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6.1. Introduction

* The theory of optimum filters was developed
under the assumption that the filter designer
has complete knowledge of the statistical
properties of the SOE.

— Not applicable in real-world applications.

* Adaptive filters can improve their performance,
during normal operation, by learning the
statistical characteristics through processing
current signal observations.



6.2. Applications of Adaptive Filters
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Noise Cancelation

— The signal of interest s(n) is corrupted by uncorrelated
additive noise v,(n).

— A second sensor, located at a different point, acquires a
noise v,(n) (reference input) that is uncorrelated with the
signal s(n) but correlated with the noise v,(n).
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* Equalization of Data Communication Channels

— Every pulse propagating through a channel suffers a certain
amount of time dispersion because the frequency response
of the channel deviates from the ideal one of constant
magnitude and linear phase.

— As a result, the tails of adjacent pulses interfere with the
measurement of the current pulse (intersymbol
interference).

— The channel is unknown and possibly time-varying.

— The goal of the equalizer is to restore the received pulse, as
closely as possible, to its original shape.



6.3 Principles of Adaptive Filters

* Every adaptive filter consists of three modules
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* Filtering Structure

— Forms the output of the filter wusing
measurements of the input signal or signals.

— The filtering structure is linear if the output is
obtained as a linear combination of the input
measurements; otherwise it is said to be
nonlinear.

— The structure is fixed by the designer, and its
parameters are adjusted by the adaptive
algorithm.
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Criterion of performance (COP).

— Assess the quality of the output of the adaptive
filter and the desired response (when available)

with respect to the requirements of the particular
application.

— The choice of COP is a compromise between what
is acceptable to the wuser and what s
mathematically tractable.

— The square error is the most used COP.
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* Adaptation algorithm.

— Uses the value of the criterion of performance, or
some function of it, and the measurements of the
input and desired response (when available) to
decide how to modify the parameters of the filter
to improve its performance.

— The complexity and the characteristics of the
adaptive algorithm are functions of the filtering
structure and the criterion of performance.
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* A priori information about the signal operating
environment (SOP) is used to choose
— Criterion of performance
— Filtering structure

* The design of an adaptive algorithm from the
criterion performance is the most difficult step
in the design and application of adaptive filters.



Modes of Operation

* Acquisition or convergence mode

— Initial period until it gets reasonably close to its
best performance.

* Tracking mode

— When the SOE change with time, the filter has to
follow the change in SOE.



Acquisition and tracking

* Learning curves of adaptive filters are represented by
plots of MSD, MISE or misadjustment as a function of n.
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Optimum vs. Adaptive Filters

* Optimum filters are a theoretical tool and
cannot be wused in practical applications
because we do not know the statistical
quantities (e.g., second-order moments) that
are required for their design.

R(n)c,(n) = d(n)
R(n) = E{x(n, £)x" (n, ¢))
d(n) = E{x(n, ¢)y*(n, )}
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e During normal operations, the filter works with

specific realizations of SOE
Yo(n,2) = ¢, (Mx(n, ¢)

8()(”3 C) — y(ﬂ, g) _ yAG(nr C)
 However, the filter is optimized with respect to its
average performance across all possible realizations.
e The MMSE shows how well the filter performs on

average.
P,(n) = E{le,(n, 0)|*} = Py(n) — d” (n)e,(n)



* For nonstationary environments, the optimum
filter design is repeated every time instant n.

e If the second order moments are unknown,

Adaptive filters are the best choice.
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6.4 Block Adaptive Filtering

* If the SOE is ergodic, the second order moments can

be calculated as N
1
R= I ,O)x!
N
d= 1k , )y (n,
Jm 2N+1HZ_NX(H £y (1, ¢)

 With sufficient data

Ry (¢) = % > x(n, Ox (n, ¢) Ay (@) = = 3 %0, 0y 0,)

e Then for datain interval 0< n <N
Ry (Z)en(C) =dn(¢)



* The procedure is repeated every time the
properties of SOE change significantly.

