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Chapter One
Linear Equations and Functions with applications

Introduction

1.1 Basic Algebraic expression

Any letter in an algebraic expression usually represents a variable or unknown as in the following equation: [image: image2.png]3x+y



.  When any number multiplies the variable, the number is called the coefficient of the variable. Linear algebra is the style of the relationship which can be expressed either in the form of equations and /or inequalities. For instance, if we consider the following equations,


[image: image4.png]4x+2y=10






[image: image6.png]4x+3y <0





Student learning objectives

By the end of this chapter students must be able to:
· Understand the use of linear algebra in quantitative decision making processes
· Formulate mathematical models of linear nature that represent managerial problems

· Interpret the meaning the numbers that make up the model
Linear equation

Any equation in the form of [image: image8.png]‘mx+ b,where m and b are constantsand m = o




 is called liner equation in one variable (first degree equations). More over, an equation in the form [image: image10.png]ax + by,where y,a and b are constants and a and b



 is called a linear equation in two variables. We can represent the above equation formations using the following example. Illustration, if a Taxicab fare from an airport to a near by city is birr 1.25 per mile driven plus 0.75 for a bridle toll. If you want to write an equation for this problem, then you would have to follow the following simple procedure:

[image: image12.png]Let y be total fare and x be the number of miles driven on one trip;




 Then writing the equation for [image: image14.png]y



 in terms of[image: image16.png]


, it will be as[image: image18.png]y = 1.25x + 0.75



; note here that the number of miles driven in one trip while the bridle toll remains constant directly determines the total fare. 

Illustration 
A worker is paid x birr for the first 8 hrs he/she works each day.  The worker is paid birr 1 for each hour he/she works in excess of 8 hours. Let us assume that during one-week time the worker works 8 hours on Monday, 11 hrs on Tuesday, 9 hour on Wednesday, 10 hours on Thursday, and 9 hours on Friday.  What is the average daily wage in birr for the five working days?

Solving this problem would first require defining the variables and simplifying it in to a daily regular and part time working schedule:
Then, [image: image20.png]let x be the number of hours the worker has worked during a particular week and



         

[image: image22.png]let y be the average daily wage the worker earns



 and simplifying the problem using a table, we have
	
	Days

	
	Mon
	Tues
	Wed
	Thurs
	Fri
	Total

	Hours worked/day
	8
	11
	9
	10
	9
	[image: image23.png]47





	Excess hrs
	0
	3
	1
	2
	1
	[image: image24.png]





The worker earns birr1 for each extra hour he/she works.  Thus from the table, the worker earns birr7 for the given week. (0+3+1+2+1).Therefore the worker’s total weekly earning is [image: image26.png]y = 5x + 7 birr



 and the average daily earning is [image: image28.png]


 birr.  As the worker’s regular work day is 8 hours, his/her average daily income is, 
 [image: image30.png]=2 =47/ =94 birr



 
Illustration
It costs x birr each to make the first 1000 copies of a book and y birr to make each subsequent copies.  If z is greater than 1000, how much will it cost to make the copies of the book? From the problem it is clear that the total cost of copying 1000 units is 1000x and the number of copies in excess of 1000 is given by (z-1000) where the excess costs (z-1000) y.  Then the total cost (T) function is given by, 
[image: image32.png]T = [1000x + (z — 1000)y]birr



 
1.1.1 Slope of a line

The distance between two points of a straight-line segment is the positive difference of the coordinates of the two coordinate values, expressed in absolute values. That is, [image: image34.png]y



2[image: image36.png]


1 expresses vertical distance while [image: image38.png]


2[image: image40.png]


1   measures horizontal distance.  The ratio of [image: image42.png]y



2[image: image44.png]


1 with respect to [image: image46.png]


2[image: image48.png]


1 is, therefore, a measure of slope of a line. 

Slope defined: slope means the amount of change in the vertical (dependent variable) for a unit change in the horizontal axis (independent variable).
Exhibit 1.1 a graph showing the (x, y) coordinates to compute slope
                      y
(x2, y2)

                     (x1 y1)
                                                                      x

           The slope, m, in the above figure (exhibit 1.1) expresses the ratio of  
 

[image: image50.png]slope

m

¥yl
e

B
=



  

The slope of any line can be positive, negative, zero or undefined and can be shown to have the following graphical representation:  

Illustration  
If the total manufacturing cost, y birr of producing x units of the product is birr 500 at 50 units of out put and birr 900 at 100 units of out put, & the cost output relationship is linear; then find 
a) The slope of the cost-output relationship

b) How much the production of one additional unit will add to the total cost

c) Draw the graph showing the relationship between cost and output 

First you need to identify [image: image52.png]


 and [image: image54.png]vi



 coordinates from the problem; from the problem, [image: image56.png]


1 is given by50, [image: image58.png]


2 is given by100, [image: image60.png]y



1 is given by 500 and [image: image62.png]y



2 is given by 900.
Now, using the slope formula given above, i.e., [image: image64.png]slope
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, we have

a) [image: image66.png]y2-yl _ Ay _ S00-500 _ 400
T T 1ot =

slope =m 8



   
b) [Interpretation] each additional unit of the product adds birr 8 to the total cost.

c) The graph of the above cost-output relationship can be drawn as,

       9                                              (100, 900)
       8
  (y
                     7                                              

       5     (50,500)             (x           (100,500)
             2   3   4   5   6   7   8   9   10    x
       
            Out put (0)

Illustration 
A publisher asks a printer for quoting the cost of printing 1000 and 2000 copies of a book.  The printer quotes birr 4,500 for 1000 copies and birr 7,500 for the 2000 copies. Then,

a) Find the slope of the cost output line

b) Write the equation of the line
Solution
Given, copies-cost coordinate form, that is (1000, 4500) and (2000, 7500), we compute slope as, 
a) [image: image68.png]y2-yl _ Ay _ 7500-4500 _ 3000

slope =m
P T 1. 7000-1000 1000



; What does the number 3 means? It can be interested as each additional unit of print of a book adds birr3 on to the total cost. 

b) The equation of a line is generally given by [image: image70.png]y =mx +




 here the slope is given as birr 3. Then[image: image72.png]¥y

x + b



. Take any of the two coordinates and compute for the value of b. Let’s take (1000, 4,500) or (2000,  75000); then the computation follows as 

[image: image73.png]4,500 = 3(1000) + b,




[image: image74.png]4,500 —3000=10




[image: image75.png]1,500=1»




Therefore, the equation of the line will be[image: image77.png]¥y = 3x+ 1500



. 

Dear distance learner, try computing the equation of the line using the other coordinates (2000, 7500)
Illustration 
Suppose the personal consumption expenditure increases from birr 254 to 618 when disposable income increases from birr 270 to 675. Then,
a) Compute the slope and interpret the result 

b) Compute the marginal propensity to save (MPS)

Solution:

a) [image: image79.png]change in consumption expenditure  _ y2-y1 _ Ay _ 618-254
slope = m = Z22nE° poion b =80 oo =

“hangs in disposable personal incoms | x2-x1 A | 75-270
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; Interpretation:  As the persons disposable personal income increases by one birr, then consumption expenditure increases by 0.8988 (89.88%)
b) [image: image81.png]mps = 1 —mpc — 1 —0.8988 = 0.1012 = 10.12%



 
Note that [image: image83.png]mpc =



 marginal propensity to consume and [image: image85.png]mps



 = marginal propensity to save
Illustration
A family has birr 31.52 to spend on pork & chicken.  If the family buys P kilos of pork at birr 2.25 per kilo & C kilos of chicken at birr 1.80 per kilo. 

Required:

a) Formulate the total family expenditure on pork & chicken

b) Solve for P(pork) in terms of C (chicken) and interpret the slope 

Solution:

 [image: image87.png]Let x be the amount of kilos of pork bought and



 

[image: image89.png]Let y be the amount of kiloss of chicken bought



 
Then, the total expenditure on pork will be [image: image91.png]2.25x



& total expenditure on chicken will be 1[image: image93.png].80y



.
Then   the total cost (Tc) will be

a) [image: image95.png]Tc = 2.25x + 1.80y



; But from the problem we were given a total of 31.52 as the family’s total income. Thus it follows that [image: image97.png]31.52 = 2.25x1.80y



 is the equation denoting the family’s expenditure

b) Remember from (a) that the family’s expenditure equation is given as   [image: image99.png]31.52 = 2.25x1.80y



 and using the same we can solve for fork in terms of chicken in the following way:
[image: image100.png]2.25x = 31.52 — 1.80y




[image: image101.png]



[image: image102.png]7225 228




[image: image103.png]v=14

1.80y
225





[image: image104.png]x = —0.8y + 14




Interpretation:  As the consumption of chicken increases by a pound, the consumption expenditure on pork decreases by 0.8 birr or as the consumption of chicken decreases by a pound, then consumption expenditure on pork increases by birr 0.8.

1.1.2 Equation of a straight line

Here we will try to determine the relation ships (linear) between the variables of interest.  This helps in establishing a base for mathematical analysis and the cause and effect considerations of a given decision problem. There are different methods of determining the linear relationships among variables in a given decision problem
1.1.2.1 Slope-intercept form
The simplest way to determine the equation of a line is that we are provided with the slope and the y-intercept. 

Illustration

Determine the equation of the straight line with a slope of –5 and a y-intercept of (0, 15).
Remember that the general form of a linear equation is given as y = ax + b, where a is the slope or the rate at which y is affected and b is the point at through which the straight line intersects the y axis (i.e, when x = 0)

Substituting –5 in place of [image: image106.png]


 and 15 in place of[image: image108.png]


, we have, [image: image110.png]y =—5x+ 15



 as the equation of the line.
1.1.2.2 Slope and one point method
With this method, the value of the slope and coordinator of one point on the line are given.  

In fact, the point should satisfy the condition [image: image112.png](x,y) [y = mx +b}





Illustration

Given that the slope of a straight line is –2 and one point lying on the line is (2, 8), determine the equation of the line. Following the simple steps below you can draw the equation of the line:

First substitute the coordinate values of x & y in to the general form of linear equations, [image: image114.png]mx+b





Then, let’s substitute the numbers in to the equation
[image: image116.png]y=mx+b,



 
[image: image118.png]8=—-2x+b



 

[image: image120.png]—2(2)+b



           
[image: image122.png]8+ 4



 
[image: image124.png]12



 
Then the equation will be  [image: image126.png]Y = —2x+ 12



 
Illustration

Each additional unit in production adds birr 52 on to the total cost of a company.  A point on the cost of production graph shows 10 and 1250 values for x and y respectively.  Determine the equation of the line. 

In the above problem it is stated that total cost of production varies with volume of production & the change is a multiple of 52; i.e.,[image: image128.png]52



.  
Then substituting values [image: image130.png]52



 and[image: image132.png]y = 1250



, 

It gives,
[image: image133.png]1250 =52x +b




[image: image134.png]125t

52(10)+b




[image: image135.png]b= 1250—520



, then [image: image136.png]b = birr730




Therefore, the equation of the line will be given as [image: image138.png]y =52x + 730




1.1.2.3 Two point form

Assume that we are given the coordinates of two points which lie on a straight line.  In this situation we first determine the slope using 
 [image: image140.png]change in consumption expenditure _ y2-y1 _ 4y

hange in disposable personal income  x2—x1  Ax

slope



, and substituting the values of one of the points in the general Linear equation form, we determine the y-intercept of the line. 

Illustration
Suppose that the sales and marketing expenses for the first and second weeks of the last month are (175,120), and a, (215,170) respectively.  
Determine the equation of the line.  

As was indicated above, first determine the slope of the line using the two point formula

[image: image142.png]S T o5, =125

i.e, slope =m
P m T e i



 
Then, substituting [image: image144.png]1.25



  and using either of the coordinate points we have the equation of the line as [image: image146.png]y =125x+b




Given  [image: image148.png]y =125x+b



 and taking either (175,120) or (215,170), let’s formulate the equation of the line as shown here below:
[image: image149.png]Case 1:take (175,120)




[image: image150.png]120

.25(175) +b




[image: image151.png]120 —218.75=1b




[image: image152.png]b= —98.75




Or    

[image: image153.png]Case 2:take (215,170)




[image: image154.png]170

.25(215) +b




[image: image155.png]170 — 268.75 =D




[image: image156.png]b= —98.75




Dear students, you might have seen that either of the two ways will result the same figures. The equation will be therefore[image: image158.png]y = 1.25x — 98.75



 

1.2 Linear functions

Functions help to establish correspondent relationships between two variables where the value of one of the variables (y) is dependent on the value of the other variable x, (independent variable). For instance the equation [image: image160.png]y = 1.25x — 98.75y



 shows that total fare (the dependent variable) is determined by the total number of miles driven (independent variable). 

Generally a function is defined as a mathematical rule that assigns to each input (dependent variable value) value one and only one out put value (the value of the dependent variable).  It is represented by:

 
[image: image162.png]


 ( Representing the relation ship of set of in put values, [image: image164.png]


 and the set of out put values, [image: image166.png]y



 using the function rule[image: image168.png]



From the above definition, it is possible to understand that the value of some thing depends up on the value of one or more other things.  For instance, the number of units sold of a given product may depend up on the price charged for the product Y the pries of competing brands; personal expenditures may increases or decrease as personal income increases/decreases. Function is, therefore, a mathematical language that provides a precise way of description of relationships between variables. 

The equation [image: image170.png]


 as read as [image: image172.png]y



 is a function of[image: image174.png]


, denotes a functional relationship between the variables x & y. 

Illustration
The Mekelle city police department is planning to purchase additional patrol car police. Experts estimate the purchase cost of a fully equipped car to be birr 18,000. They also have estimated an average operating cost of birr 0.40 per mile.  

a. Determine the mathematical function representing total cost of owning & operating the car.

b. What is the estimated total cost if the car is driven 50,000 kilo meters during its life time?

c. If it is driven 100,000 kilometers? 

Solution
First determine the dependent variable independent variables and assign them with a variable. 

Here the dependent variable is the total cost[image: image176.png]y



; the independent variable is the number of kilometers [image: image178.png]


the car is to be driven while the purchase cost of the car remains unchanged.  

Then, let [image: image180.png]


 be the number of kilometers driven  

         Let [image: image182.png]y



 be the amount of total cost incurred. 

The equation will be put in the general form

a. [image: image184.png]0.40x + 18,000



, i.e., total cost changes as operating costs change. 

b. [image: image186.png]vy = 0.40(50,000) + 18,00t

birr 38,000



 
c. [image: image188.png]y = 0.40(100,000) + 18,000 = birr 58,000



 
Illustration

Ethiopian Electric power Corporation uses the following method for computing monthly electric bills for one class of customer.  A monthly service charge of birr 3 is assessed for each customer.  In addition, the company charges birr 0.80 per kilowatt hour.
a. Determine the function expressing a customer’s monthly charge

b. What will be the monthly charge for a customer who uses 725 KW?
Solution
In the above problem, the total monthly electric charge depends on the number of kilowatt hours the customer uses.
Let[image: image190.png]


 be the number of kilo watt hours used

Let[image: image192.png]y



 be the total monthly electric charge of the customer.  The, the equation will be
a. [image: image194.png]y =0.80x+ 3



    
b. [image: image196.png]y = 0.80(725)+ 3




  per month

1.3 Break Even [Cost, volume & profit (CVP)] Analysis

The objective of almost all business organizations is to make profit as far as applicable variables allow.  Profit, however, is not the only objective.  The thing here is that locating the point beyond which one can expect some positive return to the financial & other sacrifices committed. The purpose of break even is, therefore, to provide a point of reference for a manger on deciding the activity level for a profitable undertaking. 

Components of Break Even Analysis

1. Volume (Q) It refers to activity level at which the company would be at break even.  It can be defined as the number of units produced & sold (Q), as the volume of sales in birr (PQ) & as the percentage of capacity available, i.e., Q/K, where K, a constant, is the maximum capacity. 

2. Cost ([image: image198.png]Tc



):  consists two elements: fixed costs (such as rent & plant equipment, taxes, insurance, management & staff salaries, advertisement, interest on investment, deprecation on plant equipment, heat & light, janitorial packaging, material & product handling, freight, maintenance etc). 
The amount of fixed cost remains the same in total however changes in unit. Variable costs (costs directly affected by the level of activity) change in total as volume changes.  
The total cost for a given activity level is, then, given as the sum of the fixed costs and variable costs, i.e., 

[image: image200.png]Ve +Fc



, where [image: image202.png]Ve = f(volume, Q)



 
Break even formula

At break even total sales and total costs are equal implying that at the same point profit/loss is non-existent. 
That is, [image: image204.png]TR



. But  [image: image206.png]


 where P is the price per unit & Q the total volume produced & sold and [image: image208.png]Ve +Fc



  where [image: image210.png]Ve



 is the total variable cost (variable cost per unit times units produced & sold) and [image: image212.png]Fc



 the fixed operating costs. 

Then, equating the equations we have

 [image: image214.png]TVc+Fc





[image: image216.png]Vexq+Fc



  ----------------------- [image: image218.png]Ve X q



 denoting the total of variable cost 

 [image: image220.png]



 [image: image222.png]q(p — Vc) =Fc




Then, multiplying both sides by  [image: image224.png]—



 ;    we have:


[image: image225.png]



NB:  The break even formula up here is a deterministic model where the components are constant or known with certainty.  The assumptions on count, here, are 

· The behavior of cost being predictable

· Unit selling price is constant 

·  A firm manufactures a stable product mix

· Inventory changes are nil. 

Illustration  
MaGarment PLC produces denim jeans.  The company incurs the following monthly costs to produce a monthly fixed cost of birr 10,000 is put in action & the variable cost required is birr 8 per unit if the company currently produces 400 units of the jeans, write the total cost function & find the total cost at the current activity level. 

Solution
The total cost function is given by 

[image: image227.png]8x + 10,000



, where  [image: image229.png]


 is the total volume of production.


 [image: image231.png]8(400) + 10,000



 
                       [image: image233.png]3,200 + 10,000 = birr 13,200



 
Since the equations for total costs, [image: image235.png]Fc



 & [image: image237.png]Ve



 are all linear equations, we can illustrate these relation ships graphically as shown below:
Exhibit 1.2 graph showing the total cost
                                                                         Tc = Vc + Fc
                                                                   Vc
              13,200

       


        Fc = 10,000

    200  400   600 800 1000 1200   


              Volume 

In the above figure [image: image239.png]Fc



 has a constant value of birr[image: image241.png]10,000



 regardless of volume. The  [image: image243.png]Tc



 line represents the sum of [image: image245.png]Ve



 and[image: image247.png]Fc



. Total cost increases because variable costs increase as volume of production increases.  

Profit (()

The 3rd component in the break even model is profit.  Profit is the difference between total revenue & total cost, i.e,
[image: image249.png]TR=qXp



, where  [image: image251.png]


   is volume & [image: image253.png]


 is price /unit and total cost ([image: image255.png]Tc



) is given by [image: image257.png]Ve + Fc



. Then, the profit function will be given by,
                      [image: image259.png]Profit(m) = pq — (Vc + Fc)




In the above example, assume P is birr 23/pair for the same volume (400 pairs)

[image: image261.png]TR=gq Xp= 23X 40

birr 9,200



  

The graph of total revenue curve is given below

Exhibit 1.3 graph showing the total revenue 


                                                      TR = Vp
     9,200
                  200   400   600   800   1000

                                     Volume v

Therefore, here in this particular case profit will be; 

[image: image263.png]Profit =9,200 — 13,200 = —4,000



 
The Break Even Point

In the above two illustrations, we sow that there is no profit but loss of 4,000.  The company does not want to operate in this way.  Now assume[image: image265.png]p,Feand Ve



, is static, but volume may vary.  In order to avoid loss the company must produce more units.  [When there is loss the total cost line is above the revenue line]
Exhibit 1.4 graph showing the break even peoint↔


TR

                                                              
TC


                                                         Vc 
                     →                                         Fc
        

            2    4    6     8    10 12   14   16   

                          (100)

Profit   = R – Tc, but at break even profit, ( is equal to zero

O = QP – Fc – VcQ 

0 = Q (23) – 10,000 – Q (8)

0 = 23Q – 10,000 –8Q

0 = 15Q – 10,000

       15Q = 10,000
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         Q = 666.7 pairs

That is, if the company produces 666.7 pairs of jeans profit & loss will be zero & the company will break even.  This helps managers in ginning a point of reference from which to determine how many pairs of jeans to produce in order to gain profit (subject to capacity limitations) For instance if we take production volume, Q equal to 800 units, 


Profit (()  = 800(23) – 10,000-800(8)

                        =birr 2000   in profit

In general BEP (Q*) = ( = QP – Fc –VcQ

                                  ( = Q (P-Vc) – Fc

At a point where ( = 0, BEP appears. 

