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Preface to the Encyclopaedia Subseries
on Operator Algebras and Non-Commutative
Geometry

The theory of von Neumann algebras was initiated in a series of papers by
Murray and von Neumann in the 1930’s and 1940’s. A von Neumann algebra
is a self-adjoint unital subalgebra M of the algebra of bounded operators
of a Hilbert space which is closed in the weak operator topology. According
to von Neumann’s bicommutant theorem, M is closed in the weak operator
topology if and only if it is equal to the commutant of its commutant. A factor
is a von Neumann algebra with trivial centre and the work of Murray and von
Neumann contained a reduction of all von Neumann algebras to factors and
a classification of factors into types I, IT and III.

C*-algebras are self-adjoint operator algebras on Hilbert space which are
closed in the norm topology. Their study was begun in the work of Gelfand
and Naimark who showed that such algebras can be characterized abstractly
as involutive Banach algebras, satisfying an algebraic relation connecting the
norm and the involution. They also obtained the fundamental result that
a commutative unital C*-algebra is isomorphic to the algebra of complex
valued continuous functions on a compact space — its spectrum.

Since then the subject of operator algebras has evolved into a huge math-
ematical endeavour interacting with almost every branch of mathematics and
several areas of theoretical physics.

Up into the sixties much of the work on C*-algebras was centered around
representation theory and the study of C*-algebras of type I (these algebras
are characterized by the fact that they have a well behaved representation
theory). Finite dimensional C*-algebras are easily seen to be just direct sums
of matrix algebras. However, by taking algebras which are closures in norm of
finite dimensional algebras one obtains already a rich class of C*-algebras — the
so-called AF-algebras — which are not of type I. The idea of taking the closure
of an inductive limit of finite-dimensional algebras had already appeared in the
work of Murray-von Neumann who used it to construct a fundamental example
of a factor of type IT — the ”hyperfinite” (nowadays also called approximately
finite dimensional) factor.
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One key to an understanding of the class of AF-algebras turned out to
be K-theory. The techniques of K-theory, along with its dual, Fxt-theory,
also found immediate applications in the study of many new examples of
C*-algebras that arose in the end of the seventies. These examples include
for instance ”the noncommutative tori” or other crossed products of abelian
C*-algebras by groups of homeomorphisms and abstract C*-algebras gener-
ated by isometries with certain relations, now known as the algebras 0,,. At
the same time, examples of algebras were increasingly studied that codify data
from differential geometry or from topological dynamical systems.

On the other hand, a little earlier in the seventies, the theory of von Neu-
mann algebras underwent a vigorous growth after the discovery of a natural
infinite family of pairwise nonisomorphic factors of type III and the advent
of Tomita-Takesaki theory. This development culminated in Connes’ great
classification theorems for approximately finite dimensional (“injective”) von
Neumann algebras.

Perhaps the most significant area in which operator algebras have been
used is mathematical physics, especially in quantum statistical mechanics and
in the foundations of quantum field theory. Von Neumann explicitly mentioned
quantum theory as one of his motivations for developing the theory of rings
of operators and his foresight was confirmed in the algebraic quantum field
theory proposed by Haag and Kastler. In this theory a von Neumann algebra
is associated with each region of space-time, obeying certain axioms. The
inductive limit of these von Neumann algebras is a C*-algebra which contains
a lot of information on the quantum field theory in question. This point of
view was particularly successful in the analysis of superselection sectors.

In 1980 the subject of operator algebras was entirely covered in a single
big three weeks meeting in Kingston Ontario. This meeting served as a re-
view of the classification theorems for von Neumann algebras and the suc-
cess of K-theory as a tool in C*-algebras. But the meeting also contained
a preview of what was to be an explosive growth in the field. The study of
the von Neumann algebra of a foliation was being developed in the far more
precise C*-framework which would lead to index theorems for foliations incor-
porating techniques and ideas from many branches of mathematics hitherto
unconnected with operator algebras.

Many of the new developments began in the decade following the Kingston
meeting. On the C*-side was Kasparov’s K K-theory — the bivariant form of
K-theory for which operator algebraic methods are absolutely essential. Cyclic
cohomology was discovered through an analysis of the fine structure of exten-
sions of C*-algebras These ideas and many others were integrated into Connes’
vast Noncommutative Geometry program. In cyclic theory and in connection
with many other aspects of noncommutative geometry, the need for going be-
yond the class of C'*-algebras became apparent. Thanks to recent progress,
both on the cyclic homology side as well as on the K-theory side, there is
now a well developed bivariant K-theory and cyclic theory for a natural class
of topological algebras as well as a bivariant character taking K-theory to
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cyclic theory. The 1990’s also saw huge progress in the classification theory of
nuclear C*-algebras in terms of K-theoretic invariants, based on new insight
into the structure of exact C*-algebras.

On the von Neumann algebra side, the study of subfactors began in 1982
with the definition of the index of a subfactor in terms of the Murray-von Neu-
mann theory and a result showing that the index was surprisingly restricted
in its possible values. A rich theory was developed refining and clarifying
the index. Surprising connections with knot theory, statistical mechanics and
quantum field theory have been found. The superselection theory mentioned
above turned out to have fascinating links to subfactor theory. The subfactors
themselves were constructed in the representation theory of loop groups.

Beginning in the early 1980’s Voiculescu initiated the theory of free prob-
ability and showed how to understand the free group von Neumann algebras
in terms of random matrices, leading to the extraordinary result that the von
Neumann algebra M of the free group on infinitelymany generators has full
fundamental group, i.e. pMp is isomorphic to M for every non-zero projec-
tion p € M. The subsequent introduction of free entropy led to the solution
of more old problems in von Neumann algebras such as the lack of a Cartan
subalgebra in the free group von Neumann algebras.

Many of the topics mentioned in the (obviously incomplete) list above have
become large industries in their own right. So it is clear that a conference like
the one in Kingston is no longer possible. Nevertheless the subject does retain
a certain unity and sense of identity so we felt it appropriate and useful to
create a series of encylopaedia volumes documenting the fundamentals of the
theory and defining the current state of the subject.

In particular, our series will include volumes treating the essential techni-
cal results of C*-algebra theory and von Neumann algebra theory including
sections on noncommutative dynamical systems, entropy and derivations. It
will include an account of K-theory and bivariant K-theory with applications
and in particular the index theorem for foliations. Another volume will be
devoted to cyclic homology and bivariant K-theory for topological algebras
with applications to index theorems. On the von Neumann algebra side, we
plan volumes on the structure of subfactors and on free probability and free
entropy. Another volume shall be dedicated to the connections between oper-
ator algebras and quantum field theory.

October 2001 subseries editors:
Joachim Cuntz
Vaughan Jones



Preface

This volume attempts to give a comprehensive discussion of the theory of
operator algebras (C*-algebras and von Neumann algebras.) The volume is
intended to serve two purposes: to record the standard theory in the Encyclo-
pedia of Mathematics, and to serve as an introduction and standard reference
for the specialized volumes in the series on current research topics in the
subject.

Since there are already numerous excellent treatises on various aspects of
the subject, how does this volume make a significant addition to the literature,
and how does it differ from the other books in the subject? In short, why
another book on operator algebras?

The answer lies partly in the first paragraph above. More importantly,
no other single reference covers all or even almost all of the material in this
volume. I have tried to cover all of the main aspects of “standard” or “classi-
cal” operator algebra theory; the goal has been to be, well, encyclopedic. Of
course, in a subject as vast as this one, authors must make highly subjective
judgments as to what to include and what to omit, as well as what level of
detail to include, and I have been guided as much by my own interests and
prejudices as by the needs of the authors of the more specialized volumes.

A treatment of such a large body of material cannot be done at the detail
level of a textbook in a reasonably-sized work, and this volume would not be
suitable as a text and certainly does not replace the more detailed treatments
of the subject. But neither is this volume simply a survey of the subject (a
fine survey-level book is already available [Fil96].) My philosophy has been to
not only state what is true, but explain why: while many proofs are merely
outlined or even omitted, I have attempted to include enough detail and ex-
planation to at least make all results plausible and to give the reader a sense
of what material and level of difficulty is involved in each result. Where an ar-
gument can be given or summarized in just a few lines, it is usually included;
longer arguments are usually omitted or only outlined. More detail has been
included where results are particularly important or frequently used in the
sequel, where the results or proofs are not found in standard references, and
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in the few cases where new arguments have been found. Nonetheless, through-
out the volume the reader should expect to have to fill out compactly written
arguments, or consult references giving expanded expositions.

I have concentrated on trying to give a clean and efficient exposition of the
details of the theory, and have for the most part avoided general discussions
of the nature of the subject, its importance, and its connections and applica-
tions in other parts of mathematics (and physics); these matters have been
amply treated in the introductory article to this series. See the introduction
to [Con94] for another excellent overview of the subject of operator algebras.

There is very little in this volume that is truly new, mainly some simplified
proofs. I have tried to combine the best features of existing expositions and
arguments, with a few modifications of my own here and there. In preparing
this volume, I have had the pleasure of repeatedly reflecting on the outstanding
talents of the many mathematicians who have brought this subject to its
present advanced state, and the theory presented here is a monument to their
collective skills and efforts.

Besides the unwitting assistance of the numerous authors who originally
developed the theory and gave previous expositions, I have benefited from
comments, suggestions, and technical assistance from a number of other spe-
cialists, notably G. Pedersen, N. C. Phillips, and S. Echterhoff, my colleagues
B.-J. Kahng, V. Deaconu, and A. Kumjian, and many others who set me
straight on various points either in person or by email. I am especially grate-
ful to Marc Rieffel, who, in addition to giving me detailed comments on the
manuscript, wrote an entire draft of Section I1.10 on group C*-algebras and
crossed products. Although I heavily modified his draft to bring it in line
with the rest of the manuscript stylistically, elements of Marc’s vision and
refreshing writing style still show through. Of course, any errors or misstate-
ments in the final version of this (and every other) section are entirely my
responsibility.

Speaking of errors and misstatements, as far-fetched as the possibility
may seem that any still remain after all the ones I have already fixed, I would
appreciate hearing about them from readers, and I plan to post whatever I
find out about on my website.

No book can start from scratch, and this book presupposes a level of
knowledge roughly equivalent to a standard graduate course in functional
analysis (plus its usual prerequisites in analysis, topology, and algebra.) In
particular, the reader is assumed to know such standard theorems as the Hahn-
Banach Theorem, the Krein-Milman Theorem, and the Riesz Representation
Theorem (the Open Mapping Theorem, the Closed Graph Theorem, and the
Uniform Boundedness Principle also fall into this category but are explicitly
stated in the text sinced they are more directly connected with operator theory
and operator algebras.) Most of the likely readers will have this background,
or far more, and indeed it would be difficult to understand and appreciate the
material without this much knowledge. Beginning with a quick treatment of
the basics of Hilbert space and operator theory would seem to be the proper
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point of departure for a book of this sort, and the early sections will be useful

even to specialists to set the stage for the work and establish notation and
terminology.

September 2005 Bruce Blackadar
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Operators on Hilbert Space

1.1 Hilbert Space

We briefly review the most important and relevant structure facts about
Hilbert space.

I.1.1 Inner Products

1.1.1.1 A pre-inner product on a complex vector space X is a positive semi-
definite hermitian sesquilinear form (-,-) from X to C, i.e. for all ,n,{ € X

and a € C we have ({41, () = (£,¢) + (1,¢), (o€, n) = al&,n), (1,§) = (&),

and (£,£) > 0. An inner product is a positive definite pre-inner product, i.e.
one for which (¢,&) > 0 for £ # 0.

We have made the convention that inner products are linear in the first
variable and conjugate-linear in the second, the usual convention in mathe-
matics, although the opposite convention is common in mathematical physics.
The difference will have no effect on results about operators, and in the few
places where the convention appears in arguments, a trivial notational change
will convert to the opposite convention. When dealing with Hilbert modules
(I1.7.1), it is natural to use inner products which are conjugate-linear in the
first variable, with scalar multiplication written on the right.

I1.1.1.2 A pre-inner product on a vector space induces a “seminorm” by
€2 = (€,€). The pre-inner product and “seminorm” satisfy the following
relations for any &, n:

(K& m T < lI€lllinll (CBS inequality)

1€ +nll <[]l + [In|| (Triangle inequality)

1€+ 007 + 1€ = nlI> = 2(||€]1* + [[n]|*) (Parallelogram law)

(& mn) = (€ +nl* = 1€ = nll* +dll€ + inl|* — i[l€ — inl|?) (Polarization)

All these are proved by simple calculations. (For the CBS inequality, use
the fact that (£ + an,& + an) > 0 for all @ € C, and in particular for a =
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—(n,&)/(n,n) if (n,n) # 0.) By the triangle inequality, the “seminorm” is really
a seminorm. From the CBS inequality, we have that [£| = max¢|=; [({, ()]
for every . If (-,-) is an inner product, it follows that if (£,¢) = 0 for all ¢,
then £ = 0, and that || - || is a norm.

The CBS inequality is attributed, in different forms and contexts, to A.
Cauchy, V. Buniakovsky, and H. Schwarz, and is commonly referred to by
various subsets of these names.

1.1.1.3 An inner product space which is complete with respect to the in-
duced norm is a Hilbert space. The completion of an inner product space is a
Hilbert space in an obvious way. A finite-dimensional inner product space is
automatically a Hilbert space.

The standard example of a Hilbert space is L?(X, i), the space of square-
integrable functions on a measure space (X, u) (or, more precisely, of equiv-
alence classes of square-integrable functions, with functions agreeing almost
everywhere identified), with inner product (f,g) = [ fg du. If S is a set, let
i be counting measure on S, and denote L2(S, i) by 12(S). Denote 1?(N) by
12; this is the space of square-summable sequences of complex numbers.

I.1.1.4 The definition and basic properties of [? were given in 1906 by D.
Hilbert, who was the first to describe something approaching the modern
notion of a “Hilbert space,” and developed by E. Schmidt, F. Riesz, and others
in immediately succeeding years. The L? spaces were also studied during this
period, and the Riesz-Fischer theorem (isomorphism of L?(T) and [?(Z) via
Fourier transform) proved. The definition of an abstract Hilbert space was,
however, not given until 1928 by J. von Neumann [vN30a].

1.1.2 Orthogonality

1.1.2.1 Hilbert spaces have a geometric structure similar to that of Euclid-
ean space. The most important notion is orthogonality: & and n are orthogonal
if (£,nm) =0, written £ L 7. If S is a subset of a Hilbert space H, let

St ={¢ecH:(&n) =0forallnec S}
S+ is a closed subspace of H, called the orthogonal complement of S.

I.1.2.2 If S is a closed convex set in a Hilbert space H, and £ € H, and
n, N2 € S SatiSfy Hg - 771”2’ Hé- - 772”2 < d’LSt(E,S)Q + €, where dlSt(§7S) =
infeeg [|€ — ¢||, then by the parallelogram law

lm = m2ll* = 2(1€ = mll* + 1€ = n201*) = 201§ — 5(m +n2)|1* < 2¢

so there is a unique “closest vector” n € S satisfying ||€ — n|| = dist(¢,5).
If S is a closed subspace, then the closest approximant n to £ in S is the
“orthogonal projection” of £ onto S, i.e. £—n L S. It follows that every £ € H
can be uniquely written & = 7+ ¢, where n € S and ¢ € S*. Thus ()t = S.
Note that completeness is essential for the results of this paragraph.
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I.1.2.3 A set {&;} of vectors in an inner product space is orthonormal if
(&:,€;) = 6,5, L.e. it is a mutually orthogonal set of unit vectors. A maximal
orthonormal set in a Hilbert space is an orthonormal basis. If {£;} is an or-
thonormal basis for H, then every vector n € H can be uniquely written as
> & for a; = (n,&;) € C; and ||n]|? = >, |oi|?. Every Hilbert space has an
orthonormal basis, and the cardinality of all orthonormal bases for a given H
is the same, called the (orthogonal) dimension of H. Two Hilbert spaces of
the same dimension are isometrically isomorphic, so the dimension is the only
structural invariant for a Hilbert space. A Hilbert space is separable if and
only if its dimension is countable. In this case, an orthonormal basis can be
generated from any countable total subset by the Gram-Schmidt process; in
particular, any dense subspace of a separable Hilbert space contains an ortho-
normal basis (this is useful in applications where a concrete Hilbert space such
as a space of square-integrable functions contains a dense subspace of “nice”
elements such as polynomials or continuous or smooth functions.) Every sep-
arable infinite-dimensional Hilbert space is isometrically isomorphic to 2.

1.1.3 Dual Spaces and Weak Topology

Bounded linear functionals on a Hilbert space are easy to describe:

1.1.3.1 THEOREM. [RIESZ-FRECHET| Let H be a Hilbert space, and ¢ a
bounded linear functional on H. Then there is a (unique) vector £ € H with
¢(n) = (n,€) for all n € H; and ||| = |||

So the dual space H* of H may be identified with H (the identification
is conjugate-linear), and the weak (= weak-*) topology is given by the inner
product: & — & weakly if (§;,n) — (&,n) for all n. In particular, a Hilbert
space is a reflexive Banach space and the unit ball is therefore weakly compact.
A useful way of stating this is:

I.1.3.2 COROLLARY. Let H be a Hilbert space. If (§;) is a bounded weak
Cauchy net in H (i.e. ((§;,n)) is Cauchy for all n € H), then there is a (unique)
vector & € H such that & — & weakly, i.e. (&,n) — (£,n) for all n € H.

The weak topology is, of course, distinct from the norm topology (strictly
weaker) if H is infinite-dimensional: for example, an orthonormal sequence of
vectors converges weakly to 0. The next proposition gives a connection.

1.1.3.3 PROPOSITION. Let H be a Hilbert space, &,£ € H, with § — £
weakly. Then ||€]| < liminf [|&]], and & — £ in norm if and only if ||&;|| — [|£]-

PROOF: [|£]]2 = lim(&;, &) < [|€]|liminf ||&;]| by the CBS inequality.
€ — €lI* = (&, &) — (€, €) — (€, &) + (£,€)

which goes to zero if and only if ||&|| — ||£]]-
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1.1.3.4 If H is infinite-dimensional, then the weak topology on H is not first
countable, and a weakly convergent net need not be (norm-)bounded. It is an
easy consequence of Uniform Boundedness (I.2.1.3) that a weakly convergent
sequence is bounded. For example, if {£,} is an orthonormal sequence in H,
then 0 is in the weak closure of {y/n&,}, but no subsequence converges weakly
to 0 ([Hal67, Problem 28]; cf. [vIN30b]). If H is separable, then the restriction
of the weak topology to the unit ball of H is metrizable [Hal67, Problem 24].

I.1.4 Standard Constructions

There are two standard constructions on Hilbert spaces which are used re-
peatedly, direct sum and tensor product.

I1.1.4.1 If {H; : i € Q} is a set of Hilbert spaces, we can form the Hilbert
space direct sum, denoted P, H;, as the set of “sequences” (indexed by Q)
(++-& ), where & € H; and >, [|&]|* < oo (so & # 0 for only countably
many ¢). The inner product is given by

(oo )y Coomie)) = ) (Goma)-

K2

This is the completion of the algebraic direct sum with respect to this inner
product. If all H; are the same H, the direct sum is called the amplification of
H by card(Q2). The amplification of H by n (the direct sum of n copies of H)
is denoted by H"; the direct sum of countably many copies of H is denoted
H> (or sometimes [2(H)).

1.1.4.2 If H,, Ho are Hilbert spaces, let Hy ® Ho be the algebraic tensor
product over C. Put an inner product on H; ® Hs by

(61 ®&,m @mn2) = (§1,m1)1(82,m2)2

extended by linearity, where (-,-); is the inner product on H;. (It is easily
checked that this is an inner product, in particular that it is positive definite.)
Then the Hilbert space tensor product H; ® Hs is the completion of Hi @ Hs.
Tensor products of finitely many Hilbert spaces can be defined similarly. (In-
finite tensor products are trickier and will be discussed in I11.3.1.1.)

If H and H' are Hilbert spaces and {n; : ¢ € Q} is an orthonormal basis for
‘H’, then there is an isometric isomorphism from H®H’ to the amplification of
H by card(2), given by >, & ®mn; — (---& -+ ). In particular, H" is naturally
isomorphic to H ® C* and H>® = H @ I2.

If (X, ) is a measure space and H is a separable Hilbert space, then the
Hilbert space L?(X,u) ® H is naturally isomorphic to L?(X,u, H), the set
of weakly measurable functions f : X — H (i.e. z — (f(x),n) is a complex-
valued measurable function for all € H) such that [, [|f(z)]|? du(z) < oo,
with inner product
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(fq) = /X (@), 9()) da(z).

The isomorphism sends f ® n to (x — f(x)n).
Unless otherwise qualified, a “direct sum” or “tensor product” of Hilbert
spaces will always mean the Hilbert space direct sum or tensor product.

1.1.5 Real Hilbert Spaces

One can also consider real inner product spaces, real vector spaces with a (bi-
linear, real-valued) inner product (-,-) satisfying the properties of 1.1.1.1 for
a € R. A real Hilbert space is a complete real inner product space. A real
Hilbert space Hr can be complexified to C ®g Hg; conversely, a (complex)
Hilbert space can be regarded as a real Hilbert space by restricting scalar mul-
tiplication and using the real inner product (§,7) = Re(£,n). (Note, however,
that these two processes are not quite inverse to each other.) All of the results
of this section, and many (but by no means all) results about operators, hold
verbatim or have obvious exact analogs in the case of real Hilbert spaces.

Throughout this volume, the term “Hilbert space,” unless qualified with
“real,” will always denote a complex Hilbert space; and “linear” will mean
“complex-linear.”

1.2 Bounded Operators

1.2.1 Bounded Operators on Normed Spaces

I.2.1.1 An operator (linear transformation) 7" between normed vector spa-
ces X and ) (by convention, this means the domain of T is all of X) is bounded
if there is a K > 0 such that [|T¢]] < K||£]| for all £ € X. The smallest such
K is the (operator) norm of T, denoted |||, i.e.

IT|| = sup [IT¢]-
=1

An operator is continuous if and only if it is bounded. The set of bounded
operators from X to ) is denoted L£(X,Y) (the notation B(X,)) is also fre-
quently used). £(X, X) is usually denoted L(X) (or B(X)). L(X,)) is closed
under addition and scalar multiplication, and the norm is indeed a norm, i.e.
we have ||S + T|| < ||S|| + |T]| and |[oT|| = |a|||T|| for all S,T € L(X,D),
« € C. The space L(X,)) is complete if ) is complete. The norm also satisfies
ST < ISINT|l for all T € L(X,Y), S € L(V, Z).

L(X) is thus a Banach algebra if X is a Banach space. The identity oper-
ator on X, denoted I, is a unit for £(X).
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1.2.1.2 Tt is easy to see (most easily using the adjoint) that an element
of L(X,Y) is weakly continuous, i.e. continuous when X and ) are given
their weak topologies. Thus if X' is a Hilbert space (or, more generally, a
reflexive Banach space) with closed unit ball B, and T' € L(X,Y), then T'(B)
is weakly compact and hence weakly (and therefore norm-) closed since the
weak topology on ) is Hausdorff.

We recall three fundamental results about bounded operators on Banach
spaces.

I1.2.1.3 THEOREM. [UNIFORM BOUNDEDNESS| Let X and ) be Banach
spaces, T a subset of L(X,Y). If {||T¢|| : T € T} is bounded for each £ € X,
then {||T|| : T € T} is bounded.

1.2.1.4 THEOREM. [OPEN MAPPING| Let X and Y be Banach spaces, T €
L(X,Y). If T maps X onto ), then T is an open mapping,.

1.2.1.5 THEOREM. [CLOSED GRAPH| Let X and ) be Banach spaces, and
T : X — Y an operator (recall this means that the domain of T is all of X).
If the graph of T is closed in X x Y, then T is bounded.

All are consequences of the Baire Category Theorem. On Hilbert spaces,
there are direct proofs not using the Baire Category Theorem; cf. [Hal67]. Even
the first proofs of 1.2.1.3 on general Banach spaces used a “gliding hump”
argument in place of the Baire Category Theorem. The proof using Baire
Category was given in [BS27]. 1.2.1.4 and 1.2.1.5 were first proved in [Ban32].
Nowadays, 1.2.1.3 is usually obtained as a corollary of 1.2.1.5, and 1.2.1.5 as a
corollary of 1.2.1.4.

Good general references for various aspects of operator theory are [DS88al,
[DS88b], [Hal67], [HP74], [RSN55], [Ped89a].

1.2.2 Sesquilinear Forms

1.2.2.1 If X and Y are Hilbert spaces, a sesquilinear form on (X,)) is a
function (-,-) : X x ¥ — C which is linear in the first variable and conjugate-
linear in the second. The form is bounded if there is a K such that

1€, mI < K&l

for all £ € X, n € Y. The smallest such K is called the norm of the form.

1.2.2.2 PROPOSITION. Let (-,-) be a bounded sesquilinear form on (X,)),
with norm K. Then there is a (unique) bounded operator T from X to ) such
that (¢,n) = (T¢,n) for all £ € X, n € Y. This operator has ||T]| = K.

The proof is an easy application of the Riesz-Fréchet Theorem (I1.1.3.1).



1.2 Bounded Operators 7

1.2.2.3 Conversely, of course, any T € L(X,)) defines a bounded sesquilin-
ear form (§,m) = (T¢,n). There is thus a one-one correspondence between
bounded operators and bounded sesquilinear forms. Each point of view has
its advantages. Some early authors such as Hilbert used the form approach
exclusively instead of working with operators, but some parts of the theory
become almost impossibly difficult and cumbersome (e.g. composition of op-
erators) from this point of view. I. Fredholm and F. Riesz emphasized the
operator point of view, which is superior for most purposes.

1.2.2.4 The results of this subsection hold equally for operators on real
Hilbert spaces.

1.2.3 Adjoint

1.2.3.1 If H; and Hs are Hilbert spaces, then each T' € L£(H1, H2) has an
adjoint, denoted T*, in L(Hz,H1), defined by the property

(T, &)1 = (0, TE)2

for all £ € Hy, n € Ha, where (-, -); is the inner product on H;. (The existence
of T* follows immediately from 1.2.2.2; conversely, an operator with an adjoint
must be bounded by the Closed Graph Theorem.) Adjoints have the following
properties for all S,T € L(H1,H2), o € C:

(i) (S+T)* =S*+T*, (aT)* = aT*, and (T*)* = T;
(i) |7*]| = |7l and |T*T|| = ||T*.

Properties (i) are obvious, and the ones in (ii) follow from the fact that

T[] = supj¢= =1 {T€; M| = supyey=1 {TE E)I.

If H =C", then £L(H) can be naturally identified with M,, = M,,(C), and
the adjoint is the usual conjugate transpose.

The range R(T") and the null space N'(T) of a bounded operator T' are sub-
spaces; N(T) is closed, but R(T) is not necessarily closed. The fundamental
relationship is:

1.2.3.2 PROPOSITION. If X and Y are Hilbert spaces and T' € £(X,)), then
R(T)* = N(T%).

1.2.3.3 An operator on a real Hilbert space has an adjoint in the same man-
ner. We will primarily have occasion to consider conjugate-linear operators on
(complex) Hilbert spaces. A bounded conjugate-linear operator T from H; to
Hs has a (unique) conjugate-linear adjoint T* : Hy — H; with

(T*n, &)1 = (T€, )2

for all £ € Hyi, n € Ha (note the reversal of order in the inner product).
The uniqueness of T* is clear; existence can be proved by regarding T as
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an operator between the real Hilbert spaces H, and Hs with inner product
(&,m) = Re(&, n), or directly using involutions.

An involution on a (complex) Hilbert space H is a conjugate-linear isom-
etry J from H onto H with J2 = I. Involutions exist in abundance on any
Hilbert space: if (¢;) is an orthonormal basis for H, then > ;& — > @;&;
is an involution (and every involution is of this form). If {,n € H, then
(Jn, J&) = (& m)-

If T : Hy — Ho is a bounded conjugate-linear operator, and J is an
involution on Hi, then T'J is a bounded linear operator from H; to Ho;
T* = J(TJ)* is the adjoint of T (the proof uses the fact that (J&,n) = (Jn, &)
for all &, € Hy, i.e. J is “self-adjoint.”)

1.2.4 Self-Adjoint, Unitary, and Normal Operators

I.2.4.1 DEFINITION. Let H be a Hilbert space, and T € £(H). Then

T is self-adjoint if T =T*.

T is a projection if T = T* = T?.
T is an isometry if T*T = 1.

T is unitary if T*T =TT* = 1.
T is normal if T*T =TT*.

Self-adjoint and unitary operators are obviously normal. The usual defin-
ition of an isometry is an operator T such that | T¢|| = ||£]| for all £&. For such
a T, it follows from polarization that (T'¢,Tn) = (£, n) for all £, 7, and hence
that T*T = I. Conversely, if T*T = I, then it is obvious that T is an isometry
in this sense, so the definitions are equivalent. If T' is an isometry, then TT*
is a projection. Projections will be described in 1.5.

If T is unitary, then T" and T are isometries, and conversely; an invertible
or normal isometry is unitary.

Isometries and unitary operators between different Hilbert spaces can be
defined analogously.

1.2.4.2 If T is a normal operator on H, and £ € H, then
|IT€|? = (T€,T€) = (T"T¢, &) = (TT*E, &) = (T, T¢) = || T7¢|1*.

(Conversely, if |T¢|| = ||T*¢|| for all &, then by polarization (T¢,Tn)
(T*E,T*n) for all £, n, so T' is normal.) Thus, if T' is normal, N (T") = N(T*) =
R(T)*

1.2.4.3 EXAMPLES.

(i) Let (X, p) be a measure space, and H = L?(X, ). For every bounded mea-
surable function f : X — C there is a multiplication operator My € L(H)
defined by (M;&)(x) = f(x)&(x) (of course, this only makes sense almost
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everywhere). My is a bounded operator, and || M|l is the essential supre-
mum of [f|. MyMy = My, for all f,g, and M} = My, where f is the
complex conjugate of f. Thus all My are normal. In fact, the Spectral
Theorem implies that every normal operator looks very much like a mul-
tiplication operator. My is self-adjoint if and only if f(x) € R a.e., and
M is unitary if and only if |f(z)| =1 a.e.

Perhaps the most important single operator is the wunilateral shift S, de-
fined on % by

S(al, Qo, .. ) = (0,0[1, g, .. )

S is an isometry, and S* is the backwards shift defined by
S*(Ckl, a9, .. ) = (OZQ, ag, .. )

S*S = 1I, but SS* # I (it is the projection onto the space of sequences
with first coordinate 0). S can also be defined as multiplication by z
on the Hardy space H? of analytic functions on the unit disk with L2
boundary values on the circle T (if L*(T) is identified with [*(Z) via
Fourier transform, H? is the subspace of functions whose negative Fourier
coefficients vanish).

1.2.5 Amplifications and Commutants

1.2.5.1 1If H; and Hs are Hilbert spaces, there are natural extensions of
operators in L£(H;) to operators on Hy ® Ho: if T € L(H1), define T QI €
L(H1 ® Ha) by

(Teh(E@n) =TSR

Similarly, for S € L(Hz), I® S is defined by (I®S5)(E®@n) =£@5n. T — T®I
and S — I ® S are isometries. The images of £(H;) and L£(Hsz) are denoted
L(H1) ® I and I ® L(H2) respectively, called amplifications.

1.2.5.2 More generally, if S1,T7 € L(H1), So,T> € L(H2), we can define
S1® 59 € [:(Hl ® Hg) by

(S1®82)(E®@n) = 516 ® Son.

Then

S1®@85 =051 I®85)=1®52)(S1®1I)
(S14+T1)® 852 = (S1®852) + (11 ® Sz)
S1® (S2 +Tz) = (51 ®@ Sa) + (51 ® Tz)

(S1®82)(Th ®@Ts) = 51171 ® S2Th
(81 ®82)" =87 @55
191 @ Szl = [[S1[|:S2]l-
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1.2.5.3 If S C L(H), then the commutant of S is
S ={T€L(H): ST =TS for all S € S}.

&' is a closed subalgebra of £(H) containing I. We denote the bicommutant
(8') by §”. We obviously have S C §”, and §] 2 &} if S; C Ss. It follows
that &’ = (§”)’ for any set S.

1.2.5.4 PROPOSITION. If H1, Ho are Hilbert spaces and H = H; ® Ho, then
we have (L(H1)®I) = I® L(H2) (and, similarly, (I ® L(H2)) = L(H1) RI).
Thus, if S C L(H1), then (S® 1) =8"® 1.

The proof is a straightforward calculation: if {¢;} is an orthonormal basis
for H1, use the operators T;; ® I € L(H1) ® I, where T;;(n) = (n,&)¢;.
A similar calculation (cf. [KR97a, 5.5.4]) shows:

1.2.5.5 PROPOSITION. Let H and H’ be Hilbert spaces, Si,...,S, € L(H),
Ty,...,T, € L(H'). Then > S; @ T; = 0 in L(H ® H') if and only if it is 0
in L(H) ® L(H'), i.e. the natural map from L(H) © L(H') to L(H® H') is

injective.

1.2.6 Invertibility and Spectrum

In this section, we will essentially follow the first comprehensive development
and exposition of this theory, given by F. Riesz [Riel3] in 1913, abstracted
to Banach spaces and Hilbert spaces (which did not exist in 1913!) and with
some modern technical simplifications.

1.2.6.1 If T € L(X,Y) (X,Y Banach spaces) is invertible in the algebraic
sense, i.e. T is one-to-one and onto, then 7! is automatically bounded by
the Open Mapping Theorem. So there are two ways a bounded operator T'
can fail to be invertible:

T is not bounded below (recall that T is bounded below if Je > 0 such
that [ T¢]| > el¢]| for all €)
R(T) is not dense.

These possibilities are not mutually exclusive. For example, if T is a normal
operator on a Hilbert space, then N (T') = R(T)*, so if R(T) is not dense, then
T is not one-to-one and hence not bounded below. Thus a normal operator
on a Hilbert space is invertible if and only if it is bounded below.

1.2.6.2 DEFINITION. Let X be a normed vector space, T € L(X). The spec-
trum of T is
o(T)={XA € C: T — Al is not invertible}
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The spectrum of T can be thought of as the set of “generalized eigenvalues”
of T (note that every actual eigenvalue of T is in the spectrum). The first
definition (not the same as the one here — essentially the reciprocal) and
name “spectrum” were given by Hilbert; the modern definition is due to F.
Riesz.

1.2.6.3 If |A| > ||T||, then the series —A Y >~ ((A™'T)" converges absolutely
to an inverse for T'— AI, so o(T) C {X: |A| < |||}

It follows from general theory for (complex) Banach algebras (cf. I1.1.4)
that o(7') is nonempty and compact. Thus the spectral radius

r(T) = max{|A| : A € o(T)}
makes sense and satisfies r(T') < [|T|.

1.2.6.4 The numerical range of an operator T on a Hilbert space H is

W(T) = {(T€,¢) - [|¢]l = 1}
Set

w(T) =sup{|\| : A e W(T)}.
It is obvious that W (T*) = {\ : A € W(T)}, so w(T*) = w(T); if T = T*,
then W(T') C R. (Conversely, if W(T') C R, then T' = T*: for £, € H, expand
(T(€+n),€+n) € Rand (T(E+in), & +in) €R.)

I.2.6.5 PRrOPOSITION. If T € L(H), then o(T) € W(T) and r(T) < w(T) <
1T

To see that o(T) C W(T), note that if A\ € o(T), then either T — Al or
(T — MI)* is not bounded below, so there is a sequence (&,) of unit vectors
such that either (T'— AI)&, — 0 or (T — AI)*&, — 0. In either case, we obtain
that (T — A)&n, Ex) — 0.

1.2.6.6 Note that 7(T') = w(T) = ||T|| does not hold for general operators:
for example, let T be the (nilpotent) operator on C? given by the matrix
[ (1) 8 ] Then o(T) = {0}, so »(T') = 0; but ||T|| = 1. It can be shown by
an easy calculation that W(T) = {X : || < 1/2}, so w(T) = 1/2. (There are
also operators on infinite-dimensional Hilbert spaces whose numerical range
is not closed.)

1.2.6.7 DEFINITION. A (necessarily self-adjoint) operator 7" on a Hilbert
space H is positive if (T€,&) > 0 for all & Write T > 0 if T is positive, and
write L£(H)4 for the set of positive operators on H.

If T € L(H), then T*T > 0 (this is also true if T is conjugate-linear); if
T =T, then A\ =T > 0 for A > ||T'||. Sums and nonnegative scalar multiples
of positive operators are positive.

If S, T are self-adjoint operators, write S < T if T —S5 > 0, i.e. if (S, &) <
(T¢,€) for all €.
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1.2.6.8 Let S be a positive operator, and let m and M be the inf and sup
of W(S) respectively. The form (£,7) = (S, n) is positive semidefinite, and
thus satisfies the CBS inequality, yielding, for all £, 7,

[(S€,m)|* < (S €)(Sn,m) < (SE,E)M|nl|* < M?||¢]1*|In]>.

Setting = S¢ and dividing through by ||S¢||?, we obtain, for all &,
(5%€¢,6) = (S¢,86) = ||S¢|)* < M(S¢, €) < M|,

So we conclude:

1.2.6.9 PROPOSITION.

(i) IS|| = M and S* < MS.
(ii) If S is bounded below, then m > 0.

1.2.6.10 PROPOSITION. If T is a self-adjoint operator on a Hilbert space
H, and m and M are the inf and sup of W(T) respectively, then o(T") C
[m, M] CR and m, M € o(T). Thus r(T) = w(T).

PRrROOF: o(T) C [m, M] by 1.2.6.5. Applying 1.2.6.9(ii) to T—mI and MI—T,
we obtain m, M € o(T).

1.2.6.11 PROPOSITION. Let T be a self-adjoint element of L(H). Then
r(T) = Tl[(= w(T)).

There are several simple proofs known. Perhaps the best proceeds by ap-
plying 1.2.6.9to S = (T'+1)/2if -1 <T < I (so 0 < S <I) to conclude that
S2< S50l —T?=4(5-5%)>0,0<T? <1, |T?|=|T|?<1byL2.6.9.

In particular, if T > 0, then o(T) C [0, ||T]]] and || T|| € o(T).

The statement r(T") = w(T") = ||T|| is true for an arbitrary normal operator
T (I1.1.6.3).

Here is a useful generalization of 1.2.6.8 (cf. [KR97b, 10.5.7]).

1.2.6.12 PROPOSITION. Let Sy,...,S, € L(H)4 with [|S1+---+ S,|| < M,
and fl, e ,Sn € H Then ZZ:l \\Skfk”z S MZZ:1<S]€§]€,§]€>.

PROOF: Define a pre-inner product on H"™ by (D n, @ Ck) = Y ne i (S Ci)-
Set g = & and ( = Z?Zl S;¢&; for all k, and apply the CBS inequality.

1.2.6.13 COROLLARY. Let S1,...,S, € L(H)4+ with ||S1+ -+ + Syl < M.
IfA,....,\, € Cand T = ZZ:] ASk, then T*T < MZZ:l |/\k|2Sk In
particular, ||T]] < M max |Ag|.
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Another application of the CBS inequality gives:

1.2.6.14 PROPOSITION. Let T be a positive operator on a Hilbert space H,
and &1 € H. Then (T(£ +n),& +n) < [(TE Y2 + (Tn,n)'/?]2.

Proor: We have (T'(§ +n),& +n) = (T'€,€) + 2Re(T€,n) + (I'n,n), and by
the CBS inequality Re(T¢,n) < [(T€,&)(Tn, n)]*/2.

1.2.6.15 COROLLARY. Let T be a positive operator on H, and {{;} a total
set of vectors in H. If (T¢;,&;) =0 for all ¢, then T = 0.

An important special case is worth noting:

1.2.6.16 COROLLARY. Let H; and Ho be Hilbert spaces, and 1" a positive
operator on Hy ® Ho. If (T'(§1 ® £2),&1 ® &) = 0 for all & € Hy, & € Ha,
then T'= 0. (Actually & and &; need only range over total subsets of H; and
Ho respectively.)

1.3 Other Topologies on L(H)

L(H) has several other useful topologies in addition to the norm topology.

1.3.1 Strong and Weak Topologies

1.3.1.1 DEFINITION.

The strong operator topology on L(H) is the topology of pointwise norm-con-
vergence, i.e. T; — T strongly if T;& — T¢ for all £ € H.

The weak operator topology on L(H) is the topology of pointwise weak con-
vergence, i.e. T; — T weakly if (T;¢,n) — (T¢,n) for all {,n € H.

The word “operator” is often omitted in the names of these topologies; this
usually causes no confusion, although technically there is a different topol-
ogy on L(H) (more generally, on any Banach space) called the “weak topol-
ogy,” the topology of pointwise convergence for linear functionals in L(H)*.
This topology, stronger than the weak operator topology, is rarely used on
L(H). In this volume, “weak topology” will mean “weak operator topology,”
and “strong topology” will mean “strong operator topology.” (Caution: in
some references, “strong topology” or “strong convergence” refers to the norm

topology.)

1.3.1.2 If (T;) is a (norm-)bounded net in £(H), then T; — T in the strong
[resp. weak] operator topology if and only if ;6 — T¢ in norm [resp. weakly]
for a dense (or just total) set of £&. Boundedness is essential here; a strongly
convergent net need not be bounded. (A weakly convergent sequence must be
bounded by the Uniform Boundedness Theorem.)
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1.3.1.3 There are variants of these topologies, called the o-strong (or ultra-
strong) operator topology and the o-weak (or ultraweak) operator topology. A
(rather unnatural) definition of these topologies is to first form the amplifi-
cation H*> = H ® I?; then the restriction of the weak [resp. strong] topology
on L(H*) to the image L(H) ® I is the o-weak [resp. o-strong] topology on
L(H). An explicit description of the topologies in terms of sets of vectors in
‘H can be obtained from this. A more natural definition will be given in 1.8.6;
the o-strong and o-weak topologies are actually more intrinsic to the Banach
space structure of £(H) than the weak or strong topologies.

1.3.1.4 As the names suggest, the weak operator topology is weaker than
the strong operator topology, and the o-weak is weaker than the o-strong. The
weak is weaker than the o-weak, and the strong is weaker than the o-strong.
The weak and o-weak topologies are not much different: they coincide on all
(norm-)bounded sets, as follows easily from 1.3.1.2. Similarly, the strong and
o-strong coincide on bounded sets. All are locally convex Hausdorff vector
space topologies (the strong operator topology is generated by the family of
seminorms || - ||¢, where ||T|¢ = ||T¢||; the others are generated by similar
families of seminorms.) All of these topologies are weaker than the norm
topology, and none are metrizable (cf. I11.2.2.28) except when H is finite-
dimensional, in which case they coincide with the norm topology. (The unit
ball of L(H) is metrizable in both the strong and weak topologies if H is
separable.)

1.3.1.5 EXAMPLES. Let S be the unilateral shift (I1.2.4.3). Then S™ — 0
weakly, but not strongly. (S*)™ — 0 strongly, but not in norm.

1.3.1.6 This example shows that the adjoint operation is not strongly con-
tinuous. (It is obviously weakly continuous.) One can define another, stronger
topology, the strong-* operator topology, by the seminorms T +— ||T¢|| and
T — || T*¢|| for £ € H, in which the adjoint is continuous. There is similarly a
o-strong-* operator topology.

Even though the adjoint is not strongly continuous, the set of self-adjoint
operators is strongly closed (because it is weakly closed).

1.3.2 Properties of the Topologies

1.3.2.1 Addition and scalar multiplication are jointly continuous in all the
topologies. Multiplication is separately continuous in all the topologies, and
is jointly strongly and strong-* continuous on bounded sets. However, mul-
tiplication is not jointly strongly (or strong-*) continuous. Example 1.3.1.5
shows that multiplication is not jointly weakly continuous even on bounded
sets: S™ and (S*)™ both converge to 0 weakly, but (S*)"S™ = I for all n. The
separate weak continuity of multiplication implies that S’ is weakly closed for
any S C L(H).
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1.3.2.2 The (closed) unit ball of £(H) is complete in all these topologies
[although L(H) itself is not weakly or strongly complete if H is infinite-
dimensional: if T' is an unbounded everywhere-defined operator on H, for
each finite-dimensional subspace F' of H let Tr = T o Pr, where Pr is the
orthogonal projection onto F. Then (TF) is a strong Cauchy net in L(H)
which does not converge weakly in £(H). However, L(H) is o-strongly and
o-strong-* complete (I1.7.3.7, I11.7.3.11)!] In fact, since the o-weak operator
topology coincides with the weak-* topology on L£(H) when regarded as the
dual of the space of the trace-class operators (1.8.6), the unit ball of £(H)
is compact in the weak operator topology. This can be proved directly using
Banach limits, which are also useful in other contexts:

1.3.2.3 Let Q be a fixed directed set. Let Cy(2) be the set of all bounded
functions from Q to C. With pointwise operations and supremum norm, C(£2)
is a Banach space (in fact, it is a commutative C*-algebra). For i € , let
;i : Cp(Q) — C be evaluation at 4; then m; is a homomorphism and a linear
functional of norm 1 (in fact, it is a pure state (I11.6.2.9)). A pure Banach
limit on  is a weak-* limit point w of the net (7;) in the unit ball of Cp(£2)*
(which is weak-* compact). We usually write lim,(}\;) for w((A;)). A pure
Banach limit has the following properties:

(1) limg, (N + i) = (limy, A;) 4+ (limg, ;).

(ii) limy, (Ap;) = A(limy, ;).

(i) limg, (Aspi) = (limg, Ag) (limy, p;)-

(iv) lim,, A; is the complex conjugate of lim,, A;.
(v) liminf || < [lim,, A;| < limsup |A;|.

(vi) If A; — A, then X\ = lim,, A;.

A Banach limit on € is an element of the closed convex hull of the pure
Banach limits on 2, i.e. an element of N;eqco{;|j > i}. A Banach limit has
the same properties except for (iii) in general.

1.3.2.4 Banach limits can also be defined in £(H). Again fix 2 and a Banach
limit w on Q. If (7;) is a bounded net in L£L(H), for {,n € H define (§,n) =
lim, (T3¢, m). Then (-,-) is a bounded sesquilinear form on H, so, by 1.2.2.2
there is a T' € L(H) with (§,n) = (T€,n) for all &, n. Write T = lim,, T;. This
Banach limit has the following properties:

(1) limy,(S; +T;) = (lim,, S;) + (limy, T;).

(ii) lim, (AT;) = A(lim,, T3).
(iii) | lim,, T3] < limsup || T3]
(iv) lim, (T7) = (lim,, T;)*.

(v) lim,, T; is a weak limit point of (73).
(vi) If T; — T weakly, then T' = lim,, T;.

Property (v) implies the weak compactness of the unit ball of £(H).

The most useful version of completeness for the strong operator topology
is the following;:
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1.3.2.5 PROPOSITION. Let (T;) be a bounded increasing net of positive op-
erators on a Hilbert space H (i.e. T; < Tj for ¢ < j, and 3K with ||T;|| < K
for all ¢). Then there is a positive operator T' on H with T; — T strongly, and
IT|| = sup ||T;]|. T is the least upper bound for {T;} in L(H).

For the proof, an application of the CBS inequality yields that, for any
¢ € H, (T;€) is a Cauchy net in H, which converges to a vector we call T¢.
It is easy to check that T thus defined is linear, bounded, and positive, and
T; — T strongly by construction.

It follows that every decreasing net of positive operators converges strongly
to a positive operator.

1.3.2.6 COROLLARY. Let (T};) be a monotone increasing (or decreasing) net
of positive operators converging weakly to an operator 7. Then T; — T
strongly, and T is the least upper bound (or greatest lower bound) of {T;}.

Indeed, if (T;) is increasing and weakly convergent to T, then 0 < T; < T
for all i, so || T;|| < ||T|-

Here is a simple, but useful, fact which is closely related (in fact, combined
with 1.8.6 gives an alternate proof of 1.3.2.5):

1.3.2.7 PRoOPOSITION. Let (T;) be a net in £(H), and suppose T;T; — 0
weakly. Then

(i) T; — 0 strongly.
(ii) If {T;} is bounded, then T}T; — 0 strongly.

PRrROOF: (i): If (TFT;&,n) — 0 for all &, n, then for all &,
|ITi||” = (T3, Ti€) = (T; T€, €) — 0.

(ii) If || T;|| < K for all 4, then for any &, ||T7T;¢| < K||T:¢|| — 0.

1.3.2.8 COROLLARY. Let (S;) be a bounded net of positive operators con-
verging weakly to 0. Then S; — 0 strongly.

PROOF: Set T; = 572 (1.4.2).

Caution: 1.3.2.6 and 1.3.2.8 do not mean that the strong and weak topologies
coincide on the positive part of the unit ball of £(H)!
They do, however, coincide on the set of unitaries:

1.3.2.9 PROPOSITION. The strong, weak, o-strong, o-weak, strong-*, and
o-strong-* topologies coincide on the group U (H) of unitary operators on H,
and make U(H) into a topological group.

The agreement of the strong and weak topologies on U (H) follows immedi-
ately from 1.1.3.3. The adjoint (inverse) is thus strongly continuous on U (H),
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so the strong and strong-* topologies coincide. The o-topologies agree with
the others on bounded sets. Multiplication is jointly strongly continuous on
bounded sets.

Note, however, that the closure of U(H) in L(H) is not the same in the
strong, weak, and strong-* topologies. The strong closure of U (H) consists of
isometries (in fact, all isometries; cf. [Hal67, Problem 225]), and thus U (H)
is strong-* closed; whereas the weak closure includes coisometries (adjoints of
isometries) also. Thus the unilateral shift S is in the strong closure, but not
the strong-* closure, and S* is in the weak closure but not the strong closure.
In fact, the weak closure of U(H) is the entire closed unit ball of £(H) [Hal67,
Problem 224].

1.3.2.10 THEOREM. [DD63] Let H be an infinite-dimensional Hilbert space.
Then U(H) is contractible in the weak/strong/strong-* topologies, and the
unit sphere {€ € H : ||| = 1} of H is contractible in the norm topology.

PROOF: First suppose H is separable, and hence H can be identified with
L2[0,1]. For 0 < t < 1, let V; € L(H) be defined by [Vi(f)](s) = t~Y/2f(s/t)
(setting f(s) =0 for s > 1). Then V; is an isometry, V; = I, and t — V; and
t — V,* are strongly continuous. If P, = V;V;*, then P, is a projection (it is the
projection onto the subspace L?[0,t]) and t +— P; is strongly continuous. In
fact, P is multiplication by x|o,- Then, as t — 0, V; — 0 weakly and P, — 0
strongly, and the map from U(H) x [0, 1] to U(H) defined by

(U,t) = VUV + (I - R)

for t > 0 and (U,0) — I is continuous and gives a contraction of U(H).
Similarly, if f € L2[0,1], ||f]| = 1, set

H(f.t) =t"2Vif + (1 — )"\

this gives a contraction of the unit sphere of H.
For a general H, H = L?[0,1] ® H. Use the same argument with V; ® I
and P; ® I in place of V;, P;.

If H is infinite-dimensional, then N. Kuiper [Kui65] proved that U(H) is
also contractible in the norm topology. The same is true for the unitary group
of any properly infinite von Neumann algebra [BW76] and of the multiplier
algebra of a stable o-unital C*-algebra [CH87]. Note that the result fails if
dim(H) = n < oo: the algebraic topology of U(n, C) is fairly complicated.

I.4 Functional Calculus

We continue to follow the exposition of [Riel3] with some modernizations.
There is a very important procedure for applying functions to operators

called functional calculus. Polynomials with complex coefficients can be ap-

plied to any operator in an obvious way. This procedure can be extended
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to holomorphic functions of arbitrary operators in a way described in II1.1.5.
For self-adjoint operators (and, more generally, for normal operators), this
functional calculus can be defined for continuous functions and even bounded
Borel measurable functions, as we now describe.

I.4.1 Functional Calculus for Continuous Functions

To describe the procedure for defining a continuous function of a self-adjoint
operator, we first need a simple fact called the Spectral Mapping Theorem for
polynomials:

I1.4.1.1 PROPOSITION. Let T € L(H), and let p be a polynomial with com-
plex coefficients. Then o(p(T')) = {p(A\) : A € o(T)}.

The proof is an easy application of the Fundamental Theorem of Algebra: if
A€ C, write p(2) = A =a(z — pu1) -+ (2 — py); then

p(T) =M = a(T = ) (T = pal)

and, since the T — p ] commute, p(T") — A is invertible if and only if all the
T — gl are invertible.
Combining this result with 1.2.6.10, we get:

1.4.1.2 COROLLARY. If T is self-adjoint and p is a polynomial with real
coefficients, then ||p(T)|| = max{|p(A\)| : A € o(T)}.

(This is even true if p has complex coefficients (I1.2.3.2)).

1.4.1.3 If T is self-adjoint and m, M are as in 1.2.6.10, then polynomials with
real coefficients are uniformly dense in the real-valued continuous functions
on [m, M] by the Stone-Weierstrass Theorem. If f is a real-valued continu-
ous function on o(T) and (p,) is a sequence of polynomials with real coef-
ficients converging uniformly to f on o(T), then (p,(T)) converges in norm
to a self-adjoint operator we may call f(7T'). The definition of f(T") does not
depend on the choice of the sequence (p,). We have that f — f(T) is an
isometric algebra-isomorphism from the real Banach algebra Cg(o(T")), with
supremum norm, onto the closed real subalgebra of L£(H) generated by T.
(This homomorphism extends to complex-valued continuous functions in a
manner extending the application of polynomials with complex coefficients.)
Since f(T') is a limit of polynomials in T, f(T) € {T}”; in particular, the
f(T) all commute with each other.

We have that f(T) > 0 if and only if f > 0 on ¢(T); more generally, we
have o(f(T)) C [n, N], where

n=min{f(A\): A€ o(T)}, N =max{f(\): A € o(T)}.

(Actually, with a bit more work (I1.2.3.2) one can show the Spectral Mapping
Theorem in this context: o(f(T)) = {f(A) : A € o(T)}.)
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1.4.2 Square Roots of Positive Operators

Applying this procedure to the function f(t) = t*, we get:

1.4.2.1 PROPOSITION. If T' > 0, then there is a continuous function o — T
from Ry to L(H) satisfying TT% = T8 Yo, 8 and T* = T. T € {T}".

In particular, if « = 1/2 we get a positive square root for T.

1.4.2.2 COROLLARY. Every positive operator has a positive square root.

In fact, the operator T%/2 is the wnique positive square root of T
(IL.3.1.2(vii)).

T'/2 can be, and often is, explicitly defined using a sequence of polynomials
converging uniformly to the function f(¢) = ¢/2. For example, if || T|| < 1 the
sequence pg = 0, pn41(t) = pa(t) + 3(t — pn(t)?) increases to f(t) on [0, 1],
and hence p,,(T) / T"/2.

1.4.2.3 If T is self-adjoint, we define Ty, T—, and |T'| to be f(T), g(T), and
h(T) respectively, where f(t) = max(¢,0), g(t) = —min(¢,0), and h(t) = [t| =
F(t) + g(t). We have Ty, T_,|T| € {T}", Ty, T_,|T| € L(H)4, T =Ty — T,
IT| =T, +T_, T:T_ =0, |T| = (T?)/2. Ty and T_ are called the positive
and negative parts of T, and |T| is the absolute value of T.

If T is an arbitrary element of £(H), define |T| to be (T*T)'/2.

1.4.3 Functional Calculus for Borel Functions

1.4.3.1 If T is self-adjoint, m, M as above, and f is a bounded nonnegative
lower semicontinuous function on [m, M|, choose an increasing sequence f,, of
nonnegative continuous functions on [m, M| converging pointwise to f. Then
(fn(T)) is a bounded increasing sequence of positive operators, and hence
converges strongly to a positive operator we may call f(T"). The definition of
f(T) is independent of the choice of the f,, and f(T) € {T}”. Similar consid-
erations apply to decreasing sequences and upper semicontinuous functions.

1.4.3.2 If f is a bounded real-valued Borel measurable function on [m, M],
then f can be obtained by taking successive pointwise limits of increasing
and decreasing sequences (perhaps transfinitely many times) beginning with
continuous functions. We may then define f(7') in the analogous way. This
is again well defined; f(7) € {T'}’. See I11.5.2.13 for a slick and rigorous
treatment of Borel functional calculus. An alternate approach to defining f(7')
using the spectral theorem will be given in 1.6.1.5.

1.5 Projections

Projections are the simplest non-scalar operators, and play a vital role
throughout the theory of operators and operator algebras.
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1.5.1 Definitions and Basic Properties

1.5.1.1 If ‘H is a Hilbert space and X a closed subspace, then every £ € 'H
can be uniquely written as 1 + ¢, where € X, ( € X*. The function ¢ +— 7
is a bounded self-adjoint idempotent operator Py, called the (orthogonal)
projection onto X. Py > 0, P2 = Py, |[Py| = 1, and o(Py) = {0,1}.
Conversely, if P € L(H) satisfies P = P* = P2 then P is a projection:
P = Py, where X = R(P). There is thus a one-one correspondence between
projections in £(H) and closed subspaces of H.

1.5.1.2 PROPOSITION. If X, are closed subspaces of H, then the following
are equivalent:

(i) Px < Py (as elements of L(H)).
(ii) Px < APy for some A > 0.
(iii) X C V.
(.V) Pxpy = PyPX = Px.
v) Py — Py is a projection (it is Pyqx).

1.5.1.3 The set Proj(H) of projections in £(H) is a complete lattice (Boo-
lean algebra). Py A Py = Pyny, Px V Py = P(Xij)f, P/%‘ = Py =1 — Py.
N; Px, = Pnx, and \/; Px, = Py x,)-. If P and QQ commute, then PAQ = PQ
and PVQ =P+ Q — PQ.

If (P;) is an increasing net of projections, then P; — \/, P; strongly; if (P;)
is decreasing, then P; — A, P; strongly.

1.5.1.4 REMARK.Notethat £(H) isnot alattice unless H is one-dimensional.
For example, P = [ (1) 8 ] and Q) = % [ 1 1 } have no least upper bound

in (Ms)y. [The matrices I = [ (1) 1 } and P+ Q = 1 [ i) } ] are upper
bounds, but there is no T' with P,Q <T < I, P+@Q, i.e. (M) does not have
the Riesz Interpolation Property.] Thus the supremum of P and @ in Proj(H)
is not necessarily a least upper bound of P and Q in L(H).

However, if (P;) is an increasing net of projections in £(H), then P = \/ P,
is the least upper bound for {F;} in £L(H)4, since P, — P strongly, and for
each T € L(H)4+, {S € L(H):0< S <T} is strongly closed.

o

1.5.1.5 The lattice operations are not distributive in general: if P, @, R are
projections in L£(H), then it is not true in general that (P V Q) A R =
(PAR)V(QAR) (this equality does hold if P,@, R commute). But there
is a weaker version called the orthomodular law which does hold in general:

1.5.1.6 PROPOSITION. Let P, @, R be projections in £(H) with P 1 @ and
P<R.Then (P+Q)ANR=PV(QAR).
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1.5.1.7 As with unitaries (I.3.2.9), the strong, weak, o-strong, o-weak,
strong-* topologies coincide on the set of projections on H, using 1.1.3.3,
since if P; — P weakly, for any £ € H we have

1P:El* = (Pig, €) — (P&, &) = || P€|*.

The set of projections is strongly closed. The weak closure is the positive
portion of the closed unit ball.

Projections in Tensor Products

Let H; and Hy be Hilbert spaces, and P and @ projections in £(H;) and
L(H2) respectively. Then P ® @ is a projection in L£(H; ® Hz): it is the
projection onto the subspace PH1 ® QHo.

I.5.1.8 PROPOSITION. Let {P; : i € I} and {Q; : j € J} be sets of projec-
tions in £(H1) and L(Hz) respectively. If \/; P; = P in L(H1) and V; Q; = @
in ;C(HQ), then Vi7j Pz ® Qj =P X Q in E(Hl ®H2)

PRrROOF: The span of {P;H; : i € I} is dense in PH; and the span of {Q;H> :
j € J} is dense in QH3, so the span of

{(PP®Qj)(Hi®@He):iel,je J}

is dense in PH; ® QHa = (P ® Q)(H1 ® Ha).

1.5.2 Support Projections and Polar Decomposition

1.5.2.1 If T € L(X,)), then the right support projection of T is the projec-
tion Pr onto N(T)*. Pr is the unique projection in £(X') with the property
that TPr = T and PrS = 0 whenever S € £(X) and T'S = 0, and is the
smallest projection P such that TP = T. Similarly, the left support projection
of T is the projection @ € L(Y) onto the closure of the range of T, i.e. the
right support projection of T*. Qp satisfies QT =T and SQr = 0 whenever
S e L(Y) and ST = 0.

If T € L(H) is normal, then its left and right support projections coin-
cide. If T' > 0, then T* — P strongly as a — 0, so Pr is a strong limit of
polynomials in T" and therefore Pr € {T'}". Also,

T(T+el)™' — Pr

strongly as € — 0. In general, Pr = Pp«p and Qpr = Qpp+ = Ppp«, so
(T*T)* — Pr and (TT*)* — Qr strongly as a — 0.

If P, Q are projections, then PV @ is the support projection of P + Q;
thus PVQand PAQ =I1—-[I—-P)V(I—-Q)] arein {P,Q}".
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1.5.2.2 The operators |T| = (T*T)*/2? and T map PrX one-one onto dense
subspaces of PrX and Qr) respectively. Also,

ITIE = (|TIE, ITIe) = (T™TE,€) = (T€,T€) = | T¢||?

for any £. Thus the map |T|{ — T¢ is well-defined, linear, and isometric,
and extends to an isometry U from PrX onto @Qr). U may be regarded
as an element of £(X,)) by setting U = 0 on (PrX)*. Then U satisfies
U*U = Pp, UU* = Qr, and T = U|T|, and is the unique element of L(X,))
with these properties. T' = U|T)| is called the (left) polar decomposition of T.
The operator T' also has a right polar decomposition coming from the left
polar decomposition of T™; in fact,

TT* =U|T)*PU* = U(T*T)U*
and by iteration (TT*)" = U(T*T)"U* for all n, so
T*| = (TT*)"/? = U(T*T)"/*U* = U|T|U"

and hence T = U|T| = |T*|U. The uniqueness of polar decomposition implies
that if T € L(H) with polar decomposition T = U|T|, and V € L(H) is
unitary, then the polar decomposition of VT is (VU)|T.

T(T*T + eIx)~'/2 converges strongly to U as € — 0. So if T € L(H), then
U e {T,T*}", and obviously |T| € {T,T*}" also. If T € L(X,Y) and T*T
is invertible, then U is an isometry, and U = T(T*T)~'/2. So if T € L(H)
is invertible, then U (as well as |T'|) is in the norm-closed algebra generated
by T and T*. Similarly, if T € £(X,)) and TT* is invertible, then U is a
coisometry and U = (TT*)~Y2T. If T is invertible (or, more generally, one-
one with dense range), then U is unitary.

1.5.2.3 1In general, U is a partial isometry from PrX to QrX. A partial
isometry is an operator U € L(X,)) such that U*U is a projection P. A
partial isometry U is an isometry from N(U)* onto R(U), and P = U*U =
Pyryr; UU™ is also a projection ) = Pr(yy. The projections P and @) are
called the initial and final projections, or source and range projections, of U.

There is a useful generalization of the construction of U:

I.5.2.4 PROPOSITION. Let S,T € L(H) with S*S < T*T. Then there is a
unique W € L(H) with W*W < Qr (hence |[W]| < 1), and S = WT. If
R € L(H) commutes with S, T, and T*, then RW = WR.

ProOOF: W is defined on R(T) by W(TE) = S (W is well defined since
1S¢|| < || T€]| for all £). W extends to an operator on QrH by continuity; set
W =0on Q+H. Then W*W < Qr and S = WT. If RT = TR, RT* = T*R,
and RS = SR, then for n = T¢ € R(T) we have

WRy=WRTE = WTRE = SRE = RSE = RWTE = RWy
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and thus RWn = W Ry forn € QrH. Since R(TT*) = (TT*)R, RQT = QTR,
and thus R leaves (I —Q7)H invariant; thus if n € Q=H, then WRn = RWn =
0.

A simple matrix trick yields a multivariable version:

1.5.2.5 PROPOSITION. Let S,T4,...,T, € L(H) with §*S < >7_ | Ty Ty.
Then there are unique Wy, ..., W,, € L(H) with

Z WiWi < Qy 1em,

k=1
(hence |[Wi|| < 1), and S =>;_, WiTy. If R € L(H) commutes with S, T},
and T} (1 <k <n), then RW;, = WyR (1 <k <n).
ProOF: Identify L(H") with M, (L(H)), and set S = diag(S,0,---,0), and
T the matrix with first column T3,...,T, and other entries 0. Apply 1.5.2.4
to obtain S = WT. Then W has first row Wy, ..., W, and other entries 0.

1.5.2.6 If T is a bounded conjugate-linear operator on H, and J is an in-
volution (1.2.3.3), then JT € L(H), and T*T = (JT)*(JT), so |T| = |JT| is
well defined; if JT = U|JT| = U|T| is the polar decomposition of JT, then
T = V|T| is a polar decomposition for T, where V' = JU is a “conjugate-linear
partial isometry,” i.e. V*V and VV* are projections which are naturally the
right and left support projections for 7. This construction is independent of
the choice of J (if K is another involution, then JK is unitary). We also have
JT = |T*J|U and (JTT*J)* = J(TT*)™J for all n, so

|T*J| = (JTT*J)/? = J|T*|J

and hence T' = J(JT) = |T*|JU = |T*|V as in the linear case. Thus bounded
conjugate-linear operators have a well-defined and unique polar decomposition
with analogous properties to those of linear operators.

1.6 The Spectral Theorem

The spectral theorem gives a complete description of self-adjoint (bounded)
operators on a Hilbert space as generalized multiplication operators (I1.2.4.3(1)).
There are also versions of the theorem for normal operators and for unbounded
self-adjoint operators. The version and exposition here comes essentially from
[Riel3] with some modernizations.

1.6.1 Spectral Theorem for Bounded Self-Adjoint Operators

1.6.1.1 If T is a self-adjoint operator on a Hilbert space H and A € R, let
Ex00) = E(r,00)(T') = Pr—xr), , the support projection of (T'— AI) (1.4.2.3,
1.5.2). The family {E( o) : A € R} is called the spectral resolution of T', and
has the following properties:
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Enoo) Z By it A< 1
(E(x,o0)) is strongly continuous from the right
If o(T) C [m, M], then E() ) = I for A < m and E( ) = 0 for A > M.

1.6.1.2 We then define Ep) ) = A,y E(y,00)- We have that Epy ) >
E(x00), and Epy o) — B, s the projection onto the eigenspace {{ € H :
T¢ = A}, so for “most” A we have E|y o) = E() o) Furthermore, for A < p,
set B = B o) — E(u,00), and similarly define E(y ), Ejx ), and E(y ).
More generally, if B is any Borel subset of ¢(T"), Ep may be defined by suc-
cessive infima and suprema. (See II1.5.2.13 for another way to define the Eg.)
Ep is called the spectral projection of T corresponding to B. The family {Eg}
satisfies:

) EA<Epif ACB

(ii) Fo L Egif ANB=10

(i) If AN B =0, then Eaup = Ea + Ep
(iv) If J,, Bn = B, then Egp =\/, Ep,

( ) E(Z)zoon(T):I

) o(ET) C BU{0}.

A family of projections with properties (i)-(v) is called a projection-valued
measure (or resolution of the identity) over o(T).

1.6.1.3 In addition, all Ep are strong limits of polynomials in 7" and are
therefore in {T'}”; in particular, all the spectral projections of T" commute
with each other and with T', and the range of Ep is invariant under 7. (ii)
and (vi) say that the range of Ep is the “part” of H on which T “looks like”
a multiplication operator (with multiplicity) by a function taking values in B.
In particular, A\I < Epy ,)T" < pul on the range of Epy .

It follows easily that if o(T) C [m, M]and{Ag=m < A\ < --- < A\, =M}
is a partition of [m, M], then |T—Y"7" | NiEjx,_, x|l < max{|A\;—X;_1]}. Thus
we obtain:

1.6.1.4 THEOREM. [SPECTRAL THEOREM] If T is a (bounded) self-adjoint
operator on a Hilbert space H, and {Ep(T)} are its spectral projections, then

00 17|
T / N dEy — / X dE,
-0 =Tl

under any reasonable interpretation of the integral (e.g. in the sense that the
Riemann sum approximations to the integral converge in norm to 7'.)

One can also interpret functional calculus using the spectral resolution:
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1.6.1.5 THEOREM. Let T be a self-adjoint operator on a Hilbert space H,
and f a bounded complex-valued Borel function on (7). Then

00 el
10 = [ swae= [ ) e,
—o0 =Tl
where the integral can be interpreted as a Riemann (or Riemann-Stieltjes)
integral if f is (piecewise) continuous and a Lebesgue (Lebesgue-Stieltjes)
integral otherwise.

1.6.2 Spectral Theorem for Normal Operators

1.6.2.1 There is also a version of the spectral theorem for normal operators.
If N is a normal operator on ‘H, write N = S+¢T with S, T self-adjoint. Then,
since S and T commute, the spectral projections for S and T all commute
with each other and with S and T'; the ranges of the spectral projections
for S are invariant under 7T, and vice versa. Thus, if A and B are Borel
subsets of o(S) and o(T') respectively, we may set Eaxp(N) = EA(S)Ep(T).
By successive orthogonal sums, infima, and suprema, we may then define a
spectral projection E¢(N) for any Borel subset C' of o(N) C C. The family
{Ec(N)} is a projection-valued measure over o(N) (1.6.1.2), and we have:

1.6.2.2 THEOREM. [SPECTRAL THEOREM FOR NORMAL OPERATORS| Let
N be a normal operator on a Hilbert space H, and {Ec(N)} its spectral
resolution. Then

Nz/ A dE)y
o(N)

where the integral can be interpreted as a Riemann integral over a rectangle
in C (or as a Lebesgue integral over o(N)).

1.6.2.3 Although there is no actual (scalar-valued) measure associated to a
spectral resolution, there is a well-defined notion of a “set of measure zero”:
a Borel set B has N-measure zero if Eg(N) = 0. There is thus a notion of
“N-almost everywhere.” In fact, there is a well-defined measure class corre-
sponding to the spectral “measure.” No nonempty open set has zero measure.

1.6.2.4 If f is a bounded Borel function on o(N), then we may define the
functional calculus element f(N) by

(V) = / T By

where the integral can be interpreted as a Riemann integral if f is continuous
and a Lebesgue integral in general. This functional calculus has the following
properties:
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(i) If p is a polynomial of two variables with complex coefficients, and f(z) =
p(z,Z), then f(N)=p(N,N*).
(ii) If f, — f uniformly on o(N), then f,(N) — f(IN) in norm.
(iii) If (f,,) is a uniformly bounded sequence and f, — f pointwise N-a.e. on
o(N), then f,(N) — f(N) strongly.
(iv) o(f(N)) C{f(A): A€ o(N)}~, with equality if f is continuous.
(v) |If(N)|l is the “essential supremum” of |f]| on o(N):

[f(N)|| = inf{a > 0: Epxpon)>ar (V) = 0}

and if f is continuous, then || f(N)| = sup{|f(A)| : A € o(N)}.

(vi) f(N) is self-adjoint if and only if f(2) € R N-a.e.; f(N) is a projection
if and only if f(z) =0 or 1 N-a.e. (i.e. if f is a characteristic function);
f(N) is unitary if and only if |f(z)| =1 N-a.e.

A consequence of the Spectral Theorem is a precise realization of any
normal operator as a multiplication operator:

1.6.2.5 THEOREM. Let T be a normal operator on a separable Hilbert space
‘H. Then, for 1 < n < oo, there are disjoint Borel subsets X,, of o(T"), with
UX, = o(T), and finite regular Borel measures p, on X,, such that T is
unitarily equivalent to €,, M. on @, L?(Xp, pin, Hyp), where H,, is an n-
dimensional Hilbert space and M, is multiplication by f(z) = z. The X,, are
uniquely determined up to sets of T-measure zero, and the p,, are unique up
to equivalence.

In connection with functional calculus, the following fact is significant. It
was first proved by B. Fuglede [Fug50] in the case M = N, and the general
result was obtained by C. Putnam [Put51]. The proof given here is from
[Ros58].

1.6.2.6 THEOREM. Let T, M, N € L(H), with M, N normal. If TM = NT,
then TM* = N*T.

PROOF: If p is any polynomial with complex coefficients, then Tp(M) =
p(N)T, so for any A € C, Te*M = ¢*NT je T = e NTeAM Thus, if
fN) = e MMM £ is an entire function from C to £(H), and we have

f(/\) — e—i)\N e—D\NTei)\Mei)\M _ e—i(AN +>\N)T€i()\]\/I+AM )

But AN* + AN and AM + AM* are self-adjoint for all \, and thus f()\) =
UMNTV(N), where U(A), V(A) are unitary. Thus || f(A)|| is constant, and there-
fore f is constant by Liouville’s Theorem. So 0 = f/(0) = —iN*T + iT'M*.

1.6.2.7 COROLLARY. [FUGLEDE] If T, N € L(H), N is normal, and T' com-
mutes with N, then T' commutes with N* (alternatively, T* commutes with
N).
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1.6.2.8 COROLLARY. If TN € L(H), N is normal, T commutes with N,
and f is a bounded Borel function on o(N), then T' and T* commute with
f(N).

In particular, under the hypotheses, if N = U|N| is the polar decomposi-
tion, then T' (and also T*) commutes with Re(N), Im(N), U, and |N]|.

1.7 Unbounded Operators

It is beyond the scope of this volume to give a complete treatment of un-
bounded operators. However, at some points in the theory of von Neumann
algebras, it is very useful to work with unbounded operators, so we briefly
discuss the parts of the theory relevant to our applications.

1.7.1 Densely Defined Operators

1.7.1.1 DEFINITION. Let H be a Hilbert space. A partially defined operator
on H with domain D consists of (1) a subspace D of H and (2) a linear
transformation 7' : D — H. A densely defined operator on ‘H with domain D
is a partially defined operator on H whose domain D is dense in H.

One can also consider partially defined operators on real Hilbert spaces,
or conjugate-linear partially defined operators on (complex) Hilbert spaces.

A partially defined operator (or densely defined operator) may be bounded
or unbounded. We will be almost exclusively concerned with densely defined
operators.

Note that the specification of the domain is a very important part of the
definition of a partially defined operator (we usually write D(T') for the do-
main of T'). We will sometimes omit explicit specification of the domain where
the omission should cause no confusion (as long as the need to specify the do-
main is kept in mind). Thus a partially defined operator on H is technically
not an operator on H in the sense of 1.2.1.1 (sometimes called an everywhere
defined operator) in general. A bounded densely defined operator on H ex-
tends uniquely to a bounded (everywhere defined) operator on H, but we will
distinguish between the operator and its extension.

1.7.1.2 If S, T are partially defined operators on H, we say S = T if D(S) =
D(T) and S =T on D(S); wesay S C T if D(S) C D(T) and S =T on D(S)
(T is called an extension of S). Define algebraic operations by letting S + T
be the partially defined operator whose domain is D(S + T') = D(S) N D(T)
and which is S+ T on D(S + T'); ST is the partially defined operator whose
domain is

D(ST)={£€H:£€D(T), T¢ € D(S)}

and which is ST on D(ST). Thus a sum or product of densely defined op-
erators is not necessarily densely defined. If T is a partially defined operator



28 I Operators on Hilbert Space

on H and S € L(H), then S + T and ST have the same domain as T (but
TS may have a different domain, and need not be densely defined if T is).
If R,S € L(H), then TR+ TS C T(R + S), but equality does not hold in
general (e.g. if S = —R). We do always have (R + S)T = RT + ST.

One must be careful in defining commutation relations among partially
defined operators: ST = T'S implies D(ST) = D(T'S). This is a very strong
requirement: 7' does not even commute with the 0 operator in this sense unless
T is everywhere defined. A more useful notion if S is bounded is:

1.7.1.3 DEFINITION. Let T be a partially defined operator on H, and S €
L(H). Then S and T are permutable if ST C T'S. More generally, if S C L(H),
T is permutable with § if T is permutable with every S € S. In this case, we
say T is affiliated with S’, written T ~ S’.

If P is a projection in L(H) which is permutable with T, then PTP C
(TP)P =TP,but TP and PTP have the same domain, so TP = PTP. Also,

D((I — P)T) =D(T) = D(T — TP) C D(T(I — P))

and
(I-P)T¢E=TE—PTE=TE—-TP,=T(I — P)¢

for £ € D(T), so (I—P)T C T(I—P) and therefore T(I—P) = (I-P)T(I—-P),
and hence P reduces T, i.e. both P and I — P map D(T) into itself, T' maps
PD(T) and (I — P)D(T) into themselves, and T'= PT P+ (I — P)T(I — P) (in
the strict sense). Conversely, if P reduces T in this sense, then P is permutable
with 7.

1.7.1.4 1If T is a partially defined operator on H which is one-to-one on
D(T), then there is an “inverse” T—! with domain D(T~1) = R(T); T~'T
and TT~! are the identity maps on D(T) and R(T) respectively. If S and T
are both one-one on their domains with “inverses” S~! and 7!, then ST is
one-one on its domain and its “inverse” (ST)~! is precisely 71571,

1.7.1.5 1If T is a densely defined operator on H, then a core for T is a
subspace D of D(T) such that the graph I'(T|p) is dense in the graph I'(T')
(viewed as subspaces of H @ H). A core for T is obviously a dense subspace
of D(T); note, however, that if 7' is unbounded and D is a dense subspace of
D(T), then the graph of T'|p is not in general dense in the graph of T, even if
T is self-adjoint (1.7.3.2), so the notion of core is more restrictive than just a
dense subspace of D(T). If T is a set of densely defined operators, then a core
for 7 is a subspace D of D(T) = (\pcy D(T') which is simultaneously a core
for each T € 7. (If T has a core, then D(7) is dense, but the converse is not
true in general.) The notion of a core as a common domain for the operators
in 7 is a useful one, even for a single operator, since there is often a dense
proper subspace of D(T) on which T is simpler to describe than on all of D(T")
(e.g. 1.7.4.7).
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1.7.2 Closed Operators and Adjoints

A partially defined operator is not continuous unless it is bounded. But there
is a vestige of continuity in an important class of operators:

1.7.2.1 DEFINITION. A densely defined operator T on H is closed if its graph
I'(T) is closed in H x H. A densely defined operator T is closable (or preclosed)
if T has a closed extension, i.e. if the closure of T'(T') is the graph of a (densely
defined) operator (called the closure of T').

An everywhere defined closed operator is bounded by the Closed Graph
Theorem. Conversely, a bounded densely defined operator is closable, and
its closure is its unique everywhere defined extension. We will only consider
closed (or sometimes closable) operators.

If T is closed and S € L(H), then S + T is closed. If T' is closed and one-
to-one with dense range, then 7! is also closed. If T is closed and bounded
below on D(T'), then R(T) is closed.

Closable operators have a nice alternate characterization in terms of ad-
joints.

1.7.2.2 DEFINITION. Let T be a densely defined operator on H. The adjoint
T* of T is the partially defined operator defined as follows. The domain D(T™*)
is the set of n € H for which there is a (necessarily unique) vector ¢ € H such
that (£,¢) = (T¢,n) for all € € D(T') (i.e. n € D(T*) if and only if the linear
functional & — (T¢,n) is bounded on D(T') and thus extends to a bounded
linear functional on H.) Set T*n = (.

A densely defined operator T is adjointable if D(T™*) is dense in H.

If T is densely defined and bounded, then T™* is everywhere defined and
bounded, and is the usual adjoint of the closure of T'. If T" is a densely defined
operator on H, then R(T)+ C D(T*) and is the null space of T*. If S, T are
densely defined operators and S C T, then T* C S* (so if T is adjointable, so
is 9). If T is adjointable, then T™* is also adjointable and (T*)* D T.

If T is adjointable, then it is easily seen that 7™ is closed. Thus, if T is
adjointable, then it is closable ((7T%*)* is a closed extension). The converse is
also true:

1.7.2.3 PROPOSITION. Let T be a densely defined operator on H. Then T
is closable if and only if T is adjointable. If T is closable, then (T%)* is the
closure of T'.

PRrROOF: It suffices to show that if T is closed, then T is adjointable and
(T*)* = T. Let V be the unitary operator on H @& H defined by V(&,n) =
(n,—€). V2 = —I, and T'\(S*) = [VT(S)]* for any densely defined operator S
on ‘H, and in particular T'(T*) = [VI'(T)]*. So, since V is unitary,

VI(T*) = [V2I(T)|* = T(T)*
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VDT =T(T)* =T(T)

since T is closed. If n € D(T*)*, then (0,7) € [VI(T*)]* = T(T),son = 0 and
D(T*) is dense. Furthermore, setting S = T™* above, I‘((T*)*) [VI(T*)]* =
0(T), (T*)* =T.

1.7.2.4 PROPOSITION. Let T be a closed operator on H which is one-to-one
with dense range, and let 71 be its “inverse,” with domain R(T) (so T~!
closed). Then T* is one-one with dense range and (T*)~1 = (T1)*.

PROOF: Since N (T*) = R(T)*+ and R(T*)* = N(T), T* is one-one with
dense range. Let U be the unitary in L(H x H) defined by U(&,n) = (n,£),
and let V be as in the proof of 1.7.2.3. U? = I and UV = —VU. Then
I(T~Y) = UI(T), and

LT~ = [VO(T~H)* = VUr(@)]* = [UvI()]*
=UD(T") =T((T")7).

1.7.2.5 DEFINITION. Let T be a densely defined operator on H. The spec-
trum o(T') is the complement of the set of A € C such that T'— I is one-to-one
on D(T—\I) = D(T) with dense range, and (T'—\I)~! is bounded (i.e. T—\I
is bounded below on D(T') with dense range).

The spectrum of an unbounded densely defined operator need not be
closed, bounded, or nonempty in general. If T is closed and T'— A\ is bounded
below, then T'— AI has closed range; hence if A ¢ o(T'), then the range of
T — M\ is all of H.

1.7.2.6 The results of this section hold also for densely defined operators on
real Hilbert spaces, or conjugate-linear densely defined operators on (complex)
Hilbert spaces, using the same arguments as in the bounded case (1.2.3.3).

1.7.3 Self-Adjoint Operators

1.7.3.1 DEFINITION. Let T be a densely defined operator on H. Then T is
symmetric if T C T* and T is self-adjoint if T =T*.

A symmetric operator is closable (its closure is also symmetric) and a self-
adjoint operator is closed. (Note, however, that the adjoint of a symmetric
operator is not symmetric in general.)

1.7.3.2 EXAMPLES. Let Dy be the set of f € L?[0,1] such that f is absolutely
continuous and f’ € L?[0,1],

Dy ={feD:y: f(0)=f(1)}
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Dy ={f €D;: f(0) = f(1) = 0}.

Then Dy is dense in L?[0, 1], and Dy has codimension one in Dy41 (k =0, 1).
Let T}, be defined by Trf = f' with domain Dy (k = 0,1,2). Then each Ty
is closed, 17 is self-adjoint, and T{f = T3, so Tj is closed and symmetric, but
not self-adjoint. Dy is dense in D(T3), but I'(Tp) is not dense in I'(T7). (D2
with its inner product inherited from its natural identification with T'(T%) is
the first Sobolev space.)

There exist closed symmetric operators with no self-adjoint extension (e.g.
the inverse Cayley transform of the unilateral shift). On the other hand, a
symmetric operator can have more than one self-adjoint extension, and they
can be essentially different (e.g. different spectra).

1.7.3.3 If T is symmetric, then (T¢, &) € R for all £ € D(T). Thus, if T
is symmetric and A € C\ R, then T'— AI is bounded below by |Im(\)| and
hence is one-to-one and (7' — AI)~! is bounded. If T is closed and symmetric,
then T'— AI is closed and bounded below and hence has closed range. If T is
self-adjoint, then (7' — AI)* = T'— A is also one-to-one, so R(T — \I) is dense
in H and therefore equal to H since it is closed; thus (T'— AI)~! is everywhere
defined and bounded. So, if T is self-adjoint, o(T) C R. Conversely, if T is
closed and symmetric and R(T — AI) is dense for some A € C\ R, then T is
self-adjoint.
The next proposition is an immediate corollary of 1.7.2.4.

1.7.3.4 PROPOSITION. Let T be a self-adjoint densely defined operator on
H which is one-one on D(T') with dense range. Then the “inverse” T~!, with
domain R(T), is self-adjoint.

1.7.3.5 THEOREM. Let T be a closed operator on H. Then T*T is densely
defined and self-adjoint; I + T*T maps D(T*T) one-to-one onto H, and
(I + T*T)~! and T(I + T*T)~! are everywhere defined, bounded, and of
norm < 1, and (I +T*T)~! > 0. Also, D(T*T) = R((I + T*T)~1).

PrOOF: Let V € L(H x H) be as in the proof of 1.7.2.3. Then I'(T) =
[VI(T*)]*, so if ¢ € H there are unique ¢ € D(T) and n € D(T*) such
that (¢,0) = (§, 7€) + (T"n,—n), i.e. ( =&+ T*n, 0 =T —n (so n = TE),
and

€N+ llnll* < €12 + NTE + 1T nl* + [l = [ICII*.

Set R = £ and S¢ = 1. Then R and S are everywhere defined and bounded,
with ||R]|,||S]| < 1,and R+ T*S =T and TR— S =0,s0 S =TR and

(I+T*T)R=1.

In particular, TR, T*S = T*TR, and (I +T*T)R are everywhere defined, i.e.
R(R) C D(T*T). If € € H, then



32 I Operators on Hilbert Space
(R¢, &) = (R, (I + T"T)RE) = (RE, RE) + (TRS, TRE) > 0

and thus R > 0. R is clearly one-to-one and hence has dense range (1.7.1.1), so
T*T is densely defined. I + T*T is clearly one-to-one on its domain D(T*T),
and hence has an “inverse” defined on its range. From (I +T*T)R = I, the
range of I +T*T is all of H, and therefore (I +T*T)~! is defined everywhere
and equals R. Since R is self-adjoint, its “inverse” I + T*T is self-adjoint by
1.7.3.4, and hence T*T is also self-adjoint; and D(T*T) = D(I+T*T) = R(R).

Note that D(T*T) is a proper subset of D(T) in general (D(T*T) is a core
for T').

1.7.3.6 Many aspects of the theory of unbounded operators are somewhat
counterintuitive. For example, if S and T" are closed densely defined operators
with S C T, then it is not true in general that S*S C T*T (indeed, since both
are self-adjoint, it would follow that S*S = T*T). In fact, if Ty, 11, and Ts
are as in 1.7.3.2, then Ty C Ty C T, but T5Ty, 1711, and 15Ty = Ty all
have incomparable domains, although they all agree on the intersection of the
domains, which is a dense subspace of L2[0, 1].

1.7.3.7 A densely defined operator S is positive if S is self-adjoint and
(S¢,&) > 0 for all ¢ € D(S) (the first condition does not follow from the
second in the unbounded case). From 1.7.3.5, if T is a closed operator, then
T*T is positive. If S is positive, then o(S) C [0, 00).

1.7.4 The Spectral Theorem and Functional Calculus
for Unbounded Self-Adjoint Operators

1.7.4.1 The simplest route to the Spectral Theorem for unbounded self-
adjoint operators, and the approach taken by von Neumann in his original
work [vN30a], is via the Cayley transform. For t € R, set ¢(t) = ¥, Then ¢

t
ma R T de s A1
ps one-one onto \ {1}, and c 1(/\) = Zik -

If T is a self-adjoint operator on H, let
e(T) = (T +4l)(T —iI)~*.

Then T + 4l and T — il map D(T') one-one onto H (1.7.3.3), so ¢(T") maps H
one-one onto H. Also, for £ € D(T), a simple computation shows that

(T + D¢l = (T — al)é]|

so ¢(T) is unitary. We also have that 1 is not an eigenvalue of ¢(7T"). Conversely,
if U is a unitary for which 1 is not an eigenvalue, so that U — I is one-to-one,
then U — I has dense range (1.7.1.1) and it is easily verified that

HU)=iU+ DU -1)7!
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is a self-adjoint operator with domain R(U — I). If 1 ¢ o(U), then ¢=*(U)
is everywhere defined and bounded. We have that ¢~ !(c¢(T)) = T and
c(¢c71(U)) = U; ¢(T) is permutable with 7', and commutes with any S € £(H)
which is permutable with T

1.7.4.2 DEFINITION. The operator ¢(T) is the Cayley transform of T, and
¢ 1(U) is the inverse Cayley transform of U.

If F is a spectral projection of ¢(7T') corresponding to a Borel subset A of
T, then E is permutable with T’ in fact, EU is a unitary on E'H, and it is
easily verified that ¢~1(EU), which is a self-adjoint operator on E’H, agrees
with T'|gy. Furthermore, E commutes with any bounded operator which is
permutable with T

1.7.4.3 DEFINITION. FE is called the spectral projection for T corresponding
to B = c~!(A), denoted E(T).

1.7.4.4 If A is bounded away from 1, so that B = ¢ 1(A) is a bounded
subset of R, then T|gy is bounded, and its spectrum is contained in B; and
if F' is the spectral projection for ¢(T') corresponding to A’ C A, then F is
the spectral projection in the usual sense for T'|gy corresponding to ¢=1(A’).
Thus, if we set Ex(T) = E¢((—oo,x))(U), we can by the ordinary Spectral
Theorem (L1.6.1.4) write T|gy = [ AdE(X).

A byproduct of this argument is that

o(T)N[=n,n] = o(T|g_, 1))

is closed for each n, so o(T) is closed in R.

So if (A,) is an increasing sequence of Borel subsets of T \ {1}, each
bounded away from 1, with UA,, = T\ {1}, so that B, = ¢ '(4,) is an
increasing sequence of bounded Borel subsets of R with UB,, = R, and E,, =
E4,(U) = Eg,(T), then Hy = UE,H is dense in H, and is a core for T, i.e.
T is the closure of T'|3,. So we obtain:

1.7.4.5 THEOREM. [SPECTRAL THEOREM FOR UNBOUNDED SELF-AD-
JOINT OPERATORS| Let T be a self-adjoint (densely defined) operator on a
Hilbert space H. Then there is a projection-valued measure { Ep } on the Borel
subsets of R, consisting of projections permutable with 7" and commuting with
all bounded operators permutable with 7', for which

T= /oo AdE()N)

—0o0
where the integral can be interpreted as an “improper Riemann integral” (in
the precise sense described above).

Just as in the bounded case, there is a notion of “T-almost everywhere”: a
Borel subset B of R has T-measure 0 if Eg(T) = 0. The complement of o(7T)
has T-measure 0.



34 I Operators on Hilbert Space

1.7.4.6 We can define functional calculus in analogy with the bounded case.
Let f : R — C be Borel measurable. We want to define f(T) for a self-adjoint
T. f(T) should be an operator which can be symbolically written

TU=K%fQMEQ)

so we must properly interpret this expression; the only difficulty is with find-
ing the right domain. Let (B,) be an increasing sequence of bounded Borel
subsets of R such that f is bounded on each B, and UB, = R, and let
E, =Eg,(T). Then f(T|g,n) fB (M) in the usual sense (1.6.2.4),
and f(T|g,.,+) agrees with f(T'|g, H) on E H so this family defines a densely
defined operator f(T")o with domain Ho = UE,H. (f(T)0)* 2 f(T)o, so f(T)o
is closable.

1.7.4.7 DEFINITION. f(T) is the closure of f(T)o.

The domain Hy, and therefore the operator f(7T)o, depends on the choice
of the E,,, but f(T) is independent of the choice of the E,,. If T' is bounded and
f is bounded on o(T), then f(T) agrees with the usual definition. Functional
calculus has the following properties:

(i) If f =g T-a.e. (in particular, if f =g on o(T)), then f(T) = g(T).

(i) f(T)* = f(T); in particular, f(T) is self-adjoint if (and only if) f is
real-valued T-a.e.

(iii) f(T) is bounded if (and ounly if) f is bounded T-a.e.; if f is bounded,

(T') is normal and || f(7T)]| is the T-essential supremum of f.

(iv) f(T) is positive if (and only if) f > 0 T-a.e.

(v) f(T) is unitary if (and only if) |f| = 1 T-a.e.

(vi) If (fp) is a uniformly bounded sequence of functions converging pointwise
T-a.e. to f, then f,(T) — f(T) strongly.

Proof of (vi): Suppose |f,(t)| < K for all n and t. For each m and k, let
B ={t:|fa(t) — f(t)] < 1/m for all n > k}

and E,, = Ep,, , (T). For fixed m, R\ U By, x has T-measure 0; so Uy, E,, 1 H
is dense in H. Thus, if £ € H, there is a k and n € E,,, x H with ||{—n|| < 1/m,
and then

[(fn(T) = FID)EN < 1Fn(T)(E =)l

() — F@)l + 1@ - o)) < 22T

m

for all n > k.

Note that the exact domain of f(T) is rather subtle; the domain in general
depends on f, and need not contain or be contained in D(T'). However, if { fx}
is a countable set of functions, then there is a core for {f;(7")} which is also
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a core for T, namely UEp, (T)H, where (B,,) is an increasing sequence of
bounded Borel sets on which each of the f; are individually bounded, and
such that R \ UB,, has T-measure 0.

This functional calculus procedure also works, and is interesting, for un-
bounded Borel functions of bounded self-adjoint operators, and can be ex-
tended to unbounded functions of bounded normal operators.

1.7.4.8 An important special case of functional calculus is to define T,
T_, and |T| for a self-adjoint operator T. These are positive operators. In
addition, if T is positive, then T can be defined for any a > 0, and in
particular for & = 1/2. Thus every positive operator has a square root. We
have that |T'| = (T?)'/? for any self-adjoint T

1.7.4.9 1If T is a closed operator, then there is a partial isometry V from
[R(T*)]~ to [R(T)]~ such that T'= V|T| = |T*|V. (In particular, D(|T|) =
D(T).) The proof consists of taking a dense subspace Hy of H as above, using
spectral projections for T*T, and then noting that |||T|¢|| = || T¢]| for € € Ho
just as in the bounded case. Thus there is polar decomposition for closed
operators. As in 1.5.2.6, polar decomposition also works for closed conjugate-
linear operators.
Note that if S and T are closed operators with S C T', then

D(|5]) = D(S5) < D(T) = D(|T)

but usually |S| € |T| (1.7.3.6). For example, if Ty, T} are as in 1.7.3.2, then
|To| has dense range since Ty is one-to-one, but |71 | does not have dense range.

Finally, there is a more nontrivial application of functional calculus which
is very important. Let H be a self-adjoint operator on H, and for t € R
set Uy = €. Then U, is unitary, Usyy = UsUy, and t — Uy is strongly
continuous ((U;) is a strongly continuous one-parameter group of unitaries).
The map ¢ — U; is norm-continuous if and only if H is bounded. The converse
is also true [Sto32]:

1.7.4.10 THEOREM. [STONE] Let (U;) be a strongly continuous one-para-
meter group of unitaries on H. Then there is a unique self-adjoint operator
H on H, called the generator of the group, such that U, = e/ for all ¢t. The
domain of H consists of all vectors ¢ for which lim; ot~ 1(U; — I)€ exists, and
H¢ is this limit.

In fact, if (o) is a strongly continuous one-parameter automorphism group
of L(H), then there is such a group of unitaries such that «; = ad Uy, i.e.

there is a unique (up to adding a scalar) self-adjoint operator H such that
ay(T) = e Te 1 for all t € R and T € L(H).
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1.8 Compact Operators

Some of the simplest, yet most important, classes of operators are the compact
operators (often called completely continuous operators, particularly in earlier
references), and the subclasses of finite-rank, trace-class, and Hilbert-Schmidt
operators.

1.8.1 Definitions and Basic Properties

1.8.1.1 DEFINITION. Let X and )Y be Banach spaces. An operator T : X —
Y is compact if T sends bounded subsets of X’ to precompact subsets of V.

In other words, if B is a bounded subset of X', then T(B) is a compact
subset of Y. Equivalently, whenever (¢,) is a bounded sequence of vectors in
X, then (T¢,) has a convergent subsequence.

1.8.1.2 It is obvious that a compact operator is bounded, and the compo-
sition (in either order) of a compact operator with a bounded operator is
compact. It is easily seen that a norm-limit of compact operators is compact.
The set of compact operators from X to Y, denoted K(X,)), is a closed
subspace of L(X,)); K(H) = K(H,H) is a closed two-sided ideal in L(H).

If X is a Hilbert space (or, more generally, a reflexive Banach space),
T € K(X,)), and B is the closed unit ball of X, then it follows from 1.1.3.2
and 1.2.1.2 that T'(B) is already closed and therefore compact.

1.8.1.3 EXAMPLES.

(i) Any finite-rank bounded operator is compact. Conversely, if T € L(X,))
is compact and bounded below, then X is finite-dimensional.

(ii) Let X and Y be measure spaces and kelL? (X >< Y) Define an operator
T : L*(X) — L*(Y) by (Tf)(y) = [y k( ) dz. T is a compact
operator, called the integral kernel opemtor Wlth kernel k. (In fact, T is
a Hilbert-Schmidt operator (1.8.5)).

A straightforward exercise shows:

1.8.1.4 PROPOSITION. Let X, Y, Z be Banach spaces, T' € L(X',Y) compact,
and (5;) a uniformly bounded net of elements of £L(Y, Z) converging strongly
to S. Then S;T — ST in norm.

1.8.1.5 If Y is a Hilbert space and {»; : ¢ € Q} an orthonormal basis, for a
finite subset F' C Q let Pr be the projection onto the span of {n; : i € F'}.
Then Pp is a finite-rank projection, and Pr — I strongly. So if T' € L(X,))
is compact, then PrT — T in norm, i.e. T is a norm-limit of finite-rank
operators. [This can fail if ) is not a Hilbert space [Enf73].] Thus K(X,)) is
precisely the norm-closure of the set C(X, )) of bounded finite-rank operators.

As a corollary, the adjoint of a compact operator is compact. If T" is com-
pact, T*T is too and so is f(T*T) for any continuous function f vanishing at
0. In particular, |T| = (T*T)"/? is compact.
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1.8.2 The Calkin Algebra

I.8.2.1 Since K(H) is a closed ideal in L(H) for a Hilbert space H (assumed
infinite-dimensional), we may form the quotient Banach algebra Q(H) =
L(H)/K(H), called the Calkin algebra of H. The term “Calkin algebra” with-
out further qualification will mean the Calkin algebra of a separable, infinite-
dimensional Hilbert space. We usually denote the quotient map from £(H) to
Q(H) by .

Since K(H) is self-adjoint, the involution T' +— T™* on L(H) drops to a
well-defined involution on Q(H). Actually, Q(H) is a C*-algebra (I1.5.1.1).

Thus all the properties and constructions for general Banach algebras, or
C*-algebras, are valid for Q(H); see Chapter 2. In this chapter we will need to
use only the elementary fact that the group of invertible elements in a unital
Banach algebra is open and contains the open ball of radius 1 around the
identity (11.1.3).

1.8.2.2 IfT € L(H), we define the essential spectrum o.(T') to be the spec-
trum of 7(T") in Q(H), i.e.

0.(T)={A € C: xw(T — Al) is not invertible in Q(H)}

Clearly o.(T) C o(T'), and in fact o.(T) € Ngex o (T + K) (the inclusion
is proper in general). By 11.1.4.2, 0.(T') is a nonempty compact subset of C.

1.8.3 Fredholm Theory

The theory of Fredholm operators and Fredholm index is not only important
for applications, but (in retrospect) was a pioneering example of bringing
algebraic topology into the theory of operator algebras (cf. 11.8.4.32, 11.8.4.36).
In fact, it was one of the first examples of the process called “noncommutative
topology,” which underlies much of the modern theory of operator algebras.

1.8.3.1 DEFINITION. Let X and ) be Banach spaces and T € L(X,)). Then
T is a Fredholm operator if N(T) is finite-dimensional and R(T) has finite
codimension. The indez of T is dim N(T') — codim R(T).

1.8.3.2 It follows easily from the Open Mapping Theorem that the range
of a Fredholm operator is automatically closed. Thus, if X and ) are Hilbert
spaces (the only situation we will consider), then T' € £(X,)) is Fredholm
if and only if R(T) is closed and N (T) and N(T*) are finite-dimensional,
and then index(T) = dim N(T) — dim N(T*). If T is Fredholm, then
T is bounded below on N(T)*; it follows that 7* is also Fredholm, and
index(T*) = —index(T).
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1.8.3.3 EXAMPLES.

(i) If X and Y are finite-dimensional, then every operator from X to J is
Fredholm with index dim X — dim ).
(ii) If T is invertible, then T" is Fredholm with index 0.
(iii) Let S be the unilateral shift (I.2.4.3). Then S is Fredholm with index
—1. S™ is Fredholm with index —n, and (S*)™ is Fredholm with index n.

The parts of the following proposition are easy consequences of the defin-
ition of a compact operator.

1.8.3.4 PROPOSITION. Let H be a Hilbert space, T € K(H), and X € C,
A # 0. Then

(i) N(T — XI) is finite-dimensional.
(ii) 7 — M is bounded below on N(T'— AI)*, and hence R(T — AI) is closed.
(ili) There is an n such that N'((T — X)) = N((T — XI)"*1) [T — X has
finite ascent.] The smallest such n is called the ascent of T — AI.

Applying the proposition to both 7' — Al and T* — X\ = (T — \I)*, we see
that

1.8.3.5 COROLLARY. Let H be a Hilbert space, T € K(H), and A € C,
A # 0. Then

(i) T — A is Fredholm.
(i) There is an m such that R((T — AXI)™) = R((T — AXI)™*Y) [T — A has
finite descent.]

The next theorem [Atk53] gives a useful alternate characterization of Fred-
holm operators.

1.8.3.6 THEOREM. [ATKINSON]| Let H be an infinite-dimensional Hilbert
space and 7 : L(H) — Q(H) = L(H)/K(H) the quotient map onto the Calkin
algebra of H. Then T' € L(H) is Fredholm if and only if 7(T) is invertible in
Q(H).

PrOOF: If T is Fredholm, then 7 is bounded below on N (T)*, so there is an
S € L(H) mapping R(T) to N(T)* and zero on R(T)+ = N(T*), such that
ST =1 — Pyx(r) and T'S = I — Pyr(p+y (S is called a quasi-inverse for T'; we
have TST =T and ST'S = S). Thus 7(S5) is an inverse for (7).

Conversely, suppose 7(T') is invertible in Q(H), and let S € L(H) such
that 7(S) = n(T)~!. Then ST = I + K, TS = I + L for K,L € K(H).
N(T) C N(ST) which is finite-dimensional by 1.8.3.5; R(T) 2 R(TS) has
finite codimension by 1.8.3.2.



1.8 Compact Operators 39

1.8.3.7 COROLLARY.

(i) If S and T are Fredholm and K € IC(H), then ST and T+ K are Fredholm.
(ii) The set F(H) of Fredholm operators on H is open.

The most important basic facts about the index function are:

1.8.3.8 THEOREM. Let H be a Hilbert space.

(i) If S,T € F(H), then index(ST) = index(S) + index(T).
(ii) The index is locally constant on F(H), and hence constant on connected
components (path components) of F(H).
(i) T € F(H) and K € K(H), then index(T + K) = index(T).

The proof of (i) is a straightforward but moderately involved calculation,
and (ii) is a simple consequence of (i) and the fact that the invertible operators
form an open set. For (iii), note that 7" and T'+ K are connected by the path
{T+tK:0<t<1}in F(H).

If T is a Fredholm operator of index 0 and K is a one-one map of N (T)
onto R(T)L, then S = T — K is invertible. Thus we obtain:

1.8.3.9 COROLLARY. A Fredholm operator T has index 0 if and only if
T = S+ K, where S is invertible and K € K(H). (So, since K(H) and the
set of invertible elements in £(H) are connected, index maps the connected
components of F(H) one-one onto Z.) In particular, if T € K(H) and \ € C,
A # 0, then T'— A has index 0.

This last result is often stated in the following form, called the Fredholm
Alternative:

1.8.3.10 CoOROLLARY. If T' € K(H) and A € C, A # 0, then T' — AJ is
injective if and only if it is surjective. So if A € o(T), A # 0, then X is an
eigenvalue of T.

So, under the hypotheses of the corollary, either the equation (T'—AI)§ =7
has a unique solution for every 7, or the homogeneous equation (T'— AI)¢ = 0
has a nontrivial (but finite-dimensional) space of solutions. This result, applied
to integral kernel operators, is important in the theory of differential and
integral equations.

1.8.3.11 If T € K(H) and A # 0, and n > 0 is the ascent of T — AJ
(1.8.3.4(ii1)), let Ho = N'((T — AI)"), Hy = R((T — AI)™). Then Hy and H;
are complementary closed subspaces of H invariant under T'— AI, (T — AI)|#,
is nilpotent, and (7' — AI)|y, is invertible. It follows that A is an isolated point
of o(T). Thus o (T') consists of 0 and a (possibly finite) sequence of eigenvalues
converging to 0.
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1.8.3.12 If T € L(H), then the essential spectrum o.(T) (1.8.2.2) is
0.(T)={A € C: T — A is not Fredholm}.
It is not difficult to see that
Nkexr)o (T + K) ={A € C:T — Al is not Fredholm of index 0}.

The index is constant on connected components of C\ o.(T") and vanishes on
C\ o(T) and, in particular, on the unbounded component of C\ o¢(7"). Thus,
if C\ 0c(T) is connected, we have o.(T) = Ngex o (T + K).

1.8.3.13 Let G be the group of invertible elements of Q(H), and G, the
connected component (path component) of the identity in G. 1.8.3.8 implies
that indez is a homomorphism from G/G, to the additive group Z. This map
is a special case of the connecting map in the six-term exact sequence of
K-theory (V.1.2.22) associated with the extension

0—K(H)— LH)— QH)—0

and 1.8.3.8 and 1.8.3.9 imply that indez is actually an isomorphism from
G/Go = K1(Q(H)) onto Z = Ko(K(H)).

1.8.3.14 Many of the properties of Fredholm operators carry over to semi-
Fredholm operators. A bounded operator T on H is semi-Fredholm if T has
closed range and either N'(T) or N (T*) is finite-dimensional. The index of a
(non-Fredholm) semi-Fredholm operator is well defined as +o0o, and the index
is additive where well defined (note, however, that the product of a semi-
Fredholm operator of index +oo and a semi-Fredholm operator of index —oo
is not semi-Fredholm in general.) A compact perturbation of a semi-Fredholm
operator is semi-Fredholm of the same index. A version of Atkinson’s theorem
holds: an operator is semi-Fredholm if and only if its image in the Calkin
algebra is left or right invertible.

1.8.3.15 Many of the results above, suitably restated, apply to Fredholm
operators between different spaces.

1.8.4 Spectral Properties of Compact Operators

Compact operators behave almost like finite-rank operators with regard to
spectral theory. The spectral theory of compact operators in its modern form
was developed by F. Riesz, following important contributions of Fredholm and
Hilbert.

1.8.4.1 By 1.8.3.4,if T € K(H), each nonzero point of o(7') is an eigenvalue
of T, the corresponding eigenspace is finite-dimensional, and the eigenvalues
form a finite set or a sequence converging to 0. (If " € IC(H) 4, this also follows
from the Spectral Theorem: for each A > 0 the spectral projection E(x ) (T)
has finite rank, since T is bounded below on its range.)
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1.8.4.2 If T € K(H), the nonzero eigenvalues of |T'|, counted with multiplic-
ity, can thus be arranged in a decreasing sequence

(po(T), pa(T),--+)

called the characteristic list (or list of characteristic numbers) for T. (The
characteristic list is finite if and only if T is finite-rank, in which case it is
expanded into an infinite sequence by adding zeroes.) The characteristic lists
for T and T* are the same. By 1.2.6.10, po(T) = ||T||. The characteristic list
is sometimes called the eigenvalue list of T, especially if T" > 0.

The n’th characteristic number u, (T) can alternately be characterized as
the distance from T to the (closed) set C,(H) of operators in L£(H) of rank

n (cf. [GKn69]). From this we get several useful properties such as

ln(S) — pn () < ||S =T

Un+m(S + T) < ﬂn(s) + .“m(T)
Pntm (ST) < pn (S) prn T
Denote the partial sum Zﬁ:ol wn(T) by on(T).

1.8.5 Trace-Class and Hilbert-Schmidt Operators

The trace of a finite-rank operator on a vector space is an important invariant
in many contexts. The notion of trace can be extended to certain infinite-
rank operators on Hilbert spaces, and this trace plays a crucial role in many
applications, often acting as a “noncommutative integral.”

1.8.5.1 Let H be a Hilbert space and 0 < T € L(H). We define the trace
Tr(T) to be ", (T&,&) € [0,00], where {{;} is an orthonormal basis for H.
If S € L(H), then a simple calculation shows that Tr(SS*) = Tr(S*S);
so Tr(T) is well defined independently of the choice of the orthonormal
basis and satisfies Tr(T) = Tr(U*TU) for any unitary U. Also, obviously
Tr(T) > ||T||, Tr(S+T) =Tr(S)+Tr(T)if S,T > 0, and Tr(S) < Tr(T)
if 0 < S < T. We have that Tr(T) < oo if and only if T is compact and its
characteristic list (po(T), 1 (T),- - - ) satisfies Y pn(T) < oo, in which case

Tr(T) = Zn pin(T).

1.8.5.2 T'r is lower semicontinuous on L£(H)4. In fact, if (T}) is a net in
L(H)4+ converging weakly to T, then (T}¢;,&) — (T€;,&) for each i, so
Tr(T) < liminf; Tr(T};). (T'r is not continuous if H is infinite-dimensional,
however: if P, is a rank n projection and T, = %Pn, then T,, — 0 but
Tr(T,) =1 for all n.)
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1.8.5.3 DEFINITION. If H is a Hilbert space, then
,Cl (H)+ = {T € C(H)Jr : T’I"(T) < OO}

The set of trace-class operators on ‘H, denoted L!(H), is the linear span of
LYH) .
L2H)={T € L(H) : T*T € L' (H)}

is the set of Hilbert-Schmidt operators on H.

1.8.5.4 L'(H)is a *-subspace of K(H), and Tr extends to a well-defined pos-
itive linear functional on £!(H). A polarization argument shows that £!(H)
is a left ideal in £(H), and hence a two-sided ideal since it is *-closed. In
particular, using polar decomposition we see that T € L!(H) if and only if
IT| € LY(H)4. A similar calculation shows that Tr(ST) = Tr(TS) for all
SeL(H), TeL(H).

1.8.5.5 L2(H) is closed under addition since
S+DT)S+T)<(S+D)(S+T)+(S-=T)(S-T)=2(5"S+T1T"T)

for any S, T, and is thus a *-subspace of K(H). Since T*S*ST < ||S||>*T*T
for any S, T, it follows that £2(H) is also a two-sided ideal in £(H), and from
the polarization identity

3
ST =Y i"(S —iT)*(S —iT)
n=0

for any S, T we see that the product of any two elements of £2(H) is in £ (H).
Conversely, every element of £!(H) is such a product since

T e LY(H) = |T| € L'(H), = |T|*? € £L2(H)

so T = U|T| = (U|T|*?)|T|*/? is a product of two elements of £2(H). Since
5% < ||S||S for S > 0, it follows that |T'| and hence T are also in £2(H), i.e.
LY(H) C L2(H). We also have Tr(ST) = Tr(TS) for all S,T € L?(H).

As a result, (S,T) = Tr(T*S) is an inner product on £2(H). The norm
|T|lo = [Tr(T*T)]*/? satisfies | T||2 > ||T||, so £2(H) is complete (i.e. a Hilbert
space) under this norm. If S € L(H), T € L2(H), then ||ST |2 < [|S||||T||2-

1.8.5.6 It follows from the CBS inequality on £2(H) that if S,T € L} (H),
Tr(|S+T)) <Tr(|S) +Tr(|T1)

(even though it is not true that |S + 7| < |S| 4 |T| in general!) Thus || T||; =
Tr(|T|) is a norm on L!(H) satisfying ||ST||; < ||S|||T||1 for all S € L(H),
T € LY (H). Since ||T||y > ||T||, £*(H) is complete (i.e. a Banach space) under
[RNIFE
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1.8.5.7 Ttisclear that if T € K(H) with characteristic list (po(T), u1 (T), - ),
then
TeL'(H) <> pn(T) < oo

and ||T||1 = Y pn(T). Similarly,
TeL’(H) <> pn(T)* < oo

and || T2 = (O pun(T)?)Y2. 1t is also easily verified that if T € £2(H) and
{&} is an orthonormal basis for H, then

T2 = (Z (T&, &)%) 2,
i

i.e. if T is represented by an infinite matrix, ||T||2 is the [2-norm of the set of
entries of the matrix.

The ideal C(H) of finite-rank operators is dense in both £!(H) and £2(H)
in their respective topologies.

1.8.6 Duals and Preduals, o-Topologies

The next theorem may be regarded as a noncommutative analog of the well-
known fact that the Banach space dual (¢,)* of the Banach space ¢, of se-
quences of complex numbers converging to zero, with supremum norm, is iso-
metrically isomorphic to the space I' of summable sequences with its natural
norm, and that the dual (I!)* is the Banach space [°° of bounded sequences
with supremum norm, using the natural pairings.

1.8.6.1 THEOREM.

(i) If H is a Hilbert space and ¢ is a bounded linear functional on the Ba-
nach space (K(H),| - ||), then there is a unique S € L£*(H) such that
o(T) = Tr(ST); and ||S||1 = ||#]|. So the Banach space dual of K(H) is
isometrically isomorphic to £!(H).

(if) If H is a Hilbert space and ¢ is a bounded linear functional on the Ba-
nach space (L'(H), | - |l1), then there is a unique S € L(H) such that
&(T) = Tr(ST); and ||S|| = ||¢]|. So the Banach space dual of £!(H) is
isometrically isomorphic to L(H).

Thus the second dual of K(H) is L(H).

1.8.6.2 DEFINITION. The o-weak operator topology on L(H) is the weak-
* topology from the identification of £(H) with L£!(H)*, i.e. the topology
generated by the family of seminorms {wr : T € L'(H)}, where wr(S) =
|Tr(ST)|.

The word “operator” is often omitted in the name.
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It is easily checked that the weak (weak operator) topology on L(H) is
the topology generated by the family of seminorms {wr : T € C(H)}, so the
o-weak topology is slightly stronger than the weak topology. The topologies
coincide on bounded sets.

In fact, £1(H) is the unique Banach space X such that X'* is isometrically
isomorphic to £(H) (II1.2.4.1). So the o-weak topology is intrinsic to the
Banach space structure of L(H).

1.8.6.3 PROPOSITION. The o-strong operator topology on L(H) is the topol-
ogy of pointwise convergence as left multiplication operators on K(H), i.e.
S; — S o-strongly if S;T — ST for all T € K(H). The o-strong topology is
generated by the family of seminorms {pr : T € K(H)}, where pr(S) = ||ST|.

The o-strong-* operator topology on L(H) is similarly the topology of
pointwise convergence as left or right multiplication operators on K(H), gen-
erated by the seminorms {Ar,pr : T € K(H)}, where pr is as above and
Ar(S) = ||TS||. Thus the o-strong and o-strong-* topologies are intrinsic to
the Banach algebra structure of £(H).

The strong operator topology [resp. the strong-* topology] is generated
by the seminorms {pr : T € C(H)} [resp. {Ar,pr : T € C(H)}], so the o-
topologies are slightly stronger; they agree on bounded sets (1.8.1.4). The
o-strong-* topology is the strict topology when £(H) is regarded as the mul-
tiplier algebra of K(H) (I1.7.3).

1.8.6.4 PROPOSITION. Let H and H’ be Hilbert spaces. Then the map
LH)— LH)®1C L(H®H)

is a homeomorphism for either the o-weak or o-strong topologies.

The proof is a simple and straightforward calculation. (Roughly speaking,
it amounts to the fact that if H is infinite-dimensional and H' is separable,
then K(H @ H') = K(H).)

1.8.7 Ideals of L(H)

1.8.7.1 The smallest nonzero ideal (unless otherwise qualified, “ideal” will
mean “two-sided ideal”) of L£(H) is C(H). This is seen most easily by noting
that every rank-one operator is of the form O, for vectors ,n € H, where
O¢y(Q) = ((,n)&. TO¢y = Ore,y and O¢ )T = O¢ 1=y, s0 every nonzero ideal
contains all rank-one operators, which span the finite-rank operators. (If H is
finite-dimensional, of course, C(H) = L(H) is a simple algebra isomorphic to
M, (C).)
K(H) is thus the smallest nonzero closed ideal in L(H).
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1.8.7.2 If H is separable and infinite-dimensional, then IC(H) is the only
nontrivial closed ideal in L(H). If H is nonseparable, there are larger nontrivial
closed ideals, for example the set of operators with separable range. In fact,
if dim(H) = Rq, a > 0, then for each ordinal 8 < « there is a closed ideal Kg
consisting of the closure of the set of all operators for which the closure of the
range has dimension < Ng (if § > 0 and is not a supremum of a countable
number of strictly smaller ordinals, e.g. if 3 is not a limit ordinal, then it
is unnecessary to take closure here.) Then Kq = K(H), and K; is the ideal
of operators with separable range. It is easily seen that every closed ideal of
L(H) is of this form (observe that every closed ideal of L(H) is generated by
projections), so the nontrivial closed ideals of £(H) form a chain {Kg: 0 <

B < a}.

Nonclosed Ideals

1.8.7.3 There are many nonclosed ideals of £(H) intermediate between C(H)
and K(H) (if H is infinite-dimensional). For example, there are £1(H) and
L2(H). More generally, if p > 1, let

LP(H) ={T :|T|P € L*(H)}.

Then L£P(H) is exactly the set of elements of K(H) with characteristic list
(1 (T), p2(T), - -+ ) satisfying > p,(T)P < oo; LP(H) is an ideal, and has a

norm
Il = (TP I0)Y? = pa(T))?

making it a Banach space and satisfying ||ST|, < ||S|\||T||p for S € L(H),
T e E”(H) If p,g > 1, then LP(H) C LI(H) if and only if p < q. Also, if
l + 1 ; = 1, the product of an element S € LP(H) and L(H) is in L' (H)
and the pairing (S,T) — Tr(ST) identifies (LP(H), | - ||p)* isometrically with
(L1(H), || - llq)- These are called the Schatten ideals.

1.8.7.4 There are lots of other ideals. In fact, they can be characterized
by order ideals in the space ca' of decreasing sequences of nonnegative real
numbers converging to zero, hereditary subsets closed under (coordinatewise)
addition (informally, a set of all sequences going to zero at at least a cer-
tain rate); the ideal corresponding to an order ideal consists of all compact
operators whose characteristic lists are in the order ideal.

1.8.7.5 Particularly important are the symmetrically normed ideals, an ideal
J with a norm || - || 7 satistying || T||7 > ||T|| (so J is complete with respect
to |- llg, ISTllg = ITSllg < ISIIT|s for S € L(H), T € J. The LP(H)
are examples of symmetrically normed ideals. Symmetrically normed ideals
are in one-one correspondence with norming functions on the space cgy of
decreasing sequences of nonnegative real numbers which are eventually 0: a
norming function is a function @ : cj, — R satisfying ®(ag) = ad(&) for
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a>0,¢€chy, PE+n) <)+ D(n) for £, € cdy, B(E) > 0 for £ # 0, and
®(m) =1, where n, = (1,---,1,0,0,---) (n ones). ¢ defines a norm on C(H)
by [|T]|le = @((1n(T))), and a “norm” on IC(H) by || T|l¢ = sup || TP||¢, where
P runs over all finite-rank projections. Set

Jo ={T € K(H) : [T]le < o0}

Then Jg is a symmetrically normed ideal with norm |[|-||, and every symmetri-
cally normed ideal is of this form. (For example, for £?(H), the corresponding
D is D((€1,&a,-++)) = (32 €2)/P.) See [GKn69] for a full treatment.

1.8.7.6 Some other examples of symmetrically normed ideals, described in
detail in [GKn69] or [Con94], are the ideals LP9)(H) for 1 < p < 00, 1 < ¢ <
00, defined by interpolation theory. We describe only the ideals with ¢ = 1 or
00, in which case p can also be 1 or oc. If p < oo, the ideal £L®D(H), often
denoted LPT(H), is the strong LP space

LPYV(H)={T e K(H) : i nP L, (T < oo}

with norm || T||,.1 = Y. 1P~ p,_1(T). Note that L&D (H) = LY(H). (More
generally, LPP)(H) = LP(H) for any p.)

L) = (T e K(H): S %un_l(T) < o}

with norm ||7')|sc;1 = 3 2 pty—1(T). The ideal £V (H) is called the Macaev
ideal. The weak LP spaces, denoted LP~(H) or LP>°)(H), are the ideals which
for 1 < p < oo are given by

LP)(H) = {T € K(H) : pn(T) = O(n~/P)}

with norm || T||,.co = supy>; N/?~1on(T). For p = 1 the definition is slightly
different: N
LV (H) ={T € K(H) : on(T) = O(log N)}

with norm ||7']|ee,1 = supy>2 ﬁan(T). For completeness, we set £(%) =
L(H). Then we have that £P9(H) € £#"4)(H) if and only if p < p’ or
p=p andg<d.

Let £(()p’q)(’H) be the closure of C(H) in L£®%(H). Then .C(()p’q)(H) =
LPD(H) if g < oo;

L5 (H) = {T € K(H) : on(T) = o(log N)}
K(H). We have LP9(H)* = LP)(H) if 1 < p,q <
+L =10 L4 L= 1, then LI (H)* = L D(H)

and LED(H)* = £E2)(H). £ (H)* = £V (H) and LD (H)* =
L) (H). In each case, the pairing is the ordinary one: (S, T) — Tr(ST).
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1.8.7.7 There is an important class of functionals on £ (H), called
Dizmier traces, defined for positive T by Tr,(T) = lim,, @UN (T'), where
lim,, is a suitable Banach limit. The technical details can be found in [Con94].
For any w, Tr,(ST) = Tr,(TS) for all S € L(H), T € L1 (H). The trace
T'r,, depends on the choice of w, but there is a large class of operators called
measurable operators for which Tr,,(T) is independent of w. The elements of
E(()l’oo) (H) are measurable, and T'r,, vanishes on this ideal. Thus T'r,, is a trace
which is very different from the ordinary trace. There are other such traces,
but the Dixmier trace is particularly important in noncommutative geometry,
as described in [Con94].

1.9 Algebras of Operators

The main subject of this volume is the study of operator algebras. A (concrete)
operator algebra is a *-subalgebra of £(H) which is topologically closed in a
suitable sense (there is also a subject of non-self-adjoint operator algebras, but
it is outside the scope of this volume.) A concrete C*-algebra is a *-subalgebra
of L(H) which is closed in the norm topology. An important example is K(H).
This example shows that a concrete C*-algebra need not be unital. A von
Neumann algebra is a (necessarily unital) *-subalgebra M of £(H) such that
M = M". A von Neumann algebra is weakly (hence strongly, norm-, - --)
closed (and in particular is a concrete C*-algebra, albeit of a very special
kind.)

1.9.1 Commutant and Bicommutant

One of the first, yet still one of the most crucial basic theorems of operator
algebra theory is von Neumann’s Bicommutant Theorem [vN30b]. We say a
*_algebra A of operators on a Hilbert space H acts nondegenerately if T¢ =0
for all T € A implies £ = 0. Since A is a *-algebra, this is equivalent to the
condition that the subspace

AH = span{T¢: T € A, € H}

is dense in H. If I € A, then A obviously acts nondegenerately.

1.9.1.1 THEOREM. [BICOMMUTANT] Let A be a *-subalgebra of £(H) acting
nondegenerately. Then A is o-strongly dense in A”.

OUTLINE OF PROOF: Using [.2.5.4, the proof reduces to showing that if £ € H
and T € A”, there is a sequence (T},) in A with 7,6 — T If X = {S¢ :
S € A}~, then Py € A’ (since both X and X~ are invariant under A), so T
commutes with Py, i.e. T leaves & invariant. It remains to show that £ € &,
so that T¢ € X'. This is trivial if I € A. In the general nondegenerate case,
for each S € A,
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S[(I = Px)¢] = (I - Px)[5§ =0
since S¢€ € X, s0 (I — Py){ =0.
The Bicommutant Theorem relates a topological closure property with the

simple, natural, and purely algebraic property of being the bicommutant (or
just commutant) of a *-closed set of operators.

1.9.1.2 Thus a unital (or just nondegenerate) *-subalgebra of L(H) is a von
Neumann algebra if and only if it is o-strongly closed.

There is an important technical strengthening of the bicommutant theorem
[Kap51b]:

1.9.1.3 THEOREM. [KAPLANSKY DENSITY]| Let A be a *-subalgebra of L(H)
acting nondegenerately. Then the unit ball of A [resp. As,] is o-strongly dense
in the unit ball of A” [resp. AZ].

The proof, while not difficult, uses material from succeeding chapters, so
will not be given here; see, for example, [Ped79, 2.3.3] or [KR97a, 5.3.5].

1.9.1.4 There is a duality between a von Neumann algebra M and its com-
mutant M’, most of which will be described in Chapter III. The center Z(M)
isMNM = (MuUM'), and thus Z(M) = Z(M’) is also a von Neumann
algebra. If M is a von Neumann algebra on H and P € M’ is a projection,
then PH is invariant under M and the restriction PM = PMP of M to PH
is a von Neumann algebra on PH whose commutant is PM’P and whose
center is PZ(M). Dually, if ) is a projection in M, then QMQ is a von Neu-
mann algebra of operators on QH with commutant QM’ = QM’Q and center
QZ(M).

1.9.1.5 A von Neumann algebra M is called a factor if Z(M) = CI. For
example, L(H) is a factor. M is a factor if and only if M’ is a factor. If M is
a factor and P is a projection in M or M’, then PM P is a factor.

1.9.2 Other Properties

1.9.2.1 Many of the results of this chapter are really facts about operator
algebras in disguise. Here are some of the particularly important ones. If
T € L(H), write C*(T) for the C*-algebra generated by T, i.e. the norm-
closure of the subalgebra generated by T and T*; and VN(T) = {T,T*}" the
von Neumann algebra generated by T. Of course, C*(T') C VN(T) (they are
equal if and only if VN(T) is finite-dimensional).

(i) If A is a concrete C*-algebra of operators, T € A is normal, and f €
Co(o(T)), then f(T) € A, and f +— f(T) is an isometric *-isomorphism
from Co(o(T)) onto C*(T) C A. In particular, if T = T*, then T, T,
T_,|T| are all in C*(T).



1.9 Algebras of Operators 49

(ii) If M is a von Neumann algebra on H and {P;} is a collection of projec-
tions in M, then A P; and \/ P; are in M, i.e. the projections in M form
a complete lattice.

(iii) If M is a von Neumann algebra on H and T € M with polar decom-
position T = U|T|, then U € VN(T) C M (and of course by (i),
|T| € VN(T) C M). More generally, if S,T7 € M and S*S < T*T,
then there is a W € M with |[W| <1 and S=WT.

(iv) If M is a von Neumann algebra and T € M is normal, then all the
spectral projections of T are in VN(T') C M, and more generally f(T') €
VN(T) C M for any bounded Borel function f on o(T) (and f — f(T)
maps the bounded Borel functions on o(7") onto VN(T)).



I1

C*-Algebras

I1.1 Definitions and Elementary Facts

In this section, we give the basic definitions of Banach algebras and C*-
algebras, some of the important related terminology, and elementary facts
about functional calculus and spectrum of elements. We consider only complex
Banach algebras and C*-algebras; there is a similar theory of real C*-algebras
(see, for example, [Goo82], [Sch93], or [Con01]).

The standard references for C*-algebra theory are the classic [Dix69b],
[Sak71], [Arv76], [Ped79], [Mur90], [KR9Ta]-[KR97Db], [Dav96], and [Tak02]-
[Tak03b]. These references can be consulted for more details on the theory.
There are also numerous more specialized books on various aspects of the
theory, which are referenced in appropriate sections below.

I1.1.1 Basic Definitions

II.1.1.1 DEFINITION. A Banach algebra is a (complex) algebra which is a
Banach space under a norm which is submultiplicative (||zy| < ||z||||y|| for all
z,y € A).

An involution on a Banach algebra A is a conjugate-linear isometric
antiautomorphism of order two, usually denoted x — z*. In other words,
(z+y)" =a" +y", (zy)" = y*a~, (Ae)" =A™, (27)" = =, [|2*]| = ||z[| for all
z,y € A, A € C. A Banach *-algebra is a Banach algebra with an involution.

An (abstract) C*-algebra is a Banach *-algebra A satisfying the C*-aziom:

|z*z|| = ||2||* for all z € A

The deceptively simple and innocuous C*-axiom turns out to be extremely
powerful, forcing rigid structure on a C*-algebra. For example, it follows that
the norm is completely determined by the algebraic structure and is thus
unique (IL.1.6.5), that *-homomorphisms of C*-algebras are automatically
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contractive (I1.1.6.6), and that every C*-algebra can be isometrically rep-
resented as a concrete C*-algebra of operators (I1.6.4.10). One obvious, but
useful, consequence is that in a C*-algebra, z*z = 0 = z = 0. [In fact, in a
C*-algebra, ) x%x; = 0 implies that each z; = 0 (I1.3.1.2(i), 11.3.1.3).]

11.1.1.2 In many older references, abstract C*-algebras were called B*-
algebras, with the name “C*-algebra” reserved for concrete C*-algebras. The
term “C*-algebra,” first introduced in [Seg47] (for concrete C*-algebras, but
viewed in a somewhat abstract manner), did not become universal until well
after the publication of [Dix69b] in 1964 (there were occasional references to
“B*-algebras” in the literature at least as late as 1980). According to [DB86, p.
6], the “C” in “C*-algebra” originally meant “closed”, and not, as commonly
believed, “continuous”, although the interpretation as standing for “continu-
ous” is nicely in line with the modern point of view of C*-algebra theory as
“noncommutative topology.”

The issue of terminology is clouded by the fact that several different (but
ultimately equivalent) axiom schemes have been used for C*-algebras over the
years. For example, it is easily seen that the C*-axiom implies that the invo-
lution is isometric, so it is unnecessary to include isometry of the involution
as an axiom. The C*-axiom has sometimes been replaced by the apparently
weaker axiom that ||z*z| = ||a*||||z| for all z. It turns out that this weaker
axiom also implies isometry of the involution (a much harder result), so the
weakened axiom is equivalent to the C*-axiom. See also 11.3.1.4. See [DB86]
for details about the C*-algebra axioms.

I1.1.1.3 EXAMPLES.

(i) Any concrete C*-algebra of operators (1.9) is a C*-algebra with the usual
operator norm and involution (1.2.3.1). In particular, £L(H) and K(H) are
C*-algebras for any Hilbert space H. If H is n-dimensional, we obtain
that the n x n matrices M,, = £(C") form a C*-algebra with the usual
involution (conjugate transpose) and operator norm. We denote by K
the C*-algebra of compact operators on a separable, infinite-dimensional
Hilbert space. More generally, if X is any (complex) Banach space, then
the algebra L£(X') of bounded operators on X is a Banach algebra with
the operator norm. £(X) does not have a natural involution in general
(in fact, see [KM46]).

(ii) Let X be a locally compact Hausdorff space, and Co(X) the complex-
valued continuous functions on X vanishing at infinity. Give C,(X) its
usual pointwise operations and supremum norm. Define an involution
by f*(z) = f(z). Then C,(X) is a commutative C*-algebra. In fact,
every commutative C*-algebra is of this form (I1.2.2.4). Co(X) has a
unit (identity) if and only if X is compact; in this case, we usually write
C(X). More generally, if B is a C*-algebra, then the set Co(X, B) of
(norm-)continuous functions from X to B vanishing at infinity, with
pointwise operations and supremum norm, is a C*-algebra. In particular,
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Co(X,M,,) & M, (Co(X)) is a C*-algebra. (In fact, a matrix algebra over
any C*-algebra is a C*-algebra (I1.6.6); this is a special case of the tensor
product for C*-algebras (I1.9)).

(iii) Let G be a locally compact topological group with (left) Haar measure
p. Then LY(G, p) becomes a Banach *-algebra under convolution. It is
not a C*-algebra unless G is trivial. This example will be treated in more
detail in II.10.

Many more examples and constructions of interesting and important C*-
algebras are given in I1.8-I1.10. Parts of these sections are elementary and can
be consulted to give a general picture of the scope of the subject.

I1.1.1.4 If A is a Banach algebra and I is a closed ideal (“ideal” will always
mean “two-sided ideal” unless otherwise specified) in A, then the quotient
norm makes A/I into a Banach algebra. If A is a Banach *-algebra and I is
a *-ideal (i.e. closed under *), then A/l is a Banach *-algebra. It turns out
that if A is a C*-algebra and I is a closed ideal in A, then I is automatically
a *-ideal and A/I is a C*-algebra in the quotient norm (I1.5.1.1).

I1.1.2 Unitization

II.1.2.1 A Banach algebra, even a C*-algebra, need not be unital (e.g. K,
Co(X) for X noncompact). However, every nonunital Banach algebra A can be
embedded in a unital Banach algebra A. Let AT be A® C with coordinatewise
addition,

(a, \)(b 1) = (@b + Ab + pa, Au)

and ||(a, N)|| = |la|| + |Al. [A embeds via a — (a,0), and the unit is (0,1); we
often write a+A1 for (a, \).] If A is a Banach *-algebra, define (a, \)* = (a*, \);
then AT becomes a (unital) Banach *-algebra. With this norm AT is not a C*-
algebra; but if A is a C*-algebra the operator norm on AT as left multiplication
operators on A, i.e.

[I(@, )|l = sup{llab + Ab|| - [[b[| = 1}

is an equivalent C*-norm on A'. The algebra AT contains A as a (closed) ideal,
and AT/A = C. If A is unital, AT = A ® C as C*-algebras (under the map
(a,\) — (@ — A1, \)). Set A= A if A is unital, and A = A" if A is nonunital.

11.1.2.2 As an example, if X is a locally compact noncompact Hausdorff

space, it is easy to see that Co(X) = C(XT), where XT is the one-point
compactification of X.

I1.1.2.3 A bounded homomorphism between the Banach algebras A and
B extends uniquely to a bounded unital homomorphism from A to B. A *-
homomorphism between Banach *-algebras extends to a unital *~homomorph-
ism between the unitizations.
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I1.1.2.4 The unitization process allows reduction of many aspects of the
theory of Banach algebras or C*-algebras to the unital case. However, there
are important reasons not to restrict attention to only the unital case. For
example, we want to regard closed ideals in a C*-algebra as C*-algebras them-
selves. Many C*-algebras which arise in applications, such as C*-algebras of
nondiscrete locally compact groups, are nonunital. Also, in many parts of the
advanced theory of C*-algebras one needs to work with stable C*-algebras
(I1.6.6.12), or suspensions (II.5.5.10), which are always nonunital. Every C*-
algebra has an approximate unit (II1.4).

I1.1.3 Power series, Inverses, and Holomorphic Functions

I1.1.3.1 In a Banach space, every absolutely convergent infinite series con-
verges. In particular, if A is a unital Banach algebra and = € A with [|z| < 1,
then > 7 ;2™ converges to an inverse for 1 —z. Thus we obtain the following
fundamental facts:

I1.1.3.2 PROPOSITION. Let A be a unital Banach algebra. Then

(i) The invertible elements in A form an open set; if = is invertible, the open
ball around z of radius ||z~ ~! is contained in the invertible elements of
A. In particular, if [|[1 —y|| < 1, then y is invertible.

(ii) Every maximal ideal in A is (norm-)closed.

I1.1.3.3 There is a theory of holomorphic (analytic) functions from open
sets in C taking values in a Banach space, which is nearly identical to the
usual complex-valued theory. In particular, most of the standard theorems of
complex analysis, such as the Cauchy Integral Formula, Liouville’s Theorem,
and the existence and radius of convergence of Taylor and Laurent expansions,
have exact analogs in this setting. See [DS88a, III.14] for details.

I1.1.4 Spectrum

I1.1.4.1 DEFINITION. Let A be a Banach algebra, x € A. The spectrum of
zin A is
oa(x) ={\ e C:z— Al is not invertible in A}

If A is nonunital, then 0 € o4(x) for every z € A.

I1.1.4.2 PROPOSITION. Let A be a Banach algebra, z,y € A. Then

(i) oa(z) is a nonempty compact subset of the plane.
(i) max{|\| : XA € oa(x)} = lim, o ||"]|"/™ = inf ||z"||*/™. This number is
called the spectral radius of x, denoted r(z).
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(iii) If f is a polynomial with complex coefficients, then
oi(f(2) ={f(N): A€ aa(x)} .

(iv) oa(zy) U {0} = oa(yz) U {0},

(v) If B is a Banach subalgebra of A and x € B, then o4(z)U{0} C op(z)U
{0} and 9(op(x))U{0} C d(oa(x))U{0}, where O denotes the topological
boundary in C. In particular, the spectral radius of x in B is the same
as the spectral radius in A (so the notation r(z) is unambiguous).

The proofs of (iii) and (iv) are simple algebraic computations [cf. 1.4.1.1,
I1.1.5.2 for (iii); for (iv), if r = (1—xy)~!, then zyr = ray = r—1,s0 1+yrz =
(1—yx)~1], and the other parts follow from straightforward applications of the
theory of I1.1.3, using the fact that the function A — (z—\1)~1! is holomorphic
on the complement of the spectrum of x (called the resolvent set of x).

A simple consequence of (i) is:

I1.1.4.3 COROLLARY. [GELFAND-MAZUR] The only (complex) Banach di-
vision algebra is C.

I1.1.5 Holomorphic Functional Calculus

If f is a polynomial with complex coefficients, without constant term (i.e.
f(0) =0), and z is an element of an algebra A, then there is an obvious way
to apply f to « to obtain an element f(x) € A. If A is a Banach algebra, there
is a very important way of extending this procedure to holomorphic functions,
called functional calculus.

I1.1.5.1 If X is a compact subset of C, denote by H(X) the algebra of
functions holomorphic in a neighborhood of X and vanishing at 0 if 0 € X,
with functions identified if they agree on a neighborhood of X. Functional
calculus gives a homomorphism from H (o 4(x)) to the Banach subalgebra of A
generated by z extending the map for polynomials. The image of f is denoted
f(z). The element f(x) can be defined using the Cauchy Integral Formula, but
in some cases (e.g. if f is entire) it is also given by a power series. If A is unital,
functional calculus is also defined for holomorphic functions not vanishing at
zero. Functional calculus has the following properties, which (along with the
elementary definition for polynomials) determine it uniquely:

I1.1.5.2 PROPOSITION. Let A be a Banach algebra and x € A. Then
(i) For any f € H(oa(x)), oa(f(z)) ={f(A) : A € oa(z)}.

(ii) If f € H(oa(x)) and g € H(f(oa(z))) = H(oa(f(x))), so go f €
H(oa(z)), then (go f)(z) = g(f(z)).
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(iii) If fn, f € H(ca(z)) and f,, — f uniformly on a neighborhood of o4(z),
then fa(z) — ().

(iv) If B is a Banach algebra and ¢ : A — B a continuous (bounded) homo-
morphism, then ¢(f(z)) = f(é(x)) for any f € H(oa(x)).

PROOF: (i): Suppose A is unital. Let f be analytic on U containing o 4(x).
If A € oa(x), then f(2) — f(A) = (2 — N)g(z) with g analytic on U; then
f(x) = f(M)1 = (z—Al)g(z), and since 2 — A1 and g(x) commute and z — Al
is not invertible, f(A) € oa(f(x)). Conversely, if n ¢ {f(N\) : A € 0a(x)}, then
h(z) = (f(z) — p)~ ! is analytic on {z € U : f(2) # u}, which contains o (),
and h(z) = (f(x) — 1),

(ii)-(iv) are straightforward.

I1.1.5.3 An especially important case of functional calculus uses the expo-
nential function f(z) = e®. If x is any element of a unital Banach algebra A,
then f(x) is defined and denoted e®. The element e” is given by the power
series ZZO:O % For any z, e® is invertible, with inverse e=%; e**Y = e%eV if
and y commute. If A is a Banach *-algebra, then (e*)* = e¢(*"). Conversely, if
oa(x) is contained in a simply connected open set not containing 0, let f(z)
be a branch of the logarithm holomorphic in a neighborhood of o 4(z); then
y = f(x) satisfies e¥ = x. In particular, if |1 — x|| < 1, then thereisay € A
with ||ly|| < 7/2 with e¥ = x (use the principal branch of log).

I1.1.5.4 If A is a unital Banach algebra, write A~! (also often written
GL1(A)) for the (open) set of invertible elements in A, and A;! (or GL1(A),)
for the connected component of the identity in A~!. Then

exp(A) ={e¥ :yc A} C A™!

is path-connected, and by the above the subgroup of A~! generated alge-
braically by exp(A) is a connected open subgroup, hence equal to Aj!. In
particular, A;! is an open subgroup of A=, and every element of A;! is a
finite product of exponentials.

If A and B are unital Banach algebras and ¢ is a bounded homomorphism
from A onto B, and y € B!, then there is not necessarily an x € A~! with

(z) =y

I1.1.5.5 EXAMPLE. Let D be the closed unit disk in C, and T its boundary.
There is a *-homomorphism ¢ : C(D) — C(T) given by restriction. But if
g € C(T) with g(2) = z, then g € C(T)~!, but there is no f € C(D)~! with
o(f) =g

The image in the Calkin algebra of a Fredholm operator of nonzero index
is another example.

However:
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11.1.5.6 PRrROPOSITION. If ¢ : A — B is a surjective bounded homomor-
phism of unital Banach algebras, then ¢(Aj*') = Bt

This can be proved either by an application of the Open Mapping Theorem
(1.2.1.4) or by noting that if 2 € A, then ¢(e®) = e?(@),

We now restrict our attention to C*-algebras. Certain types of elements
have standard names arising from operator theory, reflecting the types of
operators they become when the C*-algebra is represented as a concrete C*-
algebra of operators:

11.1.5.7 DEFINITION. Let A be a C*-algebra and z € A. Then z is

self-adjoint if © = x*.
normal if r*x = zx*.
a projection if x = z* = 2.
a partial isometry if x*x is a projection.

