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Chapter 1
Introduction

Abstract In this chapter, the basic tenets of fracture mechanics are described. The
first term of the asymptotic expression for the stress and displacement fields in the
neighborhood of a crack tip is presented for a homogeneous, isotropic, linear elastic
material. The concept of fracture modes and stress intensity factors are discussed.
The energy approach through the Griffith energy is delineated. A presentation of the
J -integral and its relationship to the Griffith energy and the stress intensity factors is
given.Adescription of a fracture criterion through the fracture toughness is presented.

Keywords Energy release rate · Fracture mechanics · Fracture modes · Fracture
toughness · Griffith energy · J -integral · Square-root singularity · Stress intensity
factor

The earliest work on fracture mechanics begins with Griffith’s publications in the
1920s [3, 4] in which an energy based fracture criterion was presented. The investi-
gation was based on an earlier solution of an elliptical hole in an infinite sheet [9].
Griffith carried out tests on glass to substantiate the finding that defects decrease
the fracture strength of a structure. Orowan [15] confirmed Griffith’s theory in the
case of a crystalline material. Westergaard [24] derived a complex variable stress
function for the distribution of the stress in an infinite body resulting from a finite
length crack. For the first time, the stresses were seen to be square-root singular. The
first term of the asymptotic expansion of the stress components in the neighborhood
of a two-dimensional and a penny-shaped crack was presented by Sneedon [21].
These investigations form an early basis of fracture mechanics. Later, Irwin who was
working for the Naval Research Laboratory in the US, became interested in fracture
as a result of the failure of Liberty ships which fractured in two while in calm waters.
He wrote several reports and presented fracture studies at scientific meetings in the
late 1940s [10, 23].

In 1957, both Irwin and Williams in the same journal [11, 25] developed the
asymptotic expansion for the stress components in the neighborhood of a crack tip
for linear elastic, homogeneous and isotropic materials. Irwin [11] determined the
in-plane normal stresses σxx and σyy for mode I deformation and defined the ampli-
tude of the square-root stress singularity in terms of the energy release rate G.
Williams [25] presented the first two terms of the series which were found by means

© The Author(s) 2018
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8_1
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2 1 Introduction

mode I mode II mode III

Fig. 1.1 Three modes of fracture

of a stress function. In addition, Irwin related the stress intensity factor to the energy
release rate through the crack closure integral for all three modes [12]. By this time,
the stress intensity factor concept had been in use for two years [23]. In [12], the first
term of the asymptotic expansion of the stress and displacement fields for all three
modes was presented.

For this type of material, there are three deformation modes of fracture as shown
in Fig. 1.1. Mode I is the opening mode in which the crack faces open; mode II is the
in-plane sliding mode in which the crack faces slide within the plane; and mode III
is the tearing or out-of-plane sliding mode in which the crack faces move out-of-the
plane in opposite directions. The first term of the stress and displacement fields for
mode I is given by
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where KI is the mode I stress intensity factor, r and θ are the crack tip polar coordi-
nates as shown in Fig. 1.2,

κ =
{

3 − 4ν plane strain
(3 − ν)/(1 + ν) generalized plane stress

(1.3)
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Fig. 1.2 Crack tip geometry

ds

n

x1

x2

r





ν is Poisson’s ratio and μ is the shear modulus. The subscripts i = 1, 2, 3 represent
Cartesian coordinates.

For mode II deformation, the first term of the stress and displacement fields is
given by
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where KII is the mode II stress intensity factor.
For mode III deformation, the first term of the asymptotic expansion for the stress

and displacement fields is
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u3 = 2
KIII
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2π
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2
(1.7)

where KIII is the mode III stress intensity factor.
Equations (1.1)–(1.7) represent a universal solution for the stress anddisplacement

components in the neighborhood of a crack tip. For each mode, the field quantities
have the same r and θ dependence. Moreover, from Eqs. (1.1), (1.4) and (1.6), it is



4 1 Introduction

possible to observe that the stresses are square-root singular in the neighborhood of
the crack tip. This means that the stresses are becoming infinite as r → 0. Physically,
the stresses cannot become infinite. There must be some mechanism which will
mitigate these high stresses. For metals it is plasticity; for polymers, crazing; for
rocks; micro-cracks. The stress intensity factor is the amplitude of the singularity.
This quantity determines the severity of the stresses at the crack tip. As an example,
for a crack of length 2a in an infinite body, subjected to a tensile stress σ far from
the crack and perpendicular to it, the stress intensity factor may be found as

KI = σ
√

πa . (1.8)

This is known as a Griffith crack. Note that the units of K are F/L3/2 where F
represents force and L , length. There are handbooks containing stress intensity factor
solutions [14, 19, 20, 22].

In [3], a fracture criterion was proposed in which the energy necessary to create
a new surface γ is balanced by the decrease in the potential energy � of the system
for a unit increase in crack length. That is,

G = −∂�

∂a
. (1.9)

One can then postulate that a crack will propagate when

G = 2γ (1.10)

where G is Griffith’s energy, the energy release rate or the crack driving force. The
factor 2 appears in Eq. (1.10) since there are two fracture surfaces as the crack
expands. The expression in Eq. (1.10) is for very brittle materials such as single
crystal materials. For others, there will be dissipative energy, so that one may write

G = Gc (1.11)

where Gc is the critical energy release rate. Many authors write Γ ≡ Gc.
Using the crack closure integral of Irwin [12], a relation between the energy

release rate G and the stress intensity factors may be found as

G =

⎧
⎪⎨

⎪⎩

1 − ν2

E

(
K 2

I + K 2
II

) + 1 + ν

E
K 2

III plane strain
1

E

(
K 2

I + K 2
II

)
generalized plane stress

(1.12)

where E is Young’s modulus.
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Another important concept in fracture mechanics is that of the path independent
J -integral. In 1968, Rice [17], in a ground breaking investigation, presented the
J -integral given as

J =
∫

Γ

(

Wn1 − Ti
∂ui
∂x1

)

ds (1.13)

where Γ is a curve beginning on the lower crack face and ending on the upper crack
face (see Fig. 1.2), W is the strain energy density, n1 is the component of the outer
normal n to the curve Γ in the x1-direction, Ti and ui are, respectively, the traction
and displacement vectors on Γ with i = 1, 2, x1 is the coordinate shown in Fig. 1.2
and ds is the differential arc length along Γ . It was shown in [18] that

J = G . (1.14)

Hence, the relation between G and the stress intensity factors in Eq. (1.12) holds
for J . An interesting proof of Eq. (1.14) may be found in [13].

Knowing the stress field in the neighborhood of a crack tip is not sufficient to
predict fracture. To that end, a fracture criterion is required. This may be in the form
of Eq. (1.11) in which crack propagation is predicted when the energy release rate
reaches a critical value. This critical value depends on material and environment. By
considering Eq. (1.12) and mode I deformation only,

G = 1

H
K 2

I (1.15)

where

1

H
=

⎧
⎪⎪⎨

⎪⎪⎩

1 − ν2

E
plane strain

1

E
generalized plane stress .

(1.16)

Hence, the criterion in Eq. (1.11) is equivalent to

KI = KIc (1.17)

where KIc is the plane strain fracture toughness, which is dependent on material
and environment. See [1] for details concerning fracture toughness testing. Early
development of the test method may be found in [2]. Compendia of papers in which
the fracture toughness and Paris Law [16] parameters for various materials may be
found in [5–8].
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Chapter 2
Fundamentals of Interface Fracture
Mechanics

Abstract In this chapter, the basic principles of interface fracture mechanics are
presented. After a brief description of the development of interface fracture, the
first term of the asymptotic expression for the stress and displacement fields in the
neighborhood of an interface crack tip between two homogeneous, isotropic, linear
elastic materials is presented. The energy release rate for this crack type, as well as
the J -integral are described. Both deterministic and statistically obtained fracture
criteria are discussed.

Keywords Complex stress intensity factor · Interface · Interface energy release
rate · Interface fracture toughness · Oscillatory parameter · Oscillatory singularity ·
Phase angles

The first paper published on interface fracture mechanics appeared in 1959 [33]. The
problem of a crack along a perfectly bonded interface between two linear elastic,
homogeneous and isotropic materials was considered. It was shown that the stresses
possess two singularities: a square-root singularity and an oscillatory, square-root
singularity. As a result of the oscillatory singularity, the stresses oscillate ever faster
as the crack tip is approached. In [29], the problem of an interface crack in a slab
subjected to bendingwas considered. The same singularitieswere found as in [33] and
the stress distribution in polar coordinates surrounding the crack tip was determined.
Despite the unrealistic oscillatory stresses and interface interpenetration, a series
of papers were written in which stress intensity factors for interface cracks were
determined [8, 15, 16, 27].

As a result of this behavior, researchers ceased publishing papers on this subject
until 1977. Apparently the unrealistic oscillatory stresses and the interpenetration
of the crack faces near the crack tip caused this hiatus. A series of papers appeared
in the late 1970s [9–11, 14] in which a physically sound assumption was made. It
was assumed that a contact zone of unknown length existed behind the crack tip
and along the interface. For an infinite bimaterial body composed of two isotropic
materials with a finite length crack along the interface subjected to far-field tension
perpendicular to the crack faces, it was found that the normalized length of the
contact zone s/a, where 2a is the crack length, was O(10−4) to O(10−7) depending
upon material properties [9]. For pure in-plane shear applied to the same body, one

© The Author(s) 2018
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
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normalized contact zone length is O(10−7) and the other is about one third [10]; this
occurred for Dundurs’ parameter β = 0.5 [13]. For smaller values of β, the contact
zone sizes will decrease. Obtaining these solutions is rather complicated.

Since the contact zones inmany loading cases will be small, investigators returned
to the original approach in which an oscillating singularity and crack face interpene-
tration were found with the assumption that the contact or interpenetration zone was
small [18–20, 26, 28]. With publication of these investigations, experimental studies
involving prediction of crack propagation between two dissimilar materials began to
appear. Some of these studies will be discussed in Chap.4.

2.1 Stress and Displacement Field in the Neighborhood
of an Interface Crack Tip

An interface crack between two dissimilar linear elastic, homogeneous and isotropic
materials is considered in this chapter (see Fig. 2.1). The first term of the asymptotic
expansion of the oscillatory, square-root stress field in polar coordinates was first
presented in [28]. In Cartesian coordinates, the first term of the asymptotic expansion
of the in-plane stress field is given by

kσαβ = 1√
2πr

[
� (

Kriε
)

kΣ
(1)
αβ (θ) + � (

Kriε
)

kΣ
(2)
αβ (θ)

]
(2.1)

where α,β = 1, 2, k = 1, 2 denotes the upper and lower materials, respectively, and
the crack tip polar coordinates r and θ shown in Fig. 2.1 are given in all x1x2 planes
normal to the crack front. It may be pointed out that only straight crack fronts are
considered here. In Eq. (2.1), the symbols � and � denote the real and imaginary
parts of the quantity in parentheses, respectively, and i = √−1. The complex stress
intensity factor in Eq. (2.1) is given by

K = K1 + i K2 (2.2)

Fig. 2.1 Interface crack tip
geometry

material (2)

material (1)

ds

n

x1

x2

r
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where K1 and K2 are real and, respectively, the modes 1 and 2 stress intensity
factors. They are not associated with tension and in-plane shear stresses as they are
for homogeneous bodies; hence, they are denoted with Arabic subscripts [26]. The
oscillatory parameter ε is given by

ε = 1

2π
ln

(
κ1μ2 + μ1

κ2μ1 + μ2

)
(2.3)

where

κk =
{

3 − 4νk plane strain
(3 − νk)/(1 + νk) generalized plane stress

(2.4)

μk (k = 1, 2) are the shear moduli of the upper and lower materials, respectively,

and νk are the Poisson’s ratios. In Eq. (2.1), the functions kΣ
(1)
αβ (θ) and kΣ

(2)
αβ (θ)may

be found in [28] in polar coordinates and in [12] in Cartesian coordinates; they are
presented in Appendix A. The out-of-plane stress components are given by

kσα3 = KIII√
2πr

kΣ
(III )
α3 (θ) . (2.5)

The mode III stress intensity factor KIII is associated with out-of-plane deformation;
the functions kΣ

(III )
α3 (θ) may be found in [12] and Appendix A. Note that in three

dimensions, the x3-axis is normal to the in-plane axes in Fig. 2.1.
The first term of the asymptotic expression for the in-plane displacement compo-

nents may be written as

kuα =
√

r

2π

[� (
Kriε

)
kU

(1)
α (θ) + � (

Kriε
)

kU
(2)
α (θ)

]
(2.6)

with α = 1, 2; whereas, the out-of-plane displacement is given by

ku3 =
√

r

2π
KIII kU

(III )
3 (θ) . (2.7)

In Eqs. (2.6) and (2.7), the functions kU (1)
α (θ), kU (2)

α (θ) and kU
(III )
3 (θ) may be found

in [12] and are presented in Appendix A. It may be noted that they have units of
L2/F where L is a length unit and F is force. Again, the expressions in Eqs. (2.1),
(2.5)–(2.7) represent a universal solution for the stresses and displacements in the
neighborhood of the crack tip.

As an example of a complex stress intensity, for a finite length crack 2a along
the interface of two dissimilar isotropic, homogeneous materials, in an infinite body,
subjected to a tensile stress σ normal to the crack faces and an in-plane shear stress
τ both remote from the crack, it is found as

K1 + i K2 = (σ + iτ )
√

πa(1 + 2iε)(2a)−iε . (2.8)
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Note that the units of K are FL−iε/L3/2 where F represents force and L , length. It
should be noted that for all material combinations |ε| ≤ 0.175. Moreover, the stress
intensity factor may be normalized as

K̂ = K L̂iε (2.9)

where K̂ has the usual units of stress intensity factors, namely F/L3/2 and L̂ is an
arbitrary reference length.

2.2 Interface Energy Release Rate

Next, consider the interface energy release rate Gi where the subscript i represents
interface. By means of Irwin’s crack closure integral [21], it may be shown that the
energy release rate of an interface crack is given in the form

Gi = 1

H1

(
K 2

1 + K 2
2

) + 1

H2
K 2

III (2.10)

where
1

H1
= 1

2 cosh2 πε

(
1

E1
+ 1

E2

)
(2.11)

1

H2
= 1

4

(
1

μ1
+ 1

μ2

)
. (2.12)

and

1

Ek
=

⎧⎪⎨
⎪⎩

1 − ν2
k

Ek
plane strain

1

Ek
generalized plane stress

(2.13)

The two-dimensional version of Eq. (2.10) was first presented in [24].
Two phase angles ψ and φ may be defined as

ψ = tan−1

⎡
⎣ �

(
K L̂iε

)

�
(
K L̂iε

)
⎤
⎦ = tan−1

(
σ21

σ22

) ∣∣∣∣
θ=0,r=L̂

(2.14)

and

φ = tan−1

⎡
⎣

√
H1

H2

KIII√
K 2

1 + K 2
2

⎤
⎦ = tan−1

⎛
⎝

√
H1

H2

σ23√
σ2
22 + σ2

21

⎞
⎠

∣∣∣∣
θ=0,r=L̂

(2.15)
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In Eq. (2.14), the units of the term K L̂iε are MPa
√
m, the ordinary units of stress

intensity factors. From Eq. (2.14), at the interface (θ = 0 in Fig. 2.1), ψ is a measure
of the ratio between the in-plane shear and the normal stress components along the
interface at a distance L̂ from the crack tip. From Eq. (2.15), φ is a measure of the
ratio between the out-of-plane shear stress and the in-plane stresses. It may also be
noted that

Gi = −∂�

∂a
. (2.16)

It may be shown in two dimensions that the J -integral is given by [1]

J =
2∑

k=1

∫

Γk

(
kWn1 − kTi

∂kui
∂x1

)
ds (2.17)

where k = 1, 2 denotes the upper and lower material, respectively, Γ2 is a curve
beginning on the lower crack face and ending at the interface, Γ1 continues from the
interface and ends on the upper crack face (see Fig. 2.1), the strain energy density

kW = 1

2
kσi j kεi j (2.18)

and kεi j are the strain components in the upper and lower materials. In Eq. (2.17), n1
is the component of the outer normal n to the curves Γk in the x1-direction, kTi and
kui are, respectively, the traction and displacement vectors on Γk , x1 is the coordinate
shown in Fig. 2.1 and ds is the differential arc length along Γk . It may be shown that

J = Gi . (2.19)

Hence, the relation between Gi and the stress intensity factors in Eq. (2.10) holds
for J .

2.3 Fracture Criterion

Fracture will occur when
Gi = Gic (2.20)

where Gic is the interface fracture toughness or the critical interface energy release
rate. It is possible to rewrite Eq. (2.10) as

Gi = 1

H1

(
K̂ 2

1 + K̂ 2
2

)
+ 1

H2
K 2

III (2.21)

where the normalized complex stress intensity factor K̂ is defined in Eq. (2.9). Equa-
tion (2.21) may be manipulated as
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Gi = G1
(
1 + tan2 ψ

) (
1 + tan2 φ

)
(2.22)

where

G1 ≡ K̂ 2
1

H1
. (2.23)

When
G1 = G1c (2.24)

whereG1c is themode 1 critical energy release rate, the interface crackwill propagate.
From Eqs. (2.20), (2.22) and (2.24), the fracture criterion is given by

Gic = G1c
(
1 + tan2 ψ

) (
1 + tan2 φ

)
(2.25)

where G1c is the average mode 1 critical energy release rate. When carrying out tests,
the value of K̂1 is calculated for each test. Its value is substituted into Eq. (2.23)
and an average value of G1c, G1c, is found and used in Eq. (2.25). This criterion was
presented for two dimensions in [4] and in three dimensions in [7]. In two dimensions,
φ = 0 in Eq. (2.25). It may be noted that Eq. (2.25) implies that the toughness is
symmetric with respect to the phase angles ψ and φ. There are other investigations
in the literature where a lack of symmetry about the phase angle ψ was considered
[22, 30, 31].

In two dimensions, a typical failure curve, Eq. (2.25) with φ = 0, is illustrated
in Fig. 2.2. To employ the curve for a particular delamination in a structure with the
same interface, an analysis of the structure is carried out to determine the values of
the interface energy release rate Gi and the phase angle ψ for the value of L̂ used
to plot the curve. If for the calculated value of ψ, Gi is below the curve, it may be
assumed that the structure will not fail. If it is above, it may be assumed that failure
will occur. Note that ψ is a function of L̂ as may be seen in Eq. (2.14). A change in
L̂ translates the abscissa in Fig. 2.2.

Fig. 2.2 Typical
two-dimensional failure
curve from Eq. (2.25) with
φ = 0
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When testing a group of specimens, it has been observed that there is scatter about
this curve [5, 6]. Hence, a probability analysis was proposed in [2, 3]. To this end,
it is possible to ask the question: what is the chance that 10% of delaminations for a
particular interface will unexpectedly fail with a value below the failure curve? One
may propose that the average mode 1 energy release rate is decreased by a factor
proportional to its standard deviation s. To this end, one may write that

G∗
1c = G1c − Ks (2.26)

where G1c is the average value of G1c and K is a statistical factor. The reduced failure
curve in two dimensions is given by

G∗
ic = G∗

1c

(
1 + tan2 ψ

) ; (2.27)

the three-dimensional reduced failure surface is given by

G∗
ic = G∗

1c

(
1 + tan2 ψ

) (
1 + tan2 φ

)
. (2.28)

In order to utilize the probabilistic failure curves, a statistical model is required. Two
models were employed: one makes use of a t-distribution for statistical intervals
[23, 32] and the other uses the standard variate to determine a probability and con-
fidence interval [25].

For the statistical intervals, a one sided t-statistic was chosen with a 10% proba-
bility of unexpected failure. Thus,

K = t0.1,N−1

√
1 + 1

N
(2.29)

where 0.1 represents the 10% probability, N is the number of samples tested, N − 1
is the number of degrees of freedom and the term 1/N in the square-root accounts
for the variability of G1c. The value of t is tabulated for different probabilities (in
this case 0.1) for N − 1 degrees of freedom (see for example [17] p. 367). This is
equivalent to a 90% probability that each successive observation of the pair (Gi ,ψ)

will be less than the indicated value of (G∗
ic,ψ) and not fail.

In the second method,

K �
|zP | +

√
z2P − ab

a
(2.30)

where

a = 1 − z2γ
2(N − 1)

and b = z2P − z2γ
N

. (2.31)

In Eqs. (2.30) and (2.31), zP is the standard variate with a probability P and γ
is the confidence. If we chose P = 0.1 and γ = 0.95, then there will only be a
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10% probability that a value of Gic will be obtained below the failure curve with a
confidence of 95%.

In Chap.4, test results will be presented and use will be made of the criteria in
Eq. (2.25) with φ = 0 and Eq. (2.27).

References

1. Atkinson C (1977) On quasistatic problems of cracks in a non-homogeneous elastic layer. Acta
Mech 26:103–113

2. Banks-Sills L (2014) Review on interface fracture and delamination of composites. Strain
50:98–110

3. Banks-Sills L (2015) Interface fracturemechanics - theory and experiment. Int J Fract 191:131–
146

4. Banks-Sills L, Ashkenazi D (2000) A note on fracture criteria for interface fracture. Int J Fract
103:177–188

5. Banks-Sills L, Travitzky N, Ashkenazi D, Eliasi R (1999) A methodology for measuring inter-
face fracture toughness of composite materials. Int J Fract 99:143–161

6. Banks-Sills L, Travitzky N, Ashkenazi D (2000) Interface fracture properties of a bimaterial
ceramic composite. Mech Mater 32:711–722

7. Banks-Sills L, Konovalov N, Fliesher A (2010) Comparison of two and three-dimensional
analyses of interface fracture data obtained from Brazilian disk specimens. Int J Struct Integr
1:20–42

8. Cherepanov GP (1962) The stress state in a heterogeneous plate with slits. Iz AN SSSR, OTN,
Mekhan i Mashin, in Russian 1:131–137

9. Comninou M (1977) The interface crack. J Appl Mech 44:631–636
10. Comninou M (1978) The interface crack in a shear field. J Appl Mech 45:287–290
11. Comninou M, Schmueser D (1979) The interface crack in a combined tension-compression

and shear field. J Appl Mech 46:345–348
12. Deng X (1993) General crack-tip fields for stationary and steadily growing interface cracks in

anisotropic bimaterials. J Appl Mech 60:183–189
13. Dundurs J (1969) Discussion: edge-bonded dissimilar orthogonal elastic wedges under normal

and shear loading. J Appl Mech 36:650–652
14. Dundurs J, Comninou M (1979) Some consequences of the inequality conditions in contact

and crack problems. J Elast 9:71–82
15. England AH (1965) A crack between dissimilar media. J Appl Mech 32:400–402
16. Erdogan F (1965) Stress distribution in bonded dissimilar materials with cracks. J Appl Mech

32:403–410
17. Freund JE (1963) Mathematical statistics. Prentice-Hall Inc., Englewood Cliffs
18. Hutchinson JW (1990) Mixed mode fracture mechanics of interfaces. In: Rühle M, Evans AG,

Ashby MF, Hirth JP (eds) Metal ceramic interfaces. Pergamon Press, Oxford, pp 295–301
19. Hutchinson JW, Suo Z (1991) Mixed mode cracking in layered materials. In: Hutchinson JW,

Wu TY (eds) Advances in applied mechanics, vol 29. Academic Press, California, pp 64–191
20. Hutchinson JW, Mear ME, Rice JR (1987) Crack paralleling an interface between dissimilar

materials. J Appl Mech 54:828–832
21. Irwin GR (1958) Fracture. In: Flügge S (ed) Handbuch der physik, vol VI. Springer, Germany,

pp 551–590
22. Liang YM, Liechti KM (1995) Toughening mechanisms in mixed-mode interfacial fracture.

