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Preface

This book is about reliability and reliability related stochastics. It focuses on
shocks modeling, burn-in and heterogeneous populations. At the first sight, it looks
that these three areas of research in stochastic modeling are not so close. However,
it turns out that they can be naturally combined in the unified framework and some
of the results of this kind have been already reported in our recent publications.
Indeed, there is no pure homogeneity of items (industrial or biological) in real life.
Therefore, it is only an assumption that makes the corresponding statistical
analysis much easier. As most of the real life populations are heterogeneous,
taking this property into account in reliability analysis of various problems is only
increasing the adequacy of stochastic modeling. Furthermore, all objects are
operating in a changing environment. One of the ways to model an impact of this
environment is via the external shocks occurring in accordance with some sto-
chastic point processes. We understand the term “shock” in a very broad sense as
some instantaneous and potentially harmful event (e.g. electrical impulses of large
magnitude, demands for energy in biological objects, insurance claims in finance
etc.). Shock models are widely used in practical and theoretical reliability and in
the other disciplines as well. Numerous shock models have been studied in the
literature during the past 50 years. However, only a few of most recent publica-
tions deal with heterogeneous items subject to shock processes. Finally, we also
focus on burn-in as a method of elimination of ‘weak’ items from heterogeneous
populations. It is well-known that burn-in can be justified when the failure rate of
items is initially decreasing (infant mortality). Heterogeneity of populations is one
of the main causes for this remarkable shape of the failure rate. Burn-in is often
performed in industry in the accelerated environment and this means that at certain
instances shocks can play the role of this environment when the time of burn-in
decreases.

Our presentation combines classical and recent results of other authors with our
research over the past 5 years. The excellent encyclopedic books [4] and [5] give a
broad picture of the modern mathematical reliability theory and also present useful
sources of references. Along with the classical text [2], the excellent textbook [6],
and a mathematically oriented reliability monograph [1], these books can be
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viii Preface

considered as complementary or further reading. The recent monograph of one of
the authors [3] was also extensively used in this book, especially for the intro-
ductory Chap. 2 and for stochastic descriptions of heterogeneous populations.

We hope that our text will be useful for reliability researchers and practitioners
and to graduate students in reliability or applied probability. It contains numerous
stochastic models that can be of interest to applied mathematicians and
statisticians.

This project started in a natural way. One of us was very much interested in his
research in mathematical and applied aspects of burn-in, whereas the other pub-
lished intensively on failure rate modeling for heterogeneous populations and
various shocks models. Therefore, at a certain stage we decided to combine our
efforts and consider burn-in via shocks and also burn-in for heterogeneous pop-
ulations. Along with that some theoretical work on shocks modeling was initiated.
When the critical mass of the obtained results in these directions reached a certain
level, we decided to write them down in the form of the book. Of course, some
introductory information had to be added along with classical, well-established
results.

Maxim Finkelstein acknowledges the support of the University of the Free
State, the National Research Foundation (South Africa) and the Max Planck
Institute for Demographic Research (Germany).

Ji Hwan Cha’s work was supported by the National Research Foundation of
Korea (NRF), grant funded by the Korea government (MEST) (No. 2011-
0017338). Ji Hwan Cha acknowledges the support of the Ewha Womans Uni-
versity (Republic of Korea).

We are also grateful to our colleagues, co-workers, and the students of Ji Hwan
Cha (Hyunju Lee, Jihyun Kim, Haebyur Nam, and Eunjung Jang). Their support
and discussions contributed a lot to this project. Finally, we are indebted to Grace
Quinn, Anthony Doyle, and the Springer staff for their editorial work.

November 2012 Maxim Finkelstein
Ji Hwan Cha
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Chapter 1
Introduction

1.1 Aim and Scope of the Book

As the title suggests, the book is devoted to stochastic models for reliability. This
very wide topic is naturally ‘censored’ by the current research interests of the
authors in the field which are: shock models, burn-in and stochastic modeling in
heterogeneous populations. At first sight, it seems that these three areas of research
are rather ‘independent’. However, it turns out that they can be naturally combined
in the unified framework and some of the results of this kind have already been
reported in our recent publications. As most of the real-life populations are het-
erogeneous, taking this property into account in reliability analysis of various
problems is only increasing the adequacy of the corresponding modeling. Fur-
thermore, all objects are operating in a changing environment. One of the ways to
model an impact of this environment is via the external shocks occurring in
accordance with some point process (e.g., the Poisson process or the renewal
process). By a ‘shock’ we understand an ‘instantaneous’, potentially harmful
event. Depending on its magnitude, a shock can destroy an operating system
(failure), leave it unchanged (as good as old), or, e.g., increase its wear (deterio-
ration) on some increment. Numerous shock models were developed and reported
in the reliability-related literature during the past 50 years. However, only a few
papers (mostly of the authors) deal with shocks in heterogeneous populations and
with shocks as a method of burn-in.

Burn-in is a method of ‘elimination’ of initial failures in field usage. To burn-in
a component or a system means to subject it to a period of simulated use prior to
the actual operation. Due to the high failure rate at the early stages of a compo-
nent’s life, burn-in has been widely accepted as an effective method of screening
out early failures before systems are actually used in field operation. Under the
assumption of decreasing or bathtub-shaped failure rate functions, various prob-
lems of determining optimal burn-in have been intensively studied in the literature.
In the conventional burn-in, the main parameter of the burn-in procedure is its
duration. However, in order to shorten the length of this procedure, burn-in is often
performed in an accelerated environment. This indicates that high environmental

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 1
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_1,
© Springer-Verlag London 2013



2 1 Introduction

stress can be more effective in eliminating weak items from a population. In this
case, obviously, the larger values of stress should correspond to the shorter
duration of burn-in. By letting the stress to increase, we can end up (as some limit)
with very short (negligible) durations, in other words, with shocks.

One of the essential features of conventional burn-in is that it is performed for
the items with decreasing (at least, initially) failure rate. Indeed, by burning-in
items for some time we eventually decrease the failure rate for future usage. One
of the main causes that ‘force’ the failure rate to decrease is heterogeneity of
populations of items: the weakest subpopulations are dying out first. When a
population consists of ordered (in some suitable stochastic sense) subpopulations,
the population failure rate is usually initially decreasing. It can have the bathtub or
a more complex shape as well. It turns out that under certain assumptions, burn-in
for populations of heterogeneous items can be justified even in the case when the
population failure rate is increasing. This counter intuitive finding among others
shows the importance of taking into account heterogeneity of the manufactured
items.

We consider the positive (non-negative) random variables, which are called
lifetimes. The time to failure of an engineering component or a system is a lifetime,
as is the time to death of an organism. The number of casualties after an accident
and the wear accumulated by a degrading system are also positive random vari-
ables. Although we deal here mostly with engineering applications, the reliability-
based approach to lifetime modeling for organisms is one of the important topics
for several meaningful examples and applications in the book. Obviously, the
human organism is not a machine, but nothing prevents us from using stochastic
reasoning developed in reliability theory for life span modeling of organisms.

An important tool and characteristic for reliability analysis in our book is the
failure rate function that describes the lifetime. It is well known that the failure rate
function can be interpreted as the probability (risk) of failure in an infinitesimal
unit interval of time. Owing to this interpretation and some other properties, its
importance in reliability, survival analysis, risk analysis, and other disciplines is
hard to overestimate. For example, the increasing failure rate of an object is an
indication of its deterioration or aging of some kind, which is an important
property in various applications. Many engineering (especially mechanical) items
are characterized by the processes of “wear and tear” and, therefore, their life-
times are described by an increasing failure rate. The failure (mortality) rate of
humans at adult ages is also increasing. The empirical Gompertz law of human
mortality defines the exponentially increasing mortality rate. On the other hand,
the constant failure rate is usually an indication of a non-aging property, whereas a
decreasing failure rate can describe, e.g., a period of “infant mortality” when early
failures, bugs, etc., are eliminated or corrected. This, as was mentioned, is also
very important for justification of burn-in, which is usually performed with items
characterized by the decreasing or bathtub failure rate. Therefore, the shape of the
failure rate plays an important role in reliability analysis. When the lifetime dis-
tribution function F () is absolutely continuous, the failure rate A(¢) can be defined
as F'()/(1 — F(¢)). In this case, there exists a simple, well-known exponential
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representation for F(r) (Sect. 2.1). It defines an important characterization of the
distribution function via the failure rate A(z). Moreover, the failure rate contains
information about the chances of failure of an operating object in the next suffi-
ciently small interval of time. Therefore, the shape of /A(f) is often much more
informative in the described sense than, for example, the shapes of the distribution
function or of the probability density function. On the other hand, the mean
remaining lifetime contains information about the remaining life span and in
combination with the failure rate creates a useful tool for reliability analysis.

In this text, we consider several generalizations of the ‘classical’ notion of the
failure rate A(z). One of them is the random failure rate. Engineering and bio-
logical objects usually operate in a random environment. This random environ-
ment can be described by a stochastic process {Z;,7>0} (e.g., a point process of
shocks) or by a random variable Z as a special case. Therefore, the failure rate,
which corresponds to a lifetime 7', can also be considered as a stochastic processes
At,Z,) or A(t,Z). These functions should be understood conditionally on real-
izations A(f]z(u), 0<u<t) and A(¢|Z = z), respectively. Similar considerations
are valid for the corresponding distribution functions F(z,Z;) and F(t,Z).

Another important generalization of the conventional failure rate A(z) deals with
repairable systems and considers the failure rate of a repairable component as an
intensity process (stochastic intensity) {4,,7>0}. The ‘randomness’ of the failure
rate in this case is due to random times of repair. Assume for simplicity that the
repair action is perfect and instantaneous. This means that after each repair a
component is ‘as good as new’. Let the governing failure rate for this component
be /A(¢). Then the intensity process at time # for this simplest case of perfect repair
is defined as

;».[ == /I(t - T,),

where 7_ denotes the random time of the last repair (renewal) before ¢. Therefore,
the probability of a failure in [t,7 + dr) is A(r — T_)dt, which should also be
understood conditionally on realizations of 7_. This and a more general notion of
stochastic intensity for general orderly point processes will be intensively
exploited throughout the book.

Our presentation combines classical and recent results of other authors with our
research findings of recent years. We discuss the subject mostly using necessary
tools and approaches and do not intend to present a self-sufficient textbook on
reliability theory. The choice of topics is driven by the research interests of the
authors. The excellent encyclopedic books by Lai and Xie [6] and Marshall and
Olkin [7] give a broad picture of modern mathematical reliability theory and also
present the up-to-date reference sources. Along with the classical text by Barlow
and Proschan [2], an excellent textbook by Rausand and Hoylandt [8] and a
mathematically oriented reliability monograph by Aven and Jensen [1], these
books can be considered the first-choice complementary or further general reading.
On the other hand, a useful introduction to burn-in can be found in Jensen and
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Petersen [5], whereas numerous relevant facts and results on stochastics for
heterogeneous populations are covered in Finkelstein [4].

The book is mostly targeted at researchers and ‘quantitative engineers’. The
first two chapters, however, can be used by undergraduate students as a supple-
ment to a basic course in reliability. This means that the reader should be familiar
with the basics of reliability theory. The other parts can form a basis for graduate
courses on shocks modeling, burn-in, and on mixture failure rate modeling for
students in probability, statistics, and engineering.

Note that all necessary acronyms and nomenclatures are defined below in the
appropriate parts of the text, when the corresponding symbol or abbreviation is
used for the first time. For convenience, where appropriate, these explanations are
often repeated later in the text as well. This means that each section is self-
sufficient in terms of notation.

1.2 Brief Overview

Chapter 2 is devoted to reliability basics and can be viewed as a brief introduction
to some reliability notions and results that are extensively used in the rest of the book.
We pay considerable attention to the crucial reliability notions of the failure (hazard)
rate and the remaining (residual) life functions. The shapes of the failure rate and of
the mean remaining life function are especially important for the presentation of
chapters devoted to burn-in and heterogeneous populations. On the other hand,
sections devoted to basic properties of stochastic point processes are helpful for the
presentation of Chaps. 3 and 4 that deal with the theory and applications of shock
models. Note that, in this chapter, we mostly consider only those facts, definitions,
and properties that are necessary for further presentation and do not aim at a general
introduction to reliability theory.

Chapter 3 deals mostly with basic shock models and their simplest applications.
Along with discussing some general approaches and results, we present the nec-
essary material for describing our recent results on shocks modeling in Chap. 4. As
in the other chapters of this book, we do not intend to perform a comprehensive
literature review of this topic, but rather concentrate on notions and results that are
vital for further presentation. We understand the term “shock” in a very broad
sense as some instantaneous, potentially harmful event (e.g., electrical impulses of
large magnitude, demands for energy in biological objects, insurance claims in
finance, etc.). It is important to analyze the consequences of shocks for a system
(object) that can be basically two-fold. First, under certain assumptions, we can
consider shocks that can either ‘kill’ a system, or be successfully survived without
any impact on its future performance (as good as old). The corresponding models
are usually called the extreme shock models, whereas the setting when each shock
results in an additive damage (wear) to a system is often described in terms of the
cumulative shock models. In the latter case, the failure occurs when the cumulative
effect of shocks reaches some deterministic or random level and, therefore, this
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setting is useful for modeling degradation (wear). We first briefly discuss several
simplest stochastic models of wear that are helpful in describing basic cumulative
shock models. In the rest of the chapter, we mostly consider the basic facts about
the extreme and cumulative shock models and also describe several meaningful
modifications and applications of the extreme shock modeling.

In Chap. 4, we extend and generalize approaches and results of the previous
chapter to various reliability-related settings of a more complex nature. We relax
some assumptions of the traditional models except the one that defines the
underlying shock process as the nonhomogeneous Poisson process (NHPP). Only
in the last section of this chapter, we suggest an alternative to the Poisson process
to be called the geometric point process. It is remarkable that although the
members of the class of geometric processes do not possess the property of
independent increments, some shock models for this class can be effectively
described without specifying the corresponding dependence structure. The chapter
is rather technical in nature, however, the formulation of results is reasonably
simple and is illustrated by meaningful examples. In extreme shock models, only
an impact of the current, possibly fatal shock is usually taken into account,
whereas in cumulative shock models, an impact of the preceding shocks is
accumulated as well. In this chapter, we also combine extreme shock models with
specific cumulative shock models and derive probabilities of interest, e.g., the
probability that the process will not be terminated during a ‘mission time’. We also
consider some meaningful interpretations and examples.

Chapter 5 deals with heterogeneity in stochastic modeling. Homogeneity of
objects is the unique property that is very rare in nature and in industry. Therefore,
one can hardly find homogeneous populations in real life, however, most of
reliability modeling deals with a homogeneous case. Due to instability of pro-
duction processes, environmental and other factors, most populations of manu-
factured items in real life are heterogeneous. Similar considerations are obviously
true for biological items (organisms). Neglecting heterogeneity can lead to serious
errors in reliability analysis of items and, as a consequence, to crucial economic
losses. Stochastic analysis of heterogeneous populations presents a significant
challenge to developing mathematical descriptions of the corresponding reliability
indices. Mixtures of distributions usually present an effective mathematical tool
for modeling heterogeneity, especially when we are interested in the failure rate,
which is the conditional characteristic. In heterogeneous populations, the analysis
of the shape of the mixture (population) failure rate starts to be even more
meaningful. It is well known, e.g., that mixtures of decreasing failure rate (DFR)
distributions are always DFR. On the other hand, mixtures of increasing failure
rate (IFR) distributions can decrease, at least, in some intervals of time. Note that
the IFR distributions are often used to model lifetimes governed by the aging
processes. Therefore, the operation of mixing can dramatically change the pattern
of population aging, e.g., from positive aging (IFR) to negative aging (DFR).
These properties are very important when considering burn-in for heterogeneous
populations of manufactured items. In this chapter, we first present a brief survey
of results relevant for our further discussion in this and the subsequent chapters.
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In the rest of the chapter, some new applications of the mixture failure rate
modeling are discussed and basic facts to be used in the subsequent chapters are
presented.

In Chap. 6, we introduce the concept of burn-in and review the ‘initial research’
in this area. Burn-in is a method of elimination of initial failures (infant mortality)
in items before they are shipped to customers or put into field operation. It is
important to obtain an optimal duration of burn-in, because, if this procedure is too
short, then the items with shorter lifetimes will still remain in the population. On
the other hand, if the procedure is too long, then it decreases the life spans of items
with ‘normal’ lifetimes and also results in additional costs. By investigating the
relationship between the population failure rate and the corresponding perfor-
mance quality measures, we illustrate how the burn-in procedure can be justified
for items with initially decreasing failure rates. First, we review some important
‘classical’ papers that consider minimization of various cost functions for the
given criteria of optimization. Burn-in is generally considered to be expensive and,
therefore, the length of burn-in is usually limited. Furthermore, for today’s highly
reliable products, many latent failures or weak components require a long time to
detect or identify. Thus, as stated in Block and Savits [3], for decreasing the length
of this procedure, burn-in is often performed in an accelerated environment.
Therefore, in the last part of this chapter, we introduce several stochastic models
for accelerated burn-in.

Chapter 7 mostly deals with burn-in for repairable items. When a non-repairable
item fails during burn-in, and this case was considered in the previous chapter, it is
just scraped and discarded. However, when dealing with expensive products or
complex devices, the complete product will not be typically discarded because of
failure during burn-in, but rather a repair will be performed. Following an influ-
ential survey by Block and Savits [3], there has been intensive research on burn-in
for repairable systems. The main directions of recent studies include the following:
(i) various reliability models which jointly deal with burn-in and maintenance;
(ii) burn-in procedures for general failure models; (iii) stochastic models for
accelerated burn-in. In this chapter, recent developments on burn-in methodology
will be reviewed mainly focusing on the burn-in procedures for minimally
repairable systems. The general repair models for burn-in can constitute an inter-
esting and challenging topic for further studies.

Chapter 8 is devoted to burn-in for heterogeneous populations of items. In
Chaps. 6 and 7, burn-in procedures for homogeneous populations have been dis-
cussed. Burn-in can be usually justified when the failure rate of a population is
decreasing or bathtub-shaped. It is well known that heterogeneity of populations is
often the reason for the initial decrease in the failure rate. In this chapter, the
optimal burn-in procedure is investigated without assuming that the population
failure rate is bathtub-shaped. We consider first the mixed population composed of
two ordered subpopulations—the subpopulation of the strong items (items with
‘normal’ lifetimes) and that of the weak items (items with shorter lifetimes). Then
the continuous mixture model is also discussed in detail. Our goal is to describe
optimization of various characteristics of the performance quality of items after
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burn-in. It is well known that when the failure rate of a component is increasing
there is no need to perform the burn-in procedure and only when it is decreasing or
non-monotonic there is a possibility for burn-in. We show that this reasoning is
usually valid only for homogeneous populations. However, when we deal with
heterogeneous populations the situation can be dramatically different and burn-in
can be justified even for increasing failure rates. Furthermore, for heterogeneous
populations, there exist the risks of selecting items with poor reliability charac-
teristics (i.e., with large failure rates), which is undesirable in practice. Therefore,
to account for this situation, we also develop the special burn-in procedure that
minimizes these specific risks.

In Chap. 9 we apply the stochastic theory of shocks described in the previous
parts of this book to burn-in modeling. In conventional burn-in, the main
parameter of the burn-in procedure is its duration. However, in order to shorten the
length of this procedure, burn-in is often performed in an accelerated environment.
This indicates that a large environmental stress can be effective in eliminating
weak items from a population. In this case, obviously, the larger values of stress
should correspond to the shorter duration of burn-in. By letting the stress to
increase, we can end up (as some limit) with very short (negligible) durations, in
other words, with shocks. Then the stress level can be considered as a controllable
parameter for the corresponding optimization, which in a loose sense is an analog
of the burn-in duration in accelerated burn-in. This general reasoning suggests that
‘electrical’, ‘thermal’, and ‘mechanical’ shocks can be used for burn-in in heter-
ogeneous populations of items. Therefore, in this chapter, we consider shocks (i.e.,
‘instantaneous’ stresses of large level) as a method of burn-in and develop the
corresponding optimization model. As in the previous chapters, we also assume
that our population is the mixture of stochastically ordered subpopulations. As
before, we consider both discrete and continuous mixture models. Under this and
some other natural assumptions, we discuss the problem of determining the
optimal severity level of a stress. We also develop a burn-in model for items that
operate in the environment with shocks. For this we assume that there are two
competing risk causes of failure—the ‘usual’ one (in accordance with aging pro-
cesses in a system) and environmental shocks. A new type of burn-in via the
controlled (laboratory) test shocks is considered and the problem of obtaining the
optimal level (severity) of these shocks is investigated as well.

Chapter 10 describes Environmental Stress Screening (ESS) as another
(although related to burn-in) method of eliminating weak items. There are different
ways of improving reliability characteristics of manufactured items. The most
common methodology adopted in the industry, as described in the previous
chapters, is burn-in, which is a method of ‘elimination’ of initial failures (infant
mortality). Usually, to burn-in a component or a system means to subject it to a
fixed time period of simulated use prior to actual operation. Thus, the ‘sufficient
condition’ for employing the traditional burn-in is the initially decreasing failure
rate. It should be noted, however, that not all populations of engineering items that
contain ‘weaker’ items to be eliminated exhibit this shape of the failure rate. For
example, the ‘weakness’ of some manufactured items can result from latent
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defects that can create additional failure modes. The failure rate in this case is not
necessarily decreasing and, therefore, traditional burn-in should not be applied.
However, by applying the short-time excessive stress, the weaker items in the
population with increasing failure rate can be eliminated by the ESS and, there-
fore, the reliability characteristics of the population of items that have successfully
passed the ESS test can be improved. This is a crucial distinction of the ESS from
burn-in. Another important distinction of the considered model from burn-in is that
the ESS can also create new defects in items that were previously defect-free. In
this chapter, we develop stochastic models for the ESS, analyze its effect on the
population characteristics of the screened items, and describe related optimization
problems. We assume that, due to substandard materials of faulty manufacturing
process, some of the manufactured items are susceptible to additional cause of
failure (failure mode), i.e., shocks (such as electrical or mechanical shocks). We
define the ESS as a procedure of applying a shock of the controlled magnitude, i.e,
a short-time excessive stress.
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Chapter 2
Basic Stochastics for Reliability Analysis

In this introductory chapter, we partially follow, revise, and expand the relevant
portions of Chaps. 2 and 4 of Finkelstein [25] and also add other material that
should be helpful when reading the rest of this book. Therefore, we will often refer
to this chapter in the subsequent parts of the text. It covers the notions and some
basic properties of the failure rate, the mean residual lifetime, stochastic point
processes, minimal and general repair, multivariate accelerated and proportional
hazards models and, finally, the simplest stochastic orders.

2.1 Failure Rate

Throughout this book we will use the term “failure rate” which is equivalent to the
widely used synonym “hazard rate”. The choice of the term is just the matter of
taste and habit for us. The importance of this notion to reliability analysis is hard to
overestimate. The failure rate defines the probability that an operating object will
fail in the next sufficiently small unit interval of time and, therefore, plays an
exceptional role in reliability engineering, survival analysis, and other disciplines
that mostly deal with positive (nonnegative) random variables. They are often
called lifetimes. As a random variable, a lifetime is completely characterized by its
distribution function. A realization of a lifetime is usually manifested by a failure,
death or some other ‘end event’. Therefore, information on the probability of
failure of an operating item in the next (usually sufficiently small) unit interval of
time is really important in reliability analysis. If the failure rate function is
increasing, then our object is usually degrading in some suitable stochastic sense.
For example, it is well-known that the failure (mortality) rate of adult humans
increases exponentially with time, whereas the failure rate of many mechanically
wearing devices is often increasing as a power function (Weibull law). Thus,
understanding and analyzing the shape of the failure rate is an essential part of
reliability and survival analysis.

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 9
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_2,
© Springer-Verlag London 2013
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Let T > 0 be a continuous lifetime random variable with a cumulative
distribution function (Cdf)

P(T<1), 120,
F@:{ (J) 1<0.

Unless stated specifically (e.g., in Chap. 4), we will implicitly assume that this
distribution is ‘proper’, i.e., F~'(1) = oo, and that F(0) = 0. The support of F ()
will usually be [0, o), although other intervals of ®; = [0, c0) will also be used
especially when considering the limiting behavior of mixture failure rates in Chap. 5.
We can view T as some time to failure (death) of a technical device (organism), but
other interpretations and parameterizations are possible as well. Inter-arrival times
in a sequence of ordered events or the amount of monotonically accumulated
damage on the failure of a mechanical item are also relevant examples of ‘lifetimes’.

Denote the expectation of the lifetime variable E[T] by m and assume that it is
finite, i.e., m < oo. Assume also that F(¢) is absolutely continuous and, therefore,
the probability density function (pdf) f(r) = F'(¢) exists (almost everywhere). In
accordance with the definition of E[T] and integrating by parts:

1

m= rlim xf (x)dx

0
t

:mn—im+/me,

t—0o0
0

where
F(t)=1—-F(t) = P(T > 1).

Assuming that 0 < [;* F(x)dx < oo, it is easy to conclude that

m:/F(x)dx, (2.1)
0

which is a well-known fact for lifetime distributions. Thus, the area under the
survival curve defines the mean of 7.

Let an item with a lifetime 7 and the Cdf F(r) start operating at 7 = 0 and let it
be operable (alive) at time t = x. The remaining (residual) lifetime is of significant
interest in reliability and survival analysis. Denote the corresponding random
variable by T,. Its Cdf F,(¢) is obtained using the law of conditional probability
(on condition that an item is operable at t = x), i.e.,
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F(x+1) — F(x)
F(x) .

(2.2)

Therefore, the corresponding conditional survival probability is given by

_ F(x + 1)
F.(t)=P(T, > 1) = ) (2.3)
We have everything in place now for defining the failure rate, which is crucial
for reliability analysis and other disciplines that deal with lifetimes. Consider an
interval of time (7,7 + At]. We are interested in the probability of failure in this
interval given that it did not occur before in [0, 7]. This probability can be inter-
preted as the risk of failure (or of some other harmful event) in (¢, + Az] given the
stated condition. Thus

Pt<T<t+ At
Pi<T<t+ AT >1)= ( st A1

P(T > 1)
_F(t + At) - F(1)
- F

As the pdf f(¢) exists, the failure rate is defined as the following limit

Pt<T<t+ AT > 1)

M) = Alziino At
 F(t+A)—F()  f(0) (24)
TN FAr F()

Therefore, when A(z) is sufficiently small,
P(t<T<t+ At|T > 1) = A(t)At,

which gives a very popular and important interpretation of A(¢)Ar as an approxi-
mate conditional probability of a failure in (¢,7+ Af]. Note that, the similar
product for the density function, f(¢)Ar defines the corresponding approximate
unconditional probability of a failure in (¢,7 + Az]. It is very likely that, owing to
this interpretation, failure rate plays a pivotal role in reliability analysis, survival
analysis and other fields. In actuarial and demographic disciplines, it is usually
called the force of mortality or the mortality rate.

Definition 2.1 The failure rate A(), which corresponds to the absolutely contin-
uous Cdf F(t), is defined by Eq. (2.4) and is approximately equal to the probability
of a failure in a small unit interval of time (7,7 + Af] given that no failure has
occurred in [0, 7].
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As f(t) = F'(t), we can view Eq. (2.4) as the first-order differential equation
(with respect to F(¢) with the initial condition F(0) = 0. Integration of this equation
results in the main exponential formula of reliability and survival analysis:

t

F(r)=1—exp —/ﬂv(u)du . (2.3)

0
It is clear now that for the proper distribution,

t

lim [ A(u)du = oo,
1—00
0

which is the necessary and sufficient condition for an arbitrary positive function to
be a failure rate for some proper distribution. The finite limit corresponds to
improper distributions that will be considered in Chap. 4 with respect to the cure
models (see the relevant definitions in Sect. 4.7).

The importance of Eq. (2.5) is hard to overestimate as it presents a simple
characterization of F(¢) via the failure rate. Therefore, along with the Cdf F () and
the pdf f(z), the failure rate A(¢) uniquely describes a lifetime 7. At many
instances, however, especially for lifetimes, this characterization is more conve-
nient, which is often due to the meaningful probabilistic interpretation of the
probability A(¢)At and the simplicity of Eq. (2.5).

The failure rate can also be defined for the discrete distributions. Let our
random variable T have support N* = {1,2,...}. Then the analogue of the density
for continuous distributions is the following probability

fn)=P(T=n),n=1,2,...

and the corresponding survival function is

o0

Fn)=P(T>n)= > fi),n=12,. ..

i=n+1

Similar to (2.4), the discrete failure rate is defined as the following quotient

_ fn) _F(n—1)—F(n)
M=) T Fa—1)

which is now the (exact) conditional probability of failure at time n given that the
failure did not happen before. Therefore, in contrast to A(f), the failure rate of
discrete distributions is less or equal to 1. On the other hand, similar to A(¢), the
necessary and sufficient condition for a sequence A(n),n > 1 to be a failure rate is

ZOC: (i) = 0.
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Various properties of discrete failure rates can be found, e.g., in Lai and Xie
[37]. However, in this book, we will mostly consider the absolutely continuous
lifetime distributions.

2.2 Mean Remaining Lifetime

Along with the failure rate, the mean remaining lifetime is also the main reliability
characteristic. It turns out (see Eq. 2.10) that, similar to Eq. (2.5), the mean
remaining lifetime function also uniquely defines the corresponding Cdf. How
much longer will an item of age ¢ survive? This question is vital for reliability
analysis, survival analysis, actuarial applications and other disciplines. The dis-
tribution of this remaining time is defined by Eq. (2.2), where for the sake of
notation, the variable x has been interchanged with the variable ¢.

Assume that E[T] =m<oo. Denote the mean remaining lifetime (MRL)
function by E[T;] = m(t), m(0) = m. It defines the mean lifetime left for an item of
age t and plays a crucial role in reliability analysis, survival analysis, demography
and other disciplines. In demography, for example, this important population
characteristic is called the “life expectancy at time #” and in risk analysis the term
“mean excess time” is often used.

Whereas the failure rate function at 7 provides information on a random variable
T about a small interval after 7, the MRL function at ¢ considers information about
the whole remaining interval (f,00) [27]. Therefore, these two characteristics
complement each other, and reliability analysis of, e.g., engineering systems is
often carried out with respect to both of them. It will be shown in this section that,
similar to the failure rate, the MRL function also uniquely defines the Cdf of T and
that the corresponding exponential representation is also valid. In accordance with
Egs. (2.1) and (2.3),

m(t) = E[T,] = E[T —1|T > ]
[ e
[ F(u)du

F()

:n|

Definition 2.2 The MRL function m(t) = E[T;], m(0) = m<oo, is defined by
Eq. (2.6), obtained by integrating the survival function of the remaining lifetime T;.

In accordance with Eq. (2.3) and exponential representation (2.5), the survival
function for 7; can be written as
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+x

F,(x) = P(T, > x) = exp —/ A(u)du 3, (2.7)

t
which also means that the failure rate that corresponds to the distribution F,(x) is
Je(x) = A(t + x). (2.8)

The first simple observation based on Eq. (2.7) tells us that if the failure rate is
increasing (decreasing) in [0, 00), then (for each fixed x > 0) the function F,(x)
is decreasing (increasing) in ¢. Therefore, the MRL function m(r) = [° F;(x)dx is
decreasing (increasing). The inverse is generally not true, i.e., a decreasing m(t)
does not necessarily lead to an increasing (7).

An interesting relationship can be obtained between the MRL and the reciprocal
of the failure rate [7]:

1
=F|———I|T
]
Specifically, for t = 0,
(0) = FE L
S PO

which means that the mean time to failure is the expectation of the reciprocal of
the failure rate (in the defined sense). For the exponential distribution with the
constant failure rate 4, obviously, m = 1/A. Thus, the foregoing relationship for
m(t) shows the origin of departures from this simple equality.

Assume that m(t) is differentiable. Differentiation in (2.6) yields

(1) = M) [7° F(u)du — F(t)
B F(1) (2.9)

= A(t)m(r) — L.

From Eq. (2.9) the following relationship between the failure rate and the MRL
function is obtained:
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This simple but meaningful equation plays an important role in analyzing the
shapes of the MRL and failure rate functions.

The following useful exponential representation for F(z) via the MRL function
[compare with (2.5)] also describes the relationship between the MRL function
and the reciprocal of the failure rate [40]

t

m 1

Equation (2.10) can be used for ‘constructing’ distribution functions when m(t)
is specified. Zahedi [48] shows that in this case, differentiable functions m(¢)
should satisfy the following conditions:

m(t) >0, t € [0,00);
m(0) < oo;
m'(t) > —1, t € (0,00);

1
m(u)

du = oo.

[ ]

The first condition is obvious. The second means that we are considering
distributions with the finite first moment. The third condition is obtained from
Eq. (2.8) and states that A(f)m(z) is strictly positive for > 0. Note that,
m(0)4(0) = 0 when A(0) = 0. The last condition states that F(¢) is a proper dis-

tribution as lim,_, F(#) = O in this case.

2.3 Monotonicity of the Failure Rate and the MRL
Function

Monotonicity properties of the failure rate and the MRL functions are important in
different applications. As the failure rate defines the conditional probability of
failure in (7,7 4 d#], the shape of this function can describe the aging properties of
the corresponding distributions, which are crucial for modeling at many instances.
Survival and failure data are frequently modeled by monotone failure rates.
This may be inappropriate when, e.g., the course of a disease is such that the
mortality reaches a peak after some finite interval of time and then declines [28].
In such case, the failure rate has an upside-down bathtub (UBT) shape and the data
should be analyzed with the help of, e.g., lognormal or inverse Gaussian distri-
butions. On the other hand, many engineering devices possess a period of ‘infant
mortality” when the failure rate declines in an initial time interval, reaches a
minimum, and then increases. In such a case, the failure rate has a bathtub (BT)
shape and can be modeled, e.g., by mixtures of distributions (see Chap. 5).
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If A(#) increases (decreases) in time, then we say that the corresponding
distribution belongs to the increasing (decreasing) failure rate [IFR (DFR)] class.
These are the simplest nonparametric classes of aging distributions. Unless stated
specifically, as usual, by increasing (decreasing) we understand nondecreasing
(nonincreasing). On the other hand, as already mentioned, the increasing
(decreasing) failure rate results in the decreasing (increasing) MRL function
(DMRL and IMRL classes, respectively).

It is well-known that the lognormal and the inverse Gaussian distributions have
a UBT failure rate. We will see in Chap. 5 that many mixing models with an
increasing baseline failure rate result in the UBT shape of the mixture (observed)
failure rate. For example, mixing in a family of increasing (as a power function)
failure rates (the Weibull law) ‘produces’ the UBT shape of the observed failure
rate. From this point of view, the BT shape is ‘less natural’ and often results as a
combination of different standard distributions defined for different time intervals.
For example, infant mortality in [0, 7] is usually described by some DFR distri-
bution in this interval, whereas the wear out in (fp,00) is modeled by an IFR
distribution. However, mixing of specific distributions can also result in the BT
shape of the failure rate as, e.g., in Navarro and Hernandez [43].

It turns out that the function

g(t) = - (2.11)

appears to be extremely helpful in the study of the shape of the failure rate
A(t) = f(¢)/F(t). This function contains useful information about A(¢) and is much
simpler because it does not involve F(t). In particular, the shape of g(¢) often
defines the shape of A(z) [28].

The rationale behind this statement becomes apparent when lim,_, f(¢) = 0.
Indeed, by using L’Hopital’s rule: lim,_oo A(f) = lim,_oo f(7)/F (1) = lim,_ o
—F ()£ (1):

The following theorem is a ‘more modern’ variation of the famous result by
Glaser [31].

Theorem 2.1 [38]. Let the density f(t) of a lifetime random variable be strictly
positive and differentiable on (0,00), such that lim,_,. f(t) = 0. Then

(1) If g(¢) is increasing, then the failure rate A(t) is also increasing.

(ii) If g(t) is decreasing, then A(t) is also decreasing.

(iii) If there exists t; for which g(t) is decreasing in t < t; and increasing in
t > 1, then there exists ty ( 0 < t, < t1), such that A(t) is decreasing in
t < t, and increasing int > t,.

(iv) If there exists t| for which g(t) is increasing in t< t; and decreasing in
t > 1y, then there exists t; (0 < t, <ty), such that A(t) is increasing int < t,
and decreasing in t > 1.
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This important theorem states that monotonicity properties of A(¢) are defined
by those of g(¢), and because g(¢) is often much simpler than /(¢), its analysis is
more convenient. The simplest meaningful example is the standard normal dis-
tribution. Although it is not a lifetime distribution, the application of Theorem 2.1
is very impressive in this case. Indeed, the failure rate of the normal distribution
does not have an explicit expression, whereas the function #(z), as can easily be
verified, is very simple:

g(t) = (t—p)/o’,

where u and o are the corresponding mean and the standard deviation, respec-
tively. Therefore, as g(¢) is increasing, the failure rate is also increasing, which is a
well-known fact for the normal distribution. Note that Gupta and Warren [30]
generalized Glaser’s theorem to the case where A(f) has two or more turning
points.

Example 2.1 Failure Rate of the Lognormal Distribution.

A random variable T > 0O follows the lognormal distribution if ¥ =In7 is
normally distributed. Therefore, we assume that Y is N(«, 02), where o and ¢ are
the mean and the variance of Y, respectively. The Cdf in this case is given by

1 _
F(r) = q){ nt “}, >0,

[

where, as usual, ®(-) denotes the standard normal distribution function. The pdf is
given by

exp{— -2}
) = ﬁ

and it can be shown [37] that the failure rate is

(Inar)®

{0
12ne 1 — @{at} ’

AMt) =

a = exp{—ua}.

The function g(¢) for the lognormal distribution is

B0
0

It can be shown that g(¢) € UBT [37] and taking into account that

g(t) =

1
:E(aerlntffx).

limA(z) =0, lim A(r) =0

t—0 t—00

it can be concluded that A(¢) € UBT as well.
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Glaser’s approach was generalized by Block et al. [12] by considering the ratio
of two functions G(r) = N(#)/D(t), where the functions on the right-hand side are
continuously differentiable and D(¢) is positive and strictly monotone. Similar to
(2.11), we define the function g(t) as

L)

These authors show that the monotonicity properties of G(t) are ‘close’ to those
of g(¢). Consider, for example, the MRL function

_ ftoof(u)du

m(t) 0

We can use it as G(r). It is remarkable that g(¢) in this case is simply the
reciprocal of the failure rate, i.e.,

F(r) 1
=50 " iy

Therefore, the functions m(r) and 1/A(¢) can be close in some suitable sense, as
already stated before.

Glaser’s theorem defines sufficient conditions for BT (UBT) shapes of the
failure rate. The next theorems (see [25] for the proofs) establish important rela-
tionships between the shapes of A(z) and m(z). The first one is obvious and, in fact,
has already been mentioned before.

Theorem 2.2 [f A(t) is increasing then m(t) is decreasing.

Thus, a monotone failure rate always corresponds to a monotone MRL function.
The inverse is true only under additional conditions.

Theorem 2.3 Let the MRL function m(t) be twice differentiable and the failure
rate A(t) be differentiable in (0,00). If m(t) is decreasing (increasing) and is a
convex (concave) function, then A(t) is increasing (decreasing).

Theorem 2.3 gives the sufficient conditions for the monotonicity of the failure
rate in terms of the monotonicity of m(z). The following theorem generalizes the
foregoing results to a non-monotone case [25, 29, 41]. It states that the BT (UBT)
failure rate under certain assumptions can correspond to a monotone MRL func-
tion (compare with Theorem 2.3, which gives a simpler correspondence rule).

Theorem 2.4 Let A(t) be a differentiable BT failure rate in [0, 00).
.
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then m(t)is decreasing;
o I[fm'(0) > 0, then m(t) € UBT.
Let A(t) be a differentiable UBT failure rate in [0, 00).

o [fm'(0) >0, then m(t) is increasing;
o Ifm'(0) <O, then m(t) € BT.

Corollary 2.1 Let A(0) = 0. If A(t) is a differentiable UBT failure rate, then m(t)
has a bathtub shape.

Example 2.2 [29] Consider a lifetime distribution with A(z) € BT, ¢ € [0,00) of
the following specific form:

(1423 — 4.6t

M) =

1+42.3¢2
It can easily be obtained using Eq. (2.6) that the corresponding MRL is
1
1) =———
mt) =500

which is a decreasing function. Obviously, the condition A(0) <1/m(0) is
satisfied.

2.4 Point Processes

Applied probabilistic analysis of point processes and, specifically, of shock pro-
cesses is one of the main topics of this book. Various shock models are considered
in most of the subsequent chapters. Therefore, in this introductory chapter, we
discuss relevant properties of the point processes that are used throughout our
book.

2.4.1 Characterization of Point Processes

The randomly occurring time points (instantaneous events) can be described by a
stochastic point (counting) process {N(z), t >0} with a state space {0,1,2,...}.
For any s, >0 with s <?, the increment

N(s,t) = N(f) — N(s)

is equal to the number of points that occur in [s,¢) and N(s) <N(¢) for s <t.
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Assume that our process is orderly, which means that there are no multiple
occurrences, i.e., the probability of the occurrence of more than one event in a
small interval of length Ar is o(Ar). Assuming the limits exist, the rate of this
process 4,(¢) is defined as

P(N(t,t+Ar)=1)

Arlt) = Algino At
E A
_ i EIN( 1 + An)]
At—0 At

We use a subscript r here, which stands for “rate”, to avoid confusion with the
notation for the ‘ordinary’ failure rate of an item A(¢). However, in the forthcoming
chapters, where it does not lead to confusion, the corresponding notation will be
A(t) or v(¢). Thus, A,(7)ds can be interpreted as an approximate probability of an
event occurrence in [t + df). The mean number of events in [0,7) is given by the
cumulative rate

EINO,1)] = A(1) = / i ()dut

The rate 2,(¢) does not completely define the point process and, therefore, a
more detailed description should be used for this type of characterization. The
heuristic definition of the corresponding stochastic process that is sufficient for our
presentation (see [2, 3] for mathematical details) is as follows.

Definition 2.3 An intensity process (stochastic intensity) 4;,¢>0 of an orderly
point process N(t), t >0 is defined as the following limit:

P(N(t,t + At) = 1|H;-)

A= 1i
e At (2.12)
. E[N(t,t+ Ar)|H,_] '
= lim ,
A—0 At

where H,_ = {N(s): 0 < s <t} is an internal filtration (history) of the point
process in [0,7), i.e., the set of all point events in [0, 7).

This definition can be written in a compact form via the following conditional
expectation:

Judt = E[dN(t)[H,_]. (2.13)

Thus the deterministic rate A,(f) ‘turns into’ the corresponding stochastic
process. More precisely: the rate of the orderly point process 4,(f) can be viewed
as the expectation of the intensity process 4;,¢ > 0 over the entire space of pos-
sible histories, i.e., 4,(f) = E[4,]. Note that the term “complete intensity function”
for 2,(t) is also sometime used in the literature (e.g., Cox and Isham [15]).
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The intensity process completely defines (characterizes) the corresponding
point process. We will consider several meaningful examples of A;, >0 in the
subsections to follow.

Relation (2.13) can be also written as

E[dN(r) — 2,dt|H,_] = 0. (2.14)

Thus, if we define the process
t
M(t) =N(1) —//lsds,
0

Eq. (2.14) can be rewritten as
E[dM(1)|H,_] = 0,

which is the intuitive definition of the martingale (see, e.g., Aalen et al. [1]). Thus,
the intuitive definition of the intensity process (2.13) is equivalent to asserting that
the counting process minus the cumulative intensity process,

t

At://lsds

0

is a martingale.

2.4.2 Poisson Process

The simplest point process is where the points occur ‘totally randomly’. The
following definition is formulated in terms of conditional characteristics and is
equivalent to the standard definitions of the Poisson process [44].

Definition 2.4 The nonhomogeneous Poisson process (NHPP) is an orderly point
process such that its intensity process is equal to the rate, i.e.,

Dy = A(tHL) = 2,(). (2.15)

Obviously, the property of independent increments holds automatically for this
process. When 4,(¢) = 4,, the process is called the homogeneous Poisson process,
or just the Poisson process. The number of events in any interval of length d is
given by

(Ar(d))"

n!

Pr[N(d) = n] = exp{—A,(d)} ) (2.16)
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where A, (f) = f(; J-(u)du is the cumulative rate. The distribution of time since
t = x up to the next event, in accordance with Eq. (2.3), is

X+t

F(tx) = 1 — expd — / I ()du b, (2.17)

X

Therefore, the time to the first event for a Poisson process that starts at t = 0 is
described by the Cdf with the failure rate Z,(¢).

Let the arrival times in the NHPP with rate 4,(¢) be denoted by S;, i = 1,2,.. .,
So = 0. The following remarkable property will be used extensively in Chap. 4.
Consider the time-transformed process with arrival times

Si
Ar(u)du.

So=0, Si=A(S)

0

It can be shown that the process defined by S;,i = 1,2,... is a homogeneous

Poisson process with the rate equal to 1, i.e., Z,(t) = 1. This can be described
formally by the following theorem:

Theorem 2.5 [18]. Letr A,(t), t>0 be a positive-valued, continuous, non-
decreasing function. Then the random variables S;, i = 1,2,..., Sy =0 are the
arrival times corresponding to a nonhomogeneous Poisson process with the
cumulative rate A, (t) if and only if A,(S;) are the arrival times corresponding to a
homogeneous Poisson process with rate 1.

The importance of this result in reliability applications is hard to overestimate.
While considering various shock models, we will use this theorem in combination
with the following result:

Theorem 2.6 [16] Let S;, i =1,2,..., So = 0 be the arrival times of a nonho-
mogeneous Poisson process with a continuous cumulative rate function A,(t)
Then, conditional on the number of events N(ty) = n, the arrival times S;, i =

1,2,... are distributed as order statistics from a sample with distribution function
F(t) = A1)/ A(to) for t € [0, 1.

Finally, we will briefly describe the operation of thinning of the Poisson pro-
cess, which will be also studied in Chap. 4 in a much more general setting. Assume
that a function A,(¢) is bounded by the rate of the homogeneous Poisson process,
i.e, A-(f) < A, < co. Suppose now that each event from the process with rate /, is
counted with probability A,(¢)/A, then the resulting thinned process of counted
events is the nonhomogeneous Poisson process with rate /,(¢) [44]. This operation
can be generalized to the case when the initial nonhomogeneous Poisson process
with rate /,(¢) is thinned with the time-dependent probability p(z), which results
in the thinned process with rate p(f)4,(7)(see also the Brown-Proschan model of
Sect. 2.5).
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2.4.3 Renewal Process

As the renewal process is the main tool and the basis for probabilistic analysis of
repairable items, we will consider this process in more detail.

Let {X;},. , denote a sequence of i.i.d. lifetime random variables with common
Cdf F(t). Therefore, X;, i>1 are the copies of some generic X. Let the corre-
sponding arrival times be defined as

So=0, S,= Zx
1

where X; can also be interpreted as the interarrival times or cycles, i.e., times
between successive renewals. Obviously, this setting corresponds to perfect,
instantaneous repair. Define the corresponding point process as

o0

N(t) = sup{n: S, <t} = > _I(S, <1),
1

where, as usual, the indicator is equal to 1 if S, <r and is equal to 0 otherwise.

Definition 2.5 The described counting process {N(z), >0} and the point pro-
cess S,,n=0,1,2,... are both called renewal processes.

The rate of the process defined by Eq. (2.12) is called the renewal density
function in this specific case. Denote this function by #(¢). Similar to the general
setting, the corresponding cumulative function defines the mean number of events
(renewals) in [0, 1), i.e.,

The function H(¢) is called the renewal function and is the main object of study
in renewal theory. This function also plays an important role in different appli-
cations, as, e.g., it defines the mean number of repairs or overhauls of equipment in
[0,7). Applying the operation of expectation to N(¢) results in the following
relationship for H(¢):

H(t) = iF<”)(t), (2.18)
1

where F(")(z) denotes the n-fold convolution of F(¢) with itself. Assume that F(r)
is absolutely continuous and, therefore, the density f(7) exists. Denote by
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o0 o0

H (5) = / exp{—st H(dr and f*(s) = / exp{—st}f (1)dr

0 0

the Laplace transforms of H(¢) and f (), respectively.

Applying the Laplace transform to both sides of (2.18) and using the fact that
the Laplace transform of a convolution of two functions is the product of the
Laplace transforms of these functions, we arrive at the following equation:

—f*(s))

As the Laplace transform uniquely defines the corresponding distribution,
(2.19) implies that the renewal function is uniquely defined by the underlying
distribution F(¢) via the Laplace transform of its density.

The functions H(t) and k(¢) satisfy the following integral equations:

) =Y (6 D 2.19)
=1

H(t) = F(r) + / H(r — x)f (x)dx, (2.20)
0

h(t) = f(1) + / h(t — x)f (x)dx. (2.21)
0

Let us prove Eq. (4.10) by conditioning on the time of the first renewal, i.e.,

H(f) = / E[N(1)|X) = x]f (x)dx = / [1+ H(t — x))f (x)dx
0 (2.22)

If the first renewal occurs at time x < #, then the process simply restarts and the
expected number of renewals after the first one in the interval (x,7] is H(f — x).
Note that Eq. (2.19) can also be obtained by applying the Laplace transform to
both parts of Eq. (2.20). In a similar way, the equation

t

hw=/%wwwm=ﬂwmu (2.23)

0

eventually results in (2.21).
Denote, as usual, the failure rate of the underlying distribution F(¢) by A(¢). The
intensity process, which corresponds to the renewal process, is


http://dx.doi.org/10.1007/978-1-4471-5028-2_4

2.4 Point Processes 25

b= At = S)I(Sy <t<Spi1), 120, (2.24)

n>0

where H;- =0 < §) <8 <... <S8y is the history of the renewal process in
[0,7) Thus, at each fixed ¢, the intensity process can also be compactly written as
At — SN(,>), where Sy ;) is the random time of the last renewal. This means that the
whole history of the process in this case reduces only to the time since the last
renewal. In fact, this simplification makes the process mathematically tractable.

In contrast to the Poisson process, when the underlying Cdf F(¢) is nonexpo-
nential, the renewal process does not possess the Markov property and, therefore,
its increments are not independent. However, the Markov property is preserved
only at renewal times, as the process restarts after each renewal.

Asymptotic behavior of renewal processes is also usually of interest in different
applications. A well-known result [44] states the intuitively expected asymptotic
properties for the renewal function and the renewal density function as ¢ — oo,
ie.,

t 1
H(t)=—[1+0(1)], h(t)=—[1+0(1)], (2.25)
m m
where we assume that E[X] = m < oo exists. Thus, in contrast to the Poisson
process with the rate defined by an ‘arbitrary’ function /,.(¢), the rate of the
renewal process tends to a constant as t — oo.

2.5 Minimal Repair

The renewal points of the renewal process can be interpreted as instants of perfect
repair of a repairable system. But in reality the repair is usually not perfect.
Therefore, researches came up with different models of imperfect repair. The first
in this row was the, so-called, minimal repair. The concept of minimal repair is
crucial for analyzing the performance and maintenance policies of repairable
systems. It will be also of prime interest for burn-in and heterogeneity modeling of
the forthcoming chapters of this book. It is the simplest and the best understood
type of imperfect repair in applications. Minimal repair was introduced by Barlow
and Hunter [8] and was later studied and applied in numerous publications devoted
to modeling of repair and maintenance of various systems. It was also indepen-
dently used in bio-demographic studies [47].

The term minimal repair is meaningful. In contrast to an overhaul (perfect
repair), it usually describes a minor maintenance or repair operation. The math-
ematical definition is as follows.

Definition 2.6 The survival function of an item (with the Cdf F(¢) and the failure
rate A(7)) that had failed and was instantaneously minimally repaired at age x is
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x+t

= exp —/ Alu)du ;. (2.26)

X

F(x+1)
F(x)

In accordance with Eq. (2.3), this is exactly the survival function of the
remaining lifetime of an item of age x. Therefore, the failure rate just after the
minimal repair is A(x), i.e., the same as it was prior the repair. This means that
minimal repair does not change anything in the future stochastic behavior of an
item, as if a failure did not occur. It is often described as the repair that returns an
item to the state it had been in prior to the failure. Sometimes this state is called as
bad as old. The term state should be clarified. In fact, the state in this case depends
only on the time of failure and does not contain any additional information.
Therefore, this type of repair is sometimes referred to as statistical or black box
minimal repair [10, 25]. However, to comply with tradition, we will use the term
minimal repair (without adding “statistical”) for the operation described by
Definition 2.6.

Comparison of (2.26) with (2.17) results in the important conclusion that the
process of minimal repairs is a nonhomogeneous Poisson process with rate
2r(t) = A(t). Therefore, in accordance with Eq. (2.15), the intensity process
A, t>0 that describes the process of minimal repairs that is ‘performed on an
item’ with the failure rate A(¢) is also deterministic, i.e., 1, = A(¢).

There are two popular interpretations of minimal repair. The first one was
introduced to mimic the behavior of a large system of many components when one
of the components is perfectly repaired (replacement). It is clear that in this case
the performed repair operation can be approximately qualified as a minimal repair.
We must assume additionally that the input of the failure rate of this component in
the failure rate of the system is sufficiently small.

The second interpretation describes the situation where a failed system is
replaced by a statistically identical one, which was operating in the same envi-
ronment but did not fail. The following example interprets in terms of minimal
repairs the meaningful notion of a deprivation of life that is used in demographic
literature.

Example 2.3 Let us think of any death in [¢,7 + dr), whether from accident, heart
disease, or cancer, as an ‘accident’ that deprives the person involved of the
remainder of his expectation of life [33], which in our terms is the MRL function
m(t), defined by Eq. (2.6). Suppose that everyone is saved from death once but
thereafter is unprotected and is subject to the usual mortality in the population.
Then the average deprivation can be calculated as

D= | flmuan,

0
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where f(¢) is the density which corresponds to the Cdf F(¢). In our terms, D is the
mean duration of the second cycle in the process of minimal repair with rate A(z).
Note that the mean duration of the first cycle is m(0) = m. The case of several
additional life chances or, equivalently, subsequent minimal repairs is considered
in Vaupel and Yashin [47]. These authors show that the mortality (failure) rate
with a possibility of » minimal repairs is
In(t) = A7) %7
n!Zr:O r!

where A(¢) is the mortality rate without possibility of minimal repairs.

Example 2.3 deals with the limited number of minimal repairs. Another option
is to consider the situations when this number is limited in some probabilistic way,
e.g., in terms of relevant expectations. The meaningful example of this is the
Brown-Proschan model. As it was already stated, real-life repair is neither perfect
nor minimal. It is usually intermediate in some suitable sense. Note that it can even
be worse than a minimal repair (e.g., correction of a software bug can result in new
bugs).

One of the first imperfect repair models was suggested by Beichelt and Fischer
[9] (see also [13]). This model combines minimal and perfect repairs in the
following way. An item is put into operation at r = 0. Each time it fails, a repair is
performed, which is perfect with probability p and is minimal with probability
1 — p. Thus, there can be k = 0, 1,2, ... imperfect repairs between two successive
perfect repairs. The sequence of i.i.d. times between consecutive perfect repairs
X;,i=1,2,..., as usual, forms a renewal process.

The Brown-Proschan model was extended by Block et al. [11] to an age-
dependent probability p(t), where ¢ is the time since the last perfect repair.
Therefore, each repair is perfect with probability p(z) and is minimal with prob-
ability 1 — p(z). Denote by F,(r) the Cdf of the time between two consecutive
perfect repairs. Assume that

/p(u)i(u)du = o0, (2.27)
0

where A(¢) is the failure rate of our item. Then

t

F,(t)=1—exp —/p(u)/l(u)du . (2.28)

0
Note that Condition (2.27) ensures that F,(f) is a proper distribution

(Fp(00) = 1). Thus, the failure rate 4,(¢) that corresponds to F,, (1) is given by the
following meaningful and simple relationship:
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Zp(t) = p(1)A(1). (2.29)

The formal proof of (2.28-2.29) can be found in Beichelt and Fischer [9] and
Block et al. [11]. On the other hand, the following simple general reasoning leads
to the same result. Let an item start operating at ¢ = 0 and let 7,, denote the time to
the first perfect repair. We will now ‘construct’ the failure rate 4,(f) in a direct
way. Owing to the properties of the process of minimal repairs, we can reformulate
the described model in a more convenient way that will be frequently used in the
next chapter. Assume that events are arriving in accordance with the NHPP with
rate A(r). Each event independently from the history ‘stays in the process’ with
probability ¢(#) =1 — p(¢) and terminates the process with probability p(z).
Therefore, the random variable 7, can now be interpreted as the time to termi-
nation of our point process. The intensity process that corresponds to the NHPP is
equal to its rate and does not depend on the history H,_ of the point process of
minimal repairs. Moreover, owing to our assumption, the probability of termina-
tion also does not depend on this history. Therefore,

Jp(t)dt = P(T, € [t,t 4+ dt)|[H,_, T, > t) = p(1)A(t)dr. (2.30)

On the other hand, as we will frequently use the similar reasoning (in more
advanced settings) in the next chapter, it is reasonable to present the formal,
detailed proof of Egs. (2.28-2.29). We will derive the distribution of time to
termination of the process. As it was stated, the process of minimal repairs (before
termination) is the nonhomogeneous Poisson process, {N(z), 7> 0} with rate A(z).

Thus, denoting the arrival times by T;,i = 1,2, ..., the cumulative rate by A(r) =
E[N(t)] = [, A(u)du and conditioning on this process (in each realization) gives

P(T, > 1|N(s),0< s<1) = [ [ (T,

where ¢(Tp) = 1 corresponds to the case when N(¢) = 0. Then the corresponding
expectation is

P(T,>1) Hq

Define N*(t) = N(A"'(t)), >0, and T; = A(Tj),j>1. As follows from
Theorem 2.5, {N*(¢), >0 } . is a stationary Poisson process with rate 1 and
T;,j> 1, are the times of occurrence of events in the new time scale. Let s = A(2).
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Then

N() N*(s) N*(s)
E[[[a(m)] = E[T] a(A"(17)] = E[E[] | a(A™ (T;)IN*(9)])-
i=1 i—1 i=1
The joint distribution of (77,73, --,T;) given N*(s) = n is the same as the
joint distribution of (V(l)v Viay, V<,,)), where V() <V < -+ <V, are the
order statistics of i.i.d. random variables Vy,V,,---,V, which are uniformly dis-
tributed in the interval [0, s] = [0, A(¢)]. Thus

1

*S)

—

JAT TV (s) = }

":1

—E Hq T )IN*(s) = n}
E qul(v@))}
Li=1

£ _f[qml(v,-))]
= (Elg(A~'(v1)))"= (Elg(A~" (s0))])",

where U =V, /s = V;/A(¢) is a random variable uniformly distributed in the unit
interval [0,1]. Therefore,

1 1 t
Blgh 600 = [ a8 o) du = [ (A" Mow)n = 55 [ )i
0 0

(=)

Hence,

{H g(A~ (T IN*(s) = n] = (%/q(x)/l(x)dx)n

And, finally,
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(Joorear) (2:31)

Thus, the time till the first perfect repair is distributed in accordance with
Eq. (2.31). Moreover, this setting can be considered more generally (not neces-
sarily with termination), when each event from the original NHPP with rate A(¢) is
classified with probability p(7) as an event of the Type 1 and with probability
q(t) = 1 — p(t), as an event of the Type 2. Then we arrive at the sum of two NHPP
processes with rates

PO and  q(0)A(),

respectively. More discussion on this classification can be found in Chap. 4, where
more general point processes will be also considered.

2.6 General (Imperfect) Repair

The conventional models for burn-in of repairable items usually deal with mini-
mally repaired items. However, this assumption is often violated in practice.
Therefore, a more general type of repair should be considered. As was discussed in
the previous section, minimal repair is the specific case of imperfect or general
repair (we will use these terms interchangeably). After imperfect repair, the system
is usually in the intermediate state (between the state that corresponds to perfect
repair and the state that corresponds to minimal repair). However, the situation
when this state is ‘worse’ than that after the minimal repair sometimes can also
occur in practice. In order to deal effectively with models of imperfect repair we
must refer to the concept of virtual age [25].

2.6.1 Virtual Age

Consider a degrading item that operates in a baseline environment (regime) and
denote the corresponding Cdf of time to failure by Fj (7). Let another statistically
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identical item be operating in a more severe environment with the Cdf of time to
failure denoted by F;(z). Denote by 4,(¢) and A,(¢) the failure rates in two envi-
ronments, respectively. We want to establish an age correspondence between the
systems in two regimes by considering the baseline as a reference. It is reasonable
to assume that degradation in the second regime is more intensive and, therefore,
the time for accumulating the same amount of degradation or wear is smaller than
in the baseline regime. Therefore, assume that the lifetimes in two environments
are ordered as (see Sect. 2.7 for the description of the main stochastic orders)

Fy(t) < Fy(t), t € (0,00). (2.32)
Inequality (2.32) implies the following equation:
Fy(t) = F,(W(r)), W(0)=0, € (0,00). (2.33)

Equation (2.33) can be interpreted as a general Accelerated Life Model (ALM)
([17, 24, 39], to name a few) with a time-dependent scale-transformation function
W(r).

Definition 2.7 Let ¢ be the calendar age of a degrading item operating in a
baseline environment. Assume that ALM (2.33) describes the lifetime of another
statistically identical item, which operates in a more severe environment for the
same duration ¢.

Then the function W (¢) > ¢ defines the statistical virtual age of the second item,
or, equivalently, the inverse function W~!(r) <t defines the statistical virtual age
of the first item when a more severe environment is set as the baseline
environment.

The ALM defined by (2.33) can be viewed as an equation for obtaining W(r), i.e.,

t

(1)
exp —/is(u)du = exp —/ Ap(u)du
0

0

(2.34)
1 W)
:>‘0/)Ls(u)du:‘0/ Ao (u)du

Hence, the statistical virtual age W(¢) is uniquely defined by Eq. (2.34). Assume
that W (¢) is differentiable. Then W(z) = f(; w(u)du and w(t) can be interpreted as
the rate of degradation.

Example 2.4 Let the failure rates in both regimes be increasing, positive power
functions (the Weibull distributions), which are often used for lifetime modeling of
degrading objects, i.e.,

;bb(t) = Ottﬁ, )VS(I) = :utr,a (xaﬁnua’/l > 0.
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The statistical virtual age W(¢) is defined by Eq. (2.34) as

_ (r(B+1) ”l_‘,%‘
W(t)<oc(n+1)> o

In order for the inequality W(¢) > ¢ to hold, the following restrictions on the
parameters are sufficient: 7>, u(f+1) > a(n+1).

As follows from Eq. (2.33), the failure rate that corresponds to the Cdf F(r) is
=) ) (W (1)), (2.35)

Let an item start now operating in a baseline regime at ¢ = 0, which is switched
at t = x to a more severe regime. In accordance with Definition 2.7, the statistical
virtual age immediately after the switching is V, = W~!(x), where the new
notation V, is used for convenience. Assume now that the governing Cdf after the
switching is F,(#) and that the Cdf of the remaining lifetime is F;(¢|V,), i.e.,

Fi(t+V,)
F(t|Vy) = F(Vy) (2.36)

Thus, an item starts operating in the second regime with a starting age V.
defined with respect to the Cdf F,(z). Note that the form of the lifetime Cdf after
the switching given by Eq. (2.36) is our assumption and that it does not follow
directly from ALM (2.33). Alternatively, we can proceed starting with ALM (2.33)
and obtain the Cdf of an item’s lifetime for the whole interval [0, 00), and this will
be performed in what follows.

According to our interpretation the rate of degradation is 1 in ¢ € [0, x). Assume
that the switching at 7 =x results in the rate w(z) > 1 in [x,00), where
w(t) = W'(¢). Under the stated assumptions, the item’s lifetime Cdf in [0, c0), to
be denoted by Fys(?), can be written as [25]

Fy(1), 0<t<u,
Fyg(1) = Fb<x+fw(u))du>, x<t<oo. (2.37)

Transformation of the second row on the right-hand side of this equation results
in
t
Fol x+ / wu)du | = Fy(W(t) — W), (2.38)

X

where 7(x) <x is uniquely defined from the equation
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x= / w(u)du = W(x) — W(t(x)). (2.39)

Thus, the cumulative degradation in [t(x),x) in the second regime is equal to
the cumulative degradation in the baseline regime in [0, x), which is x. Therefore,
the age of an item just after switching to a more severe regime can be defined as
V, = x — t(x). Let us call it the recalculated virtual age.

Definition 2.8 Let a degrading item start operating at ¢ = 0 in the baseline regime
and be switched to a more severe regime at t = x. Assume that the corresponding
Cdfin [0, c0) is given by Eq. (2.37), which follows from the ALM (2.33). Then the
recalculated virtual age V, after switching at ¢ = x is defined as x — 7(x), where
7(x) is the unique solution to Eq. (2.39).

Equation (2.39) has the solution:
t(x) = W (W(x) — x).

As V, = W~!(x), the equation V, = V, can be written in the form of the fol-
lowing functional equation:

x—Wlx) =w (W) —x).
Applying operation W(-) to both parts of this equation gives
W(x— W (x) = W) —x

It is easy to show that the linear function W(¢) = wr is a solution to this
equation. It is also clear that it is the unique solution, as the functional equation
f(x+y) =f(x) +f(y) has only a linear solution. Therefore, the recalculated vir-
tual age in this case is equal to the statistical virtual age. When W (¢) is a nonlinear
function, the statistical virtual age V, = W~!(x) is not equal to the recalculated
virtual age V, = x — 7(x) and this should be taken into account.

2.6.2 Models of General Repair

The virtual age concept can also be applied to repairable systems. Keeping the
notation but not the literal meaning, assume that initially the lifetime of a
repairable item is characterized by the Cdf Fj,(z) and the imperfect repair changes
it to Fy(¢|V,) defined by Eq. (2.36), where V, is the virtual age just after repair at
t = x. This will be our definition for the virtual age for repairable systems, whereas
the terms “statistical” and “recalculated” virtual age refer to nonrepairable
objects. The important special case F,(f) = F,(¢) will be also considered. Thus, we
have two factors that define a distribution after repair. First, the imperfect repair
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changes the Cdf from F(¢) to F,(t). As an option, parameters of the Cdf F,(¢) can
be changed by the repair action. Second, the model includes the virtual age V, as
the starting (initial) age for an item described by the Cdf F(¢), which was called in
Finkelstein [22] “the hidden age of the Cdf after the change of parameters”.

Example 2.5 Suppose that a component with an absolutely continuous Cdf F(z) is
supplied with an infinite number of ‘warm standby’ components with Cdfs F(gt),
where 0 < g < 1 is a constant. This system starts operating at ¢t = 0. The first
component operates in a baseline regime, whereas the standby components operate
in a less severe regime. Upon each failure in the baseline regime, the component is
instantaneously replaced by a standby one, which is switched into operation in the
baseline regime. Thus, the virtual age (which was called the recalculated virtual
age previously) V, of a standby component that had replaced the operating one
at t =x is gx. The corresponding remaining lifetime Cdf, in accordance with
Eq. (2.3), is

F(t|Ve) = F(tlgx) = FUF %) — Flax). (2.40)

F(gx)

Note that Eq. (2.40) is obtained using the age recalculation approach of
Sect. 2.6.1, which is based on the specific linear case of Eq. (2.33). When g = 1,
(2.40) defines minimal repair; when g = 0, the components are in cold standby
(perfect repair).

The age recalculation in this model is performed upon each failure. The cor-
responding sequence of interarrival times {X;},., forms a generalized renewal
(g-renewal) process. Recall that the cycles of the ordinary renewal process are i.i.d.
random variables. In the g-renewal process, the duration of the (n + 1)th cycle,
which starts at t =s, =x; +x + ... +x,, n=0,1,2..., 50 =0, is defined by
the following conditional distribution:

P(Xn+1 St) = F(t|qsn)»

where s, is a realization of the arrival time S,,.

We will now generalize this example to the case of nonlinear ALM (2.33). Let a
failure, not necessarily the first one, occur at ¢ = x. It is instantaneously imper-
fectly repaired and the virtual age after the repair is V, = W~!(x) = ¢(x), where
q(x) is a continuous increasing function, 0 < g(x) < x. Thus the Cdf of the time to
the next failure is F(¢|V,). The most important feature of the model is that F(¢|V,)
depends only on the time x and not on the other elements of the history of the
corresponding point process. This property makes it possible to generalize renewal
equations (2.20) and (2.21) to the case under consideration. The point process of
imperfect repairs N(¢), ¢ > 0, as in the case of an ordinary renewal process, is
characterized by the corresponding renewal function H(r) = E[N(t)] and the
renewal density function i(r) = H'(¢):
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h(x)F(t — x|g(x))dx, (2.41)

=
Il
g
+
O\N

n+/mnmfﬂ%mm, (242)
0

where f(¢ — x|g(x)) is the density that corresponds to the Cdf F(r — x|g(x)).
The strict proof of these equations and the sufficient conditions for the corre-
sponding unique solutions can be found in Kijima and Sumita [35].

Example 2.6 Let g(x) =0. Then f(t—x|g(x)) =f(t—x) and we arrive at
ordinary renewal equations (2.20) and (2.21).

Example 2.7 Let g(x) = x (minimal repair). Equations (2.41) and (2.42) can be
explicitly solved in this case. However, we will only show that the rate of the
nonhomogeneous Poisson process 4,(t), which is equal to the failure rate A(¢) of
the governing Cdf is a solution to Eq. (2.42). As

[t =xlx)) =f(1)/F(x),
(1/F(x))" = A(x)/F(x),
the right-hand side of Eq. (2.42) is equal to A(¢), i.e

70+ [ (e~ xlg)x =10 +£0) /ﬂi — (o),

(%)
0 0
as the process of minimal repairs is the NHPP.

Each cycle of this renewal-type process is defined by the same governing Cdf
F(t) with the failure rate A(¢) and only the starting age for this distribution is given
by the virtual age V, = ¢(x). Therefore, the cycle duration after the repair at t = x
is described by the Cdf F(¢|V,). The formal definition of the g-renewal process can
now be given via the corresponding intensity process [compare with (2.24)].

Definition 2.9 The g-renewal process is defined by the following intensity
process:

A = ;u(t — SN(,) + q(SN(,))), (2.43)
where, as usual, Sy(;) denotes the random time of the last renewal.

The function g(x) is usually continuous and increasing and 0 < g(x) < x. Thus,
as in the case of an ordinary renewal process, the intensity process is defined by the
same failure rate A(r), only the cycles now start with the initial failure rate

’I(Q(Sn(t)% n(f) =1,2,....
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One of the important restrictions of this model is the assumption of the ‘fixed’
shape of the failure rate. However, this assumption is well motivated, e.g., for the
spare-parts setting. Therefore, we will keep the ‘sliding along the A(¢) curve’
reasoning and will generalize it to a more complex case than the g-renewal case
dependence on a history of the point process of repairs.

Assume that each imperfect repair reduces the virtual age of an item in
accordance with some recalculation rule to be defined for specific models. As the
shape of the failure rate is fixed, the virtual age at the start of a cycle is uniquely
defined by the ‘position’ of the corresponding point on the failure rate curve after
the repair. Therefore, Eq. (2.43) for the intensity process can be generalized to

A = /1([ — SN(t) =+ VSN({))’ (2.44)

where Vs, is the virtual age of an item immediately after the last repair before 7.
From now on, for convenience, the capital letter V will denote a random virtual
age, whereas v will denote its realization. Equation (2.44) gives a general defi-
nition for the models with a fixed failure rate shape. It should be specified by the
corresponding virtual age model. It follows from Eq. (2.44) that the intensity
process between consecutive repairs can be ‘graphically’ described as horizontally
parallel to the initial failure rate A(¢) as all corresponding shifts are in the argu-
ment of the function A(r) [21]. We will consider now a specific but very mean-
ingful and important for practical applications general repair model.

Let an item start operating at r = 0. Therefore, the first cycle duration is
described by the Cdf F(r) with the corresponding failure rate A(). Let the first
failure (and the instantaneous imperfect repair) occur at X; = x;. Assume that the
imperfect repair decreases the age of an item to ¢(x;), where g(x) is an increasing
continuous function and 0 < g(x) <x. Thus, the second cycle of the point process
starts with the virtual age v; = ¢(x;) and the cycle duration X, is distributed as
F(t|vy) with the failure rate (¢ + v;), t > 0. Therefore, the virtual age of an item
just before the second repair is v; + x, and it is g(v; + x2) just after the second
repair, where we assume for simplicity that the function g(x) is the same at each
cycle. The sequence of virtual ages after the ith repair {v;},., at the start of the
(i + 1)th cycle in this model is defined for realizations x; as

vo=0, vi=qg(x1), voa=qg(vi+x),...,vi=q(Vvi1 +x;) (2.45)
or, equivalently,
Vo= q(anl +Xn)7 n>1.

For the specific linear case, g(x) = gx, 0 < g < 1, this model was considered
on a descriptive level in Brown et al. [14] and Bai and Yun [5]. Following the
publication of the paper by Kijima [34] it usually has been referred to as the
Kijima II model, whereas the Kijima I model describes a somewhat simpler ver-
sion of age reduction when only the duration of the last cycle is reduced by the
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corresponding imperfect repair [6, 46]. The Kijima II model and its probabilistic
analysis was also independently suggested in Finkelstein [23] and later considered
in numerous subsequent publications. The term ‘virtual age’ in connection with
imperfect repair models was probably used for the first time in Kijima et al. [36],
but the corresponding meaning was already used in a number of publications
previously.

When ¢(x) = ¢x, the intensity process /, can be defined in the explicit form.
After the first repair the virtual age v; is gx;, after the second repair
va = q(gx1 + x2) = ¢*x1 + qxa,..., and after the nth repair the virtual age is

n—1

Va=q¢"x1 +¢" %+ .. 4 qx, = Z q" X1, (2.46)
i=0

where x;,i>1 are realizations of interarrival times X; in the point process of
imperfect repairs. Therefore, in accordance with the general Eq. (2.44), the
intensity process for this specific model with a linear g(x) = gx is

N(1)—1 ‘
A = ;L(t - SN(t) + Z q! ,'+1>. (247)

Example 2.8 Whereas the repair action in the Kijima II model depends on the
whole history of the corresponding stochastic process, the dependence in the
Kijima I model is simpler and takes into account the reduction of the last cycle
increment only. Similar to (2.45),

vo=0, vi=gx;, va=Vi+gxa,...,V, = V,_1+qx,. (2.48)
Therefore,
vi=qlxi+x+ ... +x), Vi=qgXi+Xo+...+X,),

and we arrive at the important conclusion that this is exactly the same model as the
one defined by the g-renewal process of the previous section [36]. These con-
siderations give another motivation for using the Kijima I model for obtaining the
required number of aging spare parts. In accordance with Eqgs. (2.44) and (2.48),
the intensity process for this model is

A = /l(t — SN(,) + VSN(T)) = )L(t - SN(;) + qSN(,))
At = (1 = q)Sw(r))-

The obtained form of the intensity process suggests that the calendar age ¢ is
decreased in this model by an increment proportional to the calendar time of the



38 2 Basic Stochastics for Reliability Analysis

last imperfect repair. Therefore, Doyen and Gaudoin [21] call it the “arithmetic
age reduction model”.

The two types of the considered models represent two marginal cases of history
for the corresponding stochastic repair processes, i.e., the history that ‘remembers’
all previous repair times and the history that ‘remembers’ only the last repair time,
respectively. Intermediate cases are analyzed in Doyen and Gaudoin [21]. Note
that, as g is a constant, the repair quality does not depend on calendar time, or on
the repair number.

The original models in Kijima [34] were, in fact, defined for a more general
setting when the reduction factors ¢;, i > 1 are different for each cycle (the case of
independent random variables Q;,i > 1 was also considered). The quality of repair
that is deteriorating with i can be defined as 0 < ¢; < ¢» < g3, ..., which is a
natural ordering in this case. Equation (2.47) then becomes

n n n n
Vn:xlHqi+x2HQi+---+ann:inHQIH (249)
i=1 i=2 k=i

i=1

and the corresponding intensity process is

N()  N()
= i(r — S + inqu) (2.50)
i=1 k=i

The virtual age in the Kijima I model is
n
Vi = Vn—1 + GnXn = Z qiXi,
1

and the corresponding intensity process is defined by

N(t)
A=A (Z — SN(t) + Z C],‘X,‘) . (251)

i=1

The practical interpretation of (2.49) is quite natural, as the degree of repair at
each cycle can be different and usually deteriorates with time. The practical
application of Model (2.51) is not so evident. Substitution of a random Q; instead
of a deterministic g; in (2.50) and (2.51) results in general relationships for the
intensity processes in this case.

Note that, when Q; = Q, i = 1,2,... are i.i.d. Bernoulli random variables, the
Kijima IT model can be interpreted via the Brown—Proschan model (2.27-2.28). In
this model, the repair is perfect with probability p and is minimal with probability
1 — p. [25].
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2.7 Multivariate Accelerated Life and Proportional
Hazards Models

The Accelerated Life Model (ALM) and the proportional hazards (PH) model are
very popular in reliability theory and applications as convenient tools for mod-
eling, e.g., an impact of a more severe environment on reliability characteristics of
items defined for some baseline environment. These models were extensively
studied in the literature for single items or systems (see, e.g., Bagdonavicius and
Nikulin [4] and references therein).

The univariate ALM is defined by Eq. (2.33), whereas the time-dependent PH
model can be defined as

2s(t) = k() Ap(2), t € ]0, 00), (2.52)

where 1,(¢), () are the failure rates of an item in the baseline and a more severe
environment, respectively and k() > 1.

It should be noted that generalizations of the ALM and the PH models to the
case of possibly dependent items, which can be meaningful for reliability practice,
are not trivial and, therefore, challenging. We will be mostly interested in the
corresponding competing risks problem for possibly dependent items and start, for
the presentation sake, with the independent items case.

Survival functions of a series system of n statistically independent items under
the baseline and a more severe environment, in accordance with (2.33), are [25]:

Fy(t) = f[Tvb,-(t); Fi(t) = ﬁf,,,-(w,-(t)), (2.53)
1 1

respectively, where W;(¢) is the scale transformation function for the ith item. Thus
W(#) for the system can be obtained from the following equation

FoW(0) = [[FuWi(e) (2.54)

or, equivalently, using relationships similar to (2.34):

/En:ibi(u)du:zn:/ Api(u)du. (2.55)
0 0

Example 2.9 Let n =2 and W;(¢) = t, W,(¢) = 2¢t, which can be interpreted by
assuming that the first component is somehow protected from the more severe
environment. Then Eq. (2.55) can be transformed to
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W(t) 2t

/ U (1) + o (1))t = 0/ It ()i + / I (1) d,

0 0

Assume further that the failure rates are linear, Ay (7) = A1, Apa(f) = ot,

A1, 22 > 0. Then
[A + 42,
W(t) = — |t
<) ( A1+iz>

If the components are statistically identical in the baseline environment
(A1 = 42), then W(¢t) = +/5/2t =~ 1.6t

It obviously follows from (2.52) that, due to independence (PH model), for each
item

4si(t) = ki(£)2pi(2), £ € [0, 00),

whereas for the series system, assuming the time-independent impact of a more
severe environment on the baseline failure rates of items, we have:

30 =3 kiini(e). (2.56)
1

‘What happens when our items are statistically dependent? We will consider for
simplicity of notation the case of two components, n = 2. Before generalizing the
ALM to this case, we first describe the dependence of components via the concept
of copulas. A formal definition and numerous properties of copulas can be found,
e.g., in Nelsen [42]. Copulas create a convenient way of representing multivariate
distributions. In a way, they ‘separate’ marginal distributions from the dependence
structure. It is more convenient for us to consider the survival copulas based on
marginal survival functions. In order to deal with the series system (competing
risks), we must first consider a general bivariate (n = 2) case. For n > 2, the
discussion is similar.

Let Tp; > 0, Ty, > 0 be the possibly dependent lifetimes of items in the
baseline environment and let

Fy(ti, 1) = P(Tpy <11, Tip <t),
Fbi(ti) = P(Tb,' Sl‘,‘), i=1,2

be the absolutely continuous bivariate and univariate (marginal) Cdfs, respectively
(in the baseline environment). The similar notation with the sub index “s” is for
the more severe environment. Denote the bivariate (joint) survival function by

Sb(t],tz) = P(Tbl >t, Tp > tg) =1- Fbl(tl) — sz(lz) —|—Fb(t],t2) (257)
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and the univariate (marginal) survival functions with the corresponding failure
rates Api(#;), i = 1,2 by

Sbl(tl) = P(Tbl >, Ty > 0) = P(Tbl > tl) = Sb(t],O),

sz(l‘g) = P(Tm > O, sz > 1‘2) = P(Tb2 > I2) = Sb(O, tz).

It is well-known [42] that the bivariate survival function can be represented as a
function of Sy;(#;), i = 1,2 in the following way:

Sp(ti,12) = C(Spi(t1), Spa(t2)), (2.58)

where the survival copula C(u, v) is a bivariate function in [0, 1] x [0, 1]. Note that,
such function always exists when the inverse functions for S;(#;), i = 1,2 exist:

Sp(t1,12) = Sp(Sy1' o1 (11), Sp1' Spa(12)) = C(Spi (11), Sa (£2)).-
When the lifetimes are independent, the following obvious relationship holds:
Sb(l‘l7 lz) = Sy (t])SbQ(t2) <~ C(u, V) = uv. (259)

Thus, when the copula and marginal distributions are known the solution of our
competing risks problem (¢ = t, =) for the baseline regime is the following
survival function:

Sb(l) = C(S;,l(t),sz(t)). (2.60)

Let the statistically identical system of two items operate now in a more severe
environment. All foregoing relationships obviously hold with the substitution of
the sub index “b” by the sub index “s” where appropriate. However, (2.58) and
(2.60) should be discussed in more detail. For that we need to make the following
crucial assumption [26]:

Assume that the copula that defines the dependence structure of a system do not
depend on the environment.

Taking into account (2.33), it means that Egs. (2.58) and (2.60) can be now
written as

Ss(t1,12) = C(S51(11), S2(12)) = C(Sp1 (Wi (1), S (Wa(12)), (2.61)
Ss(1) = C(Ss (1), S2(1)) = C(Spr (Wi (1), S (W2 (1)), (2.62)
respectively. Thus, under the stated assumption:

Definition 2.10 The ALM for the series system of two possibly dependent items
is defined by Eq. (2.62), where C(u,v) is the survival copula that describes the
corresponding dependence structure of the system.

Our assumption seems to be rather natural at many instances, but need to be
justified by some ‘physical properties’ of a system or by the corresponding data, as
obviously, it is not a ‘universal law’, as, e.g., illustrated by the Example 2.10.
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Basically, it means that the environment can impact the processes of deterioration in
items but cannot influence the dependence properties. The simplest illustrative case
is when the items are independent in the baseline environment and the corresponding
copula is a product given by Eq. (2.59). It is natural to assume that the independence
is preserved under a more severe regime and, therefore, the same product holds.
Thus, in this case, a more severe regime does not ruin the property of independence.
However, this can happen theoretically when, e.g., the stress defining the severe
environment is sufficiently large. Another meaningful example is as follows:

Example 2.10 Consider a system of two components in series. Each component is
subject to its own (independent) homogeneous Poisson shock process with rate Aj.
Assume that the shocks constitute the only cause of failure: each shock results in
failure of a component with probability py;,i = 1,2 and is survived (without any
consequences) with the complementary probability g,; = 1 — pp;, where, as pre-
viously, the sub index “b” stands for “baseline” (environment). Then, obviously,
the survival probability for the series system is the following product:

)ubt)

(g52)")

Sp(r) =(exp{~ Abr}z ) (exp{~ Ahr}z

=exp{—psi Abf} eXP{—szibt}

Let the HPP of shocks with rate /, be the only one now and let it affect both
components with given above probabilities. However, the components are not
independent now (on the contrary, they are dependent via the mutual shock pro-
cess). Therefore, the probability of survival of a system under a single shock is
qb19r2, Whereas the probability of failure is 1 — gp1qp2 = pp1 + Pr2 — Pr1Pp2 and
the corresponding survival probability is:

Sp(t) = exp{—(1 — gn1qs2) st} = exp{—pp1 st} exp{—pu2/st} exp{pp1pr2int}.

Comparison of S,(¢) and S’b(t) suggests that the term exp{p,ipp2/st} is
responsible for the described dependence. Thus, the corresponding copula can be
written as

Cu,v) = uwv 7" = uyu P = " = ydy,

Let a more severe environment be modeled by the shock process with a larger
rate, i.e., A, > 4,, whereas the probabilities of failure pp;,i = 1,2 do not change.
As we can see, this does not have any effect on the form of the copula as a function
of the corresponding marginals. Therefore, the copula in the described setting is
invariant with respect to environment! The same conclusion can be made when
one of the components experiences the increased probability of failure under a
more severe shock, whereas the other one retains the same probability (a kind of
“protection”). On the other hand, it can be easily seen that if both components
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experience the increased probability of failure under a more severe shock, then the
corresponding copula is not invariant.

Example 2.11 The widely used (especially in survival analysis) Clayton bivariate
distribution [19, 20] is given by the following survival copula

Cu,v) = (LF@ +v 0 1)71/'97

where 0 > 0. Therefore,

Sp(1) = ((Sp1(1)) "+ (Sw2(1)) "),
Sy(r) = ((Spr (Wi ()™ + (Spa(Wa(2))) ™) ~".