* However, block adaptive filters cannot track

statistical variations with in the operating
block.



6.5 Priori type adaptive algorithms

* From input data vector x(n), the desired response
y(n) and the most recent coefficient vector c(n-1),
the adaptive filter follows the following procedure.

— Filtering
$(n,0) = (n—1,0)x(n, )
— Error formation
e(n, ;) =ymn,¢)—yn, )
— Adaptive algorithm
c(n,f) =cn—1,8) + Ac{x(n, {), e(n, )}



* The increment is selected to bring C close to
C, with the passage of time.

le(n, &) —c,|| < 6, forsomen > N

* An important requirement is that the
increment should vanish if the error vanishes.

* Note that the equation does not need the
calculation of R and d.



Stability

Since the FIR filtering structure is always stable, the
output or the error of the adaptive filter will be bounded
if its coefficients are always kept close to the coefficients
of the associated optimum filter.

The presence of a feedback loop though the adaptive
algorithm raises the issue of stability.

For stationary SOE, where c_ is a constant, stability is

guaranteed if
Iim Ck(f’l, C) — C(},k(g)

n— 00

Stability can also be defined in the mean square sense

lim E{lck(n,¢) — coxl®} = lim E{|&(n, )"} =0
n—oo n—0oo



Performance measure

The mean square deviation (MSD) measures the
average distance between the coefficient vectors of
the adaptive with the optimum.
D(n) £ E{lle(n, £) — ¢,()|I’} = E{[|E(, )]}

The excess MSE due to the deviation from c, is

Pex(n) = P(n) — Py(n)

P(n) £ Efle(n, {)I%)

Py(n) = Efle,(n, O)|°)

eo(n, £) £ y(n, &) — ¢ (n — Dx(n, ¢)
The misadjustment is given as
a Pex(n) , A Péx(”)
M= o e Y T iy




* Reading assignment
— Numerical stability,
— Numerical accuracy



6.5 Steepest Descent Algorithm

* The error performance surface of an optimum
filter in stationary SOE is given by
P(c) = Py — cd —d"c+ cfRe
* Since R is positive definite, the error surface is
oowl-shaped.

e |terative methods can be used to obtain the
owest point of this error surface.




* |n iterative methods,

— Starting point is chosen, usually the null vector 0.

— A search is started for the “bottom of the bowl” so
that each step takes us to a lower point.

e Different iterative methods use different
steps.



* If the error surface has a continuous derivative, by
using Taylor expansion

2
P(c+ Ac) = P(c)—|—Z P(C)A + - ZZAC;BF(C)ACJ-I—

36‘58Cj

11]1

P(c+ Ac) = P(c) + (Ac) VP(¢) + 3(Ac) [V2P(0)](Ac) + - -
Gradient vector Hessian matrix

e For quadratic function

VP(c) = 2(Re — d)
VZP(c) =2R

* The higher derivatives are zero.



Note that

(Ac)'[V?P(c,)] (Ac) > O for any nonzero Ac

Therefore,
P(c+ Ac) < P(e) onlyif (Ac)!VP(e) <0

Since
(Ac)!VP(c) = ||Ac||[VP(c)| cosé

The reduction is maximum when
Ac = —-VP(c¢)



* Therefore, the iterative minimization algorithm
becomes

Ck = Ck—1 + u[—VP(cr—1)]
e Where
— W is the step-size parameter
* Inserting the value of the gradient
¢k = ¢x—1 +2u(d — Reg—1) = I — 2uR)cp—1 +2nd



This iterative optimization can be combined
with filtering

e(n, ¢) =ym,¢) —cp x(n, )
¢y = ¢p—1 +2u(d — Rey—p)

P(c) A

-
>

0 Co Cl+1 Ck  Cg—1 €
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Stability of SDA

* An algorithm is said to be stable if it converges to the
minimum regardless of the starting point.

 Rewriting the SDA algorithm by using principal-
component transformation, the necessary and

sufficient condition for the convergence of SDA is

1
O<pu< —

max



Rate of convergence of SDA

* The rate (or speed) of convergence depends upon the
algorithm and the nature of the performance surface.

