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This text introduces engineering and architectural students to the basic tech­
. niques required for analyzing the majority of structures and the elements of 

which most structures are composed, including beams, frames, arches, 
trusses, and cables. Although the authors assume that readers have com­
pleted basic courses in statics and strength of materials, we briefly review 
the basic techniques from these courses the first time we mention them. To 
clarify the discussion, we use many carefully chosen examples to illustrate 
the various analytic techniques introduced, and whenever possible, we 
select examples confronting engineers in real-life professional practice. 

Features of This Text 

L 	Expanded treatment of loads. Chapter 2 is devoted to a com­
. 	 prehensive discussion of loads that includes dead and live loads, 

tributary areas, and earthquake and wind forces. New to lhis edi­
tion are updated wind and earthquake specifications that conform 
to the latest edition of the ASCE Standard. We have simplified the 
more complex provisions of the most recent national building code 
(ANSI!ASCE), intended for professional engineers, to provide 
readers with a basic understanding of how multistory buildings, 
bridges, and other structures respond to earthquake and wind loads 
in various areas of the United States. This chapter can be used as a 
helpful reference for courses that combine analysis and design as 
well as capstone courses that cover comprehensive design projects. 

2. New homework problems. We have increased the number of new 
homework problems substantially; about 60 percent of the problems 
are revised or are new (in both metric and U.S. Customary System 
units), and many are typical of analysis problems encountered in 
practice. The many choices enable the instructor to select problems 
suited for a particular class or for a particular emphasis. 

3. 	New computer problems and applications. Computer prob­
lems, new to this edition, provide readers with a deeper under~ 
standing of the structural behavior of trusses, frames,arches, and 
other structural systems. These simple, carefully tailored problems 
illustrate significant aspects of structural behavior that, in the past, 
experienced designers needed many years of practice to under­

! . 
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xvi Preface 

t. stand and analyze correctly. Th.e computer problems are identified 
wiLh a computer screen icon and begin in Chapter 4 of the text. 
The new computer problems can be solved using the Educational 
Version of the commercial software RISA-2D that is available to. 
users on the text's new Online Learning Center. However, any 
software that produces deflected shapes as well as shear, moment, 
and axial load diagrams can be used to solve the problems. An 
overview on the use of the RlSA-2D software and an author-written 
tutorial are also available at the Online Learning Center. 

4. Expanded discussion of the general stiffness method. Chapter 
16, on the general stiffness method, provides a clear transition 
from classical methods of analysis to those using matrix formula­
tions for computer analysis, as discussed in Chapters 17 and 18. 

5. 	Realistic, fully drawn illustrations. The illustrations in the text 
provide a realistic picture of actual structural elements and a clear 
understanding of how the designer models joints and boundary 
conditions. Photographs complement the text to illustrate exam­
ples of building and bridge failures .. 

6. 	New Online Learning Center. This text offers a new Web-based 
learning center available to users at www.mhhe.comlleet2e. The site 
offers an array of tools, including lecture slides, an image bank of the 
text's art, helpful Web links, and the RlSA-2D educational software. 

Contents and Sequence of Chapters 

We present the topics in this book in a carefully planned sequence to 
facilitate the student's study of analysis. In addition, we tailor the expla­
nations to the level of students at an early stage in their engineering edu­
cation. These explanations are based on the authors' many years of expe­
rience teaching analysis. 

Chapter 1 provides a historical overview of structural engineering 
(from earliest post and lintel structures to today's high-rises and 
cable bridges) and a brief explanation of the interrelationship 
between analysis and design. We also describe the essential char~ 
acteristics of basic structures, detailing both their advantages and 
their disadvantages .. 

Chapter 2 on loads is described above in Features o/This Text .. 
Chapters 3, 4, and 5 cover the basic techniques required to deter­

tnine bar forces in trusses, and shear and· moment in beams and 
frames. The methods developed in these chapters are used to solve 
almost every problem in the remainder of the text. 

Chapters 6 and 7 interrelate the behavior of arches and cables and 
cover their special characteristics (of acting largely in direct stress 
and using materials efficiently) . 

www.mhhe.comlleet2e
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Chapter 8 covers methods for positioning live load on detenninate 
structures to maximize the internal force at a specific section of a 
beam or frame or in the bars of a truss. 

Chapters 9 and 10 provide methods used to compute the deflections 
of structures to verify that a structure is not excessively flexible 
and to analyze indetenninate structures by the method of consis­
tent deformations. 

Chapters 11, 12, and 13 introduce several classical methods for ana­
lyzing indetenninate structures. Although most complex indeter­
minate structures are now analyzed by computer, certain tradi­
tional methods (e.g., moment distribution) are useful to estimate 
the forces in highly indetenninate beams and frames to verify the 
computer solution. 

Chapter 14 extends the methods used in Chapter 8 to analyze inde­
tenninate structures. Engineers use the techniques in both chapters 
to design bridges or other structures subject to moving loads or to 
live loads whose position on the structure can change. 

Chapter 15 gives approximate methods of analysis, used to estimate 
the value of forces at selected points in highly indetenninate struc­
tures. With approximate methods, designers can verify the accu­
racy of computer studies or check the results of more traditional, 
lengthy hand analyses described in earlier chapters. 

Chapters 16, 17, and 18 introduce matrix methods of analysis. 
Chapter 16 extends the general stiffness method to a variety of sim­
ple structures. The matrix formulation of the stiffness method is 
applied to the analysis of trusses (Chap. 17) and to the analysis of 
beams and frames (Chap. 18). 
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Leet.and Uang combine a mix of classical 
methods and computer analysis. 

Approximately 60% of the homework problems in 
this· text are new or revised. 

Computer icons throughout the text point to 
homework problems that can be analyzed using 
a computer. 

RISA-2D Educational Software 

Students may download a free academic. 
version of RlSA-2D and an author-written, 
tutorial with the purchase of a new text. 
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The Brooklyn Bridge. Opened in 1883 at a cost of $9 million, this bridge was heralded as the "Eighth Won­
der of the World." The center span, which rises 135 ft above the surface of the East River, spans nearly 1600 ft 
between towers. Designed in part by engineering judgment and in part by calculations, the bridge is able to 
support more than three times the original design load. The large masonry towers are supported on pneu­
matic caissons 102 by 168 ft in plan. In 1872 Colonel Washington A. Roebling, the director of the project, was 
paralyzed by caissons disease while supervising the construction of one of the submerged piers. Crippled for 
life, he directed the balance of the project from bed with the assistance of his wife and engineering staff. 
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Introduction 

Overview of the Text 
;' 

As an engineer or architect involved with the design ofbuHdings, bridges, 
and other structures, you will be required to make many technical deci­
sions about structural systems. These decisions include (1) selecting aneffi­
cient, economical, and attractive structural form; (2) evaluating its safety, 
that is, its strength and stiffness; and (3) planning its erection under tem­
pora,y construction loads;· 

To design ast.ructure, you willJearn to carry out a structural analy­
sis that establishes the internal forces and deflections at all points pto­
duced by the design loads. Designers determine the internal forces in key 
members in order to size both members and the connections between mem­
bers, And designers evaluate deflections to ensure a serviceable struc­
.,;tur~one that does not deflect or vibrate excessively under load so that 
.its f,unction is impaired. . , 

Analyzing Basic Structural Elements 

During previous courses in statics and strength of materials,you developed 
~on:~ background in structural analysis when you computed the bar forces 
in trusses and constructed shear and moment curves for beams. You will 
now broaden your background in structural analysis by applying, in a sys­
tematic way, a variety of techniques for determining the forces in and the 
deflections of a number ofbasic structural elements: beams, trusses, frames, 
arches, and cables. These elements represent the basic components used to 
form more complex structural systems. 

Moreover, as you work analysis problems and examine the distribu­
tion of forces in various types of structures, you will understand more about 
how structures are stressed and deformed by load. And you will gradu­
ally develop a clear sense of which structural configuration is optimal for 
a particular design situation. 
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Further, as you develop an almost intuitive sense of how a structure 
behaves, you wi11learn to estimate with a few simple computations the 
approximate values of forces at the most critical sections of the structure. 
This ability will serve you well, enabling you (1) to verify the accuracy 
of the results of a computer analysis of large, complex structures and 
(2) to estimate the preliminary design forces needed to size individual 
components of multimember structures during the early design phase 
when the tentative configuration and proportions of the structure are being 
established. 

Analyzing Two~Dimensional Structures 

As you may have observed while watching the erection of a multistory 
building frame, when the structure is fully exposed to view, its structure 
is a complex three~dimensional system composed of beams, columns, 
slabs, walls, and diagonal bracing. Although load applied at a particular 
point in a three-dimensional structure will stress all adjacent members, 
most of the load is typically transmitted through certain key members 
directly to other supporting members or into the foundation.·· .. 

. Once the behavior and function of the various components of most 
three-dimensional structures are understood, the designer can typi~ally 
simplifY the analysis of the actual structure by subdividing it into .srmiller 
two-dimensional subsystems that act as bearns, trusses, or frames. This pro: 
cedure also significantly reduces the complexity of the analysis because 
two-dimensional structures are much easier and faster to analyze than 
three-dimensional structures. Since with few exceptions (e.g., geodesic 
domes constructed of light tubular bars) designers typically analyze a 
series of simple two-dimensional structures-even when they are design­
ing the most complex three-dimensional structures-we will devote a 
large portion of this book to the analysis of two-dimensional or planar 
structures, those that carry forces lying in the plane of the structure. 

Once you clearly understand the basic topics covered in this text, you 
will have acquired the fundamental techniques required to analyze most 
buildings, bridges, and structural systems typically encountered in pro­
fessional practice. Of course, before you can design and analyze with 
confidence, you will require some months of actual design experience in 
an engineering office to gain further understanding of the total design 
process from a practitioner's perspective. 

For those of you who plan to specialize in structures, mastery of the 
topics in this book will provide you with the basic structural principles 
required in more advanced analysis courses-'-those covering, for exam­
ple, matrix methods or plates and shells. Further, because design and analy­
sis are closely interrelated, you will use again many of the analytical pro­
cedures in this text for more specialized courses in steel, reinforced 
concrete, and bridge design. 

I . 

....~• 
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...• .1.2 	 The Design Process: Relationship of 

Analysis to Design 


The design of any structure-whether it is the framework for a space 
vehicle, a high-rise building, a suspension bridge, an offshore oil drilling 
platform, a tunnel, or whatever-is typically carried out in alternating 
steps of design and analysis. Each step supplies new information that 
permits the designer to proceed to the next phase. The process continues· 
until the analysis indicates that no changes in member sizes are required. 
The specific steps of the procedure are described below. 

Conceptual Design 

A project begins with a specific need of a client. For example, a devel­
oper may authorize an engineering or architectural firm to prepare plans 
for a sports complex to house a regulation football field, as well as seat­
ing 60,000 people, parking for 4000 cars, and space for essential facili­
ties. In another case, a city may retain an engineer to design a bridge to 
span a 2000-ft-wide river and to carry a certain hourly volume of traffic. 

The designer begins by considering all possible layouts and structural 
systems that mIght satisfy the requirements of the project. Often archi­
tects and engineers consult as a team at this stage to establish layouts that 
lend themselves to efficient structural systems in addition to meeting the 
architectural (functional and aesthetic) requirements of the project. The I 
designer next prepares sketches of an architectural nature showing the 
main structural elements of each design, although details of the structural I
system at this point are often sketchy. 

Preliminary Design 

In tile preliminary design phase, the engineer selects from the conceptual 
design several of the structural systems that appear most promising, and 
sizes their main components. This preliminary proportioning of structural 
members requires an understanding of structural behavior and aknowl­
edge of the loading conditions (dead, live, wind, and so forth) that will 
most likely affect the design. At this point, the experienced designer may 
make a few rough computations to estimate the proportions of each struc­
ture at its critical sections. 

Analysis of Preliminary Designs 

At this next stage, the precise loads the structure will carry are not known 

because the exact size of members and the architectural details of the 

design are not fmalized. Using estimated values ofload, the engineer car­

ries out an analysis of the several structural systems under consideration 


·,.-u,:: .........._ 
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to determine the forces at critical sections and the deflections at any 
point that influences the serviceability of the structure. 

The true weight of the members cannot be ealculated until the struc­
ture is sized exactly, and certain architectural details will be influenced, in 
tum, by the structure. For example, the size and weight of mechanical 
equipment cannot be determined until the volume of the building is estab­
lished, which in tum depends on the structural system. The designer, how­
ever, knows from past experience with similar structures how to estimate 
values for load that are fairly close approximations of final values. 

Redesign of the Structures 

Using the results of the analysis of preliminary designs, the designer 
recomputes the proportions of the main elements of all structures. Although 
each analysis was based on estimated values of load, the forces estab­
lished at this stage are probably indicative of what a particular structure 
must carry, so that proportions are unlikely to change significantly even 
after the details of the final design.~re established. 

" ''... 

Evaluation of Preliminary DeSigns . 

The variqus preliminary designs are next compared with regard to cost, 
availability of materials, appearance, maintenance, time for construction, 
and other pertinent considerations. The structure best satisfying the client's 
established, criteria is selected for further refinement in the final design 
phase. 

Final Design and Analysis Phases 

In the final phase, the engineer makes any minor adjustments to the 
selected structure that will improve its economy or appearance. Now the 
designer carefully estimates dead loads and considers specific positions 
of the live load that will maximize stresses at specific sections. As part 
of the final analysis, the strength and stiffness of the structure are evalu­
ated for all significant loads and combinations of load, dead and live, 
including wind, snow, earthquake, temperature change, and settlements. 
If the results of the final design confirn1 that the proportions of the struc­
ture .are adequate to carry the design forces, the design is complete. On 
the other hand, if the final design reveals certain deficiencies (e.g., cer­
tain members are overstressed, the structure is unable to resist lateral 
wind loads efticiently, members are excessively flexible, or costs are 
over budget), the designer will either have to modify the configuration of 
the structure or consider an alternate structural system. 

Steel, reinforced concrete, wood, and metals, such as aluminum, are 
all analyzed in the same manner, The different propel1ies of materials are 
taken into account during the design process. When members are sized, 
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designers refer to design codes, which take into account each material's 
special properties. ' 

This text is concerned primarily with the analysis of structures as 
detailed above. Design is covered in separate courses in most engineer­
ing programs; however, since the two topics are so closely interrelated, 
we will necessarily touch upon some design issues . 

.. .~'~~u......... ~:'.a:~·~....................... ....... ....... 0 
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~21.3 Strength and Serviceability 

The designer must proportion structures so that they will neither fail nor 
deform excessively under any possihle loading conditions. Members are 
always designed with a capacity for load significantly greater than that 
required to support anticipated service loads (the real loads or the loads 
specified by design code). This additional capacity also provides a factor 
of safety against accidental overload. Moreover, by limiting the level of 
stress, the designer indirectly provides some control over the deforma­
tions of the structure. The maximum allowable stress permitted in a 
member is determined either by the tensile or compressive strength of 
the materiaLor, in the case of slender compression members, by the stress 
at which a member (or a component of a member) buckles. 

Although structures must be designed with an adequate factor of safety 
to reduce the probability of failure to an acceptable level, the engineer 
must also ensure that the structure has sufficient stiffness to function use­
fully under all loading conditions. For example, floor beams must not 
sag excessively or vibrate under live load. Excessively large deflections 
of beams may produce cracking of masonry walls and plaster ceilings, or 
may damage equipment that becomes misaligned. High-rise buildings must 
not sway excessively under wind loads (or the building may cause motion 
sickness in the inhabitants of upper floors). Excessive movements of a 
building not only are disturbing to the occupants, who become concerned 
about the safety of the structure, but also may lead to cracking ofexte­
rior curtain walls and windows. Photo 1.1 shows a modern office build­
ing whose facade was constructed of large floor-to-ceiling glass panels. 
Shortly after the high-rise building was completed, larger than antici­
pated wind loads caused many glass panels to crack and fallout. The 
falling glass constituted an obvious danger to pedestrians in the street 

Photo. 1.1: Wind damage. Shortly after ther­
below. After a thorough investigation and further testing, all the original mopane windows were installed in this high-rise 
glass panels were removed. To correct the design deficiencies, the struc­ office~uHding,theybegan-failingandfalling=r, 

ture of the building was stiffened, and the facade was reconstmcted with scattering broken glass on passers-by beneath. 
Before the building could be occupied, the thicker, tempered glass panels. The dark areas in Photo 1.1 show the tem­

structural frame had to be stiffened and all theporary plywood panels used to enclose the building during the period in 
original glass panels had to be replaced by thicker,

which the original glass panels were removed and replaced by the more tempered glass---costIy procedures that delayed 
durable, tempered glass. the opening of the building for several years . 

• .."\.;.::. ....... -­
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Figure 1.1: Early post-and-lintel construction as 
seen in an Egyptian Temple. 
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Figure 1.2: Front of Parthenon. columns taper 
and were fluted for decoration. 
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.. 'JA} Historical Development of Structural Systems 

To give you some historical perspective on structural engineering, we 
will briefly trace the evolution of structural systems from those trial-and­
error designs used by the ancient Egyptians and Greeks to the highly 
sophisticated configurations used today. The evolution of structural 
forms is closely related to the materials available, the state of construc­
tion technology, the designer's knowledge of structural behavior (and 
much later, analysis),.and the skill of the construction worker. 

For their great engineering feats, the early Egyptian builders used stone 
quarried from sites along the Nile to construct temples and pyramids. 
Since the ten.sile strength of stone, a brittle material, is low and highly vari­
able (because of a multitude of internal cracks and voids), beam spans in 
temples had to be short (see Fig. 1.1) to prevent bending failures. Since this 
post-and-lintel system-massive stone beams balanced on relatively thick 
stone c6iurnns-has only a limited capacity for hotizontal or eccentric ver­
tical loads, buildings had to be relatively low. For stability, columns had to 
be thick~a slender colunm will topple more easily than a thick column. 

The Greeks, greatly interested in refining the aesthetic appearance of 
the stone column, used the same type of post-and-lintel construction in 
the Parthenon (about 400 B.C.), a templeconsidered one of the most ele­
gant examples of stone construction of all time (Fig. 1.2). Evert up to. the 
early twentieth century. long after post-and-lintel construction was super­
seded by steel and reinforced concrete frames, architects continued to 
impose the facade of the classic Greek temple on the entrance of public 
buildings. The classic tradition of the ancient Greeks was influential for 
centuries after their ch'ilization declined. 

Gifted as builders. Roman engineers made extensive use of the arch, 
often employing it in multiple tiers in coliseums, aqueducts, and bridges 
(Photo 1.2). The curyed shape of the arch allows a departure from rec­
tangular lines Ilnd permits much longer clear spans than are possible with 
masonry post-and-lintel construction. The stability of the masonry arch 
requires (1) that its entire cross section be stressed in compression under 
all combinations of load and (2) that abutments or end walls have suffi­
cient strength to absorb the large diagonal thrust at the base of the arch. 
The Romans also, largely by trial and error, developed a method of enclos­
ing an interior space by a masonry dome, as seen in the Pantheon still stand­
ing in Rome. 

Duling the Gothic period of great cathedral buildings (Chartres, Notre 
Dame), the arch was refined by trimming away excess material, and its 
shape became far more elongated. The vaulted roof, a three-dimensional 
form of the arch, also appeared in the construction of cathedral roofs. 
Arch-like masonry elements, termedjlying buttresses, were used together 
with piers (thick masonry columns) or walls to carry the thrust of vaulted 
roofs to the ground tFig.1.3). Engineering in this period was highly 

• 
 • 
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Photo 1.2: Romans pioneered in the use of arches for bridges, buildings. and aqueducts . 
. Pont-du-Gard. Roman aqueduct built in 19 B.C. to carry water across the Gardon Valley to 

Nirnes. Spans of the ftrst- and second-level arches are 53 to 80 ft. (Near.Remoulins. France.) 

clerestory 

aisle nave 

massive 
stone 
column 

aisle 

masonry 
pier 

Figure 1.3: Simplified cross section showing the 
main structural elements of Gothic construction. 
Exterior masonry arches. calledjlying buttresses, 
used to stabilize the arched stone vault over the 
nave. The outward thrust of the arched vault is 
transmitted through the flying buttresses to deep 
masonry piers on the exterior of the building. 
Typically the piers broaden toward the base of the 
building. For the structure to be stable, the 
masonry must be stressed in compression 
throughout. Arrows show the flow of forces. 
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Photo 1.3: The Eiffel Tower, constructed of 
wrought iron in 1889. dominates the skyline of 

'Paris in this early photograph. The tower; the fore­
runner of the modern steel frame building, rises to 
a height of984 ft (300 m) from a 330-ft (l00.6-m) 
square base. The broad base and the tapering 
shaft provide an efficient structural form to resist 
the large overturning forces of the wind. At the 
top of the tower where the wind forces are the 
greatest, the width of the building is smallest. 

empirical based on what master masons learned ,and passed on to their 
apprentices; these skills were passed down through the generations. 

Although magnificent cathedrals and palaces were constructed for 
many centuries in Europe by master builders, no significant change 
occurred in construction technology until cast iron was produced in com­
mercial quantities in the mid-eighteenth century. The introduction of cast 
iron made it possible for engineers to design buildings with shallow but 
strong beams, and colunms with compact cross sections, permitting the 
design of lighter structures with longer open spans and larger window areas. 
The massive bearing walls required for masonry construction were no 
longer needed. Later, steels with high tensile and compressive strengths per­
mitted the construction of taller structures and eventually led to the sky­
scraper of today. 

In the late nineteenth century, the French engineer Eiffel constructed 
many long-span steel bridges in addition to his innovative Eiffel Tower, 
the internationally known landmark in Paris (Photo 1.3). With the devel­
opment of high-strength steel cables, engineers were able to construct 
long-span suspension bridges. The Verrazano Bridge at the entrance of 
New York harbor-one of the longest bridges in the world-spans 4260 
ft between towers. 

The addition of steel reinforcement to concrete enabled engineers 
to convert unreinforced concrete (a brittle, stonelike material) into 
tough, ductile structural members. Reinforced concrete, which takes 
the shape of the temporary forms into which it is poured, allows a large 
variety of forms to be constructed. Since reinforced concrete structures 
are monolithic, meaning they act as one continuous unit, they are highly 
indeterminate. 

Until improved methods of indetemlinate analysis enabled designers 
to predict the internal forces in reinforced concrete construction, design 
remained semi-empirical; that is, simplified computations were based on 
observed behavior and testing as well as on principles of mechanics. 
With the introduction in the early 1920s of moment distribution by Hardy 
Cross, engineers acquired a relatively simple technique to analyze con­
tinuous structures. As designers became familiar with moment distribu­
tion, they were able to analyze indeterminate frames, and the use of rein­
forced concrete as a building material increased rapidly. 

The introduction of welding in the late nineteenth century facilitated 
the joining of steel members-welding eliminated heavy plates and angles 
required by earlier riveting methods-and simplified the construction of 
rigid-jointed steel frames. 

In recent years, the computer and research in materials science have 
produced major changes in the engineer's ability to construct special­
purpose structures, such as space vehicles. The introduction of the com­
puter and the subsequent development of stiffness matrices for beams, 
plates, and shell elements permitted designers to analyze many complex 
structures rapidly and accurately. Structures that even in the 1950s took 
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teams of engineers months to analyze can now be analyzed more accu­
rately in minutes by one designer using a computer. ' 
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\1,~,~~f Basic Structural Elements 

All structural systems are composed of a number of basic structural ele­
ments-beams, columns, hangers, trusses, and so forth. In this section we 
describe the main characteristics of these basic elements so that you will 
understand how to use them most effectively. 

Hangers, Suspension Cables­
Axially Loaded Members in Tension 

Since all cross sections of axially loaded members are uniformly stressed, 
the material is used at optimum efficiency. The capacity of tension mem­
bers is a direct function of the tensile strength of the material. When mem­
bers are constructed of high-strength materials, such as alloyed steels, 
even members with small cross sections have the capacity to support large 
loads (see Fig. 1.4). 

As a negative feature, members with small cross sections are very 
flexible and tend to vibrate easily under moving loads. To reduce this 
tendency to vibrate, most building codes specify that certain types of ten­
sion members have a minimum amount of flexural stiffness by placing 
an upper limit on their slenderness ratio l/r, where I is the length of mem­

. ber,'and r is the radius of gyration. By definition r = VijA where I equals 
the moment of inertia and A equals the area of the cross section. If the direc­
tion of load suddenly reverses (a condition produced by wind or earth­
quake), a slender tension member will buckle before it can provide any 
resistance to the load. 

Columns-Axially Loaded Members in Compression 

Columns also carry load in direct stress very efficiently. The capacity of a 
compression member is a function of its slendemess ratio lIr. If lIr is large, 
the member is slender and will fail by buckling when stresseS are low­
often with little warning. If Ilr is small, the member is stocky. Since stocky 
members fail by overstress-by crushing or yielding-their capacity for 
axial load is high. The capacity of a slender column also depends on the 
restraint supplied at its ends. For example, a slender cantilever column­
fixed at one end and free at the other~wi1l support a load that is one-fourth 
as large as that of an identical column with two pinned ends (Fig. LSb, c). 

In fact, columns supporting pure axial load occur only in idealized 
situations. In actual practice, the initial slight crookedness of columns or 
an eccentricity of the applied load creates bending moments that must be 
taken into account by the designer. Also in reinforced concrete or welded 
building frames wher:e beams and. columns are connected by rigid joints, 

Figure 1.4: Chemical storage tank supported by 
tension hangers carrying force T. 
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Figure 1.5: (a) Axially loaded column; (b) can­
tilever column with buckling load Pc; (c) pin-sup­
ported column with buckling load 4Pc; (d) beam­
column . 
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Figure 1.6:. (a) Beam deflects into a shalbw 
curve; (b) inlernal forces (she::ll' V and momtnt 
M); (c) I-shaped steel section; (d) glue-Iamin~,td 

wood I-beam. 
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columns carry both axial load and bending moment. These members are 
called beam-columns (see Fig. l.Sd). 

Beams-Shear and Bending Moment Created by Loads 

Beams are slender members that are loaded perpendicular to their Iongitu­
dinal axis (see Fig. 1.6a). As load is applied, a beam bends and deflects into 
a shallow curve. At a typical section of a beam, internal forces of shear V, 
and moment M develop (Fig. 1.6b). Except in short, heavily loaded beams, 
the shear stresses 7 produced by V are relatively small, but the longitudinal 
bending stresses produced by M are large. If the beam behaves elastically, 
the bending stresses on a cross section (compression on the top and tension 
on the bottom) vary linearly from a horizontal axis passing through the cen­
troid of the cross section. The bending stresses are directly propOltional to 
the moment, and vary in magnitude along the axis of the beam. 

Shallow beams are relatively inefficient in transmitting load because 
the arm between the forces C and T that make up the internal couple is 
small. To increase the size of the arm, material is often removed from the 
center of the cross section and concentrated at the top and bottom sur­

. faces, producing an I-shaped section (Fig. 1.6c and d). 

Planar Trusses-All Members Axially Loaded 

A truss is a structural element composed of slender bars whose ends are 
assumed to be connected by frictionless pin joints. If pin-jointed trusses 
are loaded at the joints only, direct stress develops in all bars. Thus the 
material is used at optimum efficiency. Typically, truss bars are assembled 
in a triangular pattern-the simplest stable geometric configuration (Fig. 
1.7a). In the nineteenth century, trusses were often named after the design­
ers who established a particular configuration of bars (see Fig. 1.7b). 

The behavior of a truss is similar to that of a beam in which the solid 
web (which transmits the shear) is replaced by a series of vertical and diag­
onal bars. By eliminating the solid web, the designer can reduce the dead­

• 




• • • 

~----~- -- ----"---- ----------- ----- --§!.: - ---------~- " •--l 

• 

bottom 
chord 

Section 1.5 "Basic Structural Elements 13 

top Figure 1.7: (a) Assembly of triangular elements 
chord to form a truss; (b) two common types of trusses 

named after the original designer. 

(a) 

(b) 

weight of the truss significantly. Since trusses are much lighter than beams 
of the same capacity, trusses are easier to erect. Although most truss joints 
are formed by welding or bolting the ends of the bars to a connection (or 
gusset) plate (Fig. 1.8a), an analysis of the truss based on the assumption 
of pinned joints produces an acceptable result. 

Although trusses are very stiff in their own plane, they are very flex­
ible when loaded perpendicular to their plane. For this reason, the com­
pression chords of trusses must be stabilized and aligned by cross-bracing 
(Fig. 1.8b). For example, in buildings, the roof or floor systems attached 
to the joints of the upper chord serve as lateral supports to prevent lateral 
buckling of this member. 

J 
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sloping 

I floor slab resting on 
floor stringers not shown 

beams 

truss 

members 


gusset 

plate 


<.a) 

Figure 1.8:, (a) Bolted joint detail; (b) truss bridge 
showing cross-bracing needed to stabilize the two 
main trusses. (b) 

Arches-Curved Members Stressed Heavily 
in Direct Compression 

Arches typically are stressed in compression under their dead load. Because 
of their efficient use of material, arches have been constructed with spans 
of more than 2000 ft. To be in pure compression, an efficient state of stress, 
the arch must be shaped so that the resultant of the internal forces on each 

" section passes through the centroid. For a given span and rise, only one 
shape of arch exists in which direct stress will occur for a particular force 
system. For other loading conditions, bending moments develop that can 
produce large deflections in slender arches. The selection of the appro­
priate arch shape by the early builders in the Roman and Gothic periods 
represented a rather sophisticated understanding of structural behavior. 
(Since historical records report many failures of masonry arches, obvi­
ously not all builders understood arch action.) 

Because the base of the arch intersects the end supports (called abut­
ments) at an acute angle, the internal force at that point exerts a horizon­
tal as well as a vertical thrust on the abutments. When spans are large, when 

lower 
chord 
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loads are heavy, and when the slope of the arch is shallow, ~e horizontal 
component of the thrust is large. Unless natural rock walls exist to absorb 
the horizontal thrust (Fig. 1.9a), massive abutments must be constructed 
(Fig. 1.9b), the ends of the arch must be tied together by a tension mem­
ber (Fig. 1.9c), or the abutment must be supported on piles (Fig. 1.9d). 

Cables-Flexible Members Stressed in Tension 
by Transverse Loads 

Cables are relatively slender, flexible members composed of a group of 
high-strength steel wires twisted together mechanically. By drawing 
alloyed steel bars through dies-a process that aligns the molecules of the 
metal-manufacturers are able to produce wire with a tensile strength 
reaching as high as 270,000 psi. Since cables have no bending stiffness, 
they can only carry direct tensile stress (they would obviously buckle under 
the smallest compressive force). Because of their high tensile strength 
and efficient manner of transmitting load (by direct stress), cable struc­
tures have the strength to support the large loads of long-span structures 
more economically than most other structural elements. For example, 
when distances to be spanned exceed 2000. ft, designers usually select 
suspension o{cable-stayed bridges (see Photo 1.4). Cables can be used 
to construct roofs as well as guyed towers. 

Under its own deadweight (a uniform load acting along the arc of the 
cable), the cable takes the shape of a catenary (Fig. LlOa). If the cable 
carries a load distributed uniformly over the horizontal projection of its 
span, it will assume the shape of a parabola (Fig. 1.10b). When the sag 
(the vertical distance between the cable chord and the cable at midspan) 
is small (Fig. LlOa), the cable shape produced by its dead load may be 
closely approximated by a parabola. 

cable 

chord
T T ___ l_~ 

I--tl2--.t-I;-Ll2--1 

(a) 

(e) 

w 

l I I I I I I I J I- + 
(b) 

arch 

(a) 

abutment abutment 

(b) 

R tie R 

(e) 

batter batter 
pile pile 

(d) 

Figure 1.9: (a) Fixed-end arch carries roadway 
over a canyon where rock walls provide a natural 
support for arch thrust T; (b) large abutments pro­
vided to carry arch thrust; (e) tension tie added at 
base to carry horizontal thrust, foundations 
designed only for vertical reaction R; (d) founda­
tion placed on piles. batter piles used to transfer 
horizontal component of thrust into ground. 

Figure 1.10: (a) Cable in the shape ofa catenary 
under dead load; (b) parabolic cable produced by 
a uniform load; (c) free-body diagram of a section 
of cable carrying a unlform vertical load; equilib­
rium in horizontal direction shows that the hori­
zontal component of cable tension H is constant. 
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Photo 1.4: (a) Golden Gate Bridge (San Fran­
cisco Bay Area). Opened in 1937, the main span 
of 4200 ft was the longest single span at that time 
and retained this distinction for 29 years. Princi­
pal designer was Joseph Strauss who had previ­
ously collaborated with Ammann on the George 
Washington Bridge in New York City. (b) Rhine 
RiverBridge at Flehe, near Dusseldorf, Germany. 
Single-tower design. The single line of cables is 
connected to the center of the deck, and there are 
three traffic lanes on each side. This arrangement 
depends on the torsional stiffness of the deck 
structure for overall sta1;Jility. 

(aJ 

! . I 

(b) 
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tower 

tensioned 
cables 

~ 

(a) (b) 

foundation 

(el 

Because of a lack of bending stiffness, cables undergo large changes 
in shape when concentrated loads are applied. The lack of bending stiff­
ness also makes it very easy for small disturbing forces (e.g., wind) to 
induce oscillations (flutter) into cable-supported roofs and bridges. To uti­
lize cables effectively as structural members, engineers have devised a 
variety of techniques to minimize deformations and vibrations produced by 
live loads. Techniques to stiffen cables include (1) pretensioning, (2) using 
tie-down cables, and (3) adding extra dead load (see Fig. 1.11). 

As part of the cable system, supports must be designed to absorb the 
cable end reactions. Where solid rock is available, cables can be anchored 
economically by grouting the anchorage into rock (see Fig. 1.12). !frock 
is not available, heavy foundations must be constructed to anchor the 
cables. In the case of suspension bridges, large towers are required to sup­
port the cable, much as a clothes pole props up a clothesline. 

• 


Figure 1.11: Techniques to stiffen cables: (a) 
guyed tower with pretensioned cables stressed to 
approximately 50 percent of their ultimate tensile 
strength; (b) three-dimensional net of cables; tie­
down cables stabilize the upward-sloping cables; 
(c) cable roof paved with concrete blocks to hold 
down cable to eliminate vibrations. Cables sup­
ported by massive pylons (columns) at each end. 

/ 
T 

cable 

Figure 1.12: Detail of a cable anchorage into 
rock . 
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(a) 

(el 

(b) 

- stiffeners 

. \ 

(d) 

Figure 1.13: Rigid-jointed structures: (a) one­
story rigid frame; (b) Vierendeeltruss.loads trans­
mitted both by direct stress and bending: (e) details 
of a welded joint at the comer ·of a steel rigid 
frame; (d) reinforcing detail for comer of con· 
crete frame in (b). 

Rigid Frames-Stressed by Axial Load and Moment 

Examples of rigid frames (structures with rigid joints) are shown in Figure 
1.13a and b. Members of a rigid frame, which typically carry axial load 

. and moment, are called beam-columns. For a joint to be rigid, the angle 
between the members framing into a joint must not change when the mem­
bers are loaded. Rigid joints in reinforced concrete structures are simple to 
construct because of the monolithic nature of poured concrete. However, 
rigid joints fabricated from steel beams with flanges (Fig. 1.6c) often 
require stiffening plates to transfer the large forces in the flanges between 
members framing into the joint (see Fig. 1.13c). Although joints can be 
formed by riveting or bolting, welding greatly simplifies the fabrication 
of rigid joints in steel frames. 

Plates or Slabs-Load Carried by Bending 

Plates are planar elements whose depth (or thickness) is small compared 
to their length and width. They are typically used as floors in buildings 
and bridges or as walls for storage tanks. The behavior of a plate depends 
on the position of SUPPOlts along the boundaries. If rectangular plates are 
sUPPOlted on opposite edges, they bend in single curvature (see Fig. 1.l4a). 
If supports are continuous around the boundaries, double curvature bend­
ing occurs. 

Since slabs are flexible owing to their small depth, the distance they 
can span without sagging excessively is relatively small. (For example, 
reinforced concrete slabs can span approximately 12 to 16 ft.) If spans are 
large, slabs are typically suppolted on beams or stiffened by adding ribs 
(Fig. 1.14b). 

If the connection between a slab and the supporting beam is properly 
designed, the two elements act together (a condition called composite 

. action) to forma T-beam (Fig. L14c). When the slab acts as the flange 
of a rectangular beam, the stiffness of the beam will increase by a factor 

. of approximately 2. 
By corrugating plates, the designer can create a series of deep beams 

(calledfalded plates) that can span long distances. At Logan Airport in 
Boston, a prestressed concrete folded plate of the type shown in Figure 
L14d spans 270 ft to act as the roof of a hanger .. 

. Thin Shells (Curved Surface Elements)­
Stresses.Acting Primarily in Plane of Element 

Thin shells are three~dim.ensional curved sUlfaces. Although their thick­
ness is often small (several inches is common in the case of a reinforced 
concrete shell), they can span large· distances because of the inherent 
strength and stiffness of the curved shape. Spherical domes, which are 
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beamsingle double 
(typical) slabcurvature bending curvature bending l@..•.-~....~~ 

(a) 

shear 
flange connector 

(c) 

Figure 1.14: (a) Influence of boundaries on curvature. (b) Beam and slab system. (c) Slab 
and beams act as aunit. On left, concrete slab cast with stem to fonn a T-beam; right, shear 
connector joins concrete slab to steel beam, producing a composite beam. (d) A folded 
plate roof. 

. commonly used to cover sports arenas and storage tanks, are one of the 
most common types of shells built. 

Under uniformly distributed loads, shells develop in-plane stresses 
(called membrane stresses) that efficiently support the extemalload (Fig. 
1.15). In addition to the membrane stresses, which are typically small in 
magnitude, shear stresses perpendicular to the plane of the shell, bend­
ing moments, and torsional moments also develop. If the shell has bound­
aries that can equilibrate the membrane stresses at all points (see Fig. 
1.16a and b), the majority of the load will be carried by the membrane 
stresses. But if the shell boundaries cannot supply reactions for the mem­
brane stresses (Fig. 1.16d), the region of the shell near the boundaries 
will deform. Since these deformations create shear normal to the surface 
of the shell as well as moments, the shell must be thickened or an edge 
member supplied. In most shells, boundary shear and moments drop rap­
idly with distance from the edge. 

The ability of thin shells to span large unobstructed areas has always 
excited great interest among engineers and architects. However, the great 
expense of forming the shell, the acoustical problems, the difficulty of pro­
ducing a watertight roof, and problems of buckling at low stresses have 
restricted their use. In addition, thin shells are not able to CaITy heavy con­
centrated loads without the addition of ribs or other types of stiffeners. 
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(b) 

(d) 
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Figure 1.15: Membrane stresses !I"lin!! Oil a 
small shell element. 
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snap-through buckling: 
this mode of failure prevented by adding 
stiffening ribs or thickening shell 

Ca) (b) 

compression 

edge 
beams 

section A-A 

(e) 

(I)(d) 

Figure 1.16: Commonly constructed types of 
shells. (a) Spherical dome supported continuously. 
Boundary condition for membrane action is sup­
plied. (b) Modified dome with closely spaced 
supports. Due to openings, the membrane condi­
tion is disturbed somewhat at the boundaries. 
Shell must be thickened or edge beams supplied· 
at openings. (el Hyperbolic paraboloid. Straight­
line generators form this shell. Edge members are 
needed to supply the reaction for the membrane 
stresses. (d) Dome with widely spaced supports. 
.\fembrane forees. cannot develop at the bound­
aries. Edge beams and thiCkening of shell are 
required around the perimeter. (e) Dome with a 
compression ring at the top and a tension ring at 
the bottom. These rings supply reactions for mem­
brane stresses. Columns must clUTY only vertical 
load. (f) Cylindrical shell. 

ring 

(el 
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1.6 	 Assembling Basic Elements to Form a Stable 

Structural System 


One-Story Building 

To illustrate how the designer combines the basic structural elements 
I described in Section 1.5) into a stable structural system, we will discuss 
in detail the behavior of a simple structure, considering the one-story, box­
like structure in Figure 1.17a. This buildi:O.g, representing a small storage 
facility, consists of structural steel frames covered with light-gage corre­
gated metal parrels.(For simplicity, we neglect windows, doors, and other 
an;hitectural details.) 

In Figurel.17b, weshow Ol1e of the steel frames located just inside the 
end wall (labeledABCD in Fig. 1.17a) of the building. Here the metal roof 
deck is. supported on beam CD that spans between two pipe columns 
located at the comers of the building. As shown inFigure 1.17c. the ends 
ofthe beam are connected to the tops of the columns by bolts that pass 
through the bottom flange of the beam and a cap plate welded to the top of 
the column. Since this type of connection cannot transmit moment effec­
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. roofing 
Al! other strucrural members omitted. 

see detail A 

PositIon of hraced frames In buUdlng 
(see Fig.1.l7b). shown by dashed lines. 

end view front view 

(a) (b) 

w 

~L tl---- L ----.t ~L 
A B 

~L t"".---- L ----I 
(d) (e) 

tively between the end of the beam and the top of the column, the designer 
assumes that this type of a connection acts as a small-diameter hinge. 

Because these bolted joints are not rigid, additional light members 
(often circular bars or steel angle members) are run diagonally between 
adjacent columns in the plane of the frame, serving to stabilize the structure 
further. Without this diagonal bracing (Fig. 1.17b), the resistance of the 
frame to lateral loads would be small, and the structure would lack stiff­
ness. Designers insert similar cross-bracing in the other three walls-and 
sometimes in the plane of the roof. 

The frame is connected to the foundation by bolts that pass through 
a light steel baseplate, welded to the bottom of the column. The bottom 
ends of the bolts, called anchor bolts, are embedded in concrete piers 

detail A 

p 

(f) 

Figure 1.17: (a) Three"dimensional view of 
building (arrow indicates direction in which roof 
deckspans); (b) details of cross-braced frame \.ith 
bolted joints; (e) details of beam-to-column con­
nections; (d) idealized model of structuri!1 system 
transmitting gravity loads from roof; (e) model of 
beam CD; (I) idealized model of truss system for 
transmitting lateral load acting to the right. Diag­
onal member DB buckles and is ineffective. 
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located directly under the column. Typically, designers assume that a sim­
ple bolted connection of this type acts as a pin support; that is, the con­
nection prevents the base of the column from displacing vertically and 
horizontally, but it does not have. sufficient stiffness to prevent rotation 
(engineering students often wrongly assume that a flat baseplate bolted 
to a concrete pier produces a fixed-end condition, but they are not taking 
into account the large loss of rotational restraint induced by even small 
flexural deformations of the plate). f· 

Although the bolted connection does have the capacity to apply a small 
but uncertain amount of rotational restraint to the base of the column, the 
designer usually treats it conservatively as a frictionless pin. However, it 
is usually unnecessary to achieve a more rigid connection because to do 
so is expensive, and the additional rigidity can be supplied more simply and 
economically by increasing the moment of inertia of the columns. If design­
erS wish to produce a fixed support at the base of a colunm to increase its 
stiffness, they must use a heavy, stiffened baseplate and the foundation 
must be massive. 

Design of Frame for Gravity Load. To analyze this small frame for 
gravity load, the designer assumes the weight of the roof and any vertical 
live load (e.g., snow or ice) are can'ied by the roof deck (acting as a series 
of small parallel beams) to the frame shown in Figure 1.17d. This frame is 
idealized by the designer as a beam connected by a pinned joint to the 
colunms. The designer neglects the diagonal bracing as a secondary 
member--:assumed to be inactive when vertical load acts . .Since no 
moments are assumed to develop at the ends of the beam, the designer ana­
lyzes the beam as a simply supported member with a uniform load (see 
Fig. 1.17e). Because the reactions of the beam are applied directly over the 
centerlines of the columns, the designer assumes that the column carries 
only direct stress and behaves as an axially loaded compression member. 

Design for Lateral Load. The designer next checks for lateral loads. 
If a lateral load P (produced by wind, for example) is applied to the top 
of the roof (see Fig. 1.17f), the designer can assume that one of the diag­
onals acting together with the roof beam and columns forms atruss. If the 
diagonals are Ught flexible members, only the diagonal running from A to 
C, which stretches and develops tensile stresses as the beam displaces to 
the right, is assumed to be effective. The opposite diagonal ED is assumed 
to buckle because iUs slender and placed in compression by the lateral 
movement of the beam. If the wind reverses direction, the other diagonal 
ED would become effective, and diagonal AC would buckle. 

As we have illustrated in this simple problem, under certain types of 
loads, certain members come into play to transmit the loads into the sup-' 
ports. As long as the designer understands how to pick a logical path for 
these loads, the analysis can be greatly simplified by eliminating mem­
bers that are not effective. 
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Until the late 1950s, the analysis of certain types of indeterminate struc­
tures was a long, tedious procedure. The analysis of a structure with many 
joints and members (a space truss, for example) might require many months 
of computations by a team of experienced structural engineers. More­
over, since a number of simplifying assumptions about structural behav­
ior were often required, the accuracy of the final results was uncertain. 
Today computer programs are available that can analyze most structures 
rapidly and accurately. Some exceptions still exist. If the structure is an 
unusual shape and complex-a thick-walled nuclear containment vessel 
or the hull of a submarine-the computer analysis can still becompli­
cated and time-consuming. 

Most computer programs for analyzing structures are written to pro­
duce afirst-order analysis; that is, they assume (1) linear-elastic behav­
ior, (2) that member forces are unaffected by the deformations (change 
in geometry) of the structure, and (3) that no reduction in flexural stiff­
ness is produced in columns by compression forces. 

The classical methods of analysis covered in this book produce a first­
order analysis, suitable for the majority of structures, such as trusses, con­
tinuous beams, and frames, encountered in engineering practice. When a 
first-order analysis is used, structural design codes provide empirical pro­
cedures needed to adjust forces that may be underestimated. 

While more complicated to use, second-order programs that do account 
fodnelastic behavior, changes in geometry, and other effects influencing 
the magnitude of forces in members are more precise and produce a more 
accurate analysis. For example, long slender arches under moving loads 
can undergo changes in geometry that increase bending moments signif­
icantly. For structures of this type, a second-order analysis is essential. 

Engineers typically use computer programs prepared by teams of struc­
tural specialists who are also skilled programmers and mathematicians. 
Of course, if the designer does not establish a stable structure, or if a crit­
icalloading condition is overlooked, the information supplied by the analy­
sis is obviously not adequate to produce a safe, serviceable structure. 

In 1977, the failure of the large three-dimensional space truss (see 
pages 72 and 682) supporting the 300-ft by 360-ft roof of the Hartford 
Civic Center Arena is an example of a structural design in which the 
designers relied on an incomplete computer analysis and failed to produce 
a safe structure. Among the factors contributing to this disaster were inac­
curate data (the designer underestimated the deadweight of the roof by 
1.5 million Ib), and the inability of the computer program to predict the 
buckling load of the compression members in the truss. In other words, 
the presumption existed in the program that the structure was stable-an 
assumption in the majority of early computer programs used for analyz­
ing structures. Shortly after a winter storm deposited a heavy load of 
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rain-soaked snow and ice on the roof, the buckling of certain slender 
compression members in the roof truss precipitated a sudden collapse of 
the entire roof. Fortunately, the failure occurred several hours after a 
crowd of 5000 sports fans attending a basketball game had left the build­
ing. Had the failure taken place several hours sooner: (when the building 
was occupied), hundreds of people would have been killed. Although no 
loss of life occurred, the facility was unusable for a considerable period, 
and large sums of money were required to clear the wreckage, to redesign 
the building, and to reconstruct the arena. 

Although the computer has reduced the hours of computations required 
to analyze structures, the designer must still have a basic insight into all 
potential failure modes in order to assess the reliability of the solutions 
generated by the computer. Preparation of a mathematical model that ade­
quately represents the structure remains one of the most important aspects 
of structural engineering. 

1.8 Preparation of Computations 

Preparation o(a set of clear, complete computations for each analysis is 
an· important responsibility of each engineer. A· well-organized set of 
computations not only will reduce the possibility of computational error, 
but also will provide essential information if the strength ·of an existing 
structure must be investigated at some future time. For example, the owner 
of abuilding may wish to determine if one or more additional floors can 
be added to an existing structure without overstressing the structural 
frame and foundations. If the original computations are complete and the 
engineer can determine the design loads, the allowable stresses, and the 
assumptions upon which the original analysis and design were based, 
evaluation of the modified structure's strength is facilitated. 

Occasionally, a structure. fails (in the worst case, lives are lost) or 
proves unsatisfactory in service (e.g., floors sag or vibrate; walls crack). 
In these situations, the original computations will be examined closely 
by all parties to establish the liability of the designer. A sloppy or incom­
plete set of computations can damage an engineer's reputation. 

Since the computations required to solve the hOllleVVorkproblems in 
this book are similar to those made by practicing engineers in design 
offices, students should consider each assignment as an opportunity to 
improve the skills required to produce computations of professional qual­
ity. With this objective in mind, the. following suggestions are offered: 

1. 	 State the objective of the analysis ina short sentence. 
2. 	 Prepare a clear sketch of the structure, sho\virig·allloads and 

dimensions. Use a sharp pencil and a straightedge to draw lines. 
Figures and numbers that are neat and clear have a more professional 
appearance. 
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3. 	 Include aU steps o/your computations. Computations cannot easily 
be checked by another engineer unless all steps are shown. Provide 
a word or two stating what is being done, as needed for 
clarification. . 

4. 	 Check the results of your computations by making a static check 
(i.e., writing additional equilibrium equations). 

5. 	 If the structure is complex, check the computations by making an 
approximate analysis (see Chap. ·14). 

6. 	 Verify that the direction of the deflections is consistent with the 
direction of the applied forces. If a structure is analyzed by a 
computer, the displacements of joints (part of the output data) can 
be plotted to scale to produce a clear picture of the deformed 
structure. 

• 	 To begin our study of structural analysis, we reviewed the relationship 
between planning, design, and analysis. In this interrelated 
process, the structural engineer first establishes one or more initial 
configurations of possible structural forms, estimates deadweights, 
selects critical design loads, and analyzes the structure. Once the 
structure is analyzed, major members are resized. If the results of 
the design confirm that the initial assumptions were correct, the 
design is complete. If there are large differences between the initial 

. and final proportions,the design is modified, and the analysis and 
sizing repeated. This process continues until final results confl11U 
that the proportions of the structure require no modifications. 

• 	 Also we reviewed the characteristics of common structural elements 
that comprise typical buildings and bridges. These include beams, 
trusses, arches, frames with rigid joints, cables, and shells. 

• 	 Although most structures are three-dimensional, the designer who 
develops an understanding of structural behavior can often divide 
the structure into a series of simpler planar structures for analysis. 
The designer is able to select a simplified and idealized model that 
accurately represents the essentials of the real structure. For example, 
although the exterior masonry or windows and wall panels of a 
building, coimected to the structural frame, increase the stiffness of 
the structure, this interaction is typically neglected. 

• 	 Since most structures are analyzed by computer, structural engineers 
must develop an understanding of structural behavior so they can, 
with a few simple computations, verify that the results of the computer 
analysis are reasonable. Structural failures not only involve high 
costs, but also may result in injury to the public or loss of life . 

• 


I 

I 

I 

I 
I 

I 

I 



~-~~---------,----------~-- . 

The large 1999Chi7Chi earthquake (magnitude 7.7) in Taiwan caused the upper floors of the apartment 
buildings showninthephototo topple over as a unit. Although the columns supporting the building were 
designed .ft)r'~~isi;nic.forces,the attachment of rigid concrete and brick partition walls to the columns in the 
upper flo6rsnegatedthe designer's intent, and forced the more flexible segments of the lower floor 
columns to fail as the upper mass of the building displaced laterally as a unit. 
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,:" 2tl}:; Building and Design Code 

A code is a set of technical specifications and standilrds that control major 
details of analysis, design, and construction of buildings, equipment, and 
bridges. The purpose of codes is to produce safe, econ()mical structures 
so that the public will be protected from poor or inadequate design and 
construction. 

Two types of codes exist. One type, called a structural code, is written 
by engineer~ and other specialists who are concerned with the design of a 
particular'elass of structure (e.g., buildings, highway bridges, or nuclear 
power plants) or who are interested in the proper use of a specific material 
(steel, reinforced concrete, aluminum, or wood). Typically, structural codes 
specify design loads, allowable stresses for various types of members, 
design assumptions, and requirements for materials. Examples of structural 
codes frequently used by structural engineersjnclude the following: 

1. 	 Standard Specifications for Highway Bridges by the American 
Association of State Highway and Tr!insportation Officials 
(AASHTO) covers the design and analysis of highway bridges. 

2. 	 Manualfor Raiz,,~ay Engineering by the American Railway 
Engineering and Maintenance of Way Association (AREMA) 
covers the design and analysis of railroad bridges. 

3. 	 Building Code Requirementsfor Reinforced Concrete CACI 318) by 
the American Concrete Institute CACI) covers the analysis and 
design of concrete structures. 

4. 	 Manual ofSteel Construction by the American Institute of Steel 
Construction CAISC) covers the analysis and design of steel 
structures. 

5. 	 National Design Specifications for Wood Construction by the 
American Forest & Paper Association (AFPA) covers the analysis 
and design of wood structures. 

The second type of code, called a building code, is established to cover 
construction in a given region (often a city or a state). A building code 
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• 


contains provisions pertaining to architectural, structural, mechanical, 
and electrical requirements. The objective of a building code is also to 
protect the public. by accounting for the influence of local conditions on 
construction. Those provisions of particular concern to the structural 
designer cover such topics as soil conditions (bearing pressures), live 
loads, wind pressures, snow and ice loads, and earthquake forces. Today 
many building codes adopt the provisions of the Standard Minimum Design 
Loads for Buildings and Other Structllres published by the American 
Society of Civil Engineers (ASCE) or the more recent International 
Building Code by the International Code Council. 

As new systems evolve, as new materials become available, or as 
repeated failures of accepted systems occur, the contents of codes are 
reviewed and updated. In recent years the large volume of research on 
structural behavior and materials has resulted in frequent changes to both 
types of codes. For example, the ACI. Code Committee issues a yearly 
addendum and produces a revised edition of the national code every 6 years. 

Most codes make provision for. the designer to depalt from pre­
scribed standards if the designer can show by tests or analytical studies 

. that such changes produce a safe dysign. 

','" .
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?;'a Loads 

Structures must be proportioned so that they will not fail or deform exces­
sively under load. Therefore, an engineer must take great care to anticipate 
the probable loads a structure must carry. Although the design loads speci­
fied by the cQdes are generally satisfactory for most buildings, the designer 
must also decide if these loads apply to the specific structure under consid­
eration. For example; if the shape of a building is unusual (and induces 
increased wind speeds), wind forces may deviate significantly. from those 
specified by a building code. In such cases, the designer should conduct 
wind tunnel tests on models. to establish the appropriate design ·forces. The 
designer should also try to foresee if the function of a structure (andconse­

. quently .the loads it must carry) will change in the future. For example, if 
the possibility exists that heavier equipment may be introduced into an area 

.. that is originally designed for a smaller load, the designer may decide to 
increase the design loads specified by the code. Designers typically differ­
entiate between two types of load: live load and dead load . 

. • ........ H ... H .... H~ ••••••• u .................H .. U ............................... , ......... , ••••••••••• ~H ........................ •••••••• ~.. h .... .. 


' ...2.3 Dead Loads 

The load associated with the weight of the structure and its permanent 
components (floors, ceilings, ducts, and so f01th) is called the dead load. 
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Since the dead load must be used in the computations to size members 
but is not known precisely until the members are sized, its magnitude 
must be estimated initially. After members are sized and architectural 
details finalized, the dead load can be computed more. accurately. If the 
computed value of dead load is approximately equal to (or slightly less 
than) the Initial estimate of its value, the analysis is finished. But if a large 
difference exists between the estimated and computed values of dead 
load, the designer should revise the computations, using the improved 
value of deadweight. 

Dead Load Adjustment for Utilities and Partition Walls 

In most buildings the space directly under each floor is occupied by a 
variety of utility lines and supports for fixtures including air ducts, water 
and sewage pipes, electrical conduit, and lighting fixtures. Rather than· 
attempt to account for the actual weight and position of each item, design­
ers add an additional 10 to 15lb/ft2 (0.479 to 0.718 kN/m2) to the weight 
of the floor system to ensure that the strength of the floor, columns, and 
other structural members will be adequate. 

Normally designers try to position beams directly under heavy masonry 
walls to carry their weight directly into supports. If an owner requires 
flexibility to move walls or partitions periodically in order to reconfig­
ure office or laboratory space, the designer can add an appropriate 
allowance to the floor dead load. If partitions are light, this may be an 
additional dead load of 10 Ib/ft2 (0.479 kN/m2) or less. In a factory or a 
laboratory that houses heavy test equipment, the allowance may be 3 or 
4 times larger. 

Distribution of Dead Load to Framed Floor Systems 

Many floor systems consist of a reinforced concrete slab supported on a 
rectangular grid of beams. The supporting beams reduce the span of the 
slab and permit the designer to reduce the depth and weight of the floor 
system. The distribution of load to a floor beam depends on the geomet­
ric configuration of the beams forming the grid. To develop an insight 
into how load from a particular region of a slab is transferred to sup­
porting beams, we will examine the three cases shown in Figure 2.l. In 
the first case, the edge beams support a uniformly loaded square slab (see 
Fig. 2.1a). From symmetry we can infer that each of the four beams along 
the outside edges of the slab carries the same triangular load .. In fact, if 
a slab with the same area of uniformly distributed reinforcement in the x 
and y directions were loaded to. failure by a uniform load, large cracks 
would open along the main diagonals, confmning that each beam supports 
the load on a triangular area. The area of slab that is supported by a par­
ticular beam is termed the beam's tributary area . 

• 
 • •• 
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Figure 2.1: Concept of tributary area. 
(a) square slab, all edge beams support 
a triangular area; (b) two edge beams 
divide load equally; (e) load on a 1 ft 
width of slab in (b); (d) tributary 
areas for beams Bland B2 shown 
shaded, all diagonal lines slope at -15°; 
(e) top figure shows most likely load 
on beam B2 in Cd); bottom figure 
shows simplified load distribution on 
beam B2; (f) most likely load on beam 
B 1 in (d); (g) Simplified load dis­
tribution to beam B 1. 
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In the second case, we consider a rectangular slab supported on oppo­
site sides by two parallel beams (Fig. 2.1b). In this case, if we imagine a 
uniformly loaded loft-wide strip of slab that acts as a beam spanning a dis­
tance Ls between two edge beams Bl and B2 (Fig. 2.1h), we can see that 
the load on the slab divides equally between the supporting edge beams; 
that is, each foot of beam carries a uniformly distributed load of wLj2 
(Fig. 2.lc), and the tributary area for each beam is a rectangular area that 
extends out from the beam a distance Lj2 to the centerline of the slab. 

For the third case, shown in Figure 2.1d, a slab, carrying a uniformly 
distributed load w, is supported on a rectangular grid of beams. The trib­
utary area for both an interior and an exterior beam is shown shaded in 
Figure 2.1d. Each interior beam B2 (see Fig. 2.ld) carries a trapezoidal 
load. The edge beam B 1, which is loaded at the third points by the reac­
tions from the two interior beams, also carries smaller amounts of load 
from three triangular areas of slab (Fig. 2.1f). If the ratio of the long to 
short side of a panel is approximately 2 or more, the actual load distri­
butions on beam B2 can be simplified by assuming conservatively that 
the total load per foot, W t = wLtl3, is uniformly distributed over the 
entire length (see Fig. 2.1e), producing the reaction Ra2. In the case of 
beam B 1, we can simplify the analysis by assuming the reaction .Rs2 
from the uniformly loaded B2 beams is applied as a concentrated load at 
the third points (see Fig. 2.1g). . 

Table 2.1a lists the unit weights of a number of commonly used con­
struction materials, and Table 2.lh contains the weights of building com­
ponents that are frequently specified in building construction. We will 
make use of these tables in examples and problems. 

Examples 2.1 and 2.2 introduce computations for dead load. 

A three-ply asphalt felt and gravel roof over 2-in-thick insulation board 
is supported by I8-in-deep precast reinforced concrete beams with 3-ft­
wide flanges (see Fig. 2.2). If the insulation weighs 3 Ib/ft2 and the 
asphalt roofing weighs 5~ Ib/ft2, determine the total dead load, per foot 
of length, each beam must support. 

Solution 
Weight of beam is as follows: 

4 36 
Flange 12 ft X 12 ft X 1 ft X 1501b/ft3 = 1501b/ft 

10 14 
Stem 12 ft X 12 ft X 1 ft X 1501b/ft3 = 145 lb/ft 

EXA 

three-ply felt 
with gravel topping 

10" 
14" 

'jI4" 

36"-_,If+-'-- 36"--J 

Figure 2.2: Cross section of reinforced concrete 
beams. 

[continues on next page] 
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Example 2.1 continues . .. Insulation 3 Ib/ft2 X 3 ft X 1 ft :=: 9 lb/ft 

Roofing 5! Ib/ft2 X 3 ft X 1 ft = 16.5 Ib/ft 

Total 320.5 lb/ft, 
round to 0.321 kip/ft 

Statement of Example 
The steel framing plan of a small building is shown in Figure 2.3a. The 
floor consists of a 5-in-thick reinforced concrete slab supported on steel 
beams (see section 1-1 in Fig. 2.3b). Beams are connected to each other 
and to the corner columns by clip angles; see Figure. 2.3c. The clip angles 
are assumed to provide the equivalent of a pin support for the beams; that 
is, they can transmit vertical load but no moment. An acoustical b9ard 
ceiling, which weighs 1.5 Ib!ft2, is susp~nded from the concrete slab by 
closely spaced supports, and it can be treated as an additional uniform 
load on the slab. To account for the weight of ducts, piping, conduit, and 
so forth, located between the slab and ceiling (and supported by hangers 
from the slab), an additional dead load allowance of 20 Ib/ft2 is assumed. 
The designer initially estimates the weight of beams Blat 30 lb/ft and 
the 24-ft girders B2 on column lines 1 and 2 at 50 lb/ft. Establish the 
magnitude of the dead load distribution on beam B 1 and girder B2. 

Solution 
We will assume that all load between panel centerlines on either side of 
beam B 1 (the tributary area) is supported by beam B 1 (see the shaded 
area in Fig. 2.3a). In other words, as previously discussed, to compute 
the dead load applied by the slab to the beam, we treat the slab as a series 
of closely spaced, l-ft-wide,simply supported beams. spanning between 
the steel beams on column lines A and B, arid between Band C (see the 
cross-hatched area in Fig. 2.3a). One-half of the load, wU2, will go to 
each supporting beam (Fig. 2.3d), and the total slab reaction applied per 
foot of steel beam equals wL = 8w (see Fig. 2.3e). 

Total dead load applied per foot to beam B 1: 

5 
Weight of slab 1 ft X 1 ft X 12 ft X 8 ft X 1501b/ft3 5001b/ft 

Weight of ceiling 	 1.5 Ib/ft2 X 8 ft 121b/ft 

Weight of ducts, etc. 	 20 Ib/ft2 X 8 ft 1601b/ft 
Estimated weight of beam· 	 30lb/ft· 

Total 	 7021b/ft, 
round to 
0.71 kip!ft 
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suspended ceiling 

Section 1·1 

(b) 

(a) 
Section 2·2 

(c) 

• • 

wL wL wL wL 
2 22 2 

(d) 

® 8.875 kips 8.875 kips @ 
CD.1 	 @ 
. r wD = 0.71 kip/ft T 	 T-- 8' 8' 8'-.:r 


...--,-,.-r...,-..,.-rl'""""T-"-' wD =0.05 kip/ft
&j.LLU,lJCW-® .~~~~-Q) 
1----- 24'---..... ~... 25---- ·····--->ti 

Rb ", 8.875 kips RI = 8.875 kip& Ra = 9.475 kips Rd = 9.475 kips 

BeamBl BeamB2 
Figure 2.3: Determination of dead load for 

(e) 	 (f) beam and girder. 

Sketches of each beam with its applied loads are shown in Figure 2.3e and 
f The reactions (8.875 kips) from the Bl beams are applied as concen­
trated loads to the third points of girder B2 on column line 2 (Fig. 2.3f). 
The unifonn load of 0.05 kip/ft is the estimated weight of girder B2. 
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Typical Design Dead Loads 

Substance Weight, Ib/ft3 (kN/m3) 

Steel 490 (77,0) 

Aluminum 165 (25.9) 

Reinforced concrete: 

. Normal weight - 150 (23.6) 


Light weight 90-120 (14.1-18.9) 
Brick 120 (18.9) 
Wood 

Southern pine 37 (5.8) 
Douglas fir 34 (5.3) 

-(b) Building Component Weights 

Component Weight, Ib/ft2 (kN/m2) 

Ceilings 
Gypsum plaster on suspended metal lath 
Acoustical fiber tile on rock lath and channel 

ceiling 

Floors 
Reinforced concrete slab per inch of thickness 

Normal weight 
Lightweight 

Roofs 
Three-ply felt tar and gravel 

2-in insulation 


Walls and partitions 
Gypsum board (Hn thick) 

Brick (per inch of thickness) 

Hollow conqete block (12 in thick) 


Heavy aggregate 
Light aggregate 

Clay tile (6-in thick) 
:::. X 4 studs 16 in on center, ~-in gypsum wall 

on both sides 

,.10 (0.48) 

5 (0.24) 

12"2I (0.60) 

6-10 (0,29-0.48) 


5"2
1 

(0.26) 

3 (0.14) 


4 (0.19) 

10 (0.48) 


80 (3.83) 
55 (2.63) 
30 (1.44) 

8 (0.38) 

•
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Tributary Areas of Columns 

To detennine the dead load transmitted into a column from a floor slab, the 
designer can either (1) determine the reactions of the beams framing into 
the column or (2) multiply the tributary area of the floor surrounding the 
column by the magnitude of the dead load per unit area acting on the floor. 
The tributary area of a column is defined as the area surrounding the 
column that is bounded by the panel centerlines. Use of tributary areas 
is the more common procedure of the two methods for computing col­
umn loads. Tn Figure 2.4 the tributary areas are shaded for corner column 
AI, interior column B2, and exterior column Cl. Exterior columns located 
on the perimeter of a building also support the exterior walls as well as 
floor loads. 

As you can see by comparing tributary areas for the floor system in 
Figure 2.4, when column spacing is approximately the same length in 
both directions, interior columns support approximately 4 times more 
floor dead load than corner columns. When we use the tributary areas to 
establish column loads, we do not consider the position of floor beams, 
but we do include. an allowance for their weight. 

Use of tributary areas is the more common procedure of the two meth­
ods for computing columns loads because designers also need the tribu­
tary areas to compute live loads given that design codes specify that the . 
percentage of live load transmitted to a column is an inverse function of 
the tributary areas; that is, as the tributary areas increase, the live load 
reduction increases. For columns supporting large areas this reduction 
can reach a maximum of 40 to 50 percent. We will cover the ASCE 7-98 
specification for live load reduction in Section 2.4.1. 

I
I 

18' - tf,panel 

9'
0-t­ 9' 


18' .. tf,paneJ 


' 

\. ·1· .\. ·1· .\. ·1· .\to' 	,10' 11'·, 11' 11', 11' 

I I I Figure 2.4: Tributary area of columns AI, B2, 
tf,panel «.panel tf,panel and Cl shown shaded. 
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EXAMPLE 2.3 Using the tributary area method, compute the floor dead loads supported 
by columns Al and B2 in Figure 2:4. The floor system consists of a 6­
in-thick reinforced concrete slab weighing 75 Ib/ft2• Allow 15 Ib/ft2 for 
the weight of floor beams, utilities, and a ceiling suspended from the 
floor.. In. addition, allow. 1 0 Ib/ft2 for lightweight partitions. The precast 
e;x.terior wall supported by the perimeter beams weighs 600 Ib/ft. 

Solution 
Total floor dead load is 

D = 75 + 15 + 10 = 100lb/ft2 = 0.1 kip/ft2 

Dead load to column Al is as follows: 

Tributary area At = 9 X 10 90 ft2 

. Floor dead load A,D = 90 X 0.1 kip/ft2 = 9 kips 

Weight of exterior wall = 
weight/ft (lelJgth) (0.6 kip/ft)(l0 + 9) = J 1.4 kips. 

Total 20.4 kips 

Dead load to column B2 is as follows: 

Tributary area 18 X 21 378 ft2 

Total dead load 378 ftl X 0.1 kip/ft:! = 37.8 kips 

·";;::·:2·~~if"'·"·'l~i~~··L~~d;······"···""·········"" ......................................................................... 


Buildings Loads 

Loads thafcari be moved on or off a structure are classified as live loads.. 
Live loads include the weight of people, furniture, machinery, and other 
equipment. Live loads can vary over time especially if the function of the 
building changes. The live loads specified by codes for various types of 
buildings represent a conservative estimate of the maximum load likely 
to be produced by the intended use of the building .. In each region of the 
country, building codes typically specify the design live load. Currently, 
many state and city building codes base the magnitude of live loads and 
design procedures on the ASCE standard, which has evolved over time 
by relating the magnitude of the design load to the successful perfor­
mance of actual buildings. When sizing members, designers must also 
consider short-term construction live loads, paIticularly if these loads are 
large. In the past a number of building failures have occurred during con­
struction when large piles of heavy con:struction material were concen­

• 
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trated in a small area of a floor or roof of a partially erected building, 
when the capacity of members, not fully bolted or braced, is below their 
potential load capacity. 

The ASCE standard typically specifies a minimum value of uniformly 
distributed live load for various types of buildings Crable 2.2). If certain 
structures, such as parkin.g garages, are also subjected to large concen­
trated loads, the standard may require that forces in members be investi­
gated for both uniform and concentrated loads, and that the design be 
based on the loading condition that creates the greatest stresses. For exam­
ple, the ASCE standard specifies that, in the case of parking garages, mem­
bers be designed to carry either the forces produced by a uniformly dis­
tributed live load of 50 Ib/ft2 or a concentrated load of 2000 Ib acting 
over an area of 6.25 ft2-whichever is larger. 

Live Load Reduction 

Recognizing that a member supporting a large tributary area is less likely 
to be loaded at all points by the maximum value of live load than a mem­
ber supporting a smaller floor area, building codes permit live load reduc­
tions for members that have a large tributary area. For this situation, the 
ASCE standard permits a reduction of the design live loads Lo' as listed 
in Table 2.2, by the following equation when the influence area KLLAT is 
larger than 400 ft2 (37.2 m2). However, the reduced live load must not be 
less than 50 percent of Lo for meIIlbers supporting Qne floor or a section 

~r{4 TABLE 2.2 
··t7tTypi·~~·i··D"~;ig~"·L'i~~"L~~·d;··""····"·····"··"· ............................................ 


Occupancy Use Live Load, Ib/ft2 (kN/m2) 

Assembly areas and theaters 
Fixed seats (fastened to floor) 
Lobbies 
Stage floors 

Libraries 
Reading rooms 
Stack rooms . 

Office buildings 
Lobbies 
Offices 

Residential 
Habitable attics and sleeping areas 
Uninhabitable attics with storage 
All other areas 

Schools 
Classrooms 
Corridors above the first floor 

• 


60 (2.87) 
100 (4.79) 
150 (7.18) 

60 (2.87) 
150 (7.18) 

100 (4.79) 
50 (2.40) 

30 (1.44) 
20 (0.96) 
40 (1:92) 

40.(1.92) 
80 (3.83) 

• 
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of a single floor, nor less than 40 percent of La for members supporting 
two or more floors: 

L= Lo(0.25 + ----=== U.S. customary units (2.la) 

L= Lo(0.25 + ~== SI units 	 (2.1h) 

where Lo = design load listed in Table 2.2 
L 	= reduced value of live load 

. AT = tributary area, ft2 (m2) 

KLL = live load element factor, equal to 4 for columns and 2 for 
beams 

For a column or beam supporting more than one floor, the term AT rep­
resents the sum of the tributary areas from all floors. 

EXAMPLE 2.4 

• 


For the three-story building shown in Figure 2.5a and b, calculate the 
design live load supported by (1) floor beam A, (2) girder B, and (3) the 
interiorcolumn2B in the first story. Assume a 50 1l?/ft2 design live load, 
La, on all floors including the roof. . 

Solution 
(1) 	Floor beam A 

Span = 20 ft tributary area AT 8(20) 160 ft2 

Determine if live loads can be reduced: 

KuAr = 2Ar = 2(160) 320 ft2 < 400 ft2 

therefore, no live load reduction is permitted. 
Compute the uniform live load per foot to beam: 

w = 50(8) = 400 lb/ft 0.4 kip/ft 

See Figure 2.5d for loads and reactions. 

(2) Girder B 

Girder B is loaded at each third point by the reactions of two floor beams. 
Its tributary area extends outward 10 ft from its longitudinal axis to the 
midpoint of the panels on each side of the girder (see shaded area in Fig. 
2.5a); therefore AT = 20(16) 320 ft2. 

KuAr = 2(320) 640 ft2 
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Figure 2.5: Live load reduction. 

[continues on next page] 
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Example 2.4 continues . .. 

• 


Since KuAr 640 ft2 > 400 ft2, a live load reduction is permitted. Use 
Equation 2.la. 

L=L/0.25 + ~)= 50(0.25 + ~ ~);, 50(0.843)=42.11b/ft2 

\ KUAT \: v 640 

Since 42.1 Ib/ft2 > 0.5(50) = 25 Ib/ft2 (the lower limit), still use w = 
42.1 Ib/ft2, 

42.1 ]
Load atthird point 2[ 1000 (8)(10) =6.736 kips 

The resulting design loads are shown in Figure 2.5e. 

(3) Column 2B in the first story 

The shaded area in Figure. 2.Se shows the tributary area of the interior 
column for each floor. Compute the tributary area for each floor: 

Ar 20(24) = 480 ft2 

Compute the tributary area for tl}!"ee floors: . 


3Ar = 3(480) = 1440 ft2 


and KLLAr = 4(1440) = 5760 ft2 > 400 ft2 


therefore, reduce live load using Equation 2.1a (but not less than OALo): 


L= Lo(0.25 + ---::== = 50 Ib/ft2(0.25 + ~) = 22.4 Ib/ft2 

5760 

Since 22.4 Ib/ft:2 > 0.4 X 50 Ib/ft2 = 201b/ft2 (the lower limit), use L 
22.4 Ib/ft2. 
Load to column = (Ar)(22.41b/ft2) (1440)(22.41b/fe) = 32,2561b 

. 32.3 ,kips 

Impact 

Normally the values of live loads specified by building codes are treated 
as static loads because the majority of loads (desks,bookcases, filing cab­
inets, and so forth) are stationary. If loads are applied rapidly, they create 
additional impact forces. When a moving body (e.g., an elevator coming 
to a sudden stop) loads a stlUcture, the stmcture deforms and absorbs the 
kinetic energy of the moving object. As an altemative to a dynamic analy­
sis, moving loads are often treated as static forces and increased empiri­
cally by an impact factor. The magnitude of the impact factor I for a num­

. ber of common structural supports is listed in Table 2.3. 

• 
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.......!.~.~.~§..~.:~ ..........................................................................................;..............,..........................................................................,........................ .

II Live Load Impact Factor 

Loading Case Impact Factor I, Percent 

Supports of elevators and elevator machinery . 100 
Supports of light machinery, shaft or motor-driven 20 
Supports of reciprocating machinery or power-driven units 50 
Hangers supporting floors and balconies 33 
Cab-operated traveling crane support girders and their connections 25 
•••••un•••• u ••~uH .......... n ............ u ......u.H ••••••••H.H..........................~U.U................H ............U .........................................................U .......... U .................................... . 


Determine the magnitude of the concentrated force for which the beam EXAMPLE 2.5 
in Figure 2.6 supporting an elevator must be designed. The elevator, which 

beam 

::J 
weighs 3000 lb, can carry a maximum of six people with an average 

support
weight of 160 lb. 

Solution 

Read in Table 2.3 that an impact factor I of 100 percent applies to all ele­

vator loads. Therefore, the weight of the elevator and its passengers must 

be doubled. 


Total load = D + L = 3000 + 6 X 160 = 3960 lb 
Design load.= CD + L)2 = 3960 X 2 = 7920 lb 

Figure 2.6: Beam supporting an elevator. 

Bridges 

Standards for highway bridge design are governed by AASHTO specifi­
cations, which require that the engineer consider either a single HS20 
truck or the uniformly distributed and concentrated loads shown in Fig­
ure 2.7. Typically the HS20 truck governs the design of shorter bridges 
whose spans do not exceed approximately 145 ft. For longer spans the 
distributed loading usually controls. 

Since moving traffic, particularly when roadway surfaces are uneven, 
bounces up and down, producing impact forces, truck loads must be 
increased by an impact factor I given by 

50 
I U.S. customary units (2.2a)

125 

1= 15.2 SI units (2.2b)
L + 38.1 

but the impact factor need not be greater than 30 percent, and L = the 
length in feet (meters) of the portion of the span that is loaded to produce 
maximum stress in the member. 
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10'·0" 
clearance and 

load lane width 

I', 1, 

HS20-44 

1. 
1, 

W =Combined weight on the first two axles, which is the same as for the cOlTesponding H truck 

V = Variable spacinjS 14 ft to 30 ft inclusive. Spacing to be used is that which produces maximum stresses. 


Figure 2.7: AASHTO HS20·44 design liYe 
loads. 

• 


tal 

concentrated load: 18 kips for moment 
26 kips for shear 

(b) 

The position of the span length L in the denominator of Equation 2.2 
indicates. that the additional forces crtrated by impact are an inverse func­

. tionof span-length. In other words, since long spans are more massive 
and have a longer natural period than short spans, dynamic loads produce 
much larger forces in a,shoft-span bridge than in a long-span bridge. 

Railroad bridge design uses the Cooper E80 loading (Fig. 2.8) con­
tained'in the. AREMA Manual for Railway Engineering. This loading 

. consists of two locomotives followed by a unifOlID load representing the 
weight of freight' cars. The AREMA manual also provides an equation 
for impact. Since the AASHTO and Cooper loadings require the use of 
ihfluence lines to establish the position of Wheels to maximize forces at 
various positions in a bridge member, design examples illustrating the 
use of wheel loads will be deferred to Chapter 9. 

• 
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first locomotive second locomotive 

IJ.,.

f'
i 

E80loads 40 80 80 80 52 52 52 52 40 80 80 80 80 52 52' 52 52 8 ldps/ft {I 
.! 

Figure 2.8: AREMA E80 railroad loadings. 
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........ Wind Loads 


Introduction 

As we have all observed from the damage produced by a hurricane or tor- . 
hado, high winds exert large forces. These forces can tear off tree limbs, 
carry away roofs, and break windows. Since the speed and direction of wipd 
are continually changing, the exact pressure or suction applied by winds 
to structures is difficult to determine. Nevertheless, by recognizing that 
wind is like a fluid, it is possible to understand many aspects of its behav­
iorand to arrive at reasonable design loads. 

The magnitude of wind pressures on a structure depends on the wind 
velocity, the shape and stiffness of the structure, the roughness and pro­
file of the surrounding ground, and the influence of adjacent structures. 
When wind strikes an object in its path, the kinetic energy of the moving 
air particles is converted to a pressure q .. which is given by 

mV2 
'qs = -2- (2.3) 

where m represents the mass density of the air and V equals the wind 
velocity. Thus the pressure of the wind varies with the density of the air ­
a function of temperature-and with the. square of the wind velocity. 

The friction between the ground surface and the wind strongly influ­
ences the wind velocity. For example, winds blowing over large, open, 
paved areas (e.g., runways of an airport) or water surfaces are not slowed 
as much as winds blowing over rougher, forest-covered areas where the 
friction is greater. Also near the ground surface, the friction between the 
air and ground reduces the velocity, whereas at higher elevations above the 

. ground, friction has little influence and wind velocities are much higher. 
Figure 2.9a shows the approximate variation of wind velocity with height 

• .•..." ....... • • 
 "","'" 
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I 
I 

cl'n<ioo I1 I 

above I 

ground I 


I 

;. I 

oL/ 
increasing 

wind \'elocity 

(a) 

elevation 
abo\'e 
ground 

wind pressure 

(b) 

Figure 2.9: (a) Variation of wind velocity with 
distance above ground surface; (b) variation of 
wind pressure specified by typical building codes 
for windward side of bLiilding. 

path of 
air particle 

(a) 

(b) 

Figure 2.10: Influence of shape On drag factor: 
(a) curved profile perrruts air to pass around body 
easily (drag factor is small); (b) wind trapped by 
flanges increases pressure on web of girder (drag 
factor is large). 

• 


above the ground surface. This information is supplied by anemometers­
devices that measure wind speeds. 

Wind pressure also depends on the shapeof the surface that the wind 
strikes. Pressures are smallest when the body has a streamlined cross sec­
tion and greatest for blunt or concave cross sections that do not allow the 
wind to pass smoothly around (see Fig. 2.10), The influence of shape on 
wind pressure is accounted for by drag factors that are tabulated in cer­
tain building codes. 

As an alternative to computing wind pressures from wind velocities, 
some building codes specify an equivalent horizontal wind pressure. 
.This pressure increases with height above the ground surface (Fig. 2.9b). 
The force exerted by the wind is assumed to be equal. to the product of 
the wind pressure and the surface area of a building or other structure. 

When wind passes over a sloping roof (see Fig. 2.1Ia), it must increase 
its velocity to maintain continuity of the flowing air. As the wind veloc­

(1), 
(2) 

~ uplift pressure 

(a) 

airllow 
lines
\ . 

~".'.••..:...;... ·.: .. 8.. 1...'" '\,,<'0;,..•'<", ", ' 

wind - i .....':~.. B 

~ 
face L --.J face 

(b) 

Figure 2.11: Ca) Uplift pressure on a sloping roof; the wind 
speed along path 2 is greater than that aiong path 1 because of 
the greater length of path. Increased velocity reduces pressure 
on top ofroof, creating a pressure differeiltial between inside 
and outside of building. The uplIft is a function of the roof 
angle fJ. (b) Increased velocity creates negative pressure (suc­
tion) on sides and leeward face; direct pressure on windward 
faceAk 

• 
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I 
ity increases, the pressure on the roof reduces (Bernoulli's principle). This 
reduction in pressure exerts an uplift-much like the wind flowing over 
the wing of an airplane-that can carry away a poorly anchored roof. A 
similar negative pressure occurs on both sides of a building parallel to 
the wind direction and to a smaller extent on the leeward side (see sides 
AB and side BB in Fig. 2.11b) as the wind speeds up to pass around the 
building. 

Vortex Shedding. As wind moving at constant velocity passes over 
objects in its path, the air particles are retarded by surfacefriction. Under 
certain conditions (critical velocity of wind and shape of surface) small 
masses of restrained air periodically break off and flow away (see Fig. 
2.12). This process is called vortex shedding. As the air mass moves 
away, its velocity causes a change in pressure on the discharge surface. 
If the period (time interval) of the vortices leaving the surface is close to 
that of the natural period of the structure, oscillations in the structure will 
be induced by the pressure variations. With time these oscillations will 
increase and shake a structure vigorously. The Tacoma Narrows Bridge 
failure shown in Photo 2.1 is a dramatic example of the damage that vor­
tex shedding can wreak. Tall chimneys and suspended pipelines are other 

Section 2.5 

wind 
direction-
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iIi.7:'1 

Figure 2.12: Vortices discharging from a steel 
girder. As vortex speeds off, a reduction in pres­
sure occurs, causing girder to move vertically. 

Photo 2.1: Failure of the Tacoma Narrows Bridge 
showing the first section of the roadway as it 
crashes into Puget Sound. The breakup of the nar­
row, flexible bridge was produced by large oscilla­
tion induced by the wind . 
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cable 

spoiler 
\ 

(a) 

cable 

.--hanger 

.--hanger 

spoiler 
(b) 

Figure 2.13: Spoilers welded to a suspender 
pipe to change the period of vortices: (a) triangu­
lar plate used as a spoiler; (b) spiral rod welded to 
pipe used as spoiler. 

structures that are susceptible to wind-induced vibrations. To prevent 
damage to vibration-sensitive structures by vortex shedding, spoilers (see 
Fig. 2.13), Which cause the vortices to leave in a random pattern, or 
dampers, which absorb energy, may be attached to the discharge surface. 
As an alternative solution, the natural. period of the structure may be 
modified so that it is out of the range that is sensitive to vortex shedding. 
The natural period is usually modified by increasing the stiffness of the 
structural system. . 

For several decades after the Tacoma Narrows Bridge failure, design­
ers added stiffening trusses to the sides of suspension bridge roadways to 
minimize bending of the decks (Photo.2.2). Currently designers use stiff 
aerodynamically shaped box sections that resist wind-induced deflec­
tions effectively . 

Structural Bracing Systems for Wind 
and Earthquake Forces 

The floors of buildings are typically supported on columns. Under dead 
and live loads that act vertically downward (also called gravity load), 
columns are loaded primarily by axial compression forces. Because 
columns carry axial load efficiently in direct stress, they have relatively 
small cross sections-a desirable condition since owners want to maxi­
mize usable floor space. 

When lateral loads, such as windor the inertia forces generated by an 
earthquake, act on a building, lateral displacements occur. These dis­

• • • 

Photo 2.2: Verrazano Narrows Bridge at the 
entrance to New York City harbor. This bridge, 
opened for traffic in 1964, joins Staten Island to 
Brooklyn. The photo shows the stiffening trusses 
at the level of the roadway that dampen wind­
induced oscillations. 
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placements are zero at the base of the building and increase with height. 
Since slender columns have relatively small cross sections, their bending 
stiffness is small. As a result, in a building with columns as the only sup­
porting elements, large lateral displacements can occur. These lateral dis­
placements can crack partition walls, damage utility lines, and produce 
motion sickness in occupants (particularly in the upper floors of multi­
story buildings where they have the greatest effect). 

To limit lateral displacements, structural designers often insert, at 
appropriate locations within the building, structural walls of reinforced 
masonry or reinforced concrete. These shear walls act in-plane as deep 
cantilever beam-columns with large bending stiffnesses several orders of 
magnitude greater than those of all the columns combined. Because of 
their large stiffness. shear walls often are assumed to carry all transverse 
loads from wind or earthquake into the foundation. Since the lateral 
loads act normal to the longitudinal axis of the wall, just as the shear acts 
in a beam, they are called shear walls (Fig. 2. 14a). In fact, these walls must 
also be reinforced for bending along both vertical edges since they can 
bend in either direction. Figure 2.14b shows the shear and moment dia­
grams for a typical shear wall. 

Loads are transmitted to the walls by continuous floor slabs that act 
as rigid plates, termed diaphragm action (Fig. 2.14a). In the case of wind, 

shear wall 

F5 F 

F4 F 

F 
elevationelevation

F 

F 

Shear Diagram Moment Diagram 

(a) (b) 

NWi W+E 
W2 W2: W21 IW2 : 

WI 

(c) 
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Figure 2.14: Structural systems to resist lateral 
loads from wind or earthquake. (a) Reinforced con­
crete shear wall carries all lateral wind loads. 
(b) Shear and moment diagrams for shear wall pro­
duced by the sum of wind loads on the windward 
and leeward sides of the building in (a). (c) Plan 
of building showing position of shear walls and 
columns. Cd) Cross-bracing between steel columns 
forms a truss to carry lateral wind loads into the 
foundations . 

• 
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the floor slabs receive the load from air pressure acting on the exterior 
walls. In the case of earthquake, the combined mass of the floors and 
attached construction determines the magnitude of the inertia forces trans­
mitted to the shear walls as the building flexes from the ground motion. 

Shear walls may be located in the interior of buildings or in the exte­
rior walls (Fig. 2.14c). Since only the in-plane flexural stiffness of the wall 
is significant, walls are required in both directions. In Figure 2.14c two 
shear \valls, labeled WI' are used to resist wind loads acting in the east­
west direction on the shorter side of the building; four shear walls, labeled 
W2,. are used to resist wind load, in the north-south direction, acting on 

. the longer side of the building. 
In buildings constructed of structural steel, as an alternative to con­

structing shear walls, the designer can add X-shaped or Wshaped cross- . 
bracing between columns to form deep wind trusses, Which are very stiff 
in the plane of the truss (Fig. 2.14d and Photo 2.3). 

Equations to Predict Design Wind Pressures 

. Our primary objective in establishing the wind pressures on a building is 
to determine the forces that must be used to size the structural members 
that make up the wind bracing system. In this section we will discuss pro­
cedures for establishing wind pressures using a simplified format based 
on the prOvisions of the most recent edition of the ASCE Standard for 

.. Minimum Design Loads on Buildings. This edition of the ASCE standard 
Photo 2.3: The cross-bracing, together with the 

contains a major revision of the wind load provisions based on anauached columns and horizontal floor beams in 

the plane of the bracing, forms a deep CQlltinu­ improved understanding of a building's response to wind forces. 

OUS, vertical truss that extends the full height of If the mass density of air at 59°P (15°C) is substituted into Equation 
the building (from foundation to roof) and pro­ 2.3a, the equation for the static wind pressure qs becomes 
duces a stiff. lightweight structural element for 
transmitting lateral wind and earthquake forces qs = O.00256V2 U.S. customary units (2Aa) 
into the foundation. 

qs O.613V2 SI units (2Ab) 

where qs = static wind pressure, Ib/ft2 (N/m2) . 
V = 	basic wind speed, mph (mls). Basic wind speeds, used to 

.establish the design wind force for particular locations in 
the continental United States, are plotted on the map in 
Figure 2.15. Thes~ wirld v.elocitiesare measured by 
anemometers located 33 ft (10 m) above grade in open 
telTairl and represent wind speeds that have only a 2 percent 

. probability of beirlg exceeded in any given year. Notice that 
the gteatestwind velocities occur along the coast where the 
friction between wind and water is rllinimal. 

The static wind pressure qs given by Equation 2.4a or b is next mod­
ified in Equation 2.5 by four empirical factors to establish the magnitude 
of the velocity wind pressure qz at various elevations above ground level. 

http:pro�2.3a
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Nom: 
1. Valu.. aN nominal 4.$1))" k8Wtld gUltwind s~ In ""II.. PlH'f\QU( (mi.] 

at 33 ft(10 m) &bow ';jJ<lundfotl!xf)owl'* e~. 
2. Llnaar InarpOltl«Orl betwHn wind contGUtt 14 ~rmJ«ed. 
3.l$Jand, and coasttll,arQ$ oUl$ldo lh$latit CQntour .hllilu" the ra.t wind '!Med 

contour of~ coastal aru. 
4. Mrurntalru'ilHlIAmlfn. ontgH.,.1JO:'",n IHomont<)riot. :mtj opoelol wll'\d "Dlon6 

f,halI be &3tamln<Kl rw unlHl.lllwlnd condltlol'ls. 

Figure 2.15: ASCE basic wind speed contour 
map. Largest wind velocities occur along the east­
ern and southeastern coasts ,of the United States. 

qz 0.00256y2IKzKz/(d U.S. customary units (2.5a) 

qz = 0.613y2IKzKvKd SI units (2.5b) 

Or using Equation 2.4a, we can replace the first two tenus of Equation 
2.5 by qs to give 

(2.6) 

where qz velocity wind pressure at height z above ground level 
I =importance factor, which represents how essential a given 

structure is to the community. For example, I = 1 for 
office buildings, but increases to 1.15 for hospitals, police 
stations, or other public facilities vital to the safety and 
well-being of the community or whose failure might cause 
large loss of life. For structures whose failure produces no 
serious economic loss or danger to the public, I reduces to 
0.87 or 0.77 if Yexceeds 100 mph. 

velocity pressure exposure coefficient, which accounts for 

both the influence of height above grade and exposure 

conditions. Three exposure categories (B through D) 

considered are as follows: 

B: Urban and suburban, or wooded areas with low 


structures . 
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c: 	Open terrain with scattered obstructions generally less 
than 30 ft (9.1 m) high. 

D: Flat, unobstructed areas exposed to wind flowing over 
open water for a distance of at least 5000ft (1.524 km) 
or 10 times the building height, whichever is greater. 

Values of K~ are tabulated in Table 2.4 and shown 
graphically in Figure 2.16 . 

..I····!.~~·~~··?·:~··......·······....·.. ·· ........·· .. ·....·...... ··;·............"................................................ .. 

. Velocity Pressure Exposure Coefficient Kz 

Height z above 
Exposure 

B c o 
0-15 (0-4.6) 0.57 0.85 1.03 
20 (6.1) 0.62 0.90 1.08 
25 (7.6) 0.66 0.94 1.12 
30 (9.1) 0.70 0.98 1.16 
40 02.2) 0.76 1.04 1.22 
50 (15.2) 0.81 1.09 1.27 
60 (18) 0.85 1.13 . 1.31 

70 (21.3) 0.89 1.17 1.34 
80 (24.4) 0.93 1.21 1.38 
90 (27.4) 0.96 1.24 1.40 

100 (30.5) 0.99 1.26 1.43 
120 (36.6) 1.04 131 1.48 
140 (42.7) 1.09 1.36 1.52 
160 (48.8) 1.13 1.39 1.55 

1.17 .180 (54.9) 	 1.43 1.58 

Figure 2.16: Variations of K,. 	 K~ 
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Wind Directionality Factor Kd 

Structural 

• 


Buildings 
Main wind force-resisting system 0.85 
Components and cladding 0.85 

Chimneys, tanks, and similar structures 
Square 0.90 
Round or hexagonal 0.95 

Trussed towers 
Triangular, square, rectangular ·0.85 
All other cross sections 0.95 

Kzt = 	topographic factor, which equals 1 if building is located on 
level ground; for buildings located on elevated sites (top of 
hills), Kzt increases to account for greater wind speed 

Kd = 	wind directionality factor, which accounts for the reduced 
probabiiity of maximum windS coming from any given 
direction and for the reduced probability of the maximum 
pressure developing for any given wind direction (see 
Table 2.5) 

. The final step for establishing the design wind pressure p is to mod­
ify qz' given by Equation 2.5a or b, by two additional factors, G and Cp: 

p = 	qpCp (2.7) 

where p = design wind pressure on a particular face of the building 
G = 	gust factor, which equals 0.85 for rigid structures; that is, 

the natural period is less than 1 second. For flexible 
structures with a natural period greater than 1 second, a 
series of equations for G are available in theASCE standard. 

Cp = external pressure coefficient, which establishes how a 
fraction of the wind pressure (given by Equation 2.5a or b) 
is to be distributed to each of the four sides of the building 
(see Table 2.6). For the wind applied normal to the wall on 
the windward side of the building Cp = 0.8. On the 
leeward side, Cp -0.2 to -0.5. The minus sign 
indicates a pressure acting outward from the face of the 
building. The magnitude of Cp is a function of the ratio of 
length L in the windward direction to length B in the 
direction normal to the wind. The main wind bracing 
system must be sized for the sum of the wind forces on the 
windward and leeward sides of the building. Finally, on the 
sides of the building perpendicular to the direction of the 
wind, where negative pressure also occurs, Cp = -0.7. 
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External Pressure Coefficient Cp 

i 

I 
i 

wi~ 

Figure 2.17: TYpical wind load distribution on a 
multistory building. 

PLAN 

Wall Pressure Coefficients 

Surface US Use with 

Windward wall All values 0.8 qz 
Leeward wall 0-1 -0.5 

2 -0.3 qh 
~4 -'0.2 

Side wall All values -0.7 q" 

Notes~ 

1. Plus and minus signs signify pressures acting toward and away from the surfac'es, 
respectively. 

2. Notations: B is the horizontal dimension of the building, in feet (meters) measured 
normal to wind direction, and L is the horizontal dimension of the building in feet 
(meters), measured parallel to wind direction. 

The wind pressure increases with height only on the windward side of a 
building where wind pressure acts inward on the walls; On the other three 
sides the magnitude' of the negative wind pressure, acting outward, is 
constant with height, and the value of Kz is based on the mean roof height 
h. A typical distribution of wind pressure on a multistory building is shown 
in Figure 2.17. Exampie 2.6 illustrates the proced!lre to evaluate the wind 
pressure on the four sides of a building 100 ft high. ' 

'Since wind can act in any direction, designers must also consider 
additional possibilities of wind loading a building at various angles. For 
high:-rise buildings in a city-particularly those with an unusual shape­
wind tunnel studies using small-scale models are often employed to deter­
mine maximum wind pressures. For these studies, adjacent high-rise build­
ings, which influence the direction of airflow, must be included Models 
are typically constructed on a small platform that can be inserted into a 
wind tunnel and rotated to determine the orientation of the wind that pro­
duces the largest values of positive and negative pressure. 

• 
 • 
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Determine the wind pressure distribution on the four sides of an eight­
story hotel located on level ground along the South Carolina coast-a 
region known for frequent humcanes. Consider the case of a strong wind 
acting directly on face AB of the building in Figure 2.18a. The wind map 
shown in Figure 2.15 indicates the building should be designed for a 
basic wind speed of V = 130 mph blowing off the ocean. Assume the 
building is classified as stiff because its natural period is less than 1 s; 
therefore, the gust factor G equals 0.85. The importance factor I equals 
1.15. Since the building is located on level ground, KZI = 1. 

Solution 

STEP 1 	 Compute the static wind pressure using Equation 2.4a: 

qs = 0.00256VIl = 0.00256(130)2 = 43.26 ib/ft2 

S'l'EP 2 	 Compute the magnitude of wind pressure on the windward 
side at the top of the building, 100 ft above grade, using Equa­
tion 2.5a. Since the wind blows off the ocean, exposure D 
applies. 

leeward 

/ 
face 

windward 

face 


wind: 

130 mph 


/ 

I 
29.61b/ft2 

(a) 	 (b) 

EXAMPLE 2.6 


Figure 2.18: Variation of wind pressure on sides 
of buildings. 

[continues on nextpage] 
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Example 2.6 contillues ... 

STEP 3 

STEP 4 

. STEP 5 

I 1.15 

= 1.43 .. (Fig. 2.16 or Table 2.4) Kz 

K~I = 1 (level ground) 

Kd = 0.85 (Table 2.5) 

Substituting the above values into Equation 2.6 to determine 
the design wind pressure at 100 ft above grade gives 

= 43.26(1.15)(1.43)(1)(0.85) = 60.41b/ft2 

Note: To compute wind pressures at other elevations on the 
windward side, the only factor that changes in the above 
equation is Kl., tabulated in Table 2.4. For example, at an 
elevation of 50 ft, Kz = 1.27 and qz= 53.641b/ft2• .' 

Determine the design wind pressure on the windward face 
AB, using Equation 2.7. 

Gust factor G = 0.85, read Cp = 0.8 (from Table 2.6). Sub­
stituting into Equation 2.7 produces 

p == qpCp == 60.4(0.85)(0.8) = 41.11b/ft2 

Determine the wind pressure on the leeward side: 

(Table 2.6) and G = 0.85 

p = qpCp = 60.4(0.85)( -0.5) = -25.671b/ft2 

Compute the wind pressure on the two sides perpendicular 
to the wind: 

Cp = -0.7 G = 0.85 

p == qpCp = 60.4(0.85)( -0.7) = -35.9-+Jb/ft2 

The distribution of wind pressures is shown in Figure 2.18b. 

http:60.4(0.85
http:60.4(0.85
http:43.26(1.15)(1.43)(1)(0.85
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Simplified Procedure: Wind Loads for Low-Rise Buildings 

In addition to the procedure just discussed for computing wind loads, the 
ASeE Standard provides a simplified procedure to establish wind pres­
sures on enclosed or partially enclosed low-rise buildings of regular 
shape whose mean roof height h does not exceed 60 ft (18.2 m) and to 
which the following four conditions apply. 

1. 	 Floor and roof slabs (diaphragms) must be designed to act as rigid 
plates and connect to the main wind force-resisting system, which 
may include shear walls, moment frames, or braced frames. 

2. 	 Kzt = 1 (the building is not subject to topographical effects; i.e., the 
ground is level, and no structures nearby create unusual wind 
patterns). 

3 . . The building has an approximately symmetric cross section, and the 
roof slope f) does not exceed 45°. 

4. 	 The building is classified as rigid; that is, its natural frequency is 
greater than 1 Hz. (Most low-rise buildings with wind force­
resisting systems, such as shear walls, moment frames, or braced 
frames, fall in this category.) 

For such regular rectangular structures, the procedure to establish the 
design pressures follows: 

1. 	 Determine the wind velocity at the building site, using Figure 2.15. 
2. 	 Establish the design wind pressure Ps acting on the walls and roof 

(2.8) 


where Ps30 is the simplified design wind pressure for exposure B, with h = 
30 ft and the importance factor I taken as 1.0 (see Table 2.7). If the 
importance factor I differs from 1, substitute its value into Equation 2.8. 

·I....!.~·~·~·~··~·:!.............·· ..·..........····.. ···· ..··....···....·..............................................................:.......................................................................................... 

Simplified Design Wind Pressure PS30 (lb/ft2) (Exposure B at h =30 ft with I =1.0) 

Basic Wind Roof Zones 

Speed Angle Horizontal Pressures Vertical Pressures 
(mph) (degrees) A B C 0 E F G H 

oto 5° 12.8 -6.7 8.5 -4.0 -15.4 -8.8 -10.7 -6.8 
10" 14.5 -6.0 9.6 -3.5 -15.4 -9.4 -10.7 -7.2 
15° 16.1 -5.4 10.7 -3.0 -15.4 -'::"16~1 -10.7 -7.7 

90 20° 17.8 4.7 11.9 2.6 15.4 10.7 -10.7 -8.1 
25° 16.1 2.6 . 11.7 2.7 -7.2 -9.8 -5.2 -7.8 

- - - - -2.7 -5.3 -0.7 -3.4 
30° to 45° 14.4 9.9 11.5 7.9 1.1 -8.8 0.4 -7.5 

14.4 9.9 11.5 7.9 5.6 -4.3 4.8 -3.1 

• • 

J 
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fflI TABLE 2.8 
·i;iI····Adj~~t·~·~~t··F~ct·~~···A············· 

for Building Height 
and Exposure 

ExposureMean roof 
height h (ft) BCD 

15 1.00 1.21 1.47 
20 1.00 1.29 1.55 
25 1.00 1.35 1.61 
30 1.00 1.40 1.66 
35 1.05 1.45 1.70 
40 1.09 1.49 1.74 
45 1.12 1.53 1.78 
50 1.16 1.56 1.81 
55 1.19 1.59 1.84 
60 1.22 1.62 1.87 

From ASCE Standard. 

® 

M~ 
direction being 

evaluated 
corner 

Transverse' 

Figure 2.19: Distribution of design wind pres­
sures for the simplified method. See Table 2.7 
for the magnitude of the pressures in areas A 
through H. h = 60 ft. (From ASCE standard.) 

• 


For exposure C or D and for h other than 30 ft, the ASCE standard sup­
plies an adjustment factor A, tabulated in Table 2.8. 

The distribution of Ps on the walls and roof for wind load in both the 
transverse and longitudinal directions is shown in Figure 2.19. Each line 
inTable 2:7 lists the values of the uniform wind pressure for eight areas 
of a building's walls and roof. 

• 	 Plus and minus signs signify pressures acting toward and away 
from projected surfaces. 
Pressures for additional wind speeds are given in the ASCE Standard. 

These areas, shown in Figure 2.19, are labeled with circled letters (A to 
H). Table 2.7 contains values of Ps30 for buildings subjected to 90-mph 
winds; the complete Standard provides data for winds varying from 85 
to 170 mph. 

The value of a, which defines the extent of regions of greatest wind 
pressure (see areas A, B, E, and F on the walls and roof in Fig. 2.19), is 
evaluated as 10 percent of the smaller horizontal dimension of the build-

direction being 
eyaluated 

corner 

Longitudinal 
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E 
roof 

).V:::: 

0.0975 kip/ft 
2a 

w= 
0.195 kip/ft 

/ 0.195 kip/ft 
Ps = 19.61b/ft2 

D 
A 

(a) 

(b) 

Note: Units of distributed load Ware kips/ft. 

ing or OAh, whichever is smaller (h is the mean height), but not less than 
either 4 percent of the least horizontal dimension or 3 ft (0.9 m). Notice 
that the wind pressures are largest near the comers of walls and the edges 
of roofs. 

Example 2.7 illustrates the use of the simplified procedure to estab­
lish the design wind pressures for the wind analysis of a 45-ft-high rec­
tangular building. 

Figure 2.15 indicates the velocity of the wind acting on the45-ft-high, 
three-story building in Figure 2.20a is 90 mph. If exposure condition C 
applies, determine the wind force transmitted to the building's foundations 
by each of the two large reinforced concrete shear walls that make up the 
main wind-resisting system. The walls located at the midpoint of each side 
of the building have identical proportions. The importance factor I equals 1. 

N 
W~E 

= 13lb/ft2 
S shear wall 

F 

IV 0.147 kip/ft 

3rd floor 

w = 0.294 kip/ft 

-2ndfloor 

R 
w = 0.294 kip/ft 

• 

........- B 

2.23 kips ........~:;:;m 


4.45 kips 
R 21 kips 

4.45 kips 

........- VI = 11.13 kips 
VI 11.13 kips '-...;If 
30'-1 MI = 300.6 kip·ft 

(e) (d) 

• 


Figure 2.20: Horizontal wind pressure analysis 
by the simplified method. (a) Wind pressure dis­
tribution and details of the loaded structure; 
(0) wind forces applied by the exterior walls to 
the edge of the roof and floor slabs; (e) plan view 
of the resultant wind force and the reactions of 
the shear walls; (d) free body of the shear wall 
located in plane ABDF showing the wind forces 
applied by the floor siabs and the reactions on base. 

rcontinues on npxt nm'I'l 
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EXAMPLE 2.,7 

34' 2a = 6' 

• '.', 




• • 

58 Chapter 2 Design Loads 

Example 2.7 continues . .. 

• 


STEP 1 

STEP 2 

STEP 3 

STEP 4 

• 


Solution 

Compute the wind load transmitted from the wall on the windward side to 
the roof and each floor slab. Assume each I-ft-wide vertical strip of wall 
acts as a simply supported beam spanning 10 ft between floor slabs; there­
fore, one-half of the wind load on the wall between floors is carried to the 
slabs above and below by the fictitious beam (see Fig. 2.20b). 

Since the roof is flat, e = O. For the simplified design wind 
pressures Ps30, read the top line in Table 2.7. 

Region A: Ps30 12.8 Ib/ft2 

Region C: Ps30 8.5 Ib/ft2 

Note: There is no need to compute the values of Ps for 
zones Band D because the building does not have a 
sloped roof. 

Adjust Ps30 for exposure C and a mean height of h =45 ft. 
Read in Table 2.8 that adjustment factor A=1.53. Compute 
the wind pressure Ps . AlPs30' 

Region A: Ps = 1.53(1)(12.8) = 19.584 round to 19.61b/ft2 

Region C: Ps = 1.53(1)(8.5) = 13.005 round to 13 Ib/ft2 

Compute the resultant wind forces transmitted from the exte­
rior walls to the edge of the roof and floor slabs. 

Load per foot, w, to roof slab (see Fig. 2.20b) 

. 15 19.6 
Region A: w = 2 X 1000 0.147 kip/ft 

15 13 
Region C: w = 2 X 1000 0.0975 kip/ft 

Load per foot, w, to second- and third-floor slabs 

19.6 . /
Region A: W = 15 X 1000 = 0.294 kip ft 

Region C: w = 15 X 1~~0 = 0.195 kip/ft 

Compute the resultants of the distributed wind loads. 


Roof slab: 


R] =0.147 X 6 + 0.0975 X 34 = 4.197 round to 4.2 kips 


. Second and third. floors: 

R2 =0.294 X 6 + 0.195 X 34 8.394 round to 8.4 kips 

Total horizontal wind force 4.2 + 8.4 + 8,4 = 21 kips 
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STEPS 


STEP 6 


Locate the position of the resultant. Sum moments about a 
vertical axis through points A and F (see Fig. 2.20c). 

At the level of the first floor slab 

R'i = 2:,F·x 

4.197'i = 0.882(3) + 3.315(6 + 34/2) 

'i = 18.797 ft round to 18.8 ft 

Since the variation of the pressure distribution is identical at 
all floor levels on the back of the wall, the resultant of all 
forces acting on the ends of the roof and floor slabs is located 
a distance of 18.8 ft from the edge of the building (Fig. 2.20b). 

Compute the shear force at the base of the shear walls. Sum 
the moments of all forces about a vertical axis passing through 
point A at the comer of the building (see Fig 2.20c). 

IMA = 21 X 18.8 - Vl40) and V2 = 9.87 kips Ans. 

Compute VI:- V2 + VI = 21 kips 
VI = 21 - 9.87 = 11.13 kips Ans. 

Note: A complete analysis for wind requires that the designer 
consider the vertical pressures in zones E to H acting on the 
roof. These pressures are carried by a separate structural sys­
tem, composed of the roof slabs and beams, to the columns 
as well as to the shear walls. In the case of a flat roof, the wind 
flowing over the roof produces upward pressures (uplift) that 
reduce the axial compression in the columns. 

-
···tj~~;~"··E·~·rt·h·q~~·k~"F~·~~~~··"···"""······"··"".....................................................­
Earthquakes occur in many regions of the world. In certain locations where 
the intensity of the ground shaking is small, the designer does not have 
to consider seismic effects. In other locations-particularly in regions near 
an active geological fault (a fracture line in the rock structure), such as 
the San Andreas fault that runs along the westem coast of California-large 
ground motions frequently occur that can damage or destroy buildings 
and bridges in large areas of cities (see Photo 2.4a and b). For example, 
San Francisco was devastated by an earthquake in 1906, before building 
and bridge codes contained seismic provisions. 

The ground motions created by major earthquake forces cause build­
ings to sway back and forth. Assuming the building is fixed at its base, the 
displacement of floors will vary from zero at the base to a maximum at 

J 


'1 . •..•'" ..a­
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F5--~=:::-.z:=.=rl 

F4 

F3 

(a) 	 (b) . 

Photo 2.4: Earthquake damage to structures. (a) Hanshin Expressway collapsed during 1995 Hyogoken-Nanhu, Japan, earthquake. (b) Col­
lapse of the Struve Sough Bridge: The severe shaking of the soil by the 1989 Lama Prieta Earthquake in California produced differential set­
tlements of the foundations supporting rows of columns that carried the roadway slab. This uneven settlement caused the colunms that under­
went the largest settlements to transfer the weight of the bridge deck to adjacent columns whose settlement was smaller. The additional load, 
which had to be transferred into the column by shear stresses in the slab around the column's perimeter, produced the punching shear failures 
shown. 

the roof (see Fig. 2.21a). As the floors move laterally, the lateral bracing 
system is stressed as it acts to resist the lateral displacement of the floors. 
The forces associated with this motion, inertia forces, are a function of 
both the weight of the floors and attached. equipment and partitions as 
well as the stiffness of the structure. The sum of the lateral inertia forces 
acting on all floors and transmitted to the foundations is termed the base 
shear and is denoted by V (see Fig. 2.21b). In most buildings in which the 
weight of floors is similar in magnitude, the distribution of the inertia 

_V="2.F; forces is similar to that created by wind, as discussed in Section 2.6. 
. Cal (b) Although there are several analytical procedures to determine the 

magnitude of the base shear for which buildings must be designed, we Figure 2.21: Ca) Displacement offioors as build­
will only consider the equivalent lateral force procedure, described in ing sways; (b) inertia forces produced by motion 

of floors. . the ANSI!ASCE stan.c4trd. Using this procedure,.we compute the magni~ 
tude of the base shear as 

V = SDlW (2.8a)
T(RjI) 

but not to exceed 

(2.8b) 

and not less thim 
Vrnin O.044SDsIW 	 (2.8c) 

where W = 	 total dead load of building and its permanent equipment 
and partitions 

• 


http:procedure,.we


T = fundamental natural period of building, which can be 
computed by the following empirical equation 

T = Cthti~ 	 (2.9) 

hn = the building height in feet (meters, above the base), Ct = 
0.028 (or 0.068 in SI units), and x = 0.8 for steel rigid 
frames (moment frames), Ct = 0.016 (0.044 SI) and x = 0.9 
for reinforced concrete rigid frames, and Ct = 0.02 (0.055 
SI) and x = 0.75 for most other systems (for example, 
systems with braced frames or structural walls), The natural 
period of a building (the time required for a building to go 
through one complete cycle of motion) is a function of !pe 
lateral stiffness and the mass of the structure. Since the base 
shear V is inversely proportional to the magnitude of the 
natural period, it reduces as the lateral stiffness of the 
structural bracing system increases. Of course, if the 
stiffness of the lateral bracing system is too small, lateral 
displacements may become excessive, producing damage to 
windows, exterior walls, and other nonstructural elements. 

SOl =	a factor computed using seismic maps that shows intensity 
of design earthquake for structures with T =. 1 s. Table 2.9 
gives the values for several locations. 

SDS 	 a factor computed using seismic maps that shows intensity of 
design earthquake at particular locations for structures with 
T = 0.2 s. Se~ Table 2.9 for values at several locations. 

R = response modificationfactor, which represents the ability of a 
structural system to resist seismic forces. This factor, 
which varies from 8 to 1.25, is tabulated in Table 2.10 for 
several common structural systems. The highest values are 
assigned to ductile systems; the lowest values, to brittle 
systems. Since R occurs in the denominator of Equations, 
2.8a and b, a structural system with a large value of R will 
pennit a large reduction in the seismic force the structural 
system must be designed to support. 

I 	= occupancy importance factor, which represents how 
essential a given structure is to the community. For . 
example, I is 1 for office buildings, but increases to 
1.5 for hospitals, police stations, or other public facilities 
vital to the safety and well-being of the community or 
whose failure might cause large loss of life. 

Note: The upper limit given by Equation 2.8b is required because Equa­
tion 2.8a produces values of base shear that are too conservative for very 
stiff structures that have short natural periods. The ASeE standard also 
sets a lower limit (Eq. 2.8c) to ensure that the building is designed for a 
minimum seismic force. 

• 
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TABLE 2.9 

Representative Values 
of SDS and SD1 at 
Selected Cities 

City SOSI 9 SOlI S. 
Los Angeles, California 1.3 0.5 
Salt Lake City, Utah 1.2 0.5 
Memphis, Tennessee 0.83 0.27 
New York, New York 0.27 0.06 

Note: Values of SDS and SDI are based on the 
assumption that foundations are supported on 
rock of moderate strength. These values increase 
for weaker soils with lower bearing capacity . 

.•..." ...... - • 	 • • • • 
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II Values of R for Several Common Lateral 
Bracing Structural Systems 

Description of Structural System R 

~ 

is 
§ 

! 
c:>. 

~ 

2.0 

0.5 

0 
0.5 	 2.5 

T (seconds) 

Figure 2.22: Interpolate for k value. 

EXAMPLE 2.8 

• 


Ductile steel or concrete frame with rigid joints 8 
Ordinary reinforced concrete shear walls 4 
Ordinary reinforced masonry shear wall 2 

Distribution of Seismic Base Shear V to Each Floor level 

The distribution of the seismic base shear V t6 each floor is computed using 
Equation 2.10. 

Fx = -,,-':':-~v 	 (2.10) 

2: wihf 
;;1 

where .Fx = the laterat seismic force at level x 
Wi and Wx = deadweight of floor at levels i and x 
hi and hx height from base to floors at le\'els iand x 

k 	 1 for T :5.0.5 s, 2 for T 2::2.5 s. For structures 
with a period between 0.5 and 2.5 s, k is 
determined by linear interpolation between T 
equal to 1 and 2 as 

k= 	1 + _T__O . .,-S (2.11)
2 

See Figure 2.22 for graphical representation of Equation 2.11. 

Determine the design seismic forces acting at each floor of the six~story 
office building in Figure 2.23. The structure of the building consists of 
steel moment frames (all joints are ligid) that have an R value of 8. The 
75-ft-tall building is located in a high seismic region with SDl = OAg and 
SDl = 1.0g for a building supported on rock, where'g is the gravitational 
acceleration. The deadweight of each floor is 700 kips. 

Solution· 
Compute the fundamental period, using Equation 2.9: 

T = C/t"x = 0.028(75)°·8 0.89 s 

Assuming that the floor deadweight contains an allowance for the weight 
of columns, beams, partitions, ceiling, etc., the'total weight Wof the build­
ing is 

W = 700(6) 4200 kips 

• 
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--_" 70.8 

57.-- b .4 

S~44'6t 32.3 

20.8 

10.1 

, I I I I 

204060 80 
force (kips) 

(a) (b) 

The occupancy importance factor I is 1 for office buildings. Compute the 
base shear V using Equations 2.Sa and c: 

SDI 0.4 () . (2.8a)V = T(R/I) W = 0.89(8/1) 4200 = 236 kips 

but not more than 

SDS W = 1.0 (4200) = 525 ki s (2.8b)
R/I S/l P 

and not .less than 

Vmi~ == 0.044SDsIW = 0.044 X 1.0 X 1 X 4200 = 184.S kips (2.8c) 

Therefore, use V = 236 kips. 
Computations of the lateral seismic force at each floor level are sum­

marized in Table 2.11. To illustrate these computations, we compute the 
load at the third floor. Since T == 0.S9 s lies between 0.5 and 2.5 s, we must 
interpolate using Equation 2.11 to compute the k value (see Fig. 2.22): 

k = 1 + T - 0.5 

2 


k = 1.0 + 0.89 2 0.5 1.2 

F3rdfloor = 

Figure 2.23: 
(a) Six.story building; (b) lateral load profile. 

700 X 271.2 
= ' . (236)

700 X 151.2 + 700 X 271.2 + 700 X 391.2 + 700 X 511.2 + 700 X 63 1.2 + 700 X 751.2 

36,537 . 
= 415,262 (236). = 20.8 kips 

[continues on next page] 

•
• .•.." ....... - • • .•..." ....... 
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Example 2.8 continues . .. 

Computation of Seismic Lateral Forces 
wxh~Floor 

Weight 	 Height ' " 2:. wN
Floor Wi (kips) hi ft wjhl j~1 Fx (kips) 

Roof 700 75 124,501 0.300 70.8 
6th 700 63 100,997 0.243 57.4 
5th 700 51 78,376 0.189 44.6 
4th 700 39 56,804 0.137 32.3 

.3rd 700 27 36,537 0.088 20.8 
2nd 700 15 18,047 0.043 10.1 

6 6 	 6 

W= 2:w; = 4200 2: lVjhf = 415,262 V = 2:FI = 263 
1=1 ;=1 	 i-I 

... ~'~":'\~Y\'~'~~,u ~u., > ••• .,. ..........u ........................................................ , .................................., ................... . 


.2:7 Other Loads 
".,""".y" 

Snow load on roofs needs to be considered in cold regions. The design 
snow load on a sloped roof is given by the ASCE standard as follows: 

Ps 0.7CsCeCl lpg 	 (2.12) 

where Pg = 	design ground snow load.(for example, 40 Ib/ftZ in Boston, 
25 Ib/ftZ in Chicago) 
roof slope factor (reduces from 1.0 as roof slope increases) Cs 

Ce = exposure factor (0.7 in windy area and 1.3 in sheltered 
areas with little wind) 

Ct = themial factor (1.2 in unheated buildings and 1.0 in 
heated buildings) 

I importance factor 

Flats roofs need to be properly drained to avoid the ponding of rain 
Winer. The ASCE standard requires thllt ~Ilr.h portion of the' roof be < 

designed to support the weight of all rainwater that could accumulate on 
it if the primary drainage system for that portion were blocked. If not 
properly considered in design. rain loads may produce excessive deflec­
tiof!.s of roof beams, producing an instability problem (called ponding), 
causing the roof to collapse . 

.When ,appropriat~, other types of loading also need to be included in 
the design of structures. These include soil pressures, hydrostatic pres­
sures, thermally induced forces, among others. 
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2.8 Load Combinations 

The forces (e.g., axlalforce, moment, shear) produced by various combi­
nations of loads discussed need to be combined in a proper manner and 
increased by a factor of safety (load factor) to produce the desired level 
of safety. The combined load effect, sometimes called the required fac­
tored strength, represents the minimum strength for which members 
need to be designed. Considering the load effect produced by the dead 
load D, live load L, roof live load LI" wind load W, and earthquake load E, 
and snow load S, the ASCE standard requires that the following load com­
binations be considered: 

lAD (2.13) 

1.2D + 1.6L + O.5L, (2.14) 

1.2D+ 1.6L, + O.5L (2.15) 

1.2D + 1.6W + 0.5L (2.16) 

1.2D + l.OE + 0.5L + 0.2S (2.17) 

The load combination that produces the largest value of force represents 
the load for which the member must be designed. 

EXAA column in a building is subject to gravity load only. Using the tributary 
area concept, the axial loads produced by the dead load, live load, and roof 
live load are 

PD = 90 kips 

PL = 120 kips 

= 20 kipsPLr 

What is the required axial strength of the column? 

Solution 
l.4PD = 1.4(90) = 126 kips (2.13) 

1.2PD + 1.6PL + 0.5PLr =1.2(90) + 1.6(120) + 0.5(20) = 310 kips (2.14) 

1.2PD + 1.6PLr + 0.5PL = 1.2(90) + 1.6(20) + 0.5(120) = 200 kips (2.15) 

Therefore, the required axial load is 310 kips. In this case, the load com­
bination in Equation 2.14 governs. However, if the dead load is signifi­
cantly larger than the live loads, Equation 2.13 may govern. 

auu 

J 
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EXAMPLE 2.10 

• 


To determine the required flexural strength at one end of a beam in a con­
crete frame, the moments produced by dead, live, and wind load are: 

MD == 100 kip·ft 

ML -50 kip·ft 

Mw "'" ±200 kip·ft 

where the minus sign indicates that the beam end is subject to counter­
clockwise moment while the plus sign indicates clockwise moment. Both 
the plus and minus signs are assigned to Mw because the wind load can act 
on the building in either direction. Compute the required flexural strength 
for both positive and negative bending. 

Solution 
Negative bending: . 

1.4MD = 1.4(-100) -140kip·ft (2.13) 

1.2MD + L6ML 1.2('-100) + 1.6(-50) -200kip·ft (2.14) 

1.2MD + 1.6Mw + O.SML 1.2(:-100) + 1.6(-200) + 0.5(-50) 
= -465 kip·ft (goyerns) (2.16) 

Positive bending: Load combinations from Equations 2.12 and 2.13 need 
not be considered because both produce negative moments. 

1.2MD + 1.6Mw + 0.5ML = 1.2(-100) + 1.6(+200) + 0.5(-50) 
= +175 kip·ft (2.16) 

Therefore, the beam needs to be designed for a positive moment of 175 
. kip·ft and a negative moment of 465 kip·ft. 

••• ,.~~.. ~••~ ••. u ....... • , ..... u .................... u ....................................................u ............. ' ................... ~ ••••••• >. H", 


Summary 

• 	 Loads that engineers must consider in the design of buildings and 
bridges include ·dead loads, live loads, and environmental forces­
wind, earthquake, snow, and rain. Other types of structures such as 
dams, water tanks, and foundations must resist fluid and soil 
pressures, and for these cases specialists are often consulted to 
evaluate these forces. 

• 	 The loads that govern the design of structures are specified by 
national and local building codes. Structural codes also specify 
additional loading provisions that apply specifically to construction 
materials such as steel, reinforced concrete, aluminum, and wood . 

• 
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• 	 Since it is unlikely that maximum values of live load, sqow, wind, 
earthquake, and so forth will act simultaneously, codes pennit a 
reduction in the values of loads when various load combinations are 
considered. Dead load, however, is never reduced unless it provides 
a beneficial effect. 

• 	 To account for dynamic effects from moving vehicles, elevators, 
supports for reciprocating machinery, and so forth, impact factors 
that increase the live load are specified in building codes. 

• 	 In zones where wind or earthquake forces are small, low-rise buildings 
are initially proportioned for live and dead load, and then checked 
for wind or earthquake, or both, depending on the region; the design 
can be easily modified as needed. 

On the other hand, for high·rise buildings located in regions 
where large earthquakes or high winds are common, designers must 
give high priority in the preliminary design phase to select structural 
systems (for example, shear walls or braced frames) that resist 
lateral loads efficiently. 

• 	 Wind velocities increase with height above the ground. Values of 
positive wind pressures are given by the velocity pressure exposure 
coefficient Kz tabulated in Table 2.4. 

• 	 Negl'ltive pressures of uniform intensity develop on three sides of 
rectangular buildings that are evaluated by multiplying the magnitude 
of the positive windward pressure at the top of the building by the 
coefficients in Table 2.6. 

• 	 The wind bracing system in each direction must be designed to carry 
the sum of the wind forces on the windward and leeward sides of 
the building. 

• 	 For tall buildings or for buildings with an unusual profile, wind tunnel 
studies using instrumented small-scale models often establish the 
magnitude and distribution of wind pressures. The model must also 
include adjacent buildings, which influence the magnitude and the 
direction of the air pressure on the building being studied. 

• 	 The ground motions produced by earthquakes cause buildings, 
bridges, and other structures to sway. In buildings this motion creates 
lateral inertia forces that are assumed to be concentrated at each 
floor. The inertia forces are greatest at the top of buildings where 
the displacements are greatest. 

• 	 The magnitude of the inertia forces depends on the size of the 
earthquake, the weight of the building, the natural period of the 
building, the stiffness and ductility of the structural frame, and the 
soil type. 

• 	 Buildings with a ductile frame (that can undergo large deformations 
without collapsing) may be designed for much smaller seismic 
forces than structures that depend on a brittle structural system (for 
example, unreinforced masonry), 
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P2.1. Determine the deadweight of a 1-ft-Iong segment 
of the reinforced concrete ledger beam shown in Figure 
P2.1. Beam is constructed with normal weight concrete 
(see Table 2.1 for properties). 

J-18# 

Inverted lee 
ledger beam 

I. 30#~----.I 

P2.1 

P2.2. Determine the deadweight of a I-m-long segment 
of the reinforced concrete girder in Figure P2.2 con­
structed from lightweight concrete with a unit weight of 
16 kN/m3. 

180mmr 

t-

Prestress concrete 
bridge girder 

190mm 

P2.2 

P2.3. Determine the deadweight of a I-ft-long segment 
of a typicaI20-in-wide unit of a roof supported on a nom­
inal2 in X 16 in southern pine beam (the actual dimen­
sions are! in smaller). The ~-in plywood weighs 3lb/ft2• 

three ply felt 2# insulation 314# plywoodtar and gravel
\ I 

P2.3 

P2.4. Consider the floor plan shown in Figure P2.4. 

Compute the tributary areas for (a) floor beam Bl, 

(b) girder Gl, (c) girder G2, (d) corner column C3, and 
(e) interior column B2. 

cp ~ cr 
@-1----1---1 ·r 

Gl 02 
2@ 10' = 20' 

@-1 ____ I B2 

B1 Ii 
----.,.. ­ ---- 2 @ 10' = 20' 

©- 1----1 C3 I 

--~- 25'-----l 

P2.4 

P2.S. Refer to Figure P2.4 for the floor plan. Calculate 
the influence areas for (a) floor beam Bl, (b) girder G 1, 
(c) girder G2, (d) corner column C3, and (e) interior 
column B2. 

•
• •.~ ,.a... ___ 
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Pl.6. The unifonnly distributed live load on the floor 
plan in Figure P2,4 is 60 Ib/ft2• Establish the loading for 
members (a) floor beam B 1 , (b) girder G 1, and (c) girder 
G2. Consider the live load reduction if permitted by the 
ASCE standard. 

Pl.7. The elevation associated with the floor plan in 
Figure P2,4 is shown in Figure P2.7. Assume a live load 
of 60 Ib/ft2 on all three floors. Calculate the axial forces 
produced by the live load in column B2 in the third and 
first stories. Consider any live load reduction if permit­
ted by the ASCE standard. 

I II I 
1 

0 
'" 

I ICJ 
II 

9 
® 

II II I 
'" j 

""~""' "": 

--+1+- 25'--l 

P2.7 

P2.S. A five-story building is shown in Figure P2.8. Fol­
lowing the ASCE standard, the wind pressure along the 
height on the windward side has been established as 
shown in Figure P2.8(c). Considering the windward 
pressure in the east-west direction, use the tributary area 
concept to compute the resultant wind force at each 
floor level. 

• 


@CD 0 cp crI I t®­
N 

®­ ~ 
II 

~ 
® 
<'".©­

J@­

f-"~-- 4 @ 25' '" 100' ---I 

(a) 

P2.B 

Problems 69 

",,\,.ry !"" ~ F"'rn1'l:ll' ~ 

"'" """ 
wind pressures 

(b) 

P2.S 

in Ib/ft2 

(c) 

P2.9. The dimensions of a 9-m-high warehouse are 
shown in Figure P2.9. The windward and leeward wind 
pressure profiles in the long direction of the warehouse 
are also shown. Establish the wind forces based on the 
following information: basic wind speed = 40 mis, wind 
exposure category = B, Kd = 0.85, Kzt = 1.0, G = 0.85, 
and Cp = 0.8 for windward wall and -0.2 for leeward 
wall. Use the Kg values listed in Table 2.4. What is the 
total wind force acting in the long direction of the 
warehouse? 

~q::GCP 

9'Lm 
",-"-,-",-,-,-,--,--,-_-,-,-,,,,,-,V-E 

(not to scale) 

P2.9 

. ••.t..'t. ....... __ 
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P2.10. The dimensions pf a gabled building are shown 
in Figure P2.l0a. The external pressures for the wind 
load perpendicular to the ridge of the building are shown 
in Figure P2.lOb. Note that the wind pressure can act 
toward or away from the windward roof surface. For the 
parti~ular building dimensions given, the C value for p 
the roof based on the ASCE standard can be determined 
from Table P2.10, where plus and minus signs signify 
pressure.sacting toward and away from the surfaces, 
respectively. Where two values of C are listed, this indi­p 
cates that the windward roof slope is subjected to either 

positive or negative pressures, and the roof structure 
should be designed for both loading conditions. The 
ASCE standard permits linear interpolation for the value 
of the inclined angle of roof e. But interpolation should 
only be carried out between values of the same sign. 
Establish the wind pressures on the building when posi­
tive pressure acts on the windward roof. Use the follow­
ing data: basic wind speed = 100 miIh, wind exposure 
category B, Kd 0.85, Kzt = 1.0, G = 0.85, and Cp = 
0.8 for windward wall and -0.2 for leeward wall. 

(a) 

(b) 

P2.10 

·1..····~:~f·;:~:~~·~~ ..C~~ffi~i·~~t··C~..·.... ··· ......·········..·····································..·........~~··~~fi~~~'~~';i~:";2:~O"""""""""""""'" 

Windward Leeward 

Angle 8 10 15 20 25 30 35 45 ;:0::60 10 15 ;;::20 
Cp -0.9 -0.7 0.4 -0.3 -0.2 -0.2 0.0 0.018* -0.5 -0.5 -0.6 

0.0 0.2 0.2 0.3 0.4 
·············.H ... h ....... n ••.••. u •..•••.••. H...... H ................................ u ....................~~U ••••• H ••••••• 00u~.............H .......nH...........................U ...H' ...... w. •• *> ...... n .. .
...................u ••• u 
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P2.11. Establish the wind pressures on the building in 
Problem P2.1O when the windward roof is subjected to 
an uplift wind force. 

P2.12. (a) Determine the wind pressure distribution 
on the four sides of the 10-story hospital shown in Fig­
ure P2.l2. The building is located near the Georgia 
coast where the wind velocity contour map in Figure 
2.15 of the text specifies a design wind speed of 140 
mph. The building, located on level flat ground, is clas­
sified as stijfbecause its natural period is less than 1 s. On 
the windward side, evaluate the magnitude of the wind 
pressure every 35 ft in the vertical direction. (b) Assum­
ing the wind pressure on the windward side varies lin­
early between the 35-ft intervals, determine the total 
wind force on the building in the direction of the wind. 
Include the negative pressure on the leeward side. 

B 

Problems 71 

,P2.13. Consider the five-story building shown in Fig­
ure P2.8. The average weights of the floor and roof are 
90 Ib/ft2 and 70 Ib/ft2, respectively. The values of SDS 

and SDl are equal to 0.9g and O.4g, respectively.. Since 
steel moment frames are used in the north-south direc­
tion to resist the seismic forces, the value of R equals 8. 
Compute the· seismic base shear V. Then distribute the 
base shear along the height of the building. 

P2.14. When a moment frame does not exceed 12 sto­
ries in height and the story height is at least 10 ft, the 
ASCE standard provides a simpler expression to com­
pute the approximate fundamental period: 

T== O.lN 

where N == number of stories. Recompute T with the 
above expression and compare it with that obtained from 
Problem P2.13. Which method produces a larger seis­
mic base shear? 

P2.12 
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Space truss designed to support the roof of the Hartford Civic Center Arena. This immense structure, which 
covered a rectangular area;300 by 360 ft, was supported on four corner columns. To speed construction, 
the truss was assembled on the ground before being lifted into place. In the photo the space truss has 
beeniaised a short.distance to permit workers to install ducts, conduit, and other fixtures from the ground. 
In 1977 the structure collapsed under the weight of a heavy, wet snow load. 
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Statics of Structures­
Reactions 

••• ~~.'.'.. ,; •••u~~.~ 

ture or its components as rigid bodies and (2) base the analysis on the ini­
tial dimensions of the structure. 

We begin this chapter with a buef review of statics. In this review we· 
consider the characteristics offorces, discuss the equations of static equi­
librium for two-dimensional (planar) structures, and use the equations of 
static eqUilibrium to determine the reactions and internal forces in a vari­
ety of simple determinate structures such as beams, trusses, and simple 
frames. 

Wc conclude this chapter with a discussion of determinacy and stabil­
ity. By detemunacy, we mean procedures to establish if the equations of 
statics alone are sufficient to permit a complete analysis of a structure. If 
the structure cannot be analyzed by the equations of statics, the structure 
is termed indeterminate. To analyze an indeterminate structure, we must 

• 
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Introduction 

With few exceptions, structures must be stable under all conditions of load; 
that is, they must be able to support applied loads (their own weight, antic­
ipated live loads. wind, and so forth) without changing shape, undergoing 
larg~, displacements, or collapsing. Since structures that are stable do not 
mov~'pex:ceptibly when loaded, their analysis-the determination of.both 
internal and external forces (reactions)-is based in large part on the prin­
ciples and techniques contained in the branch of engineering mechanics 
called statics. The subject of statics, which you have studied previously, 
covers force systems acting on rigid bodies at rest (the most common case) 
or'moving at constant velocity; that is, in either case the acceleration of the 
body is zero. .. 

. Although the structures we will study in this book are not absolutely 
rigid because they undergo small elastic deformations when loaded, in 
most situations the deflections are so small that we can (1) treat the struc­

• 


I 
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Figure 3.1: Force and moment vectors; (a) lin­
ear force vector resolved into x and y compo­
nents; (b) couple of magnitude Fd; (c) alternative 
representation of moment M, by a vector using 
the right-hand rule. 

y 

a b F *F,i~ L----- ....... A

Fx 

supply additional equations by considering the geometry of the deflected 
shape. lndetenninate structures will be discussed in later chapters. 

By stability, we mean the geometric arrangement of members and sup­
ports required to produce a stable structure, that is, a structure that can resist 
load from any direction without undergoing either a radical change in 
shape or large rigid-body displacements. In this chapter we consider the 
stability and determinacy of structures that can be treated as either a sin­
gle rigid body or as several interconnected rigid bodies. The principles 
that we establish for these simple structures will be extended to more com­
plex structures in later chapters . 

. •••,~';}.~~';......u.~';.................n ..................................... , ••.............. , ....................••..•.•... u ..••.. , .... H ••••••••• u,. 


To solve typical structural problems, we use equations involving forces or 
their components. Forces may consist of either a linear force that tends 
to produce translation or a couple that tends to produce rotation of the 
body on which it acts. Since a force has magnitude and direction, it can be 
represented by a vector. For'example, Figure 3.la shows a forceF lying in ' 
the xy plane and passing through point A. . 

A couple consists of a pair of equal and oppositely directed forces 
lying in the sameplane (see Fig. 3.1b). The moment M associated with the " 
couple equals the product of the force F and the perpendicular distance (or 
arm) d between forces. Since a moment is a vector, it has m~griitudeas 
well as direction. Although we often represent a moment by a curved arrow 
to show that it acts in the clockwise or counterclockwise direction (see 
Fig. 3.1c), we can also represent a moment by a vector-usually a double­
headed arrow-using the right-hand rule. In the right-hand rule we curl 
the fingers of the right hand in the direction of the moment, and the 
direction inwhich the thumb points indicates the direction of the vector. 

y y 

M=Fd 

15J F 

Id 
F • 1M 

x x0 
x 

0 

z z z 
(a) (b) (c) 

• 




• • • 

Section 3.2 Forces 75 

We must frequently carry out computations that require either resolv­
ing a force into its components or combining several forces to produce a 
single resultant force. To facilitate these calculations, it is convenient to 
select arbitrarily· horizontal and vertical axes-an x-y coordinate system­
as the basic reference directions. 

A force can be resolved into components by using the geometric rela­
tionship-similar triangles-that exists between the vector components 
and the slope of the vector. For example, to express the vertical compo­
nent Fy of the vector F in Figure 3.1a in terms of the slope of the vector, 
we write, using similar triangles, . 

Fy F 
-=­
a c 

a 
and F = Fy c 

Similarly, if we set up a proportion between the horizontal component F.t 
and F and the sides of the slope triangle noted on the vector, we can write 

!?.F 
c 

If a force is to be resolved into components that are not parallel to an 
x-y coordinate system, the law of sines provides a sill1ple re1alionship 
between length of sides and interior angles opposite the respective sides. 
For the triangle shown in Figure 3.2, we can state the law of sines as 

abc 
--= = 
sin A sin B sin C 

where A is the angle opposite side d, B is the angle opposite side b, and C 
is the angle opposite side c. 

Example 3.1 illustrates the use of the law of sines to compute the ortho­
gonal components of a vertical force in arbitrary directions. 

a 

Figure 3.2: Diagram to illustrate law of sines. 

• 
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EXAMPLE 3.1 	 Using the law of sines, resolve the 75-lb vertical force FAB in Figure 3.3a 
into components directed along lines a and b. 

A 
;' 

;' Solution 
Through point B draw a line parallel to line b, fonning triangle ABC. The 
interior angles of the triangle are easily computed from the information 
given. Vectors AC and CB (Fig. 3.3b) represent the required components. 
of force F AB' From the law of sines we can write 

sin 80° sin 40° sin 60° 
= B 	 75 FAC 

(a) 
where sin 80° 0.985, sin 60° = 0.866, and sin 40° 0.643. Solving 

A for FAC and FCB yields 

sin 40° 
.,(75) == 48.96 Ib 

S111 . 

sin 60° .. ... 
FeB =. .800 (75) = 65.941b 
• 8111 . 

Figure 3.3: Resolution 
of a vertical force into 
components. 

• • 

(b) 

Resultant of a Planar Force System 

In certain structural problems we will need to determine the magnitude and 
location of the resultant of a force system. Since the resultant is a single 
force that produces the same extenial effect ona body as the original force 
system, the resultant R must satisfy the following three conditions: 

1. 	 The horizontal component of the resultant R, must equal the 
algebraic sum of the horizontal components of all forces: 

Rt '£Fx 	 (3.1a) 

2. 	 The vertical component of the resultant R)' must equal the algebraic 
sum of the vertical components of all forces: 

(3.1b) 

3. 	 The moment Mo produced by the resultant about a reference axis 
through point 0 must equal the moment about point 0 produced by 
all forces and couples that make up the original force system . 

• 
 • 
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Mo = Rd 2.F; d; + 2.Mi (3.1c) 

where R = resultant force 
d = perpendicular distance from line of action of resultant 

to axis about which moments are computed (3.1d) 
2.F; d i = moment of all forces about reference axis 

2.Mi = moment of all couples about reference axis 

Computation of a Resultant EXAMPLE 3.2 

Determine the magnitude and location of the resultant R of the three wheel 
loads shown in Figure 3.4. 

Solution 
Since none of the forces act in the horizontal direction or have components 
in the horizontal direction, 

Using Equation 3.1h gives 

R Ry 2.Fy = 20 + 20 + 10 = 50 kN 

Locate the position of the resultant, using Equation 3.1c; that is, equate the 
moment produced by the original force system to the moment produced 
by the resultant R. Select a reference axis through point A (choice of A 
arbitrary). 

Rd = 2.FA 

50d 20(0) + 20(3) + 10(5) 

d = 2.2 m 

R=50kN 

t...--- 3 m --.....11-<-. - 2 m ---I Figure 3.4 

Resultant of a Distributed Load 

In addition to concentrated loads and couples, many structures carry dis­
tributed loads. The external effect of a distributed load (the computation of 
reactions it produces, for example) is most easily handled by replacing 
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Figure 3.5: (a) Expressions to com'en a trape­
zoidal variation of load to a set of statically equiv­
alent, equally spaced, concentrated loads; (b) equa­
tions to convert a parabolic variation of load to a 
statically equivalent set of concentrated loads. 
Equations are valid for concave downward 
parabolas also, and will give a close apPJ0xillla­
tion for higher-order curves. 

• 


the distributed loads by an equivalent resultant force. As you have learned 
previously in statics and mechanics of materials courses, the magnitude 
of the resultant of a distributed load equals the area under the load curve 
and acts at its centroid (see Table A.1 for values of area and location of 
the centroid for several common geometric shapes). Example 3.3 illus­
trates the use of integration to computethe magnitude and location of the 
resultant of a distributed load with a parabolic variation. 

If the shape of a distributed load is complex, the designer can often 
. simplify the computation of the magnitude and position of the resultant 
by subdividing the area into several smaller geometric areas whose prop­
elties are known. In most cases distributed loads are uniform or vary lin­
early. For the latter case, you can divide the area into triangular and rec-' 
tangular areas (see Example 3.7). 

As an alternative procedure the designer may replace a distributed 
load that varies in a complex manner by a statically equivalent set of 
concentrated loads using the equations in Figure 3.5. To use these equa­
tions, we divide the distributed loads into an arbitrary number of seg­
ments of length h. The ends of the segments are termed the nodes. Figure 
3.5 shows two typical segments. The nodes are labeled 1,2, and 3. The 
number of segments into which the load is divided depends on the length 
and shape of the distributed load and the quantity we will compute. If the 
distributed load varies linearly between nodes, the equivalentconcen~, 
trated force at each node is given by the equations in Figure 3.Sa. The equa­
tions for forces labeled PI and P3 apply at an exterior node-a segment is 
located on only one side of the node, and Pz applies to an interior node­
segments are located on both sides of a node. 

W2Wr:f:j3 
123 2 3 

PI P2 P3

rh-t-h-i 
h h

P!= 6 (2wl +w2) PJ =24 (7wI + 6w2 \\'3) 

hP2= -% (WI + ~11'2 + w3) P2=12 (Wl + lOwz + >1'3) 

hP3=-% (2lV3 + 11'2) P 3= 24 (7w3 + 6W2 -11'1) 

(a) (b) 

• 
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For a distributed load with a parabolic variation (either concave up 
or concave down), the equations in Figure 3.5b should be used. These 
equations will also give good results (within 1 or 2 percent of the exact 
values) for distributed loads whose shape is represented by a higher-order 
curve. If the length of the segments is not too large, the simpler equations 
in Figure 3.5a can also be applied to a distributed load whose ordinates 
lie on a curve such as shown in Figure 3.5b. When they are applied in this 
fashion, we are in effect replacing the actual loading curve by a series of 
trapezoidal elements, as shown by the dashed line in Figure 3.5b. As we 
reduce the distance h between nodes (or equivalently increase the number 
of segments), the trapezoidal approximation approaches the actual curve. 
Example 3.4 illustrates the use of the equations of Figure 3.5. 

Although the resultant of a distributed load produces the same exter-' 
nal effect on a body as the original loading, the internal stresses produced 
by the resultant are not the same as those produced by the distributed load. 
For example, the resultant force can be used to compute the reactions of a 
beam, but the computations for internal forces-for example, shear and 
moment-must be based on the actual loading. 
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EXAMPLE 3.3Compute the magnitude and location of the resultant of the parabolic load­
ing shown in Figure 3.6. The slope of the parabola is zero at the origin. 

Solution 
Compute R by integrating the area under the parabola y = (wIL2)X2. 

L JLWX2 [WX 3]L wL 

R = 0 y d"r = 0 L2 d-r = 3L2 0 = 3
J 

Locate the position of the centroid. Using Equation 3.1c and sununing 
moments about the origin 0 gives 

L JL W [WX4]L WL2
Ri = y dx(x) = zx3 d-r = -2 =Jo 0 L 4L 0 4 

Figure 3.6 
Substituting R = wLl3 and solving the equation above for i yield 

x ~L 
4 

y 

R 
w 

O-=L.....l.--I---l--L-L.....l=.."':""....l-.l......J'--I.._x 

i+----- L ------1 

• • • 
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EXAMPLE 3.4 


. Figure 3.7: (a) Beam with a distributed load 
(units ofload in kips per foot): ib) beam with equiv­
alent concentrated loads. 

• 


The beam in Figure 3.7a supports a distributed load whose ordinates lie 
on a parabolic curve. Replace the distributed load by a statically equiva­
lent set of concentrated loads. 

Solution 
Divide the load into three segments where h = 5 ft.Evaluate the equiv­
alent loads, using the equations in Figure 3.5b. 

h 5 
PI = 24 (7Wl + 611': -c. W3) = 24 [7(4) + 6(6.25) 9] = 11.77 kips 

. h 5 
P2 = 12 (WI + 101':2 + W3) = 12[4 + 10(6.25) + 9J 31.46 kips 

h 5 . 
. P3 = 12 (Wi + 101\'" + W4) = 12 [6.25 + 10(9) + 12.25] 45.21 kips 

h 5 
P4 = 24 (7W4 + 611': - wJ 24[7(12.25)+ 6(9) -,-- 6.25]= 27.81 kips 

Also compute the approximate values of loads PI and P2, using the equa­
-tions in Figure3;5q for a trapezoidal distribution of load. 

It ·5· 
P j = 6 (2Wj + >1'2) 6[2(4)+6.25] 11.88 kips 

5 . 
6 [4 + 4(6.25) + 9] = 31.67 kips 

The analysis above indicates that for this case the approximate values of 
PI and P:y, deviate less thav-:1 percent from the exact values. 

12.25 

i- 5'~ 5'-1.- 5'l 1-10'--!..:- 5'-..\..- 5' -l-- 5'-.1 

--+l-~--15'~ 

(a) (b) 
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Principle of Transmissibility 

The principle of transmissibility states that a force may be moved along 
its line of action without changing the external effect that it produces on 
a body. For example, in Figure 3.8a we can see from a consideration of 
eqUilibrium in the x direction that the horizontal force P applied to the 
beam at point A creates a horizontal reaction at support C equal to P. If 
the force at point A is moved along its line of action to point D at the right 
end of the beam (see Fig. 3.Sb), the same horizontal reaction P develops 
at C. Although the effect of moving the force along its line of action pro­
duces no change in the reactions, we can see that the internal force in the 
member is affected by the position of the load. For example, in Figure 
3.8a compression stresses develop between points A and C. On the other 
hand, if the load acts at D, the stress between points A and C is zero and 
tensile stresses are created between C and D (see Fig. 3.8b). 

The ability of the engineer to move vectors along their line of action 
is used frequently in structural analysis to simplify computations, to solve 
problems involving vectors graphically, and to develop a better under­
standing of behavior. For example, in Figure 3.9 the forces acting on a 
retaining wall consist of the weight W of the wall an~ the thrust of the 
soil pressure T on the back of the wall. These force vectors can be added 
on the figure by sliding T and Walong their lines of actions until they inter­
sect at point A. At that point the vectors can be combined to produce the 
resultant force R acting on the wall. The magnitude and direction of R are 
evaluated graphically in Figure 3.9b. Now-in accordance with the prin­
ciple of transmissibility-the resultant can be moved along its line of 
action until it intersects the base at point x. If the resultant intersects the 
base within the middle third, it can be shown that compressive stresses exist 
over the entire base-a desirable state of stress because soil cannot trans­
mit tension. On the other hand, if the resultant falls outside the middle third 
of the base, compression will exist under only a portion of the base, and 
the stability of the wall-the possibility the wall will overturn or overstress 
the soil-must be investigated. 

• • 

To ensure that a structure or a structural element remains in its required 
position under all loading conditions, it is attached .to a foundation or 
connected to other structural members by supports. In certain cases of light 
construction, supports are provided by nailing or bolting members to sup­
porting walls, beams, or columns. Such supports are simple to construct, 
and little attention is given to design details. In other cases where large, heav­
ily loaded structures must be supported, large complex mechanical devices 
that allow certain displacements to occur while preventing others must 
be designed to transmit large loads. 

• 
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(a) 

(b) 

Figure 3.8: Principle of transmissibility. 

(a) (b) 

Figure 3.9: Forces acting on a wall: (a) addition 
of weight Wand soil pressure (thrust) T; (b) vec­
tor addition of Wand T to produce R. 
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(a) 

F 

(b) 

Figure 3.10: Influence of supports: Idealized rep­
resentation shown below .actual.construction con­
dition: Ca) right end is free to expand laterally, no 
stresses created by temperature change; (b) both 
ends are restrained, compressive and bending 
stresses develop in beam. Walls crack. 

Photo 3.1: One of 3 pin supports of a concrete 
shell roof connecting it to the foundation. 

• 


Although the devices used as supports can vary widely in shape and 
form, we can classify most supports in one of four major categories based 
on the /'estraints or reactions the supports exert on the structure. The most 
common supports, whose characteristics are summarized in Table 3.1, 
include the pin, the roller, the fixed support, and the link. 

The pin support shown in Table 3.1, case (a), represents a device that 
connects a member to a fixed point by a frictionless pin. Although this sup­
port prevents displacement in any direction, it allows the end of the mem­
ber to rotate freely. Fixed supports [see Table 3.1 case (f)], although not 
common, occasionally exist when the end of a member is deeply embed­
ded in a massive block of concrete or grouted into solid rock (Fig. 3.11). 

The system of SUppOlts a designer selects will influence the forces that 
develop in a structure and also the forces transmitted to the supporting 
elements. For example, in Figure 3.10a the left end of a beam is connected 
to a wall by a bolt that prevents relative displacement between the beam 
and the wall while the right end is supported on a neoprene pad that allows 
the end of the beam to move laterally without developing any significant 
restraining force. If the temperature of the beam increases, the beam will 
expand. Since no longitudinal restraint develops at the right end to resist 
the expansion, no stresses are created in either the beam or the w~lls. On 
the other hand, if both ends of the same heron are bolted to masonry walls 
(see Fig. 3.10b), an expansion of the beam produced by an increase in 
temperature will push the walls outward and possibly crack them. If the 
walls are stiff, they will exert a restraining force on the beam that will 

Photo 3.2: Pin support loaded by the thrust from the base of arch and the end of exterior 
floor girder. 

·a;·H: ..a- ...-. 



TABLE 3.1 Characteristics of Supports 

• Although the symbol for a roller support, for the sake of simplicity, shows no restraint against upward movement, it is intended that a roller can provide 

adownward reaction force if necessary. 


• • • • ...., ..­

Type 

(a) Pin 

(b) Hinge 

(e) Roller 

(tf) Rocker 

(e) Elastomeric 
pad 

(f) Pixed end 

(g) Link 

(h) Guide 

OR 

1·..·.····.'·.·.·······0... : k........ ···,··,;·"'",::' f-

>< .f 
'i I) e 

6' i_ 

%,0'"'""_" .,"_, ._.>" 

Movements Allowed 
of Prevented " 

Prevented: .horizontal 
translation, vemeal 
translation 

Allowed: rotation 

Prevented: relative 
displacement of 
member ends 
Allowed: both rotation 
and horizontal !!lid 
vemeal displacement 

Prevented: vemcal 
translation 

Allowed: horizontal 
translation, rotation 

Prevented: horizontal 
translation, vemeal 
translation, rotation 

Allowed: none 

Preve71ted: tr!!llslation 
in the direction of link 

Allowed: translation 
perpendicular to link, 
rotation 

Prevented: vemea! 
translation, rotation 

Allowed: horizontal 
. tr!!llslation 

Reaction 
Forces 

A single linear force of 
unknown direction or 
equivalently 

A horizontal force !!lid a 

Equal and oppositely 

vertical force which are 
the components of the 
single force of unknown 
direction 

A single linear force 
(either upward or 
downward') 

Horizontal and vertical 
components of a linear 
resultant; moment 

A single linear force in 
the direction of the link 

A single vertica!linear 
force; moment 

Unknowns 
Created 

•••• N •••• I 
<i\", i " 

8f-
R 

directed horizontal !!lid 
. vertical forces 

~ 
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Figure 3.11: Fixed-end beam produced by 
embedding its left end in a reinforced concrete wall. 

stiffener plates 

each side 
 anchor 

bolt 

elevation 

plan 

Figure 3.12: A steel column supported on a stiff­
ened baseplate, which is bolted to a concrete foun­
dation, producing a fixed-end condition at its base. 

Figure 3.13: (a) A reinforced con­
crete beam with a fixed end; (b) a re­
inforced concrete column whose low­
er end is detailed to act as a pin. 

create compressive stresses (and possibly bending stresses if the supports 
are eccentric to the centroid of the member) in the beam. Although these 
effects typically have little effect on structures when spans are short or tem­
perature changes moderate, they can produce undesirable effects (buckle or 
overstress members) when spans are long or temperature changes large. 

To produce a fixed-end condition for a steel beam or column is expen­
sive and rarely done. For a steel beam a fixed-end condition can be cre­
ated by embedding one end of the beam ina massive block of reinforced 
concrete (see Fig. 3.11). 

To produce a fixed-end condition at the base of a steel column, the 
designer must specify a thick steel baseplate, reinforced by vertical steel 
stiffener plates connected to the columnand the baseplate (see Fig. 3.12). 
In addition, the baseplate must be anchored to the support by heavily ten­
sioned anchor bolts. . 

On the other hand, when structural members are constructed of rein­
forced concrete, a fixed end or a pin end can be produced more easily. In 
the case of a beam, a fixed end is produced by extending reinforcing bars 
a specified distance into a supporting element (see Fig. 3.13a). 

