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Introduction

The modeling of minerals and silicated materials is a. difficult challenge
faced by Solid State Physics, Quantum Chemistry and Molecular Dynamics
communities. The difficulty of such a modeling is due to the wide diversity
of elements, including heavy atoms, and types of bonding involved in such
systems. Moreover, one has to consider infinite systems: either perfect crys-
tals or glasses and melts. In the solid state a given chemical composition
gives rise to numerous polymorphs, geometrically closely related. These 
polymorphs have very similar energies and related thermodynamical prop-
erties which explain the complexity of their phase diagrams.

The modeling of silicates and minerals covers a wide field of applications
ranging from basic research to technology, from Solid State Physics to Earth
and Planetary science. The use of modeling techniques yields information
of different nature. In the case of chemical studies, we can mention inves-
tigations on catalytic processes occurring on surfaces and in zeolite cages.
These calculations find possible applications in chemical engineering, in
particular in the oil industry.

Physical properties, such as elastic constants, are currently investigated 
in order to get better insights on their relationships to the structure and
chemistry. In this respect, the understanding of the phase transition mech-
anisms is of primary importance. The estimation of thermodynamical prop-
erties under extreme conditions of pressure and temperature supplies the
difficulty of performing experimental measurements. In Earth and Plane-
tary Science, the deep internal pressure and temperature are very high (at
Earth core-mantle boundary P~ 300 GPa, T~ 3000 K). Our knowledge
of Earth interior is mainly inductive. The principal sources of information
are seismic data from which models have been built. The validation of the
hypothesis underlying the construction of interior models relies on difficult
high pressure and temperature experiments as well as on the results of cal-
culations. In this field, the calculations are expected to be as accurate as
the experiments which are not always technically feasible. 

Another important field of application directly related to technology is the
design of new materials such as ceramics. The prediction of their physical
properties, at least the order of magnitude, allows the selection of those
systems for which investments in further investigations are justified.
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The basic tools for the modeling of the solid and liquid states belong to
three main categories. We can mention first the Molecular Mechanics which
rely on site-site or covalent potentials and which are used to study in partic-
ular defect formations, to calculate accoustic and optical phonon modes by
lattice dynamics and to estimate mechanical and thermodynamical proper-
ties. The easy implementation of the Molecular Mechanics scheme supports
its intensive use in the past and its success in commercial softwares.

Molecular Dynamics and Monte Carlo simulations also rely on site-site
potentials, but the point of view is now that of Statistical Mechanics which
allows to explicitly account for temperature and pressure. The price to
be paid in order to include the temperature is that the sampling must be
statistically significant. This implies that a large number of particles (~
700) and a much more larger number of configurations (typically > 10000)
have to be considered. 

In Quantum Mechanical calculations, the energy is computed from the
exact hamiltonian. It is then possible to build a Born-Oppenheimer energy
surface which can be used later to perform lattice dynamics or to study the
reaction path of a displacive phase transition. These methods give access 
to the electron density, the spin density and the density of states which are
useful to predict electric and optical properties as well as to analyze the
bonding. Recently, methods combining a quantum mechanical calculation
of the potential and the Molecular Dynamics scheme have been developed 
after the seminal work of R. Car and M. Parrinello.

The quality of the potential is the key of a reliable simulation. Historically,
the first potential were derived from experimental data and with simple
assumptions on the bonding. These potentials are basically of the Born-
Mayer type and polarization effects can be accounted for by a shell model.
A new trail to derive potentials is to fit the parameters to the a b initio Born-
Oppenheimer energy surfaces of prototype molecules such as Si (OH)4 and
(OH)3SiOSi(OH)3.

The first principle calculations on minerals have been pioneered by geo-
chemists : G. V. Gibbs, J. A. Tossel, M. O’Keefe. They began to perform
semi-empirical calculations on prototype molecules derived from mineral
fragments in the early seventies. With the advent of efficient user friendly
a b initio codes they evolved towards more accurate calculations in the eight-
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ies. The prototype molecule technology provided significant results, but
it is very limited because the same prototype molecule represents several
polymorphs. Moreover, the periodicity is not taken into account and the
dangling bonds are saturated by hydrogens in order to neutralize the sys-
tem. These methods are now replaced by periodic schemes working either
within the Hartree-Fock theory or within the density functional theory. In
both cases core pseudopotentials are very useful to represent heavy atoms.
In spite of the increase in the performances of the available computational
facilities such periodic calculations remain extremely intensive both in CPU
time and storage requirements. This prevents from the study of compound
with large unit cell and low symmetry. An approximate scheme has been
derived from the Electron Gas Approximation of Gordon and Kim which
allows to consider large cells.

The bonding in silicates has been first investigated by Pauling. In particular
it is difficult to decide the multiplicity of the S i O bond and its mostly ionic
or covalent Character through a series of polymorphs. The advent of new
tools of analysis which rely on the topology of local functions are shown to
be useful to bring a more objective information on a controversial subject.

Molecular Dynamics of solids have made considerable progress during the
ten past years. It is now possible to reproduce order-disorder phase transi-
tions as well as the local structure of glasses.

The chapters in this book address the different points briefly sketched
above. Our goal is to present the most efficient and reliable modeling 
approaches and to give the present state of the ar t .

Though the prediction of the structure and properties of any solid mate-
rial is still out of reach, it is now possible to make reliable predictions on
moderately complex structures. Therefore, the “scandal” revealed by John
Maddox in 1988 is ending.

Bernard SILVI and Philippe D’ARCO
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THE STRUCTURAL PROPERTIES OF SILICA USING

CLASSICAL AND QUANTUM INTERATOMIC FORCES

JAMES R. CHELIKOWSKY, NITIN R. KESKAR
Department of Chemical Engineering and Materials Science,

Minnesota Super computer Institute, University of Minnesota,
Minneapolis, M N 55455 USA

AND

NADIA BINGGELI
Institut Romand de Recherche Numérique en Physique des Matériaux
( IRRMA) , PHB-Ecublens, 1015 Lausanne, Switzerland

1. Introduction

It is well known that SiO2 exists in amorphous or glassy phases as well
as in numerous crystalline polymorphs. What is not well known are the
structural details of amorphous silica, or the driving forces which produce
numerous polymorphs. The crystal chemistry of silica in some ways is anal-
ogous to organic chemistry. Not only do numerous SiO2 structures occur
which differ only slightly in terms of the free energies, but nature of the
S i -O bond is such that multiple coordination states can occur. This anal-
ogy while useful cannot be taken too literally as silica chemistry (geology) is
quite different from organic chemistry (biology). Nonetheless, the theoreti-
cal obstacles which one faces in modeling silica are almost as challenging as
biological systems. There are a number of theoretical methods available for
the description of condensed matter systems. One would like such meth-
ods to be accurate, yet computationally simple, but the complex nature
of the chemical bond in silica places stringent conditions on the available
methods. Since the S i - O bond cannot be viewed as a purely ionic bond,
it is not apparent that complete descriptions of silica can be handled by
pairwise interatomic potentials.

A more rigorous approach to modeling silica centers on quantum descrip-
tions of condensed matter systems. These methods can adequately describe
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2 J . R. CHELIKOWSKY, N . R. KESKAR AND N.BINGGELI

structural energies, e.g. a typical error in the equilibrium bond length might
be less than ~1%. Unfortunately, these methods tend to be computation-
ally intensive. This problem can be compounded by large number of atoms
in the unit cell of silica, e.g., the coesite crystal form of silica contains
48 atoms in the unit cell. If one wishes to examine models for amorphous
solids, the number can exceed several hundred atoms in the unit cell. At
present, it is decidedly nontrivial to perform quantum calculations on cells
which contain more than a few dozen atoms.

Perhaps a sensible procedure is to consider an approach which incor-
porates both interatomic potentials (classical forces) and fully quantum
mechanical methods. One can compute the properties of smaller systems
with quantum mechanical approaches and establish the accuracy, or in-
accuracy, of interatomic potentials. For example, some elastic anomalies
have been reported for These elastic anomalies indicated the
presence of a negative Poisson ratio in this crystalline form of silica. With
the use of interatomic potentials, it is a trivial matter to compute these
properties. If the anomalies are confirmed via such calculations, it is likely
that the experimental measurements are accurate, and more computation-
ally intense calculations with quantum forces are merited. Another useful
role of interatomic potentials is to perform molecular dynamics simulations, 
e.g., to examine the amorphization of quartz under pressure. One can easily
compute the free energy of large systems as a function of both temperature
and pressure via interatomic potentials. Such calculations can be useful as
guides if interpreted in a judicious fashion.

Given an accurate method for determining the energy (structural or free 
energies) of a condensed matter system, a number of important issues can
be addressed. If accurate theoretical phase diagrams can be obtained, then
hypothetical high pressure forms of silica can be examined. It may be that a
low density form of silica, under geologic pressures may be unstable against
a high pressure form of silica. Direct calculations of the free energy of hypo-
thetical forms of silica can give guidance to establishing a realistic picture
of the interior of the Earth. At a more fundamental level, questions con-
cerning the structural nature of silica glass can be addressed. For example,
it is possible to create high pressure forms of silica glass by different routes.
Consider two cases. In the first case, one quenches liquid silica, and subjects 
the resulting glass to high pressure. In the second case, one subjects quartz
to a high pressure to create amorphous silica. Are the resulting forms of
silica in these two cases the same, or are they fundamentally different in
their structural attributes?

α-cristobalite.
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2. Classic Forces from Pairwise Interatomic Potentials

An elementary approach for determining the structural energies of a solid
is to construct an algebraic representation of the interatomic force field.
There are numerous obstacles to constructing such potentials. For example,
changes in coordination, re-hybridization, charge transfer, and Jahn-Teller
distortions are very difficult to incorporate in classical potentials. However,
if the Coulomb forces play a dominant role in the chemical bonds present, it 
may be possible to obtain some useful results with interatomic potentials. 
This may be the case for materials subjected to high pressure situations.

One of the more successful attempts at constructing an interatomic po-
tential is from Tsuneyuki, et al. [1] who proposed a new interatomic poten-
tial for silica. They employed Hartree-Fock self-consistent-field calculations 
to examine clusters of SiO2. From these calculations, they fit pairwise in-
teratomic potentials to the structural energies of the clusters. The form of
the interatomic potentials they employed is given by 

where Rij is the interatomic distance between the i- and j - t h species, qi

is the charge on the i-th species. The parameters (ai,bi,ci,go) are fixed
to replicate the structural energy of the SiO2 clusters. Once the potentials
are fixed, they may be used to calculate the structural energies of other
forms of silica. For example, these potentials were used to examine known

coesite and stishovite. Using
molecular dynamic simulations, Tsuneyuki, et al. found stable structures at
normal pressures and temperatures. This was true despite large differences
in the coordination numbers, and the densities of the structures considered.
Moreover, they could reproduce the equilibrium structural parameters of
the silica polymorphs. Earlier studies of silicon dioxide clusters had sug-
gested that interatomic potentials would describe qualitatively, and some-
times quantitatively, the Si - O bond in the solid state. The Tsuneyuki,
e t al. work showed for the first time that dynamic stability in silica poly-
morphs could be achieved with simple pairwise potentials.

The use of accurate pairwise forces would greatly enhance our ability to
use molecular dynamics simulations to describe melting and glass formation
of the silica polymorphs. Recent proposals for high pressure forms of silica
which could be examined by accurate pairwise forces, 

The successful application of pairwise forces to silica is counter intuitive.
SiO2 has traditionally been viewed as a covalent material. Tetrahedral units
of SiO4 dominate the structural properties for those structures containing
four-fold coordinated silicon. Pairwise potentials would not be expected to

polymorphs of silica: α-quartz, α-cristobalite,
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reproduce angular forces present the tetrahedral bonds. Other workers have 
found it necessary to include three body forces in their description of silicas
to replicate the ground state structural parameters[2,3,4]. The use of three
body forces can greatly complicate the simulations for melting or crystal
stability. Hence, the creation of an accurate pairwise potential would be
quite useful and have widespread applications.

3. Quantum Interatomic Forces from Pseudopotentials

Despite the utility of interatomic potentials, these potentials cannot pro-
vide a “complete” description. Such potentials cannot provide a description
of electronic properties, and may be suspect for situations involving coor-
dinate changes, e.g., defects, and surfaces. Quantum mechanical methods
can provide a complete description of matter. Once the spatial and ener-
getic distributions of the electrons are known, the electronic energy of a
system is determined. Given the Hamiltonian of a system, the remainder
of the work involves a numerical solution of the Schrödinger equation. In
practice, it is simply not possible to describe a system with 1023 electrons.
Fortunately, there are some sensible approximations which allow one to
solve a Schrödinger-like equation with sufficient accuracy for useful compu-
t tations.

Three approximations are commonly invoked. The first is the Born-
Oppenheimer approximation. This approximation allows one to separate
the electronic degrees of freedom from the nuclear degrees of freedom. For
a material like silica, this is a superb approximation. A second approxi-
mation is the one-electron approximation within the local density approx-
imation[5, 6, 7]. The one-electron approximation allows us to consider an
electronic potential which takes many-body effects into account in an av-
erage sense. In the local density approximation the exchange-correlation
potential a t a point depends only on the electron density a t that
point. This approximation has proven to be a powerful approach for solid
state systems. The error one makes is probably significant in terms of the
exchange-correlation energy, but if one considers relative energies often the
cancellation of errors between two similar states is nearly complete. For
example, suppose one considers two crystalline forms of silica. For each
crystal, the error incurred via the local density approximation may be sig-
nificant, but the relative energy difference between the crystalline states
may be reproduced accurately. The third approximation commonly made
is to use pseudopotentials[8] to describe the interactions between the outer
(valence) electrons with the inner (core) electrons. The pseudopotential
concept rests on the orthogonality requirement of the valence states to core
states. The orthogonality condition imposes a nodal structure on solutions
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to the Schrödinger equation. For the valence states, the nodal structure
reflects a high kinetic energy state. The valence state can be made node-
less by effectively transforming the kinetic energy of the state to potential
energy. The eigenvalue of the state remains unaltered, but the transformed
state (a pseudo-wavefunction state) is altered. The pseudo-wavefunction
differs from the “all electron” wavefunction within the core region, e.g.,
for an atom it is usually nodeless. Outside the core region the pseudo-
wavefunction matches the original state. The transformed potential, i.e. ,
the pseudopotential, is also different from the original potential. Unlike the
“all electron” potentials, the pseudopotential is angular-momentum depen-
dent, e.g. , the pseudopotential has a different form for an s- versus a p-
state.

Of the three approximations outlined, the one-electron approximation,
i.e., the local density approximation, is the weakest. This approximation
fails to replicate features such as image charges at a surface. Also, it fails
to describe excited states properly, but this is not a concern for structural
energies. Despite such shortcomings, the local density remains one of the
most successful approaches to calculating many-body energies in solids.

Within the local density-pseudopotential approximation, the total elec-
tronic potential for the valence electrons is written as

Vion corresponds to the interaction potential between the valence electrons
and the ion core formed by the nucleus and tightly bound core electrons,
i.e., the “ion-core” pseudopotential. VH corresponds to the electrostatic
interactions between the valence electrons, and Vxc corresponds to the ef-
fective exchange-correlation potential between the valence electrons. The
ionic pseudopotential is a nonlocal operator. It can be written as

where Pl projects out the l-component of the pseudowave function. The
sum over angular components is over all l values, in principle. However, in
practice, only the s-, and p— (and sometimes d—) components are impor-
tant for silica.

The replacement of the “all electron” potential with a pseudopotential
has a number of advantages. Core states are not considered, and only the
properties of the chemically active valence states are reproduced. Moreover,
the ion-core pseudopotentials are highly transferable. The same potentials
can be used in clusters, molecules, solids or the liquid state. In the case
of silica, the 1s², 2s², 2p6 states in silicon are treated as chemically inert
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as are the 1s² states in oxygen. Only the valence states are replicated by
pseudopotentials, the resulting wavefunctions are smooth and slowly vary-
ing. A simple plane wave basis will be efficient in this circumstance. Such
a basis possesses a number of positive attributes: the basis is complete, no
shape approximations are made, the set is orthogonal/orthonormal, and the
electrostatic potential can be trivially evaluated with a plane wave basis.

Several procedures exist for constructing pseudopotentials. One of the
most efficient methods produces “soft” pseudopotentials, i.e, pseudopoten-
tials which rapidly converge in terms of the number of plane waves [8, 9 ,10].
Pseudopotentials have been constructed for both oxygen and silicon, and
have been widely used in the literature[11, 12, 13, 14, 15, 16]. The oxy-
gen ion core pseudopotential is usually generated from the atomic valence
2s²2p4 ground state configuration. The size of the core is determined by
the outermost node of the 2s state, e.g. the core radius might be taken as
1.45a.u. (1 a.u.= The oxygen pseudopotential is not adjusted to
replicate the unoccupied 3d-states, as these states do not contribute signif-
icantly to the chemical bond. For silicon, s-, p-, and d-components of the
potential are included. A typical value for the radial cut-off for all three
components is 1.80a.u.

Given an ion core pseudopotential, the valence electrons are allowed to
respond to the potentials to form a self-consistent total potential. Initially,
an approximate potential is used to solve the one-electron Schrödinger equa-
tion. The wavefunctions from the solution of this approximate potential are
then used to construct a new potential which in turn can generate new wave
functions from which the potential can be updated again. When the “in-
put” potential agrees with the “output” potential, a self-consistent. field has
been obtained.

In summary, the one electron Schrödinger equation for a crystal has the
form :

(4)

where represents the wave vector quantum number. This equation can
be solved using a. fast iterative diagonalization method[17, 18]. One ad-
vantage of this method is that it does not require a calculation of the full
Hamiltonian matrix. Rather, only is calculated. This procedure leads to
dramatic reduction in storage, and a considerable reduction in computing
time.

Within a plane wave basis, the wave functions can be written in the
Bloch form as 

(5)
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where is a reciprocal lattice vector. Normally one terminates the sum by
considering only such that + < G²m a x . A typical energy cut-off
might be 64Ry . Even for a relatively simple form of crystalline silica., such

this entails a few thousand plane waves in the basis.
Once the Schrödinger equation is solved, the energy and spatial distri-

butions of the valence electrons are known[19]. The total electronic energy
can be obtained from terms of the form:

(6)

The first term, Ec-c , corresponds to the Coulomb interactions of the ion
cores. Since the cores are treated as rigid, this term can be evaluated by an
Ewald summation. The remaining terms are evaluated using the electronic
pseudo-wave functions. The kinetic energy, Ekin is evaluated trivially in
a plane wave basis. The ion core-electron term, Ec-e, is evaluated from
the valence charge density and a knowledge of the ion core pseudopoten-
tial. The most complicated term is the electron-electron term, Ee-e. This
term contains Coulomb terms from the Hartree potential,VH, which must
he included in an Ewald summation with the core-core interactions. The
energy of this term corresponds to each valence electron moving in an av-
erage potential generated by the other electrons. The term also includes 
exchange-correlation energies resulting from V xc .Within the local density
approximation, these terms can be evaluated once a self-consistent charge
density has been constructed.

The goal of a total energy calculation is to determine the electronic
energy for a given structure, or structures. For example, one might consider
a number of candidate structures for SiO2. Since crystalline silica often
condenses in complex structures with a number of internal parameters, it
is nontrivial to evaluate the structural energy. For example, the α-quartz

is determined by a
c_

ratio, and four internal parameters fix the positions
of the silicon and oxygen atoms within the cell. At each volume, the shape
and internal structure of the crystal must be optimized by minimizing the
total energy. It is possible to expedite this procedure by calculating the
forces on each atom using the Hellman-Feynman theorem. The atoms can
then be moved according to the computed forces to minimize the structural
energy. One can use the energy versus volume calculations to determine the
enthalpy of the structure as a function of volume, or pressure. This type of
calculation can be used to predict which phase of silica will be most stable
as a. function of pressure. Moreover, the results can be used to predict
such ground state properties as the cohesive energy, ambient structural
parameters, and bulk moduli of virtually any crystalline form of matter[8].

structure has three molecular units in the hexagonal unit cell. The cell shape

as α-quartz,



8 J . R. CHELIKOWSKY, N.R. KESKAR AND N . BINGGELI

The accuracy of the local density-pseudopotential method is quite ad-
equate for most studies. The structural properties are often replicated to
within ~1-2%. The cohesive energies are not so accurately determined; the
binding energy is usually overestimated by 5-10%. However, the relative
energy differences between solid state structures are more accurately cal-
culated . Structural energy differences as small as ~0.01 eV/atom can be
reliably predicted.

4. Crystalline silica under pressure

A useful classification for crystalline silica is the coordination number of
the silicon cation. The most stable forms of crystalline silica contain four-
fold coordinated cations: these structures consist of SiO4 tetrahedral units.
Within these units, the O-Si -O bond angles are close to the ideal tetrahe-
dral angle of109.5°. The tetrahedral units are linked via bridging oxygen
atoms. The Si-O-Si bond angles center near ~140° with a range of ±20°.
These bond angles are quite pliant and the differences between four-fold
coordinated crystals of SiO2 can be traced to how the tetrahedral units are
linked together.

When subjected to pressure, the coordination number of the cations,
and anions, increases. In the case of silica, this has been an area of some
conjecture. Some thirty years ago, a new phase of SiO2 was discovered,
i.e., stishovite. Stishovite can be formed from silica under pressure, yet it
can exist in a metastable state under ambient conditions. In this form of
crystalline silica,, silicon is six-fold coordinated. Questions as to the denser
forms of silica beyond stishovite have been raised in the context of mineral
physics.

In Figure 1, some of the common forms of crystalline silica along with
possible high pressure forms are illustrated. The structures with SiO2 tetra-
hedral units include α- and β−quartz. Dense phases of silica include stishovite
which corresponds to the rutile structure. Possible high density phases of
silica include fluorite, and a distortion of the fluorite structure, the Pa3

-

structure. In particular, it might seem that a “fluorite-like” structure would 
be an appropriate candidate for a high pressure form of silica as the cation
in such a structure is eight fold coordinated. In Figure 2, the total energy
of the structures as a function of volume are illustrated.

These curves were generated by fitting a standard equation of state to
computed energies as a function of volume. Consistent with experiment, the
lowest energy phase is the α-quartz structure which is a distortion of the
quartz structure. The stishovite structure is nearly as stable as the α-quartz
structure, but the equilibrium molecular volume is considerably smaller
owing to the higher coordination in the stishovite structure. The CaCl2
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Figure 1. Ball and stick models for several crystalline forms of silica. The smaller
spheres represent the silicon cations. α- and possess four-fold silicon cations. The
stishovite and the CaCl2 structures possess six-fold coordinated cations. Hypothetical
forms of silica include the Pa

-
3 structure and the fluorite structure. These latter structures

have eight-fold coordinated cations.

structure, which corresponds to a distorted stishovite structure[20, 21]. is
nearly degenerate in energy with stishovite in our calculations.

An interesting aspect of Figure 2, is the prediction that, the Pa3
-

struc-
ture should be stable under high pressure whereas the fluorite structure
is not. Pseudopotential calculations predict that the density of fluorite is
slightly lower than the density of the Pa3- and the stishovite structure. From
thermodynamics, it is not possible to convert a dense structure into a less
dense structure with the application of isotropic pressure. The inclusion
of temperature is unlikely to alter our calculations and this conclusion.
Despite theoretical predictions indicating the high pressure stability of the
Pa3

-
structure, it has not been observed at pressures up to ~100GPa. There

may be kinetic barriers which inhibit the transformation of the stishovite,
or CaCl2 structure to the Pa3

-
structure.
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Figure 2 . Equations of state for several polymorphs of crystalline silica.

TABLE 1. Calculated structural parameters for several forms of crystalline silica.

Equilibrium Bo (GPa)
energy
(eV/SiO2) expt. theory expt. theory

[23, 24] 0(0) 37.710 37.86 37.1 38.1

[25] 0.017 39.634 41.05 135.1

Stishovite[26, 27] 0.086 23.308 22.82 313.0 292.0

Fluorite 2.914 - 23.29 - 300.1

Pa3 0.699 - 21.82 - 347.0

In Table 1, the calculated structural parameters are listed: the equilib-
rium energy and volume, and the bulk modulus. The equilibrium energy of
α-quartz is taken as the zero of energy. Relative to isolated pseudo-atoms
of silicon and oxygen, quartz is over bound by about 15%, i.e., the cohesive
energy of quartz is calculated to be ~22.2 eV/molecular unit as compared
to an experimental value of 19.2 eV/molecular unit. This is consistent with
the local density approximation. The relative energies of the silica phases
to a-quartz should be much more accurate. As expected owing to the small
structural differences, the energy difference between is onlyand -quartz
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~0.02eV/molecular  unit. Such a small energy difference is at the limit of
pseudopotential methods. Stishovite is slightly higher in energy than a-
quartz. This small energy difference is consistent with the observation that
stishovite can coexist as a metastable phase with quartz. The equilibrium
volumes for the five phases in Table 1 are in good agreement with experi-
ment. The largest error is ~ 3 % .

Ambient structural parameters from pseudopotential calculations are
listed in Table 2 For comparison purposes, interatomic potentials have been
used to compute the properties of these forms of silica and several other
polymorphs. In general, the interatomic potentials do a surprisingly good
job of replicating the structural properties.

5. Elastic Anomalies and the Structural Stability of Crystalline
Silica

5.1 ELASTIC CONSTANTS

The elastic or mechanical properties of a perfect crystal can be related to
changes in the structural energy when the crystal is subjected to a strain
field. It is possible to determine such properties by direct calculations using
either quantum, or classical methods. The elastic constants of a solid at
ambient pressure can be determined from:

( 7 )

(8)

is the stress tensor, E and V are the total energy and volume of the
system, and E and are the symmetric strain tensors. Using Voigt’s nota-
tion[30] and By
a judicious choice of strains, one can calculate the stresses and determine
the elastic constants.

It is a computationally intensive task to compute elastic constants from
quantum methods. To obtain accurate structural energies, one requires a
highly converged basis set. Conversely, interatomic potentials may be triv-
ial to implement and are cornputationally simple. To compute the elastic
constants, one can consider the limit of 0 with respect to lattice vi-
brations, i.e., the long wavelength limit. In this approach, the dynamical
matrix is computed along with the first and second derivatives from the
pairwise potentials.

In Table 3 , the elastic constants obtained from the pair potential calcu-
lations are given for two low density forms of crystalline silica: α-quartz and
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TABLE 2. Structural parameters of silica polymorphs. The numbers within paren-
theses are the results of our pseudopotential calculations. The other theoretical re-
sults are obtained using pair potentials. The reference numbers in the first columns
indicate the source of the experimental data. The lattice constants (c, a) are in Å

Crystal Symmetry Lattice Parameters
(Expt.) (Theory)

α-quartz[23] Hexagonal a = 4.9160 5.02(4.89)
(P3121) c = 5.4054 5.53(5.49)

u = 0.4697 0.461(0.469)
x = 0.4135 0.425(0.418)
y = 0.2669 0.280(0.274)
z = 0.1191 0.119(0.118)

Hexagonal a = 5.01 5.17

(P62 22) c = 5.47 5.73
u = 0.197 0.217

α-cristobalite[29] Tetragonal a = 4.9570 4.96
(P41212) c = 6.8903 6.68

u(Si) = 0.3047 0.330
x = 0.2381 0.231
y = 1109 0.140

z = 0.1826 0.190

(Fd3m) u(Si, 1) = 0.255 0.298

u(Si, 2) = -0.008 0.032
u (O) = 0.125 0.164
x = 0.66 0.634
y = 0.66 0.669
z = 0.06 0.022

Cubic a = 7.16 7.07

Hexagonal a = 5.03 5.37

(P63/mmc) c = 8.22 8.75
u = 0.44 0.438

Stishovite[26] Tetragonal a = 4.1801 4.26(4.14)
(P42/mnm) c = 2.6678 2.75(2.67)

u = 0.3062 0.304(0.305)
Fluorite Cubic - a = 4.52(4.53)

Pa3 Cubic - a = 4.55(4.43)
u = 0.337(0.344)(Pa3) -

α-cristobalite. Elastic constants can provide insights into the stability of
the crystal, and point to any anomalies which might occur in its mechan-
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TABLE 3 . Single crystal elastic constants (in GPa) of α-quartz and α-cristobalite.

α-quar tz α-cristobalite
Experiment[32] Theory Experiment[33] Theory

c11 87.103 71.5 59.4 51.5

c4 4 59.215 42.4 67.2 59.0
c66 38.339 30.9 25.7 17.5
c12 10.425 9.7 3.8 6.0
c13 12.894 15.5 - 4.4 - 3.1

c 3 3 106.552 99.1 42.4 35.3

c14 -17.206 -13.1 - -

ical properties. Crystalline forms of silica often possess unusual structural
properties owing to the existence of “rigid” tetrahedral units.

5.1.1. Negative Poisson Ratio in Crystalline Silica

The Poisson ratio can be used to characterize the mechanical property of
a solid. It is defined as the negative quotient of the strain in the transverse
direction to the strain applied in the longitudinal direction. For a uniaxial
loading along the c-axis:

(9)

Most solids contract laterally when subjected to a uniaxial stress. This
response acts to conserve the crystal volume and reflects a positive Poisson 
ratio. However, α-cristobalite, a low density form of silica has been reported
to have a negative Poisson ratio: when subjected to a uniaxial compression,
α-cristobalite contractsin the transverse direction[33]. This response is not
prohibited by any thermodynamic constraints. The requirement that the
strain energy for an elastic isotropic solid be non-negative only leads to the
restriction that -1 v ½ However, other low-density forms of silica
have been measured to have positive Poisson ratios. This is a surprising
situation. α-cristobalite has a similar structural and chemical environment
as other low density forms of crystalline silica such as α- or quartz.
This situation reinforces the need for a theoretical determination of the
Poisson ratio. Experimental measurements of a negative Poisson ratio can
be difficult, and spurious reports exist in the literature.

It is possible to gain insights into this anomalous phenomenon using ei-
ther interatomic potentials, or quantum methods such as the pseudopoten-
tial method. One can fix the c-parameter and find the optimal a-parameter.
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Figure 3. Determining the Poisson ratio. The top figure shows the variation of the
total energy of a-cristobalite as a function of the lattice parameter a at c = 7.23Å. The
minimum energy of this curve fixes the equilibrium value of a for the given value of c.
The bottom figure illustrates a as a function of c on a logarithmic scale. The negative of
the slope of this curve yields the Poisson ratio. The structural energy is determined from
ab initio pseudopotential calculations.

If one does this for a number of values for c , then a plot of ln(a) versus
ln(c) can be made. The first derivative of this curve determines the Poisson
ratio a t the c-value of interest. This procedure is illustrated in Figure 3 .
In Figure 4, the Poisson ratio for α-cristobalite and α-quartz is illustrated
as a function of the uniaxial strain. Pseudopotential calculations were per-
formed in the limit of small strains, whereas interatomic potentials were
performed for a wide range of strains. In agreement with experiment, both
the pseudopotential and interatomic potentials confirm the existence of a
negative Poisson ratio in α-cristobalite. The value of the Poisson ratio cal-
culated from a pseudopotential calculation is -0.20; the value calculated
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Figure 4 . The variation of the Poisson ratio from interatomic potentials as a function
of the uniaxial strain along the c-axis. Note that a positive strain occurs for a material
under tension.

from interatomic potentials is -0.17. The measure isotropic average value,
i.e., = (3B -2G)/2(3B + G) where B is the bulk modulus and G
is the shear modulus, is -0.163[33]. The interatomic potential calculations
suggest both crystals will exhibit a positive value for the Poisson ratio for
large compressive strains. For large tensile strains, both crystals are pre-
dicted to exhibit a negative ratio. The main difference is that a-cristobalite
has a negative ratio a t small strains whereas α-quartz does not. The most
interesting feature of this work is the prediction of a negative ratio for
α-quartz under large tensile strains.

It is possible to perform uniaxial loading along arbitrary directions. For
some directions, it is possible to have a crystal exhibit a negative ratio
while the average ratio is positive. An analysis for α-quartz indicates a
small negative ratio may exist for specific directions. For α-cristobalite the
ratio is negative for any loading direction.

The origin of a negative Poisson ratio is subtle. An unanticipated con-
clusion is that angular forces se are not required for reproducing theper

negative Poisson ratio. Pairwise forces alone can reproduce the negative
Poisson ratio in these materials. A simple model has been proposed for the
occurrence of a negative Poisson ratio based solely on interatomic distances.
If the nearest neighbor O - O distances are held fixed, then the tetrahedral
units of SiO4 are absolutely rigid. In the “rigid” tetrahedral limit, the Pois-
son ratio is strongly negative for the α-cristobalite crystal. On the other
hand, this model shows that tetrahedral units cannot be absolutely rigid
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for other silica crystals if the c/a ratio changes. It is not possible to maintain
the rigidity of a SiO4 units in while maintaining it symmetry. This
model predicts will never exhibit a negative Poisson ratio when a
uniaxial stress is applied along the c-axis.

Motion of the SiO4 tetrahedra is illustrated explicitly in Figure 5 for α-
and and α-cristobalite crystals when subjected to a uniaxial ten-
sion.. The atomic positions are determined from interatomic pair potential
calculations. As the c-axis is extended the SiO4 units in α-cristobalite ro-
tate "outward" by increasing the Si - O - Si bridging angle. From quantum
mechanical calculations, as well as from interatomic potentials computa-
tions[4], this angle between the units is known to be soft. The tetrahedral
rotation of the SiO4 units allows the a lattice parameter to increase along
with the volume of the unit cell, and a negative Poisson ratio occurs. This
behavior does not follow for high compressive strains as the SiO4 unit even-
tually distorts. α-cristobalite, and α-quartz under tension, are similar. If
sufficient distance occurs between the tetrahedral units, then the stain can
be accommodated by a reduction in the intertetrahedral distances while
preserving the SiO4 units. This situation appears necessary for a negative
Poisson ratio.

5.1.2. Mechanical Stability of Quartz Under Pressure: The Origin of

Pressure Induced Amorphization

Another area where structural energy calculations can be of great utility
concerns the solid-state order-disorder transformation. Such transforma-
tions can be induced by pressure. At high pressures, α-quartz subsists as a
metastable phase which gradually transforms to an amorphous form and,
subsequently to a rutile-like crystalline structure[34]. Evidence for the on-
set of the amorphization has been reported at about 15 GPa from single
crystal analysis[35]. In powder measurements[36], the transition is observed
to be complete by ~35 GPa. Experiments performed on powered samples
at pressures above 60 GPa indicate a crystalline structure which is thought
to resemble the stishovite structure[37].

One advantage of structural energy calculations is that one can ex-
amine the theoretical evolution of the α-quartz crystalline phase at pres-
sures above the amorphization transformation. It has been proposed that
α-quartz would evolve under pressure to a structure in which the oxygen
anions are arranged in a body-centered-cubic (bcc) stacking, were it not for
the fact that the crystal first amorphizes. The bcc arrangement of oxygen
anions was proposed[38] by an extrapolation of the trends observed during
the compression of α-quartz and its low pressure isomorphic counterpart:
- GeO 2 .

This hypothesis can be tested by examining the arrangement of oxy-
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Figure 5 . Motion of the SiO4 tetrahedra under uniaxial tension for α-quartz (a),
(b) and α-cristobalite (c).

gen anions in α-quartz as a function of pressure[14]. At fairly high pres-
sures, e.g., above ~ 50 GPa, the oxygen positions are clearly tending to-
ward a bcc arrangement. For an ideal bcc arrangement of oxygen anions,
x = y = -3 and z = 1/12 in the Wyckoff notation[28] and the lattice ratio

c/a = 1.225. Assuming ideally centered SiO4 tetrahedra, u = ~5/12 ~

0.417 where u determines the position of the silicon cation. At ambient
pressure, these parameters are x = 0.418, y = 0.274 , z = 0.118, u = 0.469

1
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Figure 6. Theoretical high pressure form for the α-quartz structure. The silicon cations
are shown by the small spheres, oxygen anions by the large spheres. Note how the oxygen
anions form a bcc packing at high pressure.

and c/a = 1.125. At a pressure near ~ 50GPa, total energy calculations yield
x = 0.350, y = 0.339, z = 0.077, u = 0.406 and c/a = 1.149, and confirm a
pressure-induced tendency of the oxygen anions toward the bcc structure.
The bcc arrangement is not ideal as the c/a ratio is smaller than expected.
The bcc arrangement of oxygen anions at high pressure in the a-quartz
structure is illustrated in Figure 6 .

Although bcc packing is achieved at pressures significantly larger than
the amorphization pressure, the main features associated with the bcc pack-
ing already occur at pressures of the order of ~30 GPa. Oxygen bcc pack-
ing will promote the diffusion of the silicon cations. The body centered cell
has 12 equivalent tetrahedral sites and 6 octahedral sites. Only one of the
tetrahedral sites is occupied in the α-quartz structure. Diffusion of silicon
between the tetrahedral sites, or to a nearby octahedral site along “tun-
nels” formed by the columns of oxygen anions may be a key process in the
transformation to the amorphous state and the further transformation to
the crystalline Si six-fold coordinated structure. As a function of pressure,
one of the independent 0-Si -0 angles, which is equal to ~ 110º at  ambient
pressure, increases to ~ 127 º in the bcc environment. This angle opening
provides a pathway for enhanced diffusion of the silicon cations from the
four-fold to six-fold sites.
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A closely related issue to the formation of the bcc oxygen anion pack-
ing concerns the mechanical stability of α-quartz under pressure. It has
been suggested that such an instability could drive the amorphization pro-
cess[36, 39], i.e., bcc packing could be inherently unstable against a shear.
Total energy calculations allow one to test such a hypothesis. One can un-
derstand, at least qualitatively, strain induced nonlinearities in α-quartz
by examining changes in the bond angles with pressure[41]. In Figure 7,
the Si-O-Si and O -S i -O bond angles are plotted as a function of pressure.
Experiment 1 is from Levien et al. [23] Experiment 2 is from Glinnemann
et al.[43] Except at very elevated pressures, the O - S i - O bonds remain near
the tetrahedral angle of 109.5°. However, the Si-O-Si bridging bond angle
is quite pliant. This angle is equal to 145° at ambient pressure; at ~20GPa
it is reduced to 125°. From roughly ambient pressures to 10 GPa, this angle
varies linearly with pressure. Above 10 GPa, the angle exhibits a nonlinear
behavior with pressure. This nonlinearity is indicative a strained bond an-
gle. Such a conclusion is consistent with quantum chemistry calculations on 
molecular fragments. These calculations suggest that Si-O-Si angles below
~120º are very unfavorable in terms of generating a large strain[41].

Another structural feature which exhibits a large strain is the inter-
polyhedral O-O distance. For modest pressures, e.g., less than ~10GPa,
the decrease in interpolyhedral distances can accommodate the compres-
sion in α-quartz as opposed to a compression of the Si -O bond length. An
anomalous feature of the pseudopotential calculations is that a small expan-

sion of the Si - O bond length is found to occur a t low pressures[11]. This
feature has also been suggested by Raman studies of quartz under pres-
sure[42]. The smallest O-O interpolyhedral distance at ambient pressure is
3.4Å. This value decreases to ~2.GÅ at 20GPa. In naturally occurring sili-
cates, the smallest known interpolyhedral distance is 2.75Å which occurs in
Be2SiO4[44]. This suggests that the α-quartz structure may becoming un-
stable at pressures greater than ~20GPa as the minimum interpolyhedral
distance approaches the smallest known value. Moreover, the behavior of
this distance with pressure exhibits nonlinear behavior above 15 GPa.

While the Si-O-Si angles and the interpolyhedral O-O distances exhibit
nonlinearities with pressure, these do not provide a quantitative measure
for mechanical instability. With total energy methods, it is possible to cal-
culate the elastic constants directly as a function of pressure. Under initial
hydrostatic pressure, the elastic constants, Cij, are related to the energy
variation, to second order in the strains, through[31]

(10)

where p , V are the initial pressure and volume, respectively, and =
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Figure 7. Bond angles in -quartz as a function of pressure.

V - V0is the volume change to second order in the strain:

V0
= + + + + + - + + /4 (11)

For a-quartz, it is possible using symmetry to reduce the number of in-
dependent elastic constants to six[31]: c11, c 1 2 ,  c13, c14 ,  c33 ,  c44 . The elastic
energy must be positive. This condition imposes the following constraints,
the Born criteria:

B1 = c11 - > 0 (12)
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(13)

(14)

for the a-quartz crystal to be mechanically stable. The first criterion,
Eq.(12), insures that the squared velocity of a transverse elastic wave in the
plane perpendicular to the c-axis is positive. The second criterion, Eq.(13)
corresponds to positive bulk modulus. The third criterion, Eq.(14),ensures
stability with respect to shear waves in planes different from the quartz
hexagonal plane. As illustrated in Figure 8, the first two criteria are met at
ambient conditions and for pressures well above the amorphization trans-
formation. However, the third criterion is violated at a pressure of ~30Gpa
which is consistent with the collapse of the crystalline phase observed ex-
perimentally at that pressure.

The microscopic nature of this instability appears to be associated with 
the formation of the bcc anion packing at high pressure. Our analysis sug-
gests that the instability is intimately related to the coordination change of
the silicon cation from a four-fold to a six-fold site. In the picture suggested 
by first-principles calculations, as pressure is applied to a-quartz structure
a mechanical strain builds. This strain is confirmed by the small Si-O-Si
bond angle and the interpolyhedral O-O distances. The nonlinearity of the
angle and distance changes with pressure above ~15GPa reinforces the pic-
ture of large mechanical strains near the amorphization transformation.
Near this transformation the α-quartz structure assumes a bcc packing of
the anions. Moreover, this bcc packing is accompanied by a mechanical
instability in which one of the Born criteria is violated. In this unstable ar-
rangement, silicon cations may diffuse from tetrahedral to octahedral sites.
At high pressures, the silicon cations occupy primarily octahedral sites, and
a rutile-like, i .e. , stishovite, structure occurs.

The existence of a mechanical instability in quartz subjected to high
pressures suggests anomalies might also occur in the vibrational spectrum
of quartz. Since the pairwise interatomic potentials yield trends in the me-
chanical properties which are consistent with quantum calculations, one 
might expect these potentials to yield “reasonable” vibrational spectra, es-
pecially for long wavelength modes. Using the potentials of Tsuneyuki et
al., one can determine the phonon spectra throughout the Brillouin zone.
An soft-mode does appear as a function of pressure. The first negative
eigenvalue of the dynamical matrix is found near 18.5 GPa, at the Bril-
louin zone-edge K-point[47]. In Figure 10, the lowest eigenvalues v² (q) a t
zero and 19 GPa along the - K direction is presented. The quartz low-
est acoustic branch softens under pressure. At 18.5 GPa, the width of the
soft acoustic branch along - K is ~3.5 meV, i.e., less than 50 K The
maximum width of this branch is about 7 meV, at the A-point. The same
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Figure 8. Born criteria for mechanical stability. Three calculations are illustrated. The
black dots are from a pseudopotential calculation. The open circles and squares are from
interatomic potential calculations. Note how the third criterion, B3 , is violated at high
pressures.

general pressure behavior is found using other interatomic potentials, e.g.

the potential by van Beest et al.[48] With the latter potentials, the phonon
instability occurs a t about 21.5 GPa.

The curvatures of the two lowest branches near in Figure 10, are
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Figure 9. Idealized high pressure form for the α-quartz structure (top) illustrating
tetrahedral and octahedral sites. Under a B3 strain the cations are displaced toward the
octahedral sites.

proportional to:

λ± = c66 +
2

c44 ± (15)

where c66 = (c11 - c12)/2. The phonon modes associated with these two
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Figure 10.

appears along this direction under pressure.
Phonon dispersion curves for the direction in α-quartz. A soft mode

branches are purely transverse in the limit 0, and the corresponding
elastic-wave velocities are: = where stands for the density.
B3 is given by the product: .A+ = The flattening of the quartz
lowest branch under pressure, 0, reflects the fact that B3 0. At
these pressures, the silicon cations reside in four-fold sites within a bcc-like
arrangement of the oxygen anions. The lowest mode a t corresponds toK
oscillations of the cations between two six-fold sites. Therefore, the K mode
is directly related to a change in Si coordination. The soft K mode by itself,
however, is not sufficient to drive a change in Si coordination. The enthalpy
minimum along the soft mode corresponds to a configuration where the
Si lie close to their four-fold site, i.e., at most at 10% of the tetrahedral-
octahedral intersite distance. Anharmonic effects, and in particular coupling
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to the mechanical instability strain, are necessary to overcome the energy
barrier and induce a change in Si coordination. This change in coordination
is observed in simulations of the quartz transformation, and occurs at a
pressure slightly below the instabilities in the acoustic branch.

A soft zone-edge mode is expected to induce a crystalline-to-crystalline
transition. Such a transition has been reported recently from a detailed x-
rays diffraction study of quartz, just below the amorphization pressure[45,
46]. The transformed material appears to involve a microstructure, and the
amorphous phase seems to nucleate and grow as the sample is pressur-
ized[45]. In view of the small width for the whole acoustic branch at such
pressure, these results are not too surprising.

Disorder is also found in pair-potential simulations [22, 39, 40, 47, 49]
of the quartz transformation. Unfortunately, the pair-potentials simulations
performed to date do not yield definitive results on the nature of the final
state. The algorithms employed in the finite cell simulations are in fact
inappropriate to simulate a strongly first-order transformation as found in
these studies. A densified arid poorly crystallized α-PbO2-like structure is
the resulting structure[49]. While nucleation and growth are clearly beyond
such simulations, the simulations are likely to yield a reasonable description
of the type of short-range atomic order in the transformed material. In
particular, the change in cation coordination related to the soft acoustic
branch is expected to be present in the high-pressure material obtained 
from the quartz solid-state transformation. 

6. Calculating the thermal properties of silica

There is an important issue which has yet to be addressed within this
chapter: the role temperature plays on the structural properties of silica.
Computing the structural properties and the phase stability of a. solid as
a function of temperature is a difficult, and largely unresolved problem.
In the simplest approach, one can consider the entropic contributions de-
rived solely from vibrational contributions. A simple method of computing
thermodynamic properties of solids at low temperatures is based on the
harmonic approximation [50, 51]. Within this approximation, one can com-
pute the vibrational spectrum of a solid by truncating a series expansion of
the potential energy of the crystal as a function of atomic displacements.
Typical vibrational energies in solids are tens of meV, which correspond to
a few hundred K. Therefore one can expect that the vibrational spectra will
not change significantly between 0 K and several hundred degrees K. An
harmonic effects due to thermal expansion of the solid may be important at
high temperature. To take into account full anharmonicity one can resort
to statistical methods such as Monte-Carlo sampling, or molecular dynam-
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ics. Such methods can be difficult to apply, and they are computationally
intensive[52, 53]. Moreover, determining the absolute entropies or absolute
free energies is a problematic issue in such calculations. Free energies are
related to the accessible volume of the phase space, not the entire volume of
the phase space. As a result, traditional Monte Carlo methods are usually
impractical in the computations of absolute free energy[54]. Another ap-
proach frequently used is to construct an artificial reversible “path” in the
phase space from a system with known free energy to the system of interest.
Constructing such a path may not always be possible. Moreover, there are 
only a few thermodynamic states for which the free energy is known, e.g.,
a harmonic lattice is one such state.

Only a few attempts have been made to compute vibrational modes
from first principles. For example, an ab initio calculation of the complete

phonon spectrum has been only recently reported for stishovite[55]. In prin-
ciple, such methods could be applied towards calculating thermodynamic
properties of silica. At present, however, applying interatomic potentials is
a more practical route, especially for polymorphs like coesite which have a
large number of atoms in the unit cell.

Calculations for thermodynamic properties of three important silica
polymorphs: α-quartz, stishovite and coesite are illustrated within this
Chapter. These calculations have been carried out in the harmonic ap-
proximation[50, 51].

6.1. PHONON SPECTRA OF QUARTZ, STISHOVITE AND COESITE 

The phonon spectrum of a crystal can be calculated easily from interatomic
potentials by constructing the dynamical matrix. Results of pair potential
calculations for the phonon spectrum of α-quartz are shown in Figure 11;
the acoustic and the lowest optic modes are displayed. The calculated dis-
persion for the three lowest (acoustic) branches is in very good agreement
with the inelastic neutron scattering data. Higher branches (optic modes) 
agree only qualitatively with experiment[56]. The largest overestimation of
the optic frequencies occurs at the Γ -point. Given the pairwise form of the
interatomic potentials, it is not surprising that the optic modes are not
accurately replicated. The calculated phonon spectrum for stishovite is
shown in 12. For stishovite, experimental data are available only at the Γ -
point[57, 58, 59] and are indicated in the figure by solid circles. Given the
limited experimental data, it is difficult to assess the accuracy of the results
obtained from pair potential calculations. Ab initio calculations based on
a variational density-functional perturbation technique have recently been 
published for the phonon spectrum of stishovite[55] across the entire Bril-
louin zone. The interatomic potential calculations are in fair agreement 
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Figure 11. The phonon spectrum of α-quar tz at ambient pressure. The dotted lines
are the results of our pair potential calculations. The symbols represent different sets of
inelastic neutron scattering data.

Figure 12.
interatomic pair potential calculations. The solid circles are from experiment.

The phonon spectrum for stishovite calculated at ambient pressure from

with these calculations.
The vibrational spectrum for coesite is shown in Fig. 12. To date, no

experimental phonon data are available for coesite. The coesite spectrum
is complicated owing to the presence of 144 phonon branches. Given the
large number of atoms in the unit cell, a detailed analysis of this spectra is
decidedly non-trivial.
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Figure 13.

form of crystalline silica with 16 molecular units of SiO2 in the unit cell.
The phonon spectrum of coesite at ambient pressure. Coesite is a complex

6.2. COMPUTATION OF THE FREE ENERGY 

TABLE 4. Calculated thermochemical properties for the between quartz to
stishovite, and quartz to coesite transitions.

Theory Experiment[63] Experiment[61]

-8.58 -8.68 -8.68

10730 11790±300 12400±400
(kcal/mol) 11018 --

-2.36 -3.24 -1.7±0.5

(cal/mol-K) -1.87 - -

(kcal/mol) -3928 1210±150 700 ± 70
A (kcal/mol) -3768 700±150 320 ± 70

-1.89 -2.05 -2.05

-0.7±0.2(cal/mol-K) -0.35 -0.23
(cal/mol-K) -0.10 - -1.2±0.1
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To obtain an accurate estimate of thermodynamic properties for crys-
talline silica polymorphs, one needs an accurate description of the phonon
density of states. Given the complexity of the problem, this is tractable
only with several assumptions. For example, it is often assumed that the
calculated phonon spectra are not strongly dependent on temperature. Cer-
tainly this will be a satisfactory assumption in the absence of any thermal
expansion, and any changes in the interatomic potentials as a function of
temperature. In this case, the force constants, and consequently the dy-
namical properties like phonon frequencies and density of states, will be
independent of temperature.

Another common assumption concerns the electronic degrees of freedom
and the corresponding entropic contributions. For crystalline forms of sil-
ica, the electronic degrees of freedom have very high excitation energies as
compared the vibrational energy levels, e.g. , the band gap of quartz is on
the order of ~10 eV. Therefore, at modest temperatures, e.g., temperatures
well below the melting point, it is safe to assume that the electronic energy
(Uel) of the solid does not change significantly with temperature. The total
internal energy, U, of the crystal is computed as follows:

(16)

where = 1/kBT, k B is the Boltzmann constant, Uel is the electronic
contribution and Uvib is the vibrational contribution.

Such assumptions have been used successfully to calculate the free en-
ergy between metallic crystalline phases. For example, Lam et al.[60] com-
puted the temperature-pressure phase diagram of beryllium. They pre-
dicted the static lattice energy using ab initio pseudopotentials and es-
timated the phonon energy and entropy from the second order elastic con-
stants. Since the electronic contribution to the entropy varies less for insu-
lators than it does for metals, one would expect a better description of the
thermodynamics for the materials here than for beryllium.

Figure 14 depicts the density of states for -quartz, stishovite and co-
esite. The low energy part of the phonon density of states of stishovite shows
pronounced Debye-like behavior This is in contrast to the low density poly-
morphs of quartz and coesite. The high frequency regions (~ 30 THz) for
α-quartz and coesite exhibit some strong Einstein-like optic modes.

Using the calculated phonon density of states for the polymorphs of
interest, one can implement standard Bose-Einstein statistics to determine
the partition function, Q N V T , of the crystal and compute the temperature
dependence of thermodynamic properties (on a molar basis) as follows:
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Figure 14 .
density of states per molecular unit (E(v )) (dotted line) for several silica polymorphs.

The phonon density of states per molecular unit (D(v )) and the integrated



THE STRUCTURAL PROPERTIES OF SILICA 31

(17)

where h is Planck’s constant, NA is Avogadro’s number, Natom is the num-
ber of atoms per molecular unit, Upe(0,p) is the equilibrium potential energy
per molecule at pressure, p, and = U pe(0,p) merely
serves as a reference and does not affect the remaining discussion.

The following definitions are used for the vibrational contributions to
the internal energy(U), enthalpy ( H ) , the isochoric heat capacity (Cv), and
the entropy (S),:

(18)

where I(x) = e x p ( - x ) / ( 1 - e x p ( - x ) ) , D(v) is the phonon density of states
per molecular unit and R is the gas constant.

The computed temperature variations of the isochoric heat capacity and
the absolute entropy of silica. polymorphs are compared with experimental
data in Figures 15 and 16 respectively. In Figure 15, the experimental data
is from Akaogi and Navrotsky[61]. In Figure 16, experiments 1-3 are from
Richet et al. [62], Holm et al. [63] and Robie et al. [64], respectively. Particu-
larly good agreement with experiment is achieved at low temperatures. The
agreement at higher temperature, although not as good, is still satisfactory.
Deficiencies in the interatomic pair potentials as well as anharmonic effects
will play an increasingly important role at higher temperatures.

Although the entropy difference between coesite and stishovite is small
over the temperature range of interest, this difference acts to stabilize co-
esite versus stishovite. As a function of increasing temperature the pressure
required to transform coesite to stishovite increases. The transformation
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Figure 15. The variation of the constant volume heat capacity (Cv) for α-quartz,
stishovite, and coesite. The solid circles indicate calculations based on the experimental
data.

pressure at 300 K is approximately 8 GPa while at 1500 K the required
pressure is over 9 GPa [61, 65]. One of the main obstacles to calculating
accurate free energies is the small entropic differences between competing
phases. In Figure 16, the calculated S versus T appear qualitatively the
same for all three polymorphs. In Table 4 calculations are presented for the
entropy and enthalpy of transformations for the quartz stishovite and
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Figure 16.

coesite.
The variation of the absolute entropy (S) for α-quartz, stishovite, and

quartz coesite transitions. α-quartz undergoes a transition to
at 847 K. However, the thermochemical changes during this transformation
are known to be small [62, 66] . Thus, one often assumes negligible entropy
and enthalpy differences between α- and The measured values
are reproduced reasonably well by the interatomic pair potential calcula-
tions. The enthalpy change for quartz stishovite transition is calculated
within about 10%. However, the interatomic potential does not reproduce
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the enthalpy of the transition. According to this poten-
tial, coesite is more stable than α- quartz. This is in contradiction with the
experimental data. The failure of the interatomic potential to yield the cor-
rect values for the enthalpy differences is a significant problem in terms of 
generating a comprehensive pressure -temperature phase diagram for these 
oxides.
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1. Introduction

The Earth’s Mantle is predominantly composed of magnesium-iron sili-
cates. This is known from direct sampling of Upper Mantle material, seis-
mic velocity - density systematics, and from inferences based upon so-
lar abundances. The Upper Mantle is largely composed of the forsteritic
olivine ((Mg.Fe)2SiO4), and both orthorhombic and monoclinic pyroxene
((Mg,Fe)SiO3). The forsterite structure is characterized by having isolated
SiO4 tetrahedra,,while the pyroxene structures have linear chains of corner
sharing SiO4 tetrahedra. At a depth of about 400 km , the Upper Man-
tle minerals become unstable, and transform to denser polymorphs that
make up the Mantle Transition Zone. Forsterite transforms first to wads-
leyite (or the beta-phase) and subsequently to ringwoodite (which has the
spinel structure). Silicon remains in four-fold coordination in both of these
phases. In contrast, pyroxenes transform either to majorite (which has the
garnet structure) or to a polymorph with the ilmenite structure. Both of
these phases have silicon in octahedral (or sixfold) coordination. The 670
km seismic discontinuity marks the boundary of the Lower Mantle. It is be-
lieved that this discontinuity coincides with the breakdown reaction of ring-
woodite to magnesium silicate perovskite (MgSiO3) and magnesiowustite
((Mg,Fe)O). Under about the same pressure-temperature conditions, gar-
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net also transforms to perovskite. In fact over 70% of the Lower Mantle,
and over 40% of the entire planet is composed of magnesium silicate per-
ovskite. Perovskite is a simple structure, based on the corner sharing of
SiO6 octahedra. Magnesium silicate perovskite appears to be orthorhombi-
cally distorted a t lower pressures, with silicon in the octahedral sites and
the magnesium ion sitting in an 8-fold distorted environment.

In order to be able to interpret new, seismic tomographic data, it is
essential to determine the high pressure (over 25 GPa) and high tempera-
ture (over 2000 K) behavior of these Lower Mantle phases. However, such
pressure and temperature conditions are experimentally very difficult to
achieve, and so one of the major goals of computational mineral physics
has been to describe fully the structural properties of Earth-forming phases
under the conditions found in the Earth’s interior.

The computational approaches currently used to study thermoelastic
properties of minerals, generally employ either lattice dynamics (LD) or
molecular dynamics (MD) techniques. Traditionally these studies have been
carried using interatomic potentials (e.g. Catlow and Price[1] ) or the Po-
tential Induced Breathing model (PIB)[2].These model potentials are now
invariably successful in reproducing known structural properties of man-
tle silicates. This success has led to the extension of these studies to the
prediction of properties under conditions currently beyond experimental
reach.

Lattice dynamics within the quasi-harmonic-approximation (QHA) pro-
vides phonon spectra from which all thermodynamical properties can be
derived[3]; however the validity of this approach is limited to “low” tem-
peratures. At high temperatures, unharmonicities become non-negligible
and ionic motion can be more properly treated by classical MD. These
approaches therefore are complementary and a complete study of thermoe-
lasticity of minerals requires the use of both within their respective regimes
of validity, usually delimited by the Debye temperature. Unfortunately the
wide range of pressures ( ~~ 20 to 100 GPa) existent in the mantle, makes
such temperature demarcation less obvious. This point has recently been 
investigated by Matsui et al[4], who performed a parallel set of LD and
MD calculations on MgSiO3-perovskite at a wide range of thermodynami-
cal conditions. At lower mantle conditions, unharmonicities were shown to
affect significantly properties like the thermal expansion coefficient.

Some successful examples of the use of MD to study mantle phases
are: 1) the simulation of structural and thermodynamical properties of six
MgSiO3 polymorphs[5], which reproduced experimental results to within
a few percent. They investigated the existence of a post-protoenstatite
high temperature phase and a C2/c high pressure phase. Their predicted
coordinates and structure for the high pressure C2/c phase were subse-
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quently used by Angel et al [6] to solve the single crystal X-ray data for
that phase, when it was later unambiguously synthesized; 2) Investigation
of sub-lattice melting and ionic conductivity in MgSiO3-perovskite[7]. The
constant pressure and constant temperature calculations predicted the on-
set of oxygen sublattice melting and an orthorhombic to cubic phase transi-
tion above 10 GPa, just prior to melting. They showed that the cubic phase
exhibits solid electrolytic behavior with an electrical conductivity compa-
rable with that inferred for the lower mantle. A parallel study using dif-
ferent model potentials[8] confirmed the high temperature solid electrolyte
behavior but predicted an orthorhombic to tetragonal phase transition in
MgSiO3-perovskite, due to precession of SiO6 octahedra, a t 2600 K and 31
GPa. If ionic conductivity in MgSiO3-perovskite is really significant, then
it plays an important role in the behavior of the Earth’s lower mantle.

Although MD calculations resorting of interatomic potentials have been
successful in many instances, the major shortcoming associated with this
type of study, is the reliance of the quantitative precision of the predicted
property upon the accuracy of the empirical potential used to model inter-
atomic interactions when interatomic distances are substantially different
from those used to “fit,” the model potential. A b initio MD circumvents
entirely this problem and will play a decisive role in the study of mantle
phases under pressure. In the next section we outline the theory behind a
new ab initio constant pressure MD with variable cell shape (VCS). The
following section illustrates its use as an efficient structural optimizer for
two mantle phases: MgSiO3-perovskite and C2/c enstatite. Although these
were 0 K calculations, finite temperature studies are similarly possible, the
current limitation being simply computational power.

2. The method

The technique utilized here is an ab initio molecular dynamics (MD) with
variable cell shape (VCS)[9]. It combines a fully self-consistent approach to
ab initio MD[10] with a VCS dynamics which includes strains as dynamical
variables[11]. Together these features make this method ideally suited to
predict the behavior of solids at high pressures and temperatures. 

A b initio MD is a powerful simulational technique which emerged in
the last decade[12]. It allows us to investigate atomic motion in the pres-
ence of complex electronic bonding. The original approach consisted of a
fictitious dynamics in an extended space of ionic coordinates and electronic
wave-functions. This method has undergone numerous modifications aim-
ing to improve its efficiency. In the past few years, alternative ab initio

MD methods departing substantially from the original approach have been 
proposed. Most of them no longer make use of fictitious electron dynam-
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ics, but instead, keep the electrons in the ground state while the ionic
dynamics strictly follows the Born-Oppenheimer surface. The current ap-
proach[10, 13], is the earliest of these methods and is based on a quite
conventional approach to the electronic structure problem.

In common with other a b initio MD methods, the present one is based
on a tractable total energy scheme which makes use of 1) density func-
tional theory and the one electron approximation[14];2) pseudopotentials
to describe the interaction between valence electrons and the core[15]; 3)
iterative improvement of trial electronic valence wave-functions, which are
expanded in plane-waves. In contrast with previous methods, this one ob-
tains: 1) fully converged LDA energies and forces at every step of the dy-
namics which proceeds with the large time scale typical of classical MD;
2) the LDA energy minimization is based on a conventional (iterative)
diagonalization/self-consistency cycle (charge mixing). More references to
these techniques can be found in previously published work. 

The VCS-MD used here[11] is based on a Langragian formulation very
similar to the original dynamics[16]; however it uses strains as dynamical
variables, instead of the Cartesian coordinates of the simulation cell vec-
tors. This new choice of dynamical variables makes the Lagrangian (and
the trajectories) invariant with respect to the choice of simulation cell vec-
tors. It also gives a more physical strain/stress relationship which preserves
throughout the trajectories the space group symmetry of the initial condi-
tion. This latter property is physical and does not imply in any constraints.
This point will be further discussed when presenting examples in the next
section.