* The most influential effect is inflicted by the condition
number of the Hessian matrix that determines the
shape of the contours of P (c).

* For quadratic surface
XR) -1
XR) +1

2
P(cr) < |: ] P(cr—1) X (R) = Amax/Amin



The rate of convergence can be characterized by
the time constant.

If u <1, thetime clonstant of ¢,

2,&)&.5
Therefore, the time constant of the SDA is
T >~ 1/(Amin)

Hence, the larger the eigenvalue spread of the
input correlation matrix R, the longer it takes for
the SDA to converge.

L

T



6.6 Newton’s Type of Algorithms

* The basic idea of Newton’s method is to achieve
convergence in one step when P(c) is quadratic.

* Thus, if ¢ is to be the minimum of P(c), the gradient
VP(c,) of P(c) evaluated at c, should be zero.

VP(ck) = VP(ck—1) + V*P(ck—1)Acy = 0
Aci = —[V*P(ck—1)]"' VP (ck—1)
¢k = cx—1 — [V P(cx—1)]" VP (cx—1)
¢k = ck—1 — [V*P(ck—1)]7'VP(ck—1) = ¢x—1 — (cx—1 —R7T'd) = ¢,



For the quadratic case, since  y2p(¢,_,) = 2R
¢k = ck—1 — URT'VP(cp—)
Note that this requires the inversion of R.

— Numerically intensive and can lead to numerically
unstable solution.

Modified Newton-type methods replace the
Hessian matrix with another matrix which is

guaranteed to be stable.

Generally, the Newton-type methods provide
faster convergence.



6.7 Least-Mean-Square Adaptive Filters

* |In practice, only the input and the desired response
are known.

— Only estimate of the true or exact gradient can be
calculated.

* Replacing the SDA iteration subscript k by time index
n and replacing R and d by their instantaneous
estimates x(n)x? (n) x(n)y*(n)

VP(ck1) = 2Rep—1 —2d =~ 2x(n)x? (n)e(n— 1)=2x(n)y*(n) = —2x(n)e*(n)

e(n) = y(n) — ¢ (n — Dx(n)



* The coefficient adaptation algorithm becomes
c(n) =c(n —1)+2ux(n)e*(n)

e Note that:

— SDA contains deterministic components while LMS
operates on random quantities.

— SDA is not adaptive algorithm (it only depends on
R and d). While LMS depends on the SOE.



The LMS algorithm can be summarized as
y(n) = c(n — Dx(n) filtering
e(n) =yn) — y(n) error formation

cn)=cn—1)+2ux(n)e*(n) coefficient updating

x(n) x(n) x(n—=1) x(n—M+2) x(n—-M+1)
—P <,_1 ——— DY g 7_1
o
Cm-1
— + M X

y(n)

l :@ —*
e(n)
X
2p y(n)
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Adaptation in a Stationary SOE

In theory, the goal of the LMS adaptive filter is to
identify the optlmum filter coefficients c,.

y(n) =c, X(H) + e,(n)
By subtracting c, from both sides of the update
equation in LMS

c(n)=cn—1) +2ux(n)e*(n)

By substituting the error formulation
¢(n) = [I—2ux(m)x” (n)]€(n — 1) + 2ux(n)e} (n)



The irreducible error e (n) accounts for measurement
noise, modeling errors, unmodelled dynamics,
guantization effects, and other disturbances.

The presence of e_(n) prevents convergence because it
forces c”(n) to fluctuate around zero.

|c “(n)| is bounded in mean square if E{c "(n)} - 0 as
n - o and var{"c.(n)} is bounded for all n.

It can be shown that c™(n) converges if the eigenvalues

of the system matrix (I - 2uR) are less than 1.
1

0<2u <

max



Summary of the LMS algorithm.