Fora reinforced concrete column, the designer can create a hinge at 
its base by (1) notching the bottom ofthe column just above the support­
ing wall or footing and (2) crossing the reinforcing bars as shown in Fig­
ure 3 .13b.If the axial Jorce in the column is large, to ensure that the con: 
crete in the region of the notch does not fail by crushing, additional 
vertical reinforcing bars must be added at the centerline oithe column to 
transfer the axial force. 

~~~?"t reinforcing 
r- bars 

• "t:. 

'\~If.J~''.;f~~Jt=:;::·;·':;:;::*. 
reinforced 
concrete 
wall 

only beam reinforcement sho\\'n 

(a) (b) 

.... .. • • 
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3.4 . Idealizing Structures 

Before a structure can be analyzed, the d~signer must develop a simplified 
physical model of the structure and its supports as well as the applied loads. 
This model is typically represented by a simple line drawing. To illus­
trate this procedure, we will consider the structural steel rigid frame in 
Figure 3.14a. For purposes of analysis, the designer would probably rep­
resent the rigid frame by the simplified sketch in Figure 3.14h. In this 
sketch the columns and girders are represented by the centerlines of the 
actual members. Although the maximum load applied to the girder of the 
frame may be created by a deep uneven pile of heavy, wet snow, the 
designer, following code specifications, will design the frame for an equiv­
alent uniform load w. As long as the equivalent load produces, in the mem­
bers, forces of the same magnitude as the real load, the designer will be 
able to size the members with the strength required to support the real load. 

In the actual structure, plates, welded to the base of the columns, are 
bolted to foundation walls to support the frame. Sometimes a tension rod 
is also run between the bases of the columns to carry the lateral thrust that 
is produced by the vertical load on the girder. By using the tension rod to 
carry the horizontal forces tending to move the bases of the columns, sup­
ported on foundation walls, outward, the designers can size the walls and 
foundations for vertical load only, a condition that reduces the cost of the 
walls significantly. Although some rotational restraint obviously develops 
at the base of the columns, designers typically neglect it and assume that 
the:actual supports can be represented by frictionless pins. This assumption 
is made for the following reasons: 

1. 	 The designer has no simple procedure to evaluate the rotational 
restraint. 
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~'i < 

Figure 3.14: (a) Welded rigid frame with snow 
load; (b) idealized frame on which analysis is 
based. 

rigid B C 

girder 

tie rod 

wall 
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B Cjoint 1 
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h 
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(a) 	 (b) 

• 	 • • • .... ­



• • 

86 Chapter 3 Statics of Structures--Reactions 

(a) 

Figure 3.15: Bolted web connection idealized as 
a pin support: (a) Perspective of joint. (b) Det::ills 
of connectiol'l shown to an exaggerated scale: slope 
of beam 1 bends the flexible web of beam 2. The 
flexible joint is assumed to supply no rotational 
restraint. (e) Since the connection supplies only 
vertical restraint (its capacity for lateral restraint 
is not mobilized), we are free to model the joint 
as a pin or roller support as ·shown in (d). 

beam 1 beam 1 
beam 2 

(e) 

beam 1 t 
R 

(b) 	 (d) 

2. 	 The rotational restraint is modest because of the flexural deformation 
of the plate, the elongation of the bolts, and small lateral movements 
of the walL 

3. 	 Finally, the assumption of a pin support at the base is conservative 
(restraints of any type stiffen the structure). 

As an example, we will consider thebehavior of the standard web con­
nection between the two steel beams in Figure 3.150. As shown in Figure 
3.15b, the upper flange of beam 1 is cut back so that the top flanges are at 
the same elevation. The connection between the two beams is made by 
means of a pair of angles that are bolted (or welded) to the webs of both 
beams. The forces applied to the members by the bolts are shown in Fig­
ure 3.15c. Since the web of beam 2 isrelatively flexible, the connection 
is typically designed to transfer only vertical load between the two mem­
bers. Although the connection has a limited capacity for horizontal load, 
this capacity is not utilized because beam 1carries primarily gravity load 
and little or no axial load. Designers typically model this type of con­
nection as a pin or roller (Fig. 3.1Sd). 
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Free-Body Diagrams 

As a first step in the analysis of a structure, the designer will typically 
draw a simplified sketch of the structure or the portion of the structure 
under consideration. This sketch, which shows the required dimensions 
together with all the external and internal forces acting on the structure, 
is called afree-bodydiogram (FED). For example, Figure 3.160 shows a 
free-body diagram of a three-hinged arch that carries two concentrated 
loads. Since the reactions at supports A and C are unknown, their direc­
tions must be assumed. 

The designer could also represent the arch by the sketch in Figure 3 .16b. 
Although the supports are not shov.-n (as they are in Fig. 3.16a) and the 
arch is represented by a single line, the free-body diagram contains all the 

• 
 • 
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information required to analyze the arch. However, since the pin supports 
lit A and C are not shown, it is not obvious to someone unfamiliar with 
the problem (and seeing the sketch for the flrst time) that points A and B 
are not free to displace because of the pins at those locations. In each case, 
designers must use their judgment to decide what details are required for 
clarity. If the internal forces at the center hinge at B are to be computed, 
either of the free bodies shown in Figure 3.16c could be used. 

When the direction of a force acting on a free body is unknown, the 
designer is free to assume its direction. If the direction of the force is 
assumed correctly, the analysis, using the equations of equilibrium, will 
produce a positive value of the force. On the other hand, if the analysis 
produces a negative value of an unknown force, the initial direction was 
assumed incorrectly, and the designer must reverse the direction of the 
force (see Example 3.5). 

Free-body diagrams can also be used to determine the internal forces 
in structures. At the section to be studied, we imagine the structure is cut 
apart by passing an imaginary plane through the element. If the plane is 
oriented perpendicular to the longitudinal axis of the member and if the 
internal force on the cross section is resolved into components parallel 
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Figure 3.16: Free-body diagrams: (a) free-body 
diagram of three-hinged arch; (b) simplified free 
body of arch in (a); (c) free-body diagrams of 
arch segments; (d) free-body diagrams to analyze 
internal forces at section 1-1. 

a 

h-L 

(a) (b) 

• 
 • 

(d) 

(c) 
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and perpendicular to the cut, in the most general case the forces acting 
on the cut surface will consist of an axial force F, a shear V, and a 
moment M (in this book we will not consider members that CatTY tor­
sion). Once F, V, and M are evaluated, we can use standard equations 
(developed in a basic strength ofmaterials course) to compute the axial, 
shear, and bending stresses on the cross section. 

For example, if we wished to determine the internal forces at section 
1-1 in the left arch segment (see Fig. 3.16c), we would use the free bodies 
shQwn inFigure 3. 16d. Following Newton's third law, "for each action 
there exists an equal and opposite reaction," we recognize that the internal 
forces on each side of the cut are equal in magnitude and oppositely 
directed. Assuming that the reactions at the base of the arch and the hinge 
forces at B have been computed, the shear, moment, and axial forces can 
be determined by applying the three equations of statics to either of the 
free bodies in Figure 3.16d . 

.u.:.. u........... ,............. 	 u..•
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··,3.6, Equations of Static Equilibrium 

As you. learned in d:"namics, a system of planar forces acting on a rigid' 
structure (see Fig. 3.17) can always be reduced to two resultant forces: 

'1. 	A linear force R passing through the center of gravity of thesttucture 
where R eqqals the vector sum of the linear forces. 

2. 	 A moment M about the center of gravity. The moment M is evaluated 
by summing the moments of all forces and couples acting on the 
structure with respect to an axis through the center of gravity and 
perpendicular to the plane of the structure. 

The linear acceleration a of the center of gravity and the angular 
accelerations a of the body about the center of gravity are related to the 
resultant forces Rand M by Newton's second law, which can be stated as 
follows. 

R 	 ma (3.2a) 

M fa (3.2b) 

where m is the mass of the body and f is the mass moment of inertia of 
the body with respect to its center of gravity.

','" . 

Figure 3.17: Equivalent planar force systems 
acting on a rigid body. 
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If the body is at rest-termed a state of static equilibrium-both the 
linear acceleration a and the angular acceleration a equal zero. For this 
condition, Equations 3.2a and 3.2b become 

R=O (3.3a) 

M=O (3.3b) 

If R is replaced by its components Rx and Ry, which can be expressed in 
terms of the components of the actual force system by Equations 3.1a and 
3.1b, we can write the equations of static eqUilibrium for a planar force 
system as 

'kFx = 0 (3Aa) 

'kFy = 0 (3Ab) 

'2.Mz = 0 (3Ac) 

Equations 3Aa and 3.4b establish that the structure is not moving in either 
the x or y direction, while Equation 3Ac ensures that the structure is not 
rotating. Although Equation 3Ac was based on a summation of moments 
about the center of gravity of thestructilre because we were considering 
the angular acceleration of the body, this restriction can be removed for 
structures in static equilibrium. Obviously, if a structure is at rest, the result­
ant force is zero. Since the actual force system can be replaced by its 
resultant, it follows that summing moments about any axis parallel to the 
z reference axis and normal to the plane of the structure must equal zero 
because the resultant is zero. 

As you may remember from your course in statics, either or both of 
Equations 3Aa and 3Ab can also be replaced by moment equations. Sev­
eral equally valid sets of equilibrium equations are 

'kFx = 0 (3.Sa) 

'kMA = 0 (3.Sb) 

I'i.Mz = 0 (3.5c) I 

or 'kMA = 0 (3.6a) 

'i.MB = 0 (3.6b) 

'2.Mz = 0 (3.6c) 

where points At B, and z do not lie on the same straight line. 
Since the deformations that occur in real structures are generally very 

small, we typically write the equations of equilibrium in terms Of the ini­
tial dimensions of the structure. In the analysis of flexible columns, long­
span arches, or other flexible structures subject to buckling, the defor­
mations of the structural elements or the structure under certain loading 

• 
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conditions may be large enough to increase the internal forces by a sig­
nificant amount. In these situations the equilibrium equations must be 
written in terms of the geometry of the deformed structure if the analy­
sis is to give accurate results. Structures experiencing large deflections of 
this type are not covered in this text. 

If the forces acting on a structure-including both the reactions and the 
internal forces-can be computed using any of the foregoing sets of 
equations of static equilibrium, the structure is said to be statically deter­
minate or, more simply, determinate. Examples 3.5 to 3.7 illustrate the use 
of the equations of static equilibrium to compute the reactions of a deter­
minate structure that can be treated as a single rigid body. 

If the structure is stable but the equations of equilibrium do not pro­
vide sufficient equations to analyze the structure, the structure is termed 
indeterminate. To analyze indeterminate structures, we must derive addi­
tional equations from the geometry of the deformed structure to supple­
ment the equations of equilibrium. These topics are covered in Chapters 
1 L 12, and 13.. 

EXAMPLE 3.5 

A B c 

10'-_......,._ 

(a) 

(b) 

6 kips 

~r:===;;'i~,;'''-:-l-'tIX})I1,r.-:k\ 
10 kips 4 kips 12 kips 

(c) 

Figure 3.18 

Conlpute the reactions for the beam il). Figure 3.18.a. 

Solution 
Resolve the force at C into components and assume directions for the reac­
tions at A and B (see Fig. 3.18b). Ignore the depth of the beam. 

';\1ethod 1. Solve for reactions using Equations 3.4a to 3.4c. Assume 
a positive direction for forces as indicated by arrows: 

..... + --:iFx == 0 -Ax + 6 = 0 (1) 

+ 
(2)t --:iFy = 0 Ay + By - 8 = 0 

c+ --:iMA = 0 -lOBy + 8(15) = 0 (3) 

Solving Equations 1, 2, and 3 gives 

Ax = 6 kips By 12 kips Ay = -:-4 kips 

where a plus sign indicates that the assumed direction is correct and a minus 
sign establishes that the assumed direction is incorrect and the reaction 
must be reversed. See Figure 3.18c for final results. 

Method 2. Recompute reactions, using equilibrium equations that con­
tain only one unknown. One possibility is 

C+ --:iMA = 0 . -B)'(lO) + 8(15) = 0 
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Ay(lO) + 8(5) = 0 

-Ax + 6 =: 0 I ­
Solving again gives A.t = 6 kips, By = 12 kips, Ay= -4 kips. 

Compute the reactions for the truss in Figure 3.19. EXAMPLE 

Solution 
Treat the truss as a rigid body. Assume directions for reactions (see Fig. 
3.19). Use equations of static equilibrium. 

C+ 'LMc 0 18(12) - Ay(14) = 0 (1) 

...,.+ 'LF., = 0 18 - C.r = 0 (2) 

+ 


(3)t 'LFy = 0 

Solving Equations 1,2, and 3 gives 

Cx 18 kips Ay = 15.43 kips Cy = 15.43 kips 

NOTE. The reactions were computed using the initial dimensions of the 
unloaded structure. Since displacements in well-designed structures are 
small, no significant change in the magnitude of the reactions would result 
if we had used the dimensions of the deformed structure. 

Figure 3.19 

..;: 

Cy [continues on next page] 

B 

1 
6' 

1
6' 

cx 

----+--­ 6'----t 
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Example 3.6 continues . .. For example, suppose support A moves 0.5 inches to the right and 
joint B moves upward 0.25 in. when the 18~kip load is applied; the moment 
arms for Ay and the I8-kip load in Equation 1 would equal 13.96 ft and 
12.02 ft, respectively. Substituting these dimensions into Equation 1, we 
would computeAy 15.47 kips. As you can see, the value of Ay does not 
change enough (0.3 percent in this problem) to justify using the dimen~ 
sions of the deformed· structure, which are time-consuming to compute. 

EXAMPLE 3.7 


lOkN/m 

8m 

b<---6m 

• 

Figure 3.20 

The frame in Figure 3.20 carries a distributed load that varies from 4 to 
10kN/m. Compute the reactions. 

Solution 
Divide the distributed load into a triangular and a rectangular distributed 

. load (see the dashed line). Replace the distributed loads by their resultant. 

R] = 10(4) = 40 kN 

R2 1(10)(6) = 30 kN 

ComputeAy• 

0+ 2:.Mc = 0 

0 
Ay(4) R\(5) R2( 23 ) = 0 

Ay 100kN 

Compute Cy• 

+ 
t 2:.F)' = 0 

100 - R \ R 2 + Cy 0 

Cy -30 kN.t (minus sign indicates initial direction incorrectly assumed) 
Compute Ct. 

• 
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Compute the reactions for the beam in Figure 3.21a, treating member AB 
as a link. 

Solution 
First compute the forces in the link. Since link AB is pinned at A and B, no 
moments exist at these points. Assume initially that both shear V and 
axial force F are transmitted through the pins (see Fig. 3.21b). Using a 
coordinate system with an x axis along the longitudinal axis of the mem­
ber, we write the following equilibrium equations: 

-H 2:.Fx = 0 0 = FA - FB (1) 

+ (2)t 2:.Fy = 0 

(3)C+ MA = 0 

Solving the equations above gives 

FA = FB (call FAB) and VA == VB = 0 

These computations show that a member pinned at both ends and not 
loaded between its ends carries only axial load, that is, is a two-force 
member. 

Now compute FAB. Consider beamBC as a free body (see Fig. 3.21c). 
Resolve FAB into components at B and sum moments about C. 

. i

C+ 2:.Mc = 0 0·= O.8FAB(1O) -\~6(2) 

o = O.8FAB - 36 + Cy 

Solving gives FAD = 9 kips, Cx = 5.4 kips, and Cy = 28.8 kips. 

EXAMPLE 3.8 


Figure 3.21: (a) Beam BC supported by link 
AB; (b) free body oflinkAB; (c) free body of beam 
BC. 

R =36 kips 

O.8F _
AB 

B 

B 

4' 

FA 10' .1 
!-3' .1. 6' .1. 4'--1 

(a) (b) (c) 
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3;7 Equations of Condition 

The reactions of many structures can be determined by treating the struc­
I. 


ture as a single rigid body. Other stable determinate structures, which con­

sist of several rigid elements connected by a hinge or which contain other 

devices or construction conditions that release certain internal restraints, 

require that the structure be divided into several rigid bodies in order to 

evaluate the reactions. 


Consider, for example, the three-hinged arch shown in Figure 3.16a. 
If we write the equations of equilibrium for the entire structure, we will 
find that only three equations are available to solve for the four unknown 
reaction components Ax, Ay,Cx! and Cy• To obtain a solution, we must 
establish an additional equation of equilibrium without introducing any 
new variables. We can write a fourth independent equilibrium equation 
by considering the equilibrium of either arch segment between the hinge 
at B and an end support (see Fig. 3.16c). Since the hinge at B can trans­
fer a force with horizontal and vertical components, but has no capacity 
to transfer moment (that is, MB = 0), we can sum moments about the hinge 
at B to produce an additional equation in terms of the support reactions 
and applied loads. This additional equation is called an equation of con­
dition or an equation of constl'uction. 

If the arch were continuous (no hinge existed at B), an internal moment 
courd develop at B and we could not write anadditional equation without 
introducing an additional unknown-MB' the moment at B. 

As an alternative approach, we could determine both the reactions at the 
supports and the forces at the center hinge by writing and solving three 
equations of equilibrium for each segment of the arch in Figure 3.16c. Con­
sidering both free bodies, we have six equilibrium equations available to 
solve for six unknown forces (A.t , Ay. Bx, By, Cx, and Cy)' Examples 3.9 
and 3.10 illustrate the procedure to analyze structures with devices (a 
hinge in one case and a roller·in the other) that release internal restraints. 

EXAMPLE 3.9 
 Compute the reactions for the beam in Figure 3.22a. A load of 12 kips is 
applied directly to thehiJ.)ge at C. . 

Solution 
The supports provide four reactions. Since three equations of eqUilibrium 
are available for the entire structure in Figure 3.22a and the hinge at C 
provides one condition equation, the structure is determinate. Compute 
Ey by summing moments about C (see Fig. 3.22b). 

c+ '2,Mc 0 

o = 24(5) - EPO) and Ey = 12 kips 
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Cy 24 kips 

ex 
C 

12 kips 1O,----t 
Ex 

I. 
Ey 

(a) (b) 

Figure 3.22 
Complete the analysis, using the free body in Figure 3.22a. 

~+ '2Fx = 0 0 + Ex = 0 

Ex = 0 

o= - ByClO) + 12(15) + 24(20) -12(25) 


By 36 kips 


Substituting By = 36 kips and Ey =12 kips, we compute Ay = -12 kips 
(down). 

EXAMPLE 3.10 
Compute the reactions for the beams in Figure 3.23a. 

Solution 
If we treat the entire structure in Figure 3.23a as a single rigid body, the 
external supports supply five reactions: Ax, Ay, Cy, Dx, and Dy- Since only 
three equations of equilibrium are available, the reactions cannot be estab­
lished. A solution is possible because the roller at B supplies two addi­
tional pieces of information (that is, MB = 0 and Bx = 0). By separating 
the structure into two free bodies (see Fig. 3.23b), we can write a total of 
six equilibrium equations (three for each free body) to determine the six 
unknown forces exerted by the external reactions and the roller at B. 

Applying the equations of equilibrium to member BD in Figure 3.23b, 
we have 

~+ '2F = 0 0= 15 - Dx (1)x 

:ZMD = 0 o = By(10) - 20(5) (2) 

(3) {continues on next pagel
+ 
t '2Fy = 0 
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Example 3.10 continues . .. 2S kips 

Figure 3.23 

3 

(a) 

B 

(b) 

Solving Equations 1,2, and 3, we compute Dx 15 kips, By = 10 kips, 
and D. = 10 kips. 

WIth By evaluated, we can detennine the balance of the reactions by 
applying the equations of equilibril.).m to member AC in Figure 3.23b. 

-H 'i-Fx = 0 0= Ax (4) 

'i-lY!A = 0 .0 = 10(10) -15C~ (5) 

SolvingEquadons 4,5, and 6,.we find Ax= 0, Cy . 20/3 kips, and Ay = 
10/3 kips. 

Since the roller at B cannot transfer a horizontal force between beams, 
we recognize that the I5-kip horizontal component of the load applied to 
BD must be equilibrated by the reaction Dx. Since no horizontal forces 
act on member AC, Ay = O. 

+ 
t (6) 

• 
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;::J,~";~·l;i 	 Influence of Reactions on Stability and 

Determinacy of Structures 


To produce a stable structure, the designer must supply a set of supports 

that prevents the structure or any of its components from moving as a 

rigid body. The number and types of supports required to stabilize a 

structure depend on the geometric arrangement of members, on any con­

struction conditions built into the structure (hinges, for example), and on 

the position of supports. The equations of eqUilibrium in Section 3.6 


. provide the theory required to understand the influence of reactions on 

(1) stability, and (2) determinacy (the ability to compute reactions using 
the equations of statics).' We begin this discussion by considering struc­
tures composed of a single rigid body, and then we extend the results to 
structures composed of several interconnected bodies. 

For a set of supports to prevent motion of a structure under all possi­
ble loading conditions, the applied loads and the reactions supplied by 
the supports must satisfy the three equations of static eqUilibrium 

'ZFx = 0 	 (3.4a) 

'ZFy = 0 	 (3.4b) 

IM: =0 	 (3.4c) 

To develop criteria for establishing the stability and the determinacy of a 
structure, we will divide this discussion into three cases that are a func­
tion of the number of reactions. 

Case 1. 	 Supports Supply Less Than Three Restraints: 

R < 3 (R = number of restraints or reactions) 


Since three equations of eqUilibrium must be satisfied for a rigid body to 
be in equilibrium, the designer must apply at least three reactions to pro­
duce a stable structure. If the supports supply less than three reactions, then 
one or more of the equations of equilibrium cannot be satisfied, and the 
structure is not in eqUilibrium. A structure not in equilibrium is unstable . 

• 
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Static check: To verify the accuracy of the computations, we apply 
IFy = 0 to the entire structure in Figure 3.23a. 

Ay + Cy + Dy - 0.8(25) = 0 

10 20-+-+ 10-20=0
3 3 

0= 0 OK 

• 
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Figure 3.24: (a) Unstable, horizontal restraint 
missing; (b) unstable, free to rotate about A; 
(c) unstable, free to rotate about A.: (d) and (e) 
unbalanced moments produce failure; (f) and (g) 
stable structures. 
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(a) 
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(b) 
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(c) 	 (d) 

For example, let us use the equations of equilibrium to determine the 
reactions of the beam in Figure 3.24a. The beam, supported on two rollers, 
carries a velticalload P at midspan and a;horizontal force Q. 

+ 
t kFy 0 0 Rl + R2 - P (1) 

c+ 2:MA = 0 0 
PL 

R2L (2)
2 

~+ 2:F'.t = 0 0 Q 	 inconsistent; 
unstable (3) 

Equations 1 and 2 can be satisfied if R\ = P/2; however, Equation 3 
is not satisfied because Q is a real force and is not equal to zero. Since equi­
librium is not satisfied, the beam is unstable and will move to the right 
under the unbalanced force. Mathematidans would say the set of equa­
tion,s above ,is inconsistellt orincompatible. 

As a second example, we will apply the equations of equilibrium to 
the beam supported by a pin at point A in Figure 3.23b. 

-t+ 2:Fx = 0 0 R j - 3 (4) 
, + 

2:Fy :::: 0 0= R2 - 4 	 (5)t 

c+ 2:MA = 0 0 4(10) - 3(1) 37 (6) 

Examination of Equations 4 through 6 shows that Equations 4 and 5 can 
be satisfied if RJ = 3 kips and R2 = 4 kips; however, Equation 6 is not 
satisfied since the right side equals 37 kip·ft and the left side equals zero. 
Because the equation of moment equilibrium is not satisfied, the struc­
ture is unstable; that is, the beam will rotate about the pin at A. 

p p 

B 

A 

t t 
p p 

(e) (f) 	 (g) 
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As a final example, we apply the equations of equilibrium to the col­
umn in Figure 3.24c. 

...... + "J:.F.-.: 0 .O=R x (7) 

+ 
t 	 kF,y = 0 O=Ry-P (8) 

0+ "J:.MA = 0 0=0 	 (9) 

Examination of the eqUilibrium equations shows that if Rx = 0 and Ry = 
P, all equations are satisfied and the structure is in eqUilibrium. (Equa­
tion 9 is automatically satisfied because all forces pass through the moment 
center.) Even though the equations of equilibrium are satisfied when the 
column carries a vertical force, we intuitively recognize that the structure 
is unstable. Although the pin support at A prevents the base of the col~ 
umn from displacing in any direction, it does not supply any rotational 
restraint to the column. Therefore, either the application of a smalllat ­
eral force Q (see Fig. 3.24d) or a small deviation of the top joint from the 
vertical axis passing through the pin at A while the vertical load Pacts 
(see Fig. 3.24e) will produce an overturning moment that will cause the 
column to collapse by rotating .about the hinge at A. From this example 
we see that to be classified as stable, a structure must have the capacity 
to resist load from any direction. 

To supply restraint against rotation, thereby stabilizing the column, 
the designer could do either of the following. 

I. 	Replace the pin at A by a fixed support that can supply a restraining 
moment to the base of the column (see Fig. 3.241). 

2. 	 As shown in Figure 3.24g, connect the top of the column to astable 
support at C with a horizontal m'ember BC (a member such as BC, 
whose primary function is to align the column vertically and not to 
carry load, is termed bracing, or a secondary member). 

In summary, we conclude that a structure is unstable if the supports 
supply less than three reactions. 

Case 2. Supports Supply Three Reactions: R = 3 

If supports supply three reactions, it will usually be possible to satisfy 
the three equations of equilibrium (the number of unknowns equals the 
number of equations). Obviously, if the three equations of static equilib­
rium are satisfied, the structure is in eqUilibrium (i.e., is stable). Further, 
if the equations of equilibrium are satisfied, the values of the three reac­
tions are uniquely determined, and we say that the structure is externally 
determinate. Finally, since three equations of equilibrium must be satis­
fied, it follows that a minimum of three restraints are required to produce 
a stable structure under any loading condition, 

• 
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Figure 3.25: (a) Geometrically unstable, reac­
tions fonn a parallel force system; (b) equilibrium 
position, horizontal reaction develops as link 
elongates and changes slope; (c) geometrically 
unstable-reactions form a concurrent force sys­
tem passing through the pin at A; (d) inde,rermi­
nate beam. 

p 

Q 

(a) 

t 


(b) 

. . . 

If a system of supports supplies three reactions that are configured in 
such a way that the equations of equilibrium cannot be satisfied, the 
structure is called geometrically unstable. For example, in Figure 3.2Sa, 
member ABC, which carries a vertical load P and a horizontal force Q, 
is supported by a link and two rollers that apply three restraints to mem­
ber ABC. Since all restraints act vertically, they offer no resistance to dis­
placement in the horizontal direction (Le., the reactions form a parallel 
force system). Writing the equation of equilibrium for beam ABC in the 
x direction, we find 

Q=O (not consistent) 

Since Q is a real force and is not equal to zero, the equilibrium equation 
is not satisfied. Therefore, the sU'ucture is unstable. Under the action of 
force Q, the structure \vill move to the right until the link develops a hor­
izontal component (because of a change in geometry) to equilibrate Q 
(see Fig. 3.25b). Thus for it to be classified as a stable structure, we 
require that the applied loads be equilibrated by the original direction of 
the reactions in the unloaded structure. A structure that must undergo a 

.. change in geometry before its reactions are mobiliied to balance applied 
loads is classified as unstable. 

As a second· example of an unstable structure restrajned· by . three 
reactions, we consider in Figure 3.2Sc a beam suppOlted by a pin at A 
and a roller at B whose reaction is directed horizontally. Although equi­
librium in the x and J directions can be satisfied by the horizontal and 
vertical restraints supplied by the supports, the restraints· are not posi­
tioned to prevent rotation of the sU'ucture about point A. Writing the equi­
librium equation for moment about point A gives 

, (3.4c) 

(not consistent) 

Because neither P nor a is zero, the product Pa cannot equal zero. Thus 
an equatioI) of eqUilibrium is not satisfied-a sign that the structure is 

(e) (d) 

,! 
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unstable. Since the lines of action of all reactions pass through the pin at 
A (Le., the reactions are equivalent to a concurrent force system), they are 
not able to prevent rotation initially. 

In summary, we conclude that for a single rigid body a minimum of 
three restraints is necessary to produce a stable structure (one that is in 
equilibrium)-subject to the restriction that the restraints not be equiva­
lent to either a parallel or a concurrent force system. 

We have also demonstrated that the stability of a structure m~y always 
be verified by analyzing the structure with the equations of equilibrium 
for various arbitrary loading conditions. If the analysis produces an incon­
sistent result, that is, the equations of eqUilibrium are not satisfied for any 
portion of the structure, we can conclude the structure is unstable. This 
procedure is illustrated in Example 3.11. 

Case 3. Restraints Greater Than 3: R > 3 

If a system of supports, which is not equivalent to either a parallel or a 
concurrent force system, supplies more than three restraints to a single 
rigid structure, the values of the restraints cannot be uniquely determined 
because the number of unknowns exceeds the three equilibrium equations 
available for their solution. Since one or more of the reactions cannot be 
determined, the structure is termed 'indeterminate, and the degree of in de­
terminacy equals the number of restraints in excess of 3, that is, 

Degree of indeterminacy = R - 3 (3.7) 

where R equals the number of reactions and 3 represents the number of 
equations of statics. 

As an example, in Figure 3.25d a beam is supported by a pin at A and 
rollers at points Band C. Applying the three equations ofequilibrium gives 

->+ '2F'.t = 0 Ax - 6 = 0 

+ 
t '2Fy = 0 - 8 + Ay + By + Cy = 0 

0+ '2MA = 0 -6(3) + 8(15) - 12By - 24Cy = 0 

Since the four unknowns Ax. Ay. By. and Cy exist and only three equations 
are available, a complete solution (Ax can be determined from the first 
equation) is not possible, and we say that the structure is indeterminate 
to the first degree. 

If the roller support at B were removed, we would have a stable deter­
minate structure since now the number of unknowns would equal the 
number of equilibrium equations. This observation forms the basis of a 
common procedure for establishing the degree of indeterminacy. In this 
method we establish the degree of indeterminacy by removing restraints 
until a stable determinate structure remains. The number of restraints 

• • • ·.'.x ........ 
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Figure 3.26: (a) Indeterminate suucture; (b) base 
(or released) structure remaining after redundant 
supports removed. i ­

oE 

link 

(a) 

A B 

(b) 

removed is equal to tt.: degree of indeterminacy. As an example, we will 
establish the degree of indeterminacy of the beam in Figure 3.26a by 
removing restraints. />Jlhuugh a variety uf chuices are available, we first 
remove the rotational restraint (MA ) at support A but retain the horizontal 
and veliical restraint. This step is equivalent to replacing the fixed SUppOli 
with a pin. If we now remove the link at C and the fixed SUppOli at D, we 
have removed a total of five restraints, producing the stable, determinate 
base or released strucillre shown in Figure 3.26b (the restraints removed 
are referred to as rediilldallts). Thus we conclude that the original struc­
ture was indeterminate to the fifth degree. 

Determinacy and Stability of Structures Composed 
of Several Rigid Bodies 

If a structure consists of several rigid bodies interconnected by devices 
(hinges, for example) that release C internal restraints, C additional equa­
tions of equilibrium (ciso called condition equations) can be written to 
solve for the reactiom (see Sec. 3.7). For structures in this category, the 
criteria developed for establishing the stability and determinacy of a sin­
gle rigid structure must be modified as follows: 

1. 	 IfR < 3 + C, the structure is unstable. 
2. 	 If R = 3 + C and if neither the reactions for the entire structure nor 

those for a component of the structure are equivalent to a parallel or 
a concurrent force system, the structure is stable and determinate . 
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3. 	If R > 3 + C and the reactions are not equivalent to a parallel or a 
concurrent force system, the structure is stable and indeterminate; 
moreover, the degree of indeterminacy for this condition given by 
Equation 3.7 must be modified by subtracting from the number of 
reactions the number (3 + C) , which represents the number of 
equilibrium equations available to solve for the reactions; that is, 

Degree of indeterminacy = R - (3 + C) (3.8) 

Table 3.2 summarizes the discussion of the influence of reactions on the 
stability and determinacy of structures . 

.......!.~~.~~ ..~.:?~.......................................................................................................................................................................................................... .

II Summary of the Criteria for Stability and Determinacy of a Single Rigid Structure 

Classification of Structure 

Stable 
Condition* Determinate Indeterminate 	 . Unstable 

R<3 Yes; three equations of equilibrium 
cannot be satisfied for all 
possible conditions of load 

R=3 Yes, if reactions are Only if reactions form a parallel or 
uniquely determined concurrent force system 

R.> 3 Yes; degree of Only if reactions form a parallel or 
indeterminacy = R ­ 3 concurrent force system 

*R is the number of reactions. 

TABLE 3.2b 

Summary of the Criteria for Stability and Determinacy of 
Several Interconnected Rigid Structures 

Classification of Structure 

Stable 
Condition* Determinate Indeterminate 	 Unstable 

R<3+C Yes; equations of equilibrium can­
not be satisfied for all possible 
loading conditions 

R 3 + C Yes, if reactions can be Only if reactions form a parallel 
uniquely determined or concurrent force system 

R>3 + C Yes, degree of indeterminacy Only if reactions form a parallel or 
= R - (3 + C) concurrent force system 

*Here R is the number of reactions; C is the number of conditions. 
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MPLE 3.11 


Figure 3,27: (a) Details of structure: (b) free 
body of member AB: (c) free body of member 
BD; (d) free body of member DE; (e) unstable 
structure (if AB and DE treated as links, i.e., reac­
tions form a concurrent force system). 
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Investigate the stability of the structure in Figure 3.27a. Hinges at joints 
B andD. 

Solution 
A necessary condition for stability requires 

R=3+C 
Since R, the number of reactions, equals 5 and C, the number of condi­
tion equations, equals 2, the necessary condition is satisfied. However, 
because the structure has so many hinges and pins, the possibility exists 
that the structure is geometrically unstable. To investigate this possibility, 
we will apply an arbitrary load to the structure to verify that the equations 
of eqUilibrium can be satisfied for each segment. Imagine that we apply a 
vertical load of 8 kips to the center of member DE (see Fig. 3.27d). 

STEP 1 Check the eqUilibrium of DE. 

->+ 2:.Fx := 0 Ex - Dx = 0 

8(2) - 4Ey = 0 

Ey = 4 kips 
+ 
t 2:.Fy = 0 Dy + Ey -8= 0 

D)' = 4 kips 

D E 

B c D 

2,--l...2'4 
E·· 

y 

(d) (e) 

•
• 

\..--4'~+--4' 

... 
..~:: 

4' I. 

(b) 
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CONCLUSION. Although we were not able to detennine either Dx or E.., 
the equations of equilibrium are satisfied. Also, because the forces acting 
on the free body do not comprise either a parallel or a concurrent force 
system, there is no indication at this stage that the structure is unstable. 

STEP 2 Check the equilibrium of member BD (see Fig. 3.27c). 

0+ "i-Mc == 0 4Dy - 4By = 0 

By = Dy == 4 kips Ans. 

D -B =0x x 

+ 
t "i-Fy = 0 -By + Cy - Dy = 0 

Cy = 8 kips Ans. 

CONCLUSION. All equations of equilibrium are capable of being sat­
isfied for member BD. Therefore, there is still no evidence of an unsta­
ble structure. . 

STEP 3 Check the equilibrium of member AB. (See Fig. 3.27h.) 

C+ "i-MA == 0 0 = -By(6) (inconsistent equation) 

CONCLUSION. Since previous computations for member BD estab­
lished that By = 4 kips, the right side of the equilibrium equation equals . 
-24 ft'kips'ft-not zero. Therefore, the equilibrium equation is not sat­
isfied, indicating that the structure is unstable. A closer examination of 
memper BCD (see Fig. 3.27e) shows that the structure is unstable because 
it is possible for the reactions supplied by members AB and DE and the 
roller C to form a concurrent force system. The dashed line in Figure 
3.27a shows one possible deflected shape of the structure as an unstable 
mechanism . 

.~~: .-' . 
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.3j,Y;'·: Classifying Structures 

One of the major goals of this chapter is to establish guidelines for con­
structing a stable structure. In this process we have seen that the designer 
must consider both the geometry of the structure and the number, position, 
and type of supports supplied. To conclude this section, we will examine the 
structures in Figures 3.28 and 3.29 to establish if they are stable or unstable 
with respect to external reactions. For those structures that are stable, we 
will also establish if they are determinate or indeterminate. Finally, if a 
structUre is indeterminate, we wiIlestablish the degree of indeterminacy . 

• 
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(a) 

Figure 3.28: Examples of stable and unstable 
structures: (a) indetemlinate to first degree: (b) sta­
ble and determinate; (c) indetermim.le second 
degree; (d) indeterminate to first degree. 

" 

(c) 

(b) 

C 
roller 
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(d) 

'All the structures in this section will be treated as a single rigid body that 
may ormay not contain devices that release internal restraints. The effect 
onnternal hinges oJ: rollers will be taken into account by considering the 
number of associated condition equations. 

In the majority of cases, to establish if a structure is determinate or 
indeterminate, we simply compare the number of external reactions to the 
equilibrium equations available for the solution-that is, three equations 
'ofstatics plus any couJitiull ~yuations. Next, we check for stability by 
verifyinglhat the reactions are not equivalent to a parallel or a concur­
reni force system. If any doubt still exists, as a final test, we apply a load 
to the structure and carry out an analysis using the equations of static equi­
librium. If a solution is possible~iri.dicatil1gthat the equations of equi­
librium are satisfied-the structure is stable. Alternatively, if an incon­
sistency develops, \ve recognize that the structure is unstable. 

In Figure 3.28a the beam is restrained by four reactions-three at the 
fixed support and one at the roller. Since only three equations of equilib­
rium are available, the structure is indeterminate to the first degree. The 
stru~ture is Qbviously stable since the reactions are not equivalent to either 
a parallel or a concurrent force system. 
. The structure in Figure 3.28b is stable and determinate because the 

number of reactions equals the number of equilibrium equations. Five 
reactions are supplied-two from the pin at A and one from each the three 
rollers. To solve for thereactions, three equations of equilibrium are avail­
,ablefor the entire structure, and the hinges at C and D supply two condi­
tion equations. We can also deduce that the structure is stable by observ­
ing that member ABC-supported by a pin at A and a roller at B-is 

http:indetermim.le
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stable. Therefore, the hinge at C, which is attached to member ABC, is a 
stable point in space and, like a pin support, can apply both Ii horizontal 
and vertical restraint to member CD. The fact that the hinge at C may 
undergo a small displacement due to the elastic deformations of the struc­
ture does not affect its ability to restrain member CD. Since a third 
restraint is supplied to CD by the roller at midspan, we conclude that it is 
a stable element; that is, it is supported by three restraints that are equiv­
alent to neither a parallel nor a concurrent force system. Recognizing that 
the hinge at D is attached to a stable structure, we can see that member 
DE is also supported in a stable manner, that is, two restraints from the 
hinge and one from the roller at E. 

Figure 3.28c shows a rigid frame restrained by a fixed support at A 
and a pin at D. Since three equations of eqUilibrium are available but five 
restraints are applied by the supports, the structure is indeterminate to the 
second degree. 

The structure in Figure 3.28d consists of two cantilever beams joined 
by a roller at B. If the system is treated as a single rigid body, the fixed 
supports at A and C supply a total of six restraints. Since the roller pro­
vides two equations of condition (the moment at B is zero and no hori- . 
zontal force can be transmitted through joint B) and three equations of stat­
ics are available, the structure is indeterminate to the first degree. As a 
second approach. we could establish the degree of indeterminacy by remov­
ing the roller at B, which supplies a single vertical reaction, to produce two 
stable determinate cantilever bearns. Since it was necessary to remove only 
one restraint to produce a determinate base structure (see Fig. 3.26), we 
verify that the structure is indeterminate to the first degree. A third method 
for establishing the degree of indeterminacy would be to separate the 
structure into two free-body diagrams and to count the unknown reactions 
applied by the supports and the internal roller. Each free body would be 
acted upon by three reactions from the fixed supports at A or C as well 
as a single vertical reaction from the roller at B-a total of seven reac­
tions for the two free bodies. Since a total of six equations of equilibrium 
are available-three for each free body-we again conclude that the 
structure is indeterminate to the first degree. 

In Figure 3.29a six external reactions are supplied by the pins atA and 
C and the rollers at D and E. Since three equations of eqUilibrium and 
two condition equations are available, the structure is indeterminate to 
the first degree. Beam BC, supported by a pin at C and a roller at B, is a 
stable determinate component of the structure; therefore, regardless of 
the load applied to Be, the vertical reaction at the roller at B can always 
be computed. The struc~ure is indeterminate because member ADE is 
restrained by four reactions-two from the pin at A and one each from 
the rollers at D and E. 

The frame in Figure 3.29b is restrained by four reactions-three from 
the fixed support A and one from the roller at D. Since three equilibrium 

• 
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system. 

applied to each truss form a concurrent force sys­
tem; (f) stable and indetemunate; (g) unstable, 
reactions on BCDE equivalent to a parallel force 
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Figure. 3.29: (a) Indeterminate first degree; 
(b) unstable-reactions applied to CD form a con­
current force system; (c) stable and determinate; 
(d) unstable R < 3 + C; (e) unstable, reactions 
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equations and one condition equation (Me =0 from the hinge at C) are 
available, it appears that the structure may be stable and aeterminate. 
However, while member ABC is definitely stable because it consists of a 
single L-shaped member connected to a fixed support at A, member CD 
is not supported in a stable manner because the vertical reaction from the 
roller at D passes through the hinge at C. Thus the reactions applied to 
member CD make up a concurrent force system, indicating that the mem­
ber is unstable. For example, if we were to apply a horizontal force to 
member CD and then sum moments about the hinge at C, an inconsistent 
equilibrium equation would result. 

In Figure 3.29c a truss, which may be considered a rigid body, is sup­
ported by a pin atA and a link BC. Since the reactions apply three restraints 
that are equivalent to neither a parallel nor a concurrent force system, the. 
structure is externally stable and determinate. (As we will show in Chap. 
4 when we examine trusses in greater detail, the structure is also inter­
nally determinate.) 

In Figure 3.29d we consider a truss that is composed of two rigid bod­
ies joined by a hinge at B. Considering the structure as a unit, we note 
that the supports at A and C supply three restraints. Howeyer, since four 
equilibrium equations must be satisfied (three for the structure plus a 
condition equation at B), we conclude that the structure is unstable; that 
is, there are more equations of eqUilibrium than reactions.· 

Treating the truss in Figure 3.2ge as a single rigid body containing a 
hinge at B, we find that the pins at A and C supply four reactions. Since 
three equations of equilibrium are available for the entire structure and 
one condition equation is supplied by the hinge at B, the structure appears 
to be stable and determinate. However, if a vertical load P were applied 
to the hinge at B, symmetry requires that vertical reactions of PI2 develop 
at both supports A and C. If we now take out the truss between A and B 
as a free body and sum moments about the hinge at B, we find 

0+ 'LMB=O 

~L=O (inconsistent) 

Thus we find that the eqUilibrium equation 'LMB = 0 is not satisfied, and 
we now conclude that the structure is unstable. 

Since the pins at A and C supply four reactions to the pin-connected 
bars in Figure 3.29f, and three equations of equilibrium and one condition 
equation (at joint B) are available, the structure is stable and determinate. 

In Figure 3.29g a rigid frame is supported by a link (member AB) and 
two rollers. Since all reactions applied to member BCDE act in the ver­
tical direction (they constitute aparaUel force system), member BCDE 
has no capacity to resist horizontal load, and we conclude that the struc­
ture is unstable . 

•
• ....." ...... - • 
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Indeterminate Structures 

Since determinate and indeterminate structures are used extensively, it is 
important that designers be aware of the difference in their behavior in 
order to anticipate problems that might arise during construction or later 
when the structure is in service. 

If a detenninate structure loses a support, immediate failure occurs 
because the structure is no long!:!r stable. An example of the collapse of a 
bridge composed of simply supported beams during the 1964 Nigata earth­
quake is 'shown in Photo 3.3. As the earthquake caused the structure to 
sway, in each span the .ends of the beams that were supported on rollers 
slipped off the piers and fell into the water. Had the ends of girders been 
continuous or connected, the bridge in all probability would have survived 
with minimum damage. In response to the collapse of similar, simply sup­
ported highway bridges in California during earthquakes, design codes 
have been modified to ensure that bridge girders'ate.oonnected at supports. 

On the other hand, in an indeterminate structure alternative paths exist 
for load to be transmitted to supports. Loss of one· or more supports in im 
indeterminate structure can still leave a stable structure as long as the 

• • • 

Photo 3.3: An example of the collapse of a 
bridge composed of simply suppoI1ed beams dur­
ing the 1964 Nigata earthquake is shown here. 
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remaining supports supply three or more restraints properly arranged. 
Although loss of a support in an indeterminate structure can produce in 
certain members a significant increase in stress that can lead to large deflec­
tions or even to a partial failure locally, a carefully detailed structure, 
which behaves in a ductile manner, may have sufficient strength to resist 
complete collapse. Even though a damaged, deformed structure may no 
longer be functional, its occupants will probably escape injury. 

During World War II, when cities were bombed or shelled, a number of 
buildings with highly indeterminate frames remained standing even though 
primary structural members-beams and columns-were heavily damaged 
or destroyed. For example, if support C in Figure 3.30a is lost, the stable, 
determinate cantilever beam shown in Figure 3.30b remains. Alternatively, 
loss of support B leaves the stable simple beam shown in Figure 3.30c. 

Indeterminate structures are also stiffer than determinate structures 
of the same span because of the additional support supplied by the extra 
restraints. For example, if we compare the magnitude of the deflections 
of two beams with identical properties in Figure 3.31, we will find that 
the midspan deflection of the simply supported determinate beam is 5 times 
larger than that of the indeterminate fixed-end beam, Although the verti­
cal reactions at the supports are the same for both beams, in the fixed-end 
beam, negative moments at the end supports resist the vertical displace­
ments produced by the applied load. 

Since indeterminate structures are more heavily restrained than deter­
minate structures, support settlements, creep, temperature change, and fab­
rication errors may increase the difficulty of erection during construction 
or may produce undesirable stresses during the service life of the struc­
ture. For example, if girder AB in Figure 3.32a is fabricated too long or 
increases in length due to a rise in temperature, the bottom end of the 
structure will extend beyond the support at C. In order to erect the frame 
the field crew, using jacks or other loading devices, must deform the 
structure until it can be connected to its supports (see Fig. 3.32b). As a 
result of the erection procedure, the members will be stressed and reac­
tions will develop even when no loads are applied to the structure. 

t 
(a) (b) 

(a) 

Ail) L~ IJLWc 

..... ",.E 

(b) 

(c) 

Figure 3.30: Alternative modes of transmitting 
load to supports. 

w 

wL wL 
T T 

(a) 

w 

Figure 3.31: Comparison of flexibility between 
a deternlinate and indeterminate structure. Deflec­
tion of determinate beam in (a) is 5 times greater 
than indeterminate beam in (b). 

Figure 3.32: Consequences of fabrication error: 
(a) column extends beyond support because girder 
is too long; (b) reactions produced by forcing the 
bottom of the colurrm into the supports . 

• 
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Figure 3.33 shows the forces that develop in a continuous beam when 
the center support RettleR. Since no load actR on th~ hf':i'lm-neglecting 
the beam's own weight-a set of self-balancing reactions is created. If 
this were a reinforced concrete beam, the moment created by the support 
settlement when added to those produced by the service loads could pro­
duce a radical change in the design moments at critical sections. Depend­

(a) 	 ing on how the beam is reinforced, the changes in moment could over­
. stress the beam or produce extensive cracking at certain sections along 
the axis of the beam. 

Summary 

Since most loaded structures are at rest and restrained against Figure 3.33: (a) Support B settles, creating re?:- . 
tions; (b) moment curve produced by support ~et­ displacements by their supports, their behavior is governed by the 
tlement. 	 laws of statics, which for planar structures can be stated as follows: 

'iF.f o· 
'iF.,. 0 

'iMo = 0 

Planar structures whose reactions and internal forces can be 
determined by applying these three equations· of statics are called 
determin.atestructures. Highly restrained structures that cannot be 
analyzed by the three equations of statics are termed indeterminate 
structures. These structures require additional equations based on 
the geometry of the deflected shape. If the equations of statics 
cannot be satisfied for a structure or any part of a structure, the 
structure is considered unstable. 
Designers use a variety of symbols to represent actual supports as 
summarized in Table 3.1. These symbols represent the primary action 
of a particular support; but to simplify analysis, neglect small 
secondary effects. For example, a pin support is assumed to apply 
restraint against displacement in any direction but to provide no 

. rotational restraint when, in fact, it may supply a small degree of 
rotational restraint because of friction in the joint. . 

• 	 Because indeterminate structures have more supports or members 
than the minimum required to produce a stable determinate structure, 
they are therefore generally stiffer than determinate structures and 
less likely to collapse if a single support or member fails. 
Analysis by computer is equally simple for both determinate and 
indeterminate structures. However, if a computer analysis produces 
illogical results, designers should consider the strong possibility 
they are analyzing an unstable structure. 

• 
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P3.1 to P3.6. Determine the reactions of each structure 
in Figures P3.1 to P3.6. 

10 kips 

J 
10' 

P3.1 

w= 2 kips/ft 

B 

r 
5' 


2 kips 
~ 
5' 

L 5 kips 

10' .1. 2'~ 

P3.2 

9 kips/ft P = 15 kips 

B C 
lSkN 

E 

A~~~D ~-I20 kt"{ 8' 8' 4'-1-4' 

I-- 3 m -I-:- 3 m-I 
P3.6 

P3.3 

1-3' .1. 12'-- ­

P3,4 

IV = 4 kips/ft 

15 kips 

A 

12' 12' 

P3.S 

~J 

• 
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P3.7. The SUppOlt atA prevents rotation and horizontal 
displacement, but pennits vertical displacement. The 
shear plate at B is assumed to act as a hinge. Determine 
the moment at A and the reactions at C and D. 

B 

I..-3 m-4-3 m~ 4 m --1+-­

4kN 2kN/m 

P3.7 

P3.8 to P3.10. Determine the reactions for each struc­
ture. All dimensions are measured from the centerlines 
of members. 

36kN 

3 m -..;..-.- 3 m~-I+- 3 In -ot--- 3 m--l 

P3.B 

9 kips/ft. 

• 


r 20 kips 

20' 

t
20' 

L 

P3.10 

P3.11. Determine all reactions. The pin joint at C can 
be treated as a hinge. 

B 
,(lfJ'~- 36 kN 

E 

P3.11 

I- 4,-4--- 6' -..,...!.- 6' 

P3.9 

• 
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P3.12. Determine all reactions. The pin joint at D acts 
as a hinge. 

12kN 

2m 

~ 18 kN 

1------ 4 @ 3 m 12 m ----..., 

P3.12 

P3.13. Determine the reactions at all supports and the 
force transmitted through the hinge at C. 

30kN·m 

4 m -.l.- 4 m -+4-0--- 8m 

P3.13 

P3.14. Determine the reactions at supports A and D. 
Joints B and C are rigid. 

1 

i 
3m 

3m 

j 

---,*,~- 4 m--l 

P3.14 

Problems 11 5 

P3.1S. Determine all reactions. Joint C can be assumed 
to act as a hinge. 

6 kips 6 kips 6 kips 6 kips 

P3.1S 

P3.16. Determine all reactions. The uniform load on all 
girders extends to the centerlines of the columns. 

15 kN 

i 
3m 

30kN 

4m 

30kN 1
6m 

J 
(not to scale) 

P3.16 
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P3.17 and P3.1S. Detemtine all reactions. 

40kN 

3 --1--5 

P3.17 

6 kips/ft 

! I I I 

1+------,-- 150' ----foo.----150' -~--+! 

P3.18 

P3.19. The roof truss is bolted to a reinforced masonry 
pier at A and connected to an elastomeric pad at C. The 
pad, which can apply vertical restraint in either direction 
but no horizontal restraint, can be treated as a roller. The . 
support at A can be treated as a pin. Compute the reac­
tions atsiipportsA and C produced by the wind load. 

_wind 

• 


I.- 30' ~ 15'-!... IS' J.- 30' 

P3.19 

• 


P3.20. The clip angle conneCting the beam's web at A 
lo the column may be assumed equivalent to a pin sup­
port. Assume member BD acts as an axially loaded pin­
end compression strut. Compute the reactions at points 
A andD. 

3 kips/ft 

~.--- 8' ---- 4' 

P'3.20 

P3.21. Compute the reactions at supports A and G, and 
the force applied by the hinge to member AD. 

40kN 

12m 
14m 

12m 

J I 
I 

-L 

6m 10m 

P3.21 

• 
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P3.22. Compute all reactions. 

E 

P3.22 

P3.23. The baseplates at the bottoms of the columns 
are connected to the foundations at points A and D by 
bolts and may be assumed to act as pin supports. Joint 
B is rigid. At C where the bottom flange of the girder is 
bolted to a cap plate welded to the end of the column, 
the joint can be assumed to act as a hinge (it has no sig· 
nificant capacity to transmit moment). Compute the 
reactions at A and D. 

Problems 117 

P3.24. Draw free·body diagrams of column AB and 
beam BC and joint B by passing cutting planes through 
the rigid frame an infinitesimal distance above support 
A and to the right and immediately below joint B. Eval. 
uate the internal forces on each free body. 

8 kips. 

6" 

4' 

6 kips 

12" 

!-<---- 6' :-----1 

P3.24 

P3.2S. The frame in Figure P3.25 is composed of mem­
bers connected by frictionless pins. Draw free-body dia­
grams of each member and determine the forces 
applied by the pins to the members. 

c 
r 

8 kips 

1 
2m 

l'i,',. '~.28' r B 

20kN 
4mj 


.". 

I·~~ .L • A 

i-2m 4m--..l 
P3.23 

P3.25 

D 

62' .!. 16,--1 



11 8 Chapter 3 Statics of Structures-Reactions 

P3.26. The truss in Figure P3.26 is composed of pin­
jointed members that carry only axial load. Determine 
the forces in members, a, b, and c by passing vertical 
section 1-1 through the center of the truss. 

10' --1+----12'---+1+---10' ­

P3.26 

P3.27. (a) in Figure P3.27 trusses 1 and 2 are stable 
clements that can be trealt:u as rigid bodies. Compute 
all reactions. (b) Draw free-body diagrams of each truss 
and evaluate the forces applied to the trusses at joints C, 
B, andD. 

t I 
15' I 

f­
40' 

I 

15' 

t 

• • 

P3.27 

P3.2S and P3.29. Classify the structures in Figures 
P3.28 and P3.29. Indicate if stable or unstable. If unsta­
ble, indicate the reason. If the structure is stable, indicate 
if determinate or indeterminate. If indeterminate, spec­
ify the degree. 

P3.30. Practical application: A one-lane bridge consists 
of a 10-in-thick, 16-ft-wide reinforced concrete slab sup­
ported on two steel girders spaced 10ft apart. The gird­
ers are 62 ft long and weigh 400 lb/ft. The bridge is to be 
designed for a uniform live load of 700 lb/ft acting over 
the entire length of the bridge. Determine the maximum 
reaction applied to an end support due to dead, live, and 
impact loads. The live load may be assumed to actalong 
the centerline of the deck slab and divide equally 
between the two girders. Each concrete curb weighs 240 
Ib/ft and each rail 120 Ib/ft. Stone concrete has a unit 
weight of 150 Ib/ft3• Assume an impact factor of 0.29. 

60' 

~ 31'>+.1----- 10' ~-.J+-
Section A-A 

P3.30 

• 
 • ..... ...... ­~ 
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hinge 

""':"'i;):~~'';::-:=..==--"="1 
A; A 

(a) (b) 

(c) 

(d) (e) (f) 

P3.28 

hinge hinge 

(c) 

(a) (b) 

(d) 
(/) 

(e) 

P3.29 
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Outerbridge Crossing, a continuous truss bridge that links Staten Island with New Jersey. The 135-ft clear­
ance.at midspan of the 7S0-ft center span permits large merchant ships to pass under the bridge. Replaced 
by newer, stronger materials and structural systems, truss bridges have diminished in popularity in recent 
years; ! 
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.4A Introduction
"J ' "'.-;, , /,"<:';'\1 

A truss is a structural element composed of a stable arrangement of slen­
der interconnected bars (see Fig. 4.la). The pattern of bars, which often 
subdivides the truss into triangular areas, is selected to produce an efficient, 
lightweight, load-bearing member. Although joints, typically formed by 
welding or bolting truss bars to gusset plates, are rigid (see Fig: 4.lb), the 
designer normally assumes that members are connected at joints by fric­
tionless pins,as shown in Figure 4.1c. (Example 4.9 clarities the effect 
of this assumption.) Since no moment can be transferred through a fric­
tionless pin joint, truss members are assume.d to carry only axial force-

upper chord 
members 

gusset 
plate 

diagonals 

(a) 

lower chord 
members 

(c) 

• 

Figure 4.1: (a) Details ofa truss; (b) welded joint; 
(c) idealized joint, members connected by a fric­
tionless pin. 

• 


J 
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+M 

(a) 

+M 

-M 

(b) 

Figure 4.2: (a) and (b) depth of truss varied to 
conforril to ordinates of moment <;urve. 

either tension or compression. Because truss members act in direct stress, 
they carry load efficiently and often have relatively small cross sections. 

As shown in Figure 4.1a, the upper and lower members, which are 

either horizontal ,or sloping, are called the top and bottom chords. The 

chords are connected by vertical and diagonal members. 


The structural action of many trusses is. similar to that of a .beam. As 

a matter of fact, a truss can often be viewed as a beam in which excess 

material has been removed to reduce weight. The chords of a truss cor­

respond to the flanges of a beam. The forces that develop in these mem­

bers make up the internal couple that carries the moment produced by the 

applied loads. The primary function of the vertical and diagonal mem­

bers is to transfer vertical force (shear) to the supports at the ends of the 

truss. Generally, on a per pound basis it costs more to fabricate a truss 

than to roll a steel beam; however, the truss will require less material 


. because the material is used more efficiently. In a long-span structure, say 
200 ft or more; the weight of the structure can represent the major portion 
(on the order of 75 to 85 percent) of the design load to be carried by the 
structure. By using a truss instead of a beam, the engineer can often design 

. a lilIhter, stiffer. structure at a. reduced cost. . . " ." 
Even When spans are short, shallow trusses called bar joistsareoftei'l 

used as, substitutes for beams when loads are relatively light.· For short 
spans these members are often easier to erect than beams of comparable 
capacitybecause oftheir lighter weight. Moreover" the openings betwee:\1 . 
the web members provide large areas of unobstructed space between the 
floor above and the ceiling below the joist through which the mechanical 
engineer can run heating and air-conditioning ducts, water and waste pipes, 
electrical conduit, and other essential utilities. 

In addition to varying the area of truss members, the designer can vary 
the truss depth to reduce its weight. In regions where the bending moment 
is large-at the center of a simply supported structure or at the supports 
in a continuous structure-the truss can be deepened (see Fig. 4.2). 

The diagonals of a truss typically slope upward at an angle that ranges 
from 45 to 600 Ina long-span truss the distance between panel points • 

should not exceed 15 to 20 ft (5 to 7 m) to limit the unsupported length of 
the cOmpression chords, which must be designed as columns. As the slen­
derness of a compression chord increases, it becomes more susceptible to 
buckling. The slenderness of tension members must be limited also to 
reduce vibrations produced by wind and live load. 

If a truss carries equal or nearly equal loads at all panel points, the 
direction in which the diagonals slope will determine if they carry tension 
or compression forces. Figure 4.3, for example, shows the difference in 
forces set up in the diagonals of two trusses that are identical in aU 
respects (same span, same loads, and so forth) except for the direction in 
which the diagonals slope (Trepresents tension and C indicates com­
pression). 

• 
 • 




Although trusses are very stiff in their own plane, they are very flex~ 
ible out of plane and must be braced or stiffened for stability. Since 
trusses are often used in pairs or spaced side by side, it is usually possi­
ble to connect several trusses together to fonn a rigid-box type of struc­
ture. For example, Figure 4.4 shows a bridge constructed from two trusses. 
In the horizontal planes of the top and bottom chords, the designer adds 
transverse members, running between panel points, and diagonal bracing 
to stiffen the structure. The upper and lower chord bracing together with 

• • • 

(a) 

diagonal bracing 
typical all panelstruss 

\ 

truss 

floor 
beams 

(b) 

'Section 4.1 Introduction 123 

Figure 4.3: Trepresents tension and C compres­
sion. 

Figure 4.4: Truss with floor beams and second­
ary bracing: (a) perspective showing truss inter­
connected by transverse beams and diagonal brac­
ing; diagonal bracing in bottom plane, omitted for 
clarity, is shown in (b). (b) bottom view showing 
floor beams and diagonal bracing. Lighter beams 
and bracing are also required in the top plane to 
stiffen trusses laterally . 

• 
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Photo. 4.1: Massive roof trusses with bolted 
joints and gusset plates. 

Photo. 4.2: Reconstructed Tacoma Narrows bridge showing trusses used to stiffen the 
road\yay floor system. See original bridge on p. 45.. 

the transverse members forms a truss in the hQrizQntal plane to. transmit 
lateral wind IQad into. the end SUPPQrts. Engineers also. add diagQnal.knee 
bracing in the vertical plane at the ends of the structure to. ensure that the 
trusses remain perpendicular to. the tQP and bottom planes of the structure. 

_The members ofmQst mQdern trusses are arranged in triangular patterns 
(a) because even When the joints are pinned, the triangular form is geometri­

cally stable and will not cQllapse under load (see Fig. 4.Sa). On the Qther 
hand, a- phi-cQnnected rectangular element, which acts like an unstable 
linkage (see Fig. 4.5b), will cQllapse under the smallest lateral load. 

. One method to. establish a stable truss is to. construct a basic triangu­
lar unit (see the shaded triangular element ABC in Fig. 4.6) and then 
establish additional jQints by extending bars from the joints of the first 

(b) 	 triangularelement. FDr example, we can fQrm jQint D by extending bars 
frQmjDints Band C. Sinrilarly, we canimagine thatjQint E is formed by

Figure 4.5: Pin-jointed frames: (a) stable; extending bars frDm jDints C and D. Trusses formed in this manner are 
(b) unstable. 

called simple trusses . 

• 
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If two or more simple trusses are connected by a pin or a pin and a 
tie, the resulting truss is termed a compound truss (see Fig. 4.7). Finally, 
if a truss-usually one with an unusual shape-is neither a simple nor a 
compound truss, it is termed a complex truss (see Fig. 4.8). In current 
practice, where computers are used to analyze, these classifications are 
not of great significance . 

.....\ ••i~.;••;;;;';.,................................................................................................................................... Figure 4.6: Simple truss. , 


,,\,4~~L:~~ Analysis of trusses 

A truss is completely analyzed when the magnitude and sense (tension 
or compression) of all bar forces and reactions are detennined. To com­
pute the reactions of a determinate truss, we treat the entire structure as 
a rigid body and, as discussed in Section 3.6, apply the equations of static 
equilibrium together with any condition equations that may exist. The 
analysis used to evaluate the bar forces is based on the following three 
assumptions: 

1. 	 Bars are straight and carry only axial load (i.e., bar forces are 
directed along the longitudinal axis of truss memhers). This 
assumption also implies that we have neglected the deadweight of 
the bar. If the weight of the bar is significant, we can approximate 
its effect by applying one-half of the bar weight as a concentrated 
load to' the joints at each end of the bar. 

2. 	 Members are connected to joints by frictionless pins. That is, no 
moments can be transferred between the end of a bar and the joint 
to which it connects. (If joints are rigid and members stiff, the 
structure should be analyzed as a rigid frame.) 

3. 	 Loads are applied only at joints. 

As a sign convention (after the sense of a bar force is established) we 
label a tensile force positive and a compression force negative. Alterna­
tively, we can denote the sense of a force by adding after its numerical 
value a T to indicate a tension force or a C to indicate a compression force. 

If a bar is in tension, the axial forces at the ends of the bar act out­
ward (see Fig. 4.9a) and tend to elongate the bar. The equal and opposite 
forces on the ends of the bar represent the action of the joints on the bar. 
Since the bar applies equal and opposite forces to the joints, a tension bar 
will apply a force that acts outward from the center of the joint. 

If a bar is in compression, the axial forces at the ends of the bar act 
inward and compress the bar (see Fig. 4.9b). Correspondingly, a bar in 
compression pushes against a joint (Le., applies a force directed inward 
toward the center of the joint). . 

Bar forces may be analyzed· by considering the eqUilibrium of a 
(b)

joint-the method ofjoints-or by considering the eqUilibrium of a sec­

tion of a truss-the method ofsections. In the later method, the section Figure 4.8: Complex trusses . 


B 

Figure 4.7: Compound truss is made up of sim­
ple trusses. 

(a) 

• 
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joint A joint B 

L~Mi!"'''~l?''')'; '/ '.' /""';" ;,~.-1 
T T T T 

(a) 

joint B 

_2::E2E~~::;j:),gf®+--1 
C C 

(b) 

Figure 4.9: Free-body diagrams of axially loaded 
bars and adjacent joints: (a) bar AB in tension; 
(b) bar AB in compression. 

P = 30 kips 

c 

(a) 

P = 30 kips 

~ 
FBC_>~.'.".) 
x

:::1f
YAB 

,, B 

AB 

(b) 

Figure 4.10: (a) Truss (dashed lines show loca­
tion of circular cutting plane used to isolate joint 
B); (b) free body of joint B. 

is produced by passing an imaginary cutting plane through the truss. The 
method of joints is discussed in Section4.4; the method of sections is 
treated in Section 4.6. 
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To deter.mine bar forces by the method of joints, we analyze free-body 
diagr.ams ofjoints. The free-body diagram is established by imagining 
that we cut the bars by an imaginary section just before the joint. For exam­
ple, in Figure 4. lOa to determine the bar forces in members AB and Be, 
we use the free body of joint B shown in Figure 4.lOb. Since the bars 
carry axial force, the line of action of each bar force is directed along the 
longitudinal axis of the bar. 

Because all forces acting at a joint pass through the pin, they consti­
tute a concurrent force system. For this type of force system, only two 
equations of statics' (that is, z;'Px = 0 and z;'Py = 0) are available to eval­
uate unknown bar forces. Since only two equations of equilibrium 'are 
available, we can only analyze joints that contain a maximum of two 
unknown bar forces. 

The analyst can follow several procedures in the method of joints. 
For the student who has not analyzed many trusses, it may be best ini- . 
tially to write the- equilibrium equations in tenns of the components of 
the bar forces. On the other hand, as one gains experience and becomes 
familiar with the method, it is possible, without fonnally writing out the 
equilibrium equations, to determine bar forces at a joint that contains 
only one sloping bar by observing the magnitude and direction of the 
components of the bar forces required to produce eqUilibrium in a par­
ticular direction. The latter method pennits a more rapid analysis of a 
truss. We discuss both procedures in this section. 

To determine bar forces by writing out the equilibrium equations, we 
must assume a direction for each unknown bar force (known bar forces 
must be shown in their correct sense). The analyst is free to assume 
either tension or compression for any unknown bar force (many engi­
neers like to assume that all bars are in tension, that is, they show all 
unknown bar.forces acting outward from the center of tl:ie joint). Next, 
the forces are resolved into their X and Y (rectangular) components. As 
shown in Figure 4. lOb, the force or the components of a force in a par­
ticular bar are subscripted with the letters used to label the joints at each 
end of the bar. To complete the solution, we write and solve the two 
equations of eqUilibrium. 

If only one unknown force acts in a particular direction, the compu­
tations are most expeditiously carried out by summing forces in that 
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direction. After a component is computed, the other component can be 
established by setting up a proportion between the components of the 
force and the slope of the bar (the slope of the bar and the bar force are 
obviously identical). 

If the solution of an equilibrium equation produces a positive value 
of force, the direction initially assumed for the force was correct. On the 
other hand, if the value of force is negative, its magnitude is correct, but 
the direction initially assumed is incorrect, and the direction of the force 
must be reversed on the sketch of the free-body diagram. After the bar 
forces are established at a joint, the engineer proceeds to adjacent joints 
and repeats the preceding computation until all bar forces are evaluated. 
This procedure is illustrated in Example 4.1. 

Determination of Bar Forces by Inspection 

Trusses can often be analyzed rapidly by inspection of the bar forces and 
loads acting on a joint that contains one sloping bar in which the force is 
unknown. In many cases the direction of certain bar forces will be obvi­
ous after the resultant of the known force or forces is established. For 
example, since the applied load of 30 kips at joint B in Figure 4.lOb is 
directed downward, the y-component, YAB of the force in member AB­
the only bar with a vertical component-must be equal to 30 kips and 
directed upward to satisfy equilibrium in the vertical direction. If YAB is 
directed upward, force FAB must act upward and to the right, and its hori­
zontal component XAB must be directed to the right. Since XAB is directed 
to the right, eqUilibrium in the horizontal direction requires that FBC act to 
the left. The value of XAB is easily computed from similar triangles because 
the slopes of the bars and the bar forces are identical (see Sec. 3.2). 

4 3 
and 

4 4 
XAB = "3YAB "3(30) 

XAB = 40 kips ADS. 

To determine the force FBO we mentally sum forces in the x direction. 

-++ '2:,Fx = 0 

0= -FBe + 40 

FBc = 40 kips ADS. 
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EXAMPLE 4.1 


!--lll .l 5' 

2~ kips 24 kips 

(a) 

Figure 4.11: w) Truss; (b) joint A; (c) joint B; 
Cd) joint D; (e, summary of bar forces (units in 
kips). 

Analyze the. truss in Figure 4.11a by the method of joints. Reactions ate 
given. 

Solution 
The slopes of the various members are computed and shown on the 
sketch. For example, the top chord ABC, which rises 12 ft in 16 ft, is on 
a'slope of 3 : 4. 

To begin the analysis, we must start at a joint with a maximum of two 
bars. Either joint A or C is acceptable. Since the computations are sim­
plest at a joint with one sloping member, we start at A. On a free body of 
jointA (see Fig. 4.11b), we arbitrarily assume that bar forces FAB and FAD 

are tensile forces and show them acting outward on the joint. We next 
replace FAB by its rectangular components XAB and YAB- Writing the equi­
librium equation in the y-direction, we compute YAB­

+ 
i "i.Fy = 0 .. 

0= -24 +YAB and YAB =' 24 kips Ans. 

• 


FBe22 kips 

Y..\~.. 1-;'/ 
~. 

/' 

.. 

X~.V8D 
40 kips SD \'10. 

(c) 

• 


(b) 

24 kips 

(d) (e) 
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Since YAS is positive, it is a tensile force, and the assumed direction on 
the sketch is correct. Compute XAB and FAS by proportion, considering the 
slope of the bar. ­

XAB FAS 
-=­

4 5 
and 

4 4 
XAB = 3YAB = 3(24) 32 kips 

FAB = ~YAB ~(24) 40 kips Ans. 

Compute FAD' 

-H '.EFt = 0 

o :::::: -22 + XAB + FAD 

FAD = -32 + 22 = -10 kips Ans. 

Since the minus sign indicates that the direction of force FAD was assumed 
incorrectly, the force in member AD is compression, not tension . 

. We next isolate joint B and show all forces acting on the joint (see 
Fig. 4.1lc). Since we determined FAB = 40 kips tension from the analy­
sis of joint A, it is shown on the sketch acting outward from joint B. 
Superimposing an x-y coordinate system on the joint and resolving FSD 

into rectangular components, we evaluate YSD by summing forces in the 
y direction. 

+ 
t '.EF'., = 0 

YBD 0 

Since YBD = 0, it follows that FBD = O. From the discussion to be pre­
sented in Section 4.5 on zero bars, this result could have been anticipated. 

Compute FBC' 

-H '.EF,:::::: 0 

0= FBe 40 

= 40 kips tension Ans.FBc 

Analyze joint D with FBD :::::: 0 and F DC shown as a compressive force (see 
Fig.4.lld). 

-H '.EFt = 0 0 = 10 - XDC and XDC = lOkips 

+ 
t 'i.Fy = 0 0 = 24 - YDe and YDC = 24 kips [continues on next page] 

l~ 
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Example 4.1 continues ... As a check of the results, we observe that the components of F DC are 
proportional to the slope of the bar. Since all bar forces are known at this 
point, we can also verify that joint C is in equilibrium, as an alternative 
check. The results of the analysis are summarized in Figure 4.11eon a 
sketch of the truss. A tension force is indicated with a plus sign, a com­
pressive force with a minus sign. 

(a) 

v 

,,--,,=X ~F2 
~............. X3 


F1--- .. ~F3 
Y, 

(b) 

Figure 4.12: Conditions that produce zero 
forces in bars: (a) two bars and no external loads, 
F] and F2 equal zero; (b) two collinear bars and no 
external loads, force in third bar (F3) is zero. 

':~~5.'J Zero Bars 

Trusses, such as those used in highway bridges, typically support mov­
ing loads: As the load moves from one point to another, forces in truss 
members vary. For one or more positions of the load, certain bars may 
remain unstressed. The unstressed bars are termed zero bars. The designer 
can often speed the analysis of a truss by identifying bars in which the 
forces are zero. In this section we discuss two cases in which bar forces 
are zero .. 

Case 1. 	 If No External Load Is Applied to a JointThat 
Consists of Two Bars, the Force in Both Bars Must· 
Be Zero . 

To demonstrate the validity of this statement, we will first assume that 
forces Fl and F2 exist in both bars of the two-bar joint in Figure 4.12a, 
and then we demonstrate that the joint cannot be in eqUilibrium unless 
both forces equal zero. We begin by superimposing on the joint a reC­
tangular coordinate system with an x axis oriented in the direction of 
force Fl , and we resolve force F2 into components X2 and Y2 that are par­
allel to the x and y axes of the 'coordinate system, respectively. If we sum 
forces in the y direction, it is evident that the joint cannot be in equilib­
rium unless Y2 equals zero because no other force is available to, balance 
Y2• IfY2 equals zero, then F2 is zero, and eqUilibrium requires that Fi also 
equal zero .. 

A second case in which a bar force must equal zero occurs when a 
joint is composed ofthreebars~two of which are collinear; 

Case 2. 	 If No External Load Acts at a Joint Composed of 
Three Bars---,Two of Which Are Collinear-the 
Force in the Bar That Is Not Collinear Is Zero 

To demonstrate this conclUsion, we again superimpose a rectangular 
coordinate system on the joint with the x axis oriented along the axis of 
the two collinear bars. If we sum forces in the y direction, the equilib­
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rium equation can be satisfied only if F3 equals zero because there is no 
other force to balance its y-component Y3 (see Fig. 4.12h). . 

Although a bar may have zero force under a certain loading condi~ i 

tion, under other loadings the bar may carry stress. Thus the fact that the i 
I ­


force in a bar is zero does not indicate that the bar is not essential and 

may be eliminated. 


EXAMPLE 4.2Based on the earlier discussion in Section 4.5, label all the bars in the 
truss of Figure 4.13 that are unstressed when the 60-kip load acts. 

DoE 
Solution 
Although the two cases discussed in this section apply to many of the 
bars, we will examine only joints A, E, I, and H. The verification of the 
remaining zero bars is left to the student. Since joints A and E are com­
posed of only two bars and no external load acts on thejoints, the forces A 

in the bars are zero (see Case 1). 
Because no horizontal loads act on the truss, the horizontal reaction at 

I is zero. At joint I the force in bar lJ and the ISO-kip reaction are . 
collinear; therefore, the force in bar IH must equal zero because no other 
horizontal force acts at the joint. A similar condition exists at joint H. 
Since the force in bar IH is zero, the horizontal component of bar HJ must 
be zero. If a component of a force is zero, the force must also be zero. 

Figure 4.13 

.............'HU.U......................U ........................H •• H .....................H ••••••• >au ........... ~.................. H ............ 


·4~6iii~ Method of Sections 

To analyze a stable truss by the method of sections, we imagine that the 
truss is divided into two free bodies by passing an imaginary cutting plane 
through the structure. The cutting plane must, of course, pass through the 
bar whose force is to be detennined. At each point where a bar is cut, the 
internal force in the bar is applied to the face of the cut as an external 
load. Although there is no restriction on the number of bars that can be 
cut, we often use sections that cut three bars since three equations of 
static equilibrium are available to analyze a free body. For example, if we 
wish to determine the bar forces in the chords and diagonal of an interior 
panel of the truss in Figure 4. 14i:l, we can pass a vertical section through 
the truss, producing the free-body diagram shown in Figure 4.14h. As we 

60 kips 

t 
180 kips 120 kips 
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Figure 4.14 
H G F HcP 

30 kips "'~E==~==t: 

40 kips 40 kips 40 kips 
50 kips 70 kips 

t---~-- 4 @ IS' =60' ---->I 

20' 

L 

t 40 kips 

50 kips 

15,-1 

(a) (b) 

saw in the method of joints, the engineer is free to assume the direction 
of the bar force. If a force is assumed in the con-ect direction, solution of 
the equilibrium equation will produce a positive value of force. Alterna­
tively, a negative value of force indicates that the direction of the force 
was assumed incon-ectly. 

If the force in a diagonal bar of a truss with parallel chords is to be com~' 
puted, we cut a free body by passing a vertical section through the diag­
onal bar to beatlalyzed. An eqUilibrium equation based on summing forces 
in the y-direction will permit us to determine the vertical component of 
force in the diagonal bar. 

If three bars are cut, the force in a particular bar can be determined by 
extending the forces in the other two bars along their line of action until 
they intersect. By summing inoments about the axis through the point of 
intersection, we can write an equation involving the thirdf()l'ce or one of 
its components. Example 4.3 illustrates the analysis of typical bars in a 
truss with parallel chords. Example 4.4, which covers the analysis of a 
detelminate truss with four restraints, illustrates a general approach to 
the analysis of a complicated truss using both the method of sections and 
the method of joints. 

EXAMPLE 4.3 
 Using the method of sections, compute the forces or components of force 
. in bars He, HG, and Be of the truss in figure 4.14a. 

'Solution 
Pass section 1-1 through the truss cutting the free body shown in Figure 
4.14b. The direction of the .axial force in each member is arbitrarily 
assumed. To simplify the computations, force FHe is resolved into verti­
cal and horizontal components . 

• .•...".- • 
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Compute f HC (see Fig. 4.14b). 

+ 
t !.Fy = 0 

o= 50 - 40 ­ YHC 

YHC = 10 kips tension Ans. 

From the slope relationship, 

XHC f HC 

3 4 

3 
X HC = 4"fHC = 7.5 kips Ans. 

Compute Foc. Sum moments about an axis through H at the inter­
section of forces FHG and FHC' 

0+ !.MH = 0 

o= 30(20) + 50(15) - Foc(20) 

FBC = 67.5 kips tension Ans. 

Compute FHG' 

-H !.Fx = 0 

o= 30 FHO + X HC + FBC - 30 

FHG = 75 kips compression Ans. 

Since the solution of the equilibrium equations above produced pos­
itive values of force, the directions of the forces shown in Figure 4.14b are 
correct. 

EXAMPLE 4.4Analyze the determinate truss in Figure 4.1Sa to determine all bar forces 
and reactions. 

Solution 
Since the supports at A, C, and D supply four restraints to the truss· in 
Figure 4.1Sa, and only three equations ofequilibrium are available, we can­
not determine the value of all the reactions by applying the three equa­
tions of static equilibrium to a free body of the entire structure. However, 
recognizing that only one horizontal restraint exists at support A, we can 
determine its value by summing forces in the x-direction. [continues on next page] 

• 
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Example 4.4 continues . .. 

F F 

1 
"....-.FFE60 kip; -~F==::3l!'EJ r60kips 

15' 
20' 

15' 

J 
60 kips d" 

I 


t t t--15'
Dy 
Ay 

(b) 
....----- 3 @ IS' 45' ----I 

(a) 

60 kips 
" ,..... 

(c) 

Figure 4.15 
-H '2..F., = 0 

-Ax + 60 = 0 

Ax = 60 kips Ans. 

Since the remaining reactions cannot be determined by the equations of 
statics, we must consider using the method either of joints or of sections. 
At this stage the method of joints cannot be applied because three or 
more unknown forces act at each joiI1t. Therefore. we will pass a vertical 
section through the center panel of the truss to produce the free body 
shown in Figure 4.1Sb. We must use the free body to the left of the sec­
tion because the free body to the right of the section cannot be analyzed 
since the reactions at C and D and the bar forces in members BC and FE 
are unknown. 

ComputeAy (see Fig. 4.1Sb). 

+ 
i '2..F.y == 0 

Ay = 0 Ans. 

80 kips 80 kips 

(d) 
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• '. 


Compute FBC' Sum moments about an axis through joint F., 

a+ l:MF=O 

60(20) FBc(15) = 0 

80 kips (tension) Ans.FBC 

Compute FFE' 

-++ l:Fx = 0 

+60 - 60 + FBC - FFE 0 

= 80 kips (compression) Ans.FBC 

Now that several internal bar forces are known, we can complete the 
analysis using the method of joints. Isolate joint E (Fig. 4.15c). 

-7+ l:F = 0x 

80 - XED = 0 

XED = 80 kips (compression) Ans. 

Since the slope of bar ED is 1:1, YED = XED = 80 kips. 

+ 
t l:Fy = 0 

FEC - YED = 0 

FEe 80 kips (tension) Ans. 

The balance of the bar forces and the reactions at C and D can be deter­
mined by the method of joints. Final results are shown on a sketch of the 
truss in Figure 4.15d. 

EXAMPLE 4.5Determine the forces in bars HG and HC of the truss in Figure 4.16a by 
the method of sections. 

Solution 
First compute the force in bar HC. Pass vertical section 1-1 through the 
truss, and consider the free body to the left of the section (see Fig. 4~16b). 
The bar forces are applied as external loads to the ends of the bars at the 
cut. Since three equations of statics are available, all bar forces can be 
determined by the equations of statics. Let F2 represent the force in bar 
He. To simplify the computations, we select a moment center (point a that [continues on next page] 
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Example 4.5 continues . .. 

Figure 4.16: (a) Details of truss; (b) free body to 
compute force in bar He; (c) free body to com­
pute force in bar HG. 

lies at the intersection of the lines of action of forces FI and F3). Force 
Fz is next extended along its line of action to point C and replaced by its 
rectangular components Xz and Yz. The distance x between a and the left 
support is established by proportion using similar triangles, that is, aHB 
and the slope (1 :4) of force Fl' 

! 6' 

18' 

30 kips 60 kips 30 kips 

RA = 60 kips RE =60kips 

4@24' 

(a) 

F j 

~ 

~F2 - CI,X2
F3 

F2Y2 
60 kips 30 kips 

,I,I+-----x----~+O-- 24' 24'--..1 

(b) 

Yj F j 

60 kips 30 kips 

~24' 24' 

(c) 

• 


........-~~~~Xl 


24' .. 
I 

~F2 I, .,
C- J0 

F3 

• 
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1 4 

18 X + 24 

X = 48 ft 

Sum moments of the forces about point a and solve for Y2• 

C+ 'i.Ma = 0 

o = -60(48) + 30(72) + Y2 (96) 

Y2 = 7.5 kips tension ADS. 

Based on the slope of bar HC, establish X2 by proportion. 

Y2 X2 

3 4 

X2 = 1Y2 = 10 kips ADS. 

Now compute the force FI in bar HG. Select a moment center at the 
intersection of the lines of action of forces F2 and F3, that is, at point C 
(see Fig. 4.16c). Extend force FI>to point G and break into rectangular 
components. Sum moments about point C. 

C+ 'i.Mc = 0 

0= 60(48) - 30(24) - X I (24) 

X I = 90 kips compression ADS. 

Establish YI by proportion: 

Xl .
YI = 4 = 22.5 kips ADS. 

• 

EXAMPLE 4.6Using the method of sections, compute the forces in bars BC and IC of 
the K truss in Figure 4.17 a. 

Solution 
Since any vertical section passing through the panel of a K truss cuts 
four bars, it is not possible to compute bar forces by the method of sec­
tions because the number of unknowns exceeds the number of equations 
of statics. Since no moment center exists through which three of the bar [continues on next page] 

• ..··u::.......... __ 
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Example 4.6 continues . .. 

24 kips 48 kips 48 kips 24 kips 48 kips 

A B 

15' 

t­
15' 

L 

-FBe 

1 
I .30' 

H J 
20' .1. 20' .1. 

(a) 

24 kips 48 kips 

20' .1. 20'--:-J 

(e) 

Figure 4.17: (a) K truss; (b) free body to the left 
of section 1-1 used to evaluate FBe; (e) free body 
used to compute FJ6 (d) bar forces. 

....... - • • .•.."' ....... ­

20'--:-J20,--1 

(b) 

1 

J 
30' 

_144 kips 

24kips . 48 kips 48 kips 120 kips 

(d) 

forces pass, not even a partial solution is possible using a standard verti­
cal section. As we illustrate in this example, it is possible to analyze a K 
truss by using tW9. sectiqns in sequence, the first of which is a special 
section curving around an interior joint. 

To compute tq.e force in b.ar BC, we pass section 1-1 through the truss 
in Figure 4.17 a. The free body to the left of the section is shown in Fig­
ure 4.17 h. Summing moments about the bottom joint G give!> 

C+ 'ZMa = 0 

30FBC 24(20) = 0 

FBe = 16 kips tension Ans. 

. To . compute F]e, we pass section 2-2 through the panel and consider 
again the free body to the left (see Fig. 4.17c). Since the force in bar BC 
has been evaluated, the three unknown bar forces can be determined by 
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the equations of statics. Use a moment center at F. Extend the force in 
bar JC to point C and break into rectangular components. 

0+ "2.MF = 0 

0= 16(30) + XJd30) - 20(48) - 40(24) 

XJC = 48 kips 

5 
60 kips tension Ans.4 X JC 

NOTE. The K truss can also be analyzed by the method of joints by 

starting from an outside joint such as A or H. The results of this analysis 

are shown in Figure 4.17 d. The K bracing is typically used in deep trusses 

to reduce the length of the diagonal members. As you can see from the 

results in Figure 4.17d, the shear in a panel divides equally between the 


. top and bottom diagonals. One diagonal carries compression, and the other 

carries tension. 

<. ~ "c,' ,~" . 
,u~~:~.~~~~:~;':~~!~::"'''..'''''''''''''''HH'''H'''H''''H''H...........H...............u...............................~ ......................_ 

, ..~~qjf;; Determinacy.and Stability 

Thus far the trusses we have analyzed in this chapter have all been sta­
ble determinate structures; that is, we knew in advance that we could 
carry out a complete analysis using the equations of statics alone. Since 
indeterminate trusses are also llsed in practice, an engineer mllst be able 
to recognize a structure of this type because indeterminate trusses require 
a special type of analysis. As we will discuss in Chapter 11, compatibil­
ity equations must be used to supplement equilibrium equations. 

If you are investigating a truss designed by another engineer, you will 
have to establish if the structure is determinate or indeterminate before 
you begin the analysis. Further, if you are responsible for establishing the 
configuration of a truss for a special situation, you must obviously be 
able to select an arrangement of bars that is stable. The purpose of this 
section is to extend to trusses the introductory discussion of stability and 
determinacy in Sections 3.8 and 3.9-topics you may wish to review 
before proceeding to the next paragraph. . 

If a loaded truss is in eqUilibrium, all members and joints of the truss 
must also be in eqUilibrium. If load is applied only at the joints and if all 
truss members are assumed to carry only axial load (an assumption that 
implies the dead load of members may be neglected or applied at the 
joints as an equivalent concentrated load), the forces acting on a free­
body diagram of a joint will constitute a concurrent force system. To be 
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in equilibrium, a concurrent force system must satisfy the following two 
equilibrium equations: 

'kFx=O· 

'kFy = 0 

Since we can write two equilibrium equations for each joint in a truss, 
the total number of equilibrium equations available to solve for the 
unknown bar forces b and reactions r equals 2n (where n represents the 
total number of joints). Therefore, it must follow that if a truss is stable 
and determinate, the relationship between bars, reactions, and joints 
must satisfy the following criteria: 

r + b = 2n (4.1) 

In addition, as we discussed in Section 3.7, the restraints exerted by the 
reactions must Iwt constitute either a parallel or a concurrent/orce system. 

Although three equations of statics are available to compute the reac­
tions of a determinate truss, these equations are not independent and they 
caml0t be. added to the 2n joint equations. Obviously, if all joints of a truss 
are in equilibrituu, the entire structure must also be equilibrium; that is; 
the resultant of the external forces acting on the truss equals zero. lithe 
resultant is zero, th.e equations of static equilibrium are automatically sat­
isfied when applied to the entire structure and thus do not supplyaddi­
tionalindependent equilibrium equation~.. 

If 
r+b>2n 

then the number of unknown forces exceed the available equations of stat­
ics and the truss is indeterminate. The degree of indeterminacy D equals 

D=r+b-2n (4.2) 

Finally, if 
r+b<2n 

there are insufficient bar forces and reactions to satisfy the equations of 
equilibrium, and the structure is unstable. . . 

Moreover, as we discussed in Section 3.7, you will always find that 
the analysis of an unstable structure leads to an inconsistent equilibrium 
equation. Therefore, if you are uncertain about the stability of a structure, 
analyze the structure for any arbitrary loading. If a solution that satisfies 
statics results, the structure is stable. 

To illustrate. the criteria for stability and detenninacy for trusses intro­
duced in this section, we will classify the trusses in Figure 4.18 as stable 
or unstable. For those structures that are stable, we will establish whether 
they are determinate or indeterminate. Finally, if a structure is indeter­
minate, we will also establish the degree of indeterminacy . 

• 
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Figure 4.18a 

b + r 5 + 3 = 8' 2n = 2(4) = 8 

Since b + r = 2n and the reactions are not equivalent to either a con­
current or a parallel force system, the truss is stable and determinate. 

Figure 4.18b 

b + r = 14 + 4 = 18 2n = 2(8) = 16 

Since b + r exceeds 2n (18 > 16), the structure is indeterminate to the 
second degree. The structure is one degree externally indeterminate because 
the supports supply four restraints, and internally indeterminate to the 
first degree because an extra diagonal is supplied in the middle panel to 
transmit shear. 

Figure 4.18c 

b + r = 14 + 4 = 18 2n = 2(9) = 18 

Because b + r = 2n = 18, and the supports are not equivalent to either 
a parallel or a concurrent force system, the structure appears stable. We 
.can confirm this conclusion by observing that truss ABC is obviously a 
stable component of the structure because it is a simple truss (composed 
of triangles) that is supported by three restraints-two supplied by the pin 
at A and one supplied by the roller at B. Since the hinge at C is attached 
to the stable truss on the left, it, too, is a stable point in space. Like a pin 
support, it can supply both horizontal and vertical restraint to the truss on 
the right. Thus we can reason that truss CD must also be stable since it, 
too, is a simple truss supported by three restraints, that is, two supplied 
by the hinge at C and one by the roller at D. 

(a) (b) 

(c) 

• 

'., 

Figure 4.18: Classifying trusses: (a) stable deter­
minute; (b) indeterminate second degree; (c) deter­
minate . 

• 




142 Chapter 4 Trusses 

(d) 

A 'S C D E 

~w 

(e) 

:'-<, ' 

" ~ , . ":, 

A.==*B ~
c'" r\ "'~ 

(f) 

(g) 

link 

I.~, 
(11) 

Figure 4.18: Classifying trusses: (d) determi­
nate; (e) determinate; (f) unstable; (g) unstable; 
(II) unstable, 

• 


Figure 4.18d Two approaches are possible to classify the structure in 
Figure 4.18d. In the first approach, we can treat triangular element BCE 
as a three-bar truss (b 3) sUPP011ed by three links-AB, EF,and CD 
(r = 3). Since the truss has three joints (B, C, and E), n = 3. And b + r = 
6 equals 2n = 2(3) = 6, andthe structure is determinate and stable. 

Altematiyely, we can treat the entire structure as a six-bar truss (b := 

6), with six joints (n 6), supported by three pins (r = 6), b + r := 12 
equals 217 = 2(6) = 12. Again we conclude that the structure is stable and 
determinate. 

Figure 4.18e 

b + r 14 + 4 = 18 2n 2(9) = 18 

Since b + r = 2n, it appears the structure is stable and determinate; how­

ever, since a rectangular panel exists between joints B, C, G, and H, we 

will verify that the structure is stable by analyzing the truss for an arbi­


. trary load of...j. kips applied vertically at joint D (see Example 4.7). Since 

analysis by the method of joints produces unique values of bar force in all 

members, we conclude that the structure is both stable and determinate. 


Figure 4.18f 

b+ r = 8 + 4::;:: 12 2n = 2(6) = 12 

Although the bar count above satisfies the necessary condition for a sta­
bledeterminate structure, the structure appears to be unstable because 
the center panel, lacking a diagonal bar, cannot transmit vertical force. 
To confirm this conclusion, we will analyze the truss, using the equations 
of statics. (The analysis is carried out in Example 4.8.) Since the analy­
sis leads to an inconsistent equilibrium equation, we conclude that the 
structure is unstable. 

Figure 4.18g 

b = 16 r = 4 n = 10 

Although b + r 2n, the small truss on the right (DEFG) is unstable 
because its supports-the link CD and the roller at E--constitute a par­
allel force system. 

Figure 4.18h Truss is geometrically unstable because the reactions 
constitute a concurrent force system; that is, the reaction supplied by the 
link BC passes through the pin at A. . 

• 
 • • ...." -- ­

I 
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Figure 4.18i 

b = 21 r=3 n = 10 

And b + r = 24, 2n = 20; therefore, truss is indeterminate to the fourth 
degree. Although the reactions can be computed for any loading, the inde­
terminacy is due to the inclusion of double diagonals in all interior panels. 

Figure 4.18j 

b=6 r=3 n=5 

And b + r = 9, 2n = 10; the structure is unstable because there are fewer 
restraints than required by the equations of statics. To produce a stable 
structure, the reaction at B should be changed from a roller to a pin. 

Figure 4.18k Now b 9, r = 3, and n = 6; also b + r = 12,2n = 12. 
However, the structure is unstable because the small triangular truss ABC 
at the top is supported by tlu'ee parallel links, which provide no lateral 
restraint. 

Figure 4.18: Classifying trusses: (i) indetenni­
nate fourth degree; Ij) unstable; (k) unstable. 

(i) 

A BJl 
(j) 

.•.~ 
:{<. ,~ 

(k) 

EXAMPLE 4.7Verify that the truss in Figure 4.19 is stable and determinate by demon­
strating that it can be completely analyzed by the equations of statics for 
a force of 4 kips at joint F. 

P=4kips 

1 
16' 

J 
Figure 4.19: Analysis by method of joints to 

4 kips 4 kips . 4 kips verify that truss is stable, 

1.-12'-1-12'-1-12'---4-­ 12'--l [continues on next page] 

.a.- ._ '.'Be .a. ­• 
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Example 4.7 continues . .. Solution 
Since the structure has four reactions, we cannot start the analysis by com­
puting reactions. but instead must analyze it by the method of joints. We 
first determine the zero bars. Next we analyze in sequence joints F, C, G, 
H, A, and B. Since all bar forces and reactions can be determined by the 
equations of statics (results are shown on Fig . .4.19), we conclude that the 
truss is stable and determinate. 

EXAMPLE 4.8 
 Prove that the truss in Figure 4.20a is unstable by demonstrating that its 
analysis for a load of arbitrary magnitude leads to an inconsistent equa­
tion of equilibrium. 

Solution 
Apply a load at joint B, say 3 kips, and compute the reactions. consider­
ing the entire structure as a free body. 

0+ 2:MA =0 

3(10) 30R D = 0 RD = 1kip 

+ 
t 2:Fy = 0 

RAY - 3 + RD = 0 RAY 2 kips 

10' 

t 
. RAy = 2 kips 

3 kips t 
RD =1kip 

f--~~- 3 @10' '" 30' .1 
(a) 

XAF = 3 kips F 3 kips 

-7--·l0~FAF I 

. : 3 kips 

Figure 4.20: Check of truss stability: Ca) details 3 kips YAF=3 kips 
of truss; (b) free body of joint B; (e) free body of 
joint F; (d) free body of support A. . (b) (e) (d) 

• 
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Equilibrium of joint B (see Fig. 4.20b) requires that FJJF =3 kips ten­
sion. Equilibrium in the x direction is possible if FAB = Fee-

We next consider joint F (see Fig. 4.20c).To be in equilibrium in the 
y-direction, the vertical component of FAF must equal 3 kips and be directed 
upward, indicating that bar AF is in compression. Since the slope of bar 
AF is I: 1, its horizontal component also equals 3 kips. Equilibrium of 
joint F in the x direction requires that the force in bar FE equal 3 kips and 
act to the left. 

We now examine support A (Fig. 4.20d). The reaction RA and the 
components of force in bar AF, determined previously, are applied to the 
joint. Writing the equation of eqUilibrium in the y-direction, we find 

+ 
t IFy = 0 

2 - 3 *' 0 (inconsistent) 

Since the eqUilibrium equation is not satisfied, the structure is not stable. 

The preceding sections of this chapter have covered the analysis of 
trusses based on the assumptions that (1) members are connected at 
joints by frictionless pins and (2) loads are applied at joints only. When 
design loads are conservatively chosen, and deflections are not exces­
sive, over the years these simplifying assumptions have generally pro­
duced satisfactory designs. 

Since joints in most trusses are constructed by connecting members 
to gusset plates by welds, rivet, or high-strength bolts, joints are usually 
rigid. To analyze a truss with rigid joints (a highly indeterminate struc­
ture) would be a lengthy computation by the classical methods of analy­
sis. That is why, in the past, truss analysis has been simplified by allow­
ing designers to assume pinned joints. Now that computer programs are 
available, we can analyze both determinate and indeterminate trusses as a 
rigid-jointed structure to provide a more precise analysis. and the limi­
tation that loads must be applied at joints is no longer a restriction. 

Because computer programs require values of cross-sectional prop­
erties of members-area and moment of inertia-members must be ini­
tially sized. Procedures to estimate the approximate size of members are 
discussed in Chapter 15 ofthe text. In the case of a truss with rigid joints, 
the assumption of pin joints will permit you to compute axial forces that 
can be used to select the initial cross-sectional areas of members. 

To carry out the computer analyses, we will use the RISA-2D com­
puter program that is located on the website of this textbook; that is, 

:, 

i 

http:4.20c).To
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EXAMPLE 4.9 

Figure 4:21: Cantilever truss. 

• 


http://www.mhhe.comlleet2e. Although a tutorial is provided on the 
website to explain, step by step, how to use the RISA-2D program, a 
brief overview of the procedure is given below. 

1. 	 Number all joints and members. 
2. 	 After the RISA-2D program is opened, click Global at the top of 

the screen. Insert a descriptive title, your name, and the number of 
sections. 

3. 	 Click Units. Use either Standard Metric or Standard Imperial for 
U.S. Customary System units. 

4. 	 Click Modify. Set the scale of the grid so the figure of the structure 
lies within the grid. 

S. 	 Fill in tables in Data Entry Box. These include Joint Coordinates, 
Boundary Conditions, Member Properties, Joint Loads, etc. Click 
View to label members and joints. The figure on the screen permits 
you to check visually that all required information has been 
supplied correctly. 

6. 	 Click Solve to initiate the analysis. 
7. 	 Click Results to produce tables listing bar forces, joint defections, 

and support reactions. The program will also plot a deflected shape. 

Using the RISA-2D computer program, analyze the determinate truss in 
Figure 4.21, and compare the magnitude of the bar forces and joint dis­
placements, assuming (1) joints are rigid and (2) joints are pinned. Joints 
are denoted by numbers in a circle; members, by numbers in a rectangu­
lar box. A preliminary analysis of the truss was used to establish initial 

. values of each member's cross-sectional propel ties (see Table 4.1). For 
the case of pinned joints, the member data are similar, but the word 
pinned appears in the columns titled End Releases. 

To facilitate the connection of the members to the gusset plates, the 
truss members are often fabricated from pairs of double angles oriented . 
back to back. The cross-sectional properties of these structural shapes, tabu­
lated in the AISC Manual ofSteel Construction, are used in this example~ 

1 
200kiPSI~ 6' 

60 kips -t 
8' 

6' 

1 
200kips-"""'y 	 J 

• 
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......!A~.~~..~:.!..................."'.............................................................:.......:.................................................................................................................. .

II Member Data for Case of Rigid Joints 

.
Member 	 Moment of Elastic End Releases 
Label . I Joint J Joint Area (in2) Inertia (in4) Modulus (ksi) . I·End J·End Length (ft) 

1 1 2 5.72 14.7 29,000 8 
2 2 3 11.5 77 29,000 20.396 
3 3 4 11.5 77 29,000 [ 1.662 
4 4 1 15.4 75.6 29,000 11.662 
5 2 4 5.72 14.7 29,000 10.198 

... n .........u ...u~ .......... H ..........................................H ...... H ........... u ....... ~ ..................... • .............................. H .................HH..............................,. ... .,. .......................... . 


I TABLE 4.2 

,. - "",,: .. u ............................. H •••••••••••••••• H ........ ~ ..........H ...........u .....................HH.................... B ............... 


Comparision of Joint Displacements 

Rigid Joints 	 Pinned Joints 

Joint X Translation Y Translation Joint X Translation Y Translation 
Label (in) (in) Label (in) (in) 

1 0 0 1 0 0 
2 0 0.011 2 0 0.012 
3 0.257 -0.71 3 0.266 -0.738 
4 0.007 -0.153 4 0 -0.15 

..•...!~.~.~~..~:~............................................................................................................................."'.............................................................................. . 
II Comparison of Member Forces . 

Rigid Joints 	 Pin Joints 

·1 Member 	 AxialMember 	 Axial Shear Moment 
I 

Label 	 Section (kips) (kips) (kip·ft) 
1 1 19.256 -0.36 0.918 

2 19.256 -0.36 1.965 
2 1 -150.325 0.024 ~2.81 

2 -150.325 0.024 -2.314 
3 1 172.429 0.867 -2.314 

2 172.429 0.867 7.797 
4 1 232.546 -0.452 6.193 

2 232.546 -0.452 0.918 
5 	 1 -53.216 -0.24 0.845 

2 -53.216 -0.24 1.604 
u ••••••••••••••••••••••••••••••••••••••••••••• ~ •••••••• u ••••H •••••••••• u ......UUH•••••••••••••• ~.....H ...........................~ ..~ ••• 


'Sections 1 and 2 refer to member ends. 

.-,~ ........ - • 	 • 


CONCLUSIONS: The results of the computer analysis shown in Tables 
4.2 and 4.3 indicate that the magnitude of the axial forces in the truss 
bars, as well as the joint displacements, are approximately the same for 
both pinned and rigid joints. The axial forces are slightly smaller in most [continues on next page] 

• 


Label Section* (kips) 
1 	 1 -20 


2 -20 

2 1 -152.971 


2 -152.971 

3 1 174.929 


2 174.929 

4 1 233.238 


2 233.238 

5 	 1 -50.99 


2 -50.99 

~ , ,. 

• •••••• H •••••••••• u •• n •••• u •••••+., ................... ~ •••••••••••••••••••••••••••••• 


• 
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Example 4.9 continues . .. bars when rigid joints are assumed because a portion of the load is trans­
mitted by shear and bending. 

Since members in direct stress carry axial load efficiently, cross­
sectional areas tend to be small when sized for axial load alone. How­
ever, the flexural stiffness ofsmall compact cross sections is also small. 
Therefore, when joints are rigid, bending stress in truss members may be 
significant even when the magnitude of the moments is relatively small. 
If we check stresses in member M3, which is constructed from two 8 x 
4 x 1/2 in angles, at the section where the moment is 7.797 kip·ft, the 
axial stress is PIA = 14.99 kips/inl and the bending stress MelI = 6.24 
kips/inl. In this case, we conclude that bending stresses are significant in 
several truss members when the analysis is carried out assuming joints 
are rigid, and the designer must verify that the combined stress of 21.23 
kips/in2 does not exceed the allowable value specified by the AlSC design 
specifications. 

• 	 Trusses are composed of slender bars that are assumed to carry only 
axial force. Joints in large trusses are formed by welding or bolting 
members to gusset plates. If members are relatively small and . 
lightly stressed, joints are often formed by welding the ends of 
vertical and diagonal members to the top and bottom chords. 

• 	 Although trusses are stiff in their own plane, they have little lateral 
stiffness; therefore, they must be braced against lateral displacement 
at all panel points. 

• 	 To be stable and determinate, the following relationship must exist 
among the number of bars b, reactions r, and joints n: 

b+r=2n 

In addition, the restraints exerted by the reactions must not constitute 
either a parallel or a concurrent force system. 

If b + r < 2n, the truss is unstable. If b + r > 2n, the truss is 
indeterminate. 

• 	 Determinate trusses can be analyzed either by the method of joints or 
by the method of sections. The method of sections is used when the 
force in one or two bars is required. The method of joints is used 
when all bar forces are required. 
If the analysis of a truss results in an inconsistent value of forces, that 
is, one or more joints are not in equilibrium, then the truss is unstable . 
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·..I··..p.·R.Q·~··~·~..M.$...........................................................................:............................................................................................................ 

P4.1. Classify the trusses in Figure P4.1 as stable or unstable. If stable, indi­
cate if determinate or indeterminate ... If indeterminate, indicate the degree of 
indeterminacy. 

(a) (b) 

(c) (d) 

• 


(f)(e) 

P4.1 

• • 
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P4.2. Classify the trusses in Figure P4.2 as stable or unstable. If stable, indicate if determinate or indetenninate. If 
indeterminate, indicate the degree. . 

(a) (b) 

(e) (d) 

(e) (j) (g) 

P4.2 

P4.3 and P4.4. Determine the forces in all bars of the trusses. Indicate tension or compression. 

1. 
16' 

J 

• • 

P4.3 P4.4 

• •••<c __ .­
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P4.S to P4.10. Determine the forces in all bars of the trusses. Indicate tension or compression. 

D 

16' 
lOkNl 

J 
Sm 

C 1
16' 

I- 12' -I- 12' -! 

P4.5 P4.8 

c 

D 

24 kips 

24 kips 

E F 

20kN 20kN 

1-------- .5@.5m:=25m-----------.1 

12 kips 

-_+<--15,---1 

all diagonal bars slope at 60° 

·P4.6 

12kN 
E 

r9kN 
3m 

" 2m 
I 

..I.­ ..l 

r 
30kN 60kN 

1--4m 4m 4m----...\ 

P4.10 

16' .! 

P4.9 

P4.7 

mailto:1--------.5@.5m:=25m-----------.1
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P4.11 to P4.1S. D.etermine the forces in all bars·of the trusses. Indicate if tension or compression. 

24 kips 

J 
36 kips ---1PE~:;:Glmli 

20' 

J 
IS' .1. 15' .1. 

1+------ 5 @ 15' = 75' ------l 
P4.11 

P4.12 

! 
!.--

15'
10 kips ' '10 kipS 

~1 
10' 

30 kips 

------- 4 @ 8' = 32' --------1 -_l+---15f--->1.I~.-­

P4.13 P4.14 

G 

1 

32 kips 

64 kips 

34 kips:::: RA 30 kips = R£ 

---+0--16' .!. 

P4.1S 



• • • 

P4.16. Determine the forces in all bars of the truss. Hint: 
If you have trouble computing bar forces, review K truss 
analysis in Example 4.6. 

1 

3mi 

G 

3m 

-t 
3m 

:::m:::=4~ 60 kN j
E 

60kN 

P4.16 

C 
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P4.17 to P4.19. Determine the forces in all bars of the 
trusses. Indicate if tension or compression. 

D 
60kN 

45kN 

30kN 

8m ,I. 10m ----l 

P4.17 

100kN 

t 

1 
10' D 

1 
20' 4m 

IJ 

-t 

I 
6 kips 4m 

20' i
4m 

I 
I 

......I. 

8 kips 6 kips 

20' 20' .1. 20' --I 

P4.1B 

!--4m 4 

P4.19 

1\ 
) 

• 
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P4.20 tq P4.24 . .Determine the forces in all truSS bars. 

20 kips 10 kips c 

1 
15 kips '"T+ffi~=:::::Zl1i!l 3m 

-t 
3m 

4 @ 10' '" 40' 

P4.23
P4.20 

G F E D 

6m 

--. 
3m +6m 

4m 1
i 6m-t 
I j

3m 

+'--8m 8m .1. 8m----l 

P4.21 P4.24 

r-4ri1--r- 4m 8m 4m 

24kN 30kN 

P4.22 

• D 1 
·6m 

J 

• • ··.·u:: .a- ~ 
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P4.2S. Determine the forces in all bars of the truss in 
Figure P4.2S. If your solution is statically inconsistent, 
what conclusions can you draw about the truss? How 

i 
10'

might you modify the truss to improve its behavior? Try 
analyzing the truss with your computer program. Explain 
your results. 

10' 

P4.27 

c 

1 
12' 

1 
n kips 

I 
2m 9' 9'-9' 

i P4.28 

1-------- 3 @ 4 m ----...----' 


P4.26 


40kN 

f-o------ 4 @ 6 m -----~, 

P4.2S 

P4.26 to P4.2S. Determine the forces in all bars. 

18kN 

• 
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P4.29 to P4.31. Determine all bar forces. 

C 

1 20kN 

5m 

1
5m 

J 

P4.29 P4.30 

20kN 40kN 40kN 40kN 40kN 40kN 20kN 

H 
~~~~~~~~~~~~r 

3m 

-t 
4m 

J 

1"---------- 6 @ 4 m -----------+1 

P4.31 

P4.32 to P4.33. Using the method of sections, determine the forces in the bars listed below each figure. 

20 kips 40 kips 20 kips 
J 3' 

161 

T 
10' JI2'-t 
10' 

J 

}o<-I.-----­ 6@15'90'-------I.1 
BL, KJ, JD, and LC 

P4.33 

1-<----:--_ 4 @ 15' = 60' ------oJ 

AB, BD, AD, AE, .and EF 

P4.32 

30 kips 90 kips 30 kips 

mailto:6@15'90'-------I.1
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P4.34 and P4.35. Using the method of sections, deter- P4.36 to P4.38. Determine the forces in all bars of the trusses 
mine the forces in the bars listed below each figure. in Figures P4.36 to P4.37. Indicate if bar forces are tension or 

compression. Hint: Start with the method of sections. 

F 	 H 1 
.- . 	 B C 

I 

6' 1 1L 

F 	
J1 

12' 

L 
2m 

3m 
r 


J30 kips 

1 
12' 

i---3m .1. 3m 11 
I 3m--i 

B 

P4.36 

J 
12' 

J / 	 G F 

I 
15'I. 	 3 @ 12' =36' 


FG, GD. DC, HC, CK, and JK 
 ~ 
P4.34 


K 1 H G 


3m 30 kips 60 kips 30 kips 


i 4@20' 


P4.37 

A 	 B 
24 kips 


12kN 16kN 12kN 
 1 
12'4@4m -l 


IJ, MC. and MI 
 ~ 
6'P4.35 

i 

I-- 9' --I- 6' 9,-1 

P4.38 

• • • 	 -..~ 

http:deter-P4.36
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P4.39 to P4.4S. Detennine the forces or components of force in all bars of the trusses in Figures P4.39 to P4,45. 
Indicate tension or compression. 

60kN 30kN 

5m 
t 

-t 2m 

-t 
2m 

t 1-------- 4 @ 4 m = 16 m ------__+! 

P4.42 

12 kips 

D 
12 kips I 

6' 

12 kips 12kips i 
6' 

~Fi 
6' 

t t30 kips 
30 kips 

fo--,----- 4@8'=32'-----04.1 

P4.43 

• 


6 kips 6 kips 

\..- 5m ~ 5 m ~ 5 m -.:..- 5 m-..l 

P4.39 

3 @ 18' '" 54' -----I 

P4:40 

12kN 6kN 12kN 

1------- 4 @ 4 m -------04 

. P4.41 

• 


mailto:fo--,-----4@8'=32'-----04.1
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12 kips 18 kips 18 kips 18 kips 12 kips 

P4.44 

20kN 

\------------ 4 @ 16' = 64' --------r<>i 

SectionA·A 

• 


P4.46. A two-lane highway bridge, supported on two 
deck trusses that span 64 ft, consists of an 8-in reinforced 
concrete slab supported on four steel stringers. The slab 
is protected by a 2-in wearing surface of asphalt. The 16­
ft-long stringers frame into the floor beams, which in 
tum transfer the live and dead loads to the panel points of 
each truss. The truss, bolted to the left abutment at point 
A, may be treated as pin supported. The right end of the 

18 kips 

~ 
51 kips- 94 kips 94 kips 

12' 

l 

1 

4 
3m 

3m 

j 

P4.45 

truss rests on an elastomeric pad at -G. __The elastomeric 
pad, which permits only horizontal displacementofthe 
joint, can be treated as a roller. The loads shown repre­
sent the total dead and live loads. The IS-kip load is an 
additional live load that represents a heavy wheel load. 
Determine the force in the lower chord between panel 
points I and J, the force in member JB, and the reaction 
applied to the abutment at support A. 

• 


94 kips 51 kips 

floor 
beam 
upper 
chord 

truss 

lower 
chord 

I \ 
I 
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P4.47 Compute r analysis ofa truss. The purpose of this 
st~dy is to show that the magnitude. of the. joint 

, . dzsplacements as well as the magmtude of the 
. forces· in members may control the proportions 

of structural members. For example, building codes typ­
ically' specify maximum permitted displacements to 
ensure that excessive cracking of attached construction, 
such as exterior walls and windows, does not occur (see 
Photo 1.1 in Sec. 1.3). 

A preliminary design of the. trus~ in Figure P4.47 
produces the following bar areas: member 1, 2.5 in2; 

member 2,3 in2; and member 3,2 in2• Also E 29,000 
kips/in2. 

Case 1: Determine all bar forces, joint reactions, and 
joint displacements, assuming pin joints. Use the com­
puter program to plot the deflected shape. 

Case 2: If the maximum hOlizontal displacement of 
join~2 is not to exceed 0.25 in, detennine the minimum 
required area of the truss bars. For this case assume that 
all truss members have the same cross~sectional area. 
Round the area to the nearest whole number. 

30 kips 

P4.47 

.. 


P4.48. Computer study. The objective is to compare the 
behavior of a determinate and an indeterminate 
structure. . 
The forces in members of detel7ninate .trusses 

are not affected by member stiffness. Therefore, there was 
no need to specify the cross-sectional properties of the
' 
bars of the determinate trusses we analyzed by hand com­
putations earlier in this chapter. In a detel7ninate structure, 
for a given set of loads, only one load path is available to 
transmit the loads into the supports, whereas in an inde­
terminate structure, multiple load paths exist (see Sec. 
3.10). In the case of trusses, the axial stiffness of members 
(a function of a member's cross-sectional area) that make 
up each load path will influence the magnitude of the 
force in each member of the load path. We examine this 
aspect of behavior by varying the properties of certain 
members of the indeterminate truss shown inPigure 
P4.48, Use E == 29,000 kips/in", 

Case 1: Determine the reactions and the forces in mem­
bers 4 and 5 ifthe area of all bars is 10' in2• 

Case 2: Repeat the analysis in Case 1, this time increas­
ing the area of member 4 to 20 inl, The area of all oLht:r 
bars remains 10 in2, 

Case 3: Repeat the analysis in Case 1, increasing the 
area of member 5 to 20 in2, The area of all other bars 
remains 10 in2, 

What. concusions do you reach from the above study? 

• 


1 
J 

IS' 

P4.48 

• 
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Practical Example 

P4.49. Computer analysis of a truss with rigid joints. 4 X 4 X 1/4 inch square tubes with A = 3.59 in2 and 1= 
The truss in Figure P4.49 is constructed of square 8.22 in4. All other members are 3 X 3 X 1/4 inch square 
steel tubes welded to form a structure with rigid tubes with A == 2.59 in2 arid! =3.16 in4. Use E = 29,000 

• joints. The top chord members 1, 2, 3, and 4 are kips/in2. 

24klps 24klps 24klps 

1-------- 4 @ 12' =48' ---------ol 

P4.49 

(a) Considering all joints as rigid, compute the axial maximum stress is not to ex.ceed 25 kips/in2, can the 
forces and moments in all bars and the deflection at lower chord support the 4-kip load safely in addition to 
midspan when the three 24-kip design loads act at joints the three 24-kip loads? Compute the maximum stress, 
7, 8, and 9. (Ignore the 4-kip load.) using the equation. 

(b) If a hoist is also attached to the lower chord at the 
F Me

midpoint of the end panel on the right (labeled joint 6*) to u=-+­
A Iraise a concentrated load of 4 kips, determine the forces 


and moments in the lower chord (members 5 and 6). If the where e = 1.5 in (one-half the depth of the lower chord). 


*Note: Ifyou wish to compute the forces or deflection at a particular point of a member, designate the point as ajoint. 
'~~'.""'''''''U'''U''''''''''''''''HU....... 'H''' .........uH .u.................. • •••• • .. ···.··u.........................u •••••u.u•• u ..............u ............uu..........................U....u.H........ u ••••••••••• HU......~ ••u 
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Shrewsbury-Worcester Bridge (Massachusetts) over Lake Quinsigamond. The designer deepened the con­
tinuous plate girders of this bridge to increase their capacity at the piers where design moments are largest. 
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'c5.1JIfi!! Introduction,-- _,_-_F"".' 

Beams 

Beams are one of the most common elements found in structures. When 
a beam is loaded perpendicular to its longitudinal axis, internal forces­
shear and moment-develop to transmit the applied loads mto the sup­
ports. If the ends of a beam are restrained longitudinally by its supports, or 
if a beamis acomponent of a continuous frame, axial force may also 
develop. If the axial force is small-the typical situation for most beams­
it can be neglected when the member is designed. In the case of rein­
forced concrete beams, small values of axial compression actually pro­
duce a modest increase (on the order of 5 to 10 percent) in the flexural 
strength of the member. 

To design a beam, the engineer must construct the shear and moment 
curves to detennine the location and magnitude of the maximum values of 
these forces. Except for short, heavily loaded beams whose dimensions 
are controlled by shear requirements, the proportions of the cross section 
are determined by the magl')ltude of the maximum moment in the span. 
After the section is sized at the point of maximum moment, the design is 
completed by verifying that the shear stresses at the point of maximum 
shear-llsually adjacent to a support-are equal to or less than the allow­
able shear strength of the material. Finally, the deflections produced by ser­
vice loads must be checked to ensure that the member has adequate stiff­
ness. Limits on deflection are set by structural codes. _ 

Ifbehavior is elastic (as, for example, when members are made of steel 
or aluminum), and ifallowable stress design is used, the required cross 
section can be established using the basic beam equation. 

Me 
(T=­

I (5.1) 
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where U = flexural stress produced by service load moment M 

c = distance from neutral axis to the outside fiber where the 


flexural stress u is to be evaluated 

I = moment of inertia of the cross section with respect to the 


centroidal axis of the section 


To select a cross section, U in Equation 5.1 is set equal to the allowable 
flexural stress aallow, aud the equation is solved for lie, which is termed 
the section modulus and denoted by Sx' 

I M
S =-=--	 (5.2) 

x CUallow 

S.l:' a measure of a cross section's flexural capacity, is tabulated in design 
haudbooks for staudard shapes of beams produced by various manufac­
turers. 

After a cross section is sized for moment, the designer checks shear 
stress at the section where the shear force V is maximum. For beams that 
behave elastically, shear stresses are computed by the equation 

VQ 
T=­

lb 	 (5.3) 

. where 	T = shear stress produced by shear force V 
V = maximum shear (from shear curve) . 
Q = static moment of that part of area that lies above or below 

point where shear stress is to be computed; for a 
rectangularor an I-shaped beam, maximum shear stress 
occurs at middepth 

I = moment of inertia of cross-sectional area about the centroid 
of section 

b = thickness of cross section at elevation where T is computed 

When a beam has a rectangular cross section, the maximum shear stress 
occurs at middepth. For this case Equation 5.3 reduces to 

3V 
Tmax 	 (5.4)

2A 

where A equals the area of the cross section. 
If strength design (which has largely replaced working stress design) 

is used, members are sized for factored loads. Factored loads are pro­
duced by mUltiplying service loads by load factors-numbers that are 
typically greater than 1. Using factored loads, the designer carries out au 
elastic analysis-the subject of this text. The forces produced by factored 
loads represent the required strength. The member is sized so that its 
design strength is equal to the required strength. The design strength, 
evaluated by considering the state of stress associated with a particular 

' •.'1" 



mode of failure, is a function of the properties of the cross section, the 
stress condition at failure (for example, steel yields or concrete crushes), 
and a reduction Jactor-a number less than 1. 

The final step in the design of a beam is to verify that it does not deflect 
excessively (i.e., that deflections are within the limits specified by the 
applicable design code). Beams that are excessively flexible undergo large 
deflections that can damage attached nonstructural construction: plaster 
ceilings, masonry walls, and rigid piping, for example, may crack. 

Since most beams that span short distances, say up to 30 or 40 ft, are 
manufactured with a constant cross section, to minimize cost, they have 
excess flexural capacity at all sections except the one at which maximum 
moment occurs. If spans are long, in the range 150 to 200 ft or more, and 
if loads are large, then deep heavy girders are required to support the 
design loads. For this situation, in which the weight of the girder may rep­
resent as much as 75 to 80 percent of the total load, some economy may 
be achieved by shaping the beam to conform to the ordinates of the moment 
curve. For these largest girders, the moment capacity of the cross section 
can be adjusted either by varying the depth of the beam or by changing 
the thickness ofthe flange (see Fig. 5.1). In addition, reducing the weight 
of the girders may result in smaller piers and foundations. 

Beams are typically classified by the manner in which they are sup­
ported. A beam supported by a pin at one end and a roller at the other end 
is called a simply supported beam (see Fig. 5.2a). If the end of a simply 
supported beam extends over a support, it is referred to as a beam with 
an overhang (see Fig. 5.2b). A cantilever beam is fixed at one end against 
translation and rotation (Fig. 5.2c). Beams that are supported by several 
intermediate supports are called continuous beams (Fig. 5.2d). If both 
ends of a beam are fixed by the supports, the beam is termed fixed ended 
(see Fig. S.2e). Fixed-end beams are not commonly constructed in prac­
tice, but the values of end moments in them produced by various types 
of load are used extensively as the starting point in several methods of 
analysis for indeterminate structures (see Fig. 13.5). In this chapter we dis­
cuss only determinate beams that can be analyzed by the three equations 

(c)(a) 

(if)(b) 
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moment 

(a) 

moment 

(b) 

Figure 5.1: (a) Flange thickness varied to 
increase flexural capacity, (b) depth varied to mod­
ify flexural capacity. 

(e) 

Figure 5.2: Common beam types: (a) simply 
supported, (b) beam with overhang, (e) cantilever, 
(d) two-span continuous, (e) fixed ended. 

.... .. .. 
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• 

Photo. 5.1: Harvard Bridge. This bridge is com­
posed of variable depth girders with overhangs at 
each end. 

, 
i 
! 	 of statics. Beams of this type are common in wood and bolted or riveted 

steel construction. On the other hand,continuous beams (analyzed in 
Chaps. 11 to 13) are commonly found in structures with rigid joints­
welded steel or reinforced concrete frames, for example. 

Frames 

Frames, as.discussed in Chapter 1, are structural elements composed of 
beams and columns connected by rigid joints. The angle between the 
beam and column is usually 90°. As shown in Figure 5.3a and b,frames 
may consist of a single column and girder or, as in the case of a multi­
story building, ofmany columns and beams. 

Frames may be diyided into two categories: braced and i.:mbraced. A 
bracedframe is one in which the joints at each level are free to rotate but 
are prevented from moving laterally by attachment to a rigid element that 

. can supply lateral restraint to the frame. For example, in a multistory build­
ing, structural frames are often attached to shear walls (stiff structural walls 
often constructed of reinforced concrete or reinforced masonry; see Fig. 
5.3c); In simple one-bay frames, light diagonal cross-bracing connected 
to the base of columns can be used to resist lateral displacement of top 
joints (see Fig. 5.3d). 

An un,bracedframe (see Fig. 5.3e) is one in which lateral resistance 
to displacement is supplied by the flexural stiffness of the beams and 
columns. In unbraced frames, joints are free to displace laterally as well 
as to rotate. Since unbraced frames tend to be relatively flexible compared 
to braced frames, under lateral load they may undergo large transverse 

. deflections that damage attached non structural elements, for example, 
walls, windows, and so forth . 

• 
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(d) t t t 

(e) 

Figure 5.3: (a) Simple frame, (b) multistory con­

Although both beams and columns of rigid frames carry axial force, 
shear, and moment, the axial force in beams is usually so small that it can 
be neglected and the beam sized for moment only. On the other hand, in 
columns, the axial force-particularly in the lower interior columns of mul­
tistory frames-is often large, and the moments are small. For columns of 
this type. proportions are determined primarily by the axial capacity of 
members. 

If frames are flexible, additional bending moment is created by the lat­
eral displacement of the member. For example, the tops of the columns in 
the unbraced frame in Figure 5.3e displace a distance ~ to the right. To 
evaluate the forces in the column, we consider a free body of column AB 
in its deflected position (see Fig. S.3f). The free body is cut by passing 
an imaginary plane through the column just below joint B. The cutting 
plane is perpendicular to the longitudinal axis of the column.' We can 

tinuous building frame, (c) frame braced by a shear 
wall, (d) frame braced by diagonal bracing, 
(e) sidesway of an unbraced frame, (I) free body 
of column in deflected position. 
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express the internal moment M j acting on the cut in terms of the reactions 
at the base of the column and the geometry of the deflected shape by 
summing moments about a z axis through thee centerline of the column. 

Mi 	= 'LMz 

(5.5) 


In Eqqation 5.5 theflIst term represents the moment produced by the 
applied loads, neglecting the lateral deflection of thecolumn's axis. This 
moment is called the primary moment and associated with afirst-order 
analysis (described in Sec. 1.7). The second term, Aiil), which repre­
sents the additional moment produced by the eccentricity of the axial 
load. is termed the secondary moment or the P-delta moment. The sec­
ondary moment will be small and can be neglected without significant 
error under the following two conditions: 

1. 	 The axial forces are small (say, less than 10 percent ofthe axial 
capacity of the cross section). 

2. 	 The flexural stiffness of the column is large, so that the lateral 
displacement of the column's longitudinal axis produced by 
bending is small. 

In this book we will only make afirst-order analysis; that is, we do 
not consider the computation of the secondary moment-a subject usu­
ally covered in advanced courses in structural mechanics. Since we neg­
lect secondary moments, the analysis of frames is. similar to that of 
beams; that is, the analysis is complete when we establish the shear and 
moment curves (also the axial force) based on the initial geometry of the 
unloaded frame. 

Scope of Chapter 

We begin the study of beams and frames by discussing a number of basic 
operations that will be used frequently in deflection computations and in 
the analysis of indeterminate structures. These operations include 

1. 	 Writing expressions for shear and moment at a section in terms of 
the applied loads. 

2 . . Constructing shear and moment curves. 
3. 	 Sketching the deflected shapes of loaded beams and frames. 

Since many of these procedures were introduced previously in stat­
icsand strength ofmaterials courses, much of this chapter for most stu­
dents is a review of basic topics. 

In the examples in this chapter, we assume that all beams and frames 
are two-dimensional structures supporting in-plane loads that produce 

• • '1.:: . ...-.- __ 
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shear, moment, and possibly axial forces, but no torsion. For this condi­
tion~one of the most common in actual practice-to exist, the in-plane 
loads must pass through the centroid of a symmetric section or through 
thc shcar ccntcr of an unsymmctric section (see Fig. 5.4). 

·········~··O-·..····o..·································........................................,........................................................ .. 

;'~.3' Equations for Shear and Moment 

We begin the study of beams by writing equations that express the shear 
V and the moment M at sections along the longitudinal axis of a beam or 
frame in terms of the applied loads and the distance from a reference ori­
gin. Although equations for shear have limited use, those for moment are 
required in deflection computations for beams and frames by both the 
double-integration method (see Chap. 9) and work-energy methods (see 
Chap. 10). 

As you may remember from the study of beams in mechanics of mate­
rials or statics courses, shear and moment are the internal forces in a beam 
or frame produced by the applied transverse loads. The shear acts per­
pendicular to the longitudinal axis, and the moment represents the inter­
nal couple produced by the bending stresses. These forces are evaluated 
at a particular point along the beam's axis by cutting the beam with an 
imaginary section perpendicular to the longitudinal axis (see Fig. S.Sb) 
and then writing equilibrium equations for the free body to either the left 
or the right of the cut. Since the shear force produces equilibrium in the 
direction normal to the longitudinal axis of the member, it is evaluated 
by summing forces perpendicular to the longitudinal axis; that is, for a 

, , 
~() Ct~~ 

VRJ- x ~ R't t.-x~ V 

I, L--~.I 
(b)

(a) 

+V +M +M T 

~ff:!J!l'J t l,i~'1 ~;"~~C~"~i'~~ 

T -M -MR 

(c) (d) (e) 

cP M 

~~~- ----l 
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P 

shear JPE
center ; ,.--- centroid 

(a) (b) 

Figure 5.4: (a) Beam loaded through centroid of 
symmetric section, (b) unsymmetric section loaded 
through shear center. 

moment; (e) negative moment. 

M 

Figure 5.5: Sign conventions for shear and 
moment: (a) beam cut by section I; (b) shear V 
and moment M occur as pairs of internal forces; 
(c) positive shear: resultant R of external forces 
on free body to left of section acts up; (d) positive 

• 
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Figure 5.6: Internal forces acting on sections of 
the frame. 

EXAMPLE 5.1 

• 


horizontal beam, we sum forces in the vertical direction. In this book, 
shear in a horizontal member will be considered positive if it acts down­
ward on the face of the free body to the left of the section (see Fig. 5.5c). 
Alternately, we can define shear as positive if it tends to produce clock­
wise rotation of the free body on which it acts. Shear acting downward 
on the face of the free body to the left of the section indicates the result­
ant of the external forces acting on the same free body is up. Since the 
shear acting on the section to the left represents tbe force applied by the 
free body to the right of the section, an equal but oppositely directed 
value of shear force must act upward on the face of the free body to the 
right of the section. 

The internal moment M at a section is evaluated by summing moments 
of the external forces acting on the free body to either side of the section 
about an axis (perpendicular to the plane of the member) that passes 
through the centroid of the cross section. Moment will be considered pos­
itive if it produces compression stresses in the top fibers of the cross sec­
tion and tension in the bottom fibers (see Fig. 5.5d). Negative moment, on 
the other hand, bends a member concave down (see Fig. 5.5e). 

If a flexural member is vertical, the engineer is free to define the pos­
itive and negative sense of both the shear and moment. For the case of a 
single vertical member, one possible approach for establishing the positive 
direction for shear and moment is to rotate the computation sheet con­
taining the sketch 90° clockwise so that the member is horizontal, and then 
apply the conventions shown in Figure 5.5. 

For single-bay frames many analysts define moment as positive when 
it produces compression stresses on the outside surface of the member, 
where in.side is defined as the region within the frame (see Fig. 5.6). The 
positive direction for shear is then arbitrarily defined, as shown by the 
arrows on Figure 5.6. 

Axial force on a cross section is evaluated by summing all forces per­
pendicular to the cross section. Forces acting outward from the cross sec­
tion are tension forces T; those directed toward the cross section are com­
pression forces C.<see Fig. 5.6), 

Write the equations for the variation of shear V and moment M along the 
axis of the cantilever beam in Figure 5.7. Using the equation, compute 
the moment at section 1-1, 4 ft to the right of point B. 

Solut.ion 
Determine the equation for shear V between points A and B (see Fig~ 
5.7b); show V and M in the positive sense. Set origin at A (0 :s XI :s 6), 
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+ 

. t 2:,Fy = 0 
 cv

14'10= -4 - V P 4 kips 

V = -4 kips 

Determine the equation of moment M between points A and B. Set 
the origin at A. Sum the moments about the section. 

c+ 2:,Mz == 0 

0== -4Xl - M 

M = -4Xl kip·ft 

The minus sign indicates V and M act opposite in sense to the directions 
shown in Figure 5.7h. :L·r6 

Determine the equation for shear V between points Band C (see Fig. ~xl--l 
5.7c). Set the origin at B, 0 :S X2 :S 8. (b) 

R= 2x2+ 
t 2:,Fy =O 1/14 kips 

2'kips/ft rI0= -4 - 2x2 - V 
B .---1--;.r6

V = -4 - 2x2 A 

6' -->1.1- xz-lThe moment M between Band C is 

C+ '2Mz = 0 (c) 

2(X3 - 6) 

o= -4(6 + X2) - 2x2(~) - M 

M = -24 - 4X2 - x~ 

For M at section 1-1,4 ft to right of B, set X2 = 4 ft. 

M == -24 - 16 - 16 = -56 kip-ft i--- ­

(d)Alternatively, compute M between points B and C, using an origin at A, 
and measure distance with X3 (see Fig. 5.?d), where 6 :s X3 :S 14. Figure 5.7 

C+ '2Mz == 0 

. (X3 - 6)o= - 4X3 - 2(X3 - 6) -2- - M 

M -x~ + 8X3 - 36 

Recompute the moment at section 1-1; set X3 = 10ft. 

M -102 + 8(10) - 36 -56 kip·ft 

• '. 


----001_-- 8' ----..j 

(a) 

c 

4 kips 

x3- 6 
-2­

, ·r6
6'~xr6-1 

x3 ---1.1 
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E X AMP L E .5. 2 For the beam in Figure 5.8 write. the expressions for moment between 
points Band C, using an origin located at (a) support A, (b) support D, andcy 28kips (c) point B. Using each of the expressions above, evaluate the moment at 
section 1. Shear force on sections is omitted for clarity. 

D 

Solution 
(a) See Figure 5.8b; summing moments about the cut gives~1O,--...,.!..-.-s'-1-s'-.t 

37 kips 31 kips c+ 2:.Mz 0 
I.a) o= 37x, - 40(x, - 5) M 

M = 200 - 3x, 

At section 1, Xl 12 ft; therefore. 

M = 200 3(12) = 164 kip·ft 

~1O'-·__•.!..-1. xl-lO~· (b) See Figure 5.8e; summing moments about the cut yields 

37 kips c+ 2:.Mz = 0 
~---XI----~ 

(b) o= ,\1 + 28(X2 -5) - 31x2 

28 kips M = 3x.:: + 140 
M rxz - 5 

G~C~ At section 1, X2 8 ft; therefore, 


M = 3(8) + 140 = 164 kip'ft 


(c) See Figure 5.8d; summing moments about the cut, we have 
31 kips 

(c) c+ 2:.Mz = 0 

37(10 + X3) 40(5 + X3) M = 0 

M 170 - 3X3 

At section 1, X3 = 2 ft; therefore, 

M = 170 3(2) 164 kip'ft 

NOTE. As this example demonstrates, the moment at a section is single­
Cd) valued and based on equilibrium requirements. The value of the moment 

does not depend on the location of the origin of the coordinate system. Figure 5.8 

R= 40 kips 
.-~-Xl s~ 

• • • • .. 
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Write the equations for shear and moment as a function of distance x 
along the axis of the beam in Figure 5.9. Select the origin at support A. 
Plot the individual terms in the equation for moment as a function of the 
distance x. 

Solution 
Pass an imaginary section through the beam a distance x to the right of 
support A to produce the free body shown in Figure 5.9b (the shear Vand 
the moment M are shown in the positive sense). To solve for V, sum 
forces in the y direction. 

wL 
- wx - V 0 

2 

wL
V= - wx (1)

2 

To solve for M, sum moments at the cut about a z axis passing through 
the centroid. . 

wL (x)o= T(x) - wX"2 - M 

z 
M = wL (x) _ wx (2)
·22 

where in both equations 0.::5 x ::s; L. 
A plot of the two terms in Equation 2 is shown in Figure 5.9c. The 

first term in Equation 2 (the moment produced by the vertical reaction RA 
at support A) is a linear function of x and plots as a straight line sloping 
upward to the right. The second term, which represents the moment due 
to the uniformly distributed load, is a function ofx2 and plots as a parabola 
sloping downward. When a moment curve is plotted in this manner, we 
say that it is plotted by cantilever parts. In Figure 5.9d, the two curves are 
combined to give a parabolic curve whose ordinate at midspan equals the 
familiar WL2/8. . 

_lie 1!M:1PiiW# us. 
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Lt ·t 
R wL R _wLA="2 B- 2 

(a) 

R = wx 

... 2"1 

~w··,r~~ 
t-x 
wL 
"2 

(b) 

+M 

t 2 
wL2 

-x 
~ 

-M 

(e) 

(d) 

Figure 5.9: (a) Uniformly loaded beam, (b) free 
body of beam segment, (e) moment curve plotted 
by "parts," (d) combined moment diagram, a sym­
metric parabola. 

7 .! 
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EXAMPLE 5.4 


w 3 kips/ft 

/ 

'.t.. -18'-~ 

16 kips 20 kips 

24'------1 ~- x .1 

(a) 

1--6'+X-6' 
16 kips 

i----X---"-"i 

(b) 

13.75 

shear 
-=-+~-'-'~~,.--'""""',..,......, (kips) 

-20 
74.67 

moment 
--=-~'-'-'-'---'--'-'-'-'-~~ (kip·ft) 

(c) 

Figure 5.10 

a. 	 Write the equations for shear and moment on a vertical section 
between supports B and C for the beam in Figure S.lOa. 

b. 	 Using the equation for shear in part (a), detennine the point where the 
shear is zero (the point of maximum moment). 

c. 	 Plot the variation of the shear and moment between Band C. 

Solution 
a. 	 Cut the free body shown in Figure 5.lOb by passing a section through 

the beam a distance x from point A at the left end. Using similar tri­
angles, express w', the ordinate of the triangular load at the cut (con­
sider the triangular load on the free body and on the beam), in terms 
of x and the ordinate of the load curve at SUppOlt C. 

11" 3 	 x 
- = - therefore w' =­
x 24 	 8 

Compute the resultant of the triangular load on the free body in Fig­
ure 5.l0b. 

R = kxw' = k(x)(~) = ~; 
Compute Vby summing forces in the vertical direction. 

+ 
t 'ZFy == 0 

2x 
0=16 --v 

16 
2xV= 16 -_. 

. 16 (1) 

Compute M by summing moments about the cut. 

C+ 'ZMz = 0 

x2 (x). .0= 16(x - 6) - - - - M 
16 3 

3 

M = -96 + 16x - -
x

. 48 	 (2) 

h. 	 Set V == 0 and solve Equation 1 for x. 
2xo = 16 - and x = 16 ft 

16 

c. 	 See Figure 5.10c for a plot of V and M . 

• 	 • • . ,.­
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Figure 5.11. Draw a free body of joint C, showing all forces. 

Solution 
Two equations are needed to express the moment in member AG. To com­
pute the moment between A and B, use the free body in Figure 5 .llb. Take 
the origin for Xl at support A. Break the vertical reaction into components 
parallel and perpendicular to the longitudinal axis of the sloping mem­
ber. Sum moments about the cut. 

0+ '2:,Mt = 0 

0= 6.5xI M 

M = 6.5xI (1) 

where 0 :S Xl :S 3v2. 
Compute the moment between Band C, using the free body in Figure 

5.l1c. Select an origin at B. Break 20 kN force into components. Sum 
moments about the cut. Figure 5.11 

• • 

w=4kN/m 

Dy =6.8 kN 

---+---- 4 m ---..I 

D., = 20 kN 

14J4kN 

A 
,~ 

65kN 

-

• 

Ay=9.2kN 
(a) (b) (c) 

R=4x3 

C V=9.2kN 

~'\"8t F =20 kN 

V=7.64kI'! C~ 4.8kN.m 

~8kN.m 
F =20.64 k..'1 

6.8kN 

(d) (e) [continues on next page] 

• 
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Example 5.5 continues . .. O+'ZMz == 0 

o =6.5(3Y2 + X2) - 14.14x2 M 

M = 19.5Y2 7.64x2 (2) 

where 0 :s; X2 :s; 3vi 
Compute the moment between D and C, using the free body in Fig­

ure 5 .lId. Select an origin at D. 

+0 'ZMz = 0 

0= 6.8x3- 4X3( ~) -M 

M = 6.8x3 - 2xj (3) 

The free body of joint C is shown in Figure 5.11e. The moment at the 
joint can be evaluated with Equation 3 by setting X3 4 m. 

M = 6.8(4) 2(4)2= -4.8 kN'm 

5.4 Shear and Moment Curves 

To design, a beam, we must establish the magnitude of the shear and 
moment (and axial load if it is significant) at all sections along the axis 
of the member. If the cross section of a beam is constant along its length, 
it is designed for the maximum values of moment and shear within the 
span. If the cross section varies, the designer must investigate additional 
sections to verify that the member's capacity is adequate to carry the 
shear and moment. 

To provide this information graphically, we construct shear and moment 
curves. These curves, which preferably should be drawn to scale, consist 
of values of shear and moment plotted as ordinates against distance along 
the axis of the beam. Although we can construct shear and moment curves 
by cutting free bodies at intervals along the axis of a beam and writing 
eqIJations of equilibrium to establish the values of shear and moment at 
particular sections, ltis much simpler to construct these curves from the 
basic relationships that exist between load, shear, and moment. 

Relationship Between Load, Shear, and Moment 

To establish the relationship between load, shear, and moment, we will 
consider the beam segment shown in Figure 5.12a. The segment is loaded 
by a distributed load lV :::::: w(x) whose ordinates vary with distance x from 

• 
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an origin 0 located to the left of the segment. The load will be considered 
positive when it acts upward, as shown in Figure 5.12a.· . 

To derive the relationship between load, shear, and moment, we will 
consider the equilibrium of the beam element shown in Figure 5.12d. 
The element, cut by passing imaginary vertical planes through the seg­
ment at points 1 and 2 in Figure 5.12a, is located a distance x from the 
origin. Since dx is infinitesimally smail, the slight variation in the distrib­
uted load acting over the length of the element may be neglected. There­
fore, we can assume that the distributed load is constant over the length 
of the element. Based on this assumption, the resultant of the distributed 
load is located at the midpoint of the element. 

The curves representing the variation of the shear and the moment 
along the axis of the member are shown in Figure 5.12b and c. We will 
denote the shear and moment on the left face of the element in Figure 
5.12d by V and M respectively. To denote that a small change in shear 
and moment occurs over the length dx of the element, we add the differ­
ential quantities dV and dM to the shear V and the moment M to estab­
lish the values of shear and moment on the right face. All forces shown 
on the element act in the positive sense as defined in Figure 5.5c and d. 

Considering equilibrium of forces acting in the y direction on the ele­
ment, we can write 

+ 
t 'ZFy = 0 

o= V + w dx - (V + dV) 

Simplifying and solving for dV gives 

dV= wdx (5.6) 

To establish the difference in shear aVA - B between points A and B along 
the axis of the beam in Figure 5.12a, we must integrate Equation 5.6. 

aVA - B = VB - VA = dV = w dx (5.7)r r 
A A 

The integral on the left side of Equation 5.7 represents the change in 
shear aVA - B between points A and B. In the integral on the right, the 
quantity w dx can be interpreted as an infinitesimal area under the load 
curve. The integral or sum of these infinitesimal areas represents the area 
under the load curve between points A and B.Therefore, we can state 
Equation 5.7 as . 

aVA - B = area under load curve between A and B (5.7a) 

where an upward load produces a positive change in shear and a down­
ward load a negative change. moving from left to right. 

(a) 

v + dV \1,::;.8 ___ 

klVt:J~.v,~ 
-ll-dx 

(b) 

(c) 

wdx 

V+dV 

Figure 5.12: (a) Segment of beam with a dis­
tributed load, (b) shear curve, (c) moment curve, 
(d) infinitesimal element located between points 
1 and 2. 

Y 

(d) 
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Dividing both sides of Equation 5.6by dx produces 

dV 
-= w (5.8)
dx 

Equation 5.8 states that the slope ofthe shear curve at a particular point 
along the axis ofa member equals the ordinate of the load curve at that 
point. 

If the load acts upward, the slope is positive (upward to the right). If 
the load acts downward, the slope is negative (downward to the right). In 
a region of the beam in which no load acts, W = O. For this condition 
Equation 5.8 indicates the slope of the shear curve is zero-indicating 
that the shear. remruns constant. . 

To . establish the relationship between shear and moment, we sum 
moments of the forces acting on the element about an axis normal to the 
plane of the beam and passing through point a (see Fig. 5.12d). Point a is 
located at the level of the centroid of the cross section 

C+ 'i.Mo = 0 

dx
M + V dx ~ (M + dM) + w dx -' = 0 . 2 

Since the last tenn w (dx)2/2 contains the product of a differential quan­
tity squared, it is many orders of magnitude smaller that the terms con­
taininga single differential. Therefore, we drop the term. Simplifying the 
equation yields 

dM=Vdx (5.9) 

To establish the change in moment aMA - B between points A and B, we 
will integrate both sides of Equation 5.9. 

AMA-B=MB- MA = fB dM= rV dx (5.10) 
AA 

The center term in Equation 5.10 represents the difference in moment 
AMA_Bbetween point A and B. Since the term V dx can be interpreted as 
an infinitesimal area under the shear curve between points 1 and 2 (see 
Fig. S.12b), the integral on the right, the sum of all the infinitesimal areas 
between points A and B, represents the total area under the shear curve 
between points A and B. Based on the observations above, we can state 
Equation 5.10 as 

aMA - B = area under shear curve between A and B ' (S.lOa) 

. where a positive' area under the shear curve produces a positive change 
in moment and a negative area under the shear curve produces a negative 
change; aMA- B is shown graphically in Figure 5.12c . 
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Dividing both sides of Equation 5.9 by dx gives 

dM
-=V (5.11)
dx 

Equation 5.11 ~tates that the slope of the moment curve at any point 
along the axis ofa member is the shear at that point. 

If the ordinates of the shear curve are positive, the slope of the 
moment curve is positive (directed upward to the right). Similarly, if the 
ordinates of the shear curve are negative, the slope of the moment curve 
is negative (directed downward to the right) . 

. At a section where V =0, Equation 5.11 indicates that the slope of the 
moment curve is zero--a condition that establishes the location of a max­
imum value of moment. If the shear is zero at several sections in a span, 
the designer must compute the moment at each section and compare 
results to establish the absolute maximum value of moment in the span. 

Equations 5.6 to 5.11 do not account for the effect of a concentrated 
load or moment. A concentrated force produces a sharp change in the ordi­
nate of a shear curve. If we consider eqUilibrium in the vertical direction 
of the elementin Figure 5.13a, the change in shear between the two faces 
of the element equals the magnitude of the concentrated force. Similarly, 
the change in moment at a point equals the magnitude of the concentrated 
moment M, at the point (see Fig. 5.13b). In Figure 5.13 all forces are 
shown acting in the positive sense. Examples 5.6 to 5.8 illustrate the use of 
Equations 5.6 to 5.11 to constrUct shear and inoment curves. 

To constrUct the shear and moment curves for a beam supporting dis­
tributed and concentrated loads, we first compute the shear and moment at 
the left end of the member. We then proceed to the right, locating the next 
point on the shear curve by adding algebraically, to the shear at the left, the 
force represented by (1) the area under the load curve between the two 
points or (2) a concentrated load. To establish a third point, load is added 
to or subtracted from the value of shear at the second point. The process of 
locating additional points is continued until the shear curve is completed. 
Typically, we evaluate the ordinates of the shear curve at each point where 
a concentrated load acts or where a distributed load begins or ends. 

(a) (b)In a similar manner, points on the moment curve are established by 
adding algebraically to the moment, at a particular point, the increment 

Figure 5.13: (a) Effect of a concentrated load 
of moment represented by the area under the shear curve between a sec­ on the change in shear, (b) change in internal 
ond point. moment produced by the applied moment MI' 

Sketching Deflected Shapes of Beams 

After the shear and moment curves are constructed, the designer may wish 
to draw a sketch of the beam's deflected shape. Although we will discuss 
this topic in great detail in'Section 5.6, the procedure is introduced 
briefly at this point. The deflected shape of a beam must be consistent 

... ,~ 
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with (1) the restraints imposed hy the supports, and (2) the curvature pro­
duced by the moment. Positive moment bends the beam concave upward, 
and negative moment bends the beam concave downward. 

The restraints imposed by various types Qf supports are summarized 
in Table 3.1. For example, at a fixed support, the beam's longitudinal axis 
is restrained against rotation and deflection. At a pin support, the beam 
is free to rotate but not to deflect. Sketches of deflected shapes to an 
exaggerated vertical scale are included in Examples 5.6 to 5.8. 

EXAMPLE 5.6 

• 


Draw the shear and moment curves for the simply supported beam in 
Figure 5.14. 

Solution 
Compute reactions (use the resultant of the distributed load). 

0+ 'ZMA 0 

24(6) + 13.5(16) - 20R B = 0 

RB 18 kips 
+ 
i ~Fy 0 

RA + RB - 24 13.5 0 

RA 19.5 kips 

Shear Curve. The shear just to the right of support A equals the reaction 
of 19.5 kips. Since the reaction acts upward, the shear is positive. To the right 
of the support the uniformly distributed load acting downward reduces the 
shear linearly. At the end of the distributed 10ad-12 ft to the right of the 
support-the shear equals 

V@12 = 19.5 - (2)(12)= -4.5 kips 

At the13.5-kip concentrated load, the shear drops to 18 kips. The shear 
diagram is shown in Figure 5.14b. The maximum value of moment occurs 
where the shear equals zero. To compute the location of the point of zero 
shear, denoted by the distance x from the left support, we consider the 
{OI:c:es.actingon the frey body in Figure 5.14e. , 

+ 

i kFy = 0 


o = RA - wx where w = 2 kips/ft 

o = 19.5 - 2x and x = 9.75 ft 

Moment Curve. Points along the moment curve are evaluated by adding to 
the moment, at the left end, the change in moment between selected points. 
The change in moment between any two points is equal to the area under the 
shear curve between the two points. For this purpose, the shear curve is divided 
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• 

Figure 5.14: (a) Beam details, (b) shear curve 
(numbers in brackets represent areas under shear 
curve), (e) moment curve, (d) deflected shape, 
(e) free body used to establish location of point of 
zero shear and maximum moment. 

• 


R=2~ 

w =2 kips/ft 

/r---r--+--r-.L....-, V =0 

~~,t)M 

t--X~ 
RA = 19.5 kips 

(e) 

moment 
""""'-'---"-----'-"----'-'--....." (kip.ft) 

(e) 

~----------------~ 
(d) 

into two triangular and two rectangular areas. The values of the respective areas 
(in units of kip·ft) are given by the numbers in parentheses in Figure 5.14h. 
Because the ends of the beam are supported on a roller and a pin, supports 
that offer no rotational restraint, the moments at the ends are zero. Since the 
moment starts at zero at the left and ends at zero on the right, the algebraic 
sum of the areas under the shear curve between ends must equal zero. Because 
of rounding errors, you will find the ordinates of the moment curve do not 
always satisfy the boundary conditions exactly. 

At the left end of the beam, the slope of the moment curve is equal to 
19.5 kips-the ordinate of the shear curve. The slope is positive because 
the shear is positive. As the distance to the right of support A increases, 
the ordinates ofthe shear curve reduce, and correspondingly the slope of 
.1. - --~.~~~. n"¥",, ,."r111f"'P< Thp m~ximllm moment of95.06 kip·ft occurs [continues on next page] 
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Example 5.6 continues . .. 	 at the point of zero shear. To the right of the point of zero shear, the shear 
is negative, and the slope of the moment curve is downward to the right. 
The moment curve is plotted in Figure 5.14c. Since the moment is posi­
tive over the entire length, the member is bent concave upward, as shown 
by the dashed line in Figure 5.14d. 

EXAMPLE 5.7 
 Draw the shear and moment curves for the uniformly loaded beam in 
Figure 5.15a. Sketch the deflected shape. 

Solution 
Compute RB by summing moments of forces about support C. The dis­
tributed load is represented by its resultant of 144 kips. 

0+ "ZMc == 0 

18R B 144(12) 0 NB 96 kips 

ComputeRc· 
+ 
t "ZFy = 0 

96 - 144 + Rc Rc = 48 kips 

Verify eqUilibrium: check 0+ "ZMB = o. 
144(6) - 48(18) = 0 OK 

We begin by establishing the values of shear and moment at the left 
end of the beam. For this purpose we consider the forces on an infinites­
imal element cut from the left end (at point A) by a vertical section (see 
Fig. 5.1Sb). Expressing the shear and moment in terms of the uniform 
load wand the length dx, we observe that as dx approaches zero, both the 
shear and the moment reduce to zero. 

Shear Curve. Because the magnitude of the load is constant over the entire 
length of the beam and directed downward, Equation 5.8 establishes that the 
shear curve will be a straight line with a constant slope of - 6 kips/ft at all 
points (see Fig~ 5.15c). Starting frornV = 0 at point A, we compute the shear 
jilst to the left of support B'by evaluating the area under the load curve between 
points A and B (Eq. 5.7a). 

VB VA +.6.VA- B = 0 + (-6 kips/ft)(6 ft) = -36 kips 

Between the left and right sides of the support at B, the reaction, act~ 
ing upward, produces a positive 96-kip change in shear; therefore, to the 
right of supportJ3 the ordinate of the shear curve rises to +60 kips. Between 
points Band C, the change in shear (given by the area under the load 
curve) equals (-6 kips/ft)(18 ft) = -108 kips. Thus the shear drops lin­
early from 60 kips at B to -48 kips at C . 
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R =6(24) = 144 kips 

)---- 12'----+1'1 w 
V= wdx 
/ 

A f..) w(dx?
-Idxi- M=-2­t 

96 kips =RB 48 kips=Rc (b) 

I.-- 6/-0+<----­

(a) 

60 

-36 
-48 

l..--- X= lO' 

(e) 

192 

moment 
(kip.ft) 

-108 
(d) 

-~-t-- . . .../~
\ ----------­
point of inflection (P.!.) 

(e) 

To establish the distance x to the right of point B, where the shear 
equals zero, we equate the area wx under the load curve in Figure 5.15a 
to the 60 kip shear at B. 

60 - wx == 0 

60-6x~O x = 10 ft 

Moment Curve. To sketch the moment curve, we will locate the points of 
maximum moment, using Equation 5.10a; that is, the area under the shear dia­
gram between two points equals the change in moment between the points. 

Figure 5.15: (a) Beam with uniform load, 
(b) infinitesimal element used to establish that I • 

V and M equal zero at the left end of the beam, " 

(e) shear curve (units in kips), (d) moment 

curve (units in kip'ft), (e) approximate de­


. fleeted shape (vertical deflections shown to 

exaggerated scale by dashed line). 


[continues on next page] 
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Example 5.7 continues . .. Thus we must evaluate in sequence the alternate positive and negative areas 
(triangles in this example) under the shear curve. We then use Equation 5.11 
to establish· the correct slope of the curve between points of maximum 
moment. 

Compute the value of the maximum positive moment between B and C. 
The maximum moment occurs 10 ft to the right of support B where V = O. 

Mmax = MB + area under V-curve between x = 0 and x = 10 

= -108 + l (60)(10) = +192kip-ft 

Since the slope of the moment curve is equal to the ordinate of the shear 
curve, the slope of the moment curve is zero at point A. To the right of 
point A, the slope of the moment curve becomes progressively steeper 
because the ordinates ofthe shear curve increase. Since the shear is neg­
ative between points A and B, the slope is negative (i.e., downward to the 
right). Thus to be consistent with the ordinates of the shear curve, the 
moment curve must be concave downward between points A and B. 

Since the shear is positive to the right of support B, the slope of the 
moment curve reverses direction and becomes positive (slopes upward to 
the right). Between support B and the pointof maximum positive moment, 
the slope of the moment curve reduces progressively from 60 kip/ft to 
zero, and the moment curve is concave down. To the right of the point of 
maximum moment, the shear is negative, and the slope of the moment 
curve again changes direction and becomes progressively steeper in the 
negative sense toward support C. 

Point ofInflection. A point of inflection occurs at a point of zero moment. 
Here the curvature changes from concave up to concave down. To locate a 
point of inflection, we use the areas under the shear curve. Since the trian­
gular area A 1 of the shear diagram between support C and the point of max­
Unum positive moment produces a change in moment of 192 kip-ft, an equal 
area under the shear curve (see Fig. 5.15c), extending 8 ft to the left of the 
point of maximum moment, will drop the moment to zero. Thus the point of 
inflection is located 16 ft to the left of support C or equivalently 2 ft to the 
right of support B. 

Sketching the Deflected Shape. The approximate deflected shape of the 
beam is shown in Figure 5.15e. At the left end where the moment is negative, 
the beam is bent concave downward. On the right side, where the moment is 
positive, the beam is bent concave upward. Although we can easily establish 
the curvature at all sections along the axis· of the beam, the deflected posi­
tion of certain points must be assumed. For example, at point A the left end 
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of the loaded beam is arbitrarily assumed to deflect upward above the initial 
undeflected position represented by the straight line. On the other hand, it is 
also possible that point A is located below the undeflected position of the 
beam's axis if the cantilever is flexible. The actual elevation of point A must 
be established by computation. 

Draw the shear and moment curves for the beam in Figure 5 .16a. Sketch 
the deflected shape. . 

Solution 
We begin the analysis by computing the reaction at support C, using a 
free body of member BCD. Summing moments of the applied forces 
(resultants of the distributed load are shown by wavy arrows) about the 
hinge at B, we compute 

C+ "£MB = 0 

o = 54(7) + 27(12) - Rc(lO) 

Rc = 70.2 kips 

After Rc is computed, the balance of the reactions are computed using 
the entire structure as a free body. Even though a hinge is present. the struc­
ture is stable because of the restraints supplied by the supports. The shear 
and moment curves are plotted in Figure 5.l6b and c. As a check of the 
accuracy of the computations, we observe the moment at the hinge is zero. 
The curvature (concave up or concave down) associated with positive 

. and negative moments is indicated by the short curved lines above or 
below the moment curve. 

To locate the point of inflection (zero moment) to the left of support e, 
we equate the triangular area under the shear ·curve between the points of 
maximum and zero moment to the change in moment of 49.68 kip·ft. The 
base of the triangle is denoted by x and the altitude by y in Figure 5.16b. 
Using similar triangles, we express y in terms of x. 

x 4.8 
-=-­
y 43.2 

43.2x 
y=-­

4.8 

Area under shear curve = AM = 49.68 kip'ft 

1 ) (43.ix) .
( '2 x 4":8 = 49.68 kip·ft 

x = 3.32 ft 

i' 

EXAM P L E 5.8 

[continues on next page] 
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Example 5.8 continues . .. 54 kips 27 kips 

~ Figure 5.16: (a) Beam (reactions given), (b) shear 10 kips 
M =148 kipoft w == 9 kips/ftcurve (kips), (c) moment curve (kip·ft), (d) de­

flected shape. t _~s;lB~~~!iJD 
t t 

RA = 20.8 kips 70.2 kips 

I-- 4'-1-- 6'-..\.- 4' 6'-";"-- 6' 

(0) 

4.8'"'1 

shear 
,"""",""",,---';~"""-'-""""-'~-r-""-+---"'=-- (kips) 

-43.2 kips 

(b) 

49.68 ............... 

-148 
(e) 

';" 90°· .,.---.,. 
:,"": 4_ >.~.f~ ........~
__ --............ 


. --."<)..------- --/ 
hinge point of 

inflection 

(d) 

The distance of the point of inflection from support C is 

4.8 - 3.32 = 1.48 ft 

The sketch of the deflected shape is shown in Figure 5.16d. Since the 
fixed support at A prevents rotation, the longitudinal axis of the beam is 
horizontal at support A (i.e., makes an angle of 90° with the vertical face 
of the support). Because the moment is negative between A and B, the 
beam bends concave downward and the hinge displaces downward. Since 
the moment changes from positive to negative just to the left of support 

• 




• • 

Section 5.4 'Shear and Moment Curves 187 

C, the curvature of member BCD reverses. Although the general shape of 
member BCD is consistent with the moment curve, the exact position of 
the end of the member at point D must be established by computation. 

.au; It 3'" . 

At 

Draw the shear and moment curves for the inclined beam in Figure 5.17 a. 

Solution 
We begin the analysis by computing the reactions in the usual manner 
with the equations of statics. Since shear and moment are produced only by 
loads acting perpendicular to the member's longitudinal axis, all forces 
are broken into components parallel and perpendiCUlar to the longitudi­
nal axis (Fig. 5.17b). The longitudinal components produce axial com­
pression in the lower half of the member and tension in the upper half 

B 

t 1 
12' 

R, J 
loads 

t 
(kips) 

16' 

RA 

(a) 10' 

;/ shear 

... (kips) 

12 

20 

moment 
(b) (kip.ft) 

axial 
(kips) 

(e) 

• 

(p) 

EXAMPLE 

). 

Figure 5.17: (a) Sloping bearn, (b) forces and 
reactions broken into components parallel and per­
pendicular to the longitudinal axis, (e) shear curve, 
(d) moment curve, (e) variation of axial load-ten­
sion is positive and compression is negative. 

[continues on next pagel 
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Example 5.9 continues . .. 	 (see Fig. S.17e). The transverse components produce the shear and 
moment curves shown in Figure 5.17 c and d. 

EXAMPLE 5.10 


• 


Draw the shear and moment curves for beam ABC in Figure 5.18a. Also 
sketch the deflected shape. Rigid joints connect the vertical members to 
the beam. Elastomeric pad at C equivalent to a roller. 

Solution 
Compute the reaction at C; sum moments about A of all forces acting on 
Figure 5.18a. 

0+ 'kMA = 0 

o= 5(S) - 15(4) + 30(6) - 20Re 

Re 8 kips 
+ 
t 'kFy = 0 S - 5 + RAY 

RAY ::::: --: 3 kips 

..... + 'kFx = 0 

30 - 15 - RAJ( = 0 

RAJ( = 15 kips 

Figure 5.1Sb shows free-body diagrams of the beam and the vertical mem­
bers. The forces on the bottom of the vertical members represent forces 
applied by the beam. The verticals, in tum, exert equal and oppositely 
directed forces on the beam. The shear and moment curves are constructed 
next. Because the shear at a section is equal to the sum of the vertical 
forces to either side of the section, the concentrated moment and longi­
tudinal forces do not contribute to the shear. 

Since a pin support is located at the left end, the end moment starts 
at zero. Between points A and B the change in moment, given by the area 
under the shear curve, equals -24 kip·ft. At B the counterclockwise con­
centrated moment of 60 kip'ft causes the moment curve to drop sharply 
to -84 kip·ft. :The action of a concentrated moment that produces a pos­
itive change in moment in the section just to the right of the concentrated 
moment is illustrated in Figure 5.13b. Because the moment at B is opposite 
in sense to the moment in Figure 5.13b, it produces a negative change. 
Between B and C the change in moment is again equal to the area under the 
shear curve. The end moment in the beam at C must balance the 180 kip·ft 
applied by.member CD . 

. S.ince the moment is negative over the entire length of the beam, the 
entire beam bends concave downward, as shown in Figure 5.1Se. The 
axis of the beam remains asmooth curve throughout. 
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5 

15301;"tJc',', 

V
-30 

180 kip.ft 
j.. 

-8 

shear 
(kips) 

(e) 

moment 
(kip.ft) 

-180
(d) 

~ ---110/
\ I 

B\ 90' / 
Figure 5.18: (a) Details of beam, (b) free bodies 

J;;,--------~-----------_~.'.,.Icc,., of the beam and vertical members, (e) shear 
curve, (d) moment curve, (e) deflected shape to 

(e) an exaggerated scale. 

! fI Slatt 

EXAMPLE 5.11Draw the shear and moment curves and sketch the deflected shape of the 
continuous beam in Figure 5.19a. The support reactions are given. 

Solution 
Because the beam is indetenninate to the second degree, the reactions must 
be determined by one of the methods of indeterminate analysis covered in [continues on next page] 
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. Example 5.11 continues . .. 40 kips 

Me= 94.84 (kip-ft) 
Figure 5.19 

~~~~c;) 
t t t 


13.1 kips 57.67 kips 29.23 kips 

8'-:-+i-- 8' 20' 

(a) 

30.77 

-26.9 

shear 
(kips) 

-29.23 

9.74'-----...1 

(b) 

104.8 

47.45 

moment 
(kip - ft) 

-110.4 -94.84 

deflected shape 

(d) 

Chapters 11 through 13. Once the reactions are established, the proce­
dure to draw the shear and moment curves is identical to that used in 
Examples 5.6 to 5.10. Figure 5.19d shows the deflected shape of the 
structure. Points of inflection are indicated by small black dots. 
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Draw the shear and moment curves for each member of the frame in Fig­
ure S.20a. Also Sketch the deflected shape and show the forces acting on 
a free body of joint C. Treat the connection at B as a hinge. 

Solution 
We begin the analysis of the frame by analyzing free bodies of the struc­
ture on either side of the hinge at B to compute the reactions. To com­
pute the vertical reaction at the roller (point E), we sum moments about 
B of the forces acting on the free body in Figure S.20b. 

c+ ~MB = 0 

0= 38.7(20) - 30(9) - Ey(12) 

Ey = 42 kips 

The components of the hinge forces at B can now be determined by 
summing forces in the x and y directions. 

--H ~F.t = 0 

30 - Bx = 0 Bx == 30 kips 

+ 
t l:p;. = 0 

-By + 42 - 38.7 = 0 By = 3.3 kips 

After the hinge forces at B are established, the cantilever in Figure 
S.20c can be analyzed by the equations of statics. The results are shown 
on the sketch. With the forces known at the ends of all members, we draw 
the shear and moment curves for each member. These results are plotted 
next to each member. The curvature associated with each moment curve 
is shown by a curved line on the moment diagram. 

The free body of joint C is shown in Figure 5.20d. As you can verify 
by using the equations of statics (that is, ~Fy = 0, ~Fx = 0, ~M =: 0), 
the joint is in equilibrium. 

A sketch of the deflected shape is shown in Figure 5.20e. Since A is 
a fixed support, the longitudinal axis of the cantilever beam is horizontal 
at that point. Ifwe recognize that neither axial forces nor the curvature pro­
duced by moment produces any significant change in the length of mem­
bers, then joint C is restrained against horizontal and vertical displacement 
by members CE and ABC, which connect to supports that prevent dis­
placement along the axes of these members. Joint C is free to rotate. As 
you can see, the concentrated load at D tends to rotate joint C clockwise. 
On the other hand, the distributed load of 30 kip$ on member CE tries to 
rotate the joint counterclockwise. Since member BCD is bent concave 
downward over its entire length, the clockwise rotation dominates. 

EXAMPLE 5.12 

[continues on next page] 
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Example: 5..J2 continues . .. 38.7 kips 
MA = 39.6 kip·ft By= 3.3 kips 

. \ 
Bx= 30 kips Ax =30 kipst '1.~!Ei'i~ 

r---'C"'1V:~~ shear 
""'-'-~='-~ (kips) 

12'~->I.II-'~ 12'--1. ­..... 8'-~ 

Ca) 

moment 
~-'-~~.=.. (kip.ft) 

(e)r---~ shear 

~~;~~t 3O~p·.E.:rTl~-309.6 
MCB = 39.6 hlp'ft. -+- MCD = 309.6 kip.ft 

38.7 kips 30 kips 
'0---- I2'-++-- 8' ~MCE = 270 kip.ftIB Ie 

Bx;; 30 kips ..... J1~~~E:*~.=~;;. 

30 kips ~""*......, 

:Z-'~; 30 
42 kips 

hinge 6' 
(d) 

By;; 3.3 kips 
9' -+6' 

-.l 
shear moment 
(kips) (kip.ft) 

t 
Ey =42 kips 

(b) 

(e) 

Figure 5.20: (a) Determinate frame, (b) shear Although the curvature of member CE is consistent with that indicated 
and moment curves for frame BCDE, (e) shear by the moment diagram, the final deflected position of the roller at E in the 
and moment curves for cantileverAB, (d) free horizorttaldirection is uncertain. Although we show that the roller has 
body of joint C, (e) deflected shape of frame. 

displaced to the left of its initial position, it is possible that it could also 
be located to the right of its undeflected position if the column is flexible. 
Techniques to compute displacements will be introduced in Chapters 9 
and 10 . 
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Analyze the girder supporting a floor system in Figure 5.21. Stringers, 
FE and EDC, the small longitudinal beams that support the floor, are sup­
ported by girder AB. Draw the shear and"moment curves for the girder. 

EXAMPLE 5.13 

30 kips 60 kips Figure 5.21 

1-10'-l-- 20'---.;-..!---30'---I.1f-, 10'-1 

(a) 

30 kips 60 kips 

20 kips 80 kips 

(b) 

20 kips 10 kips 80 kips 

E 

t t 

15 kips 75 kips 

(e) 

shear 
(kips) 

(d) 

moment 
(kip-ft) 

-150 

(e) [continues on next page] 
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Example 5.13 continues . .. Solution 
Since the stringers FE and EDe are statically determinate, their reactions 
can be determined by statics using thefree bodies shown in Figure 5.21h. 
After the reactions of the stringers are computed, they are applied in the 
opposite direction to the free body of the girder in Figure S.21e. At point 
E we can combine the reactions and apply a net load of 10 kips upward 
to the girder. After the reactions of the girder are computed, the shear and 
moment curves are drawn (see Fig. S.2Id and e). 

• • 
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$:,$< Principle of Superposition 

Many of the analytical techniques that we develop in this book are based 
on the principle of superposition. This principle states: 

If a structure behaves in a linearly elastic manner, the force or dis­
placement at a particular point produced by a set of loads acting simul­
taneously cau be evaluated by adding (superimposing) the forces or dis­
placements 'at the particular point produced by each load of the set 
acting individually. In other words, the response of a linear, elastic 
'structure is the same if all loads are applied simultaneously or if the 
effects of the individual loads are combiued. 

The principle of superposition may be illustrated by considering the 
forces and deflections produced in the cantilever beam shown in Figure 
S.22. Figure S.22a showsthe reactions and the deflected shape produced 
by forces PI and Pz. Figures S.22h and c show the reactions and the 
deflected shapes produced by the loads acting separately on the beam. 
The principle of superposition states that the algebraiC sum of the reac-

Figure 5.22 

= 

• 


(b) 

+ 

(c) 

• 
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tions, or internal forces, or displacements at any particular point in Fig~ 
ures S.22b and e will be equal to the reaction, or internal force, or dis­
placement at the corresponding point in Figure 5.22a. In other words, the 
following expressions are valid: 

RA = RAl + RA2 

MA = MAl + MA2 

Lle = LlCl + LlC2 
The principle of superposition does not apply to beam-columns or to 

structures that undergo large changes in geometry when loaded. For exam~ 
pIe, Figure 5.23a shows a cantilever column loaded by an axial force P. 
The effect of the axial load P is to produce only direct stress in the column; 
P produces no moment. Figure S.23b shows a horizontal force H applied 
to the top of the same column. This load produces both shear and moment. 

In Figure 5.23e, the loads in Figure 5.23a and b are applied simultane­
ously to the column. If we sum moments about A to evaluate the moment 
at the base of the column in its deflected position (the top has deflected hor­
izontally a distance Ll), the moment at the base can be expressed as 

M' = HL+PLl 

The first term represents the primary moment produced by the transverse 
load H. The second term, called the PLl moment, represents moment pro­
duced by the eccentricity of the axial load P. The total moment at the 
base obviously exceeds the moment produced by summing cases a and 
b. Since the lateral displacement of the top of the column produced by 
the1ateralload creates additional moment at all sections along the length 
of the column, the flexural deformations of the column in Figure 5.23c 
are greater than those in Figure S.23b. Because the presence of axial load 
increases the deflection of the column, we see that the axial load has the 
effect of reducing the flexural stiffness of the column. If the flexural 

p 	 p Figure 5.23: Superposition not applicable. 
6: 	 Ca) Axial force produces direct stress, (b) lateral 

B 	 H 

L 
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r / 
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A 

force produces moment, (e) axial force produces 
PA moment. 
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t 	 -H 
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Figure 5.24: Superposition not applicable. 
(a) Cable with two equal loads at the third points 
of the span, (b) cable with single load at B. (e) cable 
with single load at C. 

stiffness of the column is large and d is small or if P is small, the Pd 
moment will be small and in most practical cases may be neglected. 

Figure 5.24 shows a second case in which superposition is invalid. In 
Figure 5.24a a flexible cable supports two loads of magnitude P at the 
third points of the span. These loads deflect the cable into a symmetric 
shape. The sag of the cable at B is denoted byh. If the loads are applied 
separately, they produce the deflected shapes shown in Figure 5.24b and 
c. Although the sum of the vertical components of the reactions at the 
supports in band c equals those in a, computations clearly indicate that 
the sum of the horizontal components Ht and H2 does not equal H. It is . 
. also evident that the sum of the vertical deflections at B, hI> and h2 is 
much greater than the value of h in case a. 

The principle of superposition provides the basis for the analysis of 
indeterminate structures by the flexibility method discussed in Chapter 11 
as well as matrix methods in Chapters 16, i 7, and 18. Superposition is also 
used frequently to simplify computations involving the moment curves of 
beams that carry several loads. For example, in the moment-area method 
(a procedure to compute the slope or deflection at a point along the axis of 
a beam) we must evaluate the product of an area and the distance between 
the area's centroid and a reference axis. If several loads are supported by 
the beam, the shape of the moment diagram may. be complicated. If no 
. simple equations are available to evaluate either the area under the moment 
diagram or the position of the area's centroid, the required computation 
can be carried out only by integrating a complicated function. To avoid this 
time.-consoming operation, we can analyze the beam separately for the 

2PI3 PI3 
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P 
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H H 

PI3 2PI3 
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action of each load. In this way we produce several moment curves with 
simple geometric shapes whose. area and centroids can be evaluated and 
located by standard equations (see back inside cover). Example 5.14 illus­
trates the use of superposition to establish the reactions and moment curve 
of a beam loaded with both a uniform load and end moments. . 

s. 	Evaluate the reactions and construct the moment diagram for the beam EXAMPLE 5.14 
in Figure 5.25a by superposition of the reactions and moment curves 
associated with the individual loads in parts (b). (c). and (d). 

20' 

+M t 80 

~ moment 
(kip.ft)-S'{ . ~ 

-160 

R;\ RB 

II 	 (a) " 
200w=4 kipS/ft 

momentA~f I I t'\'!l~ AI~ 
(kip.ft)

~' ',~, ~1O'~~-I 

t 	 t 
40 kips 	 40 kips 

(b)+ 	 + 

momentC~~::~~'J';;~"i ~ (kip·ft) 
-SO -4080 kip.ft t ! 

4 kips 	 4 kips 

(e)+ + 
Figure 5.25: (a) Beam with spec­
ified loads (moment curve to right), 


A} (b) unifonn load only applied, (e) re­
~~\~1~;~n;,,"~;:,"";::~.:;!;..,.:", actions and moment curve associ­
• ..,.···~·:..,.·)'!;..,.~1~~~O ~ moment ~ (kip.ft) ated with 80 kip·ft moment, (d) re­f 	160kip.ft -8 actions and moment curve produced 
-160 by end moment of 160 kip-ft at B. 

8 kips 	 8 kips 

Cd) 	 [continues on next page] 
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Example 5.14 continues . .. b. 	 Calculate the moment ofthe area under the moment diagram between 
the left support and the center of the· beam with respect to an axis 
through support A. 

Solution 
a. 	 To solve by superposition, also called moment curves by parts, we 

analyze the beam separately for the individual loads. (The reactions 
. and moment diagrams are shown in Figure 5.25b, c, and d.) The reac­

tions and the ordinates of the moment diagram produced by all loads 
acting simultaneously (Fig. 5.25a) are then established by summing 
algebraically the contribution of the individual cases. 

RA 40 + 4 + (-8) 36 kips 

RB = 40 + (-4) + 8 = 44 kips 

MA = 0 + (-80) + 0 = 80 kip·ft 

Mcenter = 200 + (-40) + (-80) = 80 kip·ft 

n=3 

b. Moment of area 2:An . X 	 I 
1 

(see Table A.l for properties of areas) 

= ~(10)(200)(% X 10) + (-40 X 10)(5) 

+ ~(-40)(1O)(130) + ~(10)(-80)[~(10)] 
.3000 kip·ft3 
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t?S.6 	 Sketching the Deflected Shape of a 

Beam Or Frame 


To ensure that structures are serviceable-that is, their function is not 
impaired because of excessive flexibility that perinits large deflections or 
vibrations under service loads--designers must be able to compute deflec­
tionsat all critical points in a structure and compare them to allowable 
values· specified by building codes. As a first step in this procedure, the 
designer must be able to draw an accurate sketch of the deflected shape of 
the beam .or frame. Deflections in well '-designed beams and frames are 
usually small compared to the dimensions of the structure. For example, 
many building codes limit the maximum deflection of a simply supported 

• 
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beam under live load to 1/360 of the span length. Therefore, if a simple 
beam spans 20 ft (240 in), the maximum deflection at midspan due to the 
live load must not exceed ~ in. . 

Ifwe represent a beam spanning 20 ft by a line 2 in long, we are reduc­
ing the dimension along the beam's axis by a factor of 120 (or we can say 
that we are using a scale factor of lio with respect to the distance along the 
beam's axis). If we were to use the same scale to show the deflection at 
midspan, the ~ in displacement would have to be plotted as 0.0055 in. A dis­
tance of this dimension, which is about the size of a period, would not be 
perceptible to the naked eye. To produce a clear picture of the deflected 
shape, we must exaggerate the deflections by using a vertical scale 50 to 
100 times greater than the scale applied to the longitudinal dimensions of 
the member. Since we use different horizontal and vertical scales to sketch 
the deflected shapes of beams and frames, the designer must be aware of 
the distortions that must be introduced into the sketch to ensure that the 
deflected shape is an accurate representation of the loaded structure. 

