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Supervisor’s Foreword

In the last 30 years, cosmology has witnessed much progress mostly spurred by a
positive interplay between theoretical developments and observational discoveries.
Thanks to high-precision data such as the cosmic microwave background aniso-
tropies, we have been able to reconstruct the evolution of the universe and of the
structures that we observe today with an exquisite accuracy. For instance, we know
that large-scale structures formed by the gravitational collapse of dark matter
around some small initial inhomogeneities. According to our current understanding,
the initial seeds of these inhomogeneities were generated during inflation, an early
universe phase characterised by an accelerated expansion, triggered by the vacuum
energy of a scalar field. The quantum fluctuations of this field, converted into
density perturbations, are imprinted in the observable sky. By studying their sta-
tistical distribution we have been able to confirm inflationary predictions. Despite
these confirmations, inflation remains a paradigm awaiting for a convincing proof
and lacking robust connections with know high energy physics.

Even more mysterious, the current accelerated expansion of the universe, dis-
covered in 1998, has triggered enormous interest in both the communities of
observational cosmologists and theoretical physicists. The simplest explanation, a
cosmological constant is consistent with observations. However, given the theo-
retical difficulties traditionally associated to this possibility, most of the efforts
of the scientific community are now devoted to rule it out. Alternatively, the
acceleration may be due to some dynamical component called dark energy or to
some modification in the laws of gravity on very large scales. Many models have
been proposed, each of them leading to specific effects on the evolution of struc-
tures formation. As for inflation, the knowledge of the statistical properties of the
large-scale structures and their evolution may be critical to help to better understand
the origin of the current acceleration. For this reason, the major science agencies are
currently planning large field cosmic surveys. The main scientific driver of these
ground based and space telescopes is a precise determination of the statistical
properties of the cosmic fields and their evolution, with the primary goal of con-
straining dark energy and the origin of cosmological perturbations.
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Jérôme Gleyzes started to work on his Ph.D. thesis in this scientific context. He
first focused his research on bridging theoretical models of dark energy with
observations. It should be emphasised that the number and variety of proposed
models of dark energy and modified gravity is rather impressive, which represents a
challenge for future observations. Jérôme developed an approach to characterise
most models in a unified way, in terms of a few number of parameters corre-
sponding to particular observational effects on cosmological scales. This is based on
the construction of a general theory of cosmological perturbations around a cos-
mological background in terms of all possible Lagrangian operators satisfying
certain symmetries, dictated by the class of models under consideration. This
approach has rapidly become popular in the scientific community under the name of
effective field theory of dark energy and will likely play an important role in years
to come in attempts to constrain deviations from general relativity on cosmological
scales.

In developing this approach, to avoid models with instabilities Jérôme restricted
to the quadratic operators leading at most to two derivatives in the equations of
motion for the propagating degrees of freedom. However, he discovered that the
quadratic operators satisfying these properties were one more than those needed to
describe the so-called Horndeski theories. This came as a surprise, because such
theories, developed by Horndeski in the seventies and recently rediscovered, were
long believed to be the most general ones being free from dangerous instabilities.
By completing the Lagrangian of the quadratic operators at the full non-linear level,
he was able to construct theories beyond Horndeski. These theories allow higher
derivatives in the equations of motions. However, due to their degeneracy they only
contain propagating degrees of freedom whose order of derivatives is never higher
than two, as required for a healthy theory without instabilities. This discovery led to
a very rich activity in the literature, with many studies of the phenomenological
consequences of theories beyond Horndeski and several theoretical developments
on their extensions.

In 2014, triggered by the exciting—but unfortunately incorrect—conclusions
that the BICEP2 telescope had observed primordial gravitational waves from
inflation, Jérôme turned to the study of inflationary predictions. As I mentioned
above, current observations confirm inflation. However, incontestable evidence
could only come from observing primordial tensor modes. In this context, Jérôme
demonstrated that the predictions for the gravitational wave spectrum from inflation
are completely robust. In particular, despite some claims in the literature, he showed
that it is not possible to alter the standard predictions of inflation by modifying the
speed of propagation of tensors. In contrast to what happens for scalar fluctuations,
a scale-invariant spectrum of tensor fluctuations can only arise in inflation. Thus,
the measurement of the gravitational wave amplitude would unambiguously
determine the energy scale of inflation.

Finally, the last part of the thesis is devoted to the so-called consistency rela-
tions, relations between correlation functions of the cosmic fields (e.g. the dark
matter density contrast or the galaxy number density), valid in the limit in which
one of the wavelength modes is much longer than the others. These relations are
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non-perturbative for the short-scale modes; in other words they automatically
incorporate short-scale baryonic effects and the bias between galaxies and dark
matter. For this reason, they can be employed as a test of standard cosmology.
Moreover, Jérôme showed that since they are based on the equivalence principle,
their breaking can be used to test the presence of a fifth force, which arises in some
modified gravity models.

In conclusion, Jérôme’s thesis covers many aspects of modern cosmology. It
provides an innovative and pedagogical introduction to each of them and contains
cutting-edge results, rare to be found in a unique research manuscript. It should be
clear that Jérôme’s research has already made a large impact in the community and
will surely continue to do so in the future.

Gif-sur-Yvette, France Dr. Filippo Vernizzi
April 2016
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Chapter 1
Introduction

I feel particularly lucky to have been working on my Ph.D. at such an exciting time
for cosmology. With the fantastic results of the Planck mission [1], our picture of the
Universe and its history has become much clearer. The precision of these observa-
tions, as well as that of future large scale structure missions such as EUCLID [2] and
LSST [3], has also highlighted the challenges that cosmology faces. One of them
is that theorists need to build efficient ways to compare theory and observations to
say anything quantitative about potential deviations from the standard model of cos-
mology, �CDM (for �, cosmological constant, + Cold Dark Matter). Secondly, to
make sure no theoretically consistent model is overlooked, the conditions to have
stable theories need to be further investigated. After reviewing briefly the basis of
cosmology1 and the problem of dark energy, I will go into details on the work I’ve
conducted, which was motivated by these two ideas. For a more detailed introduc-
tion to cosmology and dark energy, the reader is referred to Scott Dodelson’s book
[4], or to shorter reviews [5, 6]. You can also find online [7] the notes from Daniel
Baumann’s lectures on cosmology at Cambridge.

1.1 The Homogeneous Universe

InAstronomy, there does not seem to be a privileged direction in space: when looking
up at the sky, stars are found in every direction (at least in a statistical sense). Based
on this observation, we can deduce that, from our place in the Universe, it appears
isotropic. We can then reach two conclusions; either we are in a special place of
the Universe, or the Universe is isotropic from every point. Since Copernicus and
Galileo, we have been used to the fact that the Earth is not a special place. Thus,
it is on the second conclusion that cosmologists base their study of the Universe.
We can thence go one step further, because if the Universe is isotropic from every

1A brief introduction to the theory of inflation will be presented in Sect. 4.1.

© Springer International Publishing Switzerland 2016
J. Gleyzes, Dark Energy and the Formation of the Large
Scale Structure of the Universe, Springer Theses,
DOI 10.1007/978-3-319-41210-8_1

1

http://dx.doi.org/10.1007/978-3-319-41210-8_4


2 1 Introduction

Fig. 1.1 Map of the CMB. The colder parts (blue) differ from the hotter (red) by less than 1 part
in 105. Credit ESA and the Planck Collaboration

point, it is also homogeneous. This hypothesis was later confirmed by the discovery
of the Cosmic Microwave Background, a 2.725K blackbody radiation relic of the
early Universe [8], which is highly homogeneous, as illustrated in Fig. 1.1.

On such large scales (much bigger than e.g. the galaxy), the only force that is
relevant is gravity. Therefore, the theoretical framework thatwewill use in cosmology
is Einstein’s theory of General Relativity (GR). The reader is referred to textbooks
on General Relativity, such as [9, 10], or Sean Carroll’s notes [11], for more details.
One of the key ingredient in GR is the metric, the 4-D tensor gμν , that describes how
distances are measured in the Universe. Einstein’s field equations then relates this
metric (more precisely, its derivatives) to the energy content of the Universe, hence
the common saying that in GR, matter “curves” spacetime, which then affects how
test-particles move in this spacetime.

1.1.1 The Friedmann-Lemaître-Robertson-Walker Metric

In the 1920s, both Alexander Friedmann [12] and George Lemaître [13] indepen-
dently found a metric for a homogeneous, isotropic Universe. Later, Howard Robert-
son [14] and Arthur Walker [15] proved that this metric was in fact the only solution
for such a Universe. The line element (i.e. the infinitesimal distance measure in four
dimensions) for this metric is :

ds2 = gμνdxμdxν = c2dt2 − a2(t)

[
dr2

1 − κ r2
+ r2(dθ2 + sin2 θdφ2)

]
. (1.1)
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Here, κ ∈ (−1, 0, 1) depending whether the spatial part of the Universe is, respec-
tively, negatively curved, flat, or positively curved. a(t) is the scale factor, which
characterizes the expansion/contraction of the Universe.

It follows from (1.1) that even if two objects are at a constant dr , the distance
between them increases because ofa(t). Indeed, (r , θ andφ) are spherical coordinates
called comoving, because they “move along” with the expansion of the Universe. A
famous (and useful although not entirely perfect) analogy to this consists of raisins in
a pudding being baked. As the dough expands, the raisins move alongwith it, without
having a movement of their own. Their comoving coordinates are not changing, but
only the equivalent of a(t).

1.1.2 Comoving Distance and Redshift

How can one then determine the comoving distance? One can use a photon which
would travel from a distance r to an observer at the origin (since the Universe is
isotropic at every point, the origin can be chosen freely) between temit and tobs.
Photons travel along geodesics ds = 0, thus (1.1) gives:

c dt = ±a(t)dr . (1.2)

Since the photon is traveling towards the origin, one has to choose the negative
sign. Therefore :

r = c
∫ tobs

temit

dt

a(t)
. (1.3)

Moreover, repeating the same calculation for a photon from r emitted at temit +
δtemit and received at tobs + δtobs one finds that

∫ tobs

temit

dt

a(t)
=

∫ tobs+δtobs

temit+δtemit

dt

a(t)
, (1.4)

in the limit where the frequency ν of the photon is much smaller than tobs − temit,
one can take δt = ν−1, which leads to a(temit)νemit = a(tobs)νobs. Using λν = c and
defining the redshift z = (λobs−λemit)

λemit
one obtains that:

a(temit)

a(tobs)
= 1

1 + z
. (1.5)

This is a very important result because it links the scale factor to an observable
quantity, the redshift z.
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1.1.3 The Friedmann Equations

Having the form of the metric, one needs to apply Einstein’s field equations of
General Relativity (GR) to actually describe the dynamics of the Universe. These
equations link the derivatives of the metric gμν to the energy-momentum tensor of
the Universe, Tμν

Gμν + �gμν = 8πGTμν . (1.6)

Here, Gμν is the Einstein tensor, which characterizes the curvature of Universe
(see [11] for the exact definition), � is the cosmological constant which appears
from mathematical considerations, and G is the Newtonian gravitational constant.
Under the assumption that the Universe is homogeneous and isotropic, Tμν is the
energy-momentum tensor of a perfect fluid, of density ρ(t) and pressure p(t), and
takes the following form

Tμν =
(

ρ(t) + p(t)

c2

)
uνuμ + p(t)gμν , (1.7)

with gμν the metric tensor and uμ the velocity four-vector.2 Friedmann showed in
1922 [12] that combining the metric from (1.1) with (1.6) yields two independent
equations, which are now named after him,

H 2(t) = 8πG

3
ρ(t) − k

a2(t)
+ �

3
, (1.8)

ä(t)

a(t)
= −4πG

3
(ρ(t) + 3p(t)) + �

3
, (1.9)

where H = ȧ
a . The conservation of the energy-momentum tensor3 gives a third

equation related to the two previous ones,

ρ̇(t) = −3H(t)(p(t) + ρ(t)) . (1.10)

If the Universe is composed of different fluids, labelled i , then ρ = ∑
i ρi and

p = ∑
i pi . In order to simplify those equations, people usually define ρcrit = 3H 2(t)

8πG ,
�i = ρi

ρcrit
, andwi (t) = pi

ρi
. In (1.8) and (1.9) the �-term has been moved to the other

side of the equation and is considered as one of the fluids composing the Universe,
with ρ� = �

8πG and T ′
μν = Tμν + ρ�gμν . For the new fluid to satisfy (1.9), one has

to set p� = −ρ�.

2In the rest of this thesis, unless specified, we take c = 1.
3This results from the invariance of the matter action under coordinate transformations, as we will
see later in Sect. 2.5.3.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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1.1.4 Observations and the Discovery of Dark Energy

In order to see how far a source is, one starts bymeasuring howmuch known spectrum
lines of the source are redshifted. Once calibrated with sources which have known
distances (e.g. sources with known intrinsic luminosities), astronomers can have
access to the distance of the source. This distance redshift relation is crucial, as it is
one of the few ways to measure the distance of very far objects.

However, as seen in the previous section, the redshift is linked to the scale factor,
whose dynamics is dictated by theFriedmannequations. Thus, different cosmological
models will give a different distance-redshift relations, which can then be compared
to the actual data. The luminosity distance rL(z) is defined as r2L(z) = L

4πl , where L
is the intrinsic luminosity and l is the apparent luminosity, the one actually measured
by an observer. This distance can be related to the geometry (and cosmology) through

rL = (1 + z) ×

⎧⎪⎨
⎪⎩

sinh r if κ = 1 ,

r if κ = 0 ,

sin r if κ = −1 ,

(1.11)

where κ is the spatial curvature in Eq. (1.1) and r is given in Eq. (1.3).
Traditionally, astronomers usemagnitudes instead of luminosities, and they define

the distance modulus μ as:

μ = m(z) − M = 25 + 5 log10

(
rL
10pc

)
. (1.12)

where m is the apparent magnitude, and M the absolute magnitude of the source
and pc means parsec.4

The problem is that, to compute the distance modulus, one needs to know the
intrinsic luminosity of the source. There is one candidate that has been found : Type
Ia Supernovae (SN Ia). Those sources are the result of the explosion of dying stars.
They don’t always have the same luminosity, but they have a characteristic light curve
(i.e. the luminosity as a function of time after the explosion): the faster they fade,
the fainter the were. By calibrating this relation, one can have access to the absolute
magnitude [17]. Using these standard candles, astronomers ([18–20]) found that the
simplest model which best fitted the observations was a flat universe filled with
non-relativistic cold matter and a non zero cosmological constant, see Fig. 1.2.

Nevertheless, there is no observation of these candles for redshifts higher than� 2.
To probe at higher redshift, another standard ruler for the distance-redshift relation
can be found in the CMB. Indeed, there must have been small inhomogeneities in
the matter distribution just after the Big Bang, otherwise, there would not be the
large scale structure seen today. Those overdensities gravitationally attracted more
matter. However, before the Universe cooled down to below 3000 K (recombination

41 parsec (pc)= 3.1 × 1016m = 3.3 lightyears (ly).
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Fig. 1.2 The distance modulus of Eq. (1.12) as a function of redshift. The solid line represents
the best-fit cosmology for a flat �CDM Universe for supernovae alone. Credit Suzuki et al. [16]
c©AAS. Reproduced with permission

epoch, z � 1100), photons interacted tightly with baryonic matter. Thus, overdense
regions for matter were also overdense regions for photons, and the pressure from
the compressed photons resulted in an outward force on the baryons, expulsing them
with a determined velocity. As the Universe expanded and cooled, photons stopped
interacting with baryons, and the baryonic waves stopped expanding, imprinting a
characteristic length scale χ on the Universe at the recombination epoch, i.e. on the
CMB [21]. This length scale, known as the BAO (baryon acoustic oscillations) scale,
appears in correlation functions of the density field (such as the power spectrum, see
Fig. 1.3, where the oscillations are due to the BAO) and can be compared to the
one computed from acoustic physics. This is why the CMB gives us the angular
distance dA = χ


θ
at z � 1100 [22]. This dA can also be related to cosmology since

dA = rL/(1 + z)2.
Combining these different probes yields likelihood contours in the (�m,0,��,0)

map, overlapping at ∼ (0.3, 0.7), shown in Fig. 1.4.
This is why the �CDMmodel is also called the concordance model (see [22] for

the value of the parameters). However, this model may be in good agreement with
the Supernovae Ia data and CMB, but there are still problems with it :
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Fig. 1.3 Power Spectrum (i.e. the variance) of the fluctuations in Fig. 1.1, which are proxies for
the matter overdensities discussed above, as measured by Planck [22]. It is plotted as a function
of the multipole moment l (high l’s correspond to small angles in the sky). The red dots are
the measurements and the green is the best-fit �CDM prediction. Credit ESA and the Planck
Collaboration

• We do not really know what dark energy is. In the standard cosmological model,
it is assumed to be a cosmological constant. However, the value that we get from
observations is deeply puzzling: it is many orders of magnitude smaller than the
expected contribution from the vacuumenergy (that behaves also as a cosmological
constant). Even worse, if by some amazing coincidence, the contributions from
the vacuum energy and the bare cosmological constant in Eq. (1.6) were to cancel
and give the small value of �obs that is measured, quantum fluctuations would
spoil that cancellation and bring�obs to a much higher value [23, 24]. In theorist’s
terms, the smallness of the cosmological constant is not technically natural. This
problem is called the old cosmological constant problem.

• In this model, the Universe is matter dominated in the past, and dark energy
dominated in the future. It is thus somewhat odd that we find ourselves in the short
lapse of time where the two densities are of the some order. This is known as the
new cosmological constant problem.

Due to the limitednumber of probes and their relative lackof precision, a vast range
of cosmological models agrees with the observational data behind Fig. 1.4. They are
all prettymuch indistinguishable from each other (and from a cosmological constant)
at the background level, but significant differences can arise when considering the
perturbed Universe, particularly in the way structures (such as clusters of galaxies)
evolve. This is why a lot of effort is put into better measuring and characterizing the
large scale structure of the Universe.
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Fig. 1.4 Combination of
results for different probes.
Credit Suzuki et al. [16]
c©AAS. Reproduced with
permission

1.2 The Large Scale Structure of the Universe

Thehistory of the large scale structure of theUniverse startswith Fig. 1.1, in particular
with the small fluctuations that one can see by eye (although the differences in
temperature are at the order of one part in 105). Those fluctuations, which are thought
to origin from quantum fluctuations during inflation (this will be discussed in more
detailed in Sect. 4.1), are the seeds of the galaxies that we observe in the sky. In the
standard picture, �CDM, one then uses the laws of general relativity (GR) to evolve
the fluctuations from early times to today. The picture is simple: overdense region in
matter create potential wells for gravity, which in term attract more matter.

In practice, because GR is non linear, following the history down to very small
scales (such as that of galaxies) is extremely hard. One often has to use N -body
simulations, which recreate (parts of) the Universe on a supercomputer and trace
the behavior of matter, from large scales to small (Fig. 1.5). What theorists can do
is work in a perturbative framework, on the scales where the non linearity from GR

http://dx.doi.org/10.1007/978-3-319-41210-8_4
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are not yet playing in important role. The scale of reference is anything larger than
roughly tens of megaparsecs, while a galaxy is typically tens of kiloparsecs.

For a detailed introduction to the subtleties of cosmological perturbations, the
reader is referred to e.g. [25, 26].

Fig. 1.5 The simulated Universe at different scales. Credit Millennium simulation–Virgo [27]
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1.2.1 Growth of Perturbation in �CDM

The dynamics of the Universe are captured by two sets of equations. First, Einstein’s
equations

Gμν + �gμν = 8πGTμν , (1.13)

and secondly, the conservation of the stress energy tensor of the Universe

∇μT
μν = 0 . (1.14)

The latter comes from the invariance under coordinate transformations (see
Sect. 2.5.3 for more details). This symmetry also implies that we are free to choose
the coordinate system we want to describe the system. This is called choosing a
gauge, i.e. a specific form for the metric gμν . A convenient one for the studies of
growth is the Newtonian gauge, whose name comes from the fact that the equations
take a form very similar to that of Newtonian gravity. The metric can be cast as (at
linear order in perturbations)

gμν =
(−(1 + 2�) 0

0 a2(1 − 2�)δ
j
i

)
, (1.15)

where a is the scale factor, and δ
j
i is the Kronecker delta symbol.

With this metric and in Fourier space, the dynamics in the Newtonian limit (which
corresponds to focusing on wavenumber k � aH ) is governed by

− k2

a2
� = 4πG

∑
i

ρ̄iδi , (1.16)

where for each fluid i with background density ρ̄i I have defined the density contrast
δi = (ρi −ρ̄i )/ρ̄i . Since the effect of dark energy becomesmanifest only aftermatter-
radiation equality, I will focus in the following on matter only. The conservation of
the stress energy tensor of matter yields two equations (one for the temporal part,
one from the spatial part), which are the standard continuity and Euler equations. In
Fourier space, they read

δ̇m − k2

a2
vm = 0 , (1.17)

v̇m + � = 0 , (1.18)

vm is the velocity potential, defined such that vm = ∇vm. The two equations above
can be combined to give a single equation for the evolution of δm,

δ̈m + 2H δ̇m − k2

a2
� = 0 . (1.19)

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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Therefore, the growth of matter perturbation depends critically on gravity. If it
obeys the standard equation (1.16), then this can be written as5

δ̈m + 2H δ̇m + 8πGρ̄mδm = 0 . (1.20)

Equation (1.16) can be modified in two ways. Either by having perturbations in
the dark energy (which could be the case if it were not just a cosmological constant)
and thus modifying the l.h.s. or by modifying the way the potential responds to an
overdensity, i.e. by modifying gravity. In practice, the two approaches are not really
separate, as anything additional on the r.h.s. of Eq. (1.16) can be put on the l.h.s. and
be seen as an extra fluid (see Sect. 2.5.3.2 for details).

Let me stress that the presence of a pure cosmological constant also modifies the
growth since it modifies H . The typical effect is to suppress the growth compared to
a case with matter only. It is easy to understand: dark energy is “repulsive”, which is
why the Universe is undergoing accelerated expansion. Therefore, overdensities are
less attracted when dark energy is present.

Notice that for �CDM, the coefficients in Eq. (1.20) are independent of k. Thus,
one can look for solutions in the form δm(t,k) = Dm(t) δ0(k), with Dm satisfying

D̈m + 2H Ḋm + 8πGρ̄mDm = 0 , (1.21)

and δ0(k) characterizes the initial conditions. According to the inflationary scenario,
this δ0(k) is a (nearly) gaussian random variable (that originates from quantum fluc-
tuations), whose two-point function reads

〈δ0(k)δ0(k′)〉 = (2π)3δD(k + k′)P0(k) . (1.22)

The Dirac delta arises from the invariance under translation of the model, while
the homogeneity and isotropy impose that P0 depends only on the norm of k. P0 is
often decomposed as follows

P0(k) = AS

(
k

k�

)ns−1

T (k)2 . (1.23)

AS is the amplitude of the primordial power spectrum, the one of the fluctuations at
the end of inflation, at a given pivot scale k� (usually one takes k� = 0.05Mpc−1).ns is
the scalar spectral index, which is very close to one: ns = 0.968 ± 0.006(68%C.L.)
according to the Planckmission [28]. T (k) is called the transfer function, and encodes
the physics from the end of inflation to matter domination (see Sect. 7 of [4] for more
details).

Thus, by measuring the evolution of power spectrum of δm with time, one can
in principle access the quantity Dm, which characterizes the growth of structures.
This is the goal of many cosmological experiments, such as SDSS [29], CFHTlenS

5Note that by definition of a cosmological constant, it does not have perturbations: δ� = 0.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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[30], Euclid [2], LSST [3] and WFIRST [31]. In the following, I will give a brief
introduction to two major probes of the large scale structure: galaxy surveys and
weak lensing.

1.2.2 Galaxy Surveys

As I said above, there is much information to be gained in measuring correlation
functions of the density field, either of a primordial nature (like the spectral index
ns) or concerning the growth of structures, and therefore gravity. However, this
density field is mainly cold dark matter6 (hence the CDM in �CDM), which, as its
name implies, does not emit light. Thus, one needs a tracer of the total matter field,
something that can be seen with a telescope and that correlates with the density field.

Galaxies (and clusters of galaxies) meet these criteria. They are composed of
ordinary matter (generically called baryons by cosmologists) so they can be seen,
and they form in deep enough potential wells, which corresponds to peaks of the
matter density field. Therefore, by cataloging galaxies and their positions, one can
compute correlations functions and hope to relate them to correlation functions of
the underlying density field (Fig. 1.6).

In order to do so, one introduces a bias parameter b so that the overdensity of
galaxies, δg , is directly proportional to δm,

δg = b δ . (1.24)

In the simplest cases, b is just a constant. However, N -body simulations indicate
that the story is more complex: b depends on redshift (i.e. on time), on the scale k,
on the mass of the dark matter halo where the galaxy lives, etc. In the presence of
primordial non gaussianity, it also depends on the non gaussianity parameter fNL
[32]. See [33, 34] for a systematic study of the bias parameter.

In practice, b is a nuisance parameter, an unknown, and needs to be fixed with N -
body simulations or data, which weakens the constraining power of galaxy surveys,
although there is still enough constraining power to say something about cosmology
[35]. A complimentary way out of this is with redshift space distortion (RSD).