The VCS-MD is generated by promoting the components of the strain
tensor to dynamical variables and rescaling the ionic coordinates by
(1+ The new variables are the particles coordinates referred to
this breathing coordinate system. 

(1)

Here = (1 + c)T(1+ is the metric tensor, is the Kohn-Sham
energy, P is the constant applied external pressure, and is the variable
cell volume. The first and second terms on the r.h.s. are the kinetic energies
associated with internal and strain variables is a fictitious mass usually
adjusted to optimize the dynamical coupling with the other variables). The
third and fourth terms combined, correspond to the enthalpy in the ther-
modynamical limit. This plays the role of a generalized potential energy.
Equations of motion (EM) for coordinates and strains can be derived by
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applying Lagrange’s equations to Eq. (1):

(2 - a)

(2 - b)

In Eq. (2-a), are the Hellman-Feynmann forces, and in (2-b), II is the
total stress:

( 3 )

where = (1+ and is the quantum mechanical stress tensor.
This is the conceptual framework of the present technique. It is a com-

pletely general ab initio VCS-MD which can be used to simulate solids at
finite temperatures and pressures. Subjected to small modifications, and in
the limit of isotropic fluctuations, it maps into Andersen’s dynamics[17],
whose averages over trajectories correspond to those of the isoenthalpic
isobaric (N,P,H) ensemble.

This method has been used recently to simulate the pressure induced 
hcp to bcc transformation in magnesium at finite temperatures[18], and to
study the behavior of solids other than silicates[19, 20]. Except for the study
in Mg, all others addressed phases at T = 0 K. In these studies, the focus
was the optimization of structures (stress and force minimization) at high
pressures. In practice these calculations involved the utilization of a damped

version of this VCS-MD algorithm: when certain force components (Eq.’s 2-
a,b) changed sign the corresponding velocity components were zeroed. This
strategy can be quite efficient if the normal modes have similar frequencies, 
which can be approximately achieved by equating the ionic masses, and
choosing the fictitious cell mass to produce approximately the same cell
oscillation period. Once the period is established, the time step can be
chosen to be approximately half of this value, which insures a fast damping 
rate. The performance of such algorithm for MgSiO3 and CaSiO3 will be
demonstrated below.

3. Applications to mantle minerals

Understanding the compressive behavior of Earth forming phases is impor-
tant for several reasons[21]. From the practical point of view the knowl-
edge of their equations of state is fundamental to aid the interpretation of
seismic velocity data and sort out the precise mineralogical mantle com-
position. From the purely mineralogical point of view, there is interest in
understanding how different classes of silicates adapt to conditions found
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in planetary interiors. The array of Si-O bonds forms a “skeleton” and the
way this one articulates might indicate how the transformations between
phases occur.

Below we exemplify the application of the ab initio VCS-MD to some of
the most important mantle mineral phases. MgSiO3-perovskite is by far the
most important of them and was the first application of this technique. The
viability of the method was established with this calculation [9]. The precise
behavior of this mineral up to pressures which exceed the highest values
reached in the Earth’s mantle was predicted. Since the compressive behav-
ior is related to the elastic moduli, we have obtained the latter as well[22] in
order t o present a reliable and consistent description of MgSiO3-perovskite’s
compressive behavior. In order to further substantiate the conclusions on
this phase, we performed similar calculations on CaSiO3[22], which is an-
other relevant lower mantle mineral. CaSiO3 is a cubic perovskite at high
pressures, in contrast to MgSiO3, which is an orthorhombically distorted
perovskite.

The structural complexity of mantle minerals increases quite rapidly as
we attempt to address other phases. The upper mantle is dominated by
olivine, spinel, pyroxene, and garnet type minerals. In some mineralogical
models, pyroxene type minerals comprise nearly 25% in volume of the upper
mantle. A vast family of minerals is described under this name. There are
chemical and structural variations among pyroxene phases. Here we investi-
gate MgSiO3-C2/c enstatite[23] for a couple of reasons: 1)it is a polymorph
of MgSiO3-perovskite and direct comparison of results in both phases can
bring insight on the nature of these calculations. 2) C2/c enstatite is the
simplest stable (at high pressures) pyroxene form, containing 40 atoms per
cell and 18 structural parameters. This is still a relatively small level of
complexity compared to that of other mineral phases, but until recently
this level of complexity was not possible in ab initio high pressure stud-
ies. To our knowledge, this is the most complex ab initio zero temperature
study of a mineral phase with the largest unit cell studied so far. 3 ) De-
tailed experimental data a t high pressures on this phase had recently been 
acquired [6], and we could readily compare with our theoretical predictions. 
These are quite challenging calculations and experimental guidance is not
to be underestimated. 

3.1. MGSIO3 AND CASIO3-PEROVSKITES

The structure of MgSiO3-perovskite is shown in Fig. 1. This is the most
abundant mineral on our planet[24]. Latest estimates suggest that  at  least
85% of the Earth’s lower mantle consists of pure perovskite Mg1-xFexSiO3

( x 0.2) . This is the largest single region of the planet and accounts for
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Figure 1. Orthorhombic (Pbnm) phase of MgSiO3-perovskite. There are two crystal-
lographically distinct oxygen sites (01 and O² ) a t octahedral corners. Silicons are near
the octahedral centers. Spheres represent magnesium cations.

55% of its volume, however the precise behavior of this mineral under this
region’s extreme conditions is as yet unknown. We apply this algorithm 
to perform symmetry conserving structural optimizations and predict the
zero temperature behavior of this mineral up to pressures which exceed the
highest values reached in the mantle (150 GPa).

This phase is stable above 23 GPa, which is the typical pressure a t the
upper/lower mantle boundary. At low pressures it is metastable, the stabler
phases being pyroxenes. The orthorhombic phase is obtained from the cubic
perovskite phase (Pm3m) by superposing rotations ofnearly-rigid oxygen
octahedra to an anti-ferroelectric displacement of Mg ions perpendicular to
the c-axis. This brings to twenty and ten the number of atoms per cell and
structural parameters respectively.

Because of the implications for the structure of the Earth’s lower man-
tle, the behavior of MgSiO3 under compression has been an issue of great
concern. A precise determination of this mineral’s equation of state up to
pressures typical of this region can have important Geophysical implica-
tions. The possible existence of other stable phases at high pressures is
another related issue. Besides experimental evidence to the contrary, com-
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parative crystal chemistry suggests the possibility of a stable Pm3m phase
at very high pressures. The argument is based on a “cavity filling effect”:
whether perovskites are either cubic or distorted, depends on the relative
size of cations (spheres in Fig. 1) and octahedra. For instance, if Mg is
replaced by Ca, a larger cation, the structure becomes cubic. It is possible
that under compression Mg occupies a larger fraction of cavity volume and 
will drive the structure into cubic. This phenomenon is observed in
under pressure[25]. Besides, MD simulations using ionic force field models
suggest the Pbnm phase might undergo a temperature induced transition to
the Pm3m before melting and at high pressures[7]. These evidences indicate
the cubic phase is probably one of the most sensible alternative structures
at high pressures and temperatures. 

We have proceeded and performed structural optimizations at arbitrary
pressures according to the damped VCS-MD algorithm outlined in the previ-
ous section. Fig. 2 illustrates a typical dynamical evolution of the structural
parameters in MgSiO3 and CaSiO3. A comparison of algorithm performance
in these two cases is relevant because: 1) it shows how well the algorithm
can distinguish between these structures, and 2) establishes that indeed it
is possible to find structures of high symmetry out of initial conditions with
low symmetry. For instance the internal structural parameters in CaSiO3
converge to 0, 1/4, and l / 2 , while the lattice parameters converge to a =
b, and c = which is clearly the cubic phase.

Although the initial space group symmetry is preserved in this dynam-
ics, this example demonstrates this is not a restrictive property. It is possible
to obtain structures with any space group out of structures with no sym-
metry. Specific details of these calculations can be found in Wentzcovitch
et al [22].

The zero pressure structural parameters in MgSiO3 obtained this way
are displayed in Table 1. The agreement with experimental values can be
considered excellent, with theoretical lattice parameters a, b , and c smaller
by about 1%. Detailed analizes of the theoretical zero pressure structure,
reveals that all bond lengths are within 1% of the experimental values, and
the octahedral tilting angles are about 1 degree larger. These trends are to
be expected from zero temperature calculations.

The predicted behavior of MgSiO3-perovskite under compression is sum-
marized in Fig.’s 3 and 4. These results reveal the several trends. The or-
thorhombic axes have different compressibilities (Fig. 3-c,d,e), among which
the a-axis is the most compressible followed by c and b , as observed in single
crystal measurements. The internal parameters vary continuously (Fig. 3-
a,b) and no change in trend is observed under compression. These imply in
increasing anti-ferroelectric displacements of Mg ions, increasing octahedral
tilt angles, and a decreasing degree of octahedral distortions. 



HIGH PRESSURE STUDIES OF MANTLE MINERALS 47

Figure 2. Typical dynamical evolutions of structural parameters for MgSiO3 ((a), (b),
and (c)), and CaSiO3 ((d), (e), and (f ) ) . The initial configurations are the zero pressure
structure and a general Pbnm configuration for MgSiO3 and CaSiO3 respectively. The
final configurations (Pbnm and Pm3m symmetries for MgSiO3 and CaSiO3 respectively)
are the equilibrium ones at 150 GPa.

The stability of the Pbnm phase with respect to the cubic Pm3m per-
ovskite increases with pressure from 1.50 eV/molecule at zero pressure, to
3.54 eV/molecule a t 150 GPa (Fig. 3.1.4-b). Although this is a zero tem-
perature calculation, it seems unlikely that vibrational entropy differences
between these phases would be so large as to stabilize the cubic phase even
a t the highest bounds of the mantle geotherm. 

Table 2 shows the bulk modulus (Ko) and its pressure derivative ob-
tained by a third order fit to the Birch-Murnaghan’s equation of state, of
the calculated volume versus pressure relation for the orthorhombic ( P b n m )
and cubic ( P m 3 m ) phases. The Pbnm’s Ko is within the range spanned by
inter-laboratory measurements.

We have also calculated the elastic constants of MgSiO3-perovskite (Ta-
ble 3). They give further support to our conclusions about the structural
distortion under pressure. They were obtained by direct calculations of
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Figure 3. Pressure dependence of structural parameters for the Pbnm phase. a) and
b) show the internal ones, while c), d) and e) show the rescaled Bravais lattice param-
eters a/ao, b/bo, and c/co, where ao, bo, co are zero pressure values. The insets show
experimental results of Ross and Hazen [28] (o) and ours
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TABLE 1. Theoretical (first column) and experimental (Horiuchi e t a l [ 2 6 ] ) pa-
rameters of the zero pressure Pbnm phase. The primitive vectors are respectively:

= = This phase (4MgSiO3) has Si atoms located at (1/2,
0, 0), (1/2, 0, 1 / 2 ) , (0, 1/2 , 0), and (0, 1/2, 1 / 2 ) , Mg’s at ±(Mgx, Mgy, 1/4;
1/2-Mgx, Mgy+1/2, 1/4) , and two sets of inequivalent O’s at ±(O1x, O1y, 1/4;
1 /2-02 , 1/4) and 1 / 2- 02 ;

The calculated zero pressure lattice parameter of
the cubic phase (Pm3m ) is a´. Alternatively, this phase can be described in terms
of a supercell four times larger with Pbnm symmetry (third column). Lengths are
in Å . (+ is from Cohen e t al, [27]) .

Calc.(Pbnm) Exp.(Pbnm) Calc .(Pm3m)

a 4.711 4.7787(4) 4.909
b 4.880 4.9313(4) 4.909

M gx 0.5174 0.5141(1) 0.500
C 6.851 6.9083(8) 6.942

Mgy 0.5614 0.5560(1) 0.500

0.1128 0.1028( 2 ) 0.000
0.4608 0.4660(2) 0.500
0.1928 0.1961(1) 0.250

0.1995 0.2014(2) 0.250

0.5582 0.5531(1) 0.500

Calc.(Pm3m)

a´ 3.472

a´ 3.48+

the stresses[36] generated by small deformations of the zero-pressure or-
thorhombic cell and simultaneous relaxation of the internal parameters.

These constants are in very close accord with those measured by Yega-
neh-Haeri e t al[33], but are generally slightly stiffer, as would be expected
for constants evaluated at T = 0 K. It is interesting to note that , in con-
trast with previous estimates, we find C11 < C33< C22 . This is consistent
with the overall predicted distortion pattern under pressure. The linear
compressibilities of the unit cell axes are GPa-1,
Gpa-1, and GPa-1. This study supports the result from exper-
imental studies that the b-axis of MgSiO3 perovskite is the least compress-
ible axis, and the findings of Ross and Hazen[28] that the a-axis is more
compressible than the c-axis; however, this overall pattern of distortion is
in conflict with the data of Yeganeh-Haeri et al[33], and the Hartree-Fock
calculations of D’Arco et al[35], which suggest that >
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Figure 4 . a) Pressure dependence of the Pbnm phase’s rescaled volume V/Vo where Vo
is the zero pressure value. ( x ) with error bars are from Knittle and Jeanloz [29], while
those in the inset are from Ross and Hazen [28], (o) and ours (•). b) Change in enthalpy
( H - Ho), where Ho is the zero pressure value for the Pbnm phase (•). (x) and (?) are
results for the cubic phase obtained using 1 and 4 special k-points respectively.

We have also used the elastic constants to calculate a Voigt-Reuss-Hill
average shear modulus of 178 ± 1 GPa. The value is significantly smaller
than the 196 ± 8 calculated by Cohen[2], but is close to the 184 GPa
measured by Yeganeh-Haeri et al[33].

Table 4 summarizes the structural properties of cubic CaSiO3. Our Ko is
smaller than that preferred by Mao et al[38], because our Ko’, 4.4, is greater
than 4 as assumed by them. Since CaSiO3’s Ko is similar to MgSiO3’s, it is
likely that a Ca enrichment of the lower mantle would not have a significant
effect on the average K’s. Bulk modulus alone cannot therefore be used to
establish a bound on the CaSiO3-perovskite content of the lower mantle.
This will require the estimation of the shear modulus of this phase at high
pressures.
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TABLE 2. Bulk modulus of MgSiO3-perovskite: a) This work, b) Knittle and Jeanloz
[29], c) Ross and Hazen [28], d ) Kudoh et al [30], e) Yagi et al [31], f ) Mao et al [32],
g) Yeganeh-Haeri et al [33] h) Stixrude and Cohen [34], i) D'Arco e t al [35], j ) Cohen
e t al [27].

Pbnm Ko Ko’

a 259 3.9

b 266 3.9
c 254 4.0

d 247 4.0

e 258 4.0

f 272 4.0
g 246

h 266 4.2

i 309

Pm3m Ko Ko’

a 258 4.0

i 291

j 279 3.74

TABLE 3.
Matsui et al [37 ] ,d) Yeganeh-Haeri [33].

Elastic constants of MgSiO3-perovskite. a) This work, b) Cohen [2], c)

Calc.a Calc.b Calc.c Exp.d

C11 496 548 460 520
C22 560 551 506 510
C33 504 441 378 437

C44 151 241 162 181

C55 198 253 159 202

C66 171 139 112 176
C12 132 54 139 114

C13 136 153 184 118

C23 156 175 177 139

3.2. MGSIO3 C2/C ENSTATITE

Pyroxene phases are characterized by the presence of single tetrahedral
((Si03)2- ) chains arranged in layers parallel to (100). Within these layers,
each tetrahedron shares two corners with adjacent ones to form infinite
chains parallel to the c-axis. Tetrahedral layers are separated by octahedral
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TABLE 4. Structual properties of CaSiO3-perovskite: a) This work, b) Hemley
et al [39], c) Mao et al [ 3 8 ] ,d) Tarrida and Richet [40], e ) Yagi e t al [41], f ) Liu
and Ringwood [42].

Calc. Exp.

a (Å) 0 GPa 3.587a 3.565c

3.568b 3.573d

3.572e

16 GPa 3.518a 3.486 f

3.530b

Ko(GPa) 254a 281c

247b 275d

288e

Ko ' 4.4a 4.0c

5 . 3 b 4.0d

4.0e

layers containing 6 to 8 coordinated cations (Mg's in this case). Different
symmetries arise from different stacking sequences of the octahedral layers
and from symmetrically distinct tetrahedral chains. (For a detailed descrip-
tion of structural variations, see Cameron and Papike[43], and Putnis[44]).
Besides space group variations, there are chemical subdivisions (compatible
with these space groups). Enstatite, MgSiO3, with ferrosilite, FeSiO3, or-
thopyroxenes, (Mg,Fe2+)2 Si2O6, and pigeonite (Mg,Fe2+,Ca)2 si2O6, con-
stitute one of these major subdivisions, the Magnesium-Iron pyroxenes.
Together these pyroxenes comprise almost 25% by volume of some miner-
alogical models of the earth's upper mantle[45].

Among these pyroxenes, only the Ca-rich pigeonites were known to exist
i
in the orthopyroxene (space group Pbca) structure, as well as in clinopy-
roxene P21/c phase, even though evidence for the stability of low-Ca C2/c
phases has been available for many years (e.g. [46, 47]). Petrological exper-
iments on the MgSi03 system in the pressure-temperature range 7-10 GPa
and 900-1700 °C[48 49] in combination with in situ single crystal diffrac-
tion experiments to 8 GPa.at room temperature [6]have confirmed the true
stability of a clinopyroxene phase with C2/c symmetry at high pressures. A
recent single-crystal diffraction study of low-clinoferrosilite by Hugh-Jones
and Angel[50] has also demonstrated the stability a t high pressures of the
same C2/c structure type for FeSiO3 composition.

C2/c pyroxenes contain 40 atoms per cell and are described by 18
free parameters. The Bravais lattice is monoclinic with a angle around
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Figure 5 .
viewed down (001).

Schematic representation of the structure of high-pressure C2/c clinoenstatite

106 degrees (hence the name clinopyroxene). The chains are all equivalent
and symmetrically related to one another. Tetrahedral chains ((
stretch along the c-axis and have a periodicity of two tetrahedra. The basic
topology of this structure, when viewed along the c-axis, is shown in Fig. 5.

There are two symmetrically distinct cation sites, both occupied by Mg 
in enstatite. The M1 site lies between the apices of opposing tetrahedra;
the M2 site lies between their bases. The M1 sites are smaller and almost
regular octahedra, while the M2 sites are larger, more distorted, and the
local coordination may be nearly 8-fold when that site is occupied by larger
cations such as N a or Ca (see review by Cameron and Papike[43]). The
polyhedral linkage in this structure is shown in Fig. 6, where the M1 sites
are surrounded by oxygen-octahedra, while the M2 sites are represented by
spheres.

The way this structure reacts to heat, pressure, and cation substitution,
reflects the basic linkage between tetrahedral chains and the linking poly-
hedra. Tetrahedra are more rigid than the cation polyhedra. The cation
sites are the ones which respond the most to external conditions, while the
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Figure 6. The structure of high-pressure C2/c clinoenstatite viewed down (100). Si’S
are located a t the center of oxygen tetrahedra; the M I cation sites are represented by
octahedra, while the M2 sites are represented by spheres.

chains expand or contract mainly by means of tetrahedral rotations.

C2/c-enstatite is known to be thermodynamically stable above 7.9 GPa
a t room temperature. At lower pressures the structure distorts into another
form of clinoenstatite with P21/c symmetry, with chains differentiated into
“O-rotated” and “S-rotated”. The precise pressure range of mechanical
stability of the C2/c phase is uncertain, but it has been held metastable
down to 5.3 GPa [6].

Here we summarize our investigation on MgSi03 C2/c enstatite[23]. We
optimized structures under pressure from 0 to 30 GPa, and have found dy-
namically stable structures with C2/c symmetry in almost all cases; how-
ever, a t 8 GPa we found large dynamical fluctuations. The amplitude of
these fluctuations is reported in parenthesis in Table 5.
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TABLE 5. Theoretical (this work) and experimental (Angel et al ,[6]) parameters for
C 2 / c clinoenstatite. The primitive vectors are respectively: (asin + a cos=

= This phase has Si’s and three crystallographic distinct O’s,
0(1,2,3) , a t sites generally described as ( x, y, z ) ; (-x ,-y , -z); (-x, y , 1/2 -z ) ; (x,-y,

1/2+z), and two distinct, Mg’s, Mg(1,2), at (0, y, 1/4); (0 , -y , 3/4) ; (1/2, 1 / 2 + y , 1 /4) ;
( 1 / 2 , 1 /2- y , 3/4). The lattice parameters are given in Å and the monoclinic angle in
degrees. Numbers in parentheses are uncertainties in the last significant digit.

(1/2+x, 1/2+y, z); (1/2-x, l/2-y, -z); (1/2-x, 1/2+y , 1/2-z ); (1/2+zx 1/2-y,

Calc.(8 Gpa) Exp. (7.9 GPa)

a 9.12(1) 9.201( 3 )

c 4.904( 5) 4.908(1)
b 8.19(1) 8.621(1)

1 0 1 . 32) 101.50(3)

Mg1y 0.912(1) 0.9057(6)

Mg2y 0.277(1) 0.2742(5)

Si, 0.2987(5) 0.2988(4)

Si, 0.0959(5) 0.0915(3)

Si, 0.2137(5) 0.211 2(4)

O1x 0.0121(1) 0.1215(9)
O1y 0.0953 ( 5 ) 0.0914(8)

O1z 0.133(1) 0.139(1)

O 2 x 0.378(2) 0.380(1)

O2y 0.2474(5) 0.2376(7)

O2z 0.377(1) 0.367(1)

O3x 0.356 (5) 0.357(1)

O3y 0.061(1) 0.0613(6)

O 3 z 0.917(1) 0.915(1)

Despite the presence of dynamical fluctuations (structural instability),
which we discuss below, a detailed comparison with the experimental struc-
ture a t 7.9 GPa reveals interesting trends and a successful description of
subtle structural features (see Wentzcovitch et al[23]). The calculated O 3 -
O 3 - O 3 chain extension angle of 135.6 compares with the experimental value
of 135.5±0.5. The monoclinic angle is correctly found to be in the range
100-102 degrees. This i s typical of high pressure phases, as opposed 
to high temperature C2/c phases in which this angle i s around 106 degrees. 
The overall distortion pattern of tetrahedra and cation polyhedra are also
correctly reproduced with the correct sequence of long, medium, and short
bonds (see Wentzcovitch et al[23]).

An intriguing effect i s observed in the longer and weaker Mg-O bonds.
They have their lengths underestimated by an average of 2.4%, resulting
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in polyhedral volumes that are 7% (M1) and 8% (M2) too small com-
pared with experimental values. This effect is apparent in the calculated
unit cell parameters. The c-axis, which is parallel to the strongly bonded
tetrahedral chains, is reproduced correctly to within 0.1%, and the a-axis,
approximately perpendicular to the pseudo-close-packed planes of oxygen
atoms within the structure (Fig. 6 ), is calculated to within 0.8% of the
experimental value. But the b-axis, which is the weakest bonded direction 
within the structure, as evidenced by structural voids (Fig. 6 ) and its high
compressibility[51], underestimated by 4.9% at 8 GPa (For a more exten-
sive account of this deficiency, see Wentzcovitch et al[23]). This behavior
contrasts with that of MgSiO3-perovskite ([9, 19]),in which the skeleton of
strong Si-O bonds forms a completely connected array that determines the
lattice parameters, which were calculated to be about 1% smaller than ex-
perimental values. The origin of the present deficiency is likely to be related
to the use of the LDA[14]. Lately, we have seen accumulating evidences sug-
gesting that Gradient-Corrected LDA (GC-LDA)[52, 53, 54] might help to
account for this trend (see for instance the study case of ice under pressure
by Lee et al[55]).

The trends in cell parameters under pressure agree well with experi-
mental data which is limited to the pressure range from 5.3 to 7.9 GPa[51].
At 8 GPa, the calculation correctly reproduces the observed trend of axial
compressibilities, c/co > a/ao > b/bo. The magnitude of changes in mono-
clinic angle with pressure, is also correctly described (-0.09 ± 0.02
compared with -0.11 ± 0.01 degrees/GPa in the experiments).

We also analize further the nature of the dynamical fluctuations at 8
GPa. The most significant of these fluctuations involves the silicate chains,
in particular, the movement of the bridging oxygens ( O 3 ) . This oscillation is
accompanied by a sudden change in tetrahedra tilting and chain extension
angles (Fig. 7). Below and above 8 GPa these angles decrease steadily, but
around 8 GPa there is an abrupt change in behavior. 

The origin of this phenomenon is not clear, but it could be an artifact
of this symmetry conserving dynamics, which holds the C2/c structure
metastable when it is mechanically unstable. It might have turned into 
P21/c in the presence of symmetry breaking fluctuations. Although we did
not investigate further this phenomenon, in principle it is possible to answer
this question by performing structural optimizations with initial conditions
of space groups which are simultaneous sub-groups of P21/c and C2/c.

The other possibility is that the low pressure behavior reflects the ex-
istence of another truly metastable C2/c configuration. There are several
mineralogical examples of this type of behavior[30, 50] and the most re-
cently documented case is MgSiO3 orthopyroxene[50]. That phase is very
closely related to the present one, and the structural anomaly under pres-
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Pressure: GPa

Figure 7.

represent experimental data points a t 7.9 GPa.
Variation of tetrahedral chain configuration with pressure. Filled error-bars

sure involves a change in polyhedral compressibilities around 4 GPa.
The present case also involves changes is polyhedral compressibilities

across the structural anomaly (for a detailed account, see Wentzcovitch et

al[23]) . Since the cation polyhedra link the tetrahedral chains, this behavior
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Figure 8. Variation of the cell volume with pressure. 

is obviously related to the change in chain configuration. Figure 7 displays
the subtler volume anomaly across the calculated structural instability a t
8 GPa in C2/c enstatite.

The bulk modulus obtained by fitting the calculated unit cell volumes
in the range of 15 to 30 GPa to a third-order Birch-Murnaghan equation 
of state (EOS) (but excluding the result at 8 GPa) is 180 ± 1 GPa, with
K´o = 2.3 ± 0.5 The experimental data for C2/c-enstatite[51] is insufficient
to allow a similar fit, but we note that Ko calculated here is significantly
larger than the values of 123 ± 17 GPa and 111 ± 3 GPa of other pyroxene
polymorphs of MgSiO3[51].

4. Conclusions

We presented a summary of the theory and of applications of an ab initio

constant pressure variable cell shape molecular dynamics (VCS-MD) algo-
rithm to the study of Earth forming mineral phases. The applications dis-
cussed here demonstrated the use of the technique as an efficient structure
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optimizer at arbitrary pressures and at T = 0 K. The symmetry conser-
vation property of this dynamics in the absence of thermal fluctuation is
particularly useful to this type of problem because it helps to speed up
considerably these calculations by allowing the use of k-point sampling in
the irreducible Brillouin Zone wedge only. We demonstrated this property 
is not restrictive by showing that structures of higher symmetry can be 
obtained as special cases of structures of lower symmetry.

Although we have used this algorithm only as a structure optimizer,
finite temperature calculations are also possible. We expect that adaptation
of this algorithm to parallel architectures will enable this methodology to be
applied to give finite temperature estimates of the properties and behavior
of other major Earth-forming phases as well.

References

1.

2.

3.

4.

Catlow, C. R. A. and Price G. D. (1990) Computer Modelling of Solid State Inor-
ganic Materials, Nature 347, 243-248.
Cohen, R. E., (1987) Elasticity and Equation of State of MgSiO3-Perovskite, Geo-

phys. Res. Lett. 14, 1053-1056.
Parker, S. C. and Price, G. D., (1989) Computer Modelling of Phase Transition in
Minerals, A d . Solid State Chem. 5, 295-327.
Matsui, M . , Price, G. D., and Patel. A., (1994) Comparison Between the Lattice
Dynamics and Molecular Dynamics Methods: Calculations Results for MgSiO3-
perovskite, Geophys. Res. Lett. 21, 1659-1662.
Matsui, M . and Price, G. D., (1992) Computer Simulation of MgSiO3 Polymorphs,
Phys. Chem. Min. 18, 365-372.
Angel, R. J., Chopelas, and Ross, N. L., (1992) Stability of High-Density Cli-
noenstatite a t Upper-Mantle Pressures, Nature 358, 322-324.
Matsui, M. and Price, G. D. , (1991) Simulation of the Pre-melting Behavior of
MgSiO3 Perovskite a t High Pressures arid Temperatures, Nature 351, 735-737.
Kapusta, B. and Guillope, M., (1993) Molecular Dynamics of the Perovskite MgSiO3
a t High Temperature: Structural, Elastic, and Thermodynamical Properties, Phys.

Earth Planet. Int . 75, 205-224.
Wentzcovitch, R. M., Martins, J. L. , and Price, G. D., (1993) Ab initio Molecular
Dynamics with Variable Cell Shape: Application to MgSiO3-Perovskite, Phys. Rev.

Lett. 44, 2-5.
Wentzcovitch, R. M. and Martins, J. L., (1991) First Principles Molecular Dynamics
of Li: Test of a New Algorithm, Sol. Stat. Comm. 78, 831-834.
Wentzcovitch, R. M., (1991) Invariant Molecular Dynamics Approach to Structural
Phase Transitions, Phys. Rev. B44, 2358-2361.
Car, R. and Parrinello, M., (1985) Unified Approach for Molecular Dynamics and
Density Functional Theory, Phys. Rev. Lett. 55, 2471-2474.
Wentzcovitch, R. M. , Martins, J . L . , and Allen, P. B. (1992) Energy Versus Free
Energy Conservation in ab initio Molecular Dynamics, Phys. Rev. B 45, 11372-
11375.
Lundqvist, S. and March, N . H . , (1987) Theory of the Inhomogeneous Electron Gas,
Plenun Press, London.
Troullier, N . and Martins, J . L., (1991) Efficient Pseudopotentials for Plane-Wave
Calculations, Phys . Rev. B 43, 1993-2003.
Parrinello, M. and Rahman, A., (1980) Crystal Structure and Pair Potentials: A
Molecular Dynamics Study, Phys. Rev. Lett. 45, 1196-1199.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.



60 R. M. WENTZCOVITCH AND G. D. PRICE

17. Andersen, H.C. (1980) Molecular Dynamics Simulations at Constant Pressure
and/or Temperature, J. Chem. Phys. 72, 2374-2393.

18. Wentzcovitch, R. M., (1994) The hcp to bcc Pressure Induced Transition in Mg 
Simulated by ab initio Molecular Dynamics, Phys. Rev. B 50, 10358-10361.

19. Wentzcovitch, R. M., Schulz, W., and Allen, P. B., (1994) VO2: Peierls or Mott, 
Hubbard? A View from Band Theory, Phys. Rev. Lett. 72, 3389-3392.

20. Wentzcovitch, R. M. and Liu, A. Y., (1994) Stability of Carbon Nitride Solids, Phys.
Rev. B 50 , 10362-10365.

21. Woodhouse, J. H. and Dziewonski, A. M., (1989) Seismic Modeling of Earth’s Large-
Scale Three -Dimensional Structure, Phil. Trans. R. Soc. Lond. A328, 291-308.

22. Wentzcovitch, R. M., Ross, N. L., and Price, G. D., (1994) Ab initio Study of 
MgSiO3 and CaSiO3-Perovskites at Lower Mantle Pressures, Phys. Earth Planet.
Int., in press. 
Wentzcovitch, R. M., Hugh -Jones, D. A., Angel, R. J., and Price, G. D., (1995) Ab
Initio Study of MgSiO3 C2/c Enstatite, Phys. Chem. Min., in press.
Hemley, R. and Cohen, R., (1992) Silicate Perovskite, Annu. Rev. Earth Planet.
Sci. 20, 553-601.
Andrault, D. and Poirier, J. P., (1991) Evolution of the Distortion of Perovskites
Under Pressure: An EXAFS Study of BaZrO3, , SrZrO3, , and CaGeO3, Phys. Chem.
Minerals 18, 91-105.
Horiuchi, H., Ito, E., and Weidner, D., (1987) Perovskite Type MgSiO3: Single
Crystal X-ray Diffraction Study, Am. Mineral. 72, 357-360.
Cohen, R. E., Boyer, L. L., Mehl, M. J., Pickett, W. E., and Krakauer, H., (1989)
Electronic Structure and Total Energy Calculations For Oxide Perovskite and Su-
perconductors. See Navrotsky and Weidner[56], 55-66.
Ross, N. L. and Hazen, R. M., (1990) High Pressure Crystal Chemistry of MgSiO3
Perovskite, Phys. Chem. Minerals 17, 228-237.
Knittle, E. and Jeanloz, R., (1987) Synthesis and Equation of State of (Mg,Fe)SiO3
to over 100 GPa, Science 235, 668-670.
Kudoh Y., Ito, E., and Takeda, H., (1987) Effect of Pressure on the Crystal Structure 
of Perovskite Type MgSiO3, Phys. Chem. Minerals 14, 350-354.
Yagi, T., Mao, H. K., and Bell, P. M., (1982) Hydrostatic Compression Perovskite -
Type MgSiO3, in Advances in Physical Geochemistry, Ed. by S . K. Saxena, Springer,
Berlin, 317-25.
Mao, H. K., Hemley, R. J., Shu, J., Chen, L. C., and Jephcoat, A. P., (1988-1989b)
The Effect of Pressure, Temperature, and Composition on Lattice Parameters and 
Density of (Fe,Mg)SiO3 -Perovskites to 30 GPa, Ann. Rep. Div. Geophys. Lab., 82-
89.
Yeganeh -Haeri, A., Weidner, D. J., and Ito, E., (1989) Single Crystal Elastic Moduli 
of Magnesium Metasilicate Perovskite. See Navrotsky and Weidner [56], 13-25.
Stixrude, L. and Cohen, R. E., (1993) Stability of Orthorhombic MgSiO 3-Perovskite
in the Earth’s Lower Mantle, Nature 364, 613-616.
D’Arco, P., Sandrone, G., Dovesi, R., Orlando, R., and Saunders, V. R., (1993)
A Quantum Mechanical Study of the Perovskite Structure type of MgSiO3, Phys.
Chem. Minerals 20, 407-414.
Nielsen, 0. H. and Martin, R., (1985) Quantum Mechanical Theory of Stress and 
Force, Phys. Rev. B 32, 3780.
Matsui, M. and Akaogi, M., and Matsumoto, T., (1987) Computational model of the 
structural and elastic properties of the ilmenite and perovskite phases of MgSiO3,
Phys. Chem. Minerals 14, 101-106.
Mao, H. K., Chen, L. C., Hemley, R. J., Jephcoat, A. P., and Wu, Y., (1989)
Stability and Equation of State of CaSiO 3 Perovskite to 134 GPa, J. Geophys. Res.
94, 17889-17894.
Hemley, R. J., Jackson, M. D., and Gordon, R. G., (1987) Theoretical Study of the
Structure, Lattice Dynamics, and Equations of State of Perovskite -type MgSiO3

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.



HIGH PRESSURE STUDIES OF MANTLE MINERALS 61

and CaSiO3, Phys. Chem. Minerals 14, 2-12.
40. Tarrida. M. and Richet, P., (1989) Equation of State of CaSiO3-Perovskite to 96

GPa, Geophys. Res. Lett. 16, 1351-1354.
41. Yagi, T.,Kusanaga, S., Tsuchida, Y., Fukai, Y., (1989) Isothermal Compression and

Stability of Perovskite-type CaSiO3, Proc. Jpn. Acad. Ser. B 65 , 129-132.
42. Liu, L.-G and Ringwood, A. E., (1975) Synthesis of a Perovskite-Type Polymorph

of CaSiO3, Earth Planet. Sci. Lett. 28, 209-211.
43. Cameron, M . E. and Papike, J . J . , (1980) Crystal Chemistry of Silicate Pyroxenes,

M. S. A. Reviews in Mineralogy 7 , 5-92.
44. Putnis, A. , (1992) Introduction to Mineral Science, Cambridge Press, Cambridge.
45 . Ringwood, A. E., (1975) Composition and Petrology of the Earth’s Mantle, McGraw-

Hill, New York.
46. Yamamoto, K . and Akimoto, S., (1977) The System MgO-SiO2-H2O at High

Pressures and Temperatures: Stability Field for Hydroxyl-Hondrodite, Hydroxyl-
Clinohumite and the 10 Å Phase, Amer . J . Sc., 277, 288-312.
Akaogi, M. and Akimoto, S., (1977) Pyroxene-garnet solid solution equilibria in the
system Mg4Si4O12 - Mg3Al3012 and Fe4Si4O12 - Fe4Al2Si3O12 at, high-pressures
and temperatures, Phys. Earth and Planet. Sc. 15, 90-106.

48. Pacalo, R. E. G. and Gasparik, T., (1990) Reversals of the Orthoenstatite-
Clinoenstatite Transition a t High-Pressures and High-Temperatures, J. Geophys.
Res. 95, 15853-15858.
Kanzaki, M., (1991) Ortho-clinoenstatite transition, Phys. Chem. Min. 17, 726-730.
Hugh-Jones, D. A. and Angel, R. J. , (1994) A Compressional Study of MgSiO3
Orthoenstatite to 8.5 GPa , Amer . Mineral. 79, 405-410.
Angel, R. J . and Hugh-Jones, D. A., (1994) Equations of State of Enstatite Pyrox-
enes, J . Geophys. Res., in press.
Langreth, D. C., and Mehl, M. J. , (1981) Easily implementable non-local exchange-
correlation energy functionals, Phys. Rev. Lett. 46, 446-449.
Perdew, J. P . and Wang, Y., (1986) Accurate and Simple Density Functional for
the Electronic Exchange Energy: Generalized Gradient Approximation, Phys. Rev.
B 33, 8822-8825.
Becke, A. D., (1988) Density Functional Exchange Energy Approximation with
Correct Asymptotic Behaviour, Phys. Rev. A 38 , 3088-90.
Lee, C., Vanderbilt, D . , Lasoonen, K., Car , R., and Parrinello, M . , (1992) Ab Initio
studies of high pressure phases of ice, Phys. Rev. Lett. 69, 462-465.
Navrotsky, A. and Weidner, D. J . , (1989) Perovskite a Structure of Great Interest
for Geophysics and Materials Science, Washington D. C . , Am. Geophys. Union.

47.

49.
50.

51.

52.

53.

54.

55.

56.



This page intentionally left blank.



CALCULATION OF MINERAL PROPERTIES WITH THE

ELECTRON GAS MODEL

ROY G. GORDON

Department of Chemistry Harvard University Cambridge, MA

02138

AND

DANIEL J . LACKS†

Department of Chemistry Harvard University Cambridge, MA

02138
† present address: Department of Chemical Engineering, Tulane

University, New Orleans, LA 70118

1. Introduction

An understanding of the thermodynamic and mechanical properties ofmin-
erals is necessary to explain the structure and dynamics of the earth’s inte-
rior. Because of the difficulty in determining these properties experimentally
at the extreme pressures and temperatures which exist within the earth,
computer modeling can yield much information and insight. 

The most rigorous methods of calculating the properties of a crystal
involve solving the Hartree -Fock or Kohn -Sham equations for the periodic
system, and have recently been applied to minerals such as MgO periclase
[1, 2], SiO2 quartz [3], SiO2 stishovite [4, 5, 6, 7], Mg2SiO4 spinel [8, 9],
and MgSiO3 perovskite [10, 11]. However the difficulty of these calcula -
tions increases rapidly with the size of the unit cell, and for more complex
crystals the calculation times prohibit the use of large basis sets and full 
structure optimizations. Another method of calculating crystal properties
uses parameterized force fields, where the parameters are obtained from
Hartree -Fock calculations on small molecules or clusters. Such calculations 
have been carried out for silica and silicates by Tsuneyuki et al. [12] and
van Beest et al. [13]. A disadvantage of this method is the ambiguity in
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determining certain parameters (such as atomic charges) which can vary 
considerably with the atomic environment [13].

The electron gas model is an alternative, non-empirical, method for the
calculation of crystal properties. The electron gas model has the advantages
that it is more computationally efficient than the periodic Hartree-Fock or
Kohn-Sham calculations, and does not have the ambiguity of the force field
calculations. In the electron gas model the crystal is assumed to be made up
of ions: The total crystal energy is obtained as the interaction energy of the
ions in the crystal plus the self-energy of the ions. The self-energies of the
ions are obtained by accurate Hartree-Fock or Kohn-Sham methods, and
the interaction energy is obtained approximately with density functionals.

The present paper focuses on the application of the electron gas model
to the calculation of mineral properties, particularly crystal structures, co-
hesive energies, electron densities, compressibilities, and pressure-induced
phase transitions. The effects of partial covalent bonding, or equivalently
the non-spherical distortions of the ions, on these properties are addressed.

2. Computational Method

2.1. THEORY

The electron gas model is characterized by three assumptions [14]:

1. The interaction energy DE is calculated with energy functionals of the
electron density,

(1)

where is the density functional, p is the electron density of the total
system, pi is the electron density of the ion centered at roi, and the
sum is over the interacting ions in the system. This calculation of the
interaction energy would be exact if the exact density functional was
known; however, only approximate density functionals are known.

2. The total electron density p ( r) is the sum of the electron densities of
the ions pi in the system:

( 2 )

This additive density approximation does not correspond to the anti-
symmetrized product of the ionic wavefunctions which give the densi-
ties p i ; however, the resulting electron density does correspond to some
antisymmetrized (although unknown) wavefunction, and thus does not
violate the Pauli exclusion principle [15]. If there were full variability
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in the pi, any total electron density p could be constructued and the
additive density approximation would not limit the accuracy of the
calculation. In practice, however, the limited variability in the ionic
densities restricts the possibilities for the total electron density and
thus the accuracy of the calculation.

3 . The electron densities of the ions, pi, are obtained from accurate quan-
tum mechanical calculations, such as Hartree-Fock or Kohn-Sham cal-
culations, on the isolated ions. Changes in the ionic densities pi due
to the crystal environment can be incorporated by including a pertur-
bative potential in the ionic calculation. The self-energy of the ion is
calculated as the energy of the ion with the perturbed density (the
energy does not include the perturbation energy) minus the energy of
the gas phase, stable ion (For oxides, since 02- is unstable in the gas
phase, the reference ion is 0-).

2.2. APPROXIMATIONS

The electron gas model would give exact results if an exact density func-
tional were used for the interaction energy, the ionic densities were fully
variable so that any total density could be obtained by summing the ionic
densities, and the calculation of the ionic self-energies were exact. In prac-
tice these conditions cannot be met and approximations must be used. 

2.2.1. Density functionals for interaction energy

The exact density functionals for arbitrary electron densities are not known.
The simplest approximate density functionals are those which are exact
for the uniform electron gas [16, 17] (the correlation energy functional is
known exactly for the uniform electron gas only in the limits ofhigh and low
electron densities; the correlation energy for intermediate densities can be
obtained by interpolation between these limits [14]). To improve upon the
uniform electron gas functionals, Waldman and Gordon introduced scaling
coefficients which depend on the number of electrons in the system [18]. Al-
though these scaled functionals increase the accuracy of electron gas model
calculations, this increased accuracy is due somewhat to a cancellation of
the error due to the approximate electron density [19]. Accurate non-local
density functionals have recently been developed [20, 21, 22], which lead to
more accurate calculations of interaction energies [19, 22].

2.2.2. Electron densities

In the simplest formulations of the electron gas model, gas phase ionic
densities are used for the crystalline ionic electron densities [23] . However, to
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increase the accuracy of the model, changes in the ionic densities in response
to the crystalline environment must be incorporated. The changes in ionic
density are non-spherical in general, although a spherical ion approximation
is valid when the ion is in a high symmetry position. Most of the earlier
electron gas model calculations assumed spherical ions for simplicity; more
recent work has been directed towards non-spherical distortions. 

The changes in the ionic electron densities have been incorporated in 
three ways: 

1. An electrostatic perturbation is included in the ionic calculation, the
parameters of which are chosen to reproduce the electrostatic envi-
ronment of the ion in the crystal. The electrostatic perturbation is a
charged spherical shell for spherical ion calculations [24, 25], and a
series of point charges for non-spherical ion calculations [26].

2. An electrostatic perturbation is included in the ionic calculation, the
parameters ofwhich are varied to minimize the total crystalline en-
ergy. By varying the parameters to minimize the total crystal energy,
rather than to reproduce the electrostatic environment of the ion in
the crystal, all factors which affect the electron density - including
short range repulsions caused by overlap of the ionic densities - are
taken into account, rather than just the electrostatic factors. These 
variational calculations have been carried out both for spherical [27]
and non-spherical ions [28].

3 . The effects of the other ions in the crystal are included directly in
the Hamiltonian for the electronic structure calculation for the ion;
the electron densities of the ions are obtained self-consistently as those
which minimize the total crystalline energy. This method, which cor-
responds to the variational electrostatic perturbation method with an
infinite number of variational parameters, has been applied in both the
spherical ion approximation [29, 30] and the general non-spherical case

[31].

In practice, since the cation electrons are more tightly bound than the 
anion electrons, the changes in the cation densities are small compared to
the changes in the anion densities and are generally neglected [24].

2.2.3. Ionic self energies

When the Hartree-Fock method is used for the ionic calculation, the error
due to the neglect of electron correlation is significant if the number of
electrons in the crystal ion is different from that in the reference gas phase
ion (this occurs for oxides, where the crystal ion is 02- and the reference
gas phase ion is 0-). Earlier electron gas calculations estimated the self-
energy due to electron correlation [24], but in more recent calculations an 
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accurate non-local correlation energy functional [32] was used to evaluate
this part of the self-energy [28].

The basis set superposition error must also be accounted for when small
basis sets are used (small basis sets are used in the distorted ion calculations
[28, 31]; the basis sets are large enough so that this effect is neglible in the
spherical ion calculations). A counterpoise method, in which the energy of
the gas phase ion is calculated with a basis set similar to that used in the
crystal calculation, is used to minimize this error [28].

3. Spherical ion calculations of mineral properties 

Many calculations of mineral properties have been carried out with spher-
ical ion electron gas models. For example, early investigations of CaO pre-
dicted that the B1 phase would transform to the B2 phase a t approximately
1 megabar [33]; later experiments substantiated this prediction [34]. Results
for silica predicted that stishovite would transform to the CaCl2 structure
at megabar pressures [35]; subsequent experimental evidence suggested that
this phase transition does in fact occur a t approximately 1megabar [36,37].
Temperature and pressure dependences of the structural and elastic prop-
erties of simple oxide minerals have also been calculated [27, 38, 39, 40].

The spherical ion models, however, give poor results for crystals in which
the anions occupy low symmetry positions, such as the silica polymorphs
quartz and cristobalite, the silicate diopside, and the zeolite sodalite [41, 42,
43]. The non-spherical distortions are expected to be significant for anions
in low symmetry positions; For example, in the quartz structure the oxygen
anion has two neighboring silicon cations a t an angle of 143° and the oxygen
electron density is significantly distorted towards the silicon cations [44].
To obtain meaningful results for such crystals, non-spherical distortions of
the ionic electron densities must be incorporated.

4. Distorted ion calculations of mineral properties 

The results discussed below were obtained with a variational electrostatic
perturbation for calculating the anion electron densities, and the scaled
density functionals for calculating the interaction energies. These results
have been presented in more detail elsewhere [28, 45, 46].

4.1. STRUCTURES AND COHESIVE ENERGIES

Results for structural parameters and the cohesive energies of several par-
tially covalent crystals are given in Table I (For the open structures, the
most sensitive structural parameter is the cation-anion-cation bond angle;
for close-packed systems, these angles are constrained by the packing, and
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the cation-anion bond length is the most sensitive parameter). For systems
with open crystal structures, the structures and energies calculated with
distorted ions are in much better agreement with experiment than those
calculated with spherical ions. The improved structural results are due to
smaller and more accurate cation- anion-cation bond angles, and the im-
proved energetic results are due to the stronger bonds formed when charge
density moves into the bonding regions. For systems with close- packed
structures, the structures are modeled well with both the distorted and
spherical ion models, but the energies are calculated more accurately with
the distorted ions.

TABLE 1. Structural Results. Calculated results are from reference 28; experimental results
are quoted from reference 28. 

Open Structures Cation-Anion-Cation Angle (º) Cohesive Energy (kJ/mol)

exper. distorted spherical exper. distorted spherical

SiO2 Quartz 142 143 163 -11530 -11470 -11080
SiO2 Cristobalite 145 150 180 -11530 -11470 -11110

Na4CISi3 Al3 O12 138 137 156 - -57550 -56160

Sodalite
BeF2 Quartz - 145 161 - -3730 -3390

Close-Packed Cation-Anion-Cation Angle (º) Cohesive Energy (kJ/mol)

Structures

exper. distorted spherical exper. distorted spherical

SiO2 Stishovite 1.81a 1.77 1.75 -11470 -11450r -10880

Mg2SiO4 spinel 1.66c 1.67 1.60 -17620 -17670 -17040
1.76b 1.76 1.74

2.07d 2.01 2.08
MgSiO3 perovskite 1.79e 1.73 1.74 - -14440 -13970

TiO2 Rutile 1.98a 1.95 1.91 -10400 -10080 -9910

1.94' 1.96 1.94 

a 1 bond per oxygen ion
b 2 bonds per oxygen ion
c Si -O bond
b Mg-O bond
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Figure 1. Valence electron distributions, in the plane of the oxygen anion and the neigh-
boring cations. The oxygen anion is centered at the origin, and the filled circles are the
positions of the neighboring silicon cations. Contour lines are spaced a t 0.5 electrons/Å3,
and the length of the axes are 1.588 Å.
(a) Cristobalite, (b) Stishovite. Solid lines: crystalline Hartree-Fock calculation; Dotted
lines: Electron gas model.
( c ) Spinel, (d) Perovskite. Solid lines: Electron gas model.

4.2. ELECTRON DISTRIBUTIONS 

The valence electron density distributions of cristobalite, stishovite, spinel
and perovskite are shown in Figure 1 (the electron distribution of quartz,
which is not shown, is essentially identical to that of cristobalite). The
non-spherical distortions are significant, and agree well with the results
of crystalline Hartree-Fock calculations [47]. In general, there are approx-
imately 0.3-0.5 electrons in the bonding regions, by Mulliken population
analysis.
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The non-spherical distortions are as large in the close-packed stishovite
structure as in the open cristobalite structure; therefore, stishovite is not
significantly more ionic than cristobalite (or quartz). However, the dis-
tortions are smaller in the perovskite structure than in the cristobalite,
stishovite or spinel structures, and so the bonding in perovskite can be
considered more ionic than in these other structures.

The oxygen electron density in spinel is found to be polarized much
more towards the silicon ion than towards the magnesium ions (the three
neigboring magnesium ions are in the direction opposite to the silicon ion).
This result occurs because the extent ofpolarization is proportional to the 
electric field at the anion, and the electric field from a silicon ion (with a
charge of +4 and at a distance of 1.66 ) is significantly greater that from a
magnesium ion (with a charge of +2 and at a distance of 2.07).

4.3. STRUCTURAL CHANGES AT HIGH PRESSURES

As discussed above, whereas for open structures the zero-pressure structures
are calculated more accurately with the distorted ion model than with the
spherical ion model, for close-packed systems the zero-pressure structures
are calculated just as well with the spherical ion model. In the same way,
the distorted ion model leads to improvements in the compression at high
pressures for open structures but not for close-packed structures. Although
the agreement with experiment is reasonable for calculated changes in vol-
ume with pressure, the calculated structures are generally less compressible
than observed experimentally (i.e., the bulk moduli are too high).

For example, Figure 2 shows the change in volume with pressure for
quartz. The large compressibility is reproduced well with the distorted ion
model, but poorly with the spherical ion model, because the change in
volume is due primarily to the decrease in the Si-O-Si angle (the bond length
varies only slightly) [48, 49, 50]. The bulk modulus, K, and its pressure
derivative, K´, for quartz are K = 4 7 GPa and K´=7.9 with the distorted ion
model, K=229 GPa, and K’=7.5 with the spherical ion model, and K=34-
37 GPa and K’=5.7-6.2 experimentally [49, 50]. Therefore, the distorted
ion model greatly improves the bulk modulus relative to the spherical ion
model, but still overestimates the bulk modulus somewhat. 

4.4. PRESSURE-INDUCED PHASE TRANSITIONS

4.4.1.
As the pressure is increased, silica undergoes a phase transition from quartz
to coesite at 3 GPa, which in turn transforms to stishovite at, 8 GPa (for
temperatures of 1000 K) [51]. Stishovite differs from quartz and coesite in
that the silicon ions are coordinated to six oxygen ions in stishovite, as

Quartz to stishovite phase transition
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P (GPa)
Figure 2. a-Quartz structure as a function of pressure. Open squares: distorted ion
electron gas model; open large circles: spherical ion electron gas model; open triangles:
I'I' A M model: open small circles: pseudopotential plane wave calculations of Chelikowsky

et al. [3]; filled triangles: experimental results of Glinneman et al. [48]; filled squares:
experimental results of Levien et al. [49]; filled circles: experimental results of Hazen
et al. [50].  The spherical ion electron gas model Si-O-Si angles are all greater than 160 degrees.
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compared to only four oxygen ions in quartz and coesite. This increase in
the coordination of the silicon ion allows a much denser structure, with an
associated volume decrease of about 38% [52]. Although the equilibrium
transformation of quartz to stishovite proceeds through the coesite inter-
mediate phase, the coesite phase is ignored in the present calculations for
simplicity.

The calculated enthalpies for silica in the quartz and stishovite phases 
are shown in Figure 3 as a function ofpressure. The stishovite structure
becomes more stable than the quartz structure at 3.5 GPa with the dis-
torted ion model, and at 21 GPa with the spherical ion model. In compar-
ison, the experimental zero temperature transition pressure for the quartz
to stishovite phase transition is estimated to be 5.5 GPa from thermody-
namic data [53], and the transition pressure for the similar cristobalite to
stishovite phase transition is calculated to be 6 GPa by periodic Hartree-
Fock methods [54]. The non-spherical distortions improve the modeling of
this phase transition by stabilizing stishovite with respect to quartz; the
greater stabilization ofstishovite occurs because the distortions strengthen
three bonds per anion in stishovite, and only two bonds per anion in quartz
(the bonds are significantly covalent in both structures, as shown above in
the plots of the electron density distributions).

4.4.2. Stishovite to CaCl2-type structure phase transition

Upon further compression, stishovite is believed to undergo further phase
transitions, although these are not well understood. Analogous systems
showed transitions from the stishovite-type (rutile) structure to the CaC12-
type structure [55], which is a slight distortion of the stishovite structure;
the stishovite structure is a special case of the CaCl2 structure in which the
lattice parameters a and b, and the oxygen position parameters x and y, are
equal. Spherical ion electron-gas calculations first predicted that stishovite 
would transform to the CaCl2 structure a t megabar pressures [35], and
evidence from subsequent experiments suggest that this phase transition
occurs at approximately 100 GPa [36, 37].

The changes in the lattice parameters and the oxygen position parame-
ters with pressure are shown in Figure 4. The distorted ion model predicts
the phase transition to occur at slightly under 200 GPa, and although not 
shown, the spherical ion model predicts the phase transition to occur a t 500
GPa. The distortion of the oxygen ions decreases the calculated transition
pressure considerably, due to the interaction of the dipoles that form when
the distorted anion moves out of the plane ofthe silicon ions. We note that
the transition pressure with the distorted ion model is still somewhat larger
than the pressure suggested by experiment [36, 37], and the pressures of 45
to 80 GPa obtained in periodic electronic structure calculations [4, 5].
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P (GPa)

Figure 3. Enthalpy of silica in quartz and stishovite structures as a function of pressure
Key: squares: quartz, circles: stishovite; open symbols: distorted ion electron gas model
closed symbols: spherical ion electron gas model.

4.4.3. Spinel to perovskite phase transitions in MgSiO 3 and Mg2SiO4

The seismic discontinuity occuring in the earth’s mantle at a depth of 670
km is attributed to the phase transition from the spinel phase to the per-
ovskite phase. and it is this discontinuity which marks the separation be-
tween the upper and lower mantle. Calculations were carried out of this
phase transition in the MgSiO3 and Mg2SiO4 systems, which approximately
model the composition of the mantle

The results of the distorted ion calculations for the enthalpies relevant
to this phase transition are shown in Figure 5a. A t zero pressure, spinel
is the most stable phase. At 24.5 GPa, the two-oxide assemblage (MgO
periclass + SiO2 stishovite) becomes stable, and remains stable to 31.5
GPa, at which point the perovskite phase becomes stable. The spinel to
perovskite phase transition occurs at 26.0 GPa for the Mg2SiO4 stoichiom-
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P (GPa)
Figure   4 . CaCl 2 a ,  b  l a t t i ce  pa ramete r s   a s  a  func t ion  o f  p ressure .  When  a = b ,  t he
CaCl2 structure reduces to stishovite. Square: distorted ion electron gas model; circles:
TTAM model.

etry, and at 27.0 GPa for the MgSiO3 stoichiometry. These results are in
good agreement with extrapolations to zero temperature of experimental
results. which find the spinel to perovskite phase transition to occur at 27.4
GPa for the Mg2SiO4 stoichiometry and at 27.7 GPa for the MgSiO3 slo-
chiometry. and also that the two-oxide assemblage is the most stable form
in the pressure range 26.7 GPa to 28.0 GPa [56]. In contrast, the spherical
ion results, shown in Figure 5b, are in poor agreement with the experi-
mental extrapolations. The inclusion of covalent bonding effects improves
the results by stabilizing the spinel and stishovite structures relative to the
perovskite and periclase structures _ the anions were shown above to be
significantly more distorted in spinel and stishovite than in perovskite.
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Pressure (GPa)

Figure 5. Enthalpies of phases in Magnesium Silicate system as a function of pressure,
relative to the binary oxides (stishovite and periclase). (a) distorted ion electron gas
model; (b) spherical ion electron gas model.
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5. Conclusions

The inclusion ofnon-spherical distortions of the ions, or equivalently co-
valent bonding effects, in the electron gas model leads to improved results
for the properties ofminerals. For crystals which have open structures, the
structures, energies and compressibilities calculated with the distorted ion
model are in much better agreement with experiment than those calculated
with spherical ion model; the improved structures are due mainly to smaller
and more accurate cation-anion-cation bond angles and the improved en-
ergies are due to the stronger bonds formed when charge density moves
into the bonding regions. For crystals which have close-packed structures,
the structures and compressibilites are modeled well with the spherical
ion model, but the energies are calculated more accurately with the dis-
torted ion model. The distorted ion model leads to improved modeling of
pressure-induced phase transitions, due to the more accurate calculation of
the crystal structures, compressibilities and energies.

The effects of covalency on the quartz to stishovite phase transition in
silica and the spinel to perovskite phase transition in magnesium silicates
can be compared. Both of these phase transitions are from a phase based 
on tetra-coordinated silicon ions to a phase based on hexa-coordinated sil-
icon ions. For the phase transition in silica, the inclusion of covalent effects 
reduces the transition pressure by over 15 GPa: stishovite is stabilized rel-
ative to quartz because it has more bonds, and the bonds are significantly
covalent in both structures. In contrast, for the magnesium silicate phase
transition, the inclusion of covalent effects increases the transition pressure
by 20 GPa: although there are more bonds in perovskite than in spinel,
spinel is stabilized more because the bonds are more covalent in spinel
than in perovskite. 
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1. Introduction

The earth’s lower mantle, extending from a depth of about 670 km to the
core- mantle boundary at 2890 km, is the earth’s largest repository of sil-
icate and oxide minerals. Arguments based on cosmochemical abundances
and observations of near surface rocks show that minerals derived from
SiO2, MgO, FeO, Al2O3, and CaO make up over 99% of the mantle’s mass.
Reactions among these components can produce numerous phase assem-
blages. Fortunately, high- pressure experiments and the demands of consis-
tency with seismologically derived density and elasticity profiles, restrict the
class of likely abundant minerals. Peridotite, composed primarily of olivine,
clinopyroxene, orthopyroxene and garnet dominates the upper mantle. As
we enter the transition zone between 400 and 670 km, various chemical
reactions and phase transformations occur that may significantly increase
the number of minerals present [1]. Deeper still, pressure favors structures
with efficient atomic/ionic packing and hence high coordination numbers.
Model assemblages of (Mg,Fe)SiO3 perovskite with some magnesiowüstite
are compatible with seismic observations in the lower mantle; because of
their relatively low abundance Ca and Al are commonly presumed to have
negligible effect on the density and elastic properties [2, 3 , 4].

The fine details of lower mantle chemical and mineral composition mod-
els remain in dispute, however. Notwithstanding the apparent adequacy of
the (Mg,Fe)SiO3 perovskite plus magnesiowüstite models of the lower man-
tle, petrological experiments on peridotite- like assemblages yield phases
that contain Ca and Al [5, 6] which, barring an improbable efficient seg-
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regation into the upper mantle, requires that some such phases be present
in the lower mantle. Minor seismic discontinuities in the lower mantle
[7, 8] may implicate additional minerals, pressure and/or temperature in-
duced phase changes and/or changes in chemical composition. Experiments
and model computations suggest that Ca and Al have low solubility in
(Mg,Fe)SiO3 perovskite and instead form separate Ca- and Al- rich phases
[5, 9, 10, 11]. Apart from the room temperature equations of state of
(Mg,Fe)SiO3 and CaSiO3 perovskites, and magnesiowüstite, very little is
known about the high- pressure thermoelastic properties of potential lower
mantle constituents. Consequently, despite some contrary claims, it is not
yet possible to establish with any certainty whether the composition of the
lower mantle differs from that of the upper mantle [2, 4, 12], nor is it possi-
ble to assess whether a particular model agrees quantitatively with observed 
radial velocity profiles, lateral velocity changes and surface gravity data.

Thus, in addition to the obvious need for more experimental data -
none of which is easy to obtain - there is also ample motivation to de-
velop theoretical and computational models of silicates and oxides that
are accurate at extreme pressure and temperature conditions. Given the
scarcity of data, it is difficult to develop reliable phenomenological mod-
els. Furthermore, oxides present the modeler with some fundamental dif-
ficulties: since O²- ions are unstable in the gas state, their existence in
condensed materials relies on the stabilizing effect of the field generated
by the surrounding ions [13, 14, 15]. The consequent sensitivity of the va-
lence electrons of O²- to the structure of the material gives rise to many-
body effects. This presents no difficulty to modern band structure tech-
niques, which often yield very accurate properties of oxide crystals (e.g.,

[16, 17, 18, 19, 20, 21, 22, 23, 24]). However, the complexity that is re-
sponsible for the success of the band structure methods also limits their
application to relatively simple materials ( i.e. , few structural parameters
and few distinct ions/atoms per cell). Electronic structure methods do not 
readily yield thermal and dynamic properties, except through rather com-
plex ab initio molecular dynamics methods and relatively simple materials
(e.g., [25]). In contrast, models based on atomic/ionic interactions are very
efficient: quite complex structures can be simulated and their dynamical 
properties can be obtained readily through lattice dynamics, Monte Carlo 
or molecular dynamics techniques. Ab initio pair potentials, derived from
electron gas theory, offer the advantages of high computational speed and a
usefully accurate representation of the energetics of complex materials that
are otherwise very difficult to study.