An accurate sketch must satisfy the following rules: 

1. The curvature must be consistent with the moment curve. 
2. The deflected shape must satisfy the constraints of the boundaries. 
3. The original angle (usually 90°) at a rigid joint must be preserved. 
4. 	 The length of the deformed member is the same as the original 

length of the unloaded member. . 
5. 	 The horizontal projection of a beam or the vertical projection of a 

column is equal to the original length of the member. 
6. 	 Axial deformations, trivial compared to flexural deformations, are 

neglected. 

For example, in Figure 5.26a the deflected shape of a simply supported 
beam with the service load in place is shown by the dashed line. Since the 
deflection is almost imperceptible to the naked eye, a sketch of this type p 

would not be useful to a designer who was interested in computing slopes 
Bor deflections at a particular point along the axis of the beam. Instead, to A J 

show the deflected shape clearly, we will draw the distorted sketch shown 
in Figure 5.26b. In Figure 5.26b the scale used to draw the deflection S at 1------- L ------1 
midspan is about 75 times greater than the scale used in the longitudinal 

(a)direction to show the length of the member. When we show the length of 
the bent member to a distorted scale, the distance along the deflected axis 
of the member appears much greater than the length of the chord connect­
ing the ends of the member. If a designer were inexperienced, he or she 
might assume that the roller at the right end of the beam moves to the left 
a distance a. Since the midspan deflection is very small (see Fig. 5.26a), 
rule 4 applies. Recognizing that there is no significant difference in length 
between the loaded and unloaded members, we conclude that the horizon­

(b)
tal displacement of the roller at B equals zero, and we showthe member 
spanning to the original position of support B. 	 Figure 5.26 
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p B B'/B 
I 

I 


h . '-.....deflected 
shape 

M=Ph 

. (a) (b) (c) 

Figure 5.27: (a) Deflected shape shown by 
dashed line to actual scale, (b) moment curve for 
cantilever in (a), (c) horizontal deflections exag­
gerated for clarity. 

As a second example, we draw the deflected shape of the vertical 
cantilever beam in Figure 5.27a. The moment curve produced by thehor­
izontalload at joint B is shown in Figure 5.27b. The short curved line 
within the moment curve indicates the sense of the member's curvature. 
In Figure 5.27c the deflected shape of the cantilever is drawn to an exag­
gerated scale in the horizontal direction. Since the base of the column is 
attached to a fixed support, the elastic curve must rise initially from the 
support at an angle of 90°. Because the vertical projection ofthe column 
is assumed equal to the initial length (rule 5), the vertical deflection of 
the top of the cantilever is assumed to be zero; that is, B moves horizon­
tally to B'. To be consistent with the curvature produced by the moment, 
the top of the cantilever must displace laterally to the right. 

In Figure 5.28 we show with dashed lines the deflected shape pro­
duced by a single concentrated load applied at midspan to.giroer BD of 
a braced frame. In a braced frame all joints are restrained against lateral 
displacement by supports or by members connected to immovable sup­
ports. For example, joint B does not move laterally because it is con­
nected by girder BD to a pin at joint D. We can assume that the length of 
BD doesnot change because (1) axial deformations are trivial, and (2) no 
change in length is produced by bending. To plot the deflected shape, we 
show the column leaving the fixed support at A in the vertical direction. 
The curvature produced by the moment indicates the lower section of the 
column develops compressive stresses on the outside face and tension on 
the inside face. At the point where the moment reduces to zero-the 
point of inflection (P.I.)-the curvature reverses and the column curves 
back toward joint R The applied load bends the girder downward, caus­
ing joint B to rotate in the clockwise direction and joint D in the coun­
terclockwise direction. Since joint B is rigid, the angle between the col­
umil and the girder remains 90°. 

I 
I 
\ 

p.!.1 

• • 

Figure 5.28: Deflected shape of a braced frame. 
Moment diagrams shown above and to the left of 
frame . 



• • 

' . "'" I 

Section 5.6 Sketcrung the Deflected Shape of a Beam or Frame 201 I 

I 
I 

rr---'--- ­
B C 

rA1 rA1r I 

I 
 B 
I 
Ih I 
I 
IL AI 

M=Ph 

£---1 
(a) (b) 

B' B' 
..... C 

J 90<) ~"""''"'"'''''''''''' 
I () ..... -C' 
I 
I 

I
l L----l 

I 

(c) (d) 

Figure 5.29: (a) Deflected shape shown to scale 
by dashed line, (b) moment diagram, (c) deflectedIn Figure 5.29a we show an L-shaped cantilever with a horizontal 
shape drawn to an exaggerated scale, Cd) rotation

load applied to the top of the column at B. The moment produced by the of joint B. ,' 
horizontal force at joint B (see Fig. 5.29b) bends the column to the right. 
Since no moments develop in beam BC, it remains straight. Figure 5.29c 
shows the deflected shape to an exaggerated scale. We start the sketch 
from the fIXed support at A because both the slope (90°) and the deflec­
tion (zero)-are known at that point. Because the angular rotation of joint 
B is small, the horizontal projection of beam BC can be assumed equal 
to the original length L of the member. Notice that both joints Band C 
displace the same horizontal distance d to the right. As was the case with 
the top of the column in Figure 5.27, joint B is assumed to move hori­
zontally only. On the other hand, joint C in addition to moving the same 
distance d to the right as joint B moves downward a distance d v = OL 
due to the rotation of member BC through an angle O. As shown in Fig­
ure 5.29d, the clockwise rotation of joint B (which is rigid) can be mea­
sured from either the x or the y axis. 

The lateral load at joint B of the frame in Figure 5.30ci produces 
Figure 5.30: (a) Moment Cl.1rves for frame ABC,moment that creates compression on the outside faces of both column AB 
(b) deformed frame in final position. (c) incorrect 
deflected shape: 90" angle at B not preserved. 
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and girder Be. To begin the sketch of the deflected shape, we start at the 
pin at A-the only point on the deflected frame whose final position is 
known. We will arbitrarily assume that the bottom of column AB rises 
vertically from the pin support at A. Since the moment curve indicates 
that the column bends to the left, joint B will move horizontally to B' 
(Fig. 5030b). Because joint B is rigid, we draw the B end of member BC 
perpendicular to the top of the column. Since member BC curves con­
cave upward, joint C will move to point C. Although the frame has the 
correct deformed shape in every respect, the position of joint C violates 
the boundary conditions imposed by· the roller at C. Since C is con­
strained to move horizontally only, it cannot displace vertically to C". 

We can establish the correct position of the frame by imagining that 
the entire structure is rotated clockwise as a rigid body about the pin at 
A until joint C drops to the level of the plane (at C~ on which the roller 
moves. The path followed by C during the rotation about A is indicated 
by the arrow between C and C". As the rigid body rotation occurs, joint 
Bmoves horizontally to the right to point B". . 

As shown in Figure 5.30c, an incorrect sketch, the B end of member 
AB canno( enter joint B with a slope that is upward and to the left 
because the 900 angle could not be preserved at joint B if the upward cur­
vature of the girder is also maintained. Since joint B is free to move lat­
erally as the coiumn bends, the frame is termed an unbraced frame. 

III Figure 5.31a a symmetrically loaded unbraced frame carries a 
concentrated load at the midspan of girder BC. Based on the initial 
dimensions, we fmd that the reactions at the pin at A and the roller at D 
are both equal to P12. Since no horizontal reactions develop at the sup­
ports, the moment in both columns is zero (they carry only axial load), I~ 2L1 .1 
and the columns remain straight. Girder BC, which acts as a simply sup­

(b) 	 ported beam, bends concave upward. If we sketch the deflected shape of 
the girder assuming that it does not displace laterally, the deflected shape 

Figure 5.31: (a) Defonnations produced by load shown by the dashed lines results. Since the right angles must be pre­
sho:wn by dashed line, (b) positlonrequired by served at joints B and C, the bottom ends of the columns will displace 
constraints of supports.. 

outward horizontally at A' and D'. Although the deflected shape is cor­
rect, jointA cannot move because it is connected to the pin at A. The cor­
rectposition of the frame is established by shifting the entire deformed 
frame as a rigid body to the rightan amount a (see Fig. 5.31b). As shown 
in this figure, joints Band Cmove horizontally only, and the length of 
the loaded girder is the same as its initial undeformed length of L. 

Figure 5.32 shows a frame with a hinge at C. Since the curVature of 
member'AB and thefmalpositionof joints A and B are known, we begin 
the sketch by drawing the deflected shape of member AB. Since joint B is 
rigid, the 90° angle is preserved at B, and member BC must slope down­
ward to the right. Since the hinge at C provides no rotational restraint, the 
members must frame into each side of the hinge with different slopes 
because of the difference in curvature. indicated by the moment curves . 

t~ 
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Figure 5.32 

5.7 Degree of Indeterminacy 

In our previous discussion of stability and indeterminacy in Chapter 3, we 
considered a group of structures that could be treated as a single rigid body 
or as several rigid bodies with internal releases provided by hinges or 
rollers. We now want to extend· our discussion to include indeterminate 
frames-structures composed of members that carry shear, axial load, and 

.. moment at a given section. The basic approaches we discussed in Chapter 
3 still apply. We begin our discussion by considering the rectangular frame 
in Figure 5.33a. This rigid jointed structure, fabricated from a single mem­
ber, is supported by a pin support at A and a roller at B. At point D a small 
gap exists between the ends of the members which cantilever out from 
joints C and E. Since the supports supply three restraints that are neither a 
parallel nor a concurrent force system, we conclude. that the structure is 
stable and determinate; that is, three equations of statics are available to 
compute the three support reactions. After the reactions are evaluated, 
internal forces-shear, axial, and moment-at any section can be evalu­
ated by passing a cutting plane through the section imd applying the equa­
tions of eqUilibrium to the free-body diagram on either side of the cut. 

.If the two ends of the cantilever were now connected by inserting a 
hinge at D (see Fig. 5.33b), the structure would no longer be statically 
determinate. Although the equations of statics permit us to compute the 
reactions for any loading, the internal forces within the structure cannot 
be determined because it is not possible to isolate a section of the struc­
ture as a free body that has only three unknown forces. For example, if 
we attempt to compute the internal forces at section 1-1 at the center of 
member AC in Figure 5.33b by considering the equilibrium of the free 

• 
 .... .- • •" 

Photo·S.2: Two-legs of a reinforced concrete 
rigid frame. Frame supports a cable-stayed bridge. 

Photo 5.3: Legs of a rigid frame fabricated from 
steel plates. 
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(e) 

t 
F 

(d) 

body that extends from section 1-1 to the hinge at D (see Fig. 5.33c), five 
internal forces-three at section 1-1 and two at the hinge-must beevalu­
ated. Since only three equations of statics are available for their solution, 
we conclude that the structure is indetenninate to the second degree. We 
can reach this same conclusion by recognizing that if we remove the 
hinge at D, the. structure reduces to the determinate frame in Figure 
5.33a. In other words, when we connect the two ends of the structure 
together with a hinge, both horizontal restraint and vertical restraint are 
added at D .. These restraints, which provide alternative load paths, make 
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the structure indeterminate. For example, if a horizontal force is applied 
at C to determinate frame in Figure 5.33a, the entire load must be trans­
mitted through member CA to the pin at A and the roller at B. On the other 
hand, if the same force is applied to the frame in Figure S.33b, a celtain 
percentage of the force is transferred through the hinge to the right side of 
the structure to member DE and then through member EB to the pin at B. 

If the two ends of the frame at D are welded to form a solid continu­
ous member (see Fig. 5.33d), that section will have the capacity to trans­
mit moment as well as shear and axial load. The addition of flexural 
restraint at D raises the degree of indeterminacy of the frame to three. As 
shown in Figure 5.33&, a typical free body of any portion of the structure 
can develop six unknown internal forces. With only three equations of 
equilibrium, the structure is indeterminate internally to the third degree. 
In summary, a closed ring is statically indeterminate internally to the 
third degree. To establish the degree of indeterminacy of a structure com­
posed of a number of closed rings (a welded steel building frame, e.g.) 
we can remove restraints-either internal or external-until a stable base 
structure remains. The number ofrestraints removed equals the degree of 
indeterminacy. This procedure was introduced in Section 3.7; see Case 3. 

To illustrate this procedure for establishing the degree of indetermi­
nacy of a rigid frame by removing restraints, we will consider the frame 
in Figure 5.34a. When evaluating the degree of indeterminacy of a struc­
ture the designer always has a variety of choices with regard to which 
restraints are to be removed. For example, in Figure 5.34b we can imagine 
the frame is cut just above the fixed support at B. Since this action 
removes three restraints Bx, By, and MB, but leaves a stable U-shaped 

A 

ill
B 

MB 
B A 

(a) (b) Bx 
By 

VM 

,...'" 

( 
Figure 5.34: Establishing the degree of indeter­
minacy by removing supports until a stable deter­( 

MBMA 

~Bx minate structure remains. (a) A fixed-end frame, 

,;., (b) the fixed support at B removed, (c) the girder 
cut, (d) roller and pin used to eliminate moment 

(c) Cd) and horizontal restraint at B and the moment at A . 

• 
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G H I 

B 
"".~ 

(a) 

(b) 

2 

Figure 5..35.: (a) Frame to be evaluated; (b) re­
moving restraints (numbers on figure refer to 

.. number of restraints removed at that point to pro­
duce the base structure). . 

structure connected to the fixed support at A, we conclude that the origi­
nal structure is indeterrirlnate to the third degree. As an alternative proce­
dure, we can eliminate three restraints (M, V, and F) by cutting the girder 
at midspan and leaving two stable determinate L-shaped cantilevers (see 
Fig. 5.34c). As a fInal example (see Fig. 5.34d), a stable detenninate base 
structure can be established by removing the moment restraint at A (phys­
ically equivalent to replacing the fIxed support by a pin support) and by ,. 

removing moment and horizontal restraint at B (the fixed support· is 
replaced by a roller). 

As a second example, we will establish the degree of indeterminacy of 
the frame in Figure 5.35a by removing both internal and external restraints. 
As one of many possible procedures (see Fig. 5.35b), we can eliminate two 
restraints by removing the pin at C completely. A third external restraint 
(resistance to horizontal displacement) can be removed by replacing the 
pin at B with a roller. At this stage we have removed sufficient restraints to 
produce a structure that is externally determinate. If we now cut girders EF 
and ED, removing six additional restraints, a stable determinate structure 
remains. Since a total of nine restraints was removed, the structure is 
indeterminate to the ninth degree. Figure 5.36 shows several additional 
structures whose degree of indetenninacy has been evaluated by the same 
method. Students should verify the results to check their understanding 
of tl:lis procedure. 

For the frame in Figure 5.36j, one method of establishing the degree 
of indetenninacy is to consider the structure in Figure 5.35a with the three 
pins at A, B, and C replaced by fixed supports. This modification would 
produce a structure similar to the one shown if Figure 5.36/except with­
out internal binges. This modification would increase the previously estab­
lished ninth degree of indetenninacy to 12 degrees. Now, the addition of 
eight hinges to produce the structure in Figure 5.36/would remove eight 
internal moment restraints, producing a stable structure that was indeter­
minate to the fourth degree. 

• .In our discussion of beams and frames, we considered members 
loaded primarily by forces (or components of forces) . acting 
perpendicular to a member's longitudinal axis. These forces bend 

.. the member and produce internal forces of shear and moment on 
sections normal to the longitudinal axis. 

• 	 We compute the magnitude of the momen.t on a section by 
summing moments of all external forces on a free body to either 

. side of the section. Moments of forces are computed about a 
horizontal axis passing through the centroid of the cross section. 
The summation must include any reactions acting on the free body. 
For horizontal members we assume moments are positive when 
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.:: 	 :.:" 
::. tie ':~.r.:.·::::·';;"··';"···'!'l...~:~.··.. 
~: 	 ,~ 

, ~ , ': 

(a) 	 (b) (c) 

(d) 	 (e) 

(g) 

they produce curvature that is concave up and negative when 

curvature is concave down. 


• 	 Shear is the resultant force acting parallel to the surface of a section 
through the beam. We compute its magnitude by summing forces or 
components of forces that are parallel to the section, on either side 
of the cross section. 

• 	 We established procedures to write equations for shear and moment 
at all sections along a member's axis. These equations will be 
required in Chapter 10 to compute deflections of beams and frames 
by the method of virtual work. . 

• 	 We also established four relationships among load, shear, and moment 
that facilitate the construction of shear and moment diagrams: 

1. 	The change in shear ll.V between two points equals the area 
under the load curve between the two pointS. 

2. The slope of the shear curve at a given point equals the ordinate 
of the load curve at that point. . 

Figure 5.36: Classifying rigid frames; (a) stable 
and determinate. 3 reactions, 3 equations of statics; 
(b) hlngeless arch, indeterminate to third degree, 6 
reactions, and 3 equations of statics; (c) indetenni­
nate first degree, 3 reactions and 1 unknown force 
in tie, 3 equations of statics; (d) indetenninate 
sixth degree (internally): (e) stable detenninate 
structure, 4 reactions, 3 equations of statics and 1 
condition equation at hinge;' (f) indetenninate 
fourth degree; (g) indeterminate sixth degree. 
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3. 	The change in moment I:i..M between two points equals the area 
under the shear curve between thetwo points. 

4. The slope of the moment curve at a given point equals the ordinate 
of the shear curve at that point. 

• 	 We also established that points of inflection (where curvature 
changes from positive to negative) in a beam's deflected shape 
occur where values of moment equal zero. 

• 	 We also learned to use moment diagrams to supply information 
required to draw accurate sketches of the deflected shapes of beams 
and frames. The ability ofthe designer to construct accurate 
deflected shapes is required in the moment-area method covered in 
Chapter 9. The moment-area method is used to compute slopes and 
deflections at a selected point along the axis of a beam or frame. 

• 	 Finally we established a procedure for determining if a beam or 
frame is statically determinate or indeterminate. and if 
indeterminate, then the degree of indeterminacy. 

···,li;·Ii ..PROBLEMS:·';;··,·" ......·,,·..···;;o;"",,· ..,···,··;.. •....·;·,.;............... ;......................... " ...... , ..................................... " .......... " ......... " ............. , ...........................""........... . 


PS.1. Write the equations for shear and moment between PS.3. Write the equations for shear and moment between 
points A and B. Select the origin at A.Plot the graph of . points A and B. Select the origin at A. Plot the graph of 
each force underneath a sketch of the beam. each force under a sketch of the beam. The rocker at A 

is equivalent to a roller. w 

w = 3kN/m 

~--------6m--------~PS.1 

PS.2. Write the equations for shear and moment between PS.3 
points D and E. Select the origin at D. PS.4. Write the equations for, shear V and moment M 

between points B and C. Take the origin at point A.
B. 

8 kips 	 Evaluate V and M at point C, using the equations. 

• 


5' 

lO'~---+l.1 
P =- 15 kips 

PS.2 
PS.4 

• 




PS.S. Write the equations for moment between points 
Band C as a function of distance x along the longitudi­
nal axis of the beam in Figure PS.5 for (a) origin of x at 
Aand (b) origin of x at B. 

4 kips 

A 

I-- 41 ---t.1_.- 6'---+-.I.~ 5,----l 

PS.S 

PS.6. Write the equations required to express the 
moment along the entire length of beam in Figure PS.6. 
Use an origin at point A. and then repeat computations 
using an origin at point D. Verify that both procedures 
give the same value of moment at point C. 

18 kips 

I..- 6'-'-1-1,-- 10,---.!t<-.- 8'--1 

PS.6 

PS.7. Write the equations for shear and moment using 
the origins shown in the figure. Evaluate the shear and 
moment at C, using the equations based on the origin at 
point D. 

10 kips 

32 kip.ft ­

I 
x+-j

_.-\--.- 6'----1 

PS.7 

• 
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f5.8. Write the equation for moment between points B 
and C for the rigid jointed frame in Figure PS.8. 

IV "" 6 kips/ft 

1 
i \ 

6kips-~!"\I ITf<IIU._'- 6 kips 

t----16l--~ 
48 kips 48 kips 

PS.8 

PS.9. Write the equations for moment as a function of 
distance along the longitudinal axes for members AB 
and BC of the frame in Figure P5.9. Origins for each 
member are shown. 

60 kips 

c 

1--7'-_..;._­

PS.9 

• 
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PS.I0.Write. the equations for shear and moment 
between points Band C for the rigid frame in Figure 
P5.10. Select the origin at point C. 

w=4kN/m 

6m 

l 
1----9 

PS.10 

PS.ll. Consider the beam shown in Figure PS.l1. The 
elastomeric pad at support A is equivalent to a roller. 

(a) Write the equations for shear and moment in 
. terms of x. Select an ·odginal' A. 

(b) Locate the section of maximum moment. 
(c) Calculate Mmax. 

IV =6 kipslft 

120 kip.ft 

o~x 

PS.11 

PS.12. Consider the beam shown in Figure PS.12. 
(a) Write the equations for shear and moment 

for the beam using an origin at end A. 
(b) Using the equations, evaluate the moment at 

section A. 
(e) Locate the point of zero shear between B 

and C. 
(d) Evaluate the maximum· moment between 

points B andC. 
(e) Write the equations for shear and moment 

using an origin at C. 

(f) Evaluate the moment at section A. 
(g) Locate the section of maximum moment 

and evaluate Mmax. 
(h) Write the equations for shear and moment 

between Band C using an origin at B. 
(0 Evaluate the moment at section A. 

I. 

I..-- 4' --001----- 16'---- ­

PS.12 

PS.13 to PS.lS. For each bleam, draw the shear and 
mbment diagrams, label the maximum values of shear 
and moment, locate points of inflection, and make an 
accurate sketch of the deflected shape. 

-..;00---- lo'--~,*I'I- 4'-

40 kips 

D 

PS.13 


24 kips 30 kips 


--..;..--- 6' -----1 

PS.14 

IV 12 kips/ft 

A D 

~1-----15'--- ­

P5.15 
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PS.16. Draw the shear and moment diagrams for Fig­
ure PS.16. Sketch the deflected shape. 

8 kips 

-------"+<___6'---1 

PS.16 

PS.17. Draw the shear and moment curves for each 
member of the frame in Figure P5.17. Sketch the de­
flected shape. The bolted connections at A, C, and D are 
equivalent to a hinge. 

'20kN 

PS.17 

PS.18. Draw the shear and moment curves for each 
member of the frame in Figure PS.lS. Sketch the de­
flected shape. 

45kN 

B 

6m 

l 
I-- 4 m --1+--- 4 m 

PS.18 

PS.19. Draw the shear and momen.t curves for each 
member of the frame in Figure PS.19. Sketch the de­
lected shape. 

r 
6m 

LA 

PS.19 
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PS.20. Draw the shear and moment· curves for the 
beam in Figure P5.20. Sketch the deflected shape. 

. hinge 4kN/m . 2kN/m 
~~-.~-,~, r~~-.--~ 

....j.---6m--i- ­

PS.20 

PS.21. Draw the shear and moment curves for each 
member of the frame in Figure P5.21. Sketch the de­
flected shape hinges at Band C. 

\.r 
4m 

l 
i--3m .1. 3 - ..........---6m----..;.I 


PS.21 

PS.22.. Draw the shear andmomerit curves for each 
member of the frame in Figure PS.22. Sketch the de­
flected shape. Fixed end at A . 

.---5 kN/m 

PS.22 

PS.23. Draw the shear and moment curves for each 
member of the frame in Figure P5.23. Sketch the de­
flected shape . 

PS.23 

PS.24. Draw the shear and moment curves for each 
member of the frame in Figure PS.24. Sketch the de­
flected shape. 

r 
3' 

t"
5' 

L 
1--4' 

PS.24 



-...!---~- 6' ---4 

PS.2S. Draw the shear and moment curves for each 
member of the beam in Figure PS.2S. Sketch the de­
flected shape. The shear connection at B acts as a hinge. 

w = 12 kips/ft 

hinge 

j..---- 6'--..... 3' --I-- 3' --I- 2'-11. ­

PS.2S 

PS.26. Draw the shear and moment curves for the beam 
in Figure PS.26. Sketch the deflected shape. 

IV =6 kips/ft 

A I)(~C

'''. . .... B 


30 kip.ft I-- 9' 9' 1 9' 


PS.26 

PS.27. Draw the shear and moment curves for the 
beam in Figure PS.27. Sketch the deflected shape. 

PS.21 

• • ....... ­
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PS.28. Draw the shear and moment curves for the inde­
terminate beam in Figure PS.28. Reactions are given. 
Sketch the deflected shape. 

45 ct .A~m~~;:::d~lE3~ 
c 

1.69kips i"----8'----t- 6'--t 

15.19 kips 10.5 kips 

PS.2S 

PS.29. Draw the shear and moment curves for the beam 
in Figure PS.29. Sketch the deflected shape. 

p= 36 kips 


)3' 


r 
E 

4' 

L~ 
A 

29 kips 

PS.29 

PS.30. Draw the shear and moment curves for the 
beam in Figure PS.30 (reactions given). Locate all points 
of zero shear and moment. Sketch the deflected shape. 

p= 30 kips* ~ w= 3 kips/ft 

·--.:•• ·o •• , •••·.r ".". J.l.....J.J...,1..A~. ..0·.··,·····;·"···ji,·,·L.",."I.. ~.c
. -"8 

~ 6·J..- 6' -f.... 6'1'. 24,-,-'.-4 
RA =18.85 kips Rs = 85.49 kips Rc:; 27.66 kips 


PS.30 


• 
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PS.31 and PS.32~ Draw the shear and moment diagrams 
for each indeterminate beam. Reactions are giyen. Label 
maximum values of shear and moment. Locate all inflec­
tion points, and sketch the deflected shapes. 

RA 31.31 kN 

RB 25.69 kN 

f.<-,----- 8 In -----J..- 3 m 

P5.31 

t-20' 1· 
RA = 4.02 kips RB =139.99 kips 

P5.32 

PS.33. Draw the shear and moment diagrams for Fig­
ure PS.33. Sketch the deflected shape. 

30kN 

t t t 
RB = 105 kN Rc= 105 kN Rn 9kN 

6 --+f'---~9 ---!..--6 

P5.33 

PS.34. (a) Draw the shear and moment curves for the 
frame in Figure PS.34. Sketch the deflected shape. 
(b) Write the equations for shear and moment in column 
AB. Take the origin atA. (c) Write the shear and moment 
equations for girder Be. Take the origin at joint B. 

w =2.4 kips/ft 

4 kips 

5' 

1 
10' 

• E J 
f.<-,----- 24' ----..:..-~ 

PS.34 

PS.3S. Draw the shear and moment curves for each 
member of the frame in Figure PS.35. Sketch the de­
flected shape. Joints Band D are rigid. 

A 

i 
4m 

I 

i 
• F 

2m 

I 

w=9kN/m 

33m ,!. 3 

P5.35 

• 
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PS.36. Draw the moment diagrams for each member of 
the frame in Figure PS.36. Sketch the deflected shape of 
the frame. Joints Band C are rigid. 

w =2 kipslft 

\ Dl 

j 
12' 

I 

J 
12' 

A 

8'--J.- 8'-.1 

PS.36 

PS.38. (a) Make an accurate sketch of the deflected 
shape of the frame in Figure PS.38. Pay careful atten­
tionto curvature and displacement. Joint B is rigid. (b) 
Draw a free body of joint B and show all forces. 

C 5kN 

2m 

A~~I' 1 

t 2m 

5kN 10b'l' -+D 

hinge 1m 

-t 
1m 

5 kN --.l 

PS.38 

• 
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PS.37. Draw the shear and moment curves for each 
member of the frame in Figure PS.37. Sketch the 
deflected shape. Treat the shear plate connection at Cas 
a hinge. 

D E 
-. 

I 
12' 

I 
--' ­w =6 kips!f! '---Ifj!o\ll F 

1.0"." ..I 12'---1 

PS.37 

PS.39. For the frame in Figure PS.39, draw the shear 
and moment curves for all members. Next draw an accu­
rate sketch of the deflected shape of the frame. Show all 
forces acting ona free-body o.iagramof joint C. (Joint 
C is a rigid joint.) Fixed support at A. 

r 

r 
4' 

t 
6', 

6' 

L A ..........:. Ax = 20 kips


'-tJ MA =120 kip·a 

Ay = 20 kips 

~ 4,-1- 4,---1 

PS.39 

• 
 • 
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PS.40. (a) Sketch the deflected shape of the framein 
Figure P5,40 accurately. Reactions and moment curves 
are given. Curvature is also indicated. Joints B and D are 
rigid. The hinge is located at point C. (b) Using an origin 
at A, write the equations for shear and moment inmem­
ber AB in terms of the applied load and the distance x. 

\ 
D 

hinge 

.....,;-,:::::~~~::::;-;:::::::::d 

kips 

6 kips/ft 

+ ~.~.:.•.,.•.~....••••,..... .I ;r) 
12' ... 

I 
9kips-L 

t 
20 kips 32 kips 

9'-0+0-­ 6'-1 

P5.40 

PS.41. Draw the sh.ear and moment curves for all mem­
bers bf the frame in Figure P5.41. Sketch the deflected 
shape (reactions given). 

1 
4' 

t­
6' 

t 
6' 

L _II""IL 

t 

A y =7.5 kips 

PS.41 

• 


Practical Application 

PS.42. The combined footing shown in Figure P5,42 is 
designed as a narrow reinforced concrete beam. The 
footing has been proportioned so that the resultant of 
the column loads passes through the centroid of the 
footing, producing a uniformly distributed soil pressure 
on the base of the footing. Draw the shear and moment 
diagrams for the footing in the longitudinal direction. 
The width of the footing is controlled by the allowable 
soil pressure and does not affect the analysis. 

w:::: 30.77 kips/ft 

1-0----'---- 26' -------..1 

PS.42 

Practical Application 

PS.43. The two concentrated loads, supported on the 
combined footing in Figure P5.43, produce a trapezoidal 
distribution of soil pressure. Construct the shear and 
moment diagrams. Label all ordinates of the diagrams. 
Sketch the deflected shape. 

50 kips 50 kips 

9' --'t+--o- 6' + 5' 

8 kips/ft 

20' ------->001 

PS.43 

• 
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PS.44 and PS.4S. Classify the structures in Figures P5.44 and P5.45. Indicate whether stable or unstable. Ifstable, indi­
cate whether determinate or indeterminate. If indeterminate, give the degree. 

• 


(al (b) (e) 

(e) (j)(d) 

PS.44 

hinge 

(e)(a) (b) 

hinge 

, i!;';ll";;'~-:;';:'"====-=I:,"l 

(e)(d) 

PS.4S 

. \ 

....
~ 
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Practical Application 	 support a 14-ft-high masonry wall constructed oflight­
weight, hollow concrete block that weighs 38Ib/ft2. We 

PS.46. The· corner panel of a typical floor of aware­ assume that the tributary area for each beam is shown 
house is shown in Figure P5.46. It consists of a lO-in­ by the dashed lines in Figure P5.46, and the weight of 
thick reinforced concrete slab supported on steel beams. the beams and their fireproofing is estimated to be 80 
The slab weighs 125 Ib/ft2. The weight of light fixtures Ib/ft. Draw the shear and moment diagrams produced 
and utilities suspended from the bottom of the slab is by the total dead load for beams Bl and B2• 
estimated to be 5 Ib/ft2. The extedor beams Bl and B2 

1
14' 

J 
1-1.---- 18' -----0; 

r 
14' 

L~ 
Section A-A 

PS.46 

• 
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(a) 

camber: ? 

T 

unloaded frame 
(b) 

PS.47 

.................. u ..n.··.·.................Uu ...........Hu.........................................n ................................n ..... uu•••••••• , .....Hu.....uUh........u ....................... n ................................. . 


'Ponding refers to the pool of water thaI can coUecl on a roof when the roof drains are not adequate to carry away rain water or become clogged. This condition has resulted 
in the collapse of flat roofs. To avoid ponding. beams may be cambered upward so rain water cannot accumulate at the center regions of the roof. See Figure P5.47b. 

Practical Example 

PS.47 Computer analysis. The legs and girder of the 

It rigid frame in Figure P5.47a are fabricated from a 
W18 x 130 wide flange steel beam: A = 38.2 
in2 and I = 2460 in4. The frame is to be designed 

for a uniform load of 4 kips/ft and a lateral wind load of 
6 kips; E = 29,000 kips/in2. The weight of the girder is 
included in the 4 kips/ft. 

(a) Compute the reactions; plot the deflected 
shape and the shear and moment curves for the legs and 
girder, using the computer program. (Set the number of 
sections equal to 7 for all members.) 

(b) To avoid ponding* of rainwater on the roof, 
the girder is to be fabricated with a camber equal to the 
deflection at midspan of the roof girder produced by the 
loads shown. Determine the camber (see Fig. P5.47b). 

6 kips 

Problems 219 

·PS.48. Computer analysis of a continuous beam. The 

It continuous beam in FigUre. P5.48 is constructed 
from a WI8 X 106 wide flange steel beam with 
A = 31.1 and I 1910 in4. Determine the 

reactions, plot the shear and moment diagrams and the 
deflected shape. Evaluate the deflections~ Neglect weight 
of beam. E 29,000 ksi. 

IV 18 kips/ft 

PS.48 

• 
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'. 	 George Washington Bridge spanning the Hudson River between Manhattan and Fort Lee, New Jersey. The 
cent~r span is 3500 ft, the towers rise 604 ft above the water, and the overall distance between anchor­
ages is 4760 ft. Built at a cost of $59 million, the original structure, shown here, was opened to traffic in 
1931. A six-lane lower level was added in 1962. 
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Cables 

Introduction 

As we discussed in Section 1.5, cables constructed of high-strength steel 
wires are completely flexible and have a tensile strength four or five times 
greater than that of structural steel. Because of their great strength-to­
weight ratio, designers use cables to construct long-span structures, includ­
ing suspension bridges and roofs over large arenas and convention halls. 
To use cable construction effectively, the designer must deal with two 
problems: 

1. 	 Preventing large displacements and oscillations froni developing in 

cables that carry live loads whose magnitude or direction changes 

with time. 


2. 	 Providing an efficient means of anchoring the large tensile force 
carried by cables. 

To take advantage of the cable's high strength while minimizing its 
negative features, designers must use greater inventiveness and imagina­

..	tion than are required in conventional beam and column structures. For 
example, Figure 6.1 shows a schematic drawing of a roof composed of 
cables connected to a center tension ring and an outer compression ring·. 
The small center ring, loaded symmetrically by the cable reactions, is 
stressed primarily in direct tension while the outer ring· carries mostly 
axial compression. By creating a self-balancing system composed of 
members in direct stress, the designer creates an efficient structural form 
for gravity loads that requires only vertical supports around its perime­
ter. A number of sports arenas, including Madison Square Garden in 
New York City, are roofed with a cable system of this type. 

In a typical cable analysis the designer establishes the position of the 
end supports, the magnitude of the applied loads, and the elevation of one 
other point on the cable axis (often the sag at midspan; see Fig. 6.2a). 
Based on these parameters, the designer applies cable theory to compute 
the end reactions, the force in the cable at all other points, and the posi­
tion of other points along the cable axis. 

.. 


compression 

cable ring 


~~~~~ 

I 
I 

tension vertical 
ring support 

Figure 6.1: Cable-supported roof composed of 
three elements: cables, a center tension ring, and 
an outer compression ring. 

'.'.<c,• 
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" 

chord 

8A 1---
I 

­
'A --'--.-- - h (salt)

';;;;;::r ­
B 

m., . t l 8B = 0 + 

I-<------L-----'-----"I 

(a) (b) 

Figure 6.2: Vertically loaded cables: (a) cable 
with an inclined chord-the vertical distance 
between the chord and the cable, h, is called the 
sag; (b) free body of a cable segment carrying 
vertical loads; although the resultant cable force T 
varies with the slope of the cable, ,£Fx = 0 
requires that H, the horizontal component of T. is 
constant from section to section. 

Photo 6.1: Terminal building at Dulles airport. 
Roof supported on a net of steel cables spanning 
between massive, sloping, reinforced concrete 
pylons. 

• ....~.. & ....~ ..~:'~';;~~~!;~'......... H ... ~ ..H ................. ............ u ... u ..........HH................hHU.. U .... u ........................ u ...... 


,. 6~2i:~l!l Characteristics of Cables 
,., ,.',:3';~\!'(\ 

Cables, which are made of a group of high~strength wires twisted together 
to fonn a strand, have an ultimate tensile strength o(approximately 270 
kips/in2 (1862 MFa). The twisting operation imparts a spiral pattern to 
the individual wires. 

. While the drawirig of wires through dies during the manufacturing 
process raises the yield point of the steel, it also reduces its ductility. Wires 
can undergo an ultimate elongation of 7 or 8 percent compared to 30 to 
40 percent for structural steel with a moderate yield point, say, 36 ldps/in2 
. (248 MPa). Steel cables have a modulus of elasticity of approximately 
26,000 kips/in2 (179 GPa) compared to a modulus of 29,00(f kips/in2 

(200 GPa) for structural steel bars. The lower modulus of the cable is due 
to the uncoiling of the wire's spiral structure under load. 

Since a cable carries only direct stress, the resultant axial force Ton 
all sections must act tangentially to the longitudinal axis of the cable (see 
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Photo 6.2: Cable-stayed bridge over Tampa bay. 

Fig. 6.2b). Because a cable lacks flexural rigidity, designers'must use 
great care when designing cable structures to ensure that live loads do not 
induce either large deflections or vibrations. In early prototypes, many 
cable-supported bridges and roofs developed large wind-induced dis­
placements (flutter) that resulted in failure of the structure. The complete 
destruction of the Tacoma Narrows Bridge on November 7; 1940, by 
wind-induced oscillations is one of the most spectacular examples of a 
stt¥ctural failure of a large cable-supported structure. The bridge, which 
snanned 5939 ft (1810 m) over Puget Sound near the City of Tacoma, 
Washington, developed vibrations that reached a maximum amplitude in 
the vertical direction of 28 ft (8.53 m) before the floor system broke up 
and dropped into the water below (see Photo 2.1) . 
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6.3 Variation of Cable Force 

If a cable supports vertical load only, the horizontal component H of the 
cable tension T is constant at all sections along the axis of the cable. This 
conclusion can be demonstrated by applying the equilibrium equation 
'2F" = 0 to a segment of cable (see Fig. 6.2b). If the cable tension is 
expressed in terms of the horizontal component H and the cable slope OJ 

H
T=-­ (6.1) 

cos 0 

At a point where the cable is horizontal (e.g., see point B in Fig. 6.2a), 0 
equals zero. Since cos 0 = 1, Equation 6.1 shows that T = H; The max­
imum value of T typically occurs at the support where the cable slope is 
largest. 

'8:', 
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H ---""'-=­

(a) 

FAB 

B 

(b) 

{~

FBe 

(c) 

Figure"6.3:" Vector diagrams: (a) cable with two 
vertical loads, (b) forces acting on an infinitesi­
mal segment of cable at B, (c) force polygon for 
vectors in (b). 
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;_,,~~~~~ Analysis of a Cable Supporting Gravity 
(Vertical) Loads 

When a set of concentrated loads is applied to a cable of negligible 
weight, the cable deflects into a series of linear segments (Fig. 6.3a). The 
resulting shape is called the funicular polygon. Figure 6.3b shows the 
forces acting at point B on a cable segment of infinitesimal length. Since 
the segment is in equilibrium, the vector diagram consisting of the cable 
forces and the applied load forms a elosed force polygon (see Fig. 6.3c). 
, A cable supporting vertical load (e.g., see Fig. 6.3a) is a detenninate 
member. Four equilibrium equations are available to compute the four 
reaction components supplied by the supports. These equations in.elude 
the three equations of static equilibrium applied to the free body of the 
cable and a condition equation,'ZMz = O. Since the moment at all sec­
tions of the cable is zero, the condition equation can be written at any 
section as long as the cable sag (the vertical distance between the cable 
chord and the cable) is known.Typically, the designer sets the maximum 
sag to ensure both arequired clearance and an economical design. 

To illustrate the computations"of the support reactions andthe forces 
at various points along the cable axis, we will analyze the cable in Fig­
ure 6.4a. The cable sag at the location of the 12-kip load is set at 6 ft. In 
this analysis we will assume that the weight of the cable is trivial (com­
pared to the-load) and neglect it. 

STEP lCompute D)' by summing moments about support A. 

0+ 'ZMA = 0 

(12 kips) (30) + (6 kips )(70) - Dy(lOO) = 0 

Dy = 7.8 kips (6.2) 

STEP 2 Compute A)" 

+ 
t "iFy o 

. 0 =A)' - 12 6 + 7.8 

Ay = 10.2 kips (6.3) 

STEP 3 Compute H; sum moments about B (Fig. 6.4b). 

0+ 2:,MB = 0 

o Ay(30) - HhB 

hBH (10.2) (30) (6.4) 

Setting hB = 6 ft yields 


H 51 kips 
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After H is computed, we can establish the cable sag at C by 
considering a free body of the cable just to the right of C 
(Fig. 6.4c). 

STEP 4 
0+ "'2.Mc = 0 

-D,(30) + Hhc = 0 

30D, 30(7.8) 
he = H = 51 = 4.6 ft (6.5) 

To compute the force in the three cable segments, we estab­
lish eA, eB, and Oc and then use Equation 6.1. 

Compute TAB' 

6 
tan eA = 30 

T _~_ 
AB - cos 0A ­

Compute TBC' 

tan 0B = 6 4.6 = 0035 and40 . 

T -~-~ 51.03 kips 
BC - cos 0B - 0.999 

Compute TCD' 

4.6 
tan Bc = 30 = 0.153 and Bc = 8.70 

H51 
TeD = cos e = 0.988 = 51.62 kips 

c 

Since the slopes of all cable segments in Figure 6.4a are relatively 
small, the computations above show that the difference in magnitude 
between the horizontal component of cable tension H and the total cable 
force T is small. 

General Cable Theorem 

As we carried out the computations for the analysis of the cable in Figure 
6.4a, you may have observed that certain of the computations are similar 
to those you would make in analyzing a simply supported beam with a 
span equal to that of the cable and carrying the same loads applied to the 
cable. For example, in Figure 6.4c we apply the cable loads to a beam 

•
• ..."' ...... - • ..-."' ...... ­

and 

51 51.98 kips
0.981 

TA Ay 

H 

12 kips 

40'---+- 30'-1 

• 

10.2 kips 7.8 kips 

306 kip-ft 

(d) 

Figure 6.4: (a) Cable loaded with vertical 
forces, cable sag at B set at 6 ft; (b) free body of 
cable to left ofB, (c) free body of cable to right of 
C; (d) a simply supported beam with same loads 
and span as cable (moment diagram below) . 

• 


(a) 

Ay = 10.2 kips 

(b)_ 

Dy =7.8 kips 

D 
H=Sl kips 

(c) 
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whose span equals that of the cable. If we sum moments about support 
A to compute the vertical reaction Dy at the right support, the moment 
equation is· identical to Equation 6.2 previously written to compute the 
vertical· reaction at the right support of the cable. In addition, you will 
notice that the shape of the cable and the moment curve for the beam in 
Figure 6.4 are identical. A comparison of the computations between those 
for a cable and those for a simply supported beam that supports the cable 
loads leads to the following statement of the general cable theorem: 

At any point on a cable supporting vertical loads, the product of the 
cable sag h and the horizontal component H of the cable tension equals 
the bending moment at the same point in a simply supported beam that 
carries the same loads in the same position as those on the cable. The 
span of the beam is equal to that of the cable. 

The relationship above can be stated by the following equation: 

Hhz = (6.6)M z 

where H = horizontal component of cable tension 
11;: = cable sag at point z where M;: is evall.lated 

M;: = moment at point z in a simply supported beam carrying 
the loads applied to the cable 

Since H is constant at all sections, Equation 6.6 shows that the cable sag 
h is proportional to the ordinates of the moment curve. 

To verify the general cable theorem given by Equation 6.6, we will 
show that at an arbitrary point z on the cable axis the product of the 
horizontal component H of cable thrust and the cable sag hz equals the 
moment at the same point in a simply supported beam carrying the cable 
loads (see Fig. 6.5). We will also assume that the end supports of the 
cable are located at different elevations. The vertical distance between 
the two supports can be expressed in terms of a, the slope of the cable 
chord, and. the cable span L as 

y = L tan a (6.7) 

Directly below the cable we show a simply supported beam to which we 
apply the cable loads. The distance between loads is the same in both 
members. In both the cable and the beam, the arbitrary section at which 
we will evaluate the terms in Equation 6.6 is located a distance x to the 
right of the left support. We begin by expressing tl:;e vertical reaction of 
the cable at support A in terms of the vertical loads and H (Fig. 6.5a). 

C+ 'ZMB = 0 

0= A)'L - 'ZmB + H(L tan a) (6.8) 

where 2:.ms represents the moment about support B of the vertical10ads 
(PI through P4) applied to the cable . 

••. l:.- ...... ___ 
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Figure 6.5 

II'i 

(a) 

A 

Iz 4 
t 

1------ L ~~.----..j 

(b) 

In Equation 6.8 the forces Ay and H are the unknowns. Considering a 
free body to the left of point z;, we sum moments about point z to produce 
a second equation in terms of the unknown reactions Ay and H. 

0+ "i.Mz = 0 

o Ayx + H(x tan a - hz) "i.mz (6.9) 

where "i.mz represents the moment about z of the loads on a free body of 
the cable to the left of point z. Solving Equation 6.8 for Ay gives 

"i.mB H(L tan a)
Ay = -------'--- (6.10)

L 

Substituting Ay from Equation 6.10 into Equation (}.9 and simplifying, 
we find 

• 


(6.11) 
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228 Chapter 6 Cables 

Figure 6.6: Establishing the shape of the funic­
ular arch: (a) loads supported by arch applied to a 
cable whose sag h3 at midspan equals the midspan 
height of the arch: (b) arch (produced by invert­
ing the cable profile) in direct stress. 

We next evaluate Mz' the bending moment in the beam at point z (see Fig. 
6.5b): 

(6.12) 

To evaluate RA in Equation 6.12, we sum moments of the forces about the 
roller at B. Since the loads on the beam and the cable are identical, as are 
the spans of the two structures, the moment of the applied loads (PI 
through P4) about B also equals "kina. 

0+ "kMB 0 

ORAL - "kmB 

"kms 
RA=T (6.13) 

Substituting RA from Equation 6.13 into Equation 6.12 gives 

~ "kms
M =:; x-- "km. (6.14)

Z L ' 

Since the right sides of Equations 6~11 and 6.14 are identical, we can 
equate the left sides, giving, Hhz = Mz• and Equation 6.6 is verified. 
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~L.~.(>.: Establishing the Funicular Shape of an Arch 

The material required to construct an arch is minimized when all sections 
along the axis of the arch are in direct stress. For a particular set of loads 
the arch profile in direct stress is called the.funicular arch. By imagining 
that the loads carried by the arch are applied to a cable, the designer can 
automatically generate a funicular shape for the loads. If the cable shape 
is turned upside down, the designer produces a funicular arch. Since dead 
loads are usually much greater than the live loads, a designer might use 
them to establish the funicular shape (see Fig. 6.6). 

• 


(a) (b) 

• 
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EXAMPLE 6.1 


chord 
i\ H I.H 

B h = 8' 5' I , 

120 kips 

50' I. 50'--..1 

(a) 

C, 

IO~H 

T I.----- 50'--..I 

(b) 

AA. IT", ..~ 

}-5o,--.!+-I.-50'4 

RA =60 kips Rc= 60 kips 

M =3000 kip·ft 

(c) 

Figure 6.7: (a) Cable with a vertical load at 
midspan; (b) free body to the right of B; (e) sim­
ply supported beam with same length as cable. 
Beam supports cable load. 

• 


Detennine the reactions at the supports produced by the 120-kip load at 
midspan (Fig. 6.7) (a) using the equations of static equilibrium and 
(b) using the general cable theorem. Neglect the weight of the cable. 

Solution 
a. 	 Since supports are not on the same level, we must write two equilib­

rium equations to solve for the unknown reactions at support C. First 
consider Figure 6.7a. 

0+ ':iMA = 0 

o = 120(50) + 5H - lOOCy (1) 

Next consider Figure 6.7b. 


0+ ':iMB = 0 


o= lO.5H - 50Cy 

50 CH 	 (2)
10.5 Y 


Substitute H from Equation 2 into Equation 1. 


o= 6000 + 5(1~~5 CY) - 100Cy 

Cy = 78.757 kips 

Substituting Cy into Equation 2 yields 


50 

H = 10.5 (78.757) 375 kips 

h. 	 Using the general cable theorem, apply Equation 6.6 at midspan where, 
the cable sag hz =,*8 ft and Mz 3000 kip·ft (see Fig. 6.7c). 

Hhz Mz 

H(8) = 3000 

H = 375 kips 

After H is evaluated, sum moments about A in Figure 6.7a to com­
pute C'I = 78.757 kips. 

NOTE. Although the vertical reactions at the supports for the cable in 
Figure 6.7a and the beam in Figure 6.7c are not the same, the final results 
are identical. 

I 
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230 Chapter 6 Cables 

EXAMPLE 6.2 A cable-supported roof carries a unifonn load w = 0.6 kip/ft (see Fig. 6.8a). 
If the cable sag at midspan is set at 10 ft, what is the maximum tension in 
the cable (a) between points B and D and (b) between points A and B? 

Solution 
a. 	 Apply Equation 6.6 at midspan to analyze the. cable between points 

Band D. Apply the unifonn load to a simply supported beam and 
compute the moment Mz at midspan (see Fig. 6.8c). Since the moment 
curve is a parabola, the cable is also a parabola between points B and D. 

wL2 
Hh 

S 
0.6(120?

H (10) = --'---' ­
8 

H lOS kips 

The maximum cable tension in span BD occurs at the supports where 
the slope is maximum. To establish the slope at the supports, we dif­
ferentiate the equation of the cable y = 4hx2/L2 (see Fig; 6.Sb). 

dy Shx 
tan e 

dx 

Y y=4:f'
j[""'-
o 
L.x 

I- L/2 -I- Ll2-l 

(a) 	 (b) 

w '" 0.6 kip/ft 

w '" 0.6 kip/ft 

moment diagram 

Figure 6.8 	 (c) 
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atx = 60ft, tan e = 8(10)(60)/(120)2::::: ~,ande = 18:43°: 


cos f) = 0.949 

Substituting into 

T=~ (6.1) 
cos e 

T= ~ = 1138kips
0.949 . 

b. 	 Ifwe neglect the weight of the cable between points A and B, the cable 
can be treated as a straight member. Since the cable slope () is 45°, 
the cable tension equals 

H 108 .
T = -- = -- = 152.76 kips 

cos () 0.707 

••••••••;.U.~ .....UU............H.U ........................ •••••••••• H ........................H •••••••• 'u.................... u .............. n .... 


Summary 

• 	 Cables, composed of multiple strands of cold-drawn, high-strength 
steel wires twisted together, have tensile strengths varying from 250 to 
270 ksi. Cables are used to construct long-span structures such as 
suspension and cable-stayed bridges, as well as roofs over large arenas 
(sports stadiums and exhibition halls) that require column-free space. 

• 	 Since cables are flexible, they can undergo large changes in geometry 
under moving loads; therefore, designers must provide stabilizing 
elements to prevent excessive deformations. Also the supports at the 
ends of cables must be capable of anchoring large forces. If bedrock 
is not present for anchoring the ends of suspension bridge cables, 
massive abutments of reinforced concrete may be required. 

• 	 Because cables (due to their flexibility) have no bending stiffness, 
the moment is zero at all sections along the cable. 

• 	 The general cable theorem establishes a simple equation to relate the 
horizontal thrust H and the cable sag h to the moment that develops 
in a fictitious, simply supported beam with the same span as the cable 

Hhz = M z 
where H ::::: horizontal component of cable tension 

h~ sag at point z where M z is evaluated. The sag is the 
vertical distance from the cable chord to the cable. 

= moment at point Z in a simply supported beam with the Mz 
same span as the cable and carrying thc same loads as the 
cable 

• 	 When cables are used in suspension bridges, floor systems must be 
very stiff to distribute the concentrated wheel loads of trucks to 
mUltiple suspenders, thereby minimizing deflections of the roadway. 

• 	 Since a cable is in direct stress under a given loading (usually the 
dead load), the cable shape can be used to generate the funicular 
shape of an arch by turning it upside down. 

I.. 
i ; 
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P6.1. Determine the reactions at the supports, the mag­
nitude of the cable sag at point B, and the maximum force 
in the cable in Figure P6.1. 

30 kips 

..----+--:-- 18' .1. 6'....1 

P6.1 

P6.2.(a) Determine the reactions at supports A and E 
and the maximum tension inthe cable in Figure P6.2. 
~b) J~st~.blish thecabIe sag .at points C and D. 

ul...,~-5 m---l 
20kN 

P6.2 

P6.3. Compute the support reactions andthe maximum 
tension in the main cable in Figure P6.3. The hangers 
can be assumed to provide a simple support for the sus­

. pendedbeams. ... . 

.. 

.·..I ....P.R.Q.~..~.~.M.~........................................................................................................................:................................................................ ,. 


P6.4. What value of () is associated with the minimum 
volume of cable material required to support the lOO-kip 
load in Figure P6.4? The allowable stress in the cable is 
150kips/in2. 

100 kips 

60'--~- 60' ----l 

P6.4 

P6.S. The cables in Figure P6.5 have been dimensioned 
. . so that a 3-kip tension force develops in each vertical 

strand when the main cables are tensioned. What value 
of jacking force T must be applied at supports B and C 
to tension the system? . 

cable 

\ 

\0<------ 6 @ 10' = 

P6.S 

P6.6. Compute the support reactions and the maximum 
tension in the cable in Figure P6.6. 

w= 8 kN/in 

1+--------'- 6 @ 40' =240' -----~ 


P6.3 
 P6.6 

• • 

[T] 

~ 30 ill -->t<--- 30 ill 
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P6.7. Compute the support reactions and the maximum 
tension in the cable in Figure P6.7. 

20kN

1 ;=4 kNfm 

.A 0JItJ 
"~ 0 -________ ' t ~-1-­ B 3m ~m ----~.-1 

P6.7 

P6.S. A cable ABCD is pulled at end E by a force P 
(Fig. P6.8). The cable is supported at point D bya rigid 
member DF. Compute the force P that produces a sag 
of 2 m at points Band C. The horizontal reaction at sup­
port F is zero. Compute the vertical reaction at F. 

D 

I 
3m

L,r;n__-__ E 

'\...p 

P6.S 

P6.9. Compute the support reactions and the maximum 
tension in the cable in Figure P6.9. The sag at midspan 
is 12 ft. Each hanger can be assumed to provide a sim­
ple support for the suspended beam. Determine the sag 
at points Band D. 

A E 

c 

9 kips 9 kips 9 kips 9 kips 

!-- 301 .1. 6 @ 151 =90' .1. 30,--1 

P6.9 
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P6.10. Determine the location of the 40-kN load such 
that sags at points Band C are 3 m and 2 m, respec­
tively. Determine the maximum tension in the cable and 
the reactions at supports A and D. 

A 

~---20m----~.~1-10m 10m 

P6.10 

Practical Application 
I 
! 

P6.11. The cable-supported roof for a summer theater, 
shown in Figure P6.11, is composed of 24 equally 
spaced cables that span from a tension ring at the cen­
ter to a compression ring on the perimeter. The tensioQ 
ring lies 12 ft below the compression ring. The. roof· 
weighs 25 Ib/ft2 based on the horizontal projection of 
the roof area. If the sag at midspan of each cable is 4 ft, 
determine the tensile force each cable applies to the 
compression ring. What is the required area of each 
cable if the allowable stress is 110 kips/in2? Determine 
the weight of the tension ring required to balance the 
vertical components of the cable forces. 

1 

.J 
compression 

ring 
\ ­cable ~nsion 

ring 

60'---1-- 601 

Section I-I 

P6.11 
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French King Bridge, Greenfield, Massachusetts. The trussed arch bridge provides an efficient design to 
carry a roadway over 'a ri~er In a rural area of Western Massachusetts. The arch configuration of the lower 
chord is not only visually attractive, but provides optimum headroom for boats passing under the bridge. 
The large depth of the structure towards the ends produces a stiff structure with slender members. 

\, 
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three-hinged arch is the easiest to analyze and construct. Since it is deter­
minate, temperature changes, support settlements, and fabrication errors 

• 

__ .--._---"'---- --_._--_. ... 

Arches 

.. 

-z~t Introduction 

As we discussed in Section 1.5, the arch uses material efficiently because 
applied loads create mostly axial compression on all cross sections. In 
this chapter we show that for a particular set of loads, the designer can 
establish one shape of arch-the funicular shape-in which all sections 
are in direct compression (moments are zero). 

Typically, dead load constitutes the major load supported by the arch. 
If a funicular shape is based on the dead load distribution, moments will 
be created on cross sections by live loads whose distribution differs from 
that of the dead load. But normally in most arches, the bending stresses 
produced by live load moments are so small compared to the axial stresses 
that net compression stresses exist on all sections. Because arches use mate­
rial_ !!fficiently, designers often use them as the main structural elements 

-in Id~g-span bridges (say, 400 to 1800 ft) or buildings that require large 
column-free areas, for example; airplane hangers, field houses, or con­
vention halls. 

In this chapter we consider the behavior and analysis of three-hinged 
arches. As part of this study, we derive the equation for the shape of a 
funicular arch that supports a uniformly distributed load, and we apply 
the general cable theory (Sec. 6.5) to produce the funicular arch for an 
arbitrary set of concentrated loads. Finally, we apply the concept ofstruc­
tural optimization to establish the minimum weight of a simple three­
hinged arch carrying a concentrated load. 

Arches are often classified by the number of hinges they contain or by 
the manner in which their bases are constructed. Figure 7.1 shows ilie three 
main types: three-hinged, two"hinged, and fixed-ended. The three-hinged 
arch is statically determinate; the other two types are indeterminate. The 

(0) 

(b) 

(c) 

Figure 7.1 Types of arches: (a) three-hinged 
arch, stable and determinate; (b) two-hinged arch, 
indetenninate to the fitst degree; (c) fixed-end 
arch, indetenninate to the third degree . 

·.·-I':::'~ ~ 
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Figure 7.2: (a) Buckling of an unsupported 
arch; (b) trussed arch, the vertical and diagonal 
members brace the arch rib against buckling in 
thevertical plane; (c) two types of built-up steel 
cross sections used to construct an arch rib . 

., 

do not create stresses. On the other hand, because it contains three hinges, 
it is more flexible than the other arch types. 

Fi:xed~ended arches are often constructed of masonry or concrete when 
the base of an arch bears on rock, massive blocks of masonry, or heavy 
reinforced concrete foundations. Indeterminate arches dm be analyzed 
by the flexibility method covered in Chapter 11 or more simply and rap­
idly by any general-purpose computer program. To determine the forces 
and displacements at arbitrary points along the axis of the arch using a 
computer, the designer treats the points as joints that are free to displace. r· 

In long-span bridges, two main arch ribs are used to support the road­
. way beams. The roadway beams can be supported either by tension hang­
ers from the arch (Fig. 1.9a) or by columns that bear on the arch (Photo 
7.1). Since the arch rib is mostly in compression, the designer must also 
consider the possibility of its buckling-particularly if it is slender (Fig. 
7.2a). If the arch is constructed of steel members, a built-up rib or a box 

w 

• 


(a) 

(b) 

steel L 
plates 

1
~hannel 

cross section welded box section 

(c) 

• 
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section may be used to increase the bending stiffness of the cross section 
and to reduce the likelihood of buckling. In many arches, the floor system 
or wind bracing is used to stiffen the arch against lateral buckling. In the 
case of the trussed arch shown in Figure 7.2h, the vertical and diagonal 
members brace the arch rib against buckling in the vertical plane. 

Since many people find the arch form aesthetically pleasing, designers 
often use low arches to span small rivers or roads in parks and other public 
places. At sites where rock sidewalls exist, designers often construct short­
span highway bridges using barrel arches (see Fig. 7.3). Constructed of 
accurately fitted masonry blocks or reinforced concrete, the barrel arch con­
sists of a wide, shallow arch that supports a heavy, compacted fill on which 
the engineer places the roadway slab. The large weight of the fill induces 
sufficient compression in the barrel arch to neutralize any tensile bending 
stresses created by even the heaviest vehicles. Although the loads supported 
by the barrel arch may be large, direct stresses in the arch itself are typically 
low-on the order of 300 to 500 psi because the cross-sectional area of the 
arch is large. A study by the senior author of a number of masonry barrel­
arch bridges built in Philadelphia in the mid-nineteenth century showed that 
they have the capacity to support vehicles three to five times heavier than 
the standard ASSHTO truck (see Fig. 2.7), which highway bridges are cur­
rently designed to support. Moreover, while many steel and reinforced con­
crete bridges built in the past 100 years are no longer serviceable because 
of corrosion produced by salts used to melt snow, many masonry arches, 
constructed of good-quality stone, show no deterioration. 

7;3 Three-Hinged Arches 

To demonstrate certain of the characteristics of arches, we will consider 
how the bar forces vary as the slope 8 of the bars changes in the pin-jointed 
arch in Figure 7.4a. Since the members carry axial load only, this con­
figuration represents the funicular shape for an arch supporting a single 
concentrated load at midspan. 

p 

H-..-.o;/--'­

8 

P.~CBe FAvtp 
e L41"2t-- Ll2 -...;.- ­ --t fAB H 

p p 
"2 "2 

(a) (b) (e) 

•
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Photo 7.1: Railroad bridge (1909) over the Land­
wasser Gorge, near Wiesen, Switzerland. Masonry 
construction. The main arch is parabolic, has a 
span of 55 m and a rise of 33 m. The bridge is nar­
row as the railway is single-track. The arch ribs 
are a mere 4.8 m at the crown, tapering to 6 m at 
the supports. 

(a) 

roadway 
slab fill 

rock 

(b) 

Figure 7.3: (a) Barrel arch resembles a curved 
slab; (b) barrel arch used to support a compacted 
fill and roadway slab. 

Figure 7.4: (a) Three-hinged arch with a con­
centrated load: (b) vector diagram of forces act­
ing on the hinge at B. forces FcBand FAB are equal 
because of symmetry; (e) components of force in 
bar AB. 
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Figure 7.5: Variation of volume of material with 
slope of bars in Figure 7.4a. 
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Because of symmetry, . the vertical components of the reactions at 
supports A and C are identical in magnitude and equal to P12. Denoting 
the slope of bars AB and CB by angle 9, we can express the bar forces 
FAB and FCB in terms of P and the slope angle 9 (see Fig. 7 Ab) as 

. . P/2 P/2 
sme=--=-­

FAB FeB 

P/2 
FAB = FCB = -. ­

sm 9 (7.1) 

Equation7.l shows that as eincreases from 0 to 90'\ the force in each 
bar decreases from infinity to P12. We can also observe that as the slope 
angle e·increases, the length of the bars-and consequently the material 
required-also increases. To establish the slope that produces the most eco­
nomical structure for a given span L, we will express the volume Vof bar 
material required to support the load P in terms of the geometry of the 
structure and the compressive strength of the material 

(7.2) 

.where A is the area of one barandLB is the length of a bar. 
To express the required area of the bars in terms ofload P, we divide 

. the bar forces given by Equation 7.1 by the allowable compressive stress 

A = P/2 (7.3)
(sin e)Uallow 

We will also express the bar length La in terms of eand the span length 
Las 

L/2
L -- ­ (7.4)

a - cos e 
Substituting A. and LB given by Equations 7.3 and 7.4 into Equation 7.2, 
simp~ifying, and using the trigonometric identity sin 29 = 2 sin ecos e, 
we calculate 

PLv (7.5)
2uallow sin 20 

If V in Equation 7.5 is plotted as a function of 9 (see Fig. 7.5), we observe 
that the minimum volume of material is associated with an angle of 0 = 
45°. Figure 7.5 also shows that very shallow arches (0 s 15°) and very 
deep arches~8 ;::: 75°) require a large volume of material; on the other 
hand, the flat curvature in Figure 7.5 when evaries between 30 and 60° 
indicates that the volume of the bars is not sensitive to the slope between 
these limits. Therefore, the designer can vary the shape of the structure 
within this range without significantly affecting either its weight or its cost. 

• 
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In the case of a curved arch carrying a distributed load, the engineer 
wlll alsoJind that the volume of material required in the structure, within 
a certain range, is not sensitive to the depth of the arch. Of course, the 
cost of a very shallow or very deep arch will be greater than that of an 
arch of moderate depth. Finally, in establishing the shape of an arch, the 
designer will also consider the profile of the site, the location of solid 
beartng material for the foundations, and the architectural and functional 
requirements of the project. 

Funicular Shape for an Arch That Supports a 
Uniformly Distributed Load 

Many arches carry dead loads that have a uniform or nearly uniform dis­
tribution over the span of the structure. For example, the weight per unit 
length of the floor system of a bridge will typically be constant. To estab­
lish for a uniformly loaded arch the funicular shape-the form required 
if only direct stress is to develop at all points along the axis of an arch­
we will consider the symmetric three-hinged arch in Figure 7.6a. The 
height (or rise) of the arch is denoted by h. Because of symmetry, the ver­
tical reactions at supports A and C are equal to wU2 (one-half the total 
load supported by the structure). 

The horizontal thrust H at the base of the arch can be expressed in 
terms of the applied load w and the geometry of the arch by considering 
the free body to the right of the center hinge in Figure 7.6b. Summing 
moments about the center hinge at B, we find 

Figure 7.6: Establishing the funicular shape for 
a unifonnly loaded arch. 

wL 
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c+ 'ZMB = 0 

o = (WL) L'- (WL) !:. + Hh 
. 2 4 2 2 

WL2 
H= (7.6)

8h 

To establish the equation of the axis of the arch, we superimpose a 
rectangular coordinate system, with an origin 0 located at B, on the arch. 
The positive sense of the vertical y axis is directed downward. We next 
express the moment M at an arbitrary section (point D on the arch's axis) 
by considering the free body of the arch between D and the pin at C. 

C+ 'ZMD = 0 

0-( !:.2 - x)2W2 2WL(L"2 - x ) + H(h - y) + M 

Solving for M gives 

(7.7) 

If the arch axis follows the funicular shape, M = 0 at alrsedions. Sub- .1 
stituting this value for Minto Equation 7.7 and solving for y establishes 
the following mathematical relationship between y and x: 

4h 2 
Y = X (7.8) 

Equation 7.8, of course, represents the equation of a parabola. Even if the 
parabolic arch in Figure 7.6 were a fixed-ended arch, a uniformly dis­
tributed load~assurning no significant change in geometry from axial 
shortening-would still produce direct stress at all sections because the 
arch conforms to the funicular shape for a uniform load. 

From a consideration of equilibrium in the horizontal direction, we. 
can see that the horizontal thrust at any section of an arch equals H, the 
horizontal reaction at Jhe support. In the case of a uniformly loaded par~ 
abollc arch, the total axial thrust T at any section, a distance x from the 
origin at B(see Fig. 7 .6b), can be expressed in terms of H and the slope 
at the given section as 

H
T=-­ (7.9)

cos f) 

To evaluate cos 0, we first differentiate Equation 7.8 with respect to x to give 

. dy 8hx 
tan 0 = - = -.- (7.10)

dx L2 

• '.--.--- ....... 
 -- • • 




• • • • • 

...•.. ."" 


Section 7.4 Funicular Shape for an Arch That Supports a Uniformly Distributed Load· 241 

The tangent of ecan be shown graphically by the triangle in Figure 7.6c. 
From this triangle we can compute the hypotenuse r using r2 = x2 + y2: 

(7.11) 

From the relationship between the sides of the triangle in Figure 7.6c and 
the cosine function, we can write 

1 
(7.12)cos e 

Substituting Equation 7.12 into Equation 7.9 gives 

(7.13)T= H~1 + (8;:r 
Equation 7.13 shows that the largest value of thrust occurs at the supports 
where x has its maximum value of Ll2. Ifw or the span of the arch is large, 
the designer may wish to vary (taper) the cross section in direct propor­
tion to the value of T so that the stress on the cross section is constant. 

Example 7.1 illustrates the analysis of a three-hinged trussed arch for 
both a set of loads that corresponds to the funicular shape of the arch as 
well as for a single concentrated load. Example 7.2 illustrates the use of 
cable theory to establish a funicular shape for the set of vertical loads in 
Example 7.1. 

EXAMPLE 7.1Analyze the three-hinged trussed arch in Figure 7.7a for the dead loads 
applied at the top chord. Member KJ, which is detailed so that it cannot 
transmit axial force, acts as a simple beam instead of a member of the 
truss. Assume joint D acts as a hinge. 

Solution 
Because the arch and its loads are symmetric, the vertical reactions at A 
and G are equal to 180 kips (one-half the applied load). Compute the hor­
izontal reaction at support G. 

Consider the free body of the arch to the right of the hinge at D (Fig. 
7.7a), and sum moments about D. 

0+ 'i.MD 0 

o = 60(30) + 60(60) + 30(90) - 1~0(90) + 36H 

H = 225 kips 
[continues on next page] 

I 
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Example 7.1 continues . .. 

30 kips 60 kips 60 kips 60 kips 60 kips 60 kips 30 kips 30 kips 60 kips 60 kips 60 kips 

D 

1-+--------- 6 @ 30' =180' --------+\ t 
(a) 

180 
(b) 

Figure 7.7 	 We now analyze the truss by the method of joints starting at support A. 
Results of the analysis are shown on a sketch of the truss in Figure 7.7h. 

NOTE. Since the arch rib is the funicular shape for the loads applied at 
the top chord, the only members that carry load-other than the rib-are 
the vertical columns, which transmit the load down to the arch. The diag~ 
onals and top chords will be stressed when a loading pattern that does not 
conform to the funicular shape acts. Figure 7.8 shows the forces pro­
duced in the same truss bya single concentrated load at joint L. .. 

90 kips 

75 

t 	 t 
Figure7.S 60 	 30 

EXAMPLE 7.2 Establish the shape of the funicular arch for the set of loads acting on the 
trussed arch in Figure 7.7. The rise of the arch at midspan is set at 36 ft. 

Solution 
We imagine that the set of loads is applied to a cable that spans the same 
distance as the arch (see Fig.7.9a). The sag of the cable is set at 36 ft ­

http:Fig.7.9a
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the height of the arch at midspan. Since the 3D-kip loads at each end of 
the span act directly at the supports, they do not affect the force or the 
shape of the cable and may be neglected. Applying the general cable the­
ory, we imagine that the loads supported by the cable are applied to an 
imaginary simply supported beam with a span equal to that of the cable 
(Fig. 7.9b). We next constructthe shear and moment curves. According 
to the general cable theorem at every point, 

M=Hy (6.6) 

60 kips 
60 kips 

I., 

(a) 

t..·----- 6@30'=180'------I 

150 kips 150 kips 

(b) 

150 

30 
shear 

-30 
(kips) 

-150 

8100 

(c) 

Figure 7.9: Use of cable theory to establish the 
funicular shape of an arch. moment 

(kip·ft) 

(d) [continues on next page] 
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Example 7.2 continues . .. 

....._--_.--_.... 

where M = moment at an arbitrary point in the beam 
H 	= horizontal component of support reaction 
Y = cable sag at an arbitrary point 

Since y 36 ft at midspan and M = 8100 kip'ft, we can apply Equation 
6.6 at that point to establish H. 

M 	= 8100 = 225 kips H 
Y 36 

With H established we next apply Equation 6.6 at 30 and 60 ft from 
the supports. Compute Yl at 30 ft: 

M 4500 = 20 ftYl 	= 
H 225 

Compute yz at 60 ft: 

M 	= 7200 = 32fYz H 225 _ t 

A cable profile is always a funicular structure' because a cable can 
only carry direct stress. If the cable profile is turned upside down, a 
funicular arch is produced. When the vertical loads acting on the cable 
are applied to the arch, they produce compression forces at all sections 
equal in magnitude-to the tension forces in the cable at the corresponding 
sections. 

~:,~;;~~t......... u •••. on, •••..• H •••••• u ..••u. ' •• u .. n ............... u •.••.•••.••.•..•••.• , ....... n ..••••.••• "U'un, •• H ....... .. 


Summary 

• 	 Although short masonry arches are often used in scenic locations 
because of their attractive form, they also produce economical 
designs for long-span structures that (1) support large, uniformly 
distributed dead load and (2) provide a large unobstructed space 
under the arch (suitable for convention halls or sports arenas or in 
the case of a bridge Providing clearance for tall ships). 

• 	 Arches can be shaped (termed afunicular arch) so that dead load 
produces only direct stress-a condition that leads to a minimum 
weight structure. 

• 	 For a given set of loads, the funicular shape of arch can be established 
using cable theory. 
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ei! PROBLEMS ' ... {~.......................................................................................................................................................................................................................................... .
r
P7.1. For the parabolic arch in Figure P7.1, plot the vari­
ation of the thrust T at support A for values of h = 12, 
24, 36, 48, and 60 ft. 

-.~- 60,------1 

P7.1 

P7.2. Compute the reactions at supports A and E of the 
three-hinged parabolic arch in Figure P7.2. Next com­
pute the shear, axial load, and moment at points Band 
D, located at the quarter points. 

w'" 1.5 kips/£! 

P7.2 

P7.3. Determine the axial load, moment, and shear at 
point D of the three-hinged parabolic arch. 

15kN/m 

~ 

8 m .1. 4 m-l- 4 m-l 

P7.3 

P7.4. Determine the reactions at supports A and C of the 
three-hinged circular arch. 

IV 4kN/m 

P7.4 

P7.S. Compute the support reactions for the arch in Fig~ 
ure P7.S. (Hint: You will need two moment equations: 
Consider the entire free body for one, and a free body of 
the portion of truss to either the left or right of the hinge 
at B.) 

lOkN 20kN 30kN 

\------ 5 @ 8 m=40 m ------>i 

P7.S 
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P7.6. Determine all bar forces in the three-hinged, 
trussed arch in Figure P7 .6. 

246 Chapter 7 Arches 

12 kips 20 kips 24 kips 20 kips 12 kips 

1+----- 4 @ 24' ::: 96' -----..1 

P7.6 

P7.7. (a) In Figure P7.7 compute the horizontal reac­
tion A.,.at support A for a lO-kip load at joint B. (b) 
Repeat the computation if the lO-kip load is also located 
at joints C and D respectively. 

10 kips 

t-- 40,--->+-.1-- 4O,--t 

P7.7. 

P7.S. For the arch rib to be funicular for the dead loads 
shown, establish the elevation of the lower chord joints 
B, C,andE. 

15kN 30b'\( 30kN 30kN 30kN 15kN 

1---- 3 @8m---I-2@6m--l 

P7.S 

~ 
8m 

~ 
4m 

......L 

.. 


P7.9. Determine the reactions at supports A and E of 
the three-hinged arch in Figure P7.9. 

20kN 

i..-1Om-l-lOm 10m IOm-i 
P7.9 

P7.l0. Establish the funicular arch for the system of 
loads in Figure P7.10. 

42 kips 42 kips 42 kips 


48 kips 48 kips 


1------ 6 @ 20' =120' -'--~--l 

P7.10 

P7.11. If the arch rib ABCDE in Figure P7.11 is to be 
funicular for the dead loads shown at the top joints, estab­
lish the elevation of the lower chord joints at Band D. 

40 kips 35 kips 30 kips . 35 kips 40 kips 

1 
50' 

I 
......L 

i+----- 4 @ 30' = 120' -----+I 

P7.11 

• 
 • ..-~ ....... ---­
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continuous girder 48 kips 

\--------·-··-10 @ 36' = 360' ---------1 

P7.13 
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P7.12. Computer study ofa two-hinged arch. The objec­

t tive is to establish the difference in response of 
aparabolic arch to (1) uniformly distributed loads 
and (2) a single concentrated load. 

(a) The arch in Figure P7.12 supports a roadway con­
sisting of simply supported beams connected to the arch 
by high-strength cables with area A = 2 in2 and E = 
26,000 ksi. (Each cable transmits a dead load from the 
beams of 36 kips to the arch.) Determine the reactions; 
the axial force, shear, a~d moment at each joint of the 

120' 

115.2' 115.2' 
100.8' 100.8' 

1 
76.S' 

t20' 

@ @ @ @ @ @ 

~.------- 10 @36' =360' -~------.., 

P7.12 

P7.13. Computer study ofarch with a continuous floor 

t girder. Repeat part (b) in problem P7.12 if a 
continuous girder with A = 102.5 in2 and I = 
40,087 in4, as shown in Figure P7.13, is provided 

to support the floor system. For both the girder and the 
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arch; and the joint displacements. Plot the deflected 
shape. Represent the arch by a series of straight segments 
between joints. The arch has a constant cross section 
with A = 24 in2,l = 2654 in4, and E = 29,000 ksi. 

(b) Repeat the analysis of the arch if a single 48-kips 
vertical load acts downward at joint 18. Again, deter­
mine all the forces acting at each joint of the arch, the 
joint displacements, etc. and compare results with those 
in (a). Briefly describe the difference in behavior. 

1 12"1 

OJ 

Section 1-1 

arch, determine all forces acting on the arch joints as 
well as the joint displacements. Discuss the results of 
your study of P7.12 and P7 .13 with particular emphasis 
on the magnitude of the forces and displacements pro­
duced by the 48-kip load. 

1 
@j 

120' 
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To el1surethebridge shown below is not overstressed by the vehicles passing over it, the designer sizes 
eachsectionf6r the maximum live load force produced by the vehicles as well as for the dead load force. 
This-chapter d.escribesthe construction of influence lines, diagrams used by the designer to establish 
where to positiqn amoving load to maximize a particular type of internal force at a specified section . 

• 
 ....,"' ...... - • • • 
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duced by moving loads, we frequently construct influence lines. 
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Live Load Force,s: 
Influence Lines for 
Determinate Structures 
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8 Introduction 

Thus far we have analyzed structures for a variety of loads without con­
sidering how the position of a concentrated load or the distribution of a 
uniform load was established. Further, we have not distinguished betweeri 
dead load, which is fixed in position, and live load, which can change 
position. In this chapter our objective is to establish how to position live 
load (for example, a truck or a train) to maximize the value of a certain 
type~of force (shear or moment in a beam or axial force in a truss) at a 
deSIgnated section of a structure. 

....·..·~2~~;~:····I~fi~~~~~..Li·~·~·~ ..........·......................·.........................................,............... 

As a moving load passes over a structure, the internal forces at each point 
in the structure vary. We intuitively recognize that aconcentrated load 
applied to a beam at midspan produces much greater bending stresses 
and deflection than the same load applied near a support. For example, 
suppose that you had to cross a small stream fillei;l with alligators by 
walking over an old, flexible, partially cracked plank. You would be 
more concerned about the plank's capacity to support your weight as you 
approached midspan than you would be when you were standing on the 
end of the plank at the support (see Fig. 8.1). 

If a structure is to be safely designed, we must proportion its mem­
bers and joints so that the maximum force at each section produced by 
live and dead load is less than or equal to the available capacity Of the 
section. To establish maximum design forces at critical sections pro­

(a) 

(b) 

Figure 8.1: Variation of bending with position 
of load; (a) no bending at midspan, load at sup­
port; (b) maximum bending and deflection. load 
at midspan. Board fails . 

.•= ....... 
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An influence line is.a diagram whose ordinates, which are plotted as a 
function of distance along the span, give the value of an internal force, a 
reaction, or a displacement at a particular point in a structure as a unit 
load of 1 kip or 1 kN moves across the structure. 

Once the influence line is constructed, we can use it(l) to determine where 
to place live load on a structure to maximize the force (shear, moment, 
etc.) for which the influence line is drawn, and (2) to evaluate. the mag­
nitude of the force (represented by the influence line) produced by the live 
load. Although an influence line represents the action of a single moving 
load, it can also be used to establish the force at a point produced by sev­
eral concentrated loads or by a uniformly distributed load. 

'+~;;~~~":;,rc~'~;t~~ct'i~~"~f"~'~"i'~ii~~~~~'"Li'~'~'''........................................... 

To introduce the procedure for constructing influence lines, we will dis­
cuss in detailthe steps required to draw the influence line fbr the reac­
tion RA at support A of the simply supported beam in Figure 8.2li: 

As noted previously, we can establish the ordinates of the influence 
lines for the reaction at A by computing the value ofRA for successive posi­
tions of a unit load as it moves across the span. We begin by placing the 
unit load at support A. By summing moments about support B (Fig. 8.2b), 
we compute RA = 1 kip. We then arbitrarily move the unit load to a sec­
ond position located a distance L/4 to the right of supportA. Again, sum­
mingmornents about B, we compute RA = i kip (Fig. 8.2c). Next, we 
move the load to midspan and compute RA =! kip. (Fig. 8.2d). For the 
final computation, we position the I-kip load directly over support B, and 
we compute RA = 0 (Fig. 8.2e). To construct the influence line, we now 
plot the numerical values of RA directly below each position of the unit 
load associated with the corresponding . value of RA• The resulting influ­
ence line diagram is shown in Figure 8.2f. The influence line shows that 
the reaction at A varies linearly from 1 kip when the load is at A to a 
value of 0 when the load is at B. Since the reaction at A is in kips, the 
ordinates of the influence line have units of kips per 1 kip of load. 

As you become familiar with the construction of influence lines, you 
will only have to place the unit load at two or three positions along the 
axis of the beam to establish the correct shape of the'influence line. Sev­
eral points to remember about Figure 8.2f are summarized her~: 

1. All ordinates of the influence line represent values of RA' 
2.· Each value of RA is plotted directly below the position of the unit 

load that produced it. . 
3. The maximum value of RA occurs when the unit load acts at A. 

• • • • '.',:::..-.... ­
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1kip 

(a) 

1 kip 

B 
',L'.. ,-, 

t 	 t 
Ra=O 

(b) 

~A·Mq'2fijk"~···· 

(d) 
1 kip 

rij 

t 	 t 
RA=O 	 Ra= 1 

(e)
(c) 

4. 	 Since all ordinates of the influence line are positive, a load acting 
vertically downward anywhere on the span produces a reaction at A 
directed upward. (A negative ordinate would indicate the reaction at 
A is directed downward.) 

5. 	The influence line is a straight line. As you will see, influence lines 
for determinate structures are either straight lines or composed of 
linear segments. 

By plotting values of the reaction of B for various positions of the unit 
load, we generate the influence line for RB shown in Figure 8.2g. Since 
the sum of the reactions at A and B must always equal! (the value of the 
applied load) for all positions of the unit load, the sum of the ordinates 
of the two influence lines at any section must also equal 1 kip. 

In Example 8.! we construct influence lines for the reactions of a 
beam with an overhang. Example 8.2 illustrates the construction of influ­
ence lines for shear and moment in a beam. If the influence lines for the 
reactions are drawn first, they will facilitate the construction of influence 
lines for other forces in the same structure. 

Figure 8.2: Influence lines for reactions atA and 
B; (a) beam; (b), (c), Cd), and (e) show successive 
positions of unit load; (f) influence line for RA; 

(g) influence line for RB• 

(f) 

o 

(g) 

...... .- • 	 • '." 
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EXAMPLE 8.1 Construct the influence lines for the reactions at A and C for the beam in 
Figure 8.3a. 

Solution 
To establish a general expression for values of RA for any position of the 
unit load between supports A and C. we place the unit load a distance Xl to 
the right of support A (see Fig. 8.3b) and sum moments about support C. 

(a) 

1 kN 

where O.~ Xl ~ 10. 

(b)- '~EvaIUate RA :for Xl =0,5, and 10 ~ 
1 kN 

o 
5 -. 

.. 10 

1 
1 

':-"....', ,2 
~_ 0 

A general expression for RA• when the unit load is located between C and 
D, can be written by summing moments about C for the free-body dia­

(e) 

RA (kN) 

1
-2 

(d) 

3 
2 

Rc(kN) 

(e) 

Figure 8.3: Influence lines for reactions at sup­
ports A and C; (a) beam; Cb) load between A and 
C; (e) unit load between C and D; Cd) influence 
lfue for RA; (e) influence line for Re. 

11MM:== 

gram shown in Figure 8.3c. 

c+ "ZMc = 0 

lORA + (1 kN) (X2) = 0 

X2R =-- (2)
A 10 

where 0 ~ Xz ~ 5. 

The minus sign in Equation 2 indicates that RA acts downward when the 
unit load is between points C and D. For X2 = 0, RA = O;for X2 = 5, RA = 
-!. Using the foregoing values of RA from Equations 1 and 2, we draw 
the influence line shown in Figure 8.3d. 

To draw the influence line for Rc (see Fig. 83e), either we can com­
pute the values of the reaction at C as the unit load moves across the span, 
or we can subtract the ordinates of the Influence line in Figure 8.3d from 
1, because the sum of the reactions for each position of the unit load must 
equal I-the value of the applied load. 

", 
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Draw the influence lines for shear and moment at section B of the beam in 
Figure 8 Aa. 

Solution 
The influence lines for shear and moment at section B are drawn in Figure 
8Ac and d. The ordinates of these influence lines were evaluated for the 
five positions of the unit load indicated by the circled numbers along the 
span of the beam in Figure 8Aa. To evaluate the shear and moment at B 
produced by the unit load, we will pass an imaginary cut through the beam 
at B and consider the equilibrium of the free body to the left of the section. 
(The positive directions for shear and moment are defined in Fig. 8Ab.) 

To establish the ordinates of the influence lines for V8 and M8 at the 
left end (support A), we place the unit load directly over the support at A 

-<'+0-1·- ­ 15'---1'\ 

(a) (b) 

(e) 

(d) 

EXAM·P 


Figure 8.4: Influence lines for shear and 
moment at section B; (a) position of unit load; 
(b) positive sense of shear and momentdefined; 
(c) influence line for shear at B; (d) influence 
line for moment atB; (e) unit load to left of sec­
tion B; (I) unit load to right of section B; 
(g) unit load at midspan. 

tl . 
4 

• 

(e) (f) (g) [continues on next page] 

• 
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Example 8.2 continues . .. and compute the shear and moment at section B. Since the entire unit load 
is carried by the reaction at support A, the beam is unstressed; thus the 
shear and moment at section B are zero. We next position the unit load at 
point 2, an infinitesimal distance to the left of section B, and evaluate the 
shear VB and moment MB at the section (see Fig. 8.4e). Summing 
moments about an axis through section B to evaluate the moment, we see 
that the unit load, which passes through the moment center, does not con­
tribute to MB• On the other hand, when we sum forces in the vertical direc­
tion to evaluate the shear VB' the unit load appears in the summation. 

We next move the unit load to position 3, an infinitesimal distance to 
the right of section B. Although the reaction at A remains the same, the 
unit load is no longer on the free body to the left of the section (see Fig. 
S.4/). Therefore, the shear reverses direction and undergoes a I-kip 
change in magnitude (from -! to +~ kip). The I-kip jump that occurs 
between sides of a cut is a characteristic of influence lines for shear. On 
the other hand, the moment does not change as the unit load moves an 
infinitesimal distance from one side of the section to the other. 

As the unit load moves from B to D. the ordinates of the influence 
lines reduce linearly to zero at support D because both the shear and the 
moment at B are a direct function of the reaction at A, which in turn 
varies linearly with the position of the load between Band D. 

PLE 8.3 


C 
Ax 1B 

1-<---30'-~......!.->,+<-I.-+1.1 
5' 5' 

Figure 8.5 

. For the frame in Figure 8.5, construct the influence lines for the horizon­
tal and vertical components of the reactions Ax and Ay at support A and 
for the vertical component of force FBy applied by member BD to joint 
B. The bolted connection of member BD to the girder may be treated as 
a pin connection, making BD a two-force member (or a link). 

Solution 
To establish the ordinates of the influence lines, we position a unit load 
a distance Xl from support A on a free body of member ABC (Fig. 8.6a). 
Next we apply the three equations of equilibrium to express the reactions 
at points A and B in terms of the unit load and the distance Xl' 

Since the force FB in member BD acts along the axis of the member, 
the horizontal and vertical components of FB are proportional to the 
slope of the member; therefore, 

FBy=_. 
1 3 

FBy

and FBx=T (1) 
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Summing forces acting on member ABC (Fig. 8.6a) in the y direction gives I kip 

+ 
t 'kFy = 0 

o= Ay + FBy - 1 kip 

Ay = 1 kip FBy (2) 

Next, a sum of forces in the x direction produces 

-H 	 'kFx = 0 


Ax - FBx = 0 


(3) 	 (b) 

Substituting Equation 1 into Equation 3, we can express Ax in terms of 
FByas 

FBy
A =­	 (4) o 

x 3 

To express FBy in terms of Xl, we sum moments of forces on member (c) 


ABC about the pin at support A: 4 

'3 

0+ 'kMA = 0 
o 

(1 kip)Xl - Fsy(30) = 0 
(d) 

~ (5)
30 Figure 8.6: Influence lines. 

Substituting FBy given by Equation 5 into Equations 2 and 4 permits us 
to express Ay and Ax in terms of the distance Xl: 

Ay 1 kip 	 (6)
30 

(7) 

To construct the influence lines for the reactions shown in Figure 8.6b, 
c, and d, we evaluate FBy' Ay, and Ax, given by Equations 5, 6, and 7, for 
values of Xl = 0, 30, and 40 ft. 

X1 Fs~ A~ 	 Ax 

0 0 1 	 0 


1
30 1 0 3 
4· 4 

40 3 	 9 

As we can observe from examining the shape of the influence lines 

in Examples 8.1 through 8.3, influence lines for determinate structures [continues on next page] 


(a) 

A" 
(kips) 

FBy 
(ldps) 
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Example 8.3 continues . .. 	 consist of a series of straight lines; therefore, we can define most influence 
lines by connecting the ordinates at a few critical points along the axis of 
a beam where the slope of the influence line changes or is discontinuous. 
These points are located at supports, hinges; ends of cantilevers, and, in 
the case of shear forces, on each side of the section on which they act. To 
illustrate this procedure, we will construct the influence lines for the reac­
tions at the SUPPOlts of the beam in Example 8.4. 

EXAMPLE 8.4 Draw the influence lines for reactions RA and MA at the fixed support at 
A and for reaction Rc at the roller support at C (see Fig. 8.7a). The arrows 
shown in Figure 8.7a indicate the positive sense· for each reaction. 

hil)ge· 

'D 

Rc 

--+1- 6' -----I 
(a) 

-1 
(b) 

+10 

-10 

(e) 

2 

o 
Rc (kips) 

Figure 8.7 	 Cd) 

• 
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Solution 
In Figure 8.8a, b, d, and e, we position the unit load at four points to sup­
ply the forces required to draw the influence lines for the support reactions. 
In Figure 8.8a, we place the unit load at the face of the fixed support at 
point A. In this position the entire load flows directly into the support, 
producing the reaction RAo Since no load is transmitted through the rest 
of the structure, and all other reactions are equal to zero, the structure is 
unstressed. 

We next move the unit load to the hinge at point B (Fig. 8.8b). If we 
consider a free body of beam BCD to the right of the hinge (Fig. 8.8e) 
and sum moments about the hinge at B, the reaction Rc must be equal 
to zero because no external loads act on beam BD. If we sum forces in 
the vertical direction, it follows that the force RB applied by the hinge 
also equals zero. Therefore, we conclude that the entire load is sup­
ported by cantilever AB and produces the reactions at A shown in Fig­
ure 8.8b. 

We next position the unit load directly over support C (Fig. 8.8d). In 
this position the entire force is transmitted through the beam into the sup­
port at C, and the balance of the beam is unstressed. In the final position, 
we move the unit load to the end of the cantilever at point D (Fig. 8.8e). 
Summing moments about the hinge at B gives 

c+ "'ZMB = 0 

o = 1 kip(12 ft) :... Rc(6 ft) 

Rc = 2 kips 

Summing forces on member BCD in the vertical direction, we establish 
that the pin at B applies a force of 1 kip downward on member BCD. In 
turn, an equal and opposite force of 1 kip must act upward at the B end of 
member AB, producing the reactions shown at support A. 

We now have all the information required to plot the influence lines 
shown in Figure 8.7 b, c, and d. Figure 8.8a supplies the values of the influ­
ence line ordinates at support A for the three influence lines; i.e., in Fig­
ure 8.7b, RA = 1 kip, in Figure 8.7c, MA = 0, and in Figure 8.7d, Rc = O. 

Figure 8.8b supplies the values of the three influence line ordinates 
at point B, that is, RA = 1 kip, MA = -10 kip·ft (counterclockwise), and 
Rc = O. Figure 8.8d supplies the ordinates of the influence lines at sup­
port C, and Figure 8.8e gives the value of the influence line ordinates at 
point D, the cantilever tip. Drawing straight lines between the four 
points completes the construction of the influence lines for the three 
reactions. 
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1 kip . 

~.l$iA~::::~B~~~C;:~~D 
i· 

t 
Rc=O 

i • (a) 

D 

1kip 

Rc=O 
(b) 

B C Df4;"""X/"'1 
RlJ=O t 

Rc=O 

\..--6'--1 
(e) 

1 kip 
MA=O 

C ·i.~==»B~~~C3~D 

Rc= 1 
(d) 

1kip 
MA ;; 10 kip.ft 

CpA~~~~D 

RB ;; 1 

Rc=2 
(e) 

Figure 8.8 
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t 
(a) 

(b) 

(e) 

Cd) 

Figure 8.9: Construc.tion of the influence line 
forRA by the MUller-Breslau principle. (a) Sim­
plysupported bea.m. (b) The released strucrure. 
(c) Displacement introduced that correspouds to 
reaction at A. The deflected shape is the influence 
line to some unknown scale. (d) The influence 
line for RA­

"T:"'fr:~~I;~'"T'h'~''MGi'i~~:B~~~'i~'~'''p'~'i~~ipi~''' .."....................................".."......... 

The Mtiller-Breslau principle provides a simple procedure for establish­
ing. the shape of influence lines for the reactions or the internal forces 
(shear and moment) in beams. Althoughthe procedure does not produce 
numerical values of influence line ordinates (except where they are zero), 
the qualitative influence lines, which can be quickly sketched, can be used 
in the following three ways: 

1. 	 To verify that the shape of an influence line, produced by moving a 
unit load across a structure, is correct. 

2. 	 To establish where to position live load on a structure to maximize 
a particular function without evaluating the ordinates of the 
influence line. Once the critical position of the load is established, it 
is simpler to analyze celtain types of structures directly for the 
specified live load than to draw the influence line. 

3. 	 To determine the location of the maximum and minimum ordinates 
bfan influence line so that only a few positions of the unit load 
must be considered when the influence line ordinates are computed; 

Although the MUller-Breslau method applies to both determinate and' 
indeterminate beams, we limit the discussion in this chapter to detennitrate:­
members. Influence lines for indeterminate beams are covered in Chapter: . 
14. Since the derivation of the method requires an understanding of work-., 
energy, covered in Chapter 10, the proof is deferred to Chapter 14. 

The Millier-Bresiau principle states: 

The ordinates of an influence line for any force are. proportional to the 
deflected shape of the structure produced by remo"ing the capacity of 
the structure to carry the force and then introducing into the modified 
(released) structure a displacement that corresponds to the restraint 
removed. 

To introduce the method, we will draw the influence line for the reac­
tion at A of the simply supported beam in Figure 8.9a. We begin by 
removing the verticalrestraint supplied by the reaction atA, producing the 
released structure shown in Figure 8.9b. We next displace the left end of 
the beam vertically upward, in the direction of RA , an arbitrary amount A 
(see Fig. 8.9c). Since the beam must rotate about the pin at B, its deflected 
shape, which is the influence line to some scale, is a triangle that varies 
from 0 at B to A at A I. This resultconfirms the shape of the influence line 
for the reaction at A thatwe constructed in Section 8.2 (see Fig. 8.2i). 

A simple way to produce the deflected shape is to imagine the force, 
associated with the restraint that has been removed, is applied to the 
released structure and displaces the member into its deflected position. 

Once the shape of the influence line is established, we can evaluate 
the maximum ordinate at the left end by placing a unit load on the actual 
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beam directly over support A and computing RA = 1 kip. The complete 
influence line is shown in Figure 8.9d. 

As a second example, we will draw the influence line for the reaction 
at B for the beam in Figure 8.lOa. Figure !:I. lOb shows the released struc­
ture produced by removing the support at B. We now introduce a verti­
cal displacement A that corresponds to the reaction at B producing the 
deflected shape, which is the influence line to some unspecified scale 
(see Fig. 8.lOc). Recognizing that the reaction at B in the actual structure 
equals 1 kip when the unit load is at support B, we can establish the value 
of the influence line ordinate at point B. From similar triangles, we com­
pute the value of the ordinate of the influence line at point C as ~. 

To construct an influence line for shear at a section of a beam by the 
Muller-Breslau method, we must remove the capacity of the cross sec­
tion to transmit shear but not axial force or moment. We will imagine that 
the device constructed of plates and rollers in Figure 8.1Ia permits this 
modification when introduced into a beam. 

To illustrate the Mtiller-Breslau method, we will construct the influ­
ence line for shear at point C of the beam in Figure 8.I1b. In Figure 8.11e 

(a) 

5'-1­
(b) 

(e) 

(d) 

A 

(a) 

(b) 

A 

(e) 

(d) 

Figure 8.10: Influence line for the reaction at B: 
(a) cantilever beam with hinge at C; (b) reaction 
removed, producing the released structilre;(c) dis­
placement of released strUcture by reaction at B 
establishes the shape of the influence line; 
(d) influence line for reaction at B. 

Figure 8.11: Influence line for shear using 
Mliller-Breslau method; (a) device to release 
shear capacity of cross .section; (b) beam details; 
(c) shear capacity released at section C; (d) influ­
ence line for shear at section C . 

• 
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Figure 8.12: Influence line for moment: (a) details 
of beam; (b) released structure-hinge inserted at 
midspan; (c) displacement of released structure by 
moment; (d) influence line for moment at midspan. 

• 


1---10'--......1.>---10'---1 
(a) 

A 
hinge, B 

C 

(b) 

deflected 
shape 

(c) 

5 

(d) 

we insert the plate and roller device at section C to release the shear 
capacity of the cross section. By introducing the deflections shown in 

, Figure 8.lIe, we produce theinfluence line for shear at section C. The 
influence line is completed by placing a unit load on the actual structure 
immediately before section C, and calculating a negative value of shear 
of -k..The positive ordinate to the right of the section is computed by 
placing the unit load just to the right of section C. 

To draw an influence line for moment at an arbitrary section of a beam 
using the Mtiller-Breslau method, we introduce a hinge at the section t9 
produce the released structure. We then introduce a displacement corre­
sponding to a moment, and the deflected shape is the influence line to 
some scale. For example, to establish the shape of the influence line for 
moment at midspan ofthe simply supported beam in Figure 8.12a, we 

, introduce a hinge at midspan as shown in Figure 8.12h. We now intro­
duce a displacement corresponding to a positive moment as shown in 
Figure 8;12e. The effect of a positive moment is to bend the segments of 
the beam on either side of the hinge concave upward, as shown by the 
dashed lines in Figure 8.12e. This deformation causes the hinge at midspan 
to move vertically upward, forming a triangle as the two segments of the 
beam rotate about the end supports. Because influence lines for determi­
nate structures are composed of 1itraight lines, we neglect the small curva­

• 
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• 

ture produced by the moment. To evaluate the maximum ordinate of the 
influence line, we apply a unit load at midspan of the original beam and 
compute a 5 kip'ft moment at midspan. The final influence line is shown 
in Figure 8.12d. 

In Figure 8.13 we use the Miiller-Breslau method to construct the influ­
(a)ence line for the moment M at the fixed support of a cantilever beam. The 

released structure is established by introducing a pin at the left support. A 

When the moment atA is applied to the released structure, the beam rotates 
counterclockwise about the pin at A, producing the deflected shape shown 

(b)
in Figure 8.13c. A unit load applied to point B of the original structure in 
Figure 8.13a produces a moment of 11 kip·ft at A, which represents the deflected 
value of the influence line ordinate at B (see Fig. 8.13d). 

... '_ ~mi" 
',<" ~~---------
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M.its Use of Influence Lines (c) 

As noted previously, we construct influence lines to establish the maximum 
11

value of reactions or internal forces produced by live load. In this section 
we describe how to use an influence line to compute the maximum value 
of a function when the live load, which can act anywhere on the struc­

(d)ture, is either a single concentrated load or a uniformly distributed load 
ofvariable length. Figure 8.13: Influence line for moment at sup­

Since the ordinate of an influence line represents the value of a certain port A: (a) details of structure; (b) released struc­
function produced by a unit load, the value produced by a concentrated turc; (c) defoflllali\1n produced by moment at sup­

port A; (d) influence line for moment at A.load can be established by multiplying the influence line ordinate by the 
magnitude of the concentrated load. This computation simply recognizes 
that the forces created in an elastic structure are directly proportional to 
the magnitude of the applied load. . 

If the influence line is positive in certain regions and negative in oth­
ers, the function represented by the influence line reverses direction for 
certain positions of the live load. To design members in which the direc­
tion of the force has a significant influence on behavior, we must estab­
lish the value of the largest force in each direction by multiplying both 
the maximum positive and the maximum negative ordinates of the influ­
ence line by the magnitude of the concentrated load. For example, if a 
support reaction reverses direction, the support must be detailed to trans­
mit the largest values of tension (uplift) as well as the largest value of 
compression into the foundation. 

In the design of buildings and bridges, live load is frequently repre­
sented by a uniformly distributed load. For example, a building code may 
require that floors of parking garages be designed for a uniformly dis­
tributed live load of a certain magnitude instead of a specified set of 
wheel loads. 

To establish the maximum value of a function produced by a uniform 
load w of variable length, we must distribute the load over the member 

'.·i~ ......... • • 
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~------a------~ 

Figure 8.14 

in the region or regions in which the ordinates of the influence line are. 
either positive or negative. We will demonstrate next that the value of the 
function produced by a distributed load w acting over a cen:ain region of· 
an influence line is equal to the area under the influence line in that 
region multiplied by the magnitude w of the distributed load. 

To establish the value of a function F produced by a uniform load w 
acting over a section of beam of length a between points A and B (see 
Fig. 8.14), we will replace the distributed load by a series of infinitesi­
mal forces dP, and then sum the increments of the function (dF) produced 
by the infinitesimal forces. As shown in Figure 8.14, the force dP produced. 
by the uniform load w acting on an infinitesimal beam. segment6f length 
dx equals the product of the distributed load and the length ofthe segment, 
that is, 

dP = w dx (8.1) 

To establish the increment of the function dF produced by the force dP, 
we multiply dP by the ordinate y of the influence line at the same point, 
to give 

dF. (dP) Y (8.2)· 

Substituting dP given in Equation 8.1 into Equation 8.2 gives 

dF=wdxy 

To evaluate the magnitude of the function F between any two pOiritsA 
and B, we integrate both sides of Equation 8.3 between those limits to 
give 

F= fdF= fwdxy. (8.4) 
A A 

Since the value of H' is a constant, we can factor it out of the integral, 
producing 

E 

. F = wI Y dx (8.5) 
. A 

Recognizing that y dx represents an infinitesimal area dA under the influ­
ence line, we can interpret the integral on the right side of Equation 8.5 
as the area under the influence line between points A and B. Thus, 

(8.6) 
where areaAE is the area under the influence line between A and B. 

In Example 8.5 we apply the principles established in this section to 
evaluate the maximum values of positive and negative moment at midspan· 
of a beam that supports both a distributed load of variable length and a 
concentrated force . 
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The beam in Figure 8.15a is to be designed to support its deadweight of 
0.45 kip/ft and a live load that consists of a 30-kip concentrated load and 
a variable length, uniformly distributed load of0.8 kip/ft. The live loads 
can act anywhere on the span. The influence line for moment at point C 
is given in Figure 8.15b. Compute (a) the maximum positive and nega­
tive values of live load moment at sectlon C and (b) the moment at C pro­
duced by the beam's weight. 

Solution 
(a) To. compute the maximum positive live load moment, we load the 
region of the beam where the ordinates of the influence line are positive 

I-- 6' ---..,1•.----10,,---;..1.0---10,'----.+0-1.- 6' --l 
(a) 

EXAMPLE 8.5 


Figure 8.15: (a) Dimensions of beam with design 
live loads indicated at the left end; (b) influence 
line for moment at C; (c) position of live load to 
maximize positive moment at C; (d) position of 
live load to maximize negative moment at C. Alter­
nately, the 3D-kip load could be positioned at E. 

5 

Me (kip.f!) 

-3 -3 
(b) 

30 kips 

A 

(c) 

30 kips 

w = 0.8 kip/ft w =0.8 kip/ft 

• • 

Cd) [continues on next page] 
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Example 8.5 continues . .. 	 (see Fig. 8.1Sc). The concentrated load is positioned at the maximum 
positive ordinate of the influence line: 

Max. + Me = 30(S) + 0.8[!(20)5] = 190 kip·ft 

(b) For maximum negative live load moment at C, we position the loads 
as shown in Fig. 8.15(d). Because of symmetry, the same result occurs if 
the 30-kip load is positioned atE. 

Max. -Me (30 kips) (-3) + 0.8[!(6)(-3)](2) = -104.4kip·ft 

(c) For the moment at C due to dead load, multiply the area under the entire 
influence line by the magnitude of the dead load. 

Me = 0.45[~(6)(-3)](2) + 0.45[4(20)5J 

. = -S.l + 22.5 = + 14.4 kip·ft 

"l5§~f6;"";""i~'fi~~~~;"Li'~'~'~"f~'~"(ii;d'~'~;''S'~'pp~'rt'i~g:""'''''''''''''''''''''''''''' 
Floor Systems 

Figure8:16a shows a schematic drawing of a structural framing system 
"commonly' used to' support a bridge deck. The system is composed of 

three types of beams: stringers, floor beams, and girders. To show the 
main flexural members clearly, we simplify the sketch by omitting the 
deck, cross-bracing, and connection details between members. 

In this' system a relatively flexible slab is supported on a series of 
small longitudinal beams-the stringers-that span between transverse 
floor beams. Stringers are typically spaced about 8 to 10ft apart. The 
thickness oithe slab depends on the spacing between stringers. If the span 

.of the slab is reduced by spacing the stringers close together, the designer 
can reduce the depth of the slab. As the spacing between stringers increases, 
increasing the span of the slab, the slab depth must be increased to carry 
larger design moments and to limit deflections. 

The load from the stringers is transferred to the floor beams, which 
in tum transmit that load together with their own weight to the girders. 
In the case of a steel bridge, iithe connections of both the stringers to the 
floor beams and the floor beams to the girders are made with standard 
steel clip angles, we assume thatthe connections can transfer only verti­
ca110ad (no moment) and treat them (the connections) as simple sup­
ports.Exceptfor the weight of the girder, all loads are trl:J.nsferred into 
the girders by the floor beams. The points at which the floor beams con­
nect to the girders are termed panel points. 

In a deck-type bridge, the roadway is positioned at the top of the gird­
ers (see the cross section in Fig. S.16b). In this configuration it is possi­
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stringer Figure 8.16: (a) Sketch of stringer. floor beam, 
and girder system; (b) deck bridge; (c) half-through 
bridge; (d) schematic representation of (a); 
(e) one lane loaded. 

(a) 

(b) 

(c) 

floor beam stringer 

girder 

(d) (e) 

ble to cantilever the slab beyond the girders to increase the width of the 
roadway. Often the cantilevers support pedestrian walkways. If the floor 
beams are positioned near the bottom flange of the girders (see Fig. 
8.16c)-a half-through bridge-the distance from the bottom of the bridge 
to the top of vehicles is reduced. If a bridge must run under a second bridge 
and over a highway (for example, at an intersection where three highways 
cross), a half-through bridge will reduce the required headroom. 

• •._):L .a-. ____ 
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To analyze the girder, it is modeled as shown in Figure 8.16d. In this 
figure the stringers are shown as simply supported beams. For clarity we 
often omit the rollers and pins under the stringers and just show them rest­
ing on the floor beams. Recognizing that the girder in Figure 8.16d actu­
ally represents both the girders in Figure 8.16a, we must make an addi­
tional computation to establish the proportion of the vehicle's wheelloads 
that is distributed to each girder. For example, if a single vehicle is cen­
tered between girders in the middle of the roadway, both girders will carry 
one-half the vehicle weight. On the other hand, if the resultant of the wheel 
loads is located at the quarter point of a floor beam, three-fourths of the 
load will go to the near girder and one-fourth to the far girder (see Fig. 
8.16e). Establishing the portion of the vehicle loads that go to each girder 
is a separate computation that we make after the influence lines are drawn. 

For the girder in Figure 8.17a, draw the influence lines for the reaction at 
A, the shearin panel BC, and the moment at C. 

Solution 
To establish the ordinates of the influence lines, we will move a unit load of 
1 kN across stringers and compute the forces and reactions requireifto con- . 
struct the influence lines. The arrows above the stringers denote the various 
positions of the unit load we will consider. We start with the unit load posi­
tioned above support A. Treating the entire structure as a rigid body, and 
summing moments about the right support, we compute RA = 1 kN. Since 
the unit load passes directly into the support, the balance of the structure is 
unstressed. Thus the values of shear and moment at all points within the 
girder are zero, and the ordinates at the left end of the influence lines for 
shear VIlC and moment Mc are zero, as shown in Figure 8.17 c and d. 

To compute the ordinates of the influence lines at B, we next move 
the unit load to panel point B, and we compute RA = ~ kN(Fig. 8.17e). 
Since the unit load is directly at the floor beam, 1 kN is transmitted into 
the girder at panel point B and the reactions at all floor beams are zero; 
To compute the shear in panel BC, we pass section 1 through the girder, 
producing the free body shown in Figure 8.17e. Following the conven­
tion for positive shear defined in Section 5.3, we show VIle acting down­
ward on the face of the section. To compute VIle. we consider eqUilibrium 
of the forces in the y direction 

+ 
t "i,Fy = 0 == ~ - 1 - VEC 

VIle = kN 

where the minus sign indicates that the shear is opposite in sense to that 
shown on the free body (Fig. 8.17e). 
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Figure 8.17: (a) Dimensions of the structure; 
(b) influence line for R,\; (e) influence line for 
shear in panel BC; (d) influence line for moment 
in girder at C; (e) free body for shear in panel BC 
with unit load at B; (I) computation of Me with 
unit load at B; (g) computation of VBC with unit load 
at C; (h) computation of Me with unit load at C. 

[continues on next page] 
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Example 8;6 continues . .. To compute the moment at C with the unit load at B, we pass section 
2 through the gitder, producing the: free body shown in Figure 8.17f. 
Summing moments about an axis, normal to the plane of the member and 
passing through the centroid of the section at point C, we compute Me. 

0+ 'ZMe 0 

~(12) - 1(6) - Me 0 

Me = ¥ kN·m 

We now shift the unit load to panel point C and compute RA = ~ kN. 
To compute VBe• we consider equilibrium of the free body to the left of 
section 1 (Fig. 8.17g). Since the unit load is at C, no forces are applied 
to the girder by the floor beams at A and B, and the reaction at A is the 
only external force applied to the free body. Summing forces in the y 
direction gives us 

and 

Using the free body in Figure 8.17h, we sum moments about C to com~ 
puteMe ~kN·m. 

When the unit load is positioned to the right of panel point C, the 
_	reactions of the floor beams on the free-body diagrams to the left of sec­
tions 1 and 2 are zero (the reaction atA }s the only external force). Since 
the reaction at A varies linearly as the load moves from point C to point 
F, VEe andMe-both linear functions of the reaction at A-also vary lin­
early, reducing to zero at the right end of the girder. 

EXAMPLE 8.7 Constnlct the influence line for the bending moment Me at point C in the 
girder shown in Figure 8.18a. The influence line for the support reaction 
RG is given in Figure 8.18b. 

Solution 
To establish the influence line showing the variation of Me. we position 
the unit load at each panel point (the location of the floor beams). The 
moment in the girder is computed using a free body cut by passing a ver­
tical plane through the floor system at point C. The value of the girder 
reaction Ra at the left support is read from the influence line for Ro shown 
in Figure 8.18b . 

• 
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I 
i 

We can establish two points on the influence line witho1).t computa­
tion by observing that when the unit load is positioned over the girder I 
supports at points B and E, the entire load passes directly into the sup­
ports, no stresses develop in the girder, and accordingly the moment on 
a section through point C is zero. The free bodies and the computation of 
Me for the unit load at points A and C are shown in Figure 8.I8d and e. 
The complete influence line for Me is shown in Figure 8.I8e. Again, we 
observe that the influence lines for a determinate structure are composed 
of straight lines. 

Figure 8.18: Influence lines for cantilever bridge A B c D E F 
girder. (a) details of floor system; (b) influence 
line for RG; (c) influence line for Me­
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• 

EXAMPLE 8.8 Draw the influence line for the bending moment on a vertical section 
through point B on the girder (Fig. 8.19a). At points A and F the connec­
tion of the stringers to the floor beam is equivalent to a pin. At points B 
and E, the connections of the stringers to the floor beam are equivalent to 
a roller. The influence line for the reaction atA is given in Figure 8.19b. 

Solution 
When the unit load is positioned at point A, the entire load passes directly 
through the floor beam into the pin support at point A. Since no stresses 
develop in sections of the girder away from the support, the bending 
moment on the section at point B is zero. 

We next move the unit load to point B, producing a reaction RA of 
~ kN (Fig. 8.19b). Summing moments of the applied loads, about the sec­
tion at point B, we compute MB = .If kN'm (Fig. 8.19d). 

Figure 8.19: Influence lines for bridge girder 
loaded by stringers with cantilevers. 

A 

• 

t---6m __~.1_2_m_.~I.2_m~.~I'___ 6m~ 
(a) 

111 3 
1 kN ~. A 

(b) 
1 4 
3" 3" 

·t~· ~I 
MB (kN·m) ~ 

R, =;~7~~)M' = t(6) ++(6) = 5 
(c) 

(e) 

~BB=:··J' )MB=~(6)=3 
RA = ~ 6 m------l 

(d) (j) 

.•..•.;,:...a- ~ -;~ ....... --­• • , .. 



• • • • 

-~. 

Section 8.7 Influence Lines for Trusses 271 

Next, the unit load is moved to point C, the tip of the cantilever, pro­
ducing the stringer reactions shown in Figure 8.1ge. The forces on the 
girder are equal in magnitude to the reactions on the stringer but directed 
in the opposite direction. Again summing moments about the vertical 
section at point B, we compute MB 5 kN'm, When the unit load is ! 
moved an infinitesimal distance across the gap to point D at the tip of the 
cantilever on the right, stringer ABC is no longer loaded; however, the 
reaction at A, the only force acting on the free body of the girder to the 
left of section B, remains equal to ! kN. We now sum moments about B 
and find that MB has reduced to 3 kN'm (Fig. 8.19/). As the unit load 
moves from point D to point F, computations show that the moment at 
section B reduces linearly to zero . 

••••• u .........!H..~1......H .........................UHUU•• HH...........................~~~ ..... H ...............~UU.B •••••• H ••Hun........ 


8,'~;'" Influence Lines for Trusses 

Since truss members are typically designed for axial force, their cross sec­
tions are relatively small because of the efficient use of material in direct 
stress. Because a truss member with a small cross section bends easily, 
transverse loads applied. directly to the member between its joints would, 
produce excessive flexural deflections. Therefore, if the members of the 
truss are to carry axial force only, loads must be applied to the joints. If a 
floor system is not an integral part of the structural system supported by 
a truss, the designer must add a set of secondary beams to carry load into 
the joints (see Fig. 8.20). These members, together with light diagonal 
bracing in the top and bottom planes, form a rigid horizontal truss that sta­
bilizes the main vertical truss and prevents its compression chord from 
buckling laterally. Although an isolated truss has great stiffness in its own . 
plane, it has no significant lateral stiffness. Without the lateral bracing 
system, the compression chord of the truss would buckle at a low level of 
stress, limiting the capacity of the truss for vertical load. 

Since load is transmitted to a truss through a system of beams simi­
lar to those shown in Figure 8.16a for girders supporting a floor system, 
the procedure to construct influence lines for the bars of a truss is simi­
lar to that for a girder with a floor system; that is, the unit load is posi­
tioned at successive panel points, and the corresponding bar forces are plot­
ted directly below the position of the load. 

Loads can be transmitted to trusses through either the top or bottom 
panel points. If load is applied to the joints of the top chord, the truss is 

!
known as a deck truss. Alternatively, if load is applied to the bottom chord 
panel points, the truss is termed a through truss: 
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Figure 8.20: A typical panel of a truss bridge 
showing floor system which supports concrete slab 
roadway. Load on roadway slab transmitted to 
lower chord panel points of truss by floor beams. 

upper chord 
of main truss 

of main truss 

abutment 

Construction of Influence Lines for a Truss 

To illustrate the procedure for constructing influence lines for a truss, we 
will compute the ordinates of the infl)lence lines for the reaction at A and 
for bars BK, CK,and CD of the truss in Figure 8.21a. In this example we 
will assume that load is transmitted to the truss through the lower chord 
panel points. 

We begin by constructing the influence line for the reaction at A. 
Since the truss is a rigid body, we compute the ordinate of the influence 
line at any panel point by placing the unit load at that point and summing 

• 
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• 

6 @ 15' =90' 

• 

B C D E F Figure 8.21: Influence lines for truss: Ca) details 
of truss; (b) influence line for reaction at A;1 (e) influence line for bar BK; (d) influence line 

20' for bar CK; (e) influence line for bar CD. 
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(e) 

moments about an axis through the right support. The computations show 
that the influence line for the reaction at A is a straight line whose ordi­
nates vary from 1 at the left support to zero at the right support (see Fig. 
8.2Ib). This example shows that the influence lines for the support reac­
tions of simply supported beams and trusses are identical. 

To construct the influence line for the force in bar BK, we apply the 
unit load to a panel point and then determine the force in bar BK by ana­
lyzing a free body of the truss cut by a vertical section passing through 

(e) 



• • 

274 Chapter 8 . Live Load Forces: Influence Lines for Determinate Structures 

the second panel of the truss (see section I in Fig. 8.2Ia). Figure 8.22a 
shows the free body oithe truss to the left of section 1when the unit load 

. is at the first panel point. By summing forces in the y direction, we com­
pute the vertical component YBK of the force in bar BK. 

+ 
t 'ZFy = 0 

~ -' I + YBK = 0 

YBK = ~ kip (compression) 

.Since the sides of the slope triangle of the bar are in a ratio of 3 : 4 : 5, 
we compute FBK by simple proportion. 

YBK=-.­
5 4 

5 Y 5 ki 
FBK = 4' BK = 24 P 

Because FBK is a compression force, we plot it as a negative influence· 
line ordinate (see Fig. 8.2Ie). 

Figure 8.22bshows the free body to the left of section I when the unit 
load acts at joint K. Since the unit load is no longer on the free body, the· 
vertical component of force in bar BK must equal i kip and act downward 
to balance the reaction at support A. Multiplying YBK by i, we compute a 
tensile force FBK equal to ~ kip. Since the reaction of A reduces linearly to 
zero as the unit load moves to the right support, the influence line for the 
force in bar BK must also reduce linearly to zero at the right support. 

To evaluate the ordinates of the influence line for the force in bar CK, 
we will analyze the free body of the truss tothe left of section 2, shown 
in Figure 8.2Ia. Figure 8.22e, d, and e shows free bodies of this section 
for three successive positions of the unit load. The force in the bar CK, 
which changes from tension to compression as the unit load moves from 
panel point K to J, is evaluated by summing forces in the y direction. The 
resulting influence line for bar CK is shown in Figure S.2Id. To the right 
of point K the distance at which the influence line passes through zero is 
determined by similar triangles: 

1 1 
3 2-=--­
x 15 x 

x = 6ft 

The influence line for the force in bar CD is computed by analyzing 
a free body of the truss cut by a vertical section through the third panel 
(see section 3 in Fig. 8.2Ia). Figure 8.22/ shows a free body of the truss 
to the left of section 3 when theunit load is at panel point K. The force in 
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Figure B.22: Free-body diagrams to construct 

(f) (g) influence lines. 

CD is evaluated by summing moments about the intersection of the other 
two bar forces at 1. 

c+ ":iMJ =.0 

~(45) - 1(15) - FCD (20) = 0 

FCD = ~ kip (compression) 

Figure 8.22g shows the free body of the truss to the left of section 3 when 
the unit load is at joint J. Again we evaluate FCD by summing moments 
about 1 . 
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Figure 8.23: Influence lines for a trussed arch: 
(a) truss details; (b) reaction Ay; (e) reaction Ax; 
(d) force in bar AI; (e) force in bar CD; (j) force 
in bar BI. 
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.. 


0+ '2:.MJ == 0 

o = ~(45) - FCD (20) 

FCD = ~ kips (compression) 

The influence line for bar CD is shown in Figure S.2Ie. 

Influence Lines for a Trussed Arch 

As another example, we will construct the influence lines for the reac­
tions at A and for the forces in bars AI, BI, and CD of the three-hinged 
trussed arch in Figure 8.23a. The arch is constructed by joining two truss 
segments with a pin at midspan. We assume that loads are transmitted 
through the upper chord panel points. 

To begin the analysis, we construct the influence line for Ay , thever­
tical reaction at A, by summing moments of forces about an axis through 
the pin support at G. Since the horizontal reactions at both supports pass 
through G, the computations for the ordinates of the influence line are 
identical to those of a simply supported beam. The influericeline forAy 
is shown in Figure 8.23b. .. 

Now that A,: is established for all positions of the unit load, we next 
compute the influence line for Ax. the horizontal reaction at A. In this 
computation we will analyze a free body of the truss to the left of the 
,center hinge at point D. For example, Figure 8.24a shows the free body 
used to compute Ax when the unit load is positioned at the second panel 
point. By summing moments about the hinge at D, we write an equation 
in which Ax is the only unknown. 

0+ MD = 0 

o = i(24) - Ax(17) - 1(12) 

Ax f7kip 

The complete influence line for Ax is shown in Figure 8.23c. 
To evaluate the axial force in barA/, we isolate the. support at A (see 

Fig. 8.24b). Since the horizontal component of the force in bar AI must 
equal An the ordinates of the influence line for AI ""ill be 'proportional to 
those of AX' Because bar AI is on a slope of 45°, FAI = v'2XAI = V2Ax. 
The influence line for FAI is shown in Figure-8.23d. 

Figure 8.24c shows the free body used to determine the influence line 
for the force in bar CD. This free body is cut from the truss by a vertical 
section through the center of the second panel. Using the values ofAx and 
A,. from the influence lines in Figure 8;23b and c, we can solve for the 
force in bar CD by summing moments about a reference axis through 
joint I. Plotting the ordinates of FCD for various positions of the unit load, 
we draw the influence line shown in Figure 8.23e. 

• 
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l ~;A1=~XA1 
Ax Ax A . Ax-f­

A-2 Ay
)1- 4 

(a) (b) (c) 

To determine the force in bar BI, we consider a free body of the truss 
to the left of a vertical section passing through the first panel (see Fig. 
8.24d). By summing moments of the forces about an axis at point X (the 
intersection of the lines of action of the forces in bars AI and BC), we can 
write a moment equation in terms of the force FBI' We can further sim­
plify the computation by extending force FBI along its line of action to 
joint B and resolving the force into rectangular components. Since XBf 
passes through the moment center at point X, only the y-component of 
FBI appears in the moment equation. From the slope relationship, we can (d) 
express FBI as . 

Figure 8.24: Free bodies used to analyze the 
ByF three·hingedarch in Figure 8.23a.BI '5 BI 

The influence line for FBI is plotted in Figure 8.23f. 
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S.S" .'. Live Loads for Highway and Railroad Bridges 

In Section 8.5 we established how to use an influence line to evaluate the 
force at a section produced by either a uniformly distributed or a con­
centrated live load. We now will extend the discussion to include estab­
lishing the maximum force at a section produced by a set of moving 
loads such as those applied by the wheels of a truck or train. In this sec­
tion we describe briefly the characteristics of the live loads (the standard 
trucks and trains) for which highway and railroad bridges are designed. 
In Section 8.9 we describe the increase-decrease method for positioning 
the wheel loads .. 

Highway Bridges 

The live loads for which highway bridges in the United States must be 
designed are specified by the American Association of State and Highway 
Transportation Officials (AASHTO). At present major highway bridges 
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10'· 0" 
clearance and 

load lane width 
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! I, , 
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14'· 0'" v 

Figure 8.25: Lane loads used to design highway 
bridges; (a) standard 72-kip, HS 20-44 truck; or 
(b) unifonn load plus concentrated load which is 
positioned to maximize force in structure. 

• 


W = Combined weight on the first two a-des, which is the same as for the corresponding H truck 

V =Variable spacing - 14 ft to 30 ft inclusive, Spacing to be used is that which produces maximum stresses. 


(a) 

concentrated load: 18 kips for moment 
26 kips for shear 

(b) 

must be designed to carry in each lane either the standard 72-kip six­
wheel HS 20-44 truck shown in Figure 8.25a or a lane loading consist­
ing of the uniformly distributed and concentrated loads shown in Figure 
8.25b. The forces produced by a standard truck usually control the 
design of members whose spans are less than 145 ft. When spans exceed. 
145 ft, the forces created bya lane loading generally exceed those pro­
duced by a standard truck. If a bridge is to be constructed over a sec­
ondaryroad and only light vehicles are expected to traverse the bridge, 
the standard truck and lanes loads can be reduced by either 25 or 50 per­
cent, 'depending on the anticipated weight of vehicles. These reduced 
vehicle loads are termed as 15 and HS 10 loadings, respectively. 

Although not used extensively by engineers, the AASHTO code also 
specifies a lighter (40kips)four-wheeled HS 20 truck for secondary-road 
bridges that do not carry heavy trucks. Since a bridge will often have a 
life of 50 to 100 years or eyen more, and since it is difficult to predict the 
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types of vehicles that will use a particular bridge in the future, use of live 
load based on a heavier truck may be prudent. Moreover, because a heav­
ier truck also results in thicker members, the useful life of bridges that 
are subject to corrosion from salting or acid rain will be longer than those 
designed for lighter trucks. 

Although the distance between the front and middle wheels of the stan­
dard HS truck (see Fig. 8.25a) is ftxed at 14 ft, the designer is free to set a 
value of Vbetween 14 and 30 ft for the spacing between the middle and rear 
wheels. The wheel spacing the designer selects should maximize the value 
of the design force being computed. In all designs, the engineer should con­
sider the possibility of the truck moving in either direction across the span. 

Although it might seem logical to consider two or more trucks acting 
on the span of bridges spanning 100 ft or more, the AASHTO speciftca­
tions require only that the designer consider a single truck or, alternatively, 
the lane loading. Although highway bridges fail occasionally because of 
deterioration, faulty construction, material defects, and so forth, no 
recorded cases exist of bridge failures from overstress when the members 
have been sized for either an HS 15 or an HS 20 truck. 

Railroad Bridges 

The design loads for railIoad bridges are contained in the speciftcations of 
the American Railroad Engineering Association (AREMA). The AREMA 
speciftcations require that bridges be designed for a train composed of 
two engines followed by a line of railroad cars. As shown in Figure 8.26, 
the wheels of the engines are represented by concentrated loads and the 
railroad cars by a uniformly distributed load. The live load representing 
the weight of trains is specifted in terms of a Cooper E loading. Most 
bridges today are designed for the Cooper E-72 loading shown in Figure 
8.26. The number 72 in the Cooper designation represents the axle load 
in units of kips applied by the main drive wheels of the locomotive. 
Other Cooper loadings are also used. These loadings are prop~rtional to 
those of the Cooper E-72. For example, to establish a Cooper E-80 load­
ing, all forces in Figure 8.26 should be multiplied by the ratio 80172. 

Impact 

If you have traveled by truck or car, you probably recognize that moving 
vehicles bounce up and down as they move over a roadway-springs are 
supplied to dampen these oscillations. The vertical motion of a vehicle is Figure 8.26: Cooper E·n train for design of 

railroad bridges (wheel loads in kips). 

•
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7.1 kips/ft 
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a function of the roughness of the (oadway surface. Bumps, an uneven sur­
face, expansion joints, potholes,spalls, and so forth all contribute to ver­
tical sinusoidal motion of the Vehicle. The downward vertical movement 
of the vehicle's mass increases the force applied to the bridge through the 
wheels. Since the dynamic force, a function of the natural periods of both 
the bridge and the vehicle, is difficult to predict, we account for it by 
increasing the value of the live load stresses by an impact factor I. For 
highway bridges the AASHTO specifications require that for a particular 
member 

50 
but not more than 0.3 (S.7)

[= L + 125 

where L is the length in feet of the section of span that must be loaded to 
produce the maximum stress in a particular member. 

For example, to compute the impact factor for the tension force in 
member BK of the truss·in Figure 8.2Ia, we use the influence line in Fig­
ure 8.2Ie to establish L 72 ft (the length of the region in which the 
ordinates of the influence line are positive). Substituting this length into 
the equation for [, we compute . 

[- 50 _ 0254 
- 72 + 125 - . 

Therefore, the force in bar BK produced by the live load must be multi­
plied by 1.254 to establish the total force due to live load and impact. 

If we were computing the maximum live load compression force in 
bar BK, the impact factor would change. As indicated by the influence line 
in Figure S.21e, compression is created in the bar when load acts on the 
truss over a distance of 18 ft to the right of support A. Substituting L = 
18 ft into the impact equation, we compute 

50 
[= 18 + 125 = 0.35 (0.3 control) 

Since 0.35 exceeds 0.3, we use the upper limit of 0.3. 
The dead load stresses are not increased by the impact factor. Other 

bridge codes have similar equations for impact. 
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~(8!9::~ I ncrease-Decrease Method 

In Section 8.5 we discussed how to use an influence line to evaluate the 
maximum value of a function when the live load is represented by either 
a single concentrated load or a uniformly distributed load. We now want 
to extend the discussion to include maximizing a function when the live 
load consists of a set of concentrated loads whose relative position is 
fixed. Such a set of loads might represent the forces exerted by the wheels 
of a truck or a train . 
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In the increase-decrease method, we position the set of loads on the 
structure so that the leading load is located atthe maximum ordinate of 
the influence line. For example, in Figure 8.27 we show a beam that is to 
be designed to carry a live load applied by five wheels. To begin the 
analysis, we imagine that the loads have been moved onto the structure 
so that force F j is directly below the maximum ordinate y of the influ­
ence line. In this case the last load Fs is not on the structure. We make no 
computations at this stage. 

We now shift the entire set of loads forward a distance XI so that the 
second wheel is located at the maximum ordinate of the influence line. As 
a result of the shift, the value of the function (represented by the influence 
line) changes. The contribution of the first wheel Fl to the function 
decreases (i.e., at the new location the ordinate of the influence line y' is 
smaller than the former ordinate y). On the other hand, the contribution of 

~a--~+---------b------~~ 

(a) 

(b) 

(e) 

Figure 8.27: Increase-decrease method for estab­
lishing the maximum values of a function produced 
by a set of concentrated live loads. (a) Beam. 
(b) Intluence line for some function whose maxi­
mum ordinate equals y. (c) Position 1: the first 
wheel load FI is located at maximum ordinate y. 

FI F2 F3 F4 FS (d) In position 2: all wheel loads moved forward a 

_______L--L_---''--_..L­____...t_ Position 2 

1 distance Xl. bringing wheel F2 up to the maximum _---'l_,X_...Il_'_X_2_1L,_X3---,-,olL'.__X_4____,iL-___ Position 3 ordinate. (e) Position 3: all wheels moved forward 
a distance X2. bringing wheel F3 up to the maxi­

(e) mum ordinate. 
. : 
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F2• F3• and F4 increases because they have moved to a position where the 
ordinates of the influence line are larger. Since wheel Fs is now on the 
structure, it too stresses the member. If the net change is a decrease in the 
value of the function, the· first position of the loads is more critical than 
the second position, and we can evaluate the function by multiplying the 
loads in position 1 (see Fig. 8.27c) by the corresponding ordinates of the 
influence line (that is, FI is multiplied by y). However, if the shift of loads 
to position 2 (see Fig. 8.27d) produces an increase in value of the func­
tion, the second position is more critical than the first. 

To ensure that the second position is the most critical, we will shift 
a1110ads forward again a distance X1, so that force F3 is at the maximum 
ordinate (see Fig. S.27e). We again compute the change in magnitude of 
the function produced by the shift. If the function decreases, the previ­
ous position is critical. If the function increases, we again shift the loads. 
This procedure is continued until a shift of the loads results in a decrease 
in value of the function. Once we secure this result, we establish that the 
previous position of the loads maximizes the function. 

The change in value otthe function produced by the movement of a 
particular wheel equals the difference between the product of the wheel 
load and the ordinate of the influence line in the two positions. For exam­
ple, the change in the function I1f due to wheel FI as it,moves forward a 
distance Xl equals 

I1f = .FlY - FlY' 

I1f = FI (y - y') == FI (l1y) (8.8) 

where the difference in ordinates of the influence line l1y = y - y'. 
If m] is the slope of the influence line in the region of the shift, we 

can express l1y as a function of the slope and the magnitude of the shift 
by considering the proportions between the slope triangle and the shaded 
area shown in Figure 8.27b: 

-=­
XI 1 
l1y = mix! (8.9) 

Substituting Equation 8.9 into Equation 8.8 gives 

Af =: FjmjXl (S.10) 

where the slope m! can be negative or positive and Fl is the wheel load. 
If a load moveson oroff the structure, its contribution I1fto thefunc­

tion would be evaluated by substituting the actual distance it moves into 
Equation 8.10. For example, the contribution of force Fs (see Fig. 8.27d) 
as it moves on to the structure would be equal to 

I1f FSm2xS 

where Xs is the distance from the end of the beam to load Fs. The increase­
decrease method is illustrated in Example 8.9. 

• 




• • • • • 

• 

The 80-ft bridge girder in Figure 8.28b must be designed to support the 
wheel loads shown in Figure 8.28a. Using the increase-decrease method, 
determine the maximum value of moment at panel point B. The wheels 
can move in either direction. The influence line for moment at panel 
point B is given in Figure 8.28b. 

10 kips 20 kips 20 kips . 30 kips 30 kips 
10' 10'} l' 5' 'l' ·ls' ,! 

2 3 4 5 
(a) 

A B C D E 

fo-!'----- 4@20'=80'--------I.1 
15 kip.it 

"'--'--'-'--"=- Influence line 
for moment 

10k 20k 20k 30k 30k . at panel B 

} 10' lsJ 10' 'r S
'{

-----:---=--:----:----';------ Position 1 
1 2 3 4 5 


10k 20k 20k 30k 30k 


! ! ! ! I ---;.---:---=---:--:-------- Position 2 
2 3 4 5 


10k 20k 20k 3ok30k 


----2L-_L-...L-_--L--l..._________' Position 3 
23 4 5 

CASE 1 

I I I I I 
,(b) 

15kip.ft 

fB~13!:~_ Influence line 
for moment 

30 kips 20 kips 10 kips at panel B

l,s"l' 1O' 1,S,,*, 10' 1 
____..l_---'_L-_L_.,.....l____L..-______ Position 1 

5 4 3 2 

~l---L-l~l ~l --L.-I__Position 2 
5 4 3 2 

CASE 2 
(c) 

.. 
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EXAMPLE 8.9 

Figure 8.28 

[continues on next page] 
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• 

Example 8.9 continues . .. 	 Solution 
Case 1. A lO·kip load moves from right to left. Begin with the lO-kip 
load at panelB (see position in Fig. 8.28b). Calculate the change in 
moment as all loads shift left 10 ft; that is, load2 moves up to panel point 
B (see position 2). Use Equation 8.10. 

Increase in moment = (20 + 20 + 30 + 30) (l) (10) = +250 kip-ft 
(loads 2, 3, 4, and 5) 

Decrease in moment 10(- ~) (to)::::: -75 kip.ft 
(load 1) 

Net change = + 175 kip-ft 

CONCLUSION. Position 2 is more critical than position 1. 
Shift the loads again to determine if the moment continues to increase. 

Calculate the change in moment as the loads move 5 ft to the left to posi­
tion 3; that is, load 3 moves up. to panel point B. 

Increase in moment (20 + 30 + 30) (5) (l) = + 100.0 kip·ft 
(loads 3, 4, and 5) 

Decrease in moment = (10 + 20)(5) ( - ~) = 12.5 kip·ft 
(loads 2 and 3 ) 

Net change = -12.5 kip·ft 

CONCLUSION. Position 2 is more critical than position 3. 
Evaluate the maximum moment at panel point B. Multiply each load 

by the corresponding influence line ordinate (number in parentheses). 

MB = 10(7.5) + 20(15) + 20(13.75) + 30(11.25) + 30(10) 

= 1287.5 kip-ft 

ease 2: 'The 30~ldp load moves jrom right to left. Begin with a 30-kip 
load at panel B (see position 1 in Fig.8.28c). Compute the change in 
inoment as loads move 5 ft left to position 2. . 

Increase in moment ~ (80 kips) (5) (1.),' = + 100.0 kip·ft 
(loads 4, 3, 2, and 1) 	 4 . 

. . ·Decrease in moment (30 kiPS).(5/-~) = -112.5 kip·ft 
(load5) \: 

Net change -12.5 kip·ft 

http:30(11.25
http:20(13.75
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CONCLUSION. Position 1 is more critical than position 2. 
Compute the moment at panel point 2, using influence line ordinates. 

MB 	= 30(15) + 30(13.75) + 20(11.25) + 20(10) + 10(7.5) 


= 1362.5 kip-ft controls design> 1287.5 kip·ft . 


~..~,~:~,~"~j>.;\~j,:,:*.~U"""H""U""H"""'''''''HH' ..............................Hu................uu.••.....•....•....•........••.••••.• " 


f!~Q,~~Jt· Absolute Maximum Live Load Moment 

Case 1. Single Concentrated Load 

A single concentrated load acting on a beam produces a triangular moment 
curve whose maximum ordinate occurs directly at the load. As a concen­
trated load moves across a simply supported beam, the value of the max­
imum moment directly under the load increases from zero when the load 
is at either support to 0.25PL when. the load is at midspan. Figure 8.29b, 
c, and d shows the moment curves produced by a single concentrated 
load P for three loading positions, a distance L/6. L/3. and LI2 from the 
left support, respectively. In Figure 8.2ge, the dashed line, termed the 
moment envelope. represents the maximum value of live load moment 
produced by the concentrated load that can develop at each section of the 
simply supported beam in Figure 8.29a. The moment envelope is estab­
lished by plotting the ordinates of the moment curves in Figure 8.29b to 
d. Since a beam must be designed to carry the maximum moment at each 
section, the flexural capacity of the member must equal or exceed that 
given by the moment envelope (rather than by the moment curve shown 
in Fig. 8.29d). The absolute maximum live load moment due to a single 
load on a simple beam occurs at midspan. 

Case 2. Series of Wheel Loads 

The increase-decrease method provides a procedure to establish the max­
imum moment produced at an arbitrary section of a beam by a set of mov­
ing loads. To use this method, we must first construct the.influence line 
for moment at the section where the moment is to be evaluated. Although 
we recognize that the maximum moment produced by a set of wheel loads 
will be larger for sections at or near midspan than for sections located 
near a support, thus far we have not established how to locate the one 
section in the span at which the wheel loads produce the greatest value 
of moment. To locate this section for a simply supported beam and to 
establish the value of the absolute maximum moment produced by a par­
ticular set of wheel loads, we will investigate the moment produced by 
the wheel loads acting on the beam in Figure 8.30. In this discussion we 
will assume that the resultant R of the wheel loads is located a distance 

P P P P 

L 	 I L ILL
6' ~ 6' -.,..- 6' ..---- '2 --..., 

(a) 

(b) 

O.222PL 

(e) 

O.25PL 

(d) 

(e) 

Figure 8.29: Mument envelope for a concen­
trated load on a simply supported beam: (a) four 
loading positions (A through D) considered for 
construction of moment envelope; (b) moment 
curve for load at point B; (e) moment curve for 
load at point C; (d) moment curve for load at point 
D (midspan): (e) moment envelope, curve show­
ing maximum value of moment at each section . 
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B 

• 

I 
d-xl--+- ~-(d-x)-I 

.... _- 1:. --_~___ 1:. ---1.1 
r 2 - 2 

Figure 8.30: Set of wheel loads with a resultant R. 

• 


d to the right ofwheel 2. (The procedure to locate the resultant of a set 
of concentrated loads is covered in Example 3.2.) 

Although we cannot specify with absolute certainty the wheel at which 
the maximum moment occurs, experience indicates that it will probably 
occur under one of the wheels adjacent to the resultant of the force system. 
From our experience with the moment produced by a single concentrated 
load, we recognize that the maximum moment occurs when the wheel 
loads are located near the center of the beam. We will arbitrarily assume 
that the maximum moment occurs under wheel 2, which is located a dis­
tance x to the left of the beam's centerline. To determine the value of x 
that maximizes the moment under wheel 2, we will express the moment 
in the beam under wheel 2 as a function ofx. By differentiating the expres­
sion for moment with respect to x and setting the derivative equal to zero, 
we will establish the position of wheel 2 that maximizes the moment. To 
compute the moment under wheel 2, we use the resultant R of the wheel 
loads to establish the reaction at support A. Summing moments about 
support B gives 

c+ "kMB = 0 

R.4L R[~-:- (d-X)]=O 

(8.11)RA = I (~ -d +x) 
To compute the moment M in the beam at wheel 2 by summing moments 
about a section through the beam at that point, we write 

M = RA(~ - x) - W1a (8.12) 

where a is the distance between WI and Wz. Substituting RA given by 
Equation 8.11 into Equation 8.12 and simplifying give 

RL Rd xRd 2R 
Jf = 4 - 2 + L - x L - W1a (8.13) 

To establish the maximum value M, we differentiate Equation 8.13 with 
respect to x and set the derivative equal to zero. 

dM R R
0= - = d - 2x­

dx L L 

d 
and x=- (8.14)

2 

For x to equal d/2 requires that we position the loads so that the center­
line of the beam splits the distance between the resultant and the wheel 
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under which the maximum moment is assumed to occur. In Example 8.10 
we will use the foregoing principle to establish the absolute maximum 
moment produced in a simply supported beam by a set of wheel loads .. 

Determine the absolute maximum moment produced in a simply sup­
ported beam with a span of 30 ft by the set of loads shown in Figure 8.31a. 

R =60 kips 

30 kips 20 kips 

!--- 9,------>+.1-.- 6' ~ 

(a) 

A 

It---- 12.25' ___'i-lf_·7~5:.;...1f_·7--<5:.,.!-- 12.25'---..J 

RA =24.5 kips 

~----------------30'------··---------~ 

(b) 

B 

1--6'~ '. 
1.15' 1.75' -t 

1+---- 13.25' .! ..1••1. 13.25' 

RB =26.S kips 

(e) 

• ...\~ ..... --- • • .•.."..a- _ 

EXAMPLE 8.10 


Figure 8.31: (a) Wheel loads; (b) position of 
loads to check maximum moment under 30-kip 
load; (e) position of loads to check maximum 
moment under 20-kip load. 

[continues on next page] 
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Example 8.10 continues . .. 

• 


Solution 
Compute the magnitude and location of the resultant of the loads shown 
in Figure 8.31a.. 

R = Y..Fy = 30 + 20 + 10 = 60 kips 

Locate the position of the resultant by summing moments about the 30­
kip load. 

60:X = 20(9) + 10(15) 

:x ;:; 5.5 ft 

Assume that the maximum moment occurs under the 30-kip load. 
Position the loads as shown in Figure 8.31b; that is, the beam's center­
line divides the distance between the 30-kip load and the resultant. Com­
pute RA by summing moments about B. 

c+ 20MB = 0 = RA (30) 60(12.25) 

RA = 24.5 kips 

Moment at 30-kip load = 24.5(12.25) 300 kip·ft· 

Assume that the. maximum moment occurs under the 20-kip load. Posi­
tion the loads as shown in Figure 8.3Ie; that is, the centerline of the beam 
is located halfway between the 20-kip load and the resultant. 

Compute RB by summing moments about A. 

c+ 2:MA = 0 = 60(13.25) - Rs(30) 

.RB .= 26.5 kips 

Moment at 20-kip load = 13.25(26.5) - 10(6) = 291.1 kip·ft 

Absolute maximum moment = 300 kip·ft under 30-kip load 

mwn *­

Maximum Shear 

The maximum value of shear in a beam (simply supported or continu­
ous) typically occurs adjacent to a support. In a simply supported beam, 
the shear at the end of a beam will be equal to the reaction; therefore, to 
maximize the shear, we position loads to maximize the reaction. The 
influence line for the reaction (see Fig. 8.32b) indicates that load should 
be placed as close to the support as possible and that the entire span 
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should be loaded. If a simple beam carries a set of moving loads, the 
increase-4iecrease method of Section 8.9 can be used to establish the 
position of the loads on the member to maximize the reaction. 

To maximize the shear at a particular section B-B, the influence line 
in Figure 8.32c indicates that load should be placed (1) only on one side 
of the section and (2) on the side that is most distant from the support. 
For example, if the beam in Figure 8.32a supports a uniformly distrib­
uted live load of variable length, to maximize the shear at section B, the 
live load should be placed between Band C. 

If a simply supported beam carries a uniform live load of variable 
length, the designer may wish to establish the critical live load shear at sec­
tions along the beam,'s axis by constructing an envelope of maximum shear. 
An acceptable envelope can be produced by running a straight line between 
the maximum shear at the support and the maximum shear at midspan (see 
Fig. 8.33), The maximum shear at the support equals wL/2 and occurs 
when the entire span is loaded. The maximum shear at midspan equals 
wL/8 and occurs when load is placed on either half of the span. 

L1+---"2 ---01 

(b) 

• 

(c) 
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VB 

~V~r~_'~~Y~~~'.~0i~'~!l~.,~" 
t 

(a) 

(b) 

(c) 

Figure 8.32: Maximum shear in a simply sup­
ported beam: (a) positive sense of shear at B; 
(b) influence line for Rt\;' (c) influence line for 
shear at section B. 

Figure 8.33: Loading conditions to establish the 
shear envelope for a beam supporting a uniform 
live load of variable length: (a) entire span loaded 
to maximum shear at support; (b) maximum shear 
at midspan produced by loading on half of span; 
(c) shear envelope . 
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Summary 

• 	 Influence lines are used to establish where to position a moving 
load or a variable length of uniformly distributed live load on a 
structure to maximize the value of an internal force at a particular 
section of a beam, truss, or other type of structure. 

• 	 Influence lines are constructed for an internal force or a reaction at 
a particular point in a structure by evaluating the value of the force 
at the particular point as a unit load moves over the structure. The 
value of the internal force for each position of the unit load is plotted 
directly below the position of the unit load. 

• 	 Influence lines consist of a series of straight lines for determinate 
structures and curved lines for indeterminate structures. 

• 	 The Mliller-Breslau principle provides a simple procedure for 
establishing the qualitative shape of an influence line. The principle 
states: The ordinates ofan influence line for a particular force are 
proportional to the deflected shape of the structure produced by 
removing the capacity of the structure to carry the force and then 
introducing into the modified structure a displacement that 
corresponds to the restraint removed. 

·..I·..·P.·R..QJ?..~.~..M.~..................................................................:...................................................................................................................... 

PS.l. Draw the influence lines for the reaction atA and PS.3. Draw the influence lines for the reactions at sup­
for the shear and moment at points Band C. The rocker ports A and C, the shear and moment at section B, and 
at D is equivalent to a roller. the shear just to the left of support C . 

.f<-'------ 20'-----"'" 
RCPS.l 

I..-- 8 m ---f--- 6 m ---1- 4 m -IPS.2. For the beam shown in Figure P8.2, draw the 
influence lines for the reactions MA and RA and the shear PS.3 
and moment at points Band C. 

A B c D 

4 m --1--- 4 m ~'+'-- 4 m --I 

PS.2 
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PB.4. For the beam in Figure P8.4, draw the influence 
lines for the reactions at A, C, and E and the shear and 
the moment at B. Determine the maximum value of 
each reaction (both positive and negative) ifthe beam is 
subject to a concentrated load of 20 kN and a 1.8 kN/m 
uniform load of variable length. 

A C D Ecp
~\I!''''!a",!,!*,§~~S'~;;,d,I''''';ii''~'i'''''--..,,~-."."",,,~,~i!'e':~:Z,t;;r;g!il'!',\-"-"'-~'·:,'f~I~.,, 

~2m~4m 2m~4m~ 
PS.4 

PS.S. (a) Draw the influence lines for reactions RB, RD. 
and RF of the beam in Figure P8.5 and the shear and 
moment at E. (b) Assuming that the span can be loaded 
with a 1.2 kips/ft uniform load of variable length, deter­
mine the maximum positive and negative values of the 
reactions. 

• • 

PS.S 

,PS.6. Load moves along girder BCDE. Draw the influ­
ence lines for the reactions at supports A and D, the 
shear and moment at section C, and the moment at D. 
Point C is located directly above support A. 

12' 

B 

t 
RD 

~ 5' -}~-- 10' --""'!+-- 5'--l 

RA 

PS.6 

PB.7. Vertical load moves along member ABC. Draw 
the influence lines for the horizontal and vertical com­
ponents of the reaction at support A; the shear to the left 
of joint B, the moment at B, and the axial force in strut 
BD. 

A C 
I 

RAX -I. 
_" l'

,B ' -. 

t 
I 

I
hinge I 

8' 

• 


RAY 

1-<-1.---12'---_­

PS.7 

• ..~.- ­
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PS.S to PS.l1. Using the Mtiller-Breslau· principle, 
sketch the shape of the influence lines for the reactions 
and internal forces noted below each structure. 

A c D 

- ___-8 
1 

VA' MB• Me. and Re 


PS.S 


MA• RA • Me. and Vc (to left of support C) 

PS.9 

RB• Ve. Me. and VB (to right ofsupport B) 

··PS.10 

PS.11 

PS.12. For the beam shown in Figure PS.12, draw the 
influence lines for the reactions at A, C, and E; the 
moment in the beam at C; and the shear to the left of 
support C. 

D ·E 

M~ 
1,­81 8'~ 

Re RE 

PS.12 

• 

PS.13 . . Draw the influence lines for the shear between 
points A and B and for moment at point E in the girder 
GH shown in Figure PS.13. 

-0-----­ 5 @ 24' = 120' ----...,., 

PS.13 

PS.14. For the floor system shown in Figure PS.13, 
draw the influence lines for shear between points Band 
C and for the moment at points C and E in the girder. 

PS.lS. For the girder in Figure PS.15, draw the influ­
ence lines for the reaction at A, the moment at point C, 
and the shear between points Band C in girder AE. 

B C D 

- 8,-----1.-4/-1-4'-1-- 8' .1. 
PS.1S 

PS.16. (a) Draw the influence lines for the reactions at 
Band E, the shear between CD, the moment at Band D 
for the girder in Figure P8.16. (b) If the dead load of the 
floor system (stringers and slab) is approximated by a 
uniformly distributed load of 3 kip/ft, the reaction of the 
floor beam's dead load to each panel point equals 1.5 
kips, and the deadweight of the girder is 2.4 kips/ft, deter­
mine the moment in the girder at D and the shear just to 
the right of C. Assume the floor system is supported by 
two outside girders (see Fig. 8.16, for example). 

.-\ B C D E F 

H 

-lS'+15/+1S'+ I 
I. 

PS.16 
I 
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PS.17. For the girder in Figure P8.17, draw the influ­
ence lines for the reaction at I, the shear to the right of 
support I, the moment at C, and the shear between CEo 

A B C D E F G 

PS.17 

PS.lS. For the girder in Figure P8.1S, draw the influ­
ence lines for the support reactions at 0 and F, the 
moment at C, and the shear to the left of support F. 

ABC D E 

~6m~6m--\..-6m--\..-6m~ 

PS.1S 

PS.19. (a) For the girder HlJ shown in Figure PS.19, 
draw the influence line for moment at C. (b) Draw the 
influence line for the reactions at support Hand K. 

ABC D E F G 

11+-.--3@5m • 1 ••1 .1. 2@5m---..i
2.5 m 2.5 m 

PS.19· 

PS.20. For girder GK in Figure 8.20, draw the influ­
ence lines for the reaction at K and the shear and moment 
at point I, located at midspan. 

D E F 

I 


1---16'-4-- 8'''')''' 8,J..-12'--\.-12'--\"" 8/"')"'8,-1--16/---1 

PS.20 


." 
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PS.21. For the girder EG shown in Figure PS.21, draw 
the influence lines for the reaction at G and the shear 
and moment at F, located at midspan of girder EO. 

A B C D 

F 

6'-1- '''-' ­
PS.21 

PS.22. For girder AF shown in Figure P8.22, draw the 
influence lines for the reaction at A, the moment at C, 
the shear immediately to the right of support A, and the 
shear between C and D. 

hinge hinge 

PS.22. 

PS.23. Draw the influence lines for the bar forces in 
members AB, BK, BC, and LK if the live load is applied 
to the truss in Figure P8.23 through the lower chord . 

15' 

1+-----­ 6 @ 15' ;; 90' -------+1 

PS.23 

PS.24. Draw the influence lines for the bar forces in 
members CD, KD, HO, and EF if the live load in Fig­
ure P8.23 is applied through the lower chord panel 
points . 

mailto:11+-.--3@5m
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P8.25~ Draw the influence lines for RA and the bar forces in members 
AD. EF. EM, and NM. Loads are transmitted into the truss through the 
lower chord panel points. Vertical members EN and GL are 18 ft long. 
FMis 16 ft. 

.. 


PS.26 

PS.27. Draw. the. influence lines for bar forces in members ML, BL, CD, 
E1, DJ, and'FH of the cantilever truss in Figure P8.27 if the live load is 
applied through the lower chord panel points. 

1 
J 
15' 

D 6' H 

6' 

16' 

.1 

~ t 6 @ 18' =108' 

R.4 

PS.2S 

PS.26. Draw the influence lines for the bar forces in members CJ, CK, 
KL, BC, and Diu. the live load is applied to the truss in Figure P8.26 
through the. lower ,chord panel pUillls.. . . 

D 

;.-----"----.- 6 @ 16' =96' ------""" 

--.l 
4'--. 
8' 

1 
16' 

B c· E 

M 

F 

~------------- 7 @ 15' =105' -------------+1 

• • • 

PS.27 

• 
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PS.2S. Draw the influence lines for the reactions at A 
and F and for the shear and moment at section 1. Using 
the influence lines, determine the reactions at supports 
A and F if the dead load of the floor system can be 
approximated by a uniform load of 10 kN/m. See Fig­
ure PS.2S. 

15mC{) 
r-1 B c 

30m 

i..20m...l.-20 

P8.28 

PS.29. The horizontal load P can act at any location 
along the length of member AC shown in Figure PS.29. 
Draw the influence lines for the horizontal reactions at 
A and D, and the moment at section 1. 

c 1 

i 
5m 

J 
10m 

I-- 5 m----..I 

PS.29 
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,PS.30. Draw the influence lines for the vertical and hor­
izontal reactions, Ax and A y, at support A and the bar 
forces in members AD, CD, and Be. If the trUss is 
loaded by a uniform dead load of 4 kips/ft over the entire 
length of the top chord, determine the magnitude of the 
bar forces in members AD and CD. 

1 
20' 

j 

1+------ 4 @ 20';;: 80' ----------+1 

PS.30 

PS.31. Draw the influence lines for the forces in mem­
bers BC, AC, CD, and CG. Load is transferred from the 
roadway. to the upper panel points by a system of 
stringers and floor beams (not shown) .•If the truss is to 
VI:: ut:lSigllt:u fur a uniform live load of 0.32 kip/ft thaL 
can be placed anywhere on the span in addition to a con­
centrated live load of 24 kips that can be positioned 
where it will produce the largest force in bar CG, deter­
mine the maximum value of live load force (tension, 
compression, or both) created in bar CG. 

B c D E 

1 
J 
20' 

6 @ 15' ;;:90' 

PS.31 
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PS.32. A bridge is composed of two trusses whose con­
figuration is shown in Figure PS.32. The trusses are 
loaded at their top chord panel points by the reactions 
from a stringer and floor beam system that supports a 
roadway slab. Draw the influence lines for forces in 
bars ,FE and CEo Assume that vehicles move along the 

30kN 30kN 10kN 

center of the roadway so one-half the load is carried by 
each truss. If a fully loaded motorized are carrier with a 

_ total weight of 70 kN crosses the bridge, determine the 
maximum live load forces in bars FE and CEo Assume the 
truck can move in either direction. Consider the possibil­
ity of both tension and compression force in each bar. 

f«------ 6 @ 3 m=18 m ------>1 

PB.32 

. . . ' .. . 

PS.33. Draw the influence lines for forces in bars AL ­
an\f KJin Figure. PS.33. Using the influence lines, 
determine the maximum live load force (consider both 
tension and compression) produced by the 54-kip truck 
as it transverses the bridge, which consists of two 

1 
4m 

J 

trusses. Assume the truck moves along the center of the 
roadway so that one-half of the truck load is carried by 
each truss. Assume the truck can travel in either direc­
tion. 

f-------~------ 6 @ 20' 120' ------------->1 

PB.33 

• 


G 

t 
I 

J 
20' 

• 
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. 

1------ 6 panels @ 24' = 144'-----+1 

PS.34 

PS.34. (a) Load is applied to the three-hinged trussed 
arch in Figure P8.34 through the upper chord panel 
points by a floor beam and stringer floor system. Draw 
the influence lines for the horizontal and vertical reac­
tions at support A and the forces or components of force 
in members Be, eM, aIld ML. (b) Assuming that the 
dead load of the arch and floor system can be repre­

PS.3S. Compute the absolute maximum shear and 

moment produced in a simply supported beam by two 


. concentrated live loads of 20 kips spaced 10 ft apart. 

,The beam spans 30 ft. 

PS.36. Draw the envelopes for maximum shear and 
moment in a 24-ft-Iong simply supported beam produced 
by a live load that consists of both a uniformly distributed 
load of 0.4 kip/ft of variable length and a concentrated 
load of 10 kips (Fig. P8.36). The 10 kip load can act at any 
point. Compute values of the· envelope at the supports, 
quarter points, and midspan (see Sees. 8.10 and 8.11). 

10 kips

!IV =0.4 kip/ft B 
.{H"r'~>?J 

variable ----I I, 

PS.36 

• 

sented by a uniform load of 4.8 kip/ft. determine the 
forces in bars eM and ML produced by the dead load. I. ­
(c) If the live load is represented by a uniformly dis­
tributed load of 0.8 kip/ft of variable length and a con­
centrated load of 20 kips, determine the maximum force 
in bar eM produced by the live load. Consider both ten­
sion and compression. Joint E acts as a hinge. 

...J. 
I, l' 

'. 
I' 

~ 
i 

J 
36' 

Problems 297 

PS.37. Determine (a) the absolute maximum values of 
shear and moment in the beam produced by the wheel 
loads and (b) the maximum value of moment when the 
middle wheel is positioned at the center of the beam. 
See Figure PS.37. 

24 kN 32 kN 8 kN 

1---- 24 m - __---oJ,1 

PS.37 

I
t­
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]>8.38. Determine (a)the absolute maximum value of 
live loadmoment and shear produced in the 36-ft girder 
and (b) themaximuin value of moment at midspan (Fig. 
PS.38). Hint: For part (b) use the influence line for 
moment. 

~ 6' ....~-- :£4··--......,.... 

PS.38 

PS.39. Determine the absolute maximum value of live 
load shear and moment produced in a simply supported 
beam spanning 40 ft by the wheel loads shown in Fig­
ure P8.:W. ' 

PS.39 

PS.40. For the beam shown in Figure P8.40, draw the 
influence lines for the reactions at 8, D, and F; the 
moment at 8 and E; and the shear to the left and right 
atD. 

A 

I-IO,-4-lO,-J..-10,-l-12'-/"-12'-J.. 6'~ 

P8.40 

PS.41. (a) Consider the beam shown in Figure PS.40. 
Position the HS 20-44 truck (see Fig. S.25a in the text) 
to produce the maximum reaction at B. (b) Position the 
HS 20.:.44 lane loading (see Fig. 8.25b) that produces 
the maximum positive moment at E. Reposition the 
loading to produce the maximum negative moment at E. 
(c) Compute the moment at E produced by a uniformly 
distributed dead load of 3 kips/ft over the entire span. 

P8.42. The beam shown in Figure PS.42 is subjected to a 
moving concentrated load of 80 kN. Construct the enve­
lope of both maximum positive and negative moments for 
the beam. 

80kN 

PS.42 

PS.43. Consider the beam shown in Figure P8.42. Con­
struct the envelope of maximum positive shear assuming 
the beam supports a 6 kN/m uniformly distributed load 
of variable length. 

P8.44. Consider the beam shown in Figure P8.44. Posi­
tion the. HS 20-44 lane loading (see Fig. 8.2Sb) to pro­
duce the maximum positive moment at B and the max­
imum shear to the left of support C. 

A B c D 

20' --1+-- 20' ---1-10,-J 

P8.44 

PS.4S. (a) The three-hinged arch shown in Figure PS;45 
has a parabolic profile. Draw ,the influence lines for 
both the horizontal and vertical reactions at A and the 
moment at D. (b) Compute the horizontal and vertical 
reactions at support A if the arch is loaded by a uniform 
load of 10 kN/m. (c) Compute the maximum moment at 
pointD. 

w= 10kN/m 

f 
12m 
J 

1-15 m ....1-15 m ....!-- 30 m~ 

PS.4S 

-- • • 
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PS.46. (a) Draw the influence lines for bar forces in 
members lB, BC, and FE of the truss shown in Figure 
P8.46. The load moves along the bottom chord of the 
truss. (b) Compute the force in member HG if panel 
points F, G, and H are each loaded by a concentrated 
vertical load of 30 kN. 

B c D 
f 
3m 

-t 
3m 

E....L 

1------- 4 @ 4m ------->-1 

PS.46 

PS.47. Draw the influence lines for bar forces in mem­
bers CD, EL, and ML of the truss shown in Figure 
P8.47. The load moves along BH of the truss. 

K J I 

1" 
6m 

-+

6m 

~ 

PS.47 

................UHUUH............U ...............U.U".........." ...............H.H~ •••U •••••••••••••• u •• n 


·a=.- _ 
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PS.48. Computer application. Constntction ofan influ-

It ence line fo.r an in.determinate beam. (a) For the 
indeterminate beam shown in Figure P8.48, con­
struct the influence lines for MA , RA; and RB by 

applying a unit loadto the beam atA-ft intervals to com­
pute the corresponding magnitudes of the reactions. 

(b) Using the influence line in part (a), deter­
mine the maximum value of the reaction Rl1. produced by 
two concentrated 20-kip wheel loads spaced 8 ft apart. 

PS.4S 

....... • ....un......... u ••••• .'.. n ••••u ........................_........ u ............n •••••• , ••••• u.u................ u 
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Collapse o(thifBrazos River Bridge, Brazos, Texas, during erection of the 973-ft, continuous steel plate 
girders that'support the roadway. The failure was initiated by overstress of the connections between the 
web and flange during erection. Structures are particularly vulnerable to failure during erection because 

. stiffening elements~for example, floor slabs and bracing-may not be in place. In addition, the structure's 
str~ngth may be reduced when certain connections are partially bolted or not fully welded to permit pre­
cise alignment of members .. 

! 
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>9:1\?~~ Introduction 
C'",",<,>< "'41/" 

When a structure is loaded, its stressed elements deform. In atruss, bars 
in tension elongate and bars in compression shorten. Beams bend and 
cables stretch. As these deformations occur, the structure changes shape 
and points on the structure displace. Although these deflections are nor­
mally small, as part of the total design, the engineer must verify that these 
deflections are within the limits specified by the governing design code to 
ensure that the structure is serviceable. For example, large deflections of 
beams can lead to cracking of nonstructural elements such as plaster ceil­
ings, tile walls, or brittle pipes. The lateral displacement of buildings pro­
duced by wind forces must be limited to prevent cracking of walls and 
windows. Since the magnitude of deflections is also a measure of a mem­
ber's stiffness, limiting deflections also ensures that excessive vibrations 
of building floors and bridge decks are not created by moving loads. 

Deflection computations are also an integral part of a number of ana­
lytical procedures for analyzing indeterminate structures, computing buck­
ling loads, and determining the natural periods of vibrating members .. 

In this chapter we consider several methods of computing deflections 
and slopes at points along the axis of beams and frames. These methods 
are based on the differential equation of the elastic curve of a beam. This 
equation relates curvature at a point along the beam's longitudinal axis 
to the bending moment at that point and the properties of the cross sec­
tion and the material. 

.n•••'~·:.~i'o'~·~'; ...:~,t~':;••••••••• ~H •••••••••U .............. ~.............. H ••••••••••••• n .......................... H •••• H ............................. 


·.:~.:gi:i~; Double Integration Method 

The double integration method is a procedure to establish the equations 
for slope and deflection at points along the longitudinal axis (elastic 
curve) of a loaded beam. The equations are derived by integrating the 
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differential equation of the elastic curve twice, hence the name double 
integration. The method assumes that all deformations are produced by 
moment. Shear deformations, which are typically less than I percent of 
the flexural deformations in beams of normal proportions, are not usu­
ally included. But if beams are deep, have thin webs, or are constructed 
of a material with a low modulus of rigidity (plywood, for example), the 

. magnitude of the shear deformations can be significant and should be 
investigated. 

To understand the principles on which the double integration method 
is based, we first review the geometry of curves. Next, we derive the dif­
ferential equation of the elastic curve-the equation that relates the cur­
vature at a point on the elastic curve to the moment and the flexural stiff­
ness of the cross section. In the final step we integrate the differential 
equation of the elastic curve twice and then evaluate the constants of 
integration by considering the boundary conditions imposed by the sup­
ports. The first integration produces the equation for slope; the second 
integration establishes the equation for deflection. Although the method 
is not used extensively in practice since evaluating the constants of inte­
gration is time-consunling for many types of beams, we begin ourstu.dy . t of deflections with this method because several other important proce:,:_-.· . 

. p 
dures for computing deflections in' beams and frames are based ott the -" 

(0) 	
c, 

differential equation:of the elastic curve. 	 . . 
-, .. y 

-Ge-ometry-ofShaTIOwcurves--------··---'---------····--------------­
To establish the geometric relationships required to derive theCdifferen­
tialequation of the elastic curve, we will consider the deformations of 
the cantilever beam in Figure 9.la. The deflected shape is represented in 
Figure 9.lh by the displaced position of the longitudinal axis (also called 

(b) 	 the elastic curve). As reference axes, we establish an x-y coordinate sys­
tem whose origin is located at the flxed end. For clarity, vertical dis­o 
tances in this figure are greatly exaggerated. Slopes, for example, are 
typicaliy very small-on the order of a few tenths of a degree. If we were 
to show the deflected shape to scale, it would appear as a straight line. 

To establish the geometry of a curved element, we will consider an 
infinitesimal element of length ds located a distance x.frolll the fixed end. 
As shown in Figure 9.lc, we denote the radius of the curved segment by p. 
At points A and B we draw tangent lines to the curve. The infinitesimal 
angle between these tangents. is denoted by dO. Since the tangents to the 
curve are perpendicular to the radii at points A and 13, it follows that the 
angle between the radii is. also de. The slope of the curve at point A 
equals 

dy 
- = tane 
dx 

I--x' 

line tangent at A 

(c) 

Figure 9.1 

http:ourstu.dy


I 
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I' 
If the angles are small (tanO = () radians), the slope can be written 

dy
dx 0 (9.1)::0 

From the geometry of the triangular segment ABo in Figure 9.1c, we 
can write 

pdO=ds (9.2) 

Dividing each side of the equation above by ds and rearranging terms give 

d() 1 
(9.3)!/! = ds = P 

where d()fds, representing the change in slope per unit length of distance 
along the curve, is called the curvature and denoted by the symbol!/!. 
Since slopes are small in actual beams, ds "" dx, and we can express the 
curvature in Equation 9.3 as 

dO 1 
!/!=-=­ (9.4)

dx p 

Differentiating both sides of Equation 9.1 with respect to x. we can 
express the curvature dOfdx in Equation 9.4 in terms of rectangular coor­ 1E~~3k~-+± 
dinates as 

x-1 
(9.5) 

(a) 

Differential Equation of the Elastic Curve 

To express the curvature of a beam at a particular point in terms of the 
moment acting at that point and the properties of the cross section, we 
will consider the flexural deformations of the small beam segment of length 
dx, shown with darker shading in Figure 9.2a. The t\vo vertical lines rep­
resenting the sides of the element are perpendicular to the longitudinal axis 

• • 

Figure 9.2: Flexural deformations of seg­
ment dx: (a) unloaded beam; (b) loaded beam 
and moment curve; (e) cross section of beam; 
(d) flexural deformations of the small beam 

(e)segment; (e) longitudinal strain; (f) flexural 
stresses. (e) (f) 

• 


(d) 

• 
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of the unloaded beam. As load is applied, moment is created, and the 
beam bends (see Fig. 9.2b); the element deforms into a trapezoid as the 
sides of the segment, which remain straight, rotate about a horizontal axis 
(the neutral axis) passing through the centroid of the section (Fig. 9.2c). 

In Figure 9,2d the deformed element is superimposed on the original 
unstressed element of length dx. The left sides are aligned so that the 
deformations are shown on the right. As shown in this figure, the longi­
tudinal fibers of the segment located above the neutral axis shorten 
because they are stressed in compression. Below the neutral axis the lon­
gitudinal fibers, stressed in tension, lengthen~ Sin,ce the change in length 
of the longitudinal fibers (flexural deformations) is zero at the neutral 
axis (N.A.), the strains and stresses at that level equal zero. The variation 
of longitudinal strain with depth is shown in Figure 9.2e. Since the strain 
is equal to the longitudinal deformations divided by the original length 
dx, it also varies linearly with distance from the neutral axis. .. 

Considering triangle DFE in Figure 9.2d, we can express the change 
in length of the top fiber dl in terms ofdO and the distance c from the 
neutral axis to the top fiber as 

cil = dOc· (9.6) 
, ...-. 

By def!nitioIi~- the strain € at the top sur:face can be expressed as 

.. dl 

dx 

Using Equation 9.6 to eliminate dl in Equation 9.7 gives 

dO 
E =dx c (9.8) 

Using Equation 9.5 to express the curvature dOldx in rectangular coordi­
nates, we can write Equation 9~8 as 

d2y E 
(9.9)

dx 2 C 

Ifbehavior is elastic, the flexural stress, (j, can be related to the strain 
E at the top fiber by Hooke's law, which states that 

(j EE 
. where E. = . the modulus of elasticity 

Solving for E gives 
(j 

E= (9.10)
E 

Using Equation 9.10 to eliminate E in Equation 9.9 produces 

d 2y (j 
= (9.11)

dx 2 Ee 

• 
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For elastic behavior the relationship between the flexural stress at the top 
fiber and the moment acting on the cross section is given by 

Me 
u=I (5.1) 

Substituting the value of a given by Equation 5.1 into Equation 9.11 pro­
duces the basic differential equation of the elastic curve 

d 2y M 

dx2 = EI (9.12) 


In Examples 9.1 and 9.2 we use Equation 9.12 to establish the equa­
tions for both the slope and the deflection of the elastic curve of a beam. 
This operation is carried out by expressing the bending mome,nt in terms 
of the applied load and distance x along the beam's axis, substituting the 
equation for moment in Equation 9.12, and integrating twice. The 
method is simplest to apply when the loading and support conditions per­
mit the moment to be expressed by a single equation that is valid over the 
entire length of the member-the case for Examples 9.1 and 9.2. For 
beams of constant cross section, E and I are constant along the length of 
the member. If E or I varies, it must also be expressed as a function of x 
in order to carry out the integration of Equation 9.12. If the loads or the 
cross section varies in a complex manner along the axis of the member, 
the equations for moment or for I may be difficult to integrate. For this 
situation approximate procedures can be used to facilitate the solution 
(see, for example, the finite summation in Example 10.15). 

For the cantilever beam in Figure 9.3a, establish the equations for slope 
and deflection by the double integration method. Also determine the mag­
nitude of the slope OB and deflection AB at the tip of the cantilever. EI is 

constant. 

Solution 
Establish a rectangular coordinate system with the origin at the fixed 
support A. Positive directions for the axes are up (y~axis) and to the right 
(x-axis). Since the slope is negative and becomes steeper in the positive 
x direction, the curvature is negative. Passing a section through the beam 
a distance x from the origin and considering a free body to the right of 
the cut (see Fig. 9.3b), we can express the behding moment at the cut as 

M = P(L - x) 

Substituting M into Equation 9.12 and adding a minus sign because the 
curvature is negative lead to 

d2y M -P(L - x) 
= = 

dx2 EI EI 

• 


EXAMPLE 9.1 


A .~~~~~=:E::2±!lt~~~t 

D.B 

1+----­L ----'-'~~~" 
(a) 

(b) 
Figure 9.3 

[continues on next page] 

•
• • .•... ....... --­~ 
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Example 9.1 continues . .. Integrating twice to establish the equations for slope and deflection yields 
2 

dy = -PLx + Px + C (1) 
dx EI 2EI 1 

-PLx2 px3 

Y - +-+Cx+C (2)- 2EI 6E1 1 Z 

To evaluate the constants of integration C1 and C2 in Equations 1 and 2, 
we use the boundary conditions imposed by the fixed support at A: 

1. When x 0, y = 0; then from Equation 2, Cz = 0. 
2. When x = 0, dy/dx = 0; then from Equation 1, C1 = O. 

The final equations are 

dy -PLx Pxz 
()=-= +- (3)

dx EI 2EI 

-PLx2 Px3 

(4)Y = 2EI + -6E-[ 

To establish ()B and !:lB' we substitute x = L in Equations 3 and 4 to 
compute 

-PL2 
Ans.OB = 2EI 

-PL3 
Ans. 

!:lB = 3E1 

EXAMPLE 9.2 Using the double integration method, establish the equations for slope 
and deflection for the uniformly loaded beam in Figure 904. Evaluate the 
deflection at midspan and the slope at support A. EI is constant. 

Solution 
Establish a rectangular coordinate system with. the origin at support A. 
Since the slope increases as x increases (the slope is negative at A, zero 
at midspan, and positive at B), the curvature is positive. If we consider a 
free body of the beam cut by a vertical section located a distance x from 
the origin at A (see Fig. 9Ab), we can write the internal moment at the 
section as 

M = wLx _ wx 
2 

2 2 
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Substituting M into Equation 9.12 gives y 

2d 2y wLx wx
(1)EI dx2 = 2" - 2 

Integrating twice with respect to x yields 

Lx2 3 
I+-----~ L ------IEI =~- wx +C (2)

dx 4 6 1 wL 
2 

4wLx3 wx (a)
Ely=-- - + Ctx + C, (3)

12 24 ­
R",wx 

To evaluate the constants of integration C 1 and C2, we use the bound~ x 
ary conditions at supports A and B. At A, x = 0 and y = O. Substituting 21 wLx x 

r--.---;'--,----, M", - - (wx)­
these values into Equation 3, we find that C2 = O. At B, x = Land y O. ,) 2 2 
Substituting these values into Equation 3 and solving for C1 gives A _=-~~......-I..__..1 

WL4 wL4 

o =12 - 24 + CIL wL 

2 
wL3 

r---- x -----+/
CI = - 24 

(b) 
Substituting C1 and C2 into Equations 2 and 3 and dividing both sides by 
EI yields Figure 9.4 

3dy wLx2 wx wL3 

(4)fJ = dx = 4EI - 6EI 24EI 

wLx 3 wx4 WL3X 
(5)Y = 12EI - 24EI - 24EI 

Compute the deflection at midspan by substituting x L/2 into 
Equation 5. 

5wL4 

Ans.
Y = 384EI 

Compute the slope at A by substituting x = 0 into Equation 4. 

_ dy __ wL3 Ans. 

fJA - dx - 24EI 


Moment-Area Method 

As we observed in the double integration method, based on Equation 
9.12, the slope and deflection of points along the elastic curve of a beam 
or a frame are functions of the bending moment M, moment of inertia I, 
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Y undeflected tangent 
beam atB 

\ 

curve 

ctangent 
atA 

Figure 9.S 

• 


.. 


and modulus of elasticity E. In the moment-area method we will estab­
lish a procedure that utilizes the area of the moment diagrams [actually, 
the M/EI diagrams] to evaluate the slope or deflection at selected points 
along the axis of a beam or frame. 

This method, which requires an accurate sketch of the deflected shape, 
employs two theorems. One theorem is used to calculate a change in 
slape between two points on the elastic curve. The other theorem is used 
to compute the vertical distance (called a tangential deviation) between 
a point on the elastic curve and a line tangent to the elastic curve at a sec­
ond point. These quantities are illustrated in Figure 9.5. At points A and 
B, tangent lines, which make a slope of OA and Os with the horizontal axis, 
are drawn to the elastic curve. For the coordinate system shown, the slope 
at A is negative and the slope at B is positive. The change in slope between 
points A and B is denoted by Jl()AS' The tangential deviation at point B­
the vertical distance between point B on the elastic curve and point C on 
the line drawn tangent to the elastic curve at A-is denoted as tSA' We 
will use two subscripts to label all tangential deviations. The first sub­
script indicates the location of the tangential deviation; the second sub­
script specifies the point at which the tangent line is drawn. As you can 
see in Figure 9.5, tEA is not the deflection of point B (vs is the deflection). 
With some guidance you will quickly learn to use tangential deviations 
and. changes in slope to compute values of slope and deflection at any 
desired point on the elastic curve. In the next section we develop the two 
moment-area theorems and illustrate their application to a variety of beams 
and frames. 

Derivation of the Moment-Area Theorems 

Figure 9.6b shows a portion of the elastic curve of a loaded beam. At 

points A and B tangent lines are drawn to the curve. The total angle 

between the two tangents is denoted by JlOAB' To express Jl(JAB in terms 

of the properties of the cross section and the moment produced by the 


. applied loads, we will consider the increment of angle change dO that 

occurs over the length ds of the infinitesimal segment located a distance 

x to the left of point B. Previously, we established that the curvature at a 

poipt on the elastic furve can be expressed as 

.., 
de M 

(9.12)ax E1 

where E is the modulus of elasticity and 1 is the moment of inertia. Mul­
tiplying both sides of Equation 9.12 by ax gives 

M
dO = - dx (9.13)

EI 

• 
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elastic de1f . tangent at '\ 
curve ... 

,~ A p r-x ~ 
~ 

:r 

l. 
~. 

__ I.dS~ II , .. 
~ dt \ r 

. . 118 
. de 1:.18 

/ t8A /
EI =constant tangent at A I 

J 

MA 
(a) Moment diagram EI EI 

Md'El lagram 
d.x 

(c) Figure 9.6 

To establish the total angle change AOAB. we must sum up the de incre­
ments for all segments of length ds between points A and B by integration. 

B IB M dx 
AOAB = dO = ill (9.14)
IA A 


We can evaluate the quantity M dx/EJ in the integral of Equation 9.14 
graphically by dividing the ordinates of the moment curve by El to pro­
duce an M/EJ curve (see Fig. 9.6c). If El is constant along the hearn's 
axis the (most common case), the M/EJ curve has the same shape as the 
moment diagram. Recognizing that the quantity M dx/El represents an 
infinitesimal area of height M/EJ and length dx (see the crosshatched 
area in Fig. 9.6c), we can interpret the integral in Equation 9.14 as rep­
resenting the area under the M/E[ diagram between points A and B. This 
relationship constitutes the first moment-area principle, which can be 
stated as 

The change in slope between any two points on a smooth continuous elas­

tic curve is equal to the area under the M/EJ curve between these points. 


You will notice that the first moment-area theorem applies only to the 
case where the elastic curve is continuous between two points. If a hinge 
occurs between two points, the area under the M/EJ diagram will not 
account for the difference in slope that can exist on either side of the 
hinge. Therefore, we must determine the slopes at a hinge by working 
with the elastic curve on either side . 

• 
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• '.',,,,­

To establish the second moment-area theorem, which enables us to 
evaluate a tangential deviation, we must sum the infinitesimal increments 
oflength dt that make up the total tangential deviation tBA (see Fig. 9.6b). 
The magnitude of a typical increment dt contributed to the tangential 
deviation tBA by the curvature of a typical segment ds between points 1 
and 2 on the elastic curve can be expressed in terms of the angle between 
the lines tangent to the ends of the segment and the distance x between 
the segment and point B as 

dt = dO x (9.15) 

Expressing dB in Equation 9.15 by Equation 9.13, we can write 

Mdxdt= -_. x 
EI 

(9.16) 

To evaluate tBA, we must sum all increments of dt by integrating the con­
tribution of all the infinitesimal segments between points A and B: 

IB Mx 
tBA = 

B 
dt =. EI dx (9,17)JA A 

Remembering that the quantity M dxjEI represents an infinitesimal area 
under the MjEI diagram and that x is the distance from that area to point 
B, we can interpret the integralin Equation 9.17 as the moment about 
point B of the area under the MjE/ diagram between points A and B. This 
result .constitutes the second moment-area theorem, which can be stated 
as follows: 

The tangential deviation ata point B on a continuous elastic curve from 
the tangent line drawn to the elastic curve at a second point A is equal 
to the moment about B of the area under the MjEI diagram between the 
two points. . 

Although it is possible to evaluate the integral in Equation 9.17 by 
expressing the moment M as a function of x and integrating, it is faster 
and simpler to carry out the computation graphically. In this procedure 
we divide the area of the MjEl diagram into simple geometric shapes­
rectangles, triangles, parabolas, and so forth. Then the moment of each 
area is evaluated by multiplying each area by the distance from its cen­
troid to the point at which the tangential deviation is to be computed. For 
this computation, we can use the table inside the back cover, which tab­
ulates properties of areas you will frequently encounter. 

~ • • • 
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Application of the Moment-Area Theorems 

The first step in computing the slope or deflection of a point on the elas­
tic curve of a member is to draw an accurate sketch of the deflected 
shape. As discussed in Section 5.6, the curvature of the elastic curve must 
be consistent with the moment curve, and the ends of members must sat­
isfy the constraints imposed by the supports. Once you have constructed 
a sketch of the deflected shape, the next step is to find a point on the elas­
tic curve where the slope of a tangent to the curve is known. After this 
reference tangent is established, the slope or deflection at any other point 
on the continuous elastic curve can easily be established by using the 
moment-area theorems. 

The strategy for computing slopes and deflections by the moment-area 
method will depend on how a structure is supported and loaded. Most con­
tinuous members will fall into one of the following three categories: 

1. Cantilevers 
2. 	 Structures with a vertical axis of symmetry that are loaded 

symmetrically 
3. 	 Structures that contain a member whose ends do not displace in the 

direction normal to the original position of the member's 
longitudinal axis 

,If a member is not continuous because of a hinge, the deflection at 
the hinge must be computed initially to establish the position of the end­
points of the member. This procedure is illustrated in Example 9.10. In 
the next sections we discuss the procedure for computing slopes and 
deflections for members in each of the foregoing categories. 

Case 1. In a cantilever, a tangent line of known slope can be drawn to 
the elastic curve at the fixed support. For example, in Figure 9.7a the line 
tangent to the elastic curve at the fixed support is horizontal (i.e., the 
slope of the elastic curve at A is zero because the fixed support prevents 
the end of the member from rotating). The slope at a second point B on 
the elastic curve can then be computed by adding algebraically, to the 
slope at A, the change in slope ileAB between the two points. This rela­
tionship can be stated as 

(9.18) 

where ()A is the slope at the fixed end (that is, eA = 0) and ilfJAB is equal 
to the area under the M/EJ diagram between points A arid B. 

Since the reference tangent is horizontal, tangential. deviations:-the 
'vertical distance between the tangent line and the elastic curve-:-are, in 
fact, displacements. Examples 9.3 to 9.5 cover the computation of slopes 

A 

(a) 

Figure 9.7: Position of tangent line: (a) can­
tilever, point of tangency at fixed support. 

• 
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reference 
P tangent I IIc =0 . P 

A~~£tC~;:?&)E
BBC C D 

l-a-l--L a-J ~L L1 

(b) (c) 

/ 

P 

P 

1 
J 
tOA 

reference 
Figure 9.7: (b) and (c) symmetric members with tangent 

reference 
symmetric loading, point of tangency at intersec­ tangent 
tion of atis of symmetry and elastic curve; and L .1 
(d) and (e) point of tangency at left end of mem­
berAB... Cd) (e) 

and deflections in cantilevers. Example 9.4 illustrates how to modify an 
M/Eicurve for a member whose moment of inertia varies. InExample 
9.5 the.moment curves produced by both a uniform and a concentrated 
load are plotted separately in order to produce moment curves with a 
known geometry. (See Table Al for the properties of these areas.) 

Case 2. Figures 9.7b and c show examples of symmetric structures 
loaded symmetrically with respect to the vertical axis of symmetry at the 
center of the structure. Because of symmetry the slope of the elastic curve 
is zero at the point where the axis of symmetry intersects the elastic 
curve. At this point the tangent to the elastic curve is horizontal. For the 
beams in Figure 9.7b and c we conclude, based on the first moment-area 
principle, that the slope at any point on the elastic curve equals the area 
under the M/EI curve between that point and the axis of symmetry. 

The computation of deflections for points along the axis of the beam 
in Figure 9.7c, which has an evennumber of spans, is similar to that of 
the cantilever in Figure 9.7 a. Arthe poiIit of tangency (point B),both the 
deflection and slope of the elastiC curve equal zero. Since the tangent to 
the elastic curve is horizontal, deflections at any other point are equal to 
tangential deviations from the tangent line drawn to the elastic curve at 
supportB. 

When a symmetric structure consists of an odd number of spans (one, 
three, and so on), the foregoing procedure must be modified slightly. For 

• 


r _ 
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• 


example, in Figure 9.7b we observe that the tangent to the elastic curve 
is horizontal at the axis of symmetry. Computation of slopes will again 
be referenced from the point of tangency at C. However, the centerline of 
the beam has displaced upward a distance v6 therefore, tangential devi­
ations from the reference tangents are usually not deflections. We can 
compute Vc by noting that the vertical distance between the tangent line 
and the elastic curve at either support B or C is a tangential deviation that 
equals vc. For example, in Figure 9.7b Vc equals tBC' After Vc is com­
puted, the deflection of any other point that lies above the original posi­
tion of the unloaded member equals Vc minus the tangential deviation of 
the point from the reference tangent. If a point lies below the undeflected 
position of the beam (for example, the tips of the cantilever at A or E), 
the deflection is equal to the tangential deviation of the point minus vc. 
Examples 9.6 and 9.7 illustrate the computation of deflections in a sym­
metric structure. 

Case 3. The structure is not symmetric but contains a member whose 
ends do not displace in a direction normal to the member's longitudinal 
axis. Examples of this case are shown in Figure 9.7d and e. Since the 
frame in Figure 9.7d is not symmetric and the beam in Figure 9.7e is not 
symmetrically loaded, the point at which a tangent to the elastic curve is 
horizontal is not initially known. Therefore, we must use a sloping tan­
gent line as a reference for computing both slopes and deflections at 
points along the elastic curve. For this case we establish the slope of the 
elastic curve at either end of the member. At one end of the member, we 
draw a tangent to the curve and compute the tangential deviation at the 
opposite end. For example, in either Figure 9.7d or e, because deflections 
are small the slope of the tangent to the elastic curve at A can be written 

tBA 
tan °A (9.19)

L 

Since tan 0A "'" lJA in radians, we can write Equation 9.19 as 

lJ - tBA 
A - L 

At a second point C,the slope would equal 

8c = 0A + 1l8AC 

where IllJAC equals the area under the MjEI curve between points A and C. 
To compute the displacements of a point C located a distance x to the 

right of support A (see Fig. 9.7e), we first compute the vertical distance 
CCT between the initial position· of the longitudinal axis and the refer­
ence tangent. Since lJA is small, we can write 

CCT = °A(X) 

• 
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T 

+M 

............:s
r;:~

~.+~;.•. ,B 

tBA 

tangent atA 

(a) 

tangent atA 

t 

-M 

\ 

-M 

(b) 

Figure 9.8: Position of reference tangent: (a) pas· 
itive,1ll9ment; (b) negative moment. 

EXA MP L E 9.3 

p 

I--:--,--~,----,- L -----I 

(0) 

(b) 

Figure 9.9 

The difference between ee' and the tangential deviation tCA equals the 
deflection vc: . 

Vc ee' - tCA 

Examples 9.8 to 9.12 illustrate the procedure to compute slopes and 
deflections in members with inclined reference tangents. 

If the M/EI curve between two points on the elastic curve contains 
both positive and negative areas, the net angle change in slope between 
those points equals the algebraic sum of the areas. If an accurate sketch 
of the deflected shape is drawn, the dire,ction of both the angle changes 
and the deflections are generally apparent, and the student does not have 
to be concerned with establishing a formal sign convention to establish 
if a slope or deflection increases or decreases. Where the moment is pos­
itive (see Fig. 9.8a), the member bends concave upward, and a tangent 
drawn to either end of the elastic curve will lie below the curve. In other 
words, we can interpret a positive value of tangential deviation as an 
indication that we move upward from the tangent line to the elastic 
curve. Conversely, if the tangential deviation is associated with anega­
tive area under the M/EI curve, the tangent llne lies above the elastic 
curve (see Fig.9.8b), and we move downward vertically from the tangent 
line to reach the elastic curve. 

Compute the slope eB and the deflection VB at the tip of the cantilever 
beam in Figure 9.9a. EI is constant. 

Solution 
Draw the moment curve and divide all ordinates by EI (Fig. 9.9b). 

Compute eB by adding to the slope at A the change in slope AeAB 

between points A and B. Since the fixed support prevents rotation, 0A = O. 

(1) 

By the first moment-area theorem, dOAB equals the area under the trian· 
gular M/EI curve between points A and B. 

1 (-PL) -PL2 

(2)!10AB = 2 (L) EI = 2EI 

Substituting Equation 2 into Equation 1 gives 

PL2 

Ans.
2EI 

• • • • ....'" -- ­

http:Fig.9.8b


• • • • 

Since the tangent line at B slopes downward to the right, its slope is neg­
ative. In this case the negative ordinate of the MjEI curve gave the COf­

rect sign. In most problems the direction of the slope is evident from the 
sketch of the deflected shape. 

Compute the deflection VB at the tip of the cantilever using the sec­
ond moment-area theorem. The black dot in the MjEI curve denotes the 
centroid of the area. 

VB = tSA = 	moment of triangular area of 
MjEI diagram about point B 

PL3 (minus sign indicates that the 1 
VB =-L

2 3EI tangent line lies above elastic curve) 
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Ans. 

Beam with a Variable Moment of Inertia 

Compute the deflection of point C at the tip of the cantilever beam in Fig­
ure 9.10 if E = 29,000 kips/in2, lAB = 21, and IBe = I, where I = 400 in4. 

Solution 
To produce the MjEI curve, the ordinates of the moment curve are divided 
by the respective moments of inertia. Since lAB is twice as large as IBC• 

the ordinates oftheM/EI curve between A andB will be one-half the size 
of those between Band C. Since the deflection at C, denoted by ve, 
equals tCA' we compute the moment of the area of the M/EI diagram 
about point C. For this computation, we divide the M/EI diagram into 
two rectangular areas. 

100 (6)(9) + 100 (6)(3) = 4500 
2EI EI EI 

4500(1728) . 
Dc = 29,000(400) == 0:67 III 

Ans. 

where 1728 converts cubic feet to cubic inches. 

EXAMPLE 9.4 

C' 

M = 100 kip.ft 

6' ~-"i.I!+-:- 6' -----l..­
(a) 

100 kip.ft 

Mcurve 
-x 

(b) 

100 

!l0. EI 

EI 
 Zdiagram 

9' ~ 
(c) 

Figure 9.10: (a) Deflected shape; (b) moment 
curve; (c) M/EI diagram divided into two rectan­
gular areas. 
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EXAMPLE 9.5 


P =8 kips 

w= 1 kip/ft 

I---- 6' -------W__ 6'-----..1 

(a) 

(e) 

, 	 tangent at AI lIA=O 	 \ C 
. ---- -----L t 
'.:' - - --=;;:::- f1c = tCA 

8J~ ............. -.~ 
B ~. 

lIc 
(d) 

Figure 9.11: Mo~ent cuivJ by "parts": (a) beam; 
(b) M/EI curve associated with P; (c) M/EI curve 
associated with uniform load w; (d) deflected
shape. ... . ... 

2m 
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Use of Moment Curve by "Parts" 

Compute the slope of the elastic curve at B and C and the deflection at C 
for the cantilever beam in Figure 9.11a; EI is constant. 

Solution 	 ) 
I 

To produce simple geometric shapes in which the location of the centroid 
is known, the moment curves produced by the concentrated load P and the 
uniform load w are plotted separately and divided by EI in Figure 9.11h 
and c. Table A.1 provides equations for evaluating the areas of common 
geometric shapes and the position of their centroids. 

Compute the slope at C where AOAC is given by the sum of the areas 
under the M/EI diagrams in Figure 9.11h and c; OA = 0 (see Fig. 9.11d). 

Oc = OA + IlOAC 

= 0 + k(6)( -E:8) + l(12)( -~2) 
. 432 d'
Oe = - EI ra lans Ans. 

Compute the slope at B. The area between A and B in Figure 9.11c is 
computed by deducting the parabolic area between Band C in Figure 
9.11 c from the total area between A and C. Since the slope at B is smaller 
than the slope at C, the area between Band C will be treated as a posi­
tive quantity to reduce the negative slope at C. 

08 = Oc + AOBC 

= _ 432 +! (6)(~)
EI 3 EI 

396 
OB = - EI radians Ans. 

Compute Ilc. the deflection at C. The deflection at C equals the tangen­

tial deviation of C from the tangent to the elastic curve atA (see Fig. 9.11d). 


Ilc = tCA = 	moments of areas under M/EI curves between 

A and C in Figure 9.11h and c 


1 (-:-48) 1 (-72)= - (6) _. (6 + 4) + - (12) - (9)
2 EI 3 EI 

Il = -4032 
Ans. 

e EI 

• 
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r ± ( 11111 J;j -
Analysis of a Symmetric Beam 

For the beam in Figure 9.12a, compute the slope at B and the deflections 
at midspan and at point A. Also EllS constant. 

Solution 
Because both the beam and its loading are symmetric with respect to the 
vertical axis of symmetry at midspan, the slope of the elastic curve is 
zero at midspan and the tangent line at that point is horizontal. Since no 
bending moments develop in the cantilevers (they are unloaded), the elas­
tic curve is a straight line between points A and B and points D and E. 
See Appendix for geometric properties of a parabolic area: 

Compute ()B' . 

(JB = Be + tlOCB 

= 0 + ~(!:.) (WL2)
3 2 gEl 

Ans.=-­
24El 

axis of symmetry 

I 
I 

I 
D EA B 

I. 
L L L L"3 ---1+-- •1. .1.

"2 "2 "3 

(a) 

M------.:.>----- El 

(b) 

• • • 

(e) 

EXAMPLE 


Figure 9.12: (a) Symmetric beam; (b) M/EI dia~ 
gram; (e) geometry of the deflected shape. 

[continues on next page] 
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I 

- -- ._--­

Example 9.6 continues . .. Compute Vc. Since the tangent at C is horizontal, Vc equals tBC' Using 
the second moment-area theorem, we compute the moment of the para­
bolic area between B and C about B. 

= tECVc = ~(~)(;~;)(~~) = :~;I Ans. 

Compute vA- Since the cantilever AB is straight, 

L wL3 L wL4 
VA = OB 3 = 24EI '3 72EI 

Ans. 

where OB is evaluated in the first computation. 

PLE 9.7 


(a) 

PL 
8EI 
PL 

L W~"---...L.=8E=-I_-">.._ ~ 
x=g 

(b) 

e~ 
.. A • B 

tI~~>TVB
L ·Bci ..... __ 

I 
tangent at C 

(c) 

Figure 9.13: (a) Beam details; (b) MjEI curve; 
(c) deflected shape . 

The beam: in Figure 9.13a supports a concentrated load P at midspan 
(point C). Compute the deflections at points B and C. Also compute the 
slope at A. Ens constant. . . 

Solution 
Compute 0A- Since the structure is symmetrically loaded, the slope of the 
line tangent to the. dastic curve at midspan is zero; that is. Oc = 0 (see 
Fig. 9. 13c) . 

.. 

where aoAC is equal to the area under MlEI curve between A and C. 

Ans. 

Compute vc' the deflection at midspan. Since the tangent at C is hor­
izontal, ve = tAC, where tAe equals the moment about A of the triangular 
area under the M/EI curve between A and C. 

ve ~(~) (::[) (~ ~) = :S~I (1) 

Compute VB' the deflection at the quarter point. As shown in Figure 
9.13c, 

PL3 

(2)
48EI 

where tBe is the moment about B of the area under the M/E[ curve 
between B and C. For convenience, we divide this area into a triangle and 
a rectangle. See the shaded area in Figure 9.13b. 

tEe ~ (~)(:~)(~) + ~ (:~)(i) = ;:s~[ 

41 
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Substituting tBC into Equation 2, we compute VB' 

IlPL3 

Ans.
VB = 768EI 

Analysis Using a Sloping Reference Tangent EXAMPLE 9.8 

For the steel beam in Figure 9.14a, compute the slope at A and C. Also 

determine the location and value of the maximum deflection. If the max­

imum deflection is not to exceed 0.6 in, what is the minimum required 

value of /? We know that EI is constant and E = 29,000 kips/in2. 


Solution 

Compute the slope 0A at support A by drawing a line tangent to the elas­


P = 24 kips
tic curve at that point. This will establish a reference line of known direc­
tion (see Fig. 9.14c). A B c 

(1) 

Since for small angles tan OA "'" OA (radians), Equation 1 can be written t-- 12' ------- 6'-t 
RA = 8 kips Rc :",16 kips 

tCA 
(JA =­ (2)

L 

tCA == moment of M/ EI area between A and C about C 

=1. (18) (96)' (18 + 6) = 6912 
2 EI 3 EI 

(&)where the expression for the moment arm is given in the right-hand col­
umn of Table A.l, case (a). Substituting tCA into Equation 2 gives 

-6912/EI 

• 

8 -0 _ D-" VD -----, ----
384 

D 

"oA = = - - radians Ans. .....
18 EI 1

tDA 

J 
tCAA minus sign is added, because moving in the positive x direction, the tan­ tangent at A E 


gent line, directed downward, has a negative slope. 

, Compute 0c. 

(c)
(JC = OA + tl.OAC 

Figure 9.14: (a) Beam; (b) M/EI diagram;
where tl.OAC equals area under M/EI curve between A and C. (c) geometry of deflected shape. 

384 1 (96) 480 .
Oc = - EI + 2(18) EI = EI radians Ans. 

[continues on next page] 
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Example 9.8 continues . .. Compute the maximumdeflection. The point of maximum deflection 
occurs at point D where the slope of the elastic curve equals zero (that 
is, (Jo = 0). To determine this point, located an unknown distance x from 
support A, we must determine the area under the M/EI curve between A 
and D that equals the slope at A. Letting y equal the ordinate of the M/EI 
curve atD (Fig. 9.14b) gives 

()o = ()A + A()AD 

384 . 1 
(3)0= - EI +"2XY 

Expressing y in terms ofx by using similar triangles a!g and aed (see Fig. 
9.14b) yields 

96/(EI) y
--'--'---'- = ­

12 x 

8x 
y (4)

EI 

Substituting the foregoing value of y into Equation 3 and soh'ing for x give 

x == 9.8 ft 

Substituting x into Equation 4·gives 

.78.4 
y 

EI 

Compute the maximum deflection vo atx = 9.8 ft 

Vo = DE - tOA (5) 

where the terms in Equation 5 are illustrated in Figure 9.14c. 

DE = e .x 
A 

= 384 (9.8) 
EI 

= 3763.2 
EI 

.( )_
tOA =areaAD x 

1 ( )(78.4)··(9.8) 1254.9="2 9.8 EI . 3= ----u-
Substituting DE and tDA intoEquation 5 gives 

v 
D 

3763.2 1254.9 
------­
- EI EI -

2508.3 
EI (6) 

Compute lroin if vD is not to exceed 0.6 in; in Equation 6 set v0 = 0.6 in 
and solve for Imin• 

VD = 
2508.3(1728) 

29,000I
min 

= 
. 

0.6 III Ans. 

l min = 249.1 in4 Ans. 

~11 !U 2 Hi! H HI v 
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For the beam in Figure 9.15, compute the slope of the elastic curve at points 
A and C. Also determine the deflection atA. Assume rocker at C equiv­
alent to a roller. 

Solution 
Since the moment curve is negative at all sections along the axis of the 
beam, it is bent concave downward (see the dashed line in Fig. 9.15c). To 
compute 00 we draw a tangent to the elastic curve at point C and com­
pute tBC' 

o = tBc = 9720 (~) ~ _ 540 ADS. 
c 18 EI 18 EI 

_ 1 (180) (18) 9720
where tBC = areaBC ' x = '2(18\- EI . 3 = - ill 

(Since the tangent line slopes downward to the right, the slope Oc is 
negative.) 

Compute eA' 
eA = 0C + flO AC 

where flOAC is the area under the M/EI curve between A and C. Since the 
elastic curve is concave downward between points A and C, the slope at 
A must be opposite in sense to the slope at C; therefore, fleAC must be 
treated as a positive quantity. 

e = - 540 + 1:. (24)( 180) = 1620 ADS. 
A EI 2 EI EI 

Compute SA' 


8640 

Y (see Fig. 9.15c) = ill ADS. 

1 (180) (6 + 24) 21,600
where tAC = areaAC<t = '2(24) EI 3 =-m 

[See case (a) in the table on the back inside cover (left) for the equation 
for x.] 

Y = 240 = 24(540) = 12,960 
C EI EI 

EXAMPLE 9.9 

P = 30 kips 

At~" ····'''lU
rocker A .,.. 

61--,,+'+~"-18' . ~ 
40 kips 10 kips 

(a) 

180 
- EI 

(b) 

Figure 9.15: (a) Beam, (b) M/EI diagram, 
(c) geometry of deflected shape. 

I 
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Figure 9.16: (a) Beam with hinge at B; 
(b) deflected shape; (c) M/EI curve; (d) detail 
,showing the difference in slope of the elastic 
cun'e on each side of the hinge, 

The beam in Figure 9.16a contains ahinge at B. Compute the deflection VB 

of the hinge, the slope of the elastic curve at support E, and the end slopes 
()BL and()BR of the beams on either side of the hinge (see Fig. 9.16d). Also 
locate the point of maximum deflection in span BE. EI is constant. The elas­
tomeric pad at E is equivalent to a roller. 

Solution 
The deflection of the hinge at B, denoted by VB' equals tBA , the tangential 
deviation of B from the tangent to the fixed support at A. Deflection tBA 
equals the moment of the area under the M/EI curve between A and B 
about B (see Fig. 9.16b). 

1 (_ 108)(9)(6) = _ 2916 
2 EI EI 

12 kips 12 kips108 kip.ftCA 

' 

c8,=0 

elastomeric 
pad + 

9'--..-1+-1, - '--"+0-- 6'--\..- 6' -..IRE = 12kips 

(a) 

A 

(d) 

• 


tangent alA 
\ B 

\ 
tangent atE 

(b) 

(c) 

72 
EI 

M 
EI 

• 
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Compute eBL• the slope of the B end of cantilever AB. 

eBL (JA + AfJAB 

1 (-108) -486 
= 0 + 2 (9) --m = -m radians 

where A(JAB is equal to the triangular area under the M/El curve between 
A and Band (JA = 0 because the fixed support at A prevents rotation. 

Compute BE. the slope of the elastic curve at E (see Fig. 9.16b). 

fJ = VB + tBE = (2916 + 7776) (~) = 594 di 
E 18 El El 18 El ra ans 

where tBE equals the moment of the area under the M/El curve between B 
and E about B. This computation is simplified by dividing the trapezoidal 
area into two triangles and a rectangle (see the dashed lines in Fig. 9.16c). 

1 (72) (72) 1 (72) 7776tBE = 2(6) El (4) + (6) El (9) + 2(6) El (14) = EI radians 

Locate the point of maximum deflection in span BE. The point of max­
imum deflection, labeled point F, is located at the point in span BE where 
the tangent to the elastic curve is zero. Between F and support E, a distance 
x, the slope goes from 0 to (JE' Since the change in slope is given by the 
area under the M/EI curve between these two points, we can write 

(JE = eF + A()EF (1) 

where eF = 0 a.nd ()E = 594/El rad. Between points D and E the change 
in slope produced by the area under the M/EI curve equals 216/El. Since 
this value is less than ()E. the slope at D has a positive value of 

594 216 378 
el1 = (JE - AeED = EI - EI = EI radians (2) 

Between D and C the area under the M/EI curve equals 432/EI. Since this 
value of change in slope exceeds 378/EI, the point of zero slope must lie 
between C and D. We can now use Equation 1 to solve for distance x. 

594 = 0 + 1.(72)(6) + 72 (x - 6) 
EI 2 El EI 

x 11.25 ft Ans. 
Compute ()BR' 

OBR = eE - LleBE 

= 594 _ [72 (6) + 1 (6)(:2) (2)]
EI EI 2 EI 

270 
= - El radians Ans. 

...." ....... - • 
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EXAMPLE 9.11 


Figure 9.17: (a) Frame and M/EJ curves; 
(b) deflected shape. 

Determine the deflection of the hinge at C and the rotation of joint B for 
the braced frame in Figure 9.17 a. For all members El is constant. 

Solution 
To establish the angular rotation of joint B, we consider the deflected 
shape of member AB in Figure 9. 17h. (Because member BCD contains a 
hinge, its elastic curve is not continuous, and it is not possible initially to 
compute the slope at any point along its axis.) 

.!.12 72 (8) 
tAB 2 El 288 

9B = 12 =- Ans.
12 El 

Deflection of hinge: 

(6) (288) + .!. (6) (72) (4) = 2592
El 2 El El Ans. 

72 
El 24 kips 


72 

EI Dl 

(b).t- 6' --I- 6' --I- 6'-l 


12 kips 


(a) 
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EXAMPLE 9.12Compute the horizontal deflection of jointB of the frame shown in Fig~ 
ure 9.18a. EI is constant all members. Assume elastomeric pad at C acts 
as a roller. 

Solution 
Begin by establishing the slope of the girder at joint B. 

(1) 

Figure 9.18: (a) Frame and M/EI curves; (b) de­120 
flected shape; (c) detail of joint B in deflected 
position. 

EI 

cB 

P =20 kips 

1-0---12' 

elastorneric 
padrigid joint 

t 
10 kips 

,I 

• 


10 kips 

(a) 

r 
12' 

L 
/

tangent at B 

tangent at B 

vertic!\! line (c) 

(b) [continues on next page] 

•
'a;-.".- _ 
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Example 9.12 continues . .. l( 120) (12)(8) == 5760where tes and L = 12 ft 
2 EI EI 

5760 ( 1) 480 .Thus Os == IiI 12 = El radIans 

Because joint B is rigid; the top·of column AB also rotates through an 
angle Os (see Fig. 9.1Sc). Since the deflection !::..s at joint B is equal to the 
horizontal distance AD at the base of the column, we can write 

AB = AD tAB + 120s 

120 (6)(9) + 1 (120)(6)(4) + (12)(480)
El 2 El EI 

13,680 
=--- Ans. 

El 

where tAB equals the moment of the M/EI diagram between A and B 
about A, and the M/EJ diagram is broken into two areas. 

·x ----+l<I.>---'-~ L - x 

I+-----L------..j 

Figure 9.19: Beam with an angle change· of 8 at 
pointB . 

• ...-.~ ...... --- • 

Elastic Load Method 

The elastic load method is a procedure for computing slopes and deflec­
tions in simply supported beams. Although the calculations in this method 
are identical to those of the moment-area method, the procedure appears 
simpler because we replace computations of tangential deviations and 
changes in slope with the. more familiar procedure of constructing shear 
and moment curves for a beam. Thus the elastic load method eliminates 
the need (1) tQ draw anaccurate sketch of the member's deflected shape 
and (2) to consider which tangential deviations and angle changes to eval­
uate in order to establish the deflection or the slope at a specific point 

In the elastic load methOd, we imagine that the M/El diagram, whose 
ordinates represent angle change per unit length, is applied to the beam as 
a load (the elastic load). We then compute the shear and moment curves. As 
we will demonstrate next, the ordinates of the shear and the moment curves 
at each point equal the slope and deflection, respectively, in the real beam. 

To illustrate that the shear and moment at a section produced by an 
angle change. applied to a simply supported beam as a fictitious load, 
equal the slope and deflection at the same section, we examine the deflected 
shape of a beam whose longitudinal axis is composed of. two straight 
segments that intersect at· a small angle O. The geometry of the bent 
member is shown by the solid line in Figure 9.19. 
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If the beam ABC' is connected to the support at A so that segment AB 
is horizontal, the right end of the beam at C' will be located a distance 
Ac above support C. In terms of the dimensions of the beam and the 
angle () (see triangle C' BC), we find 

Ac e(L - x) (1) 

The sloping line AC', which connects the ends of the beam, makes an 
angle eA with a horizontal axis through A. Considering the right triangle 
ACC', we can express t)A in terms of Ac as 

eA = 
Ac 
-
L 

(2) 

Substituting Equation 1 into Equation 2 leads to 

t)A = 
eeL - x)
---'--L-­ (3) 

We now rotate member ABC' clockwise about the pin at A until chord 
AC' coincides with the horizontallineAC and point C' rests on the roller 
at C. The final position of the beam is shown by the heavy dashed line 
AB' C. As a result of the rotation, segment AB slopes downward to the 
right at an angle eA-

To express 6.B, the vertical deflection at B, in terms of the geometry of 
the deflected member, we consider triangle ABB'. Assuming that angles 
are small, we can write 

(4) 

Substituting 0A given by Equation 3 into Equation 4 gives· 

O(L - x)x
AB = L (5) 

Alternatively, we can compute identical values of eA and AB by com­
puting the shear and moment produced by the angle change 0 applied as 
an elastic load to the beam at point B (see Fig. 9.20a). Summing moments 
about support C to compute RA produces 

0+ !.Mc = 0 

e(L- x) - RAL = 0 

. eeL - x)
RA (6)

L 

After RA is computed, we draw the shear and moment curves in the usual 
manner (see Fig. 9.20b and c). Sincethe shear just to the right of support 
A equals RA, we observe that the shear given by Equation p is equal to the 
slope giv~n by Equation 3. Further, because the shear is constant between 

'a;.;:..- _ 

(a) 

'. 

Shear (slope) 

(b) 

M -6, _xO(L-x)
B- B---L-

Moment (deflection) 
(c) 

Figure 9.20: (a) change fJ applied as a 
load at point B; (b) shear produced by. load fJ 
equals slope in real beam; (c) moment produced 
by (J equals deflection in real beam (see Fig. 
9,19), 

J 
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y 

x 

(a) 

(b) 

(c) 

Figure 9.21: (q) Positive eIastic load; (b) posi· 
tive shear and positive slope; (c) positive moment 
and positive.(upward) deflection. 

the support and point B, the slope of the real structure must also be con­
stant in the same region. 

Recognizing that the moment Ms at point B equals the area under the 
shear curve between A and B, we find 

O(L - x)x
AB = MB = L (7) 

Comparing the value of deflections at B given by Equations 5 and 7, we 
verify that the moment MB produced by load 0 is equal to the value of AB 
based on the geometry of the bent beam. We also observe that the maxi­
mum deflection occurs at the section where the shear produced bythe 
elastic load is zero. 

Sign Convention 

. If we treat positive values ofthe M/EI diagram applied to the beam as a 

distributed load acting upward and negative values of M/EI as a down­


. ward load, positive shear denotes a positive slope. and negative shear a 

negative slope (see Fig. 9.21)~ Further, negative values of moment indi­

. cate a downward deflection and positive values of moment an upward 
deflection. 

Examples 9.13 and 9.14 illustrate the use of the elastic load method 
to compute deflections of simply supported. beams. 

EXAMPLE 9.13 

• 


Compute the maximum deflection and the slope at each support for the 
beam in Figure 9.22a. Note that EI is a constant. 

Solution . 
As shown in Figure 9.22b, the M/EI diagram is applied to the beam as 
an upward load. The resultants of the triangular distributed loads between 
AB and BC, which equal 720jEI and 360jEI, respectively, are shown by 
heavy arrows. That is, 

1 (12)(120) = 720 . 
2 EI EI 

! (6)( 120) = 360 
and 2 EI EI 

Using. the resultants, we, compute the reactions at supports A and C. The 
shear and moment curves, drawn in the conventional manner, are plotted 
in Figure 9.22c and d. To establish the point of maximum deflection, we 

• 
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I 

locate the point of zero shear by determining the area under the load 
curve (shown shaded) required to balance the left reaction of 480/EI. 

1 480 
(1)iXY EI 

Using similar triangles (see Fig. 9.22b) yields 

x 
120/(EI) 12 

10 
and x (2)

Y El 

Substituting Equation 2 into Equation 1 and solving for x give 

x = V% = 9.8ft 

To evaluate the maximum deflection, we compute the moment at x = 9.8 
ft by summing moments of the forces acting on the free body to the left of 
a section through the beam at that point. (See shaded area in Fig. 9.22h.) 

480 1 (x)a =M= --(98) +-xy ­
max EI' 2 3 

Using Equation 2 to express y in terms of x and substituting x 9.8 ft, 
we compute 

a = _ 3135.3 {.. Ans. 
max EI 

The values of the end slopes, read directly from the shear curve in Fig­
ure 9.22c, are 

() _ 600 
Ans.C - EI 
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t!*-·--- 12'-..,---.+1- 6'-4 
10 kips 20 kips 

(a) 

Elastic loads 
(b) 

Shear (slope) 
(c;) 

3135.3
-lfI 

Moment (deflection) 
(d) 

Figure 9.22: (a) Beam; (b) beam loaded by MIE! 
diagram; (e) variation of slope; (d) deflected shape. 

Compute the deflection at point B of the beam in Figure 9.23a. Also locate E X AMP L E 9. 1 4 
the point of maximum detlection; E is a constant, but 1 varies as shown on 
the figure. 

Solution . . ,, ­

To establish the M/El curve, we divide the ordinates of the moment curve 
(see Fig. 9.23b) by 2EI between A and Band by ElbetweenB and C. The 
resulting M/EI diagram is applied to the beam as an upward load in [continues on next page] 

• 
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Example 9.14 continues . .. 300kN·m 

q:.,.~&:I}aI"i¥«"~"'!!l;a!:';"':'='''!i!if~;'I''I~___ .,,,C 

1~OkNt-3m--t----6m .fl~OkN 
(a) 

8:2~~!JiIii;!ll!!Iil!__ Moment 

(kN·m) 
(b) 

3.5 m ---"""---4 m ---i39it 

583.33
-Er 

(c) 

(d) 

600 
EI 

"Cl '; , 
 391.67 
. MB b6m-~-~El 

x=2m 

Figure 9.23 (e) 

Figure 9.23c. The maximum deflection occurs 4.85 m to the left of sup­
port C, where the elastic shear equals zero (Fig. 9.23d). 

To compute the deflection at B, we compute the moment produced at 
that point by the elastic loads using the free body shown in Figure 9.23e. 
Summing moments of the applied loads about B, we compute 



--------

------
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Do = M = 600 ( ) _ 391.67 (6) 
B B E12 E1 

A = _1150 I 
LJ.B >V Ans. 

EI 

.. ~ .. ;;;~;••:.n~,..,:.';:~'~,~~,.""'H ........ n ..... u •• un.......................................n •••••••••••••••• H .......................U.H••••••••••••• 


~i:.?~{~~ Conjugate Beam Method 

In Section 9.4 we used the elastic load method to compute slopes and 
deflections at points in a simply supported beam. The conjugate beam 
method, the topic of this section, permits us to extend the elastic load 
method to beams with other types of supports and boundary conditions 
by replacing the actual supports with conjugate supports to produce a 
conjugate beam. The effect of these fictitious supports is to impose 
boundary conditions which ensure that the shear and moment, produced 
in a beam 100lded by the M/EI diagram, are equal to the slope and the 
deflection, respectively, in the real beam. 

To explain the method, we consider the relationship between the shear 
and moment (produced by the elastic loads) and .the deflected shape of 
the cantilever beam shown in Figure 9.24a. The M/EI curve associated 
with the concentrated load P acting on the real structure establishes the 
curvature at all points along the axis of the beam (see Fig. 9.24b). For 
example, at B, where the moment is zero, the curvature is zero. On the other 
hand, .at A the curvature is greatest and equal to -PL/EI. Since the curva­
ture is negative at all sections along the axis of the member, the beam is 
bent concave downward over its entire length, as shown by the curve 
labeled 1 in Figure 9.24c. Although the deflected shape given by curve 1 
is consistent with the M/EI diagram, we recognize that it does not repre­
sent the correct deflected shape of the cantilever because the slope at the 
left end is not consistent with the boundary conditions imposed by the. 
fixed support at A; that is, the slope (and the deflection) at A must be 
zero, as shown by the curve labeled 2. 

Therefore, we can reason that if the slope and deflection at A must be 
zero, the values of elastic shear and elastic moment at A must also equal 
zero. Since the only boundary condition that satisfies this requirement is 
a free end, we must imagine that the support A is removed-if no support 
exists, no reactions can develop_ By establishing the correct slope and 
deflection at the end of the member, we ensure that the member is ori­
ented correctly. 

On the other hand, since both slope and deflection can exist at the 
free end of the actual cantilever, a support that has a capacity for shear 
and moment must be provided at B. Therefore, in the conjugate beam we 
must introduce an imaginary fixed support at B. Figure 9.24d shows the 
conjugate beam loaded by the M/EJ diagram. The reactions at B in the 

P 

A 

-- ..... ­
1+----- L ------1 

(a) 

M 

PL ~0[;8~~~~~~;::::::::-- EI 

- EI 

(b) 

CD 
A 

B 

A _8A_=--.=-:::0c-_y 
(c) - B 

- ~7 

(d) 

Figure 9.24: (a) Deflected shape of a cantilever 
beam. (b) M/EI diagram which establishes varia­
tion of curvature. (c) Curve 1 shows a defleoted 
shape consistent with M/EJ diagram in (b) but not 
with the boundary conditions at A. Curve 2 shows 
ourve 1 rotated clockwise as a rigid body until the 
slope at A is horizontal. (d) Conjugate beam with 
elastic load. 

• 
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Fixed end Free end 
.6.=0 M=O 
8=0 V=O 

, ........\..9R 
9L ,-'& f -j-o-t, 

(d) 
Interior support Hinge 

.6.=0 M=O 
8L =8R¢0 VL=VR¢O 

fh ..i__ ........"-9R 

~ , ~ VR 

(e) Hinge Interior roller 
A¢O M¢O 

8Land 9Rmay have VLand VR may have 
different values different values 

Figure 9.25: Conjugate supports . 

'.--;-~....... 


"I 
! 
i 

conjugate beam produced by the elastic load [M/EI diagram] give the 
slope and deflection in the real beam. 

Figure 9.25 shows the conjugate supports that correspond to a vari­
ety of standard supports. Two supports that we have not discussed previ­
ously-the interior roller and the hinge-are shown in Figure 9.25d and 
e. Since an interior roller (Fig. 9.25d) provides vertical restraint only, the 
deflection at the roller is zero but the member is free to rotate. Because 
the member is continuous, the slope is the same on each side of the joint. 
To satisfy these geometric requirements, the conjugate support must have 

Real Support Conjugate Support 

V 

(a) ~ ", - ........... .t-
Pin or roller Pin or roller 

.6.=0 M=O 
8*0 V¢Q 

+ C\ V
(b) 

Free end 
M 

Fixed end 
.6.¢0 M¢Q 
8¢0 V¢O 

t­ 'v­
\(c) 

, . 



• • • • 

2' 

Section 9.5 ,Conjugate Beam Method 333 

zero capacity for moment (thus, zero deflection), but must permit equal 
values of shear to exist on each side of the support-hence the hinge. 

Since a binge provides no restraint against deflection or rotation in a 
real structure (see Fig. 9.25e), the device introduced into the conjugate 
structure must ensure that moment as well as different values of shear on 
each side of the joint can develop. These conditions are supplied by using 
an interior roller in the conjugate structure. Moment can develop because 
the beam is continuous over the support, and the shear obviously can 
have different values on each side of the roller. 

Figure 9.26 shows the conjugate structures that correspond to eight 
examples of real structures. If the real structure is indeterminate, the con­
jugate structure will be unstable (see Fig. 9.26e to h). You do not have to 
be concerned about this condition because you will find that the M/EI 
diagram produced by the forces acting on the real structure produces 
elastic loads that hold the conjugate structure in equilibrium. For exam· 
pIe, in Figure 9.27h we show the conjugate structure of a fixed-end beam 
loaded by the M/EI diagram associated with a concentrated load applied 
at midspan to the real beam. Applying the equations to the entire struc­
ture, we can verify that the conjugate structure is in eqUilibrium with respect 
to both a summation of forces in the vertical direction and a summation 
of moments about any point. 

actuarbeam conjugate beam 
P 

(a) >'it L 

(b) 

f------L-------i 

(c) (a) 

PL 
(d) BEl 

ee) 

I·<I) 
PL PL 

-SEl -8EI 

(b)
(g) 

Figure 9.27: (a) Fixed-ended beam with con­
centrated load at midspan; (b) conjugate beam 

(h) 
loaded with M/EI curve. The conjugate beam, 
which has no supports, is held in eqUilibrium by 

Figure 9.26: Examples of conjugate beams. the applied loads. 

L
14 
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.. 

In summary, to compute deflections in any type of beam by the con­
jugate beam method, we proceed as follows. 

1. 	 Establish the moment curve for the real structure. 
2. 	 Produce the M/EI curve by dividing all ordinates by EI. Variation of 

E or I may be taken into account in this step. 
3. 	 Establish the conjugate beam by replacing actual supports or hinges 

with the corresponding conjugate supports shown in Figure 9.25. 
4. 	 Apply the M/EI diagram to the conjugate structure as the load, and 

compute the shear and moment at those points where either slope or 
deflection is required. 

Examples 9.15 to 9.17 illustrate the conjugate beam method. 

EXAMPLE 9.15 

Figure 9.28: (a) 'Beam details; (b) moment curve; 
(c) conjugate beam with elastic loads; (d) elastic 
shear (slope); (e) .elastic moment (deflection). 

12'--+-~ 

10 kips 20 kips 
(a) 