Design parameters

x(n) = input data vector at time n

y(n) = desired response at time n

¢(n) = filter coefficient vector at time n
M = number of coefficients

[ = step-size parameter

0<puK o
> E{lxi(n)|?)
k=1

Initialization

(=) =x(=1)=0

Computation

Forn =0,1,2,..., compute
$n) = (n—1)x(n)
e(n) = y(n) — y(n)
c(n) =cn — 1) +2ux(n)e* (n)
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* Reading Assignment
— Stability
— Rate of convergence
— Steady-state excess MSE



6.8 Least Square Adaptive Filters

e LS adaptive filters are designed so that the updating
of their coefficients always attains the minimization
of the total squared error from the time the filter
initiated operation up to the current time.

 Therefore, the filter coefficients at time index n are
chosen to minimize the cost function

E(n) =Y N7e()Hl> =Y 2Ty —Tx(j)
j=0 j=0
* Ais the forgetting factor.
—0<A<1



 The filter coefficients that minimize the above

error are given by
fl(n)c(n) = a(n)
This step is repeated

every index n+1,
n=2, ...

R £ ) 2" Ix()x"(j)
j=0

d(n) £ A" x()y*(j)
j=0

e The error is then
Emin(n) = Ey(n) — d"” (n)e(n)

n
Ey(m) 23 "W y()HI
j=0



 The autocorrelation can be obtained recursively
ﬁ(n) = Af((n — 1)+ x(n)xH (n)
d(n) = Ad(n — 1) + x(n)y* (n)

* The “new” correlation matrix can be updated
by weighting the “old” correlation matrix with

the forgetting factor A and then incorporating
the “new information”.



A priori adaptive LS algorithm

e Substituting the recursive autocorrelation
values into the normal equation

[R(n) —x(m)x" (n)]e(n — 1) = d(n) — x(n)y*(n)
R(n)en — 1) +x(n)e*(n) = d(n)
e(n) = y(n) — ¢ (n — Dx(n)
* |f R(n) is invertible
cin—1) + fl_l(n)x(n)e*(n) = fl_l(n)fl(n) = ¢(n)



 |f we define an adaptation gain vector g(n) as
R(n)g(n) = x(n)
* Then the new coefficients are given as
c(n) =c(n—1) + gn)e*(n)
* Defining a conversion factor
an) £ 1 —x" MR mxn) =1 —x" (m)gn)



Input

f

Filtering y(n)

x(n)

Desired
response

P> 50 = cfn— x(n)

c(m)=cn—1)+gm)e*(n)

Error

Coefficient updating

g(n)

R(n)g(n) = x(n)
| = Gain vector
computation

Adaptive algorithm
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* Reading Assignments

— Posteriori Adaptive LS algorithms

kfl(n — Demn) —x(n)e™(n) = kfl(n — 1)

e(n) =vyn) — e (n)x(n)

cn) — 2 R — Dx(n)e*) =R 'n — Ddn — 1) = ¢(n — 1)

c(n) = c(n — 1) + g(n)e*(n)
AR(n — Dg(n) = x(n)

Bisrat Derebssa, SECE, AAIT, AAU



A priori LS adaptive filter

Correlation matrix R(n) = AR(n — 1) + x(n)x (n)
Adaptation gain ﬁ(n)g(n) — X (n)

A priori error e(n) = y(n) — CH(H — D)x(n)
Conversion factor an) =1-— gH(n)x(n)

A posteriori error en) = an)e(n)

Coefficient updating c(n)=cn—1)+gn)e*(n)
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Recursive LS adaptive filters

* The major computational load in LS adaptive
filters, that is, the computation of the gain
vectors can be reduced if we can find a
recursive formula to update the inverse

P(n) 2 R '(n)



* By using the rank 1 updating and matrix inversion
lemma,

}l.._lR_l }L_IR_I H
OR +xx/)t =R = ) )

1+ 2 'xHR-Ix
e The prior and posterior adaptation gains and the
inverse are obtained as

g(n) = A 'P(n — 1x(n)
a(n) =1+ g"(n)x(n)

_ gn)
g(n) = a0

P(n) = A 1P@—t)—g(n)g" (n)




