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Abstract

The seismic response of piles in liquefiable ground is an important and challenging
topic in the field of geotechnical earthquake engineering. Through a combination of
case analysis, centrifuge shaking table experiments and numerical simulations, the
seismic response patterns of single piles in liquefiable ground are revealed, and the
axial pile force and settlement during post-earthquake reconsolidation is studied.
A complete set of numerical method for the analysis of single piles in liquefiable
soils is established, consisting of constitutive formulations, numerical algorithms
and modelling techniques. The main achievements are as follows:

1. A three-dimensional unified plasticity model for large post-liquefaction shear
deformation of sand is formulated and implemented for finite element analysis,
based on which a three-dimensional dynamic finite element analysis method for
piles in liquefiable ground is developed. The constitutive model is able to
achieve a unified description of the behaviour of sand at different states under
monotonic and cyclic loading during both pre- and post-liquefaction regimes.
Appropriate stress integration algorithm, three-dimensional stress projection
algorithm and parallel computation techniques are applied in the OpenSees
implementation of the model. The potential of the model and its numerical
implementation are explored via simulations of classical element and centrifuge
experiments. The finite element analysis method is validated against centrifuge
shaking table experiments.

2. Methods for the analysis of consolidation and reconsolidation-induced pile axial
force and settlement with a consideration for consolidation process are pro-
posed. A beam on nonlinear Winkler foundation (BNWF) solution and a
modified neutral plane solution are developed and validated against centrifuge
experiments for piles in consolidating and reconsolidating ground.

3. The seismic response of single piles in liquefiable ground is studied, including
basic force-resistance mode, kinematic and inertial interaction coupling mech-
anism and major influence factors. The roles of kinematic and inertial effects
could differ due to the difference in rotational constraint at the pile head.
Moment caused by kinematic and inertial interaction is opposite for single piles
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with pile cap, while being of the same direction for single piles without pile
cap. The total moment caused by dynamic interaction is affected by both the
amplitude and the phasing of the two types of interactions. The dominating
forces for piles with and without caps are kinematic and inertial forces,
respectively. Pile residual moment increases with increasing lateral spreading in
sloping ground. The existence of a non-liquefiable layer over the underlying
liquefiable layer may cause the maximum moment to occur at the layer interface.

4. The axial forces and settlement of piles during post-earthquake reconsolidation
were analysed. The maximum pile axial force caused by post-earthquake
induced negative friction is irrelevant to the reconsolidation process, and is only
determined by the final state of the ground. However, pile settlement is
dependent on the soil settlement at the neutral plane during reconsolidation,
while the neutral plane position changes during the reconsolidation process.

Keywords Liquefaction � Pile foundation � Constitutive model � Seismic response
pattern � Numerical analysis method
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Chapter 1
Introduction

1.1 Background

Pile foundations are one of the most widely used types of foundations in civil
engineering, and has often been used in liquefiable grounds. Along with China’s
booming infrastructure construction, demand for piles has soared over the past few
decades in the fields of building, highway, bridge, railway, and offshore windmill
construction. It was estimated that a total of 0.3 billion meters of precast piles were
manufactured in 2009, worth more than 30 billion RMB.

Traditionally, pile foundations have been considered as an excellent choice for
ground improvement in liquefaction susceptible areas due to its advantages in
stability and displacement control. However, since the mass occurrences of pile
foundation failures in the 1964 Alaska and the 1964 Niigata earthquakes (Ross et al.
1973; Hamada 1992), damage to pile foundations in liquefiable ground have been
observed in numerous strong earthquakes, most notably including the 1968
Tokachi-Oki, 1976 Tangshan, 1978 Off-Miyagi, 1989 Loma Prieta, 1995
Hyogoken-Nanbu, 2010 Haiti, 2010 Chile, 2011 Tohoku earthquakes (e.g. Ishihara
1997; Tokimatsu et al. 1998, 2012; Stewart and Brandenberg 2010; Yen et al.
2011). Ross et al. (1973) pointed out in their report that during the 1964 Alaska
earthquake, piles in liquefiable ground almost all experienced different levels of
damage, while those in gravelly soil which did not liquefy generally performed
well. After the 1964 Niigata earthquake, Hamada (1992) investigated the permanent
soil deformation through aerial photography and photomapping, showing that many
cases of pile foundation failures were strongly related to the ground deformation
due to liquefaction.

Over the past 30 years, more and more infrastructure have been constructed in
seismically active areas. However, design and analysis methods for the seismic
response and demand of piles, especially in liquefiable ground has lagged behind
practice. Currently, design codes such as the code for seismic design of buildings
(2010), technical code for building pile foundations (2008), code for harbour pile
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engineering (1999) generally do not have enough emphasis on the seismic design of
piles, and do not take into consideration the dynamic effects of earthquake
soil-pile-structure interactions. In terms of soil-pile interaction, the technical code
for building pile foundations adopts the “m method” for calculating pile subgrade
reaction, while the code for harbour pile engineering suggests using the API (2000)
p-y methods for structures of significant importance, and the code for seismic
design of buildings simply states that the dynamic capacity of piles should be
increased by 25 % compared with the static value and that the lateral resistance and
skin friction should be reduced accordingly if liquefaction is expected. In terms of
soil-structure interaction (SSI), the code for seismic design of buildings indicates
that SSI is beneficial and thus does not need to be taken into account in design. The
technical code for building pile foundations directly superimposes the peak struc-
ture inertial with soil deformation to calculate the demand of piles. This
pseudo-static design methods generally over-simplifies the structure-pile inertial
interactions and soil-pile kinematic interactions and cannot reflect the actual
properties of the dynamic system, which could lead to over-conservative or
over-optimistic design under different conditions.

As more and more attention becomes focused on structure and geotechnical
earthquake engineering, many experiment technologies and apparatuses have been
developed around the world, for example, Japan developed the 12MN shaking table
E-Defense after the 1995 Hyogoken-Nanbu earthquake. These technologies have
allowed researchers to conduct model experiments on piles in liquefiable ground to
investigate the seismic demand and capacity of pile foundations (Boulanger et al.
1999; Dobry et al. 2003; Tokimatsu et al. 2005; Brandenberg et al. 2005). These
efforts have greatly enhanced our understanding of the seismic response of piles in
liquefiable ground, however, there is still much to be studied in this field.

Most design and analysis methods for piles in liquefiable ground adopts the
approach of decomposing the pile response into response caused by soil-pile
kinematic interaction and structure-pile inertial interaction, and evaluates each
separately. For soil-pile interaction, pseudo-static and dynamic nonlinear Winkler
foundation models (p-y) have been widely applied due to its relative simplicity. In
regards to liquefied soil, Goh and O’Rourke (1999), Rollins et al. (2005) and
Brandenberg et al. (2005) have developed different p-y models, each producing
rather different responses. As a means to provide better understanding of the
soil-pile-structure system’s seismic response, dynamic continuum based analysis
methods have attracted increasing attention, for example Finn and Fujita (2002) and
Cheng and Jeremic (2009) developed several finite element simulation methods for
piles in liquefiable ground. Since the seismic response of piles is strongly influ-
enced by the behaviour of the soil it is in, appropriate constitutive description for
the behaviour of saturated sand is essential for the analysis of piles in liquefiable
ground. The work by Zhang and Wang (2012) revealed the physics of large
post-liquefaction deformation of sand and proposed a plasticity model for the liq-
uefaction of sand, providing a key basis for numerical simulation of piles in liq-
uefiable ground.

2 1 Introduction



1.2 Case Histories of Pile Failures in Liquefiable Ground

Based on investigations of pile failure case histories, causes of pile failures in
liquefiable ground can be categorized using Fig. 1.1. Spatially, the failure modes of
piles include lateral failures (i.e. shear or bending failure) and vertical failures (i.e.
settlement and possible buckling). In the time domain, pile failure may occur during
earthquakes in pre- and post-liquefaction regimes due to dynamic lateral forces and
deformation, and due to settlement caused by loss of vertical resistance after liq-
uefaction. Failure may also occur after the earthquake motion ceases in liquefiable
ground due to lateral spreading and reconsolidation of the soil. Table 1.1 lists some
case histories related with these typical pile failure modes during past earthquakes.

1.2.1 Failure Cases Due to Lateral Effects

Many failures of piles due to lateral effects have been observed to be caused by
lateral soil-pile kinematic interaction, such as in the case of 605A Bridge, where the
superstructure was not yet constructed when the earthquake struck (Fig. 1.2);
soil-pile interaction has also been observed to be a major cause of pile failure, a
famous example of which is the failure of the Showa Bridge after the 1964 Niigata
earthquake (Figs. 1.3 and 1.4). When the structure inertia is large and the defor-
mation of the ground is relatively small, inertial interaction could become an
important cause of pile failure, such as the failure of a 3 story building in the 1995
Kobe earthquake (Fig. 1.5). In many other cases, the lateral failure of piles in
liquefiable ground is caused by the combined effects of soil-pile kinematic inter-
action and structure-pile inertial interaction, a typical case of which is the failure of
the piles of the NHK and NHFC Buildings (Fig. 1.6).
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Fig. 1.1 Causes of pile failures in liquefiable ground
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Table 1.1 Typical case histories of pile failures in liquefiable ground

Case name Earthquake
event

Failure mode Reference

605A bridge 1964 Alaska Lateral (no
superstructure)

Ross et al. (1973)

Tianjin Ocean Petroleum Institute
Factory

1976
Tangshan

Lateral (no
superstructure)

Liu et al. (2010)

Showa bridge 1964 Niigata Lateral Iwasaki (1986)

NHK building 1964 Niigata Lateral Hamada (1992)

NFCH building 1964 Niigata Lateral Hamada (1992)

Railway bridge 1995 Kobe Lateral Soga (1997)

Varreux terminal wharf 2010 Haiti Lateral Eberhard et al.
(2010)

Puerto de Coronel Muelle bridge 2010 Chile Lateral Yen et al. (2011)

LPG oil tank 1995 Kobe Lateral (no lateral
spread)

Ishihara (1997)

3 story building 1995 Kobe Lateral (no lateral
spread)

Tokimatsu et al.
(1998)

2 story building 1995 Kobe Lateral (no lateral
spread)

Liu (1999)

Yachiyo bridge 1964 Niigata Lateral, vertical
settlement

Fukuoka (1966)

Harbour master’s building 2001 Bhuj Lateral, buckling Madabhushi et al.
(2005)

Juan Pablo II bridge 2010 Chile Vertical settlement Yen et al. (2011)

Highway bridge 2010 Baja
California

Vertical settlement Stewart and
Brandenberg (2010)

14 story building 2011 Tohoku Vertical settlement Tokimatsu et al.
(2012)

Note Lateral (no superstructure) means there was no superstructure on the piles at failure, lateral
(no lateral spread) means that there was no observable lateral spreading at the site

Fig. 1.2 Failure of the pile foundation of 605A bridge (Ross et al. 1973)
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The failures of the piles of 605A Bridge in the 1964 Alaska earthquake and the
piles of the Tianjin Ocean Petroleum Institute Factory in the 1976 Tangshan
earthquake represent two interesting pile failure case histories where the super-
structure was not yet in existence at the time of the earthquake, indicating that the
pile failures were almost purely caused by soil-pile kinematic interaction. The 27 m
long piles of the 605A Bridge experienced a pile head inclination of 15° (Fig. 1.2).

Fig. 1.5 The pile foundation of the NHK building after excavation (Hamada 1992)

Fig. 1.6 Pile failure and soil characteristics of the NFCH building (Hamada 1992)
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The bridge was located on the Snow River where the ground consisted of 12–18 m
of loose sand with SPT resistance of only 5–10, beneath which lay a fine sand layer
with blow count over 30 (Ross et al. 1973). The foundation of the Tianjin Ocean
Petroleum Institute Factory mainly consisted of 26.5 m long 50 cm × 50 cm2

precast piles. The ground had 2 m of sand fill at the top, beneath which lay layers of
clay, clay, silt, etc. Large amounts of cracks were found in the piles at 4 m depth
after post-earthquake excavation (Liu et al. 2010).

A most famous case of lateral spreading induced pile failure up till now is
probably the failure of the Showa Bridge (Fig. 1.3). The Showa Bridge was
303.9 m long, and 24.0 m wide, and consisted of 12 spans. A row of nine 609 mm
diameter steel pipe piles supported the bridge between every two spans. Iwasaki
(1986) pointed out that 7–8 m of soil in the river bed liquefied during the earth-
quake, causing 1–2 m of lateral spreading towards the river centre on the left bank.
Based on interviews of numerous witnesses, Yoshida et al. (2007) concluded that
the collapse of the pile occurred approximately 70s after the seismic motion had
stopped. Girder 6 was first to collapse, and then caused girders 3–7 to collapse
consecutively (Fig. 1.3). Figure 1.4 shows the deformation of the P4 pile, which
was 25 m long, with the top 12 m being 16 mm thick and the bottom 13 m being
6 mm thick. The P4 pile was severely bent towards the river centre at 10 m depth,
and a local failure occurred at 3 m depth. The displacement towards the river centre
at the top of the pile reached 930 mm. The sand within 10 m depth in the river bed
had a blow count of 2–7, with three thin clay layers embedded, the blow count of
the sand at the pile tip reached about 35. There have been debate regarding to the
cause of the failure of the Showa Bridge piles, possible explanations include lateral
spreading, dynamic forces, buckling, etc. However, the most widely accepted
theory is that lateral spreading after the earthquake motion had ceased caused the
failure.

During the 1995 Kobe earthquake, there were also reports of pile failures in
areas where little or no lateral deformation of the ground was observed, e.g. Ishihara
(1997) and Tokimatsu (2003). These findings indicate that apart from strong
soil-pile interaction due to liquefaction, the inertial force from the superstructure
could also be very detrimental to the piles in liquefiable ground.

Apart from the special cases where the pile failures were dominantly caused by
one particular phenomenon, most failures were probably due to the combined
effects of kinematic soil-pile interaction and inertial structure-pile interaction. The
failures of the foundations of the NHK an NFCH buildings are two classic cases
where both inertial and kinematic effects contributed to the failures of the piles, with
Fig. 1.5 showing the failed piles after extensive excavation investigation 20 years
from the Niigata earthquake (Hamada 1992).

The piles of the NFCH Building was 10–14 m long, with radii of 0.35 m. The
blow count of the top 12 m at the site was below 10, as typical of liquefiable
ground. The precast concrete piles of both NHK and NFCH Buildings endured
severe damage at both the pile head and the interface between loose and dense sand
12 m deep (Fig. 1.6).
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1.2.2 Failure Cases Due to Vertical Effects

The failure of piles in the vertical direction is mostly due to the excessive or uneven
settlement of pile foundations. When the vertical resistance of the pile mostly relies
upon liquefiable soil, liquefaction during earthquakes could cause piles to lose its
bearing capacity and settle significantly. Figure 1.7 shows the settlement of
Yachiyo Bridge during the 1964 Niigata earthquake (Fukuoka et al. 1966), which is
an example of this type of failure.

Fig. 1.8 Downdrag induced settlement of road bridge piles in the 2010 Baja California earthquake
(Stewart and Brandenberg 2010)

Fig. 1.7 Failure of the Yachiyo bridge due to loss of resistance in liquefied soil (Fukuoka et al. 1966)
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Apart from the loss of bearing capacity due to liquefaction, many settlement
related failures have been caused by the downdrag of piles during the
post-liquefaction reconsolidation process. AASHTO suggests that liquefaction
induced dragload and downdrag settlement usually occurs after the earthquake event,
when the excess pore pressure begins to dissipate. On one hand, the dragload would
increase the axial load on the piles and cause structure failure of the piles, on the other
hand, the downdrag settlement could impede the serviceability of the pile foundation.

Fig. 1.9 Post-liquefaction downdrag induced settlement of the Juan Pablo II bridge after the 2010
Chile earthquake (Yen et al. 2011). a Settlement of pier, b differential settlement
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Figure 1.8 is a photograph of the downdrag induced settlement of road bridge
piles in the 2010 Baja California earthquake (Stewart and Brandenberg 2010).
Similar but more catastrophic cases were also observed in the 2011 Chile earth-
quake, where the Juan Pablo II Bridge suffered severe damages due to downdrag
settlement (Fig. 1.9).

1.3 Soil Liquefaction

Large post-liquefaction deformation is a major cause for seismic liquefaction
induced hazards, and has been a subject of extensive research since its observations
in several well documented earthquakes (e.g. Seed 1979; Hamada 1992; Yoshida
et al. 1992; Eberhard et al. 2010). Understanding the liquefaction related behaviour
of sand is an extremely important step the analysis of piles in liquefiable ground.

1.3.1 Post-liquefaction Shear Deformation Mechanism

The accumulation of large but limited shear strains after sand reaches “initial liq-
uefaction” (Seed and Lee 1966) has observed in numerous laboratory experiments
(e.g. Arulmoli et al. 1992; Kutter et al. 1994; Zhang et al. 1997), and is referred to
as large post-liquefaction shear deformation (Fig. 1.10).
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Through observations from a number of cyclic undrained torsional shear tests
conducted on hollow cylinder specimens of Toyoura sand, Zhang (1997) noted that
after initial liquefaction, while the stress path of each cycle was very much similar
(Fig. 1.10b), large but finite shear strain was generated near zero effective stress
state during each cycle (Fig. 1.10a), which was referred to as large post-liquefaction
deformation. The shear strain generated at liquefaction state was observed to
increase with the number of loading cycles, and was defined as a “fluid-like shear
strain” c0 (Zhang and Wang 2006, 2012).

To explain the physics of post-liquefaction deformation, based on observations
on drained cyclic experiments, Shamoto and Zhang (1997) and Zhang (1997)
proposed that the volumetric strain of sand consisted of two basic components:
mean effective stress change induced evc, and dilatancy induced evd . The dilatancy
induced evd was further decomposed into a reversible and an irreversible compo-
nent, namely evd;re and evd;ir. Irreversible dilatancy is the shear induced contraction
of sand, which is generally caused by packing and crushing of particles. Reversible
dilatancy refers to shear induced expansion and the reversal of such expansion
normally caused by particle sliding and reorientation. The decomposition would
then be expressed as:

ev ¼ evc þ evd ¼ evc þ evd;ir þ evd;re ð1:1Þ

Zhang and Wang (2006, 2012) pointed out that since evc is solely dependent on
the change in effective confining pressure, there exists a threshold evc;0 at which
zero effective stress is reached. Once this threshold is reached, the evc would then be
determined the volumetric compatibility Eq. (1.1). For sand to leave liquefaction
state when evc\evc;0, sufficient dilatancy would be needed, and hence sufficient
shear strain would be required according to dilatancy relations.

1.3.2 Constitutive Modelling of Soil Liquefaction

Numerous constitutive models have been developed aiming to simulate the
stress-strain behaviour of saturated sands during cyclic loading, including gener-
alized plasticity models (e.g. Pastor et al. 1990; Zienkiewicz and Mroz 1984),
hypoplasticity models (e.g. Wu and Bauer 1994; Wu et al. 1996), multi-surface
models (e.g. Mroz et al. 1978; Prevost 1985; Parra-Colmenares 1996; Elgamal et al.
2002, 2003; Yang et al. 2003) and bounding surface plasticity models (e.g. Wang
et al. 1990; Papadimitriou et al. 2001; Dafalias and Manzari 2004; Wang and
Dafalias 2003; Boulanger and Ziotopoulou 2013). Pastor et al. (1990) suggested
predicting cyclic mobility through applying a “discrete memory factor” to the
plastic modulus in their generalized plasticity model. Wu and Bauer (1994)
developed a simple hypoplasticity model that accounts for basic cyclic behaviour of
sand, though the model’s independence from stress history limits its application
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under complex stress paths. Wang et al. (1990) proposed a bounding surface
hypoplasticity model for sand which was able to simulate cyclic stress path through
reducing plastic shear modulus with the accumulation of plastic shear strain.
Papadimitriou et al. (2001) and Dafalias and Manzari (2004) developed bounding
surface plasticity models that simulated sand behaviour under cyclic loading by
applying evolving fabric tensors on the plastic modulus and dilatancy rate
respectively, enhancing the contraction upon unloading and thus allowing the stress
path to approach liquefaction during undrained loading. These models all made
significant contributions to the description of cyclic mobility, but none are able to
reflect the accumulation of shear strain at liquefaction during each load cycle after
initial liquefaction, with stress-strain relationship following almost the same path
each cycle, which contradicts experimental findings.

To reflect the shear strain generated at liquefaction, Boulanger and Ziotopoulou
(2013) further modified the model by Dafalias and Manzari to achieve the accu-
mulation of shear strain after initial liquefaction by adding fabric history and
cumulative fabric terms. In the multi-surface models by Parra-Colmenares (1996),
Elgamal et al. (2002, 2003) and Yang et al. (2003), in order to model the accu-
mulation of shear strain near liquefaction state, an additional shear strain accu-
mulation was introduced at a “neutral phase” when the effective stress path crossed
the phase transformation line at relatively low effective confining pressure. These
two sets of more recent models have taken a big step forward in the simulation of
liquefaction behaviour of sand, however both models lack the physical basis for the
formulation of post-liquefaction shear strains, causing the shear strain accumulation
to be arbitrary and occur at somewhat high shear stress instead of at liquefaction.

Based on their proposed mechanism for large post-liquefaction deformation of
sand, Zhang and Wang (2012) formulated a constitutive model within the frame-
work of bounding surface plasticity suited for two dimensional stress space. The
model proved capable in simulating the cyclic mobility and large post-liquefaction
shear deformation of sand. However, the model does underestimate contraction
during initial loading and may overestimate it during load reversal. And as critical
state behaviour was not considered, it does not comply with critical state soil
mechanic principles and is not able to provide unified description of sand under
different densities and confining pressures with a same set of parameters.

Significant progress on clarifying the role of critical state (Roscoe et al. 1958;
Schofield and Wroth 1968) for sand has been made over the past few decades
through rigorous work by various researchers, including Been and Jefferies (1985),
Ishihara (1993), Wood et al. (1994), Li and Dafalias (2000), etc. Thus making the
unified constitutive description for sand of different densities and confining pres-
sures possible, which has been an approach adopted by numerous recent consti-
tutive models (e.g. Wood et al. 1994; Li and Dafalias 2000; Papadimitriou et al.
2001; Dafalias and Manzari 2004; Boulanger and Ziotopoulou 2013). These pre-
vious research have provided valuable insights into the mechanical behaviour of
sands.
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1.4 Seismic Response of Piles in Liquefiable Ground

It is well recognized that the analysis of the seismic response of piles in liquefiable
ground is an extremely important and, due to its intrinsic complexity, challenging
subject in geotechnical earthquake engineering. Such analysis have evolved from
simple static methods to more sophisticated high fidelity numerical simulations.

1.4.1 Soil-Pile Kinematic Interaction

A variety of pseudo-static analysis methods have been proposed and adopted by
design guidelines and codes for assessing the behaviour of piles in liquefiable
ground. The Japanese Road Association (JRA 2002) and Dobry et al. (2003a, b)
suggested force-based methods that treat liquefied soil layers as a limit lateral
pressure acting on piles. Many other studies have adopted displacement-based
approaches in the form of a static “beam on nonlinear Winkler foundation
(BNWF)” or the “p-y” method, where soil resistance is reflected through a series of
nonlinear springs attached to the pile. After introducing the nonlinear p-y method
for laterally loaded piles (Reese and Matlock 1956; McClelland and Focht 1958;
Matlock 1970; Reese et al. 1988; API 2000), and others established p-y curves for
clays and sands that have been widely adopted. Subsequently, the p-y method was
extended to liquefiable soils based on observations from shaking table, centrifuge
shaking table, and field blast-induced liquefaction tests (Liu and Dobry 1995;
Brandenberg et al. 2005; Cubrinovski et al. 2006), by applying a “p multiplier” (AIJ
2001; Brandenberg et al. 2007), or by developing specific p-y curves for liquefied
sand (Goh and O’Rourke 1999; Rollins et al. 2005). Combining the force- and
displacement-based methods, Cubrinovski et al. (2006) proposed to use limit
pressures for non-liquefied crust layers and linear springs with a “stiffness degra-
dation factor” for liquefied layers during liquefaction-induced lateral spreading.
While the aforementioned pseudo-static methods are able to reflect the basic
force-displacement relationship of soil-pile interaction and can be performed with
ease, they are incapable of capturing the dynamically evolving soil properties and
their effects on soil-pile interaction during earthquakes. Pseudo-static methods also
suffer difficulties in appropriately combining inertial and kinematic loads
(Liyanapathirana and Poulos 2005; Tokimatsu et al. 2005; Caltrans 2013).

Dynamic analysis is not limited by the empirical assumptions of pseudo-static
methods, and can reflect the progressive changes in soil-pile interaction in lique-
fiable ground. Based on a dynamic p-y element developed by Boulanger et al.
(1999) that incorporated elastic, plastic, damping and gap components,
Brandenberg et al. (2012) associated the capacity of the p-y material linearly with
the effective stress in the free field for the degradation of p-y behaviour due to
liquefaction. Liyanapathirana and Poulos (2005) used a degraded soil stiffness
instead of effective stress of the free field in their p-y formulation to take
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liquefaction into consideration. These methods utilize the ground motion and
effective stress obtained from free field site response analysis, but cannot accurately
consider near field properties. Varun (2010) proposed a semi-empirical method of
generating near field pore pressure from free field values and plastic work in the p-y
element, which to some extent incorporates the effect of near-field soil.

Although p-y methods provide a useful means to reflect the interaction between
pile and free-field soil in liquefiable ground, they over-simplify the dynamic
response of soil and the approximation of the material properties tend to be rather
crude. Figure 1.11 shows the p-y curves calculated for the liquefied Showa Bridge
site, showing strong discrepancies between various models.

1.4.2 Structure-Pile Inertial Interaction

Extensive studies have been dedicated to the structure inertia considering
soil-structure interaction (e.g. Novak 1974; Gazetas and Mylonakis 1998;
Mylonakis and Gazetas 2000; Jeremić et al. 2004). Since soil’s constraint on pile
foundations is far from rigid, the superstructure’s natural period would increase if
soil-structure interaction is taken into account. Most current design codes assume
that the structure nature period is larger than the characteristic site period, and thus
consider SSI to be beneficial, which can be neglected in conservative design.
However, Gazetas and Mylonakis (1998) showed that during the 1977 Bucharest,
1985 Mexico City, and 1995 Kobe earthquakes, the peak response spectral occurred
at periods larger than 1 s, while most design codes have characteristic site period
less than 1 s, which means that neglecting the effects of SSI may actually lead to
over-optimistic design.

Novak (1974) and Gazetas and Dobry (1984) formulated impedance pile head
models to allow for the calculation of structure inertia considering the effects of SSI.
These models have clear physical meanings and are simple to use, but is limited in
their application due to the high non-linearity and complexity of the SSI problem.
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1.4.3 Coupling of Kinematic and Inertial Interactions

Apart from the individual inertial and kinematic components of the seismic
soil-pile-structure response problem, another important yet puzzling question that
has drawn increasing attention is how the inertial and kinematic effects combine to
generate the dynamic pile demand, especially in liquefiable grounds (Badelow and
Poulos 2015; Khosravifar et al. 2015). Various design codes and pseudo-static
analysis studies have adopted distinctly different methods in combining the inertial
and kinematic effects. The Caltrans guidelines (2013) suggest that the peak pile
demand can be estimated by summing 100 % of the kinematic demand with 50 %
of the inertial demand, which would provide a rough account for the fact that the
peak kinematic and inertial demands may not occur simultaneously. The Caltrans
guidelines (2013) also point out that in some cases the kinematic and inertial
loading of the same direction may have opposite effects. The AASHTO design
specifications (2010, 2014) assume that pile moments are mainly induced by lateral
loads from the superstructure, and thus use only the inertial forces in pseudo-static
design. Abghari and Chai (1995) proposed that 25 or 50 % of the peak inertial force
should be combined with the peak kinematic displacement for the calculation of
pile demand, depending on whether the pile deflection or moment was being cal-
culated. Tabesh and Poulos (2001) showed that using the full peak inertial force
worked well in their pseudo-static analysis. Liyanapathirana and Poulos (2005)
suggested the above method overestimates the inertial demand in liquefiable
ground, and instead used the maximum ground surface acceleration to calculate the
inertial demand.

Observations from dynamic tests, including shaking table tests and centrifuge
shaking table tests, have been used to shed more light on this issue. Based on results
from a series of shaking table tests on piles in dry and liquefiable sands, Tokimatsu
et al. (2003, 2005) suggested that the inertial force and ground displacement are in
phase when the natural period of the superstructure is less than that of the ground,
which is always true for liquefied ground, while being out of phase elsewise. If the
inertial and kinematic effects are in phase, the maximum pile demand occurs when
the inertial force and ground displacement are both at their peaks and acting in the
same direction, else the maximum pile demand occurs when neither is at a maxi-
mum (Tokimatsu et al. 2005). However, Adachi et al. (2004) showed that in liq-
uefied ground, where the natural period of the superstructure is supposedly less than
that of the ground, the maximum inertial force and the maximum kinematic dis-
placement may not act on the pile simultaneously, the phasing of these two com-
ponents with each other and also with the maximum pile demand depends on soil
conditions. Brandenberg et al. (2005) and Chang et al. (2005) exhibited that during
liquefaction, the phasing of inertial and kinematic effects could change with the
change of pile foundation setup.

The discrepancies in the observed test results and among various design methods
indicate that further investigation is needed to understand the coupling of the
inertial and kinematic demands on piles. Recent developments in dynamic
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numerical simulation methods for piles in liquefiable ground can provide an
important means to conduct such investigations.

Three-dimensional (3D) dynamic continuum methods can model soil-pile
interaction in liquefiable ground with a high fidelity by properly taking into account
the effects of kinematic and inertial interactions, the effects of pore water pressures,
and nonlinear constitutive behaviour of soil (Finn 2004). Finn and Fujita (2002)
proposed a 3D finite element model that used an equivalent linear constitutive
model for soil and beam elements which were connected directly to the soil ele-
ments for piles. However, Wotherspoon (2006) and Sanchez and Roesset (2013)
reported that because the geometrical cross section of the pile is not reflected
through the beam elements, directly connecting one-dimensional pile beam ele-
ments with soil elements tends to underestimate the stiffness of the pile. Cheng and
Jeremic (2009a, b) and Lu et al. (2011) created a void in the finite element mesh to
represent the pile hole, and connected the pile beam-column elements with sur-
rounding soil elements using rigid beam-column links, aiming at physically rep-
resenting the pile cross section. Fully 3D models representing piles with solid
elements can be used with appropriate element types and meshing accounting for
bending of the pile (Jie et al. 2013), thereby providing a more realistic physical
representation of the soil-pile system. Soil constitutive model is a crucial compo-
nent and should adequately reflect physical processes including plasticity, dila-
tancy, cyclic mobility, and especially post-liquefaction deformation. Cheng and
Jeremic (2009a, b) used the Dafalias and Manzari (2004) model and Lu et al. (2011)
a multiyield surface plasticity model (Yang et al. 2003) for sand. However, neither
of these models was able to provide ideal description of the post-liquefaction
behaviour of sand (Wang et al. 2014).

1.5 Downdrag of Piles in Consolidating Ground

Pile foundations embedded in soil profiles that settle due to surcharge loading,
ground water level drop, liquefaction, etc., are subject to increased axial loads (i.e.,
drag load) and/or pile head settlements (i.e., downdrag).

1.5.1 Consolidation Induced Dragload and Downdrag
Settlement

Consolidation-induced downdrag and drag load have been the topic of numerous
field studies utilizing instrumented piles (e.g., Bjerrum et al. 1969; Endo et al. 1969;
Fellenius 1972, 1984; Poulos and Davis 1980). Based on field observations
Fellenius (1972) developed the neutral plane solution, NPS, where the neutral plane
is the depth of maximum axial load marking the transition between downward shaft
friction and upward shaft friction. The neutral plane depth is typically computed by
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summing axial loads from the top down and from the bottom up, and by force
equilibrium the neutral plane lies at the intersection of these two lines as shown in
Fig. 1.12. Typically the shaft friction capacity, fs, is assumed to be mobilized along
the full length of the pile because small relative displacements between soil and pile
are required to mobilize fs. Based on the observation that shaft friction is mobilized
in an upward direction when the pile settles more than the soil, and in a downward
direction when the soil settles more than the pile, Fellenius (1972) postulated that
the soil settlement and the pile settlement are identical at the neutral plane. This
approach has been widely used to calculate downdrag settlement, and has been
adopted by several design guidelines (AASHTO 2014; Hannigan et al. 2006;
Canadian Geotechnical Society 1992; Ministry of Housing and Urban-Rural
Development of China 2008, 2010; Ministry of Transport of China 2012, etc.).

Although the neutral plane concept has contributed significantly to our under-
standing of piles in settling ground, several assumptions made in its typical appli-
cation may deviate from actual loading conditions. First, as soil expels pore water
during consolidation the effective stress increases, thereby resulting in time- and
depth-varying fs and time-varying neutral plane depth. Second, shaft friction exhibits
elasto-plasticity such that relative displacements between a pile and soil may be small
enough to mobilize only a portion of the ultimate shaft friction capacity, whereas full
mobilization (i.e., rigid-plastic response) is typically assumed. Third, tip resistance is
often assumed to be constant whereas in reality it depends on pile tip settlement.

To address these assumptions, a number of studies have approached the
downdrag problem using continuum numerical solutions (e.g., Esmail 1996; Lee
and Ng 2004; Jeong et al. 2004; Hanna and Sharif 2006; Sun and Yan 2010).
However, the interface between the soil and pile requires careful selection of
contact elements, and the complexity of the three dimensional continuum solutions
renders them poorly suited to routine use. Due to the computational complexity of
modelling a soil continuum, other researchers have adopted a beam on nonlinear
Winker foundation (BNWF) approach to the neutral plane problem in which t-z
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elements model soil-pile interaction and a beam-column models the pile (e.g.,
Wong and Teh 1995; Kim and Mission 2011). However, the properties of the
interaction elements are typically time-invariant and do not capture the evolution of
effective stress at the soil pile interface during consolidation, and therefore neglect
the evolution of shaft friction capacity and neutral plane depth with time. Wong and
Teh (1995) acknowledge this problem, and suggest using effective stress conditions
at the time when downdrag is to be computed (often the end of primary consoli-
dation) to define properties of the t-z materials.

A shift in neutral plane has be observed in many cases by both full scale test and
numerical observations. Endo’s et al. (1969) observation data from full scale tests in
sandy silt, clay, and silt exhibited an upward movement of the neutral of around 5 m
in 2 years after pile driving. Bozozuk (1972) recorded the axial load distribution of
piles in fine soils and clay deposit over 10 years after pile driving, and test results
showed a 5 m downward shift in the neutral plane position. Sun and Yan (2010)
conducted finite element simulations of a single pile in consolidating ground due to
surcharge considering slip between pile and soil and found the neutral plane to
move downwards during consolidation (2.13) (Fig. 1.13).

1.5.2 Post-liquefaction Reconsolidation Induced Dragload
and Downdrag Settlement

In Strand’s (2008) blast-induced liquefaction tests, the post-reconsolidation induced
dragload and downdrag settlement of piles was observed. The tests showed that
during the reconsolidation process, the axial pile force increases due to dragload,
and the pile settles due to downdrag. The neutral plane was observed to change its
position during the reconsolidation process.

Stringer and Madabhushi (2013) conducted a series of centrifuge shaking table
experiments and also showed that the pile axial force and settlement would increase
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during the reconsolidation phase after the seismic motion. In their experiments, the
permeability and tip resistance of the ground was observed to affect the drag load
and downdrag settlement.

Fellenius and Siegel (2008) suggested that the traditional NPS can still be used
for calculating the dragload and downdrag of piles due to post-liquefaction
reconsolidation. They proposed that when the neutral plane is beneath the liquefied
layer, the reconsolidation process has almost no contribution to the settlement of the
pile, and when the neutral plane is above the liquefied layer, the loss of skin friction
in the liquefied layer would cause more pile tip resistance to be mobilized.

Due to the significant change in the pore pressure in the ground during recon-
solidation, the position of the neutral plane would also experience obvious changes,
which raises the question of which neutral plane position during the reconsolidation
process should be used to calculate the dragload and downdrag of piles. Boulanger
and Brandenberg (2004) demonstrated that accounting for the evolution of shaft
friction capacity and the associated changes in neutral plane depth can result in
significant differences in estimated downdrag settlement.

1.6 Scope of Dissertation

The main objective of this dissertation is to study the seismic behaviour of single
piles in liquefiable soil by reproducing the seismic response, analysing the response
mechanism, and developing calculation methods. In order to achieve these objec-
tives, the dissertation is organized into the following chapters:

Chapter 2: A unified plasticity model for large post-liquefaction shear defor-
mation of sand and its numerical implementation. The formulation and numerical
implementation of a unified constitutive model for seismic liquefaction analysis
based on the physics of post-liquefaction deformation is presented and validated.
The model is unique in that it provides a unified description of sand of different
conditions from pre- to post-liquefaction under monotonic and cyclic loading.

Chapter 3: Analysis of seismic single pile response in liquefiable ground.
A series of centrifuge shaking table tests on single piles in liquefiable ground are
conducted. A three dimensional finite element analysis method is developed and
applied on the simulation of the centrifuge tests. The major influence factors, role of
inertial and kinematic effects, and coupling of inertial and kinematic effects for
single piles in liquefiable ground are investigated.

Chapter 4: Dragload and downdrag settlement of single piles due to
post-liquefaction reconsolidation. A beam on nonlinear Winkler foundation
(BNWF) solution is developed for the analysis of dragload and downdrag settle-
ment of single piles in consolidating and post-liquefaction reconsolidating ground.
A modified neutral plane solution that is amenable to hand calculation is also
formulated. The proposed BNWF and modified neutral plane solutions are vali-
dated against measurements from a centrifuge tests. Factors influencing the
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dragload and downdrag settlement of single piles during post-liquefaction recon-
solidation is studied

Chapter 5: Conclusions and future work. The main findings of the dissertation is
summarized, with recommendations for future research on pile foundations in
liquefiable ground.
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Chapter 2
A Unified Plasticity Model for Large
Post-liquefaction Shear Deformation
of Sand and Its Numerical Implementation

This chapter builds on the work of Zhang and Wang (2012) to present the
formulation of a unique model that (1) achieves the simulation of post-liquefaction
shear deformation based on its physics, allowing the unified description of pre- and
post-liquefaction behaviour of sand; (2) directly links the cyclic mobility of sand
with reversible and irreversible dilatancy, enabling the unified description of
monotonic and cyclic loading; (3) introduces critical state soil mechanics concepts
to achieve unified modelling of sand under different states. Modelling of large
post-liquefaction shear deformation is achieved based on the physics proposed by
Zhang and Wang. The proposed model is able to appropriately describe some
important features of sand, including dilatancy during loading and unloading, and
softening of dense sand. The model is first described in triaxial stress space, and
then generalized into multiaxial stress space with three dimensional mapping rules
for the calculation of plasticity and dilatancy. The determination of the model
parameters is described. The cutting-plane stress integration scheme and
the Pegasus procedure for the three dimensional implementation of the model into
the finite-element framework OpenSees (McKenna and Fenves 2001) are presented
in detail. The OpenSees platform is chosen for its great capabilities in geotechnical
earthquake engineering simulation and most importantly for the model to be openly
available to the technical community. Finally, the performance of the model and its
three dimensional implementation is evaluated by simulations of classical drained
and undrained triaxial experiments on Toyoura sand by Verdugo and Ishihara
(1996) and undrained cyclic torsional experiments on Toyoura sand. Simulations of
the VELACS centrifuge shaking table tests are also carried out.
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2.1 Model Formulation in Triaxial Stress Space

A description of the proposed constitutive model is first provided in triaxial stress
space. The model operates within the framework of bounding surface plasticity
proposed by Dafalias and Popov (1975) and adopts features of the hypoplasticity
model developed by Wang et al. (1990). The model uses the two dilatancy induced
volumetric strain components for the successful description of the dilatancy
behaviours of sand in both monotonic and cyclic loading, and accounts for the
generation of post-liquefaction shear deformation at zero effective confining stress
based on the physics of post-liquefaction deformation proposed by Zhang and
Wang (2012). Critical state soil mechanics principles were incorporated into the
model to allow unified description of sand by introducing the state parameter (Been
and Jefferies 1985).

In the current model framework, mean effective pressure change induced vol-
umetric strain is assumed to be elastic and shear induced volumetric strain is
assumed to be fully plastic, matching the decomposition of volumetric strain stated
previously in Eq. (1.1) with traditional elastic and plastic decompositions.

2.1.1 Basic Equations

The incremental stress-strain relations follow the typical equations for
elastic-plasticity:

_eeq ¼
_q
3G

; _eev ¼
_p
K

ð2:1Þ

_epq ¼
_g
H
; _epv ¼ D _epq

��� ��� ð2:2Þ

where the elastic and plastic strains are denoted by superscripts e and p respectively.
G and K are the elastic shear and bulk moduli, H is the plastic shear modulus and
D dilatancy rate.

The model neglects the plastic volumetric strains during constant stress ratio
loading for simplicity, though this proposition would cause underestimation of the
reconsolidation settlement of soil. The elastic volumetric strain eev corresponds to
the mean effective stress change induced volumetric strain evc, and epv corresponds to
the dilatancy induced volumetric strain evd;ir þ evd;re in Eq. (1.1).
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2.1.2 Elastic Moduli

The elastic shear and bulk moduli are defined as suggested by Richart et al. (1970):

G ¼ Go
2:973� einð Þ2

1þ ein
pa

p
pa

� �1
2

ð2:3Þ

K ¼ 1þ ein
j

pa
p
pa

� �1
2

ð2:4Þ

where ein is the initial void ratio, pa is the atmospheric pressure for normalization,
Go and j are material constants. The elastic moduli were defined using the initial
void ratio so that elastic volumetric strain is strictly dependent only on effective
stress, which decouples the elastic moduli with shear induced volumetric strains.
Thus making it consistent with our decomposition of volumetric strains.

2.1.3 State Parameter

For the incorporation of critical state behaviour, and for the unified description of
sand at various densities with a same set of parameters, the state parameter W
proposed by Been and Jefferies (1985) is introduced to consider the dependency of
sand behaviour on the current state.

W ¼ e� ec ð2:5Þ

with e being the current void ratio and ec the critical void ratio. At critical state,
Roscoe et al. (1958) and Schofield and Wroth (1968) proposed that e = ec and
qc/pc = M, where M is defined as the critical stress ratio as shown in Fig. 2.1. The
relationship between the critical void ratio ec and mean effective stress is deter-
mined using Li and Wang’s (1998) power formulation which have proved effective
for various types of sands (Li and Wang 1998; Ling and Yang 2006):

ec ¼ e0 � kcðpc=patÞn ð2:6Þ

where e0 is the void ratio at pc = 0 and kc and n are constants. By correct con-
sideration for the variation of plasticity and dilatancy with the state parameter, the
model is applicable to different pressures and densities using a single set of
parameters.
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2.1.4 Plastic Loading and Load Reversal

By adopting Wang’s (1990) hypoplasticity approach, plastic loading and load
reversal is determined by the sign of:

l ¼ _gðg� ainÞ ð2:7Þ

where ain is the stress ratio at the previous load reversal. Plastic loading is induced
when l[ 0, and load reversal occurs at l\0.

2.1.5 Plastic Modulus

The plastic modulus and relevant mapping rules in the model are modified from the
work of Wang et al. (1990). The peak mobilized stress ratio, which has been shown
to be dependent on the state parameter (Been and Jefferies 1985), is here defined
using an exponential variation with W as proposed by Li and Dafalias (2000) to be
Mp ¼ M expð�nbWÞ. A maximum stress ratio Mmð Þ surface is proposed to define
the mapping rule, as shown in Fig. 2.1 in triaxial stress space. By using the peak
mobilized and maximum stress ratios, the plastic modulus can be determined in a
way that is related to the bounding surface plasticity concept. Thus, the plastic
modulus is expressed as:

H ¼ h
p
G expð�npWÞ M expð�npWÞ

Mm

�q
q

� �
� 1

� �
ð2:8Þ

where h is a model parameter; np is a model constant; q is the distance from the
current stress ratio g to ain; and �q is the distance between the projection of current
stress on the maximum stress ratio surface and ain (Fig. 2.1).

The maximum stress ratio Mm surface is defined to expand according to the
maximum stress ratio that has occurred during loading, until it reaches the peak

q

p
0

Reversible dilatancy
line Md

a in
Md

Maximum stress 
ratio line Mm

m

r
r

Critical state line M

M

Fig. 2.1 Schematic
illustration of critical state,
maximum stress ratio and
reversible dilatancy lines with
mapping rules in triaxial
stress space

28 2 A Unified Plasticity Model for Large Post-liquefaction …



mobilized stress ratio M expð�nbWÞ. Once the current stress ratio reaches outside
M expð�nbWÞ, themaximum stress ratio follows the current stress ratio until it falls on
the peak mobilized stress ratio again. Through this formulation, the plastic modulus
H = 0 is satisfied at the critical state and the softening response where H < 0 is also
made possible when the stress ratio exceeds the peak mobilized stress ratio Mp.

2.1.6 Dilatancy

The determination of dilatancy is a unique part of the proposed model. According to
the propositions made by Shamoto and Zhang (1997) and Zhang (1997), the
dilatancy of sand is decomposed into a reversible and an irreversible component,
through which the dilatancy during load reversal and cyclic loading can be properly
reflected. In this model, the dilatancy rate D is determined by combining the
reversible part Dre and irreversible part Dir:

D ¼ _epv
_epqj j ¼ Dre þDir ¼ _evd;re

_epqj j þ _evd;ir
_epqj j ð2:9Þ

Through experimental observations Zhang and Wang (2012) pointed out that
reversible dilatancy remained on the expansion side, generating and releasing
during loading and unloading cycles. The generation and release rate of reversible
dilatancy are here defined using separate equations. The generation rate of rever-
sible dilatancy, for which Dre;gen is negative, is defined in a form similar to Rowe’s
(1962) dilatancy theory:

Dre;gen ¼ dre;1 Md � gð Þ ð2:10Þ

where dre;1 is a reversible dilatancy parameter, and Md ¼ M expðndWÞ is the stress
ratio at which reversible dilatancy changes from contraction to expansion, and also
follows an exponential variation with W (Li and Dafalias 2000), shown as the
reversible dilatancy line in Fig. 2.1. Reversible dilatancy remains non-positive and
is released after load reversal, the release rate is defined as:

Dre;rel ¼ dre;2v
� �2

=p ð2:11Þ

dre;2 is another dilatancy parameter used to calculate the release of reversible
dilatancy. v ¼ minð�dir

evd;re
eprvd;ir

; 1Þ is a function controlling the reversible dilatancy

release process, where dir is an irreversible dilatancy constant and e
pr
vd;ir is the evd;ir at

previous load reversal. This function v guarantees Dre;rel to be zero when evd;re is
completely released, and restricts the release rate from becoming overly large, thus
avoiding the overestimation of contraction upon load reversal. Note that prior to the
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first load reversal, v is set as 0 and the release rate Dre;rel is constantly 0. Reversible
dilatancy can thus be expressed together as:

Dre ¼ _evd;re
_epqj j ¼ Dre;gen; gj j �Md;c=e & _gj j[ 0

Dre;rel; gj j\Md;c=e or _gj j\0

�
ð2:12Þ

It has been observed that the irreversible dilatancy induced volumetric strain
evd;ir remains contractive, and followed the pattern of accumulating asymptotically
during loading with a decreasing rate during each monotonic shearing since the last
stress reversal. Irreversible dilatancy rate Dir is defined to satisfy these features as:

Dir ¼
_evd;ir
_epqj j

¼ dir expðndW� aevd;irÞ \Md � g[ expðvÞþ cd;r\1� expðndWÞ[
cd;r\1� expðndWÞ[ þ cmono

 !2
0
@

1
A
ð2:13Þ

Here a is a parameter controlling the decrease rate of irreversible dilatancy, cmono
is the shear strain since the last stress reversal and cd;r is a reference shear strain. hi
are the MacCauley brackets that yield xh i ¼ x if x[ 0 and xh i ¼ 0 if x� 0. The
expðndW� aevd;irÞ part of the equation reflects asymptotic accumulation of irre-

versible dilatancy, and the part cd;r\1�expðndWÞ[
cd;r\1�expðndWÞ[ þ cmono

� 	2
reflects the decreasing

dilatancy rate during each monotonic loading process. By introducing \Md � g[
into the formulation, the initial contraction during loading can be appropriately
reflected, and expðvÞ enhances the contraction upon load reversal. The incorpora-
tion of state parameter allows the formulation to take density and effective pressure
into consideration and comply with critical state soil mechanic principles.

A most significant result of incorporating the state parameter in the definition of
plastic modulus, reversible and irreversible dilatancy is that the model becomes
fully compatible with critical state soil mechanics requirements and capable of
simulating the behaviour of sand at various densities with the same set of material
constants. The unique formulation of plastic modulus and dilatancy rates allows for
the appropriate simulation of both monotonic and cyclic loading. These features
will be shown in the simulations later in this chapter.

2.1.7 Post-liquefaction Shear Deformation

As plasticity caused by constant g loading is neglected in this model, the volumetric
strain caused by mean effective stress change evc proposed by Zhang and Wang
(2012) in Eq. (2.1) matches eev in Eq. (2.1). By substituting Eq. (2.4) into Eq. (2.1)
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and integrating from the current effective stress p to zero effective stress, the
threshold evc at which zero effective stress is reached is expressed as a function of p:

evc;0 ¼ f ðpÞ ¼ � 2j
1þ ein

p
pa

� �1
2

ð2:14Þ

Based on Zhang and Wang’s (2012) theory, once the current evc (or eev) decreases
beyond the threshold value evc;0, sand liquefies and p remains constant at 0, _eev ¼ _p

K
in Eq. (2.1) becomes invalid and evc is then determined by the volumetric com-
patibility equation Eq. (1.1) and is able to exceed evc;0.

For sand to exit the state of liquefaction when evc\evc;0, sufficient dilation must
occur for evc to become greater than evc;0 again. According to the dilation equation
in Eq. (2.2), sufficient dilation would depend on the shear strain epq generated at
liquefaction state, which is the cause of large post-liquefaction shear deformation:

epv ¼
Z

ðDir þDreÞd epq

��� ��� ð2:15Þ

2.2 Multiaxial Generalization

With the model presented fully in triaxial stress space, its multiaxial generalization
is then possible. The basic equations for the multiaxial generalization are:

_eev ¼
_p
K
; _ee ¼ _s

2G
ð2:16Þ

_epv ¼ Lh iD; _ep ¼ Lh im ð2:17Þ

p ¼ tr(rÞ=3 is the mean effective stress, with r being the effective stress tensor;
s ¼ r� pI is the deviatoric stress, I being the rank two identity tensor; ev ¼ tr(eÞ is
the volumetric strain, e being the strain tensor; e ¼ e� ev=3I is the deviatoric strain
tensor. L is the plastic loading index and m the deviatoric strain flow direction. The

deviatoric stress ratio tensor is here defined as r ¼ s
p, and q ¼

ffiffiffiffiffiffiffiffiffiffiffi
3
2 s : s

q
, g ¼ q

p.

The total stress-strain relation can be formulated by combining Eqs. (2.16) and
(2.17) to be:

_e ¼ 1
2G

p_rþð 1
2G

rþ 1
3K

IÞ _pþðmþ D
3
IÞ Lh i ð2:18Þ

with the elastic moduli G and K still defined by Eqs. (2.3) and (2.4).
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The critical, maximum stress ratio and reversible dilatancy surfaces shown
schematically in Fig. 2.2 are defined by:

fcðrÞ ¼ g�MgðhÞ ¼ 0 ð2:19Þ

fmðrÞ ¼ g�MmgðhÞ ¼ 0 ð2:20Þ

fdðrÞ ¼ g�MdgðhÞ ¼ 0 ð2:21Þ

where h is the lode angle calculated according to:

h ¼ 1
3
sin�1 � s : s : s

6q

� �
ð2:22Þ

The function gðhÞ in this model follows Zhang’s (1997) proposition which
showed excellent agreement with test data, and is defined as:

gðhÞ ¼ 1
1þMpð1þ sin 3h� cos2 3hÞ=6þðMp �Mp;oÞ cos2 3h=Mp;o

ð2:23Þ

Mp ¼
6 sin/f

3� sin/f
ð2:24Þ

Mp;o ¼
2
ffiffiffi
3

p
tan/fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3þ 4 tan2 /f

q ð2:25Þ

Mp ¼ M expð�nbWÞ is the peak mobilized stress ratio at triaxial compression
and /f is the corresponding friction angle, Mp;o is the peak mobilized stress ratio
under torsional shear after isotropic consolidation.

Similar to the triaxial space formulation, plastic loading is determined in three
dimensional space by the load index L:

L ¼ L : _r
H

¼ p_r : n
H

ð2:26Þ

Heren is a unit deviatoric tensor serving as the loading direction in deviatoric stress
space in the model, and the loading direction L is defined as L ¼ n� 1

3 ðn : rÞI.
Plastic loading is induced when L[ 0, and load reversal occurs at L\0.

It is further assumed that the deviatoric strain flow direction m in Eq. (2.17) is
the same as the loading direction in deviatoric stress space so as:

m ¼ n ¼ �r=
ffiffiffiffiffiffiffiffiffi
�r : �r

p
ð2:27Þ
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Here �r represents the projection of the current stress point on the maximum
stress ratio surface in deviatoric stress space (Fig. 2.2), the mapping rule for this
projection is adopted from the work of Wang et al. (1990). As shown in Fig. 2.2,
the projection of current stress ratio on the maximum stress ratio surface �r is defined
as the intersection between the extension of the line from the previous load reversal
point ain to r and the maximum stress ratio surface:

�r ¼ ain þ bðr� ainÞ ð2:28Þ

where b can be solved by substituting Eq. (2.27) into Eq. (2.19). It needs pointing
out that although theoretically n should be the unit normal to the maximum stress
ratio surface in deviatoric stress ratio space, due to the numerical difficulty in
calculating the normal to the surface, a compromise is made for the model to be
numerically applicable by setting the deviatoric loading and flow directions to be
the same as �r (Fig. 2.2), which is the same approach taken by Andrianopoulos et al.
(2010).

When the loading index L is positive, plastic loading occurs. Once L becomes
negative, load reversal takes place and the projection centre ain is updated to be the
current stress ratio.

The plastic modulus H can then be defined based on the mapping rule and
Eq. (2.8):

H ¼ 2
3
hg �h
� �

G expð�npWÞ M expð�nbWÞ
Mm

�q
q

� �
� 1

� �
ð2:29Þ

where the factor 2
3 is for the equation to be compatible with that in triaxial stress

space, �q is the distance between �r and ain, and q the distance between r and ain.
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The mapping rule for reversible dilatancy is defined so that the projection of the
current stress ratio on the reversible dilatancy surface rd is the intersection between
�r and the reversible dilatancy surface:

rd ¼ Md

Mm
�r ¼ M expðndWÞ

Mm
�r ð2:30Þ

The generation and release of reversible dilatancy can then be judged by the
angle between rd � r and n:

Dre ¼
_evd;re
_cp

¼ Dre;gen; (rd�r) : n\0
Dre;rel; (rd�r) : n[ 0

�
ð2:31Þ

While the release rate still follows the triaxial formulation Eq. (2.11), the gen-
eration rate of reversible dilatancy now becomes:

Dre;gen ¼
ffiffiffi
2
3

r
dre;1 rd�rð Þ: n ð2:32Þ

ffiffi
2
3

q
is introduced for consistency with the formulation in triaxial stress space.

Irreversible dilatancy rate Dir defined in the triaxial formulation by Eq. (2.13) is
still valid in the multiaxial formulation. The generation of post-liquefaction shear
deformation also follows the description in the triaxial stress space formulation.

2.3 Determination of Model Parameters

Table 3.1 lists the 14 parameters used in the model. Some parameters used in this
model have been documented by previous researchers, including the elastic mod-
ulus constants (G0, j) (Zhang and Wang 2012; Richart et al. 1970), plastic modulus
parameter (h) (Wang et al. 1990) and critical state parameters (M, kc, e0, n) (Li and
Dafalias 2000), the calibration methods suggested for these parameters in the
respective studies can be adopted.

The state parameter constants np and nd can be determined through np ¼
lnðM=gpÞ=Wp and nd ¼ lnðMd=MÞ=Wd derived from Eqs. (2.8) and (2.10), where
gp and Wp are g and W at peak stress ratio in a monotonic drained triaxial test, and
Md and Wd are those at reversible dilatancy sign change points.

It is important to note here that the determination method of nd is different to that
suggested by Li and Dafalias (2000) due to the way dilatancy is defined in this
dissertation. Drained cyclic torsional or triaxial tests should be used for the deter-
mination of nd here, as Md can only be acquired once irreversible dilatancy is
negligible after a number of loading cycles. For example, Fig. 2.3 shows the stress
ratio and reversible dilatancy component relations after 18 cycles of a drained cyclic
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torsional test for Toyoura sand. At this stage, irreversible dilatancy becomes neg-
ligible, and Md can be determined from the figure to be 0.222. Using the critical
state parameters for Toyoura sand given by Li and Wang (1998), the state parameter
Wd at this state is −0.232, thus yielding a nd of 7.8 for Toyoura sand.

The reversible dilatancy parameters dre;1 can be determined using the relation-

ship between g and devd
dcp from drained cyclic tests as suggested by Zhang and Wang

(2012), and dre;2 should then be chosen to ensure the release of reversible dilatancy.
For the irreversible dilatancy parameters (dir and a especially, cdr can generally

be set at 0.05), a trial-and-error process should be adopted to simulate the stress
strain behaviour of undrained cyclic torsional/triaxial tests of different initial con-
fining pressure or shear stress amplitude, as was described by Zhang and Wang
(2012). The parameter dir mainly determines how fast liquefaction is reached in
undrained cyclic tests, and a controls the decrease rate of irreversible dilatancy.

2.4 Model Implementation

The constitutive model is implemented into the open source finite element frame-
work OpenSees (McKenna and Fenves 2001) using a cutting plane algorithm (Simo
and Ortiz 1985) with substepping for the stress integration scheme. Solid-fluid
coupled elements needed for the undrained and partially drained analysis of sand,
which is essential for liquefaction analysis, are already incorporated into OpenSees
[e.g. u-p elements by Yang et al. (2008) and SSP u-p elements by McGann et al.
(2012)].

2.4.1 Numerical Treatment for Zero Effective Stress State

In the implementation of the model, to avoid numerical difficulties at zero effective
stress during liquefaction, a pmin is set as the minimum effective confining pressure,
thus for p to be:
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Fig. 2.3 Stress ratio and
reversible dilatancy
component relations after 18
cycles of a drained cyclic
torsional test for Toyoura
sand (data from Shamoto and
Zhang 1997)
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_p ¼ K _eev; evc [ evc;0
p ¼ pmin; evc � evc;0

�
ð2:33Þ

The threshold mean effective stress change induced volumetric strain then
becomes:

evc;0 ¼ � 2j
1þ e

p
pa

� �1
2

� pmin

pa

� �1
2

 !
ð2:34Þ

The effectiveness of this approach has been validated by Zhang and Wang
(2012).

2.4.2 Stress Integration Scheme

The cutting-plane algorithm was chosen for its simplicity and efficiency, being a
semi-explicit integration scheme, relatively small time increments are needed for
stability. To increase stability, a substepping technique is proposed.

At the beginning of each step, the strain increment from the global converged
state is used to calculate an elastic prediction of stress increment, note once again
evc ¼ eev and p is expressed as a function of evc:

ðevcÞtrialnþ 1 ¼ ðevcÞn þðDevÞnþ 1 ð2:35Þ

ptrialnþ 1 ¼ gððevcÞtrialnþ 1Þ ¼
paððpinpaÞ

1
2 þ 1þ ein

2k ðevcÞtrialnþ 1Þ2; ðevcÞtrialnþ 1 [ evc;0

pmin; ðevcÞtrialnþ 1 � evc;0

(
ð2:36Þ

strialnþ 1 ¼ sn þ 2Gtrial
nþ 1Denþ 1 ð2:37Þ

where n is the current step and n + 1 the next step. The elastic prediction of stress
increment along with the shear strain increment is used to determine the number of
sub-steps needed:

nsub ¼ maxð Dcnþ 1=tolerance1
� �

; Dgnþ 1=tolerance2
� �Þ ð2:38Þ

where Dcnþ 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3Denþ 1: Denþ 1

q
, tolerance1 and tolerance2 are the tolerable

shear strain and shear stress invariable increment in each sub-step, de is a round up
function.

After determining the number of sub-steps, the strain increment at each sub-step
is acquired through dividing the strain increment by nsub. The cutting-plane algo-
rithm is then used for the stress integration during each sub-step. Figure 2.4 pro-
vides a graphical illustration of the cutting-plane algorithm. The main concept of
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the cutting plane algorithm is to first make an elastic estimate of the stress increment
and then bring the stress back to the solution through plastic correction by enforcing
the consistency condition / ¼ 0 using the first order Taylor series expansion of the
consistency condition during each iteration (Fig. 2.4). The main steps of the
algorithm are as follows.

1. Initialize the local iteration number k, plastic strain increment and loading index

k ¼ 0; ð_epvÞðkÞnþ 1 ¼ 0; ð _epÞðkÞnþ 1 ¼ 0; L ¼ 0; ð2:39Þ

2. Elastic prediction of stress state at next step

ðevcÞðkÞnþ 1 ¼ ðevcÞn þðDevÞnþ 1 ð2:40Þ

pðkÞnþ 1 ¼ gððevcÞðkÞnþ 1Þ; sðkÞnþ 1 ¼ sn þ 2GðkÞ
nþ 1Denþ 1 ð2:41Þ

3. Check consistency condition to determine whether plastic loading or load
reversal occurs

/ðkÞ ¼ ðsðkÞnþ 1 � snÞ: nðkÞnþ 1 � ðpðkÞnþ 1 � pnÞrn: nðkÞnþ 1 � LHðkÞ
nþ 1 ð2:42Þ

If /ðkÞ [ 0, plastic loading is induced, go to step 4; else, load reversal happens
and stress-strain relationship at current step is assumed to be elastic, the pro-
jection centre is updated, ðainÞnþ 1 ¼ rn, go to step 6.

4. Plastic correction through the calculation of loading index increment, as shown
in Fig. 2.4

DLðkÞ ¼ �/ðkÞ=ð@/
@L

ÞðkÞ ¼ /ðkÞ

HðkÞ
nþ 1 þ 2GðkÞ

nþ 1 � KðkÞ
nþ 1D

ðkÞ
nþ 1ðrðkÞnþ 1: n

ðkÞ
nþ 1Þ

ð2:43Þ

Update loading index and stress-strain state

Lðkþ 1Þ ¼ LðkÞ þDLðkÞ ð2:44Þ

Fig. 2.4 Schematic
illustration of the cutting
plane stress integration
algorithm
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ðDepvÞðkþ 1Þ
nþ 1 ¼ Lðkþ 1ÞDðkÞ

nþ 1; ðDepÞðkþ 1Þ
nþ 1 ¼ Lðkþ 1ÞnðkÞnþ 1 ð2:45Þ

ðevcÞðkþ 1Þ
nþ 1 ¼ ðevcÞn þððDevÞnþ 1 � ðDepvÞðkþ 1Þ

nþ 1 Þ ð2:46Þ

pðkþ 1Þ
nþ 1 ¼ gððevcÞðkþ 1Þ

nþ 1 Þ; sðkþ 1Þ
nþ 1 ¼ sn þ 2Gðkþ 1Þ

nþ 1 ðDenþ 1 � ðDepÞðkþ 1Þ
nþ 1 Þ ð2:47Þ

5. Check residual of consistency condition for convergence

/ðkþ 1Þ ¼ Dsðkþ 1Þ
nþ 1 : nðkþ 1Þ

nþ 1 � Dpðkþ 1Þ
nþ 1 rn: n

ðkþ 1Þ
nþ 1 � Lðkþ 1Þ

nþ 1 Hðkþ 1Þ
nþ 1 ð2:48Þ

If /ðkþ 1Þ
��� ���[ tolerance, convergence is not reached, k ¼ kþ 1 and go to step 4;

else go to step 6.
6. Update stress, strain and internal variables

pnþ 1 ¼ pðkþ 1Þ
nþ 1 ; snþ 1 ¼ sðkþ 1Þ

nþ 1 ; ðevcÞnþ 1 ¼ ðevcÞðkþ 1Þ
nþ 1 ð2:49Þ

As the cutting-plane algorithm is semi-explicit, the continuum tangent operator
is used in the solution of the global finite element equations:

rnþ 1 ¼ rn þDep : Denþ 1 ð2:50Þ

Dep ¼ De�
De : ðmþ Dir þDre

3 IÞ � ðn� 1
3 ðr : nÞIÞ : De

Hþðn� 1
3 ðr : nÞIÞ : De : ðmþ Dir þDre

3 IÞ ð2:51Þ

where De is the elastic tangent operator.

2.4.3 Determination of Projection Point on Maximum Stress
Ratio Surface

For the three dimensional implementation of the model, the determination of the
projection of the current stress state on the maximum stress ratio surface is needed.
As analytically solving b in Eq. (2.27) is of some difficulty, in the implementation b
is solved numerically using the Pegasus procedure developed Dowel and Jarratt
(1972) guaranteeing fast unconditional convergence, which has been used in the
implementation of constitutive models by Sloan et al. (2001) and Andrianopoulos
et al. (2010). The main steps of the procedure are as follows.

1. Set b0 ¼ 0 and b1 ¼ 1 initially
2. Calculate
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�rðb0Þ ¼ ain þ b0ðr� ainÞ; �rðb1Þ ¼ ain þ b1ðr� ainÞ ð2:52Þ

fm b0ð Þ ¼ g b0ð Þ �Mmg h b0ð Þð Þ; fm b1ð Þ ¼ g b1ð Þ �Mmg h b1ð Þð Þ ð2:53Þ

3. Judge whether �rðb0Þ and �rðb1Þ are on either side of the maximum stress ratio
surface
If fm b0ð Þ fm b1ð Þ\0 and fm b1ð Þ[ 0 go to step 4, else if fm b0ð Þ fm b1ð Þ[ 0 and
fm b1ð Þ\0 then set b0 ¼ b1 and b1 ¼ 2b1 and go to step 2.

4. Calculate

b ¼ b1 �
fb b1ð Þðb1 � b0Þ
fb b1ð Þ � fb b0ð Þ ð2:54Þ

�rðbÞ ¼ ain þ bðr� ainÞ ð2:55Þ

fmðbÞ ¼ gðbÞ �MmgðhðbÞÞ ð2:56Þ

If fmðbÞj j\tolerance, convergence is reached, else go to step 5.
5. Update b0 and b1 according to the relative value of fm b0ð Þ, fm b1ð Þ and fmðbÞ.

If fmðbÞfm b1ð Þ\0, then b1 ¼ b and fm b1ð Þ ¼ fmðbÞ, then go to step 4; else if

fmðbÞfm b1ð Þ[ 0, then fmðb0Þ ¼ fm b0ð Þfm b1ð Þ
fm b0ð Þþ fm b1ð Þ, b1 ¼ b and fm b1ð Þ ¼ fm bð Þ, go to

step 4.

2.4.4 Symmetrisation of the Elastic-Plastic Tangent

As is seen in Eq. (2.51) the tangent operator is not symmetric due to the
non-associated flow rule, resulting in an asymmetric system of equations, which is
undesirable due to the high computational cost. Various methods that symmetrise
non-associated constitutive models have been developed (e.g. Pande and
Pietruszczak 1986; Xiong 1986; Luo et al. 2013). In our implementation, the tan-
gent matrix transformation technique developed by Xiong (1986) was adopted, and
is expressed as:

Dep ¼ De �
De : ðmþ D

3 IÞ � ðmþ D
3 IÞ : De

Hþðn� 1
3 ðr : nÞIÞ : De : ðmþ D

3 IÞ
� ðn� 1

3 ðr : nÞIÞ : De : De

ðmþ D
3 IÞ : De : De

ð2:57Þ

For the models of piles in liquefiable ground studied in this dissertation, this
symmetrisation technique reduces computation time by 35 % on average.

In the OpenSees implementation of the model, an elastic material stage is
incorporated into the code to avoid numerical instability in generating the initial
stress state, further details of this technique can be found in the OpenSees command
manual for the material “CycLiqCPSP” (http://opensees.berkeley.edu).
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2.5 Validation of Model Formulation and Implementation

The performance of the model is here evaluated by conducting element experiment
simulations and simulation of the VELACS centrifuge shaking table tests.

2.5.1 Undrained and Drained Triaxial Experiment
Simulation

Triaxial data of undrained and drained loading from Verdugo and Ishihara has been
widely used in the evaluation and validation of constitutive models (e.g. Wang et al.
1990; Dafalias and Manzari 2004), as they cover a wide range of confining pres-
sures and initial void ratios. The Toyoura sand used in these experiments had a
mean diameter of D50 = 0.17 mm, maximum and minimum void ratios of 0.977 and
0.597.

The model parameters used in the simulation are provided in Table 2.1. Most
parameters for the simulation of Toyoura sand experiments were calculated via
previously stated determination methods using experimental data from Zhang
(1997) and Zhang et al. (1997) which will be used in the simulations of cyclic
torsional tests as well. However, as the Toyoura sand (D50 = 0.18 mm, emax = 0.973
and emin = 0.635) used by Zhang et al. varied slightly from that used by Verdugo
and Ishihara, and more importantly, the experiments by Zhang et al. and those by
Verdugo and Ishihara were conducted using different preparation methods, different
dilatancy parameters (dre;1, and dir) were used for the simulation of the two
respective sets of experiment (Table 2.1). The critical state parameters (M, kc, e0, n)
used in the simulations were adopted from the work of Li and Wang (1998) and Li
and Dafalias (2000).

Figure 2.5 shows the simulation results of the undrained experiments. With the
confining pressure ranging from 0.1 to 3 MPa, and void ratio from 0.907 to 0.735,
the model was able to achieve good agreement with experiment data using a single
set of model parameters. Thus proving the proposed model to be capable in the
simulation of highly dilative and contractive sand behaviour. The unloading pro-
cesses were also simulated, exhibiting the effectiveness of the reversible and irre-
versible dilatancy formulations in the model.

Table 2.1 Model parameters for the simulations of element and centrifuge experiments

Sand Go j h M dre;1 dre;2 dir a cd;r np nd kc e0 n

Toyouraa 200 0.008 1.8 1.25 0.6 30 1.4 20 0.05 1.1 7.8 0.019 0.934 0.7

Toyourab 200 0.008 1.8 1.35 0.35 30 0.75 20 0.05 1.1 7.8 0.019 0.934 0.7

Nevada 225 0.004 1.7 1.35 0.8 30 0.6 10 0.05 1.1 8.0 0.029 0.843 0.7
aToyoura sand used by Verdugo and Ishihara (1996)
bToyoura sand used by Zhang et al. (1997) and Chiaro et al. (2013)
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Drained triaxial experiment simulations are presented in Fig. 2.6. Again, the
proposed model showed good agreement with experiment data over a range of
initial void ratios and confining pressures during both the loading and unloading
stages. These simulation results are comparable to those of existing models well
known for their simulative capabilities under such stress paths (e.g. Dafalias and
Manzari 2004).

2.5.2 Undrained Cyclic Torsional Experiment Simulation

Two undrained hollow cylinder cyclic torsional experiments were simulated using
the proposed model to evaluate its capabilities in modelling the cyclic response, and
especially the large post-liquefaction shear deformation of sand. The experiments
were on Toyoura sand of different densities by Zhang et al. (1997).

The two tests on Toyoura sand were conducted on sand of 60 and 48 % respec-
tively, with the shear stress amplitude for the tests being 25 kPa, and the initial
consolidation stress were 100 kPa. The model parameters used are provided in
Table 2.1, which were determined as mentioned previously. Figures 2.7 and 2.8
compares the calculated stress path and stress-strain relationship with experiment
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Fig. 2.5 Simulation of undrained triaxial tests on Toyoura sand of different void ratio and initial
effective confining pressure (experiment data from Verdugo and Ishihara 1996)
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results of Toyoura sand at 60 and 48 % relative density, and shows excellent agree-
ment between them. The model fully captures the features of cyclic mobility of sand
during loading and reverse loading. It is worth noting that the generation of shear
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Fig. 2.6 Simulation of drained triaxial tests on Toyoura sand of different void ratio and initial
effective confining pressure (experiment data from Verdugo and Ishihara 1996)
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Fig. 2.7 Simulation of undrained cyclic torsional test for Toyoura sand at Dr = 60 % (experiment
data from Zhang et al. 1997)
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strain at zero effective stress after initial liquefaction and its accumulation with the
increasing number of load cycles is very well simulated. This feature is a great
advantage of this model overmost existingmodels which either are unable to simulate
the accumulation of shear strain at zero effective stress (e.g. Papadimitriou et al. 2001;
Dafalias andManzari 2004) or artificially generate the shear strain at non-liquefaction
state (e.g. Elgamal et al. 2002; Boulanger and Ziotopoulou 2013). Again, for the
simulation of cyclic tests on Toyoura sand of different densities, the same set of
parameters were used due to appropriate incorporation of critical state behaviour.

To display the ability of the model in modelling large shear strains, an undrained
cyclic torsional test with a static shear stress bias for Toyoura sand at Dr = 46.6 %
conducted by Chiaro et al. (2013) was simulated. The preparation method for the
sample used in the test was through air pluviation, which was the same as that of
Zhang’s experiments, hence the same parameters were used. Figure 2.9 shows the
shear strain accumulation reached 32 % in both the experiment and simulation.
However, for more accurate reflection of such or even higher levels of shear strain,
geometric nonlinearity should be taken into consideration for both the constitutive
model and the finite element formulation, which is beyond the scope of the current
study.

2.5.3 VELACS Centrifuge Experiment Simulation

To validate the performance of the proposed model and numerical algorithm in
boundary value problems, the well documented VELACS centrifuge Model No.1
and Model No.2 were simulated and compared against RPI’s experiment data
(Taboada and Dobry 1993a, b). The basic setup of the centrifuge models are shown
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Fig. 2.8 Simulation of undrained cyclic torsional test for Toyoura sand at Dr = 48 % (experiment
data from Zhang et al. 1997)
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in Fig. 2.10, the two models were almost identical apart from the fact that Model
No. 2 had a slight inclination of 2°.

Since the centrifuge experiments were conducted in laminar boxes, they repre-
sