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PREFACE 

As is well-known, a control system always works under a variety of 

accidental or continued disturbances. Therefore, in designing and analysing 

the control system, stability is the first thing to be considered. Classic control 

theory was basically limited to a discussion of linear systems with constant 

coefficients. The fundamental tools for such studies were the Routh-Hurwitz 

algebraic criterion and the Nyquist geometric criterion. However, modern 

control theory mainly deals with nonlinear problems. The stability analysis of 

nonlinear control systems based on Liapunov stability theory can be traced 

back to the Russian school of stability. 

In 1944, the Russian mathematician Lurie, a specialist in control theory, 

discussed the stability of an autopilot. The well-known Lurie problem and the 

concept of absolute stability are presented, which is of universal significance 

both in theory and practice. Up until the end of the 1950's, the field of 

absolute stability was monopolized mainly by Russian scholars such as 

A. 1. Lurie, M. A. Aizeman, A. M. Letov and others. At the beginning of the 

1960's, some famous American mathematicians such as J. P. LaSalle, 

S. Lefschetz and R. E. Kalman engaged themself in this field. Meanwhile, the 

Romanian scholar Popov presented a well-known frequency criterion and 

consequently ma de a decisive breakthrough in the study of absolute stability. 

Since then, V. A. Yacubovich, R. E. Kalman, K. R. Meyer and others ha ve 

devoted themselves to the study of equivalent relations between Lurie's method 

(integral term and quadratic Liapunov function method) and Popov's frequency 

method. 

Although absolute stability has a history of forty years, and hundreds of 

related articles and quite a number of monographs have been published, these 
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fail to match the requirement of the rapid progress of science and technology. 

Hitherto, there are more than enough sufficient conditions for absolute 

stability, but at the same time the number of known necessary and sufficient 

conditions is rather small and these conditions are mainly limited to the 

Lurie-type direct control system (i. e. , the elementary condition) and indirect 

control system (i. e. , the first critical case). The more complicated critical 

cases are rarely discussed. Among the sufficient conditions obtained, the 

descriptive results on existence are far more frequent than those of constructive 

algebraic criteria. No matter whether they are the V-function of the Lurie-type 

or of the Popov-type, they ali contain undetermined matrices or parameters. It 

is quite difficult to determine these matrices or parameters. Even though the 

Popov frequency criterion is simple in form, it is rather difficult to put into 

practice - it is very complicated to set up, to calculate the inverse matrix and 

to verify the definite signs of the rational fraction of the undetermined 

parameters on the infinite interval. One of the main causes of the above 

mentioned difficulties is that outdated old methods are being employed instead 

of trying to find some newer methods. For example, some modern tools such 

as M-matrices, K-class functions and Dini-derivatives, the theories and 

methods of stability of part of the variables, and the stability of sets, have not 

yet been applied to the study of absolute stability. 

The main purpose of this book is to introduce the latest results of the 

author and some others on developments in the study of absolute stability of 

nonlinear control systems in recent years. The characteristics of these results 

are: theoretically, to give as many as possible necessary and sufficient 

conditions of absolute stability of various nonlinear control systems; in 

applications, to derive simple enough and even constructive algebraic sufficient 

conditions from these theoretical necessary and sufficient conditions for use in 

practical work and in methodology. While promoting the extensive use of 

modern methods and tools such as M-matrices, K-class functions, Dini

derivatives, partial stability, and set stability, traditional methods and results 

will not be neglected. 

The content of this monograph is the following. Chapter 1 introduces the 

main tools and the principal results used in this book, such as Liapunov 

functions, K-class functions, Dini-derivatives, M-matrices, and the principal 

theorems on global stability. Chapter 2 presents the absolute stability theory 
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of autonomous control systems and the well-known Lurie problem. Chapter 3 

gives some simple algebraic necessary and sufficient conditions for absolute 

stability of several special control systems. Chapter 4 discusses non

autonomous and discrete control systems. Chapter 5 deals with the absolute 

stability of control systems with m nonlinear control terms. Chapter 6 is 

devoted to the absolute stability of control systems described by functional 

differential equations. 

The author wishes to express his most sincere thanks to Professor Xianrou 

Sun for reading the manuscript. Thanks are also due to Mrs Lo Hong for her 

help and comment, and to Mr Wu Weihua and Mrs Shu Weihua and others for 

their careful typing of this manuscript in its final form. Finally, the author is 

also grateful to Kluwer Academic Publishers and Science Press of China for 

their help in the preparation of this publication. 

Liao Xiaoxin 

Wuhan, P. R. China 
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CHAPTER 1 

PRINCIPAL THEOREMS ON GLOBAL 
STABILITY 

In this chapter, we will concentrate on introducing the main tools and the 

principal results used in this book such as Liapunov functions, wedge functions (or 

K-c1a88 functions), Dini-derivatives, M-matrices, and the principal theorems on 

global stability, the partial global stability, and the global stability of sets. Those 

tools and results play a fundamental role in the whole book. 

1.1. Liapunov Functions aud K-Class Functlons 

Suppose that W(x) E C[R" , RJ, i. e. , W IR" - R is continuous, W(O) = O, 

V(t,x) E C[I X R",RJ, V(t,O) == O, where 1 = [to, + 00). 

Derlnltlon 1. 1. 1. The function W(x) ia said to be posititlt: [negatir.lt:J 
definite if W(x) ~ O [- W(x) ~ oJ and W(x) = O if and only if x = O. 

The function W(x) is S8id to be positive [negativeJ semi-de/inite if W(x) ~ O 

[- W(x) ~ OJ. 
Deflnltlon 1. 1. 1. The function W(x) is S8id to be radiaJly u.nhotmded 

pos;tive de/m·ite if W(x) is positive definite and II x II -+ 00 implies W(x) -

+ 00. 

Definitlon 1.1.3. The function V(t,x) ia S8id to be positiue definite if there 

is a positive definite function W(x) such that V(t,x) ~ W(x). The function 

V(t,x) ia said to be negative definite if - V(t,x) ia positive definite. 

Definltion 1.1.4. The function V(t,x) is said to have inÎanitesimal u.pper 
botmd if there exists a positive definite function W1 (x) such that !V(t,x) I :s;;;; 

W1 (x). The function V(t,x) is said to be radiolly u.nbotmded positive deÎmite if 

there exists a radially unbounded p08itive definite function Wz(x) auch that V(t,x) 

~ Wz(x). 

The positive or negative definite functions are usually called Liapunov 
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functions. 

In the following. we will introduce the K-c1ass function. 

If a function rp E [R"'. R"'] (where R'" ~ [O. + 00». rp being continuoua, 

strictly monotone increasing, and rp( O) = O. then we caII rp a K -class function, 

denoted by rp E K. 

If rp E K and Iim rp(r) = + 00. then rp(r) is called a raJiolly rmbou.nded .......... 
K-cla.u !unct;on. denoted by rp E KR. 

Among the positive definite function and the K -dass function some essential 

equivalence relations exist z 

Lemma 1. 1. 5. Giwn a positive definite frmction W(x). there exist two 

functions f>t.9\ E K such that 

f>t( II x II ) ~ W(x) ~ ~( II x II ). 0.1.1) 

Proof. For any R > o. we prove that 0.1.1) holds on II x II ~ R. Let 

rp(r) = inf W(x). Evidently we have rp(0) = O. rp(r) > O for r > O and rp(r) 
";;Izl <R 

is a monotone non-decreasing function on [O.R]. (It may not be strictly 

monotone. ) Now. we proceed to prove that rp(r) is continuous. Since W(x) ia 

continuous. for any E> O, there exists 8(E) > O such that 

rp(rz) - rp(rl ) = inf W(x) - inf W(x) 
~<lrl<R ~<lrl<R 

inf W(x) - W(xo) 
'z< I .. I<R 

~W(XI) - W(xo) 

<E ( II XI - Xo II ~ rJ - rl) 

if O ~ rJ - rl < 8(t). and we take Xl = Xo for Xo E DJ = {xZrJ ~ II X II ~ R} 

and XI to be an intersection point of the ray OXo and II X II = rJ for Xo E DI = {x, 

rl ~ II X II ~R}. 

Let f>t (r) ~ r'j;) ~ rp(r). Evidently. we have f>t (O) = O and if O ~ r l < rJ 

~ Rwe get 

6 Thus f>t (r) is strictly monotone increasing and hence f>t E K. If t/J(r) = 

max W(x). then it folloW8 that t/J(O) = o. By the same method. we can prove 
Izl<' 

that t/J is a monotone non-decreasing and continuous function. Choosing 9\(r) 

~t/J(r) + kr (1) O) we have 
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fI,(r) = "'(r) + /tr) ~ "'(rl) + /tr) < "'(rl) + /trl = fI,(rl)' 

Hence, fi, (r) is strictly monotone increasing and fI,(r) E K. From above, it is 

inferred 

fI( II x II ) ~ tp( 1I:r II )~ inf W(e) ~ W(x) ~ max W(e) 
1 .. 1 < III <II III < 1 .. 1 

~"'( II x II ) < fi, (rz). 

Thus, 

fI( II x II ) ~ W(x) ~ fi, ( II x II ). 
That proof of Lemma 1. 1.5 is completed. I 

It is not difficult to prove the following lemma by the same method. 

Lemma 1. 1. 6. For a giwn raJiolly rmhounJed positive definite lunction 

W(x) , there must exist two lunctions 9't (r) ,~(r) E K R nu:h thal 

fi ( II x II ) ~ W(x) ~ fi, ( II x II ). 
Consequently, without loss of generality, we usually replace the positive 

definite functions and the radially unbounded positive definite functions by K -elass 

functions and radially unbounded K-class functions respectively. 

1. 2. Dini-Derivatives 

Suppose I(t) E C[I,R], 1 = [too + 00). For anyt EI, the following four 

derivatives: 

D+ I(t)!!! hm ! (/(t + h) - I(t» , 
'-'0+ 

D+ I(t)!!! Iim ! (/(t + h) - I(t» , 
1-"0+ 

D- I(t)~ hm_ ! (/(t + h) - I(t», 
A-O 

D_ I(t) ~ lim_ ! (/(t + h) - I(t» 
A-O 

are called right upper derivative, right lower derivative, leit upper derirJatiw 

ami leit lower derivative of I(t> at t respectively. They are ali called the Dini

derivative. 

Sometimes the Dini-derivative may be ± 00, otherwise there always exists the 

Dini-derivative. In particular, when I(t) satisfies the local Lipschitz condition, the 

four Dini-derivatives are finite. Moreover, the derivative of I(t) exists if and only 

if the four derivatives are equal. 
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For a continuous function the relation between the monotoneity and the 

definite sign of the Dini-derivative is as follows. 

Tbeorem 1.2.1. II 1(t)EC[I,R], then I(t) is motIOtone non-decreasing 

OII 1 ;/ anJ onJy il 0+ l(t)";::'O lor tE 1. 

Prool. The necessity is obvious. 

Sulliciency. First, we suppose 0+ l(t»O on 1. If there are two points a, 

PE 1 and a<p, I(a) > I(P) , then there exist Jlsatisfying I(a) > Jl> I(P) and 

80me point tE [a,p] such that I(t) > Jl • 

Let E be the supremum of those points. Then EE [a,p) , and the continuity 

of/(t) leads to/(t) = p. Therefore fort E [E,P], it follows 

I(t) - I(E) < o. 
t-E 

Hence, we have 0+ la) <. o which contradicts the hypothesis. Thus, I(t) is 

monotone non-decreasing. Next, assume that 0+ I(tr-;::.o. For any e > O we get 

0+ (/(t) + ti) = 0+ I(t) + e ~ , > o. 
As a consequence /(t) + ti is monotone non-decreasing on 1. Since' is arbitrary, 

I(t) is monotone non-decreasing on 1. • 

Remark. If we replace 0+ l(t)~O by D+/(t)~O, the sufficiency condition 

of Theorem 1.1.7 still holds because the Iatter implies the former. 

Similarly, if we repla~ 0+ I(t)~o by 0-l(t)~O, it suffices to change the 

supremum of the points satisfying I(t) > Jl to the infimum of the points satisfying 

I(t) < Jl. We may farther intensify 0-l(t)~O to be D_/(t)~O, and thus any 

of the four derivatives is not less then zero, each of which implies that I(t) is 

monotone non-decreasing. 

In the following, we will consider the Dini-derivative of a function along the 

8OIution of a differential equation. 

Let a system of differential equations be given by 

dx 
dt = I(t,x) , 

where I(t,x) E C[I X R-,R-]. 

Theorem 1.2.2. Suppo.e tlult V(t,x)EC[IXO,R], wher, OCR-, O is a 

neighJJourhood containing the origin, anJ V (t, x) satUf"feS the local Li pschitz 

condition in x lor t (expresseQ by V(t,x) ECo(x» , i. e • , 

!V(t,x) - V(t,y) I <. L II x - y II. 
Then the right upper derivatiue anJ the right k1wer derivatiue oIV(t,x) along the 
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solution x(t) o! 0.2. I) hatJ('. the !arms: 

D+ V(t.x(t» =hm ! {V(t + h.x + h!(t,x» - V(t,x)}, (1.2.2) 
1-0+ 

D ... V(t,x(t» =Iim ! {V(t + h,x + 1I!(t,x» - V(t,x)}. 0.2.3) 
1-0+ 

Proo!. Assume that the solution x(t) stays in the region 1 X n. For 

(t,x) E 1 X n and O < 11« 1, there exists a neighbourhood U of (t,x) such that 

De 1 X n, (t + lI,x + 1I!(t,x» EU, (t + h,x(t + II» EU. Let L be the 

Lipschitz constant of V(t,x) in x on D. Making use of the Taylor expansion and 

the Lipschitz condition we arrive at 

V(t + lI,x(t + II» - V(t,x(t» 

= V(t + lI,x + 1I!(t,x) + hE) - V(t,x) 

< V(t + lI,x + 1I!(t,x» + Lh IEI - V(t,x), 
where E- O as II - O. Hence, 

D+ V(t,x(t»~ lim ! [V(t + lI,x(t + II» - V(t,x(t»] 
'· ... 0+ 

~ lim ! [V(t + lI,x + 1I!(t,x» + Lh IEI - V(t,x)] 
'·--0+ 

= lim h1 [V(t + lI,x + h!(t,x» - V(t,x)]. 
...... 0+ 

0.2.4) 

On the other hand 
V(t + h,x(t + II» - V(t,x(t» 

= V(t + lI,x + 1I!(t,x) + hE) - V(t,x) 

~ V(t + lI,x + 1I!(t,x» - Lh IEI - V(t,x). 
Thus 

D+ V(t,x(t»~ hm h1 [V(t + h,x(t + h» - V(t,x(t»] 
'-0+ 

~ lim ! [V(t + h,x + h!(t,x» - V(t,x)]. 
,-o· 

0.2.5) 

Combining 0.2.4) with 0.2.5), we Cind that 

D+ V(t,x(t» = lim ! [V(t + h,x + h!(t,x» - V(t,x)]. 
A-O+ 

Thus, 0.2.2) is true. The proof of 0.2.3) goes along the same line. We have 

D ... V(t,x(t» = Iim! [V(t + h,x + h!(t,x» - V(t,x)]. • 
1--0+ 

If V(t,x) has a continuous partial derivative of the Cirst order, then along the 

. solution x(t) of 0.2. I) 

dVI av av av -d = ~ + ">_ • !(t,x) = ~ + grad V • !(t,x) 
t (1.2. Il (II, o..r; (II, 
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and 

D· V(t,x(t»= D+ V(t,X(t» = D- V(t,x(t» 

- D V( (» _ dV(t,x(t» 
- - t,x t - dt • 

By Theorem 1. 2. 1, V (t, x (t» is non-decreasing [non-increasing J along the 

solution of 0.2.1) if and only if 

D+ V(t,x(t» ~ O [ D+ V(t,x(t» ~ O J. 
The significance of Theorem 1. 2. 2 (ies in the fact that one does not need to 

know the solution while calculating the Dini-derivative of V (t, x) along the solution 

of 0.2.1). 

1. 3. M-Matrices 

In the study of differential equations, numerical mathematics, mathematical 

statistics, and M-matrices are considered to be a fruitful technique for modern 

development. As far as M-matrices are concerned, there are many conditions 

equivalent to each other. For the proof of the equivalence, the reader is referred to 

Ortega and Rheinboldt [lJ. Now, we willlimit our introduction to some proper

ties of M-matrices used in this book. 

Definitlon 1. 3.1. A matrix A(aij).X. is an M-matnx if it satisfies 

1) aii> O (i= l,"',n), aij~O (i::f::.j, i,j= l, .. ·,n), 

2) det > O, i = l,"·,n. 

In terms of the M-matrix, we have the following equivalent conditions. 

Tbeorem 1.3.2. 11 A(a;j).x. is an M-matnx, then al/. the loUowing condi

tions are equivalent: 

1) aii>O (j=l, .. ·,n), a;j~O (i::f::.j, i,j=l, .. ·,n), A-I~O, i.e., A-l is 

a nonnegative matrix, 

2) aii>O (i=l,"',n), a;j~O (i::f::.j, i,j=l, .. ·,n), -Aisastablematrix, 

3) aii>O (i=l,"',n), a;j~O Ci::f::.j, i,j=l'''',n) ami there exist n posi-. 
tive constants Cj (j=l ,'" ,n) such that .L;C,-Qij > O, 

j=l 

4) aii> O Ci = 1,"',n), aij ~ O Ci::f::. j, i,j = 1,"',n) and there are n . 
positive conslants d i (i = l, .. ·,n) such that 'Ed;a;j > O, 

;-1 
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5) a;;>0 (i=l,···,n), Q;J~O (i=l=j, i,j=l,···,n) and the spectral radius 

of the matrix 

o au ala 
an an 

au 
O 

alo 
G~ an an 

a.l a., 
O 

a.. a.. 
is smaller than 1, that is p( G) < 1. (j. e. , the norm of eigemJalues of G are aU 

smaller than 1. ) 

For the proof of Theorem 1. 3. 2, see Ortega and Rheinboldt [1], where the 

conditions 3) and 4) are frequently used. 

1. 4. Principal Theorems on Global StabUity 

Consider an n-dimensional autonomous system 

dx 
dt = f(x), f(O) = O, 0.4.1) 

where x E RO, f E C[R" ,Ro]. Suppose that the solution of the initial value 

problem 0.4.1) is unique. 

Derlnitlon 1. 4. 1. The zero solution of (1. 4. 1) is globally asymptotically 

stable (globally stable for short) if for any t> O, there exists O'(t) > O such that 

II x(t ,to ,xo) II < t for ali t ~ to if IIxolI < O'(t) 

and for any Xo E R" 

Iim x(t,t09Xo) = o. 
'_+00 

Definitlon 1.4.2. The set E = {x:x(t,to,xo),t ~ to} is called a positive 
semi-trajectaryof 0.4.1) through Xo at t = to I lE Xo =1= O, then E is a non-triviol 

positiTJe semi-trajectary, x· is called an tD-limiting point of x(t,t09Xo) jf there is a 

sequence {ti} with t l -+ 00 as le -+ 00 such that x· = Iim x(t.,to,xo). 
'j ....... +OO 

Note that D(xo) is the set of the tD-limiting points of the trajectory through 

Lemma 1. 4. J. Suppose that x· is an tD-limiting point of x(t,to,Xo). Then 

the po;nts on the positiTJe semi-trajectary of x(t,to,x·) are all the tD-limiting points 

of x(t,to,Xo). 

Proof. From hypothesis, there exists a sequence {to} with to -+ 00 as 
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n - + 00 such that 

x· = Iim x(t •• to.xo) • 
.-+~ 

For an arbitrary point x(t .to .x· ) on the trajectory through x· • the property 

of the group for the soIutions of autonomous systems and the relationship of 

continuous dependence for the solution to initial value lead to 

Iim x(t. + t,to.xo) = Iim x(t.to.x(t •• to.xo» = x(t.to.x·). 
'._+00 .... +00 

In other words x(t.to.x·) is an CrJ-limiting point of x(t.to.xo). I 
Tbeorem 1. 4. 4. 1f there exists a raJiaJly unIJowvJed positive definite 

d;fferentiahle function V(X) EC[R" .R] such that 

~~ I (J.f.!) ~ O 0.4.2) 

and h M ~ { dV O} J • •• • •• f t ~ set = x: TI = uoes not contam any mrre posarve semr-traJectory o 

non-zero solutions of O. 4. }) exc~pt x=O. thnr tlle zero solution of O. 4. }) is 

globally stable. 

Proof. Since V(x) is a radially unbounded positive definite function. there 

exists rp E KR such that 

V(x) ~ ,cllxll). 

From the continuity ofV(x) and V(O) = o. V(x) ~ O, for any E> O, there exists 

8(E) > O such that 

V(xo) < ,cE) 

It follows from 0.4. 2) that 

,cllx(t.to.xo) II) ~ V(x(t.to,xo» ~ V(xo) < ,cE) 

for aII t ~ to. Since rp E KR. 0.4.3) implies that 

IIx(t.tooxo)1I < E. 

Therefore. the zero soIution of O. 4. J) is stable. 

thus 

Similarly to (I. 4. 3), for any Xo E R·. we get 

,cllx(t.to,xo)lI) ~ V(x(t.to,xo» ~ V(xo) , 

IIx(t,to.xo)1I ~ rp-I(V(xo» ~M. 

0.4.3) 

Hence, according to the Weierstrass's accumulation principle, we see that the set 

D(xo) is nonempty and bounded. 

Now we proceed to prove that D(xo) = {O}. lE it is not true. then there is a 

sequence {t.} satisfying t. -+ 00 as n -+ 00 such that 

Iim x(t.,to,xo) = x' * O • 
.-+~ 
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In virtue of the positive definiteness of V(x) and dV(:e(t» :s;;; O, we know that 

V (x(t, t o' x o» is monotone non-increasing, continuous, and nonnegative. In our 

case, this gives rise to 

Iim V(x(t,to,xo» = V(x') > O. 0.4.4) 
I __ +co 

Consider the trajectory x(t.to,x·) through x'. Since 

dVI ~O dt (1. ,.))...... , 

it follows that 

V(x(t.to,x·»:S;;; V(x·). 

If for every t ~ t o' V(x(t,to,x'» = V(x'), then there exists 

dVI =0 
dt (1.'.)) - • 

Thus the set M contains the entire positive semi-trajectory of the non-zero solution 

x(t.to.x·). which is inconsil'ltency with the hypothesis. Then there exists tI ~ to 

such that 

V(x(tItto.x·» < V(x·). 

By Lemma 1. 4. 3. we find that X(tl.tO'X·) is an ~Iimiting point of x(t.to.x·). 

Thus there exists a sequence {t: } with {t: } -+ 00 as n -+ 00 such that 

Iim x(t: .to ,xo) = x(tl .to ,x' ) • 
• __ +00 

Thus we obtain 

Iim V(x(t: .to.xo» = V(x(tItto.x·» < V(x') 
"...+~ 

which leadl'l to a contradiction with O. 4. 4). and therefore. () = {O}. that is 

rrm: x(t.to.xo) = Iim x(t.to,xo) = O = Iim x(t,to.xo)' • 
1 __ +00 I~OO '_+00 

Corollary 1. 4. 5. 1/ there exists a radially unbounded po.~itive definite 

/uncticm V (x) E [R'. RJ suth that ~~ I is negative de/inite. then the zero 
(1. ,. Il 

solution o/ 0.4.1) is globa/./y slable. 

1. 5. Partial Global Stability 

In the following. a notion of partial global stalility of zero solution for 

O. 4. 1) will be introduced. 

Let x = (y.%)T, Y = col (XI' ... ,x.). % = col (x .... 1 , ... ,x,). 

Derinition 1.5.1. The zero solution of (1.4.1) is said to be glOOally stahle 

with respect to y if for any E > O. there exists 8(E) > O such that 
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lIy(t,to,xo)1I < t for aII t ~ to if IIxolI ~ ~(t) 
and for any Xo E R", there exists 

Iim lIy(t,to,xo)1I = o. 
1_+00 

Definltion 1. 5. 2. A function V(x) E C[R",R] is said to be raJially 

unhounOed positiue definite with respect ro y if there exists a function 9' E KR such 

that V(X) ~ 9'<lIyll). A function W(x) E C[R",R] is ",gatiue definite with 

respect ta y if there exists a function 9' E K such that W(x) ~- 9'<11 yll). 
Theorem 1. 5. 3. 1f there is a function V(x)EC[R" ,R] satisfying 

j 1 

a(lIYlI) ~ V(X) ~ b( ( i~.z7) T) , m ~ le ~ n (1.5.1) 

with a,bEKR, anO 

dV I j I t - ~ - c( ( ~ x· ) ), 
dt CI.'.» i~ • 

cE K, (1.5.2) 

then the zero solutimt of (1.4. 1) is globally stable with respect ta y. 

Proof. Since V(x) is continuous and V(O) = O, for given E> O, there exists 

8(E) > O such that 

V(xo) < aCE) 

(1.5. 1) and (1.5.2) yield 

a<lly(t,to,xo)lI) ~ V(x(t,tooxo» ~ V(xo) < aCt). 

Thus we have 

lIy(t ,tooxo) II < E. 

Therefore the zero solution of (1.4. 1) is stable with respect to y. 

Next ,we prove that 

Iim V(x(t,to,xo» = O for any Xo E R", 
'_+00 

thus the expression 

a(lIy(t,to,xo)lI) ~ V(x(t,to,xo» - O as t-+ 00 

implies 

as t-+ 00. 

If this is not true, then there exists X o E R" such that 

V(x(t,to,xo» ... 0 

Using (1. 5. 2) we derive 

as t-+ 00. 

Iim V(x(t,tooxo» = V.." 
'_+00 

then 

V(x(t,to,xo» ~ V.., > o. 



1. 6. Global Stability of Seta 

It follows from (I. 5. 1) that 
1 1 

( ~x~(t,to,xo)} T ~ b-l(V~). .-1 
Applying the expressions (I. 5. 2) and (I. 5. 3), we write 

O ~ V(x(t,to,xo» ~ V(x(to» - c(b-1(V ~»(t - to). 

However, when t » to' the expression (I. 5. 4) does not hold I thus 

Iim V(x(t,to'xo» = O 

and 

Iim l/y(t,to,xo)1/ = o. 
'-++00 

The proof is completed. • 

1.6. Global Stability of Sets 

Let MCR" be a manifold or an arbitrary set of points. 

For convenience, we deCine 

d(x,M) ~ inf I/x - yl/, 
;,elll 

that is, d(x,M) is the distance from x to M. 

11 

(I. 5. 3) 

(I. 5. 4) 

Derinltion 1. 6. 1. The solution of (I. 4. 1) is globally stable with re.fpect ta 

the set M if for anyE> O, there exists8(E) > Osuch thatd(xo,M) <8(E) implies 

d(x(t,to,xo) ,M) < E for aII t ~ to , 

and for any Xo E R" there exists 

Iim d(x(t,to.xo),M) = o. 
'-+00 

Theorem 1. 6. 2. SupposL tllat V(X) EC[R" ,R] and tllat V(X) sati.tfil!s 

fA (d(x,M» ~ V(x) ~ tpz(d(x,M». fA,tpz E KR. 

dV(x) I ~- rp(d(x,M» , 
dt (1. f.ll 

rp E K. 

Then the solution of (1. 4. 1) is globally stable with respect to the set M. 

Proof. For anYE> O, choosing8(E) ~9fJ(fA(E». we write 

fA(d(x(t,to,xo),M»~ V(x(t,to,xo» ~ V(xo) 

~ rp,(d(xo,M» < tpz(8(E» 

if d(xo,M) < 8(E). Thus 

d(x(t,to,xo),M) < fA- 1(tpz(8(E») = E for ali t ~ to. 

In the following, we wi\l prove the validity of 
t:. 

d(x(t,to,xo),M) =d(x(t),M) - O as t-+ 00. 



12 1. PRINCIPAL THEOREMS ON GLOBAL ST ABn.1TY 

For any E > O. any Xo E R- and any" > o. since 

dV(:?» ~_ t/J(d(x(t).M». 

and 

we derive 

i. e .• 

9'1 (d(x(t).M» ~ V(x(t)) ~ tA (d(x(t) .M)). 

dV(x(t)) 
\fI(ff 1 (V(x(t»)) ~- dt. 

Therefore. (}. 6. }) yields 

r eZO» dV 
Jvez .) \fI(tA 1 (V)) ~- (t - t o). 

which is 

Defining 

it is easy to see that 

f~e., dV ~e,) dV 
~(.Ie .. CI).lII» \fI(tA l(V»~ t - to - J~(.) t/J(ffl(V)) 

if t ~ to + T. Hence 

i. e .• 

d(x(t).M) < E 

The proof is completed. I 

>t-to-T~O 

if t ~ to + T(E.,,). 

(I. 6.}) 
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1.7. Nonautonomous Systems 

Consider an n-dimensional nonautonomous system 

dx 
dt = f(t.x), f(t,o) == 0, 0.7.1) 

where x = col(xp'" ,x"), f E C[I X R" ,R"], 1 = [to, + cx:». Suppose that the 

solution of the initial value problem 0.7.1) is unique and let y = col (Xl ,'" .x .. ) , 

z = cOI(X .. +l ... • ,x.). 

In analogy with Definitions 1. 4. 1 and 1. 5. 1. we can formulate the definition 

of global stability of the zero solution of O. 7. 1). 

Tbeorem 1.7.1. If there exists a function V(t.x) EC[IXR" .R] satishing 

91 (lIxll) ~ V(t.x) ~ 91(lIxll). 91.91 E KR 

and 

dVI de Cl.7.11 ~- 4'(lIxll), 4' E K, 

then the zero solution. of O. 7. 1) is glohally stable. 

We can prove Theorem 1. 7. 1 by the same way as Theorem 1. 4. 4. 

Tbeorem 1.7.2. If theree.ri~ts a function. V(t.x)EC[IXR".R] satishing 

91(IIYII)~V(t'X)~91(Lt.x~)t), - m~k~n, 91,91 E KR, 

and 

dVI ~_ .,1 ( ~r) t) 
dt Cl.7.11 ~ "\ i~' , 

4' E K, 

then the zero solution of O. 7. 1) is glohally stable with respect to y. 

The proof of this conc\usion goes along the same line as in Theorem 1. 5. 3. 

1.8. The Systems with Separable Variables 

It will be shown later that by topological transformations a number of auto

matic control systems of different form can be reduced to systems with separable 

variables or to systems with generalize4 separa bIe variables. In this section, we 

will discus.c; the systems with separable variables in detaiI. 

Consider a non-linear system with separable variables: 

dx ( " ") -d = col ~flJ(XJ) .... , ~f.J(xj) , 
t j=l J=l 

0.8.1) 

where fij(Xj) E C[R,R], fij(O) = 0, i,j = 1,'" ,n. Suppo.'le that the solution of 

the initial value problem O. 8. 1) is unique . 



14 1. PRINCIPAL THEOREMS ON GLOBAL STABILITY 

Let y = col(xp ••• ,X.), % = col(x.+p·" ,X.). Then (I. 8. I) is reduced to 

{ 
dy ( • ') -d = col ~flj(Xj)'"'' 'LJ.j(Xj) , 

t j-l j-l 
(I. 8. 2) 

d% ( • ') dt = col ~f.+l.j(XJ)'''·' ~f'J(xj) • 
j-l j-l 

Similarly to the Selvester's condition, we first establish a criterion of positive 

definiteness and negative definiteness of quadratic forms with respect to part of 

variables. 

[An Au] Let us assume that A(t1;j).x. = is symmetric, where Au, Au, An Au 
AZI and An are m X m, m X p, p X m and p X P matrices respectively and m + p 

=n. 

Deflnltion 1. 8. 1. The quadratic form (y) T [An Au] (y) is said to be 
% AZI Au % 

positive [negative] definite with respect to y if there are constants E; > O (i = 

1,'" ,m) such that 
• 

xTAx~ ~E;xl 
;-1 

[ XT Ax ~- ~e;xl J . .-1 
Lemma 1. 8. 2. The quadratic farm (y) T [Au Au] (y) is 

% AZI Au % 

positive 

[negative] definite with respect to y if and only if there exists a constant E>O such 

that 

[An - EE Au) 
Au Au 

is positive semi-definite 

[ [An + EE Au) is negative semi-definite] , 
Au Au 

where E is an m X m unit matrix. 

Proof. For illustration we prove the positive case. The proof of the other 

case is similar and is omitted. 

Necessity. Since (Y) T [An 
% An AU] (Y) . .. d f·· . h IS posltlve e Imte Wlt respect to y, 

Au % 

there exist some constants E; > O (i = 1,'" ,n) such that 

( Y) T [An 
% An 

Let E = min E;. Then we can find 
1"",". 

( y) T [An 
% Au 

Au] (Y) f. ~ .... E;xl. 
Au % ;-1 
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Thus 

( Y) T [An - EE Au) (Y) ~ O 
% An An % 

and [Au - EE 
AZI 

AU) 
An 

is positive semi-definite. In particular. An IS positive 

definite. 

Sufficinlcy. The assumptions can be reduced to 

( y) T [Ali - EE Au) ( Y) ~ O. 
% An Au % 

Thus we have 

( Y) T [Au Au) ( Y) ~ ~ ~ 
% An Au % ~ i~E ,. 

This implies our c1aim. • 

Lemma 1. 8.3. 1f there exist functions ~i(Xi) an (-00. +00) (i= 1.···. 
n). which are Conti1UlOUS ar have only finite di~inuous points of the first ar third 

kinJ (i.t' • • at the disconti1UlOUS points. the left aM right Umits of MXi) exist. ) 

such that 

1) ~i(X,)Xi>OfarXi:#O. i=I.···.m. ~i(X,)Xi~O. ;=m+l.···.n' 

2) f:~ ~i(x,)dxi =+ 00. ; = 1 ... ·.m' 
3) there;s a positive definite fWlCtion rp(y) sati,dying 

t:,. • • 
C(x) = 2:~i(Xi ± O) 2:fi/Xj) ~- rp(y), 

i-I j-I 

then the zero solution of 0.8.2) is glOOally stable with respect to y. 

Proof. First of aII, we construct the Liapunov function 

V(X) = ±fZ'~i(X,)dXi' 
;-1 o 

Obviously. 1) and 2) imply that 

-f~ t:,. V(X) ~ ~ o ~i(Xi)dxi =f{y) -+ 00 if lIyll-+ 00. 

Hence, V (x) is radially unbounded positive definite with respect to yand along the 

solution of 0.8.2). the Dini-derivative of V(x) . . 
~Mx') 2: fij(Xj) 
;=1 j=l 

at the continuous points of ~i(X,), i = 1 ••.• • n, 
D+ V(X) 1(1.1.2) = . . . . 

max { ~~i(Xi + O) ~fij(xj)' ~~i(Xi - O) ~fij(Xj) } 
i-I j-I i-I j-I 

at the discontinuous points of ~i(X,), i = 1,···,n. 
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Therefore. the condition 3) implies that 

D+ V(x) I(uz) ~- t/J(y). 

As a result. the zero solution of (1.8.2) is globaIly stable with respect to y. • 

Remark. If we let m=n. then the conditions of Lemma 1.8.3 imply that 

the zero solution of (1. 8. 1) is globaIly sta bie. In Theorem 1. 8. 4 below. for m= 

n. the statement foIlows from global stability of aII variables. 

Theorem 1. 8. 4. If the system (1.8.2) satisfies 

1) fii(X;)X; < O for x; =1= o. i = 1.··· .m. f;;(x;)x; ~ O. i = m + 1 ... • .nJ 

2) r~ fii (x;)dx; =- 00. i = 1 ... ·.mJ 

3) there are constantsc; > O (i = 1 ... • .m). c)~ O (j = m + 1 ... • .n). E> 
O such that 

A(a,j(x».x. + .x. is negative semi-definite. (EE O) 
O O .x. 

where 

a;j(x) = 2 fJj(xJ) fii (X;) • i.j = 1 ... ·.n. {
_1.(cJ ;j(X) + c)fji(x;») 

o. XiX) = O. 

thm the zero solution of (1.8.2) is glaholly sttlhle with respect to y. 

Proof. We construct the Liapunov function 

V(x) =- ±fz;CJii(X;)dx;. 
;"""'1 o 

Clearly. V(x) is radially unbounded positive definite with respect to y. This is 

because 

. IZ, 6-
V(X) ~- ~ cJii(x;)dx; =f(y) -+ 00 

;-1 o 
as lIylI-+ 00. 

Now we prove that 

dVI 6- " " -d =G(x) = - 2:. cJ. (x;) 2:. f;j(xJ) 
t (J.I.n ;-1 j-l 

is negative definite with respect to y. 

For any x = e E R". without 1088 of generality we can assume that 
.. " ne; =1= o. 2:. ~ = O. 

;-1 ;=1+1 

Then. we obtain 
.. .. 

G<e) = - 2:. cJ.(e;) 2:.f;j(e) 
;-1 j-l 
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= _ ±c,fl.(e.) - ± 1..( cJ.j(ej) + CJji(e.») 1. (e.>ljJ(ej) 
'-1 "j-1 2 Ijj(ej) I.(e.) 

<tAj 

I • I 

= ~au(e)n(e.) + ~En(ei) + ~ (l;j(e)/.(ei)/jj(ej) 
1-1 1-1 ',j-l 

<tAj 

• 
~- ~En(ei) < O • 

• -1 

Since e ia arbitrary, we obtain that G(x) is negative definite with respect to y. 
Then the zero solution of (1.8.2) is globally stable with respect to y. • 

Tbeorem 1.8.5. Suppose thal (1.8.2) satisfres tM lollowing conditions l 

1) tM condition 1) 01 Theorem 1. 8. 4, 
2) there exist n lamctions c. (x.) (i = 1 , ... ,n), which are continuous or have 

only fmite discontinuous pofnts 01 tM frrst or third kind, and satis/y 

Ci (X;)Xi > O lor Xi * O and J:-Ci (xl)dx/ = + 00, i = 1,'" ,m, 
c/(x/)x. ~ O, i = m + 1,'" ,n, 

3) there exist lunctiDns E.(X/»O (i=I, .. ·,n) such thal 

A(-, (x» + (diag (E1 (Xl)""'E.,(x.» 0) 
<l;J .x. ° O .x. 

is negative semi-defmite, where 

- ) - "2 .J .J ' X;Xj =1= 0, { 
1 [ c,(x,)/,j(Xj) + cj(xj)/ji(x,) ] 

<l;j(x - 1/1i(xi)ljj(xj) I I I jj (xj)/li(x.) I 
0, X;Xj = 0, 

i,j = 1,'" ,ne 
Then tM uro solution 01 (1.8. 2) is globally stahle with respect ro y. 

Proo/. Let us set 

V(X) = :i;J~'cl(x;)dxi ' 
'-1 o 

We proceed along the lines of Theorem 1.8.4 to complete the proof. • 
Tbeorem 1.8.6. 11 (1.8.2) satisfres 
1) tM condition 1) 01 Theorem 1. 8. 4, 
2) there exist constants c.>O (i= 1,'" ,m), Cj~O (j=m+ 1,'" ,n) such thal 

{ 

- CJ I I jj (Xj) I + i~cd/'j(Xj) I < ° lor Xj =1= 0, j = 1,'" ,m, 
'~J . 