Indeed, recent computations demonstrate that approximate ab initio

electron- gas pair potential methods can generate mineral structures and
thermodynamic properties that are in very good quantitative agreement
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with experiment [26]. While older models based on rigid ions ( i e . the
MEG model) generally underestimate crystal densities, those that allow
ionic charge relaxation give results that differ from data and each other by
at most a few percent. The accuracy of the calculated equations of state
and crystal structures often rivals those derived from first principles band
structure calculations. Although calculated elastic shear constants exhibit
errors as large as 20%, the many- body effects implicit in the non- rigid- ion
models cause violations of the Cauchy relationships that closely parallel
those observed experimentally [27, 28, 29], and their calculated tempera-
ture derivatives compare well with available data [30].

The purpose of this article is to report on some of our recent work
based on electron gas potentials. We summarize the theoretical concepts 
in section 2. Starting with a summary of the principles that underlie all
ab initio density functional potential models, we follow with the specific
assumptions that define the Modified Potential Induced Breathing (MPIB)
and Variationally Induced Breathing (VIB) models. We then give a very
brief review of the methods used to generate model mineral structures and 
their properties, including finite temperature effects. In section 4 we present
a few applications of geophysical interest. These examples serve to point out
some successes as well as shortcomings of the present models. We conclude
with a brief summary and discussion of possible improvements.

2. Electron Gas Potential Models

2.1. GENERAL DESCRIPTION

Electron-gas potential models start with the assumption that electrons in
condensed matter are localized around well defined units which can be
molecules, atoms or ions [31]. Since our aim here is to describe materials
that are largely ionic, in what follows we shall refer to the interacting units 
as ions . The total electron density is then taken to be a superposition of
the electron densities of the component ions:

(1)

where N is the number of ions in the system, and ni(r) is the electron
density of the i th ion. The total energy of the system is given exactly by a
functional of the electron density [32, 33]:

(2)
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where E[n ] is the total energy, Eee and ENN are the electron-electron and
nucleon-nucleon Coulomb energies (in Rydbergs)

(3)

(4)

where Zi and Ri are the charge and position of the ith nucleus, respectively.
Eext is the energy contributed by any external potential Vext acting on the
electrons:

(5)
Z

Vext includes the Coulomb potential due to the nuclei, V+(r) = 2 |r-Ri|
but may also contain any other potential not due to the electrons, e.g.,

a magnetic or electric field applied to the material. G[n] is a functional of
the electron density that contains the quantum mechanical contributions to
the energy: the kinetic, exchange and correlation energies of the electrons.
Although this functional is known to exist, its exact form is not known [32].
According to the local density approximation (LDA), we may write [33]

(6)

where T [n ] is the kinetic energy functional, and Exc[n] is the local exchange-
correlation energy of the electrons

(7)

(8)

where and are the kinetic and exchange-correlation energies per 
electron, respectively. We discuss their explicit forms later.

2.2. POTENTIALS

We define an electron-gas pair potential between ions i and j as the energy
of the combined pair less the sum of the isolated ion energies [31]:

(9)

where r is the distance between the ions. The total energy of the material
is then given by

(10)
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U includes a sum over ionic self energies, that account for changes
in the ionic energies arising from distortions of the site charge densities
induced by changes in the material’s configuration. The effect of all other
ions in the material on a given ionic charge density is represented by a
potential W (r) . The self-energy includes only intra-ionic interactions since
interactions with other ions are accounted for in the pair potentials.

Models that include ionic distortions are much more accurate than those
based on rigid ions [26]. In particular, the many-body effects introduced by
the distortions are necessary to account for the observed violations of the
Cauchy relations among elastic constants [27, 28]. Since the form of W (r)
is model dependent, we defer its discussion until the following section.

It is convenient to separate into the long range point Coulomb interac-
tion between the ions, and the short range overlap contributions:

(11)

qi are the ionic charges, while superscripts e, k and xc indicate contributions
from the electrostatic, kinetic, and exchange-correlation overlap electronic
energy, respectively. The electrostatic short range potential is given exactly

by

(12)

where is the distance between electron α and ion i , and is the
distance between electrons and According to equations (7) and (8) the
non-electrostatic overlap potentials are

(13)

where stands for k or xc .

2.3. SPECIFIC MODELS

Practical applications require an explicit form for and and a choice
of ionic electron densities ni(r). Early formulations of the theory used elec-
tronic charge densities derived from Hartree-Fock atomic codes. For a re-
view of the various implementations of electron gas potentials we refer the
reader to Wolf and Bukowinski [28], Gordon and LeSar [34]and Chizmeshya
et al. [29]. In the remainder of this report we concentrate on topics relevant
to applications of the VIB [28, 35] and MPIB [36] models. Both models
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attempt to capture, in an approximate way, the response of ionic charge
densities to changes in crystal configurations. In its original version, then
called VSMEG, the VIB model also used Hartree-Fock charge densities.
Our current versions of VIB and MPIB are based entirely on density func-
tional theory. This has a number of advantages: highly converged ionic 
charge densities are easily and efficiently obtained, the polarizability and
van der Waals interactions among ions are rigorously obtainable from LDA
theory [37] and, from an esthetic perspective, it is more satisfying to have
models that are based entirely on LDA theory, rather than a mix of LDA
and Hartree-Fock.

2.3.1. Charge Densities

To obtain ionic charge densities we follow Kohn and Sham[33] and introduce
single electron orbitals in terms of which ni(r) = where α
denotes a specific eigenstate of the ith ion, and the kinetic energy

(14)

which is recognized as equation (8) with = the non-
interacting-particle kinetic energy density. Application of the variational
theorem to equation (2) with (3),(5),(7) and (14), including W (r) in Vext (r),
and requiring that orbital normalization be conserved, yields

(15)

(16)

with

Several useful approximations to ,or Vxc, have been proposed (see Jones
and Gunnarson [38], for review). The fact that most of them give very
similar total energies suggests that the essence of is reasonably well
known. We adopted the Hedin and Lundqvist [39] form for the potential:

(17)

(18)

where

is the Kohn-Sham exchange potential, x = and rs is the mean elec-
tron separation given by = 1. A and B are constants determined
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by approximate calculations for the interacting electron gas. We used and
A = 24.3 and B = 0.7679, as suggested by Lundqvist and Lundqvist [40].
Integration (16) with (17) and (18) gives

(19)

for the exchange-correlation energy per electron. We use equation (19)
to calculate the contribution of exchange and correlation to the ionic self
energies and the overlap potentials.

To approximate the kinetic energy contribution to the short-range over-
lap potential, equations (11) and (13), we follow and Kim [31] in
using the Thomas-Fermi expression for the kinetic energy of a uniform
electron gas with electron density n

(20)

The Thomas-Fermi expression underestimates the kinetic energy relative
to Hartree-Fock and Kohn-Sham theory [41]. To reduce this discrepancy,
Waldman and Gordon [41] introduced constant scaling factors that depend
only on the atomic number. We use a more dynamic scaling that depends
on the local charge density and is thus sensitive to the configuration of the
ions, and approaches the local ionic scaling when the overlap is small:

where

and

IN -

- 9)

- -
(11) Gordon

-
- -

(21)

(22)

(23)

TTF is the Thomas-Fermi kinetic energy given by equations (8) and (20).
The justification of scaling schemes ultimately lies in the accuracy of the

calculations. Scaling can produce total ionic kinetic energies that agree with
those obtained through Hartree-Fock or Kohn-Sham calculations, which
are superior to the Thomas-Fermi model. However, there is no rigorous
justification for scaling the contribution of electronic kinetic energy to inte-
rionic potentials in the manner given by equation (21). A more fundamental
approach must recognize gradients in the charge density. However, more rig-
orous corrections, including generalized gradient methods, vitiate the sim
plicity of the electron-gas models without a commensurate improvement

-

- -
-

-

-

-
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in calculated properties [42, 43, 44]. We therefore adopt a flexible attitude
towards scaling and do not always scale every ion’s kinetic energy. 

2.3.2. Stabilizing Potentials

It remains to specify W (r). As stated earlier, W (r) represents the interac-
tion of an ion’s electrons with the rest of the material. The most important
contribution to W (r) in ionic materials is the long range Coulomb poten-
tial. Around an anion site such as O²-, this potential has the form of an
attractive well that helps to contract, and hence stabilize, the valence elec-
trons. In the SSMEG model [45, 461, and the PIB model [47, 27], W (r) is
approximated by a Watson shell with a surface charge Q w equal to the neg-
ative of the charge of the ion at its center, and a radius Rw chosen such that
the constant potential inside the sphere, Qw/Rw, equals the site Coulomb
potential. Total charge densities obtained from ionic densities thus stabi-
lized closely approximate self- consistent charge densities derived from band
structure calculations [21]. One might expect further improvements on al-
lowing the ionic charge densities to relax so as to minimize the total energy.
Minimization of the energy with respect to the Watson shell radius is a sim-
ple step in that direction [45]. Wolf and Bukowinski [28] implemented this
idea in the VSMEG model. Applications to MgO and CaO showed that ,
provided that careful optimization of the Hartree- Fock ionic wave func-
tions are performed for each structure, the method gives better agreement
with experimental equations of state and elastic constants. However, the
calculated compressibilities were underestimated by about 10-15%.

2.3.3. MPIB and VIB models

The MPIB and VIB [35] models attempt to improve the accuracy of the
earlier models and to overcome some of the difficulties associated with the
use of Hartree-Fock wave functions. We have already stated some of the
advantages of using the density functional approach to obtain ionic wave-
functions; they were amply demonstrated by the PIB model which replaced
the Hartree-Fock equation with a density functional implementation of the
Dirac equation [21]. The MPIB is so called because it also adopts the den-
sity functional approach to obtain ionic charge densities (specifically a non-
relativistic version derived from the Herman-Skillman [48],but replaces the
potential inside the Watson shell with the spherical average of the potential
due to the rest of the material, Ws(r) [36]:

(24)

(25)

where
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is the Coulomb potential due to all ions except the one at r = 0(i = 0),and

(26)

is an approximation to the exchange potential contributed by charge overlap
from other ions. <...> indicates spherical averaging around r =0.

The potential outside the shell retains the electrostatic, form of the Wat-
son shell. However, the charge on the shell, Qs, is that of the local ion’s
electrons found outside a sphere centered on it and with radius equal to
that at which the spherically averaged total crystal potential is maximum,
this being taken as a rough measure of the extent of the “sphere of in-
fluence” of the ion. The potential outside the shell is then Q s / r , and the
radius of the shell, Rs, is chosen such that this potential is continuous with
Ws(Rs). Calculations are started with ionic charge densities stabilized by
Watson spheres, and are then iterated until the ionic charge densities sat-
isfy a self-consistency criterion [36]. No scaling is applied to the kinetic
energy functionals in the ionic interaction terms.

The MPIB model gives very accurate equations of state, binding energies
and phase transformation pressures for alkali-halides and alkaline-earth ox-
ides [36].It appears to he the only electron gas potential model to give a
good account of the B1 and B2 phases of CaO. We show in section 4 that
it also gives excellent results when applied to more complex minerals. How-
ever, this success is attained at a considerable increase in computational
complexity. Furthermore, there is no simple way to implement lattice dy-
namics with MPIB potentials.

The VIB model (called MVIB by Zhang, [35]), which differs from the
VSMEG model only in that is uses equation (15) in place of the Hartree -

Fock equation to obtain charge densities, gives up some of the accuracy of
the MPIB model, but retains much of the simplicity of earlier models for
both static and dynamic calculations. It too uses a Watson shell to approx -
imate the effect of the crystal on ionic charge densities, but Rw is chosen to
minimize the total energy. Variation of Rw allows an approximate relaxation
of the ionic wave functions in response to changes in crystal configuration.
For a fixed lattice, the overlap energy decreases with contraction of the
charge densities, whereas self energies increase. This tradeoff produces an
optimal value of Rw at which the total energy is a minimum. The relax-
ation also introduces coupling between atomic displacements and charge 
density breathing, which in turn yields many - body effects in both static 
and dynamic properties. A detailed discussion of the VIB model, and its
application to the calculation of static lattice energies and lattice dynamics 
is given by Clizmeshya. et al. [29].
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3. Calculation of Mineral Structures and Properties 

We obtain mineral structures and equations of state by minimizing the
Gibbs free energy with respect to structural parameters and, in the case of
VIB, the Watson shell radius:

(27)

where E(R, is the internal static energy as given by equation (2), except
that here we make explicit its dependence on atomic coordinates R and,
in the case of VIB, the set of Watson sphere radii . is the set of radii
that minimizes E(R, ). Gth (R, T; is the contribution of the quasihar-
monic lattice vibrations to the free energy. In MPIB calculations this is
approximated according to a Debye model with parameters derived from
the static equation of state [49]. In VIB calculations it is obtained from the
calculated phonon spectrum as prescribed by statistical mechanics:

(28)

kB is Boltzmann’s constant and wi is the frequency of the ith quasiharmonic
mode corresponding to structure R and shell radii Details of the dy-
namical matrix used to compute the ωi are given in Chizmeshya et al. [29] .
The primary difference between the VIB and PIB implementations of lat-
tice dynamics (LD) is that the energy of the equilibrium static lattice on
which the harmonic expansion is based, is optimized with respect to both
structural and breathing degrees of freedom. This leads to a simplification
of the equations of motion in the VIB treatment and “shell-model”-like
dynamical equations for the atomic displacements u:

(29)

The first term in the square brackets is the usual “rigid-ion” dynamical
matrix while the second term is the VIB correction that accounts for the
coupling between ionic positions and the Watson sphere radii [29].Implicit
in the derivation of this expression is an adiabatic constraint on the breath-
ing degrees of freedom. In practice this constraint is enforced by minimizing
the static crystal energy, for a fixed set of atomic positions, with respect to
the breathing parameters. The dynamical matrix in the preceding expres-
sion is then diagonalized and the resulting phonon spectrum is populated
using a Boltzmann distribution. An estimate of the thermal free energy is 
thus obtained and used to contruct the Gibbs free energy for a fixed P and
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T, as given by equation (27). Using this procedure we obtain directly the
V (P) equation of state, an “athermal” phonon spectrum, and elastic con- 
stants. The only input to the computational procedure is the set of nuclear
charges and lattice structure information.

Other thermodynamic parameters like thermal expansivity and com-
pressibility follow directly from standard relationships (e.g., [50]. Elastic
constants are readily calculated from the acoustic phonon branches of the
VIB model (e.g., Chizmeshya, e t al., [29]). MPIB elastic constants have not
yet been calculated.

4. Sample Applications

As illustrations, we present results from calculations on a few silicates and
oxides selected from those discussed in the introduction. Our intent here is
to illustrate some of the strenghts and weaknesses of the VIB and MPIB
models. We do not attempt to present complete modeling results for any
given material. Since our primary interest is the reliable simulation of high
pressure properties, we mostly limit the examples to those properties for
which there are some relevant high pressure data.

Unless otherwise noted, all calculations are done with identical function-
als. In particular, in VIB and PIB calculations, only the oxygen Thomas-
Fermi kinetic energy density was scaled according to equation (22). For
cations, the scaling parameter is set equal to 1. Our experience indicates
that full scaling tends to give anion-cation interactions that are too repul-
sive. Being an ad-hoc feature of the calculations it is not very satisfying,
but it does seem to yield the most accurate equations of state in most cases.
As already noted, no scaling is ever used in the MPIB model.

4.1. MgO AND CaO

MgO and CaO provide a convenient platform for the testing of models.
Their simple structures allow easy energy minimizations for even the most
numerically intensive methods, and yet the many-body effects introduced
by oxygen renders the task of simulating their properties rather nontrivial.
Electron-gas models based on rigid ions give equations of state that are at
best semiquantitative in their accuracy [51, 28]. Until recently, full band
structure calculations [18, 21], or empirical models that incorporate many-
body effects [14, 15], were necessary to accurately reproduce the known
equations of state of alkaline-earth oxides in both B1 and B2 structures.
Ab initio electron gas models with deformable ions have changed all that.

Figures 1a and 1b show calculated and experimental equations of state
of MgO. MgO is an exception to the rule that oxygen-only scaling of the
kinetic energy works best for the VIB model. As figure 1a shows, the
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Volume (A3)

Figure 1. a) MgO equation of state. VIB model calculations; the calculated B1 equation
of s ta te without scaling is from Chizmeshya et al. [29]. The other calculations include
oxygen scaling in the kinetic energy density. b) MPIB room temperature equation of
state compared to date and a band structure derived equation of s ta te (APW).
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Volume (A3)

Figure 2. CaO equation of state. a) VIB and PIB calculations with 0 scaling in kinetic
energy density. Both methods underestimate the density change associated with the
B1_ B2 phase transformation. b) The MPIB method compares with data somewhat better 
than the APW calculation [18]. MPIB predicts a phase transformation at 61 GPa, while
APW predicts about 30 GPa.
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B1 equation of state without any scaling is very accurate, while oxygen_

only scaling gives densities that are in error by as much as 4%. Figure
1b compares the MPIB and APW equations of state with the same data.
Both calculations give almost identical densities at zero pressure, but have
different compressibilities. Although the MPIB equation of state for B1
MgO appears to agree better with the data, its zero pressure isothermal
bulk modulus is 180 GPa, compared to the observed 160±2 GPa [52] and
the APW value of 155± 5. Nevertheless, in terms of the whole equation of 
state, it can be said that the MPIB densities are competitive with those
obtained from the band structure calculation.

The predicted B1-B2 transformation pressures are 500 GPa and 580
GPa with the VIR and MPIB methods, respectively. These values agree
closely with previous estimates [27, 14].We note that no phase transfor-
mation has been observed in MgO up to the highest pressures attempted
[53].

CaO has proven to be a difficult challenge for electron gas models. Fig-
ures 2a and 2b compare equation of state data with several theoretical
curves. There is a pressure induced phase transformation from the B1 to
the B2 structure a t approximately 60 GPa, with a density decrease of about
10% [54, 55]. As shown in figure 2a, neither the VIB or PIB model accu-
rately reproduces both phases. We stress that the PIB calculation was car-
ried out with the exact same functionals as the VIB calculations, including
identical scaling of the kinetic energy. Changing the kinetic, energy scaling
shifts the equations of state without significantly affecting the B1-B2 den-
sity difference, which remains close to 7%, in agreement with an earlier PIB
calculation that included no scaling [27]. Only the MPIB method is able
to reproduce both equations of state (figure 2b). It yields a transformation
pressure of 61 GPa with a density decrease of 10%, in excellent agreement
with data. It gives equally satisfying results for SrO and alkali halides [36].
The APW equation of state is the most accurate of those derived from
hand structure calculations 55]. However, its predicted transition pressure
is about 30 GPa [18], and the B1-B2 density difference is somewhat over-
estimated.

4.2. Al 2O3

The structure of Al2O3 is considerably more complicated than that of MgO
and CaO. Corundum is the equilibrium phase of Al 2O3 at ambient condi-
tions. The symmetry of this structure is it has 6 formula units in
the unit cell and four independent structural parameters. Although no
other phase of Al2O3 has ever been observed, several structures are pos-
sible at high pressure conditions. Of these, only the perovskite (Pnma)
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and Rh2O3(II) (Pbcn) structures appear to have low enough energies at
geologically interesting pressures [57]. First principles electronic structure
calculations with full optimization of these crystal structures make heavy
demands on computer resources and may be impractical (e.g., Marton and
Cohen [58].However, such optimizations are well within the capabilities of
electron gas theories [59, 60, 57, 61, 62]. With nothing more than desktop
workstations, fully optimized structures may be obtained that agree quite
closely with available data.

Earlier electron-gas calculations suggested that corundum should trans-
form to the Rh2O3(II) structure somewhere between 6 and 60 GPa [57].
More recently, Marton and Cohen [58] used the LAPW band structure ap-
proach to predict that this transformation should occur at around 91 GPa,
in agreement with an early VIB calculation [11].This agreement is probably
fortuitous, however. The VIB calculation used a somewhat crude form of
kinetic energy scaling, while the LAPW calculations did not optimize the
energy with respect to structural parameters, but instead used a scaled PIB
structure (so as to agree with the experimental density) for the corundum
calculation and the actual PIB structure for the Rh2O3(II) phase [58].

TABLE 1. Equation of state parameters for α_Al 2O3. Experimental values of K0
and Ko

1 were obtained with a third order finite strain fit to the combined data of
Finger and Hazen [65] and Richet e t al. [55, 56].

V0 (Å3 ) K0 (GPa) Ko
'

VIB 42.42 263 4.24
MPIB 42.03 286 3.85
data 42.2 ± 0.1 282 ± 23 3.83 ± 1.06

Recent VIB and MPIB model calculations suggest that the transforma-
tion from corundum to the Rh2O3(II) structure occurs at a higher pressure
[63]. Figures 3a and 3b show calculated VIB and MPIB static equations of
state, respectively, as well as the measured equation of state for corundum.
As before, the VIB calculation included 0 kinetic energy scaling only. The
MPIB equation of state for corundum is more accurate, since addition of
zero point vibrations and thermal contributions would bring it into virtual
coincidence with data, while the same correction would obviously yield VIB
volumes that slightly exceed the experimental ones. However, both equa-
tions of state compare favorably to those obtained with band structure
calculations [58]. Some calculated equation of state parameters for corun-
dum are compared with data in Table 1. Experimental values of Ko and
KO

' were obtained with a third order finite strain fit to the combined data
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Pressure (GPa)

Figure 3. Equation of state data for Al 2O3 and theoretical predictions for possible high
pressure phases. See text for details. Jephcoat e t al. da ta [76?] are anomalous and are
shown only for completeness. a) MVIB predicts that corundum transforms to the Rh 2O3
(II) structure at a pressure between the two vertical arrows. The perovskite phase is
predicted to be thermodynamically unstable throughout the earth’s lower mantle. b)
MPIB calculations also indicate a phase transformation to the Rh 2O3 (II) structure. A
complete equation of state for the perovskite structure was not carried out, but perovskite
was found to be unstable relative to the other phases within pressures of interest.
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TABLE 2. Structural parameters of α_Al2 O 3 . Experimental data is from Finger and
Hazen [65].

a(Å) c/a z(Al) x(O)

VIB 4.7642 2.71 0.357 0.306
MPIB 4.7600 2.70 0.357 0.304
da ta 4.7607 2.73 0.352 0.306

of Finger and Hazen [64] and Richet [55, 56]. As shown in Table 2, the
calculated structures also agree with data very nicely.

Table 3 summarizes predicted equation of state parameters for the per-
ovskite and Rh2O3(II) phases. These phases are predicted to be only slightly
denser than corundum, a result that is consistent with the earlier determi-
nations [57, 58] and may account for the lack of unambiguous experimental
evidence for any phase transformations.

TABLE 3. Calculated equation of s ta te parameters for Rh2O3(II) and perovskite
phases of Al2O3. is the volume change at the transition pressure.

Vo(Å3 ) K o(GPa) Ko
1 (%)

Pnma(VIB) 42.06 256 4.03
Rh2O3(II) (VIB) 41.51 278 3.91 2.2
Rh2O3 (II) 41.44 292 3.87 1.0

(MPIB)

Also shown in figure 3a and 3b are the estimated pressures a t which the
α_Al2O3 to Rh2O3(II) phase transformation takes place. The pressures
were determined by comparing Gibbs free energies for the static lattices.
Since the choice of electron kinetic energy scaling in the VIB model is influ-
enced by phenomenological considerations, we calculated the phase trans-
formation pressure for the extreme cases of no scaling and full scaling, in
addition to O-only scaling. This yields pressures in the range 112-148 GPA
(see figure 3a). The MPIB method yields 120 GPa for the transformation
pressure (figure 3b). The consistency of these results and the mounting ev-
idence that the MPIB method yields accurate equations of state and phase
transformation pressures [11, 61], lead us to believe that any pressure- 
induced change in the crystallographic structure of Al2O3 is likely to occur
well above 100 GPa. However, given the sensitivity of phase transformation
pressures to very small energy changes, it is unwise to give these predic-
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tions much weight in analyses of mantle mineralogy, for example. Rather,
we consider the value of these predictions to reside in their potential veri-
fication by future experiments, and consequent objective validation of the
models. We note in passing that we found the perovskite phase of Al2O3
not to be thermodynamically stable below pressures of at least 400 GPa.

4.3. (Mg1_xCax)SiO3 PEROVSKITE
_

LIKE MINERALS

MgSiO3 and CaSiO3 perovskites offer a sensitive test of the accuracy of the
VIB and MPIB models. All electron gas models appear to give the correct
structures: cubic CaSiO3 and orthorhombic MgSiO 3 [68, 65, 69, 60]. Fig-
ures 4a and 4b show calculated equations of state for CaSiO3 and MgSiO3
perovskites. While the rigid-ion MEG calculation underestimates the den-
sity of MgSiO3, models that allow ions to breathe are in very satisfactory
agreement with data and band structure methods. VIB and MPIB yield
accurate CaSiO3 equations of state. The predicted ambient bulk moduli
are 292 GPa and 300 GPa for the VIB and MPIB models, respectively.
Experimental values range from 281 to 325 GPa [70, 10, 71]. One of the
remaining unresolved issues in our understanding of MgSiO3 concerns the
stability of the orthorhombic (Pbnm) phase a t high temperatures. It has
been suggested, on the basis of theoretical work with rigid ionic models
[68] that ortho-MgSiO 3 approaches the cubic structure at high tempera-
ture. Molecular dynamics simulations with parametric potentials exhibit
similar behavior [72]. Recent experimental work (Meade e t al., [73]) seems
to lend some support to this notion. Naturally any conclusion about the
phase stability of MgSiO3 has obvious geophysical significance since it is
the most prevalent mantle mineral.

The resolution of the stability question has been addressed theoretically
in essentially two ways. One approach is to carry out elaborate first prin-
ciples band structure calculations for the equilibrium orthorhombic phase
and the constrained cubic phase. Although the effects of thermal pressure
are neglected, the underlying static lattice energy surface can be accu-
rately charted, and the total energies of the phases compared [81, 23, 75].
The magnitude of the calculated energy barriers can then be used to es-
timate the relative stability of various phases. A potentially more realistic
picture might emerge upon examination of the dynamic stability of the lat-
tice within a first principles context. It is therefore of interest to examine
the question of stability from both perspectives but on the same theoret-
ical footing. Here we describe the results of VIB calculations on MgSiO3
perovskite in which the effects of thermal pressure are consistently incorpo-
rated in the description via quasi-harmonic lattice dynamics [29]. In figure
5 we compare our thermal equations of state with available data. As can
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Density (Kg/m3)

Figure 4 . Equation of state for silicate perovskites. a) Both VIB and MPIB models give a
good account of the compressibility and density of CaSiO 3 perovskite, which i s predicted
to be cubic, in accord with data. b) Calculated MgSiO 3 equations of s ta te compared
with data . The MEG calculation [66] used rigid ions; it gave poor absolute densities but
excellent compressibility and thermal expansivity. The breathing ion methods (MPIB
and PIB) fare much better. R&H and K&J stand for Ross and Hazen [67] and Knittle
and Jenaloz [68], respectively. LAPW calculation from Stixrude and Cohen [23].
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Pressure (GPa)

Figure 5. Thermal VIB equation of state for MgSiO3 perovskite. The dotted line in the
3000K isotherm indicates that the structure is dynamically unstable; see text for details.

be seen from the plot, VIB somewhat overestimates the volume of MgSiO3
perovskite. Also shown in this figure is the equation of state a t 3000K,
which exhibits the expected volume expansion at high temperature over
the calculated pressure range. The high-T equation of state was generated
by reducing the pressure from 150 GPa and studying the lattice stability a t
each step. At 50 GPa a zone center soft mode was detected signaling a dy-
namic instability. Below this pressure we continued to calculate the thermal
free energy by folding the modulus of the imaginary frequencies back into
the frequency integrals. The state points below 50 GPa (indicated by bold
dots) are therefore physically meaningless but provide a useful indication
of the thermal instability.

We also carried out a suite of lattice dynamics calculations as a function
of temperature, at ambient pressure and 50 GPa, in order to explore ther-
mal expansion and the temperature dependence of the stability field. Our
preliminary results for the volume expansion (normalized to the volume at
room temperature) are shown in figure 6. Also plotted in this figure are the
single crystal data of Ross and Hazen [76] and Knittle et al. [77]. The calcu-
lated expansivity follows the data closely, and thus inspires some confidence
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Figure 6.
for details.

Thermal expansivity data and calculations for MgSiO3 perovskite. See text

in the quasi-harmonic VIB description. The most significant discrepancies
seem to occur below 200K — a regime in which the thermal data exhibits
a dubious trend toward smaller volume, and with a somewhat unphysical
curvature. The dashed line in the figure illustrates the thermal expansion at
50 GPa, also obtained from quasi-harmonic lattice dynamics. As expected,
the thermal expansivity is substantially reduced by the application of pres-
sure. Our results are also consistent with the earlier calculations of Wolf
and Bukowinski [68], who used a rigid ion MEG potential with a thermal
pressure prescription identical to the one described above.

In order to make contact with existing work, we have also performed
static lattice calculations in the constrained cubic and the fully relaxed
orthorhombic structures. We find that the static energy of cubic perovskite
exceeds that of orthorhombic perovskite by 0.017 Hartrees per formula unit
at ambient pressure. This value is similar to that found by Hemley et al.

[69] with a different electron gas model. Both estimates are roughly three
times smaller than those based on independent ab initio electronic structure 
calculations, all of which give an energy difference of about 0.05 Hartrees
[ 23, 81, 75]. Evidently, the electron gas theories underestimate the energy
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needed to rotate the SiO6 octahedra towards a cubic structure.

Temperature (K)

Figure 7.
fitting the phonon frequencies to a Landau-type function.

MgSiO3 perovskite soft modes, according to VIB. The plots were obtained by

The orthorhombic structure of MgSiO3 arises from a deep well in the
energy surface generated by rotations of rigid SiO6 octahedra correspond-
ing to the M and R vibrational modes in the cubic structure [23].We have
examined the effect of temperature on the zone center modes of the or-
thorhombic lattice that derive from the M and R cubic modes by folding
of the Brillouin zone [68]. For simplicity we denote these branches by

and The results of our VIB calculation are summarized in figure 7
which clearly illustrates the soft mode behavior at 50 GPa as a function of
temperature. The dashed curve (labeled with an F) represents the lowest
lying ferroic mode. The displacement pattern associated with this latter

this branch (not shown for clarity) is observed at a slightly higher frequency
and exhibits the same temperature dependence. At ambient pressure we find
that the modes described in figure 7 exhibit a qualitatively similar behav-
ior, but with the condensing out at 1500K. The critical temperatures
obtained from the soft-mode behavior scale roughly by a factor of two in
going from ambient pressure to 50 GPa.

branch involves out-of-phase cation motion. The in–phase counterpart to
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An examination of the structural parameters near these critical (P,T)
points reveals a strong tendency toward cubic symmetry. In particular, the
internal distortions tend to decrease (relative to their values at P=0 and
T=300K) and the lattice parameter ratios and approach cubic ratios (figure
8). It shouald be emphasized that a tetragonal distortion originating from
a softening of the F mode in figure 7 cannot be excluded on the basis of
our calculations. We have applied our procedure to bona fide ferroelectric
compounds (BaTiO3, SrTiO3) and find that VIB typically overestimates
the ferroic mode frequencies by a few hundred wave numbers. This is not
surprising in view of the fact that polarization effects and non-spherical
distortion effects have not been incorporated in the present formalism. The
implications for MgSiO3 are that the ferroic mode frequencies are also over-
estimated. In a recent study we have shown, via lattice dynamics and molec-
ular dynamics, that the ferroic mode plays a central role in initiating the
sequence of transitions leading to an amorphous state [78]. Nevertheless,
within the context of the present discussion, the important point is that the
VIB lattice dynamics provides an upper bound on the critical temperatures
for ferroelectric transitions.

Since the phonon frequencies were derived from the quasiharmonic ap-
proximation, the critical temperatures for the soft modes are almost cer-
tainly underestimated. Hence, at zero pressure, the VIR critical tempera-
ture is larger than 1500K, and might be two to three times larger for an
energy surface that is more consistent with the electronic structure calcula-
tions. This result supports Stixrude and Cohen’s contention that the Pbnm
structure of MgSiO3 is very stable.

Encouraged by the reliability of the MPIB model, Zhang and Bukowin-
ski[61] used it to estimate the properties of solid solutions of the type
(Mg1-xCax)SiO3. As described in that paper, while some experimental ev-
idence suggests that MgSiO3 and CaSiO3 are essentially immiscible at high
pressures, other data indicate the presence of a perovskite phase with diop-
sidic composition, that is (Mg,Ca)SiO3. Zhang and Bukowinski [61] found
two perovskite-like structures with diopsidic composition. Both structures
are shown in figure 9. In one structure, space group symmetry Pmn21,
the Mg and Ca. ions are regularly distributed in distorted NaCl like man-
ner. The other structure, Pmc21, has Mg and Ca ions in alternating planes
perpendicular to the c axis. However, neither structure is found to be ther-
modynamically stable relative to a mechanical mixture of orthorhombic
MgSiO3 and cubic CaSiO3, suggesting that the phases are immiscible. The
miscibility a t finite temperatures and arbitrary concentrations of Ca was
estimated with an averaged atom model based on work by Ottonello [79].
Averaged atom potentials were constructed by first generating a concentra-
tion weighed charge density from those of the Mg and Ca ions. Interactions
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Temperature (K)

Figure 8. Pressure and temperature dependence of the deformation of MgSiO 3 per-
ovskite, as measured by lattice constant rations. a) c/a relative to its cubic value,2. b)
b / a relative to its cubic value, 1. The solid lines are Landan-type fits; dots indicate
extrapolation.
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(a)

(b)
Figure 9. Structures of two ordered perovskite–like polymorphs of MgCaSi 2O3. Small
and large spheres represent Mg and Ca, respectively. The polygons are SiO6 octahedra.
a) Lattice symmetry Pmc21. b) Lattice symmetry Pmn21.
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and self-energies were then obtained with the MPIB procedure. The mix-
ing entropy was taken as that of a completely random distribution of the
cations. Figure 10 shows solvus curves at P=0 and P=25 GPa. Evidently,
the model perovskites exhibit very little miscibility under geologically in-
teresting conditions, thus suggesting that most calcium in the lower mantle
is likely to be present in a separate perovskite-type phase. These results
are consistent with the findings of Irifune et al. [9].

X

Figure 10. Estimated solubility between MgSiO 3 and CaSiO3 perovskites. The solvus
curves are estimates based on an MPIB averaged atom model [62]. At temperatures below
the curves, the solution decomposes into two perovskites with compositions indicated by
the intercepts of the solvus curves with the corresponding constant temperature line.

The average atom model also affords an examination of the effect of Ca
concentration on the structure of silicate perovskite. Given that CaSiO3
is cubic, we expect (Mg1-xCax)SiO3 to become cubic for some value of x,

even for a static lattice, and to lower the temperature of the predicted tem-
perature induced orthorhombic to tetragonal/cubic transformation. Figure
11 shows the b / a and c / a lattice ratios as functions of. At the low con-
centrations that are compatible with our miscibility estimates (figure 10),
Ca is unlikely to have a substantial effect on the structure of the static
lattice. However, the effect of Ca on the critical temperature remains un-
known. A full assessment of calcium’s effect on the structure of silicate
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perovskite requires a lattice dynamics/molecular dynamics simulation of
(Mg1-xCax)SiO3, and should also consider the effect of Fe. Should Ca

CaSiO3 /(CaSiO3 + MgSiO3)

Figure 11.
MPIB averaged atom model [62].

significantly lower the critical temperature, structural changes in silicate
perovskite may yet offer an explanation for minor seismic discontinuities
that have been proposed in the 900 to 1200 km depth range [7 ,8].

5 . Discussion

Ab ini t io electron gas potential models produce accurate equations of state
and crystal structures for complex minerals, including oxides. They do so
at a fraction of the cost and effort of first principles band structure and
molecular dynamics methods. The VIB model, like the PIB model, offer
reasonably simple ab initio approaches to quasiharmonic lattice dynamics,
and appears to generate realistic values of thermal expansivity. It is not
always as accurate as the MPIB model, but has the advantage of greaater
simplicity. The calculations presented here suggest a practical compromise:
accurate static properties may be calculated with the MPIB model, and VIB
phonon contributions may be added to obtain reasonable thermal proper-
ties. In any case, our experience encourages us to believe that the models

Effect of Ca on distortion of (Mgl-xCax )SiO3 perovskite. Results based on
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presented here offer an efficient and frequently very accurate ab initio ap-
proach to the thermoelastic properties of minerals under diverse pressure
and temperature environments. Detailed structural properties, such as the
effect of temperature on the distortion of MgSiO3, and the associated fer-
roelastic transformations, are not represented with comparable accuracy.
The VIB model underestimates the energy necessary to rotate the SiO6 oc-
tahedra. The MPIB method, which appears to yield static properties that
are usually as good as those derived from first principles calculations, did
not fare quite as well when applied to stishovite (Zhang and Bukowinski,
1991). These discrepancies are most likely due to a degree of covalency in
the Si-O bonds. Hence the next step towards improved ionic models needs
to at least include the polarizability of the ions, the effect of the latter on
phonon frequencies, and possibly dispersion forces. We say possibly in the
sense that dispersion forces are in many cases likely to be small compared to
the errors due to covalent effects, as well as other errors inherent in electron
gas potentials (e.g., Francisco et al., [80]). Fortunately, polarizabilities and
dispersion effects can be readily calculated within the density functional
approach to ionic properties [37].We have carried out some preliminary a b

initio calculations that indicate that the effect of van der Waals interac-
tions is small but non negligible in CaO and CaSiO3 perovskite. However,
the practical significance of these corrections in the electron gas context
remains to be explored. In summary, we are persuaded that electron gas
potentials have proven accurate enough to warrant further developments.
What must be some very fortunate cancellation of errors endows a crude
approximation to quantum mechanical interactions with unexpected ac-
curacy. Although more fundamental methods based on modern electronic
structure calculations offer high accuracy, electron gas models can often
yield added insights and are orders of magnitude more efficient, and are of-
ten comparably accurate. Therefore we expect them to continue playing a
significant role in studies of mineral properties subjected to the conditions
of deep planetary interiors.
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1.  Introduction

Carbonates of alkaline-earth and other divalent metals are crystalline phases
of noteworthy importance both in the earth sciences, as rock-forming miner-
als, and in chemical technology, as raw materials for a number of industrial
processes. In particular, the calcite polymorph of CaCO3 and dolomite,
CaMg(CO3)2, are present in huge quantities in the earth’s crust as main 
constituents of limestones (sedimentary rocks), and are also important min-
erals of several metamorphic rocks.

From the structural point of view, most of these carbonates are ei-
ther rombohedral (space group R3c) or orthorhombic (Pmcn) phases, cor-—

responding to the structures of calcite and aragonite, respectively, the
two most important polymorphs of CaCO3. Carbonates of smaller diva-
lent cations, like MgCO3 (magnesite), show the rombohedral structure [1],
while the orthorhombic one is observed in the case of larger cations[2]. The
calcite-type crystal structure has a primitive rombohedral unit-cell con-
taining two formula units (Z =2), but is more often described in the triple
hexagonal cell ( Z = 6 ) . There is a single atomic coordinate unconstrained by
symmetry, x of the oxygen atom. The aragonite-type structure, on the other
hand, is more complicated, as nine independent atomic coordinates instead
of one are present (Z =4 in the primitive unit-cell). Other carbonates, like
dolomite CaMg( CO3)2, have a rombohedral structure slightly less symmet-
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rical (space group R3m,
_

three independent atomic coordinates) than that
of calcite.

The crystal-chemical behaviour of carbonates is interesting and signifi-
cantly different from that of silicate systems. In particular, the C-O bond is
much more covalent than Si-O, so that the CO3 group forms a real molec-
ular unit. Thus carbonates are good examples of oxysalts containing a co-
valently bonded molecular ion (the anion), which interacts mainly
ionically with the metal cations. In this respect they share features of ionic,
covalent and molecular crystals, and are thus a challenge for theoretical
and computational simulations of properties related to chemical bonding.
The molecular carbonate anion is planar in the calcite structure, and very
slightly pyramidal in those of aragonite and dolomite. Divalent cations are
surrounded by oxygen atoms of carbonate groups with coordination num-
bers of 6 and 8, respectively, in the two structure types. A particularly in-
triguing feature is the complex polymorphism displayed by CaCO3, which
shows not only the calcite and aragonite phases, but also the metastable,
not well characterized vaterite modification, and two high-pressure mon-
oclinic distortions of the calcite structure[3]. Further, transformations of
calcite have been reported also at high temperature, and these seem to in-
volve a rotational disordering of the CO3 group over different orientations.
Other carbonates, like magnesite, seem to have a simpler behaviour, but
they have been investigated less thoroughly.

Although for some of the phases of the carbonate group (e.g., calcite) a
very rich set of experimental results is available, for many others of great
importance the data are scarce and difficult to obtain[4]. Thus outstanding
questions related to detailed structural knowledge a t non-ambient condi-
tions, relative stabilities of phases vs. pressure and temperature, mecha-
nisms of solid-state transformations and careful characterization of chemical
bonding are still open and particularly suited to be tackled by theoretical
methods. The aim of this work is to present a part of the contributions
which have appeared recently in this field, with limitation to studies con-
cerning magnesite MgCO3[5] and the polymorphs of CaCO3 calcite and
aragonite[6, 7, 8].

Two types of theoretical and computational methods will be consid-
ered. The first one is the quantum-mechanical ab initio approach, in the
particular version based on the Hartree-Fock approximation extended to
periodic system[9]. This, as all first-principles theoretical schemes, is very
attractive because does not require any kind of empirical knowledge. In
the last years, it has proved to be able to account for the structural and
electronic behaviour of a number of crystalline solids and minerals quite
successfully[10, 11, 12]. The Hartree-Fock approach is particularly reliable
and efficient, in this respect. The hypersurface of the ground-state total en-



SIMULATION OF MG-CA CARBONATES 115

ergy of the crystal is evaluated as a function of the lattice geometry and of
the atomic positions in the unit-cell. Several physical properties can thus be
derived: the equilibrium crystal structure at  0 K , its dependence on volume
and pressure (hence the static equation of state), the elastic constants, and
some features of the phonon dispersion curves. The case of divalent metal
carbonates with the calcite structure is particularly attractive, in this re-
spect, because different kinds of chemical bonding are present in the same
crystal. Further, the rhombohedral calcite-type crystal structure has only
three independent geometrical parameters, so a detailed study of lattice
and electron properties is feasible.

However, the drawback of ab initio calculations is that they usually re-
fer to the athermal limit (T = 0 K ) , so that pressure but not temperature
effects are included in the simulation. Although in principle the ab ini-
tio molecular dynamics approach[13] is able to overcome this limitation, at
the present state of the art no temperature-dependent quantum-mechanical
simulations are feasible yet for mineral systems. Thus thermal properties
have to be dealt with by methods based on empirical interatomic poten-
tial functions, containing parameters to be fitted to experimental quan-
tities[14, 15, 16]. The computational scheme applied here to carbonates
is that based on the quasi-harmonic approximation for representing the
atomic motion[17].

Early simulation work on calcite and aragonite was aimed either to re-
produce the equilibrium structures using Born-type potentials[18], or to
fit purely empirical force-constant models to elastic and dynamic data[19].
These phases have also been studied by deriving thermodynamic data from
spectroscopic measurements[20]. The aim of recent studies, on the other
hand, is to devise a potential model fully consistent with the chemical
bonding in calcium carbonates, and able to reproduce the variety of their
physical behaviour, including thermodynamic and equation-of-state prop-
erties. Some observables (equilibrium structural variables, elastic constants,
some vibrational frequencies) are included in the fitting process, while oth-
ers (thermodynamic quantities and non-ambient structural variables) are
predicted by the quasi- harmonic equilibration. One of the purposes of this
work is to assess the reliability of the quasi-harmonic lattice-dynamical
model to account for the thermal properties of complex crystals such as
calcite and aragonite. Further, different types of interatomic potentials are 
tested with respect to their transferability between polymorphs, and to
their ability to reproduce thermodynamic behaviour.
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2. Computational methods

2.1. AB INITIO CALCULATIONS

All quantum-mechanical computations were performed by the CRYSTAL
program, based on the all-electron ab initio Hartree-Fock linear combina-
tion of atomic orbitals formalism applied to periodic systems[21]. Every
atomic orbital is expressed as a linear combination of Gaussian-type func-
tions, consisting of a radial Gaussian multiplied by a real solid harmonic
function. The basis sets utilized for Mg and Ca contain 18 and 22 atomic
orbitals and are denoted as 8-511G* and 8-6-511G*, respectively, according
to the conventional notation in quantum-chemistry[22]. For the O and C
atoms, 18 and 14 orbitals were used, respectively, and the corresponding
basis sets are indicated as 8-411G* and 6-21G*. The exponents of the out-
ermost shells were optimized distinctly for magnesite and calcite, by mini-
mization of the corresponding total crystal energies. Details of the atomic
basis sets used are reported in Table 1. With respect to the basis set of
magnesite, the external valence shells of O and C appear to be significantly
more diffuse in calcite. Inclusion of d orbitals in the basis sets of O and
C was shown to lower the crystal energy and to affect the properties of
MgCO3 and CaCO3 substantially.

The computational conditions employed in the CRYSTAL calculations
were the following. A value of 10-6 e was assumed for the overlap and pene-
tration threshold of Coulomb and exchange integrals, while 10-8 and 10-14

e were the pseudo-overlap thresholds for the exchange series. The truncated
bipolar expansion was used to approximate bielectronic integrals with very
small reciprocal penetration (less than 10-14 and 10-10 for Coulomb and
exchange integrals, respectively). The irreducible Brillouin zone was sam-
pled at 6 points for diagonalization of the Fock matrix. An estimate of the
residual error introduced by these stringent computational conditions was
obtained by removing the bipolar expansion approximation and increas-
ing the number of sampled points in the Brillouin zone to . In the case of
magnesite, the total energy per formula unit decreased by 2 x 10-4 hartrees.

For every structural configuration considered, the total electronic energy
of the crystal unit-cell and the full wave function were obtained.

2 . 2 . EMPIRICAL POTENTIALS AND QUASI-HARMONIC MODEL

Calcite and aragonite typically share chemical bonding features of both
ionic and molecular crystals, owing to the strong covalent interactions inside
the CO3 units and to the presence of Ca2+ ions. This situation is also met
in many mineral oxysalts, like orthosilicates, and needs to be taken into
account in the design of the interatomic potential by modelling inter- and

M. CATTI AND A. PAVESE
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TABLE 1. Exponents (bohr-2 ) and contraction coefficients of the Gaussian
functions adopted for the study of MgCO 3, magnesite (m) and CaCO3, calcite
(c). The contraction coefficients multiply individually normalized Gaussians.
y [ ± z ]y    stands for y x 10± z

.

Shell Coefficients Coefficients 
type Exponents s s , p Exponents s p , d

Carbon Oxygen
1 s 3.048[+3] 1 .826[-3] 4.000[+3] 1.440[-3]

4.564[+2] 1.406[-2] 1.356[+3] 7.640[-3]

1.037[+2] 6.876[-2] 2.485[+2] 5.370[-2]

2.923[+1] 2.304[-1] 6.953[+2] 1.682[-1]

9.349 4.685[-1] 2.389[+1] 3.604[-1]

3.189 3.628[-1] 9 .276 3.861[-1]

3.820 1.471[-1]

1.235 7 . 1 0 5 [ - 2 ]
2sp 3.665 -3.959[-1] 2.365[-1] 5 . 2 1 9 [ + 1 ] -8.730[-3] 9.220[-3]

3 210 -4.079[-2] 2.043[-1]

1.235 3.767[-1] 3.496[-1]

7.705[-1] 1.216 8.606[ -1] 1 . 0 3 3 [ + 1 ] - 8 9 7 9 [ - 2 ] 7.068[-2]

3sp 0.260(m 1.0 1.0 4.790[-1] 1.0 1.0

3sp 0.235 ( c ) 1 . 0 1 . 0

4sp 0.2300(m) 1 .0 1.0

4sp 0.1850(c) 1 .0 1.0

3d 08 1 . 0 0.8 1.0

Magnesium Calcium
1s 6.837[+4] 2.226[-4] 1.913[+5] 2.204[-4]

9.699[+3] 1.898[-3] 2.697[+4] 1.925[-3]

2.041[+3] 1.105[-2] 5.696[+3] 1.109[-2]
5.293[+2] 5.006[-2] 1.489[+3] 4.995[-2]

1.592[+2] 1.691[-1] 4.483[+2] 1.701[-1]

5.468[+1] 3.670[-1] 1.546[+2] 3.685[-1]

2.124[+1] 4.004[-1] 6.037[+1] 4.034[-1]

8.746 1.499[-1] 2.509[+1] 1.452[-1]

1.568[+2] -6.240[-3] 7.720[-3] 4.486[+2] -5.750[-3] 8470[-3]

3.103[+1] -7.882[-2] 6.427[-2] 1.057[+2] - 7 . 670[-2] 6.027[-2]

9.645 -7.992[-2] 2.104[-1] 3.469[+1] -1.122[-1] 2.124[-1]

3.711 2.906[-1] 3.431[-1] 1.350[+1] 2.537[-1] 3.771[-1]

1.611 5.716[-1] 3.735[-1] 5.820 6.880[-1] 4.010[-1]

1.819 3.4901-I] 1.980[-1]

0.68 1 0 1 .0 2.075[+1] -2.000[-3] -3.650[-2]

8 40 -1.255[-1] -6.850[-2]

3 537 -6.960[-1] 1.570[-1]

1.408 1.029 1.482

7.260[-1] 9.440[-1] 1.025
4sp 0.28 1 . 0 1 . 0 4.530[-1] 1.0 1.0

5sp 2.620[-1] 1 .0 1.0
3d 0. 8 1.0 3.191 1.60[-1]

8.683[-1] 3.13[-1]

3.191[-1] 4.06[-1]

intra-molecular interactions appropriately. Thus a conventional two-body
Born-type potential + has been used to express the
interaction energy for 0-0, Ca-O and C-O atom pairs, adding a dispersive
term in the O-O case only ( e is the electron charge, zi the charge
of the i-th atom in e units, the interatomic distance, Aij and pi j the
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coefficient and hardness parameter of the repulsive energy, cij the coefficient
of the dispersive energy for the ij atom pair). The covalent, directional

molecular ion is accounted for by a harmonic angular
potential whereΘ actualis the        O-C-O bond angle and
its equilibrium value of 120°. An additional term cos2o) expresses_

the energy increase of the CO3 unit due to out-of-plane displacements of
the C atom; is the torsional angle between the OCO’ and OCO” planes.
The zCa charge was either fixed at its fully ionic value +2 or allowed to
vary, while fractional charges were always assumed on C and 0 atoms and
constrained by the electroneutrality relation zC + 3zo = –zCa . Thus the
following independent potential parameters were considered as unknowns
to be determined by an optimization process: zO, Ao-o, Aca-o, A c-o,
pO-O, pca-o, pc-o, co-o, and zca was included in some cases
only.

bonding in the CO3

The above potential is based on a rigid-ion-model (RIM), as no effect
of atomic polarization is taken into account. A shell model (SM) was also
developed, which considers a split core-shell structure for polarizable 0
atoms. As usual [ 2 3 ] , core and shell are coupled by an elastic spring of
force constant ks, and are characterized by different electric charges zOc
and zOs. In addition to ks and zOs , also the core-shell displacement, dcs is to
be optimized, and contributes three positional parameters (unless reduced
by symmetry) for each 0 atom in the asymmetric unit. When an 0 atom is
involved in the two-body interaction, the repulsive and, possibly, dispersive
energy is computed by reference to the 0 shell position. All other atoms
and interactions are treated as for the RIM case.

The energy parameters were fitted to equilibrium structural data (cell
constants and atomic fractional coordinates), elastic constants, vibrational
frequencies at the centre of the Brillouin zone (wave vector K=O) and,
for the SM case only, dielectric tensor components, using the THBFIT
program[24]. The input data are all the experimental quantities referred to
above, and initial trial values for the energy parameters to be optimized.
At first specific potentials were fitted in this way separately on calcite and
aragonite; then some of them were used to compute properties of the other
polymorph, so as to check their generality and transferability.

By using explicit expressions for the interatomic potential energy, the
lattice dynamical problem can be solved straightforwardly within the har-
monic approximation, obtaining the spectrum of vibrational eigenfrequen-
cies. Then the usual formulas of statistical mechanics are used for the con-
tribution of each normal mode of vibration to the vibrational part of the
Helmholtz free energy, entropy, energy and heat capacity. The total value
of each thermodynamic function is evaluated either by direct sum over all
normal modes or by integration over the frequency range after multiplying
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by the density of vibratioanal states. In this respect, an important com-
putational problem lies with the sampling of the first Brillouin zone at a
minimum but sufficient number of wave vectors: 64 points have been used
in the present case.

According to the quasi-harmonic approach, an explicit volume depen-
dence is assumed for each vibrational frequency, from which the mode
Grüneisen parameters can be defined. Thus it is possible to calculate the
vibrational pressure and thermal expansion coefficient of the crystal. The
quasi-harmonic equilibration is performed by an iterative process. In the
first iteration, the experimental volume V is assumed, the atomic posi-
tions are relaxed to minimize the static energy, and the total pressure
p (V0 ) = pst (V0) + pvib (V0,T) =

_
is com-

puted by considering a small volume increase to approximate the
derivatives numerically. The elastic bulk modulus BT is also obtained,
approximated by its static component; its temperature dependence is ne-
glected. Then the volume change V

_
V0 necessary to move the pressure

from p to p0 is computed as V
_

V0 = -(p-p0)V/BT. As the linear re-
lationship between and holds to a first approximation only, the
whole procedure has to be repeated for a number of times, until the com-
puted pressure p differs from p0 by less than a chosen value. However, in
subsequent cycles only the static pressure is recalculated, while pvid is kept
fixed at the first computed value. At each cycle an atomic relaxation step
is run after updating the volume. Then the second iteration starts, and
the total pressure including a new pvib term is calculated on the basis of
the last volume value; subsequent cycles recalculating pst only follow. A
number of iterations of this kind are performed, until convergence to the
required p value is attained. Only at that stage has the crystal structure
been equilibrated consistently with the quasi-harmonic equation of state,
and then the final vibrational frequencies and thermodynamic properties
can be computed.

This simplified equilibration process holds strictly for a cubic crystal;
in a general non-cubic case, the volume, static pressure and bulk modulus
have to be replaced by the strain components (related to unit-cell parame-
ters), stress components and elastic constants, respectively. The computer
program PARAPOCS[17] performs the lattice-dynamical, thermodynami-
cal and quasi-harmonic calculations in the general tensorial formalism, and
has been used to obtain all results reported below for calcite and aragonite.

3. Quantum-mechanical results for magnesite and calcite

3.1. ATHERMAL EQUATIONS OF STATE

The structure of magnesite and calcite (Fig.1) has three geometrical
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Figure 1 . Hexagonal unit-cell of the calcite and magnesite structure. Black, grey and
open circles represent C, Ca (or Mg) and O atoms, respectively. The labelled atoms
appear in the maps of Figs. 12 and 13.

degrees of freedom. With reference to the triple hexagonal unit-cell (con-
taining six formula units of ACO3, where A is Mg or Ca), these are the
edges a and c, and the fractional coordinate x of the O atom. The corre-
sponding experimental values at room temperature are reported in Table 2
for each of the two crystals from different literature sources; extrapolation
to 0 K was performed by a parabolic fitting of data measured in the range
300 - 773 K[25]. We have preferred to choose three other structural vari-
ables related to the previous ones: the volume of the hexagonal unit-cell
V = ratio q = c/a and the C - O bond length rc- o = a x .

The total (electronic + nuclear) crystal energy is a function E(V,q,r c -o)
of all three variables, but only V is independent, as the least-energy con-
ditions (dE/dq)V,r = 0 and = 0 lead to q = q(V) and
rc- o = functional dependencies: thus a t equilibrium E = E ( V ) .

The procedure used for magnesite is described in detail; for calcite, the
same scheme was used. At first the energy was computed keeping q and
rc - o fixed at their experimental values, and changing V in the range -9%
to +6% with respect to the experimental volume. Then the q ratio was
relaxed for six of the thirteen V values considered (- 9%, -6%, -3%, 0%,
+3%, +6%), by computing E ( q , V ) and finding the optimum q(V) numeri-
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TABLE 2. Experimental structural data and elastic constants of magnesite and calcite (300
K) from different literature sources, and structural values extrapolated to 0 K. The esti-
mated uncertainties are given in parentheses. For calcite, the dielectric tensor components
are given, too.a; Markgraf and Reeder [25]; b: Goettlicher and Vegas [39]; c: Effenberger et
al. [59]; d: Humbert and Plicque [61]; e: Maslen et al. [62]; f: Dandekar and Ruoff [31]; g:
Vo Thanh and Lacam [63]; h: Deer et al. [43]; i: Kaye and Laby [44]; * : extrapolation to 0
K from data of ref. a.

MgCO3

a(Å) c (Å) V( Å3) x (O) rc-o(Å) rMg –o(Å) Ref.

4.635(2) 15.019(3) 279.3(2) 0.2778(2) 1.288(1) 2.1018(4) a

4.636(1) 15.026(2) 279.6(1) 0.2775(1) 1.286(1) 2.1031(3) b

4.6328(2) 15.0129(5) 279.05(3) 0.27740(7) 1.2851(4) 2.1017(1) C

4.632 14.991 278.5 0.2778 1.285 2.100 *

C11 C12 C13 C14 C33 C44 C66 Ref.

258.7 75.6 58.8 -19.1 155.5 54.8 91.6 d

CaCO3

a(Å) c(Å) V(Å3) x(O) rc-o(Å) rca-o(Å) Ref.

4.988(1) 17.061(1) 367.6(1) 0.2567(2) 1.280(1) 2.3595(5) a

4.991(2) 17.062(2) 368.1(3) 0.2573(2) 1.284(1) 2.3590(8) e

4.9896(2) 17.061(1) 367.85(5) 0.2568(1) 1.2813(6) 2.3598(3) C

4.995 16.920 365.6 0.2567 1.283 2.354 *

C11 C12 C13 C14 C33 C44 C66 Ref.

148.1 55.9 54.6 -20.6 85.6 32.7 46.1 f
145.7 55.9 53.5 -20.5 85.3 33.4 44.9 f

8.5 8.0 2.75 2.21 h , i

cally from the minimum energy condition. With the optimized q values, the
rc-o bond length was relaxed in its turn for V/V0 = -9%,-6%,0%, +6%;
the E (r c - o ,V ) surface was calculated and the best rc-o lengths were



determined by the condition (dE/drc -o ) v= 0, yielding the linear fit:

rc-o = 1.1896 +2.8150 x 10
_ 4V
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Eventually, the q ratio vs. V was optimized again by using the above com-
puted rc-o(v ) distance instead of its fixed experimental value, and the
results were least-squares interpolated according to a cubic polynomial.

By computing the energy for each volume with the optimized rc-o and
q quantities, instead of the fixed equilibrium experimental values, the E(V)

curve for the fully relaxed structure was obtained (Table 3 ) . By polynomial
interpolations, the equilibrium least-energy volume Vo was derived, and by
substitution into the above q(V) and r c-o(v) relations all other structural
parameters were determined and compared to experimental values (Table
4) . The calculated volume is in excellent agreement with that extrapolated
to 0 K from X-ray data; neglecting the structure relaxation, a slightly larger
volume (281.1 Å3) would be obtained. On the other hand, the equilibrium
c/a ratio and rc-o bond length are somewhat over- and underestimated,
respectively, by comparison with measured values.

In order to assess the importance of polarization functions for reproduc-
ing the equilibrium geometry, the whole calculation was repeated omitting
the d orbitals from the basis sets of all three atoms Mg, C and O. The equi-
librium C-O distance turns out to be larger, and the c / a ratio smaller with
respect to the values computed with the larger basis set. Thus inclusion of
d orbitals in the atomic basis sets produces a shortening of the C - O bond
length in the CO3 group, consistently with Hartree-Fock calculations on
molecular systems containing C - O bonds[22].

The dependence of the energy on volume, if interpolated by a suitable
analytical formula, yields all relevant information on the equations of state
of magnesite a t  0 K . The Murnaghan equation[26], widely used in solid
state thermodynamics, is based on the assumption of a linear dependence
of the elastic bulk modulus on pressure ( B = B0 + B1p):

(1)

By interpolation of the computed E(V) points, the Murnaghan parameters
reported in Table 3 were obtained. By differentiation of the E(V) function,
the pressure p(V) = _dE/dV can be computed, and thus a full represen-
tation of the thermodynamical behaviour a t 0 K is derived.

The same computational scheme was followed for calcite. The values ob-
tained for E, c/a and x(O) as functions of V/V0 are reported and compared
to the corresponding quantities ofmagnesite in Table 3 . By substituting V0
for V in least-squares polynomial interpolations of q(V ) and x(V ), and
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TABLE 3. Hartree-Fock energies (including relaxation contribution), and relaxed c/a

0ratios and oxygen fractional coordinates vs. V/V0 for magnesite and calcite. The V / 6
(least-energy volume per formula unit), E0 = E(V0), Bo (zero-pressure bulk modulus)
and B' = ( d B / d p )o = 0 quantities have been fitted to a Murnaghan equation of state.

MgCO3

0.9117 462.3615 3.1918 0.27927

0.9418 462.3650 3.2184 0.27762

0.9718 462.3669 3.2470 0.27614
1.0019 462.3674 3.2748 0.27461

1.0319 462.3667 3.3021 0.27313

1.0620 462.3651 3.3241 0.27153

V0 /6 = 46.53 Å3

B0 = 124.73 GPa

V/V0 E(hartree) c / a x ( O )

E0 = 462.3674 hartree
B' = 3.08

CaCO3

0.8674 939.5235 3.2359 0.25574
0.8960 939.5289 3.2974 0.25512
0.9246 939.5327 3.3528 0.25436

0.9532 939.5350 3.3995 0.25335

0.9818 939.5361 3.4446 0.25243

1.0104 939.5363 3.4830 0.25128
1.0390 939.5355 3.5178 0.25018

V0 /6 = 64.32 Å3

B 0 = 75.27 GPa

V/V0 E(hartree) c/a x (O)

E0 = 939.5363 hartree

B' = 4.63

using the relationships between a , c, rC_ O , rM-O and q , x, the theoretical
equilibrium values (at zero pressure and temperature) of unit-cell constants
and relevant bond lengths were obtained (Table 4). These results are com-
pared to experimental values extrapolated to T = 0 K reported in Table 2.
Two main features appear by inspection of Table 4. First, the theoretical
unit-cell volume of calcite is significantly overestimated, while that of mag-
nesite reproduces the experimental value very closely. This result is related
to a lengthening of the computed vs. observed Ca-O bond distance, which
does not occur appreciably in the Mg-O case. A similar effect has been
observed in many instances, and seems to be due to the intrinsic Hartree-
Fock error increasing sharply in compounds of fourth- vs. third-row atoms:
see the case of CaO[27] compared to MgO[28]. The corrections for electron
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TABLE 4. Structural data (units as in Table 1) of magnesite and calcite, calculated by
minimizing their quantum-mechanical ab initio energies. The percentage errors with
respect to experimental values extrapolated to 0 K (Table 1) are reported.