We see that if parameter 0 is the same for both environments, then this case
complies with our definition of the ALM. The best way to check it is to conduct
the corresponding hypothesis testing (given the data).

Example 2.12 The similar reasoning obviously holds for the Farlie-Gumbel-
Morgenstern distribution. This bivariate distribution is defined as [32]

S(t1,12) = S1(t1)S2(2) (1 + (1 = S1 (1)) (1 = S2(12))),
where —1 <o <1.

As in the univariate case defined by Eq. (2.52), the PH model for the bivariate
case can constitute the alternative to the ALM while modeling the impact of a
more severe environment [26]. The environment in this case ‘acts directly’ on the
failure rate. The problem is, however, that now, in contrast to the univariate setting
where S(7) = exp{— f(; A(u)du}, the single failure rate that defines the corre-
sponding distribution function does not exist. Moreover, it was proved in
Finkelstein [25] that the following exponential representation holds (for the
baseline environment) in this case:

n [5)

Sp(t,12) = exp _/;Lbl(”)d” exp —/ibz(u)d”
0 0 (2.63)

t h
X exp // (2 (14, v) = i (u, v) A (u, v) )duedv o,
00

where Ay;(u), i = 1,2 are the failure rates of marginal distributions and the failure
rates A, (u,v), Api(u,v) are defined by the following equations, respectively:
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Prlty <Ty <ty + Aty 1y <Typ <ty 4+ Atz | Ty <t1, Ty > 1]

;Lb(t17t2) = lim
Aty At,—0 At Ar, (264)
_hln,n)
Sp(t1, 1)’
_ . 1
lbi(tl,l‘z) = lim —Pl'[t,' <Tpi<ti + Al|Tb] > t1, Tpy > tz]
Ar—0 At (2 65)

= —a%lns(tl,tz); i=1,2,
Thus, 4,(t1,1)dtdr, + o(dt1dt,) can be interpreted as the probability of failure
of both items in intervals of time [t,#; +dty), [f2,f, + df2), respectively, on
condition that they did not fail before. Similar, e.g., b1 (t1,1;)dt can be interpreted
as the probability of failure of the first item in (¢;,#; + df] on condition that it did
not fail in [0,#] and that the second item also did not fail in [0, #,].
For the series system, (2.63) is obviously modified to:

Sp(t) = exp —/ibl(u)du exp —//lbz(u)du
° 0 (2.66)
X exp (2 (1, v) = 21 (14, ) Ao (e, v) )dudv 3,
/]

A natural generalization of the univariate PH model, A,(r) = kA,(t), k > 0 to
the case of a series system of two possibly dependent components would be to
consider multiplying each failure rate in (2.66) by its own multiplier, i.e.,

t t
Ss(t) = expg —oy /ibl(u)du exp —az/ﬂhbz(u)du
0 0 (2.67)

X exp //(ﬁlib(u,v)fﬁzzbl(u,v);lbz(u,v))dudv ,
0 0

where o; > 0, ;>0; i = 1,2. Thus a more severe environment acts directly on
each type of the failure rate.

It can be proved [25] that the sufficient conditions for S(¢) to be a survival
function are:

* B> B
o o, —f,>0, i=1,2;

Au,v) Ps .
20 (u,v) 22 (u,v) z ﬁ’ u,v z 0.



2.7 Multivariate Accelerated Life and Proportional Hazards Models 45

Thus under these assumptions, (2.67) defines the bivariate competing risks PH
model. The generalization to n > 2 can be performed, but it is much more cum-
bersome. The following example will help to understand the meaning of the
quantities involved.

Example 2.13 As a specific case, we will consider the Clayton survival function of
Example 2.11, but now we can define parameter 0 > 0 explicitly via the failure
rates as it should be done in the PH-type reasoning. Let

2o (u,v)
/1;)1 (u, V)Abz(u, v)

Thus,

Jp (U, v) — A1 (4, v) 2o (u, v) = Zp(u,v).

140
Constructing the PH model for this case results in:

B 2w (u, v) = Pt (4, v) 2 (1, v)

= ﬂ(/lb(l’h V) - jvbl (uv V);A“bZ(l'h V))a

140
of proportionality to 3. Eventually, the corresponding survival function for a more
severe regime can be written as

where f denotes % (/3 | — ﬁ—z) Thus we have reduced the number of parameters

S(1) = S OSE PO (500 + 520 — 1)

)

which generalizes the Clayton survival function.

2.8 Simplest Stochastic Orders

Throughout this book, we will extensively use several simplest stochastic orders
for random variables of interest that will be briefly defined in this section. For the
comprehensive theory of stochastic ordering, the reader should refer to Shaked and
Shanthikumar [45].

Let X and Y be the lifetimes (non-negative random variables) with distribution
functions F(¢) and G(¢), respectively. Assume that the corresponding means are
finite. The simplest and one of the weakest stochastic orders is the order with
respect to the means. Thus, we say that X is larger than Y in this sense, if

EX] > E[Y). (2.68)
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The first moment is a useful characteristic, but usually more information is
needed for better characterization of random variables. Therefore, we say that the
random variable X is stochastically larger than the random variable Y and write
[44]

X>uY
if F(t) < G(t), Vr > 0, or equivalently,

F(t)>G() Vt>0. (2.69)

13

Sometimes in the literature, the terms “usual stochastic ordering” or “sto-
chastic dominance” are also used. It is obvious that (2.52) follows from (2.53) as,
in accordance with (2.1),

o]

E[X]:/F(u)duZ/G(u)du =E[Y].
0

0

The next type of ordering is defined via the corresponding failure rates. The
failure rate is a crucial characteristic for reliability and survival analysis and,
therefore, this type of ordering is used very often. Assume that the failure rates
Jx(t) and Ay(#) exist. We say that X is larger than Y in the sense of the hazard
(failure) rate ordering, if

Ix(t) <Ay(t), Vt>0. (2.70)
It is clear that Inequality (2.69) follows from Inequality (2.70) as

t t

F(t) = exp f/ﬂhx(u)du > exp f/iy(u)du = G(1).

0 0

Thus, the hazard rate ordering is obviously stronger than the usual stochastic
ordering.

Denote by f(¢) and g(¢) the probability density functions that correspond to F(z)
and G(z), respectively. We say that X is larger than Y in the sense of the likelihood
ratio ordering and write

X>rY
if

fx) <@ for allx <y, (2.71)

gx) ~ &(y)
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which means that the ratio of the densities f(x)/g(x)is increasing in x. We will use
this ordering extensively in Chap. 5. It turns out that (2.71) is a natural ordering for
lifetimes in heterogeneous populations. It can be easily proved [44] that ordering
in the sense of the likelihood ratio is stronger than the hazard rate ordering.

Sometimes we need to compare the ‘variability’ of random variables. Assume
that E[X] = E[Y] and that

E[h(X)] > E[h(Y)] for all convex h(x). (2.72)

Then intuitively, it is clear that X will be more variable than Y. For instance,
when h(x) = x2, it is easy to see that Var(X) > Var(Y).

It can be proved that (2.72) is equivalent to the following inequality that can be
already effectively analyzed:

o] o]

/F(u)duZ/G(u)du Vi >0. (2.73)

t t

When ¢ = 0, (2.73) obviously reduces to (2.68).
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Chapter 3
Shocks and Degradation

This chapter is mostly devoted to basic shock models and their simplest appli-
cations. Along with discussing some general approaches and results, we want to
present the necessary material for describing our recent findings on shocks mod-
eling of the next chapter. As in the other chapters of this book, we do not intend to
perform a comprehensive literature review of this topic, but rather concentrate on
notions and results that are vital for further presentation.

We understand the term “shock” in a very broad sense as some instantaneous,
potentially harmful event (e.g., electrical impulses of large magnitude, demands
for energy in biological objects, insurance claims in finance, etc.). Shock models
are widely used in practical and theoretical reliability and in the other disciplines
as well. They can also constitute a useful framework for studying aging properties
of distributions [2, 3]. It is important to analyze the consequences of shocks to a
system (object) that can be basically two fold. First, under certain assumptions, we
can consider shocks that can either ‘kill’ a system, or be successfully survived
without any impact on its future performance. The corresponding models are
usually called the extreme shock models, whereas the setting when each shock
results in an additive damage (wear) to a system is often described in terms of the
cumulative shock models ([18-20] to name a few). In the latter case, the failure
occurs when the cumulative effect of shocks reaches some deterministic or random
level, and therefore, this setting is useful for modeling of degradation (wear)
processes. The combination of these two basic models has been also considered in
the literature [5, 6, 19].

In Sect. 3.1, we first briefly discuss several simplest stochastic models of wear
that are helpful in describing basic cumulative shock models. In the rest of this
chapter, we mostly consider the basic results with respect to the extreme and
cumulative shock models, and also describe several meaningful modifications, and
applications of the extreme shock model. For instance, in Sect. 3.8, a meaningful
safety at sea application is considered and in Sect. 3.9, the famous in demography
Strehler—-Mildvan model of human mortality is discussed from our view point.

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 51
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_3,
© Springer-Verlag London 2013
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3.1 Degradation as Stochastic Process

Stochastic degradation in engineering, ecological, and biological systems is nat-
urally modeled by increasing (decreasing) stochastic processes. The additive
nature of the cumulative shock models implies that the corresponding degradation
should be strictly monotone. However, it is well-known (e.g., [3] that, for example,
the Wiener process with drift (see Definition 3.1) with the nonmonotone realiza-
tions under certain assumptions can be also considered as a useful tool for mod-
eling the monotone degradation. In the previous chapter, several point processes
were discussed that can be used for modeling degradation induced by shocks in the
corresponding cumulative shock models. We will consider now the simplest
continuous-time stochastic processes, and will be interested in modeling stochastic
degradation as such and in obtaining the corresponding distributions for the first
passage times when this degradation reaches the predetermined or random level D
for the first time. When D defines some critical safety boundary, the latter inter-
pretation can be useful for risk and safety assessment. For instance, when degra-
dation in some structures results in the decreasing resistance to loads, it can result
not just in an ‘ordinary’ failure, but in a severe catastrophic event.

We will briefly define now several approaches, which are most often used in
engineering practice for degradation modeling. The simplest and the widely used
one is the path model. Its stochastic nature is described either by the additive or by
the multiplicative random variable in the following way:

W, =n(t) +Z, (3.1)
W, = n(1)Z, (3.2)

where {W;, t > 0} denotes our stochastic process, #(¢) is an increasing, contin-
uous function (7(0) =0, lim,_ #n(z) =oc0) and Z is a nonnegative random
variable with the Cdf G(z). Therefore, the sample paths (realizations) for these
models are monotonically increasing. The ‘nature’ of this stochastic process is
simple and meaningful: let the failure (catastrophe) be defined as reaching by
{W;,t> 0} the degradation threshold D > 0 and T, be the corresponding time to
failure random variable with the Cdf Fp(z). It follows, e.g., for the model (3.2)
that:

Fp(t) = P(W,> D) = Pr(Z> %) =1- G(%). (3.3)

Example 3.1 Let y(t) =t and assume that Z is described by the Weibull distri-
bution, i.e., G(z) = 1 — exp{—()u z)k}, A,k > 0. Then, in accordance with (3.3),

Folt) = exp{—@)k},
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which is often called the Inverse-Weibull distribution [1]. Specifically, when
A=1Lk=1:
D
Fp(t) = exp{—T}.

It is clear that the value at + = O for this distribution should be understood as

Fp(0) = lim Fp(1) = 0.

The Inverse-Weibull distribution is a convenient simple tool for describing
threshold models with a linear function (7).

Assume now that the threshold D is a random variable with the Cdf Fy(d) =
Pr(D < d) and let, at first, degradation be modeled by the deterministic, increasing
function W(¢) (W(0) = 0, lim,_., W(#) = 0o). Equivalently, the problem can be
reformulated in terms of the fixed threshold and random initial value of degra-
dation. Denote by T the random time to failure. As events 7 < ¢t and W(r) are
equivalent, similar to (3.3) [12],

F(t) = P(T< 1) = P(D< W(t)) = Fo(W(1)), (3.4)

where the last equality is due to the fact that the Cdf of D is Fp(d). Substituting d
by W(t), finally results in (3.4).

Let now the deterministic degradation W(¢) in (3.4) be replaced by a stochastic
process W;,t > 0. In order to derive the corresponding distribution of the time to
failure in this case we must obtain the expectation of Fo(W,) with respect to the
process W, t> 0:

F(1) = E[Fo(W),]. (3.5)

This equation is too general, as the stochastic process is not specified. The
following example considers the multiplicative path model for W;, ¢ > 0.
Example 3.2 Let, e.g., Fo(d) =1 — exp{—Ad} and W, = (¢)Z, where Z is also
exponentially distributed with parameter p. Direct integration in (3.5) gives:

F(1) =E[l — exp{—=/n(t)Z}]

u

/ (1 — exp{—in(r)e})uexp{ —uz}
0
SR
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The path model can be very useful for illustration. However, obviously, the real
life stochastic processes are much more complex. Probably, the most popular in
applications and well investigated from the formal point of view stochastic process
is the Wiener process. The Wiener process with drift is often used for modeling
wear although its sample paths are not monotone (but the mean of the process is a
monotonically increasing function).

Definition 3.1 Stochastic process {W;,t> 0} is called the Wiener process with
drift

W, = ut + X(1),

where u > 0 is a drift parameter and X(¢) is a standard Wiener process: for the
fixed 7> 0, the random variable X(¢) is normally distributed with zero mean and
variance ¢°t.

It is well-known (see, e.g., Cox and Miller [8] that the first passage time T, i.e.,

Tp = inf{r, W, > D}
t

for this process is described by the inverse Gaussian distribution:

Folt) = Pr(Tp > 1) = @ <Dw_t :t) - exp{ZD,u}(I)(D\/—; Of") (3.6)
and
0.2
E[T) = %, Var(Tp) = %,

where, as usual, @(7), denotes the Cdf of the standard normal random variable.

Another popular process for modeling degradation is the gamma process (see,
e.g., the perfect survey by Van Nortwijk [30]). Although, parameter estimation for
the degradation models driven by the gamma process is usually more complicated
than for the Wiener process, it better captures the desired monotonicity.

Definition 3.2 The gamma process is a stochastic process (W;,¢t > 0), Wo =0
with independent nonnegative increments having a gamma Cdf with identical scale
parameters. The increment W, — W, has a gamma distribution with a shape
parameter v(¢) — v(t) and a scale parameter u, where v(¢) is an increasing function
v(0) = 0).

Thus W, for each fixed ¢ is gamma-distributed with shape parameter v(#) and
scale parameter u, whereas
v(1) V(1)
E[Wt] :77 VClV(WI) :7
The first passage time T)p, is described in this case by the following distribution
[30]
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I'(v(¢), Du)
()

where I'(a,x) = [ #“"'e~'dt is an incomplete gamma function for x > 0. Thus,

deterioration with independent increments can be often modeled by the gamma
process.

Fp(t) =Pr(Tp < 1) = Pr(W, > D) =

3.2 Shocks and Shot Noise Process

A natural way of modeling additive degradation is via the sum of random vari-
ables, which represent the degradation increments:

W, = zn:Xh
1

where X;,i = 1,2,...,n are positive i.i.d. random variables with a generic vari-
able denoted by X, and # is an integer.

The next step to a more real stochastic modeling is to view n as a random variable
N (the compound random variable) or a point process {N;,r > 0}. The latter is
counting the point events of interest in [0,7),7 > 0 (the compound point process):

N
W, = Zx,-. (3.7)
1

Denote by Y;,i = 1,2,... a sequence of inter-arrival times for {N,,r> 0}. If
Y;;i=1,2,... are i.i.d (and this case will be considered in what follows) with a
generic variable Y, then the Wald’s equation [26] immediately yields

E[W,] = E[N,JE[X],

where, specifically for the compound Poisson process with rate m: E[N,] = mt.
Note that [9] under certain assumptions the stationary gamma process (v(t) = vt)
can be viewed as a limit of a specially constructed compound Poisson process.

Relationship (3.7) has a meaningful interpretation via shocks, as X;,i = 1,2, ...
can be interpreted as an amount of damage caused by the ith shock. An important
modification of this additive model is given by the shot noise process [25, 26]. In a
shot noise point process, an additive input of a shock of magnitude X; is decreased
in accordance with some decreasing (nonincreasing) response function A(z — s).
Therefore, Eq. (3.7) turns to

W, = ﬁ:x,-h(t — 1), (3.8)

where 1) <71, <713, ... is the sequence of the corresponding arrival (waiting) times
in the point process. This setting has a lot of applications in electrical engineering,
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materials science, health sciences, risk, and safety analysis. For instance, cracks
due to fatigue in some materials tend to close up after the material has borne a
load, which has caused the cracks to grow. Another example is the human heart
muscle’s tendency to heal after a heart attack [27]. Thus, the inputs of each shock
in the accumulated damage decrease with time.

Equivalently, (3.8) can be written as:

t

W, = /Xh(t— u)dN,,
0

where dN, = N(u,u + du) denotes the number of shocks in [u,u + du).
First, we are interested in the mean of the defined process. Assume that
E[X]<o0. As X;,i = 1,2,... are independent from the point process {N;,t> 0},

t t

E[W,] = E[X] / h(t — u)dN, = E[X] / Bt — uym(u)du, (3.9)

where m(u) = dE[N,]|/du is the rate (intensity) of the point process. For the
Poisson process, m(u) = m and:

E[W,;] = mE[X] /h(u)du. (3.10)
0

Therefore, asymptotically the mean accumulative damage is finite, when the
response function has a finite integral, i.e.,

o0

lim E[W,] <o , if /h(u)du<oo.

1—00

0

This property has an important meaning in different engineering and biological
applications. It can be shown directly that, if E[X?] < oo:

n
Cov(W; ,W,,) = mE[XZ] /h(tl —uwh(ty —u)du; 1> t.
0

The central limit theorem for the sufficiently large m also takes place in the
following form [23, 24]:
W, — E[W/]

W—P N(0,1), t — oo, (3.11)
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where the sign “D” means convergence in distribution and N(0, 1) denotes the
standard normal distribution. The renewal case with the interarrival time denoted
by X gives similar results

Example 3.3 Consider a specific exponential case of the response function /(u)
and the Poisson process of shocks with rate m:

W, = in exp{a(t — 1)}
1

By straightforward calculations [26], using the technique of the moment gen-
erating functions, it can be shown that the stationary value of W; for ¢ sufficiently
large is described by the gamma distribution with mean m/ A« and variance m/ 2a.
Moreover, the distribution of the first passage time is given by

Fp(t) =Pr(Tp < t) = Pr(W, > D) = %'

It is well-known from the properties of the gamma distribution that as m/A
increases, it converges to the normal distribution and, therefore, there is no con-
tradiction between this result and asymptotic relation (3.11).

In the next chapter, we will consider another shot noise model where the shot-
noise process models the failure rate of an object. Some meaningful generaliza-
tions will be also considered.

3.3 Asymptotic Properties

In many applications, the number of shocks in the time interval of interest is large,
which makes it possible to apply the corresponding asymptotic methods.
Consider a family of nonnegative, i.i.d, two-dimensional random vectors { (Xi‘ Y,-) ,
i >0}, X0 =0,Yy =0, where > X; is the accumulated damage after n shocks and
Y;,i=1,2,...is the sequence of the i.i.d inter-arrival times of the corresponding
renewal process. Recall that the renewal process is defined by the sequence of the
1.i.d inter-arrival times. Specifically, when these times are exponentially distributed,
the renewal process ‘reduces’ to the Poisson process. We will assume for simplicity
that X and Y are independent, although the case of dependent variables can be also
considered [19]. Let 0<E[X], E[Y]<oo, 0<Var(X), Var(Y)<oo. It follows
immediately from (3.7) and the elementary renewal theorem [26] that
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EW, ENJEX] EX
tim EW _ i EIVIERX] _ EIX] (3.12)
t—oo  t 100 t E[Y]
The corresponding central limit theorem can be proved using the theory of
stopped random walks [19]

W: — (E[X]/E[Y))t
(E[Y]) 6112

where o = \/var(E[Y]X — E[X]Y).

Relationship (3.13) means that for large ¢, the random variable W, is approxi-
mately normally distributed with expected value (E[X]/E[Y])t and variance
(E[Y)) " 6*(E[X])*t. Therefore, we need only E[X], E[Y] and ¢ for the corre-
sponding asymptotic analysis, which is very convenient in practice.

Similar to (3.12),

— N(0,1), r — oco. (3.13)

tim E172] _ iy EINDIELY] _ ETY] : (3.14)
t—oo D D—o0 D E[X]

where Np denotes a random number of shocks to reach the cumulative value D.
Equation (3.13) can be now rewritten for the distribution of the first passage time
Tp as [19]
Tp — (E[Y]/EX])D
(EX])) o D2

— N(0,1), D — oo.

This equation means that for large threshold D the random variable T can be
approximately described by a normal distribution with expected value

(E[Y]/E[X])D, and variance (E[X])~> 62 D. Therefore, the results of this section
can be easily and effectively used in safety and reliability analysis.

3.4 Extreme Shock Models

Let the shocks occur in accordance with a renewal process or a nonhomogeneous
Poisson process. Each shock independently of the previous history leads to a
failure of a system with probability p and is survived with the complementary
probability ¢ = 1 — p. Assume, that a shock is the only cause of failure. We see
that there is no accumulation of damage and the fatal ‘damage’ can be a conse-
quence of a single shock. Numerous problems in reliability, risk, and safety
analysis can be interpreted by means of this model. This setting is often referred to
as an extreme shock model [12, 18]. Our main interest in the rest of this chapter
will be in different settings, and applications that are described within the
framework of the extreme shock model. We will use these results and reasoning in
the rest of this book.
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Consider first, a general point process {7, };To =0, T, > T,,n=0,1,2,...,
where T, is the time to the nth arrival of an event with the corresponding
cumulative distribution function F)(r). Therefore, F"(r) — F"*(z) is the
probability of exactly n events in [0,7); FO () =1, F()(t) = F(z). Let G be a
geometric variable with parameter p (independent of {7}, o) and denote by T a
random variable with the following survival function -

Plt) = i g (F(k)(t) - F<k+1>(t)). (3.15)

k=0

Thus P(z) is the system’s survival probability for the described extreme shock
model. We can also interpret the setting in terms of the terminating point process
when 1 — P(z) is the probability of its termination in [0, 7).

Obtaining probability P() is an important problem in various reliability and
safety assessment applications. It is clear that in this general form, Eq. (3.15) does
not allow for explicit results that can be used in practice, and therefore, assump-
tions on the type of the point process of shocks should be made. Two specific point
processes are mostly used in reliability applications, i.e., the Poisson process and
the renewal process. For the homogeneous Poisson process with rate 4, the deri-
vation is trivial

. ()"
P(t) = Z q exp{—at}— =exp{—pii}. (3.16)
5 !

It follows from (3.16) that the corresponding constant failure rate, which
describes the lifetime of our system 7, is given by a simple and meaningful
relationship

Js=pi. (3.17)

Thus, the rate of the underlying Poisson process A is decreased by the factor
p< 1.

This result can be generalized to the case of the NHPP with rate /() and time-
dependent probability p(¢). It is clear that the Brown—Proschan model of Chap. 2
described by Egs. (2.17-2.19) can be interpreted in terms of our extreme shock
model, and therefore,

t

P() = 1 — expd — / ()2 (u)du (3.18)

0
with the corresponding failure rate
Js(t) = p(0)(1).

Numerous generalizations of these results under the assumption of the under-
lying NHPP of shocks will be considered further in this chapter and in the next
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chapter as well. In spite of its relative simplicity, the renewal process of shocks does
not allow for the similar explicit relationships. However, it is well-known (see, e.g.,
[21]) that, as p — O, the following convergence in distribution takes place:

P(1) — exp{—‘%t}, Vi € (0,00) , (3.19)

where pu is the mean that corresponds to the governing distribution. Thus, (3.19)
constitutes a very simple asymptotic exponential approximation. In practice, how-
ever, parameter p is not usually sufficiently small for using effectively this
approximation, and therefore, the corresponding bounds for P(¢) can be very helpful.

The simplest and useful in practice but a rather crude bound for the survival
function can be obtained via the following identity:

E[qN’] — iqk (F(k) (l‘) _ F(k+l) (l‘))
k=

0

Finally, using Jensen’s inequality [12]:
P(1) = E[¢"] = ¢"™.

In the next three sections, the extreme shock model with the homogeneous
Poisson process of shocks will be generalized to different settings that can occur in
practice [13]. For instance, the probability of a failure of an operable system under
a shock, which is in conventional models either a constant or depends only on
chronological time #, can depend also on a state of a system. This is a natural
assumption, as resistance to shocks, e.g., in multistate systems (discrete or con-
tinuous) often depends on the current state of a system. Another extension of
conventional models to be considered is when the failure occurs if two successive
shocks ‘are too close’ to each other. A system in this case cannot recover from the
consequences of the previous shock. This setting is similar to that of the ¢ -shock
model considered in the literature [22, 28], however, our method allows for more
general and flexible results. The main analytical tool allowing for the explicit
solutions for all mentioned settings is the method of integral equations developed
in Finkelstein [12]. These equations can be effectively solved in terms of the
Laplace transform and explicitly inverted for the sufficiently simple cases.

3.5 State-Dependent Probability of Termination

Consider first, the Poisson process of shocks with rate 1 and probability of failure
(termination) on each shock, p. In this case, the survival probability is given by
Eq. (3.16). In order, to illustrate the method of integral equations to be used further
[13] we will describe how it works for this simplest case. It is easy to see that the
following integral equation with respect to P(¢) holds
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P(t)=e ™+ / Je "qP(t — x)dx . (3.20)
0

The first term, on the right hand side is the probability that there are no shocks
in [0,7) and the integrand defines the probability that the first shock that have
occurred in [x,x + dx) was survived and then the system have survived in [x,?).
Due to the properties of the homogeneous Poisson process, the probability of the
latter event is P(z — x).

We have now a simple integral equation with respect to the unknown function
P(t). Applying the Laplace transform to both sides of Eq. (3.20) results in

- 1 g ~ - 1
P(S)_S+/1+S+/ALP(S):>P(S)_S+}VP’

where P(s) denotes the Laplace transform of P(r). The corresponding inversion
results in exp{—p/it}.

Consider now a repairable system with instantaneous, perfect repair that starts
functioning at r = 0. Let its lifetime be described by the Cdf F(¢) , which is a
governing distribution for the corresponding renewal process with the renewal
density function to be denoted by A(f). Assume, that the quality of performance of
our system is characterized by some deterministic for simplicity function of per-
formance Q(t) to be called the quality function. The considered approach can be
generalized to the case of arandom Q(¢). It is often a decreasing function of time, and
this assumption is quite natural for degrading systems. In applications, the function
O(r) can describe some key parameter of a system, e.g., the decreasing in time
accuracy of the information measuring system or effectiveness (productivity) of
some production process. As repair is perfect, the quality function is also restored to
its initial value Q(0). It is clear that the quality function of our system at time 7 is now
random and equal to Q(Y), where Y is a random time since the last (before #) repair.

The system is subject to the Poisson process of shocks with rate 4. As previ-
ously, each shock can terminate the performance of the repairable system and we
are interested in obtaining the survival probability P(¢). Note, that the repaired
failure of the system does not terminate the process and only a shock can result in
termination. Assume, that the probability of termination depends on the system’s
quality at the time of a shock. This is a reasonable assumption meaning that the
larger value of quality implies the smaller probability of termination. Let the first
shock arrive before the first failure of the system. Denote by p*(Q(t)) the corre-
sponding probability of termination in this case. Now we are able to obtain p(t)—
the probability of termination of the operating system by the first shock at time
instant ¢. Using the standard ‘renewal-type reasoning’ [13], the following rela-
tionship for p() can be derived

1

p(t) =p*(Q(1) F(t) + /h(X)F(I—X)P*(Q(t—X))dx, (3.21)

0

where F(t) =1 — F(¢).
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The first term on the right-hand side of Eq. (3.21) gives the probability of
termination during the first cycle of the renewal process, whereas h(x) F (¢ — x)dx
defines the probability that the last failure (renewal) of the system before ¢ had
occurred in [x, x + dx) (as h(x)dx is the probability that a failure (renewal) had
occurred in [x, x + dx) and F(z — x) is the probability that no failure had occurred
in [x + dx, 7]. Therefore, the corresponding probability of termination at 7 is equal
to p*(Q(t — x)).

Thus, the probability of termination under the first shock p(¢), which is now
time-dependent, has been derived. Assume, now that the survived shock can be
interpreted as an instantaneous, perfect repair of the system (the ‘repaired shock’ is
survived, the ‘non-repaired’ results in termination). Therefore, the instants of
survived shocks can be also considered as the renewal points for the system.
Having this in mind, we can now proceed with obtaining the survival probability
P(t). Using the similar reasoning as when deriving Eq. (3.20)

P(t) = e + /ie#‘xq(x)P(t—x)dx, (3.22)
0

where ¢(x) =1 — p(x).
Applying the Laplace transform to Eq. (3.22):

+ 4q(s + A)P(s)
1
VT GE N0 =g+ )

Given the functions F(¢) and p*(Q(t)), Egs. (3.21) and (3.23) can be solved
numerically, but we can still proceed with the Laplace transforms under an
additional assumption that the underlying distribution is exponential, i.e.,
F(t) =1—exp{—ht}. In this case, h(x) =h and the Laplace transform of
Eq. (3.21) results in [13]

s +4 (3.23)

5 =G (147). (3.29

where p*(s) = [;° e **p*(Q(x))dx denotes the Laplace transform of the function
p*(Q(t)). Substituting (3 24) into (3.23) and taking into account that

q(s) = (1/5) = p(s)
Bls) = 1
(s>_s—&—lﬁ*(s—&—h—i—i)(s—i-h—l—)u)'

(3.25)

To proceed further with inversion, we must make some assumptions on the
form of the function p*(Q(¢)). Let p*(Q(¢)) = 1 — exp{—ar}, > 0. This is a
reasonable assumption (as the probability of termination increases as Q(f)
decreases with ) that allows for a simple Laplace transform. Then
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INJ( ) s+h+i+0
S) =
s2+s(A+h—+a)+oal
and the inversion gives
A A
P(t) = uexp{slt} _ Mexp{w} ,
S1— %2 ST =52
where
—(h+)»+oc)i\/(h+/1+oc)2—4/loc
S12 = .
2
An important specific case is when the system is absolutely reliable (2 = 0) but
is characterized by the quality function Q(¢). Then sy = —4, s, = —o;; o # 4 and
P(t) = —"—expl{—ar} — —%—exp{—at} (3.26)
= X — — X — . .
J—aP J—aP

If, for instance, p*(Q(#)) = 1, which means that « — oo, then P(¢) = exp{—Ar}
as expected, the probability that there are no shocks in [0, 7). On the contrary, if
o = 0, which means that p*(Q(¢)) = 0, the survival probability is equal to 1.
Another marginal case is defined by the value of the rate A. If 2 = 0, then again, as
expected, P(f) = 1. On the other hand, it follows from (3.26) that as 1 — oo,

P(t) — exp{—at}, (3.27)

which can be confusing at first sight, as one would expect that when the rate of a
shock process tends to infinity, the probability of survival in [0, #) should tend to 0,
but this is not the case because the function p*(Q(#)) = 1 — exp{—at} is close to 0
for small ¢ and each survived shock is the renewal point for our system. Therefore,
as the number of shocks increases, due to the properties of exponential function,
relationship (3.27) holds.

3.6 Termination with Recovery Time

In the previous sections, the only source of termination was an immediate effect of
a shock. Consider now another setting that can be often encountered in practical
reliability and safety analysis. Let, as previously, each shock from the Poisson
process with rate A terminate the process with probability p and be survived with
probability ¢ = 1 — p. Assume, now that termination additionally can also occur
when the consecutive shocks are ‘too close’, which means that the system cannot
recover from the consequences of a previous shock. Therefore, the time for
recovering should be taken into account. It is natural to assume that it is a random
variable t with the Cdf R(¢) (different values of damage need different time of
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recovering and this fact is described by R(¢)). Thus, if the shock occurs while the
system still has not recovered from the previous non-terminating shock, it termi-
nates the process. It is the simplest criterion of termination of this kind. Other
criterions can be also considered. As previously, we want to derive P(¢)—the
probability of survival of our system in [0, ).

First, assume that a shock had occurred at + = 0 and has been survived. Denote
the probability of survival under this condition by P*(¢). Then the corresponding
supplementary integral equation is

P(1) = e 4 / Je~ gR(x)P*(t — x)dx , (3.28)
0

where the multiplier R(x) in the integrand is the probability that the recovery time
after the first shock at ¢+ = 0 (and before the next one at r = x) is sufficient (smaller
than x).
Applying, the Laplace transform to both sides of (3.28) results in the following
relationship for the Laplace transform of P*(¢):
~ 1
P*(s) = = , (3.29)
(s+A)(1 —AgR(s + 1))
where R(s) is the Laplace transform of the Cdf R(z).
Using probability P*(¢), we can derive now the following equation:

t
P() = e + / Je™"qP" (1 — x)dx. (3.30)
0

As previously, the first term on the right-hand side of this equation is the
probability of shocks absence in [0,7), Ze~**gdx is the probability that the first
shock has occurred and was survived in [x,x + dx). Finally, P*(t — x) is the
probability that the system survives in [x, 7).

We can obtain P(t), applying the Laplace transform to both sides of (3.30), i.e.,

~ 1 g =,

P(s):s+)v+s+2P (s),

where P* (s) is defined by (3.29). This gives the general solution of the problem
under the stated assumptions in terms of the Laplace transforms. In order to be able

to invert P(s), assume additionally that the Cdf R(r) is exponential, i.e.,
R(t) = 1 —exp{—yt}, y > 0. Performing simple algebraic transformations
~ 24 y — pA
L

24 s(y+24) + 27+ ydp

(3.31)



3.6 Termination with Recovery Time 65

Inversion of (3.31) gives

_sz+y+2)v—p,

24— pi /
= W—pexp{slt} exp{sat}, (3.32)

ST — 82 51— 82

P(1)

where

—(+22) £ /(7 + 20 — 4(2 + 7ip)
S12 = .
2
Equation (3.32) presents the exact solution for P(¢). In applications, it is con-
venient to use simple approximate formulas. Consider the following meaningful
assumption [13]:

%>> - / (1 - R(x)dx (3.33)
0

where T denotes the mean time of recovery.

Relationship (3.33) means that the mean inter-arrival time in the shock process
is much larger than the mean time of recovery, and this is often the case in
practice. In the study of repairable systems, the similar case is usually called the
fast repair condition. Using this assumption, the equivalent rate of termination for
our process for AT — 0, At > 1 can be written as

A1) = BA(1 +o(1)), (3.34)

where B is the probability of termination for the occurred shock due to two causes,
i.e., the termination immediately after the shock and the termination when the next
shock occurs before the recovery is completed. Therefore, for sufficiently large
t (r > 7) the integration in the following integral can be performed to co and the
approximate value of B is

o0

B=0+(1-0) / Je=(1 — R(x))dx.
0

Assuming, as previously, that R(t) = 1 — exp{—yt}, y > 0 gives

B:X—i—Hy.
A+y

Finally, the fast repair approximation for the survival probability is

p
P(1) ~ exp{—%pyy/lt}. (3.35)
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It can be easily seen that when y — oo (instant recovery), Relationship (3.35)
reduces to Eq. (3.16). The accuracy of the fast repair approximation (3.35)
with respect to the time of recovery can be analyzed similar to Finkelstein and
Zarudnij [14].

3.7 Two Types of Shocks

Assume now that there are two types of shocks [13]. As in the previous section,
potentially harmful shocks (to be called redshocks) result in termination of the
process when they are ‘too close’, i.e., when the time between two consecutive red
shocks is smaller than a recovery time with the Cdf R(z). Therefore, in this case,
the system does not have enough time to recover from the consequences of the
previous red shock. Assume for simplicity that the probability of immediate ter-
mination on red shock’s occurrence is equal to 0 (p = 0). The model can be easily
generalized to the case when p # 0. On the other hand, our system is subject to the
process of ‘good’ (blue) shocks. If the blue shock follows the red shock, termi-
nation cannot happen no matter how soon the next red shock will occur. Therefore,
the blue shock can be considered as a kind of an additional recovery action.

Denote by 4 and f the rates of the independent Poisson processes of red and
blue shocks, respectively. First, assume that the first red shock has already
occurred at 7 = 0. An integral equation for the probability of survival in [0,¢),
P*(t) for this case is as follows:

t t—x
Pi(r) = e M+ / ﬁe‘ﬁxe_“/ Je " P* (1 — x — y)dydx
0 0 (3.36)

t
+ / e P e R(x)P* (1 — x)dx,
0

where

o The first term on the right-hand side is the probability that there are no other red
shocks in [0, 1);

o Be F*e~dx is the probability that a blue shock occurs in [x, x + dx) and no red
shocks occur in (0, x);

e Je~®dy is the probability that the second red shock occurs in
[x+y,x+y+dy);

e P*(t —x —y) is the probability that the system survives in [x + y,) given the
red shock has occurred at time x + y;

e ¢ P%)e~**dx is the probability that there is one red shock (the second) in (0,1)
and no blue shocks in this interval of time;
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® R(x) is the probability that the recovery time x is sufficient and, therefore, the
second red shock does not terminate the process;

e P*(t — x) is the probability that the system survives in [x, f) given the red shock
has occurred at time x.

Using P*(¢) that can be obtained from Eq. (3.36), as previously, we can now
construct an equation with respect to P(f)—the probability of survival without
assuming occurrence of the red shock at = 0. Thus

t
H0:f”+/M*WW—@M. (3.37)
0

Applying the Laplace transform to Eq. (3.36) results in

Pi(s) = stpta - . (3.38)
+B+A)+A)—PIi—Als+P+A)(s+ AR+ L+ 1)

Applying the Laplace transform to Eq. (3.38) gives

P(s) = : + ‘
NI L

P*(s).

This equation gives a general solution of the problem under the stated
assumptions in terms of the Laplace transforms. In order to be able to invert }v’(s),
as in the previous section, assume that the Cdf R(¢) is exponential
R(t) = 1 —exp{—yt}, y > 0. Performing simple algebraic transformations

. 2)
o Strdhrad - (3.39)
s2+s(y+p+22)+ 4
Inversion of (3.39) results in

22 ] 22

P(t) = wexp{slt} _ mexp{w} : (3.40)

S| — 82 ST — 82
where

~( 24+ B £+ B+ 4+ )

S12 = ) .
When y = 0, there is no recovery time and the process is terminated when two
consecutive red shocks occur.
Equation (3.40) gives an exact solution for P(¢). Similar to the previous section,
it can be simplified under certain assumptions. Assume that the fast repair con-
dition (3.33) holds. The first red shock cannot terminate the process. The proba-

bility that the subsequent shock can result in termination is
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t 1—x

B://le’b‘/ Je e P (1 — R(y))dydx.

0 0

For the exponentially distributed time of recovery

, )
B— A L ey A o~ OB
i+B+y Bty (A+B+)(B+7)

For the sufficiently large ¢, B ~ A/ + f + y and this approximate value can be
used for subsequent shocks as well. Therefore, the relationship

2

is the fast repair approximation in this case.

The considered in Sects. 3.5—3.7 method of integral equations, which is applied
to deriving the survival probability for different shock models is an effective tool
for obtaining probabilities of interest in situations where the object under con-
sideration has renewal points. As the considered process of shocks is the homo-
geneous Poisson process, each shock (under some additional assumptions)
constitutes these renewal points. When a shock process is the NHPP, there are no
renewal points, but the integral equations usually can also be derived. For the
illustration, consider the corresponding generalization of Eq. (3.20). Denote by
P(t — x,x) the survival probability in [x,7), x <t for the ‘remaining shock pro-
cess’ that has started at = 0 and was not terminated by the first shock at time x.
Note that this probability depends now not only on x — ¢ as in the homogeneous
case, but on x as well. Equation (3.20) is modified now to

X

P(t) = expd — / Aw)du b + / 2(x)expd — / 2(u)du SqP(t — x, x)dx.
0 0

0

It can be seen by substitution that

t
P(t — x,x) = exp —p/i(u)du , 0< x,t

is the solution to this equation.

One can formally derive integral equations for other models (with the NHPP
process of shocks) considered in this section, however, the corresponding solutions
can be obtained only numerically, as the explicit inversions of the Laplace
transforms are not possible in these cases.

The method of integral equations can be also obviously applied to the renewal
process of shocks, as in this case we also have ‘pure renewal points’. For instance,
the simplest Eq. (3.20) turns into
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1

P = (1= FO) + [ £x)aP(e - o,

0

where F(z) and f(r) are the Cdf and the pdf of the inter-arrival times, respectively.
Applying the Laplace transform gives

= 1—f(s)
Pls)=— 1
) s(1 —qf (s))

which is a formal solution to our problem in terms of the Laplace transforms. Note
that it can be usually inverted only numerically.

3.8 Spatial Extreme Shock Model

In this section, we consider a two-dimensional model of spatial survival [10, 12]. It
is a meaningful generalization of the univariate extreme shock model to the case of
the spatial Poisson process of shocks. The random obstacles along the route of a
moving object will play the role of these shocks. Although the initial setting is
bivariate, the constructed failure rate is an univariate function and, therefore, our
previous one-dimensional results can be used.

The setting of the problem is as follows: a sufficiently small normally or tan-
gentially oriented interval is moving along a fixed route in the plane, crossing
points of the spatial Poisson random process. Each crossing leads to a termination
of the process (failure, accident) with a predetermined probability. As previously,
the probability of passing the route without termination is of interest. An imme-
diate application of the method to be considered is the safety at sea assessment.
Our approach takes into account the fixed obstacles (e.g., shallows), which can
lead to foundering and the moving obstacles (e.g., other ships), which can lead to
collisions. The latter setting is not considered in this section and can be found in
Finkelstein [12].

The field of fixed obstacles is considered to be random. In this application, there
are two types of fixed obstacles: obstacles with known coordinates, marked in the
corresponding navigational sea charts (and, therefore, not random), and obstacles
with unknown coordinates, which following the subjective approach can be con-
sidered random. It turns out that, owing to the accuracy of navigation and motion
control systems of a ship, weather influences, currents, etc., the obstacles with the
known coordinates can also be modeled as random points in the plane. The
‘geometric densities’ of these obstacles, which can be obtained from the naviga-
tional charts, define the rates of the corresponding planar point processes to be
used in the model [12].

The values of probabilities of accidents in “safety at sea” analysis are usually in
the range 10~ to 107°. Such estimates are often meaningless since there are not
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enough data to justify them. Therefore, simple relations for comparison of these
probabilities can be very helpful in practice.

The developed approach can also be used for obtaining solutions that are
optimal, for example, for finding a route with maximal probabilities of safe per-
formance with or without specific restrictions (time on the route, fuel consumption,
etc.). In what follows we consider the two-dimensional setting, but the general-
ization to n = 3 is straightforward and can be applied to assessing air traffic safety.

Denote by {N(B)} an orderly point process in the plane, where N(B) is a
number of points in some domain B C $2. We shall consider points of the process
as prospective point influences (shocks) on our system (shallows for a ship, for
instance). Similar to (2.12), the rate of this process A(¢) can be formally defined as

o EIVG(Q))]
s(6(6)—0  S(6(&))

where B = d(¢) is the neighborhood of ¢ with the area S(6(¢)) and the diameter
tending to zero. The subscript f stands for “fixed” obstacles.

i(E) = , (3.41)

Definition 3.3 The spatial nonhomogeneous Poisson process is defined similar to
the one-dimensional case by the following relations [7]:

P(N(6(¢)) = 1|Hyg)) = A(£)S(5(&)) + o(S(5(¢))),
P(N(8(8)) > 1|Hy)) = o(S((¢))),

where Hs ¢ denotes the configuration of all points outside 6(¢).

It can be shown for an arbitrary B that N(B) has a Poisson distribution with
mean

[ intcrae

B

and that the numbers of points in nonoverlapping domains are mutually inde-
pendent random variables [7].

Our goal is to obtain a generalization of Eq. (3.18) to the bivariate case. The
main feature of this generalization is a suitable parameterization allowing us to
reduce the problem to the one-dimensional case [12]. Assume for simplicity that
J¢(&) is a continuous function of ¢ in an arbitrary closed circle in %. Let R;, ¢, be
a fixed continuous curve connecting two distinct points in the plane, &; and &,. We
will call Rg ¢, a route. A point (a ship in our application) is moving in one
direction along the route. Every time it ‘crosses the point’ of the process {N(B)}
(see later the corresponding regularization), an accident (failure) can happen with a
given probability. We are interested in assessing the probability of moving along
R¢, ¢, without accidents. Let r be the distance from ¢; to the current point of the
route (coordinate) and As(r) denote the corresponding rate. Thus, the one-
dimensional parameterization is considered. For defining the corresponding
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Poisson measure, the dimensions of objects under consideration should be taken
into account.

Let (y,(r),7,(r)) be a small interval of length 7,(r) =, (r) +7,(r) in a
normal direction to R¢, ¢, at the point with the coordinate », where the upper index
denotes the corresponding direction (y;" (r) is on one side of R, ¢,, whereas y;, (r)
is on the other). Let R = |R; ¢, | be the length of R, ¢, and assume that the interval
is small compared with the length of the route, i.e.,

R> >y,(r),Vr€|[0,R].

The interval (,(r), 7, (r)) is moving along R¢, ¢,, crossing points of a random
field. For “safety at sea” applications, it is reasonable to assume the symmetrical
(,7(r) = v, (r)) structure of the interval with length y,(r) = 25, + 23, (r), where
205, 20,(r) are the diameters of the ship and of an obstacle, respectively. For
simplicity, we assume that all obstacles have the same diameter. Thus, the ship’s
dimensions are already ‘included’ in the length of our equivalent interval. There
can be other models as well, e.g., the diameter of an obstacle can be considered a
random variable.

Taking Eq. (3.41) into account, the equivalent rate of occurrence of points,
Jef(r) is defined as

(3.42)

where N(B(r,Ar,7,(r)) is the random number of points crossed by the interval
7,(r) when moving from r to r + Ar. Thus, the specific domain in this case is
defined as an area covered by the interval moving from r to r + Ar.

When Ar — 0, 7,(r) — 0, and taking into account that 4;(&) is a continuous
function [12],

EIN(B(r, Ar.7,(r))] = / 24(2)ds(5(2))
B(r,Ary,(r))

= 7a(r)2¢(r)dr{l +o(1)],

which leads to the relationship for the equivalent rate of the corresponding one-
dimensional nonhomogeneous Poisson process, i.e.,

Aef(r) = 1a(r)s (NI + o)), Ar—0, 3,(r) = 0.

As the radius of curvature of the route R..(r) is sufficiently large compared with
7,(r), ie.,

7a(r) < Re(r)

the domain covered by the interval (,(r),7, (r)) when it moves from r to r + Ar
along the route, is asymptotically (A r — 0) rectangular with area y,(r)A r. Hence,
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the performed r -parameterization along the fixed route reduces the problem to the
one-dimensional setting.

Assume now, as in the previous sections of this chapter, that the crossing of a
point with a coordinate r leads to an accident (termination) with probability p(r)
and to the survival with the complementary probability g;(r) = 1 — p;(r). Denote
by R the random distance from the initial point of the route &; to a point of the
route where an accident has occurred. Similar to (3.18), the probability of passing
the route R¢, ¢, without accidents can be derived in the following way:

P(R>R) =expg — [ Jqp(r)drp, (3.43)
/
where
Aaf(r) = Op(r) des(r) (3.44)

is the corresponding failure (accident) rate. As previously, Eq. (3.43) and (3.44)
constitute a simple and convenient tool for obtaining probabilities of safe (reliable)
performance of our object. Thus, the univariate extreme shock model can be
effectively applied to this initially two-dimensional setting.

3.9 Shock-Based Theory of Biological Aging

As a remarkable application to health sciences, we will show how the extreme
shock model ‘works’ for obtaining the law of mortality of human populations. For
this reason, we discuss and generalize the famous result by Strehler and Mildvan
[29]. Our reasoning will mostly follow Finkelstein [15]. In this section, in
accordance with the demographic and actuarial terminology, we will use the term
“the force of mortality” (mortality rate) instead of the failure rate.

The Strehler—Mildvan [29] model suggests the justification of an exponential
increase in the force of mortality u(f), and describes some formal properties of the
Gompertz mortality curve [17]:

u(t) = ae®. (3.45)

The conventional generalization is the Gompertz—Makeham model, which adds
a constant term ¢ to the right-hand side of (3.45) in order to account for the
‘background’ mortality. In the current section, as in the original publication, we
will assume that this term is negligible. Equation (3.45) usually provides a satis-
factory fit to human mortality data for ages since maturity to the upper limit of
around 90-100 years.

The goal of this section is to discuss the underlying assumptions of the Strehler—
Mildvan (SM) shock model and the SM-correlation, which defines a negative
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correlation between parameters a and b. For several decades, the SM-correlation
was believed to be a universal demographic law valid both for period and cohort
mortality data [32].

The SM-model relies on the notion of vitality, i.e., an organism is characterized
by its vitality function V(z), V(0) = V,, which decreases with age 7. In the rest of
this book, we will come back several times to the notion of vitality or its equiv-
alents and will suggest a more mathematically advanced modeling of the vitality-
related problems. Specifically, several strength—stress models will be considered
when the failure (death) occurs if the magnitude of the stress (shock) exceeds the
value of the strength (vitality).

According to Strehler and Mildvan [29], an organism is subject to stresses of
internal or external nature that cause demands for energy. Those are shocks in our
terminology. Let (7}, Y;),i = 1,2,... be the sequence of pairs of i.i.d. random
variables (therefore, the notation will be (T, Y)), characterizing the times at which
stress events (demands for energy) occur, and the value of the demand for energy
that is needed to recover from these stresses, respectively. Let K(z) be the rate of
the corresponding counting process describing arrival times of stress events. The
following assumptions were made in the original paper:

Assumption 1 Y; are exponentially distributed:
P(Y >y)=e7, (3.46)

where, D is the mean value of this demand.

Assumption 2 An organism is characterized by its vitality function V(z), V(0) =
Vo which decreases with age ¢. Yashin et al. [33], as in the original paper, called
this function the maximum capacity of energy supply for an organism at age t. It
can be also obviously interpreted as the stress resistance of an organism. Death
occurs at age t when, for the first time, ¥ > V/(#). We discuss this assumption in
conjunction with the last one.

Assumption 3 The rate K(r) = K is a constant and the force of mortality is
defined as [compare with Eq. (3.18)]

v

u(t) = KP(Y > V(1)) = Ke 7. (3.47)

Equation (3.47) is called “a postulate” in Strehler and Mildvan [29]. However,
it follows from the theory of point processes that (3.47) (see Chap. 2 and Sect. 3.4)
is true only when the underlying point process {7;};- ; is the homogeneous
Poisson process and, therefore, that the inter-arrival times of events (stresses) are
exponentially distributed. This is a rather stringent condition, which was not
pointed out in the original and subsequent papers discussing the SM-model. It
should also be noted that, while (3.47), similar to (3.18), can be generalized to the
case of the nonhomogeneous Poisson process with the age-dependent rate K(z),
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the Poisson property of the underlying process is crucial for the product in the
right-hand side of (3.47).

The following remark should be also made: as the force of mortality is a
population characteristic, the vitality V(¢) should also be understood in this sense.
However, it is obviously introduced by Assumption 1 as an individual (stochastic)
characteristic. Therefore, we cannot simply substitute it with the corresponding
expectation, as the exponential function is not linear:

Ele™ %] # ¢ 0.

Thus, while there are a few important deficiencies in the original formulation of
the model, it formally leads to the justified in practice properties of mortality rates.

Now we are ready to equate (3.45) and (3.47). As in the original paper, we will
show using elementary derivations that V(t) is linearly declining with age. It
should be noted that this ‘shape’ is in consensus with the current understanding of
the decline in the essential biological markers and the corresponding data, at least,
for the human middle-age span [16]. Thus

V()

u(t) = ae” = Ke™ (3.48)
and taking logarithms of both sides (V(0) = V;):
V(t) = Vo(1 — (b/Vo)t) = Vo(1 — Bt), (3.49)

where formally, B = b/ In(K/a) = Db/V,, and this quantity is usually called the
individual rate of aging (in contrast with the population rate of aging b). Substi-
tuting (3.49) into (3.48):

Vo(1-Br) Vo VoBt

w(t) =ae” =Ke "5 =Ke Den (3.50)

and thus

a=Ke P, b=VyB/D. (3.51)

Comparing two equations for the force of mortality, we see the dependence
between a and b (negative correlation): the larger a results in the smaller . From
(3.51), this dependence can be written as

1
lnazan—Eb, (3.52)

which is known in the literature as SM-correlation. This correlation has been
observed empirically in various human populations. It follows from (3.52) that

Inpu(t) =Ina+ bt =In K+ b(t — 1/B)), (3.53)

meaning that the logarithms of mortality rates for different populations (e.g., with
different @) intersect in one point with coordinates (InK, 1/B). This has been
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experimentally observed and reported in the literature, although some criticism
and violations of this rule were also discussed (see e.g., [32, 33]).

At first sight, it seems intriguing that the SM-correlation, which is derived using
some general, partially unjustified assumptions, complies with the real mortality
data. However, recently a certain departure from this pattern has been observed. A
possible explanation is in consideration of the vitality-independent approach. It is
based on the concept of lifesaving: i.e., that the environment not only supplies
additional energy under stress, but due to the crucial advances in healthcare in
recent decades, saves lives that previously would have been lost. The stochastic
‘lifesaving model’ (with a discussion of necessary assumptions) was developed in
Finkelstein [11, 12]. It should be noted that Vaupel and Yashin [31] assumed that
there can be a finite number of lifesavings, whereas we are dealing with a random
number of these events.

Consider a lifetime that is characterized by the force of mortality u(z) and the
corresponding Cdf F(¢). Assume that a stress event affecting an organism, which
occurs in accordance with this Cdf at age #; is fatal with probability p(#;) and is
‘cured’” with probability 1 — p(#;). The next stress occurs at age f, >#; in
accordance with the Cdf (F(¢+ ) — F(t))F(¢;) and it is fatal with probability
p(t,) and ‘is cured’ with probability 1 — p(t,), etc. It should be noted that the
decreasing in age vitality of an organism can be still part of this model, if we
assume that 1 — p(¢) is a decreasing function of age. In this case, 1 — p(¢) has a
meaning of probability that the magnitude of a stress is smaller then the value of
vitality at age t (probability of survival under a single shock). Therefore, in
accordance with the lifesaving model [11], the initial nonhomogeneous Poisson
process of stress events with rate u(z) is terminated (i.e., each event terminates the
process with probability p(7) and is ‘harmless’ with probability 1 — p(¢)) and the
Cdf of time to termination is characterized by the force of mortality p(¢)u(t). Thus,
we again arrive at our extreme shock model (3.18)!

In order to explain the departures from the Srtehler—-Mildvan correlation that
were observed in recent decades, assume now that probability p(¢) in the described
lifesaving model is not age-dependent any more, i.e., p(t) = p. Obviously, the state
of an organism (vitality) can ‘affect’ this probability, However, today it is mostly
defined by the new ‘technical’ abilities of treating, e.g., medical conditions that
could not be treated before or performing medical operations that were not pos-
sible before. Therefore, we can consider this probability as approximately con-
stant. Our assumption also means that the proportion of conditions that can be now
cured does not depend on age. Thus, the resulting force of mortality pu(t) follows
the proportional hazards (PH) model. In order to illustrate our further reasoning,
consider the following example. Let Eq. (3.45) define the baseline force of mor-
tality for a developed country at, e.g., chronological time x;, = 1950. Then it can
be modified for time x > x;, to

(1) = prae®™, (3.54)
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where T = x — x;, and p; is constant in age for the fixed 7. Thus, the environment,
due to lifesaving and in accordance with the extreme shock model, ‘decreases’
only parameter a without affecting the slope of the logarithmic mortality rate b.
This perfectly complies with the Gompertz shift model of Bongaarts and Feeney
[4] and with other experimental studies. It also can explain the change in the
rectangularization pattern (that is usually attributed to the Strehler—Mildvan cor-
relation) to shifts in the corresponding survival curves (which can be explained by
the PH model). The mortality data for developed countries in recent decades
support these claims. It should be noted that the assumption of the underlying
Gompertz law is essential for the described change in the pattern, which can be
easily seen from Eq (3.54), as p, = e!"P* (Inp, <0) creates shifts in age for the
baseline mortality rate. It is also worth mentioning that, although the method of
constructing the resulting force of mortality in the SM model, which is captured by
Eq (3.47), formally resembles our lifesaving approach, the difference lies in the
fact that the corresponding probabilities are ‘applied’ to each stress event (with a
constant rate) in the former case and to events occurring in accordance with the
nonhomogeneous Poisson process with rate u(t), in the latter case.
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Chapter 4

Advanced Theory for Poisson
Shock Models

In this chapter, we extend and generalize approaches and results of the previous
chapter to various reliability-related settings of a more complex nature. We relax
some assumptions of the traditional models except the one that defines the under-
lying shock process as the nonhomogeneous Poisson process (NHPP). Only in the
last section, we suggest an alternative to the Poisson process to be called the
geometric point process. It is remarkable that although the members of the class of
geometric processes do not possess the property of independent increments, some
shock models can be effectively described without specifying the corresponding
dependence structure. Most of the contents of this chapter is based on our recent work
[5-11] and covers various settings that, we believe, are meaningful both from the
theoretical and the practical points of view. The chapter is rather technical in nature,
however, general descriptions of results are reasonably simple and illustrated by
meaningful examples. As the assumption of the NHPP of shocks is adopted, many of
the proofs follow the same pattern by using the time-transformation of the NHPP to
the HPP (see the derivation of Eq. (2.31)). This technique will be used often in this
chapter. Sometimes the corresponding derivations will be reasonably abridged,
whereas other proofs will be presented at full length.

Recall that in extreme shock models, only an impact of the current, possibly
fatal shock is usually taken into account, whereas in cumulative shock models, the
impacts of the preceding shocks are accumulated as well. In this chapter, we
combine extreme shock models with specific cuamulative shock models and derive
probabilities of interest, e.g., the probability that the process will not be terminated
during a ‘mission time’. We also consider some meaningful interpretations and
examples. We depart from the assumption that the probability of termination does
not depend on the history of the process and this makes the modeling more
complex on the one hand, but more adequate on the other hand.
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4.1 The Terminating Shock Process with Independent
Wear Increments

4.1.1 General Setting

Consider a system subject to a NHPP of shocks with rate v(z). Let it be ‘absolutely
reliable’ in the absence of shocks. As in Chap. 3, assume that each shock
(regardless of its number) results in the system’s failure (and, therefore, in the
termination of the corresponding Poisson shock process) with probability p(¢) and
is harmless to the system with probability ¢(f) = 1 — p(¢). Denote the corre-
sponding time to failure of a system by Ts. Then Eq. (3.18) can be written now as

t

P(Ts > t) = Fg(t) = exp f/p(u)v(u) du |, (4.1)
0

whereas the corresponding failure rate is

As(t) = p(1)v(1).

The formal proof of (4.1) can be found in Beichelt and Fisher [3] and Block
et al. [4]. A ‘non-technical proof’, based on the notion of the conditional intensity
function (CIF) (see [15]) is given e.g., in Nachlas [25] and Finkelstein [17]. Thus,
(4.1) describes an extreme shock model, as only the impact of the current, possibly
fatal shock is taken into account. For convenience, we shall often call the
described model the p(f) < ¢(r) model.

It is clear that the extreme shock model can be easily modified to the case when
a system can also fail from causes other than shocks. Denote the corresponding
Cdf in the absence of shocks by F(r) and assume that the process of failure from
other causes and the shock process are independent. It follows from the competing
risks considerations that

t

P(Ts >1t)=F(t)exp| — /p(u)v(u) du |. (4.2)
0

A crucial assumption for obtaining Egs. (4.1) and (4.2) is the assumption that
with probability ¢(#) =1 — p(t), a shock does not result in any changes in a
system. However, in practice, shocks can also increase deterioration, wear, etc.
The effect of different shocks is also usually accumulated in some way. Therefore,
we start with the following setting [5]:

Let the lifetime of a system in a baseline environment (without shocks) be
denoted by R. Thus, P(R < t) = F(t). We interpret here R as some initial, random
resource, which is ‘consumed’ by a system (with rate 1) in the process of its oper-
ation. Therefore, the age of our system in this case is equal to a calendar time ¢, and a
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failure occurs when this age reaches R. It is clear that when the remaining resource
decreases with time, our system can be considered as aging (deteriorating).

Let {N(t), t > 0} denote an orderly point process of shocks with arrival times
T;,i=1,2,... Denote also by Fs(t) the Cdf that describes the lifetime of our
system, Ts in the presence of shocks. Assume that the ith shock causes immediate
system’s failure with probability p(t), but in contrast to the extreme shock model,
with probability ¢(7), it now increases the age of a system by a random increment
W; > 0. In terms of repair actions, this repair is ‘worse than minimal’. In accor-
dance with this setting, a random age of a system at time ¢ (which is similar to the
‘virtual age’ of Finkelstein [16, 17]) is

where, formally, Wy = 0 corresponds to the case N(¢#) =0 when there are no
shocks in [0, 7]. Failure occurs when this random variable reaches the boundary R.
Therefore,

P(Tg > t|N(s) 0<s<t; Wi, Wa, ..., Wy(i; R)

—Hq I(T, <R)

:]ﬁ (ZW<R )

i=0

(4.3)

where ¢(Ty) = 1 describes the case when N(¢) = 0 and I(x) is the corresponding
indicator. This probability should be understood conditionally on realizations of
N(t), Wi,i=1,2,...,N(z) and R.

Relationship (4.3) is very general and it is impossible to ‘integrate out’
explicitly N(t), Wi, i=1,2,...,N(t) and R without substantial simplifying
assumptions. Therefore, after the forthcoming comment we will consider two
important specific cases [5].

The described model can be equivalently formulated in the following way. Let
F(¢) be the distribution of a lifetime of the wearing item in a baseline environment.
Failure occurs when this wear, which in the standardized form is equal to ¢, reaches
the resource (boundary) R. Denote the random wear in a more severe environment

by W;, t > 0. Specifically, for our shock model, W; = ¢ + ZNU W;, where W, i =

1, 2,..., N(t), are the random increments of wear due to shocks and W, = 0 [18].
For convenience, in what follows we will use this wear-based interpretation.
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4.1.2 Exponentially Distributed Boundary

In addition to the previous assumptions, we need the following:
Assumption 1. N(t), t > 0, is the NHPP with rate v(r).
Assumption 2. W; i = 1,2,..., are i.i.d. random variables characterized by the
moment generating function My () and the Cdf G(z).
Assumption 3. N(t), t > 0; W;, i = 1, 2,... and R are independent of each other.
Assumption 4. R is exponentially distributed with the failure rate 4, i.e.,

F(t) = exp{—it}.
The following result gives the survival function and the failure rate function for
Ts [5].

Theorem 4.1 Let m(t) = = [y o V(x)dx. Suppose that Assumptions 1-4

hold and that the inverse functton m l(t) exists for t > 0. Then the survival
function for Ts and the corresponding failure rate )s(t) are given by

t t

P(Ts > t) = expg —At — /v(x)dx—i—MW(—/l) . /q(x)v(x)dx ,1>0,
0 0

and
As(t) = A+ (1 = Mw(=2) - q(1)) v(1), (4.4)
respectively.

Proof Given the assumptions, we can directly ‘integrate out’ the variable R and
define the corresponding probability as

P(Ts > t|N(s), 0<s<t, Wy, Wa,---, Wy(y)

N(r)
N(I) Z+Zl 0 Wi
= (Hq(T,)) - expq — / Adu
i=0 0

N(z) N(z)
= exp{—/lt - ﬂvz Wi + Zlnq(Ti)}.

i=1 i=1

Thus
P(Ts > t|N(s), 0<s<1)

N(1) N(@D)
= exp{—At}- exp{z In q(T,-)} -E lexp{— Z AW,}]

i=1 i=1

N(z)

= exp{—At} ~exp{z Ing(T;) + In (My (— X))]} (4.5)

i=1
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We use now the same reasoning as when deriving Eq. (2.31). Therefore, some
evident intermediate transformations are omitted. More details can be found in
the original publication [5]. A similar approach is applied to our presentation in the
rest of this chapter.

Define N*(1) = N(m~'(1)), t > 0,and T} = m(T;), j > 1.Itis well-known that
{N*(t), t > t} is a stationary Poisson process with intensity one (see, e.g., [14])
and T7, j> 1, are the times of occurrence of shocks in the new time scale. Let
s = m(t). Then

N(t)
exp{z (Ing(T;) + In(Mw (=4))] H

E

i=1

(4.6)

=FE|E

N*(s)
exp{ > [ing(m™'(17)) + ln(MW()L))}} |N*(s)H :
i=1

The joint distribution of (Tl*, T;, ... T;‘) given N*(s) = n is the same as the
joint distribution of (V(1), V(a), - .., Vi), Where V(1) < V(5 <...< V|, are the
order statistics of i.i.d. random variables Vi, V5, ..., V,, which are uniformly dis-
tributed in the interval [0, s] = [0, m(¢)]. Then

E

i=1

N*(s)
exp{z (lnq(m’l(Tl.*)) + ln(MW(—}v)))} [N*(s) = n]

=F
i=1

exp{zn: (Ing(m™" (V(y)) + In(Myw(=2))) H (4.7)

=F

exp{fj (Ing(m™" (Vi) + In(Mw(~12))) H

i=1
n

= (E[exp{lnq(m’l(sU)) +1n(Mw(7/l))}] ) ,

where U =V, /s = V| /m(t) is a random variable uniformly distributed in the unit
interval [0,1]. Therefore,

E[exp{lnq(m’l(sU)) +1In (MW(—/I))}]
1

= /exp{lnq(m*l(m(t)u)) +In (My(—24))} du
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From Egs. (4.5)—(4.8),

P(Ts > t) = exp{—At} - Z /q x)dx S—n'e"‘.

=exp{—At} - e’ -exp{ My(—41) -ﬁt)/q(x)v(x)dx
0

t t

= exp —it—/v(x)dx+Mw(—},)-/q(x)v(x)dx

0

Therefore, the failure rate of the system, Ag(t), is given by

Is(t) = A4 (1 = My(=2) - q(0))(0). =

The following corollary defines the failure rate that describes 75 when W;’s are
distributed exponentially with mean .

Corollary 4.1 If the W;’s are distributed exponentially with mean p then the
failure rate As(t) is given by

Js(t) = A+ (1 - ﬂ) v(t). (4.9)

A+ 1

We present now a qualitative analysis of the obtained result. Eq. (4.4) suggests
that the failure rate Zs(f) can be interpreted as a failure rate of a series system with
dependent (via R) components. When u — oo, from Egq. (4.9), we obtain
As(t) — A4 v(¢), which means that a failure occurs either in accordance with the
baseline F(r) or as a result of the first shock (competing risks). Note that, in
accordance with the properties of Poisson processes, the rate v(¢) is equal to the
failure rate, which corresponds to the time to the first shock. Therefore, the two
‘components’ of the described series system are asymptotically independent as
U — o0.

When u =0, which means that W;=0,i>1, Eq.(4.9) becomes
2s(t) = 2+ p(2)v(¢). Therefore, this specific case describes the series system with
two independent components. The first component has the failure rate 4 and the
second component has the failure rate p(t) v(¢).

Let g(t) = 1 (there are no ‘killing’ shocks) and let W; be deterministic and
equal to p. Then My (—4) = exp{—pA} and Eq. (4.4) becomes

As(t) = 24 (1 — exp{—ud})v(z).

Assume for simplicity of notation that there is no baseline wear and all wear
increments come from shocks. Then from Theoreml



4.1 The Terminating Shock Process with Independent Wear Increments 85

t t

P(Ts > t) = exp —/v(x) dx + My (—=4) - /q(x)v(x)dx
0 0

The form of this equation suggests the following probabilistic interpretation [6].
A system can fail from (i) the critical shock or (ii) the accumulated wear caused by
the shocks. Suppose that the system has survived until time z. Then, as the dis-
tribution of the random boundary R is exponential, the accumulated wear until

time ¢, va:(% W;, does not affect the failure process of the component after time ¢.
That is, on the next shock, the probability of the system’s failure due to the
accumulated wear given that a critical shock has not occurred, is just
P(R< Wy +1). This probability does not depend on the wear accumulation
history, that is,

P(RZW1—|-W2+...—|—W,,|R>W1+W2+...—|—Wn_1)
:P(R>Wn), Vn:l,Z,...,Wl,Wz,...,

where W) + W, + ... 4+ W, _ | = 0 when n = 1. Finally, each shock results in the
immediate failure with probability p(r) + ¢(t) P(R < W;); otherwise, the system
survives with probability ¢(#) P(R > W;). Although we have two (independent)
causes of failure in this case, the second cause also does not depend on the history
of the process and, therefore, our initial p(¢) < ¢(¢) model can be applied after an
obvious modification. In accordance with (4.1), the corresponding failure rate can
then be immediately obtained as

As(t) = (p(2) + q(1) P(R < W) v(1)
= (1—q(t) P(R > Wy))v(t
= (1= q(t) Mw (=2))v(2).

The validity of the above reasoning and interpretation can be verified by
comparing this failure rate function with that directly derived in (4.4) (4 = 0).

It is clear that this reasoning can be applied due to the specific, exponential
distribution of the boundary R, which implies the Markov property for the wear
‘accumulation’. In the next section, the case of a deterministic boundary will be
considered and, obviously, the foregoing interpretation ‘does not work” for this case.

4.1.3 Deterministic Boundary

Let R = b be the deterministic boundary. Let other assumptions of Sect. 4.3.1
hold. We consider the case when ¢ < b, which means that a failure cannot occur
without shocks. The following result gives the survival function for Ty.
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Theorem 4.2 Suppose that Assumptions -3 of Sect. 4.3.1 hold and that the
inverse function m~'(t) exists for t > 0. Furthermore, let the W;’s be i.i.d. expo-
nential with mean 1/v. Then the survival function for Ts is given by

o0 o0 b—

P(Ts > 1) = Z Z

=0 =n

eXp{ n(b —f)}>
. . (4.10)
’",Et,) exp{—m(1)}, 0 < 1 <b.

Proof Similar to the previous subsection,

P(Ts > t|N(s), 0<s<t, Wi, Wa,...,Wy)
N(1) N(1)
( q(T, )-I(z—i—ZWigb).
i=1 i=1
P(Ts>1t/N(s), 0<s<1t)
N(1) N(z)
i=1 i=1
N(1)
<H q<m> GO (b 1),
i=1

where G (¢) is the n-fold convolution of G(z) with itself.
As a special case, when the W;’s are i.i.d. exponential with mean 1/7,

Thus, we have

N(t)

P(Ts > 1|N(s), 0 <5 < 1) = (qu)) PN()),

i=1

where
wv = > M ep(oyo ),
Ny
and
N(1)
P(Ty> 1) = E q(T,>> ~\P<N<r>>]
=F|E
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where

N(r)
o £ | (LTacma Jvo o).

i=

Using the same notation and properties as those of the previous subsection, we
have

E (ﬁqm)) |N<r>=n] = [E(q(m™" (s0)))]"
and
Elg(n™ (60))) = s / gLv(x) dr.
Therefore, O

Finally, we obtain a rather cumbersome Eq. (4.10).
O

It can be easily shown that the survival function in (4.10) can be written in the
following compact form [6]:

t

P(Ts; > t) = exp —/p(x) v(x) dx ~§:P(Zl >n) - P(Z,=n), (4.11)
0 n=0

where Z; and Z, are two Poisson random variables with parameters n(b — t) and
f(; q(x) v(x) dx, respectively. The following presents a qualitative analysis for two
marginal cases of Eq. (4.11) for each fixed t < b.

When 5 = 1/ — oo, which means that the mean of increments W; tends to 0,
Eq. (4.11) ‘reduces’ to (4.1). Indeed, as n — oo,

Y P(Zy > n)P(Z =n) — iP(Zz =n) =1,
=0

n n=0
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because P(Z; > n) — 1 for Vn > 1 and P(Z; > 0) = 1. From ‘physical consid-
erations’, it is also clear that as increments vanish, their impact on the model also
vanishes.

When n — 0, the mean of the increments tends to infinity and, therefore, the
first shock will kill the system with probability tending to one as 5 — 0. The
infinite sum in the right-hand side in the following equation vanishes in this case:

as P(Zy > 0) =1 and P(Z; > n) — 0 for Vn > 1 when # — 0. Therefore, finally

t

P(Ts > t) — exp —/p(x)v(x)dx exp —/q(x)v(x)dx
0 0

—expd - [ vax b,

0

which is the probability that no shocks have occurred in [0, 7]. This is what we also
expect from general considerations for # — 0, as the system can survive for r < b
only without shocks.

4.2 History-Dependent Termination Probability

Consider first, the orderly point process with the conditional (complete) intensity
function (CIF) v(z|H(z)) [2, 15], where H(t) is the history of the process up to ¢.
This notion is similar to the intensity process defined in (2.12). Whereas the
intensity process is considered as a stochastic process defined by filtration H,_, the
CIF is usually a realization of this process defined by the realization of filtration
H(r). We will use these terms in our book interchangeably. Accordingly, let the
probability of termination under a single shock be adjusted in a similar way and,
therefore, also depend on this history, i.e., p(¢|H(t)). Denote, as previously, by T
the corresponding lifetime. It is clear that in accordance with our assumptions, the
conditional probability of termination in the infinitesimal interval of time can be
written in the following simplified form [17]:

PlTs € [t,t+dt)|Ts > ¢, H(t)] = p(e|H(¢)) v(t|H(¢)) dz.

The only way for p(z|H(t)) v(¢t|H(¢)) to become a ‘full-fledged’ failure rate that
corresponds to the lifetime Ts is when there is no dependence on H(t) for both
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multipliers in the right-hand side. It is obvious that elimination of this dependence
for the second multiplier uniquely leads to the NHPP. In what follows, we will
consider this case. However, specific types of dependence on history in the first
multiplier will be retained and this will give rise to the new classes of extreme
shock models.

Model A. We will consider the NHPP of shocks with rate v(¢) and with the
history-dependent termination probability

pIH(1) = p(IN(s), 0 < s <1).

Let this be the simplest history case, i.e., the number of shocks, N(¢) that our
system has experienced in [0, 7). This seems to be a reasonable assumption, as
each shock can contribute to ‘weakening’ of the system by increasing the prob-
ability p(¢t|H (7)) = p(¢t, N(t)) and, therefore, the function p(¢, N(¢)) is usually
increasing in n(t) (for each realization, N(¢) = n(¢)). To obtain the following
result, we must assume the specific form of this function. It is more convenient to
consider the corresponding probability of survival. Let

q(t, n(t)) = 1 = p(t, n(1)) = q(7) p(n(7)), (4.12)

where p(n(t)) is a decreasing function of its argument (for each fixed 7). Thus the
survival probability at each shock decreases as the number of survived shocks in
[0, t) increases. The multiplicative form of (4.12) will be important for us as it will
be ‘responsible’ for the vital independence to be discussed later.

The survival function of the system’s lifetime Ty is given by the following
theorem.

Theorem 4.3 Lerm(t) = E(N(t)) = f(; v(x)dxand ¥ (n) = [17_, p(i) (p(0) = D).
Suppose that the inverse function m~'(t) exists for t > 0. Then

t

P(Ts > t) = E[¥(Ng(1))] - expq — /p(x) v(x)dx 3, (4.13)
0

where {N,,(t), t > 0} follows the NHPP with rate q(t)v(t).
Proof Obviously, conditioning on the process (in each realization) gives

N()

P(Ts21IN(s), 0 < s < 1) = [ [ a(T)p(0),
i=0

where formally ¢(7p) = 1 and p(0) = 1 corresponds to the case when N(7) = 0.
Also, by convention, [[/_, (-); = 1forn = 0. Then the corresponding expectation is

P(Ts > 1) =E
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As previously, define the stationary Poisson process with rate 1: N*(t) = N(m™!

(1)), t >0, and T; = m(T;), j > 1 are the times of occurrence of shocks in the
new time scale. Let s = m(t). Then

N() N*(s) )

E|[[aT)p@i)| =E|E| ] a(m " (T7)) p()IN*(s)]| |-
i=1 i=1
The joint distribution of (Tl* Iy, L T ) given N*(s) = n is the same as the

joint distribution of (V(l), V(z), ceey V(n)), where V(l) < V(z) < - < V(,,) are
the order statistics of i.i.d. random variables Vi, V5, ..., V,, which are uniformly

distributed in the interval [0, s] = [0, m(z)]. Thus omitting derivations that are
similar, to those in the proofs of Theorems 4.1 and 4.2 (see [6] for more details):

N (s)
E|T] atn (1)) oo ] TTot) (Elator (0]

i=1 i=1

where U = V; /s = Vi /m(t) is a random variable uniformly distributed in the unit
interval [0,1]. Therefore,
1

E[g(m ' (sU))] :/q(m_l(su)) du = /q(m_'(m(t)u)) du
0

[=)

— i‘{’(n) (%/q(x)v(x) dx) .%eﬂn(z)
0
= exp{—/P(X)V(x)dx} -iw(n) -M.
0
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where {N,, (), t >0} follows the NHPP with rate ¢()v(t).

Example 4.1 Let p(i) =p'~ ', i=1,2,.... Then ¥(n) = p"" = 1/? and

P(Tyz0) =3 0 Mp{— / q(x)v(x)dx} -exp{— / p(x)v(x)dx}

n=0 0 0

5 o (a0 exp{_ I dx}.
n=0 :

0

(4.14)

The following discussion will help us in the further presentation of our time-
dependent results. Let {N(#), ¢ >0} be the NHPP with rate v(z). If an event occurs
at time 7, it is classified as a Type I event with probability p(¢) and as a Type II
event with the complementary probability 1 — p(¢), as in our initial p(r) < ¢(1)
model. Then {N;(¢), t>0} and {N,(¢), >0} are the independent NHPP with
rates p(¢) v(¢) and ¢q(¢) v(z), respectively, and N(z) = N;(t) + N,(¢). Accordingly,
e.g., given that there have been no Type I events in [0, ), the process {N(z), t > 0}
reduces to {N,(t), t >0}, as in our specific case when a Type I event (fatal shock)
leads to the termination of the process (failure). Therefore, in order to describe the
lifetime to termination, it is obviously sufficient to consider {N,(#), t >0}, and not
the original {N(z), t > 0}.

We will use a similar reasoning for a more general p(t|H (1)) < q(t|H (1))
model considered above, although interpretation of the types of events will be
slightly different in this case. In the following, in accordance with our previous
notation, N>(f) = N, (f) and the arrival times of this process are denoted by
Tigns Tigus -

The multiplicative form of the specific result in (4.13) indicates that it might be
also obtained and interpreted via the following general reasoning, which can be
useful for probabilistic analysis of various extensions of standard extreme shock
models. Considering the classical p(f) < ¢(t) extreme shock model, assume that
there can be other additional causes of termination dependent either directly on a
history of the point process (as in Model A) or on some other variables, as for the
marked point process, when each event is ‘characterized’ by some variable (e.g.,
damage or wear). Just for the sake of definiteness of presentation, let us call this
‘initial” cause of failure, which corresponds to the p(r) < ¢(t)model, the main or
the critical cause of failure (termination) and the shock that leads to this event—
the critical shock (Type I event). However, distinct from the p(¢) < ¢(r) model,
the Type II events, which follow the Poisson process with rate ¢() v(), can now
also result in failure.
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Let Ec(¢) denote the event that there were no critical shocks until time 7 in the
absence of other causes of failures. Then, obviously,
P(Ts > t, Ec(t)) _P(Ts > 1)

P(TsZt|EC(t)) = P(Ec(t)) - P(EC(I)) ’

and, thus,
P(Ts > t) = P(Ts > t|Ec(t)) P(Ec(1)),

where

P(Ec(r)) = P(N,(t) = 0) = exp{ — /p(x)v(x)dx ) (4.15)
0

Therefore, in accordance with our previous reasoning and notation, we can
describe P(Ts >t|Ec(t)) in terms of the process {Ny, (), t >0} (and not in terms
of the original process{N(z), t >0}) in the following general form to be specified
for the forthcoming model:

P(Ts 2 1|Ec(1)) = E(I(Y(Ng (1), ©) € S)|Ec(1)),

where () is the corresponding indicator, @ is a set of random variables that are
‘responsible’ for other causes of failure (see later), W(N,,(7), ©) is a real-valued
function of (N, (f), ®) which represents the state of the system at time ¢ (given
Ec(t) i.e., no critical shock has occurred), and S is a set of real values which
defines the survival of the system in terms of W(N,,(¢), ©). That is, if the critical
shock has not occurred, the system survives when W(N,, (1), ®) € S.

In order to apply effectively Model A, we have to reinterpret it as follows.
Suppose first, that the system is composed of two parts in series and that each
shock affects only one component. If it hits the first component (with probability
p(1)), it directly causes its (and the systems) failure (the critical shock). On the
other hand, if it hits the second component (with probability ¢(z)), then this
component fails with probability 1 — p(n(z)) and survives with probability p(n(z)).
This interpretation nicely conforms with the two independent causes of failure
model in (4.12). Note that, in fact, we are speaking about the conditional inde-
pendence of causes of failure (on condition that a shock from the Poisson process
with rate v(¢) has occurred).

Another (and probably more practical) interpretation is as follows. Assume that
there are some parts of a system (component 1) that are critical only to, e.g., the
shock’s level of severity, which is assumed to be random. This results in failure
with probability p(). On the other hand, the other parts (component 2) are critical
only to accumulation of damage (failure with probability 1 — p(n(¢))). Assuming
the series structure and the corresponding independence, we arrive at the survival
(on shock) probability (4.12).
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We can define now the function W(N,,(f), ©®) for Model A. Suppose that there
have been no critical shocks in [0, #) and let ¢, = 1 if the second component
survives the ith shock, and ¢, =0, i =1, 2, 3,...N(¢) otherwise. Then

Ngo(t

)
‘I’(qu(t), 0) = H Dis

i=1
and S = {1}. Therefore, as events Ec(r) and (N, (r), ®) € S are ‘related’ only

to the first and the second causes of failure, respectively, and these causes of failure
are independent, we have:

P(Ts > t|Ec(t))
=E(I(Y(Ny(1), ©) € S)|Ec(1))
=E(I(Y(Nu(1), ©) €5))

Combining this equation with (4.15), we arrive at the original result in (4.13).
Model B. Consider now another type of extreme shock model, which is, in fact, a
generalization of Model A. In model A, the second cause of failure (termination)
was due to the number of noncritical shocks, no matter what the severity of these
shocks was. Now, we will count only those shocks (to be called ‘dangerous’) with
severity larger than some level x. Assume that the second cause of failure
‘materializes’ only when the number of dangerous shocks exceeds some random
level M. That is, given M = m, in the absence of critical shocks, the system fails as
soon as it experiences the (m + 1)th dangerous shock.

Assume that the shock’s severity is a random variable with the Cdf G(¢), and the
survival function for M, P(M > 1), 1 =0, 1, 2, .., is also given. Suppose that there
have been no critical shocks until time 7 and let ¢; be the indicator random variable
(¢; = 1 if the ith shock is dangerous and ¢; = 0 otherwise). Then, as previously,

v(7)
‘-I’(N,,v(t), @) =I1M> Y <p,->,

=1

=

and S = {1}. Thus
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~

Thus, similar to the derivations of the previous section

P(Ts> fEc() = [imwzz) ‘ (’})G(xm(x)"”]
n=0 [ [=0

mq(t)n exp{_n’;nq(t)} ,

where m,(t) = |, é q(x)v(x) dx, and finally, we have

t
o0

P(Ts>1) = exp —/p(x)v(x)dx : Z

0 n=0

wexp{—my(1) }
n!

n

S PM>1)- (’;) G(x) G(r)"~ ’]

=0

my(1)

Note that, when the expression for P(Ts>t|Ec(z)) involves not only the
number of shocks N, (f) but also the filtration generated by (N, (s), 0 <s<1),
the computation becomes intensive and the results might not be useful in practice.
The corresponding example with numerical results can be found in [6].

4.3 Shot Noise Process for the Failure Rate
4.3.1 Shot Noise Process Without Critical Shocks

Assume that a system is subject to the NHPP of shocks {N(#), t >0} with rate v(z),
which is the only possible cause of its failure. The consequences of shocks are



4.3 Shot Noise Process for the Failure Rate 95

accumulated in accordance with the ‘standard’ shot noise process X(7), X(0) =0
(see e.g., [26], [27] and the previous chapter). Similar to (3.8), but in a slightly
different and more convenient for us here notation, define the level of the cumu-
lative stress (wear) at time ¢ as the following stochastic process:

N(1)
X(1) = Dl ~T)). (4.16)
j=1
where T, is the n-th arrival time in the shock process, D;, j = 1, 2, ... are the i.i.d.

magnitudes of shocks and A(t) is a non-negative, nonincreasing for ¢ >0, deter-
ministic function (h(r) =0 for #<0). The usual assumption for considering
asymptotic properties of X(¢) is that h(¢) vanishes as r — oo and its integral in
[0, co)is finite, however, we formally do not need this rather restrictive assump-
tion here. The shock process {N(r), >0} and the sequence {D, D, ...} are
supposed to be independent.