If A is unital, then z is

an isometry if x*x = 1.
a coisometry if xz* = 1.
unitary if ¥z = xx* = 1.

I1.1.5.8 The self-adjoint elements of A form a closed real vector subspace
Asq of A. (Note, however, that Ay, is not closed under multiplication unless
A is commutative.) If A is unital, then the set of unitaries of A forms a group
U(A). Every self-adjoint or unitary element is normal. If z is self-adjoint, then
e’ is unitary. 0 and 1 are projections; isometries (and, in particular, unitaries)
are partial isometries. (Coisometries are too; in fact, it follows from I1.2.3.5
that if z is a partial isometry, then so is x*.)

11.1.5.9 If x is any element, then a = (x 4+ 2*)/2 and b = (x — 2*)/2i are
self-adjoint, and = = a + ib; thus Ag, + i4s, = A. The elements a and b are
called the real and imaginary parts of x. It is obvious from their definitions
that [lal], [|b] < |z[-

I1.1.6 Norm and Spectrum

II.1.6.1 It follows from the C*-axiom that every nonzero projection, and
hence every nonzero partial isometry (in particular, every unitary) has norm
1. Thus, if z is unitary, then o4(x) C {)\ : |\| < 1}. Since 27! = z* is also
unitary and hence o4(z7) = {A\7! : X € 04(z)} is also contained in the unit
disk, o4 (x) is actually contained in the unit circle.
11.1.6.2 If z is self-adjoint, then €@ is unitary, so

oa(e®) ={e? N €oa(x)}

is contained in the unit circle, i.e. o4(z) C R.



58 II C*-Algebras

I1.1.6.3 If z is self-adjoint, then from the C*-axiom ||z?%| = ||z||?, and by

iteration ||z2" || = ||=||*" for all n. Thus r(z) = lim, . |22 || " = ||2||. More

generally, if y is normal, then
. n —-n . n n —n—1
r(y) = lim [y* [* = lim [[(y")* y* |

2"”2*"*1 1/2 1/2

= lim (") =[] = lly"yll= =yl -

11.1.6.4 COROLLARY. A C*-algebra is a semisimple algebra.

PRrROOF: If A is a C*-algebra with radical R, and = € R, then z*x € R; so x*x
is nilpotent, r(z*z) =0, z*x = 0, z = 0.

I1.1.6.5 COROLLARY. If A is a C*-algebra and = € A, then ||z|| = r(z*z)"/2
So the norm on a C*-algebra is completely determined by its algebraic struc-
ture and is thus unique.

11.1.6.6 COROLLARY. If A is a Banach *-algebra, B a C*-algebra, and ¢ :
A — B a *-homomorphism, then ||¢| < 1.

PRrROOF: If z € A, then op(¢(x)) U{0} C ga(z)U{0}. Thus

lo@)1* = ll¢(a"2)|| = r(¢(a*x)) < r(a*z) < [|lz*z]| < [l .

A *-algebra thus has at most one norm making it a (complete) C*-algebra;
if it has one, it has no other (even incomplete) norm satisfying the C*-axiom
(I1.2.2.9). [A C*-algebra can have other C*-seminorms; and a *-algebra (e.g.
a polynomial ring) can have many different (incomplete) norms satisfying the
C*-axiom.]

11.1.6.7 COROLLARY. If B is a unital C*-subalgebra of a unital C*-algebra
A and z € B, then op(x) = oa(z). If B is a general C*-subalgebra of a
general C*-algebra A, and = € B, then op(x) U {0} = ga(z) U {0}.
Proor: This is true if x = z* by 11.1.4.2(v). For general z, if x — Al is
invertible in A, then so are (x — A1)*(z — A1) and (z — A1)(x — A1)*. Thus
they are invertible in B, so x — Al is left and right invertible in B.

There are unitary analogs of 11.1.3.2(i) and IL.1.5.6. If A is a unital C*-
algebra, write U(A) for the unitary group of A and U(A), the connected
component of the identity in U(A).
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11.1.6.8 PROPOSITION. Let A be a unital C*-algebra. Then

(i) U(A), is a path-connected open subgroup of U(A), and every unitary in
U(A), is a finite product of exponentials of the form e for x = z*.
(ii) If ¢ : A — B is a surjective *-homomorphism, then ¢(U(A),) = U(B),.

Part (ii) follows from (i) and the fact that ¢(As,) = Bsq.

In fact, if w is a unitary in A and ||u—1|| < 2, then there is an = € A, with
u = e and ||z|| < 7. In this case, u is connected to 1 by a path (u; = €''®)
of length < 7.

If ¢ : A — B is a surjective *-homomorphism of unital C*-algebras, then
it is not true in general that ¢(U(A)) = U(B) (I1.1.5.5).

I1.2 Commutative C*-Algebras and Continuous
Functional Calculus

I1.2.1 Spectrum of a Commutative Banach Algebra

11.2.1.1 If A is a unital commutative Banach algebra, let A be the set of
(unital) homomorphisms from A to C, and Prim(A) the set of maximal ideals
of A. Every maximal ideal is closed (II.1.3) and hence every homomorphism
is continuous. In fact:

I1.2.1.2 PROPOSITION. If ¢ € A and x € A, then ¢(z) € ga(z). Conversely,
if X € o4(x), then there is a ¢ € A with ¢(x) = A. Thus, for any ¢ € A,
€ A, |p(x)] <r(zx) < |[lz[, and hence ||¢[| = 1.

PROOF: ¢(z — ¢(x)1) = 0, so x — ¢(z)1 is not invertible. For the converse,
x — Al generates a proper ideal of A, which is contained in a maximal ideal
I. Let ¢ : A— A/I be the quotient map. A/I = C by 11.1.4.3.

There is a useful consequence for general Banach algebras:

I1.2.1.3 COROLLARY. Let B be a unital Banach algebra, x,y € B. If xy =
yx, then

op(zy) Cop(r)op(y) = {Au: A €op(z),n € op(y)}

and og(z+vy) Cop(z) +op(y).
PROOF: First suppose B is commutative. If v € og(zy), then there is a ¢ € B
with ¢(zy) = 7. We have ¢(z) € op(z), ¢(y) € op(y), and v = ¢(x)d(y).

For a general B, let A be the closed subalgebra generated by 1,x,y, and
(x—=A1)7Y (y—pl)~tfor all A ¢ op(z), u ¢ op(y). Then A is commutative,
and o4(x) = op(z), 0a(y) = op(y). We have

op(zy) C oalzy) C oa(z)oaly) = op(x)op(y).

The proof for op(x + y) is almost identical.
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11.2.1.4 We return to the case where A is a commutative unital Banach
algebra. Then A may be identified with a closed subset of the unit ball of
the dual space A*, and can thus be given the weak-* topology (topology
of pointwise convergence). So Ais a compact Hausdorff space, called the
spectrum of A. Prim(A) may be given the Jacobsen or hull-kernel topology
(the closure of a set J is the set of all maximal ideals containing Nye71).
Prim(A) is compact, but not necessarily Hausdorff (e.g. if A is the “disk
algebra” of functions continuous on the closed unit disk in C and analytic on
the open disk).

There is a continuous injective map Q : ¢ — Ker(¢) from A to Prim(A).
This map is surjective: if I € Prim(A), then A/T is a Banach algebra in the
quotient norm and also a field, hence is C by I1.1.4.3.

I1.2.2 Gelfand Transform

I1.2.2.1 C(A) is thus a commutative C*-algebra. There is a natural homo-
morphism T : z +— & from A to C(A) given by &(¢) = ¢(x), called the Gelfand
transform. The image obviously contains the constant functions and separates
the points of A.

I1.2.2.2 If A is a C*-algebra, then every ¢ € A is a *-homomorphism [it
suffices to show that ¢(z) € R if z = z*; but

{¢(2)} = oc(d(z)) C oa(z) CR
by I1.1.6.2.] Thus the Gelfand transform is a *-homomorphism.

I1.2.2.3 If Ais nonunital, let Prim(A) be as before, and A the set of nonzero
homomorphisms to C. Then Prim(A) and A may be homeomorphically iden-

tified with the open sets Prim(A)\{A} and A\{A/A} respectively, and thus
they are locally compact spaces. The Gelfand transform maps A to C,(A4).

I1.2.2.4 THEOREM. [GELFAND-NAIMARK] If Ais a commutative C*-algebra,
then the Gelfand transform is an isometric *-isomorphism from A onto C,,(A).
Furthermore, 2 : A — Prim(A) is a homeomorphism.

(There are actually two “Gelfand-Naimark theorems,” the other being 11.6.4.10.)

PRrROOF: We may assume A is unital. For the first part, it remains only to
show that T is isometric (then the range will be closed, hence all of C,(A)
by the Stone-Weierstrass Theorem). By the C*-axiom and I1.1.6.6, it suffices
to show that if = a*, then ||£| > ||z||. By 11.2.1.2 there is A € g4(z) with
[A| = ||z||, so there is a ¢ with |#(¢)| = ||z||. It is a routine exercise to prove
that Prim(C'(X)) is homeomorphic to X, and thus 2 is a homeomorphism for

C(X).
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I1.2.2.5 If X and Y are compact Hausdorff spaces, and ¢ : X — Y is
continuous, then ¢ defines a *-homomorphism ¢ : CY)— C(X) by é(f) =
f o ¢. The map é is injective [resp. surjective] if and only if ¢ is surjective
[resp. injective]. Conversely, if ¢ : C(Y) — C(X) is a *~homomorphism and
reX = g()?), then ¢, 09 € C/(Y\): Y; set i(x) = ¢, 01, [Here ¢, is the
homomorphism from C(X) to C corresponding to z, i.e. ¢,(f) = f(x).] It is
easy to check that 1) is continuous. These maps are inverses of each other. In
other words:

11.2.2.6 THEOREM. The correspondence X « C(X) is a contravariant cat-
egory equivalence between the category of compact Hausdorff spaces and con-
tinuous maps and the category of commutative unital C*-algebras and unital
*_homomorphisms.

I1.2.2.7 There is a version of this theorem for locally compact spaces and
general commutative C*-algebras. However, *-homomorphisms from C,(Y)
to Co(X) do not correspond to continuous maps from X to Y, but rather to
proper continuous maps from open subsets of X to Y. It is much cleaner to
phrase things in terms of pointed compact spaces and basepoint-preserving
continuous maps, identifying the locally compact space X with (X, 00) and
to the pointed compact space (Y, *) associating the C*-algebra C,(Y\{*}).

11.2.2.8 THEOREM. The correspondence (X,x*) < Co(X \ {*}) is a con-
travariant category equivalence between the category of pointed compact
Hausdorff spaces and basepoint-preserving continuous maps and the category
of commutative C*-algebras and *-homomorphisms.

An important immediate consequence is:

11.2.2.9 COROLLARY. Let A and B be C*-algebras, ¢ : A — B an injective
*-homomorphism. Then ¢ is isometric, i.e. ||¢p(z)| = ||z| for all x € A.
PROOF: If € A, then ||¢(z)||? = ||¢(2*z)]|, so replacing A and B by C*(x*z)
and C*(¢(x*z)) respectively, it suffices to assume A and B are commutative,
where the result is obvious from the theorem.

I1.2.3 Continuous Functional Calculus

11.2.2.4 allows us to extend the holomorphic functional calculus of I1.1.5 to
continuous functions of normal elements. An immediate corollary is:

11.2.3.1 COROLLARY. Let A be a C*-algebra, and x a normal element of A.
Then C*(z) is isometrically isomorphic to C,(04(z)) under an isomorphism
which sends z to the function f(t) = ¢.

In fact, polynomials in z and z* without constant term are uniformly
dense in C*(z), and by the Stone-Weierstrass theorem polynomials in A and
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A without constant term are dense in C,(c4()). If p is a polynomial in two
variables with complex coefficients and no constant term, then

lp(z, =) = max{|p(\, )| : A € oa(@)}.

Thus, if f is a complex-valued function which is continuous on o4 (x), with
f(0) =0 if 0 € 04(x), then there is a corresponding element f(z) € C*(x).
This extended functional calculus has the same properties as in I1.1.5.2, with
a stronger continuity property:

11.2.3.2 PROPOSITION. Let A be a C*-algebra and x € A a normal element.
Then

(i) For any f € Co(oa(2)), oa(f(x)) = {f(N): AEUA( )}

(ii) It f € Co(oa(z)) and g € Co(f(oa(®))) = Coloa(f(2))), s0 go f €
Co(oa(x)), then (go f)(x) = g(f(x)).

(iii) If fo, f € Co(oa(z)) and fp, — f uniformly on o4 (), then f,(z) — f(z).

(iv) If B is a C*-algebra and ¢ : A — B a *-homomorphism, then ¢(f(z)) =

f(o(x)) for any f € Co(oa(x)).

11.2.3.3 PROPOSITION. Let Y be a compact subset of C, and (f,,) a sequence
of elements of C,(Y") converging uniformly on Y to f. Let A be a C*-algebra,
(zn,) a sequence of normal elements of A with z,, — z € A and g4(x,) CY
(so oa(x) CY). Then fr(zn) — f().

For the proof, let € > 0, and approximate f uniformly on ¥ within €/4 by
a polynomial p; then

[fn(@n) = f(@)]] <
[fn(@n) = fl@a)ll + [1f(2n) = ()]l + [lp(en) = p(@)| + [Ip(z) — f(2)]-

If n is large enough that | f,, — f| is uniformly less than €/4 on Y, the first term
is less than e/4; the second and fourth terms are < ¢/4 by choice of p, and
the third term goes to 0 as n — oo by continuity of addition, multiplication,
and involution.

This result is often used when (f,) is a constant sequence.

From functional calculus we obtain:

11.2.3.4 COROLLARY. Let A be a C*-algebra, and x a normal element of A.
Then

x is self-adjoint if and only if o4 ()
x is unitary if and only if o4(z) C { |)\| =1}
x is a projection if and only if o 4(z) C {0,1}.

CR
A
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11.2.3.5 So if u is a partial isometry (i.e. u*u is a projection), then by
I1.1.4.2(iv) and I11.2.3.4 wu* is also a projection. [There is a simpler direct
proof: it is elementary to see that w is a partial isometry if and only if u =
wu*u. One direction is obvious; for the other, if u*u is a projection and y =
u — uu*u, then y*y = 0, so y = 0.] u*u and uu* are called the initial and
final projections, or the source and range projections, of u, and u is called a
partial isometry from u*u to wu*. (The terminology is inspired by 1.5.2.3.)

11.2.3.6 PROPOSITION. Let a = a* in a C*-algebra A. Then there is a unique
self-adjoint b € A with b® = a.

PRrOOF: We can take b = f(a), where f(t) = t'/3. For uniqueness, suppose
¢ = ¢* and ¢® = a. Then ¢ commutes with a, and hence with b which is a
limit of polynomials in a. So C*(b,c) is commutative, and contains a. But a
self-adjoint element of a commutative C*-algebra obviously (by the Gelfand
transform) has a unique self-adjoint cube root.

The same is true for n’th roots, for any odd n. See I1.3.1.2(vii) for an
analogous statement for even roots.

I1.3 Positivity, Order, and Comparison Theory
I1.3.1 Positive Elements

11.3.1.1 DEFINITION. Let A be a C*-algebra. An element x € A is positive
if x = 2™ and o(z) C [0,00). The set of positive elements in A is denoted A.
If z € Ay, we write x > 0.
Note that by I1.1.6.7, the property of being positive is independent of the
containing C*-algebra, i.e. if B is a C*-subalgebra of A, then By = BN A,..
A positive element of Co(X) is just a function taking only nonnegative
real values. The following facts are obvious from 11.2.2.4:

11.3.1.2 PROPOSITION. Let A be a C*-algebra and z,y € A. Then

i) f >0 and —z > 0, then = 0.

(ii) If x is normal, then z*z > 0. In particular, if x = 2*, then 22 > 0.
iti) If > 0, then ||z|| = max{\: X € o(x)}.

iv) If z = 2* and ||z|| < 2, then > 0 if and only if |1 — z|| < 1 (in A).
(v) If z,y > 0 and zy = yz, then = + y and zy are positive.

) If = z*, then there is a unique decomposition z = x; — x_, where
zy,x— > 0 and x4 z_ = 0. We have x4, z_ € C*(x). [+ = f(x) and
x_ = g(x), where f(t) = max(¢,0) and g(t) = —min(¢,0).] Thus every
element of A is a linear combination of four positive elements.
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(vii) Every positive element of a C*-algebra has a unique positive square
root. More generally, if x > 0 and « is a positive real number, there is
a positive element 2 € C*(x)y; these elements satisfy z®2% = 2919
2! = 2z, and a — 2% is continuous. If z is invertible 2 is also defined
for ae < 0.

(viii) (z,A) > 0in AT if and only if z = 2* and A > |lz_||.

For (vii), set % = go(z), where g, (t) = t*. Then g,-1(z*) = z. If b € Ay
with g,-1(b) = x, then x commutes with b, hence ® commutes with b; thus
b=z%in C*(x,b) C A.

The two crucial facts about positive elements are:

11.3.1.3 PROPOSITION. Let A be a C*-algebra. Then

(i) Ay is a closed cone in A; in particular, if 2,y > 0 then x +y > 0. [A
cone C in a real or complex vector space is a subset closed under addition
and under scalar multiplication by Ry, often (but not always) with the
property that C' N (=C) = {0}.]

(ii) If z € A, then z*z > 0.

To prove (i), since Ry A; C Ay it suffices to show that A, N B is a closed
convex set, where B = Bj(A) is the closed unit ball in A. But Ay N B is
the intersection of the closed convex sets As,, B, and {z : |1 — z| < 1}
(IL3.1.2(iv)).

The proof of property (i) uses the fact that if x = a + ib € A with
a,b € Agq, then *z > 0 if and only if za* > 0 by 11.1.4.2(iv), and

e+t =2a® + 202 >0

by (i) and I1.3.1.2(ii). If 2*z = ¢ = ¢4 — c— as in 11.3.1.2(vi) and y = zc_,
then —y*y =c3 >0, so

v =Wy+yy)+(=yy) 20
and thus y*y > 0. So y*y = 0 by 11.3.1.2(i), c— =0, z*x > 0.

I1.3.1.4 These properties were mysterious in the early days of the subject,
and property (ii) was originally assumed as an axiom for C*-algebras (in the
equivalent form that 1 + x*z is invertible for all z). Property (i) was proved
independently in [Fuk52] and [KV53], and (ii) was proved by Kaplansky (cf.
[Sch52]). [Kap68] and [DB86] contain an account of the history of the devel-
opment of the C*-axioms.

11.3.1.5 COROLLARY. If A is a C*-algebra and a € A, then z*ax =
(a'?z)*(a'/?z) > 0 for any = € A.
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I1.3.1.6 In light of I1.3.1.5, the following useful polarization identity, valid
for all z,y, gives a simplified proof of the last statement of I11.3.1.2(vi) (in the
nonunital case, I1.3.2.1 is needed to show that A = A? for a C*-algebra A):

'z = (z+y)" (z+y)—(x—y) (@ —y) +ilz +iy)" (@ +iy) —i(z —iy)"(z —iy)
More generally, for any z,y,a we have

3

dytax = i (x +ify)Ta(e +i*y) .
k=0

I1.3.1.7 If A is a C*-algebra and = € A, define |z| = (v*2)'/2 € A . If
x =a*, then |z| =z + 2_ = f(z), where f(t) = |¢|.

I1.3.1.8 Because of I1.3.1.3(i), it makes sense in a C*-algebra A to write
x <y if y —x > 0. This defines a translation-invariant partial order on A (it
is usually only used on A,,). Note that 2 < y is well defined independent of
the containing C*-algebra. If = 2* and o4(z) C [a, 5], then al < z < 1
(in A). If a < b, then z*az < z*bx for any z. If + € A, a € A, then
z*ax < z*(||la||l)z = ||a||z*z.

11.3.1.9 PROPOSITION. Let A be a C*-algebra, =,y € A. Then
(i) —(z*z +y*y) < z*y +y*x < z*z + y*y
(i) (x 4+ y)* (x +y) < 2(z*z + y*y). More generally, for any x1,...,x,,
(x14+ - Fz) (@14 4z, <n(zijz+ -+ x)x,)
(iii) If 0 < o <y and x is invertible, then y is invertible and 0 <y~ <z~

PRrOOF: For (i), (x + y)*(x + y), (x — y)*(z — y) > 0. The first statement of
(ii) is just (z +y)*(x +y) + (z — y)* (x — y) = 2(z*x + y*y); for the general
statement, if w is a primitive n’th root of unity, then

n * n
(Z o.)j(kl)xk> <Z wﬂ“)ka
k=1 k=1

(iii): If z is invertible, then €1 < x for some € > 0, so €1 < y and y is invertible
by 11.2.2.4, and =%, y~! > 0. The inequality y=* < z~! is obvious from
11.2.2.4 if x and y commute, and in particular if y = 1. For the general case,
if x <y, then

YV 20y V2 <212
1< (y71/2xy71/2)71 — /2 1y1/2
yl = y*1/21y71/2 < y*1/2(y1/2x*1y1/2)y*1/2 —
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11.3.1.10 PROPOSITION. Let A be a C*-algebra, 0 < z < y € A, and
0 < @ < 1. Then z* < y*. (We say the function ¢t — t® is operator-monotone.)

PROOF: Let S = {a € (0,00) : t — t* is operator-monotone}. Then 1 € S,
and S is (topologically) closed in (0, c0) and also closed under multiplication.
Two other observations:

(i) @ € Sif and only if 0 < z < y and y is invertible implies % < y*: For
general x,y, 0 < x <y, we then have % < (y + €1)* (in A) for all € > 0,
and thus z® < lim._,o(y + €1)* = y* (I1.2.3.3).

(ii) If z,y > 0 and y is invertible, then

% < ya yfa/Zxayfa/Q <1
=y~ 222 = |y~ ey < 1

Next we show 1/2 € S.1f 0 < = < y, and y is invertible, then y /22y~ /2 < 1,
so [ly~/22'/?|| < 1. By IL1.4.2(iv),

r(y_1/4x1/2y_1/4) — ’I“(y_l/Q.’L‘l/Q) < Hy_1/2961/2|| <1

so y~1/Agl/2y=1/4 < 1 g1/2 < yl/2,
Similarly, if a, 5 € S, we show v = (a+3)/2 € S.If 0 < 2 <y, and y is
invertible, we have

ry P2y ) =y ) = r(y P2y ) <y et (@Y
< [ly= /222|272y =P < 1.

So S contains all of (0,1].
For an alternate proof, see [Ped79, 1.3.8].

I1.3.1.11 The result can fail if @ > 1 unless * and y commute. There are
counterexamples in My, for example x = [ ; ; } LY = [ g g ] ;x <y, but
x® £ y* for any o > 1. Thus S is precisely (0, 1].

I1.3.1.12 While discussing inequalities, the following simple analog of

Bessel’s inequality is useful: if ay, ..., a, are elements of a C*-algebra A, and
aja; =0 for 7 # j, then for any x1,...,2, € A we have

n n n n
1Y aiwi)? = 10 aixi)* O aixs)|| = | > ja;azmi|
i=1 =1 i=1 =1
n n
< lataiaim]| = [lasws]|*.
i=1 i=1
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Orthogonality

11.3.1.13 Two projections (or, more generally, positive elements) p, ¢ of a
C*-algebra A are orthogonal, written p L g, if pg = 0. Orthogonal positive
elements commute, and if p L g, then |[p+¢|| = max(|[p[], [[¢||). Orthogonality
is usually used only for positive elements, but can be defined in general: if
z,y € A, then z L y if vy = yx = 2*y = yz* = 0 (hence z*y* = y*z* =
zy* = y*z = 0 also).

Following [Ber72], we say p,q € A are very orthogonal, written p L1 g,
if pxq = 0 for all x € A. This is equivalent to saying that the ideals generated
by p and ¢ are orthogonal. Unlike orthogonality, the notion that p and ¢ are
very orthogonal depends on the containing C*-algebra. If p 1. 1 ¢ in A, then
p L g, even if A is nonunital (pg = lim pg'/™¢; in fact, p L L ¢ in A if and only
ifpLlgin A).

11.3.2 Polar Decomposition

Polar decomposition (I.5.2.2) cannot be done in general in a C*-algebra, but
there is a weak version which is extremely useful. In fact, we have a weakened
version of 1.5.2.4.

11.3.2.1 PROPOSITION. If A is a C*-algebra, z € A, a € Ay, z*x < aq,
and 0 < a < 1/2, then there is a u € Aa C A with u*u < al—2¢ (hence
ul| < [la/2=2])), vu* < (z2*)'~2%, and = = ua®. In particular, r = u(z*z)®
for some u with u*u = (z*2)*~2* (and ||ul| = ||(z*z)"/27%|). So every element
of A can be written as a product of n elements of A, for any n.

The proof consists of showing that the sequence u,, =z[(1/n)+a]~/2al/?=2
is norm-convergent to an element u with |jul| < [|a’/?=%| (see [Ped79, 1.4.4]
for details). Then, if y,, = 1 — [(1/n) + a]~'/%a'/?, we have

I Y2yl* =0

lz = una®l* = aynl* = llyna"zynll < llynayall = lla

since f,,(t) = tY/2[1 — (t/[(1/n) + t])*/?] — 0 uniformly on [0, ||a||] by Dini’s
Theorem.

A closely related result, which can be used to give an alternate proof of
11.3.2.1 (and in fact a slight generalization), will be discussed in I11.5.2.16.

I1.3.2.2 By applying the proposition to * and taking adjoints, we obtain
the “right-handed version”: if za* < a, then for 0 < a < 1/2 there is a
v € aA C A with [jv]| < [la*/?~%|| and = = a®v.

There is a closely related result about existence of “cube roots,” with a
simpler proof, which gives an alternate proof of the last statement of 11.3.2.1:
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11.3.2.3 PROPOSITION. Let A be a C*-algebra and x € A. Then there is a
unique y € A with x = yy*y.

A proof of existence can be obtained from I1.3.2.1: if z = y(z*x)'/? with
y € Az*z, then it can be shown that y*y = (2*z)'/3. Uniqueness can also
be shown directly. (See II1.5.2.18 for a version of this argument using polar
decomposition in the second dual.) But there is also a slick elementary proof
of the proposition using functional calculus in 2 x 2 matrices (11.6.6.4).

11.3.2.4 1If 0 < z < q in a C*-algebra A, we cannot in general write z =
a'’?cal’? or z = x*ax for x,c € A, even if A is commutative [consider f(t) =t
and g(t) = t sin®*(t~') in C(]0, 1])], although this can always be done if A is a
von Neumann algebra. But there is an approximate version:

11.3.2.5 COROLLARY. Let 0 < z < a in a C*-algebra A. Then

(i) Forany 0 < a < 1/2thereisac € Ay with z = a®ca® and ||¢| < [lal=2¢].
(ii) There is a bounded sequence (z,,) in A with z}az, — z, and a bounded
sequence (c,) in Ay with a'/?c,a'/? — 2.

PROOF: Take z = z'/2 in I1.3.2.1, and find for each a a wu, with z/2 =
uqa® = a®u¥ and |lug || < [|a'/?7%| < max(1, |a/?||). Then z = a®uqula® =
uga®®ut,. Set k, =1/2 —1/n, z,, = uy - and ¢, = ug, uy .

Riesz Decomposition

I1.3.2.6 As a related matter, we do not have the usual Riesz Decomposition

property in noncommutative C*-algebras: if a,b,c € A, and a < b+ ¢, there

are not necessarily a1, as € Ay with a1 < b, ag < c and a = a1 + a2 (consider
|10 10 0 1|11,

b= {0 0 },c- [ 0 1 ],a—Q [ 11 ] in My). However, we have the

following version of the Riesz Decomposition property in any C*-algebra:

11.3.2.7 PROPOSITION. Let A be a C*-algebra, z,y1,...,y, € A with z*z <
Z?Zl y;y;. Then there are uy,...,u, € A with uiuj < yjy; for each j, and
za* =300 .

The proof, similar to the proof of I1.3.2.1, can be found in [Ped79, 1.4.10].
If A is a von Neumann algebra, there is a simplified proof using the argument
of 1.5.2.5. Note that the distinctions between z*x and zz*, and the yjy;
and y,y;, are merely for convenience, giving broader applicability; = and the
1/2 and (yjyj)l/2 respectively.

y; may be replaced in the statement by (z*z)
¥ is essential, as the previous

[However, the distinction between ufu; and wju}
example shows.]
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Well-Supported Elements

True polar decomposition can be done for invertible elements, and somewhat
more generally:

11.3.2.8 DEFINITION. An element x in a C*-algebra A is well-supported if
oa(x*x)\{0} is closed (i.e. oa(z*z) C {0} U [¢, 00) for some € > 0).

The property of being well-supported is independent of the containing C*-
algebra. Invertible elements and partial isometries are well-supported. The
image of a well-supported element under a homomorphism is well-supported.

11.3.2.9 It follows from II.1.4.2(iv) that if x is well-supported, then so is
x*. From IL.1.4.2(iii), if = 2* (or, more generally, if = is normal), then x is
well-supported if and only if ™ is well-supported for some n.

If f(0) =0 and f(t) = 1 for t > 0, then f is continuous on o4(x*x) if
x is well-supported, and p = f(z*x) is a projection, called the right support
projection of x. This projection has the properties that ap = z and py = 0
whenever xy = 0. Similarly, ¢ = f(zz*), the left support projection of z,
satisfies gz = = and yqg = 0 whenever yr = 0. If x is normal, then its left
and right support projections coincide. If g(0) = 0 and g(t) = t~%/2 for t > 0,
then g(a*z) is defined and uw = zg(z*x) is a partial isometry with u*u = p,
uwu® = q, and x = u(x*av)l/2 gives a true polar decomposition for x. If z is
invertible, then p = ¢ = 1 and u is unitary; in this case, g(z*z) = (z*z)~ /2,
and if £ = va with v unitary and a > 0, then v = u and a = (a:*:r:)l/2. Also,
if x,, — x with z,,,x invertible, and z,, = una,, * = ua, then u,, — u and

a, — a.

11.3.2.10 Well-supported elements in a C*-algebra are precisely the ele-
ments which are von Neumann regular in the ring-theoretic sense of having a
quasi-inverse (y is a quasi-inverse for x if xyxr = x) [Goo91]. Well-supported
elements are also precisely the elements which have closed range when the
C*-algebra is represented as an algebra of operators on a Hilbert space (or
a Hilbert module; cf. 11.7.2.8). Thus well-supported elements are sometimes
called elements with closed range. This term is also justified by the following
observation:

11.3.2.11 PROPOSITION. Let A be a C*-algebra, x € A. The following are
equivalent:

(i) Az is closed.

(if) zA is closed.

(iii) z*Ax is closed.

(iv) z is well-supported.
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Convex Combinations of Unitaries

We now have enough machinery to obtain a sharpening, due to R. Kadison
and G. Pedersen [KP85|, of a result of B. Russo and H. Dye ([RD66]; cf.
[Har72], [Gar84]). We begin with a simple observation:

11.3.2.12 PROPOSITION. Every element of a unital C*-algebra A is a linear
combination of four unitaries. In fact, if z = 2* € A and ||z|| < 2, then z is a
sum of two unitaries in U(A),.

PROOF: Set a = x/2. Then 1 — a® > 0 and a £ i(1 — a?)'/? are unitaries. If
0 <t <1, then (ta + i(1 — t?a?)'/?) gives a path of unitaries from +il to
a+i(l—a*)'/?, s0 a+i(l—a®)'"/? € U(A),.

11.3.2.13 LEMMA. Let A be a unital C*-algebra, y € A, |y|| < 1, and
u € U(A). Then there are unitaries wy,ws € A with u +y = wy + wy. If
u € U(A)o, then wy, wy may be chosen in U(A),.

PROOF: Write u+y = u(l4u*y). Then 1+u*y is invertible, 1+u*y = v|14+u*y|
with v € U(A),, and |1 +u*y| is a sum of two elements of U(A), by 11.3.2.12.

11.3.2.14 THEOREM. If A is a unital C*-algebra, z € A, |z|| < 1 — 2/n,
then there are uq,...,u, € U(A), with x = (ug + -+ + up)/n.

PROOF: Let y = (n—1)"!(nz —1); then |y|| < 1. By repeated use of 11.3.2.13,
we have

nx = 14+(n—1)y = wi+w1+(n—2)y = uytus+wa+(n—3)y = --- = ug+- - -+u,

for some w1, ..., u, € U(A),.

In fact, an element of norm 1 — 2/n in a unital C*-algebra A can also
be written as a mean of n unitaries in A [Haa90]. This result is sharp: if v
is a nonunitary isometry and A > 1 — 2/n, then Av cannot be written as a
convex combination of n unitaries in any containing C*-algebra [KP85]. The
minimal number of unitaries necessary for an element x € A is closely related
to the distance from z to the invertible elements of A ([Rer88], [Ped89b]; cf.
11.3.2.19).

11.3.2.15 COROLLARY. [RUSSO-DYE] Let A be a unital C*-algebra. Then
co(U(A),) (the convex hull of U(A),) contains the open unit ball of A. Thus
co(U(A)) =co(UU(A),) is the closed unit ball of A.

11.3.2.16 COROLLARY. Let A be a unital C*-algebra, B a normed vector
space, and ¢ : A — B a bounded linear map. Then ||¢|| = sup ||¢|c||, where
C runs over all unital commutative C*-subalgebras of A.

For the proof, note that ||¢|| = sup{|l¢(u)|| : v € U(A)}, and C*(u) is

commutative.

Not every element of the closed unit ball of a unital C*-algebra is a convex
combination of unitaries. In fact, we have:
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11.3.2.17 THEOREM. Let A be a C*-algebra. If A is nonunital, then there
are no extreme points in the closed unit ball of A. If A is unital, then the
extreme points of the closed unit ball of A are precisely the elements x such
that

(1—2za")A(l —z"2) =0

(ie. (1 —az*) L1 (1 —a*z) (11.3.1.13)). Such an z is automatically a partial
isometry. So every isometry or coisometry (in particular, every unitary) is an
extreme point of the closed unit ball of A.

It is easy to see that an extreme point x in the unit ball of A is a partial
isometry: if not (i.e. if z*z is not a projection), write z = u(x*z)'/* for some
u, ||u|] = 1, and by functional calculus find a small positive a in C*(x*z) such
that |[(z*z)/4(1 + a)|| = 1 (where 1 € A is used symbolically); then z is the
average of u(z*x)'/*(1 + a), a contradiction. So if z is extreme, 1 — zz* and
1 — x*x are projections in A.

Hence, if  is extreme and a € (1 — zz*)A(1 — 2*z) with ||a|]| = 1, then
ar*x = 0, so ax*xa® = 0, ax®* = 0, a*a L z*z, and similarly a*z = 0,
aa* L zz*. So

lz + al* = [[(z* + a*)(z £ a)[| = [|z"x + a”al| = max(]|a"z], |a*al)) = 1

and z = [(z 4+ a) + (x — a)]/2, a contradiction; thus (1 — zz*)A(1 — z*x) = 0.
So if x is extreme, and if y € A, then

(1—2z"2)(1 —2zz)y"y(l —2zz*)(1 —a*2z) =0

and thus y(1 — z2*)(1 — 2*z) = 0. Therefore (1 — z2*)(1 —z*z) =0, 1 =
x*r 4+ za* — (za*)(x*z), and A is unital.

Showing that an x satisfying (1 — xz*)A(1 — 2*z) = 0 is an extreme point
is more difficult (cf. [Sak71, 1.6.4], [Ped79, 1.4.7]), but there is an elementary
proof that a unitary u in a unital C*-algebra A is an extreme point in the unit
ball. Since left multiplication by u is an isometry from A onto A, it suffices
to show that 1 is an extreme point. The result holds in a commutative C*-
algebra by the functional representation. In a general A, if 1 = (x + y)/2
with ||z|| = ||ly|| = 1, write x = a + ib, y = ¢ + id; then 1 = (a + ¢)/2 and
llall, |||l < 1, and C*(a,c) is commutative, so a = ¢ = 1; thus  and y are
normal, so C*(z,y) is commutative and z =y = 1.

There is a simple argument that an isometry U € £(H) is an extreme point
of the unit ball of £(H), which can be combined with the Gelfand-Naimark
Theorem (I1.6.4.10) to show that isometries (and coisometries) in general C*-
algebras are extreme points. If U = ¢S+ (1 —¢)T with ||S|| = ||T]| =1 and 0 <
t<1,let £ €H, ||| =1. If n=UE, then ||n|| = 1, and 7 is an extreme point
of the unit ball of H by the parallelogram law. But n = ¢(S¢) + (1 — ¢)(T€),
so S¢€ =T¢& = U¢E. Since € is arbitrary, S=T = U.
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I1.3.2.18 Thus a nonunitary isometry is not a convex combination of uni-
taries. In fact, if A is unital, the convex hull of ¢(A) is the whole closed unit
ball of A if and only if A has stable rank 1 (V.3.1.5) [Rer88]. See [PR88] and
[HR93] for further related results. One simple related result is useful:

11.3.2.19 PROPOSITION. Let A be a unital C*-algebra, and u a nonunitary
isometry in A. If z is an invertible element of A, then ||ju — z|| > 1.

PROOF: Suppose z is invertible in A and ||ju — z|| < 1. Set z = zu*, p = uu*,
and r = 1 —p # 0. Then z is right invertible with right inverse y = uz~!, and
Tp = x, SO

Ip = prp|| = [lp = pz|| = [lp(p — 2)|| = [lp(v — 2)u™|| < flu - z]| <1

and pxp is invertible in pAp. Since py = y, we have (pzp)(pyr) = pryr = pr =
0, and since pzxp is invertible in pAp, pyr = 0. But (rzp)(pyr) = rayr =r # 0,
a contradiction.

Since 0 is in the closure of the invertible elements of A, the distance from
u to the invertible elements of A is exactly 1.

11.3.2.20 An interesting consequence of these theorems is that the (closed)
unit ball of a unital C*-algebra is the closed convex hull of its extreme points,
even though in general it is not compact in any natural topology.

Quasi-Invertible Elements

11.3.2.21 1In [BP95], an element of a unital C*-algebra A of the form yuz,
where y and z are invertible and u is an extreme point of the unit ball of A,
is called a quasi-invertible element of A. The set of quasi-invertible elements
of A is denoted A,. Every left or right invertible element or extreme point
of the unit ball is quasi-invertible. A quasi-invertible element z of A is well-
supported, and the right and left support projections p and g of x satisfy
(1—p) L1 (1—q); and conversely, every element of this form is quasi-invertible
[if = u|x| is the polar decomposition, then u is an extreme point of the unit
ball and = = u(|z| + 1 — p)]. Unlike invertibility (II.1.6.7), quasi-invertibility
depends on the containing C*-algebra.

I1.3.3 Comparison Theory for Projections

Just as in £L(H), the order structure on projections in a C*-algebra has nice as-
pects not shared by general positive elements, summarized in the next propo-
sition:



I1.3 Positivity, Order, and Comparison Theory 73

11.3.3.1 PROPOSITION. If p and ¢ are projections in a C*-algebra A, then
the following are equivalent:

(i) p<q
(ii) p < Aq for some A > 0.
(il) pg=qp=p.
(iv) ¢ — p is a projection.
If these conditions hold, we say p is a subprojection of q.

Note that unlike in £(H) (or in a von Neumann algebra), the projections
in a C*-algebra do not form a lattice in general:

I1.3.3.2 EXAMPLES.

(i) Let ¢ be the C*-algebra of convergent sequences of complex numbers.
Let p(™m) = (pﬁf”)) be the projection in ¢ with p%m) =1 for n < m odd,
and p;m) = 0 otherwise. Then the sequence (p("™) has no supremum in
Proj(c).

(ii) Let A be the C*-algebra of convergent sequences in My. Let p = (py,)
and ¢ = (gn,) be the projections in A with p,, = gan—1 = diag(1,0) and

1— —1 -1 _ -2
Gon = — n — K 1 " . Then {p, ¢} has no supremum or
vVn=l—n n

infimum in Proj(A) (note that in My, pay, A o, = 0 and pa,, V gon, = I).

(iii) Let A be as in (ii), and let B be the (nonunital) C*-subalgebra of A
of sequences converging to a multiple of diag(1,0). Then p,q € B, but
{p, q} has no upper bound in Proj(B).

It is very useful to have a notion of equivalence of projections:

I1.3.3.3 DEFINITION. If p and ¢ are projections in A, then p and ¢ are
(Murray-von Neumann) equivalent (in A), written p ~ g, if there is a partial
isometry u € A with u*u = p, uu* = ¢, and p = ¢ if p is equivalent to a
subprojection of ¢, i.e. if there is a partial isometry u € A with v*u = p and
uu* < g (we say p is subordinate to q).

Although the notation does not reflect it, equivalence of projections is, of
course, relative to a specified containing C*-algebra.

Unitarily equivalent projections are equivalent; the converse is false in gen-
eral (in L(H), for example), but is “stably” true (V.1.1.2). Note that p < ¢ and
g = p do not together imply p ~ ¢ in general, e.g. in O,,, n > 2 (11.8.3.3(ii),
V.1.3.4), i.e. there is no Schroder-Bernstein theorem for equivalence of pro-
jections (although there is for von Neumann algebras (II1.1.1.9)).

The next proposition is fundamental, and may be regarded as one of the
starting points for the K-theory of C*-algebras. It has an analog for general
Banach algebras [Bla98, 4.3.4].
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11.3.3.4 PROPOSITION. Let A be a C*-algebra, p,q projections in A. If

lp —q|| < 1, then p ~ ¢. In fact, there is a unitary v(p,q) € A with

v(p, q)pv(p, q)* = q. The assignment (p, q) — v(p, ¢) has the following proper-

ties:

(i) v(p,p) =1 for all p.

(ii) (p,q) — v(p,q) is jointly continuous in p and ¢; for any € > 0 there is a
0 > 0 such that ||v(p, q) — 1| < e for any p, q with ||p — ¢|| < 9.

(iii) (p,q) — wv(p,q) is functorial in the sense that if ¢ : A — B is a *-
homomorphism, then c;NS(v(p, q)) = v(o(p), d(q)), where é: A — Bis the
induced map.

PrOOF: If # = gp+ (1 — ¢)(1 — p), then 1 —a*z = 1 — z2* = (p — q)?, so
|1 —az*z| = |1 —22*|| = |[p — ¢||> < 1 and z is invertible in A. Let v(p, q)
be the unitary in the polar decomposition of z, i.e. v(p,q) = x(z*z)~1/?,
z = v(p,q)(z*x)"/2. We have zp = gz = qp, pr* = x*¢ = pq, so z*xp =
r*qr = pr*x, and so (x*x)1/2 commutes with p. Since xpz~! = gzz~! = ¢,
we obtain v(p, ¢)pv(p, q)* = q. Let v = ||[p—q||. We have z*z = 1—(p—q)? < 1,
so ||z]| <1, and

|z—1]| = lgp+(1—=q)(1=p)—p—(1—=p)|| < lgp—pl+[[(1=g)(1—p)—(1—p)||
<llg=pl+1(1—-¢q)— (1 —-p)=27.
Since (1 —~+?)1 < z*z < 1, we have
[(z*2) 2 =1 <a:=(1—-9%)""2 -1

lo(p, @) =1]| = lla(a*e) "2~z ta—1| < |lo(z"2) =1 +]la—1] < at2y.

A similar argument shows the following useful technical result:

I1.3.3.5 PROPOSITION. For every € > 0 there is a § > 0 such that, whenever
A is a C*-algebra and p, ¢ are projections in A with ||pg — ¢|| < J, then there
is a projection p’ € A with ¢ <p’ and [|p — p'|| <e.

PROOF: Suppose 0 < § < 1 and p, ¢ are projections in a C*-algebra A with
llpg — q|| < 6. Then ||gpg — q|| < J, so gpq is invertible in gAq with inverse a,
and ¢ < a < (1-6)"1q. If b= a'/?, then ||g—b|| < a:= (1—-6)"2—1, and pq
has polar decomposition u(qpq)l/ 2. where u = pgb is a partial isometry with
u*u = q. We have

lu =gl = llu —pg+ pg — ql| < [lpgb — pql| + l|lpg — 4|l

= |lpg(b— )|+ lpg —qll < B:=a+0

and ||u* — ¢|| < B, so, since u = ug,

luu® — gl = [luu™ —ug +ug — ql| < flu(v” — )| + [[(u — g)ql| <285
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and r = wu* < p. If € > 0 is given and 3 is small enough, then the
unitary v(q,r) € A (I1.3.3.4(ii)) satisfies |lv(q,7) — 1| < €/2. Then, if
p' = wv(g,r)pv(q,r)*, we have

Ip" = pll < llp" = v(g, ")p|l + llv(g,7)p — pl
= [Jv(g, )plv(g,r)" = 1]|| + [[[v(g,7) — lp| <€
and q = v(q,7)rv(q,7)* < v(g,r)pv(q, )" =p'.

I1.3.4 Hereditary C*-Subalgebras and General Comparison Theory

11.3.4.1 DEFINITION. Let A be a C*-algebra. A C*-subalgebra B of A is
hereditary if 0 < a <b,a € A, b€ B implies a € B.

11.3.4.2 PROPOSITION. Let A be a C*-algebra, B a hereditary C*-sub-
algebra, and = € A. Then

(i) BAB C B (so BAB = B since B = B3 (11.3.2.1)).
(ii) z*Az = (x*x)A(z*z) is a hereditary C*-subalgebra of A containing z*z,
and is the smallest such algebra.
(iii) If A is separable, then every hereditary C*-subalgebra of A is of the form
hAh for some h € A, .

PRrROOF: (i): First note that if z € B, then z*Az C B: it suffices to show
2*Aiz C B., which follows from II.3.1.8. Now let z,y € B, and set b =
zx* + y*y. Then there are u,v € B with z = b*/%v and y = ub'/* (11.3.2.1),
80, for a € A,

ray = b 4vaub'* € b'/* Ab/4 C B.
(ii): (z*2)A(z*z) C x*Az, and z*Az C (a*z)Y/*A(z*z)/* since z =
u(z*x)'/* for some u (11.3.2.1). 2% Az is a C*-subalgebra of A.

(z*x)® = 2" (v2*)%x € 2* Az,

SO

(z*2)* € C*((z*2)?) C (z*x)A(z*z) C 2* Az
for any a > 0. Thus we have
(*z) VA Az x)V C (zvx) A(a*a)

by (i), so z*Az = (z*z)A(z*z). It follows that b € a*Az if and only
if limg_o(z*z)*b(z*2)® = b. Thus, if 0 < a < b and b € x*Azx, write
a = b'/4ch/* (11.3.2.5) to see that a € z* Ax.
(iii): Let (z,,) be a dense sequence in the unit ball of B, and let h be the
element > 7 | 27"z x,; then B = hAh.

See 11.5.3.2 and 11.5.3.9 for additional comments about hereditary C*-sub-
algebras.

As with projections, it is useful to have some other notions of comparison
between general positive elements in addition to the ordinary order <. Here
are two other useful ones:
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11.3.4.3 DEFINITION. Let A be a C*-algebra, a,b € A;. Then

(i) bxaifab=0b.
(ii) b 3 a if there is a sequence (z,,) in A with z}ax,, — b (equivalently, for
any € > 0 there is an x € A with ||z*az — b|| < ¢).
(iii) a~bifa 3band b 3 a.

Of course, 3 and = depend on the choice of A (<« is independent of
the choice of the containing C*-algebra). These relations are transitive; =<
is reflexive, and = is an equivalence relation. [It is not entirely trivial that
= is transitive, since the sequence (z,) cannot be chosen to be bounded in
general; but if b 3 a and ¢ 3 b, and y satisfies ||y*by — ¢|| < €/2, choose x with
|lz*ax —b|| < €/2||y||?; then ||y*x*azy — ¢ < €.] It is easy to see that if p and
q are projections, this definition of p = ¢ is equivalent to the previous one.

11.3.4.4 If ||b]] < 1, then b < a => b < a. We have a < a if and only if a
is a projection. If p and ¢ are projections, then p < ¢ if and only if p < ¢. If
b < a, then a and b obviously commute.

11.3.4.5 By I1.3.25, b < a = b 3 a. But X is a much weaker relation:
z*ax 3 a for any z, and if b € aAa, then b 2 a, so aAda = bAb = a ~ b.
In particular, a = aa ~ a® for any a > 0. Also, by 11.3.2.1 z*z ~ zz* for
any x. The relations 3 and &~ measure the “width” (size of the support) of
an element rather than its “height” or “location”. The relation b =X a roughly
means that the hereditary C*-subalgebra generated by b is “smaller” than the
one generated by a.

11.3.4.6 PROPOSITION. If a,b,c € Ay, b < a, |ja]| =1, and |[[a—¢|| =71 < 1,
then (1 —7)b < b/2cb'/? < (14 1)b, so b/2ch'/? ~ b and b = c.

For the proof, note that b'/2¢b'/? = b'/2(c — a)b"/? + b'/2ab'/? > —nb+b.

I11.3.4.7 PROPOSITION.

(i) fa,b,b, € Ay, b, S afor all n, and b, — b, then b 3 a.
(ii) If ay,a9,b1,b0 € Ay, by 3 a1, by 3 as, and a1 L as (i.e. ajas = 0), then
b1 + ba jal—l—(lg.

The proof of (i) is straightforward. For (i), b; = a3 for i = 1,2, so choose
T, Yn With a3z, — by, yia3y, — ba; then

(a1 + a2yn)* (a1 + az) (a1, + azy,) — by + ba.

I1.3.4.8 There are several other very similar relations used in [Cun78],
[Rer92], and other references (the same symbols have been used for distinct re-
lations in various references, so the symbols we use do not necessarily coincide
with those of the references):
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Let A be a C*-algebra, a,b € A,. Then

b < a if there isaze Awith 2*az = b.

b < a if there are 2,y € A with b = zay.

b3 aifb< z*az for some z € A.

b ~ a if there is an x € A with z*x = a, xx* = b.
b~aifb=<aanda=<b.

It is obvious that <, <, and 3 are transitive. The relations <, <, and 3
are practically the same, although there are nuances of differences between
them. We have

bXa=bxa=bZa=bZa

[if 0 < b= zay for a > 0, then b < (z* + y)*a(z* +y),so b 5 a = b 3 al.
b 3 a#= b= a (IL5.2.1(iii)); it appears to be unknown whether b < a
implies b = a, but is likely false in general. = is a “soft” version of each of
these relations.

Using 1.5.2.4, it can be shown that if A is a von Neumann algebra, then <,
<, and 3 agree on A;. Combining similar arguments with I1.3.2.1, one can
show:

I1.3.4.9 PROPOSITION. Let A be a C*-algebra, a,b € Ay. If b T a, then
b? < a® for all o, 3, 0 < o < 3. In particular, b < a® for all o, 0 < a < 1.

The relation ~ is transitive and thus an equivalence relation, although
this is not obvious [Ped98]. It is obvious that ~ is an equivalence relation. We
have a ~b=—= a~band a ¥ b— a = b; >~ is a much “looser” equivalence
relation than ~ (e.g. a ~ aa for any « > 0), although a ~ b does not quite
imply a ~ b in general (it does in a von Neumann algebra). The relation & is
looser yet: we have a ~ a? for any a, but we rarely have a ~ a? (only if a is
well-supported, i.e. if a ~ p for a projection p).

11.3.4.10 There is a version of 3 for arbitrary elements: we say x = y if
there are sequences (z,), (wy) with z,yw, — z, and z ~ y if z < y and
y 2 x. The relation < also obviously extends to general elements. It is not
hard to see that these agree with the previous definitions if z,y € A; we
have ¢ ~ z* ~ x*x for any x. I1.3.4.7 remains true in this context, provided
that a; L ag in the C*-algebra sense, i.e. ajas = asa; = ajas = ajal = 0.

There are some useful functions for comparison theory, as well as other
purposes (cf. [Cun78]):

I1.3.4.11 DEFINITION. For € > 0, let f. be the continuous function on R
which is 0 on (—o0, €], 1 on [2¢,00), and linear on [e, 2¢].
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11.3.4.12 If z € A4, then the elements f.(z) have the following properties:

0 < fe(z) for all € ||fe(z)|| = 1 if ||z]| > 2e.
fe(x) < fs(x) for 0 < 6 < ¢/2.

€ — fe(z) is continuous.

fe@) = zge(x) = ge(2)Page(x)'/® = 2! ge(z)z 1/27 where gc(t) =
t=1f.(t); in particular, f.(z) < ||ge(z )||:1c and f.(z) 3
If he(t) = tfe(t) for t > 0, then he(x) = zf.(z) and fe( ) = gej2(w)he(2),
$0 he(z) ~ fe(x )andhenceh( )~ fe(x); as e — 0,

he(w) = 2fe(@) = '/ fo(@)e'? = fo(@) Pafu(@)/? — o
If 2, — x, then f.(z,) — fo(x) for each € (11.2.3.3).

11.3.4.13 It is also useful to consider the functions ¢., where £.(t) =
max(0,t — €); if z € Ay, then l(z) = (z — €el)y € A, (computed in A).
Then € — (.(z) is continuous, ||lc(z)|| = max(0, ||z|| — €), and l.(z) — =
as € — 0. We have ||{.(z) — he(z)|| < €, and there are nonnegative continu-
ous functions ¢ and v vanishing at 0 (depending on €) such that £ = @h.
and h, = ¥l so l(x) = ¢(x)he(x), he(x) = (x)le(x), and in particular
le(x) = he(x) ~ fo(z).

The main technical virtue of the ¢, is that 50/, = €5, for 6,e¢ > 0. There
is no such simple relationship for the f, or h., although f5(fc(x)) ~ f(z) for
vy=e+ed (if 6 <1).

11.3.4.14 If z is well-supported, then for any sufficiently small €, f.(z*x)
and fe(xz*) are the left and right support projections of x respectively. The
elements f.(a) behave like “generalized support projections” of an element
a € A, and can often be used as a substitute for an (in general nonexistent,
at least in A) actual support projection.

We have the following corollary of 11.3.4.6:

11.3.4.15 ProproOSITION. If ©,, — z in A, then, for any ¢ > 0, fc(z,) J
Jes2(x) and fe(z) 3 fej2(2n) for all sufficiently large n.

This result can be improved to show that for any 0 < § < €, fe(zn) 3 fs(x)
and f.(z) 2 fs(zy) for all sufficiently large n [KRO0O, 2.5]. The proof uses the
following version of 11.3.4.6:

I1.3.4.16 PROPOSITION. [Rer92, 2.2 If 7,y € A, |z —y|| < ¢, then f.(z)
1.
PROOF: If § = ||z — y]|, then z — 61 < y (in A). So

(€= 8)fel@) < fel(@) /(= 1) fe(@)'/? < fe(@) Py fe(a)'/?

S0 fo(x) < z*yz with z = (e — §)~V/2 f.(x)1/2.

One can then show:
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11.3.4.17 PROPOSITION. [Rgr92, 2.4] Let A be a C*-algebra, a,b € Ay. The
following are equivalent:

(i) b Za
(ii) There are n,yn € A with z,ay, — b.
(iii) There are x,,y, € A with z,ay,, — b.
(iv) fe(b) 2 a for all € > 0.
(v) For every e > 0, there is a § > 0 such that f.(b) < fs(a).

I1.4 Approximate Units

While a C*-algebra need not be unital, it always contains an approximate
unit (sometimes called an approximate identity) which can often be used as a
substitute. Some, but not all, Banach algebras have approximate units in an
analogous sense.

I1.4.1 General Approximate Units

11.4.1.1 DEFINITION. Let A be a C*-algebra. An approzimate unit for A is
a net (hy) of positive elements of A of norm < 1, indexed by a directed set
A, such that hyx — z for all z € A. If hy < h, for A < p, the approximate
unit (hy) is increasing.

An approximate unit (hy) is idempotent if each hy is a projection; it is
almost idempotent if hy < h, for A < p.

An approximate unit (hy) is sequential if A = N; it is continuous if A =
(0,00) (or a cofinal subinterval) and A +— hy is continuous.

In many references, approximate units are assumed to be increasing, but
we will not do so since there are situations where this assumption is not
natural. At the other extreme, the assumption that |hy]] < 1 for all A, or
even that ||k, ]| is bounded, is not universal.

An approximate unit in a unital C*-algebra is just a net of (eventually)
invertible positive elements in the unit ball converging to 1.

11.4.1.2 PROPOSITION. If (hy) is an approximate unit for a C*-algebra A,
and « > 0 is fixed, then for all z € A:

(i) zhy — = and hyzhy — z; if £ > 0, then 2'/2hyz'/? — z.
(ii) h§z — z, i.e. (h}) is an approximate unit for A. [However, if o > 1, (h$)
need not be increasing even if (hy) is (I1.3.1.11).]

For the first part of (i), hyz* — z*; for the second part, note that if x > 0,
then hyz'/? — x'/2. For (ii), we have

[[haz — xzhy|| < ||haz — || + ||z — zhy|| = 0



80 II C*-Algebras

SO
|h3a — || < [|h3@ — hawha | + [[Pazhy — x| — 0

and similarly ||h3"z — x| — 0 for any n. If & > 0, choose n so that o < 2",
for € > 0 we have ||2*h2" 2 — z*z| < € for large ), and since

x*hinm < x*hi“m < z*h§zr < z*zx
we have ||z*h§z — z*h3%z|| < € and ||z*z — 2*h§z| < €, so, for large A,
lz = h{l* = l[(a" — 2" h{)(x — h{@)|| = [lz*2 — 22" h§w + & h}*=||
< lo*x — 2*hSz|| + |l2*hSe — 2*h3%|| < 2e.

If Ais a C*-algebra and I is a dense (two-sided) ideal in A, let A; be
the set of all positive elements of I of norm strictly less than 1. Give Aj its
ordering as a subset of A, .

I1.4.1.3 PROPOSITION.

(i) Ap is a directed set.
(ii) Ay is an increasing approximate unit for A.

PROOF: (i): By 11.3.1.9(iii), h — (1 — h)~! — 1 is an order-isomorphism of A;
onto I, which is a directed set. (The computation is done in A, but it is easy
to check that the map and its inverse h +— 1 — (1 + h)~! map I into I by
considering the quotient map A — A/I)

(ii): It suffices to show that for any x € A, the decreasing net

{z*(1—h)x:h € A}
converges to 0, for then
11 = B)all® = llo* (1~ m)2a] < [l2*(1 — hyal] — 0.

Since A; is dense in Ay [if 2 € Ay, choose y € I close to z'/?; then
y*y € I, is close to z], we need only find for each x and € an h € A4 with
|lz*(1 — h)z| < e. By I1.3.1.2(vi), we may assume = > 0 and ||z| < 1. But
then |lz(1 — 2'/™)z| < € for sufficiently large n.

I1.4.1.4 COROLLARY. If A is a C*-algebra and I is a dense (two-sided)
ideal in A, then there is an increasing approximate unit for A contained in 1.
If A is separable, then the increasing approximate unit may be chosen to be
sequential or continuous.

To construct an increasing sequential approximate unit for a separable A,
let {z,} be a dense set in A, and inductively find h,, in A; with h, > hp_q
and ||hpxp — zx|| < 1/n for 1 < k < n. For a continuous approximate unit,
set hy = (n+1—=t)h, + (t —n)hpy forn <t <n-+1.

The following simple fact is worth noting:
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11.4.1.5 PROPOSITION. Let A be a C*-algebra, (h)) an approximate unit
for A, and p a projection in A. Then phyp is well-supported (11.3.2.8) for all
sufficiently large \.

The proof consists of noting that phap — p, so phyp is invertible in pAp
for sufficiently large .

11.4.2 Strictly Positive Elements and o-Unital C*-Algebras

In the case where there is a countable approximate unit, we can do better.

11.4.2.1 PROPOSITION. If A is a C*-algebra and h € A, the following are
equivalent:

(i) hA is dense in A
(ii) hAh is dense in A
(iii) (fe(h)) is an (increasing) approximate unit for A as € — 0.
If ||h]| < 1, then these are also equivalent to
(iv) (RY/™)is an (increasing) approximate unit for A.

[The condition in (iv) that ||A|| < 1 is not critical — it only insures that (h'/™)
is in the unit ball and increasing.]
An h satisfying these conditions is strictly positive in A.

I1.4.2.2 If A has a unit, then h is strictly positive if and only if it is invert-
ible. A positive element h € A is strictly positive in C*(h), and in hAh. If h
is strictly positive in A and h < a € A, then a and h® are strictly positive
for any a > 0.

11.4.2.3 A function in C,(X) is strictly positive in this sense if and only if
it takes strictly positive values everywhere. There is a similar characterization
of strictly positive elements in general C*-algebras: it follows from the Hahn-
Banach Theorem and the results of I1.6.3 that h € A, is strictly positive if
and only if ¢(a) > 0 for every state ¢ on A.

11.4.2.4 PROPOSITION. A C*-algebra contains a strictly positive element if
and only if it has a countable approximate unit. (Such a C*-algebra is called
o-unital.)

PROOF: One direction is obvious from I1.4.2.1. Conversely, suppose A has a
countable approximate unit, which may be chosen sequential, say (h,). Set

h = 3% 27"h,. Then for each n and m, h'/™ > g—n/mpl/m > o-n/mp

n=1
so (/™) is an approximate unit for A.

Of course, every unital C*-algebra is o-unital. Every separable C*-algebra
is o-unital, but there are nonseparable nonunital o-unital C*-algebras, as well
as non-o-unital C*-algebras: for example, C,(X) is o-unital if and only if X
is o-compact.
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11.4.2.5 COROLLARY. If A is a o-unital C*-algebra, then A has a sequen-
tial increasing almost idempotent approximate unit, and has a continuous
increasing approximate unit consisting of mutually commuting elements.

The next fact is useful in the theory of stable and real rank (V.3.1).

11.4.2.6 PROPOSITION. Let h be a strictly positive element in a C*-algebra
A, and p a projection in A. Then php is invertible in pAp and hence well-
supported.

Indeed, ph!/™p is invertible in pAp (and hence well-supported) for some
n = 2% by I1.4.1.5. Thus ph2 " 'p > (pthp)2 is also invertible in pAp, and
proceeding inductively php is invertible in pAp.

I1.4.3 Quasicentral Approximate Units

11.4.3.1 If I is an ideal in a C*-algebra A, it is frequently useful to have an
approximate unit (hy) for I which asymptotically commutes with all elements
of A, ie. ||[z,hy]]] — O for all x € A, where [z,y] = 2y — yx is the usual com-
mutator. Such an approximate unit is called quasicentral for A. Quasicentral
approximate units were first introduced independently in [AP77] and [Arv77].

I1.4.3.2 PROPOSITION. If A is a C*-algebra, I a closed ideal of A, and (h))
an [increasing] approximate unit for 7, then there is an [increasing] approx-
imate unit for I, contained in the convex hull of (hy), which is quasicentral
for A. If (hy) is almost idempotent, the quasicentral approximate unit may
be chosen almost idempotent. If A is separable, the quasicentral approximate
unit may be chosen sequential or continuous.

The proof is based on the following two facts: (1) for any « € A, [x,hr] — 0
in the weak topology of A; and (2) a norm-closed convex subset of a Banach
space is weakly closed.

I1.4.3.3 Note that even if (h,) is idempotent, the quasicentral approximate
unit cannot in general be chosen idempotent. And even if [ is separable, if A is
not separable the quasicentral approximate unit cannot in general be chosen
countable. For example, if H is a separable infinite-dimensional Hilbert space,
it can be shown that although IC(H) has a sequential idempotent approximate
unit, it does not have either a countable approximate unit or an idempotent
approximate unit which is quasicentral for £(). This is closely related to the
notion of quasidiagonality, which will be discussed in V.4.2.

I1.5 Ideals, Quotients, and Homomorphisms

Recall that “ideal” means “two-sided ideal” unless otherwise specified. We
assume that all ideals (left, right, or two-sided) are closed under scalar
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multiplication; this is automatic in a unital C*-algebra or for a closed ideal

(using an approximate unit for the algebra), but not in general (cf. I1.5.2.1(v)).

I1.5.1 Closed Ideals

11.5.1.1 PROPOSITION. Let I be a closed ideal in a C*-algebra A, and 7 the
quotient map from A to the Banach algebra A/I. Then

(i) I is self-adjoint (so I is a C*-algebra and there is an induced involution
on A/I).
(ii) I is a hereditary C*-subalgebra of A, and x*x € | @ zz* € <z € I.
(iii) If (hy) is an approximate unit for I, then for all x € A,

I (@) = lim [[z(1 = hy) || = inf [l2(1 = hy)]].

(iv) A/I is a C*-algebra in the quotient norm.
PrOOF: (i): If z € I, then (z*z)'/™ € T for all n.
la* — (&*2) /" = ||z — w(a2) /"

= (1 = (z"2)" ™)z z (1 — (")) — 0.

(ii) follows immediately from (i) and I1.3.2.1.
(iii): || (2)|| = inf{||lz + y|| : y € I} <inf ||z — zh,]||. But if y € I, then

[l = zhall < I(z +y)(1 = ha)ll + ly = yhall < llz + yll + [ly — yhall,

so limsup ||z — zhy|| < ||7(2)].
(iv): For any x € A,

I7(@)[|* = inf [l2(1 — ha)[|* = inf [|(1 = ha)a"z(1 = hy))|

< inf 2" 2(1 = hy)| = [(a"@)]| = [[n(2) 7 ()]

11.5.1.2 CoOROLLARY. Let A and B be C*-algebras, ¢ : A — B a *-
homomorphism. Then ¢(A) is closed in B, and therefore a C*-subalgebra.

PRrROOF: Let I = Ker(¢). I is closed since ¢ is continuous (II1.1.6.6), and ¢
induces an injective *-homomorphism from the C*-algebra A/I to B, which
is an isometry by I11.2.2.9.
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11.5.1.3 COROLLARY. Let A be a C*-algebra, I a closed ideal of A, and B
a C*-subalgebra of A. Then, for any x € B,

inf{|lx +y|| :y € I} =inf{|jxr + 2| : z € BN I}.

B+ 1 is closed in A (and is therefore a C*-subalgebra), and (B + I)/I is
isometrically isomorphic to B/(B N I). In particular, if I and J are closed
ideals in A, then I + J is a closed ideal in A.

PROOF: The inclusion of B into A drops to a map from B/(BN1I) into A/I,
which is injective, hence an isometry. The range is (B + I)/I, and B + I is
the inverse image in A of this C*-subalgebra of A/I.

I1.5.1.4 Here are some other facts about closed ideals. Using I1.3.2.7 and
I1.5.1.1(ii), one can show:

(i) If I and J are closed ideals of A, then (I +J)y =1y + J;.

Using the fact that in a C*-algebra, every element is the product of two
elements (I1.3.2.1), we obtain:

(ii) If I and J are closed ideals in A, then INJ = IJ.
(ii) If I is a closed ideal in A and J is a closed ideal of I, then J is an ideal
of A.

From (ii) and I1.5.1.3, we can easily show:
(iv) If I, J, K are closed ideals of A, then [+ K)N(J+K)=(INJ)+ K.

Indeed, if A is any ring, we have

I+K)(J+K) CIJ+KCIN)+KCIT+K)n(J+K).

Let A be a C*-algebra, J a closed ideal, 7 : A — A/J the quotient map.
If y € A/J, then by definition of the quotient norm, for any € > 0 there is an
x € A with 7(z) = y and ||z|| < |ly]| + €. But we can do better:

I1.5.1.5 PROPOSITION. Let A be a C*-algebra, J a closed ideal in A, and
m: A — A/J the quotient map. If y € A/J, then there is an z € A with
m(x) =y and ||z|| = |ly||. If y = y* [resp. y > 0], then we can choose = with
x =" [resp. x > 0].
PROOF: We may assume |y|| = 1. If y = y*, let z be any preimage of y and
set w = (z + 2*)/2; if y > 0, let 2 be a preimage of y'/? and set w = z*z. In
the general case, let w be any preimage of y. In any case, m(w) = y.

If f(t) = min(¢,2), then z = w(14+w*w) "' f(1+w*w) (computed in A, but
x € A) is a preimage of y of norm 1, which is self-adjoint [positive] if y is self-
adjoint [positive]. [Note that 2*x = g(w*w), where g(t) = t(1+t)"2f(1+1)2]

In fact, we have the following [Ped79, 1.5.10]:
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11.5.1.6 PROPOSITION. Let A be a C*-algebra, J a closed ideal in A, and
m: A — A/J the quotient map. If a € A, and y € A/J with y*y < 7(a),
then there is an x € A with 2*z < a and 7(z) = y.

I1.5.2 Nonclosed Ideals

A C*-algebra can have many nonclosed ideals, and their structure can be
enormously complicated. (See, for example, [GJ76] for a description of the
ideal structure of C'(X).) Several of the results of I1.5.1 can fail for nonclosed
ideals: they need not be self-adjoint, a self-adjoint ideal need not be hereditary
or even positively generated, and an ideal of an ideal of A need not be an
ideal of A. (In a von Neumann algebra, it is an easy consequence of polar
decomposition that every ideal is self-adjoint, positively generated, hereditary,
and strongly invariant (I1.5.2.3).)

I11.5.2.1 EXAMPLES.

(i) Let A= C([-1,1]), f € A with f(¢t) =t fort >0, f(t) =it for t <0, I
the principal ideal generated by f. Then I is not self-adjoint since f ¢ I.

(ii) Let A = C([-1,1]), g € A with g(¢t) =t for all ¢, I the principal ideal
generated by g. Then I is self-adjoint, but not positively generated: g is
not a linear combination of positive elements of 1.

(i) Let A = C([0,1]), f € A with f(t) = ¢ for all ¢, I the principal ideal
generated by f. Then I is self-adjoint and positively generated, but not
hereditary: if g(¢) = tsin®(1/t), then 0 < g < f but g ¢ I.

(iv) Let A = Cu((0,1]), I = Co((0,1)), J ={f €I : limy_o f(t)/t exists }.
Then I is a closed ideal of A, and J is an ideal of I [note that if f € J
and g € I, then lim;,o[f(¢)g(¢)]/t = [limi—o f(t)/t][lims—o g(¢)] = 0.]
But J is not an ideal of A: if f(t) =t € J and h(t) = sin(1/t) € A, then
fhéJ.

(v) Let A, I, J be as in (iv), and K = {f € J : limy_ f(¢)/t € Z}. Then
K is a ring-theoretic ideal of the C*-algebra I which is not closed under
scalar multiplication.

(vi) [Ped69] Let A be the C*-algebra of sequences from My converging to 0,
and let

r={([ o i ]) el = 00/, kel = o1/}

Then I is a positively generated hereditary ideal of A (or of zzl), but if
x = <[ n—ol/z 8 }), then z*x € I, xx* ¢ I (cf. I1.5.1.1(ii)).

This example can be modified to take any combination of |a,|, |b.|, |cnl,
|dn,| to be O(1/n) and the remaining ones o(1/n), giving examples of
ideals in A which are not self-adjoint (using a,, and b,, or just b,) or are
self-adjoint but not positively generated (using b, and ¢;,).
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While we will be mostly concerned with closed ideals in C*-algebras, there
are occasions where nonclosed ideals play an important role (e.g. in 11.6.8.2).
The ideals normally encountered are self-adjoint, positively generated, and
hereditary. Such ideals can be described by their positive cones, and conversely
the positive cones of such ideals can be nicely characterized:

11.5.2.2 PROPOSITION. Let A be a C*-algebra, and M a unitarily invariant
hereditary cone in A, (unitarily invariant means u*ru € M for any » € M
and u unitary in A). Then Span(M) is a self-adjoint, positively generated,
hereditary ideal J of A with M =J N A,.

PROOF: Suppose b € M and u is a unitary in A. Write z = b'/2 and y = b'/2u;
then 4u*b = Y% _ ¥ (z + i*y)* (z + i*y) (11.3.1.6), and by 11.3.1.9

(z +i%y)* (z +iy) < 2@z + y*y) = 2(b+ u*bu) € M
sou*b € J. By 11.3.2.12, ab € J for all a € A, so AJ C J. Since J = J*, also
JACJ. Ity=>37_, \xy >0 for x1,...,2z, € M, then

0<y=y =Y Mar=(+y)/2=> (ReX)zr <Y |ilzr € M
soy e M.

I1.5.2.3 A hereditary cone M in A, is strongly invariant if 2*x € M —
xx* € M. A positively generated ideal I is strongly invariant if I is strongly
invariant. A strongly invariant hereditary cone is unitarily invariant, but the
converse is not true in general (I1.5.2.1(vi)).

There is one especially important and well-behaved ideal in any C*-
algebra:

11.5.2.4 THEOREM. Let A be a C*-algebra. Then there is a dense ideal
Ped(A) in A which is contained in every dense ideal of A. Ped(A) is called
the Pedersen ideal of A, and has the following properties:

(i) Ped(A) contains AG = Ai, and is the ideal generated by this set, where

A% ={be Ay :3ac A, with b < a}

Aﬂ: ={f(a):a€ Ay, f € Co([0,00))+ vanishes in a neighborhood of 0}.

In particular, Ped(A) contains all projections (more generally, all well-
supported elements) in A.

(ii) Ped(A) is self-adjoint, hereditary, and spanned by its positive elements;
x*x € Ped(A) < za* € Ped(A) <= x € Ped(A).
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(iii) fxq,..., 2, € Ped(A), then the hereditary C*-subalgebra of A generated
by 1,...,x, is contained in Ped(A). In particular, C*(x1,...,2,) C
Ped(A).

See [Ped79, 5.6] for a discussion and proof. To see that Af_ =A%, ifb<Ka,
and ||b]| = 1, set ¢ = f1/2(a)(b+1)/2; then ¢ > 0 (note that a and b commute)

and b = f1/2(c), so AG C Ai, and the other containment is obvious.

11.5.2.5 If A is unital, then Ped(A) = A, and this can even happen (but
is unusual) if A is nonunital (e.g. V.2.3.6). It is difficult, if not impossible, to
effectively describe the Pedersen ideal of a general C*-algebra. However, there
are two illuminating examples where it can be easily described: Ped(K(H)) is
the ideal of finite-rank operators on H; and if X is a locally compact Hausdorff
space, then Ped(Co(X)) = C.(X), the ideal of functions of compact support.

11.5.2.6 If A is a C*-algebra and a € A, then there is a sequence
an € A5 C Ped(A)y with a = Y a, and |la,| < 27" for n > 1: let (hy,)
be a sequence of nonnegative continuous functions on (0, c0), vanishing in a
neighborhood of 0, with " h,(t) =t for all ¢ and ||h,| < 27" for n > 1 (e.g.
hi(t) = tfi/a(t), hn(t) = t(fo-n-1(t)— fo-n(t)) for n > 1), and set a,, = hy(a).

11.5.2.7 If 7 : A — B is a quotient map (surjective *-homomorphism), then
7w(Ped(A)) = Ped(B). This is obvious from II.5.2.4(i) since W(Ai) = Bi.

I1.5.2.8 If B is a C*-subalgebra of A, then Ped(A) N B is an ideal of B

containing Bi, and hence it contains Ped(B); but it may be strictly larger
than Ped(B) in general (consider the case where A is unital and B is an ideal
in A).

The Pedersen ideal is a useful technical device in many arguments. Here
is an example.

I1.5.2.9 PROPOSITION. Let A be a C*-algebra, {J;} a set of ideals of A.
Then NJ; is dense in NJ;.

PROOF: Let x € NJ;. Then, for any € > 0, zf.(|z|) € Ped(J;) C J; for each i,
and zf.(|z|) — x.

Principal Ideals

If A is a C*-algebra and a € A, then the “principal” ideal generated (alge-
braically) by a is

1, = {Zyjazj Dy, 25 € A}
j=1
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Write J, for the closure of I,. If a = a*, then I, is self-adjoint, and by
polarization (II.3.1.6) every element of I, is a linear combination of elements
of the form z*az, z € A. In particular, every self-adjoint element of I, has
the form Y 7 afax; — >3)L ) ylays.

Ifa € A+, then 1, is spanned by positive elements of the form z*azx, r € A.
If b € (I,)+, then it is plausible that b could be written as >_,_, zfaxy (finite
sum; cf. 11.5.2.13). However, it is unknown, and probably false, that this can
be done in general. But it is possible within a slightly smaller ideal. Let IS be
the linear span of {y*az : y,z € aA}. Then I° C I,, and is dense in I, since
a® € I? for all a > 1 (thus J, = I? and Ped(J,) C I2); I = I, if a € I?
(and conversely if A is unital). This happens frequently, but not always: for
example, if a € Ped(J,) (e.g. if a is a projection or if J, is algebraically
simple), then I, = I¢ = Ped(J,).

11.5.2.10 PROPOSITION. Let A be a C*-algebra, and a € A,. If b > 0 is in
the ideal 12, then there are z1,...,2, in A C J, with b = ZZ:1 T5LaT).
PROOF: Write b = 37" | y¥az;. Then

2 =b+b" = (yiaz; +zjay;) <Y _(yjay; + zjaz;)
=1 =1

n

whaw, = Y (wia)(wia2)’

1 k=1

I
NE

B
Il

with wy, € aA (the inequality uses 11.3.1.9(i)); and, applying 11.3.2.7, we can
write b = Zk 1 upuy, where ujuy < al/kaw a1/2 Then by II1.5.2.17, u, =
x7 *al/2 for some z), € aA, and b= Zk | TRaxy.

I1.5.2.11 COROLLARY. Let A be a C*-algebra, and a € A;. If b €
Ped(J,)+, then there are z1,...,z, in aA C J, with b = >°}_, zjazy. In
particular, if p is a projection in J,, then there are z1,...,z, in aA with
P =21 T4aTk-
The case of a projection has a simpler direct proof not requiring I11.3.2.7.
There is a nice reformulation in terms of matrix algebras (a matrix algebra
over a C*-algebra is again a C*-algebra by I1.6.6):

11.5.2.12 COROLLARY. Let A be a C*-algebra, a € A,. If b € (J,)4, then
for any € > 0 there is an n such that diag(fc(b),0,...,0) =X (a,a,...,a) in
M, (A).

Combining 11.5.2.10 with I1.5.2.6, we obtain:

11.5.2.13 COROLLARY. Let A be a C*-algebra, a € Ay, and J, the closed
ideal of A generated by a. If b € (J,)+, then there is a sequence (zj) in
aA C J, with b= Zk:l ziaxy.
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I1.5.3 Left Ideals and Hereditary Subalgebras

11.5.3.1 If A is a C*-algebra and B a hereditary C*-subalgebra, then B, is
a closed hereditary cone in Ay. If L is a closed left ideal of A, then L N L* is
a C*-subalgebra B of A with By = L. If C' is a hereditary cone in A, set
L(C)={zecA:z*z € C}.

11.5.3.2 PROPOSITION. Let A be a C*-algebra. Then

(i) If L is a closed left ideal in A, then L N L* is a hereditary C*-subalgebra
of A, and hence L, is a hereditary cone in A.

(ii) If C is a closed hereditary cone in Ay, then L(C) is a closed left ideal in
A and Span(C) is a hereditary C*-subalgebra of A.

(iii) If B is a hereditary C*-subalgebra of A, then AB = {ab: a € A,b €
B} ={x € A:x*x € B} is a closed left ideal in A.

(iv) The maps C — L(C) and L — L, are mutually inverse bijections be-
tween the set L of closed left ideals of A and the set C of closed hereditary
cones in Ay; L+— LN L* and B — AB are mutually inverse bijections
between £ and the set H of hereditary C*-subalgebras of A; and B — B,
and C — Span(C) are mutually inverse bijections between H and C.

Proor: (i): If 0 < a <band b € B =LNL* then pl/4 B, = L, and
a'/? =ub'/* € [ (11.3.2.1), 50 a € L.

(ii): L(C) is closed by continuity of multiplication, closed under left multi-
plication by A by 11.3.1.8, and closed under addition by I1.3.1.9(ii). If a € C,
then a? < |lalla, so a® € C, a € L(C)4. On the other hand, if a € C, then
a'’?f.(a) € C for all € > 0 since C is hereditary, so a'/? € C; hence if
b€ L(C)4, then b*> € C, so b € C. Thus L(C)4 = C, and Span(C) is the
hereditary C*-subalgebra L(C) N L(C)*.

(iii): If = € AB, then z*z € BAB = B, so (z*z)"/* € B and = =
u(z*z)'/* € AB. The same argument shows that if 2 € A, then 2*z € B
if and only if x € AB. If © = a1b1 + asbs with b; € B, then

w*w < 2(]|ax||*01by + [laz|[*b3b2) € B

(I1.3.1.8, 11.3.1.9(ii)), so z*z € B, and AB is closed under addition.

(iv): It was shown in (ii) that if C € C, then L(C)y = C. Conversely, let
LeL,andlet C =Ly If x € L, then z*z € C, so L C L(C); on the other
hand, if 2*2 € C, then (z*z)'/* € C so x = u(z*2)/* € L, so L = L(O)
and the first statement is proved. For the third statement, if B € H, then
B = Span(By); conversely, if C' € C, then Span(C) = L(C) N L(C)*, so
Span(C)y = L(C)y = C by (ii). The second statement follows from the
other two by noting that (AB), = By: B = B? C AB, and conversely if
x =ab € (AB)y, then 22 = b*a*ab < ||a|*b*b € By, so2?> € By, x € By.
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11.5.3.3 One consequence worth noting is that if (hy) is an approximate
unit for B, then (hy) is a right approximate unit for AB, i.e. every closed left
ideal in a C*-algebra has a right approximate unit. (A closed left ideal need
not have a left approximate unit.)

11.5.3.4 If B is a hereditary C*-subalgebra of A, let Kz = Span(ABA) be
the closed ideal of A generated by B. Note that ABA is not closed under
addition in general, and the generated ideal Span(ABA) of A is not generally
(topologically) closed, for example A = K, B = Cey;.

11.5.3.5 PROPOSITION. Let A be a C*-algebra, B a hereditary C*-subal-
gebra, Kp as above. Then I — I N B = BIB and J — Span(AJA) are
mutually inverse bijections between the closed ideals of A contained in Kp
and the closed ideals of B.

The simple proof is similar to previous arguments.

Factorizations

The first statement in I1.5.3.2(iii) is true even if B is not hereditary. This fol-
lows from a general factorization result for Banach modules over C*-algebras,
a version of Cohen’s Factorization Theorem for Banach algebras [Coh59] and
Banach modules [Hew64].

11.5.3.6 DEFINITION. Let B be a C*-algebra. A right Banach B-module is a
Banach space X which is a right B-module, for which there is a K satisfying
|zb]| < K|jz||||b]| for all x € X, b € B. Left Banach B-modules are defined
analogously.

If B is unital, we do not assume that z1p = x for all x € X. A module
with this property is called a unital module.

Caution: by convention, the term “Banach B-module” without “left” or
“right” means a B-bimodule (11.5.5.15).

The K is not very important: a right Banach B-module has a natural
structure as a unital right Banach Bf-module, and has an equivalent norm
with K =1 for this extended action.

11.5.3.7 THEOREM. [Ped98, 4.1] Let B be a C*-algebra, X a right Banach
B-module. For any y in the closed span Y of X B, and € > 0, there are x € Y
and b € By with y = 2b and ||z — y[| <e. So Y = XB, and XB is a closed
submodule of X. An analogous statement holds for left Banach B-modules.

PROOF: Y becomes a unital right Banach B-module in the evident way; let
K be the corresponding constant, i.e. |[yb|| < K|y|||b|| for all y € Y, b € B.
Let (hy) be an approximate unit for B. Then yhy — y for any y € Y. Fix y
and €. Set zg =y and by =1 € B. Inductively let h,, = hy,, for some A, with

||.13n_1 — xn—lhkn” < 2_n€/K
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and let ~
by, =bn—1 —27"(1—h,) € B.

Then b, = 27"1+ 3}, 27%hy, > 2771, 50 b,, is invertible in B and [|b;; || <
2", Set x,, = yb,' € Y. We have

Tn — Tne1 = yb, Ly (bno1 — bu)by ' = 27" 21 (1 — hy )by,
S0 ||Tn — Tp—1|| < 27 ™e. Thus (z,,) and (b,) are Cauchy sequences; let = and
b be the limits. We have b= Y7 27%h; € By and |lz —y|| < ¢, and y = zb
since y = x,b, for all n.

11.5.3.8 COROLLARY. Let A be a C*-algebra, B a C*-subalgebra of A, and
R a closed right ideal of A. If L is the closed linear span of RB, then L =
RB = LB. In fact, every y € L can be written as xb, where x € L, b € B,.
In particular, the closed left ideal of A generated by B is AB.

PRrROOF: L is a right Banach B-module. Since L is the closure of the span of
RB, if (h)) is an approximate unit for B we have yhy — y for every y € L,
and thus LB is dense in L. For the last statement, set R = A, and note that
the span of AB is a left ideal in A and B = B2 C AB.

This result is most frequently applied when R is a two-sided ideal of A.
An important special case is when R is a C*-algebra and A is the multiplier
algebra M (R) (I1.7.3).

11.5.3.9 COROLLARY. Let B be a C*-subalgebra of a C*-algebra A. Then
the hereditary C*-subalgebra of A generated by B is equal to

BAB ={z*ax:x € B, ac€ A} ={bab:be€ By, a € A}.

In particular, if x € A, then z* Az = LJI)EC*(;E*;L,)Jr bAbD.

PROOF: Let D be the hereditary C*-subalgebra of A generated by B. Then
AD = AB by 11.5.3.2 and 11.5.3.8. We have BAB C DAD = D (I1.3.4.2(i)).
If x € D, write x = yedz with y,c,d,z € D. Then (yc)* = sb; and dz = tby
for s,t € A, by,by € By, s0 x = b(s*t)by. If b = (b + b3)'/* € B, then
by = bu and by = vb for some u,v € B C A (I1.3.2.1), so z = b(us*tv)b.

Full Elements and Hereditary Subalgebras

11.5.3.10 If A is a C*-algebra and a € A, then a is full in A if the closed
ideal of A generated by a is all of A. Similarly, if B is a subalgebra of A, then
B is full in A if the closed ideal of A generated by B is all of A. A strictly
positive element in A is full, so a o-unital C*-algebra contains a full element.
The converse (that a full positive element is strictly positive) is true if A is
commutative (in particular, a full element in a unital commutative C*-algebra
is invertible), but not in general (11.6.4.15).
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11.5.3.11 PROPOSITION. Let A be a unital C*-algebra, B a full hereditary
C*-subalgebra. Then B contains a full positive element.

PRrROOF: Since 1 is in the closed ideal of A generated by B, there are pos-
itive elements ci,...,¢, € B and elements y1,...,Yn,21,-..,2n, € A with
ZZ:l yrcr 2k close to 1 and hence invertible. Then

n * n n n
1 * * 2 % 2
n 5 Yk Ck 2k E YeCrzk | < E ZECEYLYkCLZE < E lywll“zrcrzr =7

k=1

(I1.3.1.9(ii)), so r is invertible. Let a = Y27, ¢;/?; then by 11.3.2.1 we can
write ¢ = uga, 1 =Y 7_, |ykl*r~'zjukazs, so a is full.

Nonclosed Left Ideals and Hereditary *-Subalgebras

I1.5.3.12 A nonclosed *-subalgebra (even an ideal) of a C*-algebra can be
hereditary in the sense of 11.3.4.1, yet fail to be generated by its positive
elements (e.g. the last part of I1.5.2.1(vi)). We say a *-subalgebra B of a
C*-algebra A is positively generated if B is spanned by By = BN A,. If
x € A, then z* Az is a positively generated *-subalgebra of A, although not
hereditary in general.

If B is a positively generated hereditary *-subalgebra of a C*-algebra A,
and b € By, then the C*-subalgebra f.(b) Af.(b) of A is contained in B for any
€ > 0, and thus the union of the hereditary C*-subalgebras of B has dense
intersection with By. Thus B has an approximate unit (h)) such that, for
each )\, the hereditary C*-subalgebra of A generated by A is contained in B.

I1.5.3.13 Some, but not all, of the results of I1.5.3.2 hold for nonclosed left
ideals. Suppose M is a left ideal in a C*-algebra A. By approximating the
elements of a right approximate unit for the (norm-)closure of 91 by elements
of M, there is a right approximate unit in M. (In fact, with more care, it can be
shown that any left ideal in a C*-algebra has an increasing right approximate
unit; see e.g. [SZ79, 3.20].)

There are two *-subalgebras of A naturally associated to 91, 91N N* and

MN) = Spanf{y*x : x,y € N}

Of course, M(M) C M NMN*; they coincide if N is closed by 11.5.3.2, but not
in general. Using a right approximate unit for M, it is easily seen that the
(norm-)closure of M (M) (and hence also of MNN*) is LN L*, where L is the
closure of M. By polarization, M(N) = Span{z*z : x € N}, and in particular
M(M) is positively generated.

NNN* and M(M) are not hereditary *-subalgebras of A in general, even
if 9 is a two-sided ideal (I1.5.2.1(iii)). A condition on O which insures that
M(MN) is hereditary is:
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11.5.3.14 DEFINITION. A left ideal DM in a C*-algebra A is weighted if
T1,...,xn €My €A yry <37 iz implies y € N.

Every left ideal in a von Neumann algebra is weighted (I1.5.2.5). It fol-
lows from I1.5.3.2 and I11.5.3.15 that every norm-closed left ideal in a C*-
algebra is weighted. The examples of I1.5.2.1(i)—(v) are not weighted. The
term “weighted” will be explained in 11.6.7.9.

If 91 is a positively generated hereditary *-subalgebra of a C*-algebra A,
as before set L(M) = {z € A : z*z € M}. It is obvious that L(IM) is a
weighted left ideal of A. Similarly, if € is a hereditary cone in A, define L(€)
in the same way. Essentially the same arguments as in the proof of 11.5.3.2
show:

11.5.3.15 THEOREM. Let A be a C*-algebra. The maps M — M(M),
M — L), M — M, €— Span(€), N — M), € — L(C) give mutu-
ally inverse bijections between the set of weighted left ideals of A, the set of
positively generated hereditary *-subalgebras of A, and the set of hereditary
cones in A.

If 91 is a weighted left ideal in a C*-algebra A, even in a von Neumann
algebra, then 9t N OM* is not hereditary in general. However, it is “almost
hereditary.” Specifically, it is 2-hereditary:

11.5.3.16 DEFINITION. Let A be a C*-algebra, and 91 a positively generated
*_subalgebra. M is a-hereditary (o > 0) if x € My, y € A4, y* < x® imply
y € M. M is completely hereditary if it is a-hereditary for all a > 0.

If 901 is a-hereditary, it is B-hereditary for § > «a. 91 is 1-hereditary if and
only if it is positively generated and hereditary in the usual sense.

11.5.3.17 EXAMPLE. Let 0 < o < 2. Let A be a C*-algebra and © € A,.
Set
M={yeA:(yy)*? (yy")*/? < kz® for some k > 0}.

Then 2 is a *-subalgebra of A (cf. the proof of I1.5.3.2(iii)), and is a-
hereditary. For suitable choice of A and z, 91 is not B-hereditary for any
0 < a.

11.5.4 Prime and Simple C*-Algebras

11.5.4.1 DEFINITION. A C*-algebra A is simple if it has no nontrivial closed
ideals. A is algebraically simple if it contains no nontrivial ideals.

A simple unital C*-algebra is algebraically simple by 11.1.3.2. A nonunital
simple C*-algebra need not be algebraically simple (e.g. K). The only examples
of simple C*-algebras seen so far are M, and K (and the Calkin algebra on a
separable infinite-dimensional Hilbert space), but there are many others, and
the study of simple C*-algebras is one of the main thrusts of the classification
program [Rer02a).

If A is simple, then any hereditary C*-subalgebra of A is simple by 11.5.3.5.
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11.5.4.2 PROPOSITION. Let A be a simple C*-algebra, B a hereditary C*-
subalgebra of Ped(A) (I1.5.2.4). Then B is algebraically simple.

PROOF: Let z, b be nonzero elements of B, with b > 0. It suffices to show
that b is in the ideal of B generated by x. We have that y = (xa*)x(x*z) # 0,
and b'/3 is in the ideal of A generated by y (which is equal to Ped(A)). Thus
there are elements ¢;,d; € A (1 <4 <n) with b¥/3 = 37| c;yd;; thus

Z (013 ciza*|xla*zdbt/?)

=1

and the elements in brackets are in B (I1.3.4.2(i)).

We have the following immediate consequence of 11.5.2.10 and 11.5.2.13:

11.5.4.3 PROPOSITION. Let A be a simple C*-algebra, a,b € AL with a # 0.
Then

(i) There is a sequence (zy) in A with b= Y77 | z}jazy.
(ii) If b € Ped(A) (in particular, if A is unital or, more generally, algebraically
simple), then there are z1,...,z, € A with b = 22:1 TLaxy.

11.5.4.4 DEFINITION. A C*-algebra A is prime if, whenever J and K are
ideals of A with J N K = {0}, either J or K is {0} (i.e. {0} is a prime ideal
in A).

Any simple C*-algebra is prime. By 11.5.2.9, A is prime if, whenever J and
K are closed ideals of A with J N K = {0}, either J or K is {0}. A closed
ideal I of A is a prime ideal if and only if A/T is a prime C*-algebra.

11.5.4.5 PROPOSITION. A C*-algebra A is prime if and only if, whenever
x,y € A are nonzero elements, there is a z € A with zzy # 0.

ProOF: If J and K are nonzero ideals of A, let x € J and y € K be nonzero.
Then, for any z € A, zzy € J N K. Conversely, if  # 0 and J is the ideal
generated by z, let

K={ycA:zzy=0forall z € A}.

Then K is an ideal in A with JNK = {0} [ify € JNK, write y*y = > | a;xb;;
then (y*y)? = >0, aizbiy*y = 0.]

11.5.4.6 COROLLARY. If A is a concrete C*-algebra of operators acting ir-
reducibly on a Hilbert space H, then A is prime.

ProoF: If S, T € A, T # 0, and ||S| = 1, let £,n € H with T¢ # 0 and
Sn # 0. Then by irreducibility there is an R € A with |RT¢ — n|| < ||S7]|; so
|SRT¢ — S| < ||Snll, SRT # 0, SRT # 0.
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11.5.4.7 1If J is a closed ideal in a C*-algebra B, set
Jt={zxeB:Jr={0}}.

J+ is the annihilator of J. (This notation is consistent with the notation of
Hilbert modules: J* is the orthogonal complement of .J in the Hilbert module
B.) J* is a closed ideal of B. J is essential in B if J* = {0}; equivalently,
J is essential if J NI # {0} for every nonzero closed ideal I of B. If X is
an open subset of a compact Hausdorff space Y, so that C,(X) is an ideal in
C(Y), then Co(X)* is Cy(Z), where Z is the interior of Y\ X, so Co(X) is
essential in C(Y) if and only if X is dense in Y.
A is prime if and only if every nonzero ideal of A is an essential ideal.

I1.5.5 Homomorphisms and Automorphisms

11.5.5.1 If A and B are C*-algebras, denote by Hom(A, B) the set of *-
homomorphisms from A to B. If A and B are unital, let Hom; (A, B) be the
set of unital *-~homomorphisms from A to B. The set of *-automorphisms of
a C*-algebra A is denoted Aut(A).

Unless otherwise specified, “homomorphism” and “automorphism” for C*-
algebras will always mean “*-homomorphism” and “*-automorphism” respec-
tively. (One occasionally, but rarely, considers homomorphisms of C*-algebras
which are not *-homomorphisms; cf. [Gar65], [Chr81], [Pau02, Chapter 19]).

I1.5.5.2 There is a natural composition from Hom(A4, B) x Hom(B, C) to
Hom(A, C), and also for Hom; if A, B, C are unital. Hom(A, A) is a monoid
(semigroup with identity) and Aut(A) is a group; Hom; (4, A) is also a monoid
if A is unital. The identity element of each is the identity map id 4.

Topologies on Homomorphisms

I1.5.5.3 There are two natural topologies on Hom(A, B):

The norm topology, induced from the operator norm on homomorphisms
regarded as bounded operators from A to B.

The point-norm topology, induced by the pseudometrics

da (), ) = ll¢(a) — ()l

for a € A. This is the topology of pointwise (norm-)convergence.

I1.5.5.4 PROPOSITION.

(i) Composition is jointly continuous for either the norm or point-norm
topologies.
(ii) Aut(A) is a topological group in either the norm or point-norm topologies.
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I1.5.5.5 If B is a von Neumann algebra, one can also consider other topolo-
gies on Hom(A, B) such as the point-weak, point-o-strong, etc. In fact, it
follows easily from 1.3.2.9 and 11.3.2.12 that these topologies all coincide. But
11.5.5.4 fails in general for these topologies, although there is a closely related
topology under which Aut(B) is a topological group (II1.3.2.1).

Homotopy Theory for Homomorphisms

The point-norm topology is in general much more useful than the norm topol-
ogy, which is too strong for most purposes. A good example is homotopy of
homomorphisms:

11.5.5.6 DEFINITION. Let ¢g, ¢1 be in Hom(A, B). A homotopy from ¢q to
@1 is a *-homomorphism ¢ from A to C([0,1], B) (the continuous functions
from [0, 1] to B with pointwise operations and sup norm) such that ¢g = mgo¢,
¢1 = m o ¢, where m; : C([0,1], B) — B is evaluation at t. Write ¢g ~ ¢ if
¢o and ¢ are homotopic.

It is straightforward to check that this is an exact generalization of the
notion of homotopy of continuous functions in topology: if A = C(X) and
B = C(Y), then a homotopy of unital homomorphisms from A to B exactly
corresponds to an ordinary homotopy between the corresponding continuous
functions from Y to X.

I1.5.5.7 PROPOSITION. If ¢ is a homotopy from ¢ to ¢1, and ¢, is defined
to be m 0 ¢ for 0 < ¢t < 1, then (¢;) is a point-norm continuous path in

Hom(A, B) from ¢ to ¢;. Conversely, any point-norm continuous path (¢:)
defines a homotopy by [¢(a)](t) = ¢¢(a).

11.5.5.8 DEFINITION. Let A and B be C*-algebras. A homotopically domi-
nates B if there are *~homomorphisms ¢ : A — B and ¢ : B — A such that
¢poy ~idg. A and B are homotopy equivalent if there are ¢ : A — B and
1 : B — A such that ¢ oy ~idg and ¢ o ¢ ~ idya.

A C*-algebra A is contractible if it is homotopy equivalent to (or homotopy
dominated by) the C*-algebra {0}, i.e. if there is a point-norm continuous
path (¢¢) (0 <t < 1) of *-homomorphisms from A to A with ¢; = id4 and
lim; g ||¢e(2)|| = 0 for all z € A.

A C*-algebra is subcontractible if it is isomorphic to a C*-subalgebra of a
contractible C*-algebra.

These notions are not exact analogs of the corresponding notions in topol-
ogy, although C,(X) is contractible in the C*-sense if and only if the one-point
compactification X' is contractible to {oo} relative to {co}.
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I1.5.5.9 Since any nonzero projection has norm one, a [sub]contractible C*-
algebra cannot contain any nonzero projections. In particular, a [sub]con-
tractible C*-algebra is always nonunital. If A is contractible, then A is homo-
topy equivalent to C, and conversely (if A is nonunital).

The most important examples of contractible and subcontractible C*-
algebras are cones and suspensions:

I1.5.5.10 DEFINITION. Let A be a C*-algebra (not necessarily unital). The

cone over A, written C(A) or often CA, is the C*-algebra C,((0,1], A) of

continuous functions f : [0,1] — A with f(0) = 0. [C(A) = Co((0,1])) ® A

(11.9.4.4) ]

The unital cone C1(A) is CA. If A is unital, C;(A) may be thought of as the

set of f:[0,1] — A such that f(0) € Cla.

The suspension of A, written S(A) or often SA, is C,((0,1), A) = Co(R, A).
One can inductively define higher cones C"A = C(C™"~1A) and suspen-

sions S"A = S(S""1A) for any n.

I1.5.5.11 CA is contractible for any A: let [¢p1_+(f)](s) be 0 if s < t and
f(s—t)ift < s <1. SAis a C*-subalgebra of C'A and hence subcontractible,
but SA is not contractible in general (it is easy to see that SC = C,(R) is not
contractible, for example).

Automorphisms

I1.5.5.12 DEFINITION.

(i) An automorphism « of a C*-algebra A is inner if there is a unitary u € A
with o = Ad u, i.e. a(z) = uau* for all x € A. The set of all inner auto-
morphisms of A is denoted In(A); In(A) is a normal subgroup of Aut(A),

and the map U(A) — In(A) sending u to Ad u is a homomorphism whose
kernel is the center of U(A).

(ii) ¢,v € Hom(A, B) are unitarily equivalent if there is a unitary u € B
with 1 = (Ad u) o ¢.

(iii) ¢, 1 € Hom(A, B) are approzimately unitarily equivalent if there is a net
(u;) of unitaries in B with (Ad u;) o ¢ — 9 in the point-norm topology.

(iv) ¢, € Hom(A, B) are asymptotically unitarily equivalent if there is a
(norm-continuous) path (u;) (¢ € [to,00)) of unitaries in B with (Ad w;)o
¢ — 1 in the point-norm topology.

(v) An automorphism of A is approzimately inner [resp. asymptotically in-
ner]| if it is approximately unitarily equivalent [resp. asymptotically uni-
tarily equivalent] to id4.



98 II C*-Algebras

I11.5.5.13 REMARKS.

(i) Using multiplier algebras (I1.7.3), one can similarly define multiplier uni-
tary equivalence, multiplier approximate unitary equivalence, and mul-
tiplier asymptotic unitary equivalence as in 11.5.5.12(ii)-(iv), replacing
B by M(B), and multiplier inner automorphisms, multiplier approxi-
mately inner automorphisms, and multiplier asymptotically inner auto-
morphisms as in 11.5.5.12(i),(v) with A replaced by M (A). Denote the
group of multiplier inner automorphisms of A by Inn(A); Inn(A) is a nor-
mal subgroup of Aut(A) containing In(A). If B is unital, there is of course
no difference between inner and multiplier inner, etc. If B is nonunital,
there is in general some difference between inner and multiplier inner,
and between unitary equivalence and multiplier unitary equivalence, al-
though the difference is not great and can often be overlooked. In at least
many cases, approximate unitary equivalence and approximate multiplier
unitary equivalence coincide even if B is nonunital. For example, if B is
stable (I1.6.6.12), then it is not hard to show that ¢/(B) is strictly dense
in U(M(B)), so the two relations coincide for homomorphisms from any
A into B. If A is AF (I1.8.2.2(iv)), then the two relations coincide for
maps from A into any C*-algebra B. Asymptotic and asymptotic multi-
plier unitary equivalence similarly coincide in at least the most important
cases.

(ii) If ¢ — wy is norm-continuous [resp. strictly continuous (I1.7.3)], then
t — Ad wu; is norm-continuous [resp. point-norm-continuous.

(i) If ¢1,¢2 : A — B, ¢¥1,%9 : B — C, and the ¢; and 1); are unitarily equiv-
alent [resp. approximately unitarily equivalent, asymptotically unitarily
equivalent], then so are 91 o ¢1 and 3 o ¢3. A similar statement is true
for multiplier unitary equivalence, etc., if ¥1, 19 are strict (11.7.3.13).

(iv) If Aisseparable and ¢, : A — B are approximately unitarily equivalent,
then there is a sequence (u,,) of unitaries in B with (Ad u,) o ¢ — ¢ in
the point-norm topology.

11.5.5.14 EXAMPLE. Every automorphism of £(H) is inner. For an auto-
morphism must preserve rank-one projections, and then by an easy argu-
ment must be spatially implemented. Since an automorphism must preserve
K(H), Aut(K(H)) = Aut(L(H)) is isomorphic to the quotient of U(H) by
its center TI. The point-norm topology on Aut(/KC(H)) is the quotient of the
weak /strong/strong-* topology on U (H); the norm topologies on Aut(X(H))
and Aut(L(H)) coincide and are the quotient of the norm topology on U(H).
The point-norm topology on Aut(L£(H)) is distinct from both of these (if H
is infinite-dimensional), and is more difficult to describe (cf. [Haa75b]). Since
L(H) is the multiplier algebra of IC(H), every automorphism of (H) is mul-
tiplier inner, i.e. Inn(K(H)) = Aut(K(H)). However, In(C(H)) is a smaller
group (dense in Aut(X(H)) in the point-norm topology).
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Derivations

The subject of derivations on C*-algebras is a vast and important one which
is treated in detail in [Bra86] (see also [Sak91] and [BR8&7]). We give only a
quick overview here. The subject arises naturally not only in studying differ-
entiability on manifolds and actions of Lie groups, but also in the mathemat-
ical formulation of quantum mechanics. Derivations are also important in the
structure theory of operator algebras.

11.5.5.15 DEFINITION. Let A be a C*-algebra. A Banach A-module is an A-
bimodule X which is a Banach space, such that there is a K with ||az||, ||zal| <
Kla||lz|| for alla € A, z € X.

The term “Banach A-module” is conventionally used instead of the more
strictly correct “Banach A-bimodule”, leading to unfortunate confusion with
the definition of a left or right Banach module (I1.5.3.6). Standard examples
of Banach A-modules are A itself, or any C*-algebra containing A, and A*
(or B* for any B containing A). More generally, if X is a Banach A-module,
then X'* has a natural structure as a Banach A-module by [a¢](x) = ¢(za),
[pa](x) = ¢(ax) (note reversal of order); such a Banach A-module is called a
dual Banach A-module. This dual module has the property that ¢ — a¢ and
¢ — ¢a are weak-* continuous maps from X* to X* for all a € A.

If A is a von Neumann algebra, one also considers normal Banach A-
modules (IV.2.5).

11.5.5.16 DEFINITION. Let A be a C*-algebra and X a Banach A-module.
A derivation from A to X is a linear map ¢ from a dense *-subalgebra A of A
to X satistying 6(ab) = 6(a)b+ ad(b) for all a,b € A. A is called the domain
of 6.

A derivation ¢ from A to X is closed if it is closed (1.7.2.1) as a partially
defined operator from A to X.

A derivation § from A to X is inner if there is an x € X with §(a) =
[a,z] = ax — za for all a € A. An inner derivation is bounded.

Any linear combination of derivations (with the same domain) is a deriva-
tion. The closure of a closable derivation (i.e. a derivation which is a closable
operator) is a derivation. There exist derivations which are not closable, al-
though an everywhere-defined derivation is automatically closed (bounded)
([Sak60], [KR97a, 4.6.66]).

If X has an involution compatible with the action of A, a derivation § from
A to X has an adjoint 6* with the same domain, defined by §*(a) = [6(a*)]*.
The derivation § is self-adjoint, or a *-derivation, if § = §*. A general § can be
written as a linear combination of the *-derivations ¢, = (6 4+ 6*)/2 and 6; =
(6 — 0%)/2i, so the study of general derivations can be reduced to considering
*_derivations; in some references, “derivation” means “*-derivation.” Other
authors prefer to work with antihermitian derivations, where §* = —§. With
the above notation, if § is an arbitrary derivation, the derivations §, = J;
and &, = —id, are antihermitian, and § = §, + 9.
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11.5.5.17 There are three flavors of derivations usually considered on C*-
algebras, the second and third being generalizations of the first:

(i)

(i)

(iii)

Bounded *-derivations from a C*-algebra A to itself (or occasionally to
a larger containing C*-algebra). Such a derivation is called a bounded
derivation on A. The domain of a bounded derivation on A can (and
will) be taken to be all of A.
There are classes of C*-algebras on which every bounded derivation is in-
ner (as a derivation from A to M (A) in the nonunital case): von Neumann
algebras [Sak66] and more generally AW*-algebras [Ole74], simple C*-
algebras [Sak68], and commutative C*-algebras and unital continuous-
trace C*-algebras [AEPTT76] (direct sums of these exhaust all separable
C*-algebras with this property [EI77]).
Unbounded *-derivations from a C*-algebra A to itself. Among other ap-
plications, these are important in the theory of one-parameter automor-
phism groups of A, in a manner analogous to Stone’s theorem (1.7.4.10):
if @ is a (point-norm-)continuous action of R on A, let A be the set of
all a € A for which the limit
4(a) = lim ci(a) —a
t—0
exists; then it turns out that A is a dense *-subalgebra of A and § is
a closed *-derivation from A to A with domain A, called the generator
of a. Conversely, it is easy to check that if § is a bounded *-derivation
of A, then a; = €'*® (computed in £(A)) is an automorphism of A for
each ¢, and t — a4 is a continuous action of R on A, with generator 4.
The same can be done for certain closed unbounded derivations, which
can be intrinsically characterized. There is thus a one-one correspondence
between such derivations and one-parameter groups of automorphisms.
Bounded derivations from A to a general (usually dual) Banach A-module
X are important in the cohomology theory of operator algebras (see
[KR71a]). A C*-algebra A is amenable if every bounded derivation from A
to a dual Banach A-module is inner. This definition will be explained and
justified in IV.3.3; it turns out that amenability is equivalent to nuclearity
for C*-algebras. There is a von Neumann algebra version, discussed in
1V.2.5.

I1.6 States and Representations

We have gotten fairly far into the structure of C*-algebras without showing
any direct connection with operator theory on Hilbert space except that alge-
bras of operators provide some examples of C*-algebras. But the connection
is a very close one and is important to understand, since it provides much
of the motivation and applications of the theory. In addition, some structure
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facts can be easily proved using representation theory which cannot be done
reasonably in any other way (e.g. I1.6.6).

I1.6.1 Representations

11.6.1.1 DEFINITION. A representation of a C*-algebra A is a *-homo-
morphism from A to £L(H) for some Hilbert space H.

Two representations 7 and p of A on X and )Y respectively are (unitarily)
equivalent if there is a unitary operator U € L(X,Y) with Un(x)U* = p(x)
for all x € A.

A subrepresentation of a representation m on H is the restriction of 7 to a
closed invariant subspace of H.

A representation is irreducible if it has no nontrivial closed invariant sub-
spaces.

If 7; (i € Q) is a representation of A on H;, then the sum @®;m; of the 7; is the
diagonal sum acting on ®;H;. If each ; is equivalent to a fixed representation
p, then @;7; is a multiple or amplification of p by card(2).

I1.6.1.2 A representation is always norm-decreasing (I1.1.6.6) and hence
continuous. Thus the kernel of a representation is a closed ideal. A represen-
tation with kernel 0 is called faithful. By 11.2.2.9, a faithful representation is
isometric.

11.6.1.3 1If J is a closed ideal of A, then any representation of A/J gives
a representation of A by composition with the quotient map, whose kernel
contains J. Conversely, if 7 is a representation of A whose kernel contains J,
then 7 drops to a representation of A/J.

11.6.1.4 If 7 is a representation of A on H and X is a closed subspace
of H, then the following are easily seen to be equivalent because 7(A) is a
self-adjoint subset of L(H):

(i) X is invariant under 7(A).
(ii) X7 is invariant under 7(A).
(i) Px € m(A)".

11.6.1.5 If N is the largest subspace of H on which w(z) = 0 for all z € A,
then N is closed, and X = A+ is an invariant subspace, called the essential
subspace of w. X is the closed span of {w(z)¢ :z € A, £ € H}. (Actually, by
537, X ={r(@x):z € A EcX}={nx):z€ A £ H})IfAis
unital, then Py = m(14); in general, if (h)) is an approximate unit for A, then
m(hx) — Px strongly. The representation 7 is nondegenerate (or essential) if
X = H. An irreducible representation is always nondegenerate.
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11.6.1.6 If J is a closed ideal in A, let € be the essential subspace of 7| ;.
Then & is invariant under w(A), so Pg € m(A)’. So m decomposes into a sum
of a representation essential on J and a representation which is zero on J (a
representation of A/J). Conversely, if p is a nondegenerate representation of
J on an H, and (hy) is an approximate unit for .J, then for any a € A the net
(p(ahy)) converges strongly in £L(H) to an operator we call p4(a) (cf. I1.7.3.9),
defining a representation of A extending p, and we have p4(A)" = p(J)”. (This
p4 is the unique extension of p to a representation of A on H.)

11.6.1.7 Note that for a nondegenerate representation m, the strong (or
weak) closure of w(A) is w(A)” by the Bicommutant Theorem (1.9.1.1); for
a general , the strong closure of w(A) is Pym(A)”, where X is the essential
subspace of . (Note that Py is a central projection in w(A)".)

Irreducible and Factor Representations

Since w(A)" and 7(A)" are von Neumann algebras and are thus generated
by their projections, we get the following fact from an application of the
Bicommutant Theorem:

11.6.1.8 PROPOSITION. Let m be a representation of a C*-algebra A on a
Hilbert space H. Then the following are equivalent:

(i) = is irreducible.

(ii) m(A) =CI.

(ii) m(A)" = L(H).

(iv) m(A) is strongly dense in L(H).

It follows from I1.6.1.6 that if 7 is an irreducible representation of A, and
J is a closed ideal of A, then 7| is either zero or irreducible. More generally,
we have:

11.6.1.9 PROPOSITION. Let B be a hereditary C*-subalgebra of a C*-algebra
A, and let 7 be an irreducible representation of A on a Hilbert space H. Let P
be the projection onto the essential subspace of 7|5. Then B acts irreducibly
on PH.

PrOOF: Let &, € PH with £ # 0. Then for any € > 0 there is an x € A
with 7(2)¢ = w(x)P¢ within €/2 of 1, so Pr(z)P¢ is within €/2 of Pn =
7. Let (h)) be an approximate unit for B. Then w(hy) — P strongly, so
|| (hazhy)€ — || < e for sufficiently large A.

11.6.1.10 We say a representation 7 of A is a factor representation if w(A)”
is a factor (I1.9.1.5). An irreducible representation, or any multiple of an irre-
ducible representation, is a factor representation.
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11.6.1.11 PRroPOSITION. The kernel of a factor representation of a C*-
algebra is a (closed) prime ideal.

PROOF: The kernel of any representation is closed. Let 7 be a factor represen-
tation of a C*-algebra A on H. Replacing A by A/ker(w) we may assume 7
is faithful. Suppose there are nonzero ideals J and K of A with JN K = {0}.
If (hy) and (k,) are increasing approximate units for J and K respectively,
then (7(hy)) and (w(k,)) converge strongly to the projections P and () onto
the closures of 7(J)H and w(K)H. Then P and @ are nonzero projections in
w(A)”, and P L Q. Since n(J)H and 7(K)H are invariant under 7(A4), we
also have P,Q € w(A)’, a contradiction.

See I11.1.1.8 for another proof.

There is a potential ambiguity in the definition of an irreducible represen-
tation. We say a representation is algebraically irreducible if it has no non-
trivial invariant subspaces, closed or not. But R. Kadison [Kad57] showed the
following:

11.6.1.12 THEOREM. [KADISON TRANSITIVITY]| Let 7 be an irreducible rep-
resentation of a C*-algebra A on a Hilbert space H and &1, ,&,, M1, , n
vectors in ‘H with {&,--+,&,} linearly independent. Then there is an z € A
such that 7(z)&x = ng for 1 < k < n. In particular, 7 is algebraically irre-
ducible.

This theorem is an immediate corollary of the next result:

11.6.1.13 THEOREM. Let 7 be an irreducible representation of a C*-algebra
A on a Hilbert space H, X a finite-dimensional subspace of H, and T € L(H).
Then, for any € > 0, there is an a € A with ||a|| < ||T|| + € and 7(a)|x = T x.
If T =T [resp. T > 0], we may choose a = a* [resp. a > 0].

For the proof, it follows from The Kaplansky Density Theorem (I1.9.1.3)
and I1.5.1.5 (or its preceding comment) that thereisa a; € A with ||a1]| < ||T||
and [[(m(a1)—T)| x| < €/4, with ay = a [resp. a; > 0] if T = T* [resp. T > 0].
Inductively choose ax (k > 2) of the same form with ||az|| < 27%¢ and
1 w(ar) = T)lxl <27 e

k=1

Then a = ;- ay, satisfies [ja|| < ||T'|| + € and 7(a)|x = T'|x.
One can actually obtain ||a|| < ||T|| by a modified functional calculus
argument [KR97a, 5.7.41].

I1.6.2 Positive Linear Functionals and States

The connection between C*-algebras and Hilbert spaces is made via the notion
of a state:



104 II C*-Algebras

11.6.2.1 DEFINITION. Let A be a C*-algebra. A linear functional ¢ on A is
positive, written ¢ > 0, if ¢(x) > 0 whenever & > 0. A state on A is a positive
linear functional of norm 1. Denote by S(A) the set of all states on A, called
the state space of A.

11.6.2.2 A positive linear functional is automatically bounded [it suffices
to show it is bounded on A4 by I1.3.1.2(vi); if it is not, for each n choose
zp, > 0 with [|z,]| = 1 and ¢(x,) > 4™, and then x = > 7, 27 "x,, satisfies
o(x) > 27" p(x,) > 2™ for all n, a contradiction.]

11.6.2.3 EXAMPLES.

(i) If A is a concrete C*-algebra of operators acting nondegenerately on H
and £ € H, and ¢¢(x) = (2€,§) for © € A, then ¢¢ is a positive linear
functional on A of norm [|£]|2, so ¢¢ is a state if ||| = 1. Such a state is
called a vector state of A. This example is the origin of the term “state”:
in the mathematical formulation of quantum mechanics, the states of a
physical system are given by probability distributions (unit vectors in
an L?-space), and observables are self-adjoint operators; the value of the
observable T' on the state £ is (T€,€) (cf. [BR87]).

(ii) By the Riesz Representation Theorem, there is a one-one correspondence
between bounded linear functionals on C,(X) and finite regular complex
Baire measures (complex Radon measures) on X. A bounded linear func-
tional is positive if and only if the corresponding complex measure takes
only nonnegative real values (i.e. is an ordinary measure). Thus the states
on C,(X) are precisely given by the regular Baire probability measures
on X. Any homomorphism from C,(X) to C is a state by 11.2.1.2 and
11.2.2.2.

A positive linear functional takes real values on self-adjoint elements, and
thus ¢(z*) = ¢(x) for any z if ¢ > 0. So if ¢ is a positive linear functional on
A, then ¢ defines a pre-inner product on A by (z,y)y = ¢(y*z). Thus we get
the CBS inequality:

11.6.2.4 PROPOSITION. Let A be a C*-algebra, ¢ a positive linear func-
tional on A, z, y € A. Then |¢(y*x)|* < ¢(x*z)d(y*y). More symmetrically,

6(zy)]? < p(za")d(y™y).

11.6.2.5 PROPOSITION. Let A be a C*-algebra and ¢ a bounded linear func-
tional on A. Then

(i) If ¢ > 0, then ||¢]| = sup{¢(x) : = > 0, ||z|| = 1} = lim¢(hy) for any
approximate unit (hy) for A (in particular, ||¢|| = ¢(14) if A is unital),
and ¢ extends to a positive linear functional on A by setting ¢(1) = ||¢||
(or ¢(1) = t for any t > ||¢||). In particular, any state on A extends
uniquely to a state on A.
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(ii) If A is unital and ¢(14) = ||¢||, then ¢ > 0.

For the first part of (i), if (hy) is an approximate unit for A, we have
6]l = sup{o(z) : @ = 0, [lzf| = 1} > sup¢(hy); but if y € A, [ly|| = 1,
|p(y)|> > ||#]|* — €, then, using 11.6.2.4,

16]2—€ < lo(y)]* = lim|p(hy/*y)[* < liminf ¢(hy)o(y*y) < |6 liminf G(hy).

The second statement of (i) follows from the first and II.3.1.2(viii).

To prove (ii), if 2 > 0, restrict ¢ to C*(x, 1) = C(X); then ¢ corresponds to
a complex measure p on X, and p(X) = |p|(X), so 4 > 0. A more elementary
alternate argument can be based on I1.1.6.3: if ¢(14) = ||¢|| = 1, and = > 0,
suppose ¢(x) ¢ [0,00). Then there is a A € C and p > 0 with o(z) C D =
{z € C:|z— A\ <p}, but ¢(z) ¢ D. If y = x — Al 4, then y is normal and
lyll = r(y) < p 50 16(z) — M| = 6(»)] < Iyl < p, a contradiction.

For a generalization of I1.6.2.5 and another alternate argument for (ii), see
11.6.9.4.

As a corollary, we obtain Kadison’s inequality for states (cf. I11.6.9.14):

11.6.2.6 COROLLARY. Let A be a C*-algebra, x € A, ¢ a state on A. Then
6(2)* < ¢(z*2).
ProOOF: Extend ¢ to a state on A and apply 11.6.2.4 with y = 1.

I1.6.2.7 Any sum or nonnegative scalar multiple of positive linear function-
als on a C*-algebra A is positive. A weak-* limit of a net of positive linear
functionals on A is positive. I1.6.2.5(i) shows that if ¢ and ¢ are positive linear
functionals on A, then ||¢ + | = ||¢|| + ||¢]|. In particular, a convex combi-
nation of states is a state, so if A is unital, S(A) is a compact convex subset
of the dual of A. If A is nonunital, then the states of A are in natural one-one
correspondence with the set of positive linear functionals on A of norm < 1,
and S(A) is locally compact but noncompact.

11.6.2.8 DEFINITION. A state of a C*-algebra A is pure if it is an extreme
point of S(A). Denote the set of pure states of A by P(A).

11.6.2.9 If A is unital, then S(A) is the closed convex hull of the pure
states; in general, the set of positive linear functionals of norm < 1 is the
closed convex hull of the pure states and the zero functional. The pure states
of C,(X) are precisely the homomorphisms to C, i.e. the states corresponding
to point masses (I1.6.2.3(ii)).

States can be defined more generally on operator systems:
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11.6.2.10 DEFINITION. An operator space is a closed subspace of a C*-
algebra.
An operator system is a closed self-adjoint subspace of a unital C*-algebra A
which contains the unit of A.
(Sometimes operator spaces or operator systems are not required to be closed.)
If X is an operator system, then a positive linear functional on X is a linear
functional ¢ with ¢(1) = ||@]|. A positive linear functional ¢ on X is a state if
¢(1) = 1. Pure states are the extreme points of S(X), the state space of X.
The key feature of an operator system X in a C*-algebra A is that it is
spanned by its positive cone X, = X N A,. In fact, if x € X, its real and
imaginary parts are in X; and if x = 2* € X, then z = ||z||1 — (||z||1 — ) and
llz||1, ||z]|]1 — x € X. Positive linear functionals on X are precisely the linear
functionals taking nonnegative values on X .

I11.6.3 Extension and Existence of States

11.6.3.1 If A is a unital C*-algebra, X is an operator system in A, and
¢ is a state on X, then by the Hahn-Banach Theorem ¢ extends to a linear
functional ¢ on A of norm one. Since (1) = 1, ¢ is a state on A. If B is a (not
necessarily unital) C*-subalgebra of a (not necessarily unital) C*-algebra A,
and ¢ is a state on B, first extend ¢ to B, regard B as a unital C*-subalgebra
of A and extend to A and then restrict to A to get an extension of ¢ to a
state on A.

11.6.3.2 If ¢ is a pure state on an operator system X in a unital A, or
on a C*-subalgebra of a (not necessarily unital) C*-algebra A, then the set
of extensions of ¢ to A is a weak-* compact convex subset of S(A), and any
extreme point of this set (extreme points exist by the Krein-Milman Theorem)
is a pure state of A. Thus we get:

11.6.3.3 PROPOSITION. Let A be a C*-algebra, z € A,,. Then there is a
pure state ¢ on A with |¢(x)| = ||z||.

PROOF: Note that there is a pure state (homomorphism) ¢ on C*(z) =
Co(o(x)) with |¢(x)] = r(x) = ||z|, and extend ¢ to a pure state on A.

There is also a noncommutative version of the Jordan Decomposition The-
orem for signed measures:

11.6.3.4 THEOREM. Let A be a C*-algebra, and ¢ a bounded self-adjoint
linear functional on A. Then there are unique positive linear functionals ¢
and ¢_ on A with ¢ = ¢, — ¢ and [[¢] = || | + lé_||

Since every linear functional ¢ can be canonically written as ¢, +i¢;,, with
Ore, Oim self-adjoint [define ¢* by ¢*(x) = ¢(a*), and let ¢ = (¢ + ¢*)/2,
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Gim = (¢—¢*)/2i], every bounded linear functional can be written canonically
as a linear combination of four states. A simple consequence of this and the
Hahn-Banach Theorem is:

11.6.3.5 COROLLARY. Let A be a C*-algebra, x € A.
(i) If ¢(z) =0 for all ¢ € S(A), then z = 0.

(ii) = 2™ if and only if ¢(z) € R for all ¢ € S(A4).

(i) = > 0 if and only if ¢(z) > 0 for all ¢ € S(A).

In fact, S(A) can be replaced by P(A) in this result.

I1.6.4 The GNS Construction

The GNS construction, discovered independently by Gelfand and Naimark
[GN43] and I. Segal [Segd7] (the essential idea appeared earlier in [Gel41]),
while quite simple, is an “ingenious construction” (E. Hille [Hil43]) and one
of the most fundamental ideas of the theory of operator algebras. It provides
a method for manufacturing representations of C*-algebras.

11.6.4.1 Let A be a C*-algebra, ¢ a positive linear functional on A. Put a
pre-inner product on A by (x,y)y = ¢(y*z). If

Ny ={zx € A:¢(z"z) =0},

then Ny is a closed left ideal of A, and (-,-)4 drops to an inner product on
A/Ny. If a € A, let m4(a) be the left multiplication operator by ¢ on A/Ng,
i.e. my(a)(x + Ny) = ax + Ny. Since

r*a*ar < ||al?z*z

(IL.3.1.8), my(a) is a bounded operator and ||m4(a)|| < |la||; so my(a) extends
to a bounded operator, also denoted 74 (a), on the completion (Hilbert space)
He = L*(A, ¢) of A/N,. The representation 7y is called the GNS representa-
tion of A associated with ¢.

I1.6.4.2 There is also a (unique) distinguished vector &, € H, such that
6(a) = (mo(a)6ss 0o (amd €52 = |8]). If A is unital, then &, is just
the image of 14 in Hg. In general, let ¢ be the unique extension of ¢ to A
with [|¢]| = [¢[|; then from ¢(1) = lim ¢(hy) = lim ¢(h3), where (hy) is an
approximate unit for A, it follows that ¢((1 —hy)?) — 0, so A/N, is dense in
A/Nd3 and thus Hy can be identified with Hy, and {4 may be taken to be &5
This &4 is a cyclic vector for my, i.e. my(A)Ey is dense in Hy.

I1.6.4.3 This construction is the inverse of I1.6.2.3(i): if 7 is a representation
of A on a Hilbert space H and £ is a cyclic vector for m, and ¢(a) = (w(a)¢, &),
then (Hg,m4,&p) is unitarily equivalent to (H,n,&). Thus there is a precise
one-one correspondence between positive linear functionals on A and (cyclic)
representations of A with a specified cyclic vector.
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11.6.4.4 EXAMPLE. Let A = M,,, with Tr the (ordinary) trace on A. Then
‘Hr can be identified with M,, with the Hilbert-Schmidt norm, with & = I.
The action 71, is the ordinary one by left multiplication. M, acting on itself
in this way is called the standard form representation of M,,. Its commutant
is also isomorphic (or, more naturally, anti-isomorphic) to M,,, acting by right
multiplication. Each von Neumann algebra on a Hilbert space has a standard
form generalizing this example (II1.2.6.5).

I11.6.4.5 If ¢ is a positive linear functional on A, then ¢ has a canonical
extension to a positive linear functional on £(Hy) of the same norm, also

denoted ¢, by ¢(T) = (T€s,Ep) -

The next simple result is a version of the Radon-Nikodym Theorem
(the classical Radon-Nikodym theorem is essentially the special case where
A = L>(X,p) for a finite measure space (X, ), and ¢(f) = [ fdu). Other
more difficult (and useful) versions of the Radon-Nikodym Theorem for von
Neumann algebras appear in I11.2.3.3 and 111.4.7.5.

11.6.4.6 PROPOSITION. Let ¢ and 3 be positive linear functionals on A,
with ¢ < ¢ (i.e. ¥(x) < ¢(z) for all z € A ). Then there is a unique operator
T € my(A) C L(Hg), with 0 < T < I, such that ¢(z) = ¢(Tme(z)) =
(Try(x)€4,6p) e for all x € A.

PROOF: For z,y € A, define (m4(x)&y, mp(y)Es) = ¥ (y*x). Then (-,-) extends
to a bounded sesquilinear form (pre-inner product) on Hg, and thus there is a
T € L(Hgy), 0 <T <1, such that (n,¢) = (T'n,()e for all n,¢ € Hy (1.2.2.2).
If x,y,2z € A, then

(T (2)[ms (2)6], o (W)€0)e = V(Y (22)) = P((27y)"2)

= (Tp(2)p, T ()6 (1)) o = (o (2)T [ (2)E0), Tp(¥)E0) 6

so, fixing « and letting y, z range over A, we conclude that T'ry(x) = 74 (2)T.

11.6.4.7 In fact, if p < ¢ and w = ¢ — 7, so that ¢ = ¢ + w, then 7y is
unitarily equivalent to the subrepresentation of my, @© m, with cyclic vector
&y @ &, and T is projection onto the first coordinate, compressed to this
subspace.

Because of the abundance of states on a C*-algebra described in (11.6.3.3),
every C*-algebra has many representations. We can say even more:
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11.6.4.8 PROPOSITION. If ¢ is a state of A, then 74 is irreducible if and only
if ¢ is a pure state.

Proor: It follows immediately from I1.6.4.6 and 11.6.1.8 that if 7, is irre-
ducible, then any positive linear functional ¢ < ¢ is a multiple of ¢, and

hence ¢ is pure. Conversely, if ¢ is pure, suppose there is a projection P in
my(A)', P #0,1. Then P&y # 0, for otherwise

0 = 7my(x) P&y = Plmg(x)Ey]

for all z € A, so P = 0. Similarly, (I — P){, # 0. For x € A, write
$1(x) = (mg(2) P&y, PEy)g = ¢(Pry(x))

P2(x) = (mp(2)(I = P)&y, (I = P)&s)g = ¢((I — P)mg(x)).

Then ¢4, ¢o are positive linear functionals on A, ¢ = ¢1 + ¢2, and ¢1 = Ao,
¢$2 = (1 — A)¢ for some A, 0 < A < 1, because ¢ is pure. For any ¢ > 0, there
is an x € A with [|my(2)¢s — P&ylle <€ and [|m(2)8 13 = d(zx) = [ P& 13-
Then [|(I = P)mg(2)€lls = [I(I = P)(mg(2)€p — PEy)lls <€, and

(1= NIPEsI5 = (1 = No(z"x) = ¢2(a™2) = (I = P)my(2)Es]3 < €

contradicting A # 1 and therefore the existence of P. Thus my4(A)" = CI.

11.6.4.9 COROLLARY. If A is a C*-algebra and = € A, then there is an
irreducible representation 7 of A with ||z (x)| = |||

PROOF: Let ™ = 7, where ¢ is a pure state of A with ¢((zz*)?) = ||(z2*)?|| =
|z]|* (I1.6.3.3). Then

* x\1/2
l])? = (za*, za*)y/

= llzz™(lg = [Im(x)z"[lg < [lm(@)llz"[le < [lr(@)ll] -
By considering sums of irreducible representations, we obtain
11.6.4.10 COROLLARY. If A is a C*-algebra, then A has a faithful represen-

tation, i.e. A is isometrically isomorphic to a concrete C*-algebra of operators
on a Hilbert space H. If A is separable, then H may be chosen to be separable.

This result is also called the “Gelfand-Naimark theorem” (cf. 11.2.2.4).
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11.6.4.11 PROPOSITION. Let A be a C*-algebra, B a C*-subalgebra of A,
and p a representation of B on a Hilbert space Hy. Then p can be extended
to a representation 7 of A on a (possibly) larger Hilbert space H, i.e. there is
a Hilbert space H containing Hy and a representation 7 of A on H such that
Hy is invariant under 7|p and 7|p agrees with p on Hy. If p is irreducible,
then 7 may be chosen irreducible.

Since every representation is a direct sum of cyclic representations, it suf-
fices to show the result for p cyclic, i.e. p is the GNS representation corre-
sponding to a state ¢ of B. Extend ¢ to a state ¢ of A (with ¢ pure if 9 is
pure; see 11.6.3.2), and let 7 be its GNS representation.

Using these results, facts about elements of C*-algebras can be deduced
from corresponding facts about operators. The next result is an example.

11.6.4.12 THEOREM. [FUGLEDE] (cf. 1.6.2.7) Let A be a C*-algebra, x,y €
A with z normal. If y commutes with z (i.e. if [z,y] = 0), then y commutes
with z*. So y and y* commute with f(z) for any f € Co(o(x)).

Various other results such as the next two can also be proved using irre-
ducible representations.

11.6.4.13 PROPOSITION. Let A be a C*-algebra, x € A. Then z is in the
center Z(A) if and only if w(z) is a scalar multiple of the identity for every
irreducible representation 7 of A.

PRrROOF: If « ¢ Z(A) and [z,y] # 0, then there is an irreducible representation
7 of A for which 7w ([x,y]) = [r(x), 7(y)] # 0.

11.6.4.14 PROPOSITION. Let A be a noncommutative C*-algebra. Then
there is a nonzero z € A with 22 = 0 (equivalently, z*z L xz*).

PRrROOF: If A is noncommutative, there is an irreducible representation 7 of
A with 7(A) noncommutative and hence more than one-dimensional. Thus
there is an a = a* € A such that o(n(a)) contains two distinct numbers A
and p. Let f and g be continuous functions from R to [0,1], with disjoint
suppports, and with f(\) = g(u) = 1. Then f(a) and g(a) are orthogonal,
and 7(f(a)) = f(m(a)) and w(g(a)) = g(m(a)) are nonzero. Since w(A) is
prime (I11.6.1.11), there is a z € w(A) with 7(f(a))zn(g ( ) # 0 (IL.5.4.5).
If y € A with n(y) = 2, then = f(a)yg(a) # 0 and 22 = 0. For the last
statement, if 22 = 0, then (z*z)(z2*) = 0; conversely, if (z*z)(xz*) = 0, then
[(z*)%22)2 = 0, so (z%)*2? =0, 22 = 0.

11.6.4.15 COROLLARY. Every noncommutative unital C*-algebra contains
a full positive element which is not invertible.

PROOF: Let A be unital and noncommutative, and x € A with ||z|| = 1 but
2?2 = 0. Fix € > 0 small enough that z = f.(vz*)r = zf.(x*x) # 0, y =
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zfes2(x*w), a =1 —yy*. Let J be the closed ideal of A generated by a. Then
y*y € J since y*y < a, and hence yy* € J. Also, a € J,s0 1 =a+yy* € J,
J = A. But a is not invertible since a 1 zz*.

Extending States from Ideals

Using the GNS construction, we can obtain an extension of I1.6.2.5(i) and a
sharpening of 11.6.3.1 in the case that the subalgebra is an ideal. This result
is also closely related to 11.6.1.6.

11.6.4.16 PROPOSITION. Let J be a closed ideal in a C*-algebra A, and v
a positive linear functional on J. Then there is a unique extension of ¥ to
a positive linear functional ¢ on A with ||¢|| = [|¢||. If (hy) is an increasing
approximate unit for J, then ¢(x) = lim(hyz) = limy(zhy) for all z € A;
if z € A4, then

¢(z) = limp(z'2hya'/?) = supp(z'/2hya'/?).

Any other positive linear functional ¢’ on A extending 1) satisfies ¢’ > ¢.

PRrOOF: By I1.6.3.1 there is a ¢ extending ¢ with ||¢|| = ||¢||, but we will not
use this result. Instead we define ¢ directly as follows.

Let 7y be the GNS representation of J on H,, with cyclic vector &,,. Extend
7y to a representation m of A on Hy, as in 11.6.1.6. Then &, defines a positive
lincar functional ¢ on A by ¢(x) = ((2)&y, £,). We have [l¢]) = 1€, = [l
and (Hy, g, &p) can be naturally identified with (Hy, 7, &y). Since m(hy) — I
strongly, we have, for any = € A,

Y(haz) = (m(ha)m(2)Ep, Sy) — (T(2)&y, &p) = d(x)

and similarly 1(zhy) — ¢(z) and, if x > 0, (z'/2hyz/?) — ¢(z).

If ¢’ is any extension of 9 to a positive linear functional on A, and x € A,
then ¢ (z) > ¢/ (x'/2hya'/?) = (2 2hyx'/?) for all A, so ¢ (z) > ¢(x). Thus
w = ¢’ — ¢ is a positive linear functional, and we have ||¢’| = ||¢]| + ||| =
[0 + llwll, so i [|¢[| = [[¢[l, then w =0, ¢ = ¢.

I1.6.5 Primitive Ideal Space and Spectrum

It is common in mathematics (e.g. in algebraic geometry) to associate to a ring
A a topological space of ideals of A, generally either the set of prime ideals
(denoted Spec(A)) or the set of maximal ideals (denoted Maxspec(A)), with
the hull-kernel topology (11.2.1.4). For C*-algebras, the most useful variant is
to consider the primitive ideal space:

11.6.5.1 DEFINITION. Let A be a C*-algebra. A primitive ideal of A is an
ideal which is the kernel of an irreducible representation of A. Denote by
Prim(A) the set of primitive ideals of A. The topology on Prim(A) is the
hull-kernel topology, i.e. {J;}~ ={J:J 2 nNJ;}.



112 II C*-Algebras

11.6.5.2 A primitive ideal is closed by I1.6.1.2 and prime by I1.6.1.11. (In
fact, the kernel of any factor representation is a closed prime ideal (I11.6.1.11)).
If A is separable, then every closed prime ideal of A is primitive (I1.6.5.15).
Recently, N. Weaver [Wea03] constructed a nonseparable prime C*-algebra
with no faithful irreducible representation, so not every closed prime ideal in
a nonseparable C*-algebra is primitive. It is not known whether the kernel of
a factor representation of a nonseparable C*-algebra must be a primitive ideal
(Weaver’s example has no faithful factor representations, in fact no faithful
cyclic representations).

11.6.5.3 By I1.6.4.9, the intersection of the primitive ideals of a C*-algebra
A is {0}. By considering irreducible representations of A/J, it follows that
every closed ideal J of A is an intersection of primitive ideals. In particular,
every maximal ideal is primitive. There is thus a natural one-one correspon-
dence between the closed sets in Prim(A) and the closed ideals of A. If A is
commutative, then every closed prime ideal is maximal and hence primitive,
and Prim(A) agrees with the set defined in I1.2.1.4 and may be identified with
A as in 11.2.2.4.

I1.6.5.4 If J is a closed ideal in A, then we can identify Prim(A/J) with
Prim;(A) = {K € Prim(A) : J C K},

the corresponding closed set in Prim(A). If K € Prim(A), J € K, and 7 is
an irreducible representation of A with kernel K, then 7|J is an irreducible
representation of J (I1.6.1.6) with kernel K N J. So there is a map p; from

Prim”(A) = {K € Prim(A) : J € K}

to Prim(J), defined by ps(K) = K N J, which is surjective by 11.6.1.6. Also,
ps is injective: if K7, Ky € Prim(A) and K1 NJ = Ky NJ # J, then by
11.5.1.4(iv) we have

(K1 +Ko)N(J+Ko)=(KiNJ)+ Ky =(KonJ)+ Ky = Ky

and, since K is prime and J + Ky # Ks, we have K1 + Ky = Ky, K1 C Ko.
Symmetrically, Ko C Ky, so K1 = K3. Thus Prim(J) may be identified with
Prim”(A) = Prim(A) \ Prim;(A), an open set in Prim(A).

11.6.5.5 1If J is a closed ideal in a C*-algebra A and = € A, write ||z||;
for the norm of x mod J. If {J;} is any collection of closed ideals in A and
J = nNJ;, then || - ||; = sup; || - ||ls, (by I1.1.6.5 it suffices to note that this
formula defines a C*-norm on A/J); and if (J;) is an increasing net of closed
ideals with J = [UJ;] 7, then || -||; = inf; || - ||, (this follows immediately from
the definition of the quotient norm). A simple consequence is:
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11.6.5.6 PROPOSITION. Let A be a C*-algebra.

(i) If z € A, define & : Prim(A) — Ry by &(J) = ||z||;. Then Z is lower
semicontinuous.
(ii) If {z;} is a dense set in the unit ball of A, and U; = {J € Prim(A) :
Z;(J) > 1/2}, then {U;} forms a base for the topology of Prim(A).
(i) If x € A and A > 0, then {J € Prim(A4) : &(J) > A} is compact (but not
necessarily closed) in Prim(A).

PRrROOF: Part (i) is obvious. For (ii), let J € Prim(A). A neighborhood of J
is a set of the form V = {I € Prim(A) : K ¢ I} for a closed ideal K not
contained in J. Choose y € K\J, and 0 < € < 1[|y[|3, and let = = f.(y*y).
Then z € K, and ||z|| = ||z||; = 1. Choose z; with |lz; — x| < 1/2; then
JeU,and U; C V.

To show (iii), let {K; : i € Q} be a set of closed ideals in A, K the closed ideal
generated by UK; (so K = [>_ K;]7), and

Uy={JePrim(A): K; Z J}.

Then {U;} is an open cover of F' = {J € Prim(A) : #(J) > A} if and only if
|zl x < A. In this case, there are i1,...,4, such that if Ko = K;, +---+ K;,,
then ||z| k, < A, so {U;,,...,U;, } is a cover of F.

11.6.5.7 COROLLARY. Prim(A) is a locally compact space Tp-space which is
compact if A is unital. If A is separable, then Prim(A) is second countable.

I1.6.5.8 The function  of I1.6.5.6 is not continuous in general; in fact, if
Prim(A) is not Hausdorff, then the & cannot all be continuous since {Z : = €
A} separates the points of Prim(A). But if Prim(A) is Hausdorff, I1.6.5.6(iii)
shows that & is continuous for all x € A. If x is in the center of A, then & is
continuous (11.6.5.10).

I11.6.5.9 EXAMPLES.

(i) Let A = K. Then Prim(A) = {0,K}; {K} is a closed point, and {0} is a
dense open point. Thus Prim(A) is not 73.

(ii) Let A be the C*-algebra of all sequences of elements of My which converge
to a diagonal matrix. Then Prim(A) consists of a sequence of points
simultaneously converging to two closed points at infinity. Thus Prim(A)
is T but not Hausdorff.