MgCO3 CaCO3

ao -0.3 +1.0

4.618 Å 5.045
co + 0.8 +3.5

15.114 Å
17.504

co/ao +1.1 +2.4

3.273 3.469

x0 -1.0 -2.0
V0 279.2 Å3 +0.2 385.9 +5.5

0.2746 0.2517

r0
c-o -1.3 - 1.0

1.268 Å 1.270
+0.4 +2.5

2.109 Å 2.412

0

correlation based on the local density functional theory, which are presently
available (cf. Perdew et al.,[29]), account satisfactorily for the equilibrium
energy but not for its volume dependence. Thus more work in this field
is needed to solve that problem. The second feature is the elongation dis-
tortion (parallel to c ) of the calculated vs. experimental unit-cell, which is
larger for calcite but appreciable in magnesite as well. As a result, the com-
puted c edge of calcite appears to be substantially overestimated. N o simple
explanation can be given for this result, unless it is ascribed to neglect of
polarization and dispersion effects which is intrinsic in the Hartree-Fock
approximation, and which could play a larger role for inter-layer interac-
tions affecting specifically the normal direction [001]. On the other hand,
it is interesting to remark that an even larger elongation distortion of the
calcite unit cell ( c / a = 3.564) is produced by the classical simulation based
on empirically optimized interatomic potentials discussed below, though
the computed volume fitted the experimental one very closely. Eventually,
a very similar shrinking of the C-O bond length appears in the computed
structures of both carbonates.

As experiments are usually done a t constant pressure, rather than at
constant volume, it can be useful to transform the computed dependences
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on volume of structural parameters of the two carbonates into pressure
dependences. This is done by the p(V ) Murnaghan relation

(2)

using the optimized parameters (Table 3). The values obtained for the unit-
cell constants and for the C - O, Ca-O and Mg-O bond distances, referred
to the corresponding values at p = 0, are plotted against pressure in Figs.
2, 3, 4 for calcite and magnesite. Least-squares parabolic interpolations
were carried out for the pressure dependence of a/a0, c/c0,

are reported in Table 5. The pressure dependences of ratios r / r0 (where
r is any of the above structural variables) are believed to be reasonably
independent of errors in the r0 parameters. The unit-cells appear t o be
compressed in a remarkably anisotropic way, with a larger shrinking of the
c with respect to the a edge. This is clearly related to the presence of (001)
layers of nearly uncompressible CO3 triangular groups in the structures,
as shown by the behaviour of the C - O bond length in Fig. 4 and in Table
5. On the other hand, this anisotropy is more pronounced for calcite than
for magnesite, consistently with the larger compressibility of the Ca-O vs.
Mg-O bond distance. 

      and                 of both minerals; the coefficients obtained

Figure 2. Computed hexagonal unit-cell constants of magnesite versus pressure.
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Figure 3.
values (p=0) of Table 4, plotted versus pressure.

Computed hexagonal unit-cell constants of calcite, divided by the least-energy

While no data are reported in the literature on the pressure dependence 
of the crystal structure of magnesite, calcite is well known to undergo a re-
versible phase transition (at 1.5 GPa) to the monoclinic polymorph CaCO3-
II, followed by a further transformation a t 2.2 GPa into the CaCO3-III
phase[30]. Moreover, both modifications are considered to lie within the
equilibrium stability range of aragonite. Thus, the results obtained for cal-
cite are useful to characterize a hypothetical high-pressure metastable state
of the rombohedral polymorph of CaCO3; this is important for thermo-
dynamical evaluations concerning the calcite/aragonite phase transition.
The other rombohedral carbonates studied at high pressure are dolomite,
CaMg(CO3)2, and ankerite, CaFe(CO3)2. Their crystal structures were re-
fined up to 4.7 and to 4.0 GPa in the first and in the second case, respec-
tively, without observing any phase transitions[31]. The case of dolomite
is particularly relevant here, because its structure, containing CaO6 and
MgO6 coordination octahedra, shares features of both calcite and magne-
site, so that its experimental pressure dependence can be usefully compared
to our theoretical results concerning individual CaCO3 and MgCO3. The
mean linear compressibilities of the a and c cell edges of dolomite are 1.92
and 5.82 TPa-1, respectively; these values are intermediate between those
computed for the Ca and Mg carbonates, but closer to the latter. Thus
the stiffer MgO6 octahedron seems to condition the unit-cell compression
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Figure 4 .
values at p=0 (Table 4), plotted versus pressure.

Computed interatomic distances of calcite and magnesite, divided by the

of the mixed carbonate. On the other hand, the linear compressibilities
of the Ca-O and Mg -O bonds obtained by quadratic interpolations of the
dolomite data reported by Ross and Reeder[31]  are 4.43 and 3.04 TPa

_1,
respectively, which compare very well with the theoretical results for calcite
and magnesite (Table 5).

_
dV 2

3.2. ELASTIC AND VIBRATIONAL PROPERTIES

= (1/2V0)a2(d2E/da2)a=a0 : the

For both magnesite and calcite, the elastic bulk modulus B0 = V0(d2 E)v =v0

was computed straightforwardly by the Murnaghan interpolation formula,
while of the elasticity tensor only the C33 component and the C11 + C12 lin-
ear combination could be calculated in a simple way. The relations used are
C33 = and C11 + C12
deformations involved preserve the full symmetry of the crystal structure.
To derive other elastic constants, the symmetry must be lowered with a con-
sequent need of complex calculations for structural relaxation. A detailed
account of how to compute the full tensor of crystal elasticity by use of sim-
ple lattice strains and structure relaxation was given previously[10, 11]. For
the present deformations only the rc - o (V ) relaxation need be considered.
The results are reported in Table 6, together with the corresponding values
extrapolated to 0 K from experimental data (Table 2). For calcite, the mea-
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TABLE 5. Least-squares interpolation coefficients of the quadratic pressure dependence
1+ D1 x p + D2 x p² for unit-cell constants and bond lengths. The corresponding linear
compressibilities are given by minus D1 .

MgCO3

D1 D2

a/a0 -1.98 T P a - 1

24

51
c/c0 -4.16

rc-o - 0.46

rMg-O -3.20
40

CaCO3

a/a0 -2.58 T P a - 1

c/c0 -7.63 116

-4.94 103

D1 D2

68 TPa-2

- 0.57 ~

surements of elastic constants a t variable temperature of Dandekar[32] and
Dandekar and Ruoff[33] (298-523 and 160-300 K, respectively) were used
for the extrapolation. For magnesite, owing to the lack of thermal data the
same temperature coefficients derived for the elastic constants of calcite
were employed, too.

All calculated values are overestimated with respect to experimental
data in the case of MgCO3, and the effect is larger for the C33 constant.
For CaCO 3 the error is smaller or even negative, because the overestimate
of the unit-cell volume leads to a smaller rigidity. However, also in this
case the C33 component has a positive error. This means that the MgO6

and CaO 6 coordination octahedra are not only more elongated, but also
stiffer with respect to compression along the threefold axis, by comparison
to experimental behaviour.

As a by-product of computing the relaxation energy of the C - O bond
length, the vibrational frequency C - O of the Raman-active total-symmetri-
cal A1g mode (symmetrical stretching of the CO3 group) can be obtained.
Since there are three C - O bonds per formula-unit, the force constant is
given by
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TABLE 6. Theoretical and experimental (extrapolated to T = 0 K , cf. Table 2)
.elastic and vibrational properties of magnesite MgCO3 and calcite CaCO 3. vc-o and

are the frequency and the mode Grüneisen parameter, respectively, of the A1g

C - O stretching in calcite. a: Liu and Mernagh, [33].

exp calc (%)
MgCO3
B0 117 125 GPa +6.8

C33 159 187 GPa +17.6
C11 + C12 361 392 GPa +8.6
CaCO3

C33 90 96 G P a +6.5

C11+C12 230 224 GPa -2.9

B0 80 75 GPa -5.8

vc-o 32.6" 36.3 THz +11.3
0.4a 0.3 -25.0

hence the frequency

vc-o =

is derived, where M(O) is the mass of the O atom. In Table 7 the results
obtained for different volumes in the case of CaCO3 are reported. The
frequency at equilibrium volume V0 is shown and compared to the mea-

TABLE 7. Force constant of the C-O bond ( N m-1) and vibrational frequency of the
C-O stretching mode ( T H z) computed for calcite as functions of volume.

V/V0 kc-o vc-o
0.8674 1480 37.6
0.8960 1469 37.4
0.9246 1434 37.0
0.9532 1413 36.7
0.9818 1389 36.4
1.0104 1365 36.1
1.0390 1333 35.7

sured Raman value[34] in Table 6: a moderate overestimate is observed,
consistent with the systematic Hartree-Fock positive error of computed vi-
brational frequencies in molecular systems[22]. Also the mode Grüneisen
parameter for the C - O stretching can be obtained, by differentiating the
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volume dependence of the frequency: = The
computed value compares reasonably (Table 6) with that determined by
Raman spectroscopy at high pressure[35,36].

3 . 3 . BINDING ENERGIES

The difference between total crystal energy per formula unit (computed
for the optimized equilibrium structure) and energies of isolated atoms
gives EB (HF) , the Hartree-Fock approximation t o the binding energy of
magnesite and calcite (Table 8). The atomic energies were calculated with

TABLE 8. Total energies per formula unit for individual atoms and for MgCO3
and CaCO3 (calcite), and binding energies of magnesite and calcite (energy unit:
hartree = 4.35975×10-18 J) . Hartree-Fock and electron correlation (Perdew et al.,
[27]) corrected values are reported. ∆(%) is the percentage error of binding energy
with respect to the experimental value (from thermochemical cycle).

calc. exp.
HF correl. HF+correl.

-74.7943
-37.6648 -0.1582 -37.8230

-0.2552 -75.0495 —

-200.0522E (Mg) -199.6042 -0.4480 —

-676.7258 -0.8436 -677.5694 —

—

E (O)
E (C)

E(Ca)

(%)

-29.8 -7.5

—E(MgCO3) -462.3674 -1.6150 -463.9824

EB(MgCO3) -0.716 -0.244 -0.960 -1.038

E (CaCO3) -939.5363 -2.0093 -941.5455

EB(CaCO3) -0.763 -0.242 -1.005 -1.087

-31.0 -7.5
—

the basis sets of Table 1, omitting the d orbitals and adding two diffuse
sp shells for Mg and Ca (8-51111G and 8-651111G, respectively), and a
single shell for 0 (8-4111G) and for C (6-211G). In this way the more
diffuse character of atomic wavefunctions in the absence of chemical bonds
was accounted for. The exponents of the outer shells were optimized. The
contribution of electron correlation to the binding energy was estimated by
the density-functional formula of Perdew et al.[29], applied to the Hartree- 
Fock charge densities of the crystal and of the isolated atoms.

For a comparison, the experimental values of the binding energies of
magnesite and calcite were computed from the corresponding formation
enthalpies a t 298 K, by applying a conventional Born-Haber thermochem-
ical cycle. Solid Mg, Ca, C, MgCO3 and CaCO3, and gaseous O2 were
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ideally cooled down to  0 K; sublimation of Mg, Ca and C and dissociation
of O2 molecules followed. Because no heat capacity data could be found for
MgCO3, its cooling energy was estimated from the corresponding result of
calcite CaCO3. The zero-point vibrational energies of the two carbonates
was evaluated by the Debye model, using values = 469K for calcite[37],
and 739 K for magnesite obtained by application of Anderson’s[38] method
to the elastic constants. All other data involved are taken from Weast[39].

The HF theory substantially underestimates the binding energy (in ab-
solute value), as expected. It should be noticed that omitting the d orbitals
from the atomic basis sets in the two carbonates would increase the error to
-40% . On the other hand, we believe that the values of EB(HF) reported
in Table 8 is close to the true HF limit. A large improvement is observed by
including the corrections for electron correlation. The residual errors may
be partly related to the approximations in the correlation correction, partly
to some residual inadequacy of the HF variational basis set, and partly to
approximations in the thermochemical data used to obtain the experimen-
tal binding energies. 

3.4. CHEMICAL BONDING AND CHARGE DENSITY

The charge distribution on individual atoms and on chemical bonds in the
two carbonate phases can be estimated by means of a Mulliken population
analysis based on the corresponding Hartree-Fock wavefunctions (Table 9).
Significant contributions are observed from the d shells of all atoms, but
that of C is an order of magnitude larger than the other ones. This confirms
the importance of d orbitals for a correct account of the C - O bonding. The
net atomic charges indicate not only a strong back-transfer of electrons in
the covalent C - O bond (consistently with the large overlap population), but
also a substantial deviation from ionicity for the Mg-O interaction, and a
smaller one but not negligible for Ca-O, too. The Mg charge is lower than
those computed in MgO (1.95 e ) and in MgF2 (1.80 e ) by Causà et al.[28]
and Catti et al.[11], respectively, with similar orbital basis sets. The Mg-
O overlap appears to be populated by a small but significant fraction of
electrons, again pointing to the partially covalent bonding between Mg and
the carbonate ions. The cation-oxygen interaction in the two carbonates
scales reasonably for the Mg-Ca pair, according to the corresponding net
atomic charges. This scaling can be compared to that observed by similar
calculations on CaF2 = 1.868 e) and MgF2 = 1.803 e)[10, 11].
It should also be noticed the relevant antibonding population of the O-O
interaction, due to strong repulsion between oxygen atoms belonging to the
same CO3 group.
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TABLE 9. Mulliken charges and bond populations ( e units) for individual atoms
and for atomic pair overlap in MgCO3.

Mg 0 C C a 0 C

1s 2.000 1.997 1.997 2.000 1.997 1.997
2sp 6.456 2.704 1.671 8.077 2.675 1.705
3sp 1.448 2.471 0.944 4.564 2.764 1.048
4sp 0.327 1.791 2.440 1.513
5sp 0.946
3d 0.019 0.023 0.180 0.120 0.023 0.185
total 10.250 8.986 4.793 18.146 8.973 4.936
net charge z +1.750 -0.986 +1.207 +1.854 -0.973 +1.064

Mg-O O-O C - O      C a - O O-O C - O

total +0.029 -0.065 +0.389 -0.010 -0.110 +0.378

Figure 5.
A Mulliken partition scheme was used to obtain atomic orbital contributions.

Total and projected densities of states (DOS) of MgCO3 (a) and CaCO3 (b).

A more complete picture of the electron energy distribution is given 
by the density of states (DOS), reported in Fig. 5 for both magnesite and
aragonite. In particular, by projecting the total DOS onto contributions
of specific atomic orbitals, it is possible to interpret the band structure of
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Figure 6. Total (a) and difference (crystal minus atomic superposition) (b) electron den-
sity maps on the plane of the CO3 molecular unit for magnesite and calcite. Continuous,
dashed-dotted and dashed lines indicate positive, zero and negative values, respectively.

valence electrons. All three upper bands, starting from the Fermi energy
downwards, are contributed by the p orbitals of O, plus s(O) and p ( C ) in
the second band and s(O) and s (C) in the third one. Thus the first band is
related to excess p electrons on O giving rise to the mainly ionic interaction
with Mg or Ca. The second band, on the other hand, and to a lesser extent
the third one as well, correspond to sp overlap in the C-O covalent bonding. 
This finely structured DOS of magnesite and calcite should be compared to
the much simpler ones found for MgO and MgF2, where the upper valence
band gives a single sharp peak due to p(O) or p(F) electrons only.

The steric and anisotropic character of chemical bonding in magnesite 
and calcite is well represented by maps of total and difference (between
crystal and atomic superposition) electron density. Results of this compu-
tation on the plane of the CO3 group are shown in Fig. 6. The deformation
of O atoms from spherical shape can be noticed even in the total map, but is
very evident from the difference density. Three main features appear in Fig.
6b: the build up of bonding electron density along the C - O directions, the
peculiar two-lobe shape of charge distribution around the O atoms, and the
withdrawal of electrons from the angular sectors between C - O directions.
These results are fully confirmed by inspection of the deformation density
map[40] computed as difference between experimental X-ray data and data
calculated by spherical atomic scattering factors. Similar features are also

Contour lines are separated by 0.025 (a) and 0.005 e Bohr-3 (b).
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Figure 7. Total (a) and difference (b) electron density maps of magnesite on the plane
1-2-3-4 in Fig. 1, showing the coordination environment of the O atom. Symbols and
scale as in Fig. 6.

observed in a difference density map computed for the isolated CO3 ion,
starting from 4-31G basis sets[41]. Thus the two-lobe shape of the extra
electron charge on the oxygen atoms should not be ascribed to intermolec-
ular interactions in the crystal, but rather to the bonding pattern of the
carbonate ion.

Charge density maps were also calculated on the plane determined by
atoms 1, 2 and 3 in Fig. 1, in order to show bonding features in the co-
ordination shell of the O atom (Fig. 7). The latter is ionically bonded
to two Mg or Ca atoms, and attains, with the covalent C - O bond, a pla-
nar triangular coordination. The total map for magnesite shows a small
but significant electron density build up along the Mg-O direction, indicat-
ing a covalent contribution to the bonding, consistently with the Mulliken
population analysis discussed above. The maps on the central section of
the MgO6 octahedron are shown in Fig. 8. An appreciable density is local-
ized along the four Mg-O bonds, so that significant deviations from pure 
ionic bonding can be inferred. On the other hand, the difference map shows
clearly the net electron charge on oxygen due to ionic charge transfer, and 
the typical contraction of the electron cloud with respect to free atoms
already observed in other cases[10, 11].
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Figure 8.
MgO6 coordination octahedron in calcite symbols and scale as in Fig. 6.

Total (a) and difference (b) electron density maps on a central section of the

4. Semiclassical results for calcite and aragonite

4.1. INTERATOMIC POTENTIALS

4.1.1. Calcite

The experimental static properties of calcite used in the fitting are reported
in Table 2. The spread of values from different sources gives an idea of the
real experimental uncertainty of these quantities.

A unit cell group analysis of the total vibrational representation of cal-
cite (K=0) leads to the decomposition
corresponding to 27 optical normal modes (9 one- and 9 two-dimensional).
Of these, 12 are internal modes of the two CO 3 molecular groups in the
primitive cell, and 15 are external modes of these groups and of the two
Ca atoms. The g and modes are Raman and infrared active, respectively,
with the exception of and A1u modes which are forbidden for both.
Experimental single crystal Raman[34] and IR[42] vibrational frequencies,
together with the frequency of one of the modes from inelastic neu-
tron scattering measurements[43], were used for the fitting of potentials,
and they are reported extensively by Pavese et al.[6]. IR active frequencies
show the TO-LO splitting effect; LO values were determined by Hellwege 
et al.

u

citeref41 by the minima of the dielectric function The values of the
dielectric tensor components (Table 2) come from Deer et al.[45] for = oo
and from Kaye and Laby[44] for ω = 0.

ω
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Two potentials (RIM and SM) were optimized for calcite, with the cal-
cium charge fixed at zCa = 2 e in both cases. In developing the SM po-
tential we took as a starting point the parameters obtained in the RIM
case, supplemented by values of the ks force constant and of the zOs/zOc
charge separation. In addition, the crystal structure was relaxed statically
to allow the O core and shell to reach an equilibrium distance, so as to pro-
vide the starting value of the dcs vector. Twelve parameters characterize
the SM potential instead of nine (RIM), bearing in mind that the disper-
sive coefficient cO-O was kept fixed. The optimized parameters obtained at
convergence for the RIM and SM potentials are reported in Table 10. The
computed least-energy lattice constants are reported in Table 11 (static
values), and can be compared to experimental values of Table 2. A slightly
smaller cell, more elongated along the trigonal axis coinpared to the X-
ray data is obtained with both potentials. However, the stretching effect is
larger in the SM than in the RIM case, which show increases of 6.3 and
4.2%, respectively, of the c/a ratio. Consistent results are observed for the
diagonal elastic constants (Table 12): the computed values of C 11 and C33

are slightly larger and smaller, respectively, than experimental data (Table
2), so as to simulate more/less rigidity along the shortened/lengthened unit
cell edges. Except for the C14 component, all other elastic constants give a
good agreement between RIM and observed values (average relative devia-
tion of 5.5%), while the SM results are slightly worse (a.r.d. 8.5%) because
the C44 component is significantly underestimated. In addition, the dielec-
tric behaviour of calcite appears to be simulated by the shell model rather
poorly, particularly for the limit at very high frequencies. The sign of
the computed C14 elastic constant does not match that of the experimental
value: this might be due to a different orientation of the Cartesian with
respect to the crystallographic reference frame in the two cases.

As for the vibrational data, the internal frequencies of the CO3 unit
are nearly reproduced within the limits of experimental error (the average
relative deviation is 2.4 and 1.5% for RIM and SM, respectively), except for
the v2u (T) (-12.4% for RIM) and (-7% for SM) values, which show
the largest deviations. The agreement is less good for the lattice modes,
giving average errors of 15.1 and 8.6% for frequencies computed by the RIM
and SM potentials, respectively. It should be remarked that frequencies not
included in the fitting do not show significantly larger errors than those
used in the fitting.

As expected, the shell model proves to be superior for simulating the
lattice dynamics of calcite, while static properties (cell geometry and elas-
tic constants) are reproduced better with the rigid ion model. However, the
overall difference between RIM and SM results is comparatevely modest,
and that can be considered to be a good performance for the simpler RIM
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TABLE 10. Parameters of the RIM, RIM1, RIM2 and SM potentials (first,
second, third and fourth line) used for calcite (RIM and SM) and aragonite
(RIM, RIM1 and RIM2).

zo ( e ) - 0.995 zca (e) 2.000

-1.095 (zos= -2.662, zoc= 1.567) 2.000

-0.939 2.000
-0.794 1.515

O-O Ca-O C-O

Aij (eV) 14683.5 1870.3 54129.5x10 8

1563461 2043.2 14461.0 x107

6106.3 83062.8 314629.3x10 8

20431.8 1605.4 13258.3x10 8

pij (Å) 0.2107 0.2893 0.0402
0.1366 0.2886 0.0458
0.2326 0.1856 0.0370
0.2127 0.2965 0.0415

cij (eV Å6) 3.47 0 0

3.47
3.47
3.47

(eVrad-2) 2.550 (eV) 0.092
4.040 0.156

17.752 0.334
2.881 0.113

(eV Å
-2

) 0

0
0

177.4

potential. On the other hand, the shell model appears somehow unsatisfac-
tory in fitting the dielectric behaviour.

4.1.2. Aragonite

The orthorhombic unit-cell of aragonite contains 20 atoms instead of 10 as
for calcite, so that the amount of static and dynamic crystal data avail-
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4.908 17.493 364.9 static

0

4.922 17.639 370.1

0

300 4.926 17.678 371.5
500 4.932 17.739 373.7

4.873 17.718 364.4 static

0

4.884 17.825 368.2

0

300 4.888 17.861 369.6
500 4.894 17.917 371.6

RIM

SM

able and the amount of computation, needed to optimize potentials, is
much larger. The structural variables are nine independent atomic coor-
dinates and three cell edges; a slight pyramidal deformation of the CO3
group is observed, with respect to the planar configuration present in cal-
cite. A single very old set of elastic data[46] is available and is reported by
Hearmon[47]. The symmetry of optical phonons a t the centre of Brillouin
zone is described by the group-theoretical set of irreducible representations
9Ag +6B1g +6B2g +9B3g +6Au+8B1u +8B2u+5B3u giving the required num-
ber of 57 one-dimensional normal modes of vibration (24 are internal and 
33 external modes). All g phonons are Raman active, while u phonons are
IR active except for those of type A,. Infrared frequencies were measured
by Schaefer and Matossi[48] and are reported by later authors[49, 19],while
Raman data come from Couture[50]. This set of experimental frequencies
(set I) is not complete, and assignments can only be done unambiguously
for internal modes, as external frequencies are quite close to one another in
a fairly narrow range. A more recent spectroscopic study of aragonite[51],
concerning Raman data for internal and external modes, and IR data for
internal modes only, provides the set II of data. The agreement with the
former set of measurements is good, except for some inconsistencies con-
cerning the symmetry assignments of two Raman and one IR phonon. The
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TABLE 12. Elastic constants (GPa) and dielectric tensor components of calcite
computed by RIM and SM potentials. Pecentage deviations with respect to some
of the experimental values reported in Table 2 are given.

RIM (%) SM (%)

C11 152.7 +3.9 152.6 -0.0

C33 77.8 -9.0 79.0 -7.6

C44 30.4 -8.2 24.4 -26.3

C12 56.8 +l .6 57.3 +2.5

C14 10.8 7.3

C66 48.0 +5.5 47.6 +4.6

C13 53.9 - 0.4 50.8 -6.1

€ (0)11 5.7

€ (0)33 8.5
1.37
1.33

first potential studied (RIM1) has the same analytical form as RIM of
calcite. However, as its performance turned out to be worse, the constraint
zCa = + 2e was relaxed by optimizing a second potential (RIM2) with zCa as
tenth parameter to be fitted. The parameters obtained for both potentials
are reported in Table 10. No shell model-type potential (cf. SM of calcite)
was tried for aragonite, because it would have nearly doubled the number
of parameters. In addition, results on calcite show that the improvement of
the SM over the RIM potential was not significant. The values of unit-cell
edges and elastic constants, computed by the RIM1 and RIM2 potentials,
are compared to measured data in Table 13. The unit-cell simulated by
RIM1 appears to be slightly elongated parallel to c and contracted along
the other two axes; this resembles the behaviour observed in calcite, taking
into account that for both structures the c direction is normal to planes of
CO3 groups. The average relative deviation of lattice constants is similar in
the two cases, while the RIM2 potential nearly exactly reproduces the unit-
cell geometry of aragonite with no distortion. As for the elastic constants,
the a.r.d.’s obtained for RIM1 (18.5%) and RIM2 (10.0%) cases, excluding
the off-diagonal components, are clearly less satisfactory than those found
for calcite; the C 12,C13 and C23 terms appear to be quite incorrect. How-
ever, there are some reasons to believe that these very old experimental
values may be affected by significant errors: in particular, the off-diagonal
components are much smaller than the corresponding ones of calcite, while
this is not the case for diagonal terms.
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TABLE 13. Experimental unit-cell da ta (De Villiers, 1971) and elastic constants[45] of
aragonite compared to values calculated by RIM1 and RIM2 (optimized on aragonite)
and RIM (optimized on calcite) potentials. Quantities with asterisks were not included
in the fitting of RIM1 and RIM2.

exp. RIMl RIM2 RIM
a Å

4.961 4.875 4.972 4.951

b

7.967 7.904 7.979 7.940 
c

5.740 5.896 5.730 5.736 
V 226.9 227.2 227.3 225.5 Å3

C11 159.6 164.4 157.7 194.2 GPa
C22 112.0 100.9 117.1

C33

C44

C55

87.0

85.0 59.2 68.3 71.3 

41.3 40.5 36.0 44.1

25.6 33.9 24.1 34.5

42.7 49.0 41.1 43.8

36.6' 65.3 58.0 65.9

39.0 34.1 35.7

C66

C12

C13

2.0'

15.9' 48.2 50.4 50.2
C14

The agreement observed between calculated vibrational frequencies and
the set I of experimental data is surprisingly good, not only for internal
(a.r.d. 1.7 and 2.7% for RIMl and RIM2, respectively) but also for exter-
nal (10.3 and 11.0%) modes, taking into account that the latter were not
included in the fitting and that their number is large. These results are
even better than those obtained by the rigid ion model for calcite. How-
ever, it is surprising that the more flexible RIM2 potential gives a slightly
worse agreement with vibrational data than RIM1; this is probably related 
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to the significant superiority of RIM2 over RIM1 in describing the lattice
and elastic properties. Thus relaxing the calcium electric charge from its
formal value proves to affect the static properties of aragonite much more
than the dynamic ones. As for the set II of measured data, they compare
similarly with computed results.

4.1.3. Discussion

It would he highly desirable to obtain a single potential that accounts si-
multaneously for the properties of both polymorphs of CaCO3. Optimizing
a rigid ion model for both calcite and aragonite was indeed attempted,
but unfortunately failed because of the excessive number of physical con-
straints. Thus a different approach was tried, i.e. exchanging the potentials
between the two polymorphs. This could only be done for the rigid ion 
models (RIM for calcite, and RIM1 and RIM2 for aragonite), since a shell
model was not developed for aragonite for the reasons discussed above.

The results of using the RIM potential to model aragonite are reported
in Table 13. The most direct comparison should be done with results per-
taining to RIM1 rather than to RIM2, where the zCa charge was varied as
well. The overall agreement between calculated and experimental data is
similar for both RIM and RIM1. For the unit-cell geometry, the results of
RIM are even better than those of RIM1, while for the elastic constants
a slightly worse agreement is observed, with an average relative deviation
of 19.4 against 18.5%. External and internal vibrational frequencies give
a.r.d.’s of 11.8 and 2.5%, respectively, against 10.3 and 1.7% for RIM1.
These results can be considered as satisfactory, taking into account that
none of the aragonite data was included in the fitting of the RIM potential.
The weak point of simulations for aragonite are the elastic constants, the
measured values of which may not be fully reliable as argued above.

The RIM1 and RIM2 potentials, fitted to aragonite, were used to com-
pute the properties of calcite. However, in this case the results (which are
not reported in detail for shortness) are definitely less satsfactory than
those obtained by the RIM potential optimized on calcite itself. The unit-
cell volume increases by 6.2 and 3.9% for RIM1 and RIM2, respectively,
against -0.8% for RIM. The elastic constants show a.r.d.’s of 12.4 and 21.2%
against 5.5%. On the other hand, the RIM1 potential produces an agree-
ment between calculated and observed optical phonons for the zone centre
comparable to that  of RIM, while RIM2 is clearly worse. This seems to
confirm again that the real difficulty in optimizing a unique potential for
both polymorphs lies in the correct, reproduction of the elastic constants of
aragonite. Thus, both potentials RIM and RIM1 simulate the vibrational
behaviour of calcite and aragonite. However, for the static properties RIM
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Figure 9.
computed using the RIM, RIM1 and RIM2 parameters (cf. Tables 3 and 4).

Born-type potential energy of O-O interactions vs. interatomic distance,

gives comparable results to RIM1 on aragonite, while RIM1 works decid-
edly less well than RIM for calcite. The RIM2 potential, with its fractional
charge on Ca, is even more specific to aragonite and even less transferable
to calcite than is RIM1.

The three rigid-ion potentials RIM, RIM1 and RIM2 are compared by
plotting the energy vs. interatomic distance E(r) for the O-O (Fig. 9) and
Ca-O (Fig. 10) atom-atom pairs. A common trend is observed: the two-
body potential energy decreases (in absolute value) from RIM to RIM1, and
to a greater extent from RIM1 to RIM2. Such an effect may be ascribed
to two causes. First, the aragonite structure is characterized by a smaller
molar volume and shorter interatomic distances than calcite. This would
lead on the average to stronger Ca-O attraction and O-O repulsion ener-
gies, which are balanced by lowering the interaction potentials RIM1 and
RIM2 fitted to aragonite with respect to RIM fitted to calcite. Second, by
decreasing the interaction strength the errors of poorly reproduced proper-
ties (like some elastic constants of aragonite) are lowered significantly, thus
improving the fitting of aragonite. This behaviour is enhanced for the RIM2
potential because the reduction of zca charge allows for a larger decrease
of all charges, such that the two-body potentials are lowered much more. 

As for the C-O interaction, the most evident effect is given by the in-
crease of the angular force constant kΘ in the sequence RIM RIM1 RIM2
(Table 10). In the RIM2 case, the value attained by seems to be really
too large to be physically reasonable. The effect balances the decrease of

kΘ



SIMULATION OF MG-CA CARBONATES 143

Figure 10.
computed using the RIM, RIM1 and RIM2 parameters (cf. Tables 3 and 4).

Born-type potential energy of Ca-O interactions vs. interatomic distance,

O-O repulsion, which would bring about too weak a O-C-O bending term.

It can be concluded that a rigid ion model supplemented by bond-
bending harmonic interactions within CO3 (RIM potential), fitted to cal-
cite properties, is able to account for structural, elastic and vibrational
data of both aragonite and calcite. The slight improvement obtained by a
specific fitting to aragonite (RIM1) might be related to the poor quality
of some experimental data of that phase. The RIM potential is believed to
be transferable to other CaCO3 polymorphs, and thus will be the basis for
theoretical studies of thermodynamics and phase equilibria in the calcium
carbonate system.

4.2. QUASI-HARMONIC EQUILIBRATION

4.2.1. Calcite

Quasi-harmonic equilibrations were performed a t p = 1 bar and T = 0,
300 and 500 K. The unit-cell constants obtained are reported in Table 11
for each of the two potentials, together with results of the purely static
equilibration (at 0 K). The most interesting feature concerns the volume
behaviour, which shows a strong increase from its static value a t 0 K by
including the zero-point contribution of vibrational energy. This amounts
to 46.6 or 47.5 kJ mol-1 for the RIM or SM potential, respectively, and
produces a vibrational expansion of 1.4%, i. e. larger than the thermal
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expansion occurring from 0 to 500 K. The corresponding zero-point vibra-
tional pressure is reported in Table 14. It appears crucial, therefore, to con-

TABLE 14. Some thermodynamic quantities of calcite computed from
quasi-harmonic equilibrations. First and second lines report calculatd RIM and
SM results, respectively; in the third lines (where present) experimental values are
shown for comparison. a: Stavely and Linford [35];b: Jacobs et al. [51]; c: Dandekar
and Ruoff [31]; d: Interpolation of da ta by Rao et al. [53] and Chessin et al. [52].
*: Derived from the relation γ = using experimental values.

T 0 300 500 K

0.830 0.841 0.845
0.725 0.798 0.776

0.624* 0.509*

P vib 1.030 1.303 1.717 GPa
0.784 1.049 1.441

Cv 0.0 16.03 19.91 J K -1 g
atom  -1

0.0 15.89 19.70
16.69 a 20.56 b

Cp 0.0 16.13 20.17
0.0 16.05 19.91

16.75 a 20.66 b

BT 72.07 71.59 69.92 GPa

73.52 72.91 71.29
73.1 c 67.9 c

3.19 10 -5 K -1α 0.0 2.51

0.0 2.34 2.86
1.93 d 2.08

sider the lattice dynamics at 0 K to account correctly for absolute crystal 
volumes. The computed unit-cell is more elongated than the experimental
one (particularly in the shell-model case), and this distortion is maintained
through the temperature range. The same effect is observed in the purely
static calculation a t 0 K by Dove et al.[8].The absolute value of the volume
at room temperature reproduces the observed result satisfactorily, or with
a slight overestimate (most marked for the RIM potential).

A better insight into the quality of the quasi-harmonic calculation and
corresponding equation of state is obtained by considering the other ther-

d
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modynamic quantities reported in Table 14. A good agreement between
computed and observed values (where available) is found in all cases, ex-
cept for the average Grüeneisen parameter and the related thermal ex-
pansion coefficient α: this is overestimated by 30% (RIM) or 21% (SM) at
300 K, and the discrepancy tends to increase with temperature. It may be
worthwhile to look at some selected mode Grüneisen parameters (Table 15)
for which experimental results have been obtained by high-pressure Raman
spectroscopy[35]. In the case of the internal modes, the RIM computed γ n

TABLE 15. Vibrational frequencies (THz) and mode Grüneisen parameters for
five Raman active modes of calcite. a: Liu and Mernagh [33] .

expa RIM SM
v13 Eg 4.68 4.07 3.67

1.18 0.91 0.97

1.38 2.11 2.05

v4g Eg 21.38 21.07 21.25
0.24 0.32 0.17

v1g A1g 32.53 30.54 32.23

v3g Eg 42.99 38.64 40.78
0.47 1.01 0.69

v14 Eg 8.48 7.66 7.33

0.41 0.71 0.29

values are systematically larger than the SM ones, while the experimental
values lie in-between. On the other hand, the experimental value of γ is even
smaller than the corresponding SM result (Table 14). Thus, the reason for 
the error in γ appears to be related to a systematic overestimate of γn val-
ues of most external modes by both the RIM and SM models, as indicated 
by the case ofthe γ14 mode. Indeed most modes with frequencies in the
range 6 to 9 THz show calculated n parameters larger than 2, and these are
all probably too large. This error is probably not related to the neglect of
intrinsic anharmonicity, but rather to inadequacies either in the potentials
(cf. the improvement of SM over RIM results) or in the approximations
used to simplify the quasi-harmonic model. In particular, our neglect of the
temperature dependence of the bulk modulus may play an important role,
and we believe that future calculations including the explicit vibrational
component of BT would improve the results significantly.

Let us now examine the thermodynamic quantities computed over a
range of temperatures, based on the structure equilibrated a t 300 K. The
density of vibrational frequencies is shown in Fig. 11 for the RIM and
SM potentials. Some differences concerning the internal modes of the CO3
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groups can be remarked upon: the shell model produces a significant in-
crease of frequencies, decreasing the dispersion of modes as well, so that the
corresponding peaks approach the shape of Dirac's delta functions. The
heat capacity at constant volume Cv has been calculated in the range 0 to
750 K. For comparison, two sets of experimental Cp data have been consid-
ered: from 0 to 300 K[37] and from 300 to 750 K[52]. The first set comes from
very accurate measurements by adiabatic calorimetry, while the second one
is based on less reliable DSC (differential scanning calorimetry) results. All
these values were transformed into Cv data by the equation Cp - Cv =
a2BTVT. The adiabatic compressibility = l / Bs of calcite was measured
between 160 and 523 K by Dandekar and Ruoff[33]; we used the quadratic
fit of these data = 12.515 + 0.003039T + 0.2562 x 10-5T2(10-3GPa-1)
over the whole temperature range considered. The unit-cell edges of calcite
are available as a function of temperature in the ranges 110 to 300 K[53]
and from 300 to 800 K[54]. The low temperature results underestimate sys-

Figure 11. Density of vibrational frequencies of calcite, computed by the RIM
(rigid-ion-model) potential (above), by the SM (shell model) potential and by Kieffer's
model (below, thick and thin lines, respectively).
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tematically the c value, as discussed by Rao et al[54]; so we increased all
low-T values of V by 1.1 Å3 in order to join them smoothly to the high-
T volumes. Then a parabolic interpolation of all data gave the relation
V = 365.68 + 0.006199T + 0.1468 x 10-5T 2 , which was used to derive the
coefficient of thermal expansion α(T ) to be put into the above formula.
In Fig. 12, the Cv(T ) curves corresponding to experimental and calculated
results are shown. The values of Cv computed by the RIM model appear to
be systematically underestimated by 2 - 4 higher temperatures. The shell
model values, on the other hand, are overestimated a t low temperature
(below 160 K), while for T > 260 K they are affected by a negative error
larger than that of RIM results. It should be noted that a comparison of
computed vs. measured Cp values would have shown a smaller error than
in the Cv case, because the coefficient of thermal expansion a is overes-
timated by the calculation, and so the Cp - Cv term partly compensates
for the Cv error. On the other hand, using the crystal structure unit-cells
equilibrated a t 100 K and a t 500 K to com pute Cv at low and at high
temperatures, respectively, improves the results by only a small fraction of
the error observed with respect to experimental data.

It is also interesting to examine the Cv results obtained for calcite by
using the empirical and purely harmonic Kieffer's model[55, 56, 57]. A den-
sity of states function was built up by considering three acoustic modes 
with sin-like dispersion and cut off frequencies of 76, 102 and 173 cm-1

Fig. 12 . Curves of Cv versus T for experimental (crosses, from Cp results of Stavely
and Linford[35] and Jacobs et al.[51]) and computed (dots: RIM; circles: SM; triangles:
Kieffer's model) data of calcite.
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Figure 13.
Symbols as in Fig. 12.

Curves of entropy S versus T for experimental and computed data of calcite.

(derived from elastic constants), four Einstein oscillators a t 714, 881, 1076
and 1455 cm-1 representing, with appropriate weights, the internal optical
modes, and an optic continuum ranging from 113 t o 345 cm-1 (Fig. 11).
The computed Cv values are plotted against T in Fig. 12 and compared
to those obtained by the full lattice- dynamical calculations and to the
experimental values. The results of Kieffer's model (KM) are surprisingly
good below 250 K, where they compare well with RIM and SM data; at
higher temperatures, however, they show significantly smaller, though still
reasonable, values.

In Fig. 13 the entropy curves are shown. The RIM and SM data have
been computed by the relation S = , while for the KM Cp

has been replaced by Cv in the integration formula.The agreement is very
good for the RIM results at low temperature; a t high temperatures, a slight
underestimation is observed. The SM data behave similarly as in the Cv

case, i.e. they show positive and negative errors a t low and high temper-
atures, respectively. KM results are always underestimated, probably as a
consequence of neglecting the Cp - Cv anharmonic term.

4.2.2. Aragonite

The crystal structure of aragonite was equilibrated statically at T = 0 K,
and quasi-harmonically at room temperature (Table 16). By examina-
tion of data at  300 K, for which a direct comparison with experimental
results[58] is possible, the computed unit-cell volume appears to be signifi-
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TABLE 16. Unit-cell edges and volume of aragonite calculated by static (0 K ) and
quasi-harmonic (300 K ) equilibrations (RIM and RIM1 potentials).

T (K) 0 300

a (Å) 4.951 4.982 RIM
4.875 4.894 RIM1

b(Å) 7.940 8.021 RIM
7.904 7.954 RIM1

c (Å) 5.736 5.864 RIM
5.896 5.986 RIM 1

V(Å3) 225.5 234.3 RIM
227.2 233.0 RIM1

Figure 14 . Curves of experimental Cp (crosses, from results of Stavely and Linford
[35] and computed Cv (dots: RIM; squares: RIM1; triangles: Kieffer’s model) data of
aragonite versus T .

cantly overestimated both by the RIM (+3.3%) and RIM1 (+2.7%) poten-
tials. This effect is mainly contributed by the c edge, which is correlated
with the distance between (001) layers of CO3 triangles. The same effect,
though to a lesser extent, was obtained for calcite as well. An explanation is
easily found by considering that for both phases the potentials were fitted
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Figure 15.

and RIM1 (below) potentials.
Density of vibrational frequencies of aragonite, calculated by the RIM (above)

to the room temperature experimental lattice constants, but using purely
static methods which are appropriate, in principle, for the absolute zero
only. Thus computed volumes at 0 K resemble those measured at 300 K,
while those calculated at 300 K are obviously overestimated. This weak
point would be hard to remove, because the optimization of the potential
is too complex a process to include a quasi-harmonic equilibration step in a
self-consistent way, at least with the present computational state of the art.  
The RIM1 potential gives a slightly smaller volume error than RIM, but at
the cost of a larger anisotropy error of the unit cell, as the computed c/a

ratio is larger by 5.7% (RIM1) and 1.7% (RIM) than the measured value.
As for the quantities related directly to the quasi-harmonic model, i.e.

Grüneisen parameter and thermal expansion coefficient, the only data de-
rived from measurements are, to our knowledge, those reported in diagrams
by Salje and Viswanathan[20]: γ = 1.80 and α= 6.5 x 10-5 K-1 a t room
temperature. These should be compared with the values computed by the
RIM (y = 2.61, α = 11.5 x 10-5 K-1) and RIM1 (γ = 1.50, α = 5.8 x 10-5
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Figure 16.
onite. Symbols as in Fig. 14.

Curves of entropy S versus T for experimental and computed da ta of arag-

K-1) potentials, which turn out to be substantially over- and slightly under-
estimated, respectively. The difference between these results is remarkable
considering the similarity of the potentials. In Fig. 14 the Cv values cal-
culated by the full lattice dynamical method (RIM and RIM1 potentials,
equilibration at 300 K) and by the empirical Kieffer’s model are reported
and compared to the experimental Cp up to 300 K[37]. No conversion from
Cp to Cv was attempted, because insufficient data on thermal expansion
vs. temperature was available. However, the difference Cp - Cv can be es-
timated from the corresponding one for calcite (Table 14), which turns out 
to be much smaller than deviations between measured and theoretical Cv

values; thus Cp can be safely used for the sake of comparison with computed
Cv in the case of aragonite. Calculated results are systematically underesti-
mated (by about 3% at 300 K) above 150 K for RIM and RIM1 and above
200 K for KM; the Kieffer’s model appears to give as good results as the
RIM potential, while the RIM1 data are slightly better.

The densities of vibrational states for the two potentials (Fig. 15) are
actually very similar, except for a somewhat wider gap for RIM1 between
the two peaks at higher frequencies, corresponding to inner modes of CO3.
As for the Kieffer’s model, the cut off frequencies of acoustic modes were
derived from elastic constants by the Voigt-Reuss-Hill approximation[38],
amounting to 51, 66 and 90 cm-1. An optic continuum ranging from 113 to
287 cm-1 was used, and four Einstein oscillators a t 708,867, 1042 and 1470
cm-1 with appropriate weights represented the internal optical modes. The
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values of the acoustic cut off frequencies appear surprisingly low, by com-
parison with the corresponding frequencies found for calcite and also with
the RIM and RIM1 densities of states of Fig. 12. Nevertheless, KM results
for Cv are very satisfactory, confirming the importance of error cancelling in
this simple model based on empirical spectroscopic data. The calculation of
entropy seems to be a more severe test with respect to heat capacity (Fig.
16). The RIM error has an opposite sign and is substantially larger than
in the case of calcite, while results are more satisfactory with the RIM1
potential, which is specific for aragonite.

5 . Conclusions

The MgCO3 and CaCO3 phases with rombohedral calcite structure have
been studied by first-principles quantum-mechanical techniques. A detailed
picture of structural relaxation as a function of volume has been estab-
lished, in good agreement with experimental data at  room pressure. These
results, together with the evaluation of some relevant elastic properties, al-
low the prediction of the static equations of state at the athermal limit from
ab initio calculations of these carbonates. The covalent bonding inside CO 3
molecular units and the prevalently ionic Mg-O and Ca-O interactions have
been fully characterized: a non negligible electron transfer between the di-
valent cation and CO3 ions, reflecting partial covalency between these two
entities, appears. The Ca-O bond length is slightly overestimated, while
Mg-O is not, consistently with results for simple oxides. The high-pressure
simulation shows a significantly larger compressibility of the calcite struc-
ture with respect to magnesite, according to thermodynamic instability of
the former phase against denser polymorphs. These results can be useful
for modelling pressure- dependent phase transitions and ion-exchange re-
actions in the carbonate system, taking also into account their consistency
with the behaviour of the mixed Ca-Mg phase dolomite.

The calcite and aragonite polymorphs of CaCO3 have also been investi-
gated by use of empirical interatomic potentials including two-, three- and
four-body terms, in the frame of a point-charge model supplemented by
covalent angular contributions. In particular, by fitting the parameters to
structural, elastic and vibrational properties, a charge distribution within
the CO3 molecular ion has been obtained which compares favourably with
the ab initio results. The partial atomic charges from different sources are
reported in Table 17. In model (b) ([18] Yuen et al., 1978) the energy
parameters were fitted solely to the equilibrium structure, whereas in (c)
([6] Pavese et al., 1992; cf. also RIM in Table 10) and (d) ([8] Dove et
al., 1992) the elastic and vibrational properties were included in the op-
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TABLE 17. Atomic charges (e units) in calcite and magnesite. MP = Mulliken
net charges from ab initio Hartree-Fock results; EF = empirical fitting to physical
properties. a: Catti et al., [60]; b: Yuen et. al., [18]; c: Pavese et al., [7]; d: Dove et
al. [8]; e: Catti et al., [5]

MP EF
a b c d

Ca 1.865 2.00 2.00 1.642
O -0.980 -0.98 -0.995 -0.894
C 1.075 0.95 0.985 1.041

e
Mg 1.750
O -0.986
C 1.207

timization process. In (b) and (c) the calcium charge was kept fixed at
the formal +2 e value. By inspection of Table 17, a surprising consistency
appears among charge distributions on the CO3 molecular group obtained
by different methods. On the other hand, the Hartree-Fock charge on Ca
is intermediate between the formal and the fitted value obtained in model
(d). These results support the belief that point-charge models with frac-
tional charges, if properly treated, may have a quite unambiguous physical
meaning in the atomistic simulation of crystals.

The optimized potentials for calcite and aragonite have allowed us to
simulate the full thermodynamic behaviour of both phases, by use of the
quasi-harmonic model. The quality of results obtained is very satisfactory
for heat capacity and entropy data, but less good for thermal expansion.
Use of a shell model (SM) for calcite seems to improve somewhat the ther-
mal expansion results, but not those of heat capacity and entropy. On the
other hand, the RIM potential optimized on calcite is not as good for arag-
onite, because both the entropy and the thermal expansion of this phase
are overestimated significantly, while Cv is reproduced in a satisfactory
way. Use of an ”ad hoc” aragonite potential (RIM1) is necessary to obtain
better results. The poor quality of some experimental data (e.g. the elas-
tic constants) of aragonite may contribute to difficulties in fitting a fully
transferable potential. Further, it should be stressed how critical it is to sim-
ulate the correct value for the thermal expansion coefficient: the relation
between mode Grüneisen parameters and details of the interatomic poten-
tial is poorly understood, in spite of its crucial role. These points should
be investigated more deeply, in order to be able to model fully equation-
of-state behaviour and phase equalibria of crystalline phases by atomistic
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If an experimental and a theoretical deformation map agree, then the most

probable interpretation is that they are both wrong. -William N . Lipscomb

1. Introduction

A mapping of the electron density distribution, p(r) , of a molecule as re-
vealed in an X-ray diffraction analysis of a crystal, usually displays well-
defined peaks interspersed in a field of low-lying ridges, saddle-shaped de-
pressions and valleys. By locating the positions of the peaks and correcting
them for series termination error, early workers found that they could deter-
mine the positions of the atoms and the equilibrium structure of a molecule
with an accuracy of ~0.01Å [1]. They also found that a rough count could
be made of the number of electrons that “belong” to a given atom together
with its relative charge by integrating the electron density distribution over
a definite region of a molecule. At that time, it was not clear whether the
remaining features of the distribution such as the saddle-shaped depres-
sions and the low lying ridges of electron density that connect the peaks
of bonded atoms could provide additional information about the bonded
interactions that obtain when atoms combine and form a molecule.

To gain insight into these interactions from the topography of p(r), Roux
and Daudel [2] recommended the use of the deformation electron density 
distribution, = pm (r) - as a tool for probing the changes
that can occur in the electron density distribution of a molecule upon its
formation from a set of atoms. A map of ∆p(r) can be constructed by 
subtracting from the observed or theoretical electron density distribution
of a molecule, pm(r) , the electron density distribution of a promolecule,
pp(r ) , usually constructed by superimposing a set of spherically averaged
electron density distributions of non-interacting, ground state atoms at the
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positions that they occupy in the molecule. A ∆p(r) distribution provides
a map of the changes that can occur in the electron density distribution
of a promolecule when its atoms combine, interact and form a molecule.
The application of the deformation map for studying deformed electron 
density distributions and structure was not new. Actually, X-ray crystallo-
graphers had been generating and using these maps (referred to as Fourier
difference synthesis maps) for some time for determining and refining crys-
tal structures, for locating H atoms and for determining temperature and
scale factors [ 3 , 4, 5]. Such maps have also been used to study the effects
of bonding on electron density distributions. For instance, they have pro-
vided corroborating evidence for Bragg’s suggestion [6] that the electron
density distribution of the C atom in diamond is deformed from a spherical
distribution towards the center of each of its four CC bonds, producing a
tetrahedral deformation of the electron distribution about each C atom [7].

With the advent of the automated single crystal diffractometer and
the computer during the late 1950’s, the determination of crystal struc-
tures and the mapping of electron density distributions became more com-
monplace with the development of ever more creative and precise strate-
gies for collecting and processing diffraction data. In an effort to relate
the properties of a molecule to the character of its bonds, workers con-
structed deformation density distributions for a large number of molecules
and crystals with experimental diffraction data to learn how p( r) is redis-
tributed upon bond formation relative to that of the promolecule. Later,
with the writing and development of SCF-MO software like that provided
by GAUSSIAN Inc., comparisons were made between experimental dis-
tributions and one-electron density distributions generated with the wave
functions of molecules calculated with relatively robust basis sets. When
corrected for thermal motion effects, the theoretical maps were found at
times to be in close agreement with the experimental distributions,
particularly when molecules consist of light atoms [8, 9, 10]. In interpret-
ing these distributions, it was assumed by some workers that a build-up of
deformation electron density in the intermolecular region between a pair
of bonded atoms can be related to the ionic/covalent character of the
bond, the greater the build-up, the more covalent the bond. With some
notable exceptions, such arguments are consistent with Feynman’s obser-
vation [11] that the strongest and the most important attractive forces arise
in a molecule when there is an accumulation of electron density between
its bonded atoms. In point of fact, both theory and experiment indicate
that a build-up of electron density between a pair of nuclei is a necessary
condition if two atoms are to be bonded to one another [12]. Despite their
qualitative nature, maps have, nonetheless, provided useful pictures
of these build-ups [13] as well as features that have been ascribed to covalent
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and multiple SiO bonding effects and lone pair electrons [14, 15].

However, the unexpected absence of a significant build-up of the ∆ p(r)
density in interatomic regions reported by Dunitz and Sieler [16] for a
number of covalent systems with N N , CN and CO bonds led Spackman
and Maslen [17] to assert that a build-up in interatomic regions is not a
necessary condition to satisfy the requirements for bonded interactions to
obtain between atoms, although such a build-up is often observed. More-
over, they were unable to establish a direct link between the magnitude of
the build up and the ionic/covalent character of a bond. One serious prob-
lem with a deformation density distribution is that the promolecule density
distribution is not unique. As is well known, it can be defined in several
different ways resulting in as many different reference state promolecule dis-
tributions [18]. For example, in addition to constructing the promolecule 
as a superposition of spherically averaged atomic electron distributions, a
promolecule can also be constructed either with the superposition of ori-
ented atomic electron density distributions or with the superposition of the
electron density distributions of those states to which the molecule dis-
sociates. Thus, the derivation of a unique and unambiguous deformation 
density distribution that represents the true difference between pm( r) and
an appropriate promolecule may only be obtainable in a few special cases.
In light of these caveats, Cremer [19] has stated that there is no way of ob-
taining a consistent description of the interactions between bonded atoms
by mapping experimental or theoretical densities (also see Low and Hall
[20]. He continued by asserting that a consistent description can be ob-
tained only if one analyzes the total electron density distribution free of
any artificial constructs such as reference state densities. Because of these
drawbacks and the qualitative nature of ∆p(r) maps, Bader and Essén [21]
and Bader et al [22] developed a more quantitative method for evaluating
atomic interactions and bond type that is based on the one-electron density 
distribution alone. In the method, the value of the electron density distri-
bution and the eigenvalues of the Hessian of p(r) , evaluated at a stationary
point along a bond, together with a mapping of the Laplacian field of p(r) ,
are used to quantify atomic interactions and to determine whether a bond
is predominantly ionic or covalent or a bond of intermediate type.

According to Bader [12], a chemical bond can be pictured as existing
between a pair of atoms only if they are connected by a ridge of electron
density that adopts a saddle-shaped depression in p(r) in the region between
their peaks. When these features are absent, a bonded interaction between
the pairs is considered to be nonexistent. The line that runs along the top
of the ridge between a pair of bonded atoms, referred to as the atomic
interaction line, or simply the bond path in a bound system, is special
in that it passes through regions where p (r) adopts a saddle point where
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the gradient of the electron density distribution, ∇p(r) = 0. The point,
denoted rc, referred to as a bond critical point by Bader [12] is the point
at which the electron density is at a minimum value with respect to any
displacement along the bond path. But, p(r) is at a maximum value with
respect to any radial displacement perpendicular to the path. Thus, the
Hessian of the electron density distribution (Hij = when
evaluated at rc, has one positive eigenvalue (the positive curvature of p(rc)
along the bond path) denoted λ3 and two negative eigenvalues (the negative 
curvature of p(rc) ) perpendicular to the bond path) denoted and (see
Bader [12]).

As the eigenvectors assiciated with and are both perpendicular
to the bond path, Bader [12] has indicated that the electron density distri-
bution has a tendency to be progressively enhanced (concentrated) toward 
the critical point as the values of       and     become more negative [23]. In
addition, as the eigenvector associated with parallels the bond path, the
electron density is assumed to have a tendency to be progressively dissi-
pated (depleted) in the interatomic region with a concomitant enhancement 
of the distribution away from the critical point toward each of the bonded
atoms as increases in value. Overall, the electron density distribution is
expected to be increased a t rc when the enhancements of the distribution
perpendicular to the bond path exceed that along the path toward the nu-
cleus of each of the bonded atoms. Accompanying these changes, the length
of the bond is expected to shorten as the magnitude of the electron density, 
p(rc) , at the critical point increases [11, 12].

As observed by Bader and Essén [21], the magnitude of p(rc) and the
magnitude and the sign of the Laplacian = + + can be
used to characterize atomic interactions and bond type. If the interaction
between a pair of bonded atoms involves a sharing of electrons as in the
case of a covalent bond (a shared interaction), then there should not only
be a build-up of electron density at rc (roughly between 2 and 4e /Å3),
but also the sum + is expected to exceed so that has a
negative value. In contrast, if the interaction between the bonded atoms is
ionic (a closed-shell ionic interaction), then the magnitude of the electron
density at the bond critical point is expected to be relatively small in value 
(roughly ~0.5 /Å3 and smaller) and p(r) is expected to be enhanced along
the bond path towards the directions of the ions comprising the bond. In
this case, is expected to be large in value while is expected to+
become smaller in value so that the value of is positive for bonds
involving closed-shell ionic interactions. Bonds exhibiting values of p(rc)
and intermediate between those exhibited by ionic and covalent
bonds are pictured as being bonds of intermediate character.

∇2p(r)

∇2p(r)

∇2
p(r)
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Equally important, the interactions between the atoms of a molecule can
also be characterized in terms of the Laplacian field, ∇2p(r) of an electron
density distribution [21]. As shown by Bader [12], is related to the
kinetic energy density G(r) and the potential energy V(r) by the expression

= 2G(r) + V (r) . As V ( r) is everywhere negative and as 2G(r)
is everywhere positive, the sign of determines which of these two
energy terms is larger in magnitude a t a given point r . In a regions where

< 0, not only is the electron density locally enhanced, but also
V (r) __ locally exceeds the average value of 2G(r). By mapping those regions

where is negative, regions are delineated where p(r) is enhanced
and where the potential energy density makes a dominant contribution
over the kinetic energy in lowering the total energy of the molecule. On the
other hand, by mapping of those regions where is positive, molecular 
regions are delineated where p(r) is dissipated and where the kinetic energy
density makes a dominant contribution over the potential energy density in
lowering the energy of the system [12]. For purposes of discussion, a surface
that separates regions of enhanced and dissipated p (r) in a molecule (where

= 0) is referred to as a nodal surface.

In shared covalent atomic interactions, the electron density distribution
is pictured as being relatively large in magnitude at rc and enhanced in the
binding region between a pair of bonded atoms. The region where
is negative not only includes the critical point, but it is contiguous over the
region between and within the valence shells of the two atoms involved in
the interaction [21]with rc being located relatively far from a nodal surface.
On the other hand, in case of a closed-shell ionic interaction, the magnitude
of p(rc) is observed to be relatively small in magnitude with the region of
enhancement being confined, a t least in part, to the valence shell of the
anion. The curvature of p(rc) perpendicular to the bond path, albeit neg-
ative in sign, are expected to be smaller in magnitude than those observed
for shared interactions such that is positive. Because the region of
enhancement is largely confined to the valence shell of the anion and to the
basins of the atoms, the spatial distribution of in the vicinity of the
ions is strikingly similar to that  displayed by the individual atoms or ions
with the critical point expected to be located relatively far from the nodal
surfaces of both ions. For an intermediate interaction, the critical point is
located in closer proximity to a nodal surface than in the case of the shared
interaction at one extreme and those characterized as a closed-shell at the
other [21]. Also, the magnitude of p(rc) is of intermediate value, is
expected to be positive and there is an increased polarization enhancement
of the electron density distribution of the anion along the bond path in the
direction of the cation as the covalent character of the bond increases.

∇2p(r)

∇2p(r)

∇2p(r)

∇2p(r)

∇2p(r)

∇2p(r)
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∇2p(r)



162 G. V. GIBBS, F. C. HILL AND M. B. BOISEN JR.

In this study, p(r) and of the SiO bond is mapped and explored
in terms of the environment and structural variants of several molecules
containing such bonds. Using GAUSSIAN92/ DFT software, SCF-MO cal-
culations have been completed on the molecules

and where the
Roman number denotes the coordination number of the Si atom. The struc-
ture of these molecules were either fully or partially optimized using a triple
zeta 6-311++G** basis set. The geometries of SiO and SiO2 (Coo point

H6Si2O7 (a staggered conformer with Cs symmetry), H8SiO6 (Oh) and
H12SiO8 (D4h) were fully optimized within the constraints of their assumed 
point group symmetries while that of H10Si2O10 (Cs) was only partially op-
timized. Ball and stick model drawings of several of these molecules
are given in Figure 1. Electron density distributions were calculated with
the wave functions generated in the MO calculations and Hessian matrices
were computed at bond critical points of the molecules using the software
PROAIM / AIMPAC, kindly supplied by Professor Richard Bader of the
Chemistry Department at McMaster University. The electron density dis-
tribution and Hessian matrices were also calculated for the H8SiO6 ( O h )
molecule with its SiO bond lengths fixed a t 1.76Å, a value observed, on
average, for silicates and siloxane molecules with 6-coordinate Si. The min-
imum energy SiO bond lengths, R(SiO), the bonded radii of the oxide ion 
and the eigenvalues of the Hessian matrices obtained in the calculation are
given in Table 1. The distance between the nucleus of the oxide ion and the
critical point, rc that lies along the path of the SiO bond is defined to be
the bonded radius of the oxide ion, rb(O). In this study, the properties of
p (r) of the SiO bonds for coesite and for a number of molecules are mod-
eled, the correlations between SiO bond length and electronic properties
are studied and maps of the Laplacian of p(r) are examined and discussed
as they relate to the electronic structure of the SiO bond.

symmetry), H2SiO3 (C2v) H4SiO4 (S4 ), H4Si2O6 (D2h), H6Si3 O 3 (D3h),

2. A modeling of the properties of p(r) for the SiO bonds of 
coesite.

Coesite is a high pressure structure-type of silica that is stable at pressures
somewhat in excess of ~4 GPa that is observed to persist metastably at 
pressures as low as one atmosphere. It contains two nonequivalent SiO4 sil-
icate tetrahedra with a total of eight nonequivalent SiO bond lengths that
range between 1.595Å and 1.621Å. The tetrahedra are linked together into
a framework structure of corner sharing SiO4 tetrahedra with five nonequiv-
alent SiOSi angles that range between 137 and 180°. The trends between
these bond lengths have been explored rather extensively in evaluating the
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Figure 1. Ball and stick model drawings of the molecules H2SiO3 (upper left), H8SiO6

(upper right), H6Si3O3 (middle), H10Si2O10 (lower left) and H12SiO8 (lower right). The
small black spheres represent H atoms, the large light gray spheres represent O atoms and
intermediate-sized darker gray spheres represent Si atoms. No significance is attached to
the relative sizes of the spheres. The drawings were constructed with software written by
Drs R. T . Downs and K. L. Bartlemehs who are currently at The Geophysical Laboratory,
Carnegie Institution at Washington, D. C. and a t The University of Texas at Austin,
Texas, respectively.

role played by the 3d-AOs in the formation of a (p -d)π−bond between
Si and 0 [24, 25]. But, because similar trends have been generated in MO
calculations for the H6Si2O7 molecule, completed with and without 3d-type
polarization functions, it can be argued that little can be inferred about
the role played by these functions in the bond formation other than their
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TABLE 1. Electronic properties of the SiO bond

inclusion in a basis set results in shorter SiO bond lengths and narrower
SiOSi angles in better agreement with observed values.