* Similarly a recursive updating formula for the

minimum error is given as

2
Epin (1) = A Egin(n — 1) + 1<

o(n)



Initialization

c-1)=0 P-D=6"1
5 = small positive constant

Foreachn =0,1, 2,... compute:

Adaptation gain computation

g, (n) =P(n — x(n)
oy (n) = A+ g (n)x(n)

_ g.(n)
g(n) = o (1)
P(n) = 2~ 1[P(n — 1) — g(m)g (n))]
Filtering

e(n) = y(n) — e (n — Dx(n)

Coefficient updating

c(n) =c(n — 1) + g(n)e*(n)

cccccccccc - CEFE /\/\T /\/\II




Applications of adaptive filters

 Manolakis
— pp. 590 - 607
* Hayes
— pp. 509-521
— pp. 530-534



Kalman Filter

e Suppose we want to obtain a linear MMSE
estimate of RV y from {x,, X,, ..., X .}

j\’m = E{ylx1, x2, ..., Xm}
* The following approach can be followed
— Estimate one-step prediction of x_,

~ Loy Iv. v
Xmlm—1 = {Xmlx1, x2, ..., Xm—1}

= [R_ll r, _ 1] Xm—1 = —b!

m—1%m—1

m—1

— _ Z[b{m 1)



— Determine optimal prediction error of x_,

b & > _
€n — Xm — Xmim—1 = Wpy

— Estimate y by using this new information

E{ylwm} = E{ym w::?}(E{wmw* ])_lwm

m

— Finally estimate vy,

Sm = Im-1+ E|wm} = Im_1 + E{ymw* Y E{w,w D wy,
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* Limitations
— Solution to E{y|w,,} requires inversion.

— The one step prediction requires infinite memory.
* If we assume linear data relation model
x(n) = H(n)y(n) + v(n)
E{lv(n)y*(H} =0 for all n, [
E{v(n)v* ()} = ry(n)d, for all n, [
* then
x(nln — 1) = E{[H(n)y(n) + v(m)]|x(0), ..., x(n — 1)}
= H(n)y(n|n — 1)
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* |f we also assume the following linear signal model

y(n) =am —1Dym — 1) +n(n)

— We will have recursive relation for obtaining the
one-step prediction step.

* Model
y(n) =A(n —1)yn —1) +B@n)n(n) State vector model
x(n) = Hn)y(n) + v(n) Observation model
A(n-1) — state-transition matrix n(n)— modeling error

H(n)— output matrix v(n)— observation error



* The following are assumed

E{ym)v?()} =0  foralln,l
E(nm)v ()} =0  foralln,!
E{n(n)yH(—l)} =0 for all n
E{y(-=D} =0
E{y(—Dy" (=D} =R, (-1)
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TABLE 7.5
Summary of the Kalman filter algorithm.

1. Input:
(a) Signal model parameters: A(n — 1), B(n), Ry(n);n=0,1,2, ...
(b) Observation model parameters: H(n), Ry,(n); n =0, 1,2, ...
(c) Observation data: y(n); n =0,1,2,...
2. Initialization: §(0] — 1) =y(—1) = 0: Ry(—1| — 1) = Ry(—1)
3. Time recursion: Forn =0,1,2,...
(a) Signal prediction: y(n|ln — 1) = A(n — 1)y(n — 1jn — 1)
(b) Data prediction: X(n|n — 1) = H(n)y(n|n — 1)
(c) A priori error covariance:
R;(nln — 1) = A(n — DRy(n — 1|n — DAY (n — 1) + B(m)R, (B (n)
(d) Kalman gain:
K(n) = Rj(nln — DHZ )R, (n)
Ry (n) = Hm)R;(n|n — DHY (n + Ry (n)
(e) Signal update: y(n|n) = y(nln — 1) + K(n)[x(n) — X(n|n — 1)]
(f) A posteriori error covariance:
Rj (nln) = [1 — K(mH@) Ry (nln — 1)
4. Output: Filtered estimate y(n|n),n =0,1,2, ...
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