The cumulative stress eventually results in failures, which can be probabilis-
tically described in different ways. Denote by T, as previously, the failure time of
our system. Lemoine and Wenocur [23, 24], for example, modeled the distribution
of Ts by assuming that the corresponding intensity process is proportional to X(t)
(see (2.12) for a general definition). As we are dealing with the intensity process,
we will rather use the term “stress” instead of “wear”. Proportionality is a rea-
sonable assumption that describes the proportional dependence of the probability
of failure in the infinitesimal interval of time on the level of stress

N(z)
M =kX(t) = kY Dih(t — T)), (4.17)

j=1
where k > 0 is the constant of proportionality. Then
P(TS > t|N(S)7 OSSSIa D17 D2,' EE3) DN(Z))

V) 4.18
= exp —k/ZDjh(x—Tj)dx , (4.18)

o /=1
Therefore, it means that the intensity process (4.17) can be also considered as
the failure rate process [22]. Probability (4.18) should be understood conditionally
on the corresponding realizations of {N(s), 0<s<t} and Dy, D,..., Dy(.
Therefore, ‘integrating them out’,

t
P(Ts > t) = E |exp —k/X(u) du
0

Lemoine and Wenocur [24] had finally derived the following relationship for
the survival probability P(Ts > ?):
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t

P(Ts > t) = exp{—m(t)} exp /L(kH(u))v(t — u)du y, (4.19)
0

where m(t) = [(v(u)du, H(f) = [yh(u)du and L() is the operator of the
Laplace transform with respect to the distribution of the shock’s magnitude. In
what follows, we generalize the approach of these authors to the case when a
system can also fail due to a fatal shock with the magnitude exceeding the time-
dependent bound, which is more realistic in practice.

4.3.2 Shot Noise Process with Critical Shocks
and Deterioration

Model 1. In addition to the general assumptions of Lemoine and Wenocur [24]
stated in the previous subsection, let on each shock, depending on its magnitude
D;, j=1,2..., the following mutually exclusive events occur [11]:

(i) If D; > gy(T;), then the shock results in an immediate system’s failure

(ii) If D;<gc(T;), then the shock does not cause any change in the system
(harmless)

(iil) If g.(T;) <D; < gy(T;), then the shock increases the stress by D; h(0),

where gy (¢), g.(¢) are the decreasing, deterministic functions.

The functions of operating time, gy (), g.(¢) define the corresponding upper
and lower bounds. Because they are decreasing, this means that the probability that
the shock arriving at time ¢ results in the system’s failure is increasing in time,
whereas the probability that the shock is harmless is decreasing with time.
Therefore, obviously, a deterioration of our system is described in this way. The
function gy () can also be interpreted as the strength of our system with respect to
shocks, whereas the function g; (), can be interpreted as the ‘sensitivity’ to shocks.
At many instances, they can be defined from the general ‘physical considerations’
on the criterion of failure of a system. For instance, the minimum peak voltage that
can ruin a new electronic item is usually given in its specifications.

Define the following ‘membership function’:

{ 1, gu(Ty) <D;<gu(T;)

(15, by) = (4.20)

0, D;j<gu(T))
Using this notation, the cumulative stress, similar to (4.16), can be written as

N(1)
X(1) =) &T;, D) Dih(t — Ty), (4.21)

=
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provided that the system is operating at time 7 [i.e., the event D; > gy(T;), j =
1, 2,... did not happen in [0, )].

Generalizing (4.17), assume that the conditional failure rate process J: (on
condition that the event D; > gy(T}), j =1, 2,... did not happen in [0, ¢) and
{N(t), Ty, Ta, ..., Ty} and {Dy, D, ..., Dy} are given) is proportional to X (¢)

N()
A =kX(t) =k &T;, D) Djh(t —Tj), k> 0. (4.22)
n=1
It is clear that conditionally on the corresponding history
(i) If D; > gy(T;), for at least one j, then

P(TS>I|N(S)’ OSSSI? DlaD27-~~7DN(t)) = 07

(i) If D; <gy(t), for all j, then

tN(x)
P(Ts > t|N(s), 0<s<t, D.,Dz,...,DN(,))—exp{—k/ D;)Djh(x — T,)dx}
0 f:l

Therefore,
P(T5>l‘ S) 0<s<t, Dy, D,,. ~~7DN(t))

t

Y] N (4.23)
:Hy %, Dj) - exp k/ &(T;, Dj) Dih(x — T;)dx p,
j=1 0 /=1
where
0, D;>gu(T)
w(T;, D) = ) 4 I 4.24
)( J j) { 1, DngU(Tj) ( )

Thus, we have described a rather general model that extends (4.18) to the defined
deterioration pattern. Indeed, if gy(r) = oo; g.(f) =0, then &(T;,D;) = land
(4.23) reduces to (4.18) with the corresponding survival probability (4.19). On the
other hand, let gy (r) = g.(r) = g(r). Then, defining p(r) = P(D; > g(t)) as the
probability of failure under a shock at time 7 (¢(tr) = P(D; < g(t)), we obviously
arrive at the p(t) < ¢(¢) model described by Eq. (4.1).

On the basis of the above described model, we will derive now the (uncondi-
tional) survival function and the corresponding failure rate function. First, we need
the following general lemma (see, [13] for the proof):

Lemma 4. 1 Let X1, X, ..., X, be i.i.d. random variables and Z,, Z,, ..., Z, be
i.i.d. continuous random variables with the corresponding common pdf. Further-
more, let X = (X1, Xp,..., Xp) and Z = (Z1, Z,, . . ., Z,) be independent. Suppose
that the function ¢(x,z) : R* x R" — R satisfies ¢p(X, t) = o(X, n(t)), for
any vector t € R" and for any n-dimensional permutation function (). Then
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o(X, Z) =1 (X, Z"),
where 7" = (Z(1), Z3), - - -, Z(n)) is the vector of the order statistics of Z.
We are ready now to prove the following theorem [11].

Theorem 4.4 Let H(t) = [ h( dv m(t) = = [ov(x)dx and fp(u),
Fp(u) be the pdf and the cdf ofD Dj, j= l7 2, Assume that the inverse
function m~'(t) exists for t > 0. Then the survival function that corresponds to the
lifetime Ty is
t
P(Ts > 1) = exp{ — [ Folgu(w) ) du
0

sl (4.25)

exp / / exp{—kuH(t — $)}fp(u)duv(s)dsy,
0 g(s)

and the corresponding failure rate is
As(1) = P(D > gy (1)) A(t)
t gu(s)
+ / / kuh(t — s) exp{—kuH(t — s)}fp(u)duv(s)ds  (4.26)
0 gr(s)

Proof Observe that

P(Ts >t | N(s), 0<s<t, Dl, Dy, ..., DN(I))

N(r)
=17, ) exp{ kZé j) Dy H(t — T->}

j=1 j=1
N(1)
:eXP{Z(an(ij D;) — k(T;, Dy) D;H(t — T»)}.
j=1
Therefore,

N(@)

P(Ts > 1) —E[exp{Z(an(Tj, D;) — k&(T;, D) DiH(t — T,»))H

j=1

N(t)
=ElE<exp{Z(lnv(T_n Dj) — k&(T;, Dj) DiH(t — j))}IN(t>>

j=1
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As previously, if m’l(t) exists, then the joint distribution of Ty, Ty,..., T,
given N(tf) =n, is the same as the joint distribution of the order statistics
T,y <T <...<T{, of iid. random variables T},T;,...,T,, where the pdf of
the common distribution of 7}’s is given by v(x)/m(t). Thus,

N(1)
E<eXp{Z(an(Tj,Dj) — ke(T;, D)) DiH (1 — Tj))}IN(t) —n>

j=1
:E<exp{z<lm%,q> — k(T(;), D) DH (1 — T’m»})
j=1
Let X = (Dy,D»,...,D,), Z= (T},T},...,T,) and

n

o(X,Z) = Z(m(rj’,pj) — k(T D) DH(t — T))). (4.27)

Note that, as was mentioned, if gy (f) = oo; g.(r) =0, then &(T;,D;) = 1 and
our model reduces to the original model of Lemoine and Wenocur [24], where
each term in ¢(X,Z) is just a simple product of D; and H(t — 7). Due to this

simplicity, the rest was straightforward. Now we have a much more complex form
of ¢(X,Z), as given in (4.27), where the terms in the sum cannot be factorized.
Observe that the function ¢(x, z) satisfies

o(X,1) =1 (X, (1))

for any vector + € R" and for any n-dimensional permutation function 7(-). Thus,
applying Lemma 4.1,

n

Z(lny(’[j,D]) - ké(Tj/aDj) DjH(t - Tj/))

j=1

:dZ(lny(TED,Dj) — k&(T(,, D)) D;H(t — T;)))

j=1
and, therefore,

E(“P{i(an(T{;)»Dj) — k&(T(), Dj) D;H(t — T&)))})

j=1

=E<6Xp{zﬂ:(an(Tf7Dj) — k&(T;, D)) DiH(t — T}))})

= (E(exp{ny(T},D1) — KE(T},D1) Dy H(r — T))}))".
As
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Elexp{Iny(T},D1) — k&(T7, D) DiH(t — T)} | T} = ]
= Elexp{Iny(s,D;) — k&(s,D) Dy H(t — s)}]

gu(s)
— [ expltuti(c ~ 9)fola)du + PIDy<au(9),

(4.28)

gi(s)

where for Dy > gy(s), exp{lny(s, Di) — k&(s,D;)DH(t — s)} =0, for all
s > 0, the unconditional expectation is

Elexp{lny(T|,Dy) — k&(T|,Dy)D1H(t — T})}]

t guls) t
B v(s) v(s)
_ 0/ g 4 exp{ ka1 = )} folu)du o ds + 0/ P(D: < g1(s) Sords
Let
t guls) t
u(t) = / / exp{—kuH(t — $)} fi(u) dui(s) ds + / P(D) < gu.(s)) v(s) ds,
0 gr(s) 0

and we finally arrive at

t

t 1 SU(\)
exp{/w(u} du + / / exp{—kuH(t — s)}fp(u)duv(s)ds+ / P(Dy < gp(u))v(u) du}7
0 0

0

which is obviously equal to (4.25).
The corresponding failure rate can be obtained as

As(t) = —%lnP(TS > 1)

= v(t) — P(gL(t) <D Sgu(t)) V(I)

t gu(s)
—|—/ / kuh(t — s) exp{—kuH(t — s)}fp(u)duv(s)ds — P(D; <g.(t)) v(¢)
0 gl
t guls)
= P(D; > gu(t))v(r) + / / kuh(t — s) exp{—kuH(t — s)}fp(u)duv(s)ds
0 gu(s)

where the Leibnitz rule was used for differentiation of the double integral. O
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Relationship (4.26) suggests that (4.25) can be equivalently written as

' tgu(s)
P(Ts > 1) = exp{—‘/ Fp(gu(u)) v(u) du} exp{—‘/ kuh(t — s) exp{—kuH(t — s)}fp(u)duv(s) ds} .

0 Hlj(»‘)

Therefore, we can again interpret our system as a series one with two inde-
pendent components: one that fails only because of fatal (critical) shocks and the
other that fails because of nonfatal shocks.

Example 4.2 Consider the special case when gy (f) = oo and g.(f) = 0. Then the
survival function in (4.25) is

' 1 gu(s)
P(T >1) = exp{—/FD(gL(u))v(u) du} exp{/ / exp{—kuH(t — s)}fp(u)duv(s) ds}

0 0 gi(s)

= exp{—m(r)} exp{/L(kH(t — 5))v(s) ds} = exp{—m(r)} exp{/L(kH(u))v(t - 1,4)du}7

0 0

where L(+) is the operator of the Laplace transform with respect to fp(u). There-
fore, we arrive at Eq. (4.19) obtained in [24].

Example 4.3 Suppose that v(t) =v, t>0, D;=d, j=1,2,..., and there exist
t, > t; > 0 such that

gu(t) > gi(t) > d, for 0 <r<t; (shocks are harmless);
d > gy(t) > gi(t), for 1, <t (shocks are fatal), and
gu(t) >d>gi(t), for y <t<ty; gr(th) = gu(r) = d.

Let for the sake of further integration, h(r) =1/(1 + ¢), 1>0, and k =1/d
(for simplicity of notation). From Eq. (4.28),
Elexp{lny(T{,D1) — k&(T{,D1)DiH(t — T})} | T} = 5]
=exp{lny(s,d) — ki(s,d)dH(t — s)}

0, if gu(s) >d(s > 1)
=qexp{—-H( — 5)}, if g(s)<d < gy(s)(r1<s<ty)
1, if d<gi(s)(s<n)

— exp{—H(t — s)

D (g(s) > d<gu(s) + I(d < g(s))
=exp{—-H(t — )} (1

( >S§l2) + [(S]).
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Thus, ‘integrating 7| = s out’:

Eexp{Iny(T{,Dy) — k&(T{,D) D1 H(t — T})}]

t t

zﬁ /exp{—H(t—s)}I(t1<s§tz) v(s)ds + /[(sgtl)v(s)ds .
0 0
Then,

1

P(Ts > 1) _exp{—/v(u)du + /exp{—H(t — ) H(nh<s<n)v(s)ds + /l(sgtl)v(s)ds}
0 0

0

—exp{—/[(s>tl)v(s)ds + /exp{—H(t - s)}1(11<s<tz)v(s)ds}.
0

0

Thus [11],

(i) For0<r<n,P(T>1t)=1;
@ii) For t) <t<t,,

P(Ts > t) = exp —/)Ldu exp )L/GXP{—H(I — 5)}ds
=exp{—v(t — n)}exp{vIn(l + ¢t — #)}
:exp{—v(t - tl)}(l + t — tl)v§

(iii) For 1, <1,
t 5]

P(Ts > t) = exp —/vdu exp v/exp{—H(t — s)}ds

I3 1
=exp{—v(t — t)}1 + &b — 11)",

which shows (compared with case (ii)) that if the system has survived in 0 <t <t,,
then the next shock with probability 1 will ‘kill’ it.
Model 2. We consider now the following useful modification of Model 1:
Let, on each shock, depending on its magnitude D;, j = 1,2, .., the following
mutually exclusive events occur:

(1) IfD; > gu(T;), the shock results in an immediate system failure (as in Model 1)

(i) If D; <gi(T;), the shock is harmless (as in Model 1)

(iil) If g.(T;) <D; < gu(T;), then the shock imposes a (constant) effect on the
system lasting for a random time, which depends on its arrival time and
magnitude.
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In the latter case, assume that the larger are the shock’s arrival time and magni-
tude, the longer this effect lasts. Formally, let the shock increase the system failure
rate by # units (constant) for the random time w(7}, D;), where w(t,d) is a strictly
increasing function of each argument. Thus, along with decreasing functions
gu(t), gr(1), the increasing function w(t, d) models deterioration of our system.

Similar to (4.22) (where for simplicity of notation, we set k = 1), the conditional
failure rate process (on condition that the event D; > gy(7;), j =1, 2,... did not
happen in [0,7) and {N(t), Ty, T», ..., Tn(} and {Dy, Dy, ..., Dy} are given) is

N(z)
X(1) =Y (T, D) nI(T; <t <Tj + w(T},D))).
=

At

Then, similar to (4.23),

P(Ts > t|N(s), 0<s<t, Di,D,,...,Dy)
N(1) ! N(x)

~ [T - exp{ - / S (T, D) (T, <x<T; + w(T;, Dy)) dx
j=1 o /=1

(4.29)

where the functions &(7;,D;) and y(7;,D;) are defined in (4.20) and (4.24),
respectively.
Similar to Theorem 4.4, the following result holds.

Theorem 4.5 Let 1 be the increment in the system’s failure rate due to a single
shock that lasts for the random time w(T;, D;). Under assumptions of Theorem 4.4,
the survival function P(Ts > t) is given by

P(Ts > t) = exp —/FD(gL(u)) v(u) du
0
t guls)

X exp / / exp{—n - min{w(u,s), (t — $)}}fp(u)duv(s)ds;,.
0 gu(s)
(4.30)

Proof Observe that from (4.29),

P(TS > l“N(S), 0<s<t, Dy, Dy,..., DN(,>)

N(z)
:eXP{Z(an(TjaDj) — n¢(T;, Dj) min{w(T}, D)), (¢t — Tj)})}

j=1
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Therefore,

N(D)

P(Ts > 1) =EleXP{Z(IHV(Tj,Dj) — n¢(T;, Dy) min{w (75, Dy), (1 — T./)})H

J=1

=1

N(1)
= E[E<GXP{Z(1HV(TJ‘7DJ) — n¢(T5, Dj) min{w(T}, Dj), (1 — Tj)})}IN(t)>

Following straightforwardly the procedure described in the proof of Theorem 4.4,
we eventually arrive at (4.30).
(]

In contrast to Theorem 4.4 and owing to dependence in (4.30) on the function of
minimum, the corresponding failure rate can only be obtained when specific forms
of gu(t), g.(¢), and w(t, d) are given. As in the case of Model 1, when gy (1) =
gr(t) = g(t), this model also obviously reduces to the p(r) < ¢(t) model (4.1).

Example 4.4 Let g.(t) =0, gy(t) = oo, for all t>0, and w(t, d) = d(no deteri-
oration in time). This means that the shocks are not fatal with probability 1 and
that the durations of the shock’s effect do not depend on the arrival times but are
just given by the i.i.d. random variables D;. In this case, from (4.30),

t

P(Ts > t) = expq — / v(u) du
0

X exp //exp{—n-min{w(u,s), (t — )} fp(u)duv(s)ds p,
where

//exp{—n-min{w(n, ), (t — $)}}fp(u)duv(s)ds
0 0

t t—s t

:// exp{—r]u}fp(u)duv(s)ds—i—/ /OCeXp{—n(t — )} fp(u) duv(s)ds
0 0 0 >

:/ t/uv(s) ds exp{—nu}fp(u)du + /exp{—n(t — 8)} Fp(t — s)v(s)ds.
0 0 0

- / mt — u) exp{—nu} f(u) du + / exp{—n(u)} Folu) v(t — u)du

0 0
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t
— [~Fo(w) exp{-mu}mls ~ wly ~ [ Fou)exp{-nu} e~ )
0

~n [ Folw) expl{-nupmie ~ uydu + [ expl-n()} Folu)x(t —
0

o _

t

=m(t) — n/FD(u) exp{—nu}m(t — u)du.

0
Therefore,

t

P(Ts > t) = exp —n/exp{—nu} <Fp(u) - m(t — u)du p,
0

and thus

()= [ explma} Folu)o(e ~ ).
0

4.4 Extreme Shock Model with Delayed Termination

Consider an orderly point process (without multiple occurrences) {N(z), ¢t >0} of
some ‘initiating’ events (IEs) with arrival times 71 <7, <T3 <.... Let each event
from this process triggers the ‘effective event’ (EE), which occurs after a random

time (delay) D;,i = 1,2, ..., since the occurrence of the corresponding IE at T;.
Obviously, in contrast to the initial ordered sequence 71 <7, <T3<..., the EEs
{T; + D;},i=1,2,... are now not necessarily ordered. This setting can be

encountered in many practical situations, when, e.g., initiating events start the
process of developing the non-fatal faults in a system and we are interested in the
number of these faults in [0, ). Alternatively, effective events can result in fatal,
terminating faults (failures) and then we are interested in the survival probability
of our system. Therefore, the latter setting means that the first EE ruins our system.
When there are no delays, each shock (with the specified probability) results in the
failure of the survived system and the described model obviously reduces to the
classical extreme shock model ([17]; [19]) considered in the previous section of
this chapter and in Chap. 3.

The IEs can often be interpreted as some external shocks affecting a system, and
for convenience and in the spirit of the current chapter, we will often use this term
(interchangeably with the “IE”). We will consider the case of the NHPP of the IEs.
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The approach can, in principle, be applied to the case of renewal processes, but the
corresponding formulas are too cumbersome. However, the obtained results for the
NHPP case are in simple, closed forms that allow intuitive interpretations and
proper analyses. Our presentation in this and the subsequent section will mostly
follow Cha and Finkelstein[7].

Thus, a system is subject to the NHPP of IEs, {N(7), t >0} to be called shocks.
Let the rate of this process be v(¢) and the corresponding arrival times be denoted
as Ty <Tp<T;.... Assume that the ith shock is ‘harmless’ to the system with
probability ¢(T;), and with probability p(T;) it triggers the failure process of the
system which results in its failure after a random time D(T;), i = 1,2,..., where
D(t) is a non-negative, semicontinuous random variable with the point mass at “0”
(at each fixed f). Note that, this ‘point mass’ at 0 opens the possibility of the
‘immediate failure’ of the system on a shock’s occurrence, which is practically
very important. Furthermore, the case of the ‘full point mass’ of D(¢) at O reduces
to the ordinary ‘extreme shock model’. Obviously, without the point mass at 0, we
arrive at an absolutely continuous random variable. The distributions of D(r)
having point masses at other values of time could be considered similarly.

Let G(t,x) = P(D(t)<x), G(t,x) =1 — G(t,x), and g(t,x) be the Cdf, the
survival function and the pdf for the ‘continuous part’ of D(t), respectively. Then,
in accordance with our terminology, the failure in this case is the EE.

First of all, we are interested in describing the lifetime of our system Ts. The
corresponding conditional survival function is given by

P(Ts >t |N(s), 0<s<t; D(T1), D(T2),..., D(Tnw); J1s J2s -« s Inry)

N(t)
— H (Ji+ (1 = J)I(D(T;) >t — T7)),

(4.31)
where the indicators are defined as

1, ifD(T;)) >t-T;
0, otherwise

I(D(T;) >t — T)) :{

B { 1, if the ith shock does not trigger the subsequent failure process,

0, otherwise.

3
Assume the following conditions regarding ‘conditional independence’:

(i) Given the shock process, D(T;), i = 1,2,..., are mutually independent.

(ii) Given the shock process, J;, i = 1,2,..., are mutually independent. (It means
that whether each shock triggers the failure process of the system or not is
‘independently determined’).

(iii) Given the shock process, {D(T;), i=1,2,...} and {J;, i=1,2,...} are
mutually independent.
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As in the previous sections, integrating out all conditional random quantities in
(4.31) under the basic assumptions described above results in the following
theorem.

Theorem 4.6 Let m~'(t), t > 0 exist ( m(t) = E(N(T)). Then
t
P(Ts>1) =exp —/G(x,t — x)p(x)v(x)dx p, 1>0,
0
and the failure rate function of the system is

t

Is(t) = /g(x,t — x)p(x)v(x)dx + G(t,0)p(r) v(r), 1>0.

0

Proof Given the assumptions, we can directly ‘integrate out’ J;’s and D;’s and
define the corresponding probability in the following way:

N(z)
P(Ts >t |N(s), 0<s<t)= || (¢(T}) + p(T:})G(T;, t — T))).
i=1
Therefore,
N(1)
P(Ts > 1) = E| [ (a(T)) + p(T)G(T;, 1 Tl))]

o (4.32)

[ (a(T) +p(T) G(T;, 1~ 7)) | NG

i=1

=E|E

As the joint distribution of Ty, T, ..., T, given N(t) = n is the same as the joint
distribution of order statistics T(’ Hs < T(’ 2 < .< T(/ ) of ii.d. random variables

Ty,T3,...,T,, where the pdf of the common distribution of 7}’s is given by
v(x)/m(t), 0 <x<t, we have

N(1)
E{ (a(T3) + p(T) G(T;. 1= T))) | N(1) =

i
N
=

:E[ (q(TZi))er(T(’,»))E( (W) )

= (Elg(T}) + p(T)) G(T}, t = T})] <(/ x) 4+ p(x) G(x; t —x)) v(x) dx) .
0
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From Egs. (4.32) and (4.33),

t n

P(Ts >t) = i %/ (q(x) + p(x) G(x, t — x)) v(x) dx
n=0 0

_ o) exp / (4(0) +p(x) Glx, 1 —x)) v(x) dx
0

t t

exp / g(6)v(x) dx + / Clx, 1 — x)p(x) v(x) dx / y(x) d

0

t

= exp —/G(x, t —x) p(x) v(x) dx

Therefore, by Leibnitz rule, the failure rate function of the system, /s(¢), is
given in the following meaningful and rather simple form:

t

As(t) = /g(x; t — x)p(x) v(x) dx + G(¢, 0)p(¢) v(z), t>0. (4.34)
0 O

Formally, the split of effects to effective and ineffective shocks does not add
any mathematical complexity because of the NHPP nature of the arrival process.
This means that the result would be the same if we had only one type of effects and
the NHPP with the rate function p(¢) v(¢). However, from the practical point of
view and keeping in mind that we are generalizing here the classical extreme
shock model with two types of effects, this splitting seems to be reasonable.
Furthermore, we can consider the case of the multitype delayed consequences of
shocks (n > 1), where the shock that occurs at time ¢ causes the delayed (with
distribution G;(t, x)) effect of type i with probability p;(r), whereas the probability
of ‘no effect’ is 1 — > "_, p;(¢). Obviously, this model is the same as the single-
type model with G(t,x) = [ , pi(t) Gi(t,x) and p(r) =3_, pi(t), where
p;(t) = pi(t) /31— pi(t). Therefore, similar to Theorem 4.6,

P(Ts>1) = exp —/ (ipi(x) Gi(x, t—x)) v(x)dx o, 1>0
0

i=1

(imx) il tx>> v d + (ip,ma(r, o>> ().

i=1
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4.5 Cumulative Shock Model with Initiated
Wear Processes

Consider now a cumulative model for the IEs, where the accumulated wear can
result in a system’s failure when it reaches the given boundary. Our setting that
follows is different from the conventional one. In the conventional setting, the
wear caused by a shock is incurred at the moment of the corresponding shock (see
Sect. 4.1). In our model, however, the wear process, triggered by a shock, is
activated at the moment of a shock’s occurrence and continuously increases with
time.

Denote by W(z,u) the random wear incurred in u units of time after a single
shock (IE) that has occurred at time 7. Let W(z, 0) = 0, for all 7 > 0. Assume that
W(t,u) is stochastically increasing (see Sect. 2.8) in 7 and u, that is,

W(t1, u) <aW(ta, u) for all t, > t; > 0 and for all u > 0;
and
W(t1, u) < W(t,u) for all uy > u > 0 and for all 7 > 0.

An example for this type of W(z, u) is the gamma process, with the pdf for
W(t, u) given by

o) o) 1 exp{— LI
F( (t, u)) -
where a(z, 0) = 0, for all >0, and «(z, u) is strictly increasing in both ¢ and u.

If all shocks from the initial process trigger wear, then the accumulated wear
from all shocks in [0, 7) is

f(W> Z u) = 0,

N(1)

W(t) = ZW(TH r = Tl)v

i=0

which can be considered as a general form of a shot noise process (see Sect. 4.3).
Assume that each shock with probability p(7) results in an immediate failure
(termination), otherwise, with probability ¢(¢) it triggers the wear process in the
way described above. The failure also occurs when the accumulated wear reaches
the random boundary R and we are interested in obtaining the distribution of the
time to failure, T§.

The corresponding conditional survival probability for this model can be
written as [7]

)
H (Z W(T;, 1= T)) <R>

P(Ts > 1|N(5),0<s<t; W(T;, t—T)), i=1,2,...,N(1); R)
N(t)
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For obtaining the explicit expression for the unconditional survival probability
in this case assume additionally that R is the exponentially distributed (with
parameter 1) random variable.

Theorem 4.7 Let the shock process be the NHPP with rate v(t) and suppose that
m~'(t) exists (for t > 0). Then

t

P(Ts20) = expd = [ v de+ [ My (=) a0 dr . 120,
0 0

and the corresponding failure rate function is

t

i) = p0)v(0) = [ 5 (s —o(=2)) a0 ax, 120,
0

where My, () is the mgf of W(t, u) (for fixed t and u).

Proof Given the assumptions, we can directly ‘integrate out’ the variable R and
define the corresponding probability in the following way:

P(Ts > t|N(s), 0<s<t; W(T;,t — T;), i=1,2,...,N(1))
(1)

S W(T,-T)
N(1) =
=<Hq<n>)-exp - [
i=0 0

N(t) N(1)
exp{—AZwm, t—n>+zlnq<m}.

i=1 i=1

Thus, the survival function can be obtained as

P(Ts>1) =E|E

N() N()
GXP{—iZ W(T,t — T) + Zlnq(T,-)}lN(t)
i=1 i=1

Following the same procedure described in the Proof of Theorem 4.6,

N(z) N(z)
E lexp{—iz W(T;, t —T) + Zlnq(ﬂ)}ll\’(f) = n]

= (E[exp{-AW(T], t = T}) + Ing(T}) }])".
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Observe that,

E[exp{—AW(T), 1~ T)) +ng(T})}] = ﬁ / (4(8) Miy(s, -2y (— 1)) v(x) di.
0
Hence,
N(t) N(1)
elese{ 23 wer 1)+ 3 natr v =
i=1 i=1
=y | (05 M (=20) (o)
0
Finally,

t t

P(Ts > 1) = exp —/v(x)dx + /MW(x,tfx)(_i) -q(x) v(x) dx
0 0

Therefore, by Leibnitz rule, the failure rate function of the system, Ag(¢), is

1

3sl0) = (1= Mg (=2) - a0)0) = [ 5 (M=) - alx) v(x)
0
= p9(0) ~ [ 5 (=) - a(a) () 0

Let, for simplicity, lim; ., », v(f) = v(c0) = vg<00, vo > 0; p(t) = p, q(t) = q.
It is clear from general considerations that lim,_, . As(¢) = lim,_, o v(t) = vo
monotonically approaching the limit from below. Indeed, consider a system
that had survived in [0, 7), which means that the next interval [z, 7 + dr) starts with
the same ‘resource’ R, as the boundary is exponentially distributed. Due to the
fact that all previous nonfatal shocks accumulate wear and all triggered wear
processes are increasing, as ¢ increases (W(z) — oo as r — o0), the resource R
is ‘consumed more intensively’ with time. This obviously means that the probability
of failure in [f, # 4 df) is increasing in ¢ and, therefore, As(¢) is increasing.
Eventually, when ¢ — oo, each triggering shock becomes fatal in the limit, which
means that
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lim Ag(¢) = lim v(¢) = vp.

t— 00 - t— 00
The following example illustrates these considerations.
Example 4.5 Suppose that W(z, u) follows the gamma process, that is, the pdf of
W(t, u) is

Fr w0 exp{—pu)

it = >0
f(w7 ) u) r‘(a(t’ u)) ) W— )
where o(7, 0) =0 for all >0, and (¢, u) is strictly increasing in both ¢ and u.
Then
ﬁ o(x, 1 —x)
MW(x,t7x>(_;b) = (m 3
and

%(Mw(x,zfx)(—i)) =%(a(x,t _ ) ln<ﬁii> . <%>mx>.

Let v(1) = v, q(t) = q, t >0, a(t, u) = ou, t, u>0. Then

)G e
() G s
()

/i(Mwu‘,-x)(—@) gl Vi) e :O/Ia'ln<ﬂiz

0

Therefore, we have

and

lim Ag(r) = v,

t— 00

which illustrates the fact that every triggering shock in the limit becomes fatal.



4.6 ‘Curable’ Shock Processes 113

4.6 ‘Curable’ Shock Processes

In this section, we generalize the setting of Sect. 4.4 to the case when each failure
that was initiated (and delayed), has a chance to be repaired or cured as well.
Therefore, as previously, consider a system subject to the NHPP of IEs
{N(t), t>0} to be called shocks. Let the rate of this process be v(¢) and the
corresponding arrival times be denoted as T} <7, <Tj3.... Assume that the ith
shock triggers the failure process of the system which can result in its failure after
a random time D(T;), i = 1,2,. .., where for each fixed 7> 0, the delay D(z) is a
non-negative, continuous random variable. Let G(z, x) = P(D(t) <x),
G(t, x) =1 — G(t, x), and g(t, x) be the Cdf, the survival function, and the pdf of
D(1), respectively. Assume now that with probability ¢(¢, x) = 1 — p(z, x), where
t is the time of a shock’s occurrence and x is the corresponding delay, each failure
can be instantaneously cured (repaired), as if this shock did not trigger the failure
process at all. For instance, it can be an instantaneous overhaul of an operating
system by the new one that was not exposed to shocks before. It should be noted
that this operation is executed at time t + x and not at time t, as in the classical
extreme shock model without delay. Different cure models have been considered
mostly in the biostatistical literature (see Aalen et al. [1] and references therein).
Usually, these models deal with a population that contains a subpopulation that is
not susceptible to, e.g., a disease (i.e., ‘cured’) after some treatment. This setting is
often described by the multiplicative frailty model with the frailty parameter
having a mass at 0. It means that there exists a nonsusceptible (cured) subpopu-
lation with the hazard rate equal to 0. In our case, however, the interpretation is
different, but the mathematical description is also based on considering the cor-
responding improper distributions [9].

For simplicity of notation, consider the f-independent case, when D(f) = D,
G(t, x) = G(x), g(t, x) = g(x) and p(t, x) = p(x). The results can be easily
modified to the r-dependent setting. Having in mind that D denotes the time of
delay, let D¢ be the time from the occurrence of an IE to the system failure caused
by this IE. Note that D¢ is an improper random variable, as D¢ = oo (with a non-
zero probability) when the corresponding IE does not result in an ultimate system
failure due to cure. Then the improper survival function that describes D¢ is:

X

Ge(x) =1 — /p(u)g(u) du (4.35)

0
with the corresponding density:
gc(x) = p(x) g(x). (4.36)

Thus, the EE that has occurred in [x, x + dx) is fatal with probability p(x) and is
cured with probability g(x). For the specific case, p(x) = p, we can say that the



114 4 Advanced Theory for Poisson Shock Models

proportion p of events of interest results in failure, whereas ‘the proportion 1 — p
is cured’

Another setting, which yields a similar description, is as follows: let each IE
along with the failure development mechanism ignites a repair mechanism
described by the repair time R with the Cdf K(z). If R > D, then the EE is fatal,
otherwise it will be repaired before the failure (R < D) and therefore, can formally
be considered as cured. Thus, probability p(x) in (4.36) has a specific, meaningful
form in this case

p(x) =1 — K(x).

After describing the setting, we are ready now to derive the formal result. The
proof is relatively straightforward and similar to the proofs of the previous sections
of this chapter; however the explicit result to be obtained is really meaningful. We
are interested in describing the lifetime of our system 7 (time to the first fatal EE).
The corresponding conditional survival function is given by

(TS > l|N( ) 0<s<t; Dc1,Dc, .. '7DCN(t))
N(r) (4.37)
H DCZ >1— ))7
where the indicators are defined as
1, if D>t — T;
I(Dgi>1t—T;) = o h
0, otherwise
Let
) 1, if theith cure process is successful,
' 0, otherwise.
We assume that given the shock process, (i) J;, i = 1,2,..., are mutually

independent; (ii) D;, i = 1,2, ..., are mutually independent; (iii) {J;, i = 1,2,...},
{D;, i =1,2,...} are mutually independent. Therefore, D¢; i = 1,2,. .., are also
mutually independent.

Integrating out all conditional random quantities in (4.37) under the basic
assumptions described above, we arrive at the following theorem, which modifies
Theorem 4.6 [11]:

Theorem 4.8 Let m~'(t) exist for t > 0. Then

P(Ts>1) = expd — / Gelt — uyv(w)du b, 1>0, (4.38)
0

and the failure rate function of the system is
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t

Js(t) = / plt — u) glt — u) v(w) du, 1> 0. (4.39)
0

Proof From (4.37),
P(TS > th([), T, T»,..., TN(r); D¢y, Des, ..., DCN(I))
N(r)
= [ uc >t - 1)).
i=1
Due to the conditional independence assumption described above, we can
‘integrate out’ D¢;’s separately and define the corresponding probability in the
following way:
N(1)
P(Ts > tN(¢), T1, Ta,....Ta) = [ ] (Ge(t = Ty).

Therefore,

P(Ts>1)=E

N(1)
I](Ecv-—YD)INUJ]-

(4.40)

The joint distribution of T}, T», ..., T, given N(#) = n is the same as the joint
distribution of order statistics TE1) < ng) <... ST(/,,> of i.i.d. random variables

T),T5,...,T,, where the p.d.f. of the common distribution of Tj”s is given by
v(x)/m(t), 0<x<r

(Th, Ta,..., TuIN(t) = n) = (T(ll)’ T£2)""’ T(/n))’

Then

fie )
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From Egs. (4.40) and (4.41),

= \ ()

P(Ts > t) = i L/ Ge(t — u)) v(u)du m(t)
0

1

). exp /(@c(t — u)) v(u)du
0

t

= exp / Ge(t — u)v )dx—/v(u)du

0

t
= exp —/Gc(t — u)v(u)du o,
0

where Gc¢(t —u) is defined by (4.35). Therefore, using Leibnitz rule and
Eq. (4.36), As(t) can be obtained in the following meaningful and a rather simple
form:

t t

As(t) = /gc(t — u)v(u)du = /p(t — u)g(t — u)v(u)du. (4.42)

0 0

O

We will show now that under certain assumptions the p(¢) < ¢(r) model (4.1)
and the current one are asymptotically equivalent. Indeed, assume that
lim, _, o v(¢) = v<oo. Without loss of generality, let p(z) and v(¢) be the con-
tinuous functions with p(¢) > 0, for all # > 0. Then the failure rate (4.42) tends to a
constant as t — oo, i.e.,

t

lim Ag(¢) = lim /p(t —u)g(t—u)v(u)du

t— o0 t— 00
0

—v [ gt du
0
The latter integral obviously is finite as g(¢) is the pdf and p(f) <1 for all ¢ > 0.
Specifically, when lim, _, o, p(f) = p,

lim Ag(f) = vp.

t— 00

Thus, under the given assumptions, the failure rate (4.42), ‘asymptotically
converges’ (as t — o0) to that of the classical extreme shock model (4.1).
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4.7 Stress—Strength Model with Delay and Cure

Consider now a more specific and practical model with delay and possible cure
that can be applied, e.g., in reliability modeling of materials and mechanical
structures. Let, as previously, v(¢) be the rate of the NHPP process of shocks (IEs)
affecting our system and S; denote the magnitude of the ith shock (stress). Assume
that S;,i=1,2,... are ii.d. random variables with the common Cdf Fjs(s)
(Fs(s) =1 — Fs(s)) and the corresponding pdf fs(s). The system is characterized
by its strength to resist stresses. Let first, the strength of the system Y be a constant,
i.e., Y =y. Assume that for each i = 1,2, .., the operable system immediately fails
if §; > y (fatal immediate failure) and the EE is triggered with the delay time and
possible cure (as in the previous section) if S; <y. It is clear that due to the
described operation of thinning, the initial NHPP splits into two NHPP processes
with rates Fs(y) v(¢) and Fs(y) v(t). Therefore, combining results of the previous
section with the classical extreme shock model (4.1), Egs. (4.38) and (4.39) can be
generalized to

P(Ts > 1]Y = ) —exp{—Fs(y) / v(w) du}exp{—Fg(y)/GC(t — W) v(u) du}, 10,

0 0

(4.43)
J5(Y = y) = Fs() v(t) + Fs(y /pt _ Walt — wv(w)du, (>0, (4.44)
0

accordingly.

In practice, due to various reasons, the strength of a system Y can be considered
as a random variable. Let its support be, e.g., [0,00). Denote by Hy(y)
(Hy(y) =1 — Hy(y)) and by hy(y), the corresponding Cdf and the pdf, respec-
tively. The first guess in generalizing (4.43) and (4.44) to the case of a random Y
would be just to replace Fs(u) and Fs(u) in these equations by the expectations

/FS dy and/ S dy, (445)
0 0

accordingly. However, it is not true, as the proper conditioning should be imposed
(on condition that the previous shocks have been survived). This operation is
similar to the Bayesian update of information. It can be easily seen from (4.43) and
(4.44) that the model can be considered now as a mixture, or equivalently as a
frailty model with the frailty parameter Y (see the next Chapter). Therefore, the
mixture (observed) survival function for the lifetime Ty is obtained directly from
(4.43) as the corresponding expectation:
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oo

P(Ts >1t)= | P(Ts>t|Y =y)hy(y)dy

t

expd — / (Fs() v(w)du + Fs(y) Ge(t — u)v(w))du Shy(y)dy,
0

0\8 o

(4.46)

whereas the failure rate is the following conditional expectation:
o0
= [ sy =) hylo1Ts > ) 0y, (4.4

where hy(y|Ts > t) is the pdf of the random variable Y|Ts > ¢, or equivalently,
/s(t), in accordance with the definition, is

P/(TS > l)

As(t) = = P(Ts>1)

From (4.43), hy(y|Ts > t) can be obtained as

hy(y|Ts > 1) =exp —Fs(y)/v(u) du}exp{—Fs(y)/Gc(t — u)v(u) du}hy(y)
0

0

00 t -1
y ( / exp{ / (Fs(x) v(u) du + Fs(x) Gelt — u) v(u))du}hy(x) dx)

0 0

(4.48)

Equations (4.44), (4.47) and (4.48) show that the explicit form of Ag() is rather
cumbersome and numerical methods should be used for calculating it in practice.
However, our goal here is to emphasize the relevant methodological issues.

Specifically, when there is only a fatal immediate failure (i.e., without delays),
Eq. (4.46) simplifies to

o0 t

P(Ts > 1) :/exp —Fs(y)/v(u) du phy(y)dy (4.49)

0 0

and after the change in the order of integration, the corresponding failure rate
becomes

I Jy exp{ =) o) du by ) v s
:)fexp{ y)oftv du}hy ¥) dy

Js(t) = W(1). (4.50)
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The right-hand side of Eq. (4.50) is still much more complex than the corre-
sponding failure rate for the fixed strength model, which is the simple product,
Fs(y) v(t). The price for this simplicity is in neglecting the random nature of the
strength of a system.

4.8 Survival of Systems with Protection Subject to Two
Types of External Attacks

Consider a large system (LS) that, because of its importance and (or) large eco-
nomic value, should be protected from possible harmful attacks or intrusions. At
many instances, this protective function is performed by a specially designed
defence system (DS). Therefore, the attacker wants to destroy the DS partially or
completely and then to attack the LS [12].

Let the maximum level of performance of the DS be described by the value of
the initial defence capacity, Dy—to be interpreted as, e.g., the total number of
defence units, service points, firewalls, etc. For instance, we may imagine a system
that executes defence against aircraft or missile strikes on some important object
(as, e.g., a power station or a marine port during combat). Another more ‘peaceful
example’ is the computer network that should be protected from hack-attacks
aimed at disabling firewalls.

The attacker executes two types of attacks—those that target the DS and those
that target the system itself. We will model these actions by two different sto-
chastic point processes to be called for convenience, the Al and the A2 shock
processes, respectively. The shocks from the Al process damage, i.e., destroy
certain parts of the DS. We assume that the DS is repairable and, therefore, this
effect is temporal. Given the stochastic nature of the setting, the actual defence
capacity at time 7 can be modeled by a stochastic process {D(t), t>0}. For
example, it may be maximal for long periods of time, i.e., D(f) = Dy, or severely
hampered when D(¢) < < Dy. Thus, distinct from the conventional shock models
with accumulated damage, our model describes a nonmonotonic damage process,
which accounts for, e.g., the corresponding repair actions.

The DS defends the nonrepairable LS from the A2 process of shocks that are
aimed to destroy the LS or, in other words, to completely terminate its operation.
In accordance with reliability terminology, we will call this event a failure.
Assume that, similar to the classical extreme shock models, each shock from the
A2 process results in the LS failure with probability p(¢) or it is ‘perfectly’ sur-
vived with the complementary probability g(f) =1 — p(¢). The latter means in
our case that the DS has neutralized the attack. It is natural to assume that these
probabilities are the functions of the defence capacity in the following sense: for
each realization of D(¢) = d(t), the failure probability p(¢) is a decreasing function
of the actual defence capacity, i.e., p(t) = p*(d(r)), where p*() is strictly
decreasing in its argument. As the simplest and meaningful scenario, one may
define a proportion-type function:
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p(d(1)) = (Dy — d(1))/Du-

The failure of the LS occurs when the attack on it is not neutralized by the DS.
We are interested in the survival probability of the LS in [0, 7). An obvious specific
case is when instead of the A2 shock process, only one attack at time instant
' € ]0,1) is executed with the corresponding survival probability p(¢') = p*(d(¢')).
The foregoing setting indicates that the description of the stochastic process
{D(¢t), t>0} is the crucial part of our approach. In order to obtain the mathe-
matically tractable solution, the relatively simple stochastic point processes need
to be adopted as the corresponding models for the A1 and the A2 shock processes.

For a formal description, denote

(i) {N(r), t>0} the NHPP process of the Al shocks with rate v(¢) and (ordered)
arrival times R;, i=0, 1, 2,..., Ry<R;<R3,..., where i=0 formally
means that there were no events in [0, 7).

(ii) {Q(¢), t > 0}—the NHPP process of the A2 shocks with rate w(z) and ordered
arrival times B;, i = 1, 2,..., Bj <By<Bj, ..., where i = 0 formally means
that there were no events in [0, 7). The specific case of the only one A2 event
in [0, #) will be also considered.

Assume that, when D(t) = D, the A2 shock at time ¢ directly destroys the
operating LS with probability

D
p(t|D(1)=D) =1 — a——
Dy
and is survived with the complementary probability
D
g(t] D) =D) =1~ p(t| D) = D) =2~ (4.51)

where {D(¢), t> 0} is a stochastic process that models the defence capacity of the
DS, Dy = D(0) is its fixed initial maximal value and o« (0 <o <1) is a constant.
The coefficient o shows the protection coverage of the LS by the DS. Specifically,
when o = 1 and D(#) = Dy, the DS executes the 100 % protection of the LS from
the A2 shock at time ¢. In what follows, for simplicity of notation, we will assume
that « = 1, whereas the general case is obtained by a trivial modification. It should
be noted that Eq. (4.51) means that the survival probability for the A2 shock is
proportional to the normalized defence capacity D(r)/Dy.

We must set now the model for the process {D(¢), ¢ >0}, which is the major
challenge in this setting. Let the ith Al shock causes the damage W;, i =1, 2,...
to the DS. We assume that this effect ‘expires’ in a random time t; (e.g., the repair
facility is restoring the DS from the consequences of this shock). As the damages
are accumulated,

()
D(t) =Dy — > Wil(t — Ri<m), (4.52)
i=1



4.8 Survival of Systems with Protection Subject to Two Types of External Attacks 121

where 1(-) is the corresponding indicator. Obviously, the stochastic process
{D(t),t >0} should not be negative and we will discuss it for the specific models
to follow.

The number of Al shocks that contribute toward the total damage at time ¢ can
be obviously defined as the following stochastic process

N(t)
X(r)=> "1t - Ri<m), (4.53)

In other words, X(¢) counts the number of Al shocks with ‘active’ damage (not
eliminated or vanished) at time ¢. Assume further that

(iii) 7;, i=1, 2, 3,...are i.i.d. random variables with the Cdf G(¢) and mean 7.

@Gv) W;, i=1, 2, 3,... are i.i.d. random variables with finite expectation
E[W;] = d,, (for Model 1 to follow).

) {N(t), t>0}, {Q(r), t>0}, W;, i=1,2,...and 7;, i =1, 2,... are inde-
pendent of each other.

We will consider two models for damage accumulation and the resulting
probabilities of interest.
Model 1. In accordance with (4.51) (o = 1),

Dy — > wji
a(tWi=w, i=1,2,..,X(t)=r)=——"1 (4.54)
Dy

where, j; <j, <...<J, are the subscripts of W; for which {r — R; <1} is satisfied
and the subscript “1” in ¢, stands for the first model. Assume initially that there is
only one A2 shock, whereas the case of the process of A2 shocks will be con-
sidered further. The unconditional probability of survival under a single A2 shock
at time 7 is the corresponding expectation that, in accordance with Wald’s equality,
can be written as

ql(l) = E[C]](l‘“’Vii = 1, 2,..., X(l‘))}

Dy —E Xg%) W-,} (4.55)
=) | EX@)dy
Dy o Dy

In this model, we implicitly assume that damages are relatively small compared
with the full size Dy, i.e.,d,, < Dy and the rate of the Al process is not too large,
in order (4.52) to be positive (i.e., the probability that it is formally negative is
negligible). These assumptions in a broader context will be discussed later.
Model 2. Model 1 traditionally describes accumulation of damage via the i.i.d.
increments. However, in view of our two shock processes setting, it can be
interesting and appealing to consider a different new scenario when each shock
decreases proportionally the defence capacity [12]. The damage in this case
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depends on the value of the defence capacity: the larger D(¢) corresponds to the
larger damage from a shock. This assumption seems to be often more realistic than
the i.i.d. one, as at many instances, the size of the damage depends on the size of
the attacked system. Suppose that a single A2 shock has occurred at time ¢. Then
our assumption can be formalized as

D(1) = kD(1—), (4.56)

where the proportionality factor k(0 <k < 1) describes the efficiency of attacks for
each shock from the Al process and “t—” denotes the time instant just prior to .

As the defence system starts at t = 0 at “full size’, its capacity at time ¢ is given
by the following random variable (for each fixed ¢), or equivalently, by the sto-
chastic process {D(t), t>0}:

D(1) = Dy kX, (4.57)

as the effect of all other damages caused by the process N(t), ¢ > 0 (not counted by
(4.53)), was eliminated (repaired). In contrast to Model 1, D(¢) is always positive
and no additional assumption for that is needed. In accordance with (4.51):

@(HX (@) =r)=k". (4.58)

The unconditional probability of survival under a shock at time ¢ is the cor-
responding expectation with respect to X(z):

(1) = Elg2 (11X (1)) = ER*]. (4.59)

In practice, k is usually close to 1 meaning that only a small portion of the
defence capability is lost on each Al shock.

Denote, as previously, by T the time to failure of the LS. Now we are ready for
obtaining the survival probability, Pr(Ts > f). As follows from (4.55) and (4.59),
in order to describe the process {D(¢), t >0} and to derive Pr(Ts > ¢) for both
models, we need to obtain the discrete distribution of X(#) given by Eq. (4.53). The
proof of the following theorem is rather straightforward and similar to the proofs
of the previous sections and, therefore, it is omitted. However, this result will be
basic for our further derivations in this section.

t

Theorem 4.9 Let m,(t) = E(N(1)) = [ v(x) dx denotes the cumulative rate of the
0

Al process of shocks and suppose that m;'(t), t > O exists. Then, the distribution
of X(t) for each fixed t is given by the following formula:

(Jov(x) G(t — x) dx)"exp{— [o v(x)G(r — x)dx}

7!

Pr(X(1) =r) = , (4.60)

where G(t) =1 — G(t) is the survival probability for t;, i =1, 2, 3,...
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Consider first, the probability of survival under a single A2 shock at time f,
which can be already of a practical interest in applications. In fact, this is our ¢()
defined for both models by expectations (4.55) and (4.59), respectively. The fol-
lowing theorem gives the corresponding expressions.

Theorem 4.10 The probability of survival of the operating LS under a single A2
shock at time t is

G(t — x) dx|d,
qi(t) =1~ Lovtx 5 ) & (4.61)
M
for Model 1 and
@ (t) =exps —(1 —k /v G(t — x) (4.62)
0
for Model 2.
Proof It immediately follows from Eq. (4.60) that
t
E[X(1)] = /v(x) G(t — x)dx
0
and, therefore, (4.61) holds.
Similarly, for Model 2,
q2(1) = E[l*"]
:ikr(f (x) G(r — x)dx) exp{— [y v(x) G(r — x) dx}
r=0 r!
=expq —(1 — k) /v G(t — x)dx
0
O

Theorem 4.11 Let v(t) =v, t € [0, co) or lim,_,» v(t) = v. Then the sta-
tionary values of q;(t), i.e., lim,_, . qi(t) = qi,i = 1,2 are given by

dew

g =1- =Dy’ (4.63)

o = exp{—(l - k);—](;}, (4.64)
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where T = f(;)c G(x) dx is the mean time which corresponds to random variables
T, i=1,2,... and Ty = 1/v is the mean time (exactly or asymptotically as
t — 00) between successive Al shocks.

Theorem 4.11 is intuitively obvious and can be proved in a straightforward way
by using the variable substitution y = ¢ — x for the integrals in (4.61) and (4.62)
and by applying the Lebesgue’s Dominated Convergence Theorem afterward.
When 7/Ty < < 1, which means a very quick repair of damage with respect to the
time between successive Al shocks, Model 2 reduces to a very simple (and usually
not practically justified) setting when the repair periods after different Al shocks
do not overlap. In this case, the probability of failure that corresponds to (4.64) is
justpp=1— g =~ (1 — k)%/7n.

It follows from the above reasoning that the stationary variant of (4.60) (i.e., for
t sufficiently large and v(¢) =v, t € [0, 00) or lim,_,  v(f) =v) can be of
interest. Denote, Tg/Ty = 7. Then the stationary distribution for (4.60) is the
Poisson random variable with this parameter:

_ n"exp{-n}

PI'(XS = I‘) ,

(4.63)

Theorem 4.10 provides a simple way of obtaining the probability of failure of
the LS under a single attack at time ¢.

We are ready now to consider the A2 process of shocks and to derive the
corresponding probability of system’s survival, P(Ts > t) under the attacks of two
types. However, it turns out that this problem is much more complex than it looks
from the first sight and, therefore, additional assumptions should be imposed in
order to simplify it and to obtain results that potentially can have practical value.
First of all, we must answer the question: are the probabilities ¢;(¢) (p;(¢)) obtained
in Theorem 4.10 suitable for using in the classical p(f) < ¢(r) model? Recall that
in this extreme shock model, each event from the Poisson process of shocks with
rate w(z) is survived with probability ¢(z) and ‘kills’ a system with the comple-
mentary probability p(7) = 1 — ¢(¢) independently of all previous history. In this
case, the system’s survival probability in [0, 7) is given by the following expo-
nential representation (see also Eq. (4.1):

t

P(Ts >1t) = Fs(t) =exp| — /p(u) w(u)du |, (4.66)
0

and, therefore, the corresponding failure rate function Ag(¢) is
As(t) = p(t)w(t), t>0. (4.67)

From the first glance, it looks that we have already everything in place for using
(4.61) and (4.62) in Eq. (4.66). However, it can be shown, that certain dependence
on history prevents from that and the only way to deal with this complexity for
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obtaining some practically meaningful results is to consider additional assump-
tions that allow for additional simplification of the model.

Let both Al and A2 be the homogeneous Poisson shock processes with rates v
and w, respectively. Let the A2 shocks be sufficiently rare when compared with the
dynamics of the X(¢) process

1 1

Tp = " > o= ™w; T K 70, (468)
which makes sense in practice, as the intensity of attacks on the LS could be
considered as much smaller than that on the DS. The second inequality in (4.68)
implies that the mean time of repair of the DS is much smaller than the mean inter-
arrival time of the potentially terminal A2 shocks, which is also a reasonable
assumption in practice. Inequalities (4.68) can be considered as the analogue to the
fast repair conditions (see e.g., Ushakov and Harrison [28]). Finkelstein and
Zarudnij [20] have used the similar assumptions for approximating the multiple
availability on stochastic demand (i.e., the repairable system should be available at
all demands that occur in accordance with the homogeneous Poisson process in
[0, t)). Assumptions (4.68) ‘can help to forget the history’ of the process X(¢) and,
therefore, a simple p(r) < ¢(f) model (4.66)—(4.67) holds. Indeed, under these
assumptions the correlation between values of the process X(f) at instants of
occurrence of the A2 shocks is negligible as the time between successive A2
shocks is sufficiently large. Therefore, the probabilities of survival under each A2
shock for both models are given approximately by Eq. (4.66), whereas the fol-
lowing result holds asymptotically:

Theorem 4.12 Let v(1) = v, w(t) = w; w/v — 0, T6/Tg — 0 and t is sufficiently
large: t >7g. Then the probabilities of survival for two models, in accordance
with Theorem 4.11, are

Py(Ts > 1) :exp{—w{ng—;ﬂt}(l + o(1)), (4.69)

Po(Ts > 1) = expl—wll — exp{—(1 — Kn}l}(1 + (1)), (470)
where 1 = Tg/Ty.

It should be noted that for the sufficiently small ¢, when t < 7y, we can
approximately consider the case of only one A2 shock that is arriving in accor-

dance with the distribution F(t) = 1 — exp{— [y w(u)du}. Then
1 t

Pi(Ts > 1) z/q,-(u)f(u) du + exp —/w(u) du ;,

0 0

where g;(u), i =1, 2 are given by Egs. (4.61) and (4.62) and f(u) = F'(z).
Obviously, as in this case the A2 process can be approximately regarded as one
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first event, we do not need any other assumptions on the Al process. Dealing with
the A2 process of shocks, however, creates more mathematical difficulties and,
therefore, a number of assumptions and simplifications have been made to arrive at
approximations (4.69) and (4.70).

4.9 Geometric Process of Shocks

The nonhomogeneous Poisson process (NHPP), due to its relative probabilistic
simplicity, is definitely the most popular counting (point) process in applications
and, specifically, in shock modeling. It often allows for rather simple and compact
expressions for the probabilities of interest for the basic and generalized settings as
was shown in the Sect. 4.8. However, in practice, the point events do not neces-
sarily possess the property of independent increments and the number of events in
the fixed interval of time does not necessarily follow the Poisson distribution.
Therefore, other distribution-based counting processes should also be considered
and, therefore, in this section, we will suggest another distribution-based class of
counting processes (with dependent increments) that still allows for compact,
explicit relationships for some applications [10].

The counting (point) processes that describe ‘events’ in the real world should
share certain natural properties that can be formulated in the following way:

(i) two or more events cannot occur ‘at the same time’ (i.e., the process is orderly),
(ii) the mean number of occurrences in (0, 7] as a function of ¢, ie.,
A(t) = E[N(2)], is sufficiently ‘smooth’, so that its derivative that is called the

rate or intensity, exists at every t, i.e., A'(t) = A(t), 1 >0, or A(t) = f(; Au) du.

It is well-known that these statements (for the sufficiently small Az) can be
formalized as

(a) N(0) = 0.
(b) P(N(t + At) — N(t) =1) = A(r) At + o(Ar).
(©) P(N(t + Ar) — N(t) >2) = o(Ar).

For the sake of notation, let us denote the general class of point processes,
which satisfy (a), (b), and (c) by G. Clearly, if we adopt additionally

(d) {N(z), >0} has independent increments,

then we arrive at the NHPP. It is also well-known that assumptions (a)—(d) result in
the Poisson distribution of the number of events in (#1, t,]. Thus, in what follows,
in accordance with our intention stated above, we will ‘depart’ from the governing
Poisson distribution.

Definition 4.1 The counting process {N(¢), t >0} belongs to the Class of Geo-
metric Counting Processes (CGCP), i.e., {N(t), t >0} € T, if
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(a) N(0) = 0.
(b)

o 1 Al) — Ar) \F
P(N(r) = N(n) =k) = (1 A = A(tl)) (1+/i(t2)—/\(lt1)) C471)
k=0.1,2, ..

It is easy to see that properties (b) and (c) of the general class G can be derived
from (4.71):

(b) P(N(t+At)—N(t) =1)
, Alr+A)-A
= A1) Ar + {_’W) Ar+ (1+A(t+lAt)—A(t)) <1+1(\t(t+2t)—/(\[2t)) }7

where the second term in the right-hand side is clearly o(Af);

2
(c) P(N(t+ At) = N(1) >2) = (%) , which is obviously o(At).

Therefore, the CGCP becomes a subclass of G.

Observe that the counting distribution in (4.71) is obtained from the time-
dependent reparametrization of the geometric distribution:

PIN=k) =d(1—d)f, k=0,1,2,...,
where 0 <d < 1.
In accordance with (4.71), the mean number of events in (¢, 2] is

15}

EIN() — N(1))] = A(ty) — A(ry) = / J(u) du.

31

Specifically,

PIN(1) = k) = (1 +1A(t)> <1 ﬁ?(x))k’ k=0, 1,2, .. (472)

where E[N(1)] = A(f) = [, A(u)du.

Thus NHPP and {N(¢), t>0} € I' can have the same rate, but the crucial
difference is that the members of the latter class, as intended, do not possess the
property of independent increments, which can be easily seen from the following
considerations.

Definition 4.2 The orderly counting process {N(¢), t>0} with N(0) =0 pos-
sesses the weak positive (negative) dependence, if

Cov(I({N(s + 1) — N(s) = 0}), I({N(s) = 0})) > 0 (<0), (4.73)

where () is the indicator function for the corresponding event.
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The intuitive meaning of (4.73) for the positive (negative) dependence case is
that the two events {N(s) = 0} and {N(s + ¢) — N(s) = 0} have the ‘tendency’ to
occur simultaneously (not to occur simultaneously). We will also interpret this
definition in the other equivalent form after the following simple theorem.

Theorem 4.13 The counting process {N(t), t>0} € I, possesses the weak
positive dependence property.

Proof Observe that, from (4.71),

Cov(I({N(s +1) = N(s) = 0}), I({N(s) = 0}))

= E[[({N(s +1) =N(s) = O}, {N(s) = 0})] = E[[({N(s +1) = N(s) = O})] E[I({N(s) = O})]
=P(N(s+1) — N(s) = 0, N(s) = 0) — P(N(s + 1) — N(s) = 0) P(N(s) = 0)
= P(N(s+1) = 0) = P(N(s +1) — N(s) = 0) P(N(s) = 0)

_ A AGII+ Al +1) = Als)] — [L + Als +1)]

T+ AGLI+ AL - ABT+AD)] H

It follows from the proof that, as P(N(s) =0) > 0, inequality (4.73) (for
positive dependence) is equivalent to

P(N(s+1) — N(s) = O[N(s) = 0) > P(N(s + 1) — N(s) = 0) (4.74)

or to

P(N(s+1)—N(s)>1|N(s) = 0)<P(N(s+ 1) — N(s) > 1).

The latter means that the absence of events in (0, s] decreases the probability of

events in (s, s+ ¢]. This seems to be a more natural interpretation of a (weak)
positive dependence.

In order to consider the rate and the corresponding conditional characteristic,
we replace ¢ in (4.74) by the infinitesimal d¢. Then

P(N(s +dr) — N(s) = O|N(s) = 0) — P(N(s + dr) — N(s) = 0)
R
( +fs+dt )(1 +f;+dt/l(l/t) du)

_ (s f A(u) du
(U o Au) du +Oi(s) dr) (14 A(s) dr) (1+o(1))dt
) Jy Alw) du A(s)As)

7W(I+o(l))dt:

which is obviously positive. However, we can say now more about the corre-

sponding dependence properties. As o(1) can be made as small as we wish, it is

sufficient to consider A(s)A(s)/(1 + A(s)). This expression (for A'(s)<oo) is
increasing in s when

T apy e,
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(X (s)A(s) + ;LZ(S)) (1+A(s)) — )»(S)ZA(S) =1 ()A(s) (1 + A(s)) + )vz(s) >0,
(4.75)

which holds, for instance, for increasing /A (s). Specifically, when A(s) = 4, the left-
hand side of (4.75) is equal to A%. Thus, the dependence of the defined type is
‘getting stronger’ with s increasing.

Taking into account that {N(z), t >0} € T is orderly, i.e.,

P(N(s + dr) — N(s) = O[N(s) = 0) — P(N(s + dr) — N(s) = 0)
= —(P(N(s +df) — N(s) = 1IN(s) = 0) — P(N(s + dr) — N(s) = 1)) + o(dr),

the difference between the conditional rate of {N(¢), t>0} € T (the intensity
function) on condition that there were no events in (0, s] and its unconditional
rate, is obviously also increasing in s when (4.75) holds.

As previously, we will consider shocks as events of point processes. The
described weak dependence means now that the absence of shocks in (0, s]
decreases the probability of a shock in (s, s + df], which can be natural for certain
types of shock processes. For instance, the probability of an earthquake is usually
larger when the previous earthquake occurred recently, compared with the case
when it occurred earlier. A similar argument can be true for heart attacks. For
another example, suppose that the ‘realization’ of a shock process is the homo-
geneous Poisson process (HPP) with a constant rate, but the rate is determined
randomly at # = 0 (i.e., the conditional Poisson process). It is well-known [27],
that the conditional Poisson process has dependent increments. It can be easily
shown that it possesses our weak positive dependence property, i.e., the absence of
a shock in (0, s] decreases the probability of a shock in (s, s+ dt].

The NHPP has another important limitation in terms of the mean and variance
relationship for the counting random variable Var[N(¢)] = E[N(¢)], for all > 0.
However, for {N(z), r>0} €T,

Var[N(1)] = A(r) (1 + A1) > E[N(1)], (4.76)

which can describe many other cases that are not covered by the NHPP.

Thus, in our formulation, the rates of the NHPP and the members of the CGCP,
{N(#), t>0} €T can be the same, but because of the dependence of increments,
the corresponding probabilistic properties are different. Different members of this
class can possess different dependence structures sharing some common features
(e.g., the positive dependence of the described type).

Usually for the corresponding stochastic modeling, we need a sufficiently
complete description of a relevant stochastic process. However, there are settings
when probabilistic reasoning and explicit results do not depend on certain prop-
erties of the processes. The shock models to be considered in the following
examples are the perfect examples of that. It turns out that the results to be derived
are valid for any member {N(t), t >0} € I" and therefore, they do not depend on
the specific dependence structure of this process [10]. Therefore, in practice, in
order to apply the proposed CGCP, it is sufficient to check the validity of (4.71).
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Example 4.6 Extreme Shock model. Consider an extreme shock model (see 4.1)
for the specific case p(f) = p and let the shock process be from the CGCP, i.e.,
{N(t), t>0} € I', with rate A(¢) and arrival times 7;, i = 1, 2,.... Then, due to
the assumption of independence,

P(Ts > t|N(t) = n) = ¢",
and

P(Ts > 1) = E[P(Ts > 1IN(1))] = Elg"?)]

iq"<1+/\ )( i?(r))ilzlwl\(r)p

n=0

The corresponding failure rate function is

_ dWnP(Ts>1t)  At)p
Isl) = ———g; REYOS

Thus, the survival probability and the failure rate are obtained without speci-
fying the dependence structure of the shock process. It should be noted that when
the process of shocks is NHPP,

As(t) = pA(z), V>0

and the shape of As(t) coincides with that of A(z). However, in the considered case,
the result can be dramatically different. Assume that i(t) is differentiable, then

A1) =

and thus, Ag(#) is increasing (decreasing) in (t1,1,) iff

(
(1) 2 p(A(1)* (A1) <p(2(1))*)

n (l 1, lz).

Let, specifically, A(f) = A, V¢ >0, and therefore, the failure rate, As(¢) is con-
stant when shocks follow the HPP pattern. However, if it is the process,
{N(t), t>0} € I' with the same rate A, then the system failure rate, As(t) =
pA/ (1 + pit) is strictly decreasing with time. This can be loosely interpreted in the
following way: equation P(Ts > t) = E[¢¥")], which defines the survival proba-
bility for the extreme shock model with an arbitrary point process {N(¢), t>0)
means that the larger ¢ for the survived system results in the ‘sparser’ shocks in
time. The latter, due to the independent increments property of the Poisson pro-
cess, does not change the probability of a system’s failure in the infinitesimal
interval of time [z, 7 + dr). However, for{N(¢), t >0} € T, as prompted by (4.74),
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it decreases the chance of shocks in the next interval, which eventually results in
the decreasing failure rate.

Example 4.7 Cumulative Shock Model. Let, as previously, a system be subject to
the process {N (), >0} € T of shocks with arrival times 7}, i = 1, 2,.... Assume
that the ith shock increases the wear of a system by a random increment W; > 0. In
accordance with this setting, a random accumulated wear of a system at time 7 is

As previously, assume that the system fails when the accumulated wear exceeds
a random boundary R, i.e., W(#) > R. The corresponding survival function in this
case is given by

P(Ts > 1) = P(W(1) <R). (4.77)

Explicit derivations in (4.77) can be performed in specific, mathematically trac-
table cases.

Case 1. Suppose that W;, i =1, 2,... are i.i.d. and exponential with mean 0.
Denote, for the sake of notation, the random variable with this distribution by W.
Let fx(r) be the pdf of the random boundary R. First of all, the mgf of W(z),
My, (;)(z), can be expressed as

M0 = Fown (0] = 3 Hownta 1 (1) (120

g 14+ A(
_ 1 1 A(2)
TR AOI— (=] 1T Am M T A Mewonsam @)
(4.78)

where My(z) = 1 corresponds to the mgf of the degenerate distribution with
probability 1 at 0 and

1
Mexpio1+ A (2) = (1 —0(1 +A(t))Z>

corresponds to the mgf of an exponential distribution with mean 6(1 + A(z)). It
follows from (4.78) that the mgf of W(¢) is given by the weighted average of the
mgf’s of two random variables, which implies that the distribution of W(z) is the
mixture of the corresponding distributions. Therefore, W(#) has the point mass at 0
(no shocks had occurred in [0, #]),

and, for x > 0, W(¢) has the pdf
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A1)

o) =G g P a2

Then the Cdf of W(z) is given by

_ A(7) x
Fyy(x) =1 _mexp{—m}, x2>0.

Finally, the survival function of a system can now be defined as

Ts>t:/FW r)ydr, t>0
0

AW T r
=1 —mo/exp{—m}ﬁg(r)dr, t>0.

Case 2. Suppose that the distribution of the random boundary R is now expo-
nential with mean 0. Let My (z) be the mgf of an arbitrary distributed random
variable W (W; are i.i.d)).

Observe that, as the distribution of the random boundary R is exponential, the
accumulated wear until time 7, W(t) = 27:(2 W; does not affect the failure process
of the system after time ¢. That is, on the next shock, the probability of a system’s
failure due to the accumulated wear is just P(R < Wy, 1), and does not depend
on the wear accumulation history, i.e.,

PR>Wi+Wa+t ...+ W R>W, +Wo+ ...+ W,_1)
=PR>W,), foralln=1,2,..., Wy, Wy,...,

where Wy + W, + ...+ W,_1 =0 when n = 1. Then, finally, each shock
results in the immediate failure of a system with probability P(R<W) and it does
not cause any change in the system with probability P(R > W). This interpretation
of the model implies that the cumulative shock model in this setting corresponds to
the extreme shock model considered previously and

=PR<W)=1—-PR>W)=1—My(-0).
Therefore,

1
POs >0 = T R — w0y ' ="

and the corresponding failure rate is

H0)(1 — My(—0))
T+ AW - My (—0)) =

is(l‘) =
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Finally, the combined shock model (see also Sect. 4.1 for a more general
setting) can be also considered. Assume that the ith shock, as in the extreme shock
model, causes immediate system’s failure with probability p, but in contrast to this
model, with probability g it increases the wear of a system by a random increment
W; > 0. The failure occurs when a critical shock (that destroys a system with
probability p) occurs or the random accumulated wear W(¢) reaches the random
boundary R. Therefore,

N(t)
P(Ts > 1|N(s), 0<s<t; Wi, Wa, ..., Wy(; R) = q”<’>1<2 W; <R>
i=0

and the survival function of a system is
P(Ts > t) = E[¢"V1(W(r) <R)].
As previously, for simplicity, let the distribution of a random boundary R be

exponential with mean 6. In a similar way, it can be shown that

P(Ts > t|N(t) =n) = E

ﬁ leP{—HWi}] = (qMw(-0))".

i=1

Finally,

1
P =0 =T A0 (0~ gt (-0)

And the failure rate function is

CdnP(Ty>1) A1 - gMw(=0))

s(t) = a T+ A@)(1 - gMy(=0))

Thus, we have shown that survival probabilities for some shock models can be
effectively obtained for any process that belongs to the CGCP without specifying
its dependence structure [10].

4.10 Information-Based Thinning of Shock Processes
4.10.1 General Setting

In this section, we consider some of the settings of the previous sections from a
more general viewpoint that employs the operation of thinning of point processes
[15]. Thinning of point processes is often applied in stochastic modeling when
different types of point events (in terms of their impact, e.g., on a system) occur. In
the previous sections, we were mostly interested in the corresponding survival
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probabilities and, therefore, there was a sequence of ‘survival events’ and one final
event of failure. Now we will be interested in two sequences of events and will use
this characterization for further discussion of the strength—stress model of Sect. 4.7.

When the initial point process is the NHPP, the thinned processes are also
NHPP independent of each other [15]. The crucial assumption in obtaining this
well-known result is that the classification of occurring point events is independent
of all other events, including the history of the process. However, in practice, this
classification is often dependent on the history. In this section, we define and
describe the thinned processes for the history-dependent case using different levels
of available information and apply our general results to the strength—stress type
shock model, which is meaningful in reliability applications. For each considered
level of information, we construct the corresponding conditional intensity function
and interpret the obtained results.

Let us define the setting in formal terms. Suppose that each event from the
NHPP, {N(t), t >0} with rate (intensity function) v(¢) is classified as the Type I
event with probability p(¢) or as the Type II event with the complementary
probability 1 — p(z). It is well-known (see, e.g., [4], [5]) that the corresponding
stochastic processes {N;(t), t>0} and {N(¢), t >0} are NHPPs with rates
p(t)v(t) and (1 — p(¢))v(r), respectively, and they are stochastically independent.
This operation for p(t) = p is usually called in the literature ‘the thinning of the
point process’ [15]. As stated above, in reality, classification of events is often
history-dependent and the point process is not necessarily Poisson. Therefore,
considering history-dependent thinning appears to be an interesting and important
problem both from theoretical and practical points of view. The following setting
considered in Sect. 4.7 can be helpful as a relevant example.

Suppose that an object (e.g., a system or an organism) is characterized by an
unobserved random quantity U(e.g., strength or vitality). The object is ‘exposed’
to a marked NHPP with rate v(z), arrival times Ty <7, <T5. .. and random marks
S;, i =1, 2,..., that can be interpreted as some stresses or demands. If S; > U,
then the Type I event occurs; if S; < U then the Type II event occurs. We are
interested in probabilistic description of the processes of Type I and Type II
events. It should be noted that probabilities P(S; > U), i =2, 3,... already
depend on the history, as the distribution of U is updated by the previous infor-
mation, as was mentioned in Sect. 4.7 [8].

First, we will characterize the ‘conditional properties’ of {N,(¢),7>0} and
{N2(1), t >0}, (N(t) = Ny (t) + N2(1)). In various practical problems, we are often
interested in the conditional intensity of one of the processes, as only this process
‘impacts’ our system. The conditional intensity or the intensity process and
Eq. (2.12) e.g., for the thinned process, {N;(¢), t >0} is defined as

2 (t|Hy) = AlziinoE[Nl ((r+ At)—it— Ny (t=)|Hy,-]
g PV AD ) — Ni(1) = 1Hy-]
N A11£n>0 At ,

(4.79)



http://dx.doi.org/10.1007/978-1-4471-5028-2_2

4.10 Information-based Thinning of Shock Processes 135

where Hi,— = {Ni(t—), T11, T2, ..., Tin,—)} is the history of the Type I process
before time r and Ty;, i = 1, 2,... are the corresponding sequential arrival times.
In practice, we often observe the process {N;(r), >0}, e.g., as the process of
some ‘effective events’ that can cause certain ‘detectable changes’ (or conse-
quences) in the system. On the other hand, {N,(¢), >0} can be the process of
‘ineffective events’ that have no impact on the system at all. Therefore, the
‘observed history’ Hj,— is our ‘available information’ that is used for describing
{Ni(z), t >0} via the corresponding conditional intensity, whereas the ineffective
events are often (but not necessarily) not observed and thus information on
{N2(t), t >0} is not available.

As the conditional intensity fully describes the underlying point process, it can
obviously be used for defining the corresponding conditional failure rates, which
describe the times to events of interest. For example, assume that our system fails
at the kth Type I event (e.g., due to accumulation of some damage), whereas Type
II events, as previously, are ineffective. Then, given N;(t—) = k — 1, the condi-
tional intensity 4, (¢|H;,—) in (4.79) can be viewed as the conditional failure rate
(given the history). Specifically, when our system fails at the first Type I event, the
history of our interest becomes Hy,— = {N;(t—) = 0}. Alternatively, let the sys-
tem fail on the kth Type I event with probability p(k) and survives with probability
1 — p(k) independent of all other events. Then, given N(t—) = k — 1, the con-
ditional failure rate (on condition that the history Hj,— is given) at time ¢ is
A1(¢|Hy,—) p(k). Thus, the Type 1 event could terminate the process, which is
important for different reliability settings.

As illustrated in the above examples, different conditions can be defined that
characterize ‘fatal events’. However, we are primarily interested in a general
description of the process {N; (), >0} via its conditional intensity A;(#|H;-)
(without termination). Thus, we will focus first on the conditional intensity (4.79)
for a general history Hy;— = {N(t—), Ti1, Ti2,..., Tin,—)}. For convenience, at
some instances, the notation Hj,_ for denoting the corresponding realization
{N](l—) =ny, Ty =t, Tip =t2,.. ~7T1N1(t—) = ll,,]} will be used as well.
Furthermore, the case when the given history is partial, i.e., (t|Hfz_), where Hf,_
is the partial history of Hj,_, will also be investigated. For example, there can be
situations when the arrival times are not observed/recorded but only the number of
Type I events is observed/recorded. In this case, the ‘available information’ at
hand is only N, (t—).

Coming back to the specific stress—strength example, note that, when
{N(t), >0} is the NHPP, U is deterministic, U = u and S;,i = 1,2, ... are i.i.d.
with the common Cdf Fi(s), the processes {N;(¢), >0} and {N,(¢), >0} are
NHPPes. Moreover, they are stochastically independent with rates p(¢)v(¢) and
(1 = p(r)) v(¢), respectively, where p(t) = P(S; > u). Thus, obviously,

i) = Jim FACEAD ) N ]

= P(Sl > I/l) V(t)7

as the process {N;(z), t >0} possesses the property of independent increments.
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We will come back to discussing the case when U is random after a general
formulation of the operation of thinning [8].

4.10.2 Formal Description of the Information-Dependent
Thinning

Let {N(¢), t >0} denote an orderly point process of events with arrival times
T;, i =1, 2,.... We assume that this process is external for the system in the sense
that it may influence its performance but is not influenced by it [21]. On each event
from {N(z), >0}, depending on the history of the processes {N(t),7>0},
{Ni(z), t>0} (note that, N(r)=N;(t)+ N»(r) and see the corresponding
description in the previous subsection) and also on some other random history
process up to ¢, ®,_, the event is classified as belonging to either the Type I or to
the Type II category. Specifically, ®,_ = ® can be just a random variable as, e.g.,
the random quantity U in the previous example. The conditional probability of the
Type I event in the infinitesimal interval of time can be formally written as
PN ((t+df)—) = Ny (=) = 1|Hy—, Hy—, Dy 4 g1)-]

= P[N\((t4dr)—) = Ni(t—) = 1|Hy—, H;—, D a—, N((t + dt)—) — N(t—) = 1]

X P[N((t +dt)—=) = N(t—) = 1|H\,—, H,—, (4]

+ PNy ((t +dt)=) = Ny (t—) = 1|Hy—, H;—, (44—, N((t + dt)—) — N(t—) = 0]

X P[N((t +dt)—) = N(t—) = O|H\,—, H,—, ®( 4]

= P[Ni((t4dr)=) = Ny (t—) = 1|Hy—, H;—, D a—, N((t + dt)—) — N(t—) = 1]

x P[N((t+df)—) — N(1—) = 1|H,_],

(4.80)

where
PIN((t +di)=) = N(i=) = 1|Hy_, Hy, O 4]
reduces to
PIN((t+dt)—) = N(1—) = 1|H,],

as the initial point process is defined as external. It should be noted that H,_ is the
history of the initial process {N(¢), >0} and it does not contain the information
on the type of events and on the corresponding arrival times of events. In other
words, mathematically, H;_ ‘does not define’ Hj,_ and we need both of them for
conditioning. Accordingly, from (4.80),

PIN:((t +dt)—=) = Ni(t—) = UH -, Hi—, Qrar) -]
= PINi((t +dt)—) = Ni(t—) = 1|Hy—, H—, @ N((t + dt) =) = N(t—)
= 1] -v(r|H,-) dt,



4.10 Information-based Thinning of Shock Processes 137

where v(¢|H,_) is the conditional intensity for N(t),>0

_ i PIN(t 4+ A=) = N(—) = 1[H, ]
V(ilH;-) = Alzlglo At

Therefore, we arrive at the following result ([8] for the conditional intensity for
a general history-dependent thinned process:

Theorem 4.14 Under the given assumptions, the conditional intensity A, (t|Hy;—)
is defined by the following expression:

A (t/Hy) = E[PIN, (¢ + df)—) — Ny (1—)
= UHy— Hi—, Oy g5, N((t +dt) =) = N(t—) = 1] - v(t|H,- )],

(4.81)

where the expectation is with respect to the joint conditional distribution
(Hz—a (D(z+dt)7|Hlt—)-

Theorem 4.14 holds for general orderly point processes. Furthermore, when we
observe only the partial history HY,_, the conditional intensity 2 (z|H},_) can be
obtained from (4.81) by replacing Hy,— by H!,_ and by applying an appropriately
modified conditional distribution (H,—, @, 4/ |H,_).

In what follows, we will simplify the setting and consider the case when the
dependence on the history in the second multiplier in (4.81) is eliminated, whereas
it is preserved for the first multiplier. Therefore, v(¢|H,_) is substituted by the rate
of the corresponding NHPP, v(¢). This assumption enables to derive the closed-
form results of the following subsection.

4.10.3 Stress—Strength Type Classification Model

Consider first, the case when only the partial information HY, = {N,(t—)} is

observed, which means that the corresponding arrival times are not observed.
Thus, only the number of Type 1 events is available. Then, formally,
A (1|HY,)
= E[P[N:((t +dt)—) — Ny (t—) = 1|HY | H,_, Dy an—, N((t+dr)—) (4.82)
—N(t=) =1]] - v(1),
where the expectation is with respect to the joint conditional distribution
(Hi—, ®(a-|H},_). Denote the pdf and the Cdf of a random quantity (strength)

U by gu(u) and Gy(u), respectively. In this case, @y gy =
{81, 82,5 Sn((t4-an-); U} and
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PINi((t +dt)=) — Ny (t—) = 1|H}._, H,_, Dy an—, N((t+dt)—) = N(t—) = 1]
= I(Sni-)+1 > U),

where the conditional distribution of U |Hf)l_ does depend on the history H' ﬁ_ and,

as previously, S; denotes the value of stress on the ith event. Therefore, in
accordance with Theorem 4.14, A, (¢|Hf, ) can be obtained as

A1 (t|HY, ) = P(Sn(—y+1 > UIHT,_) - v(1).

As the distribution of Sy;_y;; does not depend on the history
Hf = {N(r—)}, it is sufficient to derive the distribution for U|H! _. Given
U = u, the process {N;(t), t>0} is the NHPP with intensity Fs(u) v(¢) and thus
the conditional distribution of N;(r—)|U is

t

exp ~Fiu) [ v(r) d

0

(Fs(u) Jyv(x) dx)"

n1!

P(N](t—) :n1|U:u) =

Therefore, the conditional distribution of U|N;(t—) is

. ny
(F_S(“) Jov@ dx)

m exp{—Fs(u) o v(x) dx} - gu(u)

(p?(w) IRE) dx)"]

OT;—][exp{—F_s(w) Jov(x)dx} - gu(w) dw

Finally, from (4.82),

[ B
Fs(u) [ v(x) dx)

:fo Fi(u) -<n—lgexp{—fs<u> Jov(x) dr} - gu(u) du

il (t|H{)t—) - (_( )f’ ( d))nl ' V(I).
oo | Fs(w v(x) dx o
{i—lgexp{—Fg(w) fév(x) dx} - gu(w)dw

(4.83)
For the specific case when Hf, = {N,(r—) = 0}, i.e., n; = 0, the conditional
intensity 4 (¢/|H},_) in (4.83) reduces to
_ f(fo fg exp{—fs(r) ﬁ; v(x) dx} -gu(r)drfs(s)ds
f(;’c exp{—FS(r) f(; v(x) dx}gU(r) dr

which is, obviously the same as Eq. (4.50).
Consider now the case when the full history

As(1) v(t),

Hy— = {Ni(t=) =ni, T = tir, Tia = t12, ..., Tiny =) = tin, }
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is observed and, therefore, is available. The crucial step in deriving the conditional
intensity in the previous case was to obtain the conditional distribution of U|HY,_.
Intuitively, as the distribution of U depends only on ‘the number of successes’ up
to ¢, but not on the arrival times of events, it seems that the full history Hj,_can be
reduced to the partial history HY,_ ‘without loss of relevant information’ (i.e., the
full history Hy,— is redundant). Thus it would be meaningful to see whether this
statement is true or not. To show this, consider, as before,

P[Ni((t +dt)=) = Ni(t—) = 1|Hy—, Hi—, ®¢ 44—, N((t +dt)=) = N(t—) = 1]
:I(SN<t_>+1 > U)

In accordance with Theorem 4.14, A, (¢|H;—) can be obtained as
A (t|Hy—) = P(Sy(—y+1 > UlHy-) - v(1).
It is sufficient to derive the distribution for U|H},—. Note that the joint condi-
tional distribution of (Ny(t—), T11, Tz, ..., Tin,—)|U) is given by

3 1373

exp /F_S(u) v(x)dx p Fs(u) v(t11) exp —/F_S(u) v(x)dx p Fs(u) v(tp). ..
0 I

tiny t

X exp{ — / Fs(u) v(x) dxp Fs(u) v(t1n,) exp —/F_S(u)v(x)dx
Hny —1) tiny

t

= (Fs(u))" v(t11)v(t12). . .v(t1n) exp{ —Fs(u) /v(x)dx
0
Therefore, the conditional distribution of (U|Ny(t—), T11, T12, ..., Tin,(i—)) is
(Fs())" v(t11)v(t12). . .v(t1n,) exp{ —Fs(u) [y v(x) dx} - gu(u) '
JoZ (Fsw)"v(tin)v(t12). . v(tin,) exp{—Fs(w) [y v(x) dx} - gu(w) dw
Finally, from (4.81)

_ Jo° (Fs(u)" +1v(t11)v(t12). - (t1,) exp{ —Fs(u) [y v(x)dx} - gu(u)du _
o7 (Fsw)" v(ti)v(11). . v(t1n, ) exp{ =Fs(w) fg v(x) dx} - gu(w) dw

;L]([|H1,_)

v(t) -
(4.84)

It can be seen that 4;(#|H;-) in Eq. (4.84) and that in Eq. (4.83) are identical
and, therefore, H,— can be reduced to the partial history HfF “without loss of
relevant information” as our initial intuition prompted us.