The electron density distribution of coesite has been mapped and ex-
plored by Geisinger et al [26] with the goal of covering and learning more 
about the electronic structure and properties of the SiO bond. Deforma-
tion maps calculated through the SiOSi skeletal units of the mineral show
a significant accumulation (peak heights of ~0.5e/Å3) of electron density 
between Si and O along each of the SiO bonds with the accumulation be-
ing displaced slightly off the line between the two atoms and towards the
interior of the SiOSi angle and towards the more electronegative oxide ion.
In addition, theoretical deformation maps, calculated for the SiOSi skeletal
unit of the H6Si2O7 molecule and for the ring in a H8Si4O4 molecule, were
found to be similar to the ∆p(r)-maps observed for coesite with the peak
heights in the bonds being smaller (~0.35e/Å3) than observed. Tsirelson
et al [14] concluded from an examination of the deformation density distri-
butions for coesite and quartz that the SiO bonds in the silica polymorphs
with 4-coordinate Si are predominantly covalent in character with a signif-
icant double bond component (See also, Stuckenschmidt et al [15]. On the
other hand, Cohen [27] has concluded on the basis of the deformation maps
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calculated for quartz by Binggeli et al [28] that silica is clearly very ionic
and that it consists of nearly fully charged Si4+ and O2- ions.

As the lengths of the SiO bonds in coesite decrease, it is expected
that the heights of the peaks in the bonds n the maps should in-
crease, particularly in light of Feynman’s elegant examination of the forces
in molecules [11]: the results of his study indicate that the length of such
a bond should be highly dependent on the build-up of p(r) due to the mi-
gration of the electron density towards the bond, the greater the build-up,
the shorter the bond. An examination of the deformation maps observed
for coesite and those calculated for the molecular models provides little or 
no support for such a correlation [26]. The ∆p(r)-maps calculated for the
H6Si2O7 molecules show that the heights of the peaks in the SiO bonds
actually decrease as the SiOSi angle widens and the bond shortens rather
than increasing as expected. In addition, the value of the Mulliken overlap
populations calculated for the bonds increases as the angle widens despite
the fixing of the SiO bond lengths of the molecule at 1.62Å[29]. In light of
the absence ofan accumulation of ∆p(r) density in the NN, CN and NO
bonds for several covalently bonded systems as discussed above, a meaning-
ful correlation between bond length and peak height may not be expected
to be revealed by a deformation map.

In an examination of whether the total electron density distribution of
the “Si2O7 dimers” in coesite varies as expected as its SiO bonds shorten,
p (r) and model maps for the mineral were generated in a calcu-
lation completed on five H6Si2O7 molecules. The geometry of each Si2O7
dimer was adjusted to match that observed for each of the five nonequiva-
lent “dimers” in coesite. The hydrogen atoms used to neutralize each dimer 
and to mimic the local field of the crystal were placed at 0.97Å from each
nonbridging oxide ion of the dimer in the directions of the nearest neighbor
Si atoms in coesite external to the dimer. The Laplacian, of the
distributions and the ( i = 1 ,2 ,3 ) evaluated a t each SiO bridging
bond critical point are plotted in Figures 2a, 2b and 2c as functions of the
SiO bond lengths observed for coesite. As observed, the electron density is
expected to be progressively enhanced in a direction perpendicular to the
bond as the SiO bond shortens. The systematic increase in both and 

also indicates that the potential energy density makes a progressively
greater contribution to the energy of the system in the region of the SiO
bond as the bond lengths shorten and the angle widens (see Bader [12]).
Collectively, this evidence suggests that the covalent character of the SiO
bond increases as the bond length decreases (and the SiOSi angle widens).
This observation is borne out by Figure 2d, in which it is seen that the
magnitude p(rc) increases from ~0.92 e /Å3 to ~0.95e/Å3 as R(SiO) shor t -
ens from l.621Å to 1.595Å and the angle widens from 137° to 180°. As

∆p(r)

p(r)∇2

∇2 p(rc)
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the magnitude of p(rc) increases, the R(SiO) vs. G(rc)/p(rc) plot in Figure
2e indicates that the polarity of the bond increases as well where G(rc) is
the kinetic energy density at the critical point [19, 12]. This result can be

Figure 2. A summary of the properties of the electron density distribution for the skeletal
SiOSi dimers in a set of H6Si2O7 molecules with geometries fixed at those observed for
the “Si2O7 dimers” in coesite. In (a), (b) and (c), respectively, the individual SiO bond
lengths, R(SiO), observed for coesite are plotted against and the curvatures of
the electron density distribution calculated for the molecules a t their saddle points rc. In
(d), R(SiO) is plotted against the magnitude of the electron density, p(rc). In (e) R(SiO)
is plotted against G (rc) /p (rc) where G(rc) /p(rc) is the kinetic energy density and in ( f )
R(SiO) is plotted vs. ellipticity, of the bonds.

ascribed to either an increase in the ionicity of the bond or to an increase
in the participation of the p- and the d-AOs on Si in the π−bond formation
as the SiO bond shortens. If the latter is important, then the ellipticity of
the SiO bond, =(λ1−λ2)/λ3 should be zero when the SiOSi angle is 
straight and both π−systems are predicted to be involved in bond formation
[30,31, 32]. Moreover, the ellipticity should increase in a regular way as the
SiOSi angle narrows and as one of the      systems becomes more dominant
[32].A plot of vs. R(SiO) shows that = 0 when the SiOSi angle is straight
and that it increases in a regular way as the angle narrows (Fig. 2f). These

π−
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results indicate that the increases polarization and shortening of the SiO
bond accompanying the widening of the SiOSi angle can be interpreted, at
least in part, in terms of the formation of a weak [33, 34].

Figure 3. Maps of the valence electron density distribution measured for coesite con-
structed through its five nonequivalent SiOSi dimers. The position of the Si atoms in
each dimer is indicated by a plus sign. The diffraction data used to construct the maps
was measured by Geisinger et al [26]

Deformation electron density distributions calculated through the planes
of the SiOSi angles of H6Si2O, H6Si2O7 and H8Si4O4 molecules and those
recorded for coesite, as observed above, show peaks along the SiO bonds
that are displaced toward the interior of each bent SiOSi angle [26]. This
evidence suggests that the bond paths that connect the nuclei of Si and

π−system
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O and the bond critical point are curved away from the line connecting Si
and 0, indicating strained SiO bonds. In an examination of the strained
character of the bonds, the bond path lengths for the SiO bridging bonds in 
each of the five H6Si2O7 molecules were calculated. In each case they were
found to match the SiO bond lengths of the molecules to within 0.0005Å.
With these results and similar results obtained in an analysis of the elec-
tron density for coesite [35], it can be concluded that the bond paths in the
SiOSi dimers follow the line between each pair of Si and O atoms rather
closely in both the molecule and the crystal, suggesting that the SiO bonds
are largely strain free [33, 34].

Relief and level line contour maps of for each of the H6Si2O7
molecules were calculated to learn where the electron density in the vicinity
of each bond is locally enhanced and where it is locally dissipated. Each
map displays nodes that correspond to the K- and L-shells for both Si and
O with the nodes of the valence L-shells on the oxide ions being prominent
features in the maps. Because of the very diffuse nature of the valence
electrons of the Si atoms, the nodes corresponding to the M-shell of Si
are not prominent features in the maps [34]. In fact, a mapping of the
valence electron density distribution for coesite, using the data recorded by
Geisinger et al [26], shows peaks of electron density centered at the position
of each oxide ion with little or no density in the vicinity of the Si atoms
(Fig. 3) , with a polarization of p(r) along the SiO bonds toward each Si
cation. The maps for the five molecules show a dissipation of the L-
valence shell electron density for each oxide ion where the shell crosses the
SiO bond, with electron density being locally enhanced away from the shell
along the bond in the direction of the Si cation. Figure 4 displays a relief

for the molecular model of the
Si(1)O(5)Si(2) dimer in coesite. The negative of the Laplacian is displayed
in Figure 4 so that the reader can more readily assess the effects of chemical
bonding on the valence shells of Si and 0 . Fig. 4 shows that the electron
density distribution of the O(5) oxide ion is polarized in its enhancement
in the directions of Si(1) and Si(2). It also shows that electron density is
locally enhanced in the valence shell of the anion on the external side of
the SiOSi angle [33]. This site of local enhancement of the valence shell is
considered to be a site of potential electrophilic activity and attack, say by
the protons of a water molecule [34]

All the features seen in Figure 4 are displayed by the molecular mod-
els for the remaining four nonequivalent SiOSi dimers in coesite. Several
of the features exhibited by the SiO bonds in the H6Si2O7 molecules are
observed for coesite, but the trends are more poorly developed [34, 35]. In
particular, negative correlations obtained between p(rc) and (rc) and
between p(rc) and The average values for p(rc) (1.05e/Å3),

∇2p(r)

∇2p(r)

∇2p(r)map and a level line contour map of -

∇2p
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Figure 4. (a) A relief map of and (b) a map of the positive level line contours
of passing through the SiOSi plane of a H6Si2O7 molecule [33]. The negative
rather than the positive Laplacian of p(r) is presented in this figure and in Fig. 7 so that
the reader can more readily assess the effects of chemical bonding on the valence shells 
of Si and 0.

(20.4e/Å5), (-7.2e/Å5), (-6.8e/Å5) and (34.4e/Å5) observed for co-
esite [35] are in rough agreement with the values calculated for the dimers
(0.93e/Å3, 26.9e/Å5, -6.8e/Å5, -6.7e/Å5 and 37.8e /Å5 , respectively). This
agreement, albeit rough, indicates that the electron density distribution of
the SiOSi dimers in coesite are similar to that in H6Si2O7. The agreement
in these parameters has been shown to improve dramatically when the
wave functions for the molecule are calculated with a model that includes
electron correlation and exchange effects [36].

∇ 2
p (r )-

∇ 2
p (r )-
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3. SiO bond length and electron density variations.

Knop et al [37] have observed well-developed correlations between bond
length and the magnitude of p(rc ) for a variety of XA bonds underscoring
Feynman’s assertion [11] that the strength of a bond should increase and
that its length, R(XA), should decrease in a systematic way as the value
of the electron density at the bond critical point increases. In a study of
CC, C N and SS bonds, the bond length data was found to vary in a similar
fashion with p(rc) with an of ~0.99 (see also Cremer [19]). Bond
length data for OO, AlF and BeCl bonds was also found to vary linearly
with p(rc ) , but the correlations are not as well-developed with an r2-value
of ~0.95. As observed by Knop et al [37], the power law is the simplest
model equation that is consistent with the constraint that p(rc) 0.0 as
R(XA) oo. Application of such an equation to the OO, AlF and BeCl
bond length data resulted in a model power equation of the form R(XA)
= α x Statistical analyses indicate that this model results in a
better fit to the data, as argued by Knop et al [37], than that provided by
a linear model. The SiO bond length data for coesite, plotted in Figure 2d
against p(rc) , seems to obey a linear rather than a power equation model. A
statistical analysis of the data fails to provide evidence for the power model
relationship: a linear model was accepted given the small number of bond
length data observed for coesite and their small range of values. Because
the data set in Table 1 is much larger in number and because it shows a

wider range of SiO bond lengths, it was added to the coesite datamuch
set and subjected to a regression analysis using a power model expression. 
The data was also explored to assess whether the correlations presented in
Fig. 2 between R(SiO) and the and rb(O)hold and whether they
conform with a linear or a power model relationship.

G. V. GIBBS, F. C. HILL AND M. B. BOISEN JR.

A regression analysis of the data in Table 1 together with that calcu-
lated for the dimers in coesite indicates that the power equation R(SiO) =

1.588p(rc)-0.25 explains more than 97 per cent of the variation of R(SiO) in
terms of linear dependence on p(r) . As this expression explains more than
50 per cent of variation left unexplained by a linear model, it can be con-
cluded that a power equation provides a better model for the correlation
between bond length and p(r). An examination of data shows that SiO
bonds with a Pauling bond strength [38] of 1.0 have ~0.95e/Å3 at their
bond critical points, on average, while those with a bond strength of 2/3
have ~0.67e/Å3, on average, and those with 1/2 have ~0.5e/Å3, on average
(Table 1). The relationship between the strengths of these SiO bonds and
the values of the electron density evaluated at their critical points corre-
sponds with a similar relationship established between the bond orders of
the CC bonds in the hydrocarbons ethane, benzene, ethylene and acetylene
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and p ( rc) [12].
The MO calculations for the molecules used to model the dimers in co-

esite indicate that both and become more negative in value and p(rc)
increases as the SiO bond decreases in length. But , rather than decreas-
ing with increasing p(rc), actually increases, indicating a progressive
enhancement of electron density toward Si and O as R(SiO) decreases. Be-
cause the rate a t which increases exceeds the rate at which +
decreases, the Laplacian increases with p(rc), Similar trends have
been observed to obtain between p(rc) and R(XO) for a variety
of first row (Be, B, C and N ) and second row X-cations (X = Mg, Al, S,
P and C1) [33] and for the bonds in hydrocarbon molecules with single,
double and triple CC bonds [12].

Figure 5.

plotted against SiO bond length, R(SiO).
The properties of p (rc) for the SiO bonds of the molecules given in Table 1

The properties calculated for the molecules in Table 1 show the same
sort of trends as observed for the dimers used to model the electronic prop-
erties of coesite. The SiO bonds are indicated to increase in length linearly
with and with the largest curvatures at p(rc) perpendicular to the
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bond paths involving the shortest bonds with largest values of p(rc) (Fig-
ure 5 ) . Cross-sections of p(r) constructed perpendicular to the SiO bonds
in the molecules SiO2, H4SiO4 and H12SiO8 and passing through rc, reveal
a progressive build-up of p (r) together with a progressive increase in the
sharpness (curvature) of maximum in p (r) at rc as the SiO bond shortens
(Fig. 6). This conforms with Bader’s arguments that the electron density
distribution becomes more enhanced in the internuclear surface at the crit-
ical point between Si and 0 as the bond length shortens. The data in the
table also shows that increases as p(rc) increases in magnitude (Fig. 5).
Cross-sections in p (r) passing through rc and parallel to the SiO vectors
of the three molecules are displayed in figure 6. As increases in value,
not only does p(rc) increase in magnitude from 0.5e /Å3 to 1.36e/Å3, but
also the sharpness of the minimum of p (r) at rc increases progressively.
Like also increases in value as p(rc) increases in value (Fig.
5 ) . Glasser [39] has suggested in a study of hydrated structure that their
“constitutional formulae” are such that basicity differences between oxide
ions are minimized and that SiOSi bonds are more stable than the more
basic SiOH bonds. The optimized geometry of H6Si2O7 agrees with her
suggestion with the value of p(rc) for the SiOSi bonds of the molecule,
0.96e/Å3, being larger than its SiOH bonds, 0.93e/Å3,, implying that the
SiOSi bonds are more stable than the SiOH bonds. To gain further insight
into the interaction between Si and O and the nature of the SiO bond, a
mapping of ∇2p(r) was undertaken to learn whether the features of the
resulting maps are those of a closed-shell ionic or of an intermediate bond
type interaction.

4. Bonded interactions between Si and O as inferred from a map-
ping of the Laplacian of p( r)

Relief and level line contour maps of calculated for SiO2, H4SiO4,
H8SiO6 and H12SiO8 are displayed in Figure 7. These molecules were se-
lected for the calculation because their p(r c)-values range between 0.5e/Å3,
a value of a predominately ionic type bond, to 1.36e/Å3. The maps calcu-
lated through the SiO bonds of the H4SiO4 molecule display features that
are consistent with an intermediate type of bond (Fig. 7b). They reveal
an enhancement of p (r) away from the valence shell of the oxide ion in
the direction of the Si atom (as observed for the H6Si2O7 molecule in Fig.
4) with the nodal surface located ~0.15 Å from the critical point on the
side of the oxide ion. Consistent with the greater covalent, character of the
SiO bonds in SiO2, the electron density of both of its oxide ions (Fig. 7a)
not only shows a greater enhancement away from the valence shells of the
ions towards the Si atom, but the enhancement occurs over a broader do-
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Figure 6. Profiles of the electron density distributions passing through the bond critical
point calculated in a plane perpendicular (left three curves) and parallel (right three
curves) to the SiO bonds in the molecules H4SiO4 (upper set of curves), H6SiO6 (middle
curves) and H8SiO8 (lower set of curves).

main in the internuclear region than displayed for the bonds of the H4SiO4
molecule. In addition, the map shows a greater dissipation of the valence
shells of the oxide ions where each shell crosses the bond than displayed for
the H4SiO4 molecule.

The maps calculated for the bonds in H12SiO8 display features that
are typical of a closed-shell ionic interaction (Fig. 7d). The enhancement
of p(r) in this case is localized almost entirely within the region of the
valence shell of the oxide ion with the bond critical points being at a larger
distance (~0.60Å) from the nodal surface with ∇2p(r) being negative over
much of the valence shell region of the oxide ion. As a consequence, the
valence shell of each oxide ion displays little dissipation where the shell
crosses the bond. The ∇ 2p(r) maps calculated for the 6-coordinate Si in
the H8SiO6 molecule (Fig. 7c) show a somewhat larger polarization of the
valence shell of the oxide ion with a somewhat larger enhancement of p (r)
in the direction of Si with the critical point being situated ~0.40Å from
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Figure Relief and level line contour maps of calculated through the SiO
bonds of the molecules (a) SiO2, (b) H4SiO4, (c) H8SiO6 with R(SiO) = 1.75Å and 
(d) H12SiO8. The solid contours represent positive values of and the dashed
contours represent negative values for The maps are truncated as ±150e/Å5

(See legend of Fig. 4).

a nodal surface, intermediate between those calculated for the H4SiO4 and
the H12SiO8 molecules. The enhancement of the valence shell of the oxide
ions in H12SiO8 appears to be largely unaffected by Si and to have the
configuration of a free atom or ion (cf. Gibbs et al [34]). This result agrees
with the predominantly ionic character of the bond. Thus, the enhancement
of the electron density toward the critical point in a SiVIO bond is less than
that of SiIVO bond but greater than that of SiVIIIO bond, indicating that
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SiVI O bond has a relatively large component of ionic character intermediate
between that of a SiI V and a bond.

The evidence provided by the mapping of and p(r) indicate that
the interaction between Si and O in a molecule like H4SiO4 is intermediate
in character as determined by Pauling [40] from electronegativity consid-
erations. Also, the ionic character of the bond is indicated to increase in a
regular way with increasing coordination number and 0) and decreasing
p(rc). The distance between a pair of bonded atoms and a bond critical
point (defining their bonded radii) has been related to the relative elec-
tronegativities of the atoms. For example, Bader and Laidig [41] have ob-
served that the location of rc along a bond parallels the electronegativities
of the atoms comprising the bond with the point being closer to the more
electronegative atom. As the position of rc determines the bonded radius
and the atomic charge of an atom, it can be argued that the radius of an ion
like the oxide ion in an XO bond can be used as a measure of the ionicity of
a bond, the larger radius, the more ionic the character of the bond and the
greater the atomic charge of the ion. As discovered by Feth et al [42], the
promolecule radius of an oxide ion correlates with the electronegativity of
the metal atom to which it is bonded, varying from  ~0.60Å when bonded to
a highly electronegative atom like N+5 to 1.35Å when bonded to a highly
electropositive cation like K+1. Using the bonded radii for the oxide ion
recorded in a mapping of the experimentally determined electron density 
distributions for coesite (SiO2), stishovite (SiO2), danburite (CaB2Si2O8),
phenakite (Be2SiO4) and bromellite (BeO) [35, 43, 44, 45, 46], Gibbs et al

[34] derived the expression

f i (XO) = (1.0 _ exp(_ 1/4(_ 0.85 + 2.64 x rb(O))2) (1)

which relates the fractional amount of ionic character, fi (XO), of an XO
bond to the bonded radius of the oxide ions, rb(O). With this expression, 
fi(SiO) for the SiO bonds of each of the four molecules can be estimated us-
ing the bonded radii given in Table 1. As the atoms in these molecules have
space-filling requirements that are governed by a range of external forces
as well as their average p(r)-values, a given atom cannot be expected to
exhibit a constant value for its bonded radius. As displayed in Figure 5, the
bonded radius of the oxide ion is not constant but increases linearly with
R(SiO) from ~0.86Å for the SiO bonds in the SiO2 molecule to ~ 0.96Å in
H4SiO4 to ~1.06Å in H8SiO8 to ~1.20Å in H12SiO8. When inserted into
Eq. 1, these radii indicate the fractional ionic character of the SiO bond
increases in a regular way with the coordination number of the Si atom
from ~0.40 for a bond with a p(rc) value of 1.36e/Å3 to ~0.50 for a
SiIV bond with a p(rc) value of 0.96e /Å3 to ~ 0.60 for a SiVI O bond with a
p(rc) value of ~0.67e/Å3 to ~ 0.75 for a bond with a p(rc) value of
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~0.50e/Å3. Similar estimates have been made of the fractional ionic char- 
acter of the SiO bonds in coesite, stishovite and the fluorite structure type 
of SiO2 using Equation 1 and the bonded radii obtained from experimental
and theoretical electron density maps [34].

In summary, an analysis of the total electron density distribution of a
molecule, unlike a deformation electron density distribution, provides values
of p(rc) that relate to both the strength and the length of a bond. The cur-
vatures of p(rc) increase in a regular way with increasing p(rc) reflecting an
increased sharpness of the profile of the electron density distribution with
increased p(rc). The position of the critical point along the bond not only
determines the bonded radius of the oxide ion, but it also correlates with 
the electronegativities of the metal atoms to which the oxide ion is bonded
and the fractional ionic character of the bond. The bonded radii calculated 
for the SiO bonds in a variety of molecules indicate that the fractional
ionic character of the SiO bond increases in a regular way with increas-
ing coordination number and bond length. Finally, the agreement between
the properties of p(rc) for the SiO bonds measured for coesite and those
calculated for model H6Si2O7 molecules suggests that the electron density 
distributions in the two systems are rather similar [34]. A study currently
underway of the electron density distributions for a number of hydroxyacid
molecules composed of first- and second-row X-cation containing polyhedra 
show that the trends presented in Figure 2 for the SiO bond hold in general
for the bonds in these molecules [33]
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1. Introduction

Quantum chemists have devoted considerable effort in order to understand
the nature of the chemical bond in silicated minerals. The pioneering work
of Linus Pauling[1, 2, 3] provides a first example in which the valence bond
concept is used in order to explain why the SiO bond length in silicates
is less than the sum of the single bond radii of the two atoms. Moreover,
this interpretation emphasizes the role of 3d orbitals through a sp3d2 hy-
bridization of the silicon. With the advent of efficient computational facil-
ities and of molecular ab initio softwares, several leading groups have pub-
lished reliable calculations performed within the cluster, or more precisely
prototype molecule framework. Information provided by such calculations
concern several important domains. Born-Oppenheimer energy surfaces al-
low to set up site-site or covalent potentials to be used in further lattice
dynamics or molecular dynamics studies. Important advances in this area
are due to Gibbs et al[4], Lasaga et al[5], Tsuneyuki et al[6] and Kramers
e t al[7]. Interaction of such prototype silicated molecules with other reac-
tant molecules, such as water or ammonia,, allows to model the catalytic
properties of zeolite[8, 9, 10]. Finally, the study of the electronic structure
is of primary importance for understanding the bonding. One important
result of the earlier ab initio calculations was to discard the possible contri-
bution of silicon d orbitals to the bonding. Most calculations on prototype
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on prototype molecules performed either with minimal or split, valence ba-
sis sets[11], as well as periodic Hartree-Fock calculations of quartz[12,13],
cristobalite and tridymite[12, 14] correctly reproduce the experimental Si-O
bond length. Improvement brought by 3d function is less important in this
respect and are of the order of what is expected from polarization func-
tions. G. V. Gibbs and his team have been continuously concerned by the
understanding of the nature of the SiO bond. They started their analysis
with the available quantum chemical tools such as the Mulliken popula-
tion analysis and electron density difference maps. However, they rapidly
realized the limitations of these techniques which rely too much upon the
approximations made in the actual calculations of electronic structures. A
better “trail toward the Grail”[15] is provided by the theory of Atoms in
Molecules of Richard Bader[16]. In a chapter of the present book, Gibbs et

al discuss in details the limitations of electron density difference maps and
show how efficient Bader’s analysis is. However, the information carried by
the electron density alone is not sufficient to clearly characterize the nature
of the bonds. In a recent paper[17], we have shown that the topological anal-
ysis of a local function, which is related to the local kinetic energy excess
due to the Pauli repulsion, can be used to characterize and define chemical
bonds. The topological analysis of the so-called electron localization func-
tion (ELF), originally proposed by Becke and Edgecombe[18], provides a
set of mathematizable definitions of the bond type.

In this chapter, the main lines of this new theory of chemical bond are
presented in details and then it is applied to representative tetracoordinated
and hexacoordinated silica polymorphs, namely low quartz, low cristobalite
stishovite, the recently discovered CaCl2-like high pressure phase and a
prototype fluorite structure in which silicons are octacoordinated.

2.

The conventional tools used in Quantum Chemistry to characterize the
bonding (population analysis, orbital localization) mostly rely on concepts
related to the approximate treatment of many electron systems such as
orbitals, valence-bond structures, atomic basis. In their spirit, they give
an illegitimate physical content to mathematical objects which appear as
intermediates along the calculation. This transgression of the interpreta-
tive postulates of Quantum Mechanics is done in order to conciliate the
“atoms in molecules” and localized bonds of the chemical common sense
with the impossibility of partitioning the molecular hamiltonian into atomic
and bonding contributions. Their reliability is very questionable and re-
sults are highly method dependent. Moreover, these methods only apply
in a LCAO framework and therefore are useless for calculations performed

The topological classification of chemical bonds
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within plane-wave basis functions, one-center expansions, numerical func-
tions, quantum Monte Carlo and correlated basis function frameworks. The
necessary information cannot be extracted neither from experiment nor 
from an exact wavefunction.

In order to design a more rigorous theory of chemical bonds consistent
with both Quantum Mechanics and chemical experience it is necessary to
invoke an external mathematical theory able to extract qualitative infor-
mation from quantitative. The topological analysis of the gradient vector 
field of a local function which carries the physical information is the well-
established mathematical approach to handle this problem[19].

2.1. KINETIC ENERGY RELATED LOCAL FUNCTIONS

The formation of a chemical bond from fragments is the result of a compe-
tition between the potential and kinetic energies which leads to an optimal 
lowering of the total energy. As pointed out by Ruedenberg[20] : “Delo-
calization of the valence electrons from one atom to several atoms leads
to a lowering of the kinetic energy pressure and, as a consequence there
results a firmer attachment of these electrons to the nuclei with a concomi-
tant lowering of the total energy.” The importance of the kinetic energy 
contribution to the bonding is specifically a quantum effect which can be
interpreted as a consequence of the uncertainty principle[20]. Once again,
we will quote Ruedenberg who states :“The wave mechanical kinetic behav-
ior, which differs typically from the classical behavior and is characterized
by the cue uncertainty principle, is a fundamentally essential element of
covalent binding. Any explanation of chemical binding based essentially
on electrostatics, or any other nonkinetic concept, misses the very reason
why quantum mechanics can explain chemical binding, whereas classical
mechanics cannot”.

The study of the chemical bond from a local kinetic energy point of
view, is therefore expected to bring a deeper insight into the understanding
of its nature. For this purpose we need to calculate and to analyze the one
particle kinetic energy density. In principle, this function, K (r) should be
calculated from its classical analog :

(1)

in which, m is the mass of the particle and F ( r , p) stands for the joint distri-
bution of position and momentum. Unfortunately, a true joint distribution
cannot be defined in Quantum Mechanics. It is nevertheless possible to in-
troduce the so-called phase-space quasi distributions, such as the Wigner
function, in order to get an expression which has the property when in-
tegrated over all space, yields the proper expectation value of the kinetic
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energy. The quasi distributions are build up from correspondence rules and
are required to yield the correct marginal distributions. As discussed by 
Shewell[21], the joint operators derived from the correspondence rules may
not fulfill the requirement of uniqueness (i.e different operators for one
physical quantity) or yield results in contradiction with the current inter-
pretation of quantum mechanics. Moreover, there is no reason to use one
rule rather than another. Cohen has shown[22] that all the possible phase-
space distribution functions which obey the correspondence rules and yield
correct marginal distributions belong to a given class of analytical functions
of the form :

(2)

( 3 )

The relevance of quasi-distributions in physical applications has been dis-
cussed by Dahl [23]who has shown that the Wigner function is the only
one which satisfies strong requirements such as being the expectation value
of the so-called Wigner operator and therefore to be a description based on
observables in the sense of Dirac [24]. For one particle, the corresponding
possible form of the kinetic energy density is thus given by[25] :

(4)

where J is the quantum mechanical current

(5)

is any function which satisfieswhere

Generalization to a many particle system is straightforward.
K (r) appears to be the sum of two contributions : the first one T (r) =

over all space. This contribution is always positive, it is called the definite
positive kinetic energy density. The integral over space of the remaining
contribution vanishes. For either a real wavefunction or a stationary state
the quantum mechanical current is zero and therefore this remaining term

1 yields the expectation value of the kinetic energy when integrated
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can be expressed in terms of the function, of the density and of their
derivatives.

For a quantum system with a given one particle density, T (r) is the only
term which is sensitive to the nature (fermion or boson) of the particles.
For a many-fermion system, T ( r ) can be formally expressed as the sum
of two contributions, one of which accounting for the Pauli principle and
the other not. However, another paatition scheme in which the total kinetic
energy is written as the sum of the von Weizsäcker term TW(r)[26] and
of a remaining non-von Weizsäcker term TnW(r) term has been generally
adopted[27, 28, 29, 30]. The von Weizsäcker term :

(6)

corresponds to the definite positive kinetic energy density of a system of
independent particles with the density p(r) . The non-von Weizsäcker term
includes the Coulomb and Fermi correlation contributions to the kinetic en-
ergy density, its expression involves therefore quantities related to the sec-
ond order density matrix. Tal and Bader[27] have established that TnW(r)
is a true lower bound to the definite positive kinetic energy density, i.e :

(7)

Moreover, this term is the difference of the kinetic energy density of the
actual system and of that of a system of spin-free independent particles 
both with identical one-particle densities p( r) .For real wavefunctions or for
stationary states, it is simply the difference of the definite positive kinetic 
energies since the (unwanted) remaining contributions cancel one another.
Another attractive property of the non-von Weizsäcker contribution is that
it appears to be the trace of the Fisher’s Information matrix[28].

For practical applications, we will not consider T (r) itself but rather the
definite positive kinetic energy density of independent particles Ts(r) which
appears in the exact density functional theory[31]. Within this framework, 
the non-von Weizsäcker term accounts only for the Fermi correlation and
is usually referred to as Pauli kinetic energy density[32]. Another propery 
of TnW(r ) is its relationship to the conditional probability r/) for
electrons of parallel spin in the single determinental approximation :

(8)

In the original definition of ELF, given by Becke and Edgecombe [18],
r') was used.
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The definite positive kinetic energy density has received a considerable
attention in order to build approximate kinetic energy functionals to be
used in a density functional theory not based on orbitals (for a review of
such functionals see Lacks and Gordon[33]). Among the most promising
routes to this goal, we can mention the approximation proposed by Lee,
Lee and Parr[34]:

in which C F = F(s(r)) is a function which accounts for the
deviation from uniformity and homogeneity and s(r) the scaled density
gradient defined by :

(9)

10.

(10)

For slowly varying densities, the kinetic energy functional can be repre-
sented by one of its gradient expansions. The gradient expansion of the
kinetic energy density is not unique since it relies upon different deriva-
tions techniques [35], which yield or not a contibution of the laplacian of
the density in the second order correction. In the following we will consider
the expansion expression which does not involve ∇2p(r) :

(11)
A similar expression can be derived for the non-von Weizsäcker contribu-
tion :

(12)
The scaling by p5/3 is made in order to minimize as well as possible the
density dependence of the measure of the deviation from uniformity and
homogeneity.

We consider now the class of parametrized local functions :

(13)

in which the parameter a lies in the interval [0,1]. All these functions are
positive. It is possible to make a transformation in order to confine them in
the range [0,1], either with the scheme proposed by Becke and Edgecombe
for ELF[18]:

(14)

(15)

or with :



NATURE OF SIO BONDS I N SILICA 185 

Figure 1. Radial localization functions for xenon.

is the original E L F function. For a given value of a both
and G(r; a) have their extrema at identical positions. These functions

display the shell structure of atoms up to the  O shell as shown for xenon on
figure 1. The increase of the a parameter slightly shifts the locations of the
maxima nad minima of towards larger values of r. It is worthy to note,
that in contrast with the usual orbital model there is no subshell structure,
although the curves were generated from a Hartree-Fock wavefunction.

These functions provide a local measure of the effect of the Pauli repul-
sion on the kinetic energy density. In the region of space where the Pauli
repulsion is weaker than in a uniform electron gas of identical density, we
should say where the local parallel pairing is lower, and are 
respectively larger than 0.5 and 0.36. In the regions where the local parallel
pairing is higher (and therefore the Pauli repulsion strongly active) they
are lower than these latter values. Up to now, only (i.e. E L F ) has been
extensively used.

2.2. SKETCH OF THE TOPOLOGICAL ANALYSIS OF DYNAMICAL
SYSTEMS

The topological analysis of local function provides a partition of the space,
for our purpose the molecular space, which is analogous to the more familiar
partition made in hydrology in river basins delimited by watersheds. In this
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paragraph we intend to provide the definitions of the essential concepts for
those of the readers who are not trained in this part of mathematics.

By definition a dynamical system is a field of bound vectors X on a
manifold M . For each and every point of M of coordinates {m} the equa-
tions d m / d t = X ( m ) determine a unique trajectory h(m) . Although the
analogy with a velocity field is purely formal, the method has been widely
used to model the time evolution of many phenomena. The trajectories
begin and end in the neighbourhood of points for which X ( m ) = 0. For a
given point p belonging to M , and w ( p ) denote the limit-sets of p (t )
in M corresponding respectively to t and to t _ ∞ .

A gradient dynamical sys tem is a dynamical system for which the vector
field X derives from a scalar function V , called the potential function, that
is X = The word potential is here somehow confusing because it has
not exactly the same meaning as in Mechanics where minus the gradient
field of the potential energy is not the velocity field but the force field and
therefore is proportional to the acceleration field. For a gradient dynamical 
system, the critical points (i.e those for which = 0) are single points
in the most general case. Exceptions may occur if the system belongs to
a continuous symmetry group, in such case those critical points which are
not located on the infinite order symmetry element form (in IR3) either a
sphere ( S O ( 3 ) group) or a circle (C ∞group). A convenient choice of the 
coordinate system allows to exploit the symmetry in order to reduce the
dimensions and to remove the degeneracy of the critical points. 

The stable manifold or inset of a critical point is the set of all the points
for which this critical point is an ω-limit, the unstable manifold or outset

the set of those for which it is an α-limit. The critical points of a gradient
dynamical system are classified according to the number of positive critical

exponents, here the eigenvalues of the hessian matrix, the index which is also
the dimension of its unstable manifold. The index of a critical point m of
the vector field X is denoted by I ( X , m ). They are also denoted by a pair of
integers ( r ,s ) , the rank (number of non-zero eigenvalues) and the signature
(number of positive minus negative eigenvalues) of the hessian matrix. In
the euclidian 3-dimensional space, there are four kinds of critical points :

the repellors of index 3 , noted ( 3 , 3 ) ,which are the local minima of the
potential function; the saddle points (3,1) and ( 3 ,-1) of index respectively
2 and 1; the attractors ( 3 , - 3 ) of index 0 which are the local maxima of
the potential function. Attractors are only ω-limits, repellors only α- limits
whereas saddle points are both. The stable manifold of an attractor is called
the basin of the attractor. The separatrices are the boundary points, lines or
surfaces of two or more basins. They are the stable manifolds of the saddle
points. The number of hyperbolic critical points (i.e. without zero critical
exponent) satisfies the phase-rule type relationship which is given by the
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Poincaré-Hopf theorem :

(16)

The sum runs over the critical points of the vector field X bound on
the manifold M and X ( M ) is the Euler characteristic of the manifold. For
finite and periodic systems in Rq, q 3, t he Euler characteristic is 1 and
0 respectively.

Another very helpful concept is that of domain. Let M' a subset of
the manifold M, if for any couple of points a and b there exists a path
joining a and b totally contained in M' then M' is a domain. In the case
of the gradient field analysis, volumes bounded by a given isosurface of
the potential function form domains. For a given potential function the
number of domains depends upon the value defining the isosurfaces. We
have been led to consider two types of domains according to the number of
attractors lying within them. A domain contains at least one attractor. In
this case it is said to be irreducible because the increase of the value defining 
its bounding isosurface below the value of the potential function a t the
attractor cannot give rise a splitting into several new domains. If a domain
contains more than one attractor, it is reducible because it is possible to
get new domains by increasing the value of the bounding isosurface. The
values of the bonding isosurface which correspond to domain separation are
those taken by the potential function at the critical points located on the
separatrix surface between two basins.

2 . 3 . THE TOPOLOGICAL ANALYSIS OF ELF

The localization functions described previously are scalar functions the gra-
dient field analysis of which allows to locate attractors and basins with a
clear chemical signification[17]. Usually, the attractors of a gradient field are
single points as it is the case for the gradient field of the density. However,
for the E L F function, they can also be circles and spheres if the system
belongs to a continuous symmetry group (here, cylindrical and spherical
symmetry respectively).

2.3.1. Classification of basins

There are basically two types of basins. On the one hand are core basins
organized around nuclei (with Z > 2) and on the other are valence basins
in the remaining space. The structure provided by the core basins closely
matches the inner atomic shell structure. A valence basin is characterized by
its synaptic order which is the number of cores to which it is connected [36].
To be connected to a core a valence basin must fulfill the three following
conditions :



i) It is bounded to the core basin by a part of a common separatrix.
ii) The valence attractor lies within the smallest (reducible or irreducible)

valence f-localization domain which totally surrounds another f-locali-
zation domain which contains one or more core attractors.

iii) The proton is counted as a formal core.

In principle, a core is always totally encapsulated by a t least one valence
basin and therefore propositions i) and ii) are redundant when f tends to
zero unless the valence localization domains and a core domain have already
merged into a single domian. In our description of the chemical bond a
basin which contains a proton is considered as a valence basin except for
the peculiar case of the very strong hydrogen bond for which a pseudo core
shell is found around the bridging proton. The valence basins are therefore
divided into mono-, di- and polysynaptic ones. As an example, a C-H bond 
is characterized by a disynaptic basin which encompasses the proton and
shares a common separatrix with the carbon core basin. The nomenclature
adopted to label core and valence attractors and basins is given in table
1. The attractors and basins are labeled as T[i](atom labels). T denotes

TABLE 1. Nomenclature of attractors and basins.

synaptic order nomenclature symbol

0 core C( X i )
1 monosynaptic V(X i)
2 disynaptic V (X i ,Yj )

polysynaptic V (X i , Yj , . . . )

the type of attractor, V for valence, C for core ; i i s an optional running
number in the case of multiple attractors related to the same atom(s). For
example, in the water molecule there is one core attractor for the oxygen
K-shell labeled C(O), two protonated disynaptic attractors V(H1, O) and
V(H2, O), and two monosynaptic attractors corresponding to the lone pairs
V1(O) and V2(O). In ethane, the disynaptic attractor of the C-C bond will
be named V(C 1, C2) accordingly.

The classification of bonds proposed previously remains valid with this
new nomenclature. The shared electron interaction (a more consistent name
is shared valence basin interaction) is characterized by a di or polysynaptic
basin. The lone pairs give rise to monosynaptic basins. It is important to
note that this picture of the chemical bond implies a somehow different 
point of view than that currently adopted in Chemistry. In the standard 
pictures a bond is considered as a link joining an atom to another one.
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Here, what is important is the number of cores a given piece of glue (the
valence basin) is stuck on.

2.3.2. The hierarchy of localization basins

Another criterion of discrimination between basins is provided by the reduc-
tion of reducible domains. The reduction of a reducible localization domain
occurs at a critical value of the bounding isosurface, over which the domain
is split into domains containing fewer attractors. The localization domains
are then ordered with respect to the E L F critical values yielding bifur-
cations. Starting a t a very low E L F value, we find only one localization
domain (the whole space for = 0.) upon increase of the isosurface
defining value, we meet a first separation between valence and core do-
mains, at higher E L F values the valence reducible domain is split in its
turn. The value of the localization function at the saddle points lying on
the separatrix provides a quantitative information to order the basins. The
hierarchy of the bifurcation can be visualized by a tree-diagram [36].

2.3.3. Integrated density over the localization basins
The partition of the molecular space into basins of attractors allows the
calculation of related properties by integration of the property densities
over the basins[37]. In particular, for a basin labeled one can define the
average population as :

(17)

Within the framework of our theory, these average populations are referred
to as core, di- or polysinaptic and monosynaptic (i.e. lone pair) populations
according to the type of attractor which defines the basin. Such average
populations over E L F basins have been first calculated by us[36, 38, 39]
and recently by Häussermann et al. for intermetallic solids[40]. They are
not expected to have integral values and the bond populations would be
about twice the topologically defined bond orders[41, 42].

The RMS deviation is defined by[43, 44] :

(18)

It represents the quantum mechanical uncertainty on The vari-
ance (or fluctuation) has been investigated by Bader in the framework
of atomic basins[45]. The variance is expressed in terms of the diagonal el-
ements of the first (p(x)) and second order density matrices[46]
as :

(19)
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in which xi denotes the space and spin coordinates of the electron labeled i .

For a single determinental wavefunction (i.e. Hartree-Fock or Kohn-Sham)
is the difference between the basin population and the integral

over the basin of the exchange part of the second order density matrix :

(20)

In terms of the orbitals and of the occupations is
given by :

(21)

(22)

in which

The fluctuation in a superbasin U is :

and for the whole space

It is also convenient to define the interbasin integrated exchange density :

(23 )

(24)

(25)

It follows from eq. 24 that for independent basins is an extensive quan-
tity. Following Bader[45], it is useful to introduce the relative fluctuation 

(26)

which is positive and also expected to be less than 1.

3. The Bonding in SiO2 polymorphs

In crystalline silica the silicon coordination is four for quartz (P3221),
tridymite (F1 and Cc ) , cristobalite (P41212), coesite (C2 / c ) and keatite
(P41212), six in stishovite (rutile type structure P42/mnm ) and in the re-
cently high pressure phase with a CaCl2 structure (Pnnm) and eight in a
fluorite type (Fm3m ) model structure which is one of the hypothetical post-
stishovite modifications investigated by modeling techniques. Of course, the
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coordination number of oxygen is always half of that of silicon. The con-
ventional discussion of the Si-O bond is focused on the silicon coordination
rather than on the oxygen one. Accordingly, in Pauling's representation of
the silicon oxygen bond [3], each oxygen donates one electron to the silicon
which is then enabled to form at most six single bonds. The silicon has six
valence electrons and is essentially of the sp3d2 type. In this picture, the
ionic character of the bond deduced from the electronegativity rule is 50%.
In tetracoordinated polymorphs, each silicon forms two double bonds and
two single bonds, the resonance between the limit structures yields a double
bond character of about 55% for the Si-O bond. This temptatively explains
why the observed bond length is larger than the sum of the covalent raddi
and also why the bond angles observed in low-quartz and low-
cristobalite are much more wider than the value expected between single
bonds. Though stishovite is not discussed in Pauling paper's, it is worthy
to note that this picture accounts for the larger SiO distance observed in
this modification.

Another popular description of the chemical bond is provided by the
VSEPR model of Gillespie [47, 48]. This model partly explains the geome-
tries of the silica polymorphs investigated here. For Si it cannot give much
insight as Si has no lone pairs. The polyhedron with the largest number of
staggered bond pairs is preferred for CN 4 (tetrahedron) and CN 6 (octa-
hedron) while for CN 8 the fluorite structure yields a cubic coordination
instead of an expected quadratic antiprism. For oxygen the VSEPR model
runs into difficulties : for 2-coordinated oxygens, the observed structure is
neither consistent with an AX2E (1 double bond, 1 single bond and 1 lone
pair) or model (2 single bonds and 2 lone pairs) because the angle

~ 146º is too wide. In stishovite, the three O-Si bonds around the
oxygen are coplanar, corresponding to the AX3E2 model, but the electron
count (4 electron pairs) only allows for an model.

Though there is no striking contradiction between the pictures provided
by Pauling and by the VSEPR model, the topological approach is expected
to give more reliable answers. From the preceeding discussion, it appears
that the questions concern more the oxygen side than the silicon one in both
Pauling's and VSEPR approaches. The calculation of the wavefunctions
have been performed at the all-electron level with the periodic software
CRYSTAL92 [49] A polarized split-valence basis set has been used. The
valence part is that described by Jolly et al [50] whereas the core orbitals
are the standard 6-31G ones [51]. The integration over the electron density 
and E L F function basins has been carried out numerically on a rectangular
grid. This technique is less accurate than that designed by Biegler-König et

al [37]. The estimated error on basin populations is about ten times larger
(0.1 e instead of 0.01). However, it is enough accurate to provide reliable
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information on the dominant features and on the trends along the series of
polymorphs.

3.1. BADER’S ANALYSIS

The values of the oxygen charge q (O), of the laplacian, of the ratio of the
perpandicular and parallel components of the hessian matrix and of the
bond ellipticity at the bond critical point are reported in table 2 for the
structures investigated here. In Bader’s theory a positive value of the lapla-
cian of the density, is a criterion of the closed-shell interaction.

Another criterion is ratio which takes larger values (> 1.0) for electron
shared interaction than for the closed shell one (< 0.5) and allows a discus-
sion of intermediate cases. The bond ellipticity, = - 1 where and

are the smallest eigenvalues of the hessian matrix, gives an indication of
the double bond character. For example, the ellipticity of the C-C bond
is respectively 0.0, 0.23 and 0.45 in ethane, benzene and ethylene [16]. The
oxygen charges of α-quartz and CaCl2 type structures cannot be accurately
computed because technical difficulties (such as hexagonal cell in quartz)
downgrade the accuracy of the results. Though the calculated values are
rather close to those of α-cristobalite and stishovite, it is not possible to
take them into account in reliable comparisons.

TABLE 2. Characterization of atomic interactions in silica polymorphs. All quantities
in atomic units. The second entry for stishovite and CaCl2-type structures correspond to
the larger Si-O bond. The estimated error on the oxygen charge in quartz amd CaCl2
structure is about 0.2e .

The oxygen net charge increases with the oxygen coordination and the
ionic character is ~ 35% for coordination 2, ~ 55% for coordination 3 and
~ 75 % for 4. The values provided by the Bader’s analysis for quartz
and cristobalite are significantly lower those that assumed from electroneg-
ativity. In both cases the Laplacian of the density is positive and the



NATURE OF SIO BONDS IN SILICA 193

ratio very small which corresponds to Bader’s closed-shell interaction. This 
result is not fully consistent with the rather moderate ionic character of
the Si-O bond in quartz and cristobalite. However, the links between the
sign of the laplacian or the magnitude of the ratio and the interaction
type are rather speculative. The bond ellipticity is always negligible and,
accordingly, there is no indication for a partial double bond character in
quartz and cristobalite.

3.2. TOPOLOGICAL ANALYSIS OF ELF

The picture provided by the E L F function displays silicon cores and oxy-
gen cores surrounded by a valence shell [52]. The oxygen valence shell as
shown on figure 2 contains 3 , 5 and 4 basins for the 2, 3 and 4 oxygen coor-
dinations respectively. The pictures for quartz and CaCl2 structures have
not been reported because they are almost identical to those of cristobalite
and stishovite. There is no additional valence domain on the silicon side,
this latter atom only gives rise to a spherical L-shell core domain enclosing
the K-shell one.

Figure 2. Oxygen E L F = 0.85 localization domains of oxygen atoms in (a) cristobalite,
(b) stishovite and (c) fluorite-type prototype structure. The bond directions which are
not indicated on the figure are along the lines joining the oxygen core domain (the small
sphere at the center of the pictures) and the disynaptic domains. In cristobalite the
disynaptic domains are the two discs on both side of the core. In stishovite the valence
domain is not fully resolved in irreducible domains, the disynpatic attractors are located
within the three bulges lying in the horizontal plane. In fluorite-type structure, the four
disynaptic domains form a tetrahedron.

In quartz and cristobalite the oxygen atom forms two bonds with the
silicons which correspond to the two disynaptic domains on both side of
the oxygen core. The oxygen lone pairs give rise to a single monosynaptic
basin instead of two as expected from the Lewis structure. This discrepancy
from chemical intuition is not an artefact due to the basis set but rather 
a consequence of the large fluctuation of the electron density within the
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valence shell around electronegative atoms. In stishovite, there are three 
disynaptic basins the attractors of which lie in the plane defined by the
nuclei of the silicons bonded to the oxygen and two monosynaptic basins
on both sides of this plane. In this case, the = 0.85 isosurface does
not achieve the reduction of the valence domain. Finally, the fluorite-type
prototype structure is characterized by four disynaptic domains disposed
at the vertices of a tetrahedron.

The value of the E L F function a t the saddle points between the disy-
naptic basin and the silicon core is always lower than that between the
disynaptic basin of two nearest neighbour oxygens. The difference between
such values decreases as the coordination increases. Within a given oxy-
gen valence shell, the E L F value at the saddle point between basins is
always close to the attractor value, respectively 0.83 and 0.88 in quartzi
for example, indicating a large fluctuation of the electron density between
theses basins [36]. This is particularly the case for stishovite and CaCl2-like
structures.

The basin population of α-cristobalite, stishovite and fluorite structures
are listed in table 3 .

TABLE 3 . Basin population of oxygen core, disynaptic and monosynaptic attractors.

core disynaptic monosynaptic 

α-cristobalite 2.15 1.9 4.0
stishovite 2.15 1.6 1.5
fluorite-type 2.15 1.95

The oxygen core population has been calculated with a fine grid in or-
der to achieve a better accuracy, it is not structure dependent. Though a
population of 2 is expected from a Lewis picture, it has been shown by
Kohout and Savin that the K-shell population is around 2.2e for atoms
beyond Ne. [39]. In quartz and cristobalite, there are three valence basins.
Two of them are disynaptic with a population slightly less than 2.0, and
the remaining is a crescent-shaped monosynaptic basin. It corresponds to
the two conventional lone pairs of the Lewis structure and its population
is therefore 4.0. In stishovite, each of the three disynaptic basins contains
~ 1.6 electrons whereas a ~ 1.5 electronic population is assigned to each of
the monosynaptic ones. In the CaCl2 structure, the monosynaptic basins
are dissymmetric because the nuclei of the oxygen and of the three bonded
silicons are not in the same plane. As the pyramidization of the OSi3 frag-
ment is increased, the population of the monosynaptic basin which is on
the silicon side is transferred to that on the other side and to the disynaptic
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basins. One can expect a structure with three disynaptic basins and one
monosynaptic for a large distorsion from the rutile structure. Finally, in the
fluorite structure prototype the disynaptic basin populations are ~ 2.0.

In all systems, there is always only one disynaptic attractor with a pop-
ulation 2 for each Si-O bond. The interaction clearly belongs to the
shared disynaptic basin class (electron-shared interaction in Bader’s termi-
nology). Moreover, the basin populations indicate single bonds for 2-fold 
coordinated oxygens rather than a resonance between a single and a double
bond as suggested by Pauling. The larger Si-O bond lengths observed in
stishovite are explained by the smaller basin population. In the case of the
tetracoordinated oxygens, the origin of the lengthening is probably due to
the repulsion between nearest neighbour oxygens. In this structure, in spite
of a large SiO bond distance (1.918 Å), the oxygen-oxygen distance is much
more smaller than in cristobalite (i.e 2.21 Å instead of 2.6 Å).

The location of the disynaptic attractor in the bonding direction pro-
vides some information related to the ionic character. In homopolar bonds 
its position is roughly given by the covalent radii and small deviations may 
occur due to substituents whereas in heteropolar bonds it is shifted towards
the electronegative centre. The monosynaptic attractors are generally closer
to the electronegative centre. Distances of attractors from the oxygen nu-
cleus are listed in table 4 together with Bader’s bond critical point distances 
and estimated cationic radii. The distance of the bond critical point to the
nucleus defines the atomic radius (in the sense of the covalent radius). In a
similar fashion it is possible to define an effective cationic radius as the dis-
tance between the nucleus and the core-valence separatrix which is nearly
spherical. It is not possible to define an anionic radius in a similar fash-
ion because the envelope of the oxygen valence shell has a rather intricate
shape.

TABLE 4. Distances (in Å) of monosynaptic (RM), disynaptic (RD) attractors from
the oxygen nucleus, atomic ( R A ) and cationic radii (R+) for α-quartz, α-cristobalite,
stishovite and fluorite structures.

quartz cristobalite stishovite fluorite

RM 0.58 0.58 0.70

R D 0.63 0.63 0.69 0.65

R A (Si) 0.66 0.67 0.67 0.75

RA (O) 0.94 0 .94 1.08 1.17

R+(Si) 0.60 0.59 0.62 0.64

The valence attractor-nucleus distances increase with the coordination
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and decrease as the basin population increases. In stishovite the nucleus-
monosynaptic attractor distance is larger than the nucleus-disynatic one,
which is probably due to the lower population of the monosynaptic basin
with respect to the disynaptic one. The atomic and ionic radii always in-
crease with the coordination. The silicon atomic and ionic radii vary less
than the oxygen ones. The increase of the oxygen atomic radius is consis-
tent with the increase of the ionic character of the bond. In high pressure
polymorphs, the packing of the oxygen network explains why the SiO2 

units occupy smaller volumes than in quartz and cristobalite in spite of the
increase of the atomic radii.

Another interesting feature provided by the ELF analysis is its connec-
tion with the VSEPR model. The valence basin is the analogue to the elec-
tron domain of Gillespie but with the difference that the former can contain 
both more than 2 and less than 2 electrons. For instance, in stishovite there
are respectively 80% and 75% of a true pair in the disynaptic and monosy-
naptic domains, whereas in cristobalite even 4 electrons are contained in
one monosynaptic basin. In tetracoordinated polymorphs, an AX2E struc-
ture is found around the oxygen atoms. The is, however, wider than
the value expected by Gillespie for this structure [48] because the monosy-
naptic basin tends to form a ring around the oxygen core. In molecular
prototypes such as H3SiOSiH3 and (OH)3SiOSi(OH)3 this angle is always
calculated to be greater than 140°. The geometry of stishovite is consistent
with AX3E2 oxygens in which the electronic domains are partially filled.
The transition to the CaCl2 type structure corresponds to a rearrangement
towards the local AX3E type involving an electron transfer from one lone
pair domain to the three other domains. Finally, the fluorite-type structure
obviously belongs to AX4.

4. Conclusion

The topological analysis of the density and of the E L F function provides
new information to understand the nature of the Si-O bond. On the one
hand, the atomic population and the bond ellipticities tell us that the SiO
bond is partly ionic and also that there is no evidence for a partial dou-
ble bond character. This latter point is confirmed by the analysis of the
E L F function since there is only one attractor between the oxygen and
silicon cores and that its basin population is always less than or equal to
2 electrons. Moreover, it appears more important to consider the oxygen
than the silicon to discuss the bonding in silica. The Si-O bond is found to
belong to the electron shared interaction by the E L F analysis.

The structural stability of the E L F gradient field warrants the relia-
bility of the qualitative information presented here. In fact , lower quality
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wavefunctions used in preliminary calculations yield the same number of
basins of each type. The noticeable differences which concern the quan-
titative aspects of this work, i.e. the basin populations, are of the order
of magnitude of the error due to the approximate numerical integration.
These two errors have the same origin, namely the difficulty of determining
precisely the separatrices.

The discussion of the Si-O chemical bond presented in this chapter pro-
vides some guidelines to improve interatomic potentials. On the one hand,
the analysis of the density gives support to two-body potentials such as
those designed by Tsuneyuki [6] and Kramer al [7] insofar as the attractors
of the valence basins remain rather close to the oxygen centres and because
the value of E L F at the saddle points between these basins is rather high.
Covalent potential [5] are also successful, because they take into account
the mutual repulsion of the valence basins. A trail to improve two-body po-
tentials may be to treat the electrostatic and dispersion interactions as true
two-body potentials and to allow more flexibility for the repulsive poten-
tial. This can be done by considering that the repulsive interaction occurs
between the silicon centre and the core and valence attractors of oxygen.
It should be also possible in this way to model the variation in the number
of valence attractors occurring with a change of the oxygen coordination.
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MOLECULAR DYNAMICS SIMULATION OF SILICA WITH

A FIRST-PRINCIPLES INTERATOMIC POTENTIAL

SHINJI TSUNEYUKI
lnsti tute for Solid State Physics, University of Tokyo Roppongi,

Minato- ku, Tokyo 106, Japan

1. Introduction

Prediction of the structures and properties of materials from a knowledge
of their chemical composition has been a longstanding problem of mate-
rials science. The Molecular Dynamics method (MD, hereafter) has been
one of the most powerful techniques to simulate both static and dynamical
properties of materials starting from atomistic information, i.e. an inter-
atomic potential, which we expect not to be affected by a small change in
environment of the a toms

In the study of silica and silicates, MD was primarily used to simulate
molten and vitreous states using ionic and pairwise interatomic potentials 
[1, 2, 3, 4], where the interatomic potential was obtained empirically by
trial and error. Although the fourfold oxygen coordination of silicon atoms
and non-linear Si-O-Si angle widely observed in silica and silicates seem
to suggest covalent character of the Si -O bonds, it has been shown that
these structural properties are roughly reproduced by pairwise interatomic
potentials.

When the application was extended to simulation of crystalline silica
and silicate, however, we encounter the fact that these interatomic poten-
tials does not necessarily reproduce important structural properties such
as bulk moduli, elastic constants or sometimes even dynamical stability of
the crystalline symmetry. Thus some efforts have been made to incorporate
crystal structures and their elastic properties into the process of empirical
determination of the interatomic potentials by means of a static energy
minimization technique [5, 6, 7, 8, 9].

Since these methods are essentially empirical, one cannot but move on
to more sophisticated but more complicated interatomic potentials as he
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tries to reproduce more experimental data. A typical example is found in
simulations of silica. Silica can be regarded as a generic material for the
most abundant class of minerals. Despite its simple chemical composition,
silica is known to assume various crystal structures (polymorphs) which
have a wide range of densities varying from 2.3 (low-cristobalite) to 4.3
g/cm3 (stishovite) and bulk moduli from 18 to 300 GPa. As is evident from
this variation, silica is not a close-packed system, and is in fact typical of
framework structures in which units (SiO4 tetrahedra in this case) form
networks with various unit-unit (Si-O-Si) angles. Thus a sensitive test of
the interatomic potential may be made for this material. Until recently,
even the structure and bulk modulus of low-quartz (α-quartz) could not
be reproduced by pairwise interatomic potentials, and it had been believed
that for this material one needs three-body interatomic potential appro-
priate for covalent bonds and the shell model representing deformation of
oxygen charge density [10, 11].

The inclusion of covalency and charge deformation is physically reason-
able, while the potential parameters are still determined empirically. More-
over, increase of the number of parameters causes arbitrariness in their
determination. Now we need to revise the interatomic potential from a
different standpoint apart from experimental observations.

In this context, we performed first-principles electronic structure cal-
culations of a small cluster (SiO4) and analyzed potential energy surfaces
(PES’s) corresponding to some deformation modes of the cluster. The in-
teratomic potential derived from the PES’s, which is ionic and pairwise,
has been found to reproduce most structural properties of silica minerals
quite satisfactorily against expectation.

In this article, I briefly review our works on the interatomic potential
of silica. Results by the cluster calculations are shown in section 2. MD
results at ambient temperature and moderate pressure are summarized in
section 3 . Dynamical simulations at high temperature and/or high pressure
are the most interesting and important application of the MD method,
whose results are briefly introduced in section 4. Section 5 is devoted to the
concluding remarks.

2. Interatomic Potential

2.1. CLUSTER CALCULATIONS

We start from the total energy calculation of a tetrahedral cluster,
which exists in most crystalline silica and its melt [12, 13]. We regard the
cluster as embedded in a crystal, so that we add four point charges, e+,
as shown in the inset of Fig. 1, which guarantee the charge neutrality and
also mimic the Madelung potential arising from the rest of the crystal. The
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Figure 1. Total energy and the Mulliken charge on an oxygen atom of an
cluster for (a) T d , (b) C3v and (c) D2d deformation modes. The Si-O-e+ angle is set to
180°. Solid circles represent the cluster calculation, solid lines are the fitted potentials,
and the broken lines are guides to the eye. In (b) the Mulliken charge shown by the
dashed line is for the oxygen ion moved during the calculation, while that shown by the
dotted line is for the fixed oxygen ions. 1 Hartree = 2.6255 x 103 kJ/mol.

distance between an oxygen atom and the adjacent point charge is set to
1.65Å, which is close to usual Si-O distance in silicate. Effect of changing
the distance will be discussed later in this section.

We performed Hartree-Fock self-consistent-field (HF-SCF) calculation
and obtained PES'S corresponding to Td, C3v and D2d deformation modes
of the cluster as shown in Fig. 1(a)-(c).Double-zeta basis functions, which
express each valence orbital of the atom with two functions, are employed
with two d functions for silicon and p functions for the negative ion state
of oxygen. We assume no electron orbitals around the point charges.

