Numerical Methods (CENG 2084) Lecture Note

CHAPTER-II
ROOTS OF EQUATIONS

2.1 Introduction

The roots or zeros of equations can be simply ddfis the values afthat makes f(x}x0. There are
many ways to solve for roots of equations. For seases, the roots can be found easily by solviag th
equations directly. However, there are also otheses where solving the equations directly or
analytically is not so possible. In such instandés, only alternatives will be approximate solution
techniques. There are several techniques of symd &nd some of them will be discussed in this
chapter.

2.2 Graphical method

One alternative to obtain an approximate solutstoiplot the function and determine where it cegss
the x-axis. This point, which represents the x-gdtr which f(x)=0 is the root.

Graphical techniques are of limited practical vahezause they are not precise. However, graphical
methods can be utilized to obtain rough estimafethe roots. These estimates can be employed as
starting guesses for numerical methods which veltiscussed in the next sections.

2.3 TheBisection method

If a function f is real and continuous in iaterval froma to b andf(a) andf(b) have opposite
signs then there exists at least one realrbetween a and b such ti@) =0.

Procedure for Bisection method:

The procedure in this method consists of continlyohalving the interval that contains the root.

i. Choose two initial guessesandb which bracket the root. i.§a) andf(b) have opposite signs
[f(a). f(b)<0]. This can be done by evaluating fthection ata andb or by plotting the graph of
the function.

ii. Estimate the roat from
a+b
2

iii. Make the following evaluations to determine theimal in which the root lies

« If f(a).f(c) < 0 ,the root lies in the sub inten(al,c);then b=c and return to step i
» If f(a).f(c) > O ,the root lies in the sub inten{alb); then a=c and return to step ii

« If f(a)f(c) = 0, thenx= cis an exact solution ; terminate the computation

We repeat this procedure until either the exact has been found or the interval is smaller thaneso
specified tolerance.
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Example Find the real solution to the cubic equatiof+x¢-10 = 0.

By plotting the graph of the function we can firdht there is a real root between 1 and 2 where the
graph crosses the x-axis and carrying out the B@edechnique on the interval [1,2] using 10
iterations we have the following:

k Ay Ck by o]

0 1. 1.5 2. 2.375

1 1. 1.25 1.5 -1.796875

2 1.25 1.375 1.5 0.162109375

3 1.25 1.3125 1.375 -0.54533588671875

4 1.3125 1.34375 1.375 -0.350952666015625

5 1.34375 1.359375 1.375 -0.09640553439941406

] 1.359375 1.3671875 1.375 0.03235578536957305

7 1.359375 1.36328125 1.3671875 -0.03214997053146362
o] 1.36325125 1.365234375 1.3671875 0.00007202476263046265
9 1.36325125 1.3642575125 1.365234375 -0.01604669075459242
10 1.3642578125 1.36474609375 1.365234375 -0.0079589262812770903

c = 1.36474609375
Ao = x0.00045352581
flc] = -0.007989262812770903

After 10 iterations, the interval has been reduode,b] where

a = 1.3642578125
b = 1.365234375
la, b] = [l.36426, 1.36523]

The root lies somewhere in the interval [a,b] thétlwof which is

bh-a = 0.0009765625

The root is alleged to be
o = 1.36474609375

The accuracy we can guarantee is one half of tieevial width.

b-a
— = 0.00045858258125

If the required accuracy is not yet found we cahistrease the number of iterations till our
satisfaction is met.
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2.4 TheFalse position or Regula- Falsi method

An alternative method that exploits a graphicaighsover the previous technique is the False osit
method where by we joiffa) andf(b) by a straight line and the intersection of thielwith the x-axis
represents an improved estimate of the root.

Using similarity of triangles, the intersection poof the line with the x-axis can be estimated as

f@_ fb)
c-a c¢-b

Rearranging and solving farwe have

c%‘:

arf (bn) — bef (an)

f (bn) — f (an)

C,, represents a sequence of points generated by théaRealsi process and.¢ will converge to zero

atx =r.

Example Find the real solution to the cubic equatioftxx*-10 = 0.

