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Preface

In December 2006 I posted my manuscript Vector Analysis for Computer Graphics to Springer
and looked forward to a short rest before embarking upon another book. But whilst surfing
the Internet, and probably before my manuscript had reached its destination, I discovered a
strange topic called geometric algebra. Advocates of geometric algebra (GA) were claiming that
a revolution was coming and that the cross product was dead. I couldn’t believe my eyes. I had
just written a book about vectors extolling the power and benefits of the cross product, and now
moves were afoot to have it banished! I continued to investigate GA and was amazed that a Google
search revealed over 2 million entries. I started to read up the subject and discovered that GA
was a Clifford algebra which had a natural affinity with geometry. It appeared that Prof. David
Hestenes [14] had invented geometric calculus and successfully applied it to classical and quantum
mechanics, electrodynamics, projective and conformal geometry. Chris Doran, Anthony and Joan
Lasenby at Cambridge University had continued this research and were a driving force behind its
understanding, dissemination and application to computer graphics. It seems that if I had been
attending SIGGRAPH regularly, I would have been aware of these developments, but alas that was
not the case, and I had a lot of catching up to do.

As I started reading various technical papers, especially by Hestenes, Doran and the Lasenbys,
I realized the importance of the subject and the need to understand it. Slowly I was drawn into
a world of complex numbers, antisymmetric operators, non-commutative products, conformal
space, null vectors and the promise of elegance in CGI algorithms. I would be able to divide, rotate
and reflect vectors with an ease never before known.

As I was finding it so difficult to understand GA, probably other people would also be finding
it difficult, and then I realized the title of my next book: Geometric Algebra for Computer Graphics.
But how could I write about a subject of which I knew nothing? This was a real challenge and
became the driving force that has kept me working day and night for the past year. I took every
opportunity to read about the subject: in bed, on planes, trains and boats; whilst waiting at the
dentist and even waiting whilst my car was being serviced!

Before embarking on my summer vacation this year (2007) I bought a copy of Doran &
Lasenby’s excellent book Geometric Algebra for Physicists and took it, and my embryonic man-
uscript, with me to the south of France. My wife and I stayed at the Hotel Horizon in Cabris,
overlooking Grasse and Cannes on the Cotes d’Azur. Previous guests have included authors,
philosophers and musicians such as Leonard Bernstein, Jean-Paul Sartre, Simone de Beauvoir,
Gregory Peck and Antoine de St. Exupéry whose names have been carved into table tops in the
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bar. Now that I have spent a few days at Hotel Horizon studying bivectors, trivectors and multi-
vector products, I am looking forward to seeing my name cut into a table top when I return next
year!

This book is a linear narrative of how I came to understand geometric algebra. For example,
when I started writing the manuscript, conformal geometry were no more than two words, about
which, I knew I would eventually have to master and write a chapter. The conformal model has
been the most challenging topic I have ever had to describe. To say that I understand conformal
geometry would be an overstatement. I understand the action of the algebra but I do not have a
complete picture in my mind of 5D Minkowski space which is the backdrop for the conformal
model. I admire the authors who have written so confidently about the conformal model, not only
for their mathematical skills but their visual skills to visualize what is happening at a geometric
level.

When I first started to read about GA I was aware of the complex features of the algebra, in that
certain elements had imaginary qualities. Initially, I thought that this would be a major stumbling
block, but having now completed the manuscript, the imaginary side of GA is a red herring. If
one accepts that some algebraic elements square to —1, that is all there is to it. Consequently, do
not be put off by this aspect of the algebra.

Another, stumbling block that retarded my progress in the early days was the representation
at a programming level of bivectors, trivectors, quadvectors, etc. I recall spending many days
walking my dog Monty trying to resolve this problem. Monty, a Westie, whose knowledge of
Clifford algebra was only slightly less than my own, made no contribution whatsoever, but this
daily mental and physical exercise eventually made the penny drop and I realized that bivectors,
trivectors, quadvectors, etc., were just names recording a numerical value within the algebra. Why
had I found it so difficult? Why had this not been explicitly described by other authors? If only
someone had told me, I could have avoided this unnecessary mental anguish. But, in retrospect,
the mental pain of learning about GA single-handed, has provided me with some degree of
confidence when talking about the subject. In fact, in September 2007, I organized a one-day
Workshop on GA in London where Dr. Hugh Vincent, Dr. Chris Doran, Dr. Joan Lasenby and me
gave presentations to an audience from the computer animation and computer games sectors. It
was extremely successful.

I have structured this book such that the first six chapters provide the reader with some essential
background material covering complex algebra, vector algebra, quaternion algebra and geometric
conventions. These can be skipped if you are already familiar with theses topics. Chapter 7 goes into
the history of geometric algebra, but I was already prepared for this as I had read Michael Crowe’s
fantastic book A History of Vector Analysis. In fact, this book is so good I have read it at least four
times! Chapter 8 describes the geometric product, which was introduced by Clifford and is central
to GA. Chapter 9 explores how GA handles reflections and rotations. Chapter 10 shows how GA
is used to solve various problems in 2D and 3D geometry. Chapter 11 describes the conformal
model. Chapter 12 is a short review of some typical applications of GA and Chapter 13 identifies
important programming tools for GA. Finally, chapter 14 draws the book to a conclusion.

I am not a mathematician, just a humble consumer of mathematics, and whenever I read a
book about mathematics I need to see examples, which is why I have included so many in this
book. It is so tempting to write:

“It is obvious that Eq. (12.56) is the required rotor”,
for very often it is not obvious that this equation is a rotor, or even how it is used in practice.
Therefore, whenever [ have introduced an equation, I have shown its derivation and its application.
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I would like to thank Dr. Hugh Vincent for reading through an early manuscript and offering
some constructive feedback. I would also like to thank Dr. Chris Doran for taking the time to
read the manuscript and advising me on numerous inconsistencies, and Dr. Joan Lasenby for her
responsive, supportive emails when I had lost my way in untangling conformal null vectors. Once
again I would like to acknowledge Chris Doran and Anthony Lasenby’s excellent book Geormetric
Algebra for Physicists. 1 could not have written this book without their book. I also must not
forget to thank Helen Desmond and Beverley Ford, General Manager of Springer, UK, for their
continuous support, memorable lunches and transforming my manuscript into such a beautiful
book.

Although I have done my best to ensure that the book is error free, if there are any
inconsistencies, I apologize, as they are entirely my fault.

Finally, I must remind the reader that this book is intended only as a gentle introduction to
GA. Hopefully, it will provide a bridge that will ease the understanding of technical papers and
books about GA, where the subject is covered at a more formal and rigorous level.

Ringwood, UK John Vince
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1 Introduction

The aim of this book is to provide the reader with a gentle introduction to the embryonic subject
of geometric algebra (GA). The GA books that currently exist are either directed at physicists or
assume that their readers possess a formal understanding of mathematics. To my knowledge, this
is the first book that introduces GA without overwhelming the reader with the formalism of linear
algebra that supports the subject. The real objective of the book is to make the reader familiar
with the concepts of GA. Hopefully on completing the book readers will be able to read more
advanced books and technical papers.

Anyone who has written software for computer animation or computer games will know the
wide range of mathematical tools needed to implement the algorithms for resolving 2D and
3D geometric problems. Perhaps one of the most important mathematical tools is the matrix
transform, where it is difficult to imagine how one could get by without using

x' cosf —sinf | |x
[y’] o |:sin9 c050i| |:y] (1D

to rotate a point about the origin. Although matrices exploit the ability to represent a transform
as an array of numbers, the origin of these numbers is linear algebra. Matrix notation simply
introduces a degree of elegance that permits the solution to a problem to be addressed at a higher
symbolic level, without becoming bogged down in the longhand notation of algebra. Even writing
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down an array of numbers eventually becomes tedious, and a further substitution can be made
by giving names to the transforms such as

S 0 0 0 1 0 0 T,

o s, 0 o0 o1 0 T,
=10 0 s of T=loo1 (12)

0 0 0 1 000 1

which permits us to write their product as P = ST'. At this stage we have basically created another
algebra with its own axioms and embellishments such as [P]~' and [P]".

When the algebra of matrices is combined with the algebra of vectors, quaternions, analytic
geometry, barycentric coordinates, etc., one realizes the wide range of algebraic notation employed
in CGI. Fortunately, this notation is relatively easy to understand and master and has even been
incorporated at a hardware level in graphics cards. GA reveals that matrices, determinants, com-
plex numbers, quaternions and vectors are all closely related, which must have an impact upon
the design of CGI algorithms.

As you will discover, the notation of GA is rather elegant, even though the underlying algebra
is fussy. But we mortals should not be concerned with any inherent fussiness, just in the same way
that matrix multiplication or inversion does not prevent us from using matrices. Any complexity
associated with GA is readily hidden inside software so that programmers can develop solutions
using high-level controls and commands.

This book is designed to be read in a linear fashion. Chapters 2 to 5 review elementary, complex,
vector and quaternion algebra. These chapters are very concise and have been included to provide
a unified reference source when some of their features are discussed in later chapters. Those
readers already familiar with these topics should consider starting at chapter 6 where geometric
conventions such as clockwise and anticlockwise traditions, left and right-handed axial systems
are reviewed.

Chapter 7 introduces the reader to the reasons why GA has surfaced in the 21st century rather
than the 19th century when it was discovered. Researching this material was very enlightening
and brought home the existence of politics in mathematical and scientific progress. GA could
have easily become established at the end of the 19th century, but influential mathematicians and
scientists of the day decided between them the direction vector analysis would take in future years.
Fortunately, enlightened people such as Clifford and Hestenes know a good idea when they see
one, and their personal tenacity and dedication have ensured that Grassmann’s original ideas have
prevailed.

Chapter 8 covers the geometric product, which combine the inner and outer products into a
single non-commutative new vector product. Discovering this for the first time is something I will
always remember, as its simplicity and structure make one wonder why it took so long to come
to become part of everyday vector analysis. Initially, I was cautious of the outer product portion
of the geometric product as it possesses imaginary qualities, and I thought that this would be a
dominant feature of GA. However, eventually you will discover that elements that square to —1
are so natural you will wonder what all the fuss is about.
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Chapter 9 applies GA to calculating reflections and rotations, which is where the power and
elegance of the notation emerges. Chapter 10 applies GA to a variety of simple geometric problems
encountered in computer graphics. It is far from exhaustive, but illustrates alternative approaches
to geometric problem solving.

Chapter 11 addresses the conformal model developed by David Hestenes et al. Its use of 5D
Minkowski space is a recent development and has natural applications to quantum physics and
electrodynamics, but is also being applied to computer graphics. This chapter introduces the
reader to the basic concepts, and there is a wide range of technical literature awaiting those
readers possessing the appropriate mathematical skills.

Chapter 12 reviews how GA is being compared to existing approaches to algorithm design
and the programming implications of GA. Chapter 13 identifies programming tools for GA, and
chapter 14 summarizes the book’s aims and objectives.






2 Elementary
Algebra

The evolution of algebra can be traced back to a treatise called Al-Kitab al-Jabr wa-I-Muqabala
written by the Persian mathematician, Muhammed ibn Masa al-Khowarizmi [circa 780-850].
An English translation of the title is The Compendious Book on Calculation by Completion and
Balancing. It is highly probable that the word algebra descended from the middle words of the
title al-Jabr.

It took a few centuries of experimentation before today’s notation emerged. For instance, Robert
Recorde [1] [1510-1558] was an academic at Oxford University and seems to be the first person
to employ the word ‘algebra’ in his book Pathway to Knowledge. He also introduced the equality
sign ‘="1in 1557 in his book Whetstone of Witte.

The German mathematician, Johannes Widman [2] [1462-1498], is credited with using the
symbols ‘4’ and ‘—’ for the first time in his book on arithmetic in 1489. The English mathematician,
William Oughtred [3] [1574-1660] introduced the ‘x” symbol to represent multiplication, not to
mention his invention of an early form of the slide rule.

Today, algebra is a major branch of mathematics and allows us to write mathematical statements
in the form:

<LHS> = <RHS>

where the left-hand-side (LHS) and right-hand-side (RHS) expressions are manipulated to resolve
the value of some variable. For example, given

ax* +bx4+c=0 (2.1)

a solution for x is given by

—b + /b? — 4ac
x = — (2.2)
a

which is derived by applying the axioms of elementary algebra.
Let us remind ourselves of these rules.
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To begin with, we acknowledge the existence of different sets of numbers such as natural numbers
N, integers Z, reals R, rationals Q, irrationals, etc., and the role of variables such as x, , z, . . . etc.
to stand in for numbers whose values are not stated explicitly, such as

x* =16 (2.3)

which implies that
x = 4. (2.4)

Next, we introduce the binary operators 4, —, x and / to represent addition, subtraction,
multiplication and division respectively.

Closure is a property that relates the result of a binary operation to the original operands. For
example, if we add an integer to an integer the result is an integer, which secures closure for this
operation. However, if we divide an integer by an integer, the result is not necessarily an integer,
and closure fails. For instance,

3/4=0.75 (2.5)

for although the numerator and denominator are integers, the result is a real quantity. This is not
a problem that should worry us — simply something of which we should be aware.

The identity element is a useful feature of any algebra and helps simplify algebraic expressions or
invoke an analytical strategy. So let’s find the identity elements for the four binary operators.

If A (lambda) is the identity element and €2 (omega) is a binary operator then the following
two rules must be satisfied:

xQA =x (2.6)
and
AQx = x. (2.7)
In the case of addition A = 0 because
x+0=x (2.8)
and
0+ x =x. (2.9)
But in the case of subtraction, if A = 0
x—0=x (2.10)
but
0—x=—x (2.11)

which fails.
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In the case of multiplication, A = 1 because

xx1=x (2.12)
and
1 xx=x. (2.13)
But in the case of division, if A = 1
x/1=x (2.14)
but
1/x #x (2.15)
which fails. Similarly, if A = 0 then
x/0 = 00 (2.16)
which fails, and
0/x =0 (2.17)

which also fails.

The inverse element is a powerful analytical tool for solving equations and inverting functions. In
the case of addition, the inverse of x is —x, whilst the inverse of —x is x which ensures that

x4 (=x) =0 (2.18)
and
—x+x=0. (2.19)
In the case of multiplication, the inverse of x is 1/x, and the inverse of 1/x is x, which ensures
that
1
x <—> =1 (2.20)
x
and

(l)x =1 (2.21)
X

The inverse element is related to the identity element as follows:
xQx ' =2x (2.22)

where X is the identity element. For addition A = 0 and for multiplication A = 1.
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When we add or multiply three or more numbers together the final result is independent of
their order, which doesn’t seem surprising. However, it is not true for subtraction or division. In
general, the associative law is summarized as:

a+b+c)y=(@+b)+c (2.23)

a(bc) = (ab)c. (2.24)

We take for granted this last axiom where it is possible to associate different pairs of products, but
it is extremely useful as its existence permits division within the algebra. Later on, we will discover
that GA is also associative, which permits us to divide by vectors.

To see why subtraction and division fail, consider the following simple examples:

9—(8—2)#(9—8) —2 (2.25)

9/(9/3) # (9/9)/3. (2.26)

When we add or multiply two numbers the final result is independent of their sequence. This,
too, may not seem surprising, but matrices and vectors anticommute when multiplied. The
commutative law is summarized as:

at+b=b+a (2.27)

and
ab = ba. (2.28)

To see why subtraction and division fail, consider the following simple examples:

6—-2#2-6 (2.29)

9/3 # 3/9. (2.30)

The distributive law of multiplication over addition is best summarized as:

alb+c¢)=ab+ac (2.31)

b+ ¢)a = ba + ca. (2.32)
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The above laws are the axioms for elementary algebra and are expressed formally as follows:

Given U, Uy, Uy, Uz € R:

Closure

For all 4; and u,

addition u; +u, € R

multiplication uu, € R.

Identity

For each u there is an identity element 0 and 1 such that

addition u+0=04+u=u
multiplication 1lu = u.
Inverse

For each u there is an inverse element —u and 1/u such that

addition u+ (—u)=—-u+u=0

1 1
multiplication u <—> = (—) u=1 (u#0).
u u

Associativity

For all u;, u, and us

addition  (u; + uy) + us = uy + (uy + u3)

multiplication  u; (tyus) = (uuy)u;.

Commutativity

For all u; and u,

addition  wu; + 1, = u, + uy

multiplication  uu, = uyu.

(2.33)

(2.34)
(2.35)

(2.36)
(2.37)

(2.38)

(2.39)

(2.40)
(2.41)

(2.42)
(2.43)
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Distributivity
For all u;, u, and u3

ur(Uy + u3) = uytly + Uit (2.44)
(g + o)z = ujuz + uyus. (2.45)

This chapter on elementary algebra reminds us that a group of axioms are behind any algebra
and later on we will discover that GA has its own set of axioms, some of which are familiar and
others not so familiar. It is also important to know which aspects of an algebra are closed or not, so
that we know what to expect when computing products. Finally, an algebra that is associative for
products supports division, which is very useful for solving algebraic problems. The next chapter
explores the algebra of complex numbers.



3 Complex
Algebra

On the whole, elementary algebra is relatively consistent. However, division does cause problems
when the divisor is zero, or when both numerator and denominator equal zero. We must also
be careful with square-roots, especially when using negative numbers, because, by definition, the
square of a real number is a positive real number. This, however, did not prevent mathematicians
from finding a way around such an inconvenience — for in the 16th century, Girolamo Cardano
[1501-1576] and Rafael Bombelli [1526—1572] were trying to make sense of this irreducible object.
It was Bombelli who demonstrated that /—1 could be embraced by elementary algebra so long
as such objects were left undisturbed. Eventually, in 1777 the brilliant German mathematician,
Leonhard Euler [1707-1783], introduced the symbol i to stand in for /—1 which permitted
expressions such as 2 + /=3 to be expressed as 2 + i+/3. This gave birth to complex numbers
which have the form:

a+ib or a-+ bi. (3.1)

The role of the ‘+ sign in this context is rather strange as it is impossible to coalesce the two
terms into a single value. Perhaps the conjunction ‘&’ would be more appropriate (a & ib) or just
a simple comma (a, b), where the second element implies a multiplication by 7, but we are where
we are, and the ‘+’ sign is probably here to stay, and does not appear to cause any problems.

It is also rather unfortunate that i or /—1 are referred to as imaginary quantities, as there
is nothing imaginary about them — i just has the useful feature that i* = —1. We have René
Descartes to blame for this.

A complex number takes the form

z=a-+ib (3.2)

11
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where

a is the real part,
b is the imaginary part, and
i=+-1

Either part may be zero, which implies that the set of real numbers R is a subset of complex
numbers C.

The symbol i is regarded as if it were a normal algebraic quantity, but has the property that

i* = —1. It is also worth pointing out the following pattern:

=1 i'=i f=-1 P=—i i*=1 =i ... (3.3)

which hints at #’s ability to perform a rotation — but more of this later.
i also commutes with scalars, which permits us to write ai or ia.

Complex numbers obey all the laws of elementary algebra, as illustrated by the following examples.

Addition/subtraction
(ay +ib) £ (a, + iby) = (a, £ ay) +i(by £ by). (3.4)
For example
(4+13)+ (2 —15) =6 —i2. (3.5)
Multiplication
(ﬂl + ib])(ﬂlz + lbz) = (ﬂlaz + izblbz + i&llbz + iblaz). (36)
Butasi? = —1
(a1 +iby)(ar + iby) = (a1a, — biby) +i(a1by + biay). (3.7)
For example
(2+i3)3 —i2) = 12 + 5. (3.8)

Division presents a slight problem as it is not immediately obvious how to expand

Zy a, + 1b1
— = . 3.9
2 a, + ib, (3.9)

Fortunately, help is at hand in the form of the conjugate of a complex number, which involves
a simple sign reversal. For example, the conjugate of z = a + ib is z* = a — ib, which, when
multiplied together, produces a real quantity:

zz* = (a + ib)(a — ib) = a* + b* (3.10)

the imaginary part vanishes into thin air!
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Therefore, we can write Eq. (3.9) as

ﬂ.ﬁ_a1+ib1.a2—ibz (311)
V) Z; a, + lbz a, — lbz ’

which effectively multiplies the equation by 1 but at the same time ensures that the denominator
dissolves into a real quantity:

Z a, + lbl a, — Ibz

V43 o a, + lbz a, — Ibz
21 _ (aay + biby) +i(arby — arb,)
2z a? + b?

¥4} aya, + by b, . (@b, —ab,
a_  + 010 it e 3.12
% ( pEp: )*( i) G2

which is a complex number. For example

(4+i2) (“A+i2) (3-i2)
G+i2) (3+i2) (G-1i2
16 — i2
T 9t4

4+i2) (16 /2
(3—|—i2)_(13) l<13>' (3.13)

Now let’s form the product of two complex numbers using the conjugate for one of the numbers:

zZ1=a; + lbl (314)
Z) :ﬂ2+ib2 (315)
Z; =da; — lbz (316)

212y = (ay + iby)(a, — ib,)
21z, = (a0, + biby) +i(ayby — arby). (3.17)

The scalar part of Eq. (3.17) (a,a, + b, b,) is the familiar scalar product of two vectors, but the
imaginary part (a,b; — a,b,) has the form of a determinant:

a, bz

a, b, (3.18)

which is an area. In fact, it is the area of a parallelogram formed by the two vectors z; and z, as

shown in Fig. 3.1:
! | a2
7, = [bl} 7, = |:b2:| . (319)
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Z2]

FiGure 3.1.

The area of the shaded triangle AOZ,Z, is half the area of the parallelogram (02,2,,7,):

area AOZyZy = by — Ja;b, — Ja1by — 5(a, — ay)(by — by) (3.20)
area (022Z21zl) =2x AOZzZl = 2a2b1 — azbz — a1b1 — azbl + 612b2 + ﬁl]b] — albz (321)
area (02222121) = azbl — bz. (322)

Therefore, the magnitude of the imaginary part of Eq. (3.17) is the area of the parallelogram
formed by z; and z,.
Note that by reversing the vectors, the area becomes

area (OZ]ZZIZZ) = ale — azbl (323)

which reverses the sign of the area.

Before moving on, let’s summarize in tabular form the rules for multiplying scalar and imagi-
nary quantities (Table 3.1). This is a trivial task for complex arithmetic, but when we come to GA
such tabulations are non-trivial and very important in understanding how the algebra functions.

TABLE 3.1
X B (scalar) i
o (scalar) af i

i if —1

The axioms associated with complex numbers are as follows:
Given z, z;, 25,23 € C:
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Closure
For all z; and z,
addition z, +2z, € C (3.24)
multiplication z,z, € C. (3.25)
Identity
For each z there is an identity element 0 and 1 such that:
addition z4+0=0+z=2z (0=0+4 0i) (3.26)
multiplication z(1)=(1)z=2z (1 =1+40i). (3.27)
Inverse
For each z there is an inverse element —z and 1/z such that:
addition z+(—2)=—-z+4+2z=0 (3.28)
C e 1 1
multiplication z (—) = <—) z=1 (z#0). (3.29)
z z
Associativity
For all z;, z, and z;
addition z;+ (2, +2z3) = (21 +2) + 23 (3.30)
multiplication z,(z2,23) = (2122)2;3. (3.31)
Commutativity
For all z, and z,
addition z, +2z, =2 + 2z (3.32)
multiplication z,z, = z,z;. (3.33)
Distributivity
For all z;, z, and z;
2z +23) = 212 + 2123 (3.34)
(21 + 20)z3 = 2123 + 2,2;5. (3.35)
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The English mathematician, John Wallis [1616-1703], published his De algebra tractatus in 1685
in which he described a method of representing complex numbers as points on a plane. Unfortu-
nately, his description was rather obtuse and failed to influence mathematicians of the day. Paul
Nahin’s book An Imaginary Tale: The Story of «/—1 [4] records that the Norwegian surveyor,
Caspar Wessel [1745-1818], was another person to discover the geometric interpretation of com-
plex numbers. His paper entitled “On the Analytic Representation of Direction: An Attempt” was
announced in 1797 and in 1799 was published in a local Danish journal with a small international
circulation, which ensured that his idea remained hidden for almost 100 years! Wessel’s paper was
discovered in 1895 by an antiquarian and its importance recognized by the Danish mathemati-
cian, Christian Juel [1855-1935], but it was too late — the Swiss-born writer, Jean-Robert Argand
[1768-1822], had also thought of the same idea in 1806, and it is Argand’s name that is associated
with the complex plane rather than Wessel’s.

The complex plane, or Argand diagram, uses two orthogonal axes to locate a complex number:
the horizontal axis is the real axis whilst the vertical axis is the imaginary axis. Figure 3.2 illustrates
this concept and shows how the complex number z = a + ib is viewed as a 2D point with
coordinates (a, b) or as a vector z with components [a b]”.

imaginary
a z=a+ib

real

FiGURE 3.2.

The length of the position vector z pointing to z is called the modulus of the complex number

and written |z|, which makes
Izl = |z| = va® + b (3.36)

and allows Eq. (3.10) to be written as
zz* = |z|. (3.37)

The polar angle 6 between the real axis and the position vector is identified using the inverse-
tangent function (tan™"). For the 1st and 4th quadrants, when a > 0

0 =tan"'(b/a) (3.38)
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and for the 2nd and 3rd quadrants, whena < 0

0 = 180° +tan"'(b/a) (3.39)

z=a+ib= (\/az T b2,9) = (12, 0). (3.40)

The angle 0 is also called the argument of the complex number.

Once Wessel had discovered a geometric interpretation for complex numbers, the rotational
qualities of i became apparent. To illustrate this, let’s trace the path of a complex number as
it is repeatedly multiplied by i. We start with a + ib. Multiplying this by i we obtain —b + ia.
Multiplying again we obtain —a — ib. Multiplying again we obtain b — ia, and finally a + ib.
After four multiplications we return to the original complex number. When these intermediate
numbers are located on an Argand diagram (Fig. 3.3) we see that each multiplication by i results
in an anticlockwise rotation of 90°.

A
-b+ia
/ N a+ib
real
—a—ib \
- b—ia

FIGURE 3.3.

Multiplying a complex number by —i performs a clockwise rotation. For example

—i(a+ib)=—ia+b=0b—1a (3.41)

which is confirmed by Fig. 3.3.
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Referring to Fig. 3.2 we can see that

a b .
— = cosf — =sinf (3-42)
|z| |z|

therefore we can write z in Cartesian form as

z=a+ib =|z|cosf +i|z|sin 6

z = |z|(cos @ + isinf). (3.43)

Using this notation, let us examine the geometric interpretation of multiplying two complex
numbers together. We start by defining two complex numbers in Cartesian form:

z, = r1(cos @ + isinf) (3.44)
2, = 1,(cos o + i sina) (3.45)
where r, and r, are their moduli.
Therefore,
212y = 1112(cosf + isinf)(cosa + isina)
= rir(cosf cosa — sin 0 sina) + i(sin 6 cos & + cos O sin «)

212, = 112(cos(0 + ) + isin(0 + «)) (3.46)
where we see that the resulting complex number has a modulus equal to the product of the moduli
of the original numbers, whilst the new argument is the sum of the original arguments.

For completeness, let’s calculate the product z,z;:
212y = 111,(cos @ + isinf)(cos o — i sina)
= riry(cosf cosa + sin B sina) + i(sin 6 cosa — cos O sin «)

z1zy = 1iry(cos(f — o) + i sin(0 — ). (3.47)
If B is the angle between z; and z,, then $ = 6 — «, and
z1z; = riry(cos B+ isin B).

Expanding, we obtain
z12, = 111, cos B+ iryry sin B. (3.48)

We observe that the scalar part of Eq. (3.48) is the scalar product of two equivalent vectors, and
the imaginary part is the magnitude of the corresponding vector product, and represents the area
of the parallelogram formed by z; and z,.
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Equation (3.47) can be used to illustrate what happens when a complex number is raised to some
power. To begin, we let r = r; = r, and o = 6, therefore

z* = r*(cos 20 + i sin 260) (3.49)

where the square term emerges as a 20 term. This is no accident, and Abraham De Moivre
[1667-1754] proved that
z" = r"(cosnb + isinnbh). (3.50)

The Scottish mathematician and astronomer, David Gregory [1659—1708], published his first
major book in 1684, Exercitatio Geometrica de Dimensione Figurarum, in which he extended his
uncle’s work on the method of quadratures by infinite series [5]. After his death, some unpublished
papers on infinite series were discovered, and the same infinite series were later discovered in 1715
by the English mathematician, Brook Taylor [1685-1731]. Finally, in 1742, the Scottish professor
of mathematics, Colin Maclaurin [1698-1746], described in his Treatise of Fluxions a notation
that is continued in today’s textbooks.

Basically, a Taylor or Maclaurin series consists of an infinite number of terms which normally
converges as the number of terms is increased. For example, the base of the natural system of
logarithms is defined as

1 n
e = lim <1 + —) (3.51)
n—00 n
but it can also be represented as an infinite series
= li 1 ! Lyl ! (3.52)
e= lm +ﬁ+5+§+...+m ) .
and e* has the form
Cmtim (145 ST a 3.53
e = lim +ﬁ+§+§+...+m . (3.53)
Similarly, it can be shown that
x x> X
smx:x—a—i—a—ﬁ..., (3.54)
IR 3.55
cosx = —E—I-Z—a..., (3.55)

where x is in radians.
But what happens if we make x a complex number in Eq. (3.53)?

g ) ix  i%x* P8 i'x" 356
e” = lim +1—!+2—!+?+...+ (3.56)

n—oo
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which simplifies to

e :14—?—5—?4'?—’—? (3.57)

Collecting up real and imaginary terms:

, x? xt x® X x X
o __ . . : A o
e =1 2!—1—4! 6!...+1<x 3!—}-5! 7!...) (3.58)
which we recognize as the sin and cos functions, therefore,
e™ = cosx + isinx. (3.59)

When x = 7 we obtain

e =cosm +isinm

e =—1 (3.60)
which is the beautiful relationship discovered by Euler. But apart from its elegance, it seems to

possess rotational properties; for if we multiply a complex number by e™™ its sign is reversed, i.e.
rotated by 180° or 7 radians. Similarly,

e'7 = cos(m/2) + isin(mw/2)
i (3.61)

1

N‘él

e

which is equivalent to a rotation of 90°.
Equation (3.42) shows that a complex number can be represented as

z =r(cos6 +isinf) (3.62)

and as
e = cos@ +isind (3.63)
z =re”. (3.64)

This is interpreted as the real quantity r rotated through an angle 6.
We can rotate z through an angle ¢ to z’ using:

z' = ze'® = re?e

and _
z' = re!@9), (3.65)

These relationships form an important part of GA and should be understood before proceeding.
To conclude this section, let’s evaluate i*. Starting with Eq. (3.61) we have

.» z\' 2
i'= (e’2> =e

i =e 7 =0.2078795..., (3.67)

[N

(3.66)

therefore

which is a real number!
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Now that we have discovered that complex numbers are intimately related to exponential e, it
must be possible to find the natural logarithm of a complex number. Now since

T
Ini =i—. 3.69
ni 12 ( )

However, this is the principal logarithm because if

z =r(cos6 +isinf) (3.70)
then
Inz=Inr +In(cos@ + isinf)
=Inr+Ine”
and
Inz =1Inr +i6. (3.71)

But 0 has an infinite number of forms:
0 + 2nm (3.72)

therefore a complex number has infinitely many logarithms, differing by integer multiples of i27.
As an example, to find the principal logarithm of z = 2 4 i2, we begin by finding the modulus

of z:
lz| = V22 422 = V8 =2V2. (3.73)

Next, we find the argument of z:

0 in—_ —45°= " (3.74)
= arcsin = =—. .
22 4
Therefore,
11 F14
z=2/2 (cos 7 Hisin Z) (3.75)
and

Inz =ln2x/§+ln<cos% +isin%)

Inz =In2v2 +Ine'#
T
Inz=1In2v2+i (Z + Znn) . (3.76)

The principal natural logarithm of z is

In2v2 + i% ~ 1.04 + i0.7854. (3.77)
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The algebra of complex numbers is closed for addition, subtraction, multiplication and division,
which is why it is such a powerful framework for solving problems. However, in spite of this
strength, it can still instil a sense of unease when we are faced with an answer that has real and
imaginary parts. One just has to accept that certain mathematical problems cannot have a pure
real solution, and the only way to express some sort of answer is to write it in two portions — real
and imaginary. Geometric algebra is also riddled with similar uncomfortable imaginary concepts,
and this chapter is an attempt to prepare the reader for these surprises.




% 4 Vector Algebra

NS

vV

The evolution of vector analysis is an amazing story of intrigue, discovery, jealousy, prior art,
coincidence and human weaknesses, all of which are covered in Michael Crowe’s excellent book A
History of Vector Analysis [6]. No one mathematician can claim that he or she discovered vectors —
although the word vector was coined by the Irish physicist and mathematician, William Rowan
Hamilton [1805-1865]. However, long before Hamilton was born, the German diplomat and
natural philosopher, Gottfried Wilhelm Leibniz [1646-1716], had written to Christian Huygens
in 1679:

I have discovered certain elements of a new characteristic which is entirely
different from algebra and which will have great advantages in representing
to the mind, exactly and in a way faithful to its nature, even without figures,
everything which depends on sense perception. [7]

Although Leibniz had developed a system for annotating line segments with letters, he failed to
show how such geometric elements could be manipulated arithmetically. We had to wait for the
German mathematician, August Ferdinand Mobius [1790-1868], to publish his Der barycentrische
Calcul in 1827, which contained the foundations of vectors in the form of barycentric coordinates
[8]. In 1843 Mobius published Die Elemente der Mechanik des Himmels where he showed how
directed line segments could be added and subtracted.

Meanwhile, in Ireland, Hamilton was looking for a 3D equivalent of complex numbers.
Hamilton had started his search in 1830 and on October 16, 1843, he invented quaternions,
which contained two products that became central to vector analysis and eventually to GA.

It was not easy for Hamilton to convince fellow mathematicians to embrace his new algebra.
In fact, 47 years after his discovery, the third edition of Hamilton’s Treatise on Quaternions (1890)
contained a preface by Peter Tait who wrote about his surprise of “how little progress has recently
been made with the development of Quaternions.” [9] Tait openly blamed the mathematician,
Josiah Willard Gibbs [1839-1903], for “retarding” the development of quaternions in favor of his
own newly developed field of vector analysis.

23
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Gibbs’ book Elements of Vector Analysis [10] was printed in two parts in 1881 and 1884,
which laid the foundations for a notation that is used today. The symbols i, j and k of Hamilton
were dropped and replaced by the unit Cartesian vectors i,j and k, which are free from any
imaginary connotation. Hamilton’s quaternion products were renamed as the direct product and
the skew product. Today we know them as the scalar (dot) product and the vector (cross) product
respectively. With the support of scientists such as Oliver Heaviside, who applied vector analysis
to the study of electromagnetic theory, vectors became the preferred system of the day and
quaternions faded from the scene.

Elementary scalar algebra is used to solve most of our everyday problems, but when it comes
to manipulating forces, velocities, magnetic fields, etc., where both magnitude and direction are
mutually important, vectors provide an intuitive mathematical object for their encoding. Directed
line segments, in turn, provide a simple, yet effective, way of visualizing vectors, where magnitude
is represented by the line’s length and direction by the line’s orientation and arrow. Figure 4.1
shows the vector a in R? formed from two points P and Q, where

P = (x,y,) and Q = (x4, 5,) (4.1)

[0
q a

and

The vector is directed from P to Q.

YA
Yy

FiGuRe 4.1.

Consequently, given the vectora = [x, y,]”, its magnitude is

lall = /x2 4+ y2. (4.3)

Similarly, the magnitude of the vectora = [x, y, 2z’ inR*is

lall = /x2 +y2 + z2. (4.4)
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A vector’s orientation is defined in terms of the cosines of the angles it forms with the Cartesian
axes as shown in Fig. 4.2:

a a Zﬂ
cosae = —  cosf = Ja cos y = . (4.5)

llall llall llall

Y

a
v}
X
zZ X

FIGURE 4.2.

The addition and subtraction of vectors is extremely simple as illustrated in Fig. 4.3, which
shows the vector operations a + b and a — b:

Y

FIGURE 4.3.

Readers wishing to increase their knowledge beyond the contents of this chapter are recom-
mended to read Vector Spaces of the Open University’s Linear Algebra Block [11], which provided
the background for the following sections. Readers wanting to see how vector analysis is employed
in computer graphics are directed to the author’s book Vector Analysis for Computer Graphics [12].

Vectors are mathematical objects that may or may not have a geometrical significance, and
although in this book we are interested in their application to geometry, they are fundamentally
an algebraic object devoid of any real-world geometric attributes.
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We begin with the term vector space which is nothing more than a set of elements called vectors.
The two most familiar Euclidean spaces are R? and R?, where R? is the set of ordered pairs of real
numbers, and R is the set of ordered triples of real numbers. Generalizing this definition, R” is
the set of all ordered n-tuples, where an ordered n-tuple is a sequence of real numbers such as
(141, Uy, . . ., U,), which permits us to define a vector as

u = (U, tp,...,U,) (4.6)

where 7 is a positive integer and describes the dimension of the vector space. When n > 3 it is
impossible to visualize the vector space, which is a limitation imposed by our brains rather than
a limit to the physical existence of such objects.

With such a general description of a vector space one can propose all sorts of strange spaces
that have as their elements: integers, complex numbers, matrices or even polynomials. So to pre-
vent the creation of useless spaces, the definition of a vector space is subject to specific algebraic
axioms, which we have already come across in our analysis of elementary algebra and complex
numbers: closure, identity, inverse, associativity, commutativity and distributivity. Thus, a real
vector space comprises a set of V elements (i.e. vectors) that are subject to vector addition and
scalar multiplication, such that the following axioms hold:

Given V,V,Vy, V3,0 €V and A,e e R: (4.7)

Closure

For all v;, v, and A

addition v, +v, €V (4.8)
multiplication v € V. (4.9)
Identity
For each v there is an identity element 0 and 1 such that:
addition v4+0=04+v=v (4.10)
multiplication 1v =wv. (4.11)
Inverse
For each v there is an inverse element —v such that:
addition v+ (—v) = —v+4+v=0. (4.12)
Associativity

For all v;, v, and v
addition (v; +v,) +v3 = v; + (v5 +v3). (4.13)
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Forallv, A and ¢

multiplication A(ev) = (Ae)v. (4.14)
Commutativity
For all v, and v,
addition Vi + vV, =V, + V. (415)
Distributivity
Forallv,v,,v,, A and ¢
)\.(Vl + V2) = )\.Vl + )\Vz (416)
(A4 &)v=2Av + ¢v. (4.17)

The algebra of vector analysis employs a rich vocabulary of terms such as vector space, dimension,
ordered pairs, triples and n-tuples, direction cosines, linear combination, linearly dependent,
spanning sets, orthonormal basis, scalar and vector product. Geometric algebra possesses an even
richer vocabulary and fortunately builds upon the vocabulary of vector algebra, which is why it is
important to understand these terms. So let’s continue by explaining the rest of the terms starting
with linear combination.

Given two vectors a and b it is possible to construct a third vector ¢ such that

c=2Aa-+¢b (4.18)

where A, & € R.

The vector c is then said to be a linear combination of a and b.

As an example, let’s discover whether the vector (8, 11) is a linear combination of the vectors
(1,1) and (2, 3).

