 41 37 34 32 

Mlnimum lap lengths : 15 X bar size or 300 mm. 
Refe r to figure 5.8 for increased lap lengths at certain locations in a member section. 
Type I and 2 bars are described in section 1.6 .2. 
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(a) British Standards 

BS 1881 
BS 4449 
BS446J 
BS4466 

BS4482 
BS 4483 
BS5075 
BS 5896 

BS 6399 
BS 8007 

BS 8110 
CP3 

Methods aftesting concrete 
Specification for hot rolled steel bars for the reinforcement of concrete 
Specification for cold worked steel bars for the reinforcement of concrele 
Specification/or bending dimensions and scheduling ofreinforcemenr 
for concrete 
Hard drawn mild steel wire for the reinforcement a/concrete 
Steel fabric for the reinforcement of concrete 
Concrete admixtures 
Specification for high tensile steel wire strand for the prestressing of 
concrete 
Design loading for buildings 
Code o/practice [or the design of concrete structures {or retaining 
aqueous liquids 
Structural use of concrete, Parts 1, 2 and 3 
Code of basic data for the design of buildings 
Chapter V Loading 
Part 2 Wind loads 

CP 8004 Foundations 

(b) Textbooks and Other Publications 

R. D. Anchor, Design of Liquid Retaining Strnctures (Blackie) 
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R. Park and R. Paulay, Reinforced Concrete Structures (Wiley) 
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Doubly rein forced beams 63-8, 

162-7 
Dowels 245,275 
Durability 12, 144-6 
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322-3 

Effective depth 56, 156 
Effective fl ange width 167 
Effective height o f a column 24 1-2 
Effectivespan 156,20 1,206 
Elastic analysis of a section 9 1-7, 

317-18 
Elastic modulus 

concrete 4-5, 123,362 
steel 54-5 

End blocks 364-7 
Envelopes, bending moment and 

shear force 34, 42, 170, 18 1 
Equivalent rectangular stress block 

55-7 

Factors of safety 
global 19-20 
partial 18-19, 270,296,298, 

321 
Fire resistance 16, 113- 15, 147 
Flanged section see T-beams 
Flatslab 2 14-21 
Floors see Slabs 
Footings 

allowable soil pressures 27 1 
combined 280-4 
horizontal loads 27 1,294 
pad 273-9 
piled 291-5 
ra ft 289-91 
slrop 284-6 
strip 286-9 

Foundations .fee Footings 
Frames 

analysis 35-47 
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11I1 Il rnlly IOl1ded 44-7 
lo.dlnllHtunill ll1elll. 26-8,36, 

23~-40 
unhr' l:C'd :\5, 44 .7,239 
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Gravity retaining waUs 318-19,32 1 

Hooks and bends 105,175 , 179 

Joints 
construction 299-300 
contraction and expansion 299-

302, 303,324 

Lap lengths 106-7 ,385 
Laps 106-7, 385 
L·beams lee T -beams 
Lever arm 58-9, 77, 161 
lever arm curve 59 , 161 
Li.mit sta te design 15- 23, 304-17 
Limit st at es 

serviceability 16, 112- 44 , 270 
ultimate 16 

Links 99-1 01 , 108-9,164 , 174-8, 
188 , 245,377 

Load combinations 26-8 
Loading arrangements 26- 7, 36 , 

240,271 ,32 1-22 
Loads 

characteristic 17 
dead 25 
imposed or live 25 , 305,32 1 
typical values 382-3 

Long-term deflection 119-20, 
123 - 7,359 , 362 

Loss o f prestress 354-9 

Material propert ies 1- 14,54 
Maxi mumbarspacing 11 3-1S, 117, 

164, 175, 180,200,245 , 297, 
302 

Maximum steel areas 11 6, 159, 
244-5 

Minimum bar spacing 115, 174 
Minimum steel areas 115-11 , 159, 

176, 194, 200, 213, 244-5, 
303, 309 

Modular ratio 92,318 
Modulus of elasticity see Elastic 

modulus 
Moment coefficients 34,206 , 2 10, 

216 
Moment envelopes 34,4 1, 170, 18 1 
Moment redistribution 48-52 , 57 , 

75- 9, 162, 193 
Moments in columns 36,39-41, 

239- 44,247-64 

Neutral-axis depth 56-7,59, 69 
Nominal reinforcement 115-1 7, 

159, 176,194,200,213, 
244-5 , 308 

Non-rectangular section 86-8 , 
261-4 

Overturning 22,27 , 273,320-2 

Pad foo tings 273- 9 
Parabola, properties of 89-90 
Partial safety factors J 8-19, 296, 