(iii) Let A be the C*-algebra of all sequences in K converging to a scalar
multiple of 1. Then Prim(A) is the one-point compactification of a disjoint
union of two-point spaces as in (i). This A gives a counterexample to
problems 4.7.8, 4.7.9, and 10.10.11 of [Dix69b].

If A is commutative, then the Gelfand-Naimark Theorem (I1.2.2.4) iden-
tifies elements of A with continuous functions on A = Prim(A). There are
various generalizations; the next result of Dauns and Hoffman [DH68] is one
of the most important.
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11.6.5.10 THEOREM. [DAUNS-HOFFMAN] Let A be a unital C*-algebra, and
Z(A) its center. Then, for each z € Z(A), the function & of I1.6.5.6 is con-
tinuous, and z — & (x € Z(A)+) extends to an isomorphism from Z(A) onto
C(Prim(A)).

The theorem also holds for nonunital A: if M (A) is the multiplier algebra of
A (I1.7.3), then Z(M(A)) is isomorphic to Cp(Prim(A)), the bounded contin-
uous complex-valued functions of Prim(A). See IV.1.6.7 for another “Dauns-
Hoffman Theorem.”

For the proof, let Z = Z(A). If 7 is an irreducible representation of A, then
7 maps Z into the scalars, so defines a homomorphism from Z to C, i.e. an
element of Z. So if J € Prim(A), then a(J) = JNZ € Prim(Z) = Z. The map
a : Prim(A) — Prim(Z) is obviously continuous from the way the hull-kernel
topology is defined, and « is surjective since every irreducible representation
of Z extends to an irreducible representation of A (I1.6.4.11). Thus there is
an induced homomorphism a, : Z 2 C(Z) — C(Prim(A)), which is injective
since « is surjective.

If z € Z C A, and & is the corresponding function in C(Z) (cf. 11.2.2.4),
then & = |a.(Z)| = |& o af, so & is continuous. If z € Z, then & = . (%).

To show that «, is surjective, the key lemma in the proof given in [EO74]
is the following, which is also useful for other purposes:

11.6.5.11 LEMMA. Let A be a C*-algebra, a € A, f a continuous function
from Prim(A) to [0,1], and € > 0. Then there is a b € A such that

16— f(S)alls <e

for all J € Prim(A). If b is another such element, then ||b — || < 2e.

PROOF: Choose n such that % < €, and for 1 < k < n let Ji be the ideal
of A corresponding to the open set

{JePrim(A): (k—1)/n< f(J) < (k+1)/n}.

Then J; +---+J, = A, so by I1.5.1.4 there are ay, € (Ji)+ witha=a;+---+
an. Set b=>", %ak. Then it is easily checked that b has the right properties.
If &’ is another element with the same properties, then ||b — b'||; < 2e for all
J, hence ||b — || < 2¢ by 11.6.4.9.

In the situation of 11.6.5.11, let b,, be a b corresponding to € = 1/n. Then
(bn) is a Cauchy sequence and thus converges to b € A. So we obtain an exact
version of 11.6.5.11 which is equivalent to surjectivity of a. (take a = 1; then
be Z by 11.6.4.13):

11.6.5.12 COROLLARY. Let A be a C*-algebra, a € A, and f a continuous
function from Prim(A) to [0,1]. Then there is a unique b € A, such that
b= f(J)a mod J for all J € Prim(A).
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11.6.5.13 For a general C*-algebra A we define A to be the set of unitary
equivalence classes of irreducible representations of A. There is a natural map
from A onto Prim(A) sending 7 to ker (7). This map is not injective in general,
i.e. there can be inequivalent representations with the same kernel. We will
return to this in IV.1.5.7. There is also an obvious map from P(A) onto A,
sending a pure state to its GNS representation; the composite map from P(A)
to Prim(A) is continuous and open when P(A) is given the relative weak-*
topology. A can be given a unique topology making the maps P(A) — A
and A — Prim(A) continuous and open, but A is not T unless the map to
Prim(A) is injective (and hence a homeomorphism).

By IL.6.1.6, if .J is a closed ideal in A, we may identify J and Prim(.J) with
open subsets of A and Prim(A) respectively; the complements are naturally

identified with Z/\J and Prim(A/J). We may do the same with P(J) since if
¢ € P(A), then either ¢|; = 0 or ¢|J is a pure state of J.

A theorem of G. Choquet (cf. [Dix69b, B14]) says that the set of extreme
points of a compact convex set in a locally convex Hausdorff topological vector
space is a Baire space (i.e. the intersection of a countable family of dense open
sets is dense). Since P(A) is such a set for A unital, and P(A) is a dense open
subset of P(A) for nonunital A, we get:

I1.6.5.14 THEOREM. Let A be a C*-algebra. Then P(A), A, and Prim(A)
are Baire spaces.

11.6.5.15 COROLLARY. Let A be a separable C*-algebra. An ideal of A is
primitive if and only if it is closed and prime.

PROOF: A primitive ideal in any C*-algebra is closed and prime. If A is sep-
arable and J is a closed prime ideal in A, by replacing A by A/J we may
assume J = {0}. {0} is an intersection of countably many primitive ideals
{Jn}; each J, is essential in A since A is prime, so the corresponding open set
Prim(J,,) is dense in Prim(A). If {0} is not primitive, then N, Prim(J,) = 0,
contradicting I11.6.5.14.

I1.6.5.16 Another way of describing the topology on A is to fix a Hilbert
space H and let Irry;(A) be the set of irreducible representations of A on H.
Trrys(A) has a natural topology, the topology of elementwise convergence, and
the map from Irry(A) to A is continuous and open, i.e. A has the relative
quotient topology (more care must be taken in describing the topology if
A has irreducible representations of different dimensions; cf. 1V.1.4.7. The
difficulty can be avoided by stabilization (I1.6.6.11) if A is separable, since
there are natural homeomorphisms [A®K]" 22 A and Prim(A®K) 22 Prim(A)
(I1.7.6.13)). This procedure also yields a Borel structure (the Mackey Borel
structure) on A, the quotient of the natural Borel structure on Irry;(A) induced
by its topology, which is finer than the Borel structure on A induced by its
topology, and which is more useful than the topology if A is not Ty (e.g.
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the Mackey Borel structure separates points of /Al). See IV.1.5.12 for more
discussion of the Mackey Borel structure and its relation to the topology.

I1.6.6 Matrix Algebras and Stable Algebras

As an example of a basic fact which can be proved easily by representation
theory but for which there seems to be no decent space-free proof (there is a
quick proof using Hilbert modules (I1.7.2.6)), we observe that a matrix algebra
over a C*-algebra is also a C*-algebra.

11.6.6.1 If H is a Hilbert space, then £(H") is naturally isomorphic to the
matrix algebra M, (L(H)). (More generally, L(H", H"™) can be identified with
the m x n matrices over L(H).) So if A is a concrete C*-algebra of operators
on H, then the matrix algebra M, (A) acts naturally as a concrete C*-algebra
of operators on H". The adjoint of a matrix (a;;) is the matrix (b;;), where
bij = ajl
11.6.6.2 Thus, if A is a C*-algebra, we need only to take a faithful repre-
sentation m of A on a Hilbert space H; then m defines entrywise a faithful
representation (™ of M, (A) (with involution defined as above) on H", and
thus M, (A) is a C*-algebra with the induced operator norm.

11.6.6.3 Of course, by general theory, this operator norm is the unique C*-
norm on M, (A) with this involution. In the future, we will often use matrix
algebras over C*-algebras, and will always implicitly use this involution and
norm. Note that there is no explicit formula for the norm of a matrix in terms
of the entries in general. (There is, however, a simple estimate: if a = (a;5) is
a matrix, then
max flai; || < flafl < > llagll
i,j

since it is easily seen that if b is a matrix with exactly one nonzero entry x,
then [[b]] = [|z[|.)

I1.6.6.4 As an example of the use of matrices, we give a proof of 11.3.2.3
(cf. [RW9S, 2.31]). Let = be an element of a C*-algebra A. Note that if b is a
self-adjoint (or normal) element in a unital C*-algebra B, and w is a unitary
in B, then f(u*bu) = u*f(b)u for any f € C(o(b)); thus, if u*bu = —b,

then u*b'/3u = (—b)'/3 = —b'/3. Applying this to b = [ 2 % } and u =
[ (1) _01 } in My(A), we obtain that b'/3 = [ 2 % } for some y € A, and

Z*

r = yy*y. For uniqueness, if z = zz*z, let ¢ = [ 2 0

} ; then c is self-adjoint
and ¢ = b, so ¢ = b'/? by 11.2.3.6.
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Order and Norm

There is a tight relationship between the order structure and norm in a C*-
algebra: 11.3.1.2(iv) is an example. The next result is another example.

11.6.6.5 PROPOSITION. Let A be a unital C*-algebra, and x € A. Then

[ L } > 0 in Ma(A) if and only if |z < 1.

The proof is a simple inner product calculation if A C L(H) (cf. [Pau02,
3.1]); for the general case, just choose a faithful representation of A. There is
also a simple and elegant space-free proof [ER00, 1.3.2]. A similar proof shows
more generally:

11.6.6.6 PROPOSITION. Let A be a unital C*-algebra, xz,y € A. Then

[ xl* gyc } > 0in My(A) if and only if z*x < y.

There is also a tight relationship with the algebraic structure:

11.6.6.7 THEOREM. [Wal03] Let A be a unital C*-algebra, u,v € U(A). If

1 u =z
x €A, then | v* 1 v [ >0in M3(A) if and only if z = uw.
z* vt 1

Tensor Product Notation

11.6.6.8 M, (A) is isomorphic to AQM,, = A®cM,,, and it is convenient to
use tensor product notation in matrix algebras. In M, let e;; be the matrix
with 1 in the (4,7)’th entry and zeroes elsewhere, and write a ® e;; for the
element of M,,(A) with a in the (i, j)’th entry and zeroes elsewhere. The e;;
are called the standard matriz units in M,,. (There is a similar set of standard
matrix units in K.)

Stable Algebras

11.6.6.9 As in I1.6.6.1, L(H*°) can be identified with an algebra of infinite
matrices over £L(H) (although it is impossible to give an explicit description
of which matrices give bounded operators). If A is a concrete C*-algebra of
operators on H, let M (A) denote the infinite matrices over A with only
finitely many nonzero entries. Then M., (A) acts naturally as a *-algebra of
bounded operators on H>°, and its closure in £(H>°) is denoted A ® K.

11.6.6.10 If A is an (abstract) C*-algebra, we can form Mo (A) in the same
manner, and by choosing a faithful representation = of A, M., (A) may be
identified with M (7w(A)) and thus given a norm. Using the uniqueness of
norm on M, (A) for each n, it is easily seen that the norm on M, (A) does
not depend on the choice of .
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11.6.6.11 DEFINITION. The completion of M, (A) is called the stable alge-
bra of A, denoted A ® K.

This is also a special case of a tensor product of C*-algebras (11.9.4.2).

11.6.6.12 DEFINITION. A C*-algebra A is stable if A = A @ K. Two C*-
algebras A and B are stably isomorphic if AQ K= B ® K.

11.6.6.13 PROPOSITION. K(H) @ M,, = K(H") and K(H) @ K = K(H™>).
In particular,

K=MK =M, o K=KoM,

for all n, and K is isomorphic to K ® K. In fact, the map from K to K ® M,,
or K® K given by © — = ® eq; is homotopic to an isomorphism.

The first statement is almost obvious. To prove the last statement, by
a judicious choice of bases it suffices to find a strongly continuous path of
isometries on a separable Hilbert space linking the identity to an isometry
with infinite codimension. The operators V; on L?[0, 1] defined in 1.3.2.10, for,
say, 1/2 <t <1, do the trick.

11.6.6.14 Similarly, it is easily verified that (AQK)®K = A®K for any A,
so the stable algebra A ® K of a C*-algebra A is a stable C*-algebra, and A
is stably isomorphic to A ® K. Two stable C*-algebras are stably isomorphic
if and only if they are isomorphic. In the same way, A and M,,(A) are stably
isomorphic for any A and n. Stably isomorphic C*-algebras are “the same
up to ‘size’;” a stable C*-algebra has uniformly infinite “size.” (This must be
taken with a grain of salt in the non-o-unital case; but can be made precise
in a nice way for o-unital C*-algebras (I1.7.6.11, I1.7.6.13)).

I1.6.7 Weights

Weights are one of the two most important generalizations of positive linear
functionals.

11.6.7.1 DEFINITION. A weight on a C*-algebra A is a function ¢ : Ay —
[0, 00] such that ¢(0) = 0, ¢(Aa) = A¢(a) fora € Ay and A > 0, and ¢(a+b) =
od(a) + ¢(b) for all a,b € A;. The weight ¢ is densely defined if {z € Ay :
o(x) < oo} is dense in Ay, and ¢ is faithful if ¢(x) =0 implies 2 = 0.

11.6.7.2 EXAMPLES.

(i) Any positive linear functional defines a continuous finite weight. Every
weight which is finite everywhere comes from a positive linear functional
(and hence is continuous).

(ii) Tr is a lower semicontinuous weight on L£L(H).
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(iii) Any sum of weights is a weight. Any sum of lower semicontinuous weights
is a lower semicontinuous weight. In particular, any sum of positive linear
functionals is a lower semicontinuous weight. (The converse is also true
(I11.2.2.18)).

(iv) The function ¢ defined by ¢(0) = 0, ¢(x) = oo for z # 0 is a (degenerate)
lower semicontinuous weight.

(v) Let X be a locally compact Hausdorff space and p a Borel measure on
X, and set ¢(f) = [y f dp for f € Co(X)4. Then ¢ is a weight on
Co(X), which is lower semicontinuous by Fatou’s lemma.

Every lower semicontinuous weight on a commutative C*-algebra is of
this form. To see this, if ¢ is a lower semicontinuous weight on C,(X)
and U is an open set in X, set u(U) = sup ¢(f), where f: X — [0,1] is
supported in U. If V' is the union of all U such that pu(U) < oo, then the
Riesz Representation Theorem gives an extension of i to a locally finite
Borel measure on V. We can set pu(Y") = oo for any nonempty ¥ C X\ V.
Then ¢(f) = [ f dp for any f e Co(X)4.

The correspondence between weights and measures is not one-to-one,
however: two measures give the same weight if and only if they agree on
the o-compact open sets.

(vi) Let I be a hereditary *-subalgebra (e.g. an ideal) in A, and 1) a positive
linear functional on I (not necessarily bounded). Define ¢(z) to be 1 (x)
ifx el and ¢(x) = ccif z € Ay \ I;. Then ¢ is a weight on A which is
not lower semicontinuous in general (e.g. if I is dense and v is bounded).

(vii) Asanexample of (vi), let A = ¢, (1.8.6), and I = {(a,,) : (nay) is bounded};
let w be a free ultrafilter on N, and for a = (a,,) € I set ¥(a) = lim,, nay,.
Since ¢ vanishes on ¢y, the dense ideal of sequences which are eventu-
ally 0, the only positive linear functional § on A with 6(a) < ¢(a) for all
ac A+ is 0 =0.

I1.6.7.3 We can do constructions with weights generalizing the description
of the trace-class and Hilbert-Schmidt operators (1.8.5.3) and the GNS con-
struction (I1.6.4). If ¢ is a weight on A and 0 < a < b, then ¢(a) < ¢(b) =
¢(a) + ¢(b—a). Thus

Ny ={x € A:¢(z"z) < o0}
(sometimes written Dq%) is a left ideal of A containing
Nye={z € A:¢(z"z) =0}

(Mg and Ny are closed under addition by the argument in the proof of
I1.5.3.2(iii)). Ny is closed if ¢ is lower semicontinuous, but Dy is not closed in
general unless ¢ is continuous. ¢ extends to a positive linear functional, also
denoted ¢, on the span M, (sometimes written D}) of {a € Ay : ¢(a) < oo}
Since by polarization y*z € M, for any x,y € Mgy, ¢ defines a pre-inner prod-
uct on My as in the GNS construction (i.e. (x,y)y = ¢(y*x)) which drops to
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an inner product on 9,/N,. A acts by bounded operators on this space by
left multiplication, thus giving a GNS representation 74 on the completion

Hy.

11.6.7.4 There is no natural cyclic vector £4 in this case, however. In fact,
the GNS representation from a weight is not even nondegenerate in general
unless the weight is lower semicontinuous (e.g. the example of 11.6.7.2(vii)).

11.6.7.5 Example I1.6.7.2(iv) shows that we must make further restrictions
to get interesting weights. It is tempting to say that a (lower semicontinuous)
weight ¢ on A is semifinite if, for every z € Ay,

d(x) = sup{p(y) 1y € (My) 4,y <z}

It turns out that this definition is too restrictive unless ¢ is a trace. A better
definition comes from the following:

11.6.7.6 PROPOSITION. Let ¢ be a lower semicontinuous weight on a C*-
algebra A. The following are equivalent:

(i) For every approximate unit (hy) for M, and . € A4,
o(x) < 1im}\inf d(hxazhy).

(ii) For every approximate unit (hy) for M, and z € A, with ¢(z) = oo,
lim ¢(h>\xh>\) = 00.

(iii) For every approximate unit (hy) for My and = € A with ¢(x) = oo,
supy ¢(hxzhy) = .

The weight ¢ is semifinite if it satisfies these conditions.

For the proof, (i) < (ii) is clear, since the condition of (i) is automatically
satisfied for « € My by lower semicontinuity. (ii) == (iii) is trivial; the con-
verse is not entirely trivial since (hyzhy) and hence ¢(hyxhy) is not increasing
in general, but (iii) = (ii) follows easily by passing to a subnet of the given
approximate unit, which is again an approximate unit.

11.6.7.7 1If ¢ is semifinite, then zmdf = {0}; the converse is unclear. If ¢ is
lower semicontinuous and 91, is dense in A, then ¢ is semifinite. The converse
is false in general, but see I11.2.2.20. If ¢ satisfies the condition of 11.6.7.5, and
x € Ay with ¢(x) = oo, for any K > 0 there is a y € (My)4 with y < z and
¢(y) > K. If (hy) is an approximate unit for MMy, then ¢(hyyhy) > K for
some A by lower semicontinuity. Since hyyhy < haxzhy, ¢(hrzhy) > K, so ¢
is semifinite by I1.6.7.6(iii).

I1.6.7.8 If ¢ is a faithful semifinite weight (e.g. a faithful state), then 7y is
a faithful representation. Note, however, that 7, can be faithful even if ¢ is
not faithful: for example, if A is simple, then 74 is always faithful (unless ¢
is degenerate, i.e. takes only the values 0 and o0). If ¢ is semifinite, then
is faithful if and only if N4 contains no nonzero ideal.
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11.6.7.9 If ¢ is a weight on A, then the left ideal 9, is a weighted left
ideal (I1.5.3.14). Conversely, if 9 is a weighted left ideal of a C*-algebra A,
and M = M) (I1.5.3.13), define a weight ¢ on A by fixing a positive
linear functional f on A, and setting ¢(x) = f(z) if x € M4, P(x) = oo if
x € Ay \ M. Then M = N,. Thus the weighted left ideals of a C*-algebra
A are precisely the “ideals of definition” of weights on A, justifying the term
“weighted.”

I1.6.8 Traces and Dimension Functions

The most important special kinds of weights (or states) on a C*-algebra are
the traces, which play a crucial role in several places in the structure theory.

11.6.8.1 DEFINITION. A trace on a C*-algebra A is a weight 7 on A satisfying
T(x*x) = T(xa*) for all x € A. A tracial state (or normalized trace) is a state
which is a trace.

There is some nonuniformity of terminology concerning traces: in some
references, “trace” means “tracial state.”

11.6.8.2 It is immediate that if 7 is a trace on A, then 7(u*zu) = 7(x) for
any z € A, and u unitary in A, and that M., N,, and N, are ideals of A;
by polarization 7(zy) = 7(yz) for any x,y € N.. If 7 is lower semicontinuous,
then N, is a closed ideal of A. In particular, a nonzero lower semicontinuous
trace on a simple C*-algebra is automatically faithful.

11.6.8.3 EXAMPLES.

(i) Any weight on a commutative C*-algebra is a trace, and every state is a
tracial state.
(if) Tris a trace on L(H) (or on K(H)). 7 =

% -Tr is a tracial state on M,,.
(iii) If 7 is a trace on A, define 7, on M,,(A4) by

n

Ta((@iy)) = Y m(@i).

i=1

Then 7, is a trace on M, (A). If 7 is a tracial state, then so is %Tn. Con-
versely, if o is a trace on M,,(A), for x € A set 7(x) = o(diag(z,0,---,0));
then 7 is a trace on A and o = 7,.

(iv) The degenerate weight of I11.6.7.2(iv) is a trace.

(v) The Dixmier trace (I1.8.7.7) on K (or on L£(H)) is a trace which is not
lower semicontinuous.
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I1.6.8.4 If 7 is a trace on A and u is a unitary in A, then 7(u*zu) =
7(z) for every x € AL (7 is unitarily invariant). An interesting question
is whether the converse holds: is a unitarily invariant weight necessarily a
trace? The following example shows that the answer is no in general; but a
lower semicontinuous unitarily invariant weight is a trace (I11.6.8.7), as is any
unitarily invariant linear functional.

I1.6.8.5 EXAVPLE. Let A and I be as in IL5.2.1(vi). fa = ( | " Z" D
n n

isin Ay, define 7(a) = a1 +dy if a € I and 7(x) = oo if @ ¢ I. Then it is
easily seen that 7 is unitarily invariant since I, is unitarily invariant. But if

x = <{ n—01/2 8 }), then 7(z*z) = 1 and 7(zz*) = co.

11.6.8.6 PROPOSITION. Let A be a C*-algebra, I an ideal of A (not neces-
sarily closed), and ¢ a linear functional on I such that ¢(u*zu) = ¢(z) for all
2 € I and all unitaries u € A. Then ¢(zy) = ¢(yz) for all z € I, y € A.

PROOF: If u is a unitary in A, and z € I, then

P(uz) = ¢(u* (uz)u) = d(au).

If y € A, write y as a linear combination of unitaries (I[.3.2.12) to obtain

P(zy) = ¢p(yx).

I1.6.8.7 PROPOSITION. A lower semicontinuous unitarily invariant weight
is a trace.

PROOF: Let ¢ be a lower semicontinuous unitarily invariant weight on A. Then
My is a two-sided ideal of A (I1.5.2.2), and ¢ defines a linear functional on M,
also denoted ¢. Let (hy) be a right approximate unit for 914 (I1.5.3.3). Suppose
x € Ny, i.e. p(z*x) < co. Then xhjz* — xz*, so ¢(xx*) < liminf p(zhiz™).
But since x, hy, (z*x)'/2 € My, we have why, (z*x)/2hy € My, and therefore
by 11.6.8.6, for all A,

p(zhiz*) = ¢p(haz*zhy) = ¢((z*z)' /23 (a"2)"/?) < ¢(2*z)

and so z* € My and ¢(xzz*) < ¢(x*x). By the symmetric argument ¢(zz*) =
o(a*z). (Actually, for all A, ¢(ehia*) < ¢(ea*), so ¢(za*) = limy (xha”),
and similarly ¢(z*z) = lim) (725((1‘*1’)1/2}1?\(:17*1})1/2).)

11.6.8.8 We usually restrict attention to semifinite traces. For C*-algebras,
we most frequently consider densely defined lower semicontinuous traces (in
the von Neumann algebra case, o-weakly densely defined), which are auto-
matically semifinite.
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11.6.8.9 PROPOSITION. Let 7 be a lower semicontinuous trace on a C*-
algebra A. The following are equivalent:

(i) 7 is semifinite.
(i) For every xz € Ay, 7(x) =sup{7(y) : y € (M) 4,y < x}.
(i) M, is an essential ideal (I1.5.4.7) in A.

(iv) M, is an essential ideal in A.

This follows easily from I1.6.7.6 and the observation that if 7 is semifinite,
then
T(hazhy) = 7(z 2R3 21/?) = 7(2)

for every x € Ay and every approximate unit (hy) for 9y, since x1/2h§x1/2 <
x.

11.6.8.10 The set 7 (A) of tracial states of A is a closed convex subset of
S(A), and hence is a compact convex set if A is unital.

11.6.8.11 THEOREM. Let A be a unital C*-algebra. Then 7 (A) is a Choquet
simplex.

See [Sak71, 3.1.18] for a proof.

S(A) is a Choquet simplex if and only if A is commutative (and unital).
(See [AS03] for a complete description of the structure of S(A) as a compact
convex set.)

There is a close connection between traces and dimension functions:

11.6.8.12 DEFINITION. A dimension function on a C*-algebra A is a func-
tion d : Ay — [0,00] such that d(z) < d(y) if z 3 y (11.3.4.3) and
dlx +y) = d(z) + d(y) if © L y, and such that d extends to a function
on M, (A)+ with the same properties. A dimension function d is normalized
if sup{d(z):z€ Ay} =1.

Dimension functions measure the “size of the support” of the elements of
the algebra. Dimension functions are often defined just on the projections of
the algebra, particularly in the von Neumann algebra case; such a dimension
function can be extended to all elements by setting d(z) = d(p,), where p,, is
the support projection of z. The technical condition that a dimension function
extend to matrix algebras is automatic in most cases; in general, it suffices
that it extend to 2 x 2 matrices [BH82].

11.6.8.13 A lower semicontinuous trace 7 on A defines a dimension function
dr. The definition can be made in several ways. Most elegant is to proceed
as follows: if B = C,(X) is a commutative C*-subalgebra of A, 7 defines a
lower semicontinuous weight on Co(X) and hence a Borel measure p on X. If
f € CO(X)+7 let

d-(f) = ul{z € X : f(z) £ 0}).
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It is easily checked that this gives a well-defined dimension function on A,
which is lower semicontinuous. Explicit formulas for d,, which can be used as
alternate definitions, are

dr(a) = lim 7(a'/") = lim 7(f(a))

n—oo

(I1.3.4.11). If 7 is a tracial state, then d. is normalized.

11.6.8.14 The procedure can be (almost) reversed. If d is a dimension func-
tion on A, and B = Co(X) is a commutative C*-subalgebra of A, then d
defines a finitely additive measure p on the algebra of subsets of X generated
by the o-compact open sets, where if U is open and o-compact, u(U) = d(f),
where f is any function in C,(X ) nonzero precisely on U. If d is lower semi-
continuous, then pu extends to a countably additive Borel measure on X and
hence a lower semicontinuous weight 7 on B. The definition of 7 on all of A
is unambiguous, and 7 is a lower semicontinuous quasitrace:

11.6.8.15 DEFINITION. A quasitrace on a C*-algebra A is a function 7 :
Ay — [0,00] such that 7(z*z) = 7(xa*) for all z € A, 7(Aa) = A7(a) for
all A > 0and a € Ay, and 7(a+b) = 7(a) + 7(b) if @ and b are commuting
elements of A, and such that 7 extends to a map M, (A4); — [0, 00] with
the same properties. 7 is normalized if sup{7(a) : 0 < a < 1} = 1. Denote by
QT(A) the set of normalized quasitraces on A. QT (A) is a convex set, which
is compact in the topology of elementwise convergence if A is unital.

I1.6.8.16 One of the oldest, most famous, and most important open general
structure questions for C*-algebras is whether every quasitrace is a trace (i.e.
additive on Ay). The general question can be reduced to the case of AW*-
factors (II1.1.8.3) [BH82]. U. Haagerup showed that the answer is yes for
well-behaved C*-algebras:

11.6.8.17 THEOREM. Every quasitrace on an exact C*-algebra (11.9.6.6,
IV.3) is a trace.

The first proof of this theorem was in [Haa92], which remains unpublished;
see [HT99] for a proof using random matrices. Actually, these references only
treat the case of normalized quasitraces on unital C*-algebras; E. Kirchberg
(cf. [Kir97]) observed that the general case follows from this.

It is at least true that QT (A) is a Choquet simplex if A is unital, which
is metrizable if A is separable [BH82]. 7 (A) is a face in QT (A).

I1.6.9 Completely Positive Maps

The other crucial generalization of positive linear functionals is the notion of
completely positive map.
If A and B are C*-algebras and ¢ : A — B is a function, let

¢(n) : Mn(A) — M,(B)
be the induced map obtained by applying ¢ entrywise.
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11.6.9.1 DEFINITION. Let A, B be C*-algebras, and ¢ : A — B a linear
function. ¢ is positive (written ¢ > 0) if @ € A4 implies ¢(a) € By. ¢ is
n-positive if ¢ : M, (A) — M, (B) is positive, and ¢ is completely positive
if it is n-positive for all n.

Positive, n-positive, and completely positive maps can more generally be
defined on operator systems.

A map ¢ : A — B is an order embedding if ¢ is isometric and ¢(x) > 0 if
and only if v > 0 (i.e. if ¢ and ¢! : ¢(A) — A are both positive contractions).
The map ¢ is a complete order embedding if ™ is an order embedding for
all n.

In some contexts, completely positive maps (or completely positive con-
tractions) are the appropriate morphisms between C*-algebras.

11.6.9.2 A positive map is automatically bounded (the proof is essentially
the same as for positive linear functionals). In fact, a unital positive map is a
contraction (I1.6.9.4).

11.6.9.3 EXAMPLES.

(i) Any *-homomorphism ¢ is positive, since a > 0 = a = z*z for some
x € A, so ¢(a) = d(z)*¢(z) > 0. Since ¢(™ is also a *-homomorphism,
it follows that a *~homomorphism is completely positive.

(ii) If ¢ : A — B is n-positive and v € B, then ¢y : A — B defined by
Y(x) = v*¢(x)v is also n-positive. ¥ is called the compression of ¢ by
v. In particular, any compression of a *-homomorphism is completely
positive.

(iii) An (n + 1)-positive map is n-positive, but the converse is not true in
general. The simplest example is the transpose map 7 on M. It is easily
seen that 7 is positive. But 7 is not 2-positive. For example,

o

>0, but 7@ (a) = 2 0.

oS O o
O = O O
OO = O
= O O O

1
0
0
1

_ o o -
o O O
o O OO

[Ms(My) = My, and 7(2) takes the transpose in each 2 x 2-subblock.]
(iv) A positive map ¢ from C" to a C*-algebra B is just a map of the form

¢()‘17a)‘n):>\1b1++)\nbn

where by,...,b, € By. If ||p(1)]] < 1, ie. D> by < 1, then ||¢]] < 1 by
1.2.6.13. In fact, any positive map from C™ to any B is completely positive
(11.6.9.10).

(v) A (completely) positive unital map from C” to C(X) is of the form

(Alw",)\n) = ZAkfk



126 II C*-Algebras

where f1,..., f, are nonnegative functions summing to 1, i.e. a partition
of unity in X.If ¢1,. .., gm are finitely many elements of C(X) and € > 0,
choose a finite open cover U of X such that each gy varies by less than /2
oneach U € U, and let {f1,..., fn} be a partition of unity subordinate to
U. Then the corresponding (completely) positive unital map from C™ into
C(X) has elements (A1, ..., Agn) € C™ with ||(Ag1, .-, Akn)|| = |9k || and
gk — d(Akts- - - Aen)|| < € for all k.

11.6.9.4 PRrOPOSITION. [RD66, Cor. 1]) Let A and B be unital C*-algebras,
and ¢ : A — B a unital linear map. Then ¢ is positive if and only if ¢ is a
contraction.

PROOF: Suppose ¢ is a contraction. Let 7 be a faithful unital representation of
B on H. For any unit vector € in H, define 0 : A — C by o(x) = (7(¢(2))E, &).
Then o is a linear functional on A, ||o|| < 1, and o(1) = 1, so o is a state on
A (11.6.2.5(i1)); so if x € Ay, 0 < o(z) = (7(p(x))E,&). Since & is arbitrary,
#(6(x)) = 0.

We give an alternate argument using an idea which first appeared in
[Kad51]. We first show that ¢ is self-adjoint. If not, choose a € A, a = a*,
lla]] = 1, such that ¢(a) = b+ ic, b =b*, ¢ = ¢*, ¢ # 0. Replacing a by —a if
necessary, we may assume there is 0 < A € o(c). Then for any n > 0 we have

An < |le+nlp| < ||b+i(c+nlpg)|| = ||[¢(a+inla)| < |la+inlall = (1+n2)1/2

which is a contradiction for sufficiently large n. Positivity now follows from
11.3.1.2(iv).

Now suppose ¢ is positive. By 11.6.9.2, ¢ is bounded; and from I1.3.2.16
we have that the norm of ¢ is the supremum of its restrictions to unital
commutative C*-subalgebras of A. We may thus assume A is commutative,
ie. A = C(X). By the construction in I1.6.9.3(v), ||¢|| can be approximated
by ||¢ o ¥||, where v is a unital positive map from C" to C(X); thus we may
assume A = C". But a unital positive map from C™ to B is a contraction by
1.2.6.13.

I1.6.9.5 PROPOSITION. Let ¢ : A — B be a positive contraction. Then the
extended unital map ¢ : AT — B is positive.

PROOF: Suppose a + A1 > 0 in A'. Then a = a* and X\ > 0. If A\ = 0, then
Ppla+ A1) = ¢(a) > 0.If A > 0, then —A"ta < 1, [A"ta| < 1, [¢(Ata)|| <1,
d(a) > =1, ¢(a+ A1) = ¢(a) + A1 > 0.

I1.6.9.6 It is not obvious that a positive linear functional is a completely
positive map to C, but by the GNS construction a state ¢ on A is the com-
pression of a *-homomorphism (74 : A — L(Hy)) by a projection onto a
one-dimensional subspace (spanned by &£4). Thus a positive linear functional
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is completely positive. (Another argument and a generalization will be given
below.)

W. Stinespring [Sti55] was the first to study completely positive maps in
detail, and he proved the following dilation theorem, which is a generalization
of the GNS construction, and which shows that every completely positive map
is the compression of a *-homomorphism:

11.6.9.7 THEOREM. [STINESPRING] Let ¢ : A — L(H) be a completely
positive map. Then there is a Hilbert space Hg, a representation 74 of A on
Hg, and Vy € L(H,Hy) with [Vy]|> = [|¢]], such that ¢(a) = Vimy(a)Vs
for all @ € A, and such that (Hg, 74, V) are canonical and minimal in the
sense that if H’ is another Hilbert space with a representation p of A, and
W e L(H,H') with ¢(a) = W*p(a)W for all a € A, then there is an isometry
U : Hy — H' onto a subspace invariant under p and intertwining 7, and p,
and such that W = UVj.

If A and ¢ are unital, then Hy can be chosen to contain H, and ¢(a) =
PHﬂ'(a)PH.

The proof is just a few lines (plus a routine check of many details): define
a pre-inner product on the algebraic tensor product A ® H (over C) by

(z@&y@ne = (d(y z)&mn

and then divide out by vectors of length 0 and complete to get Hy, and let
7y (a) be left multiplication

mp(a)(z © §) = ax @ €.

If (hy) is an approximate unit for A, then (hy ® §) is a Cauchy net in Hy for
any &; call the limit V. If (H', p, W) are as in the statement of the theorem,
define U(z ® &) = p(x)(WE).

The great contribution of Stinespring (in connection with this result) was
to observe that complete positivity of ¢ is precisely what is needed to make
(-,-)¢ positive semidefinite. This can be conveniently summarized in the fol-
lowing proposition, one direction of which is the crucial technical point in the
proof of the theorem, and the converse a corollary of the theorem.

11.6.9.8 PROPOSITION. Let A be a C*-algebra, and ¢ : A — L(H) a linear
map. Then ¢ is completely positive if and only if, for every ai,...,a, € A
and &;,...,&, € H,

n

> (blata;)g;, &) > 0.

4,j=1

PROOF: For the direction used in the proof of Stinespring’s Theorem, let
a € M,(A) be the matrix with first row (ai,...,a,) and other entries 0.
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Then a*a > 0, and (a*a);; = ala;. If ¢ is completely positive, then the
matrix T € M,(L(H)) = L(H") with T;; = ¢(ala;) is positive. Conversely,
if ¢ satisfies the condition in the statement, the construction in the proof of
Stinespring’s Theorem works to give a dilation of ¢ to a *-homomorphism, so
¢ is completely positive.

By breaking up H into a direct sum of cyclic subspaces, we can rephrase
this result as follows:

11.6.9.9 PROPOSITION. Let A be a C*-algebra, and ¢ : A — L(H) a self-
adjoint linear map. Then ¢ is completely positive if and only if, for every
a1,...,ay and x1,...,x, in A and £ € H,

> (#a])o(ata;)d(z;)€.€) 2 0

ij=1
In fact, it suffices to let £ run over a set {&;|i € I} such that the closed span
of {p(x)&;|x € A,i e I} is H.

11.6.9.10 An examination of the proof of Stinespring’s Theorem shows that
if H is n-dimensional, then it suffices to assume that ¢ is n-positive, and it
then follows from the conclusion that ¢ is actually completely positive. Since
¢ : A — B is m-positive if and only if p o ¢ is m-positive for all p € B, we
conclude that if every irreducible representation of B has dimension < n, then
any n-positive map from a C*-algebra A into B is completely positive. This
is also true if all irreducible representations of A have dimension < n [Sti55].
(Conversely, if B is a C*-algebra and any n-positive map from any C*-algebra
A into B is completely positive, then every irreducible representation of B has
dimension < n [Tom82].)

11.6.9.11 In fact, there is a one-one correspondence between completely
positive maps from a C*-algebra A into M,, and positive linear functionals
on M, (A). If ¢ is a positive linear functional on M, (A), and a € A, define
¢o(a);; = no(a ® e;;); then ¢, is a completely positive map from A to M,,.
Conversely, if ¢ : A — M, is completely positive, define o4 by

azg Z (rb a’L]

Then o4 is a positive linear functional on M, (A). The two assignments are
easily checked to be mutually inverse. If A is unital and ¢ is unital, then oy
is a state (this is the reason for the convention of including the n and 1/n in
the formulas); however, if ¢ is a state, then ¢, is not necessarily unital.

More generally, the same procedure gives a one-one correspondence be-
tween cp-maps from A to M, (B) and cp-maps from M, (A) to B, for any
C*-algebra B.

Combining this correspondence with I1.6.3, we get the finite-dimensional
case of the following theorem [Arv77]:
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11.6.9.12 THEOREM. [ARVESON EXTENSION] Let A be a C*-algebra, X an
operator system in A, H a Hilbert space, and ¢ : X — L(H) a completely
positive map. Then ¢ extends to a completely positive map from A into L(H),
of the same norm.

If X is a C*-subalgebra B of A, the general case of Arveson’s Extension
Theorem follows easily from Stinespring’s Theorem: let (Hg,mg, V) be the
Stinespring dilation of ¢ : B — L(H), extend the representation 74 of B
to a representation p of A on a Hilbert space H' containing H,, and define
Y(a) =V Py, p(a)Vs; ¢ is an extension of ¢ to A.

11.6.9.13 A C*-algebra C for which the statement of 11.6.9.12 is true with
L(H) replaced by C' is called an injective C*-algebra (it is an injective ob-
ject in the category of C*-algebras and completely positive maps). Thus, any
finite direct sum of copies of L(H)’s (in particular, any finite-dimensional C*-
algebra) is injective. The description and classification of injective C*-algebras
which act on separable Hilbert spaces is one of the great achievements of the
theory of operator algebras; see IV.2.1.

Another useful consequence of Stinespring’s Theorem is Kadison’s inequal-
ity:
I11.6.9.14 PROPOSITION. Let ¢ : A — B be a completely positive contrac-

tion. Then ¢(x*z) > ¢(x)*P(x) for all x € A.

Indeed, by embedding B in L(H) for some H and letting (Hy, my, V) be
the Stinespring dilation, we have

p(x*x) = Vimg(a™2)Vy = Vimy () me(2) Ve

> Vymg(x)* Vo Vimg(x)Vy = d(z)" ¢(x)

since V¢V¢:‘ <.
The Kadison inequality actually holds for 2-positive contractions [Cho74]:
if ¢ : A — B is a 2-positive contraction, extend ¢ to a unital 2-positive

map from AT to B. If z € A, then 1* f > 0 by I1.6.6.6, so
x* x*x

1 ¢(x) .
é(z)*  d@*z) > 0. Apply 11.6.6.6 again.

11.6.9.15 Conversely, a positive map ¢ : A — B satisfying the Kadison
inequality must be a contraction: if ||¢|| > 1 choose z € A with ||z|| = 1 and

1< [lg(@)] < [[¢] < llé(x)[|*; then
lo@)1* = ll¢(2)*p(@)l| < llp(z"2)]| < |||

since ||z*z|| = 1, a contradiction.
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Complete Order Isomorphisms

11.6.9.16 Recall that a map ¢ : A — B is an order embedding if ¢ is
an isometry and ¢(z) > 0 if and only if x > 0, and ¢ is a complete order
embedding if (™) is an order embedding for all n. A surjective [complete]
order embedding is a [complete] order isomorphism. If A and B are unital,
a complete order isomorphism must be unital; and a unital bijection ¢ is a
[complete] order isomorphism if and only if both ¢ and ¢~! are [completely]
positive (I1.6.9.4).

If  : A — B is a complete order isomorphism (it is enough that )
be an order isomorphism), then ¢ and ¢! satisfy Kadison’s inequality, i.e.
d(z*x) = ¢(x)*¢(x) for all z. Then, using polarization (I1.3.1.6), we obtain:

11.6.9.17 THEOREM. Let A and B be C*-algebras, and ¢ : A — B a com-
plete order isomorphism. Then ¢ is an algebraic *-isomorphism.

ProOOF: Let z,y € A. Then

3

4(y) d(a) = Y i (¢(x)+i"(y)) (¢(x)+i"¢(y) ZZ Pla+iy) p(z+ity)

Thus, the algebraic structure of a C*-algebra is completely determined
by its complete order structure (or just its 2-order structure). An explicit
derivation of the algebraic structure from the complete order structure can be
obtained from I1.6.6.7, giving an alternate proof of the theorem. [There is a
technicality in obtaining the theorem from I1.6.6.7, since it is not clear how to
characterize unitaries order-theoretically; but a complete order isomorphism
from A to B gives a complete order isomorphism from C;(A) to C1(B), and
the unitaries in these C*-algebras are precisely the extreme points of the
unit balls. Note that it is sufficient to prove multiplicativity on unitaries by
11.3.2.15.]

Note that the order structure on a C*-algebra is not sufficient to deter-
mine its algebraic structure: for example, if A is any C*-algebra, then A and
A°P are order-isomorphic by the identity map, but need not be *-isomorphic
(IV.1.7.16).

In fact, we have:

11.6.9.18 PROPOSITION. Let ¢ : A — B be a completely positive contrac-
tion, and = € A. If ¢p(z*x) = ¢(z)*¢(z), then ¢(yx) = ¢(y)o(z) for all y € A.

*

The proof consists of applying Kadison’s inequality to { :6 yO } (and

thus works if ¢ is just 4-positive). See e.g. [Pau02, 3.18] for details.



I1.6 States and Representations 131
Matrix Ordered Spaces

11.6.9.19 If X is an operator space in A (I1.6.2.10), then the set of n x n
matrices with elements in X can be naturally identified with an operator space
in M, (A), which is an operator system if X is an operator system. Thus, if
X is an operator system, M, (X) has an induced order structure (which in
general depends on how X is embedded in A), and it makes sense to consider

completely positive maps from X to a C*-algebra B (or to an operator system
Y).

I1.6.9.20 The situation can be abstracted [CE77al. A matriz ordered space
is a Banach space X with involution such that M, (X) is equipped with a norm
|| - ||l for each m, and a partial order defined by a set M, (X)y C M, (X)sq
(using the induced involution), such that ¢*[M,,(X)+]c € M,(X)+ for any
¢ € My, (C).

Every operator system is a matrix ordered space as above. It makes sense
to talk about completely positive maps between matrix ordered spaces in the
obvious way.

If X and Y are matrix ordered spaces, then £(X,Y) can be partially
ordered by taking the completely positive maps as the positive cone. If = €
M, (X), define O(z) : M,, = X by O(z)(a) = >, . aj;x;;. Then © : M, (X) —
L(M,,, X) is an order isomorphism.

i,J

11.6.9.21 Besides C*-algebras themselves, the most important matrix or-
dered spaces are duals of C*-algebras; indeed, one of the main motivations
for developing the theory of matrix ordered spaces was to provide a setting
to treat C*-algebras and their duals on an equal footing as ordered spaces.
If X is a matrix ordered space (e.g. C*-algebra) with dual space X*, then
M, (X*) can be identified with the *-vector space dual of M, (X) and can
thus be ordered by the dual cone; X* then becomes a matrix ordered space.

If X and Y are matrix ordered spaces, denote by CP(X,Y) C L(X,Y)
the set of completely positive maps from X to Y.

Completely Bounded Maps

An operator space also inherits a matricial structure from its containing
C*-algebra. The resulting matricial spaces can be axiomatized [Rua88] (cf.
[ERO00)).

11.6.9.22 If ¢ : X — Y is a linear map between operator spaces X and Y,
then ¢ is completely bounded if ||@|| e, = sup,, ||¢(™|| is finite. The map ¢ is a
complete contraction if |||l < 1.

A completely positive map ¢ (between C*-algebras or operator systems)
is completely bounded, and ||¢||c» = ||¢||. Conversely, a unital complete con-
traction between operator systems is completely positive (I1.6.9.4).



132 II C*-Algebras

The elementary theory of completely bounded maps can be largely reduced
to the completely positive case using the following dilation technique of V.
Paulsen [Pau02]. The proof is similar to I1.6.6.5.

11.6.9.23 PROPOSITION. Let A and B be unital C*-algebras, X an operator
space in A, and ¢ : X — B a complete contraction. Set

Al x*
Y:{[ - Ml}.A,MEC,xGX}.

Y is an operator system in My(A), and ¢ : Y — My(B) is completely positive,
where
(2 D1 %
x pl ¢lx) pl |7

I1.6.9.24 One can obtain completely bounded analogs of Stinespring’s The-
orem [Pau84] and Arveson’s Extension Theorem [Wit84]. See [Pau02] for de-
tails. See also [ER00] for a complete discussion of the theory of operator spaces
and completely bounded maps.

I1.6.10 Conditional Expectations

Conditional expectations from a C*-algebra onto a C*-subalgebra play an
important role in several parts of the theory, and are especially important in
the theory of subfactors.

11.6.10.1 DEFINITION. Let B be a C*-subalgebra of a C*-algebra A. A
conditional expectation from A to B is a completely positive contraction 6 :
A — B such that 8(b) = b and such that 6(bz) = b6(z) and 6(zb) = 6(z)b for
all z € A, b€ B (0 is B-linear).

A conditional expectation is an idempotent map from A to A (a projection
onto B) of norm one. The converse is also true [Tom57]:

11.6.10.2 THEOREM. Let A be a C*-algebra, B a C*-subalgebra, and 6 :
A — B a projection of norm 1. Then 6 is a conditional expectation.

PROOF: (cf. [Str81, 9.1]) We first prove the module property in the case where
A is unital and B is generated by projections; the general case can be reduced
to this by considering the second dual 6** : A** — B** (111.5.2.10). Let p be
a projection in B, and ¢ = 1 — p. Then pb and ¢b are in B for any b € B,
and in particular 8(pf(x)) = pf(z) and 8(¢f(z)) = ¢f(x) for all x € A. Using
11.3.1.12, we obtain, for any A € R and = € A,

1+ 2?0 (p2)|I* = [la0(pz + Agb(px))[|* < [lpz + Agh(p)]|?
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< [lpzl* + [ Aqb(p)||* = [lpz[|* + A*||q8(px)]||?

Thus (1 + 2))|lg0(pz)||? < ||px||? for all A, so qf(pz) = 0, O(px) = pb(px).
Interchanging p and ¢ in the argument, we obtain pd(qz) = 0, pd(z) = ph(px).
Thus pf(z) = 0(px) for any = € A and projection p € B. Since B is generated
by its projections, 8(bx) = bf(x) for all x € A, b € B.

Taking x = 1, we obtain that 6(x) is a projection in B which is a unit for
B. Thus 6 is a unital contraction from A to B and hence positive by 11.6.9.4;
in particular, it is self-adjoint, from which it follows that 6(xb) = 6(z)b for all
re X, be B.

Regard B C L(H) for some H by a faithful representation. If aq,...,a,
and x1,...,2, are in A and £ € H, we have, using

Z (z:)*aia;0(x;) Zaz x;) *(Zaﬂ(xi))>0
J=1 i=1

and positivity of 6,

> (O 0(aja;)0(x;)E,6) = Y (0(0(x:) afa;60(z))E. &)
i,j=1 i,j=1

= (00Y 0(a:)ala;0(a))é ) = 0

Thus @ is completely positive by 11.6.9.9.

11.6.10.3 COROLLARY. Let A be a C*-algebra, B a C*-subalgebra, and
0 : A — B an idempotent positive B-linear map. Then 6 is a conditional
expectation.

ProOF: Expanding §((z—0(x))*(x—0(z))) > 0 for x € A shows that 6 satisfies
Kadison’s inequality and is thus a contraction (I1I.6.9.15). Apply 11.6.10.2, or
simply use the last part of its proof to conclude that 8 is completely positive.

11.6.10.4 EXAMPLES.

(i) Let (X, A, 1) be a probability measure space, and let B be a sub-o-
algebra of A. Let A = L*(X, A, p) and B = L*(X,B,p). Then an
ordinary conditional expectation from A to B in the sense of probability
theory is a conditional expectation in the sense of 11.6.10.1.

(ii) If A is unital and B = Cl1, a conditional expectation of A onto B is just
a state on A.

(iii) If B is a C*-subalgebra of A isomorphic to £L(H) (or a finite direct sum
of copies of such algebras), then the identity map from B to B extends
to a conditional expectation from A onto B by 11.6.9.12. In particular,
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if B is a finite-dimensional C*-subalgebra of a C*-algebra A, there is
always a conditional expectation from A onto B. (See I1.6.10.13 for a
more general result.)

(iv) Let B be a finite-dimensional C*-subalgebra of a C*-algebra A, and U (B)
its unitary group. For z € A, define

O(x) = /U(B) w*zu dp(u)

where 1 is normalized Haar measure on U(B). Then 6 is a conditional
expectation from A onto B’ N A (or 15(B’ N A) if B is not a unital
subalgebra of A).

(v) As a generalization of (iv), let G be a compact topological group acting as
automorphisms {ay,} of a C*-algebra A, with g — a4 continuous for the
point-norm topology, and let A¢ (often written A®) be the fixed-point
algebra

AY ={z € A:ay(z) ==z for all g € G}.

Define
0(z) = /G g ) dp(g)

where p is normalized Haar measure on GG. Then 6 is a conditional ex-
pectation from A onto AC.
See IV.2.2.14 for a closely related result.

(vi) Let X and Y be compact Hausdorff spaces, and 7 : X — Y a (necessarily
finite) covering map. Regard B = C(Y) as a C*-subalgebra of A = C(X)
by identifying g with g o m. For f € A, define 6(f) € B by

1
0(H(y) = W xeﬂ;{y})f(x)

Then 6 is a conditional expectation. (If X is path-connected, then this
example is a special case of (v) using the group of deck transformations.)
(vii) Other important examples come from tensor products; see I1.9.7.1.

11.6.10.5 If Ais a C*-algebra and B a C*-subalgebra, there is not generally
a conditional expectation from A onto B; in fact, the existence of a conditional
expectation is fairly exceptional. For example, if § : A — A is a conditional
expectation, then for x € A we have

x=0(z) =0(1z) =0(1)x

so 6(1) is a unit for A and A is unital. If A = C(X) is commutative and
unital and B = C(Y") a unital C*-subalgebra, the embedding C(Y) C C(X)
corresponding to a map f from X onto Y, a necessary (but not sufficient)
condition for the existence of a faithful conditional expectation from A onto
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B is that the cardinality of the fibers f~*({y}) (y € Y') must be lower semi-
continuous, which implies that f is an open mapping. Nonfaithful conditional
expectations exist in slightly greater generality; in the commutative case, a
nonfaithful conditional expectation is the composition of a faithful conditional
expectation and a quotient map. (Note that the first part of [Str81, 10.16] is
in error.)

The simplest example of this type where there fails to be a conditional ex-
pectation is obtained by letting X = ZU{+£o0}, so A = C(X) is the C*-algebra
of sequences (zn,)nez such that lim, 4oz, and lim,,—, o z, exist, and B is
the C*-subalgebra of sequences () such that lim, oo Zn = lim,—, o0 Zp.

The C*-subalgebras of £(H) admitting conditional expectations are de-
scribed in IV.2.1.4.

Conditional Expectations with Invariant State

It is clear from I1.6.10.4(ii) that conditional expectations onto subalgebras
are not unique in general. There are situations, however, where conditional
expectations (sometimes with additional natural properties) are unique. The
most important instance is when there is a faithful state commuting with
the expectation. In this case, there is a nice geometric interpretation of the
expectation.

11.6.10.6 Let A be a C*-algebra, B a C*-subalgebra, ¢ a faithful state on
A, ¢ = ¢|p. Then the GNS Hilbert space H, can be identified with a closed
subspace of Hg. Let ¢ be the natural embedding of A into Hy.

11.6.10.7 PROPOSITION. Suppose 6 : A — B is a conditional expectation
such that ¢ = ¢ o 6. Then, if A is identified with ¢(A4), 0 is the restriction to
A of the orthogonal projection from Hg onto Hy.

PROOF: Let © be the operator on t(A) defined by 6, i.e. O(u(z)) = o(6(x)).
Since O is an idempotent map from ¢(A4) onto ¢(B), it suffices to show that ©
is bounded and ||©|| < 1. But, if x € A,

lO(@))II* = e(0@@)]* = d(0(2)*0(x)) < $(0(z"2)) = p(z"x) = [|o(x)||?

since 8(x)*0(x) < 0(x*z) by Kadison’s inequality (I1.6.9.14).

In the above situation, ¢ is obviously completely determined by ) and 6
as ¢ = 1 of. It is not quite so obvious, but follows immediately from 11.6.10.7,
that 6 is completely determined by ¢:

11.6.10.8 COROLLARY. Let A be a C*-algebra, B a C*-subalgebra, and
¢ a faithful state on A. Then there is at most one conditional expectation
0:A— Bwith ¢ =¢ob.
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I1.6.10.9 In the situation of the corollary, the 6 does not always exist, even
if there is a conditional expectation from A onto B. For example, if A = M,
and B the C*-subalgebra of diagonal matrices, there is a unique conditional
expectation from A to B, the map which replaces the off-diagonal elements
with 0’s. [If 6 is a conditional expectation, then

B(e12)"0(e12) < B(elqe12) = €22
and also
O(e12)*0(e12) = O(e12)0(e12)” < B(e12e]y) = €11
so O(e12) = 0.] If ¢ is a faithful state on My which does not vanish on eq5 (cf.
I1.6.3.5(i)), then there is no 6 with ¢ = ¢ o 6.

See I11.4.7.7 for a criterion for existence in the von Neumann algebra set-
ting.

These results and arguments generalize to weights:

11.6.10.10 PROPOSITION. Let A be a C*-algebra, B a C*-subalgebra, ¢ a
faithful weight on A with 914 dense in A. Then

(i) There is at most one conditional expectation 6 : A — B with ¢ = ¢ o 0.
(i) If @ is such a conditional expectation, then 6 agrees on ¢(91,) with the
orthogonal projection from H, onto the closure of ¢(My N B).

Idempotent Maps Onto Subspaces

It is sometimes useful to consider idempotent completely positive contractions
whose range is not a C*-subalgebra. Such maps retain some properties of
conditional expectations:

11.6.10.11 THEOREM. [CET77a, 3.1] Let A be a C*-algebra, § : A — A an
idempotent (6 o § = ) completely positive contraction. Then

(i) O(zy) = 0(z0(y)) = 0(0(x)y) for all z,y € A.

(if) O(A) is completely order isomorphic to a C*-algebra B; in fact, the mul-
tiplication z - y = 6(zy) makes 6(A) into a C*-algebra with its involution
and norm inherited from A.

There is a complementary result [CE76a, 4.1]:

11.6.10.12 THEOREM. Let A and B be C*-algebras, w a complete order
embedding of B into A, and C the C*-subalgebra of A generated by w(B).
Then

(i) There is a *-homomorphism ¢ : C — B such that ¢ o w is the identity
map on B.

(ii) If 6 is any idempotent completely positive contraction from A onto w(B),
then (w™! o0 6)|c is a *-homomorphism.
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11.6.10.13 Finally, note that by I11.6.9.12, if A and B are C*-algebras with
B finite-dimensional (or, more generally, injective), and w is a complete order
embedding of B into A4, then w™! : w(B) — B extends to a completely positive
contraction ¢ : A — B, and § = w o ¢ is an idempotent completely positive
contraction from A onto w(B). By I1.6.10.12(ii), if C' is the C*-subalgebra of
A generated by w(B), then ¢|¢ is a *-homomorphism.

I1.7 Hilbert Modules, Multiplier Algebras,
and Morita Equivalence

One of the most useful developments in modern operator algebra theory is
the notion of Hilbert module, which simultaneously generalizes Hilbert spaces
and C*-algebras and makes possible clean and unified treatments of sev-
eral important aspects of the subject. Hilbert modules were introduced by
I. Kaplansky [Kap53| in the commutative case and W. Paschke [Pas73] and
M. Rieffel [Rie74] in general (see also [Saw68]), and the theory was further
greatly developed by Kasparov [Kas80a].
General references: [Lan95], [RW98], [MT05].

I1.7.1 Hilbert Modules

We will consider (left or right) B-modules over a C*-algebra B, which have
a B-valued “inner product”. All modules will be assumed to be vector spaces
under a compatible scalar multiplication. Unlike the case of Hilbert spaces
(C-modules), or more generally modules over commutative algebras, it will
be necessary to carefully distinguish between the “left theory” and the “right
theory,” although the two theories are formally identical with only a straight-
forward notational translation. We will concentrate our attention on right
modules with just the comment that all results have exact analogs in the left
module case. There are several reasons why right modules are the natural
ones to work with: for example, operators can be written on the left; and al-
most all the literature (except about Morita equivalence) uses right modules
exclusively.

I1.7.1.1 DEFINITION. Let B be a C*-algebra and £ a right B-module. A
B-valued pre-inner product on & is a function (-,) : £ x £ — B with the
following properties for £,n,{ € £, b€ B, A € C:

(i) (§;m+¢) = (&m + (£ C) and (&, An) = A&, m)
(i) (&,mb) = (& mb

(iii) (n,&) = (& )"

(iv) (€,&) > 0 (as an element of B).

If (¢,€) = 0 implies £ = 0, then (-,-) is called a B-valued inner product.
A right B-module with a B-valued pre-inner product is called a (right)
pre-Hilbert B-module.
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11.7.1.2 If € is a left A-module, there is an analogous definition of an A-
valued inner product with (i) replaced by linearity in the first variable and
(ii) by the condition (a&,n) = a(,n). Conditions (iii) and (iv) remain the
same. A left A-module with an A-valued inner product in this sense is called
a left pre-Hilbert A-module. The term “pre-Hilbert module” without the word
“left” will always mean a right pre-Hilbert module.

11.7.1.3 Tt follows from I1.7.1.1(ii) and (iii) that (£b,n) = b*(&,n), i.e. (-,
is “conjugate-linear” in the first variable. (It is truly conjugate-linear with re-
spect to scalar multiplication.) The inner product in a left pre-Hilbert module
is “conjugate-linear” in the second variable.

Just as in the scalar case, there is a CBS inequality and an induced semi-
norm ||€||? = ||{€,€)|| on a pre-Hilbert B-module:

I1.7.1.4 PROPOSITION. Let £ be a pre-Hilbert B-module, £, € £, b € B.
Then

(1) (& n)*En) <EO|{n,n) as elements of B [CBS INEQUALITY]
(i) 1€ +nll < €l + [l
(iii) (16l < [I€I/][B]-

These and similar results can be easily proved using the fact that if £ is
a pre-Hilbert B-module and ¢ is a state on B, then (§,7)y = ¢((n,£)) is an
ordinary pre-inner product on £. To prove the CBS inequality, it suffices to
show that

o((&m™(&m) < & ) llo({n,m)

for every state ¢ on B (11.6.3.5(iii)). Given ¢, use I11.3.1.8 and the ordinary CBS
inequality [6((C, 1)) < 6((C,C))é((n,n)) with ¢ = £(€,n). The inequality can
also be proved directly in a similar manner to the usual CBS inequality (cf.
[Lan95, 1.1]).

So the “seminorm” is a true seminorm, and is a norm if the pre-inner
product is an inner product. Ng = {£ : ||£]| = 0} is a submodule of &, and
the pre-inner product and seminorm drop to an inner product and norm on
the quotient module £/Ng. £ is called a Hilbert B-module if the seminorm is
a norm and & is complete.

Unlike the case of Hilbert spaces, we do not have equality in (iii) in general
(I1.7.1.13).

A routine argument shows:

11.7.1.5 PROPOSITION. The completion of a pre-Hilbert B-module (with
elements of norm zero divided out) is a Hilbert B-module.
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I1.7.1.6 In some applications, one must consider pre-Hilbert modules over
an (incomplete) pre-C*-algebra B. The completion of such a module is a
Hilbert module over the completion of B.

I1.7.1.7 EXAMPLES.

(i)

(iii)

(iv)

A left pre-Hilbert C-module is just a vector space with a pre-inner prod-
uct in the ordinary sense. A left Hilbert C-module is a Hilbert space. A
pre-Hilbert C-module is a vector space with a “pre-inner product” which
is conjugate-linear in the first variable (and scalar multiplication written
on the right). There is an obvious identification with ordinary Hilbert
spaces: if H is a Hilbert space, define the conjugate Hilbert space H to
be H with its usual addition and inner product, but with right scalar
multiplication defined by (o = a& for £ € H, a € C.

B itself, regarded as a right B-module in the usual way, has a B-valued
inner product defined by (z,y) = x*y, and is a Hilbert B-module. More
generally, any right ideal of B becomes a pre-Hilbert B-module in this
manner, and is complete if and only if it is closed. Similarly, if A is a
C*-algebra regarded as a left A module, then A (or any closed left ideal
of A) is a left Hilbert A-module with the inner product (x,y) = zy*.

If V is a complex vector bundle over a compact Hausdorff space X with
a Hermitian structure (i.e. a locally trivial bundle of finite-dimensional
Hilbert spaces over X), then the set I'(V') of continuous sections has a
natural structure as a C(X)-module, and the pointwise inner product
makes it into a Hilbert C'(X)-module. (The local triviality and finite-
dimensionality are not essential here.)

Any (algebraic) direct sum @ &; of [pre-]Hilbert B-modules becomes a
[pre-JHilbert B-module with inner product

(2

A finite direct sum of Hilbert B-modules is complete, but an infinite
direct sum will not be.

If £ is a Hilbert B-module, the completion of a direct sum of a sequence
of copies of £ is denoted £ (we can also form £™). B* is usually denoted

Hp.
Hp = {(z1,22, ) : zn € B, Zx;xn converges in B}
with inner product
(1,22, +), (Y1, 92, 7)) = fozyn'

(An important technical point: Hp is more than just the sequences (z,,)
for which 3~ [|,]|?> < co in general.)
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I1.7.1.8 In many respects, Hilbert modules behave much like Hilbert spaces,
and constructions and arguments can be carried over almost verbatim. But
there is one dramatic exception: orthogonality. Orthogonality in a Hilbert
module can be defined in the same way as in a Hilbert space, but is relatively
rare in general: for example, it is easy to find examples of a proper closed
B-submodule F of a Hilbert B-module & such that 7+ = {0}, and thus F++
is strictly larger than F. (In fact, it is relatively rare that a closed submodule
has a complementary closed submodule or even a closed complementary vector
subspace.) Thus most arguments using orthogonality must be discarded in the
Hilbert module case.

Since B may be nonunital, it is not obvious that a Hilbert B-module £
satisfies E = EB = {£b: £ € £,b € B}, but is true:

I1.7.1.9 PROPOSITION. If £ is a Hilbert B-module, then EB =E. If £ € £,
then [|€]| = sup{[|(§,nb)|| : n € €,b € B, ||| = [|b] = 1}.

Proor: By 11.5.3.7, it suffices to show that if (h)) is an approximate unit for
B, then for any &, £hy — &, so EB is dense in £. But

<€ - ghkag - th> = <£a€> - h)\<£5§> - <§7§>h)\ + h>\<€7£>h)\ — 0.

One can alternatively show the following, which is strongly reminiscent of
11.3.2.1 (and, from the right point of view, essentially the same result):

I1.7.1.10 PROPOSITION. Let £ be a Hilbert B-module, £ € &, ||€|| = 1.
Then for any o, 0 < aw < 1/2, there is an € £ with ||| = 1 and £ = n[(, £)]~.

The proof is very similar to the proof of 11.3.2.1: 7 is the limit of the
norm-convergent sequence

£[(1/n) + b~ 1/2p1 /2

where b = (£, §).
See [RW98, 2.31] for a related result with a slick proof.

A significant fact is G. Kasparov’s Stabilization or Absorption Theorem
[Kas80a] (first proved in the commutative case by J. Dixmier and A. Douady
[DD63]; cf. also [Bro77]), which says that Hp is the “universal” Hilbert B-
module:
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I1.7.1.11 THEOREM. [STABILIZATION OR ABSORPTION| Let B be a C*-
algebra, and £ a countably generated Hilbert B-module. Then E&Hp = Hp.

The best proof, due to J. Mingo and W. Phillips [MP84], uses polar de-
composition; see [Blad8, 13.6.2] or [Lan95, 6.2].

Note, however, that Hp is not itself countably generated unless B is
o-unital (II1.4.2.4). There are some technical complications in the theory of
Hilbert B-modules when B is not o-unital, so in applications of the theory
we often restrict to the o-unital case (which of course includes the case of
separable B).

I1.7.1.12 There is another technical complication in Hilbert module theory
which turns out to be a blessing in disguise. If £ is a Hilbert B-module, then
{{&,n) : £&,m € £} is not generally closed under addition, and its closed linear
span Jg is an ideal of B which is not all of B in general. If J¢ = B, then
£ is said to be a full Hilbert B-module. £ can be regarded as a full Hilbert
Jg-module, and £Jg = &€ by 11.7.1.9. The Hilbert Je-module structure is the
natural one on £, and the B-module structure on £ can be recovered from
the Jg-module structure. In fact, if Jg is an ideal in a C*-algebra D, then the
Hilbert Je-module structure extends uniquely to a Hilbert D-module structure
[by a calculation as in the proof of I1.7.1.9, if (hy) is an approximate unit for
Jg, then for any £ € £ and d € D, (£hyd) is a Cauchy net in £ and its limit
can be called £d.] This observation leads to the theory of multiplier algebras
via Hilbert modules (I1.7.3).

I1.7.1.13 Note that if £ is a Hilbert B-module, £ € £, b € B, then we do
not have equality in 11.7.1.4(iii) in general (e.g. in example I1.7.1.7(ii)). It is
not even true that if b € B, then &b = 0 for all £ € £ implies b = 0; it only
implies that b is orthogonal to Jg (cf. I1.7.3). If £ is a full Hilbert B-module
and &b =0 for all £ € &, then b = 0.

I1.7.2 Operators

The appropriate analogs of bounded operators for Hilbert modules are the
adjointable operators.

11.7.2.1 DEFINITION. Let B be a C*-algebra and £ and F Hilbert B-
modules. A function T': £ — F is an adjointable operator if there is a function
T* : F — & such that

<T§a 77>]: = <§7 T*77>8
for all ¢ € £, n € F. The operator T is called the adjoint of T. Denote by
L(E,F) the set of adjointable operators from & to F. Write L(&) for L(E, E).

Some experts justifiably object to the term “adjointable” as a language
abomination, but the term is unfortunately now well established.
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An adjointable operator is automatically C-linear and even B-linear (a sim-
ple calculation using the linearity of the inner products) and bounded (by the
Closed Graph Theorem). Not every bounded module morphism is adjointable,
however; for example, the inclusion of a noncomplemented submodule is not
adjointable. £(&,F) is a Banach space under the usual operator norm; and
it is easily checked that £(E€) is a C*-algebra with this norm and involution
(the proof is essentially identical to the Hilbert space case).

Since the definition of L(&, F) is given without explicit reference to the B-
module structure, the same set of adjointable operators is obtained no matter
which C*-algebra £ and F are regarded as Hilbert modules over (cf. I11.7.1.12)
so long as the inner products on £ and F are unchanged.

By definition of the operator norm, if T € £(&,F) and £ € &, then ||T¢|| <
IT]]||£]]- But there is a more precise inequality which follows from the fact that
L(€) is a C*-algebra:

I1.7.2.2 PROPOSITION. Let £ be a Hilbert B-module, T' € L(£), and & € £.
Then (T¢,TE) < || T|2(€,€) as elements of B.

Since S = || T||?I —T*T > 0 in L(E), we have
IT||2(€,€) — (TE, TE) = (SE,€) = (SY/2¢,5Y2%¢) > 0.

This is also an easy corollary of I1.7.1.10. We may assume ||£|| = 1; for
a < 1/2let ny € € with ||n,]| =1 and £ = 1n,b%, where b = (£,€). Then

(T, TE) = b™(Tna, Tna)b® < |T|?6**

and the inequality follows by letting & — 1/2. (This argument also works if
T is just a bounded module-homomorphism.)

I1.7.2.3 COROLLARY. Let £ be a Hilbert B-module, T € L(£), and ¢ a
state on B. Define the pre-inner product (-,-)s on € as in I1.7.1.4, and let Hy
be the completion (Hilbert space). Then T extends to a bounded operator T
on Hy, with |Ty|| < T

I1.7.2.4 In analogy with the Hilbert space case, there are special “rank-
one” operators in L(E,F). If n € €, £ € F, define O, by O¢ »,(¢) = £(n, ().
Then 7, = Oy¢, s0 O¢; € LEF). T € L(F,G), then TO¢ , = Ore¢ n;
and O¢ T = O¢ 1+ for T € L(G,E). Let K(E,F) be the closed linear span
of {O¢p e &,& € F}, and K(E) = K(E,E). The set K£(&) is a closed
ideal in the C*-algebra £(£). The set K(&,F) is often regarded as the set of
“compact” operators from £ to F, although these operators will generally not
be compact in the sense of 1.8.1.1. In fact, we can sometimes have I € k(&)
(I1.7.2.6(i)) (I of course denotes the identity map on &; I € L(&) and I* = I);
since IC(€) is an ideal in £(€), this happens if and only if (&) = L(E).

Note that the K(&)-valued inner product (£,7n) = O, makes & into a full
left Hilbert /C(E)-module (cf. I1.7.6.5(ii)).

A simple but useful technical fact (cf. [Bla98, 13.6.3], [Lan95, 6.7]) is:
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I1.7.2.5 PROPOSITION. Let £ be a Hilbert B-module. Then £ is countably
generated if and only if K(&) is o-unital.

I1.7.2.6 EXAMPLES.
(i) If B is regarded as a Hilbert B-module, and x,y € B, then

Opyz = (Y, 2) = ay’z

for any z, so Oy is left multiplication by xy*. It is easily checked that
102 4]l = llzy*||. Since B = B?, we conclude that K(B) = B, where
B acts on itself by left multiplication. If B is unital, then 61, = I, so
K(B) = L(B) = B. (If B is nonunital, then of course K(B) # L(B) since
I e L(B)\K(B).)

(ii) If £ and F are Hilbert B-modules, then £(E™, F™) and K(E™, F™) can
be naturally identified with the set of m x n matrices over £(£,F) and
K(E,F) respectively, with the usual involution. So L£(E™) = M, (L(£))
and K(E™) =2 M, (K(E)).

(iii) If £ is a Hilbert B-module, then £(£°°) can be identified with an algebra
of infinite matrices over £(&), although it is difficult if not impossible
to characterize which matrices give elements of £(€>). K(£%°) is the
closure of M (K(E)) (11.6.6.9), so is isomorphic to K(€) ® K as defined
in I1.6.6.11. In particular, X(Hp) = B ® K.

(iv) If €, F are Hilbert B-modules, then K(&, F) is a left X(F)-module by left
multiplication, and has a IC(F)-valued inner product defined by (S,T) =
ST*, making it a left Hilbert KC(F)-module.

11.7.2.7 Unlike in £(H), operators in £L(E) do not have support projections
or polar decomposition in general. In fact, since £(€) can be any unital C*-
algebra, these should not be expected. From a Hilbert module point of view,
the problem is that the closure of the range of an adjointable operator need not
have an orthogonal complement. Even an isometric B-module map need not be
adjointable (if the range is uncomplemented). It is true, although a nontrivial
result [Lan95, 3.5], that an isometric B-module map T from a Hilbert B-
module & onto a Hilbert B-module F is adjointable and unitary (T*T = Ig,
TT* = Ir). There is also a result due to A. Mis¢enko [Mis79] (cf. [Lan95,
3.2]):

11.7.2.8 THEOREM. Let £ and F be Hilbert B-modules, and T € L(&,F)
with closed range. Then T* also has closed range; N'(T)+ = R(T*), R(T*)*+ =
N(T) (and hence N (T*)+ = R(T), R(T)* = N(T*)), and T has left and right
support projections and polar decomposition.

Compare with I1.3.2.10: an element of £(£) which is well-supported in
the sense of 11.3.2.8 has closed range. Conversely, it follows from the Open
Mapping Theorem that if 7' has closed range, then T is bounded below on
N(T)* and hence is well-supported.
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11.7.2.9 L(€) for a Hilbert B-module £ (and, more generally, £(&,F)) has
various other topologies analogous to the topologies on L(H): weak, o-weak,
strong, o-strong, strong-*, and o-strong-*. The last two are the most impor-
tant. The strong-* topology on £L(£) is the topology of pointwise *-convergence
on &, and is generated by the seminorms T — ||T¢|| and T +— ||T*¢]| for € € &;
the o-strong-* is the topology of pointwise convergence as left and right multi-
pliers of I£(E), and is generated by the seminorms T +— ||T'S|| and T — ||ST|
for S € K(&). The term strict topology is often used for these topologies; un-
fortunately, this term is used in the literature for both topologies, sometimes
even by the same author. The two topologies agree on bounded sets, so the
ambiguity is not too serious; but for consistency we will use the term “strict
topology” only to mean the o-strong-* topology. (The term comes from the
theory of multiplier algebras (I1.7.3), where it definitely means the o-strong-*
topology.)

Just as in L(H), multiplication is separately strictly continuous, and jointly
strictly continuous on bounded sets.

It is easily shown that if (H)) is an approximate unit for (&), then
H) — I strictly, and it follows that IC(&€,F) is strictly dense in L(E,F) for
any &£, F. There is also a version of the Kaplansky Density Theorem [Lan95,
1.4]: if A is a *-subalgebra of £(€) with strict closure D, then the unit ball of
A is strictly dense in the unit ball of D.

I1.7.3 Multiplier Algebras

If A is a C*-algebra (especially a nonunital one), we now examine the ways
in which A can be embedded as an ideal in a unital C*-algebra D. If A =
Co(X) is commutative, this corresponds to the ways in which the locally
compact Hausdorff space X can be embedded as an open set in a compact
Hausdorff space Y. There is a minimal way to do this: let Y = XT be the
one-point compactification. The C*-analog is to take D = A" (I1.1.2.1). In
the commutative case, there is a “maximal” compactification, the Stone-Cech
compactification 3X. There is a C*-analog here, too, called the multiplier
algebra of A.

11.7.3.1 THEOREM. Let A be a C*-algebra. Then there is a unital C*-
algebra M (A) containing A as an essential ideal (11.5.4.7), which is universal
in the sense that whenever A sits as an ideal in a C*-algebra D, the identity
map on A extends uniquely to a *-homomorphism from D into M(A) with
kernel AL (I1.5.4.7). (Thus M (A) is unique up to isomorphism over A.) M (A)
is called the multiplier algebra of A.

11.7.3.2 There are several ways of constructing M (A) and proving the the-
orem. The original construction and proof, due to R. Busby [Bus68], used
double centralizers. A double centralizer of a C*-algebra A is a pair (L, R) of
linear maps from A to A satisfying zL(y) = R(x)y for all z,y € A [think of L
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and R as left and right multiplication by an element of M (A).] More generally,
a left centralizer of A is a linear map L : A — A satisfying L(zy) = L(x)y for
all z,y € A. Right centralizers are defined analogously.

I1.7.3.3 PROPOSITION. [Ped79, 3.12.2] Every left (or right) centralizer of a

C*-algebra is bounded. PROOF: Suppose not. Let L be an unbounded left
multiplier of A, and z,, € A with ||z,| < 1/n but ||L(z,)| > n. Let a =

S anat. Then x, = a'/3u, for some u, € A with |ju,| < |a/%| (I1.3.2.2),
S0

IZ@n) | = IL(a'?)un]l < [[L(a')][la"°]

for all n, a contradiction. The proof for right centralizers is similar.

I1.7.3.4 If (L, R) is a double centralizer of A, then L is a left centralizer [if
(hy) is an approximate unit for A, and x,y € A, then hyL(zy) = R(hy)zy =
haL(z)y for each )], and similarly R is a right centralizer. Thus L and R are
necessarily bounded; and it is automatic that ||L|| = ||R||. Let

(Lh Rl)(L27 RQ) = (L2L17 RlRZ)

and (L, R)* = (R*,L*), where T*(z) = T'(z*)*. Then the set of double cen-
tralizers with coordinatewise addition and this multiplication, and operator
norm, is a C*-algebra M (A). A embeds via a — (Lg, R,), where L,(z) = ax
and Rq(z) = za. If A is an ideal of D, then in the same way an element d € D
defines (Lq, Rq) € M(A).

I1.7.3.5 A second traditional approach is to take a faithful nondegenerate
representation m of A on H, and take M (A) to be the idealizer

{T e L(H) : Tn(A) Cw(A), 7(A)T C w(A)}.

This approach, whose proof follows easily from 11.6.1.6, will be subsumed in
11.7.3.9. But there is an interesting consequence:

I1.7.3.6 PROPOSITION. [Ped79, 3.12.3] Let A be a concrete C*-algebra of
operators acting nondegenerately on a Hilbert space H. If L is a left centralizer
of A, then there is a unique x € A” with L(y) = zy for all y € A.

PROOF: Let (hy) be an increasing approximate unit for A. Then the net
(L(hy)) is bounded (IL.7.3.3), and hence has a weak limit point x € A”. If
y € A, then L(hy)y = L(hyy) — L(y) in norm, hence weakly; but zy is a
weak limit point of (L(hy)y), so L(y) = xy. Uniqueness is obvious, since if
L(y) = zy for all y € A, then (x — z)hy = 0 for all \. But hy — 1 strongly.

I1.7.3.7 COROLLARY. L(H) is o-strongly complete.

PROOF: Let (z;) be a o-strong Cauchy net in £(H). Then for each y € K(H),
(z;y) is a norm Cauchy net. Define L(y) to be the limit. Then L is a left
multiplier of I(H), so there is an x € L(H) with L(y) = xy for all y € K(H),
and x; — x o-strongly.
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I1.7.3.8 The most elegant approach to multiplier algebras is to use Hilbert
modules. If £ is a Hilbert B-module, then a *-homomorphism 7 from a C*-
algebra A into £(&) is nondegenerate if w(A)E is dense in €. This is easily
shown to be equivalent to the statement that w(hy) — I strictly for some
(hence every) approximate unit for A. (Actually, if 7 is nondegenerate, then
m(A)E =& (I1.5.3.7).)

11.7.3.9 THEOREM. Let £ be a Hilbert B-module, D a C*-algebra with
closed ideal A, and 7 : A — £(&) a nondegenerate *-homomorphism. Then 7
extends uniquely to a *-homomorphism from D into £(&). If 7 is faithful on
A, then the kernel of the extended map is A*. In particular, the idealizer of
m(A) in L(€) is isomorphic to the multiplier algebra of A.

The proof (cf. I1.6.1.6) consists of observing that, if d € D, a1, - ,a, € A,
&1,-, & € €, and (hy) is an approximate unit for A, then

I3 wldap)ei = lim || 3 m(dhrans|

=lim [[r(dhy) Y mlan)éll < Il D w(ai)él

(2

so Y, m(a;)& — Y, m(da;)&; is well defined and bounded, and has an adjoint
Zi m(a;)&; — Zi m(d*a;)&;.

Applying the theorem to A = K(&), we get:

11.7.3.10 COROLLARY. If € is a Hilbert B-module, then £(£) is the multi-
plier algebra of K(&).

I1.7.3.11 Theorem I1.7.3.1 may be viewed as the special case of this where
€ = A viewed as a Hilbert A-module and A is identified with IC(A). The
strict topology on M(A) is the strict topology in the previous sense when
M (A) is identified with L(A) (actually, in this case the strong-* and o-strong-*
topologies coincide, so there is no ambiguity.) The strict topology is generated
by the seminorms x — |laz|| and = +— ||za| for a € A, i.e. x; — x strictly in
M(A) if and only if az; — ax and x;6 — xa in norm for all a € A.

In fact, M(A) is the strict completion of A [Bus68], and in particular
is strictly complete. Thus, for example, £(H) is complete in the o-strong-*
topology. The proof is almost identical to the one in I1.7.3.7.
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11.7.3.12 EXAMPLES.

(i) If A is unital, then M(A) = A, and the strict topology is the norm
topology. M(A) is always unital, so M(A) # A if A is nonunital. (In
fact, M(A) is much larger than A in general: it is always nonseparable if
A is nonunital.)

(il) M(K) = L(H). The strict topology is the o-strong-* operator topology.

(iii) If X is a locally compact Hausdorff space, then M(C,(X)) = C(6X),
which is isomorphic to the C*-algebra Cy(X) of bounded continuous com-
plex-valued functions on X (in fact, a good construction of 38X is as the
primitive ideal space of this C*-algebra.) On bounded sets, the strict
topology is the topology of uniform convergence on compact subsets of
X.

(iv) [APT73, 3.4] Generalizing (ii), if B is any C*-algebra and X is a locally
compact Hausdorfl space, then M(Co(X, B)) is isomorphic to the C*-
algebra of strictly continuous functions from X to M (B).

I1.7.3.13 The main statement of Theorem I1.7.3.9 remains true in greater
generality: the *-homomorphism 7 is called strict if, for an approximate unit
(hy) for A, the net (m(hy)) converges strictly to an operator P € L(€) (which
is necessarily a projection). The extended homomorphism from D goes into
PL(E)P. But the conclusion of Theorem I1.7.3.9 does not hold for a general *-
homomorphism 7 from A to £(£). In general, a *-homomorphism from A to B
does not extend to a *-homomorphism from M (A) to M(B) (i.e. A— M(A)
is not functorial). The problems are that a *-homomorphism need not be
strictly continuous, and the submodule (7(A4)€)~ need not be complemented.
For example, the inclusion of a nonunital hereditary C*-subalgebra A of a
separable unital C*-algebra B does not extend to a *-homomorphism from
M(A) into M(B) = B.

I1.7.3.14 1If p is a projection in M (A), the hereditary C*-subalgebra pAp
of A is called a corner. Corners are the “nicely embedded” hereditary C*-
subalgebras. The corner pAp has a complementary corner (1—p)A(1—p). The
inclusion of pAp into M (A) is strict, so by the extended version of 11.7.3.9 we
get that M (pAp) = pM (A)p.

I1.7.4 Tensor Products of Hilbert Modules

There is a way of tensoring Hilbert modules which generalizes the tensor
product of Hilbert spaces. In fact, there are two appropriate notions which
are both useful. Here we discuss the “internal tensor product”; there is also
an “external tensor product” (cf. [Bla98, 13.5] or [Lan95, §4]).
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11.7.4.1 If € is a Hilbert A-module and F a Hilbert B-module, and ¢ : A —
L(F) is a *-homomorphism, then F can be regarded as an A — B bimodule
via ¢, and we can form the algebraic tensor product £ ® 4 F of £ and F over
A as the quotient of the tensor product vector space £ ®¢ F by the subspace
spanned by

{la@n—E@¢(a)n:£€€&neF,ac A}.

Then £ ®4 F is a right B-module in the obvious way: (£®n)b = £ @ nb. Define
a B-valued pre-inner product on £ ® 4 F by

(&1 @m,& @n2) = (M, 0((€1,82) 4)n2) B-

(One must check that this pre-inner product is well defined and positive; in
fact, it is actually an inner product. Note the similarity with the Stinespring
construction.) The completion of £® 4 F with respect to this inner product is
a Hilbert B-module called the (internal) tensor product of £ and F, denoted
E ®y F (or just £ ®4 F when there is no ambiguity about the map ¢).

The tensor product is associative and distributive over direct sums in the
obvious way.

I11.7.4.2 EXAMPLES.

(i) If F is any Hilbert B-module, then C" @¢ F = F". If H is a separable
infinite-dimensional Hilbert space, regarded as a Hilbert C-module, then
H@c F = F°. (The homomorphism from C to L(F) is the obvious unital
one.) In particular, C* ®c B = B" and H ®c B = Hp.

(ii) If F is a Hilbert B-module and ¢ : A — L(F) is a nondegenerate *-
homomorphism, then A ®4 F = F. Similarly, A" ®¢ F = F", Ha Q¢ F =
Fee.

I1.7.4.3 If S € L(£), then there is a natural operator S ® I € L(E ®4 F),
defined by
(SeI)(Een) =S

Thus there is a *-homomorphism from £(€) into L(€ ®4 F). (Note that this
homomorphism does not send K(€) into K(€ ®, F) in general.) However,
unlike in the Hilbert space case, if T € L(F), there is no reasonable definition
of IQT € L(E ®y F) in general unless T commutes with ¢(A).

Correspondences

11.7.4.4 1If A and B are C*-algebras and £ is a Hilbert B-module, a homo-
morphism ¢ : A — L(€) can be regarded as a “generalized homomorphism”
from A to B. Such a tuple (A, B,&,¢) is called a correspondence (or C*-
correspondence) from A to B. An important example is a (not necessarily
strict) homomorphism from A to M(B). In fact, in general (€) is a C*-
algebra which is a “rescaled” version of an ideal of B (a precise statement
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uses Morita equivalence; see I1.7.6.5(ii) and I11.7.6.13), and ¢ is a homomor-
phism from A to M(K(E)).

The correspondence (4, B, &, ¢) is often abbreviated as the bimodule 4€p;
the Hilbert B-module structure is understood. Note that there is no left
Hilbert A-module structure in general. An A — B-imprimitivity bimodule
(I1.7.6.1) is a special kind of correspondence.

Correspondences can be composed: if (A, B, &, ¢) and (B, D, F, 1) are cor-
respondences from A to B and B to D respectively, then

is a correspondence from A to D which is the natural composition. This
composition generalizes ordinary composition of homomorphisms once certain
natural identifications are made. Imprimitivity bimodules are isomorphisms
under this composition.

Correspondences from A to B can also be added:

(A7B7£7¢)+(A7B7f’/l/}) = (A7B75®F7¢@77[})'

In order to obtain a well-behaved theory (e.g. to have associativity of
composition), one must identify isomorphic correspondences, where an iso-
morphism is an isometric bimodule isomorphism. For ordinary morphisms,
this amounts to identifying unitarily equivalent homomorphisms. There is
thus a category whose objects are C*-algebras and whose morphisms are iso-
morphism classes of correspondences.

Correspondences from A to B are closely related to the construction of
the group KK (A, B) (V.1.4.4) which is roughly a group of equivalence classes
of formal differences of correspondences from A to Bj; cf. [Bla98, 17.6.2,
18.4.2(c)].

Interesting C*-algebras, generalizing both Cuntz-Krieger algebras and
crossed products, can be associated with correspondences; see [Pim97] and
[Kat04Db].

I1.7.5 The Generalized Stinespring Theorem

I1.7.5.1 There is a version of Stinespring’s Theorem for Hilbert modules,
which is perhaps the most general version of the GNS construction. The state-
ment and proof are nearly the same as for the original Stinespring theorem,
with the technical details handled through the general theory developed in
the last few sections. The statement must be slightly modified to avoid the
difficulty of uncomplemented submodules. The appropriate notion is that of
a strict completely positive map: if A and B are C*-algebras, £ is a Hilbert
B-module, and ¢ : A — L(£) is completely positive, we say that ¢ is strict
if (¢(hy)) converges strictly in £L(E) for some (hence every) approximate unit
(hy) for A (cf. 11.7.3.13).
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I1.7.5.2 THEOREM. [GENERALIZED STINESPRING] [Kas80a] Let A and B
be C*-algebras, £ a Hilbert B-module, and ¢ : A — L£(£) be a strict com-
pletely positive map. Then there is a Hilbert B-module £, a *-homomorphism
my from A to L(Ey), and Vi, € L(E,Ey) such that (a) = Vims(a)Vy for all
a € A, and 7y(A)VyE is dense in &y, and such that (Ey, 7y, Vi) are canonical
and minimal in the sense that if £ is another Hilbert B-module with a rep-
resentation p of A, and W € L(E,&’) with ¢(a) = W*p(a)W and p(A)WE is
dense in &', then there is a unitary U € L(E4,E’) intertwining 7y and p, and
such that W = UVj.

If ¢ is nondegenerate (in particular, if A and ¢ are unital), then £ can be
identified with a complemented submodule of &, and ¢(a) = Pem(a)Pe.

Combining this result with the Stabilization Theorem, we obtain:

11.7.5.3 COROLLARY. Let A and B be C*-algebras, with A separable and B

o-unital, and let ¢ : A — L(Hp) be a completely positive contraction. Then

there is a faithful *-homomorphism 7 = le 77:12 } : A — My(L(Hp))
21 22

with 711 = ¢. If ¢ is nondegenerate, 7 may be chosen nondegenerate.

I1.7.6 Morita Equivalence

It sometimes happens that if A and B are C*-algebras, there are A — B-
bimodules which are simultaneously left Hilbert A-modules and right Hilbert
B-modules, and these lead to a very important equivalence relation on C*-
algebras called Morita equivalence. Such modules also appear in the theory of
induced representations of locally compact groups; in fact, this was the main
original motivation for the theory (cf. [Rie74], [RW98]).

11.7.6.1 DEFINITION. Let A and B be C*-algebras. An A — B-imprimi-
tiwvity bimodule (or equivalence bimodule) is an A — B-bimodule £ which is
simultaneously a full left Hilbert A-module under an A-valued inner product
A(-,+) and a full right Hilbert B-module under a B-valued inner product
(-,) B, satisfying

A(g? 77>C = 5<777 C>B

for all £,n,( € &.

11.7.6.2 PROPOSITION. Let A and B be C*-algebras, and £ an A — B-
imprimitivity bimodule. Then, for all &,n € £, a € A, b € B, (a€,n)p =
(&,a*n)p and A4 (€b*,n) = A(£,nb). Thus L,, defined by L, = a&, is an
adjointable operator on the right Hilbert B-module £p with L} = L.+, and
similarly for right multiplication R, by b on the left Hilbert A-module 4¢&;
hence L, and R; are bounded, and (af,al)p < ||a||?(¢, &) and 4 (€D, €D) <

1811 4 (€, €)-
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Proor: If ¢ € &, then

C<a§777>3 = A<Ca a§>’r] = A<Cv§>a*7] = C(gva*"ﬁB

and thus (a&,n)p = (£,a™n)p by 11.7.1.13 since & is a full Hilbert B-module.
The argument for the other equality is similar. Thus L, € L(Eg), L = L+,
and a — L, is a *-homomorphism from the C*-algebra A to the C*-algebra
L(EB); so || Lall < |lal|- The inequality (a¢,a&)p < |la]|?*(&, &) s then follows
from I1.7.2.2, and the arguments for b and R}, are analogous.

I1.7.6.3 The two inner products define norms || - ||4 and || - ||p on &. For
any £ € £,

€l = 16, ) BlI* = 1K€, )l = I{E(E, €) 5, €46, €) ) ]
= [[{a (&, €€, 46, €I < a6 QNN &) 5l = lIElANENE

and the symmetric argument shows [|£]|% < [I€[II€]14, so [[€]la = ||, ie.
the two norms coincide.

I1.7.6.4 One also sometimes needs to consider pre-imprimitivity bimodules
over pre-C*-algebras (e.g. in the theory of induced representations of groups).
For such incomplete modules, the conclusions of I11.7.6.2 (especially the bound-
edness of L, and Ry) are not automatic, and must be assumed as part of the
definition (in many references, some or all of these assumptions are also ex-
plicitly included in the definition of an imprimitivity bimodule). With these
assumptions, the completion is an imprimitivity bimodule over the comple-
tions of the algebras.

I11.7.6.5 EXAMPLES.

(i) Bis a B — B-imprimitivity bimodule under the inner products (x,y)p =
z*y and gz, y) = zy*.

(ii) If € is a Hilbert B-module, then £ becomes a full left Hilbert I(&)-module
with the natural left action and xg)(§,1) = Op¢. If € is a full Hilbert
B-module, then & is a K(€) — B-imprimitivity bimodule. In particular,
Hp is a B ® K — B-imprimitivity bimodule and B™ is an M, (B) —
B-imprimitivity bimodule. Conversely, if £ is an A — B-imprimitivity
bimodule, then the map 4(§,n) — O, ¢ extends to a *-isomorphism from
A onto K(Ep).

(ii) Let p € M(B) be a projection such that the ideal Span(BpB) is dense
in B; let £ = pB and A = pBp (A is called a full corner in B.) Define
an A-valued inner product as in (i). Then £ is an A — B-imprimitivity
bimodule. Bp has similar inner products making it a B — A-imprimitivity
bimodule.

(iv) Let B be a C*-algebra, & = M, ,(B) the set of m x n matrices over
B. Then & has a natural structure as an M,,(B) — M,,(B)-imprimitivity
bimodule by the same formulas as in (i) and (iii).
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(v) If € is an A, B-imprimitivity bimodule, let £* be the “dual module”:
EXis {&F : £ € &} with £ +n* = (£ + n)* and af* = [a€]*, made
into a B — A bimodule by b{*a = [a*£b*]*. With the inner products
BUE ) = (0,€)5(= (6,1)5) and (€,7%)a = 4(n,£), the bimodule £°
is a B — A imprimitivity bimodule. In example (i), B* & B via © — z*,
and similarly in (iii) (pB)* = Bp, and in (iv) My, »(B)* & M, ,,(B). In
(ii), E* 2 K(€, B).

All these examples are basically the same. In fact, they are all special cases
of a general construction (I1.7.6.9).

11.7.6.6 If £ is an A— B-imprimitivity bimodule, F a Hilbert C-module, and
¢ : B — L(F), then the Hilbert C-module £ ®4 F has a natural left action
of A via adjointable operators. Similarly, if £ is a left Hilbert A-module,
F a B — C-imprimitivity bimodule, and ¢ : B — £(&), then C acts by
adjointable operators on the left Hilbert module £ ® F. If £ is an A — B-
imprimitivity bimodule and F a B — C-imprimitivity bimodule, then these
actions are compatible and make £ @4 F = £®, F into an A—C-imprimitivity
bimodule, usually written £ @ F.

I1.7.6.7 PROPOSITION. Let £ be an A — B-imprimitivity bimodule. Then
&*®@n — (&, n)p gives an isomorphism of £*® 4 £ with B as Hilbert B-modules
(and, in fact, as B — B imprimitivity bimodules).

11.7.6.8 DEFINITION. Let A and B be C*-algebras. A and B are Morita
equivalent if there is an A — B-imprimitivity bimodule.

Morita equivalence is symmetric and reflexive by I1.7.6.5(i) and (v), and
transitive by the tensor product construction.

This relation was originally called “strong Morita equivalence” in [Rie74]
because it is not exactly the C*-analog of Morita equivalence in algebra
[Mor58]. But the word “strong” is now customarily omitted.

11.7.6.9 THEOREM. Let A and B be C*-algebras. Then A and B are Morita
equivalent if and only if they are isomorphic to complementary full corners in
a C*-algebra C, i.e. if there is a projection p € M(C) with Span(CpC) and
Span(C(1 —p)C) dense in C and pCp = A, (1 —p)C(1 —p) = B.

One direction is clear from I1.7.6.5(iii): if there is such a C, then A and B
are Morita equivalent to C via pC and (1 —p)C respectively (and pC(1—p) is
an A — B-imprimitivity bimodule). Conversely, if £ is an A — B-imprimitivity
bimodule, we form the linking algebra of A and B with respect to &:

c[é ]_‘Z]H; ﬂ:aeA,g,nes,beB}

s . a & *_ a* n .
with involution [ 0 b } = [ & b ] and multiplication
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{ ap & } { az & ] _ { araz + a(€1,m2) a1és + &§1b2 ]
ny b N5 bo nias + b115 (M, &)p +biby |-

C acts as a *-algebra of adjointable operators on the Hilbert B-module £ & B
. a € ¢ aC + &z . .
via N = ( , and the operator norm is equivalent

bz n,¢)B + bz
[ 5 || = a4l + 1ol + 10150 € is compiete (a Cagebra
with respect to the operator norm. The projection p = [ 0 8 } defines a

multiplier of C'. Fullness is a routine computation.
In general, the linking algebra C' depends up to isomorphism on the choice
of £ and not just on A and B. £ can be recovered from C as pC(1 — p).

I1.7.6.10 Since A is Morita equivalent to A ® K, it is obvious that if A
and B are stably isomorphic, then A and B are Morita equivalent. The con-
verse is not true, however: if H is a nonseparable Hilbert space, then IC(H) is
Morita equivalent to C, but not stably isomorphic (and much more compli-
cated examples exist: for example, if A is a simple unital C*-algebra with a
strictly increasing net of projections indexed by the first uncountable ordinal,
such as the quotient of £(H) for nonseparable H by a maximal ideal, there
is a hereditary C*-subalgebra B of A which is Morita equivalent to A but
AQK(H') ¢ BRK(H') for any Hilbert space H’'.) However, the o-unital case
(including the separable case) is very nice, due to the next theorem [BGR77]
(cf. [Bro77]):

I1.7.6.11 THEOREM. [BROWN-GREEN-RIEFFEL| Let A and B be c-unital
C*-algebras. Then A @ K =2 B ® K if (and only if) A and B are Morita
equivalent.

Indeed, if £ is an A — B-imprimitivity bimodule, it suffices to show that
Ha ®a € = Hp (as Hilbert B-modules); for then, since Ha ®4 £ = £, we
have

AKX K(E®)2K(Hp) 2 B K.

But since B is o-unital, £* is a countably generated Hilbert A-module
(I1.7.2.5), and thus £* @ H4 = H4 by the Stabilization Theorem (II.7.1.11).
Thus

Ha®@AEEZHOcHAQRAEZHRc (HaBE)RaE

Y (HQOHARAE)B(HRcE RUE)=Z(Ha®aE) P (H®c B) = Hp

by the Stabilization Theorem, since £* ® 4 € = B (I1.7.6.7) and Ha ®4 & is
countably generated (because H 4 and £ are countably generated by 11.7.2.5).

As a corollary of the proof, we obtain the following variation of the Stabi-
lization Theorem. This is essentially the version of the Stabilization Theorem
proved in [DD63] for B commutative; see [Bro77] and [MP84, 1.9] for the
general case.
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11.7.6.12 COROLLARY. If B is a o-unital C*-algebra and £ is a countably
generated full Hilbert B-module, then £ = Hp (as Hilbert B-modules).
PROOF: £ may be regarded as a K(€) — B-imprimitivity bimodule, and K(&)
is o-unital (I1.7.2.5), so £ Hice) @x(e) EXHp.

This version of the Stabilization Theorem implies the usual version if B is
o-unital: if £ is a countably generated Hilbert B-module, then (£ & Hp)>® =
‘Hg, so

Hp 2 (EPHB) X (EGHB)B(EDHE) " 2EBHEPHEEEDHE .

Morita Equivalence and Representations

I1.7.6.13 One important feature of a Morita equivalence is that it gives a
functorial correspondence between representations of the algebras. If £ is an
A — B-imprimitivity bimodule, F a Hilbert C-module, and ¢ : B — L(F) (i.e.
a representation of B on F), then £ defines a representation of A on £ ®4 F;
and the process is reversible by tensoring on the left with £* (using 11.7.6.7).
In particular, if C' = C (i.e. ¢ is an ordinary Hilbert space representation), we
obtain an induced representation of A on the Hilbert space £ ®, F. This cor-
respondence sends irreducible representations to irreducible representations,
so one gets natural homeomorphisms between A and B, and also Prim(A)
and Prim(B). (There is a more direct correspondence between closed ideals
of A and those of B: if I is a closed ideal of A, regard I as a right Hilbert
A-module and let F be the right Hilbert B-module I ® 4 €, and let J = Jx
(the closed linear span of (F,F)p); then J is the ideal of B corresponding to
I, and F is an I — J-imprimitivity bimodule.) This is a precise formulation
of the statement (I1.6.6.14) that Morita equivalent C*-algebras are “the same

up to ‘size’.”

I1.8 Examples and Constructions

So far only the most elementary examples of C*-algebras have appeared. In
this section, we will discuss various constructions which will yield an enormous
number of interesting C*-algebras. Two other important constructions, tensor
products and crossed products, will be discussed in the next two sections.

The book [Dav96] has a much more detailed analysis of standard examples
and constructions in C*-algebra theory.

I1.8.1 Direct Sums, Products, and Ultraproducts

11.8.1.1 If {A;,---,A,} is a finite set of C*-algebras, there is a natural
notion of direct sum or direct product: A1 ®--- P A, = A1 x -+ x A, is the
ordinary algebraic direct sum with norm ||(ay,- - ,an)| = max ||a;]|.

If {A;: i€ Q} is an infinite set of C*-algebras, there are separate notions
of direct sum and product which do not coincide with the algebraic ones.
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I1.8.1.2 DEFINITION.

[T 4 = {(ai) = ll(an)ll = sup [|af] < oo}

i€Q

P Ai = {(ai) : [lail — 0 as i — oo}

i€
in the sense that for every ¢ > 0 there are only finitely many i for which
llai|| > e. €@ A; is the closure in [] A; of the algebraic direct sum (Q-tuples
with only finitely many nonzero entries).

I1.8.1.3 It is easily checked that [] A4; is a C*-algebra, and €D A; is a closed
ideal in ] A;. The quotient C*-algebra is an analog of the Calkin algebra
which is useful in various constructions. The multiplier algebra of @ A4; can
be naturally identified with [] M (A4;) (cf. 11.7.3.12).

Direct sums and products are useful in many arguments. For example,
approximate versions of exact results can sometimes be obtained. The next
result is an approximate version of Fuglede’s theorem (I1.6.4.12), which is
interesting even in the self-adjoint case where Fuglede’s theorem is trivial.

I1.8.1.4 PROPOSITION. Let X be a compact subset of C and f: X — C a
continuous function. Then for any € > 0 there is a § > 0 such that, whenever

x,y are elements of a C*-algebra A with z normal, o(z) C X, [lyl| < 1, and
I, y]ll < 0, then [|[f(z), yl|| <€ (in A).

While a direct computational proof can be given (see e.g. [Arv77, p. 332
for the self-adjoint case, and [Dav96, Exercises I1.8-11.9] for other special
cases), it is more satisfying to give the following argument which entirely
avoids computations. Suppose the conclusion is false. Then there is an X,
f, and € > 0 such that there exist unital C*-algebras A, and z,,y, € A,
satisfying the hypotheses, with ||[zn,yn]]| < 1/n but ||[f(zn), ys]]| > € for all
n. Let A=][An, J=PAn, 2 =(--2,-) (note that {||z,||} is bounded
since x,, is normal and o(z,) C X),y = (- Yn---), and 7 : A — A/J the
quotient map. Then [r(z),7(y)] = 0, so [f(n(z)),n(y)] = 0 (11.6.4.12). But
F(r(@) = n(f(@)) = 7(-- - f(zn)---), and

(- flan) =)yl yn -]l = limsup [[[f (20), yn][| = €,

a contradiction.

11.8.1.5 COROLLARY. Let J be a closed ideal in a C*-algebra A, and (h))
an approximate unit for J which is quasicentral for A. Then, for any o > 0,
(h$) is an approximate unit for J which is quasicentral for A.
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I1.8.1.6 If w is a free ultrafilter on €2, then
Jy = {(al—) e [T Ai : timfas| = o}

is a closed ideal in [ A;. The quotient is called the ultraproduct of the A; with
respect to w.

I1.8.1.7 These constructions are frequently used with 2 = N and all A; the
same A. The product of a sequence of copies of A is usually denoted {*°(A)
and the direct sum ¢,(A). The ultraproduct with respect to a free ultrafilter
w on N is denoted A,,.

I1.8.2 Inductive Limits

11.8.2.1 One of the simplest and most useful constructions of C*-algebras
is the inductive limit (sometimes called direct limit). An inductive system
of C*-algebras is defined just as in the purely algebraic setting: a collection
{(Ai, ¢ij) 1,5 € Q,1 < j}, where Q is a directed set, the A; are C*-algebras,
and ¢;; is a *-homomorphism from A; to A; with ¢, = ¢jr0¢;; for i < j < k.
Each ¢;; is norm-decreasing, so there is a naturally induced C*-seminorm on
the algebraic direct limit defined by

Jall = tim [l655(@)] = in 6:5(a)]

for a € A;; the completion of the algebraic direct limit (with elements of
seminorm 0 divided out) is a C*-algebra called the inductive limit of the
system, written li_n)1(Ai, ®ij), or just lim A; if the ¢;; are understood. There is
a natural *-homomorphism ¢; from A; to the inductive limit.

If all the connecting maps are injective (and hence isometric), the algebraic
direct limit may be thought of as the “union” of the A;, and the inductive limit
as the completion of this union. In general, the inductive limit of a system
(A, ¢;5) may be naturally regarded as a C*-subalgebra of ([T A;)/(D A;).

I11.8.2.2 EXAMPLES.

(i) An inductive system (A;, ¢;;) where each A; = C(X;) is unital and com-
mutative, and the connecting maps ¢;; are unital, exactly corresponds
to an ordinary inverse system (X, f;;) of compact Hausdorff spaces. The
inductive limit lim(A4;, ¢;;) is naturally isomorphic to C(X), where X is
the usual inverse limit lim(X;, fi;).

(ii) Let I be a set and {A; : i € I} a collection of C*-algebras. Let € be the
collection of finite subsets of I, directed by inclusion, and for each F' € )
let Bp = @,cp Ai. If F C G C I, define ¢p g : Br — Bg by setting the
additional coordinates zero. Then lim(Bp, ¢rc) = @;c; Ai-



11.8 Examples and Constructions 157

(ii) Let ¢p ptx : M, — M4 be the (nonunital) *-homomorphism obtained
by adding k rows and columns of zeroes. Then h_H)l(Mn,d)n,n_;,_k) is iso-
morphic to K.

(iv) Let A,, = Mign, and let ¢y pnt1 @ Ap — Apy1 be defined by ¢, nt1(a) =
diag(a,a) (this is called an embedding of multiplicity 2). ¢y, n+1 is unital.
The inductive limit is called the UHF algebra of type 2°°, or the CAR
algebra (this C*-algebra also arises from representations of the Canonical
Anticommutation Relations of mathematical physics). Similarly, we could
take A, = M» and ¢, n4+1 an embedding of multiplicity 3 to obtain a
UHF algebra of type 3°°; more generally, the multiplicities could be varied
at each step. The structure of these UHF algebras will be discussed in
V.1.1.16(iv). More generally, we will consider the class of AF algebras,
inductive limits of sequences of finite-dimensional C*-algebras.

11.8.2.3 1If Aq is a dense *-subalgebra of a C*-algebra A, there is no good
relationship between Ay and the (closed) ideals of A in general; A may have
nonzero ideals whose intersection with Ay is zero. But if Ay is a union of
C*-subalgebras of A (e.g. if A =limA4; and Ay is the image of the algebraic
direct limit), then the relationship is very nice:

I1.8.2.4 PROPOSITION. Let A be a C*-algebra, {A;} a collection of C*-
subalgebras such that Ag = UA; is a dense *-subalgebra of A. If J is any
closed ideal of A, then JN Ay = U;(J N A4;) is dense in J.

PRroOF: Let K be the closure in A of J N Ag; then K is a closed ideal of A
contained in J, and K NA; = JN A; for all i. Let 7 : A — A/K be the
quotient map, and set A = A/K, A; = 7m(4;), J = w(J). Let p: A — A/J
be the quotient map. Then p| 4, is injective since J N A; = {0} for all i; hence
p is isometric on each A; and hence on all of A4; so p is injective, J = {0},
J=K.

11.8.2.5 COROLLARY. Let A = lii>n(Ai, ¢ij). If each A; is simple, then A is
simple.

In particular, the UHF algebras (I1.8.2.2) are infinite-dimensional simple
unital C*-algebras.

Using I1.8.2.4, many simple inductive limits of sequences of nonsimple C*-
algebras can also be constructed (cf. I1.10.4.12(ii), IV.1.4.23). C*-algebras of
this sort are the basic objects of study in large parts of the classification
program [Rer02a).

I1.8.2.6 There is a generalized inductive limit construction using inductive
systems in which the connecting maps are not necessarily *-homomorphisms
but are only asymptotically multiplicative, which is playing a role in the ad-
vanced theory (V.4.3).



158 II C*-Algebras
11.8.3 Universal C*-Algebras and Free Products

Universal constructions have been playing an increasingly important role in
the theory of C*-algebras in recent years. Many important C*-algebras can be
simply and naturally expressed as universal C*-algebras on sets of generators
and relations.

I1.8.3.1 Suppose a set G = {z; : i € Q} of generators and a set R of
relations are given. The relations can be of a very general nature, but are
usually algebraic relations among the generators and their adjoints, or more
generally of the form

||p($1'1,~-~ 7$ina17;'k17"' ,:Z?:n)” <n

where p is a polynomial in 2n noncommuting variables with complex coeffi-
cients and 1 > 0. The only restriction on the relations is that they must be
realizable among operators on a Hilbert space and they must (at least im-
plicitly) place an upper bound on the norm of each generator when realized
as an operator. A representation of (G|R) has the obvious meaning: a set
{T; : i € Q} of bounded operators on a Hilbert space H satisfying the rela-
tions. A representation of (G|R) defines a *-representation of the free *-algebra
A on the set G. For x € A, let

lz]] = sup{||7w(x)| : 7 a representation of (G|R)}.

If this supremum is finite for all z € A (it is enough to check this on the gen-
erators), it defines a C*-seminorm on A, and the completion (with elements of
seminorm 0 divided out) is called the universal C*-algebra on (G|R), denoted
C*(G|R). We may also consider the universal unital C*-algebra on a set of
generators and relations by adding an additional generator 1 with relations
1=1* =12 and 21 = 1z = z for each other generator.

This construction is extremely general; indeed, every C*-algebra can be
written (in an uninteresting way) as the universal C*-algebra on a suitable
set of generators and relations. But the interesting examples are, of course,
ones which come from simple (especially finite) presentations. Sometimes the
universal property is described informally when there is a straightforward
translation into a precise description.

I11.8.3.2 EXAMPLES.

(i) There is no “universal C*-algebra generated by a single self-adjoint el-
ement,” since there is no bound on the norm of the element. But there
is a “universal C*-algebra generated by a single self-adjoint element of
norm one,” with G = {2} and R = {z = z*, ||z|| < 1}. This C*-algebra
is isomorphic to Cy([—1,1]), the continuous functions on [—1,1] van-
ishing at zero, via functional calculus. Similarly, the “universal unital



(i)

(iii)
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C*-algebra generated by a self-adjoint element of norm one” is isomor-
phic to C([—1, 1]). There is a “universal C*-algebra generated by a single
positive element of norm one,” isomorphic to Cy((0,1]), and a “universal
C*-algebra generated by a single normal element of norm one,” isomor-
phic to Cyp(D), where D is the unit disk in C.

There is a “universal C*-algebra generated by a single unitary,” since a
unitary automatically has norm one. We may take G = {u, 1},

R={1=1"=1%ul = lu = u,u*u = uu* = 1}.

C*(G|R) = C(T), the continuous functions on the circle. Similarly, the
universal C*-algebra generated by n commuting unitaries is isomorphic
to C(T™), continuous functions on the n-torus.

If G is a group, there is a “universal C*-algebra generated by a group of
unitaries isomorphic to G,” with generators and relations from any pre-
sentation of G and additional relations making each generator a unitary.
The corresponding C*-algebra is called the group C*-algebra of (discrete)
G, denoted C*(G). The representations of C*(G) are in canonical one-
one correspondence with the unitary representations of G. For example,
C*(Z) = C(T) and C*(Z"™) = C(T™). Another important example is F,,,
the free group on n generators; C*(F,,) is the universal C*-algebra gen-
erated by n unitaries. To see that the group G actually embeds in the
unitary group of C*(G), consider the left reqular representation \ of G
on [?(G) induced by G acting on itself by left translation. The repre-
sentation A extends to a representation of C*(G), which is not faithful
in general; the quotient A(C*(G)) is called the reduced group C*-algebra
of G, denoted C}(G). The group C*-algebra construction generalizes to
locally compact topological groups and will be discussed in detail in I1.10.
Let G ={e;; : 1 <1i,j <n},

R = {ei; = ejiseijer = Ojrei : 1 < 4,5,k 1 <n},

where 9§, is the Kronecker symbol. The relations imply that each gener-
ator is a partial isometry, hence of norm 1, so the universal C*-algebra
exists. C*(G,R) = M,,. A set of nonzero elements {f;;} in a C*-algebra
A satisfying the relations is called a set of matriz units of type M, in
A, and generate a (possibly nonunital) C*-subalgebra isomorphic to M.
There is a similar description of K as the universal C*-algebra generated
by an (infinite) set of matrix units.

More generally, if D is a finite-dimensional C*-algebra, then D is isomor-
phic to a direct sum @M, of matrix algebras (this can be proved by
noting that every C*-algebra is semisimple (I1.1.6.4) and applying Wed-
derburn’s theorem, or by regarding D as a von Neumann algebra and
using either the central decomposition (III.1.6.4) or just some elemen-
tary linear algebra.) The natural matrix units

(e 1<r<m1<i,j<n}
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satisfy the relations e(;') = egl ,egj)e,(:’ = &,50;key for all 4,5,k 1,7, s.
Conversely, the universal C*-algebra generated by generators satlsfymg
these relations is isomorphic to D. Such a set of generators is called a set
of matrix units of type D.

There is a “universal C*-algebra generated by a single isometry,” called
the Toeplitz algebra and denoted 7. If v is the generator, then 7 has an
identity v*v. If p = v*v — vv*, and e;; = v* " Ip(v*)771, then it is easily
verified that the span of the e;; is an essential ideal in 7 isomorphic to
K. Modulo this ideal v is unitary, so 7 /K = C(T). 7 = C*(S), where S
is the unilateral shift (I.2.4.3(ii)).

In addition to these basic examples, here are some more classes which play

a very important role in the theory:

I11.8.3.3 EXAMPLES.

(i)

(iii)

Let 6 be a real number (usually in the unit interval), and let Ag be the
universal C*-algebra generated by two unitaries u,v, with the relation
vu = e¥™Pyv. Ag is called a rotation algebra, and in the particularly
important case where @ is irrational, an irrational rotation algebra. An
irrational rotation algebra is simple. Rotation algebras can be alternately
described as crossed products (I1.10.4.12). More generally, a noncommau-
tative torus is a universal C*-algebra generated by unitaries wuy, -+ ,u,,
with uju; = e2mibij u;u; for 6;; € R. Noncommutative tori arise in appli-
cations (e.g. the quantum Hall effect in physics [Con94], and string theory
[CDS98]) and are a natural setting for noncommutative geometry.

Set g - {817"' asn}v

n

R = s’{sizl,Zsjs*:l:l<i<n

: <i<
=1

C*(G|R) is the Cuntz algebra O, the universal (unital) C*-algebra gen-
erated by n isometries whose range projections are mutually orthogonal
and add up to the identity. O,, is simple, and in fact is purely infinite:
if x € Oy, x # 0, then there are a,b € O,, with axb = 1. There is also
an O, the universal C*-algebra generated by a sequence of isometries
with mutually orthogonal range projections; O is also purely infinite
and hence simple. The simplicity of these algebras means that any set of
isometries satisfying the relations generates a C*-algebra isomorphic to
O,,.

As a generalization of (ii), let A be an n x n matrix of zeroes and ones,
and let O4 be the universal C*-algebra generated by partial isometries
S1,-++ , 8, with relations



(v)
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n
S:Si = Z Aiijsj
Jj=1

and with s;s7 L s;s7 for i # j (the last relations are often automatic from
the first ones). The range projections of the s; add up to an identity, so
O, is unital. If A has all ones, O4 = O,,. Oy is simple (and purely
infinite) if and only if A is irreducible (the corresponding directed graph
is connected) and not a permutation matrix. The O 4 arise in the study of
topological Markov chains [CK80], and are called Cuntz-Krieger algebras.
More generally, if A is a row-finite infinite matrix of zeroes and ones
(every row has only finitely many ones), corresponding to a directed
graph in which every vertex is the source of only finitely many edges,
one can form a universal C*-algebra O, as above. If A is infinite, O 4
is nonunital. Such graph C*-algebras have been extensively studied; see,
for example, [KPR9S].

Let SU(2) = { [ Z —ac ] ta,c€ Cylal® +|c]? = 1} be the special uni-

tary group. Topologically, SU(2) = S3. Define two coordinate functions

([ e T])=en (7))

Then G = {«, v} generates C'(SU(2)), and « and ~ satisfy the relations
R={c’a+y"y=1Lad" +97" =17y =" 1a=ay,7'a=ay"}

(the relations are written deliberately in a less than optimal form for
this example, in preparation for (v); the last relation follows from the
previous ones in a C*-algebra by Fuglede’s theorem, and the first two
relations imply that a*a = aa®, so a and v are commuting normal
elements). It is not difficult to see that C*(G|R) is naturally isomorphic
to C(SU(2)) = C(S3).

Let g € [-1,1] \ {0}. Similarly to (iv), let G = {«a, v},

R ={a"a+v"y = L aa* +¢*yy* = 1,7y =", ¢va = av, v a = av*}

Then A; = C*(G|R) is a noncommutative C*-algebra if ¢ # 1. It has a
comultiplication A : A, — A, ® A, defined by

Alo)=a@a+g¢y"®y, Aly)=70a+a" @y

making it into a compact quantum group in the sense of Woronowicz
[Wor87] (I1.10.8.21). A, is a “quantization” of the group SU(2), often
denoted SU,(2).



162 II C*-Algebras
Free Products

11.8.3.4 1If {A;} is a collection of C*-algebras, the free product * A; = *{A;}
(write A*B for *{A, B}) is the universal C*-algebra generated by copies of
the A; with no additional relations. Free products tend to be “large” and
pathological (e.g. they are rarely nuclear). For example, C*C is the infinite-
dimensional nonunital universal C*-algebra generated by two projections (this
example is actually nuclear, and can be explicitly described as a subhomoge-
neous C*-algebra (IV.1.4.2)). If the A, are unital, one can also form the unital
free product *¢A; generated by unital copies of the A;. For example, C2*cC?
is isomorphic to C*C with unit adjoined; and if G and H are groups and G*H
is their free product, then C*(G*H) = C*(GQ)*cC*(H).

11.8.3.5 More generally, if D is a C*-algebra, regarded as a C*-subalgebra
of each A; via an embedding (or just *-homomorphism) ¢;, we may form
the amalgamated free product *pA; = *4,A; as the universal C*-algebra
generated by “copies” of the A; with the copies of D identified, i.e. ¢;(d) =
¢j(d) for all i,j and all d € D. It is a somewhat nontrivial fact [Bla78,
3.1] that each A; embeds in the amalgamated free product (if each ¢; is
injective). The group C*-algebra of an amalgamated free product of groups
can be constructed as an amalgamated free product of the group C*-algebras.

11.8.3.6 There is also a notion of reduced free product (or reduced amal-
gamated free product) of C*-algebras with respect to states. Reduced free
products are very important in free probability theory, and increasingly in
other aspects of operator algebra theory; see [Voi00].

Stable Relations and Semiprojectivity

The notions of projectivity and semiprojectivity are noncommutative analogs
of the topological notions of absolute retract (AR) and absolute neighborhood
retract (ANR) respectively. These notions were originally used in the devel-
opment of shape theory for C*-algebras, first introduced by E. Effros and J.
Kaminker [EK86]. Semiprojective C*-algebras have rigidity properties which
make them conceptually and technically important in several other aspects of
C*-algebra theory; this is reflected especially in the work of T. Loring and his
coauthors on lifting problems (see, for example, [Lor97]). It is not too easy
for a C*-algebra to be semiprojective, but there does seem to be a reasonable
supply of such algebras.

11.8.3.7 DEFINITION. A separable C*-algebra A is semiprojective if, for any
C*-algebra B, increasing sequence (.J,,) of (closed two-sided) ideals of B, with
J = [UJ,]7, and *-homomorphism ¢ : A — B/J, there is an n and a *-
homomorphism ¢ : A — B/J,, such that ¢ = 7o, where « : B/J,, — B/J
is the natural quotient map.
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A ¢ for which such a 1 exists is said to be partially liftable. If there is a
1 : A — B with ¢ = w o1, then ¢ is liftable; if every homomorphism from A
is liftable, A is said to be projective.

The definition of semiprojectivity first appeared in this form in [Bla85b] (a
somewhat different, less restrictive, definition previously appeared in [EK86]).

This definition can be applied in various categories; we will use the category
of general C*-algebras and *-homomorphisms unless otherwise specified. For
comparison and motivation, we note:

11.8.3.8 PROPOSITION. Let A = C(X) be a unital commutative C*-algebra,
with X a compact metrizable space. Then A is projective [resp. semiprojective]
in the category of unital commutative C*-algebras if and only if X is an AR
[resp. ANR].

The proof is a simple exercise. Note, however, that if X is an AR, C'(X)
is not even semiprojective in general in the category of general C*-algebras
(or the general unital category) (I1.8.3.16(x)). In fact, it is likely that if X is
a compact metrizable space, then C'(X) is semiprojective in the general (or
unital general) category if and only if X is an ANR and dim(X) <1 (a proof
of this could probably be assembled from known results).

I1.8.3.9 For convenience, we have only defined semiprojectivity for separa-
ble C*-algebras (although the same definition makes sense also for nonsep-
arable C*-algebras, it is probably not the appropriate one). Thus all semi-
projective C*-algebras will implicitly be separable. In the definition, B is not
required to be separable; however, it is easily seen that the definition of semi-
projectivity does not change if in I1.8.3.7 we make any or all of the following
restrictions:

(i) B is separable.
(ii) ¢ is surjective.
(i) ¢ is injective.
(I1.5.1.3 is needed to prove (i) and (ii); for (iii), replace B by A & B and J,

11.8.3.10 Suppose A is projective (in the general category). Let B = CA,
m : CA — A evaluation at 0, and ¢ : A — A the identity. Then ¢ lifts
to v : A — CA, showing that A is contractible. If A is projective in the
unital category, a similar argument shows that A is homotopy equivalent to
C. (But not every contractible C*-algebra is projective or even semiprojective:
C A is always contractible, but is rarely semiprojective; a necessary, but not
sufficient, condition is that A be semiprojective.)

The prototype example of a projective C*-algebra is C,((0, 1]), the univer-
sal C*-algebra generated by a single positive element of norm 1. Projectivity
follows immediately from I1.5.1.5.

We now list, mostly without proof, several simple facts about semiprojec-
tive C*-algebras.
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11.8.3.11 PROPOSITION. [Bla85b, 2.18] Let B, J,,, and J be as in 11.8.3.7,
and let ¢i,...,gx be mutually orthogonal projections in B/J. Then for suffi-
ciently large n, there are mutually orthogonal projections p1,...,pr in B/J,
with 7(p;) = g; for all j. If B (and hence B/J) is unital and ¢; +- - +q = 1,
then we may choose the p; so that py +---+pg = 1.

The proof is a simple induction, with a functional calculus argument to
prove the case k = 1.

11.8.3.12 COROLLARY. [Bla85b, 2.16] If A is unital, then the definition of
semiprojectivity for A does not change if in 11.8.3.7 B and ¢ are required to
be unital. In particular, C is semiprojective.

Thus a unital C*-algebra which is semiprojective in the unital category is
semiprojective in the general category.

Note that C is projective in the unital category. However, C is not projec-
tive in the general category: a *-homomorphism from C to B/J is effectively
just a choice of projection in B/J, and projections do not lift from quotients
in general.

11.8.3.13 PROPOSITION. [Bla85b, 2.23] Let B, J,, J be as in 11.8.3.7. Let v
be a partial isometry in B/J, and set g1 = v*v, g2 = vv*. Suppose there are
projections p1, p2 € B/J, for some n with 7(p;) = g;. Then, after increasing n
if necessary, there is a partial isometry u € B/J,, with 7(u) = v and p; = u*u,
P2 = uu’.

11.8.3.14 PROPOSITION. ([Bla85b, 2.19], [Lor97]) A finite direct sum of
semiprojective C*-algebras is semiprojective.

11.8.3.15 PROPOSITION. ([Bla85b, 2.28-2.29], [Lor97]) If A is semiprojec-
tive, then M, (A) is semiprojective for all n. If A is semiprojective, then any
unital C*-algebra Morita equivalent to A is also semiprojective.

The unital cases of 11.8.3.14 and II.8.3.15 are simple consequences of
11.8.3.11 and I1.8.3.13, but the nonunital cases are more delicate.

I1.8.3.16 ExaMmPLES. Simple repeated applications of I1.8.3.11-11.8.3.15
show that the following C*-algebras are semiprojective:

(i) M,, = M,(C), and more generally any finite-dimensional C*-algebra.
(Semiprojectivity of M, was first proved, although not explicitly stated,
by J. Glimm [Gli60].)

(ii) C(T), where T is a circle (the universal C*-algebra generated by one
unitary).

(iii) Generalizing (ii), C*(F,,), the full C*-algebra of the free group on n gen-
erators for n finite (the universal C*-algebra generated by n unitaries).
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(iv) The Toeplitz algebra 7 (the universal C*-algebra generated by an isom-
etry).

(v) The Cuntz-Krieger algebras O4 for a finite square 0 — 1 matrix A
(I1.8.3.3(iii)), and in particular the Cuntz algebras O,, (n # 00).

(vi) The universal unital C*-algebra U}° generated by elements {z;; : 1 <
i, < n}, with the n x n matrix (z;;) a unitary. Many variations of
this example are possible, including some which are interesting compact
quantum groups.

Some potential or actual non-examples are:

(vii) C*(Fy ), the universal C*-algebra generated by a sequence of unitaries.
The problem is that, in the setting of 11.8.3.7 with B and ¢ unital,
the n might have to be increased each time an additional generator is
partially lifted. In fact, C*(Fs) = lim(C*(F,)) violates the conclusion
of 11.8.3.17, so is not semiprojective.

(viii) The Cuntz algebra O, the universal C*-algebra generated by a se-
quence of isometries with mutually orthogonal range projections, has
the same potential difficulty as C*(F,). However, it turns out that O
is semiprojective [Bla04b]. In fact, it seems likely that every (separa-
ble) purely infinite simple nuclear C*-algebra with finitely generated
K-theory is semiprojective (see [Bla04b] and [Spi01] for partial results),
and it appears possible that these and the finite-dimensional matrix
algebras exhaust the semiprojective simple C*-algebras.

(ix) K is not semiprojective. In fact, it follows easily from I1.8.3.17 that no
infinite-dimensional AF algebra is semiprojective.

(x) C(T") for n > 2 is the universal C*-algebra generated by n commuting
unitaries. Commutation relations are difficult to lift in general, and it can
be shown that C(T™) (n > 2) fails to satisfy the conclusion of 11.8.3.17
and is thus not semiprojective. Similarly, C'([0, 1]™) is not semiprojective
for n > 1.

Other interesting examples of semiprojective C*-algebras are given in
[Lor97].

One of the most important features of semiprojective C*-algebras is the
following approximate factorization property. The proof uses a mapping tele-
scope construction, and is a straightforward noncommutative adaptation of
the proof of the corresponding property for ANR’s.

11.8.3.17 PROPOSITION. [Bla85b, 3.1] Let A be a semiprojective C*-algebra,
and (B, Bm,n) be an inductive system of C*-algebras. Let

B = h_H}(Bna ﬁm,n)

If ¢ : A — B is a homomorphism, then for all sufficiently large n there are
homomorphisms ¢, : A — B, such that 3, o ¢, is homotopic to ¢ and
converges pointwise to ¢ as n — oo, where (3, is the standard map from B,
to B.
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I1.8.3.18 This property can be phrased in terms of stable relations. Let
(GIR) be a set of generators and relations, which to avoid complications we
will take to be finite. If G = {z1,...,z}, then a set {y1,...,yr} in a C*-
algebra A approzimately satisfies the relations within § > 0 if, whenever

”p(xila"' 7xinaz>{17"' axr,,)” < n

is a relation in R, we have
1P(irs = 3 Yins Wi )l <m+ 6.

11.8.3.19 DEFINITION. The finite set (G|R) is weakly stable (or has weakly
stable relations) if for any ¢ > 0 there is a § > 0 such that, whenever A is
a C*-algebra and {y1,...,yr} C A approximately satisfy the relations within
J, there are z1,...,x; € A exactly satisfying the relations with ||z; —y;|| <€
for1 <j<k.

I1.8.3.20 It is easily seen that if C*(G|R) is semiprojective, then (G|R) is
weakly stable. The converse is not quite true.

The situation can be rephrased: for § > 0, let Rs be the set of relations in
R, “softened” by replacing each i by n+ . Then there is a natural homomor-
phism 75 from C*(G|Rs) to C*(G|R). The relations R are weakly stable if
there is an approximate right inverse for 7s for sufficiently small 4. It follows
easily from the definition that if C*(G|R) is semiprojective, then there is an
exact right inverse for my for small §. If there is an exact right inverse for w4
for some ¢, the relations are said to be stable. It turns out that if R is finite
and stable, then C*(G|R) is semiprojective, so in the finitely presented case
semiprojectivity is equivalent to stable relations.

See [Lor97] for a complete discussion of these and related matters.

I1.8.3.21 An important special case concerns approximate matrix units. If

D is a finite-dimensional C*-algebra and {aez(;)} is a set of elements of a C*-

algebra A, indexed like a set of matrix units of type D (I1.8.3.2(iv)), then

{wE;)} is a set of approrimate matriz units of type D within § if the ael;
approximately satisfy the matrix unit relations within §. It then follows that

11.8.3.22 PROPOSITION. Let D be a finite-dimensional C*-algebra. Then for
any € > 0 there is a 6 > 0 such that, whenever A is a C*-algebra and {aeg)}
is a set of approximate matrix units of type D within § in A, then there is a

set {ez(-;-)} of exact matrix units of type D in A with ||e§;) - 395;) | < e for all
1,7,7.

This result is used, for example, in the theory of AF algebras. Recall
(I1.8.2.2(iv)) that an AF algebra is a C*-algebra which is isomorphic to an in-
ductive limit of a sequence of finite-dimensional C*-algebras. Here is a “local”

description:
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11.8.3.23 DEFINITION. A C*-algebra A is an AF algebra in the local sense
(local AF algebra) if, for every x1,...,z, € A and € > 0, there is a finite-
dimensional C*-subalgebra B and elements y1,...,y, € B with ||z; —y;|| <€
for 1 <i<n.

An AF algebra is obviously an AF algebra in the local sense, but the
converse is not obvious since the finite-dimensional C*-subalgebras are not
nested in general. Using I1.8.3.22, one can easily show:

11.8.3.24 COROLLARY. Every separable local AF algebra is an AF algebra.
In particular, any countable inductive limit of AF algebras is an AF algebra.

One could relax the definition of an AF algebra to allow inductive limits
of finite-dimensional C*-algebras over arbitrary (directed) index sets. An AF
algebra in this sense is an AF algebra in the local sense, and a separable AF
algebra in this sense is an AF algebra in the sense of 11.8.2.2. The equivalence
of AF and local AF is unclear in the nonseparable case, and both definitions
have been used for nonseparable AF algebras. Nonseparable AF algebras are
somewhat mysterious, and separability is usually included in the definition of
an AF algebra.

I1.8.4 Extensions and Pullbacks

The theory of extensions of C*-algebras should properly be regarded as a part
of K-theory; indeed, it is the starting point for “/K-homology” and bivariant
K-theory, as will be described in V.1.4. But it is appropriate to discuss the
elementary aspects in this section, as a source of examples and also to serve
as an introduction to the use of homological algebra ideas in C*-algebras.
Extension theory is important in many contexts, since it describes how
more complicated C*-algebras can be constructed out of simpler “building
blocks”. Some of the most important applications of extension theory are:

(i) Structure of type I C*-algebras, group C*-algebras, and crossed products.
(ii) Classification of essentially normal operators.

(iii) Index theory for elliptic pseudodifferential operators.

(iv) Using associated homological invariants to distinguish between C*-algebras

(often simple C*-algebras).

Extensions

11.8.4.1 DEFINITION. Let A and B be C*-algebras. An extension of A by
B is a short exact sequence

0— B E-L 40

of C*-algebras (“exact” means j is injective, ¢ is surjective, and ker(q) =
im(j)).
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One could simply regard the C*-algebra F as the extension, but the exact
sequence language gives a much better theory since it keeps track of how the
ideal B and the quotient A = E'/B are related to E.

There is some nonuniformity of terminology concerning extensions: some-
times such a sequence is called an extension of B by A. We have adopted
what seems to have become the dominant terminology (it is standard in ho-
mological algebra), especially since it matches up nicely with the notation of
bivariant K-theory.

The goal of extension theory is, given A and B, to describe and classify
all extensions of A by B up to a suitable notion of equivalence.

I1.8.4.2 There is always at least one extension F = A®B. If B is unital, this
is the only extension (up to strong isomorphism; cf. 11.8.4.12). Thus extension
theory is only interesting if B is nonunital. The most interesting case is when
B is stable.

It is most important to study essential extensions, ones where B is an
essential ideal in E (I1.5.4.7). Essential extensions only occur if B is nonunital.

I11.8.4.3 EXAMPLES.

(i) Let A = C, B = C,((0,1)). There are four possible choices of E :
Co((0,1)) ® C, Cs((0,1]), Cs([0,1)), and C(S*). Each has an obvious as-
sociated exact sequence. The last three are essential. It is not clear at this
point whether we should regard the extensions corresponding to C,((0, 1])
and C,([0,1)) as being the “same” or “different”.

(ii) Let 7 be the Toeplitz algebra (11.8.3.2(v)). Then 7 is an essential exten-
sion of C(T) by K.

The Busby Invariant

The key to analyzing extensions is the so-called Busby invariant. R. Busby
[Bus68] was the first to study extensions of C*-algebras. The Busby invariant
is based on an earlier, purely algebraic construction of Hochschild.

11.8.4.4 Given an extension 0 — B — F — A — 0, B sits as an ideal of E.
Hence there is an associated *-homomorphism o from E into M (B) (11.7.3.1),
which is injective if and only if B is essential in E. If we compose ¢ with the
quotient map w : M(B) — Q(B) = M(B)/B, we obtain a *-homomorphism
7 from E/B = A to Q(B). Q(B) is called the outer multiplier algebra of B.

I1.8.4.5 DEFINITION. 7 is the Busby invariant of the extension 0 — B —
E—A—0.
The Busby invariant 7 is injective if and only if B is essential in A.
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I11.8.4.6 EXAMPLES.

(i) In the situation of 11.8.4.3(i), M(B) = C(GR), and Q(B) = C(8R \ R).
BR\ R has two components. The Busby invariant corresponding to the
four extensions is the map from C to Q(B) sending 1 respectively to 0,
the characteristic function of the component at +oo, the characteristic
function of the component at —oo, and 1.

(ii) In 11.8.4.3(ii), if 7 = C*(S), the Busby invariant is the map from C(T),
regarded as the universal C*-algebra generated by a single unitary u, to
the Calkin algebra Q = Q(K) sending u to the unitary 7(.S5).

I1.8.4.7 An extension can be recovered from its Busby invariant (I1.8.4.10(i)).
We often identify an extension with its Busby invariant, so an extension is
frequently regarded as a *-homomorphism into an outer multiplier algebra
instead of as an exact sequence.

Pullbacks

We now discuss a useful general algebraic construction which works for C*-
algebras.

11.8.4.8 Suppose Ay, Az, B are C*-algebras, and ¢; is a *-homomorphism
from A; to B. We seek a C*-algebra P and *-homomorphisms ; from P to
A; making the following diagram commutative:

pL}A2

W e

A~ B

and which is universal in the sense that if C' is any C*-algebra and w; : C — A;
satisfies ¢1 o wy = @3 0 wo, then there is a unique *-homomorphism 6 : C' — P
such that w; = 1; 0 6.

Any such P is obviously unique up to isomorphism commuting with the

Vi

Such a P exists. One way of constructing P is as
{(a1,a2) | d1(a1) = ¢2(a2)} C A1 & As.
11.8.4.9 DEFINITION. P is called the pullback of (A1, A3) along (¢1, ¢2).

I11.8.4.10 EXAMPLES.

(i) Let 0 = B — E — A — 0 be a short exact sequence of *-algebras. Form
the Busby invariant 7 : A — Q(B). Then F is naturally isomorphic to the
pullback of (A, M(B)) along (7, 7).
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(ii) Let ¢ : A — B be a *-homomorphism. Let 7y : Co([0,1),B) — B be
evaluation at 0. Then the pullback of (4, C,([0,1), B)) along (¢, o) is
called the mapping cone of ¢, denoted Cy.

Mapping cones are an analog of the corresponding construction in topol-
ogy, and are important in deriving exact sequences in bivariant K-theory.

See [Ped99] and [ELP99] for more interesting examples, applications, and
generalizations of pullbacks.

11.8.4.11 The pullback construction shows that every *-homomorphism
from A to M(B) is the Busby invariant of an extension of A by B. In particu-
lar, if B is stable, then Q(B) contains a (unital) copy of Q and hence of £L(H)
for separable H, and thus if A is separable there are essential extensions of A
by B.

Equivalence of Extensions

I1.8.4.12 To have a reasonable classification of the extensions of A by B, we
need a suitable notion of equivalence. There are several obvious candidates.
Throughout, we fix A and B, and consider two extensions

0—>B£>E1LA—>O

and )
0—B-2FE -2 4-—0

with associated Busby invariants 7 and 7o.

(i) Strong isomorphism (called “strong equivalence” in [Bus68] and [Ros82]):
there is a *-isomorphism v making the following diagram commute:

0 B . g —" 4 0
idl vl idl
0 B2 .pg %2 .4 0

(ii) Weak isomorphism (called “weak equivalence” in [Bus68] and [Ros82]):
there are *-isomorphisms «, 3, v making the following diagram commute:

0 B g —% .4 0
S
0 B2 g 2.4 0

(iii) Strong (unitary) equivalence: there is a unitary u € M(B) such that
To(a) = w(u)m(a)w(u)* for all a € A.
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(iv) Weak (unitary) equivalence: there is a unitary v € @Q(B) such that
T9(a) = vri(a)v* for all a € A.

(v) Homotopy equivalence: the homomorphisms 7; : A — Q(B) are homo-
topic.

It follows from the uniqueness of pullbacks that two extensions are strongly
isomorphic if and only if their Busby invariants coincide. Thus the Busby
invariant exactly determines the strong isomorphism class of an extension.

It turns out that strong and weak isomorphism are not very tractable
equivalence relations on extensions in general; the other relations are much
more amenable to analysis by methods of noncommutative topology. The most
useful equivalence relation is actually a stabilized version of (iii)-(v) (I1.8.4.18,
11.8.4.27).

Addition of Extensions

In this subsection, we assume B is stable. Then for any A there is an additive
structure on the set of strong (or weak) equivalence classes of extensions of
A by B. This additive structure is the C*-version of a standard notion from
homological algebra. An additive structure can also sometimes be defined even
if B is not stable, as long as B = M,(B).

11.8.4.13 Fix an isomorphism of K with My(K) (I1.6.6.13); this isomor-
phism induces an isomorphism B 2 Ms(B) and hence isomorphisms M (B) 22
My (M(B)), Q(B) = M3(Q(B)). These isomorphisms are called standard iso-
morphisms and are uniquely determined up to unitary equivalence (and up

to homotopy).

I1.8.4.14 DEFINITION. If 71, 75 are extensions of A by B, then the sum
T1 @ 7o is the extension whose Busby invariant is

n @7 A= QB)®Q(B) C My(Q(B)) = Q(B)

where the last isomorphism is a standard isomorphism.

We have cheated slightly here: the sum of two extensions is well defined
only up to strong equivalence. Thus we should really define the sum on strong
equivalence classes, giving a binary operation on the set of strong equivalence
classes.

11.8.4.15 PropPoSITION. Addition is a well defined binary operation on the
set Ext(A, B) of strong equivalence classes of extensions of A by B, and is
associative and commutative. So Ext(A, B) is a commutative semigroup.

It is convenient to define Ext(A, B) for general B to be Ext(4, B ® K).
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Split and Semisplit Extensions

I11.8.4.16 DEFINITION. An extension
0— BB 40

is split if there is a *-homomorphism s : A — FE such that go s = id4. The
map s is called a splitting, or cross section, for the extension.
It turns out to be natural to regard split extensions as “trivial” extensions.

I1.8.4.17 If 7 is the Busby invariant of an extension, then the extension is
split if and only if there is a *-homomorphism o : A — M (B) such that 7 =
moo. In particular, if B is stable, the set of split extensions is a subsemigroup
of Ext(A, B), which is nonempty since the extension A & B is split.

11.8.4.18 DEFINITION. Ezt(A, B) is the quotient semigroup of Ext(A, B)
by the subsemigroup of classes of trivial (split) extensions.

In other words, if 71 and 75 are extensions of A by B, then [r1] = [r2]
in FEzt(A, B) if and only if there are trivial extensions 7{ and 75 such that
71 ® 71 and T2 B 74 are strongly equivalent, i.e. the equivalence relation in
Ext(A, B), called stable equivalence, is the one generated by strong equivalence
and addition of trivial extensions.

Ext(A, B) is an abelian monoid (semigroup with identity) whose identity
is the class of trivial extensions.

11.8.4.19 For fixed B, Ext(A, B) is obviously contravariantly functorial in
A. Tt is less obvious, but true, that for fixed A, Fzt(A, B) is covariantly
functorial in B (cf. [Bla98, 15.9]).

11.8.4.20 Not much is known in general about the semigroup Fxzt(A, B). It
can be very pathological. Even if A is separable, it is not known in general
whether the semigroup has cancellation. There is a separable C*-algebra A
such that Ext(A,K) is not a group [And78].

We can, however, give a nice description of the invertible classes. In good
cases it turns out that every class is invertible, i.e. Ext(A, B) is an abelian

group.

11.8.4.21 The key observation is as follows. Suppose B is stable and 7 is an
invertible extension, i.e. there is an extension 7= ! such that 7@ 7! is trivial.
(It is customary to write 771 instead of —7 for the inverse extension even
though the operation is written additively.) Then 7 & 771 : A — My(Q(B))
lifts to a *-homomorphism

6= { zi 2;2 ] . A — My(M(B)).
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¢11 (and also ¢a2), being the compression of a *-homomorphism, must be a
completely positive contraction from A to M(B), and 7o ¢1; = 7. So if 7 is
invertible, then 7 has a completely positive lifting to M (B).

The converse is true by the Generalized Stinespring Theorem (I1.7.5.2) if
A is separable: if T has a completely positive contractive lifting ¢11 to M(B),
then ¢1; can be dilated to a homomorphism

¢ = (¢i5) : A — My(M(B)).

mo ¢11 = 7 is a homomorphism, so (it is easily checked) 7 o ¢ is also a
homomorphism from A to Q(B). 7 o ¢9o is an inverse for 7. Thus we have
proved

I1.8.4.22 THEOREM. If A is separable and B is stable, an extension 7 : A —
Q(B) defines an invertible element of Ext(A, B) if and only if 7 (stably) lifts
to a completely positive contraction from A to M(B).

I1.8.4.23 DEFINITION. An extension
0—B-LEL A4—0

is semisplit if there is a completely positive contraction s : A — E such that
qos = ids. The map s is called a cp-splitting, or cp-cross section, for the
extension.

11.8.4.24 COROLLARY. An extension 7 of A by B defines an invertible ele-
ment of Ext(A, B) if and only if 7 & 7/ is semisplit for some trivial 7.

11.8.4.25 1If A is separable and nuclear (I1.9.4), then every extension of A
by B is semisplit (IV.3.2.5), and hence Ext(A, B) is a group for all B.

I1.8.4.26 Let A be separable and B stable. If we consider the group
Ext(A, B)~! of invertible elements of Ext(A, B), we may express the ele-
ments as pairs (¢, P), where ¢ is a *-homomorphism from A to M(B) and
P is a projection in M (B) which commutes with ¢(A) mod B. A pair is
trivial if and only if P actually commutes with ¢(A). Since ¢ and P are
only determined up to “compact perturbation” (modulo B), we must regard
two pairs which agree mod B as identical. Strong equivalence corresponds to
unitary equivalence of pairs, and sum to direct sum of pairs. Thus the group
Ext(A, B) is isomorphic to the quotient of the semigroup of equivalence classes
of such pairs, under the equivalence relation generated by unitary equivalence
and “compact perturbation”, with direct sum, modulo the subsemigroup of
classes of exact (trivial) pairs.

I1.8.4.27 Using bivariant K-theory, it can be shown that the relation
of “stabilized homotopy” (the equivalence relation generated by homotopy

(I1.5.5.6) and addition of trivial extensions) coincides with the relation in
Ext(A, B)~! for A, B separable.
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11.8.4.28 An extension 7 is absorbing if 7 ® 7’ is strongly equivalent to 7
for any trivial extension 7’. It turns out that if A and B are separable, and
at least one is nuclear, then there is an absorbing extension in each class
in Ext(A, B), which is unique up to strong equivalence. The existence and
uniqueness of absorbing extensions follows from the Weyl-von Neumann The-
orems of Voiculescu and Kasparov:

11.8.4.29 THEOREM. [NONCOMMUTATIVE WEYL-VON NEUMANN THEO-
REM] [Voi76] Let A be a separable C*-algebra, H a separable Hilbert space, 7
and p faithful nondegenerate representations of A on ‘H with 7(4) N K(H) =
p(A) N K(H) = {0}. Then 7 and p are unitarily equivalent mod C(H): there
is a unitary U € L(H) such that U*n(2)U — p(x) € K(H) for all € A. If
T1,...,T, € A and € > 0, such a unitary exists with the additional property
that ||U*m(x;)U — p(x;)|| <efor 1 <j < n.

This result generalizes the classical Weyl-von Neumann Theorem
(11.8.4.38), hence the name. Kasparov [Kas80a] further generalized the result
to Hilbert modules.

11.8.4.30 COROLLARY. If A is a separable C*-algebra, then all nonunital
split essential extensions of A by K are equivalent and absorbing.

There is also a version for unital extensions.

Essentially Normal Operators

Brown, Douglas, and Fillmore ([BDF73]; [BDF77]) made the first careful study
of Ext-groups in the case B = C; they were almost exclusively interested in
the case A = C(X) for a compact metrizable space X.

I1.8.4.31 DEFINITION. If X is a locally compact Hausdorff space, then

Ext(X) = Ext(Cy(X),C) = Ext(Co(X), K).

Since C,(X) is nuclear (I1.9.4.4), Ext(X) is a group for all X.

11.8.4.32 BDF proved that X — FExt(X) is a homotopy-invariant covariant
functor on the category of compact metrizable spaces, and proved Bott Peri-
odicity and the six-term cyclic exact sequence, along with the special case of
Voiculescu’s theorem (11.8.4.30) on absorbing extensions of C(X) by K. The
main theoretical consequence of these general results is that Fxzt(X) = K (X),
the first K-homology group of X. (See Chapter 5). Other important con-
sequences include the classification of essentially normal operators and the
structure of some naturally occurring C*-algebras.
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11.8.4.33 Let H be a separable Hilbert space. An operator T € L(H) is
essentially normal if T*T — TT* € K. In other words, if t = «(T) is the
image in the Calkin algebra, then T is essentially normal if ¢ is normal. The
basic question studied by BDF was: under what conditions can T be written
as N + K, where N is normal and K compact? More generally, given two
essentially normal operators 77 and 15, under what conditions is 7} unitarily
equivalent to a compact perturbation of 157

I1.8.4.34 For the second question, one obvious necessary condition is that
T; and T, have the same essential spectrum (I.8.2.2). So the question may be
rephrased: given a compact subset X of C, denote by EN(X) the set of essen-
tially normal operators with essential spectrum X. Given T1,T> € EN(X),
under what conditions is 7} unitarily equivalent to a compact perturbation of
T?

11.8.4.35 The problem is translated into an extension problem by noting
that if '€ EN(X), then C*(¢,1) = C(X); so if we set A(T) = C*(T,K, 1),
A(T) corresponds naturally to an extension of C'(X) by K. The question of
whether T} is unitarily equivalent to a compact perturbation of T3 is exactly
the question of whether the corresponding extensions are strongly equivalent,
i.e. whether they represent the same element of Ext(X).

The main theorem in the classification of essentially normal operators is
the following:

11.8.4.36 THEOREM. If X C C, Ext(X) = [C\ X, Z], the group of homo-
topy classes of continuous functions of compact support from C\ X to Z.
Thus Ext(X) = [[Z, with one factor for each bounded component of C\ X.
The isomorphism sends the class of T' € EN(X) to (---index(T — Ap1)---)
(1.8.3.1), where A, is in the n-th bounded component of C\ X. (This index
is constant on connected components of C\ X (I.8.3.8) and vanishes on the
unbounded component.)

This is actually a special case of the Universal Coefficient Theorem
(V.1.5.8).

11.8.4.37 COROLLARY. An essentially normal operator 1" can be written
T = N + K, with N normal and K compact, if and only if index(T — A1) = 0
for all A not in o (7). If Ty, T5 € EN(X), then T3 is unitarily equivalent to
a compact perturbation of T if and only if index(T) — A1) = index(Ty — A1)
for all A ¢ X.

I1.8.4.38 COROLLARY. If X is a compact subset of C with connected com-
plement, then any essentially normal operator with essential spectrum X can
be written as (normal) + (compact), and any two essentially normal operators
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with essential spectrum X are unitarily equivalent up to compact perturba-
tion. In particular, any T € EN(X) is a compact perturbation of a diago-
nalizable normal operator (one with an orthonormal basis of eigenvectors).

In the case X C R (the case of essentially self-adjoint operators), I11.8.4.38
applies and is the classical Weyl-von Neumann Theorem. D. Berg [Ber71]
later showed that any two normal operators with the same essential spectrum
are unitarily equivalent up to compact perturbation; Voiculescu’s theorem
(I1.8.4.29) may be regarded as a generalization of this fact.

11.8.4.39 The surjectivity of the map from Ext(X) to [C\ X, Z] provides
many examples of essentially normal, nonnormal operators. For example, let
X be the “Hawaiian earring” formed as the union of all the circles of radius 1/n
centered at (1/n, 0). Then Ext(X) is the full direct product of a countable
number of copies of Z; thus Ext(X) is uncountable. To obtain an explicit
essentially normal operator corresponding to the sequence (ky) € [[Z, take
&b %(I + Sd"), where d,, = k,, — kp—1 (k—1 = 0), S is the unilateral shift,
S® = §*ll for d < 0, and S° = U, the bilateral shift.

11.8.5 C*-Algebras with Prescribed Properties

It is frequently useful to be able to construct examples of C*-algebras with
a prescribed set of properties. Sometimes there is a ready example which is
not separable, but it is worthwhile to have a general method for obtaining a
separable example.

In this section, we provide a general method for constructing separable
C*-subalgebras of C*-algebras with prescribed properties, so that the subal-
gebra inherits all of the properties. Thus if a nonseparable C*-algebra with a
prescribed set of properties of the proper type can be found, so can a separable
one.

Some of the properties mentioned here, for which this method is useful,
will only be carefully introduced in subsequent sections.

I1.8.5.1 DEFINITION. A property P of C*-algebras is separably inheritable
(SI) if

(i) whenever A is a C*-algebra with property P and B is a separable C*-
subalgebra of A, then there is a separable C*-subalgebra B of A which
contains B and which has property P.

(ii) whenever (A, ¢,) is an inductive system of separable C*-algebras with
injective connecting maps, and each A,, has property P, so does h_H)lAn.

This definition can be used either within the category of general C*-
algebras and homomorphisms, or the category of unital C*-algebras and unital
homomorphisms.
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I1.8.5.2 EXAMPLES.

(i) Any property which is inherited by all subalgebras and inductive limits
is an (SI) property. For example:
“A is finite” (II1.1.3.1).
(ii) Any property of the following forms is an (SI) property:
“A contains an element of the form ...”
“A contains a separable C*-subalgebra isomorphic to ...”
“A contains a separable C*-subalgebra which has (or does not have)
the property ...”
So, for example, the properties “A contains a separable nonnuclear C*-
subalgebra” and “A is infinite” (II1.1.3.1) are (SI) properties.
(iii) The property “A is unital” is not an (SI) property in the general category,
since it is not preserved under inductive limits.

The idea of the proof of the following proposition can be used to prove
that many other more interesting properties are (SI) properties.

11.8.5.3 PROPOSITION. Let Pi, P5,... be a sequence of (SI) properties.
Then (Py A Py A---) is an (SI) property.

PROOF: Let A be a C*-algebra with properties Pi, Ps, ..., and B a separable
C*-subalgebra. Define a sequence of separable C*-subalgebras

BCDi2C D1 Ch2C - CLu1ChpaC - ChunC Lry11C---

of A such that B, has property P, by successive application of the (SI)
property of each Py. Set B = [UD, x]~. b is a separable C*-subalgebra of A,
and b has property Py for each k since 5 = lim By k-

—n>k
A similar iteration argument is used in the following proof. We say that a
unital C*-algebra A has stable rank 1 if the invertible elements of A are dense
in A, and a general A has stable rank one if A does. A complete treatment of
the theory of stable rank for C*-algebras is found in V.3.1.

11.8.5.4 PROPOSITION. The property “A has stable rank 17 is an (SI) prop-
erty.

PROOF: Let A be a C*-algebra with stable rank 1; assume for simplicity that A
is unital (the nonunital case is an easy variation). Then the invertible elements
are dense in A. Let B be a separable C*-subalgebra of A. Choose a countable
dense set x1,xa,... in B. For each n, let (z,x) be a sequence of invertible
elements in A with x,; — x,, and let 5; be the C*-subalgebra of A generated
by {@nr}. Then B; is separable, contains B, and has the property that the
closure of the invertible elements of Dy contains B. Similarly, construct a
separable By containing 5; such that the closure of the invertibles in 5o
contains D;. Continue the construction inductively, and let 5= [UD,]~. b is
separable and has stable rank 1.

It is obvious that stable rank 1 is preserved under inductive limits.
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I1.8.5.5 In an almost identical way, the following properties may be proved
to be (SI) properties:

“A has stable rank < n” (V.3.1.2)

“A has real rank <n” (V.3.2.1)

“A has connected unitary group” (in the unital category)

“M, (A) has connected unitary group” (in the unital category)
“Ki(A) =07 (V.1.2.2)

“A has unique tracial state” (in the unital category)

“A has [strict] cancellation” (V.2.4.13)

“Ko(A) is [weakly] unperforated” (V.2.4.15)

“Ko(A) has the Riesz interpolation property” (V.2.4.20)

“Ais an AF algebra” (11.8.2.2(iv))

As another example, we give a proof for “A has a unique tracial state.” (See
[Phi04] for a different proof.) If A is a unital C*-algebra with unique tracial
state 7p and B is a separable unital C*-subalgebra with trace space 7 (B), let
71 = 7ol € T(B). If D is a separable C*-subalgebra of A containing B, let
Tp(B) be the set of tracial states on B which extend to traces on D. Then
Tp(B) is closed in T (B), and D +— Tp(B) reverses inclusion. If 7 € Np7p(B),
for each D let 7p be a tracial state on D extending 7, and op an extension
of 7p to a state on A. Then any weak-* limit point of (op) is a tracial state
on A extending 7. Thus Np7p(B) = {r1}. Since T (B) is second countable
(compact and metrizable), there is a sequence (D,,) with N, 7p, (B) = {7}
Let B; be the C*-subalgebra of A generated by UD,,; then b is separable,
and the only tracial state on B which extends to a trace on B is 7. Iterate
the process to get

BC B C---CB,CBpyr C---

such that the only tracial state on 5,, which extends to a trace on 5,1 is 1o
(restricted to B,). If B =[UD,], then b is separable and has unique trace.

11.8.5.6 THEOREM. [Bla78, 2.2] The property “A is simple” is an (SI) prop-
erty.

The proof of this theorem follows the same general scheme, but is slightly
more complicated technically. The proof uses the following fact, which is of
independent interest (and possibly somewhat surprising at first glance since
there can be uncountably many closed ideals in a separable C*-algebra):

11.8.5.7 PROPOSITION. Let B be a separable C*-algebra. Then there is a
countable subset S of B such that if J is any closed ideal (not necessarily
proper) of B, then SN J is dense in J.

PRrROOF: First note that since Prim(B) is second countable (I1.6.5.7), there is a
countable set {U,, } of open sets, containing () and Prim(B), closed under finite
unions and intersections, forming a base for the topology. U,, corresponds to
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a closed ideal J,,, and the J,, have the property that if J is a (not necessarily
proper) closed ideal of B, then U{J,, : J, C J} is dense in J. Thus we can
take a countable dense set S,, in J,, and let S = US,,.

We now give the proof of 11.8.5.6.

PROOF: Let A be a simple C*-algebra, and B a separable C*-subalgebra. Let
S = {0,x1,22,...} be a countable dense set in B as in I1.8.5.7. Since A is
simple, for each 4, j,n there is a finite set {y”k, Z(J"k) 1<k<r}C A (where
r depends on 4, j,n) such that

(n)
H‘TJ Zyz]kxl z]k

Let By be the C*-subalgebra of A generated by B and all the yZ(J"k) , Z(]"k) Then
D, is separable, and if J is any closed ideal of By, either J N B is 0, or it
contains x; for some ¢, in which case it contains all the z;, so contains B.
Tterate the construction to get an increasing sequence (5,), where if J is
any closed ideal of 5,1, then JN B, is 0 or B,,. If 5= [UD,] ", then B is
separable, and simple by 11.8.2.4.

The class of simple C*-algebras is closed under inductive limits by 11.8.2.5.

11.8.5.8 There are many more (SI) properties. For example, nuclearity is an
(SI) property (IV.3.1.9).

I1.8.5.9 EXAMPLE. An example of an application of this theory is to show
that there exists an infinite-dimensional separable simple unital C*-algebra C'
which has unique trace, stable rank 1, real rank 0, connected unitary group,
trivial K, totally ordered Ky, and which cannot be embedded in a nuclear C*-
algebra (hence is not exact; cf. IV.3.4.18). Let B be the full C*-algebra of the
free group on two generators (I1.8.3.2(iii)); B cannot be embedded in a nuclear
C*-algebra by I1.9.6.6. B is residually finite-dimensional (V.2.1.11), and hence
can be embedded in the full direct product of a sequence of matrix algebras,
which can in turn be embedded in a II; factor A. Construct a separable b in
between which has all the above properties.

I1.9 Tensor Products and Nuclearity

The theory of tensor products of C*-algebras is fraught with a surprising num-
ber of technical complications, but the theory ends up in a rather satisfactory
form, and behaves very nicely for a large and natural class of C*-algebras
called “nuclear C*-algebras,” which also perhaps surprisingly arise in several
other aspects of the subject. Tensor products of C*-algebras were first studied
by T. Turumaru [Tur52]; in this and some other early references they were
called “direct products.”
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I1.9.1 Algebraic and Spatial Tensor Products

11.9.1.1 1If A and B are C*-algebras, we can form their algebraic tensor
product A ® B over C. A ® B has a natural structure as a *-algebra with
multiplication

(a1 (9 bl)(ag X bg) =a1a2 ® b1b2

and involution (a®b)* = a* ®@b*. We want to show the existence of a C*-norm
on A ® B and determine the extent to which it is unique. If v is a C*-norm
on A® B, we will write A ®, B for the completion.

11.9.1.2 A ® B has the usual universal property for bilinear maps. As
an algebra, it has the universal property that whenever w4 and wp are *-
homomorphisms from A and B respectively, to a complex *-algebra C, such
that m4(A) and 7p(B) commute, then there is a unique *-homomorphism 7
from A ® B to C such that m(a ® b) = ma(a)mp(b) for all a € A, b € B.
Taking C = L(H), we get *-representations of A ® B and hence induced
C*-seminorms.

The Minimal or Spatial Tensor Product

I1.9.1.3 A standard way to generate such representations is via tensor prod-
ucts of Hilbert spaces: if m4 and 7p are representations of A and B on Hilbert
spaces H; and Hso respectively, we can form the representation m = 74 ® 7p
of A© B on Hi ®Hz by m(a®b) =ma(a) @ mp(b) (1.2.5.2). If 74 and g are
faithful, then it is not difficult to show (cf. 1.2.5.5) that 74 ® 7p is faithful on
A® B, so A® B has at least one C*-norm. Also, for any 74 and 75 we have
[(ma @ 7p) (X0 ai @ bi) || < S50, [ladll|[bi]l, so the norm

Z(Ll(@bz (7TA®7TB) (Z(h@bl)H
i=1 1=1

(over all representations 74 of A and wp of B) is finite and hence a C*-
norm, called the spatial norm on A ® B; it is also called the minimal C*-
norm because it indeed turns out to be the smallest C*-norm on A ® B
(I1.9.5.1). (A consequence of the minimality of || - ||min is that if 74 and 7p
are any faithful representations of A and B respectively, and x € A® B, then
|(ma ® 75)(2)|| = ||||min, i-€. the spatial norm is independent of the faithful
representations chosen.) The completion of A ® B with respect to this norm
is written A ®min B and called the minimal or spatial tensor product of A
and B.

= sup

min

I11.9.2 The Maximal Tensor Product

There is also a maximal C*-norm on A ® B. Indeed, every *-representation of
A ©® B comes from a pair of commuting representations of A and B as above:
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11.9.2.1 THEOREM. Let A and B be C*-algebras, and m a nondegenerate
representation of A ® B on a Hilbert space H. Then there are unique non-
degenerate representations m4 of A and mp of B on H such that 7(a ® b) =
mala)rp(b) = mp(b)ma(a) for all a, b. If 7 is a factor representation, then 4
and 7g are also factor representations.

The first statement is obvious if A and B are unital (m4(a) = 7(a ® 1),
mp(b) = m(14®b)). In the general case, if (hy) and (k,,) are approximate units
for A and B respectively, then for any a € A and b € B the nets m(a ® k)
and 7(hy ® b) converge in the strong operator topology to operators we call
ma(a) and 7 (b) respectively, and these define representations with the right
properties (the proof is essentially an application of 11.9.3.2 to vector states).

To prove the last statement, we have m4(A)” C wp(B)’, so

ma(A) Nma(A) Cra(A) Nrp(B) Cn(A® B)'.
Also, by construction m4(A) C 7(A® B)", so ma(A)" C7n(AG B)",
ma(A) Nra(A)" Cr(A® B) Nnn(A® B)" =CI.

I1.9.2.2 COROLLARY. Let A and B be C*-algebras. Then every C*-seminorm

v on A ® B extends uniquely to a C*-seminorm on A ® B, and satisfies
y(a®b) < |al|||b|| for all a € A, b € B.

Thus most questions about tensor products can be reduced to the unital
case.

I1.9.2.3  So |7 (321 a; @b;)|| < Yy llag||[|bs || for any representation 7 of

A ® B, and hence
s (Z a; @ bl>
i=1

where the supremum is taken over all representations, is a (finite) C*-norm
on A ® B which is the largest possible C*-norm. The completion is denoted
A ®max B, and called the mazimal tensor product of A and B.

; @ b; = sup

max

11.9.2.4 If X and ) are Banach spaces, the (semi)norm defined on X ® Y

by
leln = inf {3 lilllyill € = Y @i}

is obviously the largest possible subcross seminorm (|2 @ y|| < ||z||||y]| for all
x,y), and is in fact a cross norm [Gro55]. The completion, denoted X®Y, is
called the projective tensor product (it has a universal property analogous to
projectivity). If A and B are C*-algebras, we obviously have || - [[max < || - ||A;
equality rarely holds (i.e. || - ||4 is rarely a C*-norm).



182 II C*-Algebras

11.9.2.5 Tt is obvious that A @uax B and A Quin B are unital if (and only
if) both A and B are unital. In this case, there are natural embeddings A —
A®1lp CA®yBand B — 1,®B C A®, B for any C*normyon A®B.If A
and B are unital C*-algebras, then A®,.x B can be described as the universal
unital C*-algebra generated by unital copies of A and B which commute; it is
harder to describe A ®,.x B as a universal C*-algebra in the nonunital case
since A and B do not naturally embed.

I11.9.2.6 Both ®.x and i, are associative and commutative in the obvi-
ous senses: (a®b) ® cr— a® (b® c¢) gives isomorphisms

(A @max B) @max c=A @max (B max C)

(A ®min B) ®min C=A ®min (B ®min C)
anda@bn—>b®agives A®mangB®maannd A@minB%B®minA~

I1.9.3 States on Tensor Products

I11.9.3.1 || |lmax and || - ||min can be alternately described using appropriate
positive linear functionals on A ® B, where a positive linear functional on
A® B is a linear functional f such that f(z*x) > 0 for all x € A® B. The set
of positive linear functionals on A® B is denoted (A® B)? . The set (A® B)%.
is a cone in the algebraic dual (A ® B)? which is closed in the topology of
pointwise convergence (weak? topology).

If A and B are unital, a state on A® B is an element ¢ € (A ® B)% with

#(1®1) = 1. The set of states, denoted S(A® B), is a weak®-compact convex
set.

I1.9.3.2 PROPOSITION. If A and B are C*-algebras and f € (A® B)?, then
f extends to a positive linear functional f on Ao B.

PROOF: Let (hy) be an increasing approximate unit for A. If b € B, and
fola) = f(a ® D), then f, is a positive linear functional on A and hence
bounded; thus lim(f(hy ®b)) = sup(f(hy®b)) exists, and we may set f(1®b)
to be the limit. Writing a general b € B as a linear combination of positive
elements, we then get a linear functional f on A ® B with the property that

f(z) =tm(f((hy ® D) = lm(f((h* © Da(hy* @ 1))
for all z € A® B. Positivity of f follows from the fact that if z € A® B, then
flaa) =i (f (fx(hy” © D" [e()* © 1))).
Then f can be extended to A ® B in the same manner.
In particular, if f € (A ® B)?%, then
sup{f(a@b)sa € Ay,be By, fa = o] = 1}

is finite. We say f is a state of A ® B if this supremum is 1; this definition
agrees with the previous one if A and B are unital.
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I1.9.3.3 There is a GNS representation corresponding to a positive linear
functional. An element of (A ® B)% defines a pre-inner product on A ® B,
and A ® B acts by left multiplication. But there is a technicality in obtaining
a representation of A ® B (and hence A ®pax B) on the completion: it must
be shown that A ® B acts by bounded operators. This follows immediately
from the next proposition (the nonunital case follows from the unital one
by 11.9.3.2). We say « € A ® B is algebraically positive, written 0 <, x, if
T = ZZ=1 zj 2 for some 2z, € AOB. Write ¢ <,y f 0 <y —z. If z <, 9,
then z*zz <, z*yz for any z € A® B, and if ), <, yr (1 < k < n), then

Yok <a D Yk

11.9.3.4 PROPOSITION. Let A and B be unital C*-algebras and = = z* €
A ® B. Then there is a A > 0 such that <, A(1® 1).
PRrROOF: First note that if a € A, b€ By, then 0 <, a ® b = (a'/? @ b1/?)?,
and

a®b+ (lall —a)®b+ [lal|l @ (b1 —b) = [lalllb(1 @ 1)
soa®b <, ||lall||b][(1®1). Also note that (A® B)sq = Asqa © Bsq: if x = a* =
2221 ar ® by, then

x:4<§]wk+@wwm+wm—u%—am®am—%n>.

k=1

Finally, if = >°)'_; ar ® by with ay = a, by, = b}, then
2 <o > (ars +ak-) @ (bry + bi) (Z ||ak||||bk||> (1e1).
k=1

Thus S(A © B) can be identified with S(A ®max B); the identification is
an affine homeomorphism for the weak? and weak-* topologies.

11.9.3.5 If ¢ and v are positive linear functionals on A and B respectively,
then it can be checked using the complete positivity of ¢ and ¢ (I1.6.9.6) that
the functional ¢ ® 1 defined by

(@) (Zmb) =D lai)u(b)

is well defined and positive (this also follows easily by considering the repre-
sentation 7y ® my and the vector {y ® &y). Let (A ® B)%, be the subset of
(A®B)? of pointwise limits of convex combinations of such product function-
als (one can just use multiples of products of pure states). Then for x € A® B
we have:

ol =sup { 2222 s € (0 By € 4 Boly) £ 0]
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ol =sup { “Y 5 g (Ao Bty e A0 Bty 20

— o { GOV e zy)
= p{ (0@¢)(y*y)

I1.9.3.6  So S(A®min B) [resp. (A®B)* ] can be identified with the closure
of S(A®B)N(A*®B*) in S(A® B) [resp. the closure of (A®B)} N(A*®B*)
in (A® B)?..] More generally, if 7 is any cross norm on A® B, then S(A®, B)
can be identified with the set of states on A ® B which are continuous for .
This subset completely determines v by the Hahn-Banach Theorem.

L BEP(A), beP(B)yc A B, (6® ¥)(y'y) £ 0}.

I1.9.3.7 There is a standard identification f < T} of (A® B)? with the set
Hom(A, BY) of linear maps from A to B?, where [Tt(a)](b) = f(a®b). Recall
that B* has a structure as a matrix ordered space (I1.6.9.20).

11.9.3.8 PROPOSITION.

(i) Let f € (A® B)4. Then f € (A® B)% if and only if T} is a completely
positive map from A to B* C B?.

(ii) The map f — Ty is an affine homeomorphism from (A ® B)% with the
weak?-topology onto CP(A, B*) with the topology of pointwise weak-*
convergence.

11.9.4 Nuclear C*-Algebras

11.9.4.1 A C*-algebra A is called nuclear if, for every C*-algebra B, there
is a unique C*-norm on A ® B. If A is nuclear, we often just write A ® B for
A max B=A Qmin B.

The term “nuclear” is in analogy with the notion of a nuclear space in
Grothendieck’s theory of tensor products of topological vector spaces [Gro55],
although an infinite-dimensional C*-algebra is never a nuclear space in the
sense of Grothendieck.

Section IV.3 contains a more detailed study of nuclear C*-algebras.

11.9.4.2 EXAMPLES. Let A be any C*-algebra. Then M,, ® A can be identi-
fied with M, (A) in the standard way: if {e;;} are the standard matrix units
of M, (I1.6.6.8), then

n
> ey ®ay | = (ay)

ij=1

is an isomorphism. Since M,,(A) is a C*-algebra under the norm of 11.6.6.2,
this norm is the unique C*-norm on M,, ® A, and in particular agrees with
I llmax and [} - f[min, and
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Mn@maXA:Mn(g)minA:Mn@A

(written M, ® A). So M, is nuclear. Similarly, it is easily seen that A ® K in
the sense of 11.6.6.11 agrees with A®p,.x K and A®p,;n K in the tensor product
sense (although it is not the same as A ® K in general), so K is nuclear.

I1.9.4.3 There is a partial converse to this example. Let {e;; : 1 < 4,5 < n}
be a set of matrix units of type M,, (I1.8.3.2(iv)) in a C*-algebra A. Then
the e;; generate a (possibly nonunital) C*-subalgebra isomorphic to M,,. If A
is unital and ), e; = 1, then for a € A set a;; = eyjae;; € erAeqy; then
a — (a;;) is an isomorphism from A onto M, (e11Aei1) = M, ® ej;Aes.

Another important example is:

11.9.4.4 'THEOREM. [Tak64] Let A = Co(X) be commutative. Then A is
nuclear, and for any C*-algebra B, A ® B can be identified with C,(X, B)
(I1.1.1.3(ii)) under the map (f ® b)(x) = f(z)b. In particular, if B = C,(Y) is
also commutative, then Co(X) ® Co(Y) = Co(X x Y') under the identification

(f®g)(z,y) = f(z)g(y) -

To show A is nuclear, we may assume for simplicity that A and B are
unital (I1.9.2.1). Let ¢ be any pure state of A ®uax B, and 74 and 7p the
restrictions to A and B (I1.9.2.1) of the irreducible GNS representation mg.
Since A is commutative, it follows from I1.9.2.1 that m4(A) C CI, and so
my(a ®b) = x(a)mp(b) for all a € A, b € B, where x € P(A) = A. Therefore
bla ® b) = x()0(b) for some ¥ € P(B) (H(b) = (ms(l ® b)ég,Ey)), i
¢ = x®1. Thus P(A@max B) = X x P(B), and every pure state of A @max B
factors through A ®min B, s0 || |lmax = || - |[min on A ® B. We also obtain that
Prim(A ®max B) = X x Prim(B), and it is routine to verify the isomorphism
with Co (X, B). Now let v be a C*-norm and = the quotient map from A®yax B
onto A ®, B. 7 corresponds to a closed set in Prim(A @max B); if this subset
is proper, since the topology is the product topology there are ideals I in A
and J in B such that 7|;5; = 0. But if @ and b are nonzero elements of I and
J respectively, v(a ® b) # 0 since 7 is a norm, a contradiction.

11.9.4.5 The class of nuclear C*-algebras is closed under most of the stan-
dard operations: extensions, inductive limits, tensor products (all elementary
observations) and quotients (a deep theorem, cf. IV.3.1.13). It is thus not
so easy to give examples of nonnuclear C*-algebras. The most elementary
examples are C*(IF3) and C} (Fq):

11.9.4.6 THEOREM. Let A and p be the left and right regular representations
of the free group Fo, and 7 : C*(F3) — C;(F2) the quotient map (I1.8.3.2(iii)).
Then
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(i) [Tak64] The representation of C;(F3)®C (F2) on [?(F2) induced by (A, p)
is not continuous for | - ||min, i-. || * lmax 7 || - [lmin o0 C;f(F3) © C}(F2).
(ii) The representation of C*(F3) ® C;(F3) on I%(F2) induced by (Ao, p) is
not continuous for || - |lmin, i-€- || * [|max 7# || * [[min o0 C*(F2) ® C*(Fyq).
(iii) [Was90] However, the representation of C*(Fy) ® C*(F3) on [%(Fy) in-
duced by (Ao m, pom) is continuous for || - || min.

See [Was94, Chapter 3| for a discussion and proof.

It is also true that £(H) is nonnuclear if H is infinite-dimensional. In fact,
“most” C*-algebras are nonnuclear, as is clear from the characterizations of
IV.3.1.12.

I1.9.4.7 A is nuclear if and only if (A ® B)}, = (A ® B)3 for every B.
This has an alternate description which motivates the connection between
nuclearity and completely positive approximations:

11.9.4.8 PROPOSITION. Let 7 and p be representations of C*-algebras A
and B on ‘H and H’ respectively, giving a representation m @ p of A ® B
(which extends to A ®min B) on H ® H'. Let £ be a unit vector in H ©® H’,
and ¢ the corresponding vector state on A ® B. Then the map Ty : A — B*
of 11.9.3.7 is a completely positive finite-rank contraction. Every completely
positive finite-rank contraction from A to B* arises in this manner.

I1.9.4.9 COROLLARY. Let A and B be C*-algebras. Identify (A® B)% with
CP(A,B*) as in 11.9.3.7. Then (A ® B)?, is the closure in CP(A, B*) (with
the topology of pointwise weak-* convergence) of the finite-rank completely
positive maps. In particular, A is nuclear if and only if the finite-rank maps
are dense in CP(A, B*) for every B.

In fact, nuclearity can be characterized by certain identity maps being
approximable by completely positive finite-rank contractions; see IV.3.1.5.

I1.9.5 Minimality of the Spatial Norm

11.9.5.1 The proof that || - ||min is the smallest C*-norm on A ® B for ar-
bitrary A and B is similar to 11.9.4.4, reducing the general problem to the
commutative case. Indeed, if A, B are unital and ~ is a C*-norm on A ©® B,
and ¢ € P(A), v € P(B), by 11.9.3.1 it suffices to show that ¢ ® ¢ extends
to a state on A ®, B. Let S, be the subset of P(A) x P(B) of pairs which
can be extended; S, is weak-* closed. If ¢ € P(A) and b € By, let C be the
commutative C*-subalgebra of B generated by b, and w a pure state on C
with w(b) = ||b]|. Since || - ||y = || - |lmin o0 A ®4 C, ¢ @ w is a pure state on
A ®, C, and extends to a pure state § on A ®, B. Then ¢ = 60|15 is a pure
state of B, and 0 = ¢ ® ¢ [if y € B, 0 < y < 1, then ¢1(z) = 0(z ® y) and
¢2(x) = 0(x ® (1 —y)) are positive linear functionals on A, and ¢ = ¢1 + ¢a,
so by purity ¢1 = ¥ (y)¢.] Thus
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{vePB): 00 ecs,}
is norming for B, and hence equals P(B) by the Hahn-Banach Theorem.

I1.9.5.2 Thus, for any C*-norm v on A® B, we have || - [[min <7 < ||+ [l max
and therefore v satisfies
(@ @b) = |lall[b]

for all a € A, b € B (v is a cross norm). In fact, || - ||min is the smallest
C*-seminorm v on A® B satistying v(a®b) # 0 for all nonzero a € A, b € B.
A consequence of this minimality is:

11.9.5.3 COROLLARY. If A and B are simple C*-algebras, then A ®i, B is
simple.

I1.9.6 Homomorphisms and Ideals

11.9.6.1 If ¢: Ay — Ay and v : B; — By are *-homomorphisms, there is a
natural induced *-homomorphism

PRY: AL © B — Ay © By
which induces *-homomorphisms
¢ @max ¥ 1 A1 Omax B1 — A2 @max B2

¢ @min 1/) : Al @min Bl - A2 @min BQ

(some details must be checked to show existence of these homomorphisms).
Both homomorphisms are usually written ¢ ® 1.

11.9.6.2 The maximal and minimal norms have some obvious permanence
properties. If A is a C*-subalgebra of A;, and B is any C*-algebra, then the
natural inclusion of A® B into A; ®in B extends to an isometric embedding of
A®min B into A1 ®min B. The corresponding statement for ®ay is false, how-
ever: since a C*-subalgebra of a nuclear C*-algebra is not necessarily nuclear
(IV.3.5.7), suppose A is a nonnuclear C*-subalgebra of a nuclear C*-algebra
A1, and B is a C*-algebra for which A ®yax B # A ®muin B; then the induced
map from A ®max B into A; @max B = A1 Qmin B is not isometric. But if J is
a (closed) ideal of A, then from II1.6.1.6 it follows that the natural map from
J @max B t0 A ®max B is isometric for any B. Hence, if A ®pax B = A Qmin B,
then J @max B = J Qmin B. In particular, we have:

11.9.6.3 PROPOSITION. A closed ideal in a nuclear C*-algebra is a nuclear
C*-algebra.
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I11.9.6.4 DEFINITION.

(i) A C*-algebra A is quasinuclear if, whenever B C By are C*-algebras, the
“inclusion” map A ®pax B — A @max B1 is isometric.

(ii) A C*-algebra A is seminuclear if, whenever A C A; and B are C*-
algebras, the “inclusion” map A Quax B — A1 Qmax B is isometric.

Any nuclear C*-algebra is quasinuclear and seminuclear. It is clear from
the argument of the previous paragraph that a C*-subalgebra of a nuclear
C*-algebra is quasinuclear or seminuclear if and only if it is nuclear.

Actually, it is a (deep) fact that any quasinuclear C*-algebra is nuclear
(IV.3.1.12). But there are seminuclear C*-algebras which are not nuclear: for
example, any injective C*-algebra is seminuclear (use 11.9.7.1).

I1.9.6.5 Maximal tensor products commute with arbitrary inductive lim-
its, and minimal tensor products commute with inductive limits where the
connecting maps are injective. If A = h_H)l(Ai,(Z)ij) is an inductive system
of C*-algebras, and B is any C*-algebra, then (A; @max B, ¢i; ® idp) and
(Ai ®min B, ¢;; ® idp) are inductive systems; the inductive limit of the first
system is isomorphic to A ®max B, and if the ¢;; are injective, then the induc-
tive limit of the second system is A®min B (some details need to be checked for
®max)- If the ¢;; are injective, then the connecting maps in the minimal tensor
product system are also injective, but the ones in the maximal tensor product
system need not be injective. Minimal tensor products do not commute with
inductive limits with noninjective connecting maps in general.

11.9.6.6 If J is a closed ideal in B, then the natural quotient map from
A® B to A® (B/J) extends to quotient maps

Tmax - A®maxB _>A®max (B/J)

Tmin A ®min B—A Qmin (B/‘])

The kernel of myay is exactly A @max J (regarded as an ideal in A ®pax B),
but the kernel of 7y, can be strictly larger than A ®i, J (11.9.4.6). In the
language of exact sequences, if

0—-J—B—B/J—0
is an exact sequence of C*-algebras, and A is a C*-algebra, then
0— A®max J = A @max B — A @max (B/J) — 0
is exact (i.e. maximal tensor product with A is an ezact functor), but
0— A®min J = A®min B— A®min (B/J) =0

is not exact in general (i.e. minimal tensor product with A is not an exact
functor). If A has the property that minimal tensor product with A is an



11.9 Tensor Products and Nuclearity 189

exact functor, then A is called an ezact C*-algebra. Every nuclear C*-algebra
is exact, but not every exact C*-algebra is nuclear. A C*-subalgebra of an
exact C*-algebra is exact (IV.3.4.3); thus any C*-subalgebra of a nuclear C*-
algebra is exact (but not necessarily nuclear). A deep theorem of E. Kirchberg
(IV.3.4.18) says that every separable exact C*-algebra can be embedded as a
C*-subalgebra of a nuclear C*-algebra.

There are C*-algebras which are not exact, for example C*(F3) and any
C*-algebra containing it (e.g. £(H) for infinite-dimensional H): if J is the
kernel of the quotient map 7 : C*(F3) — C)(F2), then the sequence

0 — C*(F2) ®min J = C*(F2) @min C*(F2) — C*(F2) @min Cr (F2) — 0

is not exact by I11.9.4.6.
See 1V.3 for more details about exact C*-algebras.

I1.9.6.7 It is not easy to describe the ideal structure of A @uin B, let alone
A ®max B, in general. The map (I, J) — I ® B+ A® J gives a continuous in-
jective map from Prim(A) x Prim(B) onto a dense subspace of Prim(A ®min B),

which is a bijective homeomorphism if A and B are separable and one is exact
(IV.3.4.25).

11.9.6.8 As a related matter, if A and B are C*-algebras and C, D are
C*-subalgebras of A and B respectively, then

C ®Inin D g (A ®Inin D) N (C ®min B)

(as subsets of A ®u,in B). It is a difficult and subtle question whether equality
holds in general, which turns out to have a negative answer. But if one of the
subalgebras is hereditary, it is true and elementary to prove:

11.9.6.9 PROPOSITION. Let A and B be C*-algebras, C' a C*-subalgebra of
A, J a hereditary C*-subalgebra of B (e.g. a closed ideal). Then

(A ®min J) N (C ®min B) =C O min J.

PRrooOF: We ha\ie C@minJ g (A®minJ)m(C®mi11B) g (A®minj)m(c®minB)
(as subsets of A ®min B). Let (hy) be an approximate unit for J. If

T e (A R min J) n (C R min B)
then (1 ® hy)x(1® hy) — x. But
12h\)(COB)(1®hy) CCOJ

SO
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Thus (1 X h)\)l‘(l X h)\) € C Ruin J, T € C Quin J

More generally, if D C B and (¢,) is a net of completely positive contrac-
tions (or even uniformly completely bounded maps) from B to D such that
Ya(x) — x for all z € D, a virtually identical proof shows that

(A O min D) N (C Qmin B) =C ®min D

This condition is always satisfied if D is nuclear (IV.3.1.8).

If C is simple and exact, then for any A, B, and D C B it turns out that
(A®min D)N(C @min B) = C @min D. Conversely, if C' is simple and non-exact,
then there exist A, B, D such that equality fails. Details will be found in a
forthcoming book on exact C*-algebras by E. Kirchberg and S. Wassermann.
See [Hur79] or [Kye84, 3.1] for a counterexample to a closely related question,
the C*-analog of 111.4.5.9.

I1.9.7 Tensor Products of Completely Positive Maps

11.9.7.1 Using the Stinespring dilation, it is easily shown from the homo-
morphism result that if ¢ : A; — A and ¢ : By — By are completely positive
contractions, then the map ¢ ® ¢ from A; ® B to As ® By given by

(6@0) (e @n) = o) @ vy)

is well defined and extends to a completely positive contraction, also denoted
d®R1, from A1 min B1 t0 As @min Bo. If ¢ and v are conditional expectations,
S0 is ¢ ® 1.

As an important special case, if ¢ is a state on A, then for any B the right
slice map Ry from A ®min B to B defined by

Ry (Z T; @ yi) = Z P(xi)yi

is a completely positive contraction; if A is unital, R4 is a conditional expec-
tation from A ®pin B to 1 ® B. Similarly, if ¢ is a state on B, there is a left
slice map Ly : A @min B — A.

There is an analogous maximal tensor product of completely positive maps.
We first state a tensor product version of Stinespring’s Theorem (cf. [Was94]).

11.9.7.2 LEMMA. Let A and B be C*-algebras, and ¢ : A — L(H) and ¢ :
B — L(H) be completely positive contractions with ¢(a)y(b) = 1 (b)p(a) for
alla € A, B € B. Then there is a Hilbert space H’, commuting representations
mof Aand p of B on H', and V € L(H,H), with ||[V] < 1, such that
¢(a) =V*r(a)V and (b)) = V*p(b)V for alla € A, b € B.

The proof is almost identical to the proof of I1.6.9.7: put a pre-inner prod-
uct on A® B ®H by

(a1 ®@b1 ® & a2 @by @m) = (d(a5a1)(b3b1)E, n)n
and let 7(a)(z @y ®E) =ax @y & p(b)(zRYRE) =R by R E.
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11.9.7.3 COROLLARY. If A;, A, B1, By are C*-algebras and ¢ : 47 — A,
and v : By — By are completely positive contractions, then the map ¢ ® 3
from A; ® By to A ® By given by

(¢®¢)(Zl‘i®yi> > o) @ (i)

extends to a completely positive contraction, also denoted ¢®1, from A1 Rmax
Bi to Az @max Ba.

PROOF: Represent As®py,ax Bo faithfully on H, and regard ¢ and ¢ as mapping
into £(H). Apply 11.9.7.2; 7 and p define a representation o of A1 ®max B1
on H'. Set ¢ @ Y(x) = V*o(z)V for x € Ay ®max B1.

I1.9.8 Infinite Tensor Products

I1.9.8.1 The definition of maximal or minimal tensor product can be ex-
tended in an obvious way to finite sets of C*-algebras. Infinite tensor prod-
ucts of wunital C*-algebras can also be defined as follows. We describe the
infinite minimal tensor product, which is the one most frequently used; the
infinite maximal tensor product is formally identical. If {4, : i € Q} is a set
of C*-algebras, then for every finite F = {i1,--- ,i,} C Q set

B]: = Ail Qmin * * * Qmin Ain~
If 7 C G, then there is a natural isomorphism Bg = Br®minBg\ 7 If all the A;
are unital, there is a natural inclusion of B into Bg by = — x®1g\ 7. Thus the
collection of Bx form an inductive system, and we define the infinite tensor
product @eq, A; to be the inductive limit. The “min” is usually omitted,
especially if the A; are nuclear, in which case )., 4; is also nuclear. If each
A; is simple, then @), A; is simple.

i€

I1.9.8.2 EXAMPLE. Let Q = N, A; = M, for all i. Then @),y Ai = @y Mo
is isomorphic to the CAR algebra (11.8.2.2). &) M3 is isomorphic to the UHF
algebra of type 3°°.

11.9.8.3 One can more generally form an infinite tensor product & (A4;, p;)
with respect to projections p; € A;, by embedding Br into Bg by

T 1 ® (Rieg\£Pi)-

The resulting C*-algebra depends strongly on the choice of the p;. See [Bla77a]
for a description of the structure of such tensor products.
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I1.10 Group C*-Algebras and Crossed Products

Groups arise widely in mathematics, physics and many applications, because
they are the mathematical structures which encode symmetries of the systems
under consideration. We examine here how to incorporate symmetries into the
context of operator algebras, via crossed products.

The crossed product construction, in its various forms and generalizations,
has proved to be one of the most important ideas in operator algebras, both
for internal structure theory and for applications.

The idea is: given a C*-algebra A, a (locally compact topological) group G,
and a (continuous) action « of G as *-automorphisms of A, construct a larger
C*-algebra A x, G, called the crossed product, containing A and a group of
unitaries isomorphic to G, so that the unitaries implement the action. (This
is strictly correct only if A is unital and G discrete; in general, A and G
sit in the multiplier algebra M (A x, G).) A X, G encodes the “dynamical
system” (A, G, a). In particular, the covariant representations of (4, G, a) on
Hilbert spaces are in natural one-one correspondence with the representations
of A x, G.

Two key cases, which have been historically important and which motivate
the usefulness of such a construction, are:

(i) Let (X,G,a) be an ordinary topological dynamical system, i.e. X is a
locally compact Hausdorff space, G a locally compact topological group,
and « a continuous action on X (continuous means the corresponding map
from X x G to X is continuous). The term “dynamical system” is most
often used when G is R or Z. Then there is a natural induced action of G on
the C*-algebra C,(X), and the crossed product C,(X) X, G encodes the
dynamical system (X, G, «). Important applications of operator algebras
in both mathematics and physics come from this construction.

(ii) If G is a locally compact group, let G act trivially on C. The crossed
product C x, G is called the group C*-algebra of G, denoted C*(G),
and encodes the unitary representation theory of G. Group C*-algebras
have proved to be a powerful tool in representation theory, and group
representations have been one of the principal applications of operator
algebras since the early days of the subject.

Crossed products are not only important in applications, but are also
the source of very interesting examples of C*-algebras. In addition, some of
the fundamental structure of operator algebras, particularly von Neumann
algebras, involves the use of crossed products.

Various generalizations of the crossed product construction have also
turned out to be important, particularly the association of a C*-algebra to a
locally compact topological groupoid, and recently the notion of a “quantum
group.”

The structure of group C*-algebras and crossed products is enormously
complicated (it includes the entire theory of unitary representations of locally
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compact groups), and even some basic aspects of the theory are still not
completely understood and are the subject of active current research.

This is a vast subject, and we will be able to only hit the high points of
the basic theory. We will describe the particularly important case of crossed
products by abelian groups in somewhat more detail. In fact, the three most
important groups in the theory of crossed products are Zs, Z, and R (in
approximate increasing order of both difficulty and importance).

I11.10.1 Locally Compact Groups

We briefly review the most important basic features of the theory of locally
compact topological groups. A full treatment can be found in many books on
topological groups and/or harmonic analysis, such as [HR63].

Haar Measure

11.10.1.1 If G is alocally compact (Hausdorff topological) group, then there
is a nonzero Radon measure p on the Baire sets of G which is left invariant, i.e.
w(tE) = p(E) for every t € G and Baire set E, where tE = {ts: s € E}. The
measure p is unique up to scalar multiple and is called (a) left Haar measure
on G. The measure p has the properties that u(U) > 0 for every nonempty
open set U, and p(K) < oo for every compact set K, and p is (inner and
outer) regular, so that C.(G) C L'(G, i) and is dense in L*(G, p).

There is often a natural normalization for u, e.g. when G is discrete (so p
is just counting measure) or compact (where we usually take p(G) = 1).

If G is a Lie group, left Haar measure is a Riemannian measure given by a
differential form of top dimension; hence C2°(G) is a dense subspace of L (G).

The lack of a Haar measure for groups which are not locally compact is a
major obstacle to developing a unified representation theory for them.

I1.10.1.2 Left Haar measure is not right invariant in general. However, if
t € G is fixed, then the measure y; defined by u:(E) = p(Et) is left invariant,
hence is Ag(t)p for some Ag(t) € Ry. The function Ag : G — Ry is a
continuous homomorphism called the modular function of G. The measure v
defined by v(E) = [, Aq(t) du(t) is right invariant, called right Haar measure

on G. (Thus Ag is the Radon-Nikodym derivative {g—ﬂ .) Right Haar measure

is unique up to a scalar multiple, and has properties analogous to those of left
Haar measure.

G is unimodular if Ag = 1, i.e. p = v. The class of unimodular groups
includes all groups which are discrete, compact, or abelian.

Group Algebras

If G is a group, the group algebra of G, denoted CG, the algebra of formal
(finite) linear combinations of elements of G, with convolution as multiplica-
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tion, is an important tool, particularly when G is finite. When G is locally
compact, an analogous Banach *-algebra structure on L!(G) is most useful.

I1.10.1.3 Let u be a fixed left Haar measure on G. If f,g € L*(G, p1), define
the convolution f * g by

(gt /f (5718) du(s).

L' (G, 1) becomes a Banach algebra under this multiplication. If f* is defined
by f*(t) = Ag(t~1)f(t™1), then f + f* is an involution on L'(G, ;1) making
it into a Banach *-algebra.

If a different left Haar measure p/ = au is chosen, L'(G, /) & LY(G, p)
by the map f +— af; thus the group algebra L'(G) is (up to isomorphism)
independent of the choice of left Haar measure.

C.(G) is a dense *-subalgebra of L*(G); if G is discrete, then C.(G) = CG.
If G is finite, then L'(G) = CG. If G is a Lie group, then C°(G) is also a
dense *-subalgebra.

11.10.1.4 LY(G) is unital if and only if G is discrete (the unit is the char-
acteristic function of the identity element). But L!(G) always has an approx-
imate unit. Let A be the net of compact neighborhoods of the identity in G,
directed by reverse inclusion, and for each A € A let hy be a nonnegative func-
tion in C.(G) supported in A, with fG hy = 1; then (h)) is an approximate
unit of norm one in L'(G).

11.10.1.5 More generally, let M (G) be the set of finite complex Radon mea-
sures on G. Define convolution and adjoint on M (G) by identifying M (G) with
C,(G)* by the Riesz Representation Theorem and defining, for m,n € M(G),

feCo(G),
/G F(s) d(mx n)(s) = /G /G £(ts) dn(s)dm(t)

/G F(s) d(m™)(s) = | /G F(s™Y)y dm(s)]

Then M(G) is a unital Banach *-algebra, and if L'(G) is identified via the
Radon-Nikodym theorem with the subset of M(G) consisting of measures
absolutely continuous with respect to p, then L'(G) is an ideal in M(G)
(M(QG) is the “multiplier algebra” of L'(G)). M(G) is called the measure
algebra of G.

Amenability

The notion of amenability for groups, and its generalizations to operator al-
gebras, is of fundamental importance. Here we give only the definition and
list some elementary properties; amenability will be further discussed in IV.3.3



I1.10 Group C*-Algebras and Crossed Products 195

and IV.3.5. A full development of the theory of amenable groups can be found
in [Gre69] (see also [Ped79, 7.3]); see [Pie84] for a more modern treatment,
and [Pat88] for amenability in a broader context.

I1.10.1.6 Let Cp(G) denote the C*-algebra of bounded continuous functions
on G (whose maximal ideal space is the Stone-Cech compactification of G).
Then G acts by left translation on Cp(G), though this action is often not
strongly continuous. By a mean on G is meant a state of Cy(G). G is amenable
if there is a left translation-invariant mean on G. (This use of means is the
origin of the term “amenable”.) There are actually several equivalent senses
in which an amenable group has an invariant mean.

I1.10.1.7 A more concrete condition equivalent to amenability is Fglner’s
condition: for every compact set C' of G and every e > 0 there exists a (“big”)
compact set D of G such that

u(D A (tD))
n(D)

for every t € C, where A denotes “symmetric difference.”

11.10.1.8 Every compact group is amenable (take Haar measure), as is every
solvable locally compact group (hence all abelian ones). Important examples
of non-amenable groups are (discrete) free groups on two or more generators,
and SL(n,R) for n > 2.

There are many equivalent characterizations of amenable groups, most of
which have to do with the existence of approximately invariant objects in
certain actions of the group. The next theorem summarizes some of the most
important ones for discrete groups; others will be given later using the group
C*-algebra.

11.10.1.9 THEOREM. Let G be a (discrete) group. Then the following are
equivalent:

(i) There is a (left, right, etc.) invariant mean on Cy(G) (= I°(G)).
(ii) There is a net u; of asymptotically invariant probability measures on G.
(iii) G satisfies the Fglner condition.
(iv) G does not admit a paradoxical (Banach-Tarski) decomposition.
(v) The trivial representation of G is weakly contained in the (left) regular
representation .

11.10.1.10 DEFINITION. A paradozical decomposition of a (discrete) group
G is a collection

{A17--~7A7L7Bla---aB'rn}

of disjoint subsets of G and elements t1,...,t,,s1,..., S, of G such that
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{tlAl, ‘e 7tnAn} and {SlBl, ey SmBm}

are partitions of G.

The standard example of a group with a paradoxical decomposition is the
free group Fy on two generators a and b: let A; be the set of (reduced) words
beginning with a, As the words beginning with a=!, By the words beginning
with b, and By the words beginning with b™!; set t; =s; = e, ta = a, 5o = b.
Thus F5 is not amenable.

Paradoxical decompositions are closely related to the Banach-Tarski para-
dox, which was of great interest to many leading mathematicians of the twen-
tieth century, including von Neumann ([Neu28], [Neu29]), who observed (i)
= (iv) of I1.10.1.9 (if G has a paradoxical decomposition, consider the char-
acteristic functions of the A; and B; to conclude that G cannot have a left
invariant mean). A full discussion of the Banach-Tarski paradox and related
matters can be found in [Wag93].

Pontrjagin Duality

I1.10.1.11 Suppose G is a locally compact abelian group. Let G be the set of
all continuous homomorphisms from G to the circle group T (these are called
the characters of G). Then G is an abelian group under pointwise multiplica-
tion, and is a topological group under the compact-open topology (topology
of uniform convergence on compact sets). G is called the (Pontrjagin) dual
group of G.

11.10.1.12 EXAMPLES.

(i) Z =T vian— 2" for fixed z € T, and T = Z via z — 2" for fixed n € Z.
Similarly, (Z™)" = T™ and (T™) = Z".

(i) R 2R via s — s, where 74(t) = e,

(iii) If G is finite, then G = @ (but the isomorphism is not natural).

The next theorem summarizes the main results about G.

I11.10.1.13 THEOREM. Let G be a locally compact abelian group, and G its
dual group. Then

(i) (:}' is locally compact.

(ii) G is second countable if and only if G is second countable.

(iii) G is compact [resp. discrete] if and only if G is discrete [resp. compact].
)

(iv G G in fact, the natural map ¢ — t, where t(’y) ~(t), is a topological
isomorphism from G onto G.

IfyeGandted, we often write v(t) as (v,t) (or (t,7)) to emphasize
the symmetry between G and G.
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There are many finer aspects to Pontrjagin duality: for example, if G is
discrete, then G is connected [resp. totally disconnected] if and only if G is
torsion-free [resp. torsion].

Pontrjagin duality can be generalized to nonabelian groups using Hopf
C*-algebras; see 11.10.8.13.

Fourier-Plancherel Transform

I1.10.1.14 We continue to let G be a locally compact abelian group. If
f € LYG) = LY(G, i), we define the Fourier-Plancherel transform f on G by

f(y) = LWJﬂMM)

It is easy to verify that (f xg) = fa, and (f*y= (f) (complex conjugate)
More generally, if m € M(G), define m by m(y) = f

11.10.1.15 THEOREM.

(i) [RIEMANN-LEBESGUE LEMMA] If f € L}(G), then f € Co(G).
(ii) If f € LY(GQ) N L*(@), then f € L*(G). A
(iii) [PLANCHEREL THEOREM)] If Haar measure o on G is suitably normalized,
then f — f (f € L*(G) N L%(G)) extends to an isometry from L2(G, p)
onto L2(G, o).

11.10.2 Group C*-Algebras

I1.10.2.1 Suppose 7 is a (strongly continuous unitary) representation of the
locally compact group G on a Hilbert space H, i.e. a homomorphism from G
to U(L(H)) which is continuous for the strong operator topology (or any of
the other operator topologies; cf. 1.3.2.9). If f € L*(G), the operator

— [ rm®dute)
G

(see e.g. [DS88a] for information about Banach space valued integrals) is well
defined and bounded, in fact ||7(f)|] < ||f|l1; and it is easy to check that
f — 7(f) is a nondegenerate *-homomorphism from the Banach *-algebra
LY(G) to L(H) (a representation of L'(G)). This representation of L*(G) is
called the integrated form of .

More generally, if m € M(G), define w(m) = [, 7(t)dm(t); then m —
m(m) is a unital *-homomorphism from M (G) to L(H).
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I1.10.2.2 THEOREM. Every representation of L!(G) on a Hilbert space
arises from a (strongly continuous unitary) representation of G; thus there
is a one-one correspondence between the representation theories of G and
LY(G).

The proof uses the approximate unit (hy) of 11.10.1.4. If t € G, let thy €
LY(G) be defined by ;hy(s) = hy(t!s); then it can be shown that if 7 is a
representation of L' (G) on ‘H, then (m(;hy)) converges strongly to a unitary we
can call 7(t), and that t — 7(¢) is a strongly continuous unitary representation
of G giving .

One could try to use C.(G) or M(G) in place of L'(G) in this corre-
spondence, but the result is not true in general since both C.(G) and M (QG)
can have additional representations: a representation of C.(G) need not be
bounded, and a representation of M (G) need not be nondegenerate on L*(G).

11.10.2.3 DEFINITION. Let G be a locally compact group. The (full) group
C*-algebra C*(G) is the universal enveloping C*-algebra of the Banach
*-algebra L'(G). In other words, if f € L'(G), define ||f| = | fllc=(c) by

Il £]l = sup{||7(f)| : ™ a representation of L*(G)}

and let C*(G) be the completion of (L*(G), ] - ).
It is easy to see that this definition agrees (up to an obvious isomorphism)
with the definition in I1.8.3.2(iii) if G is discrete.

11.10.2.4 It follows immediately that there is a natural one-one correspon-
dence between the (strongly continuous unitary) representations of G and the
(nondegenerate) representations of C*(G). If 7 is a representation of G and
therefore of C*(G), then 7(G)” = w(C*(G))”; hence, in particular, 7 is an
irreducible [resp. factor] representation of G if and only if it is an irreducible
[resp. factor] representation of C*(G).

The Reduced Group C*-Algebra

I1.10.2.5 To show that || - || is actually a norm on L'(G), consider the left
regular representation A of G on L?(G) defined by

At)9)(s) = ot 's).
It is not hard to see that if 0 # f € L'(G), then \(f) # 0.

11.10.2.6 DEFINITION. The completion of L*(G) with respect to the norm
Ifll- = IIA(f)] is called the reduced group C*-algebra C}(G). Cf(G) is iso-
morphic to the closure of A(L1(G)) in £(L?(G)). There is a natural quotient
map from C*(G) onto C}(G).

The quotient map from C*(G) to C*(G) is an isomorphism if and only
if G is amenable. C*(@G) is never a simple C*-algebra unless G is trivial; in
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fact, C*(G) always has a one-dimensional quotient coming from the trivial
representation of G. But C}(G) is sometimes simple, e.g. when G is a free
group on more than one generator ([Pow75], [PS79], [Ake81], [Avi82], [dIH85],
[BN88], [HR&9], [Béd91]). See III.2.5.20.

I1.10.2.7 PROPOSITION. If GG is a locally compact abelian group, then the
natural quotient map from C*(G) to C}(G) is an isomorphism, and the
Fourier-Plancherel transform extends to an isomorphism from C*(G) onto
Co(G) (with its usual pointwise operations).

In fact, the characters of G are precisely the irreducible representations of
G, hence of C*(G); and it is easy to check that the weak-* topology on the
set of characters from C*(G)* agrees with the compact-open topology on G.

11.10.2.8 C*(G) is unital if and only if G is discrete. In general, there is a
natural group {u; : t € G} of unitaries in M(C*(G)) isomorphic to G: uy is
the strict limit of (zhy). The map ¢ — wuy is strictly continuous.

11.10.2.9 C*(G) is a separable C*-algebra if and only if G is second count-
able. Such a G is sometimes called “separable” in the literature, but this term
is inconsistent with standard terminology in topology, since a locally compact
group which is separable in the topological sense of having a countable dense
set is not in general second countable (countable base for the topology).

I1.10.2.10 The C*-algebra structure of C*(G) is not sufficient to recover G.
For example, if G is any finite abelian group with n elements, then C*(G) is
isomorphic to C™. But C*(G) has additional structure making it into a Hopf
C*-algebra, which completely determines G (I1.10.8.11).

I1.10.3 Crossed products

In this subsection, we describe the construction and basic properties of covari-
ant systems and crossed products. We restrict attention to locally compact
groups for lack of a good theory which is broader (the existence of Haar mea-
sure is the fundamental tool needed).

Covariant Systems and Representations

11.10.3.1 DEFINITION. A covariant system is a triple (A, G, ) consisting
of a C*-algebra A, a locally compact group G, and a homomorphism « of
G into Aut(A), which is continuous for the point-norm topology (continuous
action of G on A). Another term commonly used for covariant systems is
C*-dynamical system.

(A, G, ) is a separable C*-dynamical system if A is separable and G is
second countable.

The term “C*-dynamical system” comes from the fact that if (4, G, «) is
a covariant system with A 2 C,(X) commutative, then (4, G, «) comes from
a topological dynamical system (X, G, «) as in I11.10(i).
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11.10.3.2 If (A, G, ) is a covariant system, then « extends to a homomor-
phism from G to Aut(M(A)) such that t — «a.(x) is strictly continuous for all
x € M(A). However, (M(A),G,a) is not a C*-dynamical system in general
because the extended « is not generally point-norm continuous.

11.10.3.3 PROPOSITION. Let (A, G, @) be a C*-dynamical system, and m €
M(G). Then the formula

am(x):/goct(x)dm(t)

defines a norm-decreasing *-homomorphism from M (G) to L(A) with involu-
tion T+ T*, where T*(z) = [T'(z*)]*. If f € L'(G), then

— [ 1®a@ duo)
G

Just as representations of C*-algebras and unitary representations of
groups are of central importance in many applications, so representations
of covariant systems are of basic importance. Experience shows that the re-
quired property is that under the representation the action a should be given
by conjugation by unitary operators corresponding to the group elements.
Thus:

11.10.3.4 DErINITION. Let (A, G,a) be a covariant system. A covariant
representation of (A, G,«) is a pair of representations (7, p) of A and G re-
spectively on the same Hilbert space such that the “covariance relation”

p(t)m(a)p(t)” = m(eu(a))

holds for all a € A and t € G. We require that 7 be non-degenerate, and that
p be strongly continuous (as is normal for unitary representations).

The Covariance Algebra and (Full) Crossed Product

I1.10.3.5 We now define the covariance algebra L!(G, A) of a C*-dynamical
system, the analog (generalization) of L!(G). To avoid the question of which
functions from G to A should be regarded as measurable (it turns out they
are what one would expect), it is convenient to begin with C.(G, A) and then
complete.

Define a multiplication (convolution) and involution on C.(G, A) by

/f S)ara(g(s 1)) dpa(s)
(1) = Mgt Dar(F(E)")
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Then with [|f[l1 = [ If ()] du(t), Ce(G, A) becomes a *-normed algebra. Let
L' (G, A) be the completion.

Elements of L'(G, A) can be naturally identified with integrable functions
from G to A. In particular, if f € L'(G), x € A, then t — f(t)x can be
naturally identified with an element of L'(G, A), denoted f ® . The linear
span of such elements is dense.

11.10.3.6 If (m, p) is a covariant representation of (A, G, «) on H, then there
is an associated representation (nondegenerate *-homomorphism to L£(H))
7 x pof LY(G, A): if f € L1(G, A), set

[ p)(f) = /G = (F(0)p(t) du(t).

We have that ||[m x p](f)|| < ||f]l1- The representation 7 x p of L*(G, A) is
called the integrated form of (m, p).

Just as in I1.10.2.2, every representation of L (G, A) arises from a covariant
representation of (A, G, «), which can be recovered using an approximate unit
(another argument is given below in I1.10.3.11); thus there is a natural one-
one correspondence between the representation theory of L!'(G,A) and the
covariant representations of (4, G, a).

We may also put a norm (cf. 11.10.3.13) on L'(G, A) by

171l = sup{|[[7 = p](f)] : (7, p) a covariant representation of (4, G, a)}

11.10.3.7 DEFINITION. The completion of L'(G,A) with respect to this
norm (the universal enveloping C*-algebra of L'(G, A)) is the (full) crossed
product of (A, G, «), denoted A x,, G or sometimes C*(A, G, ).

The term “crossed product” without further qualification will always mean
“full crossed product.” Various other notations are also sometimes used for
the crossed product, such as C*(G, A, @), G X4 A, A X, G.

If A= Co(X) is commutative, A x, G is often called a transformation
group C*-algebra (11.10.4.1).

11.10.3.8 There is a natural one-one correspondence between the (nonde-
generate) representations of A x, G and the covariant representations of
(A, G, ). If (7, p) is a covariant representation of (A, G, «), then

(72 p) (A a O] = [r(A) U p(G))".

11.10.3.9 A X, G is unital if and only if A is unital and G is discrete. In
general, there is an embedding o : A — M (A %, G) which maps into A x, G
if G is discrete: for any = € A set

(@f)(t) = zf(t) and  (fz)(t) = f(t)au(z)

for f € C.(G, A). It is easily verified that in this way  determines an element
o(x) of the multiplier algebra of A x, G, and we obtain a *-homomorphism of
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A into M (A x, G), which is seen to be injective, so isometric. If G is discrete,
this specializes to an embedding of A into A X, G itself, given by sending x to
the function which has value x at the identity element of G and 0 elsewhere.
(This motivates the formulas given above for non-discrete G.)

11.10.3.10 In much the same way, there is a group {u;} of unitaries in
M (A %, G) isomorphic to G: for any t € G set

(tf)(s) = ae(f(t7's)) and (ft)(s) = f(st™)Ac(t™")

for f € C.(G,A). Tt is easily verified that in this way ¢ determines a unitary
element u; of M(Ax,G), and we obtain an injective homomorphism of G into
the unitary group of M (A %, G) which is continuous for the strict topology
(I1.7.3.11). If G is discrete and A is unital, this specializes to a homomorphism
from G into A x,, G given by sending ¢ € G to the function which has value 14
at ¢t and 0 elsewhere. (This motivates the formulas given above for the more
general case.) It is easily checked that the homomorphisms of A and G into
M(A %, G) satisfy the covariance relation of 11.10.3.8, suitably interpreted.

I1.10.3.11 These embeddings give an alternate proof of the fact that repre-
sentations of A X, G arise from covariant representations of (A, G, «): suppose
that w is a non-degenerate representation of A x, G. Then by I1.6.1.6 it ex-
tends to a representation of M (A x, G), which can then be restricted to A
and G viewed as included in M (A x, G). This gives a covariant representa-
tion of (A, G, «), and one can check that the integrated form of this covariant
representation is exactly the original representation w.

11.10.3.12 There is also an induced homomorphism p from C*(G) to the
multiplier algebra M (A x, G) (into A X, G if A is unital) extending the map

fe /G F (s dut)

for f € L1(Q); if z € A, y € C*(G), then
o(z)p(y) € Axy G

and linear combinations of such elements are dense in A x, G.
The map p is, however, not injective in general. For example, in 11.10.4.3,
the map p always factors through C;(G).

The Reduced Crossed Product

The definition of the norm on a crossed product algebra does not give much
indication of how to compute it, since it is usually quite difficult to exhibit all
covariant representations. But there is an analog of the regular representation
and reduced group C*-algebra in the setting of crossed products. This reduced
crossed product construction can be used to show that || - || is a norm on
L'(G, A), and that the map t — u; from G to U(M(A x4 G)) is injective.
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11.10.3.13 Suppose (4, G, @) is a C*-dynamical system. Let 7 be a (nonde-
generate) representation, usually assumed faithful, of A on a Hilbert space H.
Define a representations 7, and A of A and G, respectively, on L?(G,H) =

H ® L2(G) by
([ra(@)]E)(t) = au(2)(&(2))
A(B)E](s) = &(t1s)

Then (74, A) is a covariant representation of (A, G, «), and it is easily seen
that the corresponding representation m, x A of L'(G, A) is faithful. Define,
for f € LY(G, A),

[£llr = lllma 3 AIOI < I £1-

It is easy to show that || - ||, is independent of the choice of m, provided
only that it is faithful; thus || - ||, is a well-defined norm on L'(G, A).

11.10.3.14 DEFINITION. The completion of L!(G, A) with respect to |- |- is
called the reduced crossed product of (A, G, o), denoted Ax7, G or Cf (A, G, o).

There is a natural quotient map from A x, G onto A %!, G. This map
is injective if G is amenable (or, more generally, if o is an amenable action
[ADO02], which can occur even if G is not amenable (cf. I1.10.4.3)).

11.10.3.15 EXAMPLES.

(i) Let ¢ be the trivial action of G on a C*-algebra A, i.e. ¢;(z) = x for all
te G,z € A Then

Ax, G2 A@max C*(G) and A X" G 2= A@min CF(G).

Thus it is sometimes useful to think of A x, G for non-trivial « as being
some kind of “twisted” tensor product, and there has been substantial
exploration of how properties of ®p,,x extend to general crossed product
C*-algebras.

(ii) Crossed product algebras are closely related to semidirect products of
groups. Indeed if « is an action of a locally compact group H by auto-
morphisms of another locally compact group N, then H acts on C*(N)
by transport of structure. Denote this action still by a. Then, if G is the
semidirect product N x, H, there are natural isomorphisms

C*(G) = C*(N) xo H and C:(G)=C:(N) ", H.

The C*-algebra of a general group extension may be constructed as a
twisted crossed product (I1.10.7.6).

(iii) Examples with A commutative will be discussed in more detail in
11.10.4.12, but one very simple example is fundamental. Let X be an
n-point space and G = Z, acting on X by cyclic permutations. Then
it is easily seen that C(X) x4, G = M,,. This example generalizes to
an arbitrary locally compact group acting on itself by left translation
(1I1.10.4.3).
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(iv) Fix n > 1. For each k € Z, let Ay = M,. For k > 0, let p;, = 1y, € A,
and for k < 0 let py, = e11 € Ag. Let A = Q,(Ak,pr) (I1.9.8.3). Then
Z acts on A by shifting the tensor product factors. It is not difficult to
see that A X, Z = O, ® K. More generally, if A is any {0, 1}-matrix,
then O4 ® K is the crossed product of an AF algebra by a shift-type
automorphism [CES81].

Invariance Under Conjugacy

11.10.3.16 Different actions can produce isomorphic crossed products. If «
and (3 are conjugate actions of G on A, in the sense that there is an au-
tomorphism v of A with 8, = Yy oo, o~ for all t € G, then the map
¢ : Co(G,A) — C.(G,A) defined by (¢f)(t) = ~v(f(t)) extends to isomor-
phisms A x5 G = A X, G and A xj G = Axg G

Similarly, if § is an automorphism of G, and f; = g for all ¢ € G, then
the map ¢ : C.(G, A) — C.(G, A) given by (¢ f)(t) = Af(0(t)), where A € Ry
is the factor by which left Haar is multiplied under 6, gives isomorphisms
AxgG=EAx,Gand A X G=AxG.

I1.10.3.17 There is a more important invariance. Suppose a and 3 are ac-
tions of G on A which agree up to inner automorphisms, i.e. for each t there
is a unitary wy in M (A) such that 8:(x) = wias(z)wy for all © € A. Then, for
any s,t € G,

wer = 2(8, t)wsas(wy)

for some unitary z(s,t) € Z(M(A)).
To obtain an isomorphism between A xg G and A X, G, we need a little
more:

(i) The map ¢t — w; is measurable.
(ii) For each s,t € G, z(s,t) =1, i.e. wg = wsavs(wy).

Then the map ¢ : L'(G, A) — LY(G, A) with (¢f)(t) = f(t)w; extends to
isomorphisms A x5 G 2 A X, G and A xj3 G = A %, G.

I1.10.3.18 DEFINITION. Actions v and (3 of a locally compact group G on a
C*-algebra A are outer conjugate if there is a v € Aut(A) such that y~1og,0y
and a; agree modulo inner automorphisms for each t € G.

The actions « and 8 are cocycle conjugate if there is a v € Aut(A4) and
t— w; € U(M(A)), satisfying 11.10.3.17 (i) and (ii), such that

7o By o y(x) = wian () w]

forallt € G, z € A.

As above, if o and [ are cocycle conjugate, then A xg G = A x, G and
AxpG=Axg G If a and § are outer conjugate, then A xg G is isomorphic
to a twisted crossed product of A by G under « (I1.10.7.6).
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I1.10.3.19 There is a slightly stronger equivalence on actions which is ex-
tremely important. If & and 3 are actions of G on A, and (w;) can be chosen in
U(M(A)) with B, = (Ad wy)oay, satisfying the cocycle condition 11.10.3.17(ii),
and such that ¢ — w; is strictly continuous, then « and 3 are exterior equiv-
alent.

The following characterization of exterior equivalence is known as Connes’
2 x 2 matrix trick (actually half of Connes’ trick — the other half is in the
proof of I11.4.6.3), first used to show that the modular automorphism group
of a von Neumann algebra is unique up to exterior equivalence.

11.10.3.20 PROPOSITION. Let a and 3 be actions of G on a C*-algebra A.
Then « and 3 are exterior equivalent if and only if there is an action v of G
on Ms(A) such that v¢(diag(z,y)) = diag(ay(x), Be(y)) for all z,y € A, t € G.

PROOF: If @ and (3 are exterior equivalent via (w;), define v by

a b | oa(a)  a(b)wyf
Ve c d T wean(e)  B(d) |
Conversely, if v exists, extend v to M(M2(A)) = My(M(A)) as in 11.10.3.2,

00 }) Since mim; = diag(1,0) and mym; =

and for each ¢ set m; = 4 ([ 10

diag(0,1) for all ¢, m; must be of the form } for some unitary w;

0

Wt 0
in M(A), and it is easily checked that the w; have the right properties (cf.
[Ped79, 8.11.2)).

11.10.4 Transformation Group C*-Algebras

11.10.4.1 We now consider the special case of covariant systems (A, G, «) in
which A is commutative, so that A = C,(X) for some locally compact space
X. Then « gives an action as homeomorphisms of the pure state space of A,
which is X. We denote this action again by «, so that

(acf)(@) = fla-1(z))

for f € At € G and x € X. Then « is seen to be a jointly continuous
action, so that, by definition, (X, G, «) is a transformation group. Conversely,
if (X, G, ) is a transformation group, then a defines an action of G on A =
Co(X) such that (A,G, @) is a covariant system. In this case the crossed
product algebra A x, G is often called a transformation group C*-algebra.
It can be denoted by C*(G, X, «). One also has the corresponding reduced
transformation group C*-algebra.
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11.10.4.2 Probably the most fundamental example comes from the action
of a locally compact group G on itself by left translation. An exact analog of
the left regular representation of G gives an action A of G on C,(G): if t € G,
f € Co(Q), set [M(f)](s) = f(t1s). Then

11.10.4.3 THEOREM. For any locally compact group G, Co(G) X G is iso-
morphic to K(L3(G)).

This theorem is almost obvious if G is discrete, since there are obvious
matrix units in this case. In the general case, if {f;} is an orthonormal basis
for L?(G) contained in C.(G), then the elements f; ® f; form a set of matrix
units in the crossed product, whose linear combinations are dense.

The general result is a special case of Takai duality (I1.10.5.2) and its
noncommutative generalization, although the result long predates the duality
theorem: the result for R (in the form of 11.10.4.5) is known as the Stone-von
Neumann Theorem ([Sto30], [vN31]), and the general result was proved in
[Mac49] and [Loo52] (cf. [Rie72], [Ros04]).

Note that since K(L?(G)) is simple, the homomorphism from C,(G)x G
onto the reduced crossed product must be an isomorphism, regardless of
whether G is amenable.

11.10.4.4 Suppose now that G is abelian. Then C,(G) = C*(G) (11.10.2.7),
and representations of C,,(G) correspond to unitary representations of G. Thus
covariant representations of (C,(G), G, ) correspond to pairs (p,U) of uni-
tary representations of G and G respectively which satisfy a version of the
covariance relation. It is easily seen that this version is

Uupt = <t7u>thu

for t € G and u € G. This relation is exactly the Weyl form of the Heisenberg
commutation relations, especially when G = R™.

It follows that representations of the Weyl form of the Heisenberg com-
mutation relations correspond to representations of C,(G) %) G = K(L?(Q)).
Since every representation of the latter is unitarily equivalent to a direct sum
of copies of its canonical (irreducible) representation on L*(G) (IV.1.2.2), we
obtain:

11.10.4.5 COROLLARY. [STONE-VON NEUMANN THEOREM| Every repre-
sentation of the Weyl form of the Heisenberg commutation relations for the
abelian group G is unitarily equivalent to a direct sum of copies of the canon-
ical representation on L?(G), for which G acts by translation and G acts by
pointwise multiplication by characters.
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I1.10.4.6 One generalization of the above theorem concerns free proper ac-
tions. An action of G on X is said to be free if a;(x) = z for some z € X
implies t = eq, the identity element of G.

Thus the action of G on the orbit of any point looks like the action of G on
itself by left translation. The action « is said to be proper if for any compact
subset C' of G the set

{te G:a:(C)YNC # 0}

is compact (i.e. the map Gx X — X x X sending (¢, x) to (x, o4 (x)) is a proper
map). Let X/« denote the space of orbits of points of X with the quotient
topology. When « is proper this quotient topology is Hausdorff and locally
compact. (The converse is not true in general.) The algebra Co(X/a) can be
viewed as a subalgebra of Cy,(X) consisting of functions which are constant on
orbits. Thus Co(X), and in particular C.(X), can be viewed as right modules
over Co(X/a). We turn C.(X) into a pre-Hilbert C,(X/a)-module (I1.7.1) by
defining on it a Co(X/a)-valued inner product given by

€)= [ & (@ntar @)t
where & denotes the orbit through x.

11.10.4.7 Now C,(X) acts on C.(X) by pointwise multiplication, and the
corresponding operators are adjointable (I1.7.2.1) for the above inner prod-
uct. The action of G on C.(X) by « is also adjointable, and is “unitary”
once it is adjusted by the modular function. These actions satisfy the covari-
ance relation of I1.10.3.8, and their “integrated form” gives a representation
of C.(G,Co(X)) with its convolution product and involution defined earlier.
Once C.(X) is completed to form a Hilbert C,(X/a)-module, &, this repre-
sentation extends to a homomorphism of Co(X) %, G into L£(E).

11.10.4.8 The “rank-one operators” (I1.7.2.4) are seen to be given by ele-
ments of Cy(X) X, G, namely,

Ocn(t,x) = A(t) "' €(2)7(aq ().

These rank-one operators generate an ideal in Cy(X) X, G, which is Morita
equivalent (I1.7.6.8) to Co(X /). (For any proper action the full and reduced
crossed products coincide [Phi89].)

When « is free as well as proper, one finds that this ideal is all of
Co(X) x4 G (and conversely). Thus we obtain:

11.10.4.9 THEOREM. Let o be a free and proper action of G on X. Then
Co(X) X4 G is Morita equivalent to Co(X/ ).
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11.10.4.10 EXAMPLE. Let o be the action of the two-element group Zs
on the unit sphere S? in R3 which takes each point to its negative (i.e. its
antipodal point), so that S?/a is the corresponding projective space. Then
C(5?%) x4 Zs is Morita equivalent to C(S?/a). One can see that C(S?) X, Zo
is a continuous field (IV.1.6.1) of 2 x 2 matrix algebras over S?/a, and so
is a homogeneous (IV.1.4.1) C*-algebra, but that it is not isomorphic to
M5(C(S?/a)). This illustrates why the looser notion of Morita equivalence
is in many situations more useful than isomorphism in elucidating the struc-
ture of C*-algebras.

I11.10.4.11 The above theorem points to another very important role for
crossed products and their generalizations. There are many situations in which
understanding the interaction between an action o on X and analytical or geo-
metrical structure on X is best seen in terms of features of X/, for example
its algebraic topology. But suppose now that «, while free, is far from proper.

11.10.4.12 EXAMPLES.

(i) Irrational rotation algebras (cf. 11.8.3.3(1)). Let « denote the action of

the group Z on the circle, T, by rotations through multiples of a fixed
angle 276 where 6 is irrational. This action is free, but every orbit is
dense, and the quotient topology on the orbit space T/« has only two
open sets. Thus the quotient topology is useless for most purposes. But
the crossed product C(T) X, Z is still well-defined, and is a simple unital
C*-algebra called an irrational rotation C*-algebra. One can ask when
two irrational rotation C*-algebras are isomorphic. One sees easily that
each is isomorphic to one with 6 in the interval [0,1/2], and then by using
K-theoretic techniques [Rie81] one finds that different 6’s in that interval
give non-isomorphic algebras. Moreover, different 6’s give algebras which
are Morita equivalent exactly if the 6’s are in the same orbit under the
action of SL(2,Z) by linear fractional transformations.
This definition is equivalent to the one in I1.8.3.3(i): if w is the unitary
u(z) = z in C(T), and v is the generator of Z C C(T) x4 Z, then vu =
e?™ %y, and O(T) x4 7Z is the universal C*-algebra generated by unitaries
satisfying this relation.

(ii) Bunce—Deddens algebras. Let {my} be a strictly increasing sequence of
positive integers such that my divides myy ;1 for each k. Let Gy be the
subgroup of the circle group T consisting of the my-th roots of unity. Note
that G C G4 for each k. Let G = UGy, with the discrete topology.
Then G is a dense subgroup of T consisting of torsion elements. Let o be
the action of G on T by translation. Again the action is free, but every
orbit is dense, so that the topology on T/« is useless. The crossed product
C(T) xq G is a simple unital C*-algebra called a Bunce-Deddens C*-
algebra. Tt is easily seen that C(T)x,G is the inductive limit (I1.8.2) of the
C(T) xo Gi’s (cf. IV.1.4.23). The isomorphism classes of Bunce-Deddens
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algebras are classified just as the UHF algebras, using generalized integers
(V.1.1.16(iv)).

By taking Fourier-Plancherel transform, Gisa compact totally discon-
nected torsion-free group (isomorphic to the additive group of p-adic in-
tegers if myy1/my = p for all k) containing a dense subgroup isomorphic
to T = Z, and the Bunce-Deddens algebra is isomorphic to C(G') Xg Z,
where 3 is translation by Z C G.

(iii) The UHF algebras can similarly be described as transformation group C*-
algebras. For each k € N let G}, be a finite cyclic group. Then G = @ Gy,
is a dense subgroup of I' = [[ G}, and thus G acts on I" by translation. If
G is given the discrete topology, then C(T") x,, G is a UHF algebra whose
generalized integer is [ [ |Gg|. If each Gy, is Zo, the crossed product is the
CAR algebra.

11.10.4.13 1I1.10.4.12(i) suggests that when « is a free action on X which is
not proper, so that X/« can be highly singular as in the above examples, the
crossed product C,(X) X, G may well carry much of the information which
one would have found on X/« if it were not singular. This turns out to be
true in practice. Thus crossed product algebras, and their generalizations, can
serve as “desingularizations” of “bad” spaces.

I11.10.4.14 When the action « is not free matters are, of course, more com-
plicated. We give just one simple but important example, as a hint of what
might happen more generally. Let H be a proper closed subgroup of a locally
compact group G. Then the coset space G/H with the quotient topology is a
locally compact space, which carries an evident action, «, of G by left trans-
lation. This action is not free, but the orbit space has just one point. We
will construct a Morita equivalence of Co(G/H) X, G with another algebra,
namely C*(H). As imprimitivity bimodule we take a completion of C.(G).
For simplicity we assume that G and H are unimodular, but the general case
can be handled by inserting modular functions in various places below. We
let the convolution algebra C.(H) act on the right on C.(G) by convolution
(by using the Haar measure on H to view the elements of C.(H) as finite
measures on G). We define a C.(H)-valued inner product on C.(G) by

(f9)=(f"*9g)lu.

The completion, &, of C.(G) is then a right Hilbert C*(H)-module. We view
functions in C,(G/H) as functions on G which are constant on cosets of H, so
that C,(G/H) acts by pointwise multiplication on C..(G). This action together
with the action of G by left translation on C.(G) satisfy the “covariance rela-
tion” (I1.10.3.8), and their integrated form gives an injective homomorphism
of Co(G/H) x4 G into L(£). The rank-one operators for the C*(H)-valued
inner product are seen to be in the range of this homomorphism, and their
linear span is seen to be dense in it, so that Co(G/H) %, G =2 K(E). Thus
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11.10.4.15 THEOREM. Let H be a closed subgroup of the locally compact
group G. Then C,(G/H) x4 G is Morita equivalent to C*(H).

I11.10.4.16 In particular, every unitary representation of H gives a repre-
sentation of Co(G/H) %, G, and so a unitary representation of G. These
representations of G are just those “induced” from H, and the above theorem
is just a C*-algebraic formulation of Mackey’s imprimitivity theorem which
says that a representation of GG is induced from H exactly if it admits a “sys-
tem of imprimitivity”, that is, a representation of C,(G/H) which satisfies
the covariance relation with it.

Actions by Compact Groups

11.10.4.17 In the previous section we saw that if a transformation group
involves a proper action, then the corresponding crossed product has some
favorable properties. It is not clear how best to define “proper” actions on
non-commutative C*-algebras (cf. [Rie90]), but since the action of any compact
group on any space is proper, it is reasonable to expect that actions of compact
groups on non-commutative spaces should also always be “proper”, whatever
the right definition.

In line with this idea, we proceed in the following way which parallels
the situation for proper actions. Let (A, G, «) be a covariant system with G
compact. Because Haar measure is now finite, we can normalize it to give
G mass 1, and then we can average with it. Thus, as in 11.6.10.4(v), we can
define a conditional expectation, ¢, of A onto its fixed point algebra, A%, by

é(a) = /G aula)dt.

Since ¢ is clearly faithful, A® is not trivial, though it may be one-dimensional.
Recall (I1.7.3.14) that a corner of a C*-algebra B is a hereditary subalgebra
of form pBp for some projection p € M(B). It is Morita equivalent to the
ideal BpB.

11.10.4.18 THEOREM. [Ros79] Let (A, G, «) be a covariant system with G
compact. Then A% is naturally isomorphic with a corner of A x4 G, and so
is Morita equivalent to an ideal in A x,, G.

PRrROOF: It suffices to let p be the function on G which has constant value 1,
viewed as an element of M (A %, G) as discussed in I1.10.3.12. Simple calcu-
lations show that p(A x, G)p consists of functions with values in A% which

are constant on G, and that these form a subalgebra of A %, G isomorphic to
AC.
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11.10.4.19 When A is commutative, the ideal generated by p can be seen
to coincide with the ideal which entered into the discussion of proper actions
in 11.10.4.8. As indicated there, this ideal is all of A %, G exactly when the
action is free. It is not clear how best to define freeness of an action on a
noncommutative C*-algebra. The above suggests that when G is compact one
possibility is to require that this ideal be all of A %, G. This possibility, as
well as others, have been extensively explored in [Phi87].

11.10.5 Takai Duality

11.10.5.1 We now consider what happens when G is commutative (but need
not be compact). In this case the dual group G is useful in understanding the
structure of A X, G. The reason for this is that there is a natural action, &,
called the dual action, of G on A %, G, defined at the level of functions by

(@ () = & f(?)

for v € G. Tt is then natural to ask about the structure of (A x, G) x4 G. The
answer was given by H. Takai [Tak75], following a corresponding theorem of
Takesaki about crossed products for von Neumann algebras (II1.3.2.8).

11.10.5.2 THEOREM. [TAKAI DUALITY] With notation as above, we have
(Axq G) xa G~ A0K(LHQ)).

Under this isomorphism the second dual action & of G becomes the action
a® X on A®K(L*G)), where \ is the action on K(L?(G)) consisting of
conjugating by the representation of left translation on L?(G).

In the case in which A = C we are back to the Heisenberg commutation
relations discussed in 11.10.4.3.

11.10.5.3 Suppose that I is an ideal in A which is carried into itself by a.
Then I x,G is an ideal in A x, G, and for G abelian this latter ideal is carried
into itself by &. One can use the Takai duality theorem to prove the converse,
so that:

11.10.5.4 THEOREM. Let (A, G, a) be a covariant system with G abelian.
Then passing from I to I x, G gives a bijection between the a-invariant ideals
of A and the &-invariant ideals of A x,, G.

It takes more complicated techniques to get more information about the
general ideals of A x,, G, and there are no completely general results known;
some of the known results are discussed in the next section.

I1.10.5.5 There is a version of Takai duality for nonabelian groups and,
more generally, for actions of certain Hopf C*-algebras (11.10.8.14).
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I1.10.6 Structure of Crossed Products

The structure of crossed product C*-algebras (and their generalizations) is
in general very complicated. There is by now a vast literature dealing with
various facets of this matter; see e.g. [GR79], [Kis80], [Ech93], [RW93], [Pac94].
To give the flavor we will simply state here one fundamental result, without
even giving full definitions, much less an indication of the fairly complicated
proof.

11.10.6.1 Let (A, G, a) be a covariant system. Then « determines an action
of G on Prim(A). We say that two points in Prim(A) are in the same quasi-
orbit if the closures of their G-orbits in Prim(A) coincide. (Recall that Prim(A)
is locally compact, but perhaps not Hausdorff.) Let J € Prim(A), and let G;
denote the stability subgroup of J in GG. Then we can form A x, G ;. Using
AX, G there is a way of “inducing” J to a primitive ideal, Ind(J), of Ax,G.
This inducing construction uses representations of A whose kernel is J, and
generalizes the construction of the regular representations given in 11.10.3.13,
in a way which can be viewed as a special case of the construction in I1.10.4.14.
Two elements in Prim(A) which are in the same quasi-orbit will induce to the
same element of Prim(A x, G).

11.10.6.2 THEOREM. [Gre78] Assume that (A, G,«) is separable. If G is
amenable, then every primitive ideal of A x, G is an induced primitive ideal.
Moreover if G acts freely on Prim(A), then the inducing process establishes a
bijection between Prim(Ax,G) and the quasi-orbits in Prim(A). In particular,
if G acts freely and every orbit is dense, then A X, G is simple.

I1.10.6.3 In particular, we can conclude from this theorem that the irra-
tional rotation algebras and the Bunce—Deddens algebras are simple. But since
for both these examples A and G are commutative, the proof can be much
simplified.

I1.10.7 Generalizations of Crossed Product Algebras

Driven by the needs of various mathematical situations, many generalizations
of crossed product C*-algebras have been developed and studied extensively.
We briefly indicate some of them here.

Cocycles

I1.10.7.4 Let G be a locally compact group, and let ¢ be a 2-cocycle on G
with values in the circle group T, that is, ¢ is a function on G x G satisfying

c(r, st)e(s,t) = c(r, s)c(rs, t).
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These arise, for example, when dealing with projective representations of G —
so important in quantum physics. Then the definition of convolution of func-
tions on G can be generalized to

(f *cg)(t /f (s7)c(s, s t)ds.

Some care must be taken due to the fact that in important situations it is
not possible to arrange that ¢ be continuous—it is only measurable. But one
obtains a C*-algebra, C*(G, ¢), as well as C}(G, ¢), often called a “twisted”
group algebra.

I11.10.7.5 EXAMPLE. Noncommutative tori. Let 6 be a skew-adjoint operator
on R™ for its usual inner product. Define a cocycle ¢y on Z" by

co(u,v) = exp(2mi{Qu, v)).

The resulting C*-algebras, Ay = C*(Z", ¢y), are called noncommutative tori
(cf. 11.8.3.3(i)). They arise in many situations. The irrational rotation algebras
can be put in this form with n = 2 by taking Fourier transforms in the T
variable.

Twisted Crossed Products

11.10.7.6 Given a covariant system (A, G, ), one can consider in addition
a 2-cocycle with values in the unitary group of M(A), satisfying suitable
relations with a. Then one can again define a twisted convolution of A-valued
functions to obtain C*-algebras C*(G, A, «, ¢) and their reduced forms. Since
general 2-cocycles are closely related to group extensions, these twisted group
algebras can also often be defined (without mentioning the cocycle) in terms
of extensions of G [Gre78], as well as in a framework of C*-algebras “graded”
over G [Fel69].

Groupoids

I1.10.7.7 Groups are effective in dealing with the global symmetries of
mathematical objects. But in recent years there has been rapidly increasing
use of groupoids for dealing with local symmetries, and for other purposes. A
groupoid, G, is like a group except that it has many units (i.e. identity ele-
ments). For each element there is a left unit and a right unit. The (associative)
product zy of x,y € G is only defined when the left unit of y coincides with
the right unit of z. Each element is required to have an inverse. The elements
which have a given unit u as simultaneously both left unit and right unit form
a group, which can be considered to be the group of symmetries at u.
Groupoids which have a locally compact topology are of great importance,
as are groupoids which are manifolds (“Lie groupoids”). In both cases there
are important examples (such as holonomy groupoids) where the topology is
not Hausdorff, though in a specific sense there are many Hausdorff subsets.
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I11.10.7.8 Unlike locally compact groups, groupoids do not automatically
have a “Haar measure”. One must include it as an axiom if needed (and check
its existence for examples being studied). To do analysis on groupoids it is
needed. A “Haar measure” is actually a field of measures, indexed by the
units. It is usually far from unique. The measure pu* associated to a unit u is
supported on the set G* of elements whose left unit is u. The field {u*} is
required to be continuous in the sense that for any f € C.(G) the function f°
defined on the space G of units by

fPwy= [ flydu(y)
Gu

must be in C.(G°). The field {u*} must also be left invariant in a natural
sense.

11.10.7.9 When all this is properly formulated (see [Ren80] for details), one
can again define convolution, by

(fxg)(x) = /GT(I) Fgly™ ' @)dum ™ (y),

where r(z) denotes the left unit (“range”) of z. There is then a C*-norm de-
fined in terms of representations of groupoids, and so one obtains the groupoid
C*-algebra C*(G), and its reduced version, C*(G).

One can then consider generalizations of the various variations of crossed
products considered above, so as to get, for example, groupoid C*-algebras
twisted by cocycles, and crossed products for groupoids acting on C*-algebras.

Many familiar C*-algebras which appear in other guises can also be use-
fully realized as groupoid C*-algebras. This is true, for example, of the Cuntz
algebras and, more generally, the graph C*-algebras (11.8.3.3(iii)).

I1.10.8 Duality and Quantum Groups
Duality for Nonabelian Groups

There are two distinct, but related, types of duality for locally compact abelian
groups, Pontrjagin duality and the more recent Takesaki-Takai duality. Both
can be generalized to nonabelian groups, and farther.

I1.10.8.10 The idea in generalizing Pontrjagin duality is to identify a “dual
object” to a nonabelian group. This was first done by T. Tannaka [Tan39)
and M. Krein [Kre49] for compact groups, and significant contributions to
the theory were made by many mathematicians, notably I. Segal [Seg50], W.
Stinespring [Sti59], G. Kac [Kac63], [Kac65], [VK74], P. Eymard [Eym64],
N. Tatsuuma [Tat67], J. Ernest [Ern67], M. Takesaki [Tak72], M. Enock and
J.-M. Schwartz [ES75], and E. Kirchberg [Kir77b]. We will not describe the
evolution and various points of view used in duality theory (see e.g. [HR70]
for a complete treatment of Tannaka-Krein duality); we will only outline one
modern point of view using operator algebras.
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11.10.8.11 If G is a finite group, then the finite-dimensional C*-algebra
C(G) has a structure as a commutative Hopf *-algebra, with comultiplication

A:C(G) = C(G) © C(G) = C(G x G) defined by

[A(S)](s,t) = f(st)
and counit € : C(G) — C and antipode S : C(G) — C(G) given by

e(f) = flec), [SNIB) = FE71).

The Hopf *-algebra C'(G) with these operations is usually denoted K(G).
The group algebra CG, which coincides with C*(G) and also £(G)
(I11.3.3.1), has a natural structure as a cocommutative Hopf *-algebra via:

Alug) =us @up , e(ug) =1, Slup) = uy—

for t € G and u; the corresponding unitary in £(G), extended by linearity.
If G is abelian, then K(G) = CG (so CG = K(G)) as Hopf *-algebras.

11.10.8.12 A finite-dimensional Hopf *-algebra A which is not necessarily
either commutative or cocommutative can thus be regarded as a generalization
of a finite group. But there is another crucial ingredient present in the group
case: a Haar state, a state h : A — C satistying (h ® id)(A(a)) = h(a)l for
all a € A. To insure existence of a Haar state (which is automatically unique,
tracial, and faithful, thus giving a C*-norm on A via the GNS representation),
it must be assumed that A satisfies a*a = 0 = a = 0. Such a Hopf *-algebra
is now usually called a finite quantum group.

It is not hard to show using I1.2.2.4 that a commutative finite quantum
group is of the form K(G) for a finite group Gj it is similarly easy to show
that a cocommutative quantum group is of the form CG.

If A is a finite quantum group, then its dual space {1* also has a natural

structure as a finite quantum group, denoted fl, and A > A If A K(G)
as above, then A = CG. There is thus a duality theory for finite quantum
groups. See, for example, [KT99, §2].

11.10.8.13 1If G is a general locally compact group, then L>°(G) and £(G)
can be made into coinvolutive Hopf-von Neumann algebras in more or less
the same way as for finite groups. (If G is infinite, these are technically not
Hopf algebras, since the comultiplication maps M into M®M and not into
M & M.) If G is abelian, then £(G) = L=(G) (so L®(G) = £(G)), so L>(G)
and £(G) can be regarded as duals of each other.

These Hopf-von Neumann algebras also have a left Haar weight induced
by left Haar measure. A Hopf-von Neumann algebra with a left Haar weight
is called a Kac algebra. The left Haar weight on a Kac algebra is unique up
to a scalar multiple, and is faithful and semifinite; it is a trace if and only if
it is also a right Haar weight (for example, the left Haar weight on £(G) is a
trace if and only if G is unimodular).
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There is a duality theory for Kac algebras generalizing Pontrjagin duality
and the duality of 11.10.8.12 [ES75]; under this duality £(G) is the dual of
L>(@G) (and vice versa) even if G is not abelian. See [ES92], [Tak73], or [Str81,
§18] for a more complete treatment, which is closely related to modular theory
for von Neumann algebras.

11.10.8.14 It is more delicate to obtain a duality at the group C*-algebra
level. One of the many technical difficulties is that the natural comultiplication
on Cy(G) does not map into Co(G) ® Co(G), but only into the multiplier
algebra. One is led to study “Hopf C*-algebras” (or, perhaps more correctly,
“C*-bialgebras”), where the comultiplication is a map from the algebra A to
M(A® A), with a Haar weight (Kac C*-algebras). It is not obvious which
cross norm to use on A ® A; it turns out that the minimal cross norm is the
best choice for a duality theory. Hopf C*-algebras were first considered in
[I6r80] and Kac C*-algebras in [Val85].

A Kac C*-algebra has an enveloping Kac algebra obtained by taking the
weak closure in the GNS representation from the Haar weight. Conversely,
it was shown in [EV93] that every Kac algebra M contains a unique Kac
C*-subalgebra A such that M is the enveloping Kac algebra of A (A is char-
acterized by the properties that A is closed under the antipode, the comulti-
plication maps A into M(A® A), realized as the idealizer of A® A in MM,
and the restriction of the Haar weight to A is densely defined). There is thus a
natural one-one correspondence between Kac C*-algebras and Kac algebras.
In the cases above, the Kac C*-subalgebra of L*°(G) is C,(G), and the Kac
C*-subalgebra of £(G) is C*(G).

From this correspondence, one can obtain a duality theory for Kac C*-
algebras.

See [VVDO01] for an approach to defining Hopf C*-algebras without the
assumption of a Haar weight.

Crossed Products and Takesaki-Takai Duality

Takesaki-Takai duality can also be generalized to nonabelian groups and, even
more generally, to Kac algebras and Kac C*-algebras. We will describe how
this works for finite groups; the general group case is quite similar but with
topological and measure-theoretic technical complications. This duality the-
orem was first proposed in the case G compact by J. Roberts [Rob76] and
carried out in the general case by M. Landstad ([Lan79], [Lan77]), Y. Nak-
agami [Nak77], and S. Stratila, D. Voiculescu, and L. Zsido [SVZ77]. For the
general Kac algebra case, see [Eno77], [ES80], [SVZT76], [Zsi78]. See [CM8&4],
[BM85], and [VDZ00] for purely algebraic versions.

11.10.8.15 An action of a Hopf *-algebra (A,A) on a *-algebra N is a
*_linear map ¢ : N — N ® A such that (§®id)od = (id® A) o as maps from
N to N ® A® A. We similarly define an action if A is a Hopf-von Neumann
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algebra, N is a von Neumann algebra, and 6 : A — N®A is bounded and
o-weakly continuous, or if N is a C*-algebra, A is a Hopf C*-algebra, and
0: N — M(N ® A) is bounded.

The term “action” is conventionally used instead of “coaction”, but an
algebra N with an A-action in this sense is called an A-comodule. What may
be called a coaction of a Hopf algebra (A,A) on a unital algebra N is a
map ¢ : A® N — N making N a left A-module, with the properties that
Y(a®ay) =, (bj@x)¢(c;®y) fora € A, z,y € N, and Aa) = 32, b;®cj,
and Y(a ® 1) = €(a)l, where ¢ : A — C is the counit. An algebra with an
A-coaction in this sense is called an A-module algebra. See [Swe69] for details.

11.10.8.16 If G is a finite group, then the actions of K(G) are in natural
one-one correspondence with the actions of G: if N is a *-algebra and o is
a homomorphism from G into the group of *-automorphisms of N, then o
induces an action 0, of K(G) on N by identifying N © K(G) with C(G, N)
in the standard way and letting [§,(2)](t) = o¢(z) for € N. Tt is easily seen
that every action of K (G) arises in this manner. If G is just locally compact,
there is a similar action of Co(G) if N is a C*-algebra with a G-action:

5(z) € Co(G,N) 2 N @ Cy(G) € M(N @ Co(G))

and there is also an analogous action of L>°(G) on a von Neumann algebra
N with a G-action as in I11.3.2.2.

Returning to the case of G finite, if N is a C*-algebra we may regard K (G)
as represented on L?(G) by multiplication operators, and identify N x,G with
the subalgebra of N ® L(L?*(G)) generated by 6(N) U (1® K(G)).

11.10.8.17 There is an action v of the Hopf *-algebra £(G) on L(L?*(G))
defined as follows. The comultiplication on £(G) is defined by

Alz) =Wz )W

where £(G) is regarded as a subalgebra of £(L?(G)) and W is the unitary on
L?(G)® L*(G) = L?(G x Q) defined by [W f](s,t) = f(s, st). It can be checked
that this formula for any = € L(L?(G)) gives an element of L(L?(G)) ® £(G),
and defines an action of £(G). If G is abelian, it is not hard to see that this
coincides with the action of K(G) on £(L2(G)) coming from the action of G
dual to the action of G on £(L?(G)) by the left regular representation.
From this we get an action 3 = id®~ of £(G) on N ® L(L?(G)) in the case
where G acts on N. It is easy to see that § maps the subalgebra N x, G into
(N %, G) ® £(G) and hence induces an action of £(G) on N x, G, called the
dual action and denoted §. The Takesaki-Takai duality theorem then becomes:

11.10.8.18 PROPOSITION. The subalgebra of N L(L?*(G))®L(L*(G)) gen-
erated by 0(N %, G) and 1 ® 1 ® K(G) (where K(G) acts as multiplication
operators on L?(G)) is isomorphic to N ® L(L*(Q)).
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The same result holds true in the case of general locally compact G, if
the constructions are suitably interpreted; the technicalities are considerably
greater.

11.10.8.19 In the general case of a Kac algebra A acting via § on a von
Neumann algebra N, there is a W*-crossed product N x5A, defined to be the
von Neumann subalgebra of N® A generated by §(N)U(1®A), and dual action
6 of A on NxsA; the second crossed product (N>_45A)>_<5/i is isomorphic to
N®L(H), where A acts on H in standard form (III.2.6). The second dual
action can also be nicely described. There is a C*-algebra (Takai duality)
version of this result.

Quantum Groups

11.10.8.20 Kac algebras (or Kac C*-algebras) are not the last word in gen-
eralizing locally compact groups via Hopf algebras, however. There are other
Hopf-algebra-type objects which are “quantizations” of groups; these objects
have come to be known as quantum groups. Many of these can be defined
and studied without reference to operator algebras. See, for example, [Dri87],
[Kas95], [KS97], and [Lus93].

Many of the interesting and important quantum groups, especially non-
compact ones, are formed by deforming a Lie group (i.e. deforming the mul-
tiplication in the associated commutative Hopf algebra) in the direction of a
Poisson bracket. These are called deformation quantizations.

While mathematicians seem to know a quantum group when they see one,
and there are many examples and constructions which everyone agrees give
quantum groups, coming up with a satisfactory definition of a quantum group
has been a slow and difficult process which has not yet reached a conclu-
sion. Operator algebraists, beginning with S. Woronowicz, have championed
a C*-algebra approach for the locally compact case. A recent article ([KT99],
[KT00]) surveys this approach in detail, so we will only hit a few selected high
points.

11.10.8.21 If Kac algebras (or Kac C*-algebras) are generalizations of lo-
cally compact groups, then a Kac algebra (or Kac C*-algebra) in which the
Haar weight is a state, such as L>°(G) or C(G) for G compact (a compact
group) or £(G) or C}(G) for G discrete (the dual of a discrete group), should
correspond to a generalized compact group.

Woronowicz discovered that there are natural compact quantum groups
which do not correspond to Kac algebras in any reasonable sense. An exam-
ple is the quantum SU(2) (I11.8.3.3(v)). The problem is that the counit and
antipode may be unbounded and not everywhere defined on the C*-algebra;
the antipode is invertible but not involutive in general. Woronowicz gave a
definition of a compact quantum group which is now generally accepted: a
unital C*-algebra A with a *~homomorphism A : A — A® A (minimal tensor
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product), such that (id®A)oA = (A®id)oA, and such that A(A)(A®1) and
A(A)(1® A) are dense in A. Every finite quantum group is a compact quan-
tum group. Every compact quantum group has a unique Haar state, which
is however not faithful or tracial in general. The commutative [resp. cocom-
mutative] compact quantum groups with faithful Haar state are precisely the
C*-algebras C(G) for G compact [resp. Cx(G) for G discrete] with the usual
structure.

The (co)representation theory of compact quantum groups can be studied
using the multiplicative unitaries of S. Baaj and G. Skandalis [BS93]. Baaj and
Skandalis associated quantum group-like objects to their multiplicative uni-
taries and obtained a duality theorem, although the theory must be extended
[Wor96] to cover (apparently) general quantum groups.

Woronowicz proved a generalization of the Tannaka-Krein duality theo-
rem (that a compact quantum group is effectively determined by its tensor
category of finite-dimensional unitary corepresentations), using tensor C*-
categories, which provide close connections between quantum groups and
quantum field theory, knots, and subfactors (cf. [Jon90], [Wen88]).

I1.10.8.22 A discrete quantum group should be the “dual” of a compact
quantum group. P. Podles and Woronowicz [PW90] proposed a definition of
a discrete quantum group, and a different approach was proposed in [ER94]
and [VD96]. A. van Daele [VD98] then provided a general framework for uni-
fying the theories of compact and discrete quantum groups, a purely algebraic
version of multiplier Hopf algebras with invariant state, which essentially in-
cludes the theory of compact quantum groups, and in which there is a duality
theory. Van Daele’s category includes far more than just compact and discrete
quantum groups.

The connection is that within every compact quantum group A there is a
unique dense *-subalgebra A which is maximal with respect to the property
that the comultiplication A maps A into A ® A. This A is one of the objects
considered by van Daele.

I11.10.8.23 E. Kirchberg proposed the first reasonable definition of a locally
compact quantum group. T. Masuda and Y. Nakagami [MN94] built on this
work and developed a duality theory in the von Neumann algebra setting;
however, the axiom scheme was very complex.

Only recently has an apparently satisfactory definition been given for a
general locally compact quantum group, by J. Kustermans and S. Vaes [KV00]
(see [MNWO03] for another related attempt). In this definition, existence of left
and right Haar weights must be included as an axiom.

11.10.8.24 Recently, the notion of a “quantum groupoid” has been explored.
There are close connections with the theory of subfactors. See [Eno03] for a
survey.
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Von Neumann Algebras

Recall (1.9) that a von Neumann algebra is a *-subalgebra M of L(H) for
a Hilbert space H, satisfying M = M"”. A von Neumann algebra is unital,
weakly closed, and contains an abundance of projections.

Every von Neumann algebra is, of course, a C*-algebra, and all the results
and techniques of Chapter II apply to von Neumann algebras; but it is not
usually useful to think of von Neumann algebras merely as C*-algebras. In
some respects, their C*-algebra structure is extremely well-behaved (e.g. com-
parison theory and ideal structure), while in other ways they are pathological
as C*-algebras (for example, an infinite-dimensional von Neumann algebra is
always nonseparable and almost always nonnuclear).

Even the predominant philosophy behind the theory of von Neumann alge-
bras is different. While it is common to view C*-algebras as “noncommutative
topological spaces,” it is usual to regard von Neumann algebras as “noncom-
mutative measure spaces.” For example, if (X, u) is a locally finite measure
space, then M = L (X, u) acts naturally as a von Neumann algebra of op-
erators on L?(X, ) (in fact, M = M’ i.e. M is a mazimal abelian subalgebra
(masa) in L(L*(X,p))). By 11.2.2.4, M = C(Y) for some compact Hausdorff
space Y, but this is rarely the best way to view M (Y is a huge non-first-
countable extremally disconnected or Stonean space in general). Indeed, every
commutative von Neumann algebra looks like an L algebra acting by multi-
plication on L? of a locally finite measure space, with multiplicity (IT1.1.5.18).

There is a whole range of techniques which are special to von Neumann
algebras, many of which are motivated by ideas from measure theory. Most
fall into two general groups: (1) algebraic arguments using the fact that the
projections in a von Neumann algebra generate the algebra in a very strong
sense and form a complete lattice; and (2) analytic/topological arguments
using normal linear functionals and the o-weak topology (which arise from
the algebra’s structure as a dual space). In this chapter, we will discuss the
basic structure of von Neumann algebras and the techniques for working with
them.
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Von Neumann algebras, originally called “rings of operators,” were the
first operator algebras to be systematically studied, in the seminal papers of
Murray and von Neumann [MVN36]-[MvN43]. The theory was already re-
garded as well developed when a series of spectacular advances, beginning
with the Tomita-Takesaki Modular Theory in the late 1960’s and culminating
in Connes’ classification of injective factors, ushered in the “modern era” of
the subject.

A word on notation: even though von Neumann algebras are concrete
algebras of operators, it is customary (but, unfortunately, far from universal)
to use lower-case letters to refer to elements of the algebra, and we will do so.
We will also use 1 to denote the identity element.

Besides the standard references listed at the beginning of Chapter 2, some
of which (especially [KR97a]-[KR97b] and [Tak02]-[Tak03b]) concentrate on
von Neumann algebras, other standard references for von Neumann algebras
are the classic [Dix69a] and [SZ79]. As in the C*-algebra case, there are also
numerous specialized volumes, some of which are cited below.

II1.1 Projections and Type Classification

IT1.1.1 Projections and Equivalence

Recall (1.9.2.1) that the projections in a von Neumann algebra form a complete
lattice. The way this is most often used in the theory is:

II1.1.1.1 PROPOSITION. Let M be a von Neumann algebra on a Hilbert
space H, and let {p;} be a set of mutually orthogonal projections in M. Then
the net of finite sums of the p; converges strongly to \/, p;, which is usually
denoted ), p;.

IIT1.1.1.2 Recall also (I1.3.3.3) that projections p, ¢ in a von Neumann alge-
bra (or C*-algebra) M are (Murray-von Neumann) equivalent, written p ~ g,
if there is a partial isometry u € M with v*u = p, uu* = ¢, and p is subor-
dinate to q (p 3 q) if p ~ ¢’ < q. (These relations depend, of course, on the
choice of the algebra M containing p and ¢.) Equivalence is additive in a von
Neumann algebra: if {p;,q;} is a set of projections in M with p; L p; and
gi L g; for i # j and p; ~ ¢; for all ¢, then

Zpi ~ ZQZ'
i i

(the partial isometries can be added in the strong operator topology); simi-
larly, if p; 3 g; for all 4, then ). p; >, ¢;- If € M and & = u|x| is its polar
decomposition, then w, |z| € M and the source and range projections (right
and left support projections) p, = u*u and ¢, = uu* are equivalent in M. If
2 is normal, then p, = ¢, is the support projection of x, denoted s(x).
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IT1.1.1.3 PROPOSITION. Let p, ¢ be projections in a von Neumann algebra
M. Then

(pVa)—p~q—(pAq).

In fact, (pV q) —p and ¢ — (p A q) are the source and range projections of
q(1 — p) respectively.

II1.1.1.4 PROPOSITION. Let p, ¢ be (nonzero) projections in a von Neumann
algebra M. If ¢Mp # 0, then there are nonzero projections p’ < p and ¢’ < ¢
with p’ ~ ¢'.

If gzp # 0, then the source and range projections of gxp do the trick.

IT11.1.1.5 Every projection p in a von Neumann algebra M has a central
carrier (or central support projection) z,, the smallest projection in the center
Z(M) containing p as a subprojection (z, exists since Z(M) is itself a von
Neumann algebra). By 111.1.1.4,

1—2,,:\/{qu:qu:0}.

Projections p and ¢ have nonzero equivalent subprojections if and only if
zpzq # 0. In particular, if ¢ 3 p, then z4 < z,.

I11.1.1.6 PROPOSITION. Let M be a von Neumann algebra, p,{¢; : i € I'}
projections in M, with the ¢; mutually orthogonal and all orthogonal to p,
and ¢; Ipforalli If z=p+ ) . ¢ isin Z(M), then z = z,.

PrOOF: We have p < z, and ¢; < 24, < 2, for all ¢, so z < z,. On the other
hand, p < z, and #, is the smallest central projection dominating p, so z, < z.

II1.1.1.7 PROPOSITION. If M is a von Neumann algebra and xz,y € M with
yMz = 0, then there is a projection z in the center Z(M) such that x € zM
(ie. zz=z)and y € (1 — 2)M (i.e. yz =0).

We can take z = zg,; note that p,Mq, =0, s0 p, <1— 2z, .

From this, we get a quick proof of I1.6.1.11:

II1.1.1.8 COROLLARY. Let A be a concrete C*-algebra of operators on a
Hilbert space H. If M = A" is a factor, then A is prime.

Proor: We will use 11.5.4.5. Let z,y € A. If xAy = 0, then zMy = 0 by
separate weak continuity of multiplication; so III1.1.1.7 implies that either x
or y is 0.

II1.1.1.9 PROPOSITION. [SCHRODER-BERNSTEIN] Let p, ¢ be projections in
a von Neumann algebra M. If p = ¢ and ¢ = p, then p ~ q.

The proof is very similar to the usual Schroder-Bernstein Theorem of set
theory.
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II1.1.1.10 PROPOSITION. [GENERALIZED COMPARABILITY] Let p, ¢ be pro-
jections in a von Neumann algebra M. Then there is a central projection
z € Z(M) such that pz = ¢z and ¢(1 — 2) 3 p(1 — 2).

The proof is a typical maximality or exhaustion argument: let {p;, ¢;} be
a maximal family of projections such that p; < p, ¢; < q, p; ~ ¢; for all 7 and
pi L pj, q; L g for i # j. Set

P=>p.d=> a r=p-p, s=q—¢.

By maximality and II1.1.1.4 we have sMr = 0, so there is a central projection
z with 7z = 0 and sz = s. Then

pz=pz~qz<qz
and similarly
q1—2)=q¢(1—2)~p'(1—-2)<p(l-2).

IIT.1.1.11 COROLLARY. [COMPARABILITY]| Let p, ¢ be projections in a fac-
tor M. Then either p X g or ¢ 3 p.

Compare the next result with I11.1.1.6:

IT11.1.1.12 PROPOSITION. Let p be a projection in a von Neumann algebra
M, and {¢; : ¢ € I} a maximal set of mutually orthogonal projections in M
with ¢; 3 p for all i. Then ), ¢; = z,.

PROOF: Set ¢ = >, ¢;. Since ¢; < 25, < z, for all i, we have ¢ < z,. Set
r = z, — q. There is a central projection z € z,M (i.e. z < z,) with zr 3 zp
and (zp — 2)p 3 (2, — z)r. Then (z, — 2)p is equivalent to a subprojection of
(2p — 2)r, hence of 7, so (z, — z)p = 0 by maximality. But

(2p — 2)p = 2pp — 2p = p — 2p,

ie.p=2p,p <z 802 =2, But thenr = 2r 3 2p = p,sor =0 by
maximality.

Ideals in von Neumann Algebras

II1.1.1.13 The ideal structure of a von Neumann algebra is relatively simple
compared to that of a general C*-algebra. In particular, the weakly closed
ideals are very easy to describe. If M is a von Neumann algebra on H and [
is an ideal which is closed in any of the standard operator topologies (weak,
o-strong-*, etc.), then I is a von Neumann algebra on its essential subspace X,
which is an invariant subspace for M; thus p = Py is a projection in Z (M),
p € I, and I = Mp (and thus is weakly closed). Thus the weakly closed ideals
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in M are precisely the principal ideals generated by central projections. The
ideal Mp has a complementary ideal M (1 — p) = M/Mp, and

M=MpodM(1-p).

If L is a weakly closed left ideal in M, and (h)) is an increasing right
approximate unit in L, then (h)) converges strongly to a projection p (which
is the supremum of the support projections of the hy). Thus p € L, and
L = Mp. Thus the weakly closed left ideals of M are precisely the principal
left ideals generated by projections in M. Similarly, every weakly closed right
ideal of M is of the form pM for a (unique) projection p € M.

Norm-closed ideals in a von Neumann algebra are not necessarily weakly
closed (e.g. K(H) in L(H)), and their structure is more complicated, especially
if Z(M) is large. The structure of the norm-closed ideals in a factor can be
precisely described, however (I11.1.7.11).

IT11.1.1.14 If L is a norm-closed left ideal in a von Neumann algebra M,
with weak closure Mp, and (h),) is an increasing right approximate unit in L,
then as above hy — p strongly. If 91 is any left ideal in M with norm-closure
L, then by approximating hy by an element of 9t of norm 1, we obtain a net
ky in the unit ball of M converging strongly to p. If © € Mp, then (xk)) is
a bounded net in 91 converging strongly to x. Thus, using the joint strong
continuity of multiplication on bounded sets, we obtain a simple analog of the
Kaplansky Density Theorem:

I11.1.1.15 PROPOSITION. Let M be a von Neumann algebra, Ot a left ideal
in M with weak closure Mp. Then the unit ball of M(M) (11.5.3.13) is o-
strongly dense in the unit ball of pMp.

I11.1.1.16 More generally, suppose 911 and s are left ideals in a von Neu-
mann algebra M, with weak closures Mp and Mq respectively. By the same
argument, the o-strong closure of

M5 = Span{y™z:x € Ny, y € N} TN NNG

is ¢Mp (the Span is even unnecessary). In particular, if 9 and Ny are o-
weakly dense in M, so is 9M5N;.

IT1.1.2 Cyclic and Countably Decomposable Projections

IT1.1.2.1 We say a projection p in a von Neumann algebra is countably de-
composable if any collection of mutually orthogonal nonzero subprojections
of p is countable. Any subprojection of a countably decomposable projection
is countably decomposable. A von Neumann algebra M is countably decom-
posable if 1, is countably decomposable. Any von Neumann algebra on a
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separable Hilbert space is countably decomposable, but there are countably
decomposable von Neumann algebras not isomorphic to a von Neumann al-
gebra on a separable Hilbert space (II1.3.1.5). Similarly, if N is any cardinal,
we can define R-decomposability in the obvious manner. More generally, we
say a von Neumann algebra M is locally countably decomposable if there is
a set {z;} of mutually orthogonal central projections in M with > z; = 1
and M z; countably decomposable. Every commutative von Neumann algebra
is isomorphic to L> of a locally finite measure space (II1.1.5.18), hence is
locally countably decomposable (see II1.1.2.6 for a generalization).

I11.1.2.2 The interplay and duality between a von Neumann algebra M on
‘H and its commutant M’ is the heart of the spatial theory of von Neumann
algebras. The fundamental tool in analyzing this interplay is the notion of a
cyclic projection, a generalization of the idea of a cyclic vector or representa-
tion.

If S is a subset of L(H) and & € H, write [S] for the closed linear span
of {S¢: S € S§}. Recall that if A is a *-algebra of operators on H and £ € H,
then & is cyclic for A (or cyclic under A) if [A§] = H. We also say that £ is
separating for A if x € A, £ = 0 implies z = 0, i.e. z — x£ is injective.

I11.1.2.3 DEFINITION. Let M be a von Neumann algebra on H, and ¢q a
projection in M’. Then q is cyclic under M (or cyclic in M') if there is a
& € H such that [M&] = gH (i.e. if the representation of M on gH is cyclic).
¢ is called a cyclic vector (or generating vector) for ¢ (under M).
If p is a projection in M, a vector £ € H is separating for (p, M) if p§ = £ and
x € M, x¢ =0 implies zp = 0.

A vector ¢ is cyclic [resp. separating] for M in the usual sense if and only
if it is cyclic for 15 under M [resp. separating for (1, M)].

We most commonly consider a von Neumann algebra M and projection
p € M; piscyclicin M if it is cyclic under M’. Likewise, we sometimes consider
vectors which are separating for M’. The application of these definitions at
will to both M and M’ can be slightly confusing, but is the cornerstone of
the spatial analysis of von Neumann algebras.

I11.1.2.4 PROPOSITION. Let M be a von Neumann algebra on H, p a pro-
jection in M, and £ € H with p€ = . Then £ is separating for (p, M) if and
only if £ is cyclic for p (under M"). In particular, £ is cyclic for M if and only
if it is separating for M’.
PROOF: Suppose ¢ is cyclic for p under M’, and x € M. If ££=0, then zyé =
yré =0 for all y € M’, so

x[M'¢] = xpH = {0}

and xp = 0. Conversely, if £ is separating for (p, M), let ¢ be the projection
from H onto [M’E]. Then g € (M')" = M, and since p(y&) = yp& = y€ for all
yeM, g<p (p—q)§{=0,s0p—g=(p—q)p=0,¢=p.
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I11.1.2.5 The following facts are nearly immediate:

(i) If p is cyclic in M with cyclic vector £, and ¢ € M with ¢ < p, then ¢ is

cyclic in M with cyclic vector g&.

(ii) If p is any nonzero projection in M, then there is a nonzero projection
q € M, q <p, which is cyclic in M [let 0 # £ € H with p§ = &, and let ¢
be the projection onto [M’¢].] Thus by a simple maximality argument, p
is the sum of a set of mutually orthogonal cyclic projections.

(iii) A cyclic projection is countably decomposable [if p is cyclic in M with
cyclic vector &, and {¢; : ¢ € I} is a set of mutually orthogonal nonzero
subprojections of p in M, then ¢;€ # 0 for all ¢ (II1.1.2.4), and

Z lggll* < l€li®,

so I is countable].

(iv) If (z5) is a sequence of mutually orthogonal central projections in M,
and each z, is cyclic in M with cyclic vector &, of norm one, then > z,
is cyclic in M (or under M) with cyclic vector Y n~'&,. Thus if Z(M)
is countably decomposable, then there is a largest projection in Z(M)
which is cyclic in M (or under M).

Note, however, that even a sum of two noncentral cyclic projections need
not be cyclic: for example, if M = L(H), then a projection in M is cyclic if
and only if it has rank < 1.

Putting (ii) for p = 1 together with (iii), we get:

I11.1.2.6 PROPOSITION. If M is a von Neumann algebra, then there is a set
{p;} of mutually orthogonal, countably decomposable projections in M with

>opi=1

IT1.1.3 Finite, Infinite, and Abelian Projections

I11.1.3.1 DEFINITION. A projection p in a C*-algebra A is

abelian if pAp is commutative.

finite if p ~ p’ < p implies p’ = p.

infinite if it is not finite.

properly infinite if p ~ p1, p ~ py with p1,pe < p and p; L po.

A unital C*-algebra A is finite [resp. infinite, properly infinite] if 1, is finite
[resp. infinite, properly infinite].

By this definition, 0 is properly infinite (it is also finite). Although counter-
intuitive, it is convenient for the statement of decomposition results to regard
0 as both finite and properly infinite.

Any projection equivalent to a finite [resp. abelian, infinite, properly infi-
nite] projection is finite [resp. abelian, infinite, properly infinite].
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An abelian projection is obviously finite. If p is finite [resp. abelian] and ¢ 3
p, then ¢ is finite [resp. abelian]. The finite projections in £(H) are the finite-
rank projections, and the abelian projections are the rank one projections.

II1.1.3.2 PROPOSITION. If p is an infinite projection in a C*-algebra A, then
there is a sequence of mutually orthogonal equivalent nonzero subprojections
of p. The converse is true if A is a von Neumann algebra.

PROOF: If p is infinite and u € A with
uru=p, wut =p; S p,

let g1 = p—p1 and ¢, = ugu_1u* for n > 1. Then (g,) is a sequence of
mutually orthogonal equivalent nonzero subprojections of p. Conversely, if A
is a von Neumann algebra and (g,,) is such a sequence, set ¢ = Y~ gy,; then

P=q+(P-a)~) a+-asp
n=2

so p is infinite.

The converse can fail in a C*-algebra, for example A = K, p = 1. It is,
however, true in a simple C*-algebra (V.2.3.1).

Properly Infinite Projections

We begin with a variation of III1.1.3.2. See III.1.3.5 and V.2.3.1 for closely
related results.

II1.1.3.3 PROPOSITION. Let A be a properly infinite (unital) C*-algebra.
Then there is a sequence of isometries in A with mutually orthogonal ranges,
i.e. A contains a unital copy of Oy (I1.8.3.3(ii)).

If uw and v are isometries with mutually orthogonal ranges (i.e. u*v = 0),
then u, vu, v?u, ... form such a sequence.

I11.1.3.4 PROPOSITION. If p is an infinite projection in a von Neumann
algebra M, then there is a central projection z € Z(M) with pz nonzero and
properly infinite.

PROOF: Let {g,} be as in IT1.1.3.2. Then this set can be expanded to a max-
imal set {g; : ¢ € Q} of mutually orthogonal equivalent subprojections of p,
and if ¢ = ) ;. ¢i, then by breaking € into three disjoint subsets {io}, {2, Q"
with Card(€Y) = Card(Y") = Card(Q) we get projections ¢’ = 3", ¢, ¢; and
q" = ieqn @i With ¢ L ¢", ¢ =qi, +d" +¢",

a~q ~q" ~q +q,.
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If pg = p — ¢, then by I11.1.1.10 and maximality there is a central projection
z with poz # 0 and poz = ¢, 2, sO

pz=qz+poz 342+ qi,z 3 qz,

pz 2 ¢z and pz is properly infinite.

IT11.1.3.5 It is then an easy consequence that a projection p in a von Neu-
mann algebra M is properly infinite if and only if for each central projection
z, pz is either 0 or infinite. It follows from the Schréder-Bernstein Theorem
that if p is properly infinite, then p = p; + p2, where p; L ps and p; ~ py ~ p,
i.e. a properly infinite projection can be “halved.” By continuing to subdivide,
p can be “divided by n” for any n. Also, we can generate a sequence (g,) of
mutually orthogonal subprojections of p each equivalent to p; if ¢ = > gn,
then g ~ p by IIL.1.1.9. If u*u = p and wu™ = ¢, set p, = u*qyu; then (p,)
is a sequence of mutually orthogonal projections, each equivalent to p, with
> pn = p. Thus p can also be “divided by Ry.”

II1.1.3.6 PROPOSITION. Let M be a properly infinite, locally countably
decomposable von Neumann algebra, and p a projection in M with central
support 1. Then there is a sequence (p,) of mutually orthogonal projections
in M, each equivalent to p, with > p, = 1.

PROOF: Let {z;} be a maximal family of mutually orthogonal nonzero central
projections in M such that for each 4, there is a sequence (p;,) of mutually
orthogonal subprojections of z;, each equivalent to pz;, with Y pi, = 2.
It suffices to show that ) z; = 17, for then p, = ) . pi, does the trick.
If 2 =1-> 2% # 0, then ¢ = pz # 0 since p has central support 1. By
replacing M z by a direct summand, we may assume that N = Mz is countably
decomposable; ¢ has central support 1 in N. Since 1 is properly infinite, then
by II1.1.3.5 there is a sequence of mutually orthogonal projections in N each
equivalent to g. Choose a maximal family {¢;} containing such a sequence;
then {¢;} is countably infinite. Let » = > ¢;. By generalized comparability,
there is a central projection z’ € N with (1y — )z’ 3 ¢z’ and ¢(1y — 2') 3
(Ixy —7r)(1ny — 2'). By maximality of {¢;}, 2/ # 0. Fix an index ig. Then

Z=(An—1)" 471 ~ Ay —1)2 + Zqiz’ 3 qip + Zqiz’ =rz <72
i#i() 7;7£i0
so by II1.1.1.9 r2’ ~ 2’| contradicting maximality of {z;}.

Combining the previous two results, we get:

II1.1.3.7 COROLLARY. Let M be a locally countably decomposable von
Neumann algebra, and p a properly infinite projection in M with central
support 1. Then p ~ 1.
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Finite Projections

We now turn our attention to finite projections.

I11.1.3.8 PROPOSITION. Let M be a von Neumann algebra and p a projec-
tion in M. Then the following are equivalent:

(i) p is finite.
(ii) Whenever ¢, r are subprojections of p with ¢ ~ 7, then p — g ~p — .
(iii) Whenever ¢, r are subprojections of p with ¢ X r, thenp —r Zp—g¢q.

PROOF: (i) = (ii): If p — ¢ % p — r, then by generalized comparability there
is a nonzero central projection z such that pz — ¢z is equivalent to a proper
subprojection s of pz — rz (or vice versa). Then

p=(pz—qz)+qz+p(l—2)

is equivalent to the proper subprojection s + 7z 4+ p(1 — 2), so p is infinite.
(i) = (ili): fg~s<r,thenp—g~p—s>p—r.

(iii) = (i): If p is equivalent to a proper subprojection p;, set ¢ = p, r = p;.
Thenp—7r Zp—q.

Note that (ii) = (iii) = (i) is valid in a general C*-algebra. But (i)
#= (ii) in a general C*-algebra, even in a matrix algebra over a commutative
C*-algebra. This is the cancellation question in nonstable K-theory, which
will be discussed in V.2.4.13.

I11.1.3.9 PROPOSITION. Let p, ¢ be projections in a von Neumann algebra
M. If p and q are finite, then p V ¢ is finite.

PROOF: Suppose p and ¢ are finite and p V ¢ is infinite. Using I11.1.1.3 and
replacing ¢ by (p V ¢) — p, we reduce to the case where p L ¢, and then using
111.1.3.4 we may assume p V ¢ = p + ¢ is properly infinite. By halving there
arer,s withr L s, p+q=74s,7 ~ s~ p+q. By generalized comparability
we may assume 7 A p 3 s A q. Then

r=r—rAp)+(Ap) T (rVp—p) +(sihq) <gq

so r is finite, a contradiction.

Note that in a general C*-algebra A, if p, ¢ are finite projections in A with
p L g, then p + ¢ is not necessarily finite (V.2.1.6).

A supremum of abelian projections (in a von Neumann algebra) is not
necessarily abelian, and an infinite supremum of finite projections is not finite
in general. An arbitrary supremum of finite [resp. abelian| central projections
is finite [resp. abelian].

I11.1.3.10 If p is an abelian projection, then it follows easily from 1.9.1.4
that p is a minimal projection among all projections with central carrier zp,
and every subprojection of p is of the form pz for some central projection z.
If ¢ is any projection with z, < z,, then p 3 ¢ by generalized comparability.
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IT1.1.4 Type Classification

I11.1.4.1 A consequence of 1I1.1.3.4 and a simple maximality argument is
that if M is a von Neumann algebra and p is a projection in M, then there is a
central projection z € M such that pz is finite and p(1—z) is properly infinite.
In particular, taking p = 1, there is a unique central projection z¢y € M such
that 2y is finite and 1 — 2y is properly infinite. Mz; is called the finite part
of M and M (1 — zy) the properly infinite part.

MgMZf®M(172f).

(Note, however, that Mz does not contain all finite projections of M in
general; for example, if M = L(H), then zy = 0.)

I11.1.4.2 DEFINITION. Let p be a projection in a von Neumann algebra M.
Then p is semifinite if every nonzero subprojection of p contains a nonzero
finite subprojection, and p is purely infinite (or type III) if p contains no
nonzero finite subprojections. M is semifinite if 1,; is semifinite, and purely
infinite (or Type III) if 1, is purely infinite.

(For convenience, 0 is both semifinite and purely infinite.)

II1.1.4.3 If p is a finite projection in a von Neumann algebra M, then by
generalized comparability any projection with the same central support is
semifinite, and in particular z, itself is semifinite. Then another maximality
argument shows that every von Neumann algebra M contains a central pro-
jection zg¢ such that z.s is semifinite and 1 — z,¢ purely infinite. Mz,; is
the semifinite part of M and Mzrrr the Type III part, where zyjp = 1 — 2.
zsf = V{p : pis finite}. The finite part of M is contained in the semifinite
part; thus M is a direct sum of a finite part, a properly infinite semifinite
part, and a purely infinite part. (It is not yet obvious that the purely infinite
part can be nonzero; but examples will be given in II1.3.)

Semifinite von Neumann Algebras

II1.1.4.4 We will now examine the semifinite part more carefully. We say a
projection p in a von Neumann algebra is continuous if it contains no nonzero
abelian subprojection, and discrete if it contains no nonzero continuous sub-
projection (i.e. every nonzero subprojection contains a nonzero abelian sub-
projection). Any purely infinite projection is continuous, and it turns out that
some von Neumann algebras also have nonzero finite continuous projections.
(Again, for convenience, 0 is both discrete and continuous.)

111.1.4.5 1If {p;} is a family of abelian projections which is maximal with
respect to the condition that the central carriers z,, are pairwise orthogonal,
then zy = Y z,, is a discrete central projection and 1 — z; is continuous.

zr = \/{p : p is discrete} = \/{p : p is abelian}.
M zj is called the discrete or Type I part of M.
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I11.1.4.6 We then let z;; =1 — z; — zy17; Mzpg is called the Type II part
of M. zjy is the largest continuous semifinite projection. We can further de-
compose the Type II part of M into a finite and properly infinite part: set
zrr, = zrrzg and zrr, = zrr(1 — zf); Mzrr, and Mz are called the Type
11, and Type Il parts of M. z;y, is the largest finite continuous central
projection, and zyr__ the largest properly infinite semifinite continuous pro-
jection.

I11.1.4.7 Thus M can be canonically written as
M =Mz ® Mzrr, ®Mzr; & Mzpg.

Some of these central summands may be zero. If z; = 1, then M is called a
(pure) Type I von Neumann algebra; Type 11y, Type I, and Type III von
Neumann algebras are defined similarly. Thus every von Neumann algebra is
a direct sum of von Neumann algebras of pure type. If M is a factor, then
M is either Type I, Type II;, Type I, or Type III. (L(H) is an example of
a type I factor; examples of factors of the latter three types will be given in
111.3).

We may further break up the Type I part of M into finite and infinite parts
as with the Type II part; the central projection corresponding to the properly
infinite Type I part is denoted z;._. There is a more refined decomposition
and structure description possible for Type I von Neumann algebras (II1.1.5).
There is also a further decomposition of Type III factors into Type III},
0<A<1 (II14.6.13).

IT1.1.5 Tensor Products and Type I von Neumann Algebras
Matrix Units

IIT1.1.5.1 We first discuss a generalization of 11.9.4.3. Suppose {p; : i € Q}
is a set of mutually orthogonal equivalent projections in £(H), with > p; = 1.
Fix an i, and for each j let u; be a partial isometry from p; to p;,. Set e;; =
ufuj. Then {e;;} is a set of matriz units in L(H) of type Card(2), and the von
Neumann algebra N generated by {e;;} is a subalgebra of £(H) isomorphic to
L(H;), where H; has dimension Card(2). Furthermore, if {n; : k € K} is an
orthonormal basis for Hy = p;,’H, and for each i, k we set (; . = eji, Mk, then
{Gx} is an orthonormal basis for H, and if {&} is an orthonormal basis for
Hi, then & @ — ( k is a unitary from H; ® Ho onto H carrying L(H1) ® I
onto N. The relative commutant N’ N M is naturally isomorphic to p; M p; for
any i.

II1.1.5.2 A type I factor always has a set of matrix units. If NV is a type I
factor and p is a nonzero abelian projection in N, let {p;} be a maximal set of
mutually orthogonal projections in N equivalent to p. (Actually {p;} is just
a maximal set of mutually orthogonal nonzero abelian projections in N since
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every nonzero abelian projection in N is equivalent to p by I11.1.3.10; we also
have that pNp is one-dimensional by I11.1.3.10.) By maximality, comparabil-
ity, and III1.1.3.10, > p; = 1, and, if {e;;} is a corresponding set of matrix
units, it is not difficult to see that {e;;} generates N as a von Neumann
algebra. So we have:

IT1.1.5.3 PROPOSITION. Let N be a type I factor on a Hilbert space H.
Then there is an isomorphism H = H; ® Hsy such that N & L(H;) ® I. In
particular, every type I factor is isomorphic to £(H;) for some Hilbert space

H;.

Tensor Products of von Neumann Algebras

IT1.1.5.4 There is a notion of spatial tensor product of von Neumann al-
gebras. If M; is a von Neumann algebra on H; (i = 1,2), then M; © M,
acts naturally on H; ® Ha, and the weak closure is a von Neumann algebra
denoted M;®My (this is larger than the norm closure My ®min Mo if My, My
are infinite-dimensional).

It follows easily from 1.2.5.4 and the essential uniqueness of the repre-
sentation of a von Neumann algebra (I11.2.2.8) that M;®M; depends up to
isomorphism only on M; and M, and not on the way they are represented as
von Neumann algebras, i.e. if M; 2 N; (i = 1,2), then M1®Ms 2 N;®Na.

II1.1.5.5 PROPOSITION. If N is a type I factor on a Hilbert space H, and
H =Hy, ® Ho as in 111.1.5.3, then

L(H) = L(H1)RL(Hz).
If N is a subalgebra of a von Neumann algebra M, then
M = L(H)R(N' N M) = L(H,)@pMp

where p is a one-dimensional projection in N.

The first statement follows from 1.2.5.4, since
[L(H)@L(H)) = (L(H1) @ I) N (I ® L(Hz)) = C(I @ I)
and the other statement is a straightforward consequence.
I11.1.5.6 EXAMPLES.
(i) Let L>(X;,u;) act on L2(X;, ;) by multiplication (i = 1,2). Then
L%( X1, 1) @L™(Xa, pg) = L™(X1 x Xa, py X i2)
acting on

L3(X1, 1) @ L? (X2, po) = L3(X1 x Xo, g1 X pa).
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(ii) If M is properly infinite, then there is a sequence (p,,) of mutually orthog-
onal projections in M, each equivalent to 1, with > p, = 1 (II1.1.3.5).
Thus M is unitarily equivalent to L(H)®M, where H is a separable
infinite-dimensional Hilbert space.

(iii) Let M be a properly infinite locally countably decomposable von Neu-
mann algebra on H, and p a projection in M with central support 1.
Then by I11.1.3.6, there is a sequence (p,) of mutually orthogonal pro-
jections in M which are all equivalent to p, with > p, = 1. Let {e;;}
be the corresponding set of matrix units (ITII.1.5.1). Then {e;;} gener-
ates a type I factor N C M, with N’ N M naturally isomorphic to pMp.
If H = Hi ® Hs is the decomposition corresponding to N, then H; is
infinite-dimensional and separable, and Hs can be identified with pH,
and the corresponding decomposition of M is L(H1)@pMp.