If this is true, then

(8,11) = A(1,1) + £(2,3) (4.19)
and
8=A+2¢ (4.20)
11 = A 4 3e. (4.21)
Subtracting Eq. (4.20) from (4.21)
g =3. (4.22)

Substituting ¢ in Eq. (4.20)
8§=A1+6 (4.23)



28 Geometric algebra for computer graphics

and
A =2. (4.24)

Therefore,
(8,11) = 2(1,1) + 3(2,3) (4.25)

which confirms that (8, 11) is a linear combination of the vectors (1, 1) and (2, 3).

Now let’s consider a second example where there is no linear relationship.

We pose the question: Is the vector (6, —2) a linear combination of the vectors (4, 4) and (2, 2)?
If it is, then

(6,—2) = A(4,4) + £(2,2) (4.26)

and
6= 41 + 2¢ (4.27)
—2 = 4) + 2e. (4.28)

Equations (4.27) and (4.28) are irreconcilable as it is impossible to find values of A and ¢ that
satisfy them, therefore the vector (6, —2) cannot be expressed as a linear combination of the
vectors (4,4) and (2,2). This condition is expressed formally as:

Given Vi, V2, ...V, € V  and )\.1, )\.2, ‘e )"t e R. (429)

Then any vector of the form A;v; +X,v, +. .. + A, v,, is called a linear combination of the vectors
Vi,V ..V and )\,1V1 + )\,2V2 + ...+ )"tvt eV.

Accepting the fact that a vector can be a linear combination of a number of other vectors, the
idea of spanning sets arises when we pose the question: What is the set of all possible linear
combinations of these vectors? For example, could there be two vectors, which when linearly
combined in every possible combination, covers the Euclidean plane R?? Well, the answer to this
question is “yes” — there are two such vectors: (1, 0) and (0, 1).
The vector (1, 0) aligns with the x-axis, whilst (0, 1) aligns with the y-axis. Now if we combine
these as follows:
v =A(1,0) 4+ €(0, 1) (4.30)

where A,& € R, then all possible values of v will cover R?, or {(1,0), (0,1)} spans R?. Alter-
natively, R? is spanned by {(1,0), (0, 1)}.

Obviously, different collections of vectors create different spans, and the problem arises as to
whether another vector is a member of a span.

Using the previous example, say we know that the set S is spanned by the vectors {(1, 1), (2, 3)}
Le.

S=1{(1,1),(2,3)} (4.31)

and we need to know whether (8, 11) is a member of (S).

We proceed as follows by writing

(8,11) = A(1,1) +€(2,3) (4.32)

which we know reveals that A = 2, ¢ = 3,and (8,11) € (S).
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As another example, consider proving that {(1, 3), (2, —4)} is a spanning set for R?.
We proceed by noting that a vector (x, y) € R? given that x,y € R. Therefore, we can write

(x,y) = A(1,3) + (2, —4) = (A + 26,31 — 4¢). (4.33)

Equating corresponding coordinates

x=A+2¢ (4.34)
y =3\ —4e (4.35)
which makes ) )
) = — — 4.
A 5(x+y) € 10(3x y) (4.36)
therefore, X .

Which confirms that {(1, 3), (2, —4)} is a spanning set for R?. Or
This relationship is expressed formally as:

Let Vi,V ...V € V and )\.1, )\.2, e )"t e R. (4.39)

If S = {v},V,,...v,} then the span of S, (S), is the set of all possible linear combinations
)\'lvl + )\.2V2 +...+ )»tvt, (440)

or
(S) = {)\,1V1 + )\.2V2 + -+ )\.tvt : )\.1, )\,2, N ')"t (S R} (441)

A consequence of spanning sets is the idea of linear independence and dependence. For example,
let’s show that the following sets span R:

{(1,0), (1, 1)} and {(1,0), (1, 1), (2, —2)}. (4.42)

We proceed by noting that given x,y € R, a vector

(x,y) € R%. (4.43)
Therefore, we can write
(x,y) =A(1,0) +e(1,1) = (A + ¢,¢). (4.44)
Equating corresponding coordinates
x=A+e (4.45)

y=¢ (4.46)
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where
A=x—y €=y (4.47)

and
(x,y) = (x —y)(1,0) + y(1,1). (4.48)

Which confirms that {(1, 0), (1, 1)} spans R
Similarly, we can write

Equating corresponding coordinates

X=XA+e+2ny (4.50)
y=¢e—2n (4.51)

which creates a pair of simultaneous equations in three unknowns, which has an infinite number
of solutions, one of which is
A=x—y e=y n=0 (4.52)

which implies that

and confirms that {(1,0), (1, 1)} spans R
Another solution is
A=x+y =0 n=-3y (4.54)

which implies
(x,7) = (x +»)(1,0) +0(1, 1) — 3y(2,-2) (4.55)

and confirms that {(1,0), (2, —2)} also spans R,

Either way, one of the original vectors is redundant, which poses the question: What is the
smallest number of vectors that spans a space? This is called the minimal spanning set.

The answer to this question is to discover whether one of the vectors is linearly dependent upon
the other vectors. In the above example, if we can show that the vector (2, —2) is linearly related
to {(1,0), (1, 1)} then it is redundant.

We proceed as follows:

(2,-2) = A(1,0) + &(1,1) = (A + &, &). (4.56)

Equating corresponding coordinates

Ate=2 (4.57)
which makes
A=4 &=-2 (4.59)

and
(2,—2) = 4(1,0) — 2(1,1) (4.60)
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which can be substituted in Eq. (4.49):
Simplifying
(x,7) = (A 4+4n)(1,0) + (¢ — 2n)(1, 1). (4.62)

Therefore, {(1,0), (1,1)} spans R?.
To identify whether a spanning set is minimal or not, we must establish whether any member
of the set is a linear combination of the others. Formally, this is defined as follows:

Given ViVa,...v, €V and  Ap ... A € R (4.63)
{vi,va,...v,}is linearly dependent if A, A,, . .. A, exist that are not all zero, such that

AMvi+Avo+ .o+ A v, =0 (4.64)
otherwise it is linearly independent.

Consequently, for a set of vectors to be a minimal spanning set for a vector space V, they must
be linearly independent. Furthermore, such a set is called a basis for the vector space V.

Because a vector space can have an infinite number of vector sets as its basis, it is tempt-
ing to enquire whether any preferred set exists? To which the answer is “yes”. For R? they are
{(1,0), (0, 1)} and for R? they are {(1,0,0), (0, 1,0), (0,0, 1)}. In general, the standard basis for R"
is the set of n vectors

{1,0,0,...0),(0,1,0,...0),...,(0,0,0,...1)}. (4.65)

Orthogonal means at right-angles to, and an orthogonal basis implies that its vectors are at
right-angles. Thus if the basis vectors vi = (x;,y;) and v, = (x,, ;) are orthogonal if

X1X2 +)/1)/2 =0. (4.66)
For example, the standard base for R? is {(1, 0, 0), (0, 1,0), (0,0, 1)} which are orthogonal:
(Ix0x0+0x1x04+0x0x1)=0. (4.67)

Readers familiar with the scalar (dot) product will understand why this is so. We examine this
product in section 4.10.
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When we use the word ‘dimension’ we normally associate it with physical space, which is apparently,
three-dimensional. In vector notation this corresponds to R®. As vector spaces may have any
number of dimensions, in this context, dimension means the number of vectors used in the basis
for the vector space.

Very often sets contain smaller subsets. For example, the set of integers N contains two subsets
N and Ny which are the odd and even integers respectively. The same concept arises in vector
spaces, where a vector space V' contains a subset S, which is called a subspace if it satisfies all the
axioms associated with V. In general, these axioms are:

a. 0eS
b. S is closed under vector addition
c. S is closed under scalar multiplication

For example, the first axiom 0 € S, ensures that any proper subset of R? must include

a zero-dimensional subset {0}
a one-dimensional subset y = ax (a line through the origin)
a two-dimensional subset z = ax + by (a plane through the origin).

For example, to show that the set of vectors
S ={(x,4x) : x € R} (4.68)

is a subspace of R?, we must demonstrate that the above axioms apply to the set S.

1st Axiom

When x = 0 then (x,4x) = (0,0) and 0 € S.

2nd Axiom

Letv; = (x;,4x;) and v, = (x2, 4x,), which belong to S.
Therefore,

Vi + vy = (x1,4%)) + (x2,4%,)
Vi 4+ Vv = (x1 + x5, 4(x1 + X)) (4.69)

which is closed.
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3rd Axiom
Let
v=(x,4x) €S and X €R. (4.70)
Therefore,
A= A(x,4x) = (Ax,4(Ax)) (4.71)
which is closed.
As all three axioms hold,
S ={(x,4x) : x € R} (4.72)
is a subspace of R®.
To demonstrate where a subset is not a subspace of R?, consider the set
S={xy,x+y+3):x,y e R} (4.73)
This is obviously a plane and is defined by
z=x+y+3. (4.74)

When x = y = 0,z = 3, and it fails the first axiom, and there is no need to investigate the other

two axioms.

There are two products associated with vectors: the scalar and the vector product. As the name
suggests the scalar product results in a scalar, and no chance of closing the algebra. By definition,

the scalar product for two vectors in R? is

vi -V = [[vi|[[[v2]l cos & = x1%, + y1y»

v, = |:x1:| and v, = |:x2:|
N1 V2

0 is the angle between v, and v,.

where

and

Similarly, for two vectors in R?

vi vy = [[villIvall cos € = x1x; + y1y2 + 212

where
X1 X2
vVi=|(N and Vo= |
21 23
and

0 is the angle between v, and v,.

(4.75)

(4.76)

(4.77)

(4.78)
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In general, for two vectors in R”

vi vy = [[villlvall cos 0 = a1 B + a8 + ... + By (4.79)
where
o B
(0% B2
vi=| . |andv,=| . (4.80)
oy B
and

0 is the angle between v; and v,.

The product is also known as the dot product to reflect the - used as the operator.
As an example, given two vectors

1 2
vi =12 v, = |2 (4.81)
3 4

then
ViV,=1x24+2x2+3x4=18 (4.82)

and
vill = V12 4+ 22432 =+/14 (4.83)
Vol = V22 + 22 + 42 = /24 (4.84)

Therefore, the angle between v, and v, is

0 ~ 10.9°. (4.85)

Before proceeding with the vector product, we need to examine two laws associated with the dot
product: the commutative and distributive laws and we also need to confirm the role of scalars.

Commutativelawa-b =b - a

As
a-b=|a||b|l cosb (4.86)

the commutative law of scalar multiplication permits us to write Eq. (4.86) as
a-b=|blllacosé =b-a (4.87)
therefore,

a-b=>b-a. (4.88)
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Distributivelawa - (b +c¢) =a-b+a-¢
Given
a = x,1+ y.j + z.k (4.89)
b = x,i + yj + 2k (4.90)
c=xi4+yj+zk (4.91)
then
a- (b4 o) = (X + ya + zK) - (Gl + ypj + 2K) + (X + yej + 2:k))
= (Xl + yaj + 2,K) - (% + %)+ (7 + 7)) + (2 +2)K)
=% (X + %) + yaOp + o) + 2a(2p + 20)
a-(b+c) = (xxp + X% + VaVp) + Waye + 2020 +2,2.) =a-b+a-c (4.92)
therefore,
a-(b+c)=a-b+a-c (4.93)

As the name suggests, the vector product results in a vector, which ensures closure, but it only

exists in R?. By definition, the vector product for two vectors is
V| X V; = V3
where
Vsl = [IvalllIvall sin 6
0 is the angle between v, and v,
and
v; is orthogonal to v; and v,.
vs is given by

21 X
2 X

X1 N
X2 N

i+ i+ k.

V3 =

Y1z
2 2

As an example, let’s find the vector orthogonal to v; x v, where

vi=[1 0 0] andv,=[0 1 0]".

0o o lo 1. |1 o
V3_'1 01+‘0 0‘”‘0 1‘1‘
V3=k

which is correct.

(4.94)

(4.95)

(4.96)

(4.97)
(4.98)

(4.99)
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The vector product is also known as the cross product to reflect the ‘x” symbol used as the

operator.

Commutativelawa x b #b x a

The commutative law does not hold for the vector product.

Given

i
axb=|x,
Xp

Va
Vb

axb= .z — ypz)i+ (2aXy — 26%0)j + Xayp — Xpya)k.

Whereas

i
bxa=|x
Xa

Vb
Va

j k

Ya Za

Yo 2

Zai+za xaj_l_xu )’ak
Zp 2y Xp Xp Vb

i k

Yo 2

)/a Zy

Zhi+zb ij_l_xb }’bk
24 2y X Xa  Ya

= (V020 — Yazo)1 + (26X — 2aXp)] + (XY — Xayp)K

= —Va2p — Y2a)i + (2axy — zpXa)j + (o) — Xpya)k

bxa=—-axb

therefore,

axb=-bxa.

Distributivelawa x (b +¢) =ax b+a x ¢

Given

and

a=x,1+ v, + zk
b= xbi +)/b] +Zbk
c=xi+yj+zk

d=Db+c=x41+ysj+zk

(4.100)

(4.101)

(4.102)

(4.103)
(4.104)
(4.105)

(4.106)
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then
i j k
ax(bt+co)=axd=|x, y. 2z (4.107)
Xa  Ya Zd
axd=|"" “iq| Yaljp ¥ ek (4.108)
Ya Zd Zq X4 Xa  Ya
Substituting b + ¢ for d
Ya Z, Za Xa Xa Va

ax(b+c)= i+

Vo + Ve zh+zci+ Zy 2. Xp+ X Xy + X Yyt e
= (alzo +20) — za(yp +ye)i

+ (2o (xp + x0) — Xa(25 + 2))]

+ % (o +ye) — Yo + x)k
= (azo — YoZa)l + (VaZe — YeZa)i

+ (zaxy — 2pXa)] + (ZaXe — ZcXa)]

+ (xayp — Xpya)k + (Xaye — Xeya)k

ax(b+c)=axb+axc (4.109)

In this chapter we have reviewed vectors and the axioms of vector algebra. Perhaps the most
important points to acknowledge are that the scalar product converts two vectors into a scalar;
the cross product anticommutes, and only works in R®. The next chapter reviews quaternions and
their associated algebra.






5 Quaternion
Algebra

Quaternions are the result of one man’s determination to find the 3D equivalent of complex
numbers. Sir William Rowan Hamilton was the man, and in 1843 he revealed to the world his
discovery which had taken him over a decade to resolve.

Knowing that a complex number in R? has the form

z=a+ib (5.1)

it is reasonable to presume that a complex number in R? should take the form

z=a+ib+jc (5.2)
where i and j are unit imaginaries: i* = j* = —1. However, when two such objects are multiplied
together we have
212, = (ay + iby + joy)(az + iby + jc) (5.3)
which expands to
212, = aya, + iab, + ja,c, + ibyay + i*by b, + ijbyc, + joya; + jic\b, + jrcic. (5.4)

Substituting i* = j2 = —1 into Eq. (5.4) and collecting up like terms we obtain
21z = (ma, — biby — c100) +i(a1by + biay) + j(arc, + c1a2) + ijbic; + jic by (5.5)

which leaves the terms ij and ji undefined. These stumped Hamilton for many years, but his
tenacity won the day, and he eventually came up with an incredible idea which involved extending
the triple into a 4-tuple:

z=a+ib+jc+ kd. (5.6)

When two such objects are multiplied together we have

212, = (ﬂl + lbl +jC1 + kdl)(ﬂz + 1172 +jC2 + kdz) (57)

39
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which expands to
212, = ayay + ia1by + jay¢, + kayd,
+ibiay + i*b,b; + ijbic, + ikb,d,
+jciay + jic by + j*cic, + jked,
+ kda, + kid,\ b, + kjd,c, + k*d,d,. (5.8)
Substituting i* = j2 = k* = —1 in Eq. (5.8) and collecting up like terms we obtain
212 = a1a, — bb, — ¢, — did,
+i(aby + biay) +j(arc, + ciay) + k(aydy + diay)
+ijbic, + ikbyd, + jicib, + jkeid, + kid b, + kjd, c,. (5.9)

But this, too, has some undefined terms: 7j, ik, ji, jk, ki, kj. However, Hamilton was a genius and
he resolved the problem by proposing the following rules:

ij=k jk=i ki=j ji=—k ki=—i th=—j (5.10)
which when substituted into Eq. (5.9) produces
212y = may — bbby, — ¢, — did,
+i(ab, + biay) + j(a1c + c1a;) + k(ayd, + dyay)
+ kbic; — jbidy — kb, + icidy + jdi by, — idic,. (5.11)
Collecting up like terms we obtain
2120 = a1a; — (b1by + 16, + didy)
+i(a1by + biay + cidy — dicy)
+jlaic, + ca, + dib, — bidy)
+k(a\d, + dia, + bic, — a1by). (5.12)
Although this does not have any undefined terms it can be tidied up as follows:
212, = a1a; — (b1by + 16, + didy)
+ a1 (iby + jo, + kdy) + a,(iby + jo, + kd)
+i(ad, —dicy) +j(dby — bidy) + k(bic, — c1by) (5.13)
The last step is to write the original object as the sum of a scalar and a vector starting with:
zZ1=55+V, z=5+VW (5.14)
and the following symmetry emerges:
2120 = $15 — V] - Vo + 5 Vo + 85V + V] X Vs (5.15)

Hamilton called this object a ‘quaternion’ and gave the name ‘vector’ to the imaginary portion.
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The product v, - v, is equivalent to
byb, + cic, +did, (5.16)
and became the scalar or dot product, whilst v; X v,, which is equivalent to
i(ady, — dicy) +j(diby, — bidy) + k(bic, — ¢1by) (5.17)

became the vector or cross product and led to the definitions:

vy - Vo = |[vi|l[[v2]| cos 6 (5.18)
and
Vi XV, = V3 (519)
where
V3 = i(Cle — d1C2) +](d1b2 — bldz) + k(b1C2 — C1b2) (520)
and
Vsl = [Ivilll[v2]l sin & (5.21)
where

0 is the angle between v; and v,.

Strictly speaking, the 7, j and k are unit imaginaries which obey Hamilton’s rules where
==k =ik=-1 (5.22)
ij =k jk =1 ki =j ji = —k kj =—i ik= —j. (5.23)

However, when vector algebra became the preferred system over quaternion algebra, the 7, j and
k terms became the Cartesian unit vectors i, j and k.

One very important feature of quaternion algebra is its anticommuting rules. Maintaining
order between the unit imaginaries is vital for the algebra to remain consistent, which is also a
feature of GA.

Two quaternions g; and ¢,

q1 = s1 +ix +jy +kzy (5.24)
G =S+ i+ + ko (5.25)

are equal if, and only if, their corresponding terms are equal. Furthermore, like vectors, they can
be added or subtracted as follows:

Qg =1[061E5)+ilxEx)+j0n £y +kzE£2)] (5.26)



42 Geometric algebra for computer graphics

For example, given two quaternions

G =14i2+j3+k4 (5.27)
G =2—i+j5—k2 (5.28)

their sum is given by
G+ q=3+i+j8+k2. (5.29)

Given two quaternions

ql =85 =+ Vi =95 =+ ixl +])/1 + kZl (530)
q>2 =5+W =52+iX2 +j}/2+kZ2 (531)

their product is given by
Q192 = $15 — Vi - Vo + §1V2 + 5V + V| XV, (5.32)

which is still a quaternion and ensures closure. However, the quaternion product anticommutes,
which we can prove by computing ¢,4;:

12q1 = $51 — V2 -V + v+ 5V, + v, X vy, (5.33)
The pure scalar terms s,s;, v, - v; and the products s,v; and s;v, commute, but the cross product

v, X v; anticommutes, therefore q,q, # ¢»q.
For example, given the quaternions

G =1+i2+73+k4 (5.34)
G =2—i4+j5—k2 (5.35)

their product g, 4, is
Qi = (A +i2+3+k4)2 —i+j5—k2) (5.36)

=[1x2—2x(=1)4+3x54+4x(=2))
+ 1(—i +j5—k2) +2(i2 +j3 + k4)
+i(3 X (=2) —4 x5 +j4 x(—1) —(=2) x2)+ k(2 x5—(—1) x 3)]
=—-3+4+i3+4+j114+k6—i26+ k13
4192 = —3 — 123 +j11 4+ k19 (5.37)

which is a quaternion.
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Whereas the product q,q; is

Gq = 2 —i+j5—k2)(1 +i2+j3 + k4)
=[2—((—1) x24+5x34(=2) x 4)
+2(12 +j3 + k4) + 1(—i +j5 — k2)
+i(5x4—3x(=2)+j((=2) x2—4 x (=1)) + k((—=1) x 3 —2 x 5)]
@q = —3+i29+j11 — k7 (5.38)

which is also a quaternion, but q,q; # q19».

Given the quaternion

q=s+ix+jy+kz (5.39)
its magnitude is defined as
gl = /3 + x> +y* + 22 (5.40)
For example, given the quaternion
q=1+i2+j3+k4 (5.41)
gl = V12 4 22 4 37 + 42 = /30. (5.42)

Like vectors, quaternions have a unit form where the magnitude equals unity. For example, the
magnitude of the quaternion

g=1+i2+j3+k4 (5.43)
is
lqll = V12 422 + 32 + 42 = /30 (5.44)

therefore, the unit quaternion g equals

1
§= S5+ 243 + k). (5.45)

Hamilton named a quaternion with a zero scalar term a pure quaternion. For example,

@1 = ix1 + jy1 + kzi and q, = ix; + jy, + k2, (5.46)
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are pure quaternions. Let’s see what happen when we multiply them together:
0192 = (ix) + jy1 + kz1) (ixy + jy, + kz,)
0iq = [—(% + 312 + 212) + iz — y2z21) +j(@x% — 2x1) + k(xiy, —xp1)] (5.47)

which is no longer a pure quaternion, as a negative scalar term has emerged. Thus the algebra of
pure quaternions is not closed.

Given the quaternion

q=s+v

q=s+ix+jy+kz (5.48)
by definition, its conjugate is

g=s—v=s—(ix+jy+kz). (5.49)

For example, the quaternion

g=1+i2+j3+k4 (5.50)
its conjugate is

g=1-—i2—j3—ka. (5.51)

Given the quaternion
q=s+ix+jy+kz (5.52)

the inverse quaternion g~" is
o, s—ix—jy—kz

Tl (533)

q

because this satisfies the product

o G+ix+jy+k)s—ix—jy—kz)
B llqll? B

We can show that this is true by expanding the product as follows:

1. (5.54)

gl

L (s* —isx —jsy — ksz + isx + x* — djxy — ikxz + Jlal?
M = jsy — jixy + y* — jkyz + ksz — kixz — kjyz + z* 1

s?+x2 4+ y* + 22 — djxy — ikxz — jixy — jkyz — kixz — kjyz
llql*

B 52 +x2+ 2+ZZ
g = 1’ -1 (5.55)
lqll
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and confirms that the inverse quaternion q~' is

a9
(R PER (5:26)

Because the unit imaginaries do not commute, we need to discover whether

9 =q'q. (5.57)
Expanding this product

. (s —ix —jy —kz)(s + ix + jy + kz)
e lql?

(P Fisx + jsy + ksz — isx + x* — djxy — ikxz— Jlal’?
= \ysy —jixy +y? — jkyz — ksz — kixz — kjyz + z* 1
s*+ x* 4 y* + 22 —ijxy — ikxz — jixy — jkyz — kixz — kjyz
lqli*

. 52+x2+}/2+22:
llqll*

therefore,
99 ' =q9'q. (5.58)

The axioms associated with quaternions are as follows:

Given 91,9295 € C: (5.59)

Closure

For all ¢, and ¢,

addition g, +¢q, €C (5.60)
multiplication g4, € C. (5.61)

Identity

For each g there is an identity element 0 and 1 such that:

addition g+0=0+q =g (0 =0+ i0+jO+ k0) (5.62)
multiplication ¢q(1) = (1)g =q (1 =14 i0 +j0 + k0). (5.63)
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Inverse

For each q there is an inverse element —g and q™' such that:
addition q+ (—q) =—q+qg=0
multiplication gq ' =q 'q=1(q # 0).
Associativity

For all q;, ¢, and g5
addition g+ (2 +q3) = (@1 + ¢2) + g5
multiplication  ¢q;(9293) = (9192)95-
Commutativity

For all g, and ¢,
addition g +qp=q+q
multiplication q19, # q241-
Distributivity
For all g1, ¢, and g3

fh(fh + %) =019 + 0195
(@1 + 92)q5 = 195 + q245.

(5.64)
(5.65)

(5.66)
(5.67)

(5.68)
(5.69)

(5.70)
(5.71)

One excellent application for quaternions is rotating vectors, and readers requiring an introduc-

tion to this topic are directed to the author’s book Mathematics for Computer Graphics [8].

It can be shown that a position vector p can be rotated about an axis t by an angle 0 to p’ using

the following operation:
p'=aqpq "
where
p=xi+yj+zk
p=0+4ix+jy+kz
q = cos(6/2) + sin(6/2)a
g~ = cos(8/2) —sin(9/2)h

(5.72)

(5.73)
(5.74)
(5.75)
(5.76)
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and the axis of rotation is
U= [x,i+y,j+zk] (] =1). (5.77)
This is best demonstrated through an example.
Let the point to be rotated be
P(0,1,1). (5.78)
Let the axis of rotation be
i=j. (5.79)
Let the angle of rotation be
0 = 90°. (5.80)
Therefore,
p=0+i0+j+k (5.81)
q = cos45° + sin45(10 + j + k0)
V2o
q= 7(1 + 10 +j + k0) (5.82)
q~' = cos45° — sin45(i0 + j + kO0)
2
g ' = %(1 —i0 — j — kO). (5.83)
The rotated point is given by
p'=apq”’
2 V2
p = %(1 0+ +k0)(O + 10+ + k) =(1 = 10— j — ko). (5.84)
This is best expanded in two steps, and zero imaginary terms are included for clarity.
qp followed by (gp)g~".
Step 1
qp = 7(1+zo+;+k0)(0+10+]+k)
2
qu%_(—1+i+j+k). (5.85)
Step 2
V2 SN2
gp)q ' = 7(—1 +i+j+ k)T(l —i0 —j — k0)
1
=Sl 14j+itj+k+i—k
1
= SO0 +i2+j2+k0)
@p)q~' =0+i+j+ko. (5.86)

The coordinates of the rotated point are stored in the pure part of the quaternion: (1, 1, 0).
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Out of all the algebras we have so far considered, quaternion algebra paves the way to geometric
algebra. In fact, as we will soon discover, GA shows that quaternions are a left-handed system and
employ the concepts of GA. The good news is that if you understand quaternions, you will find it
much easier to understand GA.




. ~ 6 Geometric
/ Conventions

Algebra is a powerful numerical framework for solving real-world problems. But as mentioned
in chapter 3 we must be careful when manipulating the quantity zero and taking square-roots
of negative numbers. In this chapter we look at how geometric conventions give rise to negative
areas and volumes which we must understand before proceeding with GA.

Readers already familiar with computer graphics will understand the importance of using a
left-handed or right-handed axial system when designing computer programs. Failure to observe
a consistent axial model can result in reflected images or reversed rotations, so let’s begin by taking
a look at spatial conventions.

The number line used to visualize the distribution of the set of real numbers R is conventionally
organized as shown in Fig. 6.1a, with negative values to the left and positive numbers to the right.

T T O O O I I A
(a) T T A O R
5 4 =3 =2 -1 0 +1 +2 +3 +4 45

T T O A I O I I
(6) T T A O R
+5 +4 43 42 41 0 -1 =2 -3 -4 -5

FIGURE 6.1.

Such a scheme is just a convention imposed upon us by previous civilizations. Even if the
opposite convention had evolved, as shown in Figure 6.1b, it would not have affected the way we
count or compute arithmetic operations. However, when we construct axial systems in R? four

49
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models are available, as shown in Fig. 6.2. But it we look closely at these axes, (¢) is (b) rotated 180°,
and (d) is (a) rotated 180°, therefore, there are only two models: (a) and (b). So the important
question is: Does it make any difference?

Y A \ ¥

(a) ()

~Y
> A

Y >
A >

() (d)

Y\ Yy

FIGURE 6.2.

The answer depends upon what we mean by ‘make any difference’. Obviously the slopes of
graphs will look different, angles will be reversed, etc., but the rules of trigonometry will still hold,
calculus will still work and areas will remain positive. But is the last statement true? Let’s find out.

The calculation of area is normally expressed as width x height, which results in an unsigned
number. But say we compute the area of a triangle using the following Cartesian coordinate
approach:

L
ared = E Xy 1= E(xl)/z + X0y + X3y — XYz — Xo)1 — xs}’z)- (6.1)
X3 )/3 1

Figure 6.3 shows a triangle with its vertices organized in an anticlockwise sequence relative to a
conventional axial system. Substituting the coordinates into Eq. (6.1) we obtain

area =

w w O
N OO
—_—

1
=5(0+6+0—0—0—0)=3 (6.2)

N |

and the result is +3 square units.



Geometric conventions 51

YA

[\)
=Y

FIGURE 6.3.

If we transpose this triangle to an axial system where the positive x-axis is directed to the left
we obtain the scenario shown in Fig. 6.4.

FIGURE 6.4.

Note that the triangle’s vertex sequence is no longeranticlockwise, but clockwise. The area is
still +3 square units, but the notion of clockwise and anticlockwise has been reversed. This, then,
is a problem if an algorithm or function is sensitive to the rotational sequence of vertices.

To demonstrate that Eq. (6.1) is sensitive to the rotational sequence of vertices, let’s reverse the
coordinate sequence of the triangle and recompute its area:

1
=5(0+0+0—0—0—6)

N | —

0 0
area = 3 2
30

—

area = —3 (6.3)
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this time the result is —3 square units. So, simply reversing the vertices of a polygon switches the
sign of its area.

So far, we have ignored one important convention — the fact that we are dealing with an ordered
pair of coordinates. The French mathematician, René Descartes [1596—1650], is recognized as the
inventor of Cartesian coordinates, and it is he who suggested the coordinate sequence: (x,y).
The actual letters are immaterial — what is important is that the horizontal coordinate is first
and the vertical coordinate second. If Descartes had proposed to retain a horizontal x-axis and
a vertical y-axis, and swap the ordered pair to (y,x), this would have swapped the relationship
between vertex sequence and sign of area. For example, if we swap the coordinates in Eq. (6.1) we
obtain:

1 Y1 X1 1
area=—\y, x 1
vy x3 1
1
area = E(}/lxz + y2%3 + ys3x1 — Y1X3 — YaXi — Y3X). (6.4)

Substituting the triangle’s coordinates we get

10 0 1
area=—10 3 1
2l 3 1
1
area:z(0+0+0—0—0—6):—3 (6.5)

which flips the sign negative.

From this we observe that, starting with an ordered pair (x,y) and an axial system using
horizontal (x) and vertical (y), an anticlockwise vertex sequence results in a positive area, otherwise
it is negative.

We also have two distinct axial systems in R? called left or right-handed systems. If humans had
evolved with a single arm, and a single hand which had a central thumb in the middle of four
fingers, we would have had to find an alternative name to label the two types of R? space. As it is,
this anthropomorphic label is convenient.

Consider, then, a 2D system of axes as shown in Fig. 6.2a. It can be extended into a 3D system
of axes by adding the z-axis in one of two directions, as shown in Fig. 6.5.

Figure 6.5a shows a right-handed system of axes, where using one’s right-hand, the thumb aligns
with the x-axis, the first-finger with the y-axis, and middle finger with the z-axis. Conversely,
Fig. 6.5b shows a left-handed system of axes, where a similar alignment only works with a left
hand. Either system works, but the right-hand system is widely used in computer graphics, which
makes the sharing of computer algorithms that much easier.

Having seen that algebra supports the idea of positive and negative area, could it be that volume
has a sign? Let’s find out.
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YA
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//// / \
e - (a)\x X
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FIGURE 6.5.

The calculation of volume is normally expressed as area x extension, which results in an
unsigned number. However, if we compute the volume of a parallelpiped using the following
vector approach:

Xa Ya Za
volume =a-(bxc)=|x ¥ 2z (6.6)
Xe Yo Zc

it is possible to retrieve a signed value depending on the configuration of the vectors.

FIGURE 6.6.

The parallelpiped shown in Fig. 6.6 is associated with Eq. (6.6) and can be expressed in coor-
dinates, rather than displacements. If we imagine that the vectors a,b and c are position vectors
pointing to three points P (xy, ¥1,21), P2(x2,¥2,22) and Ps(x3, y3, z3) respectively, we can write Eq.
(6.6) as

X1 )1 4
volume = |x, y, =
X3 V3 Z3

volume = x1y,23 + X21321 + X3)12, — X1V322 — X2Y125 — X3)22). (6.7)
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Substituting the coordinates of the box shown in Figure 6.7 into Eq. (6.7) we obtain

0 1 0
volume =10 0 2
300
volume =0+0+6—-0—0—0=6 (6.8)
and the result is +6 cubic units.
Y
P,(0,1,0)
/ P:(3,0,0)
X

/ P5(0,0,2)

V4

FIGURE 6.7.

Note, that relative to the axial system, the vertices follow an anticlockwise path, which if reversed,
switches the volume negative. This is effected by swapping P, and Ps:

0 1 0
volume =13 0 0
0o 0 2
volume =0+0+0—-0—6—0= —6. (6.9)

which flips the sign negative.

It is clear from the above examples that areas and volumes are signed quantities; what GA provides
is a coherent algebraic framework that supports the manipulation of directed lines, areas and
vectors, and any other higher-dimensional object.
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In 1844 when Hamilton published his invention of quaternions, the German mathematician
and schoolteacher, Hermann Gunther Grassmann [1809-1877], published the first edition
of his geometric calculus Lineale Ausdehnungslehre, which offered an original algebra for
describing geometric operations. The word ‘Ausdehnungslehre’ translates as ‘theory of exten-
sion’ and the principal algebraic product of the theory was the exterior product. The notion
of extension is something that Euclid was aware of, in that the product of two lengths create
an area, and the product of a length and an area create a volume. Grassmann discovered an
algebra where his exterior product of vectors created areas, volumes and higher-dimensional
objects.

Being just a schoolteacher and standing in the shadow of Hamilton, who was knighted, and a

Fellow of the American Society of Arts and Sciences,

Fellow of the Society of Arts for Scotland,

Fellow of the Royal Astronomical Society of London,

Fellow of the Royal Northern Society of Antiquaries at Copenhagen,
Honorary Member of the Institute of France,

Honorary Member of the Imperial or Royal Academies of St. Petersburgh,
Berlin and Turin,

Honorary Member of the Royal Societies of Edinburgh and Dublin,
Honorary Member of the Cambridge Philosophical Society,

Honorary Member of the New York Historical Society,

Honorary Member of the Society of Natural Sciences at Lausanne,
Honorary Member of other Scientific Societies in British and Foreign Countries,
Andrews’ Professor of Astronomy in the University of Dublin, and

Royal Astronomer of Ireland,

it is not surprising that few people bothered to buy or read Grassmann’s book!

55



56 Geometric algebra for computer graphics

Grassmann had not helped matters by writing a rather dense description of his geometric calcu-
lus. For in his book he presented new ideas on vector analysis, vector addition and subtraction, two
vector products and vector differentiation, all interwoven with his philosophy on pure thought
and existence. Not only that, it also applied to any number of dimensions [6].

In 1861 Grassmann published an updated version of his book with the title Die Aus-
dehnungslehre: Vollstanding und in streger Form bearbeitet, by which time he was Professor at
the Stettin Gymnasium. But in spite of this academic promotion, Grassmann had to pay for the
publishing costs, which covered a run of three-hundred books, and he died a few years later before
mathematicians realized that he had been a genius of the first order.

Eventually, the English mathematician, William Kingdom Clifford [1845-1879], recognized
the brilliance of Grassmann’s ideas and formalized what today has become known as geometric
algebra.

Basically, there are three ways authors approach an introduction to GA: The first group adopt an
abstract algebraic approach where axioms give rise to an algebra — a Clifford algebra — which
describe and resolve geometric problems in any number of dimensions. The second group starts
with some simple algebraic axioms and show how GA flows naturally from these axioms. The
third group take a vectorial approach and show how existing vector products lead to the principles
of GA. Either approach is valid, but the author’s personal preference is to support the second and
third approaches, which are explored in this chapter, and we begin by reviewing some important
ideas that should have emerged from the previous chapters. But one more point before we start.
To distinguish vectors from scalars it is common practice to embolden vector names. Indeed, this
convention was employed in the previous chapters. But in GA virtually everything is a vector
of some sort and some authors have abandoned this convention and identify vectorial quantities
using an italic font. Obviously, one has to be careful to distinguish scalars from vectorial quantities,
which is accomplished by using letters from the Greek alphabet for scalars.

In the every-day algebra of real numbers we are familiar with its associative, distributive and
commutative properties. In the algebra of complex numbers we make allowances for the fact that
i* = —1 and that multiplying a complex number by i effectively rotates it anticlockwise 90° on
the complex plane. In vector algebra we discover that the vector product creates a third vector
perpendicular to the plane containing the original vectors, and is antisymmetric. Well, it just so
happens that GA is associative, distributive and involves an antisymmetric product, therefore we
should not be surprised that it also has imaginary properties.

7.3.1 Length, area and volume

In the physical world of 3D space we measure the linear extension or something, i.e. its length; its
planar coverage — its area; and its space filling capacity — its volume. This enables us to describe
a room as being 3 meters high, a floor as being 16 square meters, and a room’s volume being 48
cubic meters. It is difficult to think of a situation when in every-day parlance we would describe



Geometric algebra 57

something as having a negative length, area or volume, but in mathematics, such entities do exist,
and GA provides a framework for their description.

Primarily, GA manipulates vectors, although scalar quantities are easily integrated into the
equations, but, for the moment, we will concentrate on the role vectors play within the algebra.

A single vector, independent of its spatial dimension, has two qualities: orientation and mag-
nitude. Its orientation is determined by the sign of its components, whilst its magnitude is
represented by its length, which in turn is derived from its components. A vector’s orientation is
reversed, simply by switching the signs of its components.

[«ll6]sine

N\b

\\\ \
a (7

!

FIGURE 7.1.

The product of two vectors can be used to represent the area of a parallelogram as shown in
Fig. 7.1, where the area is given by

area = ||al|||b]| sin 6. (7.1)

Because ||a|| and || b|| are scalars, their order is immaterial. Furthermore, we have assumed that the
angle 6 is always positive, hence its sign is always positive, which is why area is normally regarded
as a positive quantity.

Grassmann was aware that mathematics, especially determinants, supported positive and neg-
ative areas and volumes, and wanted to exploit this feature. His solution was to create a vector
product that he called the outer product and written a A b. The wedge symbol “A” is why the
product is also known as the wedge product, and it is worth noting that this symbol is also used by
French mathematicians for the vector (cross) product. The outer product is sensitive to the order
of the vectors it manipulates, and permits us to distinguish between a A b and b A a. In fact, the
algebra ensures that

aANb=—-bAa. (7.2)

Therefore, when using the outer product we must think carefully about their order, which is why
in chapter 6 we discussed the order of axial systems. This idea is developed in Fig. 7.2 where we
see the graphical difference between the two products.

Figure 7.2a shows that a A b creates an area from vectors a and b forming an anticlockwise
rotation, whereas Fig.7.2b shows that b A a creates an area from vectors b and a forming a
clockwise rotation. The directed circle is included to remind us of the area’s orientation.