It has turned out that all of these PES'S can be well fitted by a sum of
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pairwise interatomic potentials. We have employed the functional form

(1)

which consists of Coulomb interaction with some corrections discussed be-
low, Born-Mayer-type repulsion, and a correction to the repulsive term
expressed by a power-law interaction. Here r is the distance between atoms
and ai (bi) is the effective radius (softness parameter) of the i-th atom with
the standard force = Note that the last term refines
the details of the repulsion and does not necessarily represent dispersion
interaction, which is not included in the HF-SCF method. We also include
Coulomb interactions of ions with the point charges.

As Si-O bonding is not totally ionic, we have to assign fractional charges
for Si and O. Hence a caution must be made in evaluating Coulomb inter-
action in the cluster, since the effective charge in the bulk, Qi, is different
from that in a cluster, In terms of the fractional number of elec-
tron, ___ n, transferred from a Si atom to an O atom per Si-O bond, we have

= and Qsi = while we have = -(1+ and
= = We describe the Coulomb interaction in the cluster as

a sum of long-range and short-range parts as

(2)

(3)

(4)

The correction, gij(r), in the long-range part involving reflect the distri -
bution of the excess charge of oxygen, for which we assume a hydrogen-like
orbital with a typical ionic radius of oxygen, = 1.4Å. Since the remain-
ing short-range part is expected to be insensitive to the environment, we use
the bulk Qi there. Once the parameters ai, bi and ci are optimized by fitting
the cluster PES’S, we switch back into Qi (i.e., =
in the MD simulation of the bulk. Thus the final interatomic potential has
the same functional form as used by many authors.

From the Mulliken analysis, ∆n is ~ 0.7 for the equilibrium bond length,
while it depends of the Si-O distance and O-Si-O angles in a complicated
manner (e.g., compare Fig. 1(a) and (b)) . This clearly indicates the many-
body character of the interatomic potential in the covalent system. It should
be noted, however, that the PES’S are well reproduced by a pairwise poten-
tial eq.(1) with fixed charges. As regards the nearest neighbor interaction,
the variation of the charge transfer is already included in eq.(1) as a first
approximation, though it might affect the interaction with the ions out of
the cluster.
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It is interesting to compare the above PES’s with those calculated with
doubly elongated O-e+ distances (d(O-e+)). In Fig. 2 net PES’s of Td mode
are shown with a solid line (d(O-e+) = 1.65Å) and a dashed line (d(O-
e+) = 3.3Å), where the “ n e t PES” is obtained by subtracting the Coulomb
interaction related with the point charges (e+) from the total energy of the
cluster. We used two different method of estimating the contribution of the
point charges. First we used the following expression,

(5)

where is the distance between the and v-th point charges, and
is that between the point charge and the i -th ion. We did not

use eqs.(2)-(4), since the nearest O-e+ distances are always fixed. The net

PES’s for the different Si-O distances obtained in this way are shown in
Fig. 2(a). The energy difference between the two PES’s are also shown by
a dotted line, which slightly but clearly depends on the Si-O distance. This
is nothing but a manybody character of the interatomic potential of silica.

Since the electron charge density in the cluster is available from the
HF-SCF calculation, we secondly estimated the contribution of the point
charges by

(6)

where Zi is the atomic number of each ion, and is the electron charge
density. The net PES’s in this case shown in Fig. 2(b) surprisingly coincide
with each other except that there remains a constant shift of the energy,
which probably comes from the non-Coulombic character of the nearest 0-
e+ interaction. This result suggests that the interatomic potential beyond
the nearest neighbor atoms are essentially Coulomb interaction and that
the manybody character could be renormalized into the ionic charges (Qi)
changing according to the local deformation of the cluster. Note that such
manybody character is not incorporated even in the shell model.

2.2. POTENTIAL PARAMETERS

For the present it seems difficult to find an efficient method of determining
Qi’s at each configuration of MD runs, so that we do not use eq.(6) below
but fit the potential parameters using eqs.(2)-(5). Thus the pairwise inter-
atomic potential obtained in this work has an intrinsic error of neglecting
the manybody character mentioned above, although it seems not so sig-
nificant when the distance to the second nearest neighbor atoms is not so
much changed.
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Figure 2. Net potential energy surfaces for T d deformation of an cluster
calculated using (a) fixed charges Qi, and (b) electron charge density The full
circles are the cluster calculation. The solid line is for the O-e+ distances of 1.65Å, and
the dashed line is for 3.30Å. The energy difference of these two net potential energy
surfaces is shown with dotted lines.
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TABLE 1. Potential parameters obtained in this study.

Q /e a(Å) b (Å) c (kcal 1/2

O -1.2 2.0474 0.17566 70.37
Si +2.4 0.8688 0.03285 23.18

Since small cluster results are insufficient to determine long-range Cou-
lomb interaction, and because the absolute value of the Mulliken charge
itself depends on the choice of basis functions for the HF-SCF calculation,
we have not included in the fitting procedure. Instead we tried several
fixed values of around the Mulliken charge. Moreover, since the least-
square fitting procedure for ai , bi and ci is nonlinear, more than one set of
parameters are obtained. We have chosen the one (Table 1) which optimizes
the structure and compressibility of low-quartz in a static simulation [ 5 ] .
The potential energy surfaces best fitted by the pair potential are shown
in Fig. 1 with solid lines. Interesting is that the PES corresponding to the
O-Si -O bending mode (D2d mode in Fig. 1(b)) is remarkably reproduced
here by the pairwise O-O interaction. It should also be mentioned that the
best-fit potential reproduces the potential surface in a wide range of Si-O or
O-O distances, which corresponds to large deformations. Specifically, this
guarantees the reliability of the pairwise potential even for states at high
pressures, in which small atomic distances are encountered.

So far we have investigated the PES of an SiO4 cluster, so that the PES
for the Si-O-Si bending is not incorporated in the fitting procedure. Previ-
ous quantum chemical calculations [14] show that the PES of an H6Si2O7
cluster has a slight minimum at around 144o in harmony with
experimental observations that the angle is around 140º - 150º in most
silica and silicates, which seems to suggest covalent nature of the Si-O-Si
bonding. On the contrary, as will be shown later, our pairwise interatomic
potential reproduces the Si-O-Si angle quite well not only in crystals but
also in the vitreous state.

To check the validity of the interatomic potential, we have also per-
formed HF-SCF calculation of the PES of the bending mode of an  (Si2O7)6-

6e+ cluster as shown in Fig.3(a). The PES is very flat for a wide range of
the Si-O-Si angle, although it does not has minima at bent configurations
perhaps because the Si-O-e+ angle is set to 180º in this cluster. The inter-
atomic potential parameterized above has been shown to give a very similar
PES for the bending mode (a solid line in Fig.3) and somewhat guarantees 
its reliability as regards the Si-O-Si bending deformation. Interestingly the
net PES for this cluster shown in Fig.3(b) gives a distinct minimum at
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around 180o, suggesting that the Coulomb interaction beyond
the second-nearest-neighbor ions is important for this flat PES. Another
message here is that it is probably dangerous to discuss the subtle poten-
tial minimum on the Si-O-Si angle only within the cluster approach.

3. Simulations of polymorphs of silica

Once interatomic potentials are obtained, they are applicable to the static
energy minimization or the MD simulation. As we have mentioned in the
previous section, we performed static energy minimization of low-quartz
to choose the best parameter set, since computational time needed for the
static simulation is shorter than MD. On the other hand the MD could be
more stringent test for the potential, because dynamical stability of crystals
is examined by the method.

We performed MD simulations of low-quartz, low-cristobalite, coesite
and stishovite, i.e., virtually all the natural polymorphs of silica so far
known. These polymorphs correspond to different pressure-temperature
regimes but can also exist at normal pressure and temperature. Our in-
terests are: (1) whether the interatomic potential derived from the cluster
calculation is applicable to bulk crystals, (2) whether various physical prop-
erties of polymorphs are reproduced by the same interatomic potentials, and
(3) whether pair-potential approximation is valid for silica.

In the present MD study, we have used Parrinello and Rahman’s con-
stant pressure algorithm [15] combined with the constant temperature al-
gorithm by Nosé [16]. Periodic boundary condition is assumed for typically 
five hundreds of atoms. The Ewald sum method is used for evaluating the
long-range Coulomb interactions. The 1/r6 term is calculated by direct
summation within a certain cut-off length (~ 7Å), while the interaction
beyond the cut-off length is integrated by continuum approximation. We
start from an initial condition in which all the atoms begin to move with
random velocities from the ideal positions of the crystal structure. If the
interatomic potential were inappropriate, the initial crystalline structure
would disintegrate immediately, or in some cases after retaining the struc-
ture as a thermal fluctuating state for some period.

The MD results show that at room temperature the four polymorphs
are dynamically stable, despite the fact that the polymorphs have large
differences in their topologies of atomic configurations and densities [12,
13]. The obtained densities agree with the experimental results within 10%
error. The structural parameters are summarized in table 2 and the atomic
configurations are shown in Fig. 4.

We have also performed MD simulations under high pressure. Pressure
dependence of the cell parameters polymorph is also reproduced quanti-
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Figure 3. (a) Total energy (PES) and the Mulliken charge on the bridging oxygen atom
for the Si-O-Si bending of an (Si2O7)6-6e+ cluster. The full circles are obtained by the
cluster calculation, the solid line by the interatomic potential in table 1, and the dashed
line is a guide to the eye. (b) The net PES calculated using electron-density distribution p .
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TABLE 2. Structural parameters obtained here by MD simulations as compared with ex-
perimental results (or results by the FLAPW band calculation) for various polymorphs of
silica.

eReference 21. fReference 22 . gReference 23.
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Figure 4 . Atomic configurations averaged over time steps obtained in the MD simulation
of low-quartz (a), low-cristobalite (b), coesite (c) and stishovite (d).

tatively by the present interatomic potential [13]. The bulk moduli ob-
tained by fitting the pressure-volume result to the Birch-Murnaghan equa-
tion of state also agree with experimental results within roughly 10% error.
Recently it has also been reported that a negative Poisson ratio of low-
cristobalite is successfully reproduced with this interatomic potential [24].

Besides these four polymorphs, we have tested low-tridymite, which has
not been fully established as a polymorph of pure silica [25].Starting from
the conjectured low-tridymite structure, we have obtained an equilibrium
structure that preserves the exceptionally low symmetry of space group Cc,
although the structure is different from that in the latest reports [26, 27].
Since the unit cell of low-tridymite is reported to be very large (48 SiO2
units) and complicated, further investigation will be necessary for both MD
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experimental studies.and
We have also performed a simulation of Pa3-silica,

_
which is first ob-

tained by an MD simulation [28] and predicted to be ~6 %) denser than
stishovite at ambient pressure and thermodynamically more stable above 6O
GPa by the first-principles total-energy-calculation [23]. This phase could
have great geophysical implications, because MgSiO3-perovskite, which is
widely accepted as the major constituent within the Earth’s deep interior,
should be less stable than at high pressure if the
does exist. Although a high-pressure experiment [29, 30] and further the-
oretical investigation [31, 30] suggest that the preceding rutile-to-CaCl2
structural phase transition suppresses appearance of the Pa3

_
phase up

to the highest pressure in the Earth, it is noteworthy that this phase is
thought to be stable at ambient pressure if it were once formed. The sim-
ulated phase at room temperature and normal pressure has a. density
5.5 % higher than that of simulated stishovite and a bulk modulus similar
to that of stishovite. These results agree very well with the prediction of
the full-potential linear augmented plane wave (FLAPW) method [23].

Although the present interatomic potential is derived from an SiO4 clus-
ter, we have found that it also gives good results for stishovite and
with SiO6 coordination beyond our expectation. This is partly because oxy-
gen atoms are more closely packed in the sixfold coordinated systems giving
higher densities and more rigidity.

4. Dynamical Simulations

In this section I briefly introduce some applications of our interatomic po-
tential to study of dynamics and structural transformation in silica. They
are the phase transition of quartz, pressure-induced structural transforma-
tions of the polymorphs of silica, and atomic diffusion in silica melt.

4.1. THE α TO PHASE TRANSITION OF QUARTZ

There is a long history of experimental study on the phase transition in
quartz. At room temperature, quartz assumes a low-temperature phase of
space group P3121, which is called low-quartz or a-quartz, while it trans-
forms into a high-temperature phase of space group P6222 (high-quartz or

when it is heated above 846K. The soft mode of the phase tran-
sition was first detected by Raman scattering [32] below Tc and by inelastic
neutron scattering [33] above Tc. An incommensurate phase is also observed
within a narrow temperature range (~ 2 K) between the α and phases
[34]. There has been a controversy as to the structure of the
question is whether the atoms in the phase vibrate around the idealized
position [35, 36] or fluctuate between the and α2 phases [37, 38].
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(a) (b)

Figure 5. Phonon dispersions of α-quartz (low-quartz) at room temperature: (a) calcu-
lated results using the present interatomic potential and (b) experimental da ta by Dorner
e t al. (Reference 40). Full (open) circles and full (dotted) lines represent antisymmetric
(symmetric) modes.

We firstly calculated the phonon dispersion of low-quartz with our in-
teratomic potential [39,40] and found that it reproduces rough features of
experimental data [41] as shown in Fig. 5. In this lattice dynamics calcu-
lation, we used thermally averaged cell parameters and atomic coordinates
at room temperature obtained by an MD simulation. When we used cell
parameters obtained at 700 K, we found an appreciable softening of an A1

(symmetric) phonon mode a t the zone center, whose frequency is -6.8 THz
by our calculation, together with the softening of the lowest antisymmetric
acoustic mode in all the wavevector range and the second antisymmetric
acoustic mode a t the zone boundary. This is in harmony with experimental
results and a previous lattice dynamics study with empirical force constants
[42]. Above 800 K, on the other hand, the thermally averaged positions of
atoms are no longer stable and simple diagonalization of the dynamical
matrix gives imaginary frequencies.

Secondly, we performed an MD simulation of heating quartz up to
1300 K. We have mainly used a system of 432 particles for the periodic
boundary condition, while 324- and 576-particle systems have also been
studied for comparison. MD results for the temperature dependence of the
molar volume and cell parameters shows quite good agreement with ex-
perimental data (Fig. 6) [43]. The volume expansion coefficient abruptly
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Figure 6. The MD results for the thermal expansion of the volume (a) and cell param -
eters (b) of quartz, and the temperature dependence of the u parameter of silicon. Open
squares represent the 432-particle system with typical magnitude of the fluctuation, while
full circles and open circles represent the 324- and the 576-particle systems. The solid
line shows show experimental data.

changes at Tc = 850 -900 K and clearly indicates a phase transition, while
the system-size dependence shows that the 324-particle system is too small
to reproduce the distinct shoulder of the volume-temperature relation.

The character of the transition can be made clear if we look at the
fractional coordinate of silicon, u, in the space group of a-quartz, P3121.
In the low-temperature phase, there are two equivalent phases called a1

and a2, where u = 0.4705 and u = 1 - 0.4705 = 0.5295, respectively.
In the idealized phase, on the other hand, we have exactly u = 1/2
from symmetry restriction. Since the other positional parameters are highly
correlated with u to preserve SiO4 tetrahedra, we can choose u - 1/2 as
an order parameter of the phase transition. In the MD simulation, we have
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Figure 7. The distribution of the u parameter of silicon. The da ta were accumulated
over 12 ps (full lines) or 4 ps a t different intervals a t 850 K (dashed lines). The inset
shows a typical trace of the u parameter, averaged over all the cells, against the M D step.

monitored the u parameter averaged for the three silicon atoms in each unit
cell a t each time step. We denote the u parameter averaged over all the unit
cells in the system by u,

_
 which is a function of time, while the u parameter

averaged over all the cells and all the time steps is denoted by < >. The
temperature dependence of the averaged order parameter, < > -1/2 is
shown in Fig. 6, which shows that < > -1/2 indeed vanishes above Tc.

We can further characterize the structure by the distribution function
of u in Fig.7. At low temperature the motion of each particle is nearly har-
monic, so that the distribution function is Gaussian. As the temperature
increases, the distribution becomes asymmetric, and above Tc it is symmet-
ric again and almost independent of temperature. At 850 K we have found
a phase alternation between the a1 and a2 phases, which correspond to
the experimental observation that the domain boundary between the two
phases is constantly vibrating just below Tc [37]. We cannot tell exactly
whether Tc is below or above 850 K in this simulation because the system
size is too small. At 900 K the MD-synthesized quartz is clearly in the
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phase, where we can no longer find such alternation. When seen locally,
however, the α1 and α2 structures switch to each other. Thus, although the
atomic distribution function shows a single peak like a displacive transition,
and though the softening of phonon modes are also confirmed by the lattice
dynamics calculation, the structure has an order-disorder charac-
ter at the same time, i.e., the structure is interpreted as a spatio-temporal
average of the α1 and α2 structures.

In the present MD simulation, an important driving force for the phase
transition is, together with the increase in kinetic energy, the thermal ex-
pansion of the lattice, which suppresses the potential barrier between the
α1 and α2 structures [44]. It might be interesting to study pressure effect,
which is likely to increase the barrier height. 

4.2. PRESSURE-INDUCED STRUCTURAL TRANSFORMATIONS

Structural transformation of silica at high pressure is not only geophysically
important but also interesting for their variety due to the flexibility of
the framework structure. Hemley et al. have found that polymorphs of
silica undergoes amorphization under pressure, even at room temperature,
just like H2O ice does at low temperature [45]. We have investigated the
microscopic mechanism of this pressure-induced structural transformation
by an MD simulation.

Structural transformation of materials at high pressure is technically
one of the most challenging problems for MD, since we need an inter-
atomic potential reliable for variety of atomic configurations with various
densities, i.e., various interatomic distances and coordination. As we have
shown in the previous section, the present interatomic potential reproduces
structures and bulk moduli of polymorphs of silica including high-pressure
phases. On the other hand, a drawback with the cluster approach for ob-
taining the potential is that , as the approach concentrates on the curvature
of potential surfaces, it does not necessarily reproduce the exact enthalpy
difference between phases. For example, the observed enthalpy of forma-
tion of sixfold-coordinated stishovite is ~10 kcalmol-1 higher than that
of fourfold-coordinated low-quartz, as compared with the calculated differ-
ence of ~1 kcalmol-1. As we are interested in pressure-induced structure
transformation, which involve changes of the Si-O coordination number, we
slightly modify the potential parameters to reproduce the enthalpy differ-
ence of stishovite and low-quartz. Merely a reduction of the atomic radius
aSi by 1 % (0.01Å) is sufficient to accomplish this.

Using these potentials, we apply a hydrostatic pressure to each poly-
morph of silica at room temperature. The equations of state obtained at
room temperature [46] are shown in Fig. 8 together with those obtained ex-
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Figure 8. Pressure-volume relation for low-quartz coesite (^) , stishovite and(•)
low-cristobalite (o) obtained by MD. Solid lines represent continuous

_
change and broken

lines discontinuous change of volume due to pressure-induced structural transformation.
Hysteresis is indicated by arrows. Pressure-volume relation obtained by an experiment is
shown in the inset (from Hemley e t al. Reference 4 5 ) .

perimentally [45]. In good agreement with the experiment, MD-synthesized
low-quartz and coesite undergo structural transformation with discontin-
uous volume reduction at pressures of 28-30 GPa and 35-40 GPa, respec-
tively.

By compression of low-quartz, we have found two novel high-pressure
structures, depending on the MD runs. One is the α-PbO2 structure with
only sixfold Si-O coordination, which has been proposed [47] but not es-
tablished. Another structure we obtained is shown in Fig. 9(a). In this
structure, 1/3 of Si atoms have fourfold coordination, while the rest have
sixfold coordination. Moreover, it contains a number of bond defects at
~30 GPa so that peaks in the radial distribution function are shown to be
broadened as in the glass. We confirmed that the bond defects disappears
if we further compress the structure up to 50 GPa [48].

Another novel crystalline structure is derived from low-cristobalite at
~17 GPa (Fig. 9(b)) . The new structure has a space group of Cmcm and
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Figure 9.

The C 2 phase from low-quartz, and (b) the Cmcm phase from low-cristobalite.
Novel structures of silica obtained by compression of known polymorphs. (a)

contains an equal number of fourfold and sixfold silicon atoms. The Cmcm

phase is not quenchable and all the sixfold silicon atoms return to fourfold
after decompression. The decompressed phase is similar to low-cristobalite
but contains topological disorder, though the SiO4 network is complete. The
Cmcm phase undergoes the second structural transformation a t ~ 23 GPa
into stishovite, in which all the silicon atoms have sixfold coordination.
If we increase pressure rapidly, the first transformation is not observed
and low-cristobalite directly transforms into stishovite above 20 GPa. Once
stishovite is formed, it is stable up to the highest pressure (250 GPa) except
that it becomes slightly orthorhombic above ~160 GPa [49].

Although the Cmcm phase of silica has not been found by real experi-
ments, it has been shown that low-cristobalite in fact undergoes pressure-
induced structural transformations at room temperature [19, 50]. Very re-
cently it was also confirmed that the displacive transformation from low-
cristobalite structure to the Cmcm structure really occurs in case of c-

GaPO4, which probably has larger ionicity than silica. It should also be
mentioned that Ga atoms easily turn into sixfold coordination, while P
preserves fourfold coordination at high pressure. This tendency is in har-
mony with the alternate arrangement of the fourfold and sixfold coordi-
nated cations in the Cmcm phase.

Interestingly, these structural transformations occur without atomic dif-
fusion in the sense that no isolated atoms or disordered states appear at
the transition. The mechanism of these diffusionless transformation is illus-
trated in Fig. 10. When the pressure is increased the framework of corner-
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Figure 10. Pressure-induced structural transformation obtained by M D simulations at
room temperature. (a) A framework of corner-shared SiO4 tetrahedra in a low-pressure
phase (low-cristobalite), where silicon atoms are shown with circles. Oxygen atoms related
with the structural transformation are numbered. (b) The framework structure deformed
under pressure. (c) The framework structure after released pressure.

shared SiO4 tetrahedra in Fig. 10(a) transforms displacively into the the
structure shown in Fig. 10(b). This structure can be regarded as compris-
ing a sixfold Si-O coordination on the basis of the Si-O distance. Thus the
Si-O coordination number increases smoothly by neither breaking any Si-O
bonds nor introducing global atomic diffusion. This mechanism for com-
pression is essentially the same as that suggested by Stolper and Ahrens
for amorphous silicate [51] and is thought to occur in silica glass [52]. In case
of decompression, the way of unfolding sixfold coordination into fourfold
coordination is locally not unique. For example, the sixfold-coordinated
structure in Fig. 10(b) does not always resume the structure in (a) but
also transforms into a new framework structure in (c). This leads to the
topological disorder in the decompressed phase mentioned above. 

In summary, we have obtained a microscopic picture of the pressure-
induced structural transformation of the polymorphs of silica at room tem-
perature. In most cases the high-pressure phases highly retain structural
order since the transformation occurs without diffusion process, although
the tendency might be enhanced by the restricted size of the MD cell for
the periodic boundary condition. It is conceivable that compression of a
macroscopic sample produces small domains of ordered phases with ran-
dom crystalline directions. The present result also suggest that the appli-
cation of high pressure at room temperature may provide routes to new
polymorphs, which cannot be obtained under equilibrium conditions.
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4 .3 . PRESSURE ENHANCEMENT OF ION MOBILITIES IN LIQUID SILICA

Melts of many silicates are known to have an anomalous transport property
that the viscosity (diffusivity of oxygen atoms) drastically decreases (in-
creases) with pressure [ 5 3 , 54]. This interesting phenomenon is considered
to be closely related with the mechanism of the pressure-induced structural
transformation. We have stressed that the transformation is diffusionless.
However, this is in a specified meaning of the word, in which a diffusive tran-
sition is defined as the one accompanied by appearance of isolated atoms.
The diffusionless transformation modes contribute to the mechanism of dif-
fusion in the following sense. When the low-pressure structure in Fig. 10(a)
is compressed into the high-pressure structure in (b) and then decompressed
to the structure in (c), the framework of the corner-shared SiO4 is topolog-
ically rearranged, although no isolated atoms appear during the process.
The coordination of silicon atoms changes from fourfold to sixfold and then
to fourfold again with different oxygen atoms. If we envisage a process in
a disordered phase in which the compressions and decompressions are re-
peated, this could result in diffusion of atoms. Since local pressure or stress
is thought to fluctuate in a melt, we can expect such diffusion in a liquid
phase. Sixfold coordination is then realized as a local and transient state
for diffusion. Note that the diffusion considered here does not accompany
isolated atoms but is regarded as continuous changes of Si-O coordination
numbers, which will require much less energy than that needed for stripping
an oxygen atom from a fourfold coordinated silicon atom.

The crucial factor for atomic diffusion in the present model is the acti-
vation energy needed for forming sixfold coordination from fourfold coordi-
nation locally. Then the activation energy is considered to be highly corre-
lated with the enthalpy difference between fourfold and sixfold coordinated
phases. As is well known, low-pressure phases of silica allow only fourfold
coordination and have relatively small bulk moduli, while the high-pressure
phase is characterized by sixfold coordination and large bulk modulus. So
the enthalpy of the fourfold coordinated phase and that of the sixfold co-
ordinated phase have different pressure dependence and coincide with each
other at a certain critical pressure PC. Thus the activation energy decreases
up to PC and the diffusion coefficient will have a maximum there. Above
PC, the activation energy for diffusion will be the energy required to make
a fourfold coordination in a sixfold coordinated system, which is an in-
creasing function of pressure, so that the diffusion coefficient now decreases
with pressure. Although in real situations the average coordination number 
should be somewhere between four and six, the present picture still holds. 

The model for the anomalous diffusion process may be confirmed by
demonstrating a correlation between the diffusivity and the enthalpy dif-
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Figure 11. Pressure dependence of the diffusivity of oxygen atoms at 4000 K. Three
kinds of symbols and lines correspond to three types of potential parameters: type I
a solid line), type II (•, a dashed line) and type III (o, a dotted line), where the size
of the symbols approximates the error bars. The lines are the results of the least-square
fitting with eq.(8). Pc’s for each potential are denoted with arrows.

ference. The interatomic potential we have developed has two virtues for
this purpose. First, the potential reproduces the structures and bulk mod-
uli of both fourfold and sixfold coordinated polymorphs of silica.. Second,
we can tune the relative stability of fourfold and sixfold coordinated poly-
morphs by a slight modification of a potential parameter aSi without losing
the first virtue. Thus we consider three sets of potential parameters where
aSi = 0.86 Å(type I), 0.87 Å(type 11) and 0.88 Å(type III), which give the
critical pressure PC of 9.9 GPa, 4.7 GPa and 0.7 GPa, respectively.

The key results for the pressure dependence of the diffusivity of oxygen
at 4000 K for the three types of parameter sets are shown in Fig. 11 [55].
The results for silicon are qualitatively very similar to those for oxygen.
A common characteristic for the three parameter sets is that the diffusion
coefficients show maxima as reported for silicate by Angell et al. [56, 57].
This is exactly the anomalous diffusion property. Moreover, a new finding
here is that there exists a conspicuous correlation between the pressures
which give the highest diffusivity and the PC’s estimated before.

The activation volume defined by D(P) is
about (-3) - (- 5) cm3/mol around 0 GPa. This is very close to the differ-
ence of the molar volume per oxygen in a fourfold coordinated polymorph
(coesite) and a sixfold coordinated polymorph (stishovite), and comparable
with -6.3±1.2cm3/mol for jadeite obtained experimentally [53].



222 S. TSUNEYUKI

Diffusivity of an atom can be written approximately as

(7)

where a is a typical length-scale for the elementary process of diffusion, v

is a trial frequency, and is an activation energy for diffusion. a is pro-
portional to V(P)1/3 where V (P) is the molar volume at pressure P known
from the simulation of melt. Along the present mechanism, we postulate
that is proportional to |H coe(P)-Hst(P)|, except for a constant inde-
pendent of pressure, where Hcoe(st)(P) is the enthalpy of coesite (stishovite)
obtained from simulations at room temperature with some extrapolation.
Finally we assume that v is proportional to K(P)1/2, where K ( P ) is the
bulk modulus of the melt at each pressure derived from the simulations of
melt. It should be noted that , if we do not include the pressure dependence
of a2v ,D is symmetrical below and above PC. Thus we obtain [55]

(8)

We found two fitting parameters (c1,c2) for each type of potentials are
sufficient to reproduce the tendency of the pressure dependence of D as
shown by lines in Fig. 11.This serves as clear evidence that the mechanism
for the atomic diffusion in silica melt presented in the above is indeed in
action.

Finally it should be stressed that the interatomic potential, which is
reliable enough to reproduce the pressure dependence of the enthalpy of the
polymorphs of silica, is an essential ingredient of the present investigation. 
The realistic interatomic potential combined with moderate control of the
potential parameter has first enabled us to clarify the close relation between
the diffusivity of oxygen atoms in molten state and the relative stability of
the polymorphs of silica.

5 . Conclusion

Simulation of crystal structures using empirical interatomic potentials might
be a powerful means of understanding experimentally observed properties of
materials. Such an approach is nevertheless insufficient to predict unknown
structures and their properties, since the determination of empirical po-
tentials essentially requires information on the resultant crystal structures.
The present method of deriving interatomic potentials from ab initio clus-
ter calculations is basically free from experimental information. Although
there still remain some empirical factors, such as the choice of reasonable
cluster or the final selection of a potential out of some parameter sets [58],
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the present success demonstrates a promising step toward prediction of the
properties of materials.

We have found that a pairwise interatomic potential works surprisingly
well for silica. Physically this means that local packing of large oxygen ions
essentially determines the structural properties of the crystals even in case
of framework silica. It is natural to think that pairwise potentials will also
be successful for silicates, which are more ionic and more closely packed,
though prediction of relative stability of their polymorphs is much more
difficult.

Recent dramatic advances in computational techniques and computer
power have enabled us to simulate crystalline structures from first-principles
by means of the electronic structure calculation of the whole system within
the density functional theory. Even liquid and vitreous silica have come to
be studied by the ab initio MD method or so-called Car-Parrinello method
[59]. Thus the application of the classical MD method is to be shifted to
study of dynamics with a larger system size and longer simulation time. For
example, the simulation of the oxygen diffusivity mentioned in the previous
section needs accumulation of positions of five hundred atoms over 120 ps
at each pressure, for which the ab initio MD is too inefficient. On the other
hand, a local structural deformation relevant for the diffusion could be
simulated with a smaller cell and a shorter time scale. It is obviously fruitful
to make proper use of these approaches, i.e. the classical MD supported by
first-principles cluster calculations and the a b initio MD, in each problem
of materials science.

The author thanks Y. Matsui, H. Aoki and M. Tsukada for fruitful
discussions and collaboration.
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MOLECULAR DYNAMICS SIMULATION OF SILICATE

GLASSES

A. N. CORMACK AND YUAN CAO
Center for Glass Research, New York State College of Ceramics,

Alfred University, Alfred, NY

1. Introduction

Because of its non-crystalline nature, the structure of glass has largely re-
sisted attack from the usual range of experimental probes, (although recent
studies have begun to break down this resistance). This breakdown has
been substantially aided by the application of computer simulation meth-
ods, which have been able to probe the structure a t the atomic level. In
this chapter, the technique of molecular dynamics will be described and its
application to the structure of silicate glasses discussed.

The principal benefit of molecular dynamics simulations derives from its
atomic scale treatment : the models produce a picture of the atomic struc-
ture, which may be visualised directly using current state of the art imaging
techniques, such as video production. This, of course, is in addition to the
calculation of the standard range of structural information, such radial
distribution functions, which can be measured directly. The problem with 
these measurements, obtained from neutron or x-ray scattering studies, is
that they are essentially one dimensional, because of the isotropic nature
of glass. A full three dimensional reconstruction of the atomic structure is
not possible, therefore, so recourse to modeling is somewhat essential.

The substantial progress made in recent years by computer modeling
may be ascribed to two reasons. Firstly, the great increase in computer
power has made the necessary number crunching a lot easier : more cal-
culations, on larger systems can be completed in shorter periods of time.
Secondly, the heart of the model, the interatomic potential energy func-
tions, from which the interatomic forces are calculated, have improved
considerably. One can now make detailed quantitative comparisons with
experimental measurements, instead of the somewhat qualitative compar-
isons of a few years ago. The increased confidence in the potentials has
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allowed one to explore fairly complicated chemistries : for example, mixed
alkali aluminosilicate systems are now routine, although they contain four
different cation species. Extension to systems with even more components
is a straightforward exercise in number-crunching.

In the next section, the basic features of the structure of silicate glasses
will be reviewed, followed by a description of the molecular dynamics tech-
nique. Then, its application to a number of systems will be discussed. The
general theme will be how compositional changes alter the atomic structure,
and how the changing structure controls an important transport property,
the migration of alkali ions in the structure.

2 .

The basic structure of the parent glass, silica, SiO2, has long been un-
derstood in terms of a three dimensional network of SiO4 tetrahedra[1].
Spectroscopic and scattering (neutron and x-ray) studies indicate that the
geometry of the tetrahedra is pretty much constant throughout the glass, as
it is in the crystalline counterparts[2]. This geometry is often characterised
as short range order (SRO) which relates the arrangement of the oxygens
coordinated to the silicon ions, and, in aluminosilicates, to the aluminium
ions as well. In silica, every tetrahedron is linked to four other tetrahedra,
forming the network. Each oxygen is thus bonded to two silicon ions and
is called a bridging oxygen (BO). The nature of how the tetrahedra are ar-
ranged spatially with respect to each other is called the Intermediate range
order (IRO). More distant correlations are described in terms of the long
range order (LRO). In crystalline materials, the LRO is usually associated
with their periodicity.

In silica the SRO is well characterised, from high resolution scattering
or diffraction experiments which also give information about the IRO[3].
From a practical point of view, however, considerable interest attaches to
the changes in SRO and IRO which occur when additional network, creating
non-bridging oxygens (NBO), because of the extra oxygen and the fact that
the alkali cations do not enter the structure in tetrahedral coordination.
That is to say, they do not contribute to network formation, but rather
disrupt, or modify, it. The alkali cations are thus called network modifiers i n
contrast to the silicon ions which are called network formers. The addition of
trivalent ions, such as Al or B, is usually considered to reduce the number of
NBO, for stoichiometric reasons, provided they behave like network formers.
The behaviour of these other cation species is of key interest. Is Al, for
example, always a network former or might it be a modifier, under some
conditions? How about calcium?

Other important questions concern the distribution of cations in the
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structure, and whether the structure of alkali silicates is better described
by an extension of Zachariasen’s Continuous Random Network Model[1], or
some other, such as the Modified Random Network Model, recently advo-
cated by Greaves[4];that is to say, are the alkalis (and NBO) homogeneously
distributed throughout the glass or are they segregated in an heterogeneous
fashion? An important question is how to describe an alkali aluminosilicate
which formally has no NBO present. Molecular dynamics simulations are
able to address these questions directly, as we will show later.

A complete computer simulation procedure contains three parts : 1)
derivation of interatomic potential parameters, 2) formation of simulated
glass structures, and 3) analysis of the static and dynamic structural prop-
erties of the simulated glass. In the following sections these three parts will
be discussed in detail.

3. Inter-Atomic Potential lModels

Consider a system containing N atoms; the potential energy may be divided
into various terms, such as individual, pairwise, three-body, etc.:

(1)

The first term Ei , represents the effect of an external field on the ith

atom. The second term, Eij, is the pair potential between the i th and the
j t h atoms, depending only on the magnitude of the pair separation. The
third term, Eijk , represents the three-body potential, which may be quite
significant in the solid and liquid states, especially for describing covalent
bonding characteristics. In oxides, higher order terms, four-body potentials
and so on, are usually considered to be very small in comparison with the
first three terms and are generally omitted.

The reliability of the results of computer simulation mainly depends on
the accuracy of the interatomic potential models used in the calculation[5].
The interatomic potentials most often used are generally based on the Born
model of the solid, which includes a long-range Coulombic interaction, and 
a short-range term to model the repulsion between electron charge clouds
and the van der Waals dispersive interaction[6].

A number of functional forms for the short-range potentials have been
used. In the earliest work[7, 8], only pair potentials were employed, but
it was quickly realised that the covalent character of silica was too strong 
to be neglected. Central force models could not reproduce the tetrahedral
geometry closely enough, so three-body terms were introduced to provide
a measure of the directional nature of the covalent bonding[9]. These have
taken a number of different forms as well.
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The present authors have used short range interactions between S i - O
and O-O modeled by four-range Buckingham potentials, with an O-Si -O
three-body potential of the type used by Vessal et al.[10, 11]. These are
expressed as

(2)

(3)

(4)

(5)

where rij is the distance between the ith and the nearest image of the j t h

ions, rc is the cutoff of the pairwise short-range interactions, and the others
are constants which need to be determined. In order to have, as a function
of distance, continuous energy, and continuous first and second derivatives,
the function is splined at r1, r2 and r3. The function has a minimum at r2.

The three-body interaction is described by the equation :

(6)

where Aijk = - Bijk = - - is the calculated
bond angle, is the equilibrium bond angle, kijk is the three-body spring
constant to be determined, and t is the three-body spline point. The three-
body cut-off is represented by tc .If either rij or rik is greater than t and
less than tc , the relevant exponential term in equation 6 is replaced with :

(7)

where x = r²-t² with r being either rij or rik . The application of the three-
body potentials has allowed a successful simulation of the directionality of
Si-O-Si bonding associated with its covalence, resulting in a good agreement
with experimental data[9].

The short-range interactions between alkali/alkaline earth ions and oxy-
gen ions were modeled by using a simple Buckingham potential :

(8)

where Aij and Cij are constants to be determined.
Potential parameters may be derived in two main ways[12,13]. The most

widespread is an empirical approach in which the parameters are found
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by fitting to experimentally measured crystal properties. An alternative
approach is to calculate the parameters. In recent years, this approach has
gained favour because of advances in methodology.

Our preference is to use potential parameters obtained by fitting to
the crystal properties and structures of appropriate binary oxide. The
Si-O parameters were fit to the crystal structures and properties of
cristobalite. The potential parameters for the short-range interaction be-
tween alkali/alkaline earth ions and oxygen ions were obtained by fitting to
the appropriate crystal structures (anti-fluorite for alkali oxides and rock-
salt for alkaline earth oxides). The fitting was accomplished by an inverse
energy minimization technique[14]. The short-range interactions between
cations are not explicitly considered because they are effectively screened
by intervening oxygens. The parameters used in our work are listed in Ta-
ble l. Data in Table l are the same as those used by Huang[14] or those
empirically derived by Lewis and Catlow[13].

TABLE 1. Short-Range Potential Parameters Used in Simulation

Parameter O- S i O Si-O Al-O Ca-O Li-O Na-O

Aij / eV 3116130.6 1036.89 1012.6 1228.9 975.1 1226.8

rij /Å 0.1515 0.3259 0.3118 0.3327 0.2706 0.3065

r1 /Å 2.821 1.525 1.525
r2 /Å 3.666 2.525 2.525
r3 /Å 4.918 3.634 3.634
rc /Å 7.570 7.570 7.570 7.570 7.570 7.570
Kijk 880.67

r1 /Å 0.3259
r2 /Å 0.3259 2.525

tc /Å 3.0

Cij 61.3916 0.0 0.0 0.0 0.0 0.0.

t /Å 2.7

4. Simulated Glass Formation

The algorithm for the formation of simulated glasses by molecular dynamics
contains three steps : 1) initialization; 2) equilibration; and 3) production.

The initialization step establishes the thermodynamic states and assigns
initial positions and velocities to each atom in the system. First of all,
the number of atoms and the size of the simulation box are appropriately
chosen. Too few atoms in a box will cause the size of the box to be too small
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to extract useful structural information, whilst too many atoms in a box
will require too much CPU time for calculation. In this work, the number
of atoms in a simulation box ranges from about 700 to about 1100 atoms.
The length of box is determined by the density and thermal expansion
coefficient of the glasses. We note, in passing, that the continuing increase
in computer power means that these limits will continue to increase.

Secondly, the initial positions for each atoms in the simulation box are
assigned. Usually, the initial positions of Si, Al and a portion of 0 are
assigned to the corresponding sites of the structure, whilst the
initial positions of Li, Na, Ca and some of the 0 are randomly distributed in
the interstitial sites of the structure (although it is, of course,
possible to any initial distribution, including a completely random one). In
the case of the alumino-silicate glasses, the initial positions of Si and Al are
so selected that the Al-O-Al linkages are intentionally avoided. For those
simulation processes that follow the melting process at 6000 K (i.e., those
simulations at intermediate temperatures of 3000 K, 1500 K, and 300 K),
the initial positions of the atoms in the simulation box were taken from the
end of an earlier simulation.

The equilibration step allows the atoms to move from initial positions to
other positions that are energetically more accessible. In other words, the
structure develops over a time sufficient for the system to relax from the
initial conditions, thus “forgetting” how it was prepared. The equilibration
procedure is implemented by giving a kinetic energy corresponding to a
given temperature. A Gaussian distribution of the velocities is obtained for
each atom type in the simulation box according to the classical equation of
motion miri = for many interacting species. In the present authors’
work, the initial structure is melted at either 6000 K or 8000 K according
to the composition of the initial structure. The melting procedure is accom-
plished by allowing the system to relax for 10000 timesteps. Each timestep
equals 2 x 10-15 seconds. In order to equilibrate the system at the target
temperature, velocities of the ionic species are scaled every timestep during
the first 3000 timesteps. The scaling is accomplished in such a way that
the total kinetic energy of the atoms of each type will be equivalent to the
target temperature and that the net momentum of the atoms of each type
will be zero. During the second 3000 timesteps, the velocities are scaled
every 40 timesteps in a similar manner. During the last 4000 timesteps, no 
scaling is applied and free relaxation is allowed. In order to obtain glass
samples from the melts, a cooling or “quench” procedure which consists of
a three-step cooling is applied. The melts are first cooled to 3000 K, then
to 1500 K , and finally to 300 K. At each temperature, the same relaxation
processes as described before are applied. The final configuration at 300 K
is taken as the structure of the simulated glass.
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The production step generates the equilibrium phase-space trajectory
from which some properties can he evaluated. During the simulation, some
representative thermodynamic properties, such as site potentials, kinetic
energies, displacements, diffusion coefficients, and momenta, are averaged
every 40 timesteps (and written to an output file for post analysis). In
addition, when thought necessary, the positions and velocities of all atoms
may be recorded every timestep, or every so many (e.g., 50) timesteps, for
later extraction of dynamic structural information.

A significant problem to be overcome is the long run times that are
needed to be able to observe true long-range diffusive motions in the simu-
lation. At short run times, the dominant contribution to the displacement
comes from Debye-Waller type thermal motion and not long range mi-
gration. Diffusion coefficients extracted from short run times will reflect
this situation and thus will he in error. A new approach, called “fast-
forwarding”, has been developed by the present authors to obtain more
detailed transport information from the MD simulations, within reason-
able run times[15].

The basic method of this approach is to isolate the momentum among
different kinds of atoms in the simulation box. Thus, in the room tem-
perature structure, obtained in the usual way and which will contain the
pathways followed by the migrating atoms at this temperature, one can
give the mobile alkali ions a higher temperature. With this extra momen-
tum they will move more rapidly through the structure which is maintained
at room temperature. In this way, the alkalis will move longer distances in
shorter times, permitting an accurate calculation of the diffusion coefficient.

In our work, the simulations were carried out to let alkali ions diffuse at
3000 K and 2500 K, respectively, while the structural relaxation of the other
ions is limited to room temperature (through velocity scaling). The diffu-
sion coefficient and diffusion activation energy of alkali ions may thus be
calculated. This approach, although computationally “tricky”, is, neverthe-
less, physically valid. Experimental support for this approach comes from
NMR studies by Stebbins et al.[16], who found that alkali ion dynamics are
effectively decoupled from the network.

5 . Analysis of Static and Dynamic Properties

5.1. PAIR DISTRIBUTION FUNCTION AND TIME-SPACE CORRELATION
FUNCTION

Two of the most useful structural properties that can be extracted from the
molecular dynamics simulation are the radial distribution function (RDF)
and pair distribution function (PDF). These two functions measure how
atoms organize themselves around one another, i.e. represent “local struc-
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ture”. Specifically, they are proportional to the probability of finding two
atoms separated by distance r + ^_ r . Since this information can also be ex-
tracted from x-ray and neutron diffraction experiments, it provides a way to
compare directly and test the accuracy of molecular dynamics simulations. 
On the other hand, the P D F obtained from MD simulations can provide 
much more information than can be obtained from diffraction experiments,
because the atomic structure is known[17]

The P D F can be expressed as follows :

(9)

where N(r,^_ r) is the number of atoms found in a spherical shell of radius
r and thickness ^ r,_ with the shell centered on another atom; is
the volume of the shell; N is the total number of atoms; r = N / V is the
number density.

Writing the time average explicitly over a total of M time-steps gives :

(10)

where Nk is the result of the counting operation a t time t k in the simulation
run. In equation 10, the choice of ^r_ is a compromise : it must be small
enough to resolve important features of g ( r ) , but also be large enough
to provide a sufficiently large sampling population for statistically reliable
results. In this work, values near _^r 0.025A

o
, have been empirically found

to balance these competing factors satisfactorily.
By accumulating PDFs for all the pairs in the system, the Radial Dis -

tribution Function ( R D F ) and the Correlation Function, T(r),can be ob- 
tained. The relation between g(r), RDF(r) and T(r) can in principle be
expressed as follows :

(11)

(12)

(13)

The principal importance of RDF ( r ) and T ( r ) is comparability with
x-ray and neutron diffraction data. Nevertheless, to make a quantitative
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Figure 1.
32K2O.68SiO2 glass. The difference is shown below.

Comparison between calculated (dashed) and measured (solid) T(r) for

comparison, one also has to include factors such as the scattering length 
(for neutron diffraction) and instrumental and thermal broadening[2]. This
work can not be done without obtaining the appropriate technical data
from the authors of the neutron diffraction experiments. A small number
of these collaborations have been made; an example of such a comparison
is given in figure 1 and a more complete discussion is available in ref. [17].

Dynamic structure information can be obtained from the Space-Time
Correlation Function, G(r, t ) . G( r, t ) expresses the probability that an atom
is at position r at time t , given that an atom was at the origin r = 0 a t
initial time t = 0. G ( r , t ) can be separated into two parts. Terms having
i = j yields the self space-time correlation function, for which the atom at
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(r,t)is the same atom that occupied the origin at (r = 0, t = 0). Terms
having i j yield the distinct space-time correlation function, for which the
atom at ( r , t )differs from the one that occupied the origin. The equations
are as follows

(14)

(15)

(16)

where the index k runs over a total of M time origins. δ is the Dirac delta
function. Its summation represents the usual time average over a system
at equilibrium. Gs (r,t) can be used to investigate the hopping behavior of
the alkali migration in alkali silicate glasses, while G s( r , t )may be used to
investigate the site preference of the alkali ions in the mixed-alkali glasses
and soda lime silicate glasses. A discussion will be given below.

5.2. QN DISTRIBUTION, RING SIZE DISTRIBUTION, AND VOID SIZE
DISTRIBUTION

Qn Species Distribution (QSD), Ring Size Distribution (RSD), and Void
Size Distribution (VSD) are useful measures for characterising the mid-
range structure of glasses. All these distributions are influenced by the num-
ber and spatial distribution of non-bridging oxygens. Determining which
oxygens are bridging or not is frequently done using radial cut-off crite-
rion : how many Si (or Al) there are within a specified distance of the
oxygen.

Most of the MD work in the literature defines BO and NBO in this
way[15,18, 19], that is, they define BO or NBO, based on the Si-O distance.
Those oxygens with Si-O distance less than the cut-off are considered as
bonded, whilst those oxygens with nearest Si-O distances longer than the
cut-off are considered as not bonded. An alternative definition, which may
be more reasonable than the simple cut-off criterion, is as follows.

NBO : oxygen which is bonded to only one Si or Al provided that each
Si or Al is bonded to the four nearest oxygens;
BO : oxygen which is bonded to two Si or Al provided that each Si or
Al is bonded to the four nearest oxygens;
TBO : oxygen which is bonded to three Si or Al provided that each Si
or Al is bonded to the four nearest oxygens;
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This may be considered a better scheme because it does not rely only
on distance to determine the number of silicons bonded to each oxygen,
but ensures that each of the Si is also properly co-ordinated.

The number, n , of bridging oxygens associated with the [SiO4] tetrahe-
dron is an important parameter in defining glass structure. Qn is defined
as species with n bridging oxygens associated with it. For example, a Q3
species of Si stands for a Si with 3 bridging oxygens (BO) and one non-
bridging oxygen (NBO) in its tetrahedron. The calculation of QSD is quite
straightforward as soon as BO and NBO are defined. The quantity, Qn,
represents the percentage of tetrahedra with n bridging oxygens. The Qn

distribution can be determine by NMR. Dupree et al.[20] proposed a binary
model for Qn distribution, which suggested that , with the increasing of al-
kali concentration (and the number of NBO), Q 4 species are continuously
converted to Q3 species until no Q 4 remains; after this point Q3 are contin-
uously converted to Q 2 , and so on. Alternatively, Gurman[20] proposed a
thermodynamic bond-ordering model, which applies configurational energy
in the equilibrium of the Qn species to account for the Q n distribution.
He argued that the proportions of different Qn species are arranged by an
ordering energy which is due to the interaction between bridging and
non-bridging oxygens. An equilibrium can be expressed as :

Infinite leads to the binary model, whilst = 0 leads to a completely
random distribution. Gurman found that the lithium silicate glasses have

= 1.5±0.5[21]. However, some NMR data [20, 22, 23] from alkali-
silicate glass systems support the binary model. On the other hand, other
NMR data [24, 25, 26, 27] and a Raman investigation[28] support the bond-
ordering model. 

Ring size is usually defined as the number of tetrahedra involved in the
smallest closed chains formed by BO and Si/Al in the glass network. Rings
that can be decomposed into two or more smaller rings are not counted in
the distribution. Although the RSD is not experimentally measurable for
silicate glasses at present, most of the structural model in the literature
are frequently discussed in terms of it. Therefore it becomes important for
the simulations in analyzing the validity of those models. A complete cal-
culation of RSD is somewhat tedious, and includes an exhaustive searching
of all possible rings in the simulation box.

The VSD is important riot only for a discussion of the mid-range struc-
tures of glasses but also for many diffusion related properties and the tran-
sition range behavior of the glasses. Specifically, the VSD can be indirectly
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derived from gas diffusion measurements[29]. Therefore it provides an effec-
tive way to compare the mid-range structures between the experimentally
melted glasses and computer simulated glasses. The VSD calculation is per-
formed by regarding the constituent atoms in the simulation box as rigid
spheres. The radii of atoms are calculated from the positions of the first
peak in the PDF, as well as the ionic radii of the corresponding cations and
anions derived from crystals[30]. Mitra et al.[31] have proposed algorithms
for calculating VSD.

5.3. DIFFUSION COEFFICIENT AND DIFFUSION ACTIVATION ENERGY

The standard way of calculating the diffusion coefficient is to measure the
r.m.s. displacements over a period of time and then use equation 17 to
extract D. As we have discussed, computational limits to the number of
timesteps often cause problems.

An alternative approach was used by Cao and Cormack to calculate
the diffusion coefficient, as was initially used by Huang[15]. The basic idea
of this approach, as mentioned in the last section, is to keep the network
temperature at room temperature while raising the temperature of the
alkali ions to 3000 K or 2500K, thus allowing the alkali ions to diffuse at
a “high temperature” while the network structure is relaxing a t a “room
temperature”. With this approach, significant displacement of alkali ions
can be observed within several thousands timesteps.

The diffusion coefficient D is evaluated by the mean-square displace-
ment :

(17)

where ri(t) is position vector of the diffusion species i at time t , and ri(t0)
is the position vector of the diffusion species i at time t0. N is the number
of the diffusing species. The diffusion activation energy can be determined
using the Arrhenius relationship :

(18)

After calculating two diffusion coefficients for each composition, where
the temperature of alkali ions are raised to 2500 K and 3000 K respec-
tively, with the network former ions are kept at room temperature,
the diffusion activation energy, can be calculated from equation 18.
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5.4. VISUALIZATION OF GLASS STRUCTURES AND ANIMATION OF
DIFFUSION PROCESSES

Visualization is probably the most effective and direct way to investigate
the glass structures. Thanks to the development of the modern computer
technology, several ways of three-dimensional visualization have been made
possible through the application of some sophisticated software packages,
such as InsightII (from Biosym, Inc.) and Cerius2 (from MSI).

To animate the alkali diffusion process in the glasses, the coordinates of
each atom in the simulation box must be recorded each timestep, or each
several timesteps, for thousand or tens of thousands of timesteps. Those
time-dependent coordinates are then extracted and decomposed to multiple
files, each file recording the coordinates of the atoms at a specific time for
input into the graphical software, which can then be used to produce a 3-D
solid model picture; these can be run together to produce a movie.

We now move to a discussion of some glass systems, to which MD sim-
ulations have been applied.

6. Alkali Silicates

There have been a number of simulations of alkali silicates, which is prob-
ably the most studied system from this point of view. The early studies
showed that simulations demonstrated great potential for providing valu-
able atomic scale information about the structure of these glasses, although
it was primarily qualitative in nature. There were, however, the same kind
of discrepancies which were found in studies of silica described above, lead-
ing some question whether any useful quantitative information could be
obtained.

The studies by Huang and Cormack[32, 33, 34] were probably the first
to describe in detail the spatial distribution of alkalis. They showed that in
sodium silicate and potassium silicate glasses, the alkali ions are not spread
uniformly throughout the glass, but rather adopt an heterogeneous distri-
bution leading to alkali-rich regions and separate silica-rich regions. Most, if
not all, of the non-bridging oxygens are to be found in the alkali rich-regions,
because the association of the NBO and alkalis. This association had long
been postulated (on the basis of their opposite effective charge), and had
also been reported in all of the earlier studies. These results, which have
been supported by subsequent studies by other workers [ 3 5 , 36], indicate a
structure of the glasses more in line with the Modified Random Network
Model proposed by Greaves[4], rather than an extension of Zachariasen’s
Continuous Random Network Model. Indeed, recent EXAFS, Raman spec-
troscopy, and NMR studies all support this view[28, 37 , 22, 23].

239
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Huang and Cormack[33] also discussed the phase separation tendencies
in alkali silicates in terms of the structural units which they found in their
simulations. These units would not be present if the distribution of alkali
ions was homogeneous. Some interest, therefore, attaches to the structure
of lithium silicate glasses. With the small mass and the small ionic radius
of Li ions, the physical properties of lithium silicate glass show some of the
more interesting features in the group of alkali silicate glasses. The immis-
cibility gap in lithium silicate glass is known to be the most extensive in
alkali silicate glasses[38, 39]. Raman spectroscopy[28] and EXAFS[37] have
also suggested that regional alkali clustering is more prevalent in glasses
containing smaller alkali cations. However, due to the complexity of the
structure of alkali silicate glasses, little direct or unambiguous experimen-
tal evidence has been reported to show the distribution of alkali ions in the
glass.

Lithium silicate glasses show the most disordered intermediate-range
order of all alkali silicates, as shown in Fig. 2. This can be rationalized by
the fact that the other alkalis have a considerably larger nearest neighbor
oxygen distance (2.67 Å and 2.45 Å for K and Na, respect ively) than the
corresponding distance for Li (2.0 Å), and can be ascribed to the stronger
Li-O bonds. Therefore [SiO4] tetrahedra are more distorted by Li ions,
asymmetrically, leading to a greater effect on the intermediate range order
of the Si-O network.

6.1. CLUSTERING OF ALKALIS AND NBO

Fig. 3 shows that Li ions are clustered in NBO-rich regions, a picture typical
for alkali silicate glasses[32, 33], although the clustering is more complete
in lithium silicate glass than in sodium and potassium silicate glasses. This
result is consistent with the composition fluctuations which decrease in the
order Li>Na>K [28 , 37]. Even at low Li2O content (5 mol% Li2O), Li
and NBO tend to cluster together. At high Li2O content (35 mol% Li2O),
the Li-NBO clusters form percolated channels and isolated BO complexes.
This is the picture envisaged in the the modified random network model[4].
For a composition of 15 mol% Li2O, Cao and Cormack[40] found that the
Li-NBO and BO complexes are clearly segregated, the composition of the
Li-NBO region being nearly Li2 O.2SiO2, in coincidence with the experimen-
tally observed phase -separation boundary in lithium silicate glasses[39].
Although the veracity of this picture is supported by detailed comparisons
with macroscopic experimental measurements (discussed earlier), there are
a few discrepancies which suggest that there might be some improvements
to the MD model (see fig. 1). These would not affect the basic picture or
understanding of the atomic structure.
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Figure 2. rdfs from 30R2O.70SiO2 glasses (R=Li, Na, K).

Fig. 4 shows the displacements of Li ions in 0.3Li2O.0.7SiO2 glass, af-
ter 5000 timesteps. Clearly, not all Li ions migrate over the same distance
within the same timespan; there is considerable variation in the net dis-
placement experienced by each lithium. Fig. 5 shows the displacement of an
individual Li ion in 0.25Li2O.0.75SiO2 glass. Fig. 6 shows a multi-exposure
snapshot of the pathway of a migrating Li ion in glass. The timelapse be-
tween two Li positions is 20timesteps.

The BO/NBO transformation of the local environment during Li migra-
tion was investigated by Cao and Cormack[40] using animation techniques.
They found that in some cases, a t low alkali content, the migration of a
lithium ion away from the site it had been occupying, caused the NBO
adjacent to this site to transform into bridging oxygen, while a bridging
oxygen adjacent to new site became an NBO. This transformation was not
seen to occur every time a Li ion jumped, nor was it seen a t higher concen-
trations because the co-operative nature of the Li ion migration (i.e. sites
vacated by one ion would be shortly occupied by another ion).
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Figure 3. Structure of glass, showing clustering of Li and NBO.

7. Alumino-Silicate Glasses

The addition of aluminium to alkali silicate glasses produces some inter-
esting behaviour. Alkali alumino-silicate glasses show at least one or more
anomalous property change in the property vs. composition relation. Be-
sides the extremum in the viscosity and electrical conductivity at Al/Alkali

1.0 which is observed in almost all the alkali alumino-silicate glasses, an
anomalous property change a t about Al/Alkali= 0.2 ~ 0.4 is observed in
some alkali alumino-silicate glasses (see figure 7). While it has been gener-
ally agreed that there must be some fundamental structural changes asso-
ciated with this somewhat drastic property change, the exact mechanism is
a matter of disagreement. From a theoretical point of view, understanding
the structure of this system is an important step towards understanding
the structure of common, commercial glasses, such as the solid soda lime
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Arbitrary Label of Li ions

Figure 4 . Displacement of Li ions after 5000 timesteps in 0.3Li2.0.7SiO2 glass.

silicates. This phenomenon is discussed in greater detail below.
It is generally believed that the initial introduction of Al to alkali silicate

glasses, up t o Al/Alkali= 1.0, results in [SiO4] tetrahedra, although the
possibility of the existence of [AlO6] in the initial Al addition has also
been suggested[41, 42]. For 1.0, however, some disagreement
exists. Two main models prevail : one suggests a change from [AlO4] to
[AlO6] coordination for additional Al [41, 43, 44, 45, 46]. The other model
proposes that  Al remains tetrahedrally coordinated over whole composition
range, and that tri-bonded oxygens appear a t 1.0 in order to
maintain electrostatic neutrality [47]. This model is apparently supported
by the EXAFS, XANES, Raman, and diffraction data of McKeown et al.[48,
49,50,51]. None of these experimental results, however, provides conclusive
evidence in support of either model.

Another question which still remains is whether Loweinstein’s “alu-
minium avoidance rule” [52]is obeyed in glasses, as it is in crystals. Molec-
ular orbital calculations of de Jong and Brown[53] implied that Si-O-A1
bonds should be more stable than Si-O-Si or Al-O-Al bonds in glass. How-
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Timestep

Figure 5. Displacement of arbitrary Li ion (#40 in figure 4) .

ever, some experimental results indicate the presence of Al-O-Al bonds in
glasses. Based on NMR analysis de Jong et al.[54] suggested the existence of
Al-O-Al bonds in certain crystals and glasses. Klinowski et al.[55] demon-
strated that the open structure of zeolites can absorb much of the strain
associated with the Al-O-Al linkage, therefore, the presence of Al-O-Al
bonds in glass seems reasonable because of its open structure. Navrotsky et

al.[56] showed from their calorimetric data that the energy of the reaction :

1/2 (Al-O-Al) + 1/2 (Si-O-Si) Al-O-Si

should not be more than 5 - 10 kcal/mol, indicating no strong tendency
toward Al-Si ordering in the glasses.

An earlier MD study by Zirl and Garofalini[57], by constraining the
coordination of Al to [AlO4] over the whole composition range, repro-
duced the minimum inNa adiffusion activation a t Al/Na= 1.0 in a se-
ries of (4- glasses. Cao and Cormack[58] also ob-
served that Al remained as [AlO4] over the whole composition of a series
of Li2O.xAl2O3.(3 - x)SiO2 glasses, although they did not constrain the
coordination of Al. They noted significant amounts of tri-bonded oxygens
at high Al/R ratio and also the presence of Al-O-Al bonds. The minimum
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Figure 6.

between each Li position.
Li Migration path in glass at 1500K ; there are 50timesteps

in the diffusion activation energy was also successfully reproduced (figure

8).

7.0.1. MID-RANGE STRUCTURES

The mid-range order of the glass structure is characterized by the distribu-
tion of various rings in the network. The ring size distribution for a series
of - x)SiO2 glasses is shown in Fig. 9. As the Al/li ratio
increases, the distribution it seen to shift to a smaller ring size. Note that
the initial addition of Al to silicate glasses serves to eliminate the larger
rings in the glasses, whilst the further addition of Al creates small rings. 
The ring size distribution at Al/Li= 0.0 is skewed to the right side, indi-
cating the presence of large rings caused by the aggregated distribution of
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Figure 7. E vs . x in Na.x Al.(4 - x)Si (J. Soc. Glass Tech. 1958).

Li ions in the glasses. At Al/Li= 0.5, the large rings (with more than 8
members) are almost eliminated because of the migration of Li ions from
NBO-rich to [AlO4]-rich regions[58]. The number of small rings does not
change much, causing a sharper and more symmetric ring size distribution.
This is consistent with the observation that the immiscibility in alkali sil-
icate glasses is diminished with a small addition of Al to the glasses [59].
With increasing Al content (Al/li> 1.0), the ring size distribution becomes
skewed to the left side, caused by the formation of tri-clusters, that is clus-
ters containing three coordinated oxygen. The average ring size decreases
linearly with increasing Al/Li ratio, which is quite reasonable considering
that a or transformation is taking place, along with 
the replacement of Al to Si.