- CJ I I Jj (Xj) I + ~cd/'j(xJ) I ~ 0, j = m + 1,'" ,n, 
'-1 
itf.j 

then tM z.ero solution 01 (1. 8. 2) is glcbally stable with respect to y. 

Proo/. We construct the Liapunov function 
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o 

V(x) = 2;c;lxd. 
;-1 

Clearly. 

and tp(y) is positive definite. On the other hand. we have 

D+ V(x) I(! .•. z)~ i;[- cjIIJj(xj) 1 + i;c;l/;j(xj) IJ 
j-I ;-1 

;".j 

< O iE y =1= o. 
ThereEore. the zero solution oE (1.8.2) is globally stable with respect to y. • 

Theorem 1.8.7. Suppose that (1.8.2) satisÎres tM lollowing conditions: 

1) tM condition I) 01 Theorem 1. 8. 4, 

2) 1~~~::~I~b;j=Const .• i=l=j. i.j=l.···.n' 
3) 

1 

A~ -bu 1 

- blo - blo 1 

An. An anJ E- AlilAuAizlAn are M-matrices. w/iere An. Au. An anJ An are 

mXm. mXp. pXm anJ pXp matrices respectively. 

Thm tM zero solution 01 (1. 8. 2) is glohally stable with respect to y. 

Proo/. For anye = col(e ..... • e.) > o. "1 = col("I .. ••• ."1,);> O and m + p 
= n. we consider the linear algebraic equations with respect to c = col (CI.··· .c.) 

and c = col(cl •••• • c,): 

{ AllC+Au~=e. 
Anc + Anc = "1. 

or the equivalent ones: 

{ 
C =- AUIAuc + Aul"l. 
c = AlilAuAulAuc - AuiAuAul"l + Aule. 

(l. 8. 3) 

Since An. An are M-matrices. we have 

Aui;> O. Aizl ;>- o. 
But Au ~ O and e > o. "1;> O. thereEore there exist 

- AulAuAizl"l;> O. Aule> o. 
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Since (E - Ali1AUA;/AIl) is an M-matrix. the second equation in (1.8.3) has a 

positive solution with respect to c and the first one in (1.8. 3) has a nonnegative 

solution with respect to c. Thus the conditions in Theorem 1. 8. 6 are satisfied. 

Therefore we conclude that the zero solution of (1. 8. 2) is globally stable with 

respect to y. • 

Below, we will consider a more specific system I 

{

dY ( • .) dt = col '2:.aljf,(xj}, •••• '2:. a..Jj(Xj) , 
'-1 '~I (1.8.4) 

d% ( • .) dt = col '2:. a.. +1 olfj (Xj) ••••• '2:.a.,fj(x,) • 
~I ~I 

where f,(xj} E C[R,RJ. fj(O} = o. j = 1,···,n. Suppose the solution of the 

initial value problem (1.8.4) is unique. 

TheoreDi 1. 8. 8. Suppose (1.8. 4) satisfies the folluwing conditions: 

1) fi (X;) Xi > O for Xi * O. J:~ fi (x;)dxi =+ 00. an < O, i = 1.· ... m. 

aii ~ O. fi(X;)Xi ~ O. i = m + 1.··· .n, 

2) tlu>re exist constants Ci>O (;=l.···.m). C,~O (j=m+l.···.n). ~>O 

such that 

B(bij}.x. + .x. is nt!gative semi-definite. ( ~E O) 
O O .x. 

where 

i=j=I.···.m' 

i*j.i.j=I.···.n. 

Then the ura .mlutian of the system (1.8.4) is globaJly stable with respect ta y. 

Proof. First we construct the Liapunov function 

V(X) =- ±c;fz'f(x;)dx;. 
;-1 o 

The proof is analogous to that of Theorem 1. 8. 4. and is omitted. • 

TheoreDi 1.8.9. Let (1.8.4) satisfy the folluwing conditions: 

1) fi (Xi) Xi < O for Xi * O. an> O, i = 1 ••••• m. f; (X; ) x; ~ O. an ~ O • 

i=m+l.···.n' 

2) there erot functions c;(X;) (;= 1, ••• • n) which are continu.ou.s or 1urve only 

fintie di~ontinu.ou.s points of the first or third kind such that 

c;(X;)X; > O for x; * o. f:~ c;(xi)dx; =+ 00. 

C;(X;)X; ~ O. i = m + 1.··· .n, 

i=l,···,m, 

3) tlu>re exist functions ~;(Xi»O (;=l.···.m) such that 
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B 1) (diag(E1(X1) ••••• E..(x.» O) 
( ;j(X».x. + O ° 

is negative semi-delinite. where 

{ 
1 [C;(X;)tljjlj(Xj) + Cj (xj)aj;l; (x;) ] 

b;j(x) = 2" J I 1; (x;)/j(Xj) I J Ilj(Xj)/;(x;) I • 
O. XiX, = O. 

i.j= 1.···.n. 

Then the zero solulion 01 the system 0.8.4) is globaJly stahle with respect to y. 

Prool. Construct the Liapunov function 

V(x) = ±fz'c;(x;)dx;. 
;-1 o 

The proof is similar to that of Theorem 1. 8. 5 and so is omitted. • 

Theorem 1. 8. 10. II 0.8.4) salislies 

1) 1;(x;)x;>O lor X;*O. a.<O. i=l.···.m. 1;(x;)x;;J:.O. tlj;~O. 

i=m+1 ... ·.nl 

2) there exist constants c;>O (;=l ... ·.m). Cj;J:.O (j=m+l ... ·,n) such that . 
;-1 
;"I.j . {

- cjlalJl + ~cdtljjl < O. j = 1 ... ·.m. 

- cjlajjl + ~cdtljjl ~ O. j = m + 1 ... ·.n, 
i-l 
;"I.j 

then the zero solul ion 01 0.8.4) is globally stable with respect to y . 

Prool. We construct the Liapunov function . 
V(x) = ~c;lx;l. 

;-1 

The proof can be completed as in the case of Theorem 1. 8. 6. I 
Theorem 1. 8. 11. Suppose (1.8.4) salislies the lollowing conditons: 

1) !.(x;)x;>olorx;*o. i=l,"',m, 1;(x;)x;;J:.O. i=m+1 ... ·,n. a.<O. 

i= 1 ... • .n, 
2) 

1 I an I I a.l I au au 

A~ 
- laul 1 1::1 ~ [A11 Au] au 

Au An • 

1::1 1::1 1 
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An, An and E - Ali 1 AII Az,l An are M -motrices, whwe An, AII' An and A" 
represent mXm, mXp, pXm and pxp matrices respectively. 

Then the :ura solu,tion of the system (1. 8. 4) is globally stahle with respect 

to y. 

Proof. We follow the ideas applied in the proof of Theorem 1. 8. 7. • 

1.9. Autonomous Systems with Generalizecl Separable Variables 

Consider the system with generalized separable variables: 

dXi • 
-dt = EF/j(x) • fij(Xj) , i= 1,···,n, 

j-l 
(1.9.1) 

where x = col(xl'···'x.), Fij E C[R·,R], fii E C[R,R], fij(O) = O, ;,j = 

I,···,n. Suppose the solution of the initial value problem (1.9.1) is unique. 

Clearly, (1. 8. 2) is a special case of (1.9.1) with Fil(X) == 1. 

In fact, we will see in what follows that both the Lurie direct control system 

and the Lurie indirect one can be reduced to (1. 9. 1). 

We stilllet y = col (Xl , ••• ,X.), % = col (X.+I' ••• ,x.) and rewrite (1.9. I) as 

{ 
dy ( • • ) 
dt = col '2:. F1j(x)flj(Xj) ' ••• , '2:. F.j(x)f.j(Xj) , 

j-1 j-1 
(1.9.2) 

d% ( • .) dt = col EF.+J.j(x)f.+J.j(xj)' ••• , '2:. F.j(x)f.j(Xj) • 
j-1 j-l 

Theorem 1.9.1. lf the system (1.9. 2) satisÎ~s the follawing conJitions: 

I) fii(X;)Xi>O for X;#:O and r'"' fi/(x;)dx; =+ 00, i = I,···,m, fii(X;)X; 

~ 0, i = m + 1,···,n, 

2) thereexist constants c;>O (i=I,···,m), Cj~O (j=m+1,···,n), E>O 

such thal 

whwe 

{1.( Fij(x)fij(Xj) + Fji(x)fji(x;)) #: O 
bij(X) ~ 2 fJj(xj) fi/(Xi) ' X/Xj 'i,j = 1, ••• ,n, 

0, X;Xj = 0, 

then the uro solu,tion of (1. 9. 2) is globally stabk with re.fpect to y. 

Proof. Let us set 
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Clearly, 

for lIylI -+ 00. 

Hence V (x) is radially unbounded positive definite with respect to y. 

Now we proceed to prove that 

dV! Â • • T =G(x) = ~/.(XI) ~F;j(x)/;j(Xj) 
t n.'.2l ;-1 j-l 

is negative definite with respect to y. 

For any x = e E R", without 1088 of generality we can assume that 
I " JIej =1= O, ~ e1 = O, 

j-I ;-'+1 

Then it follows that 
I I 

G(e) = ~/.(e;) ~F;j(e)/;j(ej) 
;=1 '-1 

I 

= ~F;;(e).r.(e;) 
;-1 

1 I + 2;.~1 [/;; (e;)F;j(e)hj (ej ) + /jj (ej)Fj; (e)/j; (e;) ] 
w-, 

I _ I 

= ~b;;(e).r.(e;) + ~efl;(e;) + ~ b;j(e)/.(e;)/jj(ej ) 
;-1 ;-1 i,j-l 

I,,"j 

-- ~efHe;) 
1-1 

-~- ~e.r.(e;) < o. 
Since e is arbitrary, we can find that 

dV! . . d fi' . h -d IS negative e IOlte Wlt respect to y. 
t n.'.!) 

Hence, the proof is finished. • 

Theorem 1.9.2. 1/ the system (1.9.2) Salu/ies the /ollowing condilions: 

1) F;;(x)/i/(x;)x;<O for X; =1= O, i=I.···.m. F.(x)/;;(x;)x;~O. 

i=m+ 1 ••••• nl 

2) there exist constants CI>O (i= 1 ••.• ,m), Cj~O (j=m+ 1 •.•. ,n) such that 

" 
- Cj I FiJ(x)/jj(Xj) I + ~c; I F1,(x)/;j(Xj) I < O for Xj =1= o. 

;-1 
1,,"' 

. j=I.···.m • 

- cjIFjj(x)/jj(Xj) I + ~cdF;j(x)//j(x) I ~ o. j = m + 1.···.n. 
;=1 
iiLj 
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then the zero sollllion 01 O. 9. 2) is globally stable with respect to y. 

Prool. We oonatruct the Liapunov function . 
V(I) = ~cdId 

;-1 

and complete the proof 88 in Theorem 1.8.6. I 

1.10. Nonautonomous Systems witb Separable Varlables 

Consider the nonautonomoU8 system with separable variables r 

{ 
dy ( • .) -d =col ~/1i(t,Ij),···,~/.j(t,Ij) , 

t ~l ~l 

dd%t = col( 't1.+l.j(t,Ij) ,"', 'tl.j(t,xj») , 
j-l J-l 

0.10.1) 

where y = ool(x,,·"'x.), % = ool(x.+I'·"'x.), I;j(t,xj) E C[I X R,R], 

l;j(t,O) == O, i,j = 1,"·,n. Suppose the solution of the initial value problem 

O. 10. 1) is unique. 

Lemma 1. 10. 1. 11 there exist lunctions ~(x;) on (- 00, +00) (i= 1,"', 

n), which are continuous or haw only /"miu discontiuolu points 01 the /"rrst or third 

/tind sueh thal 

1) ".(x;)x.>Olorx.=;co, i=l,"',m, ";(X;)XI~O, i=m+1, .. ·,n, 
J±OO 

2) o ";(X;)dI; =+ 00, i = 1, .. ·,m, 
3) there is a positiw de/"miu lunction!/J satislying 

Il. • • 
G(x) =~"I(X/ ± O)~I'j(t,IJ) ~- !/J(y) , 

;-1 j-l 
then the zero sollllion 01 0.10.1) is globally stable with respect to y. 

Prool. The proof repeata the one of Lemma 1. 8. 3 and ia omitted. I 
neorem 1. 10. Z. lA the systnn O. 10. 1) satisly the lollowing conJilions r 

I) /'/(t,x;)x.<O lor x.:;l:O, i=l,''',m, lli(t,x;)x;~O, i=m+1'''',n, 

2 ) there exiu lu.nctions Fii ( x;) ora (- 00, + 00) (i = 1 , ... , n) which are 

continuaus or haw only /"mile discontinuous points 01 the /"rrst or thira !tind sueh thal 

F;;(x;)x; > O lor x.:;l: O, i = 1,'" ,m, 

J:OO F;;(x;)dI. =+ 00, 

IF;;(I;) I ~ I/;;(t,x/) 1, 

i=m+1, .. ·,n, 

i = 1,···,m, 

; = 1,"',n, 
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3) the matrix A(ll;j(t,X».x. + (EE.x. O) is negative snni-definite, 
O O .x. 

where O < E« 1, 

{

-1 i=j=I,···,n; 

a .. (t,x) = -.l(~ij(t'Xj) +fJi(t'Xi») , i~j, Xi:rj~O, i,j= 1,···,n; 
'1 2 FjJ(xj) Fi/(x;) 

O, i~j, XiXj= O, i,j= 1,···,n. 

Then the zero solution of (I. 10. }) is glcbaJly stohle with respect to y. 

Proof. Consider the Liapunov function 

V(X) = ±J6'Fi/(Xi)dxi. 
;-1 o 

Then 

Clearly we have 

f'<y) -+ 00 as lIyll-+ 00. 

We prove that 

dV It.' · -d =G(t,x) = ~Fi/(Xi) ~f;j(t,xj) 
t (J.l0.1l 1-1 j-l 

is negative definite with respect to y. 

For any x = ~ E R', without 1088 of generality we can assume that 

Then it follows 

. 
~ ~ = 0, 

;-1+1 

I I 

G(t,~) = ~Fii(~i) ~fij(t'~j) 
i-1 1-1 

I • 

~~Il;;(t,~)F!(ei) + ~EF!(~i) 
;-1 ;-1 

I 

+ ~ Il;j(t,e)Fi/(ei)Fjj(ej) 
i,j-l i,,;oj . 

- ~EF!(e/) 
;-1 

• 
~- ~EF!(ei) < O. 

Since ~ is arbitrary, we derive 

dV I . . d f" . h Ti IS negative e Imte Wlt respect to y. 
(J. 10. 1l 

Hence the zero solution of (I. 10. }) is globally stable with respect to y. I 
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Theorem 1.10.3. 1f the system (1.10.1) satislles the folluwing conJitions: 

1) f,,(t.x,)x,<o for X6~:0. i=I.···.m .fii(t.X,)x,~o. i=m+l.··· .n, 

2) there exist constants c,>O (i=I.···.m). Cj~O (j=m+l,···,n) such that 

. 
- cjlfjj(t,xj) 1+ 2;c.lfij(t,xj) 1< O for Xj '* O, j = 1,"',m, 

;-1 
..,.j 

• 
- Cj Ifjj(t,xj) I + 2;c, If,,(t,x,) I ~ O, j = m + 1, ••• ,n, 

;-1 ,.-., 

then the zero solutian of (1. 10. 1) is globally stahk with respect to y. 

Proof. Let us set . 
V(x) = 2;c.lx.I. 

;-1 

Analogously to the proof of Theorem 1. 8. 6, we verify the validity of this 

theorem. • 

Theorem 1.10.4. Let the system (1.10.1) satis/Y the folluwing assertion: 

1) there exist functions ;,(x,) an (- 00, +00) (i= 1 ... • ,n) which are contin

uous or htroe only finite discontinuous points of the first or third /tind such that 

;,(X,)X, > O for Xi '* O and roo ;,(x/) dx, = + 00, 

;,(x,)x, ~ O, i = m + 1,'" ,nI 

i = 1, .. ·,m, 

2) there are functions a;(x,) with a;(x,»O for x,,*O (i= 1,'" ,m) such that 

. 
2;;,(Xi)f,,(xj) ~- a,(x,), j = 1,"',m, 
;-1 . 
~;,(xi)fi'(X') ~ O, j = m + 1,"·,n. 
;-1 

Then the zero solution of (1.10.1) is globally stohle with respect to y. 

Proof. We construct the Liapunov function 

V(x) = ±Jz/;i(xi)dxi. 
;-1 o 

Then we have 

dV I .. .. 
dt ~ 2;;.<x;) 2;f.,(t,xj) ~ 2; 2;;'<Xi)f., (t,Xj) 

U. 10. 1l 1-1 '-1 j-l/-I . 
~- 2;a,(x,). 

'-1 
Thus ~~ I is negative definite with respect to y. Therefore we conci ude that 

<1.10.1l 

the zero solution of (1. 10. 1) is globally stable with respect to y. • 
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1.11. Notes 

For various definitions of this chapter!!ee Hahn [1], Malkin [1], Rumyant

sev and Oziraner [1], Liao Xiaoxin [1]. Theorem 1.2.2 is taken from Yoshizawa 

[1]. The discussion of M-matrices in Section 1.3 followlI Ortega and Rheinboldt 

[1]. Theorem 1. 4. 4 is well-known as Barbashin-Krasovskii Theorem. The 

results of Sections 1. 5, 1.6 and 1.7 are due to Rumyantsev and Orizaner [1], 

Reissig, San80ne and Conti [1] and Malkin [1]. AII materials of Section 1.8 are 

taken from Liao Xiaoxin [2], [11], [14]. The concept and method of Sections 

1. 9 and 1.10 are due to Liao Xiaoxin [3],[4],[17]. 



CHAPTER 2 

AUTONOMOUS CONTROL SYSTEMS 

The stability problem is a basic one in designing autonomous control systems. 

In fact, the development of autonomous control theory began with the analysis of 

stability of Watt's centrifugal govemor by Maxwell. In designing an autonomous 

control system, the stability should be considered first. The instability of an 

autonomous control system means that it can not complete its work. 

2.1. The Expression and Classlficatlon of the Problems 

Consider the general Lurie control systems 

{ 
~; = Ax + b/(fI) , 

fi = eTx = ±e;x;o 
1-1 

(2.1.1) 

where x = col(Xl' ••• ,x.), b = col(b., ••• ,b.) and e = col(e., ••• ,e.) are n-dimen-

sional real vectors, or x,b,e E R· for short, and A = (a;J).x. is a real matrix. 

Let F , FI and F ... Iz be the following functional spaces: 

F = {/:!(O) = O,fI/(fI) > O for fi:#: 0,/ E C[( - 00, + 00) ,R]}, 

FI = {f:!(0) = 0,0 ~ /(fI)/fI ~ It. <+ 00 for fi:#: O, 

/ E C[(- 00, + oo),R]}, 

F"" I = {f:!(0) = 0,0 ~ 1t.1 ~ /(fI)/fI ~ It.z <+ 00 for fi:#: O, 

/ E C[(- 00, + oo),R]}. 

In practical problems, we know only that either / E F, or / EFI, or / E 
F .. 'Iz' instead of the expression of /, which can ooly be obtained with the help of 

experimental records depending on specific load. Sa, strictly speaking, the system 

(2.1.1) is indefinite, or is called a multiple valu.ed system o/ di//erentiol equatiqns 

or di//erential inclusWn. 
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Derlnitlon 2. 1. 1. The zero solution of (2. 1. 1) is s&id to be ahsoluuly 

stahle if for any / in F, the zero solution of (2. 1. 1) is globally stable. The zero 

solution of (2. 1. 1) is said to be ahsoluuly stahle in the Hurwitz angle [O, k] 

(absolutely sta bie in [O, k] for short) if for any / in Fu the zero solution of 

(2. 1. 1) is globally stable. The zero solution of (2. 1. 1) is said to be ahsoluuly 

stahle in [kp k2 J if for any / in F ..• AI' the zero solution of (2. 1. 1) is globally 

stable. 

The well-known Lurie problem ia expressed a8 follow81 

What are the necessary and su//icient conJitions for the zero solution o/ 

(2.1.1) to be ahsolutely stahl.e (or ahsolutely stahle in [O,kJ)? 

Lurie didn't find these necessary and sufficient conditions. 

When studying the absolute stability of (2. 1. 1), we usually make the 

following classification. 

We say that (2. 1. 1) is a direct control system. or the basic case (principal 

case) if Re A (A) < O. that is. A is sta bie. In other words. the eigenvalues of A 

have negative real parts only. 

We say that (2.1. 1) i8 a indirect control system. or the /irst critica/. control 

system, if Re A(A)~O, A has only one zero eigenvalue while the other eigenvalues 

have negative real parts. 

We say that (2. 1. 1) is other critica/. case. if Re A(A)~O and (2.1.1) does 

not belong to the second classification. 

In the following. we will give some of ten used necessary conditions for the 

zero solution of (2. 1. 1) to be absolutely stable. 

Tbeorem 2.1.2. 1/ the zero solution o/ (2. 1. 1) is ahsolutely stahle. then 

OIle o/ the /ollowing conditions holds l 

1) Re ;'(A)~O, i. e. , A has no eigemJalues with positive real part, 

2) cTb~O, 

3) i/ A is stahle then cT A -lb~O. 

Proo/. 1) Suppose there exists an eigenvalue Ao such that Re Ao (A) >0. By 

taking /(a) = f(1 (O < E« 1). the expression (2.1.1) becomes 

~; = (A + dxT)x. (2.1.2) 

Since eigenvalues depend on coefficients continuously. for O < E « 1. the coeffi

cient matrix of (2. 1. 2) must have an eigenvalue lo such that Re lo > o. This is 

inconsistent with the fact that the zero solution of (2. 1. 1) is absolutely stable. 
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2) The trace of coefficient matrix of (2.1. 2) is expressed as . . 
~tl;; + E~c;b, < O. 
i-l ;-1 . 

If cTb = ~c.-b/ > O. then for E» 1. it follows that 
;-1 . . 

~tl;; + E~c;bl > O. 
;-1 ;-1 

which is impossible. Thus we have cTb ~ O. 

3) We first verify the identity of linear algebra I 

det(1 + EF) = det(1 + FE). 

29 

where E and F are arbitrary matricea for which EF and FE exist. The unit matricea 

on both sides of the equality can be different order. 

Indeed. 

(1 + EF O) (1 
det(l + EF)= det F 1 = det O 

- det - det ( 1 - E) (1 E) ( 1 O) 
F 1 O 1 F 1 + FE 

= det(1 + FE). 

Now. we prove cT A-1b ~ O. 

Since A and A + dxT are stable (E > O). for" = O. we have 

det(l" - (A + dxT » 
= det(1" - A) • det[I - E(l" - A)-lbcT] 

= det(l" - A) • det[I - reT(l" - A)-lb] =i= o. 
If cT A-1b < O. then there must exist Eo > O such that 

1 - EocT (- A)-lb = 1 + EocTA-1b = O. 

It is in contradiction with (2.1.3). As a result. cT A-1b ~ O. I 

(2. 1. 3) 

2.2. Necessary aod Sufficleot Cooditioos for Absolute StabUity 

Consider the general Lurie control systems 

{
dX 
dt = Ax + bf«(1). 

(1 = cT X = ±c/x/. 
1-1 

where f«(1) E F. or f«(1) EFI. 

(2.2.1) 

Definition 2. 2. 1. The zero solution of (2. 2. 1) is ssid to be absolutely 

stable for the set n= {XI(1=O} [absolutely stable for n in [O,k]] if for every E > 
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o, there exists aCE) > O such that for any f«(1) E F [for any f«(1) E F.], the 

solution x(t) = x(t,to,xo) of (2.2.1) satisfies 

1(1(t,to,xo) I ",; IeTx(t,to,xo) I <E forall t~to 

if II Xo II < a(E), and for any Xo E R", there exists 

Iim (1(t,to,xo) = Iim cTx(t,to,xo) = O. -+- -+-Definltion 2. 2. 2. We say that the function V(x) E C[R" ,RJ is positive 
definite for the set il if 

V(x) {
-O when xED, 

> O when x ~ il. 

We say V(x) E C[R- ,R] ta be Mgative definite for il if - V(x) is positive 

definite for il. We say V(x) E C[R- ,RJ ta be radWIly unbounded positive defrnite 

if V(x) is positive definite for iland V(x) -+ 00 as 1111 = IeT xl -+ 00. 

Theorem 2.2.3. The necessary anii suffrcient conditions for the zero solution 

of (2.2. 1) ta be ahsolutely stahk [ahsolutely stahle in [O,IJ] are 

1) A+bcTOg,B is stahle, where ()=O or 0=1 [0=0 or 0=1], 
2) the zero solution of (2. 2. 1) is ahsolutely stahle for il [ahsolutely stahle in 

[O,IJ for ilJ. 

Proof. Necessity. 1) When Re A<A)<O, we take () = O, when Re ).(A) 

~O, we take O = 1 [O = IJ. By putting f(l1) = 11 = cT X [f(l1) = kI1 = ItcT xJ in 

(2.2.1) it follows that B = A + bcT () is stable. 

2) For any E> O, we take f = EI max 1e,1. Then there exists aCE) > O such 
1<1<-

that for any f E F[for any f E F.J, II Xo II < aCE) implies that 

IIx(t,to,xo) II A IIx(t) II =±lx,(t)l<f forall t~to, 
;-1 

and further 

-~max le.! ~ Ix,(t) I < max led • i = E. 
1<1<- 1-1 1<;<-

Clearly, there exists 

-Iim II1(t) I ~ Iim max leii ~ IX,(t) I = O 
1_+00 1_+00 1<";_ ;-1 

for any Xo E R". 

Sufficiency. For any f E F [for 80Y f E F.J, the solution of (2. 2. 1) can 

be expressed as 

x(t) = eB<t-,.,xo + f' eB(,-rl(hf(l1(r» - ()hf1(r)]dr. 
'. 
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Since B is sta bie , there exist constants M~ 1and a> O such that 

II eB(l-Io) II ~ Me-O<'-'o) for ali t ~ to. 

Since (1(t) - O as t -+ 00, (1(t) continuously depends on xo' and f«(1(t» is a 

continuous function of X o and f(q(t» - O as t -+ 00, for any e > O, there exist 

81 (e) > O and tI > to such that 

J::Me--('-')[ II bf(q(r» II + II b()q(r) II ]dr < ; , 

J:,Me--('-')[ II bf«(1(r» II + II b()q(r) II ]dr <; for ali t ~ tI' 

for ali t ~ to 

if 

II Xo II < 81 (e). 

Thus, it follows 

II x(t) II ~ II eB(·-·.)xo II + r'Me--(·-r)[ II bf(q(r» II + II ()bq(r) II ]dr 
J •• 

+ J:. Me--('-') [ II bf(q(r» II + II ()bq(r) II ]dr 

e e e 
<-+-+-=e 
333 

for ali t ~ to. 

For any X o E R-, by using de L' Hospital rule we write 

O ~ Iim II x(t) II 
J-+oo 

~ Iim Me--('-'o) II Xo II 
1_+00 

+ .E~~J:.Me--('-')[ II bf(q(r» II + II ()bq(r) II ]dr = O. 

Therefore, the zero solution of (2. 2. 1) is absolutely stable [absolutely stable in 

[O,k]]. • 

Theorem 2.2.4. TIIe necessary anJ sufficient conditions fOr the zero solution 

of (2.2. 1) ta be absolutely stahk [absolutely stable in [O,k]] are that 

1) tlle condition 1) of Theorem 2. 2. 3 is tru.e, 
2) there exists a differentiahle function V,(x) E C[R-,R] such that V,(O) 

=0, 

'fI E KR (2. 2. 2) 

and 

""E K. (2.2.3) 
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Proo/. Su//iciency. It suffices to prove that condition 2) implies that the 

zero solution of (2. 2. 1) is absolutely sta bIe for D. 

Since V,(O) = O (O E D) and V,(x) is continuous, for any 1:> O, there exists 

8(1:) > O such that 

for II Xo II < 8(1:). 

From (2. 2. 2) and (2. 2. 3), it follows 

tp,( 1 «1(t) 1) ~ V,(x(t» ~ V,(xo) < tp,(I:). 

Hence, we deduce that 1«1(t) 1 < 1:, that is,the zero soIution of (2.2. I) is stable 

for D. 

Let us prove that Iim «1(t) = o. 
'_+00 

For any Xo E R" it follows from (2. 2. 3) that V,(x(t» is monotone 

decreasing and has a lower bound. Thus there exists 

inf V,(x(t» = Iim V,(x(t» ~a ~ O 
';;"0 '_+00 

and acan only be reached on D. If a is reached outside D, then there must exist a 

constant p > O such that 1 «1(t) 1 ~ P> O for ali t ~ to. Otherwise, there exists a 

sequence {tl} with tl -+ 00 as Il -+ 00 such that Iim «1(tl ) = 0, thus 
' .. _+CID 

a= infV,(x(t» = Iim V,(x(t» = Iim V,(X(tl» = Iim V,(x(tl », 
'>'0 '_+00 ' .. _+00 .CI .. )-O 

namely, a is reached on D which is in contradiction with that a is reached outside D. 

For any Xo E R", from (2. 2. 3), it follows that 

1 «1(t) 1 ~ IcT x(to) 1 ~h < + 00. 

If Iim «1(t) * O, then according to the uniform continuity of «1(t) , there exist 
'--+00 

constants P > O, ." > O and a sequence {t,} such that 

1 «1(t) 1 ~ P for t E [tI - .",t, + .,,]. 
Wefixr,= inf ~,(I«1I»O,then 

1<1.1 .... 

V,(x(t»= V,(x(to» + fI ddV'dt 
1. t 

~ V,(x(to» - fI ~,( 1 «1(r) 1 )dr 
1. 

as n-+ 00. 

It is in contradiction with V,(x(t» ~ O, so Iim «1(t) = o. Then the zero solution 
,,,,,,+00 

of (2. 2. I) is absolutely stable for D [absolutely stable in [O,k] for D]. The 
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sufficiency follows directly from Theorem 2. 2. 3. 

Necessity. Since the zero solution of (2.2. I) is absolutely stable, R- is a 

region of attraction. For any X o E R-, let 

'P,(x) = sup IIx(t,o,x) 11 2 • 
• ;>0 

Obviously, rp(x) possesses the following properties: 

1) rp(x) ~ O, where the equality holds if and only if x = O, and rp(x) is 

radially unbounded positive definite, 

2) 'P,(x(1/» = sup II x(t) II 2 is monotone decreasing, 
.;>, 

3) 'P,(x) is continuous on R-. 

Again we define 

then we get 

Denoting 

we obtain 

~,' = ~.' = 'P,(x(t + 1J». 

Using integrat ion by parts, 

V,(x(t»= f"" e-'d~ 
= e-'J:+''P,(x(e»M 1:"" + f"" ~(t + 1J)e-'d1J 

=- J:'P,(x(e»M + f"" ~(t + 1J)e-'d1J. 

Since rp(x(e» is monotone decreasing, it is bounded. Thus 

Iim e-,r+''P,(x(e»M = o. 
'_+00 J o 

Now we take the derivative of V, along the solution of (2.2. 1). Clearly, 

dV,(x(t» I - « » + f+"" ..... ' -'d dt - - '1', x t ..... e 1J 
(2.2.1l o 

= - 'P,(x(t» + f"" 'P,(x(t + 1j) )e-'d1j 

= f"" ['1', (x(t + 1J» - 'P,(x(t» Je-'d1J. 
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Since 'P,(x(t» is monotone decreasing. we have 

'P,(X(t» ~ 'P,(X(t + 1J» for 1J ~ O. 

In particular. if x (t) is not the zero soIution. then there exists 

'P,(x(t» ~ tp(x(t + 1J». 

Otherwise. we have 

tp(x(t» == tp(x(t + 1J» - O as 1J -+ 00. 

i. e •• tp(x(t)) == O. which is a contradiction. Thus if x(t) ~ O. we have 

that is 

rOG [tp(x(t + 1J» - tp(x(t)) Je-'d1J < O. 

dV'1 < o 
dt (1.1.1l 

for x =f: O. 

Therefore. we see that 

ddV'1 ~- W,(x). 
t <1. 1. Il 

where W,(x) is a positive definite function. From the equivalence relation between 

the positive definite function and the K -elass function. it follows that there exist 

~,(r) E KR and ~(r) E K such that 

~ II x II ) ~ V,(x). - W,(x) ~- ~,( II x II ). 
Therefore we write 

V,(x)~ ~,( II x II ) ~~,( ~ Ix; 1) 

~ f>'( ma~ !c; I ;~ !ciX; I ) 
1<1<1;-

=f>'( 11 11(11)~f>,(I(1I)EKR. max Ci 
I<i<_ 

and confirm V,(x) is positive definite for n. Moreover. there exists 

d:'1 ~- W,(x) ~- ~,( II x II) 
t (2.2. Il 

~ - ~( 11 I i; !ciXi I ) max C; i-l 
1<1<1;_ 

= - ~( 11 I 1 (11 ) A - \b'( 1(11) E K. max C; 
1<1<1;-

The condition 2) of Theorem 2.2.4 is satisfied. 

The proof of condition 1) of Theoren 2. 2. 4. it is trivial. • 

By imitating Theorems 2. 2. 3 and 2. 2. 4 we formulate 
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Tbeorem 2. 2. 5. Tile necessary and sulf'rcient conditWns lor tlle zero solrdion 

01 (2. 2. 1) to be absolutely stohk [absolutely stahle in [0.1]] are thal 

1) there exists b E R· such thal A + beT is stahle, 

2) tlle condition 2) 01 Theorem 2.2.3 is satisf'reti. 

Tbeorem 2. 2. fă. Tile necessary and sulf'rcient conditWns lor tlle zero solrdion 

to be absollltely stahle [absolutely stable in [0,1]] are thal 

1) tlle condition 1) 01 TMorem 2. 2. 5 is satisf'reti, 

2) tlle condition 2) 01 Theorem 2. 2. 4 is satisf'red. 

Theorems 2. 2. 5 and 2. 2. 6 are useful because it is more convenient to verify 

the stability of A + 'H? than that of A + beTe. 
Tbeorem 2. 2. 7. SIlPpose tlle lollowing conditWns are satisf'reti I 

1) A + IJbcT is stable, e=o or e=l, 
2) there exist a symmetric rntJtriz P.x. such thal 

{
xTPx ~ aal, 

xT(PA + ATP)X + (2Pb + PATc)Txl(tI) + fkTbfZ(tI) ~- tt, 

a> O, 

P~O, 

or 

{
xTPx ~ o. r-l(tI)dtl =+ 00, 

xT(PA + ATP;x + (2Pb + PATc)Txl(tI) + pcTbfZ(tI) ~- tt, p> O, 

where rE {al ,tll(tI) • .r (ti)}, O<e«l. a,p ,e are constants. 

Then the zero solution 01 (2. 2. 1) is absolutely stable. 

Prool. It suffices to prove that the condition 2) of Theorem 2.2.7 implies 

the condition 2) of Theorem 2.2.4. 

In fact, we construct 

V(x) = xTPx + P I/(tI)dtl, 

by the condition 2). it bears 

V(x) ~ aal ~ '" Itll), tpE KR 
or 

~E KR, 

and 

~~I = xT(PA + ATP)X + (2Pb + PATc)Txl(tI) + pcTbfZ(tI) 
<I.I.n 

~ - tt ~ - ~( Iti 1> , ~ E K. 

Thus aII the conditions of Theorem 2. 2. 4 are satisfied, and the desired conclusion 
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of the theorem holds. I 
As a special case, Theorem 2. 2. 7 can contain all the criteria of absolute 

stability obtained by the Lurie function 

V(x) = xTPx + {J f:f(I1)dc1, 

which makes ddV I negative definite for positive definite P • 
t CI.I.1l 

Corollary 2. 2. 8. 1f A is slable anii there exist a constant {J;;:;O anii a sym-

metric positive definite matrix P such that 

xT(PA + ATP)X + 2( Pb + ~ {JATc) T xf(l1) + {JcTbP(I1) 

is negative definite, then the zero solution of (2.2. 1) is absolutely slable. 

Proof. It suffices to prove that the conditions of Theorem 2.2.7 are satis

fied. In fact, since A is stable, the condition 1) of Theorem 2. 2. 7 holds. 

Now, we construct the Liapunov function 

V(x) = xTPx + {J f/(I1)dl1. 

Obviously, V (O) = O and 

~ t:. 
= AI I II =9'< 1(11) E KR. n max Ci 

1<;1<10;-

Here AI refers to the smallest eigenvalue of P. Thus V(x) is radially unbounded 

positive definite for n. Again 

dV I ( 1 • ) -dt ~- I/I( II x II ) ~- 1/1 max Ic.1 ~ !cixil 
CI. 2. Il • .= 1 

l<;i<;_ 

= - I/I( 1 I I 1(1 1) ~ - 1/11 ( 1(11) , max Ci • 
l<;i<;_ 

where 1/11.1/1 E K. Therefore, ali the conditions of Theorem 2.2.7 are satisfied and 

the corollary follows. I 
Now we turn to the indirect control systems 

{~~ = Ax + bf(I1). 

dl1 
dt = cTx - pf(I1). 

(2.2.4) 

where A E R-x-, b E R-, cE R-, f(l1) E F. 
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Corollary 2. 2. 9. 1f A and (~ _;) are slable and there exist a symmet

ric positive semi-definite matrix G and a positive constant p, such that 

W(x) =- xTGx + f(~){2uTX + pcTA-Ix} - pP(~) 

c 
is negative semi-definite, where u = Pb +"2' P is the solution of the Liapunov 

equation 

PA+ ATp =- G, 

then the zero solution of (2.2.4) is absolutely stahle. 

then 

Proof. We construct the Liapunov function 

V(x) = xTPx + J:f(~)d~ + 2(p + ~T Alb) (cTA-Ix - ~)2, 

dVI (1 )T de =- xTGx + 2f(~) Pb +"2c x - pP(~) 
CI. 2. ,) 

+ (p + ~ Alb) (cTA-Ix - ~)(p + cTA-lb)f(~) 
= - xTGx + f(~) {2uT x + pcT A-Ix} 

- pP(~) - Jx1f(~) 

= W(X) - Jx1f(~) 

~- Jx1f(a). I 
Example 2. 2. 10. Let's diseu88 the absolute stability of the zero solution of 

the following system: 

{
dXI f Te = Xz - (XI - xz), 

dxz f Te =- XI + (XI - xz), 

(2.2.5) 

where f E F, and the coefficient matrix A = ( O 1) has a pair of purely 
- 1 O 

imaginary eigenvalues. Thus, Example 2. 2. 10 is neither a Lurie direct control 

system, nor a Lurie indirect control system, but a more complicated critical case. 

Therefore, the Liapunov matrix equation 

AP+ATP=-G 

has no solution P of symmetric positive de,finite matrix for any positive definite 

matrix G. Thus, the traditional Lurie method, i. e. , the method of using the 

Lurie function 

(P being positive definite) 
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which makes ddV I negative definite. cannot be applied. Instead we can use 
t ('.'.5> 

Theorem 2.2.7. 

(i) Let I(XI - x,) = Xl - X,. Then the system (2.2.5) changes into 

{

dXl 
Cit =- Xl + 2x,. 

dx, 
Cit =- X,. 