In galaxy surveys, the spatial coordinates of a galaxy are obtained through its 2-D
coordinates on the sphere,while the radial coordinates is obtained through its redshift,
which is related to its distance away from us (see Fig. 1.2). However, just like in the
standard Doppler effect, the wavelength of photons, and therefore the redshift, is
affected by the peculiar velocity of galaxies, vg . The mapping from redshift space to
real space therefore includes these peculiar velocities. The nice thing about velocities
is that there is no bias on scale much larger than galaxies: both CDMand baryons feel

6According to Planck [22], CDM represents ∼ 85% of the matter content.
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Fig. 1.6 Distribution of galaxies as measured by SDSS [29]. The colors correspond to the age of
the stars inside the galaxies, with red being old stars. The black regions represent the parts that are
masked by our own galaxy. Credit M. Blanton and the Sloan Digital Sky Survey

the same force, as given in the Euler equation (1.18).7 Using the continuity equation
as well, one can show that the velocity potential verifies

vg = a2H

k2
f δm , f ≡ d ln Dm

d ln a
. (1.25)

Combining all this leads to the Kaiser formula [38]

Pobs(k) = (b + f μ2)2Pδ(k) , μ ≡ k.ẑ
k

. (1.26)

7This assumes the validity of the equivalence principle. This is no longer true otherwise, see
[36, 37].
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Here, Pδ is the power spectrum of the underlying density field, and μ is the angle
between k and the direction of the line of sight, ẑ. This dependence comes from the
fact that RSD are only along the line of sight. Thus, there is an angular dependence
in the observed power spectrum, and the μ4 term is independent of the bias. It is
however degenerate with the overall amplitude of the power spectrum of δ (related
to the amplitude of the primordial fluctuations), that also need to bemeasured. This is
whypeople often quote constraints on the combination f σ8,whereσ8 is the amplitude
of the power spectrum smoothed on a R = 8 Mpc scale,

σ 2
8 ≡

∫
d3k

(2π)3
W (kR)2Pδ(k) , W (x) ≡ 3

sin x − x cos x

x3
. (1.27)

For an analysis of RSD in actual data, see e.g. [39].
Another way to get information of the growth that does not depend on the galaxy

bias is through weak lensing. In GR, since matter curves spacetime, light from dis-
tance sources is deflected by the totalmatter distribution along the line of sight. Those
deflections modify the shape of observed galaxies, and introduce magnification and
shear in the galaxy distribution, which give information on the underlying matter
distribution.

1.2.3 Weak Lensing

In general relativity, photons follow geodesics, which are given by the metric gμν .
More precisely, in Newtonian gauge, photons are sensitive to the sum of the two
potentials � + � of Eq. (1.15). In GR, � = �, but in modified gravity theories this
is not necessarily the case, so I will keep them separate. The derivation that follows is
inspired by the review [40], that the reader is encouraged to consult for more details.
The key equation is8

δθ ≡ θ I − θ s =
∫ χs

0
dχ

χs − χ

χs
∇⊥(� + �) . (1.28)

χ = ∫
dz/H(z) is the radial comoving distance, and a subscript s means that it is

measured at the source. ∇⊥ is the gradient perpendicular to the line of sight. See
Fig. 1.7 for a visual representation.

The integral over χ means that we sum over all the possible sources which deflect
the light ray along its trajectory. However, since one does not know the initial θ s , δθ
is not an observable. We need some more work to relate the deflection to something
that can actually be measured. From Eq. (1.28), one can compute the shear matrix
Ψi j for a source j with an observed angle θ i

8For simplicity, I will assume a flat spatial metric.
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Fig. 1.7 Light ray deflected
by an overdensity, acting as a
lens. θ s is the original angle,
while θ I is the one observed.
Courtesy of Patrick Valageas
and collaborators [40]

Ψi j ≡ ∂δθi

∂θs, j
=

∫ χs

0
dχ

χ(χs − χ)

χs
∇i∇ j (� + �) . (1.29)

This allows to construct the mapping between the image area of the source (s)
and the observed area (I )

A ≡ ∂θ s

∂θ I
= (

δi j + Ψi j
)−1

=
(

(1 − κ − γ1) −γ2
−γ2 (1 − κ + γ1)

)
.

(1.30)

κ is called the convergence, and is related to the magnification of the source μ =
det[A]−1 � 1 + 2κ , while γ = γ1 + iγ2 is the shear, whose norm describes the
distortions that conserve the area of the light bundle.

Since the original flux at the source is rarely known, it is very hard to measure
the convergence κ . What can be measured is the cosmic shear. Indeed, one expects
that on average, there is no correlation between the shape of galaxies (i.e. there
ellipticity). This is illustrated in Fig. 1.8. Therefore, if a correlation is measured, it
should be due to cosmic shear. Things are not so easy in practice, as galaxies are
intrinsically aligned, because they typically reside in clusters. In the weak lensing
limit, the observed ellipticity can be written as [41]

e ≡ 1 − r2

1 + r2
= es + 2γ , (1.31)

where r is the observed axis ratio of the galaxy. Typically, the r.m.s. of es is of order√〈e2s 〉 � 0.4, while γ is of order a few 10−2. Therefore, one needs a large number
of galaxies to get an sufficient signal to noise ratio [42].

Since γ is related to�+�, its power spectrum can be used for two things.Within
�CDM, � = � ∝ δm, so that the power spectrum for γ give information directly
on the growth. It can also be used to test gravity directly, by looking for a deviation
from � = �.
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Fig. 1.8 Effect of a lens on
the shapes of nearby
galaxies. The effect of
intrinsic alignment is
illustrated on the bottom
panels. Credit Wikipedia

Let me stress that there is also another way to measure weak lensing using the
CMB [43].9 The idea is that lensing “shifts” the CMB temperature from a given
direction n̂, i.e.

T lensed(n̂) = T 0(n̂ + d) = T 0(n̂) + ∇T 0 · d , d = ∇ϕ . (1.32)

T 0 is the unlensed temperature, and ϕ is the lensing potential

ϕ ≡ −
∫ χs

0
dχ

χ(χs − χ)

χs
(� + �) . (1.33)

Therefore, if T 0 is statistically isotropic and homogeneous, T lensed is not because
of d. Indeed, working in small patches of the sky where one can decompose the
angular dependence in standard 2-D Fourier modes l (see [44] for a generalization
to the full sky),

T (n̂) =
∫

d2l

(2π)2
Tl e

i n̂·l , (1.34)

we have that
〈T 0

l T
0
l’ 〉 = (2π)3δD(l + l’)C0

l , (1.35)

9I am thankful to Emmanuel Schaan for a great explanation of CMB lensing.
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Fig. 1.9 Distribution of the dark matter in the sky, projected along the line of sight. Darker regions
are denser. The grey parts were removed because of foreground contamination. Credit ESA and the
Planck Collaboration

which is zero for l �= −l’. However, because d and T 0 are correlated (they both
originate from primordial fluctuations), for l �= −l’

〈T lensed
l T lensed

l’ 〉 = f (l, l’)ϕ(l + l’) �= 0 . (1.36)

f is related to the statistics of the unlensed temperature [43],

f (l, l’) = (l + l’) · (C0
l l + C0

l ′ l’) . (1.37)

Thus, by measuring the power spectrum between different l’s, one can access the
lensing potential ϕ, and thus, the underlying dark matter distribution. The Planck
mission used this to produce a map of dark matter, see Fig. 1.9.

Note that the combination of weak lensing and galaxy surveys helps breaking
degeneracies. Indeed, one now has three power spectra: galaxy-galaxy Pgg , galaxy-
weak lensing Pδg , and weak lensing-weak lensing Pδδ . They all scale differently with
the bias parameter b, so that it can be constrained.

I hope through this rapid overview I’ve convinced the reader of the need to better
understand our Universe on cosmological scales. In particular, I think we are now
at a very interesting time, where efforts both from the theoretical and observational
community are shifting. From the study of the expansion history of the Universe,
where dark energy was initially discovered, we are headed into the study of the large
scale structure, which contains even more information about dark energy and/or
modifications of gravity. There is much work to be done on the theory side, such as
better defining criteria for sensible theories from a purely formal point of view, as
well as providing easier, more practical ways of relating theories to observations.
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1.3 This Thesis

In particular, this has led me to develop a way to parametrize deviations from�CDM
at the level of linear perturbations, which is called the Effective Field Theory of
Dark Energy (EFT of DE). While the background evolution of the Universe is now
quite constrained by distance measurements, much less is known about the evolution
of the inhomegeneities that give rise to the large scale structure. Studying their
behavior in the linear regime, where theoretical control is still reachable, should
prove very informative. I will show in Chap. 2 that the EFT of DE allows for a
systematic and quantitative exploration of deviations from �CDM, because of its
model independence and minimal number of parameters.

While working on the EFT of DE, we realized that what was thought to be the
largest class of stable theories for gravity plus a scalar, Horndeski theories [45],
could actually be extended. Usually, the stability of theories is obtained by imposing
that the equations of motion do not contain terms with more than two derivatives. In
Chap.3, I will argue that this is actually not a necessary condition for scalar-tensor
theories. Thismeans that before discarding higher derivatives theories, amore careful
analysis needs to be performed. As we shall see, this opens the gate to new models.

Although most of cosmology has been focused on scalar perturbations since they
have been actually observed, the precision reached by BICEP2 [46] seems to indicate
that detecting primordial gravitational waves might well be within our grasp. They
are potentially a great source of information on the early universe, since the standard
predictions for tensor modes from inflation give straightforward access to its energy
scale. In Chap.4, I will present why, contrarily to the scalar case, the predictions for
tensor modes are very robust. In particular, this implies that it is difficult to get a
scale invariant power spectrum for gravitational waves without a period of inflation.

Thefinal subject that Iwill discuss is thework I have done on consistency relations.
These relations allow to express (n + 1)-point correlation functions of the cosmic
density fields in term of the n-point ones in the limit where one density field is
slowly varying in space. As I will show in Sect. 5.1, their strength comes from the
fact that very little information on the n others fields is needed: only that they have
Gaussian initial conditions and that they obey the Equivalence Principle. This is a
huge advantage since taking correlation functions in the large scale structure typically
requires to deal with non linear evolutions that are hard to control theoretically.
This control is further limited by the poorly known relation between the galaxy
distribution, that we observe, and the underlying dark matter distribution, that we
predict. The lack of an accurate understanding of these phenomena reduces the
amount of information that can be extracted from galaxy surveys. Since consistency
relations do not rely on the knowledge of short scales physics, they do not suffer from
this problem. In particular, this gives access to new ways of probing the Equivalence
Principle on very large scales, where gravity is less tested.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_3
http://dx.doi.org/10.1007/978-3-319-41210-8_4
http://dx.doi.org/10.1007/978-3-319-41210-8_5
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Chapter 2
The Effective Field Theory of Dark Energy

When looking at alternatives to the standard �CDM+GR model, the simplest and
most common way is to introduce an extra scalar field (see [1] for a review). It can
either act as an additional dark energy fluid, or as a modification of the laws of
gravity themselves. It is the easiest modification one can make and is as such the first
that should be explored: there is only one additional degree of freedom to consider,
making it an informative step before looking at more complicated scenarios. Even
in some cases where multiple degrees of freedom are added, such as in massive [2]
or bimetric gravity [3] for example, one recovers the case of a single scalar field in
relevant limits.

This universality is yet more manifest for a second reason. The goal of the mod-
ifications at hand are to try and explain the current accelerated expansion of the
Universe [4, 5]. Thus, in general, any field added for this purpose will have a back-
ground value that is time dependent, since the homogeneous Universe evolves in
time. This explicitly breaks the time diffeomorphism invariance, that can be restored
as usual with Goldstone modes, which would be a single scalar in this case (see for
example [6]). Therefore, the low energy perturbations around a time dependent back-
ground will generically be described by this scalar, regardless of the fundamental
origin of the theory.

These ideas were first developed in the case of inflation in [7] under the name of
the Effective Field Theory of Inflation and then used for example to compute higher
order correlation functions, which allow to probe non-Gaussianities [8, 9]. Later, it
was applied in the context of late time acceleration in the Effective Field Theory of
Dark Energy (EFT of DE) in [10, 11] and also [12].

In this section, I will present the concepts behind such an approach as well as its
many advantages, based on the work I did in [13], later summarized in a review [14].
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22 2 The Effective Field Theory of Dark Energy

2.1 The Unitary Gauge Action

The first thing I will assume is the Weak Equivalence Principle, namely that there
exists a metric that universally couples to the matter sector, even if the formal-
ism I am going to present would apply if species coupled to different metrics
(see e.g. [15, 16]).

Next, the goal is to look for a generic action that would describe cosmological per-
turbations around a FLRW background when looking at cosmology beyond �CDM.
By this I mean either dark energy and/or modifications of the actual laws of gravity.
For concreteness, I will consider the case of an extra scalar field, φ. However, the
idea is to be as model independent as possible considering these assumptions.

As I mentioned before, this scalar field, in a cosmological context, is naturally
expected to be spacelike, i.e. to have a gradient such that ∇μφ∇μφ < 0. In this case,
the hypersurfaces of constant φ define a preferred foliation of time. It is convenient
to use the gauge freedom in the theory to choose this specific time: this is called the
unitary gauge.

By doing so, the perturbation in the scalar field are hidden, since now we have

φ(t̃, �x) = φ0(t̃) + δφ(t̃, �x) = φ0(t) , (2.1)

where the last equality holds because of the choice of specific time t that is made, see
Fig. 2.1. Of course, the perturbation δφ did not disappear, it is part of the perturbations
of the metric. For example, the standard kinetic term for φ becomes in this gauge

X ≡ ∇μφ∇μφ = g00φ̇2
0 , (2.2)

so that these quantities still contribute to the perturbative expansion through g00 =
−1 + δg00. The unitary gauge has therefore the advantage of having to deal only
with the metric, however it has a minor inconvenient. Since a choice of time was
made, the invariance under time reparametrization is lost (while leaving the spatial
one intact). This means that the theory will not be manifestly covariant, as can be
seen already from Eq. (2.2). Indeed, tensors with upper indices set to 0 are allowed
in this gauge (they correspond to contractions with the gradient of the scalar field,
e.g. P00 ∼ Pμν∇μφ∇νφ). This should not be worried over, as a simple redefinition
of time

t → t + π(t, �x) , (2.3)

allows to explicitly reintroduce the invariance under time reparametrization of the
theory [6]. This is known as the Stueckelberg trick and the variable π is the field

δφ
φ = cst
t = cst
t̃ = cst

Fig. 2.1 The original time t̃ hypersurface in black. In blue, the new time t in unitary gauge, that is
chosen so its constant hypersurfaces match the φ hypersurfaces (red).
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(3)R

Kμν = −hλ
μ∇λ

∂νφ√−X nμ = − ∂μφ√−X

Σ( hμν ≡ gμν + nμnν)

Fig. 2.2 �, a constant φ hypersurface, and its geometrical quantities: the normal vector nμ, the
projected metric hμν , the intrinsic curvature R, as well as the extrinsic curvature Kμν .

that non linearly realizes this invariance. This will be useful to change gauge. In
particular, to go to Newtonian gauge, where the equations of motion (EOM) have an
easier interpretation.

Nevertheless, the unitary gauge will enable us to write the most general action for
a scalar-tensor theory, without reference to a specific model. Indeed, in this gauge, all
the terms that are invariant under spatial diffeomorphisms are in principle allowed.
Further conditions can be imposed, such as second-order EOM for example, but the
basic ingredients can be obtained from the geometry of the hypersurfaces illustrated
in Fig. 2.2 and are the following:

• The normal vector orthogonal to the surfaces, nμ ≡ − ∇μφ√−X
. This term is the one

responsible for the presence of tensors with 0 as upper indices.
• The extrinsic curvature, Kμν . It quantifies the variation of the normal vector

Kμν ≡ hμσ∇σnν , hμσ ≡ gμσ + nμnσ , (2.4)

hμσ being the induced metric on the hypersurface. The quantity Kμν tells us how
the hypersurfaces are embedded in the full 4-D space.

• The final ingredient is the intrinsic curvature, given be the 3-D Ricci tensor Ri j

of the hypersurface. This is the equivalent1 of the 4-D Riemann tensor (4)Rμνρσ

for the full space. In what follows, unless specified explicitly with a (4), the Ricci
tensor Ri j and scalar R will always be the 3-D ones.

1In three dimensions, there is as much information in the Ricci tensor as in the Riemann tensor
since

Rμνρσ = Rμρhνσ − Rνρhμσ − Rμσ gνρ + Rνσ hμρ − 1

2
R(hμρhνσ − hμσ hνρ) . (2.5)

This is because theWeyl tensor vanishes. Another way to see it is to count the independent variables
in the Riemann and Ricci tensors using their known symmetries. One obtains the same number for
both in three dimensions.
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The numbers of combinations of these terms is infinite. This is why in the following
I will impose restrictions on the categories of action I will consider. To be more
quantitative, I will discuss these restrictions in the formalism of Arnowitt-Deser-
Misner (ADM) [17].

2.2 ADM Formalism and the Effective Field Theory
of Dark Energy

In order to bemore specific about the action, Iwill go one step further in the distinction
between space and time. To make more explicit the 3+1 decomposition, I will use
the ADM form of the metric, namely write the line element as

ds2 = −N 2dt2 + hi j
(
dxi + Nidt

) (
dx j + N jdt

)
, (2.6)

where N is the lapse, Ni the shift and hi j is the spatial metric on constant time
hypersurfaces, which can be decomposed into a scalar part, ζ , and a tensorial one,
γi j as

hi j = a2e2ζ (δi j + γi j ) , ∂iγi j = γi i = 0 . (2.7)

With this metric and in unitary gauge, the basic ingredients I mentioned above take
the simpler form

nμ = −δ0μN , g00 = − 1

N 2
, (2.8)

Ki j = 1

2N

[
ḣi j − Di N j − Dj Ni

]
. (2.9)

The other components are not needed. Indeed, K 0i = K 00 = 0 since by definition
(2.4) the extrinsic curvature is orthogonal to the unit vector, nμKμν = 0. Di is the
covariant derivative associated with the spatial metric hi j . The 3-DRicci tensor Ri j is
the standard one constructed from this metric. With this decomposition of the metric,
any Lagrangian respecting the spatial diffeomorphisms invariance can be cast into
the generic form

Sg =
∫

d4x
√−g L(N , Ki j , Ri j , hi j , Di , ∂

0; t) . (2.10)

As an example, the Einstein-Hilbert action of standard GR,

SGR =
∫

d4x
√−g

M2
Pl

2
(4)R , (2.11)



2.2 ADM Formalism and the Effective Field Theory of Dark Energy 25

can be rewritten in this form as

LGR = M2
Pl

2

[
Ki j K

i j − K 2 + R
]

, (2.12)

using the Gauss Codazzi relation

(4)R = KμνK
μν − K 2 + R + 2∇μ(Knμ − nρ∇ρn

μ) . (2.13)

Virtually all known models of dark energy involving a single field can be mapped
onto a specific form of the Lagrangian (2.10). However, the real strength of this
approach is that it allows to generically look at modifications of �CDM, without the
need to specify a model.

To be quantitative, I will only look at the linearized theory, whichmeans the action
will only contain perturbations up to second order. Secondly, I will discuss the case
where the three DOF of the theory (the two tensor polarizations and the additional
scalar) obey second-order dynamics, to ensure stability. Moreover, I will assume that
the full theory is given by an action Sfull = Sg + Smat, where Smat is an action that
describes minimally coupled matter.

2.2.1 Background Evolution

As I said in the Introduction, it is fairly simple in general to reproduce the same back-
ground as that of �CDM, even if the perturbations might be different. Nevertheless,
I will firstly discuss the background equations by considering a spatially flat FLRW
spacetime, whose metric reads

ds2 = −N̄ 2(t)dt2 + a2(t)δi jdx
idx j . (2.14)

In this spacetime, the intrinsic curvature tensor of the constant time hypersurfaces
vanishes, i.e. Ri j = 0, and the components of the extrinsic curvature tensor are
given by

K i
j = ȧ

N̄a
δij ≡ Hδij , (2.15)

where H is the Hubble parameter. Note that since this is the background level, only
a time dependence can appear. Substituting into the Lagrangian L of (2.10), one thus
obtains an homogeneous Lagrangian, which is a function of N̄ (t), a(t) and of time:

L̄(a, ȧ, N̄ ) ≡ L

[
K i

j = ȧ

N̄a
δij , R

i
j = 0, N = N̄ (t)

]
. (2.16)



26 2 The Effective Field Theory of Dark Energy

The variation of the homogeneous action,

S̄g =
∫

dt d3x N̄a3 L̄, (2.17)

leads to

δ S̄g =
∫

dtd3x

{
a3

(
L̄ + N̄ LN − 3HF)

δ N̄ + 3a2 N̄

(
L̄ − 3HF − Ḟ

N̄

)
δa

}
,

(2.18)

where LN denotes the partial derivative ∂L/∂N |bgd, evaluated on the homogeneous
background. We have also introduced the coefficient F , which is defined from the
derivative of the Lagrangian with respect to the extrinsic curvature, evaluated on the
background (

∂L

∂Ki j

)
bgd

≡ F ḡi j , (2.19)

where ḡi j = a−2δi j are the spatial components of the inverse background metric.
If we add some matter minimally coupled to the metric gμν , the variation of the

corresponding actionwith respect to themetric defines the energy-momentum tensor,

δSm = 1

2

∫
d4x

√−g T μν δgμν . (2.20)

In a FLRW spacetime, this reduces to

δ S̄m =
∫

d4x N̄a3
(

−ρm
δ N̄

N̄
+ 3pm

δa

a

)
. (2.21)

Consequently, variation of the total homogeneous action S̄ = S̄g + S̄m with respect
to N and a yields, respectively, the first and second Friedmann equations in a very
unusual form:

L̄ + N̄ LN − 3HF = ρm (2.22)

and

L̄ − 3HF − Ḟ
N̄

= −pm . (2.23)

These two equations, which are the generalization of the Friedmann equations, also
imply

Ḟ
N̄

+ N̄ LN = ρm + pm . (2.24)
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It is easy to check that one recovers the usual Eqs. (1.8)–(1.9) when gravity is
described by general relativity only. Indeed, in this case,

∂LGR

∂K i
j

= M2
Pl

(
K j

i − K δ
j
i

)
, (2.25)

which, after substituting K i
j = Hδij , yields,

FGR = −2M2
PlH , (2.26)

whereas L̄GR = −3M2
PlH

2 and LN = 0. In the rest of this thesis, I will set N̄ = 1,
which can always be achieved through at redefinition of time.

2.2.2 The Quadratic Action

To obtain the quadratic action, that will yield the linear equations of motion, one
expands Eq. (2.10) in terms of the perturbative quantities

δN ≡ N − 1 , δK i
j ≡ K i

j − Hδi j , Ri
j . (2.27)

Then, the expansion of the Lagrangian L up to quadratic order yields

L(N , K i
j , R

i
j , . . . ) = L̄ + LN δN + ∂L

∂K i
j

δK i
j + ∂L

∂Ri
j

δRi
j + L(2) + · · · , (2.28)

with the quadratic part given by

L(2) =1

2
LNN δN 2 + 1

2

∂2L

∂K i
j∂K

k
l

δK i
jδK

k
l + 1

2

∂2L

∂Ri
j∂R

k
l

δRi
jδR

k
l +

+ ∂2L

∂K i
j ∂R

k
l

δK i
jδR

k
l + ∂2L

∂N∂K i
j

δNδK i
j + ∂2L

∂N∂Ri
j

δNδRi
j + · · · , (2.29)

where all the partial derivatives are evaluated on the FLRW background (without
explicit notation, as will be the case in the rest of this Chapter). The coefficient
LNN denotes the second derivative of the Lagrangian with respect to N . The dots in
the two above equations correspond to other possible terms which are not indicated
explicitly to avoid too lengthy equations, but can be treated exactly in the same way.

The third term on the right hand side of (2.28) can be simplified as follows.
Rewriting it as

∂L

∂K i
j

δK i
j = FδK = F(K − 3H) , (2.30)

http://dx.doi.org/10.1007/978-3-319-41210-8_1
http://dx.doi.org/10.1007/978-3-319-41210-8_1
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and noting that K = ∇μnμ, one can use the integration by parts

∫
d4x

√−gFK = −
∫

d4x
√−g nμ∇μF = −

∫
d4x

√−g
Ḟ
N

. (2.31)

This implies that the Lagrangian (2.28) can be replaced by the equivalent Lagrangian

Lnew = L̄ − 3HF − Ḟ
N

+ LN δN + L(2) . (2.32)

Let us now consider the quadratic part (2.29). Because of the symmetries of
background, the coefficient of the second term is necessarily of the form2

∂2L

∂K j
i ∂Kl

k

= ÂK δij δ
k
l + AK

(
δil δkj + δikδ jl

)
, (2.33)

where we have introduced the (a priori time-dependent) coefficients ÂK and AK .
Similarly, one can write

∂2L

∂R j
i ∂Rl

k

= ÂR δij δ
k
l + AR

(
δil δkj + δikδ jl

)
, (2.34)

and
∂2L

∂K j
i ∂Rl

k

= Ĉ δij δ
k
l + C (

δil δkj + δikδ jl
)

. (2.35)

The mixed coefficients that appear on the second line are proportional to δ
j
i and can

be written as
∂2L

∂N∂K i
j

= B δ
j
i ,

∂2L

∂N∂Ri
j

= BR δ
j
i . (2.36)

Taking into account the term
√−g = N

√
h, it is straightforward to derive the

quadratic part of the full Lagrangian L ≡ √−g L , which is relevant to study linear
perturbations. After some cancellations due to the background equations of motion,3

one finds

2This is equivalent to the definition below, expressed with covariant indices for the extrinsic curva-
ture tensors, which makes the symmetry under exchange of the indices more manifest:

∂2L

∂Ki j ∂Kkl
≡ ÂK ḡi j ḡkl + AK

(
ḡik ḡ jl + ḡil ḡ jk

)
.

3If matter is present, onemust also include in the quadratic Lagrangian the terms from the expansion
of the matter action with respect to the metric perturbations.
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L2 = N̄G δ1R δ
√
h + a3

(
LN + 1

2
N̄ LNN

)
δN 2

+ N̄a3
[
Gδ2R + 1

2
ÂK δK 2 + B δK δN + Ĉ δK δR + C δK i

j δR
j
i (2.37)

+AK δK i
j δK

j
i + AR δRi

j δR
j
i + 1

2
ÂR δR2 +

( G
N̄

+ BR

)
δNδR

]
+ · · · ,

where, in analogy with the definition (2.19) of F , we have introduced the coefficient
G defined by

∂L

∂Ri
j

= G δ
j
i . (2.38)

We have also denoted as δ1R and δ2R, respectively, the first and second order terms
of the curvature R expressed in terms of the metric perturbations.

The above quadratic expression can be further simplified by reexpressing δK i
j δR

j
i

in terms of the other terms, thanks to the identity

∫
d4x

√−g λ(t)Ri j K
i j =

∫
d4x

√−g

[
λ(t)

2
R K + λ̇(t)

2N
R

]
. (2.39)

This implies the following replacement at quadratic order:

N̄a3C δKi
j δR j

i → N̄a3

2

[(
Ċ
N̄

+ HC
)(

δ2R + δ
√
h

a3
δR

)
+ C δRδK + HC

N̄
δNδR

]
.