From vector algebra we know that there are two important products: the scalar and the vector
product. The scalar product creates a non-zero scalar value when the associated vectors are not
perpendicular, and tells us something about the mutual alignment of the two vectors. Whereas,
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(b)

FIGURE 7.2.

the vector product creates a non-zero vector when the associated vectors are not parallel, and tells
us something about the area of the parallelogram formed by the two vectors.

GA adopts these two products but changes the interpretation of the vector product. Hamilton
interpreted the result a x b as a third vector ¢ perpendicular to the plane containing a and b.
Although this interpretation works in three dimensions, it is ambiguous in higher dimensions.
Grassmann interpreted the result of the vector product in terms of its capacity to compute a
signed area, which is why he created the outer product.

Now we already know that the magnitude of the vector product is given by
lla x bll = llalll|b]l sin® (7.3)

where 0 is the angle between the two vectors. The outer product preserves this value but abandons
the concept of a perpendicular vector. Instead, the value ||a||||b|| sin@ is retained as the signed
area formed by the two vectors.

Now although [la A b|| = ||a]|||b]| sin 8, we must pose the question: What sort of object is a A b?
Well, for a start, it is not a vector, nor is it a simple scalar. In fact, we have to invent a new name,
which is always unsettling as it is difficult to relate it to things with which we are familiar. Where
the cross product a x b creates a vector, the outer product a A b is called a bivector, which is a
totally new concept to grasp.

A bivector describes the orientation of a plane in terms of two vectors, and its magnitude is
the area of the parallelogram formed by the vectors. Reversing the vector sequence in the product
flips the sign of the area. The outer product has the same components as the cross product, but
instead of using the components to form a vector, they become the projective characteristics of a
planar surface.

We are very familiar with the concept of a vector and accept that it has magnitude and orienta-
tion, where its components are expressed using orthogonal basis vectors. Reversing the direction
of the vector reverses its components without changing its magnitude. Similarly, a bivector has
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magnitude and orientation, where its components are expressed in terms of areas projected onto
the bivectors formed by the orthogonal unit basis vectors. Reversing the direction of the bivector
reverses its components without changing its magnitude. This is illustrated later in this chapter.
For the moment, a bivector is just a name used to orient a planar area.

7.4.1 Some algebraic properties

Even with our sketchy knowledge of a bivector, it is possible to describe how the outer product
responds to parallel vectors. For example

lla Aall = llalllall sin0° = 0. (7.4)

Although the outer product is antisymmetric, it behaves just like the scalar product when
multiplying a group of vectors:

scalar: a-(b+c)=a-b+a-c (7.5)

similarly

outer: aAn(b+c)=anrnb+anc. (7.6)

7.4.2 Visualizing the outer product

The cross product is easy to visualize: a x b = ¢, where ¢ is orthogonal to the plane containing
a and b. The relative direction of ¢ is determined by the right-hand rule where using one’s right
hand, where the thumb aligns with a, the first finger with b, and the middle finger aligns with c.
The magnitude of ¢ equals ||a||||b| sin @, where 6 is the angle between a and b, and equals the
area of the parallelogram formed by a and b. This relationship is shown in Fig. 7.3.

A

| all|&]sine |
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>

FIGURE 7.3.
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Visualizing the outer product is slightly different. It is true that the magnitude |la A b|| is
lall|lb|] sin @ which represents the area of the parallelogram formed by a and b, but consider what
happens if we form the product a’ A b where a’ = a + Ab:

aAb=(@+rb)Ab
=aAnb+AbADb
anb=anhb. (7.7)

Two other vectors generate the same bivector! Figure 7.4 illustrates what is happening.

d
y /

i /

anb /b anb=anhb /’b
/ :
/
\ / ‘:\/rg'f,/ '
g | /G Ab
a a

FIGURE 7.4.

The area created by a’ A b is identical to that created by a A b, so there is no single parallelogram
that represents a A b — there are an infinite number! So why bother trying to represent a A b as
a parallelogram in the first place? Well, it was a starting point, but now that we have discovered
this feature of the outer product, why not substitute another shape such as a circle instead of
a parallelogram, and make the area of the circle equal to |la|||b]| sin6? That was a rhetorical
question, but a useful suggestion, and Fig. 7.5 shows what is implied.

area=||a/\b||

FIGURE 7.5.

7.4.3 Orthogonal bases

GA works in any number of dimensions, and anticipating the need to embrace a large number
of dimensions we require a notation for the extended orthogonal axial systems. Conventionally, i
and j represent the unit basis vectors for R?, and i, j and k represent the unit basis vectors for R®.
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If we continue with this notation the alphabet cannot support very high-dimensional spaces. An
alternative convention is to use e, e, €3, . . . €, to represent the orthogonal unit basis vectors.

Using this notation we define two vectors in R* as

a = a; e, + ae,

b= blel + bzez.
We can now state the outer product as
aAb=(aie; + ae;) A (brey + baey)

which expands to

anb= albl(el A 61) + albz(el VAN ez) + azbl(ez AN el) + azbz(ez N ez).

Substituting the following observations
eene =e,Ae,=0ande, Ae = —e Ae,

we obtain
anb= a1b2(61 A\ ez) — azbl(el AN ez)
simplifying, we obtain
anb=(ab, —ab))(e; A ey).

(7.8)
(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

The scalar term a;b, — a,b; in Eq. (7.14) looks familiar — in fact, it is the magnitude of the
imaginary term of Eq. (3.17), the value of which equals ||a||||b|| sin 6, which is the area of the
parallelogram formed by a and b. So in this context, the outer product a A b is a scalar area
multiplying the unit bivector e; A e,, which just means that the area is associated with the plane

defined by e; A e,. Figure 7.6 illustrates this relationship.

FIGURE 7.6.

Now let’s compute b A a:

b Aa=(bier + byey) A (are; + aze,)
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which expands to
bAa= ﬂ]b] (e1 A el) + azbl(el A\ ez) + ﬂ]bz(ez A el) + azbz(ez A\ ez). (715)

Substituting the following observations

eeANe =e;Ae;=0ande, Aep = —e Ae, (7.16)
we obtain
bAa= a2b1(61 AN ez) — a1b2(61 VAN ez). (7.17)
Simplifying, we obtain
b Na = —(ﬂlbz — azbl)(el A\ ez) (718)
which confirms thatb Aa = —a A b.

Now let’s consider the outer product in R?:

a=ae, + ae, + ase; (7.19)
b= b161 + bzez + b3€3. (720)

The outer product is
anb=(ae + ae, + ase;) A (bie; + bye, + bze3) (7.21)

which expands to

anb=abi(egne)+aiby(er Ae)+aibs(er Aes) +abi(er Ae) +arby(er Aey)

+arbs(ex Aes) +ashi(es Aep) +ashr(es Aey) + asbs(es Aes). (7.22)
Substituting
el/\elzez/\ezze3/\e3=0 (723)
and
epNe =—€e Ne e Ne3=—eNe e Ne=—eANAes (7.24)
we obtain

anb=aby(egNe)—aibs(es Ae)) —abi(e; Aey)
+ aybs(e; A es) + asbi(es Aey) — ashy(e; Aes). (7.25)
Simplifying, we obtain
anb= (albz — ﬂzbl)el N € —+ (ﬂ2b3 — a3b2)62 N €3 + (a3b1 — a1b3)e3 N er. (726)

You may be wondering why the unit basis bivectors in Eq. (7.26) have been chosen in this way,
especially e; A e;. This could easily be e; A e;. To understand why, refer to Fig. 7.7, which shows a
right-handed axial system and where each orthogonal plane is defined by its associated unit basis
bivectors.
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Figure7.7 also shows the orthogonal alignment of the Cartesian axes with the unit basis

bivectors:
the x-axis is orthogonal to e, A e;
the y-axis is orthogonal to e; A ¢,
the z-axis is orthogonal to e; A e,
and if Eq. (7.26) is rearranged in this sequence we obtain

a ANb = (ayb; — asby)e; A e + (ashy — aibs)e; A ep + (a1, — a,by)e; Aes.

(7.27)

Now let’s look at a definition of the cross product. We begin by declaring two vectors using the

conventional orthogonal unit basis vectors i, j and k:

a = ai+ ayj+ ask

b = bii+ byj + bsk.
The cross product is

a x b = (a1i+ ayj + ask) x (byi + byj + bsk)
which expands to
axb=ab(x1)+aby(ixj)+arb;(ixKk)+ ab1(j x 1) + ab,( X j)
+ ayb5(j x k) + asby(k x i) + asby(k x j) + asbs(k x k).
The magnitude of the cross product is ||a| ||b]| sin 6, which means that
ixi=jxj=kxk=0.
Therefore,
axb=aby(ixj)+abs;(ixk)+ab(xi
+ ab5( X k) + asby (k x 1) + asby(k x j).

Because the cross product is antisymmetric

jxi=—-ixj kxj=—jxk ixk=-kxi

(7.28)
(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)



64 Geometric algebra for computer graphics

Substituting these relationships:
axb=ab(ixj)—absk xi)—ab (x]j)
+ ayb5(j x k) + asb; (k x 1) — as3b,(j x k). (7.35)
Collecting up like terms:
a x b= (ayb; — asby)j x k+ (361 — a1b3)k x 1+ (a1b;, — a,by)i xj. (7.36)
If we place Egs. (7.27) and (7.36) together and substitute the e notation for i, j and k, we obtain
a Nb = (ayb; — asby)e; A es + (ashby — a\by)es A ep + (a1b, — arby)e; A e, (7.37)
a x b= (ayb; — asby)e, x es + (asb; — a;bs)es x e; + (a;b, — a,b))e; x e;,.  (7.38)

In the cross product, the terms (a,b; — asb,), (asb, — a,b3) and (a,b, — a,b,) are the components

of an orthogonal vector, whereas in the outer product they become signed areas projected onto

the planes defined by the unit bivectors e, A es,e; A e; and e; A e;. And in spite of there being

such similarity between the two equations, it would be dangerous to conclude thata Ab = a x b.
What Hamilton had proposed was that

e, Xe3;=¢e e Xe =e e Xe =e¢e;3 (7.39)

which is fine for R?, but is ambiguous for higher dimensions. So, in GA we substitute the outer
product for the cross product and introduce the concept of a directed area, which holds for any
number of dimensions.

Before we reveal the imaginary nature of the outer product in the next chapter, consider the
scenario shown in Fig. 7.8. Two vectors a and b are shown forming a parallelogram created by
their outer product a A b with parallel projections of the parallelogram projected onto the three
orthogonal planes. The projections will normally be parallelograms, but under some conditions
they could collapse to a line. Whatever happens, at least one will be a parallelogram.

We define two vectors as

a = a,e; + a,e, + ases (740)
b= hlel + bzez + b3e3. (741)

Starting with the plane containing e; and e,, which is defined by e; A e, the projections of a and
b are a” and b", respectively, where

a”’ = aje; + are, (7.42)
b" = bie, + bse,. (7.43)
Therefore,
a” ANb" = (ae; + aze,) A (bie + byey)
=aibi(e; Ne)) +aiby(e; A ey) +aybi(e; Aey) + arby(ex Aey)
a” ANb" = (a1b, — aby)e; A e, (7.44)

which is the last term in Eq. (7.27).
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Similarly, we can show that

ﬂ/ Ab = (ﬂ2b3 — ﬂ3b2)ez N €3 (745)
a’ ANb" = (asb, — a\bs)es Ae,. (7.46)

Thus we see that instead of creating a new vector, the outer product projects the parallelogram
onto the three orthogonal planes to create three new bivectors, whose area is positive or negative.
The cross product, however, takes these areas and uses them to form a vector, which happens to
be orthogonal to the original parallelogram.

FiGure 7.8.

To illustrate this concept, consider two vectors a and b
a=ae, + ae, + ase; (7.47)
b = be; + bye, + bses (7.48)
where
a=1 a=0 a=1
by=1 b,=1 b;=0 (7.49)

which makes
a=e¢e +e; b=e +e,. (7.50)

Using Eq. (7.26)

anNb = (a1b, —ab1)e; A ey + (axbs — ashy)e; Aes + (ashy — arbs)es A e

anb=1)e Ae,+ (—1e, Aes+ (1)es Aey. (7.51)

The signed area on the plane e; A e, is 41 and is shown in Fig. 7.9. The projected area is shown
crosshatched.
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FiGURre 7.9.

Similarly, the signed area on the plane e, A e; is —1 and is shown in Fig. 7.10. Note that the
direction of the projected area opposes the direction of e; A es.

FiGure 7.10.

And the signed area on the plane e; A e; is +1, and is shown in Fig. 7.11.

FiGure 7.11.

Now let’s compute the magnitude of the bivector a A b.
To begin with, we need to know the angle between a and b, which is revealed using the dot

product:
0 — cos—! (ﬂlbl + arb, + ﬂsba)
llalllbl

—1 1 _ o
6 = cos <—\/§\/§> = 60°. (7.52)
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Therefore,

la A bl = |lallllbll sin 60°
3
lla Ab| = fz«/ig = /3. (7.53)

The next question to pose is whether this value is related to the other three areas? Well the
answer is “yes”, and for a very good reason:

la Ab|? = (a1b, — a;b))* + (asbs — asby)* + (asby — a1 bs)* (7.54)

therefore, ,
V3 =)+ (-1 + (1) =3. (7.55)

Remember, that the cross product uses these coefficients as Cartesian components of the axial
vector and satisfy the Pythagorean rule:

lall> = af + af + ai. (7.56)

To prove that this holds, we need to show that Eq. (7.54) is correct.
Expanding the LHS of Eq. (7.54):

lla ABI? = llal*|b])* sin® 6 = |lal*[|b]*(1 — cos 8)
lla ABI* = llall®b1* = llall®[[b])* cos® 6. (7.57)

From the dot product
(b + ayb; + ashs)’

cos® 0 (7.58)
HRER
Therefore,
lla AbI* = llall*b]> — (a1by — a;by — asbs)*
||Ol AN b||2 = (6112 + ﬂ; + aaz)(b% + b§ + b‘?) — (Ollbl — azbz — 613b3)2
and we obtain
la Ab|* = (ajb; — 2a1a,b,by + a3b}) + (a3b; — 2a,a3bybs + ajb;)
+ (ﬂgbf — 2a3alb3b1 + a%bg)
la AbI? = (a1b, — arby)” + (arbs — ashy)* + (asby — aybs)”. (7.59)
Therefore, Eq. (7.54) is correct.
Now, as
la A bl = llal[ ] sin® (7.60)

la AB)* = llall?[[b])* sin® 6 (7.61)



68 Geometric algebra for computer graphics

and

llalllbl] sin’ 0 = (a1b, — azbl)z + (a:b5 — a3bz)2 + (asb, — ﬂlb3)2 (7.62)

therefore

(7.63)

6 — sin~! <\/(a1b2 — a,0,)? + (ab5 — a3b,)? + (asb; — a1b3)2>
B lalllioll '

Substituting the values for the above example:

o era—1 ﬁ _ o

The beauty of the outer product is that it works in any number of dimensions. For example,
we can create two vectors in R* as follows:

a = ae; + @& + ase; + dsey (7.65)
b= b161 + bzez + b3e3 + b4e4 (766)

and form their outer product:
anb= (61161 + a,e, + as€; + 61464) VAN (b161 + bzez + b3€3 + b4e4). (767)

This explodes into

anb=ab (e Ae)+aiby(e) Aey) +arbs(e; Aes) +arby(e Aey)
+abi(ex Aer) +arby(e; Aey) + arbs(er Aes) + arbale, Aey)
+asbi(es Aer) +ashy(es A ey) + asbs(es A es) + asbu(es A ey)

+asbi(es Aer) + asby(es A ;) + asbs(es A e3) + asba(es A ey)

and collapses to

anb=(a1b, —ab)(e; A ey) + (abs — asby)(e; A es) + (asby — arbs)(es Aey)
+ (a1by — ash))(er A ey) + (a2b4 — asby) (e A ey) + (asby — asbs)(es A ey) (7.68)

which resolves the outer product into six bivectors.
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These bivectors arise because there are six ways of making 2-tuples from four axes:

4!
C=——  __& (7.69)
(4 —2)12!
In five dimensions there are 10 bivectors.
5!
sC, = — =10. (7.70)
(G —=2)"12!

As a final example, let’s consider two vectors in R* and compute their outer product. The vectors
are

a=c¢e +e+e; (7.71)
b=¢e +e +e,. (7.72)

Then
lall =3 b =+3 (7.73)

and the separating angle 6 is
6 = cos™! (%) ~ 48.19°. (7.74)
Similarly,
6 = sin™' (‘/Tg) > 48.19°. (7.75)
Substituting the vectors into Eq. (7.68):
anb=1)(esAe)+ (—D(ex Aes) + (D)(es Aer) + (—1)(ea Aey) + (1)(es Aey).  (7.76)
Therefore, ||a A b|| is given by
la Ab| = llallllb]l sin® = v/3+/3sin 48.19° ~ 2.2361. (7.77)
Finally, let’s show that the R* equivalent of Eq. (7.54) still holds:

la Ab|I? = |ab, — ashy|* + lasbs — asby)* + |asby, — aybs|?
+ larby — ayby|* + |asby — ayby|* + |asby — asbs)?
223617 = (1)* + (=1)* + (1)* + (0)* + (=1)* + (1)* = 5. (7.78)

Later, we investigate a number of scenarios where the outer product is used to solve problems in
computer graphics, but at this point it is worth looking at three problems where it seems that we
have been using the outer product without knowing.
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7.5.1 Areaof a triangle

There are many ways to find the area of a triangle, but the one proposed here uses a triangle’s vertex
coordinates, as shown in Fig. 7.12a. The triangle has vertices A, B, C defined in an anticlockwise
order, and its area is given by

2 1
area = 3 xg yp 1. (7.79)
Xc )/C 1

Using the coordinates from Fig. 7.12a we have

1 0 2 1
area=-13 1 1 (7.80)
213 31
1
area = §(9+6—6—3)=+3 (7.81)
which is correct. Note that reversing the triangle’s vertex sequence creates a negative area:
1 0 2 1
area = -3 3 1
213 11
1
area = 5(3 +6—-6—9) =-3. (7.82)

We can prove Eq. (7.79) algebraically, and if we create the right diagram, outer products come to
our rescue. Figure 7.12b shows three position vectors a, b, ¢ locating the vertices, which we use to
form three outer products. The first product a A b computes the area of the parallelogram OBCA,
and %(a A b) computes the area of the triangle AOBA. The sequence of the vertices O, A, B create
a clockwise outer product, which accounts for the negative signs in AOBA.

The second product b Ac computes the area of the parallelogram OBEC, and %(b A ¢) computes
the area of the triangle AOBC. The sequence of the vertices O, B, C create an anticlockwise outer
product, which accounts for the positive signs in AOBC.

The third product ¢ A a computes the area of the parallelogram OCFA, and %(c A a) computes
the area of the triangle AOCA. The sequence of the vertices O, C, A create an anticlockwise outer
product, which accounts for the positive signs in AOCA.

The sum of the three outer products is

! /\b+1b/\ +1 A
E(ﬂ ) E( c) E(C a)

and creates three areas: two of the areas contribute toward the triangles AABC and AOBA, whilst
the third area cancels the area of triangle AOBA, leaving behind the area of AABC.
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FIGURE 7.12.
The sum of the outer products become
1
area AABC = E[(u Ab)+ (b Ac)+ (c Aa)] (7.83)

which expand to

1
area AABC = E(xAyB — YaXp + Xgyc — yBXc + Xcya — YcXa)

and
XA YA
area AABC = 3 xg vy 1. (7.84)
Xc )/C 1

What is useful about summing these outer products is that it works for any irregular shape.
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7.5.2 Thesine rule

The traditional way of proving the sine rule is to take a triangle and drop a perpendicular from
one of its vertices onto the opposite side to form two right-angled triangles, from which we define
the sine ratio of two angles. Using Fig. 7.13 we can state that

H i H .
— =sine and — =sinf (7.85)
B A

from which we can write
Bsina = Asin 8 (7.86)

or
A B

- = —. (7.87)

sina  sinf

Using another vertex and an associated perpendicular we can show that

A B C

— == (7.88)
sin  sinf8  siny

FiGure 7.13.

FiGuRre 7.14.

The GA approach is to remember that the outer product includes a sine function and computes
an area. Therefore, we develop Fig. 7.13 to include three vectors as shown in Fig. 7.14 where

A=lal B=|bll C=lcl (7.89)
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From the figure we observe that
1 1 .
area of AP,P,P; = §||a A —c| = EAC sin B

1 1
area of AP,P;P, = 5||b A —al = EBA sin

1 1
area of AP;P\P, = E”C A=b| = ECB sin o,

Therefore,
ACsin 8 = CBsina = BAsin x

and
A B C

sin  sinf8  siny

7.5.3 Intersection of two lines

(7.90)

(7.91)

(7.92)

(7.93)

(7.94)

The traditional way of calculating the intersection point of two lines in a plane is to define two

vectors as shown in Fig. 7.15, where

p=r+Xia rAeR

p=s+eb eeR

FIGURE 7.15.

Therefore,
r+ia=s+¢b.
From Eq. (7.95) we can write
X, + Ax, = x, + €x3

Vr + Ao = Ys + EYp-

(7.95)
(7.96)

(7.97)

(7.98)
(7.99)



74 Geometric algebra for computer graphics

To find A we eliminate ¢ by multiplying Eq. (7.98) by y;, and Eq. (7.99) by x:

XYy + AXgYp = XY + EXp Y (7.100)
XpYr + AXpYa = XpYs + EXp Y- (7.101)

Subtracting Eq. (7.101) from Eq. (7.100):

XYy — XpYr + AXaYp — XbYa) = XsYp — XpYs (7.102)
where
A= xb(yr_ys) _yb(xr _-xs). (7103)
XaVb — XpYa
Let’s test this with the following vectors
r=j a=2-—j (7.104)
s=2 b=2i—2j (7.105)
2(1 =2 2(0—0 -2
A= ( ) +2( )=—=1 (7.106)
—4+2 -2
therefore,
p=j+2—j=2i (7.107)
and the point of intersection is (2, 0).
Another approach is to reason that
p=waa+ Bb (7.108)
therefore, we can write
Xp = ax, + By (7.109)
Yp = Yo+ By (7.110)
To find @ we eliminate 8 by multiplying Eq. (7.109) by y, and Eq. (7.110) by x;:
XpYp = AXayp + BXp)s (7.111)
XoYp = 0XpYa + BXbY.- (7.112)
Subtracting Eq. (7.112) from Eq. (7.111) we obtain
XpVo — XpYp = AXgYp — OUXpYa = (XyYp — XpYa) (7.113)
where
X Vp
— X
o= 2 XV P Wl (7.114)
XaYb — XbYa Xa Ya

Xp Vb
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To find B we eliminate « by multiplying Eq. (7.109) by y, and Eq. (7.110) by x,:
XpYa = 0XaYa + PXbYa (7.115)
XaYp = UXaYa + BXaYp- (7.116)

Subtracting Eq. (7.116) from Eq. (7.115) we obtain

Xp¥a — XaVp = BXpYa — BXayp = BXpYa — Xa¥p) (7.117)
where
Xp Vp
a ~— Mg Xa a
_ X T X)p _ Yal (7.118)
XpYa — Xa)b Xp Vb
Xa Ya

Using Eq. (7.114) and Eq. (7.118) we can rewrite Eq. (7.108) as

Xp Vp Xp Yp
X Xa Va
p= 2 Pl Yoly, (7.119)
Xa  YVa Xo Yo
Xb Vb Xa  Va

The problem with Eq. (7.119) is that the determinants reference the coordinates of the point we
are trying to discover. Nevertheless, let’s continue and write Eq. (7.119) using outer products

_pAb pAa
P_aAba+bAa

b. (7.120)

Figure 7.16a provides a graphical interpretation of part of Eq. (7.120) where the parallelogram
formed by the outer product p A a is identical to the outer product formed by r A a. Which means
that we can substitute r A a for p A a in Eq. (7.120):

Ab A
:p a+r a

b. 7.121
aAnb bAa ( )

Similarly, in Fig. 7.16b the parallelogram formed by the outer product p A b is identical to the
outer product formed by s A b. Which means that we can substitute s A b for p A b in Eq. (7.121):

SADb +r/\a
a
anb bnAa

b. (7.122)

p:

The positions of R and S are not very important, as they could be anywhere along the two vectors,
even positioned as shown in Fig. 7.17:
In Fig. 7.17 the three parallelograms: OSTU, OVWR and OVXU have areas:

area OSTU =s A D (7.123)
area OVWR =1 Aa (7.124)
area OVXU =a A b. (7.125)
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Simply by relocating S and R, we have created a convenient visual symmetry where

and

sAD
a
anb

rAa
bAa

(7.126)

(7.127)
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Note how s A b and a A b are in the same sense, whilst r A a and b A a are in the opposite sense.
Observe, also, from Fig. (7.17) why

s SADb
- = (7.128)
a aAnb
and
r_rna (7.129)
b bnra '
It now becomes obvious that
SAD rAa
=s+r= a b 7.130
P + anb bAa ( )
where the solution to the problem is based upon the ratios of areas of parallelograms!
Let’s test Eq. (7.130) using the same vectors above:
r=e a=2e —e (7.131)
s=2e b=2 —2e (7.132)
2e;) A (2e; — 2e ey N (2e; —e
_ Q) A Qe 2) (2e; —e)) + 2/ e~ &) (2e; — 2¢y)
(2e; — &) A (2e; — 2¢ey) (2e; —2e)) A (21 — &)
—4(e; A —2(e; A
p= (€ 1) (2e; — &) + (€ A e) (2e; — 2¢y)
—4(e; Ney) +2(e; N ey) —2(e; N ey) +4(e; N ey)
p= 2(261 — ez) — (261 — 262) = 261. (7133)

Therefore, the point of intersection is (2, 0). Which is the same as the previous result.
We have spent some time exploring the above techniques, which in some cases are quite tedious.
However, the conformal model, which is explored in chapter 11, simplifies the whole process.

It seems that the outer product is a very natural way of describing the orientation of two vec-
tors, and has immediate applications in a variety of geometric problems. Let’s now examine the
properties of another product—the geometric product.






8 The Geometric
Product

A

Whenever we attempt to learn something completely new, all sorts of mental barriers are raised,
especially if the subject matter appears foreign or irrational. This often happens when we learn a
new language and wonder why its syntax differs from our own native language. Mathematics is a
minefield for such experiences, and as we explore the world of GA, don’t be surprised if you feel
uncomfortable or bewildered by its structure and ideas.

If this is the first time you have studied GA this chapter will be both challenging and exciting.
It will be challenging not because it is difficult, but because there is so much to remember as
the algebra unfolds. For example, some elements of the algebra commute, whilst others anti-
commute. Some functions are symmetric, whilst others are antisymmetric. Certain conditions
arise with orthogonal elements, and others arise with parallel elements, and there is a sense of
being overwhelmed by a world of axioms, rules and special conditions. It will be exciting as GA is
extremely rich in new concepts that will draw you into its strange world of symbol manipulation
that correspond with the world of space.

Basically, GA allows us manipulate scalars, vectors, areas and volumes using a simple and
consistent notation. Combinations of such elements are called multivectors, which may be added,
subtracted and multiplied. Adding or subtracting multivectors create no problems, as we simply
add or subtract like elements. What is strange, however, are the products. In vector algebra there
are only two products to consider: the inner product and the outer vector product. The inner
product creates a scalar, whilst the vector product creates another vector normal to the original
vectors. From these products arise all sorts of triple products such as:

(a-b)c a-(bxc) (axb)yxc ax(bxc) (8.1)

which are easy to interpret and visualize. On the other hand, GA employs a new product called
the geometric product, which operates upon multivectors containing scalars, vectors, areas and
volumes. Visualizing these products can be difficult. For example, how should we visualize the
product of two areas, or the product of a vector and a volume, or even the product of two
volumes? These are new concepts and take some getting used to. What is even more strange is that

79
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the algebra involves imaginary elements, which, unlike the reasonably familiar i, do not always
commute with their neighbor. An unusual, but useful, feature of GA is that multivectors can be
divided by vectors, which is something conventional vector algebra is unable to do.

The problem now is how best to reveal this algebra? The approach taken in this chapter is
to split GA’s features in two: the first part explores GA in 2D space followed by 3D space. But
remember, the algebra can be applied to space of any number of dimensions. In the first part we
look at vectors, bivectors (areas), pseudoscalars, multivectors and their products in an R? context.
We also discover how these products give rise to rotations, much in the same way that complex
numbers can be rotated. And because there is a close relationship between GA and complex
numbers, we look at how it is possible to move between the two systems. In the second part we
look at vectors, bivectors, trivectors (volumes), pseudoscalars, multivectors and their products in
an R? context. We also discover how simple rotations arise from these products, and the close
relationship between GA and quaternions.

This said, let’s begin this journey with a description of Clifford’s geometric product.

Clifford defined the geometric product of two vectors a and b as
ab=a-b+anbd (8.2)

which is the sum of a scalar and a bivector. Now there is always a good reason why such definitions
are made, and it is far from arbitrary. In order to develop this new product we start by defining
the axioms associated with the algebra. These comprise an associative axiom, distributive axiom,
and a definition of a modulus.

For the moment, let’s put to one side what we have discovered about the outer product, and see
whether its properties emerge from the following axioms.

Associative axiom
a(bc) = (ab)c = abc (8.3)
(Aa)b = A(ab) = rab [X € R]. (8.4)
Distributive axiom
alb+c)=ab+ ac (8.5)
and
(b +c)a =ba + ca. (8.6)
Modulus
a*==|a|> (8.7)

From these axioms we can derive the meaning of the product ab. Just in case the product is
antisymmetric, we pay particular attention to the order of vectors.
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We begin with two vectors a and b and represent their sum as
Therefore,
2 = (a+0b)? (8.9)
and
2 =a’*+b*+ ab + ba. (8.10)

To simplify this relationship we investigate how Eq. (8.10) behaves when vectors a and b are

orthogonal, linearly dependent and linearly independent.

8.2.1 Orthogonal vectors

F1GURE 8.1.

With reference to Fig. 8.1, when

bla

then
lel* = llall* + b

Invoking the modulus axiom, we have

C2 — aZ + bZ
which implies that in Eq. (8.10)
ab+ba=0
or
ab = —ba

which confirms that orthogonal vectors anticommute.

8.2.2 Linearly dependent vectors

With reference to Fig. 8.2, when

blla and b=Xia where [A€R]
ab = ala = haa = ba

which confirms that linearly dependent vectors commute.

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)
(8.16)
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FiGURE 8.2.

Invoking the modulus axiom we have
raa = ra® = Aa|? (8.17)

which is a scalar.

8.2.3 Linearly independent vectors

FiGure 8.3.

With reference to Fig. 8.3

b="b,+b,. (8.18)
Therefore, we can write
ab = a(bH + bL) (819)
and
ab = ab” + abj_. (820)

Let’s examine the RHS products of Eq. (8.20):
aby: As a and b are linearly dependent, ab, is a scalar. Furthermore,

aby = |lal||lb]|cos® =a-b (8.21)

which is defined as the inner product, or the inner product, and is symmetric.
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aby:Asaand b, are orthogonal
ab, = |la||||b]|sin® =a A b (8.22)
which is defined as the outer product and is antisymmetric; i.e.
anb=—-bAa. (8.23)

The area of the parallelogram formed by a and b in Fig. 8.20 is

llallllb] sin6. (8.24)
Therefore,
lla Abll = llallllb]l sin® (8.25)
which enables us to write Eq. (8.20) as
ab=a-b+aAnb. (8.26)

The parallel and orthogonal components created by a - b and a A b describe everything about the
vectors a and b, which is why Clifford combined them into his geometric product. Furthermore,
because these product components are linearly independent, the modulus of ab is computed using
the Pythagorean rule:

labll* = lla - bII* + lla A b]|?

labll* = llal*1bl|* cos® 6 + [lall*||b]* sin” 6
labll* = llall*||b]|*(cos® & + sin® 6) (8.27)
llabll = llalllb]l. (8.28)

Now we already know that a - b is a pure scalar and a A b is a directed area, which we suspect has
an imaginary flavor. So it may seem strange adding two different mathematical objects together,
but no stranger than a complex number. Nevertheless, we still require a name for this new object,
which is a multivector and is described in section 8.5.

If we reverse the product to ba we have

ba=b-a+bAra=a-b—aAnbh. (8.29)

Note how the antisymmetry of the outer product introduces the negative sign.

Knowing that the geometric product is the sum of the inner and outer products, it is possible
to define the inner and outer products in terms of the geometric product as follows.

Subtracting Eq. (8.29) from Eq. (8.26) we obtain

ab—ba=@@-b4+anb)—(@a-b—anb)=2>aADb) (8.30)

therefore,

anb= %(ab—ba). (8.31)
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Similarly, adding Eq. (8.29) to Eq. (8.26) we obtain
ab+ba=2a-b (8.32)

therefore,

1
a-b= E(ab + ba). (8.33)
These are important relationships and will be called upon frequently.
Now let’s explore the geometric product further using the unit basis vectors for R?.
8.2.4 The product of identical basis vectors
Before we begin exploring this product, it is worth introducing a shorthand notation that simplifies
our equations. Very often we have to write down a string of basis vectors such as e;e,e; which can
also be written as ej,;, and saves space on the printed page. In general this is expressed as:
€€ = €ij- (834)
So let’s start with the product e;e;:
€€ =¢€;-€ +¢€; Aeq. (835)
Now we already know that e; A e; = 0 and e, - e; = 1, which means that
e, =¢e =1. (8.36)
Similarly,
e =1 (8.37)
8.2.5 The product of orthogonal basis vectors

Next, the product ee;,:
e, =¢e€ e +e Ne. (8.38)

Again, we know that e; - e, = 0, which means that
eje; =¢e; N e (839)

So, whenever we find the unit bivector e; A e, we can substitute e;e, or ;5.
Now let’s compute the product e,e;:

e, =¢€-e t+tey;Ae =6 -e —e Ae,. (8.40)

Bute, - e, = 0, therefore,
e = —e; A e = —ep. (8.41)
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8.2.6 Theimaginary properties of the outer product

The imaginary properties of the outer product are revealed by evaluating the product (e; A €;)%:

(e1 A &)’ = (e1 Aey)(er Aey) = ejesere. (8.42)
But as
€6 = —¢€,€ (843)
then
(ey Aey))? = —ejejere, = —efe%. (8.44)
But as
e=e=1 (8.45)
then
(e1 Aey)? = —1. (8.46)

So the unit bivector possess the same qualities as imaginary i in that it squares to —1.

Now this has all sorts of ramifications as it suggests that GA is related to complex numbers and
possibly, quaternions, and could perform rotations in n-dimensions. At this point, the algebra
explodes into many paths, which will have to be explored in turn.

GA uses the term grade to distinguish its algebraic elements. For example, a scalar is grade-0, a
vector grade-1 and a bivector grade-2, etc. In each algebra, the highest grade element is called
the pseudoscalar and its grade equals the dimension of the associated space, which in R? is the
bivector e; A e, and is a two-dimensional element. Later on, we discover that the trivector in R?
is also called a pseudoscalar.

Because the pseudoscalar has imaginary properties, some authors use the lowercase i to repre-
sent it, whilst others opt for the uppercase I. The reason for this is that i is normally associated
with scalars, where there are no commuting problems. On the other hand, we will soon discover
that the pseudoscalar anticommutes with vectors in R?, and it is safer to employ the symbol I so
that its anticommuting properties do not get confused with those of i.

8.3.1 The rotational properties of the pseudoscalar

Now that we know that the unit bivector possesses imaginary properties, let’s confirm that it
rotates vectors in the same way we saw in section 7.2. We begin with the product e,I:

el =ejee; =ele, =e,. (8.47)
Taking the result e, and post-multiplying this by I:

e ] = eee;, = e(—eye)) = —e%el = —e,. (8.48)
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Taking the result —e; and post-multiplying this by I:
—e ] = —ejee;, = —efez = —e,. (8.49)
Taking the result —e, and multiplying this by I:
—e,] = —ejeie; = —ey(—eye;) = e§e1 =¢ (8.50)

which brings us back to the starting point. Similarly, when the product is reversed, the direction
of rotation is reversed.

As a simple example of the algebra in action, consider post-multiplying a vector a by the
pseudoscalar I where

a = ae, + ae,. (8.51)
Then
al = aeje, = (ae; + aze,)ee; = alefez + a,e,e,€, (8.52)
and
al = aje; — ayese; = —aze; + ase; (8.53)

which has clearly rotated the vector 90° anticlockwise.
Pre-multiplying the vector a by I produces:

In = eje;a = ejey(ae, + aze,) = ajeeze; + uzeleg (8.54)
and
In = —a,e;, + a6, = a,e, — a,e, (8.55)

which has rotated the vector 90° clockwise.
Therefore,
al = —Ia (8.56)

and confirms that in R?, the pseudoscalar and vectors anticommute.
These rotations are illustrated in Fig. 8.4.

FIGURE 8.4.
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Table 8.1 summarizes the products we have encountered so far.

TaBLE 8.1
Products in R?

Type Product Absolute Value Notes
inner € - € 1 €€ =¢€ €
outer el Ne; 0 ey Ne =e Ae
geometric el 1 el =¢e}

eII = —Ie1
inner e - e 0 e e =¢€ - €
outer er N e 1 e Ne =—(e; Aep)
geometric ere 1 e = —ey

ep =1

I*=-1
inner a-a llal?
outer ana 0
geometric a? llal?
inner a-b llalllb]cosé a-b=j(ab+ ba)

arby + ayb,
outer anb lalllb] sin® a/\b:%(ab—ba)
albz—ﬂzbl anNb= (Cllbz —azbl)el N e

geometric ab lalllbll ab=a-b+aAnb

al = —Ia

In Chapters 2, 3, 4 and 5 we reviewed four algebraic systems with their axioms and elements and
saw that elementary algebra supports scalars; complex algebra supports complex numbers (a scalar
and an imaginary); vector algebra supports vectors (n-tuples); and quaternion algebra supports
quaternions (a scalar and a vector). Clifford required that geometric algebra should support an
element containing scalars, vectors, bivectors and any other object that could be created using the
geometric product, which seems to be an impossible task. But his deep understanding of algebra
and geometry resulted in an object he called a multivector which can be added and multiplied
together just like any other element. For example, a multivector in R? contains a scalar, vectors
and a bivector, whereas in R* a multivector contains a scalar, vectors, bivectors and a trivector.
Higher-dimensional spaces contain similar combinations of scalar and vector-based objects.