The following rephrasing of 1.5.1.8 is useful:

IT1.1.5.7 PROPOSITION. Let M7, M5 be von Neumann algebras on H; and
‘Ho respectively. Let {p; : i € I} be a set of mutually orthogonal projections
in My, and {g; : j € J} a set of mutually orthogonal projections in My. Then

{pi®g :iel,jeJ}

is a set of mutually orthogonal projections in M;®Ms, and

Sinon)=(Sn)o (L)

Combining this result with II1.1.1.6, we obtain:

I11.1.5.8 COROLLARY. Let M;, My be von Neumann algebras on H; and
‘Ho respectively. Let p be projection in M;, and ¢ a projection in Ms. Then
the central support z,gq of p® ¢ in M;@Ms is z, ® z4.

I11.1.5.9 If H ="Hi ® Ha, then
(L(H) @ T) =1® L(Hs)

(I1.2.5.4), and thus

(MGL(H2)) = M'®I
and therefore

(MI) = M'®L(Hs)
if M is a von Neumann algebra on H;. If M; is a von Neumann algebra on H;
(i = 1,2), then it turns out to be true that (M;®Ms)" = M{&M}. This is not
difficult to prove if the M; are semifinite, but is a surprisingly deep theorem in
general (I11.4.5.8). The original proof was one of the first major applications
of the Tomita-Takesaki theory (and the problem was one of the principal
motivations for developing the theory). There is now a more elementary proof
[KR97b, 11.2].

There is a simple proof of an important partial result:
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II1.1.5.10 PROPOSITION. If M; is a factor on H; (i = 1,2), then M;&M>
is a factor.

PROOF: [(M1®M>) N (M1®Ms3)’] contains both My ® I and M{ ® I, hence
also
(MyuUM)'" @1 =L(H,) I

Similarly, it contains I ® £(Hz2), and hence

[(Mi®M,) N (M @Ms)) = L(H1 @ Ha).

IT11.1.5.11 There are von Neumann algebra analogs of the maximal tensor
product (the binormal tensor product) and of nuclearity (semidiscreteness/
injectivity), which are discussed in IV.2.

Structure of Type I von Neumann Algebras

II1.1.5.12 Now we can describe the structure of Type I von Neumann alge-
bras. If n is a cardinal, either finite or infinite, we say a Type I von Neumann
algebra is of Type I, if 1 is a sum of n equivalent abelian projections. By the
above, if M is Type I,,, then M = L(H,,)®Z,,, where H,, is an n-dimensional
Hilbert space and Z,, is a commutative von Neumann algebra. The Type Iy
von Neumann algebras are precisely the commutative ones. A Type I,, factor
is isomorphic to M,,.

If M is a Type I von Neumann algebra, we will show that for each n, there
is a central projection zy, in M such that Mzj, is type I, and ) z;, = 1.
The key property of a Type I von Neumann algebra is that it contains an
abelian projection with central carrier 1.

II1.1.5.13 Although a unified approach is possible, it is convenient to treat
the finite and infinite parts separately. First suppose M is finite and Type
I. Let p be an abelian projection of central carrier 1. Let zj, be the largest
central projection in M such that z;, < p; then 1 — zj, is the central carrier
of 1 —p. If ps is an abelian projection orthogonal to p and with central carrier
1—=zy,, let z1, be the largest central subprojection of 1 —z;, with z;, < p+pa;
1—z1, — 21, is the central carrier of 1 —p—ps. Let p3 be an abelian projection
orthogonal to p+py with central carrier 1 — zy, — zy,, and define z;, as before.
Continue inductively to get z7, for all finite n. We must have > z;, = 1, since
otherwise 1 — > z7, contains a sequence of mutually equivalent orthogonal
nonzero projections and is thus infinite by I11.1.3.2 (or, alternately, by I11.1.5.1
M(1 ="z, ) contains a copy of L(H) for an infinite-dimensional H).

Since non-Type-I von Neumann algebras contain matrix subalgebras of
arbitrarily large order, the last argument gives a useful characterization of
finite Type I von Neumann algebras of bounded degree:
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IT11.1.5.14 PROPOSITION. Let M be a von Neumann algebra, and n € N.
The following are equivalent:

(i) M is a direct sum of Type I,,, von Neumann algebras for m < n.
(ii) M does not contain n+ 1 mutually equivalent, mutually orthogonal non-
zero projections.
(iii) M does not contain a (not necesarily unital) C*-subalgebra isomorphic
to Mn+1.

II1.1.5.15 The properly infinite part is easy in the countably decomposable
case, but slightly trickier in general. Suppose M is properly infinite and Type
I. If M is locally countably decomposable and p is an abelian projection with
central support 1, then the result follows from II1.1.3.6 and II1.1.5.5. In the
general case, let {2;} be a maximal family of mutually orthogonal central pro-
jections such that every set of mutually orthogonal and equivalent projections
in Mz; is countable, and let 2y, = > z;. Tt is routine to show that leNO
contains a sequence (p,) of equivalent orthogonal abelian projections with
Y. DPn = zIy,, and that if 27, # 1, then M (1 — zp, ) contains an uncountable
set of mutually orthogonal equivalent projections with central carrier 1—zp, .
One can proceed transfinitely in a similar way to define 2, for uncountable
cardinals R.

It is customary to use the term “Type I.” to denote any properly infi-
nite Type I von Neumann algebra, even if not homogeneous. (This distinction
occurs only in the case of von Neumann algebras which are not locally count-
ably decomposable.) Thus a Type I, factor is one isomorphic to £L(H) for
any infinite-dimensional H.

Commutative von Neumann Algebras

A commutative von Neumann algebra is Type I. We can give a measure-
theoretic description of commutative von Neumann algebras.

IT11.1.5.16 PROPOSITION. Let Z be a commutative von Neumann algebra
on ‘H with a cyclic and separating vector. Then there is a finite measure space
(X, ) such that Z is unitarily equivalent to L (X, ) acting by multiplication
on L?(X, p), and Z is a masa (i.e. Z = Z').

PRrOOF: Z = C(X) for a compact Hausdorff space X. Suppose Z has a cyclic
and separating vector £ of norm one. The state ¢ on Z given by £ is faithful,
and corresponds to a probability measure p on X by the Riesz Representation
Theorem, and the GNS representation of Z from ¢ is equivalent to the identity
representation. Since Z is weakly closed, it follows easily that the image of Z
under the GNS representation from ¢ is all of L>°(X, ). To see that L (X, u)
is a masa on L*(X,u), let T € L®(X,u) and x € L*(X,pu) the constant
function 1, and let f = Ty € L?. Then f is not obviously bounded, but M; is
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a densely defined operator on L? whose domain contains the dense subspace
L>®.If g € L>® C L2, then

Tg=T(gx) =TMyx =M/Tx =M,f =gf= Mg

so My is bounded and thus f is (essentially) bounded, and T' = M/ on all of
L2,

I11.1.5.17 PROPOSITION. Let Z be a commutative von Neumann algebra
on H. Then Z’ is Type L

PROOF: Break up H into a direct sum of cyclic subspaces under Z; on each
subspace a direct summand of Z acts faithfully and cyclically. If ¢ is the
projection onto one of these cyclic subspaces, then ¢ € Z’, and qZ'q = Zq
since Zq is a masa on ¢H. Thus ¢ is an abelian projection in Z'.

Combining this with the previous structure results (decomposing Z’ into
a direct sum of von Neumann algebras of Type I,,), we obtain:

I11.1.5.18 COROLLARY. Let Z be a commutative von Neumann algebra on
‘H. Then H can be uniquely decomposed into @, H, (1 < n < oo) such
that each H,, is invariant under Z and there is a locally finite measure space
(Xn, pn) such that Zy, is spatially isomorphic to the n-fold amplification
of L>(X,,, it,) acting on L%(X,,, u1,,). In particular, Z = L>°(X,u) for some
locally finite measure space (X, ).

A useful consequence is:

I11.1.5.19 COROLLARY. Let Z be a countably decomposable commutative
von Neumann algebra on H. Then Z is a masa in £(H) if and only if Z has
a cyclic and separating vector.

I11.1.5.20 An important consequence of these structure theorems, along
with II1.1.5.3, is that if M is a Type I von Neumann algebra on a Hilbert
space H, then M’ is also Type I. This is also true for Type II and Type III
von Neumann algebras (I11.2.6.12).

IT1.1.6 Direct Integral Decompositions

There is a way of decomposing a general von Neumann algebra as a “measur-
able direct sum” of factors, generalizing the structure of Type I von Neumann
algebras (by II1.1.5.12 and I11.1.5.17, a Type I,, von Neumann algebra looks
like L°°(X, p, L(H,)) acting on L2(X, u, H,,), where (X, u1) is a locally finite
measure space). The theory only works well on separable Hilbert spaces, so
for simplicity we will restrict to this case. The technical details of the theory
are considerable, and require some of the results from succeeding sections. We
only outline the construction, referring the reader to [KR97b], [Dix69a], or
[SakT71] for details.
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II1.1.6.1 If (X, p) is a standard measure space, let H,, be a separable Hilbert
space for each (or for almost all) € X, with inner product (-,-),. A measur-
able field (or integrable field; square-integrable field would be a better name)
is a vector subspace I' C [], H,, closed under multiplication by L (X, p),
such that x — (&(x),n(x)), is measurable for all £, € T', and such that

/ (@), €(2))s dulz) < o
X

for all £ € T (so
() = /X (@), 1(@))e dulz)

is a pre-inner product on I'), which is generated as an L°°(X, u)-module by
a countable subset {£,} of T" such that span{&,(x)} = H, for almost all x.
The completion of T' (with sections agreeing a.e. identified) is a separable
Hilbert space H which can be identified with a space of equivalence classes of
measurable sections of the field (H,); we write

®
H= / H, du(x)
X
and call H the direct integral of the Hilbert spaces H,.

II1.1.6.2 If T, € L(H,), then (Ty) is a measurable field of bounded op-
erators if (T,£(x)) is a measurable section for each measurable section £. If
| T3] is uniformly bounded, then (7)) defines an operator T € L£(H) in the
obvious way, and ||T|| is the essential supremum of ||T,||. Such a T is called

decomposable and is written
D
T :/ T, du(zx).

X

L>(X, u) acts via decomposable operators by the formula

®
fro [t duo).
X
The image is called the algebra of diagonalizable operators of the field.
I11.1.6.3 THEOREM. Let M be a von Neumann algebra on a separable
Hilbert space H, and let Z be a commutative von Neumann subalgebra of

M’. Then there is a standard measure space (X, u), a measurable field of
Hilbert spaces (H,) over (X, ), and a unitary

@
U:H—>/ Hy du(x)
X
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carrying Z onto the set of diagonalizable operators, and such that

@
Uru* :/ T, du(x)
X

is measurable for each T' € Z’ O M. Furthermore, if, for each x, M, is the von
Neumann subalgebra of £L(H,) generated by {T, : T € M}, then a measurable

operator
&
S z/ Sy du(z)
X

satisfies U*SU € (M UZ)" if and only if S, € M, a.e. (Note that (MUZ)" =
M it Z C Z(M).) We write

M= /j M, dy(z).

If Z contains Z(M), then M, is a factor for almost all z. If Z is a masa
in M’, then M, = L(H,) a.e.

II1.1.6.4 The most natural choice of Z is Z(M), for then not only is M, a
factor a.e., but the operators in M’ are also decomposable,

2]
= [ ), dut)
b'e

and (M'), = (M,)" a.e. This is called the central decomposition of M and is
the sense in which every von Neumann algebra on a separable Hilbert space
is a direct integral of factors. Each central projection of M corresponds to a
measurable subset of X in the central decomposition. In particular, the finite,
semifinite, properly infinite, Type I,,, Type I1;, Type 11, and Type III parts
respect the central decomposition.

IT1.1.6.5 Direct integrals respect tensor products in the following sense: if
M; is a von Neumann algebra on separable H; (i = 1,2), with commutative

Z; C M/, and
M; = / e

is the corresponding decomposition, then the decomposition of M;®M, with
respect to Z1®75 is

D
/ Niowy (1 % 2)(z, )

X1xX X2

where H(y ) = (H1)2 @ (Hz)y and N, ) = (M1),®(Ms)y a.e. If Z; = Z(M;),
then
Z1®Zy = Z(M1®My)

(I11.4.5.10), so the central decomposition respects tensor products.
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IT1.1.7 Dimension Functions and Comparison Theory

Comparison of projections in a von Neumann algebra is completely deter-
mined by the dimension functions (I1.6.8.12) on the algebra. In this subsec-
tion, we will concentrate on the case of a factor, where the dimension function
is unique; the general case is similar but technically more complicated, and
can be described by a “center-valued dimension function.” The general case
is subsumed in the theory of traces (II1.2.5).

Let M be a factor. The idea is that there is a dimension function d
(I1.6.8.12) from Proj(M) to [0,00] (plus other infinite cardinals in the non-
countably-decomposable case), unique up to normalization, such that p = ¢
if and only if d([p]) < d([q]). The range of d has only a few possibilities, and
determines the type of M. Furthermore, d extends to all of M by setting
d(x) = d([pz]), and the extension is lower semicontinuous.

It is simplest to describe the dimension function in the different cases
separately. First of all, we will have d([p]) < oo if and only if p is finite. If M
is not countably decomposable, to define d(p) for infinite p we need:

IT1.1.7.1 PROPOSITION. Let p be a projection in a factor M. If p is not
countably decomposable, the cardinality of all maximal sets of mutually or-
thogonal countably decomposable nonzero subprojections of p is the same.

See [KR97b, 6.3.9] for a proof.

If p is infinite (and hence properly infinite since M is a factor), set
d([p]) = R, where X is the cardinal of an infinite set of mutually equivalent
and mutually orthogonal nonzero countably decomposable subprojections of
p. It is straightforward to check (using e.g. I11.1.3.5) that this definition has
the right properties for properly infinite projections. This completes the defi-
nition of d if M is Type III. Of course, if M is countably decomposable, then
the only infinite cardinal appearing is N, usually denoted oo, and all properly
infinite nonzero projections in M are equivalent (I111.1.3.7).

I11.1.7.2 If M is type I, then all nonzero abelian projections in M are
equivalent, and it is customary to normalize d so that d([p]) = 1 if p # 0 is
abelian. The function d is then uniquely determined by orthogonal additivity:
if M = L(H), then d([p]) is the rank of p, or, alternatively, d([p]) = n if and
only if pMp is Type L,.

I11.1.7.3 The Type II case requires more work. First consider the case where
M is Type I1;. It is customary to normalize in this case so that d([1]) = 1. Since
M contains no abelian projections, every nonzero projection in M contains two
equivalent orthogonal nonzero subprojections. Thus, if {p;,q;} is a maximal
family of mutually orthogonal projections in M with p; ~ ¢; for each 4, and
P = > pi,q = q,then p ~ qgand p+gq = 1. Set pyjp = p. Similarly,
there is a py/4 < p1/2 with pyjy ~ (p1/2 — pija)- f w'u = p, uu* = g, set
q1/4 = upy/4u”; then
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q1/4 ~ P1/4 ™~ (q - Q1/4)~

Set p3/4 = p1/2 + q1/4- Proceeding in this way, we get a chain (p,) for dyadic
rational « € [0,1], with pg = 0, p1 =1, and (pg — Pa) ~ Pg—a for a < (. For
any « € [0,1], let p, be the supremum of the ps as § runs over all dyadic
rationals < a. Of course, p, < pg if a < §; and by finiteness p, 3 pg only if
a < . It is clear from the construction that any dimension function d on M
with d(1) = 1 must have d(p,) = « for all «.

I11.1.7.4 LeEMMA. If p is any nonzero projection of M, then p, = p for all
sufficiently small positive c.

PROOF: If not, by comparability p = ps for all &« > 0. Then for each n there is
a subprojection of py—n+1 —py—n equivalent to p, which by I11.1.3.2 contradicts
finiteness of 1.

II1.1.7.5 COROLLARY. For any a < 1, p, = A{pg: 8 > a}.
ProOF: If p, = A{pg : B > a}, then

Doy — Pa <D — Py ~ D—ry

for any dyadic rational 3,y with v < a < S.

II1.1.7.6 Now let p be any projection in M, and set o = sup{f3 : ps 3 p}.
By comparability, o = inf{3 : p =X pg}. Then p ~ p,; for either p < p, or vice
versa, and if ¢ < po, ¢ ~ p, then by IIL.1.3.8 po — ¢ 3 Pa — Pg ~ Pa—g for all
8 < a,s0 pq —q =0 by II1.1.7.4, and the other case is similar. Thus we can
(and must) set d(p) = a. The function d is the unique real-valued function on
Proj(M) satisfying

d([p+ ql) = d([p]) + d(lg]) if p L g
and d([1]) = 1; and furthermore, d satisfies
d([vpi]) = sup d([p])
for any increasing net (p;) of projections in M.

II1.1.7.7 We can then extend d to M, by setting d(z) = d([p.]). It is clear
that d(z +y) = d(z) + d(y) if © L y, and it is easily verified that d(z) < d(y)
if 3 y in the sense of I1.3.4.3. It is also clear that d(x) = sup.d(fe(z))
(I1.3.4.11) for all x € My; it then follows from I1.3.4.15 that d is norm-lower
semicontinuous on M, and in fact d is o-weakly lower semicontinuous.
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I11.1.7.8 Now suppose M is Type Il,. If p is any finite nonzero projection
in M, then pMp has a dimension function d, defined as above, with d,(p) = 1.
Fix a finite projection pg, and for any finite ¢ set d(q) = dp,(r) if ¢ ~ 7 < py
and d(q) = d,(s)~! if po ~ s < q. Then d is a dimension function on all of the
finite projections of M, normalized so that d(py) = 1, and is the unique such
dimension function. The number d(g) can be characterized as

sup{m/n:m-[q] < n-[po]} = nf{m/n:n-[p] <m-q]}

where n-[p] = [p1+- - - +pn], with p; ~ p and p; L p, for i # j. The dimension
function d can be extended to all positive elements of M as before.

We summarize the construction in a theorem. To avoid verbosity about
infinite cardinals, we state the theorem only for the countably decomposable
case.

I11.1.7.9 THEOREM. Let M be a countably decomposable factor. Then
there is a dimension function d, which is unique up to normalization, such
that p < ¢ if and only if d([p]) < d([g]). The range of d is

{0,1,...,n} if M is Type I,
{0,1,2,...,00} if M is Type I
[0,1] if M is Type II;

[0,00] if M is Type 11

{0,000} if M is Type IIIL.

Furthermore, the associated dimension function on M, defined by d(z) =
d([pz]) is o-weakly lower semicontinuous.

IT11.1.7.10 It turns out that if M is semifinite, then there is a trace 7 on
M such that d([p]) = 7(p) for any projection p. The existence of a quasitrace
(I1.6.8.15) 7 corresponding to d is straightforward (I1.6.8.14), and was first
proved by Murray and von Neumann [MVN36]; but the linearity of 7 was
elusive and not proved until [MvN37]. We will discuss the trace in III.2.5.

Norm-Closed Ideals in Factors

An easy consequence of the existence of a dimension function on factors is a
description of the norm-closed ideals of a factor; the general case is almost
identical to the case of a Type I factor described in 1.8.7.2.

First note that if I is an ideal in a von Neumann algebra M, and = € I,
then Ej oy(x) € I for all € > 0. Thus, if I is norm-closed, it is the norm-
closed linear span of its projections. Also, if p and ¢ are projections in M with
q 2 p, then ¢ = upu* for some u € M, so if p € I, then ¢ € I. Since the
dimension function determines comparability of projections, if M is a factor
and d(1p7) = R, every norm-closed ideal of M is of the form Kg = Kg(M)
for some 3 < «, where K3 is the closed linear span of the projections p € M
with d(p) < Rz. So we obtain:
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I11.1.7.11 PROPOSITION. Let M be a factor. Then

(i) If M is finite (Type L, or Type IIy), then M is a simple C*-algebra.

(ii) If M is Type III and countably decomposable, then M is a simple C*-
algebra.

(iii) If M is Type I, or Type Il and countably decomposable, then M
has exactly one nontrivial norm-closed ideal Ky, the closure of the set of
elements of finite trace.

(iv) If M is Type I, or Type 11 and d(1p/) = X,, then the nontrivial
norm-closed ideals of M are {Kz:0 < 8 < a}.

(v) If M is Type Il and d(1p7) = Ry, a > 1, then the nontrivial norm-closed
ideals of M are {Ks5:1< g < a}.

(vi) If M is properly infinite, then M = N®L(H) for some infinite-dimensional
‘H and some N which is a simple C*-algebra; dim(#) is uniquely deter-
mined by M, and the ideals of M are in one-one correspondence with
those of L(H), with the exception of Ky if M is Type IIL

In (vi), unless 8 = 0 and M is Type III, the ideal Cg(M) is the ideal of
N®L(H) generated by N Kg(L(H)) (norm-closure of NOKg(L(H))), but is
in general larger than this C*-tensor product. For example, if M is a countably
decomposable Type Il factor, M =2 NQL(H) with N Type II; with tracial
state 7, and {e;;} is a set of matrix units in £(H), let p,, be a projection in
N with 7(p,) = 27" for each n, and ¢, = p, @ enp € M. If ¢ =" ¢y, then
¢ is a finite projection in M, hence in Ko(M), but g ¢ N @ K(H).

Note also that the N in (vi) is not completely determined by M in the I,
case since there are II; factors with nontrivial fundamental group (111.3.3.14).

I11.1.8 Algebraic Versions

Most of the arguments in this section are valid in much greater generality. An
attempt was begun in the early 1950’s, led by Kaplansky [Kap51la], to give an
algebraic characterization of which C*-algebras are isomorphic to von Neu-
mann algebras (such a C*-algebra is called a W*-algebra, where the W stands
for “weak”), postulating properties making the arguments of this section valid.

I11.1.8.1 DEFINITION. An AW*-algebra is a C*-algebra M such that every
maximal commutative C*-subalgebra of M is generated by projections, and
that the projections of M form a complete lattice.

There are several equivalent ways of phrasing this definition. One of the
most useful involves annihilators. If S is a subset of a C*-algebra (or ring) M,
then the right annihilator of S in M is {y € M : zy = 0 Vz € S}.

I11.1.8.2 THEOREM. A C*-algebra M is an AW*-algebra if and only if the
right annihilator of any subset of M is generated by a projection, i.e. is of the
form pM for a projection p. (One could similarly work with left annihilators.)
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II1.1.8.3 Every W*-algebra is an AW*-algebra (the right annihilator of any
subset is a weakly closed right ideal). An example of a commutative AW*-
algebra which is not a W*-algebra was given by Dixmier [Dix51]: let M be
the *-algebra of bounded Borel functions on R, and define

£l = inf{a > 0:{t:|f(t)] > a} is of first category}

(dividing out by the functions of seminorm 0). There are even “wild” (non-
W) AW*-factors of Type III ([Tak78], [Sai79]); one of the outstanding open
questions of operator algebra theory is whether there exist wild AW*-factors
of type II; (see I1.6.8.16 for interesting reformulations of this problem).

I11.1.8.4 1In fact, W*-algebras can be abstractly characterized as AW*-
algebras with sufficiently many normal linear functionals (II11.2.4.5) (the wild
AW*-algebras in the previous paragraph have no nonzero normal linear func-
tionals). W*-algebras also have an abstract characterization as C*-algebras
which are dual Banach spaces (I111.2.4.2).

II1.1.8.5 It is almost, but not quite, true that an AW*-algebra which acts
on a separable Hilbert space is a W*-algebra. Dixmier’s commutative example
(IT1.1.8.3) can be faithfully represented on a separable Hilbert space [Wri76].
But the commutative case is essentially the only exception:

II1.1.8.6 THEOREM. [Wri80] Let M be an AW*-algebra on a separable
Hilbert space. If Z(M) is a W*-algebra, then M is a W*-algebra. In par-
ticular, any AW*-factor which can be (faithfully) represented on a separable
Hilbert space is a W*-algebra.

In fact, an AW*-factor of type II; with a faithful state must be a W*-
algebra [Wri76]. This is, however, false for Type III AW*-factors [Sai79].

IIT.1.8.7 All the arguments of III.1.1, III1.1.3, III.1.4, and III.1.7 (except
IT1.1.7.10), and some of those in I11.1.5, are valid for AW*-algebras. Many are
valid in the purely algebraic setting of Baer *-rings; see [Ber72].

II1.2 Normal Linear Functionals and Spatial Theory

Let M be a von Neumann algebra on H. Since £(H) is the Banach space
dual of £L*(H) (1.8.6.1) and M is weak-* (o-weakly) closed, M is the Banach
space dual of LY(H)/M™, called the predual M, of M (the terminology is
justified since it turns out that M, is the unique Banach space X such that
X* = M (I11.2.4.1)). When M, is identified with a closed subspace of the dual
space M* = (M,)**, the linear functionals in M, are called the normal linear
functionals on M. In this section, we will describe these linear functionals and
the representations of M.



II1.2 Normal Linear Functionals and Spatial Theory 245
IT1.2.1 Normal and Completely Additive States

There are several potentially different natural continuity conditions for linear
functionals on a von Neumann algebra. In this subsection we show that these
notions are all actually the same.

I11.2.1.1 DEFINITION. Let M be a von Neumann algebra on H, and ¢ a
state on M. Then ¢ is completely additive if, whenever {p;} is a collection of
mutually orthogonal projections of M,

s (zp> - Yot

II1.2.1.2 DEFINITION. Let ¢ be a (bounded) linear functional on a von Neu-
mann algebra M. Then ¢ is normal if, whenever (z;) is a bounded increasing
net in My with = = sup x;, we have ¢(z) = lim ¢(x;).

I11.2.1.3 The importance of complete additivity and normality are that
they are intrinsic to the algebraic structure and independent of the way M is
represented as an algebra of operators (it turns out that the o-strong and o-
weak topologies on M are also independent of the representation (I111.2.2.12),
but the strong and weak operator topologies are not). A o-strongly continuous
linear functional is obviously normal, and a normal state clearly completely
additive. A linear functional ¢ is normal if and only if, whenever (z;) is a
decreasing net in M, converging to 0 strongly, lim ¢(x;) = 0. It follows easily
that if ¢ is normal and y € M, then ,¢ and ¢,, defined by ,¢(x) = ¢(yx)
and ¢, (z) = ¢(xy), are normal; and that every normal linear functional is a
linear combination of normal states.

The fundamental technical result is:

I11.2.1.4 THEOREM. Let M be a von Neumann algebra on H and ¢ a
(bounded) linear functional on M. Then the following are equivalent:

(i) There are sequences (£,), (1,) of vectors in H with Y |[|€,]|* < oo and

S Imnll? < oo, and ¢(z) = >, (¥€n, my) for all z € M.
¢ is o-weakly continuous on M.

¢ is strongly continuous on the unit ball of M.

(i)
iii)
(iv) ¢ is weakly continuous on the unit ball of M.
(v)
) ¢ is normal.

If ¢ is a state, these are also equivalent to:

(vii) There is an orthogonal sequence (&,,) of vectors in H with Y [|&,[> =1

and ¢(x) = ), (2, &) for all x € M.
(viii) ¢ is completely additive.
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Normal linear functionals are not weakly or strongly continuous on M
in general; in fact, the weakly continuous linear functionals and the strongly
continuous linear functionals are precisely the linear functionals as in (i) with
a finite sum. To prove that every strongly continuous linear functional ¢ has
such a representation (such a linear functional is obviously weakly continuous),
the inverse image of the unit disk in C under ¢ contains a strong neighborhood
of 0, so there are vectors &;,--- ,&, € H such that ||| < 1 for all i implies
|p(z)| < 1. Set

E=6® ®E eH

and H the closed span of {(z ® I){} in H™, and define a bounded linear
functional v on ‘H by
P((z @ 1)§) = o(x).

Apply the Riesz-Fréchet Theorem (I.1.3.1) to obtain 7 = (11, ,1,) € H
with ¢(z) = ((z ® I)&,n). The proof of (iii) = (i) is nearly identical.

The implications (i) = (ii) = (iii) = (vi), and (vi) = (viii) and (vii)
= (i) if ¢ is a state, are trivial; (ii) = (iv) and (iii) = (v) follow from the
fact that the weak and o-weak, and the strong and o-strong, topologies agree
on bounded sets, and (iv) = (ii) and (v) = (iii) follow from an application
of the Krein-Smulian Theorem.

The next lemma is the key observation in the proof of (ii) = (vii).

I11.2.1.5 LEMMA. Let M be a von Neumann algebra on H, and ¢ be a
o-weakly continuous state on M. Then ¢ extends to a o-weakly continuous

state on L(H).

ProoF: Choose (£,), (n,) in H as in (i). Let H’' be a separable infinite-
dimensional Hilbert space with orthonormal basis {(,, }, and set £ = > £, ¢,
n=> 1 ®, in HQH; then, for x € M, ¢(z) = ((x @ 1)&,n). If z > 0, we
have

0<¢(@) = ((z@1)&n) = ((z@1)n,&) < (¢ @1)(E +n), & +mn),

so by I1.6.4.6 there is a T € (M ® 1)’ such that

d(x) = (T(x @ 1)(E+n),E+n) = (@ DTV*(E+n), TV (€ +n))

for all z € M. Define a linear functional ¥ on £L(H ® H’) (and, in particular,
on L(H) ® 1) by

() = (STY2(& +n), TY?(€ + 1))

Then ¢ is positive and o-weakly continuous (in fact, weakly continuous).
Since (1) = ¢(1) = 1, ¢ is a state. Since the restriction of the weak or o-
weak topology on L(H ® H') to L(H) ® 1 = L(H) is the o-weak topology on
L(H), the result follows.
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To show that (ii) = (vii) for a state ¢, extend ¢ to a o-weakly continuous
state ¢ on L£(H). By 1.8.6.2 there is thus an S € £L1(H), S > 0, such that
Y(T) = Tr(ST) for all T € L(H). Let (p1,p2,---) be the characteristic list
(eigenvalue list) of S, with corresponding unit eigenvectors (,, and set &, =

1y2¢,. Then, for x € M,
¢(x) = TT(I'S) = Z<£BSQL, <n> = Z<xﬂnCn»Cn> = Z<x§n7§n>

Thus to finish the proof of the theorem it suffices to show (viii) = (v)
since every normal linear functional is a linear combination of normal states.
The key technical lemma in the proof of (viii) = (v) is:

I11.2.1.6 LEMMA. Let ¢ be a completely additive state on a von Neumann
algebra M on a Hilbert space H. Then there is a nonzero projection p € M
and a unit vector £ € H such that ¢(z) < (z€,€) for all x € (pMp)y (and
hence ¢, is weakly continuous).

PROOF: Let £ be a unit vector in H, and set ¢(z) = (z&,&). Let (¢;) be a
maximal family of mutually orthogonal projections in M such that ¢(g;) <
¢(q;) for all i. If ¢ = >°, ¢;, then ¥(q) < ¢(q) since ¢ and @ are completely
additive; hence ¢ # 1 since ¢(1) = ¢(1) = 1. Set p = 1 — q. Then, for every
projection r < p, ¢(r) < (r), so ¢p(x) < ¢(x) for all x € (pMp), since every
such z is a norm-limit of nonnegative linear combinations of subprojections
of p.

II1.2.1.7 Now to prove (viii) = (v), let ¢ be completely additive, and let
{pi : © € Q} be a maximal mutually orthogonal family of projections in M
such that there is a vector &; such that ¢(z) < (x&;,&;) for all x € (p;Mp;)+.
Ifg=1->",p; #0, apply II1.2.1.6 to ¢Mq on ¢H to obtain a contradiction.
Thus >, p; =1, and so ), #(p;) = 1. For each i and each z € M, we have

d(pix*ap) < (pia*api&i, &) = |epi&al|®.
Now let (z;) be a net in the unit ball of M converging strongly to 0. Given
€ > 0, choose a finite subset F' of Q such that ¢(1 — p) < €2/4, where p =

> icp i If j is sufficiently large, >, ||7;p:i&il| < €/2. Then, applying the
CBS inequality, we have:

[o(a))| < [o(; (L —p))| + D lo(api)l

i€EF
< o(aja;) Po(1=p) 2+ dlpiajep) /2 < o(L-p) P+ Y apiti] <.
ieF i€F
II1.2.1.8 It follows that M, consists precisely of the (bounded) linear func-
tionals on M satisfying the conditions of I11.2.1.4. Note that M, depends only

on the C*-algebra structure of M and not on the way it is represented as an
algebra of operators.

Because K(H)* = L*(H) = L(H)., we obtain:



248 ITIT Von Neumann Algebras

II1.2.1.9 PROPOSITION. Every bounded linear functional ¢ on K(H) ex-
tends uniquely to a normal linear functional ¢ on L£(H), and ||¢| = ||¥|. If
1 is a state, the normal extension is the unique state extension of 1 to L(H)
(11.6.4.16).

It is also worth noting the following immediate consequence of 111.2.1.5:

I11.2.1.10 COROLLARY. Let N C M be von Neumann algebras. Then every
normal state on N extends to a normal state on M.

Singular States

I11.2.1.11 DEFINITION. Let M be a von Neumann algebra, and ¢ a state
on M. Then ¢ is singular (on M) if there is no nonzero normal positive linear
functional ¢ on M with ¥ < ¢.

Note that if N C M are von Neumann algebras, ¢ is a state on M, and
@|n is singular on N, then ¢ is singular on M (since N is a unital subalgebra
of M).

II1.2.1.12 PROPOSITION. Let ¢ be a state on £L(H). Then the following are
equivalent:

(i) ¢ is singular on L(H).

(i) dlicery = 0.
(iii) ¢(p) = 0 for every rank-one projection p € L(H).

PRrROOF: (ii) = (iii) is trivial, and (iii) = (ii) is nearly trivial since linear
combinations of rank-one projections are norm-dense in IC(H). For (iii) =
(i), suppose ¥ is a nonzero normal positive linear functional on L(H) with
1 < ¢, and let {p;} be a maximal family of orthogonal rank-one projections
in L(H). Then 0 < (1) = >, 9 (pi), so 0 < ¥(p;) < ¢(pi) for some i. For (i)
= (ii), suppose w = @[ () # 0, and let ) be the unique normal extension
of w to L(H) (II1.2.1.9). Then ¢ < ¢ by 11.6.4.16.

IT1.2.2 Normal Maps and Isomorphisms of von Neumann Algebras

Normal Maps

I11.2.2.1 If M and N are von Neumann algebras, then a *-homomorphism
(or, more generally, a positive map) ¢ : M — N is normal if, whenever (z;)
is a bounded increasing net in M, then

p(sup x;) = sup ¢(x;).

It is obvious that a *-isomorphism from M onto N is a lattice-isomorphism
from M. onto N4 and hence normal.
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I11.2.2.2 PROPOSITION. Let M and N be von Neumann algebras, and ¢ :
M — N a completely positive map. The following are equivalent:

(i) ¢ is normal.
(ii) ¢ is continuous for the o-weak topologies on M and N.
(iii) ¢ is continuous for the o-strong topologies on M and N.
(iv) @|B,(a) is continuous for the o-strong topologies on By (M) and N.

PROOF: (i) <= (ii): Since the o-weak topology on N is the weakest topology
making all elements of N, continuous, ¢ is o-weakly continuous if and only if
foo e M, for all f € N,; it is also obvious that ¢ is normal if and only if
f o ¢ is normal for every normal state f on N. The result then follows from
111.2.1.4.

(ii) = (iii): By scaling we may assume ||¢|| < 1. Suppose z; — 0 o-strongly.
Then zfx; — 0 o-weakly. If ¢ is continuous for the o-weak topologies, then
¢(zfx;) — 0 o-weakly. Since ¢(x;)*d(x;) < d(xfzi), ¢(zi)*P(x;) — 0 o-
weakly, so ¢(x;) — 0 o-strongly.

(iii) = (iv) is trivial.

(iv) = (i): If (x;) is a bounded increasing net in M with x = sup z;, then
x; — x o-strongly, so ¢(z;) — ¢(z) o-strongly. Since ¢(x;) — sup P(x;)
strongly, 6(z) = sup (7).

I11.2.2.3 PROPOSITION. Let M be a von Neumann algebra, ¢ a normal state
on M, and w4 the GNS representation. Then 74 is a normal representation,
i.e. a normal *-homomorphism from M to L(H).

In fact, 7y is continuous for the o-weak and o-strong topologies.

The Normal Stinespring Theorem

We have a normal version of Stinespring’s theorem (I1.6.9.7):

II1.2.2.4 THEOREM. [NORMAL STINESPRING THEOREM| Let M be a von
Neumann algebra, and ¢ : M — L(H) be a normal completely positive map.
Then there is a Hilbert space Hy, a normal representation w4 of M on Hgy,
and Vy € L(H,Hg) with [|[Vy||> = ||¢]|, such that

¢la) = Vimg(a)Vs

for all @ € M, and such that (Hg,me, V) are canonical and minimal in the
sense that if H’ is another Hilbert space with a normal representation p of
M, and W € L(H,H') with ¢(a) = W*p(a)W for all a € M, then there is an
isometry U : H, — H’ onto a subspace invariant under p and intertwining g
and p, and such that W = UV.

If A and ¢ are unital, then H, can be chosen to contain H, and ¢(a) =
PH’JT(G,)PH.

An examination of the proof of 11.6.9.7 shows that if ¢ is o-strongly con-
tinuous, then so is the representation 7y defined there.
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Tensor Products of Normal Completely Positive Maps

I11.2.2.5 Using I11.2.2.4, as in the C*-case we immediately deduce the
existence of tensor products of normal completely positive contractions: if
My, Ms, N1, Ny are von Neumann algebras and ¢ : My — M5 and ¢ : Ny —
Ny are normal completely positive contractions, then the map ¢ ® ¥ from
M1 O) N1 to M2 O) Ng given by

o) (Ymen) = o) @)

is well defined and extends to a normal completely positive contraction, also
denoted ¢ ® 1, from M;®N7 to Ma®N,. If ¢ and 9 are conditional expecta-
tions, so is ¢ ® 1.

I11.2.2.6 As an important special case, there is also a normal version of
slice maps (I1.9.7.1). Let M and N be von Neumann algebras on H; and Hs
respectively, and let ¢ be a normal state on M. Then the slice map R4 defined

by
Ry (Y ai@u) = oy,

extends to a normal conditional expectation from M®N to N (and similarly
for a left slice map L, for a normal state ¢ on V).

II1.2.2.7 Another important special case is, of course, the tensor product
of normal states: if ¢ and v are normal states on M and N, then there is a
corresponding normal state ¢ ® ¢ on M®N. In this case, there is an obvious
alternate way to view ¢ ® v, as the vector state corresponding to &, ® &y.

Other versions of Stinespring’s theorem and tensor products of normal
maps can be found in IV.2.3.3 and 1V.2.3.4. Tensor products of normal semi-
finite weights are discussed in 111.2.2.30.

Isomorphisms of von Neumann Algebras

The following corollary of II1.2.1.4 shows that an algebraic isomorphism of von
Neumann algebras is “almost spatial.” An amplification of a representation m
of a C*-algebra A on H is a representation 7 ® 1 of A on H® H’ for some H’,
and a reduction of 7 is the restriction of 7 to in invariant subspace X" such
that Py has central support 1 in m(A)’.

I11.2.2.8 THEOREM. Let M and N be von Neumann algebras on Hilbert
spaces H and H'. If 7 is an algebraic *-isomorphism from M onto N, regarded
as a representation of M (which is necessarily normal by 111.2.2.1), then 7 is
equivalent to a reduction of an amplification of the identity representation of
M. Thus there is a Hilbert space H” such that M ® 1 on H ® H" is unitarily
equivalent to N®1 on H' @ H”. If H and H' are separable, H"' may be chosen
separable.
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PROOF: Since 7 is a direct sum of cyclic normal representations (countably
many if H' is separable), i.e. GNS representations from normal states, it suf-
fices to show that if ¢ is a normal state of M, then 74 is equivalent to a
subrepresentation of a countable amplification of the identity representation
of M. Let {&,} be as in 111.2.1.4, and let H" be a separable Hilbert space with
orthonormal basis {7, }. Then 74 is equivalent to the cyclic subrepresentation
of the amplification M ® 1 on H ® H" with cyclic vector Y &, ® 1.

From II1.1.3.7 we obtain:

I11.2.2.9 COROLLARY. If M and N are isomorphic von Neumann algebras,
and M’ and N’ are properly infinite and locally countably decomposable, then
M and N are unitarily equivalent.

I11.2.2.10 DEFINITION. If 7 and p are normal representations of a von Neu-
mann algebra M, write m = p if 7 is equivalent to a subrepresentation of p. If
m(M) acts on H and z is a central projection in M, write 7, for the subrep-
resentation of m on m(z)H.

I11.2.2.11 COROLLARY. Let M be a von Neumann algebra, and 7 and p
normal representations of M. Then there is a central projection z € Z(M)
such that 7, 2 p, and p1_, I m_,.

PROOF: Let o be a faithful normal representation of M on H of sufficiently
high multiplicity that 7 X o and p 3 o, i.e. there are projections p, g € o (M)’
with o|pn and o|q equivalent to 7 and p respectively. Apply generalized
comparability to p and q.

A more detailed discussion of when algebraic isomorphisms of von Neu-
mann algebras are spatial is in I11.2.6.

I11.2.2.12 COROLLARY. Let M and N be von Neumann algebras, and ¢ :
M — N an (algebraic) *-isomorphism. Then ¢ is a homeomorphism from M
to N for either the o-weak topologies or the o-strong topologies.

This is also a corollary of I11.2.2.2.

I11.2.2.13 A *-isomorphism ¢ : M — N of von Neumann algebras is not
weakly or strongly continuous in general, but it is if M’ and N’ are both
properly infinite, in which case the weak and o-weak topologies coincide on
M and N, as do the strong and o-strong. But we do have:

I11.2.2.14 PROPOSITION. Let M and N be von Neumann algebras, and
¢: M — N an (algebraic) *-isomorphism. Then ¢ is a homeomorphism from
B1(M) (closed unit ball) to By (V) for either the weak, strong, or strong-*
operator topologies.

PROOF: The result for the weak or strong topology follows immediately from
111.2.2.12 and the agreement of the weak and o-weak topologies, and the strong
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and o-strong, on bounded sets, and the result for the strong-* topologies
follows almost immediately. An alternate proof for the strong or strong-*
topologies can be based on 1.3.2.8.

II1.2.2.15 It should be noted that every infinite-dimensional von Neumann
algebra has non-normal representations, e.g. the GNS representation from a
nonnormal state, or an irreducible representation of a non-Type-I factor. Thus
a concrete C*-algebra of operators which is algebraically *-isomorphic to a
von Neumann algebra is not necessarily weakly closed. (Such representations
generally only occur on nonseparable Hilbert spaces.)

Characterization of Strong Topologies

II1.2.2.16 We also obtain a useful characterization of the strong or o-strong
topology on bounded sets. If ¢ is a state on a C*-algebra A, we can define a
seminorm || - ||2, on A by

l2]l2.6 = p(a”2)"/

(this is the seminorm induced by the GNS inner product (z,y)s = ¢(y*z)).

II1.2.2.17 PROPOSITION. Let M be a von Neumann algebra, and {¢; :
i € I'} a separating family of normal states on M. Then the topology gener-
ated by {|| - |2,¢;, : ¢ € I} agrees with the strong (or o-strong) topology on
bounded subsets of M. In particular, a bounded net (z;) in M converges to 0
(0—) strongly if and only if ¢;(z}z;) — 0 for all 4.

This follows almost immediately from 1.3.1.2, since m = @©;my, is a faithful
normal representation of M, and

{y£¢i ZyEF(M)/,iEI}

is total. For each y and 4, if (z;) is a net in M and ¢;(272;)"/? — 0, then

= llyllg(a;z;)? — 0.

I (z)y€s: | = llym(z)€e: 1| < Nyllllm(z;)Es,

Conversely, if z; — 0 strongly, then ||m(z;)&s, ]| = qﬁi(x;ij)l/Q — 0 for each i.

Normal Weights

A weight ¢ on a von Neumann algebra M is normal if, whenever (z;) is an
increasing net in M, converging strongly to z, ¢(z) = lim ¢(x;). A normal
weight is completely additive on projections, but the converse is not true for
unbounded weights in general.

The next theorem gives alternate characterizations of normality.
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I11.2.2.18 THEOREM. Let ¢ be a weight on a von Neumann algebra M.
Then the following are equivalent:

(i) ¢ is normal.

(ii) ¢ is o-weakly lower semicontinuous.

(iii) ¢ is the supremum of a family of normal linear functionals on M.

(iv) ¢ is the supremum of an upward directed family of normal linear func-
tionals on M.

(v) ¢ is the sum of a family of normal linear functionals on M.

The implications (v) <= (iv) = (iii) = (ii) = (i) are obvious. (i) =
(iii) was proved in [Haa75a], and (iii) == (iv) then follows from a result of F.
Combes [Com68]:

I11.2.2.19 THEOREM. Let ¢ be a normal weight on a von Neumann algebra
M. Then
{feM,:(1+e)f < ¢ for some e > 0}

is upward directed.

This result is closely related in spirit to the fact that if A is a C*-algebra,
then {x € Ay : ||z|| < 1} is upward directed (I1.4.1.3(i)). See [Str81] for details
of the proof of this theorem and I11.2.2.18.

If ¢ is a weight on a von Neumann algebra M, then the o-weak closure
of Ny is of the form Mp for a projection p, and the o-weak closure of My is
then pMp (I11.1.1.15).

II1.2.2.20 PROPOSITION. A normal weight ¢ on a von Neumann algebra M
is semifinite if and only if My (and hence M) is o-weakly dense in M.

PRrROOF: If M, is o-weakly dense in M, and (hy) is an increasing approximate
unit for My, then hy — 1 o-strongly, so hazhy — x for any x € M by joint
strong continuity of multiplication on bounded sets. Thus, if x € M,

o(x) < lim)\inf o(hazhy)

by o-strong lower semicontinuity of ¢. Conversely, if ¢ is semifinite, and the
o-weak closure of My is pMp, then

My = (1-p)M(1 - p) = {0}

(11.6.7.7).

The conclusion of this result is usually taken as the definition of a normal
semifinite weight.
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I11.2.2.21  So if ¢ is a normal semifinite weight, My (and hence Ny N NY)
is o-strongly dense in M. Actually, if ¢ and v are normal semifinite weights
on M, then

Ny Ng = Span{y*z : x € Ny, y € Ny} € Ny NN,

is o-strongly dense in M (111.1.1.16).
Semifiniteness is very important for normal weights, but can be easily
arranged:

I11.2.2.22 PROPOSITION. Let ¢ be a normal weight on a von Neumann
algebra M. Then there is a normal semifinite weight ) on M with 91y D 9,
and such that the inclusion of 914 into 9, induces an isometry from H, onto
H, (and hence the GNS representations 7, and m, are unitarily equivalent).
The formula for ¢ is ¥ (x) = ¢(prp) (where the o-weak closure of My is Mp),
and v agrees with ¢ on IMy.

PRrOOF: If () = ¢(pzp), then Ny = NydM(1—p) and Ny = Ny M(1—p),
so 1 has the stated properties and is clearly normal and semifinite.

Support Projections of States and Weights

I11.2.2.23 Let ¢ be a normal weight (e.g. a normal state) on a von Neumann
algebra M, and let C' be the set of x € M, with ¢(x) = 0. By normality, if
x € C, then its support projection s(z) € C. If p and ¢ are projections in
C, then pV g = s(p+q) € C, so the set of projections in C is upward
directed. If ¢ is the supremum, then ¢ € C by normality, and p = 1 — ¢
satisfies ¢(z) = ¢(pxp) for all x € M. This projection p is called the support
projection, or carrier, of ¢, denoted s(¢).

111.2.2.24 Let

Ny ={z e M: ¢(z"z) =0}.
Then Ny is a left ideal of M. If ¢ is a state, from the CBS inequality = € Ny
if and only if ¢(yx) = 0 for all y € M. Thus N, is o-weakly closed, and
hence Ny = Mg for some projection ¢ € M. This is the same g as above, so
p = s(¢) =1 — q. Since, for any z € M, ¢(qx) = ¢(x*q) = 0, it follows that

d(x) = ¢p(px) = ¢(xp) = P(pxp)

for all x € M; and ¢|pnrp is faithful. If m, is the GNS representation of M,
then the kernel of 7y is M (1 — z4(4)); thus 7y is faithful on Mz,4).
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I11.2.2.25 More generally, if ¢ is a positive map from M to another von
Neumann algebra, we can define N, in the same way; N, is a norm-closed
left ideal of M which is o-weakly closed if ¢ is normal; in this case ¢ has
a support projection s(¢) as above. If ¢ is completely positive, then by the
Kadison inequality we have ¢(yz) = 0 for all x € Ny, y € M, so if ¢ is normal
and p = s(¢), then, as above,

o(x) = d(pr) = ¢(xp) = d(pap)
for all z € M; and @|parp is faithful.

Faithful Weights and States

II1.2.2.26 If M is a von Neumann algebra, let {¢; : i € Q} be a fam-
ily of normal linear functionals which is maximal with respect to the condi-
tion that the supports p; are mutually orthogonal. On M, let ¥ = 3. ¢;.
Then 1+ is a faithful normal semifinite weight on M, and 91, N 97, contains
Urer@)prMpr, where F(Q) is the directed set of finite subsets of 2 and
Pr = Y ;cpPi- (Such a faithful normal semifinite weight is called strictly
semifinite; the condition is equivalent to the property that the restriction of ¢
to M® (I11.4.6.1) is semifinite (I11.4.7.9). Not every faithful normal semifinite
weight is strictly semifinite.) Thus every von Neumann algebra has a faithful
normal semifinite weight.

If M is countably decomposable and {¢,, : n € N} is a maximal family of
normal states on M with mutually orthogonal supports, set ¢ =3 27"¢,.
Then ¢ is a faithful normal state on M. Thus we obtain:

I11.2.2.27 PROPOSITION. Let M be a von Neumann algebra. Then the fol-
lowing are equivalent:

(i) M has a faithful state.

(ii) M has a faithful normal state.

(iii) M is countably decomposable.

(iv) The strong (or o-strong) operator topology, restricted to the unit ball of
M, is first countable.

(v) The strong (or o-strong) operator topology, restricted to the unit ball of

M, is metrizable.

The implication (iii) == (ii) results from the previous discussion, and (ii)
= (i) = (iii) and (v) = (iv) are trivial. To prove (ii) = (v), let ¢ be a
faithful normal state on M. Then by I11.2.2.17 the norm

l2]l2.6 = p(aa)'/?

gives the strong operator topology on bounded subsets of M. For (iv) = (iii),
if {p;} is an uncountable set of mutually orthogonal nonzero projections in M,
the net of finite sums of the p; converges strongly to > p;, but no sequence
of finite sums converges strongly to > p;, so the strong operator topology on
the unit ball of M is not first countable.
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II1.2.2.28 The strong-* (or o-strong-*) topology on the unit ball of a count-
ably decomposable M is also metrizable via the metric

d*(z,y) = |z = yll2,¢ + |27 — y"[|2,¢

where ¢ is a faithful normal state, and conversely.

The o-weak topology on the unit ball of a countably decomposable von
Neumann algebra is not metrizable in general. In fact, it is metrizable if and
only if the von Neumann algebra has separable predual, a straightforward
consequence of the fact that a compact metrizable space is second countable.

Note that if M is infinite-dimensional, none of the weak, o-weak, strong,
o-strong, strong-*, o-strong-* topologies are metrizable (or first countable)
on all of M: if {p,} is a sequence of mutually orthogonal nonzero projections
in M, then 0 is in the o-strong-* closure of {\/np,}, but no subsequence
converges weakly to 0 by Uniform Boundedness; cf. 1.1.3.4.

States and Weights on Tensor Products

We can form tensor products of normal states. Let M and N be von Neumann
algebras, with normal states ¢ and 1 respectively. We can form the tensor
product state ¢ ® 1 on M®N as in 111.2.2.7.

II1.2.2.29 PROPOSITION. The support projection s(¢ ® 1) is s(¢) ® s(v).
In particular, if ¢ and 1 are faithful, so is ¢ ® 9.

PROOF: We have that [(1—35(¢))®1] L s(¢®1) and [1®(1—s())] L s(¢@1)),

s(p@) <[s(¢) @ 1] A1 @ s(¥)] = s(p) @ s(¢)).
So
Zs(gpi) < Zs(¢)@s() = Zs(¢) © Zs(y)

(II1.1.5.8) [this also follows easily from II1.2.2.24 and the fact that m3gy =
g @ my.] We may thus cut down to Mzy4) and Nzgy,), i.e. we may assume
that 74 and 7y are faithful. So Tygy = Ty ® Ty is also faithful, i.e. zyggy) =

Zs(9)@s(1) = Zs(9) © Zs(y)-
It is easily seen that s(¢)Hy = [m4(M) €y, and similarly s()Hy = [my (M) Ey],

$(0 @ Y)Y Hogy = Moy (MBN) Esgy] = [(me(M)@7y(N)) (€p @ &)

2 [(mp (M) @7y (N)) (s @ &4)] = (5(8) @ 5()) (Hy ® Hy)

s0 5(¢) ® 5(Y) < s(¢ @ ).
Note that this proof can be streamlined by applying the (rather deep)
Commutation Theorem for Tensor Products (I11.4.5.8).
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I11.2.2.30 If ¢ and ¢ are normal semifinite weights on M and N respec-
tively, then a tensor product weight can be constructed on M &N, which is
normal and semifinite and satisfies s(¢ ® 1) = s(¢) ® s(v). The details, in-
volving left Hilbert algebras, are rather delicate, however (cf. I11.4.4.5); see
[Tak03a, VIIL4] for a complete treatment.

IT1.2.3 Polar Decomposition for Normal Linear Functionals
and the Radon-Nikodym Theorem

The next result, due to S. Sakai [Sak58], may be regarded as giving a po-
lar decomposition for normal bounded linear functionals on a von Neumann
algebra.

I11.2.3.1 PROPOSITION. Let M be a von Neumann algebra and ¢ a normal
linear functional on M. Then there is a positive linear functional ¢ on M,
with ||¢|| = |||, and a partial isometry w € M, such that ¢(x) = ¢(xu) and
o(x) = Y (zu*) for all x € M. The ¢ is uniquely determined, and denoted |¢|;
u may be chosen so that u*u is the support of ¢, and such w is also unique.

We prove only the existence. We may assume ||¢)|| = 1. Let
K={aeM: () =1=al}

Since 1) is o-weakly continuous, K is a nonempty o-weakly compact subset
of M. Let v be an extreme point of K; then v is an extreme point of the
unit ball of M, and therefore a partial isometry (I1.3.2.17). Set ¢ = 1, i.e.
o(x) = Y(zv) for all x. Then ||¢|| < 1 = ¢(1), so ¢ is a state. If ¢ is the
support of ¢, then ¢ < vv* since

p(vv”) = P(vvv) = P(v) = 1.
Set u = v*q; u is a partial isometry with u*u = ¢ and
Y(zu”) = p(zqu) = ¢(zq) = ¢(x)

for all z. In particular, ¥»(u*) = 1. Set p = uu*. To show that ¥ (x) = ¢(zu) for
all z, it suffices to show that ¢ (x(1 —p)) =0 for all . If Y (x(1 —p)) =5 >0
for some z, ||z|| = 1, then, for any n,

n+ 8 =1 +z(1-p)) < |nu” + (1 —p)|

= (Il + 2(1 = p)llnu + (1 = p)a*]||V/2 = [[n°q + (1 = p)a™|V/2 < V2 +1
which is a contradiction for large n (cf. the proof of 11.6.9.4).
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I11.2.3.2 PROPOSITION. Let ¢ be a normal positive linear functional on a
von Neumann algebra M, and b € M. Then |¢y| < ||b||¢.

PROOF: Let u be as in 111.2.3.1, i.e. |¢p|(x) = ¢p(zu*) = d(zu*d) and ¢(zd) =
ov(z) = |op|(zu) for all & € M. Set a = u*b; then |@p| = ¢, is positive, and
thus, for all x € M,

p(za) = ¢a(r) = (¢a)"(7) = ¢a(z*) = ¢(z*a) = ¢((a*x)*) = d(a’x)

and hence ¢(va?) = ¢(a*za) for all z, 50 ¢2 > 0. Similarly, ¢(za""") =
¢((a2")*m(a2")) for all n. Then, if z > 0, by the CBS inequality,

|60l (2) = d(za) = d(z'* (2" %a)) < ¢(2)'2(a"2a)'? = $(2)"/?¢(xa®)'/?
< ¢(x) Pp(@) Hp(xa’) 1t < - < P(a)' TP " p(wa® )P
< o) " (lglllzlllal*)* " — llallé() < llb]lé(z) as n — oo.

Generalizing the classical Radon-Nikodym Theorem of measure theory to
the situation of weights on a von Neumann algebra has proved to be an im-
portant and difficult problem, intimately tied up with the deep structure of
the algebras. In this section, we will only prove the following special case, due
to Sakai [Sak65], which is a crucial technical result in the spatial theory of
von Neumann algebras. Compare this result to I11.6.4.6 (which is used in the
proof).

I11.2.3.3 THEOREM. Let M be a von Neumann algebra, and ¢ and 1) normal
positive linear functionals on M, with ¢ < ¢. Then there is a unique t € M
with 0 <t < 1, such that ¥(z) = ¢(tat) for all z € M, and with the support
projection of ¢ equal to the support of .

PROOF: By cutting down by the support of ¢, we may assume ¢ is faithful,
and identify M with 74(M). By I1.6.4.6, there is an 7 € M’, 0 < r <1, such
that

() = (regs, o) = (w8, 5Eg)
where s = 7'/2. Let w be the linear functional on M’ defined by w(y) =

(ys€yp,&p). Then w = (¢')s, where ¢/'(y) = (Y€4,&y). By 111.2.3.2, |w| < ¢/, so
thereisat € M, 0 <t <1, such that |w|(y) = (yt&y,&y) for y € M'. Write
W = |w|y, |w| = wy> for w € M’ as in I11.2.3.1. Then, for all y € M’,

(€, y€o) = (Y84, 80) = |w[(y") = w(y™u™) = (y"u" 584, &s) = (U584, ¥Es)

so since &g is cyclic for M’ we have t€s = u*s,. Also,

(uu”s€g, y€p) = (Y uu"ss,&s) = [w|(y™u) = w(y™) = (Y88, €o) = (s€p, YSs)



II1.2 Normal Linear Functionals and Spatial Theory 259
for y € M’, and hence ut{, = uu*sfy = s&,. Then, for x € M,
() = (w58s, 584) = (580, uty)
= (zu”sy, 1) = (wtly, t&p) = (txtly, &) = B(tt).

The result is often stated by letting h = t2, i.e. there is a unique h € M
with 0 < h < 1, such that ¢(z) = ¢(h'/2xh!/?) for all z € M, and with the
support projection of h equal to the support of ¥. This h is an appropriate

“Radon-Nikodym derivative” [%} .
The analogous statement for weights is false in general. A version of the

Radon-Nikodym theorem for weights will be discussed in I11.4.7.5.

IT1.2.4 Uniqueness of the Predual and Characterizations of
W#*-Algebras

Suppose M is a von Neumann algebra, and X is a (complex) Banach space
such that X* is isometrically isomorphic to M. Regard X as a subspace of
X** = M* in the usual way.

I11.2.4.1 THEOREM. Under this identification, X = M,; so there is a unique
predual for every von Neumann algebra.

The proof of this theorem uses the weak-* topology on M as the dual of
X (sometimes called the o(M, X)-topology). The first step is to prove that
M, is weak-* closed. By the Krein-Smulian Theorem, it suffices to prove that
Mo N B1(M) is weak-* closed, where By(M) is the (norm-)closed unit ball
of M (which is weak-* compact by Alaoglu’s Theorem). If (x;) is a net in
M, N By (M) converging weak-* to a + ib with a,b € M, then, if b # 0, for
suitably large positive or negative n we have

lla+i(b+nl)[| >[I + 2] > V1+n? > [lz; +ind]|

so (z; +inl) cannot converge to a + i(b + nl) since B gz(M) is weak-*
closed, a contradiction.

My N By (M) = (Ms, N By (M))N (1 — M, N B (M))

is also weak-* closed, so M, is weak-* closed. It follows that X is the linear
span of the states in X', and the states in X are norming on M,,. By the
weak-* compactness of By(M), every bounded increasing net in M, has a
convergent subnet, and it follows that every state in X’ is normal; so X C M,.
An application of the Hahn-Banach Theorem then shows that X = M,.

Characterization of W*-Algebras

There is also an elegant characterization of W*-algebras, due to Sakai [Sak56]:



260 ITIT Von Neumann Algebras

II1.2.4.2 THEOREM. Let A be a C*-algebra. If there is a (complex) Banach
space X such that X* is isometrically isomorphic to A, then A is a W*-algebra.

By a slight refinement of the argument in the proof of II1.2.4.1, such a
C*-algebra has a representation as a concrete C*-algebra M of operators with
the property that every masa in M is monotone complete. The proof can then
be finished using the next theorem [Ped72], which is of independent interest:

1I1.2.4.3 THEOREM. Let M be a unital C*-subalgebra of L(H) with the
property that every masa in M is monotone closed. Then M is a von Neumann
algebra.

In fact, it suffices to assume that M contains all spectral projections of
each of its self-adjoint elements and that the sum of every family of mutually
orthogonal projections in M is in M. The second condition is automatic from
the first if the Hilbert space is separable.

II1.2.4.4 If ¢ is a normal state on an AW*-algebra A and 7, is the GNS
representation, then 74(A) satisfies the hypotheses of I11.2.4.3 and is thus a
von Neumann algebra. So an AW*-algebra with a separating family of normal
states is a W*-algebra, i.e. we get:

II1.2.4.5 THEOREM. Let A be a C*-algebra. Then A is a W*-algebra if and
only if every maximal commutative C*-subalgebra of A is monotone complete
and A has a separating family of normal states.

II1.2.5 Traces on von Neumann Algebras

Perhaps the most crucial structure fact about a finite von Neumann algebra
M is the existence of a center-valued trace on M, from which it follows that
M has a separating family of normal tracial states.

II1.2.5.1 DEFINITION. Let A be a von Neumann algebra (or a unital C*-
algebra), with center Z = Z(A). A center-valued state on A is a conditional
expectation from A onto Z. A center-valued state § on A is a center-valued
trace if 6(zy) = O(yx) for all z,y € A.

I11.2.5.2 PROPOSITION. Let M be a von Neumann algebra with center Z.
Then M has a normal center-valued state.

PROOF: The von Neumann algebra Z’ is type I (II1.1.5.20), and contains M
(and also M’). Let p be an an abelian projection in Z’ with central support
1. Then the map ¢ : Z — pZ = pZ'p defined by ¥ (x) = px is an algebraic
isomorphism and a o-weak homeomorphism. Define ¢ : Z' — Z by ¢(z) =
¥~ (pxp); then ¢ is a normal center-valued state.

Compare this result to IV.2.2.10 (cf. also IV.2.1.8).
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A von Neumann algebra with a center-valued trace must be finite, and a
center-valued trace on a von Neumann algebra must be faithful (if z € My
and 0(x) = 0, then x = 0). This is most easily seen using the notion of a
monic projection:

I11.2.5.3 DEFINITION. Let M be a von Neumann algebra, z a central pro-
jection, and n € N. A projection p € M is (n,z)-monic if there are mu-
tually orthogonal projections pi,...,p, € M, each equivalent to p, with
z = p1 + -+ + pn. The projection p is monic if it is (n, z)-monic for some
n and z.

A monic projection is also called fundamental in some references if the n
is a power of 2.

I11.2.5.4 EXAMPLES.

(i) If M is Type I,,, then any abelian projection p € M is (n, z,)-monic.
(ii) If p is properly infinite and z, is countably decomposable, then p is (1, z,)-
monic (and (n, z,)-monic for any n) by III1.1.3.6.
(iii) If M is Type II;, then by an argument similar to the one in II1.1.7.3,
for any n and z there is an (n, z)-monic projection, and any two are
equivalent.

In fact, for a given n and z, any two (n, z)-monic projections are equivalent.

II1.2.5.5 PROPOSITION. If M is a finite von Neumann algebra, then every
projection in M is a sum of a mutually orthogonal family of monic projections.

To prove this, it suffices to show that every nonzero projection p € M
contains a nonzero monic subprojection; the result then follows from a maxi-
mality argument. One may furthermore assume that M is either Type I, or
Type II;. The Type I,, case follows easily from I11.2.5.4(i), and the argument
in the Type II; case is similar to the one in II1.1.7.4, using III.2.5.4(iii).

I11.2.5.6 PROPOSITION. Let M be a von Neumann algebra with center-
valued trace 6. Then M is finite, and 6 is faithful.

For the proof, first note that if p <X ¢, then 6(p) < 6(q). Thus, if p is (n, 2)-
monic, we must have 6(p) = %z If z is a properly infinite central projection
in M, then z is (2, z)-monic by II.1.3.5, so z = 6(z) = 3z, a contradiction
unless z = 0. Thus M is finite. If = is a nonzero element of M, then there
is a nonzero projection p with p < ma for some m, and a nonzero monic

projection ¢ < p; then 0 < 0(q) < 6(p) < mb(x).
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I11.2.5.7 THEOREM. Let M be a finite von Neumann algebra. Then M has
a unique center-valued trace 6. Furthermore, 6 has the following properties:

(i) 6 is normal, and hence o-weakly continuous (I11.2.2.2).
(i) @ is faithful, i.e. if z € My and 6(z) = 0, then x = 0.
(iii) For any z € M, 6(x) is the unique central element in the norm-closed
convex hull of {uzu* : u € U(M)}.
(iv) Every tracial state on M is of the form f o6, where f is a state on Z(M),
i.e. every state on Z(M) extends uniquely to a tracial state on M.

II1.2.5.8 COROLLARY. Every semifinite von Neumann algebra has a faith-
ful normal semifinite trace. Every finite von Neumann algebra has a separat-
ing family of normal tracial states. Every countably decomposable finite von
Neumann algebra (in particular, every II; factor) has a faithful normal tracial
state.

PRrROOF: To prove the last statement, just note that if Z(M) is countably de-
composable, then it has a faithful normal state. For the first two statements,
every semifinite von Neumann algebra is a direct sum of algebras of the form
M®L(H), where M is a countably decomposable finite von Neumann alge-
bra (cf. I11.1.5.6(iii)); such an algebra has a faithful normal semifinite tensor
product trace.

I11.2.5.9 We now discuss the proof of I11.2.5.7. Once a normal center-valued
trace 6 is shown to exist, it must be faithful by I11.2.5.6. Uniqueness of the
center-valued trace also follows easily from a similar argument: if 6’ is any
center-valued trace on M, and p any projection in M, write p = . p;, where
p; is (n4, z;)-monic; then, since 0(p;) = €' (p;) = n%_z,- for all ¢, and since 6 is
normal, we have

o) =36 = >0/ (01) < (1),

Since also

1-0(p)=0(1—p) <O (1-p)=1-0'(p)
we conclude that 6(p) = 6'(p). By spectral theory we then obtain that 6(z) =
0'(z) for all z € M,,.

The proof of (iv) is nearly identical, at least for normal tracial states (a bit
more argument is needed for non-normal traces): if 7 is a normal tracial state,
then 7(p) = 7 0 6(p) for every monic projection p, hence for every projection
p by I11.2.5.5, hence 7(z) = 7 0 f(x) for all x = x* by spectral theory.

There are several proofs of the existence of . Most are based on the
following approximate version. This result was proved by Murray and von
Neumann [MvN37] in the factor case, and Dixmier [Dix49] observed that the
argument works essentially verbatim in general.
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IT11.2.5.10 LEMMA. Let M be a finite von Neumann algebra, and ¢ > 0.
Then there is a normal center-valued state v with the property that ¢ (za*) <
(I+e)yp(a*z) for all x € M.

The proof of the lemma proceeds in three steps. The first step, which
requires most of the work, is to show that if ¢ is any normal center-valued
state (such exist by II1.2.5.2), then there is a projection p € M with ¢(p) # 0
and

P(za”) < (1+€)p(z"x)

for all z € pMp. To do this, first let ¢ = 1 — > ¢;, where {¢;} is a maximal
family of mutually orthogonal projections with ¢(g;) = 0; then ¢ is faithful on
gMgq, and ¢(q) = 1. Then let {e;, f;} be a maximal family of subprojections
of ¢ such that e; L e; and f; L f; for i # j and e; ~ f; and ¢(e;) > ¢(fi)
for all ¢ (where “>” means “> and not equal to” in C). If e = ¢ — Y e; and
f=q=>_ fi, then (unless ¢ is already a trace) ¢(f) > ¢(e) > 0, s0 f # 0, and
e # 0 since e ~ f (II1.1.1.2), so ¢(e) # 0. If p is the smallest number such that
6(') < po(f") whenever ¢’ < e, f' < f, ¢ ~ f', then 0 # d(e) < po(f), so
u > 0;and thereise’ <e, f' < f, e/ ~ f', (1+e)p(e’) £ ug(f'), and by cutting
down by a suitable central projection we can make (1 + €)p(e’) > pd(f’).
Let {e/, fI'} be a maximal family such that e < e/, fI’ < f', el ~
(1+ )(e?) < pd(f?). Then

0#p=c = el ~f'=1 =3 [/
and if p1,pa < p, p1 ~ po, there is g < f”, g ~ p1, and we have

P(p2) < pe(g) < (1 +€)d(p1)-

By spectral theory this implies ¢(xa*) < (1 + €)p(x*z) whenever x € pMp.

The second step is to show that there is a nonzero central projection z and
a normal center-valued state v, on zM with ¥, (xa*) < (1 + )y (z*x) for all
x € zM. Let p be as in the first part. We may assume p is monic by I11.2.5.5;
let p;,...,pn be a set of mutually orthogonal projections with Y p; = z and
p; equivalent to p via u;. A simple computation shows that v, defined by
¥.(z) = >, p(uzzuy) is the desired center-valued state.

The third step is a straightforward exhaustion argument.

)

II1.2.5.11 The first existence proof, in [MvN37], valid on its face only for
factors (although it can be modified for the general case), first constructs the
quasitrace 7 as in I1.6.8.14, and then it must be shown that 7 is linear. If v is
as in I11.2.5.10, then it follows from a simple argument that |¢(p) — 7(p)| < €
for every monic projection p, and thus (using normality of ¢ and T)

[p(2) = 7(2)| < el

for all z € M. Therefore 7 is e-linear for all e.
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II1.2.5.12 The second proof, by Dixmier [Dix49], was the first to handle
the non-factor case, and also established property (iii) of I111.2.5.7. This proof
will be discussed in more detail in I11.2.5.15.

I11.2.5.13 The simplest existence proof using I11.2.5.10 is due to Kadison
([Kad55], [Kad61]; see [KR97b, 8.2]). If (a,,) is a sequence of positive numbers
strictly decreasing to 1, and ), is a center-valued state as in I11.2.5.10 with
€ = a, — 1, a simple computation shows that a2, — 1, is a positive map
for m < n, hence completely positive by 11.6.9.10, and so it follows from
11.6.9.4 that (¢,,) is norm-convergent to a center-valued state 6 which must
be a normal center-valued trace.

I11.2.5.14 The most elegant existence proof, and the only standard proof
not using I11.2.5.10, is the argument of F. Yeadon [Yea71]. It suffices to show
that every normal state on Z = Z(M) extends to a normal tracial state on
M; then, by the above proof, the extension is unique, and the map ¢ from Z,
to M, sending a normal state to its tracial extension is a linear isometry; the
dual map 6 = ¢* from (M,)* = M to (Z.)* = Z is a surjective idempotent
map of norm one, and hence a center-valued trace.
For each u € U(M), let T, : M, — M, be defined by

[Tu(Pl(x) = f(u"zu).

Then {T, : w € U(M)} is a group of isometries. Fix an f € M,, and let Ky
be the norm-closed convex hull of {T,(f) : v € U(M)}. Then each g € Ky
satisfies g|z = f|z, and each T}, maps K ; onto itself. The crucial use of finite-
ness in the proof is in showing that K is weakly compact (the weak topology
is the topology of pointwise convergence on M). Thus the Ryll-Nardzewski
fixed-point theorem [RNG7] applies (the “noncontracting” hypothesis is triv-
ial) to yield a 7 € Ky with T,,(7) = 7 for all w € U(M), so T is a tracial
state with 7|z = f|z. Since the restriction map from M, to Z, is surjective
(I11.2.1.10), this completes the argument.

The Dixmier Property

II1.2.5.15 We now outline the existence proof of Dixmier [Dix49], which
also establishes property (iii). It is worthwhile to name the relevant properties
since they are used not only in the study of von Neumann algebras, but also
for many C*-algebras such as certain reduced group C*-algebras.

II1.2.5.16 DEFINITION. Let A be a unital C*-algebra with center Z(A). A
has the Dizmier property if, for every x € A, the norm-closed convex hull I,
of {uzu* : u € U(A)} has nonempty intersection with Z(A). A has the strong
Dizmier property if K, N Z(A) consists of exactly one point for all x € A.
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I11.2.5.17 PROPOSITION. A C*-algebra with the strong Dixmier property
has a center-valued trace.

Indeed, z — ¢(x) € K, NZ(A) is a linear contraction which is the identity
on Z(A), and hence a center-valued state. If u € U(A), then ¢(uzu*) =
¢(x) for all x, and it follows that ¢(xz*z) = ¢(xa™) for all z (and hence by
polarization ¢(xy) = ¢(yx) for all z,y) by an argument nearly identical to
the proof of 11.6.8.7.

I11.2.5.18 THEOREM. Every von Neumann algebra has the Dixmier prop-
erty.

The main step in the proof is to show that given z € M,,, there is a
u€U(M) and y € Z(M) with ||(z +uzu*)/2 —y|| < 3||z|. In fact, if |z|| =1
and p is the support projection of z, choose a central projection z such that
pz 3 (1 —p)z and (1 —p)(1 — 2) 2 p(l — 2) and partial isometries v, w with
v* = pz, vv* < (1 —p)z, w*w = (1 —p)(1 — 2), ww* < p(1 — 2z). Then the
element

u=v+v*t+w+w + (1 -p)z—vv*)+ (p(1 — z) —ww")

is unitary, and it and y = (1 — 2z)/4 work. The proof is then finished by
iterating the construction.

II1.2.5.19 THEOREM. Every finite von Neumann algebra has the strong
Dixmier property.

Because of I11.2.5.18, it is only necessary to show that if M is finite and
x € My,, then IC; cannot contain more than one point. But if y, z € K, and a
center-valued state 1 is chosen as in 111.2.5.10 with € < ||y—z||, a contradiction
is easily obtained.

II1.2.5.20 It is shown in [HZ84] that every simple unital C*-algebra has the
Dixmier property and every simple unital C*-algebra with unique tracial state
has the strong Dixmier property. It has also been shown that C}(G) has the
strong Dixmier property for certain (G, and hence is simple with unique trace;
cf. [Pow75], [PS79], [Ake81], [dIH85], [BN88|, [HR89], [BEd91]. See [Avi82] for
a related condition on reduced free products of C*-algebras.

Characterization of Finite Projections

We can use the existence of a center-valued trace to describe the o-strong
topology on bounded subsets of a finite von Neumann algebra M and show
that the involution is o-strongly continuous. The first result is an immediate
corollary of I11.2.2.17 and 111.2.5.8:
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I11.2.5.21 PROPOSITION. Let M be a finite von Neumann algebra, and
{7 : i € I} be a separating family of normal tracial states on M (e.g. the
set of all normal tracial states on M). Then the topology generated by the
seminorms {|| - ||2,r, : ¢ € I} (II1.2.2.17) agrees with the o-strong topology on
bounded subsets of M.

I11.2.5.22 COROLLARY. If M is a finite von Neumann algebra, then the
involution is o-strongly continuous on bounded subsets of M, and hence the
o-strong and o-strong-* topologies coincide on bounded subsets of M.

PRrOOF: If (z;) is a bounded net in M converging o-strongly to 0, then, for
each tracial state 7 on M,

|25 12, = 7(aja}) ' = r(aja;) 2 — 0

so zj — 0 o-strongly.
I11.2.5.23 PROPOSITION. Let M be a von Neumann algebra, and p a pro-
jection in M. The following are equivalent:

(i) p is finite.
(ii) The involution is o-strongly continuous on bounded subsets of pMp.
(iii) The function z — pz* is o-strongly continuous on bounded subsets of
M.

ProOOF: (i) = (ii) is 111.2.5.22. For (iii) = (i), suppose p is not finite. By
cutting down by a central projection, we can assume that p is properly infinite.
Then there is a sequence (gy,,) of mutually orthogonal subprojections of p, each
equivalent to p (II1.1.3.5); let v, be a partial isometry with v}v, = ¢, and
vp v = p. Then v, — 0 o-strongly, but v} = pv} / 0 o-strongly.
For (ii) = (iii), suppose (z;) is a bounded net in M converging o-strongly
to 0. Since

pT; = pzp¥; = 2ppx;zp
by cutting down by z, we may assume p has central support 1. Choose a
maximal family {p;} of mutually orthogonal projections in M with p; 3 p for
all 4; then > p; = 1 (II1.1.1.12). There is a partial isometry v; with vjv; = p;
and v;v} < p, then p; = vfpv;. It suffices to show that [[pz}&|| — 0 whenever
& = p;€ for some i by 1.3.1.2. For such i and &, we have

Ipz;&ll = [lpzipigl| = l|pzjvipviéll = || (pviz;p)*pui€]| -

We have that (pv;z;p) is a bounded net in pMp converging to 0 o-strongly as
J — 00, so by (ii) we have (pv;z;p)* — 0 o-strongly and hence

| (pvizjp)*pvi&|| — 0.

The next theorem will be useful in several contexts, including establishing
the type of a tensor product of von Neumann algebras.
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I11.2.5.24 THEOREM. Let N C M be von Neumann algebras, and 6 a nor-
mal conditional expectation from M onto N. If N is Type III and p is a finite
projection in M, then 6(p) = 0.

PROOF: Suppose 6(p) # 0, and let ¢ be a nonzero projection in N with
Ag < 0(p) for some A > 0. Then there is a y € N with yf(p) = q. Let (x;) be
a bounded net in N converging o-strongly to 0. Then pz; — 0 o-strongly by
111.2.5.23, so 0(pz}) — 0 o-strongly (II1.2.2.2). But then

qr; = yb(p)z; = yb(pxj) — 0

(o-strongly), so ¢ is finite by II1.2.5.23, a contradiction.

I11.2.5.25 COROLLARY. Let N C M be von Neumann algebras.

(i) If there is a normal conditional expectation 6 : M — N, and M is semifi-
nite, then N is semifinite.

(ii) If there is a a separating family {6; : ¢ € I} of normal conditional ex-
pectations from M to N (i.e. if z € My, = # 0, then there is an ¢ with
0;(x) #0), and N is Type III, then M is Type III.

PROOF: (i): Suppose N is not semifinite, and let z be a central projection in
N with Nz Type III. Then 6 restricts to a normal conditional expectation
from zMz to Nz, and zM z is semifinite. Thus, to obtain a contradiction, we
may assume that N is Type III. Let {p;} be a family of mutually orthogonal
finite projections in M with > p; = 1. Then

1= 0(1) = > 0m) =0,

a contradiction.
(ii) is immediate from the theorem.

One can also prove ([Tom59]; cf. [Str81, 10.21]):

II1.2.5.26 THEOREM. Let N C M be von Neumann algebras. If there is a
normal conditional expectation 6 : M — N, and M is Type I, then N is Type
1.

See IV.2.2.3 for a related result.

Type of a Tensor Product

We can now establish the type of a tensor product of two von Neumann alge-
bras. Throughout this subsection, M and N will be von Neumann algebras.

First note that tensor products respect direct sums, so to establish the
type of M®N we may assume that M and N are of pure type.
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I11.2.5.27 THEOREM. Let M and N be von Neumann algebras of pure type.
Then

(i) M®N is finite if and only if both M and N are finite.
) M®N is semifinite if and only if both M and N are semifinite.
iii) M®N is Type I if and only if both M and N are Type L.
) M®N is Type II if and only if both M and N are semifinite and one is
Type II.
(v) M®N is Type II; if and only if both M and N are finite and one is
Type I1;.
(vi) M®N is Type I if and only if both M and N are semifinite, one is
Type II, and not both are finite.
(vil) M®N is Type III if and only if either M or N is Type III.

(There are, of course, redundancies in the statements of these parts.)
If {¢; :i €I} and {¢; : j € J} are separating families of normal tracial
states on M and N respectively, then

{¢i®¢jli€I,jEJ}

is a separating family of normal tracial states on M®N (I11.2.2.29, 1.5.1.8).
This shows that if M and N are both finite, then M &N is finite. The converse
direction of (i) follows from the fact that M and N embed in M®N, and a
subalgebra of a finite algebra is finite.

For (ii), if p and ¢ are finite projections in M and N respectively with cen-
tral support 1, then p® ¢ is a finite projection in M®N (previous paragraph)
with central support 1 (ITII.1.5.8), giving one direction. The converse direction
of (ii) follows from (vii).

If M and N are Type I, and p and ¢ are abelian projections in M and
N with central support 1, then p ® ¢ is an abelian projection in M®N with
central support 1 (III.1.5.8), so M®&N is Type 1. More specifically, it is easy
to see that (Type I,) ® (Type I,) is Type Inn. So to finish the proof of the
theorem it suffices to prove the following two lemmas:

I11.2.5.28 LEMMA. If M or N is Type III, then M®N is Type III.

PROOF: This is almost an immediate corollary of I11.2.5.25. Suppose N is
Type III. As ¢ ranges over all normal states of M, the left slice maps Ly
(I11.2.2.6) give a separating family of normal conditional expectations from
M®N to N: we have s(Lg) = s(¢p) ® 1, so

Vs(Lo) = VIs@) @1 = [\/s(6)| @1 =101

é $ $
(1.5.1.8).
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I11.2.5.29 LEMMA. If M or N is continuous, then M &N is continuous.

PROOF: If M or N is Type III, the result follows from I11.2.5.28. Suppose M
and N are semifinite, and p and ¢ finite projections in M and N respectively
with central support 1. Then p® q is a finite projection in M@N with central
support 1. It suffices to show that the finite von Neumann algebra pMpRqNq
is Type IIy if M (and hence pMp) is Type II;. If pMp&qNq is not Type 11y,
then there is a nonzero central projection z € pMp&qNg with z(pMpRqNq)
Type I,, for some n € N. But z(pMpRqNq) has a W*-subalgebra z(pMp® 1)
which is isomorphic to a quotient of pMp by a weakly closed ideal and is
therefore Type II;, a contradiction since every W*-subalgebra of a Type I,
von Neumann algebra is Type 1.

IT1.2.6 Spatial Isomorphisms and Standard Forms

In this section, we elaborate on the essential uniqueness of the representation
of a W*-algebra as a von Neumann algebra established in I11.2.2.8.

I11.2.6.1 DEFINITION. Let M be a von Neumann algebra, and ¢ a faithful
normal semifinite weight on M. The -standard form representation of M is
the GNS representation from . A normal representation 7 of M is in standard
form if it is (unitarily equivalent to) a t-standard form representation for
some faithful normal semifinite weight ¢). A von Neumann algebra on H is in
standard form if its identity representation is in standard form.

I11.2.6.2 EXAMPLE. Let M be a type I factor, i.e. M = L(H) for some H,
and Tr the standard trace on M. The Tr-standard form representation of M
is the representation as left multiplication operators on the ideal of Hilbert-
Schmidt operators £2(H). In this representation, M’ is also isomorphic to M,
acting by right multiplication. In particular, M and M’ are the same “size.”

The next two obvious observations are useful in decomposing and analyz-
ing representations.

II1.2.6.3 PROPOSITION. Let M be a von Neumann algebra on H, and {z;}
a set of mutually orthogonal central projections of M with > z; = 1. Then
M is in standard form on H if and only if M z; is in standard form on z;H for
all 4.

I11.2.6.4 PROPOSITION. Let M7, M5 be von Neumann algebras on H; and
Ho respectively. If M; and M, are in standard form, then M;®M; is in
standard form on H; ® Ho.

The converse is false: if H;, Ho are separable, M7 is Type III, and Ms is
arbitrary, then M; &My is Type III (I11.2.5.27) and hence in standard form
(I11.2.6.16).
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I11.2.6.5 PROPOSITION. Every von Neumann algebra has a standard form
representation.

The existence of a standard form follows from the existence of a faithful
normal semifinite weight on any von Neumann algebra (II1.2.2.26).

I11.2.6.6 THEOREM. Let M be a countably decomposable von Neumann
algebra. Then the standard form representation of M is unique up to spatial
isomorphism (i.e. any two standard form representations are unitarily equiv-
alent). If M is in standard form, M’ is also in standard form.

This theorem is also true without the hypothesis that M be countably
decomposable, but the proof requires Modular Theory (II1.4.5.7).

We first establish uniqueness of standard forms coming from faithful nor-
mal states, using I11.2.3.3.

I11.2.6.7 THEOREM. Let ¢ and ¢ be faithful normal states on a von Neu-
mann algebra M. Then 7y and my are unitarily equivalent.

This is almost an immediate corollary of 111.2.3.3. Let w = ¢ + 1; then
¢ < w, so there is an h € M, such that

d(x) = w(h'/2zh'/?)

for all x € M; since ¢ is faithful, the support projection of h is 1, so there
is a sequence (z,,) in C*(h) € M such that z,h'/? / 1 in M. Form the
GNS representations 74 and 7, on Hyg and H,, with cyclic vectors &, and
&, respectively. The map z&4 — xh'/2€,, extends to an isometry of ‘Hy4 onto
X = [Mh'/%¢,] intertwining 7, with 7, |x. But if n € H,, (e.g. n = &), then
zpoh'/?n — 1 since 7r¢(xnh1/2) — 1 strongly, son € X, X = H,, and 7y is
unitarily equivalent to m,,. Similarly, 7, is unitarily equivalent to .

Note that if M is in ¢-standard form from a state ¢, then M’ is obviously
in standard form from the complementary state ¢’ defined by &,.

We can now finish the proof of I11.2.6.6. If M is countably decomposable
and ) is a faithful normal semifinite weight on M, choose h as in the following
lemma, and define

¢(x) = p(h'zh!/?)

for x € M. Then ¢ defines a state on M, and exactly as in the previous proof
T is unitarily equivalent to my,.

I11.2.6.8 LEMMA. Let M be a countably decomposable von Neumann al-
gebra, and ¥ an unbounded normal semifinite weight on M. Then there is an
h €My, 0 < h <1, with ¥(h) = 1 and the support projection of h equal to
1.

PROOF: The unit ball of (9M,)+ is o-strongly dense in the unit ball of My
by the Kaplansky Density Theorem, and the unit ball of M is o-strongly
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metrizable by I11.2.2.27, so there is a sequence (h,,) of positive elements of M1y,
of norm 1, converging o-strongly to 1. Since ¢ is unbounded, limsup ¥ (h,) =
00, so we may assume ¥ (h,) > 1 for all n. Set

h=>2""¢(hy) " .
n=1
(This h is in fact strictly positive in the norm-closure of 9M,.)

I11.2.6.9 COROLLARY. Let M be a countably decomposable von Neumann
algebra on H. Then M is in standard form if and only if M has a cyclic and
separating vector. In particular, if M is in standard form, then M’ is also
countably decomposable.

Recall that if M is a von Neumann algebra which has a representation with
a separating vector, or a faithful representation with a cyclic vector, then M
is countably decomposable. A representation with a cyclic vector is “small” in
the sense that any subrepresentation also has a cyclic vector (IT1.1.2.5(1)); a
representation with a separating vector is “large” in the sense that every larger
representation also has a separating vector. The standard form representation
is the only one which simultaneously has both properties:

I11.2.6.10 COROLLARY. Let M be a (necessarily countably decomposable)
von Neumann algebra on H. If M has both a cyclic vector and a separating
vector, then M is in standard form.

PROOF: Let £ be a cyclic vector and n a separating vector; let p be the
identity representation of M, and o the restriction of p to [Mn]. For x € M,
let ¢p(x) = (x€,€) + (zn,n). Then, as in the proof of I111.2.6.7, p and o can be
identified with subrepresentations of my. Let p,q € 74(M)’ be the projections
onto the subspace of p and o respectively; then ¢ < p < 1. But o is in
standard form, so ¢ ~ 1 in my(M)’, and hence p ~ 1 in my(M)" by the
Schréder-Bernstein Theorem (I11.1.1.9).

I11.2.6.11 PROPOSITION. Let M be a countably decomposable von Neu-
mann algebra on H. Then there is a central projection z in M such that Mz
has a cyclic vector on zH (i.e. z is cyclic under M), and M(1 — z) has a
separating vector on (1 — z)H (i.e. 1 — z is cyclic under M’).

PRrROOF: This is a corollary of IT1.2.2.11, comparing the identity representation
of M with the standard form representation.
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Type of the Commutant

If a von Neumann algebra M is in standard form, there is an intimate relation
between the structure of M and M’. The most precise result is the deep
theorem from modular theory (I11.4.3.2) that M and M’ are actually anti-
isomorphic. However, we can by much more elementary arguments obtain less
precise, but still useful information, such as that M and M’ at least have the
same type; to some extent this is still true if M is not in standard form.

I11.2.6.12 THEOREM. Let M be a von Neumann algebra on H. If M is
Type I [resp. Type I, Type I1I], then M’ is also Type I [resp. Type II, Type
III]. If M is in standard form, and M is type I, [resp. Type L, Type II,
Type 1], then M’ is also Type I, [resp. Type I, Type 111, Type 1]

The first statement for the Type I case has already been shown (I11.1.5.20).
Thus it suffices to prove the result for a Type I,, or II; von Neumann algebra
in standard form; for, then, if M is any Type II; von Neumann algebra on a
Hilbert space, then the identity representation is a reduction of an amplifica-
tion of the standard form representation, and M’ is thus Type II (it can have
a nontrivial Type II; part and/or a nontrivial Type I, part in general). If
M is Type Il on H, and p is a finite projection in M with central support
1, then pMp is a Type II; von Neumann algebra on pH, and (pMp)' = M’,
hence M’ is Type II. If M is in standard form, then M’ cannot have a nonzero
Type II; part by I11.2.6.3, and hence is Type Il (the 11, case also follows
from II1.2.6.4). Finally, if M is Type III, it follows that M’ cannot have a
Type I or Type II part and thus is Type IIL.

The result for general Type II; von Neumann algebras in standard form
can be reduced to the countably decomposable case by I11.2.6.3, so it suffices
to prove:

I11.2.6.13 PROPOSITION. Let 7 be a faithful normal tracial state on a von
Neumann algebra M in 7-standard form on H,.. Then the complementary
state 7/ on M’ defined by &, is also a (faithful normal) tracial state.

To prove this, note first that
(2y&r, &) = 7(xy) = T(yx) = (Y2és,&7)
for all z,y € M and
|26 |1* = (27267, &) = (@2"6r, &) = [|276 |

for all z € M. Now we show that M/ & C (M &) . If & = x* € M’, there
is a sequence (z,,) in M with z,&, — z&;. Since (z,&,) is a Cauchy sequence,
so is (zf&r), i.e. 25&, — n for some 7. If y € M, then

<777 y€T> = hm<l‘:;§.,—, y§T> = hm<€ra xny§T>



II1.2 Normal Linear Functionals and Spatial Theory 273

= lim(,, yznés) = (& y2és) = & 2yés) = (26, ¥6r)

and since &, is cyclic, it follows that z¥&, — x&;, so [(z, + x5)/2)6, — x&,.
Now suppose z,y € M!,. Choose a sequence (x,) in M, with x,&; — x&.
Then

T/(l‘y) = <xy€T7£T> = <y§7—,l‘§7—> = hm<y§7—,l‘n§7—>
= lim(znyés, &) = lim(yx,&r, &) = (yaér, &) = 7' (yx)

so 7/ is tracial.

I11.2.6.14 Since the Type I, factor case in standard form was done in
111.2.6.2, by II[.2.6.4 to finish off the I,, case of I11.2.6.12 it suffices to show
that a Type I; (i.e. commutative) von Neumann algebra Z is in standard form
if and only if it is a masa. The countably decomposable case is I11.1.5.19 and
111.2.6.9, and the general case reduces immediately to the countably decom-
posable case (using I11.2.6.3) since a commutative von Neumann algebra is
locally countably decomposable (II1.1.2.6).

Properly Infinite von Neumann Algebras

I11.2.6.15 It follows from II1.2.6.9, I11.2.6.12, and I11.2.2.9 that if M is
properly infinite and countably decomposable, then M is in standard form if
and only if M’ is also properly infinite and countably decomposable. Thus,
for von Neumann algebras on a separable Hilbert space, we get:

IT11.2.6.16 COROLLARY. Let M be a properly infinite von Neumann algebra
on a separable Hilbert space. Then M is in standard form if and only if M’ is
also properly infinite. In particular, every Type III von Neumann algebra on
a separable Hilbert space is in standard form.

The Coupling Function

I11.2.6.17 If M is a finite von Neumann algebra, and Z(M) = Z(M’)
is identified with L°°(X, ) for some X, then there is a (locally) measurable
function (M, M') on X, taking values in (0, co], which measures the deviation
of the identity representation of M from the standard form representation. The
function (M, M’) is called the coupling function of M and M’. (Of course,
~v(M, M") will only be defined locally a.e.)

If M’ is properly infinite, define v(M, M’) to be oo everywhere. (If M’
is not locally countably decomposable, it will be necessary to instead use
various infinite cardinals for the values of v(M, M').) If M’ is finite, and 7
is the standard form representation of M, and the identity representation of
M is equivalent to a subrepresentation of 7 corresponding to a projection
p € m(M)', let yv(M, M’) be the function corresponding to 8(p), where 6 is
the center-valued trace on w(M)'. If 7 is equivalent to a subrepresentation of
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the identity representation of M corresponding to a projection ¢ € M’', let
~v(M, M) be the reciprocal of the function corresponding to 8'(q), where ' is
the center-valued trace on M’. (Since ¢ has central support 1, this function
will be nonzero locally a.e.)

In general, there are three central projections zi, 22,23 in M such that
21+ 20+ 23 = 1, 1M’ and 29 M’ are finite, z3M’ is properly infinite, the
identity representation of z; M is equivalent to a subrepresentation of the
standard form representation, and the standard form representation of zo M is
equivalent to a subrepresentation of the identity representation. The coupling
function can be defined on each piece as above.

I11.2.6.18 The coupling function has the following properties:

(i) v(M, M’) is finite locally a.e. (but not necessarily bounded) if and only
if M’ is finite.

) If M’ is finite, then v(M’, M) is the reciprocal of v(M, M’) locally a.e.
ii) M is in standard form if and only if v(M, M’) = 1 locally a.e.

) If M’ is finite with center-valued trace #’, p is a projection in M’ with
central support 1, and 6’(p) is identified with a measurable function from
X to (0,1], then v(pM,pM’'p) = ¢’ (p)y(M, M') locally a.e.

(v) If 7 is a faithful normal representation of M, then 7 has an associated
coupling function ~(w (M), n(M)"). Two faithful normal representations
m and p are equivalent if and only if their coupling functions are equal
locally a.e. The representation 7 is equivalent to a subrepresentation of
p if and only if y(7(M), 7(M)") < v(p(M), p(M)’) locally a.e.

I11.2.6.19 If M is Type II;, then every locally measurable function from X
to (0, 00] occurs as the coupling function of a unique faithful normal repre-
sentation of M. In the type I case, there are restrictions: on a Type I,, piece,
the coupling function can only take the values {k/n : k € N} and oo.

I11.2.6.20 If M is a factor, then X is reduced to a single point, and the
coupling function is just a number called the coupling constant. If M is type
IT;, the coupling constant can be any positive real number (or oo if M’ is
II.). If M is Type I,,, the constant is co or k/n for some k € N.

Subfactors

II1.2.6.21 Although it is rather off the subject of this volume, no modern
treatment of von Neumann algebra theory would be complete without mention
of the theory of subfactors.

If M is a factor, a subfactor (of M) is a factor N contained in M (with
the same unit); the subfactor is usually denoted (N, M) or (N C M). Then
M is a (left or right) N-module in the obvious way, and it is not hard to show
that M is a projective N-module. We say that N has finite index in M if M
is finitely generated as a (left or right) N-module. If N is of finite index, a
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numerical index [M : N| can be defined as the “dimension” of M as a finitely
generated projective N-module. If M is Type II; in standard form from its
trace, then [M : NJ is just the coupling constant (N, N’). Subfactors of the
same index can have different “positions”, so the index is far from a complete
invariant.

The main goal of subfactor theory is to describe and, if possible, classify all
subfactors of a fixed factor M up to the obvious notion of isomorphism. The
theory is largely independent of the particular M chosen, and is perhaps most
interesting if M is the (unique) hyperfinite II; factor R (I11.3.1.4, I11.3.4.3).
The theory is extremely rich: for example, it includes as a (rather small) special
case the classification of finite groups and, more generally, finite homogeneous
spaces [if G is a finite or even countable group and H is a subgroup, there
is a standard action a of G' as outer automorphisms of R, namely writing R
as @, R and letting G permute the entries of the tensors; then the pair
(RxoH C R%,G) is a subfactor of index [G : H], from which G/H can be
recovered]. It is remarkable that the theory is so complex, with connections
throughout a wide swath of mathematics and physics, and at the same time
is not completely intractable.

The first remarkable discovery, by V. Jones [Jon83], was that the values
taken by the index are precisely the numbers {4 cos?(m/n) : n > 3} U [4,0).
Jones also discovered fascinating and unexpected connections with knot the-
ory [Jon85] and, later, topological quantum field theory and statistical me-
chanics [Jon89], which revolutionized these subjects, and received the Fields
Medal in 1990 for this work.

Subfactor theory has grown into a large industry with many applications.
See e.g. [JS97] for a more complete treatment.

IT1.3 Examples and Constructions of Factors

So far, we have not seen any examples of non-type-I von Neumann algebras. In
this section, we will give some of the most important constructions and exam-
ples of non-type-I factors. We will be most interested in factors on separable
Hilbert spaces, but the constructions are quite general.

I11.3.1 Infinite Tensor Products

Perhaps the simplest construction of non-type-I factors is via infinite tensor
products.

II1.3.1.1 Let {H; : i € Q} be a set of Hilbert spaces, and &; a specified unit
vector in H;. Then the infinite tensor product of the H; with respect to &;,

denoted

K2
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is constructed as follows. For each finite F© C Q, let Hrp = @ie r H; with
its natural inner product (I.1.4.2). If F C @G, identify Hp with the closed
subspace

Hro( Q) &)

IEG\F

of Hg. Then the inductive limit Hg has a natural structure as an inner product
space; elements of Hy are linear combinations of elementary tensors ) 7;,
where 7; = & for all but finitely many . Let @),(H;,&;) be the completion.
&, (Hi, &) has a distinguished unit vector £ = @Q&;. If each H; is more than
one dimensional, then ®(H;, &;) is separable if and only if each H; is separable
and ) is countable.

II1.3.1.2 If M, is a unital C*-subalgebra of £L(H;), then the infinite minimal
C*-tensor product @), ., M; acts naturally as a C*-algebra of operators on
®,;(Hi,&). If each M; is a von Neumann algebra, we denote by

@i(Mi,&)

the von Neumann algebra generated by the image, called the infinite ten-
sor product of the M, with respect to &. Although ), . M; is defined in
a space-free manner, it turns out that the structure of ®I(Ml,§l) depends
strongly on the choice of the ;. There is a distinguished normal state on
®),;(M;,&;) coming from inner product with the distinguished unit vector &.
The commutant of &@,(M;,&;) is @,(M/,&) (the general result requires the
Commutation Theorem for Tensor Products (IT1.4.5.8), but we will be almost
exclusively concerned with the case where each H; is finite-dimensional, where
the Commutation Theorem is elementary).

If {M,} is a collection of von Neumann algebras and ¢; is a normal state
on M; (usually assumed faithful), then we can form

@i(Mu@) = @i(Mi,&m)

where &4, € Hy, comes from the GNS representation. The corresponding
distinguished normal state on ®),(M;, ¢;) is denoted ), ¢;; the representation
of ®;(M;, ¢:) on @;(Hg,,Es,) is the GNS representation from ), ¢;, and if
each ¢; is faithful, then &), ¢; is faithful. If each ¢; is a trace, then ¢ is a
trace.

IT1.3.1.3 PROPOSITION. If each M; is a factor, then M = @, (M;, ¢;) is a
factor.

PROOF: If F' is a finite subset of §2, write

MF = ®iEFMi and NF = ®ieQ\F(Mi7£i).
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Then M = Mprp®Np. Identify Mp with Mp ® 1, and let 6 be the slice
map (II1.2.2.6) from M to Mg defined by ®iEQ\F ¢i; O is a conditional
expectation. If H = @), (Hi,&p,) and £ = Q), &4,, and = € M is identified with
x€ € H, O is the orthogonal projection from H onto

Q)2 (R &)

i€F i€EQ\F

Thus, for any © € M, 0p(2)¢ — z€ in H as F — oc.

Now suppose z € Z(M). If y € Mp, we have y0p(x) = Op(yz) = O0p(zy) =
Or(x)y; thus p(x) € Z(MF). Since each MF is a factor (I11.1.5.10), it follows
that 6p(z)¢ is a scalar multiple of £ for all F. Since Op(x){ — z€, € is a
multiple of ¢ and hence z € C1 and M is a factor.

II1.3.1.4 The simplest case is where each M; (i € N) is M and each ¢; the
(unique) tracial state. Then ), (M;, ¢;) is a II; factor, usually denoted R or
Ri. If Ais the CAR algebra (I1.8.2.2(iv)) and ¢ is the unique tracial state on
A, then R = m4(A)".

I11.3.1.5 Similarly, a tensor product @i(Mi, ¢;) as in I11.3.1.4, but with an
uncountable index set, yields a II; factor which cannot be represented on a
separable Hilbert space.

I11.3.1.6 A Type Il factor can also be easily constructed: let M =
RQL(H) for a separable infinite-dimensional Hilbert space H. This factor
is usually denoted Ro,1 (see II1.3.1.13 for an explanation of the notation).

IT1.3.1.7 The next simplest case is the Powers factors. In a major advance,
R. Powers [Pow67] in 1967 exhibited uncountably many mutually noniso-
morphic type III factors on a separable Hilbert space; previously only three
isomorphism classes were known.
Again let M; (i € N) be My. For 0 < A < 1 let ¢, be the state on My
defined by
¢x((aij)) = aarn + (1 — a)az

where a = 1_%\ (so A = $%5). Fix A, and let ¢; = ¢, for each i, and Ry =
®.(M;,$;). (The construction also works for A = 1 and gives the above I
factor Ry. The factors Ry can also be constructed via the group measure

space construction (I11.3.2.14)).

II1.3.1.8 THEOREM. The Ry (0 < A < 1) form a pairwise nonisomorphic
family of type III factors.
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I11.3.1.9 The most efficient and elegant proof that the R, are mutually
nonisomorphic and Type III uses modular theory, and will be given in I11.4.6.8.
Here we outline a direct argument, which leads to a generalization of the
Powers factors and useful invariants. (See [Ped79, 6.5.15] for another proof
that R is Type IIL.)

First note that if ¢ is a state on M,,, then there is a unique positive a € M,,
with Tr(a) = 1 and ¢(x) = Tr(az) for all z (cf. 1.8.6.1). The eigenvalues
ai,...,an of a, listed in decreasing order with multiplicity, are called the
eigenvalue list of ¢ and determine ¢ up to unitary equivalence. Since Tr(a) =
> a =1, we have 0 < a, < 1 for all k. The state ¢ is faithful if and only if
all o, are nonzero. The set {a;/a; : 1 <4,j < n} is called the ratio set (o)
of ¢. The eigenvalue list of ¢y is (1 — a, ), and the ratio set is {1, A\, A\71}.
The ratio set of 1 ® -+ - ® ¢y, is

{)\1)\2 ) )\k : )\7, c T((ﬁl)}

Suppose M = @(M;,¢;) and N = @(N;, 1), where M; = N; = My,
Gi = Pr,s Vi = b, for all 4, and Ay, A2 € (0,1]. If M = N, since they are in
standard form there is a spatial isomorphism o from M onto N. Set A; = M;
and n; = 1. There will be a & = k; such that 0(A; ® 1) is approximately

contained in (®§:1 N;) ® 1; suppose for simplicity the containment is exact.

Then
k

Q) N; =B, @ B,

j=1
where By = 0(A4;) and By is the relative commutant. The state 11 ®- - - 1), does
not decompose into a tensor product state 1/;1 ® 1&2 on B; ® By in general; but
up to similarity it does so approximately. Repeating the process, there is an
n = ny such that ¢~ '(By) is (approximately) contained in (Q;2, L, M;) ®1;
write

® M; = A, ® A3

i=ni1+1

with Ay = o~ 1(By). In this way, we rewrite M as Q(An,¢n) and N as
R(B,, ’(ZJn) It then follows that the ratio sets of ¢,, and 1, must be “asymp-
totically” the same. But r(¢~>n) is a set of powers of A\; and 7"(1;“) powers of
)\2, SO )\1 = )\2.

The fact that R is Type III follows from III.3.1.12(iii).

IT1.3.1.10 A factor of the form M = &),y (M;, ¢;), where the M; are (finite-
dimensional) matrix algebras and the ¢; faithful states, is called an ITPFI
factor (ITPFI= “infinite tensor product of finite Type 1.”) A countably de-
composable Type I, factor in standard form is ITPFI (cf. I11.3.1.12(i)), as is
R (0 < A <1). A tensor product (even countably infinite tensor product) of
ITPFI factors is ITPFI; thus the I, factor R1®L(H) (in standard form) is
ITPFL
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After work of H. Araki, D. Bures, C. Moore, and L. Pukanszky charac-
terized the type of an ITPFI factor, Araki and E. J. Woods [AW69] made
a systematic study of ITPFI factors. They found an isomorphism invariant
Too (M) called the asymptotic ratio set, and an additional invariant p(M). The
invariant ro, (M) is natural in light of the argument outlined above:

II1.3.1.11 DEFINITION. Let M = @ieN(Miv(vbi) be an ITPFI factor. Then
Too(M) is the set of all x > 0 such that, for all ¥ € N and € > 0, there is an n
and a A in the ratio set of g1 ® -+ ® Ppyn With |z — A| <.

Tt is easy to see that r (M) is a closed subset of [0, 00), and that ro (M )N
R, is a multiplicative subgroup of R,. Thus r. (M) is one of the following
sets: {1}, {0,1}, {0} U{A\" : n € Z} for some 0 < A < 1, or [0,00). We have
roo(R1) = {1} and 7o (RA) = {0} U{A\" :n € Z} for 0 < A < 1.

It follows from the argument outlined in 111.3.1.9 (cf. [AW69]) that if M =2
N, then roo(M) = ro(N), i.e. Too(M) is an algebraic invariant of M and
independent of the way M is written as an ITPFI factor. The technical details
of the argument are substantial.

The main results about ITPFI factors are:

II1.3.1.12 THEOREM. Let M = @ieN(Mi?¢i) be an ITPFI factor, with
M; = M,,,. Write afj) for the k’th element of the eigenvalue list of ¢;. Then

i ra63|, |Bur63 is e ) if and only i (1-al") < 0.
(i) ([Ara63], [Bur63]) M is Type I (L) if and only if 3°,(1 — o{”)
(i) ([Bur63], [Puk56]) M is Type II; if and only if 3, | |(oz,(;))1/2 —n;l/2|2 <

0.
(iii) [Moo67] If there is a 6 > 0 with agl) > 0 for all ¢ (in particular, if the n;
are bounded), then M is Type IIT if and only if
> int{laf! /ol —1P.C} = oo
for some (hence all) C > 0.

See I11.3.2.14 for some comments on the proof.
I11.3.1.13 THEOREM. [AW69] Let M = @, (Mi, ¢;) and N = &,y (Ni, ¥)
be ITPFI factors. Then

(i) If 0 < A < 1, then A € roo (M) if and only if M = MR ,. In particular,
if there is a A € roo (M), A #£ 0,1, then M is Type III.

(ii) M is Type II; if and only if roo (M) = {1}.
(iii) There is a Type III ITPFI factor Reo with ro(Reo) = [0, 00).
(iv) If roo (M) = {0,1}, then M could be Type I, Type I, or Type III.

There are uncountably many mutually nonisomorphic Type III factors
in this class.

(v) If M and N are Type Il then M = N.

(Vi) If roo(M) = r5(N) # {0,1}, then M = N.
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I11.3.1.14 Tt follows from (iii) and (vi) that R is the unique ITPFI factor
M with ro(M) = [0,00). This factor is called the ITPFI factor of Type
III;. (It might make sense to call this factor R, but this name is normally
used, with good reason, for the hyperfinite II; factor, since ro(R1) = {1}.
The asymptotic ratio set also explains the notation R ; for the unique ITPFI
factor of Type I1, (II1.3.1.6), since 7 (Ro,1) = {0, 1}.) The Powers factor R,
which by (vi) is the unique ITPFT factor M with ro (M) = {0}U{\" : n € Z},
is called the ITPFI factor of Type III.

It is easy to see that if 0 < A1, A2 < 1 and log A1/ log As is irrational, then
R, @Ry & Reo- (If log A1/ log Ay is rational, then Ry, @Ry, = Ry, where
—log A is the largest number p such that —log Ay and —log Ao are integer
multiples of p.) R absorbs all ITPFI factors: if M is any ITPFT factor, then
MR = Reo-

The factors occurring in quantum field theory are “generically” isomorphic
to Roo [Ara6d].

I11.3.1.15 The Type IIT ITPFT factors with asymptotic ratio set {0,1} are
called the ITPFI factors of Type I11y. An additional invariant p is useful here:

p(M)={N€[0,1]: MRy = Ry}

(let Ro be the I, factor). The set p(M) is an algebraic invariant of M. We
have:

P(Ro) = [0, 1)

p(Rl) = (07 1]

p(Ro,1) = (0,1)

p(Ry) ={\/" :neNVifo<A<1

Of course, by II1.3.1.13(vi), p gives no additional information in these cases.

If M is Type 11y, however, the set p(M) can be very interesting. It turns
out that

{—2n/logA: A€ p(M)n(0,1)}

is the positive part of a group T'(M) which is an invariant of M arising from
modular theory (I11.4.6.5). Uncountably many different such groups arise for
ITPFI factors, including all countable subgroups of R [Con76] and many un-
countable groups [Woo73]. See II1.3.2.19 for a further discussion of the classi-
fication of ITPFI factors of Type IIIj.

Historical comments on the theory of ITPFI factors and their connection
with the classification program for injective factors can be found in [Woo082].

IT1.3.2 Crossed Products and the Group Measure
Space Construction

The earliest construction of non-Type-I factors, first used by Murray and
von Neumann, is the group measure space construction, a special case of the
WH*-crossed product.
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Continuity of Group Actions

I11.3.2.1 Let G be a locally compact group, N a von Neumann algebra on
a Hilbert space H, and a : G — Aut(/N) a homomorphism. To construct a
WH*-analog of the C*-crossed product, the action o must be continuous for
an appropriate topology on Aut(N), and if G is not discrete, there are some
technical subtleties to consider.

The point-norm topology, used for the C*-crossed product, is too strong
for the W* case; the most obvious candidate for the correct topology is point-
wise weak, strong, o-strong-*, etc., convergence (these topologies coincide on
Aut(N) by 1.3.2.9 and 11.3.2.12). However, Aut(N) is not a topological group
under this topology in general. It is sometimes useful to instead consider
a stronger topology, under which Aut(N) is always a topological group. If
a € Aut(N), « induces an isometry a* on N* by

a*(¢) = poa.

This a* leaves N, invariant and thus induces an isometry a, on N,. Thus
the topology of pointwise norm-convergence on N, can be placed on Aut(N),
i.e. a; — « in this topology if ¢ o a; — ¢ o o in norm for all ¢ € N,. This
topology is strictly stronger than the point-weak topology in general (e.g. for
L*([0,1])), although the topologies are the same for some infinite-dimensional
von Neumann algebras (e.g. a von Neumann algebra with a faithful normal
semifinite weight left invariant by all automorphisms, such as the trace on a
factor of Type I or Type II;). See [Haa75b] or [Str81, 2.23] for a description
of these topologies and various others on the automorphism group of a von
Neumann algebra.

Fortunately, for actions of locally compact groups, there is no ambiguity
in the choice of the notion of continuity, due to the following result of W.
Arveson [Arv74] (cf. [Str81, 13.5]):

I11.3.2.2 THEOREM. Let G be a locally compact group, N a von Neumann
algebra on a Hilbert space H, and « : G — Aut(N) a homomorphism. Then
the following are equivalent:

(i) « is continuous for the point-weak (point-strong, etc). topology.
(ii) « is continuous for the topology of pointwise norm-convergence on Ni.
(i) The map (g,¢) — ¢ o ay from G x N, to N, is norm-continuous.

A homomorphism « satisfying these conditions is called a (W*-)continuous
action of G on N, and (N, G, a) is called a W*-dynamical system.

II1.3.2.3 If v is a (W*-)continuous action of G on a von Neumann algebra
N, then (N,G,a) is not in general a C*-dynamical system, i.e. « is not in
general point-norm continuous (it is, of course, if G is discrete). But we do have
the following result, which allows many results about W*-dynamical systems
and W*-crossed products to be deduced from the corresponding C*-theory



282 ITIT Von Neumann Algebras

(although this is generally the reverse of the historical development, since in
most cases the W* results were obtained first and the C*-theory developed
later, largely in analogy with the W*-theory).

I11.3.2.4 PROPOSITION. Let (N, G, a) be a W*-dynamical system. Set
N¢={x €N : tw— o4(x) is norm-continuous }.

Then N€ is a o-weakly dense a-invariant C*-subalgebra of N, and (N¢, G, «)
is a C*-dynamical system.

If f € LYG), and z € N, set

ap(z) = /G F(t)ae () du(t)

as in the C*-case; then it is easily seen that ay(z) is well defined and in N¢,
and z is in the closure of {af(z) : f € L'(Q)} (cf. [Ped79, 7.5.1]; in fact, N¢
is the norm closure of {ay(z) : f € L'(G),z € N}.)

Spectral Analysis of Abelian Group Actions

There is an entire spectral theory for actions of locally compact abelian groups
on von Neumann algebras (and, more generally, on dual Banach spaces),
mostly due to W. Arveson. We will only give a few definitions; a more complete
treatment can be found in [Tak03a, XI.1].

If « is an action of the locally compact abelian group G on a von Neumann
algebra N, then for f € L'(G) there is a map oy from N to N defined by
af(z) = [ f(—=t)au(z)dt. If z € N, set I(x) = {f € L(G) : ay(z) = 0}, and
I(a) =Nz I(x).

II1.3.2.5 DEFINITION. The a-spectrum Spq(x) of z € N is
{yeG:f(y)=0VfeI()}
The Arveson spectrum Sp(«) of « is

{yeG:f(n)=0Vfel(w)}

If p is a projection in the fixed-point algebra N<, then a drops to an action
ap of G on pNp, and Sp(ay,) C Sp(e). The set

I'(a) = N{Sp(a,) : p # 0 a projection in N}

is the Connes spectrum (or essential spectrum) of a.
If G is compact (so G is discrete), the subspaces

NY ={z € N: Sp,(z) = {7}}

for v € G span N o-weakly, and decompose N into “spectral subspaces.”
There is an analogous “continuous spectral decomposition” if GG is not com-
pact.
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W#*-Crossed Products

II1.3.2.6 Let « be a continuous action of a locally compact group G on
a von Neumann algebra N. As in the case of reduced crossed products of
C*-algebras, realize N and G on the Hilbert space

L*(G,pu, H) = L*(G,p) © H
(1 is left Haar measure on G) by

[r(2)f](s) = as(@)f(s)

for z € N and
At f(s) = f(ts)

for t € G. Then (m, \) is a covariant representation of (N, G, «). Let
NxoG = {m(N), M&)}"

be the generated von Neumann algebra. N x,G is called the W*-crossed prod-
uct of N by G.

It is easily seen using II1.2.2.8 that up to isomorphism, N x,G depends
only on N and a and not on the way N is represented on H.

Strictly speaking, this crossed product should be called the reduced W*-
crossed product; but there is no obvious W*-analog of the full C*-crossed
product. The W*-crossed product is primarily used for amenable groups, usu-
ally abelian groups, where the full and reduced crossed products coincide.

Unlike the C*-case where multipliers must be considered, even if G is
nondiscrete there are embeddings 0 : N — NX,G and ¢t — u; € X,G for
ted.

Note that L?(G, p1, H) is separable if H is separable and G is second count-
able. Thus, if IV has separable predual and G is second countable, then N x,G
has separable predual.

I11.3.2.7 Nx,G contains a o-weakly dense standard copy of the reduced
C*-crossed product N¢ x7, G (II1.3.2.4); the containment is proper even if
N = N¢ e.g. when G is discrete, unless G is a finite group.

Takesaki Duality

The von Neumann version of duality is due to M. Takesaki [Tak73], and closely
resembles the C*-version (I1.10.5). (As usual, the von Neumann version was
obtained first.)

If o is an action of an abelian group G on a von Neumann algebra M, there
is a dual action & of G on M x,G, defined as in the C*-case: é (0(z)) = o(z)
for x € M, and & (u) = (¢, v)u, for t € G.
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II1.3.2.8 THEOREM. [TAKESAKI DuALITY] With notation as above, we
have

(M3,G)%sG = MRL(LA(G)).

Under this isomorphism the second dual action é& of G becomes the action a®\
on M®L(L?*(G)), where ) is the action on £(L?(G)) consisting of conjugating
by the representation of left translation on L?(G).

For a complete discussion and proof of this theorem, see [Tak03a]. For a
generalization to nonabelian groups via Hopf algebras, see 11.10.8.19.

Dual Weights

I11.3.2.9 If a is a W*-continuous action of a locally compact group G on a
von Neumann algebra M, then the *-algebra (G, M) of o-strong-* continu-
ous functions from G to M with compact support (with the usual convolution
product and adjoint) sits naturally as a o-weakly dense subalgebra of M x,G.
Define 6 : K(M,G) — M by 6(f) = f(eg). It turns out that 6 extends to an
operator-valued weight (“unbounded conditional expectation”), also called 6,
from Mx,G to M (regarded as a subalgebra). If G is abelian, then 6 is just
“averaging” via the dual action &; if G is discrete (so G is compact), then
6 is a conditional expectation defined (at least on a dense subalgebra) as in
11.6.10.4(v), using the dual action. In general, 6 is unbounded, but faithful,
normal, and “semifinite”.

If ¢ is a weight on M, then ¢ o 6 is a weight on M x,G, called the dual
weight of ¢, denoted qS If ¢ is faithful, so is gb, if ¢ is normal and semifinite,
so is (15

The technical details are nontrivial, and require some modular theory; see
[Tak03al, or [Str81] for an alternate exposition.

The Group Measure Space Construction

The case where the group G acts on a commutative von Neumann algebra Z =
L (X, B, ) corresponds to an action of G on the measure space (X, B, u). We
will be mostly interested in the case where (X, B) is a standard Borel space
and p is a finite or o-finite Radon measure; such an (X, BB, 1) will be called a
standard measure space.

II1.3.2.10 DEFINITION. An automorphism of a (locally finite) measure
space (X, B, u) is an invertible transformation 7' : X — X with 7" and T~}
measurable, such that T  preserves the measure class of y, i.e. o7 is equivalent
to p.

An action of G on (X,B,u) is a homomorphism « from G to the
group of automorphisms of (X, B, i), which is continuous (as an action on
L>(X, B, p)). Write o for the automorphism corresponding to g € G. If T' is
an automorphism of (X, B, ), write ar for the corresponding Z-action.
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The continuity can be expressed in many equivalent ways on the space
level. One way is the requirement that pu(EAa,(E)) — 0 as g — e, for any
E € B with u(F) < co.

II1.3.2.11 DEFINITION. An action a of G on (X, B, 1) is ergodic if whenever
Y C X and Y is (globally) invariant under G, either u(Y) = 0 or u(X\Y) = 0.
The action « is essentially free if u(F) = 0, where

F={zeX:ay4(x)=urxfor some e # g € G}.

I11.3.2.12 THEOREM. [MvN43] Let @ be an action of a group G on a mea-
sure space (X, B, ), and let M = L>®(X, B, u)x,G. If « is ergodic and essen-
tially free, then M is a factor. Furthermore, in this case:

(i) M is finite if and only if there is a finite measure equivalent to p and
invariant under G.
(ii) M is semifinite if and only if there is a semifinite measure equivalent to
1 and invariant under G.
(iii) M is Type Iif and only if « is essentially transitive, i.e. there is an orbit
Y with p(X\Y) =0.

Thus, if there is no semifinite invariant measure equivalent to u, M is
a Type III factor. In older references, an action with no semifinite invariant
measure is called non-measurable, but this term has a different meaning today.

I11.3.2.13 EXAMPLES. There are many examples with invariant measures.
For example, let X be a locally compact group and G a dense subgroup
with the discrete topology. G acts on X by (left) translation, and (left) Haar
measure is invariant. If X is compact, the corresponding factor is Type II;.
A simple example is Z acting on T by an irrational rotation. If X is second
countable and G is amenable, the resulting factor is approximately finite-
dimensional (111.3.4.1); in particular, L (T, u)X4Z is isomorphic to R.

I11.3.2.14 Another class of examples is the ITPFI factors (I11.3.1.10). Any
ITPFT factor arises by the group measure space construction. Let X; (i € N)
be a finite space with n; points, regarded as a group G; = Z,,, X = [[ X,
G = @ G;. G acts on X by translation. Let u; be a measure on X; with point

masses of weight a,(;) in decreasing order, 1 < k < n;, and u = [ pt;. We must

have all a,(f) > 0 for translation by elements of G to be automorphisms. Then

M = L™ (X, p)xaG = @an@)

where ¢; is a state on M,,, with eigenvalue list (a,(f)) (I11.3.1.9).



286 ITIT Von Neumann Algebras

This construction sheds light on the proof of I11.3.1.12. The measure pu
is either purely atomic or purely nonatomic; it is purely atomic if and only
if the condition of IT1.3.1.12(i) is satisfied. In this case, the atoms form an
orbit whose complement has measure 0, and hence the action is essentially
transitive and M is Type I (II1.3.2.12(iii)); in the contrary case of nonatomic
1, all orbits have measure 0. In addition, the only nonzero probability measure
on X invariant under G is Haar measure on X, with each a,(;) =n; 1 it can be
readily shown that this measure is equivalent to p if and only if the condition
of T11.3.1.12(ii) is satisfied.

IT1.3.2.15 If G is discrete and the action « is essentially free, the von Neu-
mann algebra L (X, B, u)x,G depends only weakly on the group action;
the only really essential information is contained in the equivalence relation
with orbits as equivalence classes. It is easily seen using left Hilbert alge-
bras (111.4.4.1) that if 3 is an essentially free action of a discrete group H on
(X, B, i) with the same orbits, then

L*(X, B, )% g H = L(X, B, 1) %G

Since L>(X, B, u)x,G also depends only on the measure class of u, we con-
clude that
L¥(X, B, 1u)xqG = LY, A, v)xgH

whenever (X, B, u,G,a) and (Y, A, v, H,3) are isomorphic in the following
sense:

111.3.2.16 DEeFINITION. Let (X, B, u, G, @) and (Y, A, v, H, 3) be essentially
free transformation groups, with G, H discrete. Then (X,B,u,G,a) and
(Y, A,v,H,3) are orbit equivalent if there is a Borel bijection § : X — YV
which sends G-orbits to H-orbits a.e., with 6(u) equivalent to v.

I11.3.2.17 In fact, a group action is not necessary: a von Neumann algebra
can be defined directly from a measured equivalence relation (again via left
Hilbert algebras). If (X, B, 1) is a standard measure space and R is an equiv-
alence relation on X with countable orbits, then R is a measured equivalence
relation if R is a measurable subset of X x X (so the equivalence classes are
measurable subsets of X), and the saturation of a set of measure 0 has mea-
sure 0. A von Neumann algebra denoted L (R, 1) can then be constructed;
it depends on (R, ) only up to isomorphism. Note that L>°(R, i) is noncom-
mutative in general despite the L° notation: in fact, L>°(R, i) is a factor if
R is ergodic in the sense that if E is a saturated measurable set, then either
w(E) =0or u(X \ E) = 0. If a is an essentially free action of a countable
discrete group G and R,, is the corresponding equivalence relation, then

L®°(Ry, 1) =2 L (X, B, 1) X,G.

If T is an automorphism of (X, B, 1), write Rr for the corresponding equiva-
lence relation. The definitive study of von Neumann algebras of measured
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equivalence relations was done by J. Feldman and C. Moore ([FM77a],
[FM77b]). The construction can be further generalized to measured groupoids,
which includes the case of group actions which are not essentially free, as well
as other examples such as the von Neumann algebra of a foliation (cf. [Con94]).

Krieger Factors

I11.3.2.18 If T is an ergodic automorphism of a standard measure space
(X, B, i), then the corresponding factor

LOO(RTaM) = LOO(X787M);40¢TZ

is called a Krieger factor. W. Krieger [Kri76] made an extensive study of such
factors.

ExaMpPLE. Every ITPFI factor is a Krieger factor. If an ITPFI factor M
corresponds to (X, B, u, G, «) as in 111.3.2.14, there is an “odometer transfor-
mation” T such that (X, B, u, G, ) is isomorphic to (X, B, u, Z,ar): T acts
by “adding one” with appropriate carries. Thus M = L (R, u) by 111.3.2.15.

There are Krieger factors which are not ITPFI, but only ones of Type
IIIy. In fact, it turns out that every injective factor with separable predual is
a Krieger factor (IV.2.7.4).

Krieger proved a converse to I11.3.2.15 (along with I11.3.2.15 itself), yield-
ing:

I11.3.2.19 THEOREM. Let T and S be automorphisms of standard measure
spaces (X, B, u) and (Y, A, v) respectively. Then

LOO(RT7M) = LOO(RS7V)

if and only if (X, B, u,Z, ar) and (Y, A,v,Z,ag) are orbit equivalent (7" and
S are weakly equivalent).

I11.3.2.20 Earlier, H. Dye [Dye59] proved that any two ergodic transforma-
tions of a standard measure space with a finite invariant measure are weakly
equivalent. This result is very closely related to the uniqueness of the hyper-
finite II; factor (II1.3.4.3) (and follows from II1.3.4.3 and II11.3.2.19).

II1.3.2.21 Krieger also generalized the Araki-Woods invariants r.. (M) and
p(M) to this context. By II1.3.2.19, these are expressible in terms of (R, y1).
For example, if A > 0, then A € p(Ryr, ) if and only if there is a measure v

equivalent to p such that the Radon-Nikodym derivative [%} has range

contained in \Z.



288 ITIT Von Neumann Algebras

I11.3.2.22 In light of Krieger’s theorem, it is important to characterize
which equivalence relations are isomorphic to ones arising from a Z-action
on a standard measure space and which hence give Krieger factors. This was
definitively done in [CFW81]: an equivalence relation on a standard measure
space, with countable equivalence classes, is isomorphic to one arising from a
Z-action if and only if it is amenable in the sense of R. Zimmer [Zim77]. See
[CKT7] and [OW80] for earlier partial results.

IT1.3.3 Regular Representations of Discrete Groups

A rather different instance of the crossed product construction, with N = C
but using highly nonabelian groups, yields a very interesting supply of factors.

IT1.3.3.1 Let G be a locally compact group with left Haar measure p, and
A the left regular representation of G on L%*(G, ). We have that A = 7y,
the GNS representation from the weight v defined on C.(G) C L*(G) by
Y(f) = f(eg) (called the Plancherel weight). Let

£(G) = A(G)".

£(Q) is called the (left) von Neumann algebra of G. £(G) is in standard form,
and £(G)’ can be identified with the von Neumann algebra RR(G) generated
by the right regular representation p of G (this is elementary if G is discrete,
but the nondiscrete case requires use of the basic theory of Hilbert algebras,
and left Hilbert algebras for the nonunimodular case). £(G) has separable
predual if and only if G is second countable (in the discrete case, if and only
if G is countable).

II1.3.3.2 If G is unimodular, then v is a trace, so £(G) is semifinite. If G is
discrete, then 1 is a tracial state (provided p is normalized), so £(G) is finite.

I11.3.3.3 Suppose G is discrete. If ¢ € [?(G) is the trace vector (¢ is the
characteristic function of {eg}), then identifying x with x€ we may identify
elements of £(G) with L2-functions on G (i.e. square-summable sequences
indexed by G). The multiplication in £(G) corresponds to convolution in

2(G).

I11.3.3.4 PROPOSITION. If G is discrete and x € Z(£(G)), the correspond-
ing function on G is constant on conjugacy classes.

I11.3.3.5 DEFINITION. A (discrete) group G is an ICC group if every con-
jugacy class in G, other than {eg}, is infinite.

There is a large supply of interesting ICC groups. Here are some of the
most elementary examples:
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I11.3.3.6 EXAMPLES.

(i) A free group on more than one generator is an ICC group.
(ii) The group Sy of finite permutations of an infinite set X is a locally finite
ICC group.
(iil) Many “az + b” groups are ICC groups: for example,

{[8 Ii]:a,be(@,a>0}.

II1.3.3.7 PROPOSITION. If G is an ICC group, then £(G) is a II; factor.

Indeed, by I11.3.3.4 a central element of £(G) is a square-summable se-
quence constant on conjugacy classes, hence is a multiple of £, so £(G) is a
factor. It is infinite-dimensional and finite, and hence II;.

One can show that the £(G) for countable ICC G comprise numerous
isomorphism classes. Some of the most easily investigated properties used to
distinguish these factors concern central sequences:

II1.3.3.8 DEFINITION. Let M be a II; factor. A central sequence in M is a
bounded sequence (z,) in M such that ||[z,,y]|l2 — O for all y € M, where
[,y] = 2y — ya is the usual commutator.

The central sequences form a o-weakly dense C*-subalgebra of the W*-
algebra [°° (M), called the central sequence algebra of M.

I11.3.3.9 The factor R of I111.3.1.4 has Property I': it has a central sequence
consisting of unitaries of trace 0. In fact, it has a central sequence of self-
adjoint unitaries of trace 0, or alternatively a central sequence of projections
of trace 1/2 [let p,, be the elementary tensor whose n’th component is e;; and
other components are 1.] It is easy to see that £(Sy) (II1.3.3.6(ii)) also has
this property (in fact, £(Sy) = R (I11.3.4.3)).

II1.3.3.10 PRrOPOSITION. Let F,, (2 < n < o0) be the free group on n
generators, and §,, = £(FF,,). Then §, does not have Property T'; hence §,, is
not isomorphic to R.

I11.3.3.11 Using variations and refinements of the notion of central sequence
and the arguments in II1.3.3.10, by the late 1960’s nine isomorphism classes
of II; factors with separable predual had been isolated ([MvN43], [Sch63],
[Chi69], [Sak69], [DL69], [ZM69]). Then in 1968, making more delicate and
sophisticated use of these ideas, D. McDuff [McD69] constructed an uncount-
able family G; of countable ICC groups such that the £(G;) were mutually
nonisomorphic.
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Free Group Factors

II1.3.3.12 The factors §, of I11.3.3.10 are called the free group factors. One
of the outstanding open questions of von Neumann algebra theory, which is a
subject of much current research, is whether §,, & §,, for m # n. The §, fit
into a natural one-parameter family {§; : ¢t > 1} of II; factors with separable
predual, called the interpolated free group factors ([Dyk94], [Rad94]); it is
known that

(i) If p is a projection in §; of trace A, then pFp = §s, where s = t;—zl + 1.
(ii) Either all §; for 1 < ¢ < oo are isomorphic, or they are mutually noniso-
morphic.

I11.3.3.13 The idea from (i) is important, and can be systematized as fol-
lows. If N is an infinite semifinite factor with trace 7, and o € Aut(NV), then
7o a = A1 for some A > 0, called the modulus of a. If N is type I, then A is
necessarily 1, so this concept is only interesting for I, factors.

I11.3.3.14 DEFINITION. Let M be a II; factor. The fundamental group of
M is
F(M)={\>0:3a € Aut(M®L(H)) with modulus \}

It is easy to see that F(M) is a multiplicative subgroup of R, and that if
0 < X < 1andpisaprojection in M with trace A, then A\ € F(M) if and only
if pMp = M. The group F(M) is sometimes written as an additive subgroup
of R by applying the logarithm function.

For “most” II; factors M, eg. M = R, F(M) = R4; the first example
where this was shown to fail was constructed in [Con80]. Every countable
subgroup of R occurs as the fundamental group of a II; factor on a separable
Hilbert space [Pop04].

Property T

IT1.3.3.15 Factors with some unusual properties are obtained using ICC
groups with Property T, introduced by D. Kazhdan [Kaz67]. An infinite (dis-
crete) group G has Property T if the trivial representation is isolated in G in
its natural topology. A Property T group is nonamenable, and has very rigid
structure: for example, a Property T group cannot be written as a union of a
strictly increasing sequence of subgroups (in particular, a countable Property
T group is finitely generated). There is a corresponding notion of property T
for nondiscrete groups. See [dIHV89] for a good treatment of the theory.

There are many examples of property T groups, For example, SL(n,Z)
has property T for n > 3. More generally, a lattice in any semisimple Lie
group of real rank > 2 has property T. For more examples, see e.g. [Kir94],
[Gro87], and [CMS94]
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111.3.3.16 If G is an ICC Property T group, £(G) is a Property T factor. A
general definition of a Property T factor not necessarily arising from a group
can be made using correspondences (cf. [Con94, V.B.¢]).

I11.3.3.17 Property T factors have unusual rigidity properties. For example,
if M is a property T factor, then:

(i) If (M,) is an increasing sequence of von Neumann subalgebras of M with
M = [UM,)", then M,, = M for some n.
(ii) Out(M) = Aut(M)/Inn(M) is countable.
(iii) The fundamental group F(M) (II1.3.3.14) is countable.

Nondiscrete Groups

I11.3.3.18 While the method of this section has primarily been used with
discrete groups to construct II; factors, there exist nondiscrete second count-
able groups G (e.g. restricted direct products of p-adic ax + b groups) such
that the £(G) are factors of Type I, I, and III (cf. [Bla77b], [Bla83b]).

II1.3.4 Uniqueness of the Hyperfinite II; Factor

One of the first significant classification results in the theory of operator al-
gebras (approximately contemporaneous with the Gelfand-Naimark classifi-
cation of commutative C*-algebras) was the proof of the uniqueness of the
hyperfinite II; factor with separable predual by Murray and von Neumann
[MvN43]. This uniqueness result was later greatly expanded by Connes.

I11.3.4.1 DEFINITION. A von Neumann algebra M is approximately finite
dimensional, or hyperfinite, if there is a directed collection {M;} of finite-
dimensional *-subalgebras with UM; o-weakly dense in M.

The M; can be chosen to be unital subalgebras, hence W*-subalgebras. If
M is approximately finite dimensional with separable predual, {M;} can be
chosen to be an increasing sequence.

In some references, the term “hyperfinite” is reserved for II; factors, or
sometimes for finite von Neumann algebras, as it seems terminologically in-
consistent to have algebras which are hyperfinite but not finite.

I11.3.4.2 EXAMPLES.

(i) It is easy to see that any Type I von Neumann algebra is approxi-
mately finite dimensional. If {M;} is a directed collection of Type I
WH*_subalgebras of M with dense union, then M is approximately finite
dimensional.

(ii) An infinite tensor product of finite-dimensional (or Type I) von Neu-
mann algebras is approximately finite dimensional. Thus the factor R
(IT1.3.1.4) is a hyperfinite II; factor, and the ITPFI factors (II1.3.1.10)
are approximately finite-dimensional factors, mostly of Type III.
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(iii) Let G be a locally finite group, a directed union of finite subgroups. If
G acts freely and ergodically on a measure space X, then L™ (X)X ,G is
an approximately finite-dimensional factor by (i) and III.3.2.12.

(iv) If G is a locally finite ICC group, e.g. the group of finite permutations of
a countable set, then £(G) is a hyperfinite II; factor (II1.3.3.7).

It turns out that the conclusions of (iii) and (iv) hold if “locally finite” is
replaced by “amenable” (IV.2.2.15, IV.2.6.1).

The main result of this section is:

I11.3.4.3 THEOREM. Let M be a hyperfinite II; factor with separable pre-
dual. Then M is isomorphic to R.

I11.3.4.4 COROLLARY. The II; factors of I11.3.3.10 and II1.3.3.11 are not
hyperfinite.

IT11.3.4.5 We will now outline the proof of the theorem. Say that a Iy
factor M is of CAR type if M has an increasing sequence (A,) of unital *-
subalgebras, with weakly dense union, with A,, = Mjsn, i.e. if M has a weakly
dense unital C*-subalgebra isomorphic to the CAR algebra (I1.8.2.2(iv)). It
is clear that R is of CAR type, and that a factor of CAR type is hyperfinite.

I11.3.4.6 PROPOSITION. Any II; factor of CAR type is isomorphic to R.

PRrROOF: Let M be a II; factor of CAR type, with tracial state 7 and weakly
dense unital C*-subalgebra A isomorphic to the CAR algebra. Represent M
in standard form using the GNS representation from 7. Then 7,4 can be
identified with the GNS representation of A from the tracial state o = 7| 4.
But o is the unique tracial state of A, and 7,(A)”" = R.

II1.3.4.7 The rest of the proof uses the “Hilbert-Schmidt” norm (2-norm)
on a II; factor. If M is a II; factor with tracial state 7, for z € M define

|zl = ll2[l2,r = 7(z*2)"/?
(IT1.2.2.16); ||z||2 is the norm of z regarded as a vector in H,. If (p,) is a
sequence of subprojections of p with 7(p,,) — 7(p), then ||p — pn|l2 — 0. The
2-norm topology agrees with the o-strong topology on the unit ball of M (cf.
I11.2.2.27).

A routine argument using the semiprojectivity of finite-dimensional matrix
algebras (11.8.3.16(i)) to nest the subalgebras yields:

I11.3.4.8 LEMMA. Let M be a II; factor with separable predual. Then M
is of CAR type if and only if, for any z1,...,2, € M and € > 0, there is
an n and a unital C*-subalgebra B of M, isomorphic to M, and elements
Y1y Yk € B, with |Jz; —yi]l2 <efor 1 <i<k.

The proof of 111.3.4.3 is then completed by applying the following theorem:
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I11.3.4.9 THEOREM. Let M be a II; factor, A a finite-dimensional C*-
subalgebra of M, and ¢ > 0. Then there is a unital C*-subalgebra B of M,
isomorphic to My~ for some n, such that for every a € A there is a b € B with
la —bll2 <ellal.

To prove this theorem, first suppose

is a set of matrix units in M (with > e; not necessarily equal to 1), and
C = C*({ei;}). If p is a subprojection of e;; with 7(p) a dyadic rational
number almost equal to 7(e11) (within €/m? will do), and f;; = e;1pes;, then
{fi;} is a set of matrix units for a (nonunital) matrix subalgebra D of M, and
for each ¢ € C there is a d € D with ||c — d||2 < €|

Now let (4, ..., C; be the central direct summands of A, and for each C;
choose p; and D; as above. Let ¢; be the unit of D;, and

T
Gre1=1— ZQi
i=1

and pr+1 = ¢r41. There is an n such that 7(p;) = 27"k; for all 7. Inside the II;
factor p; Mp, there is a unital copy of My, ; thus there is a matrix subalgebra
B; of M, with unit ¢;, which contains D; and in which the minimal projections
have trace 27". The minimal projections in the B; are all equivalent in M, and
hence with a bit of care a set of matrix units for all the B; can be expanded
to a set of matrix units for a unital copy of Mon in M.

I11.4 Modular Theory

Modular theory is one of the most important and useful developments in the
history of von Neumann algebras, giving a very precise and intimate con-
nection between a von Neumann algebra and its commutant, along with a
canonical one-parameter group of outer automorphisms. Modular theory was
first developed by M. Tomita [Tom67a], and was refined and clarified and
given a careful and complete exposition by M. Takesaki [Tak70] (some de-
tails have since been further simplified). The basic framework had previously
been developed ([Nak50]; cf. [Dix69a]) in the much simpler case of semifinite
von Neumann algebras. This theory made possible the great advances in the
1970’s by Connes et al. on the classification of factors.

I11.4.1 Notation and Basic Constructions

IIT.4.1.1 Let M be a von Neumann algebra in standard form (II1.2.6) on
a Hilbert space H, i.e. the identity representation is the GNS representation
from a faithful normal semifinite weight ¢; recall that (at least in the countably
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decomposable case; cf. 111.4.5.7) such a standard form is unique up to spatial
isomorphism, and M’ is also in standard form. The details are somewhat
simpler in the case where M is countably decomposable, i.e. the weight can
be taken to be a state, or alternatively, M has a cyclic and separating vector
¢ (which is also cyclic and separating for M’), and we will concentrate on this
case in the exposition.

II1.4.1.2 We define two closed conjugate-linear densely defined operators .S
and F on H. Let Sy be the densely defined operator

2 =n—nf =a"¢

for x € M, where £ is the cyclic and separating vector associated with the
faithful normal state ¢, and F{, the densely defined operator

yE=n—n =y
for y € M’'. Sy and Fy are unbounded in general. If z € M and y € M’, then

(So(x€),y&) = (27, y€) = (Y"27¢, &) = (27y"E, §) = (Y&, x€) = (Fo(y€), =€)

and thus 5§ D Fp and F§ O Sp, so Sp and Fp are closable. Let S be the closure
of Sy, and F' = S* = S§. (It turns out that F' is the closure of Fp, and thus
the situation is completely symmetric in M and M’ — this is obvious after the
fact using the main theorem, or see [Sak71, 2.8.2] for a direct proof. It is not
necessary to use this for the development of the theory.) Since Sy = Sy Lot
follows that S and F are one-one with dense range, and S = S~!, F = F~1.