Therefore Q (P-Vc) = Fc multiplying both sides by  
[image: image267.wmf]Vc
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  , we have 
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, is the BE formula
· Break even in terms of sales volume (BESV)

BESV = Q*P, where Q* is the BE volume. Therefore BESV = 23 (666.7)                  

                    =     birr 15,334

· BEPV as a percentage of capacity ( volume can be expressed as a percentage of total capacity.  It is determined by dividing BE quantity to the maximum operating capacity, K. 
Suppose K = 1000 pairs of jeans then BEP (%k)
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Exhibit 1.5 break even as an expression of sales volume and as a percentage of capacity

Profit Analysis:

The BEP formula can tell how change in volume can affect profit (loss).  The assumption was that Fc, Vc & P remain unchanged.  However any change in these items affects profit. We will consider those changes for analysis purposes as in below; 

Changes in price: 
Example: 

Assume price, P increases from birr 23 to birr 30. What is the effect on the volume, Q*
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Then when price increases from birr 23 to birr 30 the breakeven quantity decreases (vice versa) from 666.7 units to 454.8 units total and total revenue at BEP will be R = 454.8((30), birr 13,644. 

Exhibit 1.6 graph showing a shift as price increases from 23 to 30



                                                    TR
                                   TR

                                                                  Tc
                                                             Vc

Fc


      
   454.8       666.7
                                                 

From the above computation, it can be seen that lower volume with higher prices can result in high profits.  But not guaranteed, because high price may limit the salability of the product. 

Changes in Variable Costs:

Example:  when Vc increases by birr 4, i.e.  8 + 4 = birr 12
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That is, when unit variable cost increases, break-even quantity increases from 666.7 units to 909.1 units or the vice versa.  
                                                              TR1
                                                      
Tc3   TR, Tc2

       
Tc
                  
    Tc1
13                                                              Fc2 = 13m
10                                                              F1 =10 m
   
           454.8  666.7  866.6 909.1
 Exhibit 1.7 graph showing all changes in the components of the break even analysis                      
     
Changes in Fixed Costs:

 It is not unusual that many companies are increasing their fixed costs for diversified objectives like off setting lost sales & others. 

An increase /decrease in the Fc would result in a subsequent increase /decrease in the volume of production:  Example: if fixed costs increase by birr3, 000; 10,000 + 3000 = birr 13,000

Therefore,
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 so the even quantity increases from 666.7 pairs to 866.66 pairs. Similarly if Fc decreases, the break-even point will also decline.  

1.4.1 Break Even point for a Multi- Product situation 

The above break even application assumes a single product (variable) where the analysis is left narrow spectrum.  But there are situations when companies involve with multiple products.  In these cases we adopt the following: 
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Where,
F is the fixed cost

Wi is proportion of product i quantify wise, in sales mix of the firm ((Wi = 1)       

Cmi is contribution margin of product i  

Q* is over all break-even quantity. 
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Illustration
Addis Pharmaceutical Factory (APF) produces three products, Px, Py & Pz.  The units selling prices of these products are birr100, birr 80 and birr50 respectively and the unit variable costs are birr 50, birr 40 and birr 20 respectively.  The quantity proportions in which the products are manufactured and sold are 20%, 30% & 50% respectively.  Fixed operating costs and interest are birr 1,480,000.  Determine the overall break-even quantity (Q*)

Solution:  First compute weighted contribution margin of all the product lines,
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In this case it will be, 
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But unit contribution margin for Px is 100 -50 = 50

                                                       Py is 80 - 40 = 40





            Pz is 50 - 20 = 30

Then, 
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Therefore 
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Break-even Quantity – Individual Products

The overall break-even model may lack to show the independent contributions and/or cost components of each production line that a company may operate with. Put it in other words, it would beg a question if the overall break even analysis would reveal individual product’s behavior (pattern); thus it is important to decide on the volume (quantity), sales, costs and other elements an individual production line may command.  Here are the procedures of how:  

1) Determine the fixed cost of a product division as the sum of its separable fixed costs and an allocated share of common or joint fixed costs. 

2) Calculate the BEP of the product division. 

Illustration: Below is a table revealing the three product divisions of Akaki Steel Processing along with their prices and variable costs. 
	
	Product type

	
	A
	B
	C

	Selling price/u
	Birr 40
	Birr 30
	Birr 20

	Variable cost/u
	Birr20
	Birr 16
	Birr 12


It has been studied that each production division involves a separable fixed cost of birr110, 000; birr 60,000, and birr 40,000 respectively.  More over, it has been budgeted that common fixed costs amounted to birr 2,000,000 with an allocation rates of 5, 3 and 2. 
Find the break-even quantities for each of the production divisions.

Solution: 

First determine the fixed cost shares of each division from out of the common fixed cost. The share of fixed cost for the product of each type is computed below 

                  A is 5/10x200,000 = 100,000   


B is 3/10x200,000 = 60,000


C  is 2/10x200,000 = 40,000      

         *10 = 5+3+2

Then the total fixed cost of each division will be 

For A, 100,000 + 110,000 ( 210,000

       B, 60,000 + 60,000 ( 120,000

       C, 40,000 + 40,000 (  80,000

Now, BEPA = 
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        BEPB =
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        BEPC =
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From the above computations, you can see that not all product divisions are equally important on perspectives of cash flow analysis or investment analysis and other managerial significances on the basis of which management can decide which production line /division to peruse with & which ones to give up & others many. 

Self test exercise

1. The Yordanos Hotel income statement for the first 6 months of the year 2000 E.C. on its fast foods line shows the following:
Sales:







52,000

Fixed costs




16,800


Variable costs



20,500

Total cost






37,300

Net income






14,700
Of the fast food line capacity available the Hotel is using only 62% of its total.
Given, the above information;

2. Write the cost function
3. Write the revenue function
4. What is the break even point
i. In quantity terms
ii. In sales terms
iii. In capacity percentage terms
5. What will be the break even point, if
6. Variable cost is increased to 23,000
7. Fixed cost increases by 10%
8. The Hotel can increase its capacity utilization by 20% 
Chapter Two
Systems of Linear Equations and Matrix Algebra
2.1 Introduction 

An equation that can be written in the form ax + by = c where a, b and c are real numbers and ab ( is called a linear equation in two variables x & y.  An ordered pairs of real numbers (x0, y0) is a solution of the equation if the statement ax0 + by0 = c is true.  The set of all solutions is called the solution set of the equation.  If a1, b1, c1, a2, b2 and c2 are real numbers

     a1x + b1y = c1
     a2x + b2y = c2, is called a system of two linear equations in two variables.  The intersection of the solution sets of the two equations is the solution set of the system. 

We may solve a system by
a) Finding the intersection of the graphs of the two equations, 

b) Eliminating one variable by addition or subtraction,

c) Eliminating one variable by substitution, or

d) Using Cramer’s rule. 

Student learning objectives
By the end of this chapter students must be able to:
· Understand the relationships among decision variables
· Develop a mathematical function representing the problem at hand

· Use the methods used to solving a problem
· Predict future demands using Markov chain

Many mathematical models that we encounter involve more than one variable. For example, a farmer may grow both apples and pears.  In a mathematical model, x and y may represent numbers of kilos of apples and pears respectively that he will produce.  The manger of a grocery store may mix three kinds of nuts where x,y, and z. represent the number of kilos of each type A , B and C respectively. 

For example: Solve the system using the methods mentioned above
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              From the first equation, we have
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         [image: image301.png]2y
*7)'/7 =



             Substituting this relationship to the 2nd,            
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Let’s now take either of the equations and find the value of x
   [image: image313.png]


    ↔   [image: image315.png]


  ↔  [image: image317.png]2x



  ↔  [image: image319.png]


 
Therefore, the solution set is [image: image321.png]{2,-3}




Cramer’s method

It is used mad to solve a system of two linear equations in two variables

 Definition: A square array of numbers of the form 


     [image: image323.png]a b



  is called a 2x2 (two-by-two) matrix.  The determinant of this 2x2 matrix is the number ad – bc.

The rule is; 

Let     [image: image325.png]al b
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= Ay; then the system
        

[image: image331.png]{alz +bly
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  are equivalent provided that C ( 0; where C is determinant of the matrix of coefficients of the variables in the original system. 
Ax is the determinant of the matrix obtained from the matrix of coefficients by replacing the column of coefficients of x by the column constants on the right side of original system. 

Ay is the determinant of the matrix obtained from the matrix of coefficients by replacing the column of coefficients of y by the column of constants on the right side of the original system. 

Ilustration: 
Solve:  [image: image335.png]{21{»3)':6
Sx +4y =1



     


C = [image: image337.png]


 = 2(4)-5(3) =8-15 = -7

Ax = [image: image339.png]


 = 6(4) – 1(3) = 24-3 = 21

Ay = [image: image341.png]


 = 2(1)-6(5) = 2-30 = -28
Therefore, the solution values are computed as;
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Solution =[image: image346.png]and 5x
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Try this,        [image: image348.png]2x + 3y
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Applications (2x2 systems)

Illustration:

Prior to a crucial National Foot ball league game between Guna and St. George, a clever gambler the two enthusiastic football fans.  The first fan was from Tigray and he was giving 2 to 1 odds, the second fan was from Addis Ababa and he was giving 3 to 1 odds.  The clever gambler placed a bet with each fan so that she would with birr 100 as long as the game did he bet with each fan.

Let  x  be the amount the gambler bet with the Tigray fan and let 

        Y be the amount the gambler bet with the Addis Ababa fan

The equations will be:

  [image: image350.png]{ —x + 3y = 100 [if Guna wins)
2x —y = 100 [if St.George wins




      
Using Cramer’s rule; 

C = [image: image352.png]


 = -1(-1)-2(3) = 1-6 = -5


Ax =[image: image354.png]


 = 100(-1)-100(3) = -100-300 = -400


Ay = [image: image356.png]—1 100
2 100l



 = -1(100)-2(100) =-100-200 = -300

Then, the solution values of x and y will be 
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S = [image: image362.png]{80,60}




The gambler bet birr 80 with the Tigray fan and birr 60 with the Addis Ababa fan. 

Illustration:  A grocer has walnuts worth birr4 per kilo & Brazil nuts worth birr 5 per kilo.  How many kilos of each type must he add to get 150 kilos of a mixture worth birr4.5 per kilos?

Solution:  Let X be the number of kilos of walnuts and Y be the number of kilos of Brazil nuts the grocer must mix.  
The equations will be


x + y = 150


  
 


4x + 5y = 4.5(150)





4x + 5y = 675





In this case, let’s use the elimination procedure. The, multiply the 1st equation by -4 to eliminate x from the equation;
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Replacing the value of y in the 1st equation, we have [image: image369.png]x+7!
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[image: image371.png]x=150—-75=75




The solution values are then, [image: image373.png]{75,75}




Illustration 
Hailu invested part of the birr 10,000 he won at the lottery at a 6% annual rate of interest and the rest in a high risk bound paying on annual rate of interest of 9%.  His total annual income on the two investments is birr 690. How much did he invest at each rate? 

Solution: 

Let birr x is the amount invested at a 6% rate and birr y is the amount invested at 9% rate

The equations are; 
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Using Cramer’s rule,



C = [image: image379.png]looe onol



 = 1(0.09)-1(0.06) = 0.09-0.06 = 0.03



Ax =[image: image381.png]10,000 1
960  0.09



= 10,000(0.09)-690(1) = 900-690 =210



Ay = [image: image383.png]1 10,000
006 960



 = 1(690)-0.06(10,000) = 690-600 =90

Then,

[image: image384.png],000
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are the amounts that must be invested in the high risk bond paying 9% interest rate & the rest i.e., 10,000-3000 (7000 birr) on the 6% interest paying possibility. 

Activity 
6,250 tickets were sold for a football game in the national stadium.  An adult pays birr 9 for a ticket while a child under 16 pays only birr 3.  If the total revenue from tickets for that game was birr 51,900, how many children and how many adults bought tickets?

Illustration (3x3)

Solve the following system
[image: image386.png]{

2x 3y =5
3x—2y+3z
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First reduce the above system into a 2 by 2 system. 

Consider e1 & e3, to eliminate x
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Again consider e2 & e3, to eliminate x
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Taking the two new equations, e4 & e5 compute for the value of the variables by further elimination procedures.
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Then y can be computed from –17y + 18z = 71, substituting Z by 3, we have,   [image: image400.png]—17y+ 18(3)
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                 [image: image404.png]—17y = 17
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Again substitute –1 and 3 in either of the equation in the original system.  Take equation 2, then 3x – 2(-1) + 3(3) = 17    ( 3x =6

 There fore x = 2

S  = { 2 , -1, 3}

2.2 Matrix Algebra and Application

Matrices provide a compact way of writing a system of equations and a method of representing large quantities of data.  These tools have also become quite important in marketing, finance, production, accounting and personnel.  
However, matrix algebra is applicable to only linear equation systems.  Matrix enables an organized presentation of huge volume of data in a more manageable set, which, in turn, leaves the decision process become easy to deal with. 

Matrix – Notions & Definitions 

Matrix is defined as an array of numbers, arranged in rows and columns.

For example, look at the following problem and see how the numbers will be arranged;
It takes 100 km from city Q to reach city R and 150km to city Z. It takes 100 km from city R to reach city, Q & 75 km to city Z.  More over, it takes 150km and 75km from city Z to reach city Q and city R respectively. 

The above data on the distance between the three cities can be presented as: 
Table 2.1 showing the distance between the cities

	
	To

	From
	
	Q
	R
	Z

	
	Q
	0
	100
	150

	
	R
	100
	0
	75

	
	Z
	150
	75
	0


 Then we can enclose the above information with parenthesis and call it a matrix and is represented by matrix as:
                [image: image407.png]100 0 75

Io 100 150]
150 7t O




The above matrix has three rows and three columns and so we call it a 3x3 (three-by- three) matrix.  The generalized form of a 3x3 matrix is: 
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Where, aij is an element of the ith row and jth column.  We present here a general form of m rows & n columns matrix 


A = [image: image411.png]


 = (aij)mxn
This matrix is an m x n matrix with a total number of elements equal to mn.  If a company is marketing multiple products and is operating in multiple sales territories, then the sales, in each territory, of each product can be presented by a matrix: 

Territory 

       1
    2      3     4
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The above matrix indicates the sale of each product in each territory-expressed in terms of units.  If the price of product number 1 is birr 2, product number 2 is birr1.50, product number 3 is  birr4 & product number 4 is birr2.50, then, this information can also be written in the matrix.

A= (2 1.50 4 2.50)

Activity

Identify what major decisional importance you can secure from the above type of data presentation. 

2.2.1 Types of Matrices

a) Vector matrix:  This refers to the kind of matrices, which are identified to have only one row or one column. Row matrix is a vector matrix with only one row.

Example:  A = 
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However, if a vector matrix consists of only one column, then we call it column Matrix denoted as;


A = 
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b) Square Matrix
A matrix is said to be a square matrix if and only if the number of rows and columns of the matrix are equal.  It can be denoted as 

 A = 
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                              C =
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c) Identity Matrix

A matrix involving all of its diagonal entries equal to one and elsewhere zeros, i.e., a matrix 

           A = [image: image419.png]


  = (aij)mxn represents an identity matrix where the entries a11 ,a 22, . . .  amn (m=n) are equal to 1 and the rest of the entries equal to zero. 

Example                    

A=[image: image421.png]



  

d)  Zero Matrixes 

A matrix is said to be a zero matrix such that all its entries are equal to zero

Example                


X=[image: image423.png]





e)  Equal matrices 

A matrix A = aij is said to be equal with another matrix, say B = bij (i.e. A = B).When the number of rows and columns of matrix A are equal to the number of rows & columns of matrix B. Moreover, element of matrix A must be equal to the corresponding entries in the matrix B, thus, (aij)mxn = (bij)mxn , if aij = bij for all i and j 
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Then A ( B, but A = C

2.2.2 Matrix Operations

Addition and subtraction of Matrices 

Two or more matrices can be added /subtracted if they are of the same size.  This means that the number of rows and columns of the matrices are the same (equal).

If (aij)mxn  and (bij)mn  are to be added, then 

(cij)mn = (aij)mxn  + (bij)mxn

              = (aij + bij)mxn

Example:     If 
[image: image431.png]
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Then the solution is that 
A + B =  [image: image435.png]


 + [image: image437.png][ 3]
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Similarly, 
[image: image439.png]



Transpose of a Matrix

Transpose of a matrix is a rearrangement of the elements of a matrix and is defined as:

Given the (mxn) matrix, A with elements aij, the transpose of A, denoted by At, is an (nxm) matrix which contains elements atij where atij  = aji
Example                                                    

Given [image: image441.png]


  3x2, then At will be a 2x3 matrix with a form 

  [image: image443.png]At [atll atl2 at13]
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Multiplication of Matrices

1. Scalar Multiplication:  a scalar is a real number.  Then, scalar multiplication of a matrix is either scaling up or scaling down a given matrix by a given scalar. 

IF ‘K’ is a given scalar and matrix A is given by 
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 , then the scalar multiplication of A is given by: [image: image449.png]KA=
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2. The inner product: 
Let A = (a11 a12  . . .  a1n)   and B =
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 , then the inner product AB is defined as

A.B = a11xb11+   a12x b21 + . . . +a1n x bm1. From this definition of A.B it can be noted that 

i. A.B is defined only in the row and column vectors that contain the same number of elements. 

ii. A.B is the result of multiplying a row and a column vectors, and the resulting product is always a scalar quantity. 

 iii. A.B is computed by multiplying corresponding elements of the two vectors and algebraically summing. 

Example
Multiply the following:

a.  
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Then, AB= (6x4 + -2x7) = 24 –14 =10
b.  
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Then, MN  
= [(5x-2) +( -2x-4) +( 0x10) +( 1x20) +( 3x6)]



= [-10 + 8 + 0 + 20 + 18]



= 36

Multiplying two matrices

Two matrices can be multiplied if the numbers of columns of the first matrix are equal to the number of rows of the other matrix. 

Given matrices A = (Ma x Na) & B (Mb x Nb) , A.B is defined only when Na = Mb. If Na -= Mb, A.B will be a matrix having a dimension Ma x Nb.

To determine elements of A.B, if A.B = C, an element aij in the product matrix (C) is equal to the inner product raw i of matrix A and column j of matrix B.   

Example: 1 Given 
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Find AB = ------. Here A.B will be a2x2 matrix. Then, 

AB =   
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Example 2: Given
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; then AB = ----------. 
In this case the product matrix will be of a 3x2 dimension. 
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Exercises
Multiply the following matrices

· Given  x = (5)1x1  and Y = (2  5  8)1x3, then y = ----------------

· If  
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 then, AB = ---------------

· Given 
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Then, AB =---------, BA = ----------

2.3 The Inverse of a Matrix and row operations

The inverse of a matrix is a matrix when multiplied with the original matrix results an identify matrix.  That is, for a given matrix, A who’s inverse is denoted by A-1, the following property will hold true. 


It follows certain rules in finding the inverse of a given matrix.  The rules are simple and are presented below:

1) Multiply or divided a row by a non-zero constant 

2) Add a multiple of one row to a multiple of another row 

3) Interchange row (as need be)

Finding an inverse of a matrix, therefore, is shown to demand the concept of row operation.  Thus, for a given matrix,
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; It follows that
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; will provide the inverse after performing a series of row operations and when it comes in to the form: 
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Illustration 
Find the inverse of 
  A =  
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Solution:   
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 (   convert 3 in the first row in to 1 and convert 1 in the second row in to zero

1/3R1 ( R1 new  
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Proceed to the 2nd column and compute for a one and a zero in the 2nd and 1st rows respectively.
First, -2/3R2new + R1 and second 3R2 ( R2 new row operations will result in;
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Then the inverse of a matrix A-1      is given by 
[image: image475.wmf]ú

û

ù

ê

ë

é

-

-

3

1

2

1


Generally, for a 2x2 system the following formula is used to compute the inverse of a given matrix.    
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; Where ad – bc is the determinant of the given matrix, A. 

N.B A matrix should be a square one (with equal number of columns and rows) so that we can be able to find the inverse of a matrix. 

Exercise 
A grocer has walnuts worth birr 4 a kilo and Brazil nuts worth birr 5 a kilo.  How many kilos of each type must be added to get 150 kilos of the mixture worth birr4.5 a kilo?

Answer 
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Exercise (3x3 systems)

Find the inverse of
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, using the row operation system    

Answer 
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2.4 Gauss Jordan Method (an elimination procedure) 

Gauss Jordan is an application of linear equations, which results in matrix solution of linear equations.  Gauss Jordan method is a row operation procedure where the coefficient matrix must be transformed into an identity matrix and its subsequent (associated) right hand side values (quantities) are the solution sets for the system of linear equations. 

For a system of equation

[image: image481.png]Qy11X1 + @g2x; + Qy3x3 = by
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The solution set determined using the following procedure 

1. Convert the equations in to matrix form as 
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   Where A is the coefficient matrix

               x is solution vector  


      B is column matrix

Then[image: image486.png]


; and [image: image488.png]x=A"'B=BA™!