2} ia sta bie. 
-1 

Obviously, the coefficient matrix B = ( - ~ 
(ii) We construct the Liapunov function 

1 
V(x) = "2(.r. + xD 

then 

dVI dt =- xd(xl - x,) + Xzf(XI - x,) 
U.'.5> 

=- (Xl - X,)/(XI - X,) 

(2.2.6) 

is negative definite for n = {xal1 = Xl - X, = O}. Thua. aII the conditiona of 

Theorem 2.2.7 are satisfied. The zero solution of (2.2.5) is absolutely stable. 

Example 2. 2. 11. Consider the 3-dimensional system 

dXl I Cit = - 3XI + x, + x, - (Xl + 2x, + x,). 

dx, I Cit = Xl - 2x, + X, + (Xl + 2x, + X,), (2.2.7) 

dx, I Cit = Xl + 3x, - 3x, - 2 (Xl + 2x, + X,). 

It is easy to verify that 

A = [- ~ - ~ ~l 
1 3 - 3 

is stable. We construct 

then 

dV I = 2(XI + 2x, + XI)( dXI + 2 dx, + dx, ) 
dt (1.1.1) dt dt dt 

= - 2(XI + 2x, + x,)/(XI + 2x, + XI). 

Consequently. ~~ I is negative definite for n = {x:11 = Xl + 2xz + XI = O}. 
U.Z.7) 



2. 2. Nec_ry and Sufficient Conditiona for AbeoIute Stability 39 

Clearly, Vis radially unbounded positive definite for Q = {x:11 = Xl + 2xz + X3 

= O}. We conclude that the zero solution of (2.2.7) is absolutely stable. 

Example 2. 2. 12. Consider the indirect control system 

dXI / Te = Xz - (11), 

dxz / Te =- Xl + (11), 

dl1 
dt = Xl - Xz - p/(I1) , 

where p> O, /(11) E F and J:"" /(I1)dl1 = + 00. 

Since A = ( O 1) is unstable, the Liapunov matrix equation 
- 1 O 

ATP+PA=-G 

(2.2.8) 

has no positive definite matrix solution for any positive definite matrix G . So 

the traditional Lurie method cannot be applied. Instead, we can use 

Theorem 2. 2. 7. 

(i) Let /(11) = 11. Then (2.2.8) changes into 

dXt Te = Xz - 11, 

dxz Te =- Xl + 11, 

dI1 
dt = Xl - Xz - pI1. 

Since 

). - 1 1 

det I ~ - B I = 1 ). - 1 =).3 + PAZ + 3A + P, 

-1 1 A+P 
the necessary and sufficient conditions for the characteristic polynomial to be the 

Hurwitz one are that 

p> O, ~l = 3> O, 

Thus 

B = [- ~ ~ - ~l 
1 - 1 - P 

is stable. 
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(ii) We construct 

Then 

dVI -d =- P!'(tI) < O 
t (1.1.8) 

when ti =;1= o. 

Therefore. the zero solution of (2.2.8) is absolutely sta bie. 

2.3. The S-Method and Modifled S-Method 

For the direct control system (2. 2. 1). we construct the Liapunov function 

consisting of an integral term and a quadratic form I 

V(x) = xTPx + {J If<tI)dtl. 

where P denotes the solution of the Liapunov matrix equation 

PA+ATP=-R. 

R stands for a given n X n symmetric positive definite matrix and {J ~ O is a 

constant. 

Provided that 

~~ I = xT(PA + ATp)X + 2( Pb + ~ {JATc) TX!(tI) 
(%.1. Il 

+ {JcTb!' (ti) (2.3.1) 

is negative definite. the zero solution of (2. 2. 1) is absolutely sta bie. One can 

regard (2.3.1) as a quadratic form inxand !(tI) and estimate its sign by means of 

the Selvester condition. Thus. (2. 3. 1) is negative definite in x and !(tI) if and 

only if 

det 

- ( ~{JATC+ Pbf 

(2.3.2) 
R - ( ~{JAT c + Pb) 

>0. 

But the condition (2.3.2) can never be satisfied. It can be shown that 

det 

- ( ~{JATC+ Pbf 

R - ( ~{JAT c + Pb) 
~O. 

Hence. it is impossible to use Selvester condition to find the sign of (2.3.1) 

regarded as a quadratic form in x and !(tI). This was pointed out by Xie 
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Huimin [2]. 

To overcome this difficulty a new method called S-process was discovered. 

By adding and subtracting «/«1)( (1- ! /«1») in (2. 3. 1) with constant 

«~O, we deduce 

where 

dV I ( 1 ) T de = xT(PA + ATP)X + 2 Pb + 2:{JATc x/«1) 
(Z. z. Il 

+ (JcTbP «1) + «/«1) ( (1 - ! /«1) ) 

- «/«1)( (1 - ! /«1») 

~ - S(x,(1) - «/«1)( (1- !/«1»), 

S(x,(1) =xTRx + 2rfTx/«1) + rP«1) , 

R =- PA - ATP, 

d =- [Pb + ~ (ac + (JATc) J. 
IJ T « r=-,..c b+ k' 

If S(x,(1) is positive definite in x and (1, then ddV I is negative definite. The 
t (z. Z. Il 

Selvester condition for S(x,(1) to be positive definite in x and (1 is usually satisfied. 

Then the following result is valid. 

Theorem 1. J. 1. (S-process) Let A be stable anJ suppose there exist cCJnstants 

«>0, {J~O and a real symmetric positive de/inite matrix P such that 

r> O, 
1 R- -drfT> O 
r 

ar 

R>O, 

Then (2. 3. 1) is negative de/inite, anJ the zero solution o/ (2. 2. 1) is absoluuly 

stable. 

Proo/. It suHices to prove that 

S(x,(1) = xTRx + 2rfT x/«1) + rP«1) 

is positive definite, i. e. , 

det/; ~/> O. 

U sing linear algebra, we reach to conclusion from the following two relations: 
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( 1 -d/r)(R d)( 1 O)=(R-dtP/r O), 
O 1 tP r - tP /r lOr 

(-;R-1 ~)(; :)(~ -~-ld)=(~ r-;R-1d). • 
Naturally, readers can easily see that positive definiteness of S(x,t1) is only 

the sufficient co~dition for ~~ I to be negative definite. If this condition is not 
u. z. il 

necessary, we say that the S-method has a defect. Aizeman and Gantmather 

[1, p. 119J presented two problems. The second one is whether there is an exam-

ple in which the S-method cannot be applied but one can judge if that ~~ I is 
(1.1. il 

negative definite by other methods. 

In Zhao Suxia [3J, the author presented the following example. 

Example 2. 3. 2. Consider the system 

( -2 
whereA = 1 

Then we arrive at 

{

dXI / Te = - 2Xl + (xz), 

k =+ 00, (2.3.3) 
dxz 1/ Te = Xl - Xz - 2" (xz), 

O) is stable; b = colO, - 1/2); c = col(O,O, and take 
-1 

V = ~.rf + ~ + f:I/(xz)dxz• 

~~ I = - 2x~ + 2XlXZ - 2~ + 2xd<xz) - 2xzf(xz) - 21 j2(xz) 
(z. 3. 3) 

1 

-2 
-l+a 

It is not difficult to verify that there is no a > O such that 

-2 1 1 

det 1 - 2 - 1 + a > O. 

1 - 1 + a - 1/2 

However, in Zhao Suxia [3J, the author proved that ddV I is negative definite 
t (z. 3. 3) 

by some another method. 

When we judge that the derivative V- of the function V with the Lurie form is 

negative definite, the original S-method is the most useful one and is used exten

sively. This method is also widely used for the nonautonomous systems, multiple 
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adjusted systems etc •• But the original S-method requires that S(x,tI) is negative 

definite in x and ti. If it is only negative semi-definite, one can apply Barbashin

Krasovskii's theorem or LaSalle's invariance principle. But it is rather trouble

some. Our goal is to improve the S-method such that it can be widely used. 

Theorem 2.3.3. Assume thal A is !table. 1/ there exist constants a>O, p~ 

O am a real symmetric positive definite matrix P such thal 

1 r> O, R - -dar ~ O r 

ar 

R>O, 

then the zero solution o/ (2.2. 1) is absolutely stable, where 

R=-PA-ATP, 

then 

d =- [Pb + ~ (ac + PATc)] , 

a 
r =- pcTb + "I' 

/(tI) 
O~--~Il~+oo. 

ti 

Proo/. We construct the Liapunov function 

V(x) = xTPx + P S/(O')dO', 

ddVI = xT(PA + ATP)x+ 2(Pb+ 21 PATc} TX/(tI) 
t n.I.)) 

+ pcTb!'(O'). 

By using S-method, we order - c:: I as follows 
<1.1. )) 

(2.3.4) 

(2.3.5) 

- ~~ I = xT Rx + 2ar X/(O') + r!, (ti) + a/(tI) ( O' - ! /(0'») 
<2.1.)) 

llS(x,tI) + a/(tI) ( O' - ! /(tI) ) , 
where 

S(x,tI) = xTRx + 2arx/(tI) + r!'(tI). 
When Il =+ 00, the condition (2.3.4) or (2.3.5) implies that S(x,tI) ~O. Thus 

ddV I ~ - a/(O')tI 
t n.I.)) 

is negative definite for n. Therefore, from Theorem 2. 2. 1 it follows that the 

conclusion is true. • 
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Corollary 2. 3. 4. Sup~ k = + 00 anii 0111! 01 the lolWwing condttions 

hold: 

1) (,B~Tc + Pb) T R-1( ,B~Tc + Pb) + ,BcTb < O, 

2) (~~TC + Pb) T R-IC < O anii 

[( ,B~Tc + PbrR-lcr 

- (cTR-1c)[( ,B~Tc + Pb) T R-1( ,B~Tc + Pb) + {JcTb J~ O, 

3) (,B~Tc + Pb) T R-IC ~ O anii 

[( ,B~Tc + PbrR-lc r 
- (cTR-IC )[( ,B~Tc + Pbr R-1( ,B~Tc + Pb) + {JcTb]> o. 

Then there exists a > O such that S(X,lI) ~ o. Therelore, the zero solution 01 

(2. 2. 1) is absolutely slable. 

Proo/. We have R > o. Let JT R-1d - r = O, i. e. , 

( ,BATc + Pb + ac)TR_1( ,BATc + Pb + ac) + ,BcTb = O 
2 2 2 2 ' 

or 

c; R-1 ~ it + [( ,B~Tc + Pb) T R-1 ~ + c; R-1( ,B~Tc + Pb) Ja 
+ ( ,B~Tc + Pb) T R-1( ,B~Tc + Pb) + ,BcTb = O. (2.3.6) 

(2.3.6) has the positive solution CI, if and only if one of the conditions 1), 2) and 

3) holds. In this case the condition of Theorem 2.3.3 holds, so the conclusion is 

clear. • 

Corollary 2.3. s. II k< +00 anii the lollowing conditions hold: 

! - cTR-1d > O, 

( ! _ cTR-1d) 2 _ cTR-1c(JTR-1d + {JcTb) > O, 

then the derivative olV (x) = x T Px +,B f:/(lI)dll aiong the solution 01 (2. 2. 1) is 

negative delinite lor D, thus the zero solution 01 (2. 2. 1) is absolutely slable in 

[O ,kJ. 

Proo/. The conditions imply that there exists t with O < t « 1 such that 
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_1 __ cTR-1d> O, k+, 
(k ~ , - cTR-1d) 2 - cTR-1c(RR-1d + (JcTb) > O. 

Consequently, we derive 
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(2.3.7) 

(2.3.8) 

- ddV I = xTRx + 2R X/(I1) + rr(l1) + a/(I1) ( 11 - L +1 /(11») 
t (Z.2.1l " , 

where 

t:. S(X,I1) + a/(I1) ( 11 - k ~ ,/(11) ) , 

d =- [Pb + ~ (ac + (JATc)] , 

r =- ({JcTb _ _ a ) k+, . 
Obviously, R is positive definite. Thus, the conditions (2. 3. 7) and (2. 3. 8) 

guarantee that 

detl; :1 = O 

has positive solution for a, so, we find S(x.a) ~ O, and therefore the zero solution 

of (2.2. 1) is absolutely stable in [O.k]. • 

Example 2. 3. 2 indicates that the original S-method losed efficiency. In the 

following, we still adopt this example ta iIlustrate that the modified S-method 

easily judge the absolute stability. 

Taking 

we derive 

dVI 1 Te =- 2xf + 2XIXZ - 2x1 + 2xd(xz) - 2xz!(xz) - -2r(xz) 
CZ. 3. 3l 

[ r, n- 2 
1 -1\.j [ :: ]- u,/(r,). -

/;~Z) ~ 
-2 

-1+a - 1/2 /(x,) 

Taking a = 1/2, we get 

-2 1 1 
det 1 -2 -1/2 = O. 

1 -1/2 -1/2 
Thus 
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dVI 1 -d ~- -2x ,/(x,), 
t (1.3.S) 

that is, ~~ I is negative definite for (J = {XI(1 = X, = O}. Therefore the zero 
<%.3.3l 

solution of (2.3.3) is absolutely stable. Evidently, the modified S-method is more 

general than the standard one. 

2. 4. Direct Control Systems 

Consider the direct control system 

idX dt = Ar + b/«(1), 

(1 = cT x, 

(2.4.1) 

where A E R"x", A is stablel b,c E R" and / E F [/ EFI]' 

Theorem 2. 4. 1. Assume that there exist an n X n symmetric positiue definite 

matrix P and a constant P~O such that for 

V(x) = xTPx + P I/(O')d(1, (2.4.2) 

the derivative 

ddV I = xT (PA + ATP)X + 2( Pb + 21 PATc) T x/«(1) 
t (2. '.1> 

+ pcTbj'Z«(1) (2.4.3) 

is negative definite with respect to x, in particular, there exists a>O such that 

S(x,(1)~xT(PA + ATP)X + 2( Pb + ~ PATc) TX/«(1) 

+ a/«(1) ( (1 - ! /«(1) ) 

is negative definite with respect to X,(1. Thm the zero solution o/ (2. 4. 1) is 

absolutely stable [absolutely stable in [O,k]]. 

Proo/. For any / E F [for any / E FI]' the expression (2.4. 2) is a 

radially unbounded positive definite function. In addition, the negative definiteness 

of S(x,(1) for X,(1 implies that (2.4. 3) is negative definite, and hence the zero 

solution of (2.4.1) is absolutely stable. • 

The negative definiteness of S(x,(1) for X,(1, is just a sufficient condition for 

negative definiteness of (2.4.3). Below, we describe the necessary and sufficient 

condition for negative definiteness of (2.4.3). 

Tbeorem 2. 4. 2. Assume that A is stable. Givm a symmetric negative 
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definite matri:c - B, the solution P of the Liapunou matri:c equation 

ATP+ PA =- B 

pruuides the Liapunou function 

V(x) = xTpx + 2/J f/(17)d17, 
the derivative of whieh 

dV\ -d =- xTBx + 2xT(Pb + /JATe)f(17) + 2/JeTbf!(17) 
t (%. ,. J) 
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(2.4.4) 

(2.4.5) 

is negative definite. Thus, the neeessary and sufficient eonditions for the zero 

solution of (2.4.1) ta be absolutely stable in [O,k] are 

{ ! - eTB-Id> 0, 

~(1. _ cTB-Id)J - JTB-Id - 2{kTb> 0, 
eTB le Il 

where d=Pb+pATe. 

(2.4.6) 

(2.4.7) 

Proof. B is symmetric positive definite and sa is B- 1• In addition, there 

exists H such that B = J{fH and B-l = H-1(H-l)T. Clearly, V(x) is radially 

unbounded positive definite. 

(2.4.5) can be reduced to 

where 

- ~~ \ = xTBx - 2xT(Pb + /JATe)f(17) - 2/JeTbf!(17) 
ez. '.1> 

= xTIrHx - 2xTdf(17) - 2/JeTbf!(17) 

= (HX)THx - 2(Hx)T(H-l)Tdf(17) - 2{kTbf!(17) 

= [Hx - (H- 1)Tdf(17)]T[Hx - (H- I )Tdf(17)] 

- (JTB-1d + 2{kTb)f!(17) 

for x = 0, 

for f(17) = o,x #- O, 

for f(17) #- 0, 

v== {[ H f~(7) - (H-l)Td r[ H f~(7) - H-1)TdJ 

- (JTB-1d + 2/JcTb) }. 

Hence, it is enough to show that v > ° for any eT x ~ 1/ Il. To complete the proof, 

we use the topological transformation 

y = Hx - (H-I)Td 
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to reduce v to 

v = yTy - p, P = tFB-Id + 2{1cTb 

and the condition eT x ~ l/k is equivalent to 

eTH-I[y + (H-I)TdJ ~ !. (2.4.8) 

As a result, it only needs to show that in the halE space Il of y satisfying (2.4. 8) , 

the expression v = yT Y - P satisfies v > o. 

It can be easily proved that p ~ o. Thus, we have v ~ O for y = o. Hence, it 

needs to guarantee that y = O is not on the halE space Il, i. e. , 

cTH-I[O + (H-I)TdJ = cH-I(H-I)Td = eTB-Id <.1, 
k 

this is just the condition (2.4.6). 

Clearly, on the half space Il, v will get its minimun at y = y' , i. e. at the 

interseition point of the super plane 

eTH-I[y + (H-I)TdJ = .1 
k 

and the normal line passing through y = o. 
We put y' = ).(eT H-I ) T , where A is to be determined. The expression 

leads to 

cTH-I[A(cTH-I)T + (H-I)TdJ = ! 

1 TB-Id --e 
A = _k---,..-=-~_ 

eT B le 

As a result v(y') = (y' )Ty ' - p> O ~ v> O (on the half space Il) and the 

expression 

v(y')= [A(cTH-I)TJT[A(cTH-I)TJ - P 

= AZcT B-Ic - (tF B-Id + 2{kTb) 

= cT ~-IC( ! - eT B-1d) Z - tF B-Id - 2{1cTb> O 

is the conditon (2. 4. 7). I 
Imitating the proof of Theorem 2. 4. 2, we have the following results. 

Corollary 2.4.3. lA tiu! liapunuu function be of tiu! form (2.4.4) and 

f«(1) satisfies 

O ~ f«(1)(1 < MI. 
Then (2.4.5) is negative definite. Thw,the neeessary and suffrcient eonduWns for 

the zero solution of (2.4.1) ta be absolutely stable in tiu! Hurwitz angle [O,k) are 
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{! -cTB-ld~O, 
_1_(.! _ cTB-1d) I _ JTB-1d - 2{kTb ~ O cTB-1c Il ~ • 
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In case of It = + 00, i. e. , ! = O, we can prove the following corollary along 

the line of proving Theorem 2. 4. 2 and Corollary 2. 4. 3. 

Corollary 2. 4. 4. Let the liapunou famction be of the form (2. 4. 4) (for 

any fE F). Then the expression (2.4. 5) is negaJive defmite. Consequently, the 

necessary and suffrcient cond~ions for the zero solution of (2.4. }) to be absolutely 

stable are 

{CTB-ld~ O, 

cT ~-lC (cT B-1d)1 - JT B-1d - 2{kTb ~ o. 

Remark. If fJ> O, then without 1088 of generality, we can assume that fJ = 

1/2. The function 

V(x) = xTPx + 2fJ tf(l1)dl1 

is a proper Liapunov function if and only if 

1 S-V(x) = xT 2{rx + /(I1)dl1 

is also a proper Liapunov function. In this way, a free parameter can be removed. 

Now, let us describe three equivalent necessary and sufficient conditions for 

constructing 

V(x) = xTPx + S:f(l1)dl1 

such that ~~ I is negative definite. For this purpose, we first prove a lemma. 
CI.'.}) 

Lemma 2. 4. 5. For an arbilrary symmetric positirJe de/,mite matrix B, we 

have 

1 
where1J = '2 (ATc + 2Pb). 

Proof. Choosing 

where P satisfies . 

ATP+PA=- B, 
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we deduce 

- ~~ I = xT Bx - 2rl x/«(1) - cTbP«(1) 
<2. '.Il 

= (xT ,/«(1))( _Brl --)b) (/;(1))' 
Since B is positive definite, there exist 

and 

Thus, we get 

det B> O, 

~) = det B-I = (det B)-l > O, ( 
B-I 

det 
O 

( B-I O) ( B 
det :r 

O 1 - 1J 

det( B:r 
-1J 

(2.4.9) 

IfcTb -+ 1JT B-I1J < O, then (2.4.9) is positive definite for x ,/«(1) , which is impos

sible. Hence, we conclude that 

cTb + 1JT B- I1J ~ O. • 

Theorem 2. 4. 6. 1/ B is a symmetric positive definite matrix, then the 

/ollawing conditions are equivalent to each ather: 

(1 ) {(~~ u(x)=xTBx-21JTx-cTb~0 
(11) cT B-I1J~O, 

( 1 ) C T B- I 1J+ ..;""c T"-B=I'C"7( 1J-'Tr;;B=>="TI-1J+-;--c""T b07) ~ O , 

{ 
(i) cTb+1JT B-I1J- (eT B-I1J)Z :S:::::o 

( 1 ) eT B le ....." , 

(ii) eT B-I~O. 
Proo/. We will complete the proof by proving ( 1 )=>( 1 )=>( 1 )=>( 1 ). 

1) (1 )=>( 1 ) 

If ( 1 ) is satisfied, it can be shown that u(xo) > O for eT Xo > o. Choosing 
TB-I" - B-I e ., - m B- I x = 1J - TB 1 e, e c 

m being a constant, 

we have 



2. 4. Direct Control S",tema 51 

u(x)= xTBX - 27JTx - eTb 

= [7JT(B-I)T _ eTB-I7J_ - meT(B-I)TJB[B-I7J _ eTB- I7J - mB-IeJ 
eTB le eTB le 

_ 27JT[B-I7J - eTB-I7J - mB-leJ- eTb. 
eTB le 

Since B is symmetric positive definite and so is B- l , we write 

(-)- [7JT - eTB- I7J - m TJ[B-I7J _ eTB-I7J - mB - l J u x - eTB le e eTB le e 

_ 27JT[B-I7J - eTB-I7J - mB-leJ- eTb 
eTB le 

= (eTB-I7J - m)Z _ 7JTB-I7J _ eTb 
eTB le 

1 Z eT B- I 7J (eT B-I7J)1 
= ~-l m - 2 TB- l m + TB I e e e e e e 

- 7JT B- I7J - eTb, 

which is a quadratic trinomial in m with the coefficient of quadratic term TB1_1 e e 

>0. 
The criterion of the equation u(x) = O reads 

D= 4 (eTB-11p2 _ 4 _1_[(eTB- 11pZ - 7JTB-I7J - eTbJ 
(eTB le)' eTB-le eTB le 

= ~(7JTB-I7J + eTb). e B le 

By Lemma 2.4.5, it follows that D ~ O, and so u(x) has two real roots 

"" = eTB-I7J ± ./eTB le(7JTB 17J + eTb) , 

From (ii) in the condition ( 1 ), it follows that 

i = 1,2. 

mI = eTB-I7J - ./eTB le(7JTB 17J + eTb) ~ O, 

If mi = eTB-I7J + ./eT B le(7JT B 17J + eTb) > O, then for any m E (O,ml)' it 

follows that u(x) < O in contradiction with the fact that for any m E (O, + 00), 

there exists u(x) > o. Thus, 

mi =eTB- I7J+ ./eTB le(7JTB 17J+eTb) ~O 

which is exactly the condition ( 1 ). 

2) (1 )=>( • ). 

If ( 1 ) is true, i. e. , 

eTB-I7J + ./eTB lc(7JTB 17J + eTb) ~ O, 

then we obtain eT B-I7J ~ o. Consequently, 
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and then 

which implies 

The condition (1 ) holds. 

3) (I)=:. ( 1 ). 

Since (ii) in the condition ( 1 ) is the same as (ii) in the condition ( 1 ), it is 

sufficient to show that (j) of the condition ( 1 ) holds. 

Since B is positive definite, there exists a non-singular matrix H such that 

WBH = E, and B- I = HW. Make a full-rank linear transformation 

x = H[Y + ~W(ATe + 2Pb) J= H[y + W7J] 

and let Yo be the vector corresponding to Xo. The expression eT Xo = O gives 

eTHyo + eTHW7J = eTHyo + eTB- I7J = O, 

1. e. , 

By the Cauchy inequality 

(eTB-I7J)I~ lIeTHII!oIlYolIl, 

we derive 

T (eT B-I7J)! _ (eT B- I7J)' 
YoYo ~ (eTH)(We) - eTE le 

Consequently, if eT Xo = O, then there exists 

u(xo) = Y~Yo - 7JT B- I7J - eTb 

~ (eT B- I7J)! _ "/)T B-I"/) _ Tb 
~ cT B le ., ., e. 

(i) in the condition ( 1 ) gives u(xo) ~ o. 
Hence ( 1 ) holds. I 
The difficulty of the Lurie problem lies not only in the indeterminateness of 

/«(1), but also in the fact that the variables do not separate. 

We will simplify (2.4.1) by means of two full-rank linear transformations as 

follows: 

Without lo.~ of generality, we can assume that e. #- O. (Otherwise by 

rearrangement of variables and order signs of the equation we can make e. =j:. o. ) 
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We choose a full-rank linear transformation 

where 

{} , 
gii = ci' 

0, 

Then (2.4. I) are transformed into 

i=j=},···,n-}, 

j= },···,n, i=n, 

otherwise. 

~: = By + h!(y.), 

where 

a;. 
bi.= -, 

C • . 
~Cia;. 

b -~ .. - , 
c. 

. 

i,j = },···,n - }, 

i=},···,n-}, 

j=},···,n-}, 

i=},···,n-}, 

h.= ~cibi = cTb. 
;-1 
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(2.4. }O) 

In the following we will prove that cTb and cT A-1b are invariant under arbitrary 

full-rank linear transformation of (2.4. I). 

In case h. = cTb < 0, we again make a full-rank linear transformation 

~ = Ly, 

where ~,y E R·. LE R'x " 

{}' 

lii = - Z> 
0, 

i=j=},···,n, 

i = }, ···,n - }, j = n, 

otherwise. 

Then (2.4. }O) reduces to a simpler form 

d~ 
dt = A~ + lJj(~.), 
~ 

whereA E R'x " b = col(O,···,O,h.), A = LBL-l. 

(2.4.11) 

Since these transformations have no effects on absolute stability, what we 
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need. is to study the absolute stability of (2.4.10) and (2.4.11). 

Definltlon 2.4.7. Thţ zero solution of (2.4. 10) [(2.4.11)] is said to be 

ahsolutely stahle for partial variahles YJ' .... YO[~J' .... ~o]. i<j~n. if for any 

f E F. the zero solution of (2. 4. 10) [( 2. 4. 11)] is globally sta bie for partial 

variables Yj ... • .Yo[~j'''· .~o]. 

The absolute stability for partial variables in the Hurwitz angle [0.1] can be 

defined analogously. 

Proceeding along the line of Theorem 2. 2. 3, we can prove the following 

theorems. 

Tbeorem 2.4.8. The zero solution of (2. 4. 10) is ahsolutely stahle if and 

only if 

1) the matrix B+Oox<o-uhO is slable. where (J=O or 1. anii Oox<o-uh is an 

n X n matrix with the last column being h. anii the other elements being zero, 

2) the zero solution of (2. 4. 10) is ahsolutely slable for Yo. 

Tbeorem 2. 4. 9. The zero solution of (2. 4. 11) is ahsolutely stahle if and 

onlyi/ 

1) the matrix A+Oox <o-ub9 is slable. where (J=O or 1. anii Oox<o-llb is an 

n X n matrix with the last column lNing b. anii the other elements being zero, 

2) the zero solution of (2.4.11) is ahsolutely slable for ~o. 

Tbeorem 2.4.10. The necessaryanli sufficient conditUms for the zero solu

tion of (2.4. 10) to be ahsolutely slable are thal there exists a constant vector 'lE RO 

satisfying I 

1) the matrix B+OoX <o-1l7J is stahle, 

2) the condition 2) in Theorem 2.4.8 holds. 

Proof. Necessity. The existence of '1 E RO is evident, for example. one 

takes '1 = h. the condition 1) in Theorem 2. 4. 8 holds, and the condition 2) is just 

the condition 2) in Theorem 2.4.8. 

Sufficiency. We transform (2.4. 10) into 

dy 
dt = (B + Oox<o-1l7J)y + hf(yo) - 7Jyo. 

with the help of the formula of variation of constant 

y(t) =exp[(B + Oox<o-1l7J)(t - to)] • Yo 

+ f' exp[(B + Oox<o-u1'/)(t - r)][hf(yo(r» - 7JYo(r)]dr. '. 
and the proof can be completed in a way similar to Theorem 2. 2. 3. 
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Similarly, we note the foUowing theorems. 

Tbeorem 2.4.11. The zero solution of (2. 4. 11) is absolutely stable if and 

anlyd 

O there exists 1/ERa such thal the matrix A+O.xc.-n 1/ is stable, 

2) the condition 2) in Theorem 2.4.9 is true. 

Theorem 2.4.12. The necessary anii sufficient conditions for the zero solu-

tion of (2.4. 10) to be absolutely stable are thal 

1) the condition 1) in Theorem 2.4.10 holds, 

2) the zero solution of (2. 4.10) is absolutely stable for Yi,""Ya (1<j~n). 

Proof. When the condition 1) is satisfied, the absolute stability of the zero 

solution of (2.4.10) implies the absolute stability for Yi' ••• ,y.in particular for Y •• 

In agreement to Theorem 2. 4. 10, the absolute stability for y. implies the absolute 

stability for aU the variables Yl' "', y., in particular for Yi' "', Ya. 

In a similar manner, we formulate 

Tbeorem 2.4. 13. The zero solution of (2.4. 10 is absolutely stable if anii 
anly if 

O the condition 1) of Theorem 2. 4. 11 is Salisfied, 

2) the zero solution of (2.4.11) is absolutely stable for ~i'·"'~.' 

In the following, we will provide some simple and practical sufficient condi

tions derived from Theorems 2.4.8-2.4.13. 

First we introduce some notations as follows: 

bll bljo 

liio1 bioio 

hoo) =col(hl , ••• ,hi), 

Yoo) =col(YI ,'" 'Yio)' 

G B = « - O"i I b'i I }.x., 

AOo) = [~;' ~;" 1 ' 
aiol aioio 

~ 
bOo) =col(O,···,O), 

G~ = « - O"i la'i I }.x., 

~ (Jo) = col (~lt'" , ~Jo) , 

b1'io+1 blo 

Be.-io) = 

bio•io+! bio· 

h,a- i o) =col(hio+l'· .. ,h.), 

y'a- io) = col (YJo+l , ••• ,y.), 

GB = « - O"i Ib .. ·I>. x' , (JoI " 'o 'o 

al.io+l ala 

ajO'}O+l aio• 

~ 
b'a- Jo) =col(O,···,O,b.), 

G~ = ( (- O"i I Îi;, 1> i Xi' 
(~) o o 

~,·-'o) =col(~io+!"" .~.). 
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where 1 < io ~ n. 

Theorem 2. 4. 14. 11 Buo> is slable, and the zero solution 01 (2. 4. 10) is 

absolutely stable lor Yio+l' ... ,y •• then the zero solution 01 (2.4.10) is absolutely 

slable. 11 A(jo> is slable. and the zero solution 01 (2.4. 11) is absolutely stable lor 

eio+lt ... • e •• then the zero solution 01 (2.4.11> is absolutely stable as well. 

Prool. According to the formula of variation of constant the first io compo

nents YCio> (t) = YCJo> (t .t"yo) of the solution of (2. 4. 10) can be expressed as 

YCio>(t) =exp Bcio>(t - t~) • YCio> (to) 

+ r exp Buo>(t - r) • BC'-io>yc'-io>(r)dr J,o 

+ r exp BCi >(t - r) • hC'-io>/(y.(r»dr. J 'o o 

And the first iocomponents eCio>(t) = euo> (t.t"eo) of the solution of (2.4.11> can 

be expressed as 

euo>(t) =exp Acio>(t - to) • eu.> (to) 

+ I' exp ACJo>(t - r) • AC'-io>eC'-io> (r)dr 

'. 
+ f' exp ACi> (t - r) • "hC'-io> I(e.(r»dr. 

'o o 

Now we can complete the proof in a manner similar to the 'sufficiency' of 

Theorem 2. 2. 3. I 
It can be seen from the above theorems that as sufficient condition. the condi

tion of absolute stability for the partial varia bIe Y. has been enforced to be the abso

lute stability for yi.· .. ,Y., while the other algebraic condition of stability can be 

reduced to the stability of BCJo>' 

Theorem 2.4. 15. Assume tllat there exist ri>O (i= 1 ••••• ,,) sueh tllat . 
- rlJjJ > ~ri/bii/' 

;-1 
~i 

i = 1 ... ·." - 1, 

and sueh that 
.-1 .-1 

- r.b. ~~ri/b .... /. - r.h. > ~rdh; / 
;-1 ;-1 

ar 
.-1 .-1 

- r.b. > ~ri/b .... /, - r.h. ~ ~rdh;/. 
;-1 1-1 

Then the zero solution 01 (2.4. 10) is absolutely slable • 
• 

Prool. Choosing V (y) = ~ rd YI/ • we have 
;-1 
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+ [r.b .. + ~rdbiolJ ly.1 .-1 
+ [r.h. + ~rdhilJ I/(y.) I 

<O when y =1: O. 

Clearly. V (y) is radially unbounded positive definite. As a consequence. the zero 

solution of (2.4.10) is absolutely stable. • 

thol 

Theorem 2. 4. 16. .&sume thot the lollowing conJitions are solisfred: 

1) the matri:r Boo) is slable, 

2) there exist constants ri~O (i=I.···.jo). rJ>O (j=jo+l.···.n) such 

• 
- rjbjj ~ ~ri Ibij 1. 

i-l 
i~J 

• 
- rjbjj > ~ri Ibij 1. 

1-1 
i~J 

j = 1 ••••• jo. 

j = jo + 1. ···.n - 1. 

and such th.at 
.-1 .-1 

- r.b .. ~~rilbiol. - r.h. > ~ri Ihd 
;-1 ;-1 

ar 
.-1 .-1 

- r.b .. > ~ri Ibio 1. - r.h. ~ ~rilhil. 
;-1 1-1 

Then the zero solutWn 01 (2.4. 10) is absolutely slable. . 
Prool. 1) We construct the Liapunov function V (y) = ~ rll Yi 1. Clearly. 

;-1 . . 
V(y) ~ ~ rdyd -+ 00 as ~ Iyd -+ 00. 

i-J.+l ;-J.+l 

D+ VIU .•. l0) ~~[rjbii + ~rdb;JIJ IYJI 
I~J 

+ [r.h. + ~rdhdJ I/(y.) I .-1 
~ t [rpJJ + ~r;lbIJIJ lyJI 

J-V1 :;; 

+ [r.h. + ~rdhdJ I/(y.) I .-1 . 
<O for ~ ~+1 =1: O. J-Jo+l 
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Thus, the zero solution of (2.4.10) is absolutely stable for YJo+l9 ••• ,Y •• 

2) The first io components of the solution of (2.4. 10) can be expressed as 

Y(ioJ(t) =exp B(joJ(t - to) • Y(joJ(to) 

+ J' exp B(J J(t - r) • B(·-ioJy(·-ioJ(r)dr 
'o o 

In the remainder of the proof, imitating the proof of the sufficiency part of 

Theorem 2. 2. 3, we can verify the absolute stability of the zero solution of 

(2.4.10) for YI,""YJo' • 

Theorem 2.4.17. Suppose the folluwing conditions are salisfied: 

1) the matrix B is stable, 

2) there exists a constant E>O such that 

[ - E.x. Ph + B./2 + Ee.) 

( Ph + B./2 + Ee.) T h. 

~ 
is negative semi-definite, where B.=col(b.19 • .. ,b .. ),e.=col(O ... ·.O.1), P is the 

solution of the Liapunuu matrix equation 

PB + BTP =- E. 

Then the zero solution of (2.4.10) is absolutely stable. 

Proof. Choosing the Liapunov function 

V(y) = yTPy + J:·f(Y.)dY •• 

we get 

dVI 
de (2.'.IOJ 

[ - E Ph + B./2 + Ee.] ( Y ) 
= (yT .!(Y.» (Ph + B./2 + Ee.) T h. f(y.) 

T [o.x. Ee.) ( Y ) 
- (y .!(Y.» (Ee.)T h. f(y.) 

~- 2Ey.!(y.) < O for Y. =1= O. 

Therefore, the zero solution of (2. 4. 10) is absolutely stable for Y.. According to 

Theorem 2.4.14. the conclusion follows. • 

Theorem 2.4.18. Assume that 

1) the matrix A is stable, 

2) there exist constants ri~O (i= 1. "', n-1). r.>O such that 
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. 
-riiJJ~2;rdăijl, j= 1, "', n. 

;-1 
i"Aj 

Then the zero solution of the system (2.4. 10 is absolutely stohle • . 
Proof. Using the Liapunov function V = ~r;!e;!, we get 

;-1 

D+ VI(2.'.11l~ ±[rjăjJ + ±r;!ă;jIJ lejl + r.h.lf(e.) I 
j-l i-l i"Aj 

~- r.h.lf(e.) I 
< O for e. # O. 

Hence the zero solution of (2.4.11) is absolutely stable. • 

Tbeorem 1. 4. 19. Assume that 

1) the matrix A+O.x<.-llM is stohle, (1=0 ar 1; 

2) there exist ri~O (i= 1, ''', n-O, r.>O such that 

~ (diag(rl ,'" ,r.)A + ATdiag(rl ,'" ,r.»e is negative semi-definite. 

Then the zero solution of the system (2.4. 10 is absolutely stable. 

Proof. We construct the Liapunov function which is radially unbounded 

positive definite for e.: 

and we obtain 

~~ I ~~ (ATdiag(rl'''' ,r.) + diag(rl'''' ,r.)A)e + 2r.h.e.f(e.) 
(z. '.11) 

<O for e. # o. 
Hence the zero solution of (2.4.11) is absolutely stable. • 

CorollBry 1.4.10. Assume that A is Volterra-Liapunuv stable, i. e. , there 

exists R=diag(rl' ... ,r.»O such that 

AT R + RA is negative definite. 

Then the zero solution of (2. 4. 11) is absolutely stable. 

CorollBry 1.4.11. 1f A+AT is negative definite, then the zero solution of 

(2.4.10 is absolutely stable. 

Now we rewrite the coefficient matrix B in the expression (2.4.11) in the 

form, 

where 

Ali = (aij)<.-J)x <.-J), 

AZI = (a.-J9 ••• ,a."-I)' 
Au = col (al"'" .a.-l .• ). 
An = a... 
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Theorem 2. 4. 22. A.mmae thal 

1) for any given (n - 1) x (n - 1) symmetric posilive definite matrix Q 

(in particular for E), the Liapunou matrix equation 

PAu + Ai1P =- Q 

has the symmetric positive definite matrix solution p, 

2) p..,= __ l >0, 
a.. 

3) (AZlP+p_Air)Q-l(AlIP_+PArl»-l or 

Q - (AlIP .. + PArl)(AIlP + p_Air) is positive definite. 

Then the zero solution of (2.4.11) is ahsolutely stable. 

