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CHAPTER-VI 
 

Numerical Solution of Ordinary Differential Equatio ns 
 

6.1   Introduction 
 

Differential equations are equations composed of an unknown function and its 
derivatives. The following are examples of differential equations: 
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Differential equations can be classified as ordinary differential equations (ODE) or 
partial differential equations (PDE). ODEs are equations in which the function involves 
one independent variable. PDE's involve functions two or more variables. Both Eq.(6.1a) 
and Eq.(6.1b) are ordinary differential equations. Differential equations are also classified 
as to their order. For Eq.(6.1a) is a first-order equation because the highest derivative is a 
first derivative. A second order equation includes a second derivative, as in Eq. (6.1b) 
above. Similarly, an nth order equation includes an nth derivative. 
 

This chapter is devoted to solving ordinary differential equations of the form 

( )yxf
dx

dy
,=        (6.2) 

One-step Runge-Kutta (RK) methods can be generally expressed as 

hyy ii φ+=+1        (6.3) 

According to this equation, the slope estimate of φ  is used to extrapolate from an old 

value iy  to new value 1+iy  over a distance h . This formula can be applied step by step to 

compute values of y . The simplest approach is to use the differential equation to 

estimate the slope in the form of first derivative at ix .  
 

6.2 Euler's Method 
 

The first derivative provides a direct estimate of the slope at ix . That is, 

( )ii yxf ,=φ        (6.4) 

where ( )ii yxf ,  is the differential equation evaluated at ix  and iy . This estimate can be 

substituted into Eq. (6.3): 

( )hyxfyy iiii ,1 +=+       (6.5) 

This formula is referred to as Euler's method.  
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Error Analysis for Euler's Method 
 
As in any other numerical procedure, the numerical solution of ODEs involves two types 
of errors (1) Truncation error, and (2) Round-off errors. The truncation errors are 
composed of two parts. The first is a local truncation error that results from the 
application of the method over a single step. The second is a propagated truncation error 
that results from the approximation produced during the previous steps. The sum of the 
two is the total or global truncation error.  
 
Insight into the magnitude and properties of the truncation error can be gained by 
deriving Euler's method directly from the Taylor series expansion. Remember that the 
differential equation to be solved will be of the general form 

( )yxfy ,=′        (6.6) 

 

where dxdyy =′ , and x  and y  are the independent and the dependent variables, 

respectively. If the solution has continuous derivatives, it can be represented by a Taylor 

series expansion about a starting value ( )ii yx , , 
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where ii xxh −= +1 , and nR  = the remainder term, defined by 
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where ξ  lies somewhere in the interval from ix   to 1+ix . An alternative form can be 

developed by substititing Eq.(6.6) into Eq.(6.7) and (6.8) to yield 
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where ( )1+nhO  specifies that the local truncation error is proportional to the step size 

raised to the ( )thn 1+  power.  

 
Thus we can see that Euler's method corresponds to the Taylor series up to and including 

the term ( )hyxf ii , . The true local truncation error, tE , in the Euler method is thus given 

as 
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For sufficiently small h , the errors in the terms in Eq.(6.10) usually decrease as the order 
increases, and the result is often represented as  
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′
=       (6.11) 

                                                     
                                                    or 
 

( )2hOEa =        (6.12) 

 

where aE  = the approximate local truncation error.  

 
 
Example Using Euler’s method solve the following initial value problem  
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6.3 Runge-Kutta Methods 
 

Runge-Kutta (RK) methods achieve the accuracy of a Taylor series approach without 
having requiring the calculation of higher derivatives. Many variations exist but all can 
be cast in the generalized form: 

( )hhyxyy iiii ,,1 φ+=+      (6.13) 
 

where ( )hyx ii ,,φ  is called an increment function, which can be interpreted as a 

representative slope over the interval. The increment function can be written in the 
general form as 
 

nnkakaka +++= ...2211φ      (6.14) 
 

where the a 's are constants and the k 's are  
 

( )ii yxfk ,1 =           (6.15a) 

( )hkqyhpxfk ii 11112 ,. ++=         (6.15b) 

( )hkqyhpxfk ii 22223 , ++=         (6.15c) 
 . 
 . 
 . 

( )hkqhkqyhpxfk nnnninin 11,122,11 ..., −−−−− ++++=      (6.15d)  
 

Notice that the k's are recurrence relationships. Various types of Runge-Kutta methods 
can be devised by employing different numbers of terms in the increment function as 
specified by n. Note that the first-order RK method with n = 1 is, in fact, Euler's method. 
Once n is chosen, values for the a's, p's and q's are evaluated by setting eqn. 6.14 equal to 
terms in a Taylor series expansion. 
 

Fourth-order Runge-Kutta Methods 
 

The most popular and relatively accurate RK methods are the fourth order. There are an 
infinite number of versions. The following, known as the classical fourth-order RK 
method, is the most commonly used form  

( )43211 22
6

1
kkkkyy ii ++++=+                                                            (6.16)  

where 
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NB. The nth order RK methods have local errors of o(hn+1) and global error of o(hn) 
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Example   Using 4th order Runge-Kutta methods solve the following initial value   
                   problem 
 

.   
 

 

 
 

 
 

 

          
 