Int J Solids Struct 32:957–978
23. Luko SN, Neubauer DV (2011) Statistical intervals-Part 2: the prediction interval. Stand News,

Sept/Oct, pp 14–15

http://dx.doi.org/10.1007/978-3-319-60327-8_4


References 17

24. Malyshev BM, Salganik RL (1965) The strength of adhesive joints using the theory of fracture.
Int J Fract Mech 1:114–128

25. Natrella MG (1963) Experimental statistics. In: National bureau of standards handbook 91,
Washington DC, pp 2-13–2-15

26. Rice JR (1988) Elastic fracture mechanics concepts for interfacial cracks. J Appl Mech 55:98–
103

27. Rice JR, SihGC (1965) Plane problems of cracks in dissimilar media. J ApplMech 32:418–423
28. Rice JR, Suo Z,Wang JS (1990) Mechanics and thermodynamics of brittle interfacial failure in

bimaterial systems. In: RühleM,EvansAG,AshbyMF,Hirth JP (eds)Metal ceramic interfaces.
Pergamon Press, Oxford, pp 269–294

29. Sih GC, Rice JR (1964) The bending of plates of dissimilar materials with cracks. J Appl Mech
31:477–482

30. Swadener JG, Liechti KM (1998) Asymmetric shielding mechanisms in the mixed-mode frac-
ture of a glass/epoxy interface. J Appl Mech 65:25–29

31. Swadener JG, Liechti KM, de Lozanne AL (1999) The intrinsic toughness and adhesion mech-
anism of a glass/epoxy interface. J Mech Phys Solids 47:223–258

32. Whitmore GA (1986) Prediction limits for a univariate normal observation. Am Stat 40:141–
143

33. WilliamsML (1959) The stresses around a fault or crack in dissimilar media. Bull Seismol Soc
Am 49:199–204



Chapter 3
Calculation of Stress Intensity
Factors – An Interface Crack

Abstract In this chapter, aspects of the finite element method for obtaining the
displacement field of a body containing an interface crack are described. Square-
root singular, quarter-point elements in two and three dimensions will be presented.
Once the displacement field is found three methods are suggested for computing
stress intensity factors; they include the displacement extrapolation (DE) method,
the conservative interaction energy integral or M-integral, and the Virtual Crack
Closure Technique (VCCT). The stress intensity factors are then employed to obtain
the interface energy release rate and two phase angles.

Keywords Displacement extrapolation method · Finite element method · M-
integral · Quarter-point element · Shape functions · Thermal residual stresses ·
Virtual crack closure technique

In order to predict catastrophic failure of an interface crack, knowledge of the stress
intensity factors is required. The J -integral in Eq. (2.17) may be computed numeri-
cally; but its result is related to the sum of the squares of the stress intensity factors by
means of Eqs. (2.19) and (2.10). Hence, methods are required to calculate the stress
intensity factors independently. Moreover, in this book, the finite element method is
suggested for determining the displacement field. Use of the finite element method
for interface cracks will be presented in Sect. 3.1. With this field, three methods will
be described for obtaining stress intensity factors; they are the DE method which
is discussed in Sect. 3.2; the M-integral which is discussed in Sect. 3.3; and VCCT
which is discussed in Sect. 3.4.

3.1 Finite Element Method

As seen in Chap.1, the stresses in the neighborhood of a crack tip or crack front in
a homogeneous isotropic material are square-root singular. There have been many
special elements developed to model this behavior. These were described in [2].
Quarter-point square and brick elements for two and three-dimensional geometries,
respectively, have been found to produce excellent results. A review of these elements
is also presented in [2, 3].
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(a) (b) (c)

Fig. 3.1 Eight noded a parent element in the ξη plane and b quarter-point element in the x y plane.
c Quarter-point collapsed triangular element

For the h-version of finite elements that is considered here, an isoparametric
element is employed in which both displacement and coordinate vectors u and x,
respectively, are expressed in terms of the same shape functions Ni , namely

u =
m∑

i=1

Niui x =
m∑

i=1

Nixi . (3.1)

In Eq. (3.1), the displacement vector and coordinate vector in the physical space
are either two or three-dimensional vectors; in two dimensions, uT = [u, v] and
xT = [x, y]; in three dimensions, uT = [u, v, w] and xT = [x, y, z]. The number
of nodal points in an element is m. In two dimensions, the shape functions Ni for an
eight noded element (m = 8) are given by

Ni (ξ, η) = 1

4

[
(1 + ξξi ) (1 + ηηi ) −

(
1 − ξ2

)
(1 + ηηi ) − (1 + ξξi )

(
1 − η2

)]
ξ2i η2i

+1

2

(
1 − ξ2

)
(1 + ηηi )

(
1 − ξ2i

)
η2i + 1

2
(1 + ξξi )

(
1 − η2

) (
1 − η2i

)
ξ2i (3.2)

where (ξ, η) are the coordinates in the parent element as shown in Fig. 3.1a and
(ξi , ηi ) are the coordinates of the i th nodal point. If the nodes closest to the crack tip
in the physical element aremoved to the quarter-point as illustrated in Fig. 3.1b, it has
been proven that the strains are square-root singular along all rays emanating from
the crack tip [4, 24]. It may be noted that the singularity is in a small region of the
element near the crack tip, extending along the entire length of the element sides. For
either a quarter-point, collapsed triangular element illustrated in Fig. 3.1c which uses
the shape functions in Eq. (3.2) or a natural triangle, it was shown that the singularity
extends along the diagonal ray emanating from the crack tip [11, 12]. The proof
may be easily extended to include all rays emanating from the crack tip. Hence, the
triangular element has a distinct advantage over the square or quadrilateral, quarter-
point element. Since at that time, meshing and remeshing was more difficult than it is
today, in [2] only quadrilateral, quarter-point elements were considered. Moreover,
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(a)
(b) (c)

Fig. 3.2 Twenty noded a parent element in the ξηζ space and b quarter-point element in the x yz
space. c Quarter-point collapsed prismatic element

square elements at the crack tip are preferred, since quadrilateral elements have been
shown to disturb the singular region.

For three-dimensional, 20-noded brick elements, the shape functions are given
by

Ni (ξ, η, ζ) = 1

8
(1 + ξξi ) (1 + ηηi ) (1 + ζζi ) (ξξi + ηηi + ζζi − 2) ξ2i η

2
i ζ

2
i

+1

4

(
1 − ξ2

)
(1 + ηηi ) (1 + ζζi )

(
1 − ξ2i

)

+1

4
(1 + ξξi )

(
1 − η2

)
(1 + ζζi )

(
1 − η2

i

)

+1

4
(1 + ξξi ) (1 + ηηi )

(
1 − ζ2

) (
1 − ζ2i

)
(3.3)

where (ξ, η, ζ) are the coordinates in the parent element as shown in Fig. 3.2a,
(ξi , ηi , ζi ) are the coordinates of the i th node in the parent element. Equation (3.1)
may be employed in three-dimensions with the displacement vector uT = [u, v, w]
and the coordinate xT = [x, y, z]. For a twenty noded element, m = 20.

It has been shown that the behavior of the strains within a twenty-noded brick
quarter-point element shown in Fig. 3.2b are square-root singular within each xy-
plane orthogonal to the crack front in a manner similar to that of the quadrilateral
element. It is emphasized that the sides of the elements must be parallel to each
other and orthogonal to the crack front to obtain this behavior. Moreover, although
there are no nodal points within the element, the strains are square-root singular not
only on the outer surfaces of the elements but also within each plane orthogonal to
the crack front! For further details, see [7]. Finally, collapsed wedge elements using
the same shape functions in Eq. (3.3) and shown in Fig. 3.2c may be considered.
The analogous proof for the two-dimensional element was used in [12] to show that
there is square-root singular behavior along the diagonal ray on the two outer xy-
surfaces of the element. It may be shown that this occurs for all rays emanating from
the crack front within all orthogonal xy-planes within the element (see Fig. 3.2c).
Hence, in this case, the quarter-point, collapsed, prismatic elements appear to have
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an advantage over the quarter-point, brick elements. It may be noted that meshes
should be designed such that the elements are normal to the crack front and crack
faces.

Although the stress components for an interface crack possess an oscillatory,
square-root singularity, the elements presented here for homogeneous material are
recommended for an interface crack. The dominant part of the singularity is square-
root and these elements have been found to produce excellent results.

3.2 Displacement Extrapolation Method

The displacement extrapolation method was first presented in [15] for isotropic bod-
ies subjected to modes I and II deformation. Because of its simplicity, it has been
used widely in the literature. With mixed modes and homogeneous material, mode
decoupling is immediate. For all material types, use is made of the crack opening
displacements, namely

Δui (r) = 1ui (r, θ = π) − 2ui (r, θ = −π) . (3.4)

In Eq. (3.4), ui (i = 1, 2, 3) are the displacement components in the xi -directions
and the left subscripts 1 and 2 denote, for an interface crack, the upper and lower
materials, respectively.

For an interface crack between two dissimilar linear elastic, isotropic, homoge-
neous materials, using Eq. (3.4), as well as the first term of the asymptotic expansion
of the displacement field in Eqs. (2.6) and (2.7) and the expressions in Eqs. (A.9)–
(A.13), one may write that

Δu2(r) + iΔu1(r) = 8 cosh πε

H1(1 + 2iε)

√
r

2π
Kriε , Δu3(r) = 8

H2

√
r

2π
KIII .

(3.5)
where ε, H1 and H2 are given, respectively, in Eqs. (2.3), (2.11) and (2.12). Solving
for the complex stress intensity factor in Eq. (3.5)1 and the mode III stress intensity
factor in Eq. (3.5)2, one obtains

K ∗
1 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
cosχ

Δu2(r)√
r

− sinχ
Δu1(r)√

r

}
(3.6)

K ∗
2 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
sinχ

Δu2(r)√
r

+ cosχ
Δu1(r)√

r

}
(3.7)

K ∗
III (r) =

√
2π H2

8

Δu3√
r

(3.8)

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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where the starred quantities are local stress intensity factors depending on distance
from the crack tip along the crack faces. In Eqs. (3.6) and (3.7),

χ = tan−1 2ε − ε ln r . (3.9)

The displacement jumps Δu1(r), Δu2(r) and Δu3(r) are taken from the finite ele-
ment results along rays orthogonal to the crack front along the crack faces in the
xi -directions, respectively.

In [18], the full series for the stress and displacement fields of an interface crack
between two isotropic materials was presented. Focusing on the displacements, for
the oscillatory, square-root singularity and the square-root singularity, terms of the
type rn , where n = 1, 2, 3 . . .were found. For these terms, the displacement vanishes
along the crack faces. Therefore, along the crack faces, the displacement jumps are
found to behave as

Δu2 + i Δu1 = A1r
1/2+iε + A2r

3/2+iε + O
(
r5/2+iε

)
(3.10)

Δu3 = B1r
1/2 + B2r

3/2 + O
(
r5/2

)
(3.11)

where A1 and A2 are complex constants, and B1 and B2 are real constants. The terms
r (2n+1)/2+iε in Eq. (3.10) and r (2n+1)/2 in Eq. (3.11) are obtained from the general
solution of the crack eigenvalue problem. Dividing Eqs. (3.10) and (3.11) by r1/2+iε

and r1/2, respectively, leads to linear behavior of the local stress intensity factors
for a range of r in the neighborhood of the crack tip. To proceed with the method,
the local stress intensity factors given in Eqs. (3.6)–(3.8) are plotted along the crack
faces as shown in Fig. 3.3 for K1 for increasing values of the r -coordinate. These
values are extrapolated to zero, so that

K1 = lim
r→0

K ∗
1 , K2 = lim

r→0
K ∗

2 , KIII = lim
r→0

K ∗
III . (3.12)

With the values of K ∗
m (m = 1, 2, III ) along the crack front, linear regressionmay be

employed to determine a ‘best’ straight line. Nonetheless, judgement must be used
in choosing the K value.

Fig. 3.3 Illustration of the
displacement extrapolation
method; local stress intensity
factor K ∗

1 as a function of the
normalized distance from the
crack tip
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3.3 M-Integral

The two-dimensional conservative J -integral for an interface crack is given in
Eq. (2.17). As a result of the relation between J and Gi in Eq. (2.19) and the stress
intensity factors in Eq. (2.10), it is not possible to obtain the values of each stress
intensity factor separately with knowledge of J . However, the conservative interac-
tion energy or M-integral developed in [16] and implemented in [40] for a crack in
a homogeneous, isotropic material allows determination of the stress intensity fac-
tors. This method was extended to interface cracks in [39]. First the two-dimensional
version of this integral is presented and then the three-dimensional version. Both
mechanical and thermal integrals will be described.

3.3.1 Two Dimensions

To obtain the stress intensity factors, two solutions which satisfy equilibrium in the
cracked body are superposed, namely,

σi j = σ(1)
i j + σ(2)

i j (3.13)

εi j = ε(1)
i j + ε(2)

i j (3.14)

ui = u(1)
i + u(2)

i . (3.15)

Solution (1) is the sought after solution which is obtained numerically by means
of the finite element method. Solution (2) is an auxiliary solution which is given
by the first term of the asymptotic expansion of the field quantities related to the
material under consideration. These solutions will be described in the sequel. Since
superposition is employed in Eqs. (3.13)–(3.15) only linear elastic material may be
considered. The in-plane stress intensity factors are given by

K1 = K (1)
1 + K (2)

1 (3.16)

K2 = K (1)
2 + K (2)

2 . (3.17)

The stress intensity factors related to solution (1) are those to be determined from the
M-integral. Those related to solution (2) are chosen judiciously as will be described.

First, the J -integral in Eq. (2.17) may be converted into an area integral as [27]

J =
2∑

k=1

∫

Ak

[
kσi j

∂kui
∂x1

− kWn1δ1 j

]
∂q1
∂x j

d A . (3.18)

In Eq. (3.18), k = 1, 2 represents the upper and lower materials respectively, indicial
notation is used for the indices i and j but not k, i, j = 1, 2, Ak is the annular
region shown in Fig. 3.4, q1 is continuously differentiable within Ak , is unity on kC1

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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Fig. 3.4 Areas A1 and A2
for calculating the
mechanical M-integral for an
interface crack. Additional
areas A01 and A02 for
calculating the thermal
M-integral

material (2)

material (1)

x1

x2

A01

1C2

2C2

2C1

1C1

A1

A2

A02

and vanishes on kC2. For a finite element analysis, Ak is chosen as a single ring of
elements and

q1 =
8∑

i=1

Ni (ξ, η) q1i (3.19)

where the eight noded, isoparametric element in Fig. 3.1a is employed in two dimen-
sions. In Eq. (3.19), Ni (ξ, η) are the shape functions and ξ and η are the coordinates
in the parent element. The vector q1i is chosen to fulfill the requirements already
defined for q1 with the additional restriction that the nodal points of the element are
mapped in such a way that mid-point nodes remain in their respective positions in
the mapped configuration as described in [8]. If integration takes place through the
quarter-point elements, then q1i is chosen so that the quarter-point nodes remain in
that position in the mapped configuration. The last restrictions increase accuracy. It
may be noted that Δ�q1 is actually a mapping of the physical element, where Δ� is
a virtual crack extension; so that q1 is a normalized virtual crack extension.

By substituting Eqs. (3.13)–(3.15) into the area J -integral in Eq. (3.18), it is
possible to derive the M-integral as [9]

M (1,2) =
2∑

k=1

∫

Ak

[

kσ
(1)
i j

∂ku
(2)
i

∂x1
+ kσ

(2)
i j

∂ku
(1)
i

∂x1
− kW

(1,2) δ1 j

]
∂q1
∂x j

d A .

(3.20)
It may be pointed out that earlier Yau et al. [40] used the line J -integral to derive
a line M-integral. Since it was shown in [2] that the area J -integral has superior
path independence than that of the line integral, the M-integral will be presented
here only as an area integral. In Eq. (3.20), indicial notation is employed and δ is
the Kronecker delta. The mutual strain energy density kW (1,2) of the two solutions
is given by

kW
(1,2) = kσ

(1)
i j kε

(2)
i j = kσ

(2)
i j kε

(1)
i j . (3.21)

On the other hand, if one substitutes the expressions for the stress intensity factors
in Eqs. (3.16) and (3.17) into (2.10) with KIII = 0, it is possible to show that

M (1,2) = 2

H1

[
K (1)

1 K (2)
1 + K (1)

2 K (2)
2

]
. (3.22)

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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In Eq. (3.22), H1 is defined in Eq. (2.11).
Two auxiliary solutions are required in order to determine both K (1)

1 and K (1)
2 for

this problem. These are denoted as solutions (2a) and (2b). For auxiliary solution
(2a), choose

K (2a)
1 = 1 K (2a)

2 = 0 . (3.23)

These may be substituted into the first term of the asymptotic solution for the dis-
placement components of a crack along the interface between two dissimilar linearly
elastic, homogeneous and isotropic materials given in Eq. (2.6). Recall that the func-
tions kU (1)

α (θ) and kU (2)
α (θ) are given in Appendix A in Eqs. (A.9)–(A.12). For

solution (2b)
K (2b)

1 = 0 K (2b)
2 = 1 . (3.24)

For solution (2a),

M (1,2a) =
2∑

k=1

∫

Ak

[

kσ
(1)
i j

∂ku
(2a)
i

∂x1
+ kσ

(2a)
i j

∂ku
(1)
i

∂x1
− kW

(1,2a) δ1 j

]
∂q1
∂x j

d A .

(3.25)
In Eq. (3.25), the displacement derivatives, strain and stress components for solution
(1) are obtained by means of a finite element formulation using the displacement
components determined at the nodal points of a finite element formulation. The dis-
placement derivatives, strain and stress components for solution (2a) are obtained
by means of a finite element formulation using the displacement components deter-
mined at the nodal points from Eqs. (2.6) and (3.23). With these values, the integral
in Eq. (3.25) is evaluated. Substituting Eq. (3.23) into (3.22) leads to

M (1,2a) = 2

H1
K (1)

1 . (3.26)

The stress intensity factor K (1)
1 is determined by equating Eqs. (3.25) and (3.26).

In a similar manner, the mode 2 stress intensity factor K (1)
2 may be found. Specif-

ically,

M (1,2b) =
2∑

k=1

∫

Ak

[

kσ
(1)
i j

∂ku
(2b)
i

∂x1
+ kσ

(2b)
i j

∂ku
(1)
i

∂x1
− kW

(1,2b) δ1 j

]
∂q1
∂x j

d A

(3.27)
and substitution of Eq. (3.24) into (3.22) yields

M (1,2b) = 2

H1
K (1)

2 . (3.28)

The integral in Eq. (3.27) is carried out and Eqs. (3.27) and (3.28) are equated.

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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(a) (b)

Fig. 3.5 Mesh and integration paths about the crack tip for a square elements and b triangular
elements about the crack tip

The integrals in Eqs. (3.25) and (3.27) are calculated element by element within a
ring of elements as shown in Fig. 3.5. In Fig. 3.5a, five rings are shown for square ele-
ments; whereas, in Fig. 3.5b, five rings are shown with triangular elements surround-
ing the crack tip. For solution (1), a finite element calculation yields the displacement
vector at the nodal points. The necessary displacements, stresses and strains are com-
puted at the integration points by means of a finite element scheme. For solution (2),
the analytical solution for the displacement field is calculated at the nodal points.
These are also used to obtain the field quantities at the integration points by means
of a finite element scheme. After calculating the integrals in Eqs. (3.25) and (3.27),
K (1)

1 and K (1)
2 are found by equating (3.26) to (3.25), and (3.28) to (3.27). Note that

only the displacement field is required.
Next, the thermalM-integral is presented. It has been used to obtain stress intensity

factors resulting from thermal stresses andmay be used for general thermal problems.
Note that the stresses in the neighborhood of a crack tip have the same singularity
as that for mechanical loading. A thermal J -integral was presented in [38]. To this
end, a strain energy density must be chosen. In [5] it was chosen as

kWF = 1

2
kσi j kεi j − 1

2
ϑk βk

i j kεi j (3.29)

where kWF is the strain energy density in [21], kεi j is the total strain of the upper and
lower materials, respectively, comprising the mechanical and thermal strain compo-
nents, ϑk is the temperature change in material k and may be a function of position,

βk
i j = β̃kδi j (3.30)

and

β̃k =

⎧
⎪⎨

⎪⎩

Ekαk

1 − 2νk
plane strain

Ekαk

1 − νk
generalized plane stress .

(3.31)
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In Eq. (3.31),αk is the coefficient of thermal expansion (CTE) of the upper and lower
materials. Since

σi j = ∂WF

∂εi j
, (3.32)

it may be shown that the stress/strain relation is given by

kσi j = 2μk kεi j + λk kεssδi j − β̃kϑkδi j (3.33)

where μk and λk are the Lamé constants of the upper and lower materials.
The thermal M-integral may be written as [5]

M (1,2) =
2∑

k=1

∫

Ak

(

kσ
(1)
i j

∂ku
(2)
i

∂x1
+ kσ

(2)
i j

∂ku
(1)
i

∂x1
− kW

(1,2)
F δ1 j

)
∂q1
∂x j

d A

+
2∑

k=1

βk
i j

∫

Ak

kε
(2)
i j

∂ϑ
(1)
k

∂x1
q1 d A +

2∑

k=1

βk
i j

∫

A0k

kε
(2)
i j

∂ϑ
(1)
k

∂x1
d A . (3.34)

The areas Ak and A0k are shown in Fig. 3.4. The interaction strain energy density is
given by

kW
(1,2)
F = kσ

(1)
i j kε

(2)
i j = kσ

(2)
i j kε

(1)
i j − βk

i jϑ
(1)
k kε

(2)
i j (3.35)

where the auxiliary solution for the temperature change ϑ(2)
k is taken to be zero.

Hence, the auxiliary solution remains the same as for that of the mechanical solution.
In addition to Eq. (3.34), Eq. (3.22) is also used in the calculation. As described for
the mechanical M-integral, the stress intensity factors are obtained by means of
Eqs. (3.26) and (3.28). If ϑ(1)

k is not a function of x1, the thermal M-integral takes
the form of the mechanical M-integral with kW (1,2) replaced with kW

(1,2)
F and the

constitutive law in Eq. (3.33) prevailing. Finally, it may be noted that if ϑ(1)
k = 0,

then Eqs. (3.34) and (3.35) revert to the mechanical M-integral with the constitutive
relation in Eq. (3.33) becoming that for an isothermal problem.

3.3.2 Three Dimensions

In [27, 29, 34], the mechanical M-integral was extended to three dimensions; it was
implemented in [20, 22] for interface cracks. In [10, 34], the thermal M-integral was
extended to three dimensions.

In both cases, to the superposition conditions in Eqs. (3.13)–(3.17) is added

KIII = K (1)
III + K (2)

III . (3.36)
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Table 3.1 Stress intensity factors for the auxiliary solutions

2α K (2α)
1 K (2α)

2 K (2α)
III

2a 1 0 0

2b 0 1 0

2c 0 0 1

Fig. 3.6 Virtual crack
extension along the crack
front denoted on the finite
element mesh

crack
front

n1

LN x1

x3

(x3)

A1crack plane
N

1
(N)

Since there are three unknown stress intensity factors K (1)
1 , K (1)

2 and K (1)
III , there

are three auxiliary solutions. The latter are determined from the first term of the
asymptotic displacement components in Eqs. (2.6) and (2.7). The values of the stress
intensity factors for the three auxiliary solutions (2a), (2b) and (2c) are defined in
Table3.1.

For a straight crack front as in Fig. 3.6, the M-integral may be written as [20]

M (1,2α)
N = 1

A1

2∑

k=1

∫

Vk

[

kσ
(1)
i j

∂ku
(2α)
i

∂x1
+ kσ

(2α)
i j

∂ku
(1)
i

∂x1
− kW

(1,2α)δ1 j

]
∂q1
∂x j

dV,

(3.37)
where M (1,2α)

N is the average value of the M-integral along the crack front in element
N (see Fig. 3.6), α = a, b, c, i, j = 1, 2, 3. The area ahead of the crack front created
by the virtual crack extension shown in Fig. 3.6 is given by

A1 =
∫ LN

0
�

(N )
1 (x3) dx3 (3.38)

where �
(N )
1 (x3) is the length of the virtual crack extension as shown in Fig. 3.6 and

LN is the length of element N along the crack front. The normalized virtual crack
extension is now given by

q1 =
20∑

i=1

Ni (ξ, η, ζ) q1i (3.39)

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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where Ni are the shape functions in Eq. (3.3) and q1i are chosen appropriately as
described in [20]. On the other hand, substitution of Eqs. (3.16), (3.17) and (3.36)
into (2.10) leads to

M (1,2α)
N = 2

H1

(
K (1)

1 K (2α)
1 + K (1)

2 K (2α)
2

)
+ 2

H2
K (1)

III K
(2α)
III , (3.40)

where H1 and H2 are given, respectively, in Eqs. (2.11) and (2.12).
Substituting the stress intensity factors of the auxiliary solutions in Table3.1 into

Eq. (3.40) and equating Eqs. (3.37) and (3.40) results in

K (1)
1 = H1

2A1

2∑

k=1

∫

Vk

[

kσ
(1)
i j

∂ku
(2a)
i

∂x1
+ kσ

(2a)
i j

∂ku
(1)
i

∂x1
− kW

(1,2a)δ1 j

]
∂q1
∂x j

dV ;
(3.41)

K (1)
2 = H1

2A1

2∑

k=1

∫

Vk

[

kσ
(1)
i j

∂ku
(2b)
i

∂x1
+ kσ

(2b)
i j

∂ku
(1)
i

∂x1
− kW

(1,2b)δ1 j

]
∂q1
∂x j

dV ;
(3.42)

and

K (1)
III = H2

2A1

2∑

k=1

∫

Vk

[

kσ
(1)
i j

∂ku
(2c)
i

∂x1
+ kσ

(2c)
i j

∂ku
(1)
i

∂x1
− kW

(1,2c)δ1 j

]
∂q1
∂x j

dV .

