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Motivation

* Signal modeling is the representation of
signal in an efficient manner.

* Signal modeling has several applications.

— Compression,

* Represent the signal with small number of
parameters.

— Signal prediction,
* A model may be used to estimate future data.

— Signal interpolation,
* Amodel may be used to estimate missing data.
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* Nonparametric signal model: when the LTI
filter is specified by its impulse response.
— Non parametric because there is no restriction

regarding the form of the model and the number of
parameters is infinite.

* Parametric: when the filter is represented by a
finite-order rational system function.

— Limited to

* System with rational system function: All-pole, All-zero and
pole-zero systems.

* Minimum-phase systems
— Described by a finite number of parameters.
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* The two major topics we address in this
chapter are

— Design of an all-pole, all-zero, or pole-zero
system that produces a random signal with a
given autocorrelation sequence or PSD function.

— Derivation of the second-order moments, given
the parameters of their system function, and
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Nonparametric Signal Models

* The model given below is a nonparametric

model. -
x(n) = Z h(kw(n — k)

k=—00

* If w(n) is a zero-mean white noise process the
autocorrelation, complex PSD and PSD of the
output for unit sample input are given as

) =0y Y hkh*k—1) =0,

k=—0o0

2 *(1)
Ry(z) =0, HH" | —

<

R:(e!?) = gu |H(e! )= g Ru(e®) :



* Notice that when the input is a white noise
process, the shape of the autocorrelation and
the power spectrum (second-order moments) of
the output signal are completely characterized
by the system.

* We use the term system-based signal model to
refer to the signal generated by a system with a
white noise input.
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* It can also be represented recursively with

x(n) ==Y hi(k)x(n — k) + w(n)
k=1
* Where h(m) is the inverse system of h(n).
X(z)=H2)W(2)
X(z)HI(z) = W(z)
55 x(n-K)hy (k) = w(n)

* Assuming h,(0)=1leads to the equation.
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* Another way to look at it is with the
following equation.

x(n+1) = Z hin +1 — k)x (k) + wr+1)

k=—00

N -
~

past information: linear combination of x (n), x(n—1),...

new information
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Parametric Signal Modeling

* Two steps in parametric signal modeling:
— Choose an appropriate model and
— Determine the parameters of the model.

* In linear signal model, the signal is the
output of a causal stable LTI filter.

q
Y bykyz*
k=0

14
1+ ) a,(k)z*
k=1

B,(z)

H(z) = o =

* Parameters are a (k) and b(k).
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* The parameters should provide the best
approximation to the given signal.

* What does causality and stability imply in
this system function?
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Deterministic Signal Modeling

The signal is modeled as an output to an LTI
system with impulse input.

v(n)

» H(z) =

B,(2)
Ap(2)

x(n)

.
-

What do we mean by best approximation?
— Error or Implementation cost

The error in this modeling is given as

e'(n) = x(n) — xn)

Different methods of minimizing this error.
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Least Square Method

* Ittriesto minimize the square of the error.

Ers = Z|€ (ﬂ)|

* By taking the partlal derivative of this error
with respect to a (k) and b (k) and setting to
zero leads to nonlinear equations that are

not mathematically tractable.

0&rs _ _l_ T jon Bq(ejw):l B;(ejm) o B
day(k) 2m [T[ (e’®) 4,(e)) [A;;(efm)]ze dow =0

d&Ls f L B, (Efm):l ke
. = A (e/”) — —dw =
ab‘? (k) t Derebssa, SECE, %(ﬂuﬂj} A;(ij)




Pade Approximation

* Reformulates the problem in such a way that
the filter coefficients may be found that force
the error to be zero for p+g+1 values of n.

x(n)—i—zp:a Kyxn — &) = by (n) n=01,..., q
k=1 g 0 n=4q +1,..., qg + P
* |n matrix form,
_ Denominator coefficients
x(q) x(g-1) - x(@g—p+1) ap(1) [ x(@+ 1)

&

x(g+1)

x(q)

- x(g—p+2)

_x@+b—l)ﬂq+b—m-~

Numerator coefficients

~ x(0) 0 0 e 0
x(1) x(0) 0 - 0
x(2) x(D x©) ... 0

L x(q) x(qg — 1) x(q 8 Dar perdl@sa,PE

x(q)

I

a,(2)

apép)

x(g+2)

| x(g +p)

|

1
ap(l)
aP(z) —
mﬁ%

b, (0) 7

be(1)
by (2)

bqiq) |

|
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* Solution different depending upon whether
the matrix is invertible or not.

