CBEg 6162- Advanced Chemical Engineering

Thermodynamics

Maxwell’s Relation and Jacobian Methods
By
Dr. Eng. Shegaw Ahmed

School of Chemical & Bio Engineering
Addis Ababa Institute of Technology
Addis Ababa University

March, 2020




SCHOOL OF CHEMICAL AND BIO ENGINEERING
2 ADDIS ABABA INSTITUTE OF TECHNOLOGY (AAIT)
ADDIS ABABA UNIVERSITY (AAU)

CHAPTER-5-Maxwell’s Relation and Jacobian Methods

 Purpose of Maxwell’s Relation
o Definition of Maxwell's relation

 How Maxwell relations are developed
v Alternative Method of developing Maxwell
relation
v' Mnemonic diagram
v’ Jacobian Method

« Application of Jacobian Method




Purpose of Maxwell Relations

The thermodynamics property of interest can be classified in to two
groups as measurable properties -pressure, volume and temperature —
which can be measured directly and non-measurable properties-
entropy, Helmholtz free energy, Gibbs free energy and enthalpy-
which cannot be measured directly. All these properties are not

independent.

An important task in thermodynamic is to express the non-measurable
properties in terms of the measurable property to facilitate their

estimation

Maxwell relations provide a way to exchange or expresses deferential

forms of unmeasurable variables with measureable properties.




Maxwell Relations

The first derivatives (intensive parameters) of a fundamental relation are
not all independent and there exists a relation among all the first
derivatives. The differential form of that relation was called the Gibbs

Duhem relation.
. ] . . . 2% o°U
The relationships among the mixed second derivatives <, Or - ~es of the

fundamental relation are called Maxwell relations. Maxwell relations are

derived as follow. The fundamental relation of a single component system
In the energy representation is given by U=U(S, V, N). The two mixed
i o%U
ssov and oo
Since the order of differentiation does not affect the mixed second

second derivatives of U with respect to S and V are

derivative can be written as follows




Maxwell Relations
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£ What are Maxwell Relations?

** if f’ is a thermodynamic potential function
expressed by x and y natural variables.

f=fxy)

dfz(g)ydwr(%)xdy which means df = Mdx + Ndy

*¢* We must now take into account a rule in partial
derivatives that;
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oM af _ (ON\ | of Which implies 3335 ~ ayax
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N dydx

aM\ _ (0N
6_ = |— if MN,x,y - v,s,T,P(natural variables)




¥ ¥ What are Maxwell Relations?
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* If M, N, y and x are expressed in terms of s, T, P and v the
expression is called Maxwell's relation .

« the Maxwell’s relation developed from four commonly used

thermodynamic potentials for single component are:-
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Maxwell Relations

« The Maxwell relation expresses the partial derivatives of entropy
with respect to pressure and volume in terms of the measurable

quantities.

« The partial derivatives of entropy with respect to temperature are

related to the (measurable quantities) heat capacity are given by
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Maxwell Relations

« The partial derivatives of volume with respect to temperature and

pressure are also measurable quantities and are given by
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» p-Coefficient of thermal expansion,

« K-Isothermal compressibility,




How Maxwell Relations are developed?

Maxwell relations are developed from Basic thermodynamic

potential relations (g, a, h and u)
Internal Energy (U)
Gibbs Energy (G)
Helmholtz Free Energy (A)
Enthalpy (H)




How to derive the Maxwell relation

& Internal Energy (U)

u=u(s,v) =Z(x,y)

p __ﬂud aud
TL__SS 54_6w v u Ju
du = Mds + Ndv whereM =—=Tand N =—= —P

ds v
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How to derive the Maxwell relation

e Then,

(6M) B (HT) ; (SN) B (HP)
ﬂlﬂg_ﬂ’lﬂsﬂn ﬂsu,__ﬂsvsu
The first Maxwell relation which is defined by

(HM) B d%u _(aw)
dv S_ dsdv  \ds o

if itis M,N,x,y are expressed intermes of T,P,s.v is written as




How to derive the Maxwell relation

From internal energy we get the first Maxwell relation expressed as

—_—

with the same procedure the rest three Maxwell relation can be
derived.

%* Gibbs energy
g=g(T,P)

dg dg
9= (22) ar+ (%) a
9=\a1), " T \op)..
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Y’ How to derive the Maxwell relation

dg = MdT + NdP where M = (

-
aT)p “an p

(BN) B 3553 B
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* By Definition
g=u-—Ts

dg = du — (Tds + sdT)
here du = Tds — Pdv

Up on substitution on can obtain;

dg = vdP — sdT




* Finally we know that as

dg
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Direct substitution
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from the rest of chemical potentials we can obtain the following
relations.