Proof. We choose the Liapunov function of positive definite quadratic form 

V = e- [P O<o-nxl] e. 
Olx<o-n P .. 

Since the condition 3) ensures that 

detl Q 
(AIlP + p .. Air 

we have 

- 2 ~o e.f(eo) 
a.. 

<O for e =1= o. 
Thus, the zero solution of (2.4. Il) is absolutely stable. • 

Further, we can formulate the following theorem. 

Theorem 2. 4. 23. Suppose thal 

l) the matrix A+Oox<o-])~ is stable, (J=O or 1, 

2) P in condition l) of Theorem 2. 4. 22 is posilive semi-definite, 

3) p .. = __ l >0, 
a.. 

4) (ArlP+P_Air)Q-l(AlIP_+PArl)~-l or 

Q - (AuP_ + PAri) (AIlP + P_Air) is negative semi-de/inite. 

Then the zero solution of (2.4.11) is ahsolutely Slable. 

Example 2. 4. 24. We study the absolute stability of the 3-dimensional 

system 
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d~ 1 / Te =- 3xI + 2"x. + x. - (x.). 

dx. / Te = 2x1 - 2xI - x. + (XI). (2.4.12) 

d~ 4 / Te = 2X l + 5 x1 - 3x, - 4 (x.). 

Choosing V(x) = 21x1 1 + Ix.1 + Ix.l. we get 

D+V(x)IC2.,.U)~-2Ixll- ~ Ix.I-I/(x,)1 <O for x =F o. 

Thus. the zero solution of the system (2.4.12) is absolutely stable. 

Example 2. 4. 25. Let us discuss the absolute stability of the 4-dimensional 

system 

dXl / de = - 2X l - x. + x. + x, + (x,). 

dx. 6/ Te = Xl - 2x. + x. + x, + 5 (x,). 

dx, 1 3 de = 2"x1 - 2"x. + x, - /(x,). 

dx, 1 1 6 Te = 4"x1 + 5 x• - x, - "'5/(x,). 

Choosing rl = 1. r. = 1. r. = 2. r, = 4, we find 
, 

rlall + 2; rd a,l 1 =- 2 + 1 + 1 = O. 
;-1 

, 
rzau + 2;rda,-z1 =- 2 + 1 + 1 = O. 

;-1 ;". 
, 4 1 

r3a3J+~rda, .. 1 =-3+1+1+-5 =--5 <O, 
.-1 
1'" 

I 

r ,a" + 2; rd tl;, 1 = - 4 + 1 + 1 + 2 = O. 
;-1 

• 24 6 3 r,b, + ~r; Ib; 1 = - 5 + 1 + 5 + 2 = - 5 < o . 
. 

We construct the Liapunov function V(x) = 2;rdxd. It follows that 
1-1 

D+ Vlu.,.lI> ~- ~ Ix,1 - ~ I/(x,) 1. 

(2.4.13) 

Therefore. we conclude that the zero solution of the system is absolutely stable for 
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( -2 
Furthermore. since Am = 1 - 1) 

-2 
is obviously sta bIe • the zero solution 

of (2. 4. 13) is absolutely sta bIe. 

2. S. Indirect Control System 

Consider the Lurie indirect control system 

dy ~ 
dt = Dy + s ... 

d~ 
dt = /(11). 

(2. 5. 1) 

11 = cTy -~. 

where D = (dij).x. E R·x •• sER'. y E R·. ~ E R. pER. 
/(11) E F = {fI /(0) = o. 11/(11) > o. 11 =1= o. / E C[( - 00. + oo).R]}. 

It can be easily proved that the necessary condition for absolute stability of the 

zero solution of (2. 5. 1) is p ~ O and (~ S) stable. 
c -p 

If p =1= O. we can use the n-dimensional full-rank linear transformation 

i = 1.··· .n. 

Then (2.5.2) is transformed into the system with separa bIe variables 

where 

dt ' = :'Sa;jxj' i = 1 ... • .n. 
)-1 { 

dx. .+1 

d .+1 
X.+l _ "0 - /( dt -j-='ta.+l.jXj p X.+l). 

i,j=l ... ·,n. 
s; 

a; ..... 1 =- p' i=l,···,n, 

• • ( S; ) 
a .... l .• +l = ~C.di .• +l = ~c; - -p • 

• -1 '-1 

j = 1 ... • .n. 

(2.5.2) 

(2.5.3) 

Since the necessary condition for absolute stability of the zero solution of (2. 5. 1) 

is ( ~ S) being stable. we take ( ~ S) nonsingular. 
c -p c -p 

Again. by the nonsingular linear transformat ion I 
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{
%= Dy + se, 

%"+1 = cTy - ~, 

the expression (2.5.3) ia tranaformed into 

{ 
: = B% + hl(%"+l)' 

d%"+l T I( ) ~ = C % - 'P. %"+1 , 

where 
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(2.5.4) 

(2.5.5) 

Obviously, under condition that p =1= O, (~ S) ia nonaingular, the atability of 
c -p 

(2. 5. 1), (2. 5. 3) and (2. 5. 4) ia equivalent. In analogy with Theorems 

2.2.3--2.2.4 we formulatel 

neorem 1. 5. 1. TM zero solution 01 (2. 5. 3) is ahsolutely stahle il and 

only il 

1) tM zero solution 01 (2. 5. 3) is ahsolutely stahle lor X.+l' 

2) the matrix G(g;J)C.+llXC.+ll is stahle, where 

i=j=n+l, 

otherwise. 

neorem 1. 5. 1. TM zero solution 01 (2. 5. 3) is ahsolutely stahle il and 

only il 
1) the zero soiUtion 01 (2. 5. 3) is ahsolutely stahle lor tM partUd variohles 

Xj' ••• ,X.+l (i<j~n+ 1), 

2) the condition 2) 01 Thftlrem 2. 5. 1 holJs. 

Tbeorem 1. 5. 3. The zero solution 01 (2. 5. 5) is ahsolutely stahle il and 

only il 

1) the zero solution 01 (2.5.5) is ahsolutely stahle lor z,,+H 

2) (~ h) is stahle. 
c -ŢJ 

Tbeorem 1. 5. 4. TM zero solution 01 (2. 5. 5) is ahsolutely stahle il and 

onlyd 
1) the zero solution 01 (2. 5. 5) is ahsolutely stahle lor the partUd variohles 

%j'···'%.+l O<j~n+1), 
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h) is stable. 
-ŢJ 
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The proofs of Theorems 2.5. 1-2. 5. 4 can be completed similarly to that of 

Theorem 2. 2. 3, and is omited. 

In the following, we derive a series of practical sufficient conditions from the 

above theorems. Henceforth, we always assume p > O (ŢJ> O). 

Deorem 2.5.5. 1/ tlil<O, i= 1, ••• ,n+ 1, anJ 

G. ~ - « - 0'11 I tii} !>c.+])xc.+]) is an M-matri.x, 

the zero solUlion o/ (2.5. 3) is ahsolutely stable. 

Proo/. Since G. is an M-matrix, and a. < O (i = 1,··· ,n + 1), there exist 

n + 1 positive constanta r; > O (i = 1, ••• ,n + O such that 
.+1 

- rJllJJ > ~rdtli}l, j = 1,···,n + 1. 
1-1 
I,.,} 

We construct the radially unbounded positive definite Liapunov function 
.+1 

V(.x) = ~rd.xd. 
i-l 

Then we get 

<O for.x =#= o. 
Consequently the zero solution of (2.5.3) is absolutely stable. • 

Deorem 2. 5. it. SrlPpose thal 

1) tlle matri.x A or tlle matri.x A + is stohle, [O.x. 0.X1] 

01X. - P 
2) there e.xist constants r;~O (i= 1, ••• ,n), r.+1>0 SflCh thal 

.+1 
- rJll}} ~ ~rda;}I, j = 1,···,n + 1. 

1-1 
,...J 

Then the zero solrlttm o/ (2.5.3) is ahsolrltely stable. 

Proo/. We construct the radially unbounded positive definite Liapunov 

function .·1 
V(.x) = ~rd.xd. 

;-1 

for .x.+1 =#= o. 
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Thus the zero solution of (2.5.3) is absolutely stable for X.+I' 
According to Theorem 2. 5. I the assertion holds. • 

Theorem 2.5.7. 11 bt.<0, i= 1, ••• ,n, P>O anJ 

Ibul -Iblll -lbl.1 -Ihd 
-lb21 1 Ibul -lb,.1 -Ihzl 

n~ is an M-matrix, 

-Ib.d -Iball Ib .. 1 -lh.1 
-Icll -iezi -1e.1 P 

then the ura solution 01 (2. 5. 5) is absolutely stable. 

Proof. Since n is an M-matrix, there exist constanta rl > O Ci = 1, ••• , 

n + 1) such that 

· r/lbJJ 1 > ~rdbl/l + r.+llc/l , 
/-1 
tFl 

• 
r.+IP > ~rdhd. 

i-l 

j= I,···,n, 

We construct the Liapunov function 
.+1 

V(%) = ~r;I%;I. 
;-1 

As in Theorem 2. 5. 5, we obtain 

D+ V(%) 1 ez.s.ll ~±[rlbJJ + ±rdbl/l] 1%/1 
/-1 /-1 

tFl 

+ [ - ~.+I + ~rl 1 It; 1] 1/(%"+1) 1 

<O for % =F O. 

Thus the zero solution of (2.5.5) is absolutely stable. • 

Theorem 2. 5. 8. 1) Let tlle matrix ( ~ h) be stable. 
c -P 

2) Suppose that there exist constants rl~O (;= 1, ••• ,n), r.+l>O such that 

· - r1bJj ~~rdb;/1 + r.+lle,l, j=I,···,n, 1-1 tF, 

· r.+IP > ~rdhd. 
i-l 

Then the ura solution of (2.5.5) is absolutely stable. 

Proof. We construct the radially unbounded positive definite Liapunov 

function 
.+1 

V(z) = ~rd%d, 
;-1 
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D+ V(z) 1 <1.5.5) ~it[rPii + ~rllb;i 1 + r'+llci 1 J IZi 1 

i.foi 

+ [ - ŢJr.+1 + ~rilhd ] If(%.+I) 1 

~[- ŢJr'+1 + ±rilhilJ If(z.+I) 1 .-1 
<o for %.+1 =F O. 

Accordingly. D+ V (Z) 1 C2.5. 5) is negative definite for %.+Jt and it follows from condi

tion 1) that the conditions of Theorem 2. 5. 3 are satisfied. Hence the conclusion 

of this theorem holds. • 

thot 

In the following. we take 

au au. 

ACi.) = 

ai.1 ai.i. 

bu b';,] 
Boo) = 

bi~i. • biol 

XCi.) =col(xl.· .. ,Xio)' 

%Cio) =col(zl ... • .Zio)' 

Theorem 2. 5. 9. Suppose thal 

1) the matrix Auo) is stable, 

al.i.+1 al"+1 
AC.+I-io) = 

ai.,i.+1 Qjo··+l 

bl 'io+1 b .. hl 

BC.+I-i.) = 

bi.,i.+1 bi •• hio 

C.+I-i) - l( ) X o -co xio+l ' ••• ,X.+I , 

C.+I-J) - l( f(» % o -co Zio+l' ••• ,Z., Z.+I . 

2) there exist constants ri;:::'O (;=1, •••• jo), ri>O (j= jo+ 1, ••• • n+ 1) such 

.+1 
- r,-tljj ;:::. 2;ri laii 1, 

;-1 
l.foi 
.+1 

- rpJJ > 2;rdtl;i 1, 
;-1 
i.foi 

j = 1, ••• ,jo, 

j = jo + 1, "',n + 1. 

Then the zero solution of (2.5.3) is ahsolutely stable. 

Proof. We construct the radially unbounded positive definite Liapunov 

function with re."pect to the partial variables xio+l ' ••• ,X.+1: 

.+1 
V(X) = ~rdxil, 

i~1 

then 
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.+1 [ .+1 ] 
~J-~+1 rJllJJ + ~rl ItljJ I IXJ I 

i",.j 

.+1 
<O for ~.xj =1= O. 

J-Jo+l 
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Thus the zero solution of (2. 5. 3) is absolutely sta bie for the partial variables 

The first jo components of the solution of (2.5.3) can be expressed as 

XCJo>(t.t"xo) =exp AcJo>(t - t~) • XCJo> (to) 

+ f' exp ACi >(t - r) • X C.+1- Jo> (r)dr 
'o o 

- r p exp AC) >(t - r) ·/(x.+l(r))dr. J,o o 

Following the proof of the sufficiency in Theorem 2. 2. 3. we can complete the rest 

of the proof. • 

thot 

Similarly. 

Theorem 2. 5. 10. Su.ppose thot 

1) tlle matrix Buo> is stable, 
2) there exist constanls ri~O (i= 1 ••••• jo). rJ>O (j= jo+ 1 •••• ,n+ 1) su.ch 

• 
- rJblJ ~ ~rdbiJ I + r'+IIcJ I , 

;-1 
I"I.J 

· - rJbJJ > ~rdbiJ I + r.+llcJ 1, 
1-1 
i"l.J 

· ro"'l" > ~rilhd. 
;-1 

j = 1, ••. • j" 

j=jo+l.···.n. 

Thm tlle ura solu.tion 01 (2. 5. 5) is absolu.tely stable. 

Theorem 2.5.11. .Asswne thot 

1) A(aiJ)(,"'llXc.+ll or A + {O O} is stable, 
O -p 

2) there exist a symmetric positive semi-defmite matrix 01 tlle lorm 
Pll Pl. O 

p= 
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such that ATp+PA is negative semi-defmite. 

Then the zero solUlion o/ (2.5.3) is ohsolutely stohle. 

Proo/. Obviously, the condition 1) is the same as the condition 2) in 

Theorem 2. 5. 1. 

We construct the radially unbounded positive definite Liapunov function with 

respect to X.+1 I 

,..J..-.. 
We fix 1 = col(O, 000,0, - p), then 

dVI -d =xT(ATP + PA)x + (trPx + xTPl)/(X.+1) 
t U.5.1> 

=xT(ATP + PA)x - 2PP.+1 .• +1X.+d(x.+1) 

~- 2PP.+1 .• +1X.+1/(X.+1) 

<O for X.+1 =1= o. 
Thus, the condition 1) of Theorem 2. 5. 1 is satisfied and the conclusion of this 

theorem is true. I 
Theorem 2. 5. 12. Assume that 

1) the conJition 1) o/ Theorem 2.5.11 holdsf 

2) there exist a constant e> O and an (n + 1 ) X (n + 1 ) symmetric, positive 

semi-defmite matrix P such that 

[ 
ATP+PA 

(Pl + A.+d2 + ee.) T 

;s negative semi-de/inite, where 

A.+1 =COI(a.+1.1,ooo,a.+1 •• +1)' 

~ 
e. =col(O, 000,0,1), 

3) S:'"' /(X .... 1 )dX .... 1 = + 00. 

Pl + A.+1/2 + ee.] 
-P 

,..J..-.. 
1 = col(O,·oo,O, - p), 

Thm the zero soiUlion o/ (2.5.3) is ohsolUlely stable. 

Proo/. We construct the Liapunov function 

V(x) = xTPx + S:.+I/(x.+1 )dx.+1• 

Obviously, there exists 

S~·+l V(x) ~ o /(x.+1)dx.+1 > O 

and V(x) -+ 00 as X.+1 -+ 00. Moreover, we have 
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~~ I . = :PPX + XTPX + [~+IX - pf(xo+I)]f(xo+1) 
C%. 5. 3l 

= xT(ATP + PA)x + [fTpx + xTPl + ~+lx]f(Xo+l) - PP(Xo+l) 

[ ATP+PA Pl + A.+I/2 + Eeo]( X ) 
= (XT ,f(xo+I» T 

(Pl + A.+I/2 + Eeo) - P f(xo+l) 

_ (xT ,f(xo+l» [OCO+JlXCO+Jl Eeo) ( X ) 
(Eeo)T O f(xo+1) 

~- 2EXo+d(Xo+l) < O as Xo+1 =1= O. 

Thus, the zero solution of (2.5.3) is absolutely stable. • 

Remark. Suppose that the condition that the matrix P is positive semi-

definite is replaced by the condition that the matrix P is positive definite or that 

there exists a constant E > O satisfying 

xT Px ~ u-!+I' 

Then the condition 3) of Theorem 2.5. 12 can be dropped. 

Theorem 2.5.13. 1) Let tlle conJition 1) of Theorem 2.5.12 be salisfied. 

2) Suppose that there exists an nXn symmetric positive semi-definite matrix P 

such that BTp+PBg -Q is negative semi-definite, and that there emts a constant 

E>O such that 

I Q - (Ph + c/2) I 
~ ~O 

- (Ph + C/2)T P - , 
and 

rOD f(%o+l)d%o+1 =+ 00. 

Then the zero solution of (2.5.5) is absolutely stable. 

Proof. We construct the Liapunov function 

V(%) = %Tp% + f:"+lf(%o+l)d%o+1 

with % = col (%1 , ••• '%0)' Obviously, V (%) is radially unbounded positive definite for 

%0+1' and 

dVI de =%T(BTP + PB)% + (hTP% + ~TPh + cT%)f(%o+l) - PP(%o+l) 
C2. 5. 5) 

=- ZTQ% + 2f(zo+I)(Ph + C/2)T% - PP(Z.+I) 

T (- Q Ph + C/2) ( % ) = (% ,f(zo+I» / T f( ) - ,P(Z.+I) 
(Ph + c 2) - P + , Z.+I 

for Zo+1 =1= O. 
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In this case. the zero solution of (2.5.5) is absolutely stable for ~+1' Hence aU the 

conditions of Theorem 2. 5. 3 are satisfied, thus the concluaion of this theorem ia 

valid. • 

Theorem 2. 5. 14. S.ppose tlle /ollowing conditians are satisÎred I 

1) A(Jo' is stable, 

2) there exist an nX n motri.x P arul a constant E>O (E«1) such tbat 
.+1 

XTpX~ E ~ .r: 
/-/.+1 

Ph + A.+tl2] ( x ) 
- p /(X.+l) . 

- E ~ ~ - E!'(X.+1) , or 
1-/.+1 

.+1 

~ - E ~~, or 
l-j.+1 

- E[ ± zf + x.+d(X.+1)] , 
1-1.+1 

where A.+1 =COl(a.+l.l' ••• ,a.+1 •• +1)' 

Then the zero solrdion o/ (2. 5. 3) is absolutely stable. 

Proo/. We construct the Liapunov function 

V = xTPx + J:O+l/(x.+ 1)dx.+1. 

The condition 2) asserts that V(x) is radially unbounded and positive definite with 

respect to the partial variablesx/ +1.··· ,X.+1' and that ddVt I is negative definite 
o (1.5.3' 

with respect to xl.+l' ••• ,X.+l' 

In addition. the firat io components of the solution of (2. 5. 3) can be 

expressed as 

xoo,(t) =exp Aoo)(t - to) • x(/o) (to) + J. exp Aoo)(t - r) • X(·+1-I.) (r)dr 
• 

+ J. exp A(/o) (t - r) o /(X.+1 (r»dr. 

'. 
The rest of the proof can be completed 88 in Theorem 2. 2. 3. • 

Similarly we formulate 

Theorem 2. 5. 15. 1) Let B(J.) be stable. 

2) S.ppo.ve thot there exist an nXn symmetric motri.x P arul a constant E>O 

sueh that 
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• 
%TB%~t ~ zf 

I-j.+l 

T [ BTP + PB Ph + C/2] ( % ) 

(% ./(z,,+I» (Ph + C/2)T - 'P I(z,,+l) 

. 
~-, ~ zf - ,f!(z,,+lh 

I-j.+l 

3) f:"" 1(z,,+l)dz,,+1 =+ 00. 

Then the zero solution 01 (2.5.5) is ahsolutely stIJble. 

In the following. we wiU consider a different method. 

Without 1088 of generality. we can assume that (2.5.5) is transformed into 

the following form I 
d%j • 
-d = ~b/j%j' i = 1.···,io - 1, 

t j-l 

d%/ • 

dt = ~blj%j + hJ(z,,+l). i = i .... • ,n. 
j-l 

(2.5.6) 

dz,,+l ~ ,1' 
-dt = ~Cj%j - 'PJ (z,,+I)' 

j-l 

By the nonsingular linear transformation 

~ 
i = diag( 1 ..... 1, _-1._1_ ..... 1... - 1..) %. 

hl. h/.+1 la. 'P 
(2.5.7) 

the system (2.5.6) can be transformed into 

• d~ • _ 
dt =~1;lj%j' i=I ... ·.io-l. 

j-l 

di· • 
dt" = ~1;loiij - ](%.+1)' (2.5.8) 

j-l 

where 

1;lj =blj • 1 ~ i.j~ io - 1, 

1; •• = - b.ohl•• 1 ~ i ~ io - 1, 
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T _b;jhj 
Oij - h; • 

T ~ 
O;j = '" • 

11 CI."' . • +1.1. =Ţ; 

io + 1 ~ i ~ n. io + 1 ~ j ~ n; 

io + 1 ~ i ~ n. 1 ~ j ~ io - 1; 

io + 1 ~ i~ n; 

11.+1•j =-~. io + 1 ~j~n; 
](%.+1) = I( - j)%.+I) = 1(%"+1)' 

We use the n-dimensional full-rank linear transformation 

~~ 
%. = l.x.% + 001(0 ••••• 0.%; •••••• %;.). 

where 

% =001(%1 ••••• %; -1'%; +1' •••• %.+1)' • • 
The system (2.5.8) is reduced to the following system 

i = 1. ···.n + 1. i op ioo 

where 

b;i =l1;j, 1 ~ i ~ io - 1. 1 ~ j ~ n. j op io; 

bij =11;01 + l1;j' io + 1 ~ i~ n + 1. 1 ~ j~n. jop io; 

. 
bt =~; b; + ~/i - ~ (~; j + ~;j)' io + 1 ~ i ~ n + 1. 

o o • J-i.+l o 

(2.5.9) 

(2.5.10) 

We always assume that the initial values of (2.5.6) • (2. 5. 8) and (2.5. 10) 

satisfy (2.5.7) and (2.5.9). 

Theorem Z.5. 16. The %et'O solution 01 (2. 5. 6) is obsolutely stahle il and 

only il 
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1) the zero sdutWn of (2. 5. 6) is partialiy ahsoluteiy stahle for %;.1 

2) the solution z' (t, to, Z;) of (2. 5. 10) corresponding to an arbitrary 

solution of (2.5.6) is such that: for any E>O,there exists 8(E»0 such that 

II z' (t,to,Z;) II < E for ali t ~ to 

if II z' (to) II 2 + II ZI'<tO) II 2<8, and 

Iim II z· (t,to,Z;) II = ° for any Zo E R·. 
t-+OQ 

Proof. Necessity. 10 The absolute stability of the zero solution of 

(2. 5. 6) implies partial absolute stability of the zero solution for Zlo' 

20 The expressions (2.5.7) and (2.5.9) lead to 

~ 
z' =diag( 1""'1,_1_, ... ,l,_1_) Z 

hl.+1 h. h'+ 1 

-+1-;0 
10-1 ~ 

(~ ZI. Zlo ) 
- col 0'''',0,-,;'''''-'; , 

'o '0 

where h.+! = - p, z = col(ZI,'" ,Zi -1 '%1 +1 ,Z.+I)' Let • • 
M - [1 2 2(n + 1 - io) + 1J - max, . h2 ' hl • mm I I 

10+1<1<.+1 • 

For any E > 0, EI = EIM. Then there exists 81 (E) such that 

if 

we derive 

_+1 
~Z:(t,to'Zo) < EI for aII t ~ to 
;-1 

.+1 
~Z:(to) < 81 (E). 
;.=) 

[ZI (to») 2 [ZI (to») 2 + 2(n + 1 - iO)"7;- + "7;-
'o '0 

.+1 
~M~Z: (to) < 81 (E)M = 8(E), 

;=1 

_+1 
~z;" I (t ,to ,z· (to» 
;-1 
;~;o 

(2.5. 11) 
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;.-1 

= ~%:<t,tOf%(tO» 1-1 

<Mei =e. 

Obviously, we have 
.+1 

Iim ~%;"2(t,tOf%" (to» 
'-+00;_1 

ifl;.i. 

'.-1 
= Iim ~~(t,tOf%(tO» 

"'+-1-1 

+ Iim ·f (~.%i(t,to,%(to» - 1 %1.(t,tO,%(tO») 2 

I-+oo/_i,+1 • " 

= O for any %(to) E R·. 

The necessity of the statement is completed. 

Su//iâency. By virtue of (2.5.11) ,we write 

~ 
% =diag(l, "',1 ,h'.+I' ••• ,h.+1 )%" 

; -) 

[~ h· +1%' h +1 ... · ] 'o 'o .-., + colO,··· ,0,--,"',-- . 
hi• hi• 

We set 

.+1 ( h.) 2 
M2 = 2 ~ h.' + 1. 

;=;.+1 " 

Since 

1.-1 .... 1 [ [h'%' ]2J ~~ %;"2(t) + ~ 2 M%;"2(t) + ~ .. " +r;.(t) 
;-1 l-i,+1 ni 

and for any e> O there exist 81 (e) > O, 82 (e) > O such that 
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.+1 
L;%/Z(to) < d\(E), 
;-1 
;:#:-io 

for ali t ~ to 

it follows 

if 

.+1 .+1 
L;zf(t> ~MIL;%/Z(t> + Mzr. (t) 
;-1 ;-1 o 

iJf.io 

E E <- + - = E 2 2 
for ali t ~ to 

t:.. 
<~d\(E) + Mzaz(E) =a(E). 

Coosequeotly, the zero solutioo of (2.5.6) is stable. 

Obviously, for aoy %(to) E R·+ 1 we have 
.+1 .+1 

O ~ Iim L;r.(t) ~ Iim Ml~%"Z(t) + M z Iim r. (t) = o. 
I-+OOi_l 1_+00 ;-1 1_+00 o 

The theorem follows. • 

The followiog corollary is useful for applicatioo. 

Corollary 2. S. 17. }) Let condition }) of Theorem 2.5.16 be tnu!. 

2) Let the matrix B(b;j ).x. be stable, where b;j is defined in (2. 5. 10). 

Then the zero solution of (2. 5. 6) is ahsolutely stable. 

Proof. The solutioo of (2.5. 10) cao be writteo as 

On the basis of the cooditioo 2), let 

II eB ' (1-10 ) II ~ Me-I('-'o), 

75 

where M, {J are coostaots with M > 1 aod (J> o. Cooditioo 1) shows that for aoy 

E> o, there exists a(E) > O such that 

Elh; I 
II %;o(t,to,%(to» II < 2{JM lI°b· 

jf II %(to) II < a(E). 

for ali t ~ to 

Now, provided that II %. (to) II < 2~' there exists 
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II "(t t " (t » II :::;:::::Mie-,<t-,o) II %" (to) II % • 0.% o ""=: 

+ M S' e-'(I-r) II b" II" 1 "II %; (r) II dr 
'o Ihiol· 

We can further verify that 

Iim %" (t.to,Z;) = O for any Z; E R·. 
1_+00 

Thus, the condition of Theorem 2.5.16 are satisfied. which concludes the proof 

of this theorem. • 

Corollary 2.5. 18. 1) Suppose that there exist constants ri~O (i= 1 •...• 

n+ 1. i=l=io). rio>O such that . 
- r,bJl ~ ~ri Ibi, I + r.+ 1 1e,1. j = 1. ···.n + 1. j =1= io• 

;-1 

I~' . 
r.+1P ~ ~r.lh.l • 

• -1 

2) Let the condition 2) 0/ Corollary 2.5.6 be satis/ied. 

Then the zero solution 0/ (2.5.6) is ahsolutely stable. 

Proo/. Since the condition 1) implies partial absolute stability for %io ' the 

conditions of Corollary 2. 5. 17 hold. Thus the conclusion of this coroIlary is 

valid. • 

2.6. Notes 

For the concept of absolute stability see Lurie [1]. Aizerman and Gantmach

er [1]. The expression of Lurie problem see Lefschitz [1. p. 19] and Burton [1]. 

Theorem 2. 1. 1 describes the well-known Lurie method. see Xie Huimin [2], or 

Aizerman and Gantmacher [1]. Theorems 2. 2. 3-2. 2. 7, 2. 3. 3, and Corollary 

2. 3.4 are taken from Liao Xiaoxin [15]. Theorem 2.4.1 belongs to Lurie. see 

Xie Huimin [2] or Lefschitz [1]. Theorem 2. 4. 2 is due to Zhu Siming [1]. 

Theorem 2.4.6 is due to Peng Lequn [1]. Theorems 2.4.8-2.4.19 are taken 

from Liao Xiaoxin [6].[7].[9].[16]. respectively. For aII the results of Section 

2. 5 see Liao Xiaoxin [8J. 



CHAPTER 3 

SPECIAL CONTROL SYSTEMS 

In this chapter, we will give some necessary and sufficient algebraic conditions 

for absolute stabiIity of several c1aS5es of Lurie type control systems. Moreover, 

the algebraic sufficient conditions for absolute stabiIity of other systems are 

obtained. AII conditions are practical and convenient. 

3.1. The Second Order Direct Control Systems 

We consider the second order direct control system 

{ 

dXI f de = aUx ] + a12x 2 + b] (c]x] + C2 X2) , 

dXr f de = aUx ] + ~zXr + bz (c]xI + CZXz) , 

(3.1.1) 

where f(~) E F, ~ = cT X = c]x] + CzXz. Let 

_ [au au) A- , 
au au x = [::) , h= 

Ye Baiying[]] gave the necessary and sufficient conditions for absolute stability of 

the zero solution of the second order direct control system. 

Theorem 3. 1. 1. If the matrix A ;s stable, then the Tlecessary and sufficient 

conditions far absolute stabiHty of the zero solut;on of (3. 1. 1) are 

cTb ~ O, cTA-1b ~ O. 

To prove the above theorem, a theorem due to Krasovskii must be used and 

the following lemma is needed. 

Lemma 3. 1.2. For the second order 71o"linear system 

{~~ = fi (x) + by, 
fi (O) = fz(O) = o, 

dy f dt = z(X) + dy, 
(3.1.2) 
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with 

1) [bf.(.x)-af,(.x)].x<o for .x*0, 

2) f,(.x) +a<O for .x*0, 
.x 

3) Iim {<f,(.x) + a.x) sgn.x - J"[af,(.x) - bfz(.x)]d.x}=- 00, 
I"I-+~ o 

the zero solutWn of the system (3.1.2) is globolly stahle. 

Now we turn to proof of Theorem 3.1.1. 

Proof. Necessity. It has been proved for more general situation in 

Chapter 2. 

Sufficinlcy. Without 1088 of generality, letc, * 0, and we make the trans

formation 

which reduces the system (3. 1. 1) to 

where 

de = ,(y,) + byz' 
{ 

dy, f 

dYa r a de = J.(YI) + y., 

ti CJ = - -aJl + aII' c, 

f(o) = O. 

Now we prove that the conditions of Theorem 3. 1. 1 imply the conditions of 

Lemma 3. 1. 2. We observe 

[bfz(y,) - tlf,(y,)]y, 

<O if y, * 0, (3.1.3) 
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<o if YI =1= O. 

Obviously. (3.1. 3) yields 

- t[dfl(YI) - bfz(YI)]dYI -- 00 

and (3. 1. 4) yields 

as IYII -+ 00. 

Iim (fi (YI) + dYI) sgn YI = - 00. 
I"II-+~ 

So. the condition 3) of Lemma 3. 1. 2 is satisfied. 

79 

(3.1.4) 

As a result, the zero solution of the system (3.1.1) is absolutely stable . 

The conclusion can be proved in the case of Cz =1= O as well. • 

Theorem 3.1.3. If tlle eigmvalues of tlle matrix A= [an au) are pure 
aZI azz 

imaginary numbers. then the!UrO sdution of the system (3.1.1) is ahsolutely stable 

il and only if 

Theorem 3.1.4. If A= [an au] has two real eigenvalues. namely. one 
an azz 

equals zero aM the other negative. then tlle !UrO sdution of tlle system (3.1.1) is 

ahsdutely stable ;f and only ;f 

cTb ~ O. cT (adj A)b > o. 
where adjA is the adjaint matrix of A , i. e. , 

adj A = [ azz - au] . 
- aZi an 

We can prove Theorems 3. 1. 3 and 3. 1.4 similarly to Theorem 3. 1. 1 and 

therefore. we omit proofs. 

Example 3. 1. 5. Let us discuss absolute stability of thţ zero solution of the 

system 

(3.1.5) 

where 

( -2 
A= 

-1 

Since 
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A has two eigenvalues with negative real parts, and thus, the zero solution of 

(3.1. 5) is absolutely sta bIe on the hasis of Theorem 3.3.1. 

3.2. A Class of the Third Order Control Systems 

Consider the third order control system 

{ ~~ = Ar + bf«(1) , 

(1 = cTx, 
(3.2.1) 

wherex ER', A E R'X', bER', cER', f(O) = O, 

0< f«(1)(1 < Jur (Il ~+ 00 ) for aII (1 # O. 

Xie Huimin[IJ has proved that for a e1ass of the third order control systems inel ud-

ing the third order indirect control systems, the conditions of Popov's frequency 

criterion are not only sufficient for absolute stability but necessary as well. Then 

the Lurie problem of that e1ass of control system has been solved completely. 

Theorem 3. 2. 1. In the system (3. 2. 1), let A haw at least OIle eigerrvalue 

with zero real part anJ haw no eigerrvalue x.vith positive real part. If there exist 

two constants p;;:'O anJ q which are not both zero such that 

for rvE(-oo,+oo), 

(3.2.2) 

then (3.2.2) is the necessary aNi sufficient condition for absolute stability of the 

zero solution ta the system (3.2.1) in the Hurwitz angle (O,Il). 

Popov's criterion implies sufficiency, while the proof of necessity is too 

lengthy to be quoted in detail, the reader is referred to Xie Huimin[JJ. 

3.3. Special Direct Control Systems of the "th Order 

Consider a special Lurie direct control system 

{ 
dx 
dt = Ar + bf«(1) , 

(1 = cT x, 
(3.3. 1) 
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where A E R·x., c,b E R·, l(tI) E F. 

Deorem 3. 3. 1. lA the molrix A 01 the system (3. 3. 1) be 01 the lorm 

A= 

- A 1 O 
-A 

O 
. . 

-A 

A>O. 

Then the necessary arul sullkient conJitWfts lor absolute stobility 01 the system 

(3.3.1) are 

cTb ~ O, cT A-1b ~ O. 

Prool. Necessity. It has been proved in Chapter 2. 

Su.IFrcimcy. By virtue of Popov's criterion , if there exists a real number 

q ~ O such that 

Re{ (I + ia.q)W(iGl)} ~ O for ali OI ~ O, (3.3.2) 

where W(z) = - cT (zl- A)-lb, then the zero solution of the system (3.3. I) is 

absolutely stable. 

The condition (3.3.2) may be equivalently rewritten as 

Re{(I+ia.q)cTA;lb}~O for GI~O, 

where A;.. = iOlI - A. In this case. we have 

iOl + A -1 
O iOl + A 

A;.. = . 
O 

. . 
iOl + A 

1 1 
iOl + A (iGl + A)I 

O 1 
A;l -. - iOl + A 

. . 
O 1 

iGl + A 

thus 

cT A;lb = (CI 'C2f'" ,C.)A;1 (bl ,b" .. • ,b.)T 

=~~+ clbl 
J"=i iGl + A (iGl + A)I 

cTb(A - iGl) + clbl(A1 - J) - clbz • 2JA 
AI + J (Az - J)I + 4JAI • 

We conclude 
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Re{ (1 + ioaq)cT A;lb} 

. cTbA c1b,(A' - 01) qo!(cTb) 
= A' + 01 + (A' - 01)' + 401A' + A' + 01 

2qolc1b,A 
+ (A' - 01)' + 401A' 

l!. F(oI) 
= (A' + oI)[(A' - 01)' + 4A'oI]' 

where 

F(oI) =[(A' - 01) + 401A'][(cTb)A + qo!(cTb)] 

+ [A' + 01] [c1b, (A' - 01) + 2qolc1b,A] 

= (cTb) [A' + 201A' + QI'][A + qol] 

The conditiona 

+ c1b.(A' - QI') + 2qA'oIc1b. + 2qQl'ClbaA 

=q(cTb)QlI + [(cTb)A + 2(cTb)A'q - c1b, + 2qc1b,A]QI' 

+ [(cTb)A'q + 2(cTb)A' + 2qA'C1b.]0I 

+ [(cTb)A' + c1b.A']. 

indicate that the coefficienta of the firat term and the constant term of F(oI) are 

not positive. Now we discu88 the coefficienta of QI' and 01 terms. 

1° If c1b, ~ O. then. obviously. for any q ~ O 

(cTb)A'q + 2(cTb)A' + 2qA'c1b. ~ O. 

Choosing q > 21A' it folloW8 that 

(cTb)A. + 2(cTb)AZq - c1b. + 2qclC,A 

= (cTb)A + 2 (cTb)A.Zq + c1b,(2qA. - 1) ~ O. 

Therefore. the coefficients of QI' and 01 terma are not positive. 

2° If c1bz > O. we choose q = O. Then the coefficient of J term ia (cTb)A 

- c1bz ~ O and the coefficient of 01 term ia 2 (cTb)A.· ~. O. 

In any case. we can choose q ~ O such that F(oI) ~ O, therefore. the zero 

solution of the system (3. 3. 1) is absolutely sta bie by Popov's criterion 

(3.3.2). • 

CoroIlary 3.3. 1. 11 there exists a real similarity translormation 

which translorms tM matrU: A 01 tM syslem (3. 3. 1) inlo tM lorm presented in 

Theorem 3. 3. 1. then tM necessary anJ sulfrdent conrJilions lor absolute stabilily 01 

tM zero solution 01 tM system (3.3.1) are cTKO. cT A-lb~O. 
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Proof. It is sufficient to prove that cTb and CT A-Ib are not changed by simi

larity transformation. 

By the nonsingular transformation x = By, B E R"x", the system (3. 3. 1) 

transforms into 

t = B-IABy + B-Ibf(cTBy) gj{y + 1Jf(l:T y), 

where ii = B-I AB, 1J = B-Ib, l: = BTc. Thus, 
l:T1j =cTBB-Ib = cTb, 

CTj{-I1j =cTBB-IA-IBB-Ib = cTA-Ib • 

The corollary follows. • 
Theorem 3. 3. 3. In the system (3.3.1), we assume that 

[AlO] [- MI O] 
A = O Az = O - plz ' 

where).> O, p> O, II E R"'x"" Iz E R"zx"zare unit matrices and nl+nz=n. Then 
the necessary and sufÎzcient conditions for absolute stahility of the zero solution of 

the system (3.3. 1) amount to cTb~O, cT A-Ib~O. 

Proof. The conditions are obviously necessary. 

