Numerical Methods (CENG 2084) Leauxote

CHAPTER-VI

Numerical Solution of Ordinary Differential Equatio ns

6.1 Introduction

Differential equations are equations composed of wknown function and its
derivatives. The following are examples of diffefehequations:

dv c

—=g-——V 6.1a

il R (6.1a)
2

m—o| 2X+09(+kx=0 (6.1b)
dt dt

Differential equations can be classified aslinary differential equationJODE) or
partial differential equationgPDE). ODEs are equations in which the functiovolues
oneindependent variable. PDE's involve functions twanore variables. Both Eq.(6.1a)
and Eq.(6.1b) are ordinary differential equatiddferential equations are also classified
as to their order. For Eq.(6.1a) is a first-ordguagion because the highest derivative is a
first derivative. A second order equation incluéesecond derivative, as in Eq. (6.1b)
above. Similarly, an™ order equation includes ath derivative.

This chapter is devoted to solving ordinary différal equations of the form

dy

— = f(x, 6.2

5= ooy (6.2)
One-step Runge-Kutta (RK) methods can be genezaflyessed as

Vi =Y ¢ (6.3)

According to this equation, the slope estimategofs used to extrapolate from an old
value y, to new valuey,,, over a distancé. This formula can be applied step by step to
compute values ofy. The simplest approach is to use the differergighation to
estimate the slope in the form of first derivatatex; .

6.2 Euler's Method

The first derivative provides a direct estimateéhef slope atx,. That is,

p= f(xi . Yi) (6.4)
where f(x,y,) is the differential equation evaluated>atand y, . This estimate can be
substituted into Eq. (6.3):

Yia =Yi T f(Xi Y )h (6.5)
This formula is referred to &uler's method
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Error Analysis for Euler's Method

As in any other numerical procedure, the numeso#ltion of ODESs involves two types
of errors (1) Truncation error, and (2) Round-offoes. The truncation errors are
composed of two parts. The first islacal truncation error that results from the
application of the method over a single step. Téwosd is gropagated truncation error
that results from the approximation produced dutimg previous steps. The sum of the
two is the total oglobal truncation error

Insight into the magnitude and properties of then¢ation error can be gained by
deriving Euler's method directly from the Tayloriee expansion. Remember that the
differential equation to be solved will be of thengral form

y' = f(xy) (6.6)

where y' =dy/dx, and x and y are the independent and the dependent variables,
respectively. If the solution has continuous demes, it can be represented by a Taylor
series expansion about a starting Va(llqeyi )

— r+ h L{’hZ ﬂhn 7
Vou =Y+ Y+ Tn% o+ h 4R (6.7)

whereh =x, — X, andR, = the remainder term, defined by

(n+2)
_y (5) n+l
R, = (n +1)! h (6.8)

where ¢ lies somewhere in the interval fromy to x,,. An alternative form can be
developed by substititing Eq.(6.6) into Eq.(6.70l 46.8) to yield

"y : (n—l) . ]
=y, + 10y O e TOGY) o) (6.9)
2 nl
where O(h”*l) specifies that the local truncation error is pmjpoal to the step size
raised to the{n +1)th power.

Thus we can see that Euler's method correspontthe tdaylor series up to and including
the termf(x,, y, )h. The true local truncation erroE, , in the Euler method is thus given

as

a=ii%1Qm+m+o®m) (6.10)
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For sufficiently smallh, the errors in the terms in Eq.(6.10) usually dase as the order
increases, and the result is often represented as

g, =1 YY) by, (6.11)
2
or

E, =0(n?) (6.12)

where E, = the approximate local truncation error.

Example Using Euler's method solve the following initiallua problem
¥'=1l-tywith v(0) = Lover 0=t=5

The Euler solution for ' = 1-t¥

Using n = 26 points.

(0., 1.}, 0.4, L2}, {0.4, 1.352}, {0.6, 1.44384}, {0.8, 1.47058}, {1., 1.43529}, {1.2, 1.34823}, {1.4, 1.224a3}, {1.6, 1.08173}, {1.8, 0.935581},
(2., 0.798778), {d.4, 0.079207}, {2.4, 0.580388}, {Z.6, 0.50LG03}, (2.8, 0.440865), {3., 0.393961), (3.2, 0.357592}, (5.4, 0.328733},
{3.6, 0.3051935}, (3.8, 0.283434}, {4., 0.268508}, {4.4, 0,253702}, (4.4, 0.240592), {4.6, 0.426671), (4.4, 0.21831}, (5., 0.208732}}

The final walue iz v(53) = ¥ = 0.208732
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6.3 Runge-Kutta Methods

Runge-Kutta (RK)methods achieve the accuracy of a Taylor seriggoaph without
having requiring the calculation of higher deriva8. Many variations exist but all can
be cast in the generalized form:

Yu=Y¥ t ¢)(Xi 1 Yis h)h (6.13)

where ¢(x,y,,h) is called an increment function, which can be rimteted as a

representative slope over the interval. The incrénfanction can be written in the
general form as

p=ak +ak, +..+ak, (6.14)

where thea's are constants and thkeés are

k = f(Xi , yi) (6.15a)
k, = f(x + ph.y, +a,;kh) (6.15b)
ks = f(xi +p,hy; + qzzkzh) (6.15¢)
k, = f(Xi +pyhy + qn—l,2k2h+"'+qn—l,n—lkn—lh) (6.15d)

Notice that the k's are recurrence relationshipaiods types of Runge-Kutta methods
can be devised by employing different numbers ahgein the increment function as
specified by n. Note that the first-order RK methaith n = 1 is, in fact, Euler's method.
Once n is chosen, values for #is, p'sandq's are evaluated by setting eqn. 6.14 equal to
terms in a Taylor series expansion.

Fourth-order Runge-Kutta Methods

The most popular and relatively accurate RK mettrardsthe fourth order. There are an
infinite number of versions. The following, knowrs &he classical fourth-order RK
method is the most commonly used form

1
Vi =Y, + E(k1 + 2k, + 2k, +k,) (6.16)
where
_ 1 1
k= (%, y)h = 1(x s 2ny et
2 2
1 1
kzzf[xi +Eh,yi+5kljh k,=f(x +hy +k,)h

NB. The f' order RK methods have local errorsogh”™**) and global error ob(h")
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Example Using 4" order Runge-Kutta methods solve the followingjahivalue
problem

¥'=l-tywith v(0) = 1over 0=st=5

The Bunge-Futta solution for v¥' = 1l-ty

Uzing n = 26 points.

{40, L.y, (0.2, 117755}, {0.4, 1,30245}, (0.6, L.36819), {0.8, L.37546), (1., 1.3313), {1.2, 1.24732}, {1.4, L.13727}, (1.6, 1.01473},
(1.8, 0.89124), 2., 0.77533), (2.2, 0.672211), (2.4, 0584154}, (2.6, 0.511198), (2.8, 0.451948), (3., 0.404325), (5.2, 0.366085), (3.4, 0.335157),
[3.6, 0309811}, {3.8, 0288687}, (4., 0.270764}, {4.2, 0.256297}, (4.4, 0,241752}, {4.6, 0.229741}, (4.8, 0218982}, {5., 0.209267))

The final walue iz w(5)1 = ¥z = 0.209Z67
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