(2.40)

Consequently, the quadratic Lagrangian (2.37) is equivalent to the new one

Lnew
2 = N̄G∗ δ1R δ

√
h + a3

(
LN + 1

2
N̄ LNN

)
δN 2

+ N̄a3
[
G∗δ2R + 1

2
ÂK δK 2 + B δK δN + C∗ δK δR (2.41)

+AK δK i
j δK

j
i + AR δRi

j δR
j
i + 1

2
ÂR δR2 +

(G∗

N̄
+ B∗

R

)
δNδR

]
+ · · · ,

with the “renormalized” coefficients

G∗ = G + Ċ
2N̄

+ HC ,

C∗ = Ĉ + 1

2
C , (2.42)

B∗
R = BR − Ċ

2N̄ 2
.
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Let me concentrate more particularly on the scalar sector, since this is where
restrictions need to be imposed in order to keep second-order dynamics. I will use
the further parametrization

Ni = δi j∂ jψ , (2.43)

for the scalar part of g0i . Together with the form of the metric (2.7), the perturbations
of the geometrical quantities read

δ
√
h = 3a3ζ , δK i

j = (
ζ̇ − HδN

)
δij − 1

a2
δik∂k∂ jψ , (2.44)

and

δ1Ri j = −δi j∂
2ζ − ∂i∂ jζ , δ2R = − 2

a2
[
(∂ζ )2 − 4ζ∂2ζ

]
. (2.45)

I will restrict to the case where no time derivatives ∂0 appear explicitly in the
Lagrangian, since it leads in general to extra DOF (see [14] for a discussion on
including such derivatives). In this case, the variation with respect to δN andψ gives
constraint equations. They allow to express δN and ψ in terms of ζ and its deriv-
atives, yielding an action only for this variable. It is on this action that conditions
need to be imposed to get second-order dynamics.4 They read

ÂK + 2AK = 0 , C∗ = 0 , 4ÂR + 3AR = 0 , (2.46)

Then the most general action that abides by these criteria can be written as

Sg =
∫

d4xa3
M2

2

[
δKμνδKμν − δK 2 + (1 + αT )

(
δ(2)R + δ

√
h

a3
R

)
+ H2αK δN2

+ 4HαBδNδK + (1 + αH )R δN

]
+ · · ·

, (2.47)

where h = det hi j and the · · · denotes terms that vanish when the background
equations are enforced. The functions M and αi are all in principle dependent on
time, which is allowed by the presence of the extra scalar field. Additionally, one can
define

αM ≡ 2Ṁ

HM
, (2.48)

which parametrizes the potential time dependence of the Planck mass. These coef-
ficients, originally introduced in [18], are defined so that the standard case of
�CDM+GR would correspond to setting all of them to zero.

4It is too restrictive to impose no higher derivatives in all of the equations before the constraint are
solved. Indeed, such constraintsmight remove these higher derivatives so that the actual propagating
DOF still obeys a second-order EOM. See Sect. 3.2 for more details.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
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They can be related to the original Lagrangian (2.10) and its derivatives with
respect to the various quantities N , Ki j , . . . The starting point is to define the equiv-
alent of the Planck mass, M , which is associated with the normalization of the tensor
kinetic term, γ̇ 2

i j . Since γ̇i j only appears in Ki j , the M is going to be given by the
derivative of the Lagrangian with respect to the extrinsic curvature, Eq. (2.33). More
precisely,

M2 ≡ 2AK . (2.49)

Then, all the coefficients αi follow almost algorithmically (Table2.1)
In the next section, for concreteness, I will give examples on how to get these

parameters in the case of specific models.

2.3 Going from Models to the EFT of DE

Once a model is decomposed in 3+1 quantities, computing its parameters is com-
pletely automatic, making the link with possible constraints straightforward. Let me
go through the functions αa one at a time, increasing the complexity of the model
needed to illustrate the parameter.

• αK

Taking the simplest case of GR plus quintessence [19], i.e.

L = M2
Pl

2

[
KμνK

μν − K 2 + R
] − 1

2
∇μφ∇μφ − V (φ) . (2.50)

After going to unitary gauge, one finds

M = MPl , αK = φ̇2
0

H 2M2
Pl

, (2.51)

while all the others coefficients and φ̇0 is the background value of the scalar field.
One can indeed check that�CDMcorresponds to all theαi being zero: one recovers
the cosmological constant for φ̇0 = 0, which would set αK = 0.
As a side note, it might seem odd that the potential V does not appear in Eq. (2.51).
The reason is that this parametrization is specifically designed to look at linear
perturbations, while V is a background quantity in unitary gauge. More precisely,
the Friedmann equations impose

V = M2
Pl

2

[
2Ḣ + 3H 2 (2 − �m)

]
. (2.52)

Therefore, if the history of H and the matter content are known, V is fixed.
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• αB

This example requires a more complicated model: kinetic braiding [20]. This
theory is characterized by a Lagrangian of the form

L3 = LGR + G3(X)�φ = LGR −
∫

G3X

√−X dXK . (2.53)

Since the � operator is made with covariant derivatives, �φ contains derivative
couplings (∂g)(∂φ) between gravity and the scalar, hence its name kinetic gravity
braiding.
The last term is going to give a nonzero αB in the EFT Lagrangian (2.47), and the
whole set of coefficients is given by

M = MPl αK = 12φ̇3
0
G3X − φ̇2

0G3XX

HM2
Pl

, αB = −G3X φ̇3
0

HM2
Pl

, (2.54)

where I have used the fact that in unitary gauge X = −φ̇2
0/N

2, so that a dependence
on X can be seen as a dependence on N and vice versa.

• αT

To get a non zero αT , one needs amodel that does not preserve the relation between
the intrinsic and the extrinsic curvatures inEq. (2.12). Since the extrinsic curvatures
give terms in γ̇ 2

i j while the intrinsic one gives
(
∂kγi j

)2
, changing the relation

between them brings a change in the speed of sound of tensors. This happens
for example for what is known as the quartic galileon [21], whose Lagrangian is

L4 = G4(X) (4)R − 2G4X (X)
[
(�φ)2 − (∇μ∇νφ)(∇μ∇νφ)

]
. (2.55)

The covariant second derivatives of the scalar field introduce first derivatives for
the metric through the Christoffel symbols, which modifies the kinetic terms for
gravity and gives a non zero αT . In unitary gauge this Lagrangian reads

L4 = G4R + (2XG4X − G4)(K
2 − K i j Ki j ) , (2.56)

so that the EFT coefficients are

M2 = 2
(
G4 + G4X φ̇2

0

)
, αK = −12φ̇2

0
G4X − 8φ̇2

0G4XX + 4φ̇4
0G4XXX

M2
,

(2.57)

αB = 4φ̇2
0
G4X − 2φ̇2

0G4XX

M2
, αT = −4φ̇2

0
G4X

M2
, (2.58)

I will not discuss here the case of αH , which parametrizes deviations fromHorndeski
theories, since the next chapter is specifically focused on theories beyond Horndeski.
In particular, the effect of αH will be explored in Sect. 3.6.

The theoretical origin of the parameters αa of Eq. (2.47) is summarized in
Table2.2.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
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2.4 Stability and Theoretical Consistency

Even if the terms in Eq. (2.47) passed the first condition of yielding second-order
dynamics (which guarantees the absence of extra, ghost-like DOF), further restric-
tions need to be imposed on the EFT parameters. Indeed, before thinking about
comparing the predictions of a theory to observations, stringent constraints must be
imposed in order for the theory to be stable. This is where using a parametrization at
the level of the action and not of the EOM has a clear advantage, since these stability
conditions can in principle be read off directly from the action. The idea can be
simplified thusly: in the case of two scalar fields5 ψ1(t, �x), ψ2(t, �x) their quadratic
Lagrangian is generically of the form:

L = ξψ̇2
1 − c1∂iψ

2
1 + ψ̇2

2 − c2∂iψ
2
2 + Vint(ψ1, ψ2). (2.59)

In this illustrative case, the stability of the theory requires the coefficient ξ to be
positive. When this is not the case, the field ψ1 is called a ghost and in general
violent instabilities are present in the theory.

Let me give some intuition on why that is, by thinking of the Lagrangian as
L = T − V , where T is the kinetic energy and V the potential one. If the two signs
are not the same in T , kinetic energy can flow without limits from one field to the
other without changing the total energy E = T + V , meaning that the ground state
of the theory is not stable (see [25] for a discussion on classical and quantum ghosts).

On top of this, one needs to impose that the coefficients c1 and c2 (which rep-
resent the squared sound speeds) are positive, to avoid gradient instabilities. These
instabilities can be understood very easily from the EOM: when varying (2.59) with
respect to ψ1 for example, one gets

ψ̈1 − c1�ψ1 = 1

2

∂Vint

∂ψ1
. (2.60)

If c1 is negative, this equation admits in Fourier space a solution ψ�k proportional to
e
√|c1|kt , which is divergent.
The analysis in the case of the action (2.47) is more involved, since tensor modes

are present on top of the scalar. Moreover, other non dynamical variables are present
(scalar and vector), so that at first glance the form of the quadratic action is not as
simple as (2.59). If we parametrize the unitary gauge metric as before

N = 1 + δN , Ni = ∂iψ + Ni
V , hi j = a2e2ζ

(
δi j + γi j

)
, (2.61)

5I will not treat the case of one field, as it present less interests. In particular, one cannot have a
ghost field in this case: the sign of the kinetic term does not matter when there is nothing to compare
it to. Moreover, in cosmology, the scalar field is always coupled to gravity.
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with ∂i N i
V = 0 and γi i = ∂iγi j = 0, only ζ and γi j are dynamical.6 Once the

constraints are solved, the quadratic part of the action can be rewritten in terms of
dynamical DOF only, in a manner very similar to Eq. (2.59):

S =
∫

d4x
M2a3

2

⎧⎨
⎩

α

(1 + αB )2

[
ζ̇ 2 − c2s

∂i ζ
2

a2

]
+

γ̇ 2
i j

4
− (1 + αT )

∂kγ
2
i j

4a2
+

(∂i N
V
j + ∂ j N

V
i )2

4a4

⎫⎬
⎭ .

(2.62)

I have used the following definitions

α ≡ αK + 6α2
B , (2.63)

and

c2s ≡ 2

{
1 + αT − 1 + αH

1 + αB

(
1 + αM − Ḣ

H 2

)
− 1

H

d

dt

(
1 + αH

1 + αB

)}
, (2.64)

the latter being valid only in the absence of matter. The stability conditions discussed
above can be stated as

M2 > 0 , αK + 6α2
B > 0 ,

c2T ≡ (1 + αT ) > 0 , c2s > 0 , (2.65)

which defines the tensor sound speed.
The presence of matter, both at the background and perturbative levels, slightly

complicates the situation. In the case αH = 0, one finds

c2s = 2
(1 + αB)2

α

{
1

1 + αB

(
1 + αM − Ḣ

H2

)
− (1 + αT ) − α̇B

H(1 + αB)2

}
− ρm + pm

α M2H2 ,

(2.66)

while the speed of sound for matter and tensors are unchanged. In the case αH 	= 0,
which will be treated in more details in Chap.3, both the sound speed of matter and
the extra scalar field are affected.

Of course, the conditions (2.65) can be translated into conditions on parameters
of models, using for example Sect. 2.3. However, the advantage of the EFT of DE
is that those conditions are really imposed on deviations from �CDM, not just on a
specific model. It might well be that the regions of the parameter space they allow
are not fully explored by any of the known theories (which led us to the theories
beyond Horndeski of Chap.3). As we will see, the same kind of reasoning applies
to the comparison with observations.

6In general, the spatial metric contains also a (non-dynamical) vectorial part, which can be set to
zero by using the spatial gauge freedom.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
http://dx.doi.org/10.1007/978-3-319-41210-8_3
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2.5 Evolution of Cosmological Perturbations

In this section I will discuss the effects of the deviations from �CDM on the evo-
lution of perturbations, in the vector, tensor and scalar sectors, the latter being the
richest–and most complicated–in term of phenomenology. The matter sector will be
parametrized by its total stress energy tensor, decomposed at linear order as

T 0
0 ≡ −(ρm + δρm) , (2.67)

T 0
i ≡ ∂i qm + (

T 0
i

)T ≡ (ρm + pm)∂ivm + (
T 0

i

)V
, (2.68)

T i
j ≡ (pm + δpm)δij +

(
∂ i∂ j − 1

3
δij∂

2

)
σm + (

∂ iC j + ∂ jC
i
)V + (

T i
j

)T T
,

(2.69)

where δρm and δpm are the energy density and pressure perturbations, qm and vm
are respectively the 3-momentum and the 3-velocity potentials; σm is the anisotropic
stress potential. (T 0

i )
V is the transverse part of thematter energyflux,

(
∂ iC j + ∂ jCi

)V
and (Ti j )T T are respectively the transverse and the transverse-traceless parts of the
spatial matter stress tensor.

2.5.1 Vector Sector

As we have seen from Eq. (2.62), the vector sector is the simplest one as it does not
contain propagating DOF. However, the presence of a time varying Planck mass,
characterized by αM 	= 0 still affects the perturbations. Indeed, when considering
the full action supplemented by matter, the vector equation reads:

1

2
∇2NV

i = a2

M2

(
T 0

i

)V
. (2.70)

For a perfect fluid whereCV
i = 0, the conservation of the matter stress-energy tensor

implies that (T 0
i )

T ∝ 1/a3 [26]. Thus, the metric vector perturbations scale as

Ni
V ∝ 1

aM2
= 1

a1+αM
, (2.71)

where the last equality holds for a constant αM . It is therefore interesting to see that
the evolution of the vector sector only depends on a single parameter.

Since they typically decay, vector modes are very difficult to observe. This very
fact already signals that αM cannot be too negative, i.e. the Planck mass cannot have
been growing too strongly in time, otherwise theywould not necessarily be negligible
today. If vectors mode were to be detected, this would allow to constrain αM without
having to treat the other parameters.
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2.5.2 Tensor Sector

The tensor sector, slightly more complicated, leads to the evolution equation

γ̈i j + H(3 + αM)γ̇i j − (1 + αT )
∇2

a2
γi j = 2

M2

(
Ti j

)T T
. (2.72)

Thus, even for a perfect fluid where the anisotropic stress is zero, the propagation of
tensormodes is affected both by an additional friction termproportional toαM , aswell
as a different speed of propagation. In principle, the combined observation of vector
and tensor modes could therefore provide constraints on αM and αT independently
of each other and of the other αi .

2.5.3 Scalar Sector

2.5.3.1 Obtaining the Equations

In principle, five (non independent) scalar equations can be derived from the action
(2.47). Four are the Einstein scalar equations (00, 0i , i i and i j traceless), where one
needs to further introduce the scalar part of the traceless component of the spatial
metric, χ

hi j = a2(1 + 2ζ )

[
δi j +

(
∂i∂ j − δi j

3
∂2

)
χ

]
. (2.73)

Then, the action needs to be varied with respect to ζ, δN , ψ and χ , giving the four
Einstein equations.

The fifth equation is the one for the scalar field φ. However, in unitary gauge this
field is not explicit. One can still derive what would be the unitary gauge version of
this equation (that will depend only on metric quantities) by imposing the invariance
under time reparametrization of the action. Indeed, by definition of the unitary gauge,

δS[φ, gμν]
δφ(x)

∣∣∣∣
φ=t

= δSu.g.[t, gμν]
δt

, (2.74)

where the time derivative is understood as a partial one (that is to say, not taking into
account the time dependence of the metric).

For a general infinitesimal diffeomorphism xμ → xμ + ξμ, the metric changes
as δgμν = ∇μξν + ∇νξμ. Therefore,

δSu.g. =
∫

d4x
δSu.g.

δgμν(x)
(∇μξν(x) + ∇νξμ(x)) + δSu.g.

δt
ξ 0 = 0 . (2.75)
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After integrating by parts and combining this with Eq. (2.74), one obtains that the
equation of the scalar field in unitary gauge is simply the zero component of the
divergence of Einstein’s equations,7

δS[φ, gμν]
δφ(x)

∣∣∣∣
φ=t

= δSu.g.
δt

= 2g0ν∇μ

δSu.g.
δgμν

= 0 , (2.76)

where the last equality holdswhenEinstein’s equations δSu.g.
δgμν

= 0 are inforced.Hence,
this yields the fifth scalar equation, which is not independent from the others.

These five equations are for the scalar variables of the metric, namely ζ, δN , ψ

and χ . To describe scalar perturbations and their physics, the Newtonian gauge is
more adapted than the unitary gauge. In order to go from one to the other, a time
diffeomorphism is performed

t → t + π(t, �x) , (2.77)

where π describes the fluctuations of the scalar field

φ = t + π . (2.78)

In Newtonian gauge the scalar part of the metric is parametrized as

ds2 = −(1 + 2�)dt2 + a2(t)(1 − 2�)δi j dx
idx j . (2.79)

One can relate the metric perturbations in unitary gauge defined in Eq. (2.61) to he
metric perturbations � and �, as well as the scalar fluctuation π by8

δN = � − π̇ , ζ = −� + Hπ , ψ = a−2π , χ = 0 . (2.80)

Then, the five equations can be put in the following form (in Fourier space):

• The Hamiltonian constraint ((00) component of Einstein’s equation) is

6(1 + αB)H�̇ + (6 − αK + 12αB)H 2� + 2(1 + αH )
k2

a2
� + (αK − 6αB) H 2π̇

+ 6

[
(1 + αB)Ḣ + ρm + pm

2M2
+ 1

3

k2

a2
(αH − αB)

]
Hπ = −δρm

M2
, (2.81)

7Since we assumed the presence of a Jordan frame, where matter is minimally coupled, its stress
energy tensor is conserved independently.
8More precisely, to remove also the variable χ one needs a spatial diffeomorphism xi → xi + ∂iβ.
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• The momentum constraint ((0i) components of Einstein’s equation) reads

2�̇+2(1+αB)H�−2HαB π̇+
(
2Ḣ+ρm + pm

M2

)
π = − (ρm + pm)vm

M2
. (2.82)

• The traceless part of the i j components of Einstein’s equation gives

(1 + αH )� − (1 + αT )� + (αM − αT )Hπ − αH π̇ = − σm

M2
, (2.83)

• The trace of the same components gives, using the equation above,

2�̈ + 2(3 + αM)H�̇ + 2(1 + αB)H�̇

+ 2

[
Ḣ − ρm + pm

2M2
+ (αBH)· + (3 + αM)(1 + αB)H 2

]
�

− 2HαB π̈ + 2

[
Ḣ + ρm + pm

2M2
− (αBH)· − (3 + αM)αBH

2

]
π̇ (2.84)

+ 2

[
(3 + αm)H Ḣ + ṗm

2M2
+ Ḧ

]
π = 1

M2

(
δpm − 2

3

k2

a2
σm

)
.

• Finally, the evolution equation for π reads

H2αK π̈ +
{[

H2(3 + αM ) + Ḣ
]
αK + (HαK )·

}
H π̇

+ 6

{(
Ḣ + ρm + pm

2M2

)
Ḣ + ḢαB

[
H2(3 + αM ) + Ḣ

]
+ H(ḢαB)·

}
π − 2

k2

a2
Ḣπ

− 2
k2

a2

{
ρm + pm
2M2 + H2 [1 + αB(1 + αM ) + αT − (1 + αH )(1 + αM )] + (H(αB − αH ))·

}
π

+ 6HαB�̈ + H2(6αB − αK )�̇ + 6

[
Ḣ + ρm + pm

2M2 + H2αB(3 + αM ) + (αB H)·
]

�̇

+
[
6

(
Ḣ + ρm + pm

2M2

)
+ H2(6αB − αK )(3 + αM ) + 2(9αB − αK )Ḣ + H(6α̇B − α̇K )

]
H�

+ 2
k2

a2
{
αH �̇ + [H(αM + αH (1 + αM ) − αT ) − α̇H ]� + (αH − αB)H�

} = 0 . (2.85)

These equations are much more involved than in the two other sectors and as
such are not readily useful. Nevertheless, one has to remember that there is only
one propagating degree of freedom, which means that 4 of these equations are just
constraints. Therefore, the five equations can be combined into a single equation for
a single variable, e.g.
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�̈ + β1β2 + β3α
2
B k̃2

β1 + α2
B k̃

2
H�̇ + β1β4 + β1β5 k̃2 + c2sα

2
B k̃

4

β1 + α2
B k̃2

H2� =

− 1

2M2

[
β1β6 + β7α

2
B k̃2

β1 + α2
B k̃2

δρm + β1β8 + β9α
2
B k̃2

β1 + α2
B k̃2

H(ρm + pm)vm − αK

α
δpm

] , (2.86)

where k̃ ≡ k/(aH), α is defined in Eq. (2.63) and for simplicity, I have assumed
that the anisotropic stress of matter is zero. The βi are functions of the coefficients
α j , whose–rather cumbersome–expressions are given in the Appendix in the case
αH = 0. Although this equation is enough to describe the dynamics of the scalar
sector, it is useful to have the relation between the two metric potentials � and �

to connect with observations (in particular lensing, as explained in Sect. 1.2.3). This
relation takes the form

α2
Bk̃

2
[
� − �

(
1 + αT + αT − αM

αB

)]
+ β1

[
� − �(1 + αT )

(
1 + α

αT − αM

2β1

)]
=

αT − αM

2H2M2

{
αB [δρm − 3H(ρm + pm)vm] + HM2α �̇ + H

αK

2
(ρm + pm)vm

}
.

(2.87)

To complete the system of equations, one needs to provide the evolution equations
for the matter sector. Since it is assumed to be minimally coupled, these equations
come from the conservation of the stress energy tensor. At linear order in the pertur-
bations, treating one species of matter only for simplicity, they read

δ̇m − 3H(wmδm − δpm) − (1 + wm)

(
k2

a2
vm + 3�̇

)
= 0 , (2.88)

v̇m −
[
3Hwm − ẇm

1 + wm

]
vm + δpm

1 + wm
+ � = 0 , (2.89)

with the definitions

wm ≡ pm
ρm

, δm ≡ δρm

ρm
, (2.90)

where wm is the usual equation of state parameter and δm the density contrast. Note
that in general, when the fluid is not at rest, the relation between the pressure pertur-
bation and the density contrast involves more than just the speed of sound (see for
example [27]) which is why I kept explicitly δpm in these equations.

2.5.3.2 Fluid Description

Similarly to the case of the cosmological constant � which can be seen either as a
modification of gravity (belonging to the Gμν side of Einstein’s equation) or as a

http://dx.doi.org/10.1007/978-3-319-41210-8_1
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new fluid with a density ρ� (see Sect. 1.1.3), one can describe the dark energy, both
in the background and perturbative equations, as an effective fluid. The idea is to
regroup under a effective stress energy tensor T�

μν everything that is not either Gμν

nor Tmatter
μν . At the background level this gives

ρD ≡ 3M2H 2 − ρm , pD ≡ −M2(2Ḣ + 3H 2) − pm . (2.91)

With these definitions, and using the conservation of the background matter stress-
energy tensor,

ρ̇m + 3H(ρm + pm) = 0 , (2.92)

the conservation of the background T�
μν reads

ρ̇D = −3H(ρD+pD)+3αMM2H 3 = 3H(ρm+pm)+6M2H(Ḣ+αMH 2) . (2.93)

Another useful relation that one can use to express ṗD in terms of matter and geom-
etry is

ṗD = − ṗm − M2
[
2Ḧ + 2H Ḣ(3 + αM) + 3αMH 3

]
, (2.94)

which can be derived from the equations above.
Equations (2.81)–(2.84) can be then rewritten in the usual form,

k2

a2
� + 3H

(
�̇ + H�

) = − 1

2M2

∑
I

δρI , (2.95)

�̇ + H� = − 1

2M2

∑
I

qI , (2.96)

� − � = 1

M2

∑
I

σI , (2.97)

�̈ + H�̇ + 2Ḣ� + 3H
(
�̇ + H�

) = 1

2M2

∑
I

(
δpI − 2

3

k2

a2
σI

)
, (2.98)

where the sum is over the matter and the dark energy components. These equations
implicitly define the quantities δρD , qD , δpD and σD as the energy density pertur-
bation, momentum, pressure perturbation and anisotropic stress of the dark energy
fluid. An explicit definition is given in the Appendix.

With these definitions, one can verify that the evolution equation for π , Eq. (2.85),
is equivalent to a conservation equation of the dark energy fluid quantities,

δρ̇D + 3H(δρD + δpD) − 3(ρD + pD)�̇ − k2

a2
qD = αMH

∑
I

δρI . (2.99)

http://dx.doi.org/10.1007/978-3-319-41210-8_1
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The Euler equation,

q̇D + 3HqD + (ρD + pD)� + δpD − 2

3

k2

a2
σD = αMH

∑
I

qI , (2.100)

is identically satisfied by the definitions of qD , δpD and σD .
To close the system, one needs to provide a relation between δpD and σD in terms

of δρD , qD and the other matter variables. In order to do so in the simpler case
where αH = 0, we follow a procedure similar to the previous section. First, we solve
Eqs. (2.81)–(2.83) for �, �̇ and π̇ and then we plug these solutions in Eqs. (2.95)
and (2.96) to express π and � in terms of δρm, qm, σm, δρD and qD . �̇ is obtained
from the first derivative of (2.83). To obtain �̈ and π̈ we use Eqs. (2.84) and (2.85).
Combining all these solutions we can finally express σD and δpD in terms of the
other fluid variables. We obtain

δpD = γ1γ2 + γ3α
2
Bk̃

2

γ1 + α2
Bk̃

2
(δρD − 3HqD) + γ1γ4 + γ5α

2
Bk̃

2

γ1 + α2
Bk̃

2
HqD

+ γ7(δρm − 3Hqm) + γ1γ6 + 3γ7α2
Bk̃

2

γ1 + α2
Bk̃

2
Hqm − 6α2

B

α
δpm , (2.101)

σD = a2

2k2

[
γ1αT + γ8α

2
Bk̃

2

γ1 + α2
Bk̃

2
(δρD − 3HqD) + γ9k̃2

γ1 + α2
Bk̃

2
HqD

+ αT (δρm − 3Hqm) + γ10k̃2

γ1 + α2
Bk̃

2
Hqm

]
, (2.102)

where we use the notation k̃ ≡ k/(aH) and we have defined dimensionless coeffi-
cients γa , whose expressions are explicitly given in the Appendix. These relations
for δpD and σD are the equivalent of the Eqs. (2.86)–(2.87).

