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Preface

The numerical treatment of partial differential equations splits into two different
parts. The first part are the discretisation methods and their analysis. This led to
the author’s monograph Theory and Numerical Treatment of Elliptic Differential
Equations also published by Springer. The second part is the treatment of the equa-
tions obtained by the discretisation process. The arising system of linear (or even
nonlinear) equations is of large size, only bounded by the available storage of the
computers. Nowadays, systems of several millions of equations and variables must
be solved. Another characteristic of the arising systems is the sparsity of the sys-
tem matrix; i.e., only O(n) entries of the n x n matrix are different from zero. The
classical Gauss elimination requires up to O(n?) operations. Because of the large
size of n, algorithms of this complexity are hopeless. Even methods requiring a
cost of O(n?) take a too long run time. Instead, one needs solution algorithms of
complexity O(n) or O(nlog™ n).

This book grew out of a series of lectures given by the author at the Christian
Albrecht University of Kiel to students of mathematics. The first German edition
was published in 1991 by Teubner, Stuttgart. The second German edition in 1993
mainly corresponds to the first English edition at Springer in 1994. Since that time
new methods have developed. Therefore the present second edition differs signifi-
cantly from the first one.

Although special attention is devoted to the modern effective algorithms (multi-
grid iterations, domain decomposition methods, and the hierarchical LU iteration),
the theory of classical iterative methods should not be neglected. One reason is that
these iterations indirectly re-appear in modern methods.

This volume requires basic mathematical knowledge in analysis and linear alge-
bra. The necessary facts from linear algebra and matrix theory are summarised in
the Appendices A—C of this book in order to provide as complete a presentation as
possible and present a formulation and notation needed here. Similarly, the basics
of finite element discretisation are summarised in Appendix E.

Part I covers the introduction and the classical linear iterations. Part II describes
the semi-iterative methods including the popular conjugate gradient method. The
subjects of these two parts should be understood as two orthogonal methods: a linear
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iteration is accelerated by a semi-iterative approach. Part III contains more recent
linear iterations.

The new Chapter 5 in Part I is devoted to the algebra in the set of linear iterations.
These operations are important for the generation of new iterations. Part III con-
tains two new chapters. Chapter 13 describes the H-LU iteration which is based on
the technique of hierarchical matrices introduced in Appendix D. In many cases,
this iteration is a very efficient and robust method of black-box type. Finally, in
Chapter 14, tensor-based iterative methods are briefly mentioned.

The discussion of the various methods is illustrated by many numerical examples,
mostly for the Poisson model problem. Since these calculations are taken from
the first edition, the problem sizes are small compared with modern computers.
However, these sizes are completely sufficient to demonstrate the asymptotic
behaviour.

The author also wishes to express his gratitude to the publisher Springer for their
friendly cooperation.

Leipzig and Molfsee, October 2015 Wolfgang Hackbusch



Contents

Part I Linear Iterations

1

Introduction . ......... ... .. ... 3
1.1 Historical Remarks Concerning Iterative Methods ............... 3
1.2 Model Problem: Poisson Equation ............................ 4
1.3 NOAtON &« .ttt ettt ettt e e e e e 7
1.3.1 Index Sets, Vectors, and Matrices .. .............couv.... 7
1.32 StarNotation.............. ... 9
1.4 A Single System Versus a Family of Systems ................... 10
1.5 Amount of Work for the Direct Solution of a Linear System ...... 10
1.6 Examples of Iterative Methods .................... ... ....... 12
1.7 Sparse Matrices Versus Fully Populated Matrices ................ 15
Iterative Methods .......... ... ... ... . i 17
2.1 Consistency and CONVErgence . ............ouuuineeeeunnnnennn 17
2. 1.1 NOtation. ......oviiiiiiii e 17
2.1.2 FixedPoints ....... .. .. i 18
2.1.3  CONSISENCY v v ettt ettt e e 19
214 CONVEIZeNCe . ......coiuuuneetiiae i 19
2.1.5 Convergence and Consistency..............c.ooouveeenn.. 20
2.1.6 Defect Correction as an Example of an Inconsistent Iteration 20
2.2 Linear Iterative Methods. . .......... ... ... ... . i 21
2.2.1 Notation, First Normal Form........................... 21
2.2.2  Consistency and Second Normal Form .................. 22
223 ThirdNormal Form .................................. 23
2.2.4 Representation of the Iterates ™ ....................... 23
2.2.5 CONVEIZENCE . ..ottt teteee ettt et 24
2.2.6 Convergence Speed ..........coiiiiiiiiiiiii 26
2.2.7 Remarks Concerning the Matrices M, N,and W ......... 28
2.2.8 Three-Term Recursions, Two- and Multi-Step Iterations . ... 29
2.3 Efficacy of Iterative Methods . . ........... .. ... ... ... ... 30

vii



viii

Contents

2.3.1 Amount of Computational Work........................ 30

232 Efficacy ....oouii 31

2.3.3  Order of Linear Convergence ..............c.oouveeeon.. 32

2.4 Testof Iterative Methods .............. ... ... ... iiinain... 32
24.1 Consistency Test. .. ....ovuuneineie i 32

242 Convergence Test .. .....ouuviiiin i 33

243 Testbythe Model Problem ............................ 34

244 Stopping Criterion . .............c.uuiuueeeiunnnneeennn. 34
Classical Linear Iterations in the Positive Definite Case............. 35
3.1 Eigenvalue Analysis of the Model Problem ..................... 35
3.2 Traditional Linear Iterations. .. ..........ccoviiineiineennnnnn.. 37
3.2.1 RichardsonIteration...............coiviiiniineennn.. 37