Now we will prove they are also sufficient. From 

1 

A;.. = [(iid: ),)11 
(iid: P)IJ ' 

iid + /1 
.A;;;I = 

O 
taking 

CI = (~ O) Cz = (~ O) c, c, O .x. Iz .x. 

bi = (~ ~) b, bl = (~ ~)b, 
weobserve 

Then 

O 
_1_1 
iid + p 2 

R {(1 + . ) T ,t-Ib} = cIbI ). + qwcI1JI + cI1Jzp + qwcI1Jz 
e ItUq c ~ W + ).1 W + pZ 

_ F(w) 

- (w + ).Z)(w + pZ)' 
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where 

F(oI) =q(CT1J1 + cI1Jz)CeI' + [<cT1JI A + cI1Jzp) 

+ q<ci1Jl~ + cI1JzAZ )]oI + (ci;1 + C~2) ).z~, 
The conditions of Theorem 3. 3. 3 give 

cTb =ci1J1 + cI1Jz ~ O, 

_ cTA-1b =CT;l + c~z ~ O. 

It is easy to prove that there exists q ~ O such that 

<ci1J1A + cI1Jzp) + q<ci1Jl~ + cI1JzAZ) ~ O, 

i. e. , there exists q ~ O satisfying 1(01) ~ O. Then the zero solution of the system 

(3.3.1) is absolutely stable. • 

Corollary 3.3.4. Assume thal in the system (3.3.1) A=AT and thal A has 

al most two dillertmt real eignrvalues and simple elementary divisor. Then the 

necessary and sullicient condition lor absolute stohility 01 the zero solution 01 the 

system (3.3.1) are cTb~O, cT A-1b ~O. 

Corollary 3.3.5. Suppose thal in the system (3.3.1) A=AT , while A has 

only one real eigmvalue and corresponds ta the simple elemtmtary divisor. Then the 

necessary and sullicient condititms lor absolute stahility 01 the zero solution 01 the 

system (3. 3. 1) are cTb~O. 

Tbeorem 3. 3. 6. Suppose thal in the system (3.3. 1) the vector b is an eigen

vector 01 A, or the vector c is an eignrvector 01 AT• Then the zero solution 01 the 

system (3. 3. 1) is absolutely stable il and onIy if cTb~O. 
Prool. The necessity is trivial. We will prove sufficiency only. First, 

suppose Ah = - Ah <A > O). Then 

(iCelI - A)b = [A + iCel]b, Cel ~ O, (iCelI- A)-l = ). ~ iCelb. 

Thus 

T(' 1 A)-lb cTb 
c ICeI - = iCel + A' 

It follows from the condition cTb ~ O that 

Re{cT(iCelI - A)-lb} = Az~bol ~ O. 

This shows that the zero solution of the system (3. 3. 1) is absolute\y stable. 

Next, suppose that ATc =- Ac <A> O). Then we obtain 
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Thus 

We also have 

Re{cT(ieul- A)-lb} ~ O. 

Consequently, the zero solution of the system (3.3.1) is absolutely stable. • 

Theorem 3.3. 7. Suppose thal in tlle system (3. 3. 1) A is a quasi-diagond 

matrix: 

A = diag(A1 ,Az' ••• ,A.,), 

where A,. (r= 1, ••• ,m) are square suhmatrices. 1/ b, is an eigenvector o/ A,. /or 

any r= 1, ... , m, or c, is an eigenvector o/ A!', then c'!b,~O (r= 1, ••. , m) imply 

absolute stahility o/ the zero solution o/ tlle system (3. 3. 1), where c .. b,re/er to 

column vectors corresponding to A,. , b=col(bl'··· ,b.), c=col(cl' ••• ,c.) and 1, is 

the unit ma/nx corresponding to A,.. 

Proo/. If Ab, = - )Jj" since 

we get 

R {-T(' 1 A,.)-17 } Ai!b,_ 
e c, leu, - o, =)..z + 01- <::::, O, r = 1,··· ,1n. 

When A;c, = - Ac" it gives rise to 

-T(' 1 A,.)-17 Ac:b, c, leu, - o, = ieu + )..' 
Re{c:(ieul, - A,.)-lb,} ~ O, r = 1,···,m. 

Now we proceed to prove that the expression Re{c:(ieulr - A)-q;,} ~ O (r = 
1, ••• ,m) implies ab..'IOlute stability of the zero solution of the system (3. 3. 1). 

Since 

A =diag(Al'···'A.,), 

A;.. =diag(ieu/l - AI' ••• ,ieul. - A.,), 

cT A; l b = ai, ... ,c~) • diag«ieuII - A 1)-1 , ••• , (ieuI. - A.,)-I) 

• (hi , ••• ,h~)T . 
= ~c:(ieuI, - A)-q;" 

r_1 

it follows that 
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Therefore ,the zero solution of the system (3. 3. 1) is absolutly stable. • 

Example 3.3.8. Consider the 3-dimensional control system 

dXI 1) Tt = - XI + X, - Xa + (XI - x, - Xa , 

dxz I Tt = XI - Xz - Xa + (XI - Xz - x a), 

dXI I Tt = XI + XI - 3x a + (XI - XI - xa), 

where 

A - [-: -: = l h - [:]. c - [J. f EF. 

It is elear that A is a stable matrix and ban eigenvector which belongs to the eigen

value A = - 1. Moreover 

cTb =- 1 < o. 
Thus, the system is absolutely sta bie by Theorem 3. 3. 6. 

3. 4. The First Canonical Form of Control Systems 

Letov[1J has considered a elass of control system called the first canonical form 

in which A is diagonal: 

1 dd~J =.- AJXJ. + 1«(1), AJ> 0, j = 1,"',n, 

(1 = cT X = ~C;X;. 
1-1 

We discuss the absolute stability of the system (3.4. }) again. 

For a real number q ~ o, let 

if CJ(qAJ - }) > o, 
H CJ(qAJ - }) < o, 
if CJ(qAJ - }) = o, CJ =1= o, 
if CJ(qAJ - }) = o, CJ = o. 

(3.4. }) 

• 1 
Tbeorem 3.4. 1. 11 th"e exists q~O such that ~aJ < L' then the uro 

J-I te 

solut;on 01 the system (3.4. }) Vi ahsolutely stable in the Hurwitz angle [O,k]. 

Proo/. Since 
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A= 

it follows that 

-Az 

O 
. . 
o 

-.l,. 

l 

l 
, ~1 = 

o 

T A- 1b ~ CJ 
C ro;. =j~ iw+ Aj' 

R {(l + . ) T A-1b} _ ~ CjOj + qJ) 
e ltdq C ro;. - ~ _.! + n • 

J-l ar "'} 

. . . 

o 

Let fj(w) = Cj(~ tir) , and we compute the derivative of fj(w) I 

f' ( ) = 2cRw(J + AD - (CjAj + CjqJ) • 2w 
j W (oi + A~)2 

_ 2CjAI (qAI - 1)w 
- (oi + API 
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l 

We see that f/ (w) = ° only if W = O. The function fJ(w) is monotone increasing 

on [0,00) when Cj(qAj - 1) > 0, thusfj(w) ~ fj(oo) = Cjq, fj(w) is monotone 

decreasing on [0,00) when Cj(qA} - 1) < 0, thus fj(w) ~ f}(O) = Cj/A}. Since 

fl (w) = 0, q = l/Aj' when Cj(qA} - 1) = 0, c} '* 0, we have 

f .( ) = CjOj + 01/ Aj) = Cj 
J W oi + A~ Aj • 

When Cj(qA, - n = 0, Cj = 0, it obviously follows that fj(w) = O. Choosing 

appropriate aj' we always have !j(W) ~ aj' From the hypothesis of the theorem, 

we can deduce that 

Re{ (1 + itdq)cT A;: l b} = ± clZ t i~) 
j-l J 

• . l 
= "'5:.f/w) ~ "'5:.aj < -k ' 

j-l j-l 

1. e. , 

Re{ (1 + itdq)cT ~lb} - ! < O. 

The zero solution of the system (3.4. 1) is absolutely stable in the Hurwitz angle 

[O,k] by Popov's criterion. • 

We are always able to order equations in (3.4.1) and the unknown functions 
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Xj such that 

{
< 0, 

c, = 0, 

> 0, 

j = 1, ... ,jl' 

j = jl + 1, .. ·,jz, 

j = jz + 1, .. ·,n. 
• C 1 

Corollary 3.4.2. 11 L; l < k' then the uro solution 01 the system 
j-'.+l , 

(3.4. O is absolutely stabk in the Hurwitz angle [O,k]. 

The conclusion may be easily derived by chOO8ing q = ° in Theorem 3. 4. 1. 

CoroIlary 3. 4. 3. 11 A,>2Hn- h)cj (j=jz+1, "',n), then the zero 

solution 01 the system (3.4. O is absolutely stable in the Hurwitz angle [O,k]. 

Prool. From A, > 2k(n - jz )Cj (j = jz + 1,'" ,n), 

± Cj < ± 1. =.!. < .!.. 
j-j.+l A, j-j.+l 2k(n - Jz) 2k k 

The condition of Corollary 3. 4. 2 is satisfied. Corollary 3.4.3 is proved. • 
• 

Tbeorem 3. 4. 4. 11 there exists q~O such thal :Eaj ~ 0, then the zero 
j~l 

solution 01 the system (3.4. 1) is ahsolutely stable. 

Prool. Repeating the proof of Theorem 3.4.1, we have Ij(OJ) ~ aj' From . . 
Re{ (1 + iCcJq)cT A;:lb} = :Elj(OJ) ~ L;aj ~ 0, 

j=l j-l 

the conclusion is valid by Popov's criterion. • 

3. S. Critical Systems 

Theorem 3.5.1. In the system (3.4. O, let A;>O (i=l,"',n-O, '\'=0, 

A; 
c. < 0, Ci < 2k(n- O (i = 1, "', n - 1). Then the zero solution 01 the system 

(3.4. O is absolutely stabk in [O,k]. 

Prool. It is clear that the quadratic inequalities for ~i I 

k(n - O~l + 2[k(n - OCi - A;]~i + k{n - 1)L7 < 0, i = 1, .. ·,n - 1, 

(3.5. O 

have solutions if and only if 

A; 
Ci < 2k(n - O' i=l,·",n-1. 

Suppose that ~i = ri (i = 1,"',n - O is a positive solution of (3.5. O. Let 

{ 
2rixi' 

f),(Xi) = 
- 2CiX i' 

i=1,"',n-1, 

i = n. 
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Then 

A· dx: 
G(X) = ~fi(X,) dtl 

.-1 .-1 

= - 2~r,W + 2~r,xJ(C1) - 2c.x./(C1) 
1-1 1-1 

.-1 a-l • 

=- 2~r,~~ + 2~(r, + CI)XJ(C1) - 2~CIXJ(C1) 
'-1 '-1 1-1 

.-1 .-1 

~- 2~r,W + .6:(n - 1) ~ (rl + CI)Z~ + C1/(C1) - 2C1/(C1) 
'-1 .-1 

.-1 

~- ~[.6:(n - 1)(rl + c;)Z - 2r,~J~ - C1/(C1) 
1-1 

.-1 

=- ~(.6:(n - 1)'-: + 2[.6:(n - 1k, - ~]rl + .6:(n - 1)cn~ - C1/(C1) 
1-1 

A 
=W(X). 

Now we have 

G(x) ~ W(x) ~ O. 

If W (x) = O, since C1/(C1) > O for C1 :1= O, we have 
.-1 

~xr = O, 
i-l 

and therefore c.x'/(c.x.) = O. This implies c.x. = O. From c. < O, we have x. = 

O J thus x = O. It follows that W (x) ia negative definite. Therefore the zero solu

tion of the system (3.4.1) ia absolutely stable in the Hurwitz angle [O • .6:J. I 
CorIlBry 3. 5.2. 1/ A;>O (i=1 ,'" ,n-1). A.=O, c.<O, c/~O (;=1,"', 

n - 1), thm the zero solution o/ the system (3. 4. 1) is ahsolutely stahle in the 

Hurwitz angle [0,.6:]. 

CorollBry 3.5.3. Prwided that ~>O (;=1,'" .n-1). ;\.=0, c/<O (;= 

1, .. • .n). the zero solution o/ the system (3.4. 1) is ahsolutely stahle. 

Proo/. Let fi(x,) = - Cj%1 (i = 1,'" .n). Then 

.-1 

= ~c/~X: - C1/(C1). 
1-1 

Thus, G(x) ia negative definite and the zero solution of the system (3. 4. 1) is 

absolutely stable. I 
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Tbeorem 3. S. 4. lf the follnwing conJitions are satisfied 

1) 1;>0 (;=I,···,r), AJ=O (j=r+l'''',n), ci~2t (;=I, .. ·,r), cJ<O 

(j=r+l'''',n), 

2) tM matrix diag( -AI' "', _.\.)+bcT is stable with b=colO, 1, .. ·,1). 

the :ura solution of tM system (3.4.1) is ahsolutely stable. 

Proof. The condition Ci ~ 2t implies that the equations for "'i: 

Irrf; + 2(krc; -1;).,,; + krq = O. i = 1,"',r 

have positive number solution .,,; = e; > O. i = 1 ... •• r. Let 

i = 1,···,r, 

j = r + 1 ... ·.n. 
Then we get 

- dx 
G(x) = ~q>,(x;) dtl 

.-1 
r r _ 

= - 2~e;1;r; + 2~eixJ«(I) - 2 L: cJXJf«(I) 
;-1 .-1 J-r+l 

r r _ 

=- 2~e;1;r; + 2~(e; + cJxJ«(I) - 22:.c;xJ«(I) 
;-1 ;-1 ;-1 

r r 

~- 22:.e;1;r; + kr~(ei + cYr; + (lf«(I) - 2(1f«(I) 
;-=1 ;"""'1 

r 

~- 2:. [kr(e; + cY - 2ei1;]r; - (lf«(I) 
;-1 

~- (lf«(I). 

Hence. G(x) is negative definite with respect to (1. The conc\usion follows. I 
Corollary 3. s. S. lf tM condition 2) in Theorem 3.5.4 is salisfied, and 

1; > O (i = 1, .. ·.r), CI~O (i=,"·,r). 

Aj = O (j = r + 1,'" .n), CJ < O (j = r + 1.··· .n). 

then the :ura solution of tM system (3. 4. 1) is ahsolutely stable in tM Hurwitz 

angle [0.1]. 

Corollary 3. S. 6. lA th~ condition 1) in Theorem 3. 5. 4 be satisfied. and 

1;>0 (i= 1 ... ·.r), AJ = O (j = r + 1,'" ,n), 

C; < O (i = 1 ... ·,n). 

Then the :ura solution of tM system (3. 4. 1) is ahsolutely stable. 
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3. 6. The Second Canonical Form of Control Systems 

Consider the second canonical form of the control system 

{ 

dx; + . Tt = - PiXi (f. r = 1 ... • .n. 

d(f • 
dt = ~(JiX; - Jx1- rf«(f) • 

• -1 

where p > o. r> O. P; > O are constants. 

Theorem 3. fi. 1. Suppose 

~ ~ ( 1 + sign (J;) {J; 
p;::;-'-.J 2 • 

1-1 PI 

Then the uro soluticm of the system (3. 6. 1) is absolutely stable. 

Proof. We construct the Liapunov function . 
V(x,(f) = ~Cir. + ~. 

;=1 

Ohviously. V(x.(f) is radially unbounded and positive definite for 

Then. 

Now we prove 

{
- {JI if {Ji < o. 

Ci = E; (O < E; « O if {J; = O. 

{Ji if {J; > o. 

X. O O 

(f CI + {JI C, + (J, 

- 2r(ff«(f). 

O 

O 

- 2c.p. 

c. + {J. 

O 

O 
( _ 1).+ID ~ (- 0"+1 

• +1 2. 1 

CI + {JI 

Cz + {J, 

c. + {J. 

- 2p 
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(3.6. O 

XI 

X, 

x. 
(f 

~O • 

O O - 2c.p. C. + {J. 

CI + {JI c, + {J, 

By induction it can be verified that 

" 

C. + {J. - 2p 

D.-+-I = (- 0.+1411 C;PiP + (- O· ~ II CiPi(Cj + (J,)'. 
;-1 J-l ;-1 

;~J 

For n + 1 = 2. 

(3.6.2) 
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" " " =(- 0"4IIc,p,p + (- 0"-1 ~ IIc,p,(Cj + py. 
;-1 j-a i-I 

'"j 
Then, for n + 1 = It + 1 , we have 

- 2CIPI O O CI + PI 
O - 2czpz O c, + p, 

1 
DI + I = 21- 1 

O O - 2c"p" CI + PI 

CI + PI C, + p, CI + P" - 21' 

" . " = (- 0l+14IIc,p,p + (- O" ~ IIc,p,(Cj + Pj)' 
'-1 j-' '-1 '"j 

I + (- OI+Z( - 0 1+1 (- 0 1- 1 IIc,p,(cl + Pl)' 
;-.z 

" " " = (- 01+14IIc,p,p + (- OI ~ II c,p,(Cj + Pj)2. 
;-1 j-l ;-1 

'~j 

Therefore, for any natural number n, the expression (3.6.2) holds. Since, 

l' - ± ( 1 + sign P,) P, ~ O, 
'-1 2 p, 

we write 

Consequently, 

and 

dVI -d ~- 2rtl!(tI) 
t (1.1. Il 

when tI"# o. 
Thus the zero solution of the system (3. 6. 1) is absolutely sta bie with respect 

to ti. 
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On the other hand. let us take [(17) = 17 in (3. 6. D. The system (3. 6. D is 

turned to the linear system i dx; 
de =- PIX; + 17. 

dl7 • 
-d = "5:.P;x; - (p + r)l7. 

t ;-1 

For the system (3.6.3), using the Liapunov function discussed above. 

prove that 

XI T - 2cIPI O O CI + PI 

X2 O - 2c,pz O Cz + pz 

~~ L3.l.31 = 
:ro O O - 2c.p. c. + P. 

17 CI + PI CI + pz c. + P. - 2p - 2r 

(3.6.3) 

we can 

XI 

X, 

x. 
17 

is negative definite. Then the zero solution of the system (3.6.3) is globally stable 

and thus the coefficient matrix is sta bie. This completes the proof . • 

Example 3.6.2. Consider the equations of longitudinal mot ion of a plane i dx; de = - PIX; + 17. i = 1,2.3.4. 

dl7 ' -d = "5:.pj:rj - rpzl7 - [(17). 
t j~1 

where rpz > O. p; > O (i = 1.2.3.4), [(17) E F. 

(3.6.4) 

The system (3.6.4) is c1early a particular case of (3.6. D for n = 4. We 

have the following result. 

Corollary 3. 6. 3. 1[ 

P ~ ~ 1 + sign P; • p/ 
rl::<-~ 2 n.' .-1 r. 

then the uro solu/ion o[ the system (3.6.4) is ahsolutely slable. 

3.7. Notes 

Theorems 3. 1. 1, 3. 1. 2 and 31 1. 4 are presented in Ye Baiying [1]. 

Theorem 3. 2. 1 is due to Xie Huimin [1]. Since the Popov's frequency method is 

well-known, we omit the proof of Popov's theorem, and concentrate on applica

tion only. The material of Sections 3. 3. 3. 4 and 3. 5 is taken from Zhang Wei 

[1] and Liao Xiaoxin [5]. 



CHAPTER 4 

NONAUTONOMOUS AND DISCRETE 
CONTROL SYSTEMS 

4.1. Nonautonomous Systems 

Consider the non linear nonautonomous control systems 

{

dX(t) 
CIt = A(~)X(t) + bf«(7,t) , 

(7 = cT X = ~CiXif 
;"""1 

where A(t) E C[[O, + oo),R"X"], b E R", cER", x E R", 

f E FA ~ {fI f(t,O) == O, O ~ f«(7,t)/(7 ~ k < + 00, 

f E C[[O, + 00) X R,R]}. 

(4. 1. 1) 

If for any f E Fu the zero solution of (4.1. 1) is globally sta bie , we say the 

zero solution of (4.1. 1) to be absolutely stabil'. in [O,k]. 

Definition 4. 1. 1. We say that the zero solution of (4. 1. 1) is absolutely 

stabil'. with respect to the set n= {x: (7=cT x=O} in [O,k], il for any f E FI and 

any E > O there exists ~(E) > O such that the solution x(t ,tOtXo) of (4. 1. 1) 

satisfies: 

IcT x(t,to.xo) 1 = I tCiXi(t,tO'xo) I < E 
.-1 

for ali t;> to 

jf II Xo II < 8(E), and for anyxo E R", 

Iim (7(t,to,xo) = Iim cT x(t,to,xo) = O. -+- -+-
Definition 4. 1.2. We say that the function V(x) E C[R" ,R] is posittve 

definite [negative definite] with respect to the set n= {x:(7=O} if 

{ = O for x E n, [ { = O for x E n, ] 
V(x) V(x) 

> O for x E n < O for x E n. 
The function V (x) is said to be radially unbounded pasitive definite for n if V (x) 

is positive definite for n, and V(x) -+ 00 as 1(71 -+ 00. 
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Theorem 4. 1. 3. Sup~ tM /oIlowing conditions are satis.fred I 

1) thi! ura solution o/ tM /olIowing linear systems I 
dx 
dt = A(t)x 

is uni/ormly asymptotically stable, 

95 

(4.1.2) 

2) tM ura .rolution o/ (4. 1. 1) is absolutely stable for the set n in [O,IJ. 

Then the ura solution of (4. 1. 1) is absolutely stable in [O,IJ. 

Proo/. According ta the formula of variation of constants, the solution of 

(4.1.1) can be expressed as 

6 l' x(t) =x(t,tQ9Xo) = K(t,to)Xo + K(t,r)b/«(/(r) ,r)dr, '. (4.1.3) 

where K(t,to) is the Cauchy matrix solution of (4.1.2), i. e. , 

{
dK(t,to) 

dt = A(t)K(t,to) , 

K(t"to) = E. 

Since the condition 2) is satisfied, there exist constants a> O and M~ 1 such that 
II K(t,r) II ~ Me--Cl-r). 

Since (/(t,tQ9Xo) - O as t -+ 00, and (/(t,t"xo) continuously depends an x" 

/«(/(t,t"xo) ,e) is a continuous function of x" and 

/«(/(t ,t"xo) ,t) - O as t -+ 00. 

Thus, for anye > O, there exist 81(e) > O and tI> to such that 

Me--Cl-,.) IIxo II < : for ali t ~ tI' (4.1.4) 

1:: Me--(,-r) II b/«(/(r) ,r) II dr < : ' (4.1.5) 

I:.Me--U- r) IIb/«(/(r),r) IIdr<; forall t~tl (4.1.6) 

il II Xo II < 81 (e). 

Let us take 8z (e) 3~' 8(r) = min(81 (r) ,82 (e». From (4. 1. 3), 

(4. 1. 4), (4.1. 5) and (4.1.6), we have 

IIx(t,t"xo) II ~ II K(t,to) II • IIxo II + f.: II K(t,r) II • II b/«(/(r),r) II dr 

+ r II K(t,r) II • II b/«(/(r),r) II dr 

1'\ 
~Me--('-") II Xo II + Me-.c,-r) II b/«(/(r) , r) II dr 

'. 
+ l' Me--(,-r) II b/«(/(r),r) II dr 

'\ 
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<...!. +...!. +:!. 
3 3 3 

=, for ali t ~ tI> to if II Xo II < 8(,). 

Therefore, the zero solution of (4. 1. 1) is stable. 

For any Xo E R-, by using de L 'Hospital rule, we deduce 

O::S;;; Iim II x(t) II ::s;;; Iim Me--('-'o' + Iim J' Me--O- Tl II bl(tI(r),r) II dr 
,- ... 00 '_+00 ""'+00 '. 

1 J' =0 + Iim. Me-II l(tI(r),r) II dr = O. 
'''+00 e '. 

Therefore the zero solution of (4. 1. 1) is absolutely stable in [O,k]. The proof of 

the theorem is completed. • 

Tbeorem 4.1.4. 11 there exists a lunction V(x) E [R-,R] suc" that 

V(O)=o, V(x)~f{ltll>, V'EKR, 

D+V(x)I('-1.ll::S;;;-~(ltll>, ~EK, (4.1.1> 

then the zero solution 01 (4. 1. 1) is ahsolutely stahk lor tlle set n in [O,k]. 

Prool. Since V(O) = O (O E n) and V(x) E C[R-,R], for any'>O, there 

exists 8(,) > O such that V(xo) < f{,) as II Xo II < 8(,). According to (4.1. 1>, 

it yields 

f{ ItI(t,t09 x o) I)::S;;; V(x(t,to,xo» ::s;;; V(xo) ::s;;; f{,) 

which implies 

for ali t ~ tOt 

Now, we prove that 

Iim tI(t,to,xo) = O for any Xo E R-. 
<-+ ... 

Expression (4. 1. 7) gives 

inf V(x(t» = Iim V(x(t» Aa ~ O. 
';;". '_+00 

We can easily check that the function V(x(t» can reach its inferior limit only 

in n. 
For any Xo E R-, we have from (4. 1. 7) 

ItI(t) 1 ::s;;; leT x(to) 1 Ah < H <+ 00. 

Assuming that Iim tI(t):p O, from the uniform continuity of tI(t) , there exist con-
'_+00 

stants P> 0, "1 > O and a sequence {tJ} such that 

ItI(t) 1 ~ P for t E [tJ - "I,tj + "1]. 
Let r = inf ~(ltll) > o. We have 

1<1'10;;1 
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o ~ V(t) ~V(tO) + f' D+ V(t)dt 

'. 
~V(to) - f' "'( II1(T) 1 )dr 

'. 

~V(to) - 2n7Jr -- 00 

This yields a contradiction, thus 

Iim l1(t,to,.ro) = O. 
1_+00 

The theorem is proved. • 
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as n-+ 00. 

Theorem 4. 1. 5. 1) Let the condition 1) o[ Theorem 4. 1. 3 be satis[jed, 

and 1[(I1,t) 1;::''''( 1111 )EK. 

2) Suppose there e.rist a symmetric matri.r B(t).x. and constants a>O, P>O, 

E>O such thal .rTB(t).r;::'Pll1l z and the matrix 

( G(t) g(t») 
gT(t) -a/(k + E) , 

where 

G(t) =AT (t)B(t) + B(t)A(t) + B(t), 

a 
g(t) =B(t)b + "2c, 

is negative semi-de[inite. 

Then the zero solution o[ (4. 1.1) is absolutely stable in [O,k]. 

Proo[. We choose the Liapunov function 

V(t,.r) = .rTB(t).r. 

(4. 1. 8) 

Then V(t,.r) is radially unbounded positive definite for the set D. Using the fact 

that 

=.rT(AT(t)B(t) + 13(t) + B(t)A(t».r + 2.rTB(t)b[(I1,t) 

+ acT .r[(I1,t) - k ~ EfZ(I1,t) 

- a( 11 - [(I1,t») [(11 t) 
k+E ' 

T [ ( G(t) g(t») ( .r ) = (.r , (l1,t» 
gT(t) -a/(k + E) [(I1,t) 

~- «( 11 - ~(~t1) [(I1,t) 
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aE 
~- Il + ,1(11 • \b(I(1I). 

We see that ~~ I is negative definite for the set n. The conditions of 
f.l. )) 

Theorem 4. 1. 4 are satisfied and therefore the zero solution of (4. 1. 1) is 

absolutely stable in [O,k] • I 

4.2. The Systems with Separable Variables 

In the following, we will study absolute stability for the set n by tuming this 

stability into absolute stability for one state variable. 

Without 1088 of generality, we assume that c. :#= o. Let 

i=1,"',n-1, . 
y. =cT X = ECiXi' 

;-1 

The system (4.1.1) transforms into 

where 

ddYti = 'i;aij(t)Yj + 'h;/(y.,t) , 
J-l 

Î= 1,···,n, 

aij(t) =aij(t) - ll;jCi, i,j = l,···,n - 1, 
c. 

a.(t) =ll;j(t) , i=1,m,n-1, 
'fi c,. 

_ 1· 
a .. =-ECia .. (t) , 

c. ;-1 . . 
a.j(t) = ~C;aij(t) - ~c;a .. (tk/c., 

;-1 ;-1 

. 
'h. = ~cibi' 

j-l 

i=l,···,n-1, 

j = 1,··· ,n - 1, 

(4.2.1) 

Obviously, the stability of the zero solution of (4. 1. 1) is equivalent to that of 

(4.2.1). 

Deflnltlon 4. 2. 1. We say that the zero solution of (4. 2. 1) is absolutely 

stable in [O, Il] for part of variahles YJ.' ••• ,y. if for any f E F j and any E > O, 

there exists 6(,) > O such that 

for aII t ~ to 
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if II Yo II < O'(~). and for any Yo E R·. 
Iim II y, (t.to.yo) ... y.(t.to.Yo) II = O. 

1_+00 o 

Theorem 4. 2. 2. 1) Let the zero solution o/ the /ollowing system 

~~ = :4(t)y 

be uni/ormly a.fymptotically stable. 

2) Suppose there exist constants n~O <i=I.···.n-I). r.>O and 0'>0 such 

that . 
- rjă,,(t) ~ ~ri Ia.,(t) 1. j = 1.··· ,n - 1, (4.2.2) 

;-1 

i*' . 
- r.a .. (t) ~ ~r;la .. (t) 1 + 0'. (4.2.3) 

;-1 

.-1 

- r.b. ~ ~rolbi 1. (4.2.4) 
;-1 

ar . 
- r,.ajJ(t) ~ ~ri lai,(t) 1. j = 1.··· ,n - 1 • 

• -1 

i*' . 
- r.ii.. ~ ~rila..(t) 1, (4.2.5) 

;=1 

.-1 

- r.b. > ~ri Ibol. (4.2.6) 
;-1 

In other words. either (4.2.2). (4.2.3) and (4.2.4). OI" (4.2.2). (4.2.5) 
and (4.2.6) are simultaneously valid. Then the zero solution o/ (4. 2. 1) is 
absolutely stable in [O.k]. 

Proo/. We construct the Liapunov function . 
V(y) = ~ri IYi 1. 

;-1 

V(y) ~ r.ly.1 -+ 00 as Y. -+ 00 and. as a consequence. V(y) is infinitely 
positive definite for y.. In addition. there exists 

D+ V(y) 1 (un ~~[rjăjj(t) + ~r; Iă;j(t) 1 J IYj 1 
.*, 

+ [r.b. + ±rjbjJ I/(y.) 1 
'=1 

~[r.ă •• (t) - ±ri la .. (t) IJ ly.1 .-1 
+ [r.b. + ~iirdb.lJ I/(y •• t) 1 • 

• =1 

thus D+ V (y) 1 cu.» is negative definite for Y.. According ta Theorem 4. 1. 5, the 

conclusion of this theorem is valid. • 

Theorem 4. 2. 3. 1) Let the condition 1) o/ Theorem 4. 2. 2 be stais/ied. 
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2) Suppose thn-e exist a symmetric matrir B(t).x. and constants a>O, pO, 

E>O such that 

tmd eithn-

T ( G(t) g(t)} ( Y ) ~.~ 
(y ,!(y.(t),t» gT(t) _ a/(It + E) /(y.(t),t)....",- E;y., 

( 
G(t) g(t)} 

ar the matrix T is 1II!gatirJe semi-de/inite, where 
g (t) - a/(It + E) 

G(t) =AT (t)B(t) + B(t)A(t) + B(t) , 

get) =B(t)~ + ; c, 

tmd 1/(y.,t)I~~(ly.I)EK. 

Then the zero solution o/ (4.2.1) is ahsolutely stable in [O,It]. 

Proo/. We choose the Liapunov function 

V(t,y) = yTB(t)y. 

According to the hypothesis we know that V(t,y) ia radiaUy unbounded positive 

definite and 

dVI de = yT (AT (t)B(t) + B(t) + B(t)A(t»y + 2y T B(t)~/(y.(t) ,t) 
('.Z.Il 

= yT (AT (t)B(t) + B(t) + B(t)A(t»y + 2y T B(tY"/(y.(t) ,t) 

a + ay.(t)/(y.(t) ,t) - It + /'1 (y.(t) ,t) 

- ( ay.(t) - It ~ E/(y.(t) ,t) } /(y.(t) ,t) 

~{- It~Ely.(t)l. 1~(y.(t»I, or 

- Ey!(t) 

<O for ro =1= o. 
As a result, the zero 8OIution of (4.2.1) is absolutely stable in [0,1t]. I 

Knowing that ~. ~ ° is the necessary condition for the absolute stability of the 

system (4. 2. 1), we assume ~. < o. 8y the topological transformation 

%1 1 ° ° - bl/b. Yl 

%z ° 1 O - bz/b. yz 
l!. 

%= - =Hy, 

%"-1 ° O 1 - b.- 1/b. Y.-l 

%,. ° ° ° 1 Y. 
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the system (4. 2. 1) becomes 

{
dd%; = ~Pij(t)%/, i = 1,···,n - 1, 

t /-1 

d%" • 
Te = ~P./(t)%/ + "./(%,,(t),t) , 

where P(t) = (Pij(t».X. = HA,(t)H-l. 

Tbeorem 4. 2. 4. Assume that 

1) the cond ition 1) of Theorem 4. 2. 2 be satisfied J 

2) there exists a symmetric positive semi-deÎmite matrix 

bll b1 •• - 1 O 

B= (b. > O) 

O O b. 

such that either 

ar 

ZT (PT (t)B + BP(t»% ~ O anJ %"f(%" ,t) is positive definite. 

Then the zero solution of (4. 2. 7) is absolutely stable in [O,i]. 

Proof. We choose the Liapunov function 

V(%) = %TB% + b .. z!. 
Then 

ddV I =%T (PT (t)B + BP(t»% + 2".%"f.(%" ,t) 
t (4. r.7) 

~{- rz!, or 
-- 2".%"f (%. , t). 
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(4.2.7) 

Consequently, the zero solution of (4.2.7) is absolutely stable in [O,i]. • 

4. 3. Direct Control Systems 

Consider the general nonautonomous direct control system 

dx 
dt = A(t)x + b(t)f«(1,t) , (1 = cT x, (4.3.0 

where x E R·, A(t) is an n X ncontinuous matrix, c(t) and b(t) are n-dimensional 

continuous vectors which are bounded and differentiable t 
t>. fE F.={f,f(O,t)==O, O~(1f«(1,t)~M', O<i<+oo, 

f E C[[O, + 00) X R,R]}. 
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Theorem 4.3. 1. Suppose that there exists a symmetric differentiable anii 
bounded nXn matrix B(t) such that xTB(t)x is radially unhounded positive 

definite and there exists a constant a>O such thal 

(X) T( - G(t) g(t») (X) 
~ gT(t) -alk ~ 

for 

- G(t) =AT (t)B(t) + B(t)A(t) + R(t), 

a 
get) =B(t)b(t) + 2"c(t) 

is negative defi,lite. 

Then the zero solution of (4.3.1) is absolutely stable in [O,kJ. 

Proof. We construct the radially unbounded, positive definite Liapunov 

function V = x T B(t)x. Using the S-method, we deduce 

ddV I =xT (AT (t)B(t) + B(t)A(t) - R(f»x 
t ('.3. Il 

+ 2bT (t)B(t)x(t)f(t1(t) ,t) 

= - xTG(t)x + 2bT (t)B(t)x(t)f(t1(t) ,t) 

+ at1(t)f(t1(t) ,t) - a ! P(t1(t) ,t) 

- a( t1(t) - ! f(t1(t) ,t) ) f(t1(t) ,t) 

g(t») ( X ) 

- alk f(t1(t) ,t) 

Thus, the zero solution of (4.3.1) is absolutely sta bie in [O ,kJ. • 

4. 4. Indirect Control Systems 

Consider the nonautonomous indirect control system 

{~: = A(t)x + b(t)~ + d(t)f(t1,t), 

de dt = f(t1,t) , t1 = cT(t)x - r(t)~, 

(4.4.1) 

where X E R", b(t), d(t), c(t) are n-dimensional continuous differentiable 

vectors, ~,t1 are scalars, and r(f) =1= O is a scalar continuously differentiable 

function. Suppose the coefficients of the system (4.4. 1) are continuously differ

entiable, and 
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t::. I A(t) b(t) I 
.1(t) =det T =F ° 

- c (t) r(t) 
for aU t E [O, + 00), 

We set 

/ E F AI •AI = {fI /(O,t) == 0, k1rr < tI/(tI,t) < kzrr for ti =F 0, 

/ E C[[O, + 00) X R,RJ}. 

ti = cT (t)x - r(t)~, i. e., ~(t) = r- 1 (t) (cT (t)x - ti). 

Then (4.4.1) can be reduced to 

{~~ = A(t)x + b(t)tI + d(t)/(tI,t) , 

(4.4.2) 
~: = cT(t)x - p(t)tI- l(t)/(tI,t) , 

where 

Let 

A(t) =A(t) +b(t)r-1(t)cT(0, 

b(t) =.- b(t)r- I (t), 

cT (t) =cT (OA(t) + iT (e) - f(e)r- 1 (t)cT (e), 

p(t) =- cT(t)b(t) + f(t)r-I(t), 
l(t) =- cT(t)d(t) + r(t). 

l(t) = [ d(t»). 
- l(t) 

The system (4. 4. 2) transforms into 

dz 
dt = P(t)z + I(t)/(tI,t). (4.4.3) 

Theorem 4. 4. 1. Suppose thaL there e.xists an n X n symmetric dif/eretiable 

matnx H(O such thaL x T H (t) x is radially unhounded, positive definite, and 

x T (G(t) +kIS(t)ST (t) )x, where 

is positive definite. 

G(t) =PT(t)H(t) + H(t)P(t) + H(t), 

ti =sr(t)z, 

S(t) =2H(t)I(t), 

Then the zero solution o/ (4.4.3) is absolutely stable in [kl,kz]. 

Proo/. We construct the radially unbounded positive definite Liapunov 

function V(t,x) = xTH(t)x. It follows that 
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dVI - -d = %TG(t)% + t1/(a,t). 
t et. 4. 3l 

Since klal < a/(a) < kzal for a,# o, we deduce 

dVI %T(G(t) + kIS(t),sT(t»%~ - de ~ %T(G(t) + kzS(t),sT(t»%. 
U.4.3) 

Furthermore, there exists 

for % '# o. 

This complets the proof. I 
In the following, we will use the method of absolute stability for part of 

variables to determine the absolute stability of (4.4.2). 

Suppose that aII coeHicients of (4.4.3) are bounded, and that 
/:,. 

/ E F = {fI /(O,t) == O, 0< a/(t1,t) ~ kzal (kz ~+ 00) for a,# O, 

/ E C[[O, + 00) X R,RJ}. 

For the coefficients of (4.4.3), we adopt the following notations: 

[ 
PII (t) Pl.o+l (t) 1 

]>(t) ==: :, 
Po+l.l (t) Po+1.0+1 (t) 

Pll (t) PUo (1) 

PUo)(t) = 
Piol (t) Pioio (t) 

PI.io+l (t) PI.o+1 (t) 

P(O+I- io)(t) = 

Pio,Jo+l (t) Pio.o+l (t) 

l(t) = col (II (t), ••• ,10+1 (t», 

1(0 ) (t) = col ([1 (t),'" ,lio (t», 

%uo) (t) = col (XI (t),'" ,xio (t», 

%(o-io> (t) = col (Xio+1 (t),'" ,x. (t) ,(1). 