— Reading assignment.
* Limitation

— No guarantee on how accurate the model is for
n>p+q since no data for n>p+q is used.

— The model generated is not guaranteed to be
stable.

Bisrat Derebssa, SECE, AAIT, AAU 14



Prony’s Method

* Modifies the least square error definition,
E(z) =|4,(2)E'(2)|= A,(2) X(z) — B,(z)

* The new error is then given as
e(n) = ap(n) x x(n) — by(n) = b, (n) — b, (n)

p
x(n) + E ap,(H)x(n — 1) — by (n) - n=0,1,..
e(n) = =1

P
x{n) + Zap(l)x(n —1) , n>q
=1

* Then minimizing the square of this error
with respect to ay(k). s s



* By setting the partial derivative to zero.

O . Orthogonally
Z emx"(n—-k)=0 ; k=12 ..., P Principle
n=qg+1

* Substituting this into the modified error
equation and manipulation will lead to:

P
> apOrik, ) = —r(k,0) : k=12...,p
=1

* Where | &= Y x(n—Dx*(n—k)

n=q+1

Bisrat Derebssa, SECE, AAIT, AAU 16



* |n matrix form,

i ?‘x(l, 1) rx(la 2) ?‘x(l, 3) e rx(la P) ] ap(l) i} i ?‘x(l, 0)
re(2, 1) r(2,2) (2,3 - (2, p) ap(z) rx(2,0)
@G D r@3,2) (3,3 - (3, p) ap(3) | = _| (3,0

er(ps 1) rx(pwz) rx(PsB) rx(pap) _ _ap(p) - _rx(pso) _

Conjugate symmetric matrix

e The minimum error is then
F4
€pg = ¥x (01 0) + E ap(k)rx(oa k)

k=1

* minimum error is not dependent on the
numerator coefficients
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* The b,(k) are obtained by setting the error
to zero for n=0,...,q. Same as Padé approx.

P
by(n) = x(n)+ Y a,(k)x(n — k)
k=1

* Limitation
— Requires knowledge of data for all n.
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Padé vs Prony

* Model a signal consisting of single pulse of

length N=21 with p=qg=1.
“mzll - n=0,1,..., N—1
0 : else

 Prony’s method  Padé method
1 +0.05z} _
H(z) = 1 0,05, H(z) = =
hin) =u®)

h(n) =8() + (0.95)" tu(n — 1)
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Filter Design: Pade vs Prony

Design a linear phase lowpass filter for

: lw| < JI/Z in) = sin [(n —nd)yr/Z]

: otherwise (n—ng)n

e—jndw

Pade method Drony method
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Shanks’ Method

* Instead of forcing the error zero to obtain
b,(k), Shanks’ method minimizes the

squared error.
o0

Es=Y |em)|’

n=0

* Reading assignment.
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Reading assignment

* FIR least square invers filter
— Hayes: pp 166-174

* |terative prefiltering
— Hayes: pp 174-177
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Finite Data Records

* If only x(n) is known for finite interval
0<n<N, Prony’s method cannot be used.

P
> apOrik, D) = —r(k,0) ; k=12...,p
=1

©
re(k, D) = g x(n —Dx*(n —k)

n=q-+1

* Assumption have to be made regarding x(n)
outside this interval.
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Autocorrelation Method

* In this method, the data is assumed to be
zero outside o<nsN.

* This is basically using a rectangular window
to obtain a new signal from x(n).

X(n) = x(n)wr(n)

) | - n=0,1,..., N
wr(n) =
s 0 .. otherwise
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* Then solve for a (k) using Prony’s method
except

P

Y a,Ork—l)=-rk) 1 k=1,2,...p

=1
N

rx(k)=zx(n)x*(n—k) . k>0

n=k
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* Limitation
— Since the window forces x(n) to be zero outside

o<nzN, the accuracy of the model outside this
range is compromised.