322 Jacobilteration ..............oouuiiiiniiineiineennn.n 38

3.2.3 Gauss—Seidel Iteration . . ...........coiviininnenn. . 39

324 SORTteration ..............oiiiiininiiniinnnnnnnn. 41

3.3 BIock VersionsS . .. .ovvite et 42
3.3.1 Block Structure . .......oovitii i e 42

3.3.2 Block-JacobiIteration .................coiiiiiiiiin... 43
3.3.3 Block-Gauss—Seidel Iteration .......................... 44

3.3.4 Block-SOR Iteration .................cciiiiiinnenn... 45

3.4 Computational Work of the Iterations ......................... 45
3.4.1 Case of General Sparse Matrices ....................... 45

3.4.2 Amount of Work inthe Model Case .................... 46

3.5 Convergence ANnalysiS. . ......ouuveitneiiieeineineennnennn. 47
3.5.1 RichardsonIteration............ ... ..., 47

3.5.2 Convergence Criterion for Positive Definite Iterations .. ... 54

3.53 Jacobilteration .............c.oouiiiiiniiinein.n 55

3.5.4 Gauss—Seidel and SOR Iterations .. ..................... 56

3.5.5 Convergence of the Block Variants...................... 62

3.6 Convergence Rates in the Case of the Model Problem ............ 62
3.6.1 Richardson and Jacobi Iteration ........................ 62

3.6.2 Block-JacobiIteration .................ccoviiiiiaiin... 63

3.6.3 Numerical Examples for the Jacobi Variants . ............. 65

3.6.4 SOR and Block-SOR Iteration with Numerical Examples... 66

Analysis of Classical Iterations Under Special Structural Conditions . 69

4.1
42
43
4.4
4.5
4.6

2-Cyclic MatriCes . ...ttt i 69
Preparatory Lemmata .......... .. .. . i 72
Analysis of the Richardson Iteration .. ......................... 74
Analysis of the Jacobi Iteration ............................... 76
Analysis of the Gauss—Seidel Iteration . ........................ 77
Analysis of the SOR Iteration ................ ... . ........ 78
4.6.1 Consistently Ordered Matrices ...............cooeunn... 78

4.6.2 Theoremof Young ............coviiuiiiiniiinnenn.n. 81



Contents ix
4.6.3 Order Improvementby SOR ........................... 84
4.6.4 Practical Handling of the SOR Method .................. 85
4.6.5 p-CyclicMatrices ..........oouuunneiiiiiinneennn.. 85

4.7 Application to the Model Problem ......................... ... 86
47.1 Analysisinthe ModelCase.................coovvun.... 86
4.7.2 Gauss—Seidel Iteration: Numerical Examples ............. 87
4.7.3 SOR Iteration: Numerical Examples .................... 88

5 Algebra of Linear Iterations . . ................................... 89

5.1 Adjoint, Symmetric, and Positive Definite Iterations ............. 90
5.1.1 AdjointIteration ............. ... ... .. .. 90
5.1.2  Symmetric Iterations .............. ... 92
5.1.3 Positive Definite Iterations .............. ... 93
5.1.4 Positive Spectrum of NA ............. ..., 95

5.2 Damping of Linear Iterations . .. ..., 95
5.2.1 Definition . ..ottt e 95
5.2.2 Damped Jacobi Iteration .............................. 96
523 Accelerated SOR ...... ... ... ... i 97

5.3 Addition of Linear Iterations .............. ... ciiiiiioo.. 97

5.4 ProductIterations ............. ... 99
5.4.1 Definition and Properties . ...................... ... .... 99
5.4.2 Constructing Symmetric Iterations . ..................... 101
5.4.3 Symmetric Gauss—Seidel and SSOR .................... 103

5.5 Combination with Secondary Iterations ........................ 103
5.5.1 First Example for Secondary Iterations .................. 104
5.5.2 Second Example for Secondary Iterations................ 105
5.5.3 Convergence Analysis in the General Case ............... 106
5.5.4 Analysis in the Positive Definite Case ................... 108
5.5.5 Estimate of the Amountof Work ....................... 110
5.5.6 Numerical Examples .............. ..., 111

5.6 Transformations. ... ..........ooiuuunneitiinn e 112
5.6.1 LeftTransformation ...............coiviiiiinaenn. . 112
5.6.2 Right Transformation................................. 115
5.6.3 KaczmarzIteration............ .. ... 116
5.6.4 Cimmonilteration ........... . ... o i 118
5.6.5 Two-Sided Transformation ............................ 119
5.6.6 Similarity Transformation ............................. 122

6  Analysis of Positive Definite Iterations . ........................... 123

6.1 Different Cases of Positivity ............. . ... iiiiiii.. 123

6.2 Convergence AnalysiS. .........ouuuniiinneineineineennn. 125
6.2.1 Case 1: Positive Spectrum .. ..., 125
6.2.2 Case 2: Positive Definite NA .......................... 126
6.2.3 Case 3: Positive Definite Iteration ...................... 127

6.2.4 Case 4: Positive Definite W+WHor N+NF ... ..., 128



X Contents

6.2.5 Case 5: Symmetrised Iteration @5¥™ . ................... 129

6.2.6 Case 6: Perturbed Positive Definite Case . ................ 131

6.3 Symmetric Gauss—Seidel Iteration and SSOR ................... 132
631 TheCase A >0 ...ttt 132

6.3.2 SSORinthe2-CyclicCase ..........c.ccvviiieinnnennn . 134

6.3.3 Modified SOR. ... ... ... .. 135

6.3.4 Unsymmetric SORMethod ............................ 136

6.3.5 Numerical Results for the SSOR Iteration................ 136

7  Generation of Iterations ................ ... ... ... ... 137
7.1 Product Iterations ..............ouuiiiiiiin i 137
7.2 Additive Splitting Technique ......... ... .. ..., 139
7.2.1 Definition and Examples .................... .. ..., 139

7.2.2 Regular SPIittings . . ..o v vveet it 141

7.2.3  AppPlications . ........oiiiiii e 144

7.2.4 P-Regular Splitting . . . .............. . ... .. 147

7.3 Incomplete Triangular Decompositions ........................ 148
7.3.1 Introduction and ILU Iteration ......................... 148