Illustration:  Solve the following linear system of equation


2x1 + 3x2 = 17


 x1  +  2x2 =  10  

This process involves row operations on both the coefficient and column (constants) matrix. 

 For an augmented matrix A =
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The solution set is such that A-1 = 
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Then perform subsequent row operation as is shown below. 
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Illustration   (3 x 3) system

Solve for 2x + 2y + 3z = 3

                         y + z = 2


              x + y + z = 4 (use Gauss Jordan procedures)
Solution:   1st method 
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Then find A-1 of the coefficient matrix 
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Therefore   x = A–1 .B =  
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Solution set = (2, 7,-5)

2nd method
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, interchange the rows, we obtain the following matrix
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Therefore x = 2;   y = 7;    z = -5

2.5 Markov Process

Consider a sequence of experiments (trials), each having the same set of possible outcomes. The fundamental assumption for this process is that the probabilities of various outcomes depend on the outcomes of previous experiments.  In fact the probability of an outcome may totally depend on all the preceding experiments or may also be determined by the outcome of the preceding example (one experiment).  For the second situation, where the probability of outcomes depends on the preceding experiment, the sequence of experiments is called a Markov process.
Definition:  
A Markov process is a sequence of experiments in which each experiment has m possible outcomes E1, E2, . . ., Em & the probability of each outcome depends only on the outcome of the previous experiment. 

Example
· Repeat purchases may depend up on the product purchased last

· The probability that the price of an item will increase /remain the same/ decline may depend on how the same behaved the previous unit of time.

· The probability that the number of voters will increase /decrease or remain the same may depend on the trend changes of the previous election round. 

Transition Matrix

It is an effective tool of presenting the behavior of Markov process.  Suppose that a Markov process has m mutually exclusive outcomes E1, E2, E3, . . . ., Em possible for each  experiment. 

The general form of a transition matrix for this set of experiments is shown below



     Next state (outcome)

Current state
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A state corresponds to the outcome of an experiment.  Thus, a system in one of m possible current states will have one of m possible states after the conclusion of an experiment.

The transition matrix consists of elements Pij which represent the conditional probability that the system will move from a current state I to a next state j.

It is also possible to model the system as 
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Example P25 represents the conditional probability that out come 5 will occur during the next experiment given that out come 2 occurred in the preceding experiment. 

NB.  1. When i =j, it denotes that probability of remaining in the same state

        2. When i(j, denotes the probabilities of moving from one state to            another

       3. Transition matrix must be in square matrices, i.e.
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For a transition matrix to function, it must satisfy the following two conditions: 

a) The elements should be such that 
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b) The sum of all elements 
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in each row should equal 1 for all 
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Illustration

Consider the following brand-switching behavior for a sample of 250 consumers of a particular product:
	
	Week 7

	
	Brand

	Week 6
	Brand
	1
	2
	3
	Total

	
	1
	72
	4
	4
	80

	
	2
	12
	102
	6
	120

	
	3
	2
	6
	42
	50

	
	Total
	86
	112
	52
	


Then, construct the transition matrix

Solution
( Out of the total 80 customers, (row 1), who purchased brand 1, week 6, 72 purchased again (in week 7), 4 switched to brand 2 & 4 switched to brand 3. 

( The second row spells that 12 persons switched from brand 2 to 1, 102purchase again and 6 shifted to brand 3.

( As 42 remained in the same brand (brand 3), 6 and 2 persons have shifted to brand 2 &3 respectively (rows 3)
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. . .  This is the true transition matrix of the above table showing customer purchasing behavior.

( Another important reflection of the above transition matrix is that it helps us to see/ means the likely hood of hold ups (retention), switches and gains along with their comparative analysis. 

For example: Brand 1 (row1) has got a holding power amounting to 72 persons (90%) while it loses 8 customers to brand 2&3. (4 each)  However, it is also shown that the same brand has been able to attract 14 new customers where the net effect is 6 customers gain. 

This can, further, be simplified in the following way: 

Total number of customers using brand, week 6 was 80 

Then the total market share of brand 1 is 80/250 =32%. However, we have seen that the number has grown by 6 (gains) to 86 in week 7.  That is 86/250 = 34.4% of the total market share. 

2.5.1 Forecasting future states

Given the current states for a Markov process Xn , the revised states following the next experiment (transition) can be computed by the matrix multiplication.

That is, [image: image520.png]=x,P
Xpsq = X,



 
Where     Xn+1 is the period for which a forecast is made 


  Xn is the current state and


  P is the probability of the states to be in state ij
Illustration
In a research survey on the use of bathing soaps, the findings revealed the on following: 

Out of those who used B-29 at last purchase, 10% switched to Saba; 10% switched to Diana; and 10% switched to Duru.  Out of those who were using Saba, 20% switched to Diana; and 10% to Duru.  Out of those who were using Saba, only 10% switched to Duru.  Out of those who used Duru, 20% switched to B-29, 10% to Saba & 10% to Diana. It was (at the beginning) further; found that the market share of B-29 was 20%, of Saba 30%, of Diana 40%, & of Duru 10%.

Required 

· Convert the above information in to a matrix form 

· Compute what the expected market share (for each soap type) will be

Solution:
	
	B-29
	Saba
	Diana
	Duru

	B-29
	70%
	10%
	10%
	10%

	Saba
	0
	70%
	20%
	10%

	Diana
	0
	0
	90%
	10%

	Duru
	20%
	10%
	10%
	60%


Then the expected market share for the (n +1) th period is [image: image522.png]=x,P
Xpsq = X,





[20% 30% 40% 10%]  
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N. B (The resulting matrix must be a vector matrix)
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=
[0.16    0.24    0.45   0.15 ]

Thus the expected market for the (n+1)th period is given as 


B-29
=16%


Saba
=24%


Diana
=45%


Duru
=15%

                                 100%

The above application can also be used to determine long term market share.
Suppose the market share vector in nth stage be
[image: image525.wmf]n
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As n
   (, the market share vector tends to settle down to equilibrium. 

Thus,
[image: image528.png]lim, .. P"



  
= [image: image530.png]lim, .. "%



 
Hence it can be said that in the long run

[image: image531.png]


, i.e,
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Illustration 
In a market research study of the three detergent powders, OMO, ZAAP and ARIAL, the brand - switching was observed to be:
	
	OMO
	ZAAP
	ARIAL

	OMO
	0.6
	0.3
	0.1

	ZAAP
	0.3
	0.5
	0.2

	ARIAL
	0.4
	0.2
	0.4


Find the long run market share state.

Solution: 

Method 1:
[image: image533.png]



That is, [image: image535.png](v,v2v3) = (v1v2v3)
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[image: image538.png](v,v2v3)



 = [(0.6v1 + 0.3v2 +0.4v3) (0.3v1 + 0.5v2 + 0.2v3) (0.1v1+0.2v2+0.4v3)]

This shows that V1 = 0.6v1 +0.3v2 +0.4v3


      V2= 0.3v1 +0.5v2 0.2v3


      V3 = 0.1v1 + 0.2v2 +0.4v3
The system of linear of equation becomes:


-0.6v1 + 0.3v2 + 0.4v3 =0


0.3v1 – 0.5v2 + 0.2v3 =0


0.1v1 + 0.2v2 –0.4v3 =0

Using the elimination procedure the system of equation can be simplified:


-4v1 +3v2 + 4v3 = 0


 3v1 – 5v2 +2v3 =  0


 v1 +2v2 –6v3 =  0

Reducing the system in to a 2x2 system we can have the following relation ships  

e1 + 4e3  ………………. . e4

e2 –   3e3 ………………….e5 

Then      -4v1 + 3v2 +4v3 =0


4v1 + 8v2 –24v3 =0


0v1 + 11v2 - 20v3   = 0 …………e4

                 3v1 + 5v2 + 2v3 =0


-3v1-6v2 –18v3 =0


0v1 - 11v2 + 20v3   = 0 …………e5

Now solve for the values of V2 & V3 from e4 & e5
          11v2 + 20v3 = 0

          -11v2 + 20v3 = 0

But you can see that the equations are redundant. To replace one of the equations we take v1 + v2 +v3 =1 (The sum of each row vector must be equal to 1)

Then      -4v1 + 3v2 +4v3 =0


0v1 + 11v2 -20v3 =0


v1 + v2 + v3   = 1 

This is equivalent to 

              -4v1 + 3v2 +4v3 =0


v1 +11v2 –20v3 =0


0v1 + 7v2 - 8v3 = 4 (Replacing R3 by 4R3 +R1 ( R3 new)

 -4v1 + 3v2 +4v3 =0
         -4v1 + 3v2 + 4v3 = 0         (7R2 +11R3 (R3 new)     
-7(0v1 + 11v2 –20v3 =0 ( 0v1 + 11v2 – 20v3 = 0     (remains unchanged)
11(0v1 + 7v2 -8v3 = 4   (  0v1  + 0v2  + 228v3 =44   (by replacement rule)

-4v1 + 3v2 +4v3 =0

 

               0v1 + 11v2 –20v3 =0
                  


0v1 + 0v2 + 228v3   = 44

Then,
V3   = 44/228   
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V1 = -4v1 + 3(80/228) + 4(44/228) =0
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There fore the expected market share of OMO will be (45.61%); ZAAP, 35.00% and of ARIAL 19.30%                    

Method 2
At a steady state [v1 v2 v3] 
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 = [v1 v2 v3]
It follows 0.6v + 0.3v2 + 0.4v3 = v1 ………...e1
                  0.3v1 + 0.5v2 + 0.2v3 =v2 ……….. e2

      0.1v1 + 0.2v2 + 0.4 v3 = v3 ……… e3
But v1 + v2 + v3 = 1. For substitution purposes, express v3 in terms of v1 & v2,, i.e., v3 = 1-v1-v2

Then, replace V3 by 1-v1-v2 in either of the equations and solve store for the values of v1 or v2.
Example:
We substitute 1-v1-v2 in equation 1 and give us



0.6v1+0.3v2+0.4([image: image543.png]1—v, —v,



) =v1


0.6v1 + 0.3v2 + 0.4 – 0.4v1 – 0.4v2 =v1


0.2v1 + 0.1v2 + 0.4 = v1
      
-0.3v1–0.2v2+0.4= [image: image545.png]1—v, —v,



 


 [image: image547.png]—0.8v, —0.1v, = —0.4





       
 Again, substitute 1 – v1 –v2 in equation 3


0.1v1+0.2v2+0.4([image: image549.png]1—v, —v,



) =[image: image551.png]1—v, —v,





0.1v1+0.2v2+0.4–0.4v1–0.4v2=[image: image553.png]1—v, —v,





-0.3v1-0.2v2+0.4= [image: image555.png]1—v, —v,





[image: image557.png]0.7v, + 0.8v,







Solving the two equation (e4 and e5) simultaneously we have the following.

-0.8v1-0.1v2 = -0.4 
-0.7v1-0.8v2 = 0.6 multiply e4 with 0.7 and e5 with 0.8

Then 0.7(-0.8v1-0.1v2 = -0.4)
         0.8(-0.7v1-0.8v2 = -0.6)
 -0.56v1-0.07v2 = -0.28

 -0.56v1-0.64v2 = -0.48

  0v1 + 0.57v2 = 0.2 
(  0.57v2 = 02

( V2 = 
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 Replacing the value of V2 in e4 (e5), we get 

-0.8v1-0.1(0.351) = -0.4

-0.8v1- 0.0351 = -0.4

-0.8v1 = -0.4 + 0.0351 

-0.8v1 = -0.3649

v1 =   
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     =   0.456   = 45.61%
Therefore, the value of V3 is given by 

V3 = 1- V1 – V2

V3 = 1 – 0.351 – 0.4561

V3 = 19.29% ( 19.3%
At a steady state (equilibrium) the market shares of 

         OMO = 45 .6 %

         ZAAP = 35.1%

         ARIAL = 19.3%

Or, the steady state vector is [0.456    0.351 0.193]
Illustration

The school of international studies for population found out by its survey that the mobility of population of a state to a village, town and city is in the following percentage. 

                                   To


      Village Town   City 

From       
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What will be the proportion of population in village, town and city after two years given that the present population has proportions 0.70, 0.20, and 0.1 in the village, town and city respectively?

Solution:  The proportion of population after one year 

                            Village Town   City

[0.70 0.20 0.10] (1x3) 
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   =    0.38     0.39    0.23

Illustration 
The number of units of an item that are with drawn from inventory on a day to day basis is a Markov chain process in which requirements for tomorrow depends on today’s requirements.  A one-day transition matrix is given below:

Number of units withdrawn from inventory

                              Tomorrow


         5     10    12  

      Today        
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The initial inventory withdrawal probability vector is given as [0.6 0.25 0.15].

Compute 

i) The inventory withdrawal proportion after three days withdrawal 

ii) The steady state (equilibrium) vector. 

Solution:

i     (  1st day withdrawal vector 

[0.75 0.15 0.10] 
[image: image563.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

6

.

0

3

.

0

1

.

0

4

.

0

3

.

0

3

.

0

0

.

0

4

.

0

6

.

0

     

 [(0.75 x 0.6) + (0.15 x 0.3) + (0.10 x 0.1) (0.75 x 0.4) + (0.15 x 0.3) + (0.10 x 0.3} (0.75 x 0.0) + (0.15 x 0.4) + (0.10 x 0.6)

                    [0.505    0.375   0.12]

( 2nd day withdrawal vector 

[0.505    0.375   0.12] 
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[(0.505 x 0.6 + 0.375 x 0.3 + 0.12x 0.1) (0.505 x 0.4 + 0.375x0.3 + 0.12 x 0.3) (0.505 x 0.0 + 0.375x 0.4 + 0.12 x 0.6)]

                   [0.4275 0.3505   0.222]




( 3rd day withdrawal vector

[0.4275 0.3505 0.222]   
[image: image565.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

6

.

0

3

.

0

1

.

0

4

.

0

3

.

0

3

.

0

0

.

0

4

.

0

6

.

0

   


0.4275 x 0.6 + 0.3505 x 0.3 + 0.222 x 0.1 = 0.3839 

0.4275 x 0.4 + 0.3505 x 0.3 + 0.222 x 0.3 = 0.3428

0.4275 x 0 + 0.3505 x 0.4 + 0.222 x 0.6 = 0.2734

    [0.3839   0.3428   0.2734]
ii. Steady state 

  [v1 v2 v3]
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 = [V1   V2   V3]

0.6v1 + 0.3v2 + 0.1v3 = v1 ……………. ……. e1
0.3v1 + 0.3v2 + 0.3v3 = v2 …………………..  e2
0v1 + 0.4v2 + 0.6v3 = v3 ……………. ……… e3
But V1 + V2 + V3    = 1

V1  ( 1- V2 - V3 (expressing V1 in terms of v2 and v3)

Then, substitute V1 = 1- V2 - V3 in any of the three equations and solve for the values of V2 and   V3 

Let’s substitute it in e3
0.4v2 + 0.3v2 + 0.1v3 = V3
0.4v1 = v3 –0.6v3

0.4v2 = 0.4v3 

  [image: image567.png]



     [image: image569.png]



Again substitute V1 = 1- V2- V3   in equation one

0.6v1 + 0.3v2 + 0.1v3 = v1, but    V1 =1- V2 - V3  
0.6(1- V2 - V3) + 0.3v2 + 0.1v3 = 1- V2 - V3  

0.6 - 0.6v2 - 0.6v3 +0.3 v2 +0.1v3 =1- V2 - V3  

0.6 - 0.3v2 - 0.5v3 = 1- V2 -V3 …………… but V2 = V3  

0.6 - 0.3v3 - 0.5v3 = 1- V3 - V3 

2v3 - 0.8v3 = 1- 0.4

1.2v3 = 0.6

V3   =   
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Thus V2 = 0.5 ( 50%
1- V2- V3 = V1

0= V1

([0, 50%, 50%]

Interpretation

Inventory with drawl in the long run will be 50% at 10 units per day and 50% at 12 units per day.

Self test exercises
1. Habtom, awet and Yhonnes went to the some Grocery to buy sugar, coffee and butter.  Habtom bought 5 kilos of sugar, 6 kilos of coffee and 4 pounds of better for birr 330, Awet bought 10 kilos of sugar, 2 kilos of coffee and 12 kilos of butter for birr 40, while Yohannes paid birr 33 for 15 kilos of sugar 3 kilos of coffee and 6 kilos of butter. Find the cost per kilo of each item. (Answer: 0.6, 3.5, 2.25)
2. The kinds of cargo were loaded with Ethiopian Cargo ship. Each unit of each kind requires a certain amount of space weighs a certain number of pounds and costs a certain amount, as given in the following table: 



	
	Space (Cf)
	Weight (p)
	Cost

	Kind A
	5
	50
	32

	Kind B
	12
	180
	85

	Kind C
	7
	85
	96


If total value of the cargo was 31,720, while the total weight and space were 51,200 pounds and 3740 Cf respectively, how many units of each kind were loaded on the ship? (Ans. 100 of A, 200 of B, & 120 of C)
3. A company manufactures three products: A-model, B-model, and C-model. The manufacturing requires that each product passes through the cutting, sewing and assembly departments. The table below presents the process requirements and maximum capacities available for operation:
	Product models
	Cutting dept.
	Sewing dept.
	Packaging dept.

	A
	0.2
	0.3
	0.1

	B
	0.4
	0.5
	0.2

	C
	0.3
	0.4
	0.1

	Capacity (time)
	1160
	1560
	480


How many of each of the product models should be produced with in capacity? Use row operations. Ans. 120 of A, 80 of B, & 200 of C
4. Interest at the rate of 0.06, 0.07 and 0.08 and 0.08 is earned on respective investments of birr 3,000, 2,000, and 4,000 
a) Express the total amount of interest earned as the product of arrow vector by a column vector. 
b) Compute the total interest by matrix multiplication (Ans. birr 560)
5. Suppose Universal Electrical Engineering PLC has won a bid on three contract jobs; that is, supplying wiring, conduits, wall fixtures and lighting fixtures to New Millennium College’s new building under construction for the purpose of students’ dormitory, office and lecture hall the required supplies and their costs per unit.
Table 2.2 showing the types of buildings and supplies
	Building types
	Supplies

	
	Wiring
	Conduits
	Wall fixtures
	Lighting fixture

	Dormitory

Office

Hall
	50

70

20
	100

80

50
	10

20

30
	20

30

10

	Unit cost
	birr1
	birr2
	birr3
	birr5


Using the above in formation

a)  Use matrix multiplication to compute the cost of supplies at each job site.
b) What is the total cost of supplies required by the college?

       Ans.        a)      [image: image571.png]380°
440
260.



                 b)   birr1,080
6. Finfine Furniture’s Factory (3F) produces three types of executive chairs namely A, B and C. The following matrix shows the sell of executive chairs to different cities. 

Table 2.3 showing the number of chairs sold in different cities
	City
	Product

	
	A
	B
	C

	C1

C2
	400

300
	300

200
	200

100


If the cost price of each chair A, B and C is birr 1000, 2000 and 3000 respectively and selling price is birr1500, birr3000, birr 4000 respectively.

a) Find the total cost of the factory 

b) Find the total profit of the factory

Ans.   a)    Birr2, 600,000;

b) birr1, 150,000]
7. The market share of three restaurants, namely A, B, and C is given as 40%, 30%, and 30% respectively. The restaurants are campaigning on their super Saturday business. A survey indicates that of those who ate their Saturday meal at A, 50% will return next Saturday, 30% switch to B and the remaining 20% switch to C. Moreover, of those who had their meal in B, 70% will come again next Saturday, 20% and 10% will switch to A and C respectively. And among those who had their meal in C, 60% will come again, 20% and 20% will switch to A and B respectively by next Saturday.
a. What will be the proportion of market shares next Saturday

b. What is the state
Ans. a) [0.32 0.39 0.29]; b) [28.6%, 49.6%, 21.8%] 
Chapter Three
Linear Programming
3.1 Introduction
A large number of decision problems faced by a business manager involve allocation of resources to various activities, with the objective of increasing profits or decreasing costs, or both. Practically in all situations, the managers are confronted with the problem of scarce resources.  Thus, the manager has to take a decision as to how best the resources can be allocated among the various activities. 

The decision problem becomes complicated when a number of resources are required to be allocated and there are several activities to perform.  The right answer in such cases were, decision problems formulated and solved, as mathematical programming problems. 

Mathematical programming involves optimization of a certain function, called the objective function, subject to certain constraints.  For example, a manager may be faced with the problem of deciding the appropriate product mix of four products with the profitability of the products and respective requirements of raw materials, labour etc.  The problem can be formulated as a mathematical programming problem taking the objective function as the maximization of profits obtainable from the mix, keeping in view the various constraints: the availability of raw materials, labour, supply, market and so on. 

The methods of mathematical programming can be divided into three groups:  linear, integer, and non-linear programming.  We shall discuss only the linear- programming models in this module. 
Student learning objectives

On completion of this chapter, the student should be able to:

· Understand the concept of linear programming (LP) as an instrument of decision-making. 