Previously we have found out that the graph wilissrthe x-axis between the interval 1 and 2

and carrying out the Regula -Falsi technique iitd@tions we have:

k ay Ch by o]
o 1. 1.263157594736542 2. -1.602274354020995
1 1.263157594736842 1.3388278388275839 2. -0.43053647450045276
2 1.338827838827839 1.358546341524779 2. -0.1100037554743455
3 1.3558546341524779 1.36354744004209 2. -0.02776209100106009
4 1.36354744004209 1.36480703152678 2. -0.0069534215401172977
5 1.36430703152678 1.3651237178584378 2. -0.001755209032341387
6 1.365123717584378 1.3652033036626 2. -0.000441063010155453
T 1.3652033036626 1.365223301955543 2. -0.00011082581334247785
8 1.365223301955543 1.365228327025519 2. -0.00002784795845592372
9  1.365228327025519 1.365229589673547 2. -£.99739040177505 » 107"
10 1.3652295839673547 1.365229906940572 2. -1.758239715154956 : 107°
c = l.365229906940572
flc] = -1.758239715154986 » 107

After 10 iterations, the interval has been reduoda,b] where

a = 1.365229589673547 b = Z.

The root lies somewhere in the interval [a,b] widtlwhich is 0.6347704103261533

The root we have found above is 1.365229906940572
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2.5 Fixed Point Iteration method

Iterative techniques are used to find roots of &guog, solutions of linear and nonlinear systems of
equations and solutions of differential equatiofstule or function g(x) for computing successive
terms is needed and it can be found by rearrang@dunction f(x) = 0 so that x is on the left siofe
the equation.

x = g(x)

Moreover a starting valueos also required and the sequence of valug} iPobtained using the
iterative rule R1 = g(R). The sequence has the pattern

R=g(R)
R=g(R)
R = g(Ru)
R+1= 9(R)

Note: - A fixed point of a function g(x) is a number &ch that P = g(P) but not a root of the equation
9(x) = 0.

- Geometrically, the fixed points of anéition g(x) are the points of intersection of the

curve y = g(x) and the line y = x.
2
Example Use fixed point iteration to find the fixed pointfsr the function g(x) =1 + x X?

By plotting the graph of the function we can filnét there is a real root between 3 and 7 where the

graph crosses the x-axis and performing fixed ptenation between 3 and 7 we have:
Po=3.0
3.

P =ulpal
1.

Pz =glml
l.66667
P: =ulp:]
1.74074
Pe =glp=1
1.73068

Ps =g[p:]
1.73226

Hence as we can see the series is converging.

LOo0oooooooooaon
LOo0oooooooooaon
L BEAGe0068566G7T]
1407407407407 40
LF306581E95582530
LT3EZ020451614350
LT3ENLS113970970
L T3E0S5864929720

Do =
1=
P =
Pz =
Pg =
Pe =
Pe =
br =

T e e T
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H

X

The function is gx] = l+x—?
p = 1.732055864929790
glp] = 1.732050025153900

If seven iterations are not enough to locate thedfipoint we can continue the iteration.

py = 3.000000000000000
py = 1.000000000000000
p: = Ll.666666666656670
p: = 1.740740740740740
Pe = Ll.730651295552530
ps = l.7322620461651430
ps = L1.732015113970970
pr = 1.732055864929790
ps = L1.732050025153900
Py = 1.732050925604050
P = L.732050768544570

Example Use a fixed point iteration method find the readtrof f(x) = X+ 4x-10 .

Rearranging the functidiix) in to x =g(x)

Previously we have found out that the root lieghaninterval (1,2)

i.eX = [(10-)Y/2

- g(x) = [(10-8)"7/2

Starting poingR 1

Po= 1.000000000
P1 = 1.500000000
P,= 1.286953768
Ps= 1.402540804
Pa= 1.345458374
Ps= 1.375170253
Pe= 1.360094193
P;= 1.367846968
Pg= 1.363887004
Po= 1.365916733
Pio= 1.364878217
P11= 1.365410061

a(P)
1.500000000
1.286953768
1.402540804
1.345458374
1.375170253
1.360094193
1.367846968
1.363887004
1.365916733
1.364878217
1.365410061
1.365137821

After 11 iterations, the root has been found tiFa1:86513782with error of 0.02%.