In the general case, define Sy to be the operator whose domain is ¢(914 N
91%), where ¢ is the canonical embedding of M, into H = Hy, with So(c(z)) =
t(z*). It must then be proved that Sy is densely defined (a consequence of
I11.2.2.21) and closable, and that its closure S and adjoint F' = S* have the
right properties.

IIT.4.1.3 Set A = 5*S = F'S. Then A is an invertible densely defined (in
general unbounded) positive operator with A=! = SF (1.7.1.4). If

S =JAY?

is the polar decomposition, then J is an invertible conjugate-linear isometry,
and
S = S*l _ A71/2J71
but
S = (882 =A"Y2g
so J =J7 1 ie. Jis an involution. We have JAJ = A~! and
F=JA Y2 =AV2)

Since S¢ = &£, we have F¢ = &, J€ = £, A = €. A is called the modular
operator for (M, $), often denoted A, to emphasize its dependence on ¢.

The situation is vastly simpler if M is semifinite and ¢ is a trace. In this
case, S = F = J and A = 1. This is the case considered in [Dix69a].
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111.4.1.4 EXAMPLE. A key motivating example comes from group repre-
sentations. Let G be a locally compact nonunimodular group with left Haar
measure j, A the left regular representation on L?*(G, u), and £(G) = M\(G)”
the left von Neumann algebra of G. Write \ also for the representation of
£(G). Then A = my, for the canonical Plancherel weight ¢ (II1.3.3.1). The
modular operator A for this weight is exactly multiplication by the modular
function Ag on L?(G, p).

I11.4.2 Approach using Bounded Operators

I11.4.2.1 There is an alternate approach using bounded operators, due to M.
Rieffel and A. van Daele [RvD77] (cf. [Ped79, 8.13]). Let Hg be H regarded as a
real Hilbert space under (-,-) = Re(:,-). Let X and ) be the closures of the real
subspaces Mg,& and 1Mg,& respectively. Then A and ) are complementary
subspaces of Hg, although they are not orthogonal unless ¢ is a trace (in
fact, if x,y € Msq, then x€ L iy€ if and only if ¢(ay) = ¢(yx)); however, X
is orthogonal to iM] &, from which it follows that X N Y = {0}. Let P and
Q@ be the (real-linear) projections of Hg onto X and ) respectively, and set
A=P+Q,C =P — Q. Then the following are easy to verify:

(i) A is complex-linear, C' is conjugate-linear, and both are “self-adjoint”
(as operators on H).

(ii) A and 2 — A are one-one with dense range, and 0 < A < 2.

(iii) C? is one-one with dense range, 0 < C? < 4;if B = (6'2)1/2 and C = JB
is the polar decomposition, then .J is an involution and B = A/2(2—A)/?
is one-one with dense range.

(iv) B commutes with P, @, A, and J.

V) JP=(1—-Q)J, JQ=(1—P)J, and JA= (2 — A)J.

(vi) If A = A=Y(2 — A), then A is a (generally unbounded) densely defined,
self-adjoint, positive invertible operator, JAJ = A~ M¢ C D(AY/?),
and JAY?(z€) = z*¢ for x € M.

(vii) J and A agree with the J and A previously defined via S.

I11.4.3 The Main Theorem

II1.4.3.1 For a € C, we can define the closed operator A“ as in 1.7.4.7; in
particular, for t € R, the operator A is unitary, and ¢ — A is a strongly con-
tinuous one-parameter group of unitaries. Thus the automorphisms o, (often
denoted ¢?) defined by
oi(x) = Az AT

define a strongly continuous one-parameter group of automorphisms of £(H).

Because of the conjugate-linearity of J, from JA = A~!J we obtain
JA® = A ] for all t € R. Thus the automorphisms o; of £(H) commute
with the conjugate-linear automorphism j of £(H) defined by j(x) = JaJ.

Here is the main theorem of modular theory.
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I11.4.3.2 THEOREM. [TOMITA-TAKESAKI| j(M) = M’ (so j(M') = M)
and oy(M) = M, oy(M') = M’ for all t € R. If x € Z(M), then j(z) = z*
and o (x) = z for all ¢.

We give an argument (cf. [vD82]) that “explains” why the theorem is true.
This argument as it stands is only valid in the relatively unusual case that S,
and hence also F' and A, is bounded (this implies that M is semifinite); but
with considerable additional work it can be made rigorous in the general case
([Zsi75], [KadT78]; cf. [SZT79]).

If ,y,z € M, then

SxSyz& = Sxz*y* ¢ = yza*f = ySxz*E = ySxSzE.

Since {z¢ : z € M} is dense in H, it follows that SzSy = ySx.S for any y € M,
ie. SxS e M'; 30 SMS C M'. Similarly, FM'F C M, and taking adjoints we
get SM'S C M, 50 SMS = M (and SM'S = M, FMF = M’, FM'F = M).
Thus

AMA™' = FSMSF = M.

Let B be the Banach algebra L(L(H)). For x € L(H) and for a € C, define
b, € Bby O,(x) = Az A~ If A is the closed subalgebra of B generated
by @1 and 1, then since @ leaves M invariant so does every element of A. If
L, R € B are defined by L(x) = Az, R(z) = 2A~!, then LR = RL = &1, and
O'B(L) = U[;(H)<A>, O‘B(R> = O'E(H)(A_1>7 SO

08(P1) C 024y (A)oz) (AT € (0,00)

by 11.2.1.3. If f is the principal branch of the logarithm function, then f is
analytic in a disk containing og(®;), and f(P;1) can be defined by a power
series in @1 — A1 for some A > 0. Thus ¥ = f(®1) € AC B,and &, =¥ € A
forall« € C. (If H = f(A) € L(H), then ¥(z) = Hx — zH for z € L(H).)

In particular, @;; = oy leaves M invariant. Also, @, /o and @_; /5 leave M
invariant, i.e. A™Y/2MAY2 = M thus

JMJ = SAV2MAY2S = SMS = M.

The last statement follows from the fact that if u is a unitary in Z(M),
then uSgu = Sp, so uSu =95, w* Fu* =F, v*Au= A, uJu = J.

I11.4.4 Left Hilbert Algebras

The original approach of Tomita-Takesaki proceeded somewhat differently. It
is convenient to abstract the situation.

111.4.4.1 A left Hilbert algebra (or generalized Hilbert algebra) is a complex
algebra A endowed with an inner product (-, -) and an (in general unbounded)
involution 2 + 2f (conjugate-linear anti-automorphism of period 2), with
the following properties (the topology on 2 is the one coming from the inner
product):
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(i) For any z,y,2 € A, (zy,2) = (y,2%2).
(ii) For each x € 2, the map y — xy is bounded.
(iii) 2A? is dense in 2.
(iv) The map x + z* is closable as a map on the completion H of 2.

If § is isometric, then 2 is called a Hilbert algebra.

Hilbert algebras were first defined by H. Nakano in [Nak50] (a prelimi-
nary version appeared in [Amb49]). Left Hilbert algebras were introduced by
Tomita, following the notion of quasi-Hilbert algebra of J. Dixmier [Dix69a).

In our previous context, M (or any weakly dense *-subalgebra) becomes
a left Hilbert algebra with inner product (z,y) = (z€,%¢) and 2* = z*; in
the general case, M, N O} is a left Hilbert algebra with (z,y) = ¢(y*z) and
zt = z*.

If S is the closure of z +— 2%, write D* for the domain of S and z* for Sz if
xz € DY If F = S*, write D for the domain of F and z” for Fx if z € D°. The
map z +— 2° is also an (in general unbounded) involution, called the adjoint
involution. The spaces D and D" are Hilbert spaces under the inner products

(@,y)s = (2.y) + (F,2%) and (z,y), = (z,9) + (4", 2”)
respectively.

II1.4.4.2 FEach x € A defines a bounded operator 7(x) on H by 7(x)y = xy.
Since 7(zf) = m(x)*, 7 defines a nondegenerate *-representation of 2 on H.
Let £(2A) = w(2A)” be the von Neumann algebra generated by 7(2). £(2) is
called the left von Neumann algebra of 2.

1I1.4.4.3 Fach y € H defines an operator R, with domain A by R,z =
m(x)y. Ify € D, a simple calculation shows Ry, 2 R, so R, has a closure
7'(y), and 7'(y)* = 7'(y°). As in the proof of 111.4.3.2, 7'(y) is permutable
with w(x) for all x € 2, i.e. 7'(y) is affiliated with £(2)’.

Let ' be the set of y € D such that 7'(y) is bounded. If z € H and
y € A, define zy = 7'(y)x. It is easy to see that 2’ is closed under this
multiplication and the involution y — v°; and 7’ is a *-antihomomorphism of
2’ into £(2A)’. A functional calculus argument shows that 2’ and (2')? are
dense in the Hilbert space D°, and therefore in H. A simple calculation shows
that if y,z € A" and T € £(2A)’, then 7'(y)Tz € A" and

(7' (y)Tz) = ' (y) T’ (2).
Then using an approximate unit for 7'(2") we obtain that =’ ()" = £(2A)".

Full Left Hilbert Algebras

1I1.4.4.4 Repeating the process, for x € H define L, with domain 21" by
L,y = 7'(y)z. If x € D¥, then L O L,s; let m(z) be the closure of L,, and
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A" the set of x € D such that 7(z) is bounded. Then 2 C A", and 7(x)
agrees with the previously defined m(x) for € 2. A” becomes a left Hilbert
algebra with multiplication zy = w(x)y, and £(") = £(A). (A") = 2A’, so
(A =", A" is called the full (or achieved) left Hilbert algebra of 2A. Two
left Hilbert algebras 2 and B are equivalent if A" and B’ are isometrically
*_isomorphic. Of course, 2 is equivalent to 2" for any 2.

It is easy to verify that a left Hilbert algebra arising from a faithful nor-
mal semifinite weight on a von Neumann algebra is full. Every full left Hilbert
algebra arises in this manner, and thus there is a natural one-one correspon-
dence between full left Hilbert algebras and von Neumann algebras with a
specified faithful normal semifinite weight:

I11.4.4.5 THEOREM. ([Com70]; cf. [Tak03a, VIL.2.5]) Let 2 be a full left
Hilbert algebra. Then there is a unique faithful normal semifinite weight ¢ on
£(2) such that A = N, NN with its usual left Hilbert algebra structure.

The definition of ¢ is clear: if a € £(A)4, then ¢(a) = ||z|% if a =
m(x)*m(x) for some x € A, and ¢(a) = co otherwise.

The full left Hilbert algebra point of view for weights is a very useful one.
For example, it gives a natural way to define the tensor product of two faithful
normal semifinite weights, or the dual weight on a W*-crossed product, both
of which would otherwise be obscure. For the tensor product, it suffices to
observe that the algebraic tensor product of two left Hilbert algebras is a left
Hilbert algebra.

Modular Hilbert Algebras

111.4.4.6 A left Hilbert algebra 2 is a modular Hilbert algebra, or Tomita
algebra, if it has a group {d, : @ € C} (i.e. dptp = o ©03) of automorphisms,
called modular automorphisms, satisfying, for all z,y € 2:

(i) (6ax)* =d_g(2*) for all a € C.

(il) (daz,y) = (x,05y) for all a € C.
(iv) a— (daz,y) is an analytic function on C.

(v) For all t € R, the set (1 + ;)2 is dense in 2.

Note that from (iii), if 2 € 2, then € D and 2° = §;(af) (= (§_12)*
by (i)). In fact, axiom (iv) of 111.4.4.1 follows from the other axioms for a
modular Hilbert algebra; and 2 C 2U'.

A Hilbert algebra is a modular Hilbert algebra with 6, = id for all «.

For any ¢t € R, the map

x— 6y (z%) = (6_42)*

is a (generally unbounded) involution on 2. The involution
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21 2 = b 3(a%)

is isometric; let J be the closure of  — 2% on the completion H of 2. Then
J is an involution on H. Then, since A C ', n’(z) is defined for z € A and
7' (Jz) = Jn(x)J. Thus

JERA)T = 7' (%) C L.

By (ii), d, is a closable densely defined operator on the completion H of
A, and 0% D da.

I11.4.4.7 PROPOSITION. Let 2 be a modular Hilbert algebra, with comple-
tion H. Then there is a (generally unbounded) positive self-adjoint operator
A on H such that A% is the closure of §, for all o € C.

The existence of A follows from Stone’s Theorem (I1.7.4.10): if U, is the
closure of d;;, then {U;} is a strongly continuous one-parameter unitary group,
and hence there is a self-adjoint operator H such that U, = e for all t. Set
A = el Tt is nontrivial but routine to check that A% is the closure of &, for
all a.

A is called the modular operator of 2. As before, we have JAJ = A™!,
S =JAY2 = AV2] F = AY2] = JA=Y/2. J maps the Hilbert space Df
isometrically onto D”. Since JA? = A% and 2A? is dense in D¥, A? is also dense
in D°. Then by arguments as in 1I1.4.4.3, one obtains:

I11.4.4.8 THEOREM. If 2 is a modular Hilbert algebra, then 7/(2) generates
L) and JLRA)J = £(A)’. Also, the strongly continuous one-parameter
group oy = Ad A of automorphisms of £(H) leaves £(2) and £(2)’ invariant.

Thus, to prove I11.4.3.2, it suffices to show that every von Neumann algebra
M in standard form is isomorphic to £(2) for some modular Hilbert algebra
2. Since M = £(2A) for a left Hilbert algebra 2, it suffices to prove:

111.4.4.9 THEOREM. Every left Hilbert algebra is equivalent to a modular
Hilbert algebra.

Proving this theorem is, of course, the most difficult part of the theory. It is
clear where the J and A come from for a left Hilbert algebra 2: take the polar
decomposition S = JA'Y/?2 for the operator S. But a lot of work, including a
considerable amount of complex analysis, is involved in finishing the argument.
Even the specification of which elements of 2" are in the modular Hilbert
algebra 9B equivalent to 2l is not obvious.

I11.4.5 Corollaries of the Main Theorems

I11.4.5.1 COROLLARY. Let M be a von Neumann algebra in standard form
on a Hilbert space. Then M is linearly *-anti-isomorphic to M’ under a map
which is the identity on Z(M).
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In fact, the map x — j(z*) is a linear anti-automorphism of £(H) carrying
M onto M'.

There are examples of von Neumann algebras M (even II;-factors with
separable predual) such that M is not (linearly) *-isomorphic to M’, i.e. M
is not (linearly) *-anti-isomorphic to itself ([Con75a], [Con75b]).

Symmetric and Standard Forms

I11.4.5.2 DEFINITION. Let M be a von Neumann algebra on H. M is in
symmetric form (sometimes called hyperstandard form) if there is an involu-
tion J of H such that JMJ = M’ and JxJ = z* for all z € Z(M). A normal
representation m is a symmetric form representation if w(M) is in symmetric
form.

I11.4.5.3 PROPOSITION. Let M be a von Neumann algebra on H, and z a
central projection in M. Then M is in symmetric form on H if and only if
zM and (1 — z)M are in symmetric form on zH and (1 — z)H respectively.

I11.4.5.4 THEOREM. Two symmetric form representations of a von Neu-
mann algebra are unitarily equivalent.

The countably decomposable case follows immediately from II1.2.6.6 and
the following proposition. The general case can be derived from the countably
decomposable case by an elementary but moderately involved argument (cf.
[KR97Db, 9.6.19-9.6.26]).

I11.4.5.5 PROPOSITION. Let M be a countably decomposable von Neumann
algebra in symmetric form on H. Then M has a cyclic and separating vector
and hence is in standard form.

PRrROOF: By I11.2.6.11, there is a central projection z such that Mz has a cyclic
vector on zH and (1 — z)M has a separating vector on (1 — z)H. But if £ is
a cyclic [resp. separating] vector, then J¢ is a separating [resp. cyclic] vector.
Apply I11.2.6.10 and I11.4.5.3.

An immediate consequence of the Tomita-Takesaki Theorem is:

I11.4.5.6 COROLLARY. A standard form representation of a von Neumann
algebra is in symmetric form.

Putting these results together, we obtain:

I11.4.5.7 THEOREM. Let M be a von Neumann algebra. Then a represen-
tation of M is in symmetric form if and only if it is in standard form. M has
such a representation, which is unique up to unitary equivalence.

PROOF: M has a standard form representation (II1.2.6.5), which is symmetric

(I11.4.5.6); and any symmetric form representation is equivalent to this one
by I111.4.5.4.
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The Commutation Theorem

The next theorem is the commutation theorem for tensor products:

I11.4.5.8 THEOREM. Let M7 and M5 be von Neumann algebras on H; and
‘Ho respectively. Then

(Mi®Ms)' = M{®M,
on ‘Hi ® Hs.

The modular Hilbert algebra formalism is especially suited to the proof
of this theorem, which was one of Tomita’s principal goals in developing the
theory; in fact, the result was previously proved in the same way ([God51],
[Godb4], [Segh3]) for semifinite von Neumann algebras, using Hilbert algebras
(see also [Dix69a] for the origins of the general case). By routine arguments
the result reduces to the case where M; and Ms are in standard form, i.e.
there are modular Hilbert algebras 2; and s with M; = £(2;) (i = 1,2).
Then A = 2A; ® A5, with inner product

(1 ® w2, 91 @ Y2) = (T1,91)1(T2,Y2)2,

product
(1 ® 22) (11 ®@ y2) = 1172 @ Y192,
and involution (z®1y)! = 2! @ ¢!, is a left Hilbert algebra with £(2) naturally
isomorphic to £(;)®L(™Az). A also has an obvious complex one-parameter
group of tensor product automorphisms. Actually 2 is a modular Hilbert
algebra (axiom (v) is not obvious, but can be proved), but this is not really
necessary for the proof; clearly 2 and 22 are contained in 2’ and dense in D’,
and thus 7' (2) generates £()’. But /()" can be rather obviously identified
with
(') O 7' (A2))" = L£(A1) @L(A2)".

Here is a useful variation of the Commutation Theorem. The proof uses the
obvious fact that if M, N are von Neumann algebras on H, then (M UN)' =
M’ N N'; and hence (M NN)' = (M'UN")" (consider the commutants).

1I1.4.5.9 COROLLARY. Let M;, N; be von Neumann algebras on H; (i =
1,2). Then (M;®Ms) N (N1&N3) = (M; N N1)®(Ma N Ny).
PROOF:
[(M1®Mz) N (N1&N2)]" = [(M1@M2)" U (N1@N2)']"
= [(M{®M;) U (N1®N3)]" = [(M{ @ I) U (N{ @ I) U(I @ M3) U (I ® N3)|"
= ([(M{UN])" @ IU[I @ (M;U Ny)"])"
= (M; N Nyp)'&(Ms N Ny) = [(My N Np)&(Me N N)J'.

On the other hand, II1.4.5.9 implies I11.4.5.8, since (M1®My)" is clearly
equal to [M{®L(Hz2)] N [L(H1)DMj).
The C*-algebra version of I11.4.5.9 is false ([Hur79], [Kye84, 3.1]).
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I11.4.5.10 COROLLARY. Let M; (¢ = 1,2) be a von Neumann algebra on

I11.4.5.11 COROLLARY. Let M; (i = 1,2) be a von Neumann algebra on
H;. If Z; is a masa in M;, then Z1®Z5 is a masa in M;QM,.

For the proof, note that if Z C M are von Neumann algebras, then Z is a
masa in M if and only if Z = Z' N M.

I11.4.6 The Canonical Group of Outer Automorphisms and
Connes’ Invariants

Centralizer of a Weight

Using the modular automorphism group, a sensible definition of centralizer
can be given for weights, and in particular for states:

II1.4.6.1 DEFINITION. Let ¢ be a faithful normal semifinite weight on a von
Neumann algebra M. The centralizer M? of ¢ is the centralizer (fixed-point
algebra) M’

The centralizer M? of a weight ¢ is sometimes written Mg, but this is
easily confused with 9.

M? is a von Neumann subalgebra of M which is, of course, invariant under
o®. There is an alternate characterization of M?, due to G. Pedersen and M.
Takesaki [PT73] (cf. [Tak03a, VIIL.2.6]):

I11.4.6.2 THEOREM. Let ¢ be a faithful normal semifinite weight on a von
Neumann algebra M, and a € M. Then a € M? if and only if

i) a is a multiplier of My, i.e. aMy C My and NMya C Ny.
(] ¢ ¢ ¢ ¢
(i) ¢(ax) = ¢(xa) for all x € M.

The restriction of ¢ to M is thus a trace; but it is not semifinite in general
(cf. T11.4.7.9).

If ¢ is a state, then My = M, and the condition in (ii) can be taken as
the definition of M.

111.4.6.3 If h is a positive operator affiliated with M?, then the formula
(@) = 9(ha) = d(h) = G(hY ah2)

defines a normal semifinite weight on M, which is faithful if A is invertible. In
this case, we have

o) (x) = h'o} (x)h™"
for x € M. This 9 is usually denoted ¢y,.

A variation of this construction occurs if u is a partial isometry in M with
uu* € M?. Then ¢(z) = ¢(uzu*) defines a normal semifinite weight on M
denoted ¢,,. If ¢ is faithful, then s(¢,) = u*u.

Both constructions have a common generalization using polar decomposi-
tion; we omit details since we will only need these two versions.
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The Canonical Group of Outer Automorphisms

The modular automorphism group ¢ depends on the choice of the weight
¢. However, it is a remarkable and fundamental fact that this dependence is
only up to inner automorphisms. The next theorem was proved by A. Connes
[Con73b], using his “2 x 2 matrix trick.”

THEOREM. Let M be a von Neumann algebra, and ¢ and 1 faithful normal
semifinite weights on M with modular automorphism groups {c{'} and {o}}
respectively. Then the R-actions 0 and o are exterior equivalent (I1.10.3.19).
In particular, for each ¢t € R, Uf and o’f’ differ by an inner automorphism of
M.

PROOF: Define a weight w on Ms(M) by

o[ 4 0 ]) oo

called the balanced weight of ¢ and 1. The weight w is obviously faithful and
Ny Ny

normal, and is also semifinite since N, = [ N, N
¢ (4

} . Also, it is easy to see

that
of (diag(z,y)) = diag(of (x), 07 ()

for all x,y € M, t € R. Apply 11.10.3.20.

II1.4.6.4 If Out(M) = Aut(M)/Inn(M) is the “outer automorphism group”
of M, and 4(t) is the image of ¢f in Out(M), then {6(¢)} is independent of
the choice of ¢, and is called the canonical (one-parameter) group of outer
automorphisms of M. By [Con73b], §(R) is contained in the center of Out(M).

Actually, any cross section of ¢ is a modular automorphism group, at least
if M has separable predual: if ¢ is any action of R on M whose image in
Out(M) is 4, there is a faithful normal semifinite weight ¢ on M with o = o¥
(cf. TIT.4.7.5(i)).

The invariant T (M)
I11.4.6.5 Thus, if M is a von Neumann algebra, the set
T(M) = ker(6) = {t € R : 0¥ is an inner automorphism of M}

is an invariant of M independent of the choice of ¢. This is one of Connes’
two fundamental invariants.

If the spectrum of A, is contained in {0} U {\" : n € Z}, then T'(M)
contains every ¢ for which \¥ = 1, i.e.

2
T(M)D{ 2 ineZb.
log A
Thus, if ¢ is a trace, so that Ay = 1, T(M) = R. The converse is also true if
M has separable predual (but not in general):
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I11.4.6.6 THEOREM. If M is a von Neumann algebra with separable predual,
then T (M) = R if and only if M is semifinite.

The converse uses the nontrivial fact, a generalization of Stone’s theorem,
that if v is an action of R on a von Neumann algebra IV with separable predual,
and oy is inner for all ¢, then there is a strongly continuous one-parameter
group {u;} in YU (N) with oy = Ad u, for all ¢, i.e. there is a strongly continuous
cross section for the map

R — Inn(N) = U(N)/U(Z(N)).

There is then an (in general unbounded) positive invertible h affiliated with
N such that u; = h®® for all . This result was obtained by Kadison [Kad65]
(cf. [Bar54], [Han77]) in the factor case and R. Kallman [Kal71] and C. Moore
[Mo076] in general.

If there is an invertible h > 0 affiliated with M? such that u; = h** satisfies
0¥ = Ad uy, then 1(-) = ¢(h-) defines a faithful normal semifinite trace on M
(some details need to be checked).

An interesting corollary of this result is:

I11.4.6.7 COROLLARY. Every von Neumann algebra with separable predual
and a nonzero Type III part has an outer automorphism.

In fact, if M is a Type III factor with separable predual, then T(M) has
measure 0 in R [KR97b, 14.4.16]. There is a countably decomposable Type
IIT factor M (with nonseparable predual) with T (M) = R [KR97b, 14.4.20].

I11.4.6.8 PROPOSITION. Let Ry (0 < A < 1) be the Powers factor of type
I, (IIL.3.1.7). Then
2mn
TRy)=9—=:n€Z;.
) {logA " }

PROOF: The argument is similar to the proof of I11.3.1.3. Write (R, ) =

®;en(Ma, ¢y) as in T11.3.1.7. Set

—

M = [®i_1<M2,¢A)] ®1, N =18 [®i_nﬂ<M2,¢A>} = MR,

and let #,, be the unique ¢-invariant conditional expectation from R, onto
M), Suppose t € R, and af = Ad u for some u € U(R)). We have that
o = Ad v for some v € U(My), and

U= - QURw
in the decomposition Ry = MM&N™ for some w € U(N™); and hence

O (u)=v® - -Rueal



II1.4 Modular Theory 305

for some o € C. We have that ||6,,(u) — ul|ly — 0; if 0 < € < 1, choose n so
that ||6,,(u) — u||y < €. Comparing 6,,(u) and 6,41 (u), we get that

lv = Blllgy < 2¢/(1 =€)

for some 3 € C. This implies that v € C1, o* = id, At = 1.

Once the machinery of modular theory is set up, this is probably the
simplest argument to show that the Powers factors are Type III and mutually
nonisomorphic.

Essentially the same argument shows:

111.4.6.9 PROPOSITION. Let M = ®;(M;,®;) be an ITPFI factor, with
cigenvalue list {a\”’}. Then

T(M) = {t €ER: i (1 _ ‘ S (o)
Jj=1 k

) <ol

It follows easily for an ITPFI factor M, T(M) = {lfg”A A€ p(M)}
(I11.3.1.15). More generally, if M is the von Neumann algebra of an equiva-
lence relation L (R, p) (I11.3.2.17), then T'(M) = 27/ log p(R), where p(R) is
Krieger’s invariant (I111.3.2.21). It follows from [Con73b] that every countable
subgroup of R, and also many uncountable subgroups, occur as T'(M) for an

ITPFI factor M.

The invariant S(M)

II1.4.6.10 The results above show that the spectrum of Ay plays an impor-
tant role. However, this spectrum is not independent of ¢; for example, if ¢y
on Mj is as in 111.3.1.7, then o(Ay, ) = {1, A\, \"'}. The appropriate variation
is to define, for a factor M,

S(M) = (o(Ay)

@

where ¢ runs over all faithful normal semifinite weights (states suffice in the
countably decomposable case). This is Connes’ second fundamental invariant.
(In many cases, S(M) can be realized by a single faithful normal semifinite
weight; cf. 111.4.8.6.)

There are several alternate descriptions of this invariant. Two of the most
useful are:

I11.4.6.11 THEOREM. Let M be a factor, and ¢ a faithful normal semifinite
weight on M. Then
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(i) S(M) = nNyo(Ay,), where p runs over all nonzero projections in M? and
¢p is the weight on pMp given by restricting ¢.
ii) If R is identified with the multiplicative group R4 by (A, t) = A%, then
+
S(M)NR, is the Connes spectrum (I11.3.2.5) T'(c?).

An important corollary of (ii) is

I11.4.6.12 COROLLARY. If M is a factor, then S(M)NR; is a (multiplica-
tive) subgroup.

Type Classification of Type III Factors

I11.4.6.13 Since S(M) is a closed subset of [0,00) and S(M) NR; is a
multiplicative group, there are only the following possibilities for S(M): {1},
{0,1}, {0} U{A\" : n € Z} for some A\, 0 < A < 1, or [0,00). M is semifinite if
and only if S(M) = {1}.

If M is a Type III factor, then we say

M is Type I, if S(M) ={0,1}.
M is Type IITy (0 < A< 1)if S(M)={0}U{\":ne€Z}.
M is Type 111 if S(M) = [0, 00)

I11.4.6.14 It is easily seen from the results of this section that if M is a Type
IIT ITPFI factor, then S(M) = ro (M), and hence these type definitions are
consistent with the ones in I11.3.1.14.

I11.4.7 The KMS Condition and the Radon-Nikodym Theorem
for Weights

There is an interesting and important connection between a weight ¢ and its
modular automorphism group o®.

I11.4.7.1 Let M be a von Neumann algebra, ¢ an R-action on M, ¢ a weight
on M, and B > 0. Then ¢ satisfies the KMS condition or modular condition
(or is a KMS weight) for o at inverse temperature —( if ¢ = ¢ o oy for all ¢
and, for all z,y € Ny, there is a function f, bounded and continuous on the
strip {z € C: 0 < I'm(z) < 8} and analytic on {z € C : 0 < Im(z) < G},
such that, for ¢t € R,

f(t) = dlow(@)y), f(t+iB) = o(yor(x)).

A KMS state is a KMS weight which is a state.

This condition was first introduced (for states) by mathematical physicists
R. Kubo [Kub57], P. Martin and J. Schwinger [MS59], and the connection
with von Neumann algebras and modular theory discovered by R. Haag, N.
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Hugenholtz, and M. Winnink [HHWG67]. See the survey article [Kas76] for a
discussion of KMS states and their connection with physics.

By rescaling the action ¢ to o; = 0_;/3, we may and will restrict to the
case B =1, i.e. “KMS weight” will mean “KMS weight at inverse temperature
-1

The fundamental observation of Takesaki [Tak70] and Winnink (extended
to the case of weights) was:

II1.4.7.2 THEOREM. Let ¢ be a faithful normal semifinite weight on a von
Neumann algebra M. Then ¢ is a KMS weight for ¢?, and ¢ is the only
continuous R-action for which this is true.

If B is a modular Hilbert algebra with £(8) = M and modular operator
Ay, and 7, ¢ € B, then

F(z) = (A0, ¢*) = (¢, AL nf)

is entire and has the right values for 7, at 2z =t and z = t 4+ 4. A limiting
argument gives an f for arbitrary z,y € Ngy.

To prove the uniqueness of o, suppose ¢ is a KMS weight for a one-
parameter automorphism group p. Then on the Hilbert space Hg, there is
a strongly continuous one-parameter unitary group (U(t)) such that p; =
Ad(U(t)) since ¢ is invariant under p; by Stone’s theorem, U(t) = K™ for a
self-adjoint operator K. If H = X, it must be shown that H = A. This is a
lengthy argument, which we omit. See [Tak03a, VIII.1.2] for details of both
parts of the proof.

The Radon-Nikodym Theorem for Weights

The analog of 111.2.3.3 for (normal semifinite) weights is false (see, for ex-
ample, [Str81, 6.6-6.8]), so a correct version of the Radon-Nikodym theorem
for weights requires considerable care. The definitive version comes out of the
proof of 111.4.6.3.

I11.4.7.3 Given two faithful normal semifinite weights ¢ and ¥ on a von
Neumann algebra M, the proof of I11.4.6.3 provides a strongly continuous
path (u;) of unitaries in M such that

of = (Ad uy) oo?

for all ¢. This u; is denoted (D : Dg), and is called the Radon-Nikodym
derivative of 1 with respect to ¢ at t. This Radon-Nikodym derivative satisfies
the cocycle identity:

Uy s = wo? (us) (s,t € R).

If € M, the element ;0¥ (z) = o (x)us is denoted o*?(z). We have
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) = o @t ()

for ¢,s € R (but note that

o (wy) # o (@)a"(y)

for z,y € M in general).
The definition of (Dt : D¢) also works if v is not faithful. In this case,
each u; is an isometry with u,u; equal to the support projection of .

I11.4.7.4 By applying the KMS condition to the balanced weight, we also
have the analytic extension property: for each x € My NN and y € Ny, NN,
there is an f, bounded and continuous on {z € C : 0 < Im(z) < 1} and
analytic on {z € C: 0 < Im(z) < 1}, such that, for all t € R,

F@&) = (ol (@)y), ft+i)=dlyof?(z)).

recovering 1 from ¢
There is also a converse, obtained by extending u; to an analytic function
on the strip {z: 0 < Im(z) < 1}:

I11.4.7.5 THEOREM. [CONNES-RADON-NIKODYM THEOREM FOR WEIGHTS]
[Con73a] Let ¢ be a faithful normal semifinite weight on a von Neumann al-
gebra M.

(i) If ¢ is another faithful normal semifinite weight on M, then there is a
unique strongly continuous path (u;) = (D : D¢); of unitaries in M,
with the analytic extension property, with

Uf’(x) = utaf(x)uf and ugys = utaf’(us)

forallz € M, t,s € R.
(ii) Conversely, if (u;) is a strongly continuous path of unitaries in M with

Utys = utaf(us) for all t,s € R, then there is a unique faithful normal
semifinite weight 1 on M with u; = (D% : D¢); for all .

The Radon-Nikodym derivatives satisfy the expected rules: if ¢,v,w are
faithful normal semifinite weights on M, and h is an invertible positive oper-
ator affiliated with M¢ (I11.4.6.3), then

(Dw : D¢); = (Dw : D) (D1 : D)
(D¢ : DY), = (D¢ : Dg); "

(Do, : Do) = At .

The weights of the form ¢, for h > 0 affiliated with M? can also be
characterized:
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111.4.7.6 THEOREM. [PT73] Let ¢ and ¢ be normal semifinite weights on
a von Neumann algebra M. The following are equivalent:

(i) ¥ = oo? for all t.
(ii) (Dy : D¢); € M? for all t.
(iii) There is an h > 0 affiliated with M? with ¢ = ¢y,.

If the conditions of this theorem are satisfied, then ¥ commutes with ¢.
If ) is also faithful and commutes with ¢, then ¢ and ¢¥ are commuting
actions of R (the converse is false in general).

Weights and Conditional Expectations

There is a close connection between the modular automorphism group of a
weight and the existence of conditional expectations onto subalgebras which
preserve the weight:

I11.4.7.7 THEOREM. Let M be a von Neumann algebra and N a von Neu-
mann subalgebra, and let ¢ be a faithful normal semifinite weight on M such
that 1 = ¢|n is semifinite. Then the following are equivalent:

(i) There is a conditional expectation 6 : M — N with ¢ = ¢ 0 6.
(ii) There is a faithful normal conditional expectation 6§ : M — N with
6 =pob.
¢

(iii) N is invariant under o?, i.e. oy (N) = N for all ¢.

[Recall from I1.6.10.10 that a conditional expectation as in (i), if it exists, is
unique; (ii) asserts that such a conditional expectation is necessarily faithful
and normal.]

Let Hy and Hy be the GNS Hilbert spaces and 21 = (91, N %) and
B = 1(My ﬂ‘ﬂz) the corresponding left Hilbert algebras, dense in Hyg and H,
respectively. Regard H,, as a subspace of Hg. Then by 11.6.10.10 any 6 as in
(1) is necessarily induced by the orthogonal projection P from H, onto H,.
To prove (i) = (iii), a simple computation shows that P is permutable with
Ay, and hence Afg% = B since P/ = B. To show (ili) = (ii), it must be
shown that P =B and that my(2) = Pmy(z)P for x € M. The details can
be found in [Tak03a, 1X.4.2].

I11.4.7.8 COROLLARY. Let M be a semifinite von Neumann algebra, and 7
a faithful normal semifinite trace on M. Let N be von Neumann subalgebra
of M. If 7| is semifinite, then there is a normal conditional expectation from
M onto N. In particular, if M is finite and countably decomposable, and N
is any von Neumann subalgebra of M, then there is a normal conditional
expectation from M onto N.

Since M? is invariant under o, we obtain:
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II1.4.7.9 COROLLARY. ([ComT71]; cf. [Str81, 10.9]) Let ¢ be a faithful normal
semifinite weight on a von Neumann algebra M. The following are equivalent:

(i) ¢ is strictly semifinite (II1.2.2.26).
(ii) @|pre is semifinite.
(ii) There is a normal conditional expectation 6 : M — M? such that ¢ = ¢of.

I11.4.8 The Continuous and Discrete Decompositions
of a von Neumann Algebra

The canonical group of outer automorphisms can be used to give a canonical
description of a general properly infinite von Neumann algebra as a crossed
product of a semifinite von Neumann algebra by a one-parameter group of
automorphisms. This decomposition is closely related in spirit to (and was
motivated by) the standard decomposition of a nonunimodular group as a
semidirect product of a unimodular group by a subgroup of Ry. In the case
of a Type III, factor, 0 < A\ < 1, the continuous decomposition can be re-
placed by a discrete decomposition (crossed product by Z). The continuous
and discrete decompositions allow many structural questions about Type III
factors to be reduced to a study of semifinite von Neumann algebras and their
automorphisms.

I11.4.8.1 Let M be a von Neumann algebra, ¢ a faithful normal semifinite
weight on M. Set N = Mx_.R. If ¢ is another faithful normal semifinite
weight, then o¥ is exterior equivalent to ¢, and hence up to a standard
isomorphism N is independent of the choice of ¢.

II1.4.8.2 PROPOSITION. The dual weight ¢ (I11.3.2.9) is a faithful normal
semifinite trace on INV; thus N is semifinite.

II1.4.8.3 If ¢ is the dual action of R = R, then by Takesaki duality
(II1.3.2.8) NX 4R is isomorphic to M®L(L?(R)), and hence to M itself if
M is properly infinite. This description of M as the crossed product of N by
R is called the continuous decomposition of M.

If ¢ is another faithful normal semifinite weight on M, and M xR is iden-
tified with N in the standard way, then 6% is seen to be exterior equivalent
to 6%, and hence the crossed product of N by R is canonical in a sense. How-
ever, although the identification of this crossed product with M®L(L?(R))
by Takesaki duality is canonical, the isomorphism

MEL(LAR) = M

if M is properly infinite requires choices; so the isomorphism NXxzsR = M
is not natural. This decomposition of M is nonetheless well defined up to
isomorphism. In fact, the decomposition is unique up to conjugacy in a suitable
sense [CT77] (cf. 111.4.8.8). The dual action 6% is usually denoted # in this
abstract setting to remove its notational dependency on ¢.
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I11.4.8.4 PROPOSITION. The automorphism &f scales the trace d) on N by
a factor of e’.

The Discrete Decomposition of a Type III Factor

If M is a Type III, factor, 0 < A < 1, then there is a closely related discrete
decomposition. We first consider the case 0 < A < 1.

I11.4.8.5 DEFINITION. If M is a factor of Type IIIy, 0 < A < 1, a generalized
trace on M is a faithful normal semifinite weight ¢ such that S(M) = og(Ay)
and ¢(1) = +o0.

I11.4.8.6 THEOREM. If M is a factor of Type III, 0 < A < 1, then M has
a generalized trace. If ¢ and 1 are generalized traces on M, then there is an
inner automorphism « such that ¢ is proportional to ¢ o a.

I11.4.8.7 THEOREM. If M is a factor of Type III, 0 < A < 1, with gener-
alized trace ¢, then the centralizer M? of ¢ is a Type Il factor, and there
is an automorphism a of M?, unique up to conjugacy, scaling the trace of
M? by )\, such that M = M?®x,7Z. This decomposition is called the discrete
decomposition of M.

The situation with Type IIIy factors is similar, but with an important
difference:

I11.4.8.8 THEOREM. If M is a factor of Type Illy, then there is a von
Neumann algebra N of Type I, with diffuse center (no minimal central
projections), and an automorphism « of N, such that M = Nx,Z.

There is also a uniqueness statement in this case, but it is more compli-
cated to state since a decomposition can be “cut down” by a central projection
(the uniqueness statement says that two decompositions have isomorphic cut-
downs). The decomposition M = NX,Z is called the discrete decomposition
of M.

I11.4.8.9 In the IITy case (0 < A < 1), there is a close connection between
the discrete and continuous decompositions. In this case, if ¢ = —27/log A,
then the action o of R is really an action p of T = R/tZ. The discrete
decomposition is then really (M x,T)x sZ.

The connection between the continuous and discrete decompositions in
the IIIy case is more complicated and less natural, made by building a “flow
under a ceiling function.” See [Tak03a] for details.

I11.4.8.10 There is no discrete decomposition in the III; case in general; in
fact, most III; factors cannot be written as the crossed product of a semifinite
von Neumann algebra by a single automorphism.
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I11.4.8.1 The Flow of Weights.
I11.4.8.1 Consider the continuous decomposition M = N XxyR. If
Z = Z(N) = L*(X, B, ),

then the restriction of 6 to Z gives a flow (R-action) on (X, B, u) which is
canonically associated with M, called the flow of weights on M.

There is an important equivalent description of the flow of weights on
a von Neumann algebra which more clearly demonstrates the functoriality
of the construction and explains the name. Our description is brief, and we
limit discussion only to the case of separable predual; details can be found in
[Tak03a] or [Str81].

I11.4.8.2 A normal semifinite weight ¢ on a properly infinite von Neumann
algebra M (with separable predual) is of infinite multiplicity if it is unitar-
ily equivalent to ¢ ® Tr on M = M®L(H). Equivalently, ¢ is of infinite
multiplicity if and only if M? is properly infinite. Since Tr = Tr ® Tr on
L(H) = L(H)RL(H), any weight of the form ¢ ® Tr is of infinite multiplic-
ity. Write W (M) for the set of normal semifinite weights on M of infinite
multiplicity.

II1.4.8.3 Define an equivalence relation and a preorder on W, (M) by set-
ting 1 = ¢ if there is a partial isometry v € M with u*u = s(3), uu* € M?,
and ¥ = ¢y, i.e. ¥(x) = ¢(uzu*) for all z € M. If uu* = s(¢), then ¢ = 1)y,
and also ¢ = 9; say then ¢ ~ . In fact, ¢ ~ 1 if and only if ¢ = ¢ and ¥ =X ¢.
Denote the equivalence class of ¢ by [¢], and let B be the set of equivalence
classes. The preorder 3 drops to a partial order on B, also denoted 3. There
is a natural addition on B:

6]+ [¥] = [¢" + ']

where ¢’ ~ ¢, 10’ ~ 1, and s(¢’) L s(¢)"). There is also a natural action of the
multiplicative group Ry on B: A[¢] = [A¢].

I11.4.8.4 The set B with its addition and partial order is order-isomorphic
to the lattice of countably decomposable projections in a commutative von
Neumann algebra A, and the action of R on B comes from automorphisms of
A. This group of automorphisms is, however, not continuous in general. If Z
is the subalgebra on which the action is continuous (i.e. x € Z if A — Az is
o-weakly continuous), then the induced action of R on Z is exactly the flow
of weights. The action of R on all of A is called the global flow of weights; the
flow of weights is sometimes called the smooth flow of weights.

Integrable and Dominant Weights

I11.4.8.5 A (normal semifinite) weight ¢ for which [¢] € Z is called an
integrable weight. A weight ¢ is a dominant weight if it satisfies the equivalent
conditions of the next theorem:
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I11.4.8.6 THEOREM. Let ¢ be a normal semifinite weight on a properly
infinite von Neumann algebra M with separable predual. The following are
equivalent:

(i) s(¢) has central support 1 and A¢ ~ ¢ for all A > 0.
(ii) ¢ is integrable and ¢ 3 ¢ for every integrable weight 1.
(iii) ¢ is equivalent to the second dual weight (II1.3.2.9) of a faithful normal
semifinite weight.
(iv) Under the continuous decomposition M = N xR, ¢ is equivalent to the
dual weight of a faithful normal semifinite trace on V.

Note that (iii) = (iv) comes from I11.4.8.2.
From characterizations (ii) and (iii), we obtain:

I11.4.8.7 COROLLARY. Let M be a properly infinite von Neumann algebra
with separable predual. Then M has a faithful dominant weight, and any two
dominant weights on M are equivalent.

111.4.8.8 If ¢ is a dominant weight, then M? is semifinite and isomorphic
to the N of the continuous decomposition of M; thus M = M?xgR for an
action # of R which can be explicitly described. This concrete realization of
the continuous decomposition of M is used to prove the uniqueness of the
continuous decomposition up to conjugacy (111.4.8.3).

I11.5 Applications to Representation Theory
of C*-Algebras

IT1.5.1 Decomposition Theory for Representations

The theory of von Neumann algebras allows a systematic study of the rep-
resentation theory of C*-algebras, associating to a representation 7 of a C*-
algebra A the von Neumann algebras w(A)” and w(A)’. Note that the subrep-
resentations (invariant subspaces) of 7 correspond exactly to the projections
in w(A)’. To avoid trivial complications which cause annoying verbosity in
statements, we will assume throughout this section that all representations
are nondegenerate.

Quasi-equivalence

I11.5.1.1 Recall that two representations m and p of a C*-algebra A, on
Hilbert spaces H, and H,, are (unitarily) equivalent, denoted 7 =~ p, if there
is a unitary U € L(Hx, H,) with p(z) = Un(z)U* for all z € A.

There are some other useful related notions:
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II1.5.1.2 DEFINITION. Let m and p be two (nondegenerate) representations
of a C*-algebra A, on Hilbert spaces H, and H,.

(i) An intertwiner of m and p is an operator T' € L(Hr, H,) with
Tr(z) = p(a)T

for all z € A. Denote by Int(n, p) the set of intertwiners of 7 and p.

(ii) The representations 7 and p are disjoint, written m L p, if no nonzero
subrepresentation of 7 is equivalent to a subrepresentation of p.

(iii) The representation 7 is subordinate to p, written @ < p, if no nonzero
subrepresentation of 7 is disjoint from p (i.e. every nonzero subrepresen-
tation of 7 contains a nonzero subrepresentation equivalent to a subrep-
resentation of p).

(iv) The representations m and p are quasi-equivalent, written ™ ~ p, if 71 < p
and p < 7.

It is easily checked that 1 is symmetric, =< is reflexive and transitive, and
~ is an equivalence relation. Int(m, p) is a closed subspace of L(Hr,H,), and

Int(p,m) = Int(m,p)* ={T" : T € Int(m, p)}.

We have that 7 ~ p if and only if there is a unitary in Int(r, p). At the
other extreme, it is easily seen that m L p if, and only if, the only element
of Int(m,p) is 0 (if T € Int(m,p) has polar decomposition T = U|T|, then
IT| € w(A) and U € Int(w,p)).

I11.5.1.3 PROPOSITION. Let 7 be a representation of A on H, and p, g pro-
jections in mw(A)’, with central supports z,, z,. Let p, o be the subrepresenta-
tions of m on pH and gH respectively. Then

(i) Int(p,0) = qm(A)'p.

(ii) p L o if and only if 2z, L z,.
(ii) p = o if and only if z, < z,.
(iv) p ~ o if and only if z, = z,.

The proof of (i) is a simple calculation, and the other parts follow imme-
diately from (i) and II1.1.1.4.

I11.5.1.4 COROLLARY. If 7 is a factor representation of A, then any two
nonzero subrepresentations of m are quasi-equivalent, and in particular any
nonzero subrepresentation of 7 is quasi-equivalent to m. If p is another factor
representation of A, then either m ~ p or 7 L p.

A straightforward maximality argument then shows:
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I11.5.1.5 PROPOSITION. Let 7, p be representations of a C*-algebra A, on
H. and H,. Then there are unique central projections p and ¢ in 7(A)"” and
p(A)” respectively, such that

(i) 7|pw, and plgr, are quasi-equivalent.
(ii) 7[(1—p)yx, is disjoint from p.
(iil) pl(1—qg), is disjoint from =.

Combining this with I11.2.2.8, we obtain:

II1.5.1.6 PROPOSITION. Let 7, p be (nondegenerate) representations of a
C*-algebra A. Then the following are equivalent:

(i) 7 and p are quasi-equivalent.
(ii) Suitable amplifications of 7 and p are equivalent.
(iii) = and p have the same kernel J, and the identity map on A/J extends
to an algebraic *-isomorphism from 7(A)"” onto p(A)”.
(iv) 7 and p have the same kernel J, and the restriction of the o-weak [o-
strong] topologies from 7(A)"” and p(A)” to A/J coincide.

Type of a Representation

II1.5.1.7 A (nondegenerate) representation w of a C*-algebra A is said to be
(pure) Type I [resp. Type II, Type III, Type I1,, Type I1] if w(A)" is Type I
[resp. Type II, Type III, Type II;, Type I1]. By I11.2.6.12, 7 is Type I [resp.
Type II, Type I11] if and only if w(A)" is Type I [resp. Type II, Type III] (but
this is not true for Type II; and Type Il representations); and if 7 is Type
I [resp. Type II, Type III, Type II;, Type Il], so is every subrepresentation
of . The type of a representation is invariant under quasi-equivalence.
Every representation 7 can be uniquely decomposed as

T D7, S, s

where the components are of pure type. Any factor representation is of pure
type, of course.

Every C*-algebra has many Type I representations, e.g. direct sums of
irreducible representations. Not every C*-algebra has Type II or Type III
representations; see IV.1 for a discussion.

I11.5.1.8 Tt would be possible to say that a representation 7 is finite [resp.
semifinite, properly infinite, purely infinite] if w(A)” is finite [resp. semifinite,
etc.] However, it is customary, and more useful, to say that a representation 7
of A is finite [resp. properly infinite], or of finite [resp. properly infinite] mul-
tiplicity, if w(A)’ is finite [resp. properly infinite]. (For “semifinite” or “purely
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infinite” it makes no difference whether w(A)" or w(A)"” is used.) This defini-
tion is more in line with standard terminology: 7 is of finite multiplicity if and
only if 7 is not equivalent to a proper subrepresentation, if and only if it does
not contain an infinite sequence of mutually orthogonal, equivalent nonzero
subrepresentations. A representation 7 is of properly infinite multiplicity if
and only if it is an infinite amplification of another representation; in fact,
a representation of properly infinite multiplicity is equivalent to a countably
infinite amplification of itself (II1.1.3.5).

II1.5.1.9 A representation m is multiplicity-free if any two subrepresenta-
tions of 7 on orthogonal subspaces are disjoint. Equivalently, 7 is multiplicity-
free if 7(A)’ is commutative. A multiplicity-free representation is Type I. Con-
versely, every Type I representation is quasi-equivalent to a multiplicity-free
representation.

Similarly, we say that a representation m of A has wuniform multiplicity n
if w(A)" is of Type L,. Such a representation is an n-fold amplification of a
multiplicity-free representation. Any Type I representation is canonically a
direct sum of representations of uniform multiplicity (I111.1.5.12).

A Type II or Type III representation cannot be reduced down to a multiple
of a multiplicity-free representation; any subrepresentation can be written as
a multiple of a smaller subrepresentation. Even a Type II representation of
finite multiplicity is thus “infinite” in the sense that it is a direct sum of
infinitely many mutually quasi-equivalent representations.

C*-algebras having only Type I representations are particularly well-
behaved and important, and their structure will be analyzed in detail in IV.1.

Direct Integral Decompositions of Representations

From the results of II1.1.6 we get a direct integral theory for representations
of separable C*-algebras on separable Hilbert spaces. As a result, we get a
canonical decomposition of a general representation as a direct integral of
mutually disjoint factor representations, and a non-canonical decomposition
as a direct integral of irreducible representations.

I11.5.1.10 Let m be a (nondegenerate) representation of a C*-algebra A
on a separable Hilbert space H, and let Z be a commutative von Neumann
subalgebra of w(A)’. Then there is a corresponding standard measure space
(X, u) and a direct integral decomposition

52}
H %/ H, du(x)
b'e

such that the operators in Z’ are decomposable; in particular, for each a € A,
the operator 7(a) is decomposable and can be written

5]
m(a) :/ m(a), du(z).

X
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II1.5.1.11 TIf, for each (or almost all) z, we write m.(a) = 7(a), € L(H,),
it turns out that, if A is separable, then m, is a representation of A for almost
all z, and we may sensibly write

T = /6B Ty du(x)

X

as a “direct integral of representations.”

I11.5.1.12 If Z contains Z(w(A)"”), then almost all the representations m,
are factor representations. If Z is a masa in m(A)’, then almost all of the 7,
are irreducible.

IT1.5.1.13 If F is a measurable subset of X, then

52
TH :/ 7o dp(z)
B

is a subrepresentation of 7. If Z is contained in Z(mw(A)"), and E, F are disjoint
subsets of X, then ng L np.

The most natural choice for Z is Z(w(A)"”). We summarize the properties
of the corresponding direct integral decomposition, called the central decom-
position:

I11.5.1.14 THEOREM. Let 7 be a representation of a separable C*-algebra
A on a separable Hilbert space H. Then there is a canonical direct integral
decomposition

& &
H 2/ H, du(z), = :/ 7o du(x)
b's b'e
such that

(i) m, is a factor representation for almost all x.
(ii) mp L m, for almost all (z,y); if E, F are disjoint measurable sets, then
TE 1 TE.
(iii) Every subrepresentation p of 7 is of the form

p= /jpz du(z)

where p, is a subrepresentation of .

II1.5.1.15 The central decomposition of 7 respects the Type I, Type IIy,
Type Il, and Type III parts of 7. In particular, a representation of pure type
centrally decomposes into a direct integral of (a.e.) factor representations of
the same type.
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I11.5.1.16 If 7 is multiplicity-free, then the 7, in the central decomposition
are almost all irreducible, so 7 has a canonical decomposition as a direct
integral of (a.e.) mutually inequivalent irreducible representations.

A general representation 7 can also be decomposed as a direct integral of
(a.e.) irreducible representations, but the decomposition requires the choice of
a masa in 7(A)" and is thus highly non-canonical, especially if 7 is not Type
I. The representations 7, are also not necessarily mutually inequivalent, e.g.
when 7 is a multiple of an irreducible representation. It turns out that if 7 has
no Type I part, the 7, are (a.e.) mutually inequivalent (cf. IV.1.5.1(iil)==(v)).
However, in this case there is no natural relationship between the representa-
tion 7 and the irreducible representations 7, ; for example, a different masa
can yield a decomposition in which the irreducible representations appearing
are (a.e.) inequivalent to any of the 7.

I11.5.1.17 There is an abstract (space-free) decomposition theory for states
(cyclic representations) of C*-algebras, valid also in the nonseparable case;
see [SakT71].

IT1.5.2 The Universal Representation and Second Dual

If A is any C*-algebra, then there is a “universal” representation w of A,
which contains every cyclic representation of A as a subrepresentation, and
such that w(A)"” is isometrically isomorphic to the second dual A**.

The Universal Representation

I11.5.2.1 DEFINITION. Let A be a C*-algebra. The universal representation

w of Ais
D

peA”

where A7 is the set of positive linear functionals on A.
The universal representation of A is obviously faithful and nondegenerate.

I11.5.2.2 The Hilbert space of the universal representation is highly non-
separable; in fact, its dimension is Card(A*). If 7 is any cyclic representation
of A, then there are at least 28 mutually orthogonal subrepresentations of w
equivalent to 7. The representation w is not even quasi-equivalent to a repre-
sentation on a separable Hilbert space except in the unusual case where A* is
separable, which implies that A is separable and Type I [Tom63].

I11.5.2.3 If A # C, then it can be shown that w is equivalent to the sub-
representation
D =

$ES(A)
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where S(A) is the state space of A. [It is only necessary to show that each 74
occurs 280 times in this subrepresentation; but if ¢ is a convex combination
of ¢1 and ¢9, then 14, and my4, are equivalent to subrepresentations of 7y (cf.
the proof of 111.2.6.7).]

II1.5.2.4 Every cyclic representation of A is obviously equivalent to a sub-
representation of w. Since every (nondegenerate) representation of A is a di-
rect sum of cyclic representations, every (nondegenerate) representation of A
is quasi-equivalent to a subrepresentation of w. Any (nondegenerate) repre-
sentation of A on a Hilbert space of dimension < 2% is actually equivalent to
a subrepresentation of w.

The Second Dual

I11.5.2.5 Let A be a C*-algebra, and set M = w(A)”. Then M is a von
Neumann algebra containing w(A) = A as a o-weakly dense *-subalgebra.
Any normal linear functional on M restricts to a bounded linear functional
on A; thus we obtain a linear map p : M, — A*.

IT1.5.2.6 PROPOSITION. The map p is an isometric isomorphism from M,
onto A*.

ProoF: The Kaplansky Density Theorem (1.9.1.3) implies that p is isometric.
Every state on A is a vector state for w(A), hence extends to a normal state
on M; thus p is surjective.

II1.5.2.7 COROLLARY. The dual map p* : (M,)* = M — A** is an isomet-
ric isomorphism.

I11.5.2.8 Thus there is a multiplication on A**, extending the multiplication
on A (naturally identified with a subspace of A**), making A** into a C*-
algebra (which is automatically a W*-algebra by I11.2.4.2). This multiplication
can be alternately obtained as left or right Arens multiplication [Are51] on
A,

I11.5.2.9 If 7 is an arbitrary (nondegenerate) representation of A, then 7 is
quasi-equivalent to a subrepresentation of w, and hence m(A)” is isomorphic
to a direct summand of A**. There is thus a normal *-homomorphism from
A** onto 7(A)”, which extends the map

m:w(A) 2 A—7(A)

i.e. the representation 7 extends to a normal representation of A**. Since A is
o-weakly dense in A**, the extension is unique and does not depend on how
7 is realized (up to quasi-equivalence) as a subrepresentation of w.



320 ITIT Von Neumann Algebras

I11.5.2.10 If ¢ : A — B is a bounded linear map between C*-algebras, then
by general considerations ¢** : A** — B** is a normal linear map of the same
norm as ¢. It is easily verified that

¢** is injective if and only if ¢ is injective (in general, we have that
ker(67) = [ker(#)]*).

¢** is surjective if and only if ¢ is surjective.

@** is positive if and only if ¢ is positive.

¢** is completely positive if and only if ¢ is completely positive.

¢** is a *-homomorphism if and only if ¢ is a *-homomorphism.

If B C A (so B** C A**), ¢** is a conditional expectation if and only if ¢
is a conditional expectation.

I11.5.2.11 If J is an ideal in A, then J** is a weakly closed ideal in A**,
and is thus of the form pA** for some central projection p € A**. If A** is
identified with w(A)”, then p is the projection onto the essential subspace
of w|y, and if (hy) is an increasing approximate unit for J, then p is the
supremum (o-strong limit) of (hy). We can identify the quotient

with (A/J)**, i.e. there is a natural isomorphism

I11.5.2.12 If A is a C*-algebra, then (M, (A))** is naturally isomorphic to
M, (A**). However, it is not true that (AQ B)** = A**@ B** in general if A, B
are infinite-dimensional. First of all, there are some rather subtle questions
about which cross norms are appropriate to make proper sense of such an
identification; these will be discussed in 1V.2.3.1. And even if the right cross
norms are taken, the left side of the equation is much larger than the right
side in general.

Borel Functional Calculus Revisited

I11.5.2.13 Let X be a compact Hausdorff space, and let B(X) be the set
of bounded Borel measurable functions on X. With pointwise operations
and supremum norm, B(X) becomes a commutative C*-algebra. Identify-
ing C(X)* with the set of Radon measures on X by the Riesz Representation
Theorem, each element f of B(X) defines a bounded linear functional on
C(X)* by p+ [ fdu, and hence an element of C(X)**. It is easily checked
that this is an injective *-homomorphism from B(X) to C(X)**. The W*-
algebra {*°(X) of all bounded functions on X is a quotient (direct summand)
of C(X)*™* [I°°(X) = n(C(X))"”, where 7 is the sum of all irreducible repre-
sentations of C'(X)], and the composite embedding of B(X) into [*°(X) is the
natural one. So the image of B(X) in C(X)** is not all of C(X)** unless X
is countable.
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If 7 is a unital representation of C(X) on a Hilbert space H, then =
extends to a representation of B(X) on H, and n(B(X)) C n(C(X))"”. If H is
separable, or more generally if 7 is quasi-equivalent to a representation with a
cyclic vector, then the image of B(X) in £(H) is all of 7(C'(X))", since then
m(C(X))" =2 L*®(X, u) for some Radon measure p; but the image of B(X) in
L(H) is not all of 7(C(X))” in general. In particular, if T is a normal operator
in L(H), and A = C*(T,I) = C(o(T)), then the identity representation of A
extends to a *-homomorphism from B(o(T')) to £(H) which coincides with
the Borel functional calculus described in 1.4.3.2. If B is a Borel subset of
o(T), then the image of x5 in L£L(H) is the spectral projection Eg(T).

The Universal Normal Representation and Second Dual
of a von Neumann Algebra

I11.5.2.14 DEFINITION. Let M be a von Neumann algebra. The universal
normal representation v of M is

D

PE(M.)+

The universal normal representation of M is a direct summand of the
universal representation of M, and is faithful and normal; hence v(M)" =
v(M) = M.

II1.5.2.15 As with any representation, v extends to a normal representation
of M**, i.e. a *-homomorphism from M** onto v(M). If v(M) is identified
with M, we get a normal *-homomorphism 6 : M** — M which is the identity
on M, i.e. a homomorphic normal conditional expectation. It is easily checked
that this map is the dual of the natural inclusion of M, into M*.

Polar Decomposition in a C*-Algebra

Using representations, and in particular the universal representation, we can
obtain a simple result about polar decomposition related to those of 11.3.2.

I11.5.2.16 PROPOSITION. Let A be a C*-algebra, z € A, and = = ulz] its
polar decomposition in A**. If B = x*Ax is the hereditary C*-subalgebra of
A generated by |z|, and b € B, then ub € A, and (ub)*(ub) = b*b.

PROOF: Suppose first that b = p(|z|) for a polynomial p without constant
term. Then p(|z|) = |z|g(]z|) for a polynomial ¢, and ¢(|z|) € A C A*™*, so

up(|z]) = ulzlq(|z]) = zq(|z]) € A.

Next suppose f € C,(o(Jz|)). Then f is the uniform limit on o(|z|) of
a sequence (p,) of polynomials without constant term, and so uf(|z|) =
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lim,, up,(|z]) € A. In particular, ulz|® € A for all & > 0. Since (Jz|*) is
an approximate unit for B, if b € B we have ub = lim,_u|z|*b € A. Also,
u*u is a unit for z*z, and hence also for |z|%, in A**; so

(ub)* (ub) = lim b™u"ulz[*b = lim b*|z|*b = "D,

An alternate proof of 11.3.2.1 can be easily given using 1.5.2.4 and the ar-
gument of I11.5.2.16. In fact, we obtain a generalization (I1.3.2.1 is the special
case y = a®, z = a'/?>7%):

II1.5.2.17 PROPOSITION. Let A be a C*-algebra, xz,y € A, z € Ay* =
Ayy* C A If o*x < y*z*zy, then there is a u € Ay*, |lul| < |z||, with x = uy.

PROOF: By 1.5.2.4 there is a w € A** with x = wzy and ||w|| < 1. We show
that u = wz € Ay* C A. As in the proof of I11.5.2.16 we have wzyy* = xy* €
Ay*, so wzp(yy*) € Ay* for all polynomials p without constant term, and
hence wz(yy*)'/™ € Ay* for all n. But z € Ay*, so z(yy*)/™ — z, and hence
u(yy* )" — u € Ay*.

I11.5.2.18 We can also give a simple proof of I1.3.2.3 using II1.5.2.16. Let
x € A, and let z = u(x*x)1/2 be its polar decomposition in A**. Then y =
u(z*z)'/% € A, and y*y = (2*z)'/3, so

y(y'y) = u(@2) (@ 2)'? = u(a2)'? = a.
For uniqueness, if z = 22%z, then 2%z = (2%22%)(22%2) = (2%2)3, so 2%z =
(z*x)Y/3, and similarly zz* = (zz*)'/%. Thus, if z = v(2*2)"/? is the polar
decomposition, then the source and range projections of v are the same as for

u, and
x = 2(2*2) = v(z*2) Yo (z*2)/? = v(z*x)!/?

so by uniqueness of polar decomposition v = u, z = y.

I11.5.2.19 There is nothing magical about using the universal representa-
tion in IT1.5.2.16; any faithful representation 7 of A can be used instead. But
it is not transparent that the element ub of A is independent of the choice of
m. It is not difficult to prove this directly, but it follows immediately from the
universal representation construction: if 7 is the canonical extension of 7 to
A** and 7(x) = v|n(z)| is the polar decomposition of 7(z) in 7(A)”, then by
uniqueness of polar decomposition we have v = T(u), so

orr(b) = 7(w)m(b) = m(ub).
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Further Structure

IV.1 Type I C*-Algebras

There is an important class of C*-algebras called the Type I C*-algebras,
which can be characterized in several apparently different ways, which is pre-
cisely the class of C*-algebras with “tractable” representation theory and
which therefore has traditionally been regarded as the class of “reasonable”
C*-algebras whose structure can be “understood.” Although in recent years
the structure theory of C*-algebras has been largely divorced from repre-
sentation theory and there is now a much larger class of C*-algebras whose
structure can be “understood” in the modern sense, Type I C*-algebras are
still very important; furthermore, the structure of Type I C*-algebras can be
rather precisely described, forming a model for the structure and classification
of more general classes of C*-algebras.

IV.1.1 First Definitions

A von Neumann algebra is Type I if it contains an abelian projection of central
support 1 (IT1.1.4), or equivalently if every central summand (W*-quotient)
contains a nonzero abelian projection. There are (at least) two reasonable
C*-analogs:

IV.1.1.1 DEFINITION. Let A be a C*-algebra. An element z € A is abelian
if the hereditary C*-subalgebra [¢*Az]~ is commutative.
A is internally Type I if every quotient of A contains a nonzero abelian ele-
ment.
A is bidual Type I if A** is a Type I von Neumann algebra, i.e. if 7(A)"” is a
Type I von Neumann algebra for every representation m of A.

These conditions, and several others, turn out to be equivalent, although
(bidual Type I) = (internally Type I) is a deep theorem (IV.1.5.7, IV.1.5.8);
a C*-algebra satisfying these conditions is called a Type I C*-algebra. Both
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definitions in IV.1.1.1 have been used in the literature as the definition of
a Type I C*-algebra; it will be convenient to give them separate provisional
names.

IV.1.1.2 PROPOSITION. An internally type I C*-algebra is bidual Type 1.

PRrROOF: Let A be internally type I, and m a non-Type-I representation of
A. Passing to a subrepresentation corresponding to a central projection, we
may assume 7(A)” has no Type I summand, i.e. contains no nonzero abelian
projections. Let J = ker(m). Then A/J is internally Type I, so replacing A
by A/J we may assume 7 is faithful and identify A with w(A). Let 2 be an
abelian element of norm 1 in A, and y = fi/o(2*z) (I1.3.4.11). If p is the
support projection for y in A”, then z = fy,4(z*x) is a unit for p, and hence
pA”p is contained in the o-weak closure of zAz, which is commutative. Thus
p is a nonzero abelian projection in A”, a contradiction.

IV.1.1.3 Because of decomposition theory (II1.1.6), a separable C*-algebra
A is bidual Type I if and only if w(A)” is a Type I factor, for every factor rep-
resentation 7 of A, or, alternatively, if and only if every factor representation
of A is a multiple of an irreducible representation.

This statement is also true if A is nonseparable, but is much harder to
prove, requiring the machinery of the proof of Glimm’s theorem (cf. IV.1.5.8).

IV.1.1.4 Every commutative C*-algebra is a Type I C*-algebra (by either
definition), and it turns out that the Type I C*-algebras are built up from
commutative C*-algebras by means of standard operations.

IV.1.1.5 Note that a Type I von Neumann algebra is not in general a Type
I C*-algebra. For example, L(H) is not a Type I C*-algebra if H is infinite-
dimensional (the Calkin algebra has no nonzero abelian elements). In fact,
the only von Neumann algebras which are Type I C*-algebras are finite Type
I von Neumann algebras of bounded degree, finite direct sums of matrix al-
gebras over commutative von Neumann algebras. This slight ambiguity of
terminology is unfortunate, but well established.

IV.1.1.6 DEFINITION. Let A be a C*-algebra.
A'is Type Iy if the abelian elements of A generate A as a C*-algebra.
A is antiliminal if A contains no nonzero abelian elements, i.e. if every nonzero
hereditary C*-subalgebra of A is noncommutative.

Any quotient of a Type Iy C*-algebra is Type Iy. In particular, a Type I
C*-algebra is internally Type I. A C*-algebra is internally Type I if and only
if it has no antiliminal quotients.

The next result follows immediately from I11.6.1.9.

IV.1.1.7 PROPOSITION. Let A be a C*—a}gebra7 x € A. Then z is abelian if
and only if rank (7(x)) <1 for every m € A.
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IV.1.1.8 It follows that x is abelian < z*z is abelian < xz* is abelian,
and if z is abelian and y 3 « (I1.3.4.3), then y is abelian. If A is a C*-algebra
and Ip(A) is the C*-subalgebra of A generated by the abelian elements of A,
then it follows from II.3.2.7 that Iy(A) is an ideal of A which is a Type Iy
C*-algebra. (In fact, Ip(A) is the closed linear span of the abelian elements of
A, since if x,y € A and x is abelian, then zy and yx are abelian.)

IV.1.1.9 ExaMpLES. Let T = N U {0} (or T = [0,00]). Define C*-
subalgebras C7, Cs, C3 of My as follows:

-{[3 1]}
i {[2 $]nee
o {[3 2]avec)

Then, for i = 1,2, 3, let
A; ={f € C(T,My) : f(o0) € Ci}.

All three C*-algebras are internally Type I; A; and As are Type Iy, but A
is not;

In(A2) = {f € C(T,My) : f(c0) = 0}.

IV.1.1.10 DEFINITION. Let A be a C*-algebra. A subcomposition series in
A is a set (J,) of closed ideals of A, indexed by (all) ordinals «, such that
Jg C Ju if B < o and such that J, = [Ug<aJg]™ if o is a limit ordinal. There
is a y such that J, = J, for all & > +; J, is called the limit of the series. The
series is called a composition series for A if its limit is A.

IV.1.1.11 PROPOSITION. If a C*-algebra A has a composition series (J,)
such that J,41/J, is internally type I for all «, then A is internally type I.

PRrROOF: Let I be an ideal in A, and 3 be the largest « such that J, C I. Then
(a1 +1)/1= Jp1 /(a1 N I)

is a nonzero ideal of A/I which is isomorphic to a quotient of Jg11/Js and
thus contains an abelian element.

IV.1.1.12 Set Iy = Iy(A), and inductively define I,41 to be the inverse
image in A of Iy(A/I,). For limit o set I, = [Ug<alg]”. Then (I,) is a
subcomposition series in A with I,,y1/I, of Type Iy for all a. Let I(A) be the
limit. Then I(A) is an ideal of A which is an internally Type I C*-algebra,
and A/I(A) is antiliminal. In particular, A is internally Type I if and only if
I(A) = A, i.e. A has a composition series in which successive quotients are
Type Ip.
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IV.1.2 Elementary C*-Algebras

IV.1.2.1 DEFINITION. A C*-algebra A is elementary if A = K(H) for some
Hilbert space H.

The separable elementary C*-algebras are the finite-dimensional matrix
algebras and K. Elementary C*-algebras are simple C*-algebras and have the
most transparent structure of all C*-algebras. They are the “building blocks”
for all Type I C*-algebras. An elementary C*-algebra is Type Ij.

An elementary C*-algebra has an obvious “identity representation,” which
is irreducible. It is often convenient to identify the C*-algebra with its image
under this representation.

IV.1.2.2 PROPOSITION. Let A be an elementary C*-algebra. Then every
nondegenerate representation of A is unitarily equivalent to a multiple of
the identity representation. In particular, up to unitary equivalence A has
only one irreducible representation, and every representation of A is a factor
representation.

PROOF: The argument is very similar to that of II1.1.5.3 (and the result follows
immediately from I11.1.5.3 if A is finite-dimensional). Let A = K(H) and let
7 be a nondegenerate representation of A on H. Let {e;; : 1,5 € 2} be a set
of matrix units in A. Fix j € Q and &; a unit vector in e;;H, and for each i
let & = e;;€;. Then {&} is an orthonormal basis for H. Let H' = 7(e;;)H,
and {7y : k € A} an orthonormal basis for H'. For i € Q and k € A, set
Cik = 7(eij)Mk- Then {1} is an orthonormal basis for H by nondegeneracy of
7, and (i, — & @ ny, defines a unitary U : H — H @ H’ satisfying Un (z)U* =
2 ® 1 (it is enough to check this for z a matrix unit, where it is obvious).

IV.1.2.3 Conversely, a separable C*-algebra with only one irreducible repre-
sentation (up to unitary equivalence) must be elementary (IV.1.3.5, IV.1.5.1).
It was a long-standing open question whether this is true also for nonsepara-
ble C*-algebras (the Naimark problem). Recently, C. Akemann and N. Weaver
[AWO04] constructed a nonelementary (non-Type I, unital, necessarily simple)
nonseparable C*-algebra with only one irreducible representation, using an
additional set-theoretic axiom (the “diamond principle”), at least showing
that a positive answer in the nonseparable case cannot be proved in ZFC.

A C*-algebra for which every representation is a factor representation is
simple and Type I, hence elementary.

IV.1.2.4 PROPOSITION. Let A be a C*-subalgebra of K(H) acting irre-
ducibly on H. Then A = K(H).

PRrROOF: If H is finite-dimensional, the result is obvious from the Bicommutant
Theorem (1.9.1.1) (or just by some elementary linear algebra). For the general
case, note that if x € KK(H)4, then f.(z) (I1.3.4.11) is finite-rank for all € > 0.
Thus the finite-rank operators in A are dense in A, and in particular A contains
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nonzero (finite-rank) projections. Let p be a minimal nonzero projection in A,
and £ a unit vector in pH. Then pAp acts irreducibly on pH (11.6.1.9), so by
the first remark pAp = L(pH), and thus pH is one-dimensional by minimality
of p. Choose an orthonormal basis {&;} for H with & = & for some fixed k,
and let {e;;} be the corresponding matrix units in (H) (so exr, = p). For
each ¢ there is an x € A with z€ close to &; then xp is close to e;. It follows
that A contains all the e;;.

IV.1.2.5 COROLLARY. Let A be a C*-algebra, 7 an irreducible representa-
tion of A on H. If 7(A) N K(H) # 0, then n(A4) D K(H).

PRrROOF: Let J = 7~ 1(K(H)). Then J is a closed ideal of A, and 7| is irre-
ducible (I1.6.1.6).

IV.1.2.6 COROLLARY. Let A be a simple C*-algebra. Then A is (internally)
Type I if and only if A is elementary.

Indeed, if « is a nonzero abelian element of A and 7 a (necessarily faithful)
irreducible representation of A on H, then w(x) € KC(H) (IV.1.1.7). Hence
m(A) C K(H) by simplicity, so m(A) = K(H).

IV.1.2.7 An argument similar to the proof of IV.1.2.4 shows that any C*-
subalgebra of an elementary C*-algebra is a C*-direct sum of elementary
C*-algebras.

IV.1.3 Liminal and Postliminal C*-Algebras

IV.1.3.1 DEFINITION. Let A be a C*-algebra, 7 an irreducible representa-
tion of A on a Hilbert space H.

7 is a CCR representation of A if 7(A4) C K(H) (and hence 7(4) = K(H) by
IV.1.2.5).

7 is a GCR representation of A if 7(A4) N K(H) # 0 (so w(A) 2 K(H) by
IV.1.2.5).

A C*-algebra A is CCR [resp. GCR] if every irreducible representation of A
is CCR [resp. GCR].

A is liminal if it is CCR; A is postliminal if it has a composition series (Jy)
such that J,41/J, is liminal for all «.

A (primitive) ideal J of A is A-CCR [resp. A-GCR] if J is the kernel of a
CCR [resp. GCR] representation of A.

CCR stands for completely continuous representations, completely contin-
wous being an old synonym for compact; GCR stands for generalized CCR.
The terms CCR and GCR were introduced by Kaplansky and Glimm (as well
as the term NGCR, synonymous with antiliminal); the original definition of
GCR was different from the one given here (identical with our definition of
postliminal). Tt is convenient for our exposition to have the different defini-
tions, which turn out to be equivalent (IV.1.5.7).
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The terms liminal [postliminal, antiliminal], sometimes written liminary
[postliminary, antiliminary], are English “translations” of the French terms
liminaire, meaning “prefatory,” postliminaire, and antiliminaire, used in
[Dix69b).

In some references such as [Sak71], GCR C*-algebras are called smooth
(cf. IV.1.5.12).

IV.1.3.2 PRroposITION. If a C*-algebra A is Type Iy, then A is liminal. If
A is internally Type I, then A is postliminal.

PROOF: The first statement follows immediately from IV.1.1.7, and the second
from 1V.1.1.12.

A postliminal C*-algebra is internally Type I (IV.1.4.26), i.e. “internally
Type I” is the same as “postliminal.”

IV.1.3.3 EXAMPLES.

(i) Any elementary C*-algebra is liminal.

(ii) If every irreducible representation of A is finite-dimensional, then A is
liminal. In particular, any commutative C*-algebra is liminal, and the
examples of IV.1.1.9 are liminal. A, is liminal but not Type Ij.

(iii) K is postliminal but not liminal.

IV.1.3.4 1If J is a primitive ideal in a C*-algebra A, then J is an A-CCR
ideal if and only if A/J is elementary. In this case, J is a maximal ideal.
An A-GCR ideal is an A-CCR ideal if and only if it is maximal. Thus every
primitive ideal in a liminal C*-algebra is maximal, i.e. the primitive ideal
space of a liminal C*-algebra is T7. (By Example Az (IV.1.1.9, IV.1.3.3(ii)),
it need not be Hausdorff.)

IV.1.3.5 PROPOSITION. Let J be a primitive ideal in a C*-algebra A. Then
the following are equivalent:

(i) J is an A-GCR ideal.
(ii) There is an ideal K of A, containing J, such that K/J is elementary.
(iii) A/J is not antiliminal.
PROOF: (i) = (ii) = (iii) is trivial.
(iii) = (i): Let I be a closed ideal of A containing .J, such that I/.J is liminal.

Let m be an irreducible representation of A on H with kernel J. Then 7| is
irreducible, and hence w(I) C K(H).

Combining IV.1.3.5 with I1.6.1.6 and IV.1.2.2, we obtain:

IV.1.3.6 COROLLARY. If J is an A-GCR ideal in a C*-algebra A, then any
two irreducible representations of A with kernel J are equivalent.

The converse is also true if A is separable (IV.1.5.1).
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IV.1.3.7 COROLLARY. Let A be a C*-algebra. Then A is CCR [resp. GCR]
if and only if every primitive ideal of A is an A-CCR [resp. A-GCR] ideal.

One direction is trivial, and the other follows from IV.1.3.5 and IV.1.2.2.

IV.1.3.8 PROPOSITION. Let A be a C*-algebra.

(i) If A is postliminal, then A is GCR.
(ii) If A is separable and GCR, then A is bidual Type I.

(The conditions are actually all equivalent, even in the nonseparable case,

but (bidual Type I) = (postliminal) is hard (IV.1.5.7), as is GCR = (bidual
Type I) in the nonseparable case (IV.1.5.8)).
PROOF: (i): Suppose (J,) is a composition series for A with J,1/J, liminal
for all o, and let w be an irreducible representation of A. Let 8 be the largest
a such that 7|;, = 0. Then 7|;,,, is irreducible and defines an irreducible
representation of Jg; / Jg, so the image contains a nonzero compact operator.
(ii): Let 7 be a factor representation of A, and J = ker w. Then J is primitive
(I1.6.1.11, 11.6.5.15), so there is an ideal K of A containing J, with K/J
elementary. Then 7|k is a factor representation (I11.6.1.6), hence is a multiple
of an irreducible representation by IV.1.2.2 and therefore Type I. By 11.6.1.6,
m(K)" = n(A)".

IV.1.3.9 If A is any C*-algebra, let
Jo(A) = {z € A:n(z) is compact for all 7 € A}.

Then Jy(A) is a closed ideal of A, and is the largest liminal ideal in A. Set
Jo = Jo(A), and inductively define J, 1 to be the preimage of Jy(A/J,) in
A. Then (J,) is a subcomposition series in A; let J(A) be the limit. Then
J(A) is a closed ideal of A which is postliminal, and A/J(A) is antiliminal.
Because of IV.1.3.2 Io(A) C Jy(A) for all A, and hence I(A) C J(A) for all
A. Actually I(A) = J(A) for all A by IV.1.4.26.

IV.1.3.10 If A is a liminal C*-algebra and B is a C*-subalgebra, then any
irreducible representation of B can be extended to an irreducible representa-
tion of A, whose image consists of compact operators; thus B is liminal. If A
is postliminal and B C A, and (J,) is the liminal composition series for A,
then (BN J,) is a liminal composition series for B, so B is postliminal.

IV.1.4 Continuous Trace, Homogeneous,
and Subhomogeneous C*-Algebras
Homogeneous and Subhomogeneous C*-Algebras

Some of the most important “building block” C*-algebras are the homoge-
neous and subhomogeneous C*-algebras. Their structure will be examined in
more detail in IV.1.7.23.
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IV.1.4.1 DEFINITION. Let n € N. A C*-algebra A is n-homogeneous if every
irreducible representation of A is of dimension n. A is n-subhomogeneous if
every irreducible representation of A has dimension < n. A is homogeneous
[resp. subhomogeneous] if it is n-homogeneous [resp. n-subhomogeneous| for
some n. A subhomogeneous C*-algebra is locally homogeneous if it is a (finite)
direct sum of homogeneous C*-algebras.

There are also Ng-homogeneous C*-algebras, which will be defined later
(IV.1.7.12).

The standard example of an n-homogeneous C*-algebra is Cy(T,M,,),
where T is locally compact. In fact, every homogeneous C*-algebra looks
locally like one of these (IV.1.7.23).

The examples of IV.1.1.9 are 2-subhomogeneous. So a subhomogeneous
C*-algebra need not have Hausdorfl primitive ideal space. A closely related
example is important:

IV.1.4.2 EXAMPLE. Let A be the free product CxC (11.8.3.4), isomorphic to
the universal C*-algebra generated by two projections p and q. We show that A
is 2-subhomogeneous. The corner pAp is generated by the commuting positive
elements p and pgp, and hence is commutative; so if 7 is any irreducible
representation of A on a Hilbert space H, I1.6.1.9 implies that 7(p)H is at
most one-dimensional. Similarly, dim(7(¢)H) < 1. Since w(p) V 7(q) = I, we
have dim(H) < 2.

There are three one-dimensional irreducible representations of A, mg ,, 70,4,
and 71, where

mop(P) =1, mop(q) =0, mo4(p) =0, To4(q) =1, Ti(p) =mi(q) = 1.

Suppose dim(H) = 2. There is an orthonormal basis {&,n} for H with

10 }.Then

respect to which 7(p) = { 0 0

mla) = [ @\/tt—it? a\l/? ]

for some t and o, 0 < t < 1, |a| = 1; by scaling n we may make o = 1.
Thus 7 is unitarily equivalent to 7 for a unique ¢, 0 < ¢t < 1, where m; is the
irreducible representation of A on C? with

[ t \/W}
VE—12 1—t

Then 7(p) and 7¢(q) vary continuously in ¢ in My; as t — 0, 7(p) and m¢(q)
[ 10
approach

w =g ¢ | m@

0 0 } and [ 8 (1) ] respectively, and as t — 1, both approach
10

0 ol Thus there is a homomorphism ¢ from A to the C*-subalgebra
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B={7:00] =M fO)=| 0 5| f0=|7 ¢ |@Bre)
{ |5 5 0= [0 5 fesaeo)

of C([0,1],My). It is easily checked using the Stone-Weierstrass Theorem that
¢ is surjective, and every irreducible representation of A factors through ¢, so
¢ is an isomorphism. Thus Prim(A) = [0, 1] with the point at 0 “doubled”.

Note that A is nonunital; A is isomorphic to the C*-subalgebra of
C([0,1],My) of functions for which f(0) and f(1) are diagonal.

Subalgebras of Homogeneous C*-Algebras

IV.1.4.3 PROPOSITION. A C*-algebra [resp. unital C*-algebra] is subho-
mogeneous if and only if it is isomorphic to a C*-subalgebra [resp. unital
C*-subalgebra] of a unital homogeneous C*-algebra.

Proor: If A is a C*-subalgebra of an n-homogeneous C*-algebra B, then
every irreducible representation of A extends to an irreducible representation
of B, hence has dimension < n. Conversely, suppose A is subhomogeneous.
We may assume A is unital since A is also subhomogeneous. Let nq,...,n,
be the dimensions of the irreducible representations of A. Set

k=n1+---+n,

and let H be a k-dimensional Hilbert space, and identify L£(H) with M.
Then for each x € A there is a unital *-homomorphism ¢ from A to M, with
¢(x) # 0. Let T be the set of all unital *-homomorphisms from A to M. Give
T the topology of elementwise convergence. Then T' can be identified with a

closed subset of
I By
z€B1(A)

where By (D) denotes the closed unit ball in D; thus T is compact and Haus-
dorff. For each € A define & : T — My, by #(¢) = ¢(x). Then z +— & is an
injective unital *-homomorphism from A to C(T, My).

IV.1.4.4 The T constructed in the proof of IV.1.4.3 is rather complicated,
although it is metrizable if A is separable. (See [Bla93] for a description of T as
a stratified space in the homogeneous case.) In the separable case, as pointed
out in [Phi01b], one can take a surjective continuous function from the Cantor
set K to T, which induces an embedding of C(T) into C(K) and hence from
C(T,My) into C(K,Mj},). Thus every [unital] separable subhomogeneous C*-
algebra is isomorphic to a [unital] C*-subalgebra of a matrix algebra over
C(K).

The k in the proof is not the smallest possible in general. We only need
k to have the property that for each n;, k — n; is either 0 or a sum of not
necessarily distinct n;’s. For example, if A has irreducible representations of
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dimensions 1, 2, and 3, instead of kK = 6 we may take k = 3. (In fact, if A
has a one-dimensional representation, then we can always take k = max(n;).)
However, if (unital) A has all irreducible representations of dimensions 2 and
3 (e.g. A= C(X,Ms) ® C(Y,Ms) for compact X,Y), then k = 5 is the best
possible.

An alternate proof of IV.1.4.3 can be based on IV.1.4.6.

Algebraic Characterization of Subhomogeneity

IV.1.4.5 There is an algebraic characterization of n-subhomogeneous C*-
algebras. For r € N, define a polynomial p, in r noncommuting variables
by
pr( X1y, X)) = Z €e Xo(1)Xa@2) " Xo(r)
oES,

where S,. is the symmetric group on r elements and €, = %1 is the sign of o.
For each n there is an » = r(n) (the smallest value of r(n) is 2n) such that,
for any x1,...,2.0) € Mp, pren)(21,..., %)) = 0 (We say M, satisfies the
polynomial relation pr(n)), but that My, ;1 does not satisfy the relation p,.(,),
i.e. there are x1,...,2,(,) € Myy1 with py(21,...,2.)) # 0 ([ALS0],
[Ros76]; cf. [Dix69b, 3.6.2]). Then the next result follows easily:

IV.1.4.6 PROPOSITION. Let A be a C*-algebra. The following are equiva-
lent:

(i) A is n-subhomogeneous.
(ii) A satisfies the polynomial relation p, (.
(iii) A** satisfies the polynomial relation p().
(iv) A** is a direct sum of Type I,,, von Neumann algebras for m < n.

In particular, a subhomogeneous C*-algebra is bidual Type I.

PROOF: If 7(A) satisfies p,.(,,) for every irreducible representation 7 of A, then
A satisfies p,.(n) (I11.6.4.9), and thus (i) = (ii) by IV.1.4.5. For the proof of (ii)
= (iii), if 7 is a representation of A and w(A) satisfies the relation p,., then
so does w(A)”, by the Kaplansky Density Theorem and joint strong continuity
of multiplication on bounded sets. (iii) = (iv) is I11.1.5.14 (using IV.1.4.5),
and (iv) = (i) is trivial.

By a refinement of this argument, it can be readily shown that a C*-algebra
A is n-homogeneous if and only if A** is a Type I,, von Neumann algebra.

IV.1.4.7 From this one sees that if A; is n-subhomogeneous for each ¢, then
11 A; is n-subhomogeneous; and if (.J;) is a set of closed ideals in a C*-algebra
A with J = nJ;, and A/J; is n-subhomogeneous for each i, then A/J is n-
subhomogeneous. Thus A has a smallest ideal J (often equal to A) such that
A/J is n-subhomogeneous.
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There is a useful reformulation. If A is a C*-algebra, let »A be the set of
equivalence classes of irreducible representations of A of dimension < n, and
A,, the set of irreducible representations of dimension exactly n. Then WA is
closed in A, and A, = ,A\ ,_1A is relatively open in ,A. (But note that
nA =0 for “most” A and n.)

Continuous Trace C*-Algebras

IV.1.4.8 For any Hilbert space H, we denote by Tr the usual trace on L(H)
(i.e. the trace of a projection is its rank). If A is a C*-algebra and x € Ay,
let & : A — [0,00] be the function with #(r) = Tr(x(z)). Then & drops to
a well-defined function, also denoted Z, from Prim(A) to [0, 00| (if 7(z) # 0,
then Tr(m(x)) < oo only if 7 is a GCR representation, in which case any
p € A with ker(p) = ker(r) is equivalent to 7 (IV.1.3.6)). We obviously have
(z*z) = (zz*) for any x € A.

IV.1.4.9 PROPOSITION. [Ped79, 4.4.9] For any A and x € Ay,

(I1.6.5.6), where the supremum is taken over all finite subsets {z1,...,2,} of
Ay with > | 2; < 2. Thus 2 is lower semicontinuous.

IV.1.4.10 We say = € Ay has continuous trace if & is finite, bounded, and
continuous on A.

IV.1.4.11 PROPOSITION. Let A be a C*-algebra, and m (A) the set of pos-
itive elements of A of continuous trace. Then m4 (A) is a nonempty invariant
hereditary cone in A, and thus the positive part of an ideal m(A).

PROOF: It is clear that m(A) is an invariant cone, and 0 € m (A). If
z € my(A) and 0 < y < z, then § and (x — y)" are lower semicontinuous
functions whose sum is the bounded continuous function Z, so g is bounded
and continuous.

IV.1.4.12 DEFINITION. A C*-algebra A has continuous trace (or is a con-
tinuous trace C*-algebra) if m(A) is dense in A.

IV.1.4.13 EXAMPLES. Any elementary C*-algebra has continuous trace. Of
the examples of IV.1.1.9, Ay has continuous trace but A> and Az do not.
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IV.1.4.14 PROPOSITION. A locally homogeneous C*-algebra has continuous
trace.

PRrROOF: This is obvious in the unital case, since if A is n-homogeneous, then
1 is the constant function n, and a (finite) direct sum of continuous trace C*-
algebras has continuous trace. A slightly more complicated functional calculus
argument is needed in the nonunital case.

IV.1.4.15 Conversely, a unital continuous trace C*-algebra is locally homo-
geneous (and it follows from IV.1.7.23 that a locally homogeneous C*-algebra
A is unital if and only if A is compact). A subhomogeneous C*-algebra does
not have continuous trace in general (IV.1.4.13).

It is obvious that a continuous trace C*-algebra is liminal, and hence
A = Prim(A) is T7. One can say more:

IV.1.4.16 PROPOSITION. If A is a continuous trace C*-algebra, then A is
Type Iy and A is Hausdorff.

PROOF: Let , p be distinct points of A. Since ker(r) € ker(p), there is an
x € Ay with ||7(2)]| =1 and p(z) = 0. If (yn) € m4(A) with y, — z, then,
replacing by a continuous function of y,zy, for sufficiently large n (or by
fe(z) (I1.3.4.11), which is in Ped(A) C m(A)), we may assume = € m (A) and
||| = 1. Thus Z is a continuous function separating 7 and p, so A is Hausdorff.
The trace-class operator 7(x) has a nonzero eigenspace Hy with eigenvalue 1
(I.8.4.1); and y = f(x) satisfies m(y) = Py, for a suitable continuous function
f. Let P be a rank-one projection onto a subspace of Hg; then by I1.6.1.9 there
isab € [(yAy)~ ]+ with w(b) = P, and replacing b by zbxz we may assume that
b € m, (A). The continuous function b—b? is small (< 1/8) in a neighborhood
U of m, and hence 7'(c) is a projection for all 7" € U, where ¢ = f;,4(b). Since
¢ is continuous and integer-valued on U, 7’(c) is a rank-one projection for all
7' € U. Let z € Z(M(A)); with ||7(2)]| =1 and ¢(z) = 0 for all 0 € A\ U
(I1.6.5.10), and set a = zc. Then a is an abelian element of A not contained
in ker(m). Thus the ideal I5(A) is not contained in any primitive ideal of A,
so Io(A) = A, i.e. Ais Type Ip.

Local Rank One Projections

The proof of IV.1.4.16 shows that a continuous trace C*-algebra satisfies the
following condition (cf. [Fel61]):

IV.1.4.17 DeEerFINITION. A C*-algebra A satisfies Fell’s condition if, for
every m € A, there is a neighborhood U of 7 in A and an z € A, such
that p(z) is a rank-one projection for all p € U.

A C*-algebra satisfying Fell’s condition must be GCR, and in fact CCR [if
ker(p) C ker(m), and x € Ay with 7(x) a rank one projection, then p(z) has
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infinite rank, and p is in any neighborhood of 7]. Of the examples of IV.1.1.9,
Ay and Aj satisfy Fell’s condition, but As does not.

A C*-algebra A of Type I, satisfies Fell's condition: if 7 € A, let z be
a positive abelian element of A with 7(z) # 0. If 0 < € < ||w(x)]|/2, then
p(fe(z)) is a rank-one projection for all p in a neighborhood of 7. The converse
is unclear, but we have:

IV.1.4.18 PROPOSITION. Let A be a C*-algebra. The following are equiv-
alent:

(i) A has continuous trace.
(ii) A is Hausdorff and A is Type Io.
(iii) A is Hausdorff and A satisfies Fell’s condition.

(i) < (ii) is IV.1.4.16, (ii) = (iii) is the argument above, and (iii) =
(i) by a partition of unity argument using I1.6.5.10.
A C*-algebra with continuous trace thus has “local rank-one projections.”

IV.1.4.19 CoROLLARY. The class of continuous trace C*-algebras is closed
under Morita equivalence.

PROOF: Morita equivalent C*-algebras have homeomorphic primitive ideal
spaces (I1.7.6.13), and it is easily seen that Fell’s condition is preserved under
Morita equivalence (cf. IV.1.7.8).

IV.1.4.20 DEFINITION. Let A be a C*-algebra. A global rank-one projection
in A is a projection p € A with m(p) rank-one for all = € A.

A C*-algebra with a full global rank-one projection must have continuous
trace. In fact:

IV.1.4.21 PROPOSITION. If A is a C*-algebra with T'= A, and A has a full
global rank-one projection, then 7' is compact and Hausdorff (and hence A
has continuous trace), and A is Morita equivalent to C'(T').

T is compact by 11.6.5.6, and if p is a full global rank-one projection in A,
then Ap is a A — C(T')-imprimitivity bimodule.

IV.1.4.22 Thus if A is a continuous-trace C*-algebra with T' = A compact,
for A to be Morita equivalent to C(T) it is sufficient for A to have a global
rank-one projection. But this condition is not necessary: for example, let p be
a trivial rank-one projection and ¢ the Bott projection in C(S?, My); then

A={fe€C([0,1],C(5* My)) | f(0) € Cp, f(1) € Cq}

is a continuous-trace algebra with 7= A = [0,1] x S2, and A is Morita
equivalent to C(T'), but has no global rank-one projection. If A is separable
and stable, then existence of a global rank-one projection is necessary for A
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to be Morita equivalent to C(T'), since then A = C(T) ® K by the Brown-
Green-Rieffel theorem (I1.7.6.11).

If A is any continuous-trace C*-algebra (with T = A not necessarily com-
pact), then A is “locally Morita equivalent” to Co(T") (IV.1.7.8), but there are
global obstructions of a cohomological nature. Even if A is separable and sta-
ble, there is an obstruction in H3(T,Z) called the Dixmier-Douady invariant.
This will be discussed in IV.1.7.10.

Homomorphisms

IV.1.4.23 Note that even unital *-homomorphisms between matrix alge-
bras over commutative C*-algebras may relate in a complicated way to the
underlying topological spaces. For example, let ¢ be the action of Zs on T
by o(z) = —z. The embedding C(T) — C(T) X, Zg = M(C(T)) is called
a twice-around embedding, and is conjugate to the following homomorphism
¢ : C(T) — C(T,My), where T is regarded as [0, 1] with 0 and 1 identified:

cos mt —sin %t f (%) 0 COS %t sin %t
it 0 f (%) mt

sin &= cos % —sin % cos %
See [DNNP92] and [Bla93] for a description of a “classifying space” for
homomorphisms between unital homogeneous C*-algebras.

[~}

[6(NI(E) =

[\v]

IV.1.4.24 The homomorphisms from A to B (homogeneous, or more gen-
erally of continuous trace) which relate well to the topology of the underlying
spaces A and B are the ones which “preserve rank.” The cleanest way to pre-
cisely define this condition is to require that the image of any abelian element
is abelian. If ¢ is such a homomorphism, and A, B, and ¢ are unital, then ¢
induces ¢, : B — A just as in the commutative case. In the nonunital setting,
¢ is a proper continuous map from an open subset of B to A.

Continuous Trace Ideals

We now have enough machinery to clean up a loose end from the previous
section.

IV.1.4.25 PROPOSITION. A liminal C*-algebra is internally Type 1.

PROOF: Since a quotient of a liminal C*-algebra is liminal, it suffices to show
that if A is liminal, then A contains a nonzero abelian element. Let z,y € A4
with 4 # 0 and 2y = y. Then if 7 € A, since m(x) is compact it follows that
m(y) is finite-rank. Thus, if B = [yAy]~ is the hereditary C*-subalgebra gen-
erated by y, then every irreducible representation of B is finite-dimensional.
Since (B \nB ) is a decreasing sequence of open sets in B with empty intersec-
tion, 11.6.5.14 implies that B has nonempty interior for some n, and hence
there is a closed ideal J of B such that
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n—lj 7é nj = j

Then J,, is a nonempty open subset of J , and hence there is an ideal I in J
which is an n-homogeneous C*-algebra. I has continuous trace by IV.1.4.14
and therefore contains an abelian element by 1V.1.4.16.

IV.1.4.26 CoOROLLARY. A C*-algebra is postliminal if and only if it is in-
ternally Type L.

PROOF: One direction is IV.1.3.2. The converse follows from IV.1.4.25 and
IV.1.1.11.

The proof of 1V.1.4.25, combined with II.5.1.4(iii) and the fact that
the class of continuous-trace C*-algebras is closed under Morita equivalence
(IV.1.4.19), gives:

IV.1.4.27 PROPOSITION. If A is a liminal C*-algebra, then A contains a
nonzero ideal K which is a continuous-trace C*-algebra.

IV.1.4.28 COROLLARY. Every postliminal C*-algebra has a composition
series (K, ) such that K,11/K, has continuous trace for all a.

Unlike the composition series I, and J, (IV.1.1.12, IV.1.3.9), the com-
position series (K,) depends on choices in the construction and thus is non-
canonical.

IV.1.4.29 There is a class of Type I C*-algebras called generalized continu-
ous trace C*-algebras (abbreviated GCT or GTC') [Dix69b, 4.7.12], for which
the subcomposition series (M,,) is a composition series, where My(A) = m(A)
and Myy1(A) is the preimage of My(A/M,(A)). A GCT C*-algebra is nec-
essarily liminal (note, for example, that MO(K) = 0). Not every liminal C*-
algebra is GCT [Dix61], but every C*-algebra with Hausdorfl spectrum is

GCT.

IV.1.5 Characterization of Type I C*-Algebras

The following fundamental theorem is a slight variation (cf. [BKO01]) of a result
of J. Glimm [Gli61], which was probably the deepest theorem in the subject
of operator algebras when it was proved.

IV.1.5.1 THEOREM. Let J be a primitive ideal in a separable C*-algebra
A. Then the following are equivalent:

(i) J is not an A-GCR ideal.

(ii) A/J is antiliminal.

(iii) J is the kernel of a non-type I factor representation of A.
)

(iv) There are two inequivalent irreducible representations of A with kernel
J.
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(v) There are uncountably many mutually inequivalent irreducible represen-
tations of A with kernel J.

PROOF: (i) < (i) is IV.1.3.5, (v) = (iv) is trivial, and (iv) = (i) is IV.1.3.6.
(iii) = (v)(Outline): By replacing A by A/J, we may and will assume that
J = 0, to simplify notation. If 7 is a faithful non-type-I factor representation
of A on a separable Hilbert space and Z is a masa in w(A)’, the direct integral

decomposition of 7 as
®
[ e duta)
X

with respect to Z has almost all m, faithful and irreducible. If, for a set E of
nonzero measure, each m, for x € E is equivalent to a fixed representation g,

then
53}
/ Ty dp()
E

is a subrepresentation of m equivalent to a multiple of 7, a contradiction.
Thus, for each z, the set

E,={y:my ~my}

has measure 0, so there must be uncountably many such sets.

IV.1.5.2 Tt remains to prove (ii) = (iii). This is a complicated technical
construction and will not even be outlined here. The rough idea is that in
any hereditary C*-subalgebra of an antiliminal C*-algebra can be found a
nonzero element x such that *x and zz* are orthogonal (I1.6.4.14). A delicate
bisection process then leads to a sequence of carefully embedded approximate
matrix units; as a consequence, one gets:

IV.1.5.3 THEOREM. Let A be an antiliminal C*-algebra. Then there is a
C*-subalgebra B of A, and a closed ideal I of B, such that B/I is isomorphic
to the CAR algebra (I1.8.2.2(iv)).

IV.1.5.4 If A is separable, the C*-subalgebra B can be constructed in such
a way that if 7 is the tracial state on B/I, regarded as a state on B (so that
7w-(B)" is a Il factor), and 7 is extended to a state ¢ on A, then m4(A)” is
a Type II factor. The final conclusion of the construction is:

IV.1.5.5 THEOREM. Let A be a separable antiliminal C*-algebra, and (.J,,)
a decreasing sequence of essential ideals of A. Then there is a Type II factor
representation 7 of A, such that 7|, is nonzero for all n.
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IV.1.5.6 To finish the proof of IV.1.5.1, note that if A is separable and
primitive, then there is a decreasing sequence (J,,) of nonzero (not necessarily
proper) ideals, which are automatically essential, such that every nonzero ideal
of A contains J,, for some n; this is an immediate consequence of the fact that
Prim(A) is a second countable Ty-space and 0 is a dense point.

We also obtain Glimm’s original theorem:

IV.1.5.7 THEOREM. Let A be a separable C*-algebra. Then the following
are equivalent:

(i) A is internally Type I.
(ii) A is bidual Type L.

(iii) A is postliminal.

(iv) Ais GCR.

(v) Whenever 7 and p are irreducible representations of A with the same
kernel, then 7 and p are equivalent (i.e. the map A — Prim(A) of 11.6.5.13
is a bijection).

11

ProoF: (iii) = (iv) = (ii) by IV.1.3.8, (i) = (iii) by IV.1.3.2, (iv) = (v) by
IV.1.3.5 and IV.1.2.2, and (v) = (ii) is IV.1.5.1[(iii)) = (v)] (cf. IV.1.1.3).
So we need only prove (ii) = (i). If A is not internally Type I, let B = A/I(A)
(IV.1.1.12); then B is antiliminal. Applying IV.1.5.5 to B with J,, = B for all
n, we obtain a type II factor representation of B, and therefore of A.

IV.1.5.8 Note that separability is used in this proof only for (iv) = (ii),
(v) = (ii), and (ii) = (i); the implications (i) = (iii) = (iv) = (v)
are true in general (IV.1.3.2, IV.1.3.8, IV.1.3.6, IV.1.3.7). Also, by IV.1.4.26
and IV.1.1.2, (iil) = (i) = (ii) in general (these implications were not
needed for the proof of IV.1.5.7). Using IV.1.5.3 and injectivity of the bidual
of the CAR algebra, S. Sakai has shown that any antiliminal C*-algebra has a
Type III factor representation, and hence (ii) = (i) also in the nonseparable
case. He then showed, using (i) = (ii), that (iv) = (ii) in general, and
hence (i)—(iv) are equivalent even for a nonseparable A. (See [Sak71, 4.6] for
a complete discussion.) However, (v) does not imply the other conditions in
the nonseparable case (IV.1.2.3).

The same technique can be used to give the following version of O.
Maréchal’s refinement [Mar75] of Glimm’s result:

IV.1.5.9 THEOREM. Let A be a separable unital primitive antiliminal C*-
algebra. Then there is a unital sub-C*-algebra B of A and ideal J of B, such
that:

(i) B/J is isomorphic to the CAR algebra D (write ¢ : B — D for the
quotient map)
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(ii) For any cyclic representation 7 of D, there is a faithful cyclic representa-
tion p of A, and a projection

P e p(B)" Np(B)

of central support 1 in p(A)”, such that the subrepresentation p; of p|p
defined by P is equivalent to 7 o ¢ and p1(B)"” = Pp(A)"P.

IV.1.5.10 COROLLARY. Let A be a separable C*-algebra and J a non-A-
GCR primitive ideal of A. If M is any properly infinite injective von Neumann
algebra (in particular, any infinite injective factor) with separable predual,
then there is a representation 7 of A with kernel J, such that w(A)” = M.

IV.1.5.11 An important consequence of Glimm’s Theorem (use IV.1.5.8 for
the nonseparable case) is the nonobvious fact that a C*-subalgebra of a Type
I C*-algebra is Type I (IV.1.3.10).

Separable Type I C*-algebras can also be characterized in terms of the
Borel structure of the dual:

IV.1.5.12 THEOREM. [Gli61] Let A be a separable C*-algebra. Then the
following are equivalent:

(i) Ais Type L
(ii) The Mackey Borel structure (I1.6.5.16) on A is the Borel structure gen-
erated by the topology of A.
(iii) The Mackey Borel structure on Ais countably separated.
(iv) A with the Mackey Borel structure is a standard Borel space.

Because of this theorem, Type I C*-algebras are sometimes called “smooth.”

Thus, if A is separable and Type I, A has a simple structure as a Borel
space. On the other hand, if A is separable and not Type I, then A is not
countably separated; this is the technical sense in which the representation
theory of a (separable) non-Type-I C*-algebra “cannot be understood.”

IV.1.6 Continuous Fields of C*-Algebras

The notion of a continuous field of C*-algebras is a topological analog of
measurable fields of Hilbert spaces and von Neumann algebras (I11.1.6).

IV.1.6.1 DEFINITION. Let T be a locally compact Hausdorff space. A con-
tinuous field of C*-algebras over T consists of the following data:

(i) a C*-algebra A(t) for each ¢t € T.
(ii) a set I" of sections a : T' — [ [, A(t) satisfying:
(1) a(t) € A(t) forallaeT,teT.
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(2) [t |la(®)|]] € Co(T) for all a € T.

(3) T is closed under scalar multiplication and under pointwise sum, prod-
uct, and adjoint.

(4) For all tp € T and all x € A(tg), there is an a € I with a(t) = .

(5) Tis closed under local uniform limits: if b : T'— [] A(¢) is a continuous
section vanishing at infinity, i.e. b(t) € A(t) for all ¢ and

[t = 6] € Co(T),

and for each tg € T and € > 0 there is a neighborhood U of 5 and an
a € T with ||a(t) — b(¢)|| < efor all t € U, then b eT.

We usually want to assume that A(t) # {0} for all ¢£. Such a continuous field
will be called full.

IV.1.6.2 If (T,{A(¢)},T) is a continuous field of C*-algebras, then I' be-
comes a C*-algebra under the norm

lall = sup [la(t)[|(= max [la()]))

This is called the C*-algebra of the continuous field. Note that the continuous
field contains more structure than simply the C*-algebra I" — it also specifies
how I is fibered over T.

IV.1.6.3 Isomorphism of continuous fields of C*-algebras over the same
base space is defined in the obvious way: isomorphism of the C*-algebras of
the continuous fields via a map respecting the fibers.

IV.1.6.4 It follows easily from the local uniform closure of I that I' is closed
under pointwise multiplication by Co(T') (or even by bounded continuous
functions on T): if @ € T and f € Co(T), and b(t) = f(t)a(t) for t € T,
then b € I'. Thus, if U is an open subset of X, the set of sections vanishing
outside U forms a continuous field over U, called the restriction of T to U,
denoted T'|y. The C*-algebra of this field can be naturally identified with
a closed ideal of T', denoted I'yy. Similarly, the restriction of I" to a closed
subset Z of T is a continuous field over Z, denoted I'|z; the corresponding
C*-algebra, denoted I'?, can be identified with the quotient I"/ Ir\z-
If ' is a nonfull field over T', then

U={teT:Alt) % {0}

is open in T', and I" defines a full continuous field I'|;y over U which is isomor-
phic to T' as a C*-algebra.

IV.1.6.5 The simplest example of a (full) continuous field over a space T
is obtained by taking A(t) = A for all t and T' = C, (T, A), for some fixed
C*-algebra A; such a field is called a constant field. A trivial field is one which
is isomorphic to a constant field. A field over T is locally trivial if each t € T
has a neighborhood U such that I'| is trivial.
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IV.1.6.6 THEOREM. Let A be a C*-algebra with T' = Prim(A) Hausdorff.
For J € Prim(A), let A(J) = A/J. Let my : A — A/J be the quotient map.
For z € A, let ay(J) = my(x), and let I' = {a, : © € A}. Then (T,{A(J)},T)
is a full continuous field of simple C*-algebras, and the C*-algebra of the
continuous field is naturally isomorphic to A.

PRrOOF: The function J — |la;(J)| is just &, which is continuous by I1.6.5.8.
The local completeness follows from I11.6.5.12 and a partition of unity argu-
ment. The isomorphism of I with A is obvious.

This result has a significant generalization. If A is a unital C*-algebra,
with center Z, set T = Prim(Z) = Z. If = € A, then 7|z consists of scalars,
and hence is a multiple of an irreducible representation of Z. Thus there is
a well-defined surjective map ¢ from A to T, which drops to a map from
Prim(A) to T, also called ¢, defined by ((J) = J N Z. It follows easily that ¢
is continuous and open. If t € T, let J; be the ideal of A generated by ¢, and
let A(t) = A/J;, m : A — A/J; the quotient map. Then

IV.1.6.7 THEOREM. [DH68]

(i) The map ¢ is the complete regularization of Prim(A), i.e. every continuous
function from Prim(A) to a completely regular Hausdorff space factors
through (.

(ii) Forz € A, let a,(t) = m(z), and let T = {a, : © € A}. Then (T, {A(¢)},T)
is a full continuous field of C*-algebras, and the C*-algebra of the contin-
uous field is naturally isomorphic to A.

This result is also called the “Dauns-Hoffman Theorem,” and is closely
related to I1.6.5.10. There is a version for nonunital C*-algebras. See [DG83]
for a simplified proof.

Note that J; is not a primitive ideal of A in general, so A; is not simple
or even prime in general.

IV.1.6.8 EXAMPLES.
(i) Let T = NU{oo} (or T = [0, 0]). For t < oo, let

A1(t) = As(t) = A3(t) = Mo.

Set Aj(00) = As(oo) = C, Az(oo) = C2. Identify A;(co) with the C*-
subalgebra C; of My (IV.1.1.9). Then, for i = 1,2, 3, let

If U =T\ {oo}, then I';|yy is trivial for each ¢; but obviously none of the
I'; are locally trivial at oco.
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(ii) For i =1,2,3, let B(t) = A(t) ® K, with B;(c0) regarded as the obvious
subalgebra of My ® K 2 Ms(K), e.g.

neo={[ 8)ovex)

A; the obvious variation of I';. Then Ag is not locally trivial at infinity
since Bs(oco) = K2 2 B(t) for t < oo. The field A, is also not locally
trivial at co even though B (t) = K for all ¢, since it does not satisfy Fell’s
condition at co. However, Ay is a trivial continuous field (IV.1.7.22), as
is not difficult to see directly.

(iii) Let C(t) = C for t < 0o, C(00) = M. Regard C as C1 C My, and let

O ={feC(T,My): f(t) € C(t) for all t}.

Then (T, {C(t)}, ©) is not a continuous field since it violates IV.1.6.1(ii)(4)
(C(0) is “too large”).

IV.1.6.9 A continuous field over T is frequently specified by giving a gen-

erating set I'y of sections, satisfying

(1) a(t) € A(t) foralla €Ty, teT

(2) [t — |la(t)||] is continuous (but not necessarily vanishing at infinity) for
all a S FO

(3) Ty is closed under scalar multiplication and under pointwise sum, product,

and adjoint
(4) For all tg € T, {a(to) : a € Ty} is dense in A(ty).

The continuous field I" then consists of all sections which vanish at infinity
and which are local uniform limits of sections in I'y (thus Ty is not a subset
of T" in general if the sections in I'y do not vanish at infinity).

IV.1.6.10 EXAMPLE. Let T =T 2 [0, 1] with 0 and 1 identified, and A(6)
the rotation algebra Ay (I1.8.3.3(i)), with generators u(6), v(#). Let T'y be the
*-algebra generated by the sections u and v. Then T'y obviously satisfies (1),
(3), and (4). Property (2) is not obvious, but may be proved as follows (cf.
[E1182]). On L%(T?), let U(6) be defined for all 6 by

[U(Q)f](z, w) = Zf(Z, w)
and let V' (6) be defined by
[V(G)f](z, w) = wf(GQWi027 w)'

Then U(#) and V(6) generate a C*-subalgebra of £(L?(T?)) isomorphic to
A(6); and if p is a polynomial in four noncommuting variables, then

0= p(U(0),U(0)",V(0),V(0))
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is strong-* continuous since § +— U(#) and 6 — V(f) are strong-* contin-
uous. Thus the norm of a section is lower semicontinuous. To show upper
semicontinuity, suppose #,, — 6, and let

m: [TA@6.) — (TTA6))/(E@ A@.)

be the quotient map, and @ = 7([Ju(6,)) and © = 7 (] v(0,)); then there is
a homomorphism ¢ : A(0) — C*(a,?) with ¢(u(d)) = @, ¢p(v(d)) = 0. Then,
if p is as above, we have

[p(u(0),w(0)",v(6),v(0)") = l¢(p(u(8), u(®)",v(0),v(6)"))ll
= ||p(ﬂ,ﬁ*7f}7’(~)*)” = hmsupnllp(u(en)vu(en)*av(an)7v(0n)*)“'

Thus the rotation algebras form a continuous field over T via the generated
field T. The C*-algebra of this field is the group C*-algebra C*(G) of the
discrete Heisenberg group

1 =z =z
G= 01 y|:z,y2€Z
0 0 1
which has a presentation
{u,v,w : wu ™ = w, uw = wu, vw = wo}

(uhasx=1,y=2z=0;vhasy=1,z=z=0;andwhas z =1, x = y = 0).

IV.1.6.11 There is a theory of C*-bundles and Hilbert bundles (bundles
of Hilbert spaces), developed primarily by J.M.G. Fell [Fel69] and M. Dupré
[Dup74]; see [FD88al-[FD88b] for a comprehensive treatment. The set of con-
tinuous sections of a C*-bundle is a continuous field of C*-algebras, and con-
versely. Hilbert bundles will be discussed in more detail in the next section.

IV.1.7 Structure of Continuous Trace C*-Algebras

In this section, we will give a classification up to Morita equivalence (and a
partial description up to isomorphism) of the continuous trace C*-algebras
over a base space T, in terms of a cohomological invariant in the (Cech) co-
homology group H3(T,Z) called the Dizmier-Douady invariant. The theory
works well only for paracompact spaces, so throughout this section we will
for the most part assume the base space is paracompact. The case of sep-
arable continuous trace C*-algebras (where the base space is automatically
paracompact) can be described more cleanly, and will be emphasized. There
are many technicalities, particularly bundle- and sheaf-theoretic ones, which
we will gloss over; a full treatment can be found in [RW98], to which we refer
for definitions of sheaf-theoretic terms.
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IV.1.7.1 Recall that a Hausdorff space T is paracompact if every open
cover of T has a locally finite refinement. Every regular (Hausdorff) space
which is metrizable or o-compact is paracompact (see, for example, [Kel75]
or [Mun75]), and every paracompact space is normal.

Sheaf Cohomology
Suppose T is paracompact.

IV.1.7.2 The Dixmier-Douady invariant actually is naturally an element
of the sheaf cohomology group H?(T,S), where S is the sheaf of germs of
continuous functions from 7T to T. If R is the sheaf of germs of continuous
functions from T to R, and Z denotes the constant sheaf with stalk Z, then
there is a short exact sequence of sheaves

0—Z- RIS 0

where exp denotes exponentiation. The sheaf R is fine, and hence H"(T,R) =
0 for all n. The long exact sequence of sheaf cohomology then yields a natural
isomorphism H2(T,S) — H3(T,Z) = H3(T,Z).

IV.1.7.3 There is another similar identification. Let H be a separable,
infinite-dimensional Hilbert space, and U the sheaf of germs of continuous
functions from T to U(H) with the strong operator topology. Also, let A be
the sheaf of germs of continuous functions from T to Aut(K(H)) with the
point-norm topology. Since Aut(K(H)) = U(H)/T as topological groups, we
have an exact sequence of sheaves

0—S—U—A—0

and since U(H) is contractible (1.3.2.10), the sheaf U/ is soft. If the sheaves U
and A were sheaves of abelian groups, one would then obtain from the long
exact sequence an isomorphism H!(T, A) — H?(T,S). In fact, even though
the stalks are nonabelian and thus H'(T,.A) does not have a natural group
structure, and H?(T,U) is not even defined, such an isomorphism (bijection)
from HY(T,A) to H?(T,S) can be constructed in this setting in the same
manner as for sheaves of abelian groups.

Hilbert and C*-Bundles

IV.1.7.4 The connection between sheaf cohomology and homogeneous C*-
algebras is made via Hilbert bundles (IV.1.6.11). For our purposes, a Hilbert
bundle over a base space T' (locally compact Hausdorff) is effectively the same
thing as a Hilbert C,(T)-module £: H(t) is obtained from & using the inner
product

<§7 77>t = <§7 77>CO(T) (t)7
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dividing out by vectors of length 0 (it is not hard to see that this inner product
space is already complete). Thus from the Stabilization Theorem we get that
if £ is countably generated (e.g. if each H(t) is separable and T' is o-compact)
and full, then £ is a trivial bundle, isomorphic to H x T'.

IV.1.7.5 1If £ is a Hilbert Co(T)-module, then there is a natural induced
Co(T')-module structure on K(€) (which, if € is full, coincides with the Dauns-
Hoffman module structure when Prim(K(&)) is identified with T'). If A is a C*-
algebra with a specified identification of Prim(A) with T, £ is full, and ¢ is an
isomorphism of A with (&), then € is an A — C,(T')-imprimitivity bimodule.
The map ¢ induces a homeomorphism of Prim(A4) with Prim(IC(E)) = T if
this homeomorphism agrees with the specified identification of Prim(A) with
T, then & is called an A —p Co(T)-imprimitivity bimodule, and A is said to
be Morita equivalent to Co(T) over T.

IV.1.7.6 1If £ = (H(t)) is a Hilbert bundle over T', then there is a naturally
associated C*-bundle whose fiber at T' is K(H(¢)), and the continuous sections
form a continuous field of elementary C*-algebras over T.

IV.1.7.7 PRoPOSITION. The C*-algebra A of a continuous field of elemen-
tary C*-algebras arising from a (full) Hilbert bundle over T satisfies Fell’s
condition (IV.1.4.17), i.e. A is a continuous trace C*-algebra with A = T
PROOF: Let € be an A —p C,(T) imprimitivity bimodule, ¢ty € T, and pg a
rank-one projection in A(ty). Let & € H(to) be a unit vector in the range
of po, so that pg = Og,¢,. Let & € € with {(tg) = &o; then (£,&)c, (1) is
nonzero in a neighborhood of ty, so multiplying £ by an element f € Co(T)
with f(to) = 1 we may assume (£, )¢, (r)(t) = 1 for all ¢ in a neighborhood
U of ty. But then 4(£,&)(t) = Of¢(t) is a rank-one projection in A(¢) for all
teU.

The converse is not true (globally) in general, but there is a local version:

IV.1.7.8 PROPOSITION. Let A be a continuous trace C*-algebra with T' =
A. Then for each t € T there is a compact neighborhood Z of t such that A%
is Morita equivalent to C(Z) over Z.

To prove this, use Fell’s condition to cover T with open sets U; with com-
pact closures Z; such that A% has a full global rank-one projection p;.

Conversely, if A is a C*-algebra with A Hausdorff, and A is locally Morita
equivalent to commutative C*-algebras in this sense, then A has continuous
trace.

The Dixmier-Douady Invariant

Suppose A is a continuous-trace C*-algebra with T' = A paracompact. Choose
a locally finite cover of T' by open sets U; with compact closures Z; such that
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A% has a full global rank-one projection p;. Let & be the A% —p Co(T)-
imprimitivity bimodule A% p;, regarded as a Hilbert bundle over Z;. If Uj; =
U; N Uj, then the identifications of K(&;|y,;) and K(&;|v,;) with Ay,; give an
isometric isomorphism &;|y,, = &lv,,, i.e. a unitary uij: in L(&lu,;,Eluy,)-
For any 1, j, k, let

Uiji =U; NU; N U

Then, in L(Ek|v,,,), the unitary w;uijuj, commutes with the left action of
Av,. = K(&lu,,;, ), and hence it is easily seen that it is “central,” multiplica-
tion by a continuous function v;;;, from Uy to T. A straightforward argument
shows:

IV.1.7.9 PROPOSITION.

(i) The functions {v;;i} form an alternating 2-cocycle: for any ¢, j, k, [,
Vijk = VjkiVikiVijl

on Uijkl =U; N Uj NU N U, and Vo(i)o(j)o(k) = ijf'k on Uijk: for any
permutation o (e, is the sign of o).

(ii) The class of {v;jx} in H*(T,S) depends only on A and not on the choice
of the U; or the identifications.

IV.1.7.10 DEFINITION. The class of {v;j;} in H*(T,S) & H3(T,Z) is called
the Dizmier-Douady invariant of A, denoted 0(A).

IV.1.7.11 THEOREM. Let A, B be continuous-trace C*-algebras with T' =
A = B paracompact. Then A and B are Morita equivalent over T if and only

if 5(A) = 8(B).

IV.1.7.12 Every element of H?(T,Z) occurs as the Dixmier-Douady invari-
ant of a continuous trace C*-algebra with spectrum 7' (if T is paracompact).
For the isomorphism classes of locally trivial bundles over T with fiber K
and structure group Aut(K) are naturally parametrized by the elements of
HY(T, A). Each such bundle is a continuous field of C*-algebras, and the
C*-algebra of the continuous field is a continuous-trace C*-algebra called an
Ro-homogeneous C*-algebra over T. Once the set H(T, A) is identified with
H?(T,S) = H3(T,Z) as in 1V.1.7.3, it is straightforward to verify that the
Dixmier-Douady invariant of the corresponding Np-homogeneous C*-algebra
is the element of H'(T,.A) corresponding to the bundle.

Functoriality

IV.1.7.13 Since H3(-,Z) is (contravariantly) functorial, one would expect
the Dixmier-Douady invariant to be (covariantly) functorial. There is, how-
ever, a serious complication: a homomorphism from A to B does not induce
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a continuous function from B to A in general, even in the unital case, since
local rank need not be preserved (IV.1.4.23). Even if the homomorphism pre-
serves rank in the sense of IV.1.4.24, it does not induce a continuous function
from B to A if A and B are nonunital (there is a proper continuous map
from an open subset of Bto Ain general if A and B have continuous trace).
One cannot just avoid the problem by adding a unit since the unitization of
a continuous-trace C*-algebra rarely has continuous trace.

IV.1.7.14 PROPOSITION. Let A and B be continuous-trace C*-algebras
with A, B paracompact, and ¢ : A — B a *_homomorphism such that ¢
induces a proper continuous map ¢* : B — A, and hence a homomorphism

¢, : H}(A,Z) — H*(B, 7).
Then ¢, (6(A)) = §(B).

This condition will always hold if A and B are compact and ¢ is rank-

preserving (i.e. sends abelian elements to abelian elements).
We can then rephrase IV.1.7.11 as:

IV.1.7.15 THEOREM. Let A, B be separable continuous-trace C*-algebras.
Then A and B are Morita equivalent if and only if there is a homeomorphism

¢: A — B with ¢,(5(A)) = §(B).

IV.1.7.16 If A and B are Ro-homogeneous C*-algebras with A = B =~ T,
then A and B are isomorphic over T if and only if 6(A) = §(B). But it can
happen that A 2 B even if §(A) # §(B): in fact, A = B if and only if there
is a homeomorphism ¢ : T — T with ¢.(6(A)) = 6(B).

There is an interesting consequence. Suppose T is a closed orientable 3-
manifold. Then H3(T,Z) = Z. If « is a generator, then a homeomorphism ¢
of T sends a to —« if and only if ¢ is orientation-reversing. Thus, for exam-
ple, if T'is S3 or T3, the No-homogeneous C*-algebras over T with Dixmier-
Douady invariants +« are isomorphic. But there is a closed orientable 3-
manifold M (a suitable lens space) with no orientation-reversing homeomor-
phism ([Jac80], [Bon83], [Lu88]); the Ng-homogeneous C*-algebras over M
with Dixmier-Douady invariants +a are not isomorphic.

If A is a continuous-trace C*-algebra over T' with Dixmier-Douady invari-
ant ¢, then the opposite algebra A°P, obtained from A by reversing multiplica-
tion, is also a continuous-trace C*-algebra over T', and it is easily verified that
the Dixmier-Douady invariant of A°? is —§. So if M and « are as above, and
A is the Ng-homogeneous C*-algebra over M with Dixmier-Douady invariant
«, then A is not isomorphic to A°P. This is perhaps the simplest example of
a C*-algebra which is not anti-isomorphic to itself. (See [Phi0Ola] for other in-
teresting examples along this line.) It is an important open question whether
there exists a separable simple nuclear C*-algebra not anti-isomorphic to itself.
(There are II; factors with this property, and a separable simple nonnuclear
example can be constructed from these by the method of I1.8.5; cf. [Phi04].)
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Separable Continuous-Trace C*-Algebras

If A is a separable continuous-trace C*-algebra, then A is second countable
and thus paracompact. Combining IV.1.7.15 with the Brown-Green-Rieffel
theorem (I1.7.6.11), we obtain:

IV.1.7.17 THEOREM. Let A, B be separable continuous-trace C*-algebras.
Then A and B are stably isomorphic if and only if there is a homeomorphism
¢: A — B with ¢.(6(A)) = §(B).

IV.1.7.18 1If A is a separable continuous-trace C*-algebra with T = A,
let {U;} be an open cover as in IV.1.7.8. The local imprimitivity bimodules
(Hilbert bundles) &; are countably generated, with separable fibers, and by
I1.7.6.12 £2° is trivial. Thus the corresponding open cover for A®K represents
A®K as a locally trivial bundle with fiber K, i.e. A®K is an Rp-homogeneous
C*-algebra. Thus we obtain:

IV.1.7.19 THEOREM. The stable separable continuous-trace C*-algebras
are precisely the separable Np-homogeneous C*-algebras.

IV.1.7.20 Of course, if A is a separable stable continuous-trace C*-algebra
(or, more generally, a separable stable liminal C*-algebra), then the quotient
of A by any primitive ideal must be isomorphic to K, i.e. the corresponding
bundle of elementary C*-algebras has fiber K everywhere. The converse (that
if A is a separable continuous-trace C*-algebra and each fiber is K, then A is
stable) is not quite true, since IV.1.7.19 gives an additional necessary condi-
tion: the bundle must be locally trivial. This is not automatic: for example, if
T is a countably infinite product of copies of 52, then there is a bundle over
T with fiber K, satisfying Fell’s condition, which is not locally trivial at any
point [DD63]. However, we have:

IV.1.7.21 THEOREM. [DD63], [Dix69b, 10.8.8] Let T be a second countable
locally compact Hausdorff space of finite (covering) dimension. Then every
bundle over T', with fiber K, satisfying Fell’s condition, is locally trivial.

IV.1.7.22 COROLLARY. Let A be a separable continuous-trace C*-algebra
with A finite-dimensional. Then the following are equivalent:

(i) A has no finite-dimensional irreducible representations.
(ii) A is Np-homogeneous.
(iii) A is stable.

Finite Homogeneous C*-Algebras

A finite homogeneous C*-algebra has continuous trace (IV.1.4.14), and thus
has a Dixmier-Douady invariant (if the base space is paracompact). This sit-
uation is special:
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IV.1.7.23 THEOREM. Let A be an n-homogeneous C*-algebra over a para-
compact space 1. Then

(i) The corresponding bundle of elementary C*-algebras (M,,-bundle) is lo-
cally trivial.
(ii) The Dixmier-Douady invariant §(A) is an n-torsion element of H3(T,Z).

IV.1.7.24 Conversely, if § is an n-torsion element of H3(T,Z), then there
is a k-homogeneous C*-algebra A over T with 6(A) = ¢, for some k (which
may be much larger than n) [Gro68, 1.7].

IV.1.7.25 If A is a continuous-trace C*-algebra over T' (assumed compact),
and p is a full projection in A, then pAp is a unital continuous-trace C*-
algebra over T, hence (locally) homogeneous. Thus §(A) must be a torsion
element. So we obtain:

IV.1.7.26 COROLLARY. Let A be a continuous-trace C*-algebra whose base
space T is connected and compact, and such that d(A) is not a torsion element
of H3(T,Z). Then A contains no nonzero projections.

If A is any continuous-trace C*-algebra whose base space T is connected
and noncompact, then A can contain no nonzero projections by I1.6.5.6.

Structure of Type I C*-Algebras

IV.1.7.27 1If A is a separable stable continuous-trace C*-algebra, then by
IV.1.7.19 A is built up from algebras of the form C,(T,K) by extensions,
finitely many if A is compact but transfinitely (although countably) many in
general.

Since every Type I C*-algebra has a composition series in which the succes-
sive quotients have continuous trace (IV.1.4.28), the same can be said for any
separable stable Type I C*-algebra. Thus every separable Type I C*-algebra
can be built up out of commutative C*-algebras by successive applications of
the following operations:

Stabilization (tensoring with K).
Cutting down to a corner.
Taking extensions, perhaps transfinitely (but countably) many.

IV.2 Classification of Injective Factors

One of the greatest achievements so far in the subject of operator algebras is
the complete classification of injective factors with separable predual: up to
isomorphism, the examples constructed in II1.3.2.18 are the only ones. This
technical tour de force was mostly accomplished by A. Connes [Con76] (his
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Fields medal was primarily for this work), building on important previous
work by several authors, with the final case settled by U. Haagerup [Haa87].
Some of Connes’ arguments have been simplified, but the overall results re-
main very deep.

There are close connections and analogies with the theory of nuclear C*-
algebras (IV.3). The two theories developed somewhat in parallel, and ideas
from each were influential in the other.

It is far beyond the scope of this volume to give a complete treatment of
the theory of injective factors. We will only outline the main results, mostly
without proof. For a comprehensive treatment, see the volume by Takesaki
[Tak03al.

The results fall naturally into two parts:

(i) Proof that several natural classes of factors (injective, semidiscrete, ap-
proximately finite dimensional, amenable) coincide;
(ii) Explicit description of all injective factors.

Because of the importance of this class of algebras, the fact that it can
be characterized in several different ways has led to discussion of what name
should be generically used for it. Some leading experts (e.g. in [Con94]) have
advocated using “amenable,” with considerable merit. A similar discussion
has taken place in the C*-algebra setting, concerning the equally important
class characterized by various conditions equivalent to nuclearity (cf. IV.3),
where the term “amenable” has been proposed with equal merit. There are
two drawbacks to adopting “amenable” as a generic term in either or both
cases, however:

(1) The same ambiguity which occurs with the term “Type I” would arise,
since an amenable von Neumann algebra is not in general an amenable
C*-algebra. It thus seems preferable to use separate terms in the two
situations.

(2) Other terms have come to be commonly used, particularly in the C*-
algebra case where the term “nuclear” is nearly universal. Terminology
in the von Neumann setting is less firmly established, but the term “in-
jective” is the most common. The next most common term is probably

“hyperfinite,” but this term has its own drawbacks (IT1.3.4.1).

We have chosen to use the terms “injective” and “nuclear” generically for
these reasons. Of course, in discussing the equivalence of the characterizing
conditions, the various names will be used and separately defined.

The classes of injective von Neumann algebras and nuclear C*-algebras
are the most important classes of operator algebras, at least in the present
state of the subject.
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IV.2.1 Injective C*-Algebras

IV.2.1.1 DEFINITION. A C*-algebra M is an injective C*-algebra if, when-
ever A is a C*-algebra, B a C*-subalgebra of A, and ¢ : B — M a com-
pletely positive contraction, then ¢ extends to a completely positive contrac-
tion ¢ : A — M (i.e. M is an injective object in the category of C*-algebras
and completely positive contractions).

IV.2.1.2 EXAMPLES.

(i) For any H, L(H) is an injective C*-algebra by the Arveson extension
theorem (11.6.9.12). In particular, M,, is injective (more generally, any
finite-dimensional C*-algebra is injective).

(ii) Any product (in particular, a finite direct sum) of injective C*-algebras
is injective.

(iii) If N is a C*-subalgebra of M, M is injective, and there is a conditional
expectation 6 (projection of norm 1; cf. 11.6.10.2) from M onto N, then
N is injective [if BC Aand ¢: B— N C M, extend ¢ to ¢ : A — M;
then f o1 : A — N is an extension of ¢.] In particular, if M is injective
and p is a projection in M, then pMp is injective.

IV.2.1.3 There is a “converse” to (iii): if N is a C*-subalgebra of a C*-
algebra M, and N is injective, then the identity map from N to N extends
to a completely positive idempotent contraction from M to N; thus there is
a conditional expectation from M onto N.

Combining this with (iii), we get:

IV.2.1.4 PROPOSITION. Let M be a C*-algebra. Then the following are
equivalent:
(i) M is injective.

(ii) There is a faithful representation 7 of M on a Hilbert space H, such that
there is a conditional expectation from £(H) onto 7(M).

(iii) For every faithful representation 7 of M on a Hilbert space H, there is a
conditional expectation from L£(H) onto w(M).

(iv) Whenever M is a C*-subalgebra of a C*-algebra A, there is a conditional
expectation from A to M.

IV.2.1.5 COROLLARY. A matrix algebra over an injective C*-algebra is in-
jective.

PrOOF: If M C L(H) and 0 : L(H) — M is a conditional expectation, so is

0 @id: L(H) ®M, = L(H") — M ® M, = M,(M).
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IV.2.1.6 By an argument similar to IV.2.1.3, if X is an operator system
which is an injective object in the category of operator systems and completely
positive contractions (the existence of an identity in these operator systems is
not essential, i.e. one can work in the category of closed positively generated
*_subspaces of C*-algebras), embed X into a C*-algebra A and extend the
identity map on X to an idempotent completely positive contraction from A
onto X. Then X is completely order isomorphic to an (injective) C*-algebra by
11.6.10.11. Conversely, if M is an injective C*-algebra, and Y C X are operator
systems and ¢ : Y — M is a completely positive contraction, embed M into
L(H), extend ¢ to w : X — L(H) by the Arveson Extension Theorem, and
compose with a conditional expectation from L£L(H) to M to get an extension
of ¢ to ¢p : X — M. Thus the injective C*-algebras are also precisely the
injective objects in the larger category of operator systems and completely
positive contractions.

IV.2.1.7 PROPOSITION. An injective C*-algebra is an AW*-algebra. An in-
jective C*-algebra which can be faithfully represented on a separable Hilbert
space, whose center is a von Neumann algebra (W*-algebra), is a von Neu-
mann algebra.

PROOF: Let M be an injective C*-algebra, faithfully represented on a Hilbert
space H, and let 6 be a conditional expectation from £(H) onto M. Let S be
a subset of M. The right annihilator of S in £(H) is pL(H) for a projection
p. We have z0(p) = O(ap) = 0 for all x € S, and if y € M is in the right
annihilator of S, we have py =y, so

y=0(y) =0(py) = 0(p)y.

Thus, taking y = 6(p), 6(p) is a projection in M; and the right annihilator of
Sin M is 0(p)M. So M is an AW*-algebra by III.1.8.2. The last statement
follows from II1.1.8.6.

In particular, every injective C*-algebra is unital (this can be seen more
easily: if A is nonunital, there cannot be a conditional expectation from A to
A by 11.6.10.5).

IV.2.1.8 There are injective C*-algebras which are not W*-algebras. For
example, every commutative AW*-algebra is injective (see IV.2.2.10 for the
W-case). In fact, a commutative AW*-algebra is injective in the larger cat-
egory of Banach spaces and linear contractions ([Nac50], [Goo49], [Has58];
the converse is also true [Kel52], [Has58|. See also [Lac74, §11].) There are
even wild injective AW*-factors [Ham86] (but only on nonseparable Hilbert
spaces).

IV.2.2 Injective von Neumann Algebras

From now on, we consider only injective von Neumann algebras.
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Normal Conditional Expectations

IV.2.2.1 If M is an injective von Neumann algebra on H, it is not true in
general that there is a normal conditional expectation from L£(H) onto M, as
the next result shows. This fact creates considerable technical difficulties in
the theory of injective von Neumann algebras.

A von Neumann algebra M is purely atomic if M contains a set {p;} of
minimal projections with > p; = 1. Since a minimal projection is abelian, a
purely atomic von Neumann algebra is Type I. But many Type I von Neumann
algebras are not purely atomic: for example, L (X, u) is purely atomic if and
only if u is purely atomic. In fact, a von Neumann algebra is purely atomic
if and only if it is a product of Type I factors. It is easily seen that a von
Neumann algebra is purely atomic if and only if it has a purely atomic masa.

IV.2.2.2 THEOREM. [Tom59] Let M be a von Neumann algebra on H. Then
there is a normal conditional expectation from £(H) onto M if and only if M
is purely atomic.

PRroOF: If M is purely atomic, then Z(M) is purely atomic. If {z;} is a
family of minimal projections in Z(M) with 3, z; = 1, for z € L(H) define
w(x) =, ziwz;; then w is a normal conditional expectation from L(H) onto

[[z£m)z =] £(z).

Since M z; is a Type I factor on z;H, there is a normal conditional expectation
0; from L(z;H) onto M z;; then (][] 6;) ow is a normal conditional expectation
from L£(H) onto M.

Conversely, suppose first that A is a commutative von Neumann algebra
on H which is not purely atomic. If {p;} is a maximal family of mutually
orthogonal minimal projections in A, set ¢ = 1 — > p;. If there is a normal
conditional expectation 6 : L(H) — A, then 6 restricts to a normal conditional
expectation from

qL(H)q = L(qH)

to qA. Thus, to obtain a contradiction, we may assume A has no minimal
projections. If v is a character (pure state) of A, and p is a nonzero projection
in A, then p = g+ r for nonzero projections ¢, r. Since vy(q), y(r), and v(p) =
~v(q) + v(r) are each either 0 or 1, either «(gq) or v(r) (or both) is 0, i.e. p
dominates a nonzero projection p’ with v(p’) = 0. Let {¢;} be a maximal set
of mutually orthogonal nonzero projections in A with v(g;) = 0 for all 4; then
> q; = 1. If ¢ is a normal positive linear functional on A with ¢ < ~, then

ol = (1) =D () <D v(a) =0.

Thus + is a singular state on A, and hence o 6 is a singular state on L(H).
So if p is a rank-one projection in L(H), then v(6(p)) = 0 (II1.2.1.12). This
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is true for all pure states v of A, so 6(p) = 0. If {p;} is a maximal family of
mutually orthogonal minimal projections in £(H), then

a contradiction. Thus there is no normal conditional expectation from L(H)
onto A.

Now suppose M is a general von Neumann algebra on H, and suppose there
is a normal conditional expectation 6 : L(H) — M. Then M is semifinite by
I11.2.5.25. If ¢ is a finite projection in M of central support 1, then as above
0 induces a normal conditional expectation from L(¢H) onto gMgq. If M is
not purely atomic, neither is ¢Mg. Thus, to obtain a contradiction, we may
assume M is finite. If M is not purely atomic, then M has a masa A which is
not purely atomic. There is a normal conditional expectation w : M — A by
I11.4.7.8. But then w o # is a normal conditional expectation from L(H) to A,
contradicting the previous paragraph.

An almost identical argument shows more generally:

IV.2.2.3 THEOREM. Let N C M be von Neumann algebras. If there is a
normal conditional expectation from M to N, and M is purely atomic, then
N is purely atomic.

Thus, if (X, u) is a measure space, then there is always a conditional
expectation from £(L?(X)) onto L>(X), but there is a normal conditional
expectation (if and) only if u is purely atomic. If M is not Type I, there
is never a normal conditional expectation from L£(H) onto M. See II1.4.7.7-
I11.4.7.8 for conditions under which normal conditional expectations exist on
more general von Neumann algebras.

A simple consequence of 1V.2.2.2 is useful:

IV.2.2.4 COROLLARY. Let N C M be von Neumann algebras, with N
finite-dimensional. Then there is a normal conditional expectation from M
onto N.

This also follows easily from 1V.3.2.16, or from III.1.5.3 and II1.2.2.6.

Amplifications and Commutants

We now show that the class of injective von Neumann algebras is closed under
amplifications and commutants.

IV.2.2.5 PROPOSITION. Let N C M be von Neumann algebras on H, 6 a
conditional expectation from M onto N, and let H’ be another Hilbert space.
Then there is a conditional expectation © from M®L(H') onto NRL(H')
such that

Olzey)=0)y
forallz € M, y € L(H).
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PROOF: The result is immediate from II1.2.2.5 if 6 is normal, but 6 is not
necessarily normal (and there need not be any normal conditional expectation
from M onto N). We thus argue as follows. Let {e;;|i,j € Q} be a set of
matrix units in £(H’), and F the set of finite subsets of Q. If F' € F, let
PF = D ;cp €ii- Then ppL(H')pr is a finite-dimensional matrix algebra, and
there is a conditional expectation ¢ from

M&ppL(H)pr = M @ prL(H )pr
onto

N&ppL(H')pr = N © prL(H )pr
defined by

From this we get a conditional expectation Op from M®L(H') to
N@prL(H')pr defined by

Or(r) = ¢or((1 ®@ pr)z(1 @ pr)).