& From Helmohlz free energy (a)

a=a(T,v)
da da .
_ a=u—17_Ts
da = (ar)v dT + (av)T dv

da = —sdT — pdv
da = MdT + Ndv

Up doing the same procedure we can obtain;

g M ) R M )




& From Enthyalpy (h)

h = h(s,p)
oh oh

dh = (a)P ds + (ﬁ)s dP

h=u+ Pv

dh =du+ Pdv + vdP

dh = Mds + Ndp

here du = Tds — Pdv
dh = Tds + vdp

Up doing the same procedure we can obtain;

(aM) _ 0°h _(aN)
dp/, 0sdp \0s/,
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Thermodynamic mnemonic diagram

The differential expression for the four commonly used thermodynamic
potentials U A H and G and the four important Maxwell relations can be
conveniently recollected with the help of a thermodynamic mnemonic
diagram

The Mnemonic diagram consists of a square with two diagonal arrows
pointing upwards. The thermodynamic potentials A, G, H and U are
placed on the side of the square starting with A in alphabetical order in a
clockwise direction. Since the independent variable N is common to all of
these potentials it need not be shown on the diagram. The other natural
variables of the potentials are arranged at the corners of the square such

that of each of the potentials is flanked by its own natural variables.




Maxwell mnemonic diagram

« The differential expression of a potential can be written in terms of
the differentials of its natural variables with the help of the
mnemonic diagram. The coefficient associated differential of the
natural variable is indicated by the diagonal arrow and the sign is
Indicated by the direction of the arrow. An arrow pointing away
from a natural variable indicated a positive sign and an arrow
pointing towards a natural variable indicated as a negative sign;

can be written as:




Mnemonic diagram

» Used to recollect the known four Maxwell relations derived from

commonly used thermodynamic potentials. (A,U,G and H) .




Mnemonic diagram

The partial derivative of two neighboring properties (e.g. V and
T) correspond to the partial derivative of the two properties on

the opposite side of the square (e.g. S and P).

The arrows pointing towards the natural variable indicate the
negative sign and away from the natural variable shows positive
sign.

The differential expression of a thermodynamic potential can be
written in terms of the differential of its own natural variables

using the mnemonic diagram.




Mnemonic diagram

using mnemonic diagram one can obtain the natural variables of the

other thermodynamic potential natural variables.

u(s, v)
=g(1, P)
a(T,v)

h(s,p)

u
9
a
h




Mnemonic diagram

Dif ferential of potentials =

(sign)(coefficient)(dif ferential of I natural variable)
+ (sign)(coef ficient)(dif ferential of Il natural variable)

+ udN

* For example, take Gibbs energy (G)
g = Q(T:P) dg = —sdl + vdP

Towards the  Away [from

natural natural
variable T variable P




¥ Alternative method of writing Maxwell’s relation

* By rotating the mnemonic diagram clock wise.
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©9 Jacobian Method of deriving Thermodynamic methods

* Definition: if x = x(a,b)and y = y(a,b) then the
Jacobian of x and y with respect to a and b is
defined as;

dx 0x)
[x,y |da ab _(Bx ay Bxﬂy)
Iu,b oy ay da db dbada
Llda db-

from this definition we can write ; (63:) — [

x,z]
ay B y,Z




¥ Maxwell relation

» (Differential of potential) = (Sign) (coefficient)
[Differential of | natural variable] + (sign) (coefficient)
[differential of Il natural variable] + ndN

* The differential expressions for thermodynamic
potentials given blow

dU = TdS —PdV + pdN or du = Tds — Pdv
dA =-Sdt — PdV + pdN or da = -sdT — Pdv
dH = TdS + VdP + udN or dh = Tds + vdP
dG =-SdT + VdP + udN or dg = -sdT + vdP




¥ Jacobian relation

In the thermodynamic analysis of processes
we deals with a large number of relation
involving the partial derivative of p, v, T, s, u, 3,
h, and g. Jacobian notation is a convenient
methods of manipulating the partial
derivatives.

The Jacobian of x, y with respect to a, b is

defined as:

_ﬂ _ 8X8y_axay X, Y -
J_a,b} L}aab abaa}usually J{@}wrltten as  [ab]

| M

[x.y




.Y From Jacobian definition

m o m O O

[xy] [p.r]_ [xv]
[p.r] [a,b]  [a.b]
[Xy=—[y,><]
x,x]=0
[X,Z]:(ax\
ly.z] oy,

X, yldz + |y, zldx + [z, x[e

[x, yl[z.a]+[y. z]l[x.a}{z,x]y.a.