~~~~L.:.:~~",,--__ Moment 
(kip.ft) 

(b) 

120 
EI 

600_ REI - D 

• 


(c) 

For the beam in Figure 9.28 use the conjugate beam method to determine 
the maximum value of deflection between supports A and Cand at the 
tip of the cantilever. EI is constant. 

Solution 
The conjugate beam with the M/EI diagram applied as an upward load is 
shown in Figure 9.28c. (See Fig, 9.25 for the correspondence between 
real and conjugate supports.) Compute the reaction at A by summing 
moments about the hinge. 

c+ LMhinge = 0 

720(10) 360 
=0-18RA + EI + EI 

480 

EI 

480 
- EI 

(d) 

3600 
E1 

3136
-TI 

(e) 

• 
 • ....""- ~ • 
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Compute RD' 
+ 
t "iFy = 0 

720 + 360 480 
EI EI EI 

600 
RD = EI 

Draw the shear and moment curves (see Fig. 9.28d and e). Moment at D 
(equals area under shear curve between C and D) is 

600 3600 
MD = EI (6) = EI 

Locate the point of zero shear to the right of supportA to establish the loca­
tion of the maximum deflection by determining the area (shown shaded) 
under the load curve required to balance RA• 

1 480 
(1)

2""Y EI 

From similar triangles (see Fig. 9.28c), 

x 10 = - andy = x (2)
12 EI 

Substituting Equation 2 into Equation 1 and solving for x give 

x = V% = 9.8ft 

Compute the maximum value of negative moment. Since the shear curve 
to the right of support A is parabolic, area = ! bh. 

31362 (480)~max Mmax = 3 (9.8) - EI Ans.
EI 

Compute the deflection at D. 
3600 

~D = MD Ans.
EI 

EXAMPLE 9.16Determine the maximum deflection of the beam in Figure 9.29a. EI is a 

constant. 


Solution 
The ordinates of the moment diagram produced by the concentrated loads 

. acting on the real structure in Figure 9.29a are divided by EI and applied [continues on next page] 

•.•.. ......~ ~ 
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Example 9.16 continues . .. P 2P 

2P' 

~.6,-1- 6,-1- 6'-1- 6.--tP 
(a) 

ISP 
Ef 

(b) 

90P
-lff 

8IP 
Ei 

Shear =slope 

(e) 

• 

~.,...",,= "il:~~ Moment = deflection 

756P 
- E1 

Figure 9.29: (a) Beam; (b) conjugate structure 

loaded by MjEl diagram; (c) slope; (d) deflection. (d) 


as a distributed load tothe conjugate beam in Figure 9.29b. We next divide 
the distributed load into triangular areas and compute the resultant (shown 
by heavy arrows) of each area. 

Compute RE• 

+0 ,£Mc = 0 

36P (6) + I8P (4) + I8P (8) + 54P (10)
EI EI EI EI 12RE == 0 

R = SIP 
E ' EI 

• 




--
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ComputeRc· 

+ 
t 2'.F;. = 0 

54P _ _18_P _ 18P _ 8IP + 36P + Rc = 0 
EI EI EI EI EI 

R = 135P 
C EI 

To establish the variation of slope and deflection along the axis of the 
beam, we construct the shear and moment diagrams for the conjugate 
beam (see Fig. 9.29c and d). The maximum deflection, which occurs at 
point C (the location of the real hinge), equals 756PIEI. This value is 
established by evaluating the moment produced by the forces acting on 
the conjugate beam to the left of a section through C (see Fig. 9.29b). 

EXAMPLE 9.Compare the magnitude of the moment required to produced a unit value 
of rotation (OA = 1 rad) at the left end of the beams in Figure 9.30a and 
e. Except for the supports at the right end-a pin versus a fixed end-the 
dimensions and properties of both beams are identical, and EI is con­
stant. Analysis indicates that a clockwise moment M applied at the left 
end of the beam in Figure 9.30e produces a clockwise moment of MI2 at 
the fixed support. 

Solution 
The conjugate beam for the pin-ended beam in Figure 9.30a is shown in 
Figure 9.30b. Since the applied moment M' produces a clockwise rota­
tion of 1 rad at A, the reaction at the left support equals 1. Because the 
slope at A is negative, the reaction acts downward. 

To compute the reaction at B, we sum moments about support A. 

M'L
O=R L-­

B 2EI (~) 
M'L 

RB = 6EI [continues on next page] 
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Example 9.17 continues . .. 

M' 

~\4''':::(:;:~::~

~ ~ :--_-_ ..... --- <" '\~ 

, 8A =1 rad 

. I. L-----I 

(a) 

M'L 
2El 

r-x=-j~ 
RA =1 	 M'L 

Rs= 6E[ 

(b) 

M 

(e) 

(d) 

Figure 9.30: Effect ofend restraint on flexural 
, stiffness. (a) Beam loaded a~A with far end pinned; 

(b) conjugate structure for beam in (a) loaded 
withM/EI diagram; (e) beam loaded atA with far 
end fixed; (d) conjugate structure for beam in (e) 
loaded with M/E[ diagram . 

Summing forces in the y direction, we express M' in tenns of the prop­
erties of the member as 

M'L M'L
0=-1+-­

2EI 6EI 

3EI
M 

I 
=-	 (1)

L 

The conjugate beam for the fixed-end beam in Figure 9.30c is shown 
in Figure 9.30d. The MIEI diagram for each end moment is drawn sepa­
rately. To express Min tenns of the properties of the beam, we sum forces 
in the y direction. 

+ 
t 2.F.)' = 0 

ML 	 1 ML
0=-1+---­

2EI 	 22El 

M= 4EI (2)
L 

NOTE. The absolute flexural stiffness of a beam can be defined as the 
value of end moment required to rotate the end of a beam.....,.supported on 
a roller at one end and fixed at the other end (see Fig. 9.30c)-through 
an angle of 1 radian. Although the choice of boundary conditions is some­
what arbitrary, this particular set of boundary conditions is convenient 
because it is similar to the end conditions of beams that are analyzed by 
moment distribution-a technique for analyzing indeterminate beams and 
frames covered in Chapter 13. The stiffer thebeam, the larger the moment 
required to produce a unit rotation. 

If a pin support is substituted for a fixed support as shown in Figure 
9.30a, the flexural stiffness of the beam reduces because the roller does 
not apply a restraining moment to the end of the ~ember. As this exam­
ple shows by comparing the values of moment required to produce a unit 
rotation (see Eqs. 1 and 2), the flexural stiffness of a pin-ended beam is 
three-fourths,th.at of a fixed-end beam. 

M' 

M 	 4El/L 

M' = 	 3 M Ans.
4 

, .',-'O.tao.- _ 

http:three-fourths,th.at
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.1 9.6 Design Aids for Beams 

To be designed properly, beams must have adequate stiffness as well as 
strength. Under service loads, deflections must be limited so that attached 
nonstructural elements-partitions, pipes, plaster ceilings, and windows­
will not be damaged or rendered inoperative by large deflections. Obvi­
ously floor beams that sag excessively or vibrate as live loads are applied 
are not satisfactory. To limit deflections under live load, most building 
codes specify a maximum value of live load deflection as a fraction of 
the span length-a limit between 1/360 to 11240 of the span length is 
common. 

If steel beams sag excessively under dead load, they may be cambered. 
That is, they are fabricated with initial curvature by either rolling or by 
heat treatment so that the center of the beam is raised an amount equal to 
or greater than the dead load deflection (Fig. 9.31). Example 10.12 illus­
trates a simple procedure to relate curvature to camber. To camber rein­
forced concrete beams, the center of the forms may be raised an amount 
equal to or slightly greater than the dead load deflections. 

In practice, designers usually make use of tables, in handbooks and 
design manuals to evaluate deflections of beams for a variety of loading 
and support conditions. The Manual of Steel Construction published by 
the American Institute of Steel Construction (AISC) is an excellent 
source of information. 

Table 9.1 gives values of maximum deflections as well as moment 
diagrams for a number of support and loading conditions of bearns. We 
will make use of these equations in Example 9.18. 

A simply supported steel beam spanning 30 ft carries a uniform dead load 
of 0.4 kip/ft that includes the weight of the beam and a portion of the floor 
and ceiling supported directly on the beam (Fig. 9.32). The beam is also 
loaded at its third points by two equal concentrated loads that consist of 
14.4 kips of dead load and 8.2 kips of live load. To support these loads, 
the designer selects a 16-in-deep steel wide-flange beam with a modulus 
of elasticity E = 30,000 ksi and a moment of inertia I = 758 in4. 

(a) Specify the required camber of the beam to compensate for the 
total dead load deflection and 50 percent of the lIve load deflection. 

(b) Verify that under live load only, the beam does not deflect more 
than 11360 of its span length. (This provision ensures the beam will not 
be excessively flexible and vibrate when the live load acts.) 

Solution 
We first compute the required camber for dead load, using equations for 
deflection given by cases 1 and 3 in Table 9.1. 

• 


camber 

Figure 9.31: Beam fabricated with camber. 

EXAMPLE 9.18 

PL = 8.2 kips PL .. 8.2 kips 
PD =14.4 kips PD = 14.4 kips 

Figure 9.32: Beam, connected to columns by clip 
angles attached to web, is analyzed as a: simply 
supported determinate beam. 

[continues on page 341] 
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Moment Diagrams and Equations for Maximum Deflection 
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(a) Dead load deflection produced by unifonn load is 	 Example 9.18 continues . .. 

A = 5wL
4 = 5 (0.4) (30)4(1728) = 0.32 in 


Dl 384EI 384(30,000) (758) 


Dead load deflection produced by concentrated loads is 0 

A _ Pa(3L2 - 4a2) _ 14.4(10)[3(30)2 - 4(10)2](1728) 
D2 - 24EI - 24(30,000) (758) 

AD2 = 1.05 in 

Total dead load deflection,ADT = AD! + Am = 0.32 + 1.05 = 1.37 in ADs. 

. . Pa(3L2-4a 2) 8.2(1O)[3(30)2-4(1O?](1728) 

Llve load deflectlOn, AL = 24EI = 24(30,000)(758) 


AL = 0.6 in ADs. 


I 0.60.

Required camber = ADT + 2"AL = 1.37 + -2- = 1.67 m ADs. 

(b) Allowable live load deflection is 

L 30 X 12. . 
ADs.360 = 360 = 1 m > 0.6 m 


Therefore, it is OK. 


oj 

.............,." ..'.:.'..................................................................................................................................... . 

Summary 

• 	 The maximum deflections of beams and frames must be checked to 
ensure that structures are not excessively flexible. Large deflections 
of beams and frames can produce cracking of attached nonstructural 
elements (masonry and tile walls, windows, and so forth) as well as 
excessive vibrations of floor and bridge decks under moving loads. 

• 	 The deflection of a beam or frame is a function of the bending 
moment M and the member's flexural stiffness, which is related to a 
member's moment of inertia 1 and modulus of elasticity E. Deflections 
due to shear arc typically neglected unless members arc very deep, 
shear stresses are high, and the shear modulus G is low. 

• 	 To establish equations for the slope and deflection of the elastic curve 
(the deflected shape of the beam's centerline), we begin the study of 
deflections by integrating the differential equation of the elastic curve 

d 2y M 
dx 2 = EI 

This method becomes cumbersome when loads vary in a complex 
manner. 

• ••-'t~ ....... ___ 
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• 	 Next we consider the moment-area method, which utilizes the M/EI 
diagram as a load. to compute slopes and deflections at selected 
points along the beam's axis. This method, described in Section 9.3, 
requires an accurate sketch of the deflected shape. 

• 	 The elastic load method (a variation of the moment-area method), 
which can be used to compute slopes and deflections in simply 
supported beams, is reviewed. In this method, the M/EI diagram is 
applied as a load. The shear at any point is the slope, and the moment 
is the deflections. Points of maximum deflections occur where the 
shear is zero. 

• 	 The conjugate beam method, a variation of the elastic load method, 
applies to members with a variety of boundary conditions. This 
method requires that actual supports be replaced by fictitious supports 
to impose boundary conditions that ensure that the values of shear 
and moment in the conjugate beam, loaded by the M/EI diagram, 
are equal at each point to the slope and deflection, respectively, of 
the real beam. 

• 	 Once equations for evaluating maximum deflections are establisfied 
for a particular beam and loading, tables available in structural 
engineering reference books (see Table 9.1) supply all the important 
data required to analyze and design beams. 

·~· .. 'PROBLEMS . .. " '. 	 .·..,1·:·..····· ....··..··....·· .....·..·........··....·..···..········.......................................................................................................................................................................... 

Solve Problems P9.1 to P9.6 by the double integration 
method. EI is constant for all beams. 

P9.1. Derive the equations for slope and deflection for 
the cantili.wer beam in Figure P9.1. Compute the slope 
and deflection at B. Express answer in terms of EI. 

w 

. EI =constant 

f<'--'-""'----'---'-'-'''--' L --------l 

P9.1 

P9.2. Derive the equations for slope and deflection for 
the beam in, Figure P9.2. Compare the deflection at B 
with the deflection at midspan .. 

• 


P9.2 

P9.3. Derive the equations. for slope and deflection for 
the beam in Figure P9.3. Compute the maximum deflec­
tion. Hint: Maximum deflection occurs at point of zero 
slope... 

P9.3 

P9.4. Derive the equations for slope and deflection for 
the beam in Figure P9.4. Locate the point of maximum 
deflection and compute its magnitude. 

AJfFET2XP1
w 

1---,------ L ----'----1 

P9.4 

.•...~ ....... -- • 	 • ....,,- - • • • 
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P9.S. Establish the equations for slope and deflection 
for the beam in Figure P9.5. Evaluate the magnitude of 
the slope at each support. Express answer in terms of El. 

MeA B 
~~:~'.!ft'~",=:">;=:;=;il/i~:~I0~il!Y~'b"'C."-'-.~-..,;"",,:.;;F'~.-,...." ...·2.:.,!!"':-:=='-J5Q:!!'I.~. ¥ 
1+----- L ---~___I.I 

P9.S 

P9.6. Derive the equations for slope and deflection for 
the beam in Figure P9.6. Ifw = 4 kips/ft, L 20 ft, and 
E == 29,000 kips/in2, what is the minimum required 
value of I if the deflection at midspan is not to exceed 
3/4 in? Hint: Take advantage of symmetry: slope is zero 
at midspan. 

w 

L Lro--- "2 --+1---- "2 --..... 

P9.6 

Solve Problems P9.7 to P9.1l by the moment-area 
method. Unless noted otherwise, EI is a constant for all 
members. Answers may be expressed in terms of EI 
unless otherwise noted. 

P9.7. Compute the slope and deflection at points Band 
e in Figure P9.7. 

1+--- 8 m ----1- 4m 

P9.7 

• 
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P9.S. (a) Compute the slope atA and e and the deflec­
tion at B in Figure P9.8. (b) Locate and compute the 
magnitude of the maximum deflection. 

p =15 kips P =15 kips 

P9.S 

P9.9. Compute the slope at A and e and the deflection 
at B for the beam in Figure P9.9. 

lOkN lOkN 

B c 

• 


4m-l-4m-L4m-l-4m-l 

P9.9 

P9.10. (a) Compute the slope at A and the deflection at 
midspan in Figure P9~1O. (b) Iftht; d.efleqtioqatrpidspan 
is not to exceed 1.2 in, what is the minimum required 
value of I? E = 29,000 kips/in2. 

p", 30 kips 

A B 

6' .1. 18' --------+- 6'-.1 

P9.10 

P9.11. (a) Find the slope and deflection at A inFigure 
P9.11. (b) Determine the location and the magnitude of 
the maximum deflection in span Be. 

10 kips 10 kips 

P9.11 

! . 
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Solve Problems P9.12 to P9.l7 by the moment-area 
method. EI is constant. 

P9.12. Compute the slopes of the beam in Figure P9.12 
on each side of the hinge at B, the deflection of the hinge, 
and the maximum deflection in span Be. The elas­
tomeric support at C acts as a roller. 

A B 

21 

1..--12'-.....;..--9' .1 9'--..1 
P9.12 

P9.13. Compute the slope at support A and the deflec­
tion at point B. Treat the rocker at D as a roller. Express 
'the answer in terms of El. 

P9.13 

P9.14. Determine the maximum deflection in span AB 
and the deflection of Cin Figure P9.14. Express answers 
in terms of M, I, and L. . 

• 

1-----L---..,........;.-1.:-1

3 

P9.14 

• 


P9.1S. Detennine the slope and deflection of point C in 
Figure P9.15. Hint: Draw moment curves by parts. 

30kN 

9kN/m 

B 
~~.~: "~':.o:'>.::~!.'.;~. ~";~':~Q''''~:.~'.<' ~~ l.'·.~.. :t>,,:·},·:~·t!>~~;~.;'j.~:~ C 

:\':0 

1------ 3 m----+i'I~,- 2 m ------I 
P9.1S 

P9.16. Compute the deflection of A and the slope at B 
in Figure P9 .16. Express answer in terms ofEI. Hint: Plot 
moment curves by parts. 

I ! 12' ___---+I. j..--o ~J_.,,~___ 
P9.16 

P9.17. Using the moment-area method, compute the 
slope and deflection under the 32-kip load at B. Reac­

. tions are given. I :::: 510 in4 andE ;:: 29,000 kips/ln2. 
Sketch the deflected shape. 

32 kips 32 kips 

• 


P9.17 
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Solve problems P9.18 to P9.22 by the moment-area 
method. EI is constant unless otherwise noted. 

P9.1S. Compute the deflection of points Band D in Fig­
ure P9.18. The elastomeric pad at C acts as a roller. 

D
12 kips I 

3' 
A C 

,.~jH::""'" , 

B elastomeric 
pad 

6' .1. 6' 

P9.1S 

P9.19. Compute the slope and the vertical deflection at 
point C and the horizontal displacement at point D. lAc = 
800 in4, leD = 120 in4, and E = 29,000 kips/in2. 

D18 kips 10 kips 

3'A B c. 
-1 

9' 6'----\ 

P9.19 

P9.20.The moment of inertia of the girder in Figure 
P9.20 is twice that of the column. If the vertical deflection 
at D is not to exceed 1 in and if the horizontal deflection 
at C is not to exceed 0.5 in, what is the minimum required 
value of the moment of inertia? E = 29,000 kipslin2. The 
elastomeric pad at B is equivalent to a roller. 

B C D 
4 kips 

21 

1 

J 
9' 

6' .1. 12'--,-----1 

P9.20 

Problems 345 

P9.21. ,Compute the vertical displacement of the hinge 
at C in Figure P9.21. EI is constant. 

BCD ;y 2 kips/ft 
~~~~......~ 

-"';'--12'~ 

I 

w =2 kips/ft 

P9.21 

P9.22. Compute the rotation at the rigid joint B and at 
support D. Also compute the horizontal displacements 
at points A and C. EI is constant. 

c20 kips 

i---- 12'---4>1 

P9.22 

' •." .a.- _ 
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. Solve problems P9.23 to P9.27 by the moment-area 
method. £1 is constant. 

P9.23. Compute the slope at A and the horizontal and 
vertical components of deflection at point D in Figure 
P9.23~ 

6 kips 

}oI----- 12' --~+I-- 6'-----1 

P9.23 

. P9.24. What value of force P is required at C in Figure 
: P9.24 if the vertical deflection at C is to be zero? 

12 kips 

B c 

--;.--- 6' ----I 

P9.24 

P9~25•. If the vertical deflection of the beam at midspan 
(i.e., point C) is to be zero, determine the magnitude of 
force F. El is constant. Express F in terms of P and El. 

p p 

P9.2S 

P9.26. Compute the horizontal displacement of joint B 
in Figure P9.26. The moment diagram produced by the 
12-kip load is given. The base of the columns at points 
A and E may be treated as fixed supports. Hint: Begin by 
sketching the deflected shape, using the moment dia­
grams to establish the curvature of members. Moments 
in units of kip·ft. 

66.4 

44.S 

D 44.8

ET\ 
. 19.1 

.m:2!rr::::~~m.1i 

~ 
.1 

P9.26 

P9.27. Compute the rotation at B and the vertical 
deflection at D. Given: E = 200 GPa, lAC = 400 X 106 

mm4, and lBD = 800 X 106 mm4. 

r 
3m 

t
3m 

l 
A 

4m 

P9.27 

32.3 
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P9.28. The frame shown in Figure P9.28 is loadedby a 
horizontal load at B. Compute the horizontal displace­
ments at B and D using the moment-area method. For all 

. members E = 200 GPa and 1= 500 X 106 mm4. 

5m 

B 
lOOkN 


C 
 1
5m 

I 
J 

1~'-----12m------~ 

P9.28 

Solve Problems P9.29 to P9.32 by the conjugate beam 
method. 

P9.29. Compute the slope and deflection at point B of 
the cantilever beam in Figure P9.29. EI is constant. 

15 kips 

• 


P9.29 

• 
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P9.30. Compute the deflection at points A and C (nt 
midspan) of the beam in Figure P9.30. Also I varies as 
shown on the sketch. Express answer in terms of EI. 

P9.30 

P9.31. Compute the slope and deflection at point C and 
the maximum deflection between A and B for the beam 
in Figure P9.31. The rea~tions are given, and EI is con­
stant. The elastomeric pad at B is equivalent to a roller. 

.6, kips 

MA =9 kip.ft 

cC.+~~~iE 
3 kips 

1+------- 9' ------:"""""""1-­

9 kips 

P9.31 

P9.32. Determine the flexural stiffness of the beam in 
Figure P9.32 (see Example 9.17 for criteria) for (a) 
moment applied at A and (b) moment applied at C. E is 
constant. 

P9.32 
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P9.33. Using the conjugate beam method, compute the 
maximum deflection in span BD of the beam in Figure 
P9.33 and the slope on each side of the hinge. 

8 kips 

c E 

6' 6'~6' 4'-1 
P9.33 

. P9.34. Solve Problem P9.11 by the conjugate beam 
method. 

P9.35. Solve Problem P9.12 by the conjugate beam 
method. 

P9.36. Solve Problem P9.17 by the conjugate beam 
method. 

P9.37. For the beam shown in Figure P9.37, use the 
conjugate beam method to compute the vertical deflec­
tion and the rotation to the left and the right of the hinge 
at C. Given: E = 200 GPa, lAC = 200 X 106 mm4, and 
ICF = 100 X 106 mm4. 

21OkN·m . 210kN·m 

P9.37 

,­

Practical Applications of Deflection 
Computations 

P9.38. The reinforced concrete girder shown in Figure 
P938a is prestressed by a steel cable that induces a 
compression force of 450 kips with an eccentricity of 7 
in. The external effect of the prestressing is to apply an 
axial force of 450 kips and equal end moment Mp = 
262.5 kip·ft at the ends of the girder (Fig. P9.38b). The 
axial force causes the beam to shorten but produces no 
bending deflections. The end moments Mp bend the 
beam upward (Fig. P9.38c) so that the entire weight of 
the beam is supported at the ends, and the member acts 
as a simply supported beam. As the beam bends upward, 
the weight of the beam acts as a uniform load to produce 
downward deflection. Determine the initial camber of 
the beam at midspan immediately after the cable is ten­
sioned. Note: Over time the initial deflection will increase 
due to creep by a factor of approximately 100 to 200 
percent. The deflection at midspan due to the two end 
moments equals ML2/(8EI). Given: I = 46,656 in4, A = 
432 in2, beam weight WG = 0.45 kip/ft, and E = 5000 
kips/in2. 

P9.39. Because of poor foundation conditions, a 30-in­
deep steel beam with a cantilever is used to support an 
exterior building column that carries a dead load of 600 
kips and a live load of 150 kips (Fig. P9.39). What is the 
magnitude of the initial camber that should be induced 
at point C, the tip of the cantilever, to eliminate the 
deflection produced by the total load? Neglect the 
beam's weight. Given: I = 46,656 in4 and Es = 30,000 
ksi. See case 5 in Table 9.1 for the deflection equation. 
The clip angle connection at A may be treated as a pin 
and the cap plate support at B as a roller. 

• 
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prestressed 
tendon 

L.,..A 

12" 

7"---)
--J~]36" 
450 f~ 
kips 

!.--- 60'-------l.1 Section A-A 

Beam dimensions 
(a) 

Mp =262,5 kip.ft Mp =	262.5 kip.ft 

-262.5 kip-ft 
~~~~~----~--~~---

moment diagram 


Forces applied to concrete by prestress 

(b) 

initial camber 

Deflected shape; prestress and weight of beam act 
(c) 

P9.38 

PL = 150 kips 
PD = 600 kips 

I. ---+---- 6'---1 

P9.39 

'.-c:......a.-. ___• 	 • '.,"'-- - • 
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t 
P9.40. Computer study of the behavior of. multistory 

build~ng frames,. T?e ob.~ect, o~ this study is to 
exanune the behavIor of bUlldmg frames fabri­

, cated with two commQn types of connections. 
When open interior spaces and' future flexibilitv of use 
are prime considerations, building frames can ~be con­
structed with rigid joints usually fabricated by welding. 
Rigidjoints (see Fig. P9.,40b) are expensive to fabricate 
and ~ow cost in the range of $700 to $850 depending on 
the SIze of members. Since the ability of a welded frame 
to resist lateral loads depends on the bending stiffness of 
the beams and columns, heavy members may be required 
when lateral loads are large or when lateral deflections 
must be limited. Alternately, frames can be constructed 
less expensively by connecting the webs of beams to 
columns by angles or plates, called shear connections 
which currently cost about $8Q each (Fig. P9AOc). If 
shear connections are used, diagonal bracing. which 
forms a deep vertical truss with the attached columns 
and floor beams, is typically required to provide lateral 
stability (unless floors can be connected to stiff shear 
walls constructed of reinforced masonry or concrete). 

Properties of Members 
In this study all members are constructed of steel with 
E = 29,000 kips/in2. 

All beams: I = 300 in4 and A = 10 in2 

All columns: I = 170 in4 and A = 12 in2 

Diagonal bracing using 2.5 in square hollow structural 
tubes (Case 3 only-see dashed lines in Fig. P9.40a), 
A 3.11 in2, I 3.58 in4 

Using the RISA-2D computer program, analyze the 
structural frames for gravity and wind loads in the fol­
lowing three cases. 

Case 1 Unbraced Frame with Rigid Joints 
(a) Analyze the frame for the loads shown in Figure 

P9.40a. Determine the forces and displacements at 7 
sections along the axis of each member. Use the com­
puter program to plot shear and moment diagrams. 

(b) Determine if the relative lateral displacement 
between adjacent floors exceeds 318 limit speci­
fied to prevent cracking of the exterior fa~ade. 

(c) Using the computer program, plot the deflected 
shape of the frame. 

(d) Note the difference between the magnitudes· of 
the vertical and late~al displacements of joints 4 and 9. 
What are your conclusions? 

8 kips 

1 
15' 

12 kips 

J 
15' 

(b) (c) 

Structural Frame 

diagonals bracing Case 3 only 


(a) 

P9.40 
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Case 2 Unbraced Frame with Shear Connections 
(a) Repeat steps a, b, and c in Case 1, assuming that 

the shear connections act as hinges, that is, can transmit 
.shear and axial load, but no moments. 

(b) What do you conclude about the unbraced frame's 
resistance to lateral displacements? 

Case 3 Braced Frame with Shear Connections 
As in case 2, all beams are connected to columns with 
shear connectors, but diagonal bracing is added to form 
a vertical truss with floor beams and columns (see 
dashed lines in Figure P9.40a) . 

.... ~............uu •••••••••••••u4h....u ......................... n ............. ~u ••••••••••••• u ......u ..u ••n ......u 


• 


(a) Repeat steps a, b, and c in Case 1. 
(b) Compute the lateral deflections of the frame if the 

area and moment of inertia of the diagonal members are 
doubled. Compare results to the original lighter bracing 
in (a) to establish the effectiveness of heavier bracing. 

(c) Make up a table comparing lateral displacements 
of joints 4 and 9 for the three cases. Discuss briefly the 
results of this study. 

•• u ................... u ............ "'.H•••••••••••••••••••••••••••• H ....U ...... H •••••••••••••••••• u •• u ....... 
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NASA Vehicle Assembly 13uilding,Kennedy Space Center, Florida. In addition to designing buildings and 
bridges, structural engineers design special-purpose structures such as the rocket shell, the support tower, 
and the.bed of the" mobile platform on which large rockets are transported to the launch site . 
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Work-Energy Methods for 
Computing Deflections 
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:;10.1 Introduction 

When a structure is loaded, its stressed elements deform. As these defor­ (a) 

mations occur, the structure changes shape and points on the structure 
displace. In a well-designed structure, these displacements aresmall. For B, 
example, Figure 10.la shows an unloaded cantilever beam that has been 
divided arbitrarily into four rectangular elements. When a vertical load is 

"=:-.-T-t-'-~--"~-f-~-J-~--ejB,l, ,.' " . applied at point B, moment develops along the length of the member. This 
moment creates longitudinal tensile' and compresSive bending stresses . 
thin deform the rectangular elements into trapezoids and cause point B at 
t~tip of the cantilever to displace vertically downward to B'. This dis­ (b) 

placement, D.B , is shown to an exaggerated scale in Figure 1O.lh . 
.. Similarly, in the example of the truss shown in Figure 1O.lc, the applied 


load P produces axial forces PI' F2, and F3 in the members. These forces 

cause the members to deform axially as shown by the dashed lines. As a 

result of these deformations, joint B of the truss displaces diagonally to B'. 


Work-energy methods provide the basis for several procedures used 

to calculate displacements. Work-euergy lends itself to the computation 

of deflections because the unknown displacements can be incorporated 

directly into the expression for work-the product of a force and a dis­

placement. In the typical deflection computation, the magnitude and 

direction of the design forces are specified, and the proportions of the 

members are known. Therefore, once the member forces are computed, 

the energy stored in each element of the structure can be evaluated and 

equated to the work done by the external forces applied to the structure. 

Since the principle of the conservation o/energy states that the work 

done by a system of forces applied to a structure equals the strain energy 

stored in the structure, loads are assumed to be applied slowly so that 

neither kinetic nor heat energy is produced. . ._ 


(c) 

Figure 10.1: Defonnations of loaded structures: 
(a) beam before load is applied; (b) bending 
defonnations produced by a load at B; (c) defo.r, 
mations of a truss. after load is applied. .·df 

,,::~ ~:.. ~~,~:y'.;~:" 
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.F"· .. A 

...~ 
A 

F ------.~I]o 
.: .: 1-8-/ B 

(a) (b) 

(c) 

Figure 10.2: Work done by forces and moments: 
. (a) force with a collinear displacement; (b) force 

with a displacement perp!?ndic,;!lar to line of 
action of force; (e) a noncollinear displacement; 
(d) a couple moving through an angular displa<;e­
men! 9; (e) alternative representation of a couple. 

We will begin our study of work-energy by reviewing the work done 
by a force or moment moving through a small displacement. Then we 
will derive the equations for the energy stored in both an axially loaded 
bar and a beam. Finally, we will illustrate the work-energy method-also 
called the method ofreal work-by computing a component of the deflec­
tion of a joint of a simple truss. Since the method of real work has seri­
ous limitations (i.e., deflections can be computed only at a point where a 
force acts and only a single concentrated load can be applied to the struc­
ture), the major emphasis in this chapter will be placed on the method of 
virtual work. 

VIrtual work, one of the most useful, versatile methods of computing 
deflections, is applicable to many types of structural members from sim­
ple beams and trusses to complex plates and shells. Although virtual work 
can be applied to structures that behave either elastically or inelastically, 
the method does require that changes in geometry be small (the method 
could not be applied to a cable that undergoes a large change in geome­
try by application of a concentrated load). As an additional advantage, 
virtual work permits the designer to include in deflection compu(~fi()If!E:··· 
the inf1ue~ce of support settlements, temperature changes, creep,. artd{ab;;; . 
rication errOrS. 

·····..1:~;~¥tw~·~·k.. ··································...........................................................~.;::...................." 

Work is defined as the product of a force times a displacement in the 

direction of the force. In deflection computations we will be concerned 

with the work done by both forces and moments. If a force F remains 

constant in magnitude as it moves from point A to B (see Fig. 10.2a), the 

work Wmay be expressed as 


W=F5 (10.1) 

where Dis the component of displacement in the direction of the force. 
Work is positive when the force and displacement are in the same direc­
tion and negative when the force acts opposite in direction to the dis­

. placement. . . 
When a force moves perpendicular to its line of action, as shown in 

Figure 1O.2b, the work is zero. If the magnitude and direction of a force 
remain constant as the force moves through a displacement 5 that is not 
collinear with the line of action of the force, the total work can be eval­
uated by summing the work done by each component of the force mov­
ing through the corresponding collinear displacement components I3xand 
5y • For example, in Figure 1O.2c we can express the work W done by the 
force F as it moves from point A to B as 

W = Fx13x + Fl'y 

i ­
I 

.--~....at-. 
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Similarly, if a moment remains constant as it is given an angular dis­
placement 0 (see Fig. 10.2d and e), the work done equals the product of 
the moment and the angular displacement 0: 

W = Me 	 (10.2) 

The expression for work done by a couple can be derived by summing 
the work done by each force F of the couple in Figure 1O.2d as it moves 
on a circular arc during the angular displacement O. This work equals 

W = -Fer} + F(e + a)e 

Simplifying gives 
W = FaO 

Since Fa = M, 
W=Me 

If a force varies in magnitude during a displacement and if the functional 
relationship between the force F and the collinear displacement fj is 
known, the work can be evaluated by integration. In this procedure, 
shown graphically in Figure 1O.3a, the displacement is divided into a 
series of small increments of length d8. The increment of work dWasso­
ciated with each infinitesimal displacement dB equals F d8. The total 
work is then evaluated by summing all increments: 

W = F d8 	 (l0.3)r 

o 

Similarly, for a variable moment that moves through a series of infini­
tesimal angular displacements dB, the total work is given as 

W = M de 	 (l0.4)r 

o 

When force is plotted against displacement (see Fig. 1O.3a), the term 
within the integrals of Equation 10.3 or 10.4 may be interpreted as an 
infinitesimal area under the curve. The total work done-the sum of all 
the infinitesimal areas-equals the total area under the curve. If a force 
or moment varies linearly with displacement, as it increases" from zero to 
its final value of F or M, respectively, the work can be represented by the 
triangular area under the linear load-deflection curve (see Fig. 10.3b). 
For this condition the work can be expressed as 

. F 
For force: W=-fj 	 (l0.5)

2 

M
For moment: w=-e· 	 (10.6)

2 
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F=/(B) or M=/(8) 

displacement 

(a) 

ForM 

o 	 Bor8 
displacement 

(b) 

o 	 BorO 
displacement 

(c) 

Figure 10.3: Force versus displacement curves: 
(a) increment of work dW produced by a variable 
force shown crosshatched; (b) work (shown by 
crosshatched area) done by a force or moment 
that varies linearly from zero to F or M, (c) work 
done by a force or moment that remains constant 
during a displacement. 

• 
 • 
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Figure 10.4: Strain energy stored in a bar or 
beam element. (a) Deformation of an axially 
loaded bar; (b) rotational deformation of infini­
tesimal beam element by moment M; (c) plot of 
load versus deformation for element in which 
load increases linearly from zero to a final value; 
(d) load deformation curve for member that 
deforms under a constant load. 

• 


where F and M are the maximum values of force or moment and 8 and 
() are the total linear or rotational displacement. 

When a linear relationship exists between force and displacement 
and when the force increases from zero to its final value, expressionsfor 
work will always contain a one-half term, as shown by Equations 10.5 
and 10.6. On the other hand, if the magnitude of a force or moment is 
constant during a displacement (Eqs. 10.1 and 10.2), the work plots as a 
rectangular area (see Fig. 1O.3c) and the one-half term is absent. 

.. ;.'~~~~~................................................................................................................................... 

~\{g,;J 

.~;;1~ 	 Strain Energy 

Truss Bars 

When a bar is loaded axially, it will deform and store strain energy U. 
For example, in the bar shown in Figure lO.4a, the externally applied 
load P induces an axial force F of equal magnitude (that is, F = P). If 
the bar bebaveselastically (Hooke's law applies), the magnitude of the 
strain energy U stored in a bar by a force that increases linearly frOl11 zero 
to a final value Fas the bar undergoes a change in length ~Lequais 

u=!... ~L 	 (10.7)- 2 

~L= FLwhere 	 (10.8)
AE 

F=P 
P ~~·i2,/;8a::··.:l]!Sr:l!!;*'iii!lwi)\E'f;:::.. :::;:z===="2'<,',~'iiil;((1l!:j'{··,:::~'0i!!:ilV':f3%ltii03,·;,d:::: ~P N.A. 

1+-1.--- ­ L ------¥.I.IlL~ 

(a) 

(b) 

ForMForM 
force force 

(internal) (internal) 

• 


o 	 ilL or dfJ o ilL or dfJ 

deformation deformation 

(c) 	 (d) . 

-..."' 	 ...... • • -.-." ......~ 



• • • • 

Section 10.3 Strain Energy 357 

where L = length of bar 
A = cross-sectional area of bar 
E modulus of elasticity 
F = final value of axial force 

Substituting Equation 10.8 into Equation 10.7, we can express U in 
terms of the bar force F and the properties of the meml;ler as 

U =!.. FL = F2L (10.9)
2 AE 2AE 

If the magnitude of the axial force remains constant as a bar undergoes a 
change in length AL from some outside effect (for example, a tempera­
ture change), the strain energy stored in the member equals 

U=FAL (10.10) 

Notice that when a force remains constant as the axial deformation of a 
bar occurs, the one-half factor does not appear in the expression for U 
(compare Eqs. 10.7 and 10.10). 

Energy stored in a body, like work done by a force (see Fig. 10.3) can 
be represented graphically. If the variation of bar force is plotted against 
the change iri bar length AL, the area under the curve represents the strain 
energy U stored in the member. Figure lOAc is the graphic representation 
of Equation 10.7-the case in which a bar force increases linearly from 
zero to a final value F. The graphic representation of Equation 10.1 O--the 
case in which the bar force remains constant as the bar changes length­
is shown in Figure lO.4d. Similar force versus deformation curves can be 
plotted for beam elements such as the one shown in Figure 10.4b. In the 
case of the beam element, we plot moment M versus rotation dO. 

Beams 

The increment of strain energy dU stored in a beam segment of infini­
tesimallength dx (see Fig. lO.4b) by a moment M that increases linearly 
from zero to a final value ofM as the sides of the segment rotate through 
an angle dO equals 

dT! = 2M 
dO (10.11) 

As we have shown previously, dO may be expressed as 

dO = M dx (9.13)
EI 

where E equals the modulus ofelasticity and I equals the moment of 
inertia of the cross section with respect to the neutral axis. 

••.•=- ....... ­
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Substituting Equation 9.13 into 10.11 gives the increment of strain 
energy stored in a beam segment of length dx as 

M M dx M2 dx 
dU::= 2m = 2El (10.12) 

To evaluate the total strain energy U stored in a beam of constant El, the 
strain energy must be summed for all infinitesimal segments by integrat­
ing both sides of Equation 10.12. . . 

_ fL M2. dx 
U - 2El (10.13) 

o 

To integrate the right side of Equation 10.13, M must be expressed in 
terms of the applied loads and the distance x along the span (see Sec. 5.3). 
At each section where the load changes, a new expression for moment is 
required. If1 varies along the axis of the member, it must also be expressed 
as afunction of x. 

If the moment M remains constant as a segment of beam undergoes 
a rotation'de from GJiother effect, the increment of strain energy stored in 

.. the element equals . . 
dU = M de .. (10:14)," 

When de in Equation 10.14 is produced by a moment of magnitllP¢;M;;;; 
we can, using Equation 9.13 to eliminate de, and expressdUas,;;> 

dU = _M_M...:;..p_d_x (10.14a)
El 

'O.4}~ Deflections by the Work-Energy Method 

(Real Work) 


To establish an equation .for computing the deflection of a point on a 
structure by the work-energy method, we can write according to the prin­
ciple of conservation of energy that 

W=U (10.15) 

where W is the work done by the external force applied to the structure 
and U is the strain energy stored in the stressed members of the structure. 

. Equation 10.15 assumes that all work done by an external force is 
converted to strain energy. To satisfy this requirement, a load theoretically 
must be applied slowly so that neither kinetic nOr heat energy is produced. 
In the design of buildings and bridges for normal design loads, we wi]) 
always assume that this condition is satisfied so that Equation 10.15 is 
valid. Because a single equation permits the solution of only one unknown 
variable, Equation 1O.1S-the basis of the method of real work-can 
only be applied to stntctures that are loaded by a single force. 

> \ 

• ..-" 
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Work-Energy Applied to a Truss 

To establish an equation that can be used to compute the deflection of a 
point on a truss due to a load P that increases linearly from zero to a final 
value P, we substitute Equations 10.5 and 10.9 into Equation 10.15 to give 

P S = '" P2L 
2 . .t:.J 2AE (10.16) 

where P and S are collinear and the summation sign ~ indicates that the 
energy in all bars must be summed. The use of Equation 10.16 to com­
pute the horizontal displacement of joint B of the truss in Figure 10.5 is 
illustrated in Example 10.1. 

As shown in Figure 10.5, joint B displaces both horizontally and ver­
tically. Since the applied load of 30 kips is horizontal, we are able to com­
pute the horizontal component of displacement. However, we are not able 
to compute the vertical component of the displacement of joint B by the 
method of real work because the applied force does not act in the vertical 
direction. The method of virtual work, which we discuss next, permits us 
to compute a single displacement component in any direction of any joint 
for any type of loading and thereby overcomes the major limitations of 
the method of real work. 

Using the method of real work, determine the horizontal deflection S .• of 
joint B of the truss shown in Figure 10.5. For all bars, A = 2.4 in2and E = 
30,000 kips/in2. The deflected shape is shown by the dashed lines. 

Solution 
Since the applied force ofP = 30 kips acts in the direction of the required 
displacement, the method ofreal work is valid and Equation 10.16 applies. 

P P2L 
. 2 S., = 2: 2AE (10.16) 

Values of bar force P are shown on the truss in Figure 10.5. 

30 S (50)2(25)(12) + (-40)2(20) (12) + (-30)2(15) (12) 

2 x 2(2.4)(30,000) 2(2.4)(30,000) 2(2.4)(30,000) 

Sx = 0.6 in Ans. 

EXAMPLE 10.1 

-30 

30kips 
/(B! 

/1 

c 

/ 1 
1 
I 
f 
I 
I 
I 
I 
f 

t 
I 

20' 

J 
40 kips 40 kips 

Figure 10.5 
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r:JQ.s, Virtual Work: Trusses 

Virtual Work Method 

VIrtual work is a procedure for computing a single component of deflec­
tion at any point on a structure. The method is applicable to many types 
of structures, from simple beams to complex plates and shells. More­
over, the method permits the designer to include in deflection computa­
tions the influence of support settlements, temperature change, and fab­
rication errors. 

To compute a component of deflection by the method of virtual work, 
the designer applies a force to the structure at the point and in the direc­
tion of the desired displacement. This force is often called a dummy load 
because like a ventriloquist's dummy (or puppet), the displacement it 
will undergo is produced by other effects. These other effects include the 
real loads, temperature change, suppOI1 settlements, and so forth. The 
dummy load and the reactions and internal forces it creates are termed a 
Q-systel1!~Forces, work, displacements, or energy associated with theQ 
system will be subscripted with a. Q. Although the analyst is free to 
assign any arbitrary value to a dummy load, typically we useaI-kip or 
a l-kN force to compute a linear displacement and a 1 kip·ft or a 1 kN'm 
inomentto dl?termil1e a rotation or slope . 

•'With thedwnmy load in place, the actualloads-caliedthe P-system, . 
are applied to the structure. Forces, deformations, work, and energy asso­
ciated with the P-system will be subscripted with a P. As the structure 
deforms under the actual loads, external virtual work Wg.is done by the 
dummy load (or loads) as it moves through the real displacement of the 
structure. In accordance with the principle of conservation of energy, an 
equivalent quantity of virtual strain energy U Q is stored in the structure; 
that is, . 

• • • 

(10.17) 


Analysis of Trusses by Virtual Work 

To clarify the variables that appear in the expressions for work and energy 
in Equation 10.17, we will apply the method of virtual work to the one­
bar truss in Figure 10.6a to determine the horizontal displacement Dp of 
the roller at B. The bar, which carries axial load only, has a cross-sectional 



o Il.Lp 

deflection elongation 

(b) (c) 

.., 
i:!-g <S ....9 
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Q UDWD 
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deflection elongation 

(e) (f) 

• • 

Figure 10.6: Graphical representation of 
work and energy in the method of virtual 
work. (a) P-system: forces and deformations 
produced by real load P; (b) graphical repre­
sentation of real work Wp done by force P as 
roller in (a) moves from B to B'; (c) graphi­
cal representation of real strain energy Vp 

stored in bar AB as it elongates an amount 
/:ll.p (Vp = Wp); (d) forces and displacements 
produced by dummy load Q; (e) graphical 
representation of real work WD done by 
dummy load Q; (f) graphical representation 
of real strain energy VD stored in bar AB by 
dummy load; (g) forces and deformations 
produced by forces Q and P acting together; 
(11) graphical representation of total work W, 
done by Q and P; (i) graphical representation 
of total strain energy V, stored in bar by Q 
andP. 
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deflection 

(h) 

• 

elongation 

(i) 
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ateaA and modulus of elasticity E. Figure 10.6a shows the bar force Fp. 
the elongation of the bar b.Lp, and the horizontal displacementop of joint 
B produced by the P system (the actual load). Since the bar is in tension, 
it elongates an amount ALP. where 

b.L ::;:: FpL (10.8)
p AE 

Assuming that the horizontal load at joint B is applied slowly (so that all 
work is converted to strain energy) and increases from zero to a final 
value P, we can use Equation 10.5 to express the real work Wp done by 
force P as 

(10.18) 


Although a vertical reaction Pv develops atB, it does no work as the 
roller displaces because it acts normal to the displacement of joint B. A 
plot of the deflection ofjoint B versus the applied load P is shown in Fig­
ure 1O.6b. As we established in Section 10.2, the triangular area Wp 

under the load-deflection curve represents the real work done on the 
structure by load P. 

Asa result of the real work done by P, strain energy Upof equal mag­
nitude is stored inbarAB. Using Equation 10.7, we can express this 
strain energy as 

(10.19) 


A plot of the strain energy stored in the bar as a function of the bar force 
Fp and the elongation ALp of the bar is shown in Figure 1O.6c. In accor­
dance with the conservation of energy, Wp equals Up, so the shaded areas 
Wpand Up underthe sloping lines in Figure 1O.6b and c must be equal. 

-We next consider the work done on the strain energy stored in the bar 
by applying in sequence the dummy load Q followed by the rea1load P. 
Figure 1O.6d shows the barforce FQ. the bar deformation ALQ, and the hor­
izontal displacement oQ ofjoint B produced by the dummy load Q. Assum­
ing that the dummy load is applied slowly and increases from zero to its 
final value Q, we can'ex'press the real work WD done by the dummy load as 

WD = !QoQ (10.20a) 

The load-deflection curve associated with the dummy load is shown 
in Figure 10.6e. The triangular area under the sloping line represents the 
real work WD done by _the dummy load Q. The corresponding strain 
energy UD stored in the bar as it elongates is equal to 

UD = !FQ b.LQ (l0.20b) 

. Figure 10.61 shows the sirainenergy stored in the structure due to the 
elongation of bar AB by the dummy load. In accordance with the princi­
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pIe of conservation of energy, WD must equal VD' Therefore, the cross­
hatched triangular areas in Figure lO.6e andfare equal. .j 

With the dummy load in place we now imagine that the real load P is 
applied (see Fig. W.6g). Because we assume that behavior is elastic, the 
prlnc.iple of superposition requires that the final deformations, bar forces, 
reactions, and so forth (but not the work or the strain energy, as we will 
shortly establish) equal the sum of those produced by Q and P acting 
separately (see Fig. lO.6a and d). Figure lO.6h shows the total work WI 
done by forces Q and P as point B displaces horizontally an amount SI = 
Sa + Sp. Figure lO.6i shows the total strain energy VI stored in the struc­
ture by the action of forces Q and P. 

To clarify the physical significance of virtual work and virtual strain 
energy, we subdivide the areas in Figure lO.6h and i that represent the 
total work and total strain energy into the following three areas: 

1. Triangular areas WD and VD (shown in vertical crosshatching) 
2. Triangular areas Wp and Vp (shown in horizontal crosshatching) 
3. Two rectangular areas labeled WQ and UQ 

Since WD VD. Wp = Vp• and Wt Vt by the principle of conservation 
of energy. it follows that the two rectangular areas WQ and VQ' which rep­
resent the external virtual work and the virtual strain energy, respectively, 
must be equal, and we can write 

WQ = (10.17)VQ 

As shown in Figure 10.6h. we can express WQ as 

WQ =Q8p (lO.21a) 

where Q equals the magnitude of the dummy load and Sp the displace­
ment or component of displacement in the direction of Q produced by 
the P-system. As indicated in Figure W.6i, we can express VQ as 

(l0.21b) 

Where FQ is the bar force produced by the dummy load Q and ALp is the 
change in length of the bar produced by the P-system. 

Substituting Equations 10.21a and 10.2Ib into Equation 10.17, we 
can write the virtual work equation for the one-bar truss as 

(10.22) 

• 

By adding summation signs to each side of Equation 10.22, we produce 
Equation 10.23, the general virtual work equation for the analysis of any 
type of truss. . 

(10.23) 
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The summation sign on the left side of Equation 10.23 indicates that in cer­
tain cases (see Example 10.8, for example) more than one external Qforce 
contributes to the virtual work. The summation sign on the right side of 
Equation 10.23 is added because most trusses contain more than one bar. 

Equation 10.23 shows that both the internal and external forces are 
supplied by the Qsystem and that the displacements and deformations of 
the structure are supplied by the P system. The term virtual signifies that 
the displacements of the dummy load are produced by an outside effect 
(Le., the P system). 

When the bar deformations are produced by load, we can use Equation 
_10.8 to express the bar deformations /1Lp in terms of the bar force Fp and 
the properties of the members. For this case we can write Equation 10.23 as 

"2F FpL (10.24)
Q AE 

We will illustrate the use of Equation 10.24 by computing the deflec­
-tion of joint B in the simple two-bar truss shown in Example 10.2. Since 
the direction of the reslilt:an:t displacement at B is unknowIl, we uo nol know 
how to orient theduinmy load to compute it. Therefore, we will carry out 
-the analysIs in two separate computations. First, we compute the com:­
ponent of displacement in the x direction, using a horizontal dummy load 
(see Fig. 1O.7b). Then we compute the y component of disp~~ceJ:l1ent, 
using a vertical dtiinIl1yload (see Fig. 10.7c). If we wish to estabii"sh"the 
magnitude and direction of the actual displacement, the components can 
be combined by vector addition. 

EXAMPLE 10.2 Under the action of the 30-kip load, joint B of the truss in Figure 1O.7a 
displaces to B' (the deflected shape is shownby the dashed lines). Using 
virtual work, compute the components of displacement of joint B. For all 
bars,A ::;:: 2 in2 and E 30,000 kips/in2. 

-Solut'io-11 
To compute the horizontal displacement 8x of joint B, we apply a dummy 

-load of 1 kip horizontally at B. Figure lO.7b shows the reactions and bar 
forces FQ produced by the dummy load. With the dummy load in place, 
we apply the real load of 30 kips to joint B (indicated by the dashed 
arrow). The 30-kip load produces bar forces Fp , which deform the truss. 
Although both the dummy and the real loading now act on the structure, 
for clarity We show the forces and deformations produced by the real 
load, P = 30 ldps, separately on the sketch in Figure 10.7a. With the bar 
forces established, we use Equation 10.24 to compute 8x : 

• • '.'.j~ •~ 
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. 5 50(20 X 12) + (-i3) (-40)(16 X 12) 
(1 kip) (5x) ="3 2(30,000) 2(30,000) 

5x = 0.5 in -+ Ans. 

To compute the vertical displacement 8y of joint B, we apply a dummy 
load of 1 kip vertically at joint B (see Fig. 1O.7c) and then apply the real 
load. Since the value of FQ in bar AB is zero (see Fig. 10.7c), no energy 
is stored in that bar and we only have to evaluate the strain energy stored 
in bar Be. Using Equation 10.24, we compute 

(10.24) 

. (-1)(-40)(16 X 12) .. 
(1 kip)(5y ) =. 2(30,000) = 0.128 In -1- Ans. 

As you can see, if a bar is unstressed in either the P system or the Q sys­
tem, its contribution to the virtual strain energy stored in a truss is zero. 

NOTE. The use of a I-kip dummy load in Figure 1O.7b and c was arbi­
trary,and the same results could have been achieved by applying a dummy 
force of any value. For example, if the dummy load in Figure 1O.7b were 
doubled to 2 kips, the bar forces Fa would be twice as large as those 
shown on the figure. When the forces produced by the 2-kip dummy are 
substituted into Equation 10.24, the external work-a direct function of 
Q-and the internal strain energy-a direct function of FQ-will both 
double. As a result, the computation produces the same value of deflec- . 
tion as that produced by the I-kip dummy. 

Positive vitues of 5x and 5y indicate that both displacements are in the 
same direction as the dummy loads. If the solution of the virtual work equa- . 
tion produces a negative value of displacement, the direction of the dis­
placement is opposite in sense to the direction of the dummy load. There­
fore, it is not necessary to guess the actual direction of the displacement 
being computed. The direction of the d~lmmy force may be selected arhi­
trarily, and the sign of the answer will automatically indicate the correct 
direction of the displacement. A positive sign signifies the displacement 
is in the direction of the dummy force; a negative sign indicates 'the dis­
placement is opposite in sense to the direction of the· dummy load. 

To evaluate the expression for virtual strain energy (FoFpL)/(AE) on 
the right side of Equation 10.24 (particularly when a truss is composed 

i. 

30 kips 

t-12'-1 
40 kips 40 kips 

(a) 

B 

(/» 

Q= 1 kip 

tl kip 

(c) 

Figure 10.7: (a) Real loads (P-system produc­
ing bar forces Fp). (b) Dummy load (Q-system 
producing F12 forc6s)us(!d to compute the hori 
zontal displacement of B. The dashed arrow indi­
cates the actual load that creates the forces Fp 

shown in (a). (e) Dummy load (Q-system) used to 
compute the vertical displacement of B. 

[continues on next page1 
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X AMP L E 1 0 . '3 Compute the horizontal displacement 8" of joint B of the truss shown in 
Figure 10.8a. Given: E = 30,000 kips/in2, area of bars AD and Be = 5 
in2; area of all other bars = 4 in2• ' 

A 

1 Solution 
The Fp bar forces produced by the P system are shown in Figure 1O.8it, 
and the FQ bar forces and reactions produced by a dummy load of 1 kip 
directed horizontally at joint B are shown in Figure 10.8b. Table 10.1 
lists the termsrequired to evaluate the strain energy UQgiven by the right 
side of Equation 10.24. Since E is constant, it is factored out of the sum­

P = 60 kips 
mation and not included in the table. 

1-..- 20'~--":~-

(a) 

TABLE 10.1 

Fa Fp L .A FoFpLIA 
c Member kips kips ·ft in2 kips2·ft/in2 

(1) (2) (3) (4) (5) (6) 

120 kips 

A 

1- kiP 

(b) 

Figure 10.8: (a) P system actually loads; (b) Q 
system, 

• 


AB +1 +80 20 4 +400 
BC 0 +100 25 5 0 
CD 0 -80 20 4 0 
AD -45 100 25 5 +625 
BD 0 -60 15 4 0 

= 1025 

• 


Example 10.2 continues . .. 
. . 

of many bars), many engineers use a table to organize the computations 
(see Table 10.1 in Example 10.3). Terms in columns 6 of the Table 10.1 
equal the product of FQ' Fp , and L divided by A. If this product is divided 
by E, the strain energy stored in the bar is established. 

The total virtual strain energy stored in the truss equals the sum of the 
terms in column 6 divided by E. The value of the sum is written at the bot­
tom of column 6. IfE is a constant for all bars, it can be omitted from the 
summation and then introduced in the final step of the deflection compu­
tation.lfthe value ofeither FQ or Fpfor any bar is zero, the strain energy 
in that bar is zero, and the bar can be omitted from the summation. 

If several displacement components are required, more columns for FQ 

produced by other dummy loads are added to the table. Extra columns for 
Fp are also required when deflections are computed for several loadings. 
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Substituting'1.F# p VA = 1025 into Equation 10.24 and ,multiplying 
the right side by 12 to convert feet to inches give 

FpL 1 FpL 
(10.24)'1.Qa p = '1.FQAE= E'1.FQA 


. 1 

1 kip((\) = 30,000 (1025)(12) 


ax = 0041 in ~ Ans. 


Truss Deflections Produced by Temperature 
and Fabrication Error 

As the temperature of a member varies, its length changes. An increase 
in temperature causes a member to expand; a decrease in temperature 
produces a contraction. In either case the change in length IlLtemp can be 
expressed as 

ALtemp == a AT L . (10.25) 

where a = coefficient of thermal expansion, in/in per degree 
AT = change in temperature 

L = length of bar 

To compute a component of joint deflection due to a change in temper­
ature of a truss, first we apply a dummy load. Then we assume that the 
change in length of the bars produced by the temperature change occurs. As 
the bars change in length and the truss distorts, extemal virtual work is done 
as the dummy load displaces. Internally, the change in length of the truss 
bars results in a change in strain energy UQ equal to the product of the bar 
forces FQ (produced by the dummy load) and the deformation A4mp of the 
bars. The virtual work equation for computing a joint displacement can be I· 

established by suljstituting AI..r.emp for IlLp in Equation 10.23. I 

IA change in bar length ALfabr due to a fabrication error is handled in 
exactly the same manner as a temperature change. Example lOA illus­ I 
trates the computation of a component of truss displacement for both a I 
temperature change and a fabrication error. I 

If the bars of a truss change in length simultaneously due to load, tem­
perature change, and a fabrication error, then IlLp in Equation 10.23 is I 
equal to the sum of the various effects; that is, 

FpL
ALp = -+ a AT L + AL fabr (10.26)

AE 

• '.'-.;L ........ --. • 




____ _ _ 

• • 

.. 


368 Chapter 10 Work-Energy Methods for Computing Deflections 

-.~---
__ ".f" ____~ ___ .. 

When ALp given by EqmltionlO.26is substituted into Equation 10.23, 
the general form of the virtual work equation for trusses becomes 

FpL )
~Q8p = ~FQ ( AE + a aT L + aLfabr (10.27) 

EXAMPLE 10.4 


Figure 10.9: (a) Truss; (b) Q system; (e) dis­
placement of joint B produced by changes in 
length of bars; (d) for small displacements. the free 
end initially moves perpendicular to the bar's axis. 

B 

1 kip 

\..-- 15' ---..J 
(a) 

• 


For the truss shown in Figure IO.9a, determine the horizontal displa,ce­
ment 8x of joint B for a 60°F increase in temperature and the following 
fabrication errors: (1) barBC fabricated 0.8 in too short and (2) bar AB 
fabricated 0.2 in too long. Given: a = 6.5 X 10-6 in/in per OF. 

Solution 
Because the structure is determinate, no bar forces are created by either 
a temperature change or a fabrication error. If the lengths of the bars 
change, they can still be connected to the supports and joined together at 
B bya pin. For the conditions specified in this example, bar AB will elon­
gate and bar BC will shorten. Ifwe imagine that the bars in their deformed 
state are connected to the pin supports at A and C (see Fig. 10.9c), bar 
AB will extend beyond point B a distance aLAB to point c and the top of 
bar BC \\'ill be located adistance aLBC below jointB at point a.If the 
bars are rotated about the pins, tbeuppereMs ofeach bar will move on 
the arcs of circles that intersect at B'. The deflected position of the truss 
is shown by the dashed lines. Since the initial displacement of each bar 
is directed tangent to the cirde, we can assume for small displacements 
that the bars, initially move in the direction of the tangent lines (i.e., per­
pendicular to the radii). For example, as shown in Figure 1O.9d in the 
region between points 1 and 2, the tangent line and the arc coincide closely. 

B 
Q 

: '-

l1kiPS t1kips 

(b) (e) (d) 

• 
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Changes in length of bars due to temperature increase: 

tJ.L temp = a(tJ.T)L (10.25) 

Bar AB: tJ.L temp = 6.5 X 10-6(60)25 X 12 = 0.117 in 

Bar Be: tJ.L temp = 6.5 X 10-6(60)20 X 12 = 0.094 in 

To determine Ox, we first apply a dummy load of 1 kip at B (Fig. 1O.9b) 
and then allow the specified bar deformations to take place. Using Equa­
tion 10.27, we compute 

2:.Qop = 2:.FQ tJ.'£p = 2:.FQ (tJ.Ltemp + tJ.Lfabr ) 

(1 kip) (ox) = i(0.117 + 0.2) + (-~)(0.094 -0.8) 

Ox = 1.47 in -t Ans. 

Computation of Displacements Produced 
by Support Settlements 

Structures founded on compressible soils (soft clays or loose sand, for 
example) often undergo significant settlements. These settlements can pro­
duce rotation of members and displacement ofjoints. If a structure is deter­
minate, no internal stresses are created by a support movement because the 
structure is free to adjust to the new position of the supports. On the other 
hand, differential support settlements can induce large internal forces in 
indeterminate structures. The magnitude of these forces is a function of 
the member's stiffness. 

Virtual work provides a simple method for evaluating both the dis­
placements and rotations produced by support movements. To compute a 
displacement due to a support movement, a dummy load is applied at the 
point and in the direction of the desired displacement. The dummy load 
together with its reactions constitute the Q system. As the structure is sub­
jected to the specified support movements, external work is done by both 
the dummy load and those of its reactions that displace. Since a support 
movement produces no internal distortion of members or structural ele­
ments if the structure is determinate, the virtual strain energy is zero. 

Example 10.5 illustrates the use of virtual work to compute joint dis­
placements and rotations produced by the settlements of the supports of 
a simple truss. The same procedure is applicable to determinate beams 
and frames. 

Inelastic Behavior 

The expression for strain energy given by the right side of Equation 10.24 
is based on the assumption that all truss bars behave elastically; that is, the 
level of stress does not exceed the proportional limit u PL of the material. 
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EXAMPLE 10.5 

Figure 10.10: (a) Deflected shape (see dashed 
line) produced by the movement of support A (no 
Fp forces created); (b) Q system to compute the 
horizontal displacement of joint B; (c) Q system 
to compute the rotlltiQn of bar Be. 

B' 
1\ 
I \ 
I \. 
I \ 1

20'I \ 
I \ ' Fp=O I . f:) 

I \ 
I \ 
I \ 
I c 

j 
1---1+----15' --...,.1 

(a) . 

....... 


To extend virtual work to trusses that contain bars stressed beyond the 
proportional limit in.to the inelastic region. we must have the stress-strain 
curVe of the material. To establish the axial deformation of a bar, we 
compute the stress in the bar, use the stress to establish the strain, and 
then evaluate the change in length DLp using the basic relationship 

tlLp = EL (10.28) 

Example 10.6 illustrates the procedure to calculate the deflection of a 
joint in a truss that contains a bar stressed into the inelastic region. 

If support A of the truss in Figure 10.10a settles 0.6 in and moves to the 
left 0.2 in, determine (a) the horizontal displacement Sx of joint B and 
(b) the rotation () of bar Be. 

Solution 
(a) To compute Sx, apply a I-kip dummy load hQrizontally at B (see Fig. 

10.1Ob) and compute all reactions. Assume that the support movements 
occur, evaluate the external virfual work, and equate to zero. Since no 
Fp bar forces are produced by the support movement, Fp =0 in Equa­
tion 10.24, yielding 

-:£QSp = 0 

(1 kip)(SJ + 1(0.2 in) + 1(0.6 in) = 0 

Sx = -1 in Ans. ' 

The minus sign indicates Sx is directed to the left. 

B B 
Q= 1 kip 

lkip 
1 ki 

20 P 

t 
1 ki 

15 P 151 ki p 

(b) (e) 

• 

3'4ki ps 
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(b) To compute the rotation {} of member BC, we apply a dummy load of 
1 kip·ft to bar BC anywhere between its ends and compute the support 
reactions (see Fig. 10.l0c). As the support movements shown in Figure 
10.lOa occur, virtual work is done by both the dummy load and the 
reactions at those supports that displace in the direction of the reac­
tions. In accordance with Equation 10.2, the virtual work produced by 
a unit moment MQ used as a dummy load equals MQO. With this term 
added to WQ and with UQ 0, the expression for virtual work equals 

WQ }:,(Q5p + MQ{}p) = ° 
Expressing all terms in units of kips·in (multiply MQ by 12) gives 

1(12)({}p) - ts(0.6) - ~(0.2) 0 

(}p == 0.00417 rad Ans. 

To verify the computation of {} for bar BC, we can also divide ax by 
20 ft: 

ax 1 in 
Op = L = [20(12)] in = 0.00417 rad 

Section 10,5 VIrtual Work: Trusses 371 

I. 

Compute the vertical displacement 5)1 of joint C for the truss shown in 
Figure 10.l1a. The truss bars are fabricated from an aluminum alloy 
whose stress-strain curve (see Fig. 1O.llc) is valid for both uniaxial ten­
sion and compression. The proportionallirnit, which occurs at a stress of 
20 kips/in2, divides elastic from inelastic behavior. Area of bar AC = 1 
in2, and area of bar BC 0.5 in2• In the elastic region E = 10,000 kips/in2. 

E X A MP·l E 1 O. 6 

strain. e (in/in) 

Figure 10.11: (ei) P system shOWIng bar forces 
Fp; (b) Q system showing FQ bar forces; (e) stress­
strain curve (inelastic behavior occurs when 
stress exceeds 20 kips/in2). 

r 
, ,A 

.1.t-15' 15'-1 
10 kips 10 kips 

(a) (b) (e) 

[continues on next page] 
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Example 10.6 continues . .. 	 Solution 
The P system with the Fp forces noted on the bars is shown in Figure 
10.11a. The Q system with the FQ forces is shown in Figure 1O.llb. To 
establish if bars behave elastically or are stressed into the inelastic region, 
we compute the axial stress and compare it to the proportional limit stress. 
. For bar AC, 

UAC = 
Fp 
-
A 

12.5 
=.-. ­

1 
12.5 kipsjin2 < uPL behavior elastic 

Using Equation 10.8 gives 

FpL 12.5(25 x 12) . 
6.LAC = AE = 1 (10,000) = 0.375 III 

For bar BC, 

F 12.5 
UBC = A= 0.5 

= 25.0 kipsjin2 > up! bar stressed into inelastic region 

To compute 6.Lp , we use Figure lO.lle to establish E. For U = 25 ksi, 
we read E = 0.008 in/in. 

6.LEc = EL == '-{).008(25 X 12) =-2.4 in (shortens) Ans. 

Compute liy, using Equation 10.23. 

(1 kip)(liy) = "2FQ 6.Lp 

liy = (-i) (-2.4) + (-i) (0.375) 

= 1.27 in .J, Ans. 

~im!4§!_M~ fi\!!lk!too.~~__,.."",,,",,, ....___... .............. 	 ...mllllll'¥W!'''
...... ,_...... ,,,,, 	 __________......_","'''''''Ps 

EXAMPLE 10.7 Determine the horizontal displacement licx of joint C of the truss in Fig­
ure 1 0.12a. In addition to the 48-kip load applied at joint B, bars AB and 

• 


'Be aresubjededto atelllperature change 6.T of +100°F [a = 6.5 X 
10-6 in/in/OF)], bars AB and CD are each constructed ~ in too long, and 
support A is constructed hn below point A. For all bars A = 2 in2 and E == 
30,000 kips/in2. How much should bars CD and DE each be lengthened 
or shortened if the net horizontal displacement at joint C is to be zero 
after the various actions listed above occur? 

• .."".- - •' 
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c 	 c 

downward 2.: }--lS' .!. 15'-1 lfkiPS tfkiPssettlement 	 S 

32 kips 32 kips 

(a) 	 (b) 

1 
,. Q;;; 1 kip 

4 

Dl 
' -"3 

p ;;;48 kips D 

4
-"3 

-24 -1 
1 kip 

Figure 10.12: (a) Truss with Fp forces shown on bars (P system); (b) bar forces FCJ and reactions pro­
duced by dummy load of 1 kip at joint C (Q system). 

Solution 
Apply a dummy load of 1 kip horizontally at C, as shown in Figure 
10.12b, and compute the bar forces FQ and the reactions. With the dummy 
load in place, the 48-kip load is applied at B and the support settlement at 
A, and the changes in bar lengths due to the various effects are assumed 
to occur. The support settlement produces external virtual work; the load, 
temperature change, and fabrication errors create virtual strain energy as 
bars stressed by FQ forces deform. The virtual strain energy will be zero 
in any bar in which FQ is zero or in which the change in length is zero. 
Therefore, we only have to evaluate the virtual strain energy in bars AB, 
AE, CD, and Be using Equation 10.27. 

FpL 	 )
l:.Q8p = 	l:.FQ ( AE + a AT L + ALfabr (10.27) 

4 5 40(25 X 12) 	 3],(3)
(1 kip )(acx) + "3 kips '5 ="3 kips 2(30,000) + 6.5 X 1O-6(~021~25 X 12) + '4 	 I.,;'''' 

,[(-24)(30 X 12)] (4 )(3) 5 
- (1 kip) 2(30,000) + -"3 kips '4 + "3 kips [6.5 X 10-6(100)(25 X 12)] 

! 

, kM kW kOC 

SCx': 0.577 in to the right ADS. ­
[continues on next page] 

·a:·,z ...... __ 
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Example 10.7 continues . .. Compute the change in length of bars DE and CD to produce zero hori­
zontal displacement at joint C. 

'LQ8 p = 'LFQ IlLp (10.23) 

1 kip(~0.577 in) = -~ (IlLp) 2 

ilLp = 0.22 in ADS. 

Since ilL is positive, bars should be lengthened. 

EXAMPLE 10.8 


(b) 

Figure 10.13: (a) P system with bar forces Fp; 
(b) Q system with FQ forces shown on bars. 

• 


(a) Determine the relative movement between joints Band E, along the 
diagonal line between them, produced by the 60-kip load at joint F 
(see Fig. 10. 13a). Area of bars AF, FE, and ED = 1.5 in2, area of all 
other bars = 2 in2, and E 30,000 kips/inl. 

(b) Determine the venical deflection of joint F produced by the 60-kip 
load. 

(c) If the initial elevation of joint F in the unstressed truss is to be 1.2 in 
above a horizontal line connecting supports A and D, determine the 
amount each bar of the bottom chord should be shortened. 

Solution 
(a) To determine the relative displacement between joints Band E, we 

use.a dummy load consisting of two I-kip collinear forces at joints B 
and E, as shown in Figure 1O.13b. Since E is a constant for all bars, 
.it can be factored out of the summation on the right side of Equation 
10.24, producing 

FpL 1 FpL 
'LQ8 p = 'LFQ AE = "E'LFQT (10.24) 

where the quantity 'LFQ(FpUA) is evaluated in column 6 of Table 10.2. 
Substituting into Equation 10.24 and expressing units in kips and 
inches yield 

1 kip(8d + 1 kip(S2) = 30,~00 (37.5)(12) 

Factoring out 1 kip on the left side of the equation and letting 8, + 
aRe! give .82 

8Re! =81 + 82 = 0.015 in ADS. 

Since the sign of the relative displacement is positive, joints B and E 
move toward each other. In this example we are not able to establish 
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..•...!~.~.~~..~.~:~......................................................................................:.........:.......................................................................................................... 
II L L 

Fa Fp LA, FaFp A FP'A 
Member kips kips ft in2 (kips2·ft)/in2 (kips2·ft)/in2) 

(1 ) (2) (3) (4) (5) (6) '(7) 

• 


AB 0 -50 25 2 0 31.250 
BC -! -30 15 2 +135 6,750 
CD 0 -25 25 2 0 7.812.5 
DE 0 + 15 15 1.5 0 2,250 
EF ;! + 15 15 1.5 -90 2,2505 
FA 0 +30 15 1.5 0 9,000 
BF -~ +40 20 2 -320 16,000 
FC +1 +25 25 2 +312.5 7,812.5 
CE -% 0 20 2 0 0 

L 
2:,FaFp A +37.5 2:,F2L 

83,125PA 

the absolute values of 81 and l)2 because we cannot solve for two 

unknowns with one equation. To compute 81> for example, we must 

apply a single diagonal dummy load to joint B and apply the virtual 

work equation. 


(b) To determine the vertical deflection of joint F produced by the 60-kip 
load in Figure 10.13a, we must apply a dummy load at joint F in the 
vertical direction. Although we typically use a I-kip dummy load (as 
previously discussed in Example 10.2), the magnitude of the dummy 
load is arbitrary. Therefore, the actual60-kip load can also serve as the 
dummy load, and the truss analysis for the P system shown in Figure 
10.13a also supplies the values of FQ' Using Equation 10.24 with FQ = 
Fp, we obtain 

1 L 

2:,Q8p = 2:,FQ AE = E 2:,F~A 


where 2:,F} (UA), evaluated in column 7 of Table 10.2, equals 83,125. 

Solving for 8p gives 


608p = 30,600 (83,125)(12) 

8p = 0.554 in ,j" Ans. 

(c) Since the applied load of 60 kips in Figure 1O.13a ads in the vertical 
direction, we can use it as the dummy load to evaluate the vertical dis­
placement (camber) of joint F due to shortening of the botto~ chord [continues on next page] 
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Example 10.8 continues . .. 	 bars. Using Equation 10.23, in which !J..Lp represents the amount each 
of the three lower chord bars is shortened, we find for 0 p = -1.2 in 

'2.Qop = '2.FQ !J..L 

(60 kips) 1.2) (30 kips)(!J..Lp) + (15 kips)(!J..Lp) 

. + (15 kips) (!J..Lp) 

!J..Lp = -1.2 in Ans. 

A negative L2 in is used for op on the left-hand side of Equation 10.23 
··because the displacement of the joint is opposite in sense to the 60-kip load. 