— For 0<n<P the prediction is based on fewer data,
so the error may be greater.

* A non-rectangular window may be used. Hamming,
Hanning, ...

* Advantage

— The model will be stable. That is the poles of
H(z) will be inside the unit circle.
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Covariance Method

Does not make any assumptions about the
data outside the o<nx<N.

Erroris calculated for data PsnxsN.

n=p

Zle(n)l
The solution is then given as
i (1) re(1,2) 7e(1,3) - ry(l, p) 11 ap(l) il i ry(1,0) ]
(2, 1) r(2,2) 7e(2,3) --- (2, p) ap(z) r(2,0)
3,1y r@3,2) @33 - r«(3, p) ap(?’) rx(3,0)
R ) R R - r ) || ap | r(p.0)
N
Where r—"(k z) —Bigfat Jeggga,_SEgE),'XAﬁ{&ALT k) 27



* The normal equations are identical to those of
Prony’s  method, except how the
autocorrelation is obtained.

e Note that the autocorrelation matrix is not
Toeplitz.

— Computationally much costly than autocorrelation
method.
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Example: Autocorr. vs Covariance

* Obtain a first order all-pole model for
x=[1, 8. 8% ....p"]

b(0
H(z) = © —
1 +a(l)z7 !
 Autocorrelation e Covariance
1— 8% 1) —
a() = ~pT—pwr a(l) = -p
lim a(l) = -8

N— 00
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Stochastic Signal Modeling

* Analyze the properties of a special class of
stationary random sequences that are
obtained by driving a linear, time-invariant
system with white noise.

* Previous methods not applicable for
stochastic signal modeling.
— Only probabilistic information is available.
— Errors are also described probabilistically.
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* If a white noise is filtered with a stable LTI
filter, random signals with almost any
arbitrary a periodic correlation structure or
continuous PSD can be obtained.

“White”

R (e®) R (e/)

@
(2]
©
c
2 LTI /\l/\
= System »
— w " —
T 0 T HieI™ T 0 T
Input excitation Desired signal
 — —>
x(n) ¥(n)
% R(,:) —r 0 T c:) Ri'v)
o
2 D(z) 1
o H(z) or —= or — ’
Alz) ~ Az T ‘ “
g 1
E - 0 iy -7 0 T @
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Autoregressive Moving-Average
(Pole-Zero) Models

* A pole-zero stochastic model is given as

x()+ Y axx(n—k) =) diw(n — k)
k=1 k=0
* Its system function is:

0
dez_k
H(z) = X (z) _ k=0 2 D@
W(z) 1 ZP: i A(z)
+ arz—

e Its short term memory is exponentially
decaying
P, P>

h(n) = Z Bjs(n — j)+ ;Ak(pk) u(n) —|—ZC r cos(wijn + ¢; )u(n)
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* If a parametric model is excited with white
noise w(n)=11D{0, 62}, the second moments
of the random signal is given as

re(D) = o2 rp(l) = o2,h(l) * h* (=)

2 2 v (1
Ry (z) =0, Ry(z) =0, H(z)H (z_*)

R (e’?) = 02 Ry (e’?) = o2 |H(e!®)|?

Bisrat Derebssa, SECE, AAIT, AAU 33



All-pole Models

* An all pole model is when Q=0, that is
do do do

H(Z) = = =
A(Z) P P

1+ az ™t J]d—pzh
k=1 k=1

* Its impulse response is given by

P
h(n) = — Zakh(n — k) + dod(n)
k=1

* Multiplying by h*(n-I) and summing for all n
will lead to

Zakr;,(l — k) = doh* (=) — 00 <l <00
k=)
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* Since h(-1)=0 for I>0,
P

Zakrh(l—k) —0

k=0

for|=1,...,P

* Combining these two equations

ra(0) (D)
rp(1)  rp(0)

rn(P) (P —1)

r, (P)
PP —1)

ry (0)
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ap

P
and > arra(—k) = |dol®
k=0
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In matrix notations, it is the Yule-Walker equations.
Rxa — _rx

Where R, is the autocorrelation matrix, a is the all

pole parameter vector and r, is the vector of
autocorrelations.