· Formulate a representative model (LP) that serves as a simplified mathematical decision tool for managerial problems:-

a) With Maximization objective

b) With Minimization objective.

· Exercise and interpret the founding premise of LP.

· Compute the linear programming solution using the: -

a) Graphical Method, and

b) Simplex Method

· Perform post optimality analysis with the objective of Measuring how sensitive an optimal solution is to changes in any of the applicable variables. 

· Perform the duality model and use it as another base of economic analysis of a given LP problem. 

3.2 Linear Programming: an over view
The linear programming method is a technique for choosing the best alternative from a set of feasible alternatives, in situations in which the objective function as well as the constraints can be expressed as linear mathematical functions.  In order to apply liner programming, there are certain requirements to be met.  These are discussed here:

· There should be an objective, which could be clearly identifiable and measurable in quantitative terms.  It could be, for example, maximization of sales, of profit; minimization of cost, time, and so on. 

· The activities to be included should be distinctly identifiable and measurable in quantitative terms; for instance, the products included in a production-planning problem. 

· The resources of the system that are to be allocated for the attainment of the goal should also be identifiable and measurable quantitatively.  They must be in limited supply.  

· The relationships representing the objective and also the resource limitation considerations (equation or inequality), respectively, must be linear in nature. 

· There should be a series of feasible alternative courses of action available to the decision maker that is determined by the resource constraints. 

Note: When these stated conditions are satisfied in a given situation, the problem can be expressed in algebraic form, called the linear programming problem [LPP], and then solved for optimal decision. 

3.3 Formulating Linear Programming Problems
Formulation means developing relation ship, a working mathematical model, which represents the actual managerial problem on hand. 

3.3.1 The maximization case 

In formulating maximization problems the following guidelines (requirements) must be followed:

1. Determine the decision variables.

2. Establish the objective function

3. Decide on the constraints and formulate the mathematical relation ship that is used to express the limitations. 

4. Determine the non-negativity assumptions. 

Illustration 

Ethiopian Household and Equipment Factory (ETHOF) produces medium quality tables and chairs.  The production process for each in similar in that both require a certain number of carpenter and finishing house.  Each table takes four hours in carpentry requires 3 hrs in carpentry and 1hr in finishing department.  During the current production period, 240 hours of carpentry time and 100 hrs of finishing department time are available per month respectively.  Each table sold yields a profit of Br. 7 and each chair sold yields a profit of Br. 5.

Required
Formulate the linear programming model.

Solution
ETHOF wants to maximize its profit from the sale of tables and chairs. 

Steps:
1. The decision variables are the number of production of each product type, tables and chairs. 

Let X be the number of tables produce and sold. 


Let Y be the number of chairs produce and sold.

The objective function, 

Here, it must be clear that profit is a function of the sale of both product types, 

              i.e., Profit = Profit from the 

Profit from the 


                        Sale of tables
   +        sale of chairs

Then, (Max = 7x+5y…………………………………Objective function

2.  The constraints are that:

Each unit of table requires 4 hrs of carpentry and 2 hours of finishing while each unit of chair requires 3 hrs of carpentry and 1hr of finishing.  This can be put in the following table. 

Table 3.1 Resource requirement and total hours available
	Departments
	Products
	Total hours available

	
	Table
	Chair
	

	Carpentry (hrs)
	4
	3
	240

	Finishing (hrs)
	2
	1
	100


Then, the constraints will be:


4x + 3y < 240 (Carpentry hours)


2x + y < 100 (Finishing hours)

3. Non-negativity assumptions:


X and Y > 0

Therefore the LP model is as follows:


( Max   = 7x + 5y


(St.)     4x + 3y < 240 (Carpentry hrs)


            2x + y < 100 (Finishing hrs)


               x, y > 0 (Non – negativity assumption )

Illustration 

MIE produces two types of product model M-01 and M-02.  Each unit of M-01 requires 2 kg of raw material and 4 labour hours for processing while each unit of M-02 required 3 kg of raw material and 3 hrs of labour.  Every week, the firm has 60 kg of raw material and 96 labour hrs available.  Each model of M-01 earns Br. 40 and each unit of model M-02 results in Br.35 profit. 

Required:

Formulate the linear programming model.

Solution:

The objective here is that the MIE wants to maximize its profit. 

1. The decision variables that determine the objective are the number of units of production of each product model. 


Then, let X be the number of unit of   model –01 produced and sold. 


          let Y be the number of units of   model –02 produced and sold. 

2. Develop the objective function
Each unit of model-01 results in Br. 40 as profit; then, the total profit from the sales of M-01 is 40x, while each unit of model –02 results in Br.35 as profit. Then, the total profit from the sale of M-02 is 35Y. 

Therefore, (max = 40x + 35y ………………………is the objective function. 

3. Constraint equations
The above objective function subject to (St.) the raw material and labour limitation from the problem, we can see that one unit of M-01 requires 2kg of raw material and 4 labour hours and each unit of M-02 requires 3kg of raw material and 3 hrs of labour given a total of 60kg of raw material and 96 labour hours for a given week.  

Table 3.2 shows resource requirement and weekly capacity. 

	
	Requirements

	Model
	Raw materials (kg)
	Labour (hrs)

	Model –01
	2
	4

	Model –02
	3
	3

	Weekly capacity
	60
	96


Then, 

2x + 3y < 60   (Raw material Constraint)

 

4x + 3y < 96   (Labour Constraint)

4. Determining the non-negativity assumptions  

                x and y must be grater than or equal to zero,(x, & y > 0)

Then, the LP model is 

            (Max = 40x + 35y

              St.
  2x + 3y < 60 (Raw material constraint)


             4x + 3y < 96 (Labour constraint)



     x,& y>0    (Non-negativity assumption)

3.3.2 The Minimization Case

The steps followed are one and the same as in the maximization case, except that the constraint equations are accompanied by a ‘grater than or equal to’ in equality.

Illustration 
The Ethiopian Agricultural Research institute has suggested to a farmer to spread out at least 4,800 kg of special phosphate fertilizer and no less than 7,200 kg of a special nitrogen fertilizer to raise productivity of crops on his field.  There are two source mixtures A and B.  Both of these are available in bags weighing 100kg each and cost Br. 40 and Br.24 respectively. Mixture A contains phosphate and nitrogen equivalent of 20kg and 80kg respectively, while mixture B contains three ingredients equivalent of 50 kg each.  

Required 

· Formulate the Linear Programming model.

Solution
The institute wants to introduce Agricultural technology that minimizes cost. 

1. The decision variables are the combination of both A and B bought

            Let x be the number of bags of A bought 

           Let y be the number of bags of B bought. 

2. The objective function is, therefore, the sum of numbers of bags of A multiplied by its unit cost plus number of bags of B multiplied by its unit cost;

     
    

  i.e., (min = 40x + 24y

3. Constraint Equations
Table 3.3 showing the ingredients required and available for the mixture
	Ingredients
	Mixtures
	Minimum fertilizer requirements

	
	A
	B
	

	Phosphate (kg)
	20
	50
	4,800

	Nitrogen (kg)
	80
	50
	7,200


Then, 20x + 50y > 4,800

           80x + 50y > 7,200………………………………….. are the constraints.

4. Non – negativity assumptions
                x & y > 0

The LP model is, then, 


  (min = 40x  + 24y 

(Subject to)   20x + 50y >4,800         (Phosphate requirement)


            80x + 50y >7,200         (Nitrogen requirement)


                  X, &Y >0                 (Non-negativity)

Illustration
Ethiopian Air Liner operates two types of local aircrafts: Fokker-101 and Fokker-111.  Fokker -101 is capable of carrying 40 passengers and 30tones of cargo, where as Fokker –111 is capable of carrying 60 passengers and 15 tons of cargo.  The company is contracted to carry at least 480 passengers and 180 tons of cargo each day.  If the cost per journey is Br. 500 for Fokker-101 and Br. 600 for Fokker-111,

Required
Formulate the LP Model that minimizes the company’s cost. 

Solution
Ethiopian Air liner wants to minimize cost while satisfying its contractual obligations. 

Steps: 

1. The decision variables are the combinations of aircrafts in operation.  Then,

 Let x, be the number of flight made by Fokker-101 and

 Let y be the number of flight made by Fokker-111. 

2. The objective Function is, therefore,


(min = 500x + 600y

3. Constraint Equation:
Table 3.4 showing number of passengers and tones of load and contractual obligations to be fulfilled
	Air craft type
	Contractual obligation

	
	Passengers
	Cargo

	Fokker-101
	40
	15

	Fokker-111
	60
	15

	Minimum obligation
	480
	180


Then, 
40x + 60y > 480 (Minimum passengers)

30x + 15y > 180 (Minimum cargo)…are the contractual obligations.
4. Determining the Non-negativity assumptions.


X and Y must be greater than or equal to zero.  (X, Y > 0)

Then, the LP model will be:

    (min = 500x + 600y 

        St.
   40x + 60y > 480 (Minimum passengers)



   30x + 15y > 180 (Minimum cargo)



             x, y > 0     (Non-negativity assumption)

Once we develop the LP models (either maximization or minimization), we go on solving for the solution sets that satisfy all the constraint and the objective function. 

Here, we will address the assumptions that underlay any linear programming operations. 

3.4 Assumptions underlying Linear Programming.

A linear programming model is based on the assumption of:

Proportionality:  means that there is a constant return to scale but not economies of scale. For instance, if a unit product contributes br.10 toward profit, then the total contribution is a multiple of br.10 (i.e.10x); 
If, for example, the company sells 200 units then total contribution is 10x200 =Br.2, 000

Additivity: 

This assumption implies that the total of all the activities is given by the sum total of each activity conducted separately.  For example, if 60 labour hr is available and one unit of product X requires 2hrs and each unit of product Y requires 4 hrs then 2x + 4y must be less than or equal to the maximum labour hour (60hrs) available. 

Continuity:  
This refers to the fact that decision variables may not always be in discrete numbers, some times they may be continuous for example, the best solution to a problem might be to produce 5 2/3 units of a product and 10 1/3 units of a product than approximation like that of 5 and 10 units respectively. 

Certainty:  
The coefficients in the objective function, constraint in equalities /equalities are known as constant (LP models are deterministic in nature).

Finite choices: 
There are limited numbers of alternative courses of actions (know with certainty) from which we choose the best course of action (solution).

3.5 Solving Linear Programming Problems

At this point, we turn out to the methods commonly in use to solve LP problems, namely graphical methods & simplex method.
3.5.1. Graphical method

To use the graphic method for solving linear programming problem (LPP), the following steps are required:

a) Identify the problem the decision variables, the objective function & constraint restrictions.

b) Draw a graph that includes all the constraints /restrictions and identify the feasible region. 

c) Obtain the point on the feasible region that optimizes the objective function-the optimal solution.

d) Interpret the results.

Note: The use of graphical method is, however, limited to problems involving only two variables.

Maximization problem

Illustration
 
(max = 40x + 35y


  St.     2x + 3y<60 . . . Raw material constraint



 4x + 3y<96  . . . Labour hours constraint



     x, y > 0

Before you rash to draw the graphs, you have to change the inequalities in to equations

That is,     2x + 3y =60


      4x + 3y =96

Then holding one of the variables equal to zero and finding the value of the other variable, one at a time, we have 


2x + 3y = 60     when x =0, then y =60/3 =20

                                    When y =0, then x =60/2 =30


4x + 3y =96      when x =0, then y =96/3 =32


                          When y =0, then x =96/4 =24

Then locate the values on the x-y coordinate system term as in below



E

                             3

                             
A
4x + 3y < 96

                                                               Feasible solution area



B

24
  


2x + 3y < 60

                                 

C
D
      x

                              0     4    8    12   16    20     24    28     32    36         

                                    
Rm graph


                                                       Labour graph

As it is clearly shown in the above graph the triangle bounded by the graph 2x + 3y < 60, (OAD, would be acceptable as far as the equation 2x + 3y < 60 is satisfied.  Similarly the area bound by 4x + 3y < 96, i.e., (OEC would be acceptable solution as far as 4x + 3y < 96 is satisfied. 

However, we have to find out a common solution area that satisfies both the constraint functions.  To find the common solution area, shade the triangles and find out if the shadings overlap.  If overlap exists, then that bounded area is the common solution area (see the above graph): the area (( OABC) is called feasible solution area.  Any point with in this region satisfies the constraints, however may or may not be the optimum solution.

Then how can we know whether the solution is an optimal one or not?  This issue is addressed through the evolution technique considering the corner limits of the area.  The corner points in the above graph are 0, A, B and C

	Corner points
	Coordinates
	θ=40x+35y
	Remark

	o
	(0,0)
	0
	 

	A
	(0,20)
	700
	 

	B
	(18,8)
	1000
	Max θ 

	C
	(24,0)
	960
	 


(When the graphs intersect to each other, then, find their coordinate values through elimination method). Therefore, for the company to maximize its profit should produce and sell, 18 units of X and 8 units of Y where the maximum profit will be birr1000

Illustration 

Consider the example of ETHOF (Illustration 1) where the LP model is 

   (max   = 7x + 5y

     St.     4x + 3y <240

               2x + y < 100

        
      X, Y > 0 

To solve this model, the first thing we do is converting inequalities in to equalities, i.e.,

    4x + 3y = 240


    2x + y   = 100

Next, find the value of the variables holding either of the variables equal zero 


4x + 3y =240
   When x =0, then y=240/3 =80


                     
   When y =0, then x=240/3=60


2x + y =100
when x =0, then y =100



   

When y =0, then x =50

Then draw the graphs representing the two constraint equations


  Y

                           1

              2x + y < 100

                           1 





A    
                                                        B (30,40)

                                                                 c
                           
   0       10   20   30   40   50   60   70    X
4x + 3y<2 40
Then the feasible solution area is denoted by the polygon OABC (shaded area)

Evaluation:

	Corner points
	Coordinates
	θ=40x+35y
	Remark

	o
	(0,0)
	0
	 

	A
	(0,80)
	400
	 

	B
	(30,40)
	410
	Max θ 

	C
	(50,0)
	350
	 


Therefore, ETHOF should produce & sell 30 units of (table) x & 40 units of y (chair) so that profit will be maximum, i.e., birr410. 

The solution areas in maximization problems are called bounded because they are fund with in a closed polygon. 

Minimization Problem

The steps used in the maximization case also hold true here, too.  
Consider again the minimization model, illustration above. 

That is    (min =40x + 24y

                  St.   20x + 50y >4,800

                          80x + 50y >7,200

                             x,& y  > 0

Once again, firs thing we do is transforming the inequality into equality. That is, 

           2x + 50y = 4,800

           80x +50y =7,200

Then, find the values of each variable, one at a time.

           20x + 50y =4,800      When x =0, then y =96

                                             When y =0, then x =240

           80x + 50y =7,200      When x = 0, then y=144

                                             When y= 0, then x=90
Now, draw the graphs
                                     
                               
    


 80x+50y>7,200                                                                                                                                                                                                                                                                                                                                                                                          C
                                                                                                   20x+50y[image: image573.png]


4,800                        
                                                No of bags of mixture A

The technical evaluation procedures are the same to that of a maximization a valuation method such that the optimum solution points are located at the corners the feasible region, A, B&C.

Evaluation: 
	Corner points
	Coordinates
	θ=40x+35y
	Remark

	A
	(0,144)
	3,456
	 Min θ

	B
	(40,80)
	3,520
	

	C
	(240,0)
	9600
	 


Therefore, the company should buy 144 bags of mixture B & none of mixture A so that it can minimize cost to birr3, 456
3.5.2 The Simplex Method
If you notice in the graphical method, it suffers from a great deal of limitations in that it can handle problems involving only two decision variables; however, in the real world, managers face more than two variables.  Simplex method is, therefore, a technique that can be used to solve LPPs of any magnitude Involving two or more decision variables.

Here the objective function is used to control the development and evaluation of each feasible solution to the problem.

Definition:  the simplex algorithm is an iterative procedure for finding the optimal solution to a linear programming problem.  This iterative procedure assumes only the feasible solutions, which are provided by the corner points.  More over, it helps to indicate whether the solution is optimal or not. 

This iterative procedure begins assigning values to the newly introduced variable while the primary (decision) variables are set equal to zero.

The procedure follows that bottlenecks to the optimal solution goes out and the process of substitution is repeated until no further improvement is recorded to the objective function. 

Conditions to implement simplex in solving LPP

1) The R.H.S (Right Hands side) of each constraint, bi, should be non-negative. If, however, a negative resource value exists it has to be converted in to positive by multiplying it with -1

2) Each of the decision variables of the problem should be non-negative.  There are, cases, however, that some of the variables may be unrestricted in sign.  This time, the value of these variables is determined by the difference of two variables, which are both non-negative.

Maximization problem

Illustration 

In a metal shop two articles are produced:  bucket lids and pressed metal handles.  The lid takes 2hrs to stamp, 1hr to stamp, 3hrs to form, and none to paint.  The time available during a given production period on each process is 40hrs, 45hrs, and 12hrs respectively.  The profit margin on lids and handles are Br.300 and Br.250 respectively. 

Required:

1. Formulate the linear programming model

2. How many lids and handles should be produced to maximize profit? (Use simplex method)

A more simple way of solving this LP model is first tabulating the information given in the problem. 

	Processes
	Products

	
	Bucket lids
	Handles
	Available Time
capacity

	Stamping (hrs)
	0
	1
	40

	Forming (hrs)
	1
	3
	45

	Painting (hrs)
	1
	0
	12

	Profit margin
	Br. 300
	Br. 250
	


 Solution:

1. LP model formulation

The objective function is (Max =300x +250y.

Note: X= be the total number of lids produced

         Y= be the total number of handles produced. 

Constraint: 2x + 1y < 40

                       1x + 3y< 45

                       1x + 0y< 12

                              x,y >0

2. In order to solve the problem above using simplex method, we need to follow the following steps:

Step 1 Standardize the problem

The first step is to change all the inequality constraints in to equalities.  This is done by adding a slack variable to each constraint inequality. 

Note:  Slack variables show unused resource or capacity.  Where the value of the slack variables (Si) is such that 0<Si <R.H.S; this is because Si takes up any slack between the left an right hand sides of the inequality. 

Objective:  Maximize( = 300x + 250y + 0S1 + 0S2 +0S3
                   Subject to       2x + 1y + 1S1 + 0S2 + 0S3 =40

                                          1x + 3y + 0S1 + 1S2 + 0S3 =45

                                          1x + 0y + 0S1 + 0S2 + 1S3 =12

In the first constraint, variable S1 is added to the left-hand side to take up the slack between the value of the original left –hand side and right hand side of the inequality. S1 is the slack of stamping and S1>0.  If no sets of either A or B were produced (X=Y=0) is a common starting point in the simplex procedure), then the slack S2 would be 40.  Since we do not want these slack variables to affect the profit, they are entered with zero coefficients in the objective function.  The revised problem will have exactly the same optimal solution for X and Y as the original problem. 

Step 2 Setting up the initial Tableau

The simplex technique involves generating a series of solution in tabular form, called tableaus.  The term tableau refers to the special simplex tables, which are constructed to keep track of the computation, (tabulated coefficients).

There exist five unknown variables: X, Y, S1, S2, S3 on the other hand, there are only three equations.  A solution requires that the number of equations equal the number of variables; other wise, there will be an infinite number of solutions.  To overcome this problem, two of the five variables are set to zero.  Two cases are distinguished:

a) Solutions with exactly m variable, where m is the number of constraints, are called basic solutions.  The m variables in these solutions are called basic variables and they constitute the basis of the solution.  The remaining has value of zero.  The number of basic variables (i.e. variables in solution) is always equal to the number of constraints. 

b) Solutions that include more than one m non-zero variables are non-basic solutions.  Anon-basic variables is not currently in the solution i.e. not listed in the solution variable column of the tableau (basis)

The problem has three constraint equations and five variables.  Thus, there must be 5-3=2 non-basic variables with zero values and 3 basic variables to solve for.  The tableau is constructed by detaching the coefficients from the variables and displaying the resulting coefficients in the appropriate rows and columns of the tableau.  For example, the first raw in the body of the tableau is the first constraint equation; the second raw is the second equation, and so on.  In the right hand column of the tableau, the right-hand side of the constraints is placed under the heading “solution quantity”. 
In every tableau, this column will represent the value of xi ( variables for current solution.  The particular Xi variables in the solution are shown in the box labeled “Solution variables” on the left-hand side of the tableau.  
For example, the initial solution S1=40, S2 =45, S3=12.  All variables not in the solution are always assumed to have zero values.  Thus X =0, and Y =0 in the first tableau. 