The multivector elements that exist in R? are scalars, vectors and bivectors, which are
summarized in Table 8.2.
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TABLE 8.2

Element Symbol Grade
1 scalar A 0

2 vectors {e1, er} 1

1 unit bivector el ANe =ep 2

A multivector is defined as a linear combination of the graded elements associated with the
size of the linear space, which, in the case of R* are scalars, vectors and bivectors. Therefore a
multivector A is defined as follows:

A= Ao+ Aie + Aze; + Asepn [)"1 (S R] (857)

Note that we have substituted the geometric product for the outer product, as this is much more
convenient. Using arbitrary values, the following are possible multivectors:

A=4+ 361 + 462 + 5312 (858)
B=3+ 261 + 362 + 4612 (859)
which, allows us to write:
A + B = 7 + 5e1 + 762 + 9612 (860)
and
A—B=1+el+€2+612. (861)

But what about the product AB? To answer this question, let’s define B in general terms and form
the product AB:
B = By + Bier + Bres + Bsens. (8.62)

Therefore,
AB = (A + M) + Aze; + Aszen)(Bo + Bier + Brer + Bsern). (8.63)

Expanding, we obtain
AB = Ao + MoBier + hoBares + AoBerr + Aifoer + A Bier
+ A Baen + A Ben + A Boer + Ay Bien + )»2,326;

+ A Besns + AsBoern + AsBiern + AsBrein + )»3[36?2. (8.64)
Substituting
ef = eﬁ =1 € = —ep efz =-1 (8.65)

and collecting up like terms:
AB = (AoBo + A1 + A2y — A3B3) + (AoBr + A1 Bo + A3y — AaBs)e
+ (AoB2 + M Bs + 2By — Asfr)er + (Mofs + A1 fa + A3By — A Ben.  (8.66)

Which confirms that the multivector product AB creates another multivector and consequently
forms a closed algebra.
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Using the above multivectors
AB = (4 + 361 + 462 + 5612)(3 + 261 + 362 + 4612) (867)

then
AB =10+ 1661 + 2662 + 32612. (868)

The geometric product reveals the relationship between bivectors and complex numbers, and is
demonstrated by computing the product of two vectors in R?.
Given two vectors a and b where

a=ae + ae, (8.69)
b = bie, + bye, (8.70)
then
ab = (a,e; + a,e;)(bie, + bye,)
= abiel + a\bye;; + abiey + aybrel
= aby + axby + arbyer; — aybren;
= (mb; + ayby) + (a1b, — ayby)en,
ab = (a\b, + a,b,) + (ab, — a,b))I (8.71)

which is a complex number! Note that (a,b, + a,b,) is a scalar whilst (a;b, — a,b,)I is a bivector,
which means that we can form the equivalent of a complex number Z by combining a scalar and
a unit bivector as follows:

Z =a,+ ae, = a, + a1 (8.72)

where g, is the real part, and a, is the imaginary part.
Furthermore, we can convert a vector a into a complex number Z as follows.
Given a vector a:

a = ae, +ae, (8.73)
then pre-multiplying a by e, we obtain:
eia =e (ae, +aye;) = alef + aeje, = a; + a,l. (8.74)
Therefore,
ea=272. (8.75)

But what happens if we reverse e; and a?
ae; = (ae; + are;)e; = alef + aree; = a; — apl (8.76)
which we recognize as the complex conjugate. Therefore,
ae, = 7", (8.77)

(The dagger symbol 1 is sometimes used to represent the complex conjugate of a multivector).



20 Geometric algebra for computer graphics

Reversing sequences of symbols happens to be a useful operation in GA. For instance, we may
wish to reverse the sequence of three vectors abc to cba, or swap two bivectors AB to BA. Whatever
the elements may be, the reversion operator performs this task and is used as follows:

(abc---d)” = (d---cba). (8.78)

The tilde superscript reminds us of this action, but other authors may employ the dagger symbol.
For any vectors a and b

(ab)y"=(@-b+anb)”

=a-b—bAa
(ab)™ = ba. (8.79)
Similarly, for any multivectors A and B
(AB)~ = BA. (8.80)

Unfortunately, some reversions involve a sign change, and are summarized in Table 8.3.

TaBLE 8.3
Blade

Sign

scalar
vector
bivector
trivector
4-vector
5-vector
6-vector
7-vector
etc.

+ +

N U AW = O
I+ +

This sign switching pattern is accommodated by the following formula:

~ k—
A= (=) T4, (8.81)

In chapter 3 we saw that a complex number z is rotated through an angle ¢ using

z' = ze" (8.82)

where 4
e'” = cos¢ +ising. (8.83)
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But as i = I?
e'® = cos ¢ + I sin . (8.84)

Therefore,
z' = ze'. (8.85)

But a multivector consisting of a scalar and a bivector is identical to a complex number, which
means that we can write Eq. (8.85) as
Z' = Ze". (8.86)

So now let’s see how a vector is rotated using a similar operation.
Pre-multiplying Eq. (8.75) by e; we obtain

eev =¢2Z (8.87)

and
v =¢Z. (8.88)

Let’s assume that there exists another vector v/ with an associated multivector Z’ such that

v =eZ. (8.89)

Substituting Eq. (8.86) we obtain
v = e Zel?. (8.90)

Substituting Eq. (8.75) we obtain
v = eeve’® = vel? (8.91)

which rotates the vector v through an angle ¢ to v'.
Let’s illustrate Eq. (8.91) with an example.
Rotate v = e; anticlockwise 90° in the plane e;,:

v = ve!® = e;(cos 90° + e}, sin 90°)

v =een = e, (8.92)

Which is correct.

In section 8.3.1 we saw that a pseudoscalar rotates a vector 90° in the plane without scaling the
vector. Now let’s see what happens when we form the geometric product of a vector and a bivector.
For example, given a vector a and a bivector B where
a=ae, + a,e; (8.93)
B = (bie; + byey) A (cre1 + ¢€2) (8.94)
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then a’ is the product aB

a =aB

= (ae; + @me))((bie; + byey) A (cre + 6ae))

= (aje; + @mey)(bicre; A ey + bicer A ey + bycies A el + brcre, A ey)
= (a1e; + a28))(bic; — bycy)ep,

= a,(bic, — byc))ele; + ay(bic, — bycy)en,

= a1(bic; — byc))e, — ar(bic, — bacy)ey

a' = —ay(bic; — byoy)ey + ay (b, — byoye,. (8.95)
But
Bl = bic; — bycy. (8.96)
Therefore,
a’ = ||B|[(—aze; + are;). (8.97)

It is clear from Eq. (8.97) that vector a has been rotated anticlockwise 90° and scaled by the
magnitude of the bivector B. Reversing the product reverses the direction of rotation:
a' = Ba
= ((bie1 + brey) A (cre) + c€7))(are; + aze;)
= (b, — byey)eny(are; + azey)
= a,(bic; — bycy)en + ax(bic, — bycy)ern
= —a;(bic; — byc))e; + ay(bic; — bacy)e
= a,(bic; — bycy)e; — ar(bic; — byey)e,
a’ = ||B||(aze; — aje,). (8.98)

Equation (8.98) confirms that a has been rotated clockwise 90° and scaled by the magnitude of
the bivector B.

By now you will have observed that geometric algebra is highly structured. We start with scalars,
which in various tuples create vectors, which in turn create bivectors and ultimately lead to
multivectors. The next element after the bivector is the trivector and is used to represent a directed
volume. Starting with a bivector a A b, which represents a directed area, we can imagine that this
is moved along a third vector ¢ to sweep out a parallelpiped as shown in Fig. 8.5 (a).

Remember that we are working with a right-handed axial system, and the bivector a A b is
anticlockwise as viewed from inside the volume and moves along the direction of vector ¢ to
create the trivector (a A b) A c¢. In Fig. 8.5 (b) the bivector b A ¢ is still anticlockwise as viewed
from inside the volume and moves along the direction of vector a to create the trivector (b A ¢) Aa.
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FIGURE 8.5.

Finally, in Fig. 8.5 (c), the bivector ¢ A a is still anticlockwise as viewed from inside the volume
and moves along the direction of vector b to create the trivector (¢ A a) A b. It is obvious that the
three volumes are identical, which allows us to state

(anbyrc=bAc)ra=(cANa)Ab. (8.99)

Although the volumes in Fig. 8.5 are rectangular parallelpipeds, the above reasoning still holds

for general parallelpipeds. In fact, just as the parallelogram helped us visualize the area comput-

ing powers of the bivector, the parallelpiped is just a useful object to illustrate the volumetric

computing powers of the trivector. However, any volume can be used to visualize a trivector.
When vectors a, b, ¢ are described in terms of the unit basis vectors:

a = ae, + a,e; + ase; (8.100)
b= b1€1 + bzez + b3e3 (8101)
c = e + e+ ces (8102)

and multiplied together using a A b A ¢, it is obvious that this will give rise to terms such as:

e Ne Ne = 0 (8103)
ey Ne Ne = 0 (8104)
e; Aes Aes =0, etc. (8.105)

Furthermore, a variety of new terms arise involving triple outer products such as:

e ANeyANes (8106)
epANey Ae (8.107)
e; Aey A ey, etc. (8.108)

The product e; A e, A e; is interpreted as:
‘sweep the unit bivector e; A e, along the orthogonal vector e; creating a volume represented
by the trivector e; A e; A e3.
The product e; A e; A e is interpreted as:
‘sweep the unit bivector e; A e, along one of its vectors: e;, which does not create a volume.’
The product e; A e, A e, is interpreted as:
‘sweep the unit bivector e; A e, along one of its vectors: e,, which also does not create a volume.’
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Although these interpretations are correct, we require an algebraic explanation, which is
provided as follows.
For completeness, let’s expand the triple outer product:

aANbAc= (a161 + a,e, + 0363) AN (b161 + bzez + b3e3) AN (6161 + e, + C3e3)

a1b1e1 Aer + a1b261 A e + a1b3el A es+
= | abie, Aoy + arbrey A ey +arbser Aest | A (cre) + ey + es)
ﬂ3ble3 Ner + a3bze3 Ae + a3b3e3 N €3

<a1b2e1 A e, —abses Ae —abie; A eyt

A (cie; + e, + ce
a2b3ez/\e3+a3ble3/\el —a3b262/\€3 ) (1 ! 22 3 3)

(a1b, — axby)e; A ey + (aybs — asby)e; Aes

anbre= (+(ﬂ3bl —abs)es Ney

) A (cre; + ey +ces)  (8.109)

At this point we can reject terms such as
e NeyNep, e; Ney N e, ey ANesANe (8110)

as they are zero volume elements, and means that we are left with the following trivector
coefficients:

anbAc=(a1by — ab))cserns + (arbs — asby)crenns + (ashy — arbs)cenns

= ((a2bs — asby)cy + (asby — arbs)c; + (a1b, — axb1)c3)enns

and
a; bl C
aNbAc=la, by, c|ens (8.111)
as b3 C3

which we recognize as the volume of a parallelpiped. Thus a trivector computes a directed volume.

Earlier in this chapter we discovered that
(a1 Ae)’ =—1 (8.112)
and the name pseudoscalar was given to this product. Now let’s do the same for the trivector:

(e1 A ey Aes)” = (erese3)”

€1€,€3€1€,€3 = €,€,€1€3C3C;
(e Aey Aes) =eeree; = —1 (8.113)
which shows that the unit trivector also possesses imaginary properties.

With this new-found knowledge, let’s compute the volume of a rectangular parallelpiped and a
general parallelpiped.
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We start by defining the edges of a box using the following vectors as shown in Fig. 8.6:

a=2e b=23e, c=4e;. (8.114)
e A

)

a €

FIGURE 8.6.
Its volume V is defined as
V=llanbnc|
= ||2e; A 3e; A des||
= [|24e; A ey Aes|
= [|24ep]|
V = ||24]]. (8.115)

Although the volume is represented as 241, we are only interested in its magnitude, which is 24.
Hopefully, it is obvious that by reversing one of the vectors reverses the sign of the volume.

€24

G
FIGURE 8.7.
For a second example, Fig. 8.7 illustrates a general parallelpiped where

a=2e b=0.5e +2, c=3e;. (8.116)
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Therefore, its volume V is given by

V=lanbnac|
= ||2e; A (0.5e; + 2e,) A 3es]|
= |l4enn A 3es]|
= [[12e3]|
V =12. (8.117)

At this point it is worth summarizing a pseudoscalar’s features. To begin with, the pseudoscalar
squares to —1:
IP=-1 (8.118)

which guarantees
I* = 1. (8.119)

Secondly, the pseudoscalar defines orientation. For instance, the 2D unit bivector is defined by
e; A e, and if any other bivector has the same sign as e; A e, it shares the same orientation.
Similarly, the 3D unit trivector is defined by e; A e, A e3, and if any other trivector has the same
sign as e; A e, A es it shares the same orientation. Convention dictates that e; A e, A e; describes
a right-handed system of axes.

8.12.1 The product of identical basis vectors
The three unit basis vectors in R? are e, e, and e;, and although it is self-evident, for the sake of

completeness, we will record that
e=e=¢e =1 (8.120)

8.12.2 The product of orthogonal basis vectors

The third unit basis vector e; gives rise to three orthogonal unit basis bivector combinations:

€12, €3 and ez;. (8.121)
We already know that
en =¢e Ae (8.122)
and it should come as no surprise that
€3 =¢; Ae; (8.123)

and
€3 = e3 A €. (8124)
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8.12.3 The imaginary properties of the unit bivectors

In section 8.2.6 we discovered that

e, =(e; Ney)’ =—1 (8.125)
and the same pattern is repeated for R?:

e, = (e, Ney)” =—1 (8.126)

and
e, =(esne) =—1 (8.127)

In section 8.3.1 we discovered that pre-multiplying a vector in R? by the pseudoscalar I = ey,
rotates the vector clockwise 90° and post-multiplying rotates the vector anticlockwise 90°. Let’s
see what happens when we multiply a vector in R* by a unit bivector. We begin by defining a
vector and a unit bivectore;, = e; A e,

a = ae, + a,e, + ases. (8.128)
Therefore,

€a = aiee; + axen€; + asee;
= —a,&; + dze; + ase;

€d = a,e; — d1€; + azeqns. (8129)

Equation (8.129) contains two elements:
a vector
a,e, — d,e, (8.130)

and a volume
as3€123. (8.131)

What has happened is this. The multiplier e;, has:

1. Rotated the projection of a on the bivector e; A e,, clockwise 90°. (Fig. 8.8a)
2. Formed a volume of a; by sweeping e; A e, along e;. (Fig. 8.8b)

Reversing the product to ae;, produces
aep = ajeie; + a8y + asesen;
= 1€, — 4,81 + a3€123

ae;, = —a,e; + a,e, + ase;n;. (8.132)
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FiGure 8.8.

Equation (8.13) confirms that the direction of rotation has been reversed to anticlockwise, whilst
the sign of the volume remains unchanged.
Similar results are obtained with the products with e);a and e, a:
€30 = a1€23€; + 12€3€; + A3€3€;3
= ai€p3 — 4€3 + d3€;

e3a = ase, — aye; + aepy; (Figs. 8.9(a) and (b))

and
aey; = —asze; + a3 + aiep;. (8.133)
and
€314 = d;€31€] + A€31€; + d3€31€;
= a16; + a3 — a3€
e31a = aje; — ase; + aeps (Figs. 8.10(a) and (b))
and

aes; = —ajes + aze; + a,ens. (8134)

These are interesting patterns, so let’s see what happens when the multiplying bivector is not a
unit bivector.
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Our bivector B is defined by the outer product of two vectors, whose precise values are not
important, as any relevant combination will do. The vector a will have the form

a = a,e; + a,e, + ases. (8135)
However, it is much more useful to express it in terms of two orthogonal components:
a=aq +a, (8136)

where a is parallel with B and a, is perpendicular to B. This scenario is shown in Fig. 8.11.

FiGure 8.11.

Figure 8.11 shows an extra vector b which is orthogonal to a; and also lies in the plane B. The
value of b is chosen such that

aAb=B. (8.137)
Therefore, the geometric product a;b is
agb=a -b+aAb=a Ab=B (8.138)
therefore,
B=ayb. (8.139)

Now we explore the product of a vector and a bivector using a, a, and B.
Starting with a; B we obtain

QHB =q (a”b) = aﬁb (8140)
But
ai = llay|l*. (8.141)
Therefore,
a,B = |la;|I’b (8.142)

which is a vector, and must lie in the plane B. In fact, Eq. (8.142) shows that when a vector and a
bivector are coplanar, their product rotates the vector 90° and scales it.
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Next, we investigate the product a, B:
QLB = aL(a”b) = aLa”b. (8143)

With reference to Fig.8.11, a,, a; and b are three orthogonal vectors, and can be visualized as
sweeping the bivector a; A a along vector b creating a volume represented by the trivector a, a;b.
Using Egs. (8.142) and (8.143) we can express the product aB as

aB = (QH + LIL)B
=aqB+a B
aB = |lay|I°b + a,a)b (8.144)

which is the sum of a vector and a trivector. Although this will not always be the case, because
vector a could be orthogonal to bivector B, which only creates a trivector, in general, we can
predict that the product aB will contain two terms: a vector and a trivector.

We are now in a position to define the product aB in terms of the inner and outer products,
where there is a temptation to assume that it obeys the same rule for the geometric product of
two vectors:

aB=a-B+aAB, (8.145)

which although is true, has to be proved.
We begin by declaring B as the outer product

B=bnc. (8.146)

Therefore,

aB =a(b A o). (8.147)

We now have to find a way of converting Eq. (8.147) into Eq. (8.145), which is achieved as follows:
Using the geometric product

1

banc= E(bc —¢cb) (8.148)

then

1 1
albnc)= az(bc —cb) = E(abc — ach). (8.149)
Similarly,
1

a~b=5(ab+ba) = ab=2a-b—ba (8.150)

and

1
a-c:z(ac—f—ca) = ac=2a-c—ca. (8.151)
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Substituting Egs. (8.150) and (8.151) in Eq. (8.149)

ab Ac) = %((m b —ba)c — 2a - ¢ — ca)b)
= %(2((1 - b)c — bac — 2(a - ¢)b + cab)
=@ -byc—(@-ob+ %(cab — bac)
=(@-byc—(a-c)b+ %(abc + abc)
a(b Ac)=(a-b)c—(a-c)b+abc. (8.152)

Equation (8.152) shows that the product of a vector and a bivector (aB) creates two components:
a vector

(a-b)yc—(a-c)b (8.153)

and a trivector

abc. (8.154)

Next, we will show that reversing the product (Ba) creates a vector
—(a-b)c+@-ob (8.155)

and a trivector

abc (8.156)

where the vector is reversed, and the trivector remains unaltered.
What we want to do now is arrange that some combination of aB and Ba forms a - B to create
the vector component, and another combination forms a A B to create the trivector component.
We can isolate each part using the following subterfuge:
Reversing the product a(b A ¢) to (b A ¢)a

(b Ac)a= %(bc —cb)a = %(bca — cba). (8.157)

Now

1
c-a:z(ca+ac) = ca=2a-c—ac (8.158)

and

1
b-a:i(ba—i—ab) = ba=2a-b—ab. (8.159)
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Substituting Egs. (8.158) and (8.159) in Eq. (8.157)
(b Ac)a= %(b(Za ¢ —ac)—cQa-b— ab))
= %(Zb(a -¢) — bac — 2c(a - b) + cab)
=(@-c)b—(a-b)c+ %(cab — bac)
=(a-c)b—(a-b)c+ %(abc + abc)
(bAc)a=(a-c)b—(a-b)c+abc. (8.160)
Subtracting Eq. (8.160) from Eq. (8.152)
a(b Ac)— (b Ac)a=2(a-b)c—2(a-c)b. (8.161)

Therefore,

(a-b)c—(a-c)b= %(aB — Ba). (8.162)

As %(aB — Ba) creates a vector, which is a lower grade object compared to a bivector, it is defined
using the dot symbol as:

1
a-B= z(aB — Ba) = (a-b)c—(a-c)b. (8.163)
Adding Eq. (8.160) and (8.152) together, we obtain

a(bAc)+ (b Ac)a=2abc. (8.164)

Therefore,

1
E(aB + Ba) = abc. (8.165)

As 1(aB + Ba) creates a higher grade object compared to a bivector, it is defined using the outer
symbol as:

1
anB= E(aB + Ba) = abc. (8.166)

Combining Egs. (8.163) and (8.166) we define the geometric product aB as

aB=a-B+anB (8.167)
aB = (a-b)c — (a-c)b+ abc (8.168)

where
B=bnAc. (8.169)

Now let’s derive formulae for the reverse product Ba.
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Subtracting Eq. (8.168) from Eq. (8.160) we have
(bnrcya—albArc)=2(a-c)b—2(a-b)

therefore,
1
E(Ba —aB) = (a-c)b — (a-Db)c.

As this is a grade lowering operation, it is defined as an inner product:
1
B-a:E(Ba—aB):(mc)b—(a-b)c.

Adding Eq. (8.168) to Eq. (8.160) we have
(bAc)a+a(bAc)=2abc

therefore,
1
E(Ba + aB) = abc.

As this is a grade raising operation, it is defined as an outer product:
1
BAa= E(Ba + aB) = abc.
Therefore,
1 1
B-a4+BAa= E(Ba—aB)+z(Ba+aB)=Ba

and
Ba=B-a+ B Aa.

Let’s bring these results to life with two simple examples.
We start with three vectors

a=2e +e —e;
b=e —e +¢;
c =2e + 2e, + es.
We now construct a bivector B:
B=bAc=1(e; —e +e3) AQe; +2e +€3)
= 2e1; — €31 + 2e1 — €3 + 2e31 — 263
B = 4e;, — 3e55 + €51
Therefore,

aB = (2e; + e, — 2e3)(4ey, — 3ey3 + €31)

= 862 - 66123 — 263 — 461 — 363 + €13 — 86123 — 662 — 261

aB = _661 + 262 — 563 — 133123.

(8.170)

(8.171)

(8.172)

(8.173)

(8.174)

(8.175)

(8.176)

(8.177)

(8.178)
(8.179)
(8.180)

(8.181)

(8.182)
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Similarly,

Ba = (4e1; — 3ey; + €31)(2e; + € — 2e3)
= _862 + 461 — 86123 — 66123 + 363 + 662 + 263 + €123 =+ 261
Ba = 6e; — 2e, + 5e; — 13e,3. (8.183)

Now let’s calculate the inner and outer products.
The inner product:

1
a-B:E(aB—Ba)

1
= 5(—661 + 262 — 563 — 138123 — 661 + 262 — 563 + 136123)

1
= 5(—1261 + 462 — 1063)
a-B = —6e + 2e, — 5e;. (8.184)

The outer product:
1
anB= E(aB—i—Ba)

1
= 5(—661 + 262 — 563 — 133123 + 661 — 262 + 563 — 133123)
aAB= _136123. (8185)

Thus

aB=a-B+aAB
aB = —661 + 262 — 563 — 13@123. (8186)

It is clear from these examples how the inner and outer products identify the two parts of the
geometric product.

In vector algebra the inner product is also known as the scalar product or dot product. Con-
versely, in geometric algebra we can create products between vectors, bivectors, trivectors, etc, and
any combination such as a vector and a bivector, or a bivector and trivector. Because these objects
have different grades, we require a new interpretation of the dot symbol, which also embraces
the original definition. Thus the dot product in Eq. (8.167) means the “lowest grade part of the
product.” Similarly, the outer product in Eq. (8.167) means the “highest grade part of the product.”

If you believe that you have seen the RHS of Eq. (8.163) before, you may recall from vector
algebra that

(bxc)yxa=(a-byc—(a-c)b (8.187)

and
ax(bxc)=(@-c)b—(a-b)c. (8.188)

Later in this chapter we show how GA can be used to derive these relationships.
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In R? we have to consider the possible products that exist between ej,, ;3 and e;;. We already
know that

e, =6 =¢, =—1 (8.189)
and it is easy to show that
€263 = €13 = —e€3; (8.190)
€363 = €1 = —€p (8.191)
€31€12 = €3 = —€3 (8.192)
€12€31 = €33 (8.193)
€381 = €31 (8.194)
€313 = €1p. (8.195)

Thus we see that unit bivectors anticommute.
These results are summarized in Table 8.4

TABLE 8.4

GP e €3 €31
€12 -1 —€31 €23
€23 €31 -1 —C12
€31 —en en -1

Accordingly, when we encounter an expression such as e, Se,; we can rewrite it as

afene; = —afies). (8.196)

To begin with, let’s consider the products e;e),3, e,e153 and ese;ys:

€123 = €33 (8.197)

€€123 = €31 (8.198)

€3€123 = €12. (8.199)
Similarly,

€123€] = €33 (8.200)

€123€; = €31 (8.201)

€123€3 = €12. (8.202)

Thus we see that vectors and trivectors commute.



The geometric product 107

Let’s illustrate this with a simple example a5e;,; where
a = 2e, + 3e, + 4es. (8.203)
Therefore

a56123 = (261 + 362 + 463)56123
6156123 = 20612 + 10623 + 15631. (8.204)

The volumetric element has been reduced to three bivector terms.

e

To begin, let’s consider the products ej€123, €23€123 and e3je123:

€12€123 = —€3 (8.205)

€3€123 = —€; (8.206)

€313 = —€. (8.207)
Similarly,

€123€1 = —€; (8.208)

€123€3 = —€; (8.209)

€123€31 = —¢€;. (8.210)

Thus we see that bivectors and trivectors commute.
Again, let’s illustrate this product with an example B5e,,; where

B = 2612 + 3623 + 4631. (8.211)
Therefore,

B5ejp; = (2e1; + 3ey3 + 4e3)5e 53
B5e;;3 = —15¢; — 20e, — 10e;s. (8.212)

The volumetric element has been reduced to three vector terms.

We have already discovered in section 8.10 that the square of the pseudoscalar equals —1.
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Having considered the product of two trivectors in R, it is worth exploring the concept of
expanded outer products. For example, in R?, what is meant by

aANbAcAd? (8.213)

We can resolve this question by reasoning that if a, b, ¢ are not coplanar, then d must be a linear
combination of a, b, c:

d = red 4+ Apb + A [har Ay he € R] (8.214)
therefore,
anbAcAd=anbArcAXa+ ib+ i)
and
anbAcAnd=rarbAcAha+raAbAcAb+AanbAcAc. (8.215)
Recall that
anb=—-bAa (8.216)
therefore,
aANbAcANa=bAananc. (8.217)
But
ana=0 (8.218)
therefore,
aAbAcAa=0. (8.219)
Similarly,
aANbAcAb=aArbAcAc=0 (8.220)
therefore,
aNnbAcAd=0. (8.221)

Now that we covered bivectors and trivectors and tentatively explored higher dimensions, it
appears that each space possesses a unique element created by the outer product. Starting with
vectors, the outer product produces bivectors, trivectors, and even quadvectors, and there is no
reason why higher n-vector elements cannot exist. Such a pattern was recognized by Hestenes
who proposed the name blade for these elements [14]. Thus a blade is any multivector that can
be formed as the outer product of a set of vectors. However, this definition has been widened by
some authors to embrace scalars as 0-blades, vectors as 1-blades, bivectors as 2-blades, etc.
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An interesting relationship exists between blades and the pseudoscalar that is referred to as the
duality transformation. Consider the following products involving the pseudoscalar I = e; A ¢,
and 2D basis vectors:

Iel = €166 = —€ (8222)

162 = €166, = ¢ (8223)
and

el =eee, =¢ (8.224)

ezl = €616, = —¢€;. (8.225)

Note that they anticommute. Now consider the following products involving the pseudoscalar
I = e, A e, A e; and the 3D basis vectors:

Iel = €1€,€3€] = €,€3 (8226)

Iez = €1€,€3€; = €3¢€; (8227)

163 = €1€,€363 = €€, (8228)
and

61[ = €1€1€,€3 = €,€3 (8.229)

ezl = €7€16,63 = €3¢ (8230)

e;] = ejeje,e; = eje,. (8.231)

Note that they commute, and further analysis shows that spaces with an odd number of dimen-
sions, the pseudoscalar commutes will all vectors and multivectors, whereas spaces with an even
number of dimensions they anticommute. This relationship is summarized by the relationship:

LA, = (—=1)""DA,IL. (8.232)

Doran and Lasenby [15] show how this relationship can be used to relate the inner and outer
products:

a-(A]) = %(aA,I — (=1D)""AIn)
= %(aA,I — (=D""(=D)"'A,al)

1
= E(aAr + (=D"Aa)l

a-(A)=anAl (8.233)
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The product al is a grade lowering operation as a volumetric element is reduced into bivector
elements, and consequently is denoted using the dot product:

al =a-1. (8.234)

Figure 8.12 shows the duality relationship between bivectors and vectors in 3D space.

FIGURE 8.12.

A convenient notation used to represent the dual of A is A*.

We are now in a position to summarize the above products in tabular form as shown in
Table 8.5.

TaBLE 8.5

Inner product

Vectors commute a-b=b-a
Vectors and bivectors anticommute a-B=—-B-a
a-B= 1B - Ba)
a-B=(a-b)yc—(a-c)b
B-a = 3(Ba—aB)
B-a=(a-c)b—(a-b)
Outer product
Vectors anticommute aANb=—-bAa
Vectors and bivectors commute aAB=BAa
a AB=1(aB+ Ba)
a A B =abc

BAa=1(Ba+aB)
B Aa=abc
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TaBLE 8.5 (continued)

Geometric product

Orthogonal vectors anticommute
Orthogonal bivectors anticommute
Bivectors square to —1

Definition

Vectors and bivectors anticommute

Trivector commutes with all multivectors in the space
The pseudoscalar
Vectors and the pseudoscalar commute

Duality transformation

The trivector squares to —1

€2 = —€1

€12€23 = —€23€12

e = =e3 =1
ab=a-b+anb
aB = —Ba

aB=a-B+4+aAB
aB = (a-b)c — (a-c)b+ abc
Ba=B-a+BAa
Ba = (a-c)b—(a-b)c+ abc

al' =Ta BT =1B
eps =1

al =1Ia

al =a-1

6232161

€31 =I€2

6122183

I’=-1

Where a and b are vectors, B is a bivector, and T is a trivector.

Table 8.6 summarizes the commutative rules that exist between vectors, bivectors and trivectors
when using the inner, outer and geometric products. The fact that every product is resolved in
terms of the table’s indices means that the product of two multivectors forms a closed algebra.

TaBLE 8.6

GP A € € €3 en €3 €31 SPE
A )\2 Ael )\ez )\.83 Aelz )»ez3 )\631 )\6123
€] Aey 1 €12 —€31 €2 €123 —€3 €23
€ A€y —en 1 €3 —e; €3 €123 €31
€3 Ae3 €31 —e 1 €123 —e€ St €1
P Aepp —e €] €123 -1 —e31 €3 —e3
€3 A3 SPE —e;3 € €31 -1 —en —e;
€31 Aes) €3 €123 —er —e Sp) -1 —€
€123 Aeias €23 €31 €12 —€3 —¢ —€ -1

In section 8.5 we defined a multivector in R? as a linear combination of scalars, vectors and
bivectors. We now extend this definition to include trivectors. Table 8.7 summarizes the elements

and confirms that we have 1 scalar, 3 vectors, 3 bivectors and 1 trivector.
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TaBLE 8.7

Element Symbol Grade

1 scalar A 0

3 vectors {er, e, €3} 1

3 bivectors elNE =ep 2
ey AN es = ey3
€3 ANep = €3

1 trivector €123 3

For completeness, let’s form the product of two multivectors to demonstrate that we have a
closed algebra.

We begin by defining two multivectors A and B:

A = Xo+ diep + Aye; + Asern + Agers + Ases; + Agerns  [A € R] (8.235)
B = By + Bie1 + Brer + Bserr + Bays + Bsest + Peers  [Bi € R] (8.236)

Therefore,

AB = Ao(Bo + Bier + Bae; + Bsern + Baers + Psesy + Beeins)
+ Aiei(Bo + Bier + Brer + Bierr + Paers + Bsest + Poeins)
+ Aae(Bo + Bier + Brer + Bsenn + Baers + Bsesi + Bseins)
+ Asenn(Bo + Bier + Brer + Bsenn + Baers + Bsesi + Boeins)
+ Asers(Bo + Brer + Brer + Bserr + Puers + Bsest + Poeins)
+ Ases1(Bo + Bier + Brex + Bserr + Baers + Bsest + Poeins)
+ Age13(Bo + Bier + Baey + Bsern + Baeys + Bsesy + Poeins) (8.237)

expanding

AB = Moo + AoBrer + roBrer + AoBsern + AoBiers + AoPsest + AoBseins + AiBoer + A1
+ A1 Brern + A Bses + A Baeias — A fses + A Bsers + M foer — AaBienn + A B
— hafser + Lafaes + AaPsenns + AaBsest + AsPoern — Aspier + Asfrer — AspBs
— AsPaest + AsPsers — AsBses + AaPoers + AaPierns — hafres + AaPsess — Aupy
— Aafse1n — Ayfser + AsPoesr + AsPies + AsBaeias — AsPBseas + AsPaein — AsPs
— AsBser + AoPoeins + AsPrers + AsPresi — AsPses — Asfaer — AePser — Asfs  (8.238)

simplifying and collecting up like terms

AB = AoBo + MPB1 + Ay — A3Bs — APy — AsBs — AePs
+ (AoB1 + 21Bo — A5 + X3Py — Aufe — AePBs)er
+ (AoB2 + A1Bs + X280 — A3B1 — AsPs — AeBs)e:
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4 (=A1Bs5 + A2Bs — A3Bs — Aufir + AsB1 — AeP3)es

+ (RoBs + 2By — AP + A3y — AuPs + AsBa)er;

+ (AoBs + M Bs + A3Bs + AufBo — AsPBs + AsBr)es

+ (AoBs + A2Bs — AsBa + Asfs + AsBo + AeBr)es

+ (AoBs + ABs + A2 Bs + AsBi + AsPar + AsPo)erns (8.239)

which is another multivector and forms a closed algebra.

A multivector that contains terms of only a single grade is said to be homogeneous.

You may have noticed an obvious pattern associated with the number of elements in each
multivector. Table 8.8 summarizes the number of elements for R?, R* and R* where it is obvious
that Pascal’s numbers are in control.

TaBLE 8.8

Scalar Vector Bivector Trivector Quadvector

R? 1 2 1
R} 1 3 3 1
R* 1 4 6 4 1

As a multivector contains elements with a variety of grades, it is useful to isolate each grade
using the following notation: (A),, where # is the required grade. For example, given

A=3+2e +e —3e;+ 5e A2e+ 73 (8.240)
then
(Ao =3 (8.241)
(A); = 2e; + e, — 3e; (8.242)
(A) = 5e1 A 2¢; (8.243)
(A)s = 7ens. (8.244)

In the case of the geometric product

ab=a-b+anb (8.245)
(ab)y =a-b (8.246)
(ab), =a A Db. (8.247)

We are now in a position to compare vector algebra with geometric algebra, especially with the
way vectors relate to complex numbers, and how rotations in the plane are effected.

Table 8.9 summarizes the two algebras beginning with a vector, the mapping from a vector into
a complex number, and the technique for rotating.
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TaBLE 8.9

Vector Algebra Geometric Algebra
vector v = a1l + ayj vector v =ae; + ae,
map a=a b=a map Z =ev
complex number z=a+ bi multivector  Z = a; + a1
rotor 7/ = ze' rotor Z' = Zel?

v = vel?

90° rotor v = —ai + ajj 90° rotor v =yl

In chapter 7 we discovered the close similarity between the outer product and the cross product
and saw that the bivector coefficients for the outer product are identical to the coefficients for the
axial vector resulting from the cross product. We are now in a position to discover the algebraic
relationship between the two products.

Starting with two vectors a and b, their cross and outer products are

€ € &
axb=la a a;s
b] bz b3
a x b = (aybs — asby)e; + (asby — arbs)e; + (a1b, — axby)e; (8.248)
and
aANb = (aybs — ashy)eys + (asby — ar1bs)es; + (a1by — axby)ens. (8.249)

Let’s see what happens when we pre-multiply Eq. (8.249) by the pseudoscalar e;,s:
ens(a A b) = (axbs — asby)ensers + (asby — aybs)enses; + (a1b, — axby)esern
ens(a Ab) = —(axbs — asby)e; — (asby — a1bs)e;, — (a1by — ayby)es. (8.250)

This has almost created the cross product in Eq. (8.248) apart from the inverted sign. So let’s
multiply Eq. (8.250) by —1:

—ens(a A b) = (ayby — asby)e; + (asby — a1by)e; + (a1by, — ayby)e; (8.251)
which creates the cross product in Eq. (8.248). Thus we can state that
axb=—ep(aAb)or —I(aAD). (8.252)
Therefore, given a bivector B, the vector v orthogonal to the planar surface is given by
v =—IB (8.253)

which is determined algebraically.
For example, Fig. 8.13 shows two vectors a and b where

4= et e, (8.254)
b= € — €. (8255)
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Ficure 8.13.

The cross product is given by

€1 € €3
axb=c=|0 -1 1
1 -1 0

=e +e +e6; (8256)

which is expected from the symmetry of the vectors.
Now let’s compute ¢ using Eq. (8.253):

B=a~nb
=(—exte) Aler —e)
=—eAe +teAe+esNAe —e3Ae

B = € + €31 + €. (8257)

Therefore,

c=—IB
= —ens(en + e +ex)
=et+e te
c=e¢ +e +e;s (8.258)

which is identical to the previous result.

Now that we have a mechanism to move between GA and the cross product, we can prove
various identities in vector analysis using GA. For example, let’s expand the vector triple product
(a xb) xc.
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Starting with a x b:

axb=—-I(aAb)
= —es(aie; + are, + ase;) A (biey + bye, + bses)
= —ei((aybs — asby)ey + (ashy — aybs)es; + (a1b, — a,by)ery)
a X b= (ab; — asby)e, + (asb, — a1bs)e, + (a1b, — aby)es (8.259)

substitute A; for each coefficient
axb=MAe + A, + Ase;. (8.260)
Expand (a x b) x c:
(a X b) x c = —I(A1e] + Are; + Ase3) A (cre1 + 665 + cz€3)

= —e3((Aa6 — Aszcp)ers + (Ascp — Arcs)es) + (A — Ayc)ern)
(a x b) x ¢ =(hcs — Asc)e; + (Ascr — Aics)e; + (A — Aycp)es.

Re-substitute for each A;
(a x b) x ¢ = ((a3by —a1bs)c; — (a1by — axby)cr)ey
+ ((a1by — axby)cy — (a5 — ashy)cs)e;
+ ((axb3 — asby)c;, — (asby — a bs)cy)es. (8.261)

Rearrange the order

(a x b) x c = (a0 + asc3)brey + (arc1 + ascs)baey(arcy + axcy)bses
— ((bycy + bscs)are; + (bicy + bscs)azes + (bio) + bay)ase;)  (8.262)
Now we add the following zero term to complete the inner products:
(arcr)brer + (ax00)baey + (asc3)bses — (bic)are;, — (baey)aze, — (bscs)ases =0 (8.263)
(axb) xc=(aiq+ ac, + asc3)biey + (a6 + a:6 + asc)bres(arc; + a6y + ascs)bes
— ((bici + bacy + bscs)are; + (bicy + bacy + bscs)aze; + (bicy + bacy + bscz)ases) (8.264)

therefore,
(axb)yxc=(a-c)b—(b-c)a. (8.265)

In chapter 6 we reviewed the ideas behind quaternions and saw that a quaternion is defined as
the sum of a scalar and a vector, where Hamilton’s imaginaries i, j and k obey the product rules
shown in Table 8.10.
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TaBLE 8.10
i j k

i -1 k —j

j —k -1 i

k j —i —1

and 77k = —1.
If we let

Bi=e;Nnes (8.266)
By=e;ne (8.267)
B3 =e; Ne (8268)

the bivector products obey the rules shown in Table 8.11.

TaBLE 8.11
B, B, B;
Bl —1 _BS BZ
Bz B3 —1 _Bl
B; —B, B —1
and

The subtle difference between Table 8.10 and Table 8.11 is that, apart from the diagonal, the signs
are reversed, which suggests that there is a difference in the handedness of the axial systems.
To confirm this, Fig. 8.14 shows a left-handed set of bivectors, which obey the rules shown in
Table 8.12.