Now let w be a Banach limit (1.3.2.4) on F in £L(H ® H'), and for each
x € MRL(H') set O(z) = lim,, Op(z). Then O is a map from MRL(H') into
NQL(H') with ||©] < 1; and if y € NQL(H'), then

(1@pr)y(1®pr) € NOprL(H )pr

S0
Or(y) = (1@ pr)y(1®pr)

for all F', and hence
O(y) = lim((1 @ pr)y(1@pr)) =y

since (1®pr)y(l®pr) — y weakly (in fact strongly). Thus © is a conditional
expectation by I1.6.10.2. (It is easy to prove directly that @ is completely
positive.)

IV.2.2.6 COROLLARY. Let M be an injective von Neumann algebra on H,
and let H' be another Hilbert space. Then M®L(H') is injective.

IV.2.2.7 THEOREM. Let M be a von Neumann algebra on H. Then M is
injective if and only if M’ is injective.

ProOOF: By I11.2.2.8, IV.2.2.6, and the last sentence of IV.2.1.2(iii), if 7 and p
are faithful normal representations of M, then 7(M)’ is injective if and only
if p(M)’ is injective. But if M is in standard form, it is obvious from Modular
Theory that M is injective if and only if M’ is injective.
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IV.2.2.8 PROPOSITION.

(i) Let M be a von Neumann algebra on H. If there is an increasing net (M;)
of injective von Neumann subalgebras of M, with UM; o-weakly dense in
M, then M is injective.

(ii) If (M;) is a decreasing net of injective von Neumann algebras on H, then
M = NM; is injective.

The second part follows easily from the fact that the set of unital com-
pletely positive maps from L£(H) to L£(H) is compact in the point-o-weak
topology: if ; is a conditional expectation from L(H) onto M;, then any
point-o-weak limit of the 6; is a conditional expectation from L£(H) onto M.
The first part cannot be quite proved the same way because the conditional
expectations are not necessarily normal; but (i) follows from (ii) and IV.2.2.7
since (UM;)" = NM].

IV.2.2.9 COROLLARY. Every approximately finite dimensional (II1.3.4.1)
von Neumann algebra is injective.

Since every Type I von Neumann algebra is approximately finite-dimen-
sional, we obtain:

IV.2.2.10 CoOROLLARY. Every Type I von Neumann algebra (in particular,
every commutative von Neumann algebra) is injective.

The next result is an immediate corollary of I11.4.7.8:

IV.2.2.11 COROLLARY. If M is an injective countably decomposable finite
von Neumann algebra, and N is any von Neumann subalgebra of M, then N
is injective.

Since the hyperfinite IT; factor R is injective, any von Neumann subalgebra
of R is also injective.

By arguments similar to those in IV.2.2.8, one can show:

IV.2.2.12 PROPOSITION. Let M be a von Neumann algebra on a separable
Hilbert space, with central decomposition [ ;(B M, du(x). Then M is injective
<= M, is injective for almost all z.

Thus the study of injective von Neumann algebras can be effectively re-
duced to studying injective factors.

Nuclearity and Injectivity

There is a close relationship between nuclearity and injectivity, the most el-
ementary part being the next result, which gives many examples of injective
von Neumann algebras. The argument in the proof is due to E. C. Lance
[Lan73].
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IV.2.2.13 THEOREM. Let A be a quasinuclear C*-algebra (11.9.6.4). If 7 is
any representation of A, then 7(A)” is injective. In particular, A** is injective.

PROOF: Let m : A — L(H) be a representation. Then 7 extends to a repre-
sentation p of A @pax 7(A)" on H. We have

A @max T(A) C A @ax L(H)

since A is quasinuclear, so p extends to a representation o of fl@maxﬁ(H) on a
larger Hilbert space H'. If P is the projection from H’ onto H, and z € L(H),
set 6(z) = Po(1®x)|x. Then 0(z) € L(H), and since P and o(1®x) commute
with o(a ® 1) for a € A, it follows that 8(x) € m(A)’; and 0 : L(H) — 7(A)
is a conditional expectation. Apply IV.2.2.7.

The converse of this result also holds (IV.3.1.12); in fact, if A** is injective,
then A is nuclear (so a quasinuclear C*-algebra is nuclear.) This is, however,
a deep result.

Injectivity and Amenable Group Actions

The next result, a close analog of 11.6.10.4(v), provides additional examples
of injective von Neumann algebras.

IV.2.2.14 PROPOSITION. Let a be an action of a locally compact group G
on a von Neumann algebra M. If G is amenable, then there is a conditional
expectation from M onto MY (= M®).

PROOF: Let m be an invariant mean on Cy(G). If x € M, ¢ € M,, set

0:(¢) = m(g — ¢ o ay(x)).

Then 6, € (M.,)*, hence corresponds to an element () € M. It is easy to
check that 8(x) € M%, and § : M — MY is a projection of norm 1.

IV.2.2.15 COROLLARY. Let m be a representation of an amenable locally
compact group G. Then 7(G)’ and 7(G)" are injective. In particular, £(G) is
injective.

IV.2.2.16 COROLLARY. Let a be an action of a locally compact group G
on a von Neumann algebra N. If N is injective and G is amenable, then
M = Nx,G is injective.

PROOF: Let M (and hence N) act on H. Inside M is a canonical group G of
unitaries, isomorphic to GG, normalizing N and inducing «. G also normalizes
N’, hence defines an action of G on N’; and M’ = (N’)“. The conditional
expectation of IV.2.2.14 from N’ to (N')¢ can be composed with a conditional
expectation from L£(H) onto N’ to get a conditional expectation from L£(H)
onto M.
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I1V.2.2.17 Combining IV.2.2.16 with Takesaki Duality (III.3.2.8) and either
the continuous or discrete decomposition (I11.4.8), if M is a von Neumann al-
gebra of Type III and N 2 No®L(H) is the associated von Neumann algebra
of Type Il,, where Ny is Type II;, then M is injective if and only if Ny is
injective. This fact is used to reduce the proof that injective implies approx-
imately finite dimensional to the II; case (and, using 1V.2.2.12, to the Iy
factor case).

IV.2.2.18 It is not true in general that if an amenable group G acts on a
C*-algebra A, that there is a conditional expectation from A onto A%, even if
G =7 and A is commutative (an example similar to the one in I1.6.10.5 can
be constructed).

Property P

IV.2.2.19 [Injectivity for von Neumann algebras was first discussed in
[HT67] (cf. [Tom57]), where it was called Property E. An apparently stronger
property, related to the Dixmier property (II1.2.5.16), had been previously
considered by J. T. Schwartz [Sch63] (cf. [Sak71, 4.4.14-4.4.21]):

IV.2.2.20 DEFINITION. A von Neumann algebra M on a Hilbert space H
has Property P if, for every T € L(H), the o-weakly closed convex hull C(T")
of

{uTu* :ueU(M)}

contains an element of M’.

It is easily proved using I11.2.2.8 that Property P is independent of the
way M is represented on H, and hence is an algebraic invariant of M. So by
modular theory M has Property P if and only if M’ does.

Schwartz proved that if M has Property P, then M’ is injective, using a
Banach limit type argument (one must choose in a linear fashion one element
from C(T) N M’ for each T), and that if G is a discrete group, then £(G) has
property P if and only if G is amenable.

Tt is easily seen using 11.6.10.4(iv) and the o-weak compactness of the unit
ball of £(H) that an approximately finite dimensional von Neumann algebra
has Property P. It is not obvious that an injective von Neumann algebra has
Property P; however, since an injective von Neumann algebra is approximately
finite dimensional, it turns out that Property P is equivalent to injectivity.

Hypertraces

IV.2.2.21 DEFINITION. If M is a von Neumann algebra on a Hilbert space
H, a hypertrace for M is a state ¢ on L(H) with the property that ¢(xy) =
¢(yz) for all z € M, y € L(H).
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If ¢ is a hypertrace for M, the restriction of ¢ to M is a tracial state on
M. Thus if M is a factor, it must be finite.

A hypertrace for M is not a normal state on L£(H) in general, although
the restriction to M is normal if M is a factor. In fact, if M is a von Neumann
algebra with a normal hypertrace whose restriction to M is faithful, then M
must be purely atomic and hence Type 1.

If M is a finite injective von Neumann algebra, then M has a hypertrace:
if  : L(H) — M is a conditional expectation and 7 a tracial state on M, then
7006 is a hypertrace for M. The converse also turns out to be true for factors
[ConT6], i.e

IV.2.2.22 THEOREM. A II; factor M has a hypertrace if and only if it is
injective.
More generally, a von Neumann algebra M with a family of hypertraces

whose restrictions to M are a faithful normal family must be injective (and
finite).

IV.2.3 Normal Cross Norms.

If one or both factors in a tensor product are von Neumann algebras, there
are interesting norms besides the maximal and minimal ones:

IV.2.3.1 DEFINITION. Let A and B be C*-algebras.
(i) If A is a von Neumann algebra, and 2 = >, _, ar @ by € A©® B, set

ll2][1nor —SUP{HZ m(aw)p(br)|}

where 7, p range over commuting representations of A and B with =
normal.
(ii) If B is a von Neumann algebra, and z = >, _; a; ® by € A® B, set

n

2 llenor = sup{ll Y m(ar)p(be) |}

k=1

where 7, p range over commuting representations of A and B with p
normal.

(iii) If A and B are von Neumann algebras, and z = ;_, a; ® by, € A® B,
set

||$Hbm—bup{llz m(ar)p(be )}

where 7, p range over commuting normal representations of A and B.
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Write A Qmor B, A Qmor B, A Qpin B for the completions with respect to
these norms (when defined); these are called the left normal, right normal,
and binormal tensor product of A and B respectively.

Caution: although the notation does not reflect it, as with || - ||max, the
norms || - ||inor, etc., depend on the choice of the C*-algebras A and B, i.e. if
A C Ay, B C By, then the restriction of || - ||inor on A1 @ By to A ® B is not
Il - [inor o A ® B in general, and similarly for || - ||;nor, || - |bin-

Note that if A and B are C*-algebras, the restriction of || - ||;nor on A® B**
to A® B is || - |lmax on A® B (and hence the restriction of || - || max on A ® B**
to A©® B is || - |lmax on A ® B); and if A is a von Neumann algebra, then the
restriction of || - ||pin on A® B** to A® B is || - |linor o A ® B.

The next result is an immediate corollary of I11.1.5.3.

IV.2.3.2 PROPOSITION. If B is any C*-algebra, then | - |inor = || - ||min OB
L(H) ® B (and || “ llrnor = || * |lmin o0 B ® L(H)). If M is a von Neumann
algebra, then || - ||pin = || * [lmin o0 M ® L(H) (or L(H) ©® M).

There are normal versions of 11.9.7.2 and I11.9.7.3 (cf. 111.2.2.4):

IV.2.3.3 LEMMA. Under the hypotheses of 11.9.7.2, if A and/or B is a von
Neumann algebra and ¢ and/or ¢ is normal, then = and/or p can be chosen
to be normal.

IV.2.3.4 COROLLARY. Let A;, As, By, Bs be C*-algebras and ¢ : A; — A,
and ¢ : By — By completely positive contractions.

(i) If Ay, As are von Neumann algebras and ¢ is normal, then the map ¢ ®
from Ay ® By to Ay ® By given by

(p®¢) (Z T; ® yi) = o) @ 9(y:)

extends to a completely positive contraction, also denoted ¢ ® 3, from
Al ®lnor Bl to A2 @lnor BQ~

(ii) If Ay, A, By, B are von Neumann algebras and ¢ and ¢ are normal,
then the map ¢ ® ¢ from A; ® By to As ® Bs given by

(p® 1) (Z T ® yz> = Zﬁb(xz) ® ¥ (ys)

extends to a completely positive contraction, also denoted ¢ ® v, from
Ay @pin By to Ay @pin Ba.

IV.2.3.5 Note that if M is a von Neumann algebra on H, then there is
a *-homomorphism from M ®yax M’ onto C*(M, M'), which is injective on
M © M’ if (and only if) M is a factor [MvN43], and hence an induced C*-
seminorm || - ||, on M @ M’ (which is a norm if M is a factor). C*(M, M) =
M ®, M’. From I11.2.2.8 it follows easily that:
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IV.2.3.6 PROPOSITION. If M is a factor, then || - ||, = || - ||pin on M © M'.

The proof of (ii) = (i) in the next proposition is a slight variation of
Lance’s argument in the proof of 1V.2.2.13.

IV.2.3.7 PROPOSITION. Let M be a von Neumann algebra on a Hilbert
space H. Then the following are equivalent:

(i) M is injective.
(ii) The restriction of || - || max on M © L(H) to M ® M’ dominates || - |-
(iii) The restriction of || - ||inor ot M © L(H) to M ® M’ dominates || - |[imor-

PROOF: (i) = (iii): Let 6 : L(H) — M’ be a conditional expectation. Then
there is a conditional expectation id ® 6 from M Qiyor L(H) onto M Qjnor M’
(IV.2.3.4) which is the identity on M ® M’. Since id ® 6 is a contraction, the
result follows.

(iii) = (ii) is trivial since || - [|o < | - |/inor o0 M © M".

(if) = (i): Let || - || be the restriction of || - ||max on M © L(H) to M © M’,
ie. M ®, M'is the closure of M ® M" in M ®max L(H). Then

Zxk @ Yk — Zxkyk

yields a representation of M ® M’ on H, which extends to a representation 7 of
M®,, M’ by assumption. Then 7 extends to a representation p of M ®@max L(H)
on a larger Hilbert space H’. Let P be the projection from H’ onto H, and
define 6 : L(H) — L(H) by 6(z) = Pp(1 @ z)|7. Then 0|y is the identity;
and 0(L(H)) is contained in M’ since, for x € M, p(x ® 1) commutes with P
and p(1® L(H)), and Pp(x ® 1) = x. Thus 6 is a conditional expectation
from L£(H) onto M’. The result then follows from IV.2.2.7.

IV.2.4 Semidiscrete Factors

IV.2.4.1 One could also consider the following natural conditions on a von
Neumann algebra M in addition to conditions (i)—(iii) of IV.2.3.7:

(iv) If B C B; are C*-algebras, then the restriction of ||+ ||inor o M © Bj to
M®Bis || |linor on M © B.

(v) If N C Ny are von Neumann algebras, then the restriction of || - ||pin on
MO®N;to MON is ||+ ||bin on M © N.

But by IV.2.3.2, condition (v) (with Ny = £L(H)) implies (hence is equivalent
to)

(vi) If N is any von Neumann algebra, then || - ||pin = || - |[min on M © N.
Applying (vi) to B**, we obtain
(vii) If B is any C*-algebra, then || - ||inor = || * |lmin o M ® B.
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Conversely, (vil) = (vi); also, (vii) implies (iv), which in turn implies (iii),
and thus (v) <= (vi) <= (vil) = (iv) = (iil) < (ii) < (i).

Condition (v) would follow easily from (i) as in the proof of (i) = (ii) if
there were a normal conditional expectation from L£(H) onto M’. But such a
conditional expectation does not exist in general (IV.2.2.1).

It turns out that all of these conditions (i)—(vii) are in fact equivalent
(IV.2.4.9).

Since, by 1V.2.3.2, L(H) and, more generally, any Type I (discrete) von
Neumann algebra satisfies (v)—(vii), it is natural to make the following defin-
ition:

IV.2.4.2 DEFINITION. Let M be a von Neumann algebra. M is semidiscrete
if the natural map M © M’ — C*(M, M) extends to a *-homomorphism from
M ®pin M’ onto C*(M,M") (i.e. |- |lo < || |min o0 M © M').

If M is a factor, then M is semidiscrete if and only if || - ||bin = || * ||min
on M & M’ by 1V.2.3.6. Obviously, M is semidiscrete if and only if M’ is
semidiscrete.

Semidiscrete von Neumann algebras were first studied by Effros and Lance
in [EL77]; the original definition was different but equivalent (IV.2.4.4(ii)).
We have chosen the above form of the definition because it fits our exposition
better and also better justifies the name “semidiscrete.”

IV.2.4.3 DEFINITION. If X and Y are matrix ordered spaces (11.6.9.20) and
¢ : X — Y is a completely positive contraction, then ¢ approximately factors
through matriz algebras (in a specified topology) if there are n; and completely
positive contractions

ai:X%Mn“ ﬂi5Mm —Y

such that §; o a; — ¢ in the specified topology.

IV.2.4.4 THEOREM. Let M be a von Neumann algebra on H. The following
are equivalent:

(i) M is semidiscrete.
(ii) The identity map on M approximately factors through matrix alge-
bras in the point-o-weak topology.
(iii) The identity map on M, approximately factors through matrix al-
gebras in the point-norm topology.
(iv) The identity map on M is a point-o-weak limit of completely positive
finite-rank maps.
(iv’) The identity map on M, is a point-norm limit of completely positive
finite-rank maps.
(v)—(vii) Conditions (v)—(vii) of IV.2.4.1.
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PROOF: (Outline) (iii) = (ii) by dualization (using M = M,,), and (ii) =
(iii) by a simple convexity argument. Similarly, (iv) <= (iv’). (iii) = (i) by
an application of 11.9.4.8, and (i) = (ii), although more complicated, is also
based on I1.9.4.8. The implications (vi) = (i) = (vii) are obvious ((i) =
(vii) uses observation IV.2.4.5(i)).

IV.2.4.5 The following are simple corollaries of IV.2.4.4:

(i) The property of being semidiscrete is an algebraic property of M and
independent of the way M is represented as a von Neumann algebra.

(ii) A semidiscrete von Neumann algebra is injective.

(iii) If N € M are von Neumann algebras, M is semidiscrete, and there is a
normal conditional expectation of M onto N, then N is semidiscrete. In
particular, if M is semidiscrete and p is a projection in M, then pMp is
semidiscrete.

(iv) M®N is semidiscrete if and only if both M and N are semidiscrete.

(v) TI M; is semidiscrete if and only if each M; is semidiscrete.

IV.2.4.6 Generalizing (v), if M is a von Neumann algebra on a separable
Hilbert space, with central decomposition [ )e? M, dp(x), then M is semidis-
crete <= M, is semidiscrete for almost all x. A direct proof is possible, but
messy: cf. [CE76b]. This result was originally needed (along with additional
arguments to handle the nonseparable case [CE77b]) to extend Connes’ equiv-
alence of injectivity and semidiscreteness for factors to general von Neumann
algebras, but there is now a direct proof of this equivalence (IV.2.4.9).

IV.2.4.7 It is not obvious that approximately finite dimensional von Neu-
mann algebras are semidiscrete. An argument which almost shows this, but
not quite, is to let (M;) be an increasing net of finite-dimensional unital sub-
algebras of M with o-weakly dense union; then there is a normal conditional
expectation 0; : M — M,; (IV.2.2.4), which is a unital finite-rank completely
positive map from M to M. But it is not necessarily true that ; — id in
the point-o-weak topology: if 8 is a point-o-weak limit of the 6;, then 6 is the
identity on the o-weakly dense set UM;; but # is not normal in general.
This argument can be made to work for M finite:

IV.2.4.8 PROPOSITION. The hyperfinite factor R is semidiscrete.

PROOF: This follows almost immediately from 11.6.10.7: if R = [UM}]~ with
M, a unital matrix subalgebra, and 7 is the tracial state on R, then there is a
unique conditional expectation 6 from R onto M} commuting with 7, given
by orthogonal projection from L?(R,7) onto the finite-dimensional subspace
L*(My,7) [R = M ®(M]NR) respecting 7.] As maps from R to R, 0 — idr
in the point-2-norm topology and hence in the point-o-weak topology.

It follows that any approximately finite-dimensional von Neumann algebra
with separable predual is semidiscrete. The result reduces to the factor case
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by IV.2.4.6. The finite factor case is IV.2.4.8, and the semifinite case follows
from IV.2.4.5(iv). The result for the Type III case can then be obtained in-
directly using the discrete or continuous decomposition (III1.4.8). This result

is subsumed in the next very important theorem, whose proof has the same
general outline (cf. [Tak03b, XV.3.1]):

IV.2.4.9 THEOREM. ([Was77], [Con79]) Every injective von Neumann alge-
bra is semidiscrete. Thus a von Neumann algebra is semidiscrete if and only if
it is injective, and conditions (i)—(vii) of IV.2.3.7 and IV.2.4.1 are equivalent.

This result, while not easy, is not nearly as difficult as the equivalence of
approximate finite dimensionality with injectivity and semidiscreteness.

IV.2.5 Amenable von Neumann Algebras

Amenability for von Neumann algebras is defined in analogy with the notion of
C*-amenability, which is discussed in detail in IV.3.3. If M is a von Neumann
algebra and X* is a dual Banach M-module, then A'* is said to be normal if
a — a¢ and a — ¢a are continuous maps from M with the o-weak topology
to X* with the weak-* topology, for every ¢ € X*.

IV.2.5.1 DEFINITION. A von Neumann algebra M is amenable if every
(bounded) derivation from M into a dual normal Banach M-module is in-
ner.

The next result gives a connection with amenable groups and helps moti-
vate the term “amenable” for von Neumann algebras, and also gives half of
the equivalence between amenability and the other equivalent conditions of
this section. This result is due to B. Johnson, R. Kadison, and J. Ringrose
[JKR72] (cf. [KRI7b, 12.4.38]).

IV.2.5.2 THEOREM. Let M be a von Neumann algebra. If there is a sub-
group G of U(M) which is amenable as a discrete group, with G’ = M, then
M is amenable.

For the proof, suppose X is a Banach M-module with X* normal, and
§: M — X* a derivation. For 2 € X, define f, € [°°(G) by

fa(u) = [u"6(uw))(x)

and ¢ € X* by ¢(x) = m(f,), where m is an invariant mean on G. Then
d(a) = ¢a — a¢ for all @ € M. (There are some nontrivial details to be
checked.)

IV.2.5.3 COROLLARY. An approximately finite dimensional von Neumann
algebra with separable predual is amenable.

PRrOOF: If A is a finite-dimensional C*-algebra with a fixed set of matrix units,
then the group of unitaries in A which are linear combinations of matrix units
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with coefficients 0, 1, or —1, form a finite group which generates A. If A is
contained in a larger finite-dimensional C*-algebra B, then a set of matrix
units for B can be found for which each of the matrix units for A is a sum of
matrix units for B; thus the generating finite group for A can be expanded to
a finite generating group for B. By repeating the process, any approximately
finite-dimensional von Neumann algebra with separable predual is generated
by a locally finite group of unitaries, which is amenable.

Using the argument of the proof and the deep fact that an amenable von
Neumann algebra is approximately finite dimensional, the converse of IV.2.5.2
is true: every amenable von Neumann algebra (with separable predual) is
generated by an amenable group of unitaries. (See [dIH79] and [Pat92] for
related results.)

The “converse” to IV.2.5.3, that an amenable von Neumann algebra is
injective, was proved by Connes [Con78] using a virtual diagonal argument
(cf. IV.3.3.2). This argument was simplified and placed in a more natural
context in [Eff88]. We outline a more elementary argument due to J. Bunce
and W. Paschke [BP78].

IV.2.5.4 THEOREM. An amenable von Neumann algebra is injective.

To prove this, let M be an amenable von Neumann algebra on H. We
construct a bounded idempotent map ¢ : L(H) — M’ such that ¢ (azb) =
a(x)b for all a,b € M', x € L(H). The map 1 is not quite a conditional
expectation since it may not have norm 1 (it is not necessarily positive),
but a conditional expectation can be made from 3 by a polar decomposition
argument.

Let X be the projective tensor product £(H)®L(H). (11.9.2.4). X is a
Banach £(H)-module, and hence a Banach M-module, via a(z ® ¢) = z ® ag,
(x ® ¢p)a = @ pa. The dual X* is isometrically isomorphic to L(L(H)) via

T € LIL(H)) « (z® ¢ (T(z))

and the M-actions become [aT|(x) = T(z)a, [Ta](xz) = aT(x). Using the char-
acterization of II1.2.1.4(i), it is straightforward to show that X* is a normal
L(H)-module (hence a dual normal M-module).
Let
YV ={T € LIL(H)) : T(zc) =T(x)c,T(czx) = T(x),
T(c)=0for all z € L(H),c € M'}.

Then Y* is a weak-* closed submodule of X*, and is the dual of Y = X/Z,
where Z C X is the submodule spanned by

{zc@p—2Qch,cx@P—rQdc,c@P:ce M ¢ e LIH)x}

The derivation ¢ : M — X* defined by d(a)T = aT — Ta, maps M into Y*,
which is a dual normal M-module; hence there is an S € Y* with §(a) =
aS—Sa.Set p=1-5.
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IV.2.6 Approximate Finite Dimensionality

The deepest result in the theory of injective von Neumann algebras is:

IV.2.6.1 THEOREM. Every injective von Neumann algebra with separable
predual is approximately finite dimensional.

Combining this with IV.2.2.9, IV.2.4.5(ii), IV.2.4.9, IV.2.5.3, and IV.2.5.4,
we obtain:

IV.2.6.2 COROLLARY. Let M be a von Neumann algebra with separable
predual. The following are equivalent:

(i) M is approximately finite dimensional.
(ii) M is injective.

(iii) M is semidiscrete.

(iv) M is an amenable von Neumann algebra.

IV.2.6.3 Theorem IV.2.6.1 was proved by Connes in [Con76]. The proof
was enormously complicated, and contained many important ideas. Connes’
proof concentrated on the II; case, deducing the properly infinite case from it
by standard arguments. U. Haagerup [Haa85] gave a much simpler argument,
including a relatively easy direct proof of the properly infinite case. Then S.
Popa [Pop86] gave an alternate simplified argument for the II; case, which

is still the most difficult of the cases. These arguments are given in detail in
[Tak03b].

IV.2.7 Invariants and the Classification of Injective Factors

The first classification consequence of the theorem of the last section is the
uniqueness of the injective II; factor, using 111.3.4.3:

IV.2.7.1 COROLLARY. Every injective II; factor with separable predual is
isomorphic to R (I11.3.1.4).

IV.2.7.2 One of the main long-standing open questions of the subject, which
motivated much of the early work on classification, was whether the approxi-
mately finite dimensional I, factor is unique, i.e. whether Ro1 = RL(H)
(I11.3.1.6) is the only one. If M is an injective Il factor with separable pre-
dual, and p is a nonzero finite projection in M, then

M = pMpRL(H).

Since pMp is an injective I1; factor, the uniqueness follows from the previous
result.
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IV.2.7.3 COROLLARY. Every injective Il factor with separable predual is
isomorphic to Ryg,1.

Classification of injective Type III factors requires a detailed study of the
automorphism group of R and of R ;. Connes carried out much of the nec-
essary analysis as part of his proof of IV.2.6.1. U. Haagerup [Haa87] finished
the III; case. The intricate details are found in [Tak03b]; we only state the
deceptively simple conclusion.

IV.2.7.4 THEOREM. Every injective factor with separable predual is a
Krieger factor (II1.3.2.18). For 0 < A < 1, there is a unique injective Type IIT,
factor with separable predual, the Powers factor Ry (II1.3.1.7) if 0 < A < 1
and the factor Roo (I11.3.1.13(iv)-(vi)) if A = 1. There are uncountably many
injective Type Il factors with separable predual, classified by ergodic flows
(I11.3.2.19).

IV.3 Nuclear and Exact C*-Algebras

In this section, we will give a detailed description of nuclear and exact C*-
algebras, and several important alternate characterizations of each class.
Roughly speaking, the nuclear C*-algebras turn out to be the C*-algebras
which are “approximately finite dimensional” in an appropriate order-theoretic
sense; there is a close analogy, and an intimate connection, with the theory
of injective von Neumann algebras (IV.2). See the introduction to IV.2 for a
discussion of terminology for the class of nuclear C*-algebras.

IV.3.1 Nuclear C*-Algebras

Recall (I1.9.4) that a C*-algebra A is nuclear if || - ||max = || - || min o1t A® B for
every C*-algebra B. The class of nuclear C*-algebras contains all commuta-
tive C*-algebras (I1.9.4.4) and finite-dimensional C*-algebras (11.9.4.2), and
is closed under inductive limits (the case of injective connecting maps is ele-
mentary, but the general case is rather delicate (cf. IV.3.1.13)) and (minimal)
tensor products; in fact:

IV.3.1.1 PRoPOSITION. Let A and B be C*-algebras. Then A ®;, B is
nuclear if and only if both A and B are nuclear.

For the proof, note that if B is nonnuclear and C' is a C*-algebra for which
|  llmax # || - [lmin on B ® C, the natural homomorphism

(A®minB)®maxC i A®min(B®maxC) i A®min(B®minC) = (A®minB)®minC

has nontrivial kernel, so A ®,;y B is nonnuclear. Conversely, if A and B are
nuclear and C' is any C*-algebra, then
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(A ®min B) ®max C = (A ®max B) ®max C = A ®max (B ®max C)

=A ®max (B ®min C) =A ®min (B ®min C) = (A ®min B) ®min C.

As a corollary, since K is nuclear, the class of nuclear C*-algebras is closed
under stable isomorphism.

IV.3.1.2 A closed ideal in a nuclear C*-algebra is nuclear (I1.9.6.3); in fact,
a hereditary C*-subalgebra of a nuclear C*-algebra is nuclear (in the separable
case, every hereditary C*-subalgebra of A is stably isomorphic to the closed
ideal of A it generates; see IV.3.1.14 for the general case). The class of nuclear
C*-algebras is closed under extensions:

IV.3.1.3 PROPOSITION. Let A be a C*-algebra and J a closed ideal in A.
If J and A/J are nuclear, then A is nuclear.

PROOF: Let B be a C*-algebra. Consider the following diagram:

0 —— J®max B —— A®max B —— (A/J) @max B —— 0

| |7 [7ars

0 —— J®minB —— A®umnB —— (A/J) @mn B —— 0

where o (C' = J, A, A/J) denotes the quotient map from C ®pax B to
C'®minB. The diagram commutes, and the top row is exact (cf. 11.9.6.6). Also,

(AoB)/(JOB)=(A/J)® B,

and the quotient of || - ||min on A ©® B defines a C*-norm on (A/J) ® B which
is the minimal cross norm on (A/J) ® B because A/J is nuclear. Thus the
bottom row is also exact. Since 7; and 74, ; are isomorphisms, 4 is also an
isomorphism by the Five Lemma.

It follows that every Type I C*-algebra is nuclear, since every stable Type
I C*-algebra is built up from commutative C*-algebras by stabilization, ex-
tensions, and inductive limits (IV.1.7.27). (A more direct proof that Type I
C*-algebras are nuclear is to note that if A is Type I, then A** is semidiscrete
(cf. IV.3.1.12)).

It is also true that any quotient of a nuclear C*-algebra is nuclear, but
this is a surprisingly delicate result (IV.3.1.13). However, a C*-subalgebra of
a nuclear C*-algebra is not nuclear in general (IV.3.5.7).

Factorization Through Matrix Algebras

Nuclearity turns out to be characterized by the existence of completely posi-
tive finite-rank approximations of the identity (cf. 11.9.4.9).
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IV.3.1.4 DEFINITION. If A and B are C*-algebras, a completely positive
contraction ¢ : A — B is nuclear if ¢ approximately factors through matrix
algebras in the point-norm topology (IV.2.4.3), i.e. if, for any z1,...,2, € A
and € > 0, there is an n and completely positive contractions

a:A—-M,, 8:M, — A

such that ||z; — Boa(z;)] <efor 1 <j<k.

The Main Theorem

The principal theorem of the theory of nuclear C*-algebras is a combination
of several deep results:

IV.3.1.5 THEOREM. Let A be a C*-algebra. The following are equivalent:

(i) A is nuclear.
(ii) The identity map on A is nuclear.
(iii) The identity map on A is a point-norm limit of completely positive finite-
rank contractions.
(iv) A** is injective.
(v) A is C*-amenable (IV.3.3).

IV.3.1.5 shows that the nuclear C*-algebras form an extremely natural
and well-behaved class; further evidence comes from the results in IV.3.5
about group C*-algebras and crossed products. Nuclear C*-algebras also have
additional nice structure properties; perhaps the most important of these is
the Choi-Effros Lifting Theorem (IV.3.2.4).

We now outline the proof of the equivalence of IV.3.1.5(i)—(iv). The equiv-
alence of (v) with the other conditions will be discussed in IV.3.3.

We first describe the equivalence between IV.3.1.5(i), (ii), and (iii). Re-
call that the equivalence between (i), (vii), and (viii) of the next lemma was
11.9.4.9.

IV.3.1.6 LEMMA. Let A be a C*-algebra. The following are equivalent:

(i) A is nuclear.

(ii) The identity map on A is nuclear.

(iii) The identity map on A is a point-norm limit of completely positive
finite-rank contractions.

(iv) The identity map on A* approximately factors through matrix algebras
in the point-weak-* topology (IV.2.4.3).

(v) The identity map on A* is a point-weak-* limit of completely positive
finite-rank contractions.
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(vi) For any C*-algebra B, any completely positive contraction from A to
B* approximately factors through matrix algebras in the point-weak-*
topology.

(vii) For any C*-algebra B, any completely positive contraction from A to B*
is a point-weak-* limit of completely positive finite-rank contractions.

(viii) For any C*-algebra B, any completely positive contraction from B to A*
is a point-weak-* limit of completely positive finite-rank contractions.

For the proof, note first that (i) = (iii), (iv) = (v), and (vi) = (vii)
are trivial, (v) = (viii) is virtually trivial, and (ii) = (iv) and (iii) =
(v) are simple dualizations using the fact that M} = M,, as matrix-ordered
spaces. (And (i) <= (vii) <= (viii) is 11.9.4.9.)

The implication (i) = (vi) [in fact, (i) <= (vi) <= (vii)] was shown in
[CET78] by showing that every map of the form Ty as in I1.9.3.7 exactly factors
through a matrix algebra. The argument is nontrivial, but not difficult.

The remaining and most difficult implication is (i) == (ii). This was
proved independently in [CE78] and [Kir77a]; both proofs are straightfor-
ward in broad outline, but with subtle technicalities. The idea of the proof (cf.
[Lan82]) of [CET78], once (i) = (vi) was established, is to consider a (faithful)
representation m of A on H with a cyclic vector £ of norm 1. Then, identify-
ing A with w(A), there is a completely positive contraction ¢ : A” — (A')*
given by [p(z)](y) = (xy&, &), which is injective since & is separating for A’.
Composing with the embedding of A into A” gives a completely positive con-
traction ¢ : A — (A’)*, which approximately factors through matrix algebras
in the weak-* topology by (vi). A perturbation argument (to make the range
of 8 contained in the range of ¢) shows that the embedding of A into A”
approximately factors through matrix algebras in the point-o-weak topology.
The same is true for direct sums of cyclic representations, hence for the uni-
versal representation, so the embedding of A into A** approximately factors
through matrix algebras in the point-o-weak topology. An application of the
Kaplansky Density Theorem (to make the range of 5 contained in A) and
a convexity argument (to obtain point-norm approximation) then show that
the identity map on A is nuclear.

IV.3.1.7 Conditions (ii)—(v) of IV.3.1.6 are collectively called the completely
positive approzimation property or CPAP (this term has been used in the liter-
ature for various of the conditions, although logically it should most naturally
mean (iii)). A C*-algebra with the CPAP has the metric approzimation prop-
erty of Banach space theory (see e.g. [LT77]); but there exist C*-algebras with
the metric approximation property (e.g. C*(F2) [Haa79]) which do not have
the CPAP. (There are also C*-algebras which fail to have the metric approx-
imation property, e.g. L(H) [Sza8l]; a separable example can be constructed
from this as in I1.8.5.)

A simple but interesting consequence of the CPAP is the fact that nuclear
C*-algebras are “approximately injective:”
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IV.3.1.8 PROPOSITION. Let D be a nuclear C*-algebra, A a C*-algebra, B
a C*-subalgebra of A, and ¢ : B — D a completely positive contraction. Then
there is a net (¢;) of completely positive contractions from A to D such that
Y;(z) — ¢(z) for all z € B (i.e. ¥;|p — ¢ in the point-norm topology). The
1); can be chosen to be of finite rank. In particular, if D C A, there is a net
(1;) of (finite-rank) completely positive contractions from A to D such that
Yi(x) — x for all z € D.

PRrROOF: Choose completely positive contractions

o; D — My, 8i : My, — D
such that 3; o a; — idp in the point-norm topology. Using injectivity of My,
extend a; 0 ¢ : B — My, to v; : A — My,, and set ¢, = (; o y;. The last
statement is the case B = D, ¢ = idp.

Using the tensor product definition of nuclearity, it is not obvious how
to show that nuclearity is an (SI) property (I1.8.5.1), since it is not clear
that there are countably many “test algebras” to tensor with to check the
nuclearity of a separable C*-algebra. But using the CPAP characterization of
nuclearity, the proof is routine:

IV.3.1.9 PROPOSITION. Nuclearity is an (SI) property.

PROOF: Part (ii) of the definition (I1.8.5.1) is satisfied by 11.9.6.5. For part
(i), let A be a nuclear C*-algebra and B a separable C*-subalgebra. Let
{z1,22,...} be a countable dense set in B. For each k € N, let 91, : A — A
be a finite-rank cp-contraction such that

1
i = Yrn(za)ll < £
for 1 <i <k If{y1,...,ym} C B and € > 0, there is a k such that

llyi — eyl <e

for 1 < i < m. Let By be the C*-subalgebra of A generated by B and
Ukt1,x(A). Since 91 (A) is finite-dimensional for all k, B is separable. Re-
peat the construction with B; in place of B to obtain t2 5 : A — A, and let
DBy be the C*-subalgebra of A generated by By and Ugts ,(A). Iterate the
construction to get an increasing sequence (5;) and maps ¢, : A — A. Set
B = [UD;]”. Then B is separable. If {z1,...,%,} € B and € > 0, choose j
and {y1,...,Ym} C Bj_1 with

lyi — zill <€/3
for 1 < i < m. Then there is a k such that

llyi — ¥ix(yi)ll <e/3

for 1 < ¢ < m. Since the range of 9;; is contained in Dj, ¢;x(5) C B.
Thus, if ¢ = ¢; k|, then ¢ is a finite-rank cp-contraction from 5 to B, and
llz: — &(zi)]| < € for 1 < i < m. Thus B is nuclear by IV.3.1.5(iii).
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IV.3.1.10 CoOROLLARY. Every nuclear C*-algebra is an inductive limit of a
system (with injective connecting maps) of separable nuclear C*-algebras.

IV.3.1.11 If Ais anuclear C*-algebra, it is interesting to consider the condi-
tions under which the maps o and 3 approximating the identity map through
a matrix algebra can be chosen to be almost multiplicative (on finite sets). It
is not hard to show that if the map 3 can be chosen almost multiplicative (in
a suitable sense), then A must be an AF algebra. It is much more interesting
to examine when the a can be chosen almost multiplicative. This cannot al-
ways be done, since there are infinite nuclear C*-algebras such as the Toeplitz
algebra (or the Cuntz algebras). We will return to this question in V.4.3.9.

Nuclearity and the Second Dual

We now turn to the equivalence of IV.3.1.5(i) and (iv). This crucial conse-
quence of 1V.2.4.9 for C*-algebras was obtained by Choi and Effros [CE77b]
(some additional argument was needed for the nonseparable case):

IV.3.1.12 THEOREM. Let A be a C*-algebra. The following are equivalent:

(i) A is nuclear.

(ii) A is quasinuclear (11.9.6.4).
(iii) A** is semidiscrete (IV.2.4.2).
(iv) A** is injective.

We have that (i) = (ii) is trivial, (ii) = (iv) is IV.2.2.13, and (iv)
= (iii) is IV.2.4.9. The implication (iii) = (i) follows from comparing
IV.2.4.4(iii) for A** with IV.3.1.6(iv).

IV.3.1.13 COROLLARY. A quotient of a nuclear C*-algebra is nuclear.
PROOF: If J is a closed ideal in a C*-algebra A, then

(IT1.5.2.11). If A is nuclear, then A** is injective, so (A/J)** is also injective.

A similar argument also shows that an ideal in a nuclear C*-algebra is
nuclear, and that an extension of nuclear C*-algebras is nuclear, but there are
elementary proofs of these facts (I1.9.6.3, TV.3.1.3). (Interestingly, the result
about ideals was an early observation, but the extension result was first proved
using 1V.3.1.12.) However, there is no known proof of IV.3.1.13 which does
not use 1V.2.4.9.

Another corollary concerns hereditary C*-subalgebras:

IV.3.1.14 COROLLARY. A hereditary C*-subalgebra of a nuclear C*-algebra
is nuclear.

For the proof, note that if B is a hereditary C*-subalgebra of a C*-algebra
A, then B** = pA**p for a projection p (p is the supremum in A** of any
approximate unit for B).
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The Bootstrap Category

The most important unresolved general structural question about the class
of nuclear C*-algebras is whether the class can be described constructively
as the smallest class of C*-algebras closed under certain standard operations.
Many different sets of constructions can be considered, but it is particularly
important to consider sets under which K-theory is nicely behaved. A minimal
set of possibilities is:

IV.3.1.15 DEFINITION. Let 9% be the smallest class of separable nuclear
C*-algebras with the following properties:

(i) M contains C.

(ii) 91 is closed under stable isomorphism.

(iii) M is closed under inductive limits.

(iv) D is closed under crossed products by Z.

v) f0—J — A— A/J — 0 is an exact sequence, and two of J A, A/J
are in MM, so is the third.

The class 9 is called the small bootstrap class (or category); property (v) is
called the two-out-of-three property.

IV.3.1.16 QUESTION. Is 9 the class of all separable nuclear C*-algebras?

The class M contains all known separable nuclear C*-algebras, including
all inductive limits of Type I C*-algebras and Cuntz-Krieger algebras. (It is
possible that (ii) is redundant; even without (ii) the class is closed under
stabilization, and if (vi) below is added, it is also closed under taking matrix
algebras.) However, it does not seem to be directly provable that N is closed
under homotopy equivalence, or even that A @& B € 91 implies A, B € 91. To
remedy the last defect, it is harmless (from the K-theory standpoint) to add

(vi) f0—-J - A— A/J — 0 is a split exact sequence, and A € N, so are
Jand A/J.

A potentially larger class is obtained if it is required to be closed under
some type of homotopy equivalence. The weakest assumption is that the class
contain all contractible (separable nuclear) C*-algebras. In the presence of
(vi), this implies that the class is closed under homotopy equivalence (I11.5.5.8).
Even (apparently) stronger assumptions, that the class be closed under shape
equivalence or K K-equivalence, give the large bootstrap class N, which will
be discussed in more detail in V.1.5.4.

IV.3.2 Completely Positive Liftings

One of the most useful consequences of nuclearity is the Choi-Effros lifting
theorem for completely positive maps into quotients. This result has important
applications in K-theory.
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IV.3.2.1 Let A and B be C*-algebras, and J a closed ideal of B. A com-
pletely positive contraction (c¢p-contraction) ¢ : A — B/J is liftable (to B) if
there is a cp-contraction ¢ : A — B such that ¢ = w0, where 7 : B — B/J
is the quotient map. 1 is called a lifting of ¢.

A has the lifting property if ¢ is liftable for every B, J, and ¢.

IV.3.2.2 An important special case comes when A = B/J and ¢ is the
identity map. A lifting ¢ is then a completely positive cross section for ,
so the extension 0 — J — B — B/J — 0 is semisplit (II.8.4.23). Semi-
split extensions are well behaved for many purposes related to K-theory (cf.
11.8.4.24).

IV.3.2.3 If A, B, and ¢ are unital and ¢ is liftable, then ¢ has a unital lift:
if ¢ is any lift and w a state on B/J, then ¢’ is a unital lift, where

U(x) = ¥(@) + w(e(@)(1s —¥(1a)).

A related observation is that if a ¢p-contraction ¢ : A — B/J lifts to a
completely positive map ¢ : A — B, then it is liftable (i.e. lifts to a completely
positive contraction). This is easily seen if A is unital (the only case we will
use): if f is the continuous function on [0, 00) with f(t) =1 for 0 <¢ <1 and
f(t) =t=1/2 for t > 1, then

W) = fFW)Y (@) f((1))

defines a completely positive contractive lift of ¢. The case of nonunital A is
trickier, and can be found in [CS86].

1V.3.2.4 THEOREM.[CHOI-EFFROS LIFTING] Let A and B be C*-algebras,
and J a closed ideal of B. If A is separable and ¢ : A — B/J is a nuclear
completely positive contraction, then ¢ is liftable to B. In particular, every
separable nuclear C*-algebra has the lifting property.

Before giving the proof, we describe some consequences and variations.

IV.3.2.5 COROLLARY. If 0 - J — B — B/J — 0 is an extension of C*-
algebras, and B/J is separable and nuclear, then the extension is semisplit.

Using IV.3.1.13, it suffices that B is nuclear (and B/J separable). But see
1v.3.2.12.
The results can be generalized easily to the case where A is replaced by a

separable operator system. There is also a version in the exact case ([EHS85];
cf. [Was94, 6.10]):

IV.3.2.6 THEOREM. Let B be a C*-algebra, J a nuclear closed ideal of B.
Suppose that for every C*-algebra A, the sequence
0— AQminJ — A Qmin B —>A®minB/J—>O

is exact. If X is a separable operator system and ¢ : X — B/J is a completely
positive contraction, then ¢ is liftable to B.
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IV.3.2.7 COROLLARY. Let B be an exact C*-algebra, J a nuclear closed
ideal in B. If X is a separable operator system, and ¢ : X — B/J is a
completely positive contraction, then ¢ is liftable to B.

For the proof, combine IV.3.2.6 with IV.3.4.14 and IV.3.4.18.

IV.3.2.8 COROLLARY. If 0 - J — B — B/J — 0 is an extension of C*-
algebras, B is exact, J is nuclear, and B/J is separable, then the extension is
semisplit.

IV.3.2.9 The separability hypotheses in these results cannot be removed:
the exact sequence

0—co— 1% —10%/co —0

of commutative C*-algebras is not semisplit since there is not even a closed
subspace of {*° complementary to ¢, [LT77, 2.a.7]. However, there is an ap-
proximate result valid in the nonseparable case:

IV.3.2.10 COROLLARY. If 0 = J — B — B/J — 0 is an extension of C*-
algebras, and B/J is nuclear, then the extension is “approximately semisplit”
in the sense that if {z1,...,z,} C B/J and € > 0, there is a ¢p-contraction
o:B/J — Bsuchthat ||z;—moo(z;)|| < efor1 < j <n,wheren: B — B/J
is the quotient map. The map o can be chosen of finite rank.

ProoF: Let C = C*({z1,...,2,}) € B/J, and b a separable nuclear C*-
subalgebra of B/J containing C' (IV.3.1.9). If D = 7~ (D), then J C D and
D/J =2 B. Let p: D — D/J be the quotient map (i.e. p = 7|p), and let
7:D/J — D be a cp-splitting (IV.3.2.5). Since D/J is nuclear, there are cp-
contractions a : D/J — M, and 8 : M, — D/J such that ||z;—Goa(z;)|| < €
for 1 < j < n. Extend « to a cp-contraction v : B/J — M,,, (11.6.9.12), and
let c =7000n.

IV.3.2.11 Actually, for the exact sequence
0—co— 1 —1%/c,b — 0

one can do better: by a similar argument using injectivity of 1°°, if {1, 2, ... }
is a sequence in {*°/c,, there is a cp-contraction o : /¢, — [*° such that
m(o(z;)) = x; for all j, i.e. the exact sequence is “countably semisplit.”

IV.3.2.12 Note that the hypotheses of IV.3.2.5 involve nuclearity of B/J,
not of B, and thus the result is useless for proving IV.3.1.13. If the hypothesis
were that B is nuclear, then the nuclearity of B/.J would follow easily in the
separable case by taking a cp-splitting o for 7 : B — B/J and considering
m o ¢; oo, where (¢;) is a net of finite-rank cp-contractions from B to B
converging to the identity in the point-norm topology. The nonseparable case
would then follow from IV.3.1.10. Such an argument is possible using IV.3.2.8,
but the proof of IV.3.2.8 via IV.3.4.14 even in the case where B is nuclear
uses IV.2.4.9 (in IV.3.4.8).
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Proof of the Lifting Theorem

Our proof of IV.3.2.4, following [Arv77] (cf. [Was94]), is based on the next
two facts.

IV.3.2.13 PROPOSITION. Let ¢1, ¢ : A — B/J be liftable cp-contractions,
T1,...,%, € A, and € > 0. If 91 is a lifting of ¢1, then there is a lifting 12 of
¢2 such that

[92(zr) = 1 (@p) || < [lda (k) — P ()l + €

forall 1 <k <n.If A, B, ¢1, ¢2, and 11 are unital, we may choose 15 to be
unital.

PROOF: Let ¢ be any [unital] lifting of ¢3, and let (h)) be an approximate
unit for J which is quasicentral for B (I1.4.3.1). By I1.8.1.5 we have that, for
all z € A,

Tim ([(1 = 7o) ((@) = 1 (@)(1 = 52)2 = l62(2) = éa (@)
By I1.8.1.5 we also have that, as A — oo,
[ () = By e ()% = (1= ha) V291 () (1 — ) /2|
< s (@)ha = by * w1 (@)hy?| + [ (2) (1 = hy)
—(1 = ha)Y 21 () (1 — hy) 2| — 0.
Thus we can take y(z) = (1 — hy)Y2(2)(1 — hy)/2 + hy/ %y (z)h}/? for

sufficiently large A.

IV.3.2.14 PROPOSITION. Let A and B be C*-algebras, with A separable,
and J a closed ideal in B. Then the set of liftable ¢p-contractions from A to
B/J is closed in the point-norm topology.

PROOF: Let @ be the set of liftable cp-contractions from A to B/J, and ¢ a
point-norm limit point of @. Let (z,,) be a dense sequence in the unit ball of
A. For each n choose ¢,, € & with

o (k) — ¢(y)|| < 27772
for 1 < k < n; then
[fni1(xk) = pnlzr)ll <2777

for all n and all & < n. Let ¢, be any lifting of ¢, and inductively using
1V.3.2.13 choose a lifting v, of ¢, such that

[Vnsr(@r) — nlap)] <27

for all n and all ¥ < n. The sequence (v¢,) converges in the point-norm
topology to a lift ¥ for ¢.
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IV.3.2.15 To prove IV.3.2.4, if ¢ is nuclear it can be approximated in the
point-norm topology by maps of the form o «, where o : A — M, and
8 : M, — B/J are cp-contractions. If § is always liftable to B, so is § o «,
and thus ¢ is liftable by 1V.3.2.14. So the proof can be reduced to the case
where A = M,,.

1V.3.2.16 LEMMA. Let B be a C*-algebra and ¢ : M,, — B a linear map.
Then ¢ is completely positive if and only if the element Zz j o(eij) ® e;5 is
positive in B ® M,,.

PROOF: The necessity is obvious, since Zi,j ei; ®e;; is positive in M,, ®M,, (it
is a multiple of a projection). Conversely, we show that ¢ ® id : M,, ® M,,;, —
B ® M, is positive for any m. If z1,...,x, € M,,, then Zk’l ex @ xpx; > 0
in M,, ® M,,, (cf. I1.6.9.8), so, in B ® M,, ® M, ® M,,,,

D pleg) @eiy @en @ = (O dleij) ®eij) ® (Y em @aja) >0
iy "l

.5,k

0<Y O 10en@ea®1)( ) dley)®ei;Qen@ria) (Y | 106 @eq®1)*

r,8 t i,7,k,l t
=D (D dley) ®en @ess ®ajay) =) dley) ©1® 1@ o]
7,8 1,7 2,7

So > jo(eij) ®@ajr; > 0in BRM,y,. If @ = 37, s €;; ® xi; is an arbitrary
element of M,, ® M,,,, then

(p@id)(z"z) => (O dleij) @ apn;) > 0.

k4

1V.3.2.17 Thus, if ¢ : Ml,, — B/J is a cp-contraction and y;; = ¢(e;;), then
the element ), ; yi; ® e;; is positive in (B/J) @ M, = (B ® M,)/(J ® M,),
so there is a positive preimage Z” Zij @ €35 in B ® M,. The map 1 defined
by v¥(e;;) = z;; is completely positive by IV.3.2.16. Thus by IV.3.2.3, ¢ is
liftable. This completes the proof of IV.3.2.4.

I1V.3.3 Amenability for C*-Algebras

Recall (I1.5.5.17(iii)) that a C*-algebra A is amenable if every (bounded)
derivation from A to a dual Banach A-module is inner. The same definition
can be made for general Banach algebras.

Fundamental work on amenability for Banach algebras was done by B.
Johnson, individually [Joh72] and in collaboration with R. Kadison and J.
Ringrose [JKR72], who had begun the cohomology theory of Banach algebras
[KR71a], [KR71b]. Johnson [Joh72] proved the following theorem, justifying
the term “amenable” in the Banach algebra context. Many of the algebraic
ideas concerning amenability previously arose in the study of Hochschild ho-
mology [Hoc45].
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IV.3.3.1 THEOREM. If G is a locally compact group, then the Banach al-
gebra L1(G) is amenable if and only if G is amenable.

A C*-algebra version of this theorem will be discussed in IV.3.5.2 and
1V.3.5.5.

Virtual Diagonals

IV.3.3.2 An alternate characterization of amenability uses the notion of a
virtual diagonal. If {e;;} is a set of matrix units in M, the element

n
d= E €ii ® ey
i=1

of M,, ® M, has the properties that ad = da when M,, ® M,, is regarded as
an M,,-bimodule in the natural way, and 7(d) = 1, where 7 : M, ® Ml,, — M,
is multiplication m(a ® b) = ab. If § : Ml,, — X is a derivation, where X" is any

M,,-bimodule, set
Tr = Z 6“‘6(6“').
i=1

Then a simple calculation shows that é(a) = ax — za for all a € M,,.

If A is a C*-algebra (or Banach algebra), the same argument can be made
to work if there is just a d € A®A (11.9.2.4), or even in (A®A)**, satisfying
ad = da and am**(d) = 7**(d)a = a for all @ € A (regarding (A®A)** and
A** as dual Banach A-modules in the obvious way), provided in the second
case that X is a dual Banach A-module. Such a d is called a virtual diagonal
for A. Thus, if A has a virtual diagonal, it is amenable. The converse is also
true [Joh72]:

IV.3.3.3 THEOREM. A Banach algebra A is amenable if and only if it has
a virtual diagonal.

To obtain a virtual diagonal for an amenable A, let (hy) be a bounded
approximate unit for A (for an amenable Banach algebra such an approximate
unit must be proved to exist). Then (hy ® hy) converges weak-* to some
¢ € (A®A)**. The derivation §(a) = a¢ — ¢a maps A into the dual Banach
A-module ker(m**); by amenability there is a ¢ € ker(nm**) such that 6(a) =
ayy — a. Then d = ¢ — 1 is a virtual diagonal.

Permanence Properties

The first permanence property is virtually trivial, since if A is a Banach al-
gebra and J a closed ideal, any Banach A/J-module can be regarded as a
Banach A-module, and similarly with derivations:
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IV.3.3.4 PROPOSITION. Any quotient of an amenable Banach algebra is
amenable.

Contrast this result with the depth of the corresponding statement for
nuclearity (IV.3.1.13).

IV.3.3.5 PROPOSITION. Let A be an amenable Banach algebra, and J a
closed ideal of A. Then J is an amenable Banach algebra if and only if it has
a bounded approximate unit. In particular, if A is an amenable C*-algebra,
so is J.

In the C*-case, a dual Banach J-module extends to a Banach M (J)-
module, and hence to a Banach A-module; similarly, a derivation on J to
a dual Banach J-module extends to a derivation of M (J) and hence A.

IV.3.3.6 PROPOSITION. Let 0 — J — A — A/J — 0 be an exact sequence
of Banach algebras. If J and A/J are amenable, so is A.

If§: A— X* is a derivation, 4| is inner, so an inner derivation can be
subtracted from 6 to obtain d|; = 0. If X; is the closed subspace of X’ spanned
by JX + XJ, then 0 can be regarded as a derivation from A/J to the dual
Banach A/J-module (X' /X;)*.

The next result is easily proved using virtual diagonals:

IV.3.3.7 PROPOSITION. Let A and B be Banach algebras. Then A®B is
amenable if and only if A and B are amenable. If A and B are C*-algebras,
then A ®uax B is amenable if and only if A and B are amenable.

1V.3.3.8 THEOREM. An inductive limit of amenable C*-algebras is amen-
able.

This almost has a trivial proof: if A = li_n)lAi, X* is a dual Banach A-
module, and § : A — X* is a derivation, choose ¢; € X* such that é(a) =
ap; — ¢;a for all a € A;. If (¢;) is bounded, any weak-* limit point ¢ satisfies
d(a) = ap — ¢a for all a € A. But it is nontrivial to prove that the ¢; can be
chosen bounded (in fact, ¢; can be chosen with ||¢;|| < ||| [Haa83]).

Since M, is amenable by the argument of IV.3.3.2, K is amenable. Com-
bining this with IV.3.3.7, we obtain:

IV.3.3.9 CoOROLLARY. The class of amenable C*-algebras is closed under
stable isomorphism.

Amenability of Type I C*-Algebras

Although the next two results will be subsumed in 1V.3.3.15, it is worth giving
an elementary argument for them:
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I1V.3.3.10 PROPOSITION. Every commutative C*-algebra is amenable.
This is an immediate consequence of 1V.3.3.4, IV.3.3.5, and IV.3.5.5, tak-
ing G to be U(A) with the discrete topology.

Combining 1V.3.3.10 with 1V.3.3.9 and IV.3.3.6, by the usual bootstrap-
ping we obtain:

IV.3.3.11 COROLLARY. Every Type I C*-algebra is amenable.

Amenability vs. Nuclearity

Both directions of the equivalence of amenability and nuclearity are nontrivial
and require some heavy machinery. The easier direction, and the earlier result
[ConT78], is that amenability implies nuclearity. The first preliminary result is
nearly trivial, using the o-weak density of A in A**:

IV.3.3.12 PROPOSITION. If A is an amenable C*-algebra, then A** is an
amenable von Neumann algebra.

I1V.3.3.13 THEOREM. Every amenable C*-algebra is nuclear.

This is an immediate consequence of IV.3.3.12 and IV.2.5.4, combined with
1v.3.1.12.

The converse proved elusive, and was finally proved by U. Haagerup in
[Haa83]:

1V.3.3.14 THEOREM. Every nuclear C*-algebra is amenable.

There is a well-known fallacious argument for this result (cf. [BP80]). If
A is a C*-algebra and X a Banach A-module, then X* can be made into
a Banach A**-module as follows [Joh72]. If a € A, z € X, ¢ € X*, define
ap, pa € X* by
(ag)(z) = d(xa), (¢a)(z) = ¢(ax)

and then define (z, ¢), [¢, 2] € A* by

(z,9)(a) = ¢(ax), [$,7](a) = d(za).
Ifbe A**, ¢ € X*, define bo, pb € X* by

(b¢)(x) = ([, ],0), (¢b)(x) = ((x,9),b)

where (-,-) is the pairing between A* and A** It can be checked that this
action makes X'* into a normal Banach A**-module.

The dual action of A** on X** thus makes X** a dual Banach A**-module.
There is an alternate description of a Banach A**-module structure on X**,
obtained by applying the construction of the previous paragraph to the Ba-
nach A-module X*; this makes X** into a normal Banach A**-module.
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Assuming that the two module structures always coincide (it is easy to
check that they coincide on A C A**), at least if A is nuclear, making X**
a dual normal Banach A**-module, we could show that a nuclear C*-algebra
A is amenable as follows. Suppose X = V* is a dual Banach A-module, and
6 : A — X is a derivation. Then §** : A™ — X** is a derivation, and A**
is injective and hence W*-amenable, so there is a z € X** = Y*** with
0**(b) = bz — zb for all b € A**. The inclusion j : Y — Y** is an A-module
map, so the projection j* : Y*** — Y* is also an A-module map, and hence
if v = j%(2) € Y* = X, we have d(a) = ax — za for all a € A.

Unfortunately, as pointed out in [BP80], the two module structures do not
coincide in general, even for A = K, and there is no natural way to make X**
into a dual normal Banach A**-module.

The argument of Haagerup proceeds differently, showing the existence of
a virtual diagonal in a nuclear C*-algebra using his generalization of the
Grothendieck-Pisier inequality.

1V.3.3.15 COROLLARY. A C*-algebra is nuclear if and only if it is amenable.

Weak and Strong Amenability

There are two variations of amenability worth mentioning:

I1V.3.3.16 DEFINITION. A C*-algebra (or Banach algebra) A is weakly
amenable if every (bounded) derivation from A to A* is inner.

A unital C*-algebra A is strongly amenable if, whenever X is a unital Banach
A-module and 6 : A — X* is a (bounded) derivation, there is an z in the
weak-* closed convex hull of

{6(u)u* :ueU(A)}

with §(a) = za—ax for all a € A. A general C*-algebra A is strongly amenable
if A is strongly amenable.

Obviously A strongly amenable = A amenable = A weakly amenable.
Neither implication can be reversed:

IV.3.3.17 THEOREM. [Haa83] Every C*-algebra is weakly amenable.

Thus a C*-algebra such as C*(FF3) is weakly amenable but not amenable.

IV.3.3.18 THEOREM. [Bun72] Let A be a unital C*-algebra. Then A is
strongly amenable if and only if, whenever X is a Banach A-module and
C C X* is a weak-* compact convex subset such that uCu* C C for all
u € U(A), there is a ¢ € C with ucu* = ¢ for all u € U(A).

Applying this result to the state space S(A) C A*, we obtain:
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IV.3.3.19 COROLLARY. If A is a strongly amenable unital C*-algebra, then
A has a tracial state.

Thus an algebra such as O,, (11.8.3.3(ii)) is amenable but not strongly
amenable. Note the strong similarity, and close connection, between strong
amenability and the Dixmier property (II1.2.5.16).

There is no analog of 1V.3.3.19 for nonunital C*-algebras. In fact:

IV.3.3.20 THEOREM. [Haa83] Let A be an amenable C*-algebra. Then
A ® K is strongly amenable.

IV.3.3.21 THEOREM. [Ros77] If « is an action of a discrete amenable group
G on a strongly amenable C*-algebra A, then A %, G is strongly amenable.
In particular, C*(G) is strongly amenable.

Finally, one might wonder why only dual Banach modules are used in the
theory of amenability. Dual modules are natural in this theory, and are nice
because of the presence of the weak-* topology. But they are also necessary
as shown in [Hel93, VIL.1.75] (cf. [Run02, 4.1.6]), using a virtual diagonal
argument (IV.3.3.2):

IV.3.3.22 THEOREM. Let A be a C*-algebra. Suppose every (bounded)
derivation from A into a Banach A-module is inner. Then A is finite-
dimensional.

The converse is true: every derivation from a finite-dimensional C*-algebra
A into an A-(bi)module is inner (IV.3.3.2). The generalization of IV.3.3.22 to
general Banach algebras appears to still be open.

IV.3.4 Exactness and Subnuclearity

Recall (I1.9.6.6) that a C*-algebra A is ezact if tensoring a short exact se-
quence with A preserves exactness for the minimal cross norm. There is an
alternate characterization in terms of slice maps (I1.9.7.1):

IV.3.4.1 PROPOSITION. Let A and B be C*-algebras, J a closed ideal of
B, and 7 : B — B/J the quotient map. Then the kernel K; of id ® 7 :
A Qmin B —>A®minB/J is

Sy = {LE € AQumin B | R¢(I*ZC) e J Vo e S(A)}
where Ry : A ®pin B — B is the right slice map a ® b — ¢(a)b. In particular,

ifreS;N(A®B),thenz e AG J.

PROOF: Regard states on B/J as states on B vanishing on J. The representa-
tions 7y ® my, as ¢ and 1 range over S(A) and S(B/J) respectively, separate
the points of A ®uin B/J. If x € Sy, then
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(@) (z"x) = Y(Ry(z"x)) = 0
for all ¢ € S(A), v € S(B/J). If (my ® my)(z*x) # 0 for some such ¢, 1,
then by 1.2.6.16 there are vector states ¢’ € S(A), ¥ € S(B/J) with
(¢/ ® ¢')(z*x) # 0, a contradiction; so z*x € Ky, x € K. Conversely, if
x ¢ S, there is a state ¢ on A with Ry(z*x) ¢ J, and for this ¢ there is a
state ¢ on B, vanishing on J, with ¢(Rg(z*x)) # 0. But

Y(Ry(z"x)) = (¢ ® 1) (z"x)
so (my ®@ my)(x*x) # 0, (mg @ my)(2) # 0.

IV.3.4.2 COROLLARY. Let A be a C*-algebra. Then A is exact if and only
if, for every C*-algebra B and closed ideal J of B,

A @uin J = {-73 € A®min B | R¢($*J3) e JVoe S(A)} .

The next corollary is an important property of exactness, proved indepen-
dently by E. Kirchberg (cf. [Kir95b]) and S. Wassermann (cf. [Was76]), which
is in contrast with the fact that a C*-subalgebra of a nuclear C*-algebra is
not nuclear in general:

IV.3.4.3 THEOREM. A C*-subalgebra of an exact C*-algebra is exact. In
particular, every C*-subalgebra of a nuclear C*-algebra is exact.

PROOF: Let A be an exact C*-algebra, and C a C*-subalgebra of A. If B is a
C*-algebra with closed ideal J, suppose € C ®min B and Ry(z*z) € J for
all ¢ € S(C). Then, if ¢ € S(A), and ¢ = |, then Ry(z*z) = Ry(z*z) € J,
and thus z € A Qi J since A is exact. Thus

xr € (A Rmin J) N (C A min B) =C Qmin J
(11.9.6.9).

IV.3.4.4 PROPOSITION. An inductive limit (with injective connecting maps)
of exact C*-algebras is exact.

This result is also true if the connecting maps are not injective, but this
requires the deep fact 1V.3.4.19.
PROOF: Let A = [UA;]~, with each A; exact, andlet0 — J — B — B/J — 0
be an exact sequence. Then (A ®min J) N (A; Qmin B) = A; Qmin J for all i
(I1.9.6.9), so

(A Qmin B)/(A ®min J) = [U(Az Qmin B)/(Az ®min J)]i

= [U(Ai O min (B/J))]7 =A Qmin (B/J) .

Combining the last two results, we obtain:
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IV.3.4.5 COROLLARY. A C*-algebra A is exact if and only if every separable
C*-subalgebra of A is exact.

Property C

We next discuss a property introduced by R. Archbold and C. Batty [AB80],
which implies exactness and turns out to be equivalent, at least in the sepa-
rable case (IV.3.4.18).

IV.3.4.6 Let A and B be C*-algebras, and w the universal representation
of A ®uin B. Then w defines commuting representations ws and wpg of A
and B, and hence commuting normal representations of A** and B**, and
so a representation p of A** @ B**, which is easily seen to be faithful. Since
p(A** © B**) C w(A ®@min B)” = (A Qmin B)**, we get an embedding

LA,B . A** @B** N (A ®min B)**
and hence a C*-norm on A** ® B**, denoted || - ||c. We have || - |lc < || - ||bin-

IV.3.4.7 DEFINITION. A C*-algebra A has Property C if, for every C*-
algebra B, || - [lc = || * ||min o0 A** ® B**.

I1V.3.4.8 PROPOSITION. Every nuclear C*-algebra has Property C.

This is an immediate consequence of 1V.2.4.4(vi), since A** is semidiscrete
if A is nuclear (IV.2.2.13, 1V.2.4.9).

The C-norm has good permanence properties:
IV.3.4.9 PROPOSITION. Let A and B be C*-algebras, D a C*-subalgebra

of B, and J a closed ideal in B.

(i) The restriction of the C-norm on A** ® B** to A** ® D** is the C-norm
on A** ® D**.

(ii) The embedding of A** ® (B/J)** into (A** @¢c B**)/(A** ®c J**) gives
an isometry of A** ®@¢ (B/J)** onto (A** ®c B**)/(A*™* ®@¢ J**).

PROOF: (i): The diagram
A O D™ — A% @ B**
LA,Dl lLA.B
(A @min D)™ ——— (A @min B)™
is easily seen to be commutative, and the sides and bottom are isometries.

(ii): J** = pB** for a central projection p € B**. If 7 : B — B/J is the
quotient map, the kernel of (id ® m)** : (A ®min B)*™* — (A Qmin (B/J))** is
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q(A ®min B)* for a central projection ¢ € (A ®min B)**. It is straightforward
to check that ¢ = 14 (1 ® p), so that the homomorphism z — (1 — ¢)z from
A**©B** t0 (A®min B)** extends to an isomorphism ¢ from (A®uin (B/J))**
onto (1—q)(A®min B)** (although the kernel of (id®m)** cannot be identified
with ¢(A ®min B)* in general). It is also straightforward to check that the
diagram

LA,B/JJ J{LA,B

(A @min (B/J)* —22 (A @min B)*™* & (1 — q)(A ®min B)™ 2 (A ®min B)**

is commutative. The result is then obvious.

IV.3.4.10 COROLLARY. If A has Property C, then every C*-subalgebra or
quotient of A has Property C. In particular, every subquotient of a nuclear
C*-algebra has Property C.

IV.3.4.11 COROLLARY. Let A and B be C*-algebras, and J be a closed
ideal of B. If || - |lc = || * ||min 00 A** ® B**, then the sequence

0_’A®minJ_)A@minB_)A(@min(B/J)—>0

is exact.
IV.3.4.12 CoOROLLARY. A C*-algebra with Property C is exact.

Property C also leads to an interesting variation of the notion of exactness:

I1V.3.4.13 DEFINITION. Let B be a C*-algebra, J a closed ideal of B. (B, J)
is a coezact pair if, for every C*-algebra A, the sequence

0_>A®m1nJ_>A®mmB_>A®mln(B/J)_)0

is exact.
Perhaps a better term would be “exact pair” in retrospect, in light of the
next result and 1V.3.4.18.

IV.3.4.14 PROPOSITION. Let B be a C*-algebra, J a closed ideal of B.
Then (B, J) is a coexact pair under either of the following conditions:

(i) B has Property C.
(ii) B/J is nuclear.

Part (i) is an immediate corollary of IV.3.4.11, and (ii) is obvious.
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Exactness and Nuclear Embeddability

If A is a nuclear C*-algebra, then the identity map on A is nuclear (IV.3.1.4).
It is interesting to consider the more general property of a C*-algebra A
that there is a nuclear embedding of A into some larger C*-algebra D; any
subnuclear C*-algebra clearly has this property.

IV.3.4.15 PROPOSITION. Let A be a C*-algebra. The following are equiv-
alent:

(i) There is a C*-algebra D and a nuclear embedding (nuclear injective *-
homomorphism) from A to D.
(ii) There is a nuclear embedding of A into £L(H) for some Hilbert space H.
(iii) There is a C*-algebra D and a nuclear complete order embedding from
Ato D.

A C*-algebra A satisfying these properties is nuclearly embeddable.

IV.3.4.16 EXAMPLES.

(i) Any nuclear C*-algebra is nuclearly embeddable.

(ii) Any C*-subalgebra of a nuclearly embeddable C*-algebra is nuclearly
embeddable. In particular, every subnuclear C*-algebra is nuclearly em-
beddable.

1V.3.4.17 THEOREM. A C*-algebra is nuclearly embeddable if and only if
it is exact.

One direction of this theorem is relatively easy, that a nuclearly embed-
dable C*-algebra is exact; we give the argument. Suppose A is nuclearly em-
beddable, ¢ : A — D is a nuclear embedding, and 0 - J — B — B/J — 0
is an exact sequence of C*-algebras. By 1V.3.4.2, it suffices to show that the
set Sy C AR Bisjust A® J. Let x € Sy and € > 0, and let o : A — M,
B :M,, — D be cp-contractions such that

(B oa)®id(z"z) - [t @id|(z"z)|| < e

(it is easily seen that such «, 8 exist by approximating z*x by an element of
A©®B). If € SM,), then poa € S(A), so

Ry((a®@id)(z*2)) = Rpoa(xz™x) € J.
Thus
(a®id)(z*x) € {0 <y €M, ® B: Ry(y) € J Yo € S(M,,)}.

Since M, ® B =M, ® B, (a®id)(z*z) € M,, ® J by IV.3.4.1. Thus [(Boa)®
id)(z*z) € D ® J; since € is arbitrary, (¢ ® id)(z*z) € D ® J. So
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(t@id)(z'z) € L(A)@B)N(DRJ)=1(A)®J

(I1.9.6.9), x € A® J.

The converse, that an exact C*-algebra is nuclearly embeddable, is a tech-
nically difficult argument due to Kirchberg ([Kir95b, 4.1]; cf. [Was94, Theorem
7.3]).

Characterization of Separable Exact C*-Algebras

The deepest results about exact C*-algebras are due to Kirchberg, and are
summarized (along with IV.3.4.17) in the next theorem:

IV.3.4.18 THEOREM. Let A be a separable C*-algebra. Then the following
are equivalent:

(i) A is exact.

(ii) A is subnuclear.

(iii) A embeds in the Cuntz algebra Os.

(iv) A is a subquotient of the CAR algebra B.

(v) There is a complete order embedding of A into the CAR algebra B.
(vi) A has Property C.

A is nuclear if and only if there is a complete order embedding ¢ : A — B

such that there is an idempotent c¢p-projection from B onto ¢(A).

(iii) = (ii) is trivial, and (i) = (vi) by IV.3.4.10. (vi) = (i) is IV.3.4.12. (i)

= (v) was proved (along with the last assertion of the theorem) in [Kir95b,

1.4] (cf. [Was94, 9.1]); the argument is complicated and we do not outline it

here. (v) = (iv) by 11.6.10.12, and (iv) = (vi) follows from IV.3.4.10 since

the CAR algebra is nuclear.

(i) = (iii) is a difficult argument which will not be described here; see [KP00].
Note that (iii) = (iv) by the result [Bla85a] that O is a subquotient of

the CAR algebra; however, this is not needed for the proof of the theorem.

I1V.3.4.19 COROLLARY. A quotient of an exact C*-algebra is exact.

This is actually only a corollary of IV.3.4.18 in the separable case (prop-
erty (iv) is clearly preserved under quotients); the general case can be easily
obtained from the separable case and 1V.3.4.5.

The fact that the class of exact C*-algebras is closed under quotients, like
the corresponding property for nuclearity, is a deep result.

Kirchberg ([Kir93], [Kir95b]) has also proved:

IV.3.4.20 THEOREM. An extension of exact C*-algebras is not exact in gen-
eral; however, a semisplit extension (I1.8.4.23) of exact C*-algebras is exact.

See [Kir95a] or [Was94] for a more complete description of the theory of
exact C*-algebras.
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Primitive Ideal Space of a Tensor Product

Throughout this subsection, as is our usual convention, “®” will mean “®yi,”
unless otherwise specified.

If A and B are C*-algebras, we wish to describe the primitive ideal space
Prim(A ® B) in terms of Prim(A) and Prim(B). In the commutative case, if
A=Co(X), B=Co(Y), we have A® B=Co(X xY), so

Prim(A® B) 2 X x Y = Prim(4) x Prim(B)

(I1.9.4.4); in fact, in this case we have A® B = A x B. We examine to what
extent these relations hold in general.

The results of this subsection are essentially due to J. Tomiyama [Tom67b,
Theorem 5] (cf. [Bla77a, 3.3]) and E. Kirchberg (cf. [BK04, §2.8]).

IV.3.4.21 1If A and B are arbitrary C*-algebras, there is an injective map
II:AxB— m

given by II(p,0) = p ® o. This is a continuous map relative to the natural
topologies (I1.6.5.13), and drops to a well-defined map, also denoted II, from
Prim(A) xPrim(B) to Prim(A® B); this IT is injective, continuous (it preserves
containment in the appropriate sense), and its range is dense in Prim(AA® B)
since the intersection of the kernels of the representations {p@o:peAoc
B} is 0.
1V.3.4.22 If I =ker(p), J = ker(o), then II(I, J) is the kernel of the natural
map from A® B to (A/I)® (B/J). Thus II(I,J) contains I @ B+ A® J. In
general,

(A®B)/I®B+A®J)=(A/I)®, (B/J)
for some cross norm -« which is not the minimal cross norm in general.
IV.3.4.23 PROPOSITION. Under any of the following conditions, we have
v=min, so [I(I,J)=I® B+ A® J:

(i) Either A/I or B/J is nuclear.

(ii) (A,I)is a coexact pair (IV.3.4.13) and A/I is exact.
(iii) (B,J) is a coexact pair and B/J is exact.
(iv) Either A or B is separable and exact.

PROOF: (i) is obvious. For (ii), under the hypotheses we have exact sequences
0—-I®B—-A®B— (A/I)®@B—0
0—(A/)®J— (A/I)®B— (A/I)® (B/J)—0

so it follows that the kernel of the composite map A® B — (A/I) ® B —
(A/I)® (B/J) is exactly I ® B+ A® J. (iii) is similar, and (iv) follows from
1V.3.4.14, IV.3.4.18, and IV.3.4.10.
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IV.3.4.24 There is a way of generating an “inverse” for I/, at least in good
cases. If 7 is an irreducible representation of A® B, then w4 and 7g are factor
representations of A and B respectively (11.9.2.1). If I = ker(w4), J = ker(np),
then I and J are closed prime ideals (I1.6.1.11) and hence primitive if A and B
are separable (I1.6.5.15) or if either A or B is Type I (since then both 74 and
wp are Type I, and it follows easily from III.1.5.5 that 7 & p® o, where p and
o are irreducible representations quasi-equivalent to w4 and 7p respectively).
The ideals I and J clearly depend only on ker(7), so we obtain a well-defined
map
A : Prim(A ® B) — Prim(A) x Prim(B)

at least if A and B are separable. In fact, if K € Prim(A ® B), then A(K) =
(I,J), where I and J are the kernels of the composite maps

A—-A®R1CA®B— (A®B)/K

B—1®BCA®B— (A2 B)/K.

It is easy to check that A is continuous, and that A o IT is the identity on
Prim(A) x Prim(B).

If K € Prim(A®B), and A(K) = (I, J), then I® B+ A®J C K. Also, the
natural map from (A/I) ® (B/J) to (A® B)/K is injective (I1.9.5.2), hence
K CII(1,J). Thus, under any of the conditions in IV.3.4.23, we have

K=I®B+A®J=1I(,J)
and therefore IT o A(K) = K. The conclusion is:

I1V.3.4.25 THEOREM. If A and B are separable C*-algebras and either A
or B is exact, then IT is a homeomorphism from Prim(A) x Prim(B) to
Prim(A ®min B), with inverse A.

Note that the result also holds even if A and B are nonseparable if either
A or Bis TypeI (or if both are simple by I1.9.5.3); in fact, it holds in general
in the nonseparable case (if A or B is exact) if primitive ideals are replaced
by closed prime ideals [BK04].

IV.3.4.26 The conclusion of 1V.3.4.25 does not hold in full generality, even
for separable C*-algebras. Let A = B = C*(Fz). Then the left and right
regular representations of Fy are factor representations (I11.3.3.7) and give an
irreducible representation 7 of A ®min B (11.9.4.6(iii)), whose kernel is not in
the image of II(Prim(A) x Prim(B)).

IV.3.4.27 What about m’f If re m, and w4 or mp is Type I, then
as observed above, the other is also Type I and 7 & p ® o for p, o irreducible
representations quasi-equivalent to w4 and 7w respectively. Thus, if A or B is
Type I (no separability necessary), the map I7 : Ax B — 1@ is surjective,
and it is easily verified to be a homeomorphism.
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Surjectivity of II does not hold in general. For example, if M is an injective
factor on a separable H, which is not Type I, and C' and D are o-weakly dense
C*-subalgebras of M and M’ respectively, then since M is semidiscrete the
identity representations of C' and D define an irreducible representation of
C' ® D which does not decompose as a tensor product, i.e. is not in H(C‘ X 13)

If M is Type III, and A and B are separable C*-algebras which are not
Type I, then by IV.1.5.10 there are representations p of A and ¢ of B on H,
such that p(A)” = M, o(B)"” = M'. p and o define an irreducible representa-
tion of A ® B which is not in the range of IT, so IT : A x B — /@ is not
surjective if A and B are separable and not Type 1.

IV.3.5 Group C*-Algebras and Crossed Products

In this section, we discuss the relation between nuclearity and exactness for
group C*-algebras and crossed products by a locally compact group G and
structural properties of G, particularly amenability. An expanded version of
this discussion can be found in [Bla04a].

The first result has an easy and elementary proof:

IV.3.5.1 PROPOSITION. Let A and B be C*-algebras, G a locally compact
group, and « an action of G on A. Write 3 for the action o ® id on A ®@pax B
or A ®min B. Then there are natural isomorphisms

¢max : (A N G) O max B — (A Qmax B) X3 G
¢min : (A Ng G) ®min B — (A ®min B) NE G

making the following diagram commute, where 7 is the quotient map from
the full to the reduced crossed product:

(A N G) ®maxB &) (A®max B) NﬁG

- |-

T ¢min r
(A X, G) @min B —— (A ®@min B) X G

PROOF: To obtain @max, both (A Xo G) Qmax B and (A Qumax B) xg G are
isomorphic to the universal C*-algebra generated by

{n(f)p(a)o(d) : f € L*(G),a € A,b € B}

where 7, p, and o are representations of G, A, and B respectively on the
same Hilbert space, with m and p a-covariant and o commuting with 7 and p.
The proof for ¢, is similar, using the obvious natural isomorphism between
L?(G,H1) ® Ha and L?(G,H; ® Hz) for Hilbert spaces Hy, Ha.

Combining this result with I11.10.3.14, we obtain:
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IV.3.5.2 COROLLARY. Let A be a nuclear C*-algebra, G an amenable lo-
cally compact group, and « an action of G on A. Then A %, G is nuclear. In
particular, if G is amenable, then C*(G) is nuclear.

The last statement was first observed by A. Guichardet [Gui69], using
essentially the argument of IV.3.5.1.

IV.3.5.3 1V.3.5.2 implies that many standard C*-algebras are nuclear, for
example the noncommutative tori (I1.8.3.3(i), 11.10.4.12(i)) and the Cuntz and
Cuntz-Krieger algebras (11.8.3.3(ii)—(iii)).

IV.3.5.4 The converse of IV.3.5.2 is not valid in general for crossed prod-
ucts: a (full) crossed product by a nonamenable group can be an amenable
C*-algebra (e.g. 11.10.4.3). Even the converse of the result about group C*-
algebras can fail if G is not discrete: there are nonamenable Lie groups (e.g.
SLs(R)) whose group C*-algebra is Type I [HC57]. In fact, the group C*-
algebra of any connected group is amenable (nuclear) [Con76, 6.9(c)].

The converse of the group C*-algebra part of 1V.3.5.2 for discrete G is
true, but more difficult; however, it avoids the heaviest machinery of IV.2.6.2.
The next result was proved in [Joh72] and [Bun76]:

IV.3.5.5 THEOREM. Let G be a discrete group. Then the following are
equivalent:

(i) C*(G) is an amenable C*-algebra.
(ii) C}(G) is an amenable C*-algebra.
(iii) G is an amenable group.

PRrOOF: (i) = (ii) is IV.3.3.4, and (iii) = (i) is almost an immediate conse-
quence of IV.3.3.1, since a Banach C*(G)-module can be regarded as a Banach
L' (G)-module.

(if) = (iii): Let 7 be the Plancherel trace on C}(G), i.e. 7(f) = (A(f)Xes Xe)-
Regard Y = C(G) as a C*-subalgebra of X = L(I?(G)), and extend T to
L(I*(G)) by the same formula. X is a Banach C(G)-module and 7 € X*.
Define a derivation § from C*(G) to X* by

5(f) = AT = 7A(f)

Then, for any f, §(f) € Y+ = (X/Y)*, so § is a derivation from C}(G) to
(X/Y)*. Since C}(G) is amenable, there is a ¢ € Y+ with 6(f) = A(f)v —
V(). If ¢ = 7 — 4, then A(f)d = oA(f) for all f € CX(G). If h € Cy(G),
set u(h) = ¢(Mpy), where My, is the multiplication operator of h; then p is a
right invariant mean on G.

This argument can be modified to show that if G is discrete and C;(G)
is nuclear, then G is amenable, without using the deep result that a nuclear
C*-algebra is amenable: if C(G) is nuclear, then £(G) (I11.3.3.1) is injective
and thus has a hypertrace (IV.2.2.21). The last part of the proof then shows
that G is amenable.

Putting this together with IV.3.5.2 and 1V.3.1.13, we obtain:
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IV.3.5.6 THEOREM. Let G be a discrete group. Then the following are
equivalent:

(i) C*(G) is a nuclear C*-algebra.
(ii) Cy(G) is a nuclear C*-algebra.
(iii) G is an amenable group.

IV.3.5.5 was proved before either direction of the equivalence of nuclearity
and amenability was known. Then after Connes’ work on injective factors,
1V.3.5.6 was proved, providing evidence for the equivalence of nuclearity and
amenability.

Nonnuclear Subalgebras of Nuclear C*-Algebras

IV.3.5.7 From the preceding results, we can obtain an explicit example of
a nonnuclear C*-subalgebra of a nuclear C*-algebra, due to Choi [Cho79]. Let
G = Zy * Z3 with generators u and v, u?> = 1, v® = 1; then G contains a copy
of Fy, and is thus not amenable, so C(G) is not nuclear. Let C;(G) act on
I2(G) via A. There is a subset S of G such that SN (uS) =S5N (vS) =0 and
SU(uS)=SU(S)U(v™1tS) =G (e.g. S is the set inductively defined as the
set of reduced words zy in {u,v,v=1} of length n > 1 with x of length 1, y of
lengthn—1,z #v"t y ¢ S,ie S={u,v,uv™, uvu,uv=tu,vuv,...}). Let p
be the projection of I?(G) onto X = span(S), and let A be the C*-subalgebra
of L(I?(@)) generated by A(C}(G)) and p. Then A = Oy, which is nuclear.
See [Cho79, 2.6] for details.

Exactness in Group C*-Algebras

IV.3.5.8 In analogy with the C*-theory, there is a recent theory of exact
locally compact groups, initiated by Kirchberg and S. Wassermann [KW99).
If a is an action of a locally compact group G on a C*-algebra A, and J
is a (closed two-sided) ideal of A which is globally invariant under «, so
that « can be restricted to J, then there is also an induced action of G
on A/J, also denoted «, and quotient maps A x, G — (4/J) x4 G and
Al G — (A/J) X}, G. It is routine to show that J x, G and J %/, G sit
naturally as ideals in A x, G and A %/, G respectively, and that the following
sequence is exact:

0= JxeG—AxqeG— (A)J) xq G — 0.
However, the reduced sequence
0—>Jx,G—AXx,G— (A)J)x, G—0

is not obviously exact in general. The locally compact group G is ezxact if the
reduced sequence is exact for every A, J, a. Every amenable group is exact.

There is a condition introduced by N. Higson, J. Roe, and G. Yu which
turns out to be closely related:
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IV.3.5.9 DEFINITION. A locally compact group is amenable at infinity if it
has an amenable action on a compact space.

Since the trivial action of an amenable group on a point is amenable,
amenable groups are amenable at infinity.

IV.3.5.10 THEOREM. Let G be a locally compact group. Consider the fol-
lowing conditions:

(i) G is amenable at infinity.
(ii) G is exact.
(iii) Whenever « is an action of G on an exact C*-algebra A, A x" G is exact.
(iv) C*(Q) is an exact C*-algebra.
(v) There is a uniform embedding of G into a Hilbert space.

Then (i) = (ii) = (iii) = (iv) and (i) = (v); if G is discrete, then (i)—(iv)
are all equivalent.

Parts of this theorem were proved in [KW99], [AD02], [0za00], [HR00],
and [Yu00].

IV.3.5.11 It is unknown whether the conditions (i)—(iv) are equivalent for
nondiscrete groups. They are equivalent for almost connected groups; in fact,
they are always satisfied for almost connected groups. It is also unknown
whether (v) is equivalent to (i)—(iv) for discrete groups.

IV.3.5.12 An example was recently given by Ozawa [Oza00], using an un-
published construction of M. Gromov [Gro00], of a discrete group G not sat-
isfying the conditions of 1V.3.5.10.

IV.3.5.13 The conditions of IV.3.5.10 are closely related to the Baum-
Connes Conjecture. The Baum-Connes Conjecture is discussed in detail in
[BCH94], [Hig98], and [Val02] (and a number of other references), and we will
not even state it precisely; roughly, it says that if G is a (discrete) group,
then the K-theory of C(G), and more generally of certain G-spaces, can be
described geometrically in a natural way. The Baum-Connes Conjecture for
a group G implies the Strong Novikov Conjecture on homotopy invariance of
higher signatures.
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K-Theory and Finiteness

In this chapter, we give a discussion of the basics of K-theory for C*-algebras,
as well as properties related to finiteness in C*-algebras, including the impor-
tant notion of quasidiagonality, which may be regarded as a type of strong
finiteness. Another strong notion of finiteness, stable rank one, is included in
a general discussion of stable rank. K-Theory is a vast subject (other parts of
the theory are described more comprehensively in [CST04]), and we concen-
trate only on those aspects directly related to the structure and classification
of C*-algebras, most notably ordered K-theory for finite C*-algebras; thus
the topics treated in this chapter have a natural unity from this point of view.

V.1 K-Theory for C*-Algebras

One of the most profound developments in the subject of operator algebras
over the last thirty years has been the incorporation of ideas and techniques
from algebraic topology, to the extent that the whole subject is often thought
of as “noncommutative topology.” K-Theory and its sophisticated generaliza-
tions form the core of this aspect of the subject, and the language of K-theory
pervades almost all parts of the modern theory of operator algebras.

We will only give an overview of K-theory and its generalizations, with
very few proofs and even only modest explanation of the origin of the ideas and
the connections with topology. A much more complete treatment can be found
in [Bla98], [WO93], or [RLLO00], and [Con94] contains an excellent description
of the uses of K-theory beyond those described here. The treatment here is
largely excerpted from [Bla98].

Topological K-theory is the study of vector bundles by algebraic means.
The first ideas are due to A. Grothendieck [Gro58], and K-theory as a branch
of algebraic topology was first developed by M. Atiyah and F. Hirzebruch
[AH59]. The notions of K-theory were translated into algebraic language,
leading to algebraic K-theory (the theory of projective modules) and a version
of K-theory suitable for Banach algebras. Good references are [Ati67] and
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[Kar78] for topological K-theory and [Ros94] and [Sri91] for algebraic K-
theory; these references give a complete historical account of the development
of the subject.

In this section, we describe the Banach algebra version of K-theory, spe-
cializing to C*-algebras.

V.1.1 Ko-Theory

The goal of Ky-theory is to associate to a C*-algebra (or pre-C*-algebra) A
an abelian group Ky(A) whose elements are “formal differences of equivalence
classes of projections over A.” Most of the theory works equally well for an
arbitrary ring.

Equivalence of Projections

V.1.1.1 Recall (I1.3.3.3) that projections p and ¢ are equivalent in A, writ-
ten p ~ g, if there is a partial isometry v € A with u*u = p, uu* = q. There
are two other natural notions of equivalence: p and q are unitarily equivalent
(in A), written p ~,, g, if there is a unitary v € A with vpv* = ¢, and p and ¢
are homotopic (in A), written p ~j, g, if there is a norm-continuous path (p;)
(0 <t <1) of projections in A with py = p, p1 = ¢

D~uq=—=p~(q
(set u = vp), and
P~hq =P ~uq

by 11.3.3.4. The converse implications do not hold in general, but they are
true “stably”:

V.1.1.2 PROPOSITION. If p ~ ¢ in A, then diag(p,0) ~, diag(g,0) in
Ms(A).
PrOOF: If u € A is a partial isometry from p to ¢, then

v — 1—gq q 1—-p u*
o q 1—g¢q u 1—gq

—~—

is a unitary in Ms(A) with v - diag(p,0) - v* = diag(q, 0).

V.1.1.3 PROPOSITION. If p ~, ¢ in A, then diag(p,0) ~j diag(q,0) in
Ms(A).
PrOOF: If vpv* = ¢, for 0 <t <1 let

wt:{v OHcosGt)l (501 H v oH cos(

0 1 sin(§t)1  cos(5t

in J\?Q\(Z)7 and set p; = wy - diag(p,0) - w;. Then py = diag(p,0) and p; =
diag(q,0).
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The Semigroup V(A)

Recall (I1.6.6.9) that M, (A) is the algebra of all infinite matrices over A with
only finitely many nonzero entries. Whenever it is convenient, we will identify
M, (A) with its image in the upper left-hand corner of M, 11 (A4) or M (A).
The algebra M, (A) has a natural norm, and the completion is the stable
algebra A @ K of A (11.6.6.11).

V.1.1.4 DEFINITION. V5(A) is the set of equivalence classes of projections
in A. We set V(A) = V(M (4)).

There is a binary operation (orthogonal addition) on V(A): if [p],[q] €
V(A), choose p' € [p| and ¢’ € [g] with p’ L ¢’ (this is always possible by
“moving down the diagonal,” as in the proof of V.1.1.3), and define

[p] +[g) = [p" + 4]

This operation is well defined, and makes V(A) into an abelian semigroup
with identity [0].

V.1.1.5 If A is unital, V(A) can also be described as the set of isomorphism
classes of finitely generated projective right A-modules (one could equally
well use left modules instead). The binary operation on V(A) corresponds
to direct sum of modules. If A = C(X), then isomorphism classes of finitely
generated projective modules over A are in natural one-one correspondence
with isomorphism classes of (complex) vector bundles over X, the module
associated to a bundle being the set of continuous sections (I11.3.3.4 is used to
show that every projective module comes from a bundle).

Because of V.1.1.2 and V.1.1.3, one obtains exactly the same semigroup
starting with ~,, or ~}, instead of ~ as the equivalence, since the three notions
coincide on M, (A).

V(A) depends on A only up to stable isomorphism: if M., (A) = M. (B),
or more generally if A®@ K &2 B ® K (V.1.1.10), then V(4) = V(B). In
particular, V(M (A4)) 2 V(A).

If A is separable, then V(A) is countable (this follows easily from I1.3.3.4).

V.1.1.6 EXAMPLES.
(i) V(C)2V(M,) 2 V(K)=NU{0}.
(ii) If A = L(H) with H separable and infinite-dimensional, then V(A) =
{0} UNU {oo}. If A is a II; factor, then
V(A) 2R, U{0}.

If A is a countably decomposable II,, factor, then

V(A) = {0} UR, U {oo}.
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If A is a countably decomposable type III factor, then V(A) = {0, cc0}.
In each case the operation is the ordinary one with oo 4+ x = oo for all x.
(If A is not countably decomposable, then V(A) will have other infinite
cardinals.)

(iii) Let A = C(S?%). There is an extremely important projection in My(A),
called the Bott projection, which can be defined by identifying S? with
CP! and identifying a point of CP! (a one-dimensional subspace of C2)
with the projection onto the subspace (a projection in My). In this way
a projection in

C(CP*, M,) = My(C(S?))

is obtained. The corresponding line bundle on S? is nontrivial. There are
countably many isomorphism classes of line bundles on S2, defined by
“clutching” over the equator, naturally parametrized by w1 (U (C)) = Z.
Since every vector bundle on S? is a sum of line bundles, V' (A) = N x Z,
with [14] = (1,0), and (1,1) the class of the Bott projection.

Example (iii) shows the necessity of considering projections in matrix al-
gebras over A, since unexpected projections sometimes appear which have
nothing to do with projections in A. This can even happen in simple unital
C*-algebras [Bla81, 4.11] (but not in a factor). It turns out to be necessary
for K-theory to take such projections into account. Consideration of matrix
algebras is more natural if one associates projections with projective modules.

Example (ii) shows that the semigroup V(A) can fail to have cancellation.
Even V(C(X)) fails to have cancellation for many compact differentiable man-
ifolds X (e.g. S° or T%; cf. [Hus66]).

Properties of V(A)

V.1.1.7 Functoriality: If ¢ : A — B is a *~homomorphism, then ¢ induces a
map ¢y : Vp(A) — Vp(B). Then ¢ extends to a homomorphism from M, (A)
to M (B), which induces a semigroup homomorphism, also denoted ¢., from
V(A) to V(B). So V is a covariant functor from the category of C*-algebras
to the category of abelian semigroups.

V.1.1.8 Homotopy Invariance: If ¢,» : A — B are homotopic (I1.5.5.6),
then ¢(p) ~n ¥(p) for any projection p € My, (A), and hence ¢, = 1)y, i.e. V
is a homotopy-invariant functor.

V.1.1.9 Direct Sums: If A= A1 ® A,, then
Moo (A) =2 My (A1) & Moo (Asg)
and equivalence is coordinatewise; hence

V(A) =2 V(A) @ V(Az).
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V.1.1.10 Inductive Limits: Suppose A = lim_,(4;, ¢;;) (I1.8.2.1). It is easy
to see that if Ay is the algebraic direct limit of (A;, ¢;;), then V(Ap) is the
algebraic direct limit of (V' (A;), ¢i;-). However, since A is the completion of
Ao, it is not obvious that the natural map from V(A4g) to V(A) is either
injective or surjective. In fact, if B is a dense *-subalgebra of a C*-algebra
A, then the map from V(B) into V(A) is neither injective nor surjective in
general. But it is true in the inductive limit case, i.e. V(A) is the algebraic
direct limit of (V(4;), ¢i;-). This is an immediate consequence of I1.3.3.4 and
the next result, which follows from a functional calculus argument.

V.1.1.11 PROPOSITION. Let A be the inductive limit of (4, ¢;;), p a projec-
tion in A, and € > 0. Then for sufficiently large i there is a projection py € A;
with ||p — ¢:(po)|| < €. If p,q € A with p ~,, ¢, then there are projections pg
and go in A; for sufficiently large ¢ with ||p— ¢;(po)|| < €, ||g— é(q0)]|| < €, and
Po ~u o in A;.

V.1.1.12 EXAMPLE. Let A be the CAR algebra (I1.8.2.2(iv)). Then V' (A) =
D4, the nonnegative dyadic rational numbers.

The Grothendieck Group

V.1.1.13 If H is an abelian semigroup, then there is a universal enveloping
abelian group G(H) called the Grothendieck group of H. G(H) can be con-
structed in a number of ways. For example, G(H) may be defined to be the
quotient of H x H under the equivalence relation (x1,y1) ~ (z2,y2) if and
only if there is a z with

T1+Y2+2=22+y + 2.

G(H) may be thought of as the group of (equivalence classes of) formal dif-
ferences of elements of H, thinking of (x,y) as  — y. The prototype example
of this construction is the construction of Z from N. G(H) may also be de-
fined by generators and relations, with generators {(z) : * € H} and relations

{(@) +{y) =(z+y):z,yec H}

V.1.1.14 There is a canonical homomorphism from H into G(H) which
sends z to [(z + x, x)]. This homomorphism is injective if and only if H has
cancellation. G(H) has the universal property that any homomorphism from
H into an abelian group factors through G(H). G gives a covariant functor
from abelian semigroups to abelian groups.

Definition of Ky(A)

We might be tempted to define Ky(A) to be the Grothendieck group of V' (A);
but it turns out that this is not the proper definition for A nonunital. We
begin with the unital case.
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V.1.1.15 DEFINITION. If A is a unital C*-algebra, Kq(A) is the Grothen-
dieck group of V(A).

K is a covariant functor from unital C*-algebras (or even rings) to abelian
groups satisfying the properties of V.1.1.7-V.1.1.10. Elements of Ky(A) may
be pictured as formal differences [p] — [¢], where [p1] — [¢1] = [p2] — [g2] if there
are orthogonal projections pl, ¢i, 7 in My (A) with p} ~ p;, ¢} ~ ¢;, and

PLt+ay+r~py+q +r

This is the Standard Picture of K for unital A.

V.1.1.16 EXAMPLES.

(i) KolC) = Ko(M,) = Z.

(ii) If A is a II; factor, then Kp(A4) = R. If A is an infinite factor, then
Ko(A) =0.

(i) Ko(C(S1)) = Z; Ko(C(S?)) = Z2.

(iv) Let A be the CAR algebra (I1.8.2.2(iv)). Then Ky(A) = D, the dyadic ra-
tional numbers. Similarly, if B is the UHF algebra of type 3°°, then Ky (A)
is the “triadic” rationals, rationals whose denominator is a power of 3.
(Thus in particular A and B are not isomorphic or even stably isomor-
phic.) More generally, the Ky-groups of the UHF algebras are precisely
the dense subgroups of Q containing Z. These are in one-one correspon-
dence with the generalized integers (or supernatural numbers), formal

products
q=2m23mspms ...

where an infinite number of primes and infinite exponents are allowed.
The subgroup of @ corresponding to ¢ is the group, denoted Z,, of all
rational numbers whose denominators “divide” ¢. If A = li_H)l(An, Grn)s
where A,, is a matrix algebra with A; = C and ¢, 41 is a (unital)
embedding of multiplicity k,, then Ko(A) = Z,), where ¢ = [ ky. It
turns out that two UHF algebras are isomorphic if (and only if) their
generalized integers are the same. This classification is due to J. Glimm
[G1i60], and is a special case of the classification of AF algebras (V.2.4.19).

If A is nonunital, there is a natural *-homomorphism u : At = A-C
with kernel A, and hence there is an induced homomorphism

g+ Ko(AT) = Ko(C) = Z.

V.1.1.17 DEFINITION. If A is nonunital, then Ky(A) = ker .

This definition is consistent with the previous one if A is unital; then
At = A@C, and p is projection onto the second coordinate. Thus Ky(A) may
be viewed as the set of formal differences [p] — [q], where p,q € M., (AT) with
p~q mod My (A), with the usual notion of equivalence of formal differences
in Ko(AT). In fact, any element of Ko(A) may be written [p] — [gn], where
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qn = diag(1,...,1,0,...)

(with n ones on the diagonal) and p = ¢, mod M. (A): if n is large enough,
q < gy, and
[Pl = [a] = [P" + (a0 — @)] — [20]
where p’ ~ p and p’ L g,. This is the Standard Picture of Ky(A) for general
A.
Ky is a covariant functor from C*-algebras (general rings) to abelian
groups which has the properties of V.1.1.7-V.1.1.10.

V.1.1.18 For any A, there is a homomorphism from V (Af) to Ky(A), given
by [p] = [p] — [gn], where u(p) is a rank n projection in M (C). Composing
this with the canonical map from V(A) to V(AT) yields a homomorphism
from V(A) to Ko(A). If A is unital, or more generally stably unital (A ® K
has an approximate unit of projections), then the image of V(A) generates
Ky(A), but this is not true for general A.

V.1.1.19 EXAMPLES.

(i) K is stably unital, so Ky(K) 2 Z since V(K) = NU {0}.
(i) Ko(Co(R?)) = Z because of V.1.1.16(iii); but V(C,(R?)) = 0.

Exactness

V.1.1.20 THEOREM. If J is a (closed two-sided) ideal in A, then the se-
quence

Ko(J) == Ko(A) = Ko(A/J)
is exact in the middle, i.e. ker(m,) = im(¢.).

The proof is an easy calculation.

This theorem is one of the most important reasons for defining Ky the
way we did. If we instead had defined K((A) to be the Grothendieck group of
V(A) in general, the result would fail for the exact sequence 0 — C,(R?) —
C(8?) — C — 0. Thus the more complicated definition of K is necessary to
make the desired exact sequences work.

V.1.1.21 It is important to realize that an exact sequence
0—J A" A/J—0
does not yield an exact sequence
0 — Ko(J) == Ko(A) =5 Ko(A/)J) — 0

in general, i.e. ¢, is not always injective (for example, A = L(H), J = K(H))
and 7, not always surjective (for example, A = C([0,1]), J = Cs((0,1))). The
problem with m, is that projections in a quotient do not in general lift to
projections. The exact sequence of V.1.1.20 can be expanded to a larger exact
sequence, but K7 and Bott periodicity are needed.
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V.1.2 K;-Theory and Exact Sequences

We now associate to a C*-algebra A another group Ki(A), which is a stabilized
version of the group U(A)/U(A), of connected components of the unitary
group of A. (This construction can only be done for Banach algebras, although
there is a related construction in algebraic K-theory for general rings.) There
are intimate connections between Ky and K7, using the notion of suspension.

Definition of K;(A)
V.1.2.1 Let A be a C*-algebra (or pre-C*-algebra). Define
U (A) ={z e UM, (AT)): 2 =1, mod M,(A)}

(if A is unital, then U, (A) is just isomorphic to U (M, (A))). Similarly, we can
define
GL,(A) = {z € GL,(AT): 2 =1, mod M, (A)}.

U, (A) [resp. GL,(A)] is a closed normal subgroup of U,,(A") [resp. GL, (A")].
We embed U,,(A) into Up+1(A) (and GL,(A) into GL,4+1(4)) by =z —
diag(x,1). [This embedding is the “exponential” of the embedding of M, (A)
into M,,+1(A) considered in V.1.1. This is the appropriate analog, since the
connection between Ky and K is given by exponentiation.]

Let Uso(A) = lim U, (A) and GLoo(A) = lim GL,(A). These are topologi-
cal groups with the inductive limit topology or the norm topology in M, (A").
U (A) and GLo (A) can be thought of as the group of unitary or invertible in-
finite matrices which have diagonal elements in 1 4+ 4+ A, off-diagonal elements
in A, and only finitely many entries different from 0 or 1,4+. We will identify
elements of U,,(A) or GL,,(A) with their images in U, (A) or GLs (A).

The connected component of the identity U, (A), is a path-connected open
subgroup of U, (A) (and similarly for GL,(A),). The embedding of U, (A) into
Un+1(A) maps U (A), into Un11(A)o, and Use(A)o = lim i, (A)o. Similarly,
GLo(A)o = lim GL,,(A),. There is a deformation retraction of GL,(A) onto
U, (A) given by polar decomposition, and hence GL,,(A4)/GL,(A), is naturally
isomorphic to Uy, (A) /Uy (A)o.

V.1.2.2 DEFINITION.

K1(A) = Uso(A) JUoo (A)o = lim[Uy (A) /Uy, (A)o]

—

or alternatively

K1(A) = GLao(4)/GLoo(A)o = m[GL, (4)/GLa (A), ).

—
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This is related to, but not the same as, the group K7 19 of algebraic K-
theory: Kflg (A) is the quotient of GLy (A) by its commutator subgroup. See
[Kar78, 11.6.13] for the relationship.

It is easily seen that Kj(A) is also isomorphic to Uy (A @ K) /U1 (A ® K),.

K1(A) is countable if A is separable, since nearby invertible elements are
in the same component.

V.1.2.3 EXAMPLES.

(i) K1(C) =0, and more generally K; of any von Neumann algebra (or AW*-
algebra) is 0 (the unitary group of a von Neumann algebra is connected by
spectral theory). K7 of any AF algebra is also 0, since the path component
of any unitary is open and thus contains a unitary with finite spectrum.

(i) If A = C(S1), then Uy (A)/U1(A)y = Z by sending a function to its
winding number around 0. The map from U (A)/U;(A), to K1(A) is an
isomorphism in this case, so K7(C(S1)) = Z. We also have K;(C,(R)) =
Z by the same argument.

(iii) Let Q be the Calkin algebra (I.8.2.1). Then K;(Q) = Z, with the iso-
morphism being given by Fredholm index.

V.1.2.4 The map from U, (A)/Un(A)o to Up11(A)/Uns1(A)s need not be
an isomorphism, and hence the map from U,,(A)/U,(A), to K1(A) need not
be an isomorphism. For example, let A = C(S®). Then U;(A)/Ui(A), is
trivial since every map from S® to S' is homotopic to a constant; but the
homeomorphism S3 & SU(2) gives a unitary in C(S3, M) = M(A) which is
not in the connected component of the identity.

The group U, (A) is almost never abelian. Even the group U, (A)/U,(A),
need not be abelian in general (even if A is commutative). However, we have
the following. If u € GL,,(A), we write [u] for its image in K;(A).

V.1.2.5 PROPOSITION. K7(A) is an abelian group; in fact,

[u][v] = [diag(u,v)].

PRrROOF: If u,v € U,,(A), then by an argument similar to the proof of V.1.1.3,
we have that diag(uv,1), diag(vu, 1), and diag(u,v) are all in the same con-
nected component of Us, (A).

V.1.2.6 The theory of stable rank (V.3.1) asserts that the map from the
group Uy (A)/Un(A)o to K1(A) is an isomorphism for sufficiently large n if
sr(A) is finite, and gives some information on the smallest n for which this
is true. The question of when this map is injective or surjective is a typical
question of nonstable K-theory; see V.3.1.26 for more details.
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V.1.2.7 If ¢ : A — B, then ¢ extends uniquely to a unital map from Af
to BT, and hence defines a homomorphism ¢, : K;(A) — K;(B). Also, if
A= hi)n(Ai, ¢;j), then it is easy to see that

K1 (A) = lim (K (A;), diji)-

So K is a functor from C*-algebras to abelian groups which commutes with
inductive limits.

Suspensions

The connection with Ky uses the fundamental notion of suspension (11.5.5.10).
Since SA = C,(R) ® A (11.9.4.4), we have

S(M,(A)) = M,(SA) and S(A®K)=SA®K

and the map ¢ : A — B induces S¢ : SA — SB (suspension is functorial).
We have that (SA)T is isomorphic to

{f:]0,1] — Af | f continuous, f(0) = f(1) = A1, f(t) = Al + x4 for z; € A}
>~ {f:S' = A| f continuous, f(z) = AN +x,, z. € A,x; = 0}.

V.1.2.8 There is a map 04 : K1(A) — Ko(SA) defined as follows. Let
v € U, (A). Take a path w; from 1g, to diag(v,v*) in Us,(A) as in the proof
of V.1.1.3. Set p; = wiq,w;. Then p = (p;) is a projection in Ma, ((SA)T).
Set 04([v]) = [p] — [¢n] (where g, also denotes the corresponding element of
My ((SA)), i.e. the constant function g, ).

V.1.2.9 THEOREM. 64 : Ki(A) — Ky(SA) is an isomorphism. Further-
more, the isomorphism is natural, i.e. € gives an invertible natural transfor-
mation from K; to Kgo S.

The proof is quite straightforward and elementary, but rather long.

Long Exact Sequence

V.1.2.10 COROLLARY. If
0—-J A" A/J—=0
is an exact sequence of C*-algebras, then the induced sequence
Ki(J) == Ki(A) = Ki(A/J)

is exact in the middle.
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V.1.2.11 Just as with Ky, we cannot make the sequence exact at the ends
by adding 0’s. For example, if A = C([0,1]),J = C,((0,1)), then the unitary
u(t) = €™ in JT gives a nontrivial element of K;(.J) which becomes trivial
in K1(A), so the map from K;(J) to K;(A) is not injective. Similarly, if
A = C(D), J = C,(D), where D is the open unit disk, then A/J = C(S!).
K1 (A) is trivial, but K1(A/J) & Z, so the map from K;(A) to Ky(A/J) is
not surjective.

Instead, we can define a connecting map 0 : K1(A/J) — Ko(A) which
makes a long exact sequence

K1 (J) -5 Ky (A) =5 K (A)T) -2 Ko(J) 5 Ko(A) =5 Ko(A/J).

V.1.2.12 DEFINITION. Let u € U,(A/J), and let w € Us,(A) be a lift of
diag(u,u™') (I1.1.6.8, V.1.2.5). Define

([u]) = [wgnw™] — lga] € Ko(J)
(we have d([u]) € Ko(J) because diag(u,u™"') commutes with g, so wg,w* €
Mo, (J1), and its image mod My, (J) is ¢,)-

The map 9 is well defined (a straightforward calculation), and is obviously
a homomorphism since both operations are diagonal sum.

V.1.2.13 The map 0 is called the indexr map. The reason is the following.
Suppose A is a unital C*-algebra and u is a unitary in M, (A/J). If u lifts to
a partial isometry v € M,,(A), then diag(u,u*) lifts to the unitary

v 1—ov*
L I v*
A([u]) = [wgnw™] = [gn] = [diag(vv*, 1 — v*v)] = [gn] = [1 = v*0] = [1 — v0*].

In the special case A = L(H), J = K(H), and Ko(KL(H)) is identified with Z
in the standard way, the map 9 is exactly the map which sends a unitary in
the Calkin algebra to its Fredholm index.

Unitaries in a quotient do not lift to partial isometries in general, so the
definition of @ must be stated in the more complicated way given above.

V.1.2.14 PROPOSITION. J makes the sequence exact at Ki(A/J) and at
Ko(J).
The proof is a simple calculation.
V.1.2.15 We can also define higher K-groups by
Ka(A) = Ky (SA) = Ko(S2A), ..., Kn(A) = Ko(S™A).

We then have connecting maps from K,1(A/J) to K, (J) for each n by
suspension, and an infinite long exact sequence

D K (J) =5 K (A) 5 K (A)T) =5 Ko () =5 -0 25 Ko(A)),
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V.1.2.16 PROPOSITION. If
0—J—A—A/J—0
is a split exact sequence of C*-algebras, then
0— K,(J) — K,(A) — K,(A/J) — 0
is a split exact sequence for all n. Thus
K,(A) 2 K,(J)® K,(A/J)

for all n.

PrOOF: All the connecting maps are 0 since everything in K,,(A/J) lifts.

V.1.2.17 COROLLARY. K;(A) = K;(A") for all A. More precisely, the in-
clusion of A into At induces an isomorphism.

PROOF: Use V.1.2.16 plus the fact that K;(C) = 0.

Bott Periodicity and the Six-Term Exact Sequence

In fact, K¢(A) is naturally isomorphic to K;(SA), and hence to K5(A). As
a consequence, the long exact sequence of V.1.2.15 becomes a cyclic 6-term
exact sequence.

V.1.2.18 We have a split exact sequence
0—SA—QA—A—0
where QA = C(S', A), which induces a split exact sequence
0— K;1(SA) — K1 (QA) — K1(A) — 0

so K1(SA) = kern,., where n : QA — A is evaluation at 1. This will be
our standard picture of K;(SA). So K1(SA) may be viewed as the group of
homotopy equivalence classes of loops in Us, (A) with base point 1. The group
operation is pointwise multiplication, but may alternately be taken as the
ordinary concatenation multiplication of loops [Spa66, 1.6.10], i.e. K;(SA) =
1 (Us (4)).

If p is a projection in M, (A'), write

fo(2) = 2p + (1= p) € Un(QUAT)) = C (ST, Uy (AT)).

If p1 = p2 mod M,(A), then f,, f; € U,(QA), taking the value 1 at z = 1.
If p; ~p pa, then f,, is homotopic to f,, as elements of U, (Q(AT)) taking the
value 1 at 1, i.e. as loops in U, (AT) with base point 1.
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V.1.2.19 DEFINITION. The homomorphism (4 : Ko(A) — K1(SA) defined
by
Balle] = lan)) = [fe )]
is called the Bott map for A.
B4 is well defined, and the Bott map construction is clearly functorial
(natural).

V.1.2.20 THEOREM. [BOTT PERIODICITY]| (4 is an isomorphism.

This theorem is probably the central result of K-theory. There are several
essentially different proofs known; all require nontrivial arguments and cal-
culations. Perhaps the most elegant proof is an argument of Cuntz [Cun81b],

using a “Toeplitz extension.” The first proof of the theorem in this form was
given by Atiyah [Ati68].

V.1.2.21 Combining V.1.2.20 with V.1.2.9, 854 o 54 gives an isomorphism
between Ko(A) and K¢(S?A) which is natural in A. In the case A = C, this
map provides an isomorphism from Kq(C) to Ko(C,(R?)). This isomorphism
can be described as the map which sends [1] to [p] — [¢1], where p is the Bott
projection in Ma(Co(R?)T) = My(C(S?)).

Combining V.1.2.20 with V.1.2.15, we obtain the most fundamental exact
sequence in K-theory:

V.1.2.22 COROLLARY. [STANDARD SIX-TERM EXACT SEQUENCE] Let 0 —
J A -5 A/J — 0 be an exact sequence of C*-algebras. Then the fol-
lowing six-term cyclic sequence is exact:

Ko(J) —— Ko(A) ——— Ko(A/J)

aT la
Ki(A)J) «=— Ki(A) «—=— K(J)
The map 9 : Ko(A/J) — K;1(J) is the composition of the suspended index
map 0 : K2(A/J) — Ki(J) with the Bott map.

V.1.2.23 The connecting map 0:Ko(A/J) — K;(J) is called the exponen-
tial map. An explicit formula for this map is given by

A([p] = [gn]) = [exp(2miz)]

where p is a projection in M, ((A/J)") with p = ¢, mod M., (A/J) and
v € My (A", with 7(x) = p. The derivation of this formula is an easy
exercise.

If p lifts to a projection in M., (AT), then 9([p] —[g.]) = 0. The exponential
map is the obstruction to (stably) lifting projections from quotients, just as
the index map is the obstruction to (stably) lifting unitaries.
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V.1.3 Further Topics
K-Theory of Crossed Products

It is not easy to determine the K-theory of a crossed product. However,
there are two fundamental results which allow computation of the K-theory
of crossed products by Z or R:

V.1.3.1 THEOREM. [PIMSNER—VOICULESCU EXACT SEQUENCE]| Let A be
a C*-algebra and « € Aut(A). Then there is a cyclic six-term exact sequence

Ko(A) =2 Ko(A) —“— Ko(A x4 Z)

8T lc’?
Ki(Ax,Z) —“— Ki(A) <=2 K (A)

where ¢ : A — A®,Z is the inclusion and o, : K,,(A) — K, (A) is the induced

automorphism.

V.1.3.2 THEOREM. [CONNES’ THOM ISOMORPHISM] If o : R — Aut(A),
then KZ(A X R) = Klfi(A) (Z = 0, 1)

Connes’ Thom Isomorphism [Con81] is a generalization of Bott Periodicity
(the case of trivial action), and is an analog (though not a generalization) of
the ordinary Thom isomorphism, which says that if F is a K-oriented n-
dimensional real vector bundle over X, and E is itself regarded as a locally
compact Hausdorff space, then K;(Co(E)) = Kitnmod2(C(X)). The result is
a bit surprising at first glance, since it says that the K-theory of a crossed
product by R is independent of the action. An intuitive argument for this fact
is that any action of R can be continuously deformed to a trivial action, and
K-theory is insensitive to continuous deformations. This rough argument can
be used as the basis of a proof, using K K-theory ([FS81]; see also [ENN93]).
The Pimsner-Voiculescu (P-V) exact sequence can then be obtained rather
easily from the Thom isomorphism via a mapping torus construction (it is
just the six-term exact sequence of a suitable extension).

V.1.3.3 The P-V exact sequence [PV80], which predates Connes’ result,
shows that the K-theory of a crossed product by Z is not independent of the
action; but (roughly speaking) it depends only on the induced action on the
K-theory of A. The P-V exact sequence is not in general enough to completely
determine the K-theory of the crossed product, except in special cases (e.g.
when the K-groups of A are free abelian groups); but it is nonetheless a
powerful tool in determining the possibilities.
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V.1.3.4 EXAMPLE. Let O,, be the Cuntz algebra (I1.8.3.3). Write
0,3K=Bx,Z

as in 11.10.3.15(iv). Since Ko(B) is Z(y), K1(B) = 0, and . : Ko(B) —
Ky(B) is multiplication by n, we have

K1(0,) =kera, =0

Ko(On) = Z(noc)/(l - n)Z(noc) = anl-

(Cuntz’s original argument computing the K-theory of O,, was more elemen-
tary and did not use the P-V sequence.) In fact, [10, ] is a generator of Ko(Oy,);
if s1,..., sy are the generators of O,, and py, = sy}, then

[1] = [pr] = [pa] + - + [pn] = n[1]

so (n — 1)[1] = 0. A similar argument using the crossed product description
of O4 @ K for an n x n matrix A shows that K;(O4) 2 ker(I — A) C Z™ and
Ko(Oa)=2Z"/(1 — A)Z™.

V.1.3.5 It is harder to describe the K-theory of crossed products by Z,, or
T. There are six-term exact sequences [Bla98, 10.6,10.7.1], but they give much
less information than the P-V sequence. Computing the K-theory of crossed
products by most finite groups is harder yet! The P-V sequence generalizes to
reduced crossed products by free groups.

K-Theory as Cohomology

If X is a locally compact Hausdorft space, define K~"(X) = K,(Co(X))
for n = 0,1 (or n € N). K*(X) is called the complex K-theory of X (with
compact supports), and is sometimes written K&(X) or KU*(X) (the U in
KU stands for “unitary.”) Because of the contravariant relationship between
X and C,(X), K™ is a contravariant functor, which is homotopy-invariant.
Relative K-groups can be defined by K"™(X,Y) = K,,(Co(X \ Y)).

V.1.3.6 THEOREM. Complex K-theory is an extraordinary cohomology the-
ory, that is, it is a sequence of homotopy-invariant contravariant functors
from compact spaces and compact pairs to abelian groups, with a long ex-
act sequence, and satisfying the excision and continuity axioms (but not the
dimension axiom).
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V.1.3.7 THEOREM. [CHERN CHARACTER| Let X be compact. Then there
are isomorphisms

X' KY(X)eQ— P H'(X;Q)

n even

X' KT (X)eQ— @ H'(X;Q)
nodd
where H"(X;Q) denotes the n-th ordinary (Alexander or Cech) cohomology
group of X with coeflicients in Q.

So, at least rationally, K°(X) is just the direct sum of the even cohomology
groups of X, and K~!(X) the sum of the odd ones. (The result is not always
true if the groups are not rationalized.)

See [Kar78] for a discussion of topological K-theory and proofs of these
theorems.

Additional Observations

V.1.3.8 It is sometimes useful to unify Ky and K7 by regarding K-theory
as a Zg-graded theory, writing K, (A) = Ko(A) @ K1 (A) with the Ky and K3
the even and odd parts respectively. A *-homomorphism ¢ : A — B gives a
homomorphism ¢, : K,(A) — K,.(B) of degree 0; the six-term exact sequence
V.1.2.22 becomes a triangular three-term exact sequence with 9 : K,(A4/J) —
K. (J) a homomorphism of degree 1.

V.1.3.9 There is an alternate way of viewing the groups Ko(A4) and K;(A)
using the outer multiplier algebra of A, which helps to motivate K K-theory
(V.1.4.4): K;(A) is isomorphic to Kj_; of the stable outer multiplier algebra
M(A®K)/(A®K) of A. The proof uses the six-term exact sequence and the
fact that the K-theory of the stable multiplier algebra M (A ® K) is trivial.

V.1.3.10 Here are some considerations which help to motivate E-theory
(V.1.4.7). If A and B are C*-algebras, denote by [A, B] the set of homotopy
classes of *-homomorphisms from A to B (I11.5.5.6).

(i) For any A and B, there isanotion of “orthogonal direct sum” on [A, BRK]
making it into an abelian semigroup [use an isomorphism Ms(K) = K].

(ii) A homomorphism from C into a C*-algebra B is just a choice of projec-
tion in B (the image of 1). So for any B, we may identify [C, B ® K] with
V(B).

(iii) A homomorphism ¢ from S = C,(R) = C,((0,1)) into a C*-algebra B is
just a choice of unitary in B which is 1 mod B (the image of f(t) = >
under the extension of ¢ to ¢ : C(T) — Bt). Thus [S, B ® K] may be
identified with K;(B).

(iv) Using Bott periodicity, [S, SB®K] may be identified with K(B). If B is
unital, this identification agrees with the suspension of the identification
induced by the identification of (ii).
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V.1.4 Bivariant Theories

K-Theory is just one aspect of a large class of noncommutative homology/
cohomology theories on C*-algebras and more general topological algebras.
The most general theories are bivariant, i.e. bifunctors which are contravariant
in one variable and covariant in the other. These theories are discussed in
detail in [CSTO04], so we give only a very brief description here.

Extension Theory

V.1.4.1 The first bivariant theory is the theory of extensions of C*-algebras,
discussed in I1.8.4. Given (separable) C*-algebras A and B, a semigroup
Ext(A, B) is defined. For fixed B, Ezt(-, B) is a contravariant functor from
C*-algebras to abelian semigroups, and for fixed A, Ext(A,-) is a covariant
functor. The group Exzt~1(A, B) (which coincides with Ezt(A, B) in many
cases, e.g. when A is nuclear) is of particular importance, and is a homotopy-
invariant bifunctor with six-term exact sequences and Bott Periodicity in each
variable separately (under mild hypotheses).

V.1.4.2 L. Brown, R. Douglas, and P. Fillmore [BDF77] showed that if X
is compact, then

Ext(C(X)) := Ext(C(X),C) = K (X),

the first K-homology group of X (K-homology is the homology theory which is
dual to complex K-theory). This result attracted great attention from topol-
ogists, and may fairly be regarded as the beginning of noncommutative topol-
ogy as a discipline (although work such as Murray-von Neumann dimension
theory, Fredholm index theory, and the Atiyah-Karoubi approach to topo-
logical K-theory can in retrospect be considered to be pioneering work in
noncommutative topology).

V.1.4.3 It turns out, and is not hard to see, that we have Ezt(C, B) &
K1(B) for any (separable) B, and hence by Bott Periodicity

Ko(B) = Ext(Cy(R), B)

for any (separable) B. Thus the bivariant Ext theory includes K-theory for
separable C*-algebras, with a dimension shift.
In light of V.1.4.2, it makes sense to define

K'(A) = Ext(A) := Ext(A,C)

for a general separable (nuclear) C*-algebra, and by Bott Periodicity to
let K°(A) = Ext(A,Co(R)). These groups are sometimes called the “K-
homology” groups of A, but this terminology is misleading since K° and K
are actually contravariant functors from C*-algebras to abelian groups.
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KK-Theory

V.1.4.4 A very important advance in the development of operator K-theory
is the K K-theory of Kasparov [Kas80b]. Given a pair of C*-algebras (A, B),
with A separable and B containing a strictly positive element, we define an
abelian group KK (A, B). There are two standard ways of viewing the ele-
ments of KK (A, B), as Fredholm modules or as quasihomomorphisms; each
is useful in certain applications. The quasihomomorphism approach (due to J.
Cuntz) is perhaps more intuitive. A quasihomomorphism from A to B is a pair
(6, ) of homomorphisms from A to M (B ® K) which agree modulo B ® K.
Then KK (A, B) is the set of equivalence classes of quasihomomorphisms from
A to B, under a suitable notion of homotopy; the group operation, similar to
that on Fxt, is essentially orthogonal direct sum. K K is a homotopy-invariant
bifunctor from pairs of C*-algebras to abelian groups, contravariant in the first
variable and covariant in the second. KK (C, B) = Ky(B).

V.1.4.5 The central tool in the theory is the intersection product (or Kas-
parov product), a method of combining an element of KK (A, B) with one
in KK(B,C) to yield an element of KK (A,C). In the quasihomomorphism
picture, the intersection product gives a way of “composing” quasihomomor-
phisms; if one of the quasihomomorphisms is an actual homomorphism, then
the intersection product is really just composition, defined in a straightforward
way. The technical details of establishing the properties of the intersection
product are formidable.

V.1.4.6 Armed with the intersection product, it is fairly easy to prove all the
important properties of the K K-groups. First, KK(SA, B) = KK(A, SB);
call this KK'(A, B). Then we have Bott periodicity

KK'(SA,B) = KK'(A,SB) = KK(A,B) = KK(SA,SB).
Moreover K K'(C, B) = K;(B); more generally, if A is nuclear, then
KK'(A, B) = Ext(A, B).
There are cyclic six-term exact sequences in each variable separately under
some mild restrictions. We have KK (C, B) & Ky(B), KK'(C, B) = K,(B),
KK(A,C) = K°%A), KK'(A,C) = K!(A) for any (separable) A, B.
E-Theory

V.1.4.7 There are some situations where the six-term exact sequences do
not hold in K K-theory, however. This shortcoming and some important po-
tential applications led A. Connes and N. Higson [CH90] to develop E-theory,
which may be regarded as a “variant” of K K-theory in which the six-term
exact sequences hold in complete generality (for separable C*-algebras). The
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basic objects of study in E-theory are asymptotic morphisms, paths of maps
indexed by [1,00) which become asymptotically *-linear and multiplicative.
E(A, B) is the set of homotopy classes of asymptotic morphisms from A to
B ® K. As with KK, there is a natural way of “composing” asymptotic mor-
phisms (well defined up to homotopy), giving a product in E-theory analogous
to the intersection product.

For any separable A, B, there is a natural map from KK (A, B) to E(A, B),
which is an isomorphism if A is nuclear.

Equivariant and General Bivariant K-Theory

V.1.4.8 These bivariant theories can be abstracted and axiomatized to ap-
ply to more general classes of topological algebras and classes of extensions
which will lead to six-term exact sequences.

All the theories can be adapted to incorporate actions of second countable
locally compact topological groups, giving equivariant theories.

V.1.4.9 Operator K-theory has led both to spectacular advances within the
subject of operator algebras and to deep applications to problems in geome-
try and topology. K-Theory, including the bivariant theories, has become a
standard tool in the subject of operator algebras. Perhaps the greatest achieve-
ment of K-theory within operator algebras has been to give some insight into
the previously mysterious (and still rather mysterious) internal structure of
crossed products and free products of C*-algebras. The two most notable
applications to geometry and topology so far have been the various gener-
alizations of the Atiyah—Singer Index Theorem due to Connes, Skandalis,
Kasparov, Moscovici, Miscenko, Fomenko, and Teleman, and the work on
the homotopy invariance of higher signatures of manifolds by Kasparov and
Miscenko and vanishing of “higher A-genera” of manifolds of positive scalar
curvature by Rosenberg (parallel to work of Gromov and Lawson). It would
appear certain that the work so far has only scratched the surface of the pos-
sibilities. Until recently it would have been difficult to conceive of theorems
in differential topology whose proofs require the use of operator algebras in
an essential way.

V.1.5 Axiomatic K-Theory and the Universal Coefficient Theorem

Work of J. Cuntz, N. Higson, J. Rosenberg, and C. Schochet shows that
K-theory can be characterized (at least for suitably nice C*-algebras) by a
simple set of axioms analogous to the Steenrod axioms of cohomology, and
has established generalizations for K K-theory of the Universal Coefficient
Theorem and Kiinneth Theorem of topology, which provide powerful tools for
the calculation of the K K-groups of many C*-algebras (essentially reducing
the problem to calculation of K-groups).
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KK as a Category

V.1.5.1 The KK-groups can be regarded as the morphisms of a category.
Let KK be the category whose objects are separable C*-algebras, and for
which the set of morphisms from A to B is KK (A, B). Composition of mor-
phisms is via the intersection product.

One can similarly form a category E with the same objects, with E(A, B)
the morphisms from A to B.

KK-Equivalence and the Bootstrap Class

V.1.5.2 An isomorphism in the category KK is called a KK-equivalence.
K K-Equivalence is a fairly weak equivalence relation on (separable) C*-
algebras, with the following properties:

(i) If A is a separable C*-algebra, then A is K K-equivalent to A ® K. Thus
stably isomorphic C*-algebras are K K-equivalent.
(ii) Homotopy-equivalent C*-algebras are K K-equivalent.
(i) f0 — J — A — A/J — 0 is a split exact sequence of C*-algebras, then
A is KK-equivalent to J & A/J.

One can also define F-equivalence, using isomorphisms in E. K K-equivalence
implies E-equivalence.

V.1.5.3 If A and B are K K-equivalent, then for any D we have
KK(A,D)2 KK(B,D) and KK(D,A)= KK(D,B).
In particular,
Ko(A) 2 KK(C,A) 2 KK(C,B) 2 Ky(B)

and similarly K;(A) & K5 (B).
It turns out that for suitably nice A and B, the converse is true (V.1.5.13).

V.1.5.4 The (large) bootstrap class is the smallest class A of separable
nuclear C*-algebras with properties (i), (iii), and (v) of IV.3.1.15, i.e. C €
N, N is closed under countable inductive limits, and N has the two-out-of-
three property, and in addition A is closed under K K-equivalence. Then A
also satisfies (ii) (M is closed under stable isomorphism) and (iv) (a Toeplitz
extension yields that N is closed under crossed products by Z), and in addition
N satisfies (vi) of IV.3.1.15 and N is closed under homotopy equivalence.

N contains the small bootstrap class 91 of IV.3.1.15, and in particular
contains all commutative C*-algebras. It is an important unsolved problem
whether N is the class of all separable nuclear C*-algebras; it certainly con-
tains all separable nuclear C*-algebras for which there is hope of a classifica-
tion via K-theoretic invariants.
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The Universal Coefficient Theorem and Kiinneth Theorems

We now state several results which allow computation of K K-groups of “nice”
C*-algebras. Among other things, K K-equivalence is completely determined
by isomorphism of the Ky and K; groups for C*-algebras in the class N de-
fined in V.1.5.4, and consequently that any C*-algebra in A is K K-equivalent
to a commutative C*-algebra. The results of this section are due to J. Rosen-
berg and C. Schochet ([RS87]; [Sch82]), based on earlier work by L. Brown
[Bro84]. Cuntz had also previously obtained the Universal Coefficient sequence
for the Oy4.

All C*-algebras in this subsection will be separable. We will consider K-
theory and K K-theory to be Zs-graded theories in order to simplify notation:
KK*(A, B) will denote KK (A, B) ® KK (A, B), and similarly

K. (4) = Ko(A4) & K1 (4), K*(4) = K°(4) & K'(A).

If G and H are graded abelian groups, then Hom(G, H) is also graded by
degree-preserving /degree-reversing maps. A tensor product of abelian groups
is, of course, the ordinary tensor product over Z. A tensor product of graded
groups has a natural and obvious grading.

V.1.5.5 For any separable C*-algebras A and B, there are maps
a: K.(A)® K.(B) —» K.(A® B)

B:K*(A)® K.(B) - KK*(A,B)
v: KK*(A,B) — Hom(K,(A), K.(B))

which are natural in A and B.

These maps are defined using the intersection product. o comes from the
pairing KK*(C, A) x KK*(C,B) — KK*(C, A® B). More specifically, « is
induced by the four pairings

KK(C,A) x KK(C,B) —» KK(C,A® B)

KK(Cy(R), A) x KK(C, B) — KK(Cy(R), A® B)
KK(C,A) x KK(Cy(R), B) — KK(Cy(R), A® B)
KK(Co(R), A) x KK(Co(R), B) — KK(Co(R?),A® B) =~ KK(C,A® B)

The map S comes from the pairing K K*(A,C)x KK*(C, B) — KK*(A, B).
Finally, v is the adjoint of the pairing K K*(C, A)x KK*(A, B) — KK*(C, B).

When A = B, KK*(A, A) is a graded ring, and - is a ring-homomorphism
(if the intersection product is written composition-style).

The surjectivity of § measures to what extent a general K K-element
factors through C or C,(R) (or through C(S'), which is K K-equivalent to
Co Co(R)).
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V.1.5.6 It is not necessary to use K K-theory to define «, 3, or . « has
a straightforward K-theoretic definition (which actually defines a map from
K,.(A) ® K.(B) to K.(A Qmax B)), and for 8 everything may be rephrased
in terms of the pairing between K-theory and “K-homology”. v has a nice
interpretation in terms of extensions, which could be taken as an alternate
definition. If 7 € KK (A, B) is represented by the extension

0—B-—D-—A—0

then ~(7) is given by the connecting maps in the associated six-term exact
sequence of K-theory.

V.1.5.7 One might hope that «, 5, and v would be isomorphisms, but
they cannot be in general for (essentially) homological algebra reasons. If the
sequences are modified in the appropriate way to incorporate the homological
algebra obstructions, sequences are obtained which are valid at least for C*-
algebras in NV.

The additional ingredient is easiest to describe in the case of v. If v(7) =0
for an extension 7, then the six-term K-theory sequence degenerates into two
short exact sequences of the form

0 — K;(B) — K;(D) — K;(A) — 0

and thus determines an element #(7) € Exty(K.(A), K.(B)) [this is the Exty-
group of homological algebra, the derived functor of the Hom functor, not the
Ext-group of 11.8.4.18.] Note that x reverses degree. The maps v and k are
generalizations of the Adams d and e operations in topological K-theory.

The obstruction for o and 3 is an element of Tor% , the derived functor of
the tensor product functor. It is natural to expect a Tor% obstruction, since
Tor? measures the deviation from exactness of the tensor product functor on
groups.

The statements of the theorems are as follows.

V.1.5.8 THEOREM. [UNIVERSAL COEFFICIENT THEOREM (UCT)] [RS87]
Let A and B be separable C*-algebras, with A € A. Then there is a short
exact sequence

0 — Ext}(K.(A), K.(B)) - KK*(A, B) - Hom(K, (A), K.(B)) — 0

The map v has degree 0 and ¢ has degree 1. The sequence is natural in each
variable, and splits unnaturally. So if K, (A) is free or K, (B) is divisible, then
v is an isomorphism.

V.1.5.9 THEOREM. [KUNNETH THEOREM (KT)] [RS87] Let A and B be
separable C*-algebras, with A € N, and suppose K,(A) or K,(B) is finitely
generated. Then there is a short exact sequence
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0 — K*(A) ® K.(B) -5 KK*(A, B) -2 Tor“(K*(A), K.(B)) — 0.

The map 3 has degree 0 and p has degree 1. The sequence is natural in each
variable, and splits unnaturally. So if K*(A) or K, (B) is torsion-free, ( is an
isomorphism.

V.1.5.10 THEOREM. [KUNNETH THEOREM FOR TENSOR PRODUCTS (KTP)]
[Sch82] Let A and B be C*-algebras, with A € /. Then there is a short exact
sequence

0 — K.(A) ® K,(B) % K,(A® B) - Tor?(K.(A), K,(B)) — 0.

The map « has degree 0 and o has degree 1. The sequence is natural in each
variable, and splits unnaturally. So if K,(A) or K,(B) is torsion-free, a is an
isomorphism.

The names given to these theorems reflect the fact that they are analogs
of the ordinary Universal Coefficient Theorem and Kiinneth Theorem of alge-
braic topology. The UCT can also be regarded as a theorem about K-theory
with coefficients.

The KT and especially the KTP can be stated and proved without refer-
ence to K K-theory. The proofs, however, are similar to and require some of
the same machinery as the proof of the UCT, so it is most efficient to consider
all three together.

V.1.5.11 The strategy of proof for all three theorems is the same. One first
proves the theorems by bootstrap methods for arbitrary A, with fixed B of a
form making «, (3, 7 isomorphisms. Then the general results are deduced by
“abstract nonsense”, using an appropriate exact sequence giving a resolution
of a general B into ones of the special form.

V.1.5.12 Let N’ be the class of all separable nuclear C*-algebras A such
that the exact sequence in the statement of the UCT holds for every sepa-
rable C*-algebra B. The UCT then says that N/ C AN’. A straightforward
application of the Five Lemma yields:

V.1.5.13 PROPOSITION. Let A,B € N'. If z € KK*(A,B) and ~(z) €
Hom(K,(A), K.(B)) is an isomorphism, then z is a K K-equivalence. Thus,
if K;(A) = K;(B) for i = 0,1, then A and B are K K-equivalent.

V.1.5.14 Given countable abelian groups Gy and (1, there is a standard
construction (using mapping cones) of a second countable locally compact
Hausdorft space X of dimension < 3 such that K;(Co(X)) 2 G; (i =0,1) (cf.
[Bla98, 23.10.3]). Since every separable commutative C*-algebra is in N, we
obtain:
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V.1.5.15 COROLLARY. Let A be a separable nuclear C*-algebra. The fol-
lowing are equivalent:

(i) AeN.
(i) Ae N

(iii) A is K K-equivalent to a commutative C*-algebra.

V.1.5.16 There are many (separable) nonnuclear C*-algebras which are in
the class H of A such that the UCT sequence holds for any separable B. For
example, any separable C*-algebra K K-equivalent to an element of A is in
‘H; in particular, every (separable) contractible C*-algebra (e.g. C A for any
A) is in ‘H. There are separable C*-algebras A which are not in H because
KK*(A,-) does not have exact sequences for arbitrary extensions (it does if
A is nuclear).

However, nonexistence of exact sequences is not the root cause of the
failure of the UCT in general. An analog of the UCT exact sequence can be
formulated using E(A, B) in place of KK (A, B). There are C*-algebras A, B
for which both the E-UCT and the K K-UCT fail to hold, e.g. A = B = C}(G)
for Ozawa’s example of a countable discrete group G not satisfying the Baum-
Connes Conjecture [0za00].

V.2 Finiteness

In this section, we discuss properties related to finiteness in C*-algebras, in-
cluding an order structure on the K-theory of a (stably) finite C*-algebra
which plays a crucial role in the classification program.

V.2.1 Finite and Properly Infinite Unital C*-Algebras

Recall the definitions of finite, infinite, and properly infinite projections and
unital C*-algebras from II1.1.3.1. These properties behave somewhat differ-
ently for general C*-algebras than for von Neumann algebras. Throughout
this subsection, all C*-algebras will be unital unless stated otherwise.

V.2.1.1 A commutative C*-algebra is obviously finite (cf. V.2.1.13). A Type
I C*-algebra need not be finite: the Toeplitz algebra (I1.8.3.2(v)) is a coun-
terexample. A properly infinite C*-algebra contains a copy of the non-Type-I
C*-algebra O (II1.1.3.3, IV.1.2.6); since a C*-subalgebra of a Type I C*-
algebra is Type I (IV.1.5.11), a Type I C*-algebra cannot be properly infinite.

V.2.1.2 A quotient of an infinite C*-algebra need not be infinite: C(S1)
(and also C) is a quotient of the Toeplitz algebra. Any quotient of a properly
infinite C*-algebra is properly infinite.
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On the other hand, a quotient of a finite C*-algebra need not be finite; in
fact, every C*-algebra is a quotient of a finite C*-algebra. This is most easily
seen using cones (I1.5.5.10): note that C;(A) is finite for all A. In fact, Cy(A)
is projectionless (contains no nontrivial projections). If A is unital, then A is
a quotient of C(A) via evaluation at 1.

V.2.1.3 DEFINITION. A (unital) C*-algebra A is residually finite if every
quotient of A is finite.