	Cj
	 
	 300
	250 
	0 
	0 
	0 
	Quantity 

 

	 
	Solution Variables
	X
	Y
	S1
	S2
	S3
	

	 
	S1
	 2
	 1
	 1
	 0
	 0
	 44

	 
	S2
	 1
	 3
	 0
	 1
	 0
	 45

	 
	S3
	 1
	 0
	 0
	 0
	 1
	 12

	 
	 Zi
	 0
	 0
	 0
	 0
	 0
	 Θ=0

	 
	 Cj-Zj
	 300
	 250
	 0
	 0
	 0
	 



        Indicates entering variable
        Indicates leaving variable

On the very top of the tableau the objective function coefficients are displayed corresponding to the columns represented by each Xi variables.  For example the profit coefficient of X is 300, which is written directly above the symbol X.  The values of the C; which correspond to the solution variables are listed to the left of the solution variables in the tableau.  In the first tableau these C; values are all zero, since only slack variables are in the initial solution. 

The tableau has two rows on the bottom labeled Z; and C;-Z;.  The row Z; is labeled per unit losses.  It shows the amount of profit the objective function will be reduced by when one unit of the variables, in each column, is brought in to the solution variables (basis which identifies the proposed initial solution variables).  The Z; row is computed by multiplying the C; values on the left by the coefficients in each column and adding.  For example:


Z; = 0 (2) + 0 (1) +0 (1) =0

In the first tableau, the resulting values of Zj are zeroes, since all the Cj values are zero.  In column 1, if one unit of X is introduced to the solution, The value of S1 must be reduced by Z to maintain the equality in the first raw S2 must be reduced by 1, to maintain the equality in the second raw and S3 must be reduced by 1 to maintain the equality in the third row.  Therefore, the coefficients in X column represent the physical rates of substitution between X and each of the variables in the solution.  When these substitution rates are multiplied by their respective profit coefficients, the result is Zj, the gross profit lost when one unit of X is introduced. 

The profit gained by introducing one unit of X, however, is the value C1=300.  There fore, Cj - Zj represents the net profit gained by introducing one unit of X.  It stands to reason, then, that introducing either X or Y into the solution on the first tableau will improve the net profit, because the Cj - Zj and C2-Z2 values are positive.  The Cj’s tell us how much will be gained while the Zj’s tell us how much will be simultaneously lost.  If the difference between the two is positive, then introducing one unit of the variable into the solution can increase the value of objective function.  In maximization problems, this is an indication of a possible improvement, i.e., if one (or more) of the Cj – Zj values is positive, then the solution is not optimal. 

Step 3 Generate an Initial Solution

All the facts required to solve the LP problem are represented in the tableau:  the current solution values on the right, the substitution rates of each variable for the others in the tableau, and the net profit contribution for increasing the value of each variable on the bottom. 

The simplex method works by moving from one corner of the feasible region to an adjacent corner.  The first tableau represent corner 0 at the origin in Figure 4.5.2.2, because we have x=0, y=0 in the tableau.  All the constraints have slack in them (S1=40, S2=45, and S3 =12) at the origin.  There are only two possible ways to move from the origin to an adjacent extreme point with out cutting across the feasible region.

The simplex method selects between these two options on the basis of the largest net profit contribution per unit Cj – Zj.  Since Cj –Zj is largest for X, is introduced into the solution and S3 is removed from the solution.  Since its new value is 0.

With out reference to the graphical picture, we can determine which variable will enter the solution and which one will leave by using the following rules:

·  Entering rule:  To enter the solution, select the variable with the largest vale of Cj – Zj.  Call this the key column (or pivot column). 

· Leaving rule: Take the ratio of the solution quantities to the key column coefficient for those coefficients, which are positive.  Select the row variables with the minimum ratio to leave.  Call this the key row (or pivot row). 

In the first tableau, by application of the entering rule X is chosen to enter.  The application of the leaving rule produced the following ratios, one for each row: 40/2, 45/1 and 12/1. Since 12/1 is the smallest ratio for the third row, the variable represented by the third row, S3 will be leaving the solution.  Intuitively, as the value of X is increased in column 3, S3 will be the first variable in the current solution to reach zero.  This fact is determined by calculating the above rations for positive coefficients.  The key column and key row are denoted by in the first tableau by small arrows.  The intersection of these arrows is called the “pivot element” which is circled in the tableau.

Step 4 Generate an Improved Solution 

After applying the entering and leaving rules, the next step is to transform the tableau to the new solution by using the pivot element.  All coefficients in the key row are divided by the pivot element, and the result is placed in the second tableau.  Since the pivot element is 1 in this case, the row is unchanged.  In the new main row, X replaces S3 in the solution variables column; as a result the unit profit has been changed from 0 to 300.

	Cj
	 
	 300
	250 
	0 
	0 
	0 
	Quantity 

 

	 
	Solution variables
	X
	Y
	S1
	S2
	S3
	

	 0
	S1
	0
	1
	1
	0
	-2
	16

	 0
	S2
	0
	3
	0
	1
	-1
	33

	 300
	X
	1
	0
	0
	0
	1
	12

	 
	 Zi
	300
	0
	0
	0
	300
	Θ=3600

	 
	 Cj-Zj
	0
	250
	0
	0
	-300
	 


Identify the coefficient at the key column and multiply, this number in form by every element of the transformed out going row (new main row here). Subtract this result form the old row (to be transformed to derive the new transformed row. 

Transforming the first row 

	
	X
	Y
	S1
	S2
	S3
	Solution quantity 

	New main row
	1
	0
	0
	0
	1
	12

	Row to be transformed 
	2
	1
	1
	0
	0
	40

	(-2) new main row
	-2
	0
	0
	0
	-2
	-24

	New first row(Table 2)
	0
	1
	1
	0
	-2
	16

	This is the first row of the to be improved tableau 

	
	X
	Y
	S1
	S2
	S3
	Solution quantity

	Second row
	1
	3
	0
	1
	0
	45

	(-1) (new third row)
	-1
	0
	0
	0
	-1
	-15

	
	0
	3
	0
	1
	-1
	33


The Cj row is transformed unchanged (always).  The new Zj row is computed by multiplying the unit profit in each row by the main body column coefficient and sum the results. 


X 
0(0)    + 0(0) + 300(1) =300


Y
0(1)    + 0(1) + 300(0) =0


S1
0(9)    + 0(0) + 300(0) =0


S2
0(0)    + 0(1) + 300(0) =0


S3
0(-2)   + 0(-1) + 300(1) =300

The improved solution calls for S1=16, S2=33, and X=12 and S3 =0 being non-basic variables.  The value of objective function is ( =12(300) + 16(0) +33(0)= birr3,600. The variable Y in the new Cj - Zj row has a positive coefficient, there fore, the current solution is not optimal. 

Since C2-Z2 is the largest positive value, the column 2 is the key column.  Taking the ratios, we find that row 2 has the minimum ratio, so row 2 is key row and S2 leaves the solution.  Pivoting on the column 2 and row 2, we obtain the third tableau (Table 4.5.2.3).  Since no values of Cj-Zj are positive, we have arrived at the optimal solution, and no further improvement in the net profit is possible.  The optimal solution in the third tableau is X=12, Y=11, S1=5, S2 =0, S3=0. Constrain one has a slack of S. i.e. only 35 hours of labour out of 40 hours will be utilized.

	Cj
	 
	 300
	250 
	0 
	0 
	0 
	Quantity 

 

	 
	Variables
	X
	Y
	S1
	S2
	S3
	

	 0
	S1
	0
	0
	1
	-1/3
	5/3
	5

	 250
	Y
	0
	1
	0
	1/3
	-5/3
	11

	 300
	X
	1
	0
	0
	0
	-1/3
	12

	 
	 Zi
	300
	250
	0
	250/3
	650/3
	Θ=6350

	 
	 Cj-Zj
	0
	0
	0
	-250/3
	-650/3
	 


The maximum profit in this case is 6,350 birr

All the basic variables have a coefficient of 1(bold).  The other coefficients in the main body, e.g. –1/3, where constraint 1 intersect with S2 are called marginal rates of substitution between the row and column variables.  They designate the trade offs that occur when anon-basic variables becomes a basic variable.  The value of objective function (Profit) is:


0(5) + 250(11) + 300(12) = birr6, 350

Multiple optimal solutions allow management greater flexibility in implementing a solution.  If the coefficient of one of the non-basic variables in the final Cj-Zj row is zero, then multiple optimal solution exist. A coefficient of zero means, that this variable can enter the basis, creating another feasible solution, but with the same value of objective function.   

If two solutions exist, there must be an infinite number of optimal solutions that are linear combination of these two solutions (on the line joining them). In the tableau, there are no zero coefficients of non-basic variables; hence, there is only one optimal solution to this problem. 

Illustration

A firm uses lathe, milling machine and grinder to make two machine parts.  The table below represents the machining time required for each part, the machining time available on different machine and the profit on each machine part.  Find the number of units of part I and part II that are manufactured per week so as to maximize profit. 

	Type of machine

Lathe

Milling 
Grinding 
	Machining time required for the Machined parts (Hrs)
	Machine time required per week (Hrs)

	
	    I                            II
	

	
	30                            20

2                               2

4                               6
	120

9

24

	Profit per unit
	Br 10                  Br. 8
	


Solution:  ( Max = 10x + 8y

Constraints are on the time available on each machine. 

For Lathe 

30x + 20y < 120

For Milling M/c
  2x + 2y < 9

For Grinding M/c
  4x + 6y < 24



   x, y, >0

Standardize the problem:
     ( Max = 10x +8y + 0s1 + 0s2 +0s3
Subject to: 30x+20y+1s1+0s2+0s3=120

                  2x +2y+0s1+1s2+0s3=9

                  4x +6y +0s1+0s2+1s3 =24

                   x,y,S1,S2,53>0

Initial tableau
	Cj
	 
	 10
	8 
	0 
	0 
	0 
	Quantity 

 

	 
	Solution variables
	X
	Y
	S1
	S2
	S3
	

	 0
	S1
	30
	20
	1
	0
	0
	120

	 0
	S2
	2
	2
	0
	1
	0
	9

	 0
	S3
	4
	6
	0
	0
	1
	24

	 
	 Zi
	0
	0
	0
	0
	0
	Θ=0

	 
	 Cj-Zj
	10
	8
	0
	0
	0
	 


Second tableau
	Cj
	 
	10
	8
	0
	0
	0
	Quantity 

 

	 
	Solution variables
	X
	Y
	S1
	S2
	S3
	

	 10
	X
	1
	2/3
	1/30
	0
	0
	4

	 0
	S2
	0
	2/3
	-2/30
	1
	0
	1

	 0
	S3
	0
	10/3
	-4/30
	0
	1
	8

	 
	 Zi
	10
	20/3
	10/30
	0
	0
	Θ=40

	 
	 Cj-Zj
	0
	4/3
	-10/30
	0
	0
	 



Third tableau
	Cj
	 
	10
	8
	0
	0
	0
	Quantity 

 

	 
	Solution variables
	X
	Y
	S1
	S2
	S3
	

	 10
	X
	1
	0
	1/10
	-1
	0
	3

	 8
	Y
	0
	1
	-1/10
	3/2
	0
	3/2

	 0
	S3
	0
	0
	6/30
	-5
	1
	3

	 
	 Zi
	10
	8
	2/10
	2
	0
	Θ=42

	 
	 Cj-Zj
	0
	0
	-2/10
	-2
	0
	 


The simplex method stated with zero production of both products (part I and II): an initial feasible solution but not a very profitable one.  Part I was then introduced to the column X because it had the largest net profit contribution (Br. 10 per unit versus Br. 8 per unit).

The simplex method is a method of “steepest ascent”.  It moves in the direction of the greatest unit profit improvement at each tableau.  Then as much of Part I as possible was introduced, until a constraint was reached. 

Next, a calculation was made to determine whether profit could be improved even more by introducing some of the second parts.  This calculation required a substitution between part I and part II.  As part II was increased, less of part I was produced because the constraints limited the total amount of resources available. 

The net effect on profit of increasing part II and decreasing part I is represented by the Cj2-Zj2 calculation, which indicated that profit could be improved by Br. 4/3 per unit of Y produced.  Next, it was found that a maximum of 1.5 unit of Y could be introduced to the solution because of the combination of lathe and grinding constraints.  Increasing the value of Y to 1.5 units also reduced X to 3 units.  The net effect of these changes in X and Y was an improvement in profit to Br. 42.  At this point, the simplex method determines that no farther improvement in profit was possible. 

Minimization problem

Maximization and minimization problems are quite similar.  Minimization problems usually include constraints necessitating artificial and surplus variables.  In maximization problems, the greatest positive Cj-Zj indicates the new pivot column. In minimization problems, it’s the greatest negative Cj-Zj.  The Zj entry in the quantity column stands for profit contribution or cost, in maximization minimization problems respectively. 

There are two alternative approaches for minimization problems.

Direct approach
The method is basically the same as with maximization problem, except that all the coefficients in the Cj-Zj row with the most negative coefficient provide the greater reduction per unit for minimization. 

Conversion
This approach converts the problem in to a maximization problem.  Solve it as a maximization problem, and then translate the result in light of the minimization objectives.  This method will not be pursued.  

Illustration
Aman goes to a supermarket to purchase buttons.  He needs at least 100 large buttons and at least 15 small buttons.  The shopkeeper sells buttons in two forms; (i) Boxes and (ii) Cards.  A Box contains 20 large and 2 small buttons and a Card 15 large and 3 small buttons.  Find the most economic way in which he should purchase the buttons, if a box costs 25 paise and a card 30 paise only. 

Solution: 

 To minimize (  = 25x + 30y

       Subject to        20x +15y>100


         2x + 3x >15



   x, y >0

Let x is the number of boxes, and y is the number of cards. Remember one Box comprises 20 large and 2 small buttons and a Card consists of 15 large and 3 small buttons. You can put these as in the following table: 
	Type of Buttons
	Form of Buttons
	Minimum

requirement

	
	Boxes (x)
	Cards (y)
	

	Large

Small
	20

2
	15

3
	100

15

	Cost
	25
	30
	


Now, you can solve the problem using simplex method as follow:

Introduce surplus (surplus values are deductible) variables for converting inequalities in to equalities; 


Minimize(
 25x + 30y +0s1 +0s2

Subject to: 
 20x + 15y –s1 =100




   2x + 3y – s2  =15




   x, y, s1, s2 > 0

The simplex method requires a non-negative feasible solution as a starting point.  If we set X =0, Y=0, we get S1 =-100, and S2 = -15.  Since this solution violates the non-negativity conditions, a feasible starting point is not available to each equation with a very large positive coefficient (called large M) in the objective function.  Since we are minimizing costs, artificial variables will be driven out of the solution by the simplex method due to their large cost coefficients, artificial variables cannot remain in the optimal solution.  The purpose of the artificial variables is to simply form an initial basis to provide a feasible starting point for the simplex method.  It does not have any physical meaning and must be kept out of any final solution.

Now putting X = 0 and Y =0, we get S1 = -100 and S2 = -15 as the first basic solution.  As S1 is negative, this solution is not feasible.  There fore, we do not get a starting solution to start the iterations. 

In such case we add another type of variable known as the artificial variable.  The first constraint can be written as 20x + 15y –S1 +A1 =100.  It follows then 20x +15y –S1 =100 and 20x + 15y-S1 +A1 =100 are equivalent only when A1 =0.

How do we guarantee this? We rewrite the objective function as, 

( =25x +30y +S1+S2+MA1+MA2, where M is a large positive quantity. 

With the use of artificial variables, the LP formulation becomes:


Minimize ( = 25x + 30y +oS1 + OS2 +MA1 +MA2

Subject to:
 20x + 15y –S1 +A1 =100




2x + 3y – S2 +A2 =15




     x, y,S1, S2,A1,A2>0

Now we have achieved an LP model formulation with an initial starting solution of X =0, Y=0, S1=0, S2=0 A1, =100, and A2=15.  The initial cost is then 100M+15M, which is very large, since M is an arbitrarily large positive number. 
Initial tableau
	Cj
	 
	25
	30
	0
	0
	M
	M
	Quantity 

 

	 
	Variables
	X
	Y
	S1
	S2
	A1
	A2
	

	 M
	A1
	20
	15
	-1
	0
	1
	0
	100

	 M
	A2
	2
	3
	0
	1
	0
	1
	15

	 
	 Zi
	22M
	18M
	-M
	-M
	M
	M
	Θ=115M

	 
	 Cj-Zj
	25-22M
	30-18M
	0+M
	0+M
	0
	
	 



Second tableau
	Cj
	 
	25
	30
	0
	0
	M
	M
	Quantity 

 

	 
	BV
	X
	Y
	S1
	S2
	A1
	A2
	

	25
	X
	1
	15/20
	-1/20
	0
	1/20
	0
	5

	M
	A2
	0
	3/2
	2/20
	-1
	-2/20
	1
	5

	 
	 Zi
	25
	75/4+3/2
	-5/4+1/10M
	-M
	5/4-1/10M
	M
	Θ=125+5M

	 
	 Cj-Zj
	0
	45/4-3/2M
	5/4-1/10M
	M
	-5/4+11/10M
	0
	 


Third tableau
	Cj
	 
	25
	30
	0
	0
	M
	M
	Quantity 

 

	 
	BV
	X
	Y
	S1
	S2
	A1
	A2
	

	 25
	X
	1
	0
	-1/10
	1/2
	1/20
	-1/2
	5/2

	 M
	A2
	0
	1
	1/15
	-2/3
	-2/20
	2/3
	10/3

	 
	 Zi
	25
	30
	-1/2
	-15/2
	1/2
	15/2
	Θ=162.50

	 
	 Cj-Zj
	0
	0
	1/2
	15/2
	-1/2+M
	-15/2+M
	 


With minimization, the entering variable is based on the largest negative Cj-Zj, since we want to reduce the objective function as much as possible.  In the tableau A, the entering column is there fore, X, which has the largest negative M coefficient in the Cj-Zj row.  The rest of the simplex method is row applied in exactly the same way as in the maximization problem. 

The 3rd tableau is optimal; since all Cj-Zj are positive no further reduction in the objective function is possible.  The optimal solution is X=5/2, Y=10/3, and cost = birr162.50.

Special situations in the simplex method

(  Two Incoming variables:

If two or more variables have the same largest coefficient in the Cj-zj row then either may be arbitrarily chosen as incoming variables.  This will not affect the final solution.  However, the number of iteration required to arrive at the optimal solution can be minimized by adopting the following rules:-

(i) If there is a tie between two decision variables, then the selection may be made arbitrarily.           

(ii) If there is a tie between a decision variables and slack (or surplus variable), then select the decision variables to enter in to the basis first.

(iii)  If there is a tie between two slack (or surplus), variables, and then the selection can be made arbitrarily.  

(  Degeneracy

If the number of positive variables in the solution is less than the number of constraints, the solution is degenerate.  Degeneracy occurs when two ratios tie for smallest.  The choice for out going basic variables may be made arbitrarily with out affecting the final solution.  Degeneracy could lead to cycling situation in which it puts new variables, then takes it out in next tableau puts it back ion, and so on.  In this situation either row (S1 or) arbitrarily.

If cycling does occur, we go back and select the other row.

( Unbounded solutions 

Graphically, the feasible solution space extends indefinitely an unbounded problem.  The result in the simplex is that, there is no out going basic variables, the ration are either infinite (2(0=() or negative (4(-1 =-4, ignore).  There fore, the optimal solution is infinite.  Such a result frequently means that an error was made, the problem was misstated or an incorrect assumption was made.  

	Cj
4

0
	Solution Variable
	4         2         0         0

X         Y       S1       S2
	Solution 

Quantity
	Ratio

	
	X

S2
	1         0         -1        0

0         1          0         1
	4

2
	4(-1=-4

2(0=(

	
	Zj

Cj-Zj
	4         0        -4         0
	16
	

	
	
	0          2         4         0   
	
	


In general, a solution is unbounded if the row value ratios are all negative or undefined. Unlimited profits are not possible in the real world j and an un bounded solution like an infeasible solution.  Typically reflects an error in defining the problem or in formulating the model. 

Infeasibility

In feasibility comes about when there is no solution that satisfies all of the problem’s constraints.  In the simplex tableau, the optimal solution will still contain an artificial variable and the value of Cj-Zj row will still be on the order of –M

	              X           Y           S1           S2          A1         A2        
	Solution quantity

	Y

A2

Cj-Zj
	2           1             6            -1            0          0

1           0             2             0            3          1
	370

	
	-M-6    0           -17          -2M         -8          0
	


The table provides an example of an improperly formulated problem probably containing conflicting constraints. No feasible solution is possible because an artificial variable A2 remains in the solution mix, even though all Cj-Zj are < 0 for maximization. 

Multiple Optimal Solutions

If the Cj-Zj value is 0 for a variable that is not in the solution variable more than one optimal solution exists.  Multiple optimal solutions provide greater flexibility to the decision maker, since the number of decision options is enlarged.