Exercise Use a fixed point iteration method, find the readtrof f(x) = X¥+2x*-x -10 .Use an error
tolerance of 0.01%.

AAIT ADDIS ABABA INSTITUTE OF TECHNOLOGY 5



Numerical Methods (CENG 2084) Lecture Note

2.6 Newton-Raphson M ethod

If f(x) and f'(x) are continuous near a root P, ritthis extra information regarding the nature &j ffan

be used to develop algorithms that will produceuseges {R}that converge faster to P than either the
bisection or false position method. The Newton-Raph(or simply Newton's) method is one of the
most useful and best known algorithms that relieshe continuity of f(x) and f'(x). The method is
attributed to Sir Isaac Newtdt643-1727) and Joseph Raph¢$b648-1715).

If the initial guess at the root i, tangent can be extended from the poigtf[Py)]. The point where
this tangent crosses the x-axis usually reperesanismproved estimate of the root and the Newton-
Raphson mehtod can be derived based on the ba#hiss ajeometrical interpretation and is expressed
by the iteration

f(R)
F(R)

Example Use Newton- Raphson method to find the threesrobthe cubic polynomial.

Pie1= g(Py) = Px— fork=0, 1, 2,...

E[x] = dx’-15x"+17x -6

Determine the Newton-Raphson iteration formuld thased

£[x]
£r[=]

g[x] = x-

Use the starting valug,P 3.
E[x] = -6+ 17x-15x" +dx’
The Newton-Raphson iteration formula g[x] is

6+ 17 -15x% +ax?
17-50% + 12 %t

glx] = %-

6-15=%+ax°

o -
aix] 17 -30x+12xt

Starting with B= 3

pl=3.0 p3 = glp2]
3. 2.04045
pl=g[p0] pd = g[p3]
2.48571 Z.00Z65
p2 =g[pl] b = glpd]
2.1534z 2.00001
p6 = g[pi]

2.
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Hence,
pe = 3.0000000000000000,  f£lpg] = 18.
pL = 2.4857142557142860, f£lpp] = 5.010192419525074
p: = 2.1834197620337600, fp:] = l.244567116269591
p: = 2.0404526629530990, f[p:] = 0.2172558662514155
ps = 2.0026544732145300, f£lps] = 0.01333585694116124
ps = 2.0000125925875950, fps] = 0.00006296436663433260
ps = 2.0000000002554240,  flpg] = l.427117979346804 107
pe = 2.0000000000000000,  f£[pe] = O.
p = 2.
Ap = +Z.854zdx 107
f[p] = 0.

If we plot the graph we can see that there arentwee real roots, using the starting
values 0.0 and 1.4 we can find them.

Sarting with Po= 0.0

pe = 0.0000000000000000,  £[py] = -6.

p1 = 0.3529411764705852, f£lpy] = -1.692652147364157

p: = 0.5670227828549365, £lp:] = -0.4541102565356953

p: = 0.6850503150510711, £[p:] = -0.1075938266370042

pe = 0.7367776746893981, flps] = -0.017553613258850935

ps = 0.7492433382396966, flps] = -0.000949264155361673

pg = 0.7499972689032557, f£lps] = -3.413915646177657 x 107"

pr = 0.7499999999541980, f£lps] = -4.475264603343021 1070

p; = 0.7500000000000001, f£lps] = -1.110223024625157  107F
p = 0.7500000000000001

Ap = £3.58021x 1070

Elp] = -1.110223024625157 » 107F

Sarting with Pp= 1.4

pg = 1.4000000000000000,  f£lpg] = -0.6240000000000006

pp = 0.9783783783783790, f[py] = 0.02017570609535537

p: = 1.0017155262247010, f[p:] = -0.001724335120004025

p: = 1.0000086994622160, fp:] = -5.69958925432119 107"

ps = 1.0000000002270260, f£lps] = -2.270263976811293 107"

ps = 1.0000000000000000,  flps] = 8.58178419700125 % 107
p = 1.