7.3.2 Incomplete Decomposition with Respect to a Star Pattern .. 151
7.3.3 Application to General Five-Point Formulae.............. 152
7.3.4 Modified ILU Decompositions ......................... 154

7.3.5 Existence and Stability of the ILU Decomposition. . ... .... 154
7.3.6  Properties of the ILU Decomposition. ................... 159

7.3.7 ILU Decompositions Corresponding to Other Patterns ... .. 161
7.3.8 Approximative ILU Decompositions .................... 162
7.3.9 Blockwise ILU Decomposition. .. ...........coooeun.... 163
7.3.10 Numerical Examples ................................. 163
7311 Remarks. .. ...ooooo 164

7.4 Preconditioning . ... .........uiiiiii i 165
7.4.1 Ideaof Preconditioning ...............c.oviiiiiinn.... 165
742 Examples........ooouiiiii i e 166

7.4.3 Preconditioning in the Wider Sense ..................... 167
7.4.4 Rules for Condition Numbers and Spectral Equivalence . ... 167
7.4.5 Equivalent Bilinear Forms............................. 170

7.5 Time-Stepping Methods ......... ... ... o i i 171
7.6 Nested Iteration . ...ttt 172

Part II Semi-Iterations and Krylov Methods

8  Semi-Iterative Methods ............. ... ... ... ... 175
8.1 First Formulation .......... ... ... . ... i, 175

. 1.1 NOtAtioN. .. ..ottt e 175

8.1.2 Consistency and Asymptotic Convergence Rate .......... 176

8.1.3 Error Representation ....................coiviinnai... 177

8.1.4 KrylovSpace .......cooiiiiiiii 179



Contents xi
8.2 Second Formulation of a Semi-Iterative Method ................ 181
8.2.1 General Representation .................cooiviino... 181
8.2.2 Three-Term Recursion ..................ccoviunnan.. 183
8.3 Optimal Polynomials ............. ... . i ... 184
8.3.1 Minimisation Problem ................ ... ... ... ..., 184
8.3.2 Discussion of the Second Minimisation Problem .......... 185
8.3.3 Chebyshev Polynomials............................... 187
8.3.4 Chebyshev Method (Solution of the Third Minimisation
Problem) .......... ... .. . 187
8.3.5 Order Improvement by the Chebyshev Method ........... 192
8.3.6 Optimisation Over Other Sets ......................... 193
837 Cycliclteration ............ ... it 194
8.3.8 Two- and Multi-Step Iterations . ........................ 195
8.3.9 Amount of Work of the Semi-Iterative Method ........... 195
8.4 Application to Iterations Discussed Above...................... 196
8.4.1 Preliminaries............ouiuiiiiiniiineiiniinan. 196
8.4.2 Semi-Iterative Richardson Method .. .................... 197
8.4.3 Semi-Iterative Jacobi and Block-Jacobi Method........... 198
8.4.4 Semi-Iterative SSOR and Block-SSOR Iteration .......... 198
8.5 Method of Alternating Directions (ADI) ....................... 201
8.5.1 Application to the Model Problem ...................... 201
8.5.2 General Representation ..............ccooviiviinn... 203
8.5.3 ADI in the Commutative Case ......................... 205
8.5.4 ADI Method and Semi-Iterative Methods ................ 208
8.5.5 Amount of Work and Numerical Examples............... 209
9 GradientMethod .......... ... . ... . ... . . ... 211
9.1 Reformulation as Minimisation Problem ....................... 211
9.1.1 Minimisation Problem ................................ 211
9.1.2 Search Directions .............ouviiiniiineinnnennn.. 212
9.1.3 Other Quadratic Functionals ........................... 213
9.14 Complex Case........oouunniiiiiiiiiiiiiiinneann. 214
9.2 GradientMethod ........ ...t 215
0.2.1 CoONStIUCHON ..ottt ettt ettt ie e i 215
9.2.2 Properties of the Gradient Method ...................... 216
9.2.3 Numerical Examples .......... ... ...t 218
9.2.4 Gradient Method Based on Other Basic Iterations ......... 219
9.2.5 Numerical Examples ................................. 223
9.3 Method of the Conjugate Directions ........................... 224
9.3.1 Optimality with Respect to a Direction .................. 224
9.3.2 Conjugate Directions . ..........c.ovuuuneinneinnnennn.. 225
9.4 Minimal Residual Iteration. ........... ... ... ... ... ... 228



xii Contents

10 Conjugate Gradient Methods and Generalisations ................. 229
10.1 Preparatory Considerations ................. .. ....ooiiuunn... 229
10.1.1 Characterisation by Orthogonality ...................... 229
10.1.2 Solvability .. ... 231
10.1.3 Galerkin and Petrov—Galerkin Methods.................. 231
10.1.4 Minimisation. . ...ttt 232
10.1.5 Error Statements . . . ......o.ureunne e 232

10.2 Conjugate Gradient Method . ............... .. ... ... ....... 234
10.2.1 First Formulation .......... ... .. ..., 234
10.2.2 CG Method (Applied to Richardson’s Iteration) .......... 237
10.2.3 Convergence Analysis ... ......cuiiiiineinneinneennn.. 238
10.2.4 CG Method Applied to Positive Definite Iterations ........ 241
10.2.5 Numerical Examples ................ . ... ... ....... 244
10.2.6 Amount of Work of the CG Method . .................... 245
10.2.7 Suitability for Secondary Iterations ..................... 246
10.2.8 Three-Term Recursionforp™ .......................... 247

10.3 Method of Conjugate Residuals (CR) ............ ... . ... ..... 250
10.3.1 Algorithm . .........uuuu e 250
10.3.2 Application to Hermitian Matrices . ..................... 251
10.3.3 Stabilised Method of Conjugate Residuals ............... 252
10.3.4 Convergence Results for Indefinite Matrices ............. 253
10.3.5 Numerical Examples ........... ... ... oo, 255