	Variable
	X           Y          S1          S2
	Solution quantity

	Y

S2

Cj-Zj
	3/2        1           1            0

1            0          ½           0

0            0           -2          0
	6

3

12


3.6 Duality in Linear programming

Every linear programming model has two forms:  The primal and the dual.  The original form of a linear programming model is called the primal.  All the examples in simplex problem are primal models.  The dual is an alternative model form derived completely from the primal.  The dual is useful because it provides the decision maker with an alternative way of looking at a problem.  Where as the primal gives solution results in terms of the amount of profit gained from producing products, the dual provides information on the value of the constrained resources in achieving that profit. 
The importance of duality is:

· The dual problem has an economic interpretation

· Several theories that are used to develop computational short out method are based on the duality concept.

The solution of the primal gives the solution to the dual, and vice versa.  The major properties of duality are:

· If the primal is a maximization problem the dual is a minimization problem, and vice versa.

· An optimal solution to the dual exist only when the primal has an optimal solution (and vice versa)

· The value of the objective function of the optimal solution in both problems is the same. 

· The dual of a dual is the primal.

· The solution of the dual problem can be obtained from the solution of the primal problem, and vice versa.

· The dual variables may assume negative values.

Formulating the Dual model
The following example will demonstrate how the dual form of a model is derived and what it means.  The Mosvold Furniture Company produces tables and chairs on a daily basis.  Each table produces results in Br.160 in profit, each chair results in Br. 200 in profit.  
The production of tables and chairs is depends on the availability of limited resources ( labor, wood, and storage space.  
The resource requirements for the production of tables and chairs and the total resource available are as follows:

	Resource
	Resource  Requirement
	Total Available /Day

	
	Table
	Chair
	

	Labor

Wood

Storage
	2 hr

18 Ib

24 ft2
	4 hr

18 Ib

12 ft2
	40 hr

216 Ib

240 ft2


The company wants to know the number of tables and chairs to produce per day in order to maximize profit.  The model for this problem is formulated as follows.

Maximize ( = 160x + 200y

Subject to        2x + 4y < 40hr of labor 

                        18x + 18y<216 1b of wood


24x + 12x <240 Ft2 of storage space

          X,Y > 0

Where:

X = number of tables produced.

Y = number of chairs produced

This is the primal form of a model and the same model can be represented in a dual model as shown below:
Minimize = 40y1 + 216y2 t240y3
Subject to    2y1 + 18y2 + 24y3>160

                     4y1 + 18y2 + 12y3>200



 y1,y2,y3>0

In fact, for a primal maximization model, the dual equivalent is a minimization model, i.e., if the primal is maximization, the dual is minimization, and vice versa.  When primal has n decision variables, the dual will have n constraints.  The first constraint of the dual is associated with the variable x in the primal.  When the primal has m constraints, the dual will have m decision variables.  The RHS of the primal constraint become the objective function coefficient in the dual the objective function coefficient in the dual.  The objective function coefficient of the primal becomes the RHS of the dual constraints.  

The coefficient of each variable in the objective function of the dual is equal to the RHS of the corresponding constraint in the primal.  The objective function of dual is in the above example is:

Minimize ( = 40y1 + 216y2 + 240y3
The coefficients of the primal constraints are:

2 4

18 18

24 12

The dual constraints are:


2y1+18y2 +24y3>160


4y1+18y2+12y3>200

The specific relation ship between the primal and the dual demonstrated in this example are as follows:

· The dual variables, Y1, Y2 and Y3, correspond to the model constraints in the primal.  For every constraint in the primal there will be available in the dual.  For example, in this case the primal has three constraints; therefore, the dual has three decision variables. 

· The quantity values on the right –hand side of the primal inequality constraints are the objective function coefficients in the dual.  The constraint quantity values in the primal, 40,216, and 240 from the dual objective function: (= 40y1+216y2 +240y3.

· The model constraint coefficients in the primal are the decision variable coefficients ion the primal are the decision variable coefficients in the dual.  For example, the labour constraint in the primal has the coefficient 2 and 4.  These values are the Y1 variable coefficients in the model constraints of the dual:  2y1 and 4y1.

· The objective function coefficients in the primal, 160 and 200 represent the model constraints requirement (quantity value son the right-hand side of the constraints) ion the dual.

· Where as the maximization primal model has < constraints, the minimization dual model has > constraints. 

Remark:  The dual problem, once formulated, can be solved like any other LP problem.

Interpreting the Dual model
The dual model can be interpreted by observing the solution to the primal form of the model.  Te simplex solution to the primal model is shown in the table below:
The optimal simplex solution for the primal model
	Cj

  200

  160

      0        0
	                 160       200     0        0          0

	
	Variables
	X          Y       S1       S2         S3
	Quantity

	
	Y

X

S3
	0            1       ½      -1/8      0

1            0      -1/2    1/9       0

0            0       6       -2         1
	8

4

	
	Zj
	160        200   20     20/3     0
	(=2,240

	
	Cj-Zj
	0             0     -20    -20/3     0
	


Interpreting this primal solution, we have


X= 4 tables


Y= 8 chairs


S3= 48ft2 of storage space


(= Br. 2,240 profit.

This optimal primal tableau also contains information about the dual.  In the Cj-Zj row of Table-0-, the negative values of –20 and –20/3 under the S1 and S2 columns indicates that it one unit of either S1 or S2 were entered into the solution, profit would decrease by Br.20 or Br.6.67 (i.e 20/3), respectively.

Recall that S1 represents unused labor and S2 represents un used wood.  In the present solution, S1 and S2 are not basic variables, so they both equal zero.  This means that all of the material and labor are being used to make tables and chairs, and there are no excess (slack) labor hours or pounds of material left over.  Thus, if we enter S1 or S2 into the solution, then S1 or S2 no longer equals zero, we would be decreasing the use of labor or wood.  If, for example, one unit of S1 is entered into the solution, then one unit of labor previously used is not used, and profit is reduced by Br.20.

Let us assume that one unit of S1 has been entered into the solution so that we have one hour of unused labor (S1=1).  Now let us remove this un used hour of labor from the solution so that all labor is again being used we previously noted that profit was decreased by Br. 20 by entering one hour of unused labor, thus it can be expected that if we take first hour back (and use it again), profit will be increased by Br.20.  This is analogous to saying that if we could get one more hour of labor, we could increase profit by Br. 20.  There fore, it we could purchase one hour of labor, we would be willing to pay up to Br.20 for it because that is the amount by which it would increase profit. 

The negative Cj-Zj row values of Br. 20 and Br.6.67 are the marginal values of labor (S1) and wood (S2) respectively.  These values are also often referred to as shadow prices, since they reflect the shadow prices, since they reflect the maximum “price” one would be willing to pay to obtain one more unit of the resource.  Continuing this analysis, we note that the profit in the primal model was shown to be Br. 2,240.  For the furniture company, the value of the resources used to produce tables and chairs must be in terms of this profit. 

In other worlds, the value of the labor and wood resources is determined by their contribution toward the br.2, 240 profits.  Thus, if the company wanted to assign a value to the resource it used, it could not assign an amount greater than the profit earned by these sources.  Conversely, using the same logic, the total value of the resources must also be at least as much as the profit earned by the optimal solution. 

The logic used to determine the marginal value of there sources ion the model can also be used to analyze the model constraints.  For example, the labor constraint is  

2x + 4y < 40 hr of labor 

Recall that the solution to the primal model from the table above is:

X = 4 tables

Y = 8 chairs and that the value of one hour of labor is Br. 20.  
Since one table requires 2 hours of labor and an hour of labor is worth 
Br.20, if four tables were produced we would have; 

(Br.20/hr)(4 tables)(2hr/table) = Br.160. as the value of the labor used to produce tables.

Looking again at the labor constrain, we see that 4 hours of labor are necessary to produce a chair.  
Since the value of labour is Br. 20 per hour and 8 chairs are produced, we have; 

(Br.20/hr) (8chairs) (4 hr/chair) = Br 640; which is the value of the labor used to produce chairs.

Adding the value of labor used to produce tables and the value of labor used to produce chairs gives us the total value of labor:


Br. 160 + 640 = 800, the value of labor.

The same type of analysis can be used to determine the total value of wood in producing tables and chairs. Recall that the value of one pound of wood is Br. 6.67, and that the model constraint for wood is;

18x +18y < 216 Ib of wood.  
Thus, for tables the value of wood is;
(Br.6.67/Ib)(4 tables) (18Ib/tables) = Br480 and for chairs the value of wood is (Br.6.67/Ib) (8 chairs) (18Ib/chair) =Br.960

Adding the value of wood used to produce both tables and chairs gives us the total value of wood: that is, Br.480 + 960 = 1,440; 
Now summing the total value of labor and the total value of wood yields;
Br.800 (labor) + 1,440 (wood) = 2,240, which is also the profit, (; shown in the optimal solution to our example.  However, what happened to the third resource, storage space?  All the resource value in the model appears to have been divided between labor and wood. 

Notice that the Cj-Zj row value of or S3 (which represents unused storage space has a marginal value of zero, that is, we could not be willing to pay anything for an extra foot of storage space.

Additional Aspects in formulating the Dual

The Mosvold Furniture company example, which was used to demonstrate how the primal is transformed into the dual, was a maximization problem with all < constraints.  Now let us consider a minimization primal with > constraints.  The following example will demonstrate how the dual form of a model with > constraints. 

A farmer is preparing to plant a crop in the spring and needs to fertilize the field.  There are two brand of fertilizer to choose form, super-gro and crop-quick. Each brand yields a specific amount of nitrogen and phosphate, as follows:
Chemical composition of each fertilizer type
	
	Chemical contribution

	Brand
	Nitrogen (lb/bag)
	Phosphate (lb/bag)

	Super-gro
	2
	4

	Crop-quick
	4
	3


The farmer’s field requires at least 16 pound of nitrogen and 24 pounds of phosphate.  Super-gro costs Br.6 per bag, and crop-quick costs Br. 30 the farmer wants to know how many bags of each brand to purchase in order to minimize the total cost of fertilizing.  This problem is formulated as:


Minimize ( = Br. 6x + 3y


Subject to 2x + 4y > 16 Ib of nitrogen



      4x +3y > 24 Ib of phosphate 




x,y>0

Where 


X = number of bags of super –agro fertilizer


Y = number of bags of crop-quik fertilizer


( = total cost of purchasing fertilizer

The dual of this model is formulated as follows


Maximize (d = 161/2 + 241/2


Subject to 2y1 + 4y2 < 6 , cost of super –gro



      4y1 + 3y2 < 3, cost of crop –quik




y1, y2 > 0

Where 


Y1 = marginal value of nitrogen


Y2 = marginal value of phosphate

The decision variables in the dual reflect the value of each ingredient - nitrogen and phosphate - used in achieving the minimum cost of fertilizing.  The problem specifies certain requirements for nitrogen and phosphate, and these ingredients require a value based on the cost of meeting those requirements.  The optimal simplex tableaus for the optimal and dual models are presented in the following tables respectively. 

The primal solution in the first table indicates that 8 bags of crop-quick fertilizer and no bags of super–gro fertilizer should be purchased at a cost of Br.24.  The dual solution shown in the second table indicates that phosphate has a marginal value of Br 1 in achieving the minimum cost of fertilizer, where as nitrogen has no marginal value since 16 extra pound of nitrogen were available in the primal solution (i.e., S1 = 1 in the table below)

The optimal Simplex Tableau for the primal

	
   6       3     0           0

	Cj

3

0
	Solution Variables 
	X       Y   S1            S2
	Solution quantity

	
	Y

S1
	4/3     1      0          -1/3

10/3   0      1          -4/3
	8

16

	
	Zj

Cj-Zj
	4        3       0          -1

-2      0        0          -1
	24




The optimal simplex tableau for the dual is given by
	
 16      24        0           0

	Cj

0

24
	Solution Variables 
	Y1      Y2          S1        S2
	Solution quantity

	
	S1

Y2
	4/3      1          0        -1/3

10/3    0          1        -4/3
	2

1

	
	Zj

Cj-Zj
	32      24         0           8

-16      0          0           -8
	24




Summary points

Generally the relationship between the dual’s variables and objective function can be presented as in below:
The dual variables measures the change in the value of the objective function of the primal when the RHS of the primal’s constraints are changed by one unit.  The following relation ship thus exists between the two:

RHS


If dual

Then the objective 




Variable is
function value will

-Add one unit

positive
- increased by the amount of the dual

-Add one unit

negative
- decreased by the amount of the dual

-Add one unit

zero

- remain unchanged


-Delete one unit
positive
-decreased by the amount offer dual

-Delete one unit
negative
-increased by the amount of the dual

-Delete one unit
zero

-remain un changed

 


The relation ship between the dual variable and slack (surplus) variables:

One dual variable exists for each constraint.  Each constraint will also have either a slack or a surplus variable.  A dual whose value is zero signifies a free good for the constraints (or resource) it represents.  Such a case occurs when the resource is not fully utilized, i.e. when it has a slack.  The following relation ships exist for each constraint.                                                             
 Primal’s

                                 Dual

                               Slack or surplus
Condition 1 if: 
   0

               then: 

    positive

Condition 2 if:
   non zero
               then:


0

When dual is non zero, the resource is fully utilized (no slack or surplus).  If a constraint is fully utilized and one increases the supply of this constraint (RHS), it should increase the profit (in maximization).  Increasing the supply of a non-fully utilized resource (one with a slack) will not do any good, i.e. the value of the objective function will not be changed. 

Use of the Dual

The importance of the dual to the decision maker lies in the in fn it provides about the model resources.  Often the manager is less concerned above profit than about the use of resources, because the manager often has more control over the use of resources than over the accumulation of profits.  The dual solution informs the manager of the value of the resources, which is important in deciding whether to secure more resources and how much to pay for these additional resources. 

3.7 Sensitivity Analysis

In the above analysis it was dealt that the manger may have a chance to have a better look at the LP model from the resources available on hand.  Precisely, the manager is concerned with whether to secure more resources and how much to pay for it.  However, you should notice that it is not concerned with what could be the effect on the original solution.  

Sensitivity Analysis deals with that how does the change in resources can affect the original optimal solution?

LP model formulation usually assumes (holds) that model perimeters are known with certainty.  Hoverer, rarely does a manager know all these parameters exactly.  In reality the model parameters are simply estimates that are subject to change. 

Thus it is of interest for the manager to evaluate what effects a change in parameters will have on the solution to the model. Changes are either reaction to anticipated uncertainties in the parameters or reactions to information gained from the dual. The analysis of parameter changes & their effects on the model solution is known as Sensitivity Analysis. It holds resolving the model and comparing the solution results with the original.  In fact, resolving model is time taking.  In this section we will base out analysis on the final simplex tableau. 

Let’s first have a look at changes in objective function coefficients.

Illustration (Using graphical representation) 

( max = 160x1 + 200x2
Subject to   2x1 + 4x2 < 40

                  18x1 + 18x2 <216

                  24x1 +12x2<240

                    x1 ,x2 >0

Where X1 is the number of tables produced & X2 is the number of chairs produced. C1 = 160 and C2 =200.  When either of these coefficients Cj changes it’s denoted by delta, (. Suppose C1 changer by ( =90.  Thus the new C1 will be 250.  Such a change in the Cj shifts the slope of the objective function, which is denoted by corner C (x1 = 8, x2=4) in the graph below:


s2
       C1 =200


C1 = 160

                                       5      7.5      10    12.5    15    17.5   20   22.5

Critical analysis

As was clearly shown on the optional simplex tableau, 3F should produce 4 tables and 8 chairs so that it can optimize its profit.  Point b(x1=4, x2=8) denotes the optimal solution.  When we change the value of C1=160 to 250 the new solution will be found to the right of the original point, b j i.e., X1 = 8, X2 =4 is the new solution corner, point C.  But remember that the change in either of the objective function coefficients should not change the optimal solution.  Thus the objective of sensitivity analysis is to determine the range over which Cj can be changed with out altering the optimal solution. 

( Determining a range for Cj over which the current solution will remain optimal. Below is an optimal simplex tableau which can be used to determine the range:


    160    200    0        0      0


Cj


   B. Variable      x1     x2      S1        S2       S3        Q  + y

                    200      x2              0       1        ½      -1/8     0           8 

                    160      x1              1       1       -1/2    1/9      0           4

                     0         S3              0       0         6        -2      1          48



       Zj             160   200      20      20/3      0         2,240



       Cj –Zj          0       0     -20     -20/3      0

Assume a ( change for C1

Then the new C1 = 160 +(.  The new tableau is, then, 


160    200    0         0           0


Cj


       B. V           x1     x2        S1        S2           S3        Q  + y

                  200       x2             0       1        ½        -1/8         0           8 

                 160+(   x1             1       1       -1/2      1/9           0           4

                     0        S3            0       0         6         -2            1          48



       Zj            160+(  200    20      20/3          0      2,240 +4(


       Cj –Zj          0      0       20-(/2  -20/3-4/9  0

For the solution to remain optimal the values in the Cj-Zi row must be negative. 

-20 +(/2 <0 & -20/3-(/9<0

Solving for the ( in equalities


     -20 +(/2<  
-20/3-(/9<0


      (/2 <20       and   9x-(/9<20/3.9


          (<40              -1(-(<60)




         (>-60

Remember that 
C1 =160 +(



  ( = C1 –160

Substituting C1-160 for ( we have


C1 –160 <40

C1-160>-60


C1<200
and

C1 >100

( The range is 100<X1<200 over which the solution basis will remain the same. Using the same procedure we can solve the range for C2 = 200 +( which is given by 160<C2<320

The above procedure can also apply in determining the sensitivity range for a non basic variable:

Example 

                 Cj
4       10       0       0


         B. V       x1      x2       S1      S2            Quantity

                    10      x2          0         1         ½      0             20 

                     0       S2         5/2      0        -32     1             60



       Zj             5       0          5        0           200



       Cj –Zj       -1     0         -5        0

When we assume a ( change in the non basic variable, x1 it will not be a multiple of the Zj row but will show up on one column of the Cj-Zj row; i.e. the new optimal tableau will take the following form.




                     Cj 
     4 +(    10       0        0


    B. V         x1     x2      S1       S2       QTY       

                    10      x2      ½       1       ½       0       20 

                     0       S2     5/2      0      -32      1       60



                   5      10      5        0       200



                  -1+(    0     -5       0

For the solution to remain optimal, the Cj-Zj row values must remain negative.  Thus –1+( should be less than zero.

That is, –1+( <0

         
   (<1

But since C1 = 4+(, we have to substitute ( to solve for the value of C1

((<1 &  C1 =4+()



     C1-4=(


     C1-4<1

Then, C1<5; thus, as long as, C1<5, the present solution remains optimal

Changes in Constraint quantity values

Examples:  ( max =160x1 + 200x2

       St.            2x1 +4x2 <40



            18x1+12x2<216



            24x1 + 12x2 <240



                x1 & x2 >0

The quantity values are q1 =40, q2 =216 & q3=240

Suppose q2 changes from 216 to 216 to 216 +( (( =18) ( 234

If this is plotted on the graph it will change the original terrible solution area right words.  But we will find the range, which will not change the original solution basis. 

Conditions a ( increase in number of labour hours.  The model constraints become:

2x1 +   4x2 <40 + 1(

18x1 + 18x2 <216 + 0(

24x1 + 12x2 <240+0(
The initial simplex tableau for the above model is shown below:

                    Cj              160     200   0       0     0


    B.V      x1        x2     S1      S2    S3          

                    0     S1      2          4     1       0     0        40 + 1( 

                    0     S2     18        18     0      1      0       216 + 0(

         0     S3     24        12     0      0      1       240+ 0( 



Zj             0        0      0      0      0         0


       Cj-Zj          160      200  0      0      0

The final simplex tableau will, then, be

                   Cj
 160     200   0       0         0


          B.V         x1        x2   S1      S2       S3             

                    200      X1           0        1     ½     -1/18   0      8 + (/2 

                    160      X2           1        0    -1/2   1/9      0      4 + -0(

         0          X3           0        0      6     -2        1     48 + G( 

                     160      200 20    20/3     0       2,240+20(

       

              0        0     -2 0    20      0

If effect, the ( change form a separate column identical to the S1 column.  See the two shaded columns. Recall that the requirement of the simplex method is that the quantity values not be negative. 

Thus 
8 + (/2 >0

           4-(/2>0 and


since q1=40+(((=q1-40


48+6(>0


but (>-16; when solved for ( q1-40>-16


8 + (/2>0



q1>24

(/2>-8



q1-40<8


(>-16  and 



q1<48

           4-(/2>0



q1-40>-8

-1(-(/2>-4)



q1>32

(>-16 and





           4-(/2>-4)

           -1(-(/2>-4)

           (<8   and


48+6(>0


6(>-48


(>-8

The above inequalities can be summarized as 

24<32<q1<48 ( 32<q1<48

(The range is between 32 and 48


Combining the dual with sensitivity ranges for Dual model
Take the example for 3F where


Y1 = birr 20, marginal value for labour


Y2 = birr 6.67, marginal value for wood


Y3 = birr 0, marginal value of storage space

The resource with greeter marginal value is labour, have the manager is willing to secure additional hours of labour.  But how much will be the addition?  Given the range 32<q1<48, the manager can secure up to an additional 8 hours of labour, 40+8 =48.  Thus with additional 8 hrs the solution values are:


X2 =8 + (/2 ( 12


X1 = 4-8/2 ( 0


S3 = 48 +6(8)(96
(max 
= 2,240 + 20(

=2,240 + 20(8)


=birr2, 400               
Or    (max =160 (x1) + 200(x2) 

       (max = 160(0) +200(12)



        0 + 2,400



        birr2,400

In the above example, we considered only < constraints in determining the sensitivity ranges for qi values and we add the(.  However for a> constraint, we must consider a -( change in qi in order to use the Si (surplus) column to perform sensitivity analysis.