P 

A dx11B 
-_ Mp 

~~~-----~---------~ 
(a) 

Q= 1 kip 

Q 

r-x~ t 
QA 	 QD 

(b) 

N.A. j 
(c) 

Figure 10.14: (a) P system; (b) Q system with 
dummy load at C; (c) infin.itesimal element; de 
produced by Mp. 
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!~~b.6 Virtual Work: Beams and Frames 
L;:";"x/d:X"" 

Both shear and moment contribute to the deformations ofbeams. How­
ever, because the deformations produced by shear forces in beams of 
normal proportions are small (typically, less than 1 percent of the flex­
ural deformations), we will neglect them in this book (the standard prac­
tice of designers) and consider only deformations produced by moment. 
If a beam is deep (the ratio of span to depth is on the order of 2 o(3), or 
if a beam web is thin or constructed from a material (wood, for example) 

.. with a low shear modulus, shear deformations may be significant and 
should be investigated. . 

The procedure to compute a deflection component of a beam by vir­
. tual work is similar to that for a truss (except that the expression for strain 
energy is obviously different). The analyst applies a dummy load Qat the 
point where the deflection is to be evaluated. Although the dummy load 
can have any value, typically we use a unit load of 1 kip or 1 kN to com­
pute a linear displacement and a unit moment of 1 kip'ft or 1 kN'm to 
compute a rotational displacement. For example, to c;ompute the deflec­
tion at point C of the beam in Figure 10.14, we apply a I-kip dummy 
load Q at C. The dummy load produces a moment MQ on a typical infin­
itesimal beam element of length dx, as shown in Figure 10.14h. With the 
dummy load in· place, the real loads (the P system) are applied to the 
beam. The Mp moments produced by theP system bend the beam into its 
equilibrium position, as shown by the dashed line in Figure 1O.14a. Fig­
ure 1O.14c shows a short segment of the beam cut from the unstressed 
member by two vertical planes a distancedxapart. The element is located 
a distance x from support A. As the forces of the P system increase, the 
sides of the element rotate through an angle dO. because of the Mp moments. 
Neglecting shear deformations, we assume that plane sections before 
bending remain plane after bending; therefore, longitudinal deformations 

• 
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of the element vary linearly from the neutral axis of the cross section. 
Using Equation 9.13, we can express dO as 

dx 
dO = Mp EI 	 (9.13) 

• As the beam deflects, external virtual work WQ is done by the dummy 
load Q (and its reactions if supports displace in the direction of the reac­
tions) moving through a distance equal to the actual displacement 8 p in 
the direction of the dummy load, and we can write 

(10.20) 

Virtual strain energy dUQ is stored in each infinitesimal element as 
the moment MQ moves through the angle dO produced by the P system; 
thus we can write 

(10.14) 

To establish the magnitude of the total virtual strain energy UQ stored in 
the beam, we must sum-typically by integration-the energy contained 
in all the infinitesimal elements of the beam. Integrating both sides of 
Equation 10.14 over the length L of the beam gives 

UQ = r=L MQ' dO (10.29) 
x=o 

Since the principle of conservation of energy requires that the exter­
nalvirtual work WQ equal the virtual strain energy UQ, we can equate WQ 
given by Equation 10.20 and UQ given by Equation 10.29 to produce 
Equation 10.30, the basic virtual work equation for beams 

'2-Q8p ::;: i~~L MQ dO 	 (10.30) 

or using Equation 9.13 to express dO in terms of the moment Mp and the 
properties of the cross section, we have 

X=L Mp dx 
,%Q8p = f MQE!' 00.31) 

x=o 

where Q == dummy load and its reactions 
Dp = actual displacement or component of displacement in 

direction of dummy load produced by real loads (the P 
system) 

MQ = moment produced by dummy load 

Mp = moment produced by real loads 


E .== modulus of elasticity 
I 	 == moment of inertia of beam's cross section with respect to 

an axis through centroid 

.....~.- - • 	 • 
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If a unit moment QM = 1 kip·ft is used as a dUrnn1Y load to establish 
the change in slope (Jp produced at a point on the axis of a beam by the 
actual loads, the external virtual work WQ equals QAlJp and the virtual 
work equation is written as . 

X=L Mp dx 
(10.32)'LQAlJp = .<=0 MQEI­J 

To solve Equation 10.31 or 10.32 for the deflection Sp or the change 
in slope Op, the moments MQ and Mp must be expressed as a function of 
x, the distance along the beam's axis, so the right side of the virtual work 
. equation can be integrated. If the cross section of the beam is constant 
along its length, and if the beam is fabricated from a single material whose 
properties are uniform, EI is a constant. 

Alternate Procedure to Compute Ua 
As 	an alternate procedure to evaluate the strain energy terms on the 
right-hand side of Equation 10.32 for a variety of MQ and Mp diagrams 
of simple geometric shapes and for members with a constant value of EI, 
a graphical method entitled "Values of Product Integrals" is provided on 
the back inside cover of the text. 

That is, 

(10.33) 

where C = constant listed in product integrals table 
Ml 	= magnitude ofMQ 
M3 	= magnitudeof Mp 

L = length of member 

Note: 
1. 	 For the case of trapezoidal moment diagrams. two additional values 

'of end moments M2 andM4 are required to define the shape of the 
moment diagrams of MQ and Mp. respectively. 

2. 	 When the maximum value of moment Mp occurs between ends, see 
the values of the product integrals in row 5. 

This procedure, together with the c1asskal methods of integration, is 
illustrated in Examples 10.10 and 10.11. 

If the depth of the member varies along the longitudinal axis or if the 
properties of the material change with distance along the axis, then EI is 
not a constant and must be expressed as a function of x to permit the inte­
gral for virtual strain energy to be evaluated. As an alternative to inte­
gration, which may be difficult, the beam may be divided into a number 
of segments and a finite summation used. This procedure is illustrated in 
Example 10.16 . 

• 
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In the examples that follow, we will use Equations 10.31·, 1O.3Z, and 
10.33 to compute the deflections and slopes at various points along the 
axis of determinate beams and frames. The method can also be used to 
compute deflections of indeterminate beams after the structure. is analyzed. 

EXAMPLE 10.9Using virtual work, compute (a) the deflection 5B and (b) the slope 0B at 
the tip of the unifonnly loaded cantilever beam in Figure 1O.15a. EI is 
constant. 

Solution 
(a) To compute the vertical deflection at B, we apply a dummy load of 1 

. kip vertically at point B (see Fig. 1O.15b). The moment MQ, produced 
by the dummy load on an element of infinitesimal length dx located 
a distance x from point B, is evaluated by cutting the free body shown 
in Figure 1O.15d. Summing moments about the cut gives 

~I'-------L------~,IMOo (1 kip)(x) = xkip·ft (1) 
(a) 

In this computation we arbitrarily assume that the moment is positive Q = 1kip 

when it acts counterclockwise on the end of the section. 
With the dummy load on the beam, we imagine that the uniform 

load w (shown in Figure 10. 15a) is applied to the beam~the uniform .. A 

load and the dummy load are shown separately for clarity. The dummy (b) 
load, moving through a displacement 5B, does virtual work equal to 

WOo = (1 kip)(5B) 

We evaluate Mp , the moment produced by the uniform load, with the 
free body shown in Figure 10.15c. Summing moments about the cut, 
we find 

2
X wx

Mp= wx-=- (2) 	
(c)2 2 

Substituting MOo and Mpgiven by Equations 1 and 2 in to Equation 
10.31 and integrating, we compute 5B• 

WOo = UQ 

IL Mp dx (L wx2dx 
'2.Q5 p = MOo-- = 	 (d) 

o EI J x ZEI o 	 Figure 10.15: Ca) P system; (b) Q system for 
computation of 8B; (c) free body to evaluateMp ; 

1 ki (5 ) = ~ [X4]L (d) free body to evaluate MQ required for compu­
P B 2EI 4 0 tation of 8B 

WL4 


5B = 8EI ,!.. Ans~ 

[continues on next page] 
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 • 
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Example 10.9 cpntinues ... 

QM= 1 kip.ft 

reb: B I 
I-x~~ 

(e) 

V 1 kip.ft 

d-.~Ji;>'~j 
MQ=l I-x~ 

(f) 

Figure 10.15: (e) Q system for computation of 
iJo; (f) free bQdy to evaluate MQ for computation 
ofe. ' . ,.8 

(b) To compute the slope at B, we apply a 1 kip·ft dummy load at B (see 
Fig. 1O.15e). Cutting the free body shown in Figure 10.15f, we sum 

. moments about the cut to evaluate MQ as 

MQ lkip·ft 

Since the initial slope at B was zero before load was applied, 0B, the 
final slope, will equal the change in slope given by Equation 10.32. 

Ans • 

EXAMPLE 10.10 Using the table entitled Values of Product Integrals on the back inside 
cover and Equation 10.33, evaluate the virtual strain energy UQ for the 
uniformly loaded cantilever beam in Example 10.9; see Figure 10.16a. 

Solution 
Evaluate the strain energy for the computation of the vertical deflection 
at point B in Figure 1O.16a. 

1U= E/CMIM3L)Q 
(10.33) 

= ~l[*(-L)( ;L
2 

)(L)] = ;~; Ans. 

Evaluate the strain energy for the computation of the slope at Point B in 
Figure1O.16a. 

'.·t~ ........ • • 


(10.33) 

Ans. 

• 
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MQ = 1 kip.ft 

(e) 

1+----- L ------l 

(a) 

parabola 

(b) 
Q'" 1kip 

(e) 

• • ....."'-

Cd) 

MQ= -1 kip.ft 

(f) 

Figure 1 0.16: Computation of strain energy using 
Product Integrals Table: Ca) P system; Cb) moment 
diagram for the uniformly loaded cantilever beam 
in (a); ee) Q system for deflection at point B; 
Cd) moment diagram produced by the Q system in 
(e); (e) Q system for slope at B; (f) moment dia­
gram forQ system in (e). 

(a) Compute the vertical deflection at midspan 5c for the beam in Figure 
10.17a, using virtual work. Given: EI is constant, I = 240 in4, E = 
29,000 kips/in2. (b) Recompute Oc using Equation 10.33 to evaluate UQ• 

Solution 
(a) In this example it is not possible to write a single expression for MQ and 

Mp that is valid over the entire length of the beam. Since the loads on 
the free bodies change with distance along the beam axis, the expres­
sion for either MQ or Mp at a section will change each time the sec­
tion passes a load in either the real or the dummy system. Therefore, 
for the beam in Figure 10.17, we must use three integrals to evaluate 
the total virtual strain energy. For clarity we will denote the region in 
which a particular free body is valid by adding a subscript to the vari­
able x that represents the position of the section where the moment is 
evaluated. The origins shown in Figure 10.17 are arbitrary. If other 
positions were selected for the origins, the results would be the same, 

[continues on next page] 

- • ....,~- - • 

EXAMPLE 

P = 16 kips. 

12 kips 4 kips 

I.- 5'-1.- --1-<--- 10' ----I 

,I 
Ca) 

Figure 10.17: (a) Real beam (the P system~ 

I 
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Example 10.11 continues . .. 	 only the limits of a particular x would change. The expressions for 
MQ and Mp in each section of the beam are as follows: 

=1 

Segment Origin Range of)( Ma Mp 

1. ki"2"21 ki 
p 

AB ·A 0::;; XJ ::;; 5 ft !XI 12xj 
BC A 5:s;~::;;lOft ~X2 12x2 - 16(x2 5) 
DC D o:s; X3 ::;; 10 ft ~X3 4X3 

p In the expressions for MQ and Mp, positive moment is defined as 
moment that produces compression on the top fibers of the cross sec­

. tion. Using Equation 10.31, we solve for the deflection. 

~ IMQMp dxQBc = £..i 
(b) 	 i=1 E1 

Figure 10.17: (b) Dummy load and reactions 
(the Q system). 

!:' 250 916.666 666.666 
Uc = - + + --'-­

EI EI EI 

1833.33 1833.33(1728) . 
Ans.= EI = 240(29,000) = 0.455 m 

(b) Recompute 8e, using Equation 10.33 (see the product integral in the fifth 
row and fourth column of the table on the overleaf of the back cover). 

( . 

I 
1 [1 (10-5)2]

1· 8e = 29,000(240)' 3" - 6 X 10 X 15 5 X 60 X 20 X 1728 I 

Be 0.455 in Ans • 
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Compute the deflection at point C for the beam shown in Figure 10. 18a. 
Given: EI is constant. 

Solution 
Use Equation 10.31. To evaluate the virtual strain energy UQ• we must 
divide the beam into three segments. The following tabulation sunima­
rizes the expressions for Mp and MQ • 

x 
Segment Origin Range Mp Ma 

m kN'm kN'm 

AB A 0-2 -lOxl 0 
BC B 0-3 -1O(x2 + 2) + 22x2 ~X2 
DC D 0-4 20X3 - 8x3(x312) ~X3 

EXAMPLE 10.12 


• 


-+1---- 3 m---I.I--, 
(a) 

w=8kN/m 

I
i.... •!."'~ 
i~X3-i 

Dy =20kN 

--- 4 m-----l 

I 

Figure 10.18: (a) P system showing the origins 
for the coordinate system; (b) Q system; (c)the 
deflected shape. 

[continues on next page] 

(b) 

(c) 

I 
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Example 10.12 continues . .. Since MQ = 0 in segment AB, the entire integral for this segment will 
equal zero; therefore, we only have to evaluate the integrals for segments 
BCandCD: 


(1 kip)(Ac) Mp dx (10.31)
"" I£.J MQm­

dx

f
4 3 

+ 0"7 x3(20X3 - 4xD EI 

Integrating and substituting the Bmits yield 

A 0' 10.29 73.14 
L.l.c= + EI +-m 

= 83.43 ~ 
EI Ans. 

The positive value of Ac indicates that the deflection is down (in the 
direction of the dummy load). A sketch of the beam's deflected shape is 
shown in Figure 1O.l8c. 

EXAMPLE. 1 0 • 1 3 


1-1.---- L =30'---_-+1 

(a) 


Q= 1 kip 


~,x~ t 
t kip t kiP 

.(b) 

Figure 10.19: (a) Beam .rolled with a constant 
radius of curvature R to produce a l.5-in camber 
at midspan (P system); (b) Q system. . 

•
• 


The beam in Figure 10.19 is to be fabricated in the factory with a con­
stant radius of curvature so that a camber of 1.5 in is created at midspan . 

. Using virtual work, determine the required radius of curvature R. Given: 
Elis constant. 

Solution 
Use Equation 10.30. 

(10.30) 

Since de/dx = lIR and dO = dx/R (see Eq. 9.4) 

1.5 in . 
(see Fig. 10.19b)Op = ----u,- == 0.125 ft 

Substituting de, op, and MQ into Equation 10.30 (because of symmetry 
we can integrate from 0 to 15 and double the value) gives 

( 15 

(lkip}(0.125ft) = 2), ~ ~ 
o 

...,,- • • 
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.. 


Integrating and substituting limits then give 

0.125 225 
2R 

R :::;; 900 ft Ans. 

UHtLr& = 

Under the 5-kip load the support atA rotates 0.002 rad clockwise and set­
tles 0.26 in (Fig. 1O.20a). Determine the total vertical deflection at D due 
to all effects. Consider bending deformations of the member only (i.e., 
neglect axial deformations). Given: I 1200 in4, E = 29,000 kips/in2. 

S.olution 
Since the moment of inertia between points A and B is twice as large as 
that of the balance of the bent member, we must set up separate integrals 
for the internal virtual strain energy between points AB, Be, and DC. 
Figure 10.20b and c shows the origins of the x's used to express MQ and 
Mp in terms of the applied forces. The expressions for MQ andMp to be 
substituted into Equation 10.31 follow. 

X 

Segment Origin Range, Mp, Ma, 
ft kip·ft kip·ft 

AB A ·0-10 -80 + 4Xl -22 + 0.8Xl 
BC B 0-10 -40 + 4X2 -14 + 0.8X2 
DC D 0-6 0 -X3 

EX AMP L E 1 0.1 4 

P =5 kips 

D \. 

I 1 
J 
12' 

8'--1-- 6'--l 
«(I) 

• • • 

1 kip 

Figure 10.20: (a) A 5-kip load produces settle­
. ment and rotation of support· A and bending of 

member ABC; (b) P system [support A also rotates 
and settles as shown in (a)]; (c) Q system with 
dummy load of 1 kip downward at D. 

[continues on neit page](c) 

• 
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Example 10.14 continues . .. Since Mp = 0, the virtual strain energy-the product of MQ and My­
equals zero between D and C; therefore, the integral for UQ does not have 
to be set up in that region. 

Compute 8D using Equation 10.31. Since support A rotates 0.002 rad 
and settles 0.26 in, the external virtual work at A done by the reactions 
of the dummy load must be included in the external virtual work. 

2:~ep + Q8p= 2: IMQ M~:X 
-22(12)(0.002) - 1(0.26) + 1(8D ) 

10 dx 
= [ (-22 + 0.8Xl) (-80 + 4xd -(-) 

'0 	 E 21 

(10 	 dx 
+ 	J (-14. + 0.8xz) (-40 + 4X2) EI 

o 

7800(1728) 	 I
-0.528 0.26 +OD = 1200(29,000) I' 

OD = 1.18 in tAns. 	 I 
_ ... >:w""'__ iIIi1tiii_~.,.'ffl"""_''''''""•• "".l1_U taM"',..Ji""jJ:M""U_;reiJ: ut rMt'"'m~_&a'~nwp.TlT ~ilij .____ .... lIIil1i__ 1'..,;~"". __ ........___... 3. 

EXAMPLE 10.15 


• 


Considering the strain energy associated with both axial load and moment, I 
compute the horizontal deflection of joint C of the frame in Figure 1O.21a. Ii 

Members are of constant cross section with 1= 600 in4, A = 13 inz, and 
E = 29,000 kips/in2. 

Solution 
IDetermine..the internal forces produced by the P and Q systems (see Fig. 

1O.21.b and c). . . 
From A toB, x = Otox = 6 ft: 

Mp == 24·x Fp = +8l9.ps (tension) 

5 kips . 
FQ = +-6- (tensIon) 



• • 

Section 10.6 

From B to C, x = 6 to x 15 ft: 

Mp = 24x 24(x - 6) = 144 kip-ft Fp = 8 kips 

5 kips 
F =-­

Q 6 
P 

FromD to C, x = 0 tox 18 ft: 

Mp = 8x Fp = 0 

. 5 
MQ =-x

6 

Compute the horizontal displacement OCH using virtual work. Consider both 
flexural and axial deformations in evaluating UQ• Only member AC carries 
axial load: 

15 
1 kip,ocH = J6--'------'-_dx_ + 1 x(l44) dx + f18 (5x/6)(8x) dx 

o EI 6 EI 0 . EI 

(5/6)(8)(15 x 12) 
+ AE 

8X 3]6 [72'(2]15 [20X 3dx]18 1200 
= - + -- + +-­[ EI 0 E1 6 9EI 0 AE 

28,296(1728) 1200 
= +---­

600(29,000) 13(29,000) 

= 2.8 in + 0.0032 in round to 2.8 in Ans. 

In the equation above, 2.8 in represents the deflection produced by the 
flexural deformations, and 0.0032 in is the increment of deflection pro­
duced by the axial deformation of the column. In the majority ofstruc­
tures in which deformations are produced by both axial load and flexure, 
the axial deformations, which are very small compared to the flexural 
deformations, may be neglected. 
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c D 

r 

9' 

24 kips 

f+----'-- 18' ----+l.j 

(a) 


C D 


.~/:·N;··, 

1 \-x-t 
8 kips

"24 kips " 

24 kips 

.~ 8 kips 

(b) 

C D 
Q I kip 

\-x-t 
tkiP 

" 

I kip 

(c) 

Figure 10.21: (a) Details of frame; (b) P sys­

tem; (c) Q system. 
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F~1 O:lJ:, Finite Summation 

The structures that we have previously analyzed by virtual work were 
composed of members of constant cross section (Le.,prismatic members) 
or of members that consisted of several segments of constant cross section. 
If the depth or width of a member varies with distance along the member's 
axis, the member is nonprismatic. The moment of inertia I of a nonpris­
matic member will, of course, vary with distance along the member's lon­
gitudinal axis. If deflections of beams or frames containing nonprismatic 
members are to be computed by \'irtual work using Equation 10.31 or 
10.32, the moment of inertia in the strain energy term must be expressed 
as a function of x in order to carry out the integration. If the functional 
relationship forthe moment of inertia is complex,expressing it as a func­
tion of x may be difficult. In this situation, we can simplify the compu­
tation of the strain energy by replacing the integration (an infinitesimal 
summation) by a finite summation. 

In a finite summation we divide a member into a series of segments, 
often of identical length. The properties of each segment are assumed to 
be constant over the length of a segment, and the moment of inertia or any 
other property is based on the area of the cross section at the midpoint of 
the segment. To evaluate the virtual strain· energy UQ contained in the 
member, we sum the contributions of all segments~ We further simplify 
the summation by assuming that moments MQ and Mp are constant over 
the length of the segment and equal to the values at the center of the 
segment. We can represent the virtual strain energy in a finite summation 
by the following equation: 

(10.34) 


where Axn = length of segment 11 

1/1 = moment of inertia of a segment based on area of 
midpoint cross section . 

MQ = moment at midpoint of segment produced by dummy 
load (Q system) . 

Mp = moment at midpoint of segment produced by real loads 
(P system) 

E = modulus of elasticity 
N = number of segments 

Although a finite summation produces an approximate value of strain 
energy, the accuracy of the result is usually good even when a small num­
berof segments (say, five or six) are used. If the cross section of a mem­
ber changes rapidly in a certain region, smaller length segments should be . 
used to model the variation in moment of inertia. On the other hand, if the 
variation in cross section is small along the length of a member, thenuril­

• ...... - - • • • ...... - ­
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ber of segments can be reduced. If all segments are the same length, the 
computations can be simplified by factoring Llxn out of the summation .. 

Example 10.16 illustrates the use of a finite summation to compute 
the deflection of a tapered cantilever beam. 

Using a finite summation, compute the deflection 8B of the tip of the can­ EXAMPLE 10.16 

tilever beam in Figure 10.22a. The 12-m-wide beam has a uniform taper, 

and E = 3000 kips/in2. 


Solution 
Divide the beam length into four segments of equal length (.6.xn = 2 ft)~ 


Base the moment of inertia of each segment on the depth at the center of 

each segment (see columns 2 and 3 in Table 10.3). Values of MQ and Mp 

are tabulated in columns 4 and 5 of Table 10.3. Using Equation 10.34 to 

evaluate the right side of Equation 10.31, solve for aBo 


=WQ UQ 

4 MQMp .6.x~ .6.xll '2: MQMp . (1 ki '(a ) = "Ii;:' ---".=--­
p) B ~ EI E I 

Substituting };,MQMp/l = 5.307 (from the bottom of column 6 in Table 
. ",JO.3), Llxn = 2 ft, and E= 3000 kips/in into Equation 10.34 for UQ gives 

2(12) (5.307) = 2 . 

aB . 3000 0.04 mAns. 


Figure 10.22: (a) Details of tapered beam; 
(b) P system; (c) Q system. 

Section A-A 
(a) 

P=2.4 kips Q =1 kip 

P =2.4 kips 

t 
20" 
L 

B 

• • 

(b) (c) . [continues on ne."Ct page] 
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Example 10.16 continues . .. "I..·!.~~·~~..!g·:~ ..........·....·........··......................-·..·..........·................................................. 


Depth I = bh3112 Ma Mp MaMp(144)/I 
Segment in in4 kip·ft kip·ft kips2/in2 

(1) (2) (3) (4) (5) (6) 

1 13 2197 1 2.4 0.157 
2 15 3375 3 7.2 0.922 
3 17 4913 5 12 1.759 
4 19 6859 7 16.8 2.469 

'" MQMp = 5307
£.. I . 

NOTE. Moments in column 6 are multiplied by 144 to express MQ and 
Mp in kip-inches . 

• 'H .. ••••••••• , ................... oUU .... '+0
n ..d., .u,~i.:t't~..........n ............................................................................ H 


1O.~:";~ Bernoulli's Principle of Virtual Displacements 

.. Bernoulli's principle of virtual displacements, a basic structural theorem, 
is a variation of the principle of virtual work. The principle is used in the­
oretical derivations and can al'Sbbe used to compute the deflection of 
points. on a determinate structure that undergoes rigid body movement, 
for example, a SUppOlt settlement or a fabrication error. Bernoulli's prin­
ciple, which seems almost self-evident once it is stated, says: 

If a rigid body, loaded by a system of forces in equilibrium, is given a 
small virtual displacement by an outside effect, the virtual work WQ 

done by the force system equals zero. 

In this statement a vil1ual displacement is a real or hypothetical dis­
placement produced by an action that is separate from the force system 
acting on the structure. Also, a virtual displacement must be sufficiently 
small that the geometry and magnitude of the original force system do 
not change significantly as the structure is displaced from its initial to its 
final position. Since the body is rigid, U Q = O. . 

In Bernoulli's principle, virtual work equals the product of each force 
or moment and the component of the virtual displacement through which 
it moves. Thus it can be expressed by the equation 

WQ = UQ = 0 

'2:,Qop + '2:,Qm8p = 0 (10.35) 
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where Q = force that is part of equilibrium force system 
Sp = virtual displacement that is collinear with Q 

Qm = moment that is part of eqUilibrium force system 
6p = virtual rotational displacement 

The rationale behind Bernoulli's principle can be explained by con­
sidering a rigid body in eqUilibrium under a coplanar Q force system (the 
reactions are also considered part of the force system). In the most gen­
eral case, the force system may consist of both forces and moments. As 
we discussed in Section 3.6, the external effect of a system of forces act­
ing on a body can always be replaced by a resultant force R through any 
point and a moment M. If the body is in static eqUilibrium, the resultant 
force equals zero, and it follows that 

R=O M=O 

or by expressing R in terms of its rectangular components, 

Rx = 0 Ry = 0 M = 0 (10.36) 

If we now assume that the rigid' body is given a small virtual displace­
ment consisting of a linear displacement AL and an angular displacement 
e, where AL has components Ax in the x direction and Ay in the y direc­
tion, the virtual work WQ produced by these displacements equals 

WQ = Rx Ax + Ry Ay + MO 

Sipce Equation 10.36 establishes that Rx, Ry, and M equal zero in the 
equation above, we verify Bernoulli's principle that 

(l0.36a) 

Example 10.17 illustrates the use of Bernoulli's principle to compute 
linear and angular displacements of an L-shaped beam. 

I 
I 

I 


I 


If support B. of the L-shaped beam in Figure 10.23a settles 1.2 in, deter­ EXAMPLE 10.17 
. mine (a) the vertical displacements Se of point C, (b) the horizontal dis­
placement OD of point D, and (c) the slope ()A at point A. 

Solution 
(a) In this example the beam acts as a rigid body because no internal 


stresses, and consequently no deformations, develop when the beam 

(a determinate structure) is displaced due to the settlement of support 

B. To compute the vertical displacement at C,we apply a I-kip dummy 

load in the vertical direction at C (see Fig. lO.23b). We next compute [continues on next page] 
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Example 10.17 continues . .. 
SD 
H 1D 

5' 

8
A 

!-. .C /-{..... _-r--_ 'S = 1.2/1 1 l! 
-- -.i 1 cB'.--- ..... I ...l 

I. ---+1+-- 4'----...1 
(a) 

D 

A B c 

Q= 1 kip 
(b) 

Q= 1 kip 
D 

1 kip A B C....-­
iii"'c" 

t kip l t kiP t 
(e) 

D 

Q = 1 kip.ft 

A B C 


<', , 

tkiPl tkipt 

(d) 

Figure 10.23: (a) Deflected shape produced by 
the settlement ofsupport B; (b) Q system used to 
compute the deflection at C; (c) Q system used to 
compute the horizontal deflection of D; (d)Q sys­
tem used to compute the slope at A. 

the reactions at the supports, using the equations of statics. The dummy 
load and its reactions constitute a force system in equilibrium-a Q 
system. We now imagine that the loaded beam in Figure 1O.23b under­
goes the support settlement indicated in Figure 1O.23a. In accordance 
with Bernoulli's principle, to determine 00 we equate to zero the sum 
of the virtual work done by the Q system forces . 

WQ = 0 

1 kip(oc) - (% kiPS) (1.2) = 0 

Oc = 1.8 in Ans. 

In the equation above, the virtual work done by the reaction at B is 
negative because the downward displacement of 1.2 in is opposite in 
sense to the reaction of ~ kips. Since support A does not move, its 
reaction produces no virtual work. 

'(b) To compute the.horizontal displacement of joint D, we establish a Q 
. system by applying a I-kip dummy load horizontally at D and com­

puting the support reactions (see Fig. lO.23c). Then 0Dis computed 
..' by subjecting the Q system in Figure lO.23c to the virtualdisplace­

ment shown in Figure 10.23a. We then compute the virtual work and 
set it equal to zero. . .. 

WQ = 0 

1 kip(OD) (% kip ) (1.2) = 0 

OD 0.75 in Ans. 

(c) We compute OA by applying a dummy moment of 1 kip·ft at A (see 
Fig. 10.23d). The force system is then given the virtual displacement 
shown in Figure 1O.23a, and the virtual work is evaluated. To express 
OA in radians, the I kip-ft moment is multiplied by 12 to convert kip~ 
feet to kip-inches. 

WQ =0 

(1 kip-ft) (12)e.{ - (ikiP)1.2= 0 

1 
(JA = 80 rad Ans_ 

lUI 

.a:-);L .......... __ 
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.j:~.9! Maxwell~Betti Law of Reciprocal Deflections 

Using the method o[ rt:a1 work, we will derive the Maxwell,-Betti law of 
reciprocal deflections, a basic structural theorem. Using this theQrem, we 
will establish in Chapter 11 that the flexibility coefficients in compatibil­
ity equations, formulated to solve indeterminate structures of two or more 
degrees of indeterminacy by the flexibility method, forma symmetric 
matrix. This observation permits us to reduce the number of deflection 
computations required in this type of analysis. The Maxwell-Betti law 
also has applications in the construction of indeterminate influence lines. 

The Maxwell-Betti law, which applies to any stable elastic structure 
(a beam, truss, or frame, for example) on unyielding supports and at con­

Bstant temperature, states: 

A linear deflection component ata point A in direction 1 produced by 

the application of a unit load at a second point B in direction 2 is equal 

in magnitude to the linear deflection component at point B in direction 

2 produced by a unit load applied at A in direction 1. 


(a)Figure 10.24 illustrates the components of truss displacements ilBA 
and ilAB that are equal according to Maxwell's law. Directions 1 and 2 
are indicated by circled numbers. Displacements are labeled with two 
subscripts. The first subscript indicates the location of the displacement. 
The second subscript indicates the point at which the load producing the 
displacement acts. 

We can establish Maxwell's law by considering the deflections at 
points A and B of the beam in Figure IO.25a and b. In Figure 1O.25a appli­ (b)
cation of a vertical force F B at point B produces a vertical deflection ilAB 
at point A and aBB at point B. Similarly, in Figure 1O.25b the application Figure 10.24 
of a vertical force FA at point A produces a vertical deflection ilAA at point 
A and a deflection aM at point B. We next evaluate the total work done by 
the two forces FA and FB when they are applied in different order to the. 
simply supported beam. The forces are assumed to increase linearly from 
zero to their final value. In the first case, we apply FB first and then FA- In 
the second case, we apply FA first and then FB. Since the final deflected 
position of the beam produced by the two loads is the same regardless of 
the order in which the loads are applied, the total work done by the forces 

(a)is also the same regardless of the order in which the loads are applied. 

Case 1. Fa Applied Followed by FA 

(a) Work done when FB is applied: 

WB =!FB ilBB 

(b) Work done when FA is applied with FB in place: (b) 

WA = !FA ilAA + FB aBA Figure 10.25 

~-lkip@ 
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1 kip.ft 

(a) 

(b) 

Figure 10.26 

Since the magnitude of Fa does not change as the beam deflects 
under the action of FA' the additional work done by FlJ (the second term 
in the equation above) equals the full value of FB times the deflection ABA 
produced by FA-

WIOta! Wa + WA 

!Fa IlBB + !FA AM + FB ABA (10.37) 

Case 2.' FA Applied Followed by FB 

(c) Work done when FA is applied: 

"1 = !FA AM 

(d) Work done when FB is applied with FA in place: 

WB= !FB llaB + FA AAB 

W;ota! = WA+ Wk 

!FA IlM + !FB ABB + FA IlAB 00.38) 

Equating the total work of cases 1 and 2 given by Equations 10.37 and 
10.38 and simplifying give 

!FB .1BB + !FA IlAA + FB ilEA = !FAIlAA + !FB IlBB + FA .6.AB 

FB IlBA = FA IlAB (10.39) 

When FA and FB = 1 kip, Equation 10.39 reduces to the statement of the 
Maxwell-Betti law: . 

(10.40) 

The Maxwell-Betti theorem also holds for rotations as well as rota­
tions and linear displacements. In other words, by equating the total 
work done by a moment MA at point A followed by a moment MB at point 
B and then reversing the order in which the moments are applied to the 
same member, we can also state the Maxwell-Betti law as follows: 

The rotation at point A in direction 1 due to a unit couple at B in direc­
tion 2 is equal to the rotation at B in direction 2 due to a unit couple at 

A in direction 1. 


In accordance with the foregoing statement of the Maxwell-Betti law, 
£lEA in Figure 1O.26a equals £lAB in Figure 1O.26b. Moreover, the couple at 
A and the rotation at A produced by the couple at B are in the same direc­
tion (counterclockwise). Similarly, the moment at B and the rotation at B 
produced by the moment at A are also in the same direction (clockwise). 

As a third variation of the Maxwell-Betti law, we can also state: 

Any linear component of deflection at a point A in direction 1 produced 

by a unit moment at B in direction 2 is equal in magnitude to the rota­

tion at B (in radians) in direction 2 due to a unit load at A ill direction 1. 


, \ 

•
• ...."'.- - • • ..",.- ­
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Figure 10.27 illustrates the foregoing statement of the Maxwell-Betti 
law; that is, the rotation aM at point B in Figure 10.27a pro'duced by the 
unit load at A in the vertical direction is equal in magnitude to the verti­
cal deflection llAB at A produced by the unit moment at point Bin Figure 
lO.27h. Figure 10.27 also shows that llAB is the same direction as the load 
at A, and the rotation aBA and the moment at B are in the same counter­
clockwise direction. 

In its most general form, the Maxwell-Betti law can also be applied to 
a structure that is supported in two different ways. The previous applica­
tions of this law are subsets of the following theorem: 

Given a stable linear elastic structure on which arbitrary points have been 
selected, forces or moments may be acting at some of or all these points in 
either of two different loading systems. The yirtual work done by the forces 
of the first system acting through the displacements of the second system 
is equal to the virtual work done by the forces of the second system acting 
through the corresponding displacements of the first system. If a support 
displaces in either system, the work associated with the reaction in the 
other system must be included. Moreover, internal forces at a given section 
may be included in either system by imagining that the restraint corre· 
sponding to the forces is removed from the structure but the internal forces 
are applied as external loads to each side of the section. 

The statement above, illustrated in Example 10.18, may be repre­
sented by the following equation: 

'1:Fl'2 ='1:F281 (10Al) 

where FI represents a force or moment in system 1 and 82 is the dis­
placement in system 2 that corresponds to Fl' Similarly, F2 represents a 
force or moment in system 2, and 81 is the displacement in system 1 that 
corresponds to F2• 

1 kip 

B 

CtBA tt 
(a) 

1 kip.ft 

(b) 

Figure 10.21 

Figure 10.28 shows the same beam supported and loaded in two different EXAMPLE 10.18 
ways. Demonstrate the validity of Equation 10.41. Required displacements 
are noted on the figure. 

Solution 

(10.41) 

5L3 4L3 . 3L2 

1.5 kips (0) + (3 kips)- - (1.5 kips)- = -(4L kip·ft)­
. . 12EI 3EI·.· . 16EI 

+ (4kips)(0) + (4kips)(0) 

3j} 
Aus. 

4EI [continues on next page] 

'.":::'.- ­
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Example 10.18 continues . .. 	 4 kips 

3 kips c 
4 kips 

L L2--+---2 
1.5 kips 

System 1 System 2 

(a) 	 (b) 

Figure 10.28: Identical beam with two different 
conditions of support, 

Summary 

• 	 Virtual work is the primary topic of Chapter 10. This method permits 
the engineer to compute a single cornponent of deflection with each 
application of the method. 

• 	 Based on the principle of the conservation of energy, virtual work 
assumes loads are applied slowly so thatneither kinetic nor heat 
energy is produced. 

• 	 To.compute a component of deflection by the method of virtual work, 
we apply a force (also termed the dummy load) to the structure at 
the point of, as well as in the direction of, the desired displacement. 
The force and its associated reactions are called the Q system. If a 
slope or angle change is required, the force is a moment. With the 
dummy load in place the actualloads-called the P system-are 
applied to the structure, As the structure deforms under the actual 
loads, external virtual work WQ is done by the dummy loads as they 
move through the real displacements produced by the P system. 
Simultaneously an equivalent quantity of virtual strain energy UQ is 
stored in the structure. That is, 

WQ = UQ 

• 	 Although virtual work can be applied to all types of structures 
including trusses, beams, frames, slabs, and shells, here we limit the 
application of the method to three of the most common types of planar 
structures: trusses, beams, and frames. We also neglect the effects of 
shear since its contribution to the deflections of slender beams and 
frames is negligible. The effect of shear on deflections is only 
significant in short, heavily loaded deep beams or beams with a low 
modulus of rigidity. The method also permits the engineer to include 
deflections due to temperature change, support settlements, and 
fabrication errors . 

• 'a.: 
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P10.1 


PIO.2. For the truss in Figure PIO.l,compute the hori­

zontal and vertical components of displacement at joint C. 


• 	 If a deflection has both vertical and horizontal components, two 
separate analyses by virtnal work are required; the unit load is applied 
first in the vertical direction and then in the horizontal direction. 
The actual deflection is the vector sum of the two orthogonal 
components. In the case of beams or trusses, designers are generally 
interested only in the maximum vertical deflection under live load, 
because this component is limited by design codes. 

• 	 The use of a unit load to establish a Q system is arbitrary. However, 
since deflections due to unit loads (called flexibility coefficients) are 
utilized in the analysis of indeterminate structures (see Chap. 11), 
use of unit loads is common practice among structural engineers. 

• 	 To determine the virtual strain energy when the depth of a beam . 
varies along its length, changes in cross-sectional properties can be 
taken into account by dividing the beam into segments and carrying 
out a finite summation (see Sec. 10.7). 
In Section 10.9, we introduce the Maxwell-Betti law of reciprocal 
deflections. This law will be useful when we set up the terms of the 
symmetric matrices required to solve inddenninant structures by 
the flexibility method in Chapter 11. 

,..I·....P.·R.Q.~..~.~.M.$........................................................................................................................................................................................ 

J 

PIO.I. Compute the horizontal displacement of sup­ PIO.3. For the truss in Figure PIO.3, compute the hor­
port B and the vertical displacement of joint D in the izontal and vertical components of the displacement of 
ttuss in Figure PIO.I. The rocker support at B is equiv­ joint C. The area of all bars = 2500 mm2, and E = 200 
alent to a roller. The area of all bars = 6 in2, and E = GPa. 
30,000 kips/in2. 120kN 

c 

P10.3 

PIO.4. For the truss in Figure PIO.3, compute the ver­
tical displacement of joint B and the horizontal dis­
placement of the roller at joint A . 

••••;e ....... _ 	 ••. ';e ....... _
• 
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PIO.S. (a) In Figure PlO.5 compute the vertical and 
horizontal components of displacement of joint E pro­
duced by the 120-kip load. The area of bars AB, BD, 
and CD = 5 in2; the area of all other bars 3 in'". E = 
30,000 kips/in2. (b) If bars AB and BD are fabricated i 
in too long and support D settles 0.25 in, compute the 
vertical displacement of joint E. Neglect the 120-kip 
load. 

I 
:..--15' --+1--15' --.l--15' 

P10.5 

PI0.6. When the truss in Figure PlO.6 is loaded, the 
support at E displaces 0.6 in vertically downward and 
the SUpp01t at A moves 0.4 in to the right. Compute the 
horizontal and vertical components of displacement of 
joint C. For all bars the area = 2 in2 and E = 29,000 
kips/in2. 

c 

• 


P10.6 

PIO.7. For theJruss in Figure PIO.7, compute the ver­
tical and horizontal displacements of joint E produced 
by the applied loads and a horizontal displacement of 
24 mm to the right at supp011 B. The area of all bars 
3600 mm2 and E = 100 GPa. 

P10.7 

.PIO.8. (a) Find the horizontal deflection at joint B pro­
duced by the 40-kip load in Figure PIO.8. The area of all 
bars in units of square inches is shown on the sketch of 
the truss; E 30,000 kips/in2. (b) To restore joint B to 
its initial position in the horizontal direction, how much 
must bar AB be shortened? (c) If the temperature of bars 
AB and Be increases 80°F, determine the vertical dis­
placement of joint C. at = 6.5 X 10-6 (inlin)/°F. The 
rocker at support A is equivalent to a roller. 

B 

1
20' 

J 
P=40 kips 

I. 	 15' -~.J+---

P10.8 


• 
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PIO.9. Determine the horizontal and vertical deflection 
of joint C of the truss in Figure PlO.9. In addition to the 
load at joint C, the temperature of member BD is subject 
to a temperature increase of 60°F. For all bars, E = 
29,000 kips/in2, A =4 in2, and a = 6.5 X 10-6 (inlin)/°F. 

~A~;:;:::;:~E'l"iJl!B r 
20' 

l 
80 kips 

--1+--- lS ' -----l 

P10.9 

PIO.IO. In Figure PIO.IO if support A moves horizon­
tally 2 in to the right and support F settles 1 in verti­
cally, compute the horizontal deflection of the roller at 
support G. 

B 
-r ­
i 

20' 
,I 

20' --\..- 20'----...J 

P10.10 
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,PIO.H. When the 20-kip load is applied to joint B of 

the truss in Figure PlO.11, support A settles vertically 


. downward i in and displaces! in horizontally to the right. 

Determine the vertical displacement of joint B due to all 

effects. The area of all bars =2 in2; E = 30,OOOkips/in2. 


10' 
I 

10'----1..--10' .1. 10'----1 
P10.11 

PIG.12. Determine the value of the force P that must 
be applied to joint B of the truss in Figure PlO.12 if the 
horizontal deflection at B is to be zero. The area of all 
bars = 1.8 , E = 30,000 kips/in2. 

p 

r 
l 
18' 

30 kips 

12' '-' ---o;..I.e------ 12' ---..I 

P10.12 
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PIO.13. In Figure PlO.l3 support D is constructed 1.5 
in to the right of its specified location. Using Bernoulli's 
principle in Section 10.8, compute (a) the horizontal 
and vertical components of the displacement of joint B 
and (b) the change in slope of member Be. 

1.5" 

D' 

I 

i 
10' 

J 
20' 

P10.13 

PIO.14. If supports A and E in Figure PIO.14 are con­
structed 30 ft and 2 in apart instead of 30 ft apart, and if 
support E is also 0.75 in above its specified elevation, 
determine .the vertical and horizontal components of 
deflections of the hinge atCand the slope of member 
AB wli~ri the frame is erected, 

1 
12' 

A, ::r0.75" 

---;'-~·-15'~2·~ 

P10.14 

PIO.IS. Under the dead load of the arch in Figure 
PIO.15, the hinge at B is expected to displace 3 in down­
ward. To eliminate the 3-in displacement, the designers 
will shorten the distance between supports by moving 
support A to the right. How far should support A be 
moved? 

1.5 = ?I 
I 
~ 90' --+11<--- 90' 

P10.15 

PIO.16. (a) Compute the vertical deflection and slope of 
the cantilever beam at points Band C in Figure PlO.I6. 
Given: EI is constant throughout, L = 12 ft, and E = 
4000 kips/in2. What is the minimum required value of I 
if the deflection of point C is not to exceed 0.4 in? 

p =6 kips 

--..j.o--- 6' ,I 

P10.16 

PIO.17. Determine the magnitude of the vertical force 
P that must be applied at the tip of the cantilever beam 
in Figure PlO.17 if the deflection at B is to be zero. EI 
is constant. Express the answer in terms of IV and L. 

p=? 

P10.17 
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PIO.18. Compute the vertical deflection of point C in 
Figure PIO.IS. Given: I = 1200 in4, E = 29,000 kips/in2. 

P.::6ldps 

P10.18 

PIO.19. Compute the deflection at midspan of the beam 
4in Figure PIO.19. Given: I = 46 X 106 rom , E = 200 

GPa. Treat rocker at E as a roller. 
p:: 18 kN 

fA~l[jB~~~C~:!DII~~E 
I 21 I 

2m-..l.-2 m-..l.-2 m+2m..c...l 

P10.19 

PIO.20. What is the minimum required value of I for 
the beam in Figure P10.20 if point A is not to deflect 
more than 0.3 in? Given: EI is constant, E = 29,000 
:kips/in2. 

P=4 kips w:: 2 kips/ft 

• • 

A4."1 

6' .1 

P10.20 
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PIO.21. Compute the deflection at midspan and the 
. slope at A in Figure PIO.21. EI is constant. Express the 
slope in degrees and the deflection in inches. Assume a 
pin support at A and a roller at D. E = 29,000kips/in2, 

I 2000 in4. 
30 kips 

.!. 

P10.21 

PIO.22. Compute the slope at supports A and C in Fig­
ure PIO.22. EI is constant. Express your answer in 
terms of E, I, L, and M. 

__~_____ 2L ______~ 
3 

P10.22· 

PIO.23. Compute the deflection. at B and the slope at C 
in Figure PIO.23. Given: EI is constant. 

60 kip.ft 

B 

1----15,----.....1.---­
P10.23 
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PIO.24. Compute the horizontal and vertical compo­
nents of deflection at point D in Figure PI0.24. EI is 
constant, I 120 in4, E = 29,000 kips/in2. 

1 
D 

6' 

A j 

9' 

L 
---+O-6'~ 

P10.25 . 

I. 3'--1 
P10.24 

PIO.25. Compute the vertical deflection of joint C in 
Figure PIO.25. In member ABC consider only the strain 
energy associated with bending. Given: lAC = 3.+0 in4 

and ABD =.5 in2• How much should bar BD be length­
ened to eliminate the -vertical deflection of point C 
when the 16-kip load acts? 

16 kips 

PIO.26. Compute the horizontal and vertical compo­
nents of the deflection at C in Figure PlO.26. 
E = 200 GPa, I = 240 X 106 mm4. 

8kN 

3m 

P10.26 

PI0.27. Compute the vertical displacement of the hinge 
at C in Figure PIO.27. EI is constant for all members, E = 
200 GPa, I 1800 X 106 mm4. 

w=4.2kN/m 

I--- 15 m --+---- 15 m 

P10.27 

PIO.28. Determine the value of moment that must be' 
applied to the left end of the beam in Figure PIO.28 if 
the slope at A is to be zero. EI is constant. Assume 
rocker at support D acts asa roller. 

24kN 24kN 

BCD 

• 

3m 3m 3m 

P10.28 

• 
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------<"....- 6'~ 

----.­
'.
j 
i 
8' 

1 

PIO.29. Compute the vertical deflection at B and the 
horizontal deflection at C in Figure P10.29. Given: ACD = 
3 in2, lAC = 160 in4, AAC 4 in2, and E = 29,000 
kips/in2. Consider the strain energy produced by both 
axial and flexural deformations. 

60 kips 

P10.29 

PIO.30. Compute the vertical and horizontal deflection 
atB and at the midspan of member CD in Figure P1O.30. 
Consider both axial and bending deformations. Given: 
E 29,000 kips/in2, I = 180 in4, area ofcolumn = 6 in2, 

area of girder = 10 in2• . 

• • 

\..- S'~~---- 20'--...,.---;01 

P10.30 
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PIO.31. Beam ABC is supported by a three-bar truss at 
point C and at A by an elastomeric pad that is equiva­
lent to a roller. (a) Compute the vertical deflection of 
pointB in Figure PlO.31 due to the applied load. (b) Com­
pute the change in length of member DE required to dis­
place point B upward 0.75 in. Is this a shortening or 
lengthening of the bar? Given: E 29,000 kips/in2, 
area of all truss bars = 1 in:!, area of beam = 16 in:!, I 
of beam = 1200 in4. 

P =64 kips t 10'1 

B 

P10.31 

PIO.32. (a) Compute the slope at D and the horizontal 
displacement of joint B in Figure PlO.32. EI is constant 
for all members. Consider only bending deformations. 
Given: I 600 in4, E = 29,000 kips/in2. (b) If the hor­
izontal displacement at joint B is not to exceed 0.2 in, 
what is the minimum required value of l? 

IV = 0.5 kip/ft 

1 

J 

9' 

D 

!. 

P10.32 

Ai',,...a- _ 
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P10.33. Compute the vertical displacement of joints B 
and C for the frame shown in Figure PlO.33. Given: I = 
360 in4, E = 30,000 ldps/in2. Consider only flexural 
deformations. 

B 

1 
6' 

JC 

~7' 8,------J 
p= 12 kips 

P10.33 

PIO.34. If the horizontal displacement of joint B of the 
frame in Figure PlO.34 is not to exceed 0.36 in, what is 
the required I of the members? Bar CD has an area of 4 
in2, and E = 29,000 kips/in2. Consider only the bending 
deformations of members AB and BC and the axial 
deformation of CD. 

P=4kips 

B I C 
 1 

J 
14'I A =4in2 

DA 

• 


30' 

P10.34 

PIO.35. For the steel rigid frame in Figure PIO.35, com­
pute the rotation of joint B and the horizontal displace­
ment of support.C. Consider only the deflections pro­
duced by bending moments. Given: E = 200 GPa, I = 
80 X 106 mm4. 

60kN 

c 

-+foo--- 4m ------J 

°1 
J 
4m 

P10.35 

PIO.36. For the steel frame in Figure PlO.36, compute 
the horizontal displacement of joint C. For member 
ABC. E = 200 GPa and 1= 600 X 106 mm4. For mem­
ber CD, A = 1,500 mm2• 

P10.36 

1 
5m 

80kN 1
5m 

j 

• 
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PI0.37. Compute the vertical displacement of the hinge .PI0.38. Determine the horizontal and vertical deflec­

at C for the funicular loading shown in Figure PlO.37. tion of the hinge at point C of the arch in. Figure PI0.37 

The funicular loading produces direct stress on all sec­ for a single concentrated load of 60 kips applied at joint 

tions of the arch. Columns transmit only axial load from B in the vertical direction. See Problem PlO.37 for prop­

the roadway beams to the arch. Also .assume that the erties of the arch. 

roadway beams and the columns do not restrain the arch. 

All reactions are given. For all segments of the arch A = 

20 in2, I = 600 in\ and E .' 30,000 kips/in2. 


40 kips 30 kips 40 kips 

38.46' 

39 kips J 39 kips 

tl+'-----4@30'=120'-----oii' 


90 kips 90 kips 


P10.37 

PI0.39. Compute the vertical displacement of point C 106 mm4 and E = 200 GPa. For the cable A = 1600 
for the beam in Figure PlO.39. For the beam 1= 360 X mrn2 and E 150 GPa. 

• 


i..-6m 6m 

P10.39 
r. 
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Effective Moment of Inertia of a Reinforced Concrete Beam 

NOTE: This note applies to Problems PlOAO to PlOA2. 
Because reinforced concrete beams crack due to tensile 
stresses created by moment and shear, initial elastic 
deflections are based on an empirical equation for 
moment ofinertia established from experimental studies 
offull-size beams (Section 9.5.2.3 of ACI Code), This 

PIO.40. Using a finite summation, compute the initial 
deflection at midspan for the beam in Figure PlOAO. 
Giyen: E 3000 kips/in2. Use 3-ft segments. Assume I 
= 0.5Ia· 

equation produces an effective moment ofinertia Ie that 
varies from about 0.35 to 0.5 of the moment of inertia Ia 
based on the gross area of the cross section. The addi­
tional deflection due to creep and shrinkage that occurs 
over time, which can exceed the initial deflection, is not 
considered. 

PIO.41. Using a finite summation, compute the initial 
deflection at point C for the tapered beam in Figure 
PlOA1. E 3500 kips/in2. Base your analysis on the 
properties of 0.5Ia. 

1·.8:~j ] varies. 

W 
320mm· 

P10.41 

• • 

180kN 

300mm 

6m I••1••1. 3 m-1 
2@lm 

• • 
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PIO.42. Computer study-Influence of supports on 

It
frame behavior. (a) Using the RISA-2D com­
puter program, compute the initial elastic deflec­
tion at midspan of the girder in Figure PlO.42, 

given that the support at D is aroHer.For the computer 
analysis, replace the tapered members by 3 ft-long seg­
ments of constant depth whose properties are based on 
each segment's midspan dimensions; that is, there will be 
9 members and 10 joints. When you set up the problem, 
specify in GLOBAL that forces are to be computed at 
three sections. This will produce values of forces at both 
ends and at the center of each segment. To account for 
cracking of the reinforced concrete, assume for girder 

Problems 407 

BCD that Ie == 0.35IG; for column AB assume Ie = 0.7IG 
(compression forces in columns reduce cracking). Since 
deflections of beams and one-story rigid frames are due 
almost entirely to moment and not s~gnificantly affected 
by the area.of the member's cross-section, substitute the 
gross areain the Member Properties Table. 

. (b) Replace the roller at support D in Figure PlO,42 . 
by a pin to prevent horizontal displacement of joint D, 
and repeat the analysis of the frame. The frame is now. 
an indeterminate structure. Compare your results with 
those in part (a), and briefly discuss differences in 
behavior with respect to the magnitUde of deflections 
and moments. 

I •. 

....,-. 

P10.42 

........................... h •..•...~H:.U.................•.....•..•...•.• u 
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Ea$t HlAntington bridge over the Ohio River. A 1500-ft-long cable-stayed bridge with a roadway con­
structed of hybrid concrete and steel girders 5 ft deep. The bridge, opened in 1985, is constructed of high­
strength steel and concrete. The student should contrast the slender lines of the roadway and tower of this 
modern bddge, designed by Arvid Grant and Associates, with those of the Brooklyn Bridge (see the photo 
at the beginning of Chapter 1). ' 

- - • 
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Analysis of Indeterminate 
Structures by the 
Flexibility Method 

"'~:!~;1·~;t'···i·~t~~d~cti~~'"'''HH'''''''''''''''''''''''''''''''......................................................... 

, ­

The flexibility method, also called the method ofconsistent deformations 
or the method ofsuperposition,is a procedure for analyzing linear elas­
tic indeterminate structures. Although the method can be applied to 
almost any type of structure (beams, trusses, frames, shells, and so forth), 
the computational effort increases exponentially with the degree of inde­
terminancy. Therefore, the method is most attractive when applied to . 
structures with aloW' degree ofindeterminancy; " 

All methods of indeterminate analysis require that the solution satisfy 
equilibrium and compatibility requirements. By compatibility we mean 
that the structure must fit together-no gaps can exist-and the deflected 
shape must be consistent with the constraints imposed by the supports. 
In the flexibility method, we will satisfy the equilibrium requirement by .... 
using the equations of static eqUilibrium in each step of the analysis. The 
compatibility requirement will be satisfied by writing one or more equa­
tions (i.e., compatibility equations) 'which state either that no gaps exist 
internally or that deflections are consistent with the geometry imposed 
by the supports. 

As a key step in the flexibility method, the analysis of an indetermi­
nate structure is replaced by the analysis of astable determinate struc­
ture. This structure-:-ealled the' released or base structure-is, estab­
lished from the original indeterminate structure by imagining that certain 
restraints, (supports, for example) are temporarily removed . 

••• ;'i.(~'fr.;~;.'..-.~i.;;{.~~,•••••• H ~ •••••• U ••••U.,.~.u .........u •••••••H~H ...........u
•••••••••••• ..................................H ......... u •••••• 


a~t1,.~;:1 Concept of a Redundant 

We have seen in Section 3.7 that a minimum of three restraints, which 
are not equivalent to either a parallel or a concurrent force system, are 

•
• 
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A 
RAX 

B 

P 	 required to produce a stable structure, that is, to prevent rigid~body dis­
placement under any condition of load. For example, in Figure 11.1a the 
horizontal and vertical reactions of the pin at A and the vertical reaction 
of the roller at C prevent both translation and rotation of the beam 
regardless of the type of force system applied. Since three equations oft t equilibrium areavailable to determine the three reactions, the structure is 

RAY Rc statically determinate. 
(a) Ifa third support is constructed at B (see Fig. 11.1b), an additional reac­

p 	 tion RB is available to support the beam. Since the reaction at B is not 
absolutely essential for the stability of the structure, it is termed a redun­
dant. In many structures the designation of a particular reaction as a redun~ 
dant is arbitrary. For example, the reaction at C in Figure 11.1b could just 
as logically be considered a redundant because the pin atA and the roller at 
B also provide sufficient restraints to produce a stable determinate structure. t t t 

. RAY RB Rc Although the addition of the roller at B produces a structure that is 
indeterminate to the first degree (four reactions exist but only three equa­

(b) 
tions of statics are available), the roller also imposes the geometric require­
ment that the vertical displacement at B be zero. This geometric' condi­
tion permits us to write an additional equation that can be used, together 
with the equations of statics to determine the magnitude of all re<\ctions. 
In Section 11.3 we outline the main features ofthe flexibility method and . 
illustrate its use by analyzing a variety of indeterminate structures~ . 

~"H.,'~,.u •• a"""~ •••".,,,u ••""."".""."""".'u•••••••••••• u ••••• +••Hh••••••••••••••••••••••••• 4••••••••• 4...........................u .. ...
. . 	 . 

1;:11.3 . Fundamentals of the Flexibility Method 

In the flexibility method, one imagines that sufficient redundants (sup­
ports, for example) are removed from an indeterminate structure to pro­
duce a stable, determinate released structure. The number of restraints 

RAX 

(e) 

Figure 11.1: Ca) Determinate beam; (b) indeter­
minate beam with RB considered the redundant; 
(e) the released structure for the beam in (b) with 
the reaction at B applied as an external force. 

removed equals the degree of indeterminancy. The design loads, which 
are specified, and the redundants. whose magnitude are unknown at this 
state, are then applied to the released structure. For example, Figure 
11.1c shows the detel:minate released structure for the beam in Figure 

. 11.1bwhen the reaction at B is taken as the redundant. Since the released 
structure in Figure 11.1c is loaded exactly like the original structure, the 
internal forces and deformations of the released structure are identical to 
those of the original indeterminate structure. 

We next analyze the determinate released structure for the applied 
loads and redundants. In this step the analysis is divided into separate 
cases for (1) the applied loads and (2) for each unknown redundant. For 
each case, deflections are computed at each point where a redundant 
acts; Since the structure is assumed to behave elastically, these individ­
ual analyses can be combined-superimposed-to produce an analysis 
that includes the effect of all forces and redundants. To solve for the 
redundants, the deflections are summed at each point where a redundant 
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1 kip 

acts and set equal to the known value of deflection. For example, if a 
redundant is supplied by a roller, the deflection will be zero in the direc­
tion normal to the plane along which the roller moves. This procedure 
produces a set of compatibility equations equal in number to the redun­
dants. Once we determine the values of the redundants, the balance of 
the structure can be analyzed with the equations of statics. We begin the 
study of the flexibility method by considering structures that are indeter­
minate to the first degree. Section 11.7 covers indeterminate structures of 
higher order. 

To illustrate the foregoing procedure, we will consider the analysis of 
the uniformly loaded beam in Figure lI.2a. Since only three equations 
of statics ate available to solve for the four restraints supplied by the 
fixed support and roller, the structure is indeterminate to the first degree. 
To determine the reactions, one additional equation is needed to supple­
ment the three equations of statics. To establish this equation, we arbi­
trarily select as the redundant the reaction RB exerted by the roller at the 
right end. In Figure 11.2b the free-body diagram of the beam in Figure 
11.2a is redrawn showing the reaction R8 exerted by the roller at support 
B but not the roller. By imagining that the roller has been removed, we 
can treat the indeterminate beam as a simple determinate cantilever beam 
carrying a uniformly distributed load wand an unknown force RB at its 
free end. By adopting this point of view, we have produced a determinate 
structure that can be analyzed by statics. Since the beams in Figure 11.2a 
and b carry exactly the same loads, their shear and moment curves are 
identical and they both deform in the same manner. In particular, the ver­
tical deflection AB at support B equals zero. To call attention to the fact 
that the reaction supplied by the roller is the redundant, we now denote 
R8 by the symbol XB (see Fig. 11.2b). 

We next divide the analysis of the cantilever beam into the two parts 
shown in Figure 1 L2c and d. Figure 1l.2c shows the reactions and the 
deflections at B, ABO, produced by the uniform load whose magnitude is 
specified. Deflections of the released structure produced by the applied 
loads will be denoted by two SUbscripts. The first will indicate the loca­
tion of the deflection; the second subscript will be a zero, to distinguish 
the released structure from the actual structure. Figure 11.2d shows the 
reactions and the deflection at B, ABB, produced by the redundant XB 

whose magnitude is unknown. Assuming that the structure behaves elas­
tically, we can add ( superimpose) the two cases in Figure 11.2c and d to 

Figure 11.2: Analysis by the flexibility method: (a) beam indetenninate to the first degree; 
(b) released structure loaded with load wand redundant RB; (c) forces .and displacements 
produced by load w in the released structure; (d) forces and displacements of released slmc­
tt;re produced by redundantXB; (e) forces and displacements.jn released structure produced 
by a unit value of the redundant. . 
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give the original case shown in Figure 11.2b or a. Since the roller in the 
real structure establishes the geometric requirement that the vertical dis­
placement at B equal zero, the algebraic sum of the vertical displace­
ments at B in Figure 11.2c and d must equal zero. This condition of 
geometry or compatibility can be expressed as 

(11.1) 

Superimposing the deflections at point B produced by the applied load in 
Figure 11.2c and the redundant in Figure 11.2d, we can write Equation 
11.1 as 

(11.2) 

The deflections ABO and ABB can be evaluated by the moment-area method 
or by virtual work, or from tabulated values shown in Figure 11.3a and b. 

P 

.-.~-",~.~ .,-. .................... a 

. - ........ -1 


;.-1.--- L .1 

(a) 	 (b) 

P 

L-----"I 
-­ -

wL4 
.i = 8EI 

\O-----L ----...J'2 '2 
wL3 .5wL4 PL2 ­

f) :: 24EI A;; 384EI f) = 16EI _ A:: 

(e) 	 (d) 

P P 

A:: 23PL3 

648EI 

(f) 

r----- L ----.,,1 . 

8= 

Figure 11.3: Displacements of prismatic beams. 
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As a sign convention, we will assume that displacements are positive 
when they are in the direction of the redundant. In this procedure you are 
free to assume the direction in which the redundant acts. Ifyou have cho­
sen the correct direction, the solution will produce a positive value of the 
redundant. On the other hand, if the solution results in a negative value 
for the redundant, its magnitude is correct, but its direction is opposite to 
that initially assumed. 

Expressing the deflections in terms of the applied loads and the prop­
erties of the members, we can write Equation 11.2 as 

WL4 XBL3 

8El + 3El = 0 
Solving for XB gives 

3wL
XB =- (11.3)

8 
After XB is computed, it can be applied to the structure in Figure 11.2a 
and the reactions at A determined by statics; or as an alternative proce­
dure, the reactions may be computed by summing the corresponding 
reaction components in Figure 11.2c and d. For example, the vertical 
reaction at support A equals 

3wL 5wL 
--=-­

8 8 
Similarly, the moment at A equals 

WL2 WL2 3wL(L) WL2 
MA = 2 - XBL = 2 - 8 = 8 

Once the reactions are computed, the shear and the moment curves can 
be constructed using the sign conventions established in Section 5.3 (see 

(a)Fig. 11.4). 
In the preceding analysis, Equation 11.2, the compatibility equation, 

was expressed in terms of two deflections ABO and ABB' In setting up the 
compatibility equations for structures that are indeterminate to more than 
one degree, it is desirable to display the redundants as unknowns. To 3wL 
write a compatibility equation in this form, we can apply a unit value of -8­

the redundant (1 kip in this case) at point B (see Fig. 1l.2e) and then (b) 

multiply this case by XB, the actual magnitude of the redundant. To indi­
cate that the unit load (as well as all forces and displacements it pro­
duces) is multiplied by the redundant, we show the redundant in brack­
ets next to the unit load on the sketch of the member (Fig. 11.2e). The 
deflection BBB produced by the unit value of the redundant is c:alled a 
flexibility coefficient. In other words, the units of a flexibility coefficient 
are in distance per unit load, for example, in/kip or mmIkN. Since the 
beams in Figure 11.2d and e are equivalent, it followS that 

(11.4) 

'-'----"-'---"---"...;::....~__-",.;" shear 

(c) 

Figure 11.4: Shear and moment curves for beam 
in Figure 1 L2a. 
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Substituting Equation 11.4 into Equation 11.2 gives 

!lBO + XB8BB = 0 	 (11.5) 

!lBO 
and 	 X =-- (l1.5a)

B 8 
BB 

Applying Equation lI.Sa to the beam in Figure 11.2, we compute XB as 

-wL4/(8EI) 3wL 
= 

L3/(3E1) 8 

After XB is determined, the reactions or internal forces at any point in the 
original beam can be determined by combining the corresponding forces 
in Figure 11.2c with those in Figure 11.2e multiplied by XB• For exam­
ple, MA , the moment at the fixed support, equals 

WL2 L2 3 L L2 
M = - - (IL)X = ~ - L W = W 

A 2 B 2 8 8 

11.4 	 Alternative View of the Flexibility Method 

(Closing a Gap) 


In certain types of problems-particularly those in which we make inter­
nal releases to establish the released structure-it may be easier for the 
student to set up the compatibility equation (or equations when several 
redundants are involved) by considering that the redundant represents the 
force needed to close a gap. 

As an example, in Figure lI.5a we again consider a uniformly loaded 
beam whose right end is supported on an unyielding roller. Since the beam 
rests on the roller, the gap between the bottom of the beam and the top of 
the roller is zero. As in the previous case, we select the reaction at B as 
the redundant and consider the determinate cantilever beam in Figure 11.5b 
as the released structure. Our first step is to apply the uniformly distrib­
uted load W = 2 kips/ft to the released structure (see Fig. 11.5c) and 
compute !lBO' which represents the 7.96-in gap between the original posi­
tion of the support and the tip of the cantilever (for clarity, the support is 
shown displaced horizontally to the right). To indicate that the support 
has not moved, we show the horizontal distance between the end of the 
beam and the roHer equal to zero inches. 

We now apply a I-kip load upward atB and compute the vertical 
deflection of the tip 8BB = 0.442 in (see Fig. 11.Sd). Deflection 8BB repre­
sentsthe amount tbe gap is closed by a unit value of the redundant. Since 
behavior is elastic, the displacement is directly proportional to the load. 
If we had applied 10 kips instead of 1 kip, the gap would have closed 

•
' ..".- ­
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(a) 

(b) 

Figure 11.5: (a) Properties of beam; (b) released 
structure; (e) gap /lBO prOduced by load w; Cd) clos­
ing of gap by a unit value of redundant; (e) support 
settlement at B reduces gap 2 in; (f) effect of sup­
port movement at both A and B. 

; 

/:;.'BO =5.96" 
Ce) (e) 

rO"1 

I[XB] ..L 

AT 
1" 

(n
1 kip 

4.42 in (that is, 10 times as much). If we consider that the redundant XB 

represents the factor with which we must multiply the I-kip case to close 
the gap ABO, that is, 

An = 0 

where As represents the gap between the bottom of the beam and the 
roller, we can express this requirement as 

(11.6) 

where ABO = gap produced by applied loads or in more general case by 
load and other effects (support movem~nts, for example) 

Bnn = amount the gap is closed by a unit value of redundant 
Xn = number by which. unit load case must be multiplied to . 

close the gap,or equival~ntly thevalue of redundant 

•
•••;L ....... _ 
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MA =144 kipoft 

\ ,'la-A--'--'--'~--'--' 

1----- L = 24' ---+I 

30 kips 

-~'--"""""'::::-~~ shear 

-18 kips 

I-<- 6'-+1 81,ki,,·P·ft . 
II~ 

-144 kip.ft 

(a) 

MA = 252.38 kip·ft w 

-13.484 kips 

-252.38 kipoft . 

(b) 

Figure 11.6: Influence of support settlements on 
shear and moment: (a) no settlement; (b) support 
B settles 2 in. 

• 


As a sign convention, we will assume that any displacement that causes 
the gap to open is a negative displacement and any displacement that 
closes the gap is positive. Based on this criterion, BBB is always positive. 
Equation 11.6 is, of course, identical to Equation 11.5. Using Figure 11.3 
to compute ABO and 08B' we substitute them into Equation 11.6 and solve 
for XB, yielding 

-7.96 + 0.442XB = 0 

X B = 18.0 kips 

If we are told that support B settles 2 in downward to B' when the load 
is applied (see Fig. l1.5e), the size of the gap A~o will decrease by 2 in 
and equal 5.96 in. To compute the new value for the redundant X~ now 
required to close the gap, we again substitute into Equation 11.6 and find 

-5.96 + 0.442X~ = 0 

X~ 13.484 kips 

As a final example, if the fixed support at A were accidentally con­
structed 1 in above its intended position at point A', and if a 2-in settle­
ment also occurred at B when the beam was loaded, the gap ABO between 
the support and the tip of the loaded beam would equal 4.96 in, as shown 
in Figure lI.Sf. To compute the value of the redundant X'B required to 
close the gap, we substitute into Equation 11.6 and compute 

-4.96 + 0.442X'B = 0 

X'B = 11.22 kips 

As you can see from this example, the settlement of a support of an inde­
terminate structure or a construction error can produce a significant 
change in the reactions (see Fig. 11.6 for a comparison between the shear 
and moment curves for the case of no settlement versus a 2-in settlement 
at B). Although an indeterminate beam or structure may often be over­
stressed locally by moments created by unexpected support settlements, 
a ductile structure usually possesses a reserve of strength that pelmits it 
to deform without collapsing. 

• 
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I. 
EXAMPLE 11.1Using the moment MA at the fixed support as the redundant, analyze the 

beam in Figure 11.7 a by the flexibility method. 

Solution 
The fixed support at A prevents the left end of the beam from rotating. 
Removing the rotational restraint while retaining the horizontal and ver~ 
tical restraints is equivalent to replacing the fixed support by a pin sup­
port. The released structure loaded by the redundant and the actual load 
is shown in Figure 11.7b. We now analyze the released structure for the 
actual load in Figure 11.7c and the redundant in Figure 11.7d. Since (JA = 
0, the rotation (JAO produced by the uniform load and the rotation aAAXA 
produced by the redundant must add to zero. From this geometric require­
ment we write the compatibility equation as 

(JAO + aAAXA = 0 (1) 

8A =O 
8A =O IV 

R", i:_e ci1J I !J~~ 
MA 
 v':>· 


XA=MA 

I. L t t 
RB RA RB 

(a) (b) 

II 

I'· 


• • • 

t t 
wL wL 
T T 

(c) 

+ 
Figure 11.7: Analysis by the flexibility method aM 
using MA as the redundant. (a) Beam indetenni-B 

'U"~_'_,<.__' ;':'_'._._'. nate to the first degree; (b) released structUre with 
[XA ] uniform load and redundant MA applied as exter­

nalloads; (c) released structure with actual load; 
(d) released structUre with reactions produced byt l unit value of redundant. 

1 1 
y; y; 

(d) [continues on next page] 
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Example 11.1 continues . .. where eAO rotation at A produced by uniform load 
aM = rotation at A produced by a unit value of redundant (1 

kip·ft) 
XA = redundant (moment at A) 

Substituting into Equation 1 the values of eAO and aM given by the equa­
tions in Figure 11.3, we find that 

wL3 L 
- 24EI + 3EI XA 0 

ADS. (2) 

Since MA is positive, the assumed direction (counterclockwise) of the 
redundant was correct. The value of MA verifies the previous solution 
shown in Figure 11.4. . 

1­

EXAMPLE 11.2 Determine the bar forces and reactions in the truss shown in Figure 11.8a. 
Note thatAEis constant for all bars. 

Solution 
Since the tmss is externally indeterminate to the first degree (reactions sup­
ply four restraints), one compatibility equation is required. Arbitrarily 
select as the redundant the roller reaction at C. We now load the released 
structure with the actualloading (Fig. 11.8b) and the redundant (Fig. 11.8c). 
Since the roller prevents vertical displacement (that is, Aev = 0), superpo­
sition of the deflections at C gives the following compatibility equation: 

Aeo + XeSee = 0 (1) 

where Aeo is the deflection in the released structure produced by the actual 
load and See is the deflection in the released structure produced by a unit 
value of the redundant. (Displacements and forces directed upward are 
positive.) 

Evaluate Aeo and See by virtual work using Equation 10.24. To com­
pute ilea (Fig. 11.8b), use loading in Figure 11.8c as the Q system. 

FpL 
I.Q8p = I.FQ AE 

1 kip(Aeo) 

A = _ 3750 .} 
eo AE 

To compute See produced by the I-kip load at C (see Fig. 11.8c), we also 
use the loading in Figure 11.8c as a Q system. 

•• 
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9 kips 9 kips 

30' 

L 
h- 20' ,! , 20'---.1 t9 kips 

(a) (b) 

1.49 kips 

9 kips t 

[Xc1 

Figure 11.8: (a) Truss indeterminate to first 
degree; (b) released structure with actual loads; 
(e) released structure loaded by unit value of 
redundant; (d) final values of bar forces and reac­t7,51 kips tions by superimposing case (b) and Xc times 
case (e), All bar forces are in kips, (c) (d) 

lkip(Scd 2: AE 

15 = (_±)2 20 X 12 (2) + (~)2 25 X 12 (2) = 252.0 t 
cc 3 AE . 3 AE AE 

Substituting 8 co and Sec into Equation 1 yields 

_ 3750 + 2520 X= 0 
AE AE e 

Xc = 1.49 

The final reactions and bar forces shown in Figure 1 L8d are computed 
by superimposing those in Figure 11.8b with 1.49 times those produced 
by the unit load in Figure 11.8c. For example, 

RA = 6 - ~(L49) = 4.01 kips FED = -7.5 + i(1.49) = -5.02 kips 

• ..-,"' ...... - • 
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EXAMPLE 11.3 
 Determine the reactions and draw the moment curves for the frame mem­
bers in Figure 11.9a. Elis constant. 

Solution 
To produce a stable determinate released structure, we arbitrarily select 
the horizontal reaction Rcx as the redundant. Removing the horizontal 
restraint exerted by the pin at e while retaining its capacity to transmit 
vertical load is equivalent to introducing a roller. The deformations and 

'reactions in the released structure produced by the applied load are shown 
in Figure 11.9b. The action of the redundant on the released structure is 
shown in Figure 11.9c. Since the horizontal displacement !::..CH in the real 
structure at joint e is zero, the compatibility equation is 

!::..eo + occX c 0 (1) 

Compute .\leo using moment-area principles (see the deflected shape in 
Fig; Il.9b). From Figure 11.3d we can evaluate the slope at the right end 
of the girder as 

", PI? 1O(12f 90 
eBD = 16EI = 16EI EI 

Since joint B is rigid, the rotation of the top of column Be also equals 
(JBD' Because the column carries.no moment, it remains straight and 

540 
.\leo = 6(JBO = ­

EI 

Compute Bcc by virtual work (see Fig. 11.9c). Use the loading in Figure 
11.9c as both the Q system and the P system (i.e., the P and Q systems 
are identical). To evaluate MQ and Mp, we select coordinate systems with 
origins at A in the girder and e in the column. 

1 kip(Bcd == fM~p : = (2 ~ (i) : + (6 x(x): (l0.31) 
o Jo 

Integrating and substituting the limits give 

o = 216 
cc EI 

Substituting !::..CO and Dcc into Equation 1 gives 

_ 540 + 216 (X ;) 0 
EI 'EI C 

Xc = 2.5 

•
' ••" ..a.- _ 
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p", 10 kips 

B 

6' 

p= 10 kips 

1 kip A -------- B 

+ 

tkiP 

1 ki U
"2 PI5~c~ 

5kips 
(b) (e) 

22.5 kip·ft 

15 kip·ft 


........:::--i~=iE~=~9~B 15 kip.ft 


-------// i 
, 

I .~1 
I ' .t 

2.5 kips ....3.75 kips 

t 
6.25 kips 

(d) 

The final reactions (see Fig. 11.9d) are established by superimposing the 
forces in Figure 11.9b and thoseinFigure 11.9c multiplied by Xc 2.5. 

- 'UP 711 

Figure 11.9: (a) Frame indeterminate to first 
degree, Rex selected as redundant; (b) design load 
applied to released structure; (e) reactions and 
deformations in released structure due to unit 
value of redundant; (d) final forces by superposi­
tion of values in (b) plus (Xc) times values in (c). 
Moment curves (in kip·ft) also shown. 
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EXAM PLE 11.4 
 Detennine the reactions of the continuous beam in Figure 11.10a by the 
flexibility method. Given: EI is constant. 

Solution 
The beam is indeterminate to the first degree (Le., four reactions and 
tlu'ee equations of statics). We arbitrarily select the reaction at B as the 
redundant. The released structure is a simple beam spanning from A to 
C. The released structure loaded by the specified loads and the redundant 

wL 

(b) 

II 

.wL 

hWL hWL hWL. 

iWL 
8 

~~'="-'--"-==moment 

(c) 

+ 

-- ­

(d) 

Figure 11.10: Analysis by consistent deforma­
tions: (a) continuous beam indetemrinate to the 
first degree, and reaction at B taken as redundant; 
(b) released structure loaded by external load and 
redundant; (c) released structure with external 
load; (d) released structure loaded by redundant; 
(e) shear and moment curves . 
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XB is shown in Figure 11.10b. Since the roller prevents vertical deflec­
tion at B, the geometric equation stating this fact is 

(1) 

To determine the redundant, we superimpose the deflections at B pro­
duced by (1) the external load (see Fig. 1UOe) and (2) a unit value of 
the redundant multiplied by the magnitude of the redundant XB (see Fig. 
11.l0d). Expressing Equation 1 in terms of these displacements yields 

L.\.BO + 8BBX B = 0 (2) 

Using Figure 11.3e and d, we compute the displacements at B. 

5w(2L)4 . (1 lcip)(2L? 
L.\.BO = 384EI aBB = 48EI 

Substituting L.\.BO and BBB into Equation 2 and solving for XB give 

RB X B ::;: 1.25wL 

We compute the balance of the reactions by adding, at the corresponding 
points, the forces in Figure 11.1Oc to those in Figure 11.1Od multiplied 
byXB: 

R.~ wL H1.25wL) = ~wL 
Rc = wL - H1.25wL) ::;: ~wL 

The shear and moment curves are plotted in Figure 11.10e. 

11.5 Analysis Using Internal Releases 

In previous examples of indeterminate structures analyzed by the flexibility 
method, support reactions were selected as the redundants. If the supports 
do not settle, the compatibility equations express the geometric condition 
that the displacement in the direction of the redundant is zero. We will now 
extend the flexibility method to a group of structures in which the released 
structure is established by removing an internal restraint. For this condition, 
redundants are taken as pairs ofinternalforees, and the compatibility equa­
tion is based on the geometric condition that no relative displacement (Le., 
no gap) occurs between the ends of the section on which the redundants act. 

We begin our study by considering the analysis of a cantilever beam 
whose free end is supported by an elastic link (see Fig. IU1a). Since the 
fixed end and the link apply a total of four restraints to the beam, but only 
three equations of equilibrium are available for a planar structure, the struc­
ture is indeterminate to the fIrst degree. To analyze this structure, we select 
as the redundant the tension force T in bar Be. The released structure with 

•
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Figure 11.11: (a) Cantilever supported by an 
elastic link, link force T taken as the redundant; 
(b) released structure· loaded by6-kip load and 
the redundant T; (c) 6ckip load applied to released 
structure; (d) unit values of redundant applied to 
released structure to establish flexibility coeffi­
cient 800 81 + 82, Note: Beam shown in 
deflected position produced by 6 kip load. Under 
the unit loads, the beam deflects upward 82 and 
the link CB downward 81, partially closing the 
gap 6J + 62, 

• 


c 
A =0.5 in2 

E = 24,000 kips/in2 

L=20'1= 864 in4 
E =30,000 kipsfin2 

B 

CC 
MA 6 kips MA 

T 
6 kips 

(a) (b) 

tl kiptr=o 
",.,;,,"r 

c C 

[T] 

0" 0" 

~ 
fBI 

1kip 

6 kips 

6 kips 


(e) (d) 

both the actual load of 6 kips and the redundant applied as an external load 
is shown in Figure Il.llb. As we have noted previously, you are free to 
assume the direction in which the redundant acts. If the solution of the com­
patibility equation produces a positive .value of the redundant, the assumed 
direction is correct. A negative value indicates that the direction of the 
redundant must be reversed. Since the redundant T is assumed to act up on 
the beam and down on the link:, upward displacements of the beam are pos­
itive and downward displacements are negative. For the link: a downward 
displacement at B is positive and an upward displacement negative. 

In Figure Il.lle the design load is applied to the released structure, 
producing a gap aBO between the end of the beam and the unloaded link. 
Figure II.lld shows the action of the internal redundant T in closing the 
gap. The unit values of the redundant elongate the bar an amount 01 and 
displace the tip of the cantilever upward an amount 02' To account for the 
actual value of the redundant, the forces and displacements produced by 
the unit loads are multiplied by T-the magnitude of the redundant . 

..." ....... ­
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The compatibility equation required to solve for the redundant is based 
on the observation that the right end of the beam and the link Be both 
deflect the same amount aBbecause they are connected by a pin. Alterna­
tively, we can state that the relative displacement AB,ReI between the top of 
the beam and the link is zero (see Fig. 1l.11b). This latter approach is 
adopted in this section. 

Superimposing the deflections at B in Figure 11.11 c and d, we can 
write the compatibility equation as 

aB,Rel = 0 (11.7) 

aBO + SBB(T) = 0 

where ABO is the downward displacement of the beam (Le., the opening 
of the gap in the released structure by the 6-kip load) and SBB is the dis­
tance the gap is closed by the unit values of the redundant (that is, SBB = 
SI + S2; see Fig. I1.1Id). 

In Figure ll.lIc, ABO may be evaluated from Figure 11.3b as 

PL3 6(12 X 12)3 . . 
ABO = - 3EI = -3(30,000)864 = -0.2304 m 

And SBB = 01 + S2, where 81 = FL/(AE) and S2 is given by Figure 11.3b. 

FL 1 kip(20 x 12) . PL3 1 kip(12)3(1728) 
01 =AE= 0.5(24,000) = 0.02m S2 3EI = 3 X 30,000 X 864 

= 0.0384 
SBB = 8 1 + S2 0.02 + 0.0384 = 0.0584 in 

Substituting aBO and SBB into Equation 11.7, we compute the redundant 
Tas 

-0.2304 + 0.0584 T 0 

T = 3.945 kips 

The actual deflection at B (see Fig. 11.11b) may be computed either by 
evaluating the change in length of the link 

FL 3.945(20 X 12) . 
As AE = 0.5(24,000) = 0.0789 m 

or by adding the deflections at the tip of the beam in Figure 11.11 c and d, 

as = ABO - TS 2 0.2304 3.945(0.0384) = 0.0789 in 

After the redundant is established, the reactions and internal forces can 
be computed by superimposition of forces in Figure 11.11c and d; for 
example, 

RA 6 - 1(T) = 6 3.945 = 2.055 kips Ans. 

72 - 12(T) = 72 - 12(3.945) = 24.66 kip·ft 

• • • ..-.~ ....... - ...,~ -­
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EXAM PLE 11.5 Analyze the continuous beam in Figure 11.12a by selecting the internal 
moment at B as the redundant. The beam is indeterminate to the flrst degree. 
EI is constant. 

RA RB Rc 

(a) 

BB 

t Cd) 

Rc 

(e) 

II 

p 

t-L f. L--t (b) 

RA 
t 

RB 

• 

(e) 

+ 

Figure 11.12: (a) Continuous beam indetermi­
nate to the first degree; (b) detail of joint B show­
ing rotation 8 B of longitudinal axis ; (c) released 
structure loaded by actual load P and the redundant 
momentMB; (d) detail ofjointB in (e); (e) released 
structure with actual load; (f) released structure t± it 
loaded by redundant; forces shown are produced 

by a unit value of the redundant MB• (f) 


• 
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Solution 
To clarify the angular deformations involved in the solution, we will 
imagine that two pointers are welded to the beam on each side of joint B. 
The pointers, which are spaced zero inches apart, are perpendicular to 
the longitudinal axis of the beam. When the concentrated load is applied 
to span AB, joint B rotates counterclockwise, and both the longitudinal 
axis of the beam and the pointers move through the angle eB , as shown 
in Figure 11.12a and b. Since the pointers are located at the same point, 
they remain parallel (Le., the angle between them is zero). 

We now imagine that a hinge, which can transmit axial load and shear 
but not moment, is introduced into the continuous beam at support B, 
producing a released structure that consists of two simply supported 
beams (see Fig. 1 1.12c). At the same time that the hinge is introduced, 
we imagine that the actual value of internal moment MB in the original 
beam is applied as an external load to the ends of the beam on either side 
of the hinge at B (see Fig. 11.12c and d). Since each member of the 
released structure is supported and loaded in the same manner as in the 
original continuous beam, the internal forces in· the released structure are 
identical to those in the original structure. 

To complete the solution, we analyze the released structure sepa­
rately for (1) the actual loading (see Fig. 11.12e) and (2) the redundant 
(see Fig. 11.12j), and we superimpose the two cases. 

The compatibility equation is based on the geometric requirement 
that no angular gaps exist between the ends of the continuous beam at 
support B; or equivalently that the angle between the pointers is zero. 
Thus we can write the compatibility equation as 

BB,Rel 0 

eBO + 2cdvfB = 0 (11.8) 

Evaluate OBO' using Figure 11.3d: 

PL2 

OBO = 16EI 

Evaluate a, using Figure 11.3e: 

lL 
a=­

3EI 

Substituting ()BO and a into Equation 11.8 and solving for the redundant give 

PL2 L
-·-+2 M-O
16El 3El B­

MB = :2 (PL) Ans. 

I 

I· . 

1 

I 

[continues on next page] 
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Example 11.5 continues . .. Superimposing forces in Figure 11.12e and/. we compute 

R = P +! M = ~ + ! (-~PL) = Q P t 
A 2 L B 2 L 32 32 

1 (3 ) 3 (minus sign indicates that 
Rc = 0 +- --PL = -- P J. 

. L 32 32 assumed direction up is wrong) 

Similarly. OB can be evaluated by summing rotations at the right end of 
AB to give 

2 2
PL L (3 ) PL

(JB = 0BO + aMB = 16EI + 3EI - 32 PL = 32EI ) 

or by summing rotations of the left end of BC: 

()B = 0+ aMB = 3~1 ( - :2 PL ) = 

-. If" 

EXA MPL E 1 1 . 6 ' 
 Determine the forces in all members of the trUss in Figure 11.13. AE is 
constant for all bars. 

, . 
Solution 
The truss in Figure 11.13a is internally indeterminate to the fIrst degree. 
The unknown forces-bars and reactions-total nine. but only 2n = 8 
equations are available for their solution. From a physical point of view, 
an extra diagonal member that is not required for stability has been 
added to transmit lateral load into support A. 

Application of the 40-kip horizontal force at D produces forces in all 
bars of the truss. We will select the axial force FAC in bar AC as the 
redundant and represent it by the symbol X. We now imagine that bar AC 
is cut by passing' an imaginary section 1-1 through the bar. On each side 
of the cut, the redundant X is applied to the ends of the bar as an exter­
nalload (see Fig. 1 1.13b). A detail at the cut is shown in Figure 11.13c. 
To show the action of the internal forces on each side of the cut, the bars 
have been offset. The zero dimension between the longitudinal axis of 
the bars indicates that the bars are actually collinear. To show that no gap 
exists between the ends of the bars, we have noted on the sketch that the, 
relative displacement between the ends of the bars LiRel equals zero. 

L\Re! = 0 (11.9) 

The requirement that no gap exists between the ends of the bars in the actual 
structure forms the basis of the compatibility equation. 

t 
i 
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40 kips 

(c)t-161--t l t 
30 kips 30 kips 30 kips 30 kips 

(a) (b) 

D 0 C D -0.8 C 
40 kips 

40 kips 

(e)l t 
30 kips 30 kips 

(d) 

D -0.8 C D -20.06 C 
40 kips 

(I) l t 
30 kips 30 kips 

(g) 

Figure 11.13: (a) Details of truss; (b) released 
As in previous examples. we next divide the analysis into two parts. structure loaded with redundant X and 40-kip 

In Figure 11.13d the released structure is analyzed for the applied load load; (c) detail showing redundant; Cd) 40-kip 
load applied to released structure; (e) Q systemof 40 kips. As the stressed bars of the released structure deform, a gap Ao 
for Llo; (f) unit value of redundant applied toopens between the ends of the bars at section 1-1. The Q system required 
released structure; (g) final results. 

to compute Ao is shown in Figure 1l.13e. In Figure 11.13/ the released 
structure is analyzed for the action of the redundant. The relative dis­
placement 1500 of the ends· of the bar produced by the unit value of the 
redundant equals the sum of the displacements 01 and 02' To compute 000, 
we again use the force system shown in Figure 11.13e as the Q system. 
In this case the Q system and the P system are identical. [continues on next page] 
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Example 11.6 continues . .. Expressing the geometric condition given by Equation 11.9 in terms 
of the displacements produced by the applied loads and the redundant, 
we can write 

..10 + XOoo 0 (11.10) 

Substituting numet,ical values. ,of ..10 and 000 into Equation 11.10 and 
solving for X give 

-0.346 + 0.0138X = 0 

X = 25.07 kips 

The computations for ..10 and 000 using virtual work are given below . 

..10: 
Use the P system in Figure 11.13d and Q system in Figure 11.13e: 

_ ~FQFpL· 
WQ - kJ-xE 

bar DB barAB 

. 1(-,50)(20 X 12) -0.8(40)(16 X 12) 
1 kip (..10) = AE + AE 'I 

bar AD 

-0.6(30)(12 X 12)+ -.-. _ ..--'-'-----'­
AE 

20,736Ao = _ 20,736 = -'-0.346 in 
AE 2(30,000) 

000:. 
Psystem in Figure 11.13fand Q system in Figure 1 L13e (note: P and Q 
systelPs are the same; therefore, FQ Fp): 

~F~L 
WQ = kJ AE 

. (-0.6)2(12 X 12) 

lkip(Ol) + 1kip (oz) AE· (2) 


(-0.8)2(16 X 12) 
+ AE' (2) 

1 2 (20 X 12) 
+ AE (2) 

Since 01 + 02 = 000. 

o _ 829.44 _ 829.44 
0.0138 in 

00 - AE - 2(30,000) 

• 
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Bar forces are established by superposition of the forces in FIgure 11.13d 
and! For example, the forces in bars DC, AB, and DB are 

FDC = 0 + (-0.8) (25.07) = -20.06 kips 

FAB = 40 + (-0.8) ('25.07) = 19.95 kips 

FDB = -50 + 1(25.07) = -24.93 kips· 

Final results are summarized in Figure 1 L 13g . 

•~ ... ~ .~<~!'~;'!~~;i~~ ~!.•""Uuu•••••••••••••• u •••• •••••••• H ....... u ••••• n ................................... n ................... U'" • h ........... 

1t.(>; Support Settlements, Temperature Change, 
and Fabrication Errors 

Support settlements, fabrication errors, temperature changes, creep, shrink­
age, and so forth create forces in indeterminate structures. To ensure that 
such structures are safely designed and do not deflect excessively, the 
designer should investigate the influence of these effects-particularly 
when the structure is unconventional or when the designer is unfamiliar 
with the behavior of a structure. 

Since it is standard practice for designers to assume that members will 
be fabricated to the exact length and that supports will be constructed at the 
precise location and elevation specified on the construction drawings, few 
engineers consider the effects of fabrication or construction errors when 
designing routine structures. If problems do arise during construction, they 
are typically handled by the field crew. For example, if supports are con­
structed too low, steel plates-shirns----can be inserted under the base plates 
of columns. If problems arise after construction is complete and the client 
is inconvenienced or is not able to use the structure, lawsuits often follow. 

On the other hand, most building codes require that engineers consider 
the forces created by differential settlement of structures constructed on 
compressible soils (soft clays and loose sands), and the AASHTO spec­
ifications requires that bridge designers evaluate the forces created by tem­
perature change, shrinkage, and so forth. 

The effects of support settlements, fabrication errors, and so forth can 
easily be included in the flexibility method by modifying certain terms 
of the compatibility equations. We begin our discussion by considering i 
support settlements. Once you understand how to incorporate these effects 
into the compatibility equation, other effects can easily be included. I 

Case 1. A Support Movement Corresponds 
to a Redundant 

If a predetermined support movement occurs that corresponds to a redun­
dant, the compatibility equation (normally set equal to zero for the case of 

• • • • ·a 
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Figure 11.14: Support settlement at location of 
the redundant. 

Figure 11.15: (a) Deflection at B produced by 
settlement and rotation at support A; (b) deflec­
tion at B produced by applied load. 

no support settlements) is simply set equal to the value of the support move­
ment. For example, if SUppOlt B of the cantilever bcam in Figure 11.14 set­
tles 1 in when the member is loaded, we write the compatibility equation as 

AB =-1 in 

Superimposing displacements at B yields 

ABO + BBBXB = -1 

where ABO, the deflection at B in the released structure produced by the 
applied load, and BBB' the deflection at B in the released structure pro­
duced by a unit value of the redundant, are shown in Figure 11.2. 

Following the convention established previously, the support settle­
ment AB is considered negative because it is opposite in sense to the 
assumed direction of the redundant. 

Case 2. 	 The Support Settlement Does Not Correspond 
to a Redundant 

If a support movement occurs that does not correspond to a redundant, 
its effect can be included as part of the analysis of the released structure 
for the applied loads. In this step you evaluate the displacement that cor­
responds to the redundant produced by the movement of the other sup­
port. When the geometry of the structure is simple, a sketch of the 
released structure iIi which the support movements are shown will often 
suffice to establish the displacement that corresponds to the redundant. If 
the geometry of the structure is complex, you can use virtual work to 
compute the displacement. As an example, we will set up the compati­
bility equation for the cantilever beam in Figure 11.14, assuming that 
support A settles 0.5 in and rotates clockwise 0.01 rad and support B set­
tles 1 in. Figure 11.15a shows the deflection at B, denoted by ABs• due to 

original position 

0.5" [ 
ABS = 0.5 + O.01L0'5~' J 

9L=0.0IL 
9=0.01 rad 

B 
I-----L-----I 

(a) 

.....E!liiiiirli 
B 

--------- JAao 
..... 

(b) i 
1 

.. .. .. 	 .. 
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the -0.5 in settlement and. the O.OI-rad rotation of support A. Figure 
11.15b shows the deflection at B due to the applied load. We can then 
write the compatibility equation required to solve for the redundant X as 

IlB = -1 

(Ilao + IlBS ) + 8SSXB = -1 

Determine the reactions induced in the continuous beam shown in Fig­
ure 11.16a if support B settles 0.72 in and support C settles 0.48 in. 
Given: EI is constant, E = 29,000 kips/in2, and 1 = 288 in4. 

·Solution 
Arbitrarily select the reaction at support B as the redundant. Figure 
11.16b shows the released structure with support C in its displaced posi­
tion. Because the released structure is determinate, it is not stressed by 
the settlement of support C and remains straight. Since the displacement 
of the beam's axis varies linearly from A, Ilso = 0.24 in. Because sup­
port B in its final position lies below the axis of the beam in Figure 
11.16b, it is evident that the reaction at B must act downward to pull the 
beam down to the support. The forces and displacements produced b)i a 
unit value of the redundant are shown in Figure 11.16c. Using Figure 
11.3d to evaluate 8BS gives . 

PL3 1(32)3(1728) . 
8ss == 48EI = 48(29,000)(288) = 0.141 m 

Since support B settles 0.72 in, the compatibility equation is 

Ils = -0.72 in {l) 

The displacement is negative because the positive direction for displace­
ments is established by the direction assumed for the redundant. Super­
imposing the displacements at B in Figure 11.16b and c, we write Equa­
tion las 

Ilso + 8ssX = -0.72 . 

Substituting the numerical values of Ileo and 8ss, we compute X as 

-0.24 + 0.141X = -0.72 

X == -3.4 kips ,\.. 

The final reactions, which can be computed by statics or by superposi­
tion of forces in Figure 11.6b and c, are shown in Figure 11.16d. 
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EXAMPLE 11.7 

A c 0.48" 

0.72"·.. , ___~__ ---~.c r 
tRs=X tRc 

~ 16' .!. 16'----1 

(a) 

A-BO = 0.24" 

A C 


~":;'-==:"'--.--____- ]0.48" 


I -.C' 
(b) 

Gss 

."-=.--r--.---:-~ [X]

!-} kip 1 kip l+kip 

(c).----­
t "'----------""·t'·· 

1.7 kips I 
t 1.7 kips 

3.4 kips 

(d) 

Figure 11.16: (a) Continuous beam with speci­
fied support .settlements; (b) released structure 
with support C in displaced position (no reactions 
or forces in the member develop); (c) unit value 
of redundant applied; (d) final reactions com­
puted by superposition of (b) and [X] times (c). 

\. 
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EXAMPLE 11.8 
 Compute the reaction at support C of the truss in Figure 11.17 a if the 
temperature of bar AB increases 50°F, member ED is fabricated 0.3 in 
too short, support A is constructed 0.48 in to the right of its intended 
position, and support C is constructed 0.24 in too high. For all bars A = 
2 in2, E == 30,000 kips/in2, and the coefficient of temperature expansion 
(l' = 6 X 10-6 (inlin)fOF. 

Solution 
We arbitrarily select the reaction at support C as the redundant. Figure 
11.17b shows the det1ected shape of the released structure to an exag­
gerated scale. The deflected shape results from the 0.48-in displacement 
of support A to the right, the expansion of bar AB, and the short~ning of 
bar ED. Since the released structure is determinate, nb forces are created in 
the bars or at the reactions due to the displacement of support A or the small 
changes in length of the bars; however, joint C displaces vertically a dis­
tance LlCQ. In Figure 11.17 b the support at C is shown in its "as-constructed 

Rc=Xt Ac=0.24/i 4 1°.48/1J 

r 
30' 

I 
L 

~ 20' 20'~ 
Ca) (b) 

t35.14 kips 

• • • 

~l kip 

Figure 11.17: (a) Details of indeterminate 
truss; (b) deflected shape of released structure 
after displacement of support A and bar defor­
mations due to temperature change and fabri­
cation error; (e) forces and reactions in ~35.14 kips 
released structure due to a unit value of redun­
dant; (d) final results of analysis. (e) Cd) 
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• 


position." Figure 11.17 c shows the forces and deflections produced by a 
unit value of the redundant. 

Since support C is constructed 0.24 in above its intended position, the 
compatibility equation is 

Llc = 0.24 in (1) 

Superimposing the deflections at C in Figure 11.17b anfi c, we can write 

Lleo + DecX = 0.24 (2) 

To determine X, we compute Lleo and Dec by the method of virtual work. 
To compute Lleo (see Fig. I1.17b), use the force system in Figure 

11.17c as the Qsystem. Compute ~ernp of bar AB using Equation JO.25: 

LlLtemp = a(LlT)L = (6 X 10-6)50(20 X 12) = 0.072 in 

(10.23) 

where LlLp is given by Equation 10.26 

1 kip(Ll eo) + ~ kips (0.48) = ~ (-0.3) + (.-~) (0.072) 

Lleo = 1.236 in ..l.­

In Example 11.2, Dcc was evaluated as 

2520 2520 
0.042 in eee = AE = 2(30,000) 

Substituting Lleo and eee into Equation 2 and solving for X give 

-1.236 + 0.042X = 0.24 

X = 35.14 kips 

Final bar forces and reactions from all effects, established by superim-. 
posing the forces (all equal to zero) in Figure 11.17 b and those in Figure 
11.17c multiplied by the redundant X, are shown in Figure 11.17 d. 
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:'11.?,~ Analysis of Structures with Several Degrees 

of Indeterminacy 


The analysis of a structure that is indeterminate to more than one degree 
follows the same format as that for a structure with a single degree ofinde­
terminacy. The designer establishes a determinate released structure by 
selecting certain reactions or internal forces as redundants. The unknown 
redundants are applied to the released structure as loads together with the 
actual loads. The structure is then analyzed separately for each redundant 

.- ­ • • '.-."' 
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4· L-i 
RB=XB Rc=Xc 

(a) 

2wL 

(b) 

1kip 

(d) 
, 

Figure 11.18: (a) Beamindeterminate to second 
degree with RB and Rc selected as redundants; 
(b) deflections in released structure due to actual 
load; (c) deflection of released structure due to a 
unit value of the redundant at B; (d) deflection of 
released structure due to a UIut value of the redun­
dant at C. 

EXAM PLE 11.9 

• 


as well as for the actual load. Finally, compatibility equations equal in 
number to the redundants'are written in terms of the displacements that 
correspond to the redundants .. The solution of these equations permits us 
to evaluate the redundants. Once the redundants are known, the balance 
of the analysis can be completed by using the equations of static equi­
librium or by superposition. 

To illustrate the method, we consider the analysis of the two-span con­
tinuous beam in Figure 11.18a. Since the reactions exert five restraints on 
the beam' and only three equations of statics are available, the beam is 
indetetminate to the second degree. To produce a released structure (in 
this case a determinate cantilever fixed at A), we will select the reactions 
at supports B and C as the redundants. Since the supports do not move, 
the vertical deflection at both Band C must equal zero. We next divide the 
analysis of the beam into three cases, which will be superimposed. First, 
the released structure is analyzed for the applied loads (see Fig. 11.18b). 
Then separate analyses are carried out for each redundant (see Fig. 11.18c 
and d). The effect of each redundant is determined by applying a unit 
value of the redundant to the released structure and then multiplying all 
forces and deflections it produces by the magnitude of the redundant. To 
indicate that the unit load is multiplied by the redundant, we -show the 
redundarit in brackets next to the sketch of the loaded member. 

To evaluate the redundants, we next write compatibility equations at 
supports Band C. These equations state that the sum of the deflections 
at points Band C from the cases shown in Figure 11.18b to d must total 
zero. This requirement leads to the following compatibility equations: 

llB = 0 = llBO + XBO BB + XCoBC 
(11.11) 

I' 

Once the numerical values of the six deflections are evaluated and sub­

stituted into Equations 11.11, the redundants can be determined. A smaU 

saving in computational effort can be realized by using the Maxwell­

Betti law (see Sec. 10.9), which requires that 0eB = (JBC- As you can see, 

the magnitude of the computations increases rapidly as the degree of 

indeterminacy increases. For a structure that was indeterminate to the 

third degree, you would have to write three compatibility equations and 

evaluate 12 deflections (use of the Maxwell-Betti law would reduce the 

number of unknown deflections to nine). 


Analyze the two-span continuous beam in Figure 11.19a, using the 
moments at supports A and B as the redundants; EI is constant. Loads on 
the beam act at midspan. 

Solution 
The released structure-two simply supported beams-is formed by insert­
ing a hinge in the beam at B and replacing the fixed support at A by a pin . 

• 
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Two pointers, perpendicular to the beam's longitudinal axis, are attached to 
the beam at B. This device is used to clarify the rotation of the ends of the 
beam connecting to the hinge. The releaSed structure, loaded with the 
applied loads and redundants, is shown in Figure 11.19c. The compatibility 
equations are based on the following conditions of geometry: 

1. The slope is zero at the fixed support at A. 

(1) 

2. 	The slope of the beam is the same on either side of the center support 
(see Fig. 11.19b). Equivalently, we can say that the relative rotation 
between the ends is zero (i.e., the pointers are parallel). . 

f)B.Rel = 0 	 (2) 

The released structure is analyzed for the applied loads in Figure 11.19d, 
a unit value of the redundant at A in Figure 11.1ge, and a urut value of the 

Figure 11.19: (a) Beam indeterminate to second 
degree; (b) detail of jointB showing the differ­
ence between the rotation of B and the relative 
rotation of the ends of members; (c) released 
structure with actual loads and redundants 
applied as external forces; (d) actual. loads 
applied to released structure; (e) unit value of 
redundant at A applied to released structure; 
(J) unit value of redundant at B applied to released 
structure. 

(a) 

Jt tt 
(e)t t r 

RA RB Rc 	 "'88 
(c) 

..' 

tt ~i it 

t~ t~ (j) 


88,Rel'" 0 

1-L .f. 
RB 

(b) 

. 

8BO 
I 

(d) 	 [continues on next page] 

·a:.c< 
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Example 11.9 continues . .. 

e

redundant at B in Figure 1l.19f. Superimposing the angular deformations 
in accordance with the compatibility Equations 1 and 2, we can write 

A = 0 == OAO + aAAMA + aABMB (3) 

OB,Rel = 0 = 680 +aBAMA + aBBMB (4) 

Using Figure 11.3d and e, evaluate the angular deformations. 

PL2 2 LeAO = 6BO (PL ) a -­
16El = 2 16El AA -:- 3El 

L L 
aABaBA = 6El aBB = 6El 2(3~1) 

Substituting the angular displacements into Equations 3 and 4 and solv­
ing for the redundants give 

. 9PL
M --- Ans.

8 - 56 

The minus signs indicate that the actual directions of the redundants are 
opposite in sense to those initially assumed in Figure 11.19c. Figure 
11.20 shows th~ free-body diagrams of the beams used to evaluate the 
end shears and also the final shear and moment curves. . . 

Figure 11.20: Free-body diagrams of beams used 
to evaluate shears as well as the shear and moment 
diagrams . 

.. I _1M til 

19PL 
lf2 

..-.~.- ~ 
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Determine the bar forces and reactions that develop in the indeterminate 
truss shQwn in Figure 11.21a. 

Solution 
Since b + r = 10 and 2n = 8, the truss is indeterminate to the second 
degree. Select the force FAC at section 1-1 and the horizontal reaction B, 
as the redundants. 

ABD = 4 in2 

A =2 in2(all other bars) 
E =30,000 kips/in2 

D D C 
~~2E:======:z;:ft-- 60 kips 

}-----20'---1 t t :::'8.'(=0 

Ay By 
(a) (b) 

D +60 C D -0.8 C 

+ + 

(d) 

D +29.9 C 
~J:IJEC:::::=~===;::f.)-~ 60 kips 

~~~=~::::z:;a----~60 kips 

~ t 

45 kips 45 kips 

(e) 

....~~==========~~- 29.9 kips 
30.1 kips 

t t 

45 kips 45 kips 

(f) 

•
.•..-"- ....... •
~ 

EXAMPLE 11.10 


Figure 11.21: (a) Details of truss; (b) 
released structure loaded by redundants 
XI and X2 and 60-kip load; (e) released 
structure with actual load; (d) released 
structure-forces and displacements due 
to a unit value of redundant XI; 
(e) released structure-forces and dis­
placements due to a unit value of redun­
dant X2; (f) final forces and reactions = 
(e) + XM) + Xie). 

D 

1 kip 

(e) 

[continues on next page] 



• • • • 

440 Chapter 11 . Analysis of Indeterminate Structures by the Flexibility Method 

Example 11.10 continues . .. The released structure with the redundants applied as loads is shown in 
Figure 11.21b. 

The compatibility equations are based on (1) no horizontal displace­
ment atB 

(1) 

and (2) no relative displacement of the ends of bars at section 1-1 

al,Rel = 0 (2) 

Superimposing deflections at section 1-1 and support B in the released 
structure (see Fig. 11.21c to e), we can write the compatibility equations as 

aI,Rel = 0: a lO + X ISl1 + XZS IZ = 0 (3) 

azo + X 1521 + Xz52z = 0 (4) 

To complete the solution, we must compute the six deflections aIO, a20, 

SIl' 512, 52!> and l)22 in Equations 3 and. 4 by virtual work . 

.6.20: 


Use the force system in Figure 11.21eas the Q system for the P system 

shown in Figure 11.21c. 


. . . . 60(20 X 12) 
(10.24)1 kip(azo) = (-1) 2(30,000) 

alO: 


Use the force system in Figure 11.21d as the Q system. 


. 60(20 X 12) 45(15 X 12) 
1 kip (.6. 10) = (-0.8) 2(30,000) (2) + (-0.6) 2(30,000) 

+ (1) -75(25 X 12) 
4(30,000) 

a lO = -0.6525 in (gap opens) 

On: 

The force system in Figure 11.21d serves as both the P and Q systems. 

Since FQ = Fp , UQ = F~ L/(AE), 
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. _ (-0.8)2(20 X 12) + (-0.6)2(15 X 12) 

1 kip(<5 u ) - 2(30,000) (2) 2(30,000) (2) 


12(25 X 12) 12(25 X 12) 

+ 2(30,000) + 4(30,000) 

<5 11 = + 0.0148 in (gap closes) 

821 : 
Use the force system in Figure 11.21e as the Q system for the P system 
in Figure 11.21d. 

. . '-0.8(20 X 12) 

I kip (821 ) = (-1) 2(30,000) 


821 = 0.0032 in 

812: 

Use the force system in Figure 11.21d as the Q system for the P system 

in Figure 11.21e. 


. -1(20 X 12) 

1 kip(8 12) = (-0.8) ·2(30,000) 


(Alternately, use the Maxwell-Betti law, which gives 812 = 821 = 
0.0032 in.) 

822: 

The force system in Figure 11.21e serves as both the P and Q systems. 


(-1)(20 X 12) 
(-1) 2(30,000) 

822 = 0.004 in 

Substituting the displacements above into Equations 3 and 4 and 
solving for XI and X2 give 

XI = 37.62 kips X2 = 29.9 kips ADS. 

The final forces and reactions are shown in Figure 11.21! 
......_________""'-"1'i'.,..dt ......... '" ''''''SS ;; w_us :ws;~...__"""'jj"'_",
M_ ' 7~ ... ____ "' ________ :m___I1~il~! 

Analysis by Consistent Deformations E X AMP L E 1 1 . 1 1 

(a) Choose the horizontal and vertical reactions at C (Fig. 11.22a) as 
redundants. Draw all the released structures, and clearly label all 
displacements needed to write the equations of compatibility. Write [continues on next page] 

• • ....".- ­
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Example 11.11 continues . .. 

p 

EI constant 

A 

(a) 

Sign Convention 


Displacements in 

direction of redundants are 

positive. 

Note: Sign contained within 


symbol for displacement 


Figure 11.22 

AR'" 0.36/1 1l2S= 0.36" 

,Ell ell 

I:l = 0.002 raa--........ 

~"'-"""----'-«"';.0:;"02 rad ~s= (20 x 12) (0.002) 

=O,4S"..... 

A 

(c) 

Figure 11.22: (c) Displacements produced by 
clockwise rotation of support A. 

• 


821 
p + H

",.,./ ]8-- [~:] 
= 

\ 1 kip 
A 

u<", _,,~,>:,r. 
+ 

1kip 

[Xz] 

(b) 

the equations of compatibility in terms of displacements, but do not 
calculate the values of displacement. 

(b) Modify the equations in part (a) to account for the following support 
. movements:. 

O.S-in vertically upward displacement of C 
0.002-rad clockwise rotation of A 

Solution 
(a) See Fig. 11.22b. 

AI = 0 = AlO + 81lX 1 + 812 X2 
Ans. 

A2 = 0 = A20 + 821 X 1 + 022X2 

where 1 denotes the vertical and 2 the horizontal direction at C. 
(b) Modify compatibility equation for .support movements. See Figure 

11.22c. 

AI = 0.5 = AIO + (-0.48) + 81lX1 + 812X 2 
Ans. 

A2 = 0 = A20 + (-0.36) + 021Xl + 022X2 

• 
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;.;,11;8 Beam on Elastic Supports 

The supports of certain structures deform when they are loaded. For 
example, in Figure 11.23a the support for the right end of girder AB is 
beam CD, which deflects when it picks up the end reaction from beam 
AB. If beam CD behaves elastically, it can be idealized as a spring (see 
Fig. 11.23b). For the spring the relationship between the applied load P 
and the deflection A is given as 

P=KA (11.12) 

where K is the stiffness of the spring in units of force per unit displace­
ment. For example, if a, 2-kip force produces a O.5-in deflection of the 
spring, K = P/ A = 2/0.5 =4 kips/in. Solving Equation 11.12 for A gives 

P 
A = K (11.13) 

The procedure to analyze a beam on an elastic support is similar to 
that for a beam on an unyielding support, with one difference. If the force 
X in the spring is taken as the redundant, the compatibility equation must 
state that the deflection A of the beam at the location of the redundant 
equals 

X
A =-­ (11.14)

K 

The minus sign accounts for the fact that the deformation of the spring 
is opposite in sense to the force it exerts on the member it supports. For 
example, if a spring is compressed, it exerts an upward force but displaces 
downward. If the spring stiffness is large, Equation 11.14 shows that the 
deflection A will be small. In the limit, as K approaches infinity, the right 
side of Equation 11.14 approaches zero and Equation 11.14 becomes 
identical to the compatibility equation for a beam on a simple support. 
We will illustrate the use of Equation 11.14 in Example 11.12. . 

A Q 
p 

Figure 11.23: (a) Beam AB with an elastic sup­
port at B; (b) elastic support idealized as a linear 

(a) (b) elastic spring(P KIl), 

• 
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EXAMPLE 11.12 


Figure 11.24: (a) Unifonnly loaded beam on an 
elastic support, indetertninate to the first degree: 
(b) released structure with uniform load and redun­
dant XB applied as an external load to both the 
beam and the spring; (c) released structure with 
actual load; (d) released structure, forces and dis­
placements by a unit value of the redundant Xs. 

Set up the compatibility equation for the beam in Figure 11.24a. Deter­
niine the deflection of point B. The spring stiffness K 10 kips/in, w = 
2 kips/ft, I = 288 in4, and E = 30,000 kips/in2. 

;."~~~BIi~----- l'aB 
----- - I . 

..... "K = 10 !dps/in 

1+----L=18' ·t 
(a) 

II 

• • 

(c) 

+ 

1 kip 

(d) 



• • 

----

• 

Section 11.8 

Solution 
Figure 11.24h shows the released structure loaded with the applied load 
and the redundant. For clarity the spring is displaced laterally to the right, 
but the displacement is labeled zero to indicate that the spring is actually 
located directly under the tip of the beam. Following the previously estab­
lished sign convention (i.e., the direction of the redundant establishes the 
positive direction for the displacements), displacements of the right end 
of the beam are positive when up and negative when down. Deflection of 
the spring is positive downward. Because the tip of the beam and the 
spring are connected, they both deflect the same amoUIit aB, that is, 

aB,beam ::::; aB,spring (1) 

Using Equation 11.13, we can write aB of the spring as 

XB 
aB,spring = Ii (2) 

and substituting Equation 2 into Equation 1 gives us 

. XB 
aB,beam = -Ii (3) 

The minus sign is added to the right side of Equation 3 because the end 
of the beam displaces downward. 

If as.beam (the left side of Equation 3) is evaluated by superimposing 
the displacements of the B end of the beam in Figure 11,24c and d, we 
can write Equation 3 as 

(4) 

Using Figure 11,3 to evaluate aBO and 81 in Equation 4, we compute XB: 

WL4 L3 X B 
- 8EI + 3EI XB = K 

Substituting the specified values of the variables into the equation above, 
we obtain 

2(18)4(1728) (18)3(1728) XB 

- 8(30,000)(288) + 3(30,000)(288) XB = -10 
XB = 10.71 kips 

If support B had been a roller and no settlement had occurred, the right 
side of Equation 4 would equal zero andXB would increase to 13.46 kips 

Xs to.71 

and aB.spring = - K ::::; --1-0- 1.071 in ADS. 


• 
 ..,< ..a.- _ 
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• 	 The flexibility method of analysis, also called the method of consistent 
deformations, is one of the oldest classical methods of analyzing 
indeterminate structures. 

• 	 Before the development of general· purpose computer programs for 
structural analysis, the flexibility method was the only method 
available for analyzing indeterminate trusses. The flexibility method 
is based on removing restraints until a stable determinate released 
structure is established. Since the engineer has alternate choices with 
respect to which restraints to remove, this aspect of the analysis does 
not lend itself to the development of a general·purpose computer 
program. 

• 	 The flexibility method is still used to analyze certain types of 
structures in which the general configuration and components of the 
structure are standardized but the dimensions vary. For this case the 
restraints to be removed are established, and the computer program 
is written for their specific value. 

~ PROBLEMS .. 
•• " .....................................HU....... U ...................U ••• H ...........: ...............u .......unH~H ••••••••••••••'•••••• u ........... u ..........'...............u ...... oa ......................u ••• u ....... t ......... . 


Solve by the method of consistent deformations. Pll.2. Compute the reactions and draw the shear and 
moment curves in Figure PIl.2. EI is constant. 

PI1.I. Compute the reactions, Qraw the shear and mo­
P=20kN P=20kNment curves, and locate the. point of maximum deflection 

for the beam in Figure PI 1. I. EI is constant. c 

p:= 36 kips 

I--Sm-..;..--5m ,I. 5mA 

P11.2 

\-1,--- 9' ---+\--- 6' 

P11.1 

• 
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Pll.3. Compute the reactions, draw the shear and mo­
ment curves, and locate the point of maximum deflec­
tion. Repeat the computation if I is· constant over the 
entire length. E is constant. Express answer in terms of 
E, I, and L. . 

M= 60kip·ft 

I 

6'----1---- 9,-------,1 

P11.3 

Pll.4. Compute the reactions and draw the shear and 
moment curves for the beam in Figure PI 1.4. EI is con­
stant. 

Problems 447 

PH.7. Determine the reactions for the beam in Figure 
Pl!.7. When the uniform load is applied, the fixed sup­

. port rotates clockwise 0.003 rad and support B settles 
0.3 in. Given: E = 30,000 kips/jn2 and I = 240 in*. 

1+----- 8' ____~.i.<- 2'--l 

P11.7 

PH.S. Compute the reactions and draw the shear and 
moment curves in Figure PI1.S. E is constant. 

l.-- 6 m -----I--3 m.....l..-- 6 m 

P11.4 

PH.S. Compute the reactions and draw the shear and 
moment curves for the beam in Figure PIl.5. EI is con­
stant. 

15 kips 15 kips 

P11.S 

PH.6. Solve Problem PILl for the loading shown if 
support C settles 0.25 in when the load is applied. E= 
30,000 kips/in2 and 1 320 in4. 

P11.S 

Pll.9. Compute the reactions and draw the shear and 
moment curves for the beam in Figure PI1.9.EJ is con­
stant. The bolted web connection at B may be assumed to 
act as a hinge. Express answer in terms of E, J, L, and w. 

hinge 

C 

fo---- L --t+---- L ~ 

P11.9 

• 
 • 


http:PI1.9.EJ
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PH.10. (a) Compute all reactions for the beam in Fig­
ure Pl1.l0 assuming that the supports do not move; EI 
is constant. (b) Repeat computations given that support 
C moves downward a distance of 15,OOO/(El) when the 
load is applied. 

P=18kips P=18kips 

P11.10 

PH.H. (a) Determine the reactions and draw the shear 
and moment curves for the beam in Figure Pll.ll. 
Given: EI is .constant, E = 30,000 kips/in2, and I = 288 
in4. (b) Repeat the computations if the applied loads 
also produce a settlement of 0.5 in at support Band 1 in 
at support D. . .... 

P11.11 

PH.12. Determine all reactions and draw the shear and 
moment diagrams. EI is constant. Consider the reaction 
at support C as the redundant. 

20 kips 

it J.-r-rl-l 

I-- 12' ~ 12' .1. 18' ----.l 


P11.12 


PH.13. Compute the reactions and draw the shear and 
moment curves for the beam in Figure Pll.13. Given: 
EI is constant. ' . 

P11.13 

PH.14. Compute the reactions and draw the shear and 
moment curves for the beam in Figure Pl1.14. Given: 
EI is constant. 

20kN 

J ....Jm~~d__ CI 

3 m --4.- 3 m --4.- 3 m -..I 

P11.14 

PH.1S. Assuming that no load acts, compute the reac­
tions and draw the shear and moment curves for the beam 
in Figure PII.I if support A settles 0.2 in and support C 
settles 0.4 in. Given: E = 29,000 kips/in2 and 1= 180 in4. 

PH.16. (a) Assuming that no loads act in Figure PIl.l2, 
compute the reactions if support B is constructed 0.48 
in too low. Given: E = 29,000 kips/in2, I = 300 in4. 
(b) Ifsupport B (Fig. Pl1.12) settles ~ in under the applied 
loads, compute the reactions. j­

1 
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PH.17. Compute the reactions and bar forces in all 
truss members. The area of all bars is 4 in2 and E == 
30,000 kips/in2. 

: ! 

:1 

1 
12' 

J 
12' 

A 

,I. 16,----J 

P11.17 

PI1.IS. Assuming that all loads are removed from the 
truss in Figure PII.I7, compute the reactions and bar 
forces if the temperature of bars AB and Be increases 
80°F; the coefficient of temperature expansion a == 6 X 
10-6 (inlin)/°F, 

PH.19. Determine all reactions and bar forces for the 
truss in Figure PI1.19. For all bars the area 5 inl and 
E = 30,000 kips/in2. 

70 kip, 1
- 12' 

J 
--t--- 9,---J 

P11.19 

• 
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Pll.20. (a) Determine all reactions and bar forces pro­
duced by the applied load in Figure PIl.20. (b) If sup­
port B settles I in and support C settles 0.5 in while the 
load acts, recompute the reactions and bar forces. For 
all bars the area 2 in2 and E 30,000 kips/in2. 

D 

I--- 20' -----+0--­

P11.20 

Pll.21.. If support B settiesO.5 in, determine all bar 
forces and, reactions for the truss in Figure P.11.21. 
Given: area of all bars =: 2 in2,andE == 30,000kips/in2• 

1 

J 

IS' 

B 

P11.21 

Pll.22 to Pll.24. For the trusses in Figures. PI L22 
through Pll.24, compute the reactions and bar forces pro­
duced by the applied loads. Given: AE ::::; .constant, A == 
1000 mm2, and E == 200 GPa. 

B 

• 

18kN 

8m --4-- 8m ---J 

P11.22 

• 
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See P 11.22 for material propel ties of trusses in P 11.23 
and 11.24. 

r 
3m 

L 
24kN 

4m--~·······-4m 

P11.23 

B 
-. 
I 

Sm 

Sm 

I 
-L 

P11.24 

Pll.2S. Determine all reactions for the frame in Figure 
PI1.25 given lAB = 600 in\ IBe 900 in\ and E = 
29,000 kips/in2. Neglect axial defonnations. 

15' 

I 
---t 

P11.2S 

• 


Pll.26. Assuming that the load is removed, compute all 
reactions for the frame in Figure Pll.25 if member BC is 
fabricated 1.2 in too long. 

Pl1.27. Determine all reactions and draw the shear and 
moment diagrams for beam BC in Figure PI 1.27. EI is 
constant. 

4 kips 

~I.--- 18' ---0; 

P11.27 

Pll.28. Recompute the reactions for the frame in Fig­
ure Pl1.27 if support C settles 0.36 in when the load acts 
and support A is constructed 0.24 in above its intended 
position. E 30,000 kips/in2, I = 60 in4. 

Pll.29. (a) Determine the reactions and draw the shear 
and moment curves for all members of tbe frame in Fig­
ure PI 1.29. Given: EI = cohstant. (b) Compute the ver­
tical deflection of the girder at point C produced by the 
60-kip load. 

P =60 kips 

• 


,--+t~-12'---1 

1 
J 
12' 

P11.29 
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Pll.30. (a) Compute the reaction at C in Figure Pl1.30. Pll.32. Determine the reactions at A and C in Figure 
EI is constant. (b) Compute the vertical deflection .of Pll.32. El is constant for all members. 
jointB. . 

P11.30 

Pll.31. Determine the reactions at supports A and E in 
Figure PII.3l. Area of bar EC = 2 in2, lAD = 400 in4, P11.32 

and AAD = 8 in2; E = 30,000 kips/in2. 
Pll.33. Determine the reactions at supports A and E in 
Figure Pl1.33; EIis constant for all members. 

r 
IS' 

L 
30 kips 30 kips 

I- 5 m -1+--- 12 m ---+I 
10' .1. 10' ~ 5,--1 

P11.33 
P11.31 

• 
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Pll.34. Detennine the reactions and bar forces that are 
created in the truss in Figure PI 1.34 when the top chords 
(ABeD) are subjected to a 50°F temperature change. 
Given: AE is constant for all bars, A = 10 in2, E = 

.30,000 kips/in2,a =6.5 X 10-6 (inlin)/°F. 

B 

t 
. 6' 

-t 
6' 

F E 

-1--- 12' --+.......
1,,- 8~---I 

P11.34 

.. Pll.3S.. Determine the reactions that are created in the 
rigid frame in FigurePll.35 when the temperature of 
the top chord increases 60°F. Given: lBC == 3600 in\ lAB = 
lCD = 1440 in\ a == 6.5:X 10-6 (inlin)/OF, and E 
30,000 kips/in2. 

B C 

1 
24' 

j
DA 

I, 48' 

P11.35 

Pll.3,6. Compute the reactions and draw. the shear and 
moment curves for the beam in Figure PI 1.36. Given: El 
is constant for the beam.E == 200 GPa,l =40 X 106 mm4. 

20kN 

c 

!.-- 5 m ---+0- 4 m 3m-l 
P11.36 

Pll.37. Compute the reactions and draw the shear and 
moment curves for the beam in Figure Pl1.37. In addition 
to the applied load, the support at D settles by 0.1 m. El is 
constant for the beam. E = 200 GPa, 1 == 60 X 106 mm4. 

30kN 

D 

5 m--~-- 5 m----l 

P11.37 

Pll.38. Consider the beam in Figure P11.37 without the 
applied load and support settlement. Compute the reac­
tions and draw the shear and moment curves for the beam 
if support A rotates clockwise by 0.005 rad. 

Pll.39. Determine the vertical and horizontal displace­
ments at A of the pin-connected structure in Figure 
PI1.39. Given: E == 200 GPa and A = 500 mm2 for all 
members. 

1 
4m 

j ! 
! 
i \' 

.200kN ! I
I 

P11.39 

. Pll.40. Detennine the vertical and horizontal displace­ I I 

ments at A of the pin-connected structure in Figure 

PI 1.39. Given: E = 200 GPa, AAB == 1000 mm2, and I 


2AAC AAD = 500 mm • 

• 
 • . •.... ..... ­~ 

http:FigurePll.35
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Pll.41. Determine the reactions and all bar forces for 
the truss in Figure PI 1.41. Given: E = 200 GPa and A = 
1000 nun2 for all bars. 

60kN 

I- 4.5 m -\..- 4.5 m --l 

P11.41 

Pll.42. Consider the truss in Figure PI 1.41 without the 
applied loads. Determine the reactions and all bar forces 
for the truss if support A settles vertically 20 nun. 

Pll.43. Determine the reactions and all bar" forces for 
the truss in Figure PI 1.43. E = 200 GPa and A = 1000 
mm2 for all bars. 

50kN 50kN 

i--5m ,I, 5m I, 5 m----l 

P11.43 

Pll.44. Consider the truss in Figure PI 1.43 without the 
applied loads. Determine the reactions and all bar forces 
for the truss if member AC is fabricated 10 nun too short. 

Pll.4S. Practical Design Example 
The tall building in Figure PII.4S is constructed of struc­
tural steel. The exterior columns, which are uninsulated, 
are exposed to the outside ambient temperature. To reduce 
the differential vertical displacements between the interior 
and exterior columns due to temperature differences be­
tween the interior and exterior of the building, a bonnet 
truss has been added at the top of the building. For exam­
ple, if a bonnet truss was not used to restrain the outer 
columns from shortening in the winter due to a 60°F tem­
perature difference between the interior and exterior 

Problems 453 

columns, points D and F at the top of the exterior columns 
would move downward 1.68 inches relative to the top of 
the interior column at point E. Displacements of this mag­
nitude in the upper stories would produce excessive slope 
of the floor and would damage the exterior facade. 

If the temperature of interior column BE is 70°F at all 
times but the temperature of the exterior columns in win­
ter drops to 10°F, determine (a) the.forces created in the 
columns and the truss bars by the temperature differences 
and (b) the vertical displacements of the tops of the 
columns at points D and E. Slotted truss connections at 
D and F have been designed to act as rollers and transmit 
vertical force only, and the connection at E is designed to 
act as a pin. The shear connections between the beam 
webs and the columns may be assumed to act as hinges. 

Given: E = 29,000 kips/in2. The average area of the 
iIl.terior column is 42 in2" and 30 in2 for the exterior 
columns. The areas of all members of the truss are 20 in2. 
The coefficient of temperature expansion . a == 6.5' x 
10-6 (inlin)/°F. Note: The interior columns must be 
designed for both the floor loads" and the" cqrnpression 
force created by the temperature differential~ 

I 
10' 

10° F 

360' 

• 


·"~20,--...I'------20'--,1 

P11.4S 

• 




Failure of this 16-storyreinforc~ concrete building was initiated by the collapse of the formwork contain­
ing the fluid concrete for the last section of the roof slab. The collapse was attributed primarily to lack of 
shoring and understreng\h concrete in the lower floors. Because the building was constructed in the win­
ter without adequate heat, much of the freshly placed concrete in the forms froze and failed to gain its 
design strength. 
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t,?1~i~ Introduction 

The slope-deflection method is a. procedure for analyzing indeterminate 
beams and frames. It is known as a displacement method since equilib­
rium equations, which are used in the analysis, are expressed in terms of 
unknown joint displacements. 

The slope-deflection method is important because it introd.uces the stu­
dent to the stiffness method of analysis. This method is the basis of many 
general-purpose computer programs for analyzing all types of structures­
beams, trusse~'; shells, and so forth. In addition, moment distribution-a 
commonly used hand method for analyzing beams and frames rapidly­
is also based on the stiffness formulation. 

In the slope-deflection method an expression, called the slope­
deflection equation, is used to relate the moment at each end of a mem­
ber both to the end displacements of the member and to the loads applied 
to the member between its ends. End displacements of a member can 
include both a rotation and a translation perpendicular to the member's 

• 


longitudinal axis . 

..·:··;1:~~~·i~··..iii·~;t~~·ti~·~··~f··th~··s·i~p·~·~D·~fi·~·cti·~~···M~t·h·~d·····.... ···· ..·..·.. 
To introduce the main features ofthe slope-deflection method, we briefly 
outline the analysis of a two-span continuous beam. As shown in Figure 
12;la, the structure consists of a single member supported by rollers at 
points A and B and a pin at C. We imagine thatthe structure can be divided 
into beam segments AB and BC and joints A, B, and C by passing planes 
through the beam an infinitesimal distance before and after each support . 
(see Fig. 12.1b). Since the joints are essentially points in space, the 

• 
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. ,. , 

I--- L --'J-I.--L'-~ 
(a) 

RA 

Joint A 

Figure 12.1: (a) Continuous beam with applied 
loads (deflected shape shown by dashed line); 
(b) free bodies of joints and beams (sign conven­
tion: clockwise moment on the end of a member 
is positive). 

• 


RB ~c 

JointB Joint C 

(b) 

length of each member is equal to the distance between joints. In this prob­
lem (JA, (JB' and Oc, the rotational displacements of the joints (and also the 
rotational displacements of the ends of the members), are the unknowns. 
These displacements are shown to an exaggerated scale by the dashed line 
in Figure 12.1a. Since the supports do not move vertically. the lateral dis­
placements of thejoints are zero; thus there are no unknown joint trans­
lations in this example. 

To begin the analysis of the beam by the slope-deflection method, we 
,use the slopf!-deflection equation (which we will derive shortly) to express 
the moments at the ends of each member in terms of the unknown joint 
displacements and the applied loads. We. can represent this step by the 
following set ofequations: . 

MAB = f(OA' 0B. Pj ) 

MBA = f(fJA, (JB, P1) 
(12.1) 

M Bc = f(OB' (Jc. P2) 

MeB = f(fJ B, (Je, P2) 

where the symbolf() stands for afunction of 
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Section 12.3 Derivation of the Slope-Deflection Equation 

We next write equilibrium equations that express the condition that 
the joints are in equilibrium with respect to the applied moments; that is, 
the sum of the moments applied to each joint by the ends of the beams 
framing into the joint equals zero. As a sign convention we assume that 
all unknown moments are positive and act clockwise on the ends ofmem­
bers. Since the moments applied to the ends of members represent the ­
action of the joint on the member, equal and oppositely directed moments 
must act on the joints (see Fig. 12.1b). The three joint equilibrium. equa­
tions are . 

At joint A: MAB = 0 

AtjointB: MBA + MBc = 0 (12.2) 

At joint c: MCB = 0 

By substituting Equations 12.1 into Equations 12.2, we produce three 
equations that are functions of the three unknown displacements (as well 
as the applied loads and properties of the members that are specified). 
These three equations can then be solved simultaneously for the values 
of the unknown joint rotations. After the joint rotations are computed, we 
can evaluate the member end moments by substituting the values of the 
joint rotations into Equations 12.1. Once the magnitude and direction of 
the end moments are established, we apply the equations of statics to free 
bodies of the beams to compute the end shears. As a final step, we com­
pute the support reactions by considering the equilibrium of the joints 
(i.e., summing forces in the vertical direction). 

In Section 12.3 we derive the slope-deflection equation for a typical 
flexural member of constant cross section using the moment-area method 
developed in Chapter 9 . 