2.5.3.3 Interpretation

The system of Equations (2.86)–(2.89) is complete (provided δpm and wm are spec-
ified) and can in principle be solved to get the evolution of the matter perturbations
and gravitational potentials. To do sowithout approximationswould require a numer-
ical implementation. However, the physics can be discussed analytically in specific
cases, that give an idea of the effects expected. In particular, I will focus on the role
played by kinetic braiding. Indeed, one can see appearing in Eq. (2.86) a new scale
when αB 	= 0:

kB = aHβ
1/2
1

αB
, (2.103)
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which has been called braiding scale [18]. We shall explore two examples that show
it is associated with noticeable modifications of gravity.

• αB = 0:
It can be seen as the extreme limit where kB → ∞, meaning that all modes are
outside of the braiding length, k � kB . In this case most of the scale dependences
go away. We are left with the simpler expression

�̈ + (4 + 2αM + 3ϒ) H�̇ +
(

β4H
2 + c2s

k2

a2

)
� =

− 1

2M2

{
c2s [δρm − 3H(ρm + pm)vm] + (αM − αT + 3ϒ)H(ρm + pm)vm − δpm

}
,

(2.104)

where ϒ is defined in the Appendix. Although both αM and αT can be nonzero
here, the form of this equation is very similar to that obtained in the standard
k-essence case [24]. One recovers in the quasistatic limit (i.e. by neglecting time
derivatives and taking k 
 aH/cs)

− k2

a2
� = 1

2M2
δρm , � = (1 + αT )

[
1 + αK

αT − αM

2β1

]
� . (2.105)

Thismeans that no scale dependence is introduced in the effectiveNewton constant
defined as

− k2

a2
� ≡ 4πGeff δρm . (2.106)

As we will see, this no longer necessarily holds when αB 	= 0.
• α2

B 
 αK :
This case corresponds to having most of the kinetic energy of the scalar field
coming from kinetic braiding. Indeed, one can see in this case that the kinetic
energy (the term in ζ̇ 2 in Eq. (2.62)) is dominated by the contribution of αB .
For simplicity we consider only the case αT = 0. Moreover, to avoid gradient
instabilities the following relation is required (see Eq. (2.66))

αB � O(αM) . (2.107)

However, no restrictions are imposed on αM , whose value can affect the braiding
scale. Indeed, when α2

B 
 αK , this is given by

k2B
a2

� 3(H 2αM − Ḣ) , (2.108)
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which can be inside the Hubble horizon. In this case, considering modes with
k 
 kB , Eq. (2.86) simplifies to

�̈ + (3 + αM )H�̇ +
(
k2Bβ5

a2
+ c2s

k2

a2

)
� � − 1

2M2

(
k2Bβ6

k2
+ c2s + 1

3
− αM

3αB

)
δρm ,

(2.109)

where we have neglected relativistic terms on the right hand side of (2.86). If the
ratio β5/c2s is larger than one, the scale dependence cannot be neglected even in
the case k 
 kB . Therefore, a non vanishing αB , or the fact that kB < ∞, brings
a transition scale in the effective Newton constant,9 which is a strong signal that
gravity is modified.
Another interpretation would be that dark energy clusters: one can write Einstein
equations as

Gμν = T μν
m + T μν

D

M2
, (2.110)

which defines effective fluid variables for dark energy/modified gravity. Thus, for
subhorizon scales, the Poisson equation has the form

− k2

a2
� = 1

M2
(δρm + δρD) . (2.111)

For a cosmological constant, there are no perturbation in the dark energy fluid,
δρD = 0, and the standard behavior is recovered. However, as soon as dark energy
clusters, i.e. δρD ∼ O(δρm), the relation between the gravitational potential and
matter is no longer as simple, leading to a different (and potentially scale depen-
dent) effective Newton constant.

The Eqs. (2.86) and (2.87) can be seen as the generalization to arbitrary scales
of the usual parametrization in term of Geff (defined in Eq. (2.106)) and the slip
parameter

γ ≡ �

�
, (2.112)

that are employed in the quasistatic limit. However, if this limit is clearly defined
in GR where it means focusing on subhorizon scales k 
 aH , its definition in the
presence of an extra scalar field is more ambiguous. Indeed, in general, new scales
(see [28] for a general discussion concerning new scales in modified gravity) and
time dependences appear and it is not always clear how this limit would translate,
although in general it is expected to hold well inside the sound horizon of the scalar
perturbations, kcs 
 aH .

9Although the standard relation defining Geff involves� and not�, it easy to convince oneself that
the relation between them set by Eq. (2.87) does not remove this transition.



46 2 The Effective Field Theory of Dark Energy

To alleviate this uncertainty, one can look at what is called the extreme quasistatic
limit [18] corresponding towavenumber kmuch bigger than any scale in the problem,
i.e. taking k → ∞ in Eqs. (2.86)–(2.87). This yields the following expressions

8πGeff = α c2s (1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]
2

α c2s
M−2 , (2.113)

γ = α c2s + 2αB [αB(1 + αT ) + αT − αM ]

α c2s (1 + αT ) + 2 [αB(1 + αT ) + αT − αM ]
2 , (2.114)

where I have expressed both quantities directly in terms of the functions αa (recall
that α = αK + 6α2

B and αH is here set to zero). These two quantities are observable
since the first affects directly the growth of structures and therefore affects the power
spectrum of the large scale structure. The second is related to the gravitational poten-
tial felt by photon, � + �, and thus can be probed in weak lensing experiments (see
for example [29]).

In this Section, I have shown that by looking at the evolution of cosmologi-
cal perturbations, one can relate the parametrization of the action in Eq. (2.47) to
observable quantities. The simplest cases from the theoretical side are the vector and
tensor sectors. They only depend on the time variation of the Planck mass, αM , and
on the deviation from unity of the tensor sound speed, αT . However, these sectors
are precisely the fields of observations where the signals are the weakest.

The more experimentally accessible scalar sector corresponds to the most com-
plicated domain, where all five functions αi play a role. Although their effects are
understood from a theoretical point of view (see Table2.2), they appear in a non
trivial way when going to observable quantities such as the growth of structures or
weak lensing. This can be seen analytically in the quasistatic limit with the modi-
fications of the way matter sources the gravitational potential (through Geff ) or the
way the two potentials are related to each other (through γ ). This is why, to break the
degeneracies that remain, one may need to go beyond the quasistatic limit, starting
for example from Eq. (2.86).

One idea would be to solve perturbatively Eqs. (2.86)–(2.89) around k → ∞
without necessarily making assumptions on the time derivatives. This would be a
way to see the range of validity of the quasistatic approximation (see also [30]). We
have actually started looking into this, but taking care of the time dependence is
rather subtle and requires more work.

2.6 Conclusions

In this chapter, I presented a method called the Effective Field Theory for Dark
Energy, that allows to explore the vast landscape beyond the standard model of
cosmology, �CDM. It is based on the parametrization of an action, describing
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scalar-tensor theories in a very broad sense. I used the preferred time foliation that
the scalar field offers, along with its 3+1 geometry, to construct a very generic
Lagrangian that describes linear perturbations with second-order dynamics. This
Lagrangian depends only on five functions of time, provided the expansion of the
Universe and its matter content are known.

This has many advantages, both theoretically and observationally. The stability
conditions that one needs to impose for a theory to be sensible can be easily read from
this action. Moreover, this reduces to a single channel of analysis the comparison to
experiments. The straigthforward links that we developped between wide classes of
models and the parameters make it particularly convenient to use, since constraints
on the five parameters easily translate to constraints on models.

However, this point of view is somewhat limiting the potential of this approach.
The action (2.47) explores domains beyond the models currently known, potentially
leading to new models, as we shall see in the next chapter. Indeed, it is solely based
on the fact that in general, the background solution of an additional field in a cos-
mological setting explicitly breaks time reparametrization invariance. This opens the
possibility of new terms in the action beside the standard Ricci scalar. It really is
deviations from �CDM +GR that are captured by this formalism.

Because of its minimal number of parameters, the EFT of DE has started to be
used by the community. It first started with people developing codes, in particular
[31], that is based on the popular CMB code CAMB [32] and others doing forecasts
for galaxy surveys [33]. Now, the parametrization, conveniently optimized by [18], is
being used in the analysis of the Planck collaboration [34]. Hopefully, future surveys
such as EUCLID [35] and LSST [36] will also use it, and the constraints on the αa

will improve.
From a theoretical point of view, there is still work to be done. As I mentioned

above, there is a yet untamed wealth of information contained in Eq. (2.86), which
includes for example relativistic effects that become important when looking at
increasingly large surveys. It would be interesting to see how much of this informa-
tion can be extracted using numerical solutions, or analytical method generalizing
the quasistatic limit.

Another point I have been working on recently consists of extending this formal-
ism to the case where theWeak Equivalence Principle (WEP) is violated, i.e. species
couple to different metrics. This has been studied for�CDMunder the name of inter-
acting dark energy (see for example [37–40]). The idea is to investigate the interplay
between these two properties, namely modifications of gravity and violation of the
WEP. In particular, we generalized the stability conditions (2.65) in [15] to include
the different couplings of the matter fields. In a subsequent publication [16], we
looked at the effect of deviation from �CDM and the WEP on various observables
using Fisher matrices (in the quasistatic limit). The bottom line is that, even with
future surveys, there is not enough information to disentangle the effects of the vari-
ous α. It might be possible when looking beyond the quasistatic regime, where more
scale and time dependence arise, that can potentially break degeneracies.

Looking back at the motivations presented in the Introduction, it will appear to
the careful reader that the analysis presented here does not address what I referred
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to as the old cosmological constant problem. This is a good remark. At the moment,
there are no outstanding candidate theory that gives a hint at a resolution of this
problem. The hope is that, by looking at the simplest deviation from�CDM, namely
adding a scalar field, one might be then guided by the data towards the beginning of
an answer. An extra scalar field might well be the manifestation of a more complex
theory in certain limits (as it is for massive gravity for example [2]).

Appendix

In this Appendix, I compiled a few complicated expressions that were omitted from
the main text of this chapter. The following shorthand notations for the variable �,
� and π

P ≡ M2(π̇−�) , Q ≡ M2(�̇+H�+Ḣπ) , R ≡ M2(�+Hπ) , (2.115)

allow to express the fluid quantities of Sect. 2.5.3.2 in a compact manner

δρD ≡2
k2

a2
(
αHR−αBM

2Hπ
) − 3H

[
(ρD + pD)π − 2αBQ] + H 2(αK − 6αB)P ,

(2.116)

qD ≡ −2αBHP − (ρD + pD)π , (2.117)

σD ≡ αMM2Hπ − αTR − αHP , (2.118)

δpD ≡ [
ṗD + αMHM2(2Ḣ + 3H 2)

]
π − 2αMHQ

+
(

ρD + pD
M2

+ 6αBH
2

)
P + 2

(
αBHP)· + 2

3

k2

a2
σD . (2.119)

Moreover, the parameters β in Eq. (2.86) can be related to the initial α parameters
of the action (2.47) through (in the case αH = 0)

β1 ≡ −αK
ρm + pm
4H 2M2

− 1

2
α

(
Ḣ

H 2
+ αT − αM

)
, (2.120)

β2 ≡ 2(2 + αM) + 3ϒ , (2.121)

β3 ≡ 3 + αM + α2
B

Hα

(
αK

α2
B

)·
, (2.122)

β4 ≡ (1 + αT )
[
2Ḣ/H 2 + 3(1 + ϒ) + αM

] + α̇T /H , (2.123)

β5 ≡ c2s − 2αB(β3 − β2)

α
+ α2

B

β1
(1 + αT )(β3 − β2) + α2

Bβ4

β1
, (2.124)

β6 ≡ β7 − 2
αB(β3 − β2)

α
, (2.125)
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β7 ≡ c2s + 2
α2
B(1 + αT ) + αB(αT − αM)

α
, (2.126)

β8 ≡ β9 − (αK − 6αB)(β3 − β2)

α
, (2.127)

β9 ≡ −(1 + 3c2s + αT ) + α2
B

Hα

(
αK

α2
B

)·
, (2.128)

β10 ≡ −6(1 + ϒ) − 4Ḣ/H 2 , (2.129)

β11 ≡ 2

3
− 2

α2
B

β1

[
(2 − αM) + 2Ḣ/H 2

] − 2
α4
B

β1Hα

(
αK

α2
B

)·
, (2.130)

with

12β1H
3M2ϒ ≡ 2αM2

{[
Ḣ + (αT − αM )H2]· + (3 + αM )H

[
Ḣ + (αT − αM )H2]}

+ αK ṗm − (ρm + pm)H(αK − 6αB )(αT − αM ) + 6(ρm + pm)
α4B
α

(
αK

α2B

)·
.

(2.131)

On the other hand, the γ in Eq. (2.102) read

γ1 ≡ αK
ρD + pD
4H2M2 − 3α2

B
Ḣ

H2 , (2.132)

γ2 ≡ c2s + αT

3
− 2

αB(2 + �) + (1 + αB)(αM − αT )

α
, (2.133)

γ3 ≡ c2s + γ8

3
, (2.134)

γ4 ≡ 1

ρD + pD

{
− ṗD/H + αM

[
ρD + pD − 3H2M2]

+ 6
α2
B
α

[
(3 + αM + �)(ρm + pm) − ṗm/H

]}
, (2.135)

γ5 ≡ −1 − (6αB − αK )(αT − αM )

6α2
B

+ α2
B

Hα

(
αK

α2
B

)·
(2.136)

γ6 ≡ −6α2
B
2 + �

α
+ αK αM − 6α2

B
α

, (2.137)

γ7 ≡ αK αM − 6α2
B

3α
− (6αB − αK )(αT − αM )

3α
, (2.138)

γ8 ≡ αT + αT − αM

αB
, (2.139)

γ9 ≡ α
αT − αM

2
, (2.140)

γ10 ≡ 3α2
B(αT − αM ) , (2.141)
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where

γ1� ≡ αK

4H2M2

[
(3 + αM )(ρm + pm) − ṗm/H − α2

B(ρD + pD)

αK H

(
αK

α2
B

)·]
− α

Ḧ

2H3 ,

(2.142)
and

c2s = −
2(1 + αB)

[
Ḣ − (αM − αT )H2 + H2αB(1 + αT )

]
+ 2H α̇B + (ρm + pm)/M2

H2α
.

(2.143)
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Chapter 3
Beyond Horndeski

Although using parametrizations such as the EFT of DE (for other examples, see
[1, 2]) proves useful when testing our understanding of cosmology, finding a more
complete description through a specific model provides advantages. For example, it
allows to go beyond the linear approximation, which is necessary when looking at
smaller scales, where it breaks down. A very important step in this endeavour was the
work of Horndeski [3] and its rediscovery [4, 5]. What are now known as Horndeski
theories, or generalized galileons, are themost general Lorentz invariant scalar-tensor
theories leading to second-order equations of motion, both for the scalar and for the
tensors. This property guarantees that they are well behaved and free of ghosts. The
fondness for these theories comes from the standard lore that theories ruled by EOM
withmore than two derivatives should be automatically discarded because they suffer
from instabilities, according to Ostrogradski’s theorem. However, this reasoning is
too hasty. Indeed, in order for this statement to be correct, the theory needs to be non
degenerate, in a sense that I will make clear later.

In this chapter, I will describe scalar-tensor theories that are not contained inHorn-
deski’s. As a consequence, their EOM contain terms with three derivatives, but I will
show that the theories are still “healthy”, meaning devoid of Ostrogradski’s insta-
bility. First, I will spend some time on what Horndeski theories are, before moving
to these new theories, that we dubbed G3 for “Generalized Generalized Galileons”.
Finally, I will use the formalism of Chap. 2 to explore the novel phenomenology that
appears when going beyond Horndeksi.

3.1 Horndeski Theories

As I have said before, the easiest way to modify�CDM is to introduce a scalar field.
The goal is therefore to write a Lagrangian for this scalar field

L(φ, φα ≡ ∇αφ, φβγ ≡ ∇β∇γφ, gμν, . . .) . (3.1)
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54 3 Beyond Horndeski

Usually,whenwriting suchLagrangians, onlyfirst derivatives of the scalar field are
involved.However, one can bemore general and include terms such as�φ ≡ gμνφμν .
They are slightly more delicate, as they can lead to extra, unstable DOF. A sufficient
condition to avoid this is to require that the EOM derived from the Lagrangian are at
most second-order in derivative. Before turning to the case of a general metric gμν

it is instructive to focus on the Minkowski limit, where the only dynamical DOF is
the scalar. The key ingredient are the so-called galileons Lagrangians of [6]:

Lgal,1
2 = X , (3.2)

Lgal,1
3 = X�φ − φμφμνφν , (3.3)

Lgal,1
4 = X

[
(�φ)2 − φμνφμν

] − 2(φμφνφμν�φ − φμφμνφλφλν) , (3.4)

Lgal,1
5 = X

[
(�φ)3 − 3(�φ)φμνφμν + 2φμνφνρφμ

ρ

]
(3.5)

− 3
[
(�φ)2φμφμνφν − 2�φφμφμνφνρφ

ρ − φμνφμνφρφ
ρλφλ + 2φμφμνφνρφ

ρλφλ

]
,

which are can be generalized to

LMink
2 = A2(φ, X) , (3.6)

LMink
3 = A3(φ, X)�φ , (3.7)

LMink
4 = A4(φ, X)

[
(�φ)2 − φμνφ

μν
]

, (3.8)

LMink
5 = A5(φ, X)

[
(�φ)3 − 3(�φ)φμνφ

μν + 2φμνφ
νρφμ

ρ

]
, (3.9)

where here φμν = ∂μ∂νφ since this is in flat space. For the choice of functions
Aa ∝ X one recover the previous expressions up to total derivatives.

The action S = ∫
d4x

∑
a L

Mink
a constitutes the most general action for a scalar

in flat space that leads to second-order EOM. What is essential in order to avoid
higher derivatives is the antisymmetric structure that appears, in particular in the
quartic (3.8) and quintic (3.9) galileons. Note that the same sort of structure appears
in ghost-free massive gravity [7, 8] when focusing on the scalar mode (taking the
so-called decoupling limit).

If we now want to write a covariant version of the most general action leading to
second-orderEOMin curved spacetime, the allowedLagrangians can be decomposed
into four classes

LH
2 [G2] ≡ G2(φ, X) , (3.10)

LH
3 [G3] ≡ G3(φ, X)�φ , (3.11)

LH
4 [G4] ≡ G4(φ, X) (4)R − 2G4X (φ, X)

[
(�φ)2 − φμνφμν

]
, (3.12)

LH
5 [G5] ≡ G5(φ, X) (4)Gμνφμν + 1

3
G5X (φ, X)

[
(�φ)3 − 3�φ φμνφμν + 2φμνφνρφ

ρ
μ

]
.

(3.13)

The first type (3.10) corresponds to quintessence and k-essence, while the sec-
ond (3.11) corresponds to the kinetic gravity braiding Lagrangian (2.53).

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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The third Lagrangian (3.12) contains the Einstein Hilbert action (2.12), for G4 =
M2

Pl/2. When G4X �= 0 the second piece has the structure inherited from the quartic
galileon (3.8). However, when the metric is dynamical and the partial derivatives are
replaced by covariant ones, a non minimal coupling term, G4(φ, X)(4)R, is needed in
order to keep the EOM second-order. Finally, the last type, Eq. (3.13), known as the
quintic generalized galileon, is the extension of (3.12) to more fields φ. The list stops
there because any Lagrangian with more fields satisfying Horndeski’s conditions
would be a total derivative.

In the following section, I am going to argue that one can in fact write a more
general action that is still stable, even though it possesses terms with more than two
derivatives in the EOM.

3.2 General Considerations on Higher Order Derivatives

The desire for second-order EOM stems from Ostrogradski’s theorem, which can
be stated as following: imagine the position q(t) of a particle is described by a
Lagrangian

L(q, q̇, q̈) . (3.14)

Note that, usually, the Lagrangian does not depend on the second derivative of the
position. In this peculiar case, one can define the conjugatemomenta to these variable
as

P1 ≡ ∂L

∂q̇
− d

dt

∂L

∂q̈
, P2 ≡ ∂L

∂q̈
. (3.15)

Ostrogradski’s theorem states (see for example [9]) that if the system is non-
degenerate, i.e. if one can express the variable q̇ and q̈ as functions of P1 and P2,
the system will suffer from ghost instabilities as discussed in Sect. 2.4. In this simple
case, the non degeneracy conditions translates simply to the invertibility of the 2× 2
matrix

∂L

∂q(i)

∂L

∂q( j)
, (3.16)

where q( j) denotes the j th derivative of q w.r.t. time. It is easy to convince oneself that
when this is the case, the EOM contains terms with more than two time derivatives.

Indeed, even though Ostrogradski’s proof is formulated at the level of the action,
its consequences can be directly seen in the EOM. Let’s take the case of single DOF,
ψ(t), whoseEOMcontains three time derivatives.1 Thismeans that, in order to evolve
ψ from an initial state, one needs three conditions: the usual “position” ψ(t0) and

1Note that the case of three derivatives is somewhat particular, since only one additional initial
condition in needed, instead of the two associated with a full DOF. Moreover, it is not possible to
construct a Lagrangian for a single field ψ that gives odd number of time derivatives. However, it
can happen when more than one field are present and constitutes thus a case worth mentioning.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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“velocity” ψ̇(t0) but also the “acceleration” ψ̈(t0). This goes against the idea that a
DOF is given by the couple position-momentum. It signifies the presence of an extra
DOF, which, according to Ostrogradski, is a ghost (in the sense of Eq. (2.59) with
ξ < 0).

At the root of the proof is a notion of non degeneracy. This is not apparent in the
case of one field since as soon as there is a higher derivative in the EOM, one must
specify more initial conditions. However, when considering an action for more than
one field, the non degeneracy conditions are not always this trivial: one can have the
coefficient in front of higher derivative non zero but still have a degenerate system.
A simple example is the following set of equations

...
ψ + ...

φ + H1ψ̈ + H 3
2 φ = 0 ,

ψ̈ + φ̈ − H3φ̇ = 0 ,
(3.17)

where the Hi are arbitrary constants. Naively, one could think this would require
three initial conditions for ψ and φ, for a total of six, and the apparition of a third
DOF. However, by plugging the second equation in the first, one can see the system
is degenerate, since it is equivalent to

H3φ̈ + H1ψ̈ + H 3
2 φ = 0 ,

ψ̈ + φ̈ − H3φ̇ = 0 ,
(3.18)

which is a standard second-order system describing two DOF.
The case of Lorentz invariant scalar-tensor theories is evenmore involved. Indeed,

because of the gauge freedom, the system is degenerate: we saw for example in
Sect. 2.4 that the lapse N and the shift Ni yielded constraint equations. This explains
the fact that even GR, which a priori has ten DOF (the ten components of the metric),
propagates only two.

In the case of Eqs. (3.4) and (3.5) (as well as the other quartic (3.12) and quin-
tic (3.13) Lagrangians), the degeneracy is increased by the specific antisymmetric
structure of the Lagrangians: in particular, one can see that because of this structure,
∂2La

∂φ̈2 = 0. Of course, as I said above, the degeneracy condition is really on the full
matrix (3.16), but intuitively this is a sign that the theory is more degenerate.

It is exactly this degeneracy that would render the proof of Ostrogradski inap-
plicable in the Lagrangians of Horndeski, even before studying the EOM. Therefore,
this realization gives hope that one can construct theories that are more general
than Horndeski without introducing ghost DOF by considering Lagrangians that are
degenerate enough. It should be noted that this is not a miracle recipe that would
get rid of every ghost. The larger the number of derivatives, the more degenerate the
theory needs to be, making it harder and harder to conceive one.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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3.3 Generalized Generalized Galileons G3

Before introducing G3 theories, let me make a general remark here. When taking the
flat space limit of any scalar-tensor theory, the possibility of non trivial degeneracy
disappears since only the scalar remains. There, the number of possibilities is limited
to theLagrangians (3.6)–(3.9). This iswhy a necessary condition for any scalar-tensor
theory to be ghost free is to reduce to these Lagrangians when gμν → ημν .2

With this idea in mind, in [10, 11] we studied the following Lagrangians

L4 = LH
4 [B4(φ, X)] + F4(φ, X)Lgal,1

4 , (3.19)

L5 = LH
5 [B5(φ, X)] + F5(φ, X)Lgal,1

5 , (3.20)

where Lgal,1
4 and Lgal,1

5 theLagrangians fromEqs. (3.4) and (3.5)with the replacement

ημν → gμν , ∂μ → ∇μ . (3.21)

Under this form it is easy to see that the Horndeski case corresponds to F4 =
F5 = 0. However, when these functions are not zero, the EOM contain terms with
three derivatives. More precisely, the metric equations contain three derivatives of
the scalar and the scalar field equation contains three derivative of the metric. This
means that when going to flat space, the scalar field recovers its second-order EOM,
which is expected since it flat space these Lagrangians reduce to Eqs. (3.8) and (3.9)
(up to total derivatives, see [11]).

This is not how we first discovered these Lagrangians. The first hint we had was
when looking at the EFT of DE and realizing that, at linear order, one could be more
general than Horndeski theories: we had an additional parameter αH in Eq. (2.47)
that accounted for a deviation from Horndeski, while keeping the right number of
DOF. We then built a non linear theory that respected this property. Therefore, when
we first wrote it, it was in the context of the EFT of DE and as such it was in unitary
gauge. Using Eqs. (2.4) and (2.13), the Lagrangians (3.19) and (3.20) can be recast
into:

L4 ≡ A4(φ, X)
(
K 2 − KμνK

μν
)

+ B4(φ, X)R ,

L5 ≡ A5(φ, X)
(
K 3 − 3KKμνK

μν + 2KμνK
νρKμ

ρ

)
+ B5(φ, X)Kμν

(
Rμν − 1

2
hμν R

)
,

(3.22)

where
A4 ≡ −B4 + 2XB4X − X2F4 ,

A5 ≡ − XB5X

3
+ (−X)5/2F5 .