Illustration

A company produces two products, namely  Tape recorders & TV sets.  Each Tape recorder produced demands 1 labour hour, 6 pounds of martial and 8ft2 of storage space.  A unit of TV set produced needs 2 labour hrs, 6 points of material and 4 ft2 of storage space.  The company, in a given day, has 10 hr of labour, 36 pounds of a material and 40 ft2 of storage space.  Both the products (TR &TV) produced & sold result in a profit of birr 400 &birr500 respectively.

Required:

a) Formulate the LP model along with it final solution tableau

b) Formulate the dual of this model, define the dual variables of indicate their values

c) These sensitivity analysis to determine the optimal range for C1 & the feasible optimal range for q1.

Solution:

a)  Before trying to wonder about the solution, we need to determine what the decision variables area.

b)  Formulate the dual of this model, squire the dual variables & indicate their values

c)  Use sensitivity analysis to determine the optimal range for C1 & the feasible optimal range for q1.

Solution

a) First, we need to determine what the decision variables are in other words, you have to know what the mgt.  Management would like to know.  In this case, the management wants to know how many of each of this product would optimize company profit.

Thus 

let x1 be the number of Tape recorders produced and 



Let x2 be the number of TV sets produced.

Then since birr400 is the profit generated from selling single TR, the total profit will be defined as 400x1.  The profit per TV set is birr 500 where its total is defined by 500x2.

The objective function, ( = 400x1 + 500x2.  

Subject to:
X1 + 2X2 < 10 (labour hour)


6X1 + 6X2 < 36 (materials)


8X1 + 4X2 < 40 (Storage space)


X1, X2 > 0

(max =    400x1 + 500x2
St. 
X1 + 2x2 < 10


6x1 + 6x2 <36


8x1 + 4x2 <40


  X1, X2 >0

Then solve for the optimal simplex tableau

Step1: Initial tableau


 400
500
0
0
0

Cj 
BV
 X1
X2
S1
S2
S3
Qty   

0
S1
 1
2
2
0
0
10          

0
S2
 6
6
0
1
0
36    
0
S3
 8
4
0
0
1
40    


Zj
 0
0
0
0
0
( =0                 

              Cj-Zj400
500
0
0
0

After all iterations, we have the following final tableau; 
Tableau 3 ( Final or optimal simplex tableau)



         400
500
0
0
0

Cj 
BV

X1
X2
S1
S2
S3
Qty    

500
x2

0
1
1 
-1/6
0
4      - ½ R2  +R1    

400
x1

1
0
-1        1/3    
0          2      -1/3 R2
0
S3

0
0
4
-2
-1
 8     -6R2+R3

Zj
           400   
500
100
50
 0
( = 2,800

              Cj-Zj
 0
0         -100
-50
 0

Therefore, since the values in the Cj-Zj row are zeros & negative there is no need to proceed with the procedure.

The solution variables are X1=2, x2=4 & S3 =8 and the optimal profit is birr 2,800

b. Formulate the dual & define the dual variables since the primal model was about maximization, the dual model is about minimization.  Thus, it becomes

(min  = 10y1 +36y2 +40y3
St.
y1 +6y2+8y3>400


2y1+6y2+4y3>500


y1,y2, y3 >0

Where Y1 = the marginal value of labour

             Y2 = the marginal value of material

            Y3 = the marginal value of storage space.

Based on the primal model solution, the optimal tableau for the dual model is 
Cj
10       36       40        0        0

          
BV

Y1
Y2
Y3
S1
S2
Q + y    

10
Y1

1
0
-4 
.1
-1
100    

36
Y2

0
1
-2        -1/3    
1/6       50


Zj

10
36
+32
-2
-4
( = 2,800


Zj-Cj          0   
0
 -8
-2
-4
              

( According to the Zj-Cj row of the optimal tableau, the values are as follows:

Y1 = 100

Y2 = 50

Y3 = 0

C) Determine the optimal Range for C1
C1 = 400, but when C1 changes for the value of (, C1 = 400 +( . From the original simplex (primal) tableau, we can show what this change means as in the below simplex tableau

                               400+ (   500    0        0           0

       Cj 
BV

Y1
Y2
Y3
S1
  S2
Q + y    

     500
x1

0
1
1       -1/6 
   0
4    

  400+(
x2

1
0
-1        1/3    
   0      2


 0    s3

0
0
4
-2
  -1
8



Zj
         400+(
500  100-(   50+(/3    0
2,800+2(

Cj-Zj            0   
0     -100+(  -50-(/3    0



Remember always that the solution will remain optimal as long as the Cj-Zj values remain negative.  This holds that 

-100 + ( <0 and –50-(/3<0

Then solve for the Cj-Zj inequalities

-100+(<0
and 
–50-(/3<0 

(  < 100

            (-(/3<50)-1




(/3>-50




(>-150

Since C1 = 400 + ( 

          ( =C1 –400



Then C1-400<100

C1-400>-150
           C1<500         and            C1>250
The range over which the solution remains unchanged is

250<C1 <500

C1.  The feasible range for q1
When q1 changes from 10 to 10+(, the change on the values of the coefficients is equal to the coefficients in the S1 column.

4+(>0

2-(>0

8+4(>0

Solving for each ( yields

(>-4

(<2

(>-2

But q1 = 10+( ( (=q1-10

Thus 
q1-10>-4(6


Q1-10<2(12


Q1-10>-2(8

The feasible range is, then, 8<q1<12

Self test exercises
1. Akaki Steels manufacturer produces two different grades of steel, grade-A and grade-B at two different factories, factory 1 and 2. The following table summarizes the production capacity of the two factories, cost per day involved, and number of each grade of steel that is required to fulfill orders:
	Steel 
	Factory 1
	Factory 2
	Requirement 

	Grade-A
	1 unit
	2 units
	80 units

	Grade-B
	2 units
	2 units
	140 units

	Cost per day
	5000 birr
	6000 birr
	


Required

a. How many days should each factory operate in order to fulfill its obligations at minimum cost? 

b. What is the minimum cost? (Use graphical method).  

Ans. a) 30 and 25 days; b) 300,000 is the minimum cost
2. SONY Electronics produces three hand calculators – small, medium and large sizes – according to the function. The following table gives the details:
	
	Small 
	Medium 
	Large  

	Electric circuit component
	5
	7
	10

	Assembly time
	1
	3
	4

	Cases 
	1
	1
	1


The firm has 90,000circuit components, 300,000 hours of labour and 9000 cases. 

a. If profit is 6, 13, and 20 birr per unit for the small, medium, and large calculators respectively, then how many of each type should be produced in order to maximize profit?
b. What is the maximum profit? Use simplex method

Ans. a) 2000, 7000, and 10,000 units; b) 152,000 birr
3. What will be the dual model of the above problem (exercise 2)
4. A beef processor is contemplating two different types of foods. Each food contains all or sources of the necessary ingredients for fattening. Brand I feed costs 2 cents/kg and 3 cents/kg for brand II. The processor would like to determine how much of each brand should he buy in order to satisfy nutritional requirements at minimum costs.
	Steel 
	Factory 1
	Factory 2
	Requirement 

	Ingredient -A
	3kg
	5kg
	40 kg

	Ingredient -B
	4kg
	3kg
	46 kg

	Cost per kg
	2 cents
	3 cents
	


Use the simplex method.

Ans. 10kg of brand-I and 2kg of brand-II; the minimum cost is 26 cents

5. What would be the dual form of the linear model in exercise 4
Chapter Four
Mathematics of Finance
Introduction

Where finance is at the heart of all businesses, it is necessary to understand on how to invest it so that an interest earned from it would be optimal in the face of uncertainty or risk (opportunity cost) involved there in the investment.
Student learning objectives
After completing this chapter students must be able to:
· Compute simple interest rate, present value, Future value, time and interest rate, and promissory notes and bank discount.

· Find the compound amount and compound interests of money invested where interest is compounded at regular intervals.
· Compute the effective annual interest rate of money invested at compound interest.
· Calculate the amount of an ordinary annuity
· Compute the present value of an ordinary annuity
· Determine the future value of an ordinary annuity
· Calculate the amount that must be invested periodically in sinking fund payments.

· Determine the regular payments required to amortizes a debt.

4.1 Simple Interest

Regardless of whether or not your career is in business, understanding how interest is computed on investments and loans is important to you as a consumer. If a sum of money (called the principal) P is invested for a time period t (mostly years) at an interest rate r per period, the simple interest on an investment or loan can be calculated using the following formula.





[image: image574.wmf]t

i

Pr

=


 Where, 
i =    interest (in birr or dollars)  



P=   Principal (in birr or dollars)



r=    rate of interest per period



t=    time period

Simple interest is paid on investments involving time certificates and is used by bank and on certain types of bonds.  That is, the interest for a given period is paid to the investor and the principal remains unchanged.

Illustration If 10,000 birr is invested for 3 years at an annual interest rate of 12% how much interest will be received at the end of the 3 year period?

Solution:


Given:

 P = 10,000 birr




  r = 12% = 0.12




  t = 3 years

Required:  compute simple interest (I) =?
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i = 10,000 birr x 0.12x3 = 3600 birr.

Illustration If 1000 birr is invested for 6 months at annual rate of 10%, how much interest will be received at the end of the 6 month period?

Solution:


Given: p = 1000 birr



r = 10% = 0.1



t = 6 month (6/12)

Required:  Compute simple interest (I) =?
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= 1,000 birr x 0.1 x6/12 = 50 birr. 

Note:  in order to calculate the amount of an investment at the end of an interest period is the sum of the principal and the interest:


S = P +I, where S = amount of investment 

Illustration If 1000 birr is invested for 6 month at an annual rate of 10%, what is the amount of the investment at the end of the 6 month period?

Solution:  The interest for the period is:
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= 1000 birr x 0.1 x 6/12 = 50 birr 


   Thus the amount of investment is: 


   S = 1000 birr + 50 birr = 1050 birr.

Illustration 
If an individual borrows 800 birr at 4% to paid in 2 ½   years, the interest is I = 800 birr x 0.04 x2 ½ = 80 birr and the amount due at the end of 2 ½ years (Thus the amount of the investment) is;


S = P + I        S = 800 birr + 80 birr = 880 birr.

4.1.1 Present value
The present value of a given sum of money which is due at the end of     a specified   period of time is that principal which, when invested at interest, will accumulate to the given sum in the specified time.  Principal is sometimes   called the Face Value or the present value. 

One can solve present value (P) that can be expressed as:
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 Illustration How much shall Ato kifle has to invest now in order to get 600 birr a year from now at an interest rate of 8%? 

Solution:  In this case, the purpose is to find the present value.  Hence, 

Given: F = 600 birr



r  = 8% (0.08)



t = 1 year

Required:  Calculate present value (P)
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Illustration Find the present value of 1,000 birr at 9 percent due 8 months from now.

Given:  
F = 1,000 birr



r = 9% (0.09)



t = 8/12

Required:  Calculate present value (P)
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4.1.2 Future value:  
If interest on 10,000 birr at 12% for 3 years is computed as I = prt = 10,000 birr x 0.12x3 = 3,600 birr and the interest is added to the principal, the sum is called the future value, F.  Thus;


F = P + I   =   10,000 birr + 3,600 birr



                 =   13600 birr
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Illustration 
If 4000 birr is borrowed for 6 month at an annual interest rate of 15%, how much interest is due at the end of the six months?

Solution:


Given: p = 4000 birr 



r = 15% = 0.15



t = 6 month = ½ year

Required:  The interest due (I) =
[image: image582.wmf]t
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      = 30 birr
The amount of money that would have to be repaid at the end of 6 month is the loan of illustration 2 is the principal plus the interest, or 
A = 4000 birr + 30 birr = 4030 birr.
This is called the amount of the loan (A)

The principal P of a loan is also called the face value of the note or the present value of the loan and the amount A is also called Future Value of the loan. 

Illustration If 20,000 birr is invested for 10 months at a simple interest rate of 2% per month, what is the amount of the investment at the end of the 10 month period? 

Solution: 


Given: 
p = 20,000 birr




r = 2% = 0.02




t = 10 months 

Required:  What is the amount of investment (s)?


S= P + I, but we can obtain I from the given information above,


i.e.,  
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 = 20,000 (0.02)(10)



       = 4,000 birr

Then, S = 20,000 birr + 4000 birr = 24,000 birr

4.1.3 The Time and Interest Rate

By manipulating the simple interest of present, future value it is possible to calculate interest rate (r) and the time period (t)
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Illustration If F =530, P = 500, and r = 8%, then determine the time period (t)

Solution: 
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Then, 
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4.1.4 Promissory notes and Bank Discount

Promissory note is an unconditional promise by the debtor called the maker of the note to pay the creditor, called the payee of the note a some of money on a specified date. 

1. Discounting a note before its due date is called Discounting Note

The amount of money received or collected for discounting a note before its due date is discount commission or Bank discount.  Thus, the amount payable to the beneficiary (payee) is the proceeds (that is the difference of maturity value and the bank discount).

 Illustration 
Sun shine Supply Company has discounted 100,000 birr at a Commercial Bank of Ethiopia on January 1, 2005 with value received of interest at 14%.  The due date is on March 30, 2005.  Assuming that the Sun Shine Supply Company (Ato Anteneh) discounted the promissory note on Feb. 1st 2005 at the Commercial Bank of Ethiopia at 12% Bank discount rate

Required:

· Calculate maturity value of the note

General information:

· Issuing date:  January 

· Term of promissory:  two months

· The maker of the note:  Sunshine supply company

· The payee of the note:  Yared G /Micael

· The Maturity date: Feb 28

· The face value of the note:  100,000 birr.

Thus,

The bank discount is computed by:


Solution:


· Maturity value of the note:
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 = 100,000 (1 +0.14x2/12) = 102,333 birr

Note:  The amount the borrower receives is called the proceeds of a loan. A proceeds begins with P and it is an amount received now.  The future amount to be paid back is F, now called the Maturity value of the loan. 

Illustration 
A borrower sign a note promising to pay the bank birr 50000, 10 months from now.  How much does the borrower receive if the discount rate is 8.4%?  How much will the borrower have to repay in order to receive birr 5000?

Solution:


Given: S  = 5000 birr



 t  = 10/12



d =  8.4% (0.084)
· The amount of a borrower receive is :

Proceeds: 
 P = S – Std

 P = S(1 – td)

    = 5000 [(1-(10/12)(0.084)]

    = 5000 (0.93)

    = 4650 birr

· The amount to repay in order to receives 5000 birr is
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5000 = F (1-(10/12)(0.084)

5000 = F (0.93)
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Illustration 
Find the proceeds of 500 birr on a 9-month loan from the bank if the discount rate is 12%.

Solution: 




Given: 
S   = 500




t =   9/12





d   = 12% (0.12)





P   =       ?  

But, P= S – D

  = S - Std


= S (1 – td)

  

= S (1 –td)

      

= 500 [1-(9/12) (0.12)]

     

= 500 (0.91)

=    455 birr

4.2 Compound interest

In section 4.1 we discussed simple interest.  A second method of paying interest is the compound interest method.  In this case the interest for each period is added to the principal before interest is calculated for the next period.  This practice is said to be computing interest on interest.  Most investment, such as saving accounts, and bonds pay compounds interest.


4.2.1 Compound Amount – Present value

To see how compound interest works and develop a formula for computing the compound amount (present value), lets start with examples. 

Illustration
What is the present value of;
a. Birr 8,000 in 10 years at 6% per annum?

b. Birr 16,000 in 5 years at 12% per annum?

c. Birr 25,000 in 15 years at 8% per annum?

d. Birr 1,000 in 40 years at 20% per annum?
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Where:  P = Principal (present value)


  F = Future value


   i = Rate per compounding periods 


   n = Total number of compounding periods  

Note: Compounding per annum (annually) means that there is one interest payment period per year.

Solution:  

a) 
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     =   8000 (1 + 0.06)-10
     =   8000 (1.06)-10
                    
 = 8000 (0.558395) 
 =   4467 birr
0.558395(the present value of 1 birr invested at 6% for the next 10 years. 

b)      P =   16000 (1 + 0.12)-5 

  =   16000 (1.12)-5

  =   16000 (0.567426)


  = 9,079 birr
c)
P =    25000 (1 + 0.08)-15

    =   25000 (1.08)-15

    =   25000(0.315242)

      
    =   7881birr  

d) 
P =   1000(1 + 0.2)-40  
               = 1000 (1.2)-40
               = 1000(0.00068)


   = 0.68
Illustration 
What is the present value of 2500 payable 4 years from now at 8% compounded quarterly? 

Solution: 

Compounded quarterly means that there are four interest payments per year, thus, 

n = 4(4) = 16 and   
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                = 2500 (1 +
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    = 1821 birr
Illustration 
If an investment company pays 8% compounded semiannually, how  much should you deposit now to have birr 10,000.

a) 5 years from now?
b) 10 year from now?
c) 20 years from now?

Solution:  Compounded semiannually means that there are two interest payment periods per year.  Thus, the number of payment period is 

a) 2(5)  = 10

b) 2(10) = 20

c) 2(20) = 40

And the interest rate per period is   
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a) 
Fv = 10,000 birr


b) FV = 10,000 birr


  i = 0.08/2 = 0.04

       
i   = 0.08/2 = 0.04


  n = 5x2 = 10                                n = 10x2 = 20


    PV =    ?


       
     PV =      ?
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PV = 10,000(1 + 0.04)-20
                   
= 10,000 (1.04)-10


      = 10,000(1.04)-20

= 10,000(1.04)-10


      = 4564 birr


= 10,000 (0.675564168)


= 6756 birr 

c) 
FV = 10,000 birr


   i = 0.08/2 = 0.04


  n = 20x2 = 40

       
PV =    ?

PV 
= 10,000 (1 + 0.04)-40


= 10,000 (1.04)-40

= 10,000 (0.208289)


= 2083 birr

4.2.2 Compound Amount Future value

To see how compound interest works and develops a formula for computing the compound amount (future value) 
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The value of n is obtained by multiplying the number of times the interest is paid during a year with the total years for which interest is to be collected.

The average rate per compounding period can be determined or obtained by dividing the nominal rate from the frequency of compounding with in a year.

	Frequency of compounding
	Hourly
	Daily
	Weekly
	Monthly
	Quarterly
	Semi- annually
	Annually

	Number of times interests paid during the year (m)
	365x24

    or 

360x24
	365 

 or

360
	52
	12
	4
	2
	1

	The average rate per interest period (i)
	r/365x 24

    or 

r/360 x24
	r/365

  or

r/360
	r/52
	r/12
	r/4
	r/2
	r/1


Let’s start with examples;
Illustration: 

Suppose 5000 birr is invested at 10% interest compound each year.  The amount at the end of the first year would be:
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PV = 5000 birr


i = 10% = 0.1


F1 = 5000 (1 + 0.1) 1

      = 5000 (1.1)1

      = 5000 (1.1)1

      = 5500 birr
This 5500 birr becomes the principal at the beginning of the second year, and the amount at the end of the second year is:


F2     =    5500 (1 + 0.1)1

          =   5500 (1.1)1

          =   6050 birr

Thus in the second year interest is earned on not only the 5000 birr invested, but also on the 500 birr of interest earned in the first year.  This common practice of computing interest on interest is called compounding interest.

If we continue like this, the total interest at the end of the 4th year will be 2320.5 birr and the total compound amount will be 7320.5 birr.

Illustration:   
If Netsanet invests birr 12000 today, how much she have:

a) In 6 years at 7%?
b) In 15 year at 12%?

c) In 25 years at 10%?

Solution:

a) PV  = 12000 birr

n = 1x6 = 6 years
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FV =?

FV = 120000 (1 + 0.07)6


FV = 12000 (1 + 0.07) 6

      = 12000 (1.07)6

      = 12000 (1.500730352) (  FV$1, @7%, 6years
                  = 18, 009 birr

   

b) Pv   = 12000 birr

n     =    1x15 = 15 years

i      = 12%/1year = 12% = 0.12

FV =?
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 = 12000 (1 + 0.12)15
                     =   12000 (1 .12)15


 = 12000 (5.473565759)



 = 65,683 birr

   c) 
PV   =
12000 birr


  n   = 1x25 = 25 years
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 = 12000 (1 + 0.10)25



  = 12000 (1.1)25



  = 12000 (10.83470594)




  = 130,016 birr

Illustration: 
Suppose that a new born child receives birr 5000 gift towards a college education from his/her grand parent.  How much will the amount worth in 17 years if it is invested at 9% compounded quarterly. 