L.r Jacobian rules to be Obeyed

* multiplication by unit factor

pTr
a,b

s
p,r

_ x:y]
" la,b

* Position inter changing

[I,y] = _[y, I]

e Similar domain |x, x| = 0







¥ Measurable TD Properties

Cp = T(asj =T:S’P:
oT T,P
Cv = T(asj TS5V
oT T,V
1(3\/) 1|v,P
ﬂ:_ - —_ — —
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 Function ‘f’ can be written in Jacobian as, if it
is divided by b held ‘a’ constant will yield,
f=&y)

df = (ﬂ) dx + (%) dy

dx

(@), ~ (52, @), + (55). (@),

f,a] ~ f,y] x,a]+ f x] ;v,a]
bal x,yllb,a y,x1lb,a

foal _1fyllxal 1f.x]ly al
el [, y] o Ly, x|

s*Finally,

|f,al = M|[x,a] + N|y,a]




e’ Jacobian Procedure of deriving a desired

a) Express the required partial differential in
Jacobian notation.

aT _|T,s
(ap)s ~Lp,S
b) if TD potentials u, g, h and a appear in the

jacobian ,they can be eliminated by where f
stands for TD potentials .

|If,al = M|x,a] + N|y,a]




Like
dg = vdP — sdT

|g,a] = —s|T,a] + v|P,a]

C) If entropy ‘s’ exist in jacobian, it can be
eliminated by [T,s] =[P, v]

(65) _Cp
ar/, T

(65) _ G,
or), T



e d) Finally the jacobian should expressed in
terms of measurable quantities Co Co B, K, PT
and v. where

L
(6_1?) = Bv| ’ B — is called thermal expansivity
aT/
(61‘?) I y k — isothermal compressibility
aP);

(67‘) ﬁ/k




the four Maxwell’s relations represented in
Jacobian deduce on common relation.

Efi B [i: B ﬂ?j [P, v] = [T, s]
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(57),~ ()

[P,v] B [s,T B [T,s]
vl |lvTl |Iw

|P,v] = [T, s]

.S U v [P,I?] — [T: 5]
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Application of Jacobian Method

To estimate the change in one variable when some other

variables iIs changed.

estimating the change in T if P increase at constant
volume .

estimating U if T and V are simultaneously changed.




Example

« Estimate the rise in temperature if the liquid water at 250C Is
compressed isentropically from 100kPa to 200 kPa. The

following data is available for liquid water.
Molar volume = 0.018 m3/kmol

Cp = 75.6kJ/kmol K and g = 2x10-4 K-1

39




@ Adiabatic compression
v’ system: reversible and adiabatically(s,=s,)
compressed (P,=P,)
v’ estimating the change in temperature
Ifiply by unit factor

dp

dT = (6T) dP = [ ]dP—

P [P, s]

[P, v] [P,T B [P,T] [P,v T pvT
P,s|\P,T] [P,s B




@ isothermal compression
v’ System: compressed isothermally from
P,toP
v’ estimate the change in internal energy

Ty — (ﬂu) J lu,T]  T|v,P]—=Plv,T]

3P P = dp = P T dp

1P, T]
lu, x| = Tls, x] — P|v, x|

du={-T (%)P - P (Z—;)T}dp [P,v] — [T, 5]

={—-Tpv + Pkv}dp = {v(Pk — fT)}dp
du = {v(Pk — fT)}dp




@ Internal energy as a function of Tand V
system : Temperature and volume
changed simultaneously
Estimate change in internal energy of

éhe SVC_ . +(ﬁ‘u) v

dv
du = [*“Xlar + [*L] 4
“= T, v. v, T v
_Tls,v]—=plv,v] Tls,T| - Plv,T]
du = T o] daT + .71 dv

Plv,v|=0




_|T[s,v] s, T]
du = {[T,v]}dT-l_{[vT] P}dv

3 T'lv,p]
du ={C,}dT +{ o T — P}dv

du = {C,}dT + {T ﬁ/k - P} dv|

@Enthalpy as a function of Tand P
system: Temperature and pressure
changed simultaneously
estimate change in enthalpy



dh /0h
o dh:(—) dT + —) dP
P T

aT \OP
dh = [h’P] dT + 2 T] dP
1P P, T

|h,x] = Tls, x] + v|P, x]

gp = L8 P1+vlP Pl TS, T]+v[P,T]

[T, P] [P, T]
—{[T,p]} +{[m] “”}

dh = {Cp}dT + {—BvT + v}dP




@ Joule -Thomson coefficient
estimated from a knowledge of fundamental
relation and equation of state of a fluid
Design of refrigeration equipment
Joule-thomson coefficient is defined as

B (E}T)
au'ﬂ: - aP h

_[Mh _[hT]_TIs, T+ v[PT] oy

He =Tp ] " [hP]_ T[s,P] + v[P,P]

_ T[v,P]+v[P,Tl|[h,x] = T[s, x] + v[P, x]
He = T15 P




e Remember

CP:T[%]—)[T,P]%:[S,P]
Ty, P]+ v[P,T]
be = T, P
T % % - .
= — [v — —
- Cpﬁ C, Cp( f—1)




Summary

basic equations

Maxwell relations

working equations

dU =Td5 — PdV

di =Td5 + VdP

dA = —PdV — 54T

d& = VdP — 5dT
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dU = CvdT + [T (35),.

-

dH = CpdT — [T (5=
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