298,305,321 
Permissible bearing pressures 211 
Permissible stresses 21,306, 3 18, 

34 1 
Piled foundations 29 1-5 
Prestressed concrete 

analysis and design 329-8 1 
cable zone 35 1-4 
deflections 359-64 
end block 364- 7 
losses 354-9 
post-tensioning 334-5,343 
pretensioning 333-4 , 343 
shear 314-8 1 
transfer stress 349-50 
ultimate strength 367-8 1 

Punching shear 194-8 , 217,220-1, 
276 

Raft foundations 289-9 1 
Rectangular stress block 55-9 
Rectangular-parabolic stress block 

54,89-91 
Redistribution o f moments 48-52, 

57, 75-9 , 162,1 93 
Reinforcement 

areas 383-4 
bond lengths 385 
characteristic strengths 14, 17 
circumference 383 
lap lengths 106, 385 
maximum and minimum areas 

11 5-17,1 59, 176, 194, 
200,2 13,244-5, 303 , 308 

properties 6, 13-14, 54-5 
spacing 113- 15, 117, 164, 

174-5, 180,200, 245 
torsio n 107-1 1, 188-91 
unl ensloned 372-4 

Relaining walls 
analysis and design 3 \8- 28 
cantilever 3 19-20, 322, 324-8 
counterfort 3 19 
gravity 318-19,32 1 

Serviceability limit state 
cracking 134-44,304-8,3 17-18 
deflections 119- 34,359-64 
durability 12, 112, 144-6 
factorsof sa fety 18-19 
fire resistance 114- 15, 147 

Shear 
beams 30,98-1 03, 174-9 
concrete stresses 10 1, 174 
footings 276,278-9 
prestressed bea ms 374-8 1 
punching 194-8, 217,220- 1, 

276 
reinforcement 99-103. 174-9, 

377-81 
slabs 193-8, 220-1 
torsion 107-10, 188-9 \ 

Shorl columns 24 \- 4,246-7 
Shrinkage 7- 11, 124-5 , 13 1-2, 

141-4,301,357 
Siubs 

continuous, spanning one 
direction 206-8 

nut 214-21 
hollow block 222-3 
one span, spanning one directio n 

201-6 
ribbed 222- 5 
spanning t wo directions 209-14 
stai r 226-30 
strip method 236-8 

Slender column 24 1-4,264-9 
Spacing o f reinforcement 113-15, 

117,164, 174-5, 180,200, 
245,297,302,308 

lipa n-effective depth rat ios 117- 19 , 
132-4, 198-200,217 

SlAhllity 147-53,27 1,320-2 
~ulrs 226-30 

characteristic stresses 14,1 7 
. tress- strain CUrie 5-6, 54-5, 

368-9 
yield . traln. SS 

INDEX 

Stirrups see Links 
Strap footi ngs 284-6 
Stress blocks 54- 5,89- 92, 95 
Stresses 

anchorage 103--6,297,307 
bond 103-5,297,307 
concrete, characteristic 13, 17 
permiSSible 2 1,306,317-18,341 
shear 102- 3, 374-7 
steel, characteristic 14,17 

Stress-st rain curves 3-6,54-7,368 
Strip footings 286-9 
Strip method 236-8 
Substitute fra me 

braced 35-43 
column 36, 42-3 
continuous beam 29- 37 

Tanks 296-3 18 
T-beams 

analysis 68-75 
design 167-9, 183 
nange reinforcement 115, 168 
fl ange width 167 
second moments of area 43 
span-effective depth ratio 117 

Tendons 33 1- 5 
Thermal cracking 10 , 141-4, 306-8 
Thermal movement 7, 10-11 ,299 
Tie forces 148-52 
Torsion 

analysis 107-11 
design 188-9 1 

Transfer stresses 332,34 1-43 , 
349-50 

Transmissio n lengt h 333 
Tria ngular siress block 91-7, 

12 1- 3, 318 

Ult imate li mit state 
fa ctorsofsafety 18,1 9, 297, 

304 ,32 1 
load Ina II rtangcmenlS 26- 7. 193, 

240,320-3 
preJi relled concrete 367-8 1 
.tlbliity 27,27 1,320- 2 

Uncracked loctlo n 95-7, 12 1-2 
UnteMlunfd . Ieel ln prest ressed 

cunutlf 372-4 
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Water-retaining st ructures 
elast ic analysis 9 1-7 
elast ic design 3 17-18 
joints 298- 302.303 
limit state design 304-17 
reinforcement de tails 302,304 

INDEX 

Weights o f materials 382 
Wind loading J9, 25 , 44- 7,27 1 

Yield lines 230-6 
Yield strains 55 
Young's modulus see Elastic modulus 