Theorem 4. 4. 2. Assume that the /ollowing conditions are salis/ied: 

1) tlle zero solution o/ the system 

d%oo> 
----cIt = Aio (t)%io 

is uni/ormly asymptotically stable; 

(4.4.4) 

2) there exist constants ri~O (;=1,'" ,jo), rj>O (j= jo+ 1,'" ,n+ I), E> 
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o such that 

0+1 

- rjpjj(t) ~ 2>i I p.j(t) I , 
;~1 

i~J 

0+1 

- rjajj(t) ~ ~ri IPij(t) I + (, 
;-1 
i;;Aj 

o 

- 10 + 1 (t)r.+1 ~ ~ril;(t). 
;-1 

i = 1, ••. ,io' 

i = io + 1,'" ,n + 1, 

Then the zero solution of (4.4.3) is ahsolutely stable in [O,iz]. 
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Proof. We construct the radially unbounded positive definite Liapunov 

function for Zj.+I'''· 'Zo+l : 

0+1 

V(z) = ~rilzil. 
;-1 

Then 

0+1 

~- ( ~ IZjl 
j-io+ 1 

0+1 

<O for 2: ~ =1= O. 
j=jo+1 

As a result, the zero solution of (4. 4. 3) is absolutely stable for variables 

Assume that the Cauchy matrix solution of (4. 4. 4) is K(t,to). The 

condition 1) indicates that there exist two constants M ~ 1 and a> O such that 

II K(t,to) II ~ Me-o</-Io). (4.4.5) 

The first io components of the solution of (4.4.3) can be expressed as 

Z(j ) (t ,to ,zo) =K (t ,to)z(j ) (to) + r K(t, r)P<·+I-io) (r)z<·+I-io) (r)dr 
o o J 'o 

+ S' K(t,r)l(j )(r)f(~(r) ,r)dr. 
, o 
o 

Using (4.4.5) and the method used in Theorem 2.5.8, we can easily prove that 

the zero solution of (4. 4. 3) is absolutely stable for Zio+!"" 'Zo' as well. This 
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proves the theorern. I 
We can also prove the following corollary. along the sarne line. 

Coroll ary 4. 4. 3. 1) Let the zero solution of the system ~; = P (t)z be 

umformly asymptotically stahle. 

that 

2) Suppose that there exist constants ri~O (i= 1 •••• • n). r.+I>O. t>O such 

.+1 

- rJPjJ(t) ~ 2; ri 1 Pij(t) 1 • i = 1. ···.n + 1. 
/-1 
I~J . 

- 1 .... 1 (t)r.+l ~ 2;r/ll/(t) 1 + t. 0< t« 1. 
;-1 

3) Let If(O'.O 1 be positive definite. 

Then the zero solution of (4.4.3) is ahsolutely stable in [O.lzJ. 

Theorem 4. 4. 4. 1) Let the conditions 1). 3) of Corollary 4. 4. 3 be 

satisfied. 

2) Suppose that there exists a symmetric differentiahle bounded (n + 1) 

X (n+ 1) matrix B(t) such that 

3) Suppose that there exists a constant a>O such that 

where 

T ( - V(t) g(t») ( % ) (% .!(O'.t» ~- 8r. 
gT(t) - a/I f(O'.t) 

- V(t) =pT (t)B(t) + B(t)P(t) + B(t). 

g(t) =B(t)l(t) + ; c(t). 

rE {o-'.O'f(O'.t).fZ(O'.t)}. 

Then the zero solution of (4.4.3) is ahsolutely stable in [O,I,J. 

Proof. We construct the radially unbounded positive definite Liapunov 

function V(%) = %T B(e)%. Differentiating along the solution of (4.4. 3). rnaking 

use of the S-rnethod and of the proof of Theorern 4. 3. 1, we get 

dV I T ( - V(t) g(t») ( % ) -dt ~(% ,f(f1,t» -T 
< .... 3> g (t) - a/I f(O'.t) 

- a( O'(t) - ! f(O'(t) ,t) ) f(O'(t) ,t) 

~(%T ,f(tI,t»{ - ~(t) g(t») (f % ) ~- 8r. 
g (t) - a/I (O'(t),e) 
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Therefore, the zero solution of (4.4.3) is absolutely sta bie for (1 in [O,IJ. 

Suppose the Cauchy matrix solution of the system :: = P(t)% is K(t,to). 

Using the method of variation of constants, we can express the solution of 

(4.4.3) as 

%(t,to,%o) = K(t,to)Zo + I' K(t,r)l(r)/«(1(r) ,r)dr. 
'. 

A reasoning similar to that used in the proof of Theorem 2. 5. 8, applies to the 

proof of this theorem. I 

4. S. The Systems with Rigid and Revol vini Feedback 

Consider the control systems with rigid and revolving feedback 

1 ~; = A(t)x + b(t)ţ + o(t)/«(1). 

dţ 
dt = /«(1), (1 = cT (t)x - r(t)ţ - N /«(1). 

(4.5.1) 

Above. we use the notations of (4.4. 1). However, we assume that the control 

function /«(1) is differentiable and satisfies 

a/«(1) 
- VI ~ -a;;- ~ vz' 

where VI' VI are some positive constants. 

Suppose that r(t) =1= O. Using (4.5. 1), we can write 

ţ(t) = r- I (t)(c- I (t)x - (1 - N /«(1». 

The substitution of (4.5.2) into (4.5.1) yields 

where 

{~; = A(t)x + b(t)(1 + d(t)/«(1) , 

",,«(1) ~: = l? x - p(t)(1 - il /«(1), 

A(t) =A(t) + b(t)r-1 (t)cT (t), 

b(t) =- b(t)r-1(t), 

d(t) =o(t) - r- I (t)b(t)N, 

p(t) = - cT (t)b(t) - f(t)r- 1 (t), 

cT (t) =cT (t)A(t) + i? (t) - f(t)r- 1 (t)cT (t), 

",,«(1) =1 + N ~, 

(4.5.2) 

(4.5.3) 
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it =r(t) - r(t)r- 1 (t)N - cT (t)d(t). 

Tbeorem 4. 5. 1. Suppose that 

1) cu(o-) does 7Wt change its sign for any fE FA,.A,; 

2) there exists an (n+ 1) X (n+ 1) symmetric matix H(t) such that xT H(t)x 

is radially unhounded positive definite; 

3) 

G(t) 

T?(t)H(t) 

alT(t) + (H(t)(J(t»T 

H(t)1)(t) al(t) + H(t)(J(t)] [X] 
2ap(t)k1 ap(t) o-

apT(t) 2aN f 

where a is a constant with the same sign as cu(o-). is positive definite. 

Then the zero solution of (4. 5. 1) is absolutely stable in [k)tkz]. 

Proof. We take the Liapunov function 

V(x.o-) = xTH(t)x + 2a J/(o-)cu(o-)do-. 

where a is a constant having the same sign as cu(o-). Obviously. V(x.o-) is radially 

unbounded positive definite. Differentiating along the solution of (4. 5. 1). we 

obtain 

- ddV I =xTG(t)x - 2xTH(t)1)(t)0- - 2xTH(t)(J(t)f(0-) 
t c.. 5. Il 

- 2axTc(t)f(0-) + 2ap(t)o-f(0-) + 2aNfZ(0-). (4.5.4) 

where - G(t) = AT (t)H(t) + H(t)A(t) + H(t). 

We introduce the following notation I 

y = (X.o-.f)T. 

[ 
G(t) H(t)1)(t) al(t) + H(t)(J(t)] . 

G; = i7(t)H(t) 2ap(t)k; ap(t) .' = 1.2. 

acT(t) + (H(t)(J(t»T apT(t) 2aN 

Using the facts thatf(O) = O and k1,r < o-f(o-) < kz,r. the expression (4.5.4) 

becomes 

yTG1 (t)y:S;;;- ~~ I :s;;; yTGz(t)y. 
c.. 5. 3) 

From (4.5.4) we find that ~~ I is negative definite. Thus. the zero solution 
ef.5.1> 

of (4.5.3) is absolutely stable in [kpkz]. I 
Tbeorem 4. 5. 2. Assume that 

1) the condition 1) of Theorem 4. 5. 1 is satisfied I 

2) the zero solution of the system ~~=A(t)x is uniformly QJymptotically 
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stablel 

3) there exist constants r;~O (i= 1,"· ,n), r'+I>O such that . 
- r/ijj(t) ~ 2;r; Iă;j(t) I + rj ICj(t) 1, 

;-1 
;~J . 

r.+lP(t) ~2; Ib;(t) Ir; + t, 
;-1 

r ..... tÎ~ ~±rdd;(t) 1, 
;-1 

where ( is a constant with O««lJ 
4) r~ Icu(O') IdO' =+ 00. 

j=l,···,n, 

Then the zero solution of (4.5.3) is ahsolutely stable in [ll,ltJ. 

Proof. We construct the Liapunov function 

V = ±r;lx;1 + r'+lf' sign O'lcu(O') IdO'. 
;-1 o 

V is radially unbounded positive definite for 0'. and there exists 

D .... Vla.s.n ~±[rl:(iJJ(t) + ±r;lă;it) I + rJlcj(t) IJ Ixil 
j~1 ;~I 

;~j 

+ [ - r.+IP(t) + ~ Ib;(t) Ir;J 10'1 

+ [- Nr'+ 1 + tr; Id;(t) I J 1/(0') I 
'=1 

~- (10'1 

<O for O' '* O. 
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(4.5.5) 

(4.5.6) 

(4.5.7) 

In this case, D .... V I (1.5.3) is negative definite in 0'. Therefore, the zero solution of 

(4.5.3) is absolutely stable for O' in [ll'l:J. 

Let the Cauchy matrix solution of the following system be K(t.to): 

dx '7 
dt = .t1(t)x. 

From the condition 2), we know that there exist constants M ~ 1, a> O such 

that 

IIK(t,to)1I ~ Me-O<I-I·'. 

The first set of equations in (4.5.3) gives 

x(t,to,xo) = K(t,to)xo + f' K(t,r)[b(r)O'(r) + d(r)f(O'(r»]dr. 
'. 

The proof can be completed along the Iines of the proof of suHiciency in 

Theorem 2.5.8. This proves the theorem. I 
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Tbeorem 4. 5. 3. 11 tlle conditions 1), 2) 01 Theorem 4. 5. 2 hold, and 

(4.5.5) holJs as uwll, while (4.5.6),(4.5.7) are reploeeJ by 
a 

r.+1P(t) ~ ~r; Ib;(t) I , 
;-1 

then the zero solut;un 01 (4.5.3) is ahsolutely stahle in [k1 ,kzJ. 
Prool. We construct the radially unbounded positive definite Liapunov 

function 

then there exists 

D+ VI <'-5.3> ~±[r~jj(t) + ±r; la;j(t) I + rjlej(t) IJ Ixjl 
J-1 ;-1 

;i<J 

+ [ - r.+1P(t) + ~ Ibi(t) IriJ 1111 

+ [ - Nra+l + i~rda;(t) I J 1/(11) I 

~- ,1/(11) I 
<o for 11 -=1= O. 

Thus, the zero solution of (4.5.3) is absolutely stable for 11 in [kltkzJ. The rest of 

the proof is identical to that of Theorem 4.5.2. • 

4. 6. Discrete Control Sysyems 

We examine the discrete Lurie control system 

{
X(t.+1 ) = ~(t.) + hl(l1(t.» , 

11 = cT X = ~C;Xit 
i=l 

where x E Ra, A E R·xa, bERa, cER·, I E F or 

lE FI,.II ~ {II 1(0) = O, O ~ k1 ~ 1(11)/11 ~ ku 11 -=1= O, 

lE C(- 00, + oo)}. 

We choo.o;e J = {tuto < tI < ... < t. < ... }, N ~ {0,1,2,···}. 

(4.6.1) 

Deflnitlon 4. 6. 1. The zero solution of (4. 6. 1) is said to be ahsolutely 

stable [ahsolutely stable in [k1 ,kzJJ if for any I E F [1 E F.,. .IIJ , the zero solution 

of (4. 6. 1) is globally asymptotically stable. 

Deflnilion 4. 6. 2. The zero solution of (4. 6. 1) is said to be ahsolutely 
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stable for the set D= {.x:cT .x=0} [absolutely stable for Il in [kl ,kIJJ if for any f E 

F [f E F1 .1 J, the zero solution of (4. 6. 1) is globally asymptotically sta bie 
I 2 

for Il. 

Lemma 4. 6. 3. Let .x(tl+l) be the solution of the follnwing system 

{
.x (t.l+ 1 ) = Ax(t.) + F(t.,.x(t.» , 

.x(to) = .xo• 

Then for any natural number k, the following formula of variation of constants 

holds 
• 

.x(t1+l) = A'+1.xo + ~A'-'F(t".x(t,», 
I-O 

Proof. Lemma can be easily verified by mathematical induction, and the 

proof is omitted. • 

Corollary 4.6.4. The solution .x(t1+I)~.x(t'+I,tO'.xO) of (4.6.0 can be 

written as 
• 

.x(t1+1) = A'+I.xo + 'L-A'-'hf(f1(t,». 
'~1 

Corollary 4.6.5. Suppase that f(f1)EC(-oo,+oo). For arbitrary fi.xed 

m, the solution .x(t.) of (4.6.1) depends continuously on the initial value .xo. 

Proof. Obviously, when m = O, the following expression 

.x(tl ) = Axo + hf(f1(to» , f1(to) = cT.xo 

is a continuous function for .xo• Suppose that 
'-1 

.x(t.) = A'.xo + 'L-Al-lhf(f1(t,» 
,~O 

depends continuously on ·.xo. Since 

.x(t1+l) = Ax(t.) + hf(f1(t1 » 

is a continuous function for .x(t.) , thus .x(t1+l) depends continuously on .xo. • 

Theorem 4. 6. 6. The zero solution of (4. 6. 1) is absolutely stable [absolutely 

stable in [k l ,kIJJ if and only if 

1) p(B)<1 [p(B) " <IJ, where p(B) and p(B" ) are the respective spectral 

radius of B and B" I 

2) the zero solution of (4. 6. 1) is absolutely stable for the set Il= {.x:cT .x=0} 

[absolutely stable in [kl ,k,J]. Here 

()=O or ()=1, 

Proof. It is enough to prove the necessary and sufficient conditions 
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(NASC) of the absolute stability because the proof of NASC of absloute stability 

in [k)9k2J is the same. 

Necessity. Since the zero solution of (4.6. 1) is absolutely stable, for any 

E> o, there exists ~(E) > O such that the solution of (4.6.1) satisfies 

Further. we have 

E 
Ix(t1 ) I < I I max c; 

; 

for IIxolI < ~(E). 

II1(t1) I = I ~C;X;(t1) I ~ ~x le; I ~ Idt1 ) I 

t. =max led • IIX(t1) II < E. 
; 

Obviously, Iim x(t1) = O implies Iim l1(t1) = O. which leads to the fact that the 
" ...... +00 j-...+CIIO 

zero solution of (4. 6. 1) is absolutely sta bie for the set D. 

If /(11) = 11. then (4.6.1) is transformed into 

X(t1) = BX(t1-1). 

Since the zero solution of (4.6. 1) is globally asymptotically stable. there exists 

p(B) < 1. Necessity is proved. 

Su//iceency. The solution x(tl+ l ) of (4.6.0 can be written as 
1 

x(tl+ l ) = B(l+llxo + ~H-'(h/(I1(t,» - hf)11(t,». 
,~O 

Since Ir is bounded, we can define 

IIH+111 ~ M = const. for ali k E N. 

For any E> O, we take 81 (E) = 3~r Since Iim l1(t1) = O and Iim /(I1(t1» = O, 
JI'J .l-4--oo ...... +00 

there exists a constant kl > ko such that the following estimation holds 

I ± H-I(h/(I1(t,» - hOI1(t, » I < 3E • 
'~11+1 

By virtue of the facts that Iim q(t.,to,xo) = O, q(t.,to,xo) depends continuously 
.1-+00 

on the initial value Xo and that /(q(t1» is continuous, there exists a constant ~2(E) 

> O such that 

L~H-l (h/(q(t,» - hf)11(t,» I < ; 
Let ~(E) = min(~J (E) ,~z (E». Then we obtain 

IIx(t1+1)1I ~IIH+1x(to)1I + L~H-l(h/(q(tl» - hf)q(t,» I 
+ I ± H-' (h/(I1(t,» - hOl1(t,» I 

1-..,+1 
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for IlxolI < 8(E). 

Therefore the zero solution of (4. 6. 1) is stable. 

Since Iim l(tI(tl » = O and Iim tI(tl ) = O for any Xo E Ra. there exists a ..... +.. .....+-
constant MI > O such that 

Ilhl(tI(t,» - hOtI(t,) II ~ MI' .. 
Taking into account that p(B) > 1. we have ~ 11.8'11 < + 00. We know that there 

'-1 
exists a constant MI> O such that 

Therefore. 

O ~ Iim IIx(tl ) II 
..... + .. 

[f] 
=MI Iim ~ IIH-'II + MI Iim max IIhl(tI(t,» - hOtI(t,) II 

..... + .. ,-o ..... +-[f ]~<. 

=0. • 

Tbeorem 4. 6. 7. The uro solution 01 (4. 6. 1) is absolutely stable [absolutely 

stabk in [kl.kl ]] il anii only il 
1) the condition 1) 01 Theorem 4. 6. 6 is satisfted, 

2) lor any lE F Uor any lE F lt •I.], there exists a lunction V,(x) which is 

radiaJly unbounded positioe defmiu with respect to il such that 

6.V, = V,(x(tl+ l » - V,(x(tl » 
is negative defmiu lor il. 

Prool. It is enough to prove the NASC for absolute stability, because the 

NASC of absolute stability in [kl.k.] can be proved along the same lines. 

Sulftciency. On the basis of Theorem 4. 6. 6, what we need is to prove that 

the condition 2) implies that the zero solution of (4.6. 1) is absolutely stable with 

respect to ti. 

Since V,(X(tl+ l » - V,(X(tl» is negative definite in ti. we find 

V,(x(tl+ l » - V,(x(tl » ~- I/I(tI(t.». 

It can be deduced that 
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V,(x(t.+1» ~V,(X(t.» - "'(a(t.» 

~V ,(X(tl - 1» - "'(a(tl » - "'(a(tl-!» 

~V,(X(tO» - "'(a(tl» - 000 - "'(a(to». 
Consequently, 

9'<a(tl- 1» ~V,(X(tl+l» ~ V,(x(to», 
la(tl + 1 ) I ~f>-I(V,(X(to»)« 1 for IIxolI« 1. 

Now, we show 

Iim a(tl + l ) = O for any Xo E R-. 
..... +ao 

If there exist some Xo E R- satisfying Iim a(tl+1 ) =1= O, then there exist E > O and 
''''+aD 

a sequence {Ij} such that 

a(tl ) ~ E, i = 1,2, •••. 

Provided Il < Iz < .00 < IJ < I + 1, I being a sufficiently large constant, we derive 

O ~ 9'<a(tl+ l » ~V,(X(tl+l» 
~V ,(x(to» - ",(a(tl,» - ••• - "'(a(to» 

as 1-+ 00, 

which yields contradiction. Hence, we have Iim a(tl+1 ) = O, i. e. , the zero 
..... +ao 

solution of (4.6.1) is absolutely sta bie for n. 
Necessity. Since the zero solution of (4.6.1) is absolutely stable, one can 

prove that for any f E F, there exists a radially unbounded positive definite 

function V,(x) such that 

V,(x(tl+ l » - V,(x(to» is negative definite. 

Accordingly, there exist two functions, namely f> E KR, '" E KR such that 

V,(x) ~ 9'<lIxll) , 

and 

By virtue of 

we obtain 

where 9'1 E KR, and 

V,(x(tl+ 1» - V,(x(tl » ~- ",(lIx(tl)lI) 
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~- 1/1( 11111 I} A - 1/11 (1111). max C; 
; 
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The condition 2) is satisfied, the condition 1) holds trivially and the conclusion 

follows. I 
Theorem 4. 6. 8. The zero solution 01 (4. 6. 1) is absolutely stahle [absolutely 

stable in [k l ,k2 ]] il anJ only il 

1) there exists a constant vector 7/ = col( 7/19 000 7/.) such that p (BI (b;J» < 1 , 

where BI=A+7/cT, 

2) the conJition 2) 01 Theorem 4. 6. 4 holJs. 

Prool. N ecessity. The existence of 7/ = col (7/1 , 000 ,1/.) is obvious, for 

example, we may take 7/; = h; [ 1/; = kl ~ kl h; J, and the condition 1) is satisfied. 

The necessity of the condition 2) has been proved in Theorem 4.6.4. 

Sulfrciency. For any lE F [for any I E F~ ... ], we rewrite (4.6.1) as 

x(tl+ l ) = Blx(t,) + h/(x(t,» - 7//(I1(t,». 

In accordance with Lemma 4.6.3, we deduce , 
x(tl+l ) = ~+IX(to) + ~~-'(h/(l1(t,» - 7//(I1(t,»). ,-o 

The proof of the remaining part is similar to that of Theorem 4. 6. 6. I 
Theorem 4.6.9. The zero sollllitm 01 (4. 6. 1) is absolutely stahle [absolutely 

stable in [kl.kt ]] il anJ only il both the conJition 1) 01 Theorem 4.6.6 anJ the 

conJition 2) 01 Theorem 4.6.5 holde 

In the following. we present some useful sufficient conditions for absolute 

stability. 

Without lo..~ of generality, we may assume that c. '* O. Let 

1 O O O 

O 1 O O 

Q= 
O O 1 O 

CI CI C._I c. 

A fuD rank linear transformation gives 

e = Q,x. 

(4.6.1) is then transformed into 

e(tl+l ) =QAQ-Ie(t,) + Qhl(e.(t,» 

A Ae(t, ) + "./(e.(t,» , (4.6.2) 
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where fi = QAQ-l, li = Qh. 

Obviously, the absolute stability of the zero solution of (4. 6. 1) and (4. 6. 2) 

are equivalent. However, ali variables of (4. 6. 2) are separa bie. The definition 

of absolute stability of the zero solution for the varia bie e. can be stated as in 

Definition 4. 6. 2. 

Let 

I(e.) _ {g(t) 
e. - O 

when e. =F- O, 

when e. = o. 
(4.6.3) 

Accordingly, (4. 6. 2) can be rewritten as . 
ei(tH1 ) = ~aije/t,) + hig(e.(t,»e.(t,) 

j=1 

.-1 

= ~aijej(t,) + (a .. + big(e.(t,»)e.(t,). (4.6.4) 
j-l 

Theorem 4. 6. 10. l)!.et the condition 1) 01 Theorem 4. 6. 4 be salisfied. 

2) Suppose that for any lE F [lor any lE F" .• ,] , there exist positive 

constants ri (i= 1, •.• • n) which are independent 01 I such that 

max {± ri I a.J I } ~ 1, 
1';;.1<.-1 ;=1 rj 

Then the zero solution 01 (4. 6. 4) is ahsolutely stable [ahsolutely stahle in [kl.kzJJ. 

Proo/. We take the Liapunov function . 
V(e) = ~r.lei I 

;~1 

and find that 

V(e(t,"-I» - V(~(t.» = i~ri I J~a.jeJ(t,) + hi/(e.(t,» I - itrilei(t,) I 

~~± ri la;j I • Irj I • lej(t,) I 
j-li-I r j 

,. r· - ,. + ~ ...!.Ia .. +h;g(e.(t,»lr. - ~rjlej(t,)1 
i=1 r. J=l 

+ [± ri lli .. + hig(e.(t,» - 1 Jr. 1 e.(t,) I 
;=1 r. 

~(p-l)r.le.(t,)1 

/::,. = - O'r.lt(t,) 1. (4.6.5) 
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Thus. it follows 

r.I~.(t'+I) 1 ~ V(t,+!) < V(t,) < V(tH) < ... < Veto). (4.6.6) 

The expression (4.6.6) tells us that the zero solution of (4.6.4) is sta bie for the 

partial varia bie ~ •• and (4.6.5) gives 

r.I~.(tHl) 1 ~V(tH.) < V(t,) - 8r.I~.(t,) 1 

~V(to) - 8r.I~.(t,) 1 - 8r.I~.(tH) 1 - ••• - 8r.I~.(to) 1. 
Now we will prove that Iim ~.(tHl) = o. 1f Iim ~.(tHl) # O. then there exist a 

1-+00 ' ..... +00 

constant E > O and a sequence {ki } such that 

1~.(t,)I~E. ;=1.2.···. 

Assume that k. < kz < ... < kj < L + 1. where the constant Lis large enough. In 

this case. 

O < r.I~.(tHl) 1 ~V(to) - 8r.I~.(t,) 1 

- 8r.I~.(t,_.)1 - ••• - 8r.IE.(to) 1 
_-00 as k-+ 00. 

which leads to contradiction. Thus we have Iim ~. (tHI ) = o. Following the ideas '_+00 
from Theorem 4.6.6. we see that the conclusion of Theorem 4.6.10 holds. I 

Corollary 4. 6. 11. 1) lA the condit;on 1) 01 Theorem 4. 6. 6 be satislied. 

2) Let ~~.;;;~ {~ Iăij I} ~ 1 and tI Iă .. + iiig(t) 1 ~ p< 1 hold lor any I(~) 
E F [for any I E F,]. 

Then the zero solut;on 01 (4.6.4) ;s ahsolutely stable [absolutely stable in 

[O.kJJ. 
Proo/. Taking ri = 1 Ci = 1 ••••• n) in Theorem 4. 6. 10. we see that ali the 

conditions of Theorem 4.6. 10 are satisfied. The conclusion is true. I 
Below. we will use another Liapunov function to study absolute stability. 

For any E > o. let 

where 

6-G.= 

d .. g,{ă.j' 
'J ă;. + iiig(~.). 

o 
O 

O 

O 

o O O 

O O O 

O O O 

O O E .x. 

1~i.j~n-1. 

i = 1 •••• ,n. 

Tbeorem 4. 6. Il. 1) Let the condit;on 1) 01 Theorem 4. 6. 6 be satislied. 
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2) Suppose that there exists a symmetric positive definite matrix B (hil ),x, 

such that the matrix DT BD- B+G. is negative semi-de/inite for any fE F [for 

any fEF.]. 

Then the zero solution of (4. 6. 4) is absolut~ly stable [absolutely stable in 

[O.k]]. 

Proof. Choosing the Liapunov function V = (f BE. we get 

V(tl+ l ) - V(t.) =~(t'+I)BE(t.) - ~(t.)BE(t.) 

= (~(t.»T B~(t.) - ~(t.)BE(t.) 

~- eE!(t.). 

Then there exists a constant a > O such that 

E!(t.) ~ aV(t.) ~aV(t'_I) - a~E!(tA-1) 

~aV(to) - aeE!(t.- I ) - aeE!(t._ z) - ••• - a~E!(to). 

The rest of the proof can be completed similarly to the proof of (4.6.6). • 

In the case B = E. we have the following 

Corollary 4. 6. 13. 1) Let the ronditDl 1) of Theorem 4. 6. 6 be salisfied. 

2) Suppose the matrix DTD- E+G. is negative semi-de/inite for any fE F 
[for any fE F.]. 

Then tlle zero solutDl of (4. 6. 4) is absolutely stable [absolutely stable in 

[O,k]]. 

Example 4.6.14. Consider the 2-dimensional discrete control system 

where 

{
XI(tA) = ~XI(t'-I) - ~XZ(t'-l) + 130f(Xz(t.-1». 

(4.6.7) 
332 

xz(t.) = 10x1(t.-I) - 10xz(t.-1) + sf(xz(t.-1» , 

f(xz) E F. = (f(xz): f(O) = O, O ~ f(xz)/xz ~ 2, 
f(x,) E (- 00, + oo)}. 

}) Let f(xz) = Xz. Then (4.6.7) transforms into 

l:;. ( 2/5 where B = 
3/10 

Theorem 4. 6. 4 holds true. 

condition 1) of 

2) We choose the Liapunov function V(x) = IXII + IXzl. By virtue of 
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laul + Iau I = ~ + 130 = 170 < 1, 

Ia.l + "lg(X,) I + Iău + h,g(x,) I 

= 1_ 1. + 1.. I(x,) 1 + 1- 1.. + 1. I(x,) 1 
5 10 x, 10 5 x, 

~ 1_1.+1.1+ 1-1..+.!1 ....... 5 5 10 5 

2 1 9 
=5+2"=10' 
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the conditions of ·Corollary 4. 6. 9 are satisfied, and thus the zero solution of 

(4.6.7) is absolutely stable in [0,2]. 

Example 4. 6. 15. Consider the system 

where 

{

X1(t'+1) = ~Xl(t,) - ~x,(t,) + !/(x,(t,», 

1 1 1 
X.(tHl) = ./2x1(t,) + 2"x.(t,) - 3/(x.(t,», 

I(x.) E F, = {/(x.) , 1(0) = O, O::;;;" I(x,) / x, ::;;;,. 7/2, 

I(xl ) E C(- 00, + oo)}. 

Now let us discuss the absolute stability of this sysyem. 

1) We fix/(x.(t,» = x,(t,). The system (4.6.8) changes into 

where 

1 ---
./2 

1 

./2 

1 
6 

1 
6 

We see that the condition 1) of Theorem 4.6.4 is satisfied. 

2) We take the Liapunov function 

V(x) = r. +.xI, 

By virtue of 

1 [2 2 ] 1 - 2" + gK'(x.) - "3g (x,) + 10 

(4.6.8) 
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it follows that 

DTD - E+ G. = 

1 
./2 

1 
./2 

1 1 1 1 - "2 + "3g (xz) "2 - "3g (xz) 

1 _ 1. + 1.g (xz) 
./2 2 3 

1 
./2 

= [O 1 1 2 O 2 1 
O -"2 + 10 + gr(xz) - "3g (xz) 

is negative semi-definite. In accordance with Corollary 4. 6. 11, the zero solution 

of (4.6.8) is absolutely stable in [0,7/2J. 

4.7. Notes 

Theorems 4. 1. 3-4. 1. 5,4. 2.2-4.2.4 are aII new results obtained by the 

author. Theorems 4. 3. 1,4. 4. 1 are taken from Maygrin [IJ. Theorem 4.4.2, 

Corollary 4. 4. 3, Theorem 4. 4. 1 are new results, too. Theorem 4. 5. 1 is due 

to Maygrin [1]. Theorems 4. 5. 2 and 4. 5. 3 are new results. The material of 

Section 4. 6 is taken from Liao Xiaoxin [I O]. 



CHAPTER 5 

CONTROL SYSTEMS WITH m NONLINEAR 
CONTROL TERMS 

In this chapter, we will discuss the absolute stability of control system with m 

non linear terms. 

S. 1. Necessary and SuCficient Conditions Cor Absolute Stability 

Consider the control system with m non1inear control terms: 

{
dX -
dt = Ax + 2:. bJj«(lj) , 

j~J 

(lj = c'Jx = ±CijX" j = 1,"',m, 
i.,.." 1 

(5.1.1) 

where A E R' x " x = col(xl'''·'x.) , bj = col(blJ,· .. ,b.j), Cj = col(cJj,· .. ,C,j), 
l:J. fj E F = {fI f(O) = O, f«(I)(I> O, (1 #= O, 

f«(I) E [(- 00, +oo),R]}, j= 1, .. ·,m, 

Re A.(A)~O. Let 

(Ji = {x:(I; = cŢx = O}, i=l,···,m, 

(J ={x: II (III = ± I(ljl = ± le'Jxl = O}. 
j-J j-J 

Definition S. 1. 1. The zero solution of (5. 1. 1) is said to be absolutely 

stable for thi' .~i't (J [(Jj] if for any fj«(lj) E F (j = 1,'" ,m) and any c> O, there 

exists 8(c) > O such that if II Xo II < 8(c), then the distance from the solution 

x(t) ~x(t,to,xo) to the set (J [(Jj] satisfies 

l:J. -p(x,(J) = 2:.1e'Jx(t) I < c [p(x,(Jj) = le'Jx(t) I < c] 
j~J 

and such that -Iim 2:. 1e'J x(t) I = O 
l-·+OOj_l 

[ Iim le'Jx(t) I = oJ 
' .... +00 

for every Xo E R'. 
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Definition 5. 1. 2. The function V(x) E C[R" .R] is said to be positive 

definite with reJjJect to the set a [aJ if 

V(x) { = o for x E a. 
> o for x Ea 

[ { = o for x E aj , ] 
V(x) 

> O for x E aj • 

The function V(x) E C[R" .R] is said to be TlRgative definite with respect to the set 

a [aj ] if - V(x) is positive definite for a [aj ]. 

Definition 5. 1. 3. The function V(x) E C[R" .RJ is said to be radially 

unhounded positive definite for a [aj] if V(x) is positive definite for a [ajJ and . 
V(x) -+ 00 as ~ 100j 1-+ 00 [IO"j 1-+ ooJ. 

j~1 

Theorem 5. 1.4. The TlRcessary and sufficient conditions of absolute stability 

for the %"0 .5olution of (5. 1. 1) are 

1) B gA + ±OjbjcJ is stable with Oj = lor O) = O. j = I ... ·,m. 
j-I 

2) the %"0 solution of (5.1. 1) is ahsolutely slable for a. 
Proof. Necessity. 1) In the case Re A(A)<O. we take Oj = O. j = 1.· ... 

m and then B = A. B is obviously stable. In the case Re A(A)~O. we take some 

Oj = 1. Let in (5.1.1) /j(O") = 0") = cJx (j = l ... ·.m)' then (5.1. 1) can be 

transformed into 

Therefore. . 
B = A + ~ OjbjcJ is stable. 

j=1 

2) For any E > O. taking 

1 = • E 

~ II cJII 
j~1 

there exists 0'(1) > O such that if II X o II < 0'(1). then 

!J. !J. " II x(t) II = II x(t.to.xo) II = ~ IXj(t) I < i for aII t ~ to. 
)-1 

This implies . . . 
~ II cJx(t) II ~ ~ II cJ II • II x(t) II < ~ II cJ IIi = E 
j-I j-I j=1 

for aII t ~ to. 

Furthermore. we find Iim II x(t) II = O for every X o E R". and thus 
'_+00 . . 

O ~ Iim ~ II cJx(t) II ~ ~ II cJ II • Iim II x(t) II = O. 
'-+(X)j=l j=1 '_+00 
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Consequently, the zero solution of (5. 5. 1) is absolutely stable for D. The necessity 

is proved. 

Sufficiency. In accordance with the formula of variation of constant, the 

solution x(t) ~x(t ,tOtxo) of (5. 1. 1) satisfies 

x(t) = eB(/-t.lxo + f:.eB('-<lL~bJfJ(I1J(r» - j~(JJbjl1/r) Jdr. 

Since B is stable, there exist constants M~ 1 and a> O such that 

. 
We define I1J(t) = C1j(t.to.xo). Since C1 = ~ lC1j (t) I - O as t -+ 00. we have 

j=1 

Iim I1j (t) = o. Because C1j (t) continuously depends on the initial value Xo and 
1--+00 

f j (l1j(t» is a composite continuous function of X o and f j (l1j(t» -+ 00 as t

+ 00. for any € > O there exist 8(€) > O and tI > to such that II X o II < 8(€) implies 

II eB<t-'.' Xo II ~ II eB('-'.l II II Xo II < ; . 

f " Me-·('-<l[ t II bJJ(C1j (r» II + fA II bjl1j (r) II Jdr < 3€ • 
'. J~I J~I 

J:. Me-·(I-<)[j~ II bJj(l1j(r» II + ~(Jj II bjl1j(r) II Jdr < ;. 

Thus. we have 

II x(t) II ~ II eB('-"xo II 

+ f" Me-·('-<l[ ~ II bJj(l1j (r» II + ~(JJ II bjl1j (r) II Jdr 
'. j=I J-l 

€ € € 
<3 + 3 + 3 = €. 

For any Xo E R". by the de L 'Hospital rule. we get 

O ~ Iim II x(t) II 
1-+00 

+ ,E~~J..Me-·(,-r)[J~ II bJj(C1j(r» II + ~(JJ II bj l1j(r) II Jdr 

=0. 

Thus. the zero solution of (5. 1. 1) is absolutely stable. The proof of the theorem 

is completed. I 
Tbeorem 5. 1. 5. The zero solution of (5. 1. 1) is absolutely stable if and 
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only if 

1) A + 'tOjbjC; ~B is stable. where Oi = O or Oj = 1. j = 1.···,m' 
j~l 

2) there exists a differentiol funct;on V, E [R- .R]. where V,(.x) is radiolly 

unbounded positive def'mite for n, i. e • • there exist 9'tE KR and f/I,E K such that 

V,(x) ~ 9',(a) , 

(5.1.2) 

Proof. Suff'tciency. It is sufficient to prove that the condition 2) implies 

that the zero solution of (5. 1. 1) is absolutely stable for n. 
Since V,(O) = O. O E n. and V,(x) is a continuous function of x, for any E> 

O there exists 8(E) > O such that 

V,(xo) < 9',(E) for II Xo II < 8(E). 

It foltows from (5. 1.2) that 

9',( 1 «1(t) 1> ~ V,(x(t» ~ V,(xo) ~ 9',(E) , 

and therefore 1 «1(t) 1 < E. Thus, the zero solution of (5.1. 1) is stable for n. 
Now. we prove that Iim «1(t.to,xo) = O for any Xo E R-. 

'_+00 

Since V,(x(t» ~V,(t) is a monotone decreasing and bounded function, 

infV,(x(t» t:. Iim V,(x(t» ~a~o. 
';>'0 '_+00 

Now, we prove that acan be reached only in n. lE it can be reached outside n, 
then there must exist a constant P> O such that 1 «1(t) 1 ~ P > O, to ~ t < + 00 , 

or there must exist a sequence {t,} with t,-+ 00 for k-+ 00 such that Iim a(t,) '._+Il10 
= O. As a result, 

a = Iim V,(t,) = Iim V,(t,). 
',-+00 ',_+00 

.(',>-0 

In other words. acan be reached in n. This conclusion is in contradiction with the 

preassumption that acan be reached outside n. 
For any Xo E R-, the expression (5. 1. 2) gives 

1 «1(t) 1 ~ la(to) 1 ~h < H <+ 00. 

Now, let us prove that Iim «1(t) = O. Assume that Iim a(t) =F O. Since a(t) is 
1_+00 '_+00 

uniformly continuous, there exist constants P > O, "1 > O and point sequence {ti} 

such that 1«1(t) 1 ~ P for tE [tj - "I,ti + "1], j = 1,2, .. ·. 

Setting r, = inf f/I,(a) , we deduce 
,%;0<;1 
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This yields contradiction, thus Iim d(t) == O. This proves that the zero soluion of 
'_+CD 

(5. 1. 1) is absolutely stable for n. The sufficiency ia proved. 

Necessity. Since the zero solution of (5.1. 1) is absolutely stablet R- is an 

attractive space. For any li E F (j == 1 t ••• • m) and any x E R-. let 

W,(x) ~sup{ II x,(t,O,x) II z.t ~ O}, 

where x,(t) denotes a solution of (5.1. 1). From the Theorem 2.2 of Bhatia and 

Szeg6 [1], we know that W,(x) has the following properties: 

1) W,(x) ~ 0, and W,(x) == O if and only if x = O, W,(x) is radially 

unbounded positive definite, 

2) W,(x) is a monotone decreasing function, 

3) W,(x) is continous in R-. 

Furthermore t we define 

t::.f+OD 
V,(x) = o W,(x,(7J. O ,x»e-'d7J. 