Solution:

Compounded quarterly means that there are four interest payments per year; thus,    n = 4(17) = 68 and   
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Given:   PV    = 5000 birr 


     n      = 17 years         4x17   = 68
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                FV   =   ?

     FV
= 5000 (1 + 0.0225)17x4 =68

= 5000 (1 + 0.0225)68

= 5000 (1.0225)68

= 5000 (4.540519385)


= 22,703 birr

Illustration:  
Suppose a person with birr 20,000 is trying to decide whether to purchase a car now or to invest the money at 12% compounded semiannually and then by amore expensive car.  How much will be available for the purchase of a new car at the end of three years?  How much is the compound interest. 

Solution:

Compounding semiannually means that there are two interest payment periods per year; thus, the number of payment periods is 5 years in n = 2(3) = 6, and the interest rate per period is  

[image: image608.wmf]06

.

0

2

12

.

0

=

=

i

  

  PV   
= 20,000 birr
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    n     = 2x3   = 6

 FV =?
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= 20,000 (1+0.06)6



= 20,000 (1.06)6



= 28,370 birr

The compound interest amount is:


28,370   – 20,000      = 8,370 birr 

Illustration:  
An individual retirement account (IRA) has birr 20,000 in it and the owner decide not to add any more money to the account other than interest earned at 8% compounded daily.

a) How much will be in the account after 35 years from now when the owner reaches retirement age?

Solution:  Compounding daily means that there is 365 interest payment period per year.  Thus, the number of payment periods is n = 35x365 = 12775, and the interest rate per day is 
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      PV= 20,000


         n= 35x365   = 12775
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               = 20,000 (1.000219178)12775


            
 = 20,000 (16.439585)




 = 328,792 birr 

Nominal and effective interest rate

· Nominal rate: is yearly interest rate quoted by a borrower or lender
· Effective interest rate: is rate of interest that is actually paid or earned.
If a principal P, is invested at a nominal rate and compounded for n periods, then in one year the money will grow to F = P( 1+i)n.  What is simple interest will produce the same amount of future value (F) in one year? We call this simple interest rate effective (true) interest rate, and denote it by re.

Nominal and effective interest rate
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Illustration:  
A savings is paid 8%-compounded quarterly.  What is the interest per quarter? 

Solution:
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   = (1.02)4-1


   = 1.082432 –1


   = 0.082432


    = 8.243%     this is the same as saying money invested at 8.243% simple interest in one year will provide the same interest as money invested at 8% compounded quarterly. 

Illustration:  
An investor has an opportunity to purchase two different notes.  Note A pays 15% compounded monthly and Note B pays 15.2% compounded semiannually. Which is the better option to the investor, other things being equal? 
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          = (1 +
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          =  1.160755 –1


=     (1.157776-1)

          =   0.160755


=     0.15776


          = 16.076%


=     15.778% 

Illustration:  
Find the effective rate of 12% and 15% compounded annually, semiannually, quarterly, monthly, weekly, daily and hourly and define the difference as a result of increased compounding frequency. 

               12%



15%

Annually:  
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= (1+0.15)1-1
                      =   (1+ 0.12)1-1

= 1.15 - 1


=   1.12 - 1


= 0.15x100%



=   0.12 x 100%

= 15%



=   12%



   
 12%



15%

Semi-annually


re = (1 +
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     = 0.1236x100

          15.56%




12.36%

Quarterly
 re = (1 +
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       = 12.551%
         
   = 15.865%
4.3 Annuities

In the previous we have seen how to compute the compound amount and interest if a fixed sum of money deposited once.  But not many people in a position to deposit a large sum of money at one time.  Most people save money in small amounts are different times.  

If a depositor makes equal deposits at regular intervals, he/she is contributing to an annuity.  The payments (deposits) may be made weekly, monthly, quarterly, yearly, or for any other period of time. 

Therefore, an ordinary annuity is a series of equal periodic payments in which each payment is made at the end of a period. 

Payments that take the form of annuities is a series of equal periodic payments in which each payment is made at the end of a period.

Payments that take the form of annuities among other include:

· Premiums on insurance

· Mortgage payments

· Retirement plan payments

· Rent payments

· Payments on installment purchased

4.3.1 Ordinary annuity- Future value 
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This represent is the formula for the future value of ordinary annuity, 

Where 
R = Periodic deposit



i   = interest rate per interest period



n = total deposit 

Illustration:  
Determine how much money you will have at the end of 5 year if you deposited birr 1000 annually at the end of each of the next 5 years in to a saving account paying 7% per annum. 

Solution: 

Given
n     = 5


i     = 7%       = 0.07


R    = 1000


FV =      ?
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      =   1000    (5.751)            Future value of annuity one birr  

               
      =    5, 751   birr

Illustration:  
In order to accumulate enough money for adown payment on a house, a couple deposits birr 300 per month in to an account paying 6% compounded monthly, if payments are made at the end of each period, how much money will be in the account is 5 years?  How much is the value of interest?

Solution:


Given
= 
R    = 300 birr 
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n    = 12x5   = 60

 


FV =    ?
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= 300 [69.7700305]


= 20,931    birr
To calculate interest:   I = FV – total deposits.

 

  =   20,931 - 18,000

   
                          = 2931 birr
What is the value of an annuity at the end of 5 years is birr 100 per month is deposited in to an account earning 9% compounded monthly?  How much is the value of interest?

Solution: 


Given     R    = 100 birr
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   n    = 12x5   =60



   FV =      ?
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= 7542.4

= 7542.4 – 6000

           = 1542.4 birr

Illustration:  
If Birr 500is deposited at the end of each quarter into an account  paying 12% compounded quarterly for three years. 

a) How much is the value of deposit at the end of the three years?

b) How much interest is earned at the end of the second year?

Solution:


Given:   
R     = 500 birr 
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=    7096 birr

Interest
=    Future value – total deposit.

                   
=    7096 - 6000

                  
=    1096   birr

4.3.2 Ordinary Annuity-Present Value

The use of present value annuity calculations arise when we wish to know what lump sum deposited in account now, if this sum and the interest it earns, are to provide equal periodic payments for a defined period of time, with the last payment making the balance in account zero.

By conclusion, the formula for the present value of ordinary annuity can be given as follows:
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Where, 


PMT = Periodic payment


i = rate per period


n = no of payment 


PV = Present value of all payments

Illustration:  
What sum deposited now in an account paying 8% compounded quarterly will provide quarterly payments of birr 1000 for 10 years if the first payment is to be made three months form now? How much is the interest?

Solution:


Given: PMT = 1000


     
    n = 4x10 = 40
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Then the amount deposited now should be; 


[image: image639.wmf]i

i

PMT

PV

n

]

)

1

(

1

[

-

+

-

=


          

[image: image640.wmf]02

.

0

]

)

02

.

0

1

(

1

[

1000

40

-

+

-

=


   
 = 1000[27.35548]

             = 27355.48 birr

Consider the above examples, if a person wants to withdraw birr 1000 every end of quarter for the next 10 years.  He/she must deposit birr 27,355.48 in an account paying 8% compounded quarterly now. 

Solution:   Interest 
= Total receipt   - present value




= 40 x1000 – 27,355.48




= 40,000 – 27, 355.48



= 12,644.52 birr

Illustration:  
What is the present value of annuity that pays birr 200 per month for 5 years if money is worth 6% compounded monthly.

Solution:     PMT = 200



      n = 5x12   = 60
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     PV= ?
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= 2000 [51.72556075]


= 10345.11birr

If a person wants to withdraw one birr monthly for the next 5 years at an interest rate of 6% compounded monthly, then he has to deposit birr 51.7255607 in the account. 

Illustration:  
Suppose you wish to set up annuity that will pay you 350 per month during 4 years of your higher education.  How much should you deposited now in an account paying 9% compounded monthly to establish this annuity.  How much will you receive in 4 years?  How much total interest will be paid to you? 

Solution:


Given:     PMT = Birr 350,  
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    n     = 4(12) = 48





     PV    =?
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= 350[40.184781]




= 14,065 birr

To withdraw one birr monthly for the coming 4 years a person should deposit 40.1847819 birr in an account paying 9% monthly. 

To find the interest amount:

Deposits = 4(12)   =48x350   = 16800 birr

Interest    = Value   - deposits



= 16,800-14,065 
= 2,735 birr

Illustration:  
Suppose you wish to set up annuity that will pay you birr 1000 per month lasting for 20 years during your retirement age.  How much should you deposited now at 6% compounded monthly establish this annuity?  How much will you receive in the 20 years?  How much total interest will be paid to you in the 20 years? 

Solution:  

Given:
PMT = 1000


   
n = 20x12 = 240
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      = 139580.77

· Total amount you receive in the 20 years is:

  
20x12    =   240x1000     = 240,000 birr




240,000   - 139580.77




= 100419 birr

· To find the interest amount:

Deposit 
= 20 x12 = 240x1000 = 240,000 birr

Interest 
= Value        -      Deposits



= 240,000 - 139580.77



= 100419 birr
A person in order to withdraw one birr per month lasting for 20 year during his retirement age he has to deposited 139.58 birr  in an account paying 6% compounded monthly. 

4.3.3 Ordinary Annuities –sinking Fund

A sinking fund is a fund in to which periodic payments are made in order to accumulate a specific a mount at some point in the future.  Some borrowers, such as municipalities, may have a debt that must be paid in a single large sum on a specified date.  If they make periodic deposits that will produce the sum on the specified data, we say they have established a Sinking Fund.

Suppose (n) equal periodic payments are deposited into a Sinking Fund earning interests at a rate or (i) per period so that the end of (n) periods, the fund contains enough money to pay –off a debt.  
If each deposit is made at the end of a period, the size of each payment is given by: 
Sinking Fund Payment:
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Where:

R  
= Sinking Fund payment or deposit

FV 
= Future Value of the annuity

n 
= No of deposit periods involved

i
= Rate per period

Any account that is established /set up for accumulating a specified sum of money in the future to meet obligations or debts. 

Note:  Payments are made at the end of each period.

Illustration:

Akolom, a private business, is a well known super market in Mekelle, wants to estimates that it will need 100,000 in 8 years to replace its service by through a computer.  If it establishes a sinking fund by making fixed monthly payments into an account paying 12% compounded monthly, how much should each payment or deposit be?  How much is the total interest?

Solution:


Given:    FV = 100,000 birr



       n
= 8x12 =96
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    = 100,000 (0.00625284)


   = 625 birr  ( Monthly payment

      I
= FV   - total deposit


= 100,000   - 96(625)


= 40,000 birr

Illustration:  
Suppose you wish to have 10,000 in 4 years after your graduation to buy a TV set.  How much should you deposit each month from your salary in to an account paying 8% compounded monthly?  How much interest will you earn in the four years?

Solution:


Given:



FV    = 10,000 birr



n     = 4x12   =48
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    =   10,000(0.01760566)

    =    176 birr   (  Monthly payment

      I
= FV - total deposit


  10,000   -176 (48)


  10,000   -8448


= 1552 birr 


Illustration:  
Parents have set up a sinking fund in order to have birr 30,000 in 15 years for their children’s college education.  How much should the parent deposit semiannually in to an account paying 10% per annum? 

Solution:

Given:


FV = 30,000 birr


   n =15x2   = 30


    i = 10%   = 0.1


    R=   ?
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    =   182.3774476   
    = 182.4 birr
Illustration:  
How much should be deposited in to a sinking fund at the end of each quarter for five years to accumulate birr 50,000.  If the fund earns 8% compounded quarterly?

Solution:


Given

FV = 50,000 birr
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  n = 5x4 =20
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     = 50,000 [0.041156718]


     = 2057.84 birr
4.3.4 Amortization

In many financial transactions, a current obligation is discharged by making a series of payments in the future.   After the last payment, the obligation ceases to exist it is dead and it is said to have been amortized by the payment. 

It is a method of payment in which an interest bearing debt is repaid in equal periodic payments. 

Illustration: 
Suppose you borrow birr 500 from legal credit association and agreed to pay the amount in six equal monthly payments at 1% payment for the unpaid balance.  

· Determine the amount of monthly repayment 

· Determine how much of each monthly payment is used for interest and to reduce the un paid balance.

· Construct amortization schedules. 

Solution:

Given: 
PV = 500




   n = 6
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= 500     [0.172548]

=
 86.27/month                                            

Periodic payment

           Interest 



To reduce the out sanding debt

        500x0.01   = 5


            86.27 –5   =81.27

Solving present value (PV) formula for PMT in terms of the other variables, we obtain the following amortization formula:

Amortization Formula
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Where 


PV 
 = Amount of loan (present value)


i    
 = Rate per period


n    
 = number of payments (periods)


PMT
 = periodic payment   

Amortization Schedule
End of 
Beginning
Monthly
Interest
Principal
Einding

Month
balance
payment 
  paid



balance

1

500

86.27

5.00

81.27

418.73

2

418.73
86.27

4.19

82.08

336.65

3

336.65
86.27

3.37

82.90

253.75

4

253.75
86.27

2.54

83.73

170.02

5

170.02
86.27

1.70

84.57

85.45
6

86.45

86.27

0.85

85.45

0.00




517.65

17.65

500 


Illustration:  
Prepare Amortization schedule for birr 3509.83 loan payable quarterly at 12% interest rate with in two years. 

Solution:  

Given:  PV = 3509.83
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               n = 2x4 = 8

         
PMT =? 
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   = 3509.83 [0.142456388]

                    = 500 birr

Amortization Table

End of        Beginning     Quarterly
   Interest      Principal
  Ending

Quarters      balance        payment                                                    balance

1             Br. 3509.83               500
  105.30
394.70 
3115.13

2.                  3115.13                500
   93.45
 406.55
2708.58

3.                  2708.58                500
   81.26
 418.74  
 2289.84

4.                  2289.84                500
   68.70
 431.30  
1858.54

5.                 1858.54                 500             55.76           444.24       
1414.30

6.                 1414.30                 500             42.43           457.57    
  956.73

7.                  956.73                   500
     28.70          471.30
 485.43
8.                485.43                     500
     14.57
   485.43
00.00
                                 Birr 4000
      490.17    
3509.83            

Illustration:  
Ato Gemechu has borrowed birr 50,000 at 10% compounded quarterly from construction and Business Bank.  The debt is to be amortized by equal payments each quarter over 15 years. 

Required

a)  Find the quarterly payment 

b) How much interest will be paid?
Solution:


Given:  PV 
 = birr 50,000
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   n
=15(4)
    =60

a)  Hence, 
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= 50,000   [0.03235]




= Birr 1,617.67 per quarter

b) Payment for 60 quarter will be 60(1617.67) = birr 97,060.19 interest paid will be birr 97,060.19 minus birr 50,000; that is Birr 47,060.19
4.3.5 Mortgage Payments:

 Specially, is typical home purchase transaction, the homebuyer, pays part of the cost in cash and borrows the remainder; usually from a bank or savings and loan institution.  As a security for the loan, the lending a agency obtains conditional title to the property.  The buyer amortizes the indebtedness by periodic payments over a period of time. Typically, payments are monthly and the time period is long, 30 years is not unusual.   

* Mortgage payments:  is arrangement or agreement where by regular payments are made in order to settle an initial sum of money borrowed from any financial source.  Such payment is made until the outs ending debt gets down to zero. 

Formula for Mortgage Payment 
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PV = The present value of the loan borrowed

i     = interest rate per interest period

n     = Total number of payment periods 

PMT = Amount of periodic payments
Illustration:  
Suppose you have borrowed birr 20,000 from Wogagan Bank to buy a car from Hagbes PVt Ltd Co.  Assume that the paying of loan will be in 4 years with equal monthly installments. 

Required:

a) How much you repay monthly if interest is counted at 8% per month?

b) How much interest will you incur?

c) How much you pay in total to the Bank?

Solution:   Given:  PV     = 20,000 birr
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            n = 12x4 = 48



           PMT =?
a)  
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                =   20,000 [0.024375387]


                = 488 birr

b)      I    = total payment - initial sum borrowed 


  
= 488 (48) - 20,000

  
= 23,424  - 20,000



  = 3424 birr

c) Total payment


= 48(488)


= 23,424 birr

Illustration:  
Assume that you buy a suit for birr 800 and agree to pay for it in 18 equal monthly payments at one and half present interest per month for the unpaid balance. 

Required: 

a)   How much is you monthly repayment?

b)   How much total interest will you pay?

Solution:   

   Given:       PV = 800 birr




 i = 1.5% = 0.015




n = 18x1    =   18




PMT =?   

a)  
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= 8000 [0.063805781]

= 51.04 birr
b)
 I = total payment - initial sum borrowed


   = 18(51.04) - 800


   = 118.72 birr
Illustration: 
Suppose peasant doing politely business appear to commercial Bank of Ethiopia to secure a loan of birr 5000 repayable over 5 years at 12% on quarterly basis.  What should the peasant pay quarterly if the loan is a proved?  What is the interest share?

Solution:   

Given:
PV    = 5000 birr
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  n     = 4x5 = 20

        PMT     =          ?
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                    =      500 [0.067215707]


         =   336.08 birr

I = total payment   - initial sum borrowed

           = 336.08(20)    - 5000
           = 1721.6 birr

Illustration: 
A company borrowed 50,000 birr from construction and Business Bank to erect a building on medium term basis.  The loan is to be paid with in 3 years at 10% with semi-annual installment.

Required:

a) What is the rate of repayment?

b) What is the total payment the company makes to wards the loan?

c) What is the amount of interest the company is going to incur?

Solution:   


Given:
PV = 50,000 birr
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  n =   3x2    =6



       PMT =?
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   = 50,000 [0.19701746]


                = 9850.87 birr 

b)  Total payment = 9850.87 (6) = 59,105.22 birr

c) Interest   =   total payment - initial sum borrowed 


      

 = 9850.87(6) - 50,000

     

  = 59,105.22   - 50,000

              
 = 9,105.240.43 birr

Self test questions

1. Ato Tekeste has taken a loan of birr 800 from Dedebit saving and credit institution at an interest rate of 18%. What will be the amount due at the end of four months? Ans. 848 birr
2. Wogagen bank pays 960 birr for a note that will be worth 1000 in 6 months time? What should be the interest rate the bank should earn? Ans. r = 8.33%
3. How much should you invest now at 10% compounded quarterly to have birr 8,000 toward the purchase of a car in five years? Ans. 4,882.17 birr
4. Ayana deposites 500 birr quarterly in to an account that pays 8% compounded quarterly. What will be the value of this ordinary annuity by the end of 10 years? How much is the inetrest amount earned? Ans. 30,200.99 birr, and 10,200.99 birr in interest 
5. Guna is planning a replacement on one of its equipment at a cost of birr 10,000 in five years time. With a sinking fund established in an account that pays a 6% compounded monthly. What should be the size of each payment? Ans. 143.33 birr per month
6. A company wishes to establish a fund that pays a retirement account of birr 1000, 000 per month for the next five years with the first payment being made a month from now.
a. How much should be placed in the fund if it earns an interest of 7% compounded monthly?

b. How much interest will the fund earn during its life?

Ans. a) 50,501,996.37; b) 9,498,003.63

7. The government of Ethiopia is constructing condominiums to be distributed to residents, each residence valued at 70,000 birr. Ato Bogale is one. The government wants a 10,000 birr down payment and the remaining 60,000 in mortgage for 30 years at a 9.75% compounded monthly.

a. What will be Bogale’s monthly payment on the mortgage

b. How much is the total interest paid by the end of the 30 years? Ans. a) 515.49 birr per month; b) 125,577.35 birr
Reference: 
· Bowen Prichett, Saber: Mathematics with applications in Management and Economics, 6th ed. Printed in the USA.S.K. Alavathy: Operations Research, 3rd ed. Printed at Kumar offset Printer, DECHL. 
· Bernard, Taylor: Introduction to Management Science, 4TH ed. Printed in the USA. 

· Harveym, Wagner: Principles of Operations Research – with applications to managerial decisions, 2nd ed. Printed in Parentice-hall, India, New Delhi.

· A.P.Verma, Operations Research (2004) reprint Delhi. 

· Bundick, Frank: Finite mathematics (1985) 2nd ed. McGraw Hill Inc USA.
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Using the above example solve for the sensitivity range for q2





If we use the letter S to denote the amount of an investment and the letter A to denote the amount of aloan, we have the following:


	 Amount of investment:   S = P + I


	Amount of loan 	:    A = P + I


Where, P = Principal (in birr),     I = Interest ( in birr)





   D = Sdt





Where,   D =  The bank discount is the amount of money (interest ) the bank collects in advance for discounting the promissory note before its maturity date; S = Maturity value of the note; d =  The bank discount rate; t =  The discount period 
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