V.2.1.4 There is a related condition. We say a (unital) C*-algebra A has the
unitary extreme property if every extreme point in the unit ball of A is unitary
(cf. 11.3.2.17). A C*-algebra with the unitary extreme property is obviously
finite. A residually finite C*-algebra has the unitary extreme property: if = is
an extreme point in the unit ball of A, and 1 — zx* is nonzero, then 1 — zz*
is not in the closed ideal J generated by 1 — x*z by 11.3.2.17, and hence the
image of x in A/J is a nonunitary isometry. In particular, a finite simple
C*-algebra has the unitary extreme property.

There are C*-algebras with the unitary extreme property which are not
residually finite: for example, if A is any unital C*-algebra, then the unital
cone C1(A) has the unitary extreme property. There are also finite C*-algebras
which do not have the unitary extreme property, e.g. C*(S @ S*), where S is
the unilateral shift.

It turns out that the most useful and important notion of finiteness involves
matrix algebras:

V.2.1.5 DEFINITION. A (unital) C*-algebra A is stably finite if M, (A) is
finite for all n. A is residually stably finite if every quotient of A is stably
finite.

V.2.1.6 EXAMPLE. Not every finite C*-algebra is stably finite. The first
explicit example, due to N. Clarke [Cla86], is the Toeplitz algebra on the 3-
sphere S3 [CobT74]. Let H?(S3) C L?(S®) be the “Hardy space” of functions
analytic on the open unit ball of C? with square-integrable boundary values.
If f € C(S?), the compression of the multiplication operator My (1.2.4.3(i))
on L2(S%), to H%(S?), is called the Toeplitz operator with symbol f, denoted
Ty. Let A = T(S®) be the C*-subalgebra of L£(H?(5%)) generated by {T} :
f € C(S3)}. Then A contains K(H?(S?)), and A/K = C(S?). Since 7! (53) =
m3(St) = 0, the unitary group of C(S®) is connected. Every isometry in A
has unitary image in C'(S?), hence has index 0, i.e. A contains no nonunitary
isometries. But Ms(A) does contain a nonunitary isometry; in fact, the image
of the multiplication operator with symbol

is a Fredholm operator of nonzero index.
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This example works because, although K;(C(S?)) is nontrivial, the non-
trivial elements first appear in the 2 x 2 matrix algebra.

By considering the Toeplitz algebra on the unit ball of C™, one can make
the nonunitary isometries first appear in the n X n matrix algebra.

Note that this C*-algebra is Type 1. M3(A) is thus not properly infinite
(V.2.1.1); in fact, if v is a nonunitary isometry in Ms(A), then 1 — vv* is
contained in a proper ideal.

V.2.1.7 In an important advance, M. Rgrdam [Rer03] recently constructed
an example of a finite simple unital nuclear C*-algebra C*-algebra A such that
M>5(A) is infinite (and hence properly infinite by V.2.3.1). Rgrdam previously
gave an example of a finite (non-simple) unital C*-algebra A such that My(A)
is properly infinite [Rgr98].

V.2.1.8 PROPOSITION. Let (A;, ¢;;) be an inductive system of unital C*-
algebras (with the ¢;; unital), and A = lim(A;, ¢;;). If each A; is [stably]
finite, then A is [stably] finite.

PROOF: Let u be an isometry in A, and z € A; with ||z|]| = 1 and ||¢;(x) — ul]
small. Then ¢;(xz*z) is close to 14, and by increasing i we may assume that
x*x is close to 14,. Thus, if v = x(x*2)~1/2, then v is an isometry in 4; and
¢;(v) is close to u. Since A; is finite, vv* = 14,, and thus uu* is close to 1 and
hence invertible. Thus w is invertible and therefore unitary.

As a corollary, several types of C*-algebras important in the classification
program are stably finite:

V.2.1.9 DEFINITION. A (not necessarily unital) C*-algebra A is approxi-
mately homogeneous, or an AH algebra, if it is isomorphic to an inductive
limit of locally homogeneous C*-algebras (in the sense of IV.1.4.1). A is ap-
prozimately subhomogeneous, or an ASH algebra, if it is isomorphic to an
inductive limit of subhomogeneous C*-algebras.

AH and ASH algebras are usually required to be separable.

Every AH algebra is an ASH algebra. Every ASH algebra is finite, and
since a matrix algebra or quotient of a locally homogeneous [subhomogeneous|
C*-algebra is locally homogeneous [subhomogeneous], a matrix algebra or quo-
tient of an AH [ASH] algebra is AH [ASH]. Thus an ASH algebra is residually
stably finite. If A is ASH, so is A. If A is AH, then A is not necessarily AH,
but it is if A has an approximate unit of projections (e.g. if A is an inductive
limit of unital locally homogeneous C*-algebras).

These acronym names are in analogy with the AF algebras (11.8.2.2(iv)).
Other similar names for classes of interesting C*-algebras are the Al-algebras
and AT-algebras, inductive limits of direct sums of matrix algebras over
C(]0,1]) and C(T) respectively; these classes are sometimes (rather mislead-
ingly) called “interval algebras” and “circle algebras” respectively.

Another interesting class of stably finite C*-algebras is:
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V.2.1.10 DEFINITION. A (not necessarily unital) C*-algebra A is residually
finite-dimensional if it has a separating family of finite-dimensional represen-
tations (i.e. a separating family of finite-dimensional quotients).

[Note that the meaning of “residually” in this definition is not the same as in
V.2.1.3 or V.2.1.5]

Any C*-subalgebra of a residually finite-dimensional C*-algebra is resid-
ually finite-dimensional. If A is residually finite-dimensional, so is A. A ma-
trix algebra over a residually finite-dimensional C*-algebra is residually finite-
dimensional.

Any C*-algebra, all of whose irreducible representations are finite-dimen-
sional (e.g. any subhomogeneous C*-algebra), is residually finite-dimensional.
A more interesting example is:

V.2.1.11 THEOREM. [Cho80] If F is any free group, then C*(F) is residually
finite-dimensional.

V.2.1.12 COROLLARY. Every C*-algebra is a quotient of a residually finite-
dimensional C*-algebra.

In fact, every separable unital C*-algebra is a quotient of C*(F') for a free
group F.

V.2.1.13 PROPOSITION. A unital residually finite-dimensional C*-algebra
is stably finite.

PROOF: Let A be residually finite-dimensional. Since a matrix algebra over
A is also residually finite-dimensional, it suffices to show that A is finite. If u
is a nonunitary isometry in A, let J be a closed ideal in A with A/J finite-
dimensional and 7(1 — uu*) # 0, where 7 : A — A/J is the quotient map.
Then 7(u) is a nonunitary isometry in A/.J, a contradiction.

In particular, every subhomogeneous C*-algebra (e.g. every commutative
C*-algebra) is stably finite.

V.2.1.14 A C*-algebra A with a separating family of tracial states (or,
more generally, normalized quasitraces (I11.6.8.15)) must be finite: if x € A
with 2*z = 14, then 7(14 — xz*) = 0 for every normalized quasitrace .
Since M,,(A) also has a separating family of normalized quasitraces, A must
be stably finite.

Even a residually stably finite C*-algebra need not have a separating fam-
ily of normalized quasitraces: K is a counterexample. But there is a very
important partial converse to the previous paragraph:

V.2.1.15 THEOREM. ([Han81], [BH82]) Let A be a stably finite unital C*-
algebra. Then A has a normalized quasitrace.

Combining this result with 11.6.8.17, we obtain:
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V.2.1.16 COROLLARY. Let A be a stably finite unital exact C*-algebra.
Then A has a tracial state.

V.2.1.17 The proof of V.2.1.15 is not difficult given the proper framework
(the comparison theory of I1.3.4), although there are some technical details
to be handled. The proof has a strong K-theoretic flavor.

The first step, done in [Cun78] in the simple case and [Han81] in general,
is to construct an ordered group Kj(A) whose states (V.2.4.21) are exactly
the dimension functions on A. Kj(A) is constructed in a manner very similar
to Ko(A) except that one starts with all (positive) elements of M., (A), using
the relation < of I1.3.4.3. Since a dimension function on A measures the “size”
of the “support projections” of the elements of A, the correspondence between
dimension functions and states of K(A) is natural.

Begin with a (not necessarily unital) C*-algebra A (or a somewhat more
general *-subalgebra such as a hereditary *-subalgebra of a C*-algebra). The
relations 3 and &~ make sense on Moo (A)+ (I1.6.6.9); the set W(A) of equiv-
alence classes of elements of M., (A); has a binary operation (“orthogonal
addition”), well defined by 11.3.4.7(ii), making it an abelian semigroup with
identity [0]. There is a natural partial order on W(A) induced by 3. The
Grothendieck group (V.1.1.13) of formal differences from W(A) becomes a
preordered abelian group with the induced order; this preordered group is
denoted K (A) in [Cun78] and D(A) in other references. The dimension func-
tions taking finite values on A are in natural one-one correspondence with
the order-preserving homomorphisms from K{(A) to R; if A is unital, the
normalized dimension functions are the homomorphisms taking the value 1
on [1]. In most reasonable cases, e.g. when A is o-unital or simple, K§(A) will
contain an order unit. If KJ(A) is nontrivial and contains an order unit, then
the Goodearl-Handelman theory (V.2.4.24) insures a nonzero order-preserving
homomorphism and thus a nonzero finite dimension function on A.

It is immediate from the construction that if @ € M (A)4, then [a] = [0]
in Kj(A) if and only if there is a b € Mo (A)4, b L a, with a +b 2 b. It
follows easily that if A is unital, then K§(A) = {0} if and only if [14] = [0],
which occurs if and only if 14 + b = b for some b which has n ones on the
diagonal and zeroes elsewhere, for some n; this will be the case if and only
if My+1(A) is infinite. Thus, if A is unital, there is a normalized dimension
function on A if and only if A is stably finite.

V.2.1.18 The final step is the transition from a dimension function to a
quasitrace. This was first done in [Han81] for AW*-algebras using a ring-
theoretic argument, and the general C*-algebra case was reduced to the
AW*-case in [BH82]. A quicker argument was given in [BR92]: if D is a
dimension function on a C*-algebra A (or hereditary *-subalgebra), define
D'(a) = sup.sqD(fe(a)); then it is easily checked that D’ is a dimension
function, D’ < D, and D’ is lower semicontinuous by 11.3.4.15. Thus D’ corre-
sponds to a quasitrace by 11.6.8.14. D’(p) = D(p) for any projection p, and in
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particular, if A is unital, D’ is normalized if D is normalized. (If A is nonuni-
tal, it can happen that D’ = 0 even if D # 0, but only if D vanishes on
Ped(A).)

This completes the (outlined) proof of V.2.1.15.

V.2.1.19 As a byproduct of the construction used in the proof, it is easy to
see that if B is a full hereditary C*-subalgebra of a C*-algebra A contained in
Ped(A), then K}(B) is naturally isomorphic to Kj(Ped(A)); thus there is a
finite nonzero dimension function on B if and only if there is one on Ped(A).
(But K (A) can be quite different: K¢ (C(H)) = Z, but K (K(H)) = {0}. The
K{-group is much more sensitive to completion than the K-groups.)

V.2.2 Nonunital C*-Algebras

It is not straightforward to rephrase the definitions of finite, infinite, and
properly infinite C*-algebras in the nonunital case in an interesting and useful
way, and indeed there seems to be no completely satisfactory way to proceed
except in the stable simple case, where most reasonable finiteness conditions
coincide. In this subsection, we will discuss some of the alternatives; some are
of interest also in the unital case.

Finite Algebras

V.2.2.1 The most commonly used definition of a finite C*-algebra, which
is reasonably satisfactory, is to declare A [stably] finite if A is [stably] finite.
This definition is fairly broad: for example, the cone C'(A) is stably finite by
this definition, for any A. Thus the nonunital version of V.2.1.15 is false: a
stably finite C*-algebra under this definition (e.g. C'(O2)) need not have a
nondegenerate quasitrace (one taking values other than 0 and oo) at all.

V.2.2.2 An even broader definition of finiteness for a C*-algebra A is to
simply require that A contain no infinite projections. A C*-algebra which is
finite in the sense of V.2.2.1 has this property, but the converse is not true
(V.2.2.14(i)) (although it is true for simple C*-algebras (V.2.3.6)), and this
broader notion does not seem to be too useful. The problem is that general C*-
algebras have a dearth of projections, and unexpected projections and partial
isometries can appear from standard constructions, even adding a unit.

V.2.2.3 A far more restrictive notion of finiteness is to require the exis-
tence of a separating family of normalized quasitraces (or equivalently in the
separable case, a faithful normalized quasitrace). This notion of finiteness ex-
cludes such examples as K (which is arguably only “semifinite”, not finite).
One could relax this condition to just require a separating family of densely
defined (quasi)traces; this notion of finiteness would include K (but not K).

A closely related condition is the existence of nonnormal hyponormal ele-
ments:
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V.2.2.4 DEFINITION. An element z in a C*-algebra A is hyponormal if
zx* < z*z.

Note that the hyponormality of an element is independent of the containing
C*-algebra. For a full discussion of hyponormality and related topics, see
[Con91].

V.2.2.5 A strong finiteness condition on a C*-algebra A is the requirement
that every hyponormal element in A is normal. A C*-algebra with a sepa-
rating family of tracial states has this property; it is unknown whether the
same is true for a separating family of normalized quasitraces, even for simple
unital C*-algebras. The converse is false: K does not contain a nonnormal
hyponormal element ([Con91], [Hal67, Problem 206]).

It is known [CP79] that a C*-algebra A has a separating family of tracial
states if and only if, whenever z1,...,2, € A and > x;xf < > xfx;, we have

SMwxl =Y wiw;.

V.2.2.6 If A is infinite, then by multiplying an isometry by a suitable scalar
A contains a nonunitary isometry of the form 1 4 z, where z € A. From
(14 2)*(1+2) =1 we obtain © + 2* = —z*z.

I+z)l+x) ' =1l4z+z"+zz" =1+zz" — "z

is a nontrivial projection, and thus z*x — xx™ is a nonzero projection in A. So
x is a nonnormal hyponormal element in A (and actually has a much stronger
property). Thus a C*-algebra containing no nonnormal hyponormal element
is finite in the sense of V.2.2.1.

V.2.2.7 The property of containing no nonnormal hyponormal element is
much stronger than finiteness (in the sense of V.2.2.1), however: for example,
C(0O3) is finite but does contain a nonnormal hyponormal. In fact, by [Spi8§],
the suspension of the Toeplitz algebra can be embedded in an AF algebra, so
even an AF algebra can contain a nonnormal hyponormal. Even C(O2) can
be embedded in an AF algebra; in fact, the cone over any separable exact
C*-algebra is AF-embeddable [0za03].

A nonnormal hyponormal element is a generalization of a partial isome-
try implementing an equivalence between an infinite projection and a proper
subprojection. A more restrictive generalization of such partial isometries is
a scaling element [BC82]:

V.2.2.8 DEFINITION. Let = be an element of a C*-algebra A. Then z is a
scaling element if xa* # x*x and zo* < x*z, i.e. (x*z)(zz*) = xx*.

The condition zz* # z*x simply rules out the case where x*z = zx* is a
projection; if x is a scaling element, then

|lz*x — zx™|| > 1/2.
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It is easily seen that the condition (z*x)(zxx*) = za* is equivalent to (z*z)z =
x. The property of being a scaling element is independent of the containing C*-
algebra. If z is a scaling element in A, then zaz* € A (I11.5.2.4),s0 x € Ped(A).

Simple functional calculus arguments show the following:

V.2.2.9 PROPOSITION. Let A be a C*-algebra. Then

(i) If A contains a scaling element, then it contains a scaling element x and
a,b > 0 such that ||z|| = |ja]| = ||b]| =1 and ¢ < z*z, a L z2*, b < a.

(ii) If A contains an element y such that ||y| = 1, ||[y*y — yy*|| > 3/4 and
l(v*y) (yy*) — yy*|| < 1/4, then A contains a scaling element.

V.2.2.10 COROLLARY. Let A = lim_, A;. If A contains a scaling element,
then some A; contains a scaling element.

V.2.2.11 The existence of a scaling element in a C*-algebra is a useful
notion of infiniteness, but this notion is really only interesting in the nonunital
case: if A is a unital C*-algebra containing a scaling element, then A contains
an infinite projection. In fact, if = is a scaling element in A as in V.2.2.9, then
an easy calculation shows that u = x + (1 — z*x)'/? is a nonunitary isometry.

So if A is finite (in the sense of V.2.2.1), then A does not contain a scaling
element. The converse is false (V.2.2.14(i)).

V.2.2.12 A C*-algebra containing a scaling element at least contains a
nonzero projection: if z is as in V.2.2.11, and v = z + (1 — z*z)"/? € A,
then 1 — uu™* is a nonzero projection in A. In fact, we have:

V.2.2.13 PROPOSITION. Let z be a scaling element of norm one in a C*-
algebra A. Then there is a sequence (p,) of mutually equivalent, mutually
orthogonal nonzero projections in A with p, < z*zx for all n.

PRroo¥F: Note that y = x(:rx*)l/z is also a scaling element: y*y = za*, and

2 2

(zax*)z® = z(z*x)r =

since (z*z)x = x. Let

u=y+(1-yy)/?ecd

—_~—

and p, = Un(l — UU*)U*n Since u € C*(y) and 1 — uu* € C*(y)7 P € C'*(y)
and z*x is a unit for p,.
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V.2.2.14 EXAMPLES.

(i) Let S be the unilateral shift (1.2.4.3(ii)), and A = C*(S — I). Then A
C*(A,I) = C*(S); thus A is not finite. However, A contains no scaling
element. For A contains K, and A/K 2 C,(R). If 7 : A — C,(R) is the
quotient map, and x is a scaling element in A, then 7(z*z) = 7(zz*) is a
projection in C,(R), and thus 7(z) = 0, z € K. But K contains no scaling
elements.

(ii) Let B be the universal C*-algebra generated by a scaling element of norm
1. Then B contains three important essential closed ideals I (generated by
the element x*x — (z*x)?), J (generated by x*x — xz*), and K (generated
by z—x*z). Wehave  C J C K, I 2 C,(R)®K, B/I =2 C*(S), J/I 2K,
K/I=C*(S—-1I), B/K = C. The extension0 - [ — K — C*(S—1) — 0
is split: if w = 2 4 (1 — *2)"/2, then u is an isometry in B and S — I —
y = u — 1 is a cross section. The extension 0 - K — B — C — 0 is
not split. Every projection in B is thus in K, and hence actually in J;
it follows easily that B has no infinite projections. (B does have nonzero
projections (V.2.2.12).) Thus B is finite in the sense of V.2.2.2, but not
in the sense of V.2.2.1 (V.2.2.11). See [Kat04a] for details.

Note that both these examples are Type I C*-algebras.
We summarize most of the various notions in a theorem:

V.2.2.15 THEOREM. Let A be a C*-algebra. Then the following are succes-
sively more restrictive notions of finiteness for A:

(i) A contains no infinite projections.
(ii) A contains no scaling element.

(iit) A is finite.

(iv) A contains no nonnormal hyponormal element.
(v) A has a separating family of tracial states.

All the conditions are distinct.

Properly Infinite Algebras

It is not obvious how to extend the definition of properly infinite C*-algebras
to the nonunital case. We can make the following definition for elements (cf.
[KRO00)):

V.2.2.16 DEFINITION. Let A be a C*-algebra, a € Ay. Then a is an infinite
element of A if diag(a,b) 3 diag(a,0) in My(A) (I1.3.4.3) for some b € A,
b # 0, and a is a properly infinite element of A if diag(a,a) 3 diag(a,0) in
Ms(A).

An infinite [resp. properly infinite] projection is an infinite [resp. properly
infinite] element.
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V.2.2.17 One could then say that a C*-algebra A is properly infinite if it
has a properly infinite strictly positive element. This would extend the unital
definition, but exclude some natural candidates which are not o-unital. A
more inclusive definition would require just that the properly infinite positive
elements in A generate A as an ideal, i.e. that every quotient of A contains
a nonzero properly infinite positive element. However, it is unclear that this
definition is the same as the usual one in the unital case. An intermediate
possibility is to require A to have a full properly infinite positive element; but
both objections would arise with this definition.

None of these definitions seems satisfactory, since the property of contain-
ing a properly infinite element is quite weak. For example, even K contains a
properly infinite element; in fact, any infinite-rank positive element is properly
infinite.

V.2.2.18 PROPOSITION. If A is a C*-algebra and a is properly infinite, then
for any b € (Jy)4, b 3 a.

To prove this, note that by induction
diag(a,a,...,a) 3 diag(a,0,...,0)

in M, (A) for all n, and apply I1.5.2.12.
If A is a C*-algebra and a € Ay, set

I(a) = {z € A: diag(a, |z|) 2 diag(a,0) in Ma(A)}.

V.2.2.19 PRropPoSITION. [KR00] I(a) is a closed ideal of A contained in
Jo = span(AaA); I(a) = {0} if and only if a is finite, and I(a) = J, if and
only if a is properly infinite. The image of a in A/I(a) is finite.

V.2.2.20 COROLLARY. If A is a C*-algebra, a € A, then a is properly
infinite if and only if the image of a in any quotient of A is either 0 or infinite.

Purely Infinite Algebras

V.2.2.21 DEFINITION. Let A be a C*-algebra. Then A is purely infinite
if A has no one-dimensional quotients and, whenever a,b € A, b € J, =
span(AaA) (the closed ideal of A generated by a), for every ¢ > 0 there is an
x € A with [|b — z*azx| < e.

In other words, if b can be approximated by a sum ) zjaz, (11.5.2.13), it
can be approximated by a single such term.

Purely infinite C*-algebras were first defined in the simple unital case
([Cun77a], [Cun8la]; cf. V.2.3.3). The definition in V.2.2.21 is from [KRO00].
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V.2.2.22 PROPOSITION. Every quotient of a purely infinite C*-algebra is
purely infinite.

PROOF: Let A be purely infinite, J a closed ideal, and 7 : A — A/J the
quotient map. Suppose ¢,d € (A/J)y, with d in the closed ideal of A/J
generated by c¢. Then d = Y7, zjcz; for some z, € A/J (IL5.2.13). Let
yr € A with z; = 7(yy) for each k. If € > 0, fix r with

T
ld — Z zrpezi|| < €/2.
k=1

If a € Ay with 7(a) = ¢, then b= Y, _, y;ayx is in the ideal of A generated
by a, so there is an x € A with ||b — *ax|| < €/2. Then

|d = m(z) e (z)|| < [|d =7 (B)|| + [|7(b) — w(z"az)|| < e.

V.2.2.23 PROPOSITION. Every hereditary C*-subalgebra of a purely infinite
C*-algebra is purely infinite.

PROOF: Let B be a hereditary C*-subalgebra of a purely infinite C*-algebra
A. Let a,b € B4, ||b]| = 1, b in the closed ideal of B generated by a, and € > 0.
Then b'/2 is in the closed ideal of A generated by a2, so there is an z € A
with ||b/2 — z*a?z|| < e. Then

16— (" *z*a'?)a(a'22b'Y)|| < €

and a'/?2zb'/* € B.

It remains to show that B cannot have a one-dimensional quotient. But
a quotient of B is a hereditary C*-subalgebra of a quotient of A (I1.5.1.6),
so it suffices to show that B cannot be one-dimensional, i.e. that A cannot
contain a projection p with pAp one-dimensional. If there were such a p, then
pAp could not be an ideal (direct summand) in A, so there is a y € A with
y*py ¢ pAp. Then p+y*py can be approximated by x*px for some z € A, and
pra*p = \p for some X > 0, so u = A\~ '/2px is a partial isometry with uu* = p,
and p S w*u. Then upu* is a proper subprojection of p, a contradiction.

V.2.2.24 PROPOSITION.

(i) Every nonzero projection in a purely infinite C*-algebra is infinite.
(ii) Every full hereditary C*-subalgebra of a purely infinite unital C*-algebra
contains a (necessarily infinite) projection equivalent to the identity.

ProoFr: The proofs are nearly identical. For (i), by V.2.2.23 it suffices to
show that if A is purely infinite and unital, then 1 is an infinite projection.
Let a be a noninvertible full positive element in A (I1.6.4.15). For (ii), let B
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be a full hereditary C*-subalgebra of A, and a a full positive element in B
(I1.5.3.11). In either case, there is an x € A with ||1 —z*az|| < 1, so r = z*ax
is invertible. Set v = a/22r~1/2; then u*u = 1, so uu* is a projection which
is in the hereditary C*-subalgebra generated by a.

A purely infinite C*-algebra, even an ideal in a unital purely infinite C*-
algebra, need not contain any nonzero projections (V.2.2.31).

V.2.2.25 It can be shown easily using I11.3.4.15 and I1.3.4.17 that suitable
limits of properly infinite elements are properly infinite. From this we obtain:

V.2.2.26 PROPOSITION. An inductive limit of purely infinite C*-algebras is
purely infinite.

It follows from V.2.2.19 that we have:

V.2.2.27 THEOREM. A C*-algebra A is purely infinite if and only if every
nonzero positive element of A is properly infinite.

V.2.2.28 THEOREM. [KR00] A C*-algebra stably isomorphic to a purely
infinite C*-algebra is purely infinite. In particular, if A is purely infinite, so is
A®K and M, (A) for all n.

The last statement is proved first, and follows easily from V.2.2.27; the
rest then follows from V.2.2.23 and V.2.2.26.

V.2.2.29 PROPOSITION. A purely infinite C*-algebra has no nondegenerate
lower semicontinuous trace.

V.2.2.30 THEOREM. [KR02] Let O be the Cuntz algebra (I1.8.3.3(ii)). If
A is any C*-algebra, then A ® O is purely infinite.

This result follows easily from the fact (cf. [KP00]) that O = @ Ono.
In fact, if B is any C*-algebra with B &2 B ® O (e.g. any purely infinite
simple nuclear C*-algebra), and A is any C*-algebra, then A ®y,i, B is purely
infinite.

V.2.2.31 EXAMPLES. O, itself is purely infinite, as are the other Cuntz
algebras [Cun77al]. C([0,1]) ® O is purely infinite, as is its ideal C,((0,1)) ®
Oo which contains no nonzero projections.

V.2.2.32 It is not true in general that if A is purely infinite, then A =
A ® O, even if A is separable and simple. This is an open question for
separable nuclear C*-algebras; several variations of the definition of a purely
infinite C*-algebra were considered in [KR02] in an attempt to answer this
question.
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V.2.3 Finiteness in Simple C*-Algebras

The finiteness situation is considerably simpler for simple C*-algebras.

Simple Unital C*-Algebras

The first observation is that if a simple unital C*-algebra is infinite, it is
properly infinite. Compare the next result to I11.1.3.2.

V.2.3.1 PROPOSITION. Let A be a simple unital C*-algebra. Then the fol-
lowing are equivalent:

(i) A is infinite.
(ii) A is properly infinite.
(iii) There is a sequence of mutually orthogonal, mutually equivalent nonzero
projections in A.
(iv) There is a sequence of mutually orthogonal projections in A, each equiv-
alent to 14, i.e. A contains a unital copy of O (I1.8.3.3(ii)).
(v) A contains a left [or right] invertible element which is not invertible.

PROOF: (i) = (v), (i) = (i), and (iv) = (ii) are trivial, and (i) = (iii)
is IT1.1.3.2. (Also, (ii) = (iv) is I11.1.3.3, although this is not needed for this
proof.)

(v) = (i): If = is left invertible, say yx = 1, then 1 = x*y*yz < ||y||?z*z, so
x*x is invertible, and u = x(z*z)~1/? is an isometry. We have that

we* = x(r*x) tat < ||(afz) 7t ||oa*

so if x is not invertible (i.e. zx* is not invertible), then wu* is not invertible.
The argument if z is right invertible is similar (or just note that if x is right
invertible, then x* is left invertible).

(iii) = (iv): Let (py,) be a sequence of mutually orthogonal nonzero equivalent
projections in A. Let p = p1, and u, a partial isometry with ) u, = p and
upU, = pp, for each n; so p = w) pyu,. Then, since A is algebraically simple,
there are elements x; with

n n
* * %
1= § T, pri = E T Ui PiUT,
i=1 i=1

for some n (11.5.4.3). If g = Y"1 | p; and v = Y |_, w;z;, then 1 = v*qu, so qu

is an isometry with range projection quv*q < ¢. Similarly, there is a projection

equivalent to 1 under ZEZZ?& p; for every k.
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V.2.3.2 COROLLARY. Let A be a simple unital C*-algebra, and p an infi-
nite projection in A. Then p is properly infinite and contains a subprojection
equivalent to 14.

PrOOF: Apply V.2.3.1 to pAp to conclude that p is properly infinite and con-
tains a sequence of mutually orthogonal, mutually equivalent subprojections.
Then exactly as in the proof of (iii) = (iv) we obtain a subprojection of
p equivalent to 14 (and, in fact, an entire sequence of mutually orthogonal
subprojections each equivalent to 14).

Purely Infinite Simple C*-Algebras

Purely infinite simple unital C*-algebras have several equivalent character-
izations. Examples of purely infinite simple unital C*-algebras are (count-
ably decomposable) type III factors, the Calkin algebra, the Cuntz algebras
(I1.8.3.3(ii)), and the simple Cuntz-Krieger algebras (11.8.3.3(iii)).

See V.2.3.13 for the nonunital case; a nonunital purely infinite simple C*-
algebra has many infinite projections, and a nonunital o-unital purely infinite
simple C*-algebra is isomorphic to the stabilization of a simple unital C*-
algebra (V.3.2.14).

V.2.3.3 PROPOSITION. If A is a simple unital C*-algebra, A # C, then the
following are equivalent:

(i) A is purely infinite.
(ii) A % C and, for every nonzero a € A, there are x,y € A with zay = 1.
(iii) Every nonzero hereditary C*-subalgebra of A contains an infinite projec-
tion.
(iv) Every nonzero hereditary C*-subalgebra of A contains a projection equiv-
alent to 1.

The equivalence (i) <= (iii) holds also for nonunital purely infinite simple
C*-algebras (V.2.3.12).

PROOF: (i) = (ii): Let a € A. Then 1 is in the ideal generated by a*a, so
there is a z € A with ||1 — 2*a*az|| < 1. Then r = z*a*az is invertible, so
r-lz*a*az = 1.

(i) = (i): Let a,b € Ay with a # 0, and let x,y € A with zay = 1. Then
1 = y*ar*zay < ||z||?y*ay, so r = y*a?y is invertible, and we have

b= (b1/27,71/2y*a1/2)a(a1/2y7,71/2b1/2).

(i) = (iii) and (i) = (iv) are V.2.2.24; (iii) = (iv) is V.2.3.2.

(iv) = (ii): Let a be a nonzero element of A, and B the hereditary C*-
subalgebra generated by f.(a*a) (I1.3.4.11) for € small enough that f.(a*a) #
0. Let v be an isometry in A with p = wu* € B. Then a*a > (¢/2)p, so
2z = u*a*au is invertible, and 2z~ 'u*a*au = 1.
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V.2.3.4 PROPOSITION. A matrix algebra or stable algebra over a simple
unital purely infinite C*-algebra A is purely infinite.

This result is of course a special case of V.2.2.28, but has a simple direct
proof: 14 is properly infinite and hence contains a sequence of mutually or-
thogonal subprojections equivalent to 14. Thus M, (A) for any n and A ®@ K
are isomorphic to hereditary C*-subalgebras of A. Apply V.2.2.23.

V.2.3.5 An infinite simple unital C*-algebra need not be purely infinite:
if A is Rgrdam’s example (V.2.1.7), then M5(A) is infinite but not purely
infinite since it contains a finite projection.

It is conceivable that there is a simple unital C*-algebra in which every
nonzero projection is infinite, but in which there is a nonzero projectionless
hereditary C*-subalgebra. Such a C*-algebra would not be purely infinite.

Nonunital and Stable Simple C*-Algebras

The next theorem, the main result of this section, shows that most of the
notions of finiteness coincide for stable simple C*-algebras.

V.2.3.6 THEOREM. [BC82] Let A be a simple C*-algebra. Then the follow-
ing are equivalent:

(i) A contains a scaling element.
(ii) A contains an infinite projection.
(iii) A is infinite (contains an infinite projection).

These conditions imply the following, which are equivalent:

(iv) There is no finite nonzero dimension function on Ped(A).
(v) There is no nondegenerate quasitrace (one taking values other than 0
and oo) on A.

These imply:
(vi) A is algebraically simple.

If A is stable, then (i)—(vi) are all equivalent.
If A is exact, (iv) and (v) are also equivalent to

(vii) There is no nondegenerate trace on A.

Note that most of this theorem follows immediately from V.2.1.15 and
V.2.1.19 (and I1.6.8.17 for (vii)) if A is assumed to contain a nonzero projec-
tion; but it is crucial to prove the result without this assumption.

The implications (ii) = (i), (ii) = (iii), and (iv) = (v) = (vii) are
trivial, (i) = (iii) is V.2.2.11, (v) = (iv) is V.2.1.18 (a nonzero dimension
function on Ped(A) is automatically faithful since Ped(A) is algebraically
simple), and (vii) = (v) for exact A is I1.6.8.17. Also, (ii) = (v) is obvi-
ous, since if D is a (necessarily faithful) finite nonzero dimension function on
Ped(A), and p ~ ¢ S p, then D(q) = D(p) = D(q)+D(p—q), a contradiction.
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V.2.3.7 The proof of (iii) = (ii) is very similar to the proof of (iii) = (iv)
of V.2.3.1. Let 1+ x be a nonunitary isometry in A. Then (f.(z*z)) is a right
approximate unit for x, and is also a left approximate unit since zx* < z*x
(V.2.2.6); thus fc(z*z)xf(v*z) — v as € — 0. Let y = f(z*z)xf(z*z) for
small enough e that ||y — x| < 1/6; then |ly|]| < 2,s0a =14+ y*)(1+y) is
invertible in A since

la =1 =[1+y)0+y) - (A +2") (1 +z)] <1

but (1+y)(1+y*) is not invertible (11.3.2.19). Set z = (1+y)a~'/2—1. Then z €
C*(y), 80 b = fej2(x*x) is a unit for C*(z), and 1+ z is a nonunitary isometry
in A. Thus C*(z) = C*(S — I), where S is the unilateral shift, and hence
there is a sequence (p,) of mutually orthogonal, mutually equivalent nonzero
projections in C*(z). Let g, = Y., py, for each m. Since b € Ped(A), there
is an m and elements y;, with b= >"/" | yiprys. Thus, if u = 1| PkYkGm+1s
then u*u = @41 and wu®™ < ¢y, SO @41 is an infinite projection.

V.2.3.8 We next show (vi) = (i) if A is stable. Let a,b € A, with ||a| =
Ib]] =1 and b < a # b. Set

c= Z27ka®ekk c A K.
k=1
Then ¢ € Ped(A®K) = A®K, so by an argument identical to the proof of
V.2.3.1[(iii) = (iv)] thereisan n and ay € AQK with ¢ = y*(}}_, b®exk)y.
Let

z = Z 2"b @ e
k=1
and set .
x = (Zb ® err)/ 2yzt/2.
k=1

Then z*z = >, _; a® @ gy and zz* < M (3 ;_, b ® eyy) for some M, so z is
a scaling element.

V.2.3.9 Now we show (i) = (vi). Let z,a € A be as in V.2.2.9(i), and let
c € AL Write ¢ = Y72 | ¢ with ¢, € Ped(A); and |[jeg|| < 27 for k > 1
(I1.5.2.6). Set a,, = z™ax*"; then |ja,|| = 1 and a,, < z*z for all n, a,, L ap,
for n # m, amy = ™ "ape™ " for m > n, and a,, = ¥ "a,x™ ™ for
m < n. As in the proof of V.2.3.1, there are pairwise disjoint finite subsets

Fj; € N and elements y, € A with ¢ =y (3 ey, @j)Yk- Set
o0
2= m() 0"
k=1 jEF,

Then z2* = c and 2"z < x*z, so 2"z € A and thus ¢ = z2* € Ped(A).



434 V K-Theory and Finiteness

V.2.3.10 Next we prove (iv) = (i) if A is stable. We only outline the
argument. Let a,b € Ped(A)y with |ja| = ||b]| = 1 and ab = b # a. Since
K}(Ped(A)) = {0} (V.2.1.17), we have a + ¢ X ¢ for some ¢ € Ped(A)4,
claIn ARK, set d=c®eqq, ap = a® eg, by = b® egr. Then, by iterating

c+a = ¢, we get that
n n
doak 3d+Y ap 3d
k=1 k=1

for all n. As in the proof of V.2.3.1, there is an n and y € A with d =
y* (X r_1 br)y, and since Y, _, ap 3 d, there is a z € A with z*dz close to
>i ak. Then, if

T = (Z bi)'?yz,
k=1

then z*z is close to Y ;_, ar and zz* < M >"}'_, by for some M; thus z is
an approximate scaling element and C*(z) C A contains a scaling element by
V.2.2.9(ii).

V.2.3.11 Finally, we prove (iv) = (vi) for general simple A. If (iv) holds,
then there is no dimension function on Ped(A ® K), and thus A ® K con-
tains a scaling element and is therefore algebraically simple, by the last two
paragraphs. But then A is also algebraically simple by I1.5.4.2.

This completes the proof of V.2.3.6.

V.2.3.12 COROLLARY. Let A be a purely infinite simple C*-algebra. Then
A contains an infinite projection.
PROOF: There is no dimension function on Ped(A®K), so A®K contains an
infinite projection p, and is purely infinite by V.2.2.28. If x € A is nonzero,
then

Az K2 p(A® K)p oK

(I1.7.6.11). Every hereditary C*-subalgebra of p(A ® K)p ® K contains an
infinite projection by V.2.2.24.

V.2.3.13 COROLLARY. A simple C*-algebra A is purely infinite if and only
if every hereditary C*-subalgebra of A contains a nonzero infinite projection.

V.2.4 Ordered K-Theory

V.2.4.1 DEFINITION. A preordered group is an abelian group G with a
translation-invariant preorder (transitive relation) <. G, ={z € G : 0 < z}
is the positive cone of G. If z,y € G, x <y if and only if y —x € G;..
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V.2.4.2 If Ais a C*-algebra, the semigroup V' (A) really contains the essen-
tial information about the projections of My, (A); however, semigroups (par-
ticularly ones without cancellation) can be nasty algebraic objects, and for
technical reasons it is necessary to pass to the group Ky(A) in order to apply
techniques from topology and homological algebra to the study of projections
over A. But it is desirable to keep the original semigroup in the picture as
much as possible. One way to do this is to put a (pre)ordering on Ky(A) by
taking the image Ko(A)+ of V(A) in Ky(A) to be the positive cone. (Even
at this point we may lose information, since the map from V(A) into Ky(A)
will be injective only if V' (A) has cancellation.) Just as the elements of K((A)
determine the (stable) equivalence of projections in My, (A), the ordering will
determine the (stable) comparability of projections.

The order structure on Ky seems to have played only a minimal role in
topological K-theory; the order on Ky(C(X)) is usually either rather trivial
or else badly behaved. But the ordering is crucial in many of the applications
of K-theory to C*-algebras, particularly to the classification problem.

V.2.4.3 We also define the scale X(A) to be the image of Proj(A) in Ky(A).
If A is unital, the scale is simply the elements of Ky(A)y which are < [14], so
the scale can be described by simply specifying [14], and by slight abuse of
terminology we will frequently do so. We will mostly be concerned with the
unital case. The triple (Ko(A4), Ko(A)4, X(A)) is called the scaled preordered
Ko-group of A.

The preordered group (Ko(A), Ko(A)4+) depends on A only up to stable
isomorphism; but the scale gives a finer invariant, which can be used to dis-
tinguish between algebras in the same stable isomorphism class (V.2.4.16).

If  : A — B is a homomorphism, then ¢, : Ko(A) — Ky(B) is a ho-
momorphism of scaled preordered groups, i.e. ¢.(Ky(A);) C Ko(B)y+ and
6.(2(A)) C S(B).

Ordered Groups

V.2.4.4 DEFINITION. An ordered group (G,G) is an abelian group G with
a distinguished subsemigroup G containing the identity 0, called the positive
cone of GG, having these properties:
(1) G+ — G4 =G.
(2) Gy N (-Gy) = {0},
G+ induces a translation-invariant partial ordering on G by y <z if x —y €
G+. By y < x we will mean that y <z and y # x.

An element u € G4 is called an order unit if for any z € G there is an
n > 0 with £ < nu (in other words, the order ideal [hereditary subgroup]
generated by w is all of G). A triple (G, G, u) consisting of an ordered group
(G,G4) with a fixed order unit u is called a scaled ordered group. We say G
is a simple ordered group if G has no proper order ideals, i.e. if every nonzero
positive element is an order unit.
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V.2.4.5 EXAMPLES.

(i) On Z™ or R™, there are two standard orderings: the ordinary ordering,
with positive cone

{(z1,...,2n) | 21,..., 2y > 0}

and the strict ordering, with positive cone
{0} U{(x1,...,2n) | 1,...,2, > 0}.

These orderings coincide for n = 1.

(ii) More generally, if X is a set and G is a positively generated additive
group of real-valued functions on X, then G can be given the ordinary
ordering with

Gy ={f:f >0 everywhere }

or the strict ordering with
Gy ={0}U{f: f >0 everywhere }.

The positive cone in the strict ordering is sometimes denoted G4 . Even
more generally, if p is a homomorphism from G into the additive group
of real-valued functions on X whose image is positively generated, then
G may be given the strict ordering from p, with

G. ={0}U{a € G: p(a) > 0 everywhere }.

There is no analog of the ordinary ordering if p is not injective.

(iii) If p is a homomorphism from G into an ordered group H whose range is
positively generated, then GG can be given the strict ordering from p by
taking

G+ ={0}uU{z: p(x) > 0}.

A group G with the strict ordering in the sense of (ii), or in the sense of
(iii) with H simple, is a simple ordered group.

V.2.4.6 The set Ko(A)+ does not satisfy (1) of V.2.4.4 in general. For ex-
ample, if A = C,(R?), then Ko(A) & Z and Ko(A); = 0. However, if A is
(stably) unital, then Ky(A) does satisfy condition (1).

From now on in this section, we will assume A is unital. Almost everything
carries through (with appropriate technical modifications) to the stably unital
case.

V.2.4.7 EXAMPLE. The set Ko(A)+ does not satisfy (2) of V.2.4.4 in gen-
eral. Let O,, be the Cuntz algebra (11.8.3.3, V.1.3.4); then

KO(On)-i- = E(On) = KO(On) & Zn-1-

Actually, we have Ko(A) = X(A) = Ko(A) whenever A is a properly infinite
C*-algebra (e.g. a simple unital C*-algebra containing a nonunitary isometry
(V.2.3.1)).
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V.2.4.8 PROPOSITION. If A is stably finite, then (Ky(A), Ko(A4)+) is an
ordered group.

V.2.4.9 EXAMPLES.
(i) The ordering on Ky(C) and Ko(M,,) is the ordinary ordering on Z.

$(M,) = {0,...,n}.

(ii) If A is a II; factor, then the ordering on Ky(A) is the ordinary ordering
on R, and X¥(A4) = [0, 1].
(iii) If A = C2, then Ko(A) = Z? with the ordinary ordering.

2(A4) = {(0,0), (0,1), (1,0), (1, 1)}
(iv) Ko(C(S?)) is Z? with the strict ordering from the first coordinate, i.e.
Ko(C(5%))+ = {(0,0)} U{(m,n) | m > 0}
E(C(SQ» = {(0,0),(1,0)}.

Examples (iii) and (iv) show that Ky(A) and Ky(B) can be isomorphic as
groups without being isomorphic as ordered groups. Thus the order structure
can be used to distinguish between algebras.

Ko(A) is frequently a simple ordered group. If p € M,,(A) is a projection,
identify p with diag(p,0) in M, ., (A) for any m, and for k € N write k - p for
diag(p,...,p) in Mg(M,(A)) = Mi,(A) (or in Mipim(A)).

V.2.4.10 PROPOSITION. Let A be a C*-algebra, and p and g projections in
M, (A), with ¢ full (I11.5.3.10). Then p X k - ¢ for some k € N.

PRrROOF: [Cun77b] Since p is in Ped(M,(A)), which is the ideal of M, (A)
generated algebraically by ¢, there are elements x1,...,2; € M,(A) with

p= Zle xfqx; (11.5.2.10). We may assume x; = qx;p for all i. Let
X € My(My,(A)) = Myn(A)

be the matrix with x1,...,z; in the first column and zeroes elsewhere, P =
diag(p,0,...,0), Q = diag(q,q,...,q). Then X*QX = P,soU = QX is a
partial isometry with U*U = P. UU* is a projection, and @ is a unit for UU*,
so UU* < Q.

This result can also be deduced from I1.7.6.11.

V.2.4.11 COROLLARY. If A is stably finite, and every nonzero projection in
Moo (A) is full, then Ky(A) is a simple ordered group.
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V.2.4.12 COROLLARY. If A is a stably finite C*-algebra and Prim(A) con-
tains no nontrivial compact open subsets, then Ky(A) is a simple ordered
group. So if Prim(A) is Hausdorff and connected, Ky(A) is simple. In par-
ticular, if A is simple or if A = C(X), X connected, then Ky(A) is simple.

Cancellation

V.2.4.13 The semigroup V(A) does not have cancellation in general. For
example, if 4 is a nonunitary isometry in A and p = wu*, then [p] + [0] =
[p] = [1a] = [p] + [1a —p], and [14 — p] # [0]. More interestingly, cancellation
in V(A) can fail even if A is stably finite: for example, V(C(S®)) does not
have cancellation [Hus66]. We say a C*-algebra A has cancellation if V (A)
has cancellation (if A is nonunital, this is strictly stronger than requiring just
that V(A) has cancellation). Since V' (A) includes projections from all matrix
algebras over A, cancellation for A implies cancellation for M, (A) and for
A ® K. A von Neumann algebra has cancellation if and only if it is finite
(II1.1.3.8).

A has cancellation if, whenever p, ¢, r are projections in Mn(fl) for some
n, withp L r, g Lr,and (p+r) ~ (¢+7), then p ~ q. We say A has strict
cancellation if, for any such p, q,r, (p+7r) < (¢+7) implies p < ¢. Cancellation
implies strict cancellation (cf. II1.1.3.8); the converse is unclear.

V.2.4.14 PROPOSITION. let A be a unital C*-algebra. The following are
equivalent:

(i) A has cancellation.
(ii) If p, q are projections in M, (A) for some n, and p ~ ¢, then (1 — p) ~

(1—q).
(iii) If p,q are projections in M, (A) for some n, and p ~ ¢, then p ~, q.

PROOF: (ili) = (ii) and (i) = (ii) are trivial. (ii) = (i): suppose p, q,r

are projections in M, (A) with p L r, ¢ L r, and (p+r) ~ (¢ + r). By (ii),

(1—-p—r)~(1—gq—r), and hence
I=p)=0=-p-—r)+r~A-g=r)+r=(1-9q)

so again by (ii) p ~ ¢. (ii) = (iii): if u*u = p, uu* = ¢, then there is a partial

isometry v € M, (A) with v*v =1—p, vv* = 1—¢, and w = u+v is a unitary
with wpw* = q.

Perforation

One difficulty which can occur in ordered groups is perforation.
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V.2.4.15 DEFINITION. An ordered group (G, G ) is unperforated if nz > 0
for some n > 0 implies =z > 0; G is weakly unperforated if nx > 0 for some
n > 0 implies > 0.

An unperforated group must be torsion-free. A weakly unperforated group
can have torsion: for example, Z & Zo with strict ordering from the first co-
ordinate. If (G, G.) is weakly unperforated, H is the torsion subgroup of G,
and 7 : G — G/H the quotient map, then (G/H,n(G4)) is an unperforated
ordered group. Hence a weakly unperforated group is “unperforated up to tor-
sion.” Conversely, if (K, K, ) is a (weakly) unperforated ordered group and
p: G — K is a homomorphism with positively generated image, then G is
weakly unperforated if given the strict ordering from p. A weakly unperforated
group is unperforated if and only if it is torsion-free.

V.2.4.16 EXAMPLES.

(i) Let G = Z, G4 = {0} U{n : n > 2}. Then (G,G4) is not weakly
unperforated.

(ii) Ko(C(RP?)) = Z @ Zs with strict ordering from the first coordinate
[Kar78, IV.6.47]. Ko(C(T*)) = Z8 is perforated, where T* is the 4-torus
[Bla98, 6.10.2]. There are stably finite simple unital C*-algebras A with
torsion in Ky(A). There are even stably finite simple C*-algebras whose
Ky is not weakly unperforated [Vil98].

(iii) Perforation in Ky can be eliminated by “rationalizing”: if R is the
(unique) UHF algebra with Ky(R) = Q, then for any A we have

Ko(A® R) 2 Ko(A)®Q

with
Ko(A® R)+ = Ko(A)+ ® Qy,

and Ko(A ® R) is unperforated.

Classification of Stably Isomorphic C*-Algebras

V.2.4.17 Suppose that A is a unital C*-algebra with cancellation. Then
the scale X(A) is a hereditary subset of Ky(A)y; in fact, X'(A) is the closed
interval

[0, [La]] = {z € Ko(A)4 [ = < [La]}

Although X¥'(A) does not always generate Ky(A) as a group, [14] is always an
order unit, so the order ideal generated by X(A) is Ko(A). If B is a unital
C*-algebra stably isomorphic to A, then K(B) is order-isomorphic to Ko(A4),
and the image of X(B) in Ky(A) will be an interval [0, u] for some order unit
u. Conversely, if u is an order unit in Ky(A), then there is a unital C*-algebra
B stably isomorphic to A with X(B) = [0, u]: let u = [p] for some projection
p € M,(A), and take B = pM, (A)p. So one can nearly classify all unital
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C*-algebras stably isomorphic to A by the order units in Ky(A). The corre-
spondence is, however, not one-to-one in general: the algebras corresponding
to u and v may be isomorphic if there is an order-automorphism of Ky(A)
taking u to v. (But the existence of such an order-automorphism does not
guarantee that the algebras are isomorphic; not every order-automorphism of
Ky(A) is induced from an isomorphism on the algebra level in general.)

V.2.4.18 One can extend the above classification to certain nonunital C*-
algebras as follows. If wj,ug,... is an increasing sequence of elements of
Ky(A)4, then one can find an increasing sequence of projections pi,pa,...
in A®K with [p,] = up. If {uy,us,...} generates Ky(A)+ as an order ideal,
then the C*-algebra

B = (Upn(A ® ]K)pn)f

is stably isomorphic to A and corresponds naturally to the interval | [0, u,] C
Ko(A). A hereditary subset X of Kg(A)y is of this form if and only if it
generates G as an order ideal and is countably generated and upward directed,
ie. if x,y € X there is a z € X with z < z and y < z. The C*-algebra
corresponding to X' by the above construction depends up to isomorphism
only on X and not on the choice of the u,, or p,. Conversely, every C*-algebra
which is stably isomorphic to A and which has an approximate unit consisting
of a sequence of projections is obtained in this way. So if A is separable with
real rank zero (V.3.2.7), one obtains a complete classification (modulo the
possible identifications through order-automorphisms).

Classification of AF Algebras

This procedure works especially well for AF algebras (I1.8.2.2(iv)), and leads
to a complete classification via ordered K-theory. This classification, due to
G. Elliott, was one of the first explicit appearances of K-theory in operator
algebras. It is the prototype of the more advanced classification results de-
scribed in [Rgr02b], which also includes a full treatment of the AF case. See
also [Eff81] and [Bla98].

V.2.4.19 THEOREM. [ENl76] Let A be an AF algebra. Then the scaled or-
dered Ky-group (Ko(A), Ko(A)4, X (A)) (called the dimension group of A) is
a complete isomorphism invariant for A among AF algebras: if B is an AF
algebra and

(Ko(B), Ko(B)+, 2(B)) = (Ko(A), Ko(A)+, 2(A)),

then B = A.

The scaled ordered groups which can occur as dimension groups can also
be characterized abstractly, due to the Effros-Handelman-Shen Theorem:
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V.2.4.20 THEOREM. [EHS80] Let (G,G4,X) be a scaled ordered group.
Then (G, G4, X) is the dimension group of an AF algebra if and only if it has
the following properties:

(i) (G,G4) is countable and unperforated (in particular, G is torsion-free).
(ii) (G,G4) has the Riesz Interpolation Property: if 21, xa, y1, y2 are in G
and z; < y; for all ¢, 7, then there is a z € G with z; <z < y; for all 4, 5.

(iii) X' is an upward directed hereditary subset of G, which generates G.

States on Ordered Groups

The order structure on an ordered group is at least partially (and in good
cases completely) determined by the states, which in the Ky case are closely
related to the tracial states on the algebra.

V.2.4.21 DEFINITION. A state on a scaled ordered group (G,G4,u) is an
order-preserving homomorphism f from G to R with f(u) = 1.

The set S(G, G+, u) (or just denoted S(G) when there is no confusion) of
all states on (G,G4,u) is a compact convex set in the topology of pointwise
convergence. S(G) is called the state space of G.

We now develop some properties of S(G) due to K. Goodearl and D.
Handelman [GH76], including a Hahn-Banach type existence theorem.

V.2.4.22 LEMMA. Let (G,G4,u) be a scaled ordered group. Let H be a
subgroup of G containing u, and f a state on (H,H N G4,u) (we do not
assume H is positively generated). Let ¢t € G, and

p=sup{f(z)/m |z e Hm >0,z <mt}

g=inf{f(y)/n|y € Hn>0,nt <y}
Then:
(i) 0<p<q<oo
(ii) If g is a state on (H + Zt, u) which extends f, then p < g(¢) < q.

(iii) If p < r < g, then there is a unique state g on (H + Zt, u) which extends
f with g(t) =r.

The proof is a simple calculation. The next theorem then follows from a
Zorn’s Lemma argument:

V.2.4.23 THEOREM. Let (G,G4,u) be a scaled ordered group, and let H
be a subgroup of G containing w. If f is any state on (H, H N G4, u), then f
extends to a state on (G, G4, u).
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V.2.4.24 COROLLARY. Let (G,G4,u) be a scaled ordered group, and let
t € Gy. Let f.(t) =p, f*(t) = q defined as in V.2.4.22 with H = Zu. Then:

() 0< £.() < () < o0
(i) If f is any state on G, then f.(t) < f(t) < f*(¢).
(iii) If f.(¢) <r < f*(t), then there is a state g on G with g(¢t) = r.

f«(t) and f*(t) can be more elegantly described as
fe(t) = sup{n/m | nu < mt}
f1(@t) = inf{n/m | mt < nu}.

V.2.4.25 THEOREM. Let (G, G4, u) be a simple weakly unperforated scaled
ordered group. Then G has the strict ordering from its states, i.e. Gy =
{0} U{z| f(z) >0 for all f e S(G)}.

PRrROOF: If z > 0, then z is an order unit, so u < mxz for some m > 0. Then
0<1/m < fi(z),so f(x) >0 for all f € S(G). Conversely, suppose f(z) > 0
for all f € S(G). By compactness, we have

ful@) = feirsl(fG)f(x) >0

so there are positive integers n and m with 0 < nu < mx, and therefore by
weak unperforation x > 0. (Note that this implication does not require G to
be simple.)

There is an alternate way to view V.2.4.25. If x € G, then x induces
a continuous affine function & on S(G) by &(f) = f(x). Thus there is a
homomorphism p from G to Aff(S(G)), the group of all continuous real-valued

affine functions on S(G). V.2.4.25 then says that G has the strict ordering from
p, in the sense of V.2.4.5(ii).

V.2.4.26 It is easy to identify at least some (in fact, all) of the states on
(Ko(A), Ko(A)+,[1a]). If 7 is a tracial state on A, or more generally a qua-
sitrace on A (11.6.8.15), then 7 induces a state on Ky(A) in an obvious way.
Let T(A) and QT(A) denote respectively the tracial states and normalized
quasitraces on A. We have T(A) C QT (A); it is a very important and difficult
question whether T'(A) = QT'(A) for all A (I1.6.8.16). It is at least true that
QT(A), like T(A), is always a Choquet simplex, which is metrizable if A is
separable [BH82, I1.4.4]. For the ordering on Ky(A) the set QT'(A) is the more
natural and important set to consider, due to the fact that the quasitraces
on A are in one-one correspondence with the lower semicontinuous dimension
functions on A (11.6.8.14).
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V.2.4.27 The correspondence described above gives a continuous affine map
X:QT(A) — § = S(Ko(A)).

This map is not injective in general. For example, if A = C(S1), then QT(A) =
T(A) is thestate spaceof A, while S isasingleton. Also, if A = C*(Zs * Z3),
then S is a square and not even a simplex, so y is not injective (there are sim-
ilar simple examples [ET94]). It is injective if A has real rank zero (V.3.2.19).
Under some mild additional hypotheses, a precise description can then be
given of the ordered group Ky(A).

The map x is always surjective [BR92]. In other words, if A is any C*-
algebra, then every state on Ky(A) comes from a quasitrace on A; if A is
nuclear (or exact), then every state on Ky(A) comes from a tracial state.
Thus there are enough tracial states on A to completely determine the order
structure on Ky(A) (up to perforation).

So if A is a stably finite unital C*-algebra with real rank zero, then y is a
bijection, hence a homeomorphism.

Ky of a Crossed Product

V.2.4.28 It is a highly nontrivial matter to determine the order structure
on Ko(A xq G), even if G = Z. Even if the action is trivial, so that A x,, Z =
C(S', A), there is no known way to calculate the order structure. For example,
if A= C(T3), then Ko(A) = Z* with strict ordering from the first coordinate;
but Ko(C(T*)) =2 Z8 is perforated.

One can, however, obtain quite a bit of partial information: it is (at least
theoretically) possible to calculate the range of any state on Ky(A X, Z) which
comes from a tracial state on the crossed product (by [BR92], every state on
K arises this way, at least if A is exact). In good cases this calculation can
be done rather easily and gives complete information on the order structure.

Using these results, one can fairly easily give examples of simple unital C*-
algebras with no nontrivial projections. The first such examples were given in
[Bla80] and [Bla81].

See [Bla98, 10.10] for details and references.

Order Structure on K,(A)

For some purposes in classification theory, the ordering on Ky(A) is not
enough; one needs a finer ordering on the Zs-graded group K, (A4) = Ko(A) @
Ki(A).

V.2.4.29 DEFINITION. Let A be a unital C*-algebra. Set

Ko (A)y = {([p], [u]) : p € Moo (A),u € U(pMoo(A)p)}

and X, (A4) = {([p],[u]) € K.(A)4 :p € A}. (K. (A), K. (A)4, X (A)) is called
the scaled (pre)ordered K, -group of A.
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V.2.4.30 In many cases, the ordering on K,(A) just comes from the order-
ing on the Ky part. For example, if A is properly infinite, then K,(A)L =
Y (A) = K, (A). And if A is simple with sr(A) = 1, then K. (A) has the strict
ordering from the K part, i.e.

K. (A)+ ={0,0)} U{(z,y): 0 <z in Ky(A4)}
Y. (A) ={(0,0),(1,0)} U{(z,y) : 0 <z < 1in Ko(A)}.

However, this is not always the case: for example, if A = C(S?), then Kq(A) =
Ki(A) 27, so K.(A) = Z?% and

K.(A)+ = {(070)7 (170)} U {(m7n) sm 2 2}'

There are examples of stably finite simple C*-algebras where the same phe-
nomenon happens [Vil02].

V.2.4.31 There is a clean alternate description of the ordering on K, (A).
From the split exact sequence

0—SA—C(S"Y®A—A—0

we obtain that

K.(A) = Ky(C(SY) @ A)
and under this isomorphism K, (A4), and X, (A) just become Ky(C(S*) @A),
and X(C(S') ® A) respectively.

V.3 Stable Rank and Real Rank

An algebraic theory of stable rank in rings was developed by H. Bass [Bas64],
primarily to handle cancellation problems in algebraic K-theory. M. Rieffel
adapted the theory to C*-algebras (and more general topological algebras)
[Rie83]. This theory was formally modeled on dimension theory for compact
Hausdorff spaces, but it was quickly realized that stable rank does not re-
semble a dimension theory very closely in the noncommutative case. The
theory has nonetheless proved interesting and useful, particularly with regard
to nonstable K-theory questions. The principal reason that stable rank does
not behave like a dimension theory in the noncommutative case, and also the
reason it gives nonstable K-theory information, is its behavior under forming
matrix algebras ([Vn71], [Rie83, 6.1]): the stable rank sr(M,(A4)) is roughly
sr(A) divided by n (see V.3.1.16 for the precise formula).

L. Brown and G. Pedersen [BP91] developed an analogous theory of real
rank for C*-algebras. The base case of this theory, the case of real rank zero,
is the most important existence of projections property in the theory of C*-
algebras.

In this section, we briefly develop the general theories, with particular
emphasis on the base cases (stable rank one, real rank zero), which are both
the simplest and the most important aspects of the theories. Much of this
exposition (which largely follows [Rie83]) first appeared in [Bla04c].
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V.3.1 Stable Rank

Both stable rank and real rank are motivated by the following fact from topol-
ogy ([HW41, VI.1], [Pea75, 3.3.2]; cf. [Kat50] and [GJ76] for related results).

V.3.1.1 THEOREM. Let X be a compact metrizable space. Then all dimen-
sion theories coincide on X, and dim(X) can be characterized as the smallest
n with the following property: any continuous function f: X — R™*! can be
uniformly approximated arbitrarily closely by g : X — R"*! such that g(X)
does not contain the origin in R"*1,

V.3.1.2 DEFINITION. Let A be a unital C*-algebra. Let Lg,,(A) be the set of
(z1,...,2,) € A" such that there exists (y1,...,y,) € A" with >_1" | y;2; = 1.

The stable rank of A, denoted sr(A), is the smallest n such that Lg,(A)
is dense in A™. If there is no such n, set sr(A4) = cc.

If A is nonunital, then sr(A) is defined to be sr(A).

V.3.1.3 If A is unital, the elements of Lg,(A) are the n-tuples which gen-
erate A as a left A-module. It is easily seen that (x1,...,2z,) € Lgn(4)
if and only if > 1" , zfx; is invertible. In particular, if A = C(X), then
(f1,---, fn) € Lgn(A) if and only if for every ¢ € X there is an ¢ such that
fi(t) # 0. Thus, since (f1,...,fn) € A™ can be regarded as a continuous
function from X to C" = R?", we obtain from V.3.1.1 that

dimz(X) J o

sr(c(x)) = |

where |-| denotes “integer part of.”

V.3.1.4 The number sr(A) defined in V.3.1.2 is properly called the left
topological stable rank of A, denoted ltsr(A) in [Rie83]; Rg,(A) and rtsr(A)
can be defined analogously. Because of the involution, there is an obvious
correspondence between Lg,(A) and Rg,(A), and ltsr(A) = rtsr(A); this
number is called tsr(A) in [Rie83] to distinguish it from the Bass stable rank
Bsr(A). The topological stable rank of a C*-algebra was shown to coincide
with the Bass stable rank in [HV84]; thus we may use the term “stable rank”
and the notation sr(A) unambiguously.

Stable Rank One

We now examine the case of stable rank one more carefully. A has stable rank
one if and only if the left invertible elements of A are dense in A.
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V.3.1.5 PROPOSITION. Let A be a unital C*-algebra of stable rank one.
Then every left or right invertible element of A is invertible (and, in particular,
the invertible elements of A are dense in A).

PROOF: Because of the involution, it suffices to show that left invertible ele-
ments are invertible. Let x be left invertible with left inverse r. If y is a left
invertible element with ||y —r|| < [|z| 7!, then |lyz —1|| < 1, so yz is invertible
and hence y is right invertible and thus invertible; therefore x is also invertible.

Thus a C*-algebra of stable rank one must be finite. By V.3.1.16, such a
C*-algebra must even be stably finite. Until fairly recently, no stably finite
simple C*-algebra was known to have stable rank greater than 1. Examples
have been constructed by Villadsen [Vil99].

The Generalized Matrix Picture

V.3.1.6 Elements of A™ may be regarded as n x 1 matrices over A, and
Lg,(A) becomes the set of left invertible n x 1 matrices, so stable rank can
be defined in terms of density of left invertible matrices.

V.3.1.7 If p and q are projections in a C*-algebra A, it is useful to think of
the subspace pAq of A as a space of “nonsquare matrices” with “p rows” and “gq
columns”. If r» and s are other projections orthogonal to p and ¢ respectively,
then a “(p + r) x (¢ + s) matrix” (an element of (p + r)A(q + s)) may be
symbolically written as a 2 x 2 “block matrix”: write = € (p + r)A(q + s) as
[ prq prs
rrq  rxs

calculated by formal matrix algebra.
It is convenient to generalize the notion of left invertibility:

] . The algebraic operations in these sets (as subsets of A) can be

V.3.1.8 DEFINITION. Let A be a C*-algebra, p and ¢ projections in A. An
element x € pAgq is left invertible (in pAq or with respect to (p, q)) if there is
y € qAp with yz = q. We write Lg(, q)(A) for the set of left invertible elements
of pAq.

It is easily seen that = € pAq is left invertible in pAgq if and only if z*z is
invertible in gAg. (Thus left invertibility with respect to (p, q) really depends
only on the g.)

If p ~ p', ¢ ~ ¢, then there is an obvious isometric isomorphism from
pAq onto p' Aq' sending Lg(,, 4)(A) onto Lg (A), given by x — uxv, where
u*u = p, uu* =p’, vv* =¢q, v*v=¢.

p',q")

V.3.1.9 Recall (I1.3.4.3) that ¢ 3 p if there is a v € A with v*u = ¢ and
uu® < p. We will write n-g 3 p if there are mutually orthogonal subprojections
P1,...,pn of p, each equivalent to q.
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V.3.1.10 PROPOSITION. Let A be a C*-algebra, p, ¢ projections in A.

(i) There exists a left invertible element in pAq if and only if ¢ X p.
(i) If sr(qAq) = n < oo and n - ¢ 3 p, then the left invertible elements of
pAq are dense in pAgq.
(iii) If p is equivalent to a proper subprojection of ¢, then the left invertible
elements of pAq are not dense in pAgq.

PRrOOF: (i): if v*u = ¢ and wu* < p, then v € pAq and is left invertible.

Conversely, if x € pAq is left invertible, with y € gAp with yz = ¢, then
¢=2"y"yz < [ly|*z"z

so xz*z is invertible in gAq. If r € gAq with z*zr = ¢, set u = 2r'/2; then

u*u = q and wu* is a projection in pAp.

(ii): if p1, ..., p, are mutually orthogonal subprojections of p, and u; satisfies

ufu; = p; and w;uf = g for 1 <i < n,set r =p—> p;. If © € pAq, write

x; = pix for 1 <i <nand z,41 = ra. Set y; = wx; € qAq for 1 < i < n.

By assumption, (y1,...,yn) can be approximated by (z1,...,2,) € Lgn(qAq),

ie. with D1 | zF2; invertible in gAq. Set w; = u}z; for 1 <i <n, and

n
w = Z W; + Tp41-
i=1
Then w closely approximates x, and

n

* * *
ww = E Zi % + Tpp1Tntl
i=1

is invertible in gAq, so w is left invertible in pAgq.

(ili): We may assume p S ¢. Suppose x = prq € pAgq is left invertible and
approximates p closely enough that zp = pap is invertible in pAp. Let y =
qyp € qAp with yx = q. If r = ¢ — p, then

[rypl[pzp] = ryzp = (¢ — p)p =0
and since pxp is invertible in pAp, ryp = 0. But

[rypl[pzr] = ryar = rqr =r #0,

a contradiction.

Part (iii) is a version of the fact (II.3.2.19) that a proper isometry in a
(unital) C*-algebra cannot be a limit of invertible elements. See [Rer88] for
more detailed results along this line.

V.3.1.11 COROLLARY. ([Rie83, 3.1,6.5], [Rob80]) Let A be a properly infi-
nite C*-algebra. Then sr(A) = oco.

This follows from V.3.1.10(ii)—(iii), since if A is properly infinite, n - 1 is
equivalent to a proper subprojection of 1 for every n.
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V.3.1.12 Although a C*-algebra of stable rank 1 must be stably finite, an
infinite C*-algebra need not have infinite stable rank: if T is the Toeplitz
algebra (I1.8.3.2(v)), then it is not difficult to show that sr(T") = 2. This also
follows from V.3.1.5 and V.3.1.21.

Expanding and Contracting Matrices

The next two propositions can be used to establish the behavior of stable rank
for matrix algebras and full corners. Note that the elements of pAp act on pAg
by left multiplication, and left multiplication by an invertible element sends
Lg(p,q) (A) onto itself.

Recall that an element in a unital ring of the form 1 + z, = nilpotent, is
called unipotent. A unipotent element is invertible.

V.3.1.13 PROPOSITION. (cf. [Rie83, 3.4]) Let A be a C*-algebra, p, ¢, pro-
jections in A with p L 7, ¢ L r. If Lg(pyy q+r)(A) is dense in (p +7)A(q + 1),
then Lg(, 4 (A) is dense in pAgq.

PRrROOF: Let = € pAq. Let 0 < € < 1, and approximate x + r within ¢ by an
element y € Lg(ptrq4r)(A). Then ||ryq| <, |lpyr|| < e and |[r —ryr| <e.
Thus there is an a € rAr with ||al| < (1—¢€)~! and a(ryr) = r. We then have

(p+r —pyra)y(q +r — aryq) = pyq — (pyr)a(ryq) + ryr.

Also, p + r — pyra and q + r — aryq are unipotent and hence invertible in
(p+1r)A(p+ r) and (¢ + r)A(g + r) respectively, and y is left invertible in
(p+7)A(g+r), so pyg— (pyr)a(ryq) + ryr is left invertible in (p+r)A(g+7r),
and hence pyq — (pyr)a(ryq) is left invertible in pAq. But

lz — [pyq — (pyr)alryg]ll < llz — pyqll + llpyrlllallllryql
<e+(l—e)t=e(1—e)t.

V.3.1.14 PROPOSITION. Let A be a C*-algebra, p, q, r projections in A with
pLr,qgLr rZn-qfor some n If Lg,q) (A) is dense in pAg, then
Lg(ptr,q+r)(A) is dense in (p +r)A(g+ 7).

ProoF: We may assume ¢ < p by V.3.1.10(i). It suffices to prove the result
for r ~ ¢, for then the case where r ~ (2" — 1) - ¢ follows by induction, and
V.3.1.13 then gives the case 7 2 n-q. Since s =p —q+7r ~ p, Lg(s 4 (A) and
Lg(s,r)(A) are dense in sAq and sAr respectively. If z € (p +7)A(q + ) and
€ > 0, then x can be approximated within €/2 by y € (p+7)A(g+7) such that
a = syq € Lg(s,q)(A). We will show there is an invertible z € (p +r)A(p + 1)
such that zyq = ¢. This will suffice to prove the statement, since by hypothesis
there will be w € Ly, (A) approximating szyr within ¢/2[z7!||, and then
q +w + qzyr will be an element of Lg(,r q+r)(A) approximating
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q+ szyr + qzyr = zyq+ (p+ r)zyr = zy
within €/2[[z7||, so
27 Mg+ w+ qzyr) € Ly(pirgr)(4)

approximates y within €/2 and therefore approximates  within e.

To find z, first note that if b € gAs with ba = ¢, then u = p+7r+ (¢ —qyq)b
is unipotent and hence invertible in (p + r)A(p + r); if v = p + r — syq, then
v is unipotent in (p +r)A(p + r) and vuyq = q. Set z = vu.

The proofs of V.3.1.13 and V.3.1.14 are easier to follow and understand if
elements are written symbolically as matrices as in V.3.1.7.

Note that V.3.1.14 is not true in general if r is “too large” compared to g:
let A= L(H), p= q a finite-rank projection, and r =1 — p.

V.3.1.15 COROLLARY. Let A be a unital C*-algebra and m > 0. If the left
invertible (m + 1) x 1 matrices are dense in the (m + 1) x 1 matrices over
A, then the left invertible (m + k) x k matrices are dense in the (m + k) x k
matrices over A for all k. Conversely, if the left invertible (m + k) x k matrices

are dense for some k, then the left invertible (m + 1) x 1 matrices over A are
dense in A™*1,

PROOF: Apply the previous two propositions to M,,+x(A) with p, ¢, and r
diagonal projections of rank m + 1, 1, and k — 1 respectively.

Matrix Algebras and Stable Algebras

V.3.1.16 COROLLARY. [Rie83, 6.1] Let A be a C*-algebra. Then, for any n,
we have

n

st(M,(A)) = W(A)ﬂ +1

where [-] denotes “least integer >.” In particular, sr(M,(A4)) = 1 [resp. o9]
if and only if sr(A) =1 [resp. x].

Indeed, the r x 1 matrices over M, (A) can be identified with the nr x n
matrices over A. Thus, if sr(A) = m + 1, Lg,.(M,(A)) is dense in (M, (A))"
if and only if m 4+ n < nr. (In the nonunital case, one must also show that
sr(M,(A)) = sr(M,(A)), which follows from the sharper form of V.3.1.21.)

Thus, if 1 < sr(A) < oo, then sr(M,(A)) = 2 for sufficiently large n. A
related result holds for stable algebras:

V.3.1.17 PROPOSITION. [Rie83, 3.6-6.4] Let A be a C*-algebra. If sr(A) =
1, then sr(A®K) =1; if 1 < sr(A) < oo, then sr(4A @ K) = 2.

Stable Rank of Full Corners

Another corollary of V.3.1.14 is:
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V.3.1.18 COROLLARY. Let A be a unital C*-algebra and p a full projec-
tion in A. Then sr(pAp) > sr(A). If sr(A) < oo, then sr(pAp) < oo; and
sr(pAp) = 1 if and only if sr(A4) = 1.

PROOF: We have that 1 3 n-p for some n (V.2.4.10), and hence 1 —p I n-p.
If m = sr(pAp) < oo, then Lg(m.pp)(A) is dense in (pAp)™, and hence by
V.3.1.14 Lg(m-p+1—pp+1—p)(A) is dense in the corresponding column space.
The same is then true for Lg(,.ptm.(1—p),1)(A) = Lgm(A) in A™, ie. sr(A) <
m. On the other hand, 1 is equivalent to a full projection in M, (pAp), so

sr(A) > sr(M,(pAp)) = [(th)_l—‘ + 1.

In particular, if sr(pAp) = oo, then sr(A) = oo. Also, if sr(pAp) = 1, then
sr(A) < sr(pAp) = 1, and conversely if sr(A4) = 1, then sr(M,(pAp)) <
sr(A) =1, and hence sr(pAp) =1 by V.3.1.16.

Simple counterexamples show that the hypothesis that p be full is nec-
essary: for example, A = B(H) for infinite-dimensional H, p a finite-rank
projection; or A = C @ O, p = (1,0).

What about the nonunital case? It is very plausible that if p is a full
projection in A, then sr(pAp) > sr(A) even if A is nonunital; however, this
does not seem to follow from V.3.1.18 except in a special case:

V.3.1.19 COROLLARY. Let A be a C*-algebra with an approximate unit
(¢;) of projections, and let p be a full projection in A. Then sr(pAp) > sr(A).

PRrOOF: We have sr(A) < liminf sr(g; Ag;), and there is an iy such that p = ¢;
for all i > ig, so sr(pAp) > sr(q;Agq;) for i > ig.

V.3.1.20 It is less clear whether a general full corner in a nonunital C*-
algebra A (I1.7.6.5(iii)) also satisfies the inequality. As pointed out by N.
Elhage Hassan [EH93|, the inequality fails for general full hereditary C*-
subalgebras: if A is a purely infinite simple unital C*-algebra, e.g. O5, and
B is a nonunital hereditary C*-subalgebra, then B is stable, so 2 = sr(B) <
sr(A) = co.

Other Properties of Stable Rank

V.3.1.21 THEOREM. [Rie83, 4.3-4.4-4.12] Let 0 - J — A — B — 0 be an
exact sequence of C*-algebras. Then

max{sr(J),sr(B)} < sr(A) < max{sr(J),sr(B) + 1}.

A more precise statement can be made using the notion of connected stable
rank [Rie83, 4.11].
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The next proposition is obvious. The inequality cannot be replaced by
an equality: there are obvious commutative counterexamples, and also some
quite nonobvious noncommutative ones (cf. [BBEK92]).

V.3.1.22 PROPOSITION. Let A = lim(A;, ¢;;). Then
—
sr(A) < liminf sr(A;).

V.3.1.23 THEOREM. [Rie83, 7.1] Let A be a C*-algebra and o € Aut(A).
Then sr(A x4 Z) < sr(A) + 1.

Nonstable K-Theory

One of the important applications of stable rank is to cancellation and related
questions. Cancellation questions are part of what is known as nonstable K-
theory, which is concerned with relating the K-theory data of A (which is
“stable” data) to the actual structure of A.

V.3.1.24 PROPOSITION. Let A be a C*-algebra. If sr(A4) = 1, then A has
cancellation.

OUTLINE OF PROOF: We may assume A is unital. Let p and ¢ be projections
in A, with p ~ ¢, and let u be a partial isometry with v*u = p, uu* = q.
Approximate u closely by an invertible element x € A. Then z*z =~ p, so
o(x*x) consists of a small piece op near 0 and a small piece o1 near 1. Let
f(t)=t"Y% on oy and f(t) =0 on oy, g(t) = 0 on op and g(t) =t~/ on o7,
and let v = zf(z*z), w = xg(a*z). Then v and w are partial isometries with
complementary support and range projections, v + w is the unitary in the
polar decomposition of z, and w ~ x =~ u, so p’ = w*w =~ p, ¢ = ww* ~ q. By
11.334,p ~p, ¢ ~q,(1—-p') ~(1—p),(1—¢) ~ (1—q). Since v*'v =1—p/,
w*=1-¢, wehave (1 -p)~1—-p)~1—-¢)~(1-4q).

The exact general relationship between stable rank and cancellation is not
known. There are some significant generalizations of V.3.1.24, however; see,
for example, [Rie83] and [Bla83a]. Cancellation results are typically of the
form: if p@r ~ g@r, and p and q are “large enough” or r is “small enough,”
then p ~ ¢. See [Hus66, Chapter 8] for some results of this sort for vector
bundles. We cite one example related to stable rank:

V.3.1.25 THEOREM. ([Rie83, 10.13], [War80]) Let p, ¢, r be projections in a
unital C*-algebra A, and n > sr(rAr). f p@®n-r@®r ~ ¢®r, then pdn-r ~q.

Another nonstable K-theory question is: if A is a unital C*-algebra, for
which n (if any) is the natural map from U, (A) /Uy (A)o t0 Unt1(A)/Un+1(A)o
(or to K1(A)) injective? surjective? The best result for C*-algebras is the
following [Rie87, 2.10]; the best results valid for general rings are weaker
([BasT4, 2.4], [Vas69]; cf. [Rie83, §10]).
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V.3.1.26 THEOREM. Let A be a unital C*-algebra and n > sr(A). Then
the map from U, (A) /Uy, (A)o to Up11(A)/Upnt1(A), is an isomorphism. Hence
the map from U, (A)/U,(A), to K1(A) is an isomorphism.

The condition is the best possible in general, but the conclusion also holds
under other circumstances, for example:

V.3.1.27 PROPOSITION. Let A be a purely infinite simple unital C*-algebra.
Then the map from U;(A) /U (A), (or Up(A) /U, (A) for any n) to Kq(A) is

an isomorphism.

The proof basically consists of noting that A has a hereditary C*-subalgebra
B isomorphic to A®K, with each unitary in A homotopic (via functional cal-
culas) to a unitary in A® eq; C B.

V.3.2 Real Rank

The theory of real rank for C*-algebras, developed by Brown and Pedersen
[BP91], formally resembles the theory of stable rank, but there are important
differences under the surface.

V.3.2.1 DEFINITION. Let A be a unital C*-algebra. Let slg, (A) be the set
of (z1,...,2y) in (Ag)" such that Y1 | 2? is invertible.

The real rank of A, denoted rr(A), is the smallest n such that slg,4+1(A)
is dense in (Ag,)" L. If there is no such n, set rr(A4) = oco.

If A is nonunital, then rr(A) is defined to be rr(A).

V.3.2.2 It follows easily from V.3.1.1 that rr(C(X)) = dim(X) for any
compact Hausdorff space X.

V.3.2.3 Note that there is a difference in numbering convention between
stable rank and real rank: real rank n corresponds (very roughly) to stable
rank n+ 1 (or, perhaps more accurately, stable rank [n/2] + 1; cf. V.3.2.4). In
particular, “real rank zero” is the analog of “stable rank one.” This difference
in convention is somewhat unfortunate, but well established. Real rank is more
closely related to dimension than stable rank, and the convention in real rank
was chosen so that rr(C(X)) = dim(X); on the other hand, the convention
in stable rank was chosen to be consistent with the numbering in Bass stable
rank, which is natural from an algebraic standpoint.
There is one weak relation between stable rank and real rank:

V.3.2.4 PROPOSITION. If A is a C*-algebra, then rr(A) < 2sr(A) — 1.

For the proof, note that the natural map from A™ to (A,)?" by taking
real and imaginary parts sends Ly, (A4) into slgs,(A) by I1.3.1.9(ii).

This inequality is the best possible in general, but equality often fails; if
A = C(X), then equality holds if and only if dim(X) is odd. In fact, there
is no general inequality in the opposite direction: there are C*-algebras with
real rank zero and stable rank infinity (V.3.1.11, V.3.2.12).
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V.3.2.5 The theory of real rank is not as well developed as the theory of
stable rank, and analogs of V.3.1.16 and V.3.1.23 are not known in general. In
fact, not much is known about the theory of real rank for C*-algebras of real
rank greater than zero. One of the few results is a partial analog of V.3.1.16:

V.3.2.6 THEOREM. [BE91] If X is a compact Hausdorff space, then
dim(X)

M, (C(X)) = | L2)

e () = | 5|

Real Rank Zero

V.3.2.7 On the other hand, the real rank zero property is one of the most
significant properties that a C*-algebra can have. Many experts are of the
opinion that C*-algebras of real rank zero are the most appropriate noncom-
mutative analogs of zero-dimensional topological spaces.

A unital C*-algebra A has real rank zero if the invertible self-adjoint el-
ements of A are dense in Ag,. This turns out to be a strong existence of
projections property, equivalent to several other important properties:

V.3.2.8 DEFINITION. Let A be a C*-algebra.

(i) A has the (HP) property if every hereditary C*-subalgebra of A has an
idempotent approximate unit (approximate unit of projections).

(ii) A hasthe (FS) property if the self-adjoint elements of A of finite spectrum
are dense in Ag,.

It follows from I1.5.3.12 that if A is a C*-algebra with (HP), then any posi-
tively generated hereditary *-subalgebra of A has an idempotent approximate
unit.

The idempotent approximate unit in a hereditary C*-subalgebra of a C*-
algebra with (HP) is not assumed to be increasing. It can be shown that if
A is separable with (HP), then every hereditary C*-subalgebra of A has an
increasing sequential idempotent approximate unit.

V.3.2.9 THEOREM. Let A be a C*-algebra. Then the following are equiva-
lent:

(i) A has (HP).

(ii) The well-supported (I1.3.2.8) self-adjoint elements of A are dense in Ag,.
(iii) A has real rank zero.
(iv) A has (FS).
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OUTLINE OF PROOF: (i) = (ii): if = is self-adjoint, y = |=|'/?, and p is a
projection in yAy which is an approximate unit for y and hence for z, then
pxp is a well-supported self-adjoint element (I1.4.2.6) closely approximating
x.

(ii) = (iii): if x is well-supported, then £+ A1 is invertible for all sufficiently
small nonzero \.

(ili) = (iv): suppose z = x* is given. We may assume 0 < x < 1. Let
{A1,Ag,...} be the rationals in [0,1]. Set 1 = z. For each n, let y, be a
well-supported self-adjoint element closely approximating z,, — A,1, and set
Tp4+1 = Yn + Anl. Then x, approximates x and its spectrum has gaps around
Al,. .., Ap; the approximate to x with finite spectrum can then be made from
zy by functional calculus.

(iv) = (i) is the trickiest part; see [Ped80].

V.3.2.10 It is obvious that (FS) is preserved in inductive limits, and it is not
hard to show that real rank zero passes to matrix algebras. (HP) obviously
passes to hereditary C*-subalgebras. Thus all the properties are preserved
under stable isomorphism (and even under Morita equivalence).

There are other interesting existence of projections properties for C*-
algebras; for example, the defining property of AW*-algebras, that the right
annihilator of any subset is generated by a projection, is a strong existence of
projections property. See [Bla94] for a complete discussion.

V.3.2.11 PRroposITION. If A has (HP) and p and ¢ are projections of A,
then the well-supported elements of ¢Ap are dense in ¢Ap.

PROOF: Let © € gAp. Let r be a projection in Uesofe(|z|)Afe(|z]) which is
almost a unit for |2| = (z*x)'/?, and set y = xr. Then y € gAr C qAp, and
since r < n(z*x) for some sufficiently large n,

y'y =razr > (1/n)r

so y*y is invertible in r Ar. Thus y is well-supported, and closely approximates
x.

In particular, if rr(A) = 0, then the well-supported elements of A are
dense in A. The converse is not true in general: for example, if A is unital and
sr(A) = 1, the invertible elements (which are well-supported) are dense in A,
but A need not have real rank 0.

A C*-algebra with real rank zero need not have stable rank 1. For example,
any von Neumann algebra has real rank zero. Here is another interesting class
of examples:

V.3.2.12 PROPOSITION. [Zha90] Every purely infinite simple C*-algebra
has real rank 0.

PROOF: Let A be a purely infinite simple C*-algebra. We may assume A is
unital (V.2.3.12, V.3.2.10). Let z = 2* € A, and 0 < e < 1. Set y = xf.(2?);
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then y approximates x and there is an h € Ay, h # 0, h L y. Let s be
a projection in hAh which is equivalent to 14, and set p = 14 — s. Then
y = pyp and p 3 s; let v be a partial isometry in A with v*v = p, vv* = ¢ < s,
and set r =s—¢q. Then p+q+1r =14, and

z=y+ew+v +7r)
is invertible, with
-1

2= —e oyt e v+ vt 4 7),

and z approximates z. [Using symbolic matrix notation (V.3.1.7) with respect

to {p,q,7}, z =

o »

-

e O

0 0| ]
0 €

V.3.2.13 COROLLARY. Let A be a simple C*-algebra. Then A is purely
infinite if and only if A has real rank zero and every nonzero projection in A
is infinite.

PRrROOF: One direction follows immediately from V.3.2.12 and V.2.2.24. Con-
versely, if A has real rank zero, then A has (HP) and every nonzero hereditary
C*-subalgebra contains a nonzero projection. Then, if every nonzero projec-
tion in A is infinite, A is purely infinite by V.2.3.13.

V.3.2.14 PROPOSITION. A o-unital purely infinite simple nonunital C*-
algebra is stable.

PROOF: Suppose A is separable, simple, nonunital, and purely infinite. Then
A has a strictly increasing approximate unit (p,,) of projections, and p,+1 —pn
is infinite for all n. It is routine using V.2.3.2 to construct a strictly increasing
sequence (g, ) of projections such that p, < ¢, < ppt1 and (gn+1 — ¢n) ~ @1
for all n. The sequence (g,,) is then also an approximate unit for A, and the
isomorphism of A with ¢; Ag; ® K is then obvious.

In the presence of real rank 0, there is a “converse” to V.3.1.24 [BH82]:

V.3.2.15 PROPOSITION. Let A be a C*-algebra. If rr(A) = 0 and A has
cancellation, then sr(A4) = 1.

OUTLINE OF PROOF: We may assume A is unital. Let z € A, and let y be
a well-supported element closely approximating z. Let p and ¢ be the source
and range projections of y. Then p ~ ¢, so (1 —p) ~ (1 — ¢) by cancellation.
Let v be a partial isometry in A with v*v =1 —p, vv* =1 — ¢. Then y + ev
is invertible for any € # 0, and closely approximates x if € is small.

There is no known example of a stably finite C*-algebra with real rank
zero which does not have cancellation (stable rank 1).
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V.3.2.16 If A has real rank zero and a,b € Ay with b < a and ||a|| =
Ib]| = 1, it would be very helpful to have an interpolating projection p with
b < p <a (hence b < p < a). This cannot be done in general (e.g. in C(K),
where K is the Cantor set); but if there is a little “room” between a and b it
can be:

V.3.2.17 PROPOSITION. Let A be a C*-algebra with real rank zero, a,b €
Ay If there is a ¢ € A, with b < ¢ < a, then there is a projection p € A
with b < p < a.

PROOF: We may assume A is unital since A also has real rank zero and a
p € A satisfying the conclusion is automatically in A. We have b < f 2(c) <
f1/4(c) < a. Changing notation, we have

b<«egdxka

for some ¢,d € Ay. Replacing b by g(b), etc., where g(t) = min(t, 1), we may
assume a, b, ¢, d have norm 1; thus

l-a<xl—-d<l—c<k1-—0.

Using (HP), let r be a projection in (1 — ¢)A(1 — ¢) which is almost a unit
for 1 —c¢,and let ¢ =1 —7. Since b L 1 —¢, ¢gb = b. Then d is almost a
unit for ¢, so qdq is approximately equal to ¢ and thus invertible in ¢Aq. So
x = d'/?q is well-supported. Let z = u|z| be the polar decomposition; u*u = ¢
and p = uu* € dAd and thus p < a. Since

d?b =bd"/? =b=qb=bq
we have b = bx = b and thus pb = b.

V.3.2.18 L. Brown and G. Pedersen [BP95] considered a variation of stable
rank 1, extremal richness, which is particularly interesting in the case of real
rank zero. A unital C*-algebra A is extremally rich if the set A, of quasi-
invertible elements (I1.3.2.21) of A is dense in A. If sr(A) = 1, then A is
extremally rich, but extremal richness is strictly weaker than stable rank 1 in
general. For example, a purely infinite simple C*-algebra is extremally rich.

Ordered Ko-Group of a Real Rank Zero C*-Algebra

If A is a stably finite unital C*-algebra with real rank zero, then the map x
of V.2.4.27 is a bijection, hence a homeomorphism.

V.3.2.19 CoOROLLARY. [BH82, III] If A is a stably finite simple unital C*-
algebra with real rank zero, such that K((A) is weakly unperforated, then the
state space of K((A) is the simplex QT(A), and Ky(A) has the strict ordering
induced from p : Ko(A) — AF(QT(A)), i.e. [p] < [¢] if and only if 7(p) < 7(q)
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for every quasitrace 7. If A has cancellation (i.e. stable rank 1), and p and ¢
are projections in My (A4) with 7(p) < 7(g) for all 7, then p = q.

It is not true that 7(p) < 7(q) for all 7 implies p = ¢, even in a simple
unital AF algebra.

V.3.2.20 THEOREM. [BH82, III] Let A be simple, unital, stably finite, with
real rank zero and cancellation, and with Ky(A) weakly unperforated. Then
the range of p: Ko(A) — Aff(QT(A)) is uniformly dense.

V.4 Quasidiagonality

It has become increasingly recognized in recent years that quasidiagonality is
a key notion in the structure and classification of C*-algebras, even though
it is still somewhat mysterious and far from completely understood. Quasi-
diagonality is a sort of approximate finite-dimensionality, and thus has close
connections with finiteness and nuclearity, although the exact relationships
between these concepts are not yet known.

The theory works best for separable C*-algebras and separable Hilbert
spaces, so we will concentrate on this case whenever convenient.

For a more complete discussion of quasidiagonality, see [Bro04].

V.4.1 Quasidiagonal Sets of Operators

V.4.1.1 DEFINITION. Let H be a Hilbert space.

A block system in L(H) is a set {Q;} of mutually orthogonal finite-rank pro-
jections on H with ., Q; = 1.

An operator T' € L(H) is block diagonal with respect to the block system {Q;}
T =5%,Q:TQ;, ie. Q;TQ; =0 for all i # j. If each Q; is one-dimensional,
T is diagonal. An operator T is block-diagonalizable [resp. diagonalizable] if it
is block diagonal [resp. diagonal] with respect to some block system.

If H is separable, an operator T' € L(H) is quasidiagonal if it is block-diagonal-
izable up to compacts, i.e. it is a compact perturbation of a block-diagonal-
izable operator.

V.4.1.2 EXAMPLES.

(i) Any compact operator is quasidiagonal. In particular, if H is finite-
dimensional, every operator on H is quasidiagonal (in fact, block-diagonal-
izable).

(ii) An operator T' € L(H) is diagonalizable if and only if there is an ortho-
normal basis for H consisting of eigenvectors for T'. Any diagonalizable
operator is normal. Conversely, by the Weyl-von Neumann-Berg Theorem
[Ber71], any normal operator on a separable Hilbert space is a compact
perturbation of a diagonalizable operator, hence is quasidiagonal.
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(iii) A block-diagonalizable semi-Fredholm operator clearly is Fredholm of in-
dex 0, and hence a quasidiagonal semi-Fredholm operator on a separable
Hilbert space is Fredholm of index 0. In particular, a nonunitary isometry
is not quasidiagonal. (See V.4.1.11 for the nonseparable case.)

Separable Quasidiagonal Sets and C*-Algebras of Operators

V.4.1.3 More generally, if H is separable and S C £(H) is norm-separable,
then S is a quasidiagonal set of operators if the operators in S are simulta-
neously block-diagonalizable up to compacts, i.e. if there is a block system
{Q:} such that each S € S is a compact perturbation of an operator which is
block diagonal with respect to {Q;}. (See V.4.1.6 for the general definition of
a quasidiagonal set of operators.)

If S is a quasidiagonal set of operators, then so is C*(S) + K(H) + CI.
Thus quasidiagonality is fundamentally a property of concrete C*-algebras of
operators.

If H is finite-dimensional, then £(H) (or any subset) is a quasidiagonal set
of operators.

V.4.1.4 Any subset of a quasidiagonal set of operators is quasidiagonal.
In particular, if S is a quasidiagonal set of operators, then any S € S is
quasidiagonal. The converse is false: if S is the unilateral shift and Sy, .5, are
its real and imaginary parts, then S; and S are quasidiagonal (V.4.1.2(ii)),
but {S1, S2} is not quasidiagonal (V.4.1.2(iii)).

The proof of the next proposition is a straightforward exercise (I1.3.3.5 is
needed to prove (iv) = (iii)). Recall that the commutator [S,T] is ST — TS
for S,T € L(H).

V.4.1.5 PROPOSITION. Let H be a separable Hilbert space and S C L(H)
be norm-separable. Then the following are equivalent:

(i) S is a quasidiagonal set of operators.

(ii) There is an increasing sequence (P, ) of finite-rank projections on H, with
V, Pn =1 (ie. P, — I strongly), such that lim, [|[P,,S]|| = 0 for all
Ses.

(iii) For every finite-rank projection @ € L(H), Si,..., S, € S, and € > 0,
there is a finite-rank projection P € L(H) with @ < P and ||[P, Si]|| < €
for1 <i<n.

(iv) For every finite-rank projection @ € L(H), S;, ..., S, € S, and € > 0,
there is a finite-rank projection P € L(H) with ||[P€ — &| < €||¢]| for all
€€ QH and ||[P,S;]|| < eforl<i<n.
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General Quasidiagonal Sets of Operators

V.4.1.6 If H or S is not separable, then V.4.1.5(ii)—(iv) are still equivalent
(with “sequence” replaced by “net” in (ii)), but these conditions do not imply
that the operators in S can be simultaneously block-diagonalized up to com-
pacts. For example, if S = {S}, where S is an uncountable amplification of
a compact operator which is not block-diagonalizable (e.g. a weighted shift),
then S satisfies (ii)—(iv) but cannot be block-diagonalized up to compacts. See
[Bro04] for an example of a nonseparable S on a separable H, satisfying (ii)—
(iv), which cannot be simultaneously block-diagonalized up to compacts.

It is the consensus of experts that conditions (ii)—(iv) should be taken
as the definition of a general quasidiagonal operator or quasidiagonal set of
operators on a general Hilbert space, and we will do so. Thus, a set S of
operators is quasidiagonal if and only if each finite subset of S is quasidiagonal.

V.4.1.7 COROLLARY. Let A be a concrete C*-algebra of operators on H,
containing KC(H). Then A is a quasidiagonal C*-algebra of operators if and
only if there is an approximate unit for JC(H), consisting of projections, which
is quasicentral for A.

From V.4.1.5(iii) we obtain:

V.4.1.8 COROLLARY. Let (A4;) be a nested family of quasidiagonal C*-
algebras of operators on H. Then [UA;]” is a quasidiagonal C*-algebra of
operators.

V.4.1.9 PROPOSITION. Let A be a quasidiagonal C*-algebra of operators
on H. Then, for any n, M,(A) is a quasidiagonal C*-algebra of operators
on H", and A ® K is a quasidiagonal C*-algebra of operators on H*. More
generally, if A; is a quasidiagonal C*-algebra of operators on H; (i = 1,2),
then A1 ®uin Az is a quasidiagonal C*-algebra of operators on H; ® Ha.

The proof is very simple and straightforward.
Combining V.4.1.9 with V.4.1.2(iii), we obtain:

V.4.1.10 COROLLARY. Let A be a quasidiagonal C*-algebra of operators.
Then A is stably finite.

Actually, V.4.1.2(iii) only gives this result on a separable Hilbert space.
For the general case, use:
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V.4.1.11 PROPOSITION. A quasidiagonal isometry on any Hilbert space is
unitary.

OUTLINE OF PROOF: Let T be a quasidiagonal isometry on H, £ a unit vector
in H, and P a finite-rank projection on H almost commuting with 7', such
that P¢ = £. Then PTP is almost an isometry on the finite-dimensional space
PH, hence invertible; so there is an n € PH with

¢ = PTPy~TPPy=Tn.

Thus £ is in the closure of the range of T

V.4.2 Quasidiagonal C*-Algebras

V.4.2.1 DEFINITION. Let A be an (abstract) C*-algebra.

A representation  of A is quasidiagonal if w(A) is a quasidiagonal C*-algebra

of operators.

A is quasidiagonal if it has a faithful quasidiagonal representation.

A is inner quasidiagonal if it has a separating family of quasidiagonal irre-

ducible representations.

A is strongly quasidiagonal if every representation of A is quasidiagonal.
Any strongly quasidiagonal C*-algebra is inner quasidiagonal (and also

quasidiagonal).

V.4.2.2 1t is easily seen that any sum of quasidiagonal representations is
quasidiagonal. In particular, any amplification of a quasidiagonal representa-
tion is quasidiagonal. Thus an inner quasidiagonal C*-algebra is quasidiagonal.
It also follows that every quasidiagonal C*-algebra A has a faithful quasidi-
agonal representation 7 on a Hilbert space H such that w(A) N K(H) = {0}.

It can be easily shown using V.4.1.5(iii) that a separable quasidiagonal
C*-algebra has a faithful quasidiagonal representation on a separable Hilbert
space; in fact, any faithful quasidiagonal representation has a faithful quasi-
diagonal subrepresentation on a separable subspace.

The next theorem is an immediate corollary of Voiculescu’s Weyl-von Neu-
mann Theorem (11.8.4.29).

V.4.2.3 THEOREM. Let A be a separable quasidiagonal C*-algebra. Then
any faithful representation m of A on a separable Hilbert space H such that

m(A) N K(H) = {0}

is quasidiagonal.
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V.4.2.4 EXAMPLES.

(i) Any quasidiagonal concrete C*-algebra of operators is a quasidiagonal
(abstract) C*-algebra.

(ii) Every residually finite-dimensional C*-algebra (V.2.1.10) is inner quasi-
diagonal. In particular, every commutative C*-algebra is inner quasidiag-
onal, and C*(F) is inner quasidiagonal for any free group F' (V.2.1.11). A
residually finite-dimensional C*-algebra is not necessarily strongly quasi-
diagonal: every unital C*-algebra is a quotient of C*(F') for a free group
F' on suitably many generators.

(iii) Let S be the unilateral shift, and A = C*(S @ S*). Since S @ S* is a
compact perturbation of a unitary, A is quasidiagonal. But A has an ideal
isomorphic to K @& K, and has precisely two irreducible representations
which are nonzero on this ideal (sending S@®.S* to S and S* respectively);
neither of these is quasidiagonal by V.4.1.2(iii), and so A is not inner
quasidiagonal.

(iv) Let A be as in (iii), and 7 : A — L(H) an infinite amplification of the
identity representation of A. Then 7 is quasidiagonal. Set B = 7w(A) +
KC(H); then B is a quasidiagonal C*-algebra of operators on H, and the
identity representation of B is irreducible, so B is inner quasidiagonal.
But A is a quotient of B, and A has non-quasidiagonal representations,
so B is not strongly quasidiagonal.

Examples (iii) and (iv) are Type L
The next two results are immediate corollaries of V.4.1.9 and V.4.1.10.

V.4.2.5 PROPOSITION. If A and B are quasidiagonal [resp. inner quasidiag-
onal] C*-algebras, then A @i, B is quasidiagonal [resp. inner quasidiagonal].

It is unclear whether the same result is true for strong quasidiagonality
unless A and B are separable and one is exact, in which case it can be routinely
proved using 1V.3.4.25 and 11.8.4.29. The situation with A ®y. B is also
unclear in general.

V.4.2.6 PROPOSITION. If A is a quasidiagonal C*-algebra, then A is stably
finite.

V.4.2.7 PROPOSITION. A unital quasidiagonal C*-algebra has a tracial
state.

PROOF: Let 7 be a unital quasidiagonal representation (not necessarily faith-
ful) of a unital C*-algebra A on H. Let (P;) be a net of finite-rank projections
in L(H) for m(A) as in V.4.1.5(ii). For each i let 7; be the normalized trace on
the matrix algebra £L(P;H), and for x € A define ¢;(z) = 7;(P;n(x)P;). Then
¢; is a state on A, and for z,y € A,
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bi(zy) = (P ()7 (y) ;) = 7i(Pim(2) P (y) Pr)

= 1(Pm(y) Pim(2) ;) =~ (P (y)m(2) P;) = ¢i(yx)
for i large, so any limit of (¢;) is a tracial state of A.

See V.4.3.8 for a generalization.

There is in important alternate characterization of quasidiagonal C*-
algebras, due to D. Voiculescu [Voi91, Theorem 1]:

V.4.2.8 THEOREM. A C*-algebra A is quasidiagonal if and only if, for every
T1,...,T, € A and € > 0, there is a representation 7 of A on a Hilbert space
‘H and a finite-rank projection P € L(H) with |[Pn(z;)P| > ||z;|| — ¢ and
I[P, m(x;)]|] <eforl<j<n.

V.4.2.9 COROLLARY. A C*-algebra A is quasidiagonal if and only if every
finitely generated C*-subalgebra is quasidiagonal.

Homotopy Invariance of Quasidiagonality

An important consequence of V.4.2.8 is the fact that quasidiagonality is pre-
served under homotopy equivalence [Voi91, Theorem 5]:

V.4.2.10 THEOREM. Let A and B be C*-algebras. If A is quasidiagonal and
A homotopically dominates B (I.5.5.8), then B is quasidiagonal.

V.4.2.11 COROLLARY. Any subcontractible C*-algebra (I1.5.5.8) is quasi-
diagonal. In particular, if A is any C*-algebra, then C A and SA are quasidi-
agonal.

Indeed, a contractible C*-algebra is homotopy equivalent to the 0 C*-algebra.

Thus even such an “infinite” C*-algebra as SO, is quasidiagonal. So
a nonunital quasidiagonal C*-algebra need not have a nonzero trace (cf.
V.4.2.7).

Quasidiagonality vs. Nuclearity

V.4.2.12 Quasidiagonality is more of a finiteness condition than an amen-
ability or nuclearity property (however, see V.4.2.13 and V.4.2.14). There are
nuclear C*-algebras which are not finite and hence not quasidiagonal, for ex-
ample the Toeplitz algebra or the Cuntz algebras. On the other hand, there
are many quasidiagonal C*-algebras which are not nuclear, or even exact: for
example, C*(F2) is residually finite dimensional and hence quasidiagonal (or
just apply V.4.2.11). A quotient of a quasidiagonal C*-algebra is not quasi-
diagonal in general: in fact, every C*-algebra is a quotient of a quasidiagonal
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C*-algebra (this can be seen by applying V.4.2.11, or by noting that every
unital C*-algebra is a quotient of the full C*-algebra of a free group). Even
strong quasidiagonality does not imply nuclearity: there is a separable simple
unital C*-algebra which is quasidiagonal but not nuclear, in fact not subnu-
clear (exact) [Dad00].

However, there is no known example of a stably finite nuclear C*-algebra
which is not quasidiagonal. We will discuss this matter in more detail in
V.4.3.13.

Quasidiagonal Group C*-Algebras

Quasidiagonality does seem to have some flavor of the Fglner condition, and
using this idea J. Rosenberg proved the following result [Had87, Appendix]:

V.4.2.13 THEOREM. Let G be a discrete group. If C}(G) is quasidiagonal,
then G is amenable.

(The statement of this result in [Had87, A1] is more restrictive, but Rosen-
berg’s argument works also with an infinite amplification of the left regular
representation to give the result stated here.)

PROOF: [Was94, Prop. 4.2] Let A be the left regular representation of G on
12(@), 7 the representation of [°°(G) = Cy(G) on I?(G) by multiplication oper-
ators, and (P;);cq a net of finite-rank projections in £(I?(G)) with lim; P; = 1
strongly and lim;[P;, A(g)] = 0 for all g € G. Let w be a Banach Limit (I1.3.2.3)
on Q, and 7; the normalized trace on the matrix algebra L(P;?(G)). For
¢ €1°(Q), set m(¢) = lim,, ;(P;m(¢) ;). Since, for fixed g € G, ¢ € I°(G),

Ti(Pim(g - 9)Pi) = Ti(PiM(g)m(9)A(9)" Pi) = 7i(Pi(g) Pim(#)A(g)" Pi)

= 1i(Pm(9)M9)" PiMg) Pi) = mi( P () Mg)A(9)" Pi) = mi(Pim () F;)
for ¢ large, m(g - ¢) = m(¢). Thus m is a left invariant mean on G.
This argument is almost identical to the one in V.4.2.7.
Combining this with IV.3.5.6, it follows that if G is discrete and C}(G) is
quasidiagonal, then it is nuclear!
The case of Fy shows that C;(G) cannot be replaced by C*(G) in V.4.2.13.
The converse of V.4.2.13 is open.

Space-Free Characterization of Quasidiagonality

The next theorem, due to Voiculescu, gives an alternate space-free character-
ization of quasidiagonality which is reminiscent of the definition of nuclearity,
and variants of which characterize NF and strong NF algebras (V.4.3.13 and
V.4.3.19).
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V.4.2.14 THEOREM. [V0i91, Theorem 1] Let A be a C*-algebra. Then A
is quasidiagonal if and only if, for every xy,...,z, € A and ¢ > 0, there
is a finite-dimensional C*-algebra B and a completely positive contraction
a: A — B such that ||a(z;)| > ||z;i]| — € and

la(ziz;) — a(zi)alz;)| < e

for 1 <i,5 <n.

Quasidiagonal Extensions by K

V.4.2.15 A (separable) C*-algebra A has an essential quasidiagonal exten-
sion by K if there is a quasidiagonal C*-algebra of operators B C L(H) for
separable H, with K C B, and B/K = A. A is a quasidiagonal C*-algebra if
and only if it has a split essential quasidiagonal extension by K. The prop-
erty of having an essential quasidiagonal extension by K is strictly weaker
than quasidiagonality in general: C*(F2) is not quasidiagonal (V.4.2.13), but
does have an essential quasidiagonal extension by K [Was91]. The two notions
coincide for nuclear C*-algebras [DHS89].

V.4.2.16 PROPOSITION. [BK97, 3.1.3] Let A be a separable C*-algebra.
Then A has an essential quasidiagonal extension by K if and only if A can be
embedded in (] Mg, )/(6D My, ) for some sequence (k).

In fact, if A has a quasidiagonal extension by K and B C L(H) is
as in V.4.2.15, let (P,) be an increasing sequence of finite-rank projec-
tions as in V.4.1.5(ii); set Q, = P, — Ph—1 (Q1 = P1), kn = rank(Qy);
then Q,L(H)Q, = My . To the element & € B associate the sequence
(QnzQn) € [[My,. Modulo @ Mj, this set of sequences is isomorphic to

A. Conversely, if
A ((JT™x,)/(EDMy,)]

let H = @ C*», and for each z € ([[Myg,)/(@ My, ), let p(x) = (), where
(x) is a sequence in [[ My, projecting to x, and [[ My, is regarded as

[Tce@)) c cin).

For fixed z, any two choices of (z,,) differ by an element of @§M;,, C K =
K(H). Then the C*-subalgebra B of L£L(H) generated by K and all the p(x)
for x € A is a quasidiagonal extension of A by K.

V.4.3 Generalized Inductive Limits

In this subsection, we summarize some of the results of [BK97], [BKO01], and
[BK]; cf. [BKOO], [Bla04al.
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One of the principles coming out of the work on classification of C*-
algebras is that in considering inductive systems of C*-algebras, asymptotic
behavior is all that matters; exact good behavior at each step is not nec-
essary. (This is also very much in the spirit of the F-theory of Connes and
Higson (V.1.4.7), and of the characterization of quasidiagonality in V.4.2.14.)
In the classification work this principle is primarily applied to intertwinings
of inductive systems. However, it is also possible, and interesting, to relax the
requirements on the connecting maps themselves, requiring them only to be
asymptotically additive, *-preserving, and multiplicative. We therefore con-
sider generalized inductive systems of C*-algebras, where the connecting maps
only asymptotically preserve the structure of the algebras.

The algebras thus obtained from finite-dimensional C*-algebras have very
close connections with quasidiagonal C*-algebras.

We will primarily restrict attention to separable C*-algebras, although the
basic definitions can be made in general.

V.4.3.1 DEFINITION. A generalized inductive system of C*-algebras is a
sequence (A,) of C*-algebras, with coherent maps ¢, @ A, — A, for
m < n, such that for all £ and all x,y € A, A € C, and all € > 0, there
is an M such that, for all M < m < n,

1) [@mn(Dk,m(®) + Grkm(Y) = (Prn(T) + drn(Y))]] <€
(i) [[@m,n(ADk,m (@) — Adrn(@)[| < €

(iii) [|@m,n(Pr,m(z)*) = Prn()|| <€

( V; P, (P, (@) Pk (Y)) — Pkon () Dk ()| < €

i
(v) sup, [|¢n,r(2)]| < oo.

A system satisfying (i) [resp. (iv)] is called asymptotically additive [resp.
asymptotically multiplicative]. A generalized inductive system in which all
®m,n are linear is called a linear generalized inductive system; if all the ¢, ,,
also preserve adjoints, the system is called *-linear. A system is contractive if
all the connecting maps are contractions. Of course, any ordinary inductive
system (I1.8.2.1) is a (contractive, *-linear) generalized inductive system.

At least if all the A,, are finite-dimensional, there is no loss of generality
in assuming that all the connecting maps are *-linear (V.4.3.5).

V.4.3.2 Suppose (An, ¢m.n) is a generalized inductive system of C*-alge-
bras. The inductive limit of the system can be defined abstractly, but it is more
useful to give a more concrete description of the construction of the inductive
limit as follows. Let [] A, be the full C*-direct product of the A, i.e. the set
of bounded sequences (z,), with x,, € A,,, with pointwise operations and sup
norm; and let @ A,, be the C*-direct sum, the set of sequences converging
to zero in norm. Then [] 4, is a C*-algebra and €D A,, is a closed two-sided
ideal; let 7 be the quotient map from [] 4, to (] An)/(€D A,). Each element
x of A,, naturally defines an element

Pm(7) = 7T(<¢m,n<x)>)
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of (] An)/ (6D A,). The closure of the set of all such elements (for all m) is a
C*-subalgebra of (][ 4,)/(€D A,), which we may call lim_, (A, ¢, ). Thus
a C*-algebra which is an inductive limit of a generalized inductive system
(A, ¢m.n) can be embedded in ([T A,)/ (P Ar).

V.4.3.3 PROPOSITION. Let (A,, dm.n) be a generalized inductive system,
with A = lim_,(A4,, ¢mn). If each A, is commutative [resp. finite, stably
finite], then A is commutative [resp. finite, stably finite].

In fact, it is a simple argument to show that ([ 4,)/( A,) is com-
mutative [resp. finite, stably finite] if all but finitely many of the A, are
commutative [resp. finite, stably finite].

We will primarily consider three classes of generalized inductive limits:

V.4.3.4 DEFINITION. A separable C*-algebra A is an MF algebra if it can
be written as im_, (A,,, ¢, ) for a generalized inductive system with the A,
finite-dimensional. If the connecting maps ¢, can be chosen to be completely
positive (*-linear) contractions, then A is an NF algebra, and A is a strong NF
algebra if the ¢, ,, can be chosen to be complete order embeddings (completely
positive and completely isometric *-linear maps).

A generalized inductive system (A, ¢, ) in which each A, is finite-
dimensional and each ¢, ,, is a completely positive contraction [resp. a com-
plete order embedding] is called an NF system [resp. a strong NF system)].

If (Ay, dm.n) is an NF system [resp. strong NF system| and

A= hm(Am ¢m,n)a

then the natural map ¢, : 4, — A is a completely positive contraction [resp.
complete order embedding].

An MF algebra is separable. It is obvious that (Strong NF) = (NF) =
(MF), and from V.4.3.3 it follows that every MF algebra is stably finite. Every
AF algebra is a strong NF algebra, but the class of strong NF algebras is much
larger than just the AF algebras.

The study of these classes of C*-algebras, particularly of the strong NF al-
gebras, may be regarded as “noncommutative piecewise-linear (PL) topology”
(cf. V.4.3.41).

MF Algebras

We now give a number of characterizations of MF algebras, which show that
they are a natural and important class to consider.
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V.4.3.5 THEOREM. [BK97, 3.2.2] Let A be a separable C*-algebra. Then
the following are equivalent:

(i) A is an MF algebra.

(ii) A is isomorphic to lim_, (A, ¢m ) for a *-linear generalized inductive
system of finite-dimensional C*-algebras.

(iii) A can be embedded as a C*-subalgebra of ([[My, )/(6D My, ) for some
sequence (k).

(iv) A has an essential quasidiagonal extension by the compact operators K.

(v) There is a continuous field of C*-algebras (B(t)) over N U {oco} with
B(o0) 22 A and B(n) finite-dimensional for each n < co.

(vi) There is a continuous field of C*-algebras (B(t)) over N U {oo} with
B(oo) 2 A and B(n) & M, for each n < oo, for some sequence (ky,).

The key implication is (iii) = (ii); the rest of the implications are trivial
or routine ((iil) <= (iv) is V.4.2.16).

There is thus an intimate connection between MF algebras and quasidiag-
onality, and also with continuous fields ((vi) is the inspiration for the name
“MF algebra,” which stands for “matricial field” or “M. Fell,” who was the
first to consider such algebras and propose that they are interesting objects
for study).

Here are some simple consequences of the theorem; most are not obvious
from the definition of MF algebras, and some may even be a little surprising.

V.4.3.6 COROLLARY.

(i) Every C*-subalgebra of an MF algebra is MF.
(ii) Every separable residually finite-dimensional C*-algebra (V.2.1.10) is an
MF algebra.
(iii) If A is any separable C*-algebra, then C'A and SA are MF algebras.
(iv) Every separable C*-algebra is a quotient of an MF algebra [A is a quo-
tient of C'A].
(v) If A and B are MF algebras, then A ®, B is an MF algebra for some
cross norm «. If one of them is nuclear, then A ® B = A Quin B is an
MF algebra.
(vi) If A is MF, then every separable C*-algebra Morita equivalent to A is
MF.
(vii) Let (B(t)) be a continuous field of separable C*-algebras over NU {co}.
If each B(t) for t € N is an MF algebra, then B(c0) is an MF algebra.
(viii) Let (A,) be a sequence of MF algebras. Then any separable C*-
subalgebra of (][] A4,)/( A,) is an MF algebra.
(ix) Let (An, dm.n) be a generalized inductive system of C*-algebras, with
A = lim_ (A, ¢m.n). If each A, is an MF algebra, then A is an MF
algebra.
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V.4.3.7 Not every MF algebra is residually finite-dimensional - many AF
algebras are not residually finite-dimensional.

Every MF algebra is stably finite (V.4.3.3). So there are even type I C*-
algebras (e.g. the Toeplitz algebra) which are not MF. It is unknown whether
every stably finite type I C*-algebra is MF. Every residually stably finite type
I C*-algebra is MF [Spi&8].

There are apparently no known examples of a stably finite separable C*-
algebra which is not MF, but C(G) for a property (T) group G which is not
residually finite dimensional (such groups have been constructed by Gromov
[Gro00]) is a good candidate.

An MF algebra can fail to be strongly quasidiagonal, e.g. C*(S @& S*). An
MF algebra can even fail to be (weakly) quasidiagonal [Was91, Prop. 5].

V.4.3.8 PROPOSITION. A unital MF algebra has a tracial state.

PROOF: It suffices to note that ([ Mg, )/(D My, ) has a tracial state. Let 7,
be the tracial state on [[ My, obtained by applying the normalized trace on
My, to the n’th coordinate. Then any weak-* limit of (7,,) is a tracial state
on [[ My, which vanishes on @My, .

NF Algebras

V.4.3.9 We now describe the structure of NF algebras. Of course, every
NF algebra is an MF algebra. The key observation in developing the fur-
ther properties of NF algebras is that NF algebras are also nuclear. Since a
strong NF algebra has an increasing sequence of finite-dimensional subspaces
completely order isomorphic to (finite-dimensional) C*-algebras, with dense
union, it follows easily from the injectivity of finite-dimensional C*-algebras
that every strong NF algebra is nuclear (and, in fact, the identity map can
be approximated in the point-norm topology by idempotent finite-rank com-
pletely positive contractions). Nuclearity of NF algebras then follows from the
next simple construction.

V.4.3.10 PROPOSITION. Every NF algebra is a quotient of a strong NF
algebra.

PROOF: Let (A, ¢m,n) be an NF system for an NF algebra A, and for each
nlet B, =A41@® - ® Ay, Ynnt1 : B — By defined by

¢n,n+1(x17 D] 7xn) = (1‘13 <oy L,y ¢n,n+1($n))'

Then (B, ¥m.n) is a strong NF system whose inductive limit is a strong NF
algebra having A as a quotient in an evident way.

See V.4.3.27 for a refinement of this result.

V.4.3.11 More generally, it can be shown by a very similar argument that
if (Ay, ¢m,n) is a generalized inductive system with each A4, nuclear and each
®m,n & completely positive contraction, then lim_, (A4, ¢p,) is nuclear.
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V.4.3.12 So an NF algebra A =1lim_,(4,,, ®») is a separable nuclear C*-
algebra which can be embedded in (] A,)/(@ A4,,). The crucial consequence
of nuclearity is that there is a completely positive contractive lifting of the em-
bedding to o : A — [[ A, (IV.3.2.4). Composing ¢ with the quotient map to
A, yields a sequence v, : A — A, of completely positive, asymptotically mul-
tiplicative contractions such that ¢, o, converges to id4 in the point-norm
topology. This argument applies more generally to any nuclear C*-subalgebra
of ([[Mp, )/ (B My,) for a sequence ky,, i.e. for any nuclear MF algebra.
In fact, we have the following characterizations of NF algebras:

V.4.3.13 THEOREM. [BK97, 5.2.2] Let A be a separable C*-algebra. The
following are equivalent:

(i) Ais an NF algebra.

(ii) A is a nuclear MF algebra.

(iii) A is nuclear and can be embedded as a C*-subalgebraof (][ My,,) /(€ My,,)
for a sequence k.

(iv) A is nuclear and quasidiagonal.

(v) The identity map on A can be approximated in the point-norm topology
by completely positive approximately multiplicative contractions through
finite-dimensional C*-algebras, i.e. given x1,...,z, € A and € > 0, there
is a finite-dimensional C*-algebra B and completely positive contractions
a:A— Band 3: B — A such that ||x; — 8o a(z;)| < e and

le(izy) — a(zi)alz;)]| < e
for all 7, 5.

Compare (v) to V.4.2.14.

(ii) <= (ili) < (iv) follows from V.4.3.5 and [DHS89]. (i) = (ii) and
(iii) = (v) are described above. The remaining implication (v) = (i) takes
the most work and requires some perturbation results for completely positive
maps, but is fairly straightforward; it is similar in spirit to the proof that an
“AF algebra in the local sense” is an AF algebra (i.e. that finite-dimensional
C*-subalgebras can be nested).

V.4.3.14 So a separable C*-algebra is an NF algebra if and only if the iden-
tity map on A can be approximately factored by completely positive almost
multiplicative contractions through matrix algebras. Thus the NF algebras
form a very natural class of nuclear C*-algebras, the ones in which not only
the complete order structure but also the multiplication can be approximately
modeled in finite-dimensional C*-algebras.

Here are some consequences of the theorem, similar to the results of
V.4.3.6.
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V.4.3.15 COROLLARY.

(i) A nuclear C*-subalgebra of an NF algebra is NF (although a general C*-
subalgebra of an NF algebra need not be NF because it is not necessarily
nuclear).

(ii) Every separable nuclear residually finite-dimensional C*-algebra (in par-
ticular, every subhomogeneous C*-algebra) is an NF algebra.

(iii) If A is any separable nuclear C*-algebra, then C A and SA are NF alge-
bras.

(iv) Every separable nuclear C*-algebra is a quotient of an NF algebra.

(v) Let (An, ¢m.n) be a generalized inductive system of C*-algebras, with
each ¢,, , a completely positive contraction (e.g. an ordinary inductive
system). If each A,, is an NF algebra, then A is an NF algebra. In partic-
ular, every approximately subhomogeneous (ASH) C*-algebra (V.2.1.9)
is NF.

(vi) The class of NF algebras is closed under stable isomorphism (Morita
equivalence).

V.4.3.16 Not every NF algebra is ASH, since an ASH algebra is residually
stably finite and an NF algebra is not necessarily residually stably finite by
(iv). C*(S®S*) and the examples of [Bro84], [BD96], and [DL94] are residually
stably finite and NF, but not ASH; they are also not strongly quasidiagonal
C*-algebras.

V.4.3.17 An NF algebra must of course be stably finite. There is no known
example of a stably finite separable nuclear C*-algebra which is not NF. The
name NF stands for “nuclear MF,” but might also hopefully mean “nuclear
(stably) finite.”

V.4.3.18 Using the same types of perturbation theorems for completely
positive maps needed for the proof of V.4.3.13, one can show that any two NF
systems for an NF algebra are asymptotically equivalent in a certain natural
but technical sense [BK97, 2.4.1], via completely positive contractions [BK97,
5.3.9].

Strong NF Algebras

The difference between the classes of NF and strong NF algebras is a subtle
one; the fact that the classes are indeed different was not discovered until
[BKO01], and the seemingly definitive description of the essential difference not
given until [BK].

The property of strong NF algebras described in V.4.3.9 turns out to be a
characterization (V.4.3.19(iv)). As in the case of MF and NF algebras, there
are several equivalent descriptions of strong NF algebras:
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V.4.3.19 TrEOREM. ([BK97, 6.1.1], [BK]) Let A be a separable C*-algebra.
The following are equivalent:

(i) A is a strong NF algebra.

(ii) There is an increasing sequence (S,) of finite-dimensional *-subspaces
of A, each completely order isomorphic to a (finite-dimensional) C*-
algebra, with dense union.

(iii) Given zy,...,xz, € A and ¢ > 0, there is a finite-dimensional C*-algebra
B, a complete order embedding ¢ of B into A, and elements by, ...,b, €
B with [jz; — ¢(b;)|| < efor 1 <i<n.

(iv) The identity map on A can be approximated in the point-norm topology
by idempotent completely positive finite-rank contractions from A to A,

ie. given z1,...,x, € A and € > 0, there is an idempotent completely
positive finite-rank contraction w : A — A with ||z; — w(x;)|| < € for
1<i<n.

(v) The identity map on A can be approximated in the point-norm topology
by completely positive approximately multiplicative retractive contrac-
tions through finite-dimensional C*-algebras, i.e. given z1,...,z, € A
and € > 0, there is a finite-dimensional C*-algebra B and completely
positive contractions @ : A — B and § : B — A with ao § =
idp (B is then automatically a complete order embedding), such that
lzi — Boa(x;)] <eand ||a(rz;) — alz;)a(x;)] < e for all i, .

(vi) Same as (v) with the “approximately multiplicative” condition on «
deleted.

(vil) Given z1,...,x, € A and € > 0, there is a finite-dimensional C*-algebra
B and completely positive contractions a: A — B and §: B — A with
B a complete order embedding, such that ||z; — 5 o a(z;)| < € and «
is approximately multiplicative, i.e. ||a(x;z;) — a(z;)a(z;)| < € for all
i,7.

(viii) Same as (vii) with the “approximately multiplicative” condition on «
deleted.

(ix) A is nuclear and inner quasidiagonal.

For the proof, (i) = (ii) is obvious, and (ii) = (iv) was described in Sec-
tion V.4.3.8. (v) = (ii) is similar to the proof of (v) = (i) in V.4.3.13, but
is more subtle and requires a more sophisticated perturbation result for com-
pletely positive maps (V.4.3.42). The implication (ii) = (i) and the equiva-
lence of (iii)—(viii) are easy consequences of injectivity of finite-dimensional
C*-algebras and I1.6.10.11. The equivalence of (ix) with the other conditions,
proved in [BK], is a difficult technical argument using ultraproducts of Hilbert
spaces.

V.4.3.20 Condition (iii) could be taken as the definition of a “strong NF
algebra in the local sense.” One then has that a strong NF algebra in the local
sense is a strong NF algebra. Similarly, one could define an AF [resp. AH,
ASH] algebra in the local sense to be a C*-algebra A with the property that,
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for any x1,...,2, € A and € > 0, there is a finite-dimensional [resp. locally
homogeneous, subhomogeneous] C*-algebra B, elements by,--- ,b, € B, and
a *-homomorphism ¢ : B — A with ||z; — ¢(b;)| < efor 1 < i < n. A
(separable) AF algebra in the local sense is an AF algebra (11.8.3.24), but a
(separable) AH algebra in the local sense is not necessarily an AH algebra
[DE99]. Tt is not known in general whether a (separable) ASH algebra in the
local sense is an ASH algebra.

Some consequences of V.4.3.19:

V.4.3.21 COROLLARY. Every separable nuclear residually finite-dimensional
C*-algebra (in particular, every subhomogeneous C*-algebra) is a strong NF
algebra.

V.4.3.22 COROLLARY. Let (A, ¢m.n) be a generalized inductive system of
C*-algebras, with each ¢, a complete order embedding (e.g. an ordinary
inductive system with injective connecting maps). If each A, is a strong NF
algebra, then A is a strong NF algebra. In particular, every ASH C*-algebra
is strong NF.

However, even an ordinary inductive limit of strong NF' algebras need not
be strong NF if the connecting maps are not injective [BK01, 5.16].
Combining V.4.3.10 and V.4.3.15(iv), we obtain:

V.4.3.23 COROLLARY. Every separable nuclear C*-algebra is a quotient of
a strong NF algebra.

V.4.3.24 Not every strong NF algebra is ASH, since an ASH algebra is
residually stably finite and an NF algebra is not necessarily residually stably
finite by V.4.3.23.

The examples of [Bro84], [BD96], and [DL94] are residually stably finite
and NF, but not strong NF by V.4.3.19(ix). C*(S @& S*) is also NF but not
strong NF for the same reason. For a rather different example, it follows
easily from V.4.3.19(ix) that if A is separable and nuclear, then CA and SA
are strong NF if and only if A is; thus, for example, SO is NF but not strong
NF.

It is somewhat easier to prove the following result than the equivalence of
V.4.3.19(i) and (ix):

V.4.3.25 THEOREM. [BKO01, 5.4] If A is separable, nuclear, and prime, then
A is a strong NF algebra if and only if some (hence every) faithful irreducible
representation of A is quasidiagonal.

V.4.3.26 COROLLARY. Every antiliminal prime NF algebra is a strong NF
algebra. Every simple NF algebra is a strong NF algebra.
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V.4.3.27 COROLLARY. Let A be any NF algebra, and let B be a split es-
sential extension of A by K. Then B is a strong NF algebra. So A can be
embedded as a C*-subalgebra of a strong NF algebra B with a retraction
(homomorphic conditional expectation) from B onto A.

V.4.3.28 Thus, in particular, a nuclear C*-subalgebra of a strong NF alge-
bra need not be strong NF. However, a hereditary C*-subalgebra of a strong
NF algebra is strong NF ([BK97, 6.1.7]; this can be proved more easily using
V.4.3.19(ix)). It is also easily seen from V.4.3.19(ix) that the class of strong
NF algebras is closed under stable isomorphism (Morita equivalence). We also
have:

V.4.3.29 PROPOSITION. [BKO01, 5.17] A tensor product of strong NF alge-
bras is strong NF.

Since an NF algebra can be embedded in a strong NF algebra, using
V.4.3.15(i) we obtain:

V.4.3.30 COROLLARY. A tensor product of NF algebras is NF.

Combining V.4.3.25 with Voiculescu’s Weyl-von Neumann Theorem
(I1.8.4.29), we obtain:

V.4.3.31 COROLLARY. Let A be a separable nuclear C*-algebra. The fol-
lowing are equivalent:

(i) Every quotient of A is a strong NF algebra.

(ii) Every primitive quotient of A is a strong NF algebra.
(iii) Every irreducible representation of A is quasidiagonal.
(iv) A is strongly quasidiagonal.

V.4.3.32 We also have a stronger version of the existence of the cross sec-
tions discussed in V.4.3.12. If (A,,, @) is & strong NF system for a strong
NF algebra A, then by injectivity of finite-dimensional C*-algebras there are
idempotent completely positive contractions

’Yn-i—l,n : An—i—l - ¢n,n+1 (An)

for each n, which may be thought of as going from A, 11 to A,. These induce
maps Yp,m : An — Ay, for n > m, and thus maps v, : A — A,,, which are
completely positive contractions and coherent in the obvious sense, and for
which the maps ¢,,, and ¢, are cross sections. The 7, ,, and v, are also
asymptotically multiplicative.
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RF Algebras

V.4.3.33 DEFINITION. A strong NF algebra is an RF algebra if it has a
strong NF system (A, #m ) such that the v, ,,, of V.4.3.32 (and hence also
the 7,,) can be chosen exactly multiplicative.

An RF algebra is obviously nuclear and residually finite-dimensional. The
converse is true:

V.4.3.34 THEOREM. [BK] A separable C*-algebra is an RF algebra if and
only if it is nuclear and residually finite-dimensional.

An interesting consequence of the above results is that every strong NF
algebra can be written as an ordinary inductive limit of RF algebras:

V.4.3.35 THEOREM. [BK97, 6.1.6] Let A be a strong NF algebra. Then
there is an increasing sequence (C}) of C*-subalgebras of A, with dense union,
such that each C} is an RF algebra.

PROOF: Let (An, ¢m,n) be a strong NF system for A. Fix k. For n > &k,
inductively define Cy ,, by taking Cj r = Ay and C,,  the C*-subalgebra of
A,, generated by ¢,—1.,(Ckn—1) for n > k. Then

Ck = [Un>k¢n(ck,n)]_

is a C*-subalgebra of A which is a strong NF algebra. For k < n, the map
Ynn-1|cy.,, is @ homomorphism from Cy ,, onto Cy,,—1 by 11.6.10.12(ii); so by
composition, if £ < m < n, ’Yn,m|ck,n is a homomorphism from C}, ,, onto Cj, .
Thus, by letting n — oo, for k < m, the map v,,|c, is a homomorphism from
Cy onto C . So Cy is residually finite-dimensional. ¢y (Ax) € Cx C Ciyr
for all k, so UCY is dense in A.

Note that Cy, is strictly larger than Dy, = C*(¢rn(Ax)) in general,
so Cy is strictly larger than Dy = C*(¢r(Ax)). Dy is also residually finite-
dimensional (since it is a C*-subalgebra of C}), but it is not obvious that it
is nuclear. If it is, it is an RF algebra by V.4.3.34. It appears that Dy should
be a generalized inductive limit of the Dy, ,,, where the connecting map from
Dy t0 Dy nt1 18 dnnt1|p,.,, followed by a conditional expectation of Cy ;41
onto Dy, 1.

V.4.3.36 One might hope that the conclusion of V.4.3.35 could be strength-
ened to replace “residually finite-dimensional” by “subhomogeneous” (i.e. to
show that every strong NF algebra is approximately subhomogeneous). But
this cannot be true. Since a quotient of an ASH algebra is ASH, a necessary
condition for a C*-algebra to be ASH is that it be residually strong NF, or
equivalently strongly quasidiagonal (V.4.3.31). Even then, there is an enor-
mous gap between RF algebras and subhomogeneous C*-algebras. Nonethe-
less, V.4.3.35 gives the beginnings of a connection between this theory and



V.4 Quasidiagonality 475

the part of Elliott’s classification program concerned with inductive limits of
subhomogeneous building blocks.

It is difficult to compute structural invariants of a (strong) NF algebra
from a (strong) NF system. In particular, the ideal structure, trace space, and
K-theory are all difficult to compute. But there is a nice combinatorial way
to compute the Cech cohomology of a compact metrizable space X in terms
of a strong NF system for C(X) as described in V.4.3.41, which suggests
that there could be a combinatorial approach to the invariants and, perhaps,
classification of (strong) NF algebras.

Commutative C*-Algebras and PL Topology

By V.4.3.21, every (separable) commutative C*-algebra is a strong NF algebra.
In this subsection, we give a direct proof of the essential part of this fact, and
describe the connection with PL topology.

We will show that commutative C*-algebras satisfy V.4.3.19(iii); the rest
of the proof that commutative C*-algebras are strong NF consists of applying
a perturbation result to show that the images of the finite-dimensional com-
mutative C*-algebras can be chosen nested (the perturbation results needed
are much simpler in the commutative case).

For simplicity, we will work only with unital C*-algebras; the general result
follows easily from the unital case.

V.4.3.37 DEFINITION. Let X be a compact Hausdorff space. A weak trian-
gulation of X is a continuous function ¢ from X to the underlying space of a
simplicial complex K, such that every face of K contains an interior point in
the image (in particular, every vertex of K lies in the image).

A triangulation is a weak triangulation in which ¢ is a homeomorphism.

V.4.3.38 PROPOSITION. Let X be a compact Hausdorff space. Then there
is a natural one-one correspondence between the following sets:

(i) Weak triangulations of X
(ii) Effective partitions of unity on X
(iii) Unital complete order embeddings of finite-dimensional commutative C*-
algebras into C'(X).

(A partition of unity {f1,..., fn} is effective if max f;(x) =1 for all i, i.e.
if there are points z1,...,2, € X such that f;(x;) = d;;.)

The correspondences go like this: if ¢ : X — K is a weak triangulation,
and (e1,...,e,) are the vertices of K (in a fixed order), for z € X write
o(z) = Y0, Niei, and set fi(z) = \;. Then {f1,..., f,} is an effective par-
tition of unity on X. The corresponding complete order embedding ¢ of C"
into C(X) sends (A1,...,A,) to > 1 A; fi. There is a corresponding idempo-
tent completely positive contraction v from C(X) onto the image: send g to

E?:1 g(xz)fz
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Conversely, if {f1,..., fn} is an effective partition of unity of X, then there
are x; such that f;(x;) = d;;. Let

U={zeX: fi(z) >0}

and let K be a simplicial complex with vertices eq,...,e,, such that if I =
{#1,...,4,} is a subset of {1,...,n}, then there is a face in K with vertices
€iy,---,6;, if and only if U;; N---NU;, # 0. Define a map ¢ : X — K by

Then ¢ is a weak triangulation.

Similarly, if ¢ : C* — C(X) is a unital complete order embedding, let v;
be the 7’th standard basis vector in C", and set f; = ¢(v;). Because || fi|| = 1
for all 4, {f1,..., fn} is an effective partition of unity of X.

V.4.3.39 By this correspondence, a strong NF system for C(X) can be
described as consisting of:

(i) A sequence (K;) of simplicial complexes with underlying spaces X;

(ii) An inverse system (X;,¢;;), where the ¢;; : X; — X; (i < j) are
piecewise-linear weak triangulations

(iii) A homeomorphism (identification) of X with lim. (X;, ¢;;) such that
the natural maps ¢; : X — X, are weak triangulations, which become
“sufficiently fine” for large 7 in the sense that any g € C(X) can be
uniformly approximated arbitrarily closely by a function of the form fog;,
where f is a piecewise-linear function from X; to C, for some sufficiently
large 1.

It is well known to topologists that every compact metrizable space can
be so written; proofs (which are essentially equivalent to the proof outlined
here) can be found in several topology books.

The next result is just a restatement of 11.6.9.3(v).

V.4.3.40 PROPOSITION. Let X be a compact Hausdorff space, g1,...,9m €
C(X), and € > 0. Then there is an n, a unital complete order embedding
¢ of C™ into C(X), and wy, ..., w, € C", such that ||gr — ¥ (wi)|| < € for
1<k<m.

V.4.3.41 To complete the argument that separable commutative C*-alge-
bras are strong NF, choose a sequence v, of complete order embeddings of
C*» into C(X) such that finite subsets of a dense sequence in C(X) can be
approximated more and more closely as n — oo, with retractions ~,, : C(X) —
Ckn satisfying 7, 01, = idck, . By passing to a subsequence converging rapidly
enough, we may insure that for each n,
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l¥n+1 © Ynt1 0 %n — Pl <27

Then for each n the sequence

(wnv ¢n+1 o ’7n+1 o wny 'l/}n+2 o ’7n+2 o ¢n+1 o 'YnJrl o wna .. )

converges in the point-norm topology to a completely positive map 6,, : CF» —
C(X), with U,0,,(C*~) dense in C(X).

However, 6,, will not be a complete order embedding in general. But if the
approximations are done closely enough, v,41 0 ¢, : Ck» — CFrt1 will be
“almost” a complete order embedding, and we need to know that it can be
perturbed slightly to an actual complete order embedding. This perturbation
result requires a theorem (V.4.3.42) in general, but is almost obvious in the
commutative case: one needs only to perturb 7,1 0¥, to a map w such that
lw(v:)|| = 1 for all i (where v; is the i’th standard basis vector in Ck»). If
In+1 © ¥n(vy)|| > 1 — € for all 4, for some €, 0 < € < 1/2, for each ¢ choose a
coordinate m; such that the m;’th coordinate of 7,1 0, (v;) is at least 1 —e.
The m; are necessarily distinct. Let w(v;) be the vector with m;’th coordinate
1, m;’th coordinate O for j # 7, and m’th coordinate the same as the m’th
coordinate of 7,41 © ¥, (v;) for m not one of the m;. Extend w by linearity;
then w is a complete order embedding satisfying

lw(vi) = Ynt1 0 Y (vi)]| <€

for all 4. So if the subsequence is chosen so that ||V,+10Un(v;)]] = 1= (27" /ky)
and w,, is the approximant, then the sequence

(wm"l)n—kl O Wn, Wn42 © Wni1 0 Up, .. )

converges in the point-norm topology to a complete order embedding ¢,, :
Ckr — C(X), satisfying ¢,, = ¢p11 0w, for all n, with U, ¢,(C*») dense in
C(X). These give the desired coherent family.

Here is the perturbation result needed in general:

V.4.3.42 THEOREM. [BK97,4.2.7] Let d > 0 and € > 0. Then thereisa ¢ >
0 such that, whenever A is a finite-dimensional C*-algebra with dim(A4) < d
and matrix units {ej; : 1 <4, j <k, }, B is a finite-dimensional C*-algebra (or
just a C*-algebra of real rank zero), and ¢ is a completely positive contraction
from A to B with

[p(e12)dlens) - dlef 1 )| >1—0
for all r, then there is a complete order embedding % from A to B with
¥ — ol <e.

V.4.3.43 Thus a strong NF system for C(X) may be regarded as a piece-
wise-linear structure on X, and the piecewise-linear connecting maps can be
described by combinatorial data. So it is reasonable to think of a strong NF
system for a strong NF algebra A as giving a “piecewise-linear” structure on
A, or a “combinatorial description” of A.
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operator 21
suspension of a C*-algebra 97
symmetric form 300
symmetric operator 30
symmetrically normed ideal 45

14, 44

Takesaki duality 283
tensor product
binormal 361
infinite
of C*-algebras 191
of Hilbert spaces 275
of von Neumann algebras
normal 361
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of C*-algebras 179-191
maximal 181
minimal 180
spatial 180
of completely positive maps 190
of Hilbert modules 148
of Hilbert spaces 4
of homomorphisms 187
of normal completely positive maps
361
of normal maps 250
of normal semifinite weights 257
of von Neumann algebras 233
projective 181
Toeplitz algebra 160
Tomita algebra 298
Tomita-Takesaki Theorem 296
trace
center-valued 260
generalized 311
of an operator 41
on a C*-algebra 121
semifinite 122
trace-class operator 42
transformation group C*-algebra 205
triangulation 475
weak 475
twice-around embedding 336
two-out-of-three property 374
Type I
C*-algebra 323
representation 315
von Neumann algebra 231

UCT 416
UHF algebra 157
ultraproduct 156
Uniform Boundedness Theorem 6
unilateral shift 9
unimodular group 193
unipotent 448
unitarily invariant cone 86
unitary

in a C*-algebra 57

operator 8
unitary extreme property 419
unitization 53
universal C*-algebra 158
Universal Coefficient Theorem 416

universal representation 318
unperforated group 439

very orthogonal 67
virtual diagonal 379
Voiculescu’s Weyl-von Neumann
Theorem 174
von Neumann algebra 47
amenable 365
approximately finite dimensional
291
continuous 231
continuous decomposition 310
countably decomposable 225
discrete 231
finite 227
hyperfinite 291
infinite 227
injective 352
locally countably decomposable 226
properly infinite 227
purely atomic 354
purely infinite 231
semidiscrete 363
semifinite 231

Typel 231
Type Ioc 236
Type L, 235
Type I 232

Type II1 232
Type Il 232
Type IIT 231
von Neumann regular element 69

WH-algebra 243
WH*-crossed product 283
WH*-dynamical system 281
weak operator topology 13
o-weak operator topology
weak triangulation 475
weakly amenable C*-algebra 382
weakly unperforated group 439
weight 118

centralizer 302

dominant 312

faithful 118

integrable 312

normal 255

Plancherel 288
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semifinite 120 well-supported element 69
strictly semifinite 255 Weyl-von Neumann Theorem 176
weighted ideal 93 Voiculescu’s Noncommutative 174