Y

) @
B, B,

s B, Ta_

FIGURE 8.14.
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TaBLE 8.12

B, B, Bs
B —1 B; —B,
Bz —B3 —1 Bl
Bs B, —B, —1

We can see from Tables 8.10 and 8.12 the intimate relationship between Hamilton’s imaginaries
and a left-handed set of bivectors, which is elegantly described by Chris Doran and Anthony
Lasenby in their book Geometric Algebra for Physicists [14]. What is strange, is that even the greatest
mathematicians can misinterpret their discoveries, and what is so ironic is that Grassmann’s alge-
bra embraced vectors, bivectors and quaternions and would have changed the path of mathematics
had it been adopted at the time.

Associative algebras such as the algebra of real numbers and complex numbers permit division.
For example, if

af = 3§ (8.270)
then
a=3588"" (8.271)
Similarly, given these complex numbers
(a+ib)(c+id) =e+if (8.272)
then we can state that
(a+ib) = (e+if)(c +id)~". (8.273)

And as geometric algebra is associative, we can divide by vectors. For example, given that a
multivector B = ab, then we can multiply throughout by b and state that

Bb = (ab)b = ab? (8.274)
which means that )
Bﬁ =a (8.275)
or
Bb'=a (8.276)
where
b b
-1 = . 8.277
e (8:277)

We can illustrate this with an example.
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Two vectors a and b are given by
a = 3e, + 4e, (8.278)
b=¢e +e (8.279)
and a multivector B is given by
B=ab
= (3e; +4ey)(e; +€3)
=3+ 3¢, — dey, + 4
B=7—epn. (8.280)
Now let’s compute b™!
_ e+ e
Ve +el
b= %(e1 +e). (8.281)
Therefore, we can recover a from B as follows:
a=Bb"
1
= 5(7 —ep)(e; +e)
1
= z(7e1 + 7e;, — epe; — e2€;)
1
= E(7e1 +7e;+¢e, —e)
a = 3e, + 4e, (8.282)
which is correct.
Next, we consider a multivector C = abc, where
a = 3e, + 4e, (8.283)
b=e +e (8.284)
R (8.285)
Therefore,
C = (3e; +4ey)(e; + ey)es
= (3ef + 3e;, — 4dep, + 4e§)e3
= (7 —en)e;
C =7e; — eas. (8.286)
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Now, if we are given ¢, we can find the bivector term as follows:
ab = Cc™!
Cc
llall?
= (7e5 — ep3)es

ab=7— €12 (8287)

which is correct.

For all sorts of reasons we are always interested in the intersections of lines, planes, spheres,
cylinders, etc., and GA’s meet operation provides a way of calculating such intersections. For
example, the meet of A and B is written A Vv B, and without proof, is defined as

AVB=A"B. (8.288)

To illustrate how this operation works we first examine the intersections of the three basis 2-blades,
followed by the intersection of two arbitrary blades.

ell @

B;| B

F1Gure 8.15.

Figure 8.15 shows the three basis 2-blades B, B,, Bs, and it is obvious that
BivB,=e By,VBi=e; B;VB =e. (8.289)
Now let’s demonstrate how the meet operation confirms this result.
B, =e Ae;, By=e,Ae;s Bs=es;Ae. (8.290)
Therefore,
B, VB, =B B,
= (es€12) - €23

Bl \ BQ = —¢€3 - €)3. (8291)
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Using the identity a - B = 3(aB — Ba)

1
B, Vv B, = 5(—6323 + €333)

Bl \ BZ = €. (8292)
Similarly,
Bz \ B3 = B; . B3
= (en3€23) - €31
= =€ &3
1( + es11)
= —(—e e
5 131 311
Bz \ B3 = €3 (8293)
and
B3 vV Bl = B; . Bl
= (en3€31) - €12
=—¢-¢n
1( +e)
= —(—¢ €
> 212 122
B3 \ Bl = €. (8294)
e,
FIGURE 8.16.

The next example is shown in Fig. 8.16 where one of the planes is away from the origin. The
meet of the two blades A and B is a line passing through the two points (1,0,0) and (0, 1, 0),
whose direction vector is given by £(e; — ;). Let’s compute the product A* - B to confirm this
prediction.

Given

a=-e —e€; (8.295)
b=e,—e; (8.296)
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A=anb

=(e; —e3) A(e; —e3)

=e; — €53 — ex (8.297)
B=e¢ep, (8.298)
then
AVB=A*-B

=elen —e3 —exn) e
AVB=(—e;—¢e —e) en. (8.299)
Expand using a - B = (aB),
AV B = ((—e; —e; —een)
AVB=c¢ —e (8.300)

which is correct.
We explore other applications of the meet operation in the following chapters.

This chapter has covered a large number of topics, which, if understood completely, can be
summarized as follows:

Geometric algebra provides a coordinate free, algebraic framework for describing geometry in
any number of dimensions. At the heart of the algebra is an associative, geometric product which
has real and imaginary parts and is defined as the sum of the inner and outer products. It is also
invertible. The inner product is the familiar inner product a - b whereas the outer product is
defined as the outer product a A b. Thus the geometric product of two vectors is defined as

ab=a-b+aAnb. (8.301)

The outer product defines a directed area, which, unlike the cross product, exists in space of any
number of dimensions. However, like the cross product, it is antisymmetric:

aANb=—-bAra. (8.302)

The outer product creates a new entity called a bivector, which is a directed area defined by a pair
of vectors. In R? there is only one unit bivector: e, A e, = e}, whereas in R? there are three:
€1 A€y, € Aesand e; A e. Thus, the outer product of two vectors in R? is represented as

anb= )\,1(61 VAN ez) {)\,1 S R} (8303)
and in IR? it is represented as
aANb= )\.1(61 AN ez) + )\-z(ez AN e3) + )\3(63 A el) {)\,1,)\.2, )\.3 (S R} (8304)

In IR? the outer product of three vectorsa A b A ¢ (i.e. a trivector) represents a directed volume.
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It is possible to linearly combine scalars, vectors, bivectors and trivectors to create multivectors
that form a closed algebra. These elements possess a natural hierarchy which is described in terms
of their grade where scalars are grade 0, vectors are grade 1, bivectors are grade 2, and trivectors
are grade 3. The inner product has grade reducing qualities as it transforms two vectors into a
scalar, whereas the outer product has grade raising qualities as it transforms two vectors into a
bivector.

The inner and outer products can be defined in terms of the geometric product using

1
a-b= E(ab + ba) (8.305)

and X
anb= E(ab — ba). (8.306)

The axioms defining the algebra are

a(bc) = (ab)c (8.307)
alb+c¢)=ab+ac (8.308)
(b+c)a=ba+ca (8.309)
ra = ak (8.310)
a* = =+|al (8.311)

An unusual feature of geometric algebra is that the highest graded element for any space (bivector
for R?, trivector for R?) squares to — 1, which introduces imaginary features to multivectors. These
elements are called pseudoscalars.

Multivectors can be added, subtracted, multiplied together and even divided by a vector. When
adding or subtracting multivectors, like elements are combined individually. However, the product
of two multivectors is computed using the rules summarized in Table 8.5.

The number of elements belonging to a multivector is determined by the number of combi-
nations of 7 elements selected p at a time ,C,. For example, in R* we have 1 scalar, 2 unit basis
vectors and 1 unit bivector. Whereas in R?, we have 1 scalar, three unit basis vectors, three unit
bivectors and 1 unit trivector. In R* we have 1 scalar, 4 unit basis vectors, 6 unit bivectors, 4 unit
trivectors and 1 unit quadvector.

In R? the product of a unit bivector (pseudoscalar) I and a vector rotate the vector 90°. For
example

el =e (8.312)

whereas
le; = —e,y. (8.313)

In R? premultiplying a vector by a bivector performs two operations:
e first, it rotates the projection of the vector on the bivector clockwise 90°

e second, it creates a volume by sweeping the bivector along the perpendicular component of the
vector.
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In R? premultiplying a vector by a trivector creates a multivector consisting of bivector terms. In
the case of the unit basis vectors we have

€123€; = €3 (8.314)
€123€ = €31 (8.315)
€123€3 = €1p. (8.316)

Apart from the rotations described above, GA contains some powerful 3D rotation features that
are described in the following chapter.



9 Reflections
and Rotations

Rotating objects and virtual cameras are central to computer animation and computer games and
are traditionally effected using matrix transforms representing Euler angle rotations. For example,
to rotate a 2D point about the origin we use

x cosf —sinf | | x
|:y’i| - |:sin0 c059j| |:y] D

To rotate a 3D point about the origin we use one transform for each axis:
to rotate about the x-axis

x 1 0 0 x
y' | =10 cos(pitch) —sin(pitch) | |y (9.2)
z' 0 sin(pitch)  cos(pitch) z

to rotate about the y-axis

x cos(yaw) 0 sin(yaw) X
Y| = 0 1 0 y (9.3)
z' —sin(yaw) 0 cos(yaw) | | z

x' cos(roll) —sin(roll) 0| | x
y' | = | sin(roll)  cos(roll) O | |y|. (9.4)
z' 0 0 1 z

These rotations are not very intuitive to use, especially when we need to rotate points about an
arbitrary axis, for which the following transform is used:

x a’K +cos@ abK —csinf® acK +bsiné | [ x
y' | = |abK 4+ csin® b’K +cos® bcK —asinf | |y (9.5)
z' acK —bsinf bcK +asin® K + cosf z

125
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where
K =1-—cos0 (9.6)

and the axis of rotation is defined by
? = ai + bj + ck. (9.7)
In recent years, Hamilton’s quaternions have been embraced by the computer animation and

games communities where a point P is rotated to P’, through an angle 6, about an axis ¥ using
the pure quaternion g. The process involves the following steps:

1. Convert the point P(x, y,z) to a pure quaternion p:
p = [0+ xi+ yj + zKk]. (9.8)
2. Define the axis of rotation as a unit vector ¥:
V= [xi4+y,j+ 2kl (9.9)
3. Define the transforming quaternion g:
q = [cos(6/2) + sin(6/2)7]. (9.10)

4. Define the inverse of the transforming quaternion q~':

g~ = [cos(0/2) — sin(8/2)P]. (9.11)
5. Compute p':
P =qpq". (9.12)
6. Unpack (x',y’,z") from p’:
P =[0+xi+yj+2zk] (9.13)

Given a quaternion [w + xi + yj + zk], its equivalent matrix is

1=2(*+2%)  2(xy —wz) 2(xz + wy)
2y +wz) 1 —=2(x*+2z%)  2(yz —wx) (9.14)
2(xz — wy) 2(yz +wx) 1 —=2(x>+y?)

where
w+xi+yi+2E =1 (9.15)

We saw in the previous chapter that there is a strong relationship between quaternions and GA,
and in this chapter this relationship is further strengthened when we examine how GA implements
reflections and rotations.
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9.2.1 Reflecting vectors

Solving problems using vector algebra is not always straight forward, for much depends upon
the nature of the diagram used to annotate the relevant vectors. For instance, say we are given a
mirror whose orientation is defined by an orthogonal unit vector 7, and the task is to find the
reflection of the vector a in the mirror. Figure 9.1 shows the advantages of placing the vector so
that its tail touches the mirror. It then becomes obvious that the vector’s head is a distance a - 71
in front of the mirror, which means that the head of the reflected vector a’ is an equal distance
behind the mirror. Thus, we can write the following vector equation for a’ as

a =a— Qa-n)n (9.16)

which is rather succinct.

FIGURE 9.1.

Now let’s solve the problem using GA.
Figure 9.2 shows the same diagram, but annotated differently.

-(-_:TT
{

FIGURE 9.2.
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As the mirror’s surface normal is defined as a unit vector, then 7% = 1, which permits us to
write
a = i*a = fi(fa) (9.17)

and substituting the geometric product we have

a=n(-a+nAa). (9.18)
From Fig. 9.2 it is obvious that
a=a; +aq (9.19)
and
ay = (i -a)n. (9.20)
Therefore,

a=n(Aa)+a

which means that
a, =nnAa). (9.21)

From Fig. 9.2 it is also obvious that
a/ =da; —a. (922)

Substituting Eqs. (9.20) and (9.21) in Eq. (9.22) we have

a =nnna)—(n-a)n.

Reordering the products we get

a =—(m-an+nnAa). (9.23)

Recalling from the previous chapter that vectors and bivectors anticommute, i.e. aB = —Ba,
therefore,

nnnAa)=—({mAa)n (9.24)

which means that we can write Eq. (9.23) as
a'=—(-a)i— (i na)i (9.25)

which simplifies to
a =—((n-a)+ (@ Aa))n. (9.26)

The reason behind the above strategy was to create the geometric product n1a within Eq. (9.26),
which now simplifies to
a = —nan. (9.27)

This sandwiching effect is reminiscent of the structure for using quaternions to rotate vectors, and
will become even more obvious when we consider rotations. For the moment, let’s test Eq. (9.27)
with an example.

Figure 9.3 shows a vector a with reflection a’ in the plane defined by e;,, with surface normal
n=e;.
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é/,’
FIGURE 9.3.
If, for example,
a=e; + 2e, + 2e;3 (9.28)
then, from Fig. 9.3 it is obvious that its reflection is
a =e +2e, — 2e;. (9.29)
We can confirm this result using Eq. (9.27):
a' = —nan
= —ez(e; + 2e, + 2e3)es
= —(e313 + 2e325 + 2€333)
a =e; +2e, — 2e;. (9.30)

It is important to note that this reflection formula assumes that the line and plane intersect at the

origin. Now let’s investigate what happens when a bivector is reflected.

9.2.2 Reflecting bivectors

As a bivector is formed from a pair of vectors, its reflection must be formed from the reflections

of its vectors, as shown in Fig. 9.4.

If B = a A b then its reflection is B' = a’ A b’ where a’ and b’ are the reflections of the original

vectors. Algebraically, we proceed as follows using Eq. (9.27):

and
b = —nbn.

Therefore,
B’ = (—nan) A (—nbn)

B’ = (nan) A (nbn).

But we know that |
B:a/\bzz(ab—ba)

(9.31)

(9.32)

(9.33)

(9.34)
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FIGURE 9.4.
therefore,
’ Lo AL AN A
B = E(nannbn — nbnnan)
L, . . .
= z(nabn — nban)
i(ab — bayi
= —n(ab — ba)n
2
B’ = nBn (9.35)

which, apart from the minus sign, is identical to the equation for reflecting a vector.
Again, it’s worth testing the action of Eq. (9.35) with an example.
Figure 9.5 shows a bivector B = a A b reflected in the plane defined by 71 = e;.

FiGure 9.5.
If
a=e +2e, + 2e; (9.36)
and
b= e + 2€3 (937)
then

B = (e1 + 262 + 263) A (el + 263). (9.38)
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To save time evaluating outer products, the following aide-mémoire reminds us how to calculate

the coefficients of the bivector terms.

€ €2 €3
m ny m, ms
n m 1y 13
mAn X = Mmpynsz — msh, Yy = msn; — mnz Z = mn, — mpyhn,;
€23 €31 €12
therefore,
€1 € €3
a 1 2 2
b 1 0 2
B 4 0 -2
€23 €31 €12
and
(9.39)

B = —2e; + 4623.

Now let’s calculate the reflections of a and b.
From Eq. (9.30)

a =e; +2e, — 2e;. (9.40)
From Eq. (9.27)
b = —nbn
= —es(e; + 2e3)e;
b =e — 2e;. (9.41)
Therefore,
B =a Ab
= (e; +2e; — 2e3) A (e; — 2e3)
€ € €3
a’ 1 2 -2
b 1 0 -2
B’ —4 0 —2
€23 €31 €12
and
(9.42)

B/ = _2612 — 4623.
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Comparing Eq. (9.39) and Eq. (9.42) we see that the sign of the unit basis bivector e,; coefficient
has flipped.
Alternatively, we can calculate B” using Eq. (9.35):
B' = iBn
= 63(—261 Ne + 462 VAN 63)63
= e3(—2e1; + 4ex)e;
= —2e3123 + 4€333

B = —2612 — 4623. (943)

It should be obvious from Fig. 9.5 why the coefficients of e;, and e,; are negative, and why the
coefficient of e3, is zero.

9.2.3 Reflecting trivectors
Finally, let’s examine how trivectors behave when reflected in a mirror. Experience confirms that
when we hold up our right hand in front of a mirror, we see a reflection identical to an image of

our left hand — and vice versa. Therefore, a set of right-handed orthogonal axes should appear
reflected as a left-handed set, as shown in Fig. 9.6. We can confirm this algebraically as follows:

€3 €

FIGURE 9.6.

Starting with the unit trivector, which is also a pseudoscalar:
I=e Ne, Ae; (9.44)
its reflection consists of three reflected unit vectors:
—fen  —nen —nesn (9.45)
which form the reflected unit trivector

(_T,’\lelfl) VAN (_;lezi’\l) AN (_7,’\1631,’\1) (946)
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Expanding the first two terms of Eq. (9.46) using a A b = 1(ab — ba) we have:
A a A a Lo . A A A A
(—nein) A (—neyn) = —((—ne)(—nex) — (—heynt)(—nen))
= —(fepfl — fiey
2( 12 21 )
Lo .
= E(”elzn + nepn)

therefore,
(_;leli’\l) AN (_i’\lezi’\l) = i’\lelzfl. (947)

Expanding the rest of Eq. (9.46) we have
(;lelzf,’\l) VAN (—f,’\le3l,’\l) (948)

andusingBAa:%(Ba—i—aB) we have:
SN A I . . A A A
neph A (—hesn) = 5((nelzn) A (—nesit) + (—nesn) A (exi))
I . . . A An oA
= 5((nelzn)(—nesn) + (—nesi)(fe;n))

= —(—he i — fes,i)
2
= —ﬁelz3ﬁ

therefore,
(—ne i) A (—nen) A (—nesn) = —nln (9.49)

where I is the pseudoscalar, which commutes with vectors. Therefore,
(—neit) A (—heyt) A (—nesh) = —anl = —I. (9.50)

Equation (9.50) confirms that the sign of the trivector’s reflection has switched from positive to
negative, as predicted.
It is possible to show that the reflection of a general trivector behaves in exactly the same way.

9.3.1 Rotating by double reflecting

The reason why we started with reflections is that they provide a way to rotate vectors. To illustrate
this, consider Fig. 9.7(a) showing a mirror m and a vector a forming an angle « with the mirror.
By the laws of reflection, a’s reflection is b forming an equal angle « on the other side of the
mirror. Now consider Fig.9.7(b) which shows two superimposed mirrors m and n, where a’s
reflection in m is b, and b’s reflection in 7 is ¢, which must coincide with a. We can reason that
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as the separating angle between the mirrors is 0°, the separating angle between a and its double
reflection c is also 0°.

m

FiGure 9.7.

Now consider Fig. 9.7(c) where the two mirrors m and n are separated by an angle 6. Vector a’s
reflection is still b, whilst b’s reflection in # has rotated anticlockwise to c. By inspection, the angle
of rotation between b and # is 6 + «, which places ¢ at an angle 6 + « on the opposite side of
n. The interesting result about this double mirror arrangement is that the angle between a and
¢ is 20, exactly double the angle between the mirrors. Now let’s make a subtle substitution by
representing the mirror m by a perpendicular unit vector 71, and mirror 7 by a perpendicular unit
vector #1. This in no way changes the geometry, but allows us to describe the double reflection
using GA. We will also define the plane supporting the mirrors by the outer product /m A 7, as
this represents the order of the mirrors.
Vector a’s reflection b is given by
b= —mam (9.51)

which, in turn, is reflected in # to create c:

c = —nbn

c = nmamn. (9.52)
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Substituting R = i1/ in Eq. (9.52) we have
¢ =RaR (9.53)

where R = i1, the reverse product of R.

Although this description is based on an imaginary 2D scenario, it works in any number of
dimensions, however, we are particularly interested in R>.

Figure 9.8 shows two mirrors m and n represented by their normal vectors 712 and 7, separated
by an angle 6. Vector a’s reflection is still b, and b’s reflection in # is still ¢, and effectively, a has
been rotated 26 to c.

FIGURE 9.8.

To illustrate this double reflection, consider the two mirrors shown in Fig. 9.9 with normal
vectors

m=—e, (9.54)
n= —€. (9.55)

FIGURE 9.9.

If the vector a is
a=-¢e +e +e;s (9.56)
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then

R =nm

R = (—e))(—e3) =ey3 (9.57)
and

R = i

R = (—e5)(—e) = e3. (9.58)
Therefore,

¢ = RaR

=ep(e +e +es)es
= (—es; + e +e)esy
=—e t+e —e;

c=—e +e —e; (9.59)

which is as expected.

We have seen from the previous examples that the mirrors and the angle of rotation are
controlled by the bivector associated with the plane perpendicular to the mirrors, so let’s drop the
idea of mirrors and reflections and adopt the idea of rotating vectors using a bivector.

Figure 9.10 shows two vectors m and n forming the bivector m A n directed anticlockwise. As
the internal angle of the bivector is 60°, vector a will be rotated 120° anticlockwise, which we can
predict will be e; + e;. Now let’s construct the geometric products to perform the rotation.

e

F1Gure 9.10.
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First we define the unit vectors 71 and 7:

R 1
m = E(ﬁ —e3) (9.60)
R 1
n= E(ez —e3) (9.61)
and
a=e +e;. (9.62)
Therefore,
R =nm
1
= —(e; —e3)(e; —e3)
2
1
R = 5(621 —ey3—e3+1) (9.63)
and
A 1
nma = E(ezl —e3 —es + 1(e; +e3)

1
5(6212 + €313 — €23 — €33 — €312 — €313 + € + €3)
1
= E(_el —ep3tes—e —epte +e+es)
nma = €3 — €123. (964)

Now we compute the reverse product

R = mn
1
= E(el —e3)(e; —e3)
~ 1
R= 5(612 —e3—en+1) (9.65)

and

~ 1
RaR = 5(33 —e3)(e; —e3 —expn+ 1)

1
= 5(6312 — €313 — €33 + €3 — €12312 + €12313 + €12330 — €123)

R(/IR =e t+ e (966)

which confirms our prediction.
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9.3.2 Rotors

Much of mathematics is about patterns, especially in formulae. One such pattern is about to
emerge, and whoever discovered it deserves some sort of recognition. In chapter 3 we saw that a
complex number is rotated in the complex plane by multiplying it by e”, which is equivalent to
cos 6 + isin 6. We are about to discover that a multivector can also be rotated in a plane defined
by a unit bivector, which plays a similar role to the imaginary i.

As sandwiching a multivector between R and R results in a rotation, R is called a rotor, much
like e’. What is strange, though, is that the bivector defining the plane is 711 A 71, whilst the rotor
sequence is R = 7i1m. The vectors are switched, and we will have to watch out for this.

We start the process as follows:

R =nm (9.67)
which, using the geometric product, expands to
R=#n-m+nAm. (9.68)
But
n-m = ||a|||m| cos® = cosO (9.69)
therefore,
R = cosO +n A m. (9.70)

This is where we begin looking for a pattern. We already know that

e’ = cos +isinf (9.71)

so could it be that R has a similar structure? To find the answer to this question consider the
following expansion (71 A 71)? using

A

oA = i — i

and
MAR=1mm-1n—nm. (9.72)
Therefore,
(A1 A ) = (i — - 1) (i - 7t — i)
= ma(m - 1) — matm — (- 1) + ami - 1)
= i - a(mn + am) — miatm — (- n)?
(M AR = —i*hn® — (i - 1) (9.73)
But as
(- )* = ||| cos’ 6 (9.74)
and

mti? = ||| |7)® (9.75)
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then
(i A = —|lm|*|7l* — ||#]|*[|72])* cos® 0
=—1—cos*0
(7 A 7)? = —sin 6. (9.76)

Note the imaginary feature of this result, which can be interpreted as follows:

M A =Bsing (9.77)
where B is the unit bivector in the 71 A 71 plane where B2 = —1.
Similarly,
nAm=—Bsinf (9.78)
which can be substituted in Eq. (9.70)
R =cosf — Bsin® (9.79)

which has a similar structure to Eq. (9.71) apart from a negative imaginary component.
We can convert Eq. (9.79) to its exponential form as follows:

R = exp(—B0). (9.80)

Remembering that the double reflection technique doubles the angle of rotation, we must
compensate for this by halving the original angle:

R = exp(—B6/2). (9.81)
Similarly, ~ .
R = exp(B6/2) (9.82)
which enables us to write the result
¢ = e B0/2g,B002, (9.83)

More generally, the vector a is rotated through an angle 6 in the plane defined by the unit bivector
B using
a = e BP0 (9.84)

So now we have two ways of visualizing a rotor: either as a bivector or as an exponential, which is
readily represented as
exp(—B0O/2) = cos(0/2) — Bsin(6/2) (9.85)

Therefore, we can rewrite Eq. (9.84) as
a' = (cos(6/2) — Bsin(6/2))a(cos(6/2) + Bsin(6/2)). (9.86)

Let’s test Eq. (9.86) with an example.
Figure 9.11 shows two vectors m and n forming a bivector m A n. The angle of rotation is 120°,
which means that the vector a = e, + e; will be rotated to a’ = e; + e; as shown in Fig. 9.12.
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€2

FiGURE 9.11.

FiGure 9.12.

Using Eq. (9.86) we have
a’ = (cos 60° — Bsin 60°) (e, + €3)(cos 60° + Bsin 60°)
1 4 1 A
— (5 - Bﬁ/2> (e, +e3) <§ —|—B«/§/2>
1 ~ N
a'=(1- BV/3)(e; + &5) (1 + BV3). (9.87)

Given that
m=e —e; (9.88)

and
n=e,—e; (9.89)
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we evaluate the outer product using our aide-mémoire.

€1 € €3
m 1 0 —1
n 0 1 —1
mAn x=1 y=1 =z=1
€23 €31 €12
where
mANn=ey+es; +epn. (9.90)

But we require a unit bivector, which makes

1

B= ﬁ(ezs + €31 + e). (9.91)
Therefore,
, 1
a = Z(l — e —e3 —ep)(e; +es)(l + e +es +ep)
1
= Z(ez + €3 — €3 — €33 — €31 — €313 — €122 — €123) (1 + €33 + €31 +epn)
1
= 5(63 —e3)(1 + ey + €3 +epn)
1
= 5(63 + €33 + €331 + €312 — €123 — €12323 — €12331 — €12312)
a =e +e (9.92)

which is what we predicted.

9.3.3 Rotor matrix

Another way of implementing a rotor is using a matrix, which is created as follows. We begin with
the bivector defining the plane m A 1, about which the rotation is effected, where

m = me; + mye, + mse; (9.93)

and
n=mne + nye, + nse;. (9.94)

Notice in the following how the bivectors are associated with their perpendicular axes.
Therefore,

R =mn

R =w + xey; + yes; + zep, (9.95)
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and
R =nm
R=w—xey;— yes — zep (9.96)
where
w+xi+yi =1 (9.97)

and x, y and z are computed using the outer product aide-mémoire.
We derive the matrix [[R] representing RaR by expanding the individual elements for

Re R, Re,R and Re;R:
Re;R = (w + xey + yes) + zep)e, (w — xey — yes) — zep)

= (we, +xep3 + yes — z&)(w — xey; — yes; — zey,)

Re,R = (w? + x> — y? —z%e; + 2(—wz + xy)e; + 2(wy + xz)es. (9.98)
The first term is simplified by substituting
w+xi=1—y"—2* (9.99)
ReR = (1 —2(y* 4+ 2%)ey + 2(xy — wz)e, + 2(xz + wy)es. (9.100)
Next is RerQ
Re;R = (w + xey + yes; + zen)er(w — xeys — yes; — zep)
= (we, — xe; + yens +ze)(w — xep — yes — zepp)
Re,R = 2(xy +wz)e, + (Wr —x* +y* — z%)e; + 2(yz — wx)es (9.101)
Substituting
w+y=1—-x"-2* (9.102)
Re,R = 2(xy +wz)e; + (1 — 2 + z25))e, + 2(yz — wx)e;. (9.103)
Finally Re;R
ResR = (W + xey + yess + zep)es(w — xeys — yes) — ze)
= (we; + xe; — ye; +zen;)(w — xey — yes — zen)
ResR = 2(xz — wy)e; 4+ 2(yz + wx)e, + (w? — x> — y? + z%)e; (9.104)
Substituting
w4zt =1—-x*—y’ (9.105)
. (9.106)

Re3l~2 =2(xz —wy)e; +2(yz + wx)e;, + (1 — 2(x? +y2))e3
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Therefore, the final matrix is

1-202+2%)  2(xy —wz) 2(xz + wy)
[RI=| 2(xy+wz) 1-=2(x>+2>) 2(yz— wx) (9.107)
2(xz — wy) 26z +wx) 1 —=2(x*+y?)

which is also used in its transposed form. Notice that it is identical to the matrix representing a
quaternion. (Eq. (9.52)).

Let’s illustrate this matrix using the previous example.

Figure9.11 shows the bivector m A n which will be used to rotate the vector a through an
angle 120°.

Given the following vectors:

m=e —e; (9.108)
n=e;—¢e; (9.109)
a=¢e,+e; (9110)
then
m-n= (e —e) (e —e€) =1 (9.111)
and
mAn = e+ e+ en. (9.112)
Therefore,
R =mn

=m-n+mAn

R=1+ €3 + €31 + €j,. (9113)

But this has to be normalized, which makes the scaling factor 1 and in matrix form using Eq.
(9.107) becomes

0 0 1
[RI=|1 0 0]. (9.114)
0 1 0
Multiplying vector a by this matrix we have
0 0 1 0 1
d=110 ofl-|1]l=]o0 (9.115)
0 1 0 1 1
which shows that a’ is now pointing to (1,0, 1).
If a’ is subjected to the same rotation we obtain
0 0 1 1 1
a’=1|1 0 0 0f=1|1 (9.116)
01 0 1
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which shows that a” is now pointing to (1, 1, 0).
If a” is subjected to the same rotation we should return to the original vector:

1
1{=1]1 (9.117)

AN

I
o = O
— O O
S O =

which does reassuringly, brings us back to the original vector a. These rotations are shown in
Fig. 9.12.

This seems too good to be true! So let’s test it with another example. This time, let’s reverse the
bivector as shown in Fig. 9.13, where the bivector creates a clockwise rotation of 45°.

C; /

n
45°
m 1
€
Ficure 9.13.
Given the following vectors:
m= —e (9.118)
n=—e +e (9.119)
a=-e,+e;. (9.120)
€1 € €3
m —1 0 0
n —1 1 0
mAn x=0 y=0 z=-1
€23 €31 €12
Therefore,
m-n=(—e)-(—e +e)=1 (9.121)
and

mAn=—ep;. (9.122)
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Therefore,

R=mn=m-n+mAnn

R=1—e,. (9.123)

But this has to be normalized, which makes the scaling factor 1/+/2 and in matrix form using
Eq. (9.107) becomes

0 1 0
[RI=|—-1 0 0]. (9.124)
0 0 1
Multiplying vector a by this matrix we have
0 1 0 0 1
a=|-1 0 0 1{=10 (9.125)
0 0 1 1
which shows that a” is now pointing to (1,0, 1).
If a’ is subjected to the same rotation we obtain
01 0 1
a’=|{-1 0 0 0f=1-1 (9.126)
0 0 1 1
which shows that a” is now pointing to (0, —1, 1).
If a” is subjected to the same rotation we obtain
0 1 0 0 -1
"—|-1 0 of-|-1|=| o (9.127)
0 0 1 1
Finally, If a”” is subjected to the same rotation we obtain
01 0 -1 0
a=|-1 0 0 0| = (9.128)
0 0 1 1

which again reassuringly, brings us back to the original vector a. These rotations are shown in
Fig.9.14.

So once again, we see how close GA is to the algebra discovered by Hamilton. And even
though Grassmann had discovered many of the ideas outlined above, he was unable to persuade
mathematicians of the day to adopt his algebra, and it was left to Clifford to unify both men’s
work. Furthermore, it has taken several decades for GA to be applied seriously to science and
physics, and only during the past decade has GA found application within computer graphics.
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F1GURE 9.15.

9.3.4 Building rotors

In the previous section we discovered how to rotate a vector using a bivector. In this section
we investigate how to derive the rotor that rotates one vector into another vector. Figure 9.15(a)
illustrates the problem, where we see two vectors a and b in the plane defined by a A b, and the
objective is to find a rotor R that rotates a into b.

To do this, we bisect the angle 6 between the two vectors and create a mid-vector # using

x>

n =

SO SO

—_— (9.129)
I |

x>

+
+

Perpendicular to vector # is a reflector [, which is used to create a reflection of a: —nan, as shown
in Fig. 9.15(b), which must equal —b. But rather than use

b = nan (9.130)
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we create a reflection about the line /, perpendicular to b:
b= —B(—n&n)l;
b = bnanb (9.131)
which enables us to define bn as the rotor:
R = bn (9.132)
and .
b = RaR (9.133)
We now have a geometric product which expands to
R=bn
~f a+b
(i)
lla+bll
1 8 A
R=-—22 (9.134)
lla +bll

We can simply the denominator to avoid unnecessary arithmetic by the following subterfuge.

Figure9.16 shows part of the geometry associated with vectors a and b, where we see that

d = cos(6/2), which means that using the half-angle identity

1 9
cos(6/2) = ,/%

we have

la+ bl = 2d
= 2cos(0/2)

4+ bl = v2(1 + cos6).

This permits us to substitute

~

cos@ =a-b

and .
1+ ba

V2 +b-a)

R =

which has the effect of rotating a to b.

(9.135)

(9.136)

(9.137)

(9.138)

In chapter 3 we showed that a complex number is rotated through an angle 6 in the complex

plane using
7 =ze".

(9.139)
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FIGURE 9.16.

Could it be that in the above scenario that & can be rotated into b using a similar formula? In fact,

the answer is “yes”, and we can prove it as follows. Using Eq. (9.138) we have

1+ ba)a
Ra = LoD
2(1+b-a)
i+ b
Ri—__2t0
20+ b-a)
and .
- 14+ ab
o l+ab
20+b-a)
therefore
3 (1 + ab
R = 40 Fab)
2(1+b-a)
- i+b
R 2TY
20+ b-a)
and
R4 = aR.

(9.140)

(9.141)

(9.142)

(9.143)

Equation (9.143) confirms that pre-multiplying a vector by a rotor is equivalent to post-

multiplying it by the rotor’s inverse, which leads to

R*G = aR?
= RaR
R =bh

But we showed above in Eq. (9.81) that

R = exp(—B6/2)

(9.144)

(9.145)
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where B is the unit bivector representing the plane of rotation. Therefore, applying the rules of
exponentiation to Eq. (9.144) we have

R? — (6—39/2)2

— b0
R = exp(—B6). (9.146)
From Eq. (9.144) we have
b=R%
= exp(—B#)a
— aeﬁe
b= a(cos® + Bsinh). (9.147)
Let’s illustrate this process with an example.
Figure 9.17 shows two vectors
i=e b=e (9.148)

which belong to the plane defined by B = e;,. The separating angle is 77/2 radians. Using
Eq. (9.147) we have

b =een™?
= e(cos(/2) + ey, sin(w/2))
b=ee,=e¢ (9.149)

which is correct.
Now let’s try another combination, as shown in Figure 9.18 using vectors

a= € Z; = —¢€;. (9150)
b
€ “":‘
a €

€3

FIGURE 9.17.
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FIGURE 9.18.

Using Eq. (9.147) we have
b= e e’
= e (cosm + e, sin )

b= —e (9.151)

which is correct.

9.3.5 Interpolating rotors

Interpolating scalars is a trivial exercise and is readily implemented using the linear interpolant
s=5(1—A)+551 0<A<1. (9.152)

And there is no reason why we cannot use the same equation for interpolating two vectors:
v=vil—A)+mnr 0<A<1 (9.153)

apart from the fact that the magnitude of the interpolated vector is not preserved, and could
collapse to zero under some conditions. To overcome this problem a slerp (spherical linear
interpolant) [8] is used

_ sin((1 — k)@)v n sin(A6)
= 1

- V) 0<iac<l1 (9.154)
sin @

sin 6
where 6 is the angle between two vectors or quaternions, which preserves the integrity of their
magnitude during the interpolation.

Fortunately, this slerp can also be used to interpolate between two rotors as follows:

_ sin((1 — 1)6/2) sin(A0/2)

; 1 : R, 0<a<x1 (9.155)
sin(6/2) sin(6/2)

where 6 is the angle of rotation. An example will quickly reveal the action of Eq. (9.155).

Figure 9.19 shows a vector a = e; and a plane of rotation defined by the bivector e;,. We
will now design an interpolant that will interpolate between two rotors using the scalar A, where
0<r=<1
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FIGURE 9.19.

We begin by defining the two rotors R; and R,, where R; is the rotor locating a and R, rotates
a to a’. Using Eq. (9.85)

R = cos(6/2) — Bsin(6/2) (9.156)
then
R, = cos0° — e}, sin0°
R =1 (9.157)
and

R, = cos45° — e, sin 45°

R, = 2/2(1 —ep). (9.158)
Therefore, R, and R, can be substituted in Eq. (9.155) to produce

sin((1 — A)45°)  sin(A45°) V/2(1 — ey,)

= - - (9.159)
sin(45°) sin(45°) 2
We can see from Eq. (9.159) that when L = 0, Ry = 1,and when A = 1,
R, =+/2/2(1 —en). (9.160)
Using R, to rotate vector a we have
a =RpaR, =a (9.161)

which is expected.
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Using R, to rotate a we have
a, = Rlalil
= V2/2(1 — en)av/2/2(1 + 1)

1
= E(l —eple(l+ep)

1
a = 5(61 +e)(1+epn) (9.162)
and
, 1
a = E(el +e+e—e)
a =e (9.163)
which is also correct.
Now let’s compute a half-way rotor when 1 = 1.
R sin(45°/2)  sin(45°/2) v/2(1 — e},)
1 sin(45°) sin(45°) 2
_ sin(45°/2) L+ V2(1 =€)
~ sin(45°) 2
R% ~ (0.9238 — 0.3827¢;,. (9.164)
Using R 1 to rotate a we have
a’ >~ (0.9239 — 0.3827e;,)e;(0.9239 + 0.3827¢,,)
TaBLE 9.1
Action Algebra
Reflecting a vector a' = —han
Reflecting a bivector B = nBn
Reflecting a trivector T'=—nThn
Rotating a vector a’' = RaR
Rotor R = exp(—B6/2) = cos(6/2) — Bsin(6/2)
1-2024+2%) 2(xy —wz) 2(xz + wy)
Rotor matrix [RI=| 2(xy+wz) 1—2(x*+2%) 2(yz — wx)
2(xz — wy) 2(yz + wx) 1—2(x*+y%)

where w? + 22 =1 —x? — 2

Interpolating between two rotors

_sin=9/2) sin(16/2)

1

sin(6/2)

sin(6/2)

A <1
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and
a’ ~0.7071e, + 0.7071e, (9.165)

which shows that a has been rotated 45° anticlockwise.
Hopefully, the reader is convinced that the interpolant works for all other values of A!

Reflections and rotations are one of GA’s strengths and it is interesting to discover a notation
that does not require an explicit matrix transform, even though one is lurking just beneath the
surface. Finally, one must be extremely careful to ensure that the correct sign is used for the
different blades. Table 9.1 summarizes most of the important formulae associated with reflections
and rotations.






