CHAPTER ONE
ELEMENTARY COUTING PRINCIPLES

1.1 Introduction

This chapier develops some techmiques for determining, without direct enumeration, the number of possible
outcomes of a particular event or the number of elements in a set. Such sophisticated counting 15 somelimes
called combinatorial analysis. It mcludes the study of permutations and combinations.

1.2 Basic counting principles

Sum Rule Principle:

Suppose some event E can occur in m ways and a second event F can occur m n ways, and suppose both
events cannot occur simultaneously. Then £ or F can oceur in m + n ways.

Product Rule Principle

Suppose there 15 an event E which can occur in m ways and, independent of this event, there 18 a second event
F which can occur n n ways. Then combinations of £ and F can occur in mn ways.



Permutation

An arrangement of n objects in a specified order is called permutation of the objects.
Permutation Rules:
1. The number of permutations of n distinct objects taken all together is n!

Where NI=nNn*(n—-1)*(n—2)*..... *3*F2*1

2. The arrangement of n objects in a specified order using r objects at a time is called
the permutation of n objects taken r objects at a time. It is written as | Pr and the
formula is

|
n Pr — L
(n—r)!
3. The number of permutations of n objects in which k; are alike k; are alike etc is
n!
kK, xRk
Exercises:

1. Six different statistics books, seven different physics books, and 3 different
Economics books are arranged on a shelf. How many different arrangements are
possible if;

I.  The books in each particular subject must all stand together
ii.  Only the statistics books must stand together
2. If the permutation of the word WHITE is selected at random, how many of the
permutations
I.  Begins with a consonant?
ii.  Ends with a vowel?
Iii.  Has a consonant and vowels alternating?



Combination

A selection of objects with out regard to order 1s called combination.
Example: Given the letters AL B, C, and D list the permutation and combination for sclecting
two letters.

Solutions:
Permutation Combination
AB BA A DA AR BC
AT B B DB A B
A BI» L - A0 L

MNote that in permutation AB is different from BA . But in combination AB is the same as BA.

Combination HRuale

The number of combinations of r objects selected from n objocts is denoted by

r
. Cr (o o [}'] and is given by the formmmualac

LN rrl
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Exercises:

1. Out of 5 Mathematician and 7 Statistician a committee consisting of 2

Mathematician and 3 Statistician is to be formed. In how many ways this can
be done if

a) There is no restriction
b) One particular Statistician should be included

C) Two particular Mathematicians can not be included on the committee.
2. If 3 books are picked at random from a shelf containing 5 novels, 3 books of
poems, and a dictionary, in how many ways this can be done if
a) There is no restriction.
b) The dictionary is selected?

C) 2 novels and 1 book of poems are selected?



THE INCLUSION-EXCLUSION PRINCIFLE

Let A and B be any finite sets.
n{AU B) = n{A) + ni{B) — n(AN B)

In other words, to find the number n{ A U B) of elements in the union of A and B, we add n{ A) and n{ 8) and then
we subtract n{A M B); that is, we “inclode™ n{ A) and n({ B), and we “exclude” n( A N B). This follows from the

fact that, when we add niA) and n{ B), we have counted the elements of (A N B) twice.
The above principle holds for any number of sets. We first state it for three sets.

Theorem For any finite seis A, B, C we have
nAUBUC)=n{A)+n(B)+n(C)=n(ANB)=n(ANC)=n(BNC)+nANENC)

Thatis, we “include” n(4), n(B), n(C), we “exclude” n(AN B), n(ANC),n(BNC), and finally “include”
n(ANBNC).
Pigeonhole Principle: 1f n piogonholes are occupied by n 4 | or more pigeons, then at least one pigeonhole 15
occupied by miore than one pigeon

(eneralized Pigeonhole Principle: If n pigeonholes are occupied by kn 4 | or more pigeons, where k15 a
positive integer, then at least one pigeonhole 15 occupied by & + 1 or more pigeons.



example
Find the number of mathematics students at a college taking at least one of the langnages

French, German, and Russian, given the following data:
635 study French, 20 stody French and German,
45 stndy German, 25 study French and Russian, # study all three languages.
42 siudy Russian, 15 sindy German and Russian,

We want o find n(F U G U K) where F, . and R denote the sets of students studying French, German, and

Russian, respectively.
By the Inclusion—Exclusion PFrinciple,

RFUGUR)=m(F) +nr{G)+n(R) —m(FNG)—m(FNR)—ni{GNR)+n(FNGNR)
— 65 4+ 45 4+ 42 — 20— 25 — IS5 + 8 = 100

MNamely. 100 students study at least one of the three languages.
MNow, suppose we have any finite number of finite sets, say. Ay, A, ... Ag. Let 53 be the sum of the
cardinalitics
Ay, N A, DA )
of all possible k-tuple intersections of the given m sets. Then we have the following general Inclusion—Exclusion
PFnnciple.

Theorem a4, UA,U--UA ) =5 -5 +5—-+ (=15



example
Find the minimum number of stodents in a class to be sure that three of them are born in the same monith.

Here the n = 12 months are the pigeonholes, and k 4+ 1 = 3 s0 k = 2. Hence among any kn 4+ 1 = 25
sidents (pigeons), three of them are born in the same month.

THE BINOMIAL THEOREM Letx and v be variables, and let n be a nonnegative integer.
Then

o= 0 =@ (e (2 ) ()
A

examples
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Consceguently. the oocfficicont nnl'x:'i_'p"j in the expansion is obMained wihen j = 13, mamssly,

x5 x5!
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We can prowve some oseful identities using the bnomial theorenn, as Corollardes 1. 2, aned 3
e s trabe .