Obviously. V,(x) is radially unbounded positive definite. Thus, there exists", E 
KRsuch that 

V,(x) ~ ",( II x II ). 
Let 

It follows that 

Integrating by parts 

V,(x,(t» == J:OD e-'d41 == e-'J:+'Wi(x,(~»d~I:OD + J:OD 41(t + 7J)e-'d7J 

= - J: W,(x,(~) )d~ + J:OD 4I(t + 7J)e-'d7J. 

Since W,(x,(t» is a monotone nonincreasing function, W,(x,(t» is bounded. 

Furthermore. we note that 
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d:f ! =- Wf(Xf(t» + rOD cJ),'e-'d1/ 
t <5.1.]) o 

= - Wf(Xf(t» + rOD Wf(Xf(t + 1/) )e-'d1/ 

= rOD [Wf(Xf(t + 1/» - W f (Xf(t»]d1/. 

Since Wf(Xf(t» is a monotone nonincreasing function. we abtain 

Wf(Xf(t» ~ Wf(Xf(t + 1/». 1/ ~ O. 

In particular. if x(t) is a non-zero solution of (5.1.1). 

Wf(Xf(t» ~ Wf(Xf(t + 1/». 

or 

Thus Wf(Xf(t» = O. which contradicts 

Wf(x) = sup{ II Xf(t,O.X) II ',t ~ O} ~ O. 

Therefore. if Xf(t) ~ O. then 

i. e .• 

rOD [Wf(Xf(t + 1/» - Wf(Xf(t» ]e-'d1/ < O. 

dVf ! < ° 
dt <5.1.]) 

for x * O. 

Therefore. we conc\ude 

dVf ! (it ~- Uf(X)' 
<5.1. ]) 

with Uf(X) being a positive definite function. Thus we have 

uAx) ~"f( II x II ) ~"f( ;~ Ixd) 

~9'f - ~ ~ IC;jxjl ( 1· 1 • ) 
m j~ 1 max !c;] I ;.j-1 

1<;."". 

( 1 1 • ) 
~"f m max Ic. I.~ !c;jxil 

I} 1o}-1 
1<;."". 

~9'f(C1) E KR. 

Hence. Uf(X) is radially unbounded positive definite for D. Further. we have 

d:ef ! ~- Uf(X) ~- 9'f( II x II) ~- 9'f(C1). tpf E K. 
<S.I.ll 
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The condition 2) of Theorem 5. 1. 5 is satisfied I the condition 1) of this theorem is 

trivially satisfied as well. The necessity is proved. I 
Theorem 5. 1. 6. The zero solution of (5. 1. 1) is absolutely stable if anii 

anly if 

1) the eondition 1) of Theorem 5. 1. 4 is Salisfied I 

2) for any fiE F (j= 1 •••• • m). there exist m Liapunuu functions VY' (x) E 
[R" .RJ (j = 1 •.•• • m) such thal 

VY'(x) ~ ~!(IO',I>. ~!EKR. j=I.···.m. 

dVY' I Cit ~- 4'Y'( 100il). 
(5.1. Il 

4'Y' E K. j = 1.··· .m. 
Proof. Neeessity. Theorem 5.1. 5 guarantees that the condition 1) is sat

isfied. and that there exists V,(x) ~ tp,(O') E KR such that 

dV ,(x) I ~ - 4',(0'). 
dt (S.I.Il 

tp, E K. 

Take VY' = V,(x). j = 1.··· .m. Due to 

VY' =V,(x) ~ tp,(O') = tp,(,~ IeTx l) ~ tp,( IeTxl) 

=tp,(IO',1> E KR. j = 1.···.m. 
we have 

dVY' I dV I ( - ) Cit = de' ~- 4',(0') = - 4', 2:; leTxl 
(5. 1. Il (5.1. Il '-1 

~- 4',(leTxj) =- 4',(0',). 4', E K. j = 1.···.m. 
This verifies the neces.'1ity. 

Suf ficiency. Similarly to the proof of sufficiency for Theorem 5. 1. 5. the 

condition 2) can be proved to imply that the zero solution of (5. 1. 1) is absolutely 

stable for ni' j = 1.··· .m. Then, as in Theorem 5. 1. 4 one can show that the 

zero solution of (5. 1. 1) is absolute\y stable. This verifies the sufficiency. I 
Theorem 5.1.7. Let the folluwing eonditions be satisÎr.ed: 

1) the eondition 1) of Theorem 5. 1. 3 holdsl 

2) there exist an n X n real symmetric matrix B and eonstants {ii ~ O 

(i= 1. ···.m). «>0 such thal 

with 
" xTBx ~ «2:;,xf 

;-1 
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ar 

dV/ {- - } 3) cit ~ - tt, t' E ", ,'~t1Ji(t1i)' ~.IJ (t1I ) • 
<t.l.l) 1-1 i-l 

Tiam tiu ura solution o/ (5. 1. 1) is absolutely stable. 

Proo/. It ia sufficient to prove that the conditions 2) and 3) of this theorem 

imply the condition of Theorem 5. 1. 5. 

or 

In fact, for the Liapunov function 

V(x) = xTBx + EPiS-J/I(t1i )dt1j , 
1-1 o 

dVI =- tt g - "'(t1), 
cit (5.1.1) 

"'EK. 

Therefore the conditions of Theorem 5. 1. 5 are satisfied. Theorem 5. 1. 7 is 

proved. I 
Corollary 5.1.8. Suppose that tlure exist constants P/;;::'O (j= 1, ••• ,m) 

and a symmetric positive defuUu matri.r P such that the function 

V(X) = xTPx + 'tPif-Jfi(t1i)dt11 
1-1 o 

satisfw dcltV I < O, x ~ O. Tiam the zero solution of (5. 1. 1) is absolutely 
(5.1.1) 

stable. 

Proof. It is sufficient to prove that V(x) is radiaUy unbounded positive 

definite for D, while dcltV I ia negative definite for D. 
(5.1. n 

Letc = max le/II, il = min-\(P), -\ being enginvalues of P. Then 
14;;1<_ - 1<;1<;_ 
1<;1<-

Therefore, V(x) is radially unbounded positive definite for D, and 

dVI (1- )1:;. cit ~-"'(lIxll)~-"'-::~It1jl =-"'I(t1), 
(5.1,1> mej_l "'1 E K. 
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Thus ~~ I is negative definite for a. The conditions of Theorem 5. 1. 7 are 
<5.1. Il 

satisfied. The proof of Corollary 5.1. 8 is completed. • 

5.2. Some Simple Sufficient Conditions for Absolute Stability 

Without loss of generality, we a8Sume thatci = col(c.19·"'c .. ) (i = 1,"',m) 

are linearly independent. By an n-dimensional full-rank linear transformation, 

(5.1.1) can be transformed into the following form: 

dx • 
-d = Ax + 2: bJJ(xJ) , 

t J=.-.+I 
(5.2.1) 

or into the vector component form: 

dx·· • 
dt ' = 2:a;)xJ + 2: bi;!J(x) , 

j=1 J=.-.+I 
j = 1,···.m. (5.2.2) 

Theorem 5. 2. 1. Suppose that 

1) A= (aij).X. is stable. 

2) there exist constants r;~0 (;= 1, ••• • n-m), r;>0 (;=n - m + 1 ... ·, n) 

such that 

ar 

· - rJaJJ + 2:r;laiJI ~ O. 
;-1 
i#oJ 

· - rJaj) + 2: r.l aiJ I < O. 
;-1 
;#oJ 

· - rpiJ '+ 2:r; Ib;J I ~ 0, 
i-) 
;#oj 

· - CjaJj + 2:c.la;) I ~ O. 
;-1 
;#oJ 

· - CjaJj + ~Ci la;) I ~ O. 
;-1 
i#o) 

· - cjbjJ + 2:c.lb;) I < 0, 
;-1 
;#oJ 

j=l, .. ·.n-m. 

j=n-m+l, .. ·.n, 

j = n - m + 1 ... • ,n, 

j=I, .. ·.n-m. 

j=n-m+l, .. ·,n, 

i = n - m + 1 ... • ,n. 

Then the zero solution of the system (5. 2. 1) is absolutely stable. 

Proof. We construct the Liapunov function . 
V = 2:c.lx;\. 

;-1 

Obviously, we have 
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. . . 
V = ~cdxd ~ ~ cdx;I-+ 00 as ~ Ix;I-+ 00. 

i== 1 ".-_+1 1-.-.+1 

Thus, Vis radially unbounded positive definite for X.-_+l' ••• ,x •. Since 

D+ V(x)lu.z.]) ~±[clljj + :tc;la;) 1] Ix;1 
)-1 ;-1 

;oJ.) 

+ ,-.t.+J c,bu + ~ Ic,-bill] I 1, (x,) I 
;oJ.' . 

<O for ~ Ix)1 ~ O, 
)-.--+1 

the zero solution of (5. 2. 1) is absolutely stable for X.-_+1'''· ,x.. Since the 

matrix A is sta bie , there exist M ~ 1 and a > O such that 

II eA(,-,o) II ~ Me-·<t-,o). 

The solution of (5. 2. 1) can be expressed in the following form: 

Following the proof of Theorem 5. 1. 1, we can prove that the zero solution of 

(5. 2. 1) is absolutely stable. I 
Let us denote 

i=I,"',II, j=l, .. ·,II-m, 

i = 1,"',11, j = II - m + 1,"',11. 

Tbeorem 5.2.2. TM zero solution 01 (5.2.1) is ohsolutely stohk il eithn-

01 the lollowing two sets 01 conJitions is satisÎred I 

ar 

1) al,<O, i=I,"',II, the matrix«-1)'IJ 1a;)D.x. is stohk, 

2) thn-e exists a constant 1>0 such thal 

l = II - m + 1,'" ,II, 

i=I, .. ·,II,i~l, l=lI-m+l, .. ·,II, 

1)' a;; < O , i= 1,'" ,II, the matrix « -1)'IJ I ă;) D.x. is stable, 

2) I thn-e exists a constant r> O such that 

l = II - m + 1,'" ,II, 

i=I, .. ·,II, i~l, l=lI-m+l,· .. ,II. 

Proo/. Since the condition 1) implies that - « - 1)'IJ la;) D.x. is an 

M-matrix, there exist constants CI> O (i = 1,'" ,II) such that 
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Condition 2) implies 

. 
c;a;J + ~ 1c,-fl;J I < O, 

;-1 
;~J 

j=l,· .. ,n. 
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c,bu + t Ic;bil I ~ ( c/au + t C; laii 1) li < O, l=n-m+1,· .. ,n . 
• =1 .-1 
;~/ 

We construct the Liapunov function . 
V = ~c;lx;1 

;=1 

and we deduce that 

D+ VICS.2.1l ~i~[cJaJJ + ti 1c,-fl;JI] IXil 
;~J 

<O for X '=1= o. 
Consequently, the zero solution of (5. 2. 1) is absolutely stable. 

The suHiciency of 1)' and 2)' can be proved analogously. I 
Example 5.2.3. Consider the problem of absolute stability of the system 

{
dJeI =- XI - 2/1(xI) + 2/z(xz), 

dxz f f 
II'/z E F. (5.2.3) 

de =- Xz + 2 I(XI) - 2 z(xz), 

We choose the Liapunov function 

Thus, 

V = Ixii + Ixz 1. 

D+Vlcs.Z.3)~-lxll-lxzl +[-2+2JI/I(xI)1 

+ [- 2 + 2Jl/z(xz) I 

and the zero solution of (5.2.3) is absolutely stable. 

Example 5.2.4. Consider the problem of absolute stability of the system 

dXI I f de =- 4xI + 2xz + X3 + 2 I(XZ) + 2 Z(X3)' 

dxz I de = 2xI - 3xz + X3 - 4 I (xz) - 2/z(x,), (5.2.4) 

dX3 I de =- 2xI + Xz - 3xs + I(XZ) - 6/z(xs), 

where II, Iz E F, and 
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au au au] [- 4 
2 

: 1 ' an au an = 2 -3 

a3l au an - 2 1 -3 

[b" b
U

] [ 2 -~l bu b23 = - 4 

b3% b33 1 -6 
It is easy to prove that the matrix « - 1 )';J I a;j 1) is sta bIe. Furthermore, there 

exist 

O> au > bu , la., I = Ib.-sl, 

1 
I a;al = 2"1 bial , 

i= 1,3, 

i = 1,2. 

Thus, the conditions of Theorem 5. 2. 2 are satisfied. The zero solution of 

(5.2.4) is absolutely stable. 

Let 

i=l,''',n, j=n-m+1, .. ·,n, 

i = 1,"·,n, j = 1,"',n - m. 

The system (5.2.2) can be rewritten as 

dx; • 
de = "E]iJ(Xj)' i = 1,'" ,n. 

J-l 
(5.2.5) 

Theorem 5. 2. 5. Let the following conditions be salisfied: 

1) A= (a;j).x. is stablel 

2) f:~];;(x;)dx; =- 00, ];;(xi)x; < O for Xi =F O, i = 1,''',n, 

3) thereexistconstantsci~O (i=l, .. ·,n-m), Ci>O (i=n-m+1, .. ·,n), 

E>O, such that the matrix 

is negatfve semi-definite, where 

. i-1..(c.]ij(XJ) + cJ]J;(X;)) , 
gij(x) = 2 ]jj(Xj) ];;(x,) 

O, 

X;Xj ~ O, 
i,j = 1,"·,n. 

X;XJ = O, 

Then the zero solution of (5.2.5) is absolutely stable. 

Proof. We construct the radially unbounded positive definite Liapunov 

function 

V(X) = - ±fz;c;];;(x;)dx;. 
;-1 o 
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Following the proof of Theorem 5. 1. 1. we can prove that ddV I is negative 
t (5.2.5> 

definite for x._.+ I •• .. • x •• Thus. the zero solution of (5.2.5) is absolutely stable 

for X.-"'+19···.X •• i. e .• the zero solution of (5. 2. 1) is absolute\y stable for 

X"-_+l'···'X •• 

Using the fact that the matrix A is stable. the solution of (5.2. 1) can be 

expressed: 

As in the proof of Theorem 5. 5. 1. we can prove that the zero solution of (5.2.1) 

is absolutely stable. Consequent\y. the zero solution of (5. 2. 5) is absolutely 

stable. I 
Theorem 5. 2. 6. Let the following conditions be satisfed: 

1) the conditions 1) and 2) of Theorem 5.2.5 are satisfied; 

2) l l.i(Xi) I ~b 
Jii(Xi) ...." iJ; 

3) 

1 

1 

- blN - bz. 1 

with 1111 • llu and E - llii111Zl11iilllu being M-matrices. where 1111 , llu. llu. 
Bzz are (n - m) X (n - m). (n - m) X m. m X (n - m). m X m matrices 

respectivei y. 

Then the zero solution of (5.2.5) is absolutely stable. 

Proof. For any ~ = COl(~I"" .~._.) ~ O and any" = col("19'" .".) > o. 
we consider the linear equations 

{ BIIC + 1112~ = ~. 
Bzlc + Bzzc = ". 

Obviously. (5.2.6) is equivalent to 

{ 
c = - lliillluc + llii l ". 

c = Biil" + lliilBuBiilBuc - BiilllZlBiil~. 

(5.2.6) 

(5.2.7) 

(5.2.8) 

Since ~~ 0.1111 and Bu are M-matrices. we have Bii l ~ 0.llii1 ~ O. Taking 1121 ~ 
O. we have 

Biil" > O. 
Recalling that E - Biilll'lllolllu is an M-matrix. we know that there exist a 
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positive solution of (5.2.8) for c and a non-negative solution of (5.2.7) for c. 

We choose the Liapunov function 

Then 

. . 
V = ~c;lx;1 ~ ~ c;lx;l • 

. -1 ;-.-_+1 

~,-.t.+J - Cj 1],J(xJ) I + ;tc; I];j(x,) 1] 
;~, 

~,-.t.+J - c, + ~c;b;,J I]Jj(Xj) I 
;~, . 

<O for ~ I fJj (x,) I * O. 
J-.--+l 

Therefore, the zero solution of the system (5. 2. 5) is absolutely stable for 

X._ ... +j (j = 1, .. • ,m), i. e. , the zero solution of the system (5.2. 1) is absolutely 

stable for X._ ...... j (j = 1, .. • ,m). • 

Following the proof of Theorem 5. 2. 5, we can complete the proof of the 

remaining part of this theorem. 

Example 5.2.7. We examine the absolute stability of the following system: 

{
dd:1 = - XI - ~ X, - fI (XI) - ~ f,(x,) , 

(5.2.9) 
dxz 1 1 de = 2"xl - Xz + 2"fl(xI) - fz(x2) , 

where fI' f2 E F. 

Let 

We choose the Liapunov function 

f'"t f'"' V (X) = - o]lJ (XI )dxI - 0]22 (xz)dx,. 

It follows that 

for xf + ~ * O. 

Therefore, the zero solution of (5.2.9) is absolutely sta bIe. 
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5.3. Discrimination of Definite Sign for Lurie's Functions 

Let us denote 

FI. ~{f: f(O) = O. O ~ ~,f(~j) ~ kjcry. k, <+ 00. 
J 

f E [( - 00. + 00) .R]}. 
If the zero solution of (5. 1. 1) is globally sta bie for any f, E F IJ (j = 1 •••• • m). 

we say the zero solution of (5. 1. 1) to be absolutely slable in the angle K = 

diag([O .kl ], •••• [O,k.]). 

Suppose the matrixAof the system (5.1.1) is stable. Now, we consider the 

absolute stability of the zero solution of the system (5. 1. 1) by employing the 

Lurie type V-function 

V(x) = xTPx + ~Ojf·Jfj(~j)d~j' 
j-I o 

Oj ~ O (j = 1.··· .m), (5.3.1) 

where the positive definite matrix P is the solution of the Liapunov matrix equation 

ATP+PA=-G. 

G = cr is a given po..'!itive definite matrix. Now. the difficult problem is how to 

. d h h dV I . . d f' . JU ge w et er Te IS negatIve e Intte. 
U.I.1l 

The necessary and sufficient conditions for the negative definiteness of 

~~ I are given in Zhao Suxia [4]. Since the proof is too lengthy to present. 
<5.1. Il 

we only give the results here. For the proof readers are referred to the original 

paper. 

Theorem 5. 3. 1. Let m~2. ~~ I is negative definite if and only if 
<S.I.1l 

1) ~~I isnegativedefiniteforf«(ll)=al~1 (al=O. al=k) and forany 
<S.I.1l 

fj«(lj) EFI. (j= 2, ••• • m), 
J 

2) ~~ I is negative definite for any fi «(Il) EFI, ,fj«(lj)=0,j=2, 000 ,m. 
(5.1. Il 

We adopt the following notations: 

H ~diag(al""'a..), A[H] =P + BHCT, 

P[H] =P + ~ C8HCT, - G[H] =AT[H]P[H] + P[H]A[H] , 

uj[H] =P[H]h; + ~ O,AT[H]cj' 

%,[H] = {[OjcJb, + Uj[H]G-I[H]uj[H]][cJG-I[H]c,]}î 

+ cJG-I[H]uJ[H] , 
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where B.x. = (bl' ••• • b.). C.x• = (CI' ••• • c.). 8 = diag({JI' ••• • (J.). 

Theorem 5.3.2. Let m~1. ddV I is negative delinite il and cmly il 
t (s.I.1l 

1 T>max%"j[H]. j=l.···,m, 
J _EDj 

where 

Di = {H la; = O lor i ~ j; a; = O, a; = U; lor i < j}. 
If the conditions of Theorem 5. 3. 1 or Theorem 5. 3. 2 are satisfied, the zero 

solution of (5.1. J) is absolutely sta bie inK = diag([O,kl],···,[O,k.]). 

In the following, let 
b. Fi ={fjl li(O) = O, O ~ ~il(~i) <+ 00, 

li E (- 00, + oo)}, j = 1.···,m. 

Theorem 5. 3. 3. ~~ I is negative delinite lor any li E Fi il and cmly il 
(5.1. Il 

dV I . . d fi" ~ de rs negatroe e rrute J or any 
(5.1. Il 

lE P ~ {/: I(~) = col(MI~I'··· ,M.~.)}, 
whereAE[O,+oo), 8;=Oor8;=1, i=l,···,m. 

We use the following notations I 

od =diag(81'''' .8.). 8 = diag({JI' ••• ,(J.), 

U=-(PB+ ~ATC8) 
=(UI'···.U.), u;ER·, i=l,···,m, 

w =- ~ (8("'fB + BTC8), 

M = {od: there are 2· - m - 1 elements and at least two 8; 

such that 8; =1= O} , 

G[od,A] =G + ~ [U~ + C.dlJT]A + Codw~~:, 
1",0) =det G[od,A], 10 0) = II 1",0). 

"'EN 

Suppo.c;e that 100.) is an nth order polynomicaland the first coefficient ilo =1= O. Let 

10) = 1../00'). 
ilo 

Theorem 5. 3. 4. The derivative 01 (5. 3. J) alung the solutiun 01 (5. 1. 1) 

~~ I is negative delinite lor any liE Fi il and cmly il 
(5.1. Il 

1) -max p;~O, where 
1';;; ... 
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i=I,···,m; 

2) all tM main sulrdeterminat of tM Newton's matrix S<!) determined by 

f().) are TlDn7/egatroe, i. e. , f{A) has no real mot. 

The Newton's matrix S{f> of the polynomial f{A) = A" - a1A"-1 + ... + 
(- O"a" reads 

S<!) = 
Sz S" 

where so, .. • ,Sto-% are the Newton's sum of f().) I 

So = n, 

SI = a1SI-1 - aZSI-% + ... + {- Olal_ISI + {- 04+1alsO for 1 ~ k ~ n, 

SI = alSI-1 + ... + (- O"+Ia.SI_" for k> n. 

Example 5. 3. 5. Consider the absolute stability of the zero solution of the 

system 

(5. 3. 2) 

where 

(- 1 
- ~) , (- 2 - 2) , c= (~ ~) , A= B= 

O -2 -2 

G = 2E = (~ ~), 8 = (~ ~) , p = (~ ~) . 
It follows from Theorem 5. 3. 4 that 

U=(22· 52 ) 
2.5 ' 

PI = pz = O. 

Therefore, we find 

f(A) = A' + 245A, + IOA! + 4 = O. 

Obviously, there is no real root. We conclude that the zero solution of (5. 3. 2) is 

absolutely stable. 
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5. 4. Particular Systems 

Consider the following particular system 

J~~ = Ax + Bf«(1). 

1(1=CTx. 
(5.4.1) 

where A E R"X". x E R". B and Care n X m constant matrices. (1 and f are 

m-dimensional vectors. and f«(1) satisfies: 

f(o) = O. (5.4.2) 

Kl' Kz and K3 being m X m symmetric constant matrices. 

Remark 1) Let tp{(1) = Kzf«(1) - K(1. K = Kz - Kl' then (5.4.2) trans

forms into 

tp{O) = O. 

2) If K3 is a nonsingular matrix. then using the transformation. we have 

f«(1) = K;IK1(1 + K;Itp{(1). 

The system (5.4. 1) is then transformed into 

J~~ = Ax + Etp{(1). 

1(1=CTx. 
where il = A + BK;IK1CT and E = BK;l. 

Theorem 5.4.1. Assume that 

1) the matrix A ;s stable J 

(5.4.3) 

2) there exists a positive definite matrix ii such thal the solution of LiapuTIUV 

matrix equat;on 

(5.4.4) 

satis!ies 

C=- RE. (5.4.5) 

Then the zero solution of (5.4.3) is ahsolutely stable. 

Proof. Since A is stable. the Liapunov matrix equation (5.4.4) has only a 

symmetric and positive definite solution R. 
Constructing the Liapunov function 

we deduce 

V(x) = xTRx. 

= - 2xT iix - 2(1T tp{(1) 

<O for x =1= o. 
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Therefore the zero solution of (S. 4. 3) is absolutely sta bie. • 
The significance of Theorem S. 4. 1 lies in the fact that when A is sta bie • we 

can construct a positive definite matrix il first. by choosing control matrix C such 

that il satisfies (S. 4. S). This makes a design of a stable system easy. 

Tbeorem S. 4. 2. Assume that 

1) the matrix A is stable J 

2) 'Il K-J~rp ti, 
3) there exists a constant r> O such that 

( 2(: - Q) is pasititle delinite. 
_ QT rK-J 

(: be;ng a positive de/inite matrix deÎmed by (S. 4. ·4). Q=il'jj+ ~ rc. 
Then the zero solution 01 the system (S. 4. 3) is absolutely stable. 

Prool. We construct the Liapunov function of positive definite quadratic 

form 

V(x) = xTilx. 

where il denotes a solution of (S. 4. 4). Then 

<o for x =F O. 

This completes the proof of Theorem S. 4. 2. • 

S. S. Nonautonomous Systems 

Consider the m-dimensional nonautonomous and nonlinear control system 

{
dY • dt = A(t)y + J"f'hj (t)/j(tlj (t) .t). 

tlj = cJy. 
1 ~m~n. 

(S. S.l) 

where 

f J E FIJ ~ {f: 1(0) = o. O ~ tlJf(tlJ.t) ~ iJcry. i J <+ 00. 

lE C[(- 00. + 00) X [O. + oo).R]}. j = 1.···.m. 
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A(t) = (aij(t».x.is continuous function matrix on [0.+00). 

b;(t) = col(bjl(t).···.bjo(t» E C[[O. + oo),R'J, 

Cj(t) = col (Cjj (t) • ••• ,c",(t» is a constant vector. Suppose that CJ (j = 1, ... ,m) 

are linearly independence. Without loss of generality. we can assume that 

det [CI.'~_+I C~'l * o. 

c_.'~_+1 c_ 

By the folIowing nonsingular linear transformation 

x=Qy, 
i. e .• 

Xi =Yi' i=l,···,n-m, 

Xi =(1" i = n - m + 1.···.n, 
the system (5.5. 1) can be transformed into 

dx • 
dt = A(t)x + j=."f.+lb/t)fJ(xj,t) , 

where 

or, in the vector component form 

dx·· • 
dt ' = ~aij(t)Xj + ~ bij(t)fj(Xj,t) , ;= },···,n. (5.5.2) 

1=1 )-.-.+1 

Theorem 5. 5. 1. 1) Assume that tMre exist constants ri ~ O (i = 1 •••• , 

n-m) and ri>O (j=n-m+l , ••• • n). 8>0 such that 

· - rjajJ(t) + ~ri laij(t) I ~ O, 
;=1 
i~j 

· 
j=I.···,n-m, 

- rjajj(t) + ~r; la;j(t) I ~ - 8 < O. j=n-m+l,···,n, 
;"""1 
;~j 

· - rjbjj(t) + ~r; Ibij(t) I ~ O, j = n - m + 1, ..• ,n. 
i=1 
i~j 

2) Let the zero solution of the liN.ar systnn 

i = 1, ... ,n - m 

be uniformly asymptotically stable. 

Then the zero solution of the sy.ţlem (5.5.2) is absolutely stable in 

K = diag([O,kIJ, ••• , [O,k.J). 

Proof. We choose the Liapunov function 

(5.5.3) 
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. 
V(x) = ~c.!x.! , 

;=1 

which is radia\ly unbounded positive definite for X.-.+l' ••• ,x •. Then 

D+ V(X) I C5.5.2> ~~[r,-ajj(t) + ~ri laij(t) I J IXi I 
i~j 

+ j_.t.+Jrjbjj(t) + ~rilbij(t) I J If/Xj.t) I 
i~j 

~,=.t.+Jr,aJJ(t) + i~r.!aij(t) IJ Ixil 
i~j . 

~- 8 ~ Ix,l. 
j- .. -_+l 
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Thus D+ V I C5. 5. %) is negative definite for X.-.+l'·" ,x., and the zero solution of 

(5. 5. 2) is absolutely sta bIe for X'-.+l'·" ,x. in K = diag([O ,kl ] ... • ,[O • k.o] ). 

Let 

The Cauchy matrix solution K(t,to) of (5.5.3) satisfies 

IIK(t,to)II ~ Me-·c,-,.). 

XC.-.) =COI(XI ... • .x._.). 
ACo-·)(t) = (aij(t»C'-.»(c.-.) , 

W-·) (t) =col(b1/t), .. • ,b._ •. j(t». 

Then, the first n - m components of the solution of (5. 5. 2) can be written as 

Since O ~ fj(xj.t)x, ~ kxj, we have fj(xj(t) ,t) - O as Xj(t) - O uniformly in t. 

Following the proof of Theorem 5. 1. 1, we can prove that the zero solution of 

(5. 5. 2) is also absolutely stable for x co-.) in K = diag([O ,kl ], .. • • [O .k.o]). 
Theorem 5.5.1 is proved. • 

Theorem 5. 5. 2. 1) Suppose that there exist constants ri ~ O Ci = 1 ..... 

n-m). ri>O (i=n-m+l,"·,n). 8>0 such that 

{

- rp,/t) + ±r.!aij(t) I ~ O, j = 1, .. ·.n - m. 
; .... 1 
i~j 

- rjb,j(t) + ±r.!bij(t) I ~- 8< O,j = n - m + 1,"·,n. 
;-1 
i~j 

2) Let the condition 2) of Theorem 5.5.1 be satisfied. 

3) Let Ifj(Xj,t) I be positive definite, j=l,· .. ,m. 
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Then the zero solution. of the system (5.5.2) is ahsolutely stahk in 

K = diag([O,kIJ, ••• , [O,k,.J). 

Proof. We choose the Liapunov function . 
V(x) = ~r;lx;l, 

;""" 1 

which is radially unbounded positive definite for X._.+I' ••• ,x •• We find 

D+ V(X) 1(5.5.%) ~ ± [rjbjj(t) + ±r;lb;j(t) IJ Ifj(l1j ,t) I 
J-II--+I i-l 

;#J 

<o for X<·-·l * o. 
Thus the zero solution of (5.5.2) is absolutely stable for X<·-·l. The rest of the 

proof is exactly the same as in Theorem 5. 5. 1 and we do not repeat it. The 

theorem is verified. • 

Example 5.5.3. We examine the absolute stability of the following system: 

dd~l = (- 4 + sin t)Xl + (sin t)xz + ( ~cos t) X3 + fz(xz) 

+ (1 + sin t)fs(x3) , 

Choo . .'ling the Liapunov function 

V= Ixii + IXzl + IXsl, 

we deduce that 

D+ VI <5.5..l ~ [ (- 4 + sin t) + 1200..'1 t 1 + 1 ! t' J I XI 1 

+ [ - 3 + I sin ti + I cos ti J I XII 

+ [ - 2 + 1 ~ t2 + ~ lcos ti J I X 31 

+ [ - 2 + 1 + 1] Ifl(xI) I 
+ [- 4 + 2 + 1 + sin tJlf3(x3) I 

1 
~ - I xIi - I xzl - "21 xsl. 

The zero solution of the system (5.5.4) is absolutely stable in 

K = diag([O,kJ,[O,kIJ). 

Next, let us take 

(5.5.4) 
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i=I,···.n. j=n-m+l ... ·,n. 

i=l,···,n, j=l,···,n-m. 

Then the system (5.5.2) can be rewritten as 

where fj EFA .• j = 1 ... • ,n. 
I 

dx· • 
dt' = 'i:.];j(Xj,t). 

j-l 

Theorem 5. 5. 4. Let the folluwing conJit;ons be salisfied: 

1) ]jj(Xj.t)Xj<O. j=I ... • .n. x/;i:O, 

(5.5.5) 

2) there exist functWns FJJ(xj) defined on (-00. +00), j= 1 ... ·.m, which 

are cont;nuous ar haue only finite discontinuous points of the first ar third kind such 

that 

j:~Fjj(Xj)dXj=-oo. j=I, .. ·,m, 

3) the matrix G= (g;j).x. is nRgative definite, where 

g .. {: ~ 111;j(Xj.t) + ]ji(Xi.t) 1. i = j = 1 ... • ,n. 
,;::::. F i::ţ=j. XiXj::ţ=O, i,j= 1,"·,n. 

'1 2 j/Xj) F;;(x) 

= O, i::ţ= j, XiXj = O. i.j = 1,'" .n. 

Then the zero solution of the system (5.5.5) is absolutely stable in 

K = diag([O.kIJ ... •• [O.k..J). 

Proof. We choose the Liapunov function 

V(x) = - ±jZ;Fii(Xi)dxi• 
i-l o 

Obviously. it is a radially unbounded positive definite function. 

Following the proof of Theorem 5. 5. 1. we can prove that D+ VI (5.5.5) is 

negative definite. Therefore. the zero solution of (5.5.5) is absolutely stable in K 

= diag([O.kIJ ... • .[O.k..J). I 
Theorem 5. 5. 5. Assume that 

1) the conJition 1) of Theorem 5. 5. 4, is satisÎred, 

2) l]jj(Xj.t) I is positivedefinite. j=I ... ·.m' 

3) 1 ]ij(Xj.t) 1------ . ...J-. • • 1 
]jj(Xj.t) """,gij' r..,.... J. r.J= ... ·.n. 

1 - Kn - Kl. 

G= 
1 
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is an M-matrix. 

Then the zero soluticm 01 the system (5.5.5) ;s ahsolutely stable in 

K = diag([O.kl].···.[O.k..]). 

Prool. Since G is an M-matrix. for any t = (ti.··· .t.)T > O the algebra 

equation ar, = t has a positive 8OIution 

r = ,= (ar)-It> o. 
Constructing the Liapunov function 

V(x) =- ±[sgn ]ii(x;ot)]rilxil. 
1-1 

we find 

<O for x =1= O. 

Therefore the zero 8OIution of the system (5. 5. 5) is absolutely stable in K = 

diag([O.kl].··· • [O.k..]). The theorem is proved. • 

5.6. Notes 

Theorems 5. 1. 4"'" 5. 1. 7 are taken from Liao Xiaoxin [13]. Theorems 

5. 2. 1. 5. 2. 2. 5. 2. 5 and 5. 2. 6 are new. The proof of Theorems 5. 3. 1. 5. 3. 2 

can be found in Zhao Suxia [4]. Theorems 5. 3. 3. 5. 3. 4 are due to Cheng 

Ruanqi [1]. Theorems 5. 4. 1. 5.4.2 are from Maygarin [1]. AII the results of 

Section 5.5 are new. 



CHAPTER 6 

CONTROL SYSTEMS DESCRffiED BY FDE 

Since the control systems are very thoroughly studied and the stability theory 

of differential equations develops rapidly, it is natural to consider Lurie control 

systems described by functional differential equations. In this chapter, we will 

present the result concerning such systems. 

6.1. The Systems Described by RFDE 

Consider the Lurie indirect control system deseribed by retarded functional 

differential equtions (RFDE): 

{ 
~; = g(t,x,) + bl(tI) , 

(6.1.1) 
dtl 
dt = q(t ,x,) - pl(tI) , 

where g(t,"') E C[[o, + 00) X C.[ - r,O],R·], r is a positive constant, 

C.[ - r,O] is an n-dimensional vector space of continuous functions defined on 

[- r,O], g(t,O) = O, q(t,"') E C[[O, + 00) X C.[ - r,O],R], x E R·, b E 

R·, ti E R, P is a constant and p > o. We denote 

1"'(0 1 ~['tIf,(OJt (the norm of an n-dimensional vector "'(t» , 
,-1 

II "'(t) II ~ sup 1"'(01 (thenormofC.[-r,O],where"'EC.[-r,O]), 
,e [-r.O] 

g(t,"') is Lipschitzian for "', i. e. , for given "'19 "'Z E C.[ - r,O], we have 

Ig(t''''I) - g(t,"'z) 1 ~ L II "'1 - "'Z II , L = const. , (6.1. 2) 

We also let x, E C.[ - r,O], x,(O) ~x(t + O), - r ~ O ~ O and q(t,"') E 

C[[O, + 00) X C.[ - r,O],R], 

Iq(t,,,,) 1 ~ cii '" II , c = const. , (6.1.3) 
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6. / E F ={f: /(0) = o. 0< a/(a) ~ krr. a* O. k> o. 
/ E C(- 00. + oo)}. 

Somolinos[IJ was the first who discussed the absolute stability of the system 

(6.1.1). 

Concerning the absolute stability of the zero solution. one can establish that 

for any given / E F. the zero solution of (6. 1. 1) is globally asymptotically sta bie. 

We know that the phase equations of the system (6.1.1) are written as 

{ ~~ = g(t.x,). 
(6.1.4) 

x(t) = "'(t). tE [- r.O]. 
Assume that the solution of its Cauchy problem satisfies: 

Ix(t.to."')I~De-·('-'o)II"'II. a>O, D>O. (6.1. 5) 

U sing Lemma 2. 1 in Hale [1], we obtain that for (6. 1. 1) , (6. 1. 3), given any 

q E (0.1). there exists a functional V(t."') E C[[O. + 00) X C.[ - r.O].R"] 

satisfying 

II '" II ~ V(t."') ~ D II '" II • 
II V(t''''I) - V(t."'z) II ~ MII "'1 - "'Z II • 

and 

~~ I ~- YZV(t."'). 
CI. 1. ,) 

where yz = (I - q)a. and M = D[L+C1-f).J/ .. are constants. 

(6.1.6) 

(6.1.7) 

(6.1.8) 

Theorem 6. 1. 1. Suppose tlU1t (6. 1. 2). (6. 1. 3) and (6. 1. 5) hold and let 

f±DO 
o /(s)ds=+oo. 

4pYz > (Mlbl + c)%. (6.1.9) 

Then the zero solutian o/ the system (6. 1. 1) is absolutely stable. 

Proo/. Assume that V(t."') is a functional which satisfies (6. 1. 5) '" 

(6.1.9). It follows from Lemma 26. 1 in Yoshizawa [I] that along the solution of 

(6. 1. 1) the derivative of V satisfies 

dVI dt (U)) ~- YZV + Mlb/(a) 1. 

and thus 

V~~ I CI. 1. )) ~ - rzvz + MV 1 b/(a) 1. 

Let 
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It is easy to prove that there are two increasing continuous functions h1 and hz such 

that 

h1 ( II 1/1,(111 ) ~ W(t , 1/1,(1) ~ hz( II 1/1,(111 ), 

and for II 1/1,(1 II -+ 00, h1 -+ 00. 

If (6.1. 9) holds, then we deduce that 

d: I (Ull ~- )lZVZ + V(Mlbl + c) If«(I) 1 - plf«(I) IZ 

and there is 7J > O such that 

dZls. 1
•
1l 
~- 7J(VZ + If«(I) IZ) ~- 7J( II x, II z + If«(I) IZ), 

= - h, ( II x" (1 II ), 
where h3 refers to a positive definite continuous function in the norm II X,, (1 II of 

(X" (1). 

From Theorem 11.1 of Hale [1], we know that Theorem 6.1. 1 holds. • 

Somolinos[JJ considered also the following direct control system I 

{ ~; = g(t,x,) + bf«(I) , 
(6.1.10) 

(I=cTx, 

where cTb = - p < O, and the meaning of g(t,x, ) and f«(I) is similar to that of 

g(t ,x,), f«(I) in (6. 1. 1). 

Tbeorem 6.1.2. If the conditions (6.1. 2), (6.1. 3) hold and 

f«(I) )IZ 
-(1- < Mlbl • ici' 

then the uro solution of the system (6. 1. 10) is absolutely stable. 