10 Geometric
2 w» Algebraand

L t" Geometry

In this chapter we explore how GA can be used to resolve simple geometric problems in computer
graphics. This is not to persuade you to adopt these methods, rather demonstrate that GA can
be used alongside classic vectorial techniques. The classic vectorial approach often depends upon
the scalar and cross products and normal vectors to lines and planes. The GA approach is to avoid
such vectors and work with the inner, outer and geometric products, bivectors and trivectors.
To begin, we investigate how the outer product can be used to test whether a point is inside a
triangle.

10.2.1 Pointinside a 2D triangle

Various methods exist to determine whether a point is inside the boundary of a 2D triangle, but
let’s examine one that employs the outer product.

Figure 10.1 shows a triangle AP,P,P; with a fourth point P, that may or may not be inside
the triangle’s boundary. Note that the vectors v1,, 23, v3; form an anticlockwise path through the
points Py, P, Ps.

The vectors are:

vip =[6 1]T vy =[-3 2]T vy =[-3 - 3]T
vio=[3 21" wm=[-3 1" w=[0 -—1" (10.1)
We now form the outer products

Vig AVig Va3 AVag V31 A Vs (10.2)

155



156 Geometric algebra for computer graphics
€20
3
1 2 3 4 3 6 7 }él
FIGURE 10.1.

and compare their signs. If they are all positive, i.e. they align with the sign of e; A e,, P, is inside
the triangle’s boundary. Let’s compute these products for the triangle in Fig. 10.1.

Vi2 A Vo =

Va3 N\ Voo =

V31 A V3o =

=9 (10.3)
2

1‘ =3 (10.4)
-3

_1‘ =3 (10.5)

and as they are all positive, the point P, is inside the triangle’s boundary.
Basically, what we are doing is computing the area of the parallelogram formed by the pairs of

vectors.

Figure 10.2 shows the point P, positioned on the boundary of the triangle, which produces the

following vectors and outer products:

Vio =
6 1
Vig AV = 2 2‘ =10
-3 2
Vaz N\ Vyo = 4 1‘=5
-3 -3
V31 A\ V3 = 1 _1‘ = 0.

2 21" wvy=[-4

117 vy =[-1 -1% (10.6)

(10.7)
(10.8)

(10.9)

The third outer product is zero and confirms that P, is on the boundary.
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Figure 10.3.

Finally, Fig. 10.3 shows the point P, outside the triangle, which produces the following vectors
and outer products:

Vip = [5 O]T Voo = [—1 — I]T V3g = [2 — 3]T (1010)
6 1
Vo ANV = 5 0‘ = -5 (1011)
— 2
Vo3 A\ Voo = _:i —l‘ =5 (1012)
V31 A Vg = _; :z‘ =15. (10.13)

The first outer product is negative and confirms that the point is outside the triangle.
Note that the sum of the products remains constant at 15, which is twice the triangle’s area.
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10.2.2 Pointinside a 3D triangle

To prove that a point is inside a 3D triangle we use a similar technique to that used for a 2D
triangle. But before we start, we must make sure that the point resides on the triangle’s plane,
which is accomplished by computing the trivector associated with the points.

Figure 10.4 shows a triangle AP,P,P; with a fourth point P,. First, we take two vectors a, b
from the triangle and associate them with another vector ¢ to the point P.

FiGure 10.4.

The outer product a A b computes the area of the parallelogram associated with the vectors
a, b, which when wedged with ¢ computes the swept volume:

volume =a ANb Ac (10.14)
a; bl (5]

volume = |a, by, ¢ es. (10.15)
as by ¢

A zero volume implies that the point is coplanar with the bivector. If this test is passed we can
proceed to the second step.
In the 2D case there was only one bivector plane to consider, however, in the 3D case we have 3
basis bivectors: e; A e, e, A e3,e3 A e;. To illustrate this, consider the scenario shown in Fig. 10.5.
Computing the three outer products as before:

Vo AVio Vas AV Vi AV (10.16)

each one will contain three basis bivectors e; A e;,e, A €3, ¢35 A e;. And as we are only interested
in their signs we can write them as follows:

V12 A Vig = Q12€12 + 03€23 + 31€3; (10.17)
Va3 A Vyg = PBraern + Pazers + Baies (10.18)
V31 A V3o = X12€12 + X23€23 + X31€31. (10.19)

Let’s illustrate this with three examples.
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Ficure 10.5.

Ficure 10.6.

Figure 10.6 shows a triangle leaning against the three axes. The points and vectors are as follows:
P1(3:0)0) PZ(O)Z)O) P3(O:0) 1)

vo=[-3 2 0" vy=[0 =2 1" vy =[3 0 —1]". (10.20)

Although we do not require the plane equation, it is useful to confirm that Py(1, 1, é) is on the
plane:

2x 43y +62—6=0. (10.21)

Next we compute the vectors vig, V29, V3o:

11" 11" 57"
Vio=1|—2 1 = V=11 —1 = vo=11 1 —=| . 10.22
B S [N PR - P
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Now we can compute the bivector coefficients:

1
Vo A Vg = (_361 + 262) AN <—261 +e + ge_v,)

1 1
Via AVig =€ + —e3 + —e
12 10 12 3 23 2 31

1
Va3 Ay = (—2€; +€3) A <e1 —e+ g€3>
2
Va3 A\ Voo = 2€15 + 5623 + es
6

5
V31 A\ V30 = (361 — 63) N <e1 +e — —63)

3
Vi1 A vy = 3enn + e + 5631-

(10.23)

(10.24)

(10.25)

Equations (10.23), (10.24) and (10.25) identify the relevant coefficients and Table 10.1 shows
them in tabular form for clarity. From the table we can see that every column has consistent signs,

which confirm that the point is inside the triangle.

TaBLE 10.1

bivector en €3 €31
1 1
V2 N\ Vio 1 3 3
2 2 1

V23 A\ Va0 3
3
V31 A V30 3 1 3

Now let’s repeat the exercise for the scenario shown in Fig. 10.7. This time the test point is

Py(1, 1,0) which is on the border and generates the vectors:
vip=[-2 1 O]T v =[1 -1 O]T vy = [1
and the following outer products:

via Avig = (=3e; + 2e;) A (—2e; + &)
Via AVip = €12

Va3 A vy = (=2, + €3) A (e1 — &)

Va3 A vy = 2e1p + €3 + €3

Vs A vy = (3e; —e3) A (e + e —e3)

V31 A V3o = 3€p + €3 + 2e3.

J— ) (10.26)

(10.27)

(10.28)

(10.29)
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Figure 10.7.

The coefficients are shown in Table 10.2

TaBLE 10.2

bivector e €3 €31
Vi2 A Vig 1 0 0
V23 A Vo0 2 1 1
V31 A V3o 3 1 2

The two zeros in the vj, A vy row confirm that P, is on the v}, edge.

Finally, let’s position P, such that it is still on the plane, but outside the triangle’s boundary.
Figure 10.8 shows the scenario with Py(2, 2, —3) which is outside the triangle and generates the
vectors:

57T 577 517
=|-1 2 —= =[(2 0 —- =12 2 —=1 . 10.30
V1o |: 3i| V20 |: 3i| V30 |: 31| ( )
and the following outer products:
2
Via N Vio = (—361 + 262) AN <—61 + 232 — §e3>
4
Via Avyg = —4ep; — 5623 — 2e3 (10.31)
2
Va3 N\ Voo = (—262 + 63) AN 261 — 563
4
Va3 A Vy = 4depp + gezs + 2e3 (10.32)

5
V31 A V39 = (361 — 63) AN (2(—:‘1 + 262 — §e3>
V31 A V39 = 6612 + 3631 + 2623 (1033)

Once more, the bivector coefficients are shown in Table 10.3 for clarity.
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Ficure 10.8.

TaBLE 10.3
bivector en €3 €31
A 4 4 2
v 1% — —= -
12 10 3
4
Va3 A Vo 4 3 2
3
V31 A\ V3o 6 3 2

The negative signs in the vi, A vy row confirm that P, is outside the triangle’s boundary.
Note that the sum of the coefficients in each table is constant at 11 = (6 + 2 + 3), which
confirms the consistency of our calculations. The area of the triangle is related to these values as

follows:
area = 6> +22+32 =7, (10.34)

Direction cosines [8] are the cosines of angles between a vector and the basis unit vectors as shown
in Fig. 10.9.
They are particularly useful for transforming the coordinates of a point in one axial system to

PN

another. For instance, a point (x, y,z) in [e;e,e;] has coordinates (x',y’,2z’) in [e}e}e}] defined by

!
m T T X

=\|ra Tn In||y (10.35)
31 T3 T33 Z

/

N =R

where
rp tp 1 are the direction cosines for e}
1 ra T3 are the direction cosines for e

r3 3 T3 are the direction cosines for e}.
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)
e
€3
Ficure 10.9.
As an example, consider the two axial systems shown in Fig. 10.10.
E:A
A<
P(1,1,1)
CP(1-1)
_‘\;%-\‘“H-
; Al NF
€
Ficure 10.10.
The direction cosines are as shown using the following transformation:
x' 01 0f]x
yl=1]-1 0 o]y (10.36)
z' 0 0 1||z=
and if we substitute the point (1, 1, 1) we obtain (1, —1, 1):
1 01 0 1
—1|=]-1 0 0 1 (10.37)
1 0 0 1 1

Their relationship with bivectors is revealed using the dual operation.
With reference to Fig. 10.11 we associate three vectors with the rotated axes as follows:

vi=e v,=—e V;=e; (10.38)
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CA

€
FiGure 10.11.
and form the following outer products:
ViAV; =e A (—e) =ep (10.39)
vy AV, = (—e)) Aes = ey (10.40)
VAV =e3 A e = —e. (10.41)

Each outer product contains only one basis bivector, the other basis bivectors are zero, which is

due to the example chosen. But if we rewrite the products and include the zero coefficients we
obtain:

Vl, N V; = 1612 + 0623 + 0631 (1042)
VZ, VAN V3/ = 0@12 + 0623 + 1@31 (1043)
V; AN V{ = 0612 — 1623 + 0@31. (1044)

For clarity, Table 10.4 shows the bivector coefficients:

TaBLE 10.4

bivector e €3 €31
VN 1 0 0
vy AV 0 0 1
Vi AV 0 -1 0

We have nine coefficients which must have some relationship with the direction cosine trans-
formation, but they appear to be in the wrong order! However, if we take the dual of all the
elements and put them in the conventional order as shown in Table 10.5, this reveals the direction
cosine transformation.
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TaBLE 10.5
bivector e = (e3)" e =(e31)* e3=(ep)*
v =y AVy)* 0 1 0
vy = vy Av)F -1 0 0
vy = (v] Avy)* 0 0 1
€A
P(0O,1,1)
P'(~1,-1,0)
o
i ¥g
i vy
T
/ €
&, ,
W

Figure 10.12.

To demonstrate this once more, consider the scenario shown in Fig.10.12
representing the new axial system are:

Vi=—e V,=—e; V;=e¢
and their outer products are

‘V{ VAN Vé = Oelz + 1623 + 0631

vy A vy = 0ep + Oeys — leg

vy Av) = —ley, + 0y + Oes,.

. The vectors

(10.45)

(10.46)
(10.47)
(10.48)

Table 10.6 shows the individual coefficients, which when subjected to the dual operation reveals

the following direction cosine transform:

-1 0
-1 =10 0 -1
0 1

TaBLE 10.6

bivector en €3 €31

Vi AV, 0 1 0
vy AV 0 0 —1
Vi AV —1 0 0

(10.49)
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There is no need to invoke the dual operation as the transform comes direct from the outer
products:

Vi A V) = r33€1 + 13180 + T3es (10.50)
vy A vy = risen + e + e (10.51)
V3 A V] = Iyeip + i€ + €. (10.52)

10.4.1 Relative orientation of a point and a line
The standard parametric equation for a straight line is

p=t+iv (10.53)
where

p points to any point P on the line
t points to a known point T on the line
v is the line’s direction vector, and

relR.

Figure 10.13 shows this scenario.

Av

Ficure 10.13.

A GA approach using the outer product allows us to determine whether points are on or off
the line. Fig. 10.14 shows two known points T and P and the associated direction vector v where

v=p—t. (10.54)
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¥

Figure 10.14.

Multiplying Eq. (10.54) by v using the outer product, we obtain
VAV=vA(p—t) (10.55)

and asv A v = 0, then
vA(p—t)=0. (10.56)

This conclusion could have easily been realized without the algebra.
Equation (10.56) can now be used to determine whether another point Q is on the line:

vA(@—1t)=0 (10.57)

Using the following points:
T(-1,1) P(1,2) Q(3,3) (10.58)

and the associated vectors:
F= e +e (10.59)
p=e +2e (10.60)
v=p—t=2e +e (10.61)
q = 3e; + 3e, (10.62)

then
vA(@—1t)=(2e; +e) A((3e; 4+ 3e) — (—e; +€))
= (261 + ez) AN (461 + 232)
= 4dep; + 4ey = 4ep; —4ep

vA(g—t)=0. (10.63)

The zero result confirms that Q is on the line, as shown in Fig. 10.15. Although this is an example
in R?, it obviously applies to R*.
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i p/ /1

oY

Ficure 10.15.

The following examples, however, apply only to R?, and concern the orientation of a point
relative to a line. For example, let’s change the location of Q to (3, 2) as shown in Fig. 10.16.

e;_A

oY

Ficure 10.16.

Equation (10.56) can be used to determine the orientation of Q relative to the line, i.e., whether
Q is to the right or left, relative to the line’s direction. Substituting the new value of g in Eq.
(10.57) we obtain

vA(q—1t) = (2e; + ) A ((Be; + 2€;) — (—e; + &)
= (2e; + &) A (4e; + &)
v A (q — t) = 2612 — 4612 = _2612. (1064)

The negative result confirms that the orientation of the blade v A (q — t) opposes the reference
blade e; A e,, and is to the right of the line moving from T to P, whilst the value of 2 represents
twice the area of the triangle ATPQ.

For completeness, let’s move Q to (2, 3) which is to the left of the line:

vA(g—1t) = (2e; + &) A ((2e; + 3e3) — (—e; + &)
= (261 + ez) N (361 =+ 262)
= 4e;; — 3ep

vA(g—1t)=ep. (10.65)
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The positive result confirms that the orientation of the blade v A (q — t) matches the reference
blade e; A e,, and is to the left of the line moving from T to P, whilst the value 1 represents twice
the area of the triangle ATPQ.

10.4.2 Relative orientation of a point and a plane

Having solved the relative orientation of a point and a line, we now discover that a similar solution
resolves the relationship between a point and a plane. Figure 10.17 shows the scenario where a
plane defined by the blade A intersects the points T and P, which allows us to write

v=p—t. (10.66)

4

P
Y
// T
/ ‘\\
L \
% T
€
Ficure 10.17.
Multiplying Eq. (10.66) by A using the outer product, we obtain
ANv=AAN({p—1) (10.67)
and because v is parallel to the bivector, A A v = 0, and
AN({P—1t)=0. (10.68)

Equation (10.68) can also be used to determine whether another point Q is on the plane:

AA(g—1t)=0. (10.69)
Let’s test Eq. (10.69) with the scenario shown in Fig. 10.18.
Given
a=-¢e —e;3 (10.70)
b=¢e, —e; (10.71)
I =e; (10.72)
1 1
q=z¢+ <& (10.73)

2 2
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2T

€;

FiGure 10.18.

then the bivector A is

A=anb

= (e; —e3) A (e —e3)
=€ — €3 — €3

A =ep+eys+ e (10.74)

Therefore,

1 1
AN (q - t) = (elz + e+ 631) AN ((Eel + zez) — 63>

= —ens; + —€n + -6
2 2

= —ens; + —ens + —ens
2 2

AN(qg—1)=0. (10.75)

The zero result confirms that Q is on the blade A.
Now let’s move Q to (1, 1,0) which is clearly above the plane:
AN(g—1t)=(en+eys+en)A((e+e)—es)
= —ens + €31+ e
= —e3 + e + €3

AN (q — t) = €123. (1076)

The positive result confirms that Q is above the blade.
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Finally, let’s move Q to (0, 0, 0) which is clearly below the plane:
AN(g—1t)=(en+eys+es)A(—es)

AN (q —t) = —e;s. (1077)

The negative result confirms that Q is below the blade. Thus we have a simple mechanism for
determining the orientation of a point relative to a plane.

10.4.3 Shortest distance from a point to a plane

Deriving the equation for the shortest distance from a point to a plane using vector analysis is
determined by the definition of the plane. For example, using the plane equation

ax +by +cz =94 (10.78)
where the unit surface normal is

f=ai+ bj+ck
8 is the perpendicular distance from the origin to the plane
p is the position vector for the given point P, and

q is the position vector for the nearest point Q on the plane,
then q is given by
q=p—((-p) =, (10.79)

and the distance between P and Q is ||p — ¢
However, if we define the plane using a unit normal vector 7, and a point T on the plane with
position vector ¢, then g is given by

g=p—1i-(p—t)n. (10.80)

Before proceeding with a GA solution, let’s demonstrate that Egs. (10.79) and (10.80) give identical
results. For example, Fig. 10.19 shows a plane, whose equation is

x+y+z=1 (10.81)
therefore
3
= %(i+j+k) (10.82)
and

§ =1, (10.83)
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X
FiGcure 10.19.
If we let the point P be (1, 1, 1), then
g=p—((1-p)—¥n
L V3 L V3\ V3
=({0+j+k - <?(1+J+k) i+j+k) - ry T(I-I-J—i-k)
3 3
=(i+j+k)— (f— ‘é) é(i+j+k)
. .
q= 5(1+J + k). (10.84)
The distance between P and Q is
. r. .
lp—qll=|G+j+k — §(1+J+k)H
2
Ip —qll = 353 (10.85)
which is correct.
Using Eq. (10.80), the plane’s unit normal vector is
3
n= %_(i+j+k) (10.86)

with the point T on the plane equal to (1,0, 0). Therefore,
q=p—n-(p—0)n

=(G{+j+k - <?<i+j+k)~<i+j+k—i)> ?(i+;’+k>
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2
=(i—|—j+k)—§(i+j+k)
1
q= 5(i+j+k) (10.87)

which gives the same distance as above.

Now let’s investigate a GA approach using the outer product.

Figure 10.20 shows a blade A containing two points T and Q with their respective position
vectors t and g. Q is the point on the blade nearest to the point P which makes the vector
d = q — p perpendicular to A.

Ficure 10.20.
From Fig. 10.20, we see that
d=p—t—v (10.88)

and
AAv =0 (10.89)

and that ||d|| is the distance of P to the blade. So, the objective is to secure a value for d, which is
achieved using the geometric product Ad:

Ad=A-d+And. (10.90)
But as d is perpendicular to A, A - d = 0, therefore,
Ad =A ANd. (10.91)
To reveal d, we pre-multiply both sides by A™*
AT'Ad =AY (A A d) (10.92)

therefore,
d=A""AANd). (10.93)



174 Geometric algebra for computer graphics

Substituting Eq. (10.88) in Eq. (10.93) we obtain

d=A""AA(p—t—v)). (10.94)
Expanding
d=AT""AAp—AANt—AAY) (10.95)
and
d=A"T"AA(p—1)). (10.96)

Let’s test Eq. (10.96) with the previous example, as shown in Fig. 10.21.

Ficure 10.21.

Given the following vectors

a=e; —e; (10.97)
b=e, —e; (10.98)
f=es (10.99)
then
A=aAb

= (e; —e3) A(e; —e3)

A =ep—ep;— en. (10.100)
The inverse of A is determined as follows:
ATl = A
A2
€12 — €13 — €32

3

1
14_1 = 3(613 —+ €3 — 612). (10101)
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Let the point T be (0,0, 1) and P be (1, 1, 1), therefore,
t=e (10.102)

and
p=e +e +e;. (10.103)

Now we can compute d:

d=A""AN@Pp—1)
1
= 5(313 + e —ep)((en —ei3 —ex) A(ep +e +e; —e3))
1
= 5(313 + 3 —ep)(—ez — es)
2
= —5(613 +exn —ep)es

= —=(e13132 + €313 — €12132)

3
= —5(—62 —e —e3)
2
d= g(el + e, + 63). (10104)

Therefore, the distance from P to the blade is || d|| = %ﬁ, which is correct.
The point Q is given by

q=p—d
2
g=(e1+e+e)— 3(61 +e +e3) (10.105)
and )
q= 5(61 +e + 63) (10106)

which makes Q(%, %, %).
10.4.4 Aline intersecting a plane

A classic vectorial approach to solve the intersection between a line and a plane is to define the
line parametrically as follows:
p=t+iv (10.107)

where
p is the position vector for any point P on the line
t is the position vector for a point T" on the line
v is the line’s direction vector, and

L eR.
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The plane is defined using
ax +by +cz =94

where the normal vector is
n = ai+ bj+ ck, and
8 is the perpendicular distance from the origin to the plane

when ||n|| = 1.

The position vector p for the intersection point P is given by

(8—n~t>
p:t~|— _— | V.
n-v

For example, consider the scenario shown in Fig. 10.22.

YA

Ficure 10.22.

The plane equation is

x+y+z=1
therefore,
n=i+j+k
and
§=1.
The point T is (0,1, 1) and t = j + k.
The line’s direction vector is
1. 1.
v=-i—=j—k

(10.108)

(10.109)

(10.110)

(10.111)

(10.112)

(10.113)

(10.114)
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Therefore,
<8—n-t>
p=t+ v
n-v
. 1-G+j+k)-G+k (1. I, )
=G+ + | —— —T Si—5j—k
0+b <<1+J+k>-<§1—§J—k) 272
—1 1 1
=(G+k — ) l=i—=j—k
G+0+ () (5i-3-4)
1'—I—l' (10.115)
=—i4- .
p > 2]
which makes Q(3, 3,0).

Now let’s explore a GA approach to this problem. Figure 10.23 shows a blade A intersected by
a line represented by the parametric equation

p=t+av. (10.116)

SA

FiGure 10.23.

The 2-blade is represented by A and a known point Q on the blade. From Fig. 10.23 we can see
that

u=p—gq (10.117)
and
AANu=0 (10.118)
therefore,
AAN(p—q) =0. (10.119)

Substituting Eq. (10.116) in Eq. (10.119) we have
AN(E+rv—q)=0
ANE—qQ)+AAW =0 (10.120)
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therefore,
AN(g—t
p=Ara=n (10.121)
ANV
and
AN(@Q—1)
=t _— ). 10.122
p=t+ < - (10.122)
Let’s test Eq. (10.122) using the example above as shown in Fig. 10.24.
Ficure 10.24.
The vectors are as follows:
q=-e (10.123)
a=e —e; (10.124)
b= € — €3 (10125)
then
A=anb
=(e1 —e3) A (e;—e3)
A= €12 — €13 — €33. (10.126)
The point T is (0,1,1) and t = e, + e5.
The point Q is (1,0,0) and g = e;.
The line’s direction vector is
1 1
y=—e — —€, — e€s. (10.127)
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Therefore,
AN(q—1)
=1 . —
P + < ANV Y
— —en) A —e — 1 1
= (e, +€3) + (e12 — €3 32) 1(61 12 €3) (_el e — es)
(e —e13 —exn) A (€1 — 56 —€3) 2 2
— — 1 1
= (e 465) + €123 4‘16132 (?321 (_el e e3>
—ei23 + 3€132 — 5631 2 2
1 1
= (e +e€) + 581 - Eez — ¢
! + ! (10.128)
=—e; + —e .
p > 1 > 2

which makes Q(, 1, 0).

202

Calculating the perspective projection of an object is relatively easy and normally only requires
the use of similar triangles. For example, Fig. 10.25 shows a typical scenario where the observer
is positioned at the origin gazing along the z-axis. The image plane is located orthogonal to the
gaze direction and a distance d from the origin.

FiGure 10.25.

We can now make the following observations:

5 %
- == 10.129
¥ ( )
and
 _ % (10.130)
y d



180 Geometric algebra for computer graphics

which leads to: x
x=d=2 and y:d&. (10.131)
Zp Zp

Figure 10.26 shows how we would approach the problem using vectors.

¥
ON’\'
- 0
st &‘“\\\\i q -
[ et
P 4
;////,/ /
,-/ :
///
-
X
FiGure 10.26.
With reference to Fig. 10.26 we can state that
g=d+r (10.132)
and
q=hp (10.133)
therefore,
Ap=d+r. (10.134)
Multiplying Eq. (10.134) by d using the inner product we obtain:
r-p=d-(d+r)
A-p=d-d+d-r. (10.135)
Butasd -r =0
Ad-p=d-d (10.136)
and
d-d
A= — (10.137)
d-p
therefore,
_ (L (10.138)
1=\7 7 p. .

Now let’s see how we could employ the outer product.
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As we are dealing with a projection onto a plane, we can treat the plane as a 2-blade and

represent it as
A=€1/\62=612.

Therefore,
ANr=AN(q—d)=0
ANg=ANd=LAND
ANnd
A=
ANp
and

B ANnd
q= Anp p-

Now let’s test Eqs. (10.138) and (10.143) with an example.
Given a point P(10, 10, 20) and d = 10 we have, using Eq. (10.138)

d-d
1= (55
= 10k - 10k (10i + 10j + 20k)
10k - (10i + 10j 4 20k)
100
~ 200

q = 5i+ 5j + 10k

(10i + 10j + 20k)

giving
Q(5, 5, 10).
Or using Eq. (10.143)
B ANnd
1={4rp)?
ez A 10es (10¢, + 10, 4 20e3)
= [§] (S €
e, A (10e; + 10e, + 20e;) : g ’
10e
= —2(10e, + 10e, + 20e;)
20e),3

q = 5e; + 5e; + 10e;

giving
Q(5,5,10).

Now let’s explore another approach that introduces homogeneous coordinates.

(10.139)

(10.140)
(10.141)

(10.142)

(10.143)

(10.144)

(10.145)

Figure 10.27 shows the point P’s position vector p intersecting an image plane orthogonal to

the gaze vector n. The point of intersection Q is determined as follows:

n-+q = Ap.

(10.146)
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€,

Ficure 10.27.

Multiplying Eq. (10.146) by 7 using the inner product we obtain

n-n+q-n=Airp-n (10.147)
butasq-n=0
nZ
A= (10.148)
p-n
therefore,
_
q= pon n
2 —_— .
_mp=p-mn (10.149)
p-n
If we make n> = 1, then
1
A= —— (10.150)
p-n
and
g=L2 ®-mn (10.151)
p-n
Using the geometric product
p-n=pn—pAn (10.152)

therefore,

_p—(pn—pAnn
= o
_p—pnn—l—(p/\n)n
= oo
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and
AN
q= (p ") 1. (10.153)
p-n
Equation (10.153) contains a 2-blade B, where
p=22" (10.154)
p-n

and a vector n. The bivector represents the 2-D line OQ on the image plane, and if we set the
vector n = e, we establish an orthogonal axial system.
Now, say for example
p = pie1 + paey + pses (10.155)

then
B— (pr&1 + pa€y + pses) Aes
(pre1 + par€y + pses) - €
_ Dieis + paeps
= —p3

B = &613 + 12623. (10.156)
p3 ps3

Substituting Eq. (10.156) in Eq. (10.153) we have

q= <&el3 + &eza) e;

Ps3 Ps
q= &el + &ez (10.157)
P3 2%

which confirms the previous results.

Rather innocently, we have stumbled across the idea of homogeneous coordinates, which we
expand upon in the next section. But before we do, let’s explore how the outer product can be
used for back-face removal.

To minimize processing time, back-facing polygons are sometimes removed prior to rendering.
A traditional technique for achieving this is to compute the angle between a polygon’s normal
vector 1 and the vector back to the observer v, as shown in Fig. 10.28.

Ficure 10.28.
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In fact, by computing the dot product # - v, we can discover if the angle between n and v equals
or exceeds 90°. Thus if n - v < 0 the polygon is invisible to the observer.

Another way is to choose two edges as vectors and project them onto the image plane. The sign
of the projected outer product determines whether the convex polygon is forward- or back-facing.
For example, Fig. 10.29 shows a convex polygon whose vertices are anticlockwise when forward
facing, therefore, by definition, the outer product v; A v, is positive. However, as the polygon
is facing away from the observer, the outer product v; A v; is negative, and the polygon can be
ignored. This technique was used in the author’s PICASO computer animation system in 1970.

Image plane

FiGure 10.29.

10.7.1 Introduction

Homogeneous space is a useful subterfuge employed in the design of CGI algorithms to provide an
inclusive mathematical environment where scaling, shearing, reflection, rotation and translating
transforms can be integrated. Normally, a point in R? is represented by its coordinates (x, y).
However, if we embed this space in one with an extra dimension, there are an infinite range of
values for this third coordinate. This is readily overcome by representing the point as (wx, wy, w),
then we can set w to any non-zero value. In fact, w = 1 is a rather useful value.

Figure 10.30 shows such a scenario where P(x;, y) is to be translated to Q(x + A,y + A)). The
transformation to achieve this is

1 0 A, X
Q=10 1 A, ||y]|. (10.158)
0 0 1 1

The point P can also be rotated and scaled relative to (0, 0, 1) using the following transformations:

cos® —sinf O
R = |sinf cosf 0 (10.159)
0 0 1
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Figure 10.30.

S 0 0
S=|0 S 0 (10.160)
0 0 1

There are two important consequences for adopting this notation: the first is that the transforms
can be multiplied together; the second is that it applies to any dimensional space. Consequently,
points in R? are extended to (x, y, z, 1), which, unfortunately, is impossible to illustrate accurately.

Homogeneous space offers similar advantages to GA, where the convention is to employ e or ¢,
to represent the homogeneous coordinate. The latter notation is adopted in this book. Let’s begin
by embedding the Euclidean plane in a three-dimensional space, as shown in Fig. 10.31.

FiGure 10.31.

The extra dimension creates three orthogonal bivectors: e; A e,, e; A ey and ey A e, which means
that

e e, =¢€-€e=¢y-€ =0 (10.161)

and

errer=llefl =er-e=llex]| =€ - e = [leoll = 1. (10.162)
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10.7.2 Representing 2D lines in 3D homogeneous space

Recall that to represent a line passing through the points T and P with a direction vector v
(Fig. 10.13) we use the equation

p=1t+rv. (10.163)

Although this is reasonably easy to use, GA provides an alternative approach, which gives lines
and their manipulation a new lease of life.

Figure 10.32 shows how two homogeneous points P and Q are used to define a line using their
outer product p; A gy. This is sufficient to define the line, which is represented by the intersection
of the bivector p, A g;, and the Euclidean plane, which is orthogonal to the e, axis. At first, this
seems too good to be true, so let’s illustrate why this is so.

Ficure 10.32.

We define P and Q as follows:
P = (x5, 1) and Q = ((x, + Ay), (0, + A)), 1) (10.164)

where Q is displaced from P by (A, A,).
The homogeneous position vectors p, and gy, are
Prn=xe1 +ypes+ e (10.165)
an = (x, +A)e + (o + Aye; + e (10.166)

therefore,

P A an =pn A (% + Aer + (y, + Ay)e; +ep)
=pi A (pr + Axer + Ayer + )
=pn A (Ace; + Aye; +€)
= (xp€1 + yper +€9) A (Age; + Aje; +€)
PN g = (%A, — ypAc)en + Agegr + Ayepy. (10.167)
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There are three coefficients for the three basis bivectors e}, ey, and eg;:
(% Ay —ypAy),  Acand A, (10.168)

Encoded within these coefficients is the line’s equation, and as a consequence, the perpendicular
vector from the origin to the line. First, let’s show how the line equation is encoded.

Equation (10.167) seems to possess a structure that arises with line equations, and is worth
investigating further.

YA

Yy

Y

Ficure 10.33.

Figure 10.33 shows a line passing through two points P(x,, y,) and Q(x,, y,). From the figure
we can see that

YU _ By (10.169)
X =X A,
and
=1 As = (x —x)A, (10.170)
YA — YAy = XA, — x5, A, (10.171)
XA, —y Ay — (A, —y,A ) =0. (10.172)

Equation (10.172) looks extremely similar to Eq. (10.167) and we can increase the similarity by
taking the dual of Eq. (10.167):

Pn A" = (A — ypAc)en + Aceor + Ayer)ep
= (%A, — ypAc)enn + Axeon + A€o
= (A, —ypAc)ey + Ace, — Ayey.

Rearranging the terms, we have

P A g =D, — A —eo(X, A, — y,A). (10.173)
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This implies that when we take the dual of the bivector p, A g, the three coefficients of the
homogeneous orthogonal axes have a one-to-one correspondence with the parameters of the line
equation passing through the original points P and Q. For example, Fig. 10.32 shows that

p=e +2e (10.174)
q = 3e; + 3¢, (10.175)

which makes
Ac=2and A, = 1.

Therefore, using Eq. (10.167) we have

P A g = (A, —y,A)en + Aceg — Ajey
= —3ep; + 2e01 — €y

P A qn = —ex + 201 — 3ep,. (10.176)
Whereas, using the dual of the bivector in Eq. (10.173) we have
(Pn A gn)" = e — 2e; + 3ep. (10.177)
Which means that the line equation for PQ is
x—=2r+3=0 (10.178)

which is correct!
Just to convince you, consider the scenario shown in Fig. 10.34 where

p=e +3e (10.179)
q = 3e; + 2e, (10.180)

which makes
Ay =2and A, = —1.

Cah

0, A
o LiNG

FiGure 10.34.
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Therefore, using Eq. (10.167) we have

P AN gn = (A, —ypA)en + Aceg — Ayey
= —T7e, + 2e0 + €y
D A qn = €y + 2eq — 7ep. (10.181)

Whereas, using the dual of the bivector in Eq. (10.173) we have
(Pn A qn)* = —ey — 2e; + Tey. (10.182)
Which means that the line equation for PQ is
—x—=2y+7=0 (10.183)
which is also correct!
Now let’s demonstrate that p A g also encodes the vector perpendicular to the line from the

origin. For example, consider the scenario shown in Fig. 10.35 where we have two points P and
Q with position vectors p and g respectively. The line’s direction vector is v = q — p.

€,

| 7

€

FiGure 10.35.

Now say we translate points P and Q along the line by Av, then their new position vectors
become

p+Aivand g+ rv (10.184)

and their outer product is

P+w)AN@+Iv)=pAgq+AiApAv+AvAg
=pAGq+AVAGQ—AVAD
=pAq+ivA(@—p)
=pAq+AIAvAY

P+r)A@+Av)=pAg. (10.185)
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Which proves a very important feature of the outer product: the outer product of two points,
returns the same result, no matter how the two points are moved along the line in tandem.
Consequently, we can identify two points D and E on the line such that v = e — d, as shown in
Fig. 10.36.

D
d
>
€
FrGure 10.36.
Therefore, using the geometric product
dv=d-v+dAv (10.186)
dv=dAv=pAv (10.187)
and
g=2rr
v
_pr@—p)
q—pr
A
d="221 (10.188)
q—pr
Let’s apply Eq. (10.188) to the previous example where
p=e+3e (10.189)
q = 3e; + 2 (10.190)

as shown in Fig. 10.34.

_rra
q—p

_(e1+3e) A (3ey + 2¢))

© (Ber +2e) — (er + 3ey)

d
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_ —7ep
o 261 — €
2
= —7en( o 62)
7 14
d=—-e ——e 10.191
T Te ( )
and
§=|dll
1o - Leul
=|-e; — —e
50 57
5= . (10.192)
=7 .
This can be confirmed from the line equation
—x—=2y+7=0 (10.193)
where, given
ax+by+c=0 (10.194)
7
s <4 _ 7 (10.195)

JEtE

Another advantage of this homogeneous representation is that a line can be rotated simply by
rotating its bivector. For example, to rotate PQ 180° to P’Q’ we sandwich the bivector between e;,
and ¢, as follows:

P'Q" = en(pn A qn)ea. (10.196)
Using the bivector illustrated in Fig. 10.32

pu A qn = —3e + 2e0 — ex (10.197)
P A ), = enn(—3e, + 2ep — ex)en
= —3enn + 2€n0121 — €122021
Ph A gy, = —3e1 — 2eq1 + ex. (10.198)
The projection of p; A g, on the Euclidean plane is the same as p, A g, whilst the signs of the
other coefficients are reversed, which is expected. And just in case you are not convinced that this

is so, let’s rotate PQ 180° to P'Q" and compute its bivector.
We have

P'(—1,-2,1) and Q'(=3, -3, 1), (10.199)

therefore,
pl/,’ = —€ — 262 + € (10200)
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and
q, = —3e; —3e; + ¢ (10.201)

therefore,
Py A, = (—e; —2e; +eg) A (—3e; — 3e; + ¢)
Py A gy = —3en — 2eq + ex. (10.202)

Which is reassuring!
To complete this example, let’s find the equation of this rotated line:

P, A qi,)* = (—3e; — 2eg + €x)epa

= —3ep021 — 2€01021 1 €20021

(p;z A\ q;l)* =€ — 262 — 360 (10203)
which means that the equation for the line P'Q’ is
x—2y—3=0 (10.204)

which is correct.

10.7.3 Intersection of two lines in R?

Computing the intersection point of two lines in R? is relatively easy. For example, if the lines are
defined by the line equations

ax+by+c=0 (10.205)
ax+by+c6=0 (10.206)

using Cramer’s rule, the intersection point is

x; = % and y; = %. (10.207)
The lines are parallel if
aib, — a,by = 0. (10.208)
For example, the two lines in Fig. 10.37 have equations
PQ: —x4+y—1=0 (10.209)
RS: x+y—-7=0 (10.210)
which makes their intersection point
x; = _7_;1 =3andy, = _:7 =4 (10.211)

and is correct.
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YA

<

Ficure 10.37.

The GA homogeneous approach provides an alternative solution using a common notation
and without invoking Cramer’s rule! But before we look at this, we need to remind ourselves of
some notation.

In chapter 8 we discovered that

aB=a-B+aAB (10.212)

where a - B represents the lowest grade part of the product and a A B is the highest grade part of
the product. More generally, given a vector a and a multivector A,, whose highest grade element
is r, we can write:

aA, = (aA,),_1 + (aA,), ;1. (10.213)

This means that the geometric product creates two parts: the inner product, consisting of those
elements with a grade lower than r, and the outer product, consisting of those elements with a
grade higher than r:

a-A, = (aA,) (10.214)
anA = (aA) .. (10.215)
We use this relationship in the next example.

Figure 10.38 shows the homogeneous model where the four points are identified by their
position vectors:

pr=-¢e +2e+e (10.216)
qn = 4e; + 5e;, + ¢ (10.217)
r, = 2e; + 5e;, + ¢ (10.218)
sy = 4e; + 3e, + e. (10.219)

The intersection point is given by:

Pr AN qw) NV (e Asp) = (P Agn)™ - (rn A sy) (10.220)
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€

€

Ficure 10.38.