Ap = #2.27026x 107

Elp] = 8.88175419700125: 107
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2.7 Secant Method

The Newton-Raphson algorithm requires two functioevaluations per iteration,f(Py)
and f'(Py).However, many functions have derivatives which mayextremely difficult or inconvenient
to evaluate. Hence, it is desirable to have a nekfoo finding a root that does not depend on the
computation of a derivative. The secant method do¢sieed a formula for the derivative and it can b
coded so that only one new function evaluatiore¢giired per iteration.

The formula for the secant method is the same loaievtas used in the regula falsi method, except tha
the logical decisions regarding how to define eaatteeding term are different and is expressed as:

E(Pr) (P - byl
£ipk) - £ (Pl for k=0,1, ...

Prel = O [(Pr1s D) = Pr -

Example Use the secant method to find the three rootseottibic polynomial.

Elx] = dx’-lex'+17x-4

Determine the secant iteration fdantbat is used.

» Use the starting values#3 and P=2.8

The secant iteration formul@[=s. %11 s

(-po+D1) (-4+17py - 16 pi +4p])
“17pg + 16p-4Api + 17p1 - 16 pf + dpf

b: = g[boe,1] = D1-

4 (1 +pipL+bo (-4+p1) p1)
17+4p} +4py (-4+p1) -16p; +4pd

b: = d[bo,D1l]

First, do the iteration one step at a time.

po=3.0
3.

pl=2.8
2.8

p2 =g[po, p1]
Z.5628

pi=glpl, p2]
Z.45956

pd =a[p2, p3]
Z.41596

p3 =dlp3, pd]
Z.4074z2

p6=g[pd, p3] Z. 40651

AAIT ADDIS ABABA INSTITUTE OF TECHNOLOGY 8



Numerical Methods (CENG 2084) Lecture Note

pe = 3.0000000000000000,  f£lpg] = 1l.
pL = 2.5000000000000000,  f£[p1] = 5.967999999999950

p: = 2.5627980922095570, fp:] = l.809778l142533566

p: = 2.4595609795289590, fp:] = 0.5373616335744915

pe = 2.4159623116721990, fps] = 0.0880463943210401

ps = 2.4074155545030930, flps] = 0.00584986163546457

ps = 2.4068108234745750, fpg] = 0.00007189617626579545
pe = 2.4068032576442970,  flpe] = 6.000787777795448 « 107
ps = 2.4068032513242300, flps] = 6.1l0667527536862 107
ps = 2.4068032513241660, flpg] = O.

Piy = 2.4068032513241660, £[pn] = 0.

p = 2.406803251324166
Ap = 0.
flp] = 0.

» Using the starting valuesy¥0.6 and P=0.5

.6000000000000000,  £[pg]
.5000000000000000,  £py]
p: = 0.1710526315759467,  £lp:]
p: = 0.37050485874540401,  £(p:]

0 1.305999999999999
0
0
0
pe = 0.3374791576072164,  f£lp4]
0
0
0
0
0

1.

-1.540229959794435
0.3056437021120457
0.068651572052792555
_0.004527220357223665
0.000067465595864649792
&.47541 2975046435 % 107"
_§.70692407062279 % 107

1.387778760761446 « 107F
=16

Do =
D1 =

ps = 0.3279187494467301,  flps]
pe = 0.3285471311036295,  f£lp:]
pe = 0.3285384669324079,  f£lpr]
ps = 0.3285364586113031,  f£lps]
py = 0.3285364586114150,  f£lpg]
Pro = 0.3285384586114150, £lpy] = 1.387776780761446 10

p = 0.328535458611415
Ap = 0.
Elp] = l.387775780781446 107

» Using the starting valuesy¥L.0 and =1.1

pe = l.0000000000OQCOO00, flm] = 1.
py = l.l0o0oo0o0ooooooooa, flpy1] = 0.6640000000000015
p: = l.29761904761904%0, flp:] = -0.1417166072778375
p: = l.2628600505339780, flp:] = 0.007637910275651078
e = l.2646436450005470, flpg] = 0.000041249533635571504
ps = l.2646582934370370, flps] = ~1.442380259675247 « 107
g = l.2646532900644130, flpgl = 2. 664535259100576 » 1071
e = l.2646582900644200, flpe] = 0.
p:; = l.26465832900644200, flps] = 0.
p = l.26465529006442
Ap = 0.
flp] = 0.
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