10.4 Method of Orthogonal Directions ............................. 256
10.5 Solution of Nonsymmetric Systems . ...................c....... 258
10.5.1 Generalised Minimal Residual Method (GMRES) ......... 258
10.5.2 Full Orthogonalisation Method (FOM) .................. 261
10.5.3 Biconjugate Gradient Method and Variants . .............. 262
10.5.4 Further Remarks .......... ... ... i, 262

Part ITI Special Iterations

11 Multigrid Iterations . ......... ... . ... ... . ... i, 265
11.1 Introduction . ..........coouuiiii e 266
11.1.1 Smoothing . ...t i 266
11.1.2 Hierarchy of Systems of Equations ..................... 268
11.1.3 Prolongation .............ccouuuiiiiiiiinneennnnnn.. 269
11.1.4 ReSIICHON . . .o v vttt ettt 271
11.1.5 Coarse-Grid Correction .. .............cuouuieeeeennnn.. 272

11.2 Two-Grid Method . ........ .. .. .. 274
11.2.1 Algorithm ... .. i 274
11.2.2 Modifications ..............ooiiiniiniiiiinneeenn.. 274
11.2.3 Tteration MatriX. .. ...oovvt e 274
11.2.4 Numerical Examples ................ . ... ... ....... 275

11.3 Analysis for a One-Dimensional Example ...................... 276

11.3.1 Fourier Analysis .. ......ouuieiiine i 276



Contents

12

xiii

11.3.2 Transformed Quantities . ............c..oouuiiinieenn. . 278
11.3.3 Convergence Results ........ ... ... .. ... ... ....... 279

11.4 Multigrid Tteration . . . . ...ttt 281
11.4.1 Algorithm ... ..o . 281
11.4.2 Numerical Examples ........... ... ..., 282
11.4.3 Computational Work ........... ... ... i, 284
11.4.4 Tteration MatriX. ......oovtnin i 286

11.5 Nested [teration . . ...ttt 287
11.5.1 Discretisation Error and Relative Discretisation Error . . . . .. 287
11.5.2 Algorithm . ... 288
11.5.3 Error AnalySiS. ... vovveetie et 288
11.5.4 Application to Optimal Iterations . ...................... 290
11.5.5 Amount of Computational Work. ....................... 291
11.5.6 Numerical Examples ............... .. ... ... 291
11.5.7 Comments . ... ....uuunue e 292

11.6 Convergence AnalysiS. .........ouuuuieiineenineiineenneennnns 293
11.6.1 Summary . ......ooiini i 293
11.6.2 Smoothing Property ................ .. ... ... ...... 293
11.6.3 Approximation Property .............. ... 298
11.6.4 Convergence of the Two-Grid Iteration .................. 301
11.6.5 Convergence of the Multigrid Iteration .................. 301
11.6.6 Case of Weaker Regularity ............... ... ... ..... 303

11.7 Symmetric Multigrid Methods . ............. ... ... .. ... .... 304
11.7.1 Symmetric and Positive Definite Multigrid Algorithms. . . .. 304
11.7.2 Two-Grid Convergence forvy > 0,10 >0............... 306
11.7.3 Smoothing Property in the Symmetric Case .............. 307
11.7.4 Strengthened Two-Grid Convergence Estimates . .......... 308
11.7.5 V-Cycle Convergence. .............coueuuunneeennnnn.. 310
11.7.6 Unsymmetric Multigrid Convergence forallv >0 ........ 311

11.8 Combination of Multigrid Methods with Semi-Iterations ......... 313
11.8.1 Semi-Iterative Smoothers ............................. 313
11.8.2 Damped Coarse-Grid Corrections ...................... 315
11.8.3 Multigrid as Basic Iteration of the CG Method ............ 315

11.9 Further Comments. . ....... ..ot 316
11.9.1 Multigrid Method of the Second Kind ................... 316
11.9.2 Robust Methods . ......... ..., 317
11.9.3 History of the Multigrid Method. . ...................... 317
11.9.4 Frequency Filtering Decompositions .................... 318
11.9.5 Nonlinear Systems . .............oviiiiiiiineerennn... 320
Domain Decomposition and Subspace Methods ................... 325
12.1 Introduction ...........o i 325
12.2 Overlapping Subdomains .......... ... ... .. ... .. ....... 327
12.2.1 Introductory Example ........... ... . ... .. ..., 327