(3.23)

2When this is not the case, the theory might be ghost free around specific background, but the
property might not be Lorentz invariant.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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This yields the expression of the Horndeski Lagrangians in terms of 3+1 quantities
in the case F4 = F5 = 0, which was first derived in [12]. On top of making the
connection with Chap.2 easier, these expressions are going to allow us to prove that
the theory has no extra DOF. In order to do so, we will specialize to the case where
the scalar field is spacelike, so that we can go to unitary gauge.

One could rightfully argue that proving the soundness of the theory under this
assumption does not guarantee it will hold on a different background. This is indeed
true. However, it is a necessary condition and under this assumption one can actually
say something quantitative about the number of DOF. Moreover, the fact that it also
reduces to galileons in Minkowski is a strong signal that the theory is safe around
any background. I will give a purely Lorentz invariant proof in a following section,
which relies on knowing a priori a transformation of the metric that maps subsets of
G3 onto Horndeski. After this thesis was finished, various gauge-invariant studies of
the G3 Lagrangians appeared. [13] explicitly showed that the third derivatives can
be eliminated (in a similar fashion as the reasoning of Eqs. (3.17) and (3.18)), while
[14–16] used a clever and compact way of generalizing the variable of the unitary
gauge to an arbitrary gauge, and then performed a Hamiltonian analysis (the reader
unfamiliar with Hamiltonian analyses is encouraged to read Sect. 2 [14], which gives
a very clear and detailed introduction). They confirm the results of the unitary gauge
analysis below, with a few restrictions on what combinations of Lagrangians are
allowed.

3.4 Hamiltonian Analysis

In unitary gauge, the proof is very general and is based on a Hamiltonian analysis.
We are back to using the metric whose line element is

ds2 = −N 2dt2 + hi j
(
dxi + Nidt

) (
dx j + N jdt

)
. (3.24)

Moreover, in this gauge, the extrinsic curvatures in Eq. (3.22) take their usual 3+1
expression

Ki j = 1

2N

[
ḣi j − Di N j − Dj Ni

]
, (3.25)

and again, the other components are not needed (see Eq. (2.9)).
To prove that there are no extra DOF, I will use a Hamiltonian analysis, that

will allow me to count the number of DOF. The case is actually quite similar to the
standard counting of DOF in GR, starting from Eq. (2.12).

The first step is to compute the conjugate momenta of the “position” variables
(N , Nk, hi j ) in order to write the Hamiltonian as a function of the twenty canonical

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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variables (N ,πN ), (Nk,πk), (hi j ,πi j ). Since the lapse and the shift do not appear
with time derivatives, their conjugate momenta vanish

πN = 0 , πi = 0 , (3.26)

and their EOM will yield constraints.
The Hamiltonian is defined as

H ≡
∫

d3�x [
πi j ḣi j − L]

. (3.27)

What is left to do is to invert the relation between ḣi j and πi j . This can be done
explicitly in the case of L4. However, in the case of L5 the relation between these
two quantities is not linear: expressing ḣi j as a function of πi j requires taking the
square root of a matrix. Therefore, even though the inversion is locally well defined,
one cannot get an explicit expression (it was later shown in e.g. [14] that including
L5 in addition to L4 and LH

4 leads to higher number of DOF).
After this inversion in the case of L4 (3.19), the Hamiltonian can be put in the

form

H =
∫

d3�x [
NH0(N ) + NiHi

]
, (3.28)

with
Hi ≡ −2Djπ

j
i , (3.29)

H0 ≡ − 1√
hA4

(
πi jπ

i j − 1

2
π2

)
− √

h B4
(4)R ,

A4 = −B4 − N B4N − F4 .

(3.30)

The last equality stems from Eq. (3.23) in unitary gauge, where X = −1/N 2

(choosing φ0(t) = t). The Hamiltonian of GR has exactly the same form, with
B4 = −A4 = 1/(16πG), implying that H0 is independent of N , which is not the
case in general.

To count the DOF in a constrained system such as the one described by Eq. (3.28),
one has to sort the constraints according to their class in Dirac’s terminology. A
constraint can either be first-class, which implies that its Poisson bracket with all the
other constraints vanish, or second class otherwise. Although these definitions are
quite technical for the unfamiliar reader, let me distill their relevant properties. First
class constraints are particular constraints that are in general associated with gauge
freedom. This is why, on top of eliminating one variable, the freedom associated
with the gauge removes an additional variable. The statement is thus that a first
class constraint removes a full DOF (which corresponds to a couple of canonical
variables). Second class constraints however do not stem from gauge freedom and as
such remove only half a DOF (see for example [17] for a discussion on constrained
Hamiltonian and number of DOF).
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In the case of GR, all the constraints

πN = 0 ,
∂H

∂N
= H0 = 0 , πi = 0 ,

∂H

∂Ni
= Hi = 0 , (3.31)

are first class (this is actually guaranteed by the fact that N and Ni only appear linearly
in the action). This can be understood because, even though a specific foliation is
chosen to decompose the Ricci scalar in 3+1 quantities, this foliation is completely
arbitrary. Therefore, the time gauge freedom is still maintained in the action and N
is the variable that enforces it. The same can be said about the spatial gauge freedom
and Ni .

The counting can then be done as following: there are two constraints for (N ,πN )

and six for (Ni ,πi ), each removing a full DOF. This leaves two DOF out of the naive
ten, which are the two polarizations of gravity waves.

In the case ofG3, the only difference is that the constraints associatedwith (N ,πN )

πN = 0 ,
∂H

∂N
= H0(N ) + NH′

0(N ) = 0 , (3.32)

are in general second class and remove only half of DOF each. Technically, this is
because in generalH0 depends on N . More intuitively, this is just the expression that
the time diffeomorphism invariance is broken by the choice of the unitary gauge,
which represents a specific choice of time given by the scalar field.

However, as we discussed in Sect. 2.1, the action is still invariant under spatial
diffs, so the six constraints for (Ni ,πi ) remain first class. Actually, it is not exactly
Hi that is first class, but ratherHi +πN∂i N (see for example [18]), which is actually
the total momentum constraint that would appear for GR plus a scalar field.

The counting therefore yields three DOF, which are the expected tensor (two) and
scalar (one) modes. Contrarily to what could have been thought naively, no extra
DOF appears in the theory. Notice that imposing the Horndeski conditions (3.23)
does not yield anything special in this formulation.

Nevertheless, the simplicity of the unitary gauge action hides the fact that the
Lagrangians (3.19) and (3.20) are quite peculiar. Two things should be kept in mind.

• The counting of DOF could have yielded four. For example, if one were to simply
detune the functions G4 and G4X in Eq. (3.19), when going to unitary gauge the
action would contain terms in Ṅ K . Indeed it can be checked using Eq. (2.4) that

(�φ)2 − φμνφ
μν ⊃ −2∇μXKnμ ∝ Ṅ K , (3.33)

since X ∝ 1/N 2 in unitary gauge. In this case, πN �= 0 and one can invert the
momenta to write Ṅ and ḣi j in terms of πN and πi j .3 Then the equations associated

3The last statement is essential. Indeed, there exist situations where πN �= 0 but the Lagrangian is
too degenerate to allow the inversion of the momenta, so that there is actually no extra DOF. See
[11, 19] for examples of such a case.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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to N become dynamical: they are no longer constraints. The only constraints that
remain are those for Ni , which remove six of the ten initial DOF: an extra mode
appears, which is a ghost according to Ostrogradski’s theorem.

• The proof in unitary gauge could be extended to any Lagrangians that depends on
arbitrary combinations of the extrinsic curvature, see for example [20]. However,
as soon as they do not appear in the specific forms of Eqs. (3.19) and (3.20), the
theories do not reduce to galileons in flat space. As I mentioned above, this means
that they potentially develop ghost like DOFwhen the unitary gauge is not defined,
i.e. when the scalar field is not spacelike. As such, they might be Lorentz violating
theories, which is what happens for Hořava-Lifshitz gravity [21, 22].

3.5 Field Redefinitions

A well known situation where Ostrogradski’s theorem does not apply even though
higher derivatives are present is when there exists an invertible mapping between a
theory and one that is healthy (see e.g. [23]). The term invertible is here taken in its
formal mathematical definition: the mapping must be a bijection between the two
set of variables.

In particular, in the case of a single variable ψ mapped to ψ̃, the transformation
cannot involve derivatives of the field: the “inversion” is always defined up to inte-
gration constants, implying the mapping is not injective. This means that one cannot
remove the extra DOF associated to a term in ψ(n>2) by defining a new variable
ψ̃ ≡ ψ(n−2). The extra DOF are just hidden in the solution of the equation for ψ̃ in
terms of ψ. This is yet another way of saying that when there is only one variable,
there is no room to play with degeneracies: Ostrogradski’s theorem always applies.

However, as soon asmore variables are at play, the situation changes. For example,
a transformation of the form

ψ1 → ψ2 ,

φ1 → φ2 + ψ̈2 ,
(3.34)

is invertible, since there are no differential equations to solve to express the new
variables in terms of the old ones. Thus, the Lagrangian

L2 = − ψ̇2
2

2
− φ̇2

2

2
− φ̇2ψ

(3)
2 −

(
ψ(3)
2

)2

2
. (3.35)

has the same number of DOF as the standard free field Lagrangian

L1 = − ψ̇2
1

2
− φ̇2

1

2
, (3.36)

since they are related by Eq. (3.34).
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One can also see this in a way similar to Eq. (3.17) since the EOM derived from
the Lagrangian (3.35) are

ψ̈2 + φ(4)
2 + ψ(6)

2 = 0 , (3.37)

φ̈2 + ψ(4)
2 = 0 , (3.38)

which are equivalent to
ψ̈2 = 0 , φ̈2 = 0 . (3.39)

It turns out that in the case of G3, we found a way to write this mapping, when
restricting to the case of either (3.19) or (3.20), but not when both are considered at
the same time. The key is to use disformal transformations [24], such as

ḡμν = �(φ, X)2gμν + �(φ, X)φμφν ,

φ̄ = φ .
(3.40)

For most choices of� and� this transformation is invertible in the sense I defined
above, since no differential equation needs to be solved to express the original quan-
tities in terms of the tilde ones. It was shown [25] that when the functions � and �

do not depend on X = φμφ
μ, this transformation leaves the structure of Horndeski

theories invariant. By this I mean that when performing such a transformation on the
whole theory L = ∑5

a=2 La , one gets a Lagrangian L̃ = ∑5
a=2 L̃a , where La and

L̃a are of the forms (3.10)–(3.13), but with different functions Gb.
Once the functions � and � are allowed to depend on X , the Horndeski form is

no longer preserved. In particular, when focusing on the case where only � depends
on X , we showed in [11] that the transformation creates a bridge between Horndeski
theories and G3. More precisely, when considering

gμν → ḡμν = �2(φ) gμν + �(φ, X)φμ φν , (3.41)

the geometrical quantities above change as4

R̄ → �−2R , (3.42)

K̄μν → Kμν√
�2 + �X

. (3.43)

Since the extrinsic and intrinsic curvatures transform differently, the function of
(φ, X) in front of the two different parts of the Horndeski Lagrangians, e.g.

L4 ≡ (B4 − 2XB4X )
(
K 2 − KμνK

μν
) + B4(φ, X)R , (3.44)

4It is easier to see the effect of the transformation (3.41) on these quantities than directly on the
scalar field and its derivatives. However this can be done, see for example [19].
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will bemodified differently. The freedom in�(φ, X) allows to detune these functions,
leading to the case of Eq. (3.19) with arbitrary A4 and B4. Conversely, if one starts
from

L = A4(φ, X̄)(K̄ 2 − K̄μν K̄
μν) + B4(φ, X̄)R̄ , (3.45)

and performs a disformal transformation with � solution of

�X = A4 + B4 − 2XB4X

X2A4
, (3.46)

the resulting Lagrangian belongs to the Horndeski class

L̄ = (B̄4 − 2X̄ B4X̄ )(K̄ 2 − K̄μν K̄
μν) + B̄4(φ, X̄)R̄ . (3.47)

The same reasoning can be made for the case of L5 alone. However, in general it
is not possible to choose � to put both Lagrangians in the Horndeski form. Indeed,
there is only a single free function of (φ, X), which is not enough to eliminate the
two functions A4 and A5 from Eqs. (3.19) and (3.20) simultaneously.

What about introducing a new function of (φ, X) by giving a X dependence to�?
By considering such a transformation, one not only goes out of Horndeski theories,
but out of G3 as well.

If one were to use a structure involving second derivatives of φ in Eq. (3.41), those
would have to be covariant and introduce first derivatives of the metric through the
Christoffel symbols. In principle, this means that the transformation for the metric
becomes differential and would not conserve the number of DOF. We have not been
able to find a field redefinition that brings the full action L4 + L5 to Horndeski.5 The
very existence of such transformation is not guaranteed. This is where the strength
of the Hamilonian analysis is manifest: it is a standalone procedure and does not rely
on exterior knowledge.

One could argue that since the theory can be mapped to Horndeski, the two
theories are equivalent. However this is not the case, in particular in the context of
late time acceleration. Indeed, the Universe is not just described by gravity plus a
scalar field; the matter sector has to be accounted for. When changing the metric in a
way similar to Eq. (3.41), the matter sector also changes: a coupling to the scalar field
is introduced. This implies in particular that the stress energy tensor of matter is no
longer conserved (this is similar to Brans-Dicke theory [26]) and has consequences
already at the linear level.

5As it turns out, the combination L4 + L5 was shown to contain a ghost DOF [14].
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3.6 Linear Analysis and Coupling to Matter

In order to study the stability conditions and to see how the presence of matter affects
the theory, I now turn to the linear perturbations. For that, I will rely on the formalism
of Chap.2. Indeed, the Lagrangians (3.22) are particularly adapted since they already
are in terms of geometrical quantities. Themain difference with Horndeski will come
from the presence ofαH in Eq. (2.47). I will show in this section how this brings a non
standard derivative coupling between matter and the scalar field, which affects the
propagation of matter perturbations. This also means that, contrarily to the standard
idea of the Jeans phenomenon, gravity’s effect will not be negligible at very small
scales.

3.6.1 Stability and Ghosts

What I have proven with the Hamiltonian analysis in Sect. 3.4 is the absence of extra
DOF. One might still be worried that some of those DOF are ghosts. In order to
conduct an explicit analysis similar to the one of Sect. 2.4 in the presence of matter, I
will describe the latter as a scalar field σ(t, �x) ≡ σ0(t)+δσ(t, �x)with a non standard
kinetic term, that is

Sm =
∫

d4x
√−g P(Y,σ) , Y ≡ gμν∂μσ∂νσ . (3.48)

This is enough to describe a perfect fluid, characterized by the stress energy tensor

Tμν = (ρm + pm)uμuν − pmgμν , (3.49)

pm ≡ P , ρm ≡ 2Y PY − P , uν ≡ ∂νσ√−X
. (3.50)

This choice allows to have a non trivial sound speed, given by c2m ≡ PY /(PY −
2σ̇2

0PYY ) [27].
What will interest us for stability is the kinetic mixing between the variable ζ in

Eq. (2.61) and the gauge-invariant variable Qσ ≡ δσ − (σ̇0/H)ζ. The presence of
αH �= 0 or matter does not modify the quadratic action for tensors, so the conditions
will be the same as in Sect. 2.4. Once the constraints are solved, the kinetic par tof
the quadratic Lagrangian (that is, the one where each field is derived once) is given
in Fourier space by the matrix

M = 1

2

( L̃ζ̇ ζ̇ω
2 + L̃∂ζ∂ζk2 A

[
αBω2 − c2m(αB − αH )k2

]
A
[
αBω2 − c2m(αB − αH )k2

] −2PY c−2
m (ω2 − c2mk

2)

)
, (3.51)

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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with

A = − 2σ̇0PY
Hc2m(1 + αB)

. (3.52)

L̃ζ̇ ζ̇ and L̃∂ζ∂ζ are functions of the parameters αa , whose expressions are not
very useful here, but can be found in Sect. 5.2 of [11]. In order to get the no ghost
conditions, the positivity of the eigenvalues of the time kinetic matrix (i.e. the above
matrix with k = 0) is required. This leads to the conditions

αK + 6α2
B > 0 , PY c

−2
m = PY + 2Y PYY < 0 . (3.53)

The first one is the same as in Sect. 2.4, while the second is the standard condition for
k-essence. Once again, we can see here that the case of Horndeski is in noway special
regarding ghosts, since αH does not appear in the conditions. Nevertheless the sound
speeds are modified, which changes the conditions to avoid gradient instabilities of
Eq. (2.65). To see this, one first needs the dispersion relations. They can be obtained
by requiring that the kinetic matrix is singular, implying that its determinant vanishes

(ω2 − c2mk
2)(ω2 − c̃2s k

2) = (c2s − c̃2s )

(
αH

1 + αH

)2

ω2k2 , (3.54)

with

c̃2s ≡ c2s − ρm + pm
H 2M2

(1 + αH )2

αK + 6α2
B

. (3.55)

This equation has two solutions, ω2 = c2±. To avoid gradient instabilities, we
require that c2± > 0.

One can see that when restricted to Horndeski, αH = 0, ω2 = c2mk
2 is a solution

of this equation and matter perturbations propagate at their usual sound speed. This
is in itself not completely trivial, since the presence of αB induces a kinetic braiding,
which brings off-diagonal terms in (3.51).

When αH �= 0, this mixing has a stronger effect: the presence of the scalar field
φ modifies the sound speed of matter. Thinking back to the standard Newtonian
picture of the pressure perturbation, δ p = c2mδρ, this means that the scalar field act
as additional pressure contribution. This will be clearer in Newtonian gauge, where
the scalar field is explicit.

3.6.2 Newtonian Gauge and Einstein Frame

As I have said before, the Newtonian gauge is more appropriate to discuss the EOM,
particularly in the Newtonian (small scales) limit. Therefore, I reintroduce again the
scalar field thanks to the transformation

t → t + π(t, �x) , (3.56)

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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and parametrize the scalar part of the metric as

ds2 = −(1 + 2�)dt2 + a(t)2(1 − 2�)δi j dx
idx j . (3.57)

In the action in terms of π, � and �, even the kinetic part alone is very involved.
This makes the analysis of the propagating DOF rather complicated. However, very
much alike the case of Brans-Dicke theory, one can do a field transformation at the
level of the metric potentials that puts the gravitational part of the action in a simpler
form. By extension of the Brans-Dicke case, where such transformation leaves only
the Einstein Hilbert term for gravity, I will call this new frame the Einstein frame.
The Einstein metric is related to the original Jordan metric (i.e. the metric to which
matter is minimally coupled) through

�E ≡ 1 + αH

1 + αT
� +

(
1 + αm

1 + αT
− 1 + αB

1 + αH

)
Hπ − αH

1 + αT
π̇ ,

�E ≡ � + αH − αB

1 + αH
Hπ .

(3.58)

In terms of these variables the kinetic part of the EFT action reads

S =
∫
d4xa3M2

{
α

2

H 2

(1 + αH )2

(
π̇2 − c̃2s

(∇π)2

a2

)

− 3�̇2
E + 1 + αT

a2
[
(∇�E )2 − 2∇�E∇�E

]}
.

(3.59)

The new metric variables are not derivatively coupled to the scalar field, making
transparent the kinetic structure of the theory. Notice that whenαH �= 0,�E contains
a derivative of π. This comes from the fact that in terms of the original variables �

and �, the quadratic action contains a term in ∇�∇π̇, which is exactly the term
leading to higher derivatives in the EOM. In this new frame however, the equations
are explicitly second-order.

This is reminiscent of Sect. 3.5, where field redefinitions were used to map the
theorywith higher-order derivatives to onewith only second-orderEOM.And indeed,
we proved inAppendixCof [11] that the term in π̇ in Eq. (3.58) arises exactly because
of the X dependence of � in Eq. (3.41).

This transformation also has an effect on the matter sector. In the Jordan frame,
the matter action contains an interacting part

L int ≡ 1

2
δgμνδT

μν = −(�δρm + 3�δ pm) , (3.60)
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which is the standard one for minimally coupled matter. However, when working
with the Einstein frame metric, a coupling between the scalar field and the matter
perturbations appears explicitly. If αH = 0, the coupling is of the form

L int ⊃ C πδρm , (3.61)

where C is a function of time, not important for the present discussion. The stress
energy of matter is not conserved and we have the schematic set of equations

δ̈ρm − c2m
∇2δρm

a2
+ Cm

∇2π

a2
≈ 0 , (3.62)

π̈ − c̃2s
∇2π

a2
− Cφδρm ≈ 0 , (3.63)

where the symbol ≈ stands for an equality in the limit k � aH/cm. This means
that, qualitatively, ∇2π ∼ δρm (very akin to the Poisson equation of GR), which
translates into a non derived term in Eq. (3.62). This is negligible compared to the
other terms at small scales, just as for the Jeans phenomenon in GR.

If now αH �= 0, Eq. (3.58) implies the presence of a coupling

L int ⊃ − αH

1 + αH
π̇δρm . (3.64)

The equation for matter contains new derivative terms which are relevant at small
scales k � aH/cm since the system scalar plus matter then obeys

δ̈ρm − c2m
∇2δρm

a2
− (ρm + pm)

αH

1 + αH

∇2π̇

a2
≈ 0 ,

π̈ − c̃2s
∇2π

a2
− αH (1 + αH )

αH 2M2
δ̇ρm ≈ 0 .

(3.65)

The dispersion relations that one gets from this set of equations are exactly the
same as in Eq. (3.54). One can see from the second line that now∇2π ∼ δ̇ρm, which,
when plugged back into the matter equation, adds a contribution to δ̈ρm. This cannot
be ignored when going to smaller and smaller scales, contrarily to the Horndeski
case. Here is yet another proof that Horndeski and G3 are not equivalent even though
connections do exist between the two.

Let me end this section with a small comment on the notion of frames that I used
here. The field redefinitions (3.58) are simply a convenient way of seeing the mixing
of sound speeds. In a sense, it is a sort of diagonalization of the kinetic matrix. There
is not more information in the Einstein frame than in the Jordan frame and if one
were to get down to observable quantities, the results would be the same.
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3.7 Conclusions

In this chapter, I introduced theories beyond Horndeski, that we dubbed G3. These
theories can be seen as alternative covariantazition of the flat space galileons [6].
As such, they are guaranteed to be ghost free in Minkowski space. When going
to curved spacetime, the EOM get in general terms with three derivatives, which
could be worrisome for stability. However, a careful Hamiltonian analysis shows
that these theories are stable, since they exhibit only the three DOF contained from
the beginning.

Links with Horndeski theories can be made for subclasses of G3 via field redefin-
itions of the disformal nature (see Eq. (3.41)), but they cannot be used to map the full
G3 onto Horndeski. From a cosmological perspective, a new behavior is uncovered
when matter is added to the picture, with novel features such as a mixing of sound
speeds. Moreover, it was argued in [28] that, even with screening mechanisms, the
time variation of the Planckmass coming from the nonminimal coupling to the Ricci
in Eq. (3.12) cannot be hidden. Since one can choose B4 constant in Eq. (3.19) and
still get a quartic galileon structure from the second piece, this might be a solution
to alleviate this problem.

The community has started to turn its attention to these models. For example, the
non gaussian features that arise from these new theories have been explored in [29]
and the screening mechanism was studied in [30]. The latter is different from the
one in Horndeski theories: the GR solution is recovered outside of massive objects,
but it differs inside of these objects. This has an effect on the formation of stars,
as shown in [31, 32]. This also affects others properties of stars, like the radius of
brown dwarfs and minimum mass for hydrogen burning for red dwarfs [33], or the
mass-radius relation in white dwarfs as well as their rotational frequency [34]. Those
tests can be used to put constraints on the G3 Lagrangians, that can be translated to
constraints on αH .

On a more general note, the considerations developed here shed light on the
unwarranted theoretical prejudice on higher derivatives. The assumptions in Ostro-
gradski’s proof are precise and they do not exclude completely their presence in the
EOM. These sorts of theories need to be thoroughly analyzed before being discarded.
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21. P. Hořava, Quantum gravity at a Lifshitz Point. Phys. Rev. D 79, 084008 (2009). 0901.3775
22. D. Blas, O. Pujolas, S. Sibiryakov, Consistent extension of horava gravity. Phys. Rev. Lett. 104,

181302 (2010). 0909.3525
23. C. de Rham, G. Gabadadze, A.J. Tolley, Helicity Decomposition of Ghost-free massive gravity.

JHEP 1111, 093 (2011). 1108.4521
24. J.D. Bekenstein, The relation between physical and gravitational geometry. Phys. Rev. D 48,

3641–3647 (1993). gr-qc/9211017
25. D. Bettoni, S. Liberati, Disformal invariance of second order scalar-tensor theories: framing

the Horndeski action. Phys. Rev. D 88(8), 084020 (2013). 1306.6724
26. C. Brans, R. Dicke, Mach’s principle and a relativistic theory of gravitation. Phys. Rev. 124,

925–935 (1961)
27. J. Garriga, V.F. Mukhanov, Perturbations in k-inflation. Phys. Lett. B 458, 219–225 (1999).

hep-th/9904176
28. B. Li, A. Barreira, C.M. Baugh, W.A. Hellwing, K. Koyama, et al., Simulating the quartic

Galileon gravity model on adaptively refined meshes. JCAP 1311, 012 (2013). 1308.3491
29. M. Fasiello, S. Renaux-Petel, Non-Gaussian inflationary shapes in G3 theories beyond Horn-

deski. JCAP 1410(10), 037 (2014). 1407.7280
30. T. Kobayashi, Y. Watanabe, D. Yamauchi, Breaking of Vainshtein screening in scalar-tensor

theories beyond Horndeski. Phys. Rev. D 91(6), 064013 (2015). 1411.4130
31. K. Koyama, J. Sakstein, Astrophysical probes of the Vainshtein mechanism: stars and galaxies.