Note that, as the external point process is the NHPP, A(¢|H;-) = v(¢). Then,
using A(#|Hy,—) = A (¢|Hy,—) + A2(2|Hy,—), the following relationship holds:
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Doty ) = lim D2+ A07) = No(t=) = 1Hy, ]

Jim A7 =v(t) — A (¢t|Hs).

It is clear that the conditional probability that the event that happened at time ¢

belongs to {N;(¢), t >0} is

j.](l“H]t_)
Ja(t|Hy—) + Za(t|Hy—)

Obviously, both processes {N;(¢), t >0} and {N,(¢), t>0} are not NHPPs

now.

The case when we observe the full history of {N,(¢), >0} and {N,(¢), t >0},

can be considered in a similar way [8].
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Chapter 5
Heterogeneous Populations

Homogeneity of objects is a unique property that is very rare in nature and in
industry. It can be created in the laboratory, but not outside it. Therefore, one can
hardly find homogeneous populations in real life; however, most of reliability
modeling deals with homogeneous cases. Due to instability of production pro-
cesses, environmental and other factors, most populations of manufactured items
in real life are heterogeneous. Similar considerations are obviously true for
biological items (organisms). Neglecting heterogeneity can lead to serious errors
in reliability assessment of items and, as a consequence, to crucial economic
losses. Stochastic analysis of heterogeneous populations presents a significant
challenge to developing mathematical descriptions of the corresponding reliability
indices. On the other hand, everything depends on the definition, on what we
understand by homogeneous and heterogeneous populations. From the statistical
point of view, these terms mean the following.

In homogeneous populations, the lifetimes of items form a sequence of inde-
pendent and identically distributed random variables (i.i.d.) with the common Cdf
F(t) pdf f(¢), and the failure rate, A(¢). However, due to instability of production
processes, environmental and other factors, most populations of manufactured
items in real life (and biological organisms in nature as well) are heterogeneous.
This means that these populations can be often considered as a finite or non-finite
collection of homogeneous subpopulations [which are frequently ordered in some
suitable stochastic sense, e.g., in the sense of the hazard rate ordering (2.70)].

As an illustrative discrete example, we can think about the collection of n = 2
subpopulations of statistically identical items produced at different facilities and
mixed together in one population. Assume for simplicity, that each subpopulation
consists of a sufficiently large (infinite) number of items. Let the first subpopu-
lation be described by the failure rate A(¢) (baseline failure rate), whereas the
second subpopulation, due to the better production quality has a smaller failure
rate kA(t), where k is a fixed constant such that 0 < k < 1. Let the proportions of
both subpopulations in the population be n; and m,, m; +n, = 1. An item is
selected at random from the described heterogeneous population and therefore, we
do not know to which subpopulation it belongs (although the proportions can be

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 143
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_5,
© Springer-Verlag London 2013
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known at some instances). This choice can be described by the discrete random
variable Z (unobserved) with the possible values “1” and “k” and the corre-
sponding probability masses n(1) = n;, n(k) = m,. Based on the description of Z,
the failure rates of the subpopulation with Z = z can be now specified as A(z,z):
A(t,1) = A(t) and A(t,k) = kA(z). In the literature, the random variable Z is often
called “frailty”. Frailty describes the susceptibility to failures of items from dif-
ferent ordered subpopulations. Various frailty models have been studied in
numerous statistical publications. However, as most of the settings that were
considered in reliability theory and practice are homogeneous, the concept of
frailty has not been sufficiently elaborated in the reliability literature so far.

Instability of production processes, environmental and other factors can obvi-
ously result in more than n = 2 ‘quality levels’ and in the continuous frailty model
as well. Let, as previously, A(¢) denote now the failure rate of some baseline
subpopulation. For illustration of the continuous frailty concept, consider the
multiplicative (proportional) frailty model. In this model, the failure rates of all
other subpopulations are defined as A(f,z) = zA(r), where z is the realization of
Z with support, e.g., in [0, 00). Thus, the failure rate is larger (smaller) for larger
(smaller) values of z and we see here the explicit ordering of the corresponding
subpopulations in the sense of the hazard rate ordering (2.70). The frailty Z is now
the continuous random variable. The term “frailty” was introduced in Vaupel et al.
[63] for the gamma-distributed frailty Z. It is worth noting, however, that this
specific case of the gamma-frailty model was, in fact, first considered by the
British actuary Robert Beard [7, 8].

Mixtures of distributions usually present an effective mathematical tool for
modeling heterogeneity, especially when we are interested in the failure rate,
which is the conditional characteristic. The introductory Sect. 2.3 was devoted to
the shape of the failure rate in the homogeneous setting, which is really important
in many applications (reliability, demography, risk analysis, etc.). In heteroge-
neous populations, the analysis of the shape of the mixture (population) failure rate
starts to be even more meaningful. It is well known, e.g., that mixtures of
decreasing failure rate (DFR) distributions are always DFR [6]. On the other hand,
mixtures of increasing failure rate (IFR) distributions can decrease, at least in some
intervals of time. Note that the IFR distributions are often used to model lifetimes
governed by the aging processes. Therefore, the operation of mixing can dra-
matically change the pattern of population aging, e.g., from positive aging (IFR) to
negative aging (DFR).

In Sects. 5.1-5.6, on the basis of Finkelstein [28, 29], we will present a brief
survey of results relevant for our further discussion in this and in the subsequent
chapters. In the rest of this chapter, some new applications of the mixture failure
rate modeling will be considered.
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5.1 Failure Rate of Mixture of Two Distributions

Suppose, for instance, that a population of some manufactured items consists of
items with and without manufacturing defects. The time to failure of an item
picked up at random from this population can be obviously described in terms of
mixtures. We start with a mixture of two lifetime distributions F(¢) and F, () with
the pdfs fi(¢) and f>(¢) and failure rates A;(¢) and A,(¢), respectively, whereas the
Cdf, pdf, and the failure rate of the mixture itself are denoted by F,(¢), f,.(¢) and
Jm(t), accordingly.

Let the masses m and 1 — & define the discrete mixture distribution. The mixture
survival function and the mixture pdf are

Fo(t) = nFy(t) + (1 — m)Fy(1),
Ju(t) = nfi (1) + (1 — m)fa(t),

respectively. In accordance with the definition of the failure rate (2.4), the mixture
failure rate in this case is

(5.1)

_ (@) + (=m0
Im(t) = nFi (1) + (1 — ﬂ:)iiz(f).

As 4;(t) = fi(t)/Fi(t), i = 1,2, this can be transformed into
In() = (1)1 (1) + (1 = (1)) ), (52)

where the time-dependent probabilities are

_ ﬂFl(l) _ (l —TC)Fz(l)
nFi(1) + (1 —m)Fa(1)’ nFy (1) + (1 = mF (1)’
It follows from Eq. (5.2) that 4,,(¢) is contained between min{,(¢), 2>(¢)} and
2

max{(#), 22(¢)}. Specifically, if the failure rates are ordered as A;(¢) < A»(¢),
then

()

1 —7(¢)

(5.3)

21(1) < Aw(t) < Aa(2).
Differentiating (5.1) results in [51]:

Zoy(0) = n(0) 24 (1) + (1= m(6) 25 (1) = n())(1 = n(0) (41 (1) = Z2(1))*. (5.4)

Assume that 2;(f) i = 1,2 are DFR. Then the mixture failure rate is also
decreasing, which is the well-known fact for general mixtures [6].

As F;(0) = 1,i = 1,2, the initial value of the mixture failure rate (# = 0) is just
the ‘ordinary’ mixture of initial values of the two failure rates, i.e.,

)um(O) = 7'5/11(0) + (1 - 7'[)12(0)
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When 7 > 0, the conditional probabilities 7(7) and 1 — 7(z) are obviously not
equal to 7 and 1 — 7, respectively. Assume that 1;(z) < Z,(¢). Dividing the
numerator and the denominator in the first equation in (5.3) by Fi(¢) it is easy to
see that the proportion of the survived up to ¢ items in the mixed population, i.e.,
n(t) is increasing ((1 — 7(#)) is decreasing). This effect can be meaningfully

interpreted in the following way: the weakest items are dying out first. Therefore,
Im(t) < whi () + (1 —m)Aa(2), t > O. (5.3)

Thus, 4,() is always smaller than the expectation 7, (¢) + (1 — )4, (¢).

Assume now that both 1; () and /,(¢) are increasing for + > 0. Can the mixture
failure rate initially (at, least, for small #) decrease? Equation (5.4) helps us to give
the positive answer to this question. The corresponding sufficient condition is

w (1) + (1 — )2 (8) — (1 — 7)(21(0) — 72(0))> < 0, (5.6)

where the derivatives are obtained at ¢ = (. Inequality (5.6), e.g., means that if
|21(0) — 22(0)| is sufficiently large, then the mixture failure rate is initially
decreasing no matter how fast the failure rates 4;(¢) and /,(¢) are increasing in the
neighborhood of 0, which is a remarkable fact, indeed. Let, for instance,

il(l‘) =cit+ay, )Q(l‘) =ct+ay, 0<ci <c, 0<a1<a,
Then, if
> ner + (1 — my)er 12
2 1 7T(1 77'5) )

Jm(2) is initially decreasing.

What about the asymptotic (for large #) behavior of 4,(¢)? Due to the weakest
populations are dying first principle the intuitive guess would be: the mixture
failure rate tends (in some suitable sense) to the failure rate of the strongest
population as ¢ — oo. Block and Joe [13] give some general conditions for this
convergence. We will just consider here an important specific case of proportional
failure rates that allows formulating these conditions explicitly:

() = Mt,z1) = 21A(t), Aa(t) = At,2) = 24(1), 22 > z1,

where A(f) is some baseline failure rate. We will distinguish between the
convergence

Im(t) — A(t,21) = O ast — o0 (5.7)
and the asymptotic equivalence
Im(t) = At,z1)(1 +0(1)) as t — oo, (5.8)

which will mostly be used in the following alternative notation: A,,(¢) ~ A(t,z1) as
I — oo.
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When A(#) has a finite limit as # — oo, these relationships coincide. The fol-
lowing theorem [32] specifies the corresponding conditions:

Theorem 5.1 Consider the mixture model (5.1)—(5.3), where
Mt,z1) = 2 A(1), A(t,z2) = 224(t); 22 > 71 > 0,
and A(t) — oo as t — oo.Then

e Relationship (5.8) holds;
e Relationship (5.7) holds if

At) exp{—(z2 — 21) / Au)du} — 0 as t — oo. (5.9)
0

The proof is straightforward and is based on considering the quotient 4,,(¢)/A(t,z1)
as in Block and Joe [13].
0

Condition (5.9) is a rather weak one. In essence, it states that the pdf of a
distribution with an ultimately increasing failure rate tends to 0 as r — oo. All
distributions that are typically used in lifetime data analysis meet this requirement.

Similar reasoning can be used for describing the shape of the failure rate for the
mixture of n > 2 distributions [13, 28].

We have described some approaches to analyze the general pattern of the shape
of the mixture failure rate for two distributions focusing on initial and tail
behavior. The concrete shapes can be versatile. We will just present here a few
examples. More information on specific shapes of the mixture failure rate of two
distributions can be found in Gurland and Sethuraman [40], Gupta and Waren [39],
Block et al. [14, 18], Lai and Xie [43], Navarro and Hernandez [51], Finkelstein
[28], and Block et al. [16]. Note that the different shapes of the mixture mortality
rate were analyzed in various demographic applications.

e As follows from Gupta and Waren [39], the mixture of two gamma distributions
with increasing failure rates (with the same scale parameter) can result either in
the increasing mixture failure rate or in the modified bathtub (MBT) mixture
failure rate (it first increases and then behaves like a bathtub (BT) failure rate).
This shape agrees with our general reasoning of this section, as it can be easily
verified that condition (5.6) does not hold in this case and therefore the initial
decreasing is not possible.

e Similar shapes occur for the mixtures of two Weibull distributions with
increasing failure rates. Note that in this case, MBT shape results when p in Eq.
(5.1) is less than some &, 0 < ¢ < 1 and the mixture failure rate increases for
p=<
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e Navarro and Hernandez [51] state that the mixture failure rate of two truncated
normal distributions (we are dealing with lifetime random variables), depending
on parameters involved, can also be increasing, BT-shaped or MBT-shaped. The
BT shape obtained via the generalized mixtures (when p is a real number and
not necessarily p € [0, 1]) where studied in Navarro and Hernandez [52].

e Block et al. [18] give explicit conditions which describe the possible shapes of the
mixture failure rate for two increasing linear failure rates. Again the possible
shapes in this case are IFR, BT, and MBT (for the non-crossing linear failure rates).

e Block et al. [16] present an interesting generalization when one of the distri-
butions is itself a continuous mixture of exponentials (and therefore, decreasing)
and the other is a gamma distribution. It is shown that for the specific values of
parameters involved the mixture failure rate has a BT shape. In essence, these
authors are ‘constructing’ the BT shape using the specifically decreasing in
(0,00) to { > A9 > 0 failure rate of the first distribution and the increasing to
Ao failure rate of the second distribution. Note that, as follows from (5.3), 4,,(¢)
is contained between these two failure rates. Block et al. [16] also prove that
mixtures of DFR gamma distributions with an IFR gamma distribution are
bathtub-shaped and mixtures of modified Weibull distributions (the failure rate
is decreasing not to 0, as for ‘ordinary’ Weibull distribution, but to { ) with an
IFR gamma distribution have also the bathtub-shaped failure rate.

5.2 Continuous Mixtures

Let Z be now a continuous mixing random variable (frailty) with support in [0, 0o)
and the pdf 7(z). Other intervals of support can be also considered. Similar to the
previous section, the mixture survival function and the mixture pdf are defined as
the following expectations:

Folt) = / F(1,2)n(2)dz,
. (5.10)
fult) = / f(2)m()dz,

0

respectively, where the notation for conditional functions F(¢|Z = z) = F(t,z) and
f(t|Z = z) = f(t,7) means that a lifetime distribution is indexed by parameter z.
The corresponding conditional failure rate is denoted by A(#, z), whereas the mixture
(observed) failure rate is

~ Jo S, 9)n(z)dz

SN ETErS

(5.11)
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Equation (5.11) can be transformed to [47]:
r F(r
0= [ o2z, =i = LD (sa2)
0

where 7(z|t) denotes the conditional pdf of Z on condition that 7 > 7, i.e., an item
described by a lifetime T with the Cdf F,,() had survived in [0,f]. Denote this
random variable by Z|r. Obviously the masses n(z) and 1 — =(¢) in (5.1) corre-
spond to 7(z|¢) in the continuous case.

Under the mild assumptions (see Theorem 5.2), a property that is similar to the
discrete case (5.5) holds for the continuous case as well, i.e.,

Jon(t) < Jp(t E/A (2)dz, > 0; An(0) = Ap(t) (5.13)
0

meaning that the mixture failure rate is always smaller than the ‘ordinary’
expectation. Thus, owing to conditioning, the mixture failure rate is smaller than
the unconditional one for each ¢t > 0, which, as in the discrete case, can be
interpreted via the weakest populations are dying out first principle. As time
increases, those subpopulations that have larger failure rates have larger chances of
dying and, therefore, the proportion of subpopulations with a smaller failure rate
increases.

The following theorem [33] states also the condition for Ap(f) — 4,,(7) to
increase:

Theorem 5.2 Let the failure rate At,z) be differentiable with respect to both
arguments and be ordered as

Mt,z1)<AMt,z2), 71<z,V21,22 € [a,b], t > 0. (5.14)
Then

o [nequality (5.13) holds;
o If, additionally, 0A(t,z)/0zis increasing in t, then Ap(t) — Jy(t) is increasing.

We will consider now two important applications specific in cases of model
(5.12). Let A(z,z) be indexed by parameter z in the following additive way:

At,z) = A1) + z, (5.15)

where /(f) is a deterministic, continuous, and positive function for # > 0. It can be
viewed as some baseline failure rate. Equation (5.15) defines for z € [0,00) a
family of ‘horizontally parallel” functions. We will be interested in an increasing
A(t). Applying (5.12) to this model results in
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o Jo 2F(t,9)n(z)dz
I (t) = (1) + foooc P n(0d0 A1) + E[Z]1], (5.16)

where, in accordance with (5.12), E[Z|f] denotes the expectation of the random
variable Z|r. It can be easily shown by direct derivation that
E'[Z|f] = —Var(Z|t) <0. Differentiating (5.16) and using this property, we obtain
the following result [32, 47].

Theorem 5.3 Ler A(t) be an increasing, convex function in [0,00). Assume that
Var(Z|t) is decreasing in t € [0,00) and

Var(Z|0) > 7'(0).

Then 2,(t) decreases in [0,c) and increases in [c,00), where ¢ can be uniquely
defined from the following equation:

Var(Z|t) = ' (1).

It follows from this theorem that the corresponding model of mixing results in
the bathtub shape of the mixture failure rate: it first decreases and then increases,
converging to the failure rate of the strongest population, which is A(¢) in our case.
It seems that the conditional variance Var(Z|r) should decrease, as the “weak
populations are dying out first” when ¢ increases. It turns out, however, that this
intuitive reasoning is not true for the general case and some specific distributions
can result in initially increasing Var(Z|t). The corresponding counter-example can
be found in Finkelstein and Esaulova [32]. It is also shown that Var(Z|t) is always

decreasing in [0, 00) when Z is gamma-distributed.
The most popular and elaborated applications model of mixing is the multi-

plicative one:
A1,2) = 2(0), (5.17)

where, as previously, the baseline A(7) is a deterministic, continuous, and positive
function for ¢ > 0. In survival analysis, Eq. (5.17) is usually called a multiplicative
frailty model (proportional hazards). The mixture failure rate in this case is

Jon(t) = / At 2)m(2lt)dz = A(1)E[Z]{). (5.18)
0

Differentiating both sides gives
(1) = A (1)E[Z|f] + A()E'[Z]1). (5.19)

Thus, when A(0) = 0, the failure rate 4,,(f) increases in the neighborhood of
t = 0. Further behavior of this function depends on the other parameters involved.
Similar to the additive case, E'[Z|f] = —A(t)Var(Z|t) <0, which means that E[Z|f]
is decreasing in ¢ [38]. Therefore, it follows from Eq. (5.18) that the function
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Jm(2)/A(2) is a decreasing one, which imply that A(¢) and 4,,(f) cross at most at
only one point. It immediately follows from Eq. (5.19) that when A(¢) is
decreasing, 4,(t) is also decreasing (another proof of this well-known property).
When A(0) # 0 and

< Var(Z)
20) = EZ

the mixture failure rate is decreasing in [0, ¢), ¢ > 0 meaning, e.g., that for the
fixed E[Z] the variance of Z should be sufficiently large.

Asymptotic behavior of 4,,(¢) as t — oo for this and other (more general models
will be discussed in Sect. 5.4). Note that, the accelerated life model (ALM) to be
studied in this section does not allow the foregoing reasoning based on considering
expectation E[Z|t].

5.3 Examples
5.3.1 Weibull and Gompertz Distributions

Consider multiplicative frailty model (5.17). Let Z be a gamma-distributed random
variable with shape parameter o and scale parameter f and let A(¢) = y#/~!, y > 1
be the increasing failure rate of the Weibull distribution, lim,_, 4(f) = co. The
mixture failure rate 4,,(¢) in this case, can be obtained by the direct integration, as
in Finkelstein [28] (see also [38]):

_apyr!
L+ Br

The shape of the mixture failure rate differs dramatically from the shape of the
increasing baseline failure rate (). Thus 4,,(¢) is equal to 0 at # = 0, increases to a

maximum at
1 1
Y — LY\?
Tmax = <—)
B

and then decreases to 0 as r — oo (Fig. 5.1).

Weibull distribution with y > 1 is often used for modeling aging processes as
its failure rate is increasing. Therefore the mixture model results in the dramati-
cally different shape (the upside-down bathtub shape). This phenomenon should
certainly be taken in account in reliability practice.

The described shape of the mixture failure rate was observed for a heteroge-
neous sample of miniature light bulbs [28]. The failure rate of the homogeneous
population of these light bulbs, however, follows the Weibull law. Therefore the
observed shape complies with the predicted one.

A (1)

(5.20)
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Fig. 5.1 The mixture failure T . v g Y "
rate for the Weibull baseline
distribution, y = 2, o = 1

M)

Fig. 5.2 Gamma-Gompertz 1
mixture failure rate Am(t)

bp<a

bp=a

bp>a
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Let again the mixing distribution be the gamma distribution with shape
parameter ¢ and scale parameter [/, whereas the baseline distribution be the
Gompertz distribution with the failure rate A(¢) = aexp{bt}, a,b > 0. Owing to
its computational simplicity, the gamma-frailty model is practically the only one
widely used in applications so far. Direct computation in accordance with
Eq. (5.12) for this baseline failure rate results in

() = —Leoxelby (5.21)

exp{bt} + (%ﬁ - 1)

If b = a, then A,,(t) = bc. However, if bff > a, then 4,,(¢) increases to bc and
if bff <a, it decreases to bc (Fig. 5.2).

Thus, we are mixing exponentially increasing failure rates and as a result
obtaining a slowly increasing (decreasing) mixture failure rate, which converges to
a constant value.

5.3.2 Reliability Theory of Aging

Consider now a discrete frailty parameter, Z = N with the Cdf Fy(n) = P(N < n).
We will be interested in the following meaningful reliability interpretation.
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Let N be a random number of initially (at # = 0) operating independent and
identically distributed components with constant failure rates 4. Assume that these
components form a parallel system, which, according to Gavrilov and Gavrilova
[36], models the lifetime of an organism (generalization to the series-parallel
structure is straightforward). These authors also provide a biological justification
of the model. In each realization N = n, n > 1, the degradation process of pure
death can be defined as just the number of failed components. When this number
reaches n, the death of an organism occurs. Denote by 4,(¢) the mortality (failure)
rate, which describes T,—the time to death for the fixed N =n, n=1,2,...
(n = 0 is excluded, as there should be at least one operating component at ¢ = 0).
It is shown in Gavrilov and Gavrilova [36] that as t — 0, this mortality rate tends
to an increasing power function (the Weibull law), which is a remarkable fact. On
the other hand, for random N, similar to (5.2), (5.3) and (5.11, 5.12), the observed
(mixture) mortality rate is given as the following conditional expectation with
respect to N:

Im(t) = E[An(D)|T > 1], (5.22)

where T, as usual, denotes the lifetime of interest. Therefore, as previously, A, (f)
is a conditional expectation (on condition that the system is operable at f) of a
random mortality rate Ay (). Note that, for small ¢, this operation can approxi-
mately result in the unconditional expectation

im(t) = EDn(8)] = Puda(t), (5.23)
n=1

where P, = Pr[N = n], but the limiting transition, as t+ — 0, should be performed
carefully in this case. As t — oo, we observe the following mortality plateau [34]:

In(t) — . (5.24)

This is due to the fact that the conditional probability that only one component
with the failure rate 4 is operating tends to 1 as t — oo (on condition that the
system is operating).

Assume now that N is Poisson distributed with parameter # (on condition that
the system is operable at t = 0). Therefore

p, = oxplonin o
n!(1 —exp{—n})

It can be shown via direct integration that the time to death in our simplified
model has the following Cdf [55]:

| —exp{—nexp{—21}}

F(t)=Pr[T <1 = 1 —exp{—n}

(5.25)
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The corresponding mixture mortality rate is

it = F'(t) _ niexp{—i1}
" 1=F(r)  exp{nexp{—ir}} -1’

(5.26)

Performing, as + — oo, the limiting transition in (5.26), we also arrive at the
mortality plateau (5.5).

In fact, the mortality rate given by Eq. (5.26) is far from the exponentially
increasing Gompertz law. The Gompertz law can erroneously follow (as in Gav-
rilov and Gavrilova [36]) from (5.23) if this approximation is used formally,
without considering a proper conditioning in (5.23). However, for some specific
values of parameters and sufficiently small ¢, exponential approximation can still
hold. The relevant discussion can be found in Steinsaltz and Evans [55].

5.4 Mixture Failure Rate for Large ¢

The failure (mortality) rate behavior for large ¢, is important for objects at the last
phase of their useful life (e.g., the above mentioned mortality plateaus). Among the
first to consider the limiting behavior of mixture failure rates for the continuous
mixtures were Clarotti and Spizzichino [23]. They showed that the mixture failure
rate for a family of exponential distributions with parameter « € [a, 00) converges
to the failure rate of the strongest population, which is a in this case. Block et al.
[17], Block et al. [14], and Li [44] extended this to a general case (see also [15]). As
the approach (and obtained important mathematical results) of these authors is very
general and some assumptions are rather restrictive, it does not provide specific
asymptotic relationship that can be used in practical analysis for mixed populations.
In order to be able to perform this analysis, Finkelstein and Esaulova [33] devel-
oped an approach that was applied to reasonably general survival model that allows
for explicit asymptotic relationships and covers (as specific cases) three most
popular in survival analysis frailty models: additive, proportional, and accelerated
life. The main results that were obtained using this approach are discussed below.
The corresponding proofs that are quite technical can be found in this paper.

Let T > 0 be a lifetime with the cdf F(z), pdf f(¢), and the failure rate A(z). Let,
as previously, these functions be indexed by the realization of the frailty parameter
Z =z ie., F(t,2), f(t,2), A(t,2), respectively. Consider the following general
survival model:

A(t,z) = A(zg(1) + (1), (5.27)

where A(t,z2) fo t,z) denotes the corresponding cumulative failure rate and
A(), w() and ¢(-) are increasing differentiable functions of their arguments.
The meaning of relationship (5.27): we perform a scale transformation ¢(¢) in the
argument of the cumulated failure rate A(z) and ‘insert’ a frailty parameter. An
important feature of the model is that parameter z is a multiplier.
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This model includes a number of well-known survival analysis and reliability
specific cases, i.e.,
Additive Model: Let

Alu) =u, ¢(r) =1, Y(0)=0.
Then
Mt,z) =z+ Y (1), At,2) =z +y(1). (5.28)
PH (multiplicative) Model: Let
A(u) =u, ¢(r) = A().
Then

At,z) = zA(1),

t

, (5.29)

A(t,2) = zA(t) = z | A(u)du.

/
Accelerated Life Model: Let
Alu) = Aw), $(1) =1
Then
At,2) = | AMu)du = A(zr), (5.30)
/

At 2) = zA(zt). (5.31)

We are interested in asymptotic behavior (as t — o0) of 4,,(¢). For simplicity of
notation (and, in fact, not loosing the generality), we will assume further that

¥(1) = 0.
Theorem 5.4 Let the cumulative failure rate A(t,z) be given by Eq. (5.27)
(Y(r) = 0) and let the mixing pdf n(z), z € [0,00) be defined as

m1(2), (5.32)

n(z) =¥

where o> — 1 and m,(z), m1(0) # 0 is a function bounded in [0,00) and con-
tinuous at z = 0. Assume also that ¢(t) — oo as t — oo and that A(s) satisfies

/ exp{—A(s)}s*ds <oo. (5.33)
0
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Then
¢'(1)
Im(t) ~ (@ + 1) 5.34)
(1) o0 (
where, as usual, asymptotic notation a(t)~b(t) as t— oo means that

lim,_ a(t)/b(t) = 1. As we had mentioned, another possible notation for (5.34)
is Jn(t) = (2 + 1) (1) /(1) (1 + o(1)).

The proof of this result is cumbersome and is based on Abelian-type theorems
for the corresponding asymptotic integrals. That is why the multiplicative form in
A(zp(r)) is so important.

O

The specific case of this theorem for the multiplicative model (5.31) was inde-
pendently considered by Steinsaltz and Wachter [56]. Assumption (5.32) just states
the ‘form’ of the admissible mixing distribution and holds for the main lifetime
distributions, such as Weibull, gamma, truncated normal, etc. However, it does not
hold for a lognormal distribution, as the corresponding asymptote is proportional to
1/z when z — 0. Assumption (5.33) is a very weak one (weaker than just having a
finite expectation for a lifetime) and can be omitted in practical analysis.

A crucial feature of this result is that the asymptotic behavior of the mixture
failure rate depends only on the behavior of the mixing distribution in the
neighborhood of 0 and on the derivative of the logarithm of the scale function

(1), ie.,

(log (1)) = ¢'(r)/d(0).

When 7(0) # 0 and 7(z) is bounded in [0, 00), the result does not depend on the
mixing distribution at all, as & = 0 in this case. Intuitively, the qualitative meaning
is quite clear: as t — oo, only the most robust survivors are left and in, accordance
with (5.27), this corresponds to the small values of z (weak populations are dying
out first).

It is easy to see that for the multiplicative model (5.29), Eq. (5.34) reduces to

(2 + Dilr)

Tonl) ~ s (5.35)
and to
() ~ “J; ! (5.36)

for the ALM (5.30), (5.31).

It should be noted that (5.36) is a really surprising result, as the shape of the
mixture failure rate for large ¢ does not depend on the baseline distribution F(z). It
is also dramatically different from the multiplicative case (5.35). This means that
the ‘nature’ of the ALM is such that it ignores’ the baseline distribution for large .
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Comparing (5.35) and (5.36), we see that the latter never results in the
asymptotically flat observed failure rate (the mortality plateau in human mortality
studies), whereas the multiplicative model can have this possibility, as in the case
of the gamma-frailty model for the Gompertz distribution (see Eq. 5.21).

Note that, by direct integration, Eq. (5.21) can be generalized to the case of an
arbitrary (absolutely continuous) baseline distribution characterized by the failure
rate A(1):

cA(t) cA(t)

(1) = B+ A1) - B+ fé A(u)du

(5.37)

It is clear that ¢ = « 4 1 for the gamma pdf and this formula perfectly comply
with the general asymptotic result (5.34) and a classical result by Vaupel et al. [63].

Let, for instance, 7m(z) be the uniform density in [0, 1] and let also
(1) = exp{t}(a,b = 1 for simplicity of notation). Then A(z,z) = zexp{r} and

oo

/ F(t,2)n(z)dz = é (1 —exp{-w}),

0

[ 19z = @+ 1) |- 222 L1 expo].
0

where o =exp{t} — 1 and w — oo as r — co. Therefore, in accordance with
Eq. (5.11),
}H?o Jm(t) = 1.

The same limit holds for 4,,(¢) in (5.37) for the considered specific values of
parameters. This example illustrates the fact that the asymptotic value of the
mixture failure rate does not depend on a mixing distribution if 7(0) # 0.

Theorem 5.4 deals with the case when the support of a mixing distribution
includes 0, i.e., z € [0, 00). In this case, the strongest population cannot usually be
properly defined. If, however, the support is separated from 0, the mixture failure
rate can tend to the failure rate of the strongest population as t+ — oo. The fol-
lowing theorem [33] states reasonable conditions for this convergence (we assume,
for simplicity, as previously, that y(7) = 0):

Theorem 5.5 Let, as in Theorem 5.4, the class ¢ by Eq. (5.27), where ¢(t) — oo,
Y(t) = 0 and let A(s) be twice differentiable.Assume that, as s — 00

Ls)z -0 (5.38)
(A'(s))
and

sA'(s) — oo. (5.39)
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Also assume that for all b,c > a, b<c, the quotient A'(bs)/A’(cs) is bounded
as s — oo. Finally, let the mixing pdf n(z) be defined in [a, 00), a > 0, bounded in
this interval and continuous at z = a and n(a) # 0. Then

Jn(t) ~ ad (A (adp(1)). (5.40)

The assumptions of this theorem are rather natural and hold at least for the
specific models under consideration and for the main lifetime distributions.
Assume additionally that the family of failure rates A(z,z) is ordered in z (as for
additive or multiplicative models), i.e.,

;L(l,zl)<i(t,Z2), 21<2,Vz21,20 € [a, OO]7 a> 0. (5.41)

The right-hand side of (5.40) can be interpreted in this case as the failure rate of
the strongest population. Specifically, for the multiplicative model:

Jon(£) ~ ad(t). (5.42)

Thus, as intuition suggests, the mixture failure rate asymptotically does not
depend on a mixing distribution. A similar result holds also for the case when there
is a singularity in the pdf of the mixing distribution of the form:

n(z) = (z — a)*ni(z — a), (5.43)

where o > — 1 and 7;(z — a) is bounded, 7;(0) # 0.

Missov and Finkelstein [49] have generalized these results to the wider class of
mixing distributions. It turned out that the mixing pdf (5.32) in Theorem 5.4 can be
of a more general form

n(z) = ZG(2)m (2),

where G(z) is a regularly varying function. Recall (Bingham et al. [11]) that a
positive function G(f) defined on (0.00) is slowly varying at O if for every k > 0,
G(kt
lirnL =1.
—0 G(t)
Moreover, a positive function R(f) defined on (0.00) is regularly varying at 0
with power —oo <p < o0, if

R(1)
im =1,
t—0 IpG(t)

where the function G(¥) is slowly varying at 0.
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5.5 Mortality Plateaus

As it was already mentioned, demographers had recently observed the deceleration
in human mortality at advanced ages which eventually results in human mortality
plateaus [58]. The most reasonable explanation of this fact is via the concept of
heterogeneity of human population which obviously takes place. The following
refers to the interpretation of our results for this application.

As follows from Eq. (5.36), the ALM (5.31) never results in the asymptotically
flat failure rate. Moreover, it asymptotically tends to 0 and does not depend on a
baseline distribution, which is Gompertz for the case under consideration

The only function g(¢), for which g(r)/ f; g(u)du tends to a constant as t — oo,
is the exponential function. Therefore, as follows from Relationship (5.35), the
asymptotically flat rate in the multiplicative model (5.29) can result via mixing
of a random lifetime distributed only in accordance with the Gompertz distri-
bution or in accordance with a distribution with the failure rate that asymptot-
ically converges to an exponential function.

In accordance with Theorem 5.4, the admissible mixing distributions (i.e., the
distributions that can lead to the asymptotically flat mortality rate) are those with
behavior as z*,o0 > — 1 for z — 0. The behavior outside the neighborhood of 0
does not contribute to asymptotic properties of the failure rate. Therefore, the
power law (Weibull distribution), the gamma distribution, and some other dis-
tributions are admissible. Note that, when the mixing pdf is such that 7(0) # 0
has a finite limit when z — O (as, e.g., for the exponential distribution), rela-
tionship (5.35) reduces to

A1)
f(; A(u)du
And, therefore, the mixture mortality rate does not depend on the mixing dis-

tribution at all! The same result holds for, e.g., the mixing density that is
1/a, a>01in [0,a] and is 0 in (a, c0) (uniform distribution).

)wn(t) ~

In view of the foregoing discussion, the asymptotically flat rate (as for human

populations) can be viewed as an indication of:

e that the mixing model is multiplicative,
e that the underlying distribution is definitely Gompertz or asymptotically con-

verges to the Gompertz distribution,

that the mixing pdf is proportional to z*,z > — 1, when z — 0, e.g., the gamma
distribution. The form of this distribution outside neighborhood of 0 has no
influence on the asymptotic behavior of A(z).
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5.6 Inverse Problem

There can be different approaches to considering the inverse problem in mixing. In
view of the results of Sect. 5.4, one can be interested in defining the class of
mixing distributions that ‘produce’ the mixture failure rate of the form given by
(5.34). The following theorem [49] solves this problem.

Theorem 5.6 Let conditions of Theorem 5.4 hold and, therefore, Relation (5.34)

takes place.Then the pdf n(z) of the mixing (frailty) distribution satisfies for 7 — 0
Jo exp{—A(z¢(1))}z' (z)dz oy
Jo' exp{~A(z¢(1))}n(z)dz

(5.44)

Condition (5.44) is not easy to check. However, the following theorem [49]
gives a simple sufficient condition.

Theorem 5.7 Let n(z) be a regularly varying function defined by n(z) = 2*G(z),
where o > — 1 and 7'(z) be asymptotically monotone as 7 — 0. Then Relationship
(5.44) holds.

A well-known fact from survival analysis states that the failure data alone do
not uniquely define a mixing distribution and additional information (e.g., on
covariates) should be taken into account (a problem of nonidentifiability, as, e.g.,
in Tsiatis [59] and Yashin and Manton [66]). On the other hand, the following
specific inverse problem can be solved analytically, at least for additive and
multiplicative models of mixing [28]:

Given the mixture failure rate ,(t) and the mixing pdf n(z), obtain the failure
rate A(t) of the baseline distribution.

This means that under certain assumptions any shape of the mixture failure rate
can be constructed by the proper choice of the baseline failure rate. To illustrate
this statement, consider the additive model (5.28):

F(t,z) = exp{—A(t) — zt}, f(t,2) = (A(t) + z) exp{—A(t) —zt}.  (5.45)
Therefore, the mixture survival function in (5.10) can be written via the Laplace
transform as

[o¢]

F(t) = exp{—A(z) / exp{—zt}n(z)dz = exp{—A(t) }7* (1), (5.46)
0

where, 7*(t) = E[exp{—zt}] is the Laplace transform of the mixing pdf =(z).
Therefore, Eq. (5.15) yields

0

Im(t) = A1) + =
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and the solution of the inverse problem for this special case is given by the
following relationship:

\ d
Mﬂzmm+abyﬁﬂ:M@—Em4 (5.48)
If the Laplace transform of the mixing distribution can be derived explicitly,
then Eq. (5.48) gives a simple analytical solution for the inverse problem. Assume,
e.g., that ‘we want’ the mixture failure rate to be constant, i.e., /,,(f) = c. Then the
baseline failure rate is obtained as

A1) = ¢ — E[Z]1].

The corresponding survival function for the multiplicative model (5.17) is
exp{—zA(f)} and the mixture survival function for this specific case is

[o.¢]

Fo(t) = / exp{—zA(?) }n(z)dz = 7" (A(2)). (5.49)

0

It is obtained in terms of the Laplace transform of the mixing distribution as a
function of the cumulative baseline failure rate A(t). Therefore,

d
(1) = — alog 7 (A(1)). (5.50)
The general solution to the inverse problem in terms of the Laplace transform is
also simple in this case. Note that,

n (A1) = exp{—=An(1)}, (5.51)

where A, (t) denotes the cumulative mixture failure rate. Applying the inverse
Laplace transform L~!(-) to both sides of this equation finally results in

M) = N (1) = %L‘l (exp{—An(1)}). (5.52)

The Laplace transform methodology in multiplicative and additive models is
usually very effective. It constitutes a convenient tool for dealing with mixture
failure rates when the Laplace transform of the mixing distribution can be obtained
explicitly. The exponential family [41] presents a wide class of such distributions.
The corresponding pdf is defined in this case as

exp{—0z}g(z)
n(z) = , 5.53
0="""% (5:53)
where g(z) and 7(z) are some positive functions and 0 is a parameter. The function

1(0) plays the role of a normalizing constant ensuring that the pdf integrates to 1.
The gamma, the inverse Gaussian, and the stable distributions are relevant
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examples. Note that, the Laplace transform of n(z) depends only on the normal-
izing function 7(z) [41], i.e.,

o0

' (s) = / exp{—sz}n(z)dz =

0

This means that under certain assumptions any shape of the mixture failure rate
can be constructed by the proper choice of the baseline failure rate. Specifically,
for the exponential family of mixing densities and the multiplicative model under
consideration, the mixture failure rate is obtained as

: d n0+A@)
Im(t) = ——log——%
(1) = = log 0
d
i )d(6'+A(t)) n(0+ A(1))
(0 + A(r))

(5.54)

Therefore, the solution to the inverse problem can be obtained in this case as the
derivative of the following function:

A(r) = ™" (exp{~An(1)}n(0)) — 0. (5.55)

It can be easily calculated [28] that when the mixing pdf is gamma with
parameters o and f, the solution of the inverse problem is obtained as

At) = g A () exp{/\";(t)}. (5.56)

Assume that the mixture failure rate is constant, i.e., 4,,(¢) = c. It follows from
(5.56) that for obtaining a constant 4,,(¢) the baseline A(¢) should be exponentially

increasing, i.e.,
B ct)
A(t) == —~ 5.
(1) =" cexpy—

But this is what we would really expect. As we already mentioned, this result is
really surprising: we are mixing the exponentially increasing family of failure rates
and arriving at a constant mixture failure rate.

5.7 The Failure Rate Dynamics in Heterogeneous
Populations

The mixture failure rate function and some other measures based on it (e.g., the
reliability function, the mean residual life function, etc.) are conventionally con-
sidered as measures of performance (or quality) of items in heterogeneous
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populations. However, if we pick an operable item at random from this population,
its individual failure rate at each instant of time can be considered as a random
variable, whereas the mixture failure rate is defined as its expectation. As in the
case of ‘ordinary’ random variables, other than expectation characteristics are also
important. The obvious first choice is the corresponding variance.

As an example, consider a system that should perform an important mission.
The quality of its performance can be described by the probability of operation
without failures during a mission time. If a mission is important and its failure
results, e.g., in substantial economic loss, then not only the population (mixture)
failure rate of a system that defines the average value of this probability, but the
deviations from this value due to heterogeneity of a population are of considerable
interest. As the weakest items are dying out first, the composition of the ordered
heterogeneous population is improving in the sense that proportions of stronger
items are increasing. However, does it mean that the ‘quality’ (from a broader
perspective) of the entire population is improving? Not necessarily, as this quality
can depend also on the variability characteristics to be discussed in this section.
Furthermore, when we are dealing with failures that may result in serious con-
sequences, more attention should be paid to the items with a high risk of failure,
i.e., the items with large failure rates. Therefore, the measures for quality of these
items should be also defined.

We consider a heterogeneous population of items (components) that consists of
different homogeneous subpopulations, that are modeled via the frailty Z. The
numbers of items in populations are supposed to be sufficiently large and thus our
problems can be statistically described in terms of infinite populations. As time
progresses, the failed items are discarded and therefore, the composition of the
population of survived items (which is, in fact, the conditional frailty Z|T > ¢)
changes. Alternatively, an item is chosen at random from our heterogeneous
population and if it did not fail in [0,7), then our initial knowledge about its
‘quality’ which is described by the frailty Z is changing in accordance with
Z|T >t (see Eq. (5.12) and the discussion after it).

For illustrating the dynamics in variability characteristics, consider the case of
n = 2 subpopulations that can be generalized to the arbitrary finite n. Denote the
lifetime of a component from the strong subpopulation by T and its absolutely
continuous Cdf, pdf, and the failure rate function by Fi(¢), fi(¢) and 4(¢),
respectively. Similarly, the lifetime, the Cdf, the pdf, and the failure rate function
of a weak component are Ty, F»(t), fo(¢) and 1,(¢), accordingly. Formal defini-
tions of the strong and weak subpopulations will be given after presenting the
necessary notation. The initial (# = 0) composition of our mixed population is as
follows: the proportion of strong items is ©, whereas the proportion of weak items
is 1 — m, which means that the distribution of the discrete frailty Z with realizations
z; and z, in this case is
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and zj, 2 (21 <z2), correspond to the strong and the weak subpopulations,
respectively. In accordance with Egs. (5.1)—(5.3):
The mixture (population) survival function is

Fo(t) =nF (1) + (1 — n)F, ().
The mixture (observed) failure rate is

_nfi(t) + (1 = n)fa(1)
) = (= n);z(t)

= 1(t) (1) + (1 — 7()) 2a (1), (5.57)

where the time-dependent probabilities are

o TCF](Z‘)
- 7IF1 (t) + (1 — ﬂ)Fz(t) ’

_ (1 -mm@)
o 7IF1 (t) + (1 — E)Fz(l) '

n(t) 1 —=n(r)
Thus, the composition of our population is changing in time in accordance with
the following distribution of Z|r = Z|T >

2(elr) = { (1), =2 .

1—n(t), z=2

Assume now that the populations are ordered (and therefore, the weak and the
strong subpopulations are defined accordingly) in the sense of the failure rate
ordering:

Aa(t) > Ai(r), t>0.

Then, it is easy to see that the proportion of strong items

(1)

T+ (1—n)F0)/F()’

is increasing as t is increasing. In the context of burn-in, e.g., it means that the
quality of a population in the defined sense is improving as the time of burn-in is
increasing.

Equation (5.57) defines the observed (mixture) failure rate, which is obviously
an averaged characteristic. However, the above mixture setting implies that an
operable item at time ¢ can be described by a random failure rate Jg(t) with
realizations 4 (¢) and A,(¢):

Ay (2 ith probabilit t
In(t) = {A](), with probability 7(z), (5.58)

J2(t), withprobability 1 — n(r).

Thus, we can also interpret (5.57) as the expectation of the random failure rate
R (1)

Jm(t) = E[g(1)):
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Expectation is obviously an important characteristic, but, as in the case of
‘ordinary random variables’ we might be interested in moments and, first of all, in
Var[Ag(#)] as the variability measure of the population structure. This measure is
important as we want to know (or control) the ‘risks’ (i.e., large deviations from
the mean) that can occur in field usage. Therefore, 4,,(fr) and Var[ig(¢)] can
describe the quality of our heterogeneous population. It is reasonable to assume
that the larger these characteristics are, the worse is the corresponding quality.
Furthermore, at many instances, along with the absolute variability measure
Var[/x(t)], the relative variability is of interest. Thus, in addition to Var[ig(t)], we
will consider the measure for the ‘relative deviation’, i.e., the corresponding
coefficient of variation:

CV[ir(0)] = /Var[ig(1)]/E[2x(1)] = / Var[dg(t)] / 2n(1).

We will derive now general formulas for the measures of interest. In order to
obtain Var[Ag(¢)], in accordance with (5.58), it is easier to consider the supple-
mentary random variable Agc(f), which is equal to Ay(f) — A,(#) with probability
7(t) and to 0 with probability 1 — =(¢). Then

Var[Jz(1)] = Var[ize ()] = (21 () — 2 ())*7())(1 — 7(r)), (5.59)

and

CVUa0)] = VValia0] inte) = 2O ADVEOLZED 560

As we know, the shape of the mixture failure rate is very important in
describing heterogeneous populations. In accordance with the foregoing consid-
erations, the shape of the functions Var[/g(7)] and CV[Ag(#)] is also of interest. For
simplicity, we consider first the mixture of two exponential distributions. Let
J2(t) = 22 > A1(t) = A;. Then, as a special case of Eq. (5.59),

Var[/g(t)] = (11 — &)’ 7(0)(1 — n(r)),

and

2 (1) = —(2 = 2)*m(6)(1 — n(r)) = —Var[Jg(1))]. (5.61)

Thus, the slope of the mixture failure rate in this case is equal to the variance of
the random failure rate (with the negative sign). We can consider the following
two cases:

(i) Let the initial proportion of strong components be larger than 0.5 (m > 0.5);
then 7(¢)(1 — =(¢)) strictly decreases in # from 7(0)(1 — 7(0)). Therefore,
Zm(t) and Var[Ag(z)] strictly decrease and, therefore, the population becomes
‘better’ (the failure rate is smaller) and more ‘stable’ (the variance is smaller).
Observe that
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1
T 2/m0 (0 = q(0)Gan(t) + ia(1 — (1))

x [(Za — 2T (1 = 22(8)}(2am(e) + A1 — 7(2))) + 2022 — 20)°7 () m(£)(1 — n(t))]

1 !
=3 O =7 0) an(0) + (1 — 7(0)] (2 = )7 () {A2(1 = n(2)) — Aim(r)}

CV'[Ir(1)]

Therefore, as 7'(¢) is positive (n(¢) is increasing):

/ A n(t)
cvmmﬂ>0¢z%>TjR5‘

Obviously, n(7)/(1 — n(z)) strictly increases to co as ¢ increases. Thus, when

@ n(0)

—_- > —— 5.62

/11 1 - 7'[(0) ’ ( )
CV[Agr(t)] increases and then decreases with one change point #* such that
Jaf2 = n(t*)/(1 — =(¢*)). When

/12 71?(0)
7 S1==(0)

then CV[Ag(r)] monotonically decreases.

(ii) Let the initial proportion of strong components be smaller or equal to 0.5
(m £ 0.5). As it was stated, the proportion of remaining weak components
1 — n(¢) is always decreasing in time. Therefore, the first guess based on
intuition would be that Var[Az(¢)] (similar to (i)) is also decreasing. However,
it is easy to see that at time # such that 7(¢) = 0.5, the function, Var[Ag(#)] (and
as follows from (5.61), |4 ()| as well) has its maximum and only after this
point it strictly decreases. In this case, Inequality (5.62) always holds and thus
CV[Ag(2)] increases and then decreases with one change point #* such that

Ja /A = n(t)/(1 = n(t).

Equation (5.59) can be used for analyzing the shape of Var[Ag(¢)] for time-
dependent failure rates. Specifically, when A,(¢) — 4;(¢) is increasing and = < 0.5,
then 7(¢)(1 — =(¢)) first strictly increases and then decreases. Therefore, Var[Ag(?)]
initially strictly increases.

When 4 (¢) — A2(¢) is decreasing:

(i) If = > 0.5, then =(¢)(1 — n(z)) strictly decreases and Var[lg(¢)] strictly
decreases.

(ii) If = < 0.5, then, 7(¢)(1 — =(¢)) strictly increases in [0,#*) and decreases in
[t*,00), where t* is the solution of the following equation: 7(¢) = 0.5. Thus
Var[/g(t)] strictly decreases in [*, 00).
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Fig. 5.3 Mixture Failure 6/
Rate (1) -

5|

4]

4. (1)

02 0.4 0465 0.8 1. .28 1.d

Equation (5.60) can be used for analyzing the shape of CV[Ag(¢)]. For instance,
if Ao(t) — A1(¢) is decreasing and 4,,(¢) is increasing, then CV[Ag(t)] is strictly
decreasing or it initially increases and then monotonically decreases.

Example 5.1 Let 2,(t) = 1, A2(¢#) = 5 and = = 0.2. Then the mixture failure rate
Jm(2) is given by Fig. 5.3.

Assume that an item has survived to age 0.4. As follows from the graph:
/m(0.4) =~ 3.0. How much can we rely on this value? To answer this question, it is
reasonable to consider Var[Ag(#)] given by Fig. 5.4.

We can see that Var[Ag(¢)] has a maximum at ¢ ~ 0.4 (7(0.4) ~ 0.5). This
means that at = 0.4, approximately 50 % of survived items have the failure rate
with realization 5.0, and the other 50 % will have it 1.0, whereas the observed
(mixture) failure rate 4,,(¢) is 3.0. However, as ¢ increases from 0.4, we may more
and more ‘rely’ on 4,(f) as variability decreases.

The above example is rather interesting: We may think that the population
would become more and more ‘stable’ (monotonically) as 4,(¢) (monotonically)

Fig. 5.4 Var[/x(t)] and 4}
CV[/x(1)]

1




168 5 Heterogeneous Populations

approaches the failure rate of the strongest subpopulation. However, it is not true,
as the variance is not monotonic. The similar conclusion follows when considering
CV[Ag(t)] (Fig. 5.4).

Similar consideration s can be applied to continuous mixtures defined by Egs.
(5.10)—(5.12). Let our subpopulations be ordered in the sense of the failure rate
ordering:

At,z) < Mtz2), z21<22,Vz1,22 € [0,00), 1 > 0. (5.63)

Denote the Cdfs of n(z) and =(z|¢) by TI(z) and I1(z|t), respectively, and by Z|¢
the conditional frailty (on condition that the item did not fail in [0,7)). The fol-
lowing simple result describes the important property of the family {Z]t}, . .

Theorem 5.8 Let our subpopulations be ordered in the sense of the failure rate
ordering (5.64). Then the family of random variables Z|t = Z|T >t is DLR
(decreasing in the sense of the likelihood ratio) in t € [0, 00).

Proof Recall that a random variable X (with the pdf f(¥)) is smaller than a random
variable Y (with the pdf g(7)) in the sense of the likelihood ratio ordering (LRO) if
f(2)/g(z) is decreasing in 7 (see also (2.71)).Therefore, the DLR property of the
family {Z|t}, . , means that for all #, > 1, Z|t, is smaller than Z|#; in the sense of
the LRO.

In accordance with the definition of the conditional mixing distribution (5.12) in
the mixing model (5.11), the ratio of the corresponding densities for different
instants of time is

n(zn) 2) [y F(t1,2)n(z)dz
TC(Z|[1) fo 12, dZ

Therefore, monotonicity in z of L(z,f;,,) is defined by the function

L(z,t1,10) =

5]

= exp f/i(u,z)du ,

a1

which, owing to ordering (5.63), is decreasing in z for all r, > ;.
O

As the LRO ordering is stronger than the usual stochastic ordering, it means that
I1(z|t) is increasing in ¢ for each z > 0. Therefore, in accordance with (5.63), the
proportion of ‘better’ (with smaller failure rates) items is increasing.

For tractability, consider now the important specific case of the multiplicative
model: A(t,z) = zA(t). Therefore,

Ir(t) = Z:A(t),
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where Z, = Z|t and

Observe that

VarlZ (1] = (2(0)*Var[z] = ((r))*Var[Z]d,
and thus,
CVI[Ar(1)] = Z[azr[tz]m = CVI[Z]1].

Furthermore, as E'[Z,] = E'[Z]f] = —A(t)Var|[Z|t] <O,
Ioa(8) = X (DE[ZI1] — (4(1))* Var[Z]].

Specifically, when the population is a mixture of exponential distributions, we
have

X (1) = —(Ar))*Var[Z|1].

m

Example 5.2 Consider continuous mixture of exponentials. Let the conditional
failure rate and the mixing distribution be A(t,z) =z and n(z) = Oexp{—0z},
respectively. Then

/lm(t) = E[/“R(t)] = E[Zm = 1/(0 + t)a
and
Var[Jg(1)] = Var[Z|f] = 1/(0 + 1)*.
Thus
CV[Ir(1)] = 1.

Obviously, the quality of the population is defined only by E[Z[f], which is
decreasing in t. Therefore, the failure rates are ‘improving’ and the variance as
well. However, the CV is constant, and this characteristic often more adequately
describes variability especially when both the failure rate and its variance are
decreasing in time.
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5.8 Stochastic Intensity for Minimal Repairs
in Heterogeneous Populations

In Sect. 2.5, we have defined and described the crucial for the reliability of
repairable systems notion of minimal repair. This was done for items from
homogeneous populations. It is really a challenge to define and study minimal
repair in heterogeneous populations.

Consider a system with an absolutely continuous time to failure Cdf F(¢) and
the failure rate A(¢), which starts operating at = 0. Assume that the repair action
is performed instantaneously upon failure. Recall that the repair is usually quali-
fied as perfect if the Cdf of the repaired object is F(¢) (as good as new) and as
minimal at time x, if its Cdf is:

1 —F(t+x)

Fib) =1 -~

(5.64)
(as bad as old), which is equivalent to Eq. (2.26). Thus the minimal repair restores
our system (in terms of the corresponding distribution) to the state it had prior to
the failure.

Sometimes, upon failure, we can observe additional information about the state
of an object (e.g., the structure of a system). This can allow us to define a more
general type of repair, which is usually called the information-based (or physical)
minimal repair. The information-based minimal repair brings our object back to
the state (to be defined by the relevant information) it had just prior to the failure
[4, 5, 10, 19, 26, 27, 50].

It is really challenging to generalize the notion of minimal repair to items from
heterogeneous populations. The corresponding attempt was performed in Finkel-
stein [27] and further elaborated in Cha and Finkelstein [20]. Our presentation in
this section will mostly follow the latter paper.

Let failures of repairable items be repaired instantaneously. Then the process of
repairs can be described by a stochastic point process. A convenient way of
mathematical description of these processes is using the concept of the stochastic
intensity (the intensity process) 4;,¢ > 0 defined by Relationship (2.12). A clas-
sical example of 1, is the intensity process generated by the renewal process
(perfect, instantaneous repairs):

b= Mt =TT, <t <Ty), To=0,
n=0

where T; <T, <T; < ..., are the random failure times. Another standard
example is the ‘deterministic stochastic intensity’ A, = A(f) which defines the
nonhomogeneous Poisson process (NHPP) of repairs with rate (intensity) A(z). It is
well known that this example can also be interpreted as the process of minimal
repairs.
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As in the previous sections, we formally describe heterogeneous populations in
the following way. Let 7 >0 be a lifetime r.v. with the Cdf
F(t) (F(t) =1 — F(t)). Assume that F(¢) is indexed by a r.v. Z, i.e.,

P(T<HZ=z)=P(T <tlz) =F(t,z2)

and that the pdf f(z,z) exists. Then the corresponding failure rate A(z,z) is
f(t,2)/F(t,z). Let Z be a frailty with support in [a,b], 0 < a < b < oo, and the
pdf 7(z). The above setting leads naturally to considering mixtures of distributions,
which are useful for describing heterogeneity [see Eqgs. (5.10-5.12)].

We can now define two types (scenarios) of minimal repair for heterogeneous
populations, but in a more general context than in Finkelstein [27]. The first type
of minimal repair does not employ any additional information and, therefore, the
failed item is replaced by the statistically identical item. As the failure time dis-
tribution in this case is just the mixture (5.10), the stochastic intensity for the
corresponding process of minimal repairs of this type is obviously equal to the
mixture failure rate, i.e.,

Je = Am(t), t>0.

The second type of minimal repair (already information-based) restores an item
to a statistically identical item with the same value of frailty Z. It can be realized in
practice by performing the second ‘operation’ resulting in the ‘classical’ minimal
repair when during the repair only a small part of a large system is replaced. It is
natural to suggest that the state of an item is also defined by the corresponding
realization of the frailty parameter (i.e., if Z = z before the failure, it should be
z after the failure). Thus (5.64) is modified to:

1 —F(t+x,2)

F(t,zx) =1 — T Fx.2)

Our main attention here focuses on this type of minimal repair, as it is the most
‘interesting’ from both a practical and a theoretical points of view.

Let us come back to the definition of the intensity process (2.12) and modify it
with respect to the ‘heterogeneous’ case when the orderly point process is indexed
by the frailty parameter Z. Observe that the stochastic intensity 4, (unconditional
with respect to frailty Z) can be specified now as:

EPr[N(t,t + Ar) = 1|H,, Z]]

A = lim

Ar—0 At
_ |y PING 1+ A = 1H,-, Z] (5.65)
Ar—0 At
= E[;“I,ZL

where the expectation is with respect to the conditional distribution Z|H, and
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p Af) = 1|H,.Z
iz = lim NG+ Ar = 1A, 2] (5.66)

t—0 At

Then 4, .(Z = z) in (5.66) can be interpreted as the conditional (with respect to
Z) stochastic intensity of the orderly point process, indexed by frailty Z.

We will specify now our point process. As before, let Z be the frailty of an item
randomly selected at time ¢ = O from our heterogeneous population. Upon each
failure we perform the minimal repair of the second type. Note that, in this case, if
Z = zat time ¢ = 0, then the corresponding realization is 4, = A(t,z) forallt > 0
Z. Therefore, for the second type of minimal repair, 4,7 in (5.66) is now given by

oz =Mt,Z), t>0,

and, in accordance with (5.65), the corresponding stochastic intensity 4, is the
expectation of /(f,Z) with respect to the distribution of Z|H,;. This operation
means that, although the value of Z is chosen at = 0 and is fixed, its distribution
is updated with time as information about failures and survival times emerges (see
the detailed procedure in what follows).

We see that stochastic modeling for the second type of minimal repair is
dramatically different from that for the first type, as information about the oper-
ational history (failure times and survival times) updates the conditional frailty
distribution Z|H,.

In accordance with our considerations, it is clear that the stochastic intensity
/¢ = E[/; 7] defined in (5.65) for ¢ € [0, 1), where 7, is the realization of the failure
time T}, is just the mixture failure rate (5.12), i.e., /lrln(t) = An(t), as the infor-
mation at hand is just the initial distribution 7(z) (and the fact that the item has
survived in [0, 1)).

Consider now the next interval [t;,#,). Given the additional information (in
addition to the initial distribution 72(z)) that an item has failed at 7 = 7, the pdf of
frailty Z = z (we repair an item to the state, defined by the same value of frailty) is

Mn,2) exp{— Jy' As,2)ds} - n(2)
12 211, 2) exp{— [ A(s,2)ds} - n(z)dz
Thus the ‘initial frailty distribution’ (at the start of the second cycle) just after
the minimal repair is given by (5.67). Furthermore, the ‘remaining survival

function’ at time ¢ = #; is given by [F(fi + u,z)/F(t1,z)]. Then, the conditional
frailty distribution Z|H, in [t],1,) is

702(2) (5.67)

[F(t.2)/F(t1,2)] - moa(z) ~_ A11,2) exp{— [ A(s,z)ds} - n(2)
f: F(t,2)/F(t1,2)] - o2 (2)dz f: Mt1,z) exp{— [y A(s,z)ds} - n(z)dz’

and the corresponding stochastic intensity is, in accordance with (5.65),
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b

(1) = /;( fi exl;{{ffo C:}}' ZZ dz, in [1,5).  (5.68)
ex 0 \)

Using another useful (Bayesian) interpretation, we can say that the item fails at
time #; and, after repair, survives in [f1,#]. Thus, the corresponding probability
(conditional probability given Z = z at t = 0) is

f t

i(tl,z)exp{—/i(s,z)ds}-exp —/},(s,z)ds dr

0 4
t

= A(t1,2) exp —//l(s,z)ds dt;.

0

Given this information, the conditional frailty distribution Z|H, should be
updated as

,z) exp{— [y A(s ds}-n(z)
L ,2) exp{— [y A(s,2)ds} - n(z)dz

which yields (5.68).

Consider now the intensity process in [f,, #3). As we know that the item has failed
at times #; and #, and after minimal repairs has survived to #,-f,, the corresponding
probability (conditional probability given Z = z at t = 0, divided by dt;dr,) is

3] 5]

t
At1,z) exp —/i(s,z)ds - Mt2,2) exp —/},(s,z)ds - exp —/i(s,z)ds

0 1 1%
t

= At1,2)A(t2,2) exp —/}V(s,z)ds

0

Given this information, the conditional frailty distribution Z|H, should be
updated as

Mt1,2)A(t2 exp{—fé" )ds} .
f At1,2)A(12,2) exp{— fo )ds} - m(z)dz

Thus, in [, #3), as before,

b
//L A,z )i(tz, )exp{— [y A(s,z)ds} - m(z)
fﬁ t1,2)A(tr, 2) exp{— [ A(s,zds} - n(2)d

dZ, in [Iz,t3).
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More generally, for ¢ € [t,_1,t,), the conditional frailty distribution Z|H, is
defined by

Mt1,2) -+ Ata—t,2) exp{— [y A(s ds} -7(z)
f: Mtr1,2) -+ Mta-1,2) exp{— fo ,z)ds} - m(z)dz

' (zlt1, e ty) =

and, therefore,

:/)"(taz)nn(z|tlv~~-7tn—l)dz in [ty_1,1,). (5.70)

Based on (5.69) and (5.70), the corresponding stochastic intensity can now be
defined as

b= dmOI(T,y <t<T,), To=0. (5.71)

n=1

The following result presents a useful ordering of stochastic intensities for
minimal repairs of the first and the second types (Cha and Finkelstein [20]).

Theorem 5.9 Let the values of A(t,z) be ordered with respect to z: for all
71,22 € [a7b]7 IZ 0

Mt,z1) <At z), ifz1 <z.
Then
(1) < 24y 120,
where A, is the stochastic intensity for the second type of minimal repair in (5.71).

Proof Note that if X < Y and g(-) is any increasing function, then g(X) < g(¥)
and, accordingly, E[g(X)] < E[g(Y)]. Observe that both /,(¢) and A, are expec-
tations of A(t,Z) with respect to the mixing distributions

() = 1 F(1,2)
G = T (e
and
(2t ter) = — An, ) )L(t" [ERS exp{—fé s}'n(Z) 7
Ja e M1, 2) exp{— Jo A(s, 2)ds} - m(z)dz

respectively. Then it is sufficient to show that

H(V|t) > Hn(v|t1a"'7tn71)7 (572’)
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foralln > 1,0 <t <...<t,—1 <t, where I1(z]t) and IT"(v|ty, .. ., 1,—1) are the
corresponding Cdfs. Observe that
Mty 2) - Mta1, 2 F (1, 2)7(2)
f: Mt1,2) -+ Ate—1,2)F(t,2)7(z)dz
At1,2) - Mtai,2) - m(2]r)
f: At,7) - /l(ln—l,Z)n(ZV)dZ.

It is clear that there exist a < z*(a,v) < v and v < z*(v,b) < b such that

v

/ He1,2) - Altnr,2) - m(2l)de = A1, 2 (@) - Atr, 2" (@) / n(2lr)dz

a

7'[”(Z|ll, .. .,lnfl)

and
b b
/)n(tl,z)) o Mtyo1,2) - m(Z|t)dz = Aty, (v, b)) - - At—1, 2 /n z|t)dz

Thus,

A,z (a,v)) - Ata1,2(a,v)) - [ m(z|r)dz
Mt 2@, ) - Mt 25 (a,v)) - 2 7(2lt)dz + At 22 (v, ) - Altaet, 2 (v, b)) - [7 n(2lr)dz

(vt .. tyer) =
< /n(z\t)dz: TI(v|r).

Since A(t1,z) - - A(ty—1,2) is an increasing function of z,
Mty 2(a,v)) - M1, (a,v)) < Mt 25 (v, b)) -+ Atu—1,2" (v, b)),

and, therefore, Inequality (5.72) is justified.
O

Example 5.3 Suppose that F(t,z) is an exponential distribution with parameter
A(t,z) = z/ and let 7(z) be an exponential pdf in [0, c0) with parameter 6. Then
direct integration in (5.11) gives: 4,(¢f) = 1/(4t + 6). Observe that

Mt1,2) -+ Ata—r,2) exp{— [ A(s,2)ds} - m(2)
12 a(t1,2) -+ AMtar,2) exp{— [} A(s,2)ds} - n(z)dz
B (z/l)”_l exp{—zat} - Oexp{—0z}

X (2)" exp{—zAr} - Oexp{—0z}dz’

TEn(Z‘tl, .. .,[nfl)

and, from (5.69) and (5.70),
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G et 0z

(1) = == : —n—.
IS @A) exp{—(it + 0)z}dz A+ 0

Finally,
= A
/11 = il l’lml(Tn71 S < Tn); T() =0.

Thus, 4, (t) < 4, t > 0, holds.

Denote by H,,(t) and H,(¢) the mean numbers of repairs (failures) in [0, ¢) that
correspond to the minimal repair processes of type 1 and type 2, respectively. The
following result obviously follows from Theorem 5.9: H,,(t) < H,(t).

5.9 Preventive Maintenance in Heterogeneous Populations

The previous section dealt with the minimal repair as a specific type of corrective
maintenance (CM). Now we will consider the preventive maintenance in hetero-
geneous populations. Our presentation mostly follows Cha and Finkelstein [21],
whereas the developed approach is related to that of Sect. 5.8.

Preventive maintenance (PM) for non-repairable systems is a schedule of
planned maintenance actions aimed at the prevention of breakdowns and failures of
deteriorating systems. By “non-repairable” in this context we mean that the failure
of a system is considered as an ‘end event’ and, therefore, the CM is not performed.
We shall use this term in the defined sense throughout this section. Detailed surveys
on the PM models for deteriorating systems can be found in, e.g., Valdez-Flores and
Feldman [60] and Wang [65]. However, almost all models, procedures, and
approaches described in the literature and those applied in reliability practice deal
only with the case when the items come from homogeneous populations. Therefore,
as in the case of the minimal repair in the previous section, it is quite a challenge to
generalize PM to the case of heterogeneous populations of items.

As previously, we deal with the population described by the continuous mix-
tures setting (5.10)—(5.12). If the items are not maintained during operation, then
their susceptibility to failures can be described by the ‘ordinary’ failure rate (2.4)
(homogeneous case) or (5.12) (heterogeneous case). However, when maintenance
actions that can affect reliability of items are performed, the corresponding effects
should be taken into account. In the following, we will assume that the times of
maintenance are negligible.

Consider first, reliability of a non-repairable item from a homogeneous popu-
lation under PM (without CM). As PM affects its lifetime, we need to define new
reliability measures in this case. Let Tp be the time to failure of item ‘under
preventive maintenance’ and H; be the maintenance history in [0, 7), i.e., the times
of maintenance actions and the stochastic effects of the corresponding mainte-
nances. Then, in order to describe the susceptibility to failure at time ¢, it is natural
to define the following conditional failure rate:


http://dx.doi.org/10.1007/978-1-4471-5028-2_2
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Prjt < Tp < t+ At|H;,Tp >t
Ae(f) = lim il =+ AGH, T ],
At—0 At

t>0 (5.73)

Note that when maintenance is deterministic (times and effect), 4.() is also
deterministic. However, if, e.g., times of maintenances are random, then A.(z) is
the stochastic process. The following example for the ‘homogeneous items’ is
crucial for our further discussion:

Example 5.4 A non-repairable item with a lifetime described by the increasing
failure rate A(¢) starts its operation at r = 0. If it operable, it is preventively
maintained at times ktpy;, K = 1,2, .... Assume that each preventive maintenance
does not change the ‘shape’ of the function A(¢), but the age of the item is reduced
in accordance with the factor 0 < o < 1 (the reduced age is called the ‘virtual
age’). Therefore, PM has the effect of decreasing the failure rate as compared to an
item that is not preventively maintained [28, 42]). Under these assumptions, the
‘virtual age’ of the item just after the first PM is atpy, just after the second PM is
a(otpp + tpm) = otpm + o2 tpy, - - -, and the virtual age just after the (n — 1)th PM,
is

th—1 = ofpm + 362IPM + ...+ OtnillpM

= [a(l_an—l)/(l )i, m=2.3,.... (5.74)

Suppose that the item under this PM schedule has not failed until time ¢,
t € [(n — 1)tpm, ntpy) meaning that it has been preventively maintained for
(n — 1)times at ktpp, k = 1,2,...,(n — 1), whereas the last PM was performed at
(n — D)tpm. Thus, the virtual age of this item at time ¢ is given by
ta1 + (t — (n — 1)tpy). Due to the PM assumptions, the statistical state of the
maintained item at time ¢ is the same as that of an identical (without maintenance)
item with age #,_1 + (t — (n — 1)tpm). Accordingly, the conditional failure rate
(5.73) that takes into account the described specific history H; is given by

Ae(t) = Aty + (t — (n = D)tpm)), t € [(n — 1)tpm, ntpm).
or, equivalently, letting #p = 0:

[t/tpm]+1
)»c(l‘) = Z ;»(l‘n,1 + (l — (n — l)lpM))[((l’l - 1)1PM <t< nIpM). (575)
n=1
where I(-) is the corresponding indicator and [t/tpy] denotes the integer part of
t/tpm. Therefore, if the original failure rate A(¢) is increasing, then A.(¢) < A(z), for
all ¢ and accordingly, PMs increase reliability of our item, i.e.,

t t

exp f/ﬂvc(u)du < exp f/i(u)du

0 0
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We will now study the PM considered in Example 5.4, but for items from a
heterogeneous population described by (5.10)—(5.12). Suppose that an item is
randomly selected from this population and is preventively maintained at times
ktpm, k= 1,2, .. .. Preventive maintenance does not change the shape of the failure
rate of an item but reduces its age in the same way as described by (5.74). Then,
following the similar reasoning as in Example 5.4, one may construct the condi-
tional failure rate by simply replacing A(¢) in (5.75) with ,,(f):

[t/tem]+1
;Lc(t) = Z /lm(tn,1 + (t — (n — 1)tpM))I((n — 1)tpM <t< ntpM). (576)
n=1

However, distinct from the homogeneous case, it is now not clear at all how this
age reducing operation can be performed. In what follows, we will investigate the
appropriateness of J.(z) in (5.76) in defining the actual susceptibility of the sur-
vived item to failure at time 7. For this purpose, we will suggest the operational
profile that results in (5.76) and explain why it is unrealistic in practice. Then, we
will suggest alternative profile with a different form of the conditional failure rate,
which can be already justified in practice. Finally, the corresponding comparison
of two profiles will be performed.

Operation profile 1 An item is chosen at random from our population and
starts operation at t = 0. Furthermore, a statistically identical “NEW” population
is ‘switched on’ at time tpyy — otpy (the delayed start). At time t = tpy, if the
selected item has not failed yet, it is replaced by an item randomly selected from
the “delayed” population with age atpy. Then the replaced one starts its opera-
tion. At time t = 2tpyy, if the replaced item has not failed yet, it is replaced by an
item randomly selected from another ‘delayed’ population that started its opera-
tion at 2tpy — (Ptpy + atpy) and, therefore, its age is now o’tpy + otpyy. Then the
replaced item starts its operation, and so on.

We will construct the corresponding conditional failure rate for the described
Operation profile 1 and will show that it is eventually given by Eq. (5.76). First, it
is necessary to have in mind that the conditional failure rate defined in (5.73) can
be expressed for the heterogeneous case as

E[Prlt < Tp < t+ At|H,, Tp > 1,Z]]

Ae(t) = 1i
(1) = fim, Al
_ gl tim Pr[ 1 <Tp <t+ At|lH,,Tp > t,7] (5.77)
Ar—0 At
- E[/’LZVZL

where the expectation is with respect to the conditional distribution Z|(H;, Tp > t)
and

. Prlt<Tp <1+ At|H,,Tp > t,Z]
Itz = Ahm

im o . (5.78)
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Then 4, ,(Z = z) in (5.78) can be interpreted as the conditional (with respect to
Z in addition to H;) failure rate of the item, indexed by the frailty Z.

Denote by /! (7) the failure rate .(¢) in the interval [0, zpy) (defined by (5.77)
for the Operation profile 1). It obviously equals the mixture failure rate in this
interval, i.e.,

Je(t) = 21 (2) = 2(2), in [0, tpm),

as information at hand is just the initial distribution 7(z) (and the fact that the item
has survived in [0, 7)).

As the survived item is replaced by an item randomly selected from the statis-
tically identical population (but with the initial age atpy) at t = tpy, the conditional
failure rate A,z in [tpm, 2tpym) 1S

Aoz = Motpm + (t — tom), Z), (5.79)

where Z is the frailty randomly selected at the previous PM. Consider now the
conditional distribution Z|(H,, Tp > t). Note that at t = tpy, the initial distribution
of Z is

F(atpw, 2)7(2)
OCIPM, ﬂ(Z)dZ

T2(2) = NG (5.80)
0

and we know that the item has additionally survived in (¢py, 7]. Therefore, the
corresponding survival function (for Z = z) is

F(atem + ( — tem), 2)
F(OCIPM,Z) '

After updating, the conditional distribution Z|(H;, Tp > t) becomes

F(aten + (1 = tow), 2)7(2)
52 F(etom + (1 — tomr), 2)7(2)dz”

(5.81)

Therefore, in accordance with (5.78), the failure rate /2 (f) in [tpy, 2tpy) for the
described operation is

Je(t) = 22(1)

oo

/ Alotpm + (t — tpMm), 2)

0

F(atem + (f — tom), 2)70(2)
Jo© F(otpm + (t — tpu), 2)7(2)dz

dz, in [tpm, 2tpm).

Similar to (5.81), the conditional distribution Z|(H,,Tp > t) for the interval
te [(I’l — 1)tpM7n[pM) is
Fty1 + (1 = (n = Diem), 2)7(2)
Joo Ftaey + (t = (n = L)tem), 2)m(2)dz
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and we eventually arrive at

Je(t) = 20(1)

=)

= / Atny + (2 — (n = 1)tpm),

0

F(n 1+ (= (n— Dtem), 2)7(2)
fo (ta1 + (t = (n — D)tpm), z)7(z)dz

dz, in [(I’l — ])IPM,nlpM),

n=1,2,3,..., where fo = 0 and ¢,_; are defined in (5.74).
Taking into account Eq. (5.12),

I (1) = dn(tymy + (t— (n = Dtpm)), n=1,2,3,... (5.82)

and thus, A.(¢) for the Operation profile 1 is given by (5.76). However, this strategy
can hardly be realized in the PM practice for many reasons. For instance, even if
the item selected at time ¢t = 0 has been described by the frailty Z = z;, its value
can be changed to Z = 25, 71 # 2o just after the first PM at #py;, which is unrealistic.

Then, what is the proper conditional failure rate for our PM policy? It is more
realistic to assume that the original frailty variable Z = z selected at time # = 0 is
preserved throughout the whole operation of an item:

Operation profile 2 An item is chosen at random from our population and
starts operation at t = 0. The original frailty that is ‘acquired’ at t =0 is pre-
served during the PM actions that follow the pattern of the “virtual age structure’
defined in (5.74).

As the PMs are applied to the same item, this operation profile is definitely
more adequate than the first one. However, the construction of the corresponding
failure rate is completely different in this case.

In [0, tpm), the failure rate is still the same:

Je(t) = 2L(2) = (1), in [0, tpm),

as the information at hand is the same as before.

Consider now the second cycle [tpy, 2fpym ). As the survived item was randomly
selected at time ¢ = O from the heterogeneous population, the conditional failure
rate 4, z in [tpm, 2tpm) is given by (5.79), where Z is the frailty ‘randomly selected’
at t = 0. At t = tpy, the survived item has the frailty Z = z with the pdf that in
accordance with (5.12) is

F(tem, )ﬂ(Z)
tPMa )dZ

7)) = g

We also have the information that the item with the decreased age otpy; after the
PM has additionally survived in (fpy,?]. Therefore, the corresponding survival
function is

F(t1 + (1 = tpm)), 2)
F(ll,Z) .
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In accordance with (5.12), the conditional distribution Z|(H,, Tp > t) is given
now by

[F(tl + (1 —tem)), 2) /F(11,2)] - T2 (2)
Jo [F(ti + (¢ — tem)),2) [F (11, 2)] - moa(2)dz

and the failure rate im(t) in [fpm, 2fpm), in accordance with (5.77), is

b T [F(t + (= 1)), 9)/F(1,2)] - 70 (2
Aoy (1) = -0/ Aty + (t — tem)) fo (1 + (1 — tow)),2) /F (1, 2)] -noz(z)dzdz
[F(fl + (t—tem)) Z)/f(l 2) F(IPM7Z)TE(Z)

)v(tl + (l‘ — IPM)),Z) . dz.

5 1,< ]
Jo o [F(n 4 (1 = tem)), 2) /F (11, 2)] - F(tem, 2)7(z)dz

Il
S —

In a similar way, for ¢ € [(n — 1)tpm, ntpm ),

[F(ta1 + (t = (n = Dtem)), 2) /F (ta-1,2)]

Jo [F(tay + (¢ = (n = D)tpm)), 2) /F (ta-1,2)]
Fipy, 2) - Kprton) . Pzl )

T F 2 F(ty_
Ftpw, 2) - Hfmesd . Elatinnsl ()4

) = / Htws + (0= (1~ Ditew)).2) -
0

X

)

(5.83)

where t,_1, n =1,2,3,..., (fp = 0) are defined in (5.74).
Observe that conditional failure rates for both operation profiles can now be
uniformly written as

l/fPM]+l

Z 2 (OI((n— Vtpy <t < ntpy), J =111,

where I(+) is the corresponding indicator and J = I, II refers to the number of the
profile. Thus, A7, (¢) corresponds to A, (r) in (5.82) and 4, (¢) to A, (¢) in (5.83).

Therefore, in practice, A” (¢) (not 2. (¢)) should be applied for the described type
of PM. However, assume that the user, who is performing the PM (via reducing the
age of items by the method described previously), does not know (or does not take
into account) the heterogeneity structure of the population and considers it as
homogeneous with the corresponding time to failure distribution F,,(7) and the
failure rate ,(). Then he is using the failure rate /.(f) to assess reliability of
items in operation. What is the consequence of this error? The following theorem
answers to this question.
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Theorem 5.10 Let the values of A(t,z). be ordered with respect to z: for all
21,22 € [O,oo]7 t > 0.

Mt z1) < AMt,z20) if 21 < z2.

Then

(1) < 2(¢), forall t > 0.

c

The proof of this theorem is rather straightforward (although technical) and can
be found in Cha and Finkelstein [21].
O

It follows from this theorem that using /’(r) instead of the ‘proper’ A”(r)
eventually results in the overestimation of the failure rate of items under operation.
Practically, this may cause unnecessary frequent PMs and therefore, additional
redundant costs.

Example 5.5 Suppose that A(f,z) is strictly increasing in ¢ for each z (e.g.,
A(t,z) = zAt, A > 0). An item is randomly selected from the heterogeneous pop-
ulation and it is preventively maintained at times ktpy;, Kk = 1,2,.... Let 7 be the
mission time of the item in field operation. If the mission is successful, a gain
K > 0 is obtained, whereas if the mission is not completed (a failure in [0, 7)), a
cost ¢y > 0 is incurred (K > ¢r). Furthermore, the cost for each PM is ¢, > 0.
Then, the following cost function, which is the function of #py;, can be constructed.

c(tom) = <$>c,, 4o P(T, <t)—K - P(T,>1)
(5.84)

T
= <—> » — (K +cf) - exp —/lﬁl(u)du + ¢,
Ipm '
0
where <t/tpy > is the largest integer which is strictly less than t/fpy. The
problem is to find the optimal 75, which satisfies
C([;M) = min C(ZPM)
tpm€(0,00)

It is reasonable to consider only fpy € (0,7] as c(tpm) = c(t), for all
tpm € (7,00). When tm — 0 ([t/tem] — 00), obviously,
exp{— [y A (u)du} — exp{—2,(0)t}, which implies that limy,, o c(tpm) = co.
On the other hand, c(t) =c¢; — (K + ¢f) exp{— [y Am(u)du}. Therefore, there
should be an optimal #, € (0,7) depending on the parameters involved, e.g.,
when 1 is large enough and K is relatively large compared with ¢ and c,,.
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5.10 Population Mortality at Advanced Ages
(Demographic Application)

In Sects. 5.4 and 5.5, we have briefly discussed asymptotic behavior of mixture
failure rates as t — oo. In the current section, we will deal with this problem from
a different view point and in more detail [31].

The shape of the failure rate (force of mortality) at advanced ages especially for
human populations has attracted a considerable interest in the last decades when
more and more centenarians and super centenarians have been recorded. The
International Database on Longevity (http://www.supercentenarians.org/) offers
the detailed information on thoroughly validated cases of super centenarians.
Gampe [35] has used these data to estimate the human force of mortality after the
age of 110. Her analysis revealed that human mortality between ages 110 and 114
levels off regardless of gender. The widely used explanation of this fact is by
employing the corresponding fixed frailty models that account for heterogeneity of
populations. Beard [7, 8] (see also Vaupel et al. [63]) has considered the Gompertz
(baseline)-gamma-frailty model, which results in the asymptotically flat hazard
rate. Note that, the exponentially increasing hazard rate of the Gompertz distri-
bution is the only baseline function that can ‘produce’ this shape in the framework
of the multiplicative frailty model (see Sect. 5.3.1), which can be considered as
another justification of the uniqueness and importance of this distribution for
human mortality modeling. As follows from the results of Sect. 5.4, the gamma
distribution of frailty is not so unique in this respect and all probability density
functions f(z) that behave as z*,a > 1 when z — 0 are equivalent in this sense.

The intuitive meaning of the deceleration of mortality at advanced ages in this
context is simple and meaningful at the same time: the oldest-old mortality in
heterogeneous populations with properly ordered subpopulations is defined by the
small values of frailty, as the subpopulations with larger values of frailty (and,
therefore, larger values of the failure rate) are dying out first.

The first question to be answered is what common statistical distributions are
characterized by the asymptotically flat failure rate? The exponential distribution
that is often used for statistical analysis of non-degrading objects is obviously not
relevant for our topic. The most popular distribution of the desired type is the
inverse Gaussian distribution. It is well known that it describes the distribution of
the first passage time for the Wiener process with drift. Although its sample paths
are nonmonotone and even can be nonpositive, the inverse Gaussian distribution
was widely used, e.g., in reliability analysis of stochastic deterioration (aging) in
engineering objects. It was also applied in vitality models for modeling the life-
span of organisms [3, 45], where the initial vitality (resource) of organisms is
‘consumed’ in the course of life in accordance with the Wiener process with drift.
This model was also studied in the path-breaking papers by Aalen and Gjessing [1]
and Steinsaltz and Evans [55] as an example highlighting the meaning and
properties of the corresponding quasistationary distributions for this particular
case. Our goal in this section is more modest: to exploit further some relevant
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distributional properties in the context of stochastic ordering of lifetimes of sub-
populations in heterogeneous populations. However, the combination of these two
approaches can hopefully be considered as the basis for the future research on
statistical inference in heterogeneous populations with underlying stochastic pro-
cesses (e.g., the Wiener process).