(3.43)

A two-dimensional view of the integration domains is illustrated in Fig. 3.7. The
thickness of each domain is equal to the thickness of the element along the crack
front that participates in the integration. It should be noted that in contrast to the

(a)

(b)

Fig. 3.7 Cross-sectional view of integration domains in the x1x2-plane for quarter-point a brick
and b prismatic elements adjacent to the crack front. The numbers represent the integration volumes

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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two-dimensional analyses, topologically it is not possible to carry out the integration
in rings surrounding the crack front. Rather, each integration volume includes the
layer of elements in the previous volume. Hence, all integration volumes include the
singular elements. In Fig. 3.7a, a cross-section of the integration volumes for brick
elements are shown for 5 different domains; in Fig. 3.7b, these volumes include the
prismatic, collapsed elements surrounding the crack front.

A three-dimensional thermal M-integral may be derived similarly to that in two
dimensions. One may write that

M (1,2α)
N = 1

A1

2∑

k=1

∫

Vk

{[

kσ
(1)
i j

∂ku
(2α)
i

∂x1
+ kσ

(2α)
i j

∂ku
(1)
i

∂x1
− kσ

(1)
rs kε

(2α)
rs δ1 j

]
∂q1
∂x j

+ βk
rs kε

(2α)
rs

∂kϑ
(1)

∂x1
q1

}
dV (3.44)

where α = a, b and c in succession, i, j, r, s = 1, 2, 3, there is no summation on k
and kε

(2α)
rs is the mechanical strain of the first term of the asymptotic expansion. If

the temperature change kϑ
(1) is a constant, then the M-integral in Eq. (3.44) agrees

with the mechanical M-integral in Eq. (3.37). The only difference relates to the
constitutive relation. For the thermal problem, the constitutive relation is given in
Eq. (3.33); for the mechanical problem, β̃k is zero in Eq. (3.33). The remainder of
the procedure is the same as for the three-dimensional mechanical M-integral.

3.4 Virtual Crack Closure Technique

The Virtual Crack Closure Technique (VCCT) was first presented in [33] for a linear
elastic, homogeneous and isotropic material. It is based on the crack closure integral
of Irwin [25] given by

G = lim
Δa→0

1

Δa

∫ Δa

0
[σ22(Δa − r)u2(r) + σ21(Δa − r)u1(r)

+σ23(Δa − r)u3(r)] dr . (3.45)

In Eq. (3.45), Δa is the virtual crack extension; σ2 j are the traction components
ahead of the crack of length a, j = 1, 2, 3, with σ22 shown in Fig. 3.8a; u j are the
crack face displacements of a crack of length a + Δa and r is the radial coordinate
along the crack faces as shown in Fig. 3.8b. The first, second and third integrals in
Eq. (3.45) are, respectively, the modes I, II and III energy release rates, GI , GII and
GIII .

To calculate the energy release rates for a particular problem bymeans of the finite
element method, it would seem that two finite element analyses should be carried
out. Considering, for example, mode I deformation and a four noded element, the
energy release rate may be written as
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(a) (b)

22

a

u2
r

x'2x2

x'1x1
a a

Fig. 3.8 a Crack of length a and b crack of length a + Δa

GI = 1

2Δa
F2mΔu2m (3.46)

where Δa is the length of the virtual crack extension which is usually taken as the
length of the elements surrounding the crack tip, F2m is the nodal force in the x2-
direction at nodal point m (at the crack tip) for a crack of length a in Fig. 3.8a and
Δu2m is the crack opening displacement at nodal point m at the point behind the
crack tip for a crack of length a + Δa in Fig. 3.8b. Similar equations may be written
for an element containing eight nodal points.

In [33], one finite element analysis was carried out with a crack of length a + Δa
and four noded elements. The nodal force was taken from the crack tip. This will be
larger than that for a crack of length a. The displacement was taken from the nodal
point for r = Δa in Fig. 3.8b. Two problems were solved with a relative virtual crack
extension Δa/a = 0.1. Stress intensity factors differed by less than 0.5% with those
obtained by means of the line J -integral. It may be noted that the line J -integral has
an error, as well.

The method was extended in [31] where again only one finite element mesh was
analyzed for a crack of length a. The elements surrounding the crack tip were of
length Δa. The force from the node at the crack tip was taken to be F2m . The crack
opening displacement was taken from the nodes behind the crack tip with r = Δa.
This displacement will be smaller than the actual displacement for the case when the
crack is extended by Δa. In addition to four noded elements, higher order elements
were considered including quadratic, regular and quarter-point, as well as cubic,
regular and singular elements. For all element types, a central cracked finite body
with a/b = 0.8, where a is the half-crack length and b is the half-width of the body,
produced energy release rate values within 3% agreement with a reference solution.
The relative virtual crack extension of Δa/a = 0.0625 was used.

A summary of investigations carried out for interface cracks was presented in
[6]. There were many studies which showed that the energy release rates GI and
GII simply oscillate as Δa is varied and do not converge as Δa → 0 [17, 23,
26, 28, 32, 35, 37]. Although the in-plane energy release rates oscillate, the stress
intensity factorswhich are derived from themdonot dependonΔa. Various equations
were developed to obtain the stress intensity factors [14, 36, 37] producing multiple
solutions from four to eight pair. In [1], various expressions for the stress intensity
factors were compared and shown to be equivalent. Incorrect criteria were proposed
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for eliminating extraneous solutions. In [6], two pairs of stress intensity factors were
determined. The criterion for determining the valid pair stipulated that the crack is
open as will be described.

In [6], the stress intensity factors were found as

K1 = ±√
H1Gi cosψ K2 = K1 tanψ (3.47)

where H1 is given in Eq. (2.11) and ψ is the mode mixity given by

ψ = tan−1

(
K2

K1

)
(3.48)

or in Eq. (2.14) with L̂ = 1. In Eq. (3.47), the interface energy release rate is given
by

Gi = GI + GII (3.49)

where GI and GII are found by means of a finite element analysis with eight noded
elements and the expressions

GI = 1

2Δa

N∑

m=1

F2mΔu2m ′ (3.50)

GII = 1

2Δa

N∑

m=1

F1mΔu1m ′ . (3.51)

In Eqs. (3.50) and (3.51), F1m and F2m are the nodal point forces in the x1 and x2-
directions, respectively, at node m; Δu1m ′ and Δu2m ′ are the displacement jumps in
the x1 and x2-directions, respectively, at node m ′ (see Fig. 3.9); and N is the total
number of nodes which participate in the calculation. The virtual crack extension
Δa = N�/2 where � is the length of each element included in the calculation. For
example, if one element on each side of the crack tip participates in the calculation,
then N = 2 and Δa = � as shown in Fig. 3.9a. The displacement jumps are taken
from the element behind the crack tip and the nodal point forces from the element
ahead of the crack tip. Four elements involved in the calculation are illustrated in

(a)

jj'i' j'i' sk' s' ki ji

(b)l l l l ll

a a

Fig. 3.9 Illustration of nodal points participating in energy release rate calculation for a one element
and b two elements on each side of the crack tip. The length of each element participating in the
calculation is �; Δa is the virtual crack extension

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2


34 3 Calculation of Stress Intensity Factors – An Interface Crack

Fig. 3.9b with N = 4 and Δa = 2�. The number of elements in the calculation may
be increased in a similar manner. A discussion of this approach will be presented
later.

The mode mixityψ in Eq. (3.47) is not calculated from Eq. (3.48) since it depends
on the complex stress intensity K which is unknown but rather from

ψ = 1

2
cos−1

(
1

C

1 − g

1 + g

)
− 1

2
tan−1

(
PI

PR

)
− ε lnΔa . (3.52)

In Eq. (3.52),

g ≡ GII

GI
, (3.53)

P =
Γ

(
1
2 + iε

)
Γ

(
1
2 + iε

)

Γ
(
2 + 2iε

) . (3.54)

where Γ is a special function and ε is given in Eq. (2.3) and PR and PI are, respec-
tively, the real and imaginary parts of P given in Eq. (3.54). In Eq. (3.52),

C = cosh πε

π

√
P2
R + P2

I (3.55)

and Δa is the virtual crack extension.
Onceψ in Eq. (3.52) is known, two pairs of stress intensity factors in Eq. (3.47) are

obtained. In order to determine the valid pair of stress intensity factors, it is assumed
that the crack is open i.e. Δuy > 0. Then, from Eq. (3.5)1, one may require that

− π

2
< tan−1

(
K2

K1

)
− tan−1 2ε + ε ln r <

π

2
(3.56)

where r may be chosen to be about a/100. The valid pair K1 and K2 satisfies
Eq. (3.56).

In most studies, the virtual crack extensionΔa consisted of one element as shown
in Fig. 3.9a. One of the important contributions of [30] consists of the suggestion to
use many very small elements as part of the virtual crack extension Δa. It may be
noted that in [13], the idea of using more than one element in the calculation of the
energy release rates was also made. In [6], many elements were used as part of the
virtual crack extension. In fact, a sequence of values forΔa were used. Hence, many
pairs of stress intensity values were obtained. In order to choose a ‘best’ solution, a
criterionwas proposed. In carrying out the analysis to obtain the relationship between
the energy release rates GI and GII , and the stress intensity factors K1 and K2, two
additional integrals were found to be equal and given by

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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1

2Δa

∫ Δa

0
σ22(x1)Δu1(Δa − x1)dx1 = 1

2Δa

∫ Δa

0
σ21(x1)Δu2(Δa − x1)dx1 .

(3.57)
The left and right hand sides of Eq. (3.57) are defined as II and III , respectively.
From the finite element analysis, these integrals may be written as

II = 1

2Δa

N∑

m=1

F2mΔu1m ′ (3.58)

III = 1

2Δa

N∑

m=1

F1mΔu2m ′ . (3.59)

In calculating II and III by means of Eqs. (3.58) and (3.59), it was observed that
they are not equal as they should be analytically. The ‘best’ solution was chosen for

percent difference = II − III

II
· 100 (3.60)

being a minimum. In the case studied in [6], this was seen to be a good criterion.
Finite element analyses were presented in [6] for an interface crack between two

dissimilar isotropic materials in a two-dimensional body. Very fine meshes were
used. A further study for a crack between two dissimilar transversely isotropic mate-
rials examined use of coarser meshes [19]. It was found that if the stress intensity
factors are similar in magnitude, it is possible to use one element as the virtual crack
extension. If there is a difference between them by an order of magnitude or more,
fine meshes and many elements as part of the virtual crack extension are required.
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Chapter 4
Testing–Interface Crack Between Two
Isotropic Materials

Abstract In this chapter, an interface crack between two dissimilar linear elastic,
homogeneous and isotropic materials is considered. Methods of testing, as well as
some test results are presented.

Keywords Brazilian disk specimen ·Confidence · Failure curve · Interface fracture
toughness · Probability

Experimental studies of a crack between two adherends joined by a thin layer of
material such as epoxy, copper or nickel have been published [3, 9, 12–16]. Various
specimens were tested. In general, it was found that the critical interface energy
release rate Gic is a function of the phase angle or mode mixityψ given in Eq. (2.14).
In addition, investigations were presented in which there were only two materials
which were joined [5, 6, 10, 11, 17]. In [10, 17], the interface between aluminum
and epoxywas studied; in [5, 11], the interface between glass and epoxywas studied;
whereas, in [6], two ceramic clays were joined. In [10, 17], an empirical fracture
criterion was used. In [5, 6, 11], the critical interface energy release rate Gic was
seen to be a function of the phase angle ψ .

Tests carried out on an interface crack between glass and epoxy [5], as well as a
pair of ceramic clays [6] are described. A Brazilian disk specimen shown in Fig. 4.1
was employed. TheBrazilian disk specimenwas originally designed to test the tensile
strength of concrete [8]. In Fig. 4.1a, a glass/epoxy specimen is shown with a 1mm
thick aluminum (AA 2024-T851) ring surrounding the epoxy. The ring was added
to induce compressive stresses at the specimen edges along the interface to prevent
separation. In Fig. 4.1b, two ceramic clays, K-142 and K-144, (Vingerling, Holland)
were bonded together. In each case, there is a central crack of length 2a along the
interface. The radius and thickness of the specimens are R and B, respectively.
Various mixed mode combinations are attained by rotating the specimen within the
loading frame [5, 6], that is, by changing the angle ω. The properties of the materials
are presented in Table4.1, where E is Young’s modulus, ν is Poisson’s ratio and α

is the coefficient of thermal expansion.
Twenty-five glass/epoxy specimens were tested with results reported in [5]. The

nominal radius of the specimens was R = 20 mm. The natural crack lengths ranged

© The Author(s) 2018
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(a) (b)

Fig. 4.1 Brazilian disk specimen composed of a glass and epoxy and b two ceramic clays

Table 4.1 Material
properties of the bi-material,
isotropic Brazilian disk
specimens

Material E (GPa) ν α (/◦C)
Glass 73.0 0.22 8.00 ×10−6

Epoxy 2.9 0.29 73.0 ×10−6

Aluminium 70.0 0.33 23.5 ×10−6

K-142 19.5 0.29 6.01 ×10−6

K-144 23.3 0.20 5.38 ×10−6

between 18.02 mm ≤ 2a ≤ 22.64 mm, the thickness ranged between 7.79 mm ≤
B ≤ 7.92 mm and the loading angle ranged between −10◦ ≤ ω ≤ 13◦. For the
glass/epoxy pair, the oscillatory parameter was found from Eq. (2.3) to be ε =
−0.0881. It may be pointed out that the specimens were cured in an oven at 25 ◦C.
The temperature change ϑ was obtained from the difference between the curing
temperature and the room temperature during the test.

Two-dimensional analyses were carried out to obtain the stress intensity factors
resulting from applied loading and residual curing stresses [5]. The finite element
method and the interaction energy or M-integral in Eqs. (3.25)–(3.28) [2] were used
to obtain the K ( f )

1 and K ( f )
2 values for applied loading. A weight function [1, 4] was

used to obtain the values of K (r)
1 and K (r)

2 arising from the residual stresses. The
values from the two contributions were superposed. In [7], two-dimensional finite
element analyses were carried out again for both the applied loading and residual
stresses. The thermal M-integral in Eq. (3.34) was used for the latter. For both cases,
the stress intensity factors were obtained by means of the interaction energy integral.
It was found that the results obtained for applied loading differed by less than 0.9%
except for very small values of K ( f )

1 obtained for the loading angleω = 13◦. Since the
meshes were finer in [7], the results obtained there are presented here. Moreover, for
the K (r) values, differences of up to 2.6% were obtained. In [5], the weight function
together with the finite element method were employed to obtain the results. It is
thought that the M-integral used in [7] produced more accurate results.

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
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Fig. 4.2 Failure curves and test points for the glass/epoxy material pair (G1c = 5.1 N/m, G∗
1c =

2.7 N/m using the t-statistic, G∗
1c = 1.8 N/m using the z-variate model and L̂ = 1.1 mm)

By means of superposition of the K -values for applied load and residual thermal
stresses, the values of K (T )

1 and K (T )
2 , where T represents total, were obtained. The

energy release rate Gi may be calculated from Eq. (2.10) and the phase angle ψ

from Eq. (2.14) with the total K -values. It may be noted that only a two-dimensional
analysis is considered here so that KIII is omitted. In the process of determining the
length L̂ , an arbitrarily small value is used to plot the (Gic, ψ) points obtained for
each specimen. A second L̂ value is chosen to center the points about ψ = 0. In
Fig. 4.2, the points are plotted with L̂ = 1.1 mm. For two-dimensions, the failure
curve in Eq. (2.25) is found by taking φ = 0 and given by

Gic = G1c
(
1 + tan2 ψ

)
. (4.1)

The value of G1c = 5.1 N/m was found by taking the average of the values in
Eq. (2.23) for all tests with H1 = 6.56 GPa as defined in Eq. (2.11). The standard
error of G1c is 0.36 N/m. Equation (4.1) is plotted as the black curve in Fig. 4.2. As
mentioned previously, the value of L̂ may be adjusted so that the test points and the
failure curve give a better fit. This was not necessary here with L̂ = 1.1 mm.

This curve is the deterministic failure curve.Touse this curve for predicting failure,
consider a crack along an interface between these two materials in a structure. The
values of Gi and ψ for L̂ = 1.1 mm are calculated. If the point lies below the failure
curve, then crack propagation is not anticipated. However, it may be observed that
there are test data below the curve. This is part of the scatter in the data.As described in
Sect. 2.3, it is possible to obtain a failure probability curve by employing Eq. (2.26).
In this study, use is made of the t-statistic for a 10% probability of unexpected
failure, as well as the z-variate for a 10% probability of unexpected failure with a

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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95% confidence. Thus, below the adjusted failure curves, only statistical outliers may
be found. To this end, use is made of Eqs. (2.26), (2.27) and (2.29) for the t-statistic.
This curve is shown in Fig. 4.2 in red. The value of G∗

1c is found from Eq. (2.26) with
the standard deviation s = 1.81N/m and the value of t0.1,24 = 1.32, so that K = 1.34
and G∗

1c = 2.7 N/m. For the curve in red in Fig. 4.2, there is a 10% probability that
the next data point will be below this curve and the specimen will fail unexpectedly.
Indeed, there is one data point from the test data below the curve. On the other hand
using the z-variate, for a 10% failure curve with a 95% confidence, the expressions in
Eqs. (2.30) and (2.31) are used. The value of z0.1 = −1.28 and z0.95 = 1.64 leading
to a value of K = 1.83 and G∗

1c = 1.8 N/m. Plotting Eq. (2.27) with this value of G∗
1c

leads to the blue curve in Fig. 4.2. Again, one test point is below the curve.
Next, consider thirty-one bimaterial ceramic clay specimens which were tested

[6]. The normalized crack length ranged between 0.27 ≤ a/R ≤ 0.32, the thickness
ranged between 9.23 mm ≤ B ≤ 10.71 mm and the loading angles ranged between
−15◦ ≤ ω ≤ 15◦. It may be noted that the crack was actually a thin notch which
was created by a strip of Teflon which was about 10 µm thick. The oscillatory
parameter, found from Eq. (2.3) was ε = −0.00563. The specimens were dried and
sintered, reaching a maximum temperature of 1,040 ◦C. The temperature change
ϑ was obtained from the difference between the curing temperature and the room
temperature during the test.

Using the values of the total stress intensity factors K (T )
1 and K (T )

2 , the energy
release rate Gi was calculated from Eq. (2.10) and the phase angleψ from Eq. (2.14);
note that KIII was taken to be zero. An appropriate value of the length parameter
is L̂ = 100 µm. The data points for this case are plotted in Fig. 4.3. The value
of G1c = 3.9 N/m is found by taking the average of the values in Eq. (2.23) with
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Fig. 4.3 Failure curves and test points for the ceramic clay material pair (G1c = 3.9 N/m, G∗
1c =

1.6 N/m using the t-statistic, G∗
1c = 0.9 N/m using the z-variate model and L̂ = 100 µm)
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H1 = 22.7 GPa as defined in Eq. (2.11). The standard error of G1c is 0.30 N/m.
Equation (4.1) is plotted as the black curve in Fig. 4.3. This is the deterministic failure
curve. It may be noted that there are many test points below this curve. To obtain
a curve which predicts a 10% probability of unexpected failure with the t-statistic,
the parameter G∗

1c is found from Eqs. (2.26) and (2.29) with the standard deviation
s = 1.68 N/m, the value of t0.1,30 = 1.30 so that K = 1.32. Recall that N = 31.
The curve in Eq. (2.27) with G∗

1c = 1.6 N/m is plotted in red in Fig. 4.3. There is one
point below this curve. For the second approach where the probability of unexpected
failure is P = 10% and the confidence is γ = 95%, use of Eqs. (2.30) and (2.31)
leads to K = 1.76, so that from Eq. (2.26), G∗

1c = 0.9 N/m. In this case, there are no
points below the failure curve.

In [7], three-dimensional analyses were carried out on each of the test specimens
described in this chapter. Using these analyses, a three-dimensional failure surface
was attained with a small range of values of the phase angle φ in Eq. (2.15). It
was concluded that for a body containing an interface crack between two dissim-
ilar isotropic materials subjected to in-plane loads, a two-dimensional analysis is
sufficient for predicting failure.
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Part II
Delaminations in Composites



Chapter 5
Mathematical Treatment of Delaminations

Abstract In this chapter, a delamination in a multi-directional (MD) fiber rein-
forced laminate composite is considered. This problem is treated as an interface crack
between two dissimilar anisotropic materials with both a square-root stress singular-
ity and an oscillating, square-root singularity at the crack tip. The mechanical and
thermal properties of the composite plies are obtained by means of homogenization.
Several interfaces are considered including 0◦//90◦, +45◦// − 45◦, 30◦// − 60◦
and −30◦//60◦, as well as an interface between two woven plies of an MD lami-
nate. The double slash represents the position of the delamination relative to the ply
directions. The first term of the asymptotic expansion of the stress and displacement
fields will be presented together with the interface energy release rate, phase angles
and the J -integral.

Keywords Delamination · Interface energy release rate · Laminate · Lekhnitskii
formalism · Multi-directional laminate · Oscillatory singularity · Phase angles ·
Stroh formalism · Woven composite

Delaminations are themost prevalent damage in composite laminates. In this chapter,
long fiber reinforced composite plies, as well as woven fabric plies are considered.
The material is inhomogeneous and anisotropic. The High Fidelity Generalized
Method of Cells (HFGMC) [1] was used to obtain homogenized mechanical and
thermal properties making the material effectively homogeneous and anisotropic. A
delamination occurring between two plies with fibers in different directions is treated
as an interface crack between two anisotropic materials (see Fig. 2.1).

To obtain the first term of the asymptotic expansion of the stress and displacement
fields for any pair of dissimilar anisotropic materials, the Stroh [13] and Lekhnitskii
[10] formalisms are used. For an interface crack or delamination between two dissim-
ilar materials, there exists two singularities: an oscillatory, square-root singularity in
the form of − 1

2 ± iε and a square-root singularity − 1
2 . The oscillatory parameter ε

is found following [14] as

ε = 1

2π
ln

(
1 + β

1 − β

)
(5.1)
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where

β =
{
−1

2
tr(S̆2)

}1/2
. (5.2)

The 3 × 3 matrix S̆ is given by
S̆ = D−1W (5.3)

where
D = L−1

1 + L−1
2 (5.4)

and
W = S1L−1

1 − S2L−1
2 . (5.5)

The subscripts 1 and 2 in Eqs. (5.4) and (5.5) represent, respectively, the upper and
lowermaterial. Since the Barnett–Lothe tensors Sk andLk are real [14] (pp. 146–147)
and

− AkB−1
k = SkL−1

k + iL−1
k , (5.6)

knowledge of the left hand side of Eq. (5.6) is sufficient to determine Eqs. (5.4)
and (5.5). In Eq. (5.6), there is no summation on k. Since the matrices D, W and S̆
involve basic arithmetic operations of matrices applied to the Barnett–Lothe tensors,
which are real, the tensors D,W and S̆ are real, as well. Furthermore, D and D−1 are
symmetric positive definite tensors andW is a skew symmetric tensor [14] (pp. 344,
426).

The general expressions for the matrices Ak , Bk and B−1
k which may be found in

[14] (pp. 170–172) are presented in Appendix B. The specific matrices for the upper
and lower materials for each interface considered are also presented in Appendix B.
It is observed that the notation employed here for ε in Eq. (5.1) differs from that of
Rice [11] and Hutchinson [8] in which the fraction is inverted. The notation here is
in keeping with Dundurs [6]. However, it is immaterial if one is consistent.

The relations

σ j1 = −φ j,2 (5.7)

σ j2 = φ j,1 (5.8)

are useful for obtaining the stress components where φ j ( j = 1.2.3) is a stress func-
tion. The general expressions for the displacement vector u and the stress function
vector φ are presented in Appendix C.

In Sect. 5.1, a laminate containing plies reinforced with long fibers in a multi-
directional layup is considered. The fibers in the upper ply are in the 0◦-direction
and those in the lower ply are in the 90◦-direction. Making reference to Fig. 2.1,
the 0◦-direction coincides with the x1-axis and fibers in the 90◦-direction coincide
with the x3-direction. An interface delamination is located between these two plies.
Next, in Sect. 5.2, an interface delamination between plies with fibers in the +45◦
and −45◦-directions is considered. Another two layups are presented in Sect. 5.3.
One has an interface between two plies with fibers in the+30◦-direction in the upper

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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ply and fibers in the −60◦ in the lower ply. For the second case, the upper ply has
fibers in the −30◦-direction; in the lower ply, they are in the +60◦-direction. Finally
in Sect. 5.4, two woven plies are considered with tows in different directions.

5.1 The 0◦//90◦ Interface

Consider that material (1) consists of a material with fibers in the 0◦-direction and
material (2) is a material which consists of fibers in the 90◦-direction (see Fig. 2.1).
The delamination front is along the x3-axis. Thus, the upper and lower materials
are transversely isotropic in this coordinate system and described by five indepen-
dent elastic constants and two coefficients of thermal expansion. For two different
carbon/epoxy composites (AS4/3501-6 and AS4/3502), the mechanical and thermal
properties were obtained by means of a micro-mechanical model from the properties
of the constituents. Use was made of the High Fidelity Generalized Method of Cells
(HFGMC) [1]. The mechanical properties may be found in [2] for AS4/3501-6; the
mechanical properties and coefficients of thermal expansion may be found in [4] for
AS4/3502.

For the 0◦//90◦ interface, the first term of the asymptotic solution for the stress
components is given in Eqs. (2.1) and (2.5). The double slash indicates the location
of the delamination. As with two isotropic materials, for this pair of materials,

K = K1 + i K2 ; (5.9)

that is, the oscillatory, square-root singularity is associated with the in-plane defor-
mation. For this interface, there is also a square-root singularity associated with
out-of-plane deformation and KIII . To obtain a definition for the complex stress
intensity factor K in Eq. (5.9), consider the stress components which are related
to the stress function vector through Eq. (5.8). The stress function vector φ(1) in
Eq. (C.14) is differentiated with respect to x1 and evaluated along the interface for
θ = 0 to obtain the stress components 1σ2i for the oscillatory, square-root singular
part of the solution as

⎡
⎣ 1σ21

1σ22

1σ23

⎤
⎦
∣∣∣∣∣∣
θ=0

= r− 1
2 cosh πε

⎡
⎢⎢⎣

−
√

D22

D11
� {(1 + 2iε)r iεd2

}
� {(1 + 2iε)r iεd2

}
0

⎤
⎥⎥⎦ . (5.10)

It may be noted that the vector d in Eq. (C.26) is substituted into Eq. (C.14) and d2
is complex. For the square-root singular part of the solution, Eq. (C.18) is used with
Eq. (C.27) to obtain

⎡
⎣ 1σ21

1σ22

1σ23

⎤
⎦
∣∣∣∣∣∣
θ=0

= 1

2
r− 1

2

⎡
⎣0
0
1

⎤
⎦ d3 (5.11)
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where d3 is real. The back subscript 1 denotes the upper material. The total solution
is the sum of the oscillatory, square-root and square-root singular stress components.

BymanipulatingEq. (5.10), it seemsnatural to express the complex stress intensity
factor K as

K ≡ lim
r→0

√
2πr r−iε

(
σ22 − i

√
D11

D22
σ21

)∣∣∣∣∣
θ=0

. (5.12)

The amplitude of the square-root singularity KIII is obtained directly from Eq. (5.11)
as

KIII ≡ lim
r→0

√
2πr σ23

∣∣∣∣
θ=0

. (5.13)

The unknown scalars d2 and d3 in Eqs. (5.10) and (5.11) are obtained by substitut-
ing the traction components given in Eqs. (5.10) and (5.11) into (5.12) and (5.13),
respectively, yielding

d2 = K√
2π (1 + 2iε) cosh πε

, d3 = 2KIII√
2π

. (5.14)

Referring again to the expression for the stress components in Eqs. (2.1) and (2.5),
the functions kΣ

(1)
αβ (θ), kΣ

(2)
αβ (θ) and kΣ

(III )
α3 (θ) are given in Appendix C. The dis-

placement functions kU (1)
α (θ), kU (2)

α (θ) and kU (III )
α (θ) in Eqs. (2.6) and (2.7) are also

given in Appendix C.
For conditions of plane deformation [14], it is possible fromEqs. (5.12) and (5.13)

to write the stress components along the interface ahead of the crack tip as

(
σ22 − i

√
D11

D22
σ21

) ∣∣∣∣
θ=0

= Kriε√
2πr

(5.15)

and

σ23

∣∣∣∣
θ=0

= KIII√
2πr

. (5.16)

From Eqs. (2.6) and (2.7), with use of Appendix C, the crack face displacement
jumps in the vicinity of the crack tip are found to be

Δu2 − i

√
D22

D11
Δu1 = 2D22

(1 + 2iε) cosh πε

√
r

2π
Kriε (5.17)

and

Δu3 = 2D33

√
r

2π
KIII . (5.18)

It may be noted that in [2], the parameter β defined in Eq. (5.2) was chosen
to be negative, so that the oscillatory parameter ε in Eq. (5.1) was also negative.

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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Here, ε is chosen to be positive which may be done without loss of generality. In
addition, the form of the complex vector d in Eq. (C.26) was chosen differently in
[2]. Hence, the stress functions kΣ

(1)
αβ (θ) and kΣ

(2)
αβ (θ), as well as the displacement

functions kU (1)
α (θ) and kU (2)

α (θ) take a different form. But the values of the stress
and displacement components are the same.

Use is made of the Irwin crack closure integral in Eq. (3.45) with a coordinate
transformation to obtain the in-plane interface energy release rate as

Go = lim
Δa→0

1

2Δa

∫ Δa

0
�
{[

σ22(x1) − i

√
D11

D22
σ21(x1)

]

×
[
Δu2(Δa − x1) + i

√
D22

D11
Δu1(Δa − x1)

]}
dx1 . (5.19)

In Eq. (5.19), the subscript o represents oscillatory. The mode III interface energy
release rate may be determined from

Gs = lim
Δa→0

1

2Δa

∫ Δa

0
σ23(x1)Δu3(Δa − x1)dx1 . (5.20)

In Eq. (5.20), the subscript s represents square-root singular. Substituting Eqs. (5.15)
and (5.17) into (5.19) and substituting Eqs. (5.16) and (5.18) into (5.20), and carrying
out the integration, leads to an expression for the total interface energy release rate
given as

Gi = 1

H1

(
K 2

1 + K 2
2

)+ 1

H2
K 2

III (5.21)

where
1

H1
= D22

4 cosh2 πε
(5.22)

1

H2
= D33

4
. (5.23)

The complex stress intensity factor K in Eq. (2.2) is written in normalized form
in Eq. (2.9), so that

K̂ = |K | eiψ , (5.24)

and the phase angle is given as

ψ = tan−1

[
�(K L̂iε)

�(K L̂iε)

]
= tan−1

[√
D11

D22

σ21

σ22

] ∣∣∣∣
θ=0,r=L̂

. (5.25)

It may be noted that
|K | = |K̂ | , (5.26)

http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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L̂ is an arbitrary length quantity, and D11 and D22 are given in Eqs. (B.37) and (B.38).
It may be noted that in Chap.4, L̂ was used to center the test data in the failure space.
A second phase angle may be defined as

φ = tan−1

⎡
⎣
√

H1

H2

KIII√
K 2

1 + K 2
2

⎤
⎦ = tan−1

⎛
⎝
√

H1

H2

σ23√
σ2
22 + D11σ

2
21/D22

⎞
⎠
∣∣∣∣
θ=0,r=L̂

.

(5.27)

Equations (5.25)1 and (5.27)1 are the same as Eqs. (2.14)1 and (2.15)1. The difference
is in the expressions for H1 and H2. Moreover, the expression for the interface energy
release rate in Eqs. (2.10) and (5.21) are identical. The J -integral in Eq. (2.17) and
the relation between J and Gi hold for all combinations of anisotropic materials
including those for the 0◦//90◦ interface.

5.2 The +45◦// − 45◦ Interface

In this section, an interface delamination between two plies is considered inwhich the
upper ply consists of fibers which are rotated by 45◦ with respect to the x1-direction
and those in the lower ply are rotated by −45◦ with respect to the x1-direction as
shown in Fig. 5.1. For the analysis, the geometry considered is shown in Fig. 2.1 in
which two half-spaces of these two materials are modeled.

For this material pair, the amplitude of the oscillatory, square-root singularity is

K = K1 + i K3 (5.28)

(a) (b)

Fig. 5.1 Fibers shown in a +45◦-direction and b −45◦-direction with respect to the x1-axis

http://dx.doi.org/10.1007/978-3-319-60327-8_4
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and the amplitude of the square-root singularity is KII . For the upper material, the
displacement and stress function vectors u(1) and φ(1) are defined in Eqs. (C.13) and
(C.14) for the oscillatory, square-root singularity and in Eqs. (C.17) and (C.18) for
the square-root singularity; for the lower material, they are defined in Eqs. (C.15) and
(C.16) for the oscillatory, square-root singularity and in Eqs. (C.19) and (C.20) for the
square-root singularity. The components of the matrix Ak are given in Eqs. (B.62)–
(B.70); those of Bk are given in Eqs. (B.83)–(B.91); and those of B−1

k are given in
Eqs. (B.96)–(B.104). Recall the relations in Eqs. (B.79)–(B.82), (B.92)–(B.95) and
(B.105)–(B.108).

The complex vector d in Eqs. (C.13)–(C.16) is found from Eq. (C.10) and is given
by

dT =
[
0, 1,−i

√
D22/D33

]
d2 (5.29)

where d2 is an arbitrary complex scalar. In a similar manner, the real vector d∗ in
Eqs. (C.17)–(C.20) is found as

d∗T = [1, 0, 0] d3 (5.30)

where d3 is a real constant.
Using Eq. (5.29) in (C.14) and (5.8), the tractions along the interface for the

oscillatory, square-root singularity are found as

⎡
⎣ 1σ21

1σ22

1σ23

⎤
⎦
∣∣∣∣∣∣
θ=0

= r− 1
2 cosh πε

⎡
⎢⎢⎣

0
� {(1 + 2iε)r iεd2

}
√

D22

D33
� {(1 + 2iε)r iεd2

}

⎤
⎥⎥⎦ . (5.31)

For the square-root singular part of the solution from Eqs. (5.30), (C.18) and (5.8),

⎡
⎣ 1σ21

1σ22

1σ23

⎤
⎦
∣∣∣∣∣∣
θ=0

= 1

2
r− 1

2

⎡
⎣ 1
0
0

⎤
⎦ d3 . (5.32)

As before for the 0◦//90◦ interface, the total solution is the sum of the oscillatory,
square-root singular and the square-root singular stress components.

By manipulating Eq. (5.31), the complex stress intensity factor in Eq. (5.28) may
be defined as

K ≡ lim
r→0

√
2πr r−iε

(
σ22 + i

√
D33

D22
σ23

)∣∣∣∣∣
θ=0

. (5.33)

The amplitude of the square-root singularity KII is obtained from Eq. (5.32) as

KII ≡ lim
r→0

√
2πr σ21

∣∣∣∣
θ=0

. (5.34)
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The unknown scalars d2 and d3 in Eqs. (5.31) and (5.32) are obtained by substitut-
ing the traction components given in Eqs. (5.31) and (5.32) into (5.33) and (5.34),
respectively, yielding

d2 = K√
2π (1 + 2iε) cosh πε

, d3 = 2KII√
2π

. (5.35)

For conditions of plane deformation, it is possible from Eqs. (5.33) and (5.34) to
write the stress components along the interface ahead of the crack tip as

(
σ22 + i

√
D33

D22
σ23

) ∣∣∣∣
θ=0

= Kriε√
2πr

(5.36)

and

σ21

∣∣∣∣
θ=0

= KII√
2πr

. (5.37)

The crack face displacement jumps in the vicinity of the crack tip are found to be

Δu2 + i

√
D22

D33
Δu3 = 2D22

(1 + 2iε) cosh πε

√
r

2π
Kriε (5.38)

and

Δu1 = 2D11

√
r

2π
KII . (5.39)

Substituting Eqs. (C.14) and (C.18) for the upper material and Eqs. (C.16) and
(C.20) for the lower material into Eqs. (5.7) and (5.8), the stress components may be
written as

kσi j = 1√
2πr

[
� (Kriε

)
kΣ

(1)
i j (θ) + � (Kriε

)
kΣ

(3)
i j (θ)

]
+ KII√

2πr
kΣ

(II )
i j (θ)

(5.40)

where the complex stress intensity factor is defined in Eq. (5.28) and i, j = 1, 2, 3.
In Eqs. (C.14), (C.18), (C.16) and (C.20), the expressions in Eqs. (B.83)–(B.108) are
used for the upper and lower materials. It may be noted that all stress components
have an oscillatory, square-root singular and square-root singular component. On the
interface, the stress component kσ21 is only square-root singular; it does not have
an oscillatory part. The stress components kσ22 and kσ23 on the interface possess an
oscillatory, square-root singularity and not a pure square-root singularity. This behav-
ior is corroborated by Eqs. (5.31) and (5.32). The behavior of the stress components
for the +45◦// − 45◦ interface differs from that of the 0◦//90◦ interface. Whereas,
for the latter, the in-plane stress components have only an oscillatory, square-root
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singular part, all stress components for the former have this behavior. In addition, for
the latter, only the out-of-plane stress components have a square-root singular part,
for the former, all stress components have this behavior. The functions kΣ(1)

i j (θ),

kΣ(3)
i j (θ) and kΣ(II )

i j (θ) in Eq. (5.40) are presented in [7].
Using Eqs. (C.13) and (C.17) for the upper material and Eqs. (C.15) and (C.19)

for the lower material, the displacement components are found as

kui =
√

r

2π

[
� (Kriε

)
kU

(1)
i (θ) + � (Kriε

)
kU

(3)
i (θ)

]
+
√

r

2π
KII kU

(II )
i (θ) .

(5.41)

In Eqs. (C.13), (C.17), (C.15) and (C.19), the expressions in Eqs. (B.62)–(B.70) and
(B.96)–(B.108) are used for the upper and lower materials. The functions kU

(1)
i (θ),

kU
(3)
i (θ) and kU

(II )
i (θ) may be found in [7].

Making use of the Irwin crack closure integral in Eq. (3.45) with a coordinate
transformation, the interface energy release rate is found to be

Gi = 1

H1

(
K 2

1 + K 2
3

)+ 1

H2
K 2

II (5.42)

where
1

H1
= D22

4 cosh2 πε
(5.43)

1

H2
= D11

4
. (5.44)

The complex stress intensity factor K in Eq. (5.28) is normalized as in Eq. (5.24)
where the phase angle ψ is given by

ψ = tan−1

[�(K Liε)

�(K Liε)

]
= tan−1

[√
D33

D22

σ23

σ22

] ∣∣∣∣
θ=0,r=L

. (5.45)

A second phase angle is defined as

φ = tan−1

⎡
⎣
√

H1

H2

KII√
K 2

1 + K 2
3

⎤
⎦ = tan−1

⎛
⎝
√

H1

H2

σ21√
σ2
22 + D33σ

2
23/D22

⎞
⎠
∣∣∣∣
θ=0,r=L̂

.

(5.46)

http://dx.doi.org/10.1007/978-3-319-60327-8_3
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5.3 The +30◦// − 60◦ and −30◦// + 60◦ Interfaces

In this section, two interfaces are considered. Material (1) in Fig. 2.1 has fibers either
in the +30◦-direction or the −30◦-direction. For the former direction, the fibers are
rotated clockwise by 30◦ with respect to the x1-axis similar to that shown in Fig. 5.1a;
for the latter direction, the fibers are rotated counter-clockwise by 30◦ with respect
to the x1-axis similar to that shown in Fig. 5.1b. For material (2) in Fig. 2.1, fibers
are either in the −60◦-direction as shown schematically in Fig. 5.1b or the +60◦-
direction as shown schematically in Fig. 5.1a. Each pair of materials represents a
cross-ply which is at an angle with respect to the delamination front. Each of the
materials ismonoclinicwith respect to the delamination coordinates shown in Fig. 2.1
with x2 = 0 a symmetry plane for all materials.

In Sect. B.3, some of the basic expressions related to these interfaces are pre-
sented. As with the other interfaces discussed here, there is an oscillatory, square-
root singularity and a square-root singularity. To obtain the first term of the asymp-
totic expressions for the stress and displacement components the vector d used in
Eqs. (C.13)–(C.16) must be determined. A relation between the components of the
vector d is obtained by solving Eq. (C.10) with the eigenvalue cot δπ. The eigen-
vector d that corresponds to the eigenvalue cot δπ = −iβ, for which the singularity
δ = − 1

2 + iε, where β is given in Eq. (B.140) and ε is given in Eq. (5.1), is of the
form

dT = [iΩ, 1, iΛ] d2 , (5.47)

where d2 is a complex unknown constant. In Eq. (5.47), Ω and Λ are real and given
by

Ω = D33W12 + D13W23

β(D11D33 − D2
13)

(5.48)

Λ = −D13W12 + D11W23

β(D11D33 − D2
13)

. (5.49)

The constants D11, D33, D13,W12,W13 andW23 are components of the tensorsD and
W given in Eqs. (B.135) and (B.138). The eigenvector for cot δπ = iβ, for which
δ = − 1

2 − iε, is the complex conjugate of d, namely

d
T = [−iΩ, 1,−iΛ] d2 . (5.50)

The eigenvectors d and d correspond to the oscillatory, square-root solution. Note
that a bar over a quantity represents its complex conjugate. The components of these
vectors are used to relate the stress and displacement fields to the stress intensity
factors of this solution. For the square-root singular solution, the eigenvector is
found for cot(δπ) = 0, for which δ = − 1

2 , as

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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d∗T =
[
W23

W12
, 0 , 1

]
d3 (5.51)

whered3 is a real unknownconstantwhich is used to relate the stress anddisplacement
fields to the stress intensity factors of this solution.

The vectors d and d∗ may be related to the stress intensity factors through the
stresses along the interface, namely for θ = 0. Along the interface, the expressions
for the stresses are a linear combination of d and d∗. For the most general case,
the vectors d and d∗ each consists of three independent components, leading to
the existence of six stress intensity factors; three associated with the oscillatory,
square-root singularities (δ = − 1

2±iε), and three associated with the square-root
singularity (δ = − 1

2 ). For the monoclinic materials studied in this investigation, d
and d∗ are given in Eqs. (5.47) and (5.51), respectively. Hence, it may be seen that one
stress intensity factor which belongs to the square-root singularity vanishes, which
reduces the number of stress intensity factors to five. In fact, it is possible to reduce
the number of independent stress intensity factors to three. This is a direct result of
the way in which d and d∗ are related to the stress intensity factors as shown in the
sequel.

For monoclinic materials with x2 = 0 a symmetry plane, at first it may seem
impossible to define the stress intensity factors as has been done previously. How-
ever, closer observation reveals that although there are five stress intensity factors,
only three of them are independent. This allows representation of the stress and
displacement components with only three of the stress intensity factors. The stress
intensity factors related to the oscillatory, square-root singular field are denoted by
K1, K2 and K3, whereas the stress intensity factors related to the square-root singular
field will be denoted by KII and KIII . Relations have been found between K2 and
K3, and between KII and KIII , which will be presented in the sequel. Without loss
of generality, further derivations are in terms of the stress intensity factors K1, K2

and KIII .
For the oscillatory, square-root singular solution, the traction components along

the interface may be obtained from Eqs. (C.14), (5.8) and (5.47) with θ = 0 as

⎡
⎣ 1σ21

1σ22

1σ23

⎤
⎦
∣∣∣∣∣∣
θ=0

= r− 1
2 cosh πε

⎡
⎣−Ω � {(1 + 2iε)r iεd2

}
� {(1 + 2iε)r iεd2

}
−Λ � {(1 + 2iε)r iεd2

}
⎤
⎦ . (5.52)

For the square-root singular part of the solution from Eqs. (C.18), (5.8) and (5.51),

⎡
⎣ 1σ21

1σ22

1σ23

⎤
⎦
∣∣∣∣∣∣
θ=0

= 1

2
r− 1

2

⎡
⎢⎣

W23

W12
0
1

⎤
⎥⎦ d3 . (5.53)

By manipulating Eq. (5.52), the complex stress intensity factor in Eq. (5.9) may
be defined as
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K ≡ lim
r→0

√
2πr r−iε

(
σ22 − iΩ−1σ21

)∣∣∣∣
θ=0

. (5.54)

The amplitude of the square-root singularity KIII is obtained from Eq. (5.53) as

KIII ≡ lim
r→0

√
2πr σ23

∣∣∣∣
θ=0

. (5.55)

The unknown scalars d2 and d3 in Eqs. (5.52) and (5.53) are obtained by substitut-
ing the traction components given in Eqs. (5.52) and (5.53) into (5.54) and (5.55),
respectively, yielding

d2 = K√
2π (1 + 2iε) cosh πε

, d3 = 2KIII√
2π

. (5.56)

Another definition for the stress intensity factors, for a bimaterial interface crack
between two general anisotropic materials, may be found in [3, 9].

Recall that for the oscillatory part of the solution, three stress intensity factors
exist. However, the solution is presented with the use of only two of them. A relation
between two of the stress intensity factors will be derived in order to justify this
proposition. It may be seen from the first and third rows of Eq. (5.52) that the shear
stresses of the oscillatory solution along the interface are related by

σ23

∣∣
θ=0 = ησ21

∣∣
θ=0 (5.57)

where

η = Λ

Ω
= −D13W12 + D11W23

D33W12 + D13W23
. (5.58)

Since the tractions along the interface are directly related to the stress intensity
factors, the relation introduced in Eq. (5.57) implies that a relation between K2 and
K3 exists. To this end, Eq. (5.54) may be rewritten as

(
σ22 − iΩ−1σ21

) ∣∣∣∣
θ=0

= Kriε√
2πr

. (5.59)

When relating the complex stress intensity factors through the traction components
σ22 and σ21, K may be chosen as given in Eq. (5.9), where the imaginary part of K
is taken as K2. The reason for this choice is that K2 is associated with σ21. However,
Eq. (5.57) implies that Eq. (5.59) may also be written with the use of σ23 as

(
σ22 − iΛ−1σ23

) ∣∣∣∣
θ=0

= Kriε√
2πr

(5.60)
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where K is now taken as defined in Eq. (5.28). The choice of K in this form is a result
of use of σ23, which is associated with K3. Hence, determination of the imaginary
part of K depends on the relation used, which, in general, is arbitrary. As a result of
Eqs. (5.57), (5.59) and (5.60)

K2 = K3 . (5.61)

The square-root singular part of the solution consists of two stress intensity factors;
however, only one is used in the representation of the solution. A relation between the
stress intensity factors, which will be derived makes this possible. Equation (5.53)
shows that KI vanishes. The remaining stress intensity factorsmay be defined accord-
ing to

KII = lim
r→0

√
2πr σ21

∣∣∣∣
θ=0

(5.62)

KIII = lim
r→0

√
2πr σ23

∣∣∣∣
θ=0

. (5.63)

Substitutionof thefirst and third rows inEq. (5.53) into (5.62) and (5.63), respectively,
and comparison, leads to

KII = W23

W12
KIII . (5.64)

Hence, it is possible to write that

σ23

∣∣∣∣
θ=0

= KIII√
2πr

(5.65)

σ21

∣∣∣∣
θ=0

= W23

W12

KIII√
2πr

(5.66)

The crack face displacement jumps in the vicinity of the crack tip are found to be

Δu2 − iΩ (Δu1 + ηΔu3) = 2D22

(1 + 2iε) cosh πε

√
r

2π
Kriε (5.67)

for the oscillatory, square-root singularity and

Δu1 = 2

√
r

2π

[
D11

(
W23

W12

)
+ D13

]
KIII (5.68)

Δu3 = 2

√
r

2π

[
D13

(
W23

W12

)
+ D33

]
KIII (5.69)

for the square-root singularity.
Substituting Eqs. (C.14) and (C.18) for the upper material and Eqs. (C.16) and

(C.20) for the lower material into Eqs. (5.7) and (5.8), the stress components may be
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written as

kσi j = 1√
2πr

[
� (Kriε

)
kΣ

(1)
i j (θ) + � (Kriε

)
kΣ

(2)
i j (θ)

]
+ KIII√

2πr
kΣ

(III )
i j (θ)

(5.70)
where the complex stress intensity factor is defined in Eq. (5.9) and i, j = 1, 2, 3.
In Eqs. (C.14) and (C.18), the expressions for B1 and B−1

1 are used for the upper
material; for the lower material, the matricesB2 andB−1

2 are required for substitution
into Eqs. (C.16) and (C.20). These matrices are found from Eqs. (B.11) and (B.12).
It may be noted that all stress components have an oscillatory, square-root singular
and square-root singular component. On the interface, the stress component σ(k)

11 does
not have a square-root singularity. The functions kΣ

(1)
i j (θ), kΣ

(3)
i j (θ) and kΣ

(II )
i j (θ)

in Eq. (5.70) are presented in [12].
Using Eqs. (C.13) and (C.17) for the upper material and Eqs. (C.15) and (C.19)

for the lower material, the displacement components are found as

kui =
√

r

2π

[
� (Kriε

)
kU

(1)
i (θ) + � (Kriε

)
kU

(2)
i (θ)

]
+
√

r

2π
KIII kU

(III )
i (θ) .