First, let’s calculate the two bivectors:

Pu A gn = (€1 + 2e; + ) A (de; + 5e; + €)

DPn A gn = —3e1, — 3ey + 3eq (10.221)
m A s, = (2e; + 5e, +ey) A (de; + 3e, + eg)

A s, = —lde; + 2ey + 2ep (10.222)

Next we compute the dual (p; A gp,)*:

(Pn A qn)* = eqra(—3e12 — ey + 3ep1)
(P N qn)* = 3ey + 3e; — 3e,. (10.223)

As the inner product (p, A gn)* - (1, A s,) involves a vector and a bivector we invoke Eq. (10.220),
which only requires a cross-product to be computed:

€0 € €
(Pn A an)* 3 3 -3
h N\ Sy —14 2 2
12 36 48
(Pu A qn)™ - (rh A sp) = 12ey + 36e; + 48e;,. (10.224)

The 12¢, term is the homogeneous scaling factor, which means that we must divide the result
by 12:

361 + 462 + €y (10225)

and implies that the point of intersection is (3, 4). What could be simpler?
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10.7.4 Representing 3D lines in 4D homogeneous space

Having seen how to embed the Euclidean plane in a 3D homogeneous space, we now consider
embedding Euclidean space in a 4D homogeneous space. Although it is impossible to illustrate
this concept diagrammatically, the mathematical solution is trivial, as it requires only extending
3D coordinates (x, y, z) with an extra coordinate, which, for convenience, is chosen as 1. However,
as in the 3D case, if after any calculations we arrive at a point with coordinates (wx, wy, wz, w),
we divide throughout by w to return to the original space.

FiGure 10.39.

Figure 10.39 attempts to depict Euclidean space and the fourth dimension e, which is orthog-
onal to the three basis vectors ey, e, and e, and consequently, every vector within this space. Two
points P and Q will then have homogeneous position vectors p; and g, respectively, together
with their local position vectors p and q. We can now create a bivector p;, A g;, which resolves
the 4D parallelogram into six orthogonal bivector projections. Why six, you may ask? Well, the
extra dimension e, can be combined orthogonally with e;, e, and e;, making the following basis
bivectors:

€12, €3, €31, €105 €20, €30- (10.226)

Although the first three bivectors follow a right-handed system, the remaining three bivectors have
an arbitrary axial sequence because 4D space is not handed in the accepted sense. To illustrate
the process, let’s compute the outer product of two position vectors for the points P(2, 1,2) and
Q(4, 3,4). In homogeneous space they become P(2, 1,2, 1) and Q(4, 3, 4, 1) with position vectors

pn = 261 + e, + 263 + €y (10227)
qn = 4e; + 3e, + 4e; + €. (10.228)
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The outer product p, A gy, is

Pr A gy = (2e; + &, + 2e3 4 ¢9) A (4e; + 3¢, + 4es + ¢)
= 6e12 + 8613 + 2610 + 4621 + 4623 + ey + 8631 + 6@32 + 2630 + 4601 + 3602 + 4603
Dn A Gn = 2e1, — 2e33 — 2e59 — 2€9 — 2e30. (10.229)

As it happens, it appears that there are only five coefficients, but that is because one of the six is
Zero.

10.7.5 Representing lines and planes in 4D homogeneous space

Perhaps the simplest way of representing a plane in homogeneous space is by taking three points
on the plane and computing their outer product. For example, given the points P, Q and R, the
outer product of their homogeneous position vectors py,, g, and r;, respectively, is p, A gn A 14,
and describes the plane completely. For example, Figure 10.40 shows a triangle with coordinates
P(0,0,1),Q(1,0,0) and R(0, 1,0), and homogeneous position vectors:

P =-¢es+eo (10.230)
qn =e + e (10.231)
= € + €. (10.232)

Therefore, their outer product 7 is

T =Py Agy ATy
= (e5+e9) A (e; +¢e9) A (e; + )
= (es1 + €30 + €n) A (&2 + €o)
= €312 1 €310 + €302 + €12

T = €3 + €310 — €320 + €120- (10.233)
Anticipating that we will require the dual of 7, let’s compute it now:

T* = ega3A = epas(er23 + €310 — €320 + €120)
= 123125 T €0123310 — €0123320 + €0123120
=—¢te+e +e;
7F=¢e +e +e;—e. (10.234)

Similarly, the line SQ is completely described by the outer product of its homogeneous vectors.
As shown in Fig. 10.40 this product is

| = Sy N\ qn (10235)



Geometric algebra and geometry 197

Ficure 10.40.

and is defined by

s A g = (&1 + e+ ep) A (e + )
=ejo + € + € + €n

S A\ qn = €31 + €. (10.236)

So, let’s exploit these definitions and compute the intersection between the line and the plane
using the meet operator, which is given by

-l = (61 + e +e; — eo) . (621 + ezo). (10237)

Once more, we have the inner product of a vector and bivector, which is evaluated by extracting
the vector portion of the geometric product (Eq. (10.214)).

a*l),

=

((er + e+ e —ep)(ex +ex)h

= (€121 + €120 + €221 + €220 + €321 + €320 — €021 — €020)1

= (—e; + e+ e +e+ e + €30 + €120 +e2)5

Tt l=e +e. (10.238)

As the coefficient of e, is unity, there is no homogeneous scaling, and the intersection point is 1
on the e, axis, which is correct.

Hopefully, the variety of examples in this chapter have demonstrated the potential of GA as a
problem-solving tool. Obviously, much work needs to be done to identify elegant solutions to
these problems and there is plenty of scope for authors wishing to explore new ways of solving
geometric problems.
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In this chapter we examine briefly the conformal model, which is an alternative space to Euclidean
space for solving 3D geometric problems. Various arguments have been proposed for adopting
this model such as, conformal space:

e is homogeneous and consequently removes the origin as being a special point

e supports points and lines at infinity

e provides a single geometric mechanism for representing lines, circles, planes and spheres, which
introduces a rare quality of elegance to problem solving

e enjoys all the normal features of Euclidean space.

A model of space that possesses such a range of positive features sounds too good to be true! But
remember, in mathematics there is no such thing as a free lunch. So what price must we pay for
this model?

11.1.1 Spatial dimension

Although the humble Euclidean space R® requires a unique point called the origin, the space is
easy to visualize and design meaningful drawings of 3D geometric scenes. Whereas conformal
space requires five dimensions, which precludes any true form of mental visualization and graphic
illustration. Furthermore, one of the dimensions has, what is called a negative signature, which
transforms the space into a Minkowski space.

11.1.2 Algebraic underpinning

The toolkit employed by CGI programmers is a ‘rag bag’ of formulae, transforms, vectors and 2D/
3D geometric theorems, which are relatively easy to learn, even without strong mathematical skills.

199



200 Geometric algebra for computer graphics

Whereas the conformal model draws on concepts such as hyperplanes, hyperspheres, bijective
mappings, projective splits, which are all on top of the new notation introduced by GA.

11.1.3 Mathematical language and notation

To illustrate the abstractness of the language and notation, here are two extracts from recent
publications:

“— if they intersect, the intersection (s; A ;)™ is an (n — 2)-plane. When both 5, and
5, are hyperspaces, the intersection corresponds to the (n — 2)-space (s; A 5,)1, in R”,
where I, is the unit pseudoscalar of R"; otherwise the intersection is in the hyperspace
(e - (51 A 52))~ and has the same normal and distance from the origin as the hyperplane
(P51 NS (60))N-

— if they are parallel, the distance between them is |e, - st sDl/1s11.”

[17] page 48

“log(T,RyyS,) =

)/ »
T —ov (tAD/Doo/2 + T _wrry1@nul=1¢/2 + yo A oo/2]

[18] page 474

11.1.4 Protection

The conformal model is covered by the following US Patent:

US Patent 6,853,964

System for encoding and manipulating models of objects

United States Patent 6853964

David Hestenes, Hongbo Li, Alyn Rockwood

Abstract:

A method models an object composed of one or more components. Data are input to
a memory of a computer system for each component of the object. The data include
Cartesian coordinates expressed in Euclidean space of a plurality of points x of each
component. Each component point x is encoded as a vector x in a general homogeneous
space by x = (x + 1/2x.sup.2 e + e.sub.*)E = xE — 1/2x.sup.2e+ e.sub.*, where e and
e.sub.” are basis null vectors of a Minkowski space E. General homogeneous operators
are associated with each data point to generate a model of the object. The general
homogeneous operators are applied to each encoded point of the associated component
for each component to manipulate the model of the object.

Licences to employ this system for commercial purposes are available through the patent
holders, although there are no restrictions for academic research and educational use.

All of the above may be a small price to pay for the benefits associated with the conformal
model, and I will do my best to explain the model in this chapter.
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Computer graphics uses projective geometry to create an environment where scaling, shearing,
rotation and translation transforms are combined seamlessly. In spite of the obvious advantages
of projective space, there are some disadvantages. For example, the ratio of lengths along a line
are not preserved, neither is the concept of betweenness, as illustrated in Fig. 11.1.

Figure 11.1.

However, the cross-ratio of four points is preserved under all projective transformations. For
example, given four collinear points A, B, C, D on some plane, then their cross ratio is given by

_ AC/CB

(ABCD) = .
AD/DB

(11.1)

Figure 11.2 shows two sets of points A, B, C, D and A’, B’, C’, D" whose cross ratios are identical:

AC/CB _ A'C'/C'B'

— . (11.2)
AD/DB ~ A'D'/D'B'
If, for example
AB=2 BC=4 CD=2 (11.3)
then
6/4
(ABCD) = 56~ 36/32=9/8 (11.4)

which also applies for A’, B',C’, D'.

The cross ratio is used in CGI to extract 3D information from 2D images and it is important
that this ratio is preserved under all sorts of projections.

In the 1820s, the German mathematician August Ferdinand Mobius [1790-1868] discovered a
geometry that preserves ratios of lengths along lines, and maps lines to lines and parallel lines to
parallel lines. Mobius called this affine geometry because projected figures retain a close affinity to
the original figures [16]. Mobius is also known for his transformations which have the property of
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FiGure 11.2.

preserving the magnitude and orientation of angles and map generalized circles into generalized
circles.

The reason we are interested in projective geometry at this point is because the conformal
model employs the stereographic projection to convert points in Euclidean space to conformal
space, and vice versa. We can derive the mapping functions using a variety of techniques such as
3D geometry, vector analysis or geometric algebra, but perhaps the most useful is vector analysis
as this can be generalized to higher dimensions.

Figure 11.3 shows a unit radius hemisphere positioned on the complex plane such that the
origin of the complex plane coincides with the sphere’s centre. The line connecting the North
Pole N to a point X on the plane must intersect the sphere at P, which provides the mechanism
for relating points on the plane to corresponding points on the sphere. This configuration is called
the Riemann sphere, after the German mathematician Georg Riemann [1826—1866].

real axis

Ficure 11.3.

Figure 11.4 shows the unit sphere and three points A, P, X with their position vectors a, p, x
respectively. From the figure it is obvious that

p=a+ilx—a) rekR (11.5)
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FiGure 11.4.

We also know that
a-x=0 a-a=p-p=1. (11.6)

Squaring both sides using the dot product we have
p-p=(@+Ai(x—a))-(a+Ailx—a)) (11.7)

=a-a+2xa-(x—a)+2(x—a) (x—a)
I1=1-2A+21+x-x)

2
= —. 11.8
1+x-x ( )
Substituting A in Eq. (11.4) we have
t(——)a-a
=a X —a
p l1+x-x
B a(l4+x-x)+2(x —a)
N 1+x-x
X-x)a+2x—a
- wataxa (11.9)
1+x-x
Writing Eq. (11.9) using the geometric product, we have
2
2x —
_Xatix-—a (11.10)

1+ x2

The stereographic projection ensures that circles on the sphere map onto generalized circles on
the plane as shown in Fig. 11.5.

Furthermore, if the circle on the sphere passes through the North Pole it creates a circle of
infinite radius and effectively creates a straight line as shown in Fig. 11.6. The North Pole is
mapped onto a circle of infinite radius concentric with the sphere, and is the point on the sphere
corresponding to a point at infinity on the line. It can also be shown that the angle between two
circles on the sphere equals the angle between the lines on the plane, which is the conformal
property that is exploited in GA.
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FiGure 11.5.

FiGure 11.6.

Vectors in Euclidean space generally have a magnitude and direction, and satisfy the dot product
n - n = ||n||>. This arises because 3D Euclidean space employs basis vectors whose dot products
e;-e; = €;-e; = e3-e; = 1. But there is no absolute reason why such a rule should always prevail.
In fact, the Russian mathematician Hermann Minkowski [1864—1909] laid the mathematical
foundations for Einstein’s Special and General Theories of Relativity by abandoning this rule.
Minkowski’s four-dimensional spacetime has a set of orthogonal basis vectors {e;, e,, €3, e,} where
e;-e; = e;-€; = e3-e; = 1 buteys-e; = —1. The positive and negative values define the signature of
the space and denoted R*! which is also known as Minkowski space. In general, the signature of a
space is normally denoted R?? where p is the number of positive dimensions and g the number of
negative dimensions. One of the results of having a space with mixed signatures is the possibility
of null vectors. And although null vectors possess all the normal attributes associated with vectors,
because the space in which they are embedded possesses mixed signatures, the absolute value of
a squared vector is zero.

In conformal geometry points in space of signature R”? are represented as null vectors in a
space of signature RP*147! which means that points in Euclidean space R*® are represented by



Conformal geometry 205

null vectors in a space with signature R*!. Thus we are working in a five-dimensional space which
permits the modeling of lines, circles, spheres and planes. However, it just so happens that lines
are circles with an infinite radius, and planes are spheres with an infinite radius.

In terms of Eq. (11.8), if we introduce an extra vector € which has a negative signature:

x*a+2x—a _
:—+e
1+ x2
o = (x* = Da+2x + (1 +x>e

1+ x2

4

(11.11)

we can show that this transforms the vector into a null vector by squaring the numerator using
the dot product as follows:

pp=0*—1Da-a+2*—Da-x+ &> — 1A +xDa-e+

2x* = Dx-a+4x -x+2(0+x)x - e+

(I+xH(*—De-a+2(1+x2e-x + (1 + xH)*. (11.12)
However

a-a=1 e-e=—-1 a-x=a-e=x-e=0 (11.13)
therefore,

p/‘p/z(x2_1)2+4x2_(1+x2)2

=x'—2x 4+ 1+4x —1—2x* — x*
p-p =0. (11.14)

Having proved that the vector is null also shows that it is homogeneous, which means that it can
be scaled, especially by its denominator, which produces the final conformal vector equation

X = (x* — Da+2x + (1 + x5, (11.15)

well almost!

The above reasoning was based upon Fig. 11.4 which is concerned with the mapping between
a plane and a hemisphere. But even if we had started with the mapping between a semicircle and
a line, a similar equation would have resulted. In fact, the nature of the analysis permits us to
generalize the result to higher dimensions.

Let’s now rewrite Eq. (11.15) in a form that reflects the notation employed in most GA
publications. We start by expanding the terms as follows:

X =x*a—a+2x+e+x%
X =x*(a+¢€) +2x — (a —?). (11.16)

Next we substitute e = a where e has a positive signature, then

n=e+eéandn=e—e¢e (11.17)



206 Geometric algebra for computer graphics

and
X =2x+xn—n (11.18)

which is the conformal representation of the Euclidean vector x.
For example, if
x =e; + 2e, + 3e; (11.19)

then

X =2e +4e,+6e5+(14+4+9n—n
X = 2e; +4e, + 6e; + 14n — 1. (11.20)

A possible source of confusion arises in the different notation employed by mathematicians. For
example, Table 11.1 summarizes the notation from three publications. However, there is nothing
to stop us scaling Eq. (11.18) by 3:

1
X:E(Zx—l—xzn—ﬁ) (11.21)

which almost brings the equations into line. Fortunately, the inconsistency in the last term makes
no difference to the equation’s validity. Dorst, Fontijne & Mann [18] (page 360) do note that
“standards have not quite been established yet” which is why such conflicts have arisen. For
this book, I will employ Eq. (11.21) as it avoids a range of scaling factors when the equation is
manipulated.

TaBLE 11.1

Authors Publication Infinity Vector ~ Origin Vector Map

Li, Hestenes & Rockwood ~ [17] p33 e € x =X+ %xze + e
Dorst, Fontijne & Mann [18] p360 00 0 p=p+ %pzoo +o
Doran & Lasenby [15] p353 n n X=2x+xn—1n

As mentioned at the start of this chapter, visualizing 5D space is impossible. But wouldn’t it be
nice if we could have some inkling of what is happening? Well, most authors who have written
about this model suggest that the diagram shown in Fig. 11.7 is a useful mental model. The three
dimensions of Euclidean space are compressed into one dimension depicted by R?, which permits
the diagrammatic representation of the other two dimensions e and €, together with n and n. The
cone represents the set of null vectors defined by Eq. (11.21). Intersections between the cone and
other geometric elements reveal points, lines, circles and spheres. In the author’s opinion, at this
stage, very little extra understanding is gained by struggling to relate conformal algebra with a 5D
visual interpretation.

Before continuing, let’s investigate the following products:

n-n=(e+¢e)-(e+¥e
—e-e+2e-e+e-e

n-n=14+0-1=0 (11.22)
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n
null cone
__________________ .
e
R3
F1Gure 11.7.
n-n=(e—¢€-(e—%)
=e-e—2e-€e+4c-¢
n-n=1-0-—-1= (11.23)
n-x;=n-x,=0 (11.24)
n-n=(e+¢e)-(e—%)
=e-e—e-¢€
n-n=141=2 (11.25)
nAn=(e+e)A(e—¢€)
= —2eNe
n AT = —2ee. (11.26)
All the products are shown in Table 11.2.
TaBLE 11.2
GP e €; € . e € e A e €; €
e 1 —e;e ee e 1 0 0 e 0 —e; AN e ene
e; e;e 1 e;e e; 0 1 0 e; ejNe 0 e Ne
e —ee —eje —1 e 0 0 —1 e —eANe —ej A€ 0
GP n e; n n e n A n e; n
n 0 —e;n 2 — 2ee n 0 0 2 n 0 —e; AN —2ee
e; e;n 1 e;n e; 0 1 0 e; e; An 0 e, AN
n 2+ 2ee —e;n 0 n 2 0 0 n 2ee —e; AT 0
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Here are some other products that will arise later on in this chapter:

(nhi+1nn) =(e+¢e)(e—e)+(e—¢€)(e+e)=4 (11.27)
(Mn+ni) = (e—e)(e+e) +(e+e)(e—e) =4 (11.28)
nnn = (e +¢€)(e —e)(e+¢€) = 4n (11.29)
nnn = (e —¢€)(e +€)(e —€) = 4n. (11.30)

We must now try to discover the geometric meaning of n and n. Starting with n and using
Eq. (11.21), if we let x point to the origin in R?, then

X=--n 11.31
3 (11.31)

which implies that 71 also points to the origin.
Next n, which emerges using the following subterfuge: First we take the inner product X - n:

1
X~ﬁ=§(2x~ﬁ+x2(ﬁ~n)—ﬁ~ﬁ)=x2 (11.32)
therefore,
1 .
X E(Zx—}—xn—n)
2— =2l
X n x?

X 2x —n
2—— .

11.33
X-n + x2 ( )

Il
=)

2x—n

We can see from Eq. (11.33) that as x> — 00, the fraction 5 =0, which means that n points
to infinity, which is required for the stereographic projection.

Equation (11.21) has something new to reveal, especially when we use it to take the inner
product of two null vectors. For example, given two null vectors

1 ,
X, = E(le +x;n —1n) (11.34)
1 ,
X, = E(zxz +x,n — ) (11.35)
then
1
X X = Z(le +x/n — 1) - (2x, + x;n — 1)

1
Xl'XZIZ(4X1'X2+2X22n'xl—2.xl'ﬁ

+2x7%, -n+x/x;n-n—x/n-n

—2-x; —xA-n+1-0) (11.36)
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but
n-n=n-"n=n-x;,=0-x,=0, n-n=2 (11.37)
therefore,
1 1
X - Xo=x % — Exlz — zxzz
1 2
X, - X, = _E(XI —X)". (11.38)

The (x; — x,) termis a vector between the two points and obviously encodes the Euclidean distance
between them. This is rather fortunate, and confirms that angles and distances are invariant in
conformal space.

Equation (11.21) possesses a convenient quality in that

1
—X-n:—§(2x+x2n—ﬁ)-n:1. (11.39)
Thus when working with arbitrary null vectors we can normalize them by dividing by —X - n. For
example, say we started with Eq. (11.21) and after various calculations arrived at the null vector
X = 24e + 40e 4 32e; + 32e,, (11.40)

the terms 32e; + 32e, only refer to original Euclidean coordinates if X is normalized, by dividing
by —X - n:

—X -n = —(24e + 40e + 32e; + 32e¢,) - (e +€)
= —24+4+40
—X -n=16. (11.41)

Therefore, the normalized form of X is

L1
X = (24 + 408 + 32¢, + 32e))

A 3 5_
X = Ee—l— Ee—l—Zel + 2e, (11.42)

which implies that 2e; 4 2e, refers to a true point in Euclidean space.
The normalization value depends upon the equation used to represent the null vector. For
instance, if we employed
X=2x+xn—1 (11.43)

then
—X-n=0Qx+xn—1n)-n=2. (11.44)

Knowing that the conformal model involves five dimensions, the basis for any multivector includes
32 elements: 1 scalar, 5 vectors, 10 bivectors, 10 trivectors, 5 quadvectors and 1 pseudoscalar. These
are listed in Table 11.3.
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TaBLE 11.3

Grade Name Blades

0 1 scalar 1

1 5 vectors e, €, €3 10, n

2 10 bivectors e; A€, e Ae;, eAe, € AT, e AN,
es AN, € An, e AN, esAn n0NAN

3 10 trivectors epAe;Ae;, € Ae AN, e Ae;An, e Aes AN,
epAe3An, e ATMAN, e Ae3AN, e AesAn,
e ATTAND, e3ANAN

4 5 quadvectors e Aey Ae3 AT, e AeAesAn, e Ae; ATNAD,
egANes ATTAND, € Aes AN AN

5 1 pseudoscalar e; Ae; Aes ATMAN

The standard geometric primitives used in GA comprise a point, point pair, line, circle, plane and
sphere. GA provides two ways to describe them: one using the null cone inner product and the
null cone outer product. For instance, a circle can be defined by the intersection of two spheres,
and also by the outer product of three distinct points, and if we move one of the points to infinity,
we form a line. Let’s examine these primitives starting with points.

11.5.1 Points
Using Eq. (11.21):

1
X = E(2x+x2n—ﬁ) (11.45)

where

—X-n=1. (11.46)

If we set x to the origin (0, 0, 0) then x> = 0 and

X=--n 11.47
5 (11.47)

which, by definition, is the conformal origin. Similarly, if we set x to the point (0, 2, 0) we have
1 —
X = §(4e2 + 4n — n)

1
X =2¢,+2n— Eﬁ (11.48)
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Furthermore, if we take the inner product X - X, we should get a zero answer, as the distance
between two identical points is zero:

1 1
X'X=(2e2+2n—iﬁ>-<2ez+2n—5ﬁ>

=4e,-e,+4e;,-n—e;-n+4n-e,
1

+4n'n—n-ﬁ—ﬁ~e2—ﬁ-n+zn-n
X X=4-2-2=0 (11.49)

which confirms our prediction and enables us to define a point as

1
P= E(2x+x2n—ﬁ). (11.50)

11.5.2 Point pair

We now know that a single point in Euclidean space is represented by a null vector in conformal
space, and we also know that

X, -X,=0 (11.51)
and .
XX = _E(xl —x)° (11.52)

where the inner product is a measure of distance between two points. It turns out that the outer
product of two points encodes the geometry associated with a pair of points. For example, consider
two Euclidean points x;, x, represented as null vectors

1
X, = E(le + x/n — ) (11.53)
1 ) _
X, = E(sz —}—xzn—n) (11.54)
then

XiNX, = i(le —i—xfn—ﬁ) A (2x2 —i—xzzn—ﬁ)

1, 1 _ 1,
=x1Ax2+Ex2x1An—ExlAn—i—Exln/\xz
1, _1_ I ,_
——XDAN— - AX — —-X;NIADN
4 2 4

_ oo
XiNXo=x ANx+ 2(xle xlxz) AN
(11.55)
1 _ 1, ) _
+ E(xz —Xx1) AN+ A—l(x2 —xl)n AL
It is obvious that Eq. (11.55) directly stores the outer product of the original two points, together
with seven other bivectors formed by the Euclidean basis vectors with n and 1.
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11.5.3 Lines
A line in the conformal model is defined as
L=P1/\P2/\n (1156)

where P; and P, are two points on the line, and n is the point at infinity. Let’s see what happens
when we substitute two points

1
P, = E(le —}—xlzn —ﬁ) (11.57)

1
P, = E(2x2+x§n—ﬁ). (11.58)
But as P, and P, are to be wedged with n, the n terms can be dropped, as they create zero elements:

1
L:Z(le—ﬁ)A(sz—ﬁ)An
1 _ _
:Z(4x1Ax2—2x1An+2x2An)An
1 _ 1 _
=x1Ax2/\n+zx1An/\n—§x2/\nAn

1
L:xlez/\n—E(xz—xl)/\n/\ﬁ. (11.59)

The first trivector term encodes the bivector x; A x, which is a measure of the area formed by
the two vectors and the origin. When x, = Axy, i.e. the line connecting P, and P, passes through
the origin, the trivector collapses to zero. The second trivector term encodes the direction vector
representing the line. For example, to represent a line parallel with the x axis we can let P, =1
and P, be the point (1, 0,0). Thus using Eq. (11.59) we have

1
L:ﬁ/\el/\n—z(el—ﬁ)/\n/\ﬁ

1
=ﬁ/\e1/\n—§e1/\n/\ﬁ

1 _
ngel/\n/\n (11.60)

We can rewrite Eq. (11.60) in terms of e and € as follows:
L = —ejee. (11.61)

Thus we can see that the original Euclidean line is recognizable within this conformal description.
Before moving on, let’s try two other points x; = (1,1,0) x, = (1,2,0):

1
L:(el—i—ez)/\(el—i-Zez)/\n—Eez/\n/\ﬁ

1
=el/\e2/\n—ze2/\n/\ﬁ

L =ee; An+ eyee. (11.62)

Once more, it is possible to recognize the original line’s characteristics.
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Now let’s see what happens if we introduce a third point X, which must also have a null vector
representation i.e. X? = 0 then L A X = 0. We can demonstrate this using the last example with
x = (1, 3,0), which is on the same line:

1 1
L/\X:<e1/\ez/\n—zez/\n/\ﬁ>/\5(261+6ez+10n—ﬁ)

1 1
L/\X:_EelAez/\n/\ﬁ+§el/\ez/\n/\ﬁ=0' (11.63)
Finally, if we chose a point that is not on the line, e.g. the origin, then
1 _ 1 _
LAX = (el/\e2/\n— zez/\n/\n> AE(—n)

LAX =eeee (11.64)

which is confirmation.

11.5.4 Circles

One of the reasons for using the conformal model is to exploit the point at infinity, which has the
effect of straightening circles into lines, and spheres into planes. Knowing that a line is represented
by

L=P, AP,An (11.65)

a circle then becomes

where Py, P,, P; are three points on the circle.
Let’s investigate this equation where

1

X =€ P, = E(Zel +n—n) (11.67)
1 _

X =€ P, = E(Zez—i—n—n) (11.68)
1 _

x3=—e P;= E(—Zel +n—"n) (11.69)

as shown in Fig. 11.8.
Then the circle C is given by
1 . 1 _ 1 _
C= E(Zel—i—n—n)/\ E(Zez—l—n—n)/\i(—Zel—i—n—n)
=@+ N(e+)A(—e +9)
= (61 AN e + € /\é—ez/\é)/\(—e] +E)
=e Ne /\E"—ez /\E/\el

C= 261326. (1170)
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FiGure 11.8.

The homogeneous multiplier 2 has no geometric significance and can be ignored. Therefore, the
circle is given by

C =eje,€ (11.71)
The radius of the circle is given by
—_C?
2
= — 11.72
p C An) ( )
which in the above example is
2 —eje,eee,e
p= (eje5€ A n)?
_ _elezéelezé
- e|e,eee e ee
—ejeee 6,8
ot = ZSieeEes (11.73)
e e,ee e,ee?
remember that we can cancel vectors:
) —1
pr=—=1 (11.74)
e
which returns a unit radius.
The circle’s centre is given by
CnC (11.75)

which in the above example is

CnC = (61 ezé)n(el ezé)
(ere2€)n(ere;€)

CnC = —ene. (11.76)
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But this is a reflection condition, and with reference to Fig. 11.7 shows that —ene is equivalent to
reflecting n in €, which makes
CnC = —@ (11.77)

which is the null vector for the origin, and the circle’s centre.

FiGure 11.9.

Just to show how the algebra behaves in a more normal setting, consider the situation shown
in Fig. 11.9 where the radius is 2 and the centre is 2e;.

1
X, = 461 P] = 5(86] + 16n — ﬁ) (1178)
1 _
X, =2e, +2e, P,= E(4e1 + 4e, + 8n — n) (11.79)
1_
X3=0 P3=—5n. (1180)
Therefore,
C == Pl AN P2 AN P3
1 _ 1 _ 1_
= 5(861 + 16n —n) A §(4e1 +4e, +8n—1n) A (—En>
C=—4e;Ae; AT+ 8¢, An AT (11.81)
Substituting
n=e4+e€ n=e—=¢€ (11.82)
we obtain
C = 4(—e e e + e,€e,€ — 4e,ee). (11.83)
It follows
C An = —4(2ee,€€). (11.84)
Therefore
- 4%(—eje,e + e16,¢ — 4e,e8) (—ejese + eqe,€ — 4deyet)
p= 42(2e,e,€€)(2e e,e€)
16
,02=——4=4 (11.85)

and the radius p = 2.
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The circle’s centre is given by

CnC = 4*(—e e + e1e,8 — 4eyee)n(—e ere + e;e,8 — 4eyee)
= 4%(—ejese + 16,8 — 4e,e8) (e + ©) (—e e3¢ + €,6,€ — 4eyee)
= 4%(12e + 20€ + 16e;)
CnC = 64(3e + 5¢ + 4e)). (11.86)

Before extracting the e; coordinate we must normalize the null vector by dividing CnC by
—(CnC) - n:

3e 4 5e + 4e,
CnC = — =
—(3e +5e+ 4e)) - (e+€)
_ 3e 4+ 5e + 4e;
T —=3+45
3 5_
CnC = Ee—i— Ee—}—Zel (11.87)

which confirms that the centre is 2e;.

11.5.5 Planes
A plane in the conformal model is defined as

7 =P, AP, AP; AN (11.88)
where Py, P,, P5 are three points on the plane, and n is the point at infinity. This time we see a
quadvector encodes a plane. We can represent the plane e; A e, by letting P; be the point (1, 0, 0),

P, be the point (0, 1,0) and P; is the origin. We can drop the n terms in P, and P, as they are
being wedged with n and create zero terms.

1 1 1
7=-2e —n)A -2, —n)A—=n AN
2( | — 1) 2( » — 1) 3

1_ 1_ 1_
egE——nJAle——n)]A——nAn
(¢=37) (=57 2

1 1 1
=|ee——egADN+-esAD | A——DNAD
<12 21 2 2 ) 2

1
= —Eelez AN AN

T = e e,ée (11.89)

which is a quadvector formed by the bivector e; A e, the infinity and origin vectors.
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If we introduce a fourth point Xon the plane, which also has a null vector representation, i.e.
X? = 0,then w A X = 0. For example, the point (1, 1,0) is on the plane and

1
X = E(2e1 +2e,+2n—1) (11.90)
and
1 _
T AX = (eje€e) A 5(261 +2e; +2n —n)
1
7 AX = (eje;€e) A 5(2e1 +2e, +e+3¢) =0. (11.91)

There is no need to demonstrate that a point off the bivector creates a non-zero answer.

11.5.6 Spheres

A sphere is defined as
SZPI/\Pz/\P3/\P4 (1192)

and using the points for a unit radius sphere centered at the origin, as shown in Fig. 11.10 we have:

1

X =€ P1=E(Zel+n—ﬁ)=el+é (1193)
1 _ _

X, = e P2=E(2e2+n—n)=e2+e (11.94)
1 _ _

X3 =e;3 P3=E(2e3+n—n)=e3+e (11.95)
1 _ _

x, =—e Py= z(—Zel—I-n—n):—el—i—e (11.96)

S=(€1+€)/\(ez+é)/\(€3 +€)/\(—CI+E)

=(e1/\e2+e1/\E—ez/\E)/\(—e3/\e1+e3 /\E+31/\é)

f-’z&l“2 .

Figure 11.10.
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:el/\e2/\e3/\E

S = eje,ez€. (11.97)

The radius of the sphere is given by

_s2
P —— 11.98
p SAn)? ( )
which in the above example is
2 61626366162636
P T T et A (e o)
1
,02:——1:1 (11.99)
and is correct.
The sphere’s centre is given by
e = 8SnS = (eje,e5€)n(e e e3€)
= eje,e3ene e ese
& = —ene. (11.100)

But this is the same reflection condition found with the circle and is equivalent to reflecting n in
€ and makes

£=—0 (11.101)

which is the null vector for the origin and the sphere’s centre.

The inspiration for this section is Doran and Lasenby [15] where readers will find a rigorous
description of conformal transformations. In the following section I will provide readers with an
outline of the concepts with some relevant examples.

The transforms we normally encounter in Euclidean space comprise translation, rotation and
scaling, and are normally implemented using matrices. Such transforms are available in conformal
space but are implemented using rotors. To clarify the following description, Euclidean vector
space is referred to as V(p, q).

11.6.1 Translations

In chapter 9 we discovered that a rotor has the form

R=¢ B0 (11.102)
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where B is a unit bivector and 6 is the angle of rotation. In the conformal model, a rotor takes the
form
R ="/ (11.103)

where n is the null infinity vector and a is a vector in V(p, q). These vectors are orthogonal,
therefore a - n = 0 and the product na represents a bivector, but it is null:

(na)?> = nana = —anna = 0. (11.104)

Equation (11.103) can be expanded using the Taylor series:
=14+ (11.105)

however, when x = na/2, something nice happens — the series terminates after the second term,
simply because the null vector creates a zero value. Therefore,

T, =2 =1+ % (11.106)

We have already discovered that rotors work like quaternions, where a vector is sandwiched
between two quaternions, one of which is the reverse of the other. Fortunately, in conformal space
the same model prevails. For example, the rotor T, is used as follows:

T.xT,. (11.107)

In fact, let’s see how the above expands:

~ na na
T,xT, = (1 + 7)x (1 — —)

2
1 1 1
= X + —nax — —xna — —naxna
2 2 4
~ 1 1
T,xT, =x + Enax + znxa. (11.108)
But )
a-x:z(ax—i—xa) (11.109)
therefore, ~
T,xT, =x+n(a-x). (11.110)

It is also worth exploring what this rotor does to the null vectors n and n:

T T <1+na> (1 na)
oaly, = —|n - 4
2 2

-0 )

nan nna nanna

Il

=)

+
|

|

|

|

=n. (11.111)
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Similarly,

I T
_ (MIn+nh)a nnna?
= n —
2 4
T,nT, =10 — 2a — a’n. (11.112)
To summarize:
T,xT, = x +n(a - x) (11.113)
T.nT, =n (11.114)
T,nT, =1 — 2a — a’n. (11.115)

The reason why we have computed these products is that they cover all the terms found in the
conformal null vector:

F(x) =2x +xn—n (11.116)

which means that we can combine the above results to evaluate T,F (x)T,:

T,F(x)T, = T,2x)T, + T,(x*n)T, — T,aT,
=2(x+n(a-x)) +x*’n—n+2a+a’n
=2x+2n(a-x)+x’n—n+2a+a’n
T,F(x)T, = 2(x + a) + (x +a)*n — 7. (11.117)
Equation (11.117) looks familiar. In fact it has a structure identical to Eq. (11.116) apart from
x + a replaces the original x. The geometric interpretation is that x has been translated by a! Let’s
illustrate exactly how this operates.
Consider an object located at (1, 0, 0) which is to be translated by 2e,. This can be undertaken

within conformal space using the following steps:
1st Convert the point to be translated to a null vector:

1
(1,0,0) > - (2e, +n — . (11.118)

2nd Create the rotor

2ne, 2ne,
<1+ > )...(1_ 5 ):(1+ne2)~--(1—ne2). (11.119)
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3rd Combine the above elements
~ 1
T,F(x)T, = E(l + ney)(2e; +n —n)(1 — ney)

1
= E(Zel + n —n + 2ne,e; — ne,n)(1 — ne,)

1 (261 +n — 10+ 2ne,e; — ne,n — Zelnez—{—)

2 nne, — 2ne,e;ne, — ne,;nne,

1
= E(Zel +n —n+ e, (nn + nn) + e,nnne,)
1 _
= E(Zel + n — n + 4e, + e,4ne,)
~ 5 1_
T,F(x)T, = e; + 2e, + En — En, (11.120)

which is correct.

Now the above may seem a rather convoluted way of adding 2e, to e; to produce e; + 2e,,
but this example does not reflect what conformal transformations about. So let’s examine how
rotations are implemented.

11.6.2 Rotations

We have seen that rotations in GA take the form
x' = RxR (11.121)
where the vector x is rotated about the origin. The rotor R takes the form
R = cos(9/2) — Bsin(6/2) (11.122)

where B is a unit bivector and  is the angle of rotation. For example, to rotate the point 3e; about
the origin 180° in the plane ese;, the rotor is

R = c0s90° — ese; sin 90°
R=ees (11.123)
The point 3e, is rotated as follows:

x' = e e;(3e))ese;
= 3ele3616361
x' = —3e,. (11.124)

But say we wanted to rotate the point about 2e; in the same plane? Well, if we were using matrices,
we would translate the point —2e,, perform the rotation about the origin, and translate back 2e;.
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Now the extremely useful feature of the conformal model is that the operations of translation and
rotation are integrated in a rather elegant way, as we will now discover.
To begin with, conformal rotations use the same technique of sandwiching a conformal vector
using
x' = RF(x)R (11.125)

where F (x) represents the null vector. For instance, using the above example we proceed as follows:
x = ejesF(3e;)ese;

1
= ele3§(6el 4+ 9n — n)ese
1 _
= 5(6616361 + 9eje;n — e e3n)ese;
1 _
= 5(—6636361 + 9ejesnese; — ejeznese;)

1
= —(—6e; —9n —n
2( 1 )
x' = —3e, — 5e — 4e (11.126)

and we see that the point 3e; has indeed been rotated to —3e,. Now let’s see what needs to be done
if we offset the axis of rotation.
We begin by translating the conformal null vector back to the origin by the required distance:

T F(x)T_.. (11.127)
Next, we rotate it about the origin:
R(T_,F(x)T_,)R (11.128)
Then, we translate it back to where it came from:
F(x') = T,(R(T_oF(x)T_o)R) T,. (11.129)

The parentheses are included to clarify the process, but they are not important in this associative
expression: o
F(x) = T,RT_,F(x)T_.RT,. (11.130)

However, we can introduce some new parentheses to reveal an interesting pattern:

F(x') = (T,RT_,)F(x)(T_,RT,) (11.131)
A useful equality is that T_, = T, therefore we have:

F(x') = (T,RT,)F(x)(T_oRT_,) (11.132)

or if we let
R=T,RT, and R=T_,RT., (11.133)
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then 3
F(x") = RF(x)R. (11.134)

The important discovery here is that the rotor R incorporates a rotation and a translation, which
we will illustrate with an example.