The participation of Si and Al in the differently sized rings is of interest,
since it reflects the different [SiO4] and [AlO4] environments in the mid-
range structure. A detailed analysis indicates a preference of Al for the
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Al/Na

Figure 8. Na ion diffusion activation energy and site potential in
Na2O.xAl2O3.(3- x)SiO2 glasses.  

smaller rings, whilst Si opts for the later rings. This result is consistent
with our results that tri-bonded oxygens are preferentially associated with
Al. Zirl and Garofalini [57] also observed that Al is randomly incorporated
into 4-member and 5-member rings, while a preferential replacement of Al
is seen in the 3-member rings. At compositions with a high Al/Alkali ratio,
the formation of Al-rich small rings and tri-clusters gives less freedom for
[SiO4] and [AlO4] to be randomly arranged. This factor may contribute
to the crystallization tendency of alkali alumino-silicate glasses a t a high
Al/Alkali ratio.

7.1. DIFFUSION PROPERTIES

Fig. 10 shows the Li diffusion activation energy in - x)SiO2

and glasses. A minimum is observed at Al/Li= 1.0
in both of the systems, consistent with the experimental results of Terai[60].
Meanwhile, it is observed that for both systems, the site potential of Li
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Figure 9. Ring size distribution in - x)SiO2 glasses.

increases significantly with Al/Li as Al/Li< 1.0, but, for the former system,
remains almost unchanged as Al/Li> 1.0, whilst for the later system, it
decreases as Ql/Li> 1.0.

According to Anderson and Stuart model[61], the alkali diffusion acti-
vation energy can be regarded as a sum of two terms. One is related to
the Coulombic binding energy experienced by an ion, and the other repre-
sents a strain energy associated with the dilation of the diffusion doorway
caused by the passage of an ion from one site to another. The introduction
of Al to alkali silicate glasses causes two opposing effects in alkali diffusion.
Firstly, it decreases the number of NBO, transforming the alkali diffusion
paths from NBO-rich channels to [AlO4]-rich channels. The result is that
the fraction of NBO associated with Li in the first shell decreases dras-
tically, as seen in Fig. 11. The binding energy for alkali diffusion is thus
decreased. Additionally, as Al/Li< 1.0, only the numbers of the 7-, 8-, and
9- member rings decrease significantly, whilst the numbers of the 5- and 6-
member rings remain almost constant (fig. 9). The increase in strain energy
is therefore not significant in this composition range. These two factors con-
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Figure 10. (a) Diffusion activation energy and alkali ion site potential in
- x)SiO2 glasses. (b) Diffusion activation energy and alkali ion site po-

tential in -x)SiO2 glasses.
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Figure 11.

represent % NBO in each sub-peak.
Sub-peaks in the first Li-O pdf in glasses. Numbers

tribute to the decrease in the Li diffusion activation energy for Al/Li< 1.0.

As Al/Li> 1.0, most of alkali ions are already associated with BO, and
the decrease in the binding energy with increasing Al/Li is not significant.
On the other hand, the ring size distribution shifts to smaller sizes, due
to the formation of tri-clusters, as seen in Fig. 9. This reduces the concen-
tration of favorable sites for Li diffusion, increasing the strain energy and
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leading to a higher diffusion activation energy for Li.

7.2. THE ANOMALY AT AL/ALKALI= 0.2 ~ 0.4

As mentioned above, anomalous property changes have been observed for
some alkali alumino-silicate glasses at Al/Li= 0.2 ~ 0.4. An interesting
feature accompanying this anomaly is worth noting : The anomaly tends to
be absent in those glass systems with high alkali concentrations or, if the
alkali concentration is not high but the alkali concentration increases with
Al/Alkali. It becomes significant and lasts to a higher Al concentration,
or higher Al/Alkali, when the alkali concentration is low and/or decreases
with Al/Alkali.

Several models have been proposed to interpret this phenomenon in var-
ious ways. Terai proposed that the anomaly is due to the decrease in Na
concentration with the addition of Al[60]. This model, although successfully
explaining the data presented in reference [60], can not account for data
in some other glass systems. The anomaly can be observed in some alkali-
poor glass systems when the alkali concentration increases with increasing
Al/Alkali [62, 63]. LaCourse[64] attributed this anomaly to the “mixed-site
effect”. According to this model, alkali ions adjacent to NBO and those
adjacent to [AlO4] interact with each other due to their different vibra-
tion frequencies, resulting in a higher diffusion activation energy. At higher
Al2O3 contents the [AlO4] adjacent sites begin to dominate; thus, the inter-
action becomes negligible. According to this model, a stronger anomaly is
expected at high alkali concentrations. Experimental results, however, yield
the opposite trend. Hunold and Bruckner[65] and Shelby[66] proposed that
the first Al3+ introduced into alkali silicate glass may appear as [AlO6]. Fur-
ther addition of Al enters increasingly as [AlO4] so the fraction of [AlO6]
groups decreases. This model, too, is unable to account for the fact that the
anomaly disappears at high alkali concentrations. Moreover, the existence
of [AlO6] in the initial al addition has not been substained.

Cao and Cormack[58], from modeling a series of -

x)SiO2 glasses in which they observed a maximum in the diffusion acti-
vation energy a t A1/Na= 0.2, consistent with experimental results[63, 67],
have proposed a new model. Based on the micro-heterogeneity of glass
structures, the main idea of this model is that the anomaly is a result in
the shift of the percolated alkali diffusion channels from NBO-rich regions
to [AlO4]-rich regions. An illustration of this model is shown in Fig. 12.

The anomaly observed in [60] is, in fact, a special case, in which the
mechanism described above does not contribute anything. As discussed by
Terai, the decreasing Na concentration with increasing Al/Alkali is the main
reason for that anomaly.
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a. before percolation
b. after percolation

Figure 12.
after [AlO4] channels are percolated.

Illustration of Channel Shift Model. Alkali migration behaviour before and

The simulations strongly indicate, that, in alkali alumino-silicate glasses,
Si is preferentially bonded to NBO, whilst Al is preferentially bonded to
BO and TBO. Indeed, this feature is quite clear when the structure is
visualized.

A number of authors have argued that there are no Al-O-Al bonds
in alkali alumino-silicate glasses [62, 63, 68, 43], since, according to the
aluminium avoidance principle well known in mineralogy [52], the Al-O-
Al linkage is electrostatically unstable, thus unlikely. de Jong et al., [54]
however, suggested the existence of AI-O-A1 bonds in certain crystals and
glasses as a result of NMR studies. Recently, Zirl et al.[57] found a signifi-
cant number of Al-O-Al bonds in their MD simulation of sodium aluminium
silicate glasses. Petrov e t al.[69] also suggested the existence of Al-rich het-
erogeneous regions from Raman spectroscopy. Cao and Cormack also found
significant numbers of Al-O-Al bonds in their MD simulation.

We note here that the existence of Al-O-Al bonds in glass is natural and
necessary, since, besides the electrostatic effect, there is an entropy factor
that makes the Al-O-Al linkage inevitable. As is well known, glass has a
much higher entropy than do crystals, so instead of an ordered configuration
which keeps the Al from linking together, a random configuration may, in
fact, to be more favored by the glass structure.

The presence of Al-O-Al bonds inevitably leads to groups of [AlO4]
tetrahedra and groups of [SiO4] tetrahedra. Further analysis of the struc-
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ture of the [AlO4] groups and the [SiO4] groups reveals an interesting fea-
ture : with increasing Al/Na, theAl-O-Al bond angle decreases signifi-
cantly, indicating that in alkali alumino-silicate glasses the [AlO4] groups
form their own separate environment, which is more compact than that
of the [SiO4] groups. This observation is consistent with the suggestion of
Seifert et al.[70], of a bi-modal distribution of inter-tetrahedral angles in
alkali alumino-silicate glasses inferred from a Raman spectroscopy only.

8. Mixed Alkali Effect in Alkali Silicate and Alkali Alumino-
Silicate Glasses

The mixed-alkali effect has been observed and discussed for more than a
century. It refers to a non-linear change of many physical properties, most
notably the electrical the electrical conductivity, as a result of the addi-
tion of a second alkali ion to an alkali-containing glass. Quite a variety of
models has been proposed, although none of these models has been uni-
versally accepted. Reviews given by Isard[71], Day[72], and LaCourse and
Cormack[73] provide good summaries of these models.

The mixed-alkali effect in alkali alumino-silicate glasses is particularly
interesting, because some models require a dependence on the existence
of NBO[74, 75, 76]. At Al/Alkali= 1.0, lion-bridging oxygens (NBO) are,
in principle, absent in the glass. Lapp and Shelby[77] studied the electri-
cal conductivity of several series of lithium-sodium alumino-silicate glasses
and demonstrated that , with the total alkali concentration kept constant,
the mixed alkali effect increases with increasing Al concentration (i.e. with
decreasing numbers of NBO). This result leads to the conclusion that the
NBOs are not necessarily responsible for the effect, indicating that those
models which require the existence of NBO are questionable.

Most of the current models of the mixed-alkali effect are based on the
experimental observation of certain macroscopic properties, such as elec-
trical conductivity, alkali ion diffusion and viscosity. However, the secret of
the mixed-alkali effect must lie in the structure of the glass and in how the
structure controls the mechanisms of alkali diffusion in the glass.

The simulations of sodium/potassium silicates by Huang and Cormack
[15] were the first to reproduce the mixed alkali effect. Cao and Cormack[78]
simulated two series of glasses, xLi2O.(1 - and xLi2O.(1 -

in which the mixed alkali effect was also seen. Fig 13
shows the diffusion coefficient and diffusion activation energy of xLi2O.(1-

x)Na2 O.3SiO2(x = 0.0, 0.5, 1.0) and ( x =
0.0, 0.5, 1.0) glasses. The magnitude of the mixed-alkali effect, represented
by the departure from additivity of diffusion activation energy, as shown
in Fig 14, indicates that the mixed alkali-effect in alkali alumino-silicate
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glasses is significantly stronger than in alkali silicate glasses, in accordance
with the experimental results[77].

Interesting information is revealed from an analysis of the site potential
of the alkali ions. in the glass, the site potential
of Li decreases considerably (becomes more negative), compared to that
in the Li2O.3SiO2 glasses, whilst the site potential of N a increases slightly
(becomes less negative) compared to that in glass. The aver-
age site potential deviates slightly negatively from additivity. The result
is consistent with our previous study for the potassium-sodium glasses[15].
In xLi2O.(1 - glasses the feature is slightly different,
with the site potential of both Li and N a being lower in the mixed-alkali
glass than in the single-alkali glass, leading to a stronger negative devia-
tion of the average site potential from additivity, and accounting for the
increased magnitude of the effect in alumino-silicate over silicates.

No significant difference is observed between the network structures of
single alkali and mixed-alkali glasses, although differences in detail in the
alkali-NBO rich regions are apparent. Fig. 15 shoes Li-O and Na-O PDFs
of xLi2O.( 1- and xLi2O.(1 - glasses.
Li-O peaks are seen to be sharper than Na-O peaks. The Li-O peaks are
sharpened and the average Li-O bond-length becomes shorter in the mixed-
alkali glass, compared to those in the single alkali glasses, whilst the first
Na-O peaks in the mixed-alkali glass are broadened and the average Na-
O bond-length elongated. This is the same as seen in Na/K silicates, in
which the smaller ion finds a better environment. Fig. 16 shows the coordi-
nation shell of Li and N a in xLi2O.(1 - and xLi2 O.(1 -

glasses, significant differences between the mixed-
alkali and the single-alkali glasses can be seen. The coordination shell of
the smaller Li ions becomes more ordered in the mixed-alkali glasses than
in the single-alkali glasses, whilst the coordination shell of the larger N a
ions becomes less ordered. These results reflect the fact that Li ions, hav-
ing stronger bond strengths, are able to get a better defined coordination
shell than in the single alkali glass, at the expense of the environment of
N a ions. They may also account for the decrease in the site potential of Li
and the decrease in the site potential of Na.

Analysis of the PDF of alkali-alkali ions in and
glasses reveals a random or stochastic dis-

tribution of the two types of alkali and indicates that the pairing of Li-Na
ions is not preferential to that of Li-Li and Na-Na in either system so that
such pairing of Li-Na ions is not preferential to that of Li-Li and Na-Na in
either system so that such pairing is not a necessary part of a successful
model of the mixed-alkali effect.

The reproductibility of the mixed-alkali effect in our MD simulation also
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(a)

X= Li/Li+Na

(b)

Figure 13. (a) Diffusion coefficient and activation energy for alkali ions in
x Li2O.(1- glasses. (b) Diffusion coefficient and activation energy for alkali
ions in xLi2O.(1 - glasses.
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x = Li/(Li+Na)

Figure 14. Deviation from additivity of diffusion activation energy in mixed alkali silicate
and aluminosilicate glasses.

indicates that those theories based on interactions [78, 80, 81, 82] between
dissimilar alkali ions can not be exclusively correct, for these interactions,
although they may reasonably exist in nature, are not explicitly included
in our calculations. Rather one should look t o the glass structure itself for
the origins of mixed-alkali effect.

As seen in Fig. 15, in either the mixed-alkali silicate or mixed-alkali
alumino-silicate glasses, clearly distinguishable Li-O and Na-O P D F peaks
and coordination shells are observed, indicating that Li and N a ions adopt
distinctly separate environments in there glasses, in accordance with the
defect model proposed by LaCourse[83].

The shortening of the Li-O bonds and the elongation of the Na-O bonds
in the mixed-alkali silicate glasses is consistent with the model of Dietze
[76],which rationalizes the mixed-alkali effect on the basis of different field
strengths of two different ions, although our results do not appear to sup-
port this model as a whole. For example, the specific pairing of dissimilar
ions is not seen. In fact, the sharpening of the Li-O peak and the broaden-
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Figure 15.
nosilicate glasses.

Li-O and Na-O pdfs in (a) single and (b) mixed alkali silicate and alumi-

ing of the Na-O peak in the mixed-alkali glasses are more likely be a result
of network relaxation, influenced by the differing field strengths, and not
necessarily the direct interaction of dissimilar alkali ions. 

The simulation results suggest the following interpretation. In both al-
kali silicate and alkali alumino-silicate glasses, alkali ions migrate along
(percolated) alkali-rich channels, as postulated by the Modified Random
Model. In the mixed-alkali glasses, dissimilar alkali ions share the same
channels for their migration. However, because of the different sites adopted
by the different alkali ions, ions of one type are more or less prohibited from
occupying the sites of the other type, leading to longer effective jump dis-
tances and a lower diffusion coefficient. The more rigid the network, the
harder it is for the network to accommodate ions of the “wrong” type be-
cause relaxation around the ions is more difficult. Obviously the network of
the alkali alumino-silicate glasses, in which there is no NBO, is much more
rigid than that of the alkali silicate glasses. Therefore, the site preference is
stronger, and the mixed-alkali effect is more profound, in the mixed-alkali
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Figure 16. Coordination shell in single and mixed alkali silicate glasses.

alumino-silicate glasses than in the mixed-alkali silicate glasses.

9. Role of Calcium on Structures and Alkali diffusion of Soda
Lime Silicate Glasses

Soda lime silicate glasses constitute one of the most important glass sys-
tems for commercial applications) mainly owing to their excellent resistance
against aqueous and acid corrosion. The addition of calcium to sodium sil-
icate glasses significantly decreases the soda extraction from the glasses by
water or acid solutions) thus greatly increasing the chemical durability of
the glasses [84]. Although the final stages of the corrosion are driven by
surface chemistry occurring a t the glass solution interfaces [85], the initial
response of glass to water attack is mainly governed by the transport of
alkali ions in the bulk. An understanding of the role of Ca on the struc-
ture and the diffusion properties of N a in soda lime silicate glasses is thus
important.

Terai and Kitaoka [86]systematically investigated the effect of Ca on the
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diffusion properties of N a in soda lime glasses. Mazurin and Brailovskaya
[87] studied the electrical conductivity of soda lime silicate glasses with dif-
fering CaO contents. Both results show a significant impeding effect of Ca
on the diffusion properties of N a in these glasses. Gaskell and co-workers
[88, 89, 90] investigated the structures of CaO.SiO2 glass by isotopically
substituted neutron diffraction techniques and successfully obtained Ca-O
and Ca-Ca pair distribution functions. The results lead to a Sterochem-
ically Defined Model, in which the essential structure-forming operations
of the crystal are considered to be applicable to glasses, especially at SRO
scale. Veal et al. [91] studied the effect of Ca in soda lime silicate glasses by
x-ray photoelectron spectroscopy. Their results indicated that Ca behaves
like N a in converting bridging oxygens (BO) sites to non-bridging oxygens
(NBO) sites. Brawer et al. [92] investigated the structures of a series of soda
lime silicate glasses by Raman spectroscopy and showed that the addition
of Ca-O to sodium silicate glasses acts to increase the disorder of the net-
work slightly. Compared with alkali-silicate glasses, the structural studies
reported on soda lime silicate glasses are relatively few, probably due to
the complexity of the structures of these glasses.

MD simulations on soda lime silicate glasses are scarce. Abramo, Cac-
camo and Pizzimenti [93] studied the structure of CaO.SiO2 glass by MD
simulation and observed results that are favorably comparable with the
neutron diffraction results by Gaskell [90]. Rosenthal and Garofalini [94]
studied the structural role of Zn on silica and soda-silicate glasses. These
studies, however, were restricted to static properties and local structures.

More recently, Cao and Cormack [95] have examined two series of soda
lime silicates, and found that replacement of Na by Ca caused the dis-
tribution of the Si-O bond lengths to broaden, indicating that [SiO4] was
distorted more by Ca than by N a . In addition, the Si-BO bond-length re-
mained constant in all compositions, but the Si-NBO bond length became
longer as N a is replaced by Ca, indicating the the Si-NBO bonding, which is
equilibrated by the interactions of Si-O, Na-O, and Ca-O, is more affected
by the stronger Ca-O interactions than by the Na-O interactions. This may
be also because more NBO are found to be coordinated to Ca than Na (see
below).

Figs. 17 and 18 show the PDFs of Na-O and Ca-O in (0.3 - x)Na2O
.xCaO .0.7SiO2 glasses. The Ca-O peaks are significantly sharper than Na-
0 peaks in all the compositions, providing an additional indication that
the Ca environment is much more ordered than the N a environment. To
obtained more detailed information about the correlation between Ca, Na,
and O, the first Ca-O peak and the first Na-O peak were deconvoluted into
several sub-peaks. The first sub-peak represents the P D F between Ca/Na
and its nearest O. The second sub-peak represents the P D F between Ca/Na
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Figure 17. Subpeak deconvolution of Na-O and Ca-O pdf in Na2O.3SiO2 and CaO.3SiO2
glasses. Numbers indicate % NBO in the first three subpeaks.

and its second nearest 0, and so on. For both N a and Ca, the first sub-peak
is seen to be always the sharpest and contains the highest percentage of 
NBO. This is quite reasonable, considering that alkali/alkaline-earth ions
tend to be associated with NBO. The first two sub-peaks for Ca are signif-
icantly sharper than the other sub-peaks and the NBO percentage of these
two-sub-peaks is as high as 95%. Therefore, it may be said that the nearest
two oxygens associated with Ca are NBO.

An interesting feature is that , in the all compositions in (0.3 - x)Na2O
.xCaO .0.7SiO2 glasses, the percentage of NBO in the sub-peak for Ca is
always significantly higher than the percentage of NBO in the corresponding
sub-peaks for Na. It is, perhaps, even more interesting to see that in the
glass where Ca and N a coexist (x = 0.15), the NBO percentage of the first
sub-peak of N a is smaller than when only Na is present (x= 0.0), indicating
that Ca competes more successfully for the coordination of NBO than does
Na.

The Ca-Ca pair distribution function of the 0.5CaO .0.5SiO2 and 0.3CaO
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Figure 18 . % NBO in subpeaks of Na-O and Ca-O pdfs in mixed Na, Ca silicate glass.

.0.7SiO2 glasses show two peaks, a t around 3.7 Å and at around 6.4 Å, in
agreement with Gaskell’s diffraction results [88, 89, 90] as well as the sim-
ulation results by Abramo et al. [93]. According to Gaskell, the similarity
of the first Ca-O and Ca-Ca PDF between glasses and

wollastonite is an indication that the local structures of
Ca in the glasses is similar to those in wollastonite, which is composed of
the trioctahedral strips of edge-sharing [CaO6] octahedra. He, therefore,
argued that in the medium-range structure of glasses, there must exist lay-
ered [CaO6] octahedra. However, visual inspection of the simulated struc-
ture suggests that it is too distorted to be described as layered octahedra,
although it is much more ordered, compared with the environment of Na.
Cao and Cormack also observed that Ca ions are clustered in the large voids
of Si -0 networks in the glasses, consistent with the observation reported
by Abramo et al. [93]. Therefore, they proposed that Ca may be defined as
a network binder, distinguishing it from either the network modifiers, such
as N a , or the network former or intermediate, such as Si and Al.

Additional insight into the structure is found in the ring size distri-
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Ring size

Figure 19. Ring size distribution in (0.3 - glasses.

bution for (1- glasses shown in Fig. 19. Compared
with the ring-size distribution of vitreous silica (which is obtained from the
simulation results of our earlier work), bi-modal distributions are clearly
observed in the ring-size distribution of soda lime silicate glasses, indicat-
ing that the introduction of N a or Ca to vitreous silica creates large rings
in certain regions rather than expanding the ring size of the whole network
homogeneously. In the other words, Na and Ca ions are segregated into
particular regions rather than being randomly distributed. The mid-range
structure of soda lime silicate glasses is thus heterogeneous.

9.1. EFFECT OF CA ON NA DIFFUSION

Fig. 20 shows the diffusion activation energy of Na ions in the two se-
ries of glasses, - x)SiO2 (x= 0.0,0.1,0.2) and (0.3 -

(x= 0.0,0.075,0.15,0.225,0.3). It is seen that the
diffusion activation energy of N a increases significantly as either N a or Si
is replaced by Ca, consistent with the experimental results [86, 87]. There-
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fore, the impeding effect of Ca on Na diffusion in soda lime silicate glasses
is successfully reproduced by MD simulations. In addition, the increase
of Na. diffusion activation energy is found to be significantly greater in
(0.3- glasses than in - x)SiO2
glasses, also consistent with experimental results [86, 87].

Several explanations for the effect of Ca on Na diffusion in soda lime
silicate glasses have been put forward. Mazurin et al. [87] suggested that
the replacement of Si by Ca produces weakly polarized oxygen ions, which
interact more strongly with the neighboring Na ions and bind them more
strongly in their equilibrium positions. Matusita, et al. [96] and LaCourse
and Cormack [73] have suggested that the impeding effect of Ca on Na dif-
fusion, like the mixed-alkali effect, is a general phenomenon in glass science,
resulting from the ability of ions of different size, mass, and polarizability
to generate and occupy sites of different local environments. An alternative
approach is available, through the analysis of the mid-range structure and
the dynamic properties of Na diffusion.

There are two main types of pathway for alkali diffusion in glasses :one
through voids created during the glass formation, another through voids
left by the other alkali ions which have diffused away during the diffusion
process. Haven and Verkerk [97] observed that , in typical sodium silicate
and soda lime silicate glasses, the Haven ratio lies in the range of 0.44-0.55,
and argued that this was an indication that the above two mechanisms are
the most promising for sodium diffusion in those glasses. This concept was
later supported by Ingrain [98] and applied by Moynihan and Lesikar [99] to
interpret the mixed-alkali effect. Undoubtedly, to understand the impeding
effect of Ca on N a diffusion, it is important to know how Ca affects the free
volume in the glasses and whether the Na sites are more or less accessible,
given the presence of Ca in the glass. The information may be obtained 
by investigating the free-volume distribution and the distinct time-space
correlation function of the N a ions.

Fig. 21 shows the free-volume distribution for -
x)SiO2 glasses (x= 0.0, 0.1, 0.2). Since the effective ionic radius for N a is
0.99 Å[30], only those voids that are larger than 0.99 A in radius can be
effectively used by Na ions for diffusion. Considering that certain voids will
shrink and expand during the thermal relaxation of the glass network, a
lower limit to the void radius may be set at 0.8 Å, so that those voids smaller
that this need not be considered. It was found that , as the Ca content
in glass increases, although the number density of oxygen decreases thus
leaving more total free volume in the glass, the number of effective voids
decreases significantly (at x = 0.0,0.1, 0.2, the number density of oxygen is
calculated to be 4.267 x 10-2/Å3,4.234 x 10-2/Å3,and 4.176 x 10-2/Å3
respectively. This results from the larger volume of [CaOx] polyhedra com-
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(b)

Figure 20.

(b) Diffusion activation energy for Na in (0.3 - glasses.
(a) Diffusion activation energy for N a in glasses. 
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radius of void (Å)

Figure 21. Free volume distribution in -x )SiO2 glass.

pared with the volume of[SiO4] tetrahedra in glasses. As discussed in the
last section, the average Ca-O distance is about 2.4, significantly longer
than the Si-O distance, which is about 1.6 Å. Meanwhile, the average co-
ordination number of Ca is significantly larger than Si. Therefore, each
[CaOx] polyhedron occupies much more space than does an [SiO4] tetrahe-
dron. As a result, there actually are fewer effective voids left for Na ions as
the content of Ca increases in glasses, thus reducing N a diffusion.

Fig. 22 shows the distinct time-space correlation function g Na Na (r, t) at
t = 5000 timesteps. The peak strength is seen to decrease significantly as Si
is replaced by Ca in the glasses, indicating that fewer Na sites are occupied
by other Na ions as the Ca content increases in the glass. A similar phe-
nomenon was seen in a study of the mixed-alkali effect. This phenomenon
may be rationalised on the basis of the modified random network modem
[4] : in both sodium silicate and soda lime silicate glasses, Na, Ca and NBO
are clustered together to form channels (as in the mixed-alkali glasses).
However, in soda lime silicate glasses, since the diffusion coefficient of Ca
is much lower than Na, Ca actually “blocks” the pathways for Na diffusion



266 A . N. CORMACK AND YUAN CAO

Figure 22 . Distinct space-time correlation function for -x )SiO2
glass.

in the channel. Therefore, while the Na-NBO channels become bigger with
Si being replaced by Ca, the mean-distance between Na and Na becomes
longer. In other words, the introduction of Ca diversifies the Na-NBO chan-
nel, thus making it more difficult for Na ions to access the site of other Na
ions. The Na diffusion is thus effectively impeded.

The similarity of the time-space correlation functions for Na-Na pairs
in the mixed-alkali glasses and in soda lime silicate indicates that the al-
kali diffusion behaviors in these glasses might have some common origins.
Indeed, the blocking effect of alkali or alkali-earth ions on the diffusion of
dissimilar alkali ions is obvious in both cases. In fact, the immobile Ca
ions are able to block the pathway of Na diffusion more effectively than
mobile alkali ions do. Therefore, it is reasonable to consider that the mech-
anism leading to the impeding effect of Ca on N a diffusion is the same as
one leading to the mixed-alkali effect, as LaCourse and Cormack suggested

[73].
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10. Summary

Although the structure of glasses is not really accessible by experimen-
tal methods, molecular dynamics is a very useful alternative, as we have
tried to demonstrate in this chapter. The simulations reproduce the broad
macroscopic features found in these glasses, both structural and transport-
related, providing a basis for the more detailed atomic scale features found
in the simulated structures. An understanding of important aspects of al-
kali ion transport, such as the mixed alkali effect and anomalous behaviour
in some alumino-silicates, can thus be approached from the atomistic pic-
tures of the glasses produced by the simulations. Although there is room
for improvements to the potential models available, it should be clear that
the further application of computer simulation methods, such as molecular
dynamics, promises to provide much needed advances in glass science and
engineering.
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1. Introduction

Aqueous solutions of silicates play an utmost important role in geochem-
istry, inorganic materials processing and chemical engineering [1].For prac-
tical applications, three main classes of products can be defined by looking
at the molar ratio R = SiO2/Na2O:

i) Detergents when R < 2.5 (mainly ortho- and metasilicates).
ii) Adhesives, binders and de-flocculating agents when 2.5 < R < 3.8

iii) Colloidal silica when R > 3.3 .
(polysilicates).

From a scientific standpoint, depending mainly on the solution p H and
silica concentration, we are faced with a very complex chemistry, ranging
from monomeric species at high p H and low concentration up to three-
dimensional reticulated gels at low p H and high concentration. At interme-
diate p H and concentration, the system can be either molecular (polysil-
icates) or colloidal (silica sols) with no clear-cut borderline between both
domains. First attempts to derive the detailed molecular structure of these
silicate solutions involve trimethylsilylation followed by chromatographic
separation [2, 3] or reactions with molybdic acid [4]. With the growing de-
velopment of high resolution NMR spectroscopies in the eighties, it is now
possible to perform in situ experiments. This gives invaluable information
on the connectivities of silicon atoms in the solution. Five main classes of

NMR signals have thus been identified and labelled Qn, where Q stands
for a fourfold coordinated silicon atom and n gives the number of siloxane
bridges (Si-O-Si) per tetrahedron [5, 6]:

273

B. Silvi and P. D’Arco (eds.),  Modelling of Minerals and SilicatedMaterials, 273-334.
© 1997 Kluwer Academic Publishers. Printed in the Netherlands.



274 M. HENRY

- Monomeric SiO4 (Q0)
- Terminal -SiO4 (Q1)
- Bridging =SiO2 (Q²)
- Capping or branching (Q³)
- Cross-linking =Si= (Q4)

A great number of NMR signals can be found in a typical aqueous sil-
icate solution. Nevertheless it was possible using isotopic enrichment and
2D techniques at very high fields (500 MHz) to assign all the peaks from
about twenty oligomeric species (figure1) ranging from the monomer up
to decamers [7, 16]. Characterization of colloidal or crystalline silica, was
also possible using solid-state NMR with magic-angle spinning (MAS) with
[17]or without cross-polarization (CP) [18].Attempts to characterize aque-
ous silicate solutions by 17O NMR spectroscopy have also been made [19].
Linewidths of the silicate anions are however rather broad (3-20 ppm), ow-
ing to the quadrupolar nature of the 17O nucleus (I = 5/2). Moreover, the
chemical shift range is rather small (about 50 ppm) resulting in consid-
erable spectral overlap between terminal oxygen groups (Si-O- or SiOH:
35-55 ppm) and bridging groups (Si-O-Si: 45-85 ppm) [19].

The most fascinating aspects of the aqueous chemistry of silicates con-
cern the major role plaid by the counter-cation, in relation with zeolites'
synthesis [20]. Using inorganic bases such as NaOH or KOH, relative con-
centrations of polysilicate anions and NMR linewidths are changed, but
no drastic changes occur [21]. This is not the case with tetraalkylammo-
nium cations that seem to exert specific structure-forming effects. Thus
with the tetramethylammonium cation (TMA) [N(CH3)4]+, the solutions
contain predominantly the cubic octamer [Si8O20]8- [21, 22, 2 3 , 24].
The formation of such a species is however not instantaneous, as the first
steps involve several other polysilicates: the dimer [Si2O7]6- the cyclic
trimer [Si3O9]6- and the prismatic hexamer [Si6O15]6- [25].The
cubic octamer appears after several hours and becomes the predominant
species after several weeks [25]. Moreover, in presence of a water-miscible
organic solvent such as methanol or dimethylsulphoxide (DMSO), this cubic
octamer accounts for about 98% of the total silicon concentration [26, 27].
Two kinds of crystals can be isolated from these TMA silicate solutions, the
first one containing eight TMA ions [28], and the second one seven TMA
and one sodium ions [29,30]. However, increasing the sodium to TMA ratio
leads to the destruction of this double four-ring polysilicate [31].The cubic
octamer is not destroyed when the TMA cations are replaced by ethylene-
diamine (en) complexes such as [32] or [33], the
octamer being twice protonated in the latter case. A tricyclic heptasili-
cate also been isolated as a trimethylsilyl ester from these
TMA solutions [34]. Attempts to crystallize this new polysilicate has lead
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Figure 1. Structures and N M R chemical shifts of polysilicates found at 22°C in 1.5
mol.l-1 aqueous solutions (KOH:SiO2 = 1:1) after [14]. Polysilicates XVIII and XXIV
are formed only in presence of tetra-alkylammonium ions.
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to a clathrate hydrate-type material, containing the cubic octamer linked
through hydrogen bonds to OH- ions and water molecules [35]. With the
tetraethylammonium cation (TEA), the polycondensation process leads to
the prismatic hexamer when the molar ratio TEA/Si is between
1 and 2.8, whereas the cubic octamer is formed for lower values (0.6-0.8)
[36]. Single-crystals containing the prismatic hexamer can be obtained in
the presence of a Ni2+ ethylenediamine complex [37]. 'The NMR spectra
of tetrapropylammonium (TPA) and tetrabutylammonium (TBA) silicate
solutions, resemble generally to those of sodium silicate solutions [38]. How-
ever, a double five-ring silicate isolated as a trimethylsilyl ester
can be crystallized from TBA solutions [39].

NMR spectroscopy has also provided some insights into the poly-
condensation mechanism of aqueous silicate solutions [40, 41, 42, 43, 44].
The first steps involve the polycondensation of the monomer Q0, leading
to the dimer, the linear trimer and the linear tetramer [43]:

Q0 + Q0 Q1 - Q1

Q0 + Q1
- Q1 Q1 Q2 - Q1

Q0 + Q1
- Q2 - Q1 Q1 - Q2 - Q2 - Q1

In these schemes the active Q0 monomer is the complex that
is in equilibrium with two other forms [44]:

+ 2H2O + H2O + OH- +
2OH-

The linear pentamer is never detected, owing to cyclization reactions of the
linear trimer and tetramer according to:

Q1- Q2 - Q1 and Q
1
- Q2 - Q2 - Q1

It should be noted that whereas the cyclic tetramer is inert on the NMR
time scale, the end and middle groups of the linear trimer are under rapid
exchange. This means that the cyclic trimer is quite labile undergoing a
rapid ring opening and closing process in solution. Quite interesting is that
all these species are found upon melting of Na2O.SiO2.nH2O ( n = 9 , 5 )
crystals that are known to contain only the monomer [45].

Subsequent additions of the monomer must then occur on these cyclic
species leading to the substituted cyclic trimer and tetramer: 

Q 0 + and Q
0 +

The substituted cyclic trimer can lead through intramolecular rearrang-
ments either to the cyclic tetramer or to the tetrahedral tetramer 

-
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whereas the substituted cyclic tetramer leads either to the
bicyclic pentamer: or to the bridged cyclic tetramer

Further addition of the monomer leads to the
various hexamers (prismatic tricyclic cisoid and transoid tri-
cyclic and bicyclic Addition of another monomer to
the prismatic or to the cisoid tricyclic hexamers leads to the pentacyclic
heptamer precursor of the cubic octamer and of the penta-
cyclic nonamer

If the solution chemistry of silicate ions is rather well understood from
an experimental point of view, coherent theoretical justification of such a
complex behavior is still lacking. Ab initio methods are well suited for the
study of the monomer [SiO4]4- or Si(OH)4. All-electron SCF molec-
ular orbital calculations (SCF-MO) show that the charge distribution in
the free orthosilicate anion [SiO4]4- should be: Si(core)10 3s0.39 3p1.06 (i.e.
q(Si) = +2.55) and O(core)2 2s2.03 2p5.62 (i.e. q(O) = -1.65) [46]. They also
showed that the orthosilicate anion should not exist owing as 24 electrons
are found in anti-bonding molecular orbitals [47]. Such a species is however
commonly found in many natural silicates such as zircon, garnets, olivines,
etc. . . [48]. Stabilization is then obviously needed from the molecular or
crystalline environment. Determination of force constants in orthosilicate
solutions or crystals leads to the following partial charges at the silicon
atom [49] : +2.25 (Na4SiO4 aqueous solution), +2.66 +2.56
(Mg2SiO4), +2.60 (MgCaSiO4), +2.62 (γ -Ca2SiO4), +2.77 (β-Ca2 SiO4 ),
+2.73 (Sr2SiO4) and +2.69 Slightly smaller values are found
from direct integration of the electron density determined from accurate
single-crystal X-ray data: +2.11 +2.28 +2.43

+2.2 and +2.4 [50, 51] Conse-
quently, ab initio methods seem to give the right order of magnitude for
the silicon partial charge but are clearly of no help for explaining the en-
vironment influence. This agreement is however probably quite fortuitous,
as it is well known that partial charges are very sensitive to the basic sets
employed in the calculations and particularly to the inclusion of d-orbitals.
For instance, if silicon d-orbitals are allowed in the previous a b initio cal-
culations, it is found that 2.82 electrons, to lower electrostatic repulsion,

leads to a slightly negative partial charge a t the silicon atom: q(Si) = 2.55-
2.82 = -0.27. Neglect of electron correlation in early ab initio molecular
orbital calculation is responsible for this incorrect result. Accordingly, ab

initio molecular orbital calculations at the SCF level with configuration in-
teraction (SCF-MO-CI) on the free orthosilicate ion [SiO4]4- leads to q(Si)
= +0.952, q(O) = -1.238 without silicon d-orbitals and to: q(Si) = +0.452,
q(O) = -1.113 with inclusion of silicon d-orbitals [52]. The first set of val-

should flow from oxygen towards the diffuse silicon d-orbitals [47]. This now
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ues is close to that found using the self-consitent-field-Xa-scattered-wave
(SCF-Xa-SW) method: q(Si) = +0.872, q(O) = -1.218 [53]. The influence
of d-orbitals is also found at the SCF-MO-6-31G* level (split-valence plus
polarization basis set) for the fully protonated form Si(OH)4 with symme-
try S4 (orthosilicic acid) : q(Si) = +1.90, q(O) = -0.95 without d(Si), q(Si)
= +1.12, q(O) = -0.72 with d(Si) and q(Si) = +1.34, q(O) = -0.81 with
d(Si, 0) [54].

A b initio methods have also been applied to the dimer At the
SCF-MO level without silicon d-orbitals it is found that the silicon partial
charge goes from +2.666 down to +2.653 as the Si-O-Si angle increases
from 120º up to180º [46]. The calculations also show that the silicon atom
becomes more positive as the Si-O distance decreases and as polycondensa-
tion increases, and that bridging oxygen-atoms are less negative (about 0.13
electrons) than non-bridging ones [46]. Model clusters (M = H,
Li, Na, K ) have been studied at the SCF-MO-3-21G* level with inclusion
of d-orbitals on silicon and oxygen [55]. It was found that the silicon-atom
partial charge decreased regularly as one goes from hydrogen to potassium:
+1.645 (H), +1.580 (Li), +1.534 (Na) and +1.491 (K) . The same trend
was found for the partial charge on the bridging oxygen-atom (Si-O-Si):
-0.861 (H) , -0.880 (Li), -0.886 (Na) and -0.890 ( K ) and on the non-bridging
oxygen-atoms (Si-O-M) : -0.872 (Li), -0.928 (Na) and -0.967 ( K . Interest-
ingly, the M-O bond overlap population is not zero and decreases in the
order: 0.509 (Li), 0.334 (Na) and 0.143 ( K ) leading to non-integral par-
tial charges on the alkali metals: +0.583 (Li), +0.709 (Na) and +0.819 ( K .
Rather different charge distributions are found for the dimer with
the self-consitent-field-Xα-scattered-wave (SCF-Xa-SW) method. Without 
silicon d-orbitals it comes: q(Si) = +0.657, q(O) = -1.172 and =
-0.285 against q(Si) = +0.148, q(O) = -1.036 and = -0.081 with
inclusion of these d-orbitals [56]. To go one step further into the polycon-
densation process with ab initio methods, it becomes necessary to replace
non-bridging oxygen atoms by hydrogen atoms to reduce the computation
time. A pentamer model Si(OSiH3)4 with D2d point-symmetry has thus
been studied at the SCF-MO-STO-3G level leading to the following par-
tial charge distribution: q(SiO4) = +1.471, q(SiOH3) = +0.880, q(OSi2) =
-0.702 and q (H) = -0.176 or -0.185 [57]. Finally, when the system becomes
too big for ab initio methods, the only alternative is to use semi-empirical
methods such as CNDO (Complete Neglect of Differential Overlap), INDO
(Intermediate Neglect of Differential Overlap), MNDO (Modified Neglect of
Differential Overlap), EHT (Extended-Hückel Theory) or IEHT (Iterative
Extended-Hückel Theory) [58]. Among these, the most widely used is surely
the MNDO method that has been recently applied to various silicates and
alumino-silicate oligomers [59]. It was found that the partial charge at the
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silicon atom increased regularly as polycondensation goes on in the follow-
ing way: +1.17 +1.35 +1.35 and +1.49 Q1 and Q 2 in(resp.

+1.42 +1.49 +1.59 and +1.65

Summarizing these results, it appears that experimental techniques such 
as NMR spectroscopy (both in the solution and in the solid-state), single-
crystal X-ray diffraction or vibrational spectroscopy, provide a wide set
of accurate data concerning crystalline or aqueous silicates. On the other
hand, ab initio or semi-empirical methods are not yet able to take into
account the influence of the crystalline or molecular environment dealing
with models often very far from the chemical reality. Furthermore, to get
correct charge distributions, one must use polarization basis sets contain-
ing d-orbitals even for light atoms [6O]. This has lead to a rather confusing
controversy, where ( p - bonding in the Si-O bond can be either com-
pletely negligible [61, 62] or completely necessary [63]. From a chemical
point of view we thus need an empirical model, which allows, without con-
siderable computational effort, to get accurate partial charge distributions
in any crystalline or molecular environment without referring explicitly to
d-orbitals. Empirical methods based on the partial charge idea fulfill these
conditions. In these models the partial charge distributions are quickly com-
puted knowing the electronegativities x and chemical hardnesses, of the
constituent atoms. These two atomic quantities having long been rather ill-
defined, a rather confusing proliferation of values exists in literature [64,65].
Renewed interested in electronegativity has come in 1978 from its identifi-
cation with the electronic chemical potential of Density Functional Theory
(DFT) [66]. Five years later, chemical hardness was identified as the resis-
tance of the chemical potential to change in the number of electrons [67] ,
and by now, these two parameters have a firmly established theoretical
basis [68, 69, 70]. The basic formalism of partial charge models (PCM)
can be derived either from classical electrostatics [71], MO theory [72] or
point-charge approximation of the DFT equations [73], the extension to
solid-state compounds being straightforward [74, 75]. It has already been
used for studying the electronic properties of silica polymorphs [75] and
zeolitic frameworks with the SiO2 composition [76]. Concerning solution
chemistry, by neglecting the external potential contribution to the elec-
tronegativity and by using the Allred-Rochow electronegativity scale, we
have established a structure-independent PCM, which has been applied
with success to the modelization of aqueous solution chemistry of cations
[77] including actinide elements [78] . If  the external electrostatic potential 
is taken into account, a structure-dependent PCM is obtained, and it was
possible using the Sanderson electronegativity scale, to understand cement
solution chemistry [79] as well as oxide solid-state chemistry [80]. We have
also tried to use the Mulliken electronegativity scale in the framework of a
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structure-dependent PCM to compute solid-state NMR chemical shifts [81].
In the following we will use a Mulliken-based structure-dependent PCM for
understanding the chemical properties of silicates and silica, in solution as
well as in the solid-state. However, instead of using an ab initio calibration
that should be highly sensitive to the basis set, we have prefer to use em-
pirical calibration against experimental data that seems more chemically
sound.

2. The Model

2.1. PARTIAL CHARGE DISTRIBUTIONS

The basic equations of the model expressed in volts (with e the elementary
charge and e0 the vacuum permittivity) are [71, 72, 73, 74, 75]:

(1)

Here Xi represents the Mulliken electronegativity of the ith atom in a com-
pound having n atoms in its molecular structure (molecule or ion) or in
its unit cell (network) and the mean electronegativity to which all in-
dividual electronegativities ci have to equalize. The two remaining atomic
parameters and qi are respectively the chemical hardness and
the partial charge (no dimension) of atom i. Mi j is the Madelung
contribution at site i coming from all sites j in the compound, and z the
total algebraic charge on the compound ( z = 0 for a molecule or a network).
For a finite molecule or ion Mi j is simply given by 1/Rij,where Rij is the
distance between atom i and atom j . For a network, Mi j is a sum over the
whole lattice of 1/Rik terms, with Rik distance between atom i and atoms
k obtained by translating atom j along the three crystal axes. If a, b, c are
the unit cell parameters, xi and x j the atomic coordinates of sites i or j :

(2)

This expression can however seldom be used because this sum is diver-
gent. An alternative is to compute Mi j in the reciprocal space according
to Bertaut's method [82]with optimized convergence and correction for se-
ries termination [83]. Here the atoms are replaced by spherical symmetric
charge distributions that do not overlap. Let a*, b* and c* be the recip-
rocal lattice parameters, R half the minimum interatomic distance in the
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structure and V the volume of the unit cell. If the atomic charge is dis-
tributed within a sphere of radius R, with a normalized distribution func-
tion f ( r ) = a(R - 0), where r is the distance from the atomic
center, the Madelung tensor can be computed as [83]:

(3)

with modulus of any reciprocal space vector such that 0, a

a dimentionless summation index defined as a = and the Kroe-
necker symbol = 1 and =0 if i j ).. In 3 the function controls
the rate of convergence and g is a constant. Both parameters depend on the
choice of f (r) as listed in table 1. If f (r) = a normal -
ized Gaussian function, the atomic charge distributions are overlapping. In
that case (Ewald method), the Madelung tensor can still be evaluated, but
t he summation has then to be performed both in the reciprocal and in the
direct space [84]:

with

(4)

Here the rate of convergence is governed by the value of the arbitrary
parameter K . If it is small enough, the sum over ( h ,  k , l ) converges rapidly,
but the sum over ( u,v ,w) is large. On the other hand, if K is large enough,
the second sum becomes negligible, but the first sum converges slowly. An
optimun choice has then to be made for each structure.

Knowing the Madelung tensor Mij from equations (2-4) and some start-
ing values for electronegativities Xi and chemical hardnesses it is rather
easy to compute the n partial charges and the mean electronegativity
by solving the lineal ( n +1)x ( n+ 1)system (1)with standard techniques
[85]. The Mulliken electronegativities and hardnesses are usually computed
from valence-state ionization potential (IPv) and electron affinity (EAv)



282 M. HENRY

TABLE 1. Atomic charge distribution functions f ( r) and and constants g for Eq.

( 3 )

according to [86]:

(5)

If an element uses only s and p orbitals for chemical bonding, the pertinent
parameters are the electronegativities X(p), X (s) and hardnesses
of such orbitals [86]. Now, the electronegativity and hardness of an atom
i on the Mulliken will depend on the amount of s orbital engaged in the
chemical bond leading to:

(6)

For transition metals, the participation of d orbitals must also be taken
into account, and values have been tabulated for the first row series [87] .
At first sight it seems that equations (1), (2-4) and (6) are all what we need
to compute partial charge distributions. This is not the case and the main
problem lies in the evaluation of the chemical hardnesses. This can be easily
understood by applying (1) and (2-4) to a simple diatomic molecule A-B
where B is more electronegative than A. If we apply the electronegativity
equalization principle XA = XB = (X ), it comes with qA = = q :

(7)

In this relation we see that the polarity of the bond will be governed by the
difference in electronegativity of the two partners only if the sum of hard-
nesses is greater than If for a diatomic molecule, it is rather
easy to check this critical condition, it becomes increasingly difficult as the
number of atoms increases, and very often incorrect charge distributions are
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produced. This drawback can be easily overcome as a quantum-mechanical
treatment shows that the hardness of an atom is proportional to the
average of the inverse of the electron-nucleus distance r : [88].
Consequently, the chemical hardness can he set proportional to the inverse
of the atomic radius r i : = [71, 89]. With this approxi-
mation the evaluation of hardnesses becomes as accessible as the covalent
or ionic radii themselves. Moreover, as soon as the harmonic mean of two
atomic radii is taken to be less than the internuclear distance, no problem
of divergence will be met with equation (7).

2. 2. IONICITY INDEXES

The obvious application of the above model is to compute quite rapidly
partial charge distributions in any crystalline or molecular environment.
Useful comparisons can thus be made between a molecule in the gas phase,
and the same molecule in a crystalline solid phase. We can even go one step
further, by defining from these charge distributions some useful quantities.
First, two kinds of energies can be derived from the charge distribution
and the structure. Let Mij(p, K) be the Madelung tensor computed with
a cut-off index p (- p h ,  k , l , u , v , w + p ) , and a convergence modulator
K, the corresponding molar Madelung energy Mp(K), can be defined as :

(8)

with Z the number of formula units in the unit cell (by convention Z = 1
for a molecule). Taken alone this energy allows to compare closely related
compounds such as isomers, conformers, polymorphs. . . , and check what
should be the most stable configuration from a purely electrostatic point
of view.

To compare compounds that are not closely related, we must obtain
another kind of energy Ep(K) by replacing in (8) the partial charges qi and
q on atoms i and j by the corresponding oxidation numbers zi and zj.

With this full ionic energy Ep(K) we can define an unambiguous ionicity
index Ip(K) as follows:

(9)

If Ip(K) greater than 0.5, the structure under investigation should be a
rather ionic one whereas lower values may indicate partial covalent charac-
ter. We prefer to use this ionicity index instead of the Madelung constant,

j
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because the SI unit of the Madelung tensor is m-1. Consequently a ref-
erence distance R has to be found in the structure to get a dimensionless
Madelung constant Ap(K, R ):

(10)

For highly symmetric structures involving only univalent ions, the choice
of this R -value is generally obvious leading to consistent values among the
literature. This is no more the case for other crystal lattices, leading to
a rather confusing proliferation of data [90]. Our ionicity index being the
ratio of two well-defined electrostatic energies does not suffer from all this
confusion.

For a molecular compound, the Madelung constant is not a useful pa-
rameter, and we think that the best way to measure the overall polarity of
the molecule is to localize the barycenter of positive and negative charges
in the structure. With these two barycenters, an ionic dipolar moment can
be computed by looking at the modulus of the vector joining them:

(11)

Obviously, this moment does not include all the polarization effects induced
by the charge distribution on the lone pairs contributions, and should be
taken just as a molecular ionicity index and not as the true molecular
dipolar moment.

2 . 3 . CALIBRATION

As our aim is to modelize the aqueous chemistry of silica and silicates,
we must now go on and show how to evaluate the electronegativity and
hardnesses parameters for computing the charge distributions. We have
also to provide a link between the structure and the pKa values of the
solute species that are by far the most important parameters for a solution
chemist.

Concerning the calibration of electronegativities and hardnesses, we
must refer to some known partial charge distributions and see what val-
ues should be used for the %s and atomic radius parameters to reproduce
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the reference data. Looking for an experimental technique giving simul-
taneously accurate structural data, and electronic density maps, our only
choice is to turn towards single-crystal X-ray diffraction. Our reference
compound should then be crystalline silica. At atmospheric pressure sil-
ica exists in three crystalline forms: quartz below 867°C, tridymite be-
tween 870°C and 1470°C, and cristobalite from 1470°C up to the melting
point of silica (1713°C). Moreover, each of these three polymorphs exists
in a, low- (α) and high-temperature modification that differs by slight
rotations of the SiO4 tetrahedra without change of the topology of the
network. A microcrystalline polymorph named moganite having a struc-
ture closely related to quartz is also known. Under pressure, three other
polymorphs have been recognized: keatite at moderate pressures and tem-
peratures ( P = 400 - 4000 bars, T = 300 - 60°C), coesite at high pres-
sures ( P = 20 - 70 kbars) and stishovite at very high pressures ( P > 70
kbars). This last form has the 6-coordinated rutile structure while coesite
and keatite are based on 4-connected frameworks of SiO4 tetrahedra in
which the smallest rings are respectively 4- and 8- membered (coesite) and
5-, 7- and 8-membered (keatite) [91]. Finally, other forms of silica can be ob-
tained under hydrothermal conditions after removal of guest molecules that
has favored the crystallization process. These are the so-called clathrasils
and zeosils families that have zeolite-type frameworks.

2.3.1. α-Quartz polymorph

Among all these structures abundant data concern the quartz framework,
whose basic structural units are three- and six-fold spirals of corner-con-
nected SiO4 tetrahedra that are all either left- or right-handed, the crystal
being laevo- or dextro-rotary (fig.2). Accurate structure factors for syn-
thetic low-quartz [92] have allowed the evaluation of the following partial
charge distribution: q(Si) = +1.0±0.1and q(O) = -0.5±0.1 [93]. We can
use these values to find what should be the bonding parameters of sili-
con and oxygen atoms in such a structure. Using the P3221 space group
with 3 SiO2 units per unit cell leads to a 2 x 2 Madelung tensor having
the following components: MSiSi(3, 0.3) = 0.295653 Å-1, M OO (3, 0.3) =
4.838378 Å-1 and MSiO(3, 0.3) = 5.6284191 Å-1 (Ewald method). The
Madelung constant of this network is thus found to be =

8(MSiO - M SiSi - = 17.5922 with Rmin = 1.60 Å. With
this constant the charge distribution in low-quartz should be given by :

(12)

The covalent radii of silicon and oxygen being 0.73 Å and 1.18 Å respec-
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Figure 2.
charge distribution in α-quartz.

The three-fold and six-fold spirals of corner-sharing tetrahedra and computed 

tively [94], typical hardnesses values should be : = 12.20 eV and
= 19.726 eV. For the electronegativities an evaluation of the s-

character of the bonds is required, and a good rule of thumb is: %s = 1/G ,
where G is the group number of the element [86]. For silicon eXs (Si) = 11.90
eV, eXp (Si) = 5.76 eV and G = 4 leading to %s(Si) = 0.25 and eX

0(Si) =
7.295 eV. For oxygen G = 6 (i.e. %s (O) =0.167), leading to eX

0(O) = 12.55
eV as eXs (O) = 27.19 eV and ecp(O) = 9.63 eV [86]. However, it has also
been suggested that if is the Si-O-Si bond angle the s-character should
be given by [95]:

(13)

In low-quartz = 143.67° leading to %s(O) = 0.446, i.e. eX
0(O) = 17.46

eV. Which value should we use? An empirical answer is brought if we com-
pute what should be the electronegativity of the oxygen atom to reproduce
the charge distribution derived from X-ray diffraction data. With q(Si) =

+1.0±0.1 and eX
0(Si) = 7.3 eV, (21) leads to eX

0(O) = 9.6±0.2 eV, a value
very close to the electronegativity of a pure p-orbital [86]. This result agrees
with ab initio molecular-orbital studies that showed that geometrical data
cannot be used to estimate the participation of s and p orbitals in bonding
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Moreover, these studies have also shown that the s-orbital partici-
pation to the chemical bonding is always negligible except when a high
local symmetry D3h or Dooh ) is present. For these particular cases, the
presence of only one totally symmetric valence-shell MO precludes a high
s-orbital occupation [96]. Using these bonding parameters, table 2 gives the
iono-covalent indexes of the low-quartz network averaged over 5 structures
[92] ( R = 1.57%), [97] ( R = 1.60%), [98] ( R = 1.70%), [99] (R = 2.13%)
and [100] (R = 1.6%). The rather low values obtained for the ionicity index
(I3(0.3) = 25.7%) and for the partial electrostatic energy M shows that
covalent interactions should play a major role in that particular structure,
in agreement with its rather low packing efficiency (~55%)~ . This ionicity
is half that predicted from the electronegativity difference measured on
the Pauling scale [101], as it is based of the whole network rather than on
individual atomic properties. 

TABLE 2. Iono-covalent indexes of α-quartz, coesite and stishovite structures com-
puted with r = 118 and 73 pm for silicon and oxygen respectively and %s = 0.25, for
four-fold coordinated silicon and %s = 0 for six-fold coordinated silicon and oxygen.

( * ) p = 3 and K = 0.3 oA-1
. (†) p = 4 and K = 0.2

o
A -1 . p = 6 and K = 0.25

oA - 1 .

2.3.2. Coesite polymorph

We can check the reliability of these electronegativities and hardness va-
lues by looking at other silica polymorphs where partial atomic charges have
been measured through X-ray diffraction. This has been done for the two
high-pressure polymorphs coesite and stishovite. The coesite polymorph is
interesting because it displays two non-equivalent silicon atoms and five
non-equivalent oxygen atoms. The basic structural feature of this structure
is the occurrence of two kinds of four-membered rings linked at right angle
to form a “double crankshaft” chain similar to that observed in the feldspars
(fig. 3 ) [l02]. These chains contain three non-equivalent oxygen atoms ( O 3 ,
O4 and O5) with

7

SilOSi2 =144.5o , 7

Si1O4Si2 = 149.5o and
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Figure 3.

distribution in coesite.
The “double crankshaft” chain running parallel to [101] and computed charge

= 137.2o and are cross-linked to each other by two other oxygen atoms O1
and O2 with = 180o and =142.6° . The net charge
distribution found in a refined silica polymorph coesite ( R = 3%) showed
that the two silicon atoms are statistically identical (q(Si1) = +0.9(3) and
q(Si1) = +0.8(3)) [103]. Concerning oxygen atoms, the charges on those
belonging to the four-membered rings were slightly larger ( q ( O 3 )= -0.4( l),
q(O4) = - 0.5(2) and q(O5) = -0.6(2)) than those on the remaining atoms
(q(O1) = -0.3(1) and q(O2) = - 0.2(1)). Application of our model to four
well-refined coesite polymorphs [102] (R = 1.09%), [104] (R = 1.7%), [105]
( R= 2.7%) and [106] ( R= 2.4%) leads to the same conclusions. On average
the charges on the oxygen atoms are not significantly different from those
found in a-quartz (table 2). The charges on four-membered ring oxygen
atoms O3, O4 and O5 are also found to be significantly larger (0.03 e- ) .

Finally concerning their relative order, our model reads Si1 > Si2 > O2
> O1 > O3 = O4 > O5 that correlates very nicely with the experimental
results.

2 .3 .3 . Stishovite polymorph

The stishovite polymorph is also very interesting owing to the well-establi-
shed six-fold coordination of the silicon atom (fig. 4). With this rutile-type
structure oxygen atoms become threefold coordinated leading to a large
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Figure 4 .
distribution in stishovite.

The linear rutile-type chains of edge-sharing octahedra and computed charge

increase (about 15 pm) of the Si-O bond length. The net charge distribution
found in a well-refined silica polymorph stishovite ( R = 1.2%) leads to q(Si)
= +1.71 0.30 and q(O) = +0.86 0.15 [107]. Application of our model to
four well-refined stishovite polymorphs [107] ( R= 1.2%),[108] ( R= 0.74%),
[109] (R = 1.5%) and [110] ( R = 1.53%) leads to q ( S i ) = +0.90 0.01 and
q(O) = -0.45 0.01 using the parametrization used for a-quartz and coesite.
However, if we admit that a six-fold coordinated silicon atom uses only
its p-orbitals for chemical bonding (i.e. %s(SiVI ) = 0), table 2 shows that ,
within the experimental errors, the charge distribution is of the right order
of magnitude.

2.3.4. Solution chemistry

We have now to look if such bonding parameters can be used to predict
solution properties. Looking at some simple ionic species displaying a wide
range of pKa values, we have selected the oxy-ions gathered in table 3 .
Calculations of charge distributions in the fully deprotonated ion have been
done with %s(O) = 0, as found in crystalline silica, = 0.25 and

= 0.15. For the hardnesses standard covalent radii are used. The
pKa values have been taken from [111], with the exception of the value
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Partial Charge q(O)

Figure 5. Acidity constant pKa versus oxygen partial charge for some oxy-ions.

for the orthosilicate anion that have been estimated from the Ricci rule
[112]. From very elementary electrostatic considerations, one expect that
the most acid anions should be those displaying the least negative charge
on oxygen. Moreover it follows from the Ricci rule, that pKa values of
species H+ + depend
linearly on the formal oxidation state z of the centra1 atom X: pKa =
8+13u+9(v-z)±0.9.A linear relationship between the partial charge at the
oxygen-atom in the species and the pKa is then anticipated,
as from charge conservation q(O) = - [ q ( X) + 2n - z ] /n. Figure 5 shows
that this relationship holds over the whole range of pKa investigated which
covers as much as 28 pKa units, leading to :

log Ka = -pKa = [12.3+27.7 x q(O)] ±0.5 (14)

This fundamental relationship allows us to predict within one unit of pKa

the ability of an oxygen atom to be protonated, knowing its environment
that can be either molecular or crystalline. For instance, according to (14)
and table 2 an oxygen atom bridging two silicon atoms as found in the
α-quartz structure should have a pKa of about 1.6 that is very close to the
experimental value 1.8 found for the isoelectric point of pure silica [113].
Equation (14) also tells us that the oxygen molecule O2 should be the
strongest oxy-acid with pKa = -12 (q(O) = 0), while the strongest base
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TABLE 3. Selected ionic species for calibration of the charge-pKa relationship.
Charges have been computed with %s = 0 for oxygen atoms, %s = 0.25 and 0.15
for central atoms in Td and D3h symmetry respectively.

[XOn]/[HXOn] rX (pm) p Ka d(X-O) pm q(O) in [XOn]
[ClO4 -/HClO4 99 -9 143.4 -0.124

[NO3] - / H NO3 75 -1.3 123.0 -0.379

[SO4 ]2-/[HSO4]- 104 +1.9 149.0 -0.525

[CO3]2 - / [HCO3] - 77 $10.4 129.0 -0.804

[PO4]3-/[HPO4]2- 110 +12.3 153.0 -0.910
[SiO4]-/[HSiO3]3- 118 $20 160.0 -1.159

should be the free oxide anion 02- with pKa = 43 (q(O) = -2). This last
value is not unreasonable as in molten LiOH/Li2 0 mixtures that contain
dimeric [OHO]3- species values as high as 35 have been invoked [114].

Let us consider now the various protonated forms of the oxide ion O2-

With d(O-H) = 96 pm, = 104.5° (C2v geometry) and =
117° (C3v geometry) it comes that q(O) = -0.92, -0.18 and +0.16 for OH-,
H2O and H3O+ respectively if %s(H) = 1 and r(H) = 37 pm. With these
values equation (14) predicts: pKa(OH-/H2O) = 13.2, pKa(H2O/H3O+)
= - 7.3 and pKa(H3O+/H4O2+) = -16.7. The first two pKa having well-
known experimental values of 15.7 (OH-/H2O) and -1.7 (H2O/H3O+), our
estimates are not unreasonable but a little bit too low. This difference
may well reflect the very particular nature of the 0-H bond. If we think
of a proton deeply buried into the electronic core of the oxygen atom, 
participation of the s-orbital oxygen is not unlikely. Taking the rule of
thumb %s = 1/G where G is the group number in the periodic table, i.e.
%s = 1/6 = 0.16 for oxygen [86], it comes: q(O) = -1.02, - 0.38 and -0.17
for OH-, H2O and H3O+ respectively always with r(O) = 73 pm, %s(H) =
1 and r(H) = 37 pm . The three last pKa of the O2- ion are then predicted
to be: 15.9, -1.8 and -7.8, in excellent accord for the first two values. The 
ionic dipolar moments corresponding to these polarities are then found to 
be = 4.61 D, = 2.82 D and = 0.81 D. Recalling 
that our values do not include the lone pairs contributions, these values are 
not unreasonable. 