(5.71)

In Eqs. (C.13), (C.17), (C.15) and (C.19), the expressions for thematricesAk andB−1
k

in Eqs. (B.1) and (B.12) are used for the upper and lower materials. The functions
kU

(1)
i (θ), kU

(3)
i (θ) and kU

(III )
i (θ) may be found in [12].

The Irwin crack closure integral in Eq. (3.45) with a coordinate transformation is
written for the oscillatory, square-root singular part of the solution as

Go = lim
Δa→0

1

2Δa

∫ Δa

0
�
{[

σ22(x1) − iΩ−1σ21(x1)

](
Δu2(Δa − x1)

+iΩ

[
Δu1(Δa − x1) + η Δu3(Δa − x1)

])}
dx1 . (5.72)

The interface energy release rate related to the square-root singular part of the solution
may be determined from

Gs = lim
Δa→0

1

2Δa

∫ Δa

0

[
σ21(x1)Δu1(Δa − x1) + σ22(x1)Δu2(Δa − x1)

+σ23(x1)Δu3(Δa − x1)

]
dx1 . (5.73)

Substituting Eqs. (5.59) and (5.67) into (5.72), and substituting Eqs. (5.65), (5.66),
(5.68) and (5.69) into (5.73), integrating and summing them leads to

Gi = 1

H1
(K 2

1 + K 2
2 ) + 1

H2
K 2

III (5.74)

http://dx.doi.org/10.1007/978-3-319-60327-8_3
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where i represents interface, and

1

H1
= D22

4 cosh2 πε
(5.75)

1

H2
= 1

4

[
D11

(
W23

W12

)2

+ 2D13

(
W23

W12

)
+ D33

]
. (5.76)

The phase angles ψ and φ are defined in this case as

ψ = tan−1

{
�(K L̂iε)

�(K L̂iε)

}
(5.77)

φ = tan−1

⎧⎨
⎩
√

H1

H2

KIII√
K 2

1 + K 2
2

⎫⎬
⎭ (5.78)

where H1 and H2 are given in Eqs. (5.75) and (5.76), respectively, and L̂ is an
arbitrary length parameter.

5.4 An Interface Between Two Woven Plies

In this section, a delamination is considered along the interface between two plain,
balanced woven plies of material. A plain weave is one in which the weft alternates
over and under the warp (see Fig. 5.2); the weave is balanced when the fiber volume
fraction in the yarn in theweft andwarpdirections are equal. Theuppermaterial k = 1
(see Fig. 2.1) has fibers in the 0◦ and 90◦-directions. The lower material is rotated
about the x2-axis by 45◦ so that it has fibers in the +45◦ and −45◦-directions. Both
materials are tetragonal and described by six independent mechanical properties.
The compliance matrix is presented in Sect. B.4.

Many of the equations which describe the material in this section are exactly
those in Appendix C. The precise expressions for D11, D22 and D33 are taken from
Eq. (B.36) with the appropriate values of the reduced compliance coefficients and

β(k)
j . These expressions are given in Sect. B.4. The displacement and stress function

vectors for the upper material have the same form as those for the 0◦//90◦ inter-
face given in Eqs. (C.13) and (C.14) for the oscillatory, square-root singularity and
Eqs. (C.17) and (C.18) for the square-root singularity. The lower material for this
case is not mathematically degenerate. Hence, the equations to use are (C.15) and
(C.16) for the oscillatory, square-root singularity and Eqs. (C.19) and (C.20) for the
square-root singularity. Explicit expressions are presented in [5].

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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5.5 Afterward

In Sect. 5.1, it was mentioned that β in Eq. (5.2) was chosen to be negative in [2, 4]
for the 0◦//90◦ interface. It is recommended in [14] to take β > 0 without loss of
generality. It may be pointed out that when exchanging the materials, that is upper is
lower and lower is upper, the sign of β does not change as it does for two isotropic
materials. Hence, in Sect. 5.1, β was taken to be positive. The effect of these choices
are discussed here.

Whenβ > 0, ε > 0. Then, the singularities are given inEq. (C.12).An eigenvector
is paired to each singularity as

δ1 = −1

2
+ iε ↔ d (5.79)

δ2 = −1

2
− iε ↔ d (5.80)

where d is given in Eq. (C.26) for the 0◦//90◦ interface. If ε is chosen to be negative,
namely ε̂ = −|ε|, this choice has no effect on the singularities, which remain

δ̂1 = −1

2
+ i ε̂ = −1

2
− i |ε| = δ2 (5.81)

δ̂2 = −1

2
− i ε̂ = −1

2
+ i |ε| = δ1. (5.82)

Following [14] (p. 427), the eigenvectors associated with the singularities are paired
as

Fig. 5.2 Plain balanced
weave

x1

x

a

3

g
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−1

2
+ i ε̂ ↔ d̂ (5.83)

−1

2
− i ε̂ ↔ d̂ (5.84)

where from Eq. (C.10), d̂ is in the form

d̂T =
[
−i
√
D22/D11, 1, 0

]
d̂2 . (5.85)

By determining the tractions for the oscillatory, square-root singular solution along
the interface from Eq. (C.14), it is possible to write

(
σ22 + i

√
D11

D22
σ21

) ∣∣∣∣
θ=0

= K ε̂r i ε̂√
2πr

(5.86)

where K ε̂ denotes the complex stress intensity factor associated with ε̂. Substitution
of the appropriate tractions into Eq. (5.86) yields

d̂2 = K ε̂√
2π(1 + 2i ε̂) cosh πε̂

. (5.87)

It may be easily seen that the left hand side of Eq. (5.86) is the complex conjugate of
the left hand side of Eq. (5.15). Taking the complex conjugate of Eq. (5.15) where
ε > 0, comparing it to Eq. (5.86) and recalling that ε̂ = −|ε|, leads to a relation
between the different definitions for K , which is

K ε̂ = K ε (5.88)

or explicitly
K1 ε̂ = K1 ε K2 ε̂ = −K2 ε . (5.89)

Substituting Eq. (5.88) and ε̂ = −|ε| into Eq. (5.87) shows that

d̂2 = K ε√
2π(1 − 2i |ε|) cosh πε

. (5.90)

Comparing Eq. (5.90) to (5.14)1 shows

d̂2 = d2 . (5.91)

Then from Eqs. (C.26), (5.85) and (5.91),

d̂ = d . (5.92)
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Thus, the equations governing the displacement and stress function vectors in
Eqs. (C.13), (C.14), (C.21) and (C.22) are identical for ε positive or negative. How-
ever, the definitions of the stress intensity factors differ as shown in Eq. (5.88).

Next, a different representation is used for the vector d. In this case, d is expressed
in terms of the arbitrary scalar d1 rather than d2 as

dT =
[
1,−i

√
D11/D22, 0

]
d1 . (5.93)

The tractions along the interface may be written from Eqs. (C.14) and (5.8) as

(
−
√

D22

D11
σ22 + iσ21

) ∣∣∣∣
θ=0

= Kd1
ε r iε√
2πr

. (5.94)

So that

d1 = −i K d1
ε√

2π(1 + 2iε) cosh πε
. (5.95)

It may be noted that K in Eq. (5.14)1 is not the same as Kd1
ε in Eq. (5.95).

When a negative value of ε is taken, namely ε̂ = −|ε|, d̂ is given by

d̂T =
[
1, i
√
D11/D22, 0

]
d̂1 (5.96)

as may be found in [2]. In Eq. (5.96), d̂1 is an arbitrary complex constant and is found
through (√

D22

D11
σ22 + iσ21

) ∣∣∣∣
θ=0

= Kd1
ε̂ r i ε̂√
2πr

. (5.97)

Substitution of the appropriate tractions into Eq. (5.97), leads to

d̂1 = −i K d1
ε̂√

2π(1 + 2i ε̂) cosh πε̂
. (5.98)

It may be noted that K ε̂ in Eq. (5.87) is not the same as Kd1
ε̂ in Eq. (5.98). The

left hand side of Eq. (5.97) may be obtained from the left hand side of Eq. (5.94)
by taking the complex conjugate and multiplying by −1. Doing so, and comparing,
leads to the relation

Kd1
ε̂ = −K

d1
ε (5.99)

or explicitly
Kd1

1 ε̂ = −Kd1
1 ε Kd1

2 ε̂ = Kd1
2 ε . (5.100)
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The definition of K , for a certain representation of d, depends upon the sign of
ε, which changes the relation between the tractions along the interface and K , as
shown in Eqs. (5.12) and (5.86), and (5.94) and (5.97). In addition, it may be noted
that the definition of K changes also as a result of the representation of d. It may be
seen from Eqs. (5.15) and (5.94) that

Kd1
ε>0 = −

√
D22

D11
Kd2

ε>0 (5.101)

for a positive value of ε; from Eqs. (5.86) and (5.97) that

Kd1
ε<0 =

√
D22

D11
Kd2

ε<0, (5.102)

for a negative value of ε. It is concluded that investigators should be careful in
comparing numerically obtained stress intensity factor values to account for possible
differences in definitions. In the end, the field quantities and the interface energy
release rates should be the same for the same problem. Recalling that K could also
be defined by use of K1 and K3, as shown in Eq. (5.28), similar conclusions could
be obtained. Finally, for the +30◦/ − 60◦ and −30◦/ + 60◦ interfaces discussed in
Sect. 5.3, a similar exposition may be found in [12].

In Chap.6, methods for calculating stress intensity factors with assistance from
finite element analyseswill be described. In addition, failure criteriawill be presented
in Chap.7.
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Chapter 6
Methods of Calculating Stress Intensity
Factors–Delaminations

Abstract In this chapter, methods for obtaining the stress intensity factors, interface
energy release rate and phase angles are presented for interface cracks between two
anisotropic materials. These methods include displacement extrapolation, the con-
servative interaction energy or M-integral and the Virtual Crack Closure Technique.
Although these methods have been formulated with the finite element method in
mind, theymay be adapted to all numerical techniques which provide field quantities.

Keywords Displacement extrapolation method · Finite element method ·
M-integral · Thermal residual stresses · Virtual crack closure technique

The materials treated in this part of the book are laminates composed of either long
fiber reinforced plies or woven plies. As mentioned previously, for each case the
mechanical and thermal propertiesmay be found by a homogenization procedure. For
the materials described here, HFGMC [1] was used to determine effective properties.
Hence, the materials described here are treated as homogeneous and anisotropic. The
same material pairs considered in Chap.5 are presented in this chapter. In Sect. 6.1,
the displacement extrapolation method is presented. The M-integral is described in
Sect. 6.2. In Sect. 6.3, the Virtual Crack Closure Technique is discussed.

6.1 Displacement Extrapolation

In this section, the displacement extrapolationmethod is described. If follows closely
the description in Sect. 3.2 for a crack along the interface between two isotropic
materials. The crack displacement jumps in Eq. (3.4) are used with θ = π and −π
with reference to Fig. 2.1. For a crack along the 0◦//90◦ interface, the expression for
the in-plane displacement jumps is given in Eq. (5.17) and rewritten here as

Δu2 − i

√
D22

D11
Δu1 = 8 cosh πε

H1(1 + 2iε)

√
r

2π
Kriε (6.1)

which is similar to Eq. (3.5)1 for two isotropic materials. The difference is the factor
multiplying Δu1 and H1 which is found in Eq. (5.22). In Eq. (6.1) D11 and D22
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are found in Eqs. (B.37) and (B.38), respectively. The displacement jump in the
x3-direction is given in Eq. (5.18) and rewritten here as

Δu3 = 8

H2

√
r

2π
KIII (6.2)

where for this material combination H2 is given in Eq. (5.23) and D33 is given in
Eq. (B.39). Solving for the in-plane local stress intensity factors from Eq. (6.1) and
the out-of-plane mode III local stress intensity factor from Eq. (6.2), one may write

K ∗
1 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
cosχ

Δu2(r)√
r

+
√

D22

D11
sinχ

Δu1(r)√
r

}
(6.3)

K ∗
2 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
sinχ

Δu2(r)√
r

−
√

D22

D11
cosχ

Δu1(r)√
r

}
(6.4)

K ∗
III (r) =

√
2π H2

8

Δu3√
r

(6.5)

where χ is given in Eq. (3.9). Equations (6.3) and (6.4) are similar to Eqs. (3.6) and
(3.7) differing by a factor of

√
D22/D11 on the second term in the curly brackets.

Equation (6.5) is identical to Eq. (3.8). The difference in the equations is the expres-
sions for H1 and H2 as noted above. The method delineated in Sect. 3.2 is the same
one to be used here for the 0◦//90◦ interface with Eq. (3.12).

For a crack along the+45◦//−45◦ interface, the expression for the displacement
jumps in the x2 and x3-directions is given in Eq. (5.38) and rewritten here as

Δu2 + i

√
D22

D33
Δu3 = 8 cosh πε

H1(1 + 2iε)

√
r

2π
Kriε (6.6)

where H1 is given in Eq. (5.43) and D22 and D33 are given in Eqs. (B.112) and
(B.113), respectively. The displacement jump in the x1-direction given in Eq. (5.39)
is rewritten as

Δu1 = 8

H2

√
r

2π
KII (6.7)

where H2 is given in Eq. (5.44) and D11 is given in Eq. (B.111). Solving for the stress
intensity factors from Eqs. (6.6) and (6.7), one may write

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_3
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5


6.1 Displacement Extrapolation 69

K ∗
1 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
cosχ

Δu2(r)√
r

−
√

D22

D33
sinχ

Δu3(r)√
r

}
(6.8)

K ∗
3 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
sinχ

Δu2(r)√
r

+
√

D22

D33
cosχ

Δu3(r)√
r

}
(6.9)

K ∗
II (r) =

√
2π H2

8

Δu1√
r

(6.10)

where χ is given in Eq. (3.9). Equations (6.8) and (6.9) are similar to Eqs. (6.3) and
(6.4) differing by a factor of

√
D22/D33 on the second term in the curly brackets.

Equation (6.10) is similar to Eq. (6.5). The difference in the equations is the expres-
sions for H1 and H2 as noted above. The method delineated in Sect. 3.2 is the same
one to be used here for the+45◦//−45◦ interface with Eq. (3.12) replacing K2 with
K3 and KIII with KII . Expressions different than those in Eqs. (6.8)–(6.10) may be
found in [5]. They are equivalent.

For a crack along a +30◦// − 60◦ or a −30◦// + 60◦ interface, the expression
for the displacement jumps is given in Eq. (5.67) and rewritten here as

Δu2 − iΩ
(
Δu1 + ηΔu3

) = 8 cosh πε

H1(1 + 2iε)

√
r

2π
Kriε (6.11)

where Ω and η are given in Eqs. (5.48) and (5.58), respectively, and H1 is given
in Eq. (5.75). The parameter D22 may be found by following the development in
Sect. B.3. The displacement jump for the square-root singularity may be written
from Eqs. (5.68) and (5.69) as

W23

W12
Δu1 + Δu3 = 8

H2

√
r

2π
KIII (6.12)

where H2 is given in Eq. (5.76) and the parameters D11, D13, D33,W12 andW23 may
be found by following the development in Sect. B.3. Solving for the stress intensity
factors from Eqs. (6.11) and (6.12), the local stress intensity factors become

K ∗
1 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
cosχ

Δu2(r)√
r

+Ω sinχ

(
Δu1(r) + ηΔu3(r)√

r

)}
(6.13)

K ∗
2 (r) =

√
2π(1 + 4ε2)

8 cosh πε
H1

{
sinχ

Δu2(r)√
r

−Ω cosχ

(
Δu1(r) + ηΔu3(r)√

r

)}
(6.14)
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K ∗
III (r) =

√
2π H2

8

{
W23

W12

Δu1√
r

+ Δu3√
r

}
(6.15)

where χ is given in Eq. (3.9). Equations (6.13)–(6.15) are somewhat more compli-
cated in form in comparison to the previous equations for the local stress intensity
factors for the other interfaces considered. But they are implemented in the same
way by extrapolating the local stress intensity factors to zero as in Eq. (3.12).

For the woven MD composite described in Sect. 5.4, the equations describing the
displacement jumps have the same form as those in Sect. 5.1 for the 0◦//90◦ interface,
namely, Eqs. (5.17) and (5.18). Hence, Eqs. (6.3)–(6.5) may be used to carry out the
extrapolation with the constants D11, D22 and D33 chosen for the current interface.
Other interfaces may easily be treated.

6.2 M-Integral

In this section, the M-integral is extended for the interfaces considered here for both
mechanical and thermal loads.Only the three-dimensional versionwill be considered.

As for an interface crack between two isotropic materials as described in
Sect. 3.3.1, two equilibrium solutions are considered. Solution (1) is the sought after
solution and solution (2) is an auxiliary solution. The stress, strain and displacement
components are given as a superposition of the two solutions in Eqs. (3.13)–(3.15).
For the 0◦//90◦, +30◦// − 60◦, −30◦// + 60◦ interfaces, as well as the multi-
directional woven composite described in Sect. 5.4, the superposed stress intensity
factors are given in Eqs. (3.16), (3.17) and (3.36). The same development presented
for three dimensions in Sect. 3.3.2 is followed here leading to Eqs. (3.41)–(3.43) for
the three stress intensity factors K (1)

1 , K (1)
2 and K (1)

III .
Consider the definitions of each of the parameters in Eqs. (3.41)–(3.43). For each

interface, H1 and H2 are taken from the appropriate equations. For the 0◦//90◦
interface, H1 and H2 are defined in Eqs. (5.22) and (5.23). In those equations, ε is
found in Eqs. (5.1) and (B.44). The components of the matricesD andW are given in
Eqs. (B.37)–(B.39) and (B.43). For the +30◦// − 60◦ and −30◦// + 60◦ interfaces,
H1 and H2 are defined in Eqs. (5.75) and (5.76). The oscillatory parameter ε is found
in Eqs. (5.1) and (B.140). The matrices D and W, may be found in Eqs. (B.135)
and (B.138). The components of the matrices may be calculated from −AkB−1

k by
multiplying the two matrices in Eqs. (B.1) and (B.12). By means of Eq. (5.6), it is
possible to determine SkL−1

k and L−1
k . Then use is made of Eqs. (5.4) and (5.5). For

the interface in the MD woven composite, H1 and H2 are defined in Eqs. (5.22) and
(5.23). The expression for the oscillatory parameter ε is found inEqs. (5.1) and (B.44).
To obtain thematricesD andW, thematrixAkB−1

k given in Eq. (B.34) is usedwith the
appropriate values of the material eigenvalues and reduced compliance components.
The components of the matrices D and W may be obtained from Eqs. (B.36) and
(B.42), respectively.
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The parameter A1 in Eqs. (3.41)–(3.43) is the area shown in Fig. 3.6 between the
delamination front and the curve created by the virtual crack extension. It is given
in Eq. (3.38). The volume Vk consists of a slice of elements along the delamination
front in the location of the virtual crack extension. The parameter k = 1, 2 represents
the upper and lower materials. The cross-section of the volume depends upon which
domain is used in the calculation as shown in Fig. 3.7. Recall that succeeding domains
are used in the calculation by adding a ring of elements about the previous domain.

The field quantities containing a superscript (1), namely kσ
(1)
i j , kε

(1)
i j and ku

(1)
i are,

respectively, the stress, strain and displacement components of the sought after solu-
tion which is obtained by means of a finite element solution. The back subscript
k = 1, 2 represents the upper and lower materials. The second or auxiliary solu-

tion kσ
(2α)
i j , kε

(2α)
i j and ku

(2α)
i is derived from the singular terms of the asymptotic

expressions. There are three auxiliary solutions with 2α = 2a, 2b, 2c. For these
solutions, Table3.1 is used to define the stress intensity factors of solution (2). As an
example, for the 0◦//90◦ interface, the in-plane displacement components are given
in Eq. (2.6) and the out-of-plane components are found in Eq. (2.7). The displace-
ment functions kU (1)

α , kU (2)
α and kU (III )

α are given in Eqs. (C.37)–(C.39). The stress
and strain components are found by means of a finite element scheme, namely, the
strain components are obtained by means of the displacements at the nodal points
and the derivatives of the shape functions; the stress components are obtained by
means of the constitutive law from the strains. All values are found at the integration
points. The interaction strain energy density kW (1,2a) in Eqs. (3.41)–(3.43) is given in
Eq. (3.21). In Eqs. (3.41)–(3.43), δ1 j is the Kronecker delta. Finally, the normalized
virtual crack extension is given in Eq. (3.39). For other interfaces, the appropriate
asymptotic expressions for the displacement field are required. As mentioned previ-
ously, for the +30◦// − 60◦ and −30◦// + 60◦ interfaces, the expressions are found
in [6]; for the MD woven composite laminate, they may be found in [3].

For the +45◦//−45◦ interface, the character of the solution changes. The ampli-
tude of the oscillatory, square-root singularity is related to in-plane and out-of-plane
deformations and given in Eq. (5.28); whereas, the amplitude of the square-root
singularity is KII . Hence, Eqs. (3.41)–(3.43) are replaced with

K (1)
1 = H1

2A1

2∑
k=1

∫
Vk

[
kσ

(1)
i j

∂ku
(2a)
i

∂x1
+ kσ

(2a)
i j

∂ku
(1)
i

∂x1
− kW

(1,2a)δ1 j

]
∂q1
∂x j

dV ;
(6.16)

K (1)
II = H2

2A1

2∑
k=1

∫
Vk

[
kσ

(1)
i j

∂ku
(2b)
i

∂x1
+ kσ

(2b)
i j

∂ku
(1)
i

∂x1
− kW

(1,2b)δ1 j

]
∂q1
∂x j

dV ;
(6.17)

and

K (1)
3 = H1

2A1

2∑
k=1

∫
Vk

[
kσ

(1)
i j

∂ku
(2c)
i

∂x1
+ kσ

(2c)
i j

∂ku
(1)
i

∂x1
− kW

(1,2c)δ1 j

]
∂q1
∂x j

dV .

(6.18)
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Actually, Eq. (6.16) is the same as Eq. (3.41). Of course, the definitions of some of
the parameters change. As an example, H1 and H2 may be found in Eqs. (5.43) and
(5.44). In those equations, ε is found in Eqs. (5.1) and (B.117). The components of
the matricesD andW are given in Eqs. (B.111)–(B.113) and (B.116). The remainder
of the quantities in Eqs. (6.16)–(6.18) are defined similarly to the way in which they
were defined for other interfaces (see [5] for further details).