•• 0 ;,;:~ ;:tr.~{;;;.~'.~?:~........ 0 '0' ••••••••••••• 0 •••• 0 •• 0 ••••• 0 •••• 0 •• 0 ••••••••••• ; •••• 0 ••• 0 •• ; .0 •• 0 ••• 0 ••••••• 0 •• 0 ••• 0 ••••••• 0 •••• 0 ••• ' ••••••••••••••• 0 .. 


~~~;~i;'~_;ll Derivation of the Slope-Deflection Equation 

To develop the slope-deflection equation, which relates the moments at 
the ends of members to the end displacements and the applied loads, we 
will analyze span AB of the continuous beam in Figure 12.2a. Since dif­
ferential settlements of supports in continuous members also create end 
moments, we will include this effect in the derivation. The beam, which 
is initially straight, has a constant cross section; that is, ET is constant along 
the longitudinal axis. When the distributed load w(x), which can vary in 
any arbitrary manner along the beam's axis, is applied, supports A and B 
settle; respectively, by amounts ~A and ~B to points A' and B'. Figure 
12.2b shows a free body of span AB with all applied loads. The moments 
MAB and MBA and the shears VA and VB represent the forces exerted by the 
joints on the ends of the beam. Although we assume that no axial load 
acts, the presence of small to moderate values of axial load (say, 10 to 15 



• • • 

458 Chapter 12 _ Analysis of Indeterminate Beams and Frames by the Slope-Deflection Method 

w(x) 
.initial position 

elastic curve 

1---- L --~,*,I,--- L' --~ 
(a) 

CtWiLJ 1 J;J;;jt:5 
VA I~ L -----+l~1 VB 

(b) 

simple beam 

Cd) 

Figure 12.2: (a) Continuous beam whose sup­ percent oithe member's buckling load) would not invalidate the deriva­
ports settle under load; (b) free body of member tion. On the other hand, a large compression force would reduce the mem­
AB; (c) moment curve plotted by parts. 10.15 equals 

ber's flexural stiffness by creating additional deflection due to the sec­the ordinate of the simple beam moment curve; 
(d) deformations of member AB plotted to an 	 ondary moments produced by the eccentricity of the axial load-the P-A 
exaggerated vertical scale. 	 effect. As a sign convention, we assume that moments acting at the ends 

of members in the clockwise direction are positive. Clockwise rotations 
of the ends of members will also be considered positive. 

In Figure 12.2c the moment curves produced by both the distributed 
load w(x) and the end moments MAB and MBA are drawn by parts. The 
moment curve associated with the distributed load is called the simple 
beam moment curve. In other words, in Figure 12.2c, we are superim­
posing the moments produced by three loads: (1) the end moment MAB• 

(2) the end moment MBA' and (3) the loa<i w(x) applied between ends of 
the beam. The moment curvefor each force has been plotted on the side 
of the beam that is placed in compression by that particular force. 

Figure 12.2d shows the deflected shape of spanAB to an exaggerated 
scale. All angles and rotations are.shown in the positive sense; that is, all 
have undergone clockwise rotations from the original horizontal position 
of the axis. The slope of the chord, which connects the ends of the mem­
ber at points A' and B' in their deflected position, is denoted by !/JAB' To 
establish if a chord angle is positive or negative, we can draw a horizon­
tal line through either end of the beam. If the horizontal line must be 

r line tangent to elastic curve at B' 
/ 

line tangent to curve at A I / 

(e) 

• .,. 
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rotated clockwise through an acute angle to make it coincide with the chord, 
the slope angle is positive. If a counterclockwise rotation is required, the 
slope is negative. Notice, in Figure 12.2d, that !/JAB is positive regardless 
of the end of the beam at which it is evaluated. And 0 A and OB represent 
the end rotations of the member. At each end of span AB, tangent lines are 
drawn to the elastic curve; tAB and tBA are the tangential deviations (the 
vertical distance) from the tangent lines to the elastic curve'. 

To derive the slope-deflection equation, we will now use the second 
moment-area theorem to establish the relationship between the member 
end moments MAS and MBA and the rotational deformations of the elastic 
curve shown to an exaggerated scale in Figure 12.2d. Since the deforma­
tions are small, 'YA' the angle between the chord and the line tangent to the 
elastic curve at point A, can be expressed as ' 

(12.3a) 

Similarly, 'Ys, the angle between the chord and the line tangent to the 
elastic curve at B, equals 

tAB. 
'Y8=- (12.3b) 
. L 

Since 'YA = OA - !/JAB and 'Yo = Os - !/JAS' we can express Equations 
12.3a and 12.3b as . 

tSA 
OA - !/JAS = - (12.4a)

L 

eB - !/J.w =L
tAS (l2.4b) 

o.B - AA
where !/JAB = (l2.4c)

L 

To express tAB and tEA in .terms of the applied moments, we divide the ordi­
nates of the moment curves in Figure 12.2c by EI to produce M/EI curves 
and, applying the second moment-area principle, sum the moments of the 
area under the M/EI curves about the A end of member AB to give tAS 
and about the B end to give tEA' 

MBA L 2L MAS L L 
t -------- ­ (12.5)AB- El23EI23 

MAS L 2L MSA L L (AMX)S 
(12.6)tSA = EI 2' 3 - EI 2' 3" + EI 

The first and second terms in Equations 12.5 and 12.6 represent the first 
moments of the triangular areas associated with the end moments MAS and 
MEA' The last term-(AMi)A in Equation 12.5 and (AMi)B in Equation 
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wL 
RB = 2: 

Moment 
diagram 

Figure 12.3: Simple beam moment curve pro­
duced by a uniform load. 

12.~represents the first moment of the area under the simple beam 
moment curve about the ends of the beam (the subscript indicates the end 
of the beam about which moments are taken), As a sign convention, we 
assume that the contribution of each, moment curve to the tangential 
deviation is positive if it increases the tangential deviation and negative 
if it decreases the tangential deviation. 

To illustrate the computation of (AMx)A for a beam carrying a uni­
formly distributed load w (see Fig. 12.3), we draw the simple beam 
moment curve, a parabolic curve, and evaluate the product of the area 
under the curve and the distance xbetween point A and the centroid of 
the area: 

(12.7) 

Since the moment curve is symmetric, (AMx)B equals (AMx)k 
If we next substitute the values of tAB and tEA given by Equations 12.5 

and 12.6 into Equations 12.4a and 12.4b, we can write i.. _ 

_1 [MBA L 2L MAB ,L L (AMX)A] 
()A - t{lAB - L EI"2"3 - EI "23"- EI (12.8) 

_ 1 [MAB L 2L MBA L L (AMX)B] 
(12.9)o B - t{IAB - L El"2 "3 - EI "2 3" - EI 

To establish the slope-deflection equations, we solve Equations 12.8 and 
12.9 simultaneously forMAlJ and MBA to give 

2EI 2(AMX)A 
(12.10)MAB = L (2eA + OB - 3t{1AB) + L2 

w(x) 

I 
MAB = FEMAB 

• 

II-'---,--- L ----....J 

Figure 12.4 

• 


(12.11) 


In Equations 12.10 and 12.11, the last two terms that contain the quan­
tities (AMx)A and (AMx)B are a function of the loads applied between ends 
of the member only. We can give these terms a physical meaning by using 
Equations 12.10 and 12.11 to evaluate the moments in a fixed-end beam 
that has the same dimensions (cross section and span length) and sup­
ports the same load as member AB.in Figure 12.2a (see Fig. 12.4). Since 
the ends of the beam in Figure 12.4 are fIXed, t;he member end moments 
MAB and MBA' which are also termed fixed-end moments, may be desig­
nated FEMAB and FEMBA• Because the ends of the beam in Figure 12.4 are 
fixed against rotation and because no support settlements occur, it fol­
lows that . 

·.-t~ ....... ___ • • 
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Substituting these values into Equations 12.10 and 12.11 t<;> evaluate 
the member end moments (or fixed-end moments) in the beam of Figure 
12.4, we can write 

. 2(AMx)A . 4(AMXh 

FEMAB = MAB = .L2 -L2. (12.12) 


4 (AMx)A 2(AMXh 
(12.13)FEMBA = MBA = . L2 . - L2 

Using the results of Equations 12.12 and 12.13, we can write Equations 
12.10 and 12.11 more simply by replacing the last two terms by FEMAB 
and FEMBA to produce 

2EI 
MAB =T(20A + OB - 3!/JAB) + FEMA8 (12.14) 

MBA = T2EI 
(208 + OA - 3!/JAB) + FEMBA (12.15) 

Since Equations 12.14 and 12.15 have the same foim, we can replace them 
with a single equation in which we denote the end where the moment is 
being computed as the near end (N) and the opposite end as the far end (F). 
With this adjustment we c~ write the slope-deflection equation as 

• 


(12.16) 

In Equation 12.16 the proportions of the member appear in the ratio IlL. 
This ratio, which is called the relative flexural stiffness of member NF, 
is denoted by the symbol K. 

Relative flexural stiffness K = f (12.17) 

Substituting Equation 12.17 into Equation 12.16, we can write the slope­
deflection equation as 

The value of the fixed-end moment (FEMNF) in Equation 12.16 or 
12.16a can be computed for any type of loading by Equations 12.12 and 
12.13. The use of these equations to determine the fixed-end moments 
produced by a single concentrated load at midspan of a fixed-ended 
beam is illustrated in Example 12.LSee Figure 12.5. Values of fixed-end 
moments for other types of loading as well as support displacements are 
also given on the back covel' . 

(12.16a) 

I 
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(a) 
PL-8 +PL 

8 

P 
-i---- b ---+\jf 

(b) o2P~~~==2.i~ +P~~2 
:.----L ----11&, 

(c) 

(d) 
.ro--;---- L ----->1 

P P 

I" 

I+--'---L------I 

Figure 12.5: Fixed-end moments. 

EXAMPLE 12,1 Using Equations 12.12 and 12,13, compute the fixed-end moments pro­
duced by a concentrated load P at midspan of the fixed-ended beam in 
Figure 12,6a; We know that EI is constant. 

Solution 
Equations 12.12 and 12.13 require that we compute, with respect to both 
ends of the beam in Figure 12.6a, the moment of the area under the sim­
ple beam moment curve produced by the applied load. To establish the 
simple beam moment curve, we imagine the beam AB in Figure 12;6a is 
removed from the fixed supports and placed on a set of simple supports, 
as shown in Figure 12.6b. The resulting simple beam moment curve pro­

-
'.''::'' ­
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duced by the concentrated load at midspan is shown in Figure 12.6c. Since 
the area under the moment curve is symmetric, . 

PL3 

=­
16 

Using Equation 12.12 yields 
(a) 

2 (AMx)A 4(A.uX)B P
FEMAB == L2 - L2 

3 3 
== ~ (PL ) _ ~ (PL )

L2 16 L'2 16 

. PL ( the minus sign indicates a ==-­
8 counterclockwise moment) ADS. 

Using Equation 12.13 yields PL 

4(AMx)A 2 (AN/X)8 

FEMBA == L2 - L2 


(c) 

clockwise ADS. Figure 12.6 

P 

) 

(b) 

12.4. 	 Analysis of Structures by the 

Slope-Deflection Method 


Although the slope-deflection method can be used to analyze any type of 
. indeterminate beam or frame, we will initially limit the method to inde­
terminate beams whose supports do not settle and to braced frames 
whose joints are free to rotate but are restrained against the displace­
ment-restraintcan be supplied by bracing members (Fig. 3.23g) or by 
supports. For these types of structures, the chord rotation angle I/JNF in 
Equation 12.16 equals zero. Examples of several structures whose joints 
do not displace laterally but are free to rotate are shown in Figure 12.7a 
and b. In Figure 12.7a joint A is restrained against displacement by the 
fixed support and joint C by the pin support. Neglecting second-order 
changes in the length of members produced by bending and axial defor­
mations, we can assume that joint 1J is restrained against horizontal dis­
placement by member BC, which is connected to an immovable support 
at C and against vertical displacement by member AB, which connects to 
the fixed support at A. The approximate· deflected shape of the . loaded 
structures in Figure 12.7 is shown by dashed lines . 
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p Figure 12.7b shows a structure whose 90nfiguration and loading are 
symmetric with respect to the vertical axis passing through the center of 
member Be. Since a symmetric· structure under a symmetric load must 
deform in a symmetric pattern, no lateral displacement of the top joints 
can occur in either direction. 

Figure 12.7 c and d shows examples of frames that contain joints that 
are free to displace laterally as well as to rotate under the applied loads. 
Under the lateral load H, joints Band C in Figure 12.7c displace to the 

A 90'. 	
right. This displacement produces chord rotations !/J = Iljh in members 

(a) 	 AB and CD. Since no vertical displacements of joints Band C occur­

i 
, 
I 
I 

~ ~ ! 

\..-£:_,I~L
2 2' 

(b) 

, 

£: -l-£:
2 2 

(e) 

p 

·A."B 

neglecting secondcorder bending and axial deformations of the columns­
w 

the chord rotation of the girder!/JBc equals zero. Although the frame in 
Figure 12.7d supports a vertical load, joints Band C will displace later­
ally to the right a distance 11 because of the bending deformations of 
members AB and Be. We will consider the analysis of structures that 
contain one or more members with chord rotations in Section 12.5. 

, I The basic steps of the slope-deflection method, which were discussed 
axis of I

\ 	 symmetry ,J 
in Section 12.2, are summarized briefly below: 

,;I~' 
A SummaryI 

1. 	 Identify all unknown joint displacements (rotations) to establish the 
number of unknowns. 

2. 	 Use the slope-deflection equation (Eq. 12.16) to express all member 
end moments in terms of joint rotations and the applied loads. 

3. 	 At each joint, except fixed supports, write the moment equilibrium 
equation, which states that the sum of the moments (applied by the 
members framing into the joint) equals zero. An equilibrium equation 
at a fixed support, which reduces to the identity °:::::: 0, supplies no 
useful information. The number of equilibrium equations must equal 
the number of unknown displacements. 

As a sign convention, clockwise moments on the ends of the 
members are assumed to be positive. If a moment at the end of a 
member is unknown, it must be shown clockwise on the end of a 
member. The moment applied by a member to a joint is always 
equal and opposite in direction to the moment acting on the end of 
the member. If the magnitude and direction of the moment on the 
end of a member are known, they are shown in the actual direction. 

4. Substitute the expressions for moments as a function of 
displacements (see step 2) into the eqUilibrium equations in step 3, 

f 90' and solve for the unknown displacements. I 
/ 


1 t"'AB 

Figure 12.7: (a) All joints restrained against displacement; all chord rotations'" equal 
zero; (b) due to symmetry of structure and loading, joints free to rotate but not translate; 

A 

(d) 	 chord rotations equal zero; (e) and (d) unbraced frames with chord rotations. 
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5. 	Substitute the values of displacement in step 4 into the expressions 
for member end moment in step 2 to establish the value of the 
member end moments. Once the member end moments are known, 
the balance of the analysis...,....drawing shear and moment curves or 
computing reactions, for example-is completed by statics. 

Examples 12.2 and 12.3 illustrate the procedure outlined above. 

Using the slope-deflection method, determine the member end moments in 
the indeterminate beam shown in Figure 12.8a. The beam, which behaves 
elastically, carries a concentrated load at midspan. After the end moments 
are determined, draw the shear and moment curves. If I = 240 in4 and E 
30,000 kips/in2, compute the magnitude of the slope at joint B. 

Ss 

(a) 

VSA 

ct 	 J:)
MAS 	 MSA ~IT 

(b) 

Rs 
(e) 

VAS 

ct 	 J
54 kip.ft 

L= 18' 

(d) 

11 

shear 

-54 kip·ft 
(e) 

EXAMPLE 12.2 


Figure 12.8: (a) Beam with one unknown dis­
placement 8B; (/:1.) free body of beamAB; unknown 
member end moments MAS and MBA shown clock­
wise; (c) free body ofjoint B; (d) free body used 
to compute end shears; (e) shear and moment 
curves. 

[continues on next page] 

• 
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Example 12.2 continues . .. 

.. 


Solution 
Since joint A is fixed against rotation, 0A = 0; therefore, the only unknown 
displacement is (JR' the rotation of joint B (!{lAB is, of course, zero since no 
support settlements occur). Using the slope-deflection equation 

and the values in Figure 12.5a for the fixed-end moments produced by a 
concentrated load at midspan, we can express the member end moments 
~hown in Figure 12.8b as 

M = 2EI (0 ) _PL (1)
AB L B 8 

(2) 

To determine (JB, we next write the equation of moment equilibrium 
at joint B (see Fig. 12;8c): 

0+ ."2,MB = 0 

MBA = 0 (3) 
-" ..-. . . ";.-'. '" 

Substituting the value of MBA given by Equation 2 into Equation 3 and 
solving for OB give. 

4E10 +PL = 0 
L B 8 . 

PL2 

(4)f)B = - 32E1 

where the minus sign indicates both that the B end of member AB and 
jointS rotate in the counterclockwise direction. To determine the mem­
ber end moments, the value of (JB given by Equation 4 is substituted into 
Equations 1 and 2 to give 

PL 3PL . - = -- = -54kip·ft Ans. 
8 16 

2 
M = 4E1 (-PL ) + !L= 

BA L 32El 8. 0 

Although we know that MBA is zero since the support at B is a pin, the 
computation of MBA serves as a check. 

To complete the analysis, we apply the equations of statics to a free 
body of member AB (see Fig. 12.8d) . 

• 
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0+ l:.MA = 0 

0= (16kips)(9ft) - VBA (18 ft) - 54kip·ft 

VBA = 5 kips 
+ 
t l:.Fy = 0 

0= VBA + VAB - 16 

VAB = 11 kips 

To evaluate 8s, we express all variables in Equation 4 in units of inches 
and kips. 

PL2 16(18 X 12)2 

--32-EI = - 32(30,000)240 = -0.0032 rad 


Expressing 8B in degrees, we obtain 

21T rad -0.0032 
---=--­

3600 8B 

OB = -0.183° Ans. 

Note that the slope 8B is extremely small and not discernible to the 
naked eye. 

NOTE. When you analyze a structure by the slope-deflection method, 
you must follow a rigid format in formulating the equilibrium equations. 
There is no need to guess the direction of unknown member end moments 
since the solution of the equilibrium equations will automatically pro­
duce the correct direction for displacements and moments. For example, 
in Figure 12.8b we show the moments MAB and MSA clockwise on the 
ends of member AB even though intuitively ...ve may recognize from a 
sketch of the deflected shape in Figure 12.8a that moment MAS must act 
in the counterclockwise direction because the beam is bent concave 
downward at the left end by the load. When the solution indicates MABis 

-54 kip·ft, we know from the negative sign that MAB actually acts on the 
end of the member in the counterclockwise direction. 

Using the slope-deflection method, determine the member end moments E X AMP L E 1 2 . 3 
in the braced frame shown in Figure 12.9a. Also compute the reactions 
at support D, and draw the shear and moment curves for members AB 
and BD. . [continues on next page] 
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1---- 18,-----<.1 

B V=6kips 

P=6kips. 

Example 12.3 continues . .. 

Figure 12.9: (a) Frame details; (b) joint D; 
(c) joint B (shears and axial forces omitted for 
clarity); (d) free bodies of members and joints 
used to compute shears and reactions 
(moments acting on joint B omjtted for clarity). 

1------ 18'~---4.1.- 4'--l 

(a) 

(~r 
Mac =24 kip.ft 

I·,· 
~MDa 
iJf 

(b) (c) 

V=6kips P=6kips 

l (t.iM:I-l 
I B C 

24 kip.ft 

Vsn = 1.43 kips 

F =22.57 kips 

F.= 22.57 kips 

--I..... Van =1.43 kips Bt . 
16.57 kips 12.86 kip-ft 

12.86 kip.ft JC:.::.. 

kip-ft 
62.57 kip.ft 

Dx = 1.43 kips 1.43 kips 

t 
V M 

Dy = 22.57 kips 

(d) i 
468 1 
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Solution 
Since ()A equals zero because of the fixed support atA, ()B and 0D are the 
only unknown joint displacements we must consider.·· Although the 
moment applied to joint B by the cantilever BC must be included in the 
joint equilibrium equation. there is no need to include the cantilever in 
the slope-deflection analysis· of the indeterminate portions of the frame 
because the cantilever is determinate; that is, the shear and the moment 
at any section of member BC can be determined by the equations of stat­
ics. In the slope-deflection solution, we can treat the cantilever as a 
device that applies a vertical force of 6 kips and a clockwise moment of 
24 kip'ft to joint B. . 

Using the slope-deflection equation 

2EI 
MNF = L (2eN + OF - 3t/1NF) + FEMNF (12.16) 

where all variables are expressed in units of kip'inches and the fixed-end 
moments produced by the uniform load on member AB (see Fig. 12.5d) 
equal 

WL2 

FEMAB::::i - 12 

. WL2 

FEMBA = + 12 

we can express the member end moments as 

2E(120) 2(18)2(12) 
MAB 18(12) (eB) - 12 = 1.11E()B - 648. (1) 

2E(120) 2(18)2(12) . 
M = (2() ) + = 2.22E8 + 648 (2)

BA. 18(12) B 12 B . 

2E(60)
MBD = 9(12) (28B + 8D) = 2.22EOB + 1.11EOD (3) 

2E(60)
MDB = 9(12) (28D + 8B) = 2.22EOD + 1.11E()B (4) 

To solve for the unknown joint displacements eB and 8D• we write 
equilibrium equations at joints D and B. 

At joint D (see Fig. 12.9b): +0 'i-MD = 0 

MDB = 0 (5) 

At joint B (see Fig.12.9c): +0 'i-MB = 0 

MBA + MBD - 24(12) = 0 (6) [continues on next page] 
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Example 12.3 continues . .. Since the magnitude and direction of the moment MBC at the B end of the 
cantilever can be evaluated by statics (summing moments about point B), 
it is applied in the correct sense (com.1terclockwise) on the end -of mem­
ber Be, as shown in Figure 12.9c. On the other hand, since the magni­
tude and direction of the end moments MBA and MBD are unknown, they 
are assumed to act in the positive sense-clockwise on the ends of the 
members and counterclockwise on the joint. 

Using Equations 2 to 4 to express the moments in Equations 5 and 6 
in terms of displacements, we can write the equilibrium equations as 

At joint D: 2.22EOD + 1. 11EOB = 0 (7) 

AtjointB: (2.22EO B + 648) + (2.22EO B + L11EOD) - 288 = 0 (8) 

Solving Equations 7 and 8 simultaneously gives 

e _ 46.33 
D- E 

92.66 
"E 

e
To establish the values of the member end moments, the values of ()B and 

D above are substituted into Equations 1,2, and 3, giving 

',' ( 92.66)
MAS = l.11E - ---e - 648 

= -750.85 kip·in ::::: -62.57 kipoft Ans. 

92.66)
MBA = 2.22E ( - ---e + 648 

= 442.29 kip·in = +36.86 kip·ft Ans. 

MBD = 2.22E(- 92:6) + 1.11E(46;3 ) 

-154.28 kip·in=-12.86kip·ft Ans. 

Now that the member end moments are known, we complete the analy­
sis by using the equations of statics to determine the shears at the ends 
of all members. Figure 12.9d shows free-body diagrams of both mem­
bers and joints: Except for the cantilever, all,members carry axial forces 
as well as shear and moment. After the shears are computed, axial forces 
and reactions can be evaluated by considering the equilibrium of the 
joints. For example. vertical equilibrium of the forces applied to joint B 
requires that the vertical force F in column BD equal the sum of the 
shears applied to joint B by the B ends of members AB and Be. 

..;: 

~-,, 

1.... 

","1


- - • 
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Use of Symmetry to Simplify the Analysis of a Synlmetric 
Structure with a Symmetric Load . 

Deteqnine the reactions and draw the shear and moment curves for the 
columns and girder of the rigid frame shown in Figure 12.lOa. Given: 
lAB = leD = 120 in4, lBe = 360 in4, and E is constant for all members. 

Solution 
Although joints Band C rotate, they do not displace laterally because both 
the structure and its load are symmetric with respect to a vertical axis of 
symmetry passing through the center of the girder. Moreover, eB and ec 
are equal in magnitude; however, es, a clockwise rotation, is positive, 

MBe 

BF) 
'-..-IIMBA 

~MBA 

I 
(a) 

v = 30 30 kips 30 kips 

7.81 kips * V = 7.81 kipstBbiZE!1s~~:::;::;:::E~:ill* 7.81 kips + 
83.33 kiP.fl-t___ 30' ___.....e ';'33 kip·ft I,,83.33 kip," 

~~ , 
Ax=7.81kips~ A 

shear . 

~ t j 41.67 kip.ft 
-30kipsT 

141.67 kip·ft A = 30 kips y 

moment 

-83.33 kip.ft -83.33 kip.ft 

(c) 

EXAMPLE 12.4 

MBe 

( 

(b) 

83.33 kip· ft 

41.67 kip·ft 

shear moment 


Figure 12.10: (a) Symmetric structure and load; 
(b) moments acting on joint B (axial forces and 
shears omitted); (c) free bodies of girder Be and 
column AB used to compute shears; final shear 
and moment curves also shown. 

[continues on next page] 
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Example 12.4 continues . .. and (ie, a counterclockwise rotation, is negative. Since the problem con­
tainsonly one unknown joint rotation, we can determine its magnitude 
by writing the equilibrium equation for either joint B or joint C. We will 
arbitrarily choose joint B. 

Expressing member end moments with Equation 12.16, reading the 
vaJ.ue of fixed-end moment for member BC from Figure 12.Sd, express­
ing units in kips'inch,and substituting BB = 0 and Be = -0, we can write 

. 2E(120). 
(1)MAB = 16(12) (OB) = 1.2SEOB 

. 2E(120) 
MBA = 16(12) (28B) = 2.S0EOB (2) 

2E(360) WL2 

MBe == 30(12) (20B + Oc) - 12 

2(30)2(12) 
= 2E[20 + (-0)] - 12 = 2EO - 1800 (3) 

Writing the equilibrium equation at joint B (see Fig. 12.lOb) yields 

(4) 

Substituting Equations 2 and 3 into Equation 4 and solving for 0 produce 

2.5EO + 2.0EO - 1800 = 0 

o= 400 (5)
E 

Substituting the value of 8 given by Equation 5 into Equations 1,2, and 
3 gives 

MAS 1.25E( 4~0) 
.= 500 kip·in == 41.67 kip·ft Ans. 

MBA 2.SE( 4~0 ) 

= 1000 kip· in = 83.33 kip-ft Ans. 

MBe = 2E( 4~0) - 1800 

= -1000 kip·in = -83.33 kip·ft counterclockwise Ans. 

The final results of the analysis are shown in Figure 12.lOc. 

1; Ie 

, 
1 

• 
 .. .. .. .. 
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Using symmetry to simplify the slope-deflection analysis ot'the frame in 
Figure 12.11a, determine the reactions at supports A and D. 

Solution 
Examination of the frame shows that all joint rotations a,re zero. Both ()A 

and {)c are zero because of the fixed supports at A and C. Since column 
BD lies on the vertical axis of symmetry, we can infer that it must remain 
straight since the deflected shape of the structure with respect to the axis 
of symmetry must be symmetric. If the column were to berid in either 
direction, the requirement that the pattern of deformations be symmetric 

p= 16 kips p= 16 kips 

I-- 10,-1- 10'--1- 10'---1- 10'--1 

(a) 

p= 16 kips 


8 kips 8 kips 


(rr:.'\B --(I 8154OkiP~t=;.;;;;;..;;.;.;..===OIOiillj~.ttpo. 40 kipoft ~ 40 kipo' 
8 kips 

16 kips 

16 kips 

40 kip.ft 
B~ tJ$V ~M 

40 kip.ft 40 kip·ft 

16 kips 
(b) 

'.-,'- ..a.- ~ 

EXAMPLE 12.5 


Figure 12.11: (a) Symmetric frame with sym­
metric load (deflected shape shown by dashed 
line); (b) free body of beam AB, joint B, and col­
umn BD. Final shear and moment diagrams for 
beamAB. 

[continues on next page] 
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Example 12.5 continues . .. 	 would be violated. Since the column remains straight, neither the top nor 
bottom joints at Band D rotate; therefore, both (jB and (jD equal zero. 
Because no support settlements occur, chord rotations for all members are 
zero. Since all joint and chord rotations are zero, we can see from the j 
slope-deflection equation CEq. 12.16) that the member end moments at , . 

each end of beams AB and Be are equal to the fixed-end moments PL/8 
given by Figure 12.5a: 

PL 16(20) . 
FEM = + = = +40 kip·ft- 8 8 ­

Free bodies ofbeamAB,jointB, andcolumnBD are shown in Figure 12.11. 

NOTE. The analysis of the frame in Figure 12.11 shows that column BD 
carries only axial load because the moments applied by the beams to each 
side of the joint are the same. A similar condition often exists at the inte­
rior columns of multistory buildings whose structure consists of either a 
continuous reinforced concrete or a welded-!<teel rigid-jointed frame. 
Although a rigid joint has the capacity to transfer moments from the 
beams to the .column, it is the difference between the moments applied 
by the girders on either side of a joint that determines the moment to be 
transferred. When the span lengths of the beams and the loads they sup­
port are approximately the same (a condition that exists in most build- . 
ings).thedifference. in moment is small. As a result, in the preliminary 
design stage most columns can be sized accurately by considering only 
. the magnitude of the . axial. load produced by the gravity load from the 
tributary area supported by the column. 

I ' 

EXAMPLE 12.6 Determine the reactions and draw the shear and moment curves for the 

beam in Figure 12.12. The support atA has been accidentally constructed 
with a slope that makes an angle of 0.009 rad with the vertical y-axis 
through support A, and B has been constructed 1.2 in below its intended 
position. Given: EI is constant, 1= 360 in4, and E = 29,000 kips/in2. r 

Solution 
The slope at A and the chord rotation I/JAB can be determined from the I 
information supplied about the support displacements. Since the end of }
the beam is rigidly connected to the fixed support at A, it rotates coun­ i 
terclockwise with the support; and (JA = -0.009 rad. The settlement of 
support B relative to support A produces a clockwise chord rotation 

~ 1.2 
"'AB = L = 20(12) = 0.005 radians I 
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Angle 0B is the only unknown displacement, and the fixed-end moments 
are zero because no loads act on beam. Expressing member end moments 
with the slope-deflection equation (Eq. 12.16), we have 

2EIAB .. . 
MAB = -- (20A + Os - 3t/1AS) +FEMAB 

LAB 

2E(360) 
MAs = 20(12) [2(-0.009) + OB - 3(0.005)J (1) 

. 2E(360) 
MBA = 20(12) [20s + (-0.009) - 3 (0.005) J (2) 

Writing the equilibrium equation at joint B yields 

+0 "" ~MB= 0 

MBA = 0 (3) 

Substituting Equation 2 into Equation 3 and solving for OB yield 

3E(20s - 0.009 - 0.015) = 0 

0B = 0.012 radians 

To evaluate MAS' substitute 0B into Equation 1: 

MAB = 3(29,000)[2(-0.009) + 0.012 - 3(0.005)] 

= -1827 kip·in = 152.25 kip·ft 

Complete the analysis by using the equations of statics to compute the 
reaction at B and the shear at A (see Fig. 12.12b). 

0+ IMA = 0

°= RB (20) - 152.25 

Rs = 7.61 kips Ans. 
+ 
t IFy = 0 

VA = 7.61 kips 

y 

1-----L = 20' ------..I 

(a) 

VA =7.61 kips 

(t~~~ 

152.25 

RB=7.61 kips 

(b) 

M 

-152.25 kip·ft 
(c) 

Figure 12.12: (a) Deformed shape; (b) free 
body used to compute VA and RB; (c) shear and 
moment curves. 

e I~ f r ron lu Ii , 71 

Although the supports ru;e constructed in their correct position, girder AB E X AMP L E 1 2 . 7 
of the frame shown in Figure 12.131s fabricated 1.2 in too 10ng.Deter­
mine the reactions created when the frame is connected into the supports. 
Given: EI is a constant for all members, I 240 in4, and E= 29,000 
kips/in2•· [continues on next page] 

• • ...=-- ­ • .•...,,- - • • • 



---------

• • 

476 Chapter 12 Analysis of Indetenninate Beams and Frames by the Slope-Deflection Method 

Example 12.7 continues . .. A=: 1.2" 

J 
9' 

1-<----- 18' ---~ 

(a) 

5.96 kips 5.96 kips. 5.96 kips 
95kiPfrl7.95 kiPST lA*{;'~'"'!*'Wfo/~~:/:'clC """'1 t*95 kips 7. 

35,76 kip·ft 71.58 kip·ft 71.58 kip.ft 
-7.95 kips 

71.58 kip.ft ~ 
35.76 kip·ft ~.96 kips 

5.96 kips 

71.58kip·ft ~ 
7.95 kips_ 

9' 

71.58 kip·ft 

Figure 12.13: (a) Girder AB fabricated 1.2 in 
too long; (b) free-body diagrams of beam AB, 
joint B, and column Be used to compute internal 
forces and reactions. 

• 


t 
5.96 kips 

(b) 

Solution 
The deflected shape of the frame is shown by the dashed line in Figure 
12.13a. Although internal forces (axial, shear, and moment) are created 
when the frame is forced into the supports, the deformations produced by 
these forces. are neglected since they are small compared to the 1.2-in 
fabrication error; therefore, the chord rotation "'BC of column Be equals 

. . .!l 1.2 1 
"'BC = L = 9(12) = 90 rad 

Since the ends of girder AB are at the same level, '" AB = O. The unknown 
displacements are BB and ec­

• 
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Using the slope-deflection equation (Eq. 12.16), we express member 

end moments in terms of the unknown displacements. Because no loads 

are applied to the members, all fixed-end moments equal zero. 


2E(240) 	 .. 
(1)MAB = 18(12) (OB) = 2.222EOB 

2E(240) 
MBA = 18(12) (20B) = 4.444EOB (2) 

·1 	 2E(240) [ ( 1 )]
. M BC = 9 (12) 20B + 0C - 3 90 

= 8.889EOB + 4.444EOc - 0.1481E (3) 

2E(240) [ ( 1 )]
MCB = 9(12) 20c + OB - 3 90 

= 8.889EOc + 4.444EOB - 0.1481E (4) 

Writing equilibrium equations gives 


Joint C: MCB = 0 (5) 


Joint B: 
 (6) 


Substituting Equations 2 to 4 into Equations 5 and 6 solving for OB and 

Oc yield 


8.889EOc + 4.444EOB - 0.1481E = 0 


4.444EOB + 8.889EOB + 4.444EOc - O.14iHE = 0 


oB = 0.00666 rad (7)' 


Oc = 0.01332 rad (8) 


Substituting Oc and OB into Equations 1 to 3 produces 


MAB 	= 35.76 kip oft MBA = 71.58 kipoft ADSo 

= -71.58 kipoft MCB = 0MBc 

The free-body diagrams used to compute internal forces and reactions are 

shown in Figure 12.13b, which also shows moment diagrams . 


... ~~~:~~'~,~~;~~~,~;3.~....... ~.......................... ....0 •••••••••••••••••••••••••••••••0 .................. ~ ................................... ; ..... .. 


ftll?:~i:l Analysis of Structures That Are Free to Sidesway 

Thus far we have used the slope-deflection method to analyze indetermi­
nate beams and frames with joints that are free to rotate but which are 
restrained against displacement. We now extend the method to frames 
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p 

(a) 

(b) 

Figure 12.14: (a) Unbraced frame, deflected 
shape shown to an exaggerated scale by dashed 
lines, column chords rotate through a clockwise 
angle t/!; (b) free-body diagrams of columns and 
girders; unknown moments shown in the positive 
sense, that is, clockwise on ends of members 
(axial loads in columns and shears in girder omit­
ted for clarity). 

whose joints are also free to sidesway, that is, to displace laterally. For 
example, in Figure 12.14a the horizontal load results in girder BC dis­
placing laterally a distance .l. Recognizing that the axial deformation of 
the girder is insignificant, we assume that the horizontal displacement of 
the top of both columns equals .l. This displacement creates a clockwise 
chord rotation IjJ in both legs of the frame equal to 

~ 

h. 

where h is the length of column. 
Since three independent displacements develop in the frame [i.e., the 

rotation of joints Band C (OB and Oc) and the chord rotation 1jJ], we 
require three eqUilibrium equations for their solution. Two equilibrium 
equations are supplied by considering the eqUilibrium of the moments 
acting on joints Band C. Since we have written equations of this type in 
the solution of previous problems, we will only discuss the second type 
of eqUilibrium equation-the shear equation. The shear equation is 
established by summing in the horizontal direction the forces acting on 
a free body of the girder. For example, for the girder in Figure 12.14h we 
can write 

-H 2:,Fx = 0 

Vl +V2 + Q = 0 (12.18) 

In Equation 12.18, VI> the shear in column AB, and V2, the shear in col­
umn CD, are evaluated by summing moments about the bottom of each 
column of the forces acting on a free body of the column. As we estab­
lished previously, the unknown moments on the ends of the column must 
always be shown in the positive sense, that is, acting clockwise on the 
end of the member. Summing moments about point A of column AB, we 
compute VI: 

c+ 2:,MA =0 

MAR + MBA - V1h= 0 

MAB + MBA 
= ---'=----"'= (12.19)Vl . h 

Similarly, the shear in column CD is evaluated by summing moments 
about point D. 

c+ 2:,MD = 0 

MCD + MDC - V2h = 0 

MCD + M DC (12.20)V2 = h 

• 
 ..-." ...... ­
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Substituting the values of Vj and V2 from Equations 12.19 and 12.20 into 
Equation 12.18, we can write the third equilibrium equation as 

MAR + MBA MCD + MDc 
h . + h . + Q = 0(12.21) 

Examples 12.8 and 12.9 illustrate the use of the slope-deflection method 
to analyze frames that carry lateral loads and are free to sides way. Frames 
that carry only vertical load will also undergo small amounts of sidesway 
unless both the structure and the loading pattern are symmetric. Exam­
ple 12.10 illustrates this case. 

EXAMPLE 12.8Analyze the frame in Figure 12.15a by the slope-deflection method. E is 
constant for all members. 

IBc= 600 in4 

Solution 
Identify the unknown displacements eB, ec, and A. Express the chord rota­
tions t/I,lB and t/lCD in tenns of A: 

A 
and sot/lAB == 12 Figure 12.15: (a) Details of frame; (b) reactions 

and moment diagrams. 

21.84 kip·ft 

~ -=::::::::::::: 16.76 kip. ft 

21.84 kip·ft 16.76 kip·ft 
6 kips 

12' 

+4.03 kips 

26.45 kip.ft 26.45 kip.!! 

2.57 kips 

, + 18.7 kip.f! j 

't'" 18.7 kip·ft 
r----- 15' -----I 

2.57 kips 
(a) (b) 

[continues on next page] 
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Example 12.8 continues . .. Compute the relative bending stiffness of all members. 

_ EI _ 240E - 20E 
KAB - L - 12 ­

K - El _ 600E - 40E 
BC - L - 15 ­

El 360EK .., ....... = 20E

CD L 18 

If we set 20E = K, then 

KAB = K KeD = K (2) 

Express member end moments in terms bf displacements with slope­
deflection equation 12.16: MNF = (2El/L)(20N+ OF - 3t/JNF) + FEMNF· 
Since no loads are applied to members between joints, all FEMNF = O. 

MAB = 2KAB (OB - 3t/JAB) 

MBA = 2KAB (26B - 3t/JAB) 

. MBc = 2KBc(20B + Oc) 
(3)

MCB = 2KBc(20c + OB) 

MCD = 2KCD(2fJc - 3t/JCD) 

M DC = 2KcD(fJC - 3t/JCD) 

In the equations above, use Equations 1 to express t/JAB in terms of t/JCD' and 
use Equations 2 to express all stiffness in terms of the parameter K. 

MAB = 2K(fJB - 4.5t/JCD) 

MBA = 2K(2fJB - 4.5t/JCD) 

M Bc = 4K(20B + (J.d· 
(4)

MCB = 4K(2fJc Os) 

MCD = 2K(20c - 3t/JCD) 

, 

The equilibrium equations are: 

JointB: MBA + M BC = 0 (5) 

Joint c: Mcs + MCD = 0 (6) 

Shear equation MBA + MAS M CD + MDC 6 

(see Eq. 12.21): 12 + 18 + = 0 (7) 
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Substitute Equations 4 into Equations 5, 6, and 7 and combine terms. 


120B + 40c - 9t/1CD = 0 (5a) 


40B + 129c 6t/1CD 0 (6a) 


. 108 
90B + Mc - 39t/1CD = - K (7a) 

Solving the equations above simultaneously gives 

o _ 2.257 () _ 0.97 t/I _ 3.44 
B- K c- CD­K K 

5.16
Also, t/lAB = 1.5t/1CD = K 
Since all angles are positive, all joint rotations and the sidesway angles 
are clockwise. ­

Substituting the values of displacement above into Equations 4, we 
establish the member end moments. 

MAE -26.45 kip·ft MBA = -21.84 kip·ft Ans. 

MBc = 21.84kip·ft MCB = 16.78 kip·ft 

MCD = 16.76 kip·ft MDc = -18.7 kip·ft 

The final results are summarized in Figure 12.15b. 

II! ., J 11it .. 

Analyze the frame in Figure 12.100 by the slope-deflection method. Given: EXAMPLE 12.9 
El is constant for all members. 

Solution 
Identify the unknown displacements; 0B. Oc, and t/lAB' Since the cantilever 
is a determinate component of the structure, its analysis does not have to 
be included in the slope-deflection formulation. Instead, we consider the 
cantilever a device to apply a vertical load of 6 kips and a clockwise 
moment of 24 kip·ft to joint C. ' 

Express member end moments in terms of displacements with Equa­
tion 12.16 (all units in kip·feet). 

2EI - 3(8)2 

MAB = 8(OB - 3t/1AB) - 1"2 


2El - 3(8)2 

MBA = 8 (20 B - - 3t/1AB) + 12 (1)* 


"'TWo additional equations for M/!c and Mc/! on page 468.. [continues on next page] 
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Example 12.9 continues . .. 

2ldps/ft 

1+---12'--~'';''~'-

(c) 

Cb) 

(a) 

Figure 12.16: (a) Details of frame: rotation of 
chord IjIAlJ shown by dashed line; (b) moments 
acting on joint B (shear and axial forces omitted 
for clarity); (c) moments acting on joint C (shear 
forces and reaction omitted for cllmty); Cd) free 
body of column AB; (e) free body of girder used 
to establish third equilibrium equation. Vl~~i!rr=~~~ 

MB.4 

(e) 

Write the joint equilibrium equations at Band C. 
Joint B (see Fig. 12.16b): 

+0 Y.MB = 0: MBA + MEc = 0 (2) 

Joint C (see Fig. 12.16c): 

+0 Y.Mc = 0: 'MCB -24 = 0 (3) 

. Shear equation (see Fig. 12.16d): 

0+ Y.MA = 0 MBA + MAB + 24(4) - V1(8) 0 

8' 

Cd) 

solving for VI gives (4a) 

Isolate the girder (See Fig. 12.16e) and consider equilibrium in the 
horizontal direction. 

-H Y.Fx = 0: therefore VI = 0 (4b) 
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Substitute Equation 4a into Equation 4b: 

MBA + MAB + 96 = 0 (4) 

Express eqUilibrium equations in terms of displacements by substituting 
Equations 1 into Equations 2,.3, and 4. Collecting terms and simplifying, 
we find .., 	 . 

192 
lOeB - 2ee - 9r/JAB 

EI 

144 
eB ­ 2@c 

EI 

384 
3eB - 6r/JAB 

EI 

Solution of the equations above gives 

() _ 53.33 45.33 90.66 
B - EI ()c = r/JABEI EI 

Establish the values of member end moments by substituting the val­
ues of ()B' OCt and r/JAB into Equations 1. . 

M = 
AB 

2EI [53.33
8 EI 

_ (3)(90.66)]
EI 

_ 16 = -70.67 kip.ft 

MBA 
2EI [. (2)(53.33) 

= 8 EI -
(3)(90.66)]'

EI + 16 = 
. 

-25.33 kip·ft 
6 

. 2EI [(2)(53.33) 45.33 
MBe = 12 EI + EI 

M = 2EI [(2)(45.33) + 53.33 
CB 12 EI EI 

= 25.33 kip·ft 

= 24 kip.ft 

-4.11 

25.33~ 
~ 

-24 

shear 
(kips) 

moment 
(kip·ft) 

I 

I 

After the end moments are established, we compute 	 B C25.33 
the shears in all members by applying the equations D 

X"l ~ ",:"....of equilibrium to free bodies of each member. Final W 
results are shown in Figure 12.16f. ~ t 

lO.n kips 
24 kips 

24 kips 70.67 
kip·ft ~M = 70.67 kip.ft 

shear moment 
4.11 kips

Figure 12.16: (f) Reactions and shear and 

moment curves. (I) 


ill t II 

• 
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EXAMPLE 12.10 

p= 12 kips 


115'-1----301'---1 


31 

1+----45'----+1 

(a) 


p= 12 kips 


1Y~';" ,.. <L""" ,<,' I·"','i.,:'i.V" Q 
-----VI --':"""'V2+MllA +MCD 

(b) 

Figure 12.17: (d) Unbraced fuunepositive chord 
rotations assufued for co!umns(see the dashed 
lines), deflected shape shown in (d); (b) free bodies 
of columns and girder used to establish the shear 
equation. 

Analyze the frame in Figure 12.17 a by the slope-deflection method. Deter­
mine the reactions; draw the moment curves for the members, and sketch 
the deflected shape. If I = 240 in4 and E = 30,000 kips/in2, determine 
the horizontal displacement of joint B. 

Solution 
Unknown displacements are (JB' (Je, and 1/1. Since supports atA are fixed, 
(JA and (JD equal zero. There is. no chord rotation of girder Be. 

Express member end moments in terms of displacements with the 
slope-deflection equation. Use Figure 12.5 to evaluate FEMNF. 

2EI 
MNF = L (20N + OF - 3I/1NF) + FEMNF (12.16) 

Pb2a 12(30)2(15) Pa2b 12(15)2(30) 
FEMBC = -IF = (45)2 FEMCD = IF = . (45)2 

== -80 kip·ft = 40 kip·ft 

To simplify slope-deflection expressions, set EI/15 = K. 

2EI 
MAB = 15(eB - 31/1) = 2K(eB - 31/1) 

. 2EI 
MBA = 15 (2e B - 31/1) =2K(20B 31/1) 

2EI . 2 
MBC = 45 (2eB + ec) - 80 = 3K(2(JB + (Jc) 80 

(1)
2EI 2 

MCB = 45 (2e c + (JB) + 40 = 3K(2(Je + (JB) + 40 

2EI . 

MCD = 15 (2(Je - 31/1) = 2K(ee - 31/1) 


2EI 
MDe = 15 (()e- 31/1) = 2K(()e 31/1) 

The equilibrium equations are: 

Joint B: MBA + MBe = 0 (2) 

JointC: MeB +McD = 0 (3) 

Shear equation (see the girder in Fig. 12.17b): 

-H -:£Fx = 0 V1 + V2 = 0 (4a) ! 
I 
i 
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MCD + M Dcwhere (4b)V2 = 15 

Substituting VI and V2 given by Equations 4b into 4a gives 

MBA +MAB + MCD +MDC = 0 (4) 

Alternatively, we can set Q = 0 in Equation 12.21 to produce Equation 4. 
Express equilibrium equations in terms of displacements by substi­

tuting Equations 1 into Equations 2, 3, and 4. Combining terms and sim­
plifying give 

8KOB + KO c - 9KI/J 120 

2KOB + 16KOc - 3KI/J = -120 

KOB + KOc 4KI/J = 0 

Solving the equations above simultaneously, we compute 

10 
(5)I/J = 3K 

Substituting the values ofthe 0B' Oc, and I/J into Equations 1, we com­
pute the member end moments below. 

MAB = 19.05 kip·ft MBA = 58.1 kip·ft 

MCD = -44.76 kip·ft M DC ::= - 32.38 kip·ft (6) 

MBC - 58.1 kip·ft MCB = 44.76 kip·ft 

Member end moments and moment curves are shown on the sketch in 
Figure 12.17: (c) Member end moments and Figure 12.17 C; the deflected shape is shown in Figure 12.17 d. 
moment curves (in kip'ft); (d) reactions and 
deflected shape. . 

66.4 

~. moment p= 12 kipsV ~(kip.ft)_' v,;~ 

-58.1 -44.76 

• 

" 

..." ',' I 
': I 

5~/ l~'; .!.:...; '~Ii"'''+''U····?·''!'l*f.:.
~. ..". 

5.14 kips 5.14.kips 
f¥\,,,.~ { ~ 

• : AD!!. 19.05 kip.ft'-Y ~ 32.38 kip.ft
19.05···· .% 32.28 

8.3 kips 3.7 kips 
(d)(c) 

[continues on next page] 
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Example 12.10 continues . .. Compute the horizontal displacement of joint B. Use Equation 1 for 
MAE' Express all variables in units of inches and kips. 

2El 
(7)MAB = 15(12) (8E 31/1) 

From the values in Equation 5 (p. 485), 8B = 5.861/1; substituting into 
Equation 7, we compute 

2(30,000)(240) '586'/' - 3,/')19.05(12) 15(12) l· 'f'. 'f' 

1/1 0.000999 rad 

~ 
1/1= ~ = I/1L = 0.000999(15 X 12) = 0.18 in Ans. 

L 

12.6 Kinematic Indeterminacy 

T6amilyze a structure by the flexibility method, we first established the 
degree of indeterminacy of the structure. The degree of statical indeter­
minacy determines the number of compatibility equations we must write 
to evaluate the redundants, which are the unknowns in the compatibility 
equations. 

In the slope-deflection method, displacements-both joint rotations 
and translations-are theul1knowns. As a basic step in this method, we 
must write equilibrium equations equal in number to the independent 
joint displacements. The number of independent joint displacements is 
termed the degree of kinematic indetenninacy. To determine the kine­
matic indeterminacy; we simply count the number qf independent joint 
displacements that are free to occur. For example, if we neglect axial 
deformations, the beam in Figure 12.18a is kinematically indeterminate 
to the first degree. If we were to analyze this beam by slope-deflection, 
only the rotation of joint B would be treated as an unknown. 

If we also wished to consider axial stiffness in a more general stiff­
ness analysis, the axial displacement at B would be considered an addi­
tional unknown, and the structure would be. classified as kinematically 
illdeterminate to the second degree. Unless otherwise noted,. we will neg­
lect axial deformations in this discussion. 

In Figure 12.18b the frame would be classified as kinematically inde­
terminate to the fourth degree because joints A, B, and C are free to rotate . 

'a:.,"".- _ 
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and the girder can translate laterally. Although the number of joint rota­
tions is simple to identify, in certain types of problems the number of inde­
pendent joint displacements may be more difficult to establish. One.method 
to determine the number of independent joint displacements is to introduce Ca)
imaginary rollers as joint restraints. The number of rollers required to 
restrain the joints of the structure from translating equals the number of 
independent joint displacements. For example, in Figure 12.18c the struc­ i 

: .
turewould be classified as kinematically indeterminate to the eighth 
degree, because sixjoint rotations and two joint displacements are pos­
sible. Each imaginary roller (noted by the numbers 1 and 2) introduced 
at a floor prevents all joints in that floor from displacing laterally. In Fig­
ure 12.18d the Vierendeel truss would be classified as kinematically 
indeterminate to the eleventh degree (i.e., eight joint rotations and three 
independent joint translations). Imaginary rollers (labeled 1, 2, and 3) 
added at joints E, C, and H prevent all joints from translating. 

Summary 
IThe slope-deflection procedure is an early classical method for 
Ianalyzing· indeterminate beams and rigid frames. In this method 


joint displacements are the unknowns, 

For highly indeterminate structures with a large number of joints, 

the slope-deflection solution requires that the engineer solve a series 

·of simultaneous equations equal in number to the unknown 

displacements-a time-consuming operation. While the use of the 

slope-deflection method to analyze structures is impractical given 

the availability of computer programs, familiarity with the method 

provides students with valuable insight into the behavior of structures. 


• 	 As an alternate to the slope-deflection method, moment distribution 
was developed in the 1920s to analyze indeterminate beams and . 

Figure 12.18: Evaluating degree of kinematic
frames by distributing unbalanced moments at joints in an artificiruly indeterminacy: (a) indeterminate first degree,
restrained structure. While this method eliminates the solution of neglecting (t"{ial deformations; (b) indeterminate 

simultaneous equations, it is still relatively long, especially if a fourth degree; (e) indeterminate eighth degree, 

large number of loading conditions must be considered. Nevertheless, imaginary rollers added at points 1 and 2; (d) inde­


terminate eleventh degree, imaginary rollers
moment distribution isa useful tool as an approximate method of 
added at points 1, 2, and 3.

analysis both for checking the results of a computer analysis and in 

making preliminary studies. We will use the slope-deflection equation 

(in Chap. 13) to develop the moment distribution method. 


D 

(b) 

(e) 

(d) 

• 	 A variation of the slope-deflection procedure, the general stiffness 
method, used to prepare general-purpose computer programs, is 
presented in Chapter 16. This method utilizes stiffness coefficients~ 
forces produced by unit displacements of joints. 

·IIL..,.. __ 



• • • • 

488 Chapter 12 Analysis of Indeterminate Beams and Frames by the Slope-Deflection Method 

·~·I ..··P.·RQJ~..~.~.M.$....................:......................:............................................................................................................................................. 

P12.1 and P12.2. Using Equations 12.12 and 12.13, 
compute the fixed end moments for the fixed-ended 
beams. See Figures P12.1 and PI2.2. 

P P 

C :> 
FEMAB L 

2 .1. L 
'4 

FEMBA 

P12.1 

. P12.2 

P12.3. Analyze by slope-deflection and draw the shear 
and moment curves for the beam in Figure P12.3. Given: 
E1 = constant. 

p= 16 kips 

---If---8' .. 1. 4' 

P12.3 

P12.4. Analyze the beam in Figure P12A by slope­
deflection and draw the shear and moment diagrams for 
the beam. E1 is constant. 

10 m --,....1.;.-----14 m ---+I 

P12.4 

P12.S. Analyze by slope-deflection and draw the shear 
and moment curves for the continuous beam in Figure 
PI2.5. Given: EI is constant 

. p= 30 kips 

P12.S 

P12.6. Draw the shear and moment curves for the frame 
in Figure P12.6. Given: EI is constant. How does this 
problem differ from Problem P12.5? 

P=30kips 

w = 5 kips/ft 

\ B~~=rr~~~~~~C~. 

T
20' 

L 
,I. 14' 

P12.6 
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P12.7. Compute the reactions atA and CinFigureP12.7. P12.9. (a) Under the applied loads support B in Figure 
Draw the shear and moment diagram for member Be. P'I2.9 settles 0.5 in. Detennine all reactions. Given: E = 
Given: 1= 2000 in4 and E= 3,000 kips/in2. 30,000 kips/in2, 1= 240 in4. (b) Compute the deflection 

of point C. 

1 
J 
12' 

P12.7 

P12.S. Use the slope~deflection method to detennine the 
vertical deflection at B and the member end moments at 
A and B for the beam in Figure PI2.8. El is a constant. 
The guide support at B pennits vertical displacement, but 
allows no rotation or horizontal displacement of the end 
ofthe beam. 

p 

A B 

• 


~I·--------L----~~.I 

P12.B 

• 


P12.9 

P12.10. In Figure. P12.1O, support A rotates 0.002 rad 
and support C settles 0.6 in. Draw the shear and moment 
curves. Given: I = 144 in4 and E = 29,000 kips/in2. 

I 
i 

\1 0.002 rad 

\ 


l-- 12' --1<0--- 15' --_ 

P12.10 

I .. 

I • 

I 

I ~ 

• 
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In ProblemsP12.11 to P12.I4, take advantage of sym­
metry to simplify the analysis by slope deflection. 

P12.11. (a) Compute all reactions and draw the shear 
and moment curves for the beam in Figure PI2.II. Given: 
EI is.constant. (b) Compute the deflection under the load. 

p= 18 kips 

P12.11 

P12.12. (a) Determine the member end moments for the 
rectangular ring in Figure PI2.12, and draw the shear and 
moment curves for members AB and AD. The cross sec­
tion of the rectangular ring is 12 in x 8 in and E == 3000 
kipS/in2. (b) What is the axial forcein member AD and 
in member AB? .. 

• 


A 

w:;; 2.kips/ft .. 

11-'--- 12' ----+1.1 

P12.12 

• 


P12.13. Figure P12.13 shows the forces exerted by the 
soil pressure on a typical I-ft length of a concrete tun­
nel as well as the design load acting on the top slab. 
Assume a fixed-end condition at the bottom of the walls 
at A and D is produced by the connection to the foun­
dation maLEI is constant. 

18' 
1 
J 

P12.13 

P12.14. Compute the reactions and draw the shear and 

moment curves for the beam in Figure PI2.14. Also E = 

200 GPa and I = 120 X 106 mro4• Use symmetry to 

simplify the analysis. Fixed ends at supports A and E. 


P12.14 

....~ ...... - • • 

http:ProblemsP12.11


PI2.1S. Consider the beam in Figure P12.14 without 

the applied load. Compute the reactions and draw the 


. shear and moment curves for the beam if support C settles 

24 nun and support A rotates counterclockwise 0.005 rad. 


PI2.16. Analyze the frame iil Figure P12.16. Given: El 
is constant for all members. Use symmetry to simplify 
the analysis. 

1 
12m 

J
A n 

P12.16 

PI2.I7. Analyze the frame in Figure PI2.17. Given: EI 
is constant. Fixed ends at A and D. 

B C 
30kN 

1 
12m 

nJ 
20m 

P12.17 

• 
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I • 

;PI2.1S. Analyze the structure in Figure P12.1S. In 
addition to the applied load, support A rotates clockwise 
by 0.005 rad. Also E = 200 GPa and I = 2S X 106 mm4 

for all members. Fixed end at A. 

1 

3m 

1 

J 
3m 

P12.1B 

P12.19.' Analyze the frame in FlgureP12.19. Giv~n:E! 
is constant. Fixed supports' at A and B. 

50kN 50kN 

6kN/m 

1 
J 
6m 

6m~--I 

P12.19 

• 
 • 


http:FlgureP12.19
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P12.20. (a) Draw the shear and moment curves for the 
frame in Figure P12.20. (b) Compute the deflection at 
midspan of girder Be. Given: E = 29,000 ldps/in2. 

8 kips/ft 

lee = 1200 in4 

18'~-+---

P12.20 

P12.21. Analyze the frame in Figure P12.21. Compute 
all reactions. Also I BC = 200 in4 and lAB == ICD == 150 in4. 
E is constant. 

• 

c 

• 

P12.21 

P12.22. Analyze the frame in Figure P12.22. Also EI is 
constant. Notice that sidesway is possible because the 
load is unsymmetric. Compute the horizontal displace­
ment of joint B. Given: E = 29,000 ldps/in2 and I = 240 
in4 for all members. 

w=4 kips/ft 

B 

A 

1------ 20'-----1 

P12.22 

P12.23. Compute the reactions and draw the shear and 
moment diagrams for beam Be in Figure P12.23. Also 
EI is constant. 

c 
35kN i 

3m 

t
6m 

L A 

1----- 9 m ----I 

P12.23 

! 
i 

i 
I 

• 
 • 
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P12.24. Determine all reactions in Figure P12.24.Draw 
the shear and moment diagrams for member Be. The 
ends of the beams at points A and e are embedded in 
concrete walls that produce fixed supports. The light 
baseplate at D may be treated as a pin support. AlsoE! 
is constant. 

1 
J 
4m 

4m .\ 8m---­

P12.24 

P12.2S. Determine all reactions at points A and D in 
Figure P12.2S. E! is constant. 

60kN 
c 1 

J 
6m 

8m 

l A 

1..-\.----10 m -----I 

P12.2S 

P12.26. If support A in Figure P12.26 is constructed 
0.48 in too low and the support at e is accidentally con­
structed at a slope of 0.016 rad clockwise from a verti­
cal axis through e, determine the moment and reactions 
created when the structure is connected to its supports. 
Given: E = 29,000 kips/in2. 

a= 0.016 rad -1 "­
I 

C{B 1= 300 in4 
I 

AL 
1------- 24' -'------I 

P12.26. 

P12.27. If member AB in FigureP12.27 is fabricated i 
in too long, determine the moments and reactions cre­
ated in the frame when it is erected. Sketch the deflected 
shape. E= 29,000 kipslin2. 

• 


B 1= ~-+O in4 cr 
12' 1= 120 in~ 

L A 

24' .1 

P12.27 

• 


http:FigureP12.27
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P12.28. Set up .the equilibrium equations required to analyze. the frame in Figure 
P12_28 by slope deflection. Express the equilibrium equations in terms of the appro­
priate displacements; E1 is constant for all members. 

12' 

2 kips . D-4 
8' 

\..- 16' ---I ­

P12.28 

P12.29. Analyze the frame in FigureP12.29. Also 1:.,1 is constant. Fixed supports 
atA and D. 

Sm 

c 

Sm 

A J 

P12.29 

http:FigureP12.29


" 
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P12.30. Determine the degree of kinematic indeterminacy, for each structure in 
Figure P12.30. Neglect axial deformations. 

(a) 

(b) 

(c) 

(d) 

P12.30 
.......H.uu.............n.H ..................... ~ ••u.uao.nH..... ............. ,............. u ... u ...............................................uu......................nnu.......................................UH............... . 


.. .. .. ....,"'- ....... - .. .•.."' ....... ­
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East Bay Drive, a post-tensioned concrete frame bridge, 146 ft long, mainspan 60 ft, edge of concrete 
girder 7 in thick . 

.. .. ...\~ .. .......... ---­



Moment Distribution 

-: 

Introduction 
. , :'.- . 

Moment distribution, developed by Hardy Cross in the early 1930s, is a 
procedure for establishing the end moments in members of indetermi­
nate beams and frames with aseries of simple computations. The method 
is based on theJdeathat the sum.of the mQmentsapplied by the mem­
bers framing intoa'joint must equal iero because the joint is in equilib­
rium. In many cases moment distribution eliminates the need to solve 
large numbers of simultaneous equations such as those produced in the 

. analysisofhighlyindetenninate structures by either the flexibility or slope­
deflection method. While continuous rigid-jointed structUres-welded steel 

. or reinforced concrete frames and continuous beams~are routinely and 
rapidly analyzed for multiple . loading conditions by computer; moilient 
dist:dbutiotrremains a vcl.uable tool for (1) checking the results ofa coni­
p1.1t~r analysis or (2) carrying out an approximate analysis in the prelim- . 
ina& design phase when members are initially sized. 

In the moment distribution method, we imagine· that temporary 
restraints are applied to all joints of a structure that are free to rotate or 
to displace. We apply hypothetical clamps to prevent rotation of joints 
and introduce imaginary rollers to prevent lateral displacements of joints 
(the rollers are required only for structures that sidesway). The initial 
effect of introducing restraints is to produce a structure composed entirely 
of fixed-end members. When we apply the design loads to the restrained 
structure, moments are created in the members and clamps. 

For a structure restrained against sidesway (the most common case), 
the analysis is completed by removing clamps-one by one-from suc­
cessive joints and distributing. moments to the members framing into the 
joint. Moments are distributed to the ends of members in proportion to their 
flexural stiffness. When. the moments in all clamps have been absorbed by 
the members, the indeterminate analysis is complete. The balance of the 
analysis-constructingshearand moment curves, computing axial forces 
in members, or evaluating reactions-is completed with the equations of 
statics . 

• • • • ...." ....... ­
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.,.-clamp 

(a) 

Figure 13.1: Continuous beam analyzed by 
moment distribution: (a) temporary clamps added 
at joints B and C to produce a restrained structure 
consisting of two fixed-end beams; (b) clamps 
removed and beam deflected into its equilibrium 
position. 

• 


(b) 

For example, as the first step in the analysis of the continuous beam 
in Figure 13.la by moment distribution, we apply imaginary clamps to 
joints B and C. Joint A, which is fixed, does not require a clamp. When 
loads are applied to the individual spans, fixed-end moments develop in 
the members and restraining moments (ME and Me) develop in the clamps. 
As the moment distribution solution progresses, the clamps at supports B 
and C are alternately removed and replaced in a series of iterative steps 
until the beam deflects into its equilibrium position, as shown by the 
dashed line in Figure 13.lb. After you learn a few simple rules for dis­
tributingmoments among the members framing into a joint,youwlifbt ..,. ­
able' to· anillyze many types of indeterminate beams and framesxapi<:lly:: 

Initially we consider structures composed of straight, prismaticmem' 
bers only, that is, members whose cross sections are constaIlt"thrQughOllt:. 
their entire length. Later we will extend the procedure to structure's tnat 
contain members whose cross section varies along the axis oftne.mimbel+ 

..·t-;'1;:t;2·:r"D~~~i~p;;~t··~f·th~··M~;~~t"D·i;t'~·ib~ti'~~"M'~t'h'~d'" 
To develop the moment distribution method, we will use the slope­

deflection equation to evaluate the member end moments in each span of 

the continuous beam in Figure 13.2a after an imaginary clamp that pre­


. vents rotation of joint B is removed and the structure deflects into its final 

eqUilibrium position. Although we introduce moment distribution by ana­

lyzinga simple structure that has only one joint that is free to rotate, this 

case will permit us to develop theniost important features of the method. 


When the concentrated load P is applied to span AB, the initially 

straight beam deflects into the shape shown by the dashed line. At sup­

port B a line tangent to the elastic curve of the deformed beam makes an 

angle of (}a with the horizontal axis. The angle Ba is shown gready exag­

gerated and would typically be less than 10. At supports A and C, the 

slope of the elastic curve is zero because the fixed ends are not free to 

rotate. In Figure 13.2b.we show a detail of the joint at support B after the 

loaded beam has deflected into its eqUilibrium position. The joint, which 

consists of a differential length ds of beam segment, is loaded by shears 

and moments from beam AB and BC, and by the support reaction RD' If 


• 


http:13.2b.we
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(a) 

(b) 

UM=FEMBA 

c 
clamp "I,."".......'...,....... )
)V"r ~f!\'

I"~'B 
FEMB;\ .... ........ . 


(e) 
Cd) 

p 

COMBe 

c 
FEMBA 

DEMR4 


(e) (f) 

we sum moments about the centerline of support B. equilibrium of the 
joint with respect to moment requires that MBA = MBc, where MBA and 
MBc are the moments applied to joint B by members AB and BC, respec­
tively. Since the distance between the faces of the element and the cen­
terlineof the support is infinitesimally sinall. the moment produced by 
the shear forces is a second-order quantity and does not have to be 
included in the moment equilibrium equation. 

We now consider in detail t1fe various steps of the moment distribution 
procedure that permits us to calculate the values of member end moments 
in spans AB and BC ofthe beam in. Figure 13.2. In the first step (see Fig. 
13.2c) we imagine that joint B is locked against rotation by a large clamp. 
The application of the clamp produces two fixed-end beams. When P is 
applied to the midspan of member AB. fixed-end moments (FEMs) 
develop at each end of the member. These moments can be evaluated using 
Figure 12.5 or from Equations 12.12 and 12.13. No moments develop in 
beam Be at this stage because no loads act on the span. 

Figure 13.2d shows the moments acting between the end ofbeam AB 
and joint B. The beam applies a counterclockwise moment FEMBA to the 

•
• 


Figure 13.2: Various stages in the analysis of a 
beam by moment distribution; (a) loaded beam in 
deflected position; (b) free-body diagram of joint 
B in deflected position; (e) fixed-end moments in 
restrained beam (joint B clamped); (d) free-body 
diagram of joint B before clamp removed; 
(e) moments in beam after clamp removed; 
(f) distributed end moments (OEMs) produced 
by joint rotation eB to balance the unbalanced 
moment (UM). 
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joint. To prevent the joint from rotating, the clamps must apply a moment 
to the joint that is equal and opposite to FEMBA- The moment that devel­
ops in the clamp is called the unbalanced moment (UM). If span BC were 
also loaded, the unbalanced moment in the clamp would equal the dif­
ference between the fixed-end moments applied by the two members 
framing into the joint. 

If we now remove the clamp, joint B will rotate through an angle ()B 

in the counterclockwise direction into its equilibrium position (see Fig. 
13.2e). As joint B rotates, additional moments, labeled DEMBCo COMBC' 
DEMBA, and COMBA, develop at the ends of members AB and Be. At joint 
B these moments, called the distributed end moments (DEMs), are oppo­
site in sense to the unbalanced moment (see Fig. 13.2!). In other words, 
when the joint reaches equilibrium, the sum of the distributed end moments 
equals the unbalanced moment, which was formerly equilibrated by the 
clamp. We can state this condition of joint eqUilibrium as 

0+ ~MB = 0 
(13.1) 

DEMBA + DEMBC.-UM =0 

where DEMBA = moment at B end of member AB produced by 
rotation of joint 13 ' , 

DEMBC ' ;;= moment at B end of member Be produced by 
rot~ti9n of joint B 

UM = unbalanced moment applied to joint 

In all moment distribution computations, the sign convention will be 
the same as that used in the slope-deflection method: Rotations of the 
ends ofmembers and moments applied to the ends ofmembers are posi­
tive in the clockwise direction and negative in the counterclockwise 
direction. In Equation 13.1 and in the sketches of Figure 13.2, the plus 
or minus sign is not shown but is contained in the abbreviations used to 
designate the various moments. 

The moments produced at theA end of member AB and at the C end 
of member Be by the rotation of joint B are called carryover moments 
(COMs). As we will shownext: .. 

1. 	 The final moment at the end of each member equals the algebraic 

sum of the distributed end moment (or the carryover moment) and 

fixed-end moment (if the span is loaded). 


2. 	 For members of constant cross section, the carryover moment in 

each span has the same sign as the distribution end moment, but is 

one-half as large. 


To verify the magnitude of the final moments at each end of the mem­
bers AB and Be in Figure 13.2e, we will use the slope-deflection equation 
(Eq. 12.16) to express the member end moments in terms of the properties 
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of the members, the applied load, and the rotation of joint B: For (JA = 
(Jc = '" = 0, Equation 12.16 yields ' . 

MemberAB: 

. ZEIAB ·· .. 4EIAB . . . 
MBA = -L- (Z(JB) + FEMBA = -- (JB + FEMBA (13.2)

AB LAB . 

• 


(13.3) 

Member Be: 

ZEIBc 

(13.4) 

MCB = -L--fJB (13.5) 
BC 

(COMBe) 

Equation 13.Z shows that the total moment MBA at the B end of member 
AB (Fig. 13.Ze) equals the sum of (1) the flXed-end moment FEMBAand 
(Z) the distributed end moment DEMBA. DEMBA is given by the first term 
on the right side of Equation 13.2 as 

4EIAB 
DEMBA = -L (JB (13.6)

AB 

In Equation 13.6 the term 4EIAB/LAB is termed the absolute flexural stiff­
ness of the B end of member AB. It represents the moment required to 
produce a rotation of 1 rad at B when the far end at A is fixed against 
rotation. If the beam is not prismatic, that is, if the cross section varie~ 
along the aXis ofthe member, the numerical constant in the absolute flex­
ural stiffness will not equal 4 (see Sec. 13.9). 

Equation 13.3 shows that the total moment at"llhe A end of member 
AB equals the sum of the fixed-end. moment FEMAB and the carryover 
moment COMBA • COMBA is given by the first term of Equation 13.3 as 

2EIAB
COMBA = --(JB (13.7)

LAB 

Ifwe compare the values of DEMBA and COMBA given by Equations 13.6 
and 13.7, we see that they are identical except for the numerical con­
stants 2 and 4. Therefore, we conclude that 

COMBA = ! (DEMBA) (13.8) 

•
• ...."'.- - • 
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Since both the carryover moment and the distributed end moment given 
by Equations 13.6 lind 13.7 are functions of 9a-the only variable that 
has a plus or minus sign-both moments have the same sense, that is, 
positive if OB is clockwise and negative if OB is counterclockwise. 

Equation 13.4 shows that the moment at the B end of member BC is 
due only to rotation OB of joint B since no loads act on span Be. Simi­
larly. Equation 13.5 indicates the carryover moment at the C end of 
member BC is due only to rotation OB of joint B. Ifwe compare the value 
of MBc, the distributed end moment at the B end of member BC, with 
M cB, the carryover moment at the C end of member BC, we reach the 
same conclusion given by Equation 13.8; that is, the can)'over moment 
equals one-half the distributed end moment. 

We can establish the magnitude of the distributed end moments at 
joint B (see Fig. 13.2f) as a percentage of the unbalanced moment in the 
clamp at joint B by substituting their values, given by the first term of 
Equation 13.2 and by Equation 13.4, into Equation 13.1: 

DEMBA + DEMBc - UM 0 (13.1) 

4EIBc 4EIAB
--OB + --OB = UM .' (13.9)LBc LAB 

Solving Equation 13.9 for eByields 

UM
OB = -------- (13.10)

4EIAiJ/LAB + 4EIBc/LBc 

If we let 

and = (13.11)K BC L Bc 

where theratioI/L is termed the relative flexural stiffness, we may write 
Equation 13.10 as 

UM UM 
(}B = = -----~ (13.12) 

, 4EKAB + 4EKBC 4E(KAB + KBd 

IfKAB = lAB/LAB (see Eq. 13.11) and 9Bgiven by Equation 13.12 are sub­
stituted into Equation 13.6, we may express the distributed end moment 
DEMBA as 

UM 
(13.13)DEMBA = 4EKAB 4' (,' )E KAB + KBC 

If the modulus of elasticity E of all members is the same, Equation 13.13 
can be simplified (by canceling the constants 4E) to 

. KAB 
(13.14)DEMBA = K K UM

AB + BC 

• 


! . 
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• 


the term KAB/(KAB + KBC), which gives the ratio of the relative flexural 
stiffness of member AB to the sum of the relative flexural stiffnesses of 
the members (AB and Be) framing into joint B, is called the distribution 
factor (DF&) for member AB. 

(13.15) 

. 	 . . 
where "ZK = KAB + KBC represents the sum of the relative flexural stiff­
nesses of the members framing into joint B. Using Equation 13.15, we 
can express Equation 13.14 as 

(13.16) 

Similarly, the distributed end moment to member Be may be expressed as 

DEMBc = DFBc(UM) (13.16a) 

where DFBC = ----==-=-­
KAB + KBC 

•••••U ... H •••••• h •••••••••••••U~H ........'••••• U ..............u ••••••••H.un.......................................................u ••• ' ••• 04 •• 


13.3 	 Summary of the Moment Distribution Method 
with No Joint Translation 

We have now discussed in detail the basic moment distribution principles 
for analyzing a continuous structure in which joints are free to rotate but 
not to translate. Before we apply the procedure to specific examples, we 
summarize the method below. 

1. Draw a line diagram of the structure to be analyzed. 
2. 	 At each joint that is free to rotate, compute the distribution factor 

for each member and record in a box on the line diagram adjacent 
to the joint. The sum of the distribution factors at each joint must 
equal 1. 

3. 	Write down the fixed-end moments at the ends of each loaded 
member. As the sign convention we take clockwise moments on the 
ends of members as positive and counterclockwise moments as 
negative. 

4. 	 Compute the unbalanced moment at the flrst joint to be unlocked. 
The unbalanced moment at the flrst joint is the algebraic sum of the 
fixed-end moments at the ends of all members framing into the joint. 
After the first joint is unlocked, the unbalanced moments at the 
adjacent joints will equal the algebraic sum of fixed-end moments 
and any carryover moments . 

'.·I~ ...... ..- • •• 
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5. 	 Unlock the joint and distribute the unbalanced moment to the ends 
of each member framing into' the jO.int. The distributed end mO.ments 
are computed by multiplying the unbalanced moment by the 
distribution factor of each member. The sign of the distributed end 
moments is opposite to the sign of the unbalanced moment. 

6. 	 Write the carryover moments at the other end of the member. The 
carryover moment has the same sign as the distributed end moment 
but is one-half as large. 

7. 	 Replace the clamp and proceed to the next joint to distribute moments 
there. The analysis is finished when the unbalanced mO.ments in all 
clamps are either zerO or close to zero. 

Analysis of Beams by Moment Distribution 

To illustrate the moment distributiO.n prO.cedure, we will analyze the two­
span 'continuous beam in Figure 13.3 of Example 13.1. Since only the 
joint at support B is free to rotate~ a complete analysis requires only a sin­
gle distributiO.n O.f moments at jO.int B. In succeeding problems we cO.n­
sider structures that contain multiple joints that are free to rotate. 

To begin the solution in Example 13.1, we compute member stiff­
ness, the distribution factors atjO.intB, and the fixed-end moments in 
span AB. This information is recorded on Figure 13.4, where the moment 
distribution cO.mputations· are carried out. The is-kip load on span AB 
and the clamp on joint B are not shown, to keep the sketch simple. No. 
distribution factO.rs are computed for joints A and C because these jO.ints 
are never unlocked. The unbalanced moment in the clamp at B is equal 
to the algebraic sum ofthe fixed-end moments atjointB. Since O.nly span 
AB is loaded, the unbalanced mO.ment-nO.t shown on the sketch-equals 
+30 kip-ft. We nO.w assume that the clamp at jO.int B is remO.ved. The jO.int 
nO.w rotates and distributed end mO.ments O.f -10 and -20 kip-ft develop 
at the ends O.f member AB and Be. These moments are recorded directly 
below SUPPO.rt B on the line below the fixed-end moments. Carryover 
moments of - 5 kip-ft at joint A and -10 kip-ft at joint C are recorded 
on the third line. Since joints A an(i C are fixed Sj.1PPO.rts,they never 
rotate, and the analysis is complete. The final moments at the ends of 
each member are computed by summing moments in each column. Note: 
At jO.int Bthe ina.ments on each side of the support are equal but opposite 
in sign because the joint is in equilibrium. Once the end moments are 
established, the shears in each beam can be evaluated by cutting free bod­
ies of each member and using the equatiO.ns of statics. After the shears are 
calculated, the shear and moment curves are constructed. The final results 
are shown in Figure 13.5. 

• 


http:equatiO.ns
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EXAMPLE 13.1Determine the member end moments in the continuous beam shown in Fig­
ure 13.3 by moment distribution. Note that EI of all me!flbers is constant. 

Solution 

Compute the stiffness K of each member connected to jointB. 

\...-- LAB =16' --*.I.>-LBC = 8'--1I 1 I 1 

-= -=­
LAB 16 L BC 8 KAB = l~ KBC = ~ 

Figure 13.31 1 31 

};K = KAB + KBC = - + - = 

16 8 16 


Evaluate the distribution factors at joint B and record on Figure 13.4. 

1/16 1 

--::::­

31/16 3 


. 1/82KBC 

DFBc = };K = 3//16 = 3' 

Compute the fixed-end moments at each end of member AB (see Fig. 
12.5) and record on Figure 13.4. . 

-PL -15(16)
FEMAB = -8- = 8 . = -:- 30 kip·ft 

. +PL 15(16) . 
FEMBA = -- = = +30 kip·ft

8 8 


p= 15 kips 

-30 +30 FEM Goint B clamped) 

112 __ -10 -20 .......... 112 DEM (clamp removed) 

---10 COM 

1-35 +20 -20 -10 ! final moments (kip.ft) 

Figure 13.4: Moment distribution computations. 

[continues on next page] 

•• • • ·.··.oc ....... _ 
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Example 13.1 continues . .. 15 kipsVAB = VBA = VBe = VeB = 
8.44 kips 6.56 kips 3.75 kips 3.75 kips 

(t."~t:Jli1i~t) (tf:::"'~:;C;'i';t>il\l~) end moments (kip·ft) 
35 A 16' B 20 20 B 8' C lO 

8.44 

~=""'-'-''----'---''''"'''-'~ shear (kips) 

6.56 

32.52 

moment (kip.ft) ".".-_-::::>,","':::;"'w:.:.;...J 

Figure 13.5: Shear and moment curves. -:35 

In Example 13.2 we extend the moment distribution method to the 
analysis of a beam that contains two joints-B and C-that are free to 
rotate (see Fig. 13.6). As you can observe in Figure 13.7 where the 
moments distributed at each stage of the analysis are tabulated, the clamps 
on joints B and C must be locked and unlocked several times because 
each time one of these joints is unlocked, the moment changes in the 
clamp of the other joint because of the carryover moment. 

We begin the analysis by clamping joints Band C. Distribution fac­
tors and fixed-end moments are computed and recorded on the diagram 
of the structure in Figure 13.7. To help you follow the various steps in 
the analysis, a description of each operation is noted to the right of each 
line in Figure 13.7. As you become more familiar with moment distribu­
tion, this aid will be discontinued. 

Although we are free to begin the distribution of moments by unlock­
ing either joint B or joint C, we will assume that the imaginary clamp at 
joint B is removed first. The unbalanced moment at joint B-the alge­
braic sum of the fixed-end moments on either side of the joint--equals 

UM = -96 + 48 = -48 kip·ft 

To compute the distributed end moments in each member, we reverse the 
sign of the unbalanced moment and multiply it by the member's distri­

• 




Section 13.4 Analysis of Beams by Moment Distribution 507 

bution factor (each! at joint B). Distributed end moments of +24 kip·ft 
are entered on the second line, and carryover moments of +12 kip·ft at 
supports A and C are recorded on the third line of Figure 13.7. To show 
that moments have been distributed and jointB is in equilibrium, we 
draw a short line under the distributed end moments at that joint. The 
imaginary clamp at joint B is now reapplied. Because Joint B is now in 
equilibrium, the moment in the clamp is zero. Next we move to joint C, 
where the clamp equilibrates an unbalanced moment of +108 kip·ft. The 
unbalanced moment at C is the sum of the fixed-end moment of +96 
kip·ft and the carryover moment of +12 kip·ft from joint B. We next 
remove the clamp at joint C. As the joint rotates, distributed end moments 
of -36 kip'ft and -72 kip·ft develop in the ends of the members to the 
left and right of the joint, and carryover moments of - 36 kip·ft and -18 
kip' ft develop at joints D and B, respectively. Since all joints that are free 
to rotate have been unlocked once, we have completed one cycle of 
moment distribution. At this point the clamp is replaced at joint C. 
Although no moment exists in the clamp at C, a moment of -18 kip·ft 
has been created in the clamp at B by the carryover moment from joint 
C; therefore, we must continue the moment distribution process. We now 
remove the clamp at B for the second time and distribute +9 kip·ft to 
each side of the joint and carryover moments of +4.5 kip·ft to joints A 
and C. We continue the distribution procedure until the moment in the 
clamps is inconsequential. Normally, the designer terminates the distri­
bution when the distributed end moments have reduced to approximately 
0.5 percent of the final value of the member end moment. In this problem 
we end the analysis after three cycles of moment distribution. The final 
member end moments, computed by summing algebraically the moments 
in each column, are listed on the last line in Figure 13.7. 

Analyze the continuous beam in Figure 13.6 by moment distribution. The f!X AMP 
EI of all members is constant. 

Figure 13.6 
EI constant 

[continues on next page] 

p= 16 kips 

• • ',1..,~- - • • 
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Example 13.2 continues . .. 

Figure 13.7: Details of moment distribution (all 
moments in kip·ft). 

• 


Solution 
Compute distribution factors at joints Band C and record on Figure 13.7. 
At joint B: 

1 21 
KBC = 24 '2:.K = KAB + KBC = 24 

KAB 1/24 

DFBA = '2:.K = 2//24 = 0.5 


1/24KBC 
DFBC = '2:.K = 21/24 = 0.5 

At joint C: 

1 1 31 
=­KBC = 24 K CD 12 '2:.K = KBC + KCD = 24 

. _ KBC _ 1/24 _.! KeD. 1/12 2 
DFBC - '2.,K - 31/24 - 3 DFcD ='2.,K = 31/24 = 3· 

Values'of fixed-end moments (FEMs) listed on the top line of Figure 13.7 
are computed at the top of page 509. 

temporary 

0~@' 

-96 +96 FEM (all joints locked) 

+24 

-48 +48 

+24 DEM (joint B unlocked) 

+12 ­ COM 
" -36 

- +12 

-72 , . 
OEM (joint C unlocked) 

..... ...."..1_18 -36 COM 

+9 ked). ­ ..:I"J ._"­
~ +4.5 I+4.5 ....­

1.5 -3 ocked) ~ 
-0.76­ --1.5 • COM 

I +0.38 OEM (joint B unlocked) 

+0.2 . ­

+0.38 ~ 

-+0.2 COM 

-0.07 -0.13 OEM (joint C unlocked) 

-31.3 +81.38 -81.38 +75.13 -75.13 -37.5 final moments (kip-ft) 

! 
! 

..1 
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Fixed-end moments (see Fig. 12.5): 

- PL _16_<_24_) = -48 kip.ftFEMAB == -S- = 8 . 

+PL 
FEMBA = -8- = +48 kip·ft 

-wL2 -2(24)2 
FEMBC = 12 = 12 = -96 kip·ft 

+ L2 . 
FEMCB = _w_ = +96 kip.ft 

12 

Since span CD is not loaded, FEMCD == FEMDC = O. 

- uw Q14M"" 

Example 13.3 covers the analysis of a continuous beam supported by 
a roller at e, an exterior support (see Fig. 13.8). To begin the analysis 
(Fig. 13.9), joints B and e are clamped and the fixed-end moments com­
puted in each span. At joint e the distribution factor DEeB is set equal to 
1 because when this joint is unlocked, the entire unbalanced moment in 
the clamp is applied to the end of member Be. You can also see that the 
distribution factor at joint e must equal 1, recognizing that "2.K = KBC 
because only one member extends into joint e. If you follow the standard 
procedure for computing DFcB, 

KBC KBC
DFcB = - = - = 1

"2.K KBC 

The computation of the distribution factor at joint B follows the same 
procedure as before because joints A and e will always be clamped when 
joint B is unclamped. 

Although we have the option of starting the analysis by unlocking 
either joint B or joint e, we begin at joint e by removing the clamp 
which carries an unbalanced moment of +16.2 kN om. As the joint 
rotates, the end moment in the member reduces to zero since the roller 
provides no rotational resistance to the end of the beam. The angular 
deformation that occurs is equivalent to that produced when a counter­
clockwise distributed end moment of -16.2 kN-m acts at joint C. The 
rotation of joint e also produces a carryover moment of - S.l kN'm at 
joint B. The balance of the analysis follows the same steps as previously 
described. Shear and moment curves are shown in Figure 13.10 . 
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EXAM P L E 1 3. 3 Analyze the beam in Figure 13.8 by moment distribution, and draw the 
shear and moment curves. 

w=5.4kNtm Solution 

2.51LSI . I 
KAB = KBC = - then 

66 6 

Compute distribution factors at joint B: 

. KAB 1.51/6 K BC 1/6 
DFAB = ~K = 2.5//6 = 0.6 DFBC =~K = 2.51/6 = 0.4 

Figure 13.8 WL2 3(6)2 
--- = -9kN·m 

12 12 

FEMBA = - FEMAB = +9 kN'm 

WL2 5.4(6)2. .' 
'FEMBC =. - = - = .:....16.2 kN·m 

12 12 

FEMCB - FEMBC = +16.2 kN·m 

Analysis. See Figure 13.9 . 

FEM Shear and Moment Curves. See Figure 13.10. 

3 

v = (6.46tt..."."........I.!2•.•....•.,1.....kN.:....,t...m.I..".,",....,..........1. 11).54 (llt 19.4 194 5.4 kN!m ~. 6~"!t + t ~ t,(tk-~,=J*t3.95 1'1' 

RB =30.94 RC= 13 

19.4 

shear(kN) 

11.54--­ 13 
'--------'-------.... final end 


moments kN·m 15.65 


O.74m
Figure 13.9: Details of moment distribution (all "I 3.0 
moments in kN·m). 

-3.95 

Figure 13.10: Shear and moment curves. -19.19 

K _ 1.SI 
AB--6­

•-9 +9 -16.2 +16.2 
~--~------+-----------~ 

-16.2 

-8.1 

+9.18 +6.12 

+4.59 

-3.06 

1--1'--"'"i+--"1 

moment (kN.m) 
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13.5., Modification of Member Stiffness 

We can often reduce the number of cycles of moment distribution required 
to analyze a continuous structure by adjusting the flexural stiffness of 
certain members. In this section we consider members whose ends ter­
minate at an exterior support consisting of either a pin or roller (e.g., see 
membersAB, BF, and DE in Fig. 13.11). We will also establish the influ­
ence of a variety of end conditions on the flexural stiffness of a beam. 

To measure the influence of end conditions on the flexural stiffness of 
a beam, we can compare the moment required to produce a unit rotation 
(1 radian) of the end of a member for various end conditions. For exam­
ple, if the far end of a beam is fixed against rotation as shown in Figure 
13.12a, we can use the slope-deflection equation to express the applied 
moment in terms of the beams properties. 

Where ()A = 1 radian and ()B O. Since no support settlements occur 
and no loads are applied between ends, 'PAB = 0 and FEMAB = FEMBA = O. 

Substituting the above terms into Equation 12.16, we compute 

2:1 [2(1) + 0 ­ OJ + 0 

4EI 
L (13.17) 

Previously we have seen that 4EI/L represents the absolute flexural stiff­
ness of a beam acted upon by a moment whose far end is fixed (Eq. 13.6). 

A B 

F 

Figure 13.11 

Btl = 1 rad 
(a) 

ell =1 rad 

I--.!: ---1+-- L 
2 "2 

(c) 

(e) 

Figure 13.12: (a) b~am with far end fixed; 
(b) beam with far end unrestrained against rotation; 
(c) equal values of clockwise moment at each end; 
(d) single curvature bending by equal values of end 
moments; (e) cantilever loaded at supported end . 
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If the support at the B end of the member is a pin or roller that pre­
vents vertical displacement, but provides no rotational restraint (Fig. 
13.12b), we can again apply the slope-deflection equation to evaluate the 
member's flexural stiffness. For this case: 

eA = 1 radian eB = -! radian 	 (see Fig. 11.3e for the rela­
tionship between eA and eB) 

'PAD = 0 and 

Substituting into Equation 12.16 gives 

2EI 
MAE = £[2(1) - ! + 0] + 0 

3El
MAB =­	(13.18)

L 

Comparing Equa.tions 13.17 and 13.18, we see that a beam loaded by a 
moment at one end whose far end is pinned is three-fourths as stiffwith 
respect toresistance to joint rotatiol1 as a beo.l1'iofthe same dimensions 
whosejar end is fixed. 

Ifa member is bent into double curvature by equal end moments 
(Fig. 13.12c), the resistance to rotation increases because the moment at 
B, the far end, rotates the near end A in a direction opposite in sense to 
. the moment at A. We can relate the magnitude of MAB to the rotation at 

____________ .... _______	AhY-_using_the_slope",deflection_equationwith_e.... =-OB = l-rad,IjIJ'tB =0,-- .. ­
and FEMAB = O. Substituting the above values into the slope-deflection 
equation gives 

2El ·6El 
MJ'tB = L [2(1) + 1] = 	£ 

where the absolute stiffness is 

6El 
KAE = 	 (13.19)

L 

Comparing Equation 13.19 with Equation 13.17, we find that the absolute 
stiffness for a member bent in double curv.ature by equal end moments is 
50 percent greater than the stiffness ofa beam whose far end is fixed against 
rotation. . 
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If a flexural member is acted on by equal values of end moments 
(Fig. 13.12d), producing single-curvature bending, the effective bending 
stiffness with respect to the A end is reduced because the moment at the 
far end (the B end) contributes to the rotation at the A end. 

Using the slope-deflection equation with 0;.= 1 radian, OB :::: -1 
radian, '" AB 0, and FEMAB = 0, we get 

2EI 
MAB = T(20A + OB 3"'AB) ± FEMAB 

2EI 
=T[2 XI + 1) - OJ ± 0 

2EI 

L 

where the absolute stiffness 

2EI 

(13.20) 

Comparing Equation 13.20 to Equation 13.17, we find that the absolute 
stiffness KAB of a member bent into single curvature by equal values of 
end moments has an effective stiffness KAB that is 50 percent smaller than 
that of a beam whose far end is fixed against rotation. 

Members, when acted upon by equal values of end moment that pro­
duce single-curvature bending, are located at the axis of symmetry of 
symmetric stnlctures that are loaded symmetrically (see crosshatched 
members Be in Fig. 13.13a and b). In the symmetrically loaded box 
beam in Figure 13.13c, the end moments act to produce single-curvature 
bending on all four sides. Of course if transverse loads atso act, there can 
be regions of both positive and negative moments. As we will demon­
strate in Example 13.6, taking advantage of this modification in a 
moment distribution analysis of a symmetric structure simplifies the 
analysis significantly. . 

Stiffness of a Cantilever 

In Figures 13.l2a to d, the fixed and the pin supports at B provide verti­
cal restraint that prevents the beam from rotating clockwise about support 
A. Since each of these beams is supported in a stable manner, they are. able 
to resist the moment applied at joint A. On the other hand, if a moment is 
applied to the A end of the cantilever beam in Figure 13.12e, the can­
tilever is not able to develop any flexural resistance "to the moment 
because no support exists at the right to prevent the beam .from rotating 
clockwise about support A. Therefore, you can see that a cantilever has 
zero resistance to moment. When you compute the distribution factors at 
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axis of 

symmetry 


B
p I w 

p 

I 

1:-12'--1-8'-4- 8'-+---12'--1 

axis of 
symmetry 

(b) 

(a) 

Figure 13.13: Examples of symmetric struc­
tures, symmetrically loaded, that contain members 
whose end moments are equal in magnitude and 
produce single-curvature bending. (a) Beam Be 
of the continuous bet\m; (b) beam Be of the rigid 
frame; (e) all four members of the box beam. 

A 

A 

axis of 
symmetry 

I 

axis of 
symmetry 

(e) 

11' 

a joint that contains a cantilever, the distribution factor for the cantilever 
is zero, and no unbalanced moment is ever distributed to the cantilever. 

Of course, if a cantilever is loaded, it can transmit both a shear and a 
moment to the joint where it is supported; however, this is a separate func­
tion and has nothing to do with its ability to absorb unbalanced moment. 

In Example 13.4 we illustrate the use of the factor i to modify the stiff­
ness of pin-ended members of the continuous beam in Figure 13.14a. In 
the analysis of the beam in Figure 13.14, the fl.exural stiffness IlL ofmem­
bers AB and CD can both be reduced by l since both members terminate 
at pin or roller supports. You may have some concern that the factor i is 
applicable to span CD because of the cantilever extension DE to the right 
of the support. However, as we just discussed, the cantilever has zero stiff­
ness as far as absorbing any unbalanced moment that is carried by a clamp 
on joint D; therefore, after the clamp is removed from joint D, the can­
tilever has no influence on the rotational restraint of member CD. 

We begin the analysis in Figure 13.15a with all joints locked against 
rotation. The loads are next applied, producing the fixed-end moments I. 
tabulated on the first line. From the free-body diagram of cantilever DE 
in Figure 13.14b, you can see that equilibrium of the member requires 
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that the moment at the D end of member DE act counterclqckwise and 
equal -60 kip·ft. 

Since the flexural stiffnesses of members AB and CD have been reduced 
byt the clamps at joints AandD must be removedfirst. When the clamp 
is removed atA, a distributed end moment of +33 kip·ft and a carryover 
moment of +16.7 kip·ft develop in span AB. The total moment at joint 
A is now zero. In the balance of the analysis, joint A will remain unclamped. 
Since joint A is now free to rotate, no carryover moment will develop 
there whenever joint B is unc1amped. 

We next move to joint D and remove the clamp, which initially car­
ries an unbalanced moment equal to the difference in fixed-end moments 
at the joint 

UM = +97.2 -: 60 = +37.2 kip·ft 

As joint D rotates, a distributed end moment of -37.2 kip·ft develops at 
D and a carryover moment of -18.6 kip·ft at C develops in member CD. 
Note: Joint D is now in balance, and the -60 kip·ft applied by the can­
tilever is balanced by the +60 kip·ft at the D end of member CD. For the 
balance of the analysis, joint D will remain unc1amped and no carryover 
moment will develop there when joint C is unclamped. The analysis is 
completed by distributing moments between joints Band C until the 
magnitude of carryover moment is negligible. By using freebodies of 
beam elements between supports, reactions are computed by statics and 
shown in Figure 13.15b. 

EXAMPLE 13.4Analyze the beam in Figure 13.14a by moment distribution, using mod­
ified flexural stiffnesses for members AB and CD. Given: EI is constant. 

Solution 

480
K = ~(360) = 18 KBC = - = 24AB 4 15 20 

Compute the distribution factors. 

Joint B: 

'ZK = KAB + K Bc = 18 + 24 = 42 

18 . Kec 24 

DFBA = 'ZK = 42 = 0.43 DFBc = 'ZK = 42 = 0.57 , 
 [continlles on next page] 

• 
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Example 13.4 continues . .. 

Figure 13.14: (a) Continuous beam; (b) free 
body of cantilever DE. 

Joint C: 
'i,K KBc + KCD = 24 + 20 = 44 

KCD 20
0.55 DFcD = 'i,K= 44 = 0.45 

Compute the fixed-end moments (see Fig. 12.5). 

= -33.3 kip·ft +66.7 kip·ft 

WL2 
FEMBC = - = -120 kip·ft FEMCB = - FEMBC' = 120 kip-ft 

12 

. WL2 

FEMCD = -12 = -97.2 kip-ft FEMDC = - FEMCD = 97.2 kip·ft 


FEMDE = -60 kip·ft (see Fig. 13.14b) 


The minus sign is required because the moment acts counterclockwise 

on the end of the member. 


P ",15 kips 

1=480 in4 

15"--"",,;,--- 20' --~+o_-- 18' --.....,... 

(a) 

p= 15 kips 

ct~~ 
MDE = 60 kip.ft I,. 4' -----"',I 

(b) 

> ••,~ 
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-60 FEM-33.3 +66.71-120 .' +1201-97.2 +97;2 

+33.3 ........... 
 E/ ..-37.2 
"+16.7 ! 

+16.2 

+1.3 

0 +100.9 

30 kips 

.. -2.3 

-1.1 K" 

+21.5........ 

...... +10.8 

-'" -5.9 

-3.0 -

+1.7 _, 

.... +0.8 

-0.4 

-100.9 +123 

Ca) 

-1.9 

-4.9 

-0.4 
final moments 

-60-123 +60 (kip·ft) 

'.'''''i'' .J .l..1 	 l I 
~B 

t 
3.27 kips 	 61.62 kips 73.01 kips 43.9 kips 

Figure 13.15: (a) Moment distribution details; 
(b) 	 (b) reactions. 

w '" 3.6 kips/ft 

The use of moment di~tribution to analyze a frame, whose joints are 
restrained against displacement but free to rotate; is illustrated in Exam­
ple 13.5 by the analysis of the structure shown in Figure 13.16. We begin 
by computing the distribution factors and recording them on the line 
drawing ofthe frame in Figure 13.17a. Joints A, B, C, and D, which are 
free to rotate, are initially clamped. Loads are then applied and produce 
fixed-end moments of ± 120 kip·ft in span AB and ±80 kip·ft in span 
Be. These moments are recorded on Figure 13.17a above the girders. To 
begin the analysis, joints A and D must be unlocked first because the stiff­
nesses of members AB and CD have been modified by factor l As joint A 

, 

• 
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rotates, a distributed end moment of +120 kip·ft at joint A and a carryover 
moment of +60 kip·ft at joint B develop in span AB. Since no transverse 
loads act on member CD, there are no fixed-end moments in member 
CD; therefore, no moments develop in member CD when the clamp is 
removed from joint D.· Since joints A and D remain unclamped for the 
balance of the analysis, no carryover moments are made to these joints. 

At joint B the unbalanced moment equals 100 kip·ft-the algebraic 
sum of the fixed-end moments of -:-120 and -80 kip·ft and the carryover 
moment of +60 kip·ft from joint.4.. The sign of the unbalanced moment 
is reversed, and distributed end moments of -33, -22, and -45 kip·ft, 
respectively, are made to the B end of members BA, BC, and BF. In addi­
tion, carryover moments of -11 kip·ft to the C end of member BC and 
-22.5 kip·ft to the base of column BF are made. Next, joint C is unlocked, 
and the unbalanced moment in the clamp of +69 kip·ft-the algebraic 
sum of the fixed-end moment of +80 kip·ft and the carryover moment of 
-11 kip·ft-is distributed. Unlocking of joint C also produces carryover 
moments of -7.2 kip·ft to joint Band -14.85 kip·ft to the base of column 
CEo After a second cycle of moment distribution is completed, the carry­
over moments are insignificant and the analysis can be terminated. A dou­
ble line is drawn, and the moments in each member are summed to estab­
lish the final values of member end. moment Reactions, computed from 
free bodies of individual members. are shown in Figure 13.17h. 

EXAMPLE 13.5 Analyze the frame in Figure 13.16 by moment distribution. 

Solution 
Compute the distribution factors at joint B. 

I3 (21) 31 KBF = ~"ZK = 91KAB ="4 20 = 40 KBC = 20 10· 40 

KAB KEF 
"ZK = 0.33 DFBC = "ZK = 0.22 DFBF = - = 045"ZK . 

Compute the distribution factors at joint C. 

I ·1 141 
KCB KCE =- "ZK

20 10 60 

DFcB = 0.21 DFCD = 0.36 DFcE = 0.43 

• 
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MCB=+ 
MBA =+149.4 MBC = -107.6 

+ 2.4 
MAB = 33.0 

+ 120 - + 60.0 
- 120 +120.0 

E 
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1 

i 
9' 

o 

10' 

J 
Figure 13.16: Details of rigid frame. 

Compute the fix.ed-end moments in spans AB and Be (see Fig.12.5). 

WL2 -3.6(20)2 

FEMAB = 12 = 12 = -120 kip·ft 


FEMBA = -FEMAB = +120 kip·ft 

-PL . -32(20)

FEMBc = -8- = 8 = 80 kip·ft 


FEMcB - FEMBC = +80 kip·ft 

D 

25.1 =MCD 

- 0.3 

24.S 

MCE= 29.7 

- 3~:~ ]M CE= 
MEC =­

Figure 13.17: (a) Analysis by moment distribution. 
0.15 

-14.85 

(a) [continues on next page] 
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Example 13.5 continues . .. 

Figure 13.17: (b) Reactions computed 
from free bodies of members. 

28.53 kips 4.5 kips 

*,MFB = 20.9 kip.ft *,MEC =IS kip.ft 

62.1 kips 13.37 kips 

(b) 

EXAMPLE 1 3 .6 
Analyze the frame in Figure 13.18a by moment distribution, modifying 
the stiffness of the columns and girder by the factors discussed in Sec­
tion 13.5 for a symmetric structure, symmetrically loaded. 

STEP 1 	 Modify the stiffness of the columns by ifor a pin support at 
points A and D. 

3 1 3 360 
KAB = KeD = 4 L 4 18 15 

Modify the stiffness of girder BC by ! (joints Band C will 
be unclamped simultaneously and no carryover moments 
distributed). 

Figure 13.18a 

STEP 2 Compute the distribution factors at joints Band C. 

KAB 15 2 
DFBA = DFCD = -- = 

. '2:,K~ 15 + 7.5 3 

KBC 7.5 1 
DFBC = DFcB = '2:,K' = 

s 15 + 7.5 3 

WL2 4(40)2 
FEMBc = FEMcB = 12 ±533.33 kip·ft 

12 
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(b) 

-355.55 +3~~:~~_ 
+177.78 -177.78 

-533.33 +533.33 


)rf:E::SE~(t 

(c) 

(a) Clamp all joints and apply the uniform load to girder BC . 
(see Fig. 13.18b). 

(b) Remove clamps at supports A and D. Since no loads 
act on the columns, there are no moments to distribute. The 
joint at the supports will remain unclamped. Since the base 
of each column is free to rotate if the far end is undamped, 
the stiffness of each column may be reduced by a factor of i. 
Clamps at joints Band Care next removed simultaneously. 
Joints Band C rotate equally (the condition required for the 
! factor applied to the girder stiffness), and equal values of 
end moment develop at each end of girder BC (see Figure 
13.18c). Final results of the analysis are shown in Figure 
13.18d. 

•
.•,~.- ­

STEP 3 

STEP 4 

Figure 13.18b and c 

I 

I 

I 

[continues on next page] 

• 
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Example 13.6 continues . .. 445 kip·ft 

355 kip.ft 

1lfo'\l<....--19.75 kips19.75 kips -"!'\II 

t t 
80 kips 80 kips 

Figure 13.16d (d) 

Support Settlements, Fabrication Errors, 
and Temperature Change 

Moment distribution apd the slope-deflection equation provide im effec­
tive combination for determining the moments created in indeterminate 
beams and frames by fabrication errors, support settlements, and tem­
perature change. In this application the· appropriate displacements are 
introduced into the structure while simultaneously all joints that are free 
to rotate are locked by clamps against rotation in their initial orientation. 
Locking the joints against rotation ensures that the changes in slope at 
the ends of all members are zero and permits the end moments produced by 
specified values of displacement to be evaluated by the slope-deflection 
equation. To complete the analysis, the clamps are removed and the struc­
. ture is allowed to deflect into its final eqUilibrium position. 

In Example 13.7 we use this procedure to determine the moments in 
a structure whose supports are not located in their specified position~a 
common situation that frequently occurs during the construction. In 
Example 13.8 the method is used to establish the moments created in an 
indeterminate frame by a fabrication error. 

• 

PLE 13.7 
Determine the reactions and draw the shear and moment curves for the con­
tinuous beam in Figure 13.19a. The fixed support atA is accidentally con­
structed incorrectly at a slope of 0.002 radian counterclockwise from a ver­
tical axis. through A, and the support at C is accidentally constructed 1.5 in 
below its intended position. Given: E = 29,000 kips/in2 and I = 300 in4. 

Solution 
With the supports located in their as-built position (see Fig. 13.19b), the 
beam is connected to the supports. Since the unloaded beam is straight 
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8A =O.002rad 

~~__ _ B· . . c 

.~",;A 00 ~----- • ]15", 8A =O. 2rad -__. 

(a) 

but the supports are no longer in a straight line and correctly aligned, 
external forces must be applied to the beam to bring it into contact with 
its supports. After the beam is connected to its supports, reactions must 
develop to hold the beam in its bent configuration. Also at both joints B 
and C we imagine that clamps are applied at these joints to hold the ends 
of the beam in a horizontal position; that is, Os and Oe are zero. We now 
use the slope-deflection equation to compute the moments at each end of 
the restrained beams in Figure 13.19b. " 

MNF = L2EI 
(2(h" + OF - 31/1) + FEMNF (12:16) 

Compute moments in spanAB: OA = -0.002 rad, OB = 0, and I/IAB = O. 
Since no transverse loads are applied to span AB, FEMAB = FEMBA = O. 

2(29,000)(300)
MAS:::: 20(12) [2(-0.002)] = -290kip·in = -24.2kip·ft 

2(29,000) (300) 

MBA = "( 2) (-0.002) = -145 kip·in = -12.1 kip-ft
WI " 

Compute moments in span BC: f)B = 0, Oc = 0, 1/1 =: 1.5 in/[25(12)] = 
0.005. 

FEMBC = FEMeB = 0 since no transverse loads applied to span BC. 

2(29,000)(300)" " 

MBc = Mcs = 12(25) [2(0) + 0 - 3(0.005)] 


= - 870 kip·in = - 72.5 kip-ft 

Compute the distribution factors at joint B. 

KAB = 3;~ ~ 15 KBc = %(3;50) = 9 '2K ~ 24 

KAB 15 KBe 9 
DFBA = - = - = 0.625 DFsc = '2K =: 24 == 0.375'2K 24 

(b) 

Figure 13.19: (a) Beam with supports con­
structed out of position. deflected shape shown by 
dashed line; (b) restrained beam locked in posi­
tion by temporary clamps at joints B and C. 

(continues on next page} 

•
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E:xample 13.7 continues . .. 	 The moment distribution is carried out in Figure 13.20a, shears and reac: 
tions are computed in Figure 13.20b, and the moment curve is shown in 
Figure 13.20c. 

[-24.2 -12.1 -72.5 -72.SJ FEM 

I 1/2 __ +72.5 I 

I 

i 

• +36.3--­
1/2 _ +30.2 +18.11 

1+15 . 1 - ­
I 

1-9.1 +18.09 -18.09________________ 0 i fina! moment (kip.ft) ~ 	 ~____________-L 

(a) 

v = OA5 kip 0.45 kip 	 0.45 kip 0.724 kip 0.724 kip 

(~A~Bt) (l'2'l) (tl" 
9.1 	 18,09" tB 18.09 

RJl =1.174 kips RB =0.724 kip 

(b) 

0.724 
=,.,...-,-,,-,..,-,.., shear 
""""-"-'-~~ (kips) 

-0.45 . 

Figure 13.20: (a) Moment distribution; (b) free -18.09 
bodies used to evaluate shears and reactions; 
(c) moment curve produced by support movementS. 	 (c) 

~~=_ moment diagram 
kip.ft 

i '\ 
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If girder AB of the rigid frame in Figure 13.21a is fabricated 1.92 in too 
long. what moments are created in the frame when it is erected? Given: 
E = 29,000 kips/in2. 

Solution 
Add 1.92 in to the end of girder AB, and erect the frame with a clamp at 
joint B to prevent rotation (see Fig. 13.21b). Compute the fixed-end 
moments in the clamped structure using the slope-deflection equation. 

E X AMP L E ;" 3 . 81­
Figure 13.21: (a) Frame; (b) deformation intro­
duced and joint B clamped against rotation (eB .. 

0); (e) analysis by moment distribution (moments 
in kip'ft); (d) reactions and deflected shape; 
(e) moment diagrams. 

A B I 

1.92 I;; 450 in4 1Column Be: ()B = 0 ()C = 0 !/IBC = 12(12) = +0.0133 rad 
12'1= 360 in4 

And FEMBc = FEMcB = 0 since no loads are applied between joints. cj 
2EI 

1+---- 30'----.....;.1MBc = MCB = T(-3!/1Bc) 
(b) 

_ 2(29,000)(360) [_ ( )] 

- 12(12) 3 0.0133 


= -5785.5 kip·in = -482.13 kip·ft 

No moments develop in member AB because !/lAB ()A = ()B = O. 

Compute the distribution factors. 

160.71 

321.42 

I 450 360 
KAB = L= 30 = 15 KBC =12= 30 "i.K = 15 + 30 = 45 (b) 

- 482.13
15 1 30 2 +80.36 +160.71 + 321.42 

DFBA = "i.K = 45 ='3 DFBc = "i.K = 45 ='3
KBC 

- 160.71 

+ 160.71 
- 482.13

Analysis by moment distribution is carried out on Figure 13.21c. Mem­
ber end moments and reactions are computed by cutting out free bodies 

- 321.42of each member and using equations of statics to solve for the shears. 
(e)Reactions and the deflected shape are shown in Figure 13.21d. 

1.92" 
. MAB =80.36 kip·ft H 

40.18 kips +t --------------~J 

8.04~kips .. 1I..... 1.1 "d~~:~d . 
....- 40.18 kips 

MeB =321.42 kip.ft * 
8.04 kipsc 

(e) (d) 
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Figure 13.22: (a) Displacement of loaded 
frame; (b) linear elastic load displacement curve; 
(c) unit displacement of frame, temporary roller, 
and clamps introduced to restrain frame; (d) dis­
placed frame with clamps removed. joints rotated 
into equilibrium position; all member end moments 
are known; (e) computation of reaction (S) at 
roller after column shears computed; axial forces 
in columns omitted for clarity. (f) frame dis­
placed 1 in by a horizontal force S, multiply all 
forces by P/S to establishforces and .deflections 
produced in (a) by force P. 

t:.. 4 
H II 

P 
B/ ----.-- --c--7 

I I 
/ I 
I I 
I I 
I , I f I 

A 

D 

(a) 

H 
1" 

1" 

''':''-~'~~~'''A~~iy~'i~''~f''F~~'~~~'Th'~t''A~~''F~;;'t';'S'id~~'~~'y"'''''''''''' 
All structures that we have analyzed thus far contained joints that were 
free to rotate but not translate. Frames of this type are called braced frames. 
In these structures we were always able to compute the initial moments 
to be distributed because the final position of the joints was known (or 
specified in the case of a support movement). 

When certain joints of an unbraced frame are free to translate, the 
designer must include the moments created by chord rotations. Since the 
final positions of the unrestrained joints are unknown, the sidesway 
angles cannot be computed initially, and the member end moments to be 
distributed cannot be determined. To introduce the analysis of unbraced 
frames, we will first consider the analysis of a frame with a'lateralload 
applied at a joint that is free to sidesway (see Fig. 13.22a). In Section 
13.7, we will extend the method of analysis to an unbraced frame whose 
members are loaded between joints or whose supports settle. 

Under the action of a lateral load P at joint B, girder Be translates 
horizontally to the right a distance a. Since the magnitude of a and the 

}"

t:}:
10B=O C IOe=O 
I II I] f If ff II I 

1 

displacement D 

(b) (c) 

1" 
H 1" 

H 

• 

.'-../ 

r:'\ 
MeD 

H s ----Is --....,... r~b-:-:::_,-_-_-_-_::;"'"'-=-==;--, 
, I 1 I 
I I I I 

I _V2I I I 
I -v,I II -I I I I x.f.. 

I I I Sf 
I I / I 

I I 

MDC 

~-(d) (e) (f) 

...." .......­
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joint rotations are unknown, we cannot compute the end mOij1ents to be 
distributed in a moment distribution amilysis directly. However, an indi­
rect solution is possible if the structure hehaves in a linear elAstic. man­
ner, that is, if all deflections and internal forces vary linearly with the 
magnitude of the lateral load P at joint B. For example, if the frame 
behaves elastically, doubling the value of P will double the value of an 
forces and displacements (see Fig. 13.22b). Engineers typically assume· 
that the majority of structures behave elastically. This assumption is rea­
sonable as long as deflections are small and stresse.s do not exceed the 
proportional limit of the material. 

If a linear relationship exists between forces and displacements, the 
following procedures can be used to analyze the frame: 

1. The girder of the frame is displaced an arbitrary distance to the 
right while the joints are prevented from rotating. Typically, a unit 
displacement is introduced. To hold the structure in the deflected position, 
temporary restraints are introduced (see Fig. 13.22c). These restraints 
consist of a roller at B to maintain the I-in displacement and clamps at 
A, B,and C to prevent joint rotation. 

e

Since all displacements are known, we can compute the member 
end moments in the columns of the restrained frame with the slope­
deflection equation. Because all joint rotations equal zero (eN = 0 and 

F 0) and no fixed-end moments are produced by loads applied to 
members between joints (FEMNF = 0), with o/NF = tl/L, the slope­
deflection equation (Eq. 12,16) reduces to 

2EI· 6EI ~ 
MNF = T(-3o/NF) = -T L (13.20) 

For u = 1, we can write Equation 13.20 as 

6EI 
(13.21) 

At this stage with the joints clamped and prevented from rotating, 
the moments in the girder are zero because no loads act on this member. 

2. Clamps are now removed and moments distributed until the 
structure relaxes into its equilibrium position (see Fig. 13.22d). In the 
eqUilibrium position, the temporary roller at B applies a lateral force S 
to the frame. The force required to produce a unit displacement of the 
frame, denoted by S, is termed a stiffness coefficient. 

3. The force Scan be computed from a -free-body diagram of the 
girder by summing forces in the horizontal direction (see Fig. 13.22e). 
Axial forces in columns and the moments acting on the girder are 
omitted from Figure 13.22e for clarity. The column shears Vj and V2 
applied to the girder are computed from free-body diagrams of the 
columns. 

• 
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4. In Figure 13.22fwe redraw the frame shown in Figure 13.22d in 
its deflected position. We imagine that the roller has been removed, but­
show the force S applied by the roller as an extemalload. At this stage 
we have analyzed the frame for a horizontal force S rather than P. 
However. since the frame behaves linearly, the forces produced by P 
can be. evaluated by multiplying all forces and displacements in Figure 
13.22fby the ratio PIS. For example, if P is equal to 10 kips andS is 
equal to 2.5 kips, the forces and displacements in Figure 13.22fmu8t 
by multiplied by a factor of 4 to produce the forces induced by·the 10-kip 
load. Example 13.9 illustrates the analysis of a simple frame of the 
type discussed in this section. 

EXAMPLE 13.9 

5 kips B c 
[=200r 

20'

L A 

1= 100 

[=200 

1«---- 40' ---+j 

Ca) 


H1" 
1" 


;~___~~ t1~ 
I I 

/ I 
I I 

I I 
I f 
-26 I

I 

-13 

(b) 

Figure 13.23: (a) Frame details; (b) moments in 
units of kip·ft induced in restrained frame Goints 
clamped to prevent rotation) by a unit displace­
ment; 

• 


Determine the reactions and the member end moments produced in the 
frame shown in Figure 13.23a by a load of 5 kips at joint B. Also determine 
the horizontal displacement ofgirder Be. Given: E = 30,000 kips/in2. Units 
of I are inin4. 

Solution 
We first displace the frame 1 in to the right with all joints clamped against 
rotation (see Fig. .13.23b) and introduce a temporary roller at B to pro­
vide horizontal restraint. The column moments in the restrained structure 
are computed using Equation 13.21. 

6EI 6(30,000) (100) . . 
- L2 = - (20 X 12)2 = -312 kip·m 

= -26 kip-ft 

6EI 6(30,000)(200) 
MCD = MDc = - = (40 X 12)2 -166 kip-in 

= -13 kip·ft 

The clamps are now removed (but the roller remains) and the column 
moments distributed until alL joints are in eqUilibrium. Details of the 
analysis are shown in Figure 13.23c. The distribution factors at joints B 
and C are computed below. 

Joint B: Distribution factors 

15 KAB 3
KAB ~ (i) = ~ ( 100 ) =- -=­

4 L 4 20 4 '2:.K 7 
I 200 20 KBC 4 

=-=- =- -=­KBC L 40 4 IK 7 

"ZK = 35 
4 

• 




--
--

• • 

T 


Joint c: 

. I 200 
=-=-= 5KcB L 40 

I 200 
KCD = L = 40 5 


'ZK = 10 


+8.50 

0.09 

+ 0.16 

- 1.32­
+ 2.32 

+ 7.43­

-26.00 
+13.00 

-13.00 
+ 4.64 ~ 

+ 0.331 l+ 5.57 

- 1.00 
-0,07 

l 
8.50 

26 
+26 
- o 
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Distribution factors 

. 5 1 
-=­
10 2 

5 1 
-=­
10 2 

+ 8.03 

-+ 0.33 
- 0.66 

_+ 4.64 
+ 3.72 

We next compute the column shears by summing moments about an 
axis through the base of each column (see Fig. 13.23d). 

Compute VI' 

C+ 'ZMA = 0 20V1 8.5 = 0 VI = 0.43 kip 
Compute V2• 

C+ 'ZMD = 0 40V2 8.03 - 10.51 = 0 V2 = 0.46 kip 

Considering horizontal equilibrium of the free body of the girder (in 
Fig. 13.23d), compute the roller reaction at B. 

--++ 'ZFx = O· S - VI V2 = 0 

. S = 0.46 + 0.43 = 0.89 kip 

• 


- 8.03 

-10.51 

+ 0.17 
+ 2.32 
-13.00 

(c) 

Figure 13.23: Cc) Moment distribution compu­
tations;· Cd) computation of roller force; 

~ 

~10.51 
(d) 

[continues on next page] 
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Example 13.9 continues . .. 

0.89kiP 
I 8.5

JZ1 
;'0.43 kip 

0.46 kip 	 ~8kips-+­~ 
10.51 kiP'ft+ 	 59.07kip·ft + 

0.41 kip 	 2.32 kips 

(e) 	 (f) 

Figure 13.23: (e) Forces created in the frame by a unit displacement after clamps in (b) 
removed (moments in kip·ft and forces in kips); (f) reactions and member end moments 
produced by 5·kip load. 

At thi~ stage we have produced a solution for the forces and reactions 
produced in the frame by a lateral load of 0.89 kip at joint B. (The results 
of the analysis in Fig. 13.23c and d are summarized in Fig. 13.23e.) 

To compute the forces and displacements produced by a 5-kip load, 
we scale up all forces and displacements by the ratio of PIS = 5/0.89 == 
5.62. Final results are shown in Figure 13.23f The displacement of the 
girder (PIS) (lin) =5.62 in. 

5 kips-.......---=-I:===--""':.=..+,0-­
147.77 
I 45.13 

I 
I 2.42 kips 

2.32 kips 

: ' 

13.1 	 Analysis of .an Unbraced Frame for 

General Loading 


If a structure that is loaded between joints undergoes sidesway (Fig. 
13.24a), we must divide its analysis into several cases. We begin the analy­
sis by introducing temporary restraints (holding forces) to prevent joints 
from translating. The number of restraints introd:uced must equal the num­
ber of independent joint displacements or degrees of sidesway (see Sec. 
12.16). The restrained structure is then analyzed by moment distribution 
for the loads applied between joints. After the shears in all members are 
computed from free bodies of individual members, the holding forces are 
evaluated using the equations of statics by considering the eqUilibrium of 

•••>- ..a.- _ - - • 	 • 
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PI PI 

B c BL...... ~ 

I"-"'-'"'" I 
I 
I = PP I 

I 
I 
I 
D 

Case A 

(a) (b) 

members and/or joints. For example, to analyze the frame in Figure 13.24a, 
we introduce a temporary roller at C (or B) to prevent sides way of the 
upper joints (see Fig. 13.24b). We then analyze the structure by moment 
distribution in the standard manner for the applied loads (P and PI) and 
determine the reaction R supplied by the roller. This step constitutes the 
case A analysis. 

Since no roller exists in the real structure at joint C, we must remove 
the roller and allow the structure to absorb the force R supplied by the 
roller. To eliminateR, we carry out a second analysis-the case B analy­
sis shown in Figure 13.24c. In this analysis we apply a force tojoint C 
equal to R.'but acting in the opposite direction (to the right). Superposi­
tion of the case A and case B analyses produces results equivalent to the 
original case in Figure 13 .24a. . 

Example 13.10 illustrates the foregoing procedure for a simple one­
bay frame. Since this frame was previously analyzed for a lateral load at 
the top joint in Example 13.9, we will make use of these results for the 
case B analysis (sidesway correction). 

B ---C'-'R 

+ 

I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
I 

I 

I 

A D 

Case B 

(c) 

Figure 13.24: (a) Deformations of an unbraced 
frame; (b) sidesway prevented by adding a tern· 
porary roller that provides a holding force R at C; 
(c) sidesway correction, holding force reversed 
and applied to structure at joint C. 

Determine the reactions and member end moments produced in the frame 
shown in Figure 13.25a by the 8-kip load. Also determine the horizontal 
displacement of joint B. Values of moment of inertia of each member in 
units of in4 are shown on Figur~ 13.23a. E = 30,000 ldps/in2, 

Solution 
Since the frame in Figure 13.25 is the same as that in Example 13.9, we 
will refer to that example for the forces produced by the lateral load (case 
B) analysis. Because the frame is free to sidesway, the analysis is broken 
into two cases. In the case A analysis, an imaginary roller is introduced 

• 


EXAMPLE 13.10 

[continues on next page] 
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1.78 kips2.31 

B C 

1=200 
8 kips 

10' 

10' 

1=200 

I. 40'-1 

(a) 

Figure 13.25: Analysis of an unbraced frame: 
(a) details of loading; (b) case A solution (side­

sway prevented); (c) case B (sidesway correc­

tion); Cd) case A analysis; (e) computation of 

holding force at B for case A; (j) sidesway cor­

rection forces, case B; (g) final results from 

superposition of case A and. case B (forces in 

kips. moments in kip·ft). 


4.97 kips 

"-.u.1a 0.17 kips
2.3 T 

0.51 .(e) 

0.51 

8 kips1 
40' = 

J 

+20.00 
+10.00 

-12.86 

- 0.92 

-0.Q7 

+16.15 

- 20 
+20 

o 

(d) 

2.4 kips 

44.8 

+S8.6S 

-, 

I 
I 
I 

I 


(c) 

+ O.IS 
+ 2.1S 

+ 2.30 

40.38 

2.41 kips 

56.56 kip·ft + 
1.78 kips 

(g) 

(b) 

~16.l5 

0.09 
+ 0.16 
- 1.22­
+ 2.14 
-17.14 . ­

R 

+ 


- 4.59 

+-+ 0.31 
- 0.61 

+-+ 4.28 
- 8.57 

2.31 

(f) 
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at support B to prevent sidesway (see Fig. 13.25b). The analysis of the 
restrained frame for the 8-kip load is carried out in Figure 13.25d. The 
fixed-end moments produced by the 8-kip load are equal to 

PL 8(20)
FEM = ±8' = ±-8- = ±20 kip·ft 

The distribution factors were previously computed in Example 13.9. After 
the moment distribution is completed, the column shears. the axial forces, 
and the reaction R at the temporary support at B are computed from the free­
body diagrams in Figure 13.25e. Since the roller force atB equals 4.97 kips, 
we must add the case B sides way correction shown in Figure 13.25c. 

We have previously determined in Figure 13.23e the forces created in 
i

the frame by a horizontal force of S = 0.89 kip applied at B. This force ! 


produces a I-in horizontal displacement of the girder. Since the frame is 

assumed to be elastic, we can establish the forces and displacement pro­

duced by a horizontal force of 4.97 kips by direct proportion;. that is, all 

forces and displacements in Figure 13.23e are multiplied by4.97/0.89 = 

5.58. The results of this computation are shown in Figure 13.25[ The 
final forces in the frame produced by summing the case A and case B 1.­
solutions are shown in Figure 13.25g. The displacement of the girder is 
5.58 in to the right. _. .. .. II Itkill 

,£J re r 1 w 

If a member BC of the frame in Example 13.9 is fabricated 2 in too long, 
determine the moments and reactions that are created when the frame is 
connected to its supports. Properties, dimensions of the frame, distribu­
tion factors, and so forth are specified or computed in Example 13.9. . 

Solution 
If the frame is connected to the fixed support at D (see Fig. 13.26a), the 
bottom of column AB will be located 2 in to the left of support A 'because 
of the fabrication error. Therefore, we must force the bottom of column 
AB to the right in order to connect it to the support at A. Before we bend 
the frame to connect the bottom of column AB to the pin support at A, 
we will fix the position of joints Band C by adding a roller atB and 
clamps at B and C. We then translate the bottom of column AB laterally 
2" without allowing joint A to rotate (OA = 0) and connect it to the pin 
support. A clamp is then added at A to prevent the bottom of the column 
from rotating. We now compute the end moments in column AB due to the 
chord rotation, using the modified form of the slope-deflection equation [continues on next page] 
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Example 13.11 continues . .. 
temporary 

roller" C 3.98 

-7 
I 
I 

0.85 -~=========;-, - I;~ 

I+ = I 
I 

t 0.440.15 ~ t 
0.06 kip 

1.99+ ~10.04 8.05 kiP.ft't" 
0.45 039 

0.45 0.39 0.06 kip 
(d) (e) (I) 

• 


r11r:~====:::;:~ 
8B =0 

20' \ 
B \ 

\ °A =0 

J 
1

40' 
A "-VL 
~, 

--I 2" 1-­
~ "'" 

(a) 

0.85 kip .'.nl..::.-B==========:n
-~i' "II 

0.70 ~ 0.15 \... '". .J~ 
d~T 14.08 ;<:T 3.98 

0.45 ' 0:45 
10.45 ~.45 

"1"14.08
070 _ 0.15......-.- 3.98

04 
t 

0.45 

't' 0.15'''.1.99 
,. , 

0.45 

(e) 

,A=O.96" ,-

-14.08 + 0.26 
0.53- 1.06--­

+ 1.86 -+ 3.72 
-14.90- - 7.45 

+ 3.72 
52.10 + 0.26 

-26.10 
+ 3.98-11.10 

0.80 

+14.08 

+ 0.13 
+ 1.86 

+ 1.99 

(b) 

Figure 13.26: (a) Frame with girder BC fabricated 2 in too 
long. temporary supports-damp at C and the roller and clamp 
at B-added. next the A end of column AB displaced 2 in to the 
right without rotating. connected to support A. and clamped; 
(b) moments in frame associated with removal of clamps 
shown in (a); (e) computation of holding force in temporary 
roller at B (forces in kips, moments in kip·ft); (d) results of 
analysis in (e); (e) sidesway correction made by multiplying 
results in Figure 13.23e byO.85/0.89; (f) final results. 

1.04/1 0.96" 

H~'-8....:.-~·-S::E-:=--:=-:;trH 
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given by Equation 13.20. Since the chord rotation is counterclockwise, 
t{!AS is negative and equal to 

2 1 
t{!AB = - 20(12) = - 20 rad 

• 


_ _ _ 6EI __ 6(30,000)(100) ( __1_)
MAB - MBA - L I/IAB - 20 X 12 120 

= 625 kip-in = 52.1 kip·ft 

To analyze for the effect of removing the clamps in the restrained 
structure (Fig. 13.26a), we carry out a moment distribution until the frame 
has absorbed the clamp moments-the roller at B remains in position dur­
ing this phase of the analysis. Oetails of the distribution are shown in Fig­
ure 13.26b. The reaction at the roller is next computed from the free­
body diagrams of the columns and girder (in Fig. 13.26c). Since the 
rollers exerts a reaction on the frame of 0.85 kip to the left (Fig. 13.26d), 
we must add the sidesway correction shown in Figure 13.26e. The forces 
associated with the correction are determined by proportion from the 
basic case in Figure 13.23e. Final reactions, shown in Figure 13.26f, are 
determined by superimposing the forces in Figure 13.26d and e . 
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(~I~.~A~ Analysis of Multistory Frames 

To extend moment distribution to the analysis of multistory frames, we 
must add one sidesway correction for each independent degree of sidesway. 
Since the repeated analysis of the frame for the various cases becomes time­
consuming, we will only outline the method of analysis, so the student is 
aware of the complexity of the solution. In practice, engineers today use 
computer programs to analyze frames of all types. ' 

Figure 13.27a shows a two-story frame with two independent side­
sway angles 1/11 and t{!2' To begin the analysis, we introduce rollers as 
temporary restraints at joint D and E to prevent sidesway (see Fig. 
13.27b). We then use moment distribution to analyze the restrained struc­
ture for the loads applied between joints (Case A solution). After the,col­
umn shears are computed, we compute reactions Rl and R2 at the rollers 
using free bodies of the girders. Since the real structure is not restrained 
by forces at joints D and E, we must eliminate the roller forces. For this 
purpose we require two independent solutions (sidesway corrections) of 
the frame for lateral loads at joints D and E. One of the most convenient 
sets of sides way corrections is produced by introducing a unit displacement 
that corresponds to one of the roller reactions while preventing all other 
joints from displacing laterally. These two cases aie shown in Figure 13.27c 

.•.,~ ..a.- _ 
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Figure 1~;27: (a) Building frame with two 
degrees of sidesway; (b) restraining forces intro­
duced at joints D and E; (c) case I correction unit 
displacement introduced atjointD; (d) case II cor­
rection, unit displacement introduced at joint E. 

(a) 

I 
.... \ 

I 
I 
I 
\ 
\ 
\ 

Case A 
(b) 

• 


and d. In Figure I3.27c we restrain joint E and introduce a I-in dis­
placement at joint D. We then analyze the frame and compute the hold­
ing forces Sl1 and S21 at joints D and E. In Figure 13.27d we introduce a 
unit displacement at joint E while restraining joint D and compute the 
holding forces S12 and S22' 

The final step in the analysis is to superimpose the forces at the 
rollers in the restrained structure (see Fig. 13.27b) with a certain fraction 
X of Case I (Fig. 13.27c) and certain fraction Y of case II (Fig. 13.27d). 
The amount of each case to be added must eliminate the holding forces 
at joints D and E. To determine the values of X and Y, two equations are 
written expressing the requirement that the sum of the lateral forces at 
joints D and E equal zero when the basic case and the two corrections are 
superimposed. For the frame in Figure 13.27, these equations state 

AtD: (1) 

AtE: (2) 

Expressing. Equations 1 and 2 in terms of the forces shown in Figure 
13.27b to d gives . 

R 1 + XS 11 + YS 12 == 0 (3) 

R2, + XS21 + YS22 = 0 (4) 

By solving Equations 3 and 4 simultaneously, we can determine the val­
ues ofX and Y. Examination of Figure 13.27 shows that X and Y represent 
the magnitude of the deflections at joints D and E, respectively. For exam­
ple, if we consider the magnitude of the deflection ~1 at joint D, it is evi­
dent that all the displacement must be supplied by the case I correction in 
Figure 13.27c sincejointD is restrained in the caseA'and case II solutions. 

1" 
H 

.-.=:;:=""",-_",==,.,Do~0......-- SII 
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I 
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Case I 
(c) 
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Case II 
(d) 
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Many continuous structures contain members whose cross sections vary 
along the length of the members. Some members are tapered to conform 
to the moment curve; other members , although the depth remains constant 
for a certain distance, are thickened where the moments are largest (see 
Fig. 13.28). Although moment distribution. can be used to analyze these 
structures, the fixed·end moments carryover moments, and member stiff· 
ness are differentfrom those we have used to analyze structures com­
posed of prismatic members. In this section we discuss procedures for 
evaluating the various terms required to analyze structures with nonpris­
madc members. Since these terms and factors require considerable effort 
to evaluate, design tables (for example, see Tables 13.1 and 13.2)have 
been prepared to facilitate these computations. 

Computation of the Carryover Factor 

When a clamp is removed from a joint during a moment distribution, a 
portion of the unbalanced moment is distributed to each member fram­
ing into the joint. Figure 13.29a shows the forces applied to a typical 
member (Le., the end at which the moment is applied is free to rotate but 
not to translate, and the far end is fixed). The moment MA represents the 
distributed end moment, and the moment MB equals the carryover moment. 
As we have seen in Section 13.2, the carryover moment is related to the 
distri"Quted end moment; for example, for a prismatic member COM = 
~(DENb. We can express the carryover moment MB as . . 

MB = COMAB = CAB (MA) (13.22) 

where CAB is the carryover factor from A to B. To evaluate CAB' we will 
apply the M/El curves associated with the loading in Figure 13.29a by 
"parts" to the conjugate beam in Figure 13.29b. If the computation ,is 
simplified further by setting MA = 1 kip·ft in Equation 13.22, we find 

MB =;= CAB 

Ifwe assume (to simplify the computations) that the member is prismatic 
(that is, El is constant), we can compute CABby summing moments of 
the areas under the MjEJ curve about support A of the conjugate beam. 

c+ ~MA = 0 

(~L)(~l) ( ~) - (~L)(~) ( 2~) = 0 
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(a) 

drop panel 

(b) 

Figure 13.28: (a) Tapered beam; (b) floor slab 
with drop panels that is designed as a continuous 
beam with a variable depth. 

'-- .. _.. _.. ---" 
It---·­ L --It 

(a) 

(b) 

Figure 13.29: (a) Beam loaded by a unit 
moment at A; (b) conjugate structure loaded with 
M/EI curve by parts. 
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KABS 

L-----i 

Figure 13.30: Support conditions used to estab­
lish the flexural stiffness of the A end of beam 
AB. The flexural stiffness is measured by the 
moment KABS required to produce a unit rotation 
at endA. 

, (a) 

(b) 

, Figure 13.31 

• 


The value above, of course, confirms the results of Section 13.1. In Exam­
ple 13.12 we use this procedure to compute the carryover factor for a 
beam with a variable moment of inertia. Since the beam is not symmet­
ric, the carryover factors are different for each end. 

Computation of Absolute Flexural Stiffness 

To compute the distribution factors at a joint where nonprismatic mem­
bers intersect, we must use absolute flexural stiffness KABS of the members. 
The absolute flexural stiffness of a member is measured by the magnitude 
of the moment required to produce a specified value of rotation-typically 
1 rad. Moreover, to compare one member with another, the boundary con­
ditions of the members must also be standardized. Since one end of a 
member is free to rotate and the other end is fixed in the moment distri­
bution method, these boundary conditions are used. 

To illustrate the method used to compute the absolute flexural' stiff­
ness of a beam, we consider the beam of constant cross section in Figure 
13.30. To the A end of the beam, we apply a moment KABS thnt produces 
a rotation of 1 radat supportA. If we assume that CAB has been previously 
computed, the moment at the fixed end equals CABKABS' Using the slope­
deflection equation, we can express the moment KABS in terms of the prop­
erties of the member as 

2E1 ( ) 4E10A = - =--KABs 26AL L 

,Substituting 0A = 1 rad gives 
, 4EI 
KABS =1: (13.23) 

Since the slope-deflection equation applies only to prismatic mem­
bers, we must use a different procedure to express the absolute flexural 
stiffness KABS of a nonprismatic member in terms of the properties of the 
member. Although a variety of methods can be used, we will use the 
moment-area method. Since the slope at B is zero and the slope at A is 1 
rad, the area under theM/EI curve between the two points must equal 1. 
To produce an M/EI curve when the moment of inertia varies, we will 
express the moment of inertia at all sections as a multiple of the smallest 
moment of inertia. The procedure is illustrated in Example 13.12. 

Reduced Absolute Flexural Stiffness 

Once the carryover factors and the absolute flexural stiffness are estab­
lished for a nonprismatic member, they can be used to evaluate the reduced 
absolute flexural stiffness K'hs, for a beam with its far end pinned. To 
establish the expression for K'hs, we consider the simply supported 
beam in Figure 13.31a. If a temporary clamp is applied to joint B, a 

• 
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moment applied at A equal to KABS will produce a rotation Qf 1 rad at A 
and carryover moment of CABKABS at joint B. If we now clamp joint A 
and unc1amp joint B (see Fig. 13.31b), the moment at Breduces to zero 
and the moment at A, which now represents K1.:as, equals 

(13.24) 

Computation of Fixed-End Moments 

To compute the fixed-end moments that develop in a nonprismatic beam, 

we load the conjugate beam with the MjEJ Curves. When a real beam has 

fixed ends, the supports in the conjugate beam are free ends. Tofacilitate 

the computations, the moment curves should be drawn by "parts" to pro­

duce simple geometric shapes. At this stage the values of the fixed-end 


. moments are unknown. To solve for the fixed-end moments, we must 

write two equilibrium equations. For the conjugate beam to be in equi­ P 
librium, the algebraic sum of the areas under the MjEJ diagrams (loads) 
must equal zero. Alternatively, the moments of the areas under the M/EI 
curves about each end of the conjugate beam must also equal zero. To 
establish the fixed-end moments, we solve simultaneously any two of the 
three equations above. 

"""I.--- L ----ITo illustrate the basic principles of the method, we will compute the 

fixed-end moments produced in a prismatic beam (EI is constant) by a (a) 


concentrated load at midspan. This same procedure (with the MjEJ dia­

grams modified to account for the variations in moment of inertia) will 4 

PL 


be used in Example 13.12 to evaluate the fixed-end moments at the ends 

of the nonprismatic beam. 


Computation of Fixed-End Moments for 

the Beam in Figure 13.32a (b) 


Load the conjugate beam with the MjEI curves (see Fig .. 13.32c), and PL 

FEMPA 

sum moments about A, giving . 4EI 

B 
FEMBA 

'---''---L--'--'--I--,--,--=....,----m 

2L ---I 
Recognizing that the structure and load are symmetric, we set FEMAB = 3 

FEMBA in Equation 1 and solve for FEMSA: (c) 

Figure 13.32: (a) Fixed-end beam with EI con­PL stant; (b) moment curves by parts; (c) conjugateFEMBA =8 
beam loaded with the M/EI diagrams. . 
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EXAMPLE 13.12 The beam in Figure 13.33a has a variable moment of inertia. Determine 
(a) the carryover factor from A to B, (b) the absolute flexural stiffness of 
the left end, and (c) the fIXed-end moment produced by a concentrated 
load P at midspan. Over the length of the beam E is constant. 

Solution 
(a) Computation of the Carryover Factor. We apply a unit moment of 
I kip·ft to the end ofthe beam atA (Fig. 13.33b), producing the carryover 
moment CAB at B. The moment curves are drawn by parts, producing two 
triangular moment diagrams. The ordinates of the moment curve are then 
divided by EI on the left half and by 2EI on the right half to produce the 
M/EI diagrams, which are applied as loads to the conjugate beam (see Pig. 
13.33c). Since the moment of inertia of the right half of the beam is twice 
as large as that on the left side, a discontinuity in the M/EI curve is created 
at midspan. Positive moment is applied as an upward load and negative 
moment as a downward load. To express CAB in terms of the properties of 

-the member, we divide the areas under the M/EI diagram into rectangles 
and triangles and sum moments of these areas about the support at A. In 
the moment-area method, this step is equivalent to the condition that the 
tangential deviation of point A from the tangent drawn at B is zero. 

Q+ "2:,MA = 0 

1 L L IlL L IlL (L L) 
2EI 2 4" + 22El 2 "6 + "2 4EI2 2 + "6 

1 LCAB (2 L) CAB L(L L) 1 LCAB (L 2 L)
-22 2EI 3" 2 - 4EI2 2 + 4" - 22 4EI 2 + 3 2 = 0 . 

Simplifying and solving for CAB-give 

2 
3 

If the supports are switched (the fixed support moved to A and the roller 
to B) and a unit moment applied at S, we find the carryover factor CBA == 
0.4 from B to A. 

(b) Computation of Absolute Flexural Stiffness KABS' The absolute 
flexural stiffness of the left end of the beam is defined as the moment 
KABS requited to produce a unit rotation (9 A = 1 rad) at A with the right 
end fixed and the left end restrained against vertical displacement by a 
roller (see Pig. 13.33d). Figure 13.33e shows the M/EI curves for the 
loading in Figure 13.33d. Because the slope at B is zero, the change in 
slope between ends of the beam (equal to the area under the M/EI curve 
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- 2EI FEMAB 
If/ 
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KABS 

21 

~ 
CABKABS 

6A = 1rad 

Cd) 

(e) 

(f) 

PL 

+ 

4E1 

~ 

(g) 

. ­

Figure 13.33: (a) Beam of variable cross section; 
(b) loading and boundary conditions for comput­
ing the carryover factor from A to B; (c) conjugate 
beam loaded with M/EI diagrams from loading in 
(b); (d) computation of absolute flexural stiffness 
KAlls of the left end of beam AB; (e) M/ EI diagram 
(by parts) for the beam in (d); (j)computation of 
fixed-end moments for beam AB; (g) M/EI dia­
il'ams (by parts) for loading in (f). 

[continues on next page] 
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Example 13.12 continues . .. 

• 


by the fIrst moment-area principle) equals 1. To evaluate the area under 
the M/El curves, we divide it into triangles and a rectangle 

2: areas = 1 


1 L KABS 1 L KABS 1 L KABS
----+ --+---­
2 2 El 2 2 2EI . 2 2 4El 


1 L 
 CABKABS !::. _ 1 ~~~L......:.:;=-.:= 

2 2 2El 4EI 2 2 4EI 2 

Substituting CAB = ~ from (a) and solving for KABS give 

EI 
K ABS = 4.36[; 

(c) Computation of Fixed-End Moments Produced by a Concen­
trated Load at Midspan. To compute the fIxed-end moments, we apply 
the concentrated load to the beam with its ends clamped (see Fig. 13.33f). 
Moment curves are drawn by parts and converted to M/EI curves that are 
applied as loads to the conjugate beam, as shown in Figure 13.33g. (The 
M/EI curve, produced by the fIxed-end moment FEMAB at the leftend, is 
drawn below the conjugate beam for .clarity.) Since both fIxed-end moments 
are unknown, we write two equations for their solution: 

2:Fy = 0 (1) 

2:MA = 0 (2) 

Expressing Equation 1 in terms of the areas of the M/El diagrams gives 

1 L PL 1 L PL 1 FEMBA L FEMBA L-+-­
2 2 4EI 2 2 8EI 2 2EI 2 4EI 2 

1 LFEMBA _..!. FEMAB L + 1 FEMAB !::. = 0 
2 2 4EI . 2 El 2 4EI 2 

Simplifying and collecting terms yield 

2-FEM + ~FEM = 3PL (la)
16' SA 16···· 'AB 32 

Expressing Equation 2 in terms of the moments of areas by multiplying 
each uf the areas abuve by the distance belween point A and the respec­
tive centroids gives 

9 1 PL 
48 FEMBA + "8 FEMAB 24 (2a) 

Solving Equations la and 2a simultaneously gives 

FEMAB = O.106PL FEMBA = O.152PL Ans. 

As expected, the fIxed-end moment on the right is larger than that on the 
left because of the greater stiffness of the right side of the beam. 

• 
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Analyze the rigid frame in Figure 13.34 by moment distribution. All mem­ EXAMPLE 13.13 
bers 12 in thick are measured perpendicular to the plane of the structure. 

Solution 
Since the girder has a variable moment of inertia, we will use Table 13.2 
to establish the carryover factor, the stiffness coefficient, and the fixed­
end moments. The parameters to enter in Table 13.2 are 

aL 10 ft since L = 50 ft, a = ~ = 0.2 

rhc = 6 in since he = 10 in, r = 0.6 

Read in Table 13.2: 

Cca = Csc = 0.674 

kac = 8.8 

FEMCB = -FEMBC 	= 0.1007wL2 

= 0.1007(2)(50)2 


503.5 kip·ft 

bh3 

I min girder = 12 = -1'-2-'- = 1000 in~ 

Compute distribution factors at joint B or C: 

8.8EI 8.8E(1000) 
Kgirder -- = = 176E 

L 50· 

4EI 4E(4096) 

Kcolunm = L = 16 = 1024E 


'ZK 1200E 

1024E 

DFcolunm = 1200E = 0.85 .' 


DFgirder = 1200E = 0.15 

See Figure 13.34b for distribution. Reactions are shown in Fhmre 13.34c. rcontinues on next OMe1 

• 
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Example 13.13 continues . .. 

A 

476.2 

+ 
+ 47.7 

+428.0 

+ 0.2 
+ 23.8 
+214.0 

+238.0 

(a) 

-476.2 
+476.2+ 0.1 

0.6 - 0.9 
+ 8.4 + 5.7 

56.1 - 83.2 
+ 75.5 + 50.9 
-503.5 +503.5 

• II 

C.O. =0.674 

. I C.,O. =±+ 

(b) 

44.63 kips 44.63 kips 

- 2.4 
-235.6 

-238.0 

'~238 kip·ft 238kiP'ft~ 
50 kips 50 kips 

Figure 13.34: (a) Details of rigid frame; 
(c)(b) analysis by moment distribution; (c) reactions. 

AU rr m Ii!i lllilld 

• 


i \ 

• • ...'" 



... 


• 
"I"'!~~'~~"~'~':~'''''''''''''''''''''''''''''''''''''''' .................................................................................................................................................................................................................... 


Prismatic Haunch at One End (from Handbook of Frame Constants by the,
,. Portland Cement Association) 

Note: AD carryover factors are negative and all stiffness " factors are positive. All flXed-end moment coefficients 
~ are negative excepi where plus sign is shown..J.J 

II Moment M Haunch load, 
WB rIA Concentrated load FEM--a>ef. x P1 atb;1-a. both haunches 

AI L lB 
Unif.load b 

Right Canyover Stillness FEM FEM FEM 
haunch facto ... facto ... coef_ X WL2 0.1 0.3 0.5 0.7 0.9 .1-a. coef. X M coef. X W.L' 

as 'B CAS c... MAS M... MAS MBA MAS MBA MAS MBA MAS MBA MAS MBA MAS M.. MAS MBA

• 3A; 0'A 
0.4 0.593 0.491 4.24 5.12 0.0749 0.1016 0.0799 0.0113 0.1397 0.0788 0.1110 0.1553 0.0478 0.1198 0.0042 0.0911 0.0042 OJJ911 0.0793 .0.8275 0.0001 0.0047 
0.6 0.615 0.490 4.30 5.40 0.0727 0.1062 O.07'J1 0.0119 0.1318 0.0828 0.1074 0.1630 0.0439 0.1881 0.0029 0.0931 0.0029 0.0937 0.0561 0.8780 0.0001 0.0048 

0.1 1.0 0.639 0.488 4.37 5.72 0.0703 0.1114 0.0794 0.0125 0.1358 0.0873 0.1035 0.1716 0.0396 0.1'J14 0.0016 0.0966 0.0016 0.0966 0.0304 0.9339 0.0001 0.0049 

• 
1.5 0.652 0.487 4.40 5.89 0.0690 0.1143 0.0792 0.0129 0.1346 0.0898 0.1012 0.1764 0.0373 0.2026 0.0008 0.0982 0.0008 0.0982 0.0161 0.9651 0.0000 0.0049 
2.0 0.658 0.487 4.42 5!J7 0.0684 0.1156 0.0791 0.0131 0.1341 0.0910 0.1002 '0.1786 0.0361 0.2050 0.0005 0.0990 0.0005 0.0990 0.0094 0.9795 0.0000 0.0050 
0.4 0.677 0.469 4.42 6.37 0.0706 0.1126 0.0791 0.0134 0.1345 0.0925 0.1020 0.1788 0.0409 0.1975 0.0050 0.0890 0.0182 0.1581 0.1640 0.6037 0.0013 0.0111 
0.6 0.730 0.463 4.56 1.18 0.0664 0.1225 0.0785 0.0149 0.1302 0.1025 0.0942 0.1912 0.0335 0.2148 0.0031 0.0917 0.0137 0.1684 0.1241 0.7005 0.0010 0.0178 

0.2 1.0 0.793 0.458 4.74 8.22 O.OSIO 0.1353 0.0771 0.0168 0.1248 0.1154 0.0843 .. 0.2207 0.0242 0.2568 0.00"..2 0.0951 0.0080 O.lal5 0.0728 0.8245 0.0006 0.0187 

~ 1.5 0.831 0.455 4.86 8.88 0.OS76 0.1434 0.0772 0.0180 0.1214 '0.1235 0.0781 0.2355 0.0182 0.2507 0.0012 0.orn3 0.0044 0.1897 0.0403 0.9029 0.0003 0.0193 
2.0 0.849 0.453 4.91 9.20 0.0559 0.1473 0.0169 0.0186 0.1197 0.1276 0.0750 0.2429 0.0153 0.2576 0.0007 0.0984 0.0026 0.1939 0.0242 0.9418 0.0002 0.0196 
0.4 0.141 0.439 4.52 0.0698 0.1155 0.0787 0.0149 0.1319 0.1013 0.0987 0.1899 0.0420 0.1929 0.0056 0.0868 0.0420 0.1929 0.2371 0.3457 0.0045 0.0338 

0.6 0.831 0.427 4.15 0.0542 0.1296 o.om 0.0175 0.1255 0.1182 0.0877 0.2185 0.0338 0.2130 0.0045 0.0893 0.0338 0.2130 0.1935 004682 0.0036 0,0359 
0.3 1.0 0.954 0,415 5.09 11.69 0.OS59 0.1511 0.0762 0.0215 0.1158 0.1440 0.0711 0.2621 0.0217 0.2436 0.0028 0.0930 0.0217 0.2436 0.1261 0.6548 0.0023 0.0391 

1.5 1.036 0.409 5.34 13.53 0.0497 0.1673 0.0151 0.0245 0.1085 0.1633 0.0587 0.2948 0.0128 0.2665 0.0017 0.0959 0.0128 0.2665 0.0750 0.1952 0,0014 0.0415 
2.0 1.018 0.401 5.48 14.54 0.0464 0.1762 0.0745 0.0262 0.1045 0.1740 0.0520 0.3129 0,0080 0.2792 0.0010 0.0974 0.0080 0.2792 0.0467 0.8725 0.0008 0.0448 
0.4 0.714 0.405 4.55 8.70 0,0103 0.1117 0.0786 0.0156 0.1315 0.1035 0.0992 0.1855 0.0445 0.1713 0.0059 0.0849 0.0113 0.1938 0.2780 0.0876 0.0106 0.0509 
0.6 0.901 0.386 4.83 11.28 0.0646 0.1269 0.0714 0.0192 0.1240 0.1254 0.0875 0.2182 05)377 0.1932 0.0049 0.0869 0.0611 Q2204 0.2456 0.2035. 0,0089 0.0547 

0.4 1.0 1.102 0.361 5.33 16,03 0.0549 0.1548 0.0152 0.0251 0.1105 0.1658 0.0671 0.2780 0.0267 0.2222 0.0034 0.0904 0.0438 0.2689 O.lSI1 0.4171 0.0063 0.0616 

• 1.5 1.260 0.357 5.79 20.46 0.0462 0.1807 0.0132 0.0319 0,0982 0.2035 0.0485 0.3339 0,0173 0.2491 0.0022 0.0938 0.0284 0.3142 0.1198 0.6183 0.0031 0.OS19 
2.0 1.349 0.352 6.09 23.32 0.0401 0.1'J15 0.0719 0.0358 0.0903 0.2278 0.0361 0.3699 0.0113 0.2664 0.0014 0.0959 0.0181 0.3434 0.0793 0.7479 0.0027 0.0120 

0.4 0.768 0.311 4.56 9.45 0.0700 0.1048 0.0186 0.0154 0.1312 0.0993 0.0983 0.1679 0.0442 0.1663 O.oos9 0.0836 0.098."1 0.1679 0.2710 +0.1319 0.0189 O.OS56 

0.6 0.919 U343 4.84 12.94 0.U6.~1 0.1176 0.0774 0.0193 0.1240 0.1218 0.0884 0.1'135 0.0.'l86 0.111,0) 0.0051 0.0849 O.o8ll4 0.1')35 0.2593 +0.0493 Il.0161 0.0102 
0.5 1.0 1.200 0.316 5.42 20.61 0.0561 0.1451 0,0749 0.0280 0.1096 0.1709 0.0706 0.2486 0.02\19 0,1993 0.0038 0.0877 0.0105 0.2486 0.2203 0.1356 0.0131 0.0802 

• 
1.5 1.470 0.301 6.10 29.74 0.0466 o.lm 0.0120 0.0384 0.0934 0.2290 0.0516 0.3137 0.0215 0.2255 0.0027 0.0909 0.OS16 0.3137 0.1663 0.3579 0.0094 0,0918 
20 1.641 0.295 6.63 37.04 0.0393 0.2036 110698 0.0466 0.0801 0.2755 0.Q.170 0.3655 0.0153 0.2463 0.01119 OJ)934 0.0370 0_'1655 0.1209 0.5.'161 0,0067 0.1011 
0.4 0.726 0.341 4.62 9.84 0.0675 0.0986 0.0782 Il.Ol46 0.1280 0.0916 0.1J9?..3 0.1519 0,0419 0.1603 0.0056 0.0829 0.1154 0.1276 0.2103 +0.2862 0.0283 0.0769 
0.6 0.872 0.305 4.88 13.97 0.0630 0.1072 0.0711 0.0183 0,1214 0.1096 0.0835 0.1664 0.0368 0.1666 0.0048 0.0837 0.1068 0.1463 0.2221 +0.2453 0.0254 0.0813 

" 0.6 1.0 1.196 0.261 5.43 24.35 0.0560 o.lm 0.0748 0.0274 0.1092 0.15:17 1).0705 0,1999 0.02')9 0.1804 0.(KIJ8 0.0854 110926 0.1910 0,2190 +U1321 0.0212 0.0913 

~ 1.5 1.588 0.247 6.18 39.79 0.0482 0.1572 0.0118 0.0408 0.0939 0.2183 (J.0572 0,2478 0.02.17 0.1997 0.0030 0.0878 0.0762 0.255') 0.1926 0.0433 0.0171 0.1055 
2.0 1.905 0.231 6.92 55.51 0.0412 0.11f70 0.0688 0.0544 0.0792 0.2839 0.0455 0,2960 0.0186 0.2189 0.0023 O.O'JOI 0.0611 0.3215 0.1589 0.2243 0.0136 0.1197 
0.4 0.657 0.321 4.86 9.96 0.06.~1 0.0954 0.0770 0,0138 0.1175 0.0846 0.0844 0.1461 0.0392 0.1582 0.0053 0.0827 0.1115 0.0846 0.0959 +0.3666 0.0372 0.0854 
(1,6 0.710 0.275 5.14 14.39 0.0580 0.1006 0.0758 0.0161 0.10')7 0.1l955 0.1)745 0.1543 0.0335 0.1621 0.0045 0.0832 O.lorn 0.0955 0.1322 +0.3615 0.U33U 0.0890 

0.7 1.0 1.056 0.224 5.62 26.45 0.0516 0.1122 0.0138 0.0243 0.0992 0,1203 0.0626 0.1710 0,0269 0.1694 0.0035 0.0841 0.0992 0.1213 0.1655 +0.3228 0.0280 0.0965 
1.5 1.491 0.196 6.24 47.48 0.0463 0.1304 0.0114 0.0371 0.0890 0.1633 0.0537 0.1959 0.0223 0.1796 0.0028 0.0854 0.0890 0.1633 0.1731 +0.2367 0.0241 0.1016 
2.0 1.944 0.183 6.95 73,85 0.0417 0.1523 0.0681 0.OS30 0.0193 0.2149 0.0468 0.2255 0.0191 0.1915 0.0024 0.0869 0.0793 0.2149 0.1646 +0.1219 0.0210 0.1210 
0.4 0.583 0.319 5.46 9.'J1 0.0585 0.0951 0.0741 0.0137 0.1040 0.0837 0.0793 0.1456 0.0380 0.1580 0.0053 0.0826 0.1023 0.0461 0.0804 +0.3734 0.0452 0.0911 
0.6 0.645 0.263 5.89 14.44 0.OS16 0.0990 0.0721 0.0160 0.0921 0.0907 0.0661 0.1520 0.0311 0.1614 0.0043 0.0831 0.0950 0.OS17 0.0150 +0.3956 0.0388 0.0951 

0.8 1.0 0.818 0.196 6.47 27.06 0.0435 0.IOS3 0.0696 0.0211 0.0181 0.1025 0.OS21 0.1615 0.0232 0.1660 0.0031 0.0838 0.0863 0.0628 O.OS88 +0.4118 0.0314 0.1004 

• 1.5 1.128 0.155 6.98 50.85 0.0385 0.1130 0.0676 0.0296 0.0692 0.1115 0.0432 0.1115 0.0184 0.1705 0.0024 0.0844 0.0802 0.0793 0.0990 +0.4009 0.0268 0.1064 
2.0 1.533 0.135 1.47 84.60 0.0355 0.1222 0.0658 0.0412 0.0638 0.1351 0.0384 0.1824 0.0159 0.1750 0.0020 0.0849 0.0759 0.1009 0,1150 +0.3684 0.0242 0;1133 
Q4 0.524 0.356 6.87 10.10 0.0604 0.0948 0.0674 0.0157 0.1031 0,0835 0.0844 0.1439 0.0418 0.1568 0.0059 0.0824 0.0614 0.0157 0.3652 +0.2913 0.0550 0.0942 
0.6 0.542 0.295 1.95 14.58 0.Q497 0.0991 0.0623 0.0184 0.0866 0.0913 0.0691 0.1510 0.0339 0.1605 0.0048 0.0830 0.0523 0.0184 0.2658 +0.3364 0.0460 0.0985 

Q9 Lo 0.594 0.206 9.44 27.16 0.0372 0.1052 0.0553 0.0226 0.0642 0.1023 0.0484 0.1603 0.023\ 0.1656 0.0032 0.0837 U0553 0.0226 0.1311 +0,3969 0.0337 0.1044 
1.5 0.695 0.142 10.48 51.25 0.0289 0.1098 0.0506 0.0266 0.0492 0.1 lOS 0.0346 0.1680 0.0159 0.1692 0.0021 0.0842 0.0505 0.0266 0.0410 +0.4351 0.0255 0.1089 ., 2.0 0.842 0.107 11.01 86.80 0.0245 0.1147 0.0481 0.0305 0.0414 0.1159 0.0214 0.1123 0.0121 0.1714 0.0016 0.0845 0,0481 0.0306 0.0049 +0.4515 0.0213 0.1117 

r: 
UI 

~ ~ 
U1 
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Prismatic Haunch at Both Ends (from Handbook of Frame Constants by the 
Portland Cement Association) 

Note: All carryover factors and fixed-end moment coeffi­

jj 
cients are negative and all stiffness factors are positive. 

il Concentrated load FEM-coef. x PL 
Haunch load, 

both haunches 
lVrilc 

Unif. load b 
Carryover 

factors 
Stiffness FEM 
factors FEM 0.1 0.3 0.5 0.7 0.9 coef. x wL2 

a CAB = ellA kAS kSA coef. X WL2 MAS MIlA MAS Ms. MAS Ms. MAS Ms. M.o MBA M.s MSA 

004 0.583 5.49 0.0921 0.0905 0.0053 0.1727 0.0606 0.1396 0.1396 O.OW6 0.1727 0.0053 0.0905 0.0049 
0.6 0.603 5.93 0.0940 0.0932 0.0040 0.1196 0.0589 0.1428 0.1428 0.0589 0.1196 0.0040 0.0932 0.0049 

0.1 	 1.0 0.624 6.45 0.0961 0.0962 0.0023 0.1873 0.0566 0.1462 0.1462 0.0566 0.1873 0.0023 0.0962 0.0050 
1.5 0.636 6.75 0.0972 0.0980 0.0013 0.1918 0.0551 0.1480 0.1480 0.0551 0.1918 0.0013 0.0980 0.0050 
2.0 0.641 6.90 0.0976 0.0988 0.0008 0.1939 0.0543 0.1489 0.1489 0.0543 0.1939 0.0008 0.0988 0.0050 
0.4 0,634 7,32 0,0970 0.0874 0.0079 0.1852 0.0623 0.1506 0.1506 0.0623 0.1852 0,0079 0.0874 0.0187 
0.6 0.614 8.80 0.1007 0.0899 0,0066 0.1993 0.0584 0.1575 0.1575 0.0584 0.1993 0.0066 0.0899 0.0191 

0.2 	 1.0 0.723 11.09 0.1049 0.0935 0,0046 0.2193 0,0499 0.1654 0.1654 0,().499 0.2193 0,0046 0,0935 0.0195 
1.5 0.752 12.S7 0.1073 0.0961 0.0029 0.2338 0.0420 0.1699 0.1699 0.0420 0.2338 0.0029 0.0961 0.0197 
2,0 0.765 13.87 0,1084 0.0976 0.0018 0.2410 0.0372 0.1720 0.1720 0.0~72 0.2410 0.0018 0.0976 0.0198 
0.4 0,642 9.02 0.0977 0.0845 0.0097 0.1763 0.0707 0.1558 0.1558 0.0707 0,1763 0.0097 0.0845 0.0397 
0.6 0,697 i2.09 0.1021 0.0861 0.0095 0.1898 0.0700 0.1665 0.1665 0.0700 0.1898 0.0095 0.0861 0.0410 

0.3 	 1.0 0:775 IS.68 0,1091 0.0890 0.0094 0.2136 0.0627 0.1803 0.1803 0.0627 0,2136 0.0084 0.0890 0,0426 
l.5 0,828 26.49 0.1132 0.0920 0.0065 0.2376 0.0492 0.1891 0.1891 0.0492 0.2376 0.0065 0.0920 0:0437 
2.0 0;855 32.77 0.1153 0.0943 0.0048 0.2555 0.0366 0.1934 0.1934 0.0~66 0.2555 0.0048 0.0943 0.0442 
0.4 0.599 10.15 0.0937 0.0825 0.0101 0.1601 0.0732 0.1509 0.1509 0,0732 0.1601 0.0101 0,0825 0.0642 
0.6 0.652 14.52 0.0986 0.0833 0.0106 0.1668 0,0776 0.1632 0.1632 0.0776 0.1668 0.0106 0.0833 0,0668 

0.4 	 1.0 0.744 26.06 0,1067 0.0847 0.0112 0.1790 0,0835 0.1833 0,1833 0,0835 0.1790 0.0112 0.0847 0.0711 
1.5 0.827 45.95 0.1131 0.0862 0.0113 0,1919 0.0852 0.1995 0.1995 0.OS52 0.1919 0.0113 0.0862 0,0746 
2.0 0,878 71.41 0.1169 0.0876 Om08 0.2033 0,0822 0,2089 0.2089 0.OS22 0,2033 0.0108 0.0876 0.0766 

O.S 	 0.0 0.500 4.00 0.0833 0.0810 0.0090 0;1470 0.0630 0.1250 0.1250 0.0630 0.\470 0.0090 a.ORIO 0.0833 

, •••<.............................H ••• H ........ H .............."'~"U""'U""H""""""""'".'''U''~'''H''''UH''''''' 


Summary 

• 	 Moment distribution is an approximate procedure for analyzing 
indeterminate beams and frames that eliminates the need to write 
and solve the simultaneous equations required in the slope­
deflection method. 

- The analyst begins by assuming that all joints free to rotate are 
restrained by clamps, producing fixed-end conditions. When loads 
are applied, fixed-end moments are induced. The solution is 
completed by unlocking and relocking joints in succession and 
distributing moments to both ends of all the members framing into 
the joint until all joints are in equilibrium. The time required to 
complete the analysis increases significantly if frames are free to 
sides way. The method can be extended to nonprismatic members if 
standard tables of fixed-end moments are available (see Table 13.1). 

-Once end moments are established, free bodies of members are 
analyzed to determine. shear forces. After shears are established, 
axial forces in members are computed using free bodies of joints. 

-	 Although moment distribution provides students with an insight into 
the behavior of continuous structures, its use is limited in practice 
because a computer analysis is much faster and more accurate . 
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30 kips 

Problems 547 

• 	 However, moment distribution does provide a simple procedure to 
verify the results of the computer analysis of large multistory, 
multibay~ continuous frames under vertical load. In this procedure 
(illustrated in Sec. 15.7), a free-body diagram of an individual floor 
(including the attached columns above and below the floor) is isolated, 
and the ends of the columns are assumed to be fixed or the column 
stiffness is adjusted for boundary conditions. Because the influence 
of forces on floors above and below has only a small effect on the 
floor being analyzed, the method provides a good approximation of 
forces in the floor system in question. 

···I··..P.·R.QJ?..~.~.M.?......................................................................................................................................................................................... 

P13.1 to P13.7. Analyze each structure by moment dis­
tribution. Determine all reactions and draw the shear and 
moment diagrams, locating points of inflection and label­
ing values of maximum shear and moment. in each span. 
Unless otherwise noted, EI is constant. 

P13.4 

P13.1 

c 

18' 

1..--18' .1. 

P13.5 

P13.2 
P13.6 

20 kips 

P13.3 P13.7 

.•..:c.a- _ 	 .•..".a- _ 
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P13.8 toP13.10. Analyze by moment distribution. 
Modify stiffness as discussed in Section B.S. EI is con· 
stant. Draw the shear and moment diagrams. 

1--24' .1. 18' 18' .1. 24'--1 

P13.8 

p= 16 kips p= 16 kips 

P13.9 

P13.11. Analyze the frame in Figure P13.11 by moment 
distribution. Determine all reactions and draw the shear 
and moment diagrams, locating points of inflection and 
labeling values of maximum shear and moment in each 
span. Given: EI is constant. 

1 

15' 

p = 30 kips 
p= 30 kips 

'If+-,---- 30'-------+1.I 

P13.11 

P13.12. Analyze tbe reinforced concrete box in Figure 
P13.12 by moment distribution. Modify stiffnesses as 
discussed in Section B.S. Draw the shear and moment 
diagrams for the top slab AB. Given: E/ is constant. 

• • 

P13.10 

• 

w = 0.50 kip/ft 

• 

w =0.50 kip/ft 

1----- 12' ----.J 

~1'--------14'----~ 

P13.12 

• 
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P13.I3. Analyze the frame in Figure PI3.13 by the 
moment distribution method. Determine all reactions and 
draw the moment and shear curves. Given: E is constant. 
Fixed supports atA and D. 

W= SkN/m 

A 

I , C1 
21 6m 

D J 

I 

• 

I-- 4 m ---I<~- 4 m ---I 

P13.13 

pi3.14. The cross section of the rectangular ring in 
Figure P13.14 is 12 in ,x 8 in: Draw the moment and 
shear curves for the ring; E = 3000 kips/in2. 

W =2 kips/ft W =2 kips/ft 
'\ r--r--r----,---.,~-r-__,___., / 

J 
6' 

w = 2 kips/ft 


f+----- 12' -----I 


P13.14 
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,Pl3.IS. Analyze the frame in Figure P13.1S by moment 
distribution. Determine all reactions and draw the' shear 
and moment diagrams, 'locating points, of inflection and 
labeling values of maximum shear and moment in each 
span. E is constant, but I varies as indicated below. 

P13.15 

PI3.16. Analyze the frame in Figure P13.16 by moment 
distribution. Determine all reactioq,s, and draw the shear 
and mome:nt diagrams, locating points of inflec:tion and 
labeling values of maximum shear and moment in each 
span. Given: EI is constant. 

10 kips 10 kips 10 kips 

12' 

j" 

P13.16 
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P13.17. Analyze the frame in Figure P13.17 by moment 
distribution. Determine a1l reactions and draw the shear 
and moment diagrams, locating points of inflection and 
labeling values of maximum shear and moment in each 
span. E is constant, but I varies as noted. 

I 10' 

E 

J 

16' ---+0--- 16' 

P13.17 

P13.18. Analyze the frame in Figure P13.18 by the mo­
ment distribution method. Determine all reactions and 
draw the shear and moment curves. Given: EI is constant. 

'1 
2m 

1 
J 
4m 

3m I.. 3rn~ 
P13.18 

P13.19. Analyze the beam in Figure P13.19 by the mo­
ment distribution method. Determine all reactions and 
draw the moment and shear curves for beam ABCDE; 
EI is constant. 

18 k:N 

c 
---ofo<--- 8 --+l-4m 

P13.19 

P13.20. If support B in Figure P13.20 is constructed 1.2 
in too low, what value of vertical force must be applied 
at B to push the beam down into contact with the sup­
port so that a connection can be made? What values of 
moment are induced in the beam? Given: I 400 in4, 
E = 29,000 kips/in2. 

1.2"]
B/~ 

P13.20 

-I 
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P13.21. If support B in Figure P13.21 settles! in under 
the 16-kip load, determine the reactions and draw the 
shear and moment curves for the beam. Given: E = 
30,000 kips/jn2, I = 600 in4. 

p= 16 kips 

1+---- 24' ----I+--lS 

P13.21 

P13.22. Analyze the Vierendeel truss in Figure P13.22 
by moment distribution. Draw the shear and moment 
diagrams for members AB and AF. Sketch the deflected 
shape, and determine the deflection at midspan. Given: 
EI is constant, E = 200 GPa, and 1= 250 X 106 mm4. 

lOOkN 

1 
3m 

~~J 

P13.22 

Problems 551 

P13.23. Due to a construction error, the support at D 
has been constructed 0.6 in to the left of column BD. 
Using moment distribution, determine the reactions that 
are createdwhen the frame is connected to the support 
and the uniform load is applied to t:nember Be praw 
the shear and moment diagrams and sketch' the 
deflected shape. E = 29,000 kips/in2, I = 240 in4for all 
members. 

A 

0.6"4 

AD 
1----18' .\. 

P13.23 

P13.24. What moments are cre'ated in the frame in Fig~ 
ure P13.24 by a temperature change of +80oP in girder 
ABC? The coefficient of temperature expansion at 
6.6 X 10-6 (inlin)/op and E = 29,000 kips/in2. 

1= 600 in4 

J 
15' 

---+\-<--'--- 20' __-..1.1 

• 


P13.24 

' .."' ....... - • 
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P13.25. Determine the reactions and the moments in­
duced in the members of the frame in Figure P13.25 
when it is connected to the pin at support D. Given: El 
is constant for all members, I 450 in4, and E = 
30,000 kips/in2. 

1 

IS' 

0.6"1 

~D 
J 

15' ,I. IS' 

P13.25 

P13.26. Analyze the structure in Figure P13.26 by moment distribution. 
Draw the shear and moment diagrams. Sketch the deflected shape. Also 
compute the horizontal displacement of joint B. Note that I is given in 
units of in4; E is constant and equals 30,000 kips/in~. 

6 kips 6 kips 

3 kips 

1=240 

12' 1= 120 1 
J 

18'
1= 150l • A 

,_.iJ "." 

I. 3@8'= 

P13.26 

P13.27. Analyze the frame in Figure P13.27 by mo­
ment distribution. Draw the shear and moment curves. 
Sketch the deflected shape. E is constant and equals 
30,000 kips/in2. 

EI = constant 

1----- 20' ------00-1 

1 
16'P =2.4 kips 

J 

P13.27 

• 
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P13.28. Analyze the frame in Figure P13.28 by moment distribution. 
Draw the shear and moment curves. Compute the horizontal deflection 
of joint B. Sketch the deflected shape. Note. that I is given in units of in4; 

E is constant and equals 30,000 kips/in2. 

lCD = 360 in4 

J 
1 

12' 
30 kips 

w= 2.4 kips/ft 

\ B~~~~ r IBC= 600in4 

I12' 

L 
I 

\-­
'---t----12'~ 

P13.28 
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Federal Reserve Office Building, Boston, MA. The trusswork at the sides of this multistory building stiffen 
the structure against lateral loads. 
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Indeterminate Structures: 
Influence Lines 
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To establish how a particular internal force at a designated point varies 
as live load passes over a structure, we construct influence lines. The 
construction of influence lines for indeterminate structures follows the 
same procedure as that in Chapter 8 for determinate structures; that is, a 
unit load is moved across the structure, and values of a particular reac­
tion or internal force are plotted below successive positions of the load. 
Since computer programs for analyzing structures are generally available 
to practicing engineers, even highly indeterminate structures can be ana­
lyzed for many positions of the unit load rapidly and inexpensively. 
Therefore, certain of the traditional time-consuming hand methods, for­
merly used to construct influence lines, are of limited value to contem­
porary engineers. Our main goals in this chapter are 

1. 	 To become familiar with the shape of influence lines for the support 
reactions and forces in continuous beams and frames 

2. 	 To develop an ability to sketch the approximate shape of influence 
lines for indeterminate beams and frames rapidly 

3. 	To establish how to position distributed loads on continuous 
structures to maximize shear and moment at critical sections of 
beams and columns 

We begin this chapter by ~on:strhcting influence lines for the r~actions, 
shears, and moments in several simple indeterminate beams. Although the 
influence lines for determinate structures consist of straight segments, 
the influence lines for indetermiIiate beams and frames' are' curved. 
Therefore, to define clearly the shape of the influence lines of an inde­
terminate beam, we must often evaluate the ordinates at more points than 
is necessary for a determinate beam. In the case of an indeterminate ,truss 

•
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or girder loaded at panel points by a floor beam and stringer system com­
posed of simply supported members, the influence lines will consist of 
straight segments between panel points. 

We will also discuss the use of the Mtiller-Breslau principle to sketch 
qualitative influerice lines for both internal forces and reactions for a vari­
ety of indeterminate beams and frames. Based on these influence lines, 
we will establish guidelines for positioning live loads to produce maxi­
mum values of shear and moments at critical sections (adjacent to sup­
ports or at midspan) of these structures . 

••. i\'~~;;~'~~~'~-;.. n~~~...nu"u,u"'''''.''''''''''''''''H'....HU.~.............H ............n .....H .....................H ...U.Hu.............


M1.4.2< Construction of Influence Lines Using 

Moment Distribution 


Moment distribution provides a convenient technique for constructing 
influence lines for continuous beams and frames of constant cross sec­
tion. Moreover, with appropriate design charts, the method can easily be 
extended to structures that contain members of variable depth (for exam­

_pIe, see Table 13.1). 
For each position. of the unit load, the moment distribution analysis 

supplies all member end moments. After the end moments are deter­
mined, reactions and internal forces at critical sections can be established 
by cutting free bodies and using the equations of statics to compute 
internal forces. Example 14.1 illustrates the use of moment distribution 
for constructing the influence lines for the reactions of a beam indeter­
minate to the first degree. To simplify the computations in this example, the 
ordinates of the influence lines (see Fig. 14.1c to e) are evaluated at inter­
vals of one-fifth the span length. In an actual design situation (for example, 
a bridge girder) a smaller increment-one-twelfth to one-fifteenth of the 

. span length-would be more appropriate. 

EXAMPLE 14. 1 

• 


(a) Using a moment distribution, construct the influence lines for the 
reactions at supports A and B of the. beam in Figure 14.1a. 

(b) Given L = 25 ft, determine the moment created at support B by 
the 16~ and 24~kip set of wheel loads shown in Figure 14.1a when they 
are positioned at points 3 and 4. EI is constant. 

Solution 
(a) Influence lines will be constructed by placing the unit load at six 
points-a distance O.2L apart-along the axis of the beam. The points 
are indicated by the circled numbers in Figure 14.1a. We will discuss the 
computations for points 1, 2, and 6 to illustrate the procedure. 

• 
 ..... ....... - • •
~ 



Section 14.2 Construction of Influence Lines Using Moment Distribution 557 

16 kips 24 kips cP cP 0) 
i cr cr- hr-1 lkip 

~ 
A.II!:I===:;:[3 .:) A 

Ma=Ot RB=O 
RA=l kip 

11-'--- 5@0.2L=L------+I.1 

(a) 

To establish the influence line ordinate at the left end (point 1), the 
unit load is placed on the beam directly over support A (see Fig. 14.1a). 
Since the entire load passes directly into the support, the beam is 
unstressed; therefore, RA = 1 kip, RB = O,and MB = O. Similarly, if the 
unit load is moved to point 6 (applied directly to the fixed support), RB = 
1 kip, RA = 0, and Me = O. The above reactions, which represent the 
ordinates of the influence line at points 1 and 6, are plotted in Figure 
14.1c, d, and e. . . 

We next move the unit load a distance 0.2L to the right of support A 
and determine the moment at B by moment distributi()ll (see Fig. 14.1b). 
Compute fixed-end moments (see Fig. 12.5): 

1(0.2L) (0.8Li 
-0.128LL2 

.' __ Pba 2 __ 1(0.8L)(0.2L)2
FEMst1. ---'--_-'-C-_'-- = +0.032L

L2 

The moment distribution is carried out on the sketch in Figure 14.1b. 
After the end moment of 0.096L is established at support B. we compute 
the vertical reaction at A by summing moments about B of the forces on 
a free body of the beam: 

c+ LMB 0 

RAL 1(0.8L) + 0.096L 0 

RA = 0.704 kip 

ComputeRB: 
+ 
t LFy = 0 

RA + RB - 1 = 0 

RB = 0.296 kip 

0.8L 

.:)
t - MB0.128L 1 

+0.128L +0.032L RB 
RA 0 ~ + O.064L 

+ 0.096L end moment 

(b) 

1 

~.0.056 
RA 
(kips) 

(e) 

Ra 
(kips) 

(d) 

0.192L 

L-~~--~~~~~~~~~MB 

(kip.ft)
(e) 

Figure 14.1: (al Unit load at support A; (b) unit 
load 0.2L to right of support A; (e) influence line 
for reaction at A; (d) influence line for vertical 
reaction at B; (e) influence line for moment at 
support B. 

[continues on next page] 
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Example 14.1 continues . .. 	 To compute the balance of the influence line ordinates, we move the unit 
load to points 3, 4, and 5 and reanalyze the beam for each position of the 
load. The computations, which are not shown, establish the remaining 
influence line ordinates. Figure 14.1c to e sQows the final influence lines. 

(b) Moment at B due to wheel loads (see Fig. 14.1e) is 

ME ~influence line ordinate X (load) 

= 0.168L(16 kips) + 0.192L(24 kips) 

7.296L 7.296(25) = 182.4 kip-ft 	 Ans. 

EXAMPLE 14.2 Construct the influence lines for shear and moment at section 4 of the 
beam in Figure 14.1a, using the influence line in Figure 14.1c to evalu­
ate the reaction at A for various positions of the unit load. 

Solution ... <. 

With the unit load at either support A or B (points 1 and 6 in Fig. 14.1a), 
the beam is unstressed; therefore, the shear and moment at point 4 are 
zero; and the ordinates of the influence lines in Figure 14.2e and/begin 
and end atzero. < 

.< To:establish the ordinates of the influence lines for other positions of 
the rinit load, we wili use the equations of statics to evaluate the internal 
forces on a free body of the beam to the left of a section through point 4. 
The free body in Figure 14.2a shows the unit load at point 2. The reac­
tion atA of 0.704 kip is read from Figure 14.1c. 

+ 
t ~Fy = 0 

0.704 - 1 - Vz = 0 

V2 = -0.296 kip 

c+ .~M4= 0 

(O.704kip)(0.6L) - (1 kip)(O.4L) - M2 0 
.., 

Mz = 0.0224L kip·ft 

Figure 14.2b shows the unit load just to the left of point 4. For this posi­
tion of the unit load, the equations of equilibrium given V4L -0.792 
kip and M4L = 0.125L kip·ft. If the unit load is moved a distance dx 
across the cut to the free body on the right of section 4, the reaction at A 
does not change. but the unit load is no longer on the free body (see Fig. 
14.2c). Writing the equations of equilibrium, we compute V4R = 0.208 

http:kip)(O.4L
http:O.704kip)(0.6L
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1 kip Cf 
0.4 L ---'--1 M2 

-~~r:) 
~0.6L_--,---;/2 . 

0.704 kip 

(a) (b) 

1+--- 0.6 L -~--; 

(d) 

0.208 kip 

(e) 

kip and M4r = 0.125L kip·ft. Figur~ 14.2d shows the forces on the free 
body when the unit load is at point 5 (off the free body). Computations 
give Vs = 0.056 kip and Ms .0.0336L kip·ft. Using the computed val­
ues of shear and moment at section 4 for the various positions of the unit 
load, we plot the influence lines for shear in Figure 14.2e and for moment 
in Figure 14.2/ 

Figure 14.2: Influence lines for shear and moment 
at section 4; (a) unit load at section 2; (b) unit load 
to left of section 4; (e) unit load to right of section 
4; (d) unit load at section 5; (e) influence line for 
shear; (f) influence line for moment. 

0.208 
0.056 

-0.792 

(e) 

0.125 L 

(f) 

u·ttuu.. ~~ 

,P,14 Muller-Breslau Principle 

The Mi.iller-Breslau principle (previously introduced and applied to deter­
minate structures in Sec. 8.4) states: 

The ordinates of an influence line for any force are proportional to the 
ordinates of the detlected shape of the released structure produced by 
removing the capacity of the rea) structure to carry the force and then 
introducing at the location of the release a displacement . that corre· 
sponds to the restraint removed. 

We begin this section by using Betti's law to demonstrate the valid­
ity of the MUller-Breslau principle. We will then use the Miiller-Breslau 
principle to construct qualitative and quantitative influence lines for sev­
eral cOnlmon types of indeterminate beams and frames. 

• 
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(a) 

1 kip 

(b) 

(c) 

Figure 14.3: (a) Unit load used to construct 
influence line for RA; (b) unit load used to intro­
duce a displacement into. the released structure; 
(c) influence line for R.~. 

To demonstrate the validity of the MUller-Breslau principle, we will 
consider two procedures to construct an influence line for the reaction af 
support A of the continuous beam in Figure 14.3a. In the conventional 
procedure, we apply a unit load to the beam at various points along the 
span, evaluate the corresponding value of RA • and plot it below the posi­
tion of the unit load. For example, Figure 14.3a shows a unit load, used 
to construct an influence line, at an arbitrary point x on the beam; RA is 
assumed positive in the direction shown (vertically upward). 

If the Miiller.:..Breslau principle is valid, we can also produce the correct 
shape of the influence line for the reaction at A simply by removing the sup­
port at A (to produce the released structure) and introducing into the struc­
ture· at that point a vertical displacement which corresponds to reaction RA 
supplied by the roller (see Fig. 14.3b). We introduce the displacement that 
corresponds to RA by arbitrarily applying a I-kip load vertically atA. 

Denoting the loading in Figure 14.3a as system 1 and the loading in 
Figure 14.3b as system 2, we now apply Betti's law, given by Equation 
10.40, to the two systems 

(10.40) 

where a2 is the displacement in system 2 that corresponds tq F1 and a1 
is the displacement in system 1 that corresponds to F2• If a force in one 
of the systems is a moment,. the corresponding displacement is a rotation. 
Substituting into Equation 10040, we find 

(14.1) 
. .. 

Since the reactions at supports Band C in both systems do no virtual 
work because the supports in the other system do not displace, these 
terms are omitted from both sides of Equation 14.1. Solving Equation 
14.1 for RA , we compute 

(14.2) 

Since OAA has a constant value but the value oioiA varies along the axis 
of the beam, Equation 14.2 shows that RA is proportional to the ordinates 
of the deflected shape in Figure 14,3q.Therefore, the shape of the influ­
ence line for RA is the same as that of the deflected shape of the released 
structure produced by introducing the displacement 0 AA at point A, and 
we verify the MUller-Breslau principle. The final influence line for RA is 
shown in Figure 14.3c. The ordinate at A equals 1 because the unit load 
on the real structure at that point produces a I-kip reaction at A . 

. A qualitative influence line, of the type shown in Figure 14.3c, is often 
adequate for many types of analysis; however, if a quantitative influence 
line is required, Equation 14.2 shows that it can be constructed by divid­
ing the ordinates of the deflected shape by the magnitude of the displace­
ment OAA introduced at point A. 

• 
 • 
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Significance of the Minus Sign in Equation 14.2. As a first step in 
the construction of an influence line, we must assume a positive direc­
tion for the function. For example, in Figure 14.3a, we assume that the 
positive direction for RA is vertically upward. The fIrst virtual work term 
in Equation 14.1 is always positive because both the displacement 8 AA 

and RA are in the same direction. The vertical work represented by the 
second term [(1 kip)(8X11.») is also positive because the I-kip force and 
the displacement OXII. are both directed downward. When we transfer the 
second term to the right side of Equation 14.1, a miilUS sign is intro­
duced. The minus sign indicates that RA is actually directed downward. 
If the I-kip load had been located on spanAB-a region where the influ­
ence line ordinates are positive-the virtual work terms containing 8X11. 
would have been negative, and when the term was transferred to the right 
side of Equation 14.1, the expression for RA would be positive, indicat­
ing that RA was directed upward. 

In summary, we conclude that where an influence line is positive, 
downward load will always produce a value of the function directed in 
the positive direction. On the other hand, in regions where the influence 
line is negative, downward load will always produce a value of the func­
t~on directed in the negative direction. 

14.4 Qualitative Influence Lines for Beams 

In this section we illustrate the use of the Mi1ller-Breslau method to con­
struct qualitative influence lines for a variety of forces in continuous 
beams and frames. As described in Section 14.3 in the Mtiller-Breslau 
method, we first remove the capacity of the strUcture to carry the func­
tion represented by the influence line. At the location of the release, we 
introduce a displacement that corresponds to the restraint released. The 
resulting deflected shape is the influence line to some· scale. If you are 
uncertain about the type of displacem~nt to introduce, imagine a force 
that corresponds to the function is applied at the location of the release 
and creates the displacement. . . 

As an example, we will draw the influence line for positive moment 
at point C of the two~span continuous beam in Figure 14.4a. Point C is 
located at the midpoint of span BD. To remove the flexural capacity of 
the beam, we insert a hinge at point C. Since the original structure was 
indeterminate to the first degree, the released structure shown in Figure c' 

14.4b is stable and determinate. We next introduce a displacement at C 
that corresponds to a positive moment, as indicated by the two curved 
arrows on either side of the hinge. The effect of the positive moments at 
C is to rotate the ends of each member in the direction of the moment and 

•
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Figure 14.4: Construction of the influence line 
for moment at C by the Mtiller-Breslau method: 
(a) two-span beam; (b) released structure; 
(c) deflected shape produced by a displacement to 
the restraint removed at C; (d) moment curves to 
establish deflected shape of released structure; 
(e) influence line for moment C. 
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A B c D 

1---- L ----t.I!+-. - L --1.1-._ L
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(a) 

(b) 

(c) 

"~, ?"1",,~ . " •. 1. 2M 

~4~ Lt~ L 

2M 

M' M 

(d) 

(e) 

to displace the hinge upward. Figure 14.4c shows the deflected shape of 
.the beam, which is also the shape of the influen.ce line. 

Although it is evident that a positive moment at C rotates the ends of the 
members, the vertical displacement that also occurs may not be obvious. To 
clarify the displacements produced by the moments on each side of the 
hinge, we will examine the free bodies of the beam on each side of the 
hinge (see Fig. 14.4d). We fIrst compute the reaction at D by summing 
moments, about the hinge at C, of the forces on member CD. 

0+ ,£Mc = 0 

http:influen.ce
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L
M-R -'-=0D2 

2M I· 
RD =­

L 
For equilibrium to exist in the y-direction for member CD, the verti­

cal force at the hinge Cy must be equal in magnitude and opposite in sense 
to RD' Since Cy represents the action of the free body on the left, an equal 
and opposite force-acting upward-must act at joint C ofmember ABC. 

We next compute the reactions at supporls A and B of member ABC, 
and we draw the moment curves for each member. Since the moment is 
positive along the entire length of both members, they bend concave 
upward, as indicated by the curved lines under the moment diagrams. 
When member ABC is placed on supports A and B (see Fig. 14.4c), point 
C must move vertically upward to be consistent with the restraints sup­
plied by the supports and the curvature created by the moment. The final 
shape of the influence line is shown in Figure 14.5e. Although the mag­
nitude of the positive and negative ordinates is unknown, we can reason 
that the ordinates are greatest in the span that contains the hinge and the 
applied loads. As a general rule, the influence of a force in one span drops 
off rapidly with distance from the loaded span. Moreover, a span that con­
tains a hinge is much more flexible than a span that is continuous. 

Additional Influence Lines for Continuous Beams 

In Figure 14.5 we use the Mtiller-Breslau principle to sketch qualitative 
influence lines for a variety of forces and reactions in a three-span con­
tinuous -beam. In each case the restraint corresponding to the function 
represented by the influence lines is removed, and a displacement corre­
sponding to the restraint is introduced into the structure. Figure 14.5b 
shows the influence line for the reaction at C. The roller and plate device 
that removes the shear capacity of the cross section in Figure 14.5c is 
able to transmit both axial load and moment. Since the plates must remain 
parallel as the shear deformation occurs, the slopes of the members attached 
to each side of the plate must be the same, as shown by the detail to the 
right of the beam. In Figure 14.5d the influence line for negative moment 
is constructed by introducing a hinge into the beam at C. Since the beam 
is attached to the support at that point, the ends of the members, under 
the action of the moments, on each side of the hinge are free to rotate but 
not to muv~ v~rlil:al1y. Th~ influence line for the reaction at F is gener­
ated by removing the vertical support atF and introducing a vertical dis­
placement (see Fig. 14.5/). . 

In Example 14.3 we illustrate the use of a qualitative influence line 
to establish where to load a continuous beam to produce the maXimuql 
value of shear at a section . 
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Figure 14.5: Construction of influence lines by 
the Mtiller-Breslau method for the three-span 
continuous beam in (a); (b) influence line for Rc: 
(c) influence line for shear at B; (d) influence line 
for negative moment at C; (e) influence line for 
positive moment at D; (f) influence line for reac­
tion RF• 

EXAMPLE 14.3 


(a) 

(b) 

oiF/~-:l;,----=­
(c) 

(d) 

(e) 

(f) 

The continuous beam in Figure 14.6a carries a uniformly distributed live 
load of 4 kipslft. The load can be located over all or a portion of each 
span. Compute the maximum value of shear at. midspan (point B) of 
member AC. Given: El is constant. 

Solution 
To establish the position of the. live load to maximize the shear, we first con­
struct a qualitative influence line for shear at point B. Using the Miiller­
Breslau principle, we introduce displacements corresponding to positive 
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Figure 14.6: Computation of maximum shear at 
section B: (a) continuous beam; (b) influence line 
for shear at B; (c) analysis of beam with distrib­
uted load placed to produce maximum negative 
shear of 17.19 kips at B; (d) analysis of beam with 

influence 
line 

4 kipS/ft

JL___B~t:=sl~"·~=1:~~~.~______~~ 
-41.67 + 91.67 
+41.67 + 20.84 

- 56.25 - 56.25 
~ 

+ 56.26 -

(b) 

40 kips 	 40 kips 

(a) 	 distributed load positioned to produce maximum 
positive shear of 7.19 kips at B. 

".. 

17.19 kips 32.81 kips 

~~c~t 
Me = 143.76 kip·ft 	 Me= 56.26 kip.ft 

~C)t 

t 
\ 	

t 
RA = 22.81 kips 	 RA =7.19 kips 

22.81 kips 

J 

Shear (kips) 	 B~~~,..,...,.~_ Shear (kips) 

-32.81 kips 

(c) 	 (d) 

shear forces into the beam at section B to produce the influence line 
shown in Figure 14.6b. Since the influence line contains both positive 
and negative regions, we must investigate two loading conditions, In the 
first case (see Fig. 14.6c) we distribute the uniform load over all sections 
where the ordinates of the influence line are negative. In the second case 
(see Fig. 14.6d) we load the continuous beam between points Band C 
where the influence line ordinates are positive. Using moment distribu­
tion, we next determine the moment in the beam at supportC. Since the [continues on next page] 
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Example 14.3 continues . .. 

EXAMPLE 14.4 

• 


beam is symmetric about the center support, both members have the same 
stiffness, and the distribution factors at joint C are identical and equal to 
!. Using Figure 12.5f, we computed fixed-end moments for members AC 
and CD in Figure 14.6c. 

11wL2 11(4)(202
) • 

FEMAC = -~ = - 192 = -91.67 kip-ft 

511'L2 5(4)(202
) 


FEMCA = 192 = 192 41.67 kip-ft 


WL2 4(20)2 . 
FEMCD = - FEMDC = 12 = ---u- = ± 133.33 kip·ft 

The moment distribution, which is carried out under the sketch of the 
beam in Figure 14.6c, produces a value of moment in the beam at C equal 
to 143.76 kip·ft. Because of roundoff error in the analysis, a small differ­
ence exists in the values of the moments on each side of joint C. We next 