So the first P+1 autocorrelation values determine
the coefficients.

Conversely, the coefficients determine the first P+1
autocorrelation values.
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* Normalizing the autocorrelations by dividing
by r(0),
Pa=—p
p=1Ip(1) p2) --- p(P)]"
* |t can be re-written as:
Ap = —a
where (A);; =a;—; +a;+j,
* Given the coefficients, the autocorrelation
can be obtained.
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* Second Order all-pole model
do B dy
I+aiz” +az?  (1—-piz7HA — paz7!)
— Representing the a1 and a2 in terms of the poles
a; = —(p1+ p2)

H(z) =

a = p1p2
— To be stable and causal
—1l<a <1
1.0 :
ay —dy) = _1 Complex coﬁljugate poles
a» + ap > —1 05 r Real and:equal poles
d ™ O [N .
0 1 :
h(n) = (pTH — pg_l_ Yu(n) sl Real poles
P1 — P2 '
R( ja)) d§ 0 s 10 05 0 05 10 15
e — a;

[1 —2rcos (w — 6) + r2][}i= 26008 (w0 +072] 38
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All-zero Models

* The output of the all-zero model is the

weighted average of delayed versions of the
input signal

0 0
x(n) =) dw(n — k) H@) =D() =) dz™*
k=0 k=0

* Itsimpulse response is:

h(n) =
0 elsewhere
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* Its autocorrelation is given as

Q-1
= did? 0<I
rp(l) = Z h(n)h*(n —1) = - ,g Kk =i=¢

n=—0x

10 [ > QO

* Note that these equations are nonlinear. So
solution is complicated.

* The spectrumi s ”

Ri(€’”) = D)D) ,cpiv = 1D ) = ) ra(e
I=—0
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* Reading Assignment:
— Low order model of all-zero models

Bisrat Derebssa, SECE, AAIT, AAU

41



Pole-Zero Models

A general pole-zero model is given as

x(n) =

—z:mxm—ky+§:@wm—%j

Its impulse response IS glven as

h(n) =

—Z arh(n — k) +d,

For n>Q, it can be shown that

h(n) =

—Zakh(n — k) n> Q

Therefore, the first P+Q+1 values of the impulse
response completely specify the pole-zero

model.
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* The autocorrelation can be represented as

P 0
Zakrh (Il —k) = deh*(k — 1)  foralll
k=0 k=0

* Noting that h(n) is causal,
P
Zakrh(l —k)=0 [ > QO

k=0
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* Therefore, the a, can be obtained from I=Q+1,...,Q+P

* Note that this is not a Toeplitz matrix.

[ (Q) rn(Q — 1) o (@ =P+ 1)
rn(Q+ 1) rn(Q) oo m(Q =P +2)
L (Q+P—-1) m@+P=2) - rn(Q)

ai
ar

ap

rp(Q 4+ 1) ]
rn(Q +2)

| rn(Q + P)_

* Even after a, are obtained, the solution to d,
is still nonlinear.
— Reading Assignment:
* Manolakis: pp 178-179
* Hayes: pp 190 -193
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Reading Assignment

* Models with poles on the unit circle.
* Cepstrum of pole-zero models.
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Assignment 2

2.1 Implement the second order filter with a,=0.6 and a,=0.2 and
drive it with 1ID(0,0.2). Then , obtain a sample realization of length
40. From this sample reallzatlon obtain a second order deterministic
all-pole model with Prony’s method.

— Plot the obtained sample realization,

— Show the coefficients of the all-pole model obtained with Prony’s method,

— Comment on the result.

2.2 Show that the autocorrelation matrix used to obtain the
denominator coefficients in the pole-zero stochastic model is not
Toeplitz.

2.3 Implement the autocorrelation and covariance methods by
MATLAB. Record 10 seconds of your speech, break it into 32.5
millisecond windows and represent each of the windows by all pole
model with P=14.

« The MATLAB code,

* Therecorded speech,

* The model parameters and

* Discussion points. Bisrat Derebssa, SECE, AAIT, AAU 46