The other example of a distribution with asymptotically flat hazard rate is the
Birnbaum-Saunders distribution [12] that was also derived as a distribution of the
first passage time for the corresponding deterioration process and, therefore, is a
good candidate for vitality models as well. We also consider the gamma process as
a possible model of deterioration (with monotone sample paths), although the
failure rate in this case is decreasing to 0 as + — oco. It should be noted, however,
that the initial increase in the failure rates for all these models is not exponential,
as in the case of the Gompertz distribution and, therefore, the possibilities of the
corresponding mortality modeling for human populations for intermediate ages
(30-90 years) are obviously limited.

5.10.1 Fixed and Evolving (Changing) Heterogeneity

Let F(t), f(¢), and A(¢) be the Cdf, the pdf, and the failure rate (force of mortality)
for some infinite homogeneous population that characterize the corresponding
random lifetime 7 > 0. As previously, by heterogeneity of a population we mean
that it consists of a finite or non-finite number of homogeneous subpopulations that
differ in some respect to be discussed. For instance, in the multiplicative frailty
model of the form A(t,Z) = Z/(t), the difference between subpopulations is
modeled directly by the differences in failure rates: for two realizations z; > zj,
this difference is (zo — z1)A(¢). Thus, the multiplicative frailty model describes the
ordering of subpopulations in the sense of the hazard rate ordering (2.70). More
generally, the smaller is the value of z, the larger is the lifetime of the subpopu-
lation T, in the appropriate stochastic sense (e.g., (2.69), (2.70) or (2.71)):

TZ| Z TZz; <1 S 22. (585)

As previously in this chapter, we will understand the fixed heterogeneity
(frailty) of a population as:

Heterogeneity in lifetimes of the corresponding homogeneous subpopulations that
is defined by the appropriate stochastic ordering.

This also means that, if randomization of a parameter (parameters) of a lifetime
distribution leads to the corresponding stochastic ordering, which formally is not
always the case, then this operation can be also interpreted in terms of the fixed
frailty modeling. For example, the Gompertz Cdf F(¢,a,b)) is a function of two
parameters, and the corresponding failure rate is:

AMt,a,b) = ae®. (5.86)
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If we randomize a, whereas b is fixed, then (taking care, of course, of the
corresponding baseline constant), we obviously arrive at the multiplicative frailty
model (and to the asymptotically flat rate when the distribution of frailty is,
e.g., gamma), which illustrates ordering (2.70). We just want to emphasize the fact
that in this specific model, frailty acts multiplicatively and directly on the failure
rate, which is not the case in general even when the hazard rate ordering (2.70)
holds. Some relevant aspects of frailty modeling for the bivariate case will be
considered later.

In accordance with our definition, the fixed heterogeneity (frailty) is described
only by ordered subpopulation lifetimes. What can happen, if apart from the
information on failure times (the black box point of view), we possess some
information or adopt a model on a failure process or mechanism (the process point
of view)? In this case, another type of heterogeneity, which is usually referred to as
evolving (or changing) (see, e.g., Li and Anderson [45]) comes into play. This type
of heterogeneity usually does not lead to ordering of lifetimes in the described here
sense. However, it characterizes an important feature of a model, which can be
useful for further analysis.

In order to illustrate our point, consider the model for vitality loss (fixed initial
value) that will be treated in detail further in this section. The loss of vitality of an
organism (deterioration) is modeled by the Wiener process with negative drift, in
which the time to death is determined by the first passage time to the zero
boundary. It is well known that the variance of the Wiener process is increasing
linearly in time and if the drift is positive, the mean is also linearly increasing.
However, due to the boundary, the most vulnerable organisms (or items in reli-
ability engineering applications) are dying out first and linear functions that cor-
respond to the non-boundary case ‘decelerate’. Actual shapes depend on
parameters of the model (see the graphs in Li and Anderson [45] for the corre-
sponding shapes for the specific values of parameters). Thus we do not see here
any frailty parameters or ordered (in the defined in this section sense) lifetimes, but
we observe the changing in time mean and variability in the survived population.
And this is how the evolving heterogeneity should be understood:

Variability in sample paths of the underlying process of deterioration.

In this section, however, we are mostly interested in the fixed heterogeneity of
lifetimes and the evolving heterogeneity of processes will be ‘hidden’ in lifetime
distributions. We feel that this ‘distributional approach’ in the context of ran-
domization of parameters and of the corresponding ordering of lifetimes was not
sufficiently elaborated in the literature so far. For instance, for the first passage
time models to be considered further, randomization of the initial vitality of an
organism and of the corresponding drift parameter of the Brownian motion defi-
nitely illustrates this ordering, as the larger is the vitality and (or) the smaller is the
drift parameter, the larger is the lifetime in some suitable stochastic sense to be
discussed. Note that, there can be other situations when randomization is relevant
but does not lead to the ordered subpopulations.
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5.10.2 Fixed Heterogeneity

Equations (5.10)—(5.12) describe the standard statistical mixture (or the fixed
frailty) model for an item and for the collection of items (population) as well. As
was discussed in the previous subsection, we understand heterogeneity as the
property of a population that consists of ordered homogeneous subpopulations
(ordered lifetimes T, defined by Inequality (5.85)). But what type of ordering is
sufficient for our reasoning? As we are looking at the failure rates, the first guess
would be that this should be (2.70). How can we interpret in mathematical terms
the well-known and intuitively clear property: “the weakest populations are dying
out first” and the resulting mortality deceleration with time? To answer these
questions, denote, as previously, by I1(z) the Cdf of Z and by I1(z|f) the Cdf that
corresponds to the density n(z|t). Therefore, the deceleration can be a consequence
of the increasing in ¢ distribution function II(z|f) [28]. This would mean that
I1(z|t) tends to be more concentrated around small values of Z > 0 as time
increases, which corresponds to stronger populations. The following theorem
proves this result.

Theorem 5.11 Let stochastic ordering (5.85) in the sense of the failure rates hold.
Then T1(z|t) is a non-decreasing function of t for each fixed z.
Proof. 1t follows from (5.12) that
F(t,u)n(u)du
TI(z]t) = M
Jo F(t,u)m(u)du

It is easy to see that the derivative of this function is nonpositive if

fOZF’tu fOFl’, Y7 (u)du

Jo F( fo tyu)m(u)du

Therefore, it is sufficient to show that the function:

Atz = § 7. >Z<(:>

is nonincreasing in z. As F',(t,z) = —pu(t,2)F(t,z), inequality Al(t,z) <0 is
equivalent to the following one:

Z Z
pe.2) [ Ftn(udu = [ p(ea0 o n(ud,
0 0
which obviously follows from Ordering (5.85) which should be understood in the

sense of the hazard rate ordering.
O
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Consider now the bivariate frailty model. We will need the following consid-
erations for analyzing asymptotic failure rates for vitality models of the next
subsection. Let Z; and Z, be interpreted as non-negative random variables with
supports in [0, 00). Similar to the univariate case,

P(T <11Zy =2,2, =2) =P(T < tlz1,22) = F(t,21,22)
and

f(t,z1,22)

j‘(t7zl7z2) = F(t 2 Z2)

Assume that Z; and Z, have the joint pdf 7(z;, z2). The mixture failure rate is
defined in this case as [28]:

(1) S Jo~ Jo f(t, 21, 22) (21, 22)dz1dz
Ft) [ Jo F(t,21,22)n(z1, 22dz1dzn
. (5.87)

o0
=//i(hzl7Zz)n(11,Zz\t)dzlez7
0 0

where the corresponding conditional pdf (on condition 7 > ¢) is

F(t ZleZ)
t 21,22 (Zl,Z2)dZ1dZ2.

(21, 22(t) = (21, 22) I°F (5.88)
0 Jo

Equation (5.87) is a general result and can be analyzed for some specific cases.
For instance, it can be easily shown that when we assume the independence of
frailties:

77:(Z1,Zz) = nl(Zl)ﬂz(Zz)

and the competing risks for the failure model:

F(t,21,22) = 1 — Fi(t,21)F2 (¢, 22),
(t

1)
the population failure rate is just the sum A(z) = A,(r) + 7 (¢) of the corresponding
‘univariate failure rates’.

Although it is difficult to analyze A(z) in (5.87) in full generality, certain
qualitative considerations that will be very helpful in the next subsection can be
stated. Indeed, let us first fix the second frailty Z, = z,. Then the corresponding

failure rate is defined by the univariate frailty model

o0
/l(t,Zz):/,U(t,zl,Zz)n(Z1;Z2|t)dZ1. (5.89)
0

Thus, at the first stage, we have selected from our overall heterogeneous
population the heterogeneous subpopulation that corresponds to Z, =2,
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(z2 < Zp < 73 + dzp) and have defined its failure rate. As our goal is to analyze
the failure rate, at the second stage, we consider our overall population as a
‘continuous collection’ of homogeneous subpopulations with failure rates given by
(5.89). Then we can analyze A(f) again in the univariate manner. For instance,
assume that the family A(z, z;) is ordered in z, (the smaller values of z, correspond
to the smaller values of A(z,z,)). Therefore, the deceleration in mortality due to
‘the weakest populations are dying out first’ takes place. Specifically, let A(z,z,)
for each z, decreases (nonincreases) at least, asymptotically when ¢ — oco. It is
well known that the corresponding population (mixture) failure rate is strictly
decreasing in this case (see, e.g., Ross [54]). Thus, we have described the fol-
lowing result [31]:

Theorem 5.12 Let frailty Z, = z1 (Z, = z) in the bivariate frailty model be first
fixed. Assume that the corresponding univariate frailty model (with respect to Z,
(Z,) results in the decreasing ordered failure rates for all subpopulations.

Then ‘allowing’ random Z, (Z,), results in the strictly decreasing population
failure rate.

The formal proof of the validity of the two-stage procedure is straightforward
and is based on the representation of the bivariate density n(z;,z;) as a product
71(z1/Z2 = z2)m2(22) and on the similar representation for the conditional density:

n(z1,22|t) = m(21|Z2 = 22, T > t)ma(22]1).

The latter seems intuitively evident, and can be immediately obtained formally
from Egs. (5.87), (5.88). Theorem 2 then follows, as the (univariate) mixture of
distributions with decreasing (nonincreasing) failure rates is characterized by the
strictly decreasing failure rate.

U

Example 5.6 An important application that illustrates Theorem 2 deals with the
Gompertz law of mortality (5.86). It is well known that randomization of a (e.g.,
via the gamma distribution of the frailty) results in the mortality plateau as t — oo.
Thus, randomization of b (second stage) results in the decreasing force of mortality
as t — oo. Therefore, if we observe the mortality plateau for some population that
follows the Gompertz-gamma model, then there should not be noticeable heter-
ogeneity in this population due to parameter b.

The described multistage approach can be applied in a similar way to the case
when there are more than 2 frailties or parameters of distributions that can be
randomized. It is possible that all failure rates from the ordered family converge
asymptotically (as t — oo) to one curve (specifically, to a constant). Therefore,
the population failure rate also tends to this curve which will also be illustrated in
the next subsection.

The foregoing discussion will help us to analyze the shape of the failure rate for
some examples of vitality models. We will focus mostly on the vitality model
described by the Wiener process with drift [3, 45, 64]. Parameters of lifetime
distributions after randomization will act as fixed frailties that define the
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corresponding ordered subpopulations. This interpretation adds some simple and
useful additional reasoning from the distributional point of view to the process
point of view approach developed by Aalen and Gjessing [1] and Steinsaltz and
Evans [55].

5.10.3 Vitality Models and Lifetime Distributions

Linear process of degradation. We start with the simplest vitality model that will
be used as an explanatory example for highlighting certain properties and
approaches.

Let vy > 0 be the deterministic initial (at + = 0) vitality of an organism, which
is monotonically decreasing with ¢ in accordance with the simplest stochastic
process:

V, = — R, (5.90)

where R is a positive random variable with the Cdf S(¢). For each realization
R = r, (5.90) can model the linear decline in physiological functions of organisms
noted by Strehler and Mildvan [57] and in numerous subsequent publications.
However, exponential and logarithmic models for this decline can be also
considered.

Death occurs when V, reaches 0. Denote the corresponding lifetime by Tk.
Therefore, the Cdf that describes this lifetime is

FR(I) = PI'[TR < t] = PI'[R > V()/l] =1- S(Vo/t).

Assume that R is gamma-distributed with the pdf a’x"~'e=%/T'(y) with the
scale parameter a > 0 and the shape parameter # > 0. Then the pdf fz(r) = F} (1)
has the form of the inverse gamma distribution:

_ (%08) 1 vas
Sfr(@) e " e . (5.91)
We will analyze the shape of the corresponding hazard rate using the ‘classic’
Glazer’s theorem [37], formulated in a slightly more general form by Marshall and
Olkin [48] as can be seen from Theorem 2.1 in Chap. 2. We will intensively use
this result and other relevant considerations in what follows.
The essential fact to be exploited is that the behavior of the failure rate A(¢) is
related to the behavior of the derivative of the logarithm of the density of a lifetime
distribution F(f), namely,

_dlogf(t) _ f'(¥)
== = TRy
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The failure rate /g(¢) that corresponds to (5.91) can be easily analyzed with the
help of Theorem 2.1. Indeed, as lim,_,fz(z) =0, it follows that
lim,_,», Ag(¢) = 0, whereas

lim (1) = lim fi()/Fr(t) = lim — dlogfr() _

t—00 dr
and Ag(?) is bell-shaped with a maximum at t = 2vpa/( + 1).

This simple example, however, can be helpful for discussing the notion of
heterogeneity that we adopt. If we consider the model as a black box with the
lifetime described by the Cdf Fg(z), then by definition, the corresponding popu-
lation is homogeneous. However, in view of the model (5.90), we can identify the
corresponding subpopulations for each value of R = r that will be definitely
ordered (in this case the lifetimes that correspond to each realization R = r are
deterministic, and therefore, can be ordered accordingly). Thus, our infinite pop-
ulation can be considered as heterogeneous in the described sense.

The considered vitality model results in the vanishing at the infinity failure rate.
If we are interested in explaining mortality plateaus that has been observed in
human and other populations, then we must look at other, more realistic vitality
models. The first candidate for that is when the simplest stochastic process Rf is
substituted by the more advanced stochastic model given by the Wiener process
with drift.

Wiener process with drift. We modify the degradation model (5.90) with the
fixed initial vitality v to

Vt ="V _Rta

(5.92)
=1t + Wy,

where R,,t > 0 is the Wiener process with drift, r is a drift parameter and
W;,t > 0 is the standard Wiener process with normally distributed values (for each
fixed ) with mean O and variance ¢2z.

It is well known (see, e.g., [24]) that the probability distribution for the first
passage time (when R, reaches the boundary v for the first time) is defined by the
inverse Gaussian distribution with the pdf:

2
Fl0) = v, ) = 22 p{—ﬂ} (5.93)

202t

The exact expression for the corresponding failure rate, Ag(t) = ug(t;vo,r, 0),
is complicated and, therefore, as our goal is just to analyze its shape, we will use
Theorem 2.1. It is easy to derive from (5.93) that

dlogfz(t) 3 V3

=—+—— . 5.94
dr 2t+262 20212 ( )

gr(t) =
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Note that, (5.93) is written in parameterization vy, r, . However, reparame-
terization: 1 = r?/a*, ® = rvy/a? leads to the standard two-parameter form of the
inverse Gaussian distribution (which we need for stating some useful properties):

2
felt; 7y 0) = a)“—\/‘;_n(zt)-m exp{—%}. (5.95)

It immediately follows from (5.94) that the failure rate tends to a constant when
t — oo(mortality plateau):

dlo ) A
fim () = fim ~ S =2 = (599

It is also obvious that lim,_ Ag(#) = 0. The ‘rest of the shape’ of Ag(7) is
defined by Theorem 2.1: Ag(t)is increasing for ¢ € [0 < #,], where 1, <17 =
2v3 /3¢ and is asymptotically decreasing to the plateau for # > t,. This form of the
hazard rate for the inverse Gaussian distribution was first described by Chhikara
and Folks [22] using straightforward calculus and asymptotic bounds. We, how-
ever, rely on a general Theorem 2.1 that can be used for analysis of other distri-
butions as well.

Although the ‘underlying physics’ of the inverse Gaussian distribution is given
by the Wiener process with drift, we cannot identify now the corresponding
subpopulations in the sense that we have defined earlier. Therefore, the corre-
sponding population in this ‘black-box’ analysis should be considered as homo-
geneous and there is no (fixed) heterogeneity in the defined sense so far.

From (5.95) it follows that / is the scale parameter. Therefore, obviously, the
corresponding lifetimes are decreasing in A in the sense of the usual stochastic
ordering (2.69), i.e., for the fixed w:

FrlMt;o) < F(lat;m); A4 < Jp, t €]0,00). (5.97)

This is a simple general fact. However, for the specific case of inverse Gaussian
distribution, it can be shown that the stronger hazard rate ordering (2.70) also takes
place [48], which means:

pg(t; A1, ) = dipig(Ait; 1) < Jopg(lat; 02) = Ag(t; A2, ©);
A < Aa, t €]0,00).

As . = r*/c?, the distribution of the first passage time fz(¢; 4, w) does not
change when we change r and ¢ proportionally. Thus the mechanism of the failure
process driven by the Wiener process with drift is such that, e.g., the increase in
the drift parameter is compensated by the proportional increase in the standard
deviation ¢. This is a rather unexpected observation, however, as stated, it is a
consequence of the considered specific setting. Strictly speaking, as parameters /4
and w are ‘dependent’ the foregoing orders hold only asymptomatically for large
t and this is how we will understand it in what follows.
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After discussing the issue of stochastic ordering, we can now qualitatively
analyze the shape of /Jg(f;4, @) for large ¢ with respect to the randomized
parameters r and ¢ (v is fixed so far) to be denoted by R and X, respectively. Note
that, Aalen and Gjessing [1], have performed the necessary derivations assuming
that R is normally distributed and ¢ is fixed. However, as the drift (—7) can be
positive in this case, the resulting survival distribution is defective. These distri-
butions are often used for describing the corresponding ‘cure models’.

Assume that R and X are non-negative random variables with supports in
[0, 00). Thus, the bivariate frailty model discussed in Sect. 3 can be applied. We
proceed as described there: fixing ¥ = ¢ and considering subpopulations with one
frailty parameter R. At the first stage, we select from the overall heterogeneous
population the heterogeneous (with respect to different values of r) subpopulation
that corresponds to £ = ¢ and define its failure rate. As the corresponding
homogeneous ‘sub-subpopulations’ (for different fixed values of r) are ordered in
the sense of the hazard rate ordering and ‘have’ the shapes of the failure rates
described above (increasing and then decreasing to a plateau), this heterogeneous
subpopulation has asymptotically decreasing to O failure rate [54]. Now, at the
second stage, as these failure rates are ordered with respect to the values of the
second frailty ¥ = g, we can use Theorem 5.12, which means that the population
failure rate is also decreasing as t — oo (and in our specific case, it is decreasing to
0).

Thus, mortality plateaus cannot occur in the described frailty model. However,
this can still happen, if the supports of frailties R and X are modified to [a, cc] and
[0, b], respectively. Then the population failure rate tends to the failure rate of the
strongest subpopulation which is, in accordance with (5.96) [31],

a2

lim g (t) =

lim g (5.98)

We are ready now to add variability to the initial vitality. Denote the corre-
sponding random variable by Vy > 0 (fixed frailty). It immediately follows from
(5.96) that, in contrast to the other considered fixed frailties, the effect of the initial
vitality vanishes as ¢t — oo. Therefore, it has no effect asymptotically on the shape
of the failure rate. This was analytically shown and discussed using the concept of
quasisationary distributions in Aaalen and Gjessing [1], Steinsaltz and Evans [55],
and Li and Anderson [45].

Gamma process and the Birnbaum-Saunders distribution. The Wiener process
is often criticized as a model for degradation and aging as its sample paths are not
necessarily positive and strictly increasing. On the other hand, the gamma process
always possesses these properties. Therefore, let R,,¢ > 0 be now the stationary
gamma process with the following density for each r:

fo(3) = Galxlrt/o%, /o), w0 >0, (5.99)

E[R]=rt, Var(R) = c’t,



5.10 Population Mortality at Advanced Ages (Demographic Application) 193

where Ga(x|a, §) denotes the gamma distribution with shape parameter o and scale
parameter . We see that the mean and the variance of this process have the same
functional form as for the corresponding Brownian motion with drift. The first
passage time distribution function for the vitality model with initial value vy is

FR,( ) = PI‘[TR < l] = PI'[R; > VQ]

B rt/a vor/a?) (5.100)
/ Ja\¥)dx ==z 7o

where I'(a,x) = f;o 7" le7%dz is the incomplete gamma function for x > 0 and
a > 0. This function can be calculated numerically [61]. It is shown by Liao et al.
[46] that the corresponding failure rate is increasing, whereas Abdel-Hameed [2]
proves that it tends to infinity as + — oo, which means that the mortality plateau
cannot occur in accordance with this model.

Park and Padgett [53] have derived a very complex exact expression for the pdf
J&(2). Therefore, a simpler meaningful approximation for (5.100) was suggested by
these authors in the form of the Birnbaum-Saunders distribution that can be
already effectively analyzed. In a general form, this distribution is given by

Fps(t; 2,0) = ®(a (), >0, (5.101)

where A,0>0; ®() is a standard normal distribution function and
h(t) = t'/2 — t~1/2. For our specific case, the corresponding approximation reads

[61]:
FR,()N®<\/;[\/E—m> (5.102)

It was obtained by Park and Padgett [53] via discretization of the first passage
time and then using the central limit theorem. The error of the approximation was
not assessed, however, it was stated that it can be used at least for the case when
r > > ¢. On the other hand, it should be noted that approximation of distribution
functions does not necessarily mean that the tails of the failure rate functions are
also approximated. Therefore, given our interest in asymptotic behavior of failure
rates, why not to start directly from distribution (5.102) that, similar to the inverse
Gaussian distribution, also has a meaningful process point of view interpretation.
To see this, consider the following damage accumulation model. Let R; in (5.92)
be modeled by the following shock process: suppose that shocks occur at regular
intervals at times A, 2A, 3A,. ... Let each shock causes a random damage Y; > 0:
i.i.d with E[Y;] = Ay, Var(Y;) = Ac?. Damages accumulate additively and the k-
th shock is survived if the accumulated damage is less than the initial vitality vy,
ie., E]f Y; < vg. Then, letting A — 0 and using the central limit theorem, after
straightforward derivations [48] one can obtain the lifetime distribution (5.100),
where
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o=0a/\/wo, A= p/v. (5.103)

Differentiation of (5.101) results in the following density

Fus(ts 7o) = m)ﬁ {% (1 +%>] exp{—ﬁ (M a4 %) } (5.104)

Obviously, lim,_ As(t; 2,0) = 0. Using Theorem 2.1, it can be shown now
that the failure rate is bell-shaped [9] and is decreasing to a constant as
t — oo(mortality plateau):

dl t; A
lim Jgs(r: 1, 2) = Tim — 10&fss(t54,%)
e 100 dr

L w2
202 202

It follows from (5.105) that, as previously, the effect of initial vitality vg is
vanishing as t — oo. Similar to the case of the inverse Gaussian distribution, it can
be seen from (5.104) that A = /v, is a scale parameter and, therefore, the usual
stochastic ordering (and the hazard rate ordering) holds, i.e., if v,(u) is fixed, then
the larger values of u(v,) will result in the larger (smaller) values of the failure rate
in [0, 00).

The possibility of ordering with respect to the values of ¢ for a general case is
not clear (it is an open question in the theory of this distribution). On the other
hand, as follows from (5.105), this ordering exists asymptotically. Assume now
that u is a realization of a random variable M, whereas ¢ is a realization of a
random variable X with support to [0, co]. Then, similar to the case of the inverse
Gaussian distribution, the randomization results in the asymptotically decreasing
to 0 population failure rate. Mortality plateaus are theoretically possible in this
model only when the supports of the frailties M and X are [a,00] and [0, 5],
respectively.

(5.105)

5.11 On the Rate of Aging in Heterogeneous Populations

In this section, we will consider another application of heterogeneity modeling to
demography [30]. It should be noted that because of the existing heterogeneity,
e.g., in populations for different countries, statistical models describing this
property are crucial for this discipline.

Non-parametric classes of lifetime distributions were extensively studied in
numerous publications of the last decades (see e.g., the excellent encyclopedic
monograph by Lai and Xie [43] and the references therein). One of the main
properties of a lifetime random variable that defines the corresponding non-
parametric class is a property of stochastic aging. This notion can be understood in
many ways. The most intuitively evident and the first to be considered in the
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literature was the class of aging distributions with increasing (nondecreasing)
failure rate (IFR) (see, e.g., Barlow and Proschan [6] for this and other basic
classes).

Let T > 0 be a lifetime with an absolutely continuous Cdf F(¢), pdf f(¢) and the
failure rate A(¢) =f(¢)/(1 — F(¢)). As in the previous section, we will use the
terms failure rate and mortality rate interchangeably employing the first one
mostly for a more general reasoning and the second one in a demographic context.
Assume that the derivative A'(f) exists. Then, obviously, F(t) € IFR, if
A(t) > 0,t > 0. We can compare the ‘extent of aging’ described by different IFR
distributions by the value of this derivative at each instant of time. However, this is
not always the right thing to do, as intuitively, it is clear that at many instances in
order to compare aging for different lifetimes some ‘relative reasoning’ should be
also employed.

In life sciences (e.g., in demography), the rate of aging R(¢) is usually defined as
dini(r)  Z(r)

=23 (5.106)

k@) = dt A1)

This characteristic already describes the relative change in the failure (mor-
tality) rate in an infinitesimally small unit interval of time. It takes into account the
value of A(t), as intuition prompts that this measure should often depend not only
on the derivative but on the value of the failure rate itself. Indeed, consider, for
instance, two failure rates A(¢) and A(f) 4 ¢, where ¢ is a constant. It is clear that
the relative change for the second failure rate decreases as c increases and when
c is large, the change in the failure rate can be negligible compared with the failure
rate itself.

Thus, not only the change in the derivative is important, but also the level of the
failure rate as well. Formal definition (5.106) is the simplest way to implement this
relative concept. As most of simple definitions that are trying to describe complex
properties, it has its pros and contras (e.g., De Gray [25] mostly focuses on the
contras). However, this approach to defining the rate of aging is well justified in
demography, as for the Gompertz law of mortality (5.86) that describes mortality
rate at adult ages, it is a constant, i.e., R(¢) = b. Thus, in practical demography, b is
usually estimated as the slope of the Gompertz regression, i.e., the slope of In A(z).
It should be understood, however, that R(#) is just a useful (at least, for the
Gompertz law) statistical measure, which describes in some ‘integrated way’ the
real aging processes that are manifested by the changes in probabilities of failure
(death) over time.

The foregoing considerations refer to the homogeneous populations, where
obviously, b can be also regarded as the individual rate of aging. However, human
populations are heterogeneous, and it is interesting to consider the rate of aging
for this case. The general mixture model is described in Sect. 5.1 given by
Egs. (5.10)—(5.12). In what follows, we will focus on the specific multiplicative
model (5.17). We will also need the following example:
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Example 5.6 Let the frailty Z be a gamma-distributed random variable with shape
parameter o and scale parameter f§, whereas the baseline distribution be an arbi-
trary distribution with the failure rate A(z). It is well known [28] that (5.21) is
generalized in this case to

/(1)
I(t) = ) 5.107
) = 5 nts (5.107)
where A(f) is the cumulative failure rate A(¢) = fot A(u)du. Therefore,
ElZl] = g
B AR)

As E[Z] = o/ and Var(Z) = a/f?, Eq. (5.107) can now be written in terms of
E[Z] and Var(Z) = ¢? in the following way:

E’[Z]

m(1) = i@)m7

(5.108)
which, for the specific case E[Z] = 1, gives the result of Vaupel et al. [63] that is
widely used in demography:

A1)

Inl0) = i (5.109)

We will use Eq. (5.109) for analyzing the rate of aging as a function of
parameters of the baseline and frailty distributions.

We start analyzing the rate of aging in heterogeneous populations with the
specific gamma-Gompertz multiplicative model with the failure rate given by Eq.
(5.21). Therefore,

In 7, (f) = Ina + bt — In[1 + (ac® /b)(exp{bt} — 1)] (5.110)
and the corresponding rate of aging is

ac? exp{bt}
1 + (ac?/b)(exp{bt} — 1)

Equation (5.111) states a simple and expected fact that the observed (popula-
tion) rate of aging R,,(7) is smaller than the individual rate of aging b. The latter, as
was staed, corresponds to the homogeneous case. It can be also clearly seen that
when ¢ increases, R,,(t) decreases. Therefore, the following hypothesis makes
sense: the increase in the rate of aging observed in the previous century in the
developed countries could be attributed to the decreasing heterogeneity in mor-
tality of populations in these countries.

Another important feature that follows from (5.111) is that the increase in
parameter a also results in the decrease in R, (¢), which can be interpreted as some

R,(t) = (In2,(1)) = b —

(5.111)
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kind of negative correlation between a of the Gompertz mortality law and the rate
of aging.
In the case of arbitrary lifetimes, (5.109) results in

by p (5.112)
- )((tt)) ST (S)A(t) = R(1) = (1)

and, obviously, the rate of aging is also decreasing as a function of variance of the
gamma-distributed frailty (for the fixed expectation E[Z] = 1). The similar con-
clusion was made in Yashin et al. [67].

Consider now a general case of the multiplicative model (5.17) not restricting
ourselves to the gamma-distributed frailty. It can be shown [30] that

,  XE[ZIT > 1]+ J(1)E'[Z|T > 1]
N ()E[Z|T > 1]
_ A1) EZIT>1]

Ralt) = (1n (1))

At)  E[Z|T > 1] (5.113)
=R(t) — A1) %

Thus, as previously, the observed (mixture) rate of aging R,,(¢) is smaller than
the individual rate of aging R(#) defined for the baseline distribution with the
failure rate A(¢). A similar result using a different approach for derivations was
independently recently obtained by Vaupel and Zhang [62]. As we are focusing on
the specific multiplicative model (5.17), Eq. (5.113) is very helpful in analyzing a
‘proportional effect of environment’ on mortality rates.

Suppose now we have two heterogeneous populations with the same baseline
/() and different frailties Z;, Z,. In other words, compositions of populations are
different. Let

Var(Z|T > 1) _ Var(zi|T > 1)
ELT>1 — EZT>1"’

> 0. (5.114)

Then it is easy to see that the corresponding rates of aging are ordered as
Roy(t) > Rim(t). Thus, the rate of aging decreases as the relative variance
increases, i.e.,

Var(Z,|T > 1) Var(Z|T > 1)
E[Zl|T>l] E[ZQ|T>I}

Rom(t) — Rim(t) = A() >0, Vit>0.

Inequality (5.114) defines a new class of stochastic ordering of random vari-
ables that can be called ordering in the sense of the relative variance [30]. The
corresponding measure depends not only on the variance (variability), but on the
mean as well.
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Chapter 6
The Basics of Burn-in

In this chapter, we introduce the concept of burn-in and review initial research in
this area. Burn-in is a method of ‘elimination’ of initial failures (infant mortality)
of components before they are shipped to customers or put into field operation.
Usually, to burn-in a component or a system means to subject it to a fixed time
period of simulated use prior to the actual operation. That is, before delivery to the
customers, the components are exposed to electrical or thermal conditions that
approximate the working conditions in field operation. Those components which
fail during the burn-in procedure will be scrapped or repaired and only those,
which have survived the burn-in procedure will be considered to be of the satis-
factory quality. An introduction to this important area of reliability engineering
can be found in Jensen and Petersen [24] and Kuo and Kuo [28]. Surveys of
research on different aspects of burn-in can be found in Leemis and Beneke [29],
Block and Savits [9], Liu and Mazzuchi [30], and Cha [15].

Burn-in has been widely accepted as an effective method of screening out these
initial failures due to the large failure rate at early stages of component’s life. The
failure rate is often initially large, but decreases more or less steeply as the
component goes into its useful life period, where it is usually relatively small and
nearly constant. This is illustrated by the first part of the traditional bathtub-shaped
curve (see Fig. 6.1).

An important question arises: why does the failure rate initially decrease? It is
observed that a population of the manufactured items is often composed of two
subpopulations—the subpopulation with normal lifetimes (Main Distribution) and
the subpopulation with relatively shorter lifetimes (‘Freak’ Distribution). In
practice, items belonging to the ‘freak distribution’ can be produced along with the
items of the main distribution due to, for example, defective resources and com-
ponents, human errors, unstable production environment caused by uncontrolled
significant quality factors, etc. (see, [24, 26]). In this case, the freak distribution
generally exhibits the larger failure rate than the main distribution, which results in
a mixture of stochastically ordered subpopulations (see Chap. 5). As stated in the
previous chapter, the mixture of ordered failure rates is the main cause of the
decreasing population failure rate (see also [1, 20]). Therefore, as will be discussed
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Fig. 6.1 Bathtub-shaped r(t)
failure rate function
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later in this book, the burn-in procedure needs to be studied under the mixture
setting. However, the initial research in this area was mostly done based only on
the given (merged) population failure rate without considering, e.g., the cause of
its initial decrease. Therefore, the objective of this chapter is to introduce basic
concepts of this ‘classical’ burn-in based on the given population failure rate.

As most electronic or mechanical devices often exhibit initially decreasing
failure rate, the goal of the burn-in procedure for these items is to shift the failure
rate function to the left and to avoid in this way its initially large values. It can be
achieved by the fixed time period of simulated use prior to the actual operation.
This is the basic logic of the burn-in procedure.

If burn-in is too short, then the items with shorter lifetimes will still remain in
the population. On the other hand, if the procedure is too long, then it shortens the
lifetime of the items with normal lifetimes. Therefore, to determine the length of
the burn-in period (to be called the ‘burn-in time’) is the most important issue for
the corresponding modeling. The best time to stop the burn-in procedure for a
given criterion to be optimized is called the optimal burn-in time. As burn-in is
generally a costly procedure, certain cost structures have been proposed and the
corresponding problem of finding the optimal burn-in time has been intensively
studied in the literature.

In this chapter, we will provide a detailed background on burn-in. By investi-
gating the relationship between the population failure rate and the performance
quality measures, we illustrate how the burn-in procedure can be justified for items
with initially decreasing failure rates. We will review some methods for opti-
mizing the performance criteria and that for minimizing various cost functions. It
should be noted that latent failures or weak components of highly reliable products
require usually a long time to detect or identify. Thus, as stated in Block and
Savits [9], for decreasing the length of this procedure, burn-in is often performed
in an accelerated environment. In the last part of this chapter, the stochastic models
for accelerated burn-in procedures will be introduced.
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6.1 Population Distribution for Burn-in

As discussed in the previous section, it is widely believed that many products can
be characterized by the bathtub-shaped failure rate functions. This belief is sup-
ported by the extensive data from industry.

Definition 6.1 The failure rate function r() is said to have a bathtub shape if there
exists 0 < #; < £, < oo such that

(i) r(¢) strictly decreases when 0 < ¢ < 7
(ii) r(z) is a constant when t; <1 < 1,
(iii) r(z) strictly increases when #, < 1.

The time instants #; and 7, are called the first and the second change points,
respectively. The time interval [0, 7] is called the infant mortality period; the
interval [t,, t,], where r(z) is flat is called the normal operating life period (useful
life period); the interval [,, oo) is called the wear-out period. In practice, the
failure rate during the second period is often only approximately constant. Observe
that the above defined bathtub-shaped failure rate function has IFR (#; = 0), CFR
(t1 =0, r = o) and DFR (#; = 00) as special cases. The typical shape of the
bathtub-shaped failure rate function is shown in Fig. 6.1.

Although lifetime distribution functions with the bathtub-shaped failure rates
are of importance for burn-in, most popular lifetime distributions do not exhibit
this property. However, they can result from the operation of mixing. As discussed
in detail in Chap. 5, mixtures can result in different shapes of failure rates [43]. For
example, in Glaser [21] it is shown that under appropriate conditions the mixture
of two gamma distribution function exhibits a bathtub-shaped failure rate function.
Rajarshi and Rajarshi [42] review bathtub distributions and give many references
on this topic (see also Sects. 5.1-5.3).

The following is a simple example of a mixture which yields a bathtub-shaped
failure rate function.

Example 6.1 Let the population be composed of two subpopulations with sub-
population failure rates r(t) = 0.01¢ 4 0.01 and r,(¢#) = r1(t) + 1. The corre-
sponding mixture failure rate is given in Fig. 6.2.

In this case, the failure rate is bathtub-shaped with #; = #,.The mixture pdf is
given in Fig. 6.3.

From Fig. 6.3, it follows that the two subpopulation distributions (the ‘Freak’
and ‘Normal’ distributions) are well separated in this case. The mean residual
lifetime function for this case is given in Fig. 6.4.

From Fig. 6.4, the relationship between the bathtub-shaped failure rate and the
corresponding mean residual lifetime function can be observed, which corresponds
to our general Theorem 2.4 in Sect. 2.3.

In addition to the traditional bathtub-shaped failure rate, there is also so-called
the modified bathtub-shaped failure rate.
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Definition 6.2 The failure rate function r(z) is said to have the modified bathtub
shape if there exist 0<7#y < r; < t, < oo such that r(¢) is strictly increasing in
t € [0, 1], and has a bathtub shape with change points #; and #, on the interval
te [l(), OO)

The modified bathtub-shaped failure rate can be also obtained from the mixture
of a distribution for strong components (the ‘Main’ distribution) and that of weak
components (the ‘Freak’ distribution) [23]. The typical shape of the modified
bathtub-shaped failure rate is given in Fig. 6.5.

There has been much research on the shape of failure rates of mixed distribu-
tions. For instance, in Block et al. [7, 8] and Klutke et al. [27], the shape of failure
rates of mixture distributions, which is neither of the traditional bathtub shape nor
of the modified bathtub shape are investigated. Klutke et al. [27] pointed out that
the assumption of the traditional bathtub-shaped failure rate could be rather
restrictive for burn-in procedures. Kececioglu and Sun [25] state that the bathtub-
shaped failure rate is relevant only for 10-15 % of practical applications.

Thus, it is natural to consider a more general form of the failure rate that can
describe a wider class of failure rates [18].

Definition 6.3 The failure rate r(f) is eventually increasing if there exists
0 < xp < oo such that r(¢) strictly increases in ¢ > xy. For the eventually increasing
failure rate r(r), the first and the second wear-out points #* and #** are defined by

t* = inf{r > O|r(x) is non-decreasing in x > r},
" = inf{t > 0|r(x) strictly increases in x > t}.

Obviously, 0 < #* < < xp < oo if r() is eventually increasing. Observe that if
r(¢) has a bathtub shape with change points #; < #, < 0o, or r(¢) has a modified
bathtub shape with 0 < 7y < # < £, < 0o, then it is eventually increasing with
t* = t; and t** = 1,. Therefore, the eventually increasing failure rate includes both
the traditional bathtub-shaped and the modified bathtub-shaped failure rates as
special cases.

Fig. 6.5 Modified bathtub- (t)
shaped failure rate
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Definition 6.4 The failure rate r(¢) is initially decreasing if there exists 0 <xy < oo
such that r(z) strictly decreases in ¢ € [0, xp)]. For an initially decreasing failure rate
r(t) the first and second infancy points ¢, and t.., are defined by

t. = sup{t > O|r(x) strictly decreases in x < t},
t. = sup{t > 0|r(x) is non-decreasing in x < t}.

Obviously, 0 < xp < 1, <t < o0 if r(¢) is initially decreasing. Mi [38] and Cha
[13, 14] studied the problem of determining the optimal burn-in time assuming
eventually increasing failure rate function.

6.2 Optimal Burn-in for Performance Criteria

In this section, we will consider burn-in procedures for optimizing system per-
formance measures. There can be different performance measures to be optimized.

a. Mean Remaining Lifetime

We first consider burn-in for maximizing the mean remaining lifetime of a system.
That is, the MRL after burn-in should be maximized. Watson and Wells [46]
initially considered this problem aiming at obtaining the MRL larger than the
initial mean life. Essentially, they considered IFR and DFR distributions and
showed that if the lifetime distribution is IFR (DFR), then the MRL is always
shorter (longer) than the initial mean life. Park [41] examined the effect of burn-in
on the MRL of an item with a bathtub-shaped failure rate. It is shown that the first
change point does not maximize the mean residual life although the failure rate
achieves its minimum value at the point.

Let F(t) and r(t) be the survival function and the failure rate function of the
lifetime of the system and M () be the MRL after the burn-in procedure with burn-
in time b. Then, in accordance with (2.6),

F(b

/OO (b+ dt—exp{A }/exp{ A(r)} de,
0

where A(t fo u)du. We will now find the optimal burn-in time »* which
satisfies

When the population failure rate has the bathtub shape with 0 < 1, < £, < o0,
we have the following result.

Theorem 6.1 Suppose that the failure rate r(t) is bathtub-shaped with
0<y <t <oo.
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(i) Ift; =0and t, < o0, then b* = 0.
(i) Ifty > Oandt, = oo, then b* = 1.
(i) If0 <t <t < oo, then b* < 1.

Proof Observe that

M'(b) =r(b) exp{A(b)} / exp{—A(t)}dr — 1
b
—exp(A(B)} [ (1(8) = rle) exp{~A(®)}ar.
b

(i) If; = O0and #, < oo, then r(b) — r(r) < 0 for all + > b and for each b > 0
there exists 7y > # such that r(b) — r(t) < 0forall t > #,. Therefore, we can
conclude that M’(b) < 0 and M(b) is strictly decreasing.

(ii) Suppose that #; > 0 and #, = co. For 0 < b < t1,r(b) — r(t) > 0 for all
t > b, and for b > t;,A(b) — A(t) = 0 for all ¢+ > b. Thus, M(b) is strictly
increasing in b € [0, 7] and is constant in [¢;, oo]. Therefore, b* = #;.

(iii) Suppose that 0 < #; < #, < oco. In this case, similar to the case (i), it can be
shown that M’ (b) < 0 for all b > #; and therefore we have b* < t,.

O

From the above results, we can conclude that it is not necessary to burn-in
products longer than the first change point #;. More detailed discussions on the
relationship between the shape of failure rate and that of the mean residual lifetime
function can be found in Mi [36] and Finkelstein [20].

b. Probability of a Mission Success

In practice, the systems often perform a given mission in field operation. Let T be
the lifetime of the system and 7 be the given mission time. The system is required
to complete the mission without failure. Then the corresponding success proba-
bility for the original system is given by F(z). If the system is burned-in for a time
b, the corresponding success probability is

b+t
_Fi(b—FT)—eX — riu)au
R / (w)du (6.1)

Then it is desirable to maximize the success probability in (6.1). The set of all
optimal burn-in times is defined by
F(b* +1) F(b—i—r)}

B " =b">0———*~= _—
{ - ‘ Fory — TrETE
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It is clear that B* can equivalently be expressed as

b 41 b+t
B*=¢b">0 / r(u) du = min, > o / r(u)du
e
The following theorem characterizes the set B* when the failure rate has a
bathtub shape.

Theorem 6.2 Let the continuous failure rate function r(t) have a bathtub shape
with change points t| and t,, and t© > 0 be a given mission time.

W) Ift<ty—1,then B* = [t, t — 1].
(i) If t > 1o — t1, then B* = {b*}, where b* € [0, 1,].

Proof This theorem is proved based on the following property, which can be
intuitively well understood. Let r(¢) be a continuous bathtub-shaped failure rate
function. If there exist 0 < by < b, such that r(by) = r(b,) and b, — by = 1, then

b+1 b,
/ r(r)de > / r(t)dt, Yb>0.
b b

Then the theorem can be rather straightforwardly proved. The details can be found
in Mi [35].
O

Remark 6.1 In practice, the burn-in cost is proportional to the total burn-in time.
Therefore, it is reasonable to define the optimal burn-in time as b* = inf B*. Then
the above theorem states that it is always true that b* < ¢,.

In certain cases, the mission time may be random. In this case, the optimal
burn-in time is studied by the following theorem.

Theorem 6.3 Let T be a lifetime with bathtub-shaped failure rate function r(t).
Let My and M, be two random mission times having distribution functions G, and
G, respectively. Let T, =4 (T — b|T > b) and My, M, are independent of T. Then
P(T, > M;) attains its maximum at some finite b} € [0, t1], i = 1,2. If in addition
My < oMy, then

mabeOP(Tb > M]) > mabeOP(Tb > Mz).

Proof The function fbb T r(¢)dt is increasing in b > 1, for any t since r(r) is
increasing in ¢ > ¢;. From this, it can be shown that

deG-(1)> deG-(T) Vb > 1.
0/ O/ F(b)
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Therefore, the continuous function

[

must attain its maximum value at some b; € [0, #]. The second part of the theorem
can also be easily shown. For more details, see Mi [34, 35].
O

c. Mean Number of Failures

Suppose now that in field operation, we replace a failed component by an identical
component. Then the number of failures in the time interval [0, 7] follows a
renewal process {N,(t), >0}, where the subscript b is used to denote that these
i.i.d. components have a common survival function Fy(t) = F(b + t)/F(b), i.e.,
they have survived the same burn-in time b. The problem is to minimize the mean
number of failures during a given interval [0, 1], which is given by

my(7) = E[Ny(1)] = Y Fy(2),

00
k=1

where F I(f> denotes the k-fold convolution of F); with itself. Then, we have the

following theorem about the optimal burn-in time.

Theorem 6.4 Let

B = {b* >0 my(7) = bmg)(()mb(r)}.

Then B* N |1y, oo] = (. In particular,

(1) if T > 1y — t1, then optimal burn-in occurs no later than t, i.e., B* C [0,1],
(i) if t<t, — 1y, then optimal burn-in occurs at each point of [t),1; — 1], i.e.,
B* = [ll, D — ‘E]

Proof The proof of the theorem uses the following intuitively clear property. Sup-
pose that F () <F,(t), for all >0, i.e., Fj; <y F,. Then F§k>(t) > Fék)(t), for all
t >0, where F' i(k> (¢) is the k-fold convolution of F;(¢), i = 1, 2. Based on this basic

property, the theorem can be proved. The details of the proof are given in Mi [35].
(]

d. System Availability

An important measure of performance for a repairable system which can be in one
of two states, namely, “up (on)” and “down (off)”, is availability. Here, by “up”
we obviously mean the system is functioning and by “down” we mean that the
system is not functioning. Let the state of the system be given by a binary variable
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1, if the systemis up at time ¢
X ()= ;

0, otherwise

Then the instant availability at time ¢ (or point availability) is defined by
A, =PX(t)=1).

Reliability can be obviously considered as a measure of system’s effectiveness.
However, it is well-known that availability is a more appropriate measure of
effectiveness for repairable systems, as it takes into account its maintainability.

As it is very difficult to obtain explicit expressions for A(¢) except for a few
simple cases, other measures of availability have been proposed. Engineers are
often interested in the limiting behavior of this quantity, i.e., the extent to which
the system will be available after it has been run for a long time. One of these
measures is the steady-state availability (or limiting availability) of a system,
which is defined by

A= lim A,
1—00

if the limit exists. Some other types of availability measures that are useful in
practical applications can be found in Birolini [5, 6] and Hgyland and Rausand
[22]. For example, average availability in the interval (0, 7] is defined as

t

1
Aav(t) = ;/Au du,

0

which can also be interpreted as the mean fraction of the time interval where the
system is functioning during (0, ¢] (Barlow and Proschan [2]). Note that its limit,
lim,_, o Ay (1), exists and equals A if lim,_, A, exists.

Denote the Cdf and the survival function of the system by F(t) and F(¢) =
1 — F(r), respectively. The system is replaced by a new identical system on
failure. Assume that the repair time distribution is G(#) with mean 7. In this case, it
is well-known that

A=lim A, = —H
=00 [+

where = [ F(u)du is the mean value of the system lifetime. If the system is

burned-in for time b, then its limiting availability as the function of burn-in time
b is

Ab) =limA, = ————,

)= A = 310)

where
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The objective in this case is to find the optimal burn-in time which maximizes
the limiting availability. However, as

1

A0 = Ty

this problem is equivalent to finding the optimal burn-in time which maximizes the
mean remaining lifetime M (b). This problem was already considered previously.
Therefore, we will consider now a more general model for systems with two types
of failures: the Type I failure (the minor failure that can be ‘removed’ by a minimal
repair), which occurs with probability 1 — p(t), where ¢ is the age of the system at
failure and the Type II failure (the catastrophic failure that can be ‘removed’ only
by a complete repair or a replacement), which occurs with probability p(). This
model is usually called the general failure model [3, 4, 20].

A new system is burned-in for time b, and it will be put in field use if it survives
burn-in. In the field use, the system is replaced by another system, which has
survived the same burn-in time b, at the “field use age” T or at the time of the first
Type II failure, whichever occurs first. For each Type I failure occurring during
field use, only minimal repair will be performed. Denote the lifetime of a system,
its distribution function, density function, and the failure rate by X, F(¢), f(¢)
and r(t), respectively.

Assume first that the repair times are negligible. Let the random variable Y, be
the time from O to the first Type II failure of a burned-in system, and denote
the distribution and the survival functions of Y, as G, (t), and G,(t), respectively.
Then [3],

1

Gy(t) =P(Yp > t) = exp] — /p(b +u)r(b+u)du
0
=exp{—[A,(b+1) — A,(b)] }, V1 >0,

where A,(t) = [y p(u) r(u)du. Define Z, = min {¥, T}. It is easy to see that

E(Zb) = /Gb(l)dl.
0

Let N(b; T) be the total number of minimal repairs of a burned-in system
which occur in the interval [0, Z,], then [3] the expectation of N(b; T) is
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EN(b; T)| = /r(b+t) Gy (1) dt — Gy(T).
0

To consider the system availability, we now assume that the repair times are not
negligible. Let 7, #,, and 5 be the means of the minimal repair time, the time for
an unplanned replacement caused by the Type II failure, and the mean time for a
replacement at field use age T (preventive maintenance), respectively. We further
assume that [,* p(u) r(u) du = oc. Then, by similar arguments to those described
in Cha and Kim [17], it can be shown that the steady-state availability of the
system under the policy (b, T) is given by

E(total up time in a renewal cycle)

Ab, T) =
(b, T) E(the length of a renewal cycle)

_ Jy Gy(1) dr
Iy Golyde + [ (b4 1) Go(0) di = Go(T) |y + Go(T) my + Gu(T)

We first consider the simpler case when only the burn-in procedure is applied
but no preventive maintenance is performed, i.e., when T = co. In this case, the
steady-state availability is given by

_ Jo" Gy(2) dr
J5Z Gyle) de + [ [5S r(b +1) Gy(t) dt] ny + (m, — 1)

The objective is to find the optimal burn-in time »* such that

A(b) (6.2)

A(bY) = inza)éA(b).

We make the following assumptions:

Assumption 1 The lifetime distribution function F(¢) has a bathtub-shaped failure
rate function r(¢) which has change points 0 <s; <, < 00.

Assumption 2
My >Ny
Theorem 6.5 Suppose that the lifetime distribution function F(t) has a bathtub-

shaped failure rate function r(t) which has change points 0 <s; <s, <oo. Let the
set V be

V = {r: p(u) r(u) is nondecreasing for all u >t}

and define vy = inf V, wi = max{s1, vi}, where vi =oco if V= ¢. Then the
optimal burn-in time, b* agrees with the following inequality: b* <wj.
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If, in addition,

(M —m) +m fo t)exp {—A,(1)} dt

fo exp {— A p(1)} dt » (63)

mr(0) + (12 —m)p(0) r(0) >

then b* > 0.

Proof Observe that maximization of A(b) is equivalent to minimization of

_ 1 U r(b+1) Gy(r) t]’?l‘f' ) — 1)
oB) =7 . IS Gb (1) dr
_ b+ exp {~[Ap(b +1) ]}dt]m+(n2—m)

Jo exp{=[Ap(b+ ) (b))} dt
Uh (1) exp {—[Ay(t) — Ap(D) }} 4 m+ (i —m)
Iy exp {=[Ap(t) — A ()] }dt .

Differentiating ¢(b), we obtain

1

O e T [m [ roexe{=180) = A, 0)] ar

- / r(b) exp{— [Ap(t) — Ap(b)] }dt + (= m)

b

— (m2 = n1)p(b)r(b) / exp{—[A,(1) — A, (b)] }dr] :

b

Note that, inequality

/ F(1) exp{—[A (1) — Ay(b)] Vi — / r(b) exp{—[A,(1) — Ay(B)] }dr > 0
b b

(6.5)
holds for all b > s;, and
p(b)r(b) / exp{— [Ay(1) — Ay(b)] bdi < / () r()exp{— [A) (1) — Ay (B)] Yr=1,
b b
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holds for all b>v; since [;°p(u)r(u)du = oco. This implies that ¢'(b) > 0,
V b > w;. Therefore, we can conclude that b* < wj.
We can also see that

¢'(0) = exp{—A,(1) }dr

1 o0
(= exp{—Ay () }ar) '“(,/ i

oo

—n,r(O)/exp{—A,,(t)}dt+ (n, — )

0
00

(= m)p(0)7(0) [ exp{~A,(0)}at).

0

Thus, we obtain ¢’(0) <0 by (6.3). This means that ¢(b) is strictly decreasing
in the right neighborhood of b = 0. Therefore, b* > 0. O

Remark 6.2 Theorem 6.5 indicates that the large value of the initial failure rate,
r(0) ‘justifies’ the positive burn-in time (i.e., b* > 0).

Remark 6.3 If p(z) is eventually increasing, then the set V in Theorem 6.5 is not
empty and, therefore, b* has a nontrivial upper bound.

If the Type II failure probability function p(t) satisfies certain special condi-
tions, the upper bound for the optimal burn-in time can be found more easily than
in the case of Theorem 6.5. The following results of Corollaries 6.1 and 6.2 discuss
this problem.

Corollary 6.1 Suppose that the lifetime distribution function F(t) has a bathtub-
shaped failure rate function r(t) which has change points 0 < sy < s, <00 and p(t)
is the bathtub-shaped function with change points uy and up, 0 <uy <up <oo. Let
t; = max {sy, ur },t, = min{sz, ua}, and assume that t; <t, holds. Then b* <t,.
Specifically, if p(t) is nondecreasing in t >0, then b* <s; <oc.

Proof Under the assumptions, the function p(u) r(u) has a bathtub shape with
change points #1, #,. Thus, V = [t;, co) and v; = ;. From Theorem 6.5 we have:
b* <max{sy, vi} =v; = 1. If p(¢) is nondecreasing, then, obviously, v; <s.
Thus, b* <s;. O

Definition 6.5 A function k(¢) is eventually nonconstant if, for any ¢ > 0, there
exists ” > ¢ such that h(¢') # h(t").

Corollary 6.2 Suppose that the lifetime distribution function F(t) has a bathtub-
shaped failure rate r(t) with change points 0 < sy < s, < 00 and the Type Il failure
probability p(t) is eventually nonconstant. Let

V* = {t : p(u) isnondecreasing for all u > r},

and v = inf V*. Then b* <max{sy, v}}.
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Proof First note that inequality (6.6) holds strictly for b > max{s;, v}} since p(u)
is eventually nonconstant. This implies that the result of Theorem 6.5 still holds,
even though now s, can be oo. It is easy to see that p(u)r(u) is nonde-
creasing in u>max{s;, vi} and thus, v; <max{s;, vi} and consequently,
b* <max{s;, v} < max{sl, v’{} O

We now consider some particular cases of the considered model. First, let F(r)
be exponential; that is, its failure rate function is given by r(¢) = ro, V¢ > 0. In this
case, from (6.4) we see that

M —m
o(b) =ron, + . 6.7
(b) = rom Jo exp{—ro fbbﬂp(u)du}dt (67)

Theorem 6.6 Suppose that the two change points of r(t) satisfy: sy =0 and
s, = oo; that is, F(t) is an exponential distribution with r(t) = ry, V1 >0. (1) If
p(t) is a nonincreasing and eventually nonconstant function of t, then b* = oo; and
(ii) if p(t) is a nondecreasing and nonconstant function of t, then b* = 0.

Proof We prove (i). The result of (ii) can be shown in the similar way. If p(¢) is a

nonincreasing and eventually nonconstant, then |; : H p(u)du is nonincreasing and
eventually strictly decreasing in b for each fixed # > 0. This implies that the same
properties hold for ¢(b) and, therefore, b* = oc. O

Generally it is widely believed that if the lifetime of the system follows an
exponential distribution, then the burn-in procedure is not necessary (b* = 0).
However, the following theorem shows that if there are two types of failure, the
burn-in procedure may have to be applied (i.e., b* > 0), even though the distri-
bution of the system is exponential.

Theorem 6.7 Suppose that the two change points of r(t) are sy = 0 and s, = 0o
and p(t) is a bathtub-shaped function with change points uy <u,. (i) If
O0<uy <up<oo, then 0 <b* <uy; (i) if O<u; <up = oo, then b* can be any value
Sfrom [uy, 00); (iii) if p(¢) is not a constant function and p(oo) <p(0), then
ug <b* <uy, where ug<uy is uniquely determined by p(up) = p(00).

Proof To prove (i), note that (6.6) holds strictly since u, < oco. Hence it is still true
that b* <max{s;, vi} =v;. However, u; € V so v;<u; and consequently
b* S up.

In the case of (ii) we see that the left side of (6.5) equals O for any » >0, and in
(6.6) the equality holds for all &> u;, but the strict inequality holds for all b €
[0, u;). This implies that A(b) strictly increases in b € [0, u;] and is a constant in
[u1, 00) and, therefore, (ii) is true.

Now we consider (iii). From the assumptions, we must have 0 <u; <u; <oo.
The result of (i) shows that b* <u;. By (6.7), b* > uy. Therefore, uy <b* <u;.

O
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In the next theorems we consider the special case when p(t) = p.

Theorem 6.8 Suppose that the lifetime distribution function F(t) has a bathtub-
shaped failure rate function r(t) which has change points 0<s; <s;<oo and
p(t) =p, 0<p<, that is, the Type II failure probability function is a constant
function of t. Then, (i) the optimal burn-in time satisfies 0 <b* <sy; (i) if we
further assume r(00) < r(0), then the optimal burn-in time b* satisfies so < b* <y,
where s is uniquely determined by r(sg) = r(00).

Proof When p(t) = p,0<p<1, by Corollary 6.1, we have b* <s;. Moreover, if
r(oco) <r(0), we can also show that

¢'(b)<0, YO<bh<S,
and so 5o <b* <sj. O

Theorem 6.9 Suppose that the lifetime distribution function F(t) has a bathtub-
shaped failure rate function r(t) which has change points 0 < s; <, < ocoandp(t) =
p, 0<p < 1. Then the following hold: (i) When s1 = 00, i.e., r(t) is strictly DFR, the
optimal burn-in time b* = oo. (ii) When s; = 0, the optimal burn-in time b* = 0. (iii)
When s1 > 0 and s, = oo the optimal burn-in time b* could be any value in [s|, 00).

Proof For the case (i), from (6.5) and (6.6), it can be easily shown that ¢'(b) <0
for all b > 0. Hence the desired result follows. Similarly, the cases (ii) and (iii) can
be proved. O

Remark 6.4 In Theorem 6.8, we assume that O0<p<1. Two special cases are
worthy of note.

(i) When p(r) = 0, Vt > 0, the steady-state availability A(b) does not exist for all
b>0.
(ii) When p(f) = 1, V¢ >0, the steady-state availability of the model is given by

b
Ay =10
u(b) +
where p(b) = [;° F(b+1)/F(b)dt. In this case, the problem of maximizing the

steady- state availability is equivalent to maximizing the MRL u(b). The latter was
discussed in Park [41] and Mi [36].

Remark 6.5 (Optimal Burn-in Time and Preventive Maintenance Policy). When
both the burn-in procedure and the replacement policy are applied, the problem of
finding the optimal burn-in time b* and optimal replacement policy 7* such that
Ab*, TY) = A T
(b, T°) b>rr(;z}x>0 (b, T)
is equivalent to minimizing
1

ob, T)= b T)
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Note that, ¢(b, T) is given by

Uo (b +1)Gy(r)dr — Gb(T)}Vh + Gy(T)ny + Go(T)n;
fOT Gy(t)dt

which has the same form as the cost function ¢(b, T) in Cha [12]. Therefore, when
both the failure rate function r(¢) and p(¢) are bathtub-shaped, the properties of
optimal burn-in time and replacement policy can be easily obtained from the
results of Cha [12]. In some other more special cases, i.e., when p(f) =
p, 0<p <1, the explicit results could be similarly derived from Mi [34] and Cha
[10, 11]. We will discuss these problems in Chap. 7.

)

6.3 Optimal Burn-in for Minimizing Costs

As burn-in is usually a costly procedure, several cost structures have been con-
sidered in the literature to determine the optimal burn-in time. Many different cost
functions for burn-in are discussed in the review papers of Kuo and Kuo [28] and
Leemis and Beneke [29]. Nguyen and Murthy [40] examine the optimal burn-in
time to achieve a trade-off between the reduction in the warranty cost and the
increase in the manufacturing cost. In this section, we discuss relatively recent
research on optimal burn-in which deals with cost functions.

a. Loss Function Approach

Let T denote the random failure time of the component of interest and F() its
distribution function. Clarotti and Spizzichino [19] considered the following
choice of decisions in the burn-in problem:

ap  The component is immediately put into operation

a,  The component is tested for the time b (burn-in time) and it is put into
operation if it survives the test

ds Asabove with b = oo; infinite duration of the test means that the component
is judged not suitable for its mission

Let 7 be the component mission time. Then the loss function I(ap; T) is assumed
to have the following form:

cy, if T<b
lap; TY=¢ C, ifb<T<b+r1
—-K, itT>b+r1

0<c;<C, K > 0. Then the expected loss is


http://dx.doi.org/10.1007/978-1-4471-5028-2_7
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p(b) =Ell(@y; T)] = e F(B) + CIF(b+ 1) — F(B)] — K[1 — F(b + )]
=c; + (C —¢1)F(b) — (K + C)F(b + 1).
The properties of the optimal decision rule are given in the following theorem.
Theorem 6.10 Suppose that g(b) = f(b + 1) /f (D) is strictly increasing in b. Then
(i)  aw is optimal if and only if limy, ., g(b) <(C —c1)/(C + K).

(il) ag is optimal if and only if g(0) > (C —¢1)/(C + K).
(iii) ap- (0<b* <00) is optimal if and only if g(b*) = (C —¢1)/(C + K).

Proof 1t is easy to see that
¢'(b) <0if and only if f(b + 1) /f(b) < (C — ¢1)/(C + K).

The condition limy_ g(h) < (C —¢;)/(C + K) implies that ¢'(b)<0 for all
b > 0, and thus, ¢(b) is strictly decreasing in b > 0 in this case. On the other hand,
the condition g(0) > (C — ¢;)/(C + K) implies that ¢'(b) > 0 for all b > 0, and
thus, ¢(b) is strictly increasing in b > 0 in this case. Finally, if there exists
0<b* < oo such that g(b*) = (C — ¢1)/(C + K) then this means that ¢'(b) <0, for
b<b*, and ¢'(b) > 0, for b > b*. Therefore, this b* is the unique optimal burn-in
time. O

Example 6.2 Let T be distributed according to the Weibull distribution with the
scale parameter 5,0<f<1:

f(t) = ApPexp{—ir*}, 1 > 0,

g) = (1+7) exp{=if(b + 0 ~ 7).

It is easy to see that g(b) is strictly increasing. In this case, ap (0 <b* <00) is
optimal if there exists 0 <b* <oo such that

(1+5)" explAlb" + 9 ~ b7} = (C— ) /(C +K).

b. Average Cost for Non-repairable Systems

In Mi [33, 36], the problems of minimizing the cost functions that are defined via
the cost of the burn-in procedure as such and of the gain obtained from field
operation were considered.

Consider the fixed burn-in time » and begin to burn-in a new device. If the
device fails before the time b, then it is repaired with the shop repair cost ¢, and
the repaired device is burned-in again and so on. It is assumed that the repair is
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complete, i.e., the repaired device is as good as new. If the device survives the
burn-in time b, then it is put into field operation. The cost for burn-in is assumed to
be proportional to the total burn-in time with proportionality constant c¢y. We will
derive now the average cost incurred for obtaining the first component surviving
the burn-in. Let /(b) be the total cost incurred until the first component surviving
burn-in is obtained. Let X; be the time to failure of a new component, which is first
subject to the burn-in procedure, and F(¢) be its distribution function. Then, by
conditioning, E [h(b)] can be derived as follows. Given the event {X; > b} (the
new component survives burn-in time b at the first trial), the conditional expec-
tation E [ (b)|X, > b] is

E [h (b)|X1 > b] = cob = coE[min{b,X1}|X1 > b] (68)

On the other hand, given the event {X; < b} (the new component does not
survive burn-in time b at the first trial), the conditional expectation
Eh(D)|X; < b]is

E[h(b)|X) < b] = coE[X1|X1 < b] + ¢ + E[h(D)] (6.9)
= coE[min{b, X;}|X; <b| + ¢ + E[h(b)]. '
From (6.8) and (6.9), the following equation holds:
E[h(b)] = coE [min{b, X1 }| + ¢;F(b) + E [h (b)|F (b). (6.10)

Then from (6.10), E [h (D)] is given by

1

Elh®) =555 {Co /0 ’ F(r)dr + cSF(b)] ,

where F(t) =1 — F(t).

Let 7 be the mission time. In field operation, the cost C is incurred if the burned-
in component fails before 7. On the other hand, if the burned-in component sur-
vives the mission time 7, then the gain K is obtained. Then the complete cost
function is given by

co [[F(t)dt+c, F(b)—F(b+1) _Flb+1)
; F(b) F(b) -k F(b) (6.11)

c(b) = —cs+

For this cost function, the following intuitively obvious result had been shown
in Mi [33]: the optimal burn-in time »* which minimizes ¢(b) in (6.11) never
exceeds the first change point #; if F(¢) is described by the bathtub-shaped failure
rate.

We consider now a different cost structure for field operation. The average cost
of the burn-in procedure is the same as before. The second part, which is the gain
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part, is proportional to the mean life of the component used in field operation. That
is, if we denote the proportionality constant by K > 0, then the gain is given by

[, F(t)de
Klﬁa—.

Thus, the cost function in this case has the following form:

B co JUF(Odt + ¢, [XF(r)dr
c(b) = —c; + 07@) —Kbﬂm : (6.12)

Clearly, the term

o ObF(t)dt + ¢y
F(b)

in (6.12) is strictly increasing in b > 0. According to the result in Park [41] (see
also Theorem 6.1 in Sect. 6.2) the mean remaining life

[,SF(n)de

pu(b) = 20

is decreasing in b > ¢, if the failure rate function r(¢) has the bathtub shape with the
first change point #;. Hence, the minimum value for ¢(b) in (6.12) cannot be
obtained in the interval (f;,00), i.e., b* <t;. Therefore, we have obtained the
following result.

Theorem 6.11 Suppose that the failure rate function r(t) has a bathtub shape.
Then for the cost function given in (6.12), the optimal burn-in time b* is unique and
0<b*<ty. If, in addition, u(0)K — c; > 0 and r(0) > (co + K)/(#(0)K — cy),
then b* > 0.

c. Average Cost for Systems with Replacement

Consider the case when the system can be replaced at each failure during field
operation. The corresponding cost structure is described as follows. As before, we
burn-in components until we obtain the one that survives burn-in. This component
is then put into field operation. If it fails during field operation, it is replaced by
another burned-in component at a cost ¢;. We assume that ¢, > ¢, where ¢y is the
cost of each shop repair. In this case, it is clear that, by the theory of renewal
reward process (see, e.g, Ross [43]), the long-run average cost rate is given by
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F) (6.13)

o= (op — c)F(b) + co Jy F(r)dr
B [, F(r)dt '

In this case, we have the following result for the optimal burn-in time. The
proof of the following theorem can be found in Mi [36].

Theorem 6.12 Let the failure rate function r(t) be continuous and have a bathtub
shape with change points t| and t,. If ¢y > c,, then the optimal burn-in time b*
minimizing the cost function c(b) in (6.13) is unique and satisfies 0 <b* <1,.
Furthermore, b* > 0 if and only if

0
r0) > cop(0) +cr _
(¢f — ) u(0)
Remark 6.6 For the cost structures considered in Theorems 6.11 and 6.12, we can
see that the large initial failure rate r(0) ‘justifies” burn-in, i.e., b* > 0.

6.4 Models for Accelerated Burn-in Procedures

Burn-in is generally considered to be expensive and, therefore, the duration of
burn-in is typically limited. Furthermore, for today’s highly reliable products,
many latent failures or weak components require a long time to detect or identify.
Thus, as stated in Block and Savits [9], for decreasing the length of this procedure,
burn-in is often performed in an accelerated environment. Some real examples of
accelerated burn-in procedures in electronic industry can be found in Kuo and Kuo
[28] and Usami and Yoshioka [44] (see also [23-26, 47]). However, most of
stochastic modeling in the literature has been performed only for the normal stress
levels during burn-in. Recently, Cha [13] proposed a new stochastic model for the
accelerated burn-in procedure based on the concept of virtual age. In Cha and
Finkelstein [16], the model of Cha [13] has been extended to the case of pro-
portional (additive) hazards during burn-in. In this section, we will consider
approaches developed in these two papers.

6.4.1 Failure Rate Model for Accelerated Burn-in Procedure

This subsection is devoted to constructing the probabilistic frame for accelerated
burn-in procedure, which employs the basic statistical property commonly used in
accelerated life tests (ALT). Accelerated life tests are frequently used in practice to
obtain timely information on the life distribution or performance over time of
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highly reliable products in an affordable amount of testing time. Test units are used
more frequently than usual or are subjected to larger than usual levels of stress or
stresses like temperature and voltage. Then the information obtained from the test
performed under a larger stress is used to predict actual product performance under
a normal (usual) stress. Nelson [39] provides an extensive and comprehensive
source for practical methodology, basic theory, and examples for accelerated
testing. Meeker and Escobar [31] present a good review paper on these issues.

Let X denote the lifetime of a component (with the Cdf F(¢)) used under the
usual stress. We assume that X is an absolutely continuous nonnegative random
variable and thus the pdf f(¢) and the failure rate r(¢) exist. Also denote by X, the
lifetime of a component that operates in the accelerated environment and is
characterized by F4(2), fa(t),7a(z) accordingly. The Accelerated Failure Time
(AFT) regression model is the most widely used parametric failure time regression
model in ALT. Under this model, the larger stress has the effect of ‘shrinking’ time
through a scale factor. This can be modeled as

Fi(t)=F(p-1), V>0, (6.14)

where p is a constant that depends on the accelerated stresses. As given in Sect. 3
of Meeker and Escobar [31], a more general model can be defined as

Fa(1) = F(p(1)), V>0, (6.15)

where p(r) depends on the accelerated environment. Since the accelerated envi-
ronment gives rise to larger stresses than the usual environment, p > 1 for model
(6.14) and p(¢) > tforall > 0 and p(0) = 0, for model (6.15). Furthermore, we
assume that p(7) in (6.15) is strictly increasing, continuous, and differentiable.
Then, (6.14) and (6.15) imply that X4, <, X. Here, the notation <, denotes the
usual stochastic order, that is, we say that Z; is said to be smaller than Z, in the
usual stochastic order denoted Z; < Z, if F5(t) < Fy(t), for all # > 0, where
Fi(t) and F,(t) are the distribution functions of Z; and Z,, respectively (see
Sect. 2.8). From (6.15), the failure rate function in the accelerated environment is

given by

P07 (e()
I~ F(p(0))

On the other hand, right after a new component has been burned-in during a
fixed burn-in time b under the accelerated environment, its ‘virtual age’ [20],
transformed to the usual level of stress should be larger than b. Assume that the
survival function in the normal environment of the burned-in (accelerated burn-in
during time b) component is given by

ra(t) =0/ (O)r(p(1)).

Fp(t) =exp| — / rla(b) +u)du | =———= (6.16)


http://dx.doi.org/10.1007/978-1-4471-5028-2_2
http://dx.doi.org/10.1007/978-1-4471-5028-2_2
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where the function a(b) satisfies a(b) > b for all b > 0, a (0) = 0, and is strictly
increasing and differentiable. Equation (6.16) implies that the performance of a
component with accelerated burn-in time b is the same as that of a component that
has been operated under the usual stress during the time a(b). From (6.16), it is
easy to see that the burned-in component with the accelerated burn-in time b and
the ‘field use age’ u has the failure rate

r(a(b) +u),Yu>0.

Combining the accelerated burn-in phase and the field use phase, the failure rate
function of a component under accelerated burn-in time b, which is denoted by
/p(), can be defined as

[P r(p(1)), if 0 <t < b (burn-in phase)
(1) = { r(a (b) + (t — b)), ift>Db (field use phase). (6.17)

Generally, the shapes of p(f) and a (b) depend on the level(s) of stress(es)
during the accelerated burn-in process. Larger levels of stresses would yield
rapidly increasing functions p(#)and a(b), whereas smaller levels of stresses would
result in slowly increasing p(7)and a(b).

Similar to the cumulative exposure model described in Nelson [39], assume
now that the virtual age a(¢) in the normal environment ‘produces’ the same
population cumulative fraction of units failing as the age ¢ does in the accelerated
environment. Formally, it means that

Fla(r)) = Fa(t). (6.18)

Applying the inverse operator F~! to both sides of (6.18):

a(t) = F~'(Fa(r)) = F'(F(p(1))) = p(t),V1 > 0.

Therefore, a(r) = p(t), V¢ > 0. (See Finkelstein [20] for a similar reasoning). In
what follows, unless otherwise specified, we will implicitly assume this
relationship.

Since the conditions on the functions p(f) and a(b) are not too restrictive, the
failure rate model in (6.17) can be considered as a general one. It can be used in a
wide range of applications. Also note that, if the burn-in procedure is performed
under normal stresses, then obviously, 4,(¢) = r(¢) for all # > 0. Therefore, the
accelerated burn-in model under consideration is a generalization of the burn-in
model without acceleration.

6.4.2 Optimal Burn-in Time

In this section we consider the following burn-in procedure under an accelerated
environment.
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e Burn-in procedure: Fix a burn-in time b and begin to burn-in a new component
under the accelerated environment. If the component fails before the burn-in
time b, then repair it completely with shop repair cost ¢; and then burn-in the
repaired component again, and so on.

During the complete (perfect) repair, the failed component is repaired to the “as
good as new” state. This means that the lifetime of the repaired component is
independent of the lifetime of the original component and has the same distribu-
tion function. Note that the burn-in procedure stops when there is no failure during
the fixed burn-in time for the first time. We assume that the cost for accelerated
burn-in is proportional to the total burn-in time with proportionality constant c;.

Let h(D) be the total cost incurred until the first component surviving burn-in is
obtained. Then, following the procedures similar to those described in the previous
section, E[h(b)] can be obtained by

b
E[h(b)]:%(b) o / Fa(t)dr + e Fa(b) |,
0

where

1

Falt) = 1 — Fa(t) = exp —/p'(u)r(p(u))du

0

In the following we discuss three burn-in models, which can be considered as
generalizations of those studied by Mi [37].

a. Model 1: Gain Due to No Failure within Mission Time

Many practical problems require a component to accomplish a task in field
operation with a given mission time t > 0. This means that the given mission is
accomplished when the component operates continuously without any failure for
the time 7. The corresponding cost function consists in this case of the following
three parts:

(i) the mean cost E[h(b)] for obtaining a component that survives the accelerated
burn-in time b;

(ii) the cost C incurred by the event {X, < t};

(iii) the gain K that results from the event {X, > t},

where X, is the time of failure of the component that has survived the accelerated
burn-in time b and thus is described the distribution function Fj(t) = 1 — Fj(1).
Then the cost function ¢(b) is given by
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¢(b) =Elh(b)] + C Fy(z) = K Fy(x)

1

b —
== [CI /FA(t)dr+ cSFA(b)] _(c+x)lab) +9) (6.19)
0

Falb) Fla®)

Let b* be optimal burn-in time that minimizes c¢(b) in Equation (6.19). Then the
following result gives an upper bound for the optimal burn-in time b*.

Theorem 6.13 Suppose that the failure rate function r(t) is eventually increasing
with the first wear-out point t*. Then a~'(t*) is an upper bound for the optimal
burn-in time b* satisfying c(b*) = min, > c(b), that is, b* <a ' (t*) <oo, where
a~'(t) is the unique solution of the equation a(t) = t*. In addition, if

(C+K)d'(0)exp{—A(r)} — ¢;p'(0) >0
and

1+ (C+ K)a'(0)r(r) exp{—A(1)}

"0 > CT @ 0) expl—AD) — ()

t
then, b* > 0, where A(1) = [ r(u)du.
0

Proof Observe that the cost function ¢(b) in (6.19) can be rewritten as

b

c(b) = /exp{*/\(P(f))}dt -exp{A(p(b))} + csexp{A(p(b))}

0
— (C+K) x exp{—[A(a(b) + 1) — Ala(b))]} + (C —cy),

where A(t) = [; r(u)du. To prove 0 <b* <a~!(¢*), it suffices to show that c(b)
strictly increases for all b € {b : a(b) > ¢*}. Then

b
c'(b) =c; [ﬂ'(b) r(p(b)) exp{A(p(b))} x /exp{—/\(ﬂ(t))}df+ 1}
0
+esp'(b) r(p(b)) x exp{A(p(b))}

+(C+K)d (D) [r(a(b) + 1) — r(a(b))] x exp{—[A(a(b) + 1) — A(a(b))]}.

Since the functions p(f) and a(¢) are strictly increasing and [r(a(b) + 1) —
r(a(b))] >0 for all b such that a(b) > ¢* by the eventually increasing failure rate
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assumption, it holds that ¢’(b) > 0 for all b such that a(b) > t*. This means that
c(b) is strictly increasing for all b € {b : a(b) > t*}.

For the second part of the theorem, consider the derivative of ¢(b) evaluated at
b = 0. It is easy to check that

c'(0) = c1 + ¢;p'(0)r(0) + (C + K)d'(0)[r(x) — r(0)] exp{—A(z)} .
Assume that
(C + K)a'(0) exp{~A(1)} — c,p'(0) > 0
and

1+ (C+ K)d'(0)r(r) exp{—A(r)}

0> K@ 0) expl—AD)} — (0]

then ¢/(b) <0 holds. This means that c(b) is strictly decreasing in a right-hand
neighborhood of b = 0. Therefore b* > 0.
O

b. Model 2: Gain Proportional to the Mean Time to the Failure

In the second model, the cost structure that contains the following two parts will be
considered:

(i) the average cost E[h(b)] incurred during the burn-in;
(i1) the gain that is proportional to the mean time to failure in field operation with
proportionality constant K.

Thus, the objective cost function ¢(b) has the following form:

00 b
c(b) = E[h(b)] — K / _,,(t)dt:FAl(b) c1 / Falt)dt + e, Fa(b)
0 0
f;fb) F(t)dt
K (6.20)

Let b* be the optimal burn-in time that minimizes c¢(b) in Eq. (6.20). Then we
have the following result.

Theorem 6.14 Suppose that the failure rate function r(t) is eventually increasing
with the first wear-out point t*. Then a~'(t) is an upper bound for optimal burn-in
time b*, which satisfies c(b*) = miny>gc(b), that is, b* <a '(t*) <oo, where
a~'(t*) is the unique solution of the equation a(t) = t*. In addition, if

o0

Kd(0) / exp{—A(1)}df — ¢p'(0) > 0
0
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and

c1 + Kd'(0)

" K0 [ e (AW e 0)

then b* > 0.

Proof Observe that the cost function ¢(b) in (6.20) can be rewritten as

c(b) =ci /exp{—/\ (1)) }dt - exp{A(p(D))} + cs exp{A(p(h))}

-K / exp{—A(z)}dt - exp{A(a(b))} — cs.

a(b)

By differentiating c(b),

b
¢b)=e {p%b) () exp{A(p(D)} % [ expl~A(p(o))ar + 1]
0
+f () (o)) exp{A(p(0)} + Ka' (8
< [1=r(a) [ exp{-AW)drexp{Aalo))].
a(b)

where, by the eventually increasing failure rate assumption, for all b such that
a(b) > r*,

o0

Kd®)| 1= r(a(b)) / exp{—A(1)}dr - exp{A(a(b))}

a(b)

" / 1) exp{—A(1)}dt - exp{A(a(b))}

a(b)
= Kd'(b)(1 + [exp{—[A(1) — Aa(®))]}as) =0

hold. Therefore, ¢/(b) > 0 for all b such that a(b) > r*. This means that ¢(b)is
strictly increasing for all b€ {b : a(b) > t*}. Thus, we can conclude that
b* <a~'(t). For the second part of the theorem, consider the derivative of c(b)
evaluated at b = 0. It is easy to check that
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¢'(0) = ¢1 + ¢sp'(0) £(0) + Ka'(0) | 1 — #(0) /OC exp{—A()}dr| .
If O
Kd (0) 7 exp{—A(1)}dt — c;p'(0) > 0
and 0

¢ + Kd'(0)
Ka'(0) [;° exp{—A(r)}dt — c,p'(0)’

then ¢/(0)<0. This means that ¢(b) is strictly decreasing in the right-hand
neighborhood of b = 0. Therefore, b* > 0.

r(0) >

O
c. Model 3: Replacement at Failure During Field Operation
The cost structure that is considered in this model is described as follows:

(i) as in the preceding model, burn-in the components until the one that survives
the burn-in is obtained. Then put this component into field operation;

(i1) if the component fails during the field operation, it is replaced by another
burned-in component at the cost cy.

We assume that ¢y > ¢,, where ¢; is the cost of each shop repair. During field
operation, a failure of a system causes its unavailability and thus it generally incurs
additional high penalty cost. Therefore, the constraint of ¢y > ¢, can be considered
as a reasonable assumption. Let R(7) be the total operational cost in the field
operational interval [0, #]. Then, by the theory of renewal reward process (see, e.g.,
[43]), the long-run average cost rate as a function of the burn-in time b is given by

E[R(1)]  E[Total cost in a renewal cycle]  E[h(b)] + ¢/

b = 1i _ S . (621
c(b) P E[The length of a renewal cycle] [ F,(r)ds (621)

Let b* be optimal burn-in time that satisfies ¢(b*) = miny,>¢c(b). Then the
following result gives an upper bound for optimal burn-in.

Theorem 6.15 Suppose that the failure rate function r(t) is eventually increasing
with the first wear-out point t*. Then the optimal burn-in time b* satisfies
0<b* <a ' (t"), where a~' (") < oo is the unique solution of the equation a(t) =
t*. In addition, if

a(0)u(0)er — p'(0)u(0)cs > 0

and
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e1l0) + ' (0)c;
Z©)u0)e; — p/(O)u(0)e,”

then b* > 0, where p(0) = [,° exp{—A()}dr.

r(0) >

Proof Observe that the cost rate ¢(b) in (6.21) can be rewritten as

where u(b) is given by
u(b) = exp{A(alb))} / exp{—A(1)}ds

and 7(b) is defined by

1(b) = c1 exp{A(p(b))} / exp{—A(p(1))}dt + ¢, exp{A(p(b))} + (cf — c.).

It is clear that #(b) is strictly increasing in b > 0. On the other hand, by the
eventually increasing failure rate function assumption, it can be shown that
W (b) <0 for all b such that a(z) > t*. These consequently imply that ¢(b) strictly
increases for all b€ {b : a(b) >r*}. Therefore, we can conclude that
b* <a l(r).

For the second part of the theorem, consider the derivative of ¢(b) evaluated at
b = 0. It is easy to see that

where ®(0) is given by
D(0) = [c1 + ¢5p'(0)r(0)](0) — [ (0)r(0)u(0) — d'(0)]ey-
If
a(0)u(0)er — p'(0)u(0)cs > 0
and

ClH(O) +d'(0)cy
@ (0)u(0)cy — p'(0)u(0)cs’

then ¢’(0) <0 holds. This means that c(b) is strictly decreasing in the right-hand
neighborhood of b = 0. Therefore, b* > 0. O

r(0) >
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Remark 6.7 In each of the Theorems 6.13-6.15, the sufficient conditions for a
positive burn-in (i.e., b* > 0) have been obtained in the form of two inequalities.
From these conditions, we can see that (i) the large field cost (C, ¢f), the large
field reward (K),and the small shop repair cost (c¢;) and (ii) the large initial failure
rate r(0) justify the positive burn-in. In particular, if r(¢) has the bathtub shape
with two change points #; and f,, then the upper bounds for the optimal burn-in
time b* in the considered models are given by a~!(¢;). Mi [37] considered the
optimal burn-in time for various additive cost models under the usual level of
stress. We can see that the considered burn-in models can be reduced to those
studied by Mi [37] if we set p(¢) =t for all >0 and a(b) = b for all b>0.

Remark 6.8 When p(t) = pt, the following simple relationship holds:
OC_ oc_ 1
E[X,] = /FA(t)dtz/F(,ot)dt:;E[X]7
0 0

where parameter p has a clear ‘physical’ meaning. Furthermore, it follows from
Theorems 6.13-6.15 that the upper bound for the optimal burn-in time in this case
is simply given by a~!(*) = (1/p)t".