The thermal M-integral for all interfaces is the same as that in Eq. (3.44). The
definitions of the various parameters in the expression for M (1,2α)

N are the same as
for the three-dimensional M-integral for applied force. The difference relates to the
constitutive law and the definition of βk

i j . The constitutive relation is given by

kσi j = kCi jrs kεrs − βk
i jϑ (6.19)

where kCi jrs is the stiffness tensor which is the inverse of the compliance tensor
and βk

i j is defined for isotropic material in Eqs. (3.30) and (3.31). For anisotropic
material,

βk
i j = kCi jrs kαrs (6.20)

where kαrs are the components of the coefficients of thermal expansion. As an exam-
ple, for the 0◦//90◦ interface using contracted notation,

βA = C11αA + 2C12αT (6.21)

βT = C12αA + (C22 + C23)αT (6.22)

where the subscripts A and T refer to quantities in the axial and transverse direction.
These expressions are for both upper and lower materials where axial and transverse
directions are interchanged.

For the +45◦// − 45◦ interface,

β(+45◦)
i j =

⎡
⎣ 1

2 (βA + βT ) 0 − 1
2 (βA − βT )

βT 0
sym 1

2 (βA + βT )

⎤
⎦ (6.23)

β(−45◦)
i j =

⎡
⎣ 1

2 (βA + βT ) 0 1
2 (βA − βT )

βT 0
sym 1

2 (βA + βT )

⎤
⎦ . (6.24)

It may be noted that the coefficients of thermal expansion for the two weaves with
yarn in the 0◦/90◦-directions and the +45◦/ − 45◦-directions are the same. Hence,
thermal curing stresses are minimal for these plies.
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6.3 Virtual Crack Closure Technique

The virtual crack closure technique was presented in Sect. 3.4 for an interface crack
between two dissimilar isotropic materials. Recently, the VCCT was extended for
the 0◦//90◦ interface [4]. That investigation followed the formulation presented in
[2] in which the oscillatory parameter was chosen to be negative and d1 was chosen
as the arbitrary parameter as explained in Sect. 5.5, Eq. (5.96). In this section, ε
is chosen to be positive and d defined in Eq. (C.26). The formulation used in this
section relies on the development presented in Sect. 5.1. Note that the treatment here
is two-dimensional.

The modes I and II energy release rates are given by

GI = lim
Δa→0

1

2Δa

∫ Δa

0
σ22(x1)Δu2(Δa − x1) dx1 (6.25)

GII = lim
Δa→0

1

2Δa

∫ Δa

0
σ21(x1)Δu1(Δa − x1) dx1 (6.26)

where Eqs. (6.25) and (6.26) are obtained from Eq. (3.45) by means of a coordinate
transformation as may be seen in Fig. 3.8. In the derivation, define two auxiliary
integrals

AT = 1

2Δa

∫ Δa

0

[
σ22(x1) − i

√
D11

D22
σ21(x1)

][
Δu2(Δa − x1) + i

√
D22

D11
Δu1(Δa − x1)

]
dx1 .

(6.27)

DT = 1

2Δa

∫ Δa

0

[
σ22(x1) − i

√
D11

D22
σ21(x1)

] [
Δu2(Δa − x1) − i

√
D22

D11
Δu1(Δa − x1)

]
dx1

(6.28)

where D11 and D22 are found in Eqs. (B.37) and (B.38), respectively. Using
Eqs. (6.25)–(6.28), it is possible to show that the energy release rates for modes
I and II are given by

GI = 1

2
lim

Δa→0

[
�(AT ) + �(DT )

]
(6.29)

GII = 1

2
lim

Δa→0

[
�(AT ) − �(DT )

]
. (6.30)

Substitution of Eqs. (6.29) and (6.30) into (3.49) results in

Gi = lim
Δa→0

�(AT ) . (6.31)
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It may be shown that

AT = D22

4 cosh2 πε

(
K 2

1 + K 2
2

)
(6.32)

so that

Gi = 1

H1

(
K 2

1 + K 2
2

)
(6.33)

where H1 is given in Eq. (5.22) and Gi is given in the first term of Eq. (5.21).
By means of the imaginary components in Eq. (6.27), one may define

I(T )
I = 1

2Δa

√
D22

D11

∫ Δa

0
σ22(x)Δu1(Δa − x)dx (6.34)

I(T )
II = 1

2Δa

√
D11

D22

∫ Δa

0
σ21(x)Δu2(Δa − x)dx . (6.35)

Since AT is real, �(AT ) = 0; so that by means of Eqs. (6.27), (6.34) and (6.35), it is
possible to show that

I(T )
I = I(T )

II . (6.36)

Calculation of the integral in Eq. (6.28) leads to

DT = D22

4π cosh πε
PK 2Δa2iε . (6.37)

One may separate DT into real and imaginary parts as

�(DT ) = 1

H1
(K 2

1 + K 2
2 )C cosχ (6.38)

�(DT ) = 1

H1
(K 2

1 + K 2
2 )C sinχ (6.39)

where H1 is given in Eq. (5.22), C is defined in Eq. (3.55) and

χ = 2 tan−1

(
K2

K1

)
+ tan−1

(
PI

PR

)
+ 2ε lnΔa . (6.40)

The parameter P = PR + i PI is defined in Eq. (3.54).
Following the development in Sect. 3.4 for two isotropic materials, the modes

I and II energy release rates GI and GII are obtained from Eqs. (3.50) and (3.51),
respectively. The sum of these energy release rates provides the interface energy
release rate Gi given in Eq. (3.49); the quotient, provides g in Eq. (3.53). The phase
angleψ is calculated as in Eq. (3.52), leading to the stress intensity factors K1 and K2
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given in Eq. (3.47). Since there are two pairs of stress intensity factors, the criterion
in Eq. (3.56) is used to eliminate one pair. This criterion requires the crack faces to
be open.

For other interfaces, the same analysis presented here may be carried out. All
that is needed are the expressions for the traction along the interface and the crack
face displacement jumps in the neighborhood of the crack tip, meaning equations
analogous to Eqs. (5.15) and (5.17). Themethod can be extended to three dimensions.
But very fine meshes are necessary to obtain accurate results [4].
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Chapter 7
Testing–Delamination Between
Two Dissimilar Plies

Abstract In this chapter, results are presented for the fracture toughness or criti-
cal interface energy release rate under mixed mode conditions. Deterministic and
probabilistic criteria are considered. In addition, beam type specimens which are
recommended in international standards are presented.

Keywords Beam type specimens · Brazilian disk specimen · Confidence · Cross-
ply · Failure curve · Failure surface · Fracture toughness · Probability · R-curve
In this chapter, tests performed on two multi-directional (MD) laminates will be
described. These tests follow those presented in Chap.4. These results are considered
in Sect. 7.1. In Sect. 7.2, testing of beam type specimens is discussed.

7.1 Failure of a Delamination in a Cross-Ply

Composite plies containing long fibers in an epoxy matrix prepreg AS4/3502 were
formed into a cross-ply laminate. A cross-ply laminate is one in which the fibers in
the adjacent plies form an angle of 90◦. A plate of this material was fabricated and
composite strips containing a delamination formed fromaTeflonfilmweremachined.
The delamination was along the interface between two plies: either 0◦//90◦ [10] or
+45◦// − 45◦ [11].

In Fig. 7.1a, a Brazilian disk specimen containing a composite strip with three
layers, each about 4mm wide, is shown. The layers consist of plies with fibers in the
0◦ and 90◦-directions. A delamination is indicated along the interface between plies
whose fibers are in the 0◦ and 90◦-directions. Partial disks of aluminum were glued
to the composite strip to complete the Brazilian disk specimens. Although the load is
applied only to the composite at various angles ω, the aluminum partial disks allow
for easier handling of the specimen and accurate placement in the loading frame.
Recall that varying the angle ω results in various mode mixities. The radius of the
disk is nominally 20mmand its nominal thickness is 8mm. In Fig. 7.1b, a variation of
the specimen in Fig. 7.1a is shown. In this specimen, the inner part of the composite
strip consists of three layers with plies in the 0◦, 90◦ and 0◦-directions. Each layer
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(a) (b) (c)

Fig. 7.1 Brazilian disk specimens. Composite specimens containing a [0◦//90◦/0◦] strip,
b [0◦//90◦/0◦] strip with ±45◦ outer stiffening layers and c [0,−45,+45, 0]s strip with ±45◦
outer stiffening layers

Table 7.1 Some effective material properties of a graphite/epoxy (AS4/3502) fiber reinforced
composite (V f = 0.62)

EA (GPa) ET (GPa) GA (GPa) νA νT αA/◦C αT /◦C
138 9.7 4.6 0.32 0.46 −0.5 × 10−6 36.6 × 10−6

is nominally 0.5mm wide. The Teflon strip forming the delamination is between a
0◦ and 90◦ ply. There are outer plies alternating in the ±45◦-directions to prevent
bending of the composite plate when it was cured. In Fig. 7.1c, the second interface
is shownwhich is between+45◦ and−45◦ plies. The layup is more complex than the
previous specimens. The composite consists of an inner part [0,−45,+45, 0]s with
each layer of nominal width 0.54mm with outer stiffening layers of ±45◦ which are
about 4.05mm wide. The 0◦ plies where inserted in order to prevent buckling of the
specimen.

The effective material parameters for one layer of the material were obtained
by means of the generalized method of cells [32] and are presented in Table7.1;
recall that EA and ET are the Young’s moduli in the axial and transverse directions,
respectively; νA and νT are Poisson’s ratios in the axial and transverse directions,
respectively;GA is the axial shear modulus,GT = ET /2(1 + νT ),αA andαT are the
coefficients of thermal expansion in the axial and transverse directions, respectively.
The composite contained a fiber volume fraction, V f = 0.62.

Twenty-four specimens containing a delamination between the 0◦ and 90◦ plies
were testedwith results reported in [10]. The normalized crack length ranged between
0.36 ≤ a/R ≤ 0.43, where R is the specimen radius; the specimen thickness ranged
between 7.82 mm ≤ B ≤ 8.20 mm; and the loading angles ranged between −10◦ ≤
ω ≤ 10◦. Recall that the delamination was actually a thin notch created by a strip of
Teflon filmwith a thickness of about 25.4µm. The oscillatory parameter, found from
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Eqs. (5.1) and (B.44) was ε = −0.03627. The composite layer in the specimens was
cured at 177 ◦C; so that the temperature change ϑ was taken to be 150 ◦C.

The problem was treated in two dimensions. Hence, the two-dimensional M-
integral in Eqs. (3.25)–(3.28) was used to determine the stress intensity factors K ( f )

1

and K ( f )
2 arising from applied loading (see [8]). The thermal curing stresseswere also

accounted for following [9] and using Eq. (3.34) to obtain K (r)
1 and K (r)

2 . It may be
noted that the equations presented in Sect. 3.3.1 were for a bimaterial crack between
two isotropic materials. The M-integrals take the same form for two anisotropic
materials except that the correct constitutive law and the appropriate values for H1

are required. Employing the superposed stress intensity factors K (T )
1 and K (T )

2 , the
interface energy release rate Gi and the phase angle ψ are calculated. The former
is obtained from Eq. (5.21) with KIII = 0 and H1 = 16.35 GPa as calculated from
Eq. (5.22); the latter is obtained from Eq. (5.25) with L̂ = 100 µm. It may be noted
that the sign of the oscillatory parameter ε was taken to be negative in [10].

The failure curve presented for two isotropic materials and given in Eq. (4.1) may
be used here. The data points for this case are plotted in Fig. 7.2. It may be noted that
the data points from the specimens in Fig. 7.1b fall within the scatter of those of the
type in Fig. 7.1a. The value ofG1c = 26.2N/mwas found by taking the average of the
values in Eq. (2.23) for all tests with H1 obtained from Eq. (5.22). The standard error
of G1c is 2.3 N/m. Equation (4.1) is plotted as the black curve in Fig. 7.2. The curve
which predicts a 10% probability of unexpected failure using the t-statistic may be
found bymaking use of Eqs. (2.26), (2.27) and (2.29). The value of G∗

1c is found from
Eq. (2.26) with a standard deviation s = 11.5 N/m and the value of t0.1,23 = 1.32,
so that K = 1.35 and G∗

1c = 10.7 N/m. The curve in Eq. (2.27) is plotted in red in
Fig. 7.2. For this curve, there is a 10% probability that the next data point will be
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Failure Curve
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                          95% confidence
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Fig. 7.2 Failure curves and test points for the 0◦//90◦ delamination in the graphite/epoxyAS4/3502
laminate (G1c = 26.2 N/m, G∗

1c = 10.7 N/m using the t-statistic, G∗
1c = 5.1 N/m using the z-variate

model and L̂ = 100 µm)
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below this curve and the specimen or structure will fail unexpectedly. Indeed, there
is one data point from the test data below the curve. For a failure curve with a 10%
probability of unexpected failure and a 95% confidence, the expression in Eq. (2.30)
is used. The value of z0.1 = −1.28 and z0.95 = 1.64 leading to a value of K = 1.84
and G∗

1c = 5.1 N/m. Plotting Eq. (2.27) with this value of G∗
1c leads to the blue curve

in Fig. 7.2. This time, there are no test points below the curve.
Next, the specimens with the delamination along the +45◦// − 45◦ interface of

the graphite/epoxy AS4/3502 composite are considered [11]. In this case, the in-
plane and out-of-plane fields are coupled. Hence, three-dimensional finite element
analyses were carried out to obtain the stress intensity factors resulting from the
applied load and thermal stresses. The analyses accounted for delamination eccen-
tricity, varying layer height, specimen thickness and diameter, loading angle, and load
at failure. The three-dimensional mechanical M-integral was used to obtain K ( f )

1 ,
K ( f )

3 and K ( f )
I I from Eqs. (6.16)–(6.18) (see [21] for details). The stress intensity

factors resulting from the residual stresses K (r)
1 , K (r)

3 and K (r)
I I were also determined

(see [11]). The composite strip in the specimens was cured at 177 ◦C; so that the
temperature change ϑ was taken to be 150 ◦C. Twenty-six specimens containing a
delamination between the +45◦ and −45◦ plies were tested with results reported
in [11]. The normalized crack length a/R ∼ 0.38, the thickness ranged between
7.94 mm ≤ B ≤ 8.17 mm and the loading angles ranged between 2◦ ≤ ω ≤ 13◦. It
may be noted that the crack was actually a thin notch created by a strip of Teflon film
which was about 25.4 µm thick. The oscillatory parameter, found from Eqs. (5.1)
and (B.117) was ε = 0.000615.

From the total stress intensity factors, values of Gi , ψ and φ were calculated by
means of Eqs. (5.42), (5.45)1 and (5.46)1, respectively, and plotted in Fig. 7.3a, b. The
values of H1 and H2 given in Eqs. (5.43) and (5.44) are 11.46 GPa and 14.48 GPa,

(a) (b)

Fig. 7.3 Deterministic failure surface and test points for the +45◦// − 45◦ delamination of the
graphite/epoxy AS4/3502 laminate (G1c = 92.4 N/m and L̂ = 200 µm). a View as a function of φ
and b view as a function of ψ
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respectively. It should be noted that there are 21 points along the delamination front
for each specimen. Hence, there are 546 data points. The value of G1c = 92.4 N/m
was found by taking the average of the values in Eq. (2.23) with a standard error of
1.25 N/m. It may be noted in passing that in [11], G1c was given as 90.3 N/m. In that
case, the average values of K̂ (T )

1 were used to calculate G1c. Equation (2.25) is plotted
as the surface in Fig. 7.3a, b. It may be observed that for a given specimen the data
points along the delamination front are nearly a function of φ with little change in ψ.
This is a result of the dominant behavior of K1 and KII with secondary behavior for
K3. This may be seen clearly in Fig. 7.3a. The failure surface behaves in the same
manner as the failure curve. For points below the surface, from a deterministic point
of view, the structure should be safe. However, failure points below the failure curve
may be observed in Fig. 7.3b.

It may be noted that the 546 samples are not all independent. For each specimen,
there are 21 points along the delamination front. For eight of the specimens, points
along the delamination front intersect the failure surface. It was postulated in [11] for
these specimens that some of the points along the crack front have become critical
and drag the rest of the crack front with them as the delamination propagates. For
seven of the specimens, all of the points are above the surface; whereas for 11 of
them, all of the points are below. This behavior is considered as experimental scatter.
The specimens for which the points are all below the failure curve in Fig. 7.3 are the
troublesome ones, since one should assume that there is no failure for those values
of Gi , ψ and φ. Hence, as before, a statistical approach is taken.

First, the t-statistic is used which predicts a 10% probability that a Gic value will
be unexpectedly below the surface. The value of G∗

1c is found bymeans of Eqs. (2.26)
and (2.29) with the standard deviation s = 29.3 N/m and the value of t0.1,545 = 1.28,
so that K = 1.28 and G∗

1c = 54.8 N/m. The surface in Eq. (2.28) is plotted in Fig. 7.4.
There is a 10% probability that the next data point will be below this surface; that

Fig. 7.4 Ten percent (10%)
failure surface obtained with
the t-statistic and test points
for the +45◦// − 45◦
delamination of the
graphite/epoxy AS4/3502
laminate; (G∗

1c = 54.8 N/m

and L̂ = 200 µm)

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_2


82 7 Testing–Delamination Between Two Dissimilar Plies

is, that it will fail even though it is in the safe region. Some points from two of
the specimens are below this failure surface. Hence, as postulated in [11], all of the
specimens tested would be expected to fail based on the failure surface obtained with
the t-statistic. For a 10% failure surface with a 95% confidence, the expression in
Eq. (2.30) is used. The value of z0.1 = −1.28 and z0.95 = 1.64 leading to a value of
K = 1.38 and G∗

1c = 51.9 N/m. Plotting Eq. (2.28) with this value of G∗
1c leads to a

surface similar to the one in Fig. 7.4. There are still several points below the failure
surface for two specimens. Either failure surface obtained by the statistical approach
is a good choice to predict failure.

The main advantage of Brazilian disk specimens is that with one specimen and
test setup, one is able to obtain a wide range of mode mixities.

7.2 Beam Type Specimens

It is common to carry out quasi-static fracture toughness tests on composite lami-
nates with beam type specimens. These include the double cantilever beam (DCB)
specimen shown in Fig. 7.5 for mode I testing; the edge notch flexure (ENF) speci-
men shown in Fig. 7.6 and the calibrated end loaded split (C-ELS) specimen shown
in Fig. 7.7a for mode II testing; and the mixed mode bending (MMB) and mixed
mode end loaded split (MMELS) specimen shown in Fig. 7.8 and 7.7b, respectively,
for mixed mode deformation. In these figures a0 is the initial delamination length, h
or 2h is the specimen thickness, b is the specimen width, L and l are longitudinal
length measures and c is the lever arm.

Fig. 7.5 Double cantilever beam specimen with piano hinges

Fig. 7.6 Edge notch flexure specimen
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(a) (b)

Fig. 7.7 a C-ELS and b MMELS specimens

Fig. 7.8 Mixed mode bending specimen

For unidirectional (UD) composite material, there are two standards for the DCB
test [5, 26]. There is a standard for ENF specimens also for UD composites [7], as
well as the C-ELS specimen [27]. For mixed mode and UD composites, there is a
standard [6] making use of MMB specimens. Progress is being made to develop a
standard for the MMELS specimen, also for UD composites.

Tests have been performed on DCB specimens fabricated from both UD and MD
composites to determine the mode I energy release rate GI c [4, 15–17, 23, 30, 35]. In
many cases, graphite/epoxy material was tested. For a 0◦//90◦ interface, a fracture
toughness of GI c = 140 N/m was found in [30] where the delamination propagated
along the interface. For angle ply laminates higher values were obtained because
of the damage that occurred. In [15, 16], it was found that for MD composites the
mode I fracture toughness was independent of ply orientation when the delamination
propagated along the interface. Values as low as 86 N/m were found. In reviewing
the literature, it was found in [4] that mode I initiation toughness was affected mod-
erately by the interface lay-up and delamination growth direction relative to the fiber
direction. For MD specimens it was found in [23] that as specimen width increased
the distribution of GI along the interface became more uniform. The directions of
the plies adjacent to the interface were shown to affect the GI c values.

Fracture tests reported in Sect. 7.1 were conducted with a Brazilian disk specimen
on carbon/epoxy material with 0◦//90◦ and+45◦// − 45◦ interfaces. The minimum
interface energy release rate was found to be 26.5 N/m for the former interface and
92.4 N/m for the latter. For the former, a two-dimensional failure curve was derived;
for the latter a three-dimensional failure surface was obtained.
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There have also been measurements of fracture toughness for woven composites.
As a result of the interlaced yarn, woven composites produce complicated fracture
mechanisms. The fracture toughness of a woven composite depends on the deforma-
tion type, the weave pattern, the fabric geometry and process, the volume fraction of
the fibers and the crack propagation direction. Values of GI c may be obtained by con-
ducting mode I fracture tests, although these may produce small shear components
for MD lay-ups.

Toughness tests on woven composites with all plies in the same directions were
reported in [2, 3, 13, 22, 29, 31]. Both carbon/epoxy and glass/epoxy woven mate-
rials were considered. In addition to mode II and mixed mode tests, DCB specimens
were tested in [2, 3]. For the latter, R-curve behavior was found for 5H-satin speci-
mens made with carbon fibers. The behavior was influenced by the direction of the
delamination relative to the warp and weft directions. Two DCB specimen sets con-
sisting of plain weave E-glass/epoxy were tested in [29]. In one set, the fibers were in
the 0◦/90◦ directions, and in the other set, the weave was rotated by 45◦ in the plane
with respect to the loading direction. Values of GI c were less for the rotated laminate.
In [22], 5H-satin carbon/epoxy woven DCB specimens were tested. It was found that
higher fiber volume fraction and more transverse tows along the delamination plane
result in higher fracture toughness. DCB specimens were tested in [13] to investigate
the fracture behavior of E-glasswoven fabric composites. Theweavewas unbalanced
with 55% of the fibers in the warp direction and 45% in the weft direction. There
was great variability between the results. Tests were carried out for multi-directional
woven composites in [34]. Thematerialwas a crowsfoot satinwoven fabric glass rein-
forced epoxy. DCB specimens with different stacking sequences including the fol-
lowingdelamination interfaceswere tested: between0◦/90◦ and θ/(θ + 90◦)weaves,
and between θ/(θ + 90◦) and −θ/(−θ + 90◦) weaves. It was observed that the GI c

values for delamination initiation for the 0◦/90◦ and θ/(θ + 90◦) were independent
of θ.

In [12], quasi-static fracture toughness tests were carried out onDCB,MD,woven
composite specimens containing a delamination. The load P is applied through the
piano hinges. Each ply in the specimen is a balanced plain weave of carbon fiber yarn
in an epoxy matrix. For woven composites, a balanced weave is composed of yarn
which has the same fiber volume fraction in the weft and warp directions. The plies
are laid up so that they alternate between a 0◦/90◦ and a +45◦/ − 45◦ weave. There
are 15 plies with the delamination located between the seventh and eighth plies.
Thus, the interface is between a 0◦/90◦ weave and a +45◦/ − 45◦ weave. Each of
these plies is taken to be effectively anisotropic and hence tetragonal.

The fibers in the composite were carbon T300 which are transversely isotropic;
hence, they are described by five independent elastic constants and two thermal
constants. These include EA and ET which are the axial and transverse Young’s
moduli, respectively,νA andνT , the axial and transversePoisson’s ratios, respectively,
GA, the axial shearmodulus and the transverse shearmodulus,GT = ET /2(1 + νT ).
The thermal properties are αA and αT , respectively, the axial and transverse thermal
coefficients of expansion. The epoxy matrix is 913 which is isotropic and described
by two independent elastic constants: Young’s modulus E , Poisson’s ratio ν and
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Table 7.2 Mechanical properties for T300 [28]; for epoxy 913 [38]. Thermal properties for T300
and epoxy 913 [14, 37]
Material EA (GPa) ET (GPa) GA (GPa) νA νT αA (×10−6/ ◦C) αT (×10−6/ ◦C)
Graphite T300 230 8 27.3 0.26 0.30 −0.41 10.08

Epoxy 913 3.4 0.41 43.92

Table 7.3 Mechanical properties of the woven composite measured by Israel Aerospace Industries
[20]

E11 = E33 (GPa) G13 (GPa) ν13

59.6 3.9 0.07

the coefficient of thermal expansion α. Their mechanical and thermal properties are
presented in Table7.2. There is a range of properties in the literature for carbon
T300. The mechanical properties of the T300 carbon fibers may be found in [28];
those of epoxy were taken from [38]. The axial CTE of the T300 carbon is given
in the Torayka data sheet [37]; its transverse component was taken from [14]. For
the epoxy, the value given for three other epoxies in [14] was taken for the epoxy
913. The fiber volume fraction for this material was not obtained experimentally.
The material was produced by Hexcel with an apparent fiber volume fraction within
the weave of 51% [24].