12.2.2 Many Subdomains ............. ... 329



Xiv

13

Contents
12.3 Nonoverlapping Subdomains . ...................... .. ....... 329
12.3.1 Dirichlet-Neumann Method ........................... 329
12.3.2 Lagrange Multiplier Based Methods .................... 330
12.4 Schur Complement Method . .............. .. ... .. .. ..., 332
12.4.1 Nonoverlapping Domain Decomposition with Interior
Boundary ....... ... ... 332
12.4.2 Direct SOlution . ...ttt 332
12.4.3 Preconditioners of the Schur Complement ............... 334
12.4.4 Multigrid-like Domain Decomposition Methods .......... 335
12.5 Subspace Iteration . ...ttt 336
12.5.1 General Construction . ..............covuiiuinnunnnnnn. 336
12.5.2 The Prolongations ................. ... ...oiiiunnnn.. 337
12.5.3 Multiplicative and Additive Schwarz Iterations ........... 338
12.5.4 Interpretation as Gauss—Seidel and Jacobi Iteration ....... 339
12.5.5 Classical Schwarz Iteration ........................... 340
12.5.6 Approximate Solution of the Subproblems ............... 340
12.5.7 Strengthened Estimate A < IT'W .............ccovinn... 342
12.6 Properties of the Additive Schwarz Iteration .................... 344
12.6.1 Parallelism. ...........ooioiii .. 344
12.6.2 Condition Estimates . ..............coiiiiiiiiiiin... 344
12.6.3 Convergence Statements . .............oveeuneennnennn.. 347
12.7 Analysis of the Multiplicative Schwarz Iteration ................ 349
12.7.1 Convergence Statements .................cooveeeunnnn.. 349
12.7.2 Proofs of the Convergence Theorems.................... 352
12.8 Examples .. ..ottt 357
12.8.1 Schwarz Method With Proper Domain Decomposition .. .. 357
12.8.2 Additive Schwarz Iteration with Coarse-Grid Correction . .. 358
12.8.3 Formulation in the Case of Galerkin Discretisation . ....... 358
12.9 Multigrid Iterations as Subspace Decomposition Method ......... 359
12.9.1 Braess’ Analysis without Regularity .................... 360
12.9.2 V-Cycle Interpreted as Multiplicative Schwarz Iteration ... 362
12.9.3 Proof of V-Cycle Convergence ..............couveunn.. 364
12.9.4 Hierarchical BasisMethod ............................ 366
12.9.5 Multilevel Schwarz Iteration .......................... 369
12.9.6 Further Approaches ...............cooiiiiiiiiinninna.. 369
H-LUIteration ............ ... . i 371
13.1 Approximate LU Decomposition. ..............covieenneenn .. 371
13.1.1 Triangular Matrices .............ooueiiiiunnneeennnnn.. 372
13.1.2 Solutionof LUZT =b ... 372
13.1.3 Matrix-Valued Solutions of LX = Zand XU =2 ....... 373
13.1.4 Generation of the LU Decomposition ................... 375
13.1.5 Cost of the H-LU Decomposition ...................... 376
13.2 ‘H-LU Decomposition for Sparse Matrices...................... 376

13.2.1 Finite Element Matrices. .. ..........ovuiiiiinnenon.. 376



Contents XV

14

13.2.2 Separability of the Matrix ............................. 377
13.2.3 Construction of the Cluster Tree . . ...................... 378
13.2.4 Application to Inversion .....................cn... 380
13.2.5 Admissibility Condition. . ............ ..., 381
13.2.6 LU Decomposition . . ....ouuuneeneeeeeineaeennnan 381
13.3 UL Decomposition of the Inverse Matrix ....................... 381
134 H-LU Iteration .. ..........uuueinmineieie et iaennnnns 382
13.4.1 General ConstrucCtion . ...........couuuieiinennnennnnns 382
13.4.2 Algebraic LU Decomposition . .................ccouun... 384
13.5 Further Applications of Hierarchical Matrices................... 384
Tensor-based Methods .............. ... .. ... ... ... ..., 385
T4.T TeNSOIS . . v e ettt et e e e e e e e e e e e 385
14.1.1 Introductory Example: Lyapunov Equation............... 385
14.1.2 Nature of the Underlying Problems ..................... 386
14.1.3 Definition of Tensor Spaces ........................... 387
14.1.4 Case of Grid Functions .................ccoviiuieinn... 388
14.1.5 Kronecker Products of Matrices ........................ 389
14.1.6 Functions on Cartesian Products........................ 389
14.2 Sparse Tensor Representation ................couiiiiunieennn.. 390
14.2.1 r-Term Format (Canonical Format) ..................... 390
14.2.2 A Particular Example . .............. .. ... ... ... ..., 391
14.2.3 Subspace Format (Tucker Format) ...................... 394
14.2.4 Hierarchical Tensor Format............................ 395
14.3 Linear SYStEMS . ..o vttt ettt e et 396
14.3.1 Poisson Model Problem ............................... 396
14.3.2 A Parametrised Problem ........... ... ... ... ... ... 396
14.3.3 Solution of Linear Systems . ..............cooiiiin.... 398
1434 CG-Type Methods ......... .ot 398
14.3.5 Multigrid Approach .............co i, 398
14.3.6 CONVEIZENCE . . oot ve ettt ettt e e e 399
14.3.7 Parabolic Problems. ........... ... ... i, 399
14.4 Variational Approach ......... ... ... ... . . i, 400
Facts from Linear Algebra ......... ... .. ... ... ............... 401
A.1 Notation for Vectors and Matrices..................couvuuen... 401
A.2 Systems of Linear Equations .................... ... ... ... 402
A.3 Eigenvalues and Eigenvectors ............. ..., 403
A.4 Block Vectors and Block Matrices ................cooinao.. 407
A5 Orthogonality. .......ooouiii i e 409
A.5.1 Elementary Definitions ............................... 409
A.5.2 Orthogonal and Unitary Matrices ....................... 410
A.5.3 Sums of Subspaces and Orthogonal Complements. . ....... 410
A6 Normal Forms ....... ... i 411

A.6.1 SchurNormalForm ................ ... ... .. ........ 411



XVi

Contents

A.6.2 Jordan Normal Form ............. ... ... ... ...... 412
A.6.3 Diagonalisability ............ ... . ... .. i i, 414
A.6.4 Singular Value Decomposition ......................... 416
Facts from Normed Spaces . ............ ... ..., 417
Bl NOIMS . .o 417
B.1.1 Vector NOrms . .....oviniiii i 417
B.1.2 Equivalence of AllNorms .............c..ooviiiiinn... 418
B.1.3 Corresponding Matrix Norms ...........c.ovvinienn.... 419
B.1.4 Condition and Spectral Condition Number ............... 421

B.2 Hilbert Norm . ...... ... e 422
B.2.1 Elementary Properties ................ ... ... 422
B.2.2 Spectral Norm.......... .. 422

B.3 Correlation Between Norms and Spectral Radius ................ 424
B.3.1 Spectral Norm and Spectral Radius ..................... 424
B.3.2 Matrix Norms Approximating the Spectral Radius. ........ 425
B.3.3 Geometrical Sum of Matrices ....................o.. .. 426
B.3.4 Numerical Radiusof aMatrix.......................... 427
Facts from Matrix Theory........... ... ... .. ... ... ......... 431
C.1 Positive Definite Matrices ............covuiiieiiineennennnn.. 431
C.1.1 Definition and Notation . .............cccuiiveeennnn... 431
C.1.2 Rules and Criteria for Positive Definite Matrices .......... 432
C.1.3 Remarks Concerning Positive Definite Matrices........... 433

C.2 Graph of a Matrix and Irreducible Matrices .................... 435
C.3 PoSitive MatriCes . ..ottt ittt it 438
C.3.1 Definition and Notation . .............c.coouieeeennnn... 438
C.3.2 Perron-Frobenius Theory of Positive Matrices............ 440
C.3.3 Diagonal Dominance .................ccooviiiniinn.... 443

Cid M-MatTiCeS. o v vttt et e e e e e e e e e 445
C4.1 Definition ........couiiiii it 445
C.4.2 M-Matrices and the Jacobi Iteration..................... 446
C.4.3 M-Matrices and Diagonal Dominance ................... 447
C44 FurtherCriteria..........ooviininiiiiiiininn.. 449

C.5 H-MatriCes . . ...ttt e 452
C.6 Schur Complement ............. ... iiiiiiiiniiiiinaa.. 452
Hierarchical Matrices ............. . ... ... ... ... it 453
D.I Introduction .. ............iiuitiit it 453
D.1.1 Fully Populated Matrices..................cooiiin.... 453
D.1.2 Rank-r Matrices .. ........couuiniiieiinniinennnnn. 455
D.1.3 Model Format . ......... ... 456

D.2 ConstruCtion. . . ...ttt e 459
D21 Cluster Trees . .....oovuniiti i 459

D.2.2 BlockClusterTree .. ... 462



Contents Xvii
D.2.3 Partition.......... ..ot e 462

D.24 Admissible Blocks ......... ... ... . ... .. .. 463

D.2.5 Use of Bounding Boxes for X ........................ 464

D.2.6 Set of Hierarchical Matrices .....................coou.. 465

D.2.7 H2-MALHiCES .ottt et 465

D.2.8 Storage. .....oooiiii e 465

D29 ACCUTACY . ...ttt 467

D.3 Matrix Operations . .. .........outettttmemmemeneenennnnennnn 469
D.3.1 Matrix-Vector Multiplication .......................... 469

D.3.2 Truncations .. ........c.ouiiniien et 470

D.3.3 Addition. .........c. i 470

D.3.4 Agglomeration ................... i 471

D.3.5 Matrix-Matrix Multiplication .......................... 471

D.3.6 Inversion and LU Decomposition....................... 472

E Galerkin Discretisation of Elliptic PDEs .......................... 473
E.1 Variational Formulation of Boundary Value Problems ............ 473

E.2 Galerkin Discretisation . . ..............oo it inineinannn... 475

E.3 Subdomain Problems and Finite Element Matrix ................ 477

E.4 Relations Between the Continuous and Discrete Problems ........ 478

E.5 Error Estimates ............... ..., 480

E.6 Relations Between Two Discrete Problems ..................... 482
References. .. ........ ...t 483
Index . ... 501



List of Symbols and Abbreviations

Symbols

1

AT, AH
AT A
Wt
Uav
M,

Ml

A

<'7'>

<'7'>A
[0 -
Il 4
[I-ll
[ll oo
I-lly  x

- Wl
|

<7S7>’>

F°ODOIMNN C

S

vector (1,1,...,1)T

transposed and Hermitian transposed matrix; cf. §A.1

inverse of AT, AH; cf. §A.1

orthogonal complement of a W; cf. §A.5

direct sum of subspaces; cf. §A.5.3

restriction of the matrix to the block b; cf. Notation D.6

extension of the matrix to the block b; cf. §D.3.4

Laplace operator; cf. (1.1a)

(Euclidean) scalar product; cf. (1.1a—c)

energy scalar product; cf. (C.5b)

norm (of vectors or matrices)

energy norm; cf. (C.5a)

Euclidean norm, cf. (B.2); spectral norm, cf. (B.21a)

maximum norm, cf. (B.2); row sum norm, cf. (B.8)

norm of a mapping (matrix) from X into Y; cf. (B.11)

transformed vector or matrix norm; cf. (B.10a,b)

absolute value, in §C.3 applied to matrices and vectors; cf. page 438
in connection with matrices, the order relation from §C.1.2; only in
88C.3—C.4 (and §7.3.5) it denotes the order relation of (C.9a,b)
disjoint union

A C B: Ais asubset of B, not necessarily a proper subset

A'G B: Ais a proper subset of B

tensor product; cf. §14.1

Hadamard product; cf. Lemma 5.60c

addition of hierarchical matrices with truncation to rank r ; cf. p. 457
multiplication of H-matrices with truncation to rank r; cf. §D.3.4
product @ o ¥ of iterations or transformation of iterations; cf. §5
cardinality of a set S

XixX



XX List of Symbols and Abbreviations

Greek Letters

a, B, indices of the index set; cf. §1.3

v in §11: number of secondary multi-grid steps for the coarse-grid
equation; cf. (11.33d3)

v, I lower and upper eigenvalue bounds of W1 A; cf. (9.18a)

dij Kronecker symbol: §;; = 1 for i = j, §;; = 0 otherwise

A Laplace operator; cf. (1.1a)

¢ often contraction number; cf. §2.2.6, (11.30b), (11.48)

n characteristic factor involved in the admissibility condition (D.10)

nv) zero sequence for smoothing property; cf. (11.58b)

Mo (V) special function, defined in Lemma 11.23

9,0 damping factor; cf. §3.2.1 and §5.2

k(A) spectral condition number (B.13)

A eigenvalue bounds of A; cf. Theorem 9.10, Theorem 3.30

Amax (4) maximal eigenvalue of a matrix A if 0(A) C R

Amin (A4) minimal eigenvalue of a matrix A if 0(4) C R

v, V1, Vo in §11: number of the smoothing steps; cf. (11.21) and (11.22a)

p(A) spectral radius of a matrix A4; cf. Definition A.17

Prmtk,m convergence factors; cf. (2.23a,b)

o(A) spectrum of the matrix A; cf. §A.3

T, O symbols representing clusters; cf. §D.2.1

&(x,b, A) function describing an iteration; cf. (2.3)

Y2 semi-iterative method with @ as basic iteration

7 Cheb Chebyshev method; cf. Notation 8.29

TC’G, Tcr, Yop, YoMmreEs — conjugate gradient methods and variants; cf. §10.2

Yorad gradient method; cf. §9.2.1 and §9.2.4

w relaxation parameter; cf. (1.22) and §3.2.4

0 underlying domain of a boundary value problem; cf. (1.1a), §E.1

2, grid; cf. (1.3)

Latin Letters

a(- ) bilinear or sesquilinear form; cf. Definition (E.1)

a,b bounds for o(M); cf. (8.26a)

A Ay matrix of the linear system; cf. (1.5), (11.6a)

ARX AT block of A; cf. (A.8b,c)

Aag,aap, Aij,a;; entries of the matrix A

b, by right-hand side of the linear system; cf. (1.5), (11.6a)

blockdiag{...}  block-diagonal matrix; cf. page 408

blockdiagg{A}  block-diagonal part of A with respect to the block structure B;
cf. (4.2)

blocktridiag{...} block-tridiagonal matrix; cf. (A.9)



List of Symbols and Abbreviations XXi

C

cond, conds
dm
D,D',...
D(P)
degx (v)
degree(-)
depth(T)
det
diag{...}
diam(7)
dist(r, o)
em

€q

E

Eff(P)

F

J—.'

Init(d, A)
It(P)

K

KI

KI x I

K

]Cm(Xa U)

complex numbers

condition of a matrix; cf. (B.12)

defect Az™ — b; cf. (2.17)

(block-) diagonal matrix

domain of the iteration @; cf. Definition 2.2a

degree of a vector v; cf. Definition 8.10

degree of a polynomial

depth of the tree T'; cf. (D.7)

determinant

diagonal matrix or diagonal part; cf. (A.1)

diameter of a cluster; cf. (D.9a)

distance between clusters; cf. (D.9b)

error £ — x of the m-th iterate; cf. (2.15)

unit vector

strictly lower triangular matrix; cf. (1.16)

effective amount of work; cf. (2.31a)

strictly upper triangular matrix; cf. (1.16)

matrices in full format; cf. Definition D.2a

graph of a matrix A; cf. Definition C.12

grid size; cf. (1.2)

see §D.2.7

model format; cf. §D.1.3

indices of the ordered index set I = {1,...,n}
identity matrix

index set (not necessarily ordered)

subset of block indices; cf. (A.7)

cost for initialising the iteration ¢ applied to the system Ax = b
cf. (2.30a)

the field R or C

space of the vectors corresponding to the index set 1
space of the matrices corresponding to the index set
integral operator; cf. §D.2.9

Krylov space; cf. Definition 8.7

kernel of a mapping or matrix

level number in the discretisation hierarchy; cf. (3.15a)
lower (block-)triangular matrix

set of consistent linear iterations; cf. (2.11)

set of positive definite iterations; cf. Definition 5.8
set of positive semidefinite iterations; cf. Definition 5.11
set of symmetric iterations; cf. Definition 5.3

set of directly positive definite iterations; cf. Definition 5.14
set of leaves of the tree T'; cf. §D.2.1

level-number of a cluster; cf. §D.2.1

natural logarithm

dual logarithm, logarithm with respect to the basis 2



xXii

log*(*)
m

]\4’7 MYz
MIA]

n, Ny
Nmin

N

N7 NXYz
N[A]

p
P

P+, p-
P,

Q

anin ( )
r

r(A)

R
range(+)
Ry
root(T)
Sy

Sy
span{...}
supp(+)
T, T,
T(I)
TO(I)
T(I x J)

7;'3 7_7TR5 7:%;

tridiag{...}
uij

U, U, U
W, Wg
WIA]
Work(®, A)
x

List of Symbols and Abbreviations

some power of log(+); cf. Footnote 9 on page 15

iteration number; cf. e™ ™

iteration matrix (of the iteration ‘xyz’); cf. §2.2.1

iteration matrix for the system Az = b; cf. Definition 2.9
dimension of the linear system; cf. §2.3, (11.6b)

minimal size of clusters; cf. §D.2.1

number of the grid points per row or column; cf. (1.2)

matrix of the 2nd normal form (of the iteration ‘xyz’); cf. (2.10)
matrix N for the system Ax = b; cf. Definition 2.9

natural numbers {1, 2,3, ...}

Nu{o} ={0,1,2,...}

number of arithmetic operations required for ‘xyz’; cf. pages 455ff
Landau symbol: f(a) = O(g(a)) if |f(a)] < C|g(a)| for the
underlying limit process « — 0 or & — oo. The notation f(n) =
1 — O(n™) is more special and means that f(n) < 1 — Cn™ with
fixed C > 0 for n — 0.