6.4.3 Proportional Hazards and Additive Hazards Models

In this subsection, the extended model in Cha and Finkelstein [16] will be intro-
duced. Observe that ALM (ALT) (6.15) is not the only way of modeling the impact
of a severer (accelerated) environment. Consider the proportional hazards (PH)
model for describing the failure rates in both environments. This model is used in
numerous applications:

ra(t) = yr(t),Vt 20, (6.22)
where y > 1. Then obviously,
I‘([) < rA(t),Vtz 0,i.e., Xa Ser

and the failure rate ordering of the corresponding lifetimes (see, e.g., [43] and
Sect. 2.8) holds. In accordance with (6.18) and (6.22), we can formally define the
corresponding virtual age from the following equation:


http://dx.doi.org/10.1007/978-1-4471-5028-2_2
http://dx.doi.org/10.1007/978-1-4471-5028-2_2
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a(t)
Fla(0) = 1~ exp(~ [ rladu} =1 - exp(~A(a(o)),
0 l (6.23)
— 11— exp{ =AM} = 1~ exp{~7 [ r(u)du) =Fs(0),

0
where A(t) = [y r(u)du. Then
a(t) = A (yA (1)), Ve >0,
and the combined failure rate function, similar to (6.17), is defined as

) (o), 0<t<b,
() = { (i\’l(yA(b)) +(=b), 1=b.

Similar to Cha [13], consider the following setting. Let the cost for the
accelerated burn-in is proportional to the total burn-in time with proportionality
constant c¢;. Then, the expected cost during burn-in is given by

b

m CIO/FA(t)dt+CsFA(b) R

where c;, as previously, is the cost of a complete repair (shop repair price). Given
the mission time 7, the cost function consists of the following three parts :

(1) The mean ‘aggregated’ cost for ‘obtaining’ a component that survives the
accelerated burn-in time b;

(ii) The cost C incurred by the event {X, <t} (Failure of the Mission);

(iii) The gain K that results from the event {X, > 7} (Success of the Mission),

where X}, is the time to failure of the component which survived the accelerated
burn-in procedure during time b. Then the corresponding total expected cost
function ¢(b) for the proportional hazards model is

b

c(b) = e, / exp{—yA(1)}dr - exp{yA(b)} + s exp{yA (b))}
0
— (C+K)exp{—[A(a(b) + 1) — Aa(b))]} + (C — ),

(6.24)

where a(b) = A7 (yA(D)).
Theorem 6.16 Suppose that the failure rate function r(t) is eventually increasing
with the first wear-out point t*. Then a~' (1) = A~ (%A(t*)) is an upper bound
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for optimal burn-in time b*, which minimizes (6.24), that is,
b* <A™ (%A(l*)) <o0. In addition, if

(C+K)d' (0)exp{—A(t)} —csy >0
and

1+ (C+ K)d (0)r(r) exp{—A(1)}

O e R O expl A} — e

then b* > 0.

Proof The cost function in (6.24) is composed of two parts: the average cost
during burn-in and that during field operation. Note that the average cost during
burn-in is obviously strictly increasing for all b > 0. Similar to the proof of
Theorem 1 in Cha [13], it can be shown that, by the eventually increasing failure
rate assumption, the average cost during field operation is strictly increasing for all
b such that a(b) > *. This means that ¢/(b) > 0 for all b such that a(b) > t*,
which implies the first result.

On the other hand,
c(0) = e1 4 ¢yr(0) + (C + K)d'(0)[r(x) — r(0)] exp{—A(1)}
and it is easy to see that if the two given conditions are satisfied, then ¢’(0) <0,
which finally implies that the optimal burn-in time b* is positive. O
Example 6.3 Suppose that the failure rate r(¢) is given by
—2t+2, 0<r<,

r(r) = 1, 1<r<10,
t—9, 10<¢

Let y = 2.0. Clearly it is a traditional bathtub-shaped failure rate and therefore
it is eventually increasing with the first wear-out point # = 1.0. Then A(#*) = 3/2
and the upper bound is given by
1
a () = ATV EA)) =12
Y
Another specific case that can be used for ordering lifetimes in normal and
accelerated environments is the additive hazards (AH) model, which is also widely
used in survival analysis:

ra(t) = r(t) 4+ q(1),Vt >0, (6.25)
where ¢(z) > 0,Vt > 0. From (6.25),
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t

Falt) = expl— / () + qlu)du} = exp{—A(r) - Q(1)},

0

where A(f) = [, r(u)du and Q(t) = jq(u)du. Similar to (6.23),
0

a(r)
F(a(t))=1- exp{—/ r(u)du} =1 — exp{—A(a(t))}

0
— 1 —exp{—A() — Q(1)} = 1 - exp{— / () + qlu)du} =Fa (1),
0

and the virtual age is given by
a(t) = A (A1) + Q(1)), V>0,

whereas the combined failure rate for this case is defined as

_ [0 440, 0=1<b,
Aolt) = {r(/\_l(C/]\(b) +0(b) + (1= b)), 1=b.

The corresponding cost function can be expressed as

c(b) =c1 /exp{—/\(t) — Q1) }dr - exp{A(b) + O(b)} + csexp{A(b) + Q(b)}
0

— (C+K)exp{—[A(a(b) + 1) — Ala(b))]} + (C — ),
(6.26)

where a(b) = A~'(A(b) + Q(b)). Then, similar to Theorem 6.16, the following
theorem can be proved:

Theorem 6.17 Suppose that the failure rate function r(t) is eventually increasing.
Then a=' (1) = (A + Q) ' (A(t")), where (A + Q)" (¢) is the inverse function of
A(t) + O(¢), is an upper bound for optimal burn-in time b* which minimizes
(6.26), that is, b* < (A + Q)" (A(t")) <oo. In addition, if
(C+K)d'(0)exp{—A(r)} —¢; >0

and
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c1 +¢4(0) + (€ + K)a'(0)r(z) exp{—A(r)}

r(0) > (C+K)a(0)exp{—A(1)} — ¢ ;

then b* > 0.

Example 6.4 Consider the failure rate function in Example 6.3. Suppose that
q(t) = 2t. Then the upper bound for the optimal burn-in time is given by

a () = (A+ Q) (A(r)) = 3/4.

The choice between AL or PH (AH) models actually depends on physical
processes that lead to failures of items and on the impact of changing environment
on these processes. Many types of electronic items can be described by the cor-
responding linear PH model (for two environments), whereas mechanical items are
more likely to be described by the AL model [20].

6.4.4 Relationships Between the Models

In this subsection, in line with burn-in models considered before, we briefly
reformulate some of the obvious but useful relationships for analysis [32]. As it
was already mentioned, the PH model (6.22) and the AH model (6.25) imply the
AL model (6.15). On the other hand, as y in (6.22) is a constant, we can write
ra(t) = yr(t) = r(t) + (y — 1)r(¢) and the PH model defined in such a way is a
specific case of the AH model. Therefore,

AL D AH D PH.

As the PH model (6.22) and the specific linear case (6.14) of the AL model are
the popular practical tools for modeling the accelerated environment, it makes
sense to point out the relationship between these two models.

Using (6.15), r4(7) can be written as

_ (PO
i) = (PG o
Therefore, if
<pl(t)r'£(tf(t))> . 2

these models are identical. Specifically, for the linear case (6.14), the condition
(6.27) becomes
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(” r(p t)) —y. (6.28)

r(1)

It is satisfied if the distribution of the component is Weibull (specifically,
exponential), which is, of course, is a well-known fact.

The similar reasoning can be used for obtaining formally the conditions for
‘identity’ between the AL and the AD (the AD and the PH), however, only for the
linear case (6.28) these results have a real practical meaning.
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Chapter 7
Burn-in for Repairable Systems

In the previous chapter, the emphasis was made on the burn-in procedures for non-
repairable items. If a non-repairable item fails during burn-in, then, obviously, it is
just scraped and discarded. However, an expensive, complex product or device
will not be discarded on account of failure of its part, but rather a repair will be
performed. Therefore, in this chapter, we deal mostly with repairable items. Note
that the contents of this chapter are rather technical and it can be skipped by a less
mathematically oriented reader.

After the survey provided by Block and Savits [3], there has been much
research on burn-in procedures, especially for repairable systems. These studies
include: (i) various reliability models which jointly deal with burn-in and main-
tenance policies; (ii) burn-in procedures for general failure model; (iii) a stochastic
model for the accelerated burn-in procedure.

7.1 Burn-in and Maintenance Policies: Initial Models

In this section, reliability models that jointly deal with burn-in and maintenance
policies will be considered. We describe properties of joint optimal solutions for
burn-in and replacement times for each of these models. Mi [10] was the first to
consider the joint optimization problem for determining optimal burn-in and
replacement times.

Let F(¢) be the distribution function of the absolutely continuous lifetime X. Mi
[10] studied an optimal burn-in and maintenance policy under the assumption that
F(¢) has a bathtub-shaped failure rate function. The following burn-in procedure
was considered.

Burn-in Procedure A

Consider a fixed burn-in time b and begin to burn-in a new device. If the device
fails before the burn-in time b, then repair it completely with the shop repair cost
¢y > 0, then burn-in the repaired device again, and so on. If the device survives
the burn-in time b, then it is put into field operation [10].
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238 7 Burn-in for Repairable Systems

We assume here that the repair is complete, i.e., the repaired device is as good
as new. Let the cost of burn-in be proportional to the total burn-in time with
proportionality constant ¢y > 0.

Let h(b) denote the total cost incurred for obtaining the device which survives
the burn-in procedure. Then, similar to Sect. 6.3, the mean cost E[h(b)] can be
obtained as

[PF(@)dt  F(b)
Fio) T CF®)

7.1.1 Model 1

For field operation, Mi [10] considered two types of replacement policies,
depending on whether the device is repairable or not. For a non-repairable device,
the age replacement policy is considered. That is, the device is replaced by a new
burned-in device at the time of its failure or ‘field-use age’ T, whichever occurs
first. Let ¢; denote the cost incurred for each failure in field operation and
Cq (O <y < cf), the cost incurred for each non-failed item which is replaced by a
new burned-in item at its field-use age 7. Then, by the theory of renewal reward
processes, the long-run average cost rate ¢(b, T) is given by

k(b) + Cbe(T) + Can(T)
7 Fy(t)dr

where F},(t) is the conditional survival function, i.e., F,(t) = F(b + t)/F(b) and
k(b) = EJh(b)]. Mi [10] have obtained certain results regarding the optimal burn-
in time b* and the optimal age T* which satisfy

c(b, T) =

b, T") = i b, T
v, T7) =, min (b, T)

However, there are several useful ‘hidden’ properties which can be found in the
proof of the corresponding theorem and, therefore, we reformulate the result as
follows.

Theorem 7.1 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

B, = {b >0: ub)r(oo) > Lk(b)},

Cr — Cq

where p(b) = [,° Fy(t)dt, and B, = [0,00)\By. Then properties of the optimal
burn-in time b*and of the optimal replacement policy T*can be stated in detail as
follows:
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Case 1. B; =[0,00),B; = ¢. Let T*(b) be the unique solution of the equation
T _
r(b + T)/F(
0

Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 11, is the value that
satisfies

Dar + F(Z(Z)T) = Cfc f%_kib). (7.1)

S

+
()

b+ T(b") = O<rnin (b + T*(b)).

b<n

Case 2. By = ¢,B, = [0,00). The optimal (b*, T*) = (b*, 00), where 0 <b* <1y,
is the value that satisfies

cr+ k(b*) . cr + k(b) .

W) 0ShEa u(d)
Case 3. By = ¢, B, = ¢. For b € By, let T*(b) be the unique solution of Eq.
(7.1). Furthermore, let bf € [0, #;] N By satisfy

b TN = _min (b + T°(b).

b < 1, be B

and b5 € [0, /] N B, satisfy

GHKB) _  tk)
aB3) e<hiben )
If

(o = )rlbi + T07) < T,

then (b*, T*) = (b}, T*(b})). Otherwise the optimal (b*, T*) is (b5, 00).

Proof The proof for a more general model is given in the proof of Theorem 7.4 in
this chapter and thus it is omitted. U

7.1.2 Model 2

For a repairable device, applying the same burn-in procedure as before, block
replacement with minimal repair on failures is performed in field operation. More
precisely, fix a T > 0 and replace the component at times 7, 27, 37, ..., with a
new burned-in component. Also, at each intervening failure, a minimal repair is
performed. Let ¢,, > 0 be the cost of a minimal repair, and ¢, > 0 be the cost of
replacement. In this case, the long-run average cost rate is given by
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b+T
c(b,T) :% k(b) + cn / He)de + ¢ |. (72)
b

The following theorem [10] provides the properties of optimal (b*, T*) mini-
mizing ¢(b, T).

Theorem 7.2 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

Bi=<¢b>0: /[r(oo) — r(t)]dt
b

1
>
cnF (D)

(¢, — cs)F(b) + ¢5 + co/F(t)dt ,

and By = [0, 00)\By. Then the properties of the optimal burn-in time b* and the
replacement policy T* can be stated in detail as follows:

Case 1. By = [0, 00), By = ¢.Let T*(b) be the unique solution of the equation

b+T b
1 _ _
Tr(b+ T) — r(t)dt = — (¢r — ¢)F(b) + ¢ + co | F(2)de|.
b/ cnF (D) 0/

(7.3)
Then, the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 1y, is the value

which satisfies

b+ Tb") = Og]ugln(b + T*(b)).
Case2. By = ¢, B, = [0, c0). The optimal (b*, T*) = (b*, 00), where b* can
be any value in [0, c0).
Case 3. By = ¢, B, = ¢. For b € By, let T*(b) be the unique solution of the
Eq. (7.3). Then, the optimal (b*, T*) = (b*, T*(b*)), where b* is the value which
satisfies

b* + T*(b*) = min (b + T7(D)).

b < t17 bEB[

Proof The proof for a more general model is given in the proof of Theorem 7.4 in
this chapter and thus it is omitted. O
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7.1.3 Model 3

In Model 2, Burn-in Procedure A is applied to repairable devices. In many cases,
because of practical limitations, products which fail during burn-in are just
scraped, regardless of whether the products are repairable or not. In this case, the
burn-in procedure A can be applied. However, an expensive, complex product or
device will not be discarded on account of failure of its part, but rather a repair will
be performed. Cha [4] proposed the following burn-in procedure.

Burn-in Procedure B

Consider the fixed burn-in time b and begin to burn-in a new component. On each
component failure, only minimal repair is done with shop minimal repair cost
csm > 0. Continue the burn-in procedure for the repaired component. Immediately
after the fixed burn-in time b, the component is put into field operation [4].

Note that the total burn-in time for this burn-in procedure is a constant b. For a
burned-in component, the block replacement policy with minimal repairs on
failures is adopted in field operation as it was in Model 2. Assume 0 < ¢, < 5,
then this means that the cost of a minimal repair during the burn-in process is
smaller than that of the complete (perfect) repair, which is a reasonable assump-
tion. Then, the long-run average cost rate is

1
c(b,T) = T(Cob + csuA(D) + c(A(D + T) — A(D)) + ¢). (7.4)
where A(f) = [;r(u)du. It can be shown that

cg(b, T) < ca(b, T), VO<b <00, 0<T < 00,

where ca(b, T) and cp(b,T) are the cost rate functions in Egs. (7.2) and (7.4),
respectively. This implies that

CB(bgv T;) < CA(bjh TX)’

where (b},T%) and (b}, Tj) are the optimal solutions which minimize c4 (b, T)
and cg(b, T), respectively. Thus, we can conclude that the burn-in procedure B is
always preferable to the burn-in procedure A when the minimal repair policy is
applicable.

Let (b*, T*) be the optimal burn-in time and the optimal replacement time that
minimize the cost rate Eq. (7.4). Then the properties of b* and T* are given by the
following theorem.

Theorem 7.3 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

Cﬂ'l

B =<¢b>0: /[r(oo) — r(t)]dr > i[c, + cob + cgmA(D)] 7,
b
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and B, = [0, 00)\Bj. Then the properties of the optimal burn-in time b* and of
the replacement policy T* can be stated in detail as follows:

Case I. By = [0, 00), B, = ¢. Let T*(b) be the unique solution of the equation

m

b+T
Tr(b + T) — / HO)dt = ey + cob + conA(B)]. (75)
b

Then, the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 1, is the value
which satisfies

b* + T*(b*) = min (b + T*(D)).

0<b<n
Case2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, 0o), where b* can
be any value in [0, 00).

Case 3. By = ¢, B, = ¢. For b € By, let T*(D) be the unique solution of Eq.
(7.5). Then, the optimal (b*, T*) = (b*, T*(b*)), where b* is the value which
satisfies

b*+ T(b") = min (b + T"(b)).

b <t beB

Proof Clearly, b5 # oo, since cy(0c0, T) = oo for any 0 < T < oo. For any
fixed 0 < b < o0,

Ocy Cm 1
ﬁ = ﬁ{‘{’b(]—‘) — —m[Cr + C()b + CsmA(b)]}a

where

b+T
Y(T) = Tr(b+T) — r(r)dr.
/

Hence, 0c,/0T = 0 if and only if

WL (T) = [ + cob + comA(D)].

m

Note that, ¥,(0) = 0 and that ¥, (T)

strictly decreases if 0 <7 <1t — b
isaconstant ift; —b<T <t —b

strictly increases ift, — b < T
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Then define

Bl = {b>0:W(c0) / [r(o0c) — r()]dt > ~—[er + cob + csmA(b)]
b

m

and set B, = [0, 00)\B;.
Now, as in the proof of Theorem 2 in [10], the following three separate cases
are considered.

Case 1. By = [0, o0), B, = ¢.
Case 2. By = ¢, B, = [0, 00).
Case 3. By = ¢, B, = ¢.

Case 1 is equivalent to the condition that ¥(o0) =
for at least one b > 0. In particular, it occurs whe r(
T;(b) be the value which satisfies

f) [r(oc) — r(0]dr = o

00 and r(0) < oo. Let

&b, T3(b)) < exlb, T), VT # T3(b),
for all b > 0. Then for Case 2, it is easy to see that for all b > 0,
ca(b, T(b)) > ca(b, 0), VT > 0,

ie., T5(b) = oo, for b > 0 and c2(b, T5(b)) = cmr(c0).

For Case 1 and Case 3, it can be shown, as in Case 2, that for every b’ €
By, T;(b') = oo and (b, T5 (b)) = cur(o0). Moreover, for all b € By, the
following properties can be established:

(i) There exists 75 (b), which is the unique solution of Eq. (7.3).

(i) < b + T;(b) < o0.

(iii) c2(b, TS (b)) = cur(b + T;(b)).

(iv) For all ¥ € By,c2(b, T;(b)) = cur(b + T5(b)) < cur(c0) = (b, T;(V')).
(v) The optimal burn-in time b} satisfies: 0 < b} < ;.

Therefore, b5 € {b: 0 <b <1} N B; and b; is the value that satisfies:

by + Ti(b3) = min (b + T3(b)).

b <t beB

7.2 Burn-in Procedures for General Failure Model

In this section, we discuss the burn-in procedures for a general failure model that
was partly studied in the previous chapter. Recall that according to this model,
when the unit fails, the Type I failure and the Type II failure may occur with some
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probabilities. We assume that the Type I failure is a minor one and thus can be
removed by a minimal repair, whereas Type II failure is a catastrophic one and
thus can be removed only by a complete repair. Such models have been considered
in the literature (e.g., [1, 2]).

7.2.1 Constant Probability Model

In this model, when the unit fails, Type I failure occurs with probability 1 — p and
Type II failure occurs with probability p, 0 < p < 1. Cha [5] proposed the fol-
lowing burn-in procedure for this model.

Burn-in Procedure C

Consider the fixed burn-in time b and begin to burn-in a new component. On each
component failure, only minimal repair is done for the Type I failure with shop
minimal repair cost ¢y, 0 < cgy < ¢5, and a complete repair is performed for the
Type II failure with shop complete repair cost c,. Then continue the burn-in
procedure for the repaired component [5].

Cha [5] studied optimal burn-in and replacement policy for the burn-in pro-
cedures A and C under the general failure model defined above.

Note that the burn-in procedure A stops when there is no failure during the fixed
burn-in time (0, b] for the first time, whereas procedure C stops when there is no
Type II failure during the fixed burn-in time (0, 5] for the first time.

Note that, in field operation, the component is replaced by a new burned-in
component at the ‘field-use age’ T or at the time of the first Type II failure,
whichever occurs first. For each Type I failure occurring during field use, only
minimal repair is done.

Let Y}, be the time to the first Type II failure of a burned-in component with the
fixed burn-in time b. If we define G, () as the distribution function of Y}, and Gj(t)
as 1 — Gy(t), then G,(¢) is given by

Eb(l‘) =P, > t)

= exp{—/pr(b + u)du}
0

exp{—p[A(b + 1) — A(B)]}, Vr >0, (7.6)

where A(f) = fé r(u)du. Let the random variable N(b; T) be the total number of
minimal repairs of a burned-in component which occur during field operation after
the burn-in time b and in accordance with the replacement policy 7. Then, using
the results of Beichelt [2], it is easy to see that, when p # 0, the expectation of
N(b; T) is
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1

EIN(b; T)] = Ghl(t)//(l — p)r(b + u)dudG,(t) - Gy(t)
00

T
+ [ (1 = p)r(b + u)du - G,(T)
/

(5= 1) - ew(plA + 1) = AGID. ()

When p = 0 the expectation is given by
EIN(b; T)] = A(b + T) — A(D).

Let ¢ denote the cost incurred for each Type II failure in field operation and ¢,
satisfying 0 < ¢, < ¢y be the cost incurred for each non-failed item which is
replaced at field use age T > 0. Denote also by ¢, the cost of a minimal repair
which is performed in field operation. When p = 0 or p = 1, the burn-in and
replacement model discussed in this section reduces to that in [10] or [4]. Thus, in
the discussion below, we assume that 0 < p < 1. Then, using the results given by
Egs. (7.6) and (7.7), the long-run average cost rate functions for procedures A and
C are given by [5]

o ) [VF(r)de L F(b)
calb, T) = fOTE,,(t)dt( " F(b) "F(b)
. [(; - 1)(1 — exp{-plA(b + T) — A(b)}})} L eGy(T) + eGo(T)).
(7.8)
and
It
G(t)dt
_ 1 0 G(b) _
ce(b,T) = e | R Ca OB (p 1)<exp{pA<b>} n
1
+[ L 1)(1 ~ exp{—plA(b + T) - A(b)]})} T eGy(T)
+Ca_h(T))7
(7.9)

where c4(b, T) and cc(b, T) represent the cost rate for the burn-in procedures A
and C, respectively.
Cha [5] showed that

(i) cc(0,T; p) = ca(0,T; p), VO<T <o00,0<p<1,
(i) cc(b, T; p) < ca(b, T; p), VO<b<oo, 0<p <1,
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where cs(b, T; p) and cc(b, T; p) are the cost rate functions cs(b, T) and
cc(b, T) when the Type II probability is p, 0 < p < 1. Then, from the above
inequalities, it can be concluded that the burn-in procedure C is always (i.e., for all
0 < p < 1) preferable to the burn-in procedure A when the minimal repair method
is applicable.

Now we discuss the properties of optimal burn-in and of optimal replacement
times. Note that the cost rate functions in Eqgs. (7.8) and (7.9) can be expressed as

1 1
cb, T) = m (k(b) + chI—) — l)(l — exp{—plA(b + T) — A(D)]})

IhG
+Cbe(T) + Caéb(T) ) ,

(7.10)

where k(b) is the average cost incurred during the burn-in process for each model.
The properties of the optimal (b*, T*) which minimizes the cost rate Eq. (7.10) are
given by the following theorem.

Theorem 7.4 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

oo

Bi={b>0: pr(oo)/exp{—p[A(t) — A(D)]}dr — 1

b

1
en(t 1) + (¢ = ca)]

and B, = [0, c0)\Bj. Then the properties of the optimal burn-in time b* and the
replacement policy T* can be stated in detail as follows:

>

(ca + k(b)) ¢,

Case 1. By =[0,00),B; = ¢. Let T*(b) be the unique solution of the equation
b T
r(b +T) / exp{—p[A A(b)]}dt + exp{—p[A(b + T) — A(b)]} — 1
b
1
[Cm(}, - 1) + (Cf — ¢a)]

(Ca + k(b))

(7.11)
Then, the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 1y, is the value
which satisfies b* + T*(b*) = 0<rr})ir<1 (b + T*(D)).
Sost

Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, o0), where
0 < b* < 14, is the value which satisfies
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Case 3. B = ¢, B, = ¢. For b € By, let T*(b) be the unique solution of the
Eq. (7.11). Furthermore, let b} € [0, 1;] N By satisfy

b+ THbY) =  min (b + T*(b)),

b* <t,beB

and b5 € [0, /] N B, satisfy

aw o+l ) ] = gl v (1) w0)

If
%G_Q+Q_4m@
+W@»gﬁ®k+%c—Q+M@}

then the optimal (b*, T*) = (b}, T*(b})). Otherwise the optimal (b*, T*) is
(b3, o0).

Proof The cost rate ¢(b, T) in Eq. (7.10) can be rewritten as

1

C(b, T) = m

(1) + 2 + a3 = 1)1 = exp{plate + 1) — A@)

+ el = exp{=p[A(b + T) — A(b)]}] )

(7.12)
where ¢; = ¢ — ¢, and ¢, = ¢,. Clearly, b* # oo since c(oo, T) = oo for
any 0 < T < 00.Then, for any fixed 0 < b < 0o, 0¢/0T = 0 if and only if

1
¥ (T) = a(cz + h(b)), (7.13)

where ¢; = [¢,(1/p — 1) 4+ ¢1] and

b+T

‘h@)zm@+43/ew¥mM@—A®Hm
b

+ exp{—p[A(b + T) — A(b)]} — 1.
Note that ¥,(0) = 0 and
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strictly decreases if 0 <T<ty —b,
W,(T){ is a constant ify —b<T<1t —b,
strictly increases if b —b<T.
Define

T — o0

B, = {b >0: ¥y(o0) = lim Yu(T)

= prioe) [ ep{=la) — AG)ar =1 > e + h(b))}
b C3
and set B, = [0, 00)\By.

We consider now the following three separate cases.
Case 1. By = [0, oo)and B, = ¢. This is equivalent to the condition that

o0

Wi(ox) = pr(oo) [ exp{-plAG) ~ AW}~ 1 = oo
b

for at least one b > 0. In particular, it occurs when r(c0) = oo and r(0) < co. In
this case, Eq. (7.13) has a unique solution for all 5 > 0. which we denote by T*(b).
Furthermore, from the fact that ¥,(0) = 0 and the monotonicity of ¥;, we can
immediately see that ¥,,(7) <0, for all 0 < T < #, — b. This implies that the
unique solution T*(b) of Eq. (7.13) must satisfy 7*(b) > 1, — b for any given
b > 0. Thus, we have shown that

h < T(b) + b < (7.14)

As T*(b) satisfies Eq. (7.13),
b+ T (b)
prib+ ) [ eplplae) - A(e))ar
b (7.15)

é(cz + h(b)).

+ exp{—p[A(b + T"(b)) — A(b)]} — 1=
Combining Egs. (7.12) and (7.15), we obtain
c(b, T*(b)) = capr(b + T*(b)).

Thus, minimizing ¢(b, T*(b)) is equivalent to minimizing r(b + T%(b)) for
0 < b < o0.ByEq. (7.14), b + T*(b) > t,, so the problem of finding 5* mini-
mizing c(b, T*(b)) is equivalent to finding b* which satisfies

b+ T°(b) = min(b + T°(b)).
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The inequality b* < ¢; is now verified. To prove this inequality, it is sufficient
to show that (b + T*(b))/0b > 0 for all b > t;. From Eq. (7.15),

b+ T (b)
priv+ 7o) [ exp{-pA()}di -+ exp{-pA(b + T (1))
b | (7.16)
= exp{—pA(b)} {1 + 24 —h(b)}
C3 C3
Taking the derivative with respect to b on both sides of Eq. (7.16), we obtain
b+T*(b)
pr'(b + T"(b))(1+ T*’(b))/b exp{—pA(1)}dt — pr(b + T"(b)) exp{—pA(b)}

= exp(-pA(B)} - H(B) — expl-pA(B)}pr() (1 +2y éh(b))

> —exp{—pA(b)}pr(b) (1 n E—j T éh(b)),

(7.17)
since #/(b) > 0. Then, from the Inequality Eq. (7.17),
b+T*(b)

P+ TN T W) [ el-pAn

b (7.18)
> pr(b + T" (b)) exp{—pA(b)} — exp{pA(b) (1 + ? + Clh(b)> }
2 3
However, from Eq. (7.15),
1
pr(b + T°(b)) = :

S exp{=plA() — A@®)]}ar (7.19)

“ {1 — expl—plA(b + T (b)) — AD)]} + E—j + Cl—Sh(b)},

and by the bathtub-shaped assumption, if b > 7, it follows that

b+T*(b) b+T"(b)

pr(b) / exp{—p[A(r) — A(b)]}dr < / pr(t) exp{—p[A(r) — A(b)]}dt
b b

= exp{pA(b)}[— exp{—pA(D)}]5 """
= 1 — exp{—p[A(b + T*(b)) — A(b)]}
< 1.

(7.20)

Then, by combining Egs. (7.18, 7.19 and 7.20), we obtain
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b+ T*(b)
pr'(b + T*(b))(1 + T (b)) / exp{—pA(t)}dt > 0,
b

which implies that 8(b + T*(b))/0b > 0forall b > #,. Therefore, b* < 1, holds.
Case 2. By = ¢, B, = [0, 00). In this case, it can easily be shown that

1

Y, (T) < C—(cz + h(b)), VT >0,

3
which implies that Oc/0T < 0, forevery T > 0 forall fixed » > 0. Hence, for all
T >0andb >0

c(b, T) > ¢(b, )

1 1
:—CI+CQ+C(—_1>+hb:|,
ﬂ(b)[ "\p )
where p(b) is defined by

[e¢}

mmE/?m&wm@—Awmm
b
[ G(n)de

-~ )

G(b)

which is the MRL. Then, as follows from [2, 7], it is easy to see that u(b) strictly
decreases for all b > t, whereas the term

et en(5—1) + 1)

strictly increases as b increases. Therefore, the inequalities

¢(b, T) > ¢(b, 00), VT > 0, Vb >0,
> C([], OO), Vb > 11,

hold and, consequently, in this case, we have (b*, T*) = (b*, 00), 0 <b* <1
and b* + T* > t,. Also, the optimal burn-in time b* is the value which satisfies

c(b*, 00) = o Juin c(b, 00).
Case 3. By = ¢, B, = ¢.In advance, note that W(0c0) is strictly decreasing in b
for b > t; since

and the function
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1

—[ea + h(b)], (7.21)

s
strictly decreases as b T oo. Then, by similar arguments to those in [10], it can be
shown that oo cannot be in the closure B; and there exists 0 < s < oo such that
[s, 00) C By. If we set

p = inf{r: [t, c0) C B},
then, clearly, [, c0) C B,.

First suppose that < #;, therefore, obviously [f;, o) C B,. In this case, by
the arguments of Case 2, the set [¢, oo) cannot contain the optimal b*. Hence
b* < n.

Suppose now that § > #;. Since Wj(0c0) strictly decreases for b > #; and the
function in Eq. (7.21) strictly increases, the fact that f > 1 yields that [t, ) C
B;. Then, by the procedure described in Case 2, the relationship

be[ﬂ’ror;}’nT N Oc(b, T) = bem{ﬁlf;)c(b, o0) > ¢(f, 00)
holds, and, therefore, the set [f§, co) cannot contain the optimal b*. Also, for
b € [t1, B), by the similar arguments to those in Case 1, we can show that
o(b + T*(b))/0b > 0, for all t; < b < f, and therefore we can conclude that
b* <.

7.2.2 Time-Dependent Probability Model

In [6], the Constant Probability Model was further extended to the case when the
corresponding probabilities change with operating time. Assume now that, when
the unit fails at its age ¢, Type I failure occurs with probability 1 — p(¢) and Type
II failure occurs with probability p(¢), 0 < p(r) < 1.

In this model, we employ the same notations and random variables used before.
Also, note that if p(#) = p a.e. (w.r.t. Lebesgue measure), 0 < p < 1, the models
under consideration can be reduced to those of Mi [10] and Cha [4, 5]. Thus, we
only consider the set of functions P as the set of all of the Type II failure prob-
ability functions, which is given by

P =A{p(): 0 <p@) <1, Vi 200\{p() : p(t) =pae, 0<p<1}
It can be shown that
Go(1) = exp{—[Ap(b + 1) — Ay(B)]}, V1 >0
where A,(t) = [ip(u)r(u)du, and
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EIN(b: T)] = / Kb + 0 Gy(1)dr — Gy(T).

Then, considering both burn-in procedures A and C for this extended model, the
long-run average cost rate functions are given by

. b
ca(b, T) = m (|:c00/exp{—[A(t) — A(D)]}dr + clexp{A(D)} — 1}]

+ Cn [/ r(b + 1)Gy(t)dr — Gb(T):| + ¢rGy(T) + CaGb(T))v
0
(7.22)

where A(t fo )du, and

b
1
cc(b, T) = W ([coo/exp{[Ap(t) — Ay(b)] }dr

+ ¢, [exp{A,(b)} — 1] + csm/ (1 = p(2))r(r)exp{—[A, (1) — A,,(b)]}dt]

T

Cm /r(b + Z)Gb(l)dl — Gb(T):| + Cbe(T) + CaGb(T)> .

0

(7.23)

As before, it can be shown that

(i) cc(0,T; p(-)) = ¢al0, T; p(-)), YO <T < o0, p(-) € P,
(ii) cc(b, T; p(+)) < ca(d, T; p(+)), VO<b <00, 0<T < 00, p(-) € P,

which ensures the superiority of the burn-in procedure C when the minimal repair
method is applicable.
The cost rate functions in Eqgs. (7.22) and (7.23) can be rewritten as

| T
(b, T) = ( + Cm { f)dr — (T)] .
Gb(l)d ()/

+¢;Gyp(T) + caGp(T) >

OSH
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where k(b) denotes the average cost incurred during the burn-in process. Then,
under the following assumptions, the properties regarding the optimal burn-in time
b*and the optimal replacement policy 7" can be obtained.

Assumptions

1. The failure rate function r(¢) is differentiable and bathtub shaped with the first
change point s; and the second change point s;.

2. The Type I failure probability function p(f) is differentiable and bathtub

shaped with the first change point u; and the second change point u,.

Let t{ = max(sy, uy) and 7 = min(sy, u,) then #; < 1, holds.

4. (¢f — ¢cq) > e

(O8]

Theorem 7.5 Suppose that assumptions (1)—(4) hold. Let the set By be

Bi={b>0:c, / Ir(00) — r()] expl — [Ap() — Ap(b)] Ydt

+ ((cf —cq) — cm) p(00)r(co) / exp{—[A,,(t) - A,,(b)] }dt -1
b

> (ca+ k(b)) },

and B, = [0, 00)\By. Then the properties of the optimal burn-in time b* and
replacement policy T* can be stated in detail as follows:

Case 1. By = [0, 00), B, = ¢. Let T*(b) be the unique solution of the equation,

b+T
Cim / [r(b +T) t)]exp{f[A,,(t) — A,,(b)]}dt + ((cf —Cq) 7cm)
b

b+T

b+T)/ exp{—[Ap(1) — Ap(B)] Ydi—(1 — exp{—[Ap(b + T) — A,(B)]})
b
o + k(b)),

(7.24)
then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < ¢, is the value which
satisfies (b* + T*(b*)) = Oinbig (b + T*(b)).

sSbsth

Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, 00), where
0 < b* < t; is the value which satisfies
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(5 [(cf — Cm) + Cm / r(t) exp{—[A,(t) — A,(b")] }dr + k(b*)}

<

=, Smbig W 1) [(cf — ) + cm/ r(t) exp{—[A,(1) — A,(b)] }dr + k(b)],

where p(b) is given by

o0

uo) = [ esp{=[A00) — A, (6)]}ar. (7.25)

b

Case 3. By # ¢, By # ¢. Let T*(b), b € By, be the unique solution of the
Eq.(7.24) and p(b) be given by Eq. (7.25). Furthermore, let b7 € [0, ;] N By be
the value which satisfies

(b} + T*(b})) = min (b + T*(b)),

b<t,beB
and b5 € [0, 1] N B, be the value which satisfies

o0

1 * *
| @ e+ e / r(e) exp{~ [Ap(0) — Ap(B3)] bar + k(B3)

= h<rtr.1117163 ﬁ |:(cf — ) + c,,,/ r(t) exp{—[Ap(r) — Ay(b)] }dr + k(b)|.

If

enr (b + T°(67)) + ((cf — ca) — cm)p (b} + T°(6}))r(b + T*(b7))

oo

,U(Zﬁ) (¢f — em) + cm/ exp{ — Ap(bm}dl + k(b3)],

b3

then the optimal (6%, T*) = (b}, T*(b})). Otherwise, optimal (b*, T*) =
(b3, 00).

Remark 7.1 In this theorem, we assume that both r(¢) and p(¢) are bathtub-shaped
functions. Cha and Mi [7] investigated how this assumption can practically be
satisfied when a device is composed of two statistically independent parts (Part A
and Part B) in series. Assume that the failure of Part A causes a catastrophic failure,
whereas that of Part B causes a minor failure. The failure rate of the device is
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r(t) = n() + n(1)

and the probability of Type II failure p(¢) is given by

r(1)

PO = S0 n

where ri(t) and r,(t) are the failure rate functions of Parts A and B, respectively
(see [7] for a detailed discussion and several examples when r(¢) and p(¢) have
various shapes).

7.3 Accelerated Burn-in and Maintenance Policy

Burn-in is generally considered to be expensive and its duration is typically lim-
ited. Stochastic models for accelerated burn-in were introduced in the previous
chapter. In this section, we will discuss reliability models that jointly deal with
accelerated burn-in and maintenance policies. In [8], the burn-in and replacement
models 1, 2, and 3 of Sect. 7.1 were extended to the case when burn-in is per-
formed in an accelerated environment assuming the failure rate model described in
Sect. 6.4 of the previous chapter.

7.3.1 Model 1

We consider burn-in and replacement Model 1: the component is burned-in in
accordance with the burn-in procedure A under the accelerated environment. The
component that had survived burn-in is put into field operation. In field operation,
an age replacement policy is applied. We will use the notation of Sects. 6.4 and 7.1.

The corresponding long-run average cost rate is given by (see Sects.6.4 and 7.1)

B 1 . [V Fa(r)adr . Fu(b) . o F
cb, T) = fOTF;,(t)dt< Fb) + SFald) + ¢rFp(T) + an(T)>,
where
o '  Flalb) + 1)
Fy(t) = exp —O/r(a(b) +u)du | = Fa)

and Fa(t) = F(p(t)), VYt > 0.
Let b* be the optimal accelerated burn-in time and 7* be the optimal
replacement policy which satisfy


http://dx.doi.org/6.4
http://dx.doi.org/6.4
http://dx.doi.org/10.1007/978-1-4471-5028-2_6
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b, T*) = i b, T).
b, T7) = min_ c(b,T)

Then the properties regarding the optimal accelerated burn-in time b* and the
optimal replacement policy 7% are given by the following theorem [8], which is
similar in formulation to Theorem 7.1.

Theorem 7.6 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let the set By be

Bi={b>0:r(x0) / exp{—[A(1) = A(a(b))]}di— 1
a(b)
> p— cq + cslexp{A(p(b))} — 11

b
+co / exp{ -

0

Alp(t)) — /\(p(b))] }dr ,

and B, = [0, 00)\By. Furthermore, let a='(t;) > 0 be the unique solution of the
equation a(t) = t1. Then the properties of the optimal accelerated burn-in time b*
and replacement policy T* can be stated in detail as follows:

Case 1. By = [0,00), By = ¢. Let T*(b) be the unique solution of the equation

ab)+T

r(a(b) + T) / exp{—[A(t) — Ala(b))]}dr + exp{—[A(a(b) + T) — Ala(b))]} — 1
a(b)

b

L e + clexp{A(p®)} — 1] + co / exp{~[A(p(1)) — Alp(b))]}di].

Cr — Cq
0
(7.26)
Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < a~!(t;), is the value
which satisfies a(b*) + T*(b*) = . bmin | )(a(b) + T*(b)).
<b<al(n

Case 2. By = ¢, B, = [0, o). In this case, the optimal (b*, T*) = (b*, c0),
where 0 < b* < a~!(t;) is the value which satisfies

b
‘u(a(lb*)) [Cf’ 4 c‘[exp{/\(p(b*))} _ 1] + Co/exp{f[/\(p(l)) — A(p(b*))]}dt]
0

b
- Ogb";i‘}w,,)y(al(b)) ¢ + clexp{A(p(b))} — 1] + Co/exp{—[/\(P(t)) - /\(P(b))]}dt]7

0

where p(a(b)) is given by
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[o¢]

ua(b)) = / exp{—[A(1) — Ala(b)]} dr (7.27)

a(b)

Case 3. By # ¢, B, # ¢ Forb € By, let T*(D) be the unique solution of the Eq.
(7.26) and let p(a(b)) be given by Eq. (7.27). Furthermore, let b} €
[0, a(2;)] N By satisfy

alB) + T'B) =, min(a(b) + T(6)).

and
by € [0,a'(1)] N B,

satisfy

«
b3

m |:Cf + e fexp{A(p(b3))} — 1] + CO/ exp{=[A(p(1)) = A(p(b3) )]}dt]

0

¢r + clexp{A(p(b))} — 1] + CO/eXp{—[A(ﬂ(t)) - /\(P(b))]}dt]
0

min
b<al(y),beB, #(a(b))

If
(o — car(a(®}) + T"(0}) < (a(lb 5y |or + el {AlpE) 1
+co/exp{ (1) — A(p(p3))] }de|,

then the optimal (b*, T*) is (b}, T*(b})). Otherwise, the optimal (b*, T*) is
(b3, o0).

7.3.2 Model 2

We consider burn-in and replacement model 2: the component is burned-in by the
burn-in procedure C and the block replacement with minimal repair at failure is
applied to the component in field use.

In this case, the long-run average cost rate is given by

c(b, T) = ;( c

+cm[Ala(b) + T) — A(a(d))] + Cr).

(7.28)
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Then properties of the optimal b* and T* minimizing c¢(b, T) in Eq. (7.28) are
given by the following theorem [8]

Theorem 7.7 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let the set By be

B ={b>0: [r(00) — r(r)]dt
a(b)
. b
> ler+eslexp{Alp(9))} - 1]+Co/exp{—[/\(9(t)) — Alp(D))]}dt| o,
0

B, = [0,0)\B; and a '(t) >0 be the unique solution of the equation
a(t) = t1. Then the properties of the optimal burn-in time b* and the replacement
policy T* can be stated in detail as follows:

Case 1. By = [0, ), By = ¢. Let T*(b) be the unique solution of the equation

a(b)+T

Tr(a(b) + T) — / r(r)de
a(b)

m

b
= ci ¢r + cslexp{A(p(b))} — 1}+CO/8XP{*[A(P(O) — Alp(b))]}dz].
0

(7.29)

Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < a~'(t,), is the value
which satisfies a(b*) + T*(b*) = min  (a(b) + T*(b)).

0<b<al(n)
Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, 0o), where b* can
be any value in [0, 00).
Case 3. By # ¢, By, # ¢. For b € By, let T*(b) be the unique solution of the

Eq. (7.29). Then the optimal (b*, T*) = (b*, T*(b*)), where b* is the value
which satisfies

alb’) + T(b") =  min  (a(b) + T*(b)).

b < a’](h),bEB]
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7.3.3 Model 3

We consider burn-in and replacement Model 3: the component is burned-in by the
burn-in procedure B and the block replacement with minimal repair at failure is
applied to the component in field use. Then, obviously, the long-run average cost
rate is given by

(b, T) = %([Cob + cmA(p(D)] + cn[Ala(b) + T) — Ala(b))] + c,),

(7.30)
The properties of the optimal b* and 7* minimizing c¢(b, T) in Eq. (7.30) are

given by the following theorem.

Theorem 7.8 Suppose that the failure rate function r(t)is bathtub-shaped and
differentiable. Let

Cﬂl

B = db>0: / (o) — r(O]dt > —lc, + cob + comA(B)] b,
b

B, = [0, <)\B; and a '(t;) > 0 be the unique solution of the equation
a(t) = t1. Then the properties of the optimal burn-in time b* and the replacement
policy T* can be stated in detail as follows:

Case 1. By = [0, ), B, = ¢. Let T*(b) be the unique solution of the equation

a(b)+T
Tr(alb) + T) — / re)dt = Ci[c, b oob + emAlp(B))].  (1.31)
a(b)

Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < a~!(#;), is the value
which satisfies

alb’) + T(b") =  min  (a(b) + T*(b)).

0<b<al(y)

Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, c0), where b* can
be any value in [0, c0).

Case 3. By # ¢, B, # ¢. For b € By, let T*(b) be the unique solution of the Eq.
(7.31). Then the optimal (b*, T*) = (b*, T*(b*)), where b* is the value which
satisfies

alb) + (%) =, min(a(b) +T°(b).
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Chapter 8
Burn-in for Heterogeneous Populations

In the previous chapters, we discussed the burn-in procedures for homogeneous
populations. When the failure rate of a population is decreasing or bathtub-shaped
(BT), burn-in can be usually justified. Note that, as mentioned and illustrated
earlier, the heterogeneity of populations is often a reason for the decrease in the
resulting failure rate, at least, in some time intervals (see [4], for the corresponding
discussion and [18], for some general considerations). In this chapter, the optimal
burn-in procedures are investigated without assuming that the population failure
rate is BT. We consider the mixed population composed of two ordered subpop-
ulations—the subpopulation of strong items (items with ‘normal’ lifetimes) and
that of weak items (items with shorter lifetimes). In practice, weak items may be
produced along with strong items due to, for example, defective resources and
components, human errors, unstable production environment, etc. In the later part
of this section, we will also consider the continuous mixtures model.

The shape of the mixture failure rate (and the shapes of subpopulation failure
rates for the heterogeneous case) will play a crucial role in optimal burn-in
problems discussed in this chapter. The mixture failure rate for two ordered
subpopulations was intensively studied in the literature. For instance, as was
mentioned in Sect. 5.1, Gupta and Warren [19] show that the mixture of two
gamma distributions with increasing failure rates (IFRs) (with the same scale
parameter) can result either in the increasing mixture failure rate or in the modified
bathtub (MBT) mixture failure rate (it increases initially and then behaves like a
bathtub failure rate). Similar shapes occur for mixtures of two Weibull distribu-
tions with IFRs [22]. Navarro and Hernandez [31] state that the mixture failure rate
of two truncated normal distributions, depending on the parameters involved, can
also be increasing, BT-shaped or MBT-shaped. Block et al. [5] give explicit
conditions describing the possible shapes of the mixture failure rate for two
increasing linear failure rates, which are: IFR, BT, and MBT (for the noncrossing
linear failure rates).

The shape of the mixture failure rate defines the shape of the mean remaining
lifetime (MRL) function, which is also very important for various burn-in problems.
If, e.g., it increases (decreases), then the MRL decreases (increases). Another useful

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 261
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_8,
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result states (see, e.g., [17]) that, if the failure rate is UBT (upside down BT) and the
derivative of the MRL function at + = 0 is positive (negative), then the corre-
sponding MRL is increasing (decreasing). The ‘symmetrical’ statement also holds
for the BT shape of the failure rate (see also Chap. 2 and the following section for
the corresponding discussion).

Our goal of this chapter is to consider optimization of various characteristics of
the performance quality of items after burn-in. This will be done for the case
when the component’s lifetime distribution function is a mixture of two distri-
butions. The case of continuous mixtures will also be considered. It is well known
that when the failure rate of a component is increasing, there is no need to perform
the burn-in procedure and only when it is decreasing or nonmonotonic (e.g., BT)
there is a possibility for burn-in. This reasoning is usually valid only for homo-
geneous populations. However, when we deal with heterogeneous populations and
the subpopulations are described not only by their failure rates but also by different
quality of performance, the situation can be dramatically different. For example,
burn-in can be justified even for IFRs! Note that, the precise probabilistic analysis
of these problems is usually very complex and, therefore, in this chapter, we
mainly concentrate on the qualitative analysis with the corresponding examples.

Furthermore, when we are dealing with heterogeneous populations, there exist
the risks of selecting the items with poor reliability characteristics (i.e., with large
failure rates), and this cannot be described in the framework of the average quality.
In this regard, we will also consider the burn-in procedures aiming at the mini-
mization of these risks in this chapter. For dealing with this problem, we introduce
the new measures of quality that govern the corresponding optimal burn-in pro-
cedures. While presenting the contents of this chapter, we will mostly follow our
recent publications: Cha and Finkelstein [10-14].

8.1 Discrete Mixtures
8.1.1 Ordered Subpopulations and the Effect of Burn-in

Denote the lifetime of a component from the strong subpopulation by Xs and its
absolutely continuous cumulative distribution function (Cdf), probability density
function (pdf), and the failure rate function by F (), fi(¢) and 4, (z), respectively.
Similarly, the lifetime, Cdf, pdf, and the failure rate function of a weak component
are Xy, F2(t), f2(t) and A»(¢), accordingly. Let the lifetimes in these subpopula-
tions be ordered in the sense of the usual stochastic ordering (Shaked and
Shantikhumar 2006):

Fi(t) > F»(t), forall, t > 0. (8.1)

where F;(t) =1—F;(t),i=1,2; or in the sense of the failure rate ordering
(Sect. 2.8):
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(1) < (1), t>0. (8.2)

The composition of our mixed (infinite) population is as follows: the proportion of
strong items is 7, whereas the proportion of weak items is 1 — n. Then the mixture
(population) survival function, in accordance with (5.1-5.3), is

Fult) = 7y (1) + (1 — ))F2(0), (8.3)
and the mixture failure rate is

_ () + (L= mh(0)
) = RO+ (1=

In ‘field use’, a component that is picked up at random (at time 0) from the
population and that has survived the burn-in time b has the following survival
function:

F,u(2|b) = n(b)F1(1]b) + (1 — = (b)) F>(t|b), (8.4)

where F(t|b) = F}p(_lz;r;), i =1,2, is the corresponding remaining lifetime distri-
bution whereas the proportions of strong and weak components in the survived

population are given by [17]

. 7'CF1 (b)
T 7F (b) + (1 — n)F2(b)’

_ (1 —”)Fz(b)
o TCF](b) + (1 — TE)Fz(b)

n(b) 1 —n(b) (8.5)

The mixture failure rate that corresponds to (8.4) is
I (t|b) = w(t|D) 21 (b + 1) + (1 — =(t|b))Aa(b + 1),
where 7(¢|b) and 1 — 7(¢|b) are the posterior proportions, which are given by
n(tlb) =n(b+1), 1—n(b)=1—-nb+1).
Therefore,
I (2|D) = (2t + b),

which is, in fact, intuitively obvious.
It is clear that due to (8.1), for all » > 0O that

TEFl(b)
ﬂFl(b) + (17'6_ ﬁ)Fz(b)

ST r (= oRo) e 2 vadl-wb) si-n (86)

n(b) =

This inequality means that the quality of the sample has improved as more weak
items than strong ones have failed in [0,b). It is clear that when ordering (8.2)
holds F,(b)/F(b) in (8.6) is decreasing in b and n(b) is increasing in b. (Note
that, ordering (8.1) is not sufficient for the latter statement.) Therefore, burn-in can
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be justified as an operation improving the quality of the population, as it increases
the proportion of strong items. However, the question arises, at what cost? We will
address this question later in this section.

It is well known that, if /;(¢) is nonincreasing in ¢, i = 1,2, then 4,,(#|b) =
Jm(t + b) is a decreasing function of its argument and therefore, decreases in b for
all fixed t+ > 0 as well (the mixture failure rate of distributions with decreasing
failure rates is also decreasing). Thus, burn-in decreases the failure rate (increases
the MRL). The simplest example of this property is given by the following
example.

Example 8.1 Let ,(t) = 4, t>0,and, x(t) = 4y, >0, A, > 4. Then

Im(t) = () A1 (1) + (1 — =(2)) A2 (1)
et (1 _ ﬂ)eﬂlzt 5

= ) - -
ne‘l” + (1 _ n)e—lzt 1+ Te— M1 4+ (1 _ n)e—Azr

which is a decreasing function and therefore 4,,(f + b) is decreasing in b for all
fixed ¢t > 0.

Example 8.1 shows that burn-in of items from mixed populations (with non-
IFRs of subpopulations) not only increases the proportion of strong items, but also
decreases the mixture failure rate and therefore, it is obviously justified. However,
in the next subsection, we will see that burn-in can be justified even when the
failure rates of subpopulations are increasing.

8.1.2 Optimal Burn-in Time for Performance
Quality Measures

In this subsection, using general settings and simple illustrative examples, we will
briefly describe the burn-in procedures, which maximize several performance
quality characteristics of items. However, our main interest will be focused on
optimal burn-in that minimizes average costs taking into account possible gains
during a mission time. This case is considered in more detail in the last part.

8.1.2.1 Maximization of the Success Probability of a Mission

Let the time required for performing a mission by a component (system) from our
heterogeneous population (that had survived burn-in during time b) be a constant
and denote it by 7. Then the probability of performing this mission, which is
understood as the mixture survival function, is F,,(t|b) and F,,(-|b) is given by
(8.4). It is obvious that this probability is strictly decreases in b, if the mixture
failure rate function 4,,() strictly increases.
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Assume now that it takes a random time Y; (Y») for a strong (weak) component
to complete a mission, where Y; is a random variable with the cdf G;(y) and the pdf
gi(y); i =1,2. It is also natural to assume that it takes more time for a weak
component to perform a mission than for a strong component due to the difference
in the performance quality for two subpopulations. This, e.g., can be expressed as
the corresponding stochastic ordering:

Y1<gY» (Gi(y) < Gay),y>0).

Then the probability of performing a mission is defined by

o0 o0
/Fl (y|b)g1(y)dy + (1 — =(b /Fz (y|b)g2(y)dy. (8.7)
0 0

It is practically impossible to describe monotonicity properties of P(b) analytically
in this general form. However, some useful qualitative considerations can be
helpful. As it was previously stated, the proportion of strong items 7(b) increases
in b. However, it does not guarantee that P(b) also increases, because the survival
functions F;(y|b),i = 1,2 can decrease in b (as, e.g., when both failure rates
4i(b + t) are increasing). In this case (i.e., when both F;(y|b),i = 1,2, decrease in
b) there still can be a finite b* > 0 that maximizes the probability P(b) (see
Example 8.2). On the contrary, it is obvious from the above considerations that
formally b* = co when both failure rates are decreasing (and therefore, the mix-
ture failure rate as well, as in Example 8.1).

Example 8.2 Suppose that /() = t'/2 + 1.0, > 0, Jo(t) = t'/% +2.6,t > 0, and
n=1—-—n=05 Let g(y)=vexp{—viy},y>0,i=1,2, where v, =1.0,
v, = 0.1. In this case, the mixture failure rate function 4,,(¢) is given in Fig. 8.1.
As illustrated by this graph (and can be proved analytically), the mixture failure
rate function is strictly increasing. Therefore, the burn-in procedure is not needed,
if we consider only ‘ordinary’ reliability measures for a homogeneous population
described by the same failure rate (e.g., the mean time to failure in field operation

Fig. 8.1 Mixture failure rate 6
function 4,,(7) (Example 8.2) [
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Fig. 8.2 The probability of P(b)
performing given mission 0.4
P(b) (Example 8.2)
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or success probability of a mission). However, as illustrated by Fig. 8.2, the
probability of performing a mission in (8.7) for our heterogeneous population with
different quality of performance functions first increases and then monotonically
decreases with a maximum at some point. For the considered values of parameters,
the optimal burn-in time is b* = 1.59 and the corresponding maximum probability
is P(b*) = 0.277.

Note that, the mixture failure rate in this example is contained between the
failure rates of subpopulations. Ordering (8.2) holds and Fig. 8.1 also illustrates
the well-known fact that the mixture failure rate tends to the failure rate of the
strongest subpopulation as the weakest items are ‘dying out first’ with time [18].

Observe that P(b) in (8.7) can be written in a more explicit way as

00 b+y
P(b) = w6) [ exp] - / 21 (0)du g1 (y)dy + (1
0

oo b+y
b))/exp //12 Ydu 3 ga(y)dy.
0

By differentiating,

7 exp{ / )du}g.(my—n'(b) 7 exp{—b/ﬂzxu)du}gz(y)dy
0 0 b

o0

/ 1b+y) — A b))exp{/

0 b

— (I = =(b) 2(b+y) — lz(b))exp{—
e
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It follows from (8.8) that when

[y (a(y) — 4 (0)F1(y)g1(y)dy + (1 — 7) [i° (2(y) — 42(0))Fa(y)ga(y)dy
I F1(3)g1(v)dy — [3° Fa(v)g2(v)dy ’
(8.9)

7'(0) >

P(b) increases initially, which means that this is a sufficient condition for the
existence of the finite (b* < 00) or the nonfinite (b* = o0) burn-in time. [Note also
that the denominator in (8.9) is positive.] Denote the right-hand side of inequality
(8.9) by B. Numerical computation shows that this sufficient condition holds for
the setting of Example 8.2, that is,

7(0) =04 > B =031.

The derivative 7'(0) is discussed in more detail in the last part of this subsection.

8.1.2.2 Minimization of the Expected Number of Minimal Repairs
During the Mission Time

Assume now that the components are minimally repairable and the corresponding
quality of performance after burn-in is measured by the expected number of
minimal repairs in the fixed interval (mission time) [0, z]. This setting (including,
obviously, the relevant costs) can be of practical interest for manufacturers while
assigning the corresponding warranties to their products.

The expected number of minimal repairs during the mission time is given by

T T

n(b)/il(b+t)dt+(1 —n(b))/iz(b+t)dt.

0 0

As in the previous case, let Y} and Y, be random mission times for strong and weak
components, respectively. The assumptions and notation for Y; and Y, are the
same as in the previous case. Let M(b) be the total number of minimal repairs
during the mission time. Then its expectation is given by

y

E(M(b)) = n(b) / / 21(b -+ 1)dig) (y)dy + (1 — (b)) / / Ja(b + 1)digs(y)dy.
0 0 0

0

Given the parameters, the corresponding optimal burn-in time »* that minimizes
E(M(b)) can be obtained using numerical procedures. It is clear that our general
qualitative considerations of the previous case are also valid and the finite b* can
exist even for populations with [FRs, which was not possible for the homogeneous
case.
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Fig. 8.3 The expected E(M(b))
number of minimal repairs 30 ¢
E(M (b)) (Example 8.3)

Example 8.3 Consider the same setting as in Example 8.2. Then the graphs for the
corresponding failure rates are the same as those in Fig. 8.1 and the graph for
E(M(b)) is given in Fig. 8.3. In this case, the optimal burn-in time is b* = 3.73
and the minimum expected number of minimal repairs is E(M(b*)) = 3.31.

8.1.2.3 Maximization of Expected Total Number of Consecutive Jobs
Completed During the Field Operation

Let the components in field operation consecutively perform ‘jobs’ of the same
nature. Assume that the times for completing each job is given by 7; (constant) for
a strong component and 7, (constant) for a weak component, respectively
(t1 < 12). Therefore, the different quality of performance of our components is
described in this way.

Let Xg;, be the lifetime of a strong component which has survived burn-in in
[0,b) and Xy, be that of a weak component, respectively. Furthermore, let Ng; be
the random number of jobs completed by a strong component in field operation.
Then

P(NSb:k) (k‘[] <X5b (k+1)‘51):Fl(k‘E1|b)—Fl((k'f'l)‘f]‘b),kZO
and the mean of Ng;, is given by
E(NSb) = Zk NSb = k Z k‘L'1|b
k=0 k=1

Similarly, the mean number of jobs completed by a weak component in field
operation, Ny is given by

o0

E(Nwy) = > kP(Nw, = k) =
k=0

Mz

FQ(kTg|b).

T
n
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Fig. 8.4 The Average E(MN(b))
Number of Jobs E(N(b)). 10
(Example 8.4)
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Let the number of jobs completed during field operation be N(b). Then its
expectation is

hgE

E iﬁ k‘L’1|b 1 — TC(b)) Fg(k‘f2|b)
k=1

~
Il

1

The optimal burn-in time, which maximizes E(N(b)) can be obtained numerically
and again, unlike the homogeneous case, the finite optimal b* can exist even when
21(t), 22(¢) and the mixture failure rate A, () are increasing.

Example 8.4 Consider again the same setting as in Example 8.2 with t; = 0.05
and 7, = 0.5. In this case, the graph for E(N(b)) is given in Fig. 8.4. It can be seen
that the optimal burn-in time is b* = 1.32, and the maximum expected number of
jobs is E(N(b*)) = 7.31.

8.1.2.4 Gain Proportional to the Mean Time to Failure

We will describe now a model that already takes into consideration the costs and
gains involved. This cost structure (expected costs) accounts for the performance
quality after burn-in and defines gains proportional to the MRL. At first, as in the
homogeneous case, we do not ‘disclose’ the composition of our population and
deal with the observed mixture distribution function. In accordance with this
model, the expected cost function ¢(b), which accounts for average costs during
and after burn-in is:

c(b) = co(b) — KM, (8.10)

where F,,(+) is given by (8.3), b is the burn-in duration, K is the gain for the unit of
time during the mission time and c((b) is the average (expected) cost to obtain a
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component that has passed burn-in. If the first component fails, then the second
one is tested, etc., until a component passes burn-in.

Denote the cost of a single item by C and if, for simplicity, we assume that the
expected cost of burn-in is just the cost of the failed components then it is easy to
show that

B 1 _ CFy(b)
o0 =<(551) =%y

where 1/F,,(b) corresponds to the expected ‘total number of trials’ until the first
success.

Remark 8.1 As it was mentioned, Eq. (8.10), in fact, formulates the problem
exactly like in a homogeneous case, just using the mixture distribution as a gov-
erning one. If, e.g., the MRL, [,°F,(u)du/F,(b) is increasing or initially
increasing and is described, e.g., by the UBT-shape, then the problem of obtaining
the optimal b* that minimizes c¢(b) can be properly formulated. For instance, if the
MRL is UBT with the maximum at some b, then the optimal duration of the burn-
in is obviously smaller (for co(h) > 0) : 0 < b* < b. On the other hand, as in the
previous cases, if we use the structure of the population described by the time-
dependent proportion (), some other more advanced settings can be considered,
e.g., dealing with the quality of performance (gain), which characterizes each
subpopulation and not the overall population.

Assume that a component from the strong subpopulation is characterized by the
quality (the gain for the unit of time during the mission time) Qs, whereas the one
from the weak subpopulation is characterized by Qw and Qw < Qs. Then the
expected cost in (8.10) is obviously modified to

c(b) = co(b) — (an(b) by B + Ow(1 - n(b))

1.7 Fy(u)du
A0 £ _— ) (8.11)

Fy(b)

When Qs = Qw = K, as follows from (8.3) and (8.5), Eq. (8.11) reduces to (8.10).
Thus, minimization of ¢(b) can be considered to be a generalization of standard
burn-in approaches.

If, for example, distributions of Xy and Xy are exponential with parameters
A1 < Ja, then it is easy to see that, because Qw < Qg, gains increase with b, as
n(b) increases with b, whereas co(b) also increases. Therefore, under suitable
assumptions for parameters there should be a minimum for some b. Similar to the
previous cases, the problem becomes much more interesting when both failure
rates are increasing (see later).

Example 8.5 Let 4, =0.1,4,=10,t1=1—-7n=0.5,C=0.1,05=10.0 and
Ow = 1.0. The corresponding mixture failure rate is given in Example 8.1 and the
expected cost function c(b) is plotted in Fig. 8.5. The optimal burn-in time is
b* = 3.16, and the minimum expected cost is ¢(b*) = —0.70.
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Fig. 8.5 The expected cost c(b)
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Remark 8.2 There can be other problem formulations, e.g., for missions with high
importance (for instance, military). These missions usually need a high level of
quality, whereas the costs are not the issue. Assume, e.g., that the corresponding
requirement for the unit quality is Qr(Qw < Or < Qs). Then we must ‘obtain the
proportion’ that satisfies this requirement via the burn-in procedure, i.e.,

This equation can be solved with respect to b and the corresponding solution will
define the minimal burn-in time that ‘achieves’ Qg.

As in the previous cases, the quality (gains) can change conventional approa-
ches to burn-in problems. To illustrate this, consider the case of increasing,
ordered failure rates: A;(z) < 4,(¢), such that the mixture failure rate is also
increasing (or MBT-shaped) and therefore, the conventional burn-in (without
considering different gains for subpopulations) is not needed. However, in our
study, when e.g., Qg is sufficiently larger than Qy, burn-in can be justified. This is
because, in accordance with (8.11), it can decrease the expected cost due to
improvement in the population proportion quality that can compensate the effect of
the decreasing (in b) remaining lifetime.

First, we present a rather general example with linear failure rates for sub-
populations, where the mixture failure rate can be obtained analytically.

Example 8.6 Block et al. [5]:
Let

l[(l)zct-i-d[,iz(t)zcl—f—dz, c>0,d, > d,
The explicit equation for the mixture failure rate is

(1 — 7)o
nexp{at} + (1 —m)’

Im(D) =ct+dy +

where o =d, —d;. The direct analysis of this function shows that 4,(r) is
increasing when 0 < o//c < 2 and it tends to infinity as 7 increases approaching
ct + dy, the failure rate of the strongest population.
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Fig. 8.6 Mixture failure rate 6r e
function 4,,(f) (Example 8.7)
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Example 8.7 Consider now the specific case of Example 8.6 with ¢ = 1.0,
di=10and d, =30. Let r=1—-—n=0.5,C =0.1,0s = 10.0 and Qw = 1.0.
The graph of the corresponding mixture failure rate function is given in Fig. 8.6
and of the mixture MRL function, in Fig. 8.7. The expected cost function c(b) is
given in Fig. 8.8. The optimal burn-in time is b* = 0.41, and the minimum
expected cost is c(b*) = —3.68. As we can see from the graph (and can be shown
analytically as o/+/c = 2), the mixture failure rate is not decreasing in [0, co) and
eventually is converging to the failure rate of the strongest population. In accor-
dance with that, the MRL function is decreasing and therefore, the conventional
burn-in is not relevant, whereas in the case under consideration, the optimal burn-
in time exists.

The general form of gains in (8.11) can be analyzed further. Taking into
account (8.3) and (8.5),

nf;il_’] (u)du (1-— n)_fboo Fy(u)du

q(b) = Qs + Ow
F,(b) F,(D)
Fig. 8.7 Mean residual MRL
lifetime function (Example I
8.7)
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Fig. 8.8 The expected cost c(b)
¢(b) (Example 8.7) /

Qs [;7 Fy(w)du+ Qw(1 — ) [,° Fa(u)du
- F,(b) '

Therefore, the sign of the derivative ¢'(b) is defined by the sign of
d(b) = — Fu(b)(QsnF1(b) + Qw(1 — m)F2(b))

+ fu(b) QSn/Fl(u)du+QW(1 fn)/l_'“z(u)du ,
b

b

where f,, (1) = F,,(¢). It is difficult to analyze d(b) for all values of b > 0, whereas
the specific case b = 0 can be very helpful for our qualitative analysis:

d(0) = —(Qsm + Qw(1 — 7)) + fu(0)(QsmE[Xs] + Qw(1 — m)E[Xy]). (8.13)
As £,,(0) = 2,,(0), (8.13) can be written as
d(0) = Qsm(Zm(0)E[Xs] — 1) + Qw (1 — 7)(Am(0)E[Xw] — 1). (8.14)

When d(0) > 0, the gains increase (at least, initially), which is an important
distinction from the homogeneous case (8.10), where they decrease, as the MRL is
decreasing for distributions with IFR 4,,(¢). This inequality can hold due to the
following reasoning: first note that, when both failure rates of subpopulations are
ordered, as in (8.2), the mixture failure rate is contained between them. Therefore,
obviously, as the failure rates A;(¢) and Z,(¢) are increasing, inequality
Jm(0)EXw] — 1 <0 holds, because 4,(0) < A,(t),t > 0, whereas inequality
Jm(0)E[Xs] — 1 > 0 can still hold (e.g., when 4,,(0) — 4,(0) is sufficiently large).
Then, if Qs — Qw is also sufficiently large, (8.14) is positive and the gains initially
increase. This property can constitute the possibility for the optimal burn-in time

(b* > 0).
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Coming back now to Eq. (8.11), consider obtaining a sufficient condition for
the positive optimal burn-in time (b* > 0), which minimizes the expected cost
function c(b).

Taking into account that F;(z) = exp{— [; 4;(x)dx},

¢ (b) = cy(b) — Qsm'(b) ]?exp{ 711/11( )d }du +Owr' (b ]CCXP{ h/ﬂ dy}du
0

0

0o b+u
+ Qsn(b / M(b+u)— (b exp{/ Ai( dy}du

0

oo b+u
+Qw(1—ﬂ(b))/(Zz(b+u)—iz(b))eXP{—/ iz(y)dy}du
0

b

Therefore, if

¢5(0) + Qsm(1 — 41 (0)E[Xs]) + Ow (1 — m)(1 — 1 (0)E[Xw])
OsE[Xs] — OwE[Xw] ’

then ¢’(0) < 0, which implies that ¢(b) is initially decreasing and therefore, the
finite or non-finite b* > 0 exists.

Moreover, in accordance with (8.5), the derivative 7'(0) can be explicitly
written as

7' (0) > (8.15)

'(0) = (1 — m)(%(0) — 21(0)).

This means that increasing 4,(0) — 4;(0) and Qs — Qw (for the latter, see the
corresponding discussion of Eq. (8.12)) can eventually lead to the desired
inequality (8.15). It is also clear that n(1 — ) achieves its maximum at = = 0.5.
Note that, the difference 4,(0) — A1(0) is important for defining the initial shape of
the corresponding mixture failure rate [18]. Note also that the sufficient condition
(8.15) is satisfied for Example 8.7 (which should be the case, as the expected cost
function is decreasing in the neighborhood of 0 in Fig. 8.8):

7'(0) = 0.5 > B=0.31, (8.16)
where B denotes the right-hand side of inequality (8.15).

As it was mentioned before, mixtures of IFR functions can also result in the
modified bathtub-shaped (MTB) failure rate function. Even in this case, as illus-
trated by the following example, the MRL function can be strictly decreasing and
therefore, the conventional burn-in should not be performed. However, burn-in in
our setting can be justified even in this case.

Example 8.8 Let 2;(t) =02t +0.5,t > 0,4(t) =t+ 1.0, >0 and C=0.1,
Qs = 20.0,Qw = 1.0. The graph of the mixture failure rate function is given in
Fig. 8.9 and the corresponding MRL and expected cost functions are given in
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Fig. 8.9 Mixture failure rate 4 L
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Figs. 8.10 and 8.11, respectively. The optimal burn-in time is b* = 1.73 and the
minimal expected cost is ¢(b*) = —16.99.

As in (8.16), the sufficient condition (8.15) can also be easily verified:

7'(0) = 0.125 > B = 0.1242.

The mixture failure rate in this example has the MBT shape (Fig. 8.9), whereas
the MRL function is strictly decreasing (Fig. 8.10), which can be also verified
numerically. Thus, this example shows empirically that the MBT shape of the
failure rate can correspond to the decreasing MRL function. As this fact was not
theoretically studied before, we present here some initial findings.

We start with the well-known result for the BT failure rate that was already
mentioned in the Introduction (see, e.g., [17]):

Let A(f) be a differentiable BT failure rate in (0,00) and m(¢) denote the
corresponding MRL function. If

' (0) = A(0)m(0) — 1 < 0,

then m(t) is decreasing (non-increasing).

Fig. 8.10 Mean residual MRL
lifetime function (Example
8.8)
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Fig. 8.11 The expected cost <(b)
¢(b) (Example 8.8) - N Sy — b
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Coming back to the MBT shape of the failure rate, denote the local maximum
by f, (in Fig. 8.9, it is about 1). Assume that A(z,,)m(t,) < 1, which means, in
accordance with the foregoing result, that m(r) is decreasing for ¢ > t,, (it obvi-
ously holds for Fig. 8.9). Let us modify the initial failure rate to a constant in
0 <t<t, and do not change it in 7, < t<oco. This means that the resulting
failure rate is still the BT and, as A(z,) = A(0), we can use the condition
A(tm)m(0) < 1 (where m(0) denotes the corresponding MRL function) as the
characterization of the decreasing property of m(t) in (0,00). If this condition
holds for the defined BT shape of the failure rate, the MRL function is decreasing
in (0,00) for any MBT-shaped failure rate that is equal to the given modified
failure rate in # > t,,. Indeed, the initial, increasing in 0 < ¢ < t,, segment of the
failure rate obviously ‘additionally contributes to the ‘decreasing property’, as
compared with the flat one. This means that the condition A(,,)m(0) < 1 can be
considered as a sufficient one, thus expanding the admissible class of failure rates
to the class of MBT-shaped failure rates ‘constructed’ in the described way. On the
other hand, this condition is rather crude and the real admissible class of the MBT-
shaped failure rates is wider.

8.2 Continuous Mixtures
8.2.1 The Effect of Burn-in

It is well known that continuous mixtures of distributions constitute a useful tool
for describing the heterogeneity of population due to random effect. Consider a
general ‘continuous’ mixing model for a heterogeneous population, i.e.,

oo

F(t) :/F(t,z)n(z)dz, Ju(2) :/f(t,z)n(z)dz, (8.17)
0

0
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where F(t,7), f(t,z) are the Cdf and the pdf of subpopulations indexed by the
frailty parameter Z and 7(z) is the pdf of Z with support in (0, c0). The general
support [a,b), 0 < a < b < oo can be considered as well. Then the mixture (the
observed or the population) failure rate A,,(7), in accordance with (5.11, 5.12), is
defined as

an() = Jo L6 2)m(2)d ’“ /mz (2l)dz, (8.18)

o F(t.2)n(z)dz
where the conditional density (on condition that the item did not fail in [0, 7)) is

F(t,7)
Jo s F(t,2)n(z)dz

In the next subsection we will need the following lemma, which defines an
expression for the derivative of this density.

n(z|t) = n(z)

Lemma 8.1 The derivative of the conditional density n(z|t) with respect to t is

n/(z|t) = H(Z|I)(/lm(l‘) - }"(tv Z))

The proof is straightforward as:

0= R R T T F (s
B f(t,2)n(z)
= Zn(0)7(2lt) o F(t,2)n(z)dz
= anlrcl) ~ R S ) i)~ 0.2
0 ’

O

Denote the Cdfs of 7(z) and 7(z|t) by I1(z) and I1(z|t), respectively, and by Z|t

the conditional frailty (on condition that the item did not fail in [0, 7)). The fol-
lowing theorem describes monotonicity of I1(z|r) as a function of ¢.

Theorem 8.1 Let our subpopulations be ordered in the sense of the failure rate
ordering

Mtyzi) < At,z2), 21 <22,Vz1,20 € [0,00], £ > 0. (8.19)
Then T1(z|t) is increasing in t for each z > 0.

Proof As,
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Jo F(t,u)m(u)du
fOCF(7 u)m(u)du’

it is easy to see that the derivative of this function is positive if

[oF (1, u)m(u)du - [ F (t,u)m(u)du
IS F(t,u)n(u)du Jol F(t,u)m(u)du”

T(z]r) =

Taking into account that F'(t,z) = f)v(t, 2)F(t,7), it is sufficient to show that

Jo A )7 (u)du
IS F(t,u) (u)du

is increasing in z, or equivalently, that

Z Z
i(t,z)/F(t, w)m(u)du > /)L(t, w)F(t,u)m(u)du,
0 0
which immediately follows from (8.19). O

A useful and practically relevant model of ordering (8.19) is the multiplicative
(proportional hazards):

At,z) = ZA(1).

This theorem indicates that the ‘proportion’ of stronger subpopulations (with
smaller failure rates, which corresponds to the smaller values of the frailty
parameter Z) increases as time increases. This property can be very important for
Jjustification of the burn-in procedure, as the ‘quality of population’ in the
described sense (i.e., the proportion of stronger items increases) improves after
burn-in of any duration. But along with this effect, the failure rates of subpopu-
lations can decrease, increase or have a nonmonotonic shape (e.g., bathtub) and
this should be also taken into account for defining and justifying the corresponding
burn-in procedure.

Consider now the burn-in time b. The above relationships should be slightly
adjusted. As follows from (8.17), after burn-in during time b, the component that
is picked up at random from the population that has survived burn-in has the
following survival function in ‘field use’:

F,(1|b) :/ (t,2|b)n(z|b)dz,
0

where F(t,z|b) = Tvéb;;;) is the corresponding remaining lifetime distribution. The

mixture failure rate function after burn-in is then expressed as
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(b)) = Zm(t + D),

which is, in fact, intuitively obvious.

It is well known that if A(¢,z) is nonincreasing in #, i = 1,2, then 4,,(#|b) =
Jm(t + D) is a decreasing function of its argument and therefore decreases in b for
all fixed t+ > 0 as well (the mixture failure rate of distributions with decreasing
failure rates is also decreasing). Thus, in this specific case, burn-in is decreasing
the failure rate in field use (increasing the MRL). The simplest example of this
property is:

Example 8.9 Suppose that A(t,z) = zA,t > 0, where 1 is a constant and Z is
exponentially distributed with parameter 6. Then by direct integration in (8.18):

_Jo 2hexp{—zit}0exp{—0z}dz
f exp{—zit}0exp{—0z}dz 0+ At’

(1)

which is a decreasing function. Thus, substituting 7+ b instead of # obviously
means that 4,,(¢ + b) is decreasing in b for all fixed t > 0.

Thus, as is shown in Example 8.9, burn-in in the case of mixture of subpop-
ulations with non-IFRs not only increases the proportion of the strong subpopu-
lations, but also decreases the mixture failure rate and thus it is obviously justified.
However, in the next subsection, we will see that burn-in may be justified even
when the failure rates of subpopulations and the mixture failure rate are
increasing.

8.2.2 Optimal Burn-in Time for Performance
Quality Measures

Now, we will describe a model that already takes into consideration the costs and
gains involved. This cost structure (expected costs) accounts for the performance
quality after burn-in and defines gains (negative costs) proportional to the MRL.
Other types of cost structures considered in the literature (e.g., [25, 27]) can be
also discussed in a similar way. At first, as in the homogeneous case, we do not
‘reveal’ the composition of our population and deal with the observed mixture
distribution function. Thus, in accordance with this model:

c(b) = co(b) — Kmyy(b), (8.20)
where

e b the burn-in duration.
e K the gain for the unit of time during the mission time, which has a negative
sign as the equation is formulated in terms of costs.
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e ¢o(b) the cost to obtain a component that has passed burn-in. If the first com-
ponent fails, then the second one is tested, etc., until a component passes burn-in.
J. Futwdu . : : .
® my(b) = W is the corresponding mixture MRL after burn-in during the
time b.

Denote the cost of a single item by C, and if, for simplicity, we assume that the
expected cost of burn-in is just the cost of the failed components, then it is easy to

show that
co(b)zc(%w)—l) :%, (8.21)

where 1/F,,(b) corresponds to the expected ‘total number of trials’ until the first
success. Equation (8.21) can be easily adjusted to the case when there are addi-
tional costs proportional to the duration b (see, e.g., [26, 6]). Obviously, co(b) is
increasing with b.

Remark 8.3 As it was mentioned, Eq. (8.20), in fact, formulates the problem
exactly like in a homogeneous case, just using the mixture distribution as a gov-
erning one. If, e.g., the MRL, m,, ()) is increasing or initially increasing in b and is
described, e.g., by the UBT-shape, then the problem of obtaining the optimal b* that
minimizes ¢(b) can be properly formulated. On the other hand, if we use the
structure of the population described by the time-dependent 7(z|b), some other more
advanced settings can be considered, e.g., dealing with the quality of performance
(gain), which characterizes each subpopulation and not the overall population.

Assume now that a component from the strong subpopulation is characterized
by the quality (the gain for the unit of time during the mission time), Q(z) also
indexed by the frailty parameter Z. Assume also that this function is decreasing:
the larger values of Z (weaker items) correspond to the smaller values of gains,
which is a realistic assumption at many instances. Then (8.20) is modified:

C = C() /Q Z)) (Z|b)
— o) — fo (2) J,” Fu, )dun(z)dz (8.22)

fo F(b,z)n(z)dz

whereas the time-dependent case Q(z,t) corresponds to:

c(b)

IS fo Oz, b+ 1)dtf(b + u, z)du
/° S 7(2lb)dz

Jo by hﬂ Q(z, 1 dff(u z)dun(z)dz
fo z)dz

= Co(b)
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When Q(z) = K, as follows from (8.19), Eq. (8.22) reduces to (8.20). Thus
minimization of ¢(b) can be considered to be a generalization of standard burn-in
approaches. For simplicity, we will proceed further with a not ‘time-constant case’
(8.22).

If the quality lower than some level Qg due to some reasons is not acceptable
and therefore corresponding realizations should not contribute to the expected
quality, then we must set:

Z>2

0(z) = {g(z), e=a (8.23)

where zp is obtained from the equation Q(z) = Qo, which has a unique solution as
Q(z) is strictly decreasing in z.

If, e.g., F(t,2) is an exponential family of distributions: A(z,z) =z4, ¢ >0,
then it is easy to see that gains increase with b as Q(z) is decreasing and the
proportion of subpopulations with small values of frailties is increasing with b.
Therefore, under suitable assumptions for parameters there should be a minimum
for some b for the expected costs function ¢(b):

b* = inf c(b).
8 oty )

Obviously, monotonicity properties of ¢(b) are defined by its derivative. As the
costs co(b) are increasing, its derivative is positive.

Theorem 8.2 The derivative of expected costs (8.22) is given by the following
relationship:

o0
c'(b) = ¢y(b) — / Q(2)[m(b,2) An(t) — 1n(z|b)dz, (8.24)
0
where m(t, z) fb (t,7)du/F (b, z) is the MRL for the subpopulation with frailty

Z.

Proof Using this notation the first line in (8.22) can be written as
c(b / 0(z n(z|b)dz (8.25)
0
Using Lemma 8.1:

c'(b) = cy(b) — | Q2)m'(b,2)n(z|b) + m(b,2)m(z|b)(2m(b) — 4(b,2))]dz

and the well-known equality ' () = A(¢)m(r) — 1 describing the link between
the MRL and the failure rate, we obtain (8.24):
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O(2)[A(b, z)m(b,z) — 1 + m(b,2)(An(b) — A(b,2))|n(z|b)dz

0(2)[m(b, 2)7m(b) — 1]n(z|b)dz

O

Using this theorem, we can further analyze the derivative of expected gains.

First, note that when Q(z) = K, as it should be, we arrive at the derivative of gains

(heterogeneous case) that corresponds to the setting defined by Eq. (8.20) for the
homogeneous case:

/ m(b, z)2m(b) — 1n(z|b)dz
0
K(

K (Zn(D)m(b) — 1) = K, (b),

where

oo
/m n(z|t)dz,
0

which, similar to (8.18), defines the mixture (population) MRL. If we assume that
the mixture failure rate is increasing, then m/, (#) < 0 (expected gains are decreasing
with time) and the burn-in obviously should not be performed in this case.

What happens now when Q(z) is a decreasing function? In this case, Q(z) can be
considered as a kind of weight that gives higher values of performance measure to
stronger subpopulations with smaller values of z and therefore, to smaller values of
A(t,z) (larger values of m(z,z)). Thus, depending on parameters, the inequality
d(b) > 0 can hold even for the case of increasing mixture failure rates. To illustrate
this statement, assume that the mixture failure rate and the subpopulations failure
rates are increasing in time and that 4,,(0) # 0. Therefore, m,, (¢),,(t) — 1 <0. Let,
e.g., b =0.Let Q(z) in (8.23) be a step function: Q(z) = K for 0<z < zp, and zp
can be chosen ‘as small as we wish’. In fact, we must show that

20

d(0) = K / 110, 2)2m(0) — 1]7(2)dz

0
20

=K )um(O)/m(O,z)n(z)dz—P(Z <z)| > 0.
0

Note that, as populations are ordered, m(0,z) is decreasing in z and therefore,
m,;(0) < m(0,0). The inequality d(0) > 0 holds for the sufficiently small zq, for
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which inequality /,,(0)m(0,z9) — 1 > 0 (the corresponding lower bound
approximation) is satisfied. The sufficient condition for that is /,,(0)m(0,0) —
1 > 0 (although m/(z) = my, (t)An(t) — 1 < O!). It is easy to see that this condition
is satisfied for the important and widely used proportional hazards model
At,z) = zA(r), t >0, as m(0,z9) — oo for zp — 0 (see Example 8.10 of the
next subsection).

Remark 8.4 If the lower bound of the support of 7(z) is not 0, but a > 0, the
above reasoning is valid, as for sufficiently small zy, the function m(0,a + z9) can
be as close to m(0, a) as we wish, and, 4,,(t) > A(t,a) = m,(0) < m(0,a),r > 0.
Therefore, similar to the case a = O:

d0)=K / [m(0,2)An(0) — 1]7(z)dz > 0

and the sufficient condition for this inequality to hold is 4,,(0)m(0,a) — 1 > 0

Remark 8.5 1t is clear that similar results should hold for the exponentially
decreasing quality function Q(z) = exp{—az} as well (for the sufficiently large ).

The foregoing reasoning can be applied (under stated conditions) to the case
b > 0. The sufficiently small zq (or large o) will result in d(b) > 0, but, obviously,
this procedure is not uniform, as the larger values of b require the smaller (larger)
values of zo(a).

An obvious sufficient condition for the existence of the finite (or nonfinite)
optimal burn-in time is

¢)(0) < / 0(2)m(0,2)/m(0) — 1] (z)dz

:/lm(o)/Q(Z)m(O,Z)TE(Z)dZ—/Q(Z)?‘C(Z)dz. (8.26)
0 0

Clearly, this condition is rather strong and, e.g., does not hold for the first example
in the next subsection, although the optimal burn-in time exists.