Consider the scenario shown in Fig. 11.11 where the point 3e, is rotated 180° about the point
2e, in the plane e; A e;. The rotors are defined as follows:

a=2e x =3¢ (11.135)

1 ~ 1
Tuzl—i—zna:l—i—nel R, = eje;3 Tu:1+§an:1+e1n.

Therefore,
R = TaRaTﬁ = (1 4+ ne)e e;(1 + en)
= e;e3 + ne; + e;e3en
R =eje; — 2e3n (11.136)
and ;
R = e;e; + 2e;3n. (11.137)

Now we compute
- 1 _
RF(3e;)R = (eje5 — Ze3n)z(6e1 + 9n — n)(ese; + 2esn)

1
= 5(—663 + 9ejesn — ejesn — 12e;ne; + 2esnn)(ese; + 2esn)

1
= 5(—663 — 361631'1 — 61631_1 + 2@3nﬁ)(€3€1 + 2631’1)

_ 1 (—6e, — 3e,es3nese; — e e;neze; + 2e;nneze; —
2 12n — 2e,e;nesn + 4esnnesn

1
= 5(—6e1 — 15n — n + 2nne; + 2e;nn + 4nnn)

1
= E(Zel +n—n)
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1

—(2 2e

2( e, + 2e)

REF(x)R =¢, +¢& (11.138)

therefore, the rotated point is e;, which is correct.

11.6.3 Dilations

The term dilation refers to the stretching of vectors and contraction refers to the shrinking of
vectors. However, we can accommodate both operations by treating stretching as dilations greater
than 1, and shrinking as dilations less than 1. So what we want to find now is a rotor that performs
this operation. Doran and Lasenby [15] offer the following argument:

We start with the premise that a dilation relative to the origin is effected by

x'=e %x, where o e€R. (11.139)

As e is a scalar, it cannot alter the angle of x, therefore it is a conformal operation. The null
vector representing x’ is given by

F(x) =2¢ x4+ (¢7*)’x’n — n
F(x') = e *(2x 4+ e *x*n — e“n). (11.140)
Therefore, we require a map to ensure
n— e “n and 0+ e*n. (11.141)
Fortunately such a map exists and takes the form of a rotor D, using
D F(x)D,. (11.142)
The rotor D,, is defined as

D, = ¢*N/? = cosh(a/2) + sinh(a/2)N (11.143)

where, with reference to Table 11.2, N is defined as

1
N =ee = Eﬁ/\n. (11.144)

Before showing how the rotor works, we require the following products in the proof:

nN = (e 4+ e)ee = n. (11.145)
Nn=ce(e+€) =—n (11.146)
aN = (e —e)ee = —n (11.147)
Nn=ee(e—¢€)=n (11.148)

N? = (ee)’ = 1. (11.149)
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Notice that n and N, and n and N anticommute, which permits us to write
DynD, = D*n and D,nD, = D’h. (11.150)
We can now prove the action of the rotor as follows:
DynD, = D*n = (cosh(a/2) 4 sinh(a/2)N)’n
= (cosh*(x/2) + sinh®(a/2))n — 2 cosh(a/2) sinh(a/2)n
= (cosha — sinh @)n

D,nD, = e “n. (11.151)
Similarly,

D,iiD, = D*ii = (cosh(a/2) + sinh(a/2)N)?*ii
= (cosh®(a/2) + sinh*(a/2))f + 2 cosh(a/2) sinh(er/2)11
= (cosha + sinh @)n
D,iD, = e*f (11.152)
which confirms that Eq. (11.143) is the desired rotor.

Consequently, we can write _
F(e™%x) = e “D,F(x)D,. (11.153)

For example, if we wanted to dilate the vector by a factor of 2, we compute e* = J which makes
o = In(0.5) = —0.693.
From this
D, = cosh(—0.693/2) + sinh(—0.693/2)N (11.154)

and
D, = cosh(—0.693/2) — sinh(—0.693/2)N (11.155)

this ensures that the following expression holds.

F(2x) = " D,F (x)D,. (11.156)
A dilation about an arbitrary point is achieved by including the translation rotor T,:

D, = T,D,T, = e®N'/?, (11.157)

where
N =T,NT,. (11.158)
But
nAn=(e—e)A(e+e)
= Qee

nAn=2N (11.159)
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therefore
N =-nAn (11.160)

and
’ 1 = T
N = -T,n AnT,
2
’ 1 =T T
N' = ETanTa A TnT,. (11.161)
Substituting Eqs. (11.114) and (11.115) in Eq. (11.161) we have
1 1
N =—§F(a)/\n=—EA/\n (11.162)

where A = F(a). Therefore, the rotor D), is given by

D = eaN//z
o
— e—otA/\n/4
D! = exp(—aA An/4). (11.163)
Even this can be tidied up to
D AL (11.164)
=exp|— . .
“ P 2 A-n

11.6.4 Reflections

In chapter 9 we discovered that GA handles reflections in a rather elegant fashion:
a = —nan (11.165)

where a is the vector to be reflected and 7 is the unit normal vector of the reflector. However, there
is one proviso with this formula — the vector and plane must intersect the origin. The conformal
model overcomes this restriction as we will discover, but first, let’s examine planes and lines that
intersect the origin.

Figure 11.12 shows three points

(Oy 0) 0) (—63, €2, 0) (63, €2, O) (11166)
on a plane defined by
7T=P1/\P2/\P3/\n (11167)
where the three null vectors are
1
P =30 (11.168)
1 _ 1_
Pzz5(262—2e3+2n—n):e2—e3+n—En (11.169)

1 1
P3:§(2e2+2e3+2n—ﬁ):e2+e3+n—Eﬁ. (11.170)
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FiGure 11.12.

The plane is

1_ 1_ 1_
T =—-DA - —-n|A ——-n|A
2n <e2 e;+n 2n) (e2+e3+n 2n) n

1_ 1._ 1_ 1_
——NAe -nAes—-nAn)Ale,An+es;An—-nAn
< 5 2+2 375 ) (2 + e > )

1 1
=—Eﬁ/\e2/\e3/\n+5ﬁ/\e3/\ez/\n
T =e Ae;ANAN (11.171)

Butasn A 0 = —2ee, then
T = —e,e;ee. (11.172)

The plane equation contains two parts: —ee; and ee. This construction is typical of a plane
intersecting the origin, for as soon as the plane is displaced away from the origin, new terms
appear. Now let’s consider lines intersecting the origin.

Figure 11.13 shows two points

(0)0’0) (ela e2)0) (11.173)
©2
PZ
Pl
€3 €

Figure 11.13.



228 Geometric algebra for computer graphics

on a line intersecting the origin, defined by

L=P AP, An (11.174)
where the two null vectors are
1_
P =—-h (11.175)
2
1 _ 1_
Pzz5(2e1+2ez+2n—n):el+e2+n—En. (11.176)
The line is
_ 1_
L=—-nA (e1+e2+n—§n> AN
=—-nAeAn—nAeAN
L=—(e; +e)AnAn. (11.177)
Butasn A n = —2ee, then
L =2(e; + e))ee. (11.178)

The line equation contains two parts: 2(e; + e,) and eé. This construction is also typical of a line
intersecting the origin, for as soon as the line is displaced away from the origin, new terms appear.
In the conformal model the reflection of a line in a plane is achieved using

L'=nlx. (11.179)
We can readily illustrate this using the above plane and line formulae:

L' = nLlm = (—eye;e€)(2(e; + e;)ee)(—e esee).
= 2e,ezee(e; + e,)eee,esee
= 2e,esee(e; + e))eses
= 2(e,ejeee e 65 + €,e3e€e,e5€3)
= 2(—e ee + e,ee€)
L' =2(—e, + e;)ee. (11.180)
The line has been reflected in the plane and clearly intersects the origin. Now here is the surprise:
This reflection formula also works for lines and planes that do not intersect the origin! To illustrate
this, consider the scenario shown in Fig. 11.14.

The figure shows a line L defined by the points P,, P5, whilst the plane 7 is defined by points
Py, Py, P5. In fact, we have already calculated the plane’s conformal equation:

T = —e,e;€e. (11.181)

The lin€e’s points are
(0,€,0)  (e1,2¢5,0) (11.182)
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where the two null vectors are
1
1 _
P, = 5(261 + 4e, + 5n — n). (11.184)

However, as P; and P, are to be wedged with n, the n terms can be dropped as they create zero

terms:

Plzez—zﬁ

1
Pz =e; + 2e, — Eﬁ

The conformal line is

1 1
L=|e,—-n)JAle+2e,0—-n)An
1 _ 1_ -
:ezel/\n—Eez/\n/\n—zn/\el/\n_n/\ez/\n

=ee; AN — %(el +e)AnAn
L =ese (e+¢e)+ (e, + ey)ee.
T = e,e;ee.
The reflected line is L" and calculated as follows:
L' =nln
L' = (eyesee)(ese; (e + €) + (e; + e,)e€)(e,e5€€)

which reduces to
L' =ee,(e +8€) + (—e +e)ee

where we see the e; component reversed, creating the reflection.

(11.185)

(11.186)

(11.187)
(11.188)

(11.189)
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11.6.5 Intersections

The following formulae are given without proof:
The intersection of two lines in a plane, where the lines are encoded by the trivectors L, and L,
in the geometric space G(3, 1) is given by:

B= (L} AL}) =I(L x Ly (11.190)

where I is the conformal pseudoscalar.
The intersection of a line and a surface, where the line is encoded by a 3-blade, and a plane or
sphere by a 4-blade, is given by

B=P*AL) =(UP)-L=IP xL). (11.191)

The objective of this chapter was not to write a rigorous, axiomatic description of the conformal
model, rather a rudimentary introduction to the ideas and concepts employed supported by some
examples. Hopefully, it will make life easier if you wish to delve deeper into this strange geometric
world. I cannot deny that this has been a challenging chapter to write. In fact, if it had not been
for Chris Doran and Anthony Lasenby’s book [15] it would have never been written!



12 Applications
of Geometric
Algebra

In the previous chapters we have seen how GA is easily used to solve various geometric problems
in 2D and 3D, and obviously there are no restrictions for the algebra — after all, it is just an algebra
for vectorial quantities. It is difficult to think of an area of CGI where vectors are not used —
and sometimes when GA has been used, there are minor considerations of efficiency in execution
time, although there is general agreement that it outperforms all other approaches for analytic
elegance, and it is just a question of time before GA will be applied to all aspects of CGI.

In this chapter we explore a few more examples of how GA is providing new approaches to
familiar problems.

Ron Goldman has revealed how a family of linear transformations can be derived using a general
vector equation [19]. The technique assumes the existence of two non-zero vectors a and b, subject
to the conditions expressed in Egs. (12.1), (12.2) and (12.3):

a-b#0 (12.1)
a-x=A AeR (12.2)
bxx=c (12.3)

where the unknown vector x is given by

Ab+cxa
o ptexa (12.4)
a-b
An example provided by Goldman computes the reflection of a line in an arbitrary plane.
Figure 12.1 shows a plane 7 with its unit normal vector a, the vector to be reflected v and its

reflection v’ in the plane.

231
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a A

FiGure 12.1.

Using Goldman’s vector names, we make the following substitutions:

x=v
=a
a=b=a

which enables us to rewrite Egs. (12.1), (12.2) and (12.3) as:
a-a#0
a-v =1 rLeR
axv =c.
From Fig. 12.1 we can reason that

and
axv=axv

which allows us to define A and a x v/ in terms of the known vectors:

A=—a-v
c=axv =axw.
We are now in a position to evaluate Eq. (12.4):

M+cxa (—a-viat+(axv)xa
a-b N a-a

v =(—a-v)a+(axv)xa.

Using the triple product identity [12] allows us to simplify our partial solution

(axbyxc=(@-c)b—(b-c)a
vV =(-a-va+@-ayv—w-aa

v =v—2@a-v)a,

which is the well-known formula for computing the reflection of a vector [20].

(12.5)
(12.6)
(12.7)

(12.8)
(12.9)
(12.10)

(12.11)

(12.12)

(12.13)
(12.14)

(12.15)

(12.16)

(12.17)
(12.18)
(12.19)
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Hua Zhang et al. have developed Goldman’s idea further, using GA [21]. To begin with, the
plane is defined by the bivector B:

B=anrx (12.20)

where x is the unknown vector and
a-x=A. (12.21)

Therefore, using the geometric product we have

ax=a-x+aAx=A+B (12.22)
and
A+ B
X = + . (12.23)
a

Zhang et al. show that there is a correspondence between Eq. (12.4) and Eq. (12.23) and identify
the relationship as follows:
To begin, Eq. (12.4) is rearranged to include the definition of c:

AM+cexa A+ (bxx)xa

= > 12.24
a-b a-b ( )
and the triple product identity substituted
Ab+ (b - —(a-x)b
_Mbrbrax (e ob (12.25)
a-b
Next, Eq. (12.23) is rearranged to introduce a geometric product
L+ B L+ B A B
B _sG+B _Arata (12.26)
a aa a?
and expanded becomes:
A -B A B
_rata :ra (12.27)
l[all
then the bivector is substituted:
zka+a~(an);|—aA(an) (12.28)
llall
A+B _ ra+ (a- a)xz— (a-x)a (12.29)
a llall

Comparing Eq. (12.25) with (12.29) we observe that they are identical if a = b, which, with
this proviso, means that Eq. (12.23) can be used to resolve certain linear transformations. Let’s
demonstrate how Eq. (12.23) is used in practice to solve a scale and refraction transform.
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12.2.1 Scale transform

Figure 12.2 shows a unit vector a which is to be scaled by a factor ¢. Vectors v and v’ reside in the
plane 7 containing a, such that v identifies the head of a, and v’ identifies the head of €a.

—

glal |

FIGURE 12.2.

As we know vectors a and v, we define the bivector as
B=aAv=aAv. (12.30)

The objective now is to discover the value of v'.
We equate

x=1v (12.31)

and
A=a-v =¢ea-v). (12.32)

Substituting v/, A and B in Eq. (12.23) produces
vV=a'A+B)=a(e(a-v)+anv). (12.33)
Multiplying throughout by a/a gives:
v =e¢ea-v)a+alaAv). (12.34)

Expanding the geometric product:

vV =¢c@a-via+a-(anv)+an(anv). (12.35)
Applying the identity:
a-(bAnc)y=(a-b)c—(a-c)b (12.36)
v=¢@-via+(a-ayv—(a-v)a (12.37)
we obtain
v =v+ (e —1)(a-v)a. (12.38)

Let’s apply Eq. (12.38) to the example shown in Fig. 12.3.



Applications of geometric algebra

235

FIGURE 12.3.

From the figure we see that

which is correct.

12.2.2 Refraction transform

e=2
1
NG

v =-e; + 3¢,

a= (2e; + &)

1

V= ﬁ(zel +e;) - (e; + 3ey)
5

Y= —

V5

vV =v+(e—-1D(a-v)a

5 1
:el+3ez+——

V55

=el+362+261+ez

(2e; +e3)

v = 3e; + 4e,

(12.39)

(12.40)

(12.41)

(12.42)

(12.43)

Refraction is the bending of light rays when they pass from one medium to another. Changes in
the propagation speed alter the direction of the ray’s associated wavefront and is measured by the
refractive indices associated with the two media. In this example ;. i, is the absolute refractive
index for the medium m1 above the plane, and ,; /1, is the absolute refractive index for the
medium m2 below the plane. Figure 12.4 shows the incident ray v and the refracted ray vz with

their respective angles of incidence and refraction « and S. All vectors are unit vectors.

The illustrated scenario is described by Snell’s law:

sin o _ air m2 _ 1

Sil’lﬂ - air m1 ,LL‘

(12.44)
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FIGURE 12.4.

Squaring Eq. (12.44) and rearranging the terms, we have
w?sin® o = sin’ B. (12.45)

Substituting the following identities in Eq. (12.45) we have

sif? B =1 —cos* B (12.46)

and
sinfa = 1 — cos’« (12.47)
cos’ B =1— (1 — cos* ) (12.48)

and
cos B = \/1 — u?(1 — cos? a) (12.49)

but
a-v =cosa (12.50)
cos B =+/1—pu2(1 —(a-v)>?). (12.51)

Introducing the outer product, we note that

anv=alllv]sina (12.52)
and
aAvg = |la|lllvell sin B (12.53)
therefore n B
sin
anvg=——(@aAW). (12.54)
sin &

We are now in a position to invoke Eq. (12.5):

x=a'(A+B) (12.55)
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where
x =y (12.56)
A= —cosf (12.57)
B = s%nﬂ (anv)y=pulanv) (12.58)
sin o
vr=a " '(—cosB + u(a Av)). (12.59)
Multiplying throughout by a/a we have
vp = —acos B+ pa(a Av) (12.60)
and expanding the geometric product we obtain
v =—acosB+ula-(anv)+an@anv)). (12.61)
But
a-(brc)y=(a-b)c—(a-c)b (12.62)
therefore,
vg = —acos B+ u((a-a)yv — (a-v)a)
=—acosB+ ulv—(a-v)a)
vp = (—cosB — u(a-v))a+ uv. (12.63)
Substituting Eq. (12.45) in (12.63) we have
Ve = (—\/1 — 20— @) —,u(a~v))a+,uv (12.64)

which is the desired result.

Let’s test Eq. (12.64) using the refraction caused when light moves from water to glass, where

air Mowarer = 1.33 and air Mglass = L5
Given the following vectors and u:

a=¢
1
v= ﬁ(fﬁ—ez)

nw=15/133 =1.13

VR

— (ViR 051 (L» . (Ll_z)
( 1—1.132x 05— 1.13 7 e, + 1.13 ﬁ(e e)

= (—0.6 — 0.8)e; + 0.8¢; — 0.8¢,
VR = 0.861 - 2.262.

Figure 12.5 shows the incident and refracted vectors.

— |1 —1.13? (1 — (%)2) —1.13 (%) e+ 1.13 <%(el

(12.65)
(12.66)

(12.67)

- ez)> (12.68)

(12.69)
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Richard Wareham and Joan Lasenby have reported on their work on rigid-body pose and position
interpolation using GA [22]. Their algorithm employs rotors within the conformal model that are
interpolated resulting in smooth interpolation of displacements and rotations. Their approach
lends itself to piece-wise linear interpolation and quadratic interpolation. The first part of their
paper proves that “any displacement of Euclidean geometry can be mapped smoothly onto a
linear sub-space of the bivectors”, where the three bivectors e; A e;, €, A €3, €3 A e representing
the orthogonal planes identify a set of target poses {Py, P, . .., P,}. Associated with these poses
is a set of rotors which transform an origin pose to the target poses {R;,R,, ..., R,} which are
mapped onto a set of bivectors {I(R;), [(R,), . .., (R,)}. Whatever interpolation scheme is chosen,
an interpolated bivector B; is revealed from which is computed a pose using exp(B;).
When using piece-wise interpolation the following steps are used:

1. Compute the rotor AR, that moves from the current rotor R, to the next rotor R, in the
interpolation sequence:

Rn+l = (AR,)R, (1270)

AR, = R,iR,. (12.71)
2. Find the bivector AB, that generates

AR, = exp(AB,). (12.72)

3. Form a rotor interpolating between R, and R, ,;:

R, = exp(AAB,)R, (12.73)
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where

A €[0,1]and R,y =R, and R,; = R,;,. (12.74)

A potential weakness with this form of piece-wise interpolation is that the interpolated poses only
takes into consideration two key poses, which can cause abrupt changes in direction. An alternative
interpolation strategy is to use quadratic interpolation where a quadratic is fitted through three
interpolation poses {B;, B,, Bs;} with the interpolating parameter A € [—1, +1]:

B; + B B;— B
B, = (% - BZ) 2+ %A +B, (12.75)
giving
B, =B, By=B, and B, =B, (12.76)

This time the interpolated poses still pass through the key poses but enjoy a smooth transition as
they anticipate the next pose in the sequence.

TaBLE 12.1
Algebra Line representation Line-plane intersection
3D linear algebra p=q+Au

q: vector from origin to point on the line. q=q — w

u: direction of the line q: point on the line
u: direction of the line
n: normal vector of plane

§: distance of plane to origin

3D geometric algebra p=q+Aiu

_ (g Ap)*—du
(u A B)*

q: point on the line

u: direction of the line

B: Bivector of the plane

8: distance of plane to origin

q: vector from origin to point on the line. g =q

u: direction of the line

4D linear algebra

4D geometric algebra

Conformal model

1=(l§1—§2551 Xéz)
q =(q:1), @ =(q2 : 1) : two points

l=qirq
q1> q2: two points

l=qiAq@ AN
q1> qz: two points
n: point at infinity

1= (it:7):line

p=1[n:6]
v X i+ 8u
g=——=——":1
u-n
qi=p" -1

1, p: line, plane

qAn=p“-1
1, p: line, plane

n: point at infinity plus one flat
point decomposition, if required.
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Ray tracing provides a perfect environment for evaluating new algorithms, as it involves a range
of geometric primitives, ray casting, reflections and refraction calculations. Daniel Fontijne and
Leo Dorst have reported on their implementation of a GA software package [23].

Their evaluation compares five ways of implementing a ray tracer: 3D linear algebra, 3D geo-
metric algebra, 4D linear algebra, 4D geometric algebra and the conformal model. Table 12.1 lists
the geometric representations used for lines and line-plane intersection.

Needless to say, the 3D linear algebra algorithm reported the fastest rendering time and the
conformal model the longest. However, these are early days for GA and execution times are only
part of the efficiency equation. It is extremely difficult to measure an algorithm’s elegance and the
ease with which it can be used, but they are extremely important considerations.

In this chapter and chapters 9 and 10 we have explored a wide range of applications for GA. The
solutions may have appeared verbose, but this is because I deliberately worked through the algebra
to show how it behaves at each stage. A normal linear algebra approach could have also appeared
tedious if every step of a matrix operation had been shown. Therefore, it is wrong to make any
judgments about the efficiency of GA by comparing the relative size of the two approaches.

The purpose of the examples was to show the algebraic reasoning that is adopted when solving
different types of problem. For example, we have seen how useful it is to divide an expression
by a single or multiple vectors. Similarly, multiplying an expression by a vector using the inner
or outer product can be a useful way of removing unwanted elements. What is important is to
acquire a toolkit of problem solving strategies that can be applied whenever a problem arises.

Traditional linear algebra underpins most of the algorithms employed in computer graphics.
The algebra works, it is fast, accurate, stable and easy to use. Consequently, any beneficial features
that GA possesses must be strong enough to convince a community that is entrenched in doing
things in a particular way. If it could be shown that GA algorithms reduced execution time,
reduced memory requirement and were easy to design, it would be like pushing at an open
door. Unfortunately, at the moment, none of these are true, which is not surprising. GA is still
relatively young, and time is needed to assemble a coherent body of work that will convince the
CGI community that they can benefit by moving across to this alternative approach to problem
solving.
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Geometric algebra has only recently been embraced by the computer graphics community with
major centers of research at Cambridge University (UK), University of Amsterdam (Netherlands)
and MPI Saarbruecken (Germany). Research at Cambridge University focuses on the areas of
physics, computer vision, motion analysis and computer graphics [24], [25], [26], [27], [28], [29].
Research at the University of Amsterdam is in computer science and computer graphics [30],
[31], [32], [33], [34], [35], [36], [37], [38], [39], whilst pose estimation and marker-less motion
capture is investigated at MPI Saarbruecken [40], [41], [42].

As mentioned in the Preface, the Internet is a rich source of material for anyone wanting to learn
about GA — most of the information is extremely good although some websites are unreadable.
Nevertheless, what is important is the level of interest being taken in an algebraic system; this is
extremely healthy, and will help resolve the notation and future use of the algebra. This process
is much more democratic than what happened in the late 19" century when the nature of vector
analysis was decided by a few influential people.

In this brief chapter I draw the reader’s attention to some of the software tools available to
programmers wanting to embrace GA.

Integrating 3D/4D linear algebra within a programming environment is a trivial task. Points, lines,
planes, spheres, planar-bounded volumes, vectors and transforms all have simple descriptions, and
it is relatively easy to establish a library of algorithms that permit the efficient manipulation of
these geometric and algebraic elements. Furthermore, as execution speed is always an important
parameter in measuring the success of new code, especially in real-time applications, programmers
have no choice but to “hack” their code to release the very last ounce of speed. Consequently, the
apparent relative simplicity associated with the high-level mathematical description crumbles
away as one approaches the binary reality of executable code.
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One of the reasons why geometric algebra is being positively promoted within computer graph-
ics is the coherence it brings when designing algorithms. For example, reflections are expressed
as

a = —nan (13.1)

and rotations as 5
a’ = RaR. (13.2)

One could not ask for anything simpler. However, this high-level simplicity is only skin deep,
for beneath this symbolic surface resides a world of vectors, bivectors, trivectors, quadvectors,
pseudoscalars, inner, outer, geometric products, meets, joins, duals, reverses, versors, rotors and
blades, all hungry for memory and processing time. So one immediate issue is how best to
represent all of these elements — on the one hand we must minimize memory storage and maintain
readability, and the on the other hand maximize execution speed.

For programmers interested in designing GA algorithms, a wide variety of programming tools is
available and comprise everything from symbolic algebraic systems to interactive environments.
Systems like Maple [43], Mathematica [44] and MatLab [45] provide environments where alge-
braic expressions are evaluated and readily converted into images. There are also websites such as
[46] where Maple tutorials are available to teach Clifford algebra. GABLE is a MatLab GA Tutorial
although it is no longer supported. The authors have moved on to C++, however the system can
still be downloaded [47].

A very important piece of software is GAIGEN (GA Implementation Generator) developed by
Fontijne, Bouma and Dorst [37]. Gaigen 2 is a C++ implementation of GA and GAViewer is an
interactive progam for teaching GA. Both systems can be downloaded from:

http://www.geometricalgebra.net.

C. Perwass has written a software program called CLUCalc [48] which can visualize the
geometric interpretation of many algebraic entities. This is available from:

http://www.clucalc.info.

Grassmann and Clifford had no access to computers and computer graphic software and possibly
their interpretation of GA was algebraic rather than visual. Perhaps an algebraic approach is the
most effective way of maintaining the mathematical rigor required by GA, but this is a problem
for those of us who think in pictures rather than in symbols. Those readers possessing strong
mathematical skills will be able to pick up the rest of GA without any graphical aids whatsoever,
and I am certain that the above computer graphic systems will be extremely useful in bringing
linear subspaces, conformal space meets, joins and intersections alive for many readers.



14 Conclusion

The aim of this book was to offer a gentle introduction to geometric algebra through the eyes of
a consumer of mathematics, rather than through the eyes of a mathematician. To begin with, I
do not possess the eyes of a mathematician, therefore I could not have written a book that would
have met the rigorous standards required by the mathematical community. However, having
taught mathematics to hundreds of students who graduated and became programmers within
the computer animation and computer games sectors, I know that there are busy people out there
who need to use mathematics to solve their everyday problems. This is the community with whom
I want to communicate.

If you have managed to read and understand the previous dozen chapters you will have appre-
ciated the importance of GA. There is no doubt that GA unifies various branches of mathematics
and brings an exciting degree of clarity to physics, which will keep academics and researchers busy
for many decades to come. However, before GA is universally embraced, mathematicians must
agree on a notation that is adopted universally. A major frustration that accompanied the research
for this book was the wide range and conflicting notation adopted by different authors. This must
be resolved fast. Then the task of drawing up a coherent axiomatic description of GA must begin.

GA has changed my life and will probably change yours, and in time, could change the entire
CG sector. I do hope that in the future, more mathematicians will work with CG experts to create
a GA toolset that will transform the way we currently solve geometric problems.

243






References

http://www.maths.ox.ac.uk/about/history/
http://www-history.mcs.st-andrews.ac.uk/history/Biographies/Widman.html
http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Oughtred.html

P.]. Nahin, 1998, An Imaginary Tale: The Story of /—1,Princeton University Press, ISBN 0-691-02795-1.
http://www.nahste.ac.uk/cgi-bin/

M. Crowe. A History of Vector Analysis, Dover Publications, New York, 1967, ISBN 0-486-67910-1.

G. W. Leibniz. “Studies in a Geometry of Situation with a Letter to Christian Huygens” in Leibniz,
Philosophical Papers and Letters, ed. and translation by Leroy E. Loemker, vol. 1 (Chicago, 1956),
381-396.

J. Vince. Mathematics for Computer Graphics, (Chapter 11), 2006, Springer, ISBN 1-84628-034-6
P. G. Tait. Elementary Treatise on Quaternions, 3rd ed. (Cambridge, England, 1890), vi.

J. W. Gibbs. Elements of Vector Analysis, (Private printing).

Unit 3: Vector Spaces Linear Algebra Block, The Open University, ISBN 0-7492-7854-4.

J. Vince. Vector Analysis for Computer Graphics, 2007, Springer, ISBN 978-1-84628-803-6.

J. Vince. PICASO: A Computer Language for Art & Design, Brunel University, 1975.

D. Hestenes and G. Sobczyk. Clifford Algebra to Geometric Calculus. Reidel, 1984.

C. Doran and A. Lasenby. Geometric Algebra for Physicists, Cambridge University Press, Cambridge,
2003, ISBN 0-521-48022-1.

D. Brannan, M. Esplen and J. Gray. Geometry, Cambridge University Press, 1999, ISBN 0-521-59787-0.
G. Sommer (Ed). Geometric Computing with Clifford Algebras, Springer, 2001, ISBN 3-540-41198-4.

L. Dorst, D. Fontijne and S. Mann. Geometric Algebra for Computer Science, Morgan Kaufmann, 2007,
ISBN 13:978-0-12-369465-2.

R. Goldman, Deriving Linear Transformations in Three Dimensions, IEEE Computer Graphics &
Applications, vol. 23, no. 3, 2003, pp 66-71.

J. Vince. Geometry for Computer Graphics, Springer, 2005, ISBN 1-85233-834-2.

245



References

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

H. Zhang, C. Zhu, Q. Peng, J. Chen. Using Geometric Algebra for 3D Linear Transformations, IEEE,
Computing in Science & Engineering, May/ June 2006, pp 68-75.

R. Wareham and J. Lasenby. Rigid-Body and Position Interpolation using Geometric Algebra, ACM
Transactions on Graphics, vol. v, no. N.

D. Hildenbrand, et al. Geometric Algebra and its Application to Computer Graphics, Eurographics
2004, Tutorial.

A. Lasenby, J. Lasenby, E. Bayro-Corrochano, and G. Sommer. A New Methodology for Computing
Invariants in Computer Vision. In Proceedings of ICPR 96, 1996.

J. Lasenby, W. Fitzgerald, A. Lasenby and C. Doran. New Geometric Methods for Computer Vision:
An Application to Structure and Motion Estimation. International Journal for Computer Vision, 3(26):
191-213, 1998.

C. Perwass. Applications of Geometric Algebra in Computer Vision. PhD thesis, Cambridge University,
2000.

J. Cameron and J. Lasenby. Oriented Conformal Geometric Algebra. In Proceedings of ICCA7, 2005.
R. Wareham and J. Lasenby. Applications of Conformal Geometric Algebra in Computer Vision and
Graphics. Submitted to ACM Transactions on Graphics, 2004.

R. Wareham and J. Lasenby. Applications of Conformal Geometric Algebra in Computer Vision and
Graphics. Lecture Notes in Computer Science, 3519:329-349, June 2005.

L. Dorst and D. Fontijne. 3D Euclidean Geometry through Conformal Geometric Algebra (A GAviewer
tutorial). Available from http://www.science.uva.nl/ga, 2003.

L. Dorstand S. Mann. Geometric Algebra: A Computational Framework for Geometrical Applications
(Part 1: Algebra). Computer Graphics and Applications, 22(3):24-31, May/June 2002.

L. Dorst. Honing Geometric Algebra for its use in the Computer Sciences. In G. Sommer, (Ed.),
Geometric Computing with Clifford Algebra. Springer-Verlag, 2001.

S.Mann and L. Dorst. Geometric Algebra: A Computational Framework for Geometrical Applications
(Part 2: Applications). Computer Graphics and Applications, 22(4):58—-67, July/August 2002.

S.Mann, L. Dorst and T. Bouma. The Making of GABLE: A Geometric Algebra Learning Environment
in MatLab. pp 491-511, 2001.

M. Zaharia and L. Dorst. Modeling and Visualization of 3D Polygonal Mesh Surfaces using Geometric
Algebra. Computers & Graphics, 29(5):802-810, 2003.

D. Fontijne and L. Dorst. Modeling 3D Euclidean Geometry. IEEE Computer Graphics and Applications,
23(2):68-78, March/April 2003.

D. Fontijne, T. Bouma and L. Dorst. GAIGEN: A Geometric Algebra Implementation Generator.
Available at http://www.science.uva.nl/ga/gaiagen.

L. Dorst, C. Doran and J. Lasenby (Eds.). Applications of Geometric Algebra in Computer Science and
Engineering. Birkduser, 2002.

S. Mann, L. Dorst and D. Fontijne. Geometric Algebra for Computer Science, An Object-Oriented
Approach to Geometry. Morgan Kaufman, 2005.

D. Cremers, B. Rosenhahn, T. Brox and H. Seidel. A Comparison of Shape Matching Methods for
Contour-based Pose Estimation. In 11th International Workshop on Combinatorial Image Analysis,
2006.

U. Kersting, D. Smith, J. Gurney, R. Klette, B. Rosenhahn and T. Brox. A System of Marker-less Human
Motion Estimation. Kuenstliche Intelligenz (KI), 2006.



References 247

(42]

W~
[®))

U. Kersting, B. Rosenhahn, H. Seidel and R. Klette. Tracking Human Motion without Markers —
Opportunities for Field Testing in Sports. In 5th World Congress of Biomechanics, Munich, 2006.

http://www.maplesoft.com/

http://www.wolfram.com/

http://www.mathworks.com

http://www.math.tntech.edu/rafal/
http://www.cgl.uwaterloo.ca/~smann/GABLE/

C. Perwass. The CLU home page. HTML document http://www.clucalc.info






Index

addition
quaternions, 41
vectors, 25
algebra
complex numbers, 15
geometric, 55
origin, 5
quaternion, 45
vector, 23
anticlockwise, 49
area, 49
signed, 65
triangle, 70
Argand diagram, 16
associative law
algebra, 8
complex algebra, 15
geometric algebra, 80
quaternion algebra, 46
vector algebra, 26
axial system
change of, 163
left-handed, 52
right-handed, 52, 92

back-facing polygon, 183
basis
blades for conformal model, 209
orthogonal, 31, 60
standard, 31
vectors, 84

binary operators, 6
bivector, 58, 89
inverse, 174
products, 97, 106
reflections, 129
blades, 108

Clifford, William, 56, 80
clockwise, 49
closure
algebra, 6
complex algebra, 15
vector algebra, 26
quaternion algebra, 42, 45
commutative law
algebra, 8
complex algebra, 15
quaternion algebra, 46
vector algebra, 27, 34, 36
complex number
algebra, 11
argument, 17
arithmetic, 12
as a rotator, 17
conjugate, 12
graphical interpretation, 17
logarithm, 21
modulus, 16
plane, 16
power of, 19
product, 18

249



250

Index

conformal
circles, 213
dilations, 224
geometry, 199
intersections, 230
lines, 212
model, 199
patent, 200
planes, 216
point pair, 211
points, 210
reflections, 226
rotations, 221
spheres, 217
transformations, 218
translation, 218
Cramer’s rule, 192
cross product, 35, 114
cross-ratio, 201

determinant, 13
dilations, 224
dimension, 26, 32, 199
direction cosines, 162
distributive law
algebra, 8
complex algebra, 15
geometric algebra, 80
quaternion algebra, 46
vector algebra, 27, 34, 36
dot product, 34
duality transform, 109, 187, 189

exponential, 19, 139, 219

GAIGEN, 242
geometric algebra, 55, 79
applications, 231
programming implications, 241
programming tools, 242
geometric conventions, 50
geometric product, 79
Gibbs, Josiah, 23
grade, 85,103
lowering, 105
raising, 105
Grassmann, Hermann, 55

Hamilton, William, 23, 39, 55
Hestenes, David, 108, 200

homogeneous coordinates,
184,193

identity element
algebra, 6
complex algebra, 15
quaternion algebra, 45
vector algebra, 26
inside
a 2D triangle, 155
a 3D triangle, 158
interpolating
linear, 239
quadratic, 239
rotors, 150
scalars, 150
vectors, 150
intersection/ intersections
lines, 73, 230
line and a plane, 197
inverse
bivector, 174
vector, 118
inverse element
algebra, 7
complex number,15
quaternion, 46

Li, Hongbo, 200
line/ lines
in 3D homogeneous space, 186
in 4D homogeneous space, 186
intersecting, 192
intersecting a plane, 175
parametric equation, 177
linear interpolation, 239

magnitude
vector, 24
meet operation, 120
Minkowski, Hermann, 204
Minkowski space, 204
Mobius, 23, 201
modulus, 16, 80, 83
multivector, 79, 83, 87, 111
homogeneous, 113

null vector, 204

outer product, 57, 65, 69, 114



Index

251

parallelogram
area, 13
perspective projection, 179
plane/ planes
intersecting, 120
point/ points
at infinity, 203
betweeness, 201
cross-ratio, 201
inside a 2D triangle, 155
inside a 3D triangle, 158
point on a line, 166
point on a plane, 170
shortest distance, 171, 191
point pair, 211
product/ products
antisymmetric, 63
basis vectors, 84
bivector, 91
geometric, 79
outer, 57
scalar, 33, 41
vector, 22, 35
wedge, 50
programming tools, 242
projection
perspective, 179
stereographic, 201
pseudoscalar, 85, 94
rotational properties, 85

quaternions
addition, 41
algebra, 45
as rotators, 126
complex conjugate, 44
definition, 40
geometric algebra, 116
Hamilton’s rules, 41
interpolation, 150
inverse, 44
magnitude, 43
matrix, 126
product, 41
pure, 43
rotating a vector, 46
subtracting, 41
unit, 43

ray tracing, 240

reflection/ reflections, 125, 127

conformal, 226
double, 133
line off a plane, 229

point in a plane, 229, 232

refraction, 235
reversion, 90
Riemann, Georg, 202
Riemann sphere, 202

rigid-body pose control, 238

Rockwood, Alyn, 200
rotating a vector, 46
rotations, 90, 125, 133
rotors, 138, 220
building, 146
interpolating, 150
matrix, 141

scalar product, 33, 41
signature, 204

sine rule, 72

Snell’s law, 235

spherical interpolation, 150

subtraction, vectors, 25

transformations
change of axes, 63
perspective, 179
pitch, 125
refraction, 235
roll, 125
scale, 234
yaw, 125

triple products, 79, 115

trivector, 93
products, 106
reflections, 132

vector/ vectors, 24
addition, 25
algebra, 23
basis, 84, 96
bivector product, 91
Cartesian, 41, 67
direction, 24
dot product, 34
interpolating, 150
inverse, 118
length, 24



252

Index

linear combinations, 27
linear dependence, 29, 81
linear independence, 29, 82
magnitude, 24

minimal spanning set, 29
null, 204

orthogonal, 81, 84
orthogonal bases, 31
outer product, 57, 69
product, 22, 35
reflecting, 127
representation, 24
rotating, 137

rotating about an axis, 46
scalar product, 33, 41

space, 25

spanning set, 28

spherical interpolation,
150

standard bases, 31

subspaces, 32

subtraction, 25

triple product, 79, 115

vector product, 35, 41, 57

wedge product, 57

volume
parallelpiped, 53
trivector, 93

wedge product, 57