compute the reaction at A by summing moments about C of the forces 
acting on a free body of beam AC. After the reaction at A is computed, 
the shear diagram (see the bottom sketch in Fig .. 14.6c) is drawn. The 
analysis shows that VB = -17.19 kips. A similar analysis for the loading 
in Figure 14.6d gives VB = +7.19 kips. Since the magnitude of the shear 

.' raffierthan its sign determines the greatest value of the shear stresses at 
S, the section must be sized to carry a shear force of 17.19 kips. 

The continuous beam in Figure 14.7a carries a uniformly distributed live 
load of 3 kips/ft. Assuming that the load can be located over all or a por­
tion of any span, compute the maximum values of positive and negative 

momenl that can develop at 'midspan of memberBD.Given: EI is constant. 


.Solution" 
The qualitative influence line for moment at point C, located at midspan 

of BD, is constructed using the Muller-Breslau principle. A hinge is 

inserted at C, and a deformation associated with positive moment is intro­

duced at that point (see Fig. 14.7b). Figure 14.7c shows the load posi­

tioned over the section of the beam in which the influence line ordinates 

are positive. Using moment distribution (the computations are not shown), 

we compute the member end moments and construct the moment curve. 

The maximum positive moment equals 213.33 kip-ft. 


I. 

• 
 ..",.- - • 
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Section 14.4 

(a) 

213.33 

-170.67 -170.67 

(e) 

(d) 

To establish the maximum value of negative moment at point C, the 
load is positioned on the beam in those sections i'n which thF. influence line 
ordinates are negative (see Fig. 14.7d). The moment curve for this load­
ing is shown below the beam. The maximum value of negative moment 
is -72 kip·ft. 

NOTE. To establish the total moment at section C, we must also com­
bine each of the live load moments with the positive. moment afC pro­
duced by dead load. 

Qualitative. Influence Lines for Beams 567 

Figure 14.7: (a) Details of beam; (b) construc­
tion of qualitative influence line for moment at C; 
(c) load positioned to ma.ximize positive moment 
at C; (d) load positioned to maximize negative 
moment at C. 

nmmm " 
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EXAMPLE 14.5 


Figure 14.8: (a) Dimensions of frame; (b) estab­
lishing the shape of the influence line, horizontal 
restraint removed by replacing pin with a roller, 
dashed lines show the influence line; (e) position 
of load to establish maximum lateral thrust in pos­
itive sense (to the right); (d) position of load to 
produce maximum thrust in negative sense. 

The frame in Figure 14.8a is loaded only through girder ABC. If the frame 
carries a uniformly distributed load of 3 kips/ft that can act over part or 
_all of spans AB and Be, determine the maximum value of horizontal thrust 
Dx that develops in each direction at support D. For all members EI is a 
constant. 

Solution 
The positive sense of the thrustDx is shown in Figure 14.8a. To construct 

the influence line for the horizontal, reaction at support D by the 

Mtiller-Breslau principle, we remove the' horizontal restraint by intro­

ducing a roller at D (see Fig. 14.8b). A displacement corresponding to Dx 

is introduced by applying a horizontal force Fat D. The deflected shape, 

shown by the dashed line, is the influence line. 


In Figure 14.8c we apply the uniform load to span Be, where the ordi­

nates of the influence line are positive. Analyzing the frame by moment 

distribution, we compute a clockwise moment of 41.13 kip·ft at the top 

of the column. Applying statics to a free body of column BD, we com­

pute a horizontal reaction oD.43 kips. 


To compute the.maximum thrust in the negative direction, we load the 
frame in the region where the ordinates of the influence line are negative 
(see Fig. 14.8d). Analysis of the frame produces a thrust of 2.17 kips tOl, 
the left. 

!--is' ,I. 24'~ 

(a) (b) 

3.43 kips -+1I/'O)lI 

I , 

I 

(e) (d) 
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·1~.5J Live Load Patterns to Maximize Forces in 

Multistory Buildings 


Building codes specify that members ofmultilltory buildings be designed 
to support a uniformly distributed liveioad as well as the dead load of the 
structure and the nonstructural elements. Nonstructural elements include 
walls, ceilings, ducts, pipe, light fixtures, and so forth. Normally, we ana­
lyze for dead and live loads separately. While the dead load is fixed in 
position, the position of the live load must be varied to maximize a par­
ticular force at a certain section. In most cases, the greatest live load force 
at a section is produced by pattern loading; that is, live load is placed on 
certain spans or portions of spans but not on other spans. By using the 
MiHler-Breslau principle to construct qualitative influence lines, we can 
establish the spans or portions of a span that should be loaded to maxi­
mize the force or forces at critical design sections of individual members. 

For example, to establish the loading pattern to maximize the axial force 
in a column, we imagine the capacity of the column to carry axial load 
is removed and an axial displacement is introduced into the structure. If 
we wished to determine the spans on which live load should be placed to 
maximize the axial force in column AB of the structure in Figure 14.9a, 
we would disconnect the column from its support at A and introduce a 
vertical displacement fl at that point. The deflected shape, which is the 
influence line, produced by fl is shown by the dashed lines. Since live 
load must be positioned on all spans in which the influence line ordinates 
are positive, we must place the distributed live load over the entire length 
of all beams connected directly to the column on all floors above the col­
umn (see Fig. l4.9b). Since all floors displace by the same amount, a 
given value of live load on the third or fourth floor (the root) produces 
the same increment of axial load in column AB as that load positioned on 
the second floor (Le., directly above the column). 

In addition to axial load, the loading shown in Figure 14.9b produces 
moment in the column. Since the column is pinned at its base, the max­
imum moment occurs at the top of the column. If the span lengths of the 
beams framing into each side of an interior column are approximately 
the same (the usual case), the nearly equal but oppositely directed moment 
each beam applies to the joint directly at the top of the column will bal­
ance or nearly balance out. Since the unbalanced moment at the joint is 
small, the moment in the column will also be small. Therefore, in a pre­
liminary design of an interior column, the engineer can size the column 
accurately by considering only the axial load. 

Although the forces produced by the loading pattern in Figure 14.9b 
control the dimensions of most interior columns, under certain. condi- . 
tions-for example, a large difference in adjacent span lengths, or a high 
live-lo-dead load ratio-we may wish to verify that the capacity of the 
column is also adequate for the loading pattern that maximizes the moment 
(¥.....l."',.. tl. ... " +l.'" <lv;,,11rvvl'l Tn f'I"\T'I~t"'f't thp /1H~litl'ltivf' inf11H~ncf' linf' for 
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(c) (d) 

Figure 14.9: Pattern loading to maximize forces 
in columns: (a) influence line for axial load in moment in the column, we insert a hinge into the column just below the 
column AB; (b) live load pattern to maximize 
axial force in colunm AB; (c) influence line for' 
moment in columnAB; (d) position oflive load to' 

floor beams at point B and then apply a rotational displacement to the 

en9S: of the ,stnI~~uI'e above and below the ,Pillge (see Fig. 14.9c). We can 
maximize moment in column AB, and the axial imagine that this displacement is produced by applying moments of mag­
force associated with maximum moment is approx- ._nitude M to the structure.· The corresponding deflected shape is shown by 
imately one-half that shown in (b) since a the dashed line. Figure 14.9d shows the checkerboard pattern of live load 
checkerboard pattern of loading is required.' that maximizes the moment at the top of the column. Since this pattern 

is produced by load applied to only one beam per floor above the column, 
the axial load associated with the maximum moment will be approxi­
mately one-half as large as that associated with the loading in Figure 
14.9b that maximizes axial load. Because the magnitudes of the influ­
ence line ordinates produced by the moments at B reduce rapidly with 
distance from the hinge, the greatest portion (on the order of 90 percent) 
of the column moment at B is produced by loading only span BD. There­
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fore, we can usually neglect the contribution to the moment, at B (but not 
the axial load) produced by the load on all spans except BD. For exam­
ple, Section 8.8.1 of the American Concrete Institute Building Code, 
which controls the design of reinforced concrete buildings in the United 
States, specifies that: "Columns shall be designed to resist ... the max­
imum moment from factored loads on a single adjacent spall of the floor 
or roof under consideration." 

I­

I 

Moments Produced by Dead Load' 

In addition to live load, we must consider the forces produced in a col­
umn by dead load, which is present on every span. If we consider spans 
Be and BD in FigureI4.9c, we can see that the influence line is negative 
in span Be and positive in span BD. Vertical load on span BD produces 
moments in the direction shown on the sketch. On the other hand, load 
on span Be produces moment in the opposite direction and reduces the 
moment produced by the load on span BD. When spans are about the 
same length on either side of an interior column, the net effect of loading 
adjacent spans is to reduce the column moment to an insignificant value. 
Since exterior columns are loaded from only one side, the moment in 
these columns will be riiuch larger than the moment in interior columns, 
but the axial force will be much smaller. 

Using the Mtiller-Breslau principle, construct the influence lines for pos­
itive moment at the center of span Be in Figure 14. lOa and for negative 
moment in the girder adjacent to joint B. The frames have rigid joints. 
Indicate the spans on which a uniformly distributed live load should be 
positioned to maximize these forces. 

Solution 
The influence line for positive moment is constructed in Figure 14.lOa 
by inserting a hinge at the midspan of member Be and introducing a dis­
placement associated with a positive moment. The deflected shape, shown 
by the dashed lines, is the influence line: As indicated on the sketch; the 
ordinates of the influence line reduce rapidly on either side of span Be, 
and the bending of the girders in the top floor is small. The influence line 
indicates that in a multistory building vertical load (also termed gravity 
load) applied to one floor has very little effect on the moments created in 
adjacent floors. Moreover, as we have noted previously, the moments 
created in the girders of a particular floor by loading one span reduce 
rapidly with distance from the span. Therefore, the contribution to the 
positive inoment in span Be by load on span DE is small-on the order 
of 5 or 6 percent of that produced by the load on girder Be. To maximize 

EXAMPLE 14.6 

[continues on next page] 
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Example 14.6 continues . .. 

(b) 

(a) 

Figure 14.10: Positioning unifonnly distributed 
loads t6 maximize positive and negative moments 
in continuous frames; (a) influence line for posi­
tive moment at midspan of beam Be; (b) influ­
ence line for negative moment in beam adjacent 
to a column; (c) detail of position of hinge for 
frame in (b). 

1M m 

EXAMPLE 14.7 

• 


(c) 

the positive moment in span BC, we position live load on all spans where 
the influence line is positive. 

Figure 14.lOb shows the influence line for negative moment in the 
girder and the spans to be loaded. Figure 14.10c shows a detail of the 
joint B to clarify the deformation introduced in Figure 14.10b. As dis­
cussed previously, the major contribution to the negative moment in the 
girder at B is produced by load on spans AB and BC. The contribution to 
the negative moment from load on span DE is small. Recognizing that 
the negative moment produced at B by load on other floors is small, we 
position the distributed load on spans AB, Be, and DE to compute the 
maximum negative moment at B. 

, ~.' ,'" :;. .::- ... .; . , 

(a) Using the Mtiller-Breslau principle stated by Equation 14.2, construct 
the influence line for moment at support C for the beam in Figure 14.11a. 

(b) Show the computations for the ordinate of the influence line at 
point B. Given: E1 is constant. 

Solution 
(a) Assume that the positive sense of Me is clockwise, as shown in Fig­
ure 14.11a. Produce the released structure by introducing a pin support 

f ­
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at C. Introduce a rotational displacement at C by applying a unit moment 
to the right end of the beam, as shown in Figure 14.11 b. The deflected 
shape is the influence line for Me. 

(b) Compute the ordinate ofthe influence li:qe at B by using the con­
jugate beam method to evaluate the deflections in Equation 14.2. Figure 
14.11c shows the conjugate beam loaded by the M/EI curve associated 
with the unit value of Me in Figure 14.1 lb. To determine the reactions of 
the conjugate beam, we compute the resultant R of the triangular loading 
diagram: . 

IlL 
R = ZL EI = 2EI 

Since the slope at C in the released structure equals the reactions at C in 
the conjugate beam, we compute Re by summing moments about the 
roller at A to give 

To compute the deflection at B, wefvaluate the moment in the conjugate 
beam at B, using the free body shown in Figure 14.11d: 

L 0.4L 
aBe = MB = 6EI (OAL) - R l - ­3 

.!. ( .4·L) 0.4 = 0.08L
where Rl = area under M EI curve = 2 0 . EI. EI/ 

a _ OAL2 O.08L O.4L =0.336L2 

Be - 6EI- -m 3 6EI 

Evaluate the influence line ordinate at point B, using Equation 14.2: 

aBC O.336L2/(6EI) 
Me = aee = L/(3EI) = O.168L 

The influence line, which was constructed in Example 14.1 (see Fig. 
14.1e), is shown in Figure 14.11e. 

I-- O.4L 

i+----- L ----..-I 

(a) 

(b) 

0.168L 

(e) 

Figure 14.11: Influence line for Me: (a) beam 
showing positive sense of Me; (b) displacement 
ace introduced into released structure; (c) conju­
gate beam loaded with M/EI diagram; (d) moment 
in conjugate beam equals deflection at B in real 
structure; (e) influence line forMe. 

• 
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(a) 
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EXAMPLE 14.8 


Mv =6kip.ft 

(b) 

24 
EI 

~4'i 
16 

Rc= EI 

(c) 

Using the Miiller-Breslau principle stated by Equation 14.2, construct the 
influence line for the reaction. at B for the beam in Figure 14.12a. Evalu­
ate the ordinates at midspan of AB at B and at C. Given: EI is constant. 

Solution 
The positive sense of RB is taken as upward, as shown in Figure 14.12a. 
Figure 14.12b shows the released structure with a unit value of RB applied 
to introduce the displacement that produces the influence line. The influ­
ence line is shown bythe dashed line. In Figure 14.12c the conjugate beam 
for the released structure is loaded by the M/ETcurve associated with the 
released structure in Figure 14.12b. The slope in the released structure, 
given by the shear in the conjugate beam, is shown in Figure 14.12d. This 
curve indicates that the maximum deflection in the conjugate beam, 
which occurs where the shear is zero, is located a small distance to the 
right of support B. The deflection of the released structure, represented by 
moment in the conjugate beam, is shown in Figure 14.12e. To compute 
the ordinates of the influence line, we use Equation 14.2. .. 

OXB 

OBB 

where both OBB = 204/EI and OXB are shown in Figure 14.12e. 
The influence line is shown in Figure 14.12/ 

(d) 

Figure 14.12: Influence line for RB using 
the Muller-Breslau principle: (a) dimen­
sions of beam; (b) released structure dis­
place.d by unit vlllue of Rn; (c) conjugate 
beam loaded by M/EI curve for loading in 
(b); (d) shear in conjugate beam (slope of 
released structure); (e) moment in conju· 
gate beam (deflection of released struc­

(I) ture); (f) influence line for RD' 
I' 

• ' ..:..- - • 'a.',:..- _ • 'a.,:;..- _ 
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For the indetenninate truss shown in Figure 14.13, construct the influence 
lines for the reactions at I and L and for the force in upper chord member 
DE. The truss is loaded through the lower chord panel points,and AE is 
constant for all members. 

Solution 
The truss will be analyzed fora I-kip load at successive panel points. Since 
the truss is indeterminate to the first degree, we use the method of con­
sistent deformations for the analysis. Because of symmetry, we only have 
to consider the unit load at panel points Nand M. Only the computations 
for the unit load at panel point N are shown . 

. We begin by establishing the influence lines for reaCtion RL at the cen­
ter support After this force is established for each position of the unit 
load, all other reactions and bar forces can be computed by statics. 

SelectRL as the redundant. Figure 14.l3b shows the bar forces produced 
in the released structure by the unit load at panel point N. The deflection at 
support L is denoted by ALN• Figure 14.13c shows the bar forces and verti­
cal deflection au at point L produced by a unit value of the redundant. 
Since the roller support at L does not deflect, the compatibility equation is 

ALN + OURL = 0 	 (1) 

where the positive direction for displacements is upward. 
Using the method of virtual work, we compute ALN: 

FpF~ 
1 . ALN = 2: ----;:e 	 (2) 

Since AE is a constant, we can factor it out of the summation: 

ALN = 1 2:FpF~ = 64,18 (3)
AE 	 AE 

where the quantity ZFpF~ is evaluated in Table 14.1 (see column 5). 
Compute Ou by virtual work: 

.) ( ) 1 '" 2 178.72(1 kip 5LL = AE.£.; F QL = AE (4) 

The quantity '2p2~ is evaluated.in column 6 of Table 14.1. 
Substituting the values of ALN and 5u above into Equation I, we 

compute RL : 

64.18 	+ R· 178.72 =0 
AE L AE 

RL == 0.36 kip 

•
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[continues on next page] 
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Example 14.9 continues . .. 

B D E F 

J 
20' 

tRI 

6@15'=90'---------.......,.1 


(a) 

Figure 14.13: (a) Details of truss; 
(b) unit load on released structure pro­
duces Fp forces; (c) unit value of 
redundant RL produces Fa forces; 
(d) influence line for RL; (e) influence 
line RI; (f) influence line for force in 
upper chord FDE' 

(b) 

(c) 

-0.01 -0.002 

(e) 

• • 

tension 

-0.225 

• 

compression 

0,003 0.015 

-0.495 
(d) (f) 

576 
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··'1..·!.~~~~··~·~·:1................................................................................................:................. 

Bar Fp Fa L FaFpL ~L 
(1 ) (2) (3) (4) (5) (6) 

AB -~ 20 -8.33 5.00~ 
3BC -i 8 15 -3.52 2.11 

1 ;).CD -2 4 15 -5.63 8.44 
DE -~ ;! 

4 15 -5.63 8.44 
_1 iEF 4 4 15 -2.81 8.44 

FG -41 
4 
3 15 "'2.81 8.44 

GH -8
1 i! 

8 15 -0.70 2.11 
HI _1 

6 -! 20 -1.67 5.00 
IJ 0 0 15 0 0 
JK 1 -~ 15 -0.70 2.118 
KL i! 

g -89 15 -6.33 18.98 
LM 8 

3 -I 15 -6.33 18.98 
MN i -i 15 -3.52 2.11 
NA 0 0 1.5 0 0 
BN 25 -~ 25 -16.28 9.7624 
CN 1 1 20 1.67 5.006 2 
CM _.1. -i 25 3.26 9.7624 

DM 0 0 20 0 0 
.1. iEM 24 8 25 3.26 9.76 

EL 0 -1 20 0 20.00 
EK 2 

8 25 -3.26 9.76 
FK 0 0 20 0 0 

2.. 5KG 24 -8 25 -3.26 9.76 
1GJ -6 ! 20 -1.67 5.00 

JH :f4 -i 25 -3.26 9.76 
'2.F~pL = -64.18 '2.Ftl- = 178.72 

If the unit load is next moved to panel point M and the computations 
repeated using the method of consistent deformations, we find 

RL = 0.67 kip 

The influence line for RL, which is symmetric about the centerline of the 
structure, is drawn in Figure 14.13d. When the unit load is at support L, 
it is carried into support L; thus RL = 1. The remaining influence lines 
can now be constructed by the equations of statics for each position of 
the unit load. Figure 14.13e shows the influence line for RI . Because of 
symmetry, the influence line for RA is the mirrorimage ofthat for RI • [continues on. next page] 

• 
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Example 14.9 continues . .. As you can see, the influence lines for bar forces and reactions of the 
truss are nearly linear. Moreover,· because the number of panel points 
between supportsis small, the trusses, which are relatively short and deep, 
are very stiff. Therefore, the forces in members, produced by applied 
loads, are largely limited to the span in which the load acts. For exam­
ple, the axial force in bar DE in the left span is nearly zero when the unit 
load moves to span Ll (see Fig. 14.13f). If additional panels were added 
to each span, increasing the flexibility of the structure, the bar forces pro­
duced in an adjacent span, by a load in the other span, would be larger. 

• Qualitative influence lines for indeterminate structures can be 
constructed by using the Muller-Bresiau principle previously 
introduced in Chapter 8. 	 . 

• 	 Quantitative influence lines can be most easily generated by a 
computer analysis in which a unit load is positioned at intervals of 
one-fifteenth to one-twentieth of the span of individual members. 
As an alternate to constructing influence lines, the designer can 

. position the live load at successive positions along the span and 
use a computer analysis to establish the forces at critical sections. 
Influence lines for indeterminate structures are composed of 

. curved lines. 
Influence lines for multistory buildings with continuous frames 
(Sec. 14.5) c1arifystandard building code provisions that specify 
how uniformly distributed live loads are to be positioned on floors 
to maximum moments at critical sections. 

···I·..·P.·R.Q.~..~.~.!y.t$.................................................:...................................................................................................................................... 

Unless otherwise noted, EI is constant for all problems. 

A B 
P14.1. Using moment distribution, .construct the 
influence lines for the vertical reaction at support A and 
the moment in the beam at the face of the. wall (point --+1--- 24'--......j,I 
C). Evaluate the ordinates of the influence line at 6-ft 
intervals. 

P14.1 

• 	 • • • ... 
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P14.2. (a) Using moment distribution, construct the 
influence lines for the moment and the vertical reaction 
RA at support A for the beam in Figure PI4.2. Evaluate the 
influence line ordinates at the quarter points of the span. 
(b) Using the influence lines for reactions, construct the 
influence line for moment at point B. Compute the maxi-

Problems 579 

P14.S. (a) Draw the qualitative influence lines for 
(1) the moment at a section located at the top of the first-
floor column BG and (2) the vertical reaction at support 
C. Columns are equally spaced. (b) Indicate the spans on 
which a uniformly distributed load should be placed to 
maximize the moment on a section at the top of column 

mum value of RA produced by the set of wheel loads. BG. (c) Draw a qualitative influence line for negative 

,10'1 Wt 10' ~r mome~i[J':~'~:~~~lD~::~'~:~iD'~~~'~~"~:i':;:;m atE, 

C~, ~';i\k: :'n"!i,"j"i:,)i"~"i' 
C 

MA tL ,_____r 1L= 40' ------+I, 

RA 

P14.2 

P14.3. Using moment distribution, construCt the influ­
ence lines for the reaction at A and the shear and moment 
at section B (Fig. P14.3). Evaluate influence line ordi­
nates at 8-ft intervals in span AC and CD and at E. 

ABC D E 

P14.3 

P14.4. (a) Draw the qualitative influence line for the 
moment at B (Fig. P14.4). (b) If the beam carries a uni­
formly distributed live load of 2 kips/ft that can act on all 
or part of each span as well as a concentrated live load 
of 20 kips that can act anywhere, compute the maximum 
moment at B. (c) Determine the maximum value of pos­
itive live load moment at B produced by the set of wheel 
loads. 

1-15'-.!.-15' -+t'I+-,-,-- 30'--,---..1 

P14.4 
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rigid frame Rct 
P14.S 

3.d fl'" 

2,d fl,,, 

1st floor 

P14.6. (a) Draw a qualitative influence line for the 
reaction at support A for the beam in Figure PI4.6. 
Using moment distribution, calculate the ordinate of the 
influence line at section 4. (b) Draw the qualitative influ­
ence line for the moment at B. Using the conjugate beam 
or moment distribution method, calculate the ordinate of 
the influence line at Section 8. EI is constant. 

P14.6 

P14.7. Construct the influence lines for RA and Me in 
Figure P14.7, using the Mi.iller-Breslau method. Evalu­
ate the ordinates at points A, B, C,. and D. 

ABC 

RAt--18'-~1+-I, 6'-'l-1,--- 24' ---,I 
P14.7 
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Bayonne Bridge, one of the longest steel arches (1675 ft) in the world, was open to traffic in 1931. Photo 
show,s the heavy truss bracing in the plane of the top chord used to stiffen the side arches and to transmit the 
lateral component of the wind forces into the end supports of the arches. 
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Approximate Analysis of 

Indeterminate Structures 


Introduction 

Thus far we have used exact methods to analyze indeterminate structures. 
These methods produce a structural solution that satisfies the equilibrium 
of forces and compatibility of deformations at all joints and supports. If 
a structure is highly indeterminate, an exact analysis (for example, con­
sistent deformations or slope deflection) can .be time-consuming. Even 

.. when a structure is analyzed by computer. the solution may take a great 
deal of time and effort to complete if the structure contains many joints 
or if its geometry is complex. . 

Ifdesigners understand the behavior of a particular . structure, • they can 
often u§~,an approximate analysis to estimate closely, with a few simple 
compuii\~ons, the approximate magnitude of the forces at various points in 
the structure. In an approximate analysis, we make simplifying assumptions . 
about structural action or . about the distribution of forces to various mem­
bers. These assumptions often pennit us to evaluate forces by using only the 
equations of statics without considering compatibility requirements. 

Although the results of an approximate solution may sometimes devi-. 
ate as much as 10 or 20 percent from those ·of an exact solution, they are . 
useful at certain design stages. Designers use the results of an approxi­
mate analysis for the following purposes: 

1. 	 To size the main members of a structure during the p~ellirunary design 
phase-the stage when the initial configuration and proportions'of the 
structure are established. Since the distribution of forces in an . 
indeterminate structure is influenced by the stiffness of individual 
members, the designer must estimate the size of members closely 
before the structure can be analyzed accurately. 

2. 	 To verify the accuracy of an exact analysis. As you have discovered 
from solving homework problems, computational errors are difficult 
to eliminate in the analysis of a structure. Therefore, it is essential 

• 
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that a designer alway~ use an approximate analysis to verify the 
results of an exact analysis. If a gross error in computations is made 
and the structure is sized for forces that are too small, it may fail. 
The penalty for a structural failure is. incalculable-loss of life, loss 
of investment, loss of reputation, lawsuits, inconvenience to the 
public, and so forth. On the other hand, if a structure is sized for 
values of force that are too large, it will be excessively costly. 

If radical assumptions are required to model a complex structure, the 
results of an exact analysis of the simplified model are often no better than 
those of an approximate analysis. In this situation the designer can base 
the design on the approximate analysis ..ith an appropriate factor of safety. 

Designers use a large variety of techniques to carry out an approxi­
mate analysis. These include the following: 

1. 	 Guessing the location of points of inflection in continuous beams 
and frames. 

2. 	 Using the solution of one type ofstructure to establish the forces in 
another type of structure whose structural action is similar. For 
example, the forces in certain members of a continuous truss may 
be estimated by assuming that the truss acts as a continuous beam. 

3. Analyzing a portion of a structure instead of the entire structure. 

In this chapter we discuss methods to make an approximate analysis 
.. .of the following structures: 

1. 	 Continuous beams and trusses for vertical loads 
2. 	 Simple rigid frames and multistory building frames for both veltkal 

and lateral loads 

..··'~·1·r2·tAp·~~~~i;:;:;~t~·A~~i;~·i~··~f..~··C~·~t·i~·~~~~"B;~';"""""'"'''' 
. for Gravity Load· . 

The approximate analysis of a continuous beam is normally made by one 
of the following t'% methods: 

1. 	 Guessing the location of points of inflection (points of zero moment) 
2. 	 Estimating the values of the member end moments 

Method 1. Guessing the Location of Inflection Points 

Since the moment is zero at a point of inflection (the point where the 
curvature reverses), we can treat a point of inflection as if it were a hinge 
for the purposes of analysis. At each point of inflection we can write a 
condition equation (that is, '£M = 0). Therefore, each hinge we introduce 
at a point of inflection reduces the degree of indeterminacy of the struc­

• 
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ture by 1. By adding hinges equal in number to the degree of indetermi­
nacy, we can convert an indeterminate beam to a determinate structure 
that can be analyzed by statics. 

To serve as a guide for locating the approximate position of points of 
inflection in a continuous beam, we observe the position of the points of 
inflection for the idealized cases shown in Figure15.1. We can then use 
our judgment to modify these results to account for deviations of the 
actual end conditions from those of the idealized cases. 

For the case of a uniformly loaded beam whose ends are completely 
fixed against rotation (see Fig. 15.la), the points of inflection are located 

Figure 15.1: Location of points of inflection 
and shear and moment curves for beams with var­
ious idealized end conditions. 
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EXAMPLE 15.1 

• 


0.21L from each end. If a fixed-end beam carries a concentrated load at 
midspan (see Fig. 15.1b), the points of inflection are located 0.25L from 
each end. If a beam is supported on either a roller or a pin, the end restraint 
is zero (see Fig. 15.lc). For this case the points of inflection shift outward 
to the ends of the member. Support conditions in Figures I5.1a (full 
restraint) and 15.5c (no restraint) establish the range of positions in which 
a point of inflection may be located. For the case of a uniformly loaded 
beam fixed at one end and simply supported at the other, the point of inflec­
tion is located a distance 0.25L from the fixed support (see Fig. 15.1d). 

As a preliminary step in the approximate analysis of a continuous 
beam, you may find it helpful to draw a sketch of the deflected shape to 
locate the approximate position of the points of inflection. Examples 
15.1 and 15.2 illustrate the use ofthe cases in Figure 15.1 to analyze con­
tinuous beams by guessing the location of the points of inflection. 

Carry out an approximate analysis of the continuous beam in Figure 
I5.2a by assuming the location of a point of inflection .. 

Soiution· 
The approximate location of each point of inflection is indicated by a small 
black dot on the sketch of the deflection shape shown by the dashed line 
in Figure I5.2a. Although the continuous beam has a point of inflection 
in each span, we only have to guess the location of one point because the 
beam is indeterminate to the first degree. Since the shape of the longer­
span AC is probably more accurately drawn than the shorter span, we will 
guess the position of the point of inflection in that span. 

If joint C did not rotate, the deflected shape of member AC would be 
identical to that of the beam in Figure 15.1d, and the point of inflection 
would be located 0.25L to the left of support C. Because span AC is 
loriger than span CE,· it applies agteater fixed-end moment to joint C 
than span CE does. Therefore, joint C rotates counterclockwise. The 
rotation of joint C causes the point of inflection at B to shift a short dis­
tance to the right toward support C. We will arbitrarily guess that the 
point of inflection is located O.2LAC = 4.8 ft to the left of support C. 

We nowjmagine that a hinge is inserted into the beam at the location 
of the point of inflection, and we compute the reactions using the equa­
tions of statics. Figure 15.2b represents the results of this analysis. The 
shear and moment curves in Figure 15.2c show the results of the approx­
imate analysis. 

• 


, 
it 

i • 

• 




• • • • 

Section 15.2 Approx.imate Analysis of a Continuous Beam for Gravity Load 585 

E 

~ 
11-<-'-~- 24' ------1........1.--

Ca) 

w= 3 kips/ft w= 3 kips/ft 

79.8 kips 17.4 kips 

19.2' -----I '-+--18' 

(b) 

28.8 36.6 

138.24 

50.46 

Figure 15.2: (a) Continuous beam, points of 
(kip.ft) inflection indicated with a black dot; (b) free bod­

ies of beam on either side of the point of inflec­
tion; (c) shear and moment curves based on the -172.8 
approx.imate analysis. Note: An exact analysis 

(c) gives Me = -175.5 kip·ft. 

...,­___~'""-~-C.:...::::.. moment 

EXAMPLE 15.2Estimate the values of moment at midspan of member BC as well as at 
support B of the beam in Figure 15.3a, 

Solution 
Since the beam in Figure 15.3a is indeterminate to the second degree, we 
must assume the location of two points of inflection to analyze by the 
equations of statics. Because all spans are about the same length and carry 
the same load, the slope of the beam at supports Band C will be zero or [continues Oll next page] 
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Example 15.2 continues . .. 

20' --to<--- 25' ---+h'--- 20' ~ 
(a) 

R= 10 kips 

w = 2 kips/ft 

Plf,.l.. 1.~PI" "" "" - "0 ._7: 

-IS' 

15 kips 15 kips 

Figure 15.3: (a) Uniformly loaded continuous· 
beam showing assumed location of points of 
inflection; (b) free bodies of the center span .. (b) 

nearly zero. Therefore, the deflected shape, as shown by the dashed line, 
will be similar to that of the fixed-end beam in Figure l5.la. Conse­
quently, we can assume that points of inflection develop at a distance of 
0.2L 5 ft from each support. If we imagine that hinges are inserted at 
both points of inflection, the 15-ft segment between the two points of 
inflection can be analyzed as a simply supported beam. Accordingly, the 
moment at midspan equals 

WL2 2(l5?
M = 8 = -8- = 56.25 kip-ft 

Treating the 5-ft segment of beam between the hinge and the support at 
B as a cantilever, we compute the moment at B as 

ME = 15(5) + (2)5(2.5) =:: 100 kip·ft 

Method 2. Estimating Values of End Moments 

As we have seen from our study of indeterminate beams in Chapters 12 
and 13, the shear and moment curves for the individual spans of a con­
tinuous beam can be constructed after the member end moments are 
established.The magnitude of the end moments is a function of the rota­
tional restraint supplied by either the end support or the adjacent mem­
bers. Depending on the magnitude of the rotational restraint at the ends 
of a member, the end moments produced by a uniform load can vary 
from zero (simple supports) at one extreme to wU/8 (one end fixed and 
the other pinned) at the other . 
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To establish the influence of end restraint on the magnitude of the 
positive and negative moments that can develop in a span ofcontinuous 
beam, we can again consider the various cases shown in Figure IS.I. 
From examining Figure IS.la and c,we observe that the shear curves are 
identical for uniformly loaded beams with symmetric. boundary condi­
tions..Since the area under the shear curve between the support and 
midspan equals the simple beam moment WL2/8, we can write 

WL2 
(15.1)

8 

where Ms is the absolute value of the negative moment at each end. and 
Me is the positive moment at midspan; 

In a continuous beam the rotational restraint supplied by adjacent 
members depends on how they are loaded as well as on their flexural stiff­
ness. For example, in Figure lS.4a the spans of the exterior beams have 

Figure 15.4 

w 

• • 

(b) 

w 

(c) 

(a) . 



• • 

588 Chapter 15 Approximate Analysis of Indeterminate Structures 

been selected so that the rotations of joints B and C are zero when uni­
form load acts on all spans. Under this condition the moments in mem­
ber BC are equal to those in a fixed-end beam of the same span (see Fig. 
15.4b). On the other hand. if the exterior spans are unloaded when the 
center span is loaded (see Fig. 15.4c), the joints at Band C rotate, and 
the end moments are reduced by 35 percent. Because rotation at the ends 
increases the curvature at midspan, the positive moment increases 70 per­
cent. The change in moment at midspan-associated with the end rota­
tion-is twice as large as that at the supports because the initial moments 
(assuming we start with the ends fixed and allow the end joints to rotate) 
at the ends are twice as large as the moment at midspan. We also observe 
that rotation of the ends of the members results in the points of inflection 
moving outward toward the supports (from 0.21~ to 0.125~). 

We will now use the results of Figures 15.1 and 15.4 to carry out an 
approximate analysis of the uniformly loaded beam of equal spans in 
Figure 15.5. Because all spans are about the same length and carry uni­
form load, all beams will be concave up in the center-indicating posi­
tive moment.at or near midspan-and concave down-indicating nega­
tive moment---over the supports. 

We begin by considering interior span CD. Since the end moments 
applied to each side ofan interior joint are about the same, the joint under­
goes no significant rotation, and the slope of the beam at supports C and 
D will be nearly horizontal-a condition similar to that of the fixed-ended ... 
beam in Figure 15.1a; therefore, we can assume that the negative moments 
at supports C and D are approximately equal to wL2/12. In addition, Fig­
ure 15.1a shows that the positive moment at midspan of span CD will be 
approximately wU/24. 

To estimate the moments in span AB, we will use the moment curve 
for the beam in Figure 15.1d as a guide. If the support at B were com­
pletely fixed, the negative moment at B would equal WL2/8. Since some 
counterclockwise rotation of joint B occurs, the negative moment will 
reduce moderately. Assuming a 20 percent reduction in the negative 

Figure 15.5 
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moment occurs, we estimate the value of a negative moment at B equals 
w£2jlO. After the negative moment is estimated, analysis ofa free body 
of the exterior span gives a positive value of moment near midspan equal 
to wD'j12.5. In a similar manner, computations· show the positive 
moment in span Be is approximately equal to wL2j30. 

The value of the shear at the ends of a continuous beam is influenced 
by the difference in the magnitudes of the end moments as well as the 
size and position of the loading. If the end moments are equal and the 
beam is loaded symmetrically; the end reactions are equal. The greatest 
difference in the magnitude of the reactions in Figure 15.1 occurs. when 
one end is fixed and the other end pinned, that is, when (3/8)wL goes to 
the pin support and (S/8)wL to the fixed support (see Fig. lS.1d). 

,~,,'<;-',,' ',-)'~ ....··:1§i3:;rAp·p~~~i~~t·~·A~~iy~·i~··~f..~..Rigi·d..F~~·~~............................... 

for Vertical.Load . 

The design of the columns and girder of a rigid frame used to support the 
roof of a field house or a warehouse is controlled by moment. Since the 
axial force in both the legs and the girder of a rigid frame is typically 
small, it can be neglected, and in an approximate analysis the members 
are sized for moment. 

The magnitude of the negative moment at the ends Of the girder ina 
rigid frame will depend on the relative stiffness between the columns (the 
legs) and the girder. Typically, girders are 4 or S times longer than the 
columns. On the other hand; the moment of inertia of the girder is often 
much larger than that of the columns. Sirtce the relative stiffness between 
the legs and the girder of a rigid frame can vary over a wide range,the enq. 
moment in the girder can range from 20 to 75 percent of the fixed~end 
moment. As a result, the values of the moment predicted by an approximate 
analysis may deviate considerably from the values of an exact analysis. 

If the members of a uniformly loaded rigid frame are constructed of the 
same-size members, the flexural stiffness of the shorter legs will be rela­
tively large compared to the stiffness of the girder. For this condition we 
can assume that the rotational restraint supplied by the legs produces an 
end moment in a uniformly loaded girder that is on the order of 70 to 85 
percent of the moment that occurs in a fixed-end beam of the same span 
(see Fig. IS.la). On the other hand, if for architectural reasons the frame 
is constructed with shallow columns and a deep girder, the rotational 
restraint sltpplied by the flexible legs will be small. For this condition the 
end moments that develop in the girder may be on the order of 15 to 25 
percent of those that develop in a fixed-end beam. Figure 15.6 shows the 
variation of negative moment at the end of a girder (fixed at C) as a func­
tion of the ratio between the flexural stiffness of the column and the girder. 

A second procedure for estimatirtg the moments in a frame is to guess 
the location of the points of inflection (the points of zero moments) in the 

•
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Case A CaseB 

Figure 15.6: Influence of column stiffness on 
the end moment at joint B in a girder whose far 
end is fixed. Case A: base of column fixed; case 
B: base of colunin pinned. 
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girder. Once these points are established, the balance of the forces in the 
frame can be detennined by statics. If the columns are stiff and supply a 
large rotational restraint to the girder, the points of inflection will be located 
at about the same position as those in a fixed-ended beam (i.e., about O.2L 
from each end). On the other hand, if the columns are flexible relative to the 
girder, the points of inflection will move toward the ends of the girder. For 
this case the designer might assume that the point of inflection is located 
between O.lL and 0.15L from the ends of the girder. Use of this method to 
estimate the forces in a rigid frame is illustrated in Example 15.4. 

As a third method of determining the moments in a rigid frame, the 
designer can estimate the ratio between the positive and negative moments 
·in the girder. Typically, the negative moments' are 1.2 to 1.6 times greater 
than the positive moment. Since the sum of the positive and negative 
moments in a girder that carries a uniformly distributed load must equal 
wU/8, once the ratio of moments is assumed, the values of positive and 
negative moments are established. 

-ZM1WJi 'n: nnI E X AM PL E 1 5 . 3 
 Analyze the symmetric frame in Figure IS.7a by estimating the values of 
negative moments at joints Band C. Columns and girders are constructed 
from the same-size members-that is, EI is constant. 

Solution 
Since the shorter columns are much stiffer than the longer girders (flex­
ural stiffness varies inversely with length), we will assume the negative 
moments at joints Band C are equal to 80 percent of the end moments 
in a fixed-end beam of the same span. 

WL2 0.8 (2.4 )802 

MB = Me = -0.8 12 = 12 -1024 kip·ft 

We next isolate the girder (Fig. IS.7b) and the column (Fig. 15.7c), com­
pute the end shears using the equations of statics, and draw the shear and 
moment curves. 

..
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oW = 2.4 kips/ft 1024 kip.ft 

1, v:OjNJ",~I l~! ~~f5'" li ','. 
1024 kip·ft 80' 1024 kip·ft . ......•.~.!. A'" : 

96 56.9 kips. Pi" 

t 
96 kipsCa) 

==-"'~~~---"=~.::....;:::::......"......,...., moment (e) 
(kip.ft) 

-1024 -1024 

(b) 

Figure 15.7: (a) Symmetric frame with uniform 

An exact analysis of the structure indicates that the end moment in 
the girder is 1113.6 kip' ft and the moment at midspan is 806 kip'ft. 

load; (b) free body of girder; and approximate 
. shear and moment diagrams; (e) free body of col~ 

umn with estimated value of the end moment. 

Estimate the moments in the frame shown in Figure I5.Sa by guessing the EXAMPLE 15.4 
location of the points of inflection in the girder. 

F= 72 kips 

456.2 kip.ft I 
w =2.4 kips/ft \ + . n 456.2 kip·ft 

22.8 kips 
~B 

... - 1-P.I. ------- P.I. 
1=28.000 20' 1 

J L' =45.6' 20' 

54.72 t 
A22.8 kips

L:c:'~::::_"""",...,.,...,_--., shear (kips) 

-54.72 t623.8 
72 kips 

(c) 

I+---~ L = 60' ------I 

Ca) 

-456.2 -456.2 

I----~-'- 60' -------0; 

Figure 15.8: (a) Details of frame. (b) Free body of girder between points of inflection. Note: Moment curve in units of kip' feet is for the entire 
girder, the shear curve in units of kips runs between points of inflection. (e) Free body of column AB. 

[continues on next page} 
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Example 15.4 continues . .. Solution 
If we consider the influence of both length and moment of inertia on the 
flexural stiffness of the columns and the girder, we ob.serve that the columns, 
because of a smaller J, are more flexible than the girder. Therefore, we 
will assume arbitrarily that the points of inflection in the girder are located 
0.12L from the ends of the girder. 

Compute the distance L' between points of inflection in the girder. 

L' =L (0.12L)(2) = 0.76L = 45.6ft 

Since the segment of girder between points of inflection acts as a simply 
supported beam (i.e., the moments are zero each end), the moment at 
midspan equals 

2.4(45.6)2 

8 = 623.8 kip-ft Ans. 


Using Equation 15.1, we compute the girder end moments Ms: 

WL2 2.4(60)2
M + M = = 1080 kip-ft s c = 8 8 

Ms 1080 623.8 = 456.2 kip·ft Ans~ 

The moment curves for the girder and column are shown in Figure 15.8b 
and c.The exact value of moment at the ends of the girder is4()4.64 kip·ft. 

Figure 15.9: Internal forces in (a) a beam and 
(b) a truss. The distance between centroids of the 
flanges is y, and h is the distance between cen­
troids of the chords. 

(a) 
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15 Approximate Analysis of a Continuous Truss 

As we discussed in SeCtion 4.1, the structural action of a truss is similar 
to that of a beam (see Fig. 15.9). The chords of the truss, which act as the 
flanges of a beam, carry the bending moment, and the diagonals of the 
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truss, which perform the same function as the web of a beam, carry the 
shear. Since the behavior of a truss and a beam is similar, we can evaluate 
the forces in a truss by treating it as a 1;leam instead of using the method of 
joints or sections. In other words, we apply the panel10ads acting on the 
truss to an imaginary beam whose span is equal to that of the truss,and we . 
construct conventional shear and moment curves. By equating the internal 
couple M[ produced by the forces in the chords to the internal moment M 
at the section produced by the extemalloads. (and given by the moment 
curve), we can compute the approximate value of axial force in the chord. 
For example, in Figure 15.9b we can express the internal moment on sec­
tion 1 of the truss by sumi:ning moments of the horizontal forces acting on 
the section about point 0 at the level of the bottom chord to give 

M[ = Ch 

Setting M[ = M and solving the expression above for C give 

M 
(15.2)C=h 

where h equals the distance between centroids of the top and bottom 
chords and M equals the moment in the beam at section 1 in Figure 15.9a. 

When the panel loads acting on a truss are equal in magnitude, we 
can simplify the beam analysis by replacing the concentrated loads by an 
equivalent uniform load w. To make this computation, we divide the sum 
of the panel loads LPn by the span length L: 

.. (15.:3) 

If the truss is long compared to its depth (say, the span-to-depth ratio 
exceeds 10 or more), this substitution should have little influence on the 
results of the analysis. We will use this substitution when analyzing a con­
tinuous truss as a beam, because the computation of fixed-end moments 
for a uniform load acting over the entire span is simpler than computing 
the fixed-end moments produced by a series of concentrated loads. 

Continuing the analogy, we can compute the force in the diagonal of a 
truss by assuming that the vertical component of force Fy in the diagonal 
equals the shear Vat the corresponding section of the beam (see Fig. 15.9). 

To illustrate the details of the beam analogy and to check its accuracy, 
we will use the method to compute the forces in several'members of the 
determinate truss in Example 15.5. We will then use the method to ana­
lyze the indeterminate truss in Example 15.6 .. 

Example 15.5 shows that the bar forces in a determinate truss com­
puted by the beam analogy are exact. This result occurs because the dis­
tribution of forces in a determinate structure does not depend on the stiff­
ness of the individual members. In other words, the forces in a determinate 
beam or truss are computed by applying the equations of statics to free 

•
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bodies of the truss. On the other hand, the forces in a continuous truss 
will be influenced by the dimensions of the chord members, which cor­
respond to the flanges of a beam. Since the forces in the chords are much 
larger adjacent to an interior support, the cross section of the members in 
that location will be larger than those between the center of each span 
and the exterior supports. Therefore, the truss will act as a beam with a 
variable moment of inertia. To adjust for the variable stiffness of the equiv­
alent beam in an approximate analysis, the designer can arbitrarily increase 
by 15 or 20 percent the forces (produced by analyzing the truss as a con­
tinuous beam of constant cross section) in the chords. Forces in the diag­
onals adjacent to the interior supports may be increased about lO percent. 
The method is applied to an indeterminate truss in Example 15.6. 

By analyzing the truss in Figure 15.l0a as a beam, compute the axial forces 
in the top chord (member CD) at midspan and in diagonal BK. Compare 
the values of force to those cpmputed by the method of joints or sections. 

Solution 
Apply the loads acting at the bottom panel points of the truss to a beam 
of the same span, and construct the shear and moment curves (see Fig. 
IS. lOb). 

Compute the axial force in member CD of the truss, using Equation 
15;2 (see Fig. I5.lOe). 

2:MJ = 0 

M 8lO . 
C = h = 12' = 67.5 kips 

Compute. the force in diagonal BK. Equate the shear of 30 kips between 
BC.to the vertical componentFy of the axial force in bar BK (see Fig. 
15.lOd). . . 

Fy V 

= 30 kips 

FBK ::;:::: "45 
Fy 37.5 kips 

Values of force are identical to those produced by an exact analysis of the 
truss. 

i 
i 
i 
I 

...... 
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20 kips 20 kips 20 kips 

6@9'=54' 

(a) 

20 kips 

20 kips 

20 kips 

.1 

20 kips 

20 kips 

12' 

j 

D E F G 

f "f 
50 kips 50 kips 

50 
30 

10 

810 

shear 
(kips) 

(b) 

B c 

• • 

B 

• 

(c) (d) Figure 15.10: Analysis of a truss by beam anal­
ogy: (a) detalls of truss; (b) loads from truss 
applied to beam of same span; (c) free body of 
truss cut by a vertical section an infmitesimal dis­
tance to the left of midspan; (d) free body of truss 
cut by a vertical section through panel BG. 
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EXAMPLE 15.6 Estimate the forces in bars a, b, c, and d of the continuous truss in Fig­
ure 15.11. 

Solution 
The truss will be analyzed as a continuous beam of constant cross sec­
tion (see Fig. 15. lIb). Using Equation 15.3, we convert the panel loads 
to a statically equivalent uniform load. 

(b) 

-288.0 +288.0 -512.0 +512.0 FEM 
+288.0 +144.0 -256.0 -512.0 

+191.5 +144.5 

0.0 	 +632.5 -632.5 0.0 . final moments 
(kip.ft) 

(c) 

632.5 kip.ft 

~~t) (t~~ 
t 

v= 32.8 kips 

32.8 kips 38.6 kips 

RD = 15.2 kips 	 RF = 25.4 kips 

Figure 15.11; (a) Details of truss and loads; t~~ 
(b) beam loaded by an equivalent uniform load; 
(c) analysis of beam in (b) by moment distribu­
tion (moments in kip'ft); (d) computation of reac­
tions using free-body diagrams of beams and sup­
port at E. . 

t 

..-."' ..a.- _ 
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w = ':iP = (8 kips)(13) + (4 kips)(2) = ~ kip/ft 
L 72 + 96 3 

Analyze the beam by moment distribution (see Fig. 15.lIe for details). 
Compute reactions using the free bodies shown in Figure 15:11d. 

To compute bar forces, we will pass vertical sections through the beam; 
alternatively, after the reactions are established, we can analyze the truss 
directly. 

For bar a (see free-body in Fig. IS. lIe), 
+
t':iFy = 0 

15.2 - 4 - 8 - Fay = 0 


Fay = 3.2 kips 


F = 3. F=3. (3 2)· = 4 kips Ans. 
a 4 ay 4 . 

For bar b, sum moments about point I, 12 ft to the right of support D (Fig. 
15.11/): 

O+':iM1 = 0 

(15.2)12 - 4(12) ~ 15Fb = 0 

134.4· 96· . . d 9 ki
Fb = ~.= 8. kips tenSIOn, roun to ps Ans. 

For bar e, 
Moment at center support = 632.5 kip·ft 

F = M = 623.5 = 42.2 kips Ans. 
c h 15 

Arbitrarily increase by 10 percent to.account for the increased stiffness 
of heavier chords adjacent to the center support in the real truss. 

Fe = 1.1 (42.2)· = ·46.4 kips compression 

For bar d, consider a free~body diagram just to the left of support E cut 
by a vertical section. 

+ 
t ':iFy = 0 

15.2 kips 	- 4 kips - 5(8 kips) + Fdy = 0 


Fdy = 28.8 kips (tension) 


, Fd="4 
5 

Fdy = "45 
(28.8) = 36 kips 

Increase by 10 percent: Fd = 39.6 kips Ans. 

.. 

4 kips 8 kips 

t-12'---l 
15.2 kips 

(e) 

4 kips 8 kips . 

... m 

• 


15.2 kips 

(f) 

Figure 15.11: (e) Computation of force in diag­
onal bar; (f) computation of force Fb 

• 
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~"t§"~~,!::; Estimating Deflections of Trusses 

VIrtual work, which requires that we sum the strain energy in all bars of 
a truss, is the only method available for computing exact values of truss 
deflections. To verify that deflections computed by this method are of the 
correct order ofnwgnitude, we can carry out an approximate analysis of 
the truss by treating it as a beam and by USing standard beam deflection 
equations such as those given in Figure 11.3. 

Deflection equations for beams are derived on the assumption that all 
deformations are produced by moment. These equations all contain the 
moment of inertia I in the denominator. Since shear deformations in shal­
low beams are normally small, they are neglected. 

Unlike a beam the deformations of the vertical and diagonal mem­
bers of a truss contribute nearly as much to the total deflection as do the 
deformations of the top and bottom chords. Therefore, if we use a beam 
equation to predict the deflection of a truss, the value will be approxi­
mately 50 percent too small. Accordingly, to account for the contribution 
of the web members to the deflection of the truss, the designer should 
dOUl:>le the value of the deflection given by a beam equation. 

Example 15.7 illustrates the use of a beam equation to estimate the 
deflection of a truss. The value of moment of inertia I in the beam equation 
is based on the area of the chords at midspan. If the chord areas are 'smaller 
at the ends of a trUss (where the magnitude of the forces is smaller), use of 
the midspan properties overestimates the stiffness of the truss and produces 
values of deflection that are small~r than the true values. . 

EXAMPLE 15.7 Estimate the midspan deflection of the truss in Figure 15.12 by treating 
it as a beam ofconstant cross section. The truss is symmetric about a ver­
tiCal axis at midspan. The area of the top and bottom chords in the four 
center panels is 6 in2. The area of all other chords equals 3 in2, The area 
of all diagonals equals 2 in2: the area of all verticals equals 1.5 in2, Also' 
E 30,000 kips/in2. 

A = 6in2 
I1-, . 

B c D E IIF 

Cf. 

ir T 
I 60"T 1 1

10' 1-1 
1 60' 

...J'L .-l. 
"'-.J 
A:: 6in2 

Figure 15.12 1--------- 8 @ 10' = 80' --------+1 Section 1·] 

.~ 
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Solution 
Compute the moment of inertia [ of the cross section at midspan. Base 
your computation on the· area· of the top and bottom chords. Neglecting 
the moment of inertia of the chord area about its own centroid (In;), we 
evaluate [ with the standard equation (see section 1-1) 

[ = 2:(Ina + AdZ) 

. = 2[6(60)2J = 43,200in4 

Compute the deflection at midspan (see Fig. 1I.3d for the equation).· 

PL3 

A = 48E[ 

= ---'-----'-- ­

== 0.85 in 

Double A to account for contribution of web members: 

Estimated Atmss = 2A = 2(0.85) = 1.7 in Ans. 

Solution by virtual work, which accounts for the reduced area of chords 
at each end and the actual contribution of the diagonals and verticals to 
the deflection, gives Atruss = 2.07 in. 

····';·1·~y~~..·T~~~~~~..~it·h..D~·~·bi~··Di~g·~·~·~·i~··..............~ ...........,....................... 

Trusses with double diagonals are a common structural system. Double 
diagonals are typically incorporated into the roofs and walls of buildings 
and into the floor systems of bridges to stabilize the structure or to trans­
mit wind or other lateral loads (for example, sway of trains) into the end 
supports. Each panel containing a double diagonal adds 1 degree of inde­
terminacy to the truss; therefore, the designer must make one assumption 
per panel to carry out an approximate analysis. 

If the diagonals are fabricated from heavy structural shapes and have 
sufficient flexural stiffness to resist buckling, the shear in a panel may 
be assumed to divide equally between diagonals. Resistance to buckling 
is a function of the member's slenderness ratio--the length divided by 
the radius of gyration of the cross section as well as the restraint supplied 
by the boundaries. Example 15.8 illustrates the analysis of a truss in which 
both diagonals are effective. 

If the diagonals are slender-'-Constructed from small-diameter steel 
rods of light structural shapes-the designer can assume that the diagonals 
only carry tension and buckle under compression. Because the slope of a 
diagonal determines if it acts in tension or compression, the designer must 

• 
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establish the diagonal in each panel that is effective, and must assume that 
the force in the other diagonal is zero. Since wind or other lateral forces 
can act in either transverse direction, both sets of diagonals are essential. 
Example 15.9 illustrates the analysis of a truss with tension diagonals. 

EXAMPLE 15.8 Analyze the indeterminate truss in Figure 15.13. Diagonals in each panel 
are identical and have sufficient strength and stiffness to carry loads in 
either tension or compression. 

Solution 
Pass a vertical section 1-1 through the first panel of the truss cutting the 
free body shown in Figure 15.13b. Assume each diagonal carries one­
half the shear in the panel (120 kips produced by the reaction at support 
H). Since the reaction is up, the vertical component of force in each diag­
onal must act downward and equal 60 kips. To be consistent with this 
requirement, member AG must be in tension and member BH in com­
pression. Since the resultant bar force is ~ of the vertical component, the 
force in each bar equals 100 kips. 

We next pass section 2-2 through the end panel on the right. From a 
summation of forces in the vertical direction, we observe that ashear of 
60 kips acting downward is required in the panel to balance the reaction 
on the right; therefore, the vertical component of force in each diagonal 
equals 30 kips acting downward. Considering the slope of the bars, we 
compute a tension force of 50 kips in member DF and a compression 
force of 50 kips in member CEo If we consider a free bodY-of the truss to 
the right of a vertical section through the center panel, we observe that the 
unbalance shear is 60 kips and the forces in the diagonals act in the same 

Figure 15.13: (a) Truss with two effective diag­
direction as those shown in Figure I5.l3e. After the forces in all diag()­onals; (b) free body of truss cut by section 1-1; 

(c) free body of truss cut by section 2-2. All bar nals are evaluated, the forces in the chords and verticals are computed by 
forces in units of ldps. the method of joints. The final results are summarized in Figure lS.13a. 

I-------~ 3 @ 20' = 60' ---------1 

(a) (b) (c) .. 

-80 B 

180 ldps 

1 
~J 

RE = 60 kips 120 kips 

FeE:'Old,.cb t E 

60 kips 
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_.. 
-rem 

Small-diameter rods form the diagonal members of the truss in Figure 
15.14a. The diagonals can transmit tension but buckle if compressed. 
Analyze the truss for the loading shown.' 

Solution 
Since the truss is externally determinate, we flrst compute the reactions. 
We next pass vertical sections through each panel and establish the direc­
tion of the internal force in the diagonal bars required for vertical equi­
librium of the shear in each panel. The tension and compression diagonals, 
are next identifled as discussed in Example 15.8 (the compression diago.;­
nals are indicated by the dashed lines in Fig. 15.14b). Since the compres~ 
sion diagonals buckle, the entire shear in a panel is assigned to the tension 
diagonal, and the force in the compression diagonals is set equal to zero. 
Once the compression diagonals are identifled, the truss may be analyzed 
by the methods of joints or sections. The results of the analysis are shown 
in Figure 15.14b. ­

3 kips 3 kips 

\---------- 4 @ 20' = 80' -------------1 

(a) 

R= 3 kips R=3kips 

(b) 

1 R 

,. 


Figure 15.14: (a) Truss with tension diag­
onals; (b) values of bar forces in kips, com­
pression diagonals indicated by dashed 
lines. 

•
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1
12' 

~~::b:::,'';::::::::::::z:t::;l 0 r 

N 

M1
12' 

12' 

L -{ 

15' 

K 

Properties of Members 

Member A in2 Iin4 

Exterior columns 100 1000 
Interior columns 144 1728 
Girders 300 6000 

Figure 15.15: Dimensions and member prop­
erties of a vertically loaded multistory building 
frame. 

Figure 15.16: Free bodies of floor beams show­
ing forces from an exact analysis: (a) roof; 
(b) fourth floor; (c) third floor; (d) second floor 
(load in kips per foot, forces in kips, and 
moments in kip·ft. 

";'~7i"Ap'p~~~i~~t'~'A~~iy~'i~"~f"~"M~'lti~t~'~y"R'i'gid"'F';~'~~'''' 
. for Gravity Load 

To establish a set of guidelines for estimating the force in members of 
highly indeterminate multistory frames with rigid joints, we will exam­
ine the results of a computer analysis of the symmetric reinforced con­
crete building framein Figure 15.15~ The computer analysis considers 
both the axial and flexural stiffness of all members. The dimensions and 
properties oithe members in the frame ate representative of those typi­
cally found in small office or apartment buildings. In this study all beams 
in the frame carry a uniform load of w = 4.3 kips/ft to simplify the dis­
cussion. In praytice, building codes permit the engineer to reduce values of 
live load on lower floors because of the low probability that the maximum 
values of live load will act simultaneously on all floors at any give time. 

Forces in Floor Beams 

Figure 15.16 shows the.shear, moment, and axial force in each of the four 
beams in the left bayof the frame in Figure 15.15. All forces are expressed 
in units of kips and all moments in units ofkip,'feet. The beams are shown 

(a) 

V=46.4 V=56.8

+1.971.97+ 
M=117.2 M=241.7 

(b) 

V=46.1 V=57.1

+0.820.82+ 
M= 112.9 M=245.8 

(c) 

V=44.4 V=58.8

8.2+ +8.2 
M =87.5 M=26L2 

(d) 

• 
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in the same relative position they occupy in the frame (i.e., the top beam 
is located at the roof, the next at the fourth floor, and so on). We observe 
in each beam that the moment is greater at the right end"":':"'where the beams 
connect to the interior column-than at the left end, where the beams con­
nect to the exterior cohimn. Larger moments develop on the right because 
the interior joint, which does not rotate, acts as a fixed support. The inte­
rior joint does not rotate because the moments, applied by the beams on 
each side of the joint, are equal in magnitude and opposite in direction 
(see the curved arrows in Fig. 15.1Sb). On the other hand, at the exterior 
joints where beams frame into one side of the column only, the exterior 
joint~subjected to an unbalanced moment-will rotate in the clockwise 
direction. As the joint rotates; the moment in the left end of the beam 
reduces and the moment at the right end builds up due to the carryover 
moment. Therefore, the negative moment at the first interior support will 
always be larger than the fixed-end moment. For uniformly loaded beams 
the negative moment at the first interior support will usually range between 
WL2/9 and wL2/1O. As the flexibility of the exterior column increases, the 
moments in the beam approach those shown in Figure 15.ld.' 

The moment of7D.7 kip'ft at the exterior end of the roof beam in Fig­
ure 15.16a is smaller than the exterior moment in the floor beams below 
because the roof beam is restrained by a single column atjoint \vhereas 
the floor beams are restrained by two columns (Le., one below and one 
above the floor). Two columns apply twice the rotational restraint of one 
column, assuming that they have .the same dimensions and end condi­
tions. The·.moment at joint B of the second floor beam in Figure 15 .16d is 
smaller tnan tIlat in the upper floor beams because the bottom column, 
which is pinned at its base and 15 ft long. is more flexible than the shorter 
columns in the upper floors that are bent in double curvature. 

We also observe that the reactions and consequently the shear and 
moment curves of the beams on the third and fourth floors are approxi­
mately the same because they have identical spans and loadings and are 
supported by the same-size columns. Therefore, if we design the beams 
for a typical floor, the same members can be used in all other typical 
floors. Since the dimensions of columns supporting the lower floors of 
tall buildings have larger cross sections than those in the upper floors 
where the column loads an~ smaller, their flexural stiffness is larger than 
that of the smaller columns. As a result, the exterior moment in the floor 
beams will increase as the stiffness of the columns increases. This effect, 
which is often moderate, is generally neglected in practice. 

Estimating Values of End Shear in Beams 

Because the end moments on the bearns(in Fig. 15.16) are greater on the 
right than on the left end, the end shears are not equal. The difference in 
end moments reduces the shear produced by the uniform load at the left 
end and increases it at the right end. A good estimate for all exterior beams 
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(beams that connect to an exterior column) is to assume 45 percent of the 
total uniform load wL is carried to the exterior column and 55 percent to 
the interior column. If a beam spans between two interior columns, the 
shears are approximately equal at both ends (that is, V wL/2). 

Axial Loads in Beams 

Although axial forces develop in all beams because of shear in the 
columns, the stresses produced by these forces are small and may be neg· 
lected. For example, the axial stress, which is greatest in the roof beams, 
produced by 11.09 kips (see Fig. 15.16a) is about 37 psi. 

Computation of Approximate Values of Shear and 
Moment in Floor Beams 

The shears and moments that develop from gravity loads applied to the 
beams of a typical floor are due almost entirely of the loads acting directly 
on that floor. Therefore, we can estimate the moments in the floor beams 
closely by analyzing an individual floor instead of the entire building. To 
determine the shear and moment in a floor of the frame in Figure 15.15, 
we will analyze a frame composed of the floor beams and the attached 
columns. The frame used to analyze the roof beams is shown in Figure 
15.l7a. Figure l5.17b shows the frame used to analyze the beams of the 
third floor. . 

We normally assume that the ends of the columns are fixed at the 
point where they attach to the floors above or below the floor being ana­
lyzed (for example, this is the assumption specified in section 8.9 of the 
American Concrete Institute Building Code). Since the rotation of the 
interior joints is small, this assumption appears reasonable. On the other 
hand, since the exterior joints at each floor level rotate in the same direc­
tion, the exterior columns are bent into double curvature (see Fig. 15.18c). 
As we established in Figure 13.l2e, the flexural stiffness of a member 
bent into double curvature.is 50 percent greater than that of a member 

,fixed at .one end. As a result, the. values of moment in the exterior columns 
from an approximate analysis of the frames in Figure IS.17a and b will 
be much smaller than those produced by an analysis that considers the 
entire building frame, unless the engineer arbitrarily increases the stiff­
ness of the exterior columns by a factor of 1.5. 

Since building owners often want the exterior columns as small as 
. possible for architectural reasons (small columns are easier to conceal in 
the exterior walls and simplify the wall details), the fixed-end assump­
tion for columns is retained as the standard in the design of reinforced 
concrete buildings. . . 

The analysis of the frames in Figure 15.17 is carried out by moment 
distribution. Since sidesway produced by gravity loads is either zero (if 

http:curvature.is
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w =4.3 kips/ft 	 Figure 15.17: Approximate analysis of beams 
in frame for vertical load (all values of moment in 

+ 	 I J I I J I ! kip·ft): (a) rigid frame composed of roof beams 
and attached columns; (b) rigid frame composed ~ offloor beams and attached columns; (c) moments6 

1 created by differential displacement of interior 
and exterior joints (these moments are not 
included in the approximate analysis). 12' 

N J 

N 

M 

L 

E 

~ 
+51.6 

D 

+41.3 

[TI 
c 

-206.4 
+154.8 
= 

-51.6 

D 

- +206.4 
+77.4

1 = 
2 +283.8 

24' 

'F 

:G 

24' 

(a) 

~ 


H. -206.4 +206.4'QJ ­+123.8 +61.9 
= 1 

+41.3 -82.6 x2 +268.3 

B 	 I 

(b) 

(c) 

the structure and loading are symmetric) orvery small in other cases, we 
neglect the moments produced by sidesway in an approximate analysis. 
Details of the moment distribution are shown in the figures. Since the 
structure is symmetric, we can assume that the center joint does not rotate 
and treat it as a fixed support. Therefore, only one-half ofthe frame has to 
be analyzed. The moments produced by analyzing the frames (see Table 
15.1) compare closely to the more exact values of the computer analysis. 
If the stiffness of the exterior columns (excluding column AB, which is 
pin-ended) is increased by 50 percent, the diffe!:"ence between. the exact 
and approximate values is on the order of 5or 6 percent (see the last col­
umn in Table 15.1). 
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Values of Girder End Moment 

(all moments in kip ·ft) 


Approximate Analysis 

Double Curvature 
Ends of Columns Bending, Exterior Column 

Exact Analysis Assumed Fixed Stiffness Increased 
Moment (Fig. 15.16) (Fig. 15.17) 50 Percent 

MEP 70.7 51.6 68.8 
MpE 264.0 283.6 275.2 
MCH 112.9 82.6 103.2 

245.8 268.3 258.0MHC 

In the roof beams, most of the difference between the approximate 
and the exact values of moments is due to the differential displacement 
of the end joints in the vertical direction. The interior column undergoes 
a greater axial deformation than the exterior columns because it carnes 
more than twice as much load but has an area that is only 44,percent 
greater. Figure 15.17c shows thedeformation and the direction for the 
member end moments produced in the roof beams by the differential dis­
placement of the ends ofthe beams. The effect-a function of the length 
of the column-is greatest in the top floor and diminishes toward the bot­
tom of the column. 

In the computer analysis the properties of the members (area and 
moment of inertia) are based on the gross area of the members' cross sec­
tion (a standard assumption). If the influence of the reinforcing steel area 
on axial stiffness is considered by transforming the stiffer steel into equiv­
alent concrete, the difference in axial deformations of the various columns 
would be largely eliminated. Since the moments induced in the beams by 
the differential axial deformations of the columns are typically small, 
they are neglected in an approximate analysis. 

Axial Forces in Columns 

Loads, applied to columns at each floor, are produced by the shears and 
moments at the ends of the beams. In Figure 15.18a the arrows at the end 
of each beam indicate the force (end shears in the beams) applied to the 
column by the ends of the beam (the uniformly distributed load of 4.3 
kips!ft acting on all beams is not shown on the figure for clarity). The 
axial force F in the column at any level is equal to the sum of the beam 
shears above that level. Since the axial force in columns varies with the 
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43.55 59.65 59.65 70.7 264 264 

(a) 	 (b) 

number of floors supported, the column loads increase nearly linearly 
with the number of floors supported. Engineers often increase the size of 
the column's cross section or use higher-strength materials to carry the 
larger loads in the lower sections of multistory columns. Aual forces in 
interior columns, which carry the load from beams on each side, are typ­
ically more than twice as large as those in exterior columns-unless the 
weight of the exterior wall is large (see Fig. 15.18a). 

The moments applied by the ends of the beams to the columns in the 
building frame are shown in Figure 15.18b. Since the beams framing into 
the interior column are the same length and carry the same value of uni­
form load, they apply equal values of end moments to the column at an inte­
rior joint. Because the moments on each side of the column actin opposite . 
directions, the joint does not rotate. As a result, no bending moments are 
created in the interior column. Therefore, when we make an approximate 
analysis of an inte.rior column, we consider only the axiallo.ad. Ifwe con­
sidered pattern loading of the live load (Le., total load placed on the longer 
span and dead load on the shorter spanfrarning into the sides of a column), 
moment would develop in the column, but the axial load would reduce. 
Even if the beams are not the same length or carry different values of load, 
the moments induced in an interior column will be small and typically can 
be neglected in an approximate analysis. Moments are small for the fol­
lowing reasons: 

1. 	 The unbalanced moment applied to the column equals the difference 
between the beam moments. Although the moments may be large, 
the difference in moments is usually smalL 

• 


(e) 

Figure 15.18: Results of computer analysis of 
frame in Figure 15.15: Ca) axial force (kips) in 
columns created by reactions of beams supporting 
a uniformly distributed load of 4.3 kips/ft. 
(b) Moments (kip'ft) applied to columns by I. 
beams; this moment divides betwt'en top and bot­
tom columns (e) Moment curve for exterior col­
umn (kip·ft). Note; Moments are not cumulative 
as the axial load is. 
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2. 	 The unbalanced moment is distributed to the columns above and 
below the joint as well as to the beams on each side of the joint in 
propOltion to the flexural stiffness of each member. Since the stiffness 
of the beams is often equal to or greater than the stiffness of the 
columns, the increment of the unbalanced moment distributed to an 
interior column is small. 

Moments in Exterior Columns Produced by Gravity Loads 

Figure 15.18b shows the moments applied by the girders at each floor to 
the interior and exterior columns. In the exterior columns these moments­
resisted by the columns above and below each floor (except at the roof 
where only one column exists)-bend the column into double curvature, 
producing the moment curve shown in Figure 15.18c. From an examina­
tion of the moment curve, we can reach the following conclusions: 

1. 	 Moments do not build up in the lower floors. 
2. 	 All exterior columns (except the bottom column, which is pinned at 

the base) are bent into double curvature, and a point of contraflexure 
develops near midheight of the column. 

3. 	The greatest moment develops at the top of the column supporting 
the roof beam because the entire moment at the end of the beam is 
applied to a single column;' In the lower floors the moment applied 
by the beam to the joint is resisted by two columns. 

4. 	 The most highly stressed section in a column segment (between 
floors) occurs at either the top or the bottom; that is, the axial load 
is constant throughout the length of the column, but the maximum 
moment occurs at one of the ends. 

EXAMPLE 15.10 
 Using an approximate analysis. estimate the axial forces and moments in 

columns BG and HI of the frame in Figure 15.19a. Also draw the shear 

and moment curves for beam HG. Assume that 1 of all exterior columns 


.. equals .833 in4, 1 of interiorcolul1lI1s equals 1728 in\ and 1 of all girders 

equals 5000 in4. Circled numbers represent column lines. 

Solution 
Axial Load in Column HI Assume that 45 percent of the uniform load 
on beams PO and ]Jis carried to the exterior column. 

FH/ = 0.45(w1L + wi-) = 0.45[2(20) + 3(20)] = 45 kips 

Axial Load in Column BG Assume that 55 percent of the load from 
exterior beams on the left side of the column and 50 percent of the load 
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P Roof 

11'

1- .I 3rd floor 

H 

A 

1l' 

E1­
14' 

J 

2nd floor 

20' .1. 22' I 20'--1 

cb ® cb 4 
(a) 

• 

Figure 15.19: (a) Building frame; (b) approxi­
mate analysis of second floor by moment distri­
bution to establish moments in beams and 
columns; only one cycle used because carryover 
moments small (moments in kip·ft). 

from the interior beams on the right side of the column are carried into . 
the column. 

FBG = 0.55[2(20) + 3(20) + 4(20)] + 0.5[2(22) + 3 (22) + 4(22)] 

= 198 kips 

Compute the moments in columns andbeamHG by analyzing the frame 
in Figure 15.19b by moment distribution. Assume that the far ends of the 
columns above the floor are fixed. Since the frame is symmetric, modify 
the stiffness of the center beam and analyze one ...half of the structure. 
Also, increase the stiffness of column HI by 50 percent to account for 
double curvature bending. The results of the analysis are shown in Fig­
ure 15.20. Since the end momeiltsare approximately the same at both 
ends of a column, the moment at the top of column HI may also be taken 
equal to the value of 37.3 kip'ft at the bottom. [continues on next page] 

+169.4 

-161.3 
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Example 15.10 continues . .. 
v=34.13 kips V =45.87 kips

45 kips 198 kips \ ,--,--,--=-,--r-----. /

l . 
M=52hlP••Ct Gq~ 

37.3A 
M= 1.7kip.ft 1----.--- 20'-----1 M= 169.4kip·ftI 37.3 kip·ft G 

34.13 

shear (ldps) 

M =37.3 kip.ft . H 
93.56 -45.87 

T 
'-../ 37.3 


moment 

(kip·ft) 
 ......~"'"""'= moment (kip.ft) 

198 kips45 kips 

(a) (b) -169.4 

ee)
Figure 15.20: Results of approximate analysis 
of frame: (a) column HI; (bl colun'lnBG; (e) shear 
and moment curves for be:.uu HG. 

'";;f!~tfr¢,+'rt;~;~i:;;~''''''''''''''HUoaU''''.''''''''.''U'''............u,................Hn............H ... ...........u
.. a> n.~ •••••••• u ••••••• 

If{;j'§~~~ Analysis of Unbraced Frames for Lateral Load 

Although we are primarily interested in approximate methods to analyze 
multistory unbraced frames with rigid joints, we begin our discussion with 
the analysis of a simple one-story rectangular unbraced frame. The analy­
sis of this simple structure will (1) provide an understanding of how lateral 
forces stress and deform a rigid frame and (2) introduce the basic assump­
tions required for the approximate analysis of more complex multistory 
frames. Lateral loads on bui1ding~ are typically produced by either wind or 
inertia forces created by ground movements during an earthquake. 

When gravity loads are much larger than lateral loads, designers ini­
tially size a building frame for gravity loads. The resulting frame is then 
checked for various combinations of gravity and lateral loads as speci­
fied by the governing building code. 

As we have seen in Section 15.7, except for exterior columns, gravity 
. loads produce mostly axial force in columns. Since columns carry axial 
load efficiently in direct stress, relatively small cross sections are able to 
support large values of axial load; moreover, designers tend to use com­
pact column sections for architectural reasons. A compact section is easier 
to conceal in a building than a deep section. Since a compact section has a 
smaller bending stiffness than a deep section, the flexural stiffness of a col­

http:1.7kip.ft
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umn is often relatively small compared to its axial stiffness. As a result, 
small to moderate values of lateral load, which are resisted primarily by 
bending of the columns, produce significant lateral displacements of 
unbraced multistory frames. Therefore, as a general rule, knowledgeable 
engineers make every effort to avoid designing unbraced building frames 
that must resist lateral loads. Instead, they incorporate shear walls or diag- . 
onal bracing into the structural system to transmit lateral loads efficiently. 

In Section 15.9 we describe procedures for evaluating the force pro­
duced by lateral loads in unbraced multistory building frames. These pro­
cedures include the portal and the cantilever methods. The portal method 
is considered best for 10wbliHdings (say five or six stories) in which shear 
is resisted by double curvature bending of the columns. For taller buildings 
the cantilever method. which considers that the building frame behaves as 
a vertical cantilever beam, produces the best results. Although both meth­
ods produce reasonable estimates of the forces in members of a building 
frame, neither method provides an estimate of the lateral deflections. Since 
lateral deflections can be large in tall buildings, a deflection computation p 

should also be made as part of a complete design. ' 

Approximate Analysis of a Simple Pin-Supported Frame 

The rigid frame in Figure 15.21a, supported by pins atA and D, is inde­
terminate to the first degree. To analyze this structure, we must make one 
assumption about the distribution of forces. If the legs of the frame are 
identical, the flexural stiffness of both members is identical (both mem­
bers also have the same end restraint). Since the lateral load divides in 
proportion to the flexural stiffness of the columns, we can assume that the 
lateral load divides equally between the columns, producing equal hori­
zontal reactions of P/2 at the base. Once this assumption is made, the ver­

Ph
tical reactions and the internal forces can be computed by statics. To com­ 2 
pute the vertical reaction at D, we sum moments about A (Fig. 15.21a): 

C+ . IMA = O· 

Ph - D)L = 0 

D = Ph 't 
Y L 

ComputeAy- P 
2" 

Ph 
and A=D =-, ,1.

Y Y L, 

The moment curves for the members are shown in Figure 15.21b. Since Figure 15.21: (a) Laterally loaded frame; 

the moment at midspan ofthe girder is zero, a point of inflection occurs (b) reactions and moment curves; point of inflec­

there and the girder bends into double curvature. (The deflected shape is tion occurs at midspan of girder. 


shown by the dashed line in Fig. 15.21a.) , 


(a) 

(b) 

• 
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B 
P _ ....\ijffi 

P.1. 

1------ L 

Figure 1 5.22: A laterally loaded rigid frame 
with fixed-end columns. 

Approximate Analysis of a Frame Whose Columns 
Are Fixed at the Base 

If the base of the columns in a rigid frame is fixed against rotation, the legs 
will bend in double curvature (see Fig. 15.22). In the columns the position 
of the point of inflection depends on the ratio of the flexural stiffness of the 
girder to that of the column. The point of inflection will never be located 
below midheight of the column, and even then this lower limit is theoreti­
cally possible only when the girder is infinitely stiff. As the girder stiff­
riess reduces relative to the column stiffness, the point of inflection 
moves upward. For a typical frame the designer can assume the point of 
'inflection is located a distance of approximately 60 percent of the column 
height above the base. In practice, a fixed support is difficult to construct 
because most foundations are not completely rigid. If the fixed support 
rotates, the point of inflection will rise. 

Because the frame in Figure 15.22 is indeterminate to the third degree, 
we must make three assumptions about the distribution of the forces and 
the location of the points of inflection. Once these assumptions are made, 
the approximate magnitude of the reactions and the forces in the members 
can be computed by statics. If the columns are identical in size, we can 
assume the lateral load divides equally between the columns, producing 
horizontal reactions at the base (and shears in each column) equal to P/2. 
As we discussed previously, points of inflection in the columns may be 
assumed to develop at 0.6 of the column height above the base. Finally, 
although not actually required for a solution (if the first three assumptions 
are used), we can assume a point of inflection develops at midspan of the 
girder. These assumptions are used to analyze the frame in Example 15.11. 

-'I"~~=~""~~~~":''"--;stirnate ~e rea~:::~':~e ?ase :.~ ~e frame in F;:::"~~~~~ ~rod~:: 
- , " by the honzontalload of 4 kips at Jomt B. The column legs are IdentlCal. 

Solution 
ASSUlm: lhal lht: 4-kip load c.1ivic.1t:s t:qually bt:lwt:t:n lht: lwu CUIUlIU1S, 
producing shears of 2 kips in each column and horizontal reactions of 2 
kips at A and D. Assume that the points of inflection (P.I.) in each col­
umn are located 0.6 of the column height,or 9 ft, above the base. Free 
bodies of the frame above and below the points of inflection are shown 
in Figure 15.23b. Considering the upper free body, we sum moments 
about the point of inflection in the left column (point E) to compute an 
axial force F = 0.6 kip in the column on the right. We next reverse the 
forces at the points of inflection on the upper free body and apply them 
to the lower column segments. We then uSe the equations of statics to com­
pute the moments at the base. 

M.4. = MD = (2kips)(9ft) = 18kip·ft 

' ••,-..111- _ '.,-'...111- _ ' .... ..III- _ 
'.' ..III­
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R = 4 kips . r------ 40'P== 4 kips t;B======;lC 

II'D1 'l rrle 
+2kiPS +2kiPS. 

If-.-- 40'---1 
0.6 kip 0.6 kip 

0.6.kip 0..6 kip
(a) 	

2kiPst·. '. 2kiPS+' .. 
12 P IrL. . 

9' 

L~.. 2 kips DI['2~P' 
W M =18kip.ft W 

18 T M= 18 kip·ft T Figure 15.23: (a) Dimensions of frame; (b) free 
. (c) 0.6 kip 0.6 kip bodies above and below the points of inflections 

in the columns (forces in kips and moments in 
(b) kip'ft); (c) moment diagram (kip·ft) . 

••••uu.H•• ~.i... u ................................" ..................H ....................................u~ ....................................... 


15.9 Portal Method 

Under lateral load, the floors of multistory frames with rigid joints deflect 
horizontally,as the beams and columns bend in double curvature. If we 
neglect the small axial deformations of the girders, we can assume all 
joints in a given floor deflect laterally the same distance. Figure 15.24 
shows the deformations of a two-story frame. Points of inflection (zero 
moment), denoted by small dark circles. are located at or near the mid­
points of all members. The figure also shows typical moment curves for 
both columns and girders (moments plotted on the compression side). 

The portal method, a procedure for estimating forces in members 
of laterally loaded multistory frames, is based on the following three 
assumptions: 

1. 	The shears in interior columns are twice as large as the shears in 
exterior columns. . .. 

2. 	 A point of inflection occurs at midheight of each column. 
3. 	 A point of inflection occurs at midspan of each girder. 

The first assumption recognizes that interior columns are usually larger 
than exterior columns because they support greater load. Interior columns 
typically support about twice as much floor area as exterior columns do. 
However, exterior columns also carry the load of exterior walls in addition 
to floor loads. Ifwindow areas are large, the weight of exterior walls is min­
imal. On the other hand, if exterior walls are constructed of heavy masonry 

• • 
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Figure 15.24: Deflected shape of rigid frame; 
points of inflection shown at center of all mem­
bers by black dots . 
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and window areas are small, loads supported by the exterior columns may 
be similar in magnitude to those carried by the interior columns. Under 
these conditions, the designer may wish to modify the distribution of 
shear specified in assumption 1. The shear distributed to columns sup­
porting a particular floor will be approximately proportional to their flex­
ural stiffness (EIIL). 

Since all columns supporting a given floor are the same length and pre­
sumably constructed of the same material, their flexural stiffness will be 
proportional to the moment of inertia of the cross section. Therefore, if the 
cross sections of the columns can be estimated, the designer may wish to 
distribute the shears in proportion to the moments of inertia of the columns. 

The second assumption recognizes that columns in lateral loaded 
frames bend in double curVature. Since the floors above and below a col­
umn are usually similar in size, they apply about the same restraint to the 
top and bottom ends of each column. 1perefore, inflection points develop 
at or near midheight of columns. 

If the columns in the bottom floor are connected to pins, the column 
bends in single curvature. For this case the point of inflection (zero 
moment) is at the base. 

The final assumption recognizes that points of inflection occur at or 
near midspan of girders in laterally loaded frames. Since the shear is con­
stant through the length, the girder bends in double curvature, and the 
moments at each end are of the same magnitude and act in the same sense. 
We have previously observed this behavior in the girders of Figures 15.21 
and 15.22. The steps in the analysis of multistory rigid frame by the por­
tal method are outlined below: 

1. 	 Pass an imaginary section between any two floors through the 
columns at their midheight. Since the section passes through the 
points of inflection of all columns, only shear and axial load act on 
the cut. The total shear distributed to all columns equals the sum of 
all lateral loads above the cut. Assume that the shear on interior 
columns is twice as large as the shear on exterior columns unless 
properties of the columns indicate that some other distribution of 
forces is more appropriate. 

2. 	 Compute the moments at the ends of the columns. The column end 
moments equal the product of the column shear and the half-story 
height. . 

3. 	 Compute the moment at the end of the girders by considering 
eqUilibrium of thejoints. Start with an exterior joint and proceed 
systematically across the floor, considering free bodies of the girders 
and joints. Since all girders are assumed to have a point of inflection 
at midspan, the moments at each end of a girder are equal and act 
in the same sense (clockwise or counterclockwise). At each joint 
the moments in the girders balance those in the columns . 

• 
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4. 	 Compute the shear in each girder by dividing the sum of the girder 
end moments by the span length. . 

5. 	 Apply the girder shears to the adjacent joints and compute the axial 
. force in the columns. 

6. 	 To analyze an entire frame,start at the top and work down .. The 
procedure is illustrated in Example 15.12. 

Analyze the frame in Figure 15.25a, using the portal method. Assume the 
reinforced baseplates at supports A, B, and C produce fixed ends. 

Solution 
Pass horizontal section 1 (see number in circle) through the middle of the 
row of columns supporting the roof, and consider the upper free body 
shown in Figure 15.25b. Establish the shear in each column by equating 
the lateral load above the cut (3 kips at joint L) to the sum of the column . 
shears. Let VI represent the shear in the exterior columns and 2 VI equal 
the shear in the interior column. 

-H "2Fx = 0 

3 - (VI + 2VI + VI) = 0 and Vj =0.75 kip 

Compute moments at the tops of. the columns by multiplying the shear 
forces at the points of inflection by 6 ft, the half-story height. Moments 
applied by the column to the upper joints are shown by curved arrows. 
The reaction of the joint on the column is equal and opposite. 

Isolate joint L (see Fig. 15.25c). Compute FLK = 2.25 kips by sum­
ming forces in the x direction. Since the girder moment must be equal and 
opposite to the moment in the column for eqUilibrium, MLK = 4.5 kip·ft. 
Both VL and Fw are calculated after the shear in girder LK is computed 
(see Fig. 15.25d). Apply equal and oppositely directed values of FLK and 
MLK to the free body of the beam in Figure 15.25d. Since the shear is con- . 
stant along the entire length and a point of inflection is assumed to be 
located at midspan, the moment MKL at the right end of the girder equals 
4.5 kip·ft and acts clockwise on the end of the girder. We observe that all 
end moments on all girders at all levels act in the same direction (clock­
wise). Compute the shear in the girder by summing moments about K. 

V = "2M := 4.5_+ 4.5 := 0.375 kip 
L L 24 

Return to joint L (Fig. 15.25c). Since the axial load in the column equals 
the shear in the girder, Fw = 0.375 kip tension. Proceed to joint K (see 
Fig. lS.25e) and use the equilibrium equations to evaluate all unknown 
forces acting on the joint. Isolate the next row of girders and columns 
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Example 15.12 continues . .. 
Figure 15.25: Analysis by the portal method. 
(a) Details of rigid frame; (b) free body of roof 
and columns cut by section 1, which passes 
through points of inflection of columns; (c) free 
body of joint L (forces in kips and moments in 
kip·ft; (d) free body of girder LK used to compute ! 
shears in girders; (e) free body ofjoint K; (f) free 
body of floor and columns located between sec­
tions 1 and 2 in (a) (moments in kip·ft). 

I-- 24/----.+--1, - 24/--1 

(a) 

L K 
3 kips .. 

P.1.
12/ 

5 kips 'e,' ' 

5 kips • 

L K J 

4.5 kip·ft 

1.5 kips + 6.~;kip 

,I, :w--1 
(b) 

MLK =4.5 kip.ft MLK = 4.5 kip.ft MKL = 4.5 kip·ft MKL =4.5kip.ft M=4.5kip·ftKI+L ' IL \ K3kiPS~)+FiK . 2.25 kips +(I . . ..... ..,.,,1) 2.25 kips 2.25 kip' +(T)'+0.75 kip 

~. Vr,=0.375 kip VL = 0.375 kip I--- 24/ ~ VK = 0.375 kip 0.375 kip. 0.375 kip 
M = 4.5 kip·ft .~M=9kip.ft 

+0.75 kip (d) 
+ 1.5 kips 
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F= °kip 

(c) (e) 

(I) 
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between sections 1 and 2 (see Fig. 15.25f). Evaluate shears at points of 
inflection in the columns along section 2. . 

....+ "2Fx = 0 

3 + 5 - 4V2 = 0 

V2 = 2 kips 

Evaluate moments applied to joints G, H, and I by multiplying the 
shear by the half-column length (see curved arrows). Starting with an 
exterior joint (G, for example), compute the forces in girders and axial 
loads in columns following the procedure previously used to analyze the 
top floor. Final values of shear, axial load, and moment are shown on the 
sketch of the building in Figure 15.26. 

4.5 kip·ft 4.5 kip·ft . 4,5 kip.ft 0.75 kip 

3:75C 1.25C 

2 kips 

3.75C 

31.5 kip.ft 

16.5 kip.ft 

1.25C 

31.5 kip.ft 31.5 kip.ft 

2 kips 

. 12 kip.ft 

3.25 kips 

19.5 kip.ft 
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Figure 15;26: Summary of portal analysis. 
Arrows indicate the direction of the forces applied 
to the members by the joints .. Reverse forces to 
show the action of members on joints. Axial 
forces are labeled with a C for compression and a 
T for tension. All forces in kips; all moments in 
kip-ft. 

4.375C 

6,5 kips3.25 kips 3.25 kips 
> ,/J.~; 

~ 19.5kip·ft ."t' 39 kip.ft ."t'19.5 kip.ft 
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Analysis of a Vierendeel Truss 

The portal method can also be used for an approximate analysis of a 
Vierendeel truss (see Fig. 15.27a). In a Vierendee1 truss the diagonals are 
omitted to provide a clear, open rectangular area between chords and ver­
ticals. When the diagonals are removed, a significant portion of truss action 
is lost (Le., forces are no longer transmitted exclusively by creating axial 
forces· in members). The shear force, which must be transmitted through 
the top and bottom chords, creates bending moments in these members. 
Since the main function of the vertical members is to supply a resisting 
moment at the joints to balance the sum of the moments applied by the 
chords, they are most heavily stressed. 

For the analysis of the Vierendeel truss we assume that (1) the top and 
bottom chords are the same size, and therefore, shear divides equally 
between the chords; and (2) all members bend in double curvature, and 
a point of inflection develops at midspan. In the case of the symmetri­
cally loaded, four-panel truss in Figure 15.27, no bending moments develop 
in the vertical member at midspan because it lies on the axis of symme­
try. The deflected shape is shown in Figure 15.27d. 

To analyze a Vierendeel truss by the portal method, we pass vertical 
sections through the center of each panel (through the points of inflec­
tion where M = 0). We then establish the shear and axial forces at the 
points of inflection. Once the forces at the pOints of inflection are known, 
all other forces can be computed by statics; Details of the analysis are 
illustrated in Example 15.13. 

EXAMPLE 15.13 
 Carry out an approximate analysis of the Vierendeel truss in Figure 15.27, 
using the assumptions of the portal method. 

Solution 
Since the structure is externally determinate,· the reactions are computed 
by statics. Next section 1-1 is passed through the center of the first panel, 
producing the free body shown in Figure 15.27b. Because the section 
passes through the points of inflection in the chords, no moments act on 
the ends of the .members at the cut. Assuming the shear is equal in each 
chord, equilibrium in the vertical direction requires that shear forces of 
4.5 kips develop to balance the 9-kip reaction at support A. We next sum 
moments about an axis through the bottom point of inflection (at the inter­
section of section 1-1 and the longitudinal axis of the bottom chord) to 
compute an axial force of 5,4 kips compression in the top chord. Equilib­
rium in the xdirection establishes that a tension forceof 5,4 kips acts in 
the bottom chord. 

To evaluate the internal forces at the points of inflection in the sec­
ond panel, we cut the free body shown in Figure 15.27c by passing sec­
tion 2-2 through the midpoint of the second panel. As before, we divide 
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(d) 

the unbalanced shear of 3 kips between the two chotdsand compute the 
axial forces in the chords by summing moments about the bottom point 
of inflection. The results of the analysis are shown on the sketch of the 
deflected shape in Figure 15.27d. The moments applied by the joints to 
the members are shown on the left half of the figure. The shears and axial 
forces are shown on the right half. Because of symmetry, forces are iden­
tical in corresponding members on either side of the centerline . 

.Astudy of the forces in the Vierendeel truss in Figure 15.27d indicates 
that the structure acts partially as a truss and partially as abeam, Since the 

• 
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Figure 15.27: (a) Details of Vierendeel truss; 
(b) free body used to establish the forces at the 
points of inflection in the first panel; (c) free body 
to compute forces at points of inflection in second 
panel; (d) deflected shape: points of inflection 
denoted by black dots, moments acting on the ends 
of member indicated by curved arrows, shears and 
axial forces in kips, moments in kip·ft. Structure 
symmetric about centerline. 

[continues on next page] 
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Example 15.13 continues . .. 	 moments in the chords are produced by the shear, they are greatest in the 
end panels where the shear has its maximum value, and the smallest in the 
panels at midspan where the minimum shear exists. On the other hand, 
because part of the moment produced by the applied loads is resisted by 
the axial forces in the chords, the axial force is maximum in the center 
panels where the moment produced by the panel loads is greatest. 

-
!4 

.!l. 

C;; 

PI 

'!!7 ~ f\'! ~ l!'ll 
"" l'I" "" 

(a) 

!!.. 

.!i.. 
A P.I. P.I. 

FI 
0---"",,0-­
Al A2 

stresses 

P.I. P.I.l...- ... ­
~ t 

F4 

(b) 
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~f~~1g:; Cantilever Method 

The cantilever method, a second procedure for estimating forces in laterally 
loaded frames, is based on the assumption that a buildingframe behaves as 
a cantilever beam. In this method we assume that the cross section of the 
imaginary beam is composed of the cross-sectional areas of the columns. 
For example, in Figure 15.28b the cross section of the imaginary beam (cut 
by section A-A) consists of the four areas AI> A2, A3, and A4• On any hori­
zontal section through the frame, we assume that the longitudinal stresses 
in the columns-like those in a beam-vary linearly from the centroid of 
the cross section. The forces in the columns created by these stresses make 
up the internal couple that balances the overturning moment produced by 
the lateral loads. The cantilever method, like the portal method, assumes 
. that points of inflection develop at the middle of all beams and columns. 

To anruyze a frame by the cantilever method, we carry out the fol­
lowing steps: 

1. 	 Cut free bodies of each story together with the upper and lower 
halves of the attached columns. The free bodies are cut by passing 
sections through the middle of the columns (midway between floors). 
Since the sections pass through the points of inflection, only axial 
and shear forces act on each column at that point. 

2. 	 Evaluate the axial force in each column at the points of inflection in 
a given story by equating the internal moments produced by the 
column forces· to the moment produced by all lateral loads above 
the section. 

3. 	 Evaluate the shears in the girders by considering vertical equilibrium 
of the joints. The shear in the girders equals the difference in axial 
forces in the columns. Start at an exterior joint and proceed laterally 
across the frame. 

Figure 15.28: (a) Laterally loaded frame; 
(b) free body of frame cut by section A-A, axial 

stresses in columns (tTl through 0'4) assumed to 

vary linearly from centroid of the four column 

areas. 
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4. Compute the moments in the girders. Since the shear is constant, the 
girder moment equals 

5. 	 Evaluate the column moments by considering equilibrium of joints. 
Start with the exterior joints of the top floor and proceed downward. 

6. 	 Establish the shears in the columns by dividing. the sum of the 
column moments by the length of the column. 

7. 	 Apply the column shears to the joints and compute the axial forces 
in the girders by considering equilibrium of forces in the x direction. 

The details of the method are illustrated in Example 15.14. 

Use the cantilever method to estimate the forces in. the laterally loaded 
frame shown in Figure 15.29a. Assume that the area of the interior columns 
is twice as large as the area of the exterior columns. 

(a) 

ABC D 

4kiPS_U IJ! u d~ 

T TrT TI 

FI=3G'lA F2=G'12A! F3=G'I2A F.j.=3G' l A 

D-----D--·+--El-----D column areas 
A 2A'. 2A . A 

\.- 24' 12,1.12'...i.- 24' , 

EXAMPLE 15.14 

Figure 15.29: Analysis by the cantilever method: 
(a) continuous frame under lateral load; (b) free 
body of roof and attached columns cut by section 
1-1, axial stress in columns assumed to vary lin­
early with distance from centroid of column areas. 

[continues on next page] 
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Example 15.14 continues . .. 

• 


Solution 
Establish the axial forces in the columns. Pass section 1-1 through the frame 
at midheight of the upper floor columns. The free body above section I­
I is shown in Figure 15.29b. Since the cut passes through the points of 
inflection, only shear and axial force act on the ends of each column: 
Compute the momenUm section 1-1 produced by the external force of 4 
kips at A. Sum moments about point z located at the intersection of the 
axis of symmetry and section 1-1: 

External moment Mext = (4 kips)(6 ft) = 24 kip-ft (1) 

Compute the internal moment on section 1-1 produced by axial forces 
in columns. The assumed variation of axial stress on the columns is shown 
in Figure 15.29b. We will arbitrarily denote the axial stress in the inte­
rior columns as U l' Since the stress in the columns is assumed to vary 
linearly from the centroid of the areas, the stress in the exterior columns 
equals 3Ul' To establish the axial force in each column, we multiply the 
area of each column by the indicated axial stress. Next, we compute the 
internal moment by summing moments of the axial forces in the columns 
about an axis passing through point z. 

Mint = 36F1 t 12F2 + 12F3 + 36F4 (2) 

Expressing the forces in Equation 2 in terms of the stress U j and the col­
umn areas, we can write 

Mint = 3ujA(36) + 2u jA(12) + 2u IA(12) + 3UIA(36) 

= 264u1A (3) 

Equating the external moment given by Equation 1 to the internal moment 
given by Equation 3, we find 

24 =: 264u l A 

ujA = 111 

Substituting the value of ulA into the expressions for column force gives 

Fj = F4 = 3ujA := = 0.273 kip :1 
F2 = F3 = 2u jA = 121 = 0.182 kip 

Compute the axial force in the second-floor columns. Pass section 2-2 
through the points of inflection of the second-floor columns, and con­
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sider the free body of the entire structure above the section. Compute the 
moment on section 2-2 produced by the extemalloads. 

Mext = (4kips)(12 + 6) + (8 kips) (6) = 120kip·ft (4) 

Compute the intemal moment on section 2·2 produced by the axial forces 
in the columns. Since the variation of stress in the columns cut by sec­
tion 2-2 is the same as that along section I-I (see Fig; 15.29b), the inter­
nal moment at any section can be expressed by Equation 3. To indicate 
the stresses act on section 2-2, we will change the subscript on the stress 
to a 2. Equating the internal andexternal moments, we find 

o-~ =11
5 

Axial forces in columns are 

F2 = F3 = 20-zA = ~~ = 0.91 kip 

To find the axial forces in the first-floor columns, pass section 3-3 through 
the points of inflection, and consider the entire building above the sec­
tion as a free body. Compute the moment on section 3 produced by all 
external loads acting above the section. 

MeXl = (4 kips)(32) + (8 kips)(20) + (8 kips) (8) = 352 kip·ft 

Equate the external moment of 352 kip·ft to the internal moment given 
by Equation 3. To indicate the stresses act on section 3-3, the symbol for, 
stress in EqUation 3 is subscripted with a 3. 

264lT3A 352 

. 3 
0-3A =­

4 

Compute the forces in the columns. 

FJ = F4 = 30-;0. = 4 kips 3 (1) = 

F2 = F3 = 20-;0. = 2 (1) 2.67 kips 
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[continues on next page] 
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3.28 VAB = 0.273 3.28 	 VBA = 0.273 

4 kips -P)-+ 3.454 3.454+(fC=::':rs:::::::::::::::::::::::JBI ) +3.454 

. U 3.28 VAB = 0.273 3.28 
'-J 

(b)+0.546 

Ca) 
With the axial forces established in all columns, the balance of the forces 

0.273 	 in the members of the frame can be computed by applying the equations 
of static equilibrium to free bodies of joints, colurims, and girders in 

+VAH 0.546 
sequence. To illustrate the procedure, we will describe the steps required 

03.28 	 to compute the forces in girder AB and columnAH. 
Compute the shear in girder AB by considering eqUilibrium of verti­

cal forces applied to joint A (see Fig. 15.30a).12' 

+ 
i 2.F y = 0: o= -0.273 + VAB VAB = 0.273 kip 

H 3.28 
\..J. 

Compute the end moments in girder AB. Since a point of inflection is+VAH :=0.546 
assumed to exist at midspan, the end moments are equal in magnitude and 

0.273 act in the same sense. 
(e) 

Figure 15.30: (a) Free body of joint A initially 	 M = ~ = 0.273(12) = 3.28 kip-ft VAB 
used to establish VAB 0.273 kip; (b) free body 
ofbeiUn AB,usedto establish end moments in 
beam; (e) free body of column used to compute Apply the girder end moment to joint A, and sum moments to estab­
shear. All moments expressed in kip·ft and all lish that the moment at the top of the column equals 3.28 kip·ft (the 
forces in kips. . 

moment at the bottom oithe column has the same value). 
Compute the shear in column AH. Since a point of inflection is assumed 

to occur at the center of the column, the shear in the column equals 

V M = 3.28 = 0.547 kip 
Ali = L/2 6 

. To compute the axial force in the girder AB, we apply the value of col­
umn shear form above to jointA. The eqUilibrium of forces in the x direc­
tion establishes that the axial force in the girder equals the difference 
between 4 kips and the shear in column AH. 

The final values of force-applied by the joints to the members-are 
summarized in Figure 15.31. Because of symmetry of structure and anti­
symmetry of load, shears and moments at corresponding points on either 
side of the vertical axis of symmetry must be equal. The small differ­
ences that occur in the value of forces-that should be equal-are due to 

Example 15.14 continues . .. roundoff error. 

I 

I 

I 
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0.27 kip 
3.28 kip.ft \ . 

3.4SC 2C 

5.46 kip.ft 
1.46 kips 

8.74 kip·ft 

O.l8T 

4C 

\ 	 13.09 kip·ft 
1.098 kips 	 I 

9.82 kip·ft 	 I 

l.36T 	 I 
. I 

I 

31.62 kip.ft 52.75 kip·ft I 

Iaxis of . 
I symmetry 

.4T I 
tL 

7.27 kips Figure 15.31:. Summary of cantilever analysis. 
Arrows indicate the direction of the forces acting 

~ 21.8 kip.ft ~ 58.19 kip·ft 

2.73 kips 

on the ends of members. Axial Jorceslabeled 
with a C for compression and a T for tension . .All 

4 kips 2.67 kips forces in kips; all moment in kip-ft. . 

1& 

Summary 

• 	 Since it is difficult to avoid mistakes when analyzing highly 
indetenninate structures with many joints and members, designers 
typically check the results of a computer analysis (or occasionally 
the result oian analysis by one of the classical methods previously 
discussed) by making an approximate analysis. In addition, during 
the initial design phase when the.Plember proportions are established, 
designers use an approximate. analysis to estimate the design forces 
to enable them to select the initial proportions of members. 

• 	 This chapter covers several of the most common methods used to 
make an approximate analysis. As designers acquire a greater 

21.28 kip·ft 

4C 
8kips--~::~~==============~~~~~*=~======~ 

• 
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understanding of structural behavior, they will be able to estimate 
forces within 10 to 15 percent of the exact values in moststructures 
by using a few simple computations. 

• A simple procedure to analyze a continuous structure is to estimate 
the location of the points of inflection (where the moment is zero) 
in a particular span. This permits the designer to cut out a free-body 
diagram that is statically determinate. To help locate points of 
inflection (where the curvature changes from concave up to concave 
down), the designer can sketch the deflected shape. 

• Force in the chords and the diagonal and vertical members of 
continuous trusses can be estimated by treating the truss as a 
continuous beam. After the shear and moment diagrams are 
constructed, the chord forces can be estimated by dividing the 
moment at a given section by the depth of the truss. Vertical 
components of forces in diagonal members are assumed to be equal 
to the shear in the beam at the same section. 

• The classical methods for approximate analysis of multistory frames 
for lateral wind loads or earthquake forces by the portal and cantilever 
are presented inSections 15.9 and 15.10. 

··,I··..·P.·R.QJ?,.~..~,ry.!.$....;.........:.... ~..............................................................;....................................................................................................... 

P1S.I.Use an approximate analysis (assume the loca- PlS.2. Guess t~e location of the points of inflection in 

. tion of a point of inflection) to estimate the moment in each span in Figure P15.2. Compute the values of mo­
the beam at support B (Fig. PI5.I). Draw the shear and ment at supports B and C, and draw the shear and moment 
moment curves for the beam. Check results by moment diagrams. El is constant. 
distribution or use the RISA computer program. El is 
constant. Casel:Ll 6m 

Case 2: LI = 9 m 

• 

P15.1 

• 

Check your results by using moment distribution. 

20kN 

• • 

P15.2 
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P1S.3. Assume values for member end moments and 
compute all reactions in Figure PIS.3based on your 
assumption. Given: EI is constant. If IBG = 8IAB, how 
would you adjust your assumptions of member end 
moments? ... . 

c 

12kN/m 

r 
6m 

L 
I-~---- 9 m ------I 

P15.3 

P1S.4. Assuming the location of the point of inflection 
in the girder in Figure PIS.4, estimate the moment at B. 
Then compute the reactions atA and C. Given: EI is con­
stant. 

24 kips 

r 
15' 

L 

P15.4 

\ 

.- - • • 
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P1S.S. Estimate the moment in the beam in Figure 
PIS.5 at support C and the maximum positive moment in 
span BC by guessing the location of one of the points of 
inflection in span BC. 

12 kips 24 kips 24 kips 12 kips 

JrW'~ii,,;·t'\~!";~;;~E 

-J 3' 8,-i-8,-i-S,-I-s,-J 3'\..­

P15.5 

P1S.6. Estimate the moment at support C in Figure 
P15.6. Based on your estimate, compute the reactions at 
Band C. 

24kN 

A B 

~3m-¥--------

P15.6 

P1S.7. The beam is indeterminate to the second 
degree. Assume the location of the minimum number of 
points of inflection required to analyze the beam. Com­
pute all reactions and draw the shear and moment dia­
grams. Check your results,tIsing moment distribution. 

P15.7 
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PIS.S. The frame in Figure P15.8 is to be constructed 
with a deep girder to limit deflections. However, to sat­
isfy architectural requirements, the depth of the columns 
will be as small as possible. Assuming that the moments 
at the ends of the girder are 25 percent of the fixed-ended 
moments, compute the reactions and draw the moment 
curvef'or the girder. 

P =10 kips 

1 
18' 

PlS.9. The cross sections of the columns and girder of 
the frame in Figure P15.9 are identical. Carry out an ap­
proximate analysis of the frame by estimating the loca­
tion of the points of inflection in the girder. The analysis 
is to include evaluating the support reactions and draw­
ing the moment curves for column AB and girder Be. 

P 38kN 

W= 3.6kN/m 

B~~~~~~~~ 1 
Sm 

A .....l 

20 m --+f.o-- 20 m ---l 

P15.9 

P15.8 

PlS..lO., 'Carry out an approximate analysis of the truss in Figure P15.1O by treating it as a continuous beam of con­
stant cross section. As part of the analysis, evaluate the forces in members DE and EF and compute the reactions at 
A andM. 

P15.10 

PIS.H. 'Use an approximate analysis of the continuous truss in Figure Pl5.lI to determine the reactions at A and 
B. Also evaluate the, forces in bars a, b, c, andd. Given: P = 9 kN. 

p p 
2 P P P PP P P PP P P P P P P P P 2 

• 


b 

1..--6 @ 3 m = 18 m--+---6 @3m 18 m-.;.-- ­

m 

P15.11 

• 
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PlS.12. Estimate the deflection at midspan of the truss in Figure P15.12, 
treating it as a beam of constant crosssection. The area of both the top 
and bottom chords is 10 in2• E = 29,000 ldps/in2. The distance between 
the centroids of the top and bottom chordsequals 9 ft. 

I+--~--------- 10 @ 12' = 120' --~-----"I 

P1S.12 

PlS.13. Detennine the approximate values of force in 
each member of the truss in Figure P15.13. Assume that 
the diagonals can carry either tension or compression. 

D C 

1
60 kips -~~~::::=::::=~ 

j 
15' 

P15.13 

"i1!u='1 
I 9' 

I j-dJllb . 
\ 


A= lOin2 


Section A-A 

PlS.14. Detennine the approximate values of bar force 
in the members ofthetruss in Figure P15.14.for the fol­
lowing two cases. . 

(a) Diagonal bars are slender and can carry only 
tension. 

(b) Diagonal bars do not buckle and may carry either 
tension or compression. 

3 kips 6 kips 6 kips 6 kips 6 kips 6 kips 3 kips I 
, 

I 

I 

_ __-,. I1---....,...--- 6 @ 10' =60' -----I 

P15.14 
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PIS.IS. (a) All beams of the frame in Figure P15.15 
have the same cross section and carry a uniformly dis­
tributed gravity load of 3.6 kip sift. Estimate the approx­
imate value of axial load and the moment at the top of 
columns AH and BG. Also estimate the shear and moment 
at each end of beams IJ and JK. (b) Assuming that all 
columns are 12 in square (I = 1728 in4) and the moment 
of inertia of all girders equals 12,000 in\ carry out an 
approximate analysis of the second floor by analyzing 
the second-floor beams and the attached columns (above 
and below) as a rigid frame. 

IS' 

A :1 ~ 

I-- 20' .1. 24' ,I. 20'----1 

P15.15 

PIS.16. (a) Use an approximate analysis to compute 
the reactions and draw the moment curves for column 
AB and girder BC in Figure P15 .16. (b) Repeat the com­
putations if the base of the columns connects to hinged 
supports at A and D. El is constant for all members. 

10kN 

1 
5m 

J 
1~'-------15m------~,1 

P15.16 

PIS.17. Using an approximate analysis of the Vieren­
deel truss in Figure P 15.17, detennine the moments and 
axial forces acting on free bodies of members AB, BC, 
lB, andHC. 

40 kips 40 kips 40 kips 

F 

D 

1 

10' 

j 

I. 4 @ IS' =60' .1 

P15.17 

PIS.IS. Determine the end moments and axial force in 
each member of the Vierendeel truss in Figure P15.l8 
using an approximate analysis. EI is constant for all 
members. 

r 
60 kips 60 kips 

I--- 20' , I. 20,-----+01-- 20'------l 

P15.18 
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PlS.19. Determine the moments and axial forces in 
the members of the frame in Figure P15.19, using the 
portal method. Compare the results with those produced 
by the cantilever method. Assume the area of the inte­
rior columns is twice the area of the exterior columns. 

4 kips 
p 0 N 

~I K L 

H G F E 

1 ~ '" 18 'lie iIIi
c 

!ji 

I 
12' 

8 kips -t 
l' 
12' 

6 kips 

16' 

D 
il!!l 

~ 15,----11--.- 15' .1. 15' ----l 
P15.19 

Problems 631 

PlS.20. Analyze the three-story frame in Figure P15.20 
by the portal method. Repeat the analysis using the can­
tilever method. Assume the area of the interior columns, 
is twice the area of the exterior columns. Assume the 
baseplates connecting all column!; to the foundations can 
be treated ,as a pin support. 

0 N 

32kN 

12kN P-',-,
K... 

.' .~.., , 

12kN· 
' . 
',.,., ., 

, \.1 
B 

=r4~FfJ' 
6m 

A E 

1..-10 16m 1Om-l 

P15.20 
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Ere~iOnof the three"dimensional space truss used to support a 150-ft-diameter (ALTAIR) radar antenna. A 
computer program using arnatrix formulation was used by the firm of Simpson, Gumpertz and Heger, Inc., 
to analyze this complex stru~urefor a 'variety of static and dynamic loading conditions. 

• 




Introduction to the 
General Stiffness Method 
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This chapter provides a transition from classical methods of hand analysis, 
such as the flexibility method (Chapter 11) or slope-deflection method 
(Chapter 12), to analysisbycomputer,which follows a. s~tQfl?rogrammed 
instructions. Before computersfrrst became available in the 1950s,teams 
ofengineers could require several months to produce.an approximate analy­
sis of a highly indeterminate three-dimensional space frame. TodaY,how­
ever, once. the engineer specifies joint coordinates, type of joint (such as 
pinned or fixed), member properties, and the distribution ofappUed loads, 
the computer program can produce an exact analysis within minutes. The 
computer output specifies the forces· in all members, reactions, and the 
displacement components of joints and supports. 

Although sophisticated computer programs are now available to ana~. 
lyze the most complex structures composed of shells, plates, and space 
frames, in this introductory chapter we will limit the discussion to planar 
structures (trusses, beams, and frames) composed of linear elastic mem­
bers. To minimize computations and clarify concepts, we will only con­
sider structures that are kinematically indeterminate to the first degree. 
Later in Chapters 17 and 18, using matrix notation, we extend the stiff­
ness method to more complex structures with multiple degrees of kine­
matic indeterminacy. . 

.To set up the analytical procedures used in a computer analysis, we 
will use a modified form of the slope-deflection method-a stiffness 
method in which equilibrium equations at joints are written in terms of 

• 
 ............. - • .............. - • • 


http:produce.an


•...... 

634 .Chapter 16 Introduction to the General Stiffness Method 

. - • 


unknown joint displacements. The stiffness method eliminates the need 
to select redundants and a released structure, as discussed in Chapter 11. 

We begin the study of the stiffness method in Section 16.2, by com­
paring the basic steps required to analyze a simple indeterminate, pin­
connected, two-bar system by both the flexibility and stiffness methods. 
Next, we extend the stiffness method to the analysis of indetenninate 
beams, frames, and trusses. The chapter ends with a brief review of matrix 
operations, which provide a convenient fonnat for programming the com­
putations required to analyze indeterminate structures by computers. 

................................................... u
'6'n~,:".~;'~;i,~:t~~~~............................~.....~~.~..... u ••• u •••• ~ •••• u ..................... 


EJ ~i?t~~ Comparison Between Flexibility and 

Stiffness Methods 


The flexibility and stiffness methods represent two basic procedures that 
are used to analyze indeterminate structures. We discussed the flexibility 
method inCh,1J.pter 11. The slope-deflection method, covered in Chapter 
12, is a stiffness fonnulation. . 

In thi;! flexibility method! w~ write compatibility equations in tenris'of 
unknown redundantforces. In the stiffness method, we write equilib.rium 
equations in tenns of unknown joint displacements. We will ili~stnitethe" 
main characteristic of each method by analyzing the two-bai.strllcturein 
Figure 16.1a. In this system, which is statically indetermimiieto'thefll'st·· .. 
degree, the axially loaded bars connect to a center support that is free to 
displace horizontally but not vertically. In this structure, joints are desig­
nated by a number in a square, and members are identified by a number 
in a circle. 

Flexibility Method 

To analyze the structure in Figure 16.1a, we select the horizontal reac­
tion PI at joint 1 as the redundant. We produce a stable determinate 
released structure by imagining that the pin at joint 1 is replaced by a 
roller. To analyze the structure, we load the released structure separately 
with (1) the applied load (Fig. 16.1b) and (2) the redundant PI (Fig. 16.1c). 
We then superimpose the displacements at joint 1 and solve for the 
redundant. 

Since support 3 in the released structure is the only support able to 
resist a horizontal force, the entire 30-kip load in Figure 16.1b is trans­
mitted through member 2. As member 2 compresses, joints 1 and 2 dis­
place to the right a distance ~10' This displacement is computed by Equa­
tion 10.8. See Figure 16.1a for member properties. 

.......... - • • • 
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1<1. , 

(c) 

_P=30kips 
F j .:;;;... F2 

(d) 

6. - F20L2 (16.1)
10 - A2E2 

-30(150) 

0.6(20,000) 

3.= --m 
8 

where the minus sign indicates that 6.10 is opposite in direction to the 
redundant. 

We now apply a unit value of the redundant to the released structure 
(Fig. 16.1c) and use Equation 16.1 to compute the horizontal displace­
ment 811 due to the elongation of bars 1 and 2 . 

Figure 16.1: Analysis by the flexibility method: 
(a) details of the structure; (b) design load applied 
to the released structure; (c) redundant F[ applied 
to the released structure at joint 1; (d) forces act­
ing on support 2. 

•• ~':O' ..... _ •••:0. ..... _ •• ~':O' ..... _ ••.-.:0. ..... _ 
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FuLl F2lL2--+--
AIEl A2E2 (16.2) 

1(120) 1(150) 

1.2(10,000) + 0.6(20,000) 

0.0225 in 

To determine the reaction FJ, we write an equation of compatibility 
based on the geometric requirement that the horizontal displacement at 
support 1 must be zero: 

ill = 0 (16.3) 

Expressing Equation 16.3 in terms of the displacements yields 

AIO + 8 11FI = 0 (16.4) 

Substituting the numerical values of illO and 811 into Equation 16.4 and 
solving for F l , we compute 

~ 

ji'l= 81t = 0.0~25 = 16.67 kips 

To compute F2, we consider equilibrium in the horizontat.direction of the 
center support (Fig. 16.1d). 

-H . ':£F.y = 0 

30 - FI - F2 = 0 

F2 = 30 - FI = 13.33 kips 

The actual displacement of joint 2 can be found by computing either the 
elongation of bar 1 or the shortening of bar 2. 

FILl 16.67(120) . 
ilLI = AIEl 1.2(10,000) = 0.167 m 

13.33 (150) . 
A E = 0.6(20,000) = 0.167 m 

2 z 

Stiffness Method 

The structure in Figure 16.1a (repeated in Fig. 16.2a) will now be rean­
alyzed by the stiffness method; Since only joint 2 is free to displace, the 
structure is kinematically indeterminate to the first degree. Under the 
action of the '30-kip load in Figure 16.2b, joint 2 moves a distance A2 to 
the right. Since compatibility of deformations requires that the elonga­
tion of bar 1 equal the shortening of bar 2, we can write 

ALI = ilLz = A2 (16.5) 
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I~ 

OJ 
, 

ill 
FI 

I 

Fz 
Al 5.6 in2 

Ez =20,000 lcips/in2 
, 

I..-- LI = 120" .1. L l = 150" 

(a) 

I~ 
' 

OJ 
A z t1 P=30kips 

Fj Fl 

(b) 

(e) 

I~ , 

OJ CD A = 1" t1 Kl =180 kips @ 
II =100 kips 

.. 
(d) 

Figure 16.2: (a) Structure kinematically inde­
[IJ-P=30kips 

terminate to first degree; (b) deflected position of 1006.2 kips ,. ~ 80Az kips 
loaded structure; (c) free body of joint 2; 
(d) forces produced by a unit displacement of 

(e). joint 2; (e) free body of center support. 

Using Equations 16.1 and 16.5, we express the forces in each bar in tenns 
of the displacement of joint 2 and the properties of the members. 

(16.6) 

• ••4. .... _ 
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Horizontal equilibrium of joint 2 (see Fig. 16.2c) gives 

~Fx::;:: 0 (16.7) 

30 ~ FI - F2 ::;:: 0 

Expressing the forces in Equation 16.7 in terms of the displacement a2 
given by Equation 16.6 and solving for a2 give 

30 - 100 a2 - 80 a2 ::;:: 0 (16.8) 
A I .
U2::;:: (lIn 

To establish the bar forces, we substitute the value of'a2 above into 
Equation 16.6. 

FI ::;:: 100 a2 ::;:: 100(~) ::;:: 16.67 kips 
(16.9)

F2 ::;:: 80 a2 ::;:: 80m::;:: 13.33 kips 

Equation 16.8 can also be set up in a slightly different way. Let us 
introduce a unit displacement of 1 in at joint 2, as shown in Figure 16.2d. 
Using EquatIon 16.1, the force K2 required to hold the joint in this posi­
tion can be computed _by summing the forces needed to elongate bai:1 
and .compress bar 2 by lin. 

AIEl A2E2
K2 ::;:: - (1 in) + -- (1 in) (16.10)-'.'­

LI L2 

::;:: .180 kips/1 in 

Since the actual displacement of joint 2is not 1 inbut a2, we must multi­
ply all forces and deflections (Fig. 16.2) by the magnitude of a2, as indi­
cated by the symbol in brackets to the right of joim 3. For the block to be 
in equilibrium, the magnitude of a2, the displacement of joint 2, must be 
large enough to develop only 30 kips of resistance. Since the restraining 
force exerted by the bars is a linear function of the displacement of joint 2, 
the actual joint displacement a2can be determined by writing the equilib­
rium equation for forces in the horizontal direction at joint 2 (Fig. 16.2e) . 

. -++ ~F x ;, 0 

-!I :Ll2 - !2 a2 + 30 ::;:: 0 

Substituting!1 ::;:: 100 kips and!2 == 80 kips gives 

-100 a2 ~ 80 a2 ::;:: -30 

A 30 1 . 
and U2-= -.-. ::;:: -In 


180 6 


The quantity K2 is called a stiffness coefficient. If the two bars are 

treated as a large spring, the stiffness coefficient measures the resistance 

(or stiffness) of the system to deformation. 
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Section 16.3 Analysis of an Indeterminate Beam by the General Stiffness Method 639 

Most computer programs are based on the stiffness method. This 
method eliminates the need for the designer to select a released structure 
and permits the analysis to be automated. Once the designer identifies the 
joints that are free to displace and specifies the joint coordinates, the com­
puter is programmed to introduce unit displacements and to generate the 
required stiffness coefficients, set up and solve the joint equilibrium equa­
tions, and compute all reactions, joint displacements,and member forces. 

·· ..·;;1:~ll;:....A~~i;~·i~..~f··~·~· ..I·~·d~t~;;i~~t~..B~~;"by'th~'''''''''''''''''''''''' 
General Stiffness Method 

In the example in Figure 16.3 we extend the general stWhessmethod to 
the analysis of an indeterminate beam-a structural element whose defor­
mations are produced by bending moments. This example will also pro­
vide the background for the analysis of indeterminate frames (with the 
matrix formulation, covered in Chapter 18). As you will observe, the 
method utilizes procedures and equations previously developed in Chap­
ters 12 and 13, which introd4ced the slope-deflection and moment dis­
tribution methods. 

Figure 16.3a shows a continuous beam of constant cross section. 
Since the only unknown displacement of the continuous beam is the rota­
tion ()2 that occurs at joint 2, the structure is. kinematically indeterminate 
to the first degree (Sec. 12.6). 

As the first step in the analysis, before loads are applied, we clamp 
joint 2 to prevent rotation, thereby producing two fixed-end beams (Fig. 
16.3b). Next we apply the IS-kip load, which produces fixed-end moments 
FBM12 and FEM21 . Using Figure 12.5a to evaluate these moments gives 

PL 15(16)
FEMI2 = -8 = --8- = -30kip·ft 

PL 15(16) . 
FEM21 = 8= 8 = 30 kip-ft 

We will arbitrarily adopt the previous sign convention used in Chapters 
12 and 13; that is, clockwise moments and rotations at the ends o/members 
are positive, and counterclockwise moments and rotations are negative. 

Figure 16.3c shows the forces on a free body of joint 2. Since no 
loads act on the 8-ft span at this stage, it remains unstressed and applies 
no forces to the right side of joint 2. 

To account for the rotation 82 that occurs in the actual beam (Fig. 
16.3d), we next, in a separate step, induce a unit counterclockwise rota­
tion of -1 rad at joint 2 and Clamp the beam in its deflected position. 
This rotation produces member end moments that can be evaluated using 
the first two terms of the slope-deflection equation (Eq. 12.16). We will 

............. ­
'.:1............
- • • • • 




tangent at 2 

\-1,.---- LAB = 16' -----.j.I....- LBC = 8' ~ 
(a) 

FEM12 = -30 kip·ft FEM11 = 30 kip·ft
I. 16'· .1. 

Case 1 
(b) 

+ 

8' -----I 

Case II II 
(d) 

32.5 

clamp .\ )M2 =30 kip.ft 

/(~ join" 

FEM21 =30 kip·ft 

(c) 

B=-1 radian 
\ 

MjP(~K)~ 
............ M1PB
 

2 

joint 2 

(e) 

~=,."..."""------' moment diagram 
(kip.ft) 

-35 
(j) 

) lOkip.ft 

8.438 kips 3.75 kips 

10.312 kips 

(g) 

Figure 16.3 
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denote these moments with the superscript JD, which stands for a joint dis­
placement, in this case, a joint rotation. Since the unit rotation is counter­
clockwise, all the moments produced by it are negative. 

In span 1-2 

2EI 2EI EI 
MW = T [2(0) + (-I)J = 16 [0 + (-1)] = -8 (16.11) 

2EI 2EI EI 
MW=T[2(-1) +0] =16[2(-1) +0] = -4 (16.12) 

In span 2-3 

2EI 2El· .. EI 
M1~ = L [2(-1) + 0] =8 (-2) = -2 (16.13) 

2EI 2El EI 
M~~= L [2(0)+(-I)J=8(-I)=-4 (16.14) 

From the free-body diagram of joint 2 shown in Figure 16.3e, we 
observe that the moment Kz (the stiffness coefficient) applied by the 
clamp to maintain the unit rotation equals the sum of MW + M~ (given 
by Eqs. 16.12 and 16.13); that is, 

EI + (_ El) = _ 3El (16.15)
4 2 4 

Since the behavior is linearly elastic, to establish both the actual defor­
mation and the member end moments, we must multiply the unit rotation 
and the moments it produces (Fig. 16.3d) by the actual rotation ()2' We 
denote this operation by showing ()2 in brackets to the left of the fixed 
support at joint 1. 

Since no external moments or a clamp exist at joint 2 in the real 
beam, it must follow that M2 in Figure 16.3c equals ()2K2 in Figure 16.3e; 
that is, for the joint to be in equilibrium 

0+ '2Mz = 0 
(16.16) 

30 + K:lJ2 == 0 

Substituting the value of K2 given by Equation 16.15 into Equation 16.16 

gives 


30 - =0
4 

Solving for O2 gives 

40 


92 = EI radian (16.17) 

•
• ........... - • ............ ­
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-10 kip·ft 

Once e2 is determined, the member end moments can be evaluated by 
superposition ofthe cases shown in Figures 16.3b and d. For example, to 
evaluate the moment in the beam just to the leftof joint 2, we write the 
following superposition equation, substituting into Equation 16.18 the 
value of M~Y given by ;Equation 16.12 and ()2 given by Equation 16.17; 
we find 

M21 = FEM21 + M!Jfe2 (16.18) 

M21 = 30 + ( - ~I) (~~) = 20 kip·ft clockwise 

At fixed support (joint 3), 

M32 = 0 +M~~e2 = 0 + (-~) (~~) = 

where the minus sign indicates that the direction for M32 is counter­
clockwise . 

. After the member end moments are computed, shear forces and reac­
,dOllS can be .calculated by using free-body diagrams of each beam. The 
·complete moment diagram is shown in Figure 16.3/ The final reactions 
·are shown in Figure 163g.· 

Summary of the General Stiffness Method 

The analysis of the continuous beam in Figure 16.3a is based on the super­
position of two cases. In case 1, we clamp all joints that are free to rotate 
and apply the design load. The design load creates fixed-end moments in 
the beam and an equal moment in the clamp. Had there been loads on both 
spans, the moment in the clamp would have been equal to the difference 
of the fixed-end moment acting on the center joint. At this point the.struc­
ture has absorbed the load; however, the joint has been restrained by a 
clamp and not allowed to rotate . 

. To eliminale the clamp, we must remove it and allow the joint to 
rotate. This rotation will produce additional moments in the members. 
We are primarily interested at this stage in the magnitude of the moments 
at the ends of each member. Since we do not know the magnitude of the 
rotation, in a separate case 2, we arbitrarily introduce a unit rotation of 1 

· radian and clamp the beam in the deflected position. The case 2 clamp now 
applies a moment, termed a stiffness coefficient, which holds the beam in 
the rotated position. Since we have induced a specific value of rotation 
(that is, 1 rad), we are able to compute the moments atthe ends of each 
member by using the slope-deflection equation. The moment in the 
clamp is computed from a free body of the joint. If we now multiply the 
forces and displacements in case 2 by the actual magnitude of the joint 
rotation 82, all forces and displacements (including the moment in the 

••.•4. .... _ ••.•4. .... _ ............ ­
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clamp and the rotation at joint 2) wHI be scaled down proportionally to 
the correct value. Since no clamp exists in the actual beam, it follows that 
the sum of the moments in the clamp from the two cases must equal zero. 
Accordingly the value of 82 can now be determined by writing an equi­
librium equation that states the sum of the moments in the clamp, from 
case 1 and case 2, must equal zero. Once 82 is known, all forces in case 
2 can be evaluated and added directly to those of case 1. 

Analyze the rigid frame in Figure 16.4a by the general stiffness method. 
El is constant. 

Solution 
Since the· only unknown displacement is the rotation 82 at joint 2, the 
frame is kinematically indeterminate to the first degree; therefore, a solu­
tion requires one joint equilibrium equation, written at joint 2. In the first 
step, we imagine a clamp is applied to joint 2 that prevents rotation and 
produces two fixed-end members (Fig. 16.4b). When the design loads are 
applied, fixed-end moments develop in: the girder but not in the column 
because the clamp prevents rotation of the top of the column. Using the 
equation given in Figure 12.5c, these fixed-end moments in the beam are 

2PL 2(24)(18)
± = ± = ±96kN-m (1)

9 9 

Figure 16.4c shows a detail of the fixed-end moments acting on a free 
body of joint 2. 

We next introduce a clockwise unit rotation of 1 rad at joint 2 and 
clamp the joint in the deflected position. The moments produced by the 
unit rotation are superscripted with a JD (for joint displacement). Since 
we want the effect of the actual rotation 82 produced by the 24-kN loads, 
we must multiply this case by 82, as indicated by the symbol 82 in brack­
ets at the left of Figure 16.4d. We express the moments induced by the 
unit rotation at joint 2 in terms of the member properties, using the slope­
deflection equation (Eq. 12.16). Since no loads act between the ends of 
the members and since no support settlements OCCur for this case,the 
terms ifJNF and FEMNF in Equation 12.16 equal zero, and the slope­
deflection equation reduces to 

(2) 

Using Equation 2, we next evaluate the member end moments pro­
duced by the unit joint rotation. 

I 
I 

EXAMPLE 16.1 

[continues on next page] 
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18kN 

Example 16.1 continues . .. 
24kN 24kN 

r-~@ 6m---+lI£l, 

----­ 1 
6m 

J 
}<I------- 18 m 

(a) 

24kN 24kN 96kN·m

l l W~~~~DM'~~,) ~) (-96kN~------- ---+96kN.m 
96kN·m 

(e) 

+
(b) 

+ 

-----­

M JD'-..I (d)
12 

24kN 24kN 

l~P=~==~====~==~==~~=H1~18kN 
108kN·m 

26kN 

(e) 

36kN.m4 

22kN 
<I) 

Figure 16.4 
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ID 2El 
M12 = (5 (0 + 1) 

El 
3 (3) 

2EI 2EI 
M~? =-[2(1) + 0] =­

6 3 
(4) 

MID _ 2El [ () 0] _ 2El 
23- 18 21 + -9 (5) 

ID 2El EI 
M32 = 18 [2(0) + 1] = 9 (6) 

The total moment K2 applied by the clamp equals the sum of the 
moments applied to the ends of the beams framing into joint 2 (Fig. 16.4e). 

K2 = M~? + M~~ 

(7) 

For the clamp to be removed, equilibrium requires that the sum of the 
moments acting on the clamp at joint 2 (Fig. 16.4c and e) equal zero. . 

c+ 2-M2 = 0 

(8) 

Substituting the value of K2 given by Equation 7 into Equation 8 and 
solving for O2 give 

8El 
902 - 96 0 

108 
(9)Oz = El 

To establish the magnitude of the moment at the end of each mem­
ber, we superimpose the forces at each joint shown in Figure 16.4b and 
d; that is, we mUltiply the values of moment due to the unit rotation (Eqs. 
3,4,5, and 6) by the actual rotation Oz and add any fixed-end moments. 

M12 = 02M{~ = 108 (EI) = 36 kN.m clockwise 
El 3 

10 108 (2El)MZl = 02 M2l = El 3 = 72 kN-m clockwise 

counterclockwise 

clockwise 
[continues on next page] 
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Example 16.1 continues . .. The remainder of the analysis is carried out using free-body diagrams 
of each member to establish shears and reactions. The final results are 
summarized in Figure 16.4f 

smw?VZW tWikW 

EXAMPLE 16.2 


Figure 16.5: (a) Details of structure; (b) joint 1 
dispJaced 1 in to the right and attached to imagi­
nary support; (c) forces at joint 1 produced by a 
I-in horizontal displacement. 

(a) 

The pin-connected bars in Figure. 16.5a are connected at joint 1 to a 
roller support. Determine the force in each bar and the magnitude of the 
horizontal displacement ~x of joint 1 produced by the 60-kip force. Area 
of bar 1 = 3 in2, area of bar 2 = 2 in2, and E = 30,000 kips/in2. 

Solution 
We first displace the roller 1 in to the right and connect it to an imaginary 
pin support (Fig. 16.5b) that develops a reaction of KI kips to hold the joint 
in its new position. Because the horizontal displacement of joint 1, shown 
to an exaggerated scale in Figure 16.5b, is very small compared to the 
length of the bars, we assume its slope remains 45° in the deflected posi­
tion. To establish the elongation of bar 1, we mark its original unstressed 
length on the displaced bar by rotating the original length about the pin at 
joint 3. Since the end of the unstressed bar moves on the arc of a circle, 
from point A to B, the initial displacement of its end is perpendicular to the Ioriginal position of the bar's axis. Since we require the bar forces due to 
the actual displacement, which is a fraction of an inch, we multiply the I 
forces and displacements shown in Figure 16.5b by ~x. 

From the geometry of the displacement triangle at joint 1 (Fig. 16.5b), 
we compute ~Ll: 

~Ll = (1 in)(cos 45) = 0.707 in 

F) =353~ kips . . ,tF1Y = 249.725 kips 

Fix = 249.725 kips ..... - -' 

F2 =500 kips " A II K) = 749.725 kipsl1" 

~ 

• 


249.725 kips 

(c) 

• • • .......... ­

(b) 
imaginary 

support 
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With the elongation of each bar established, we can use Equation 
16.1 to compute the force in each bar. 

ALl AlE . 

FI == Ll == 0.707(3)(30,000) = 353.5 kips 


. fl.LAE 
Fz = ~2 2 = 1 (2) (30,000) 500 kips 

We then compute the horizontal and vertical components of F l ­

Fl;c = Fl cos 45 = 353.5(0.707) = 249.725 kips 

Fix = Fj sin 45 = 353.5(0.707) = 249.72 kips 

To evaluate K\> we sum forces applied to the pin (Fig. 16.5c) in the hor­
izontal direction. 

'2.Fx = 0 

K I - Fix - F2 = 0 

KI = FIx + F2 = 249.725 + 500= 749.725 kips/l" . 

To compute the actual displacement, we multiply the force Kl in Figure· 
16.5c by .Ax, the actual displacement. 

Kl Ax=60 kips 

749.725 .Ai = 60 

Ax = 0.08 in 
,..,.,.... "iilWIWlftl......_____ '1 ""' _ __... ,.. ""' 'l ......... .............__~~~____ ~I_~!IWt1WDm'l1'1
__......._ ' ........__........ :liI__......___...!'I~!£lr"'__ IIIJ: ... ""''''''aa__ 


Comparison Between the Analyses of Trusses and Beams 
by the General Stiffness Method 

The analysis of trusses by the general stiffness method differs slightly from 
the analysis of beams and frames. In the analysis of a beam or frame, we 
have seen that the flrst step is to transfer the effect of loads applied between 
ends of a member to moments at the end of clamped joints, in order to write 
joint eqUilibrium equations. This step is not required in the analysis of 
trusses because loads are applied only at joints. In the case of the truss ana­
lyzed in Figure 16.5, which was only free to displace in the horizontal direc­
tion, it was only necessary to introduce a single unit (I-in) horizontal dis­
placement and to compute the associated force K1• required to hold the 
stretched structural system in its displaced position. Force Kj was evaluated 
by writing an equilibrium equation summing forces or components of forces 
in the x direction. To compute the actual displacement .Ax. when behavior is 

• 
 ........... - • • ........... - • 




• • • 

648 Chapter 16 Introduction to the General Stiffness Method 

PLE 16.3 


. linearly elastic, we basically set up a proportion: Klo the resultant force, is 
to 1 in as 60 kips, the actual force, is to the actual deflection /lx' i-

K j 60 
-=- where Kl =2:.Fx1 in /lx 

/l = (60)(1 in)
and 

x Kl 

If a truss joint has two degrees of freedom, unit displacements and equi­

librium equations are required in both the horizontal and vertical directions. 


Analyze the rigid frame in Figure 16.6a by the general stiffness method. 

Solution 
The rigid frame in Figure 16.6a is kinematically indeterminate to the 
third degree because joints 2 and 3 can rotate and the girder can displace 
laterally. However, because the . structure and load are symmetric with 
respect to a vertical axis through the center of the frame, the deflections 
form a symmetric pattern. Therefore, rotations O2 and ()3 of joints 2 and 
3 are equal in magnitude,and no lateral displacement of the frame occurs. 
These conditions permit a solution based on a single equilibrium equa­
tion, arbitrarily written at joint 2. 

We begin the analysis by clamping joints 2 and 3 to prevent rotation 
(Fig. 16.6b), and we apply the design load, producing fixed-end moments 
in the girder where 

PL 20 
FEM = ::!: = ::!: -- = ±90 kip·ft (1)

8 8 

Figure 16.6c shows the moments acting on joint 2 from the beam and 
column as well as the clamp (shear forces are omitted for clarity). 

We next introduce simultaneously rotations of 1 rad clockwise at joint 
2 and -1 rad counterclockwise at joint 3, and we clamp the joints in the 
deflected position (Fig. 16.6d). The moments in the girder and columns at 
joints 2 and 3 produced by the rotations are identical in magnitude but act 
in opposite directions. Using the first two terms of the slope-deflection ." 
equation at joint 2, we compute the moments at the left end of the girder i'~' 
and the moments at the top and bottom of the left column. 

MIJ? = ~: [2(1) + (-1)] = ~~ (2) 

EIM~? = 21~ [2(1) + 0] 
3 

(3) 

•
•••:0. .... _ 



20 kips 	 Figure 16.6: (a) Details of frame; (b) design 
load applied to restrained frame, (c) forces at18'~ 

1 
joint 2; (d) unit rotations introduced at joints 2 
and 3; (e) forces at joint 2; (f) final values of 
reactions; (8) moment diagrams for members 1 
and 2. 

1-1.---- 36'-----1 

(a) 

FEM23 =90 kip.ft 20 kips 	 M2 =90 kip·ft 

\ G~) 
90 kip·ft 

(c) 

(b) 

+ 	 + 

MJD MJD 7E[K2= 21 + 23 =­. ~ 18 

(~]]!]::i::J M JD 

23 

[821i~':) (cj 
~.MiP 
--4t~ 

X,...I (d) 	 (e)
MJD 

12 
II 

102.86 kip.ft20 kips 

77.14 kip.ft m 
2"'~' 

... ...••. 77.14 kip.ft 77.14 kip·ft 
..:;[]9.64 kips .•/VfY9.64 kips !

38.57 kip·ft 

38.57 kiP.ft~ ~38.57 kip.ft 
(g)


10 kips 10 kips 


(f) 

[continues on next page] 
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Example 16.3 continues . .. EI 
M{R = ~~ [2(0) + 1J 6 

(4) 

The momentKzexerted by the clamp at joint 2 (Fig. 16.6e) equals the 
sum of the applied moments at joint 2. 

C+ 'kM2 = 0 (5) 

Kz = M~? + M~~ (6) 

Substituting Equations 2 and 3 into Equation 6 gives 

EI EI 7EI 
Kz = 3 + 18 = -1-8 (7) 

To establish the moment produced by the actual rotation, we multiply all 
forces and displacements in Figure 16.6d byfh. 

Since the sum of the moments acting on the clamp at joint 2 in Fig­
ures 16.6c and e must equal zero, we write the equilibrium equation 

c+ 'kM2 = 0 

(J'lK2 - 90 0 (8) 

Substituting the value ofK2 given by Equation 7 into Equation 8 gives 

(}7EI = 90 
z 18 

(9) 

The final moment at any section is computed by combining moments at 
corresponding sections in Figure 16.6b and d. . 

At joint 2 in the girder, 

M23 = FEMz3 + 82M~~ 

231.42 (EI) .= -90 + -m 18 = -77.14 kip·ft counterclockwise 

From symmetry, 

M 32 = M 23 == 77.14 kip·ft clockwise 

JD 231.42 (EI) . 
M21 = ()2 M 21 = -m '3 = 77.14 kip·ft clockwise 

JD 231.42 (EI) = 38.57 kip.ft clockwiseM12 = 82M 12 EI 6 

Final results are shown in Figure 16.6fand g . 

• • .......... - • • ........ 
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Summary 

The general stiffness method introduced in this chapter is the basis 

of the majority of computer programs used to analyze all types of 

determinate and indeterminate structures including planar structures 

and three-dimensional trusses, frames, and shells. The stiffness 

method eliminates the need to select redundants and a released 

structure, as required by the flexibility method. 


• 	 In the general stiffness method, joint displacements are the unknowns. 
With all joints initially artificially restrained, unit displacements 
are introduced at each joint and the forces associated with the unit 
displacements (known as stiffness coefficients) computed. In this 
introductory discussion, we consider beams, frarnes, and trusses with a 
single unknown linear or rotational displacement. In structures with 
multiple joints that are free to displace, the number of unknown 
displacements will be equal to the degree of kinematic indeterminacy. 
If programs are written for three-dimensional structures with rigid 
joints, six unknown displacements (three linear and three rotational) 
are possible at each unrestrained joint. For these situations the 
torsional stiffness as well as the axial and bending stiffness of . 
members must be considered when evaluatmg stitfness coettlcients. 

• 	 In a typical compuler program, the designer must select a coordinate 
system to establish the location of joints, specify member properties 
(such as area, moment of inertia, and modulus of elasticity), and 
specify the type of loading. To size members initially, designers 
typically carry out an approximate analysis (see Chap. 15). 

i~ PROBLEMS· . 
••• ~~~:;.""""""'U""'H"""""""""U"""U""" •••••• , •••••••••••••••H .......................................... ~ ........HU.......................................................p 


30 kips 

P16.1. The structure in Figure P16.1 is composed of 1+---5'---1 

three pin-connected bars. The bar areas (in2) are shown 
in brackets, Given: E = 30,000 kips/in2. 

(a) Compute the stiffness coefficient K associated 
with a 1-in vertical displacement of jointA. (b) Deter­
mine the vertical displacement atA produced by a ver­
tical load of 30 kips directed downward. (c) Deter­
mine the axial forces in all bars. 

••••••••••••,.u ................H ....... . 
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P16.2. The cantilever bearn in Figure P16.2 is sup­
ported on a spring at joint B. The spring stiffness is 10 
kips/in. 

(a) Compute the stiffness coefficient associated with 
a I-in vertical displacement at joint B. (b) Compute the 
vertical deflection of the spling produced by a vertical 
load bf 15 kips acting downward at B. (c) Detennine all 
support reactions produced by the IS-kip load. 

p 

1",240 in2 

E", 30,000 kips/in2 

I~'-------12'------~ 
P16.2 

P16.3. The structural system in Figure P16.3 is com­
posed of steel members-two cantilever beams and a 
column--connected through a pin joint at B. Given: E = 
29,000 kips/in2, lAB = IBe = 600 in, andABD = 3.6 in2• 

(a) Compute the stiffness coefficient K associated 
with a I-in vertical displacement at joint B. (b) Deter­
mine the magnitude of the force P if it produces a ver­
tical deflection of 1/8 in at joint B. 

p=? 

1 
J 
12' 

P16.3 

P16.4. Analyze the beam in Figure P16.4 by the stiff­
ness method described in Section 16.3. After member 
end moments are detennined, compute all reactions and 
draw the moment diagrams. EI is constant. 

P16.4 

P16.5. Analyze the steel rigid frame in Figure P16.5 by 
the stiffness method of Section 16.3. After member end 
moments are evaluated, compute all reactions and the 
moment diagram for beam Be. Supports at A and Care 
detailed to produce fixed ends. 

18 kips 18 kips 

fB 
12' J 

L 

11-'---- 30' -----.1 

P16.5 

P16.6. Analyze the beam in Figure PI6.6 by the gen­
eral stiffness method: Compute all reactions and draw 
the shear and moment diagrams. Given: EI is constant. 

1+---- 18' ---+---- 24' ----+1.1 

P16.6 

............ - • .......... - • • 




P16.7. Analyze the reinforced concrete frame in Fig­
ure P16.7 by the general stiffness method. Determine 
all reactions. E is constant. 

20kN 

B~~~~~~~~~~~~ 
--~;;~~~~~~~~D4:1 

4m 

j 

P16.7 

P16.8. The pin-connected bar system in Figure P16.8 
is stretched I in horizontally and connected to the pin 
support 4. Determine the horizontal and vertical com­
ponents of force that the support must apply to the bars. 
Area of bar 1 2 in2, area of bar 2 = 3 in2, and E = 
30,000 kips/in2. K2x and K2y are stiffness coefficients. 

P16.8 

P16.9. The cantilever beam in Figure P16.9 is con­
nected to a bar at joint 2 by a pin. Compute all reac­
tions. Given: E = 30,000 kips/in2. Assume only vertical 
deflection at joint 2 is significant. 

• 
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2 

1= 300 in4 

36 kips 

P16.9 

P16.10 and P16.11. Analyze the rigid frames in Fig­
ures P16.1O and P16.11 by the general stiffness method, 
using symmetry to simplify the analysis. Compute all 
reactions. and draw the moment diagrams for all mem­
bers. Also E is constant. 

120 kN 120 leN 

P16.10 

18' 

P16.11 

• • ............ - • 




A large geodesic dome forms the U.S. Pavilion at Expo '67, a world's fair held in Montreal, Canada . 
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Trusses by the Direct 
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17..1 Introduction 

In this chapter we introduce the direct stiffness method, a procedure that 
provides the basis for most computer programs used to analyze struc­
tures. The method can be appli~d to almost any type of structure, for exam,- , 
pIe, trusses, continuous beams, indeterminate frames, plates, and shells. 
When the method is applied to plates and shells (or other types of prob­
lems that can be subdivided into two- and three-dimensional elements), 
it is called the finite element method. 

As in the flexibilitYqlethod of Chapter 11, the direct stiffness method 
requires that we divide;~he analysis of a structure into a number of basic 

, cases that, when superimposed, are equivalent to the original structure. 
However, instead of writing compatibility equations in terms of unknowri 
redundant forces and flexibility coefficients, we write joint equilibrium 
equations in terms of unknown joint displacements and stiffness coeffi­
cients (forces produced by unit displacements). Once the joint displace- . 
ments are known, the forces in the members of the structure can be cal­
culated from force-displacement relationships. 

To illustrate the method, we analvze thetwo~bar truss in Figure 17.la. 
We identify truss joints or nodes by'numhers in circles and bars by num­
bers in squares. Under the action of the IO-kip vertical load at joint 2, the 
l;lars deform, and joint 2 displaces a distance Ll,~ horizontally and Lly ver­
tically. These displacements are the unknowns in the.stiffnessmethod:To 
establish the positive and negative sense of forces and displacements in 
the horizontal and vertical directions, we introduce a glohal xy coordi­
nate system at joint 2. The x direction is denoted by the number 1 and the 
y direction by the number 2, The positive directions are .indicated by the 
arrowheads. 

• ............. - • • ............. - • ............. ­
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(a) 

II 

(b) 

+ 

(c) 

Figure 17.1: (a) Horizontal and vertical dis­
placements Ax and A)' produced by the lO-kip 
load at joint 2; initially bar 1 is horizontal: bar 2 
slopes upward at 45°; (b) forces (stiffness coeffi­
cients) K21 and Kll required to produce a unit hor­
izontal displacement of joint 2; (c) forces K22 and 
Kl2 required to produce a unit vertical displace­
ment of joint 2. 

In the stiffness method, we carry out the truss analysis by superim­
posing the following two loading cases: 

.	Case I. The structure is loaded at joint 2 by a set of forces that dis­
place joint 2 a unit distance to the right but permit no vertical displace­
ment. The forces and displacements associated with unit displacements 
are then multiplied by the magnitude of Ll" to produce the forces and dis­
placements associated with the actual displacement Ll". This multiplica­
tion is indicated by Ll" in brackets to the right of the sketch in Figure 17.lb. 

Case TI. The structure is loaded at joint 2 by a set of forces that dis­
place joint 2 a unit distance vertically but permit no horizontal displace­
ment. The forces and displacements are then multiplied by the magni­
tude of Lly, to produce the forces and displacement~ associated with the 
actual displacement Lly (see Fig. 17.1 c). 

If the structure responds to load in a linear, elastic manner, super­
position of the two cases above is equivalent to the actual case. Case I sup­
plies the required horizontal displacement, and case II supplies the required 
vertical dlspiacement. 

In Figure 17.lb, forces K JJ and K2J represent the forces required to 
displace JOInt 2 by I in to the right. In Figure 17.lc forces K22 and KJ2 

denote the forces required to displace joint 2 by 1 in upward. Subscripts 
are used to denote the direction of both the forces and the unit displace­
ment with reference to the local x-y coordinate system at joint 2. The first 
subscript specifies the direction of the force. The second subscript denotes 
the direction of the unit displacement The forces associated with a unit 
displacement are termed stiffness coefficients. These coefficients can be 
evaluated by referring to the member oriented with respect to the hori­
zontal axis by an angle <p in Figure 17.2. In Figure 17.2a, the initial posi­
tion of the unstressed memher is shown hy a dashed line. A unit horizon­
tal displacement is induced at one end of the member, while vertical 
displacement is prevented. This displacement causes the member toelon­
gate by an amount cos <p, which results in an axial force F equal to 
(AE/L) cos <p. The horizontal component F" and vertical component Fy of 
the axial force represent the contribution of this member to KJJ and KJ2• 

respectively, in Figure 17.1b. Similarly, to evaluate the contribution of the 
member to KJ2 and K 22, a unit ve.rtical displacement is induced, which pro­
duces an axial deformation sin <p. See Figure 17.2b for the corresponding 
force components. These expressions relate longitudinal force in an axially 
loaded bar (restrained at one end) to unit displacements in the horizontal 
and the vertical direction at the opposite end. 

There is no need to guess the direction of the actual joint displace­
ments. We arbitrarily specify the positive sense of the unit displacements. 
(In this book we assume that positive displacements are in the same direc­

• ' ..:;. ...... - • 	 • ' ...,:;. ...... - • ....,:;. ...... ­
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Fy = Fsimp = Ai sin2¢ 

Fy =F sine/> = Ai cos¢ sin¢ 
, . \ ' F AE coscP 

L 
Fx 

1" 

AE, A.. 
. \ F =y.SIn'l' 

AEFeos</>:: -L sin¢ cos cP 
. 

tion as the positive sense of theJocal coordinate axes.) If the solution of 
the equilibrium e;;quations (a step in the analysis that we discuss shortly) 
produces a positive value of displacement, the displacement is in the 
same direction as the unit displacement. Conversely, a negative value of 
displacement indicates that the actual displacement is opposite in direc­
tion to the unit displacement. ' 

To establish the values of 6.x and 6.y for the truss in Figure 17.la, we 
solve two equilibrium equations. These equations are established by 
superimposing the forces at joint 2 in Figure 17.lb and c and then equat­
ing their sum to the values of the actual joint forces in the original struc­
ture (see Fig. 17.1a). 

(17.1)--'>+ 'ZFx =0 

+ 
(17.2)t 

Equations 17.1 and 17.2 can be written in matrix form as 

K.1 =F (17.3) 

where 

K = [KlI [-1~] (17.4)
K21 

4 = [~:J 
where K = structure stiffness matrix (Le., its elements· are stiffness 

coefficients) 
4 = column matrix ofunknown joint displacements 
F = column matrix of applied joint forces 

• • .. '....... ­

Figure 17.2: Stiffness coefficients for an axially 
loaded bar with area A, length L, and modulus of 
elasticity E. (a) Forces created by a unit horizon­
tal displacement; (b) fo.rces created by a unit ver­
tical displacement. 

• 
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To determine the values of ax and ay (the elements in the 4. matrix), 
we premultiply both sides of Equation 17.3 by K-l, the inverse of K. 

i{- l K4. = K-IF 

Since K-IK = 1, 
(17.5) 

After Ax and Ay are computed, reactions and bar forces can be calcu­
lated by superposition of corresponding forces acting at the supports and 
in the members shown in Cases I and II; that is, we multiply the forces 
in Case I by Ax and add the product to the corresponding forces in Case II 
multiplied by Ay • For example, 

(l7.6a) 

(17.6b)Force in bar 1: 

To illustrate the details of the stiffness method, we will analyze the 
truss in Figure 17.la, assuming the following member properties: 

Bar areas: Al = A2 = A 

Modulus of elasticity E2 E 

Length ofbar: LI L2 = L 

W\3eya:lu~te tJ:i~stiffness coefficients in Figure 17.1b with the aid of Fig­
ure 17.2a, where <p = 0° for bar 1 and <p = 45° for bar 2. For these angles 
the respective values of sin <p and cos <p are 

Bar 1: cos 0° 1 sin 0° = 0 

v'2 
Bar 2: 

2 

Although the properties (A, E, and L) of both bars are identical, we will 
initially identify the terms that apply to each bar by using subscripted 
variables. Using Figure 17.2a to evaluate the stiffness coefficients in Fig­
ure 17.lb yields 

"'" AE 2A-. _ AIEl (1)2 AzE2( v'2)2KJ1 = ""-' - cos 'f' - -- + -- -- (17.7)
L Ll L z 2 

(0) + AzEz(v'2)2 (17.8)2: A: cos <p sin 4> 
L2 2 

We evaluate the stiffness coefficients in Figure 17.1c with Figure 17.2h. 

K22 = 2: A: sin2 4> = Al~I(O)2 + Al~2(V;r (17.9) 
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""AE . AlE! A2E2(V2)2
K12 = ""'-L sm¢cos¢ = -(0)(1) + -.- -2' (17.10)

'. LI L2 , 

Writing the stiffness coefficients in Equations 17.7 to 17.10 in terms of 
A, E, and L; combining terms; and substituting them into Equation 17A, 
we can write the structure stiffness matrix K as 

3;: ~~];: AE [3
K (17.11)[-AE 

-
AE 2Ll ~] 

2L 2L 

Using Equation 16.40 to evaluate K-l, we compute 

L [ 1-1] 
 (17.12)
AE -1 3 

Substituting K-I given by Equation 17.12 and F given by Equation 17.4 
into Equation 17.5 and multiplying give 

L [ 
AE 

1.-1][
1 3 

0]
10 

L[ 101 
=, AE -30J 

that is, 
lOL 

AE 
(17.13) 

Bar forces are now computed by superimposing cases I and II. To 
evaluate the axial forces produced by unit displacements, we use Figure 
17.2. For bar 1 (¢ = 0°), 

(17.6b) 

whereFll = F = (AE/L) cos ¢ (Fig. 17.2a) and F12 = F = (AE/L) sin lj.l 
(Fig. 17.2b). 

F = tOL AE (1) + (...:. 30L)AE (0) = 10 kips 
1 AE L AE L . 

For bar 2 (¢ = 45°), 

F2 = tlxF21 + tlyF22 

where F21 = F = (AE/L) cos ¢ in Figure 17.2a, and 
F22 = F = (AE/L) sin ¢ in Figure 17.2b. 

F = 10L AE( V2) + (_ 30L) (AE) (Yz) = -1OV2 kips 
2 AEL 2 AE L 2 

....,........ - • • ............ - • • 
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17~2 	 Member and Structure Stiffness Matrices 

To pennit the stiffness method (introduced in Sec. 17.1) to be programmed 
automatically from the input data (i.e., joint coordinates, member proper­
ties, joint loads, and so forth), we now introduce a slightly different pro­
cedure for generating. the structure stiffness matrix K. In this modified 
procedure we generate the member stiffness matrix k of individual truss 
members and then combine these matrices to form the structure stiffness 
matrix K. 

The member stiffness matrix for an axially loaded bar relates the axial 
forces at the ends of the member to the axial displacements at each end. 
The elements of the member stiffness matrix are initially expressed in 
terms of a local or member coordinate system whose x' axis is collinear 
with that of the member's longitudinal axis. Since the inclination of the 
longitudinal axes of individual bars usually varies, before we can com­
bine the member stiffness matrices, we must transform their propelties 
from the individual member coordinate systems to that of a single global 
coordinate system for the· structure. Although the orientation of the 
global coordinate system is arbitrary, typically we locate its origin at an 
exterior joint Oli the base of the structure. For a planar structure we posi­
tion its x and yaxes in the horizontal and vertical directions. 

In Section 17.3, we introduce a procedure to construct the member 
stiffness matrix k' in terms of a local coordinate system. When the 10¢a1 
coordinate system of all truss bars coincides with the global coordinate 
system, Section 17.4 presents a procedure to assemble the structure stiff­
ness matrix from the member stiffness matrices. After the structure stiffness 
matrix is established, Section 17.5 describes a procedure to detennine 
the unknown nodal displacements, reactions, member deformations, and 
forces. Section 17.6 discusses the more general case of truss bars that are 
inclined with respect to the global coordinate system; for this case a pro­
cedure to establish the member stiffness matrix k in terms of the global 
coordinate system is presented. Section 17.7 describes an alternate 
approach to construct k from k'using a transformation matrix . 

.....;.......;...................H ......U.H..H .........H ••••••••~,.H ..........u ............u •• u ........U ... H ..........U ••• H •••H ........ u ....... .. 


17.3 	 Construction ofa Member Stiffness Matrix 

for an Individual Truss Bar· 


To generate the member stiffness matrix of an axially loaded bar, we will 
consider member n with length L, area A, and modulus of elasticity E in 
Figure 17.3a. The nodes (or joints) of the member are denoted by the 
numbers 1 and 2. We also show a local coordinate system with origin at 
1 and x' and y' axes superimposed on the bar. We assume that the posi­
tive direction for horizontal forces and displacements is in the positive 

. 
. 

• 	 • -.."' .... - • • 
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direction of the x' axis (Le., directed to the right). As shown in Figure 
17.3b, we first introduce a displacement ~1 at joint 1, while joiIn 2 is 
assumed to be restrained by a temporary pin support. EX-pressing the end 
forces in terms of ~l using Equation 16.6 yields 

and (17.14) 

The end forces produced by the displacement ~1 are identified by two 
subscripts. The first subscript denotes the location of the joint at which 
the force acts, and the second subscript indicates the location of the dis­
placement. The minus sign for Q2I is required because it acts in the neg­
ativex' direction. As we have seen in Section 17.1, the end forces Qll and 
QZl could also have been generated by introducing a unit displacement at 
joint 1 and multiplying the stiffness coefficients Kll = AE/L and K2, 

-AE/L by the actual displacement ill' 
Similarly, if joint 1 is restrained while joint 2 is displaced in the pos­

itive direction a distance 6,2. the end forces are . 

. AE 

and Qz, = -. 6" (17.15)
- L ­

.. 
To evaluate the resultant forces QI and Q2 at each end of the member . 

. in terms of the end displacements 6" and ~2 (see Fig. 17.3d), we add cor­
responding terms of Equations 17.14 and 17.16, producing 

. AE 
QU+Q'2= L (6,1-6,2) 

(17.16) (d) 

Figure 17.3: Stiffness coefficients for an axially 
loaded bar; (a) bar showing local coordinate sys­

Equation 17.16 can be expressed in matrix notation as tem with origin at node 1; (b) displacement intro­
duced at node 1 with node 2 restrained; (c) dis­
placement introduced at node 2 with node 1 
restrained; (d) end forces and displacements of the 
actual bar produced by superposition of (b) and (c).(17.17) 

or Q=k'~ (17.18) 

where the member stiffness matrix in theJocal coordinate system is 

--AE] .. ..
L AE 1-1 

(17.,19)... ~ ~ -d-\ ·1] 

•......... - .. -....... - • • .......... ­
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(a) 

aM I Q21 

Q~~E'~'"~'~"TI"~"I~~~~;~:~"=======~~... ~ 
(b) 

I,1l2 

~~;[!!':f~"'!I!iil";;1!!iJf:""==2'S:'''E'H;;::0=."ZEi,~:i],~=22="====;;tr::;q
•...~ 
(c) 

(d) 

Figure 17.4: Loading conditions used to gener­
atethe structure stiffness matrix: (a)properties of 
two:bar system; (b) node fOl'ces produced by'a 
positive displacement AI of joint 1 with nodes 2 
and 3 restrained; (c) node forces produced by a 
positive displacement of node 2 with nodes 1 and 
3 restrained; (d) node forces produced by a posi­
tive displacement of node 3 with nodes 1 and 2 
restrained. 

and.:1 is the displacement vector. The plime is added to k' to indicate that 
the formulation is in terms of the member's local coordinates x' and y'. 
Since all elements AE/L in matrix k' cml be interpreted as the force asso~ 
dated with a unit axial displacement of one end of the member when the 
opposite end is resu'ained, they are stiffness. coefficients and may be 
denoted as . 

AE 
k (17.20)

L 

We also observe that the sum of the elements in each column of k' 
equals zero. This condition follows because the coefficients in each col~ 
umn represent the forces produced by a unit displacement of one joint 
while the other joint is restrained. Since the bar is in equilibrium in the x' 
direction, the forces must sum to zero. In addition, all coefficients along 
the main diagonal must be positive because these terms are associated 
with the force acting at that joint at which a positive displacement is 
introduced into the structure, and conespondingly the force is in the 
same (positive) direction as the displacement. 

Note that the displacement matrix .:1 in Equation 17.17 contains only 
displacements AJ and A2 along the axis of the member. End displace­

. ments in the y' direction do not have to be included in the formulation 
because these transverse movements do not produce internal force in 

..trlls~IIlembers based onsmall~deformation theory. 
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t7A . Assembly of the Structure Stiffness Matrix 

If a structure consists of several bars and the local coordinate system of 
these bars coincides with the global coordinate system, then the stiffness 
matrix K of the structure can be generated by either of the two following 
methods: .. 

1. Introducing displacements at each joint with all other joints 
restrained 


·2•. Combining the stiffness matrices ()f the individual bars 


.We will illustrate the use of both methods "by generating the structure 
stiffness matrix of the two~bar system shown in Figure 17.4a. 

Method 1. Superimposing Forces Produced by Nodal 
Displacements 

As'shown in Figure 17.4b to d, we introduce displacements at each joint 
while all other joints are restrained and compute the joint forces using 
Equation 16.6 [that is, Q = (AE/L)A = kA]' Displacements and forces are 
positive when directed to the light. Define kl =A1EJiLJ and k2 = A2E.J~ . 



• • 

Case 1. Joint 1 displaces AI; joints 2 and 3 are restrained (see,Fig. 17.4b). 
Since bar 2 does not deform, no reaction develops at joint 3. 
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(17.21) 

Case 2. Joint 2 displaces A2;joints 1 and 3 are restrained (see Fig. 17 Ac). 

Q12 = -klAz Q22 = (kl + k2)A2 Q32 = -k2A2 (17.22) 

Case 3. Joint 3 displaces A3;joints 2 and 3 are restrained (see Fig. 17Ad). 

Q13 = 0 Q23 = -k2A3 Q33 = k2 A3 (17.23) 

To express the resultant joint forces Q I> Q2' and Q3 in terms of nodal 
displacements, we sum the Q forces at each joint given by Equations 
17;21, 17.22, and 17.23. 

QI = Qll + QI2 + Q13 = klAI -klll2 

Q2 = Q21 + Q22 + Q23 = -kiA, + (k\ + k2)ll2 -k2A3 (17.24) 

Q3 = Q31 + Q32 + Q33 =-k2ll2 k2A3 

Expressing the three equations above in matrix notation yields . 

(17.25) 

or Q=K~ (17.26) 

where Q = column matrix of nodal forces 
~ == column matrix of nodal displacements 
K = structure stiffness matrix 

As we discussed previously, the coefficients in each column of the 
stiffness matrix of Equation 17.25 sum to zero because they constitute a set 
of forces in equilibrium. Since the matrix is symmetric (the Maxwell-Betti 
principle), the sum of the coefficients in each row must also equal zero. 

If the nodal forces in vector Q of Equation 17.26 are specified, it 
appears initially that we can determine the joint displacements by premul­
tiplying both sides of Equation 17.26 by the inverse of the structure stiff­
ness matrix K. However, the three equations represented by Equation 
17.25 are not independent since row 2 is a linear combination of rows 1 
and 3. To prove this, we can produce row 2 by adding rows 1 and 3 after 
they are mUltiplied by -1. Since only two independent equations are avail­
able to solve for three unknowns, the K matrix is singular and cannot be 
inverted (see Sec. 16.8). The fact that we are not able to solve the three 
equilibrium equations indicates that the structure is unstable (i.e., not in 

• ...""' ..... - • 
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equilibrium). The instability occurs because no supports were specified for 
the structure (see Fig. 17.4a). As we will discuss shortly, if sufficient sup­
ports are provided to produce a stable structure, we can partition the matrix 
into submatrices that can be solved for the unknown nodal displacements. 

Method 2. Construction of the Structure Stiffness Matrix by 
Combining Member Stiffness Matrices 

The stiffness matrix of the structure in Figure 17.4 can also be generated 
by combining the member stiffness matrices of bars 1 and 2. Using Equa­
tion 17.19, we can write the member stiffness matrices of the two bars as 

! '2 '2 3 

k; = [ _:: -::J: k2 = [_:~ -~J: (17.27) 

Subscripts are added to the stiffness coefficients to identify the bar whose 

properties they represent. We also label the top of each column with a 

number that identifies the particular joint displacement associated with 

the elements in the column, and we number the rows to the right of each 


.. bracket to identify the nodal force associated with the elements in the row. 
We construct a global xy coordinate system at joint 1 such that this 

system coincides with the local xYcootdinate system of individual bars. 
Because the x' axis of each bar coincides with the x axis in the globai :::i 
coordinate system, so kl = k; and k2 = k2.Since the elements inthefn:'sC 
and second columns of each matrix in Equation 17.27 refer to different 
joints, adding these two matrices directly has no physical significance. 
To permit addition of the matrices, we expand them to the same order as 
that of the structure stiffness matrix (3 in this case for horizontal dis­
placements at three joints) by adding an extra row and an extra column. 

0]1o '2 ~, -'~,]: (17.28) 
o 3 -k2 k2 3 

For example, the coefficients in matrixk! (Eq. 17.27) relate the forces 
at Joints 1 and 2 to the 'displacement of the same joints. To eliminate in 
the expanded matrix (Eq. 17.28) the effect of displacements at joint 3 on the 
forces at joints 1,2, and 3, .the elements in the third column of the expanded 
matrix must be set equal to zero because these terms will be multiplied by 
the displacement of joint 3. Similarly, since the original 2 X 2 kl matrix 
does not influence the force at joint 3, the elements in the bottom row of the 
matrix must .all be set equal to zero. Similar reasoning requires that we 
expand matrix k2 to a 3 X 3 matrix by adding zeros in the fIrst row and col­
umn. Since the expanded matrices given by Equation 17.28 are of the same 
order, we can add their elements directly to produce the structure stiffness 
matrix K. 

• ........... • ....... - ........... • .......... ...
-' 
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2 
.....k1 

kl + k2 -~2 ]~
-k2 k2 3 

(17.29) 

The stiffness· matrix given by Equation 17.29 is identical to that pro­
duced by method 1 (see Eq. 17.25). 

It is not necessary in actual application to expand the individual mem­
ber stiffness matrices to construct the structure stiffness matrix. More 
simply, we insert the stiffness coefficients of the member stiffness matrix 
into the appropriate rows and columns of the structure stiffness matrix. In 
Equation 17.29 the individual member stiffness matrix is enclosed in 
dashed lines to show its position in the structure stiffness matrix. 

"'9h~";"'"'~''''''''''''''''''''''''''''''''''''''''' ........................H...nu.n..........H.U..........n ........ n ........................ 


Ij7.5·, Solution of the Direct Stiffness Method 

Once the structure stiffness matrix K is assembled and the force-displacement 
relationship (Eq. 17.26) established, we describe in this section how to eval­
uate the unknown joint displacement vector .11 and support reactions of a 
structure. As we··discussed in Section 17.1, the fIrst step in the stiffness 
analysis is to compute the unknown nodal displacements. This step consists 
of solving a set of equilibrium equations (for example, see Eqs. 17.1 and 
17.2) in wl1;ich the nodal displacements are the unknowns. The terms that 
make up these equilibrium equations are submatrices of the three matrices 
Q, K, and .11 of Equation 17.26. These submatrices can be established by 
partitioning the matrices in Equation 17.26 so that terms associated with the 
nodes that are free to displace are separated from terms that are associated 
with nodes restrained by the supports. This step requires that all rows asso­
ciated with the degrees of freedom be shifted to the top of the matrix. 
(When a row is shifted upward, the corresponding column also needs to be 
shifted forward to the left in a similar manner.) If the matrix analysis is done 
by hand, we can accomplish this step by numbering the unrestrained joints 
before the restrained joints. The result of this reorganization and partition­
ing will permit us to express Equation 17.26 in terms of the following sub­
matrices: 

(17.30)[.g;] = [·~;H··~;;-] [.~.] 
where 	Qf = matrix containing values of load at joints free to displace 

Qs = matrix containing uflknown support reactions 
.I1f matrix containing unknown joint displacements 
.11, = matrix containing support displacements 

• 	 • • ............. - • 
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• 


MPLE 17.1 

Figure 17.5 

Multiplying the matrices in Equation 17.30 gives 

Qf = KIlAf + K12As (17.31) 

Qs = K21 Af + K22As (17.32) 

If the supports do not move (i.e., As is a null matrix), the equations above 
reduce to ' I. 

Qf = KllAf (17.33) 

Qs = K21Af · (17.34) 

, Since the elements in Qf and Kll are known, Equation 17.33 can be 
solved for Afby premultiplying both sides of the equation by Kj}, to give 

Af = KIlQf (17.35) 

Substituting the value of Afinto Equation 17.34 gives the support reactions 

Qs = K21KIIIQf (17.36) 

In Example 17.1 we apply the stiffness method to the analysis of a sim­
ple truss. The method does not depend on the degree of indeterminacy of 
the structure and is applied in the same way to both determinate and 
indeterminate structures; 

Determine the joint displacements and reactions for the structure in Fig­
ure 17.5 by partitioning the structure. stiffness matrix. . 

Solution 
Number the joints, starting with those that are free to displace. The pos­
itive sense of displacements and forces at each joint are indicated by 
arrows. Since the bars carry only axial force,we only consider displace­
ments in the horizontal direction. 

Computethe stiffness k AE/L for, each memh~r, 

1.2(10,000)· ..../ . 0.6(20,000) .. / 
kJ 120, = 100 kips in k2 = 150 :;:::: 80 kips in 

AJ'" 1.2 in2 Az'" 0.6 in2 

E j '" 10,000 kips/in2 E j 20,000 kipslin2 

L j '" 120" ~-40I---- L2 ", 150" ~---I 

........... ­
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Evaluate member stiffness matrices, using Equation 17.19. Because the 
local coordinate system of each bar coinCides with the global coordinate 
system, k' = k. 

1 2 

-1]' = [. 100 -100]1kl=kl[_~ 1-100 100 2 

3-1] ='[' sh -'-80]1 . 
1 -80 80 3 

Set up the structure stiffness matrix K by combining terms of the mem­
ber stiffness matrices kl amI kz; Establish Equation 17.30 as follows: 

1 2 . 3 

[~:.=3~] ~.[l~~ft~~~~:~] [!::~·l 

Partition the matrices as indicated by Equation 17.30 and solve for a l 

using Equation 17.35. Since each submatrix contains one element, Equa­
tion 17.35 reduces to a simple algebraic equation. 

a· = KIIIQf. 'J 

al = _1_(30) = ~in 
180 6 

Solve for the reactions, using Equation 17.36. 

Qs = K21KlIIQf 

[Q2] = [. 100J[_1][30J = [-16.67]
Q3 -80 _ 180 13.33 

1 
where. Qz = 180 100)30 = 16.67 kips 

1 
Q3 = 180( 80)300= -13.33 kips 

Therefore, the reactions at joints 2 and 3 are -16.67 and -13.33 kips, 
respectively. The minus signs indicate that the forces act to the left. 

'",C,h',' ,'(4 

.u........." .... U ...HH •••••• u ••••••••• ,u~ •••••••••••• H ..........~.n •• n ••• H •••••••••• U ......H •••••• U ........ U .. U .........•••••••••••• H ••••••• 


.' 'j,,] .6,': Member Stiffness Matrix of an Inclined Truss Bar 

To illustrate the construction of the structure stiffness matrix in Section 
17.4, we analyzed a simple truss with horizontal bars. Since the orienta­