2.3.5. Strategy, unreliability and accuracy

Our bonding parameters for studying silicates and silica both in the solid 
state and in solution will thus be: %s(O) = %s(SiVI) = 0, %s(OH, H2O) =
0.16, %s(SiIV) = 0.25, %s(H) = 1, r(H) = 37 pm, r(O) = 73 pm and r(Si) =
118 pm. To simplify our modelization of the molecular polysilicate anions, 
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the Si-O bond length has been kept fixed at 160 pm for both bridging and 
terminal oxygen atoms and the tetrahedral O-Si-O bond angles have all 
been set equal to arccos (-1/3) = 109.5°. Geometrical input was in the form
of a point group symmetry with non-equivalent atom coordinates computed 
from a Z-matrix giving bond distances, bond angles and dihedral angles
relative to three previously placed atoms [115]. For solid-state compounds, 
we have to defined the bonding parameters for the metal ions serving as 
counter- cations of the polysilicate species. Following the previous study, 
it has been decided to take %s(M) = 0.25 for fourfold coordinated non-
alkaline cations and %s(M) = 0 for all other cases. For alkaline cations
(Li, Na, K) %s(M) was set equal to 1. Concerning the atomic sizes, we
have chosen to use the Pauling univalent metal radii [101] as a measure of
hardnesses. Moreover, to avoid crystalline field effects, we limit ourselves 
to the study of silicates with metal cations displaying only a d0 electronic
configuration. These choices are obviously rather arbitrary, but the aim is 
to have a clear picture of the aqueous chemistry of silicates and silica, with 
the minimum amount of adjustable parameters. 

With solid-state compounds, we have met the tricky problem of the 
reliability of a crystal structure. Some structural data lead to a highly 
unstable partial charge distribution. This means that very small changes 
(< 10%) of the atomic sizes induce large changes of the electronic density 
on a few atoms. As this problem occurs very often when the refinement 
factor R is higher than typically 5%, this factor is systematically given.
In the following we have chosen to label such atoms as “unreliable”. Let 
us notice however that an R-value greater than 5% does not necessarily
mean that the charge distribution will be unstable This point must be 
checked for each particular structure. Finally, to get reproducible values 
against small variations of unit cell parameters or of atomic positions, the 
mean electronegativity and the Madelung energy Mp(K) are reported
with two significant digits, i.e., with an accuracy of ± 0.1 eV. Errors on 
the ionicity index Ip(K), and on the partial charges are respectively 0.1%
and ± 0.01e-. The accuracy of the minimum interatomic distance in the 
structure Rmin, and of the Madelung constant of the network Rmin)
depends on the refinement factor, but for well-refined structures (R < 5%), 
typical errors are ± 1 pm for Rmin and ± 0.01 for

3. Results

3.1. MONOMERS

The charge distribution found for the monomeric orthosilicate anion [SiO4]4-
is q(O) = -1.153 and q(Si) = +0.635 leading to a Madelung energy M =
+17.9 eV and to = 0 D owing to the assumed Td geometry. This high posi-
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tive value shows that this ion is electrostatically unstable in the vacuum and 
needs some additional counter-cations to be stabilized. Accordingly, highly 
alkaline solutions contain the di-protonated form [SiO2(OH)2]2- and not
the naked monomer [116]. In the solid state charge compensation can be
realized by combining mono-, di-, tri- or tetravalent metal cations in such
a way that the total sum charge is +4. These crystalline phases containing
the monomeric orthosilicate anion are generally named “nesosilicates” from 
the greek that means “insular”. Besides synthetic compounds six 
main groups of non-hydrated nesosilicate minerals having no additional an-
ions can be recognized : olivine, monticellite, larnite, phenacite, garnets and 
zircon.

3.1.1. A4SiO4 compounds

Three crystal structures of synthetic M4SiO4 compounds (M = K [117],
Na [118] and Li [119]) are available and our results are gathered in table 
4. We see that the mean electronegativity and the ionicity of the network 
decrease from Li to K, leading to an increase of the Madelung energy. In all 
cases this energy is strongly negative meaning that all these compounds are 
electrostatically stable in contrast to the free anion. The most ionic coni-
pound is the lithium one with the following mean values = +0.65, 

= +0.54 and = - 0.85. If we compare these charges  with those 
found for the free orthosilicate anion, we see that the oxygen charge has 
been strongly reduced, in agreement with the well-known negative second 
electron affinity of oxygen. This reduction is apparently more pronounced 
in the sodium = -0.76, = +0.64) and potassium -
0.72, = +0.43) compounds. We have however to be careful with such 
a conclusion as in the potassium phase the K1 and K4 atoms are found to 
be unstable. This could be correlated with the rather high R-value (8%) of
this compound. The two other phases appeared to have only stamble atoms. 

3.1.2. M2SiO4 compounds

Table 5 compares the iono-covalent indexes of four crystalline phases (forste-
rite Mg2SiO4 [120, 121], [122], Sr2SiO4 [123] and Ba2SiO4 [124])
having the same framework typical of the olivine group of minerals (fig 
5a). All these structures have stable partial charge distributions. As with 
M4SiO4 phases we notice the significant decrease in overall ionicity in go-
ing from Mg to Ba. It is interesting to notice the much higher ionicity of 
forsterite relative to K4SiO4 in spite of very similar electronegativities for
Mg and K. The reluctance of oxygen atom to have a partial charge lower 
than -1 is here clearly demonstrated. Accordingly as one goes from Mg to 
Sr, the positive charge on the metal atom increases meaning that more elec-
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TABLE 4. Iono-covalent indexes of M4SiO4 orthosilicates with M = Li, Na and

K. ( * ) p = 4. ) p = 3 . The number of non-equivalent, sites in the structure is
indicated in parentheses after the partial charges ranges.

trons are given to the SiO4 moiety. Instead of going onto oxygen-atoms that
have already negative charges close to -1 in forsterite, the electronic density 
flows along the Si-O bond towards the silicon atom that behave as an ac-
ceptor by reducing its partial charge. This mechanism cannot be invoked to 
explain the rather low ionicity of the barium phase as the positive charges
on barium atoms are lower than those on magnesium atoms in forsterite.
Here it is probably a size effect coming from the poor overlap between the
rather diffuse 6p-orbitals of barium and rather contracted 2p-orbitals of
oxygen. This very poor overlap means that electronic transfers are 
much less efficient than ones thereby reducing electronic density on 
oxygen atoms. This mechanism may also explain why K4SiO4 is much less
ionic than Li4SiO4 although potassium is less electronegative than lithium.
It is also interesting to compare the partial charge distribution found in
forsterite with that deduced from X-ray data [120]. The charges on the
magnesium atoms are very similar in both cases (+1.7-+1.8) and we con-
firm the higher ionicity of site M2 relative to site M1. The charge distri-
bution with in the SiO4 tetrahedron is however quite different. A much
higher ionicity of the Si-O bond is derived from radial electron distribution
curves : q(Si) = +2.11, q(O) = -1.40, q(O1) = -1.29 and q(O2) = -1.52
[120]. Such a high asymmetry seems to us very unlikely as we cannot see 
how a good orbital overlap between silicon and oxygen atoms could lead 
to such a charge separation. A more reasonable view is provided by our 
partial charge scheme that does not put a high negative burden on oxygen 
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atoms.

TABLE 5. Iono-covalent, indexes of olivine structures M2SiO4 (M = Mg, Ca, Sr, Ba).

At least three modifications of di-calcium silicate are known. Besides 
the that has the olivine structure studied just above, the crystal 
structure of larnite which crystallizes in the P21/n space group
has been refined to R = 4.8% [125]. Application of our model to this phase
shows that it is less ionic than the room temperature stable The 
main difference lies in the oxygen charge distribution (table 6). In the 
form all oxygen atoms bear almost the same charge of -1.00, whereas in the 

charges            are very similar except for one atom 01 that has an ionic
charge much less (about 10%) than the others. This observation may be 
related to the hydraulic activity of the β-form : whereas the                  reacts 
very slowly with water, the appears to be much more reactive [125].
It is thus very tempting to attribute this difference in reactivity to the more 
asymmetric charge distribution in the β-polymorph.

With phenacite Be2SiO4 we can investigate the effect of using a rather
small counter-cation that adopts the same coordination number as silicon. 
As shown in table 6, the effect is rather spectacular as the partial charge 
at the silicon is almost multiplied by two leading to a strongly negative 
Madelung energy, i.e., to a very stable compound. Interestingly enough, 
the charges on the oxygen atoms are all close to -1 and thus very similar to 
those found on other M2SiO4 compounds. Consequently we can say that the
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additional electrostatic stabilization relative to other silicates comes from
the higher ionicity of the Si-O bond, induced by the presence of fourfold
coordinated beryllium atoms.

TABLE 6 Iono-covalent indexes of minerals larnite phenacite (Be2S

iO4), monticellite (CaMgSiO4) and NaYSiO4. ( * ) p = 3 and K= 0.25 Å-1. p = 3

and K= 0.20 Å-I. p = 4 and K = 0.20 Å-1.

Finally with monticellite CaMgSiO4 and NaYSiO4 we have two different
metal cations in an olivine-type network. Table 6 shows that in both cases 
the least electronegative atoms Ca and Na are fully ionized leading to Na+ 
and Ca2+ cations. The main difference comes from the much lower ionicity 
induced by the presence of half-ionized yttrium atoms and reflected by the 
significantly reduced oxygen partial charges. A very similar partial charge 
distribution = +1.64, q(Li) = +0.92, = -0.84, q(Si) = +O.82)
and ionicity I4(0.2) = 39.4% is obtained with the LiYSiO4 compound that
crystallize in the P21/b space group but with R = 11.7% only [130].

3.1.3. Garnets and zircons

Garnets have cubic structures with the general composition (M2+)3(M3+)2
(SiO4)3 in which M2+ = Fe, Ca, Mg, Mn and M3+ = Al, Fe, Cr, V.
Among the various classes of garnets : pyrope Mg 3Al2(SiO4)3, grossular
Ca3Al2(SiO4)3, almandite Fe3Al2(SiO4)3, andradite Ca3Fe2(SiO4)3, spes-
sartite Mn3Al2(SiO4)3, goldmanite Ca3V2( SiO4)3, uvarovite Ca3Cr2( SiO4)3,
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we will he concerned only with refined structures of pyrope [131] and grossu-
lar [ 132] which do not contain transition metal elements. Table 7 shows that 
the prominent feature of' these garnets is their strongly negative Madelung 
energy. In contrast to phenacite, this high lattice energy cannot be at-
tributed to the ionicity of the Si-O bond but rather to the six-fold coor-
dinated aluminum atom and to the eight-fold coordinated magnesium or 
calcium atoms. In agreement with the previous observations, the phase with 
the largest metal atom (grossular) has less ionic Si-O and Al-O bonds. Con-
cerning this grossular phase it has to he pointed out that the charges have 
been computed with r(Ca.) = 164 pm arid not r(Ca) = 174 pm as before,
as this last value would lead to : q(Ca) = $2.33, q(Al) = +1.28, q(Si) =
+0.77 and q(O) = -0.99. Decreasing by 6% the atomic, size of the calcium
atom prevents to get an ionic charge greater than 2 for this element.

Another phase that has regularly eight-fold coordinated metal cations is 
zircon ZrSiO4 [133]. Here the charge compensation for the orthosilicate an-
ion is insured by a 1:1 stoichiometry. This leads to a strong reduction of the 
negative partial charge on oxygen atoms compared to other orthosilicates. 
The increased difficulty of getting the full ionic charge for the compensat-
ing metal cation as one goes from the monovalent up to the tetravalent 
ones is thus clearly demonstrated. Values of table 7 also apply to the com-
pound HfSiO4 that is completely isostructural of ZrSiO4 [134] and with
very closely related bonding parameters = 4.6 eV and r(Hf) =
144 pm. With thorium, two polymorphs having the stoichiometry ThSiO4
are known: thorite that is isostructural with zircon and huttonite that is 
isostructural with monazite. Comparison of thorite and zircon shows that 
the lower electronegativity of thorium leads to a small increase of the neg- 
ative charge on oxygen atoms and to a sinall decrease of the silicon partial 
charge. As a whole the structure appears to be more ionic as the tho-
rium partial charge is close to +2. Exactly the same thorium partial charge
(+1.93) is found in the other ThSiO4 polymorph huttonite (R = 5.1% in
the P21 /n space group) which displays edge-sharing ThO9 polyhedra in-
stead of edge-sharing ThO8 polyhedra, [135]. Huttonite is however found
to be a little bit less ionic than thorite (Mp,(0.25) = -31.6 eV, I3(0.25) =
33.9% and A3(0.25, 158.4) = 30.31) owing to slightly more covalent Si-O
bond = -0.68 and q(Si) = +0.78).

3.1.4. Hydroxylated orthosilicate anions 

As numerous hydrated silicate phases are known we want to say something 
about the effect of protonation and hydration on the charge distribution in 
the orthosilicate anion. The task is however not easy owing either to the 
non-localization of the protons in the framework or to ill-refined crystal 
structures. Here, the most useful data come from single-crystal neutron 
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TABLE 7 . Iono-covalent indexes of minerals pyrope (Mg3 Al2 (SiO4)3), grossu-
lar (Ca3Al2(SiO4)3), zircon (ZrSiO4) and thorite (ThSiO4). ( * ) K = 0.15 Å-1.

(†) K = 0.25 Å-1. K= 0.20 Å-1.

diffraction studied that are not so abundant as X-ray ones. 

The monoprotonated form of the orthosilicate anion is 
found in four crystalline phases Na3HSiO4.nH2O that differs only by their
hydration state = 0, 1, 2 and 5) [136]. Among these the structures of the 
n = 5 phase [137] and n = 2 phases [138] have been solved by X-ray diffrac-
tion. Figure 5a shows the computed charge distribution in the monomer 
extracted from the hydrogen-bonded network of the pentahydrate phase 
[137]. These values have been computed using exactly the same bonding 
parameters as before namely : %s = 0 for oxygen (r = 73 pm), %s = 0.25
for silicon (r = 118 pm) and %s = 1 for hydrogen (r = 37 pm). We have
not set the %s-orbital participation of the OH group to 0.16 as in the water
molecule as this renders this group more basic than terminal oxo groups. 
This probably means that the oxygen-atom s-orbital should be used only
when it is bonded exclusively to hydrogen as in OH- , H2O or H3O+. For
non-symmetric M-O-H bonds, a decrease of the s-orbital participation in
chemical bonding is not unreasonable, as it has been shown through ab

initio calculations that a high symmetry favors s-orbital participation [96].
The charge distribution of figure 6a is however not really satisfactory. The 
terminal oxo groups are predicted to be too acidic (pKa = 11.8 against
16 according to the Ricci rule) and the hydrogen-atoms bear a negative 
partial charge. A clue is however provided by the crystal structure of the 
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pentahydrate phase that appears to be built of strongly hydrogen-bonded
[Si2O6(OH)2]6-dimers H11. . .O3 = 151 pm) associated into layers through
hydrogen bonding with water molecules (137. . .O4 = 160 pm and H2. . .O2
= 161 pm) [137]. These layers are further associated by sodium ions to form 
the 3-D network. Figure 6b shows what happens to the charge distribution 
when an hydrogen-bonded dimer is considered. The hydrogen atom is now 
positively charged and the terminal oxo groups have a predicted pKa of
16.2 a much correct value. Looking now at the solid state (figure 6c), we
see that the charge distribution is again completely changed. The charge 
on the hydrogen bridge has been doubled while the silicon-atom partial 
charge has increased by 10%. The big difference comes however from the 
oxygen atoms. The two terminal oxo groups, which are now extensively 
engaged into hydrogen bonding with water molecules to build a 2-D layer, 
are less negatively charged than the two other oxygen atoms that insure 
the dimer cohesion. The effect of the network is also to provide a strong 
electrostatic stabilization as the Madelung energy that had a positive value 
in the monomer or the dimer, has now a strongly negative value. Notice 
also the strong perturbation of the electronic charge distribution on the 
water molecules, induced by the insertion of Na6[Si2O6(OH)2] species into
the Hydrogen-bonded network of water. Concerning these sodium atoms 
that have been omitted from the drawing for clarity but which have been 
taken into account for the charge calculation, a small adjustment of the 
atomic size of sodium has been made. As using r(Na) = 157 pm as in
Na4SiO4 leads here to q(Na) > +1, we have reduced this value down to
132 pm to get for the most ionic sodium q(Na) > +1. Looking at the mean
electronegativity difference between these two phases ( ~ 3 eV) this 20% 
reduction of the sodium atomic size just means that faced with a rather 
electronegative network the sodium-atom becomes harder. Moreover, this 
value is not unrealistic, as the ionic radius of the Na+ ion is quoted to be 
comprised between 99 and 138 pm depending on its coordination number 
[ 139]. 

The crystal structure of the dihydrate form Na3HSiO4.2H2O that also
belongs to the Pbca space group [138], is not as reliable as that of the
pentahydrate phase despite a much better R factor (3.9%). This structure
has a water molecule that displays a very wide bond angle (H2-05-H3 =
166°) and a very acute hydrogen bridge angle (O5-H3... .O1 = 68°). This
anomaly is immediately seen in the charge distribution as the H3 hydrogen 
atom bears a negative partial charge of -0.09 that is far below that of other 
hydrogen atoms (mean at +0.09). Extraction of the [SiO4(OH)]3- monomer
from the network leads to : q(Si) = +0.51, q(O) = -0.88, q(OH) = -0.82 and
q(H) = -0.05 with = 0.36 D. The difference observed for the OH group 
may come from the slightly lower Si-O-H bond angle (122°) as the Si-O 
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Figure 6. Partial charge distributions in the crystalline hydrogen-bonded
Na3SiO3(OH).5H2O phase. (a) Extraction of the naked [SiO3(OH)]3- ion. (b) Extraction
of the naked hydrogen-bonded [Si2O6(OH)2]6- dimer. (c) Full network structure.
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bond distances are virtually the same as in the pentahydrate phase. In con- 
trast to this latter phase, no dimers are found here. Instead, the monomer 
is hydrogen-bonded to two water molecules through atom 03 (03. . .O5 = 
258 pm and 03.. .06 = 27.5 pm), and these solvates [SiO4(OH)]3-.2H2O
are further associated into hydrogen-bonded linear chains through atom O6
(O3. . .H4 = 171 pm, H4-O6-H5 = 99 and H5. . .O2 = 175 pm). Association
of these chains with sodium atoms leads to the formation of the 3-D net-
work. Owing to the wrong localization of hydrogen H3, we will not, report
the network partial charge distribution.

The di-protonated form [SiO2(OH)2]2- is also found in crystalline so-
dium-based hydrates Na2H2SiO4.nH20 with n = 8, 7, 5, 4 and 0. Among
phases where the hydrogen-atom positions have been determined, that with

= 0 (space group P21/c with R = 7.1%) [l40] leads to a very unlikely
hydrogen-atom charge distribution ranging from -0.27 (H6) to +0.08 (H2) 
and with a very low silicon-atom charge (+0.01). The n = 5 hydrate whose
structure has been solved by neutron diffraction [141] is much more reliable.
Figure 7a shows the charge distribution and geometry is in the monomer 
that have been extracted from the network. As with the [SiO4(OH)]3-

monomer, we get negative partial charge on hydrogen atoms and too much 
acidic (pKa = 5.4) oxo groups. The Madelung energy is here only slightly
positive owing to the presence of two protons around the orthosilicate an-
ion. Turning on the hydrogen-bond interactions is a little bit tricky as the
monomers are associated into infinite chains rather than isolated dimers. 
Figure 7b shows the charge distribution computed on, a chain fragment 
involving three silicon tetrahedra. As before, the partial charge on hydro-
gen bridges becomes positive while the terminal oxo group becomes more
basic (pKa = 9.6). Increasing the chain length up to 15 tetrahedra leads
to the following averaged value : q(Si) = +0.57, q(H1) = +0.07, q(H2) =
+0.10, q(02) = -0.57, q(O4) = q(O3) = -0.65 and q(O1) = -0.85). This
last value gives pKa = 11.2 against 12 according to the Ricci rule. Finally
if we add water molecules and sodium ions (figure 7c) we find that the
01 atom which is engaged into two strong hydrogen bonds inside one chain
(01. . . H5 = 161 pm and 01. . . H8 = 169 pm) and two weaker ones between
such chains (01.. .H4 = 182 pin and 01.. .H10 = 193 pin) becomes less
negative than OH groups. Again to avoid sodium-atom charges greaterr
than +1, its atomic size must be set equal to 125 pm, a value slightly lower
than before owing to the higher framework's electronegativity. 

Such chains are not found in the octahydrate crystal structure, which 
contains isolated [SiO2(OH)2]2- ions solvated by water molecules [136].
These solvates are further cross-linked through hydrogen bonding between
OH groups and water molecules (01. . . H6 = 187 pm) leading to a 3-D net-
work displaying edge-linked chains of [Na( OH2)6]+ cations. Figure 8 gives
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H3 = H4 = H7 = H12 = +0.10 H10 = +0.12 Pbca with R = 5.6%

Figure 7. Partial charge distributions in the crystalline hydrogen-bonded
Na2SiO2(OH)2.5H2O phase. (a) Extraction of the naked [SiO2(OH)2]2- ion. (b) Ex-
traction of a small portion of the naked [SiO2(OH)2]2- infinite chain. (c) Full network
structure.
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the charge distribution computed with the same sodium radius as in the 
pentahydrate phase (125 pm). If we compare the partial charge distribu-
tions in the penta- and hexahydrate, phases we find very similar. values for 
the naked [SiO2(OH)2]2- anions. Strong differences are however observed
when this ion is associated to himself giving chains (fig. 7b) or solvated by 
water molecules (fig. 8b). In the solvate case the Si-O bond polarity is much
reduced whereas it is increased for the chain case. This decrease of polarity 
upon hydrogen bonding with water molecules is obviously associated with 
the fact that water molecules have a much higher mean electronegativity 
than [SiO2(OH)2]2- anions. As association with water molecules leads to
very low pKa values for oxo groups (pKa = -3), we can conclude with con-
fidence that in highly alkaline solutions where it is found pKa = 12.7 [116],
the [SiO2( OH)2]2- anion should be extensively hydrogen-bonded to OH-
under dilute conditions or even to himself in concentrated solutions. 

TABLE 8. Refinement factor R(%), mean electronegativities (eV); atomic sizes
r(M) (pm), Mulliken electronegativities (eV), Ewald summation indexes p, Ewald
summation parameters K (Å-1), Madelung energies M (eV), ionicity indexes I (%),
minimum interatomic distances Rmin (pm) and Madelung constants A ( Rmin) of the eleven
pyrosilicates displayed in figure 8. (*) Mg values (r(Ba) = 198 pm, exo (Ba) = 1.81 eV).

values (r(Cu) = 135 pm, eX0 (Cu) = 1.48 eV). Ba values (r(Be) = 106 pm, 
eX 3.78(Be) = eV).

3.2. LINEAR OLIGOMERS

3.2.1. Dimers

After this very detailed and useful study of the orthosilicate anion, it is time
to see what our model predicts for condensed species. The very first step
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Figure 8. Partial charge distributions in the crystalline hydrogen-bonded
Na2SiO2(OH)2.8H2O phase. (a) Extraction of the naked [SiO2(OH)2]2- ion. (b) Ex-
traction of the solvated [SiO2 (OH)2]2-.6H2O monomer. (c) Full network characteristics.



CHARGE MODEL TO THE AQUEOUS CHEMISTRY OF SILICATES 305

of such condensation reactions being the dimerization of the orthosilicate
anion, we will begin by looking simple dimeric models where the Si-O-Si 
bond angle is changed from 90° up to 180°. At this stage we have considered
two main geometries : the fully eclipsed conformation where all the oxygen- 
atoms are face to face, and the fully decaled conformer where all dihedral 
angles are equal to 60° or 180°. Figure 9 shows how the Madelung en-
ergy changes with Si-O-Si bond angle.The occurence of a shallow minimum
(< 8 KJ.mol-1) between 130° and 140° for both the decaled and eclipsed
conformations is a nice result, because this is just the typical range found 
experimentally in a great number of silicates. Moreover, the steep increase 
in energy below 130° which contrast with the more smoother one above 140°
agrees with the fact that bond angles less than 130° are hardly observed
while those greater than 140° are not uncommon. The difference in energy 
needed to increase the Si-O-Si bond angle from 130° up to 180° is found
to be 44 KJ.mol-1 a very reasonable value. Looking at crystal structures
containing this dimer, figure 10 shows that the smallest Si-O-Si bond angle 
is found in barylite BaBe2Si2O7 = 129°), while the highest valueoccurs
in thortveitite Sc2Si2O7 = 180"). Concerning the conformation of the
pyrosilicate anion, the difference found between the eclipsed and decaled 
conformation is only 20 KJ.mol-1 meaning that both conformers should be
observed in natural products. Figure 10 shows that this is indeed the case. A 
decaled conformation is found when the bond angle is higher than 170° (M
= Sc, Er nd Yb). All other pyrosilicates having < 160° show an eclipsed
conformation. As figure 9 shows that the decaled conformation should be
always more stable than the eclipsed one, there is probably some screening 
effect provided by the counter-cation. If we extract the various dimers of 
figure 10 from their crystalline environment and perform the partial charge 
calculation without any counter-cations we find the following averaged val-
ues : = +0.52, = -1.05, = -0.70 and
= +46.1 eV. If we compare these values to those found in figure 10, we can
see that consideration of the dimer alone is justified only for the bridging 
oxygen-atom that is found to be always less negatively charged than the 
terminal oxygen-atoms. For these latter, their partial charges are deeply 
affected by the chemical nature of the facing counter-cation whose ionic 
charge can be either very low (M = Li) or conversely as high as +3.0 (M 
= Yb). This variability of the oxygen-atom partial charge is responsible for 
the wide dispersion of the silicon-atom partial charge that vary between 
+0.31 (M = Sc) up to +0.98 (M = Yb). Consequently, both the problems 
of the conformation and of the Si-O-Si bond angle in pyrosilicate strucures 
cannot he decorrelated from the cation effect. Presence of these cations 
that insures a strong negative value to the Madelung energy, must then he 
absolutely considered to explain the solid-state properties of pyrosilicates. 
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Figure 9. Predicted variation of the Madelung energy as a function of the SiOSi bond
angle for two extreme conformations of the [Si2O7]6- dimer having all dihedral angles
equal to 60° (lower curve decaled) or 120° (upper curve eclipsed).

Concerning the solution, we notice that, like the monomer, the unpro-
tonated dimer cannot be found in aqueous solutions as terminal oxo groups 
are predicted to be highly basic (pKa = 16.8). This conclusion is supported
by experiments that shows that the dimer is extensively protonated when 
11 < pH < 12.2 [116]. The bridging oxygen-atom is predicted to he much
more acidic (pKa = 7.1) displaying a difference of about 10 pK units rela-
tive to terminal oxo groups, and thus only these latter can be protonated. 

3.3. TRIMERS AND TETRAMERS

Further condensation of the silicate anion can occur either by association 
of a monomer with a dimer : [Si 2O7]6- + [SiO4]4- + 2 H+ [Si3O10]8- +
H2O leading to a linear trimer, or between two dimers : 2 [Si2O7]6- + 2 H+

[Si4O13]10- + H2O leading to a linear tetramer. Both anions have been
isolated in crystalline matrices. The linear trimer is found in the compound 
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Figure 10. Partial charges distributions in selected anhydrous pyrosilicates structures.
(a) Thortveite Sc2Si2O7 [141], (b) Er2Si2O7 [143], (c) Yb2Si2O7 [144], (d) Gd2Si2O7 [145],
(e) d-Y2Si207 [146], (f) Akermanite Ca2MgSi2O7 [147], (g) Sm2Si2O7 [148], (h) Li6Si2O7
[149], (i) Rankinite Ca3Si2O7 [150], (j) BaCu2Si2O7 [151], (k) Barylite BaBe2Si2O7 [152].
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Na2Ca3[Si3O10] that has been obtained through hydrothermal synthesis
in the CaO-SiO2-NaOH system [153]. Figure 11a shows the conformation
found for this anion. It consists of two eclipsed tetrahedra (Si2) arranged in
decaled conformation relative to the central one (Sil). Ionic charges for the
counter-cations are rather close to their formal oxidation states explaining
the high ionicity (42%) and the very negative Madelung energy (-110.4 eV). 
Extracting the anion from the network, leads to a rather similar charge
distribution : q(O2) = q(O3) = -1.11, q(O5) = -0.99, q(O4) = -0.88, q(O1)
= -0.75, q(Si2) = +0.54, q(Sil) = +0.62, = 0.09 D and M = +75.7 eV.
Oxygen-atom O3 is the most affected by the cation removal, while the least
affectcd is the bridging oxygen-atom O1.

TABLE 9. Refinement factor R(%), mean electronegativities (eV); Ewald sum-
mation indexes Ewald summation parameters K (Å-1), Madelung energies M (eV),
ionicity indexes I (%), minimum interatomic distances Rmin (pm) and Madelung con-
stants A ( Rmin) of synthetic or natural silicates containing various polysilicate an-
ions (figs 11-18). Kilchoanite = Ca6Si4Ol4, Benitoite = BaTiSi3O9 (rBa = 177 pm),
Wadeite K2ZrSi3O9 (TK = 150 pm), Tugtupite Na8(Al2Be2Si8O24)Cl2 (rNa
= 140 pm), Ba2Cu2[Si4O12] (rBa = 190 pm), Beryl Al2Be3(SiO3)6, Tourmaline

NaMg3B3Al6Si6027(OH,F)4, Buergerite B3Al6Si6O30F, Blue dioptase
Cu6[Si6O18].6H2O, Black dioptase Cu6[Si6 O18].

Figure 11b show a skewed conformation for such a trimer found in the 
mineral kilchoanite that is best formulated as Ca6( SiO4)( Si3O10) [154]. Be-
sides this skewed trimer an isolated monomer is found which displays a par-
tial charge distribution very similar to that found in orthosilicate structures. 
The calcium-atoms have nearly their full ionic charge but in contrast to the 
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Figure 11. Partial charge distributions in linear polysilicates. (a) [Si3O10]8- trimer 
found in Na2CasSi3O10. (b) [SiO4]4- monomer and [Si3O10]8- trimer found in kilchoanite
Ca6Si4O14. (c) [SiO4]4- monomer and [Si4O13]8- tetramer found in Ag2Si2O7.
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previous structure, extraction of the anion from the network strongly affects 
the bridging oxygen-atom: q(O4) = -1.12, q(O5) = q(08) = -1.04, q(O7)
= -0.94, q(O6) = -0.66, q(Si2) = +0.48 and q(Si3) = +0.61. This demon-
strates that within this structure, the bridging atom develops preferential 
interactions with the calcium atoms. As a whole this skewed anion is much 
more polar = 0.8 D) and much less stable than the straight conformer 
(M = +81.9 eV). By changing the various dihedral angles in this kind of
anion, we have observed that the conformation found in Na2Ca3[Si3O10] is
the one with the smallest Madelung energy, i.e,. the more favorable from 
an electrostatic point of view. The most striking feature of these two struc-
tures is however the rather low Si-O-Si bond angle observed (126° for the
straight conformer and 118° for the skewed one). These low values tend to 
show that the widening above 130° of the Si-O-Si bond angle in the dimer 
has for main origin the steric, repulsion between highly negative terminal 
oxo groups. In a trimer where there is more degrees of freedom, these re-
pulsive interactions are probably more easily accommodated, allowing a 
closing of the Si-O-Si bond angle. 

The possibility of dimerizing two dimers is clearly shown in the crystal 
structure of the compound Ag6Si2O7 that is best written as Ag18(SiO4)2
(Si4O13) [155]. Figure 11c shows that two dimers in decaled conformation
and with Si-O-Si = 136° are associated into a linear tetramer by a quasi-
linear oxygen-bridge (Si-O-Si = 179°). As in kilchoanite an isolated [SiO4]4-

monomer coexists with the tetramer. Extraction of the tetramer from the 
network shows that it has a null dipolar moment with the following charge 
distribution : q(O6) = -1.11, q(O1) = -1.02, q(O7) = -0.96, q(O5) = -
0.73, q(O3) = -0.68, q(Si1) = +0.54 and q(Si2) = +0.66, leading to a
highly repulsive Madelung energy M = +104.8 eV. Atoms that are mainly
affected by cations' removal are the linear bridge (05) and all the terminal 
oxygen-atoms. Consequently silver atoms should play an important role in 
the stabilization of this structure. This agrees with the rather wide range 
of charge found for these latter: +0.44.. .+ 0.88. 

In all cases (dimers, trimers or tetramer) we found that the bridging 
oxygen-atoms should be less negatively charged (and thus more acidic) 
than the terminal ones. Concerning the silicon-atom charge, it was found 
to increase from the monomer : = +0.48, to the dimer
= +0.52. This last value is also found for the silicon-atom charge of the 
Q1 end-groups both in the trimers and tetramer. The charge on the middle
silicon-atom is also systematically higher : = +0.65 than the charge 
on the Q1 group.
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3.3.1. Higher oligomers and chains

The ultimate term of the linear condensation of monomers and/or dimers is 
the metasilicate chain found in the pyroxene family XYSi2O6 (X, Y
= Mg, Fe, Ca . . .) and in wollastonite Ca3Si3O9. If evidence of such chains
in the solid-state is beyond any doubt, our results clearly show that such 
chain-formation should not occur in the solution. If we look how the relative
Madelung energies of the free anions changes as the condensation degree n
in increases we get : E([SiO4]4-) = +18 eV, E([Si2O7]6-)
= +46 eV, E([Si3O10]8-) = +78 eV and E([Si4O13]10-) = +105 eV. As in
solution these anions are decorrelated from their counter-cations owing to 
the high dielectric constant of water, it should become increasinglye difficult 
to form such linear polysilicates. More particularly, the failure to detect 
the linear pentamer in silicate solutions by 29Si NMR spectroscopy is easily 
explained by this high increase of the Madelung energy with n. This result 
no more holds as soon as the cation is associated with the polysilicate, 
as evidenced by our solid-state calculations that give rise systematically 
to a strongly negative Madelung energy. Fortunately, an alternative way 
of condensation is provided in solution through the formation of cycles. 
The question is then raised of the possible partial removal of the negative 
burden put on a linear polysilicate structure, through cyclization that leads 
to water elimination. 

3.4. CYCLIC OLIGOMERS

3.4.1. Cyclic trimers

As shown above cyclization of the linear silicates in solution is expected. 
Accordingly several of the silicate structures thus far established contain 
anion groups in which the silicon atoms are associated together in rings 
of various degrees of complexity. Figure 12 gives the charge distributions 
found in three silicate minerals that are known to contain discrete Si3O9
groups. All trimers are found to be in Planar conformation with Si-O-Si 
and O-Si-O bond angles close to 130° and 109° respectively. As for linear
oligomers the charges found on the bridging oxygen-atoms are systemati-
cally much lower than those on the terminal atoms. The trimer extracted
from benitoite BaTiSi3O9 [156] has a null dipolar moment and the following
charge distribution q(02) = -0.95, q(O1) = -0.70, q(Si) = +0.60 leading to
M = +11.3 eV. If we compare this last value with that found for a linear
[Si3O10]8- trimer (+78 eV) we see that a mere cyclization stabilizes the
system by more than 65 eV! The trimer of wollastonite [157] is more polar 

= 0.5 D) with a lower Madelung energy ( M = +9.5 eV). These values
should however be taken with caution, as the Madelung summation pro-
cess leads to an unrealistic charge distribution for that structure. This is 
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the reason why we do not report in figure lab the full network charges but 
just that found on the extracted trimer isolated from its counter-cations.
Two slightly different trimers are found in wadeite K2ZrSi3O9 [158]. For
the first one based on silicon-atom Sil, extraction leads to = 0.2 D with
q(O3) = -0.97, q(O4) = -0.91, q(O1) = -0.68 and q(Si) = +0.56 leading
to M = +12.1 eV. The second one has the same polarity = 0.2 D with
q(O5) = 0.98, q(O6) = -0.92, q(O2) = -0.68 and q(Si) = $0.58 leading to
M = +11.8 eV. Omitting the wollastonite trimer to compute mean values
characterizing the free isolated trimer [Si3O9]6- leads to: = -
0.95, = -0.69, (q(Si)) = +0.58 and M = +12 eV. With these
mean values the pKa of terminal oxo groups is estimated at 14.0 against
6.8 for the bridging oxygen-atoms.

3.4.2. Cyclic tetramers

Figure 13 shows the charge distributions found in five solid phases that are 
known to contain discrete Si4O12 groups. As there is more flexibility in a
tetramer than in a trimer, it is not surprising to find non-planar cycles. As
already noticed for linear oligomers and cyclic trimers, the bridging oxygen-
atoms are again less negatively charged than the terminal oxygen- atoms.
In tugtupite Na8(Al2Be2Si8O24)Cl2, the tetramer display a fully eclipsed
conformation (double boat-shaped) of the four silicon tetrahedra (fig. 13a) 
[159]. Extraction of the tetramer from the network shows that it has a null 
dipolar moment with q(O3) = q(O2) = -0.98, q(O1) = -0.66 and q(Si) =
+0.62 leading to M = +16.0 eV. Compared to the corresponding linear
tetramer [Si4O13]10-, this corresponds to an electrostatic stabilization of
about 90 eV. A similar conformation apparently more stable (M = +13.0
eV) is found in the mineral kainosite Ca2Y2Si4O12CO3.H2O [160]. This ex-
tra stability coming from two very short terminal Sil-03 bonds (149 pm),
its charge distribution will not be reported here. In synthetic barium cop-
per silicate [161], the extracted tetramer (fig.13b) has also a null dipolar 
moment but is fully planar with q(O1) = -1.02, q(O2) = -0.72 and q(Si) =
+0.77. This charge distribution and planar structure confers a higher sta-
bility to this tetramer as M = +12.4 eV, a value very close to that typical
of a planar trimer. In papagoite Ca2Cu2Al2(SiO4)4(OH)6, [162] we find a
chair-shaped anion (fig. 13c) having = 0 D and M = +16.4 eV. This
value is of the same order of magnitude as that found for the double boat-
shaped conformer. Finally, the double chair-shaped conformer having a null 
dipolar moment has been characterized in the synthetic potassium metasil-
icate K4(HSiO4)4 (fig. 13d) [163]. It appears to be more stable (-2.2 eV)
than the double-boat conformer, but less stable than the planar one (+1.4
eV). Si4O12 rings have also initially been found in two minerals : axinite
H(Fe,Mn)Ca2Al2BSi4O12 and taramellite Ba4(Fe,Ti,Mg)4B2Si8O29Cl. Fur-
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Figure 12 Partial charge distributions in cyclic trimers [Si3 found in polysilicates
minerals. (a) Benitoite BaTiSi3- O9. (b) Wollastonite Ca3Si3O9 (charges given are those
on the P21/a network-extracted trimer). (c) Wadeite K 2ZrSi3O9.

ther refinements of these crystal structures have shown that axinite mineral 
contains a complex borosilicate [B2Si8O30]22- heteropolyanion built with
four Si2O7 dimers fused by two BO4 tetrahedra [164]. Similarly, taramellite
contains another kind of borosilicate polyanion [B2Si8O27]16- built with two
facing Si4O12 rings fused by two BO4 tetrahedra, [165]. Such heteropolyan-
ions will not be considered here. 

Averaging the charge distributions found in these cyclic tetramers leads 
to the following typical values : = -0.93, = -0.70,

= +0.76 and and M = +14.7 eV. Cyclic trimers a,nd tetramers should
then be very similar regarding solution properties (pKa = 13.5 and 7.1
for terminal and bridging oxygen-atoms respectively). Accordingly, both 
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Figure 13 Partial charge distributions in cyclic tetramers [Si4O12]8- found in polysili-
cates minerals and synthetic phases. (a) Tugtupite Na8(Al2Be2Si O24)Cl2. (b) Synthetic
barium copper silicate Ba2Cu2 [Si4O12]. (c) Papagoite Ca2Cu2Al2 (SiO3)4(OH)6 (charges
given are those on the C2/m network-extracted tetramer with R = 3.4%). (d) Syn-
thetic potassium metasilicate K4(HSiO3)4 (charges given are those on the P21/n net-
work-extracted tetramer with R = 9.5%).

species have been well characterized through 29Si NMR spectroscopy [40, 
41, 42, 43, ?].

3.4.3. Cyclic hexamers

If cyclic trimers or tetramers are detected in alkaline silicate solutions, 
this is not the case of larger rings that can be characterized only in the 
solid state. Owing to the highly repulsive Madelung energies of silicated 
chains with n > 4, formation of a large ring through consecutive addi-
tion of monomers on a growing chain followed by cyclization seems very 
unlikely. The only possibility that remains is through reactions involving 
already condensed species (dimers, trimers and/or tetramers). For example 
dimerization of two linear trimers could lead to hexameric [Si6O18]12- rings
found in many precious minerals. 
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Figure 14. Partial charge distributions in cyclic hexamers [Si6O18]12- found in
polysilicates minerals. (a) Beryl Al2Be3(SiO3)6. (b) Tourmaline (dravite) NaMg3B3-
Al6Si6O27(OH,F)4. (c) Buergerite Al6Si6 O30F. (d) Dioptase Cu6 [Si6O18].6H2O
and Cu6[Si6O18] (data in parentheses). (e) Imandrite Na12Ca3Fe2(Si6O18)2 (charges given
are those on the Pmnn network-extracted hexamer with R = 8.5%).

A perfect planar and hexagonal ring is found in beryl Al2Be3(SiO4)6
[166] and in bazzite a light blue natural silicate whose exact chemical corn-
position has not yet been established owing to its extreme rarity [167]. 
Figure 14a show the ring geometry of these two minerals. Extraction of the 
hexameric ring having a null dipolar moment from the networks leads to 
the following charge distribution for beryl (bazzite values in parentheses) : 
q(O2) = - 1.01(-1.00), q(O1) = -0.65(-0.66) and q(Si) = +0.67(+0.66) with
M = +22.2 eV(+22.4 eV), showing that both rings are effectively very sim-
ilar. Influence of the counter-cation is here particularly marked at both the 
terminal oxygen-atoms and central silicon-atoms. Quite impressive is the 
very nagative Madelung energy of this structure (table 9 ) which is twice 
that found in benitoite and 30% above that of garnets. 

This Madelung energy is still higher in tourmaline NaMg3B3Al6Si6O27
(OH,F) [168] and in its iron analog buergerite [169].
In these two minerals the hexamer ring is not fully planar (fig. 14b and 
14c). Its geometry is not really affected by substitution of magnesium by 
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iron and hydroxyl groups by fluorine. Neglecting the counter-cations we 
compute for these two rings (buergerite values in parentheses) : q(O7) =
-1.13(- 1.13), q(O6) = -0.82(-0.82), q(O4) = q(O5) = -0.68(-0.70) and q(Si)
= +0.63(+0.65) with a dipolar moment of 0.5 D(0.6 D) and a Madelung 
energy of +24.3 eV(+23.9 eV). As in trimers and tetramers, we notice 
that rings are destabilized by small departures from the fully coplanar ar-
rangement of oxygen and silicon-atoms. On going from the network to the 
free state we see that, in contrast to the beryl structure, all the atoms are 
rather strongly affected by the counter-cation removal. This suggests that 
the ditrigonal distortion of the hexamer ring should be somewhere related 
to the influence of the counter-cation.

The distortion of the hexameric ring is still more marked in two forms 
of dioptase : blue dioptase Cu6(Si6O18).6H2O [170] and black dioptase
Cu6(Si6O18) [171] (fig. 14d). Extraction of the ring (having a null dipolar
moment) from the Cu6(Si6O18).6H2O network leads to (anhydrous diop-
tase values in parentheses) : q(O2) = -1.03(-1.02), q(O3) = -0.96(-0.96),
q(O1) = -0.63(-0.66), q(Si) = +0.63(+0.64) and M = +25.1 eV(+25.1 eV).
Here it is clearly the bridging oxygen-atoms that are most affected, rein-
forcing the idea of the cation influence in the distortion. Both rings are 
less stable than those found in beryl or tourmalines. Table 9 shows that 
both structures have Madelung energies that are about 10% of that found
for the tourmaline network. This again illustrates the crucial importance of 
the counter-cations for the stabilization of intrinsically unstable polysilicate 
anions.

In lovozerite Na2ZrSi6O15.3H2O.ca.1/2NaOH [172] and imandrite Na12
Ca3 Fe2(Si6O18)2 [173], the hexameric ring is not planar at all but rather
chair-shaped (fig. 14e). Owing to cationic disorder in both structures we 
cannot report solid-state partial charge distributions. Extraction of the ring 
from the imandrite network shows that it has a null dipolar moment and 
is slightly less stable than the ring found in tourmalines, but more stable 
than the one found in dioptase. The presence of two rather short termi-
nal Si-O bonds in this ring (156 and 157 pm) probably linked with the 
rather high refinement factor (R = 8.5%) could explain this extra stability
relative to the dioptase ring. Reported coordinates for O2 oxygen-atom in
lovozerite being obviously wrong, we cannot compare the two hexameric 
rings extracted from lovozerite and imandrite. 

Averaging our values for the network-extracted hexameric rings leads to: 
= -0.99, = - 0.66, (q(Si)) = +0.65 and M = +23.9

eV. The lower electronic density and thus higher acidity of bridging oxygen-
atoms (pKa = 6.0 against 15.1 for terminal ones) is again evidenced. The
pKa gap between these two kinds of oxygen appears however to be larger in
hexameric rings = 9) than in tetrameric = 6.5) or trimeric 
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rings = 7). 

3.4.4. Higher Cyclic oligomers 

Cyclization can also occur between two linear tetramers or between three 
trimers leading to still larger rings (octamers and nonamers respectively). 
If such very large rings have never been characterized in solution they have
been found in some natural minerals. A cyclic octamer [Si8O24]16- has
been found in the very complex mineral muirite Ba10(Ca, Mn, Ti)4Si8O24
(Cl, OH, O)12.4H2O [174]. Owing to the occurrence of oxygen disorder
in the structure, we cannot report solid-state partial charge distributions. 
Figure 15a gives the partial charge distribution found €or this slightly polar 
hut almost planar octameric ring (two equivalent positions separated by 
72 pm are available for oxygen-atom O2). As expected charges on bridging
oxygen-atoms are much smaller than charges on terminal ones and the 
overall electrostatic stability is less than for hexameric rings. Making the 
average between bridging oxygen-atoms O1 and O2 leads to =
-0.61 (i.e. pKa = 4.6). With q(Oterm) = -1.00 (i.e. pKa = 15.4) we see that
the pKa gap has still increased = 11) relative to the hexamers. As
with linear oligomers, we notice that increasing the ring size systematically
increases the Madelung energy that is found to be M = +31 eV.

ture with two kinds of cyclic polysilicates : [Si3O9]6- trimers and [Si9O27]18-

nonamers [175]. In the crystal structure two slightly non-equivalent anions 
of each kind are found whose partial charge distributions are given in fig-
ure 15b. Charges on the trimers are very similar to that found on pre-
viously studied compounds. The nonamers are obviously built from three 
linear trimers with three very closed terminal oxygen-atoms O17 and O18
forming a perfect equilateral triangle. For the first time, we find terminal 
oxygen-atoms (O17 and O18) which are much acidic than bridging ones

> 5.5). It is however evident that such a result is the consequence
of the extremely short O-O distances quite similar to that found for very 
strong and linear O-H-O bridges. It is thus highly probable that O17 and
O18 are in fact OH groups very strongly associated through hydrogen-
bonding. Omitting these three particular oxygen atoms, the charge average 
for other atoms leads to: = -1.02, = - 0.72 and 

= +0.64 with = +35 eV. If we cannot compare these values to
that of other rings, owing to very particular geometry of these nonamers, 
we see that the Madelung energy has nevertheless still increased. This in-
crease is however rather moderate, and this probably means that huge rings 
with n > 9 are not strictly forbidden from an electrostatic point of view.
As such rings cannot be obtained from the closure of a long linear chain, 
but rather through the simultaneous aggregation of small oligomers having 

Eudialyte Na12Ca6Fe3Zr3Si24O66( Cl,OH)8 has still a. more complex struc-
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Figure 15. Partial charge distributions in cyclic polysilicates found in minerals. (a)
muirite Ba10(Ca,Mn,Ti)4Si8O24(C1,OH,O)12.4H2O (P4/mmm with R = 6.5%) and (b)
eudialyte. Na12Ca6Fe3Zr3Si24O66(Cl,OH)8 (R3m  with R  = 15%). Charges given are those
on the network-extracted oligomers.
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n < 5, their formation should not be favored for entropic reasons. If we ad-
mit that the encounter of four chemical species is statistically improbable 
and that chains with n > 5 cannot be formed, the larger ring that could
be obtained should be a dodecamer formed through condensation of three 
linear tetramers. Thus for different reasons, there are also limitations on 
the growth a single huge polysilicate ring. Polycyclization leading to cages 
is however still possible and will be studied right now. 

3.5. POLYCYCLIC OLIGOMERS 

3.5.1. Oligomers having the Si3O9 ring

The smallest polycyclic oligomer that can be formed is a tetramer [Si4O10]4-

by capping a Si3O9 ring with a SiO4 monomer (fig. 16a). The resulting ar-
rangement has for the first time a negative Madelung energy and thus does 
not need counter-cations to be stabilized. Accordingly, such a species has 
been evidenced in solution through 29Si NMR [44] but have never been 
observed, to our knowledge, in the solid state associated with a counter-
cation. Interestingly, this very compact tetramer that can be viewed as a 
small portion of a silica network has a very small pKa gap: pKa(Oterm)
= 7.6 and pKa(Obridge) = 6.2, which is just the range found for surface
silanol groups [176]. The bridging oxygen-atoms are still found to have less 
electronic density than the terminal ones. 

The next possibility is the fusion of two Si3O9 rings to form a [Si6O1]8-

prismatic hexamer. Such a species has been isolated in the solid-state us-
ing a Ni2+ -ethylenediamine (en) complex counter-cations [37]. Figure 16b 
gives the charge distribution on the network-extracted hexamer. After av-
eraging similar oxygen-atoms, it comes : = -0.78 = 9.3) (pKa 
and = -0.60 (pKa = 4.3), i.e. a larger pKa gap = 5)
compared to the tetrahedral tetramer = 1.5). That this species can 
be crystallized only in the presence of a very large counter-cations having 
a rather low charge density could be related to the slightly positive value 
found for the Madelung energy. 

3.5.2. Oligomers having the Si4O12 ring

By fusing two Si4O12 rings, it is possible to obtain a [Si8O20]8- cubic
octamer. Such a. species has been characterized in the thorium silicate 
mineral ekanite ThK(Ca,Na)2Si8O20 [177] and shown in figure 16c. The
Madelung energy and the pKa gap obtained = 6.5) are in con-
cordance with what have been observed on going from the tetrahedral 
tetramer to the prismatic hexamer. Owing to its higher Madelung energy, 
this anion has been characterized in the solid state in several compounds. 
Figure 17 shows the charge distributions in four cubic octamers extracted 
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Figure 16. Partial charge distributions in various polycyclic polysilicates. (a) Tetra-
hedral tetramer of Td symmetry [Si4O10]4--. (b) Prismatic hexamer [Si6O15]6- found
in the synthetic compound [Ni(en)3]Si2O5.8,7 H2O (P63 with R = 9.1%). (c) Cu-
bic octamer [Si8O20]8- found in the mineral ekanite ThK(Ca,Na)2Si8 O20 (P4/mcc

with R = 5.8%). (d) Prismatic dodecamer [Si12O30]12- found in the mineral milarite
KCa2(Be2Al)Si12O30.H2O (P6/mcc with R = 2.9%).

from silicates synthetized using low charge-density counter-cations such as 
[N(CH3)4]+, [Cu(en)2]2+ or [Co(en)3]3+. The most stable octamer is found
in the [N(CH3)4]8[Si8O20] 64,8H2O compound [28] (fig. 17a). In spite of its
monoclinic symmetry, this octamer has a very regular partial charge distri-
bution and geometry. Terminal oxygen-atoms have pKa = 11.2 against 6.0
for bridging atoms leading to = 5.2. Two octamers have exactly the 
same Madelung energy in spite of their different space-group symmetry : 
[Cu(en)2]4[Si8O20].38H2O [32] (fig. 17b) and Na[N(CH3)4]7[Si8O20].54H2O
[30] (fig. 17c). Finally, the least stable octamer is found in the clathrate-
hydrate type compound [N(CH3)4]16 [Si8O20] [OH]8.116H20 [35] (fig.17d).
If we take the average over these five cubic octamers it comes :
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Figure 17. Partial charge distributions in various [Si8O20]8- cubic octamers from
(a) [N(CH3)4]8Si8O20.64,8 H2O (Pi with R = 7.3%). (b) [Cu(en)2]4[Si8O20].38H2O
(PI with R = 8,9%). (c) Na[N(CH3)4]7[Si8O20].54H2O (R3 with R = 7.8%). (d)
[N(CH3)4]16[Si8O20][OH]8.116H2O (R3 with R = 10.4%).

= -0.83 (pKa = 10.7), = -0.63 (pKa = 5.2), = +0.77
and = +2.8 eV. We thus have = 5.5, a value very similar to 
that found in the prismatic hexamer. These pKa values agree with the
observation that the cubic octamer can be protonated [33]. We have inves-
tigated this protonated octamer as the position of the hydrogen-atoms is 
not reliable in this structure that must then be revised.

Another kind of cage is found in the minerals milarite kCa2(AlBe2)
Si12O30.H2O and osumilite (K,Ca, Na)(Mg, Fe2+)2(Al,Fe3+)3Si12O30.H2O.
This cage is displayed in figure 16d and can be built by fusing two Si6O18
hexameric rings or alternatively two Si4O12 rings with two Si2O7 dimers.
A water molecule is apparently trapped inside the cavity, but the positions 
of the hydrogen-atoms have not yet been determined. Charge distribution 
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computed from the network-extracted cage [178] shows that it has the high-
est Madelung energy with the biggest pKa gap = 11.5 - 4.3 = 7.2).

4. Discussion and conclusion

In conclusion we will summarize our results and compare them with liter-
ature when possible. Figure 18 shows that a good description of chemical 
bonding in orthosilicate structures cannot be reached by looking at just one 
iono-covalent index. For instance the most ionic compounds are found to 
be CaMgSiO4 and Mg2SiO4, which however have not the lowest Madelung
energy found for garnets. Similarly the most positively charged silicon atom 
is found in phenacite and not in olivine or garnet frameworks. Looking at 
the mean electronegativity of the framework the following order is found : Z 
> Ph > T > H > P > Li > N > Y > G > F > K > M > L > C > B > S.As
a high framework electronegativity means a high refractive index [75], it is
not surprising to find in the first places, zircon and phenacite that can both
be used as a substitute for diamond in jewelry. To compare our results with
other theories, we have to extract the monomers from their network leading
to the following averaged value : = -1.12, = +0.48 and

= +18 eV. Recalling that our calibration has been made on accurate
X-ray measurements performed on the a-quartz structure, we noticed that 
these values are very close to those obtained by ab initio molecular orbital
calculations at the SCF level with configuration interaction and inclusion of 
silicon d-orbitals [52], and to those obtained with the SCF-Xa-SW theory

[53].
Concerning the [Si2O7]6- dimers we have found on average after extrac-

tion from the network : = -1.05, = -0.70,
= +0.52 and = +46 eV. These values are again rather close to those
obtained with the SCF-Xa-SW theory, but now without the inclusion of
silicon d-orbitals [56]. That the Si-O-Si bond angle cannot be less than ca
130° in a [Si2O7]6- dimer, has been very simply interpreted as a steric ef-
fect between highly negatively charged terminal oxo-groups. Consequently, 
there is no need to introduce silicon d-orbitals, nor arguments based on 

between oxygen and silicon to explain this experimental fact.
Concerning the various conformations observed in the solid-state for this 
dimer, this is clearly a counter-cation problem that cannot be handled by 
looking at isolated species in the vacuum. 

At a more qualitative level we have found in agreement with ab ini-

tio methods that bridging oxygen-atoms are systematically less negatively
charged (i.e. more acidic) than terminal ones, and that charges at the sil-
icon atoms decreased as the Si-O-Si bond angle was increased. For con-
densed species we have found, in agreement with the MNDO method [59], 
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Figure 18. Classification of sixteen orthosilicate structures according to their ionicities,
madelung energy and partial charge at oxygen or silicon. Li Li4SiO4, N E Na4SiO4,
K K4SiO4, F Forsterite (Mg2SiO4), C E S B Ba2SiO4,
L Larnite Ph Phenacite (Be2SiO4), M E Monticellite (CaMgSiO4), Y

(NaYSiO4), P E Pyrope (Mg3Al2Si3O12), G Grossular (Ca3Al2Si3O12), Z E Zircon
(ZrSiO4), T Thorite (ThSiO4), H Huttonite (ThSiO4).

that the charge at the silicon atom increases as polycondensation goes on : 
q(Q0) < q(Q1) < q(Q2) < q(Q3) < q(Q4). Figure 19 shows that our mean
charges correlate rather nicely with the experimental 29Si solution NMR
chemical shifts given in figure 1. The parabolic correlation observed also 
agrees with semi-empirical calculation of the paramagnetic screening con-
stants of the 29Si nucleus in tetracoordinated silicon compounds [179].

We can thus conclude that our model leads to the same qualitative
conclusions as ab initio or semi-empirical met hods with incommensurably
less computational effort (all the calculations reported here have been done 
on a 486DX2 personal computer cadenced at 66 MHz under the Windows©
environment with 32 Mo RAM). On the other hand it correlates very nicely 
with experiments and has provided very interesting results not attainable 
by more sophisticated methods. 

i) We can handle in a straightforward manner the crucial problem of 
the counter-cation, including the association through hydrogen bond-
ing. This should have important implications for the interpretation of 
chemical shifts and electrical field gradients at the nucleus in solid-state
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Figure 19.

charge at the silicon atom. 
Parabolic variation of the 29Si solution NMR chemical shift, with partial

NMR. Severe limitations are however expected in the case of solids hav- 
ing disordered atoms, solid-substitutions or ill-defined hydrogen-atoms
positions. To have a chance to correlate structural data to solid-state
NMR chemical shifts, one must have a refinement factor R less than
typically 5%. Even if it is very difficult to fulfill these conditions for 
most of the silicate minerals, we think that for very well defined struc-
tural types and provided that both NMR and X-ray or neutron diffrac-
tion measurements have been performed on the same product, good 
correlations should be observed. 

ii) Our model interprets quite satisfactorily most of the important as-
pects of silica, solution chemistry. Concerning hydrolysis phenomena, 
it is able to predict the pKa values of various chemical species. More
particularly, the experimental increase of pKa values on going from the
monomer [SiO4]4- to crystalline SiO2 has been quantitatively repro-
duced. Concerning the pKa gap existing between a terminal oxygen-
atom and an oxo-bridge, it was shown that Si-O-Si bridges were much
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more acidic than terminal Si-O bonds. Geometry have been proved to
have a deep influence on pKa values. When oxo-bridges and terminal
oxygen-atoms are close in space, the is low and can increase 
by several units as spatial separation goes on. Occurence of hydrogen 
bonding can pertub this simple picture, and here again the geometries 
of the bridges have a deep influence on the pKa values. For conden-
sation reactions, our model has shown that the growth of a long arid 
single polysilicate chain should occur only in the presence of a stabi-
lizing counter-cation, whose main role is to reduce the negative bur-
den borne by the growing chain. In solution cations are extensively 
solvated and interact with the oligomers only through much weaker 
hydrogen bonds. Consequently, chain-growth is stopped at an early 
stage (n 4) and intramolecular cyclization occurs to stabilize the 
system. The preferential formation of cage-like oligomers in the pres-
ence of low charge-density counter-cations has be interpreted in the 
same lines. In the presence of cations that are well solvated by water 
molecules (alkaline and alkaline-earth cations), there is no need to form 
rather stable polycyclic species as hydrogen bonding with surrounding 
water molecules provides enough stabilization. A complex mixture of 
rings and linear species is thus obtained whose detailed composition 
is mainly governed by temperature and silicon concentration. This is 
no more the case in the presence of low charge-density cations which, 
owing to their organic shell, are rather hydrophobic. Faced with a more 
organic, environment that is unable to remove the negative burden put 
on the polysilicate, the only alternative is to form as much rings as 
possible. This leads to a strong reduction of the number of terminal 
oxygen-atoms, and reduces considerably the electrostatic pressure on 
the polysilicate. In that case, instead of a complex mixture of rings and 
chains, the system adopts the polycyclic structure which fits to the best 
extent with the surrounding medium. As the local structure of this lat-
ter is highly dependent on the extent of the hydrocarbon chain-length
n, it is possible to change the polycyclic silicate shape by playing with
the length and/or the geometry of the hydrocarbon chain. This kind 
of calculations should thus have important consequences in the field of 
zeolites and microporous materials synthesis. To prepare future work 
in this field and to underline the generality of this argument we have 
nicknamed the formation of polycyclic oligomers under the influence 
of a low charge-density cation the “Yin-Yang effect”. This allows to re-
member that in the presence of good electron acceptors (naked cations, 
hydrogen bonds,. . .) the system can be space- expanded revealing its 
“Yang” face. When the medium is not a good electron acceptor (com-
plexed or hydrophobic cations) the system tends to be space-condensed
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revealing its "Yin" face.
iii) Our model should also be of considerable help in crystal structure anal-

ysis. It can detect very rapidly and unambiguously an ill-placed atom 
or any charge unbalance in the structure. Localization of hydrogen 
bridges is also straighforward, as short O-O contacts leads to rather 
low oxygen-atom partial charges. Another powerful feature is the pos-
sibility of comparing within the same theoretical framework, a small 
portion of the network to the whole solid phase. It is thus possible to 
analyze on a quantitative and accurate basis, how a molecule or an ion 
is affected by a crystalline environment. All we have to look is which 
atoms have had their partial charge mostly affected by the extrac- 
tion process. This knowledge could be of considerable help in deciding 
whether a molecular fragment detected in the solid-state has a chance 
to exists as such in the mother solution from which crystal growth has 
occured. Again, this could have very important consequences in the 
field of microporous materials synthesis. 

In conclusion this model appears to be well suited to follow within 
the same theoretical framework very complex processes such as hydroly-
sis, condensation, nucleation and growth. It can bring about a quantitative 
theoretical answer to an experimental problem by looking at what is found 
in the beaker and not by looking at a model often very far from chemi-
cal reality. It is obviously not restricted to silicates and silica and work is 
in progress to study transition-metal polyoxometallates, phosphate-based
solid phases or actinides' solution chemistry. As it allows to go from the 
molecule to the network, it has been initially tailored for sol-gel chem-
istry. We think, however, that other fields of materials synthesis could be 
concerned by such an approach, and quite interesting implications to un-
derstand complex geochemical or biological problems are foreseen in a very 
next future. 
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space-phase distribution, 182 zircon, 296 
space-time correlation function, 234-

spherical ion model, 67 
Sr2SiO4, 293

SSMEG model, 88 

partial charge distribution, 307 

partial charge distribution, 307 cohesive energy, 68 
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ZrSiO4 zircon, 297
236 iono-covalent indexes, 298 

iono-covalent indexes, 295 
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