prolongation; cf. §11.1.3, (12.7)

partition of a hierarchical matrix; cf. §D.2.3

subsets of the partition P; cf. §D.2.6

space of polynomials; cf. Definition 8.2

often unitary matrix

bounding box; cf. §D.2.1.2

restriction; cf. §11.1.4, (12.14a)

representation rank of matrices in R,.; cf. (D.2)

numerical radius of the matrix A; cf. §B.3.4

real numbers

range (image space) of a mapping

rank-r matrices or tensors; cf. Definition D.2b and page 390

root of the tree T'; cf. §D.2.1

iteration matrix of the smoother Sy; cf. Lemma 11.11

smoothing iteration; cf. §11.1.1 and §11.2.1

linear space spanned by {. ..}

support of a function; Footnote 6 on page 463

left- and right-sided transformation; cf. (5.32), (5.39)

cluster tree corresponding to the index set I; cf. §D.2.1

subset of T'(I); cf. (D.7)

block cluster tree corresponding to the index set I; cf. §D.2.1

mairw truncation operator; cf. §D.3.2

tridiagonal matrix; cf. (A.2)

components of the grid function u; cf. (1.6b)

upper (block-)triangular matrix

matrix of the third normal form (of the iteration @); cf. (2.12)
matrix W for the system Az = b; cf. Definition 2.9

amount of work of the iteration ¢ applied to Az = b; cf. (2.29)
vector; often solution of the equation Ax = b



List of Symbols and Abbreviations

*

X
a:g,x}‘
1.0

x
%,
Loy Tg
1:7 y
Xr

Z

m

XXiii

solution of the equation Az = b if the symbol x is used as a variable
vectors x, x* at the level ¢; cf. (11.6a)

starting value of the iteration

m-th iterate

block of x corresponding to the index « or i; cf. (A.8a)
components of a vector

spatial variables (x,y) € £2; cf. (1.1a)

support of the cluster 7; cf. §D.2.1.2 and (D.8)

set of integers

Abbreviations and Algorithms

ALS
AMG
AMLI
AOR
ART
BCG, BiCG
BEM
Bi-CGSTAB
BPX

CG

CGS

CR
DDM
FEM
FFT
FOM
GMRES
H-matrix
‘H-LU
HOSVD
MAOR
MINRES
MSOR
OD

ORTHODIR, ORTHOMIN, ORTHORES

SAOR
SIRT

SOR

SVD
SYMMLQ
USSOR

alternating least squares method cf. §14.4
algebraic multigrid method

algebraic multilevel iteration; cf. page 335
accelerated overrelaxation

algebraic reconstruction technique

biconjugate gradient method; cf. §10.5.3
boundary element method

biconjugate gradient stabalised method; cf. §10.5.3
additive multigrid iteration; cf. §12.9.6

method of congujate gradients; cf. §10.2
conjugate gradient squared method; cf. §10.5.3
method of congujate residuals; cf. §10.3
domain decomposition method

finite element method

fast Fourier transform

full orthogonalisation method; cf. §10.5.2
generalised minimal residual method; cf. §10.5.1
hierarchical matrix

hierarchical LU decomposition

higher order singular value decomposition; cf. §14.2.3
modified accelerated overrelaxation

minimal residual method

modified successive overrelaxation

method of orthogonal directions; cf. §10.4

cf. §10.5.4
symmetric accelerated overrelaxation
simultaneous iterative reconstruction technique; cf. page 94
successive overrelaxation; cf. §3.2.4

singular value decomposition; cf. §A.6.4
symmetric LQ method; cf. page 257
unsymmetric successive overrelaxation



Part I
Linear Iterations



The core of iterative methods for linear systems are linear iterations. Different
from direct methods, an infinite sequence of iterates is produced. Since, in practice,
only a finite number of iteration steps is performed, the unavoidable iteration error
depends crucially on the speed of convergence.

Chapter 1 starts with historical remarks. It introduces the Poisson model prob-
lem which will be a test example for the iterative methods described later on. Vector
and matrix notations are provided in §1.3. In the case of discretisations of partial
differential equations, it is important to consider the family of systems obtained for
different discretisation parameters (§1.4). A crucial question is whether the conver-
gence speed deteriorates with increasing matrix size. To get a first idea of an iterative
method, the Gauss—Seidel and SOR methods are presented in §1.6 with numeri-
cal results for the model problem. These examples involve sparse matrices (§1.7).
Except for Chapter D, we shall always assume that the underlying matrices are
sparse. This assumption ensures that the cost of one iteration step is proportional to
the matrix size; however, sparsity is not needed for convergence analysis.

Chapter 2 introduces general iterative methods. The concepts of consistency and
convergence are described in §2.1. The class of linear iterations is specified in §2.2.
For its description three normal forms are introduced. A first important result is the
convergence theorem in §2.2.5. The quality of a linear iteration depends on both
cost and convergence speed. The resulting efficacy is discussed in §2.3. Section 2.4
demonstrates how to test iterative methods numerically.

The convergence of a linear iteration depends on the properties of the under-
lying matrix. Chapter 3 investigates classical iterations (Richardson, Jacobi, Gauss—
Seidel, SOR) applied to positive definite matrices. The corresponding analysis of
general linear iterations is presented in Chapter 6.

Chapter 4 considers classical iterations assuming other structural matrix proper-
ties. In particular, §4.6 contains Young’s theorem on SOR for consistently ordered
matrices. It describes the improvement of the convergence order in explicit form.

The set of linear iterations forms an algebra containing various operations as
described in Chapter 5. Section 5.1 introduces the definition of an adjoint itera-
tion. This enables the construction of symmetric or even positive definite iterations.
Damping of linear iterations is discussed in §5.2. Addition of linear iterations is the
subject of §5.3, while the product of linear iterations is investigated in §5.4. Another
combination of iterative methods is the secondary iteration (§5.5). The left, right,
or two-sided transformations are studied in §5.6. Kaczmarz’ iteration (§5.6.3) and
Cimmoni’s iteration (§5.6.4) can be obtained by suitable transformations.

Chapter 6 collects the convergence results for positive definite iterations
(including possible perturbations of the positive definite matrix). In particular,
the symmetric Gauss—Seidel method and symmetric SOR are studied (§6.3).

Chapter 7 is concerned with the generation of linear iterations. A classical
technique is additive splitting of the under