tion of both the member and the global coordinate systems for these bars 

'............. - .. ........ - • 
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is identical, k' equalsk and We are able to insert the 2 X 2 member stiff­
ness matrices directly into the structure stiffness matrix. This method, 
however, cannot be applied to a truss with inclined bars. In this section we 
develop the member stiffness matrix k for an inclined bar in terms of 
global coordinates so that the direct stiffness method can be extended to 
trusses with diagonal members. 

In Figure 17.6a we show an inclined member ij. Joint i is denoted the 
near end and joint j the far end. The initial position of the unstressed 

y y 

x 

(a) 

(b) 

Fix 

~y 

y y 

~x 
~y 

FJx 

--~------------x 

Figure 17.6: Forces induced by (a) horizontal 
displacement 6 1,,; (b) vertical displacement 6 1\,; 
(c) horizontal displacement 6 jx; (d) vertical dis­

placement 6J)" (c) Cd) 
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member is shown by a dashed line. The member's local axis,.x' , makes an 
angle 4> with the x axis of the global coordinate system whose origin is 
located at joint i. We assign a positive direction to the bar by placing tm 
arrow directed from joint i to joint j along the axis of the bar. By assign­
ing a positive direction to each bar, we will be able to account for the sign 
(plus or minus) of the sine and cosine functions that appear in the elements 
of the member stiffness matrix. 

To generate the force-displacement relationships for an inclined bar 
in the global coordinate system, we introduce, in sequence, displacements 
in the x and y directions at each end of the member. These displacements 
are labeled with two subscripts. The fITst identifies the location of the joint 
where the displacement occurs; the second denotes the direction of the 
displacement with respect to the global axes. 

The components of force at the ends of the bar and the magnitude of 
the joint displacement along the axis of the bar created by the respective 
displacements in Figure 17.6 are evaluated using Figure 17.2. Since the 
forces and deformations in Figure 17.2 are produced by unit displace­

, ments,· they must be multiplied by the actual magnitude of the displace­
ments in Figure 17.6. Displacements in Figure 17.6 are shown to an 
exaggerated scale to show the geometric relationships clearly. Since the 
displacements are actually small, we can assume that the slope of the bar 
is not changed by the end displacements. Treating Xj, Yi' Xi' and Yj as the 
coordinates of joints i andj, respectively, sin dJ and cos 4> can be expressed 
in terms of the coordinates of nodes i and j as 

- Yi 
sin ¢ = cos ¢ = (17.37)

L L 

(17.38)L=where 

Case 1. Introduce a horizontal displacement 6.ix at node i with the j end 
of the bar restrained, producing an axial force F/ in the bar (see Fig. 17.6a). 

AE 0ix 
L 

(17.39) 

Fix == Fi cos ¢ = A: (cos2 ¢ )Llix 

Fiy = Fi sin ¢ = A: (cos ¢) (sin ¢)Ll jx 

(17.40) 

Fjx -Fix = -
AE 

(cos2 ¢)Ll ixL. . ,. 


. AE 

Fjy = -Fiy = -r: (cos¢) (sin¢)6. ix 

• • . ...'......... - • .. 


http:sin�)6.ix
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Case 2. Introduce a vertical displacement !::.i)' at node i with the j end 
of the bar restrained (see Fig. 17.6b). 

AE 
F; = L8iY whereoi), = (sincjJ)!::.iY (17.41) 

Fix = A: (sincjJ)(coscjJ)!::.iy 

_ AE ( . 2..J..)!::.Fiy - L sm 'f' Iy 
(17.42) 

Fjx = -Fix = - A: (sin cjJ)(cos cjJ)!::./), 

Case 3. Introduce a horizontal displacement !::'jx at nodej with thel end 
ofthe bar restrained (Fig. 17.6c). 

0jx = (cos cjJ)!::'jX (17.43) 

Values of joint force are identical to those given by Equations 17.40 
but with !::'jx substituted for !::./x and the signs reversed; that is, the forces 
atjointj act upward and to the right, and the reactions at j oint i. act down­
ward and to the le~t. . 

. AE 
Fix = -L (cos 2 cjJ )!::.jX 

Fly - A: (sin cjJ )(cos cjJ )!::.jX 
(17.44) 

AE 2)Fjx = L (cos cjJ !::'jx 

Fjy = A: (sin cjJ) (cos cjJ)!::.jx 

Case 4. Introduce a vertical displacement !::'jy at node j with the i end 
of the bar restrained (Fig. 17.6d). 

OJ),=(sinq'J)!::.jy (17.45) 

Values of joint forces are identical to those given by Equations 17.42 
but with !::'jy substituted for !::.i)' and the signs reversed. 

AE . 
Fix = - L (sm cjJ)(cos cjJ)!::.j)' 

AE ( . 2..J..) AFiy = - L sm 'f' /j,jy 

. a;............ _ 


http:OJ),=(sinq'J)!::.jy
http:sincjJ)(coscjJ)!::.iy
http:sincjJ)!::.iY
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Fjx = A: (sin cf> )(cos cf» b.jy (17.46) 

Fjy = A:' (sin2 ¢ ) b.jy 

If horizontal and vertical displacements occur at both joints i and j, 
the components of member force Qat each end can be evaluated by sum­
ming the forces given by Equations 17.40, 17.42, 17.44, and 17.46; that is, 

Qi>;=2:,Fi>; A: [(cos1 cf> )b.i>; + (sin cf> )(cos 4> )b.iy - (cos2 cf> )b.jx - (sin cf> )(cos 4> )b.jy ] 

Q;y=2:,F;y = ~ [(sin cf» (cos cf> )b.;x + (sin2 cf> )b.ly (sin cf> )(cos cf> )b.jx - (sin2 cf> )b.jy] 

(17.47) 
AE 

QjX = 2:,Fjx = L (cos2 cf> )b. ix - (sin cf>)(coS cf> )b. iy + (cos2 cf> )b.jx + (sin 4» (cos cf> )b.jy] 

AE ' 
Qjy 2:,Fjy = L [- (sin cf> ) (cos 4> )b.ix (sin2 cf> )b. iy + (sin cf> )(cos cf> ) .!ljx + (sin2 cf> ) b.jy ] 

Letting cos cf> = c and sin 4> = s, we can write the foregoing set of equa­
tions in matrix notation as 

S2 -sc -s- .!llylQU] l c' 
SC -c2 

-'~] lA,,]Q". ~ AE _'~ 	 (17.48)
Qj.r L c 	 -sc c2 sc .il.JX 


-S2 . S2 .il
Qjy -sc SC jy 

Q =kA 	 (17.49)or 

where Q = vector of member end forces referenced to the global 
coordinate system 

k = member stiffness matrix interms of global coordinates 
A = matrix of joints displacements referenced to the global 

coordinate system 

The axial displacement 51 of joint i in the direction of the member's 

longitudinal axis can be expressed in terms of the horizontal and vertical 

components of displacement at joint i by summing Equations 17.39 and 

17.41. Similarly, Equations 17.43 and 17.45 can be summed to establish 

the axial displacement at joint j. 


5; = 5ix + S;y=(cos4»b.i>; + (sin4»b.;y 
(17.50) 


(3j = SjX + 5jy = (coscf»b.jx + (sin4»b.jy 


• 


http:sin4�b.jy
http:coscf�b.jx
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The expressions above also can be represented by the matrix equation 

s 0 
o c 	

(17.51) 

(17.52)or 

where T is a transformation matrix that convelts the components of 
member end displacements in global coordinates to the axial displace­
ments in the direction of the member's axis. 

The axial force Fij in bar ij depends on the net axial deformation of 
the member, that is, the difference in the end displacements 6j - 6i . This 
force can be expressed in terms of the member's stiffness AE/L as 

(17.53) 

EXAMPLE 17.2 Determine the joint displacements and bar forces of the truss in Figure 
17.7 by the direct stiffness method. Member properties: AI = 2 in2, A2 = 
2.5 in2, and E = 30,000 kips/in2. 

Solution 
y 	 Members and joints of the truss are identified by numbers in squares and 

circles, respectively. We arbitrarily selec;t the origin of the global coordi­I nate system at joint 1. Arrows are shown along the axis of each member 

to indicate the direction from the near to far joints. At each joint we estab­

lish the positive direction for the components of global displacements 

and forces with apair of numbered' arrows; The coordinate in the x direc­

tion is assigned the lower number because the rows of the member stiff­

ness' matrix in Equation 17.48 are generated by introducing displace­

ments in the x direction before those in the y direction. As we discussed 


2 
in Section 17.4, we number the directions in sequence, starting with the 
t 

-l-x 	joints that are free to displace. For example, in Figure 17.7, we begin at 
joint 3 with, direction components 1 and 2. After we number the dis­CD 	 [i] 30 kips r:~) . 
placement components at the unrestrained joints, we number the coordi­

20' 	 nates at the restrained joints. This sequence of numbering produces a 
structure stiffness matrix that can be partitioned according to Equation 

Figure 17.7 	 17.30 without shifting the rows and columns . 

• 


r 
15' 

L4 

L... 3 -­
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Construct member stiffness matrices (see Eq. 17.48). For member 1, 
joint 1 is the near joint and joint 3 is the far joint. Compute the sine and 
cosine of the slope angle with Equation 17.37. 

20 o. Yi Yi ° - 0 
cos ¢ = 

L 
= 20 = 1 and sin ¢ = ·-L- =2() = 0 

AE 2(30,000) .. 

L = 20(12) = 250 kips/m 


i 0 -~o11 ~~4 
k, ~ 250 ~_![ 

] 

For member 2, joint 2 is the near joint and joint 3 is the far joint: 

20 - 0 0-15 
cos ¢ = 0.8 sin¢ = = -0.6

25 25 

AE 2.5 (30,000) 
= = 250 kips/in

L 25(12) 

-0.48 -0.64 
[ o~ 

2 5 

O'~8]0.36 0.48 -0.36250 -0.48k2 
-0.64 0.48 0.64 -0.48 . 

0.48 -0.36 -0.48 0.36 

Set up the matrices for the force-displacement relationship of Equa­

tion 17.30 (that is, Q. = K~). The structure stiffness matrix is assembled 

by inserting the elements of the member stiffness matrices kl and k2 into 

the appropriate rows and cqlumns. 


1 2.34 5 6 
. 1.64 -0.48! '"": 1 0 0.64 0.48 


Q2 == -30 

Ql = 0 

-0.48 0.36! 0 0 0.48 -0.36 a:! 
=~""""""~""'l"'~"'~"""~"""'''''~'''''' !:'~'~= 250 

: 
-0.64 0.48! o 0 0.64 -0.48 a,5 = 0 

0.48 ~0.36! o ° -0.48 0.36 a6 = 0 

Partition the matrices above as indicated in Equation 17.30, and solve for 

the unknown displacements at and 112 by using Equation 17.33. [continues on next page] 


•
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Example 17.2 continues . .. 

0] [1.64 -0.48][A1]
[ -30 := 250 -0.48 0.36 A2 

Solving for the displacements gives 

AI] [-0.16]
Af [ A2 = -0.547 

Substitute the values of Al and A2 into Equation 17.34 and solve for the 
support reactions Qs' . 

Qs == K21Af 

o -0.16 	 0o ] [ 40][ ~:J = 250[ j64 0.48 [-0.547] = -40 

Q6 0.48 -0.36 	 30 

A minus sign indicates a force or displacement is opposite in sense to the 
direction indicated by the direction arrows at the joints. 

Compute member end displacements [) in terms of member coordi­
nates with Equation 17.51. For bar 1, i = joint 1 and) = joint 3, cos </> = 
l,and sin </> = o. 

[~:] = [~ o o O][~:: ~ ] Ans. o 	 1 0 Al = -0.16 
A2 = -0.547 

Substituting these values of S into Equation. 17.53, we compute the bar 
force in member I as 

FI3 = 250[ 0 -0.16J [- ~] ::;:: -40 kips (compression) Ans. 

For bar 2, i joint 2 and) joint 3, cos </> 0.8, and sin </> 0.6. 

.. [A5 = 0 l02 0.8 -0.6 0 0 A6 =0
[oj = 
[00 	0.8 -0.6] Al -0.16 
A,2 = -0.547 

Substituting into Equation 17.53 yields 

F23 = 250 [0 0.20] [ ~] = 50 kips (tension) Ans • 
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EXAMPLE 17.3Analyze the truss in Figure 17.8 by the direct stiffness method. Construct 
the structure stiffness matrix without considering if joints are restrained 
or unrestrained against displacement. Then rearrange the terms and par­

tition the matrix so that the unknown joint displacements Afcan be deter­ y 

mined by Equation 17.30. Use kl k2 AE/L 250 kips/in and k3 = I 

2AE/L = 500 kips/in. 


Solution 
Number the joints arbitrarily as shown in Figure 17.8. Arrows are shown 
along the axis of each truss bar to indicate the direction from the near end 
to the far end of the member. We then establish, for each joint sequentially, 
the positive direction of the components of global displacements and 
forces with a pair of numbered arrows without considering if the joint is 20' 

restrained from movement. Superimpose on the truss a global coordinate 
system with origin at joint 1. Form. the member stiffness matrices using 
Equation 17.48. For bar 1, i == joint 1 andj joint 2. Using Equation l7.37, 

1cos </> 
L 

0,..-0 
sin </> = -"--L- =0 1+1.---15'----115 

Figure 17.8: Truss with origin of global coordi­
1 2 3 nate system at joint 1.1 0 -1 
0 0 0 o 2 

k, -	 250 [ OJ 
1 0 1 o 3 

0 0 0 o 4 

For bar 2, i = joint 1 and j joint 3. 

0-0 	 20 - 0 
cos </> = 0 sin </>= = 1 

20 	 20 

1 	 2 5 

0 0 

1 0 -1 2 

k, -	 250 [ ~ 8]' 
- 0 0 0 o 5 


0 -1 0 1 6 


For bar 3, i = joint 3 andj = joint 2. 

15 	 0 0-20 
cos</> 0.6 sin</> == 25 = -0.8

25 	 [continues on next page] 

t l1J 
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Example 17.3 continues . .. 6 3 
-0.48 -0.36[ 0.~6 048],

0.64 0.48 -0.64 6k = 500 -0.48 
33 -0.36 0.48 0.36 -0.48 

0.48 -0.64 -0.48 0.64 4 

Add k l , k2, and k3 by inserting the elements of the member stiffness 
matrices into the structure stiffness matrix at the appropriate locations. 
Multiply the elements of K3 by 2so that all matrices are multiplied by 
the same scalar AE/L, Le. 250. 

I 2 3 4 5 6 
1 0 -1 0 0 0 

0 1 0 0 0 1 2 

3-1 0 1.72 -0.96 -0.72 0.96
K = 250 

40 0 -0.96 1.28 0.96 -1.28 
50 0 -0.72 0.96 0.72 -0.96 
G0 -1 0.96 -1.28 -'0.96 2.28 

Establish the force-displacement matrices of Equation 17.30 by shifting 
. the rows and columns of the structure stiffness matrix so that elements asso­
ciated with lhe joints that displace (i.e., direction components 3, 4, and 6) 
are located in the upper left comer. This can be achieved by fitstshifting· 
the third row to the top and then shifting the third column to the flrst col­
umn. The procedure is then repeated for the direction components 4 and 6. 

Q3=0 

Q4= -40 

.q~.~.9....... 

QI 
Q2 

Q5 

= 250 


3 4 6 I 2 s 
1.72 -0.96 0.96\-1 0 -0.72 A3 

-0.96 1.28 -1.28! 0 0 0.96 A4 4 

...2:2§. ::L~~. ....~:~.~. \....2. ::J. -0.96 .~.9....... 
6 

-1 0 0 j 1 0 0 Al = 0 I 

o 0 -1 ! 0 1 0 Az = 0 2 

-0.72 0.96 -0.96 I 0 0 0.72 As =0 5 

Partition the matrix and solve for the unknown joint displacements, using 
Equation 17.33. 

Qf = KllAf 

1.72 -0.96 

250 -0.96 1.28 
[ 

0.96 1.28 

Solving the set of equations above gives 

• 




.. 

40 kips 
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Ans.[ ~:] = [=~:~~5]
,6,6 -0.16 

Solve for the support reactions, using Equation 17.34. 

Qs = K21Aj (17.34) 

o 
o ][-0.12] [301

I[ ~:] = 250[ ~ o -1 -0.375 . = 40 Ans. 
Qs -0.72 0.96 -0.96 -0.16 -30J 

If the horizontal displacement of joint 2 of the truss in Example 17.3 is 
restrained by the addition of a roller (see Fig. 17.9), determine the reactions. 

Solution 
The structure stiffness matrix of the truss was established in Example 17.3. 
Although the addition of an extra support creates an indeterminate struc­
ture, the solution is carried out in the same manner. The rows and columns 
associated with the degrees of freedom that are free to displace are shifted 
to the upper left comer of the structure stiffness matrix: This operation 
produces the following force-displacement matrices: 

y 

I 

rnt 

2 

CD t.l -

30 kips-

40 kips 
(b)(a) 

• 
 .......... - • • ........... - • 


EXAMPLE 17.4 

Figure 17.9: (a) Details of truss; (b) results of 
analysis. 

[continues on next page] 
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Example 17.4 continues . .. 

)' 

Ly' 
\ 

\ ~ ,</> 
~o~'----~------------x 

Figure 17 ..10: Global coordinates shown by xy 
system; member or local coordinates shown by 
x'y'system. ' 

.. 


4 6 I 2 3 S 
4o 0 -0.96 0.96 .6. 4Q4 = -40 1.28 1.28 
6o 0 0.96 -0.96-1.28 	 2.28 .6.6Q6=0 

~. ~------.......... ...... 

.6. 1=0 10 0 1 0 1 0QI 

250 
0 -1 .6. 2=0 20 1 0 0Q2 

-1 0 	 1.72 -0.72 .6.3=0 3-0.96 	 0.96Q3 
.6.5 =0 5 

Partition the matriX above, and solve for the unknown joint displacements, 
using Equation 17.33. 

0.96 -0.96 o 0 -0.72 0.72Qs 

Q.f = KllAf 

-40] = 250 [ 1.28 - 1.28] [ .6. 4 ]
[ o -1.28 2.28 .6. 6 

Solution of the set of equations above gives 

-0.285]
[, . -0.160 


Solve for the reactions using Equation 17.34. 


Qs = K21Af 


l	
1 . -0.285 . 40 o
0.96 

] [ OJ Ans.~:]::::::: 250[_L [-0.160] = 30 
Qs 0:96 -0.96 	 -30 

Results are shown in Figure 17;9b.Bar forces can be computed using 
Equations 17.52 and 17.53. 

<17.7. 	Coordinate Transformation of a 

Member Stiffness· Matrix 


In Section 17.3 we derived the 2 X 2 stiffness member matrix k' of a truss 
bar with respect to a local coordinate system (see Eq. 17.19). In the analy­
sis of a truss composed of members inclined at various angles of inclina­
tion, it was shown in Section 17.6 that the assembly" of the structure stiff­
ness matrix K requires that we express all member stiffness matrices in 
terms of a cotmnon global coordinate system. For an individual truss bar 
whose axis forms an angle cP with the global x axis (see Fig. 17.10), the 
4 X 4 member stiffness matrix k in global coordinates is given by the 
middle matrix in Equation 17.48. Although we derived this matrix from 
basic principles in Section 17.6, it is more commonly generated from the 

• .......... - • ............ - • 	 •
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member stiffness matrix k' formulated in local coordin~tes, using a 
transformation matrix T constructed from the geometric relationship 
between the local and global coordinate systems. The equation used to 
perform the coordinate transformation is 

k = TTk'T 	 (17.54) 

where k = 4 X 4 member stiffness matrix referenced to global 
coordinates 

k' = 2 X 2 member stiffness matrix referenced to local 
coordinate system 

T = 	transformation matrix, that is, matrix that converts 4 X 1 
displacement vector A in global coordinates to the 2 X 1 
axial displacement vector B in the direction of bar's 
longitudinal axis 

The matrix T was previously derived in Section 17.6 and appears in 
Equation 17.51. 

Show that the member stiffness matrix k in global coordinates that appears 
in Equation 17.48 can be generated from the member stiffness matrix k' 
in local coordinates (see Eq. 17.19) by using Equation 17.54. 

Solution 
k = TTk'T 

c:' 	 s~ -S~]
sc s- -sc -s­[~'~.]AE[ 1-1][C 00] 

[ 

=: 	 S , , ADS. 
-c-	 -sc c- sc °c 	 °0L -1 1 c s 

Os. -sc sc S2 

As we observe, the product of this operation produces the member stiff­
ness matrix that appears initially in Equation 17.48. 

Summary 

Structural analysis computer software is generally programmed using 
the stiffness matrix. In matrix fonn, Iheequilibriunl equation is 

KA=cF. 
where K is the structure stiffness matrix, F is a column vector of forces 
acting on the joints of a truss, and A is a column vector of unknown 
joint displacements. 

• 	 The element ky, which is located in the ith row and jth column of the 
K matrix, is called a stiffness coefficient. Coefficient kij represents the 
joint force in the direction (or degree of freedom) of i due to a unit 
displacement in the direction of j. With this definition, the K matrix 

EXAMPLE 17.5 
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.. 


can be constructed by basic mechanics. For computer applications, 
however, it is more convenient to assemble the structure stiffness 
matrix from the member stiffness matrices. 

• 	 A local x' _y' coordinate system can be constructed for each truss 
member (see Fig. 17.3). With one axial deformation at each joint in 
the longitudinal (x') direction, a 2 X 2 member stiffness matrix k' in 
local coordinates is presented in Equation 17.19. If the structure 
does not have inclined members and if the local coordinates of the 
members coincide with the global (x-y) coordinates of the truss, 
Section 17.4 illustrates a procedure to construct the structure stiffness 
matrix by combining member stiffness matrices (see Eq. 17.29). 

• 	 The eqUilibrium equation needs to be partitioned to separate the 
degrees of freedom that are allowed to move from those that 
cannot move (Le., those restrained by supports); the joint forces 
corresponding to the degrees of freedom that cannot move are the 
support reactions. Once the eqUilibrium equation is partitioned as in 
Equation 17.30, two equations result. The first one, Equation 17.33, 
is used to calculate the unknown joint displacements, 4.f . Once 4.f is 
determined, the support reactions, Qs' can. be determined using 
Equation 17.34. 

• 	 When inclined members exist in a truss, .it is more useful to express 
the member stiffness matrix using a global coordinate system. The 
general form of such a 4 x 4 member stiffness matrix,k, is presented 
in Equation 17.48. The matrix k can be constructed from the basic 
mechanics described in Section 17.6. Alternatively, k can be obtained 
from k' using the coordinate transformation matrix described in 
Section 17.7. 

• 	 Once the unknown joint displacements are computed from the 
.equilibrium equation, axial deformations at both ends of a member 
can be determined from Equation 17.52. With this information, the 
axial force of the member is computed using Equation 17.53. 

PROBLEMS 
"'i:!~"""'''''''''' 

PI7.1. Using the stiffness method, write and solve the 
equations of equilibrium required to determine the hor­
izontal and ve11ical components of deflection at joint 1 
in Figure PI7.1. For all bars E == 200 GPa and A = 800 
mm2• 

1---5 

P17.1 



• • 

PI7.2. Using the stiffness method, determine the hor­
izontal and vertical components of displacement of joint 
1 in Figure P17.2. Also compute all bar forces. For all 
bars, L = 20 ft, E = 30,000 kips/inl, and A = 3 in2. 

80kipg, 

:;<'~,\ 1 
" 

J 
16' 

20' .1. 20' 

P17.2 

PI7.3. Form the structure stiffness matrix for Figure 
P17.3. Partition the matrix as indicated by Equation 
17.30. Compute all joint displacements and reactions 
using Equations 17.34 and 17.35. For all bars, A = 2 in2 

andE =30,000 kips/jn2. 

@ 

P17.3 

PI7.4. Form the structure stiffness matrix for the truss 
in Figure P17.4. Use the partitioned matrix to compute 
the displacement of all joints and reactions. Also com­
pute the bar forces: Area of bars 1 and 2 = 2.4 in2, area 
of bar 3 = 2 in2, and E = 30,OOOkipsiin2• 

PI7.S. Determine all joint displacements, reactions, and 
bar forces for the truss in Figure P17.S. AE is constant 
for all bars. A = 2 in2, E = 30,000 kips/jn2. 

P17.6. Determine all joint displacements, reactions, 
and bar forces for the truss in Figure P 17.6. For all bars, 
A = 1500 mm2 and E = 200 GPa. 

• • ............... ­

Problems 681 

1 
0, 

i~2 
It-.---16'---.J--­

P17.4 

P17.5 

r 
3m 

t
3m 

L 
--fo-- 5 m ----00< 

P17.6 



, 

<:;.ollapse of the roof over the Hartford Civic Center Arena (see Sec. 1.7 for details). Failure of the roof 
ib~low, supported by the space truss shown in the photo at the beginning of Chapter 3, reminds us that 
the resultsof a computer analysis are no better than the information supplied by the engineer. Although 
contemporary engineers have access to powerful computer programs that can analyze even the most com­
plex structure, they must still exercise great care in modeling the structure and selecting the proper loads. 

I ' 
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Matrix Analysis of Beams 

• 

and Frames by the Direct 
Stiffness Method 
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18:1· Introducti.on 

In Chapter 17 we discussed the analysis of trusses using the direct stiff· 
ness method. In this chapter we extend the method to structures in which 
loads. may be applied to joints as well as to members between joints, and 
induce both axial forces and shears and moments. Whereas in the case of. 
trusses we had to consider only joint displacements as unknowns in set­
tingup the equilibrium equations, for frarneswemtlsf adrljoint rotations. 
Consequently, a total of three' equations of equilibrium, two for forees and 
one for mQm~t, can be written for each joint in a plane frame. 

Even thou,'gh the analysis of a plane frame using the direct stiffness 
method involves three displacement components per joint (8, Il", Il), we 
can often reduce the number of equations to be solved by neglecting the 
change in length of the members. In typical beams or frames, this sim­
plification introduces little error in the results. 

In the analysis of any structure using the stiffness method, the value 
of any quantity (for example, shear, moment, or displacement) is obtained 
from the sum of two parts. The first part is obtained from the analysis of 
a restrained structure in which all the joints are restrained against move­
ment. The moments induced at the ends of each member are fixed·end 
moments. This procedure is similar to that used in the moment distribu- '. 
tion method in Chapter13. After the net restraining forces are computed 
and the signs reversed at each joirtt, these restraining forces are applied 
to the original structure in the second part of the analysis to determine 
the effect induced by joint displacements, 

The superposition of forces and. displacements from two parts can be 
explained using as an example the·frame in Figure I8.la. This frame is 
composed, of two members connected by a rigid joint at B. Under the 

• • • • .•.."' ..... 
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p 

B 

I 
/ !' 

t 1t,

\1 
A 

MD=Mb+M;) 

~ 

Milc+MBC V ..'.~ 

MCB = Mea + MeB 
MBA = MBA 

r:.======~::::;::!f 

/ 

(a) 

Figure 18.1: Analysis by the stiffness method. 
(a) Deflected shape and moment diagrams (bot­
tom of figure) produced by the vertical load at D; 
(b) loads applied to the restrained structure; imag­
inary clamp at B prevents rotation, producing two 
fixed-end beams; (c) deflected shape and moment 
diagrams produced by a moment opposite to that 
applied by the clamp at B. 

I 
/'M ADAb 
t I
I • + \1 

A 

Mb 

MilCB 
Milc MeB 

MBA 

+ 

M ilAB 

(b) (c) 

loading shown, the structure will defonn and develop shears, moments, 
and axial loads in both members. Because of the changes in length 
induced by the axial forces, joint B will experience, in addition to a rota­
tion 8B, small displacements in the x and y directions. Since these dis­
placements are small and do not appreciably affect the member forces, we 
neglect thePl .. With this simplification we can analyze the frame as having 
only one degree ofkinematic indeterminacy (Le., the rotation of joint B). 

. In the first part of the analysis, which we. designate as the restrained 
condition, .we introduce a rotational restraint (an imaginary c1amp)at 
joint R (see Fig. 18.1h). The annition of the clamp transfonns the stmc­
ture into two fixed-end beams. The analysis of these beams can be read­
ily carried out using tables (e.g., see Table 12.5). The deflected shape and 
the corresponding moment diagrams (directly under the sketch of the 
frame) are shown in Figure 18.lb. Forces and displacements associated 
with this case are superscripted with a prime. 

Since the counterclockwise moment M applied by the clamp at B 
does not exist in the original structure, we must eliminate its effect. We 

'a-,...... _ •-- • • • 
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do this in the second part of the analysis by solving for the rQtation OR of 
joint B produced by an applied moment that is equal in magnitude but 
opposite in sense to the moment applied by the clamp. The moments and 
displacements in the members for the second part of analysis are super­
scripted with a double prime, as shown in Figure 18.1c. The final results, 
shown in Figure 18.la, follow by direct superposition of the cases in Fig­
ure 18.lb and c. 

We note that not only are the final moments obtained by adding the 
values in the restrained case to those produced by the joint rotation OR' 
but also any other force or displacement can be obtained in the same 
manner. For example, the deflection directly under the load IlD equals the 
sum of the corresponding deflections at D in Figure 18.1 band c, that is, 

IlD = Ilh + 1l'D 

··· ..·:1i;2J)lrSt;~ct~~~ ..stiff~·;~;··M~t~i~....··....·..·····............................................... 

In the analysis of a structure using the direct stiffness method, we start 
by introducing sufficient restraints (i.e., clamps) to prevent movement of 
all unrestrained joints. We then calculate the forces in the restraints as the 
sum of fixed-end forces for the members meeting at a joint. The internal 
forces at other locations of interest along the elements are also deter­
mined for the restrained condition. 

In the next step of the analysis we determine values of joint displace­
ments for which the restraining forces vanish. This is done by first apply­
ing the joint restraining forces, but with the sign reversed, and then solv­
ing a set of eqUilibrium equations that relate forces and displacements at 
the joints. In matrix form we have 

KA = F (18.1) 

where F is the column matrix or vector of forces (including moments) in 
the fictitious restraints but with the sign reversed, A is the column vector .. 
of joint displacements selected as degrees of freedom, and K is the struc­
ture stiffness matrix. 

The term degree of freedom (DOF) refers to the independent joint 
displacement components that are used in the solution of a particular prob­
lem by the direct stiffness method. The number of degrees of freedom may 
equal the number of all possible joint displacement components (for 
example,3 times the number of free joints in planar frames) or may be 
smaller if simplifying assumptions (such as neglecting axial deformations 
of members) are introduced. In all cases, the number of degrees of free­
dom and the degree of kinematic indeterminacy are identical. 

Once the joint displacements Il are calculated, the member actions (i.e., 
the moments, shears, and axial loads produced by these displacements) can 
be readily calculated. The final solution follows by adding these resuits to 
those from the restr~inf'.rl r~"lf' . . 

• 
 ....:;;. ..... - • • • 
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The individual elements of the structure stiffness matrix K can be 
computed by introducing successively unit displacements that correspond 
to one of the degrees of freedom while all other degrees of freedom are 
restrained. The external forces at the location of the degrees of freedom 
required to satisfy equilibrium of the deformed configuration are the ele­
mentsof the matrix K. More explicitly, a typical element kij of the struc­
ture stiffness matrix K is defined as follows: kij = force at degree of free­
dom i due to a unit displacement of degree of freedomj; when degree of 
freedomj is given a unit displacement, all others are restrained. 

18.3 The 2 x 2 Rotational Stiffness Matrix 
~.iI 

for a Flexural Member 

In this section we derive the member stiffness matrix for an individual flex­
ural element using only joint rotations as degrees of freedom. The 2 X 2 
matrix that relates moments and rotations at the ends of the member is 
important beca,Qse it can be used directly in the solution of many practi­
cal problems, such as continuous beams and braced frames where joint 
translations are prevented. Furthermore, it is a basic item in the deriva­
tion of the more general 4 X 4 member stiffness matrix to be presented 
.in Section 18.4 . 

. Figure 18.2 shows abeam of length L with cnd moments Mj and Mj • 

. As a sign convention the end rotations OJ and OJ are positive when clock­
wise and negative when counterclockwise. Similarly, clockwise end 
moments are also positive, and counterclockwise moments are negative. 

chord 	 To highlight the fact that the derivation to follow is independent of the 
member orientation, the axis of the element is drawn with an arbitrary 
inclination a. . 

In matrix notation, the relationship between the end moments and the 
resulting end rotations can be written as 

(18.2) 

Figure 18.2: End rotations produced by member where k is the 2 X 2 member rotational stiffness matrix. 
end moments. To determine the elements of this matrix, we use the slope-deflection 

equation to relate end moments and rotations (see Eqs. 12.14 and 12.15). 
The sign convention and the notation in this formulation are identical to 
those used in the original derivation of the slope-deflection equation in 
Chapter 12. Since no loads are applied along the member's axis and no 
chord rotation t/J occurs (both t/J and the FEM equal zero), the end 
moments can be expressed as 

(18.3) 

• ........... - • .......... - • 	 • .•...;. ..... 
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2EI
and 	 M· = -(0· + 20.) (18.4)

J L ' J 

Equations 18.3 and 18.4 can be written in matrix notation as 

(185)[~;]= 2:/[~ ~J [:;] , 
By comparing Equations 18.2and 18.5 it follows that the.member rota­
tional stiffness matrix k is 

- = 2E/[2 IJ (18.6)k L 1 2 

We will now illustrate the use of the preceding equations by solving 
a number of examples. To analyze a structure, it is necessar.y to identify 
the degree of freedom first. After the degree of freedom has been identi­
fied, the solution process can be conveniently broken down into the fol­
lowing five steps: 

1. 	 Analyze the restrained structure and calculate the clamping forces 
at the joints. 

2. 	 Assemble the structure stiffness matrix. 
3. 	 Apply the joint clamping forces but with the sign reversed to the 

original structure, and then calculate the unknown joint 
displacements using Equation 18.1. 

4. 	 Evaluate the effects of joint displacements (for example, deflections, 
moments, spears). 

5. 	 Sum the results of steps 1 and 4 to obtainthe final solution. 

Using the direct stiffness method, analyze the frame shown in Figure 18.3a. 

The change in length of the members may be neglected. The frame con­

sists of two members of constant flexural rigidity EI connected by a rigid 

joint at B. Member Be supports a concentrated load P acting downward 

at midspan. Member AB carries a uniform load w acting to the right. The 

magnitude of w (in units ofload per unitlength) is equal to 3P/L. 


Solution 

With axial deformations neglected, the degree of kinematic indetermi­

nacyequals 1 (this structure is discussed in Sec. 18.1). Figure 18.3b ilhiS­

trates the positive direction (clockwise) selected for the rotational degree 

of freedom at joint B. 


Step 1: Analysis of the Restrained Structure With the rotation 

at joint B restrained by a temporary. clamp, the structure is transformed 


• 


EXAMPLE 18.1 
p 

B 

1
W= 

J 
L 

1----- L ---i 

(a) 

Figure 18.3: (a) Details of frame; 

[continues on next page] 
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Example lB. 1 continues . .. 

degree of freedom 

Ih~_ c 
18E 

I 
, 

I 

I 
! 

A 
A 

(b) 

Figure 18.3: (b) CUFed arrow indicates posi­
tive sense of joint rotation at B; (c) fixed-end 
moments' in restrained structure produced by 

"applied loads (loads omitted from sketch forclar­
ity); the clamp at B applies moment Ml to the 
~tructure (see detail in lower right corner of fig­
ure); (d) moment diagrams for restrained struc­
ltu'e: 

0.125 PL 

\ 

, I 

0.125 PL 

\ M _ 

I 1 0.125 PL 

I 
I 

( ~)0.125PL 
~ 
0.25 PL

.)0.25PL 

(c) (d) 


into two fixed-end beams (Fig. 18.3c). The fixed-end moments (see Fig. 

12.Sd) for member AB are 

~~2 ;; _ 3: (~~) ;; PL 

4 

, 
MBA = 

,PL 
-MAB = 4 

and for member Be (see Fig. 12.Sa), 

M' = 
Be 

_PL
8 

, ,PL 
MeB = -MBc = 8 

(18.7) 

... '(18.8)' 

(18.9) 

(18.10) 

Figure 18.3c shows the fixed-end moments and the deflected shape 
of the restrained frame. To illustrate the calculation of the restraining 
moment Mt> a free-body diagram of joint B.is also shown in the lower 
right comer of Figure I8.3c. For clarity, shears acting on the joint are 
omitted. From the requirement of rotational eqUilibrium of the joint 
('2:MB = 0) we obtain . 

PL PL M+-+ 1 o
48 

from which we compute 
_ PL 

M I- (18.11)
S 

In this I-degree of freedom problem, the value of M t with its sign 
reversed is the only element in the restraining force vector F (see Eq. 

http:I-(18.11


Section 18.3 The 2 X 2 Rotational Stiffness Matrix for a Flexural Member 689 

18.1). Figure 18.3d shows the moment diagrams for the members in the 
restrained structure. 

Step 2: Assembly of the Structure Stiffness Matrix To assem­
ble the stiffness matrix, we introduce a unit rotation at joint B and calcu­
late the moment required to maintain the deformed configuration. The 
deflected shape of the frame produced by a unit rotation at joint B is shown 
in Figure 18.3e. Substituting OA = Oe 0 and OB = 1 rad into Equation 
18.5, we compute the moments at the ends of members AB and Be as 

[MAB] 2El[2
MBA L 1 a~J~ [Ul]+ 

and 

[MBC ] 2El[2 [4EIJ 
MeB L 1 ~I~J= + 

These moments are shown on the sketch of the deformed structure in 
Figure 18.3e. The moment required at joint B to satisfy equilibrium can 
be easily determined from the free-body diagram shown in the lower 
right corner of Figure 18.3e. Summing moments at joint B, we compute 
the stiffness coefficient K" as 

4El 4EI 8EI 
Kl1 =-+ =- (18.12)

L L L 

In this problem the value given by Equation 18.12 is the only element of 
the stiffness matrix K. The moment diagrams for the members corre­
sponding to the condition OB = 1 rad are shown in Figure 18.3/ 

Step 3: Solution of Equation 1S.1 Becausetbis problem has only 
1 degree offreedom, Equation 18.1 is a simple algebraic equation. Suhsti­
tuting the previously calculated values of F and K given by Equatiqns 
18.11 and 18.12, respectively, yields .. . 

Ka =F (18.1) 

8EL 0 __ PL 
(18.13)L B - 8 

Solving for OR yields 

(18.14) 

• 
 • ............ - • • 


4EI I 'I 

L I 
\ . 

'i, 

(e) 

L,-:-=~~-..;::-...,......,""'c 

2EI 
L 

2EI 
L 

(f) 

Figure 18.3: (e) Moments produced by a unit 
rotation of joint B; the stiffness coefficient KII 

represents the moment required to produce the 
unit rotation; (f) moment diagrams produced by 
the unit rotation of joint B; 

[continues on next page] 
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Example 1B.1 continues . .. 

0.142PL 

r"" 
O.S3L 

L ~""'-'--">. 9PL 
32 

(g) 

Figure 18.3: (g) Final moment diagrams pro­
duced by superimposing moments in Cd) with 
those in (I) multiplied by Bg. 

.. 


The minus sign indicates that the rotation of joint B is counterclockwise, 
that is, opposite in sense to the direction defined as positive in Figure 18.3b. 

Step 4: Evaluation .of the Effects of Joint Displacements 
Since the moments produced by a unit rotation of joint B are known from 
step 2 (see Fig. 18.3j), the moments produced by the actual joint rota­
tion are readily obtained by mUltiplying the forces in Figure 18.3fby eR 

given by Equation 18.14; proceeding, we find 

/I _ 2EI Q __ PL 
(18.15)MAB - L UB - 32 

/I 4EI _ PL 
MBA = TeB - -16 (18.16) 

M'l _ 4EI Q __ PL 
(18.17)BC - L uB - 16 

2EI PL
MI/ (18.18)eB L eB = - 32 

The double prime indicates that these moments are associated with the 
joint displacement condition. 

Step 5: Calculation ofFinal Results The final results are obtained 
by adding the values from the restrained condition (step 1) with those '; 
produced by the joint dispiacements (step 4). 

I /I PL (PL) 9PL 
MAB = MAE + MAE = - 4 + - 32 =-3'2 

3PL 
=-­

16 

I ." PL (PL) _ 3PL
M Bc = M Bc + M Bc = - 8 + -16 --16 

I /I PL (PL)'" 3PL 
M CB = MCB + MCB = 8 + - 32 = 32 

The member mom.ent diagrams can also be evaluated by combining the 
diagrams from the restrained case with those corresponding to the joint 
displacements. Once the end moments are known, however, it is much 
easier to construct the individual moment diagrams using basic princi­
ples of statics. The final results are shown in Figure 18.3g. 

'" 
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EXAMPLE 18.2Construct the. bending moment diagram for the three~span continuous 
ibeam shown in Figure 18.4a. The beam, which has a constant flexural 
lrigidity EI, supports a 20~kip c.oncentrated load acting at the .center of 
ispan Be. In addition, a uniformly distributed load of 4.5 kips/ft acts over 
Ithe length of span CD. . ..... . 

,Solution 
!An inspection of the structure indicates that the degree of kinematic 
'indeterminacy is 3. The positive directions selected for the 3 degrees of 
freedom (rotations at joints B, C, and D) are shown with curved arrows 
in Figure 18.4b. 

Step 1: Analysis of the Restrained Structure The fixed-end 
moments induced in the restrained structure by the applied loads are cal­
culated using the formulas in Figure 12.5. Figure 18.4c shows the moment 
diagram for the restrained condition and the free-body diagrams of the Figure 18.4: (a) Details of continuous beam; 

joints that are used to calculate the forces in the restraints. Considering (b) curved arrows indicate the positive direction 

moment eqUilibrium, we compute the restraining moments as follows: of the unknown joint rotations at B, C, and D; 

(c) moments induced in the restrained structure 

Joint B: Ml + 100 0 M[ = -100 kip·ft by the applied loads; bottom figures show the 


moments acting on free-body dia.~rams of the 

Joint C: -100 + M2 + 150 0 M2 = -'-50 kip·ft . clamped joints (shears and reactions omitted for 


clarity); 

Joint D: \.-150+M3 0 M3 150 kip·ft 


20 kips 

Reversing the sign of these restraining moments, we construct the force 4.5 kips/ft
1 
vector F: :~ A ._..... D. ~IIW­,,___ / ...... c~ _/~~~ 

100] . 
F 50 kip·ft (18.19)

[ 
-150 

J? "iW~ 
150 150 

150 150 

c:=::::J ~)A B 

20'--1-- 20' -..I..- 20' --I I'C,M2 1'[/<13 
EI =constant 

(a) (~)(£" 
100 150 150 

(c) 

(b) [continues on next page] 
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Example 18.2 continues . .. 

Figure 18.4: Cd) Stiffness cudficients produced 
by.a unit rotation of joint B with joints C ami D 
re~trained; '. 

Figure 18.4: (e) Stiffness coefficients produced 
by a unit rotation of joint C with joints Band D 
restrained; 

• 

Step 2: Assembly of the Structure Stiffness Matrix The forces 
at the ends of the members resulting from the introduction of unit dis­
placements at each one of the degrees of freedom are shown in Figure 
18.4d tof. The elements of the structure stiffness matrix are readily cal­
culated from the free-body diagrams of the joints. Summing moments, 
we calculate from Figure 18.4d: 

-0.2EI ~ O.lEI + Kll = 0 and Kll ::::: 0.3EI 

-0.05EI + K21 ::::: 0 and K21 = 0.05E1 

K31 ::::: 0 and K31 = 0 

81 =1 rad 

/C~K21 

(~ 
0.05EI. 

(d) 

From Figure 18.4e, 

-0.05EI + K12 = a and K12 = 0.05EI 

-O.1El - 0.2El + K22 ::::: a and K22 = 0.3EI 

-O.lEI + K32 = 0 and K32 = O.lEI 

/"B-<!2 I'C~K22 I'D~K32 

~) (~)(~ 
0.05£1 O.1EI 0.2El O.lEl 

(e) 

• 
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From Figure 18.4f, 

Kl3 = 0 and 
Kl3 ° 

-0. lEI + K23 = 0 and K 23 = O.lEI 

-0.2EI + K33 0 and K33 = 0.2EI 

Arranging these stiffness coefficients in matrix form, we produce the foI­
I lowing structure stiffness matrix K: 

0.3 0.05 
K 0.3 (18.20)

[ 
~.1]EI ~.05 

0.1 0.2 

As we would anticipate from Betti's law, the structure stiffness matrix K 
is symmetric. 

B 

Figure 18.4: . (n Stiffness coefficie~ts produced
0.lEIO.2EI 

by a unit rotation of joint D with joints Band C 
(f) restrained; 

Step 3: Solution of Equation 18.1 Substituting the previously 
calculated values of F and K (given by Eqs. 18.19 and 18.20) into Equa­
tion 18.1 gives 

[
0.3 0.05 ° ][81

] 

[ 
100]

EI 0.05 0.30.1 . f)2 (UUl) 

o 0.1 0.2 f)3 -1~~ 
Solving Equation 18.21, we compute 

f)I] _ 1 [ 25.8.6]
- - 448.3 (18.22)82 

[ 
f)3 EI -974.1 

Step 4: Evaluation of the Effect ofJoint Displacements The 
moments produced by the actual Joint rotations are determined by multi­
plying the moments produced by the unit displacements (see Fig. 18.4d [continues on next page] 

• ....,........ - • • • 
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Example 18.2 continues . .. 

Figure 18.4: (g) Moments produced by actual 
joint rotations; 

• 

to 1) by the actual displacements and superimposing the results. For 
example, the end moments In span Be are 

MBC 91(0. lEI) + 92(0.05E/) + 93(0) 48.3 kip·ft (18.23) 

MCD 91(0.05El) + 92(0.IEl) + 03(0) = 57.8 kip·ft (18.24) 

The evaluation of the member end moments produced by joint dis­
placements using superposition requires that for an n degree of freedom 
structure we add n appropriately scaled unit cases. This approach becomes 
increasingly cum.bersome as the value of n increases. Fortunately, we can 
evaluate these moments in one step by using the individual member rota­
tional stiffness matrices. For example, consider span Be, for which the 
end moments due to joint displacements were calculated previously by 
using superposition. If we substitute the end rotations OJ and 82 (given by 
Eq. 18.22) into Equation 18.5 with L = 40 ft, we obtain 

[MEC] = 2El [2 1] 1 [258.6] = [48.3] (18.25) 
MCB 40 1 2 El 448.3 57.8 

These results are, of course, identical to those obtained by superposition 
in Equations 18.23 and 18.24. 

Proceeding in a similar manner for spans AB and CD, we find that 

[Z~:] = ~~[~ ~]~1[258.~] = l~~:~] (18.26) 
MCD] 2El[2 IJ 1 [ 448.3] "[ -7.8J (18.27)[M il 20 1 2 El -974.1 = "'-150.0DC 

The results are plotted in Figure 18.4g. 

C D 

150 

(g) 

.. .. .. .. 
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; Step 5: Calculation of Final Results The complete solution is 
: obtained by adding the results from the restrained case in Figure 18.4c to 

those produced by the joint displacements in Figure 18.4g. The. reSUlting 
moment diagrams are plotted in Figure 18.4h. 

157.8 Figure 18.4: (h) Final moment diagrams (in 
(h) 	 units of kip·ft) . 

. 1 a:4 	 The 4 x 4 Member Stiffness Matrix 

in Local Coordinates 


In Section 18.3 we derived a 2 X 2 member rotational stiffness matrix 
for the analysis of a structure in which joints can only rotate, but not 
translate. We now derive the member stiffness matrix for a flexural ele­
ment considering both joint rotations and transverse joint displacements 
as degrees of freedom; the axial deformation of the member is still 
ignored. With the resulting 4 X 4 matrix we can extend the application 
of the direct stiffness method to the solution of structures with joints that 
both translate and rotate as a result of applied loading. 

For educational purposes, the 4 X 4 member stiffness matrix in local 
coordinates will be derived in three different ways. 

Derivation 1: Using the Slope-Deflection Equation 

Figure 18.5a shows a flexural element of length L with end moments and 
shears; Figure 18.5b illustrates the corresponding joint displacements. 
The sign convention is as follows: Clockwise moments and rotations are 
positive. Shears and transverse joint displacements are positive when in 
the direction of the positive y axis. 

The positive directions for local coordinates are as follows: The local 
x' axis runs along the member from the near joint i to the far jointj. The 
positive Z' axis is always directe.d into the paper, and y' is such that the 
three axes form a right-handed coordinate system. 

...,;;. ..... - • .. ';;. ..... - • 	 • ..,.,;;. ..... ­I 
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\ 
y'

\,
y 

(a) (b) 

Setting the fixed-end moment (FEM) equal to zero in Equations 12.14 
and 12.15 (assuming no load between joints) yields 

2EI .. . 

Figure 18.5: (a) Convention for positive end 
shears and moments; (b) convention for positive 
joint rotations and end displacements. 

L (20 i + OJ - 3tf;) (18.28) 

2EI 
and M· = -(20. + O· - 3'/') (18.29)

J L J.''I' . 

where the chord rotation tf; from Equation 12.4c is 

I:::..j -I:::..,
tf; = --"-- (18.30)

L 

Equilibrium (:EMj = 0) requires that the end shears and moments in 
Figure 18.5a be related as follows: 

(18.31) 

Substituting Equation 18.30 into Equations 18.28 and 18.29 and then 
substituting these equations into Equations 18.31. we produce the fol­
lowing four equations: 

2EI( . 3
M·= 20·+0·+ 1:::... (18.32)

I L I ) L I 

• 


(18.33) 

(18.34) 

............ - • • • 
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2El (3 3 6v· = -- -(). + -(). + -A· ~ L'l ) . (18.35) 
J L L I L J L2 I L2 j. 

We can write these equations in matrix notation as 

3 3 
2 1 

L L 

3' 3 
1 2 

L L[Z} 2EI (18.36)
3 3 6 6Vi L 

- L2L2L LVi m 
3 3 6 6 

- L2L L 

where the 4 X 4 matrix together with the multiplier 2El/L is the 4 X 4 
member stiffness matrix k'. 

Derivation 2: Using the Basic Definition 
of Stiffness Coefficient 

The 4 X 4 member stiffness matrix can also be derived using the basic 
approach of introducing unit displacements at each one of the degrees of 
freedom. The external forces, at the DOF, required to satisfy eqUilibrium 
in each defomled configuration are the elements of the member stiffness 
matrix in the column corresponding to that DOE Refer to Figure 18.6 for 
the following derivations. 

Unit Displacement at DOF 1 (8/ = 1 rad) 
The corresponding sketch is shown in Figure 18.6b; the end moments 
computed with Equation 18.5 are the usua14El/L and 2El/L. The shears 
at the ends are readily calculated from statics. (The positive s~nse of dis­
placements is indicated by the numbered arrows in Fig. 18.6a.) From. 
these computations we get 

k' - 4El k' _ 2El k' _ 6EI k' __ 6EI 
(18.37)11 - L 21 - L 31 - L2 41 - . L2 

These four elements constitute the first column of matrix k'. 

Unit Displacement at DOF 2 (OJ = 1 rad) 
The sketch for this condition is illustrated in Figure 18.6c; proceeding as 
before, we obtain 

k' _ 2E1 k' _ 4El k' _ 6El (18.38)12 - L 22- L 32 - L2. 

The four elements constitute the second columncof matrix k'. 

t x 2 
• I 

y I. 

OJ 

Ili 
(a) 

(}j= It:€l~;:::;;;::l:~ 

k' _ 6EI 
32- L2 

(c) 

Figure 18.6: (a) Positive sense of unknown joint 
displacements indicated by numbered arrows; 
(b) stiffness coefficients produced by a unit clock­
wise rotation of the left end of the beam with all 
other joint displacements prevented; (c) stiffness 
coefficients produced by a unit clockwise rotation 
of the right end of the be.am with all other joint 
displacements prevented; 
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(e) 

Figure 18.6: (d) Stiffness coefficients produced 
by a unit vertical displacement of the left end with 
all other joint displacements prevented; (e) stiff­
ness coefficients produced by a unit vertical dis­
placement of the right end with all other joint dis­
placements prevented. 

I 
I 

Unit Displacement at DOF 3 C~i = 1} 
From the sketch in Figure 18.6d we can see that this displacement pat­
tern, as far as member distortions go, is equivalent to a positive rotation 
of IlL measured from the beam chord to the deformed configuration of 
the beam. (Note that rigid-body motions do not introduce moments or 
shears in the beam element.) Substituting these rotations in Equation 
18.5, we obtain the following end moments: 

2EI [2 1] ~ [1] = 6EI [1] (18.39)
L 1 2L 1 U 1 

The end moments and con-esponding shears (calculated from statics) are 
depicted in Figure 18.6d; again we have 

' _ 6EI ' _ 6EI 12EI 
k13- k23 - (18.40) 

These four elements constitute the third column of matrix k'. 

Unit Displacement at DOF 4 (~j = 1) 
In this case the rotation from the beam chord to the final configuration of 
the member, as shown in Figure 18.6e, is counterclockwise and, therefore, 
negative. Proceeding in exactly the same manner as before, the result is 

k' _ _ 12EI 12EIk' __ 6EI (18.41)14 - L2 34 - L3 

These four elements constitute the fourth column of matrix k'. 
Organizing these coefficients in a matrix format for the member stiff­

ness matrix yields 

2 1 
3 
L 

3 
L 

k' 
2El 
L 

1 

3 

2 

3 

3 

L 
6 

3 

L 
6 

(18.42) 

L L L2 L2 

3 3 6 6 
L L L2 

Equation 18.42 is identical to the matrix derived previously using the 
slope-deflection equation (see Eq. 18.36) . 

• 
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Derivation 3: Using the 2 X 2 Rotational Stiffness Matrix 
with a Coordinate Transformation 

As we saw in the preceding derivation, as far as distortions go,. the trans­
verse displacements of the flexural member are equivalent to end rota­
tions with respect to the chord. Since the rotations with respect to the 
chord are a function of both the rotations with respect to the local axis x' 
and the transverse displacements, we can write 

[()iC] T[:;] (18.43) 
()Jc Al 

Aj 

where T is the transformation matrix and the subscript c has been added 
to distinguish between rotations measured with respect to the chord and 
rotations with respect to the local axis x' . 

The elements of the transformation matrix T can be obtained with the 
aid of Figure 18.7. From there we have 

0ic = ()i - if! (18.44) 

()jc = OJ - if! (18.45) 

where the chord rotation iJi is given by 

A· - A· 
J It/J= (18.30)

L 

Substituting Equation 18;30 into Equations 18.44 and 18.45, we obtain 
Figure 18.7: Deflected shape of a beam element 
whose joints rotute and displace laterally. 

A· Aj 
()ic f). +----!. (18.46)

I L L 

Aj 
Ojc = ()j + (18.47)

L L 

Writing Equations 18.46 and 18.47 in matrix notation produces 

j 

'" .,K"~......."..-:r~{lj 
{ljr 

• 

(18.48) 


The 2 X 4 matrix in Equation 18.48 is, by comparison with Equation 
18.43, the transformation matrix T. 
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From Section 17.7 we know that if two sets of coordinates are. geo­
metrically related; then if the stiffness matrix is known in one set of coor­
dinates, it can be transformed to the other by the following operation: 

k' = TTkT (18.49) 

where k is the 2 x 2 rotational stiffness matrix. CEq. 18.6) and k' is the 
4 X 4 member stiffness matrix in local coordinates. Substituting the T 
matrix in Equation 18.48 and the rotational stiffness matrix of Equation 
18.6 for k, we get 

k' = 

1 

o 
1 

L 
1 

o 
1 
1 

L 

I 
L L 

The multiplication of the matrices shown above yields the same beam 
element stiffness matrix as derived previously arid presented as Equation 
18.42; the verification is left as an exercise for the reader. 

EXAMPLE·18.3 

80 kips 

Figure 18.8: Analysis of an unbraced frame. 
(a) Details of frame; (b) positive sense of 
unknown joint displacements defined; 

Analyze the plane frame shown in Figure I8.8a. The frame is made up 
of two colUmnS of moment of inertia I, rigidly connected to a horizontal 
beam whose moment of inertia is 31. The structure .Sllpports a concen­
trated load of 80 kips acting horizontally to the right at the niidheight of 
column AB. Neglect the deformations due to axial forces. . 

Solution 
Because axial deformations are neglected, joints Band C do not move 
vertically but have the same horizontal displacement. In Figure 18.8b we 
use arrows to show the positive sense of the three independent joint dis­
placement components. We now apply the five-step solution procedure 
utilized in the preceding examples. 

2 

3"I 
8' 

(a) (b) 

........ - - • • 
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Step 1: Analysis of the Restrained Structure With the degrees 
of freedom restrained by a clamp at B as well as a clamp and horizontal 
support at C, the frame is transformed to three independent fIxed-end 
beams. The moments in the restrained structure are shown in Figure I8.8c. 
The restraining forces are calculated using the free-body diagrams shown 
at the bottom of Figure 18.8c. 

We note that the horizontal restraint at joint C that prevents sway of the 
frame (DOF 3) can be placed at either joint B or C without affecting the 
results. The selection of joint C in the sketch of Figure 18.8c is thus arbi­
trary. We also note that the simplifIcation introduced by neglecting axial 
deformations does not imply that there are no axial forces. It only means 
that axial loads are assumed to be carried without producing shortening 
or elongatioll of the members. 

From the free-body diagrams in Figure 18.8c we compute the restrain­
ing forces as 

-160.0 + Ml 0 M j = 160.0 

M2 = 0 

40.0 + F3 = 0 F3 = -40.0 

Reversing the sign of restraining forces to construct the force vector F 
gives 

F [-16~.0] (18.50) 
40.0 

where forcis are in kips and moments are in kip·ft. 
, . ' .. 

Step 2:· Assembly of the. Structure Stiffness Matrix The 
deformed confIgurations, corresponding to unit displacements at each 
degree of freedom, are shown in Figure 18.8d. The moments at the end of 

c· ,160 BTB 

80 kips 
160 

D D 

Figure 18.8: (c) Computation of restraining 

I 
..... .. forces corresponding to three unknown joint 

Ml M2 
~ 

\ B C 
\ , -+F3 displacements; moments in kip·ft; 

~ 
\......Jf 

160 
(c) [continues on next page] 

.. .. .. 
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Example 18.3 continues . .. 

Figure 18.8: (d) Computation of stiffness coef­
ficients by introducing unit displacements corre­
sponding to unknown joint displacements; the 

. restraints (clamps and the lateral support at joint 
C) are omitted to simplify the sketches. 

the members, in the sketches corresponding to unit rotations of joints B 
and C (Le., DOF 1 and 2, respectively), aremost easily calculated from 
the 2 X 2 member rotational stiffness matrix of Equation 18.5. Using the 
appropriate free-body diagrams, we compute 

-0.25EI - O.4El + Kll 

-0.2EI + K21 

0.0234EI + K31 

-O.4El - 0.25El + K22 

0.0234EI + K32 

The elements of the third row of the structure stiffness matrix are eval­
uated by introducing a unit horizontal displacement at the top of the frame 

c 

D 

0.25E[ MEl 

L13 = 1 

h 
B 	 C 

-----~.-~ 

I 

I 
A 

I 0.0234EI j I 0.0234EI 

' I 

/1/ 
0.0234EI ,I 0.0234EI 

D 

(d) 

= 0 or KIl 0.65EI 

= 0 or K21 = 0.20El 

= 0 or K31 = -0.0234E1 

= 0 or K22 = 0.65EI 

= 0 or K32 -0.0234El 

K;~ ..... )
\ Us (O.4EI 

0.2El 
~ 
0.'25EI 

B 	 C 

u 
0.25-?~.125 EI =0.0234EI 

K12 
....... ) _ ..K22 

: [Ii ( .0;2EI 

MEl 	 '-" 

0.25El 

0.0234E[ 

K 13 	 _ ....K ........ 	 ,23 

I 

'Us f 

'-' "'-' 
0.0234El 0.0234EI 

B 

0.0029EI 0.0029E[ 

• 	 • ....."'.- - • .•.."'.- - • 
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(DOF 3). The forces in the members are calculated as follows. From Fig­
ure 18.8d we see that for this condition member BC remains undeformed, 
thus having no moments or shears. The columns, members AB and DC, 
are subjected to the deformation pattern given by 

[~}[~l 

where the subscripts i and) are used to designate the near and the far joints, 
respectively. Notice that by defining the columns as going from A to B 
and from D to C, both local y axes are in accordance with the previously 
established sign convention, directed to the right, thus making the dis­
placement A = 1positive. 

The moments and shears in each column are obtained by substituting 
the displacements shown above into Equation 18.36, that is, 

rJ~ 2EIVi L 
V· ­

J 

3 3
2 1 

L L 
3 3 

1 2 
L L 

3 3 6 6 
L2'L2 ­L L m 

3 3 6 6 
L2 L2L L 

Substituting L = 16 ft gives 

[M] [-0.0234]-0.0234Mj = EI 
Vi -0.0029 

~ 0.0029 

These results are shown in Figure 18.8d. From equilibrium of forces in 
the horizontal direction on the beam, we compute 

-0.0029EI - 0.0029EI + K33 = 0 or K33 = 0.0058EI 

Equilibrium of moments at joints Band C requires that K13 = K23 == 
-0.0234EI. 

Arranging these coefficients in matrix form? we produce the structure 
stiffness matrix 

0.65 0.20 '-0.0234] 

K = EI 0.20 _' 0.65 -0.0234 


[ 
-0.0234 -0.0234 0.0058 [continues on next page) 

• 
 • .":;;' 4IIioa _ 
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Example 18.3 continues . .. 	 As a check of the computations, we observe the structure stiffness matrix 
K is symmetric (Betti's law). 

Step 3: Solution ofEquation 18.1 Substituting F and K into Equa­
tion 18.1, we generate the following set of simultaneous equations: 

0.65 0.20 -O.0234][(JI ] -160.0] 
!EI 0.20 0.65 -0.0234 (J2 0.0 
I 

[ 	 [
-0.0234 -0.0234 0.0058 60 3 40.0 

Solving yields 

(Jl ] 1 [-57.0]
O2 =- 298.6

[ 60 EI 7793.2
3 

The units are radians and feet. 

Step 4: Evaluation ofthe Effect of Joint Displacements As 
explained in Example 18.2, the effects of the joint displacements are 
most easily calculated using the individual element stiffness matrices. 
These computations produce the following values of displacement at the 
ends of each member. For member AB, 

(Jo 1· -57.0(JA] [0]
=­

60A EI 0.0[ 
60B 7793.2 

for member Be, 

(JO] [-57,0](Je = 1 298.6 

60B . EI 0[ 
60e 0 . 

and. for member DC, 

[ 
29~'6]::] 1 [ 

60D EI 0 
60e 7793.2 

The results obWned by substituting these displacements into Equation 
18.36 (with the appropriate values of L and flexural stiffness EI) are 
shown graphically in Figure I8.8e . 

• 


. 
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Step 5: Calculation of Final Results The complete solution is 
obtained by superimposing the results of the restrained case (Fig. 18.8c) 
and the effects of the joint displacements (Fig. 18.8e). The firial moment Figure 18.8: (e) Moments produced by joint dis­
diagrams for the members of the frame are plotted in Figure 18.8f placements; (f) final results. All moments inkip·ft. 

163.6 

189.& 145.3 

(e) 

~.U:;;>"~~''''''''''''''''''''''''.H''HH''H''''H'U''''''''''''''H'''n ................................H ••••••••••••••• u ..................h ...... 


~,~i8.5 	 The 6 x 6 Member Stiffness Matrix 

in Local Coordinates 


While virtually all members in real structures are subjectto both axial and 
flexural deformations, it is often possible to obtain accurate solutions 
using analytical models in which only one deformation mode (flexural or 
axial) is considered. For example, as we showed in Chapter 17, the 
analysis of trusses can be carried out using a member stiffness matrix 
that relates axial loads and deformations; bending effects, although pres­
ent (since real joints do not behave as frictioriless pins, and the dead weight 
of a member produces moment), are negligible. In other structures, such as 
beams and frames treated in the previous sections of this chapter, often the 
axial deformations have a negligible effect, and the analysis can be carried 
out considering bending deformations orily. When it is necessary to include 
both deformation components, in this section we derive a member stiff­
ness matrix in local coordinates that will allow us to consider both axial 
and bending effects simultaneously. 

When bending and axial deformations are considered, each joint has 
3 degrees of freedom; thus the order of the membcrstiffncss matrixis 6. 
Figure 18.9 shows the positive direction of the degrees of freedom (joint 
displacements) in local coordinates; notice that the sign convention for 
end rotations and transverse displacements (degrees of freedom 1 through 
4) is identical to that previously used in the derivation of the member stiff­
ness matrix given by Equation 18.36. The displacements in the axial direc­
tion (degrees of freedom 5 and 6) are positive in the direction of the posi­
tive x/axis, which, as stated previously, runsfrom the near to the far joint. 

36.9 

80 kips 
---jIooo 

349.8 

Figure 18.9: Positive sense ofjoint displacement 
for a flexural member. 

(f) 
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The coefficients in the 6 X 6 member stiffness matrix can readily be 
obtained from information derived previously for the beam and truss 
elements. 

Unit Displacements at DOF 1 through 4 
These displacement patterns were shown in Figure 18.6; the results were 
calculated in Section 18.4 and are contained in Equations 18.37, 18.38, 
18.40, and 18.41. We also notice that since these displacements do not 
introduce any axial elongations, 

kSl = k52 = kS3 = k54 kin k62 k63 k64 = ° (18.51) 

Unit Displacements at DOF 5 and 6 
These conditions were considered in the derivation of the 2 X 2 member 
stiffness matrix for a truss bar in Chapter 17. From Equation 17.15 we 
compute 

AE
-k65 (18.52)

L 

Since no moments or shears are induced by these axial·deformations, it 
follows that 

k;5 = k~5 = k;s = k~5 = k16 = k26 = k36 k46 = ° (18.53) 

Notice that the coefficients in Equations 18.51 and 18.53 satisfy sym­
metry (Betti's law). 

Organizing all the stiffness coefficients in a matrix, we obtain the 6 X 6 
member stiffness matrix in local coordinates as 

DOF: 2 3 4 5 6 

4EI 2EI 6EI 6EI 
- 0 0L2 

2EI 4EI 6El 6El 

L L 

- 0 0L2 

6EI 6EI 12El -12El 

L L 

0 0L'I. L2 
k' = 

6EI 6EI 12El 12EI 
--- 0L2 - L2 L3 IF 0 

AE AE
0 0 0 0 

L L 
AE AE

0 0 0 0 
L L 

We illustrate the use of Equation 18.54 in Example 18.4 . 

2 

(18.54) 

4 

5 

6 

• . ........ ... • • 
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Analyze the frame in Figure I8.lOa, considering both axial and flexural 
deformations. The flexural. and axial stiffnesses EI and AE are the same . 
for both members and equal24 X 106 kip'in2 and 0.72 X 106 kips, respec­
tively. The structure supports a concentrated load of 40 kips that acts ver­
tically down at the center of span Be. 

Solution 
With axial elongations considered, the structure has 3 degrees of kine­
matic indeterminacy, as shown in Figure I8.10b. The five-step solution 
procedure follows: 

Step 1: Analysis of the Restrained Structure With the 3 degrees 
of freedom restrained at joint B, the frame is transformed to two fixed­
end beams. The moments for this case are shown in Figure 18.1 Oc. From 
eqUilibrium of the free-body diagram of joint B, . 

Xl = 0 or Xl = 0 

Y2 + 20.0 = 0 or Y2 = -20.0 

M3 + 250.0 = 0 or M3 = -250.0 kip·ft = -3000 kip·in 

Reversing the sign of these restraining forces to construct the force vec­
tor F gives 

[ 0]F 20.0 (18.55) 

3000.0 

The units are kips and inches. 

40 kips 

(c) 

EXAMPLE 18.4 

40 kips 

B c! 

I-- 30' 50'-----1 

(a) 

3 

f:::. ........
····l-..l 

2 

(b) 

Figure 18.10: (a) Details of frame; (b) positive 
sense of unknown joint displacements; 

Figure 18.10: (c) Forces in the restrained struc­
ture produced by the 40-kip load; only member 
Be is stressed. Moments in kip·ft. 

[continues on next page] 

.•..,... .a- _ ' •.,... .a- _ 
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Example 18.4 continues . .. 	 Step 2: Assembly of the Structure Stiffness Matrix The stiff­
ness matrices in local coordinates for members AB and BC are identical 
because their properties are the same. Substituting the numerical values 
for EI, AE, and the length L, which is 600 in., into Equation 18.54 gives 

1600 800 4 -4 0 0 

800 1600 4 -4 0 0 I • 

4 4 0.0133 -0.0133 0 0
k' = 102 (18.56)

A -4 -4 -0.0133 0.0133 0 0 

0 0 0 0 12 -12 

0 0 0 0 -12 12 

The deformed configuration corresponding to a I-in displacement of 
degree of freedom 1 is shown in Figure 18.10d. The deformations expressed 
in local coordinates for member AB are 

(d) 

Figure 18.10: (d) Stiffness coefficients associ­
ated with a unit honzontl!l displace~nent of joint B; 

and for member BC are 

°A 
°B 
dA 
dB 
OA 
DB 

°B 
(}e 
dB 
de 
8B' 

De 

= 

0 

0 

0 
(18,57)

0.8 

0 

0.6 

0 

0 

0 
(18.58)

0 

1 
0 

The units are radians and inches. 
The forces in the members are then obtained by multiplying the mem­

ber deformations by the element stiffness matrices. Premultiplying Equa­
tions 18.57 and 18.58 by Equation 18.56, we get for member AB, 

M j 


Mj 


Vi 

\'i 
Fj 


Fj 


= 

-320.0 

-320.0 

-1.064 
(18.59)

1.064 
-720.0 

720.0 
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nd for member BC, 

M/ 
Mj 

VI 
\j 
F, 

~ 

= 

0 
0 
0 

(18.60) . 
0 

1200.0 
-1200.0 

In Equations 18.59 and 18.60 subscripts i andj are used to designate 
the near and far joints, respectively. These member end forces, with the 
sign reversed, can be used to construct the free-body diagram of joint B 
in Figure I8.10d. We compute from this diagram the forces required for 
equilibrium of this deformed configuration. 

Kll - 1200 -(720 X 0.6) - (1.067 X 0.8) = 0 or Kll = 1632.85 

K21 + (720 X 0.8) 	 (1.067 X 0.6) = 0 or K21 = -575.36 

if.31 + 320.0 = 0 or K31 = -320.0 

In Figure 18.10e we show the deformed configuration for a unit dis- c 
placement at degree of freedom 2. Proceeding as before, we find the mem­
ber deformations. For member AB, 

0.4­
OB 
llA 
llB 
8A 

88 

and for member BC, 

"'" 


08 

(}c 

tlB 
tlc 
88 

8e 

= 


0 

0 
0 
0.6 
0 

-0.8 

0 
0 
1 

0 
0 
0 

A K22 
, .. :-',K33 

(18.61) 	 KI2 __ p t)400 

240 ~ 0.8 1.33 

960 
(e) 

Figure 18.10: (e) Stiffness coefficients produced 
by a unit vertical displacement of joint B; 

(18.62) 

Multiplying the deformations in Equations 18.61 and 18.62 by the element 

stiffness matrices, we obtain the following member forces. For memberAB, [continues on next page] 
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Example 18.4 continues . .. 

and for member BC, 

ber AB are 

and for member BC, 

• 

-240.0 


-240.0 

Mi 
Mj 

Vi -0.8 
(18.63)

0.8"i 
960.0Fi 

-960.0Fj 

400.0Mi 
400.0Mj 

1.333Vi 
(18.64)= -1.333"i 

0Fi 
0F·J 

.., 

Given the internal member forces, the external forces required for 
equilibrium at the degrees of freedom are readily found; referring to the 
free-body diagram of joint B in Figure I8.10e, we calculate the follow­
ing stiffness coefficients: 

K12 + (960 X 0.6) - (0.8 X 0.8) = a or K12 ::::: -575.36 

K22 (960 X 0.8) - (0.8 X 0.6) - 1.33 = 0 or K22 = 769.81 

K32 + 240 400 = 0 or K32 160.0 

Finally, introducing a unit displacement at degree of freedom 3, we 
obtain the following results (see Fig. 18.10/). The deformations for mem­

e
OA 

B 

AA 
AB 
SA 
SB 

eB 

(Jc 

AB 
Ac 
6B 

6c 

0 

I 

0 
::::: (18.65)

0 


0 


0 


1 

0 


0 

(18.66)

0 


0 


0 


• ........ .- - • • • 
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The member forces for member AB are 

M j 

Mj 

Vi 

Vj 
Fj 

Fj 

and for member Be, 
Mi 
Mj 

Vi 

Vj 
F; 

Fj 

== 


8000 

160,000 

400 
(18.67)

-400 


0 


0 


160,000 

80,000 

400 
(18.68)

-400 


0 


° 
From the free-body diagram of joint B in Figure 18.lOfwe get the 

following stiffness coefficients: 

K 13 + 400 X 0.8 = 0 and Ku = -320 

K23 + 400 X 0.6 - 400 0 and K 23 = 160 
DOF3 =1 


K33 160,000 160,000 = 0 and K33 320,000 

K23 

Organizing the stiffness coefficients in matrix notation, we obtain the fol­ I K 

lowing structure stiffness matrix: K13 __ ~33t ) 
,~ 160000

.1632.85 -575.36 ' ­-320.0] 400 ' 
160,000\) 400

K = -575.36 769.81 160.0 (18.69)
[ 

-320.0 160.0 . 320,000.0 (f) 

Figure 18.10: (I) Stiffness coefficients pro­Step 3: Solution ofEquation 18.1 Substituting F and K into Eqmi­
duced by a unit rotation of joint B;tion 18.1, we produce the following system of simultaneous equations: 

1632.85 -575.36 -320.0][L\1] [ 0]
[ 

-575.36 769.81 160.0 L\, 20.0 (18.70) 

-320.0 160.0 320,000.0 03 3000.0 

Solving Equation 18.70 gives 

L\l] ][0.014
L\2 = 0.0345 (18.71)[
83 . 0.00937 

The units are radians and inches. [continues on next page] 

J 
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Example 18.4 continues . .. Step 4: Evaluation of the Effect ofJoint Displacements The 
effects of joint displacements are calculated by multiplying the individ­
ual member stiffness matrices by the corresponding member deforma­
tions in local coordinates, which are defined in Figure 18.9. Member 
deformations can be computed from global displacements CEq. 18.71) 
using the geometric relationships established in Figures 18.lOd, e, and! 
Consider the axial deformation of member AB for example. The axial 
deformation 5A at joint A is zero because it is. a fixed end. The . axial 
deformations 58 produced by a unit displacement in the horizontal, ver­
tical, and rotational directions of joint Bare 0.6, -0.8, and 0.0, respec­
tively. Therefore, joint displacements calculated in Equation 18.71 pro­
duce the following axial deformation at joint B: 

5B = (0.014 X 0.6) + (0.0345 X -0.8) + (0.00937 X (0.0) -0.0192 

Following this procedure, the six components of the lucal deformations 
for member AB are 

fiA = 0 

e8 = 0.00937 

.il.A 0 

a8 ~ (0.014 X 0.8)'1 (0.0345 X 0.6) - -0.0319 

e

5A 0 

8B = (0.014 X 0.6) + (0.0345 X -0.8) = -0.0192 

Similarly, for member Be, 
B = 0.00937 

fie = 0 

aB = 0.0345 

ac = 0 

5B = 0.014 

5e = 0 

Multiplying these deformations by the member stiffness matrix (Eq. 18.54), 
we get the member forces fromjoint displacements. For member AB, 

M"AB 

MBA 
V"AB 

V"BA 

F"AB 

F"BA 

and for bar Be, 

= 

736.98 

1486.71 

3.706 
(18.72)

-3.706 

23.04 

-23.04 

•
- • ......... - - • • ........ - ­
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126.1Mil 1513.29Be 
~ 763.54Men """'"<J 

63.6V" 3.79Be (18.73)= 
V" -3.79eB /l12l9
F" 16.80Be 

61.416.80F"eB 

The results given by Equations 18.72 and 18.73 are plotted in Figure 
I8.lOg. Note that the units of moment in the figure are kip·feet. 

Step 5: Calculation of Final Results The complete solution is 
obtained as usual by adding the restrained case (Fig. I8.10c) to the 
effects of joint displacements (Fig. I8.l0g). The results are plotted in 
Figure 18.lOh. 

281.3 

:;':;.::ik~' .'... '. :.'. 
; .~ 

moments 
(kip.ft) 

+16.8 

+ tension-23.04 
axial forces 

(kips) 

(g) 

123.9 

.... ~;l~ ..'~·~.~'.~~~.::.~':~i.................................... u.u...................... H 	 .............. u
.......................U.H••••• n ••••••• u ...... 


··d;8.((~ The 6 X 6 Member Stiffness Matrix 

. . in Global Coordinates 


The stiffness matrix of a structure can be assembled by introducing unit 
displacement at the selected degrees of freedom (with all other joints 
restrained) and then calculating the corresponding joint forces required 
for equilibrium. This approach, although most efficient when using hand 
calculators, is not well suited to computer applications. 

The technique actually utilized to assemble the structure stiffness matrix 
in computer applications is based on the addition of the individual member 
stiffness matrices in a global coordinate system. In this approach, initially 
discussed in Section 17.2 for the case of trusses, the individual member 
stiffness matrices are expressed in terms of a common coordinate sys­
tem, usually referred to as the global coordinate system. Once expressed 

Figure 18.10: .(g) Moment diagrams and axial 
313.6 	 forces produced by the actual displacements of 

+16.8 joint B; (h) final results. 

-23.04 .~IonV a~:~:rm ~. (kips) 

,,' :'>/J 

(II) 	 I 

•
• 	 • • ........... ­
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(a) 

(b) 

j 

(c) 

(d) 

Figure 18.1'1: (a) Member displacement compo­
nents in global coordinates; (b) member displace­
ment components in local coordinates; (c) local 
displacement components produced by a global 
displacement Aix; (d) local displacement compo­
nents produced by a global displacement Ai)'; 

in this form, the individual member stiffness matrices are expanded to 
the size of the structure stiffness matrix (by adding columns and rows of 
zeros where necessary) and then added directly .. 

In this section we derive the general beam-column member stiffness 
matrix in global coordinates. In Section 18;7, the direct summation process 
by which these matrices are combined to give the total stiffness matrix for 
the structure is illustrated with an example. 
. The 6 X 6 member stiffness matrix for a beam-column element is 

derived in local coordinates in Section 18.5 and is presented as Equation 
18.54. A derivation in global coordinates can be carried out in much the· 
same manner by using the basic approach of introducing unit displace­
ment at each node and calculating the required joint forces. The process 
is, however, rather cumbersome because of the geometric relationships 
involved. A simpler, more concise derivation can be made using the mem­
ber stiffness matrix in local coordinates and the coordinate transformation 
expression presented in Section 17.7. For convenience in this develop­
ment the equation for the transformation of coordinates, originally denoted 
as Equation 17.54, is rf\peated below as Equation 18.74. 

k TTk'T (18.74) 

where k' is the member stiffness matrix in local coordinates (Eq. 18.54),· 
k is the member stiffness matrix in global coordinates, and T is the trans­
fomlation matrix. The T matrix is formed from the geometric relationships 
that exist between the local and the global coordinates. In matrix form 

«5 = TA (18.75) 

where «5 and A are the vectors of local and global joint displacements, 
respectively. 

Refer to Figure 18.I1a and b for the member ij expressed in the local 
and global coordinate systems, respectively. Note that the components of 
translation are different at each end, but the rotation is identical. The 
relationship between the local displacement vector «5 and the global dis­
placement vector A is established as follows. Figure I8.11e and d shows 
the displacement components in the local coordinate system produced by 
global displacements Aix and Aiy, at joint i, respectively. From the figure, 

0; = (cos ¢ )(Aix) - (sin ¢) (Aiy) (18.76) 

A;= (sin¢)(Aix) + (COS¢)(AiY) (18.77) 

. Similarly, by introducing Ajx and Ajy respectively, to joint j (see Fig. 
18.11e and!), the following expressions can be established: 

OJ= (cos¢)(Ajx) - (sin¢)(Ajy) (18.78) 

Aj = (sin ¢)(Ajx) + (cos ¢)(Ajy) (18.79) 

- • • • • ........ 




Section 18.6 The 6 X 6 Member Stiffness Matrix in Global Coordinates 715 

Figure 18.11 ; (e) Local displacement com­
ponents produced by a global displacement 
~jX; and (f) local displacement components 

(e) (j) produced by a global displacement ~jY' 

Together with two identity equations for joint rotations (Oi = 0i and OJ 
OJ), the relationship between Band 4. is 

0 0 1 0 0 0 Ah°i 
0 0 0 0 0 1OJ Aiy 

$ C 0 0 0 0 OJAi (18.80)= 
0 0 0 $ c 0Aj Aj .. 

0; c -s 0 0 0 0 Ajy 

0 0 0 C -$ 0 OJ8j 

where 8 = sin cp, c = cos cp, and the 6 X 6 matrix is the transformation. 
matrix T. 

From Equation 18.74, the member stiffness matrix in global coordi­
nates is 

k TTk'T 

4EI 2EI 6EI 6EI 
0 0L2L L 

2EI 4EI 6EI 6EI 
0 0L2 L2 0 0 1 0 0 0o 0 s 0 c 0 L L 

o 0 c 0 -8 0 6EI 6EI 12EI -12EI 0 0 o 0 0 1
0 0L3 L31 000 0 0 s c o 0 0 0 

= 
000 s 0 c 0 0 o s c 06EI 6EI 12EI 12El 

L2 -----0- L3 0 0 
C -$ o 0 0 0000 c 0 -8 

AE AEo 1 0 0 0 0 0 0 o C -8 0 
0 0 0 0 ­

L L 

AE AE 
0 0 0 0 

L L 

.- - • ·a:-·... .- _ • ....-..... .- - • • 
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k = EI 
L 

Matrix Analysis of Beams and Frames by the Direct Stiffness Method 

NC2+p~ sc(-N+P) Qs (Nc2+ PS2) -sc(-N+P) Qs 


Ns2 + Pel Qc se(N - P) -(Ns2 + Pe2) Qc 


4 -Qs -Qe .·2 

(18.81)

Symmetric about main diagonal Ne2+Ps? se(-N+ P) -Qs 


Ns2 + Pe2 -Qe 


4 

where k' is from Equation 18.54, NAil, P 121[2, and Q = 61L. 

.' .-., ........."'.."'..............·.t ••••••••••••~n ••••• u ••••••••••••••••••••• ~ •••••••••••••••••••••••• H.;o ••••••• u •••••••••••••••••••••••••••••••••••••••••••••••• _ 


18.7'(1 Assembly of a Structure Stiffness Matrix­
Direct Stiffness Method 

Once the individual member stiffness matrices are. expressed in global 
coordinates, they can be summed directly using the procedure described 
in Chapter 17. The combination of individual member stiffness matrices 
to form the structure stiffness matrix can be simplified by the introduc­
tion ofthe following notation in Equation 18.81. Partitioning after the 
third column (and row), we can write Equation 18.81 in compact form as 

k= [kJ;, kJ;,F] 
k}\'N kF (18.82) 

where the subscripts Nand F refer to near.andfarjoints for the member, 
respectively, and the superscriptm is the number assigned tothe mem­
ber in question in the structural sketch. The terms in each of the subma­
trices of Equation 18.82 are readily obtained from Equation 18.81 and 
are not repeated here. 

To illustrate the assembly of the structure stiffness matrix by direCt 
summation, let's consider once again the frame shown in Figure 18.10. 
The stiffness matrix for this structure is derived in Example 18.4 and is 
labeled Equation 18.69. 

EXAMPLE 18.5 

• 


Using the direct stiffness method, assemble the structure stiffness matrix 
for the frame in Figure 18.10a. 

Solution 
Figure 18.12a illustrates the structure and identifies the degrees of freedom. 
Note that the degrees of freedom are numbered in the order x, y, z and are 
shown in the sense of the positive direction of the global axes; this order is 
necessary to take advantage of the special form of Equation 18.82. 

Since the frame considered has three joints, the total number of inde­
pendent joint displacement components, before any supports are intro­
duced, is 9. Figure 18.12b shows the stiffness matrices for the two mem­
bers (expressed in the format of Eq. 18.82), properly located within the 
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s s S 2 3 S S S 

S 

kN I IS kNF 

S 

3 
 structure stiffness r;:; rn C matrix

I 22 kFN kNF
~-l 3 

Szr:x 
2 

global 
axes S kFN2 klY 

S 

Figure 18.12: (a) Frame with 3 degrees of free­
9 X 9 matrix space. Because of the specific support conditions, the columns dom; (b) assembly of structure stiffness matrix 
and rows labeled S (support) can be deleted, thus leaving only a 3 X 3. from member stiffness matrices. 

structure stiffness matrix. . . 
As can be seen in Figure 18.12b, the structure stiffness matrix, in tenns 

of the individual members, is given py . 

K k}+k~ (1 R.R~) 

where k} refers to the submatrix of member 1 at fur end, and k1rcfers to 
the submatrix of member 2 at near end. The matrices in Equation 18.83 
are evaluated from Equation 18.81 as follows. For member 1, a =53.13" 
(positive since clockwise from local to global x axes); so s = 0.8 and c = 
0.6. From the data in Example 18.4, . 

A 0.72 . 2 
N = I = 24.0 == 0.03 m-

P = g = ~ = 33 33 X 10-6 in-2 

L2 6002 • 

Q == ~ = ~ = 001 in- 1 

L 600 . 

E1 24.0 X 106 

L ;::: 600 40,000 kip·in 

For member 2, a = 0°, s = 0, c = 1, and the values of N, P, Q, and E1 . 
are the same as in member 1. Substituting these numerical results into 
Equation 18.81, we compute . 

I 2 3 

432.85-575.36 
-320 l'

k} = .. - 575.36 768.48 -240 2 (18.84)
[ 

-320 ....,.240 160,000· 3 

.- - • '.-:0.'- _ 

http:432.85-575.36
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I' 2 3Example 18.5 continues . .. 

. [1200 0 0] I 
and k~ = 0 1.33 400 2 (18.85) 

. 0 400 160,000 3 

Finally, substituting Equations 18.84 and 18.85 into Equation 18.83, we 
obtain the structure stiffness matrix by direct summation. 

1632.85 -575.36 	 Ans.-320]
K 	= -575.36 769.81 160 (18.86)

[ 
-320 	 160 320,000 

The K matrix in the above equation is identical to Equation 18.69, which 
was derived in Example 18.4 using the unit displacement approach. 

Summary 

"", . • 	 For the analysis of an indeterminate beam or frame structure by the 
matrL", stiffness method, a five-step procedure is presented in this 
chapter. The procedure requires that the structure be analyzed first as 
a restrained system. After the joint restraining forces are determined, 
the second part of the analysis requires the solution of the following 
eqUilibrium equation for the unrestrained (or original) structure: 

K.1 = F 

where K is the structure stiffness matrix, F is the column vector of 
joint restraining forces but with the signs reversed, and .1 is the 
column vector of unknown joint displacements. 

• 	 The structure stiffness matrix K can be assembled from the member 
stiffness matrices by the direct stiffness method. When only rotations 
at two end joints are considered, the 2 X 2 member stiffness matrix 
k is expressed by Equation 18.6, and the five-step solution process 
presented in Section 18.3 can be used to analyze an indeterminate 
beam or a braced frame when joint translations are prevented. 

• 	 When joint translations are present, but axial deformation of the 
member can be ignored, the 4 X 4 member stiffness matrix based 
on the local coordinate system in Figure 18.5 given by Equation 
18.42 is used. 

• 	 When both bending and axial deformations are considered, each 
joint has '3 degrees of freedom. The 6 X 6 member stiffness matrix 
k' based on the local coordinate system in Figure 18.9 is presented 
in Equation 18.54. 

• 	 For computerized applications, however, it is desirable to express the 
member stiffness matrix in a common (or global) coordinate system, 
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such that a direct summation process can be used to establish the 
structure stiffness matrix K. The member stiffness matrlxk, presented 
in Equation 18.81, in the global coordinate system can be constructed 
from kl using the concept of coordinat~ tramformation. Once the 
stiffness matrix k is established for each member, the structure 
stiffness matrix K is fonned by summing the member stiffness 
matrices (see Section 18.7). 

PlS.1. Using the stiffness method, analyze the two­
span continuous beam shown in Figure P18.1 and draw 
the shear and moment diagrams. EI is constant. 

100 kip·ft P = 20 kips 

--*,-'-15' 

P1 B.1 

PlS.2. Neglecting axial defonnations, find the end 
moments in the frame shown in Figure P18.2. 

50 kips 

A B C 

r-
IO' (El)beams = 2(El)columns

l ED 

1---20' •1. 35' 

P18.2 

PI8.3. Using the stiffness method, analyze the frame 
in Figure P18.3 and draw the shear and moment dia­
grams for the members. Neglect axial defonnations. EI 
is constant. 

c 

1 

i 
6' 

10 kips 

J 
8' 

D 

6' .1. 6'~ 

P18.3 

PI8.4. Using the solution of Problem P18.3, calculate 
the axial forces in the members of the frame. (Use free­
body diagrams that relate axial loads in one member 
with shears in another.) 

PI8.5 . .. Write the stiffness matrix corresponding to the 
degrees of freedom 1, 2, and 3 of the continuous beam 
shown in Figure PI R.5. 

D 

L ,I. L ,I. L 

E1 = constant 

P1B.S 

• • • ........ - ­I 
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PI8.6. In Problem PI8.5, find the force in the spring cated. Use both the method of introducing unit displace­
located at B if beam ABeD supports a downward uni­ ments and the member stiffness matrix ofEquation 18.36. 
form load w along' its entire length. 

i'P18.S. Solve Problem PI8.? using the direct summa­ I 
PI8.7. For the frame shown in Figure PI8.7, write the tion of global element stiffness matrices. 
stiffness matrix in terms of the 3 degrees of freedom indi­

!..-- 10/-------1 

P18.7 

....... u .... u ...................................... u ...............n.u...... u ............... u ............ n ............. u ...... u ... u ....... n .......................UUH....... U •• u ......."............................................ . 
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Review of Basic Matrix 
Operations 

A.1 Introduction to Matrix Notation 

Matrix analysis of structures by the stiffness method consists of program· 
ming a computer to generate initially a set of eqUilibrium equations in 
terms of uDknown joint displacements. Let us assume that the analysis of 
a simple structure produces the following set of algebraic equations: 

k ll5 I + k I252 =: PI 
(A. I) 

k 21 51 + k'l.25; ~ P2 

where 5 I and 52 unknown joint displacements 

PI and Pz = specified joint forces 

k Il' k1Z• k2J> and k22 :::;; known stiffness coefficients 

Matrix operations are defined so that we can represent Equations A.I by 
the following three matrices (terms in brackets): 

(A.2)[~~: ~::][!:] =[;J 
The representation above can be further simplified by representing each 
matrix by a boldface letter or symbol. 

Displacement matrix I) u[~21] 
(A.3)Stiffness matrix K = [:~11 ~~:] 

" [PI]"Force matrix P = P2 

• 
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. Using the notation in (A.3), we can write Equation A.2 as 

Ko =P (AA) 

In the next sections we describe both the characteristics of matrices 
and the operations that are required to solve Equation AA for the values 
of unknown"'deflections in the 0 matrix . 

••••• H~ ................~.~ ••••••••••••••••••••••••••••••••• ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••n.U••••••. __ ... .. 


A.2 Characteristics of Matrices 

A matrix is a rectangular array of terms within brackets arranged in rows 
and columns. A matrix is typically designated by a boldface letter or 
character. For example, we can write a matrix A containing m rows and 
n columns as . 

(A,5) 

The location of the individual terms, called elements, is identified by two 
subscripts. The first subscript denotes the row, and the second subscript 
identifies the column in which the element is located. For example, in the 
matrix above, the term aij represents the element in the ith row and the 
jth column. Elements of a matrix may consist of almost any type of quan­
tity, for example, trigonometric functions, forces, other matrices, and stiff­
ness coefficients. 

The order or size of a matrix is denoted by the number of rows and 
columns. For example, in Equation A.S matrix A is of order m X n (m 
by n). If the values of m and n are different, the matrix is rectangular. If 
a matrix contains the same number (say n) of rows and columns, it is 
termed a square matrix and said to be of order n. A square matrix of 
order 3 would be 

2 5 4]

5\i 3[4 3"6 

Elements of a square matrix whose subscripts are equal, that is, i = j, are 
said to lie on the main diagonal. In the matrix above, the main diagonal 
is shown by the line sloping down and to the right. All other terms (i =1= j) 
are said to be off-diagonal elements . 

•
............. ­- • • • 
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Other types of common matrices are described below. 

1. Diagonal matrix. All off-diagonal terms equal zero; for example, 

2 0 OJ
D = 060 

[ 006 

2. Unit or identity matri.'C. This is a diagonal matrix in which all 
elements on the main diagonal equal 1. Any matrix multiplied by a unit 
matrix remains unchanged. A third-order unit matrix is 

1 0 0]
1= 0 1 0 [001 

3. Lower triangular matrix. All elements above the main diagonal 
equal zero. 

3 0 0]
T = 2 4 0[1 -4 1 

4. Row matrix. All t:h:ments are located in a single row. It is also 
called a row vector or a one-dimensional matrix. A 1 X 4 matrix B is 

5. Column matrix. That is a matrix with one column. For example •. 
a 3 X 1 matrix F is 

6. Null matrix. In this matrix all elements equal zero. 

7. Symmetric matrix. This is a square matrix in which aij = aji' For 
example, 

1 6 4]
A= 6 32[

429 
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~.~;~. Matrix Operations 

Mathematicians have established the basic matrix operations described 
in this section to accomplish several objectives. These include 

1. 	 Solving· simultaneous equations 
2. 	 Transforming forces and deformations, computed with respect to 

the coordinate system of the structure; into equivalent forces and 
displacements parallel and perpendicular to the principal axes of the 
individual members 

Equality of Matrices 

If two matrices A and B are equal, they must be of the same order and cor­
responding elements must equal; that is, 

Addition and Subtraction of Matrices 

Only matrices of the same order can be added or subtracted. The result 
of adding two matrices A and B is to produce a matrix C of the same 
order. Each element C is fOlTIled by adding the corresponding clements 
in A and B. If matrix B is subtracted from matrix A, the corresponding 
terms in B are subtracted from those in A. For example, given 

BA = [~ 0 ~] [~ 6 ~]1 	 2 

6
A+B=C= [~ !]3 

-6 
A-B=D= [-54 

-1 ~] 
Multiplication of a Matrix by a Scalar f3 
To multiply a matrix by a scalar {3, we multiply each element of the matrix 
by {3. For example, if 

A = [_~ -~] and {3 = El 

2El -EIJthen {3A = [ -El 4El 

........
.-	 • • 
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Multiplication of Matrices 

Two matrices A and B can only be multiplied (are conformable) when 
the number of columns in matrix A equals the number of rows in matrix 
B (we say that matrix A premultiplies matrix B). To form the elements 
cij of matrix C, which is the product of matrices A arid B, we form the 
inner product of the elements in the ith row of A and the jth column of 
B; that is, we multiply successive terms in the ith row of the first matrix 
by those in the jth column of the second matrix and sum the products. This 
can be stated as 

n 

cij = 	 2.: aikbkj (A.6) 
k'= I 

where k represents the number of columns in A and the number of 
rows in B. 

The result of the product AB is a matrix C whose order equals the 
number of rows of A and the columns of B. In other words, if the order of 
A is 2 X 3 and the order of B is 3 X 4, matrix C will be of order 2 X 4. 

To introduce the procedure, we compute the product AB of a row 
matrix A and a column matrix B. Each element is identified by two sub­
scripts to relate the operation to Equation A.6. 

AB C 

[All Al2 	 [ell ]A 13 ] [!::] = 

B31 

Since the three columns in A equal the three rows in B, the matrices are 
conformable for multiplication. Matrix C, which consists of a single 
term, will be of order 1 X 1. Using Equation A.6, we compute 

ell AllBll + Al2B21 + AnB 31 

To extend Equation A.6 to the multiplication of large matrices, we 
compute the value of elements Cn and C2l in matrix C that results when 
matrix B is premultiplied by matrix A. 

AB = C 

C12
bt2 b13]_ [ ell ell]

- C21 C22 C23
bZ2 	 b23 

C31 	 Cn C33 

Equation A.6 indicates that we evaluate element C32 by multiplying the 
terms in the third row of A by those in the second column of B. 

Cn a31b12 + anb22 
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Similarly, we evaluate C21 by forming the product of row 2 in A and col­
umn 1 in B. 

Cll = a2lbll + a22b21 

To illustrate matrix multiplication, we compute C· = AB, where 

6 
A == [ 3

-1 ~] B = [! 5 ~] 
(2 x 2) (2 x 3) 

[ 3(2) + 1 (4) 3(6) + 1(5) 3(2) + 1(7)] 
C = -1(2) + 2(4) -1(6) + 2(5) -1(2) + 2(7) 

Simplifying gives 
23C=[l~ 13]
4 12 

We also observe that the product BA cannot be formed because the num­
ber of columns in D is not equal to the number of rows in A. In general, 
the product of two matrices is not commutative (that is, AB =F BA); for 
example, compute the products AB and BA. 

A = [~:] B [ - ~ ! ] 
AB 22J BA = [13 14][~ 39 3224 

Since the distributive and associative laws are valid for matrices, we 
can write the following relationships: (1) the order of multiplying more 
than two matrices is optional, that is, . 

(AB)C = A(BC) (A.7) 

and (2) A(B + C) AB + AC (A. 8) 

Transpose of a Matrix 

The transpose of a matrix A isa second matrix AT in which the rows of 
A are inserted as columns. For example, the transpose of a row matrix A 
is a column matrix AT. 

• 


A = [2 3 4J 

If a matrix is symmetric, its transpose is identical to the original matrix . 
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5 

3 3A = [~ 
5 

1 !] 1 

Other properties of transposes that you may require are (1) the transpose 
of the product of two matrices BA is equal to the product of their trans­
poses in reverse order, that is, 

(BA)T = ATBT (A.9) 

and (2) (A + B? = AT + BT (A.lO) 

Partitioning of a Matrix 

Partitioning is an operation in which we subdivide the elements of a matrix 
into smaller matrices (submatrices). We define the submatrices within the 
original matrix by passing lines between rows or columns. For example, 
matrix A below is partitioned into four submatrices All, AIZ, A2l> and' A22~ 

A = 
= [All Al2 ]l;::...;::.:'::.i.;~:J AZI A22a3! a32 a33 i a34 

al2 al3 ]A - [all A\2 = [ a14 ]where 11­
all a22 a23 . a24 

A21 = [a31 a32 a33] An = (a34] 

We partition a matrix for various reasons. In one case a certain group 
of elements may have a special physical significance. For example, in a 
structural analysis, we set up separate matrices containing forces, dis- . 
placements, and stiffness coefficients. As part of the solution, we will 
partition these matrices into a set of submatrices that contain temlS asso­
ciated with joints that are free to displace and matrices that contain terms 
associated with joints restrained by supports. In another case we may. 
wish to subdivide a large matrix into smaller matrices to fit the capacity 
of a computer. 

Procedures for Combining Partitioned Matrices 

1. Addition and subtraction ofpartitioned matrices. If two partitioned 
matrices are to be added or subtracted, they must be of the same order 
and partitioned identically. The sum of two matrices A + B is a matrix C 
of the same order. The terms of C equal the sum of the corresponding 

•
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elements in A and B. Subtraction is similar to addition except that the 
tenns of the C matrix are fonned by subtracting elements in B from 
corresponding elements in A. 

2. Multiplication. To multiply two partitioned matrices A and B, 
they must be divided into conformable submatrices. If matrix B is to be 
premultiplied by matrix A, the numbers of columns in the submatrices 
of A must equal the number of rows in the submatrices of B. To illustrate 
this procedure, we will partition matrix A below into the four submatrices 
shown and carry out the operation AB = C. 

1 2 
o 1 
2 3 

4 8 3 i 9 3 
A = [~.....~.....~j.1....~.] B = 

1 4 
3 -1 

Since A is partitioned between the third and fourth columns, we must 
partition B between the third and fourth rows. We will also assume that 
A is partitioned between the second and third rows. This step does not 
require that B be further partitioned. On the other hand, if we wished to 
produce smaller submatrices, we could also partition Bbetween 
columns 1 and 2. 

Expressing A and B in tenns of their submatrices gives 

A = [~~.d~.l.~] B = [!;!] (A.ll) 
A21 i A22 

where 

, [4 . [5 0]
All = 6 Au = 1 I A21 = [4 8 3]

2 

1 ~] 
(A. 12) 

A22 ;;;; [9 3J BI ] = [~ n = [~ _~]B21 

Forming the product AB using the matrices in Equation A.II gives 

(A. 13) 

... - • • • • 




Substituting the numerical values of the submatrices given by Equations 
A.l2 into Equation A13 yields . 
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[: ~ ~l[~ n+ [~ ~l[~ -~l 
(A14)AB = 

[4 8 3]U n+ [9 3][~_~l 
Multiplying the matrices in Equation A14 produces 

10 18] + 20]][5
20 354 3AB [[ (A15) 

[10 25] + [18 33] 

Adding the matrices in Equation A15 gives 

15 38]
C:::::AB= 24 38 (A.l6)

[ . . 28 58 

The product AB of the original unpartitioned matrices would, of 
course, produce the same result as that given by Equation A.16. 
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rA.4Z;1) Determinants 

To invert a matrix-an operation required to solve for the unknowns in a 
set of simultaneous equations-we must evaluate a determinant. A deter­
minant is a number associated with the elements of a square matrix. To 
designate that an array of elements is a determinant, the elements are 
enclosed by two vertical lines. For example, we denote the determinant of 
a second-order matrix A as 

= la llIAI a121 (AI?) 
a21 a22 

The value of a determinant equals the algebraic sum of all possible 
products containing one element from eac:;h row and each column of the 
array. Each product is assigned a plus or minus sign based on the fol­
lowing rule: If the elements in each product are arranged so that their 

•
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first subscripts are in increasing order, the product is positive if the num­
ber ofinversions (a smaller number following a bigger number) in the order 
ofthe second subscripts is even and negative if the number of inversions is 
odd. To illustrate the rule above, we will evaluate the detenninant in 
Equation A.17 by fonning the following products: 

1. No inversions: +alla22 

2. One inversion: -a12a21 

Summing the products (1) and (2) to evaluate the detenninant, we compute 

IAI = alJa 22- a12 a 21 

For a system of linear equations to have a unique solution, the deter­
minant of the matrix of coefficients must not equal zero. A zero deter­
minant indicates one of the rows (or columns) is a linear combination of 
another row (or column). 

When a determinant is large, Laplace's expansion provides an effi­
cient procedure for evaluating its magnitude. The Laplace expansion 
requires the use of cofactors. If the row and column containing an ele­
ment alj are deleted, the determinant of the remaining terms is called the 
minor Mij of a!;. The cofactor of aij' denoted by Cij' is then defined as 

Cij = (-l)i+jMij CA.18) 

Laplace's expansion states: The value of a detenninant equals the sum of 
the products of the elements and their cofactors for any given row (or col­
umn). To illustrate the Laplace expansion, we evaluate the detenninant of 
the matrix below by using the elements of the first row and their cofactors. 

3 1 -2 

IAI = 0 2 1 
214 

IAI 3 ( - 1 ) 1+1 1~ !1+1 ( - 1 ) 1+21 ~ !1+ ( - 2) ( - 1 ) 1+31 ~ ~ 1 

= 3(7) + (-1)(-2) + (-2)(-4) = 31 

... ;~~;.1,~~~:~~:~:l ~,~,i~,~:~~~.""'" •••• •• ....................';'" •••••••• no ........................n, U" , , .............. U ••• U ..... •• HU.............. .. 


~;"A:~§;~~: Inverse of a Matrix 

In Section A.I we indicated the set of linear equations A.1 can be repre­
sented by the matrix equation 

K45=P (AA) 

where the matrices are defined by Equations A.3. If Equation A.4 were 
an algebraic equation, we could solve for 45 by dividing both sides of the 

•
-- • 
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equation by K. However, this procedure is not applicable to matrix equa­
tions because the operation of division for matrices is not defined. 

If K is a square matrix, we can solve for 0 by premultiplying both 
sides of Equation AA by a matrix called the inverse of K. The inverse, 
which is the same order as K, is denoted by the symbol K-I. The oper­
ation of premultiplying or postmultiplying a matrix by its inverse pro­
duces the identity matrix I; that is, . 

K-1K = KK-1 I (A. 19) 

In Equation A.4 we can solve for the terms in the 0 matrix by premulti­
plying both .sides of the equation by K-I: 

K-1Ko = K-1p (A.20) 

Since K-IK = I and 10 = 0, Equation A.20 reduces to 

o K-1p (A.21) 

If the K matrix in Equation AA does not have an inverse (is singular), 
the set of simultaneous equations does not have a unique solution. 

The inverse of a square matrix A is computed by the following 
equation: 

- (A.22) 

where IAI is the determinant of matrix A and An is the adjoint matrix A. 
To establish the adjoint matri::'{, we replace each element of matrix A 

by its cofactor (E.q. A.18) to produce the cofactor matrix AC. The adjoint 
matrix is then defined as the transpose of the cofactor matrix, that is, 

(A.23) 

To illustrate the use of the inverse, we will solve the following set of 
simultaneous equations for the unknown values of x: 

2xl + 4xz + X3 7 

3xI - Xz + X3 = 4 (A.24) 

2xl + Xz X3:= 6 

Expressing Equations A.24 in matrix notation, we write 

AX C (A.25) 
where 

4 

~]
1 -1. 

-1 X= [::] 
X3 

C = [:] 
6 

(A.26) 

Compute the cofactor matrix of A • 

• ........... - • .......... - • • ......... 
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-I~ ~ I I~ ~ ~ I· 
(A, 27) 2 11 _'1 2 41

12 -1 2 1 

I~ ~I I~ -:1 
Simplify A C by evaluating the determinants in Equation A.27. 

A
C [~-! ~] (A,28):::;: 

5 1 -14 

Transpose elements in AC to produce the adjoint matrix Aa. 

5 

-4 (A, 29) 

6 

Compute the determinant of A (see Sec. A,4). 

IAI:::;: 25 (A.30) 

. Compute the inverse of A using Equation A.22. 

A-I:::;: J....[~ _! ~.] (A,31) 
25 5 6 -14 

Premultiply both sides of Equation A,25 by A-) . 

A-lAX A-Ie (A, 32) 

Since A -IA = I, Equation A.32 reduces to 

X = A-Ie 

5 
-4 

6 

and XI :::;: 2, X2 = 1, and X3 :::;: -1. 
Although multiplying a square coefficient matrix by its inverse pro­

vides a conv,enient notation for representing the solution of a set of lin­
ear equations, computing an inverse is an inefficient method for solving 
a set of simultaneous equations compared to other numerical procedures. 
In practice, programmers generally use the Gauss elimination or one of 
its many variations. 

•• .",... - - • ....,... -- • 



Absolute flexural stiffness: The moment, applied to the pin­
supported end of a beam whose far end is fix.ed, required to 
produce a rotation of I radian. 

Abutment: An end wall or element that transfers load from the 
end of a structural member into the foundation. 

Base shear: The total lateral inertia or wind forces acting on all 
floors of a building that are transmitted to the foundations. 

Beam column: Colunm that carries both arial force and moment. 
When the axial load is·large, it reduces the flexural stiffness 
of the colunm. 

Bearing wall: A structural wall, usually constructed of reinforced 
masollrY ur \;Ull\,;rt:tt:, that supports floor and roof loads. 

Bernoulli's principle: A reduction in air pressure is produced 
by an increase in wind velocity as it flows aruund obstluc­
tions in its path. Building codes consider this effect when 
they establish design. wind forces on building walls and 
roofs. 

Box beam: A hollow, rectangular beam. By eliminating material 
at the center of the member, weight is reduced but the bend­
ing stiffness is not significantly affected. 

Braced frame: A structural frame whose joints are free to rotate, 
but not to displace laterally. Its resistance to lateral displace­
ment is supplied by cross-bracing or by connection to shear 
walls or fixed supports. 

Buckling: A failure mode of columns, plates, and shells when 
loaded in compression. When the buckling load is reached, 
the initial shape is no longer stable, and a bent configuration 
develops. 

Building code: A set ofprovisions that controls design and con­
struction in a given region. Its provisions establish minimum 
architectural, structural, mechanical, and electrical design 
requirements for buildings and other structures. 

Cable sag: The vertical distance between the cable and its chord. 
Cooper E 80 loading: The loading contained in the AREMA 

Manual for railroad engineering. The loading consists of the 
wheel loads of two locomotives followed by a uniform load 
representing the weight of freight cars. 

Cross-bracing: Light diagonal' members' in the shape of an X 
that run from the top of a colunm to the bottom of an adja­

- • • • 


cent column. The bracing acts together with floor beams and 
columns as a truss to carry lateral loads into the foundations 
and reduce lateral displacements. 

Dead load: Also called Gravity load. The load associated with 
the weight of a structure and its components such as walls, 
floors, utility pipes, air ducts, and so forth. 

Diagonal bracing: See Cross-bracing. 
Diaphragm action: The ability of shallow floor and roof slabs to 

transfer in-plane loads into supporting members. 
Ductility: The ability of materials or stnlctures to undergo large 

deformation without rupture. Ductility is the opposite of brit­
tle behavior. 

Dynamic analysis: An analysis that considers the inertia forces 
created by the motion of a structure. A dynamic analysis 
requires that a st.ructure he modeled to account for its stiffness 
mass and the effect of damping. 

Factored load: Load that is established by multiplying design 
load by a load factor-typically greater than I (part of the 
factor of safety). 

First-order analysis: An analysis based on the original geome­
try of the structure in which deflections are assumed to be 
insignificant. 

Flexibility coefficient: The deflection produced by a unit value 
of load or moment. 

Floor beam: A member of a floor system positioned transversely 
to the direction of the spun. Floor beams typically pick up the 
load from stringers and transfer it to the panel points of the 
main structural members, such as trusses, girders, or arches. 

Free-body diagram: A sketch of a stnlcture or a part of a 
structure showing all forces and dimensions required for an 
analysis. 

Geometrically unstable: Refers to a support configuration that is 
not able to restrain rigid body displacements in all directions. 

Girder: A large beam that often supports one or more second­
ary beams. 


Gravity load: See Dead load. 


• 
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Gusset plate: Connection plates that are used to fonn the joints 
of a truss. The forces between the members running into the 
joint are transferred through the gusset plate. 

Hurricane region: Coastal regions where winds of large velocity 
(90 mph and larger) occur. 

Idealized structure: A simplified sketch of a structure-usually 
a line drawing-that shows the loads and dimensions and 
assumed support conditions. 

Impact: The force applied by moving bodies as kinetic energy 
is converted to additional force. The magnitude of the kinetic 
energy is a function of the body's mass and the velocity 
squared. 

Indeterminate structure: A structure whose reactions and inter­
nal forces cannot be determined by the equations of statics. 

Inertia forces: Forces produced on a moving structure by its 
own mass; 

Kinetic energy: .Energy possessed by a moving body. Its mag­
nitude varies with the square of the velocity and its mass. 

Leeward side: The side of a building opposite to the ~ine impacted 
by the wind. 

Link: See TWo-force member. 
Live load: Load that can be moved on or off a structure, such as 

furniture, vehicles, people, and supplies. 
Load factor: Part of the factor of safety applied to members that 

are sized in strength design where design is based on the fail­
ure strength of members. 

Membrane stress: In-plane stress that develops in shells and 
plates from applied loads. 

Modulus of elasticity: A measure of a material's stiffness, that 
is, defined as th,e ratio of stress divided by strain and repre­
sented by the variable £. . 

Moment curves by parts: Moment diagrams are plotted for indi­
vidual forces to produce simple geometric shapes whose areas 
and centroids are known (see back endsheet). 

Moment of inertia: A property of a cross-sectional area that is 
a measure of a section's bending capacity. 

Monolithic construction: Structure in which all parts act as a 
continuous unit. 

Natural period: The time that it takes a structure to move through 
a full cycle of motion. 

Nonprismatic: Refers to a member whose cross-sectional area 
varies along the length of its longitudinal axis. 

P-delta elTect: Additional moments created by axial force due 
to lateral displacements of a member's longitudinal axis. 

Panel point: Points where floor beams frame into girders or 
trusses. Also the joints of trusses. 

Pattern loading: Positioning of live load in those locations that 
maximize the internal forces at a particular section of a struc­
ture. Influence lines are used for this purpose. 

Pier: A wall of reinforced concrete or masonry that is loaded by 
the supports of a structure and transfers the loads into the 
foundations. 

Planar structure: A structure al1 of whose members are located 
in the same plane. 

Point of inflection: The point along a beam's axis where curva­
ture changes from positive to negative. 

Prestressing: Inducing beneficial stresses into a member by ten­
sioned bars or cables anchored to the member. 

Principle of superposition: The stresses and deflections pro­
duced by a set of forces are identical to those produced by 
the addition of the effects of the individual forces. 

RigidJrame: A structure composed of flexural members con­
nected by rigid joints. 

Second·order analysis: An analysis that accounts for the effect 
of joint displacements on the forces in a structure that under­
goes significant displacements. 

Section modulus: A property of the cross-sectional area that 
measures a member's capacity to carry moment. 

Seismic loads: Loads produced by the ground motion associated 
with earthquakes. 

Service loads: All design loads specified by building codes. 
Serviceability: The ability of a structure to function safely under 

all loading conditions. 
Shear connection: A connection that can transfer shear but no 

significant moment. Typically it refers to load transferred by 
clip angles connected to the webs of the beams being joined 
to columns or other beams. 

Shear wall: A deep stiff structural wall that carries lateral loads 
from all floors into the foundations. 

Sidesway: Freedom of the joints of a structure to displace later­
ally when loaded. 

Slenderness ratio: Parameters lIr(in which l is the length of 
member and r is the radius of gyration) that measure the slen­
demess of a member. The compressive strength of columns 
reduces as the slenderness ratio increases. 

Static wind pressure: A value of uniformly distributed load 
listed in a building code that represents the pressure exerted 
on walls or roofs by the wind. The pressure is a function of 



wind speed in a given region, elevation above grade, and 
ground surface roughness. 

Strain: The ratio of a change ill It:llgth divided by the original 
length. 

Stress: Force per unit area. 
Stringer: A beam running in the longitudinal direction of a 

bridge that supports a floor slab on its upper flanges and trans­
fers the load to the transverse floor beams. 

Tributary area: The area. of a slab or wall that is supported by 
a particular beam or column. Typically for columns the sur­
rounding area is bounded by panel centerlines. 

Two-force member: A member that carries axial load only. No 
loads are applied between ends of the member. 

Unbraced frame: A frame whose lateral stiffness depends on 
the bending strength of its members. 

Vierendeel truss: A truss with rigid joints that contains no diag­
onal members. For this structure, shear is carried by the chord 
members and creates large bending stresses. 

Virtual displacement: A displacement by an outside force, used 
in the method of virtual work. 
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Virtual work: A technique based on work-energy for comput­
, ing a single component of displacement. 

Vortex shedding: A phenomenon caused by wiml lhal is 
restrained by friction from the surface of the member it is 
passing over. Small masses afair particles that are initially 
restrained speed up as they leave the member, creating cycles 
of variation in air pressure that cause members to vibrate. 

Web connection: See Shear connection. 
Wind bracing: A bracing system whose purpose is to transfer lat­

eral wind loads into the ground and to reduce lateral displace­
ments produced by wind forces. 

Windward side: The side of a building that faces the wind. The 
wind produces a direct load on the windward wall. 

Work-energy: A law that states the following: The energy stored 
in a deformable structure equals the work done by the forces 
acting on the structure. 

Zero bar: A bar of a truss that remains unstressed under a par­
ticular loading condition. 

• • ·'.·1........... • ..."" .... - • 
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CHAPTER 2 P3.27 	 RA-,( = 5.6 kips, RAY = 5.6 kips, 
REX = 20 kips, R Ey 40 kips P2.1 712.5 lb/ft 

P3.29 (a) Indeterminate 1°; (b) indeterminate 3°; (c) unstable;P2.3 	 25.141b/ft for 20-in-wide unit 
(d) indeterminate 2°; (e) indeterminate 3°; (f) indet 4° P2.S 	 (a) 600 ft2 for uniform load assumption; 500 ft2 for 

tapered load distribution at ends. (b) 300 ftl for uniform 
load distribution; 350 ftl for tapered load distribution. CHAPTER 4 
(c) 550 ft2 for uniform load distribution; 650 ft2 for P4.1 (a) Stable, indeterminate to first degree; (b) stable, 
tapered load distribution. (d) 500 ftl; (e) 2200 ft2. indeterminate to fourth degree; (c) unstable; (d) stable, 

P2.7 18.81 kips for third-story column; 43.03 kips for first­ indeterminate to fIrst degree; (e) unstable; (j) stable, inde­
story column terminate to second degree 

P2.9 Total force = 80,460 N P4.3 FAE = 18 kips, FBE = 24 kips, FEe -30 kips 
P2.11 Design wind pressure for windward wall: 8.43 Ib/ft2 up P4.S FA] 17.5 kips, FeD =: -15 kips,FDG -45.96 kips 

to 15 ft high and 9.17 Ib/ft2 from 15 to 16 ft; leeward P4.7 7.5 kN, FDE -27.5 kNFAD = 
wall: -2.441b/ft2 (suction); windward roof: -3.341b/ft2 

P4.9 	 FAB = 38.67 kips, FAe 4.81 kips 
(suction); leeward roof; -7.321b/ft" (suction) P4.11 	 FAB = 14.12 kips, FeE = 30 kips 

Pl.13 	 Seismic base shear = 258 kips. Lateral loads from roof 
P4.13 	 FBH -26.5 kips, Fcc == 6.5 kips, FEr 4.7 kips 

to second floor are 76.1, 76.1, 55, 34.8, and 16 kips, 
P4.IS 	 Fee = 36.58 kips, FCD = 40 kips, FEr = -50 kipsrespectively. 
P4.17 FA8 == 123.8 kN, FAr = -39.58 kN 
P4.19 FAR := 16.67 kN, FAB = -52.71 kN, FOR == 0 kl"J

CHAPTER 3 
N.21 	 FAB = -42 kN, FAD 0 kN, For = 59.4 kN 

P3.1 	 R AX = 6 kips, R By = 19.38 kips, R.w = 8.62 kips P4.23 	 FAB = 6.875 kN, FBe = -6.25 kN, Fco == 3.75 kN 
P3.3 	 RAY = 34.4 kN, RAX 4.2 kN 

P4.2S 	 Unstable
P3.S 	 R AX :=: 3.167 kips, RAY 12.75 kips, 

P4.27 	 FBe == 48 kips, FFH = -101.82 kips 
R Ey 35.35 kips, REX = 18.167 kips 

P4.29 	 FAD =: -67.88 kN, Feo == 66 kN 
P3.7 	 RDy 3 kN 

P4.31 	 FAB = -23.04 kN, Fu: :: 22.86 kN, FEK = -22.86 kNP3.9 	 Ay :=: 80 kips, RE = 15 kips, RB 62.5 kips 
P4.33 	 FJD = 55.72 kips, FCL = 40.02 kips tension 

P3.11 	 RAY :=: 48 kN, RD 8 kN, RE = 106 kN 
P4.35 	 Fae = 13.33 kips, FCM = 6.67 kips P3.13 RA = 8 kN, RD = 33.75 kN, 

P4.37 FAB = 40 kips, FOR = 100 kips 


R Ey = 1.75 kN, REX 40 kN 
P4.39 F,J,B 16.97 kN, Foe = 0 kl"J, Fee 24 kN P3.1S RAX = 4 kips, RAY 4.5 kips, 

P4.41 FAG:=: -4 kN, FOG 3 kN, FBc == -20 kN
RFY 9 kips, RRY = 10.5 kips 

P3.17 Ay = 53.33 kN, Ax 40 kN, Dy = 30 kN, P4.43 FAa = -30 kips, FCJ = -18 kips, FDJ == 36 kips 

Ey = 83.33 kN P4.4S FA) 30 kN, FJ/ = 108.66 kN, FER = 40.75 kN 
P3.19 Ay :=: 5.13 kips, Ax = 21.6 kips, Cy :=: 0.27 kip t P4.47 Case I,joint 1: Ox = 0.0 in, 
P3.21 RAY 60 kN, Rex = 48.57 kN, jOint 2: Ox = 0.492 in, By = 0.11 in 

RAX = 48.57 kN, Rey :=: 60 kN Case 2: for A = 6 in", ~.r = 0.217 in2 

P3.23 RAY = 65.83 kips, RAX 8 kips, RDy = 121.37 kips t P4.49 Case 2: Axial force 57.04 kips, 
P3.2S Ay = 90 kN, Ax = 10 kips, R8 = 70 kips, moment = 7.215 kip'ft, (j = PIA + Me/I = 22.02 

bar BED, E y = 105 kN, and Ex = 30 kN + 41.09 = 63.11 ksi > (jallow = 25ksi 

• .•..~ ..... - • 	 • ....,.. ..... - • 
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CHAPTER 5 CHAPTER 7 

v = wL _ w~. _ II'L2 P7.1 For h 12 ft, T 969.33 kips; 
PS.l 

X 6 2L ,MOlD' - 9\13 for h = 24 ft, T 576.28 kips 

x 2 x3 P7.3 PointD: MD = 19.985 kN'm, 
PS.3 V = 1 - -' M = 12 + x - ­ T == -69.67 kN, V;;; 4kN4' 12 

P7.S Ax = 30.5 kN,A y = 38.75 kN, Cy = 21.25 kN3
PS.S· SEGMENT BC; V = -4 3x;M = -16 - 4x P7.7 Load at C: Ax 3.33 kips; 2 
PS.7 SEGMENT BC; 0 ~ x ~ 3; Origin at B; load at D: Ax = 6.67 kips 

P7.9 Ax = 41.875 kN, Ay == 27.75 kN, V == 17.83 -5x; M -40 + 37.83x - ~ (4 + x? 
2 Ey = 32.25 kN, Ex 56.875 kN 

PS.9 VAS = 44.833 - 4xl; MAS = 44.833xl - 2Xl2 
P7.11 h = 38.46 ft 

3x . tP7.13 Equal loads at all joints ofarch.PS.ll M 35x - x 2 - 36; Mm.. = 228.13 kip·ft 
Joint 4 tly = -0.804 in, Ax =0.135 in 

PS.13 MOl"" 218.4 kip·ft Joint 18 tly = -1.582 in, Ax =0 
PS.1S M max == - 650 kip·ft at D Joint 6 Liy = -0.952 in, Ax 0 
PS.17 Ms = 160 kN·m Joint 16 Ay =-1.878 in, Ax == 0 
PS.19 RD == 26.5 kN; RAY = 7.5 L,\!; RAX = 0 

Single concentrated load at joint 18. Since RISA-2D is 
PS.Zl MA = -120 kN·m, RAY == 15 kN 

a first-order program and displacements for this case are 
PS.23 RAY = -24.667 kN, RAX 20 kN 

very large, the actual values of displacements and forces 
PS.ZS MA 120 kip·ft, VA = 50 kips 

are much larger because they do not account for the 
PS.27 RA == 9 kN, Vs 18 kN. Mmax == 20.78 kN·m 

additional moments and displacements produced by the 
PS.Z9 RAY = 43 kips, RAX 24 kips, RDy 'T 29 kips 

large changes in geometry of the arch. (An exact analy­
PS.31 MA =67.5 kN'm, RAY 31.31 kN, 

sis requires a second-order program~)
max + M 14.22kN·m 


PS.33 RA = 9 kN, Rs = Rc 105 kN, max + M 81 kN·m Joint 4 tly== -71.767 in, Ax =£ 76.013.in 


PS.3S Bx 9.75 kN, "$1' = 4 kN; Joint 18 t:..y;;; -72.804 in, Ax ;;; 0 


Fy 31 kN, Fx = 3.75 k,\; Joint 6 t:..y = -58.312 in, Ax = 1.841 in 

Joint 16 tly -1.841 in, Ax 0
PS.37 Ax == 27.5 kips; Ms == 42ldp·ft; f'~ == 13.5 kips 


PS.39 Ax = 20 kips; MA 120 kip·ft 

CHAPTER 8 PS.41 Member BE, Mmax == 34.03 kip'ft 
PB.1 RA, ordinates: 1 atA, 0 at D;Me: 0 atA, 5 kip·ft at midspan PS.43 max V =36.25 kips; max..,1 = 117.45 kip·ft 

PS.4S (a) Indetenninate 1°, (b) indeterminate 6°, (c) unstable, PS.3 RA:latA, atD; MB:OatA,¥atB; Vc: atB,-~ 
(d)indetenniIlate 4°, (e)irideterminate 10 atD 

t 
PS.47 Joint 1: R l , = 77.75. kips, Rx = 25.395 kips; PS.S VE: 0.5 at C, at G 

midspan girder + M = 374.08 kip'ft PS.7 RAY: 1 at A, 0 atB, -tat C;RD: OatA, iatB, -li ate 
Joint 2: Ax == 0.198 in right; PR.9 MA: 0 at A, -12 kip.ft at B. 6 Idp·ft at D 
tly 0.013 in down RA: 1 atA, 1 atB, -~ atD 


PS.l1 Rc: 0 lit A, ~ lil 8, t lit D 

CHAPTER 6 
 PS.13 VAB: ~ at B, ~ at C 

P6.1 Dy 20 kips, Dx == 30 kips, 
 MB: ~ at C, 2f atE 

AI' = 22 kips, hB 8.8 ft 
PS.lS Vsc: - 2 at A, 0.625 at hinge, 0.25 at D;

P6.3 Bx = 2160 kips, By 1440 kips 
Me: -8 atA, 10 at hinge P6.S T == 28.02 kips 


PS.17 R/: 1 at B, i at C; V (to right of I): ~ at C; 
P6.7 AI' = 37.67 kN, Tmax 100.65 kN, 
H == 93.33 kN VeE: -! at D, -i at C and ~ atE 


P6.9 AI' = 18 kN, Ax = 78.75 kN, hc = 12 m PS.19 RH: 1 at B, 0 at D, and at E 

P6.11 Required weight of tension ring 11.78 kips; PS.21 Load at B: RG 0.8 kip, 


Tmax = 25.28 kips VF = - 0.2 kips, M F = 3 kip·ft 

•
• 
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PS.23 	 FAe == -1.18 at L;FeK == V2/3 at L; 


FKl. = ~ at L; FCK = ~ at K 

PS.25 	 FAD = -fi at B, = -0.566 at B, 


FEM = 0.726atM, FNM = atB 


PS.27 	 FCD: -~ at L and +~ at J; 


FeL: - V2/3 at M and J 

PS.29 Load at C: RD = 1.5 kN. 


RA = 0.5 kN, M 1- 1 = 2.5lu~·m 


PS.31 Load at C: Fec = 0, FCA . -0.938 kip, 

FCD -1.125 kip, FCG = 1.125 kip 


PS.33 	 Load at C: FAL = 0, FKJ 0.75 kips 

PS.35 	 Mma. = 208.75 kip'ft, Vm•x 33.33 kips 


PS.37 	 (a) Vm•x = 49.67 kN, Mmax = 280.59 kt"'m: 

(b) at midspan Mm•x = 276 kt'\[·m 


PS.39 Mmax 323.26 kip·ft, Vmax = 40.2 kips 

PS.41 (a) Max R8 == 83.2 kips; 


(c). Max + ME == 138 kip·ft 

PS.43 at B, V 60 kN; at C, V = 39 kt'\[; 


atD, V = 24kN 

PS.4S RAY: 1 at A, t at B, 0 at C; R~.y: 0 at A, 1.25 at B. 0 at C 

PS.47 FCD = -2 kNatD and £;FlfL = -1 atD;· 


F : - V2/3 at G .. . .
EL 

t PS.4S RA: 1 at support, 0.792 at 2. -0.3 at6: 

Re = 0.056 at 1; 

M.4: 0 at support, 3.8-\. at 2. 1.92 at -\.. and 2 at 6 


CHAPTER 9 
P9.1 	 88 = wL3/8£1, YB = 11 wL4/120£1 

P9.3 Ll max at x == 0.4725L; 


= -0.094ML2/£1 

P9.5 8A = -ML/4£1, 8B = 0 

P9.7 Oe Oc == -960/£1, VB -3840/£1, 


Vc = -7680/£1 

P9.9 	 8A = -40/£1, 0E = 40/£1. VB = -320/3£[ 


P9.1l °A= 360/£1, .:l" -1800/EI, 

.:IF. = 540/Elup 


P9.13 0A 114PL2/168£I,VB = 50PL3/1536£1 

P9.1S Oc = -282/£1, Bc -1071/£1 

P9.17 08 0, .:lB 0.269 in down 


P9.19 Oc = 0.00732 rad, LlDH 0.309 in 

P9.21 0B = .144/£1, Llc = I728/E! (up) 


P9.23 0A = 450/EI, BDH = 2376/EI, BDI! = 1944/EI 

P9.25 F l.375P 

P9.27 0B = 0.0225 fad, vD = 0.13 m 


P9.29 OB = VB = -607.5/EI, BB '= Me = -3645/EI (down) 


Llmax 

P9.31 Bc -67.5/EI,oc= 175.5/EI, 

omllX = 54/EI (up) 


P9.33 am"" = -444.8/EI, 

BBL = -72/EI, eBR = -48/EI 


P9.35 OBI.. = 90EI, 8eR .= 95/2EI, VB= 720/EI 

P9.37 0CL = 0.02625 rad, eCR -0.0341 rad, 


Vc = 1732.5/EICf 
P9.39 	 Camber 0.27 in upward 


CHAPTER 10 
PIO.l 

PIO.3 


. PIO.5 

PIO.7 

PIO.9 

PIO.l1 

PIO.13 BBX = 1 in -+. fl By 1in l 


Mec = 0.00-1-167 rad 

PIO.15 B.4X = 2 in 


PIO.17 P 3wL/8 

PIO.19 flc = 11.74 mm 


PIO.21 At centerline B =0.86 in. e,i = 0.-\.3° or 0.00745 rad 

PIO.23 OB '" 24,468.7/EI, Bc = 2568:75/EI 

PIO.25 0CY'" 0.73 in, .:lLOD = 0.292 in 

PIO.27 oe 0.113 m 

PIO.29 00Y = 1.74 in 


PIO.31 BBY'" 0.592 in • .:lLDE '* in 

PIO.33 OBY= 0.432 in . 

PIO.35 eo == 0.00031 rad, !i.ex = 44.1 mm 

PIO.37 0Cy = 0.134 in 


PIO.39 0CY 78.5 mm 

PIO.41 Llc = 7.88 in 


t PIO.42(b)R.eacti.ons Ax"" 8.26 kips, AI' =: 1.6.13 kips; at 

center. of. girder: fly = 0.37 1 til, I'l'l = 70.83 

kip·ft . 


CHAPTER 11 
PH.1 MA =90.72 kip·ft, RAY = 20.45 kips. Rcy = 15.55 kips 

PH.3 RAY = 6.71 kips, MA 40.65 kip·ft. Rey = -6.71 kips. 


If 1 is constant, MA = 30 kip·ft. 

PH.5 M8 = -40 kip·ft, R,u. = Rcy = 7.7778 kips. 


R8 = 14.444-1- kips . 

PH.7 RA = 18.9 kips, MA = 30.8kip·ft, RB == 21.15 kips 

PH.9 MA = 5wU/16, RAY 13H'Ll16;Rcy = 3wLl16, 


Mc =3wU116 

• 
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Pll.ll 	 (a) MA = 18 kip·ft, RA = -4.5 kips, RB = 10.5 kips, 
RD = 6 kips; (b) MA = -341 kip'ft, RA = -0.16 kips, 
RB = 6.16 kips, RD = 6 kips 

PI1.13 RA = RB = wLl2, MA = MB = wUI12 
PI1.1S RA = 0.537 kips, MA = -8.06 kip'ft 
PlI.17 Rc = 62.62 kips, RE = 56.07 kips, RDX = -22.621 

kips, RDy = 3.932 kips, FBD = 71.7 kips, FCD = 
-47.0 kips 

PlI.19 RBy = 47.12 kips, Rc = 65.84 kips, FAc = -38.14 kips, 
FAB = -35.34 kips, FBc = -58.9 kips 

PlI.2I RAY = 45.7 kips, RAX = 60.9 kips, R8 = 45.7 kips, 
Rc = 60.9 kips 

PlI.23 RAY = 12.8 kN, RAX = 2.13 kN, RC}' = 11.2 kN, 
Rcx = 2.13 kN 

PlI.2S RAX = 8.57 kips, RAY = 34.28 kips, 
Rcx = -8.57 kips, Rcy = 25.71 kips 

PlI.27 RAX = -4 kips, MA = 31.98 kip·ft, RAY = 0.89 kips 
Pll.29 RAY = -15 kips, REy = 52.5 kips, RDy = 22.5 kips, 

Ac = 10800lEl 

Pll.31 RAX =65.29 kips, CABLE: FCE = R1.fi kips 

Pll.33 RAX = 1.99 kN, RAY = 48.17 kN, REy = 19.83 kN, 


REX = - 1':99 kN 

Pl1.~S RAY = 38.4 kips, RAX = 9.23 kips, RDX = 9.23 kips, 


RDy = 38.4 kips 

Pll.37 MA = 119.6 kN'll, RAY = 26.96 kN, Rc = 3.04 kN 

Pll.39 FAc = 117.22 kN, AAV =4.69 llm 

Pll,41 RAY = -35 kips,Rcx =; -60 kips, Rcy = -10 kips, 


REY = 45 kips, FCD = 56.25 kips (1) 

Pll.43 RAY = 50 kN, RAX = 50 kN, FBC = -50 kN, FAB = 


FCD = -70.71 kN 

Pll,4S REY = 232.18 kips, RDy = RFY = 116.09 kips 


CHAPTER 12 
P12.t FEMAB = -3PL/16, FEMBA = 3PLl16 

P12.3 MAB = -40 kip·ft, RB = 14.5 kips 

PI2.S RA = 14.78 kips, MA = -65.21 kip'ft, Rc = 15.11 


kips, Mc = 106.04 kip·ft, RB = 50.12 kips 

P12.7 RAX = 3.5 kips, MA = 14 kip·ft, RAY = 46.9 kips. 


Mc = 162.4 kip'ft 

P12.9 RA = 29.27 kips, RB = 30.73 kips, Ac = 0.557 in 

pl2.n MA = 13.09 kip·ft, MBA = -26.18kip·ft, 


RA = 3.27 kips, RB = 12.27 kips, A = 698.1IEl 
P12.I3 MA = 14.36 kip·ft, RAX = 5.27 kips, RAY = 1.6 kips, 

MB = 5.84 kip·ft 
P12.1S MAB = -76.56 kN'll, RA = 12.312 kN, 

RB = -21.024 kN 
P12.I7 MAB = -109.565 kN'm, MBA = -70.434 kN'm, RAX 

= 15 kN, RAY = 7.043 kN 

P12.I9 	 RAX = 0.62 kips, RAY = 22.715 kips, MA = 4.84 kN'll, 
RBX = 1.96 kN, RBy = 54.245 kN, MB = 3.92 kN'll 

P12.2I RAY = 8.8 kips, RAX = 3.1 kips, MAB = -7.23 kip'ft 
P12.23 RAY = 27.61 kN, MAB = 55.25 kN'll, RAX = 27.625 kN 
P12.2S MAB = -93.72 kN'll, RAY = -16 kN, 

RAX = 20.62 kN 
P12.27 RAX = 1.12 kips, MBA = 13.45 kip·ft 
P12.29 MAB = -116.66 kN'll, MBA = -58.33 kN'll, 

MDc = 116.66 kN'll 

CHAPTER 13 
P13.1 RAY = 16.53 kips, MA = 83.56 kip'ft, MB = -72.89 

kip·ft, Mc = 59.56 kip·ft, Rcy = 23.17 kips 
P13.3 RAY = 49.8 kips, MA = -90.9 kip·ft, 

Mc = -43.3 kip'ft, MB = -43.3 kip·ft 
P13.S RAY = 34.857 kips, MA = -101.143 kip·ft. 

RB = 76.571 kips, Rc = 44.571 kips 
P13.7 	 RA = -4.64 kips, MA = 13.9 kip·ft, R8 = 17.97 kips, 

Rc = 40 kips, RD = 12.67 kips, M8 = -27.86 kip·ft, 
Mc = -47.96 kip·ft 

P13.9 RAY = 34.87 kips, RBy = RCY = 93.13 kips, M8 = 
Mc = 164.33 kip·ft 

PI3.11 MD = MA = 80,47 kip·ft, RAX = 16.14 kips, RAr = 
RDy = 30 kips 

P13.I3 	 MA = 2.60 kN'll, RAX = 0.865 kN, RAY = 1.95 kN, 

RDX = 1.73 kN, MD = 3.46 kN'm, Rcy = 12.97 kN, 

Rcx = 0.865 kN 


P13.1S 	 RAY = 22.27 kips, RAX = RDX = 2.78 kips, 

R{))' = 76.72 kips, Mf) = 11.1 kip'ft 


P13.I7 	 RAY = 23.84 kips, RAX = 0.96 kip, MA = 63.15 kip'ft, 
ME = 0.7 kip·ft, Ey = 48.93 kips, Ex = 0.21 kip, 
Fy = 31.23 kips, Fx = 0.75 kip 

P13.I9 	 RBy = 31.94 kN, Rcy = 19.0 kN, REy = 6.05 kN, ME 
= 33.1 kN'll 

P13.2I MA = 36.88 kip'ft, RAY = 6.87 kips, REy = 22.87 kips 
P13.23 RAr = 2.21 kips, RAX = 0.69 kip, MA = 13.25 kip'ft, 

RDX = 1.71 kips, RDy = 14.71 kips, Rcx = 1.03 kips, 
RCY = 11.5 kips 

P13.2S RAY = 1.39 kips, RAX = 1.39 kips, RDX = 2.78 kips, 
Rcx = 1.39 kips, RCY = 1.39 kips 

P13.27 RAY = 39.8 kips, RAX = 7 kips, MA = 36.96 kip'ft, 
RDX = 9.4 kips, RDy = 40.2 kips, MD = 52.14 kip·ft 

CHAPTER 14 
PI4.I 	 Ordinates for RA: 1,0.593,0.241,0, -0.094, -0.083, 

-0.031,0 
Ordinates for Me: 0, -0.667, -0.833,0, 1.969,3.75, 
3.66,0 

·a··~..............
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P14.3 	 Ordinates for RA = 1,0.691,0.406,0.168,0, -0.082, 
-0.094, -0.059, 0, 0.047 


P14.5 Qualitative sketches on web site 

P14.7 Me ordinates: A = 0, B = -6 kip·ft, C = 0, D = 0 


CHAPTER 15 
Note: Since the approximate analysis for Problems PI5.1 through 
PIS.9 requires an assumption, individual answers will vary. 
P15.1 For assumption P.L in span AB 0.2SL = 6 ft, MB 

- 360 kip·ft. By moment distribution: MB = -310 kip'ft 
P15.3 	 For assumption P.I. = 0.2L = 8 ft to right of joint B: 

Ax = 8.48 kips, Ay = 18.18 kips, MB 127.2 kip'ft, 
and Cy = 5.82 kips. By moment distribution: 
Cx = 8.85 kips, Cy =5.68 kips, Ms = 132.95 kip·ft 

PI5.S 	 For assumption P.I. = 0.25L = 4 ft to left of support C: 
Me 52 kip·ft, RA '7 23 kips, max + M = 52 kip·ft. 
By moment distribution: Me = 54 kip'ft, max + M = 
51 kip'ft, RB == 22.88 kips 

P15.7 	 For assumption P.L = 0.25L left side of center support 
and P.I. = 0.2L out from wall; R8 = 54.15 kips, Rc = 
99.17 kips, and MD =95.9 kip-ft. By moment distribu­
tion: RB = 56.53 kips, Re = 93.79 kips, and MD = 
91.97 kip'ft 

P15.9 	 For assumption P.I. 0.2L in grider: MA = 306.4 
kip-ft, Ax = 183.84 kips, AI' = 91 kips. By moment 
distribution: . MA = 315.29 kip-ft, Ax 189.18 kips, 
Ay = 91 kips 

P15.1l Analyze truss as a continuous beam;· Rs = 59.4 kips, 
FB 18;9 kips compr, FD = 34.88 kips 

P15.13 BD: F = 37.5 kips compr; CB: F 22.5 kips compr; 
CD: F 30 kips compr. 

PI5.15 Column GB: P = 331.2 kips, Mas = 4.5 kip'ft; column 
AH: P= 129.6 kips and MAH = 27 kip'ft 

P15.17 	 Member AB: V = 30 kips, M 225 kip·ft, F = 45 
kips; member BI: V = 60 kips, M = 300 kip·ft, F = 20 
kips 
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P15.19 	 Portal method, base of exterior: column M = 24 kip'ft, 
horiz force 3 kips, axial force = 7.46 kips down 

PI5.2I 	 Cantilever methOd, base of exterior column: M = 19.65 
kip·ft, horiz force = 2.46 kips, and axial force == 6.11 
kips down 

CHAPTER 16 
P16.1 KlI 937.46 kipslin, 6 v 0.032 in 
P16.3 KII = 1004.7 kips/in, P =: 125.59 kips 
P16.S K2 = BEl, 81 138.46/E[, 

MA 23.08 kip'ft, M8 =: 156.92 kip·ft 
P16.7 K2 -~EI, MCD -67.2 kN·m, 

Ax =: 2.7 k:.t"1. MDC 74.4 kN'm 
P16.9 Joint 3: F 42.96 kips; joint 1: Rx =: 25.78 kips, 

Ry = 1.62 kips; M = 19.42 kip·ft 
P16.11 Ax = 16 kips, Ay = 56 kips, MA = 96 kip·ft 

CHAPTER 17 

PI7.1 6 x -96L/AE;:l1' -172L/AE 
P17.3 Joint 1: :lx = 0.192 in, 

6 y = 0.865 in down . 
P17.5 Joint 3: .:lx 0.46 in; bar 2: 

F = 16.77 kips C; bar 4: F 43.23 kips l' 

CHAPTER 18 . 

PlS.I Mil 70.83 kip·ft. Ay 10.64 kips .t., 

By = 22.0.+ kips t C y 8.6 kips t 


PlS.3 Mil = 11.53 kip·ft. ,4y = 10.26 kips, 

Ax =: 6.04 kips, ArID = 10.39 kip'ft 


PIS.5 	 [24IL1; 51L2 . ~ 6;L] 
61L :2 4 
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CHAPTER 1 
Opener: © Library of Congress; 1.1: ©Ken­
neth Leet; 1.2: Courtesy of the Godden Collec­
tion, NISEE, University of California, Berkeley; 
1.3: © Michael Maslan Historic Photographs! 
CORBIS; 1.4a: Courtesy of the Godden Col­
lection, NISEE, University of California, 
Berkeley; 1.4b: Courtesy of the Godden Col­
lection, NISEE, University of California, 
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A 
absolute flexural stiffness. 501, 


538-540, 542. See also flexural 

stiffness 


abutments, 14-15 

ALTAIR radar antenna, 632 

American Association of State 


Highway and Transportation 

Officials (AASHTO), 27, 41-42. 

278-279 


arches and, 237 

bridges and, 277-280 

impact studies and, 280 

settlement and, 431 


American Concrete Institute 

(ACI), 27, 604 


American Institute of Steel 

Construction CAISC), 27, 339 


American Railway Engineering and 

Maintenance of Way 

Association (AREMA), 27, 

42,279 


American Society of Civil 

Engineers (ASCE), 28, 36-37, 

48,61 


anchor bolts, 21-22,84 

anemometers, 44 

angle change, 326 

approximate analysis, 581, 


626-631,633 

axial forces, 604, 606-608 

cantilever method. 620-625 

continuous beam with gravity 


load, 582-589 

end shear in beams, 603-604 

exterior columns with gravity 


loads, 608-610 


• 


frames with fixed 

columns, 612-613 


multistory rigid frame with gravity 

load. 602-610 


portal method, 613-620 

rigid frame for vertical 


load, 589-592 

shear/moment values in floor 


beams, 604-606 

simple pin-supported frame, 611 

trusses and, 592-601 

unbraced frames for lateral 


load,610-613 

arches, 8, 14-15.245~247 


aesthetics and,237 

barrel,237 

fabrication errors and, 235 

fixed-ended, 236 

funicular shape of, 228-231, 


239-244 

settlement and, 235 

tensile strength and, 237 

three-hinged. 237-239 

trussed,276-277 

types of, 235-237 


Arvid Grant and Associates, 408 

axial loads. See also loads 


beams and, 604 

bracing systems and, 47-49 

cables and, 221-223 

cantilever method and, 620-625 

columns and. 607-608 

floor beam shear and, 606 

force combination and, 65-66 

moment distribution and, 497 


(see also moment distribution 

method) 
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Mtiller-Breslau principle 

. and, 569-578 


secondary moment and,168 

shear/moment curves and, 176 

shortening and, 240 

slope-deflection 


derivation, 457-463 

supports and, 84 

three-hinged arch and, 237-239 

trusses and, 121-122, 125 

unbraced frames and, 610-613 


B 
balance, 221 

bzu' forces, 125. See also deflection 


approximate analysis and, 

592-601 


change in length and; 362-364, 

367':"368, 370 


determination by . inspection 

of, 127-130 


direct stiffness method 

and,655-665,667-678 


double diagonals and, 599-601 

flexibility method and. 418-420 

influence lines and, 271-277 

internal releases and, 423-431 

joists and, 122 

method of joints and, 126-l30 

method of sections and, 


131-139 

strain and, 356-357 

three-hinged arch and. 237-239 


banel arches, 237 

base shear, 59-64 

Bayonne Bridge. 580 
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beams, 8, 12, 18 

absolute maximum moment 


and,285-288 

approximate analysis 


and, 582-589,602-603 

axial loads and, 604 

carryover factor and, 537-538, 540 

classification of, 165-166 

closing a gap and, 414--423 

computer analysis and, 10,219 

conjugate method and, 331-338 

continuous, 165,563-568,582-589 

deflection and, 165, 179-184, 


198-203 

design aids for, 339-341 

double integration method 


and,301-307 

elastic supports and, 326-331, 


443-445 

end moment estimation 

" .and, 586-589 


end shear and, 603-604 

finite summation and, 388-390 

fixed-end moments and, 165, 


539-540 (see also fixed-end. 

moments (FEM» 


flexibility method and, 411-412, 

414--423 (see also flexibility 

method) 


flexural stress and, 163-164 

floors and, 29-34, 60~606 


imlelerminacy and,203-206, 

.435-442 


influence lines and, 271-277, 

561-568 (see also influence 

lines) . . . 


live loads and, 36-42 

maximum shear and, 288-289 

Maxwell-Betti law and, 393-395 

moment-area method, 307-326 

moment distribution and, 504-510 


(see also moment distribution 

method) 


Miiller-Breslau principle and, 

258-261,559-578 . 


roof and, 165,606 

shear and, 164, 169-194,604-606 

sign convention and, 328 

simple moment curve of, 458 

simply supported, 165 

slope-deflection method and, 


455-487 

stiffness methods and, 639-650 (see 


also stiffness method(s» 

stiffness modification and, 511-514 

strain and, 357-358 

superposition and, 194-198 

support connections and, 81-84 

symmetry and, 317-319 

tributary area and, 29-30 

with variable inettia, 315 

virtual work and, 376-387 

wheel loads and, 285-288 


bending moments, 13 . 

arches and, 14-15 

conjugate beam method and, 


331-338 

double integration method and; 


301-307 

elasticload metood and, 326-331 

equations for, 169-176 

moment-area method and, 307-326 

slabs and, 18 ' 


Bernoulli's principle, 45, 390-392 

Betti's law, 693 

bolting, 18,21-22,37 

bracing systems, 166 


base shear, 60 

diagonal, 22, 599-601 

earthquakes and, 59-64 

environmental forces and, 46-48 

multistory, 535-536 

sidesway and, 477-486, 526-535 

sketching and, 200 

support connections and, 81-84 


Brazos River Bridge, 300 

bridges. See also cables 


arches and, 236-237 (see also 

arches) 


BaYOlme, 580 


Brazos River, 300 

Brooklyn, 2, 408 

codes and, 27 

East Bay Drive. 496 

East Huntington, 408 

George Washington, 220 

half-through, 265 

highway, 277-279 

impact and, 279-280 

influence lines and, 264-271 

live loads and, 41-42 

Outerbtidge Crossing, 120 

railroad, 279 

Rhine River, 16 

Shrewsbury-Worcester, 162 

Tacoma Narrows, 45-46, 223 

Verrazano, 10 


Brooklyn Bridge, 2, 408 

buckling, 15,24,458 

Building Code Requirements for 


Reinforced Concrete (ACI), 27 

building codes, See codes 


C 
cables. 11, 15-17,221, 232-233,See 


also deflection 

characteristics of, 222-223 

force variation of, 223 

funicular shapes and, 228-231 

general theorem of, 225-228, 243 

horizontal tension and, 226-227 

sag and, 226 

vertical load analysis and, 224-225 


caissons disease, 2 

calculus 


Bernoulli's principle, 390-392 

double integration. 301-307 

finite summation, 388-390 

moment-area method, 307-326 


carryover factor, 537-538, 540 

case studies 


absolute maximum moment, 

285-288 


I 

I . 
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building frames, 350-351 

dead loads, 32-34 

increase-decrease method and, 


284-285 

one-story building, 20-22 


cathedrals, 8-10 

center tension ring, 221 

centroidal distance, back overloaf, 2 

clamps 


beam moment distribution and, 

504-510 


direct stiffness method and, 

687-689,691,706 


classification, 105-109 

clay, 431 

clients, 5 

clip angles, 264 

codes, 28 


ACI, 27,604 

bridge, 277-280 

deflection and, 301 

earthquakes and, 59-M 

live loads and, 41-42 

multistory buildings and, 569-578 

settlement and, 454 

snow, 64 

wind pressure and, 43, 48-54 


columns, 11, 18 

approximate analysis and, 589-592 

axial forces and, 606-608 

base-fixed, 612-613 

bracing systems and, 46-48 

cantilever method and, 620-625 

exterior with gravity load, 608-610 

floors and, 602-603 

load combinations and, 65-66 

pin-supported frame and, 611 

portal method and, 613-620 

sidesway and, 477-486, 526-535 

sketching accuracy and, 199-203 

support connections and, 81-84 

tributary area and, 35-36 

unbraced frames and, 610-613 


compatibility, 409, 425, 427 

of deformations, 636-637 


equations. 634-638 

settlement and, 431-435 


complex truss, 124 

composite action, 18 

compression, 12-13. See also 


deflection 

arches and, 14-1:; 

bracing systems and, 46-48 

lateral load and, 22 

soil and, 431 (see also settlements) 

trusses and, 121-122 (see also 


trusses) 

computation. See also equations 


absolute flexural stiffness, 538, 

540,542 


Bernoulli's principle, 390-392 

cable theorem, 225-228, 243 

carryover factor, 537-538, 540 

conjugate beam method, 331-338 

consistent deformation analysis, 


441-442,446 

dead loads, 28-29 

finite summation, 388-390 

fixed-end moments, 539-540, 


542-543 (see also fixed-end 

moments (FEM)) 


Maxwell-Betti law, 393-395 

Mliller-Breslau principle, 559-568 

work-energy methods, 358-359 (see 


also work-energy methods) 

computer analysis, 23 


arches, 247 

exact analysis, 581, 611 

frames, 215 

special-purpose structures and, 10-11 

stiffness. methods and, 617 (see also 


stiffness method) 

trusses, 145 


concrete, 6, 10, 454 

codes and, 27 

earthquakes and, 62 

supports and, 84 


condition, equations of, 94-97 

conjugate beam method, 331-338 

conservation of energy, 358, 384,396 


Index 745 


consistent deformation analysis, 

441-442,446 


continuous beams. See beams 

Cooper loading, 42, 279 

coordinate systems 


displacement and, 713-716 

local,705-713 

matrix analysis and, 660, 667-668, 


678-679, 713-716, 718-719 

transformation and, 699-705 


couples, 74-76 

Cross, Hardy, 10,497 

cross sections; 11. See also moments 


absolute flexural stiffness and, 538, 

540,542 


arches and, 237 

beams and, 164 

carryover factor and; 537-538, 540 

moment area method, 308-309 

moment distribution and, 


537-546 

shear and, 1.69-176 (see also shear) 

virtual work method and, 360-366 


curves, 18-19,226 

base-fixed columns and, 612-613 

carryover factor and, 537-538, 540 

conjugate beam method and, 


331-338 

differential equations for, 


303-307 

elastic, 302-307, 326-331 

flexibility method arid, 420-421 


(see also flexibility method) 

floor beams and; 604-606 . 

inflection points and, '582-586 

load-deflection, 362 

moment area method, 307-326 

moment distribution and, 494, 


497,510 

moment diagrams by parts, 316 

pin-supported frame and, 611 

portal method and, 613-620 

shallow, 302-303 

shear/moment relationship and, 


176-179 
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·746 Index 

curves-Cont. 

sidesway an!i, 485-486 

simple beam moment, 458 

slope and, 181-182 

Vierendeel truss and, 618-620 


dampers, 46 

dead loads, 15,28 


archesand,239-244 

bridges and, 248 

case study, 32-34 

floors and, 29-34 

moments and, 571 

partition walls and, 29 

tributary areas of columns, 35-36 

utilities and, 29 


deck truss, 271 

deflection, 165,342-351,353, 


376-387. See also beams 

Bernoulli's principle and, 390-392 

cables and; 223 

closing a gap and, 414-423 

conjugate beam method and, 


331-338 

curve by parts method, 316 

deflected shape sketching 


and,179-184 

design aids for beams, 339-341 

double integration method 


and, 301-307 

elastic curve differentials, 303-307 

elastic load method and, 326-331 

elastic supports and, 443-445 

fabrication en-or and, 367-369 

finite summation and, 388-390 

frames and, 376-387 (see also 


frames) 

inelastic behavior and, 369-376 

inflection points and, 582-586 

internal releases and, 423-431 

magnitude and, 598 


Maxwell-Betti law and, 393-396 

moment-area method and, 307-326 

moment diagrams and, 340 (see 


also moments) 

Muller-Breslau principle and, 


258-261 

real work, 6, 358-359 

reciprocal, 393-396 

reference tangents and, 319-326 

settlements and, 369 

shallow curve geometry and, 


302-303 

sketching accuracy and, 199-203 

sloping reference tangent 


and, 319-326 

stiffness methods and, 633-634 (see 


also stiffness method) 

strain energy and, 356-358 

symmetry and, 317-319 

temperature and, 367-369 

trusses and, 359-366, 598-599, 


618-620 

virtual work, 376-385, 390-392 


deformation, 23 

consistent, 441-442, 446 

several degrees of indeterminacy 


and, 435-442 

degree of freedom (DOP), 685, 


697-698, 706-707 

design. See also loads 


analysis phases and, 6-7 

codes and, 27-28 

conceptual, 5 

estimation and, 581-582 (see also 


approximate analysis) 

final,6-7 

influence lines and, 261-264 (see 


also influence lines) 

preliminary, 5-6 

redesign and, 6 

several degrees of indeterminacy 


and, 435-442 

strength and, 164-165 

tables, 545-546 


detenninacy, 73, 397 

arches and, 235-236 

classification and, 105-109 

external, 99,206 

indeterminate comparison and, 


110-112 (see also 
indeterminacy) 


Mtiller-Breslau principle and, 

559-561 


reaction influence and, 97-105 

several rigid bodies, 102-103 

static eqUilibrium and, 90 

trusses and, 139-148,618-620 

vertical cable loads and, 224-225 

Vierendeel truss and, 618-620 


diagonal bracing. See bracing systems 

diaphragm action, 47-48. 

displacement. See also slope-deflection 


method; work-energy methods 

Bernoulli's principle and, 390-392 

bracing systems and, 46-48 

consistent deformation analysis and, 


441-442 

direct stiffness method and, 


660-662 

DOP and, 685, 697-698, 706-707 

global coordinates and, 713-716 

internal release and, 423-431 

joints and, 690, 693-694, 712-713 

Muller-Breslau principle 


and,559-568 

multistory frames and, 535-536 

nodal, 662-664 

relative, 423 

settlements and, 369 

sidesway and, 477-486, 526-535 

work and, 354-356 


distributed end moments 

(DEM), 500-503 


beams and, 504-510 

distributed loads, 77-80. See also loads 


arches and, 239-244 (see also 

arches) 


influence lines and, 261-264 


I 
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double integration method, 301 

i elastic curvedifferentiation, 


303-307 

shallow curve geometry and, 


302-303 

drag factors, 44 

ductility, 222 

dummyloads,362-363,365,367~368 

I 	 beams/frames and, 376-387 

inelastic behavior and, 369-376 


E 
earthquakes,62-63 


bracing systems for, 46-48 

Chi-Chi, Taiwan, 26 

force analysis of, 59-64 

Hanskinexpressway collapse, 60 

Loma Prieta, 60 

low-rise buildings, 55-57 

Nigata, bridge failure, 110 


East Bay Drive bridge,496 

East Huntington Bridge, 408 

Eiffel Tower, 10 

elasticity 


cables and, 222 

conjugate beam method, 331-338 

curve differentials, 303-307 

double integration method, 


301-307 

Hooke's law, 304 

inelastic behavior and, 369-376 

load method, 326--331 

modulus of, 304, 308, 658 

moment area method, 307-326 

reciprocal deflections and, 393-395 

sign convention and, 328 

strain and, 356--358 

supports and, 443-445 

work-energy methods, 362 (see also 


work-energy methods) 

elastomeric pads, 83 . 

elements. See matrices 


e19ngation, 222, 362-364, 

. 367-368,370 


environmental forces. See also 

settlements 


snow, 65 

equations 


absolute maximum moment, 286 

approximate analysis, 587, 593 

bar elongation, 362-364, 


367-368,370 

beam on elastic supports, 443 

Bernoulli's principle, 390-391 

cable tension, 223-228, 231 

carryover moment, 537 

compatibility, 425, 427, 635-638 

of condition, 94-97 

conservation of energy, 358 

degree of indeterminacy, 101 

direct stiffness method, 657-659, 


661-666,669-672,677,679, 
685-691,693-694,696--701, 
706--718 

elastic curve differentiation, 

304-305 


eqUilibrium, 177,636-638, 

641-642 


equivalent uniform load, 593 

external virtual work, 360, 363 

finite summation, 388 

flexibility coefficient, 413-414 

flexibility method, 412-415, 421, 


427-428,430,436,443, 
635-636 


flexural stress, 163-164 

funicular shape for arch, 240-241 

general stiffness method, 636--638, 


641-642 

Hooke's law, 304 

impact factor, 41, 280 

increase-decrease method, 280, 282 

influence lines, 262, 280 

internal moment, 168 

lateral seismic force, 62 

live load reduction, 38 
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load combinations, 65 

matrices, 657-659, 661-666, 


669-672,677,679 

Maxwell-Betti law, 394-395 

moment, 178-17,9, 

moment, internal, 593 

moment, simple beam, 587 

moment-area derivation, 308-310 

moment distribution, 500-503, 


·511-512,527,537-539 

MUller-Breslau, 560 

Newton's second law, 88 

parabola, 79 

planar force system, 76--77 

real work, 362 

shallow curve geometry, 303 

shear stress, 164, 177-179 

slope-deflection method, 456-457, 


459-461,466,469,478-479, 
688-689,696-697 


slope of tangent, 311, 313. 

snow load, 64 

static equilibrium, .88-89, 97, 


98, 100 .. 

strain energy, 356-358, 360, 


362-363, 388 

superposition, 642 

temperature, 367,-368 

three-hinged arches, 238 

truss stability, 140 

vertical displacement. 412, 415, 


421,427,436 

vertical loads, 224-228 

virtual strain energy, 360, 363 

virtual work, 360, 362~364, 368, 


377-378 

wind pressure, 43 , 48-49, 51 

work, 378-379. 382-383 . 

zero bars and, 130,..131 


equilibrium. See also flexibility 
method; moments; slope­
deflection method; stability 

beam moment distribution 

and, 504-510 
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equilibrium-Cant. 

Bernoulli's principle and, 390-392 

cantilever method and, 620-625 

direct stiffness method and, 696 


(see also stiffness method, 

direct) 


elastic supports and, 443-445 

equations of condition and, 94-97 

funicular shape and, 228-231 

general stiffness method and, 634 


(see also stiffness method, 

general) 


method of joints and, 125-130 

method of sections 


and, 125-126, 131-139 

moment distribution and, 498-503 


(see also moment distribution 

method) 


portal methoq and,613-620 

reaction influence and, 97':"105 

sidesway and, 477-486, 526-535 

static, 88-93 .... 


structural classification and, 

105-109 


trusses and, 139-148 

virtual displacerrll!nt and, 390-392 


equivalent lateral force procedure, 

79-80 


Europe, 8-10 

exact analysis, 633 

external pressure coefficient, 51-52 


F 
fabrication errors, 367-369 


arches and, 235 

collapse and, 454 

flexibility method and, 431-435 


Federal Reserve Office Building, 554 

final design, 6-7 

finite element method, 655 

finite summation, 388-390 

first-order analysis, 23, 168 

fixed-end condition, 83-84 


fixed-ended arches, 236 

fixed-end moments (FEM), 165 


beams and, 504-510 

computation of, 539-540 

direct stiffness method and, 696 


(see also stiffness method, 

direct) 


general stiffness method and, 

639-650 


influence lines and, 557 

midspan, 542-543 

moment distribution and, 499-501 

sidesway and, 533 

slope-deflection method and, 


460-463,470,472,484 

flexibility, 11. See also elasticity; 


moments; shear 

cables and, 15-17 

coefficient, 413-414 

determinacy and, 11 0"':112 

elastic curve and, 302-307 

frames and, 166-168 (see also 


fram.es) 

influence lines and, 264-277 

method,409 

reciprocal deflections and, 393-395 

redundants and, 409-410 

slabs and, 18 

stiffness method and, 634-636 (see 


also stiffness method) 

Tacoma Narrows Bridge and, 45 

trusses and, 123-124 

vertical loads and, 589-592 


flexibility method, 446-453 

alternative view of, 414-423 

beam on elastic supports, 443-445 

compatibility and,· 409 

consistent deformations and, 


441-442 

fabrication errors and, 431-435 

fundamentals of, 410-414 

internal releases and, 423-431 

redundants and, 409-410, 

. 431-435 

settlements and, 431-435 


. several degrees of indeterminacy 

and,435-442 


temperature and, 431-435 

flexural stiffness 


absolute, 338, 501,542 

axial forces and, 606-608 

elastic curves and, 302-307 

floor beams and, 604-606 

pin-supported frame and, 611 

portal method and, 613-620 

relative, 502 

slope-deflection method and, 461 

stiffness modification and, 511-514, 


538,545,546 

unbraced frames and, 610-613 

vertical loads and, 589-592 


floors. See also beams 

approximate analysis and, 602-603 

axial forces and, 606-608 

bracing systems and, 46-48 

dead loads and, 29-34 

influence lines and, 264-277 . 

live loads and, 36-42 

shear/moment values in, 604-606 


flying buttresses, 8-10 

folded plates, 18 

forces. See also beams; deflection; 


influence lines; stiffness 

method 


axial, 168 (see also axial loads) 

bar, 125 (see also bar forces) 

cables and, 221, 223 

cantilever method and, 620-625 

concurrent, 106 

coupled,74-76 

determinacy and, 97-105 

distributed load resultants 


and,77-80 

equations of condition and, 94-97 

free-body diagram and, 86-88 

idealization and, 85-86 

increase-decrease method 


and,280-285 

indeterminacy and, 203-206 (see 


also indeterminacy) 
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internal releases and, 423-431 

method of joints and, 125-130 

moments and, 169-176 (see also 


moments) 

multistory buildings and, 569-578 

planar systems and; 7fr-77 

portal method and, 613-620 . 

resolving of, 75-76 

shear and, 169-176 (see also shear) 

sides way and, 477-486, 526-535 

sketching accuracy and, 199-203 

stability and, 97-105 

static equilibrium and, 88-93 

superposition and, 194-198 

support connections and, 81-84 

three-hinged arch and, 237-239 

transmissibility and, 81 ~ 


trusses and, 121-124 (see also 

trusses) 


work-energy methods, 353-354 (see 

also work-energy methods) 


frames, 18, 163 

approximate analysis and, 589:-592, 


602-610 

braced, 166 (see also bracing 


systems) 

cantilever method and, 620-625 

classification of, 166-167 

with columns fixed at base, 612-613 

conjugate .peam method and, 


331-338 

deflected shape sketching and, 


198-203 

double integration method and, 


301-307 

elastic load moment and, 326-331 

finite summation and, 388-390 

flexibility and,167-168 (see also 


flexibility) 

floor beams and, 604-606 

gravity load and, 22 

haunch and, 545-546 

indeterminacy and, 203-206 

influence lines and, 264-271 (see 


also influence lines) 


Maxwell-Betti law and, 393-395 

moment-area method, 307-326 

moment distribution and, 526-528 

moments and, 169-194 

MUlier-Breslau principle and, 


559-578 

multistory, 535-536, 569-578, 


602-610,613-625 

portal method and, 613-620 

rigid, 18 (see also rigid bodies) 

shear and, 169-194 

sidesway and, 477-486, 526-535 

simple pin-supported, 611 

sketching accuracy and, 199-203 

slope-deflection method and, 


455-463,475-477 (see also· 
slope-deflection method) 


stiffness methods and, 683-685 (see 

also stiffness method) 


superposition and, 194-198 

unbraced, 166,610-613 

virtual work and, 376-387 


free-body diagrams, 86-88. See also 

sketching 


bending moment and, 167-168 

funicular shape, 228-231, 


239-244 

influence lines and, 251-257 (see 


also influence lines) 

method of joints and, 126, 128 

moments and, 169-184 


friction 

moment transfer and, l21-122 

trusses and, 125 

vortex shedding and, 45-46 

wind loads and, 43-45 


funicular shape, 235 

arches and, 228-231, 239-244 

polygon and, 224 


G 
gaps, 400-409 

general cable theorem, 225-228, 243 


·a:.l.. .......
... -- • • 
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general stiffness method. See stiffness 

method, general 


geodesic domes, 654 

geometry 


area properties, back endsheet, 1 

computer analysis and, 23 

coordinate systems, 660 (see also 


coordinate systems) 

determinacy/indeterminacy, 73-74, 


110-112 

elastic curve and, 303-307 . 

elastic load method and, 326-331 

flexibility method and, 417 

force resolving and, 75-76 

funicular shape, 224, 228-231, 


235,239-244 

method of sections and, 131-139 

moment area method and, 307-326 . 

parabolas, 15, 79,240,310,713 

primary analysis and, 168 

reference tang;ent and, 319-326 

shallow CUIT;S and; 302-303 

shear/moment curves and, 176-184 

stability and, 100, 142 

three-hinged arch and, 237-239 

trapezoids, 353 

triangle, 310. 319-326,713 


George Washingto~ Bridge, 220 

girders. See beams 

global coordinate system 


displacement and, 713-716 

matrices and, 660, 667-668, 


678-679. 713-716, 718-719 

Golden Gate Bridge, 16 

Gothic period, 8-10, 14 

graphs. See also sketching 


influence lines and, 251-255 (see 

also influence lines) 


shear/moment curves and, 176-184 

gravity, 22 


approximate analysis and, 582-589, 

602-610 


bracing systems and, 46-48 

exterior columns and, 608-610 

static equilibrium and, 88-93 
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gravity-Cont. 
unbraced frames and, 610-613 

vertical cable loads and, 224-225 

guides, 83 

gust factors, 51 


H 
Handbook of Frame Constants 

(Portland Cement Association), 
545-546 


hangers, 11 

Hartford Civic Center, 23-24, 72, 682 

haunch, 545-546 

hinges, 83 


arches and, 237-241 

conjugate beam method 


and,332-333 

inflection points and, 582-586 


Hooke's law, 304, 356 

hydrostatic pressure, 64 


idealization, 85-86 

imaginary fixed support, 331-332 

impact, 40-42 

importance factor, 49 

inconsistency, 98 

increase-decrease method, 280-284. 


wheel loads and, 285-288 

indeterminacy, 73-74. See also' 


moment distribution method 

approximate analysis and, 581-582 


(see also approximate analYSIS) 

arches and, 236 

beams and, 203-206 

cantilever method and, 620-625 

continuous beam with gravity 


load, 582-589 

degrees of, 435-442 

determinate comparison 


and, 110-112 


. , 

flexibility method and, 410-414, 

634-639 (see also flexibility 

method) 


frames and, 203-206, 589-592, 

602-613 


influence lines and, 555-556 (see 

also influence lines) 


internal releases and, 423-431 

kinematic, 486-487, 636-639, 


651, 684 

portal method and, 613-620 

reaction influence and, 101-105 

redundants and. 409-410 

slope-deflection method and, 


455-463 (see also slope­
deflection method) 

stiffness method and, 633-634 (see 
also stiffness method) 

trusses and, 139-148,592-601 

inelastic behavior, 369-376 

inflection points, 184, 582-584 


base-fixed columns and, 612-613 

cantilever method and, 620-625 

portal method and, 613-620 

vertical loads and, 589-590 


influence lines, 249-277, 555-578 

absolute maximum moment, 


285-288 

arches and, 271-277 

beams and, 561-568 

construction of, 250-257 

girder-supported floors and, 


264-271 

highway bridges and, 277-279 

increase-decrease method 


and,280-285 

live load pattem'sand,569-579 

maximum shear and, 288-289 

moment distribution, use of, 


556-559 

Mliller-Breslau principle and, 


258-261,290,559-578 

railroad bridges and, 279-280 

trusses and, 271-277 

use of, 261-264 


integration 

elastic curve differentiation, 303-307 

shallow curve geometry, 302-303 


internal moment. See moments 
internal releases, 423-431. See also 

flexibility method 

International Building Code (ICC), 28 

International Code Council, 28 


J 
joints. See also slope-deflection method 


axial forces and, 606-608 

beam moment distribution 


and, 504-510 

cantilever method and, 620-625 

displacement and, 690, 693-694, 


712-713 

DOF and, 685, 697-698,706-707 

frames with sidesway and, 526-535 

kinematic indeterminacy and, 


486-487 

method of, 125-130, 134-135 

moment distribution and, 497 (see 


also moment distribution method) 

multistory frames and, 535-536, 


602-610 

portal method and, 613-620 

rotation and, 501 

sidesway and, 477-486, 526-535 

stiffness methods and, 667-678 (see 


also stiffness method) 

stiffness modification and, 511-514 

symmetry and, ¢'l1-477 

without transllltt~, 503-504 


K 
kinetic energy, 40. See also live loads 


beam analysis and, 639-650 

indeterminacy and, 486-487, 


636-639,651,684 (see also 
indeterminacy) 


work-energy methods and, 353 


• 
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lateral loads, 22, 610-613 

lateral seismic force, 62 

law of sines, 75-76 

layout, 5 

linear forces, 74, 78. See also 


flexibility method 

static equilibrium and, 88-93 


links, 83 

live loads, 35, 248. See also influence 


lines 

absolute maximum moment, 


285-288 

axial forces and, 607 

bridges and, 41-42 

building loads and, 36-37 

highway bridges and, 277-279 

impact and, 40, 279-280 . 

influence lines and, 569-578 

multistory buildings and, 569-578 

railroad bridgcs and, 279-280 

r~cllH:tion of, 17-40 

trusses and, 130-·131 


loads, 67-71. See also deflection; 

work-energy methods 


absolute maximum moment and, 

2$5-288 


approximate analysis, 589-592 (see 

also approximate analysis) 


arches and, 8,14-15,228-231, 

235-247,276-277 


axial, 11-12, 18,47-49 (see also 

axial loads) 


beams and, 163-166 (see also 

beams) 


building codes and, 27-28 

cables and,.U, 15-17,221..;.233,243 

columns and, 12-13 (see also 


columns) 

combinations of, 65-66 

Cooper, 42, 279 

dead,15,28-36,62-63,239-244, 


248, 549 

distributed, 77-80, 239~244 


-


dummy, 362-363, 365, 367-387 

earthquake forces and, 59-64 

elasticity and, 302-307 (see also 


elasticity) 

environmental, 64 

factored, 164-165 

final design and, 6-7 

flexibility method and, 410-414 


(see also flexibility method) 

gravity and, 22 

idealization and, 85-86 

increase-decrease method and, 


280..;.285 

indeterminacy and, 203-206 (see 


also indeterminacy) 

inflection points and, 582-586 

influence lines and, 261-264 (see 


also influence lines) 

lateral, 22, 610..;.613 

maximum shear and,288-289 

Mtiller-Breslau principle and, 


258-261,559578 

preliminary design and. 5-6 

shear/moment curves and, 176-184 

sidesway and, 417-486, 526":535 

sketching accuracy and, 199-203 

slope-deflection method and, 


457-463 (see also slope­

deflection method) 


stiffness method and, 639-650 (see 

also stiffness method) 


strength and, 7 

superposition and, 194-198 

support connections and, 81-84 

transverse, 15-17 

trusses and, 12-13, 125, 139-148 


(see also trusses) 

two-dimensional, 4 . 

vertical, 224-225,589-592 

weight calculation and, 6 

wheel, 285-288 

wind, 7,17.43-57,59,301 


Logan Airport, 18 

loss of life, 24, 582 

low-rise buildings, 55-57 


M 
magnitude, 576 

Manual for Raihmy Engineering 

(AREMA), 27, 42 

Manual ofSteel Constmction (AISC), 


27,339 

masonry, 7 


arches and, 236 

earthquakes and, 62 

flying buttresses and, 8-10 

portal method and, 613-614 


material properties 

arches and, 235-237 

concrete, 6, 10, 27, 62, 84, 454 

glass, 7 

iron, 10 

live loads and, 36-37 

masonry, 7-10, 62, 236, 613.:..614 

plaster, 7 

rock, 8,15,17,82,236-237 

sand,431. 

st~el, 6,10-11.15-17,27.222.339 

tensile strength and, 7 

wood, 6, 27 


mathematics. See also equations; 

geometry 


absolute flexural stiffness, 538, 

540,542 


Bernoulli's principle, 45, 390..;.392 

Betti's law, 693 

calculus, 301-326, 388-392 

conjugate beam method, 33I:-339 


. double integration, 301-306 

earthquakes and, 58-.-62 . 

tinite summation, 3~8"';:jI}U 


Hooke's law. 304. 356 

inconsistency, 98 

law of sines, 75-76 

matrices and (see matrices) 

Maxwell-Betti law, 393-394, 663 

reaction influence and, 97-105 

right-hand rule, 74 

slope-deflection derivation, 


457-463 


/ 
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mathematics-Con t. 

static equilibrium, 88-93 

trigonometry, 75-76, 240-241, 


302-303,319-326 

vectors, 74-81 


matrices, 190,610 

2 X 2 rotational stiffness, 686-687, 


699-705 

member stiffness construction, 


660-662,664-665 

nodal displacements and, 662-664 

stiffness methods and, 657, 665-668 


(see also stiffness method) 

structure stiffness construction, 


662-665,685-686,716-718 

transfonnation, 699-705 


Maxwell-Betti law, 393-396,663 

mechanics, 28 

membrane stress, 19 

metals, 6-7 

method of consistent defonnations. See 


flexibility method 

method of joints, 125~130, l34-135 

method of sections, 125-126 


stability analysis and, l31-l39 

misalignment, 7 

moment-area method, 307 


application of, 311-315 

derivation of, 308-310 

moment curve by parts, 316 

sloping reference tangent 


and, 319-326 

symmetry and, 317-319 

variable moment of inertia and, 315 


moment distribution method, 10-11, 

497-503. See also stiffness 

method 


beam analysis and, 510 

development of, 498-503 

frames with sidesway and, 526-535 

influence lines and, 556-559 

multistory frames and, 535':"536 

nonprismatic members and, 


537-546 

stiffness modification and, 511-514 


moments. See also stiffness method 

absolute maximum, 285-288 

approximate analysis and, 589-592 

area method and, 307-326 

beams and, 163-166,587 (see also 


beams) 

bending, 166-168 (see also bending 


moments) 

cables and, 226, 228 

cantilever method and, 620-625 

carryover, 502 

conjugate beam method 


and, 331-338 

curves and, 176-184,226 

dead loads and, 571 

deflected shape sketching 


and, 179-184 

distribution and, 338, 455, 497-503 

double integration method 


and, 301-307 

elastic load method and, 326-331 

equations for, 169-176 

estimating values of end, 586-589 

exterior columns with gravity 


loads, 608-610 

fixed-end, 165,460-463 (see also 


fixed-end moments (FEM)) 

flexibility method and, 4l3-414, 


420-421 (see also flexibility 

method) 


floors and, 602-606 

force combination and, 65-66 

funicular shape and, 235, 239-244 

increase-decrease method 


and, 280-285 

influence lines and" 268, ~70, 275 


(see also influence lines) 

load/shear relationship and, 


176-179 

maximum deflection and, 340 

Miiller-Breslau principle and, 


559-568 . 

negative, 180 

P-delta, 188 

point of inflection and, 184 


portal method and, 6l3-620 

positive, 180 

primary, 64 

secondary, 168 

sidesway and, 477-486, 526-535 

slope-deflection method and, 


457-463 (see also slope­

deflection method) 


stiffness modification and, 

511-514 


strain and, 356-358 

superposition and, 194-198 

trusses and, 121-122,618-620 


(see also trusses) 

unbalanced, 500, 511 

vertical loads and, 589-592 

viltual work and, 376-388 

wheel loads and, 285-288 

work and, 354-356, 376-379 


monolithic structures, 10 

Miiller-Breslau principle, 258~261, ­

290,559-560 

multistory buildings and, 569-578 

qualitative influence lines 


and, 561-568 

multistory frames, 535-536 


approximate analysis and, 602-610 

cantilever method and, 620-625 

Miiller-Breslau principle and, 


569-578 

portal method and, 613-620 

virtual work, 376-379 


N 
NASA Vehicle Assembly Building, 352 

National Design Specifications for 


Wood Construction (AFPA), 27 

Nigata earthquake, 110 

nodes, 78,662-664 

nonprismatic members 


absolute flexural stiffness 

and, 538, 540, 542 


carryover factor and, 537-538, 540 


• ........ - - • . ....... - - • • 




fixed-end moments and, 539-540, 

542-543 


haunch at both ends, 546 

haunch at one end, 545 


o 
one-story buildings, 20-22 

oscillation, 17 


cables and, 221 

impact and, 279-280 


Outerbridge Crossing, 120 


p 
panel points, 264 

parabolas, properties of, 15,77,240, 


310, back endsheet 1 

parallel forces, 106 

Parlhe{llHl. 8 

partitions, weight of, 29-31,339, 

P-delta moment, 168 

piles, 15 

pins, 22, 82-83 


approximate analysis and, 611 

direct stiffness method and, 


660-662 

end moment estimation and, 


586-589 

flexural stiffness and, 338 

frame support and, 611 

funicular shape and, 239-244 

idealization and, 85-86 

method of joints and, 126-130 

moment transfer and, 121-122 

shear/moment curves and, 181 

stiffness modification and, 512 

trusses and, 124-125 


planar forces, 76-77 

static equilibrium and, 88-93 


planar structures, 4, 168-169 

plates, 18, 85-86 


continuous beams and, 563-568 


point of inflection. See inflection points 

portal method, 613-617 


Vierendeel truss and, 618-620 

Portland Cement Association, 545-546 

positioning, 280-285. See also 


influence lines 

post-and-lintel system, 8 

preliminary design, 5-6 

pressure 


hydrostatic, 64 

soil,64 
wind,43-57 

primary analysis, 168, 194-198 

principle of superposition, 194-198, 


642. See also flexibility method 
prismatic members. See also cross 

sections 

haunch and, 545-546 

moment distribution and, 537-546 


R 
railroads, 27, 279 

reactions, 71. See also forces 


cables and, 222 

determinacy and, 97-105 

floors and, 602-603 

influence lines and, 250-257 

maximum shear and, 288-289 

moment distribution and, 498-503 


(see also moment distribution 
method) 


redundants and, 409-410 

sidesway and, 477-486 

stability and, 97-105 

structural classification and, 


105-109 

support connections and, 81-84 

zero bars and, 130-131 


real work, 6, 358-359, 362 

reciprocal deflections, 393-394 

reduction factor, 165 

redundants 


concept of, 409-410 
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flexibility method and, 410-414, 

634-639 


internal releases and, 423-431 

settlement and, 432-435 

stiffness method and, 634 

support movement and, 431-432 . 


relative displacement, 423 ' 

relative flexural stiffness, 502 

released structure, 410, 414, 634. See 


also flexibility method 

internal, 423-431 

settlement and, 432-435 

several degrees of indeterminacy 


and, 435-:442 

required factored strength, 65 

restraints. See al.rp supports 


indeterminacy relationship to, 205 

internal,421-:431 

moment distribution and, 497 


Resultants, 409-:410 

computation of, 77 

distriblJwd loads and. 77-80 

of external forces, 170-176 ' 

planar force systems ;and, 16-77 


Rhine River Bridge, 16 

right-hand rule, 74 

rigid bodies. See also statics 


approximate analysis and, 589-592, 

602-610 


Bernoulli's principle arH:i, 390-392 

bracing systems an<,i, 46-:48 

classification and, 105-109 

joints and, 18,86 

pOltal method and, 613-620 

reaction influence and, 97-105 

redundants and, 409-410 . 

stiffness method and, 648-650 (see 


also stiffness method) 
virtual displacement and, 390-392 


riveting, 18 

rock,8 


arches and, 15, 236-237 

cables and, 17 

supports and, 82 


Roebling, Washington A., 2 
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rollers, 83, 101 

closing a gap and, 414-423 

continuous beams and, 563-568 

flexibility method and, 412, 


·+14-423 

shear/moment curves and, 181 

sidesway and, 531 

stiffness modification and, 511-525 


Romans, 8, 1.4 

roofs, 223, 606 

rotation, 74, 99 


2 )( 2 stiffness matrix and, 

686-695,699-705 


base-fixed columns and,612-613 

chord,686 

clamps and, 687-689, 691, 707 

end moment estimation and, 


586-589 

flexibility method and, 418 

floors and, 602-603 

hinges and; 333 

kiMmatic indeterminacy and, 


486-487,636-637;651,684 

moment distribution and, 501 

Miiller-Breslau principle and, 573 

sidesway and, 477-486 

slope-deflection method and; 


457-463,471-477 

stiffness method and, 639-650 (see 


also stiffness method) 

strain and, 357 


5 

safety. 3, 81-84 

sag, 226 

San Andreas fault, 59 

sand,431 

second order analysis. 29 

scale. 458 

second order analysis, 29 

seismic forces. See earthquakes 


service loads, 7 

settlements, 6 


arches and, 235 

code and, 454 

displacement and, 369 . 

flexibility method and, 414-423, 


431-435 

moment distribution and, 522-524 

redundants and, 432-435 


shear 

approximate analysis and, 592-601 

base, 60-64 

beams and, 163-166,331-338, 


603-606 

cantilever method and, 620-625 

conjugate beam method, 331-338 

curves, 19,176-184 

deflected shape sketching and, 


179-184 

double diagonals and, 599-601 

earthquakes and, 160-164 

equations, 169-176. 

flexibility method and, 413-414 

floor beams and, 604-606 

force combination and, 65-66 

influence lines and, 250-257 (see 


also influence lines) 

load/moment relationship 


and, 176-179 

maximum, 288-289 

moment distribution and, 497 

point of inflection and, 184 

portal method and, 613-620 

resultants and, 79 

sidesway and, 477-486 

sign convention and, 328 

slope-deflection method and, 


474-475 (see also slope­

deflection method) 


trusseR and. 12-13.618-620 

walls and, 47-48, 62 

zero significance of, 182 


shells, 18-19 


Shrewsbury-Worcester Bridge, 162 

sidesway 


moment distribution and, 526-535 

slope-deflection and, 477-486 


sign convention, 328 

direct stiffness method and, 655, 


688-689, 709, 717 

flexibility method and, 413 

general stiffness method and, 639, 


641-642 

moment distIibution method 


and, 500 

slope-deflection method and, 


457-458,464 

simple trusses, 124 

simply supported beams, 165 

Simpson, Gumpertz & Heger, 


Inc., 632 

sketching, 168 


accuracy criteria and, 199-202 

building codes and. 198-199 

deflected shape of beams 


and,. 179-184 

dimension factor and, 199 

distortion and, 199 

influence lines and, 265 (see also 


influence lines) 

moment area method and, 


307-326 

moment distribution and, 504-510 

Miiller-Breslau principle and, 


258-261,561-568 

slabs 


arches and, 237 

bracing systems and, 47-48 

floors and, 29-34 

influence lines and, 264-271 

low-rise building and, 55 


slenderness ratio, 11 

slope 


change in, 308 

conjugate beam method, 331-338 

continuous beams and, 563-568 


•
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direct stiffness method and, 

695-697 (see also stiffness 

method, direct) 


double diagonals and, 599...,601 

double integration method, 301-307 

elasticity and, 302-307, 326:-331 

moment area method and, 307-326 

positive/negative curvature . 


and, 305 

reference tangent and, 319-326 

several degrees of indeterminacy 


and,435-442 

shallow curves and, 302-303 

stiffness method and, 639-650 (see 


also stiffness method, general) 

slope-deflection method, 455-456 


derivation of, 457-463 

kinematic indeterminacy 


and,486-487 

sidesway and, 477-486 

structural analysis by, 463-477 

symmetry and, 471-477 


snow load, 64, 85 

soil, 64, 417 

space frames, 633 

spoilers, 46 

springs, 443,.445 

stability, 73 ' 


classification and, 105-109 

defined,74 

geotpetrical, 100, 142 

method of sections and, 


131-139 

reaction influence and. 97-105 

several rigid bodies, 102-103 

single rigid body, 103 

supports and, 81-84 

trusses and, 124-125, 139-148 


Standard Minimum Design Loads for 
Buildings and Other Structures 
(ASCE), 28, 48 . 


Standard Specifications for Highway 

Bridges (AASHTO), 27 


statics, 73, 113-119, 632 

beams and, 165-166 (see also 


beams) 

Bernoulli's principle and, 390-392 

condition equations and, 94-97 

determinacy and, 97-105, 110-112 

distributed load and,. 77-80 

eqUilibrium equations and, 88-93 

equivalence and, 78 

force and, 74-81 

frames and, 166-168 (see also 


frames) 

free-body diagrams and, 86-88 

idealization and, 85-86 

indeterminacy and, 110-112 

inflection points and, 582-586 

moment distribution and, 497 (see 


also moment distribution 

method) 


planar systems and, 76-77 

reactions and, 97-105 

stability and, 97-105 

structural classification and, 105-109 

supports and, 81-84 .. ' 

transmissibility and, 81 

Vierendeel truss and, b1is-b20 


steel, 6, 10 

alloyed, 11, 15-17 

beams and, 339 , 

cables and, 15-17,222 (see also 


cables) 

codes and, 27 


stiffening plates, 18 

stiffness, 7,554. See also flexibility 


absolute flexural, 501,538-540, 

542 (see also flexural stiffness) 


beam moment distribution 

and,504-510 


cables and, 17 

cantilevers and, 513-514 

coefficient of, 588 

computer analysis and, 23 

elastic supports and, 443-445 


• 

cables and, 17 

supports and, 82 


strain 
 · ..,i 


beams and frames. 376-377 

elastic curves and, 304-305 

trusses and, 356-357, 359-366 
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floor beam shear and, 606 

modification of, 511-525 

moment distribution and, 504-510 

relative flexural, 502 

sidesway and; 477-486,526-535 

slabs and, 18 

superposition and, 194-198 

trusses and, 123 


stiffness method, direct, 680-681, 

683-684 


coordinate transformation and, 

678-679.699-705 


description of, 655-659 

DOF and, 685, 697-698, 706-707 

flexural elements and. 686-695 

global coordinates and, 713-716 

joint displacement and. 690, 


693-694 

local coordinates and, 707-713 

matrices and, 660-678 (see also 


matrices) 

nodal displacements and, 662-664 

restrained structures and, 687-689, 


691,707 

slope~deflection and, 695-697 

solution of. 665-667 

truss analysis and, 660-662, 


667-678 

stiffness method, general, 455, 


633-651 

flexibility method and, 634-639 

indeterminate beam analysis, 


639-640 

truss analysis and, 636-639, 


646-647.655-680 

stone, 8 


arches and, 15, 236-237 
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strength. 3 

arches and, 8 

beam design and, 164-165 

cables and, 15-17,221-222 

required,65,164-165 

tensile, 7-8, 15-17,221-222,237 


strength:to,weight ratio, 221 

stress, 7. See also deflection 


arches ann, 14-15, 2:15-2:19 

beams and, 163-166 

bracing systems and, 46-48 

cables and, 15-17,222-223 

cantilever method and, 620-625 

curved surfaces and, 18-19 

determinacy and, 110...:.112· 

membrane, 19 

sidesway and, 477-486, 526-535 

stiffness method and, 667-678 (see 


also stiffness method). 

supports and, 81-84 

trusses and, 121-124 


stringer system, 556 

structUral analysis, 25 


arches and, 235-247 

basic elements of, 3-4, 11~22 


beams and, 163-208 (see also 

beams) 


cables and, 221-233 (see also 

cables) 


classification and, 105-109 

computers and, 3, 10-11,23-24, 


145-148,581,602,606,633, 

639 


deflection and, 301­
design process and, 5~7 

direct stiffness method and, . 


655-720 

flexibility method and, 409-453 

frames and, 163- 208 (see also 


frames) 

general stiffness method and, 


633-651 

history of, 8-11 

idealization and, 85-86 


indeterminate structures and, 

581-631 


influence lines and, 249-277, 

555-579 


loads and, 27-67 (see also loads) 

matrices, appendix 

moment distribution and, 497-547 

slope-deflection method and, 


455-487 

stability and, 20-22 

statics and, 73-119 

strength and, 3, 6-8, 15-17,65, 


164-165,221-222 

trusses and, 121-159 (see also 


trusses) 

two-dimensional, 4, 168-169 

work-energy methods and, 353-397 


structural code, 28 

ACI, 27. 604 


,< bridge, 277-280 

deflection and, 301 

earthqua,kes and, 59-63 

live loads and, 41-42 

multistory buildings and, 569-578 

settlement and, 454 

snow, 52 

wind pressure and, 48-54 


superposition, 194-198,409,642. See 

also flexibility method 


supports, 81-84. See also arches; 

beams; cables; trusses 


approximate analysis and, 611 (see 

also approximate analysis) 


base-fixed col.umns and, 612--613 

cantilever rp.e~hod and, 620-625 

conjugate beam method, 331-338 

determinacy and, 110-112 

double integration and, 301-307 

elasticity and, 326-331, 443-445 

flexibility method and, 431-435 


(see also flexibility method) 

imaginary fixed: 331-332 

influence lines and. 264-271 (see 


also influence lines) 


moment area method and, 307-326 

moment distribution and, 498-503 


(see also moment distribution 

method) 


Milller-Bresiau principle and, 

258-261,559-578 


portal method and, 613-620 

redundants and, 409-410 

settlements and. 369 

stiffness modification and, 511-514 

Vierendeel truss and, 618-620 

work-energy methods and, 353-354 


(see also work-energy 

methods) 


symmetry, 202 

analysis of, 317-319 

Betti's law and, 693 

end moment estimation and, 


587-589 

floor beams and, 604-606 

Maxwell-Betti principle and, 663 

moment area method, 312-314 

Mtiller-Breslau principle and, 577 

nodal displacement and, 662-664 

slope-deflection method and, 


471-477 

stiffness method and, 650 

vertical loads and, 590-591 


T 
Tacoma Narrows Bridge, 45-46, 223 

tangents 


conjugate beam method, 331-338 

deviation and, 308 

double integration and, 301-307 

elastic load. method, 326-331 

moment area method and, 307-326 

reference, 319-326 


temperature, 6, 64, 522 

arches and, 235 

flexibility method and, 431-435 

moment distribution and, 522 


•
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truss deflection and, 367-369 

work-energy methods and, 353 


tensile strength, 7 

arches and, 237 

cables and, 15-17,221-222 

stone and, 8 


tension, 11 

cables and, 15-17 

ring, 221 

trusses and, 121-124,353,359-366 


thin shells, 18-19 

three-hinged arches, 237-241 

through truss, 271 

thrust, 226 

topographic factors, 51 

traffic, 248. See also live loads 


bridges and, 41-42 

highway, 277-279 

impact and, 279-280 

increase-decrease method 


and, 280-285 

railroad, 27,279 

trucks, 277-285 


transformation, 699-705 

translation, 74 


moment distribution and, 503-504 

sideswayand, 477-486, 526-535 


transmissibility, 81 

trapezoids, 353 

tributary area 


beams and, 29-30 

columns and, 35-36 

live loads and, 36-42 


trigonometry 

funicular shape and, 240-241 

law of sines, 75-76 

reference tangents, 319-326 

shallow curves and, 302-303 


trucks, 277-279. See also traffic 

increase-decrease method and, 


280-285 

trusses, 11-13, 72, 121-123,554 


approximate analysis and, 592-601, 

618-620 


arches and, 276-277 

bar forces and, 122, 125, 127-131 

complex, 124 

computer analysis, 145 

deck, 271 

deflection and, 598-599 (see also 


deflection) 

determinacy and, 139-148 

diagonals of, 122 

direct stiffness method and, 


655-662,667-678 

double diagonals and, 599-601 

fabrication error and, 367-369 

flexibility method and, 418-420 

general stiffness method and, 


647-650 

inelastic behavior and, 369-376 

influence lines and, 271-277 

Maxwell-Betti law and, 393-395 

method of joints and, 125-130 

method of sections and, 131-139 

Mliller-Breslau principle and, 


559-578 

Outerbridge Crossing, 120 

stability and, 124-125, 


139-148 

strain energy and, 356-357 

temperature and, 367-369 

through, 271 

types of, 12..J.-125 

Vierendeel, 618-620 

work-energy methods and, 353. 


359-366 

two-dimensional structures, 4, 


168-169 . 


u 
unbalanced moments, 500, 511 

unbraced frames, 166,610-613 

unknown joint displacements. 


See slope-deflection method 
U.S. Pavilion, 654 


v 

vectors 


force, 74-81 

resultants and, 76-80 

right-hand rule and, 74 

transmissibility and, 81 


vehicles, 248. See also live loads 

bridges and, 41-42 

highway, 277-279 

impact and, 279-280 

increase-decrease method and, 


280-285 

railroad, 27, 279 

trucks, 277~285 


velocity exposure coefficient, 49-'-50 

Verrazano Bridge, 10 

vertical loads; 224-225, 589-592 

vibration, 7, 11, 17, 223 

Vierendeel truss, 618-620 

virtual work method 


beams and, 376-387 

displacement by settlements, 369 

fabrication error and, 367-369 

frames and, 376-387 

graphical solution, 378; back 


end sheet 2 (see also product 
integrals) 


inelastic behavior, 369"':'376 

temperature and, 367-369 

trusses and, 360-366 


vortex shedding, 45-46 


w 
walls 


dead loads and, 29 

shear and, 47-48 

support connections and, .81-84 


weather, 6 

snow, 64 

wind loads, 7,43-59, 301 


weight 

cables arid, 15-17 
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weight-Cont. 

earthquakesand,59-64 

influence lines and, 264-271 

trusses and, 12-13 


welding, 10, 18,85,497 

wheel loads, 285-288 

wind loads, 7,17,43-44 


bracing systems for, 46-48 

deflection and, 301 

low-rise buildings an<;i, 55-59 

pressure equations, 48-52 

vortex shedding and, 45-46 


• 


wood, 6, 27 

work-energy methods, 353-397 . 


beams and, 376-387 

Bernoulli's principle and, 390--392 

finite summation and, 388-390 

frames, 376, 386-387 

Maxwell-Betti law and, 393-396 

real work, 358-359 

reciprocal deflections and, 


393-396 

strain energy and, 356-358 

trusses and, 353, 359-376 


virtual displacement and, 390-392 

virtual work and, 360--387 

work definition and, 6 
 I • 

Z 
zero bars, 130-131 

zero moments, 182, 184 




. • Properties ofAreas 

Shape Figure Area 
Centroidal 
Distance x 

(a) Triangle 

(b) Right triangle 

(c) Parabola 

bh 

2 

bh 

2 

2M 
3 

b+c 
3 

b 

3 

3b 
8 

(d) Parabola r-bi 

[~\ 11 V' 9=0 

l..L1 

bit 

3 
b 

I (e) Third-degree parabola 

(f) Rectangle 

bh 
4 

O.2b 

... 
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Values of Product Integrals [~LMQM;dx 

~Ml 1
Mc=JM2
MQ CJM1 ~ 


I--L --I ~-L~ I--L --I ~~ 
Mp 

M3[JJ 1 
 1 
 1

MjM3L -(M[ + M2)M3L2MlM3L 2M1M3L

2

!--- L·--1 

~M3 1 
 1 
 1 
 1 

6(M l + 2M2)M3L 6M1M3(L + a)2MJM 3L .3"M1M3L 

I-- L--I 

I 


.M3~ I 


1 
 1 
 1 
 1 

6MIM3L 6M1M3(L + b)2M1M3L '6(2M1 +;;M2)M3L 

..I--L --I 
.. ...... ,.,.. 

1 
 1
M3 .... .[£3M4 6Ml(2M3 +M4 )L 6M1M3(L + b)1 
 1 

2M1(M3 + M4)L 6M1(M3 + 2M4)L 1 
 1
I--L --I +6M2(M3 + 2M4 )L +6MlM4(L + a) 

I 1 

forCc :5 

(a 

a:6M1M3(L + d)
1
1
6,. 
 - C)2)6MJM3(L + c)2MjM3L 1 
 3" - 6ad. M[M31 

+6M2M3(L + c)te •l. ~ 
, L 

Parabola M 

2 
 1 
 1 
 1 ( L+­-MM ab)3"(M1 + M2)M3L3"MlM3L>=T\ 
 3"MIM3L 3 1 3 L 

I--L --I 

2
1 . 
 1 
 1 
 1 ( a )-MM 3a +­12 (Ml + 3M2)M3L4MlM3LIP~yr 
 3"MJM3L 12 1 3 L 

I--L --I I 

i 
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