8.2.3 Examples

It is tempting to use the setting of Example 8.9 for the simplest illustration, but the
mixture MRL in this case is nonfinite. Indeed, the mixture failure rate, as follows
from Example 8.9, (when t — oo) tends to the failure rate of the Pareto distri-
bution of the form 1 — ="', which does not have the finite first moment. Other cost
structures (defined, e.g., by gains during the fixed interval of mission time) can be
considered in this case.
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We will describe, first, a meaningful example when the subpopulations failure
rates and the mixture failure rate are increasing and therefore, the conventional
burn-in should not be performed, whereas considering the quality of performance
function changes the situation and justifies the necessity of burn-in.

Example 8.10 Consider the truncated extreme value distribution (Gompertz)
defined in a following way:

F(t,z) = exp{—zk(exp{t} — 1)},1 > 0,
At,z) = zkexp{t},
where k > 0 is a constant. As in Example 8.9, let Z be exponentially distributed

with parameter 0 (proportional hazards model discussed in the previous section)
Direct integration [17] gives

/ £t )(z)dz = / <k exp{r} exp{—zk(exp{r} — 1)}0exp{—02}dz
0 0
= leTxp{t}; o = kexp{t} —k+0,

/th z—Q/exp{ a)z}dz——
0

Eventually, using definition (8.18):

kexp{t}_1 k—10

;Lm - = .
(t) ) kexp{t} —k+0

Let k < 6. Then A,,(¢) is monotonically increasing asymptotically converging to
1. Thus, the baseline failure rate kexp{r} and the mixture failure rate 4,(r) are
increasing, whereas m,,(¢) is decreasing. However, the gains in (8.25):

r f f uzdun (z)dz
0/Q 7(2lb)dz = = fo Fonde

as was discussed in the previous section, for the sufficiently rapidly decreasing Q(z)
can increase (at least initially) which constitutes the possibility of the optimal burn-
in time b*. This is illustrated by the following specific case: Q(z) = 10exp
{-10z},z > 0,C = 0.1,k = 0.1 and 0 = 1.0. Observe that c;(0) = C - £,,(0), and

C/(O): - m /Q dZ+/Q dZ_O49>O
0 0
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Fig. 8.12 Cost function c(b) c(b) : b

Thus, the condition (8.26) is not satisfied. However, as is shown in Fig. 8.12,
there is a positive optimal burn-in time.

By numerical search, the optimal burn-in time and minimum cost is b* = 4.95
and ¢(4.95) = —6.48.

Example 8.11 Assume now that we have time constraints on the duration of burn-

in: b < b,. Consider the case of the UBT shape of the corresponding mixture

failure rate in conventional Model (8.20). It is well known (see, e.g., [17]), that if
m (0) = 4,(0)m,,(0) —1 <0

m

then the MRL has a bathtub shape and the corresponding gains initially decrease.
Therefore, if the interval, where the gains decrease (although they can increase
afterward), is larger than b, then burn-in is not usually performed, as the overall
cost function ¢(b) (monotonic or nonmonotonic in [0,b,)) is initially increasing
and has a minimum at b = 0. However, considering Model (8.22) with the rapidly
decreasing Q(z) can change this decision as a minimum can be achieved at b = b,
(burn-in is justified).

For illustration of the foregoing reasoning, consider the mixture of the Weibull
distributions with linearly IFRs: A(f,z) = 2z, then, again assuming that the frailty
Z is exponentially distributed with parameter 6, it is easy to show that

_ 2t
B E2

This function is equal to zero at t = 0 and tends to zero as t — oo with a single
maximum at ¢ = v/0 (BT shaped, as m/,(0) = —1 < 0).

Let QO(z) = exp{—10z},z > 0,C =0.1, and 6 =1.0,b. = 1. Figure 8.13
shows that ¢(b) is initially slightly increasing and then decreasing in interval
(0,b.), with a minimum at b., and therefore, burn-in is justified: b* = b..

On the other hand, Fig. 8.14 shows c¢(b) for the conventional case

(Q(z) = K =1 and all other parameters are the same), with a minimum in (0, b..)

A (1)
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Fig. 8.13 Cost function c(b) c(d)

-0.5

-0.55

0.2 0.4 0.6 0.8 1

-0.65

Fig. 8.14 Cost function c(b) e(b)
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-1.55

at b = 0. Therefore, burn-in is not justified. Note that, as it should be expected, the
function Q(z) has also changed the initial shape of ¢(b) from ‘rapidly increasing’
to ‘slightly increasing’.

8.3 Burn-in for Minimizing Risks
8.3.1 Burn-in for Avoiding Large Risks: Discrete Mixture

In this subsection, we consider burn-in for avoiding large risks (or losses) that can
occur during important missions. Most of the references on burn-in consider items
from homogeneous populations. Although a few studies on optimal burn for
heterogeneous population have been performed (e.g., [2, 3, 10-12, 15]), all of
them were considering the mixture failure rate as a characteristic of population
quality. However, the mixture (population) failure rate (at each time instant) is the
expectation of the failure rates of subpopulations (see later). Therefore, as usual in
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statistical analysis, dealing with expectations only is not the best approach,
especially when substantial risks and losses are involved. In this section, we depart
from the conventional reasoning and model the burn-in procedures that minimize
the risks that occur due to choosing items with large individual failure rates. As our
population is heterogeneous (before and after burn-in), these risks always exist.

Consider the case of n =2 subpopulations (that can be generalized to the
arbitrary finite n). Denote the lifetime of a component from the ‘strong subpop-
ulation’ by T and its absolutely continuous Cdf, pdf, and the failure rate function
by F1(t),f1(¢) and A (¢), respectively. Similarly, the lifetime, the Cdf, pdf, and the
failure rate function of the ‘weak’ component are Tw,F,(t),/>(¢) and A,(¢),
accordingly. Definitions of the strong and weak subpopulations will be given after
introducing the corresponding notation. The initial (z = 0) composition of our
mixed population is as follows: the proportion of the strong items is 7, whereas the
proportion of the weak items is 1 — 7, which means that the distribution of the
discrete frailty Z with realizations z; and z, in this case is

T, =2
n(Z): ’
1l—7n, z=2

where the values z;,z,(z1 <z), correspond to the strong and the weak subpopu-
lations, respectively. As previously [see Eq. (8.3)], the mixture (population) sur-
vival function is

Fu(t) = nFy (1) + (1 — m)Fy(1),
whereas the mixture failure rate is defined as

iy O+ A —mh() A
Inl®) = T TR~ M OA 0+ m()h(),

where the time-dependent probabilities are

. HF](I)
a TEF] (t) + (1 — H)Fz(t) ’

_ (-mmR@
o TCF] ([) + (1 — ﬂ)Fz(l) '

TCz(l)

TC](I)

Assume further that our populations are ordered (and therefore, the weak and the
strong subpopulations are defined accordingly) in the sense of the failure rate
ordering:

a(t) > Ai(r), t>0.

It can be shown [10] that, in this case, the proportion of strong items 7;(#) is
increasing in ¢, which is important for our further reasoning.

For illustration and motivation of our further reasoning, consider now the
mixture of two distributions with decreasing and IFRs given in Fig. 8.15.

In Fig. 8.15, the proportion of items from the strong subpopulation is 0.80 and
that from the weak subpopulation is 0.20 (see also Example 8.12). The mixture



288 8 Burn-in for Heterogeneous Populations

Fig. 8.15 The mixture 309
failure rate for two 5
b lati :
subpopulations -
2.5 \
3.5

failure rate in this case strictly increases and therefore, there is no need for burn-in
from the conventional perspective. However, the situation is more complex when
we consider the corresponding risks. Suppose that, at time ¢ = 0 (without applying
burn-in), we choose an item from the above mixed population for a field usage.
If we select a weak item, then its failure rate is 4,(), which is substantially larger
than 4, (7). Therefore, it can result in the unsatisfactory reliability performance. For
instance, for the mission time 7, the probability P(Ty > 1) can be substantially
smaller than P(Ts > 1) (see Example 8.12) and this may cause large risk during
usage especially for missions of high importance. We can reduce this risk, if the
proportion of items from the weak subpopulation is substantially decreased. It can
be achieved via the corresponding burn-in, as m;(¢) is decreasing in 7. As follows
from Fig. 8.15, the population (mixture) failure rate is increasing and therefore, the
quality of the population described by this characteristic is decreasing, whereas at
the same time the risk of selection of the weak item is decreasing. The joint
consideration of the corresponding gains and losses can help to answer to the
question: to perform or not to perform burn-in.

Let us formalize now the corresponding measure based on the above reasoning.
Suppose that the item is operable at time ¢ > 0 (during field operation). For an item
from the weak population, the risk of instantaneous failure is obviously larger than
that from the strong one. Therefore, a larger penalty (loss) should be imposed to
the item with a larger risk. This allows us to define the following “point loss” at
time ¢ for the subpopulation i:

Li(t) = g(4(1),i = 1,2,

where g(-) is a strictly increasing function of its argument. Let t be the usage
(mission) time for our components. As the above point loss varies during the
mission time, it should be averaged, i.e.,

5 Li(1)dt _ Jo 8(a(r))dt =12

) )
T T




8.3 Burn-in for Minimizing Risks 289

As the selection of a component from a heterogeneous population is made at time
t = 0 and the corresponding proportions are given by 7;(0),i = 1,2, the mean loss
for our mixture population (without burn-in) is

iw~ 7;(0), where 7;(0) = w and 7,(0) = 1 — 7. (8.27)

If the burn-in procedure of duration b is performed, /;(¢) and 7;(0) in (8.27) should
be replaced by 4;(b + t) and m;(b), respectively, and the mean loss after burn-in is

W(b) = iM (b). (8.28)

The gains that are already taken into account by this formula are due to the
increase of the proportion of strong items.

Based on the measure defined above, we consider the following criterion for
obtaining the optimal burn-in time:

Criterion 1 Find »* which minimizes ¥(b).

Example 8.12 We describe now in more detail the example that corresponds to
Fig. 8.15. Let /;(f) = 1.2 — exp{—1.2t} + 0.01¢, /»(t) = 1.4exp{—0.08¢} + 1.2 + 0.017,
with 7 = 7;(0) = 0.80. Suppose that T = 3.0 and g(x) = x>. Then ¥(b) is given
by Fig. 8.16.

Therefore, in this case, the optimal burn-in time is b* ~ 1.10. The proportion of
strong items after burn-in is now 7y (1.10) = 0.97 and therefore, about 85 % (!) of
weak items have been eliminated. This effect increases our gain. On the other
hand, what is the undesirable but inevitable consequence of this operation?
Obviously, it is the increase in the failure rate of the strong items after burn-in. By
sacrificing the ‘quality of the strong subpopulation’, the risk that can be caused by
the weak subpopulation has been substantially reduced.

Fig. 8.16 ¥(b) P(b)

2.4
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Let M;(b),i = 1,2, be the mean residual life time of the items in subpopulation
i after the burn-in time b:

[oe] t

M;(b) :/exp —/)»,-(b—ku)du de,i=1,2.
0 0

Then, similar to (8.28), define the following mean loss after burn-in:

2

O(b) =y g(1/Mi(b))mi(b).

i=1

Criterion 2 Find »* which minimizes ®(b).

Example 8.12 (Continued) For the setting described above, the corresponding loss
function ®(b) is given in Fig. 8.17.

Therefore, the optimal burn-in time also exists: b* =~ 0.8.

It is interesting also to see how this risk-based criterion works in the cases when
the conventional burn-in approach is applicable (i.e., the mixture failure rate is
initially decreasing). We consider an example, where the mixture failure rate has a
BT failure rate and therefore, the burn-in is justified and the optimal burn-in time
can exist.

Example 8.13 Suppose that 1,(1) = 1,0 <t < 5.0,4(t) =02(t —5)+ 1,7 > 5.0,
and A(¢t) = 41(¢) + 2, > 0, with # =m;(0) = 0.7 and 1 —n = 0.3. Then the
mixture failure rate 4,,() is given in Fig. 8.18.

The failure rate strictly decreases for 0 <t < 5.0 and then it is strictly
increasing. Thus it is BT with one change point, #; = 5.0. Note that, in conven-
tional burn-in, the optimal burn-in time b*, which optimizes the corresponding
criteria (e.g., MRL, the probability of the successful completion of mission, the

Fig. 8.17 ®(b) O(b)

=
[ux}

b



8.3 Burn-in for Minimizing Risks 291

Fig. 8.18 The mixture 3.5
failure rate for two [ A

subpopulations

Fig. 8.19 W(b) ¥(b)

expected cost, etc.) for this case is positive and b* < t; (See [7, 8] and [25-28]).
Let T = 3.0 and g(x) = x*. Then W(b) is given by Fig. 8.19.

In this case, the optimal burn-in time is b* ~ 2.58.

As was already mentioned, a ‘sort of sacrifice’ takes place for this conventional
setting [without implementing average loss (8.28)] as well. Indeed, as the failure
rates of both subpopulations are initially constant, burn-in shortens these parts and
therefore, makes them ‘worse’ in terms of the failure rate ordering. On the positive
side, the proportion of strong items is increasing and overall the quality of our
population is improving with a maximum achieved at b*.

Remark 8.6 As mentioned before, the mixture setting described in this subsection is
often realized in practice, as items belonging to the ‘weak distribution’ can be
produced along with the items of the ‘strong (main)’ distribution due to the variation
in the quality of resources and components, human errors, unstable production
environment caused by uncontrolled significant quality factors, etc. The experts’
opinions and other prior knowledge can often also be used for identifying the mixture
setting: F,,(t) = nF(t) + (1 — m)F,(¢). In many practical situations, this identifi-
cation can be performed using the corresponding density curves (e.g., bimodal) and
percentage failures graphs. The next step is the estimation of 7 and the corresponding
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parameters for F; (¢) and F, () from the failure data using various statistical methods.
Plenty of examples and detailed procedures for model setup and parameter esti-
mation in relevant settings can be found in Jensen and Petersen [21], Kececioglu and
Sun [23] and Klugman et al. [24]. For a specific example, the interested reader could
refer to Example 4.2 of Jensen and Petersen [21].

8.3.2 Burn-in for Avoiding Large Risks: Continuous Mixture

Consider now the case of the ‘continuous’ mixture model for a heterogeneous
population, i.e.,

oo

F(t,2)n(2)dz, fult) = / (6, m()dz,

0

where F(t,7) = F(t]z2), f(t,z) =f(t|z) are the Cdf and the pdf of subpopulations
indexed (conditioned) by the frailty parameter Z and 7(z) is the pdf of Z with
support in [0, c0). Then the mixture failure rate /,,(¢), as previously [see Egs. (5.10
—5.12)], is defined as

o]

In(t) = Jo 1, 9)m(2)d / 1, D)n(zlf)dz,
fo t,z7)n(z)d

where the conditional density (on condition that the item did not fail in [0, 7)) is

0

F(t z)
fo (z)dz’

As in the discrete case, let our subpopulations be ordered in the sense of the failure
rate ordering:

nzlt) = n (8.29)

Mt,z1) < Mty z2), 721 < 22,V21,22 € [0,00),1 > 0.

Continuous mixtures is an effective tool for modeling population heterogeneity
due to randomly changing production environment and other causes of ‘random
effects’ (see also [1]).

For the continuous mixture case, the criteria defined in the discrete case can
obviously be generalized as follows:

Criterion 1C Find b* which minimizes

) = / I O LHINE
0
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Criterion 2C Find »* which minimizes

= /g 1/M(b,z))n(z|b)dz,
0

where M(b, z) is the mean residual life time (for the fixed frailty parameter z) after
the burn-in time b:

M(b,z)z/exp —/l(b—i—u,z)du dr,z > 0.
0

Example 8.14 Suppose that A(f,z) = 0.1zexp{0.1¢} + 0.02¢ + 1, and let Z be
exponentially distributed with parameter 0. In this case, the mixture failure rate
strictly increases as shown in Fig. 8.20 for the case when 0 = 0.5. Let t = 3.0 and
g(x) = x%. Then W(b) is given in Fig. 8.21. It can be seen that the optimal burn-in
time is b* ~ 1.11. The frailty distributions before and after burn-in, which are
useful for analysis, are given in Fig. 8.22. From the graphs in Fig. 8.22, the fol-
lowing can be obtained:

0(1]0) ~ 0.61, TI(1|b*) ~ 0.6
T0(2/0) ~ 0.37, TI(2]b*) ~ 0.29
0(3/0) ~ 0.22, TI(3|b*) ~ 0.16

TI(4/0) ~ 0.14, TI(4|b*) ~ 0.08

T1(5/0) ~ 0.08, TI(5|p*) =~ 0.05

Fig. 8.20 /,,(7) and A(t,2)
for z =0.5,0.7,1,2,3,4
and 5

3 ALSYALA)Y A3 A(L2) Al
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Fig. 8.21 W(b) W(b)

Fig. 8.22 The CDF’s of the 1
frailty distribution before and
after burn-in Ti(z|5")

II(=z| 0)

where T1(z|¢) is the conditional survival function, which corresponds to 7(z|t). We
can see that the corresponding frailty distributions are stochastically ordered and
thus the risks of selecting the ‘poor items’ have been decreased.

Applying Criterion 2C, we can obtain the average loss given in Fig. 8.23. As
shown in this figure, there exists the optimal burn-in time b* ~ 0.74.

8.3.3 Optimal Burn-in Based on Conservative Measures

Failures of items may often result in the catastrophic or disastrous events. For
example, failures in jet engines of aircrafts or those in gas safety valves may cause
fatal consequences. Similarly, failures during important missions can cause huge
economic loss. In these cases, rather than the ‘average quality’ of the heteroge-
neous population, which (as in the previous sections) we understand as 4,,(¢), it is
reasonable to define the ‘marginal’ quality in the population that refers in some
sense to the “worst scenario”. That is, if this marginal quality is still acceptable,
then the quality of our population as a whole should also be considered as satis-
factory. This reasoning can create an alternative approach to the one discussed in
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Fig. 8.23 ®(b) O(b)

1.58
1.56-__

the previous subsections. The marginal quality can be used as a conservative
measure (or bound) for the population quality. In this subsection, we consider the
optimal burn-in procedures that optimize the conservative measures for continuous
mixture models.

After burn-in during time b, the components in the population will have the
failure rate A(7 + b, z) in accordance with the conditional frailty distribution 7(z|b)
defined in Sect. 8.3.2. Thus, we can define the following ‘xth worst’ realization of
the ‘residual’ failure rate in the population:

Jo(t]b) = 2(b + 1, 2(alb)), 1 > 0, (8.30)

where z(a|b) = inf{z: [](z|b) > «} and « is usually close to 1 (e.g., 0.9 or 0.95)
and, as previously, I1(z|b) is the conditional distribution function, which corre-
sponds to the conditional pdf 7(z|b). Accordingly, 4,(#|b) is the failure rate of an
item that has survived burn-in during time b, which corresponds to the «th per-
centile z(a|b) of the conditional distribution of frailty [ [(z|#). When « is close to 1,
this can be interpreted as the ath worst scenario. Based on the above setting, we
can define the ath worst MRL of the population after the burn-in time b:

[oe] t

M, (b) E/exp —/ia(u\b)du dr.
0

0
Therefore, the following criterion can be applied:

Criterion 3 Determine the optimal burn-in time »* as the minimal burn-in time b,
such that M,(b) > m,, where m, is the MRL that corresponds to the ath worst
scenario.

Example 8.15 Consider the continuous mixture of exponentials. Let the condi-
tional failure rate and the mixing distribution be A(f,z) =z and n(z) =0
exp{—0z}, respectively. Then
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(1) = E[Z]t] = 1/(0 + 1),

where Z|t = Z|T > t. Observe that the conditional mixing pdf and Cdf for this case
are

n(z|t) = (04 1) exp{—(0 + 1)z},
I(z|r) = 1 — exp{—(0 + 1)z},
respectively. Therefore,
z(alp) = —In(1 — o) /(0 + D), (8.31)
and

Jultlb) = A(b+1,2(2fb)) = ~In(1 = ) /(04 b), 1 > 0.

For obtaining the optimal burn-in time, we will use Criterion 3 defined above.
Let, for our example, o = 0.9 and m, = 1.25. As A(t,z) = z, the corresponding
MRL as a function of the burn-in time b is

M,(b) = 1/z(ax|b) = —(0 + b)/In(1 — ), where o = 0.9.

This linear function is given by Fig. 8.24 (6 = 1.0).
It follows from this graph that the corresponding optimal burn-in time is
b* =~ 1.88.

The conservative measure (8.30) can be modified (generalized) to account for
the average of the lower (1 — o) % quality of items among those that have sur-
vived burn-in during time b. Thus, instead of one realization, as previously, we
now define the marginal quality as some average for the corresponding ‘tail’.

The initial conditional frailty distribution after burn-in during time b, [which
corresponds to 72(z) in (8.29)] for the items with the quality lower than (1 — o) % is

Fig. 8.24 M, (b) for M_(B)
0=09,0=10 2

175
1.
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n(z|b)
1—a’

Z(alb) S Z S 0,

where, as previously, z(«|b) = inf{z : [[(z|b) > a}. Accordingly, the conditional
frailty distribution at time ¢, which corresponds to 7(z|¢) in (8.29), is

(z|b) F(b+t,z)/F(b,z)

L= [ F(b+,2)/F(b,2) 2 dz

m,(2|t; b) = ,7(afb) <z < 0

Therefore, after burn-in during time b, the mixture failure rate at time ¢ for the
items in the survived population with the quality lower than (1 — o) % is

o0

imltlb, o) = / Ab+ ,2)m (s b)dz

z(alb)

Example 8.15. (Continued) In this case, Eq. (8.31) holds and

r - = TC(Z|b) . 1 0+b O1bt
| Fo ) Fe. 0 e = s s (-
z(alb)
Thus
b F(b+t F(b
T, (z|t; b) = I(Z_|) Fb+1,2)/F(b,2) (z|b)
% [ F(b +1,2)[F(b,2) 527 dz
:49+b+n.u—ay%%.am—w+b+gd,
and

In(1 — o) 1
t >
0+b otbrr 20

o0
inltlba) = [ bt 1. 2)mclrb)dz = -
z(alb)

The criterion for burn-in is practically the same as Criterion 3 with a slight
difference that the MRL is calculated not for one realization but for the corre-
sponding “partial” mixture population of items with low quality.

As previously, let o = 0.9 and m, = 1.25. Then we have to obtain the MRL of
the items with the quality lower than (1 — &) % at each b, which is given by

_ _ [ gy, 0Eb
/exp //lm(u|b,ot)du dr /(l o) 0—|—b—|—tdt’
0 0 0
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Fig. 8.25 The ‘average’ Average MRL
MRL as a function of b for )
2=09,0=10 1.4

o o o o
o

b

where o =0.9 and 0 = 1.0 This approximately linear function is given in
Fig. 8.25.

It follows from this graph that the corresponding optimal burn-in time is
b* =~ 2.47 in this case.

8.4 Burn-in for Repairable Items
8.4.1 Basic Setup

In this section, a new burn-in approach for repairable items is proposed and
optimal burn-in procedure is investigated. We consider the mixed population
composed of two ordered subpopulations—the subpopulation of strong items
(items with ‘normal’ lifetimes) and that of weak items (items with shorter life-
times). Based on the information obtained during the burn-in procedure, items are
classified into two groups: one class of items, which is considered to belong to the
strong subpopulation and the other class of items that is believed to belong to the
weak subpopulation. Then the items belonging to the second class are eliminated
(discarded) and only the remaining items are considered to be suitable for the field
operation.

In the first part, we consider two types of risks—(i) the risk that a strong
component will be eliminated during burn-in and (ii) the risk that a weak com-
ponent will pass the burn-in procedure. Optimal burn-in, which minimizes the
weighted average of these risks, is investigated. The second part deals with optimal
burn-in which minimizes the mean number of failures during the given mission
time. It should be emphasized that the obtained optimal burn-in procedure (which
minimizes the mean number of repairs during field usage) is suggested mainly for
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the case when the field mission is very important and the failures (even minimally
repaired) during this mission are very undesirable (e.g., military missions). The
costs incurred during burn-in are usually not so important in this case.

Let the lifetime of a component from the strong subpopulation be denoted by X
and its absolutely continuous Cdf be Fs(r). Similarly, the lifetime and the Cdf of a
weak component is denoted by Xy and Fy (¢), respectively. It is reasonable to
assume that these lifetimes are ordered as:

Xw <uXs, (8.32)
which means that (see Sect. 2.8)
Fs(t) < Fy(t),t > 0. (8.33)

These inequalities define a general stochastic ordering between two random
variables. Note that, since the Cdf of an absolutely continuous random variable is a
continuous function that increases from 0 to 1, the relationship defined in (8.33) is
equivalent to the following equation:

Fw(t) = Fs(p(2)),Vr > 0, (8.34)

where p(f) is nondecreasing, p(¢) > t,Vt > 0, and p(0) = 0. Throughout this
section, we assume the stochastic ordering (8.33-8.34). Let r(¢) be the failure rate
which corresponds to Xs. Then, the failure rate ry(t) for Xy, as follows from
(8.34), is given by

rw(t) = p'(O)rs(p(t)). (8.35)

Another important ordering in reliability applications is the failure (hazard) rate
ordering, which is defined as (see Sect. 2.8)

rs(t) < rw(t),t > 0. (8.36)

It can be easily seen that Ordering (8.36) implies (8.32), and therefore, Eq. (8.34)
also holds. A practical specific case of (8.36) is the proportional hazards model that
can be defined in our case as

rw(t) = prs(t),t > 0, (8.37)

where p > 1. From a practical point of view, (8.37) constitutes a reasonable model
for defining subpopulations of interest. For practical applications, when expo-
nential distribution is assumed, (8.37) turns to:

rw = pTs.

We assume that the proportion of items from the strong subpopulation in the total
population is p. Then the Cdf of the total population is given by the following
mixture:

G(t) = pFs(1) + (1 = p)Fs(p(1)),


http://dx.doi.org/10.1007/978-1-4471-5028-2_2
http://dx.doi.org/10.1007/978-1-4471-5028-2_2
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whereas the proportional hazards model (8.37) results in

G(r) = pFs(1) + (1 = p)(1 — (Fs(1))"),

where F=1—F.
Furthermore, assume that items are repairable and undergo minimal repair upon
failure (See also [6, 9]).

8.4.2 Optimal Burn-in for Minimizing Weighted Risks

In this subsection, we adopt the following burn-in procedure.

Burn-in Procedure

The item is burned-in during (0,b] and if the number of minimally repaired
failures during burn-in process N(b) satisfies N(b) < n, then the item is consid-
ered as one from the strong subpopulation and put into field operation; otherwise,
the item is considered as one from the weak subpopulation and is discarded.

At t = 0 an item from a mixed population is chosen and put into test operation
via burn-in. Upon failure at # = a it is minimally repaired, etc. An item that does
not meet our burn-in criterion is discarded. Therefore, the main goal is to classify
the mixed populations into the weak and strong populations. We assume that the
corresponding minimal repair is, in fact, a physical minimal repair [16] in
the sense that a ‘physical operation’ of repair (not a replacement) brings an item in
the state which is ‘statistically identical’ to the state it had just prior the failure.
Note that, obviously, we do not know whether an item is ‘strong’ or ‘weak’. On the
other hand, the described operation in some sense ‘keeps a memory of that’: if it is,
e.g., ‘strong’, the time to the next failure is distributed as
(Fs(t+a) — Fs(a))/(1 — Fs(a)), etc. An example of this ‘physical operation’ is
when a small realized defect (fault) is corrected upon failure, whereas the number
of the possible inherent defects in the item is large. In practice, physical minimal
repair of the described type can be usually performed and, therefore, our
assumption is quite realistic.

By various practical reasons, the total burn-in time is generally limited.
Therefore, in this section, we assume that the burn-in time is fixed as b. Then the
above burn-in procedure can be defined in terms of n and we find an optimal burn-
in procedure n* which minimizes the appropriately defined risk.

For description of related risks, define the following four events:

e Event F: the item passes the burn-in process;

e Event F,: the item is eliminated by the burn-in process;
e Event S: the item is from the strong subpopulation;

e Event W: the item is from the weak subpopulation.
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Then
P(F,|S) =1 — P(Fy|S) and P(F{|W) = 1 — P(F,|W).

Note that P(F5|S) is, the so-called, the risk of the first order (the probability that
the strong component is eliminated) and P(F;|W) is the risk of the second order
(the probability that the weak component had passed the burn-in). Therefore, our
goal is to minimize these risks. Basically, we have three options:

First, we minimize the first risk P(F,|S) not taking into account the second risk.
Then this problem is equivalent to maximizing P(F|S). In accordance with the
well-known property, the process of minimal repairs is the corresponding non-
homogeneous Poisson process (NHPP). Therefore, taking into consideration our
reasoning with respect to minimal repair:

P(F,|S) = ZM

1
i=0 v

where Ag(t) = f(; rs(u)du is the corresponding cumulative failure rate. Obviously,
the maximum is achieved when n = oo. This is an intuitively clear trivial solution,
as we are not concerned about the other risk and ‘are free’ to minimize P(F;|S).
Therefore, this value can be as close to 0 as we wish. In practice, sometimes this
setting can occur but then the optimal n* should be defined via the corresponding
restrictions on the allocated burn-in resources, burn-in costs, etc.

Second, we minimize P(F;|W) without taking the first risk into account. Then
this problem is equivalent to maximizing P(F,|W). In this case,

P(FR|W)=1-— zn: (As(p(b)))ieAso®)

i=0

i! ’

where, as follows from (8.35),

! p(1)

Aw(t) = /rw(u)du = / rs(u)du = As(p(2)). (8.38)

0 0

The maximum is achieved when n = 0. The corresponding value is
Po(F|W)=1-— e Nsle),

which means that the second order risk in this case is equal to the probability that
an item from the weaker population will survive the burn-in process without any
failures, which makes a perfect sense.

The previous two options were illustrative, as they are usually nonrealistic in
practice. The appropriate approach should take into account both types of risk.
Therefore, it is reasonable to consider minimization of the weighted risks:
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LI"(l’l) = W1P(F2|S) + WzP(F1|W)
=1 — [wP(F1|S) + woP(F2|W)],
where w; and w, are the weights satisfying w; +w, = 1. When w; = 1, w, =0,
we arrive at the first considered option, whereas the case w; = 0, w, = 1 corre-
sponds to the second one. Furthermore, if wy = w, = 1/2, then we should mini-
mize the sum of two risks [P(F,|S) + P(F1|W)] or, equivalently, maximize the

sum of the probabilities of correct decisions [P(F,|S) + P(F2|W)].
Let n* be the optimal burn-in procedure that satisfies

W(n') = min ¥(n). (8.39)

This value is given by the following theorem:

Theorem 8.3 Let O<w; < 1,i= 1,2, and n* be the nonnegative integer which
satisfies (8.39). If

(As(p(b)) — As(b)) + (Inwy — Inwy) <
As(p(b)) ’
ln( ;\s(b) )
then the optimal n* is given by n* = 0, otherwise n*is the largest integer which is
less than or equal to

(As(p(b)) — As(b)) + (Inwy — Inwy) .

As(p(b)
ln( 5\5(5) )

Proof Note that the problem is equivalent to the problem of maximizing

Substitution gives:

®(n)

1P
1P

(F1|S) + W2P(F2|W)
(N(b) <n|S) + wrP(N(b) > n|W)

S (A e <1 5 <As<p<b>>>fe—m<p<b»> |

w
w

|
=

1 .
!
i=0 r

Observe that, forn > 1,
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o= NAs(b) n,—As(p(b))
() — O(n— 1) = wy DOV CTT L (Aslp(B))'e o
n: n!
Asp®)-As(b) ~ W2 /\s(p(b))>"
e >
- w1 /\S(b)
en < (As(p(b)) — As(b)) + (Inwy — Inwy)
B In As(p(b))
As(b)
Case 1. Let
(AS(P(b)) - AS(b) + (ln wp — In W2) <1
In (As(ﬁ(b))) ’
As(b)

Then, there is no positive integer which satisfies

(As(p(b)) — As(b)) + (ln wp — In W2) '

n <

This implies that
d(n) —d(n—-1) <0,vn > 1,
and thus we have n* = 0.

Case 2. Let
(As(p(b)) — As(b)) + (Inw; — Inw,) >

Then n* is the largest integer which is less than or equal to
(As(p(b)) = As(b)) + (Inw; — Inw)
As(p(b)) '
ln( f\S(b) )

O

Corollary 8.1 When the specific proportional hazard model (8.37) holds, the
cumulative failure rate in (8.38) can be expressed in a more explicit way:

t t

Aw(t) = [ rwtudu=p. [ rs)dn = pAso)

0 0
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In this case, if

(p = 1)Ag(b) + (Inw; — Inwy)
Inp

<1,
then the optimal n* is given by n* = 0, otherwise n*is the largest integer which is
less than or equal to

(p — 1>A5(b) + (ll’l wp — In Wz)
Inp '

Example 8.16 Suppose that the failure rate of the strong subpopulation is given by
rs(t) = 2t,t > 0, (Weibull Distribution)

and p(z) in (8.34) is given by p(¢) = 3t,¢ > 0. From (8.35), the corresponding
failure rate of the weak subpopulation is then given by

rw(t) = p'(t)rs(p(t)) = 18¢,¢ > 0, (Weibull Distribution)

and, therefore, the proportional hazards model in (8.37) holds with p = 9. Suppose
further that the burn-in time for this mixed population is given by b = 1.0 and
wy = 0.8, w, = 0.2. Then, by Corollary 8.1,

(p — I)As(b) + (ln wp — 111W2) ~ 407,
Inp

Finally, the optimal burn-in procedure is determined by n* = 4.

8.4.3 Optimal Burn-in for Minimizing Expected Number
of Repairs

In this subsection, we discuss optimal burn-in that minimizes the mean number of
minimal repairs during the mission time t. We consider the same burn-in proce-
dure as in Sect. 8.4.2, but now it is characterized by both b and n (i.e., b and n are
the burn-in parameters).

Observe that
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P(Fy) = P(F\|S) x P(S) + P(F\|W) x P(W)

_ (Z w) ‘ps (Z <As<p<b>>'>"eAs<p<b>>> N

i!

i=0 i=0
Pisie) =58 — p(rls) < ps) /()
(574824
(T ) ot (i, SO (1)
(S M) (1 - p)
P(W[Fy) =

(S B s (S B (1)

Let ¥ (b, n) be the mean number of minimal repairs during the mission time 7 in
field operation given that the duration of burn-in is equal to b and that the rejection
number is n. Then, in accordance with the above formulas and noting once again
that the mean number of minimal repairs is equal to the cumulative intensity
function of the corresponding NHPP,

W(b,n) =(As(b+ 1) — As(b))
(Z?:o M) xp
(o O s p 4 (o Dl 2 o (1 p)
+ (As(p(b + 1)) = As(p(b)))
(g M) < (1 - p)
- (Z?:o 4(AS(I’)>,-;MM) xp+ (Z?:o (lelnye 2o (b»,-)sim(p(b))) x (1-p)

(8.40)

X

The objective is to find optimal (b*,n*) which satisfies

Y(b*, n*) = in ‘W(b,n). 8.41
(b,n7) = min  ¥(b,n) (8.41)
In order to find the joint optimal solution defined by (8.41), we follow the pro-
cedure similar to that given in Mi [26] and Cha [6], where the two-dimensional
optimization problems of finding the optimal burn-in time b* and the age-
replacement policy 7 that minimize the long-run average cost rate c¢(b, T) are
considered. At the first stage, we fix the burn-in time b and find optimal n* () that
satisfies

Y(b,n* (b)) = mir(l)‘}‘(b,n). (8.42)

n >
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At the second stage, we search for b* that satisfies
W (7)) = min (b, (5)).

Then the joint optimal solution is given by (b*,n*(b*)), since the above procedure
implies that

Y(b*,n" (b)) < W(b,n"(b)),forallb >0
< W¥(b,n),forallb > 0,n > 0.

As in Mi [26] and Cha [6], in this case, if an uniform upper bound (with respect to
n) could be found, then the optimization procedure would be much simpler.

Following the procedure described above, first find optimal n*(b) satisfying
(8.42) for each fixed b. For this purpose, we need to state the following lemma
which will be used for obtaining the optimal n*(b):

Lemma 8.2 [29] Suppose that a; > 0,i > 1, and b; > 0,i > 1. Then

.4 o4 a
min — < == < max —,
1<i<nb; = Y0 b T 1<i<nb;

i=1

where the equality holds if and only if all the a;/b;,i > 1, are equal.
The optimal value n*(b) is defined by the following theorem.
Theorem 8.4 For a given fixed b > 0, let the following inequality:
(As(b +1) = As(b)) < (As(p(b + 1)) — As(p(b))

hold. Then the optimal n*(b) is given by n*(b) = 0, whereas n*(b) = oo corre-
sponds to the opposite sign of the inequality.

Proof For the fixed b > 0, we consider the following two cases:

Case 1. Let
(As(b+ 1) = As(b)) < (As(p(b+ 1)) — As(p()).

As the sum of quotients in Eq. (8.40) is 1 in this case, it can be easily seen that
minimizing W(b,n) is equivalent to maximizing
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(Z?:o w) Xp

P(S|F)) = v :
, Aclb Ag(b) Ac(p(b))) e Asp(b)
(3o Dl 2 s p (3o el ) (1 — p)
" (Aglo))ieAs®)
T Gstepf )
p+(1-p)x W
< Minimize S
p
S (As(p(b))fe s
L i=0 i —
< Minimize . (As(b))‘,e%s(h) =g(b,n)
=0

We compare W(b,n) with ¥(b,n+ 1), n=0,1,2,.... Observe that g(b,n) <
(b,n+ 1) if and only if ¥(b,n) < ¥(b,n + 1). Note that
(As(p(b))'e~sv®D

il
(As(b))'e=s®)
il
is strictly increasing in i > 0. This can be easily seen by comparing the values of
this function for i and i + 1, i > 0. Thus
(As(p(b))" e sle)

(Aslpleye ) e

1 nt1)! )

(As(b))'e s (As(B))"eAs®) <i<n.
G

il

Then using Lemma 8.2:

n (As(p(b)'e Ns) (As(p(b)))ersw)  (As(p(b))"™ e~ As(et)
Zizof < max S R < (n+1)!
Z” (As(b))'e=hs®) 1<i<n (As(b)) e ts®) (As(b))"*TeAs(®)
=0 2 il (n+1)!
Accordingly, using Lemma 8.2 again:
n (A ig=As(®)  (As(p(b)))" e Asw®)
(b,n) =min Zi:‘)% )]
81 = Zn (As(b)) e Ds® 7 (Ag(b)) e Ns®)
i=0 il (n+1)!
i=0 :g(b,n—i—l),

" (Ag(b))es®

> il
i=0
Finally, we arrive at

3

implying that W¥(b,n)<¥(b,n+1),n=0,1,2,.

n*(b) = 0.

This obviously means that for each fixed duration of the burn-in time b, the
failed item is discarded and those that did not fail are put into a field operation.
Therefore, the obtained rule is simple and easy for implementation.
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Case 2. Let
(As(b+ 1) — As(b)) > (As(p(b + 1)) — As(p(b)).

In this case, minimization of W (b, n) is equivalent to minimization of

(S e
i= il
n (As(b)) e A0) n g fe~Asp (b))
(o0 DBt o p - (S, (e ) o (1= p)

or, to maximization of g(b,n). Therefore n*(b) = occ. O

)

Remark 8.7 When the failure rate ordering (8.36) holds, the first inequality in
Theorem 8.4 corresponds to

(As(b +1) = As(b)) < (Aw(b+ 1) — Aw(b)),

which is always obviously satisfied. For the specific case (8.37), it leads to

b+t b+t
/ rs(u)du = (As(b +7) — As(b)) < (Aw(b+ 1) — Aw(b)) = p / ro(u)dus
b b

Remark 8.8 The result n*(b) = oo (Theorem 8.4, Case 2) implies that after the
burn-in time b with minimal repair every item is put into field operation regardless
of the number of failures during burn-in. This burn-in procedure is the same as that
proposed in Cha [6]. Case 2 can obviously occur when the cumulative failure rate
in [0, b) for the strong subpopulation is smaller than that for the weak subpopu-
lation, whereas the reverse ordering holds for the interval [b,b + 1) (e.g., when
rs(f) has a decreasing part). In this case, the ‘quality’ of items after burn-in in the
weak subpopulation is better than that in the strong subpopulation. Therefore, the
burn-in procedure should leave all weak items in the population, which results in
n*(b) = oo.

Consider now obtaining an uniform upper bound (with respect to n), i.e., we
will find an upper bound for b* denoted by s*, such that,

min  W(b,n) < min ¥(b,n),
0<b < s* b > s*
for all fixed n > 0.

The following result gives an uniform upper bound for the optimal burn-in time
b*, but first we need to define the notion of the eventually (ultimately) increasing
function [20, 30].

Recall that for the eventually IFR r(x), the first and the second wear-out points
t* and 1** are defined as
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" = inf{r > 0 : r(x) is nondecreasing in x > 7} ,

™ = inf{t > 0 : r(x) strictly increases in x > t} .

Observe that the eventually IFR can be constant in parts of the interval (#*, ),
whereas t* = t** is obviously a specific case.

Theorem 8.5 Suppose that

i. rs(2) is eventually increasing with the first wear-out point t*, the second wear-
out point t** and lim,_,, rs(t) = oo;
il. p(t) is a weak (i.e., not necessarily strictly) convex function.

Then s* € [t*,00), defined as
p(r'+1) b+t
s =infd b > ¥ / rs(u)du < / re(u)du,Vb > b' 3, (8.43)
p(t7) b
is the uniform upper bound for the optimal burn-in time b*.

Proof Observe that W(b,n) is of the form of weighted average of
(As(b + 1) — Ag(b)) and (As(p(b + 7)) — As(p(b)), ie.,

W(b,n) = (As(b + 1) = As(b)) x p(b) + (As(p(b + 1)) — As(p(b))) x (1 — p(b)),
where

n A fe=A®)
(Eizo %) xp

Also we see that
b+t
Asto-+5) = As) = [ rstaduand As(p(b-+ 1) = Aslp(8) = [ rs(ua
b

Define s* € [r*, 00) as
p(r'+1) b+t
s =inf{ b > 1| / rs(u)du< / rs(u)du,Vb > b’

p(r) b
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It clear that such s* exists as fbb 7 rg(u)du is nondecreasing for b € [r*, 00) and is
strictly increasing after some point ¢ € [t*, #*]. Observe that p(b + 1) — p(b) is
nondecreasing in b and

As(p(b +1)) — As(p(b)) > As(b+ 1) — Ag(b)
for b > t*. Then

sl +7) = As(r') < As(p(t* + 7)) — Asp(r*)) <As(b +7) — As(b)
< As(p(b+ 1)) — As(p(b)), Vb > s™.
The weighted average of elements in the first group is smaller than that of
elements in the second group for any arbitrarily chosen weights in two groups if

the maximum element in the first group is smaller than the minimum element in
the second group. This fact implies:

Y(r*,n) < ¥(b,n),Vb > s".

Then we can conclude that, at least, the optimal burn-in time b* ¢ (s*, 00), i.e.,
b* < s*. This result holds regardless of the value of n. Therefore, s* is the uniform
(with respect to n) upper bound for b*. O

Example 8.17 As in the previous example, let the failure rate of the strong sub-
population be given by

rs(t) = 2t,t > 0. (Weibull Distribution)
Then *=¢*=0. Assume that p(f)=3tr>0,7=20  Then
f;’((:)ﬂ) rs(u)du = 36.0 and it is easy to see that s* = 8.0.

It follows from Theorem 8.4 that, for each b, either n*(b) = 0 or n*(b) = .
Moreover, with the uniform upper bound s* defined by Theorem 8.5, we can
search for b* which minimizes W(b,n*(b)) in the reduced interval [0, s*]. Then
Theorems 8.4 and 8.5 imply that the joint optimal solution is given by (b*, n*(b*)).
Based on these facts, the optimization procedure can be summarized as follows:

< Optimization Procedure (Algorithm)>

(Stagel)

Fix 0<b<s*" If Ag(b+1)—As(b) < As(p(b+1)) —As(p(b)) then
n*(b) = 0; otherwise n*(b) = co.
e (Stage2)

Find b* which satisfies

W' (b)) = min W(b.n'(b)).

<s

(Joint Optimal Solution)
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Then the two-dimensional optimal solution is given by (b*,n*(b*)).

Example 8.18 Consider the setting of Example 8.17 and suppose that the pro-
portion of strong subpopulation is p = 0.9. Then, as given in Example 8.17, the
uniform upper bound s* is given by s* = 8.0. Thus, in order to find the joint
optimal solution (b*,n*), we follow the optimization procedure described above.
However, in this case, since p(f) is a convex function and rg(¢) is a nondecreasing
function, the inequality

As(b+7) — As(b) < As(p(b + 1)) — As(p(b),¥b > 0 (8.44)

always holds. Thus n*(b) = 0, for all » > 0. Then the optimal solution (b*, n*(b*))
is (b*,0), where b* is the value which satisfies

Y(b*,0) = . Sangg'o‘}‘(b, 0).

By a numerical search, it has been obtained that b* = 0.546 and the minimum
value of W(b,n) at the optimal point (b*,n*) = (0.546, 0) is W¥(0.546,0) =
6.6851112. Note that, by Theorem 8.4, the minimum value of ¥ (b,n) for each
fixed b is W(b,0) or W(b,00). In this specific example, due to Inequality (8.44),
Y(b,0) < ¥(b,00).

The discussion based on the specific setting of Example 8.18 (p() is a convex
function and rg(¢) is a nondecreasing function) can be summarized by the fol-
lowing corollary:

Corollary 8.2. Suppose that

i. rs(t) is eventually increasing with the first wear-out point t* = 0, the second
wear-out point t** and lim,_, rs(t) = 0o;
il. p(2) is a weak convex function.

Then the joint optimal solution satisfying Eq. (8.41) is (b*,0), where b* is the
value which satisfies

Y(b*,0) = o Juin Y(b,0),

and s*is the uniform upper bound given in (8.43).
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Chapter 9
Shocks as Burn-in

As described in the previous chapters, in conventional burn-in, the main parameter
of the burn-in procedure is its duration. However, in order to shorten the length of
this procedure, burn-in is most often performed in an accelerated environment.
This indicates that high environmental stress can be more effective in eliminating
weak items from a population. In this case, obviously, the larger values of stress
should correspond to the shorter duration of burn-in. By letting the stress to
increase, we can end up (as some limit) with very short (negligible) durations, in
other words, shocks. In practice, the most common types of shocks as a method of
burn-in are “thermal shock” and “physical drop”. In these cases, the item is
subjected to a very rapid cold-to-hot, or hot-to-cold, instantaneous thermal change
or the item is dropped by a “drop tester” which is specifically designed to drop it
without any rotational motion, to ensure the most rigorous impact. In this case, the
stress level (to be called shock’s severity) can be a controllable parameter for the
corresponding optimization, which in a loose sense is an analogue of the burn-in
duration in accelerated burn-in (see e.g., [1, 9].

This general reasoning suggests that ‘electrical’ (e.g., the increased voltage for
a short period of time for some electronic items), thermal and mechanical shocks
can be used for burn-in in heterogeneous populations of items. If the initial pop-
ulation is not ‘sufficiently reliable’, then the items that have survived a shock
might be more suitable for field usage, as their predicted reliability characteristics
could be better. Therefore, in this chapter, we consider shocks as a method of burn-
in and develop the corresponding optimization model. It should be noted that
several approaches (such as Environmental Stress Screening to be considered in
the next chapter) that exhibit a similar initial reasoning were already implemented
in industry as a practical tool (see, for example, [13, 16, 17].

As in the previous chapters, we will also assume that the population is the
mixture of stochastically ordered subpopulations. As before, we will consider both
discrete and continuous mixture models. Under this and some other natural
assumptions, we consider the problem of determining the optimal severity level of
a stress. Furthermore, we develop approaches that minimize the risks of selecting
items with large levels of individual failure rates for missions of high importance,

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 313
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_9,
© Springer-Verlag London 2013
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where failures can result, e.g., in substantial economic losses. We consider some
new measures for describing the corresponding optimal burn-in, which boils up in
obtaining the optimal severity of shocks. For instance, the losses that are mono-
tonically increasing with the value of the failure rate of items after burn-in are
introduced. Furthermore, focusing on the quality of relatively poor (with large
failure rates) items in the mixed population, some conservative measures for the
population quality are defined and the corresponding optimal burn-in with respect
to these measures is also investigated.

We will also consider burn-in for items that will operate (after burn-in) in the
environment with shocks. We assume that there are two competing risk causes of
failure—the ‘usual’ one (in accordance with aging processes in a system) and
environmental shocks. A new type of burn-in via the controlled (laboratory) test
shocks is considered and the problem of obtaining the optimal level (severity) of
these shocks is investigated.

9.1 Discrete Mixtures
9.1.1 General Setting

We assume in this section that a population is a mixture of two ordered
subpopulations—the strong subpopulation and the weak subpopulation. Let the
lifetime of a component from the strong subpopulation be denoted by Xy and its
absolutely continuous cumulative distribution function (Cdf), probability density
function (pdf) and the failure rate function be F;(¢), fi(¢) and 2,(z), respectively.
Similarly, the lifetime, the Cdf, pdf, and the failure rate function of a weak com-
ponent are denoted by Xw, F»(t), f>2(¢) and A,(¢), respectively. Let the lifetimes in
these subpopulations be ordered either in the sense of the failure rate ordering:

21(1) < 2a(t),for all 1 >0
or in the sense of the usual stochastic ordering
Fi(t) > F(t),for all >0,

where F;(t) =1 — F;(t), i =1,2. Assume that the mixing proportion (distribu-
tion) is given by

n(z):{n’ =2z

l—7n, z=2"

where z; and z;, z; <zp, are variables that represent the strong and the weak
subpopulations, respectively. Therefore, Z = (z1,z2) can be considered as the
discrete frailty in this case. Then the corresponding mixture distribution and the
density functions are defined as in the previous chapters:
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Fu(t) = nFy(t) + (1 — m)Fa(2),
In(t) = wfi (1) + (1 — m)fa(1),

respectively, and the mixture failure rate is

_ i)+ (1 - mh(0)
I (1) = npj )+ (1 — n);z(t)

= 7(z1|t) A1 (1) + 7(z2]t) 22 (1),

where the time-dependent probabilities are

TEFl(l)
nF (1) + (1 — n)Fa(r)’
(1= F()
nF (1) + (1 — n)Fa(1)

n(zi|r) =

n(zlt) = 1 — n(z1]t) =

Assume that at time f =0 an instantaneous shock has occurred and with
complementary probabilities it either ‘kills’ an item (i.e., a failure occurs), or
‘leaves it unchanged’. The following is the basic assumption in our reasoning:

Basic Assumption
The more frail (e.g., with the larger failure rate) the items are, the more susceptible
they are to be ‘killed’ by a shock.

Let 7,(z) denote the frailty distribution after a shock and let T and A,,,(¢) be the
corresponding lifetime and the mixture (observed) failure rate, respectively.
Denote the probabilities of failures caused by each shock for two subpopulations
as:

p1, Z=12i,
= 9.1
o= {2 0.1)
Here, in accordance with our Basic Assumption, p; < p,. It is easy to show that
(I—pym - _
ny(z) = { (1*P1(>1“+(1)(*1P2)()1*7T) =T L=
e = 1~ 2= 22
and
nfi(t) + (1 — m)fa (1) ;
ms(t) = —= = = my(z1|t) A1 (¢ s(22|t) 22(1), 9.2
e e T AT ROREACT ORI R
where
TCSF| (t)
(71 |t) = —= _
(@l =25, )+ (1 —m)E>(1) i
(1 —my)F(1)

n(zalt) = 1 — n(zt) = T (1) + (1 — 1) Fa(1)
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The corresponding survival function is given by
Fous(t) = nFi(t) + (1 — m) Fa(2).

The following initial result justifies the fact that a shock can be considered as the
burn-in procedure.

Theorem 9.1 Let p; <p».

) If M(1) < Aa(2), for all t >0, then Ayg(t) < An(t), Ve € [0, 00).
(i) If F1(t) > Fa(t), for all t >0, then F,(t) > F,,(t),Vt € [0, 00).

Proof Observe that 4,(t) and A,,(f) are weighted averages of A,(¢) and 1,(¢).
Then it is sufficient to show that 7,(z;|¢) > 7(z;|f). Note that

7'CF1 (l) . Fl (l)
() + (1 —0)FG)  Fi0) + (1/n— DE®)
is increasing in 7, and

— (1 —pyz = n(l —n)(p2 — p1)
(1 =pi)m+(1=p2)(1 —m) (1—p)a+(1—p)(1—mn) =

() =

Ty —

Therefore, 75(z|t) > n(z1]¢) and we can conclude that A,,,(¢) < 4,(¢), Vt € [0, 00).
On the other hand, F,,(¢) and F,(t) are also weighted averages of F;(¢) and
Fz(t). Then the second result is obvious from the fact that 7, > 7. O

Remark 9.1 The above result implies that reliability characteristics of a population
of items that have survived a shock have improved. This justifies the described
burn-in procedure as a measure of improving the ‘quality’ of a heterogeneous
population. Depending on assumptions, Theorem 9.1 states that the population
lifetime random variable after a shock is larger than that before the shock either in
the sense of the failure rate ordering, or in the sense of the usual stochastic
ordering. Note that individual characteristics of an item that has survived a shock,
due to our assumption, are same as before.

9.1.2 Optimal Severity for Population Quality Measures

The optimal burn-in time is the main characteristic of interest in conventional
burn-in procedures. In our model, the ‘severity’ of a shock in a way corresponds to
this burn-in time. Therefore, we will suggest now an approach for determining an
optimal magnitude of a shock that maximizes the ‘quality’ of our population after
burn-in.
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Denote the magnitude of a shock by s € [0, c0]. Assume that the ‘strength’ of
the component in a strong subpopulation is a continuous random variable, which is
denoted by U. By ‘strength’ we understand here the corresponding measure of
resistance to a single shock, i.e., if s > U, then the failure occurs. Let the Cdf, the
survival function, and the failure rate function of U are denoted by G(s), G(s), and
r(s), respectively. Similarly, let the strength of the component in a weak sub-

population be denoted by U,,. Then, in accordance with our Basic Assumption, let
U>,U,.
It is easy to see that this inequality is equivalent to
G, (s) = G(p(s)), for all s > 0, (9.3)

where G,,(s) is the Cdf of U, p(s) is an increasing function, p(s) > s for all s >0,
and p(0) = 0. It follows from (9.1) that the probabilities of failure for this case are
given by

Plas) = {521 Zaoly, ion 64

Then p; < p, holds for all s € [0,00). Under the above setting, /,,(¢) is also a
function of s and therefore will be denoted as A, (7; s):

Lo i F (1) (1 — mg)Fa(2)
i) = o m T (=m0 R0 —mRe 20
where
- (1- G
=Gt (-GN — )
e (=Gl

(1=G(s))m+ (1= G(p(s)(1 —m)

Denote the expected lifetime (as a function of s) of an item that has survived a
shock by m(s) and, by P(t,s), the probability of success (survival probability) for
a mission time t. We are interested in ‘pure’ maximization of these functions
without considering any costs or gains. Thus we want to maximize (with respect to
s) the following functions:

[e'¢} t

m(s) = / expd — / Joms (165 5)dut S, 9.5)

0 0

P(t,s) = exp —/ims(u;s)du ) (9.6)
0
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Intuitively, the first guess would be: the larger is the level of severity s, the larger
are the functions of interest, which means that formally s* = co and we understand
this notation here and in the rest of the chapter only in the described sense.
However, as the strength of the item is given by distributions in (9.3), there can be
the other non-intuitively evident possibility.

In order to investigate the maximizations of (9.5) and (9.6), consider a more
general problem—the uniform minimization of A,,(¢;s), for all fixed # >0, with
respect to s € [0, 00]. That is, find s* which satisfies

st = arg i[r(l)f ] Jms (3 5), for all fixed ¢ > 0.
s € (0,00
Denote by R(s) = [, r(u)du the cumulative failure rate that corresponds to the Cdf
G(s). Then the following result describes the optimal severity s*.

Theorem 9.2 Ler /(1) < Jy(t), for all t>0. Then the optimal s* is the value
which maximizes R(p(s)) — R(s). In particular,

(1) If r(s) is increasing and p'(s) > 1, then s* = .
(ii) If% > 1, for s<sy, and M <1, for s > sg, then s* = s.

r(s)

Proof Note again that in accordance with (9.2), A,(t;s) is the weighted average
of 2;(¢) and A(¢#) with the corresponding weights 7,(zi|t) and 73(z2|f) =
1 — my(z1]t), respectively, and

_ TESF1 (l‘) _ Fl (l)
WF 0+ (1 —m)FB()  Fi0) + (1/m — DE )

is increasing in 7. Thus, for each fixed >0, as A;(¢) < A,(¢), the minimum of
Jms(t;s) is obtained by maximizing

ms(21]1)

(1-G(s)m
(1=G(s))m+ (1= G(p(s))(1 —m)
This problem is equivalent to minimizing

1 - G(p(s))
1 —G(s)

9.7)

Ty =

= exp{—[R(p(s)) — R(s)]}-

Therefore, the minimum can now be attained by maximizing R(p(s)) — R(s).

(i) Denote ¢(s) = R(p(s)) — R(s). Then ¢'(s) = p/(s)r(p(s)) — r(s). As p'(s) > 1
and r(x) is increasing,

¢/(5) = p/()r(p(s)) = r(s) > rl(p(s)) — r(s) 20,

where assumption p(s) > s is used. Thus, in this case, s* = oc.
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Fig. 9.1 Graph for #(s) 7(s)

4
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(i1) Assume now that W > 1, for s <sg, and W <1, for s > 59. Then

¢'(s) > 0, for s<so, and ¢'(s) <0, for s > sp, which implies s* = so.
O
Example 9.1 Let r(s) =e*+1,5>0, and p(s) = /5,0<5<1/2; p(s) =s+

(1/v2—1/2,)s>1/2. The graph for n(s) = p'(s)r(p(s))/r(s) is given in
Fig. 9.1. Then it can be seen that there exists some 0 <sy < oo which satisfies

p'(s)r(p(s))
r(s)

Thus, obtaining this value numerically: s* = sq = 0.204.

> 1, for s <sy and <1, for s > s9.

Remark 9.2 In practice, obviously, there exists a maximum level of stress s, < oo
that can be applied to items without destroying the whole population or without the
non-negligible damage in the survived items. In this case, the first part of Theorem
9.2 is modified to s* = s,, whereas, for the second part of Theorem 9.2, if 57 <,
then s* = sy; otherwise s* = s,.

Let s* be the optimal severity level which satisfies

s*=arg sup F,(t;s),for all fixed > 0.
s€[0,00]

Corollary 9.1 Suppose that Fi(t) > F,(t), for all t > 0. Then the optimal s* is the
same as the value which minimizes Ay(t;s), for all fixed t > 0.

Proof Observe that F(t;s) is the weighted average of F;(t) and F,(¢):

Fus(t;s) = nFi (1) + (1 — 7)) Fa(1).
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As F(t) > F5(t) and s*, in accordance with Theorem 9.2, maximizes 7, the result
follows immediately. U

Note that maximizations of m(s) and P(t;s), which can be expressed as [see
Egs. (9.5) and (9.6)]

m(s) = [ Fous(t;5)dt,

0\8

P(t;5) = Fous(t35),

is equivalent to uniform maximization of me(t; s). Therefore, optimal s* is the
same as given in Corollary 9.1.

In the framework of our burn-in model, consider now the corresponding gains
and penalties defined for four mutually exclusive events. Denote:

g1: gain due to the survival of a strong component

c1: penalty incurred by the elimination of a strong component
g>: gain due to the elimination of a weak component

cy: penalty incurred by the survival of a weak component.

In accordance with this notation and relationship (9.4), the expected gain
resulting from the burn-in procedure performed by a shock is given by the fol-
lowing function of severity s:

(s) = 817G(s) + g2(1 — 1)G(p(s)) — c1nG(s) — e2(1 = m)G(p(s))
)+

—(mg1 +me1)G(s) + (1 = m)ga + (1 = 1)c2)G(p(s)) + g1 — (1 — 7).
(9.8)
It is clear that maximization of ¢(s) is equivalent to minimization of
(g1 +c1)G(s) + (1 = m)(g2 + e2)(1 = G(p(s)))
or to minimization of
Y(s) = wiG(s) + w2l = G(p(s))), (9:9)

where the weights w; and w; are

_ n(g1 +c1)
n(gi+ec1) + (1 —m)(g2+c2)’

Note that the probability of failure of a strong component G(s) can be interpreted
as the risk that the strong component will be eliminated by a shock. On the other
hand, (1 — G(p(s)) can be regarded as the risk that a weak component will survive
a shock. Expressions (9.8) and (9.9) imply that maximization of expected gain is
equivalent to minimization of the weighted risk. Observe that when s = 0, ¥/(0) =
wy and when s — 0o, Y(0c0) = wy.

W2:1—W1.
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The optimal severity s* should be obtained numerically, however, we can define
an upper bound for s* under some additional conditions.

Theorem 9.3 Let wi > wy, p'(s) <wi/wa, for all s > so, and r(s) is decreasing
for s > s;. Then the upper bound for optimal severity level s* is given by
max{so, s }, that is, s* <max{so, s}

Proof Observe that

V' (s) = wir(s) exp{=R(s)} — w2p'(s)r(p(s)) exp{=R(p(s))},

where R(s) = [; r(u)du. If p'(s) <wy/ws, for all s > so, and r(s) is decreasing for
s > sy, then ¥/(s) > 0, for all s > max{so,s;}. This implies that y(s) is strictly
increasing for s > max{sg,s;}. Thus the upper bound for s* is given by
max{sg, 51 }. d

Example 9.2 Suppose that w; =0.6,w, =04,r(s) =1,0<s<2; r(s) =
e2,5>2, and p(s) = 55,0<s<1; p(s) = s+ 4,5 > 1. Then, in this case, sp =
1.0 and s; = 2.0. Therefore, s* < max{so, s;} = 2.0. The graph for y(s) is given in
Fig. 9.2.

It can be obtained numerically that s* = 0.302.

9.1.3 Optimal Severity for Minimizing Expected Costs

In this section, we consider two models of determining the optimal severity
minimizing the expected cost function, which takes into account burn-in and field
operation.

Fig. 9.2 Graph for y(s) w(s)

0.5 1 1.5 2 2:5 3
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9.1.3.1 Model 1: Minimization Without Replacement During
Field Operation

An item is chosen at random from our heterogeneous population and is exposed to
a shock. If it survives, then it is considered to be ready for usage, otherwise the
failed item is discarded and the new one is chosen from the population, etc. This
procedure is repeated until the first survived item is obtained.

Let ¢, be the shop replacement cost and ¢ be the cost for conducting a single
shock. Let ¢ (s), as a function of s, be the expected cost for eventually obtaining a
component which has survived a shock. Conditioning on the event that the com-
ponent survives (or fails) a shock, the following equation can be obtained:

c1(s) = (1 = P)es + ((¢5 + ¢5r) + 1(5))P, (9.10)
where P = G(s)n + G(p(s))(1 — m) is the probability that an item from the mix-
ture population does not survive the shock. Then, from Eq. (9.10):

¢t eyl Cs + Cor

Cl(s)_ﬁ:_csr"_ 1—p . (911)

Let:

The cost ¢, is incurred by the event {7y <t} (Failure of the Mission);
The gain g, results from the event {7, > 1} (Success of the Mission).

Then the expected costs during field operation, c¢,(s), is given by
e2(8) = =g (mF1(1) + (1 = m)Fa(7)) + em(m:Fi (1) + (1 — ) Fa (1)),

where 7; is defined by Eq. (9.7). Then the total expected cost c¢(s) is

Cs + Cgr
W=al)tel) = ot S G -0
o Gl e BEI-m
(&n + ’")<6<s)n+6<p(s>><1 o O e G X ) o

Let s* be the optimal severity level that satisfies

s =arg xei[glfw]c(s).

The following theorem defines properties of optimal s*.

Theorem 9.4 Let Fy(t) > F(t), for all t > 0. If R(p(s)) — R(s) strictly decreases
for s > s, then s* <sg. In particular,

(i) If p'(s) > 1 and r(x) is increasing, then s* <oo.
(i1) If%g’)’(m <1, for s > 50, then s* <sp.
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Proof Note that ¢;(s) strictly increases from c¢;(0) = ¢, to ¢1(00) = 0. Also
observe that ¢3(s) = —(gmu + Cm)Fms(T;8) + i, Where F,(t;s) is the weighted
average of F|(t) and F,(t) with the corresponding weights ©; and 1 — 7,
respectively. If R(p(s)) — R(s) strictly decreases for s > so, then, by similar
arguments as those described in the proof of Theorem 9.2, ¢, (s) strictly increases
for s > so. This imply that c(s) strictly increases for s > sp and thus we can
conclude that optimal s* <.

(i) From the proof of Theorem 9.2, it can be seen that if p’(s) > 1 and r(x) is
increasing, then c,(s) strictly decreases for s > 0. But ¢(c0) = oo and thus

s* <oo
@) If p'(s)r(p(s))/r(s)<1, for s > so then, from the proof of Theorem 9.2, it is
easy to see that ¢, (s) strictly increases for s > so, and thus s* < so. O

Assume now that the expected gain during field operation is proportional to the
mean lifetime. Then the expected cost (i.e., the negative gain) during field oper-
ation is

o0 o0

Cz(S) =—k ns/Fl(t)dt-i- (1 — TES)/Fz(l)dl s
0

0
and the total expected cost is given by

Cs + Cyr
G(s)m +Glp(s))(1 — m)

G(s)n r 6( (N1-n) [
_k<G() + G(p(s) 1710/ i dH_i )+ G(p(s))( 177r/ 2t)dt>7

0

c(s) = —

(9.12)
where k is a constant of proportionality. Then the following corollary holds:

Corollary 9.2 Let Fi(t) > F,(t), for all t > 0. Then the properties of optimal s*
for the total expected cost function (9.12) are the same as those described in
Theorem 9.4.

The proof is similar to that of Theorem 9.4. O

9.1.3.2 Model 2: Minimization with Replacement During
Field Operation

Assume that if an item fails during field operation, it is replaced by another item
which has survived a shock at a cost ¢y > ¢,. The time intervals between two
consecutive replacements constitute a renewal process. Therefore, in accordance
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with Fs(t) = ngFy (¢) + (1 — m;)F2(¢) and Eq. (9.7), the mean time between two
consecutive replacements is equal to

o0

gs 1_n/ ! dt+_ Glo (_))(l_n) /E(r)dt.
0

0

(9.13)

Then, by the renewal reward theory argument, the expected cost rate ¢(s) is given
by

1

G(s)n G(p(s))(1
G(s)n+G(p(s)) (1 n)fF dt+_s)n+G( () (1— n)fF2

Cs + Csr _¢
. <6<s>n PR )>

where the denominator is just an expected duration of a renewal cycle given by
Eq. (9.13) and the numerator defines the expected cost incurred during this cycle
(taking into account that the expected cost during burn-in is given by (9.11) and
the replacement cost during field operation is given by c¢y).

Let s* denote the optimal severity which satisfies

c(s) =
(9.14)

§*=arg Sel[gfoo]c(s)

Then, similar to Theorem 9.4, the following result is also true:

Theorem 9.5 Let F(t) > F(t), for all t > 0. If R(p(s)) — R(s) strictly decreases
for s > s, then optimal s* < sy. In particular,

(1) pr( ) > 1 and r(s) is increasing, then s* <oo.
(ii) pr ) <1, for s > so, then the optimal s* < so.

Proof Rearranging terms in (9.14):

E‘(S) _ Cs + Cyr
) [y Fi(t)dt + G(p(s)) (1 — m) [,° Fa(r)dt
+ Cr — Cyr
Gls)r _ Glpe)( '
SEcenia Jo F1(0dr+ —5Jo Fa(0)dt

Gls)m G(ﬂ(

The first term in the right-hand side strictly increases for s > 0. Note that the
denominator of the second term is the weighted average of [;° F(¢)dr and
Jo  Fa(t)de (f,° Fi(r)dr> [ F5(r)dt) with the corresponding weights 7, and
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1 — &g, respectively. Then, following the procedures described in the proof of
Theorem 9.4, we can obtain the desired result. O

Remark 9.3 In ‘ordinary’ burn-in, as discussed in the previous chapters, when the
lifetimes of items are described by the distributions with the bathtub-shaped failure
rate, the following property holds: the optimal burn-in time should be smaller than
the first change point (see, e.g., [5, 12]). In our reasoning, optimal stress levels, in
accordance with Theorems 9.2, 9.4, and 9.5, in a similar way also depend on the
properties of the distribution of strength.

Remark 9.4 In practice, the cost parameters (cy,Cyr,Cf,Cm,&m) might not be
estimated precisely, which could make the optimization procedure difficult. In this
case, the Receiver Operating Characteristic (ROC) analysis can be adopted and
effectively used to determine the optimal burn-in time which minimizes the cor-
responding cost functions. A reference for this approach can be found in Wu and
Xie [15], where the application of ROC analysis is used to remove the weak
subpopulation in burn-in problems.

9.2 Continuous Mixtures
9.2.1 The Impact of Shocks on Mixed Populations

Consider a population of identically distributed items with lifetimes
T;,i=1,2,.... Each item ‘is affected’ by a non-observable univariate frailty
parameter Z; and the lifetimes 7; are conditionally independent given the values of
parameters Z; = z;. Assume that these parameters are i.i.d with a common pdf 7(z)
and with support in [0,00). (The general support [a,b), 0 <a<b<oo can be
considered as well.) Then, obviously 7;,i = 1,2,... are also i.i.d. For conve-
nience, the sub index “i” will be omitted and, therefore, the lifetimes and frailties
for all items will be denoted by T and Z, respectively. Thus, obviously, T is

described by the mixture Cdf and pdf

Fu(1)

/ F(t,z)7n(z)dz,
0

fult) = / £t m(z)dz,
0

respectively, where F(t,z) = F(t|z) = Pr[T <t|Z = 7], f(t,2) = F'(t,z) are the
corresponding conditional characteristics for realization Z = z.
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Then the mixture (observed) failure rate A,,(¢), similar to (5.11, 5.12) is

_ Jm(1)
j-m(l‘) - Fm(l)

j’cf (t,2)m o0 (9.15)

= fo - /A 7(z|t)dz,
[ F(t,2)n(z 0
0

where
n(z|lt) =n % (9.16)
0

In the framework of the model described above, we will consider mixed popula-
tions of stochastically ordered subpopulations.

Remark 9.5 The foregoing definitions and properties describe a standard statistical
mixture (or frailty) model for an item and for the collection of items (population)
as well. However, the following interpretation can be also useful, as frailty models
were initially developed in demographic and actuarial studies as a method of
describing heterogeneity in large populations (see, e.g., [3, 11, 14]; and references
therein). Thus, we assume that heterogeneity, described by the unobserved frailty,
is a property of an infinite population. It usually means that, due to different
environments, conditions, different manufacturers, etc., the population consists of
subpopulations of items with different statistical properties. Pooling at random
items from this population results in the described mixture model.

Assume that an item is put into operation for the mission time t with the
required survival probability P,(t). If

T

exp —/im(u)du > P, (1), (9.17)

0

then everything is fine and we do not need to improve the performance of our
items. On the contrary, if this inequality does not hold, the burn-in procedure can
be performed. There are different types of these procedures and we will consider
here the burn-in that is performed via shocks that can eliminate the weak items.

Throughout this section, the impact of a shock is described by the following
general assumption:

Assumption An instantaneous shock either ‘kills’ an item with a given proba-
bility or does not change its stochastic properties with the complementary prob-
ability. The more ‘frail’ (e.g., with larger failure rate or with smaller survival
function) an item is, the larger is the probability that a shock will ‘kill’ it.


http://dx.doi.org/10.1007/978-1-4471-5028-2_5
http://dx.doi.org/10.1007/978-1-4471-5028-2_5
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The following burn-in procedure is employed:

® Burn-in procedure by means of shocks. An item is exposed to a shock. If it
survives, it is considered to be ready for usage, otherwise the failed item is
discarded and a new one is exposed to a shock, etc.

This setting can be defined probabilistically in the following way: Let 7,(z)
denote the pdf of the frailty Z; (with support in [0, 00)) after a shock and let A,,,(7)
be the corresponding mixture failure rate. In accordance with (9.15):

o0
Ams ( //L t,7)my(z]t)dz,
0

where, similar to (9.16), 7,(z|t) is defined by the right-hand side of (9.16) with 7(z)
substituted by 7,(z).

First, assume formally that population frailties before and after a shock are
ordered in the sense of the likelihood ratio (see Sect. 2.8):

Z> R Zs, (9.18)
which in our terms is defined as
8(2)n(z)
m5(2) = o —"—, (9.19)
Jo 8(z)m(z)dz

where g(z) is a decreasing function and therefore 7,(z)/7(z) is decreasing. As it
will be discussed in the next subsection, the function g(z) can be interpreted as the
survival probability of an item with frailty z after the shock. Therefore, the
assumption that g(z) is a decreasing function of z corresponds to our general
“Assumption”. Note that the ‘likelihood ratio ordering’ for mixing (frailty) dis-
tributions was used by Block et al. [4] for ordering optimal burn-in times in
‘ordinary’ burn-in settings (without shocks): the larger frailty corresponds to the
larger optimal burn-in time for some specified cost functions. It seems that this
ordering is natural for stochastic modeling in heterogeneous populations. The
following important theorem shows that depending on assumptions, the likelihood
ratio ordering of frailties leads either to the failure rate or to the usual stochastic
ordering of population lifetimes.

Theorem 9.6 Let relationship (9.19), defining the mixing density after a shock,
where g(2) is a decreasing function, hold.

(i) Assume that

Mty z) <Mt z2),  z21<22,V¥z1,22 € [0,00],1>0. (9.20)
Then
Jons (1) < om(2); V120, (9.21)


http://dx.doi.org/10.1007/978-1-4471-5028-2_2
http://dx.doi.org/10.1007/978-1-4471-5028-2_2
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(ii) Assume that
F(t,21) >F(t,22), 21<2,Vz1,22 € [0,00],1>0. (9.22)
Then
Fous(t) > Fp(1),Vt >0, (9.23)
where /,,4(t), Fs(t) are the population (mixture) failure rate and the survival

function after a shock, respectively.

Proof Note that, inequalities (9.20) and (9.22) define two types of stochastic
orderings for subpopulations, i.e., the failure rate ordering and the usual stochastic
ordering, respectively.

(i) It can be shown [10: p. 164] that:
SEGN[ Ao m(t)]
= sign / / 1) F(t,5) (A(t,u) — A(t,5)) (7 (u) 7 (s) — 705 (5)7(u) )duds, (9-24)
D>
which is negative due to definition (9.19) and assumptions of this theorem.

(i) As g(z) is a decreasing function, and the survival function F(t,z) is also
decreasing in z, it can be easily shown using the mean value theorem that

Foalt) = Fonlt) = 20 ooff(t 28 752; ft 0/ )dz>0.  (9.25)
Indeed
/ g(z)n(z)dz = g(z")
0
and

o0

/ F(t,z (z)dz,

0

where g(z*) and g(z**) are the corresponding mean values. As F(t, z) is decreasing
in z, 7** <z*. Therefore, taking into account that g(z) is a decreasing function,
(9.25) follows. Note that the usage of the mean value theorem relies on the

continuity of g(z). Alternatively, the general case (without this assumption) can be
proved similar to the proof in (i) (see also Theorem 9.7). O
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Remark 9.6 Inequality (9.20) is a natural ordering in the family of failure rates
A(t,z),z € [0,00) and trivially holds, e.g., for the specific multiplicative model:

At,z) = ZA(1). (9.26)

Remark 9.7 Theorem 9.6 means that the population quality (in terms of the failure
rate or the survival function) has improved after a shock. Thus, in accordance with
our statistical ‘frequentistic’ interpretation (see Remark 9.5) when ‘the whole
population’ is exposed to a shock, the items that have passed this test form a new
population with better stochastic characteristics. On the other hand, following our
formal initial setting, it turns out that the benefit of a non-destructive shock is of
‘informational’ type, i.e., surviving a shock has the ‘Bayesian’ effect of modifying
the posterior distribution of Z, which is Z; in our notation.

Remark 9.8 In accordance with (9.21) and (9.23), inequality (9.17) can be already
achieved after one shock, otherwise new shocks should be applied or the
“severity” of a single shock (see later) should be increased. It is also worth noting
that the replacement of condition (9.18) by the usual stochastic ordering: Z >, Z
will not guarantee orderings (9.21) and (9.23) for all 7.

9.2.2 The Impact of Shocks on an Item

Now we must consider a more specific mechanism of a shock’s impact on an item.
Let each item fail with probability p(z) and survive (as good as new) with prob-
ability ¢(z) = 1 — p(z). Here, the condition that corresponds to the general
“Assumption” in Sect. 9.2.1 is that p(z) is an increasing function of
z(0<p(z) <1). This assumption makes sense as, in accordance with (9.20), larger
values of frailty correspond to larger values of the failure rate. Therefore, items
with larger values of frailty are more susceptible to failures. Equation (9.19) reads
now

@)
~ Jy a@)n(z)de (9.27)

where 7,(z) is the pdf of Z (predictive, or posterior pdf, as it has been called in
Bayesian terminology). As ¢(z) is decreasing with z, it follows from Theorem 9.6
that the failure rate ordering (9.21) and the usual stochastic ordering (9.23) hold.

If we are not concerned about the costs (e.g., when the mission is very
important) and inequality

75(2)

T

exp —/ims(u)du > P.(1) (9.28)
0
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holds, then the burn-in is over and the item that has survived a shock can be put
into field operation. Otherwise, a shock with the higher level of severity or several
shocks should be performed for each item in order to achieve this inequality.

On the other hand, in most practical situations the costs are involved. In order to
consider the corresponding optimization, we must define the costs and probabili-
ties of interest. A convenient and useful model for p(z) (although oversimplified
for practical usage) is the step function:

_J0, 0<z<gz
p(z)—{l’ 152 (9.29)

It means that all ‘weak’ items with z > z, will be eliminated and only ‘strong’
items will remain in the population. In accordance with (9.29), the probability of
not surviving the shock in this case is

o0

P, =1l(z) = / n(z)dz, (9.30)

b

where T1I(z) is the Cdf that corresponds to the pdf 7(z). Obviously, for a general
form of p(z), this probability is defined by the following mixture

P = | p(z)n(z)dz. (9.31)
/

9.2.3 Shock’s Severity

It is clear that the parameter z; in the specific model (9.29) can be considered as a
parameter of severity: the larger values of z, correspond to a smaller severity. Now
we can deal with the issue of severity in a more general context, that is, when p(z)
is not a simple step function but a continuous function of z.

For this discussion, define the functions p(z) and g(z) as functions of the frailty
variable z and the severity parameter s € [0, 00), p(z,s) and ¢(z,s). Assume that
q(z,s) is decreasing in z for each fixed s and is decreasing in s for each z. The
assumption that ¢(z, s) is decreasing in z for each fixed s is just what was assumed
in our general “Assumption” in Sect. 9.2.1. The assumption that ¢(z,s) is
decreasing in s for each fixed z is also quite natural and implies that items char-
acterized by the same value of frailty have larger failure probabilities under larger
severity levels.

Denote the corresponding failure rate and the survival function by A, (¢;s) and

Fs(t;5), respectively. Similar to (9.19) and (9.16):
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F(t z)
fo (t,u)mg(u,s)du

(z,5) = 1&3)2E)

) = T et et I = s

In order to compare two severity levels, we need the following definition.

Definition 9.1
(i) The severity (stress) level s is said to be dominated under the failure rate
criterion if there exists another level s' such that

Joms(t;8) > Ams(t; 57, for all £ > 0.

(ii) The severity (stress) level s is said to be dominated under the survival prob-
ability criterion if there exists another level s” such that

Fous(t;s') > F(t; s), for all £ > 0.

Otherwise, the severity (stress) level s is called non-dominated.

Theorem 9.7 Assume that q(z,s) is decreasing in z for each fixed s and is
decreasing in s for each z. Consider two stress levels s and s'. Let

q(u,s")q(v,s) — q(v,s")q(u,s) <0, for all u > v, (9.32)
which means that q(z,s")/q(z,s) is decreasing in z.

() If AM(t,21) <At z2),  21<22,Vz1,22 € [0,00],1>0,
then the severity level s is dominated under the failure rate criterion.
(11) U‘F(t7 Zl) Z F(I, Z2)a 21 <22, VZ] ,22 € [07 OO], t Z Oa
then the severity level s is dominated under the survival probability criterion.

Proof
(i) Similar to (9.24):

Sign[Ams(t;8") — Ams(t;5)]

= sign / / (At u) — A(t,v)) (s (u, )7y (v, 8) — (v, 8" ) s (u, 5) ) dudy.
0

>y

=O

Thus, if (9.32) holds, then
s (u, s )mg (v, s) — mo(v, ") mg(u, 5) <0,

which implies the result in (i).

(i)

Fos(t:s') — Fs(t:5) = o F f z,8)m )C(lu)dz S F f z,5)m c(lu)dz7
0 0
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and the corresponding numerator can be transformed to

\8

/ 7)) (F(t, ) — F(1,9))(a(,5)q(v, 5) — (v, )a(u, ))dudy.
0

Vv o

u

Therefore, if (9.32) holds, then

v

Fous(t;s') — Fps(t;5) >0, for all £ > 0.

Remark 9.9 Note that although the assumption that ¢(z, s) is decreasing in z for
each fixed s and is decreasing in s for each z is not used formally in the foregoing
proof, it represents some basic ‘physical properties’ of the model and should be
checked in applications.

Remark 9.10 In accordance with Remark 9.7, Theorem 9.7 means that the pop-
ulation quality (in terms of the failure rate or the survival function) is better after
the shock with severity s’ than after the shock with severity s.

Example 9.3 Consider the following illustrative discrete example. Suppose that
there are only three stress levels: sy, s, and s3(s; <s»<s3). Let g(z,81) =
0.2¢7%+0.6,4(z,52) = 0.6e7%+ 0.2, and ¢(z,s3) = 0.2¢7% + 0.2. Then ¢(z,s;) is
decreasing in z, for each i=1,2,3. Furthermore, for each fixed ¢z,
q(z,51) > q(z,52) > q(z,53) and in this way the condition for ordering the stress
levels (s1 <s <s3) is justified. Observe that

q(z,52) q(z,52)
q(z,51) and q(z,53)

strictly decrease in z. Therefore, as follows from Theorem 9.7, the stress levels s,
and s3 are dominated and, in this case, the stress level s, minimizes the failure rate
and maximizes the survival function after a shock. Thus s, is the optimal level.

Remark 9.11 Intuitively, it can be believed that a higher level of severity results in
a ‘better population’ but it is not always true as shown in this example. A similar
observation is true for the conventional burn-in in homogeneous populations when
the larger time of burn-in does not necessarily lead to a ‘better population’. In this
case, the shape of the failure rate (e.g., bathtub) plays a crucial role in the cor-
responding analysis.

Consider again the specific case (9.29). For convenience, and in accordance
with our reasoning, let us change the notation in the following way:

17 OSZSZv
q(z,5) = {0 P (9:33)
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where z; > zy if s > s, 5,5 € [0,00). Then we have the following corollary.
Corollary 9.3 Let the model (9.33) hold and fix s' > 0.

) If Mt,21) <At,22), 721<2z2,VYz1,22 € [0,00],t >0, then the severity level s
for Vs <s' is dominated under the failure rate criterion. That is,

Joms (58) > Ams(t;87), for all £ >0, for all s <s'.

(i) If F(t,z1) > F(t,22), 21<2,Y21,22 € [0,00],t>0, then the severity level s
for Vs <s' is dominated under the survival probability criterion. That is,

Fos(t; ') > Fpo(t;s), for all t > 0, for all s <s'.

Proof 1t is easy to check that condition
q(u,s"q(v,s) — q(v,s")q(u,s) <0, for all u > v,
is always satisfied for ¢(z,s) given by Relationship (9.33) for all s’ > s. O

It follows from this corollary that the better population quality (see Remark 9.7)
can be obtained by increasing s (formally, s — oo, but the level of severity is
always bounded in practice).

Remark 9.12 In Theorem 9.7, considering general form of ¢(z, s), it was assumed
that ¢(z, s")/q(z, s) decreases in z for some fixed s" and s. If we now assume that this
quotient decreases in z for all s’ > s, then, similar to the specific case of Corollary
9.3, the better population quality can be obtained by increasing s (s — 00).

Remark 9.13 1t should be noted that there is a certain analogy between describing
the usual burn-in for heterogeneous populations during a given time period and the
burn-in via shocks. It was shown in Finkelstein [10] that, if two different frailty
distributions are ordered in the sense of the likelihood ratio and inequality (9.20)
holds, then the smaller frailty implies the smaller mixture failure rate (the better
population quality after burn-in). In the case under consideration, Inequality (9.32)
can be also interpreted as the corresponding likelihood ordering of frailties after
the shocks with two stress levels s and s', respectively.