Phys. Rev. D 91, 124066 (2015). 1502.06872



70 3 Beyond Horndeski

32. R. Saito, D. Yamauchi, S. Mizuno, J. Gleyzes, D. Langlois, Modified gravity inside astrophys-
ical bodies. JCAP 1506, 008 (2015). 1503.01448

33. J. Sakstein, Testing gravity using Dwarf stars. Phys. Rev. D 92 (2015) 124045, 1511.01685
34. R.K. Jain, C. Kouvaris, N.G. Nielsen, White Dwarf critical tests for modified gravity.

1512.05946



Chapter 4
Predictions for Primordial Tensor Modes

Even though the detection turned out not to be of primordial origin [1], the BICEP2
results had the merit of putting the study of tensor modes in the spotlight by showing
that the sensitivity for B-modes is reaching the levels of what is expected from
theories. So far, most of the attention has been devoted to scalar perturbations, since
those are the ones that give rise to the temperature anisotropies in the CMB.Although
more easily connected to observations, the scalar sector is much more complex. The
predictions for the power spectrum depends on many parameters, such as the speed
of sound for the scalar, or the shape of the potential. This means that it is difficult
to use temperature measurements to put robust constraints on models of inflation.
The situation is even worse, since the almost scale invariant spectrum that Planck
observed can be produced without having inflation [2].

Tensor modes on the other hand are much simpler from a theoretical point of
view since their power spectrum depends only on the energy scale of inflation. After
giving a brief introduction to the idea of inflation, I am going to show in this chapter
that the tensor modes predictions are very robust, contrarily to the scalar case.

4.1 Introduction to Inflation

Inflation is a phase of accelerated expansion that is thought to have occurred at the
very beginning of the Universe. The original motivation was to explain why the
Universe was so uniform (recall that in Fig. 1.1, the fluctuations are less than 10−5),
what is known as the horizon problem [3]. Furthermore, it provides a (quantum)
origin for the fluctuations that will later become galaxies. It is also one of the key
ingredient behind the theoretical prediction in Fig. 1.3.
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4.1.1 The Horizon Problem

The horizon problem has to do with causality. The Universe is very homogeneous
on the whole sky (Fig. 1.1). The question is: where all the regions seen on the CMB
map in casual contact at the time of emission? If there existed causally disconnected
region at that time, there is no reason for their respective temperatures to agree up to
one part 105, since they had no way of communicating. In order to answer this
question, we need to compute the size of the horizon at recombination. It is given by
the distance a photon can travel between the initial time ti and recombination trec. Its
expression reads (cf. Sect. 1.1.2)

rh =
∫ trec

ti

dt

a(t)
=

∫ rec

i
(aH)−1d ln a =

∫ zi

zrec

dz

H(z)
, (4.1)

where the integral has been expressed in terms of redshift using Eq. (1.5), and initial
time is taken when a(ti) → 0 in the Big Bang scenario.

Let me clarify that there are two different horizons that we are dealing with.
rh is the comoving horizon: particles that are separated by a comoving distance
greater than rh have never been in contact throughout the history of the Universe.
The second horizon is the Hubble horizon, (aH)−1. At a given time t, if particles are
separated by more than (a(t)H(t))−1, they cannot communicate. However, that does
not necessarily mean they could not communicate in the past if rh > (aH)−1 (the
distance d can satisfy rh > d > (aH)−1).

Taking into account the presence of various fluids (radiation, matter, dark energy),
the first Friedmann equation (1.8) together with the continuity equations (1.10) for
each fluid, give

H(z) = H0

√
�r,0(1 + z)4 + �m,0(1 + z)3 + �� , (4.2)

where the�parameters defined inSect. 1.1.3 are evaluated at present time. Therefore,
we can compute the angle that the horizon at recombination will represent on the sky,
θ ≡ rh/DCMB. DCMB is the distance that photon have travelled since recombination
and can be expressed as

DCMB =
∫ zrec

0

dz

H(z)
, (4.3)

Plugging the value of the �’s from Planck [4] and zrec � 1100, one gets

θ � 1◦ . (4.4)

Therefore, the CMB should not be homogeneous on angles larger than 2◦, as
illustrated in the Fig. 4.1.

http://dx.doi.org/10.1007/978-3-319-41210-8_1
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Fig. 4.1 Visualization of the horizon problem. On the right, the black circle corresponds to the
Big Bang singularity, the red one to the time when CMB photons are emitted. The orange circles
represent the horizon at that time, which is much smaller than the red circle. Courtesy of Daniel
Baumann [5]

Inflation allows to overcome this problem, by making the horizon much larger.
The idea is to have a sufficiently long phase where (aH)−1 is decreasing with time.
For example, if, from tinfl to ti we had a fluid with density ρ and equation of state
w = p/ρ < −1/3, the Friedmann equations would give us d(aH)−1

dt < 0 and

r ∝ 1

2(1 + 3w)

[
a

1
2(1+3w)

infl − a
1

2(1+3w)

i

]
, (4.5)

which goes to +∞ for ai → 0 since 1 + 3w < 0. Therefore, if inflation lasts long
enough, the regions of the CMB can be all in casual contact.

4.1.2 The Predictions of Inflation

We can rewrite the condition that (aH)−1 is decreasing as

ε ≡ − Ḣ

H2
< 1 . (4.6)

We are going to concentrate on the case where ε � 1, which is called slow-roll
inflation. Since we want inflation to last a sufficiently long time, we are going to
further require that ε is also slowly varying, which translates into

η ≡ ε̇

Hε
� 1 . (4.7)
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The simplest way to have such a phase is to consider a canonical scalar field with
a potential V , like in quintessence, whose Lagrangian reads

L = M2
Pl

(4)R

2
+ (∂μφ)2

2
+ V (φ) . (4.8)

Indeed, in this case we find that

H2 = 1

3M2
Pl

[
1

2
φ̇2 + V

]
, Ḣ = − φ̇2

2M2
Pl

. (4.9)

Therefore, if the kinetic energy of the scalar field is much smaller than it potential
energy (a situation that is often called slowly rolling)

ε = 3(ρ + p)

2ρ
� 3φ̇2

2V
� 1 , (4.10)

and we are indeed in slow-roll inflation. This simple model is therefore called single
field slow-roll inflation.

The equation of motion for the scalar field on the background is

φ̈ + 3Hφ̇ + Vφ = 0 , Vφ ≡ ∂V

∂φ
, (4.11)

which reduces in the slow-roll limit to

3Hφ̇ + Vφ = 0 . (4.12)

This means that we can relate the slow-roll parameter ε in Eq. (4.10) to the shape
of the potential, i.e.

ε = M2
Pl

2

(
Vφ

V

)2

. (4.13)

This is interesting since it limits the type of potentials that can cause inflation.
So far, we have only looked at the background, which has told us what type of

potential is needed. Another great strength of inflation is that, from Eq. (4.8), one can
study the perturbations around the homogeneous background, and make predictions
for their distribution.

4.1.3 Characteristics of the Fluctuations

We can see that the Lagrangian (4.8) is very similar to that of Sect. 2.4. Using the
same derivation as in that section, one can reduce Eq. (4.8) to a quadratic action for

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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the curvature perturbation ζ as well as for the tensors, γij. In this simpler case, the
quadratic action reads reads1

S =
∫

dt d3x a3
{

φ̇2

2H2

[
ζ̇2 − (∂iζ)2

a2

]
+ M2

Pl

8

[
γ̇2
ij −

∂kγ
2
ij

a2

]}
. (4.14)

In particular, this tells us that far outside the Hubble horizon, k � aH, ζ and γij
are constant ({ζ̇, γ̇ij} = O(k2/a2H2)), which will be very important in the following.

Let us first focus on the scalar perturbations, which are the one responsible for
the fluctuations in Fig. 1.1.

4.1.3.1 The Scalar Sector

In order to put the equation of motion in a more standard form, I will define a new
time variable τ such that dτ = dt/a. Note that with this definition, τ is equivalent
to r in Eq. (4.1). As such, the initial time corresponds to τ → −∞, and we can
take τ = 0 corresponding to the end of inflation. Moreover, I will use the shorthand
notation z2 = a2φ̇2/H2 and work with the canonical variable u = zζ. In Fourier
space, the equation of motion for a mode k then reads

u′′
k + ωk(τ )uk = 0 , ωk ≡ k2 − z′′

z
, (4.15)

where a prime denotes a derivative w.r.t. τ . This is known as the Mukhanov-Sasaki
equation. Just as in the standard example of quantum mechanics, one can quantize
the harmonic oscillators, introducing the annihilation (âk) and creation (â

†
k) operators

so that

u(x, τ ) =
∫

d3k

(2π)3

[
ukâke

ikx + u∗
k â

†
ke

−ikx
]

, (4.16)

where a ∗ denotes complex conjugate and the functions uk depend only on the norm
of k, because ωk(τ ) depends only on the norm. In order for this expansion to make
sense, we need to choose a vacuum |0〉 such that ak|0〉 = 0. This is equivalent to
giving the initial conditions necessary to solve Eq. (4.15). Bear in mind that even
before choosing a vacuum, we have restrictions on uk . By imposing the standard
canonical relation (in units where � = 1)

[u(τ , x),π(τ , x)] = i δD(x − x′) , π(τ , x) ≡ u′(τ , x′) , (4.17)

we get the relation
uk(u

∗
k)

′ − u∗
ku

′
k = −i . (4.18)

1This action is the same as the one derived in the discussion on αK for quintessence in Sect. 2.3,
without matter.

http://dx.doi.org/10.1007/978-3-319-41210-8_1
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Combining that with the fact that we want |0〉 to be the ground state of the Hamil-
tonian at initial time (τ → −∞), one finds (see [5] formore details) that the functions
uk start in the Bunch-Davis vacuum, characterized by

uk(τ ) −−−−→
τ→−∞

e−ikτ

√
2k

(4.19)

Now one can solve Eq. (4.15) to compute the power spectrum of u. In the de Sitter
limit (i.e. in the limit H = cst where (aH)−1 = −τ ), the time-dependent frequency
reads

ωk(τ ) = k2 − 2

τ 2
, (4.20)

and the equation has the solution

uk = α
e−ikτ

√
2k

(
1 − i

kτ

)
+ β

eikτ√
2k

(
1 + i

kτ

)
. (4.21)

Imposing the Bunch-Davis vacuum sets α = 1 and β = 0. From here one can
evaluate the power spectrum of u in Fourier space defined as

〈ûkûk′ 〉 = Pu(k)δD(k + k′) , ûk ≡ ukâk + u∗
k â

†
−k . (4.22)

In the superhorizon limit k � aH = |τ |−1, this power spectrum reduces to

Pu(k) = a2H2

2k3
. (4.23)

One of the key features of inflation is that (aH)−1 is decreasing. This means that
the Hubble horizon is shrinking, as illustrated in Fig. 4.2.

Fig. 4.2 Evolution of
comoving scale as a function
of time. The blue line is a
fixed scale k−1 and the red in
the comoving horizon aH−1,
which decreases during
inflation. Then the mode
re-enters the horizon and
becomes observable.
Courtesy of Daniel Baumann
[5]
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Therefore, if one waits long enough, a mode ζk with a fixed wavenumber k will
exit the horizon, meaning that k � aH. As I pointed out after Eq. (4.14), once this
happens, ζ is conserved. Thus, to compute the power spectrum of ζk at the end of
inflation, it suffices to compute the power spectrum when the mode exits the horizon
aH = k, and it will remains the same onwards, until after inflation, when the mode
re-enters the horizon (see Fig. 4.2).2

Using the relation between ζ and the canonical variable u, we get that

Pζ = 1

4k3
H2

ε

∣∣∣∣
k=aH

, �2
ζ ≡ k3

2π2
= H2

8π2ε

∣∣∣∣
k=aH

. (4.24)

�2
ζ is the dimensionless power spectrum of ζ. Since we are not exactly in de

Sitter space, H and ε are not constant, but have a time dependence (that is slow-roll
suppressed). The fact that the power spectrum is evaluated at k = aH implies that
any time dependence is translated into a scale dependence, that is often parametrized
as

ns − 1 ≡ d ln�2
ζ

d ln k
= −2ε − η . (4.25)

This is a very important result: it means that if the initial conditions are set during
slow-roll inflation, we should observe a power spectrum of fluctuations that is nearly
scale invariant (corresponding to ns = 1) but not exactly. This is something that one
can constrain using the power spectrum of the CMB (Fig. 1.3). The latest Planck
results [6] are

ns = 0.968 ± 0.006(68%C.L.) , (4.26)

excluding ns = 1 at 5σ. Now, let me discuss the tensor perturbations in the slow-roll
single field picture.

4.1.3.2 The Tensor Sector

The quadratic action for tensor modes (i.e. gravitational waves, which have finally
be detected for two merging black holes by the LIGO collaboration [7]) has a form
very similar to that of the scalar. This is even more apparent if on decomposes γij
into helicity modes

γij =
∫

d3k

(2π)3

∑
s

γs
kε

s
ije

−i k·x , (4.27)

2Then, the curvature starts evolving, which results in the transfer function T(k) in Eq. (1.23).

http://dx.doi.org/10.1007/978-3-319-41210-8_1
http://dx.doi.org/10.1007/978-3-319-41210-8_1
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with the polarization tensors εsij normalized as εsijε
s′
ij = 4δss′ where s, s′ denote the

helicity states. Defining vs
k ≡ MPla

2 γs
k,

(
vs
k

)′′ +
(
k2 − a′′

a

)
vs
k = 0 , (4.28)

In the de Sitter limit, a′′/a = 2/τ 2, so that Eq. (4.28) has the same frequency as
Eq. (4.15). From here, the calculation is therefore identical to the scalar case, so that
Pv = Pu. Using the relation between vs and γs, as well as the fact that γij has two
polarizations, one gets the power spectrum for primordial gravitational waves from
inflation

Pγ = 4

k3
H2

M2
Pl

∣∣∣∣
k=aH

, �2
γ = 2

π2

H2

M2
Pl

∣∣∣∣
k=aH

. (4.29)

Just like in the scalar case, one can compute the scale dependence of �γ , para-
metrized by nT

nT ≡ d ln�2
γ

d ln k
= −2ε . (4.30)

Note that, since ε is positive (see Eq. (4.10))3 and therefore, the power spectrum
of gravitational waves is expected to be red (i.e. nT < 0).

Another common parameter is the tensor to scalar ratio, r, defined as

r ≡ Pγ

Pζ
= 16ε , (4.31)

There is only an upper bound on this quantity, r < 0.12 [1]. This is unfortunate, as
this would directly measured the slow-roll parameter. Moreover, since the amplitude
of Pζ is measured in the CMB, knowing r gives access to the scale of inflation, H.
The goal of this Chapter is to show that this is indeed a robust prediction of inflation.

In slow-roll single field, the two previous parameters are related by a consistency
relation, r = −8 nT , which depends only on observable quantities. Thus, it is a
excellent test of slow-roll single field inflation.

The fact that ns is measured to be close to one, but not exactly one, is a strong
argument in favor of inflation. However, I presented here the simplest model, slow-
roll single field inflation. With more complicated model for the scalar field, one can
reproduce those results without having a phase of inflation [2]. In the next section, I
will explain how the tensor sector, contrarily to the scalar sector, could prove to be
a more robust probe for inflation.

3Even in more general models, satisfying the cosmological Null Energy Condition ρ + p > 0
implies ε > 0. Moreover, ε is usually what multiplies ζ̇2 in the quadratic action, so that the stability
conditions explained in Sect. 2.4 require that it is positive. This constraint can be circumvented
when there is kinetic braiding [8], i.e. αB �= 0 in the language of Chap. 2.

http://dx.doi.org/10.1007/978-3-319-41210-8_2
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4.2 Tensor Sound Speed and Quadratic Action

The Effective Field Theory of Inflation (EFTI) framework [9], fromwhich the EFT of
DE in Chap.2 is inspired, describes inflationary perturbations in unitary gauge. This
specific time slicing breaks the explicit invariance under time diffs and velocities are
no longer forced to be unity, as we have seen in Sect. 2.4. In particular, when the
scalar sound speed is non trivial, the (dimensionless) power spectrum of the curvature
perturbations ζ has an expression that depends both on ε = −Ḣ/H2 and cs. Since
this expression is estimated at horizon crossing csk = aH, any time dependence can
be related to a scale dependence. Therefore, in general, the scalar spectral tilt is

ns − 1 = −2ε − η − αs

H
, η = ε̇

Hε
, αs ≡ ċs

cs
. (4.32)

Itwas argued for example in [2] that one could get nearly scale invariance,ns−1 �
1 without having slow-roll inflation, ε � 1, by a proper choice of sound speed.
Thus, measurements of the scalar tilt cannot distinguish between inflation and other
scenarios.

For gravity waves, the situation is somewhat different. It is true that the tensor
sound speed can be modified. When considering the EFTI action

S =
∫

d4x
√−g

M2
Pl

2

[
(4)R − 2

(
Ḣ + 3H2) + 2Ḣg00 − (

1 − c−2
T (t)

)(
δKμνδKμν − δK2)] ,

(4.33)

and parametrizing the tensor perturbations γ as

hij = a2e2ζ(eγ)ij , γii = 0 = ∂iγij , (4.34)

the quadratic action for tensors reads, using Eq. (2.9),

Sγγ = M2
Pl

8

∫
d4xa3c−2

T

[
γ̇2
ij − c2T

(∂kγij)
2

a2

]
. (4.35)

The only other way to modify the tensor sound speed would be with a term in
(3)R (that contains spatial derivatives of the metric), but this is equivalent to the case
of (4.33) since the two are related by the Gauss-Codazzi relation Eq. (2.13). One
can compute the tensor power spectrum associated with Eq. (4.35). For this, we do
a change of variable dy = cTdt/a

Sγγ = M2
Pl

8

∫
d3xdy q2

[
(γ′

ij)
2 − (∂kγij)

2

]
, q ≡ ac−1/2

T , (4.36)

http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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where a prime denote the derivative with respect to y. One can then decompose the
helicity modes in Fourier space as in Eq. (4.27). Defining a new variable vs

k ≡ qγs
k

we get the standard equation

(vs
k)

′′ +
(
k2 − q′′

q

)
vs
k = 0 . (4.37)

As I have said above, the idea is to see if one can get the same prediction as
inflation, i.e. a nearly scale invariant power spectrum, without having inflation. To
get a nearly scale invariant power spectrum one requires q ∼ y−1 (see e.g. [2]), and
the power spectrum is given in the small k limit by

〈γs
kγ

s′
k′ 〉 = (2π)3δ(k + k′)

1

2k3
1

M2
Plq

2y2
δss′ = (2π)3δ(k + k′)

1

2k3
(H − αt/2)2

M2
PlcT

δss′ ,

(4.38)
where αt ≡ ċT/cT and I used the scale invariance condition (qy)′ = 0 to express y
in terms of H, αt and cT .

A priori one might be worried that the situation is the same as for the scalar.
However, what we showed in [10] is that, through a disformal transformation plus a
conformal one and a redefinition of time, one can always write the action in a form
that is standard for the tensor modes, namely

S =
∫

dt̃d3x
√−g̃

M2
Pl

2

{
(4)R̃ − 2

( ˙̃H + 3H̃2
) + 2 ˙̃Hg̃00

+
[
2
(
1 − c2T

) ˙̃H − 3

2
α2
s − c2T

(
α̇s + H̃αs + 1

2
α2
s

)]
×

(
1 −

√
−g̃00

)2

+ 2αs δK̃
(
1 −

√
−g̃00

)}
, (4.39)

where tildes are to distinguish the quantities from those in the original frame. In this
action, only the Ricci scalar (4)R̃ contributes to the quadratic action for γ, which is
the same as in GR. The rest only modifies the scalar sector. Therefore, in this frame
the tensor power spectrum is the standard one

〈γs
kγ

s′
k′〉 = (2π)3δ(k + k′) 1

2k3
H̃2

M2
Pl
δss′ . (4.40)

There is of course no contradiction with the result in the original frame, since
when going through all the transformations, one can see that

H̃ = c−1/2
T (H − αt/2) . (4.41)
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The tilde frame has the advantage of having a constant Planck mass (i.e. the
normalization of the quadratic action), making the connection to the present Planck
mass (and therefore present observations) clearer. Contrarily to the case of Chap.3,
there is no matter during inflation that would couple differently after disformal and
conformal transformations.

From Eq. (4.40), one can compute the tensor tilt nT , which has its usual form in
the tilde frame

nT = 2
˙̃H
H̃2

, (4.42)

but has a more complicated relation to the H because of Eq. (4.41).
In particular, one can choose the variation of the tensor sound speed such that the

tilt is blue, nT > 0, without violating the Null Energy Condition (NEC) for a FLRW
universe, which is Ḣ < 0. Violating this condition usually leads to instabilities [11].4

Therefore, in the original frame, one can have nT > 0 without instabilities.

In the tilde frame, having nT > 0 really implies ˙̃H > 0, i.e. violation of the
NEC. However, the system is still devoid of instabilities, because the terms in the
last two lines of Eq. (4.39), in particular the one in δKδg00, are going to contribute
to the kinetic energy of the scalar field. Indeed, this term gives a non zero αB in the
language of the EFT of DE, which means the no-ghost condition is modified by its
presence (see Eq. (2.65) and also [8])

Thus, one can without loss of generality assume that the tensor quadratic action
comes only from the usual 4D Ricci scalar. We went further in the comparison
between the two frames and proved also that the non-Gaussianity was the same in
both. This means that it cannot be enhanced by a non trivial speed of sound, which
is the case for scalars [5] and was claimed for tensors in the literature.

4.3 Other Operators

In the previous section, I explained that the quadratic action for tensors can always
be cast in the standard form, i.e.

Sγγ = M2
Pl

8

∫
d4xa3

[
γ̇2
ij −

(∂kγij)
2

a2

]
. (4.43)

This statement holds as long as one does not consider higher derivatives terms.5

In an effective field theory approach, which is assumed to be the low energy limit
of a more complex theory, one expects generally higher derivatives terms to be

4The idea is that if Ḣ > 0, the kinetic term for the scalar field in Eq. (4.33), which is −g00 has the
wrong sign (in the sense of Sect. 2.4).
5With two derivatives, only the terms in Eq. (4.43) can appear, the other possibilities being total
derivatives.

http://dx.doi.org/10.1007/978-3-319-41210-8_3
http://dx.doi.org/10.1007/978-3-319-41210-8_2
http://dx.doi.org/10.1007/978-3-319-41210-8_2
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suppressed. Therefore, they can be treated as small corrections to the power spec-
trum (4.40). Only two terms are possible (they need to respect the spatial diffs invari-
ance, just like for the EFT of DE), both of them violating parity

εijk∂iγ̇jlγ̇lk , εijk∂i∂mγjl∂mγlk . (4.44)

The contribution of an arbitrary combination of the two to the quadratic action is

− M2
Pl

8

∫
d4x

1

Hη

[
α

�
εijk∂iγ

′
jlγ

′
lk + β

�
εijk∂i∂mγjl∂mγlk

]
, (4.45)

where a prime denotes here the derivative with respect to the conformal time τ ≡∫
dt/a,α andβ are dimensionless coefficients and� is the scale that suppresses these

higher dimension operators. In order to get an idea of the corrections that this brings
to the power spectrum, I will take the simplest case, where α and β are constant. In
addition, I will assume that they are indeed corrections, namely that the scale � is
much higher than the energy scale of the problem, H. Then, to compute the power
spectrum, we can treat (4.45) as an interaction term and use the in-in formalism [12].
In the late-time limit, τ → 0, the result does not depend onα and the power spectrum
is modified to

〈γ±
k γ±

k′ 〉 = (2π)3δ(k + k′)
H2

2M2
Plk

3

(
1 ± β

π

2

H

�

)
. (4.46)

Such a parity violating power spectrum would yield non zero TB and EB power
spectra in the CMB polarization. The authors of [13] quote the detectability of parity
violations of order one in the power spectrum with future experiments, which is
probably far from what is expected here.

Finally, another way to modify the standard predictions for tensor modes is to
change the non-Gaussianity by introducing cubic terms in the EFTI Lagrangian.
Since we cannot construct operators with explicit underived γ that respect the 3-D
symmetry, the lowest order in derivatives is two. The only two operators that one
can then construct are δKijδKij and (3)R. We have seen in the previous section that
they can always be reabsorbed in the Ricci scalar by suitable transformations. The
only other way is to pay the price of an additional derivative and consider operators
such as δKijδKikδK j

k . However, they should be suppressed with respect to lower
derivatives terms and only bring small corrections to the correlator 〈γγγ〉. The same
sort of reasoning can be made for the correlator 〈γζζ〉 which, at lowest order in
derivatives, can only come from the term g00. On the other hand, it is hard to say
anything definite for 〈γγζ〉 which can be enhanced by operators such as δKijδKijδN .
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4.4 Conclusions

By means of field redefinitions, I have shown that one can always put the quadratic
action for tensor in the standard formduring inflation. In particular, the sound speed of
tensor can always be set to unity. Physically, this makes sense, since during inflation
where there is no matter, the benchmark for velocities is the one of gravitons. It
means that the power spectrum for gravity waves is always given by the simple form
of Eq. (4.40). This is heavy with consequences. First, it means that the amplitude of
the power spectrumdirectly gives the energy scale of inflation. There is no degeneracy
with the shape of the potential or the sound speed as for scalars. Second, this implies
that measuring a scale invariant power spectrum can only mean that H is almost
constant, i.e. that there was a period of inflation.
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Chapter 5
Consistency Relations of the Large Scale
Structure

The CMB is great source of observational knowledge in cosmology and it is has
been extensively used, in particular by Planck [1]. To obtain even more information
on cosmology, the next step is to rely on the large scale structure, via galaxy surveys
for example. This has two main advantages. First, contrarily to the CMB which
is a 2-D surface, galaxy surveys span the full 3-D space, which greatly increases
their statistical power. Second, they probe the late time universe, where the effects
of dark energy are expected to be the strongest, which means more constraining
power. However, even within �CDM+GR, it is still hard to make accurate late-time
predictions at small scales. Indeed, if for the CMB the physics is well described by
the linear regime, at late-time the structure has grown into the non linear regime,
which means a breakdown of the usual perturbative tools. Moreover, if the dark
matter distribution can be predicted through N-body simulations for example, this
cannot be said for galaxies. The problem is that galaxies are what we observe when
doing those experiments, so that one needs models to relate their distribution to that
of dark matter. This limits the theoretical control we have on predicting the galaxies’
distribution.

Fortunately, there exist testable relations that do not rely on a specific description
of the small scale physics. One such example are consistency relations of the large
scale structure [2–4] (see also [5] for inflationary consistency relations). They allow
to make a bridge between (n + 1)-point and n-point correlation functions in the
limit where one of the fields, called the long mode, varies much less than the others.
Their strength resides in the fact that very little information on the physics of the
short modes is needed, which can in principle be in the non linear regime. Moreover,
these relations are very robust since they are based only on two assumptions: the
Gaussianity of initial conditions and the validity of the Equivalence Principle (EP).
The later is particularly interesting for the late-time universe, as some models for
dark energy involve a fifth force that may break the EP.

In the first part [6] of a series of three papers, these relations were derived for the
large scale structure including relativistic corrections. This is necessary if one wants
to follow the evolution of the modes from inflation to now. In the second part [7],
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J. Gleyzes, Dark Energy and the Formation of the Large
Scale Structure of the Universe, Springer Theses,
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that I will present in this chapter, we focused on the non relativistic case to include a
resummation of infrared effects, as well as a generalization to redshift space, where
observations are made. Then, I will discuss the last part [8] where we proposed to
use these relations to test the Equivalence Principle.

5.1 Deriving Consistency Relations

When the EP is satisfied, i.e. objects respond identically to gravity, only second
derivatives of the gravitational field are important. Let me work in conformal time
and decompose a gravitational field �L as

�L(η, �x) = �L |0 + ∂i�L |0 xi + 1

2
∂i∂ j�L

∣∣
0 x

i x j + · · · (5.1)

The first two terms of the r.h.s. can be removed by an appropriate change of
coordinates which corresponds to going to the accelerated frame in the elevator
argument of Einstein.

The last term, however, is physical, since it is related to tidal forces. In the non
relativistic limit, a constant gravitational field has no effect, so that I will focus on
the constant gradient term ∂i�L |0. In Fourier space, this can be though of as �L(�q)

with �q → 0. To remove this constant gradient, the following change of coordinates
is performed

�̃x = �x + δ�x(η) , δ�x(η) ≡ −
∫

�vL(η̃) dη̃ , (5.2)

while the conformal time η is left untouched. The velocity �vL satisfies the Euler
equation in the presence of the homogeneous force, whose solution is

�vL(η) = − 1

a(η)

∫
a(η̃) �∇�L(η̃) dη̃ . (5.3)

If we denote by δ(g)(�x, η) the overdensity in the galaxy distribution,1 the EP
guarantees then that

〈δ(g)(�x1, η1) · · · δ(g)(�xn, ηn)|�L(�y)〉 ≈ 〈δ(g)(�̃x1, η1) · · · δ(g)(�̃xn, ηn)〉0
=

∫
d3k1
(2π)3

· · · d3kn
(2π)3

〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉0 ei
∑

a
�ka ·(�xa+δ�x(�y,ηa)).

(5.4)
�y is an arbitrary point—e.g., the midpoint between �x1, . . . , �xn—whose choice is
irrelevant at order q/k. The notation on the l.h.s. means that the correlation function
is evaluated in the presence of a constant gradient of�L , while the subscript 0 on the
r.h.s. signifies that it is evaluated with �L = 0. Note that in order for this relation to

1Note that this is for concreteness; the argument would hold for any type of overdensity.
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hold, the fact that short and long mode are not correlated is essential. This is where
the assumption of Gaussianity plays a role.

The next step is to express the displacement δ�x(η) on the r.h.s. as a function of an
overdensity. For this, one combines Eqs. (5.2) and (5.3) with the continuity equation
δ′ + ∇ · �v = 0 to obtain in, Fourier space

δ�x(�q, η) = −i
�q
q2

δ(�q, η) ≡ −i
�q
q2

D(η)δ0(�q) , (5.5)

where in the second equality we have defined D(η), the linear growth factor of
density fluctuations. δ0(�q) is a Gaussian random field with power spectrum P0(p)
which represents the initial condition of the density fluctuations of the longmode [9].
Finally, one multiplies each side by δL , and takes the average over the long mode.
Since the only dependence on�L in Eq. (5.4) is in the exponential of i

∑
a
�ka ·δ�x(ηa),

we obtain

〈δL (�x, η)〈δ(g)
1 · · · δ(g)

n |�L 〉〉�L ≈
∫

d3k1
(2π)3

· · · d3kn
(2π)3

〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉0 ei
∑

a
�ka ·�xa

×
∫

d3q

(2π)3
ei �q·�x 〈δ�q (η)ei

∑
a

�ka ·δ�x(�y,ηa)〉�L , (5.6)

where on the l.h.s. δ(g)

i ≡ δ(g)(�xi , ηi ). It is then convenient to rewrite this exponential
as

exp
[
i
∑
a

�ka · δ�x(�y, ηa)
]

= exp
[ ∫ � d3 p

(2π)3
J ( �p)δ0( �p)

]
, (5.7)

where

J ( �p) ≡
∑
a

D(ηa)
�ka · �p
p2

ei �p·�y . (5.8)

The integral is restricted to soft momenta, smaller than a UV cut-off �, which
must be much smaller that the hard modes of momentum k. Averaging the right-hand
side of Eq. (5.7) over the long wavelength Gaussian random initial condition δ0( �p)
yields

〈
exp

[ ∫ � d3 p

(2π)3
J ( �p)δ0( �p)

]〉
�L

= exp

[
1

2

∫ � d3 p

(2π)3
J ( �p)J (− �p)P0(p)

]
.

(5.9)

We can use this relation to compute the expectation value of δL with the expo-
nential,

〈
δ�q (η) exp

(
i
∑
a

�ka · δ�x(�y, ηa)
)〉

�L

= (2π)3D(η)
δ

δ J (�q)

〈
exp

[ ∫ � d3 p

(2π)3
J ( �p)δ0( �p)

]〉
�L

= P(q, η)
J (−�q)

D(η)
exp

[
1

2

∫ � d3 p

(2π)3
J ( �p)J (− �p)P0(p)

]
,

(5.10)
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wherewehavedefined the power spectrumat timeη: P(q, η) ≡ D2(η)P0(q). Finally,
rewriting Eq. (5.6) in Fourier space using the above relation and the definition of J ,
Eq. (5.8), we obtain the resummed consistency relations in the squeezed limit,

〈δ�q(η)δ
(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉′ ≈ − P(q, η)
∑
a

D(ηa)

D(η)

�ka · �q
q2

〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉′0

× exp

[
−1

2

∫ � d3 p

(2π)3
J (p)2P0(p)

]
, (5.11)

where, here and in the following, primes on correlation functions indicate that themo-
mentum conserving delta functions have been removed. However, what one observes
in practice is not the expectation value 〈. . .〉0 with the long modes set artificially to
zero: one wants to average over the long modes and this gives

〈〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)|�L 〉〉�L ≈ exp

[
−1

2

∫
d3 p

(2π)3
J (p)2P0(p)

]
〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉 .

(5.12)

Once written in terms of the observable quantity the consistency relation comes
back to the simple form:

〈δ�q(η)δ
(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉′ ≈ −P(q, η)
∑
a

D(ηa)

D(η)

�ka · �q
q2

× 〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉′ .

(5.13)

Moreover the ≈ signifies that this equality is valid in the limit q → 0. Note
that, to derive this relation, δ�q is assumed to be small and obey linear theory, but no
assumption is made on the size of the displacement (5.5), allowing for

|δ�x |
|�x | ∼ k

q
δ�q ∼ 1 . (5.14)

This result is very robust: nowhere in the derivation does one need to specify
anything on the short modes except Gaussianity and EP. In particular, the divergence
in ka

q in the r.h.s. disappears at equal time ηa = η because
∑

a
�ka = �q. This can be

understood more physically as the following: when looking at correlations between
a long and several short modes, what we are really doing is measuring how much
objects have fallen in a constant gravitational gradient. The correlation at equal time
corresponds exactly to the case where we have waited for the same amount of time
for each objects. Since they all feel the same field, the displacement they made is
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Fig. 5.1 Galaxies getting
out of the light cone for
unequal time correlators

the same and translational invariance guarantees that the effect on the correlation is
zero.2 Only in the unequal time case does one get a divergent contribution.

However, this case seems less reachable from an observational point of view.
Indeed, for the equal time correlators, we are basically comparing the positions at
the moment we see the objects with the positions we know they had in the beginning,
since in cosmology we know the initial conditions. For unequal time, we would have
to observe the positions at a given time and then wait different amounts of time for
different objects. But since they fall at velocities much smaller than the speed of
light, they would not remain on the lightcone and therefore become unobservable
as schematically shown in Fig. 5.1. Nevertheless, this is a good test for N-body
simulations, where one is not restricted to measurements on the lightcone.

Let me reiterate that the equalities that I have just shown do not rely on any
assumptions except the EP and the Gaussianity of the initial conditions. The long
modes are however supposed to obey linear perturbation theory, which is the case
provided they are sufficiently long (qa � 0.1 hMpc−1 at redshift z = 0).

As shown below, one can straightforwardly extend this procedure and derive
consistency relations involving an arbitrary number of soft legs in the correlation
functions or use it to study the effect of soft loops and internal lines.

5.1.1 Several Soft Legs

The generalization of the consistency relations above to multiple soft legs relies on
taking successive functional derivatives with respect to J (�qi ) of Eq. (5.9). As an
example, we can explicitly compute the consistency relations with two soft modes.
In this case the (n + 2)-point function reads

〈δL (�y1, τ1)δL (�y2, τ2)δ(g)
1 · · · δ(g)

n 〉 ≈
∫

d3k1
(2π)3

· · · d3kn
(2π)3

〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉0 ei
∑

a
�ka ·�xa

×
∫

d3q1
(2π)3

d3q2
(2π)3

ei(�q1·�y1+�q2 ·�y2)
〈
δ�q1 (τ1)δ�q2 (τ2)e

∫ � d3 p
(2π)3

J ( �p)δ0( �p)
〉
.

(5.15)

2The consistency relation does not give exactly zero, because a long mode is not exactly a constant
gradient, but only an approximation.
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To compute the average over the long modes in the last line, it is enough to take
two functional derivatives of Eq. (5.9),

〈
δ�q1 (τ1)δ�q2 (τ2)e

∫ � d3 p
(2π)3

J ( �p)δ0( �p)
〉

= (2π)6D(τ1)D(τ2)
δ

δ J (�q1)
δ

δ J (�q2)
〈
e
∫ � d3 p

(2π)3
J ( �p)δ0( �p)

〉

= J (−�q1)
D(τ1)

J (−�q2)
D(τ2)

P(q1, τ1)P(q2, τ2)e
1
2

∫ � d3 p
(2π)3

J ( �p)J (− �p)P0(p)
,

(5.16)
where we have assumed �q1 + �q2 �= 0 to get rid of unconnected contributions. In
Fourier space, this yields

〈δ�q1 (τ1)δ�q2 (τ2)δ
(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉′ ≈ P(q1, τ1)P(q2, τ2)

×
∑
a

D(ηa)

D(τ1)

�ka · �q1
q21

∑
b

D(ηb)

D(τ2)

�kb · �q2
q22

〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉′ ,

(5.17)
where again we have used Eq. (5.12) to write the result in terms of correlation
functions averaged over the long modes.

As a simple example, let us consider Eq. (5.17) in the case where n = 2 and
δ(g) describes dark matter perturbations, i.e. δ(g) ≡ δ. In this case, at lowest order in
k
q δ(�q, η)—i.e. setting the exponential in the third line to unity—the above relation
reduces to

〈δ�q1(τ1)δ�q2 (τ2)δ�k1(η1)δ�k2 (η2)〉
′ ≈ (D(η1) − D(η2))

2

D(τ1)D(τ2)

�q1 · �k1
q21

�q2 · �k1
q22

P(q1, τ1)P(q2, τ2)

× 〈δ�k1(η1)δ�k2 (η2)〉
′. (5.18)

We can check that this expression correctly reproduces the tree-level trispectrum
computed in perturbation theory in the double-squeezed limit. This can be easily
computed by summing the two types of diagrams displayed in Fig. 5.2. The diagram
on the left-hand side represents the case where the density perturbations of the short
modes are both taken at second order, yielding

�k1, η1

�k1, η1�k2, η2

�k2, η2

�q1, τ1 �q1, τ1

�q2, τ2 �q2, τ2

−�q1 −�q1

−�q2−�q2

−�k1

�k1 + �q1

�k2 + �q2

−�k1 − �q1

Fig. 5.2 Two diagrams that contribute to the tree-level trispectrum. Left T1122. Right T1113. The
crossed circles denote power spectra
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T1122 = D(τ1)D(τ2)D(η1)D(η2)P0(q1)P0(q2)F2(−�q1, �k1 + �q1)
× F2(−�q2, �k2 + �q2)〈δ�k1(η1)δ�k2(η2)〉′ + perms

≈ −8
�q1 · �k1
2q2

1

�q2 · �k1
2q2

2

D(η1)D(η2)

D(τ1)D(τ2)
P(q1, τ1)P(q2, τ2)〈δ�k1(η1)δ�k2(η2)〉′ ,

(5.19)
where, on the right-hand side of the first line, F2( �p1, �p2) is the usual kernel of
perturbation theory,which in the limitwhere p1 � p2 simply reduces to �p1· �p2/(2p21)
[9]. The second type of diagram, displayed on the right-hand side of Fig. 5.2, is
obtained when one of the short density perturbations is taken at third order; it gives

T1113 = D(η2)
2D(τ1)D(τ2)P0(q1)P0(q2)F3(−�q1,−�q2, −�k1)〈δ�k1(η1)δ�k2 (η2)〉

′ + perms

≈ 4
�q1 · �k1
2q21

�q2 · �k1
2q22

D(η2)
2

D(τ1)D(τ2)
P(q1, τ1)P(q2, τ2)〈δ�k1(η1)δ�k2 (η2)〉

′ , (5.20)

where, on the right-hand side of the first line, F3( �p1, �p2, �p3) is the third-order
perturbation theory kernel, which in the limit where p1, p2 � p3 reduces to
( �p1 · �p3)( �p2 · �p3)/(4p21 p22) [9]. As expected, summing up all the contributions to the
connected part of the trispectrum, i.e. T1122 + T1131 + T1113, using Eqs. (5.19) and
(5.20) and �k2 ≈ −�k1 one obtains Eq. (5.18).

5.1.2 Soft Loops

So far we have derived consistency relations where the long modes appear explicitly
as external legs.We now show that our arguments can also capture the effect on short-
scale correlation functions of soft modes running in loop diagrams. We already did
this in Eq. (5.12)

〈〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)|�L 〉〉�L ≈ exp

[
−1

2

∫
d3 p

(2π)3
J (p)2P0(p)

]
〈δ(g)

�k1 (η1) · · · δ(g)

�kn (ηn)〉0 .

(5.21)

The exponential in this expression can be expanded at a given order, corresponding
to the number of soft loops dressing then-point correlation function. Each loop carries
a contribution ∝ k2

∫
dpP0(p) to the correlation function. However, this expression

makes it very explicit that at all loop order these contributions have no effect on
equal-time correlators, because in this case the exponential on the right-hand side
is identically unity. This confirms previous analysis on this subject [10–15]. It is
important to notice again, however, that in our derivation this cancellation is more
general and robust that in those references, as it takes place independently of the
equations of motion for the short modes and is completely agnostic about the short-
scale physics. It simply derives from the equivalence principle.
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�k, η1 −�k, η2 �k, η1 −�k, η2

Fig. 5.3 Two diagrams that contribute to the 1-loop power spectrum. Left P22. Right P31

Nevertheless, soft loops contribute to unequal-time correlators. As a check of
the expression above, one can compute the contribution of soft modes to the 1-loop
unequal-time matter power spectrum, 〈δ�k1(η1)δ�k2(η2)〉′, and verify that this repro-
duces the standard perturbation theory result. Expanding at order ( k

p δ)
2 the expo-

nential in Eq. (5.12) for n = 2, one obtains the 1-loop contribution to the power
spectrum,

〈δ(g)

�k (η1)δ
(g)

−�k (η2)〉′1−soft loop ≈ − 1

2
(D(η1) − D(η2))

2

×
∫ � d3 p

(2π)3

( �p · �k
p2

)2

P0(p)〈δ(g)

�k (η1)δ
(g)

−�k (η2)〉′0 .

(5.22)
Let us now compute the analogous contribution in perturbation theory. Two types

of diagrams are going to be relevant; these are shown in Fig. 5.3. The one on the left,
usually called P22, yields

P22 ≈ 4D(η1)D(η2)

∫ � d3 p

(2π)3

( �p · �k
2p2

)2

P0(p)〈δ�k(η1)δ−�k(η2)〉′0 , (5.23)

while the diagram on the right, P31, gives

P31 ≈ −2D(η1)
2
∫ � d3 p

(2π)3

( �p · �k
2p2

)2

P0(p)〈δ�k(η1)δ−�k(η2)〉′0 . (5.24)

Summing up all the different contributions, P22+P31+P13, one obtains Eq. (5.22).

5.1.3 Soft Internal Lines

Another kinematical regime in which the consistency relations can be applied is the
limit in which the sum of some of the external momenta becomes very small, for
instance |�k1 + · · · + �km | � k1, . . . , km . In this limit, the dominant contribution to
the n-point function comes from the diagram where m external legs of momenta
�k1, . . . , �km exchange soft modes with momentum �q = �k1 + · · · + �km with n − m
external legs with momenta �km+1, . . . , �kn (for an analogous case in inflation see [16,
17]). In the language of our approach, this contribution comes from averaging a
product of m-point and (n − m)-point functions under the effect of long modes.
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In this case, the n-point function in real space can be written as

〈δ(�x1, η1) · · · δ(�xm , ηm) δ(�xm+1, ηm+1) · · · δ(�xn, ηn)〉 ≈
〈
〈δ(�x1, η1) · · · δ(�xm , ηm)|�L 〉

× 〈δ(�xm+1, ηm+1) · · · δ(�xn, ηn)|�L 〉
〉
�L

(5.25)

where here and in the rest of the section we drop the superscript (g) on the galaxy
density contrast to lighten the notation. Now we can straightforwardly apply the
equations from the previous sections. As before, the long mode can be traded for the
change of coordinates. Rewriting the right-hand side in Fourier space we get

〈δ(�x1, η1) · · · δ(�xm , ηm) δ(�xm+1, ηm+1) · · · δ(�xn, ηn)〉

≈
∫

d3k1
(2π)3

· · · d3kn
(2π)3

〈δ�k1 (η1) · · · δ�km (ηm)〉0〈δ�km+1
(ηm+1) · · · δ�kn (ηn)〉0 ei

∑
a

�ka ·�xa

×
〈
exp

[
i

m∑
a=1

�ka · δ�x(�y1, ηa)
]

· exp
[
i

n∑
a=m+1

�ka · δ�x(�y2, ηa)
]〉

�L

,

(5.26)
where �y1 and �y2 are two different points respectively close to (�x1, �x2, . . . , �xm) and
(�xm+1, �xm+2, . . . , �xn). The average over the long mode can be rewritten as

〈
exp

[∫ � d3 �p
(2π)3

(
J1( �p) + J2( �p))δ0( �p)

] 〉
�L

(5.27)

with

J1( �p) =
m∑

a=1

D(ηa)
�ka · �p
p2

ei �p·�y1 , J2( �p) =
n∑

a=m+1

D(ηa)
�ka · �p
p2

ei �p·�y2 . (5.28)

Taking the expectationvalueover the longmodeusing the expression for averaging
the exponential of a Gaussian variable, i.e. Eqs. (5.9), and (5.26) can be written as

〈δ(�x1, η1) · · · δ(�xm , ηm ) δ(�xm+1, ηm+1) · · · δ(�xn , ηn)〉

≈
∫

d3k1
(2π)3

· · · d3kn
(2π)3

〈δ�k1 (η1) · · · δ�km (ηm )〉′〈δ�km+1
(ηm+1) · · · δ�kn (ηn)〉′ ei

∑
a

�ka ·�xa

× exp

[
−

∫ � d3 p

(2π)3
J1( �p)J2( �p)P0( �p)

]
.

(5.29)
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We are interested in the soft internal lines, that come from the cross term, i.e. the
last line of Eq. (5.29). Notice that J1( �p) and J2( �p) are evaluated at different points
�y1 and �y2 separated by a distance �x .3 It is lengthy but straightforward to take the
Fourier transform of this equation, which yields

〈δ�k1 (η1) · · · δ�km (ηm )δ�km+1
(ηm+1) · · · δ�kn (ηn)〉′

≈ 〈δ�k1 (η1) · · · δ�km (ηm )〉′ 〈δ�km+1
(ηm+1) · · · δ�kn (ηn)〉′

×
∫

d3x e−i
∑m

i=1
�ki ·�x exp

[
−

∫ � d3 p

(2π)3
ei �p·�x

m∑
a=1

D(ηa)
�ka · �p
p2

n∑
a=m+1

D(ηa)
�ka · �p
p2

P0(p)

]
.

(5.30)

The last line encodes the effect of soft modes with total momentum �q = �k1+· · ·+
�km exchanged between m external legs of momenta �k1, . . . , �km and n − m external
legs with momenta �km+1, . . . , �kn , in the limit q/ki → 0. Expanding the exponential
at a given order in P0(p) yields the number of soft lines exchanged. The integral in
d3x ensures that the sum of the internal momenta is �q .

Equation (5.30) can be easily generalized to consider the case where more than
two sums of momenta become small, i.e. when soft internal lines are exchanged
between more than two hard-modes diagrams. The conclusion is always the same:
soft internal lines do not contribute to equal time correlators at order∝ k2

∫
dpP0(p).

Again, this statement is very general irrespectively of the assumption about the short
scales.

As a concrete example, let us consider the case m = 2, n = 4, i.e. a 4-point
function in the collapsed limit |�k1 + �k2| � k1, k2, and the exchange of a single soft
line. In this case, expanding the exponential at first order in P0(p), the above equation
yields

〈δ�k1 (η1)δ�k2 (η2)δ�k3(η3)δ�k4 (η4)〉
′
c ≈ −〈δ�k1(η1)δ�k2 (η2)〉

′〈δ�k3(η3)δ�k4 (η4)〉
′

×
∫ �

d3 p
(
D(η1) − D(η2)

) �k1 · �p
p2

(
D(η3) − D(η4)

) �k3 · �p
p2

P0(p)δD( �p − �k1 − �k2) ,

(5.31)
where we have considered only the connected diagram and, for simplicity, we are
neglecting soft loops attached to each lines. To compare with perturbation theory,
we need to compute the tree-level exchange diagram. The contribution from taking
�k1 and �k3 at second order yields

T2121 ≈ −4D(η1)D(η3)P0(|�k1 + �k2|)
�k1 · (�k1 + �k2)
2|�k1 + �k2|2

�k3 · (�k1 + �k2)
2|�k1 + �k2|2

× 〈δ�k1(η1)δ�k2(η2)〉′〈δ�k3(η3)δ�k4(η4)〉′ , (5.32)

3For definiteness, we can choose �y1 = 1
m

∑m
a=1 �xa and �y2 = 1

n−m

∑n
a=m+1 �xa .
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and summing up the other permutations lead to

〈δ�k1 (η1)δ�k2 (η2)δ�k3 (η3)δ�k4 (η4)〉′c ≈ −(
D(η1) − D(η2)

)(
D(η3) − D(η4)

)
P0(|�k1 + �k2|)

× �k1 · (�k1 + �k2)
|�k1 + �k2|2

�k3 · (�k1 + �k2)
|�k1 + �k2|2

〈δ�k1 (η1)δ�k2 (η2)〉′〈δ�k3 (η3)δ�k4 (η4)〉′ ,

(5.33)
which confirms Eq. (5.31). One can easily extend this check to the case of several
soft-lines.

5.2 Going to Redshift Space

The relation derived in the previous section were set in real space, or the Fourier
space associated with it. However, observations for galaxies are made in redshift
space. In the plane parallel approximation, the mapping between the two spaces is
given by

�s = �x + vz

H ẑ , H ≡ d ln a

dη
, (5.34)

where ẑ is the direction of the line of sight, vz ≡ �v · ẑ and �v is the peculiar velocity.
Therefore, one could worry that the consistency relations do not translate nicely in
redshift space, since one has to deal with peculiar velocities. As I will show, this
is not the case. The ingredient needed is to see how velocities are affected by the
presence of a constant gradient. This is straightforward, since we already used the
Euler equation to get that

�v → �v − �vL(η) , �vL(η) = −(δ�x)′ , (5.35)

with vL given by Eq. (5.3) and δ�x by Eq. (5.2). Thus, one can see how the redshift
coordinates change when removing a constant gradient of the gravitational field,

�s → �s + δ�x + (δxz)′

H ẑ . (5.36)

Using the form of the time dependence of δ�x in Eq. (5.5), this can be cast into

�s → �s + δ�x + f δxz ẑ , f ≡ d ln D

d ln a
. (5.37)

Then, to see how the density changes in redshift space, let me write its expression
as

ρ(�s) = ma−3
∫

d3 pF
(
�s − vz

H ẑ, �p
)

. (5.38)
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where F(�x, �p) is the real space distribution function. Therefore, the statistical prop-
erties of ρ(�s) are inherited from real space. In the presence of the long mode

ρs(�s)�L = m

a3

∫
d3 p F

(
�s − vz

H ẑ + δ�x, �p + amδ�v
)

= m

a3

∫
d3 p′ F

(
�s − vz − δvz

H ẑ + δ�x, �p′
)

= ρs(�s + δ�s), (5.39)

and this relation does not depend on a fluid description, implying it is valid even at
small scales where shell-crossings occur. Using this, we can write

〈δ(g,s)(�s1, η1) · · · δ(g,s)(�sn, ηn)|�L〉 ≈ 〈δ(g,s)(�̃s1, η1) · · · δ(g,s)(�̃sn, ηn)〉 , (5.40)

which is the redshift space equivalent of Eq. (5.4), since I used the redshift space
density contrast δ(g,s). The last step is very similar to the real space case, except for
one thing. To express everything in term of the redshift space quantities, one needs
to relate δ0 contained in δ�x (see Eq. (5.5)) to δ(g,s). Since this is for the long mode,
one can use linear perturbation theory to get [9]

δ(g,s)(�q, η) =
(
b1 + f μ2

�q
)
D(η)δ0(q) , μ�q ≡ �q · ẑ/q , (5.41)

where b1 is the linear galaxy bias. Combining all of this, one obtains the consistency
relation in redshift space

〈δ(g,s)
�q (η)δ

(g,s)
�k1 (η1) · · · δ(g,s)

�kn (ηn)〉 ≈ − Pg,s(q, η)

b1 + f μ2
�q

∑
a

D(ηa)

D(η)

ka
q

[
q̂ · k̂a + f (ηa)μ�q μ�ka

]

× 〈δ(g,s)
�k1 (η1) · · · δ(g,s)

�kn (ηn)〉 ,

(5.42)

with p̂ ≡ �p/p. Notice that, just as in the real space case, the divergence in the
consistency relation vanishes at equal times. This adds to the robustness of the results:
any deviation, even in redshift space, would be a sign of violation of the EP and/or
non-Gaussianity in the initial conditions [3]. In the next section, I will focus on the
constraints one can put on EP violations using these relations [8].

5.3 Violation of the Equivalence Principle

When the Equivalence Principle is not satisfied, one cannot remove the effect of a
constant gravitational field with a common change of coordinates. Indeed, in princi-
ple, different objects feel differently the effect of a long mode, which is nothing more



5.3 Violation of the Equivalence Principle 97

Fig. 5.4 Two types of objects in a constant gradient of �L . ε characterizes deviations from EP, so
that on the left, it is valid, while it is violated on the right. The galaxies are from STScI–Hubble
Space Telescope

than saying that objects fall at different rates in the same potential and in general,
one expects the bispectrum to be of the form

lim
q→0

〈δ�q(η)δ
(A)

�k1 (η)δ
(B)

�k2 (η)〉′ =
(

ε
�k · �q
q2

+ O[
(q/k)0

])
P(q, η)PAB(k, η) , (5.43)

where ε is a (model dependent) parameter that characterizes the violation of the EP
and �k ≡ (�k1 − �k2)/2.

The situation is actually much more complicated than when the EP is satisfied,
as can be see in Fig. 5.4. On the right panel, the EP is violated, and objects do no
fall by the same amount (represented by the red and black arrows) in a constant
gravitational field, contrarily to the left panel. Therefore, the distance between them
changes in time and the force that each object has on the other (gravitational and/or
electromagnetic if they are charged, represented by the blue arrow) changes as well.
In general, this greatly complicates the dynamics and no definite answer can be found
for the form of ε in Eq. (5.43).

This is why in [8], we chose a specific model, to serve as a benchmark for EP
violations.

5.3.1 A Toy Model

The idea is to consider the case of two species A and B, in the presence of an
extra scalar field ϕ that couples only to species B, for example through a conformal
coupling [18–20]. The setup is then

δ′
X + �∇ · [(1 + δX )�vX ] = 0 , X = A, B , (5.44)

for the continuity equations (the time evolution of ϕ is neglected). The Euler equation
for B contains the fifth force, whose coupling is parameterized by α,
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�v′
A + H�vA + (�vA · �∇) �vA = −�∇� , (5.45)

�v′
B + H�vB + (�vB · �∇) �vB = −�∇� − α �∇ϕ . (5.46)

Assuming that the stress energy tensor of the scalar field is negligible,� is related
to matter densities through the standard Poisson equation

∇2� = 4πG ρm δ ≡ 4πG ρm (wAδA + wBδB) , (5.47)

where ρm is the total matter density and wX ≡ ρX/ρm. The final ingredient is a
relation between ϕ and the matter density. In the quasistatic limit, the equation for
the scalar field reduces to [20]

∇2ϕ = α · 8πGρmwBδB . (5.48)

Let us start with the linear theory and, following [20], look for two of the four
independent solutions of the system in which the density and the velocity of the
species B differ from those of the species A by a (possibly time-dependent) bias
factor b,

δ
(A)

�k (η) = D(η) δ0(�k) , (5.49)

θ
(A)

�k (η) = −H(η) f (η)δ
(A)

�k (η) , (5.50)

δ
(B)

�k (η) = b(η)δ
(A)

�k (η) , (5.51)

θ
(B)

�k (η) = −H(η) f (η)δ
(B)

�k (η) , (5.52)

where we have defined θ(X) ≡ �∇ · �vX and δ0(�k) is a Gaussian random variable.
Plugging this ansatz in Eqs. (5.44)–(5.48) and using the background Friedmann
equations for a flat universe, we find, at linear order,

f = d ln D

d ln a
, (5.53)

d f

d ln a
+ f 2 +

(
2 − 3

2
�m

)
f − 3

2
�m(wA + wBb) = 0 , (5.54)

db

d ln a
= 0 , (5.55)

wBb + wA

(
1 − 1

b

)
− wB(1 + 2α2) = 0 . (5.56)

Using Eqs. (5.53) and (5.54), the linear growth factor D satisfies a second-order
equation,

d2D

d ln a2
+

(
2 − 3

2
�m

)
dD

d ln a
− 3

2
�m(wA + wBb)D = 0 , (5.57)
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whose growing and decaying solutions are D+ and D−. Note that Eq. (5.55) implies
that the bias b is time independent. In the absence of EP violation (α = 0) we get
b = 1 (using wA + wB = 1) and we recover from Eq. (5.57) the usual evolution of
the growth of matter perturbations.

Following [21, 22], we introduce y ≡ ln D+ as the time variable. Defining the
field multiplet

�a ≡

⎛
⎜⎜⎝

δ(A)

−θ(A)/H f+
δ(B)

−θ(B)/H f+

⎞
⎟⎟⎠ , (5.58)

the equations of motion of the two fluids can be then written in a very compact form
as

∂y�a(�k) + �ab�b(�k) = γabc�b(�k1)�c(�k2) , (5.59)

where integration over �k1 and �k2 is implied on the right-hand side. The entries of γabc
vanish except for

γ121 = γ343 = (2π)3δD(�k − �k1 − �k2)
�k1 · (�k1 + �k2)

k21
,

γ222 = γ444 = (2π)3δD(�k − �k1 − �k2)
�k1 · �k2(�k1 + �k2)2

2k21k
2
2

,

(5.60)

the matrix �ab reads

�ab =⎛
⎜⎜⎜⎝

0 −1 0 0
− 3

2
�m
f 2+

wA
3
2

�m
f 2+

(wA + bwB) − 1 − 3
2

�m
f 2+

wB 0

0 0 0 −1
− 3

2
�m
f 2+

wA 0 − 3
2

�m
f 2+

(wBb + wA
(
1 − 1

b

)
) 3

2
�m
f 2+

(wA + bwB) − 1

⎞
⎟⎟⎟⎠ ,

(5.61)
and we have employed Eq. (5.56) to replace the dependence on α2 by a dependence
on the bias b. The solution of Eq. (5.59) can be formally written as

�a(y) = gab(y)φb +
∫ y

0
dy′gab(y − y′)γbcd�c(y

′)�d(y
′) , (5.62)

where φb is the initial condition, φb = �b(y = 0), and gab(y) is the linear propagator
which is given by [21]

gab(y) = 1

2π i

∫ ξ+i∞

ξ−i∞
dω (ωI + �)−1

ab e
ωy , (5.63)

where ξ is a real number larger than the real parts of the poles of (ωI + �)−1.
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In the following we consider small couplings to the fifth force, α2 � 1, which by
virtue of Eq. (5.56) implies b � 1. In this case, it is reasonable to use the approx-
imation f 2+ � �m, which for b = 1 is very good throughout the whole evolution
[23]. We choose to use this approximation because it considerably simplifies the
presentation but one can easily drop it and make an exact computation. The linear
evolution is characterized by four modes. Expanding for small b − 1, apart from
the “adiabatic” growing and decaying modes already introduced above, respectively
going as D+ = ey and D− = e− 3

2 [1+wB (b−1)]y , one finds two “isodensity” modes,
one decaying as Di = e− 1

2 [1+3(1+wA)(b−1)]y and an almost constant one going as
Dc = e3wA(b−1)α2 y .4

We are interested in the equal-time 3-point function involving the two species. In
particular, we compute

〈δ�k3 (η)δ
(A)

�k1 (η)δ
(B)

�k2 (η)〉 = wA〈�1(k3, η)�1(k1, η)�3(k2, η)〉+wB〈�3(k3, η)�1(k1, η)�3(k2, η)〉 ,

(5.64)
where δ ≡ wAδ

(A) + wBδ(B). The calculation can be straightforwardly done at tree
level by perturbatively expanding the solution (5.62) as �a = �(1)

a + �(2)
a + · · · ,

which up to second order in δ0 yields

�(1)
a (y) = gab(y)φb ,

�(2)
a (y) =

∫ y

0
dy′gab(y − y′)γbcd�(1)

c (y′)�(1)
d (y′) ,

(5.65)

and by applyingWick’s theorem over the Gaussian initial conditions. In the squeezed
limit, the expression for (5.64) simplifies considerably. Assuming that the initial
conditions are in the most growing mode, i.e. they are given by φa(�k) = uaδ0(�k)
with ua = (1, 1, b, b), at leading order in b − 1 one finds

lim
q→0

〈δ�q(η)δ
(A)

�k1 (η)δ
(B)

�k2 (η)〉 � −(b − 1)P(q, η)P(k, 0)
�k · �q
q2

×
∫ y

0
dy′e2y

′[
g11 + g12 − g31 − g32

]
(y − y′) ,

(5.66)

which shows that the longwavelength adiabatic evolution has no effect on the 3-point
function5 [12, 13].Retaining themost growing contribution andusingb � 1+2wBα2

one finally finds

4With an abuse of language, we denote the modes (+) and (−) as adiabatic and (i) and (c) as
isodensity even though, strictly speaking, they do not correspond to the usual notion of adiabatic
and isocurvature. Indeed, (+) and (−) correspond to δA = δB/b andnot to δA = δB as in the standard
adiabatic case, while (i) and (c) yield wAδ(A) + bwBδ(B) = 0 instead of wAδ(A) + wBδ(B) = 0
which one finds in the standard isodensity case (see [12] for a discussion of adiabatic and isodensity
modes in the standard case b = 1).
5For b = 1 one finds g(+)

11 = g
(+)
31 , g(+)

12 = g
(+)
32 , g(−)

11 = g
(−)
31 and g

(−)
12 = g

(−)
32 .
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limq→0〈δ�q(η)δ
(A)

�k1 (η)δ
(B)

�k2 (η)〉′ � 7
5wB α2 �k·�q

q2
P(q, η)P(AB)(k, η) ,

(5.67)
with δ defined in Eq. (5.47) and

〈δ�k(η)δ�k′ (η)〉 =(2π)3δD(�k + �k′)P(k) , 〈δ(X)

�k (η)δ
(Y )

�k′ (η)〉 = (2π)3δD(�k + �k′)P(XY )(k) .

(5.68)

This corresponds to having ε = 7
5wB α2 in Eq. (5.43). Now that we have an

explicit form for the bispectrum B(AB)(k1, k2, k3), defined by

〈δ�k1(η)δ
(A)

�k2 (η)δ
(B)

�k3 (η)〉 = (2π)3δD(�k1 + �k2 + �k3)B(AB)(k1, k2, k3) . (5.69)

I will show in the next part how one can use future galaxy surveys to constrain α.

5.3.2 Estimate of the Signal to Noise

To see how well this effect can be measured, I will present an estimate of the signal
to noise. Physically, this quantity measure how far the new bispectrum is from the
standard prediction, in unit of the expected variance. The signal to noise calculation
closely follows the standard calculation for the case of primordial non-Gaussianities
(see for example [24]). We will assume a survey of a given comoving volume V
which defines the fundamental scale in momentum space, k f = 2π/V 1/3. In this
setup, the bispectrum estimator is given by

B(k1, k2, k3) = V f

V123

∫
k1

d3q1

∫
k2

d3q2

∫
k3

d3q3 δ(�q1 + �q2 + �q3) · δ�q1δ�q2δ�q3 , (5.70)

where V f = (2π)3/V is the volume of the fundamental cell, the integration is done
over the spherical shells with bins defined by qi ∈ (ki − δk/2, ki + δk/2) and

V123 ≡
∫
k1

d3q1

∫
k2

d3q2

∫
k3

d3q3 δ(�q1 + �q2 + �q3) ≈ 8π2 k1k2k3 δk3 . (5.71)

We will assume no significant correlation among different triangular configura-
tions or, in other words, that the bispectrum covariance matrix is diagonal and given
by a Gaussian statistics. It can be shown that in this case the variance is given by (see
for example [24])

�B2(k1, k2, k3) = k3f
s123
V123

Ptot(k1)Ptot(k2)Ptot(k3) , (5.72)
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where s123 = 6, 2, 1 for equilateral, isosceles and general triangles, respectively. The
power spectrum Ptot(k) is given by

Ptot(k) = P(k) + 1

(2π)3

1

n̄
, (5.73)

where the last term on the right hand side accounts for the shot noise and n̄ is the
number density of galaxies in the survey. In what follows we will neglect the shot
noise contribution because wewant to estimate the total amount of signal in principle
available for a survey of a given volume, without restricting our analysis specifically
to galaxy surveys. Moreover, for our estimates we will use only modes that are in
the linear regime where the shot noise is expected to be negligible.

Given these definitions, the signal-to-noise ratio is calculated as

(
S

N

)2

=
∑
T

(
Bnew physics(k1, k2, k3) − Bstandard(k1, k2, k3)

)2
�B2(k1, k2, k3)

, (5.74)

where the sum runs over all possible triangles formed by �k1, �k2 and �k3 given kmin

and kmax. Typically, the sum is written down such that the same triangles are not
counted twice and the symmetry factor s123 takes care of special configurations. In
our case,with twodifferent species of particles, the bispectrum is not symmetricwhen
momenta are exchanged and the previous equations have to be modified accordingly.
We will impose s123 = 1 for all configurations and the sum over triangles will be

∑
T

≡
kmax∑

k1=kmin

kmax∑
k2=kmin

k∗
max∑

k3=k∗
min

, (5.75)

where k∗
min ≡ max(kmin, |�k1 − �k2|), k∗

max ≡ min(|�k1 + �k2|, kmax) and the discrete sum
is done with |�kmax − �kmin|/δk steps where δk is a multiple of k f . In the following we
fix δk = k f .

Now that we have defined the estimator, we apply it to the case of violation of the
EP. We will not restrict ourselves to squeezed triangle configurations but we exploit
all possible triangular configurations of Eq. (5.64).

In the case at hand, the signal to noise takes the form

(
S

N

)2

=
∑
T

[
B(AB)

α2 (k1, k2, k3) − B(AB)

α2=0(k1, k2, k3)
]2

�[B(AB)]2(k1, k2, k3) , (5.76)

the sum T is described in Eq. (5.75). kmin given by the size of the survey kmin =
2π/V 1/3 and kmax signals when linear theory breaks down. I will take kmax = π/(2R)

where R is chosen in such a way that linear density fluctuations of the matter field
in a sphere of radius R have a root mean squared σR (defined in Eq. (1.27)) equal to
0.5.

http://dx.doi.org/10.1007/978-3-319-41210-8_1
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Fig. 5.5 Limits on α2 for a survey with volume V = 1(Gpc/h)3 at three different redshifts,
z = 0, z = 0.5 and z = 1. Left Expected bound on α2 as a function of kmax. We have chosen
kmin = 2π/V 1/3 so that the violation of the EP extends to the whole survey. Right Expected bound
on α2 as a function of kmin. kmax is given by 0.10, 0.14, 0.19hMpc−1 for z = 0, 0.5, 1 respectively.
The dotted lines represent α2 � 10−6 (m/H)2, i.e. the bound on α2 from screening the Milky Way
[25]

Moreover, the bispectra are computed using perturbation theory in the full case
(not only in the squeezed limit q � k) to gain access to more modes. To get the
limit on the detectability of EP violations in our model, one requires that the signal
to noise (5.76) is of order one. The constraints are shown in Fig. 5.5.

The variance of the mixed bispectrum is given by

�
[
B(AB)

]2
(k1, k2, k3) = k3f

s123
V123

P(k1)P
(A)(k2)P

(B)(k3) , (5.77)

On the left panel, the constraints are compared with that for chameleon models
derived in Ref. [25] from requiring that the MilkyWay must be screened. This yields

α2 � 10−6(m/H)2 . (5.78)

On the left panel one sees a improvement of the bound when increasing the
redshift. This comes from the fact that, when going back in time, structures are less
formed and the linear regime extends to larger k. This is why the choice of kmax

increases with z.
Let me comment now on the applicability of such results.
First, it should be kept in mind that this is only a toy model, to get an estimate.

The form of ε in (5.43) is model dependent and in general is different from the value
obtained in Eq. (5.67). The robustness is really that ε vanishes when there are no
violation of EP. However, the simple model gives an order of magnitude of what can
be expected.

The next to leading order O[
(q/k)0

]
is also very model dependent. If one wants

to use as much modes as possible and not restrict to q/k � 1, this form has to be
specified. For example, a scale dependent bias gives in general contributions and one
should marginalize over it, which would deteriorate the constraints. Nevertheless,
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the peculiar scale and angular dependences of the signal we want to probe give hope
that this effect should not be large.

There are two main scenarios for A and B where our model with a fifth force
could apply.

• Species A are baryons and B dark matter. While the absence of fifth force is well
tested on Earth for baryons [26], the dark matter sector is less constrained, even
though Planck already constrains α2 � 10−4 [27].
However, this situation is not ideal from an observational point of view: it is hard
to separate galaxies into baryons and dark matter, since they all have fairly similar
baryon to dark matter ratio.

• The second scenario would be when A represents screened objects and B un-
screened.This is also challenging. Indeed, for chameleon theories, the requirement
that the Milky way is screened implies [25]

α2 � 10−6(m/H)2 , (5.79)

wherem is the Compton mass of the chameleon. In this case kmin can be identified
withm, the inverse of the Comptonwavelength of the chameleon. Figure5.5 shows
that the condition (5.79) is already pretty restrictive, though form � 0.01 hMpc−1,
our constraints are better.
Another difficulty is that for galaxies to be unscreened, they need to have a smaller
gravitational potential than the Milky Way, while it is typically the opposite in
galaxy surveys.

5.4 Conclusions

On cosmological scales, there are few tests as robust and simple as consistency
relations. Using the Equivalence Principle as well as the Gaussianity of the initial
conditions, one can derive relations between the (n+1)-point and n-point correlation
functions, when one of the mode is much longer than the others. This long mode is
the only one that needs to be dealt with explicitly (using linear perturbation theory),
while no additional information on the shortmodes is necessary. Thismeans one does
not have toworry about baryons, bias, shell-crossing, etc., when using these relations,
which makes them very robust. In this chapter, I proved that this robustness extends
further. Indeed, they hold regardless of the size of the displacement caused by the
longmode.Moreover, they translate very easily in redshift space, where observations
are made. Therefore, by looking for potential violations of these relations, one can
put constraints on non-Gaussianity6 [24] that will in the future surpass those from
Planck [30].

6Another promising mean of probing non-Gaussianity in the large scale structure is through scale-
dependent bias [28, 29].
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For the late universe, they allow to test deviations from the Equivalence Princi-
ple, which is a central property of �CDM+GR. Once the accelerated expansion is
assumed to come from a scalar field, this opens the gate to new couplings that may
not obey this principle.

By means of a simple toy model, I have given the bounds on EP violations one
can expect from testing consistency relations in large scale structure. Although the
bounds are not competitive with local tests, I want to emphasize that this is a unique
test that probes the EP on cosmological scales. It is precisely at this scales that the
laws of gravity need to be modified to account for the acceleration and we do not
have yet a definite idea on how to do it. Thus, the model independence of this test
makes it essential to better understandour Universe.

References

1. Planck Collaboration Collaboration, R. Adam, et al., Planck 2015 results. I. Overview of
products and scientific results. 1502.01582

2. A. Kehagias, A. Riotto, Symmetries and consistency relations in the large scale structure of
the universe, Nucl. Phys. B873, 514–529 (2013). 1302.0130

3. M. Peloso, M. Pietroni, Galilean invariance and the consistency relation for the nonlinear
squeezed bispectrum of large scale structure, JCAP 1305, 031 (2013). 1302.0223

4. P. Creminelli, M. Zaldarriaga, Single field consistency relation for the 3-point function. JCAP
0410, 006 (2004). astro-ph/0407059

5. J.M. Maldacena, Non-Gaussian features of primordial fluctuations in single field inflationary
models. JHEP 0305, 013 (2003). astro-ph/0210603
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Chapter 6
Conclusion

6.1 Summary

In this thesis, I have condensed what I thought were the most interesting results that
I obtained during my Ph.D. I have voluntarily left out parts of the technical details
and focused on the physical origin of these results, as well as their impact.

In Chap.2, I explained how we developed a very general parametrization for
linear perturbations, called the Effective Field Theory of Dark Energy (EFT of DE).
It is largely model independent since it is based mainly on symmetry considerations
inherited from the spatially homogeneous structure of our Universe. In this approach,
the deviations from �CDM are given in terms of a minimal set of five functions of
time. These functions can be related to virtually every model of modified cosmology,
but the real strength of this approach is that it is not necessary to do so. Theoretical, as
well as observational [1] constraints can be put directly on these parameters, shaping
our understanding of linear cosmology without having to rely on a specific model.

By extending the stability conditions found in this chapter to the non linear case,
we devised a set of Lagrangians that go beyond what was believed to be the most
general stable scalar-tensor theories. I gave an overview of these new theories, called
G3, and their genesis in Chap.3, along with a very general procedure that allows
to identify well posed theories. The main goal behind this work was to convince
the community not to discard every theory with higher order derivatives in their
equations of motion. In the case of G3, I have presented the unusual mixing that
occurs between matter and scalar perturbations already at the linear level, using the
EFT of DE.

Turning now specifically to tensor modes, in Chap.4 I have shown that their
standard predictions from single field inflation are very robust. In principle, the action
for tensors can be non standard because of the presence of an extra scalar. However,
using field redefinitions, I have shown that one can always return to the usual case at
the linear level. Even at the next order in perturbations, the choice of modifications
is rather limited. This means that the power spectrum is always given solely in term
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of the Hubble parameter H , which represents the energy scale of inflation and that
non-Gaussianity cannot be enhanced. As a corollary, this proves that a scale invariant
power spectrum for gravity waves constitutes very strong evidence for inflation.

Section5.11 was dedicated to an approach somewhat different from the others.
It was not focused on scalar-tensor theories per se, but rather on very robust tests
called consistency relations. They are relations between correlation functions of the
density contrast δ in the limit where one (or several) of the momenta becomes much
smaller than the others. To use them does not require any knowledge of the short
scale behavior, where non linearities and baryonic physics play an important role.
They are very useful to probe the non-Gaussianity in the initial conditions and/or the
Equivalence Principle, that can be violated in theories alternative to �CDM.

6.2 Outlook

While writing the thesis, I have also been working on extending the formalism of the
EFT of DE to the case where dark matter is non minimally coupled to the scalar field,
whereas baryons are only coupled to gravity (a sort of generalization of Sect. 5.3.1).
This scenario has been well studied in the literature, beginning with conformal cou-
plings of the form φ T μ

μ [2] and more recently disformal ones φμφνT μν in [3] for
example. What is usually done in these studies is to assume that gravity is described
by GR, on top of which one adds a quintessence scalar field. The idea we had was
to consider a general conformal plus disformal coupling for dark matter (that is,
g̃μνT μν , with g̃μν given by Eq. (3.41)) combined with modifications of gravity as
in Chap.2. In particular, this brings two additional functions of time to the analysis,
which are going to change the stability conditions of Sect. 2.4 and the phenomenology
discussed in Sect. 2.5.3.3. The results can be found in two publications, [4, 5].

Another possible direction of research is to investigate the equation for �,
Eq. (2.86), which is the combination of Einstein’s equations into a single one. It
would certainly be interesting to solve it numerically. Even analytically, this should
allow oneself to probe the modifications of gravity in a regime where the quasistatic
approximation starts to break down. Bellini and Sawicki have started to look into
this recently [6], where they show that in general the quasistatic regime breaks down
at the sound horizon, kcs ∼ aH . I think there are still much information that can be
extracted from this equation, in particular concerning relativistic effects.

The exploration of theories beyond Horndeski is just at its beginning. The goal
would be to find a necessary and sufficient condition for Lorentz invariant scalar-
tensor theories to be stable, that can be checked straightforwardly from the action.
Requiring second-order EOM does not fulfill all these requirements since I showed
in Chap.3 that it is not necessary. The Hamiltonian analysis in unitary gauge of
Sect. 3.4 also falls short, since it is not a Lorentz invariant proof. Doing it from
the covariant Lagrangian, i.e. without choosing a specific gauge, is bound to be an
extremely cumbersome computation, which cannot be classified as straightforward.
The existence of field redefinitions that map the theory to a stable one, on top of not
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being necessary, cannot qualify as a straightforward check either, since one has in
general to guess a specific transformation for each theory. Our proposal sparked a
renewed interest in defining well posed theories, improving on the methods that we
used [7–12].

Concerning more particularly our proposal, G3, people have started to look at
its non linear behavior [13]. It was shown that contrarily to the Horndeski case,
where non linearities allow to fully recover GR on small scales (through Vainshtein
screening), in G3 the gravitational potentials differs from that of GR inside sources,
such as stars. This was latter used in [14] to study the evolution of stars for a specific
G3 Lagrangian. In [15], we derived the very general modification due to this non
standard behavior in the Lane-Emden equation [16], that governs the profile of stars
for a polytropic fluid. In particular, we found a generic bound on the parameter αH

of Chap.2 for the existence of physical solutions to this equation. The effects of the
breaking of Vainshtein screening in G3 theories in stars has been further studied in
[17–19].

Let me end with some considerations on consistency relations. The theoretical
community has really shown a frank enthusiasm regarding these relations, as seen
by the number of authors that have recently published on the subject [20–23]. It has
been proposed to test the origin of magnetic fields [24], and as a mean to compute
higher order corrections to the linear power spectrum [25]. What I think would be
interesting is to check these relations in N-body simulations, where one is not limited
to equal times correlators, but can actually look at the r.h.s. of Eq. (5.13).
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