Proof· Suppo..'!e that V is a Liapunov functional satisfying (6. 1. 6), 

(6.1.7) and (6.1. 8). Similarity to the proof of Theorem 6.1. 1, we find 

~~ I <U1Ol ~- )IZV + Mlbl • If«(I) 1 

~-)IZ II x, II + Mlbl • If«(I) 1. (6.1.11) 

For (1 = O, we deduce 

dVI Cit ~-)IZ II x, II, 
<1.1.10> 

for (1 =1= O, the last term on right side in (6. 1. 11) is multiplied by 1 el· T II x, II . 
c x, 

From (1 = cT x, it follows that 

dV I ( f«(I») -d ~- II x,II )IZ - Mlbl • Icl- . 
t ~LW (1 
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H 'f f<~) l' h dV I . . d f·· Th f . ence, 1 -- < Mlbl I l' t en -d 18 negative emite. e proo 18 
~ • c t <1.1.10> 

completed. I 
Zhu Siming also studied the absolute stabiity of the zero solution of (6.1. 10) 

in [O,k]. 

Theorem 6.1.3. Suppose thal the conJitions (6.1. 2), (6.1. 3), (6.1. 6), 

(6. 1. 7), and (6. 1. 8) hold and that there is a real number P such thal 

klel (Mlbl + IPILIeI) < r, (6. I.12) 

2klel[Mlbl + 1e1(IPIL+ PcTb)] <r. (6.1.13) 

Moreuuer, let 

for P< o. 
Then the zero solution of the system (6.1. 10) is absolutely stable in [O,k]. 

Proof. Let us set 

1 f' u(t,rp) = Z-VZ(t,rp) + P /(~)d~, 

where Vis a functional satisfying (6.1. 6), (6.1. 7) and (6.1. 8). It follows from 

O < ~f(~) ~ k~ that 

hence, by (6.1. 6) we have 

[! + (I - sgn P) ! kP le IZ] II rp II Z 

~ u(t,rp) 

~ [~ - (I - sgn P) ! Pk le IZ] II rp II 2. (6. 1. 14) 

It follows from the conditions that u (t ,rp) is a radially unbounded positive definite 

functional of rp. 
On the other hand, we have 

~; I (5.1.10> ~- 1'VZ + (Mlbl + LIPI • IeI>Vlf(~) I + rJcTb.r(~). 
Choosing a constant r> O, and taking 

N = (Mlbl + LIPI· iei + rlel )/2r, 
we deduce 

~; I ~- (rv - Nlf(c7) I>z + [NI - ( ~ - PCTb) ] If(c7) IZ 
(S. 1. 10> 

(6.1.15) 
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Clearly, when f = O, the above form is reduced to 

dU' dt ~- rzyz ~- rz II x, II '. 
<'.1.10) 

However, when f ~ O, it follows from q(t,\b) E C[[O, + 00) X C.[ - r,O).R) 

that 

[ ! /(C7) - C7 ]f(C7) = r (C7) [! - f~C7)]~ o. 
Therefore only il 

(6.1. 16) 

we obtain from (6. 1. 15) that : , is a negative definite functional of \b. In 
<'.1.10) 

order to decide the conditions satisfying (6. 1. 16), we substitute the representa-

tion of N to (6. 1. 16). which can be reduced to 

,[ (Mlb l r ) iei r + 2 ~ - klel ' + IPIL r 

+ (Mlb l + IPIL)' +2rp eTb]<o. 
Ici lei' 

Let 

Mlbl r 
l =~ - klel ' + IPIL. 

(~ )' eTb p = iei + IPIL - 2rp Ici'· 

The above formula is reduced to 

lel'(r + 2lr + p) = lel'(r + l - n-=p)(r + l + ./ll p) < o. 
Clearly, when l < O, l' > p, we can find a range of r such that the above 

inequality is satisfied, viz. 

0<- l- ./ll p<r<- l+ n-=p. 
From l < O it follows that 

kLlPI • lei' < r - kMlbl • Ici. 
This is justthe condition (6. 1. 12). 

From l' > p, we get 

(Mlb l ) r rz eTb 
- 2 ~ + IPIL klelz + k' iei' >- 2rp lelz· 

Using the above expression we obtain condition (6.1. 13). 

Till now we proved that when (6. 1. 13) is satisfied, ddtu , is a negative 
<6.1.10) 
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definite functional. 

Finally, it follows from the inequality (6. 1. 14) that Il(t ,t/J) is a positive 

definite functional with an infinitesimal small upper bound and radially 

unbounded. 

Therefore the zero solution of the system (6. 1. 10) is absolutely sta bie in 

[O,k]. • 

The consequences of Theorem 6. 1. 2 and Theorem 6.1.3 exclude each other. 

Ruan Jong[Z] generalized Theorem 6. 1. 2 and obtained the following theorem. 

Theorem 6. 1.4. SIlPpose tlult tlle conditions (6.1.2), (6.1.3) hold anJ let 

aO =kMlb~olcl, po =L-Ip, p=-cTb. 

Ilone 01 the lolluwing lour conditions holds l 

}) O<a o <I, 

2) aO =1 anJ Ipl>;, 

L L 
3) 2-Ip <ao <2 anii Ipl>"'I (>0), 

4) l<a o <2+ tanii p<-; «O), 

then the zero solution 01 (6.1. 10) is ahsolutely stahle in [0,1]. 

Prool. First, for the system (6. 1. }), the criterion of absolute stability is 

that there exists a real number P such that 

l' > ~ Ilcl (Mlbl + LIPI o IcI), 

l' >klcl (Mlbl + LIPI o ici + klcIPcTb), 
and such that in case of P < O, there exists 

1 + Pllcl l > O 
or 

41'pP> (Mlbl + LIPI o Ici). 

(6.1.11> 

(6.1.18) 

(6.1.19) 

(6.1. 20) 

However, the condition (6. 1. 20) makes G a positive definite quadratic form 

(G will be given below. ) This leads to contradiction. 

Secondly, we prove that when the conditions of Theorem 6. 1. 4 are satisfied 

there exists a real number P satisfying (6. 1. 11> or (6. 1. 20). The theorem is 

proved. 

For the system (6.1.10), let us set 

1 f<T~(O) 
W(t,t/J) = 2 V1 (t,t/J) + P o I(s)ds, 
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where V stands for a functional satisfying (6.1. 6). (6.1.7) and (6.1. 8). Then 

we deduce 

[~ + (1 - sgn P) ! pk le 12 ] II \fiII 2 

~ W(t.\fI) 

~ [Z; + (1 + sgn P) ~ Pk le 12 ] II \fiII z. 

From the hypothesis of the theorem. we find that W is radially unbounded and 

have an infinitesimal small upper bound. Below we only find a criterion which W 

satisfies: 

with h3 being a positive definite continuous non-decreasing function. 

Following this line of reasoning. we have 

dWI CIt <8.1.10) ~- rtVZ + MVlb!(I1) I + P!(I1)[cTg(t,x,) - p!(I1)J 

~- YZV2 + MlblVl/(l1) I + IPILIeIVI/(I1) I - ppl/(a) 12 

= - rz[VZ - 2pVI/(a) I + ql/(a) I%J, 
where p = - cTb> O, 2p = Mlbl + ~IPI • iei and q = ~. Furthermore, it 

follows from q(t,\fI) E C[[O. + 00) X C.[ - r,OJ,RJ that 

V(t,x,) ~ II x, II ~ 1 
1!(cTx,(O»1 :?' I/(cTx(t» 1 :?' klcl 

and 

dWI ~- rtG, 
dt (1.1.10) 

where 

G = [V - (p + r) I/(a) IJ2 + NI/(I1) 1% + 2r[ V - kI1cll!(l1) 1] I/(a) I 

and r> O is yet undetermined constant such that N > O, 

N 2r 2 .-1 
= klcl - p - 2pr - r + q. 

If r > O exists, it follows Erom the condition 1(0) = O, 0< 11!(11) ~ kaZ, 

11 -=1= O that 

G ~[V - (p + r) 1/(11) I J + NI!(a) 1% 
~,.,[VZ(t.x,) + !'(cTx(t»J 

~,.,( II X, 11 2 + 1!(cTx(t» 1%) 
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~,II x, II I ~ ,Ix(t) IZ. 
where [V - (p + r) 1/(11) IZ]I + N 1/(11) II is a positive definite quadratic form in 

V. 1/(11) 1. viz. ha( 14'(0) 1> = rz,I4'(O) II (1J> O) can hold. Therefore. from 

Theorem 2. 1 in Hale [1]. we conclude that the zero solution of the system 

(6.1.10) is absolutely stable in [O.i]. 
Now we are in position to verify that r with r> O exist. We note that 

I(r) = r + 2A"r+,r =- N. 

where A" = P - k te 1 and P" = pl - q. The conditions of existence of r with r > O 

and I(r) < O are P" < O or A" I > p" > O and A" < O. Expanding them,we obtain 

(6.1. 17) or (6.1. 18) and (6.1. 19). The first part is completed. 

Note the criterion condition for G> O. It can be directly obtained from II x, II 

> kile 1 1 I (11) 1 • instead of the existence of r > O. If 4' = O, then G = O I if 4' =F O 

but eT 4'( O) = O. then G is a positive definite function II 4' III. Furthermore. if 4' =F 
O and eT 4'( O) -=1= O, then the sufficient conditions for G > O are 

Using these conditions, we obtain (6.1. 17) and (6.1.18) which in combination 

with (6. 1. 19) give rise to the following: d: I is a criterion for a negative 
CI.1.10l 

definite function to be smaller than 14'( O) 1. 
Let us turn to the second part of the proof. 

First. we analyse the necessary and sufficient conditions for existence of a real 

number P. which satisfies (6.1.17). (6.1. 18) and (6.1.19). 

1° The case of P > O satisfying (6.1. 17) and (6.1.18). 

It follows from (6. 1. 17) that 

O < P < 2rz - kMIe 1 " 1 b 1 
kL1e1 1 

From (6.1. 18). we deduce 

rz - kM1e1 • Ibl > Pklell(L - ip). 
Hence it can be shown that if 

rz>ilcl·M·lbl 
or if 

L - kp< O 

(6.1.21) 

(6.1.22) 

there exists pwith P> o. which satisfies (6.1.17) and (6.1.18). However. if 
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L p" 
2 - Itp = 1 - ItP < a" < 2, (6.1.23) 

the existence of P (> O) implies 

L -Itp< O (6.1.24) 

and 

Since 

2rt - It le I • M· I birt - It le I - M • I b I 
kLlel' > 1t1e1'(L - Itp) , 

we know that there exists a positive number Psatisfying (6.1.17) and (6.1.18). 

If (6.1. 17) and (6.1.18) are satisfied, (6.1.20 and (6.1. 22) or (6.1. 23) 

and (6.1. 24) holds definitely. 

2° The case when P with P> O satisfies (6. 1. 17), (6. 1. 18) and (6. 1. 19). 

(6.1.19)isjustO>P>- 1t1~I" Theform (6.1.17)implies 

O > P > 2rt - It le I • M - I b I 
- ItLIeII ' 

and (6.1. 18) implies 

rt - itiel - M - Ibl >- Pit le I'(p!t + L). 

In the case of a- = 1, there existspwith P> Osatisfying (6. 1.17), (6.1. 18) and 

(6. 1. 19) only if kp + L < O. U nder the condition 4) of the theorem, we can also 

verify the existence of P with P < O by the same way. 

3° The case with P = O to satisfy (6.1. 17) and (6.1.18). 

From (6. 1. 17) and (6. 1. 18), we have the following independent 

inequalities 

and 

1 rt>-Itlcl-M·lbl 2 

rt>ltlel-M·lbl. 
Hence if rt > It le I • M· I b I , there exists P = O which satisfies (6. 1. 17) and 

(6. 1. 18), and vice versa. 

To summarize the above three cases, we know that if one of the four 

condition is satisfied, the zero solution of the system (6. 1. 10) is absolutely sta bIe 

in [0,1t]. • 



154 6. CONTROL SYSTEMS DESCRmED BY FDE 

6.2. Large-Scale Control Systems Described by RFDE 

In this section, we will introduce a notion of the absolute stability of Lurie 

large-scale systems described by retarded functional differential equations . . 
Let xT = «Xm)T ,''', (X(·»T) E R·, X(il E R·', En; = n, J = [O, + 00). 

;-1 

Assume that r> O, H; > O are constants. Let C., = C[[ - r,O],R·']. For 

vf;) E C." we define 

II vfil II = _~f)vfi)(c9) 1. 
Let CH , = {..l;) Ee 

fi; 'f' fii: II vfi) II < H;}. Then itlollows C!' C C!'J X ... X C!'-. J _ 

Consider a Lurie direct control large-scale system which is described by 

retatded functional differential equations: 

1 
d~;il = g;(t,x~il) - b;/;«(I;) , 

y(i) = ci x(i) , . 
(1/ = ăJy = Ed"y(j) , i = 1,"',m, 

(6.2. I) 

J-I 

wherey E R·, X(il E R·', b, E R·" c/ E R·', ăJ E R·, (1/ E R, g/ E C[J XC!", , 
R",], g/(t,O) = O. Moreover, g,(t,vfi) is Lipschitzian in vfil, namely for given 

(6.2.2) 

//«(1/) denotes a scalar continuous function satisfying 

//(0) = o, 0< //«(1/)(1/ ~ k;cr; «(1/ =1= O), k, > O, i = 1,"·,m. 

Suppose that the phase equations are 

J d~;'") = g/(t,x~il), 
1 x(i) (t) = vfil, t' ~ t ~ O. 

(6.2.3) 

We assume that the solution of (6.2.3) satisfies 

Ix(il(t,to,vfil) I ~D . .e-1,(l-Io) II vfi) II, i= 1,"',m, (6.2.4) 

where A; is a positive constant. For any i there exists a functional V,(t,vfi) such 

that i II vfi) II ~ V,(t,vfi) ~ D, II vfi) II , 
IVI (t,~n) - Vf(t,~n) I ~ M, II ~il - ~i) II , 
D+ V,(t,vfn ) I (I.f.U ~- n II vfil II , 

(6.2.5) 

where D" M, are positive constants, and n ~ (I - q,) A;, M, ~ DP,+ (I -I,)1,J/II-, , 

O ~ q/ < 1, i = 1,"', m. 

Theorem 6.2. 1. Suppose thal tlie system (6.2. I) salis/ies (6.2.2), tlie 
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system (6.2.3) salis/ies (6.2.4), andtherearemconstanlsPI (i= 1,···,m)StlCh 

that the matrix V.x• is positive definite and (~S) is negative def'mite. 
~- R z.x ... 

Here V = (VjI).x., C = (clj).x., S = (Sij).X.' R = (rij).X.' where 

{- ain, 
Cii = O, 

SOI = {~ L;c;diiIPda. + ~ c;d.4; + ~ Ma.lb,IDu 
• 1 1 

"2 Li I c;d j; I • a. • I Pj I + "2 I c;d j; I ait 

{
CZ;IPd. Idil-cTbd - cz;/lti , 

rij= ~(a.IPd .ldiJClbj l +ajIP,I.ldj;CTbd), 

j = 1, 

i = j, 
i:ţ:h 

i = j, 

i = i, 

i:ţ:i. 

Then the zero sollilion o/ the Lurie-type system (6.2.0 is absolutely stable. 

Proo/. Let U8 chooae the Liapunov functional . 
,,(t,!/I) = ~cz;",(t,fF"), 

;-1 

where 

i = 1,···,m, (6.2.6) 

V,(t,fF") being given by (6.2.5). It follow8 from the properties of //(s) that 

O ~ J:/;(s)ds ~ ~ It~. 
Combining the first form of (6.2.5) with (6.2.6), we deduce 

S-I/i(s)ds ~ 21 ~[t (y(i)Ta:;][ ~d"y(,,] 
o }-l 1-1 

hence 
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= ( II ,.n II ,"', II ,..) II ) V ( II ,.n II ,"', II ,..) II ) T 

where .\,.;" is the minimum eigenvalue of V. 

In addition, along the solution of the system (6. 2. 1) we have 
• 

D+ "Iea.z.n :S;;;~[ - a/n 11,.° II Z + a;M;!b;!D; 11,.° II • 1/;(11;) IJ 
1-1 . . 
+~a;!p;! '1/1(11;)1~ld,jCJbjl'II,(l1j)1 

;-1 j-l . . 
+ ~a;IP" • 1/;(11;) 1 ~ Id;jCJLjl • 1I,.i> II 

;-1 j-l 

T{C S) ~ ( 1;(11;))1' :S;;;w ST R w - ~a; 11/ - ~ J/(I1;), 

where wT = ( II ,.n II ,"', II ,..) II ), C = (c;j).x., S = (s;j).x. and R = (r;j).x. 

are the matrices given in the theorem. Since the matrix {~ !} is negative 

definite, we conclude that the zero solution of (6. 2. 1) is absolutely stable. • 

6. 3. The Systems Described by NFDE 

Consider a Lurie indirect control system described by neutral functional differ

ential equations 
d 
dt (D(t)x,) = A(t,x,) + bl(l1) , 

d~ 
dt = 1(11), (6.3.1) 

l1(t) = B(t,x,) - r~, 

x,. = 9', to E 1, 9'E C.[ - h,OJ, 

where 1 = [to, + 00), Co [ - h,OJ is a set of continuous functions mapping 

[- h,OJtoRO, D(·),[to, + 00) X C.[ - h,OJ-Roand 

D(t)9' = 9'(0) - g(t,9'). 
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Let II~II ~ SUp 19'<(J)I.x,EC.[-h.OJandx,«(J)~X(t+(J). -h~ 
-,,,,,",o 

(J~ O. 

SUppose that g(t .~) is linear in tp. Using Stieltjes integral. we get 

g(t .~) = fA [d,u(t .s)]9'<s). 

where u(t.s) is an n X n matrix. tEl. sE [ - h.OJ. satisfying 

Ir,[d,u(t.s)J9'<S) I ~ [«(J) _~f)9'<~) 1. 

and [«(J) is a non-decreasing continuOU8 function with () E [O.hJ and [(O) = O. 

We assume that A: 1 X C.[ - h.OJ - R' is continu6us. b. cER' and I(q) 

is a continuous function. 

Consider the phase equations 

{
tt (D(t)x(t» = A(t.x,). 

x, =~. to E 1. ~E C.[ - h.OJ. o 

(6.3.2) 

Definition 6.3. 1. An operator Dis said to be unilormly stable if there exist 

two constants a> O and P> O such that the solution of difference equations D(t)x, 

= o. x'o = ~. D(to)~ = O satisfies 
II x, II ~ pe-.c,-,o) II ~ II • 

In the following. we use the existence theorem of neutral functional differen

tiai equations. which is uniformly asymptotic sta bie. This theorem is due to Cruz 

and Hale [lJ. 

Lemma 6.3.2. Suppose that D(t) and A(t • • ) in the system (6.3.2) are 

linear baunded opera/ors mapping C.[ -h .OJ ta R' and there emts LI>O such that 

lor t~to. ~C.[ -h.OJ. 

ID(t)~1 ~ LI II ~II. 
11 the zero solutian 01 the system (6.3.2) is umlormly asymptotically stable. then 

there exist constants M. 'Y'. K and a continuous scalar lunctian V (t. ~) an 

lXC.[ -h.OJ such that lor t~to. ~. ~EC.[ -h.OJ 

ID(t)~1 ~ V(t,~) ~ MII ~II , 
d+ VI Cit ~- rzV(t,~), 

(1.3.2) 

lV(t,~) - V(t,~) I ~ K(~ - ~). 

where d~tV I represents the upper right derivative 01 V alang the solutian 01 
(1.3. Zl 

(6.3.2). 
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Lemma 6.3.3. Suppose that A(t.O)=O. and A<t.,,) in the system 

(6.3.3) is locally Lipschiziam in" (the Lipschitz constant is N. which is uniform 

in t. ) As.fume that 

I D(t),,1 ~Ll II "II • 
Ig(t.,,) I ~l(h) 11,,11. 

lf the zero solution of (6.3.2) is uniformly asymptotically stable, then there exist 

80>0. M=M(80»0 togetheT" with two positive function b(u). c(u) (0~u~80) 

and a continuous scalar function V(t.,,) (tEl. 9'EC.[ -h.OJ) such that for t~to. 

91. ~EC.[ -k.OJ with II ~ II ~ao (i=1.2) 

ID(t),,1 ~ V(t.,,) ~ b( 11,,11 ). 

d+ V(t.,,) I ~- c( ID(t)"I). 
dt (1.3. Zl 

!V(t.91) - V(t.~) I ~ M 1191 - fIlll . 
Lemma 6. 3. 4. 1 f D (t) in the system (6. 3. 2) satisfies the conJitions of 

Lemma 6. 3. 3. then for arbitrary ro>O. there exists a constant L=L(ro) such that 

for 91. fIl E C.[ -h. oJ with II x, (to.91) II ~ro and II x,(to .fIl) II ~ro and for al[ t 

~to 

II x,(tOt 91) - x,(to.fIl) II ~ eLCo-'o) II 91 - fIlli . 
Chukwu[JJ generalized the result of Somolinos[IJ to the system of neutral func

tional differential equations. 

Theorem 6. 3. 5. Suppose that the ura solution of equations (6. 3. 2) is 

uniformly asymptotically stable. Let yt and K be defined as in Lemma 6. 3. 2. 

Further. let us assume that 

1) D (t ). A <t. • ) and B (t. • ) are bound ed linear o perators map Ping 

C.[ -h ,OJ to R' and 

ID(t),,1 ~K 11,,11 • t ~ tOt "E C.[ - h.OJ. 

t~to. "EC.[-h.OJ. 

IB(t.,,) I ~cID(t)"I. tE II 
2) f EFI = {fI f(o) = o. 0< fTf(fT) ~ krr. f E C(- 00. + oo)} and 

r~ f(s)ds = + 00 I 

3) for ()E [O.hJ and a function l«(), there exists 

4rar> ( c + 1 ~ I;(I()) z, 
4) the operator D is uniformly stable. 
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Then the zero solution of the system (6.3. D is ahsolutely stable in [O,k]. 

Proof. 10 From the hypothesis, the conditions of Lemma 6. 3. 1 are satis

fide. Hence we use the same Liapunov functional V(t,t/J) as in Lemma 6. 3. 1. 

Suppose that x = x(tutp) is the solution of (6.3.2) and that y = y(to,tp) is the 

solution of (6.3. D. We write D+Vlu.I.Jl as the upper right derivative ofV(f,t/J) 

along the solution of (6.3. D. Then we deduce 

D+ Vles.s.Jl =hm .!.[V(t + 'r'YH,(t,t/J» - V(t,t/J)] 
.... 0+ r 

where x(t,t/J) is a solution of (6.3.2) through (t.t/J). i. e. , x, = t/J. 

Clearly. the second part of above inequality is equal to D+ VI es.s. 2). 

In the following. we estimate the first part. Noting that 

D(t + r)(y,+r(t.t/J) - XHr(t,t/J» 

= D(t + r)Y,+r(t,t/J) - D(t)y,(t.t/J) 

+ D(t)x,(t.t/J) - D(t + r)xHr(t,t/J) 

= s:+r[A(~.y,) + bf(c1(~»]d~ - f.+rA(~.x,)dE 

= s:+r[A(~,y,) - A(~ • .r,)]d~ + f.+rbf(c1(~»d~, 
and that 

D(t + r)(Y,+r(t,t/J) - XHr(t.t/J» 

= G(t + r) - ~(t + r)] - [get + r.YHr) - get + r,x,+r)]. 

we find 

Iy(t + r) - x(t + r) I ~ ID(t + r)(YHr - XHr) I + l(h) II Y,+r - XHr II 

~KL f.+r II y, - x, II dE + f.+r Ibf(c1(~» Id~ 

+ l(h) II Y'+r - XHr II • 
In fact, there exists 

sup Iy(t + r + 9) - x(t + r + 9) I = II Y'+r - X'+r II 
-0<1<;0 

[ f.
+r+. 

~ sup KL II y, - x, II d~+ l(h) II Y'+r+l - X'+r+l II 
-0<'<0 , 

+ J:+r+'lbf(c1(~» Id~ ] 
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r+r+' 
~ KL J. II :1f - Xf II d~ + 1(11) II :1.+r - x.+r II 

+ f.+r+l' Ib/(C1(~» Id~, - 'r ~ ". ~ o. 

Hence, 

1 [ r+r II :1 .... r - x .... r II ~1 _ 1(11) KL J. lI:1f - xf II d~ 

+ f.+r Ib/(C1(~» IMJ 

and 

E::" 1 II II ...... Ib/(C1(t» 1 
:.~+ r :1.+r - X.+r """" 1 - 1(11) • 

Therefore, 

2° Defining 

W= ~ va + t/(S)dS, 

we have 

D+ Wlc,.3.1l ~-)'Iva - rl/(C1) II + V( 1 ~I:(III) + e) 1/(C1) 1. 

The right-hand side of the above expression is a quadratic fOrID with respect to V 

and 1/( (1) 1. From the condition 3), we know that it is negative definite. 

Then, there exists a constant m with m > ° such that 

D+ Wlc .... ll ~- m(va + 1/(C1) II) ~- m ID(t)~II. 
Finally, using Theorem 4. 1 from Cruz and Hale [1], we conclude that 

Theorem 6. 3. 5 is true. • 

Ruan Jong studied the absolute stability of the Lurle direct control system of 

neutral type, 

{
:t[D(t)X.] = A(t,x.) + b/(C1(t», 

C1(t) = eT D(t)x" 

x" = 'P, to E 1, 'PE C.[ - 11,0]. 

Theorem 6. 3. 6. lAt tM /ollowing condition 1wlJ, 

(6.3.3) 

1) D(t) and A(t, • ) are linear bounded operalors mapping C.[ -11,0] to R· 
sucll thal 
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for ali t"~to. 

2) the zero solution of phase equat;ons (6.3.2) is gWbally uniformly a.tymJr 

toticall y stable I 

3) f E Fj = {fI f(O) = O, 0< (lf«(I) ~ lur, f E C( - 00, + oo)}, r- f(s)ds = + 00 I 

4) the operator D is uniformly stable and it is atomic at O. 

In addition. let l(h)<l. Then the zero solution of the system (6.3.3) is absolutely 

stable in [O.iJ if one of the faur following conditions is satisÎred: 

I) O<a*<lJ 

2) a* =1 and Ipl> ~>Ol 

3) 2- L <a* <2 and p> L>O; kp k 

4) l<a*<2+tandP<-~ «O), 

wherea*=kMlbl· 1c1/[I-l(h)Jrt.rtand Marethesaml'asinLemma 6.3.2, 

and p=-cTb. 

Proof. IOAs in Theorem 6. 3. 5. we obtain 

D+ VI(I.3.3l ~- rtv + 1 -~(h) Ibf«(I(t» 1. 

1 J-W = "IVI + P /(s)ds. 

where P is the undetermined constant. We get 

D+ WI ~- rtV' + V Mlbl • If«(I) 1 + Pf«(I)'; 
(1.3.3> ...... 1 - l(h) 

where 

~- rtV' - pPlf«(I) I' + [1 ~I~~) + IPI • L· Ici JVlf«(I) I 

=- )'I[V' - 2pVlf«(I) 1 + qlf«(I) I'J. 

[ Mlbl JI 2p = 1 -l(h) + IPI • IcIL )'1, 
q _ I!P. 

- )'1' 

In the remainder of this proof. we proceed along the line of Theorem 6. 1. 4 

with M replaced by M/[I - l(h)]. We obtain that if one of the four conditions is 

satisfied. then we can choose {J such that 

D+ WIU.3.3) ~- mID(t)4'I', m>O. 

The proof of the theorem is completed. I 
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6. 4. Control Systems In RO bert Spaces 

In this section. we introduce a notion of the ab.'!Olute stability of the Lurie 

control system in Hilbert space. 

Consider the Lurie indirect control system 

dx 
dt = Ar + /Ju. 

du 
dt = f'{a). 

a = (c.x) - pu. 

(6.4.1) 

where the operator A is either bounded. or is assumed to generate Co strongly 

continuous group T(t). t E (- 00. + 00) = R. On a real Hilbert space X. we 

denote an inner product I)y ( • • • ) and a norm by I • 1. Above. b, c E X. u. P 

E R. and 9': R - R is a continuously uniformly Lipschitzan nonlinear function 

which satisfies the following properties: 

atp(a) >0 for a =1: O. f'{0) = O. 

If'{a) I ~K( lai) for aII aER. 

where K (s) are some monotonically nondecreasing function. s E R+ = (O. + 00). 

Assume that the linesr phase equation 

dx _ A_ 

dt - n.x (6.4.2) 

is exponentially sta bIe • i. e •• that there exist constants M ~ 1 and a> O such that 

IT(t) luz) ~ Me--. t ~ O. (6.4.3) 

where L(x) is the Banach space of bounded linear operator from X to X. Because 

of the condition (6.4.3). it follows from Theorem 2.1 and Theorem 2.2 in Pao 

[1J that there is an unique symmetric positive definite bounded operator P on X 

such that 

(PAr.x) + (x.PAr) =- (x,x), 

where T(t) is a strongly continuous group satisfying 

(A* Px.x) + (PAr,x) ~- .lUxU' 

(6.4.4) 

(6.4.5) 

for any A with O < A < 1. If T(t) is a strongly continuous semigroup and A is 

bounded ,a similar result is given by Walker[J]. When A satisfies 

(x, (A - wl)xh ~ O 

for real w E R and for all.r in the domain of A, it is dear that (6.2. 1) can be 

regarded as equations in the Hilbert Space H = X X R with the inner product 
( • , .) defined by 
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Theorem 6. 4. 1. 1) Let the origin be the onIy singular point of (6. 4. 1) I 

2) Let P be a unique symmetric positive definite bounded operator on H given 

by (6.4.5) I 

3) Let A in (6.4.5) satisfy 

.l,o> Ipb+ ~ 1\ 
4) J:9'<s)ds -+ 00 as 11-+ 00. 

Then the zero solution of (6.4.1) is uniformly asymptotically stohle in the large. 

Proof. Since (6. 4. 2) is uniformly exponentially stable, there exsts a 

unique symmetric positive definite bounded operator on H such that 

(A" Px,x) + (PAx,x) ~- Alxl! 
for some A (O < A ~ 1). We use P to define the functional on H I 

V(x,p) = (Ax + bp,P(Ax + bp». 

Let 

U(x,p) = J:9'<s)ds, 11 = (e,x) - pp, 

and 

w=V+U. 

It is easy to prove that W is positive definite. Since P is symmetric and positive 

definite if and only if 

O'lxlZ~ I (x,Px) I ~/lxlz 
where I P I ~ 1, we have the estima te 

O'IAx + bplz + J:9'<s)ds 

~ W(x,p) ~ IIAx + bpl! + J:9'<s)ds, 

so that 

~~ I (H Il = ( ;t (Ax + bp) ,P(Ax + bp) ) + ( Ax + bp, ;t (Ax + bp) ) 

= (A (Ax + bp) + btp(11) ,P(Ax + bp» 

+ (Ax + bp,P(A(Ax + bp) + btp(11») 

= (Ax + bp,PA(Ax + bp» + (PA(Ax + bu) ,Ax + bu) 

+ (Ax + bp,Pbtp(I1)} + (Pbtp(I1) ,Ax + bp), (6.4.6) 

dUI dt (HIl =9'<11)& = [(e,Ax + bp) - ,09'<11)]9'<11) 

= (Ax + bp,e)9'<I1) - Pf1 (11). (6.4.7) 

Hence, using (6.4.6), (6.4.7), (6.4.4), we deduce 
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ddW I = (A' P(Ar + bp) ,Ar + bp) + (PA(Ar + bp) ,Ax + bp) 
t (1 .•. Il 

+ (Ar + bp,Plxp«(1» + (Plxp«(1) ,Ar + bp) 

+ (Ax + bp,e)rp«(1) - ptp«(1) 

~- "IAr + bplz + 2( Ar + bp,Pb + ~) rp«(1) - ptp{(1). 

Therefore, the condition ).p > 1 Pb + ~ 1 z leads to 

ddWI ~- ,,[ IAr + bplz + 21 Ar + e21 rp«(1) - ptp«(1)] 
t (1 ••• Il 

~- k[IAr + bpl' + ptp«(1)] ~ O, O<k«l, 

and d: 1 = O if and only if x = O and p = O. As a result, we write 
(1 ••• Il 

S ~{(x,P) E H,ddWI = O}= {O,O}, 
t (1 ••• Il 

t ~ o. 
Therefore, every solution (x, p) E H is bounded. The orbits of (6. 4. 1) form a 

precompact subset of H. The invariance principle of Hale [1, p.50] yields (x(t) , 

p{t» - O as t -+ 00. This concludes the proof. I 
In the following, we will apply the idea of Lakshmikantham to generalize the 

results to the system with non linear phase equation: 

dx f dt = (x) + bp, 

t = rp«(1), 
(6. 4. 8) 

(1 = (e,x) - pp, 

where b, e, pare deEined as in (6. 4. 1) and fIX - X is a continuous Frechet 

differentiable function whose Frechet derivative at x is A(x). To ensure that 

solutions of (6. 4. 8) exist, we shall always assume, for example, that 9':R - R is 

continuous, uniformly Lipschitzian and that - fis a monotone function. In other 

words, there exists a constant M such that 

u, vE X. 

We now state a basic stability comparison theorem for the system 

:i = [(t,x), 

where 1: R+ X X - X is continuous. 

Lemma 6. 4. 2. Assume that the following eonditiQ1/.S hold: 

(6.4.9) 

1) VE (R+ XX,R+) and for (t,XI) and (t,xz)ER+ XX, there exists 
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!V(t.Xl) - V(t.Xt) 1 ~ L(t) IXI - Xt 1. 
where L(t)~O anii is continuoIu ori R+, 
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2) there exists a function g E C[R+ X R+ .R] such thal for each (t.x) E 
R+X R. 

D+ V(t.x) ~hm ! [V(t + h.x + hl(t,x» - V(t,x)] 
..... 0+ 

~g(t. V(t.x», 

3) for each (to,ro) E R+ X R+. the maximal solution r(t,t"ro) of the scalar 

initial val_ problem 

{
dr 
dt = g(t.r). 

r(to) = ro 

(6.4.10) 

exists for t>to' 

4) f(t.O)=O. g(t.O)=O anii V(t,O)=O, t E R+, 

5) there exist fu7lCtions a (r) anii b(r) E K such thal 

b(lIxll) ~ V(t.x) ~ a(lIxll> for (t.x) E R+ X X. 
Then if the zero solution of (6. 4. 10) is uniformly asymptotically stable in the 

large then the zero solution of (6.4.9) has the same property. 

Tbeorem 6.4.3. Let in (6.4.8) f(O)=O anii 9'<0)=0. Again let A(x) be 

the Frechet derivatiue of f(x) at x. Suppose thal 

1) there exists a symmetric posiliue deÎmite operator P such thal 

«PA(x) + A" (x)P)y,y) ~- Alylt 
for ali x arul y in X anii some A>O, where A" is the adjoint of A, 

2) 9'<s)osgn S>O. 9'<s)osgn s-+oo as Isl-+oo, 
1 vi (s) ~ "2AI for some AI ~ IPI, 

3) If(x)+b,.,I-+oo as Ixl + 1,.,1_+00 , 

4) .t.o>lpb+~ It. 
Then the origin of (6.4.8) is uniformly asymptotically stable in the large. 

Proof. Let H = X X R be equipped with the inner product (o, o) defined 

by 

«xprl)' (Xttrt»H = (XI ,Xt) + rlrt. 

Let VI H - R be defined by 
V=w+u, 

where 
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w = (/(X) + bp,p(/(x) + bp», 

U = [9'<S)ds. 

Since P is positive definite and symmetric, there exist positive constants AI and At 
such that 

with AI ~ 1 P 1. Hence 

Az If(x) + bplz + [9'<s)ds 

~ V(x,p) ~ Allf(x) + bplz + [9'<s)ds. (6.4.11) 

It follows from the condition 2) that [9'<s)ds -+ 00 as 0--+ 00. Thus, by 3) 

and (6. 4. 11), we find that the condition 5) of Lemma 6. 4. 2 is satisfied. Noting 

and 

d:1 C .... 1l = ( ;t (/(x) + bp) ,P(/(x) + bP») 

+ ( f(x) + bp,P :t (/(x) + bP») 

= (A(x)[f(x) + bpJ + bf'{o-) ,P[f(x) + bpJ) 

+ (/(x) + bp,P{A(x)[f(x) + bpJ + bf'{o-)}) 

= (PA(x) [f(x) + bp],f(x) + bp) 

+ (A" (x)P[f(x) + bp],f(x) + bp) 

+ 2 (Pbf'{o-) ,f(x) + bp) 

~- Alf(x) + bplz + 2(Pbf'{0-),f(x) + bp), 

~~I = 9'<0-)6 = 9'<o-)(c,f(x) + bp) - prţJ(o-) , 
CI.'. Il 

we obtain 

dVI ~dWI + dUI 
dt <8 ••• 8) "'" dt (1. '.8) dt (1. '.Il 

~- Alf(x) + bplz + 29'<0-)( Pb + ~ ,b(x) + bP) - prţJ(o-) 

~-Alf(x)+bPlt+219'<0-)1·lpb+ ~ 1·lf(x)+bPI 

- prţJ (0-). 

The condition ).p > I Pb + ~ I Z implies that there exists O < At « 1 such that 

dVI Cit CUIl ~- A3[ If(x) + bplz + ~(o-)]. 
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By virtue of (6. 4. 11), we have the inequality 

{V(x,u) - J:f'<s)ds} li ~ If(x) + bpll, 

and thus 

dV \ {V 1 J. } -d ~- A3 T - r f'<s)ds + '1«(1) . 
t (1.4.11 "1 1 O 

Since '1(0) = 0, it follows that 

'1 «(1) = 2 1 rp (s)f'<s)ds. 

Consequently, 

lJ:f'<s)dS - 'Ies) = [[11 - 2rp (s) ]f'<s)ds ~ O. 

Using f'<s) • sgn s> o and ~ Al - rp (s) ~ O. condition 2), and the above remarks. 

we obtain the final inequality 

dV\ ~ Cit ~- rV(x,u), 
(1.4.11 1 

Thus. the comparison equation takes the form 

{
f(t) =- ;:r(t). 

r(to) = ro. 

(6.4.12) 

It is easy to prove that the solution 

r(t) = ro exp [ - Z (t - t o)]. 

of (6. 4. 12) is uniformly asymptotically stable. Theorem 3. 1 of Ladas and 

Lakshmikantham [IJ yields the uniform asymptotic stability of the zero solution of 

(6.4.8). • 

6.5. Notes 

Theorems 6.1. 1. 6.1.2 are due to Somolinos [IJ. Theorem 6.1. 3 is from 

Zhu Siming [2J. Theorem 6. 1. 4 is from Ruan Jong [2J. Theorem 6. 2. 1 is based 

on Ruan Shigui and Wu Jianhong [1 J. Lemmas 6. 3. 2 -- 6. 3. 4 and 

Theorem 6.3.5 belongs to Chukwu [IJ. Theorem 6. 3. 6 is due to Ruan Jong 

[3J. AII the results of Section 6. 4 are based on Chukwu [2J. 
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