9.2.4 The Cost of Burn-in and Optimal Problem

In field operation, items are frequently required to survive a pre-specified time
period, which is called the mission time, 7. In this subsection, optimal severity of a
shock, which minimizes the average cost incurred during the burn-in and the
operation phase will be considered.
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As previously, a new component randomly selected from the heterogeneous
population is burned-in by means of a shock. If the first one did not survive then
we take another one from infinite heterogeneous population and burn-in again.
This procedure is repeated until we obtain the first component which survives
burn-in. Then this component is put into the field operation. Assume, first, for
simplicity, that the cost of conducting a single shock ¢, = 0. Denote by c; the
expected cost of the burn-in until obtaining the first item that has survived shocks.
It is clear that

c1 =0x (1 =P)+cyP(1 = P)+2¢,P*(1 — P) + 3¢y, P>(1 = P) + - -

P 9.34
:cS,P(l—P)(1+2P+3P2+~--)=1C‘_P, (534)

where ¢, is the shop replacement cost. Similarly, when ¢z # 0

csrP + ¢
=— 9.35

C1 1—p ( )
Obviously, this function increases when P increases in [0, 1). Note that P is now a
function of the stress level s, that is, P(s) [see definition (9.31), where p(z) should
be substituted by p(z, s)] and thus, in the following, ¢, in (9.34) and (9.35) should
be also understood as a function of s, ¢ (s).

Let:

The cost ¢,, is incurred by the event {7, <t} (Failure of the Mission);
The gain g, results from the event {7, > 7} (Success of the Mission).

Obviously, the expected cost during field operation is:

C2(S) = _ngms(T;S) + Cm(l - F;;zs(f§s))

= 7(gm + Cm>Fms(T; S) + Cm.

Therefore, the total expected cost function (as a function of the stress level s) for
the burn-in and the field operation phases is given by

c(s) = c1(s) + ca(s), (9.36)

where ¢;(s) is defined in (9.35). The values cy,cy,gm,Cn are assumed to be
known. Thus the corresponding optimization problem can be formalized as

s* = arg min c(s). (9.37)

It is worth noting that condition (9.28) can also be imposed as an additional
requirement for obtaining minimum of the total costs function.

Theorem 9.8 Suppose that

F([,Z])EF(Z‘,ZQ), ZI<Z2aVZ1aZZ S [0,00},[20.
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(i) If, for any sy > s1, q(u,52)q(v,s1) — q(v,$2)q(u,s1) <0, for all u>v, ie.,
q(z,52)/q(z,51) decreases in z for all s, > s1, then there exists the finite
optimal level s* <oo for the optimization problem (9.37).

(ii) If there exists so < oo such that for all levels s > s, the level s is dominated by
so under the survival probability criterion, then s* <s.

Proof

(i) Observe that ¢ (s) strictly increases in s with ¢;(0) = ¢, to ¢;(0c0) = oo and
c2(s) can be minimized by maximizing F,(t;s). If (z,52)/q(z,s1) decreases
in z for all s, > sy, then cy(s) strictly decreases for s > 0 since F,(t;s).
strictly increases for s > 0 by Theorem 9.7. But ¢(co) = oo and thus, s* <oo.

(i) If there exists sy <oo such that for all stress levels s > sy, the level s is
dominated by sy then it is obvious that ¢(so) < c(s), for all s > so. Therefore,

s*<s0. O

Assume now that the expected gain during field operation is proportional to the
mean lifetime of an item, which is also a reasonable assumption that is often used
in practice. Then the expected cost during the field operation, c;(s), is given by

o0

k/ mv t S dl‘ fO {fo lZ dl}q Z, ( )dZ

fo u)du ’

0

where k is the proportionality constant. It is obvious that if

F(t,21) > F(t,22), z1<2,Vz1,22 € [0,00],>0,

then

/F(I,Zl de > / t, Zz 721<22,V721,220 € [0, oo]
0 0

and, as in Theorem 9.8, the same result for optimal severity level s* can be
obtained (See also the proof of Theorem 9.7-(ii)).

If our goal is only to achieve minimum of ¢(s) and a shock can be made as
severe as we wish, then no further shocks are needed. However, if the shock’s
severity beyond certain level (that is usually defined by the physical processes in
the item subject to a shock) results in a non-negligible damage in the ‘survived’
item, then we cannot go above this level of severity and should consider an option
of performing additional shocks. Note that additional shocks in the framework of
the specific model (9.29) do not improve the quality of a population. This can be
easily seen by deriving Pg)' the probability of not surviving the second shock with
the same level of z,. Using (9.27) and (9.30),
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' [ q(z)n(z)dz
@_ [, = dn BT,
P = [ mice I a@rd

On the other hand, the general model (9.31) gives a positive probability of not
surviving the second shock (with the same level of severity p(z,s)) after an item
had survived the first shock:

o0

/stns dz_f0f0 ) Q(Z,)C(é)dz>

0

Therefore, when the high level of stress can negatively affect even those items that
had formally passed it (did not fail), we can perform a more ‘friendly’ burn-in with
a lower level of stress by increasing the number of shocks as opposed to the option
of one shock.

Denote the posterior density after the nth shock by 7\")(z), where 7\ (z) =
75(z). Then, (9.27) is generalized to:

2y~ 4'(@5)n()
; (Z)——foooqn(“)n(z) o’ (9.38)

meaning that for the given g(z,s), this density tends (in the sense of generalized
functions) to the ‘one-sided’ J-function (in the positive neighborhood of 0).
Therefore, if we assume that there is no penalty (cost) for additional shocks, then
obviously, we can reach the desired level of severity (the same as with one
‘unfriendly’ shock) with a finite number of shocks. This ‘multi-shock reasoning’
can be generalized to an extended model considering the relevant costs and the
corresponding optimal problem. In essence, as all shocks are applied in a relatively
short period of time, we are treating the sequence of shocks as one ‘aggregated’
shock.

In this case, the number of shocks can be considered as a measure of severity.
Let s; denote the level of severity with i shocks, i = 1,2,.. ., that is, for example,
at level s; only one shock with severity level s is applied; at level s, two con-
secutive shocks with severity level s are applied, and so on. Let
q(z,5:)(q(z,s1) = q(z,s)) be the item’s survival probability for this ‘multi-shock
structure’. Obviously, from (9.38), we have §(z,s;) = ¢'(z, ). As

EI(Za Si+1 )
— = 4q\Z,8
q(z,si) &s)
is decreasing in z, by Remark 9.12, we can conclude that the better quality of a
population can be obtained by monotonically increasing the number of shocks.

Using this property, similar results as in Theorem 9.8 can be obtained when the
corresponding cost structure is considered.
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Example 9.4 Consider the multiplicative model (9.26) with the constant baseline
failure rate A(¢,z) = zA. This is a real-life example as, e.g., many electronic
components have a constant failure rate which is varying from component
to component due to production instability, etc. Note that ‘traditional’ burn-in
(i.e., for the specified time) for these heterogeneous populations was usually
executed by the manufacturers especially when the items had to meet high reli-
ability requirements (e.g., for military field usage).

Assume for simplicity that Z is also exponentially distributed (it can easily be
generalized to the gamma distribution): Pr(Z <z) =1 —exp{—az}. It is well
known that the mixture failure rate in this case is

J dhexp{—zityn(z)dz 7

(1) = Jo exp{-zittn(z)dz  Ar+o

(9.39)

Consider a single shock defined by the specific p(z) given by Eq. (9.29) [it is just
more convenient for this particular example to use this parameterization rather
than the equivalent parameterization (9.33)]. In accordance with (9.27):

__q@mk) 1 {n(z), 0<z<z
Jo a@)n(z)dz [’ n(z)dz | 0, 7>z

1 n(z), 0<z

_H(Zb){ 0, z>2z

7s(2)

Therefore, simple integration results in

o zhexp{—zir}n(z)dz
N —zit d
o exp{—zit}n(z)dz (9.40)
A B 2 (At + o)
At exp{zp(At+ o)} —1)°
It can be easily seen that 1 — z,(Ar + o) /(exp{zy(4f + &)} — 1) is increasing in z,
from O at z, = 0 to 1 at z, = oo, for all fixed ¢t > 0. Note that the value at z, =0
should be considered only like a limit (which obviously does not belong to
admissible failure rates). Thus, when z;, — o0, (9.40) tends to the value defined by
Eq. (9.39). It is also clear that the general inequality (9.21) holds in this specific

case. It follows from (9.30) that the probability of not surviving a shock in this
specific case is:

/lms (ta Zh) =

oo

Pla) = [ )z = exp{-az)

b

In accordance with (9.36), the corresponding total expected cost function is

c(z) = c1(zp) + c2(2),
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where

_cgexp{—azp} + ¢
c1(z) = 1 —exp{—az}

and

_ [ zp(Au + o)
o) = ~Gon o) = [ 77 (1= iy 1) [ e
0

It is obvious that ¢ (z,) is decreasing in z;, and its limits are oo and ¢, at z, = 0 and
zp = 00, respectively. On the other hand, as 1 — z,(Ar + ) /(exp{zp (At + o)} — 1)
is increasing in z, from 0 at z, = 0 to 1 at z, = oo (for all fixed ¢ > 0), c2(zp) is
increasing in z, and its limits are —g,, and — (g, + c) exp{— [; 4/ (Ju + o)du} +
Cm, at 7, = 0 and z;, = 00, respectively.

Thus, in this case, ¢(z;) has its limit

T
Cs — (gm + Cm) expy — / )“/(;“u + oc)du + Cm-
0

Consider the following illustrative numerical values: 1= 1.0,0=0.1,¢, =
1.0,¢; = 1.0, g, = 300, ¢;, = 200, and 7 = 5.0. The corresponding graph is given
in Fig. 9.3.

It follows from Theorem 9.8 that there exists a finite optimal stress level
s* < oo, which implies that in our example there exists a positive optimal z,* > 0.
For the chosen numerical values, we have: z,* = 0.165 and ¢(z,*) ~ —19.63. This
result shows that for the given values of parameters the optimal stress level is
relatively large (z,*is small).

9.3 Burn-in for Minimizing Risks

9.3.1 Discrete Mixtures

In the previous sections, it was shown that under reasonable assumptions, shocks
will eliminate weaker items with larger probabilities than strong items, and in this
way the burn-in can be performed. The optimal severity of shocks for some
population quality measures was also studied. In this section, we will apply this
methodology to the shock burn-in that minimizes the risks of selecting items (from
heterogeneous populations) with poor reliability characteristics for important
missions or missions, where failures can result, e.g., in a substantial economic loss.
This type of burn-in can be beneficial when the ‘ordinary’ time burn-in does not
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Fig. 9.3 The function c(z;) e(z,)
200 g

100 |

EA

make sense (e.g., when the population failure rate is increasing), which will be
illustrated by relevant examples (see also [8]). In what follows, we implicitly
assume that shocks randomly occurring during ‘normal’ operation constitute one
of the main causes of failure. Therefore, a single shock of a larger magnitude under
the assumptions to be discussed can act as a method of burn-in.

Consider now the case of n = 2 subpopulations. For convenience, we repeat the
initial setting of Sect. 9.1. First, we describe the composition of our population.
Denote the lifetime of a component from the ‘strong subpopulation’ by T and its
absolutely continuous Cdf, pdf, and the failure rate function by F(¢), fi(¢) and
A1(t), respectively. Similarly, the lifetime, the Cdf, pdf, and the failure rate
function of a ‘weak’ component are Ty, F»(t),f2(t) and Ax(f), accordingly. We
define strong and weak subpopulations in the sense of the following failure rate
ordering:

Aa(t) > A (t), t>0. (9.41)

The initial (¢ = 0) composition of our mixed population is as follows: the pro-
portion of the strong items is 7, whereas the proportion of the weak items is 1 — ,
which means that the distribution of the discrete frailty Z with realizations z; and
Zp in this case is

l—n, z=2

n(z):{n, z=12

and z1, 2 (z1 <z2), correspond to the strong and the weak subpopulations,
respectively. The mixture (population) survival function is

Fu(t) = nF (1) + (1 — m)F2(2).

Then the mixture (the observed or the population) failure rate is

_afi(t) + (1 = n)fa(t)
) = e (= n);z(t)

= 1 () (1) + ma(1)ia (1), (9.42)
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where the time-dependent probabilities are

_ nFl(t)
TCF[(I) + (1 — TC)FQ(Z‘) ’

(1 =m)Fy(1)

(1) TR+ (1R

7'(2([)

(9.43)

We adopt the same assumption as in Sect. 9.1:

Basic Assumption 1 The more frail (e.g., with the larger failure rate during
‘normal’ operation) the items are, the more susceptible they are to be ‘killed’ by a
single shock of a larger magnitude (burn-in).

Burn-in is applied in the following way:

® Burn-in procedure by means of shocks. An item from our heterogeneous pop-
ulation is exposed to a shock. If it survives, it is considered to be ready for
usage, otherwise the failed item is discarded and a new one is exposed to a
shock, etc.

Let 74(z) denote the frailty distribution after the (burn-in) shock and let J,,(r)
be the corresponding mixture (observed) failure rate. Denote the probabilities of
failures caused by each shock for two subpopulations as:

P, =21,
2) = 9.44
p( ) {p27 Z=22. ( )
Then 7,(z), ms(f) and F (1) are defined as in Sect. 9.1 [see, e.g., Eq. (9.2)].
Consider now a simple motivating example, where the shock burn-in can be
effective, whereas the ordinary time burn-in will only decrease reliability char-
acteristics of items.

Example 9.5 Let A;(r) =0.3t+ 1, 1,(¢) = 0.6t +2 and © = 0.60. Then, obvi-
ously, A2(¢) > 4;(t), >0, and the mixture failure rate 4,,(¢) given in Fig. 9.4 is
strictly increasing. Therefore, the time burn-in should not be applied for this
heterogeneous population.

Let p; =0.1 and p, = 0.8 [see Eq. (9.44)]. Then the mixture failure rate
functions before and after (lower) the shock burn-in are given in Fig. 9.5.

Therefore, the shock burn-in improves the quality (reliability) characteristics of
this population.

In the following, we consider the problem of determining the optimal severity
of the shock burn-in for suitable measures of risk in operation. Denote the mag-
nitude of a shock by s € [0, c0]. Assume that the ‘strength’ of the component in a
strong subpopulation is a continuous random variable, which is denoted by U. By
‘strength’ we understand here the corresponding measure of resistance to a single
shock, i.e., if s > U, then the failure occurs. Let the Cdf, the survival function, and
the failure rate function of U are denoted by G(s), G(s), and r(s), respectively.
Similarly, let the strength of the component in a weak subpopulation be denoted by
Uw. Then, in accordance with our Basic Assumption 1, let
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Fig. 9.4 Mixture failure rate 4
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U>,Uy. (9.45)

Then Egs. (9.3) and (9.4) and the corresponding reasoning employed while
deriving these equations hold.

Let an item from our population be operable at time ¢ > 0 (in field operation).
Then, if this is a weak item, the ‘risk of instantaneous failure’ is larger than that for
a strong one. Therefore, a larger penalty (loss) should be imposed to the item with
a larger risk. This allows us to define the following “point loss” at time ¢ for the
subpopulation i:

Li(t) = g((ll(t))v i= 17 27 (946)
where g(-) is a strictly increasing function of its argument.

The following criterion of optimization of shock’s severity level stems from
definition (9.46):

Criterion 1 Find s* which minimizes

2 2

L(tls) =Y L(4i(1),0)ms(2:]0) = > g(4i(t))m(zi[0), for all £ >0.  (9.47)

i=1 i=1
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Observe that L(¢|s) in (9.47) corresponds to the mean loss at time 7 of an item
which has experienced the shock burn-in with the corresponding magnitude s.
Suppose that the subpopulations are ordered as in (9.41). Then, it is easy to see that
maximization of the proportion of the strong components, 7,(z;|0) = 7, minimizes
(9.47) for all £ > 0. Therefore, as follows from (9.45), the problem is the same as
maximizing

(1-G(s)n
(1=G(s)n+ (1= Glp(s))(1 = m)’

which is the same as finding s* that satisfies

Ty =

s* = arg i[nf | Jns (3 8), for all fixed ¢ > 0.
s€[0,00

The corresponding result can be found in Cha and Finkelstein [6]:

Theorem 9.9 [6] Let A,(t) < A»(¢), for all t >0. Then the optimal s* is the value
which maximizes R(p(s)) — R(s), where R(s) = [ r(u)du. In particular,

(i) If r(s) is increasing and p'(s) > 1, then s* = cc.

(i1) If%(s/;(m > 1, for s<sy, and W <1, for s > sg, then s* = s.
Consider now the second criterion. Let t be the usage (mission) time for our

components. Then, as the point loss varies during mission time, it should be

averaged, i.e., it should be integrated for the mission interval (and then divided by

the length of the interval) to measure the ‘overall risk’ during the mission. Thus, the

average loss during the operational interval for subpopulation i can be defined as

Jo Li(t)de _ Jo &(Zi(1))dt

i=1,2.

3

)

As the selection of a component from a heterogeneous population is made just after
the shock burn-in and the corresponding proportions after the burn-in are given by
74(z;|0),i = 1,2, the mean loss for our mixture population (after burn-in) is

(o) = S HAO00 gy - 3 TS o) (oay

Criterion 2 Find s* which minimizes ¥(s).

Similar to the optimization based on Criterion 1, as the subpopulations are
ordered in the sense of failure rate ordering, Theorem 9.9 could be also applied,
which is illustrated by the following example.

Example 9 Let A(f) = 1.2 —exp{—1.2¢} 4+ 0.01¢, 4»(¢) = 1.4 exp{—0.08¢} +
1.2+ 0.01z, with 7n=m(0)=0.80. Then A (#)>7(¢), >0 and the
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Fig. 9.6 Mixture failure rate 3.57

Fig. 9.7 W(s) P(s)
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corresponding strictly increasing mixture failure rate 4,,(¢) is given in Fig. 9.6. Let
the failure rate of G(s) be r(s) =exp{—s}+1,p(s) = /s5,0<s<1/2;p(s) =
s+ (1/v/2—=1/2)exp(0.5 —5),s>1/2. and t = 3. Then for g(x) = x?, ¥(s) is
given in Fig. 9.7. It can be numerically shown that there exists sy such that
% > 1, for s<sy, and w <1, for s > sp, and, as illustrated by

p
Fig. 9.7, there exists the finite optimal severity level (s* &~ 0.20). Note that, as the
failure rates are ordered, minimization of W(s) in (9.48) is equivalent to maxi-
mization of the proportion of the strong components, 7,(z;|0) = n;. Therefore, the
optimal severity in this case does not depend on the value of 7 and this is also the
optimal severity level for Criterion 1.

Note that the proportion of the strong subpopulation after the shock burn-in is
my =~ 0.86. (compare with 0.80 before burn-in). In addition, it can be shown
graphically that the mixture failure rate in this case has also been decreased for all
t>0, as in Fig. 9.5.
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9.3.2 Continuous Mixtures

As in the previous parts of this chapter, consider now the case of the ‘continuous’
mixing model for a heterogeneous population, i.e.,

o0

F,(1) :/F(t,z)n(z)dz,fm(t) = /f(t,z)n(z)dz, (9.49)
0

0

where F(t,7) = F(t|2), f(t,z) =f(t|z) are the Cdf and the pdf of subpopulations
indexed (conditioned) by the frailty parameter Z and 7(z) is the pdf of Z with
support in [0, o0) Then the mixture failure rate A,,(¢) is defined as in (9.15), (9.16).

As in the discrete case, let our subpopulations be ordered in the sense of the
failure (hazard) rate ordering:

Mt,z1) <At z2), z1<z,Vz1,22 € [0,00), t>0. (9.50)

We choose an item from a heterogeneous population at random (or alterna-
tively, our item is described by the unobserved frailty parameter Z). Thus, the
mixture (population) failure rate of this item is /,,(¢). Throughout this subsection,
similar to the Basic Assumption 1, the impact of a shock is described by the
following general assumption [6].

Basic Assumption 2 A shock either ‘kills’ an item with a given probability or
does not change its stochastic properties with the complementary probability. The
more ‘frail’ (e.g., with the larger failure rate during normal operation) an item is,
the larger is the probability that a single burn-in shock will ‘kill’ it.

As we implicitly assume that shocks during normal operation constitute one of
the main causes of failure, the above assumption can be justified. Note that,
clearly, the burn-in procedure is the same as in the discrete case. The described
setting can be defined probabilistically in the following way: Let 7,(z) denote the
pdf of the frailty Z; (with support in [0, 00)) after a shock and let 4,,(z) be the
corresponding mixture failure rate. In accordance with (9.49):

wns /‘/L t, Z un Z|t dz, (95])
0

where, similar to (9.50), 7,(z|¢) is defined by the right-hand side of (9.50) with 7(z)
substituted by 7,(z).

Let g(z) be “the survival probability” of an item with frailty z after the shock.
Then 7,(z) is [10]:

ny(2) = 2O (9.52)
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where, in accordance with Basic Assumption 2, ¢(z) is a decreasing function of z
and therefore, 7,(z)/7n(z) is decreasing [the denominator of (9.52) is just a nor-
malizing constant for the density]. That is, population frailties before (7(z)) and
after (m,(z)) a shock are ordered in the sense of the likelihood ratio (Sect. 2.8)

Z > 1rZ;.

Define the functions p(z) and g(z) as functions of the frailty variable z and the
severity parameter s € [0, 00), p(z, s), and g(z, s). Assume that ¢(z, s) is decreasing
in z for each fixed s and is decreasing in s for each z. Denote the corresponding
failure rate and survival functions by A,(;s), and F(t; s), respectively. Similar
to (9.52) and (9.50):

F(t,2)
f(;)o F(t7 U)TCJ(M,S)du'

n5(z,8) = , (2, 8)1) = 75z, 8) (9.53)

NN A\t it o7
Jo_ q(u, s)m(u)du
For this continuous mixture case, the criteria defined for the discrete case can
obviously be generalized as follows:

Criterion 1C Find s* which minimizes

L(tls) = / g(A(t,2))my(z, s)dz, for all £ > 0.
0

Criterion 2C Find s* which minimizes

Y(s) = / M - m5(z, 8)dz.
0

The following example illustrates the application of Criterion 2C.

Example 9.7 Suppose that A(t,z) = 0.1zexp{0.1¢} +0.027 + 1, and let Z be
exponentially distributed with parameter § = 0.5. For brevity, we omit the graph
showing that the mixture failure rate is strictly increasing in this case. Let
q(z,5) = 0.95¢7% +0.05, t = 3.0, and g(x) = x*>. Then P(s) is given in Fig. 9.8.

Thus the optimal shock severity is s* &~ 2.03. As in Example 9.6, the shock
burn-in in this case has decreased the mixture failure rate (we omit the corre-
sponding figure for brevity), which obviously cannot be attained by the ordinary
time burn-in, as the mixture failure rate of our population is increasing. The frailty
distributions before and after burn-in are given in Fig. 9.9.

It can be seen that the frailty density before the shock is much flatter allowing
larger proportions of items with higher failure rates (weaker).


http://dx.doi.org/10.1007/978-1-4471-5028-2_2
http://dx.doi.org/10.1007/978-1-4471-5028-2_2

346 9 Shocks as Burn-in

Fig. 9.8 Y(s) P(s)
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9.3.3 Optimal Shock Burn-in Based on Conservative
Measures

Sometimes, failures of items may result in catastrophic or disastrous events. For
example, failures in jet engines of aircrafts or those in gas safety valves may cause
fatal consequences. Similarly, failures during important missions can cause huge
economic loss. In these cases, we need to define some ‘marginal quality’ of the
population that describes in some sense the “worst scenario”. That is, if this worst
scenario quality is still acceptable then the quality of our population as a whole is
considered to be satisfactory. Thus, the marginal quality can be used as a con-
servative (safe) measure (or bound) for the quality of a population in such cases.

In this subsection, we consider the optimal burn-in procedure which optimizes
the conservative measures and modify the approach that was developed in Cha and
Finkelstein [7] (see also Sect. 8.3) for the time burn-in with respect to the shock
burn-in. Obviously, this refers only to the continuous mixtures case.

Denote by I (z, s), the conditional distribution function which corresponds to
7s(z, 5), defined in (9.53). Define the following measure:


http://dx.doi.org/10.1007/978-1-4471-5028-2_8
http://dx.doi.org/10.1007/978-1-4471-5028-2_8
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Jo(tls) = A(t, 2(als)), >0, (9.54)

where z(as) = inf{z : [1,(z,s) > a} and o is usually close to 1 (e.g., 0.9 or 0.95).
Thus, 4,(#|s) is the (residual) failure rate of an item after a shock with magnitude s,
which corresponds to the oth percentile z(«|s) of the conditional distribution of
frailty TI,(z,s). When o is close to 1, this operation describes the oth worst sce-
nario, which is the ‘ath worst subpopulation’ in the defined way. Based on the
above setting, we can define the oth worst mean remaining lifetime (MRL) of the
population after the shock burn-in with severity s:

o t

Mo = [ epl= [ dutuls)an)ar,
0

0
Therefore, the following criterion can be applied:

Criterion 3 Determine the optimal severity s* as the minimal severity s such that
M,(s) > m,, where m, is the MRL that corresponds to the ath worst scenario.

Implementation of this approach can be clearly seen while considering the
following meaningful example.

Example 9.8 Let the conditional failure rate and the mixing distribution be
A(t,z) = zand n(z) = Oexp{—0z}, respectively. It is well known (see e.g., [2] that
the mixture failure rate strictly decreases in this case. Let g(z,s) = e **), where
a(s) is nonnegative strictly increasing function with a(0) = 0 and lim,_,, a(s) =
oo. In accordance with (9.53):

[(z,5) = 1 — exp{—(0 + a(s))z}.

Then
2(ab) =~
and [see (9.54)]:
Jo(2]8) = —%, t>

The criterion for the shock burn-in is as follows: Find the minimum shock
severity such that, after burn-in, the mean (residual) lifetime of the lower (1 —
o) % quality of items is, at least, m. As the lifetimes are exponential (for the fixed
frailty), this MRL is, obviously,

M,(s) = 1/2(als) = —(0 + a(s))/ In(1 — a).
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Fig. 9.10 M,(s) for « =9, M (5)
0=1.0,a(s)=s 2

1.75 | e

1.25]

Letoo = 9,0 = 1.0 and a(s) = s. Then the corresponding linear function is given in
Fig. 9.10.

If, for instance, m = 1.25, then the corresponding minimum shock severity:
s* =~ 1.88.

The conservative measure (9.54) can be modified (generalized) to account for
the average of the lower (1 — o) % quality of items in the survived population after
the shock with severity s. Then, after the shock with severity s, the initial con-
ditional frailty distribution [which corresponds to 7(z) in (9.50)] for the items
whose quality is lower than (1 — o) % is given by

75(z, 5)
1 —«a

,2(afs) <z< 00,

where, as previously, z(«|s) = inf{z : [[,(z,s) > a}. Thus the conditional density
after time ¢ (in usage), which corresponds to n(z|f) in (9.51) is

(2, ) F(t,z
b= [5 Fr2) 5l de

(2, 51) ,2(afs) <z < o0,

Therefore, the mixture failure rate for the items in the survived population whose
quality is lower than (1 — o) % after the shock with severity s is obtained by

(|5, 0) = / A(t,2) Ty (2, 5]t)dz.
z(

ofs

N

Example 9.9 (Example 9.8 Continued) As z(o|s) = —In(1 —a)/(0 + a(s)) and

i T Ts (Za S) 1 0+ a(s) O+a(s)+i
F(t dz = . (1 = o) T
/ (7Z) 1 — o ¥4 (1—0() 0—|—a(s)+[ ( O() s
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we have,
ns(z, s F(t,
77:0((175“)E I(Z ) 00 F ( Z)71;(Zx)
— o L(a\v) F(t,z)5=7dz
_ Ota(s)+r
— (0+als)+1) - (1—2) 7o - exp{—(0+a(s) +1)z}.
Thus

ln(lfoc)_i_ | £>0
O+a(s) O+al(s)+t —

(s, @) = / At 2) (2, sl)dz = —

The criterion for the shock burn-in is as follows: Find the minimum shock
severity such that, after burn-in, the mean (residual) lifetime of the items whose
quality is lower than (1 — o) % is at least m. Then we have to obtain the MRL of
the items whose quality is lower than (1 — o) % after the shock burn-in at each
severity level s, which is given by

/exp —//lm(t|s, a)dr pdx,
0 0

Let =9,0=1.0 and a(s) =s and m = 1.25. Then it can be easily found
numerically that the optimal shock severity is s* = 2.47.

9.4 Burn-in for Systems in Environment with Shocks

Burn-in procedures are usually applied to items with large initial failure rate which
operate under static operational environment. Similar to previous sections, we
consider shocks as a method of burn-in, but in this section we assume that there are
two competing risks causes of failure—the ‘usual’ one (in accordance with aging
processes in a system) and environmental shocks. We also suggest a new type of
burn-in via the controlled (laboratory) test shocks and consider the problem of
obtaining the optimal level (severity) of these shocks that minimizes the overall
expected cost (burn-in + field use). Furthermore, also to minimize these costs, we
combine the conventional burn-in procedure with burn-in via shocks in one unified
model. We start with the general description of the basic stress-strength model. In
Sect. 4.7 and Sect. 4.10.3 we have already used some specific cases of this model
for discussing the operation of thinning of point processes and processes with
delay and cure.


http://dx.doi.org/10.1007/978-1-4471-5028-2_4
http://dx.doi.org/10.1007/978-1-4471-5028-2_4
http://dx.doi.org/10.1007/978-1-4471-5028-2_4
http://dx.doi.org/10.1007/978-1-4471-5028-2_4
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9.4.1 Strength—Stress Shock Model

In this subsection, we consider a rather general stress-strength shock model, which
will be used as an important supplementary result for considering burn-in prob-
lems of the subsequent subsections.

As in Chap. 4, consider a system subject to the nonhomogeneous Poisson
process (NHPP) of shocks N(¢),#>0, with rate A(¢) and arrival (waiting) times
T;,i=1,2,.... Let S; denote the magnitude (stress) of the ith shock. Assume that
Sii=1,2,... are iid. random variables with the common Cdf M;(s) =
Pr(S; <s) (My(s) =1 — My(s)) and the corresponding pdf my(s). Let U be a
random strength of the system with the corresponding Cdf, Sf, pdf, and FR
Gy(u), Gy(u), gu(u) and ry(u), respectively. For each i = 1,2, ..., the operable
system survives if S; < U and fails if S; > U, ‘independently of everything else’.

Let T be the lifetime of the system described above and r(¢) be the corre-
sponding failure rate function, which will be derived in the rest of this subsection.
Then the following theorem presents the formal and a more detailed proof of
Eq. (4.50):

Theorem 9.10 The failure rate function of the system lifetime r(t) is given by
r(1) = p(1)A(2), (9.55)
where

B R0 ) - sl
Jo~ exp{—=M;(r) [ A(x)dx}gu(r)

pt) =

Proof Observe that

P(T I|N() O<S<Z‘S1,Sz,...,SN(,))
= P(U > max{S;,S2,...,Svs»})

0/ gu(r)dr.

Thus,

n(/\(t))"

pr>n= [ (fj (M)
0

n=0

exp{—A(z )}> gu(rydr

exp{—(1 — M(r))A() }gu(r)dr

exp{—M;(r)A(r)}gu(r)dr

Il
S g O—


http://dx.doi.org/10.1007/978-1-4471-5028-2_4
http://dx.doi.org/10.1007/978-1-4471-5028-2_4
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where A(¢ fo u)du. The corresponding failure rate is
d
r(t) = falnP(T > 1)
_ Jo My(r) exp{—M;(r)A(t) }gu(r)dr - A(
f(fo exp{fM,« A(t)}gu(r)d

_Jo [ my(v)dvexp{— Mf(")A(t)}gU() r- At)
fo exp{ —M;(r)A(1) } gu
_Jo Joexp{=M;(r) [y A(x)dx} - g d"mf v)dv

J5-exp{ A )N(x)dx} o

O

The expression for p(7) is formally rather cumbersome, but it has a simple and
meaningful probabilistic meaning, which is shown in the following remark.

Remark 9.14 Observe that
P(T > t|N(t) = n,U = u) = P(u>max{S,S,,...,5,}) = (My(u))".
Thus,

P(T > 1,U > u) = / i(Mf(r))"—(f“S?dx> exp{_

n=0

S—__

/l(x)dx} - gu(r)dr

:\8
a
>
o
——
=
=
—
>
=
&
———
oQ
)
~~
=
o
=

and

P(U>ulT >1)= [ exp{=My(r) [y A(x)dx} - gu(r)dr

Jo” exp{=M; (r) Jo 2(x)dx}gu(r)
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Therefore, it can be seen that

p(t) = / P(U<v|T > t)my(v)dv. (9.56)
0

As U is a random strength of our system and my(v) is the pdf of the magnitude
of any shock, p(t) can be interpreted as the probability of a failure under a shock
that had occurred at time # given that it did not occur before. The important feature
of (9.56) is conditioning on the event 7 > ¢, which obviously has the Bayesian
interpretation via the updating of the distribution of the system’s strength. That is,
even though random strength does not actually change, its distribution (on the
condition that 7T > ¢) is updated as ¢ increases, which eventually yields a time-
dependent p(r). This conditioning was overlooked in Cha and Finkelstein [7],
which resulted in p = [ P(U <v)my(v)dv. Relationship (9.56) will be very useful
for our further discussion.

9.4.2 Optimal Level of Shock’s Severity

We consider a system (a component, an item) that operates in an environment with
shocks. Assume that in the absence of shocks, it can fail in accordance with the
baseline distribution Fy(¢) with the corresponding failure rate function ry(z). In
addition to this type of the ‘baseline’ failure, the environmental shocks can also
cause system’s failure. Assume that each shock, with probability p(¢) results in
immediate system’s failure and with probability ¢(¢) = 1 — p(¢) it does not cause
any change in the system. We use the same notation, as in (9.56), because p(t) in
(9.56) as an ‘overall characteristic’ can be also obviously interpreted in this way. If
the shocks follow the NHPP with intensity A(¢), then it is well known that the
survival function of the system for this setting is given by

t t

P(T > 1) =exp —/ro(u)du exp —/p(u)i(u)du

0 0
t
= exp —/ro(u)—i—p(u)}n(u)du ,1>0,
0

and thus the resulting failure rate is

r(1) = ro(1) + p(1)A(1). (9.57)
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Coming back to the burn-in setting, as in Sect. 9.4.1, we now further assume
that the magnitude (stress) of the ith shock S;,i = 1,2,... are i.i.d. random vari-
ables with the common Cdf M;(s) = Pr(S; <s) (M;(s) =1 — My(s)) and the
corresponding pdf my(s). For each i = 1,2, ..., the operable system survives if
S; < U and fails if S; > U, independently of everything else, where U is the random
strength of the system. When we apply the shock of the controlled magnitude s
during burn-in, this means that the strength of the component that had passed it is
larger than s, and the distribution of the remaining strength U, (given that the
strength is larger than s) is

Gy(uls) = PrlU<u|U > 5] =1 — G(u)/G(s),u > s.

Let T be the lifetime of the system that has survived the shock burn-in with the
controlled magnitude s. Then, in accordance with the discussion in Sect. 9.4.1 and
the result given by (9.55), the failure rate in (9.57) should now be modified to

r(t,s) = ro(t) + p(s, 1) A(t), (9.58)

where

pls,1) = Jo© Jo exp{=M;(r) [y A(x)dx} - gu(rls)drmy(v)dv
’ [ exp{—M(r) [o A(x)dx}gu(r]s)dr

I f7 exp{—y(r) p(x)dx} - gu(r)drmy(v)dv

J7 exp{ =My (r) Jy A(x)dx}gu(r)dr

and gy (u|s) is the corresponding pdf of Gy (uls), which is given by

(9.59)

)

0, ifu<s
sululs) = 8l iy > -
ul(s

Therefore, similar to (9.56), Eq. (9.59) can be written in a compact and a mean-
ingful way (via the corresponding mixture) as
o0
p(s,t) = / I(v € [5,00))P(Us <V|T > t)my(v)dv, (9.60)
0

where
[ exp{—M;(r) [y A(x)dx} - gU(r)dr.
[ exp{—M;(r) f(; Ax)dx} gy (r)dr

and the indicator /(v € [s,00)) accounts for the fact that after the shock burn-in
with magnitude s, the system’s strength with probability 1 is larger than s.

P(U;<v|T >1) =
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In order to justify the shock burn-in, we must show that p(s,7) in (9.59) is
decreasing in s for each fixed ¢. Thus, by increasing the magnitude of the burn-in
shock, we decrease the corresponding failure rate in (9.58). This property, which is
important for our reasoning, is proved by the following simple theorem:

Theorem 9.11 The function p(s,t) is strictly decreasing in s for each fixed t.
Proof Observe that

Sl ,
: (7" exp{=M;(r) J5 Ax)dx}gu(r)dr)

X [—exp{—Mf(s)//l(x)dx}gy(s)‘ /exp{—M/-(r)/l(x)dx}gu(r)dr

0 s 0

+exp{M,»(s) / z(x)dx}gu(s) - / exp{M/-(r) / l(x)dx}gy(r)dr:| <0.
0 0

K

This implies that P(U; <v|T > t) is strictly decreasing in s for all fixed v and ¢.
Observe that the indicator in (9.60) is also strictly decreasing in s for all fixed v.
Therefore, it can be concluded that p(s, 7) is strictly decreasing in s for each fixed 7.(]

Based on the new results obtained above, we now reconsider some of the
previous burn-in models.

An item is chosen at random from our population and is exposed to a shock of
magnitude s. If it survives, it is considered to be ready for usage, otherwise the
failed item is discarded and the new one is chosen from the population, etc. This
procedure is repeated until the first survived item is obtained. Let ¢, be the shop
replacement cost and ¢, be the cost for conducting a single shock. Let ¢ (s), as a
function of s, be the expected cost for eventually obtaining a component which has
survived a shock. Then

cs + ¢ G(5) cs + Cyr
C1 (S) == = —Cg = ’
G(s) G(s)

(9.61)

where 1/G(s) is the total number of trials until the first ‘success’.

Let K be the gain for the unit of time during the mission time. Then the
expected gain during field operation (until failure) is given by

o] t

co(s) =—-K /exp f/(ro(u)er(s,u))L(u))du dr

0 0

and the total expected cost c¢(s) is
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Fig. 9.11 Graph for c(s) c(s)
(Weibull G(s))
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efs) = e1(s) + ()
[e'e} 1
= —csr—l—csj_ Cr_k /exp —/(rg(u)—i—p(s,u)/l(u))du dr |,
G(s)
0 0

(9.62)

where p(s, u) is given by (9.59). The function ¢ (s) is strictly increasing to infinity
and c;(s) is strictly decreasing (Theorem 9.11) to —Ku,, where p, is the mean
time to failure, which corresponds to the distribution with the failure rate ry(z).
Therefore, there should be a finite optimal severity. Then, based on (9.62), the
optimal severity level s* that satisfies

s* =arg min c(s

gsE[O,oc] ( )

can be obtained.

In the following example, the strength of a system is described by the Weibull
distribution.

Example 9.10 Assume that Gy(u) = exp{—u’},u>0,M;(s) = exp{—6s},
s>0,A(t) = 1,t >0, and ro(¢) = 0.06r + 0.2, t > 0. Let ¢;, = 0.1,¢; = 0.01, and
K =8.0.

Optimal severity in this case is given by s* = 0.86 and the corresponding
minimum cost is ¢(s*) = —23.46 (Fig. 9.11).

Similar reasoning holds when our gain is defined by the success of the mission
during the fixed interval of time t. Let:

e The cost ¢, is incurred by the event {7, <t} (Failure of the Mission);
e The gain g, results from the event {7, > 7} (Success of the Mission).

Then the burn-in costs are the same as in (9.61), whereas the expected cost
during field operation, c¢,(s), is given by
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c2(s) = —gm (exp{— / (ro(u) +p(s,u)2(u))du}) + Cm( exp{—/ ro(u) + p(s,u) A ))du})
0 0
—(gm +cm) <6Xp{ — / (ro(u) + p(s, u)/l(u))du}) + Cp-
0

It is clear that c,(s) is strictly decreasing to

T

_(gm+cm) exp —/ro(u)du + Cm;,
0

and all further considerations are similar to those when the gain is proportional to
the mean time to failure.

9.4.3 Burn-in Procedure Combining Shock
and Conventional Burn-in

In this subsection, we will deal with the combined burn-in procedures considered
in Cha and Finkelstein [7] using the results of the previous subsections. We have
two possibilities: B(b, s), the strategy when the systems are burned-in for time b
(we will call it the ‘time burn-in’) and then the shock burn-in with severity s is
applied to the systems, which survived the burn-in time b, whereas the strategy
B(s,b) applies shock first and then the survived systems are burned-in for time b.
Unless otherwise specified, we assume that, during the time burn-in, the system is
also subject to environmental shocks (as in field usage). In Cha and Finkelstein [7],
the simple case of the homogeneous Poisson process of environmental shocks with
intensity / was considered, whereas in the current setting we are able to deal with
the general NHPP case. In fact, the shock intensity during time burn-in and that
during the field operation can be different. Let 2, () be the shock intensity at time ¢
from the starting point of the burn-in and 4,(r) be the shock intensity at time ¢ from
the starting point of the field operation. Then the overall intensity function is

Al ift<b
M’)_{Af(t—b), if 1> b,

where b is the burn-in time.

Let the assumptions and notation for the burn-in strategies under consideration
be the same as before. As for the conventional burn-in procedure, assume addi-
tionally that the burn-in cost is proportional to the total burn-in time with pro-
portionality constant cg.



9.4 Burn-in for Systems in Environment with Shocks 357

Consider first, the strategy B(s, b). Let h (s, b) be the expected burn-in cost for
B(s,b) and T; be the lifetime of the system that has survived the shock burn-in. As
our shock is of the fixed magnitude s, the corresponding survival function after the
shock, in accordance with (9.58), is

t

F(t) = exp —/(ro(u)er(s, u)A(u))du |,
0

where p(s, t) is defined in (9.59). Then, by similar arguments as those described in
Cha and Finkelstein [7], we have:

hi(s,b) = co ' =y (9.63)
‘ s

On the other hand, when our system is not exposed to environmental shocks during
the time burn-in, (9.63) changes to

f F_O( )d Cy + Cyr

) = e ) T Rmee)

where Fy(t) = exp( Jo rolu) du).
Con51der a gain proport10nal to the mean time to failure in field usage, as in
(9.62). Then the total expected cost ¢ (s, b) is

cils —¢ IFS()d Cy + Cyr ¢
1(5,0) = 2 *E@an "

o0
/exp —/ (ro(b+u) +p(s,b+ u)A(b+u))du pdt |,
0

(9.64)

whereas the substitution of F(¢) by Fo(¢) and assuming that 4,(¢) = 0 corresponds
to the case when there are no environmental shocks during the time burn-in.

As Cha and Finkelstein [7] did not take into account the existing dependence of
the distribution of strength on time, the failure rate that corresponds to (9.58) was
erroneously obtained as r(t,s) = ro(t) + p(s)A for A(¢) = A. In accordance with
this equation it was stated that “the failures due to shocks during the time burn-in
do not contribute to improvement of reliability characteristics in field use, but
increase only the cost of burn-in” as time burn-in does not decrease the second
term “p(s)A”. However, the following theorem shows that shocks during time
burn-in do contribute to improvement of reliability characteristics in field use.
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Theorem 9.12 The function p(s,t) is strictly decreasing in t for each fixed s.

Proof Observe that

Gl
—P(U;<v|T >1) =

1
o (# exp{fwr).jz(x)dx}gmar)z

X |:A(t)/Mf(r)exp{Mf(r)/i(x)dx}gu(r)d% /exp{Mf(r)/i(x)dx}gy(r)dr
s 0

0 s
v

{—M,(r) /A(x)dx}gy(r)dr . /Iexp{—Mf(r) /‘)v(x)dx}gy(r)dr:|.
0 0

+ A1) / M;(r) exp

s

The numerator of the above equation becomes

as My(r) is strictly decreasing in r. Therefore, P(U,<v|T > 1) is decreasing in

tand, due to the fact that

p(s,t) = / I(v € [s,00))P(Us <v|T > t)my(v)dv,
0

p(s,t) is strictly decreasing in 7 for each fixed s.
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Therefore, the second term of the failure rate in (9.58), p(s, t)A(z) is decreasing
in ¢ for each fixed s when A(¢) is nonincreasing. Or, even if A(¢) is increasing,
p(s,1)A(t) can be decreasing in 7 (for each fixed s) in some cases. Therefore, in this
sense, shocks during time burn-in do contribute to improvement of reliability
characteristics in field use.

Similar considerations can be used for describing the strategy B(b,s). Let
hy (s, b) be the expected burn-in cost. Then by similar arguments as those described
in Cha and Finkelstein [7]:

fé’ F(t)dt . 1 . 1
7o ) T o%e T Feon)

1
hy(s,b) == — Cyry 9.65
2(s,b) ) (co ¢ (9.65)
where

t

F(r) = exp| / (ro(u) + p(0, u)A(u))du

0

Note that just after time burn-in (before performing the shock burn-in), as follows
from Remark 9.14, the initial distribution of U is

[ exp{fll_/lf(r) fé’ )v(x)dx} - gu(r)dr
Jo* exp{ ~M;(r) Jy Ax)dx pau (r)dr

and, if we further perform the shock burn-in with the magnitude s, then the
resulting pdf for U is

Gy(u;b) = P(U > u|T > b) =

)

(O, : ifu<s
gu(usb : s
Gols)’ ifu>s
where gy (u;b) is the pdf which corresponds to Gy (u; b):
—_ b N
exp{—Mf(u) Jo A(x)dx} - gu(u)
gu(u; b) =

5 exe{ <My () Jy ) fu (r)ar
B exp{—ﬁf(u) It i;,(x)dx} - gu(u)

[ exp{ () Jy in()ax} o (ar
0

In accordance with (9.59), the failure probability at the ‘field use age’ ¢ is
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plbs,1) = S S5 exp{=Mi(r) fo r(x)dx} - gu(rs b)drmy (v)dv (9.66)

[ exp{—M;(r) fot Ap(x)dx} gy (r; b)dr

Finally, from (9.65) and (9.66), the total expected cost c,(s,b) is

1 Ji b F(t)de 1 1
b =55 (CO Of(b) ) eSS T Fwee)
-K exps — [ (ro(b+u)+p(b,s,u)A(b + u))du pdr
0/ 0/

Note that, p(b,s,u) (not p(s,b+ u)) should be used in c;(s,b) above. From
Theorems 9.11 and 9.12, it is clear that p(b, s, ) is strictly decreasing in both s and
t for each fixed b, respectively. By similar procedure as before (Theorem 9.12), it
can also be shown that the function p(b,s,1) is strictly decreasing in b for each
fixed s and r.

In Cha and Finkelstein [7], two stage optimization procedures for minimizing
the cost functions are discussed. Similar approach can be applied to the modified
results of the current paper. For example, for obtaining optimal (s},5}) which
minimizes, c;(s,b) defined by equation (9.64), we can follow the following
procedure:

1. Fix b >0, then find optimal s*(b) which satisfies

c1(s*(b),b) = 021300 c1(s, b), for fixed b > 0.

Note that, as c(s, b) is eventually increasing in s to infinity for each fixed b, such
s*(b) exists for all b.

2. Find optimal b* which satisfies

1 (s*(p7),b") = min ¢(s*(D),b).

0<b<oo

Then, finally, such (s*(b*), b*) is the optimal solution of the problem. However,
in this modified model, even if we assume that ry(¢) is the bathtub-shaped failure
rate with two change points #; and t,, #; is not necessarily the uniform upper bound
for the optimal burn-in time. However, if we assume additionally that ry(z) is
increasing to infinity after t,, there obviously should be the uniform upper bound
for the optimal burn-in time and the standard numerical procedures can be used for
obtaining optimal solutions in this case.
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Chapter 10
Stochastic Models for Environmental
Stress Screening

There are different ways of improving reliability characteristics of manufactured
items. The most common methodology adopted in industry is burn-in, which is a
method of ‘elimination’ of initial failures (infant mortality). As was mentioned
previously, the ‘sufficient condition’ for employing the traditional burn-in is the
initially decreasing failure rate. For example, when a population of items is het-
erogeneous, and therefore consists of subpopulations with ordered failure (hazard)
rates, it obviously contains weaker (with larger failure rates) subpopulations. As
the weakest populations are dying out first, the failure rate of this population is
often initially decreasing and burn-in can be effectively applied.

It should be noted that not all populations of engineering items that contain
‘weaker’ items to be eliminated exhibit this shape of the failure rate. For example,
the ‘weakness’ of some manufactured items can result from the latent defects that
can create additional failure modes. The failure rate in this case is not necessarily
decreasing (see Example 10.1), and therefore traditional burn-in should not be
applied. However, by applying the short-time excessive stress, the weaker items in
the population with increasing failure rate can be eliminated by the environmental
stress screening (ESS), and therefore the reliability characteristics of the popula-
tion of items that have successfully passed the ESS test can still improve. This is
the crucial distinction of this operation from burn-in. In fact, the formal difference
between the ESS and burn-in has not been clearly defined in the literature. In our
discussions, we understand the ESS as the method of elimination of items with
additional (nonconventional) failure modes, whereas burn-in targets elimination of
weaker items with conventional failure modes and it is effective only when the
population failure rate is initially decreasing. Another important distinction of the
proposed model from burn-in is that the ESS can also create new defects in items
that were previously defect-free.

Numerous stochastic models of burn-in have been intensively studied in the
literature during the last decades. Although some practical engineering approaches
to the ESS modeling were reported (e.g., [2, 4]), to the authors’ best knowledge,
there has been little research dealing with adequately advanced stochastic mod-
eling and analysis of the ESS.

M. Finkelstein and J. H. Cha, Stochastic Modeling for Reliability, 363
Springer Series in Reliability Engineering, DOI: 10.1007/978-1-4471-5028-2_10,
© Springer-Verlag London 2013
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In this chapter, we develop a stochastic model for the ESS, analyze its effect on
the population characteristics of the screened items and describe related optimi-
zation problems. We assume that, due to substandard materials of faulty manu-
facturing process, some of the manufactured items are susceptible to additional
cause of failure (failure mode), i.e., shocks (such as electrical or mechanical
shocks). We define the ESS as a procedure of applying a shock of the controlled
magnitude, i.e., a short-time excessive stress. In practice, for example, a shock can
be understood as a short-time electric impulse. For the ESS to be effective, the
corresponding magnitude should be reasonably larger than the magnitude of
shocks that occur in field usage.

Our modeling is within the framework of the general shock models. We will
consider two different types of ESS models in this chapter. In the first model, the
failure of an item occurs when the magnitude of the stress (shock) exceeds its
strength. The larger magnitude of the ESS shock (within ‘physical limits’) implies
the better reliability characteristics of survived items in field usage but at the same
time, the larger cost of the ESS as more items with defects are discarded. An
important feature of our model is that we assume that the item during field usage is
exposed to the point process of environmental shocks of an ordinary, not excessive
magnitude. These shocks can obviously destroy only defective items that have
passed the ESS or were induced by the ESS. In the second model, an external shock
can either destroy an item with a given probability or increase the ‘size of the defect’
by a random amount. We also analyze the effect of the ESS on the population
characteristics of the screened items and discuss related optimization problems.
We will extensively use the general stress—strength model described in Sect. 9.4.1.

10.1 Stress—Strength Type ESS Model
10.1.1 Stochastic Model for ESS

The description and assumptions of our model are as follows. During the manu-
facturing process, the items with the failure rate r(z) and the corresponding life-
time 7T (which is only due to ‘normal’ failure mode) and also the defective items
with the lifetime T, are produced. Let the proportion of the nondefective items be
7 and that of the defective items be 1 — 7.

The defective items, in addition to the normal failure mode of the nondefective
items, are characterized by a new additional failure mode. In this chapter, we
assume that this additional failure mode describes susceptibility to external shocks.
For example, consider the case when the normal (nondefective) items, in accor-
dance with specifications, should not be susceptible to electrical or mechanical
shocks. However, due to substandard materials or a faulty manufacturing process,
some of the produced items are susceptible to these shocks [4]. For instance,
during the manufacturing process, the items can be exposed to a strong electric
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shock and this shock may result in some defective items which are even sensitive
to electrical shocks of a ‘normal’ magnitude, whereas the nondefective items are
not sensitive to it [3]. Another example is when a small crack in a material of the
defective item is sensitive to mechanical impulses (e.g., vibration) in field use,
which eventually can result in its failure. Thus, we assume that shocks of a
‘normal’ magnitude also occur in field operation, and therefore the defective items
can fail due to this failure mode. On the other hand, the nondefective items do not
fail from external shocks of this type in field operation as they do not have the
corresponding failure mode.
In accordance with our description, the survival function of Ty is

P(Ty >1t) = exp{—/r(u)du}.
0

Let the two failure modes of the defective items be independent. Then, the
corresponding survival function is given by the competing risks model (series
system):

1

P(Tp > 1) = exp{— / Fu)du} - P(Ty > 1), (10.1)

where T is the lifetime that accounts only for the external shock failure mode.

Suppose that during the field operation, the external shocks occur in accordance
with the NHPP {N(z),¢ > 0} with rate A(¢). Denote by S; the magnitude (stress) of
the ith shock and assume that S;,i = 1,2, ... are i.i.d. random variables with the
common Cdf M(s) = Pr(S;< s) (M(s) =1— M(s)) and the corresponding pdf
m(s). The defective item is characterized by its random strength U, i.e., the
resistance ability to external shocks. Here, the strength is understood as the
‘maximum stress level that the defective item can survive’. The corresponding Cdf,
Sf, pdf, and FR of U are denoted by Gy(u), Gy(u), gu(u) and ry(u), respec-
tively. For each i = 1,2,.. ., the operable system survives if S; < U and fails if
S; > U, ‘independently of everything else’. Then, in accordance with Theorem
9.10, Eq. (10.1) reads now

t t

P(Tp > 1) = exp{— / F(u)du} - exp{— / p)i(wda},  (10.2)

where

p(t) = - . (10.3)
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From (10.2), we see that the lifetimes of the nondefective and defective items
are obviously stochastically ordered: Tp < Ty, where “ < ”denotes, as usual, the
failure (hazard) rate ordering of two random variables.

Denote the population lifetime by 7. As it consists of defective and nonde-
fective items with given proportions, the corresponding survival function is the
following mixture

F(t)=P(T > 1)
= mexp{— / r(u)du} + (1 — n) exp{— / r(u)du} - exp{— /p(u)/l(u)du}.
0 0 0
(10.4)

Thus, (10.4) defines the survival function of an item in field usage that is chosen
at random from the population of manufactured items.

In what follows, we will describe the impact of the ESS on the population
structure and on the corresponding population lifetime distribution. Therefore, we
must define first the ESS that we consider in this chapter.

ESS Process

During the ESS, all items are exposed to a single shock with the fixed magnitude s.
If the strength of a defective item is larger than s then it survives; otherwise it fails.
Depending on the magnitude s, a proportion of nondefective items, p(s),
0< p(s)<1, becomes defective, where p(s) is an increasing function of its
argument. The items failed during the ESS are discarded and only the survived
items are put into the field operation.

Thus the ESS, in principle, can induce defects. Furthermore, as those with
induced defects but not failed are not identifiable, they are also put into the field
operation.

Recall that shock’s magnitudes in field operation are i.i.d. random variables.
We assume that the corresponding mean is substantially smaller than the magni-
tude of stress allowed for the ESS (otherwise there is no reason to perform the
ESS). Therefore, the shocks in field operation can hardly ‘produce’ defective items
out of nondefective ones (or this effect is negligible). On the other hand, these
shocks can still destroy the defective item with a given strength.

Denote the population lifetime after the ESS with magnitude s by Tggs.

Theorem 10.1 Under the given assumptions, the population distribution and the
corresponding failure rate (after the ESS) are
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(1=p@)r
= p)a+ pl)a+ Gu()(1 =)

FE(LS) = P(TESS > l) = CXP{* / r(u)du} . (
0

t t

- riu)auy - €EXpy— u u)auy - p(S)n
repl [ s el [

Gy(s)(1 — )
(L= p(s)a+ pls)n + Gul)(1 1)’

+ exp{— / r(u)du} - exp{— /p(s7 u)A(u)du} -
0 0

(10.5)
and
Jet,5) = r(0) - =010y 4 pla)agey) - 20
> m(i)Fi(t) > 7()Fi(r)
- . = (10.6)
() + pls, ()] - 25 3_“) ,
;Mi)F,(t)
respectively.

Proof Observe that there are now three subpopulations after the ESS and we can
define the corresponding frailty variable Z:

(i) the subpopulation with nondefective items (Z = 1); (ii) the subpopulation
with defective items which were originally nondefective (Z = 2); (iii) the sub-
population with defective items which were originally defective but have survived
the ESS (Z = 3). Then, in accordance with our notation, the distribution of Z is
given by

o (1-p)

W =P =) = s s+ G )
IO p(s)m

T =P =D = et o+ Go) (=)

i _ _ _ GU<S)(1_7E)

B =P =) = o + o)+ Guo) (1 =)

Therefore,

Fi(t) = P(Tuss > 1|Z = 1) = exp{— / () du}
0
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and

t

t
F>(t) = P(Tgss > t|Z =2) = exp{— /r(u)du} -exp{— /p(u)i(u)du},
0 0
where p(7) is given by (10.3).

Derivation of P(Tgss > t|Z = 3) is not so straightforward. Indeed, it should be
taken into account that when we apply a shock of the controlled magnitude s
during the ESS, this means that the strength of the defective item that had passed it
is larger than s and, therefore, the distribution of the remaining strength U, (given
that the strength is larger than s) is

Gy(uls) =P(U< u|U > s) =1—G(u)/G(s), u > s.
Thus, the function p(¢) in (10.3) should be modified to

ffexp{ —M(r Oftl x)dx} - gu(r|s)dr m(v)dv

p(s,t) = < ——
J exp{—M(r) [ A(x)dx}gu(r|s)dr
0 0 (10.7)

MHg
w%<

exp{—M(r Oji x)dx} - gy (r)dr m(v)dv

b

T exp{=M(r) [ (x)dx}gu(r)dr

o o

where, gy(uls) is the corresponding pdf of Gy (u|s), which is given by

7lfu<S
gU(u|S):{ lfl/l>§‘

GU

Finally,

t

F;3(t) = P(Tess > t|1Z = 3) = exp{— /r(u)du} -exp{— /p(s, u)A(u)du}.
0

0

Therefore, Eqgs. (10.5) and (10.6) hold.
O
We will now discuss the effect of the ESS on the quality of the population after
the screening by comparing Fg(t,s) with the survival function without screening,
F(t) defined by Eq. (10.4). As the ESS in our model can create defective items,
theoretically in some cases this operation may have a negative effect on the
population of items.
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Definition 10.1 The severity (stress) level s is said to be inadmissible under the
survival function criterion if

F(t)> Fg(t,s), forall t> 0.

Otherwise, the severity (stress) level s is said to be admissible.

Obviously, the inadmissible severity levels should not be considered in the ESS
practice as reliability of items in field use is worse than that without the ESS in this
case. Note that the condition for the ‘admissibility’ in Definition 10.1 means that
F(t) <Fg(t,s) for some ¢ > 0 and not for all 7 > 0. However, for obvious practical
reasons, we are mostly interested in the latter case. The following definition
addresses this setting.

Definition 10.2 The severity (stress) level s is said to be positively admissible
under the survival function criterion if

F(t)<Fg(t,s), forall t > 0.

Theorem 10.2 (i) If p(s) < (1 — n)Gy(s), then this severity level s is positively
admissible under the survival function criterion.

(i) If p(s)n > n(1 — 1) + (1 — n)*Gy(s), then this severity level s is inad-
missible under the survival function criterion.

Proof Denote for convenience, () =r(t); (t) = r(t) + p(0)A(r); 23(t) =
r(t) + p(s,t)A(t). Note that Eq. (10.7) can be written in a compact and a mean-
ingful way as

= /I(v € [s,00))h(s, t,v)m(v)dv,
0
where

jexp{—M(r) j)(x)dx} -gu(r)dr
h(s,t,v) =~ 0 .

o0

[ exp{—M(r Oj,% Ydx}gu(r)

N

and I(-) is the corresponding indicator. Observe that, for all fixed ¢ and v,
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a%h(s, t,v) = ! 3
(f exp{—M(r { x)dx}gu(r) )
x {— exp{—H(s) / 2(x)dx}gu(s) / exp{—H(r) / Hx)dx} gy (r)dr
0 K 0

+eXP{—M(S)/)~(x)dx}gu(s)'/eXP{—M(r)/i(X)dx}gU(r)dr] <0,
0 0

5

for all s > 0. Therefore, the function p(s, t) is strictly decreasing in s for each fixed
t. This implies that p(s,7) <p(z), for all > 0 and s > 0. Thus we have the fol-
lowing failure rate ordering:

A(t) <As(t) <Ay (t), for all r >0, (10.12)
and accordingly,
Fi(t) > F3(t) > Fa(t), for all >0,

where F;(t) = exp{— [j Zi(u)du}, i=1,2,3. Observe that, in accordance with
(10.4),

F(t) =nF(t) + (1 — n)Fy(1),
whereas in accordance with (10.5),

Fe(t,s) = n(1)F1(t) + n(2)F2(2) + n(3)F5(1).

Therefore, if 7(2) + n

Fi(t,s) = F(t) > (n(1) = m)Fi(1) + [n (Z)F()+ﬂ(3)Fz(t)—(1—n)Fz(t)}
= (n(1) = m)Fi(1) = (x(1) = M)Fa(t) >
for all 7>0. The condition 7(2)+n(3)<l—=m 1is equivalent to

p(s)<(1 — n)Gy(s). This completes the proof of (i).
By a similar reasoning, if 7(2)>1-—=m, or equivalently,

—~

3)<1 — =, or equivalently, 7(1) > 7, then

~—

!

p(s)m>n(1 — 1) + (1 —)*Gy(s), then the severity level s is inadmissible
under the survival function criterion.
O
Remark 10.1
(i) The conditions in Theorem 10.2 do not imply the admissibility/inadmissi-
bility of the corresponding severity level under the failure rate criterion. That is,
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the condition #(2) + n(3) <1 — = does not imply Ar(t) > Ag(t,s), for all t > 0,
where Ar(f) is the failure rate which corresponds to F(z) defined in (10.4).

(ii) The failure rate ordering (10.8) will be important for our further reasoning.
This ordering implies that the quality of defective items improves after the ESS,
but they are still obviously ‘worse’ than the nondefective items.

Remark 10.2 The effect of applying two consecutive shocks with severity s during
the ESS can be also considered. After this type of the ESS, we also have three
subpopulations with failure rates 1;(¢) = r(z), A2(¢) = r(¢) + p(¢)A(t) and A3(¢) =
r(t) + p(s,t)A(t) and the corresponding proportions

7'5(2)( ) _ (1 — p(S))TE(l)

(1= p(s)n(1) + p(s)n(1) + [n(3) + Gu(s)n(2)]”
n<2)(2) _ p(s)n(1) _

(1= p(s)n(1) + p(s)n(1) + [n(3) + Gu(s)n(2)]”

10.1.2 Optimal Severity

In this subsection, we will consider the problem of determining the optimal
severity level (magnitude) of the ESS. Let 7 be the mission time of an item in the
field operation. If it does not fail during this time, then the mission is considered to
be successful. Thus, the probability of the mission success needs to be maximized
and we should find the optimal severity level s* that satisfies

Fg(t,s*) = max Fg(t,s).

Alternatively, let MRL(s) be the mean time to failure of an item in the field
operation as a function of s, i.e., MRL(s) = [,° Fg(t,s)dt. Then, the optimal
severity level which maximizes the mean time to failure should be obtained as

MRL(s") = max MRL(s).
s>

For defining the optimal severity, we should consider the admissible severity
class rather than the positively admissible class as we have to take into account all
admissible severity levels. It is often more convenient to describe the dual inad-
missible class. The following theorem provides the upper bound for the optimal
severity level that maximizes the mission success probability or mean time to
failure in field usage.
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Theorem 10.3 Suppose that p(co) = lims_.o p(s) > (1 — n) and let

so= inf {s: p(s)m > n(1 —m) + (1 - 7)*Gu(s)}.
Then the severity levels in (sg,00) are inadmissible. Therefore, sg is the upper
bound for the optimal severity level.

Proof From Theorem 10.2, the condition for inadmissibility is
p()r>n(l —m) + (1 — n)z(_;U(s).

Here, the function p(s)7 is increasing from 0 to p(oo)n, whereas the function
(1 —7) + (1 —n)’Gy(s) decreases from (1—7n) to n(l—m). Thus, if
p(oco)m > n(1 — ), or equivalently, p(co) > (1 —x), then there exists sp €
(0, 00) such that the severity levels in (so, 00) are inadmissible. Therefore, s is the

upper bound for the optimal severity.
O

Remark 10.3 1t is reasonable to assume that in practice, lim,_., p(s) = 1 and that
the proportion of the defective items (1 — =) is relatively small. Therefore, the
condition p(co) > (1 — ) can be satisfied in almost all practical cases.

Example 10.1 Let r(r) =0.1z, 1> 0, A(t)=1, 1> 0, m(s) =3exp{—3s},
s> 0, gy(u) =4uexp{—2u*}, u>0, n=0.7, t=4.0and

) = 0, 0< s<1,
PEI=11- exp{—0.05(s = 1)}, s>1

Note that the failure rate of the population distribution before the ESS, which is
obtained based on (10.4), is given by Fig. 10.1.

Therefore, as Ar(t) is increasing, the burn-in procedure should not be applied to
this population. On the other hand, as p(s) is strictly increasing for s > 1, there
exists a unique solution of the equation

Fig. 10.1 The graph of Ar(¢) A (1)

0.4} -
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Fig. 10.2 The graph of Fa(1,5)
Fg(t,9) i

= |

| 0.5
0.39 |

p(s)m = (1 —m) + (1 = n)’Gu(s),

which is the upper bound for the optimal severity level. Therefore, the ESS as a
method of elimination of defective items is justified in this case. Solving this
equation numerically results in sy /= 8.13. Therefore, it is now sufficient to search
for the optimal severity level in the interval [0, 8.13]. The graph of Fg(t,s) is
presented in Fig. 10.2. The optimal severity level in this case is s* ~ 1.08 and the
maximum probability of the mission success is Fg(t;s*) ~ 0.447.

Based on the foregoing results, we can consider now certain cost structures for
determining the cost-based optimal severity level. As previously, an item is chosen
at random from our initial population and is exposed to a shock of magnitude s
during the ESS. If it survives, it is put into the field operation, otherwise the failed
item is discarded and the new one is chosen from the population, etc. This pro-
cedure is repeated until the first survived item is obtained. Let ¢, be the shop
replacement cost (actually, it is the cost of a new item) and c; be the cost for
conducting the ESS. Let ¢(s), as a function of s, be the expected cost for even-
tually obtaining a component which has survived the ESS. Then

_atenll— {n+ (1= )Gy
n+ (1 —n)Gy(s) 7

c1(s)

where 1/[n + (1 — n)Gy(s)] is the total number of trials until the first ‘success’.

Assume that if a mission (of length 7) is successful (in field operation), then the
gain K is ‘earned’; otherwise a penalty C is imposed, where K > C > 0. Then the
expected gain during the field operation is

c2(s) = —KFg(t,s) + CFg(t,s) = —(K + C)Fg(t,s) + C (10.9)

and the total expected cost c¢(s) is



374 10  Stochastic Models for Environmental Stress Screening

(s) = e1s) + ex(s)
_ate[l—{n+(1- n)Gy(s)}]
T+ (1 —n)Gy(s)

(K + C)Fg(t;5) + C.

The objective is now to find the optimal severity level s* that satisfies

s =arg sér[(l){&] c(s).

Similar to Theorem 10.3, if p(00) = lim,_. p(s) > ; (1 — 7), then the optimal
severity level which minimizes c,(s) [maximizes Fg(z,s), as follows from (10.9)]
does not exists in the interval (sp, c0), where s is also defined by Theorem 10.3.
Furthermore, as c;(s) is strictly increasing to infinity, we can conclude that the
optimal severity level s* should exist in the interval [0, s¢].

Assume now that during field operation, the gain is proportional to the mean
time to failure. Therefore, the total average cost function in this case is

_ & teg[l=(1=m)Gy(s)] [ .
c(s) = ) KO/FE(t, )dr.

(1 —m)Gy(s

By the similar arguments, the optimal severity level s* should exist in the
interval [0, so].

10.2 ESS Model with Wear Increments
10.2.1 Stochastic Model

In this subsection, we develop a stochastic model for the shock and wear based
ESS. We assume that, during the manufacturing process due to substandard
materials or other faults some defective items with latent defects such as, e.g., a
microcrack may be produced. Such defective items are susceptible to failure from
mechanical or electrical shocks during field operation. Thus the defective items, in
addition to the normal failure mode of the nondefective items, are characterized by
a new additional failure mode. On the other hand, the nondefective items do not
fail from external shocks in field operation as they do not have the corresponding
failure mode.

Denote the lifetime of the nondefective items by 7y with the corresponding
failure rate r(f). In accordance with our description, obviously, the survival
function of Ty is defined by
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P(Ty >1t) = exp{—/r(u)du}.
0

During the field operation, the items are subject to the nonhomogeneous
Poisson process (NHPP) of ‘ordinary’ environmental shocks {N(z),t> 0} with
rate A(¢) and arrival times T;,i = 1,2, .. .. Let, on the ith shock, the defective item
fail with probability p(T;) (critical shock), whereas with probability ¢(7T;) it
increases the ‘defect size’ by a random amount W; (noncritical shock). In the
following, for convenience, we will loosely use the term “wear” (or degradation)
for the defect size as well. In accordance with this setting, the random accumulated
wear of a defective item at time ¢ in the field use is given by

Ny (1)

W)=Y Wi+ W,
i=0

where N, () is the number of noncritical shocks in [0, ) and Wy, > 0 is the initial
wear (defect size of the latent defect). Let R be the random boundary of the item
which follows an exponential distribution with parameter 0. The failure due to
wear occurs when the accumulated wear W(¢) reaches R. Let Tg be the lifetime in
the field use that accounts only for the external shock failure mode of defective
items (i.e., the lifetime without any other causes of failure). Then, as follows from
Eq. (4.4) and the reasoning in Sect. 4.1.2,

P(Tg > t) = expg — / (1 = My (—0)g(x))A(x)dx p,1> 0,
0

regardless of the distribution of Wy,. As there are two independent failure modes
for defective items—i.e., the normal failure mode described by r(f) and the
additional one due to external shocks, the survival function for the defective items
is given by the competing risks model (a series system):

t

P(Tp > 1) = exp{— / r(u)du} - P(Tg > 1)
0

:exp{—/r(u)du}-exp —/(l — My (—0)g(x))A(x)dx »,1> 0.
0

0

Let the proportion of the nondefective items be 7 and that of the defective items
be 1 — =, respectively. Denote the population lifetime by 7. Given the structure of
our population, the corresponding survival function is the mixture of survival
functions for the defective and nondefective items:
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t

F(t)=P(T > t) = mexp{— / r(u)du}

0

+ (1 —n) exp{—/r(u)du} ~exp{— / (1 —MW(—())q(x))A(x)dx},tz 0.
0 0

(10.10)

Thus, (10.10) defines the survival function in field usage of the item that is
chosen at random from the population of manufactured items.

In what follows, we will describe the impact of the ESS on the population
distribution. Therefore, we must describe first the ESS that we consider in this
chapter.

ESS Process

During the ESS, a shock with the fixed magnitude s is applied to all items (e.g., the
mechanical shock). The defective items immediately fail with probability o(s),
whereas with probability 1 — a(s) an additional wear with magnitude W; is
incurred, where o(s) is an increasing function and Wy is stochastically increasing
with s. Furthermore, depending on the magnitude s, a proportion of nondefective
items, p(s), 0< p(s) <1, becomes defective, where p(s) is an increasing function
of its argument. The failed items are discarded and only the survived items are put
into field operation.

For example, the mechanical shock during the ESS can be executed by the
dropping of an item from some height (the “dropping shock”), which can be
considered as the magnitude of the shock. Obviously, the assumptions for o(s), W
and p(s) are justified in this case. For instance, the larger height corresponds to the
larger wear W;.

We will now derive the population distribution in field use after the ESS.
Denote the corresponding lifetime by Tggs. In the following theorem, the distri-
bution of Tggg is obtained.

Theorem 10.4 The survival function of Tgss is given by

P(TESS > I) = FE(I, S)

t

= exp{f/r(u)du} =

0

(1 - p(s))m
p())m 1 p(s)m+ (1 — 2(s))P(R > Wy)(1 — )

+exp{— / r<u>du}-exp{— / (1 —MW<—e>q<x>>z<x>dx}
§ p(s)m + (1 — a(s)P(R > W)(1 - n)
(= pl)n+ pls)m + (1 — als))P(R > sWo)(I — )’
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and the corresponding failure rate is

i) = () LV ) 4wy 0pa(pacn) L0
S UOF() S UOF()
where
_ (1 p(s)n
V) = T ot o (1= () PR > W1~ )"
and

Y(2) = p(s)m+ (1 —a(s))P(R > Wy)(1 —n) |
(1= p()m+ p(s)m+ (1 — a(s))P(R > W,)(1 — )

Proof Observe that there are formally three subpopulations after the ESS and we
can define the corresponding frailty variable Z: (i) the subpopulation with
nondefective items (Z = 1); (ii) the subpopulation with defective items which
were originally nondefective (Z = 2); (iii) the subpopulation with defective items
which have survived the ESS (Z = 3). Then, in accordance with our notation, the
distribution of Z is given by

_ (1 - p(s))m
(1= p(s)m+ p(s)m + (1 — a(s))P(R > W,)(1 — m)”
p(s)m
(= p)+ P+ (1 - a(s) PR > Wy)(1 — )’
(1 —a(s))P(R > W,)(1 —n)
(= p)m+ p)m+ (1 — o(s) PR > Wy)(1 — )’

On the other hand, in field use,

1(2)=P(Z=2)=

n(3)=P(Z=3) =

F]( ) = P(TESS > I|Z = 1) p{*/\}”(lzt)dl/t}7
0
Fy(t) = P(Tgss > t|Z = 2) = exp{— / u)du} - exp{ / (I —Mw(— Q)q(x))/l(x)dx},
0

F3(t) = P(Tgss > t|Z = 3) = exp{— / u)du} - exp{ / (1 —Mw(— x))/l(x)dx}.
0
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Therefore, although there formally exist three subpopulations after the ESS, due
to the exponentially distributed boundary, we actually have two subpopulations.
Based on the above results, the population survival function in field use after the
ESS with magnitude s is given by the following mixture

Fi(t,s) = P(Tgss > 1) = Z W (i)Fi(r)

/ il ot
= PO+ PG+ (1= 2()PR > W) (1 = 7)

+ exp{— 0/ u)du} - exp{—o/ (1 — Mw(—0)g(x))A (x)dx}

(8))P(R>Wy)(1 —m)
1 —o(s))P(R> Wy)(1 —n)’

p(s)m+ (1 —oafs
= <s>>n+p<> +(

where
= (I —p(s)n
Y(1) = (1 —p(s))m+ p(s)m+ (1 — a(s))P(R > W) (1 — 1)’
and
Y(2) = p(s)T+ (1 —afs))P(R > W,)(1 — n)

(1= p(s))m+ p(s)m + (1 = als))P(R > W,)(1 — m)”

Then the corresponding failure rate is

/IE([,S)
> YA
e (LULIO N RCLAOR oy
S OF() R0
= ()LD o) 1 (1 = b (- 0q(e)) )] L2
2 V()Fi(1) ;‘//(i)Fi(t)

O

Therefore, due to the exponential boundary, the ESS in this case does not

essentially change subpopulation distributions but only changes the subpopulation
proportions.

We will discuss now the effect of the ESS on the quality of the population after

the ESS by comparing Ag(t, s) with the failure rate without the ESS, Ar(¢), that can

be defined by Eq. (10.10). Note that as the ESS in our model can create defective
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items and theoretically this operation may have a negative effect on the population
of items in some cases. Similar to Definitions 10.1 and 10.2:

Definition 10.3 The severity (stress) level s is said to be inadmissible under the
failure rate function criterion if

(1) < Ag(t,s), for all t > 0,

where A7 (1) is the failure rate which corresponds to F(t). Otherwise, the severity
(stress) level s is said to be admissible.

Obviously, the inadmissible severity levels should not be considered in the
application of the ESS. Note that the condition for ‘admissible’ is that
Jr(t) > 2g(t,s), for “some 7> 07, not “for all > 0”. However, for obvious
practical reasons we are mostly interested in the latter case. The following defi-
nition addresses this setting.

Definition 10.4 The severity (stress) level s is said to be positively admissible
under the failure rate function criterion if

Jr(t) > Ag(t,s), for allt > 0.

Theorem 10.5 If

1—p(s)—m=
(1 =m)(1 = afs))
then this severity level s is positively admissible under the failure rate function

criterion. Otherwise, this severity level s is inadmissible under the failure rate
function criterion.

> P(R > W), (10.11)

Proof Denote for convenience, M) =r(0); () = r(t) + (1 —
My (—0)q(1))A(1). Clearly, we have the following failure rate ordering:

21(t) <2a(2), for all t > 0.

Observe that

_ mF (1) (1 —m)Fs (1)
HO =40 E - oRe T RO 0 - 0Re
and
Ae(t,s) = Ai(1) -M+ (1) M

;l//(i) i(1) Y W(D)Fi(1)

i=1
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From this, it can be seen that both A7(7) and Ag(z,s) are the weighted averages
of A1(¢) and A,(¢) with corresponding weights, respectively. Thus, to compare
Ar(t) and Ag(t,s), it is sufficient to compare the weights which corresponds to
A1(2), i.e., if the first weight is greater, then the second one is smaller, and vice
versa. Note that

nfl(t) . 1
nFi(t) + (1 — n)Fa(2) 1_~_<1;n>28
and
Y(DF (1) 1
2 _ o 1+ 1=y B
ST(i)Fi(r) w(1) Fi()

Therefore, if Y(1) > 7, i.e., if
(1 =p(s)m
(= 6D+ p(0)7 + (1 — 2())PR > W) (1 = 7)

then Ar(¢) > Ag(t,s), for all r > 0. It is easy to show that the condition in (10.12)
can be reduced to (10.11).

>, (10.12)

O

Remark 10.4 (i) In the ESS model considered in this section, a level s can only be
positively admissible or inadmissible.

(i) The condition (10.11) implies the admissibility/inadmissibility of the cor-
responding severity level under the survival function criterion, i.e., F(t) <Fg(t, s),
for all ¢ > 0.

10.2.2 Optimal Severity

For further analysis, we need to describe a model for W, as a ‘function’ of the
shock’s magnitude s. It is reasonable to assume first that if s; <s, then W, < W,,.
Let s, be some ‘baseline severity level’ (e.g., s, = 1), with the corresponding
‘baseline distribution’ of W;, denoted by Go(w). Therefore,

P(W,, >w) = Gp(w), w> 0.

Then the assumption of the above stochastic ordering for W is equivalent to
assuming the following accelerated life-type model [1]:

P(W; > w) = Go(D(w,s)), w> 0, (10.13)
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where ¢(w,s) is a function with the following properties: it is decreasing in s for
each fixed w, it is increasing in w for each fixed s, ¢(w,0) = oo, for all w > 0,
¢(0,5) =0, ¢p(c0,s) = o0, for all s > 0. Furthermore, clearly, ¢(w,s,) =w,
w > 0. Therefore, (10.13) implies that if s; <s, then P(W;, > w) < P(W,, > w),
for all w> 0, which is, obviously, the usual stochastic ordering.

We will consider now the problem of determining the optimal severity level
(magnitude) of the ESS. Let t be the mission time of an item in field operation. If it
does not fail during this time, then the mission is considered to be successful.
Thus, the probability of the mission success needs to be maximized and we should
find the optimal severity level s* that satisfies

Fg(t,5") = max Fg(t,s).
s>0

Alternatively, let M(s) be the mean time to failure of an item in field operation
as a function of s, i.e., M(s) = fooc Fg(t,s)dt. Then, the optimal severity level s*
which maximizes the mean time to failure should be obtained:

M(s*) = gnf;gM(s).

It is clear that, for defining s*, we can consider only the positively admissible
severity class, as the other severity levels are inadmissible. The following theorem
provides the upper bound for the optimal severity level that maximizes the mission
success probability or mean time to failure in field usage.

Theorem 10.6 Suppose that p(co) = lim,_ p(s) > (1 — n) and let
50 = sigfo{s cp(s) > (1—n)}.

Then the severities in (sy,00) are inadmissible. Therefore, s is the upper bound
for the optimal severity level.

Proof From Theorem 10.5, the condition for inadmissibility is

l—p(s)—m=

T =) —als) < P(R> W),
which can now be stated in detail as
$)— (1 —mals) _ [ ~
) 2 0/ Go(d(r,s)0exp{—Or}dr.  (10.14)

The inequality in (10.14) can be restated as
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T (p(s) = (1= mals) e
0/( 1—n)(1 —als)) GO(Q{)(V,S))) O exp{—0r}dr> 0.

Observe that for all » > 0 and for all fixed s,

o)~ (L= mals) o pls) = (1= mals)
(—m( —afs) )2 i)

Therefore, for a fixed s, if

pls) = (1 - mals)
-0 —as) ="

or equivalently, if p(s) > (1 — =), then for this s the condition (10.14) is satisfied,
and accordingly this s is inadmissible. Note that p(s) is increasing and, by the
assumption in the theorem, p(oc) = lim_ p(s) > (1 — n). Hence, there exists
so € (0,00) such that sp = inf;>o{s: p(s) > (I — )} and thus the severities in
(0, 00) are inadmissible. Therefore, sy is the upper bound for the optimal severity.

U

Remark 10.5 Tt would be practically reasonable to assume that lim,_.., p(s) = 1
and the proportion of the defective items (1 — 7) is relatively small. Therefore, the
condition p(co) > (1 — =) is practically satisfied in almost all cases.

Example 10.2 Suppose that () = 0.1z, t>0, A(t) =1, t>0, 0 =1, Go(w)
=1—exp{-w}, w>0, s, =1, ¢p(w,s) =%, w,s>0, 1=0.7, afs) = 1-
exp{—s}, s> 0, 1=4.0 and

o= {0 0<s<l1
PE=01- exp{—0.05(s — 1)}, s>1.

Furthermore, p(¢t) = 0.1, 1> 0, and the ‘failure rate’ for W;’s is given by
Aw(w) =3, w> 0. In this case, My (—0) = 3/4 and

1

PR > W) =1~ [ ew(-") expl{-rjar =
0

As p(s) is strictly increasing, there exists a unique solution of the equation

p(s) = (1 —m),

and this solution is the upper bound, which is given by sy = —{In(0.9)/0.05}
+1 =~ 3.11. Therefore, it is now sufficient to search for the optimal severity level in
the interval [0, 3.11]., The graph of Fg(t;s) is given in Fig. 10.3.
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Fig. 10.3 The graph of Fe(r,s)
Fg(t,9) | -
_ it
0.42 | / -
1 2 3 4
/
0.38| /
0.3 |/

The optimal severity level in this case is obtained by s* = 1.52 and the max-
imum probability is Fg(t;s*) ~ 0.43.

Based on the foregoing results, we can also consider now certain cost structures
for determining the optimal severity level. As previously, an item is chosen at
random from our initial population and during the ESS it is exposed to a shock of
magnitude s. If it survives, it is put into field operation, otherwise the failed item is
discarded and a new one is chosen from the population, etc. This procedure is
repeated until the first survived item is obtained. Let ¢, be the shop replacement
cost (actually, it is the cost of a new item) and ¢, be the cost for conducting the
ESS. Let ¢;(s), as a function of s, be the expected cost for eventually obtaining a
component which has survived the ESS. Then

_ot e[l = {m+ (1 —as))P(R > W,)(1 — n)}]

ci(s) 4 (1 —a(s))P(R> W,)(1 — ) ’

where 1/{m + (1 — a(s))P(R > W;)(1 — =)} is the total number of trials until the
first ‘success’.

In field operation, assume that if the mission (of length 1) is successful, then a
gain K is given; otherwise a penalty C is imposed, where K > C > 0. Then the
expected gain during field operation (until failure) is given by

c2(s) = —KFg(t;5) + CFe(t;5) = —(K + C)Fg(t;5) + C (10.15)
and the total expected cost c¢(s) is

e(s) = e1(s) + eas)

ool —{n+ (1 —us)PR>W,)(1 —m)}] .
B n+ (1 —a(s))P(R > W,)(1 — ) (K + C)Fg(t;s) + C.

The objective is to find the optimal severity level s* that satisfies

s* = arg Sél[})irolo] c(s).
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Similar to Theorem 10.5, if p(co) = limy_,» p(s) > (1 — ) then the optimal
severity level which minimizes ¢, (s) (maximizes Fg(t;s), as follows from (10.15))
does not exist in the interval (s, 00). Furthermore, c(s) is strictly increasing to
infinity. Therefore, we can conclude that the optimal severity level s* should exist
in the interval [0, sp].

Assume now that during field operation, the gain is proportional to the mean
time to failure. Therefore, the total average cost function in this case is

Cetell—fn (1 —as)PR>W)(1-m} [ "
cls) = 7+ (I —a(s)P(R > W,)(1 —n) K/FE’

By the similar arguments, the optimal severity level s* should exist in the
interval [0, so].
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