Each ply in the specimen is a balanced, plain weave; a sketch of the 0◦/90◦ layer
is shown in Fig. 5.2. Mechanical properties measured by Israel Aerospace Industries
(IAI, [20]) are presented in Table7.3. The subscripts on the mechanical properties
are with reference to the coordinate system in Fig. 5.2. Note that the x2-coordinate
is perpendicular to the plane of the weave.

The mechanical and thermal properties were calculated by means of HFGMC
(for details of the method see [1, 18]). To achieve this value, it was assumed that the
fiber volume fraction within the yarn is 63% and the yarn volume fraction within
the weave is 81%. Multiplying these together gives the desired fiber volume fraction
of 51% within the weave. In addition, measurements were made of the geometric
properties of the weave. The parameters are shown in Fig. 5.2 where a is the yarn
width, g is the distance between yarns and h is the thickness of a ply. They were taken
as a = 1.7 mm, g = 0.4 mm and h = 0.24 mm. Using the mechanical properties in
Table7.2 and the geometrical parameters as input into the HFGMC Graphical User
Interface [18] produced the mechanical properties shown in Table7.4. In Table7.4,
E11 = E33 are the Young’s moduli in the x1 and x3-directions, respectively, that is,
the in-plane elastic moduli (see Fig. 5.2); E22 is the out-of-plane Young’s modulus;
G13 is the in-plane shear modulus and G23 = G21 are the out-of-plane shear moduli;
ν13 is the in-plane Poisson’s ratio and ν23 = ν21 are the out-of-plane Poisson’s ratios.
Note that

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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Table 7.4 Mechanical properties of the plain woven composites (V f = 0.51)

Ply type E11 = E33 (GPa) E22 (GPa) G13 (GPa) G23 = G21 (GPa) ν13 ν23 = ν21

0◦/90◦ 57.3 7.6 3.9 2.5 0.04 0.07

+45◦/ − 45◦ 13.6 7.6 27.6 2.5 0.77 0.07

Effective mater-
ial

41.2 7.6 15.7 2.5 0.31 0.07

νi j

Eii
= ν j i

E j j
(7.1)

where summation is not implied. The ply typewhich is denoted as 0◦/90◦ is theweave
as shown in Fig. 5.2. It may be observed in Table7.4 that the material in this direction
is tetragonal, so that there are six independent elastic constants. Comparison may
be made to values which were measured and presented in Table7.3. The in-plane
Young’s moduli differ by less than 4%; the in-plane shear moduli agree; and there
are great differences between the Poisson’s ratios. It may be noted that this is a
very small quantity and difficult to measure. In the specimens, there are also plies
in the +45◦/ − 45◦ direction. By rotating the properties about the x2-axis in Fig. 5.2
by 45◦, they are obtained as shown in Table7.4; this ply is also represented by six
independent mechanical properties. In the finite element model, two plies on each
side of the delamination are modeled with these properties. In addition, to save
on computational resources, effective properties of the woven laminate are found
and presented in Table7.4. This material is quasi-isotropic in the x1–x3 plane. As
expected, the CTEs in the x1 and x3-directions are identical. Hence, thermal residual
stresses caused by curing and minimalized.

Eight delamination toughness tests were carried out on DCB specimens. The
specimens were fabricated by IAI. The tests were performed in the spirit of the
ASTM standard D5528 [5]. Details may be found in [12]. Further testing of five
DCB specimens was presented in [36] with an updated test protocol. Results for a
GIR-curve from that study are presented in Fig. 7.9. The numbers of each specimen
are given in the figure; FT represents fracture toughness, the second number 03
or 04 represents the batch number; the third number represents the number in the
test series. In Fig. 7.9, the results of the five fracture toughness tests are presented
with respect to the delamination growth from the Teflon insert front Δa = a − a0,
showing that the test results for both batches share the same scatter. Furthermore,
a clear R-curve behavior may be observed. According to [5] for UD laminates, as
the delamination grows from the insert, the fracture toughness values will initially
increase monotonically reaching a plateau. However, when examining the results
of mode I fracture toughness tests preformed on specimens with an MD layup, it
appears that this stable phase is not always reached (see [33]). Nonetheless, the
fracture toughness results of the tests presented here exhibit the typical behavior
previously observed for UD composites. It should be noted that Fig. 7.9 is similar to

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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Fig. 7.9 Fracture toughness test results and R-curve behavior [36]

Table 7.5 Average fracture toughness values for all specimens shown in Fig. 7.9

Phase Δa (mm) GIR (N/m)

Initial 0 508

Monotonic rise 0 < Δa < 10 586 + 27(Δa)0.65

Stable 10 < Δa 711

the figure given in [19], marking the initiation of the plateau region with±1 standard
deviation boundary lines.

It appears that in the case of the specimens from batch 4, an initial phase was
also present. This initial phase is defined as the fracture toughness obtained for an
artificial delamination formed by the Teflon insert. The GIR values for this phase
were significantly lower than that found for the other phases, as may be observed
in Fig. 7.9 for specimens FT04-01 and FT04-02 at Δa = 0. Lower values may be
related to the presence of resin pockets near the insert edge. Note that the Teflon insert
thickness used here was nominally 25.4 µm, while the ASTM D-5528-13 standard
[5] prescribes the insert thickness to be no greater than 13 µm. A summary of the
results for the three phases is presented in Table7.5. The fracture toughness values
for Δa = 0 and Δa > 10 are average values. The fracture toughness values for the
range 0 < Δa < 10 are presented using a power-like law.

The eight mode I fracture toughness tests which were reported in [12] were
carried out on batch 1 of the same material described above. For that batch, the
GIR values were higher. For example, for Δa = 0, GIR = 670 N/m as compared to
GIR = 508 N/m, for batches 3 and 4. It is known that different batches of the same
material produce different properties. Moreover, the environmental conditions in the
earlier study, were not well controlled.

Fatigue delamination propagation tests were carried out on DCB specimens fab-
ricated from this material. Results may be found in [25, 36].
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Appendix A
Stress and Displacement Functions
for the First Term of the Asymptotic
Expansion of an Interface Crack Between
Two Linear Elastic, Homogeneous
and Isotropic Materials

The stress and displacement functions for the first term of the asymptotic expansion
of an interface crack between two linear elastic, homogeneous and isotropic mate-
rials are presented here. For material (1), the upper material, the stress functions in
Eq. (2.1) are given by [1]
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1Σ
(2)
22 (θ, ε) = 1

cosh πε

{[
cosh(π − θ)ε + e−(π−θ)ε

]
sin θ

2

+ 1
2e

−(π−θ)ε sin θ
[
cos 3θ

2 + 2ε sin 3θ
2

]}
. (A.6)

For the upper material, the out-of-plane stress functions in Eq. (2.5) are given by
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For material (1), the upper material, the displacement functions in Eq. (2.6) are
given by
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where μ1 is the shear modulus of the upper material and κ1 is defined in Eq. (2.4).
For the upper material, the out-of-plane displacement in Eq. (2.7) is given by

1U
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. (A.13)

For material (2), the lower material, replace π with −π in Eqs. (A.1)–(A.6) and
(A.9)–(A.12). In addition, replace μ1 by μ2 and κ1 by κ2 in Eqs. (A.9)–(A.13).
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Appendix B
Matrices Ak, Bk and B−1

k for Different
Anisotropic Material Pairs

In this appendix, the matrices Ak , Bk and B−1
k which appear in Eq. (5.6) and are

employed to calculate the oscillating part of the singularity ε in Eq. (5.1) are pre-
sented. They are also used to obtain the asymptotic expressions for the stress function
and displacement vectors given in Eqs. (C.13)–(C.20). The subscript k represents the
upper and lower materials, 1 and 2, respectively.

Following [5] (pp. 170–171), the complex 3 × 3 matrices A, B and B−1 are
presented here for a general anisotropic material. The subscript k has been omitted.
The components in the matrices take on the values of the upper and lower materials
where appropriate. The matrix A is given by

A =

⎡
⎢⎢⎣

k1ξ1(p1) k2ξ1(p2) k3η1(p3)

k1 p
−1
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⎥⎥⎦ , (B.1)

where for α = 1, 2, 4 and β = 1, 2

ξα(pβ) = p2βs
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2
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α4) . (B.3)

For a general anisotropic material, there are 21 independent compliance coefficients
which may be written in contracted form as a 6 × 6 matrix sαβ , α,β = 1, . . . , 6.
These coefficients may be written in a reduced form as

s ′
αβ = sαβ − sα3s3β

s33
= s ′

βα (B.4)

© The Author(s) 2018
L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8

93

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5


94 Appendix B: Matrices Ak , Bk and B−1
k for Different Anisotropic …

where s ′
α3 = s ′

3β = 0. The parameters λi are given as
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The sextic functions �i , i = 2, 3, 4, are defined as

�2 = s ′
55 p

2 − 2s ′
45 p + s ′

44 (B.7)

�3 = s ′
15 p

3 − (s ′
14 + s ′

56)p
2 + (s ′

25 + s ′
46)p − s ′

24 (B.8)

�4 = s ′
11 p

4 − 2s ′
16 p

3 + (2s ′
12 + s ′

66)p
2 − 2s ′

26 p + s ′
22 . (B.9)

The eigenvalues p for each material are found as solutions of the sextic equation

�2(p)�4(p) − �3(p)�3(p) = 0 . (B.10)

It has been shown that Eq. (B.10) has three complex conjugate solutions. The three
solutions with a positive imaginary part are taken in the expressions presented above.
The normalization factors k1, k2 and k3 are not required in the calculations. For each
fiber direction, the matrix A in Eq. (B.1) is obtained by substitution of the various
parameters found for that material direction.

The matrix B is given by

B =

⎡
⎢⎢⎣

−k1 p1 −k2 p2 −k3 p3λ3

k1 k2 k3λ3

−k1λ1 −k2λ2 −k3

⎤
⎥⎥⎦ (B.11)

and

B−1 = 1

Δ

⎡
⎢⎢⎢⎣

−k−1
1 (1 − λ2λ3) −k−1

1 (p2 − λ2λ3 p3) −k−1
1 λ3(p2 − p3)

k−1
2 (1 − λ1λ3) k−1

2 (p1 − λ1λ3 p3) k−1
2 λ3(p1 − p3)

k−1
3 (λ1 − λ2) k−1

3 (λ1 p2 − λ2 p1) −k−1
3 (p1 − p2)

⎤
⎥⎥⎥⎦ (B.12)

where
Δ = p1 − p2 + λ3[λ1 p2 − λ2 p1 − p3(λ1 − λ2)] . (B.13)

In the following sections, explicit expressions for the matrices are presented for
materialswith fibers in different directions. Thematrices are related to themechanical
properties of each material.
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B.1 The 0◦/90◦ Pair

In this section, the matrices are presented for the 0◦//90◦ interface. Each of the
materials is transversely isotropic with respect to the delamination front coordinates
in Fig. 2.1. For the upper material with k = 1, the fibers are in the x1-direction. The
compliance matrix is given by

s
(1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

EA

−νA

EA

−νA

EA
0 0 0

1

ET

−νT

ET
0 0 0

1

ET
0 0 0

1

GT
0 0

sym
1

GA
0

1

GA

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (B.14)

The mechanical properties EA, ET , GA, GT , νA and νT are the Young’s moduli
in the axial and transverse directions, respectively, the shear moduli in the axial
and transverse directions, respectively, and the axial and transverse Poisson’s ratios.
Since the material is transversely isotropic,

GT = ET

2(1 + νT )
. (B.15)

For the lower material, Eq. (B.14) is rotated by 90◦ about the x2-axis. For the upper
material, the reduced compliance coefficients in Eq. (B.4) are given by

s ′(1)
11 =

(
1 − ν2

A

ET

EA

)
1

EA
(B.16)

s ′(1)
12 = s ′(1)

21 = −(1 + νT )
νA

EA
(B.17)

s ′(1)
22 = (1 − ν2

T )

ET
(B.18)

s ′(1)
44 = 2(1 + νT )

ET
(B.19)

s ′(1)
55 = s ′(1)

66 = 1

GA
. (B.20)

All other compliance coefficients are zero.

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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Regarding the eigenvalues of the compatibility equations p j ( j = 1.2.3), it may
be observed that �3(p) ≡ 0 in Eq. (B.8), and solution of Eq. (B.10) leads to

p(1)
j = iβ(1)

j j = 1, 2, 3 (B.21)

where β(1)
j are three positive real quantities. They are given by

β(1)
1,2 =

⎡
⎣ (2s ′(1)

12 + s ′(1)
66 ) ∓

√
(2s ′(1)

12 + s ′(1)
66 )2 − 4s ′(1)

11 s ′(1)
22

2s ′(1)
11

⎤
⎦

1/2

(B.22)

β(1)
3 =

√√√√ s ′(1)
44

s ′(1)
55

. (B.23)

For the upper material k = 1, the matrix A1 in Eq. (B.1) is given by

A1 = −

⎡
⎢⎢⎢⎢⎢⎢⎣

k
(1)

1

(
s ′(1)
11 β

(1)

1
2 − s ′(1)

12

)
k

(1)

2

(
s ′(1)
11 β

(1)

2
2 − s ′(1)

12

)
0

ik
(1)

1

β
(1)

1

(
s ′(1)
22 − s ′(1)

12 β
(1)

1

2) ik
(1)

2

β
(1)

2

(
s ′(1)
22 − s ′(1)

12 β
(1)

2

2)
0

0 0 − ik
(1)

3 s ′(1)
44

β
(1)

3

⎤
⎥⎥⎥⎥⎥⎥⎦

, (B.24)

where k(1)
j , j = 1, 2, 3, are normalization factors for the upper material which are

not necessary in the calculations.
The matrix B1 from Eq. (B.11) is given by

B1 =
⎡
⎣−ik(1)

1 β(1)
1 −ik(1)

2 β(1)
2 0

k(1)
1 k(1)

2 0
0 0 −k(1)

3

⎤
⎦ ; (B.25)

whereas, its inverse from Eq. (B.12) is given by

B−1
1 = 1

β(1)
2 − β(1)

1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

− i

k(1)
1

β(1)
2

k(1)
1

0

i

k(1)
2

−β(1)
1

k(1)
2

0

0 0 −β(1)
2 − β(1)

1

k(1)
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (B.26)

For the lower material, the axial direction coincides with the x3-direction. The
mechanical properties EA, ET ,GA,GT , νA and νT are taken to be the same as for the
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upper material; but they are in different coordinate directions. It turns out that this
material is mathematically degenerate. It has three identical complex eigenvalues
p(2)
j = i where the subscript j = 1, 2, 3, so that

β(2)
1 = β(2)

2 = β(2)
3 = 1 . (B.27)

To determine the stress and displacement fields, matrices alternative to A2 and B2

are required; these are A′
2 and B′

2. Since

AB−1 = A′B′−1 , (B.28)

it is possible to calculate ε with the aid of Eq. (5.6). On the other hand, one may
determine A2B−1

2 without calculating the individual matrices (see [5], p. 173).
Nonetheless, the primed matrices are presented. To obtain them, an orthogonal-

ization procedure was employed; for details see [5], pp. 489–492 and [6]. They are
found to be

A′
2 =

⎡
⎢⎢⎣

k(2)
1

(
s ′(2)
11 − s ′(2)

12

)
−ik(2)

1 κ
(
s ′(2)
11 − s ′(2)

12

)
0

ik(2)
1

(
s ′(2)
11 − s ′(2)

12

)
−k(2)

1 κ
(
s ′(2)
11 − s ′(2)

12

)
0

0 0 ik(2)
3 s ′(2)

44

⎤
⎥⎥⎦ , (B.29)

B′
2 =

⎡
⎣ ik

(2)

1
1
2k

(2)

1 0
−k

(2)

1 − 1
2 ik

(2)

1 0
0 0 −k

(2)

3

⎤
⎦ , (B.30)

and

B′
2
−1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−i

2k
(2)

1

−1

2k
(2)

1

0

1

k
(2)

1

i

k
(2)

1

0

0 0
−1

k
(2)

3

⎤
⎥⎥⎥⎥⎥⎥⎦

. (B.31)

The reduced compliance components are given as

s ′(2)
11 = s ′(2)

22 = 1

ET

(
1 − ν2

A

ET

EA

)

s ′(2)
12 = − 1

ET

(
νT + ν2

A

ET

EA

)

s ′(2)
44 = s ′(2)

55 = 1

GA

s ′(2)
66 = 2 (1 + νT )

ET

(B.32)

http://dx.doi.org/10.1007/978-3-319-60327-8_5
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and

κ = 3s ′(2)
11 + s ′(2)

12

s ′(2)
66

. (B.33)

Recall that s ′(2)
66 = 2(s ′(2)

11 − s ′(2)
12 ). The normalization factors k(2)

1 and k(2)
3 are again

unnecessary for determining both β in Eq. (5.2) and the stress and displacement
fields.

For bothmaterials, using Eqs. (B.24), (B.26), (B.29) and (B.31), as well as (B.27),
one may write

− AkB−1
k =

⎡
⎢⎢⎢⎢⎣

is ′(k)
11

(
β

(k)

1 + β
(k)

2

)
−

(√
s ′(k)
11 s

′(k)
22 + s ′(k)

12

)
0(√

s ′(k)
11 s

′(k)
22 + s ′(k)

12

)
i
√
s ′(k)
11 s

′(k)
22

(
β

(k)

1 + β
(k)

2

)
0

0 0 is ′(k)
55 β

(k)

3

⎤
⎥⎥⎥⎥⎦ (B.34)

where k = 1, 2 represents the upper and lower materials, respectively. Equa-
tion (B.34) is in a unified form for both materials.

The matrices A′
2, B

′
2 and B′

2
−1 may be written in a different form as in [1]. But

the expression for AkB−1
k in Eq. (B.34) remains the same as in [1] for both the upper

and lower materials although in a different form.
From Eq. (B.34), it is possible by means of Eq. (5.6) to obtain

L−1
k =

⎡
⎢⎢⎣
s ′(k)
11

(
β

(k)

1 + β
(k)

2

)
0 0

0
√
s ′(k)
11 s

′(k)
22

(
β

(k)

1 + β
(k)

2

)
0

0 0 s ′(k)
55 β

(k)

3

⎤
⎥⎥⎦ . (B.35)

Recall that L−1
k is real. Substituting Eq. (B.35) into (5.4) leads to

D =

⎡
⎢⎢⎢⎢⎢⎢⎣

2∑
k=1

s ′(k)
11

(
β

(k)

1 + β
(k)

2

)
0 0

0
2∑

k=1

√
s ′(k)
11 s

′(k)
22

(
β

(k)

1 + β
(k)

2

)
0

0 0
2∑

k=1
s ′(k)
55 β

(k)

3

⎤
⎥⎥⎥⎥⎥⎥⎦

. (B.36)

The individual components of D may be found as

D11 =
(
1 − ν2

A

ET

EA

)[
β(1)
1 + β(1)

2

EA
+ 2

ET

]
(B.37)

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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D22 =
(
1 − ν2

A

ET

EA

)[
β(1)
1 β(1)

2 (β(1)
1 + β(1)

2 )

EA
+ 2

ET

]
(B.38)

D33 = 1

GA

(
1 + β(1)

3

)
. (B.39)

Since the matrix D is positive definite [5] (p. 344), it may be shown that

D11, D22, D33 > 0 . (B.40)

These expressions differ in appearance from those in [1]; but are equivalent.
Recalling that Sk is real, from Eqs. (5.6) and (B.34), it is possible to write

SkL−1
k =

⎡
⎢⎢⎢⎢⎣

0 −
(√

s ′(k)
11 s

′(k)
22 + s ′(k)

12

)
0(√

s ′(k)
11 s

′(k)
22 + s ′(k)

12

)
0

0 0 0

⎤
⎥⎥⎥⎥⎦ . (B.41)

Substituting Eq. (B.41) into (5.5) leads to

W =
⎡
⎣ 0 W12 0

−W12 0 0
0 0 0

⎤
⎦ (B.42)

where

W12 = (1 + νT )
νA

EA
+ 1

ET

(
1 − νT − 2ν2

A

ET

EA

)
− 1

β(1)
1 β(1)

2

(1 − ν2
T )

ET
. (B.43)

For the effective mechanical properties of the carbon/epoxy composite considered
in [1], W12 > 0.

From Eqs. (5.2)–(5.5), it is possible to show that

β = W12√
D11D22

(B.44)

which is substituted into Eq. (5.1) to obtain the oscillatory parameter ε.

B.2 The +45◦/ − 45◦ Pair

In this section, the matrices Ak , Bk and B−1
k which appear in Eq. (5.6) are presented

for the +45◦// − 45◦ interface. Each of the materials is transversely isotropic with

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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respect to thematerial coordinates.With respect to the delamination front coordinates
in Fig. 2.1, the materials are monoclinic with x2 = 0 a symmetry plane [3].

In general, there are thirteen independent compliance components. For thesemate-
rial directions there are only nine independent properties, although the compliance
matrix has the form of a monoclinic material. To obtain the compliance components,
the matrix in Eq. (B.14) is rotated by 45◦ about the x2-axis. To this end, the transpose
of the inverse rotation matrix is given by [5] (pp. 54–56)

(
K−1

)T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m2 0 n2 0 mn 0

0 1 0 0 0 0

n2 0 m2 0 −mn 0

0 0 0 m 0 −n

−2mn 0 2mn 0 m2 − n2 0

0 0 0 n 0 m

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(B.45)

where T denotes transpose

m = cos θ (B.46)

n = sin θ . (B.47)

The compliance matrix may be rotated as

s∗ = (
K−1)T s K−1 . (B.48)

Using Eq. (B.48) with θ = 45◦ leads to the compliance coefficients for the upper
material as

s(1)
11 = s(1)

33 = 1 − 2νA

4EA
+ 1

4ET
+ 1

4GA
(B.49)

s(1)
12 = s(1)

23 = −1

2

(
νA

EA
+ νT

ET

)
(B.50)

s(1)
13 = 1 − 2νA

4EA
+ 1

4ET
− 1

4GA
(B.51)

s(1)
15 = s(1)

35 = −1

2

(
1

EA
− 1

ET

)
(B.52)

s(1)
22 = 1

ET
(B.53)

s(1)
25 = νA

EA
− νT

ET
(B.54)

s(1)
44 = s(1)

66 = 1

2

(
1

GT
+ 1

GA

)
(B.55)

http://dx.doi.org/10.1007/978-3-319-60327-8_2
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s(1)
46 = 1

2

(
1

GT
− 1

GA

)
(B.56)

s(1)
55 = 1 + 2νA

EA
+ 1

ET
(B.57)

Of course, the matrix sαβ is symmetric and s14 = s16 = s24 = s26 = s34 = s36 =
s45 = s56 = 0. For the lower material, the compliance matrix in Eq. (B.14) is rotated
by −45◦ about the x2-axis. The compliance matrix is the same as that of the upper
material except that

s(2)
15 = −s(1)

15 (B.58)

s(2)
25 = −s(1)

25 (B.59)

s(2)
35 = −s(1)

35 (B.60)

s(2)
46 = −s(1)

46 (B.61)

Next, the matrices Ak , Bk and B−1
k are presented with omission of the normaliza-

tion factors since they do not appear in the final results. For both materials, using
Eq. (B.1)

A11 = β2
1

[
s ′2
15Q(β1) − s ′

11

] + s ′
12 (B.62)

A12 = β2
2

[
s ′2
15Q(β2) − s ′

11

] + s ′
12 (B.63)

A13 = i

s ′
15Q(β3)

[
s ′
12

β3
− β3s

′
11

]
+ iβ3s

′
15 (B.64)

A21 = iβ1

[
s ′
12 − s ′

22

β2
1

− s ′
15s

′
25Q(β1)

]
(B.65)

A22 = iβ2

[
s ′
12 − s ′

22

β2
2

− s ′
15s

′
25Q(β2)

]
(B.66)

A23 = − s ′
12

s ′
15Q(β3)

+ s ′
22

s ′
15β

2
3Q(β3)

+ s ′
25 (B.67)

A31 = −s ′
46 + s ′

15s
′
44Q(β1) (B.68)

A32 = −s ′
46 + s ′

15s
′
44Q(β2) (B.69)

A33 = i

β3

[
s ′
44 − s ′

46

s ′
15Q(β3)

]
(B.70)

where the reduced compliance coefficients are found from Eqs. (B.4) and (B.49)–
(B.61). The material eigenvalues for both materials are the same and in the form

p1 = iβ1 , p2 = iβ2 , p3 = iβ3 (B.71)
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where β j is real and positive. They are found from the sextic equation, Eq. (B.10),
where, here,

�2 = s ′
55 p

2 + s ′
44 (B.72)

�3 = s ′
15 p

3 + (s ′
25 + s ′

46)p (B.73)

�4 = s ′
11 p

4 + (2s ′
12 + s ′

66)p
2 + s ′

22 . (B.74)

Equation (B.10) is a cubic equation in p2. In Eqs. (B.62)–(B.70),

Q(β j ) =
β2
j − s ′

25 + s ′
46

s ′
15

s ′
55β

2
j − s ′

44

. (B.75)

It may be noted that Q has units of inverse compliance.
As a result of the Eqs. (B.58)–(B.61),

s ′(2)
15 = −s ′(1)

15 (B.76)

s ′(2)
25 = −s ′(1)

25 (B.77)

s ′(2)
46 = −s ′(1)

46 . (B.78)

Equations (B.76)–(B.78) are obtained by means of Eq. (B.4). The remainder of the
reduced compliance coefficients for the upper and lower materials are identical.
Moreover, Q(β j ) is the same for the upper and lower materials. In addition,

A(2)
13 = −A(1)

13 (B.79)

A(2)
23 = −A(1)

23 (B.80)

A(2)
31 = −A(1)

31 (B.81)

A(2)
32 = −A(1)

32 (B.82)

where the superscripts (1) and (2), denote the upper and lowermaterials, respectively.
Other components of A2 are identical to those of A1.

The components of the matrix Bk for both materials are found from Eq. (B.11) as

B11 = −iβ1 (B.83)

B12 = −iβ2 (B.84)

B13 = 1

s ′
15Q(β3)

(B.85)

B21 = 1 (B.86)

B22 = 1 (B.87)

B23 = i

s ′
15β3Q(β3)

(B.88)
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B31 = is ′
15β1Q(β1) (B.89)

B32 = is ′
15β2Q(β2) (B.90)

B33 = −1 . (B.91)

It may be noted that

B(2)
13 = −B(1)

13 (B.92)

B(2)
23 = −B(1)

23 (B.93)

B(2)
31 = −B(1)

31 (B.94)

B(2)
32 = −B(1)

32 . (B.95)

The components of the matrix B−1
k are found from Eq. (B.12) as

B−1
11 = 1

Δ1

[
β2Q(β2)

β3Q(β3)
− 1

]
(B.96)

B−1
12 = iβ2

Δ1

[
Q(β2)

Q(β3)
− 1

]
(B.97)

B−1
13 = 1

Δ1

[
β2 − β3

s ′
15β3Q(β3)

]
(B.98)

B−1
21 = 1

Δ1

[
1 − β1Q(β1)

β3Q(β3)

]
(B.99)

B−1
22 = iβ1

Δ1

[
1 − Q(β1)

Q(β3)

]
(B.100)

B−1
23 = 1

Δ1

[
β3 − β1

s ′
15β3Q(β3)

]
(B.101)

B−1
31 = is ′

15

Δ1

[
β2Q(β2) − β1Q(β1)

]
(B.102)

B−1
32 = s ′

15β1β2

Δ1

[
Q(β1) − Q(β2)

]
(B.103)

B−1
33 = i

Δ1

(
β2 − β1

)
(B.104)

where

B(2)
13

−1 = −B(2)
13

−1 (B.105)

B(2)
23

−1 = −B(2)
23

−1 (B.106)

B(2)
31

−1 = −B(2)
31

−1 (B.107)

B(2)
32

−1 = −B(2)
32

−1 (B.108)
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and

Δ1 = i
(
β1 − β2

) + iβ1β2
[
Q(β1) − Q(β2)

] − iβ3
[
β1Q(β1) − β2Q(β2)

]
β3Q(β3)

.

(B.109)

For the upper and lower materials, the 3 × 3 matrices −AkB−1
k may be found

from the expressions in Eqs. (B.62)–(B.70), (B.79)–(B.82), and (B.96)–(B.108). By
means of Eq. (5.6), it is possible to determine SkL−1

k and L−1
k . From Eqs. (5.4) and

(5.5), the two matrices D and W are found. The matrix D is given by

D =

⎡
⎢⎢⎣
D11 0 0

0 D22 0

0 0 D33

⎤
⎥⎥⎦ (B.110)

where

D11 = 2s ′
11

Δ

{
β1 + β2 + β1β2

β3(β1 + β2)

[
β2Q(β1) − β1Q(β2)

Q(β3)

]

− β3

β1 − β2

[
β1Q(β1) − β2Q(β2)

Q(β3)

]}

+2s ′2
15

Δ

{
β2
2Q(β2) − β2

1Q(β1)

β1 − β2
+ β1β2

β3

Q(β1)Q(β2)

Q(β3)

+ β3

β1 − β2

[
β1Q(β1) − β2Q(β2)

]}
(B.111)

D22 = 2s ′
22

Δ

{
β1 + β2

β1β2
+ β1β2

β2
3(β1 − β2)

[
Q(β1) − Q(β2)

Q(β3)

]

− 1

β1β2(β1 − β2)

[
β2
1Q(β1) − β2

2Q(β2)

Q(β3)

]}
(B.112)

D33 = 2s ′
44

Δ

{
1

β3(β1 − β2)

[
β2Q(β1) − β1Q(β2)

Q(β3)

]

− 1

β1 − β2

[
Q(β1) − Q(β2)

Q(β3)

]
+ 1

β3

}
(B.113)

and

Δ = 1 + 1

β3(β1 − β2)Q(β3)

{
β1β2

[
Q(β1) − Q(β2)

]

−β3
[
β1Q(β1) − β2Q(β2)

]}
. (B.114)

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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The matrix W is given by

W =
⎡
⎣0 0 0
0 0 W23

0 −W23 0

⎤
⎦ (B.115)

where

W23 = 2s ′(1)
25 − 2s ′

22

s ′(1)
15 Δ

1

β3Q(β3)

{
β1 + β2 − β3

β1β2
− 1

β3

}
. (B.116)

From Eqs. (5.2)–(5.5), it is possible to show that

β = |W23|√
D22D33

(B.117)

which is substituted into Eq. (5.1) to obtain the oscillatory parameter ε.

B.3 The +30◦/ − 60◦ Pair and the −30◦/ + 60◦ Pair

In this section, the matrices Ak , Bk and B−1
k which appear in Eq. (5.6) are presented

for the +30◦//− 60◦ and −30◦//+ 60◦ interfaces. As with the +45◦//− 45◦ inter-
face, each of the materials described in this section is transversely isotropic with
respect to the material coordinates with the compliance matrix given in Eq. (B.14).
With respect to the delamination front coordinates given in Fig. 2.1, the materials are
monoclinic with x2 = 0 a symmetry plane. For each material, there are 13 indepen-
dent compliance coefficients. For the material with fibers in the +30◦-direction, the
matrix in Eq. (B.14) is rotated by +30◦ clockwise about the x2-axis. Using θ = 30◦
in Eqs. (B.45) and (B.48) leads to

s(1)
11 = 1

16

[
3(3 − 2νA)

EA
+ 1

ET
+ 3

GA

]
(B.118)

s(1)
12 = −1

4

(
3νA

EA
+ νT

ET

)
(B.119)

s(1)
13 = 1

16

[
3 − 10νA

EA
+ 3

ET
− 3

GA

]
(B.120)

s(1)
15 = −

√
3

8

[
3 + 2νA

EA
− 1

ET
− 1

GA

]
(B.121)

s(1)
22 = 1

ET
(B.122)

s(1)
23 = −1

4

(
νA

EA
+ 3νT

ET

)
(B.123)

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_2
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s(1)
25 =

√
3

2

(
νA

EA
− νT

ET

)
(B.124)

s(1)
33 = 1

16

[
1 − 6νA

EA
+ 3

(
3

ET
+ 1

GA

)]
(B.125)

s(1)
35 = −

√
3

8

[
1 − 2νA

EA
− 3

ET
+ 1

GA

]
(B.126)

s(1)
44 = 1

4

(
3

GT
+ 1

GA

)
(B.127)

s(1)
46 =

√
3

4

(
1

GT
− 1

GA

)
(B.128)

s(1)
55 = 3

4

[
1 + 2νA

EA
+ 1

ET
+ 1

3GA

]
(B.129)

s(1)
66 = 1

4

(
1

GT
+ 3

GA

)
(B.130)

Of course, the matrix s(1)
αβ is symmetric and s(1)

14 = s(1)
16 = s(1)

24 = s(1)
26 = s(1)

34 = s(1)
36 =

s(1)
45 = s(1)

56 = 0.
For the lower material with fibers in the −60◦-direction, the compliance matrix

in Eq. (B.14) requires rotation by −60◦ with respect to the x1-axis. Making use
of Eqs. (B.45) and (B.48), the compliance matrices were obtained for θ = −60◦,
θ = −30◦ and θ = 60◦.

In order to determine the eigenvalues of the material, Eq. (B.10) is solved with
�2(p), �3(p) and �4(p) given in Eqs. (B.72), (B.73) and (B.74), respectively. The
reduced compliance coefficients may be found by means of Eq. (B.4). For the carbon
fiber reinforced material AS4-3502 used in [4], the eigenvalues take the form given
in Eq. (B.71) for all materials in this section. In fact, the eigenvalues are the same for
the material with fibers in either the +θ or −θ directions. The mechanical properties
of this material are given in Table7.1.

The complex 3 × 3 matrix A is given in Eq. (B.1) where Eqs. (B.2)–(B.3) have
been replaced by

ξα(pβ) = p2βs
′
α1 + s ′

α2 + λβ pβs
′
α5 (B.131)

ξ4(pβ) = −pβs
′
46 − λβs

′
44 (B.132)

ηα(p3) = λ3(p
2
3s

′
α1 + s ′

α2) + p3s
′
α5 (B.133)

η4(p3) = −λ3 p3s
′
46 − s ′

44 (B.134)

for α,β = 1, 2 and the parameters λ j ( j = 1, 2, 3) are given in Eqs. (B.5) and (B.6).
The functions �i , i = 2, 3, 4, are given in Eqs. (B.72)–(B.74). The normalization
factors k1, k2 and k3 are not required in the calculations. For each fiber direction, the
matrix A in Eq. (B.1) is obtained by substitution of the various parameters found for

http://dx.doi.org/10.1007/978-3-319-60327-8_7
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that material direction. The matrix B for each fiber direction is given in Eq. (B.11)
and its inverse is given in Eq. (B.12).

For the upper and lower materials of each interface, the 3 × 3 matrices −AkB−1
k

may be found by multiplying the two matrices Eqs. (B.1) and (B.12). By means of
Eq. (5.6), it is possible to determine SkL−1

k and L−1
k . From Eqs. (5.4) and (5.5), the

two matrices D and W are found. The matrix D is given by

D =

⎡
⎢⎢⎣
D11 0 D13

0 D22 0

D13 0 D33

⎤
⎥⎥⎦ (B.135)

and its inverse is

D−1 = 1

Q

⎡
⎢⎢⎢⎣

D33 0 −D13

0
Q

D22
0

−D13 0 D11

⎤
⎥⎥⎥⎦ (B.136)

where
Q = D11D33 − D2

13 . (B.137)

Since D−1 is positive definite, Q > 0. The matrix W is given by

W =

⎡
⎢⎢⎣

0 W12 0

−W12 0 W23

0 −W23 0

⎤
⎥⎥⎦ . (B.138)

The matrix S̆ is obtained by means of Eq. (5.3), and given as

S̆ = 1

Q

⎡
⎢⎢⎢⎣

0 D33W12 + D13W23 0

−QW12

D22
0

QW23

D22

0 −(D13W12 + D11W23) 0

⎤
⎥⎥⎥⎦ . (B.139)

The parameter β may be calculated by substituting Eq. (B.139) into (5.2) to obtain

β =
{
D11W 2

23 + 2D13W12W23 + D33W 2
12

D22
(
D11D33 − D2

13

)
} 1

2

. (B.140)

In Eq. (B.140), it may be seen that the quantity within the curly brackets is real [5]
(pp. 179–180, 282–283, 344). A real value for β is obtained when the numerator and

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
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denominator are of the same sign. Since β is real and the denominator is positive,
the numerator must be positive as well, namely

D11W
2
23 + 2D13W12W23 + D33W

2
12 > 0 . (B.141)

The value of β is substituted into Eq. (5.1) to obtain the oscillatory parameter ε.

B.4 Multi-directional Woven Material

In this section, a multi-directional (MD) composite consisting of plies of a plain,
balanced weave are considered. The upper ply has fibers in the 0◦ and 90◦-directions.
The lower ply is obtained by rotating the ply about the x2-axis by 45◦ so that it has
fibers in the +45◦ and −45◦-directions. For the upper material with k = 1 (see
Fig. 2.1), the compliance matrix is given by

s
(1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

E11

−ν12

E11

−ν13

E11
0 0 0

1

E22

−ν12

E11
0 0 0

1

E11
0 0 0

1

G12
0 0

sym
1

G13
0

1

G12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (B.142)

The compliance matrix for the lower material may be found by rotating that in
Eq. (B.142) by 45◦ about the x2-axis using Eqs. (B.45) and (B.48). The components
are given by

s(2)
11 = s(2)

33 = 1 − ν13

2E11
+ 1

4G13
(B.143)

s(2)
12 = s(2)

23 = − ν12

E11
(B.144)

s(2)
13 = 1 − ν13

2E11
− 1

4G13
(B.145)

s(2)
22 = 1

E22
(B.146)

s(2)
44 = s(2)

66 = 1

G12
(B.147)

http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_2


Appendix B: Matrices Ak , Bk and B−1
k for Different Anisotropic … 109

s(2)
55 = 2(1 + ν13)

E11
(B.148)

Of course, the matrix s(2)
αβ is symmetric with the same zero entries as in Eq. (B.142).

It may be observed that this material is also tetragonal.
The material eigenvalues may be found from Eq. (B.10) where

�2 = s ′
55 p

2 + s ′
44 (B.149)

�3 = 0 (B.150)

�4 = s ′
11 p

4 + (2s ′
12 + s ′

66)p
2 + s ′

22 (B.151)

and s ′
αβ are the reduced compliance coefficients in Eq. (B.4) for each material. So

that p j are given in Eq. (B.21) for the specific material studied in [2] and described
in Sects. 5.4 and 7.2. The expressions for β j for both upper and lower materials take
the form given in Eqs. (B.22) and (B.23).

MatricesAk , Bk and B−1
k may be found in Eqs. (B.24), (B.25) and (B.26) for both

materials. Then AkB−1
k is given in Eq. (B.34). The components of the matrices D

and W may be obtained from Eqs. (B.36) and (B.42), respectively. For the material
studied here,W12 > 0. The expression for β is given in Eq. (B.44) and the oscillatory
parameter ε may be calculated from Eq. (5.1).
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Appendix C
Stress and Displacement Functions for the First
Term of the Asymptotic Expansion of an
Interface Crack Between Two Anisotropic
Materials

The stress and displacement functions for the first termof the asymptotic expansion of
an interface crack between two linear elastic, homogeneous and anisotropicmaterials
are presented here. For the upper material (k = 1), it may be shown that

u(1) = i

2

{
−e−iδπA1

〈
z(1) δ+1∗

〉
B−1
1 + eiδπA1

〈
z(1) δ+1∗

〉
B

−1
1

}
g (C.1)

φ(1) = i

2

{
−e−iδπB1

〈
z(1) δ+1∗

〉
B−1
1 + eiδπB1

〈
z(1) δ+1∗

〉
B

−1
1

}
g (C.2)

where δ is an unknown eigenvalue and related to the power of the singularities and
A1, B1 and B−1

1 are given in Eqs. (B.1), (B.11) and (B.12) for a general anisotropic
material. The diagonal matrix in Eqs. (C.1) and (C.2) is given by

〈
z(1)
∗

〉 = diag
[
z(1)
1 , z(1)

2 , z(1)
3

]
, (C.3)

where
z(1)
j = x1 + p(1)

j x2 (C.4)

and p(1)
j are the eigenvalues of the compatibility equations of the upper material. The

bar over a quantity represents its complex conjugate and g is an arbitrary, complex
valued unknown vector.

For the lower material (k = 2), it may be shown that

u(2) = i

2

{
eiδπA2

〈
z(2) δ+1∗

〉
B−1
2 − e−iδπA2

〈
z(2) δ+1∗

〉
B

−1
2

}
h (C.5)

φ(2) = i

2

{
eiδπB2

〈
z(2) δ+1∗

〉
B−1
2 − e−iδπB2

〈
z(2) δ+1∗

〉
B

−1
2

}
h (C.6)

where A2, B2 and B−1
2 are given in Eqs. (B.1), (B.11) and (B.12) for a general

anisotropic material and h is an arbitrary, complex valued unknown vector. The
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L. Banks-Sills, Interface Fracture and Delaminations in Composite Materials,
SpringerBriefs in Structural Mechanics, DOI 10.1007/978-3-319-60327-8
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expressions in Eqs. (C.1), (C.2), (C.5), and (C.6) were obtained from expressions
given in [3] (p. 341) and by enforcing zero traction on the crack faces.

The two materials are assumed to be perfectly bonded along the interface, so that
for θ = 0 (see Fig. 2.1) traction and displacement continuity are required. Hence,

φ(1)
∣∣
θ=0 = φ(2)

∣∣
θ=0 (C.7)

u(1)
∣∣
θ=0 = u(2)

∣∣
θ=0 . (C.8)

The relation in Eq. (C.7) is obtained using Eq. (5.8). Continuity of traction leads to
the relation

g = h ≡ d . (C.9)

The relations in Eqs. (C.1), (C.2), (C.5), and (C.6) are rewritten with d replacing g
and h.

Continuity of displacements along the interface provides an equation for deter-
mining the singularity δ given by

{
S̆ − cot δπI

}
d = 0 . (C.10)

In Eq. (C.10), I is the 3×3 unitmatrix and S̆ is given in Eq. (5.3). Equation (C.10) is an
eigenvalue equation for S̆, where cot δπ and d are the eigenvalues and eigenvectors,
respectively. A non-trivial solution is obtained when

det
[
S̆ − cot δπI

]
= 0 (C.11)

which yields three eigenvalues of the form cot δπ = 0 and cot δπ = ±iβ, where β
is given in Eq. (5.2). Extracting δ from the eigenvalues yields

δ1,2 = − 1
2±iε, δ3 = − 1

2 (C.12)

where ε is real, depends uponmechanical properties of the twomaterials and is given
in Eq. (5.1).

The asymptotic stress and displacement fields are obtained by substituting the
values of δ obtained in Eq. (C.12) into (C.1), (C.2), (C.5), and (C.6) and superposing
the three solutions. For the upper material and the oscillatory, square-root singularity

u(1) = � [
eεπA1

〈
z(1) 1/2+iε
∗

〉
B−1
1 d + e−επA1

〈
z(1) 1/2−iε
∗

〉
B−1
1 d̄

]
(C.13)

φ(1) = � [
eεπB1

〈
z(1) 1/2+iε
∗

〉
B−1
1 d + e−επB1

〈
z(1) 1/2−iε
∗

〉
B−1
1 d̄

]
. (C.14)

For the lower material,

http://dx.doi.org/10.1007/978-3-319-60327-8_2
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5
http://dx.doi.org/10.1007/978-3-319-60327-8_5


Appendix C: Stress and Displacement Functions for the First Term … 113

u(2) = � [
e−επA2

〈
z(2) 1/2+iε
∗

〉
B−1
2 d + eεπA2

〈
z(2) 1/2−iε
∗

〉
B−1
2 d̄

]
(C.15)

φ(2) = � [
e−επB2

〈
z(2) 1/2+iε
∗

〉
B−1
2 d + eεπB2

〈
z(2) 1/2−iε
∗

〉
B−1
2 d̄

]
. (C.16)

For the square-root singularity and the upper material

u(1) = �
[
A1

〈
z

1
2∗
〉
B−1
1

]
d∗ (C.17)

φ(1) = �
[
B1

〈
z

1
2∗
〉
B−1
1

]
d∗ ; (C.18)

for the lower material,

u(2) = �
[
A2

〈
z

1
2∗
〉
B−1
2

]
d∗ (C.19)

φ(2) = �
[
B2

〈
z

1
2∗
〉
B−1
2

]
d∗ ; (C.20)

where d∗ is an arbitrary, real vector.
In particular, the case when the fibers in the upper material are in the 0◦-direction

and those in the lower material are in the 90◦-direction is considered.
For the upper material, the displacement and the stress function vectors associated

with the oscillatory, square-root singularity are given in Eqs. (C.13) and (C.14). The
oscillatory parameter ε is given in Eq. (5.1), β in Eq. (B.44), the matrices A1, B1

and B−1
1 are given in Eqs. (B.24), (B.25) and (B.26), respectively, and d is a 3 × 1

complex vector to be found. The lower material is mathematically degenerate. For
this material, a special procedure is required [1, 3] which yields

u(2) = �
[
e−επA′

2F(z(2))B′
2
−1d + eεπA′

2F̄(z(2))B′
2
−1d̄

]
(C.21)

φ(2) = �
[
e−επB′

2F(z(2))B′
2
−1d + eεπB′

2F̄(z(2))B′
2
−1d̄

]
. (C.22)

In Eqs. (C.21) and (C.22), the matrix F(z) is given by

F(z) =
⎡
⎣ f (z) x2 f ′(z) 0

0 f (z) 0
0 0 f (z)

⎤
⎦ , (C.23)

f (z) = z1/2+iε (C.24)

and ()′ represents differentiation with respect to z. For a transversely isotropic mate-
rial with the axial direction coinciding with the x3-axis, p j = i ; hence,

z(2) = z = x1 + i x2 . (C.25)

http://dx.doi.org/10.1007/978-3-319-60327-8_5
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For the oscillatory, square-root singular part of the solution, the complex vector
d is determined from Eq. (C.10) and is found to be

dT =
[
i
√
D22/D11, 1, 0

]
d2 . (C.26)

The complex vector d is arbitrary andwaswritten differently in [1] (see Sect. 5.5 for a
further discussion). Once chosen, the complex scalar d2 is determined and presented
in Eq. (5.14)1. For the square-root part of the solution, in a similar manner, with the
real vector d denoted as d∗

d∗T = [0, 0, 1] d3 . (C.27)

The real constant d3 is presented in Eq. (5.14)2.
For material (1), the upper material, the in-plane stress functions in Eq. (2.1) are

found by differentiation of the stress function vector in Eq. (C.14) by the in-plane
coordinates x1 and x2 and substituted into Eqs. (5.7) and (5.8) to obtain
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(C.28)

For the lower material, material (2), use is made of Eq. (C.22) to obtain
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In Eqs. (C.28) and (C.29),
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where D11 and D22 are elements of the matrix D given explicitly in Eqs. (B.37) and
(B.38) and for s = 1, 2, 3,
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where k = 1, 2 represents the upper and lower materials, respectively. Recall that
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and β(1)
s are given in Eqs. (B.22) and (B.23). For s, t = 1, 2,
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whereκdepends upon themechanical properties and is given inEq. (B.33).Moreover,
the out-of-plane stress functions in Eq. (2.5) may be written as
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The stress functions are non-dimensional.
In Eqs. (2.6), the functions kU (1)

α (θ) and kU (2)
α (θ), (k = 1, 2), provide the in-

plane displacement components. These functions are obtained from Eqs. (C.13) and
(C.21). They depend upon θ and the mechanical properties of both materials. It may
be noted that the displacement functions have units of L2/F where L is a length unit
and F is force. The in-plane displacement functions for the upper material k = 1 are
given by
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1 Ñst 1Qs+2βs

(1)−1
(
D̃ + 1N

∗
stβ

∗(1)

s

)
. (C.37)

For the lower material, k = 2, the displacement functions are given as
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Finally, the out-of-plane displacement functions in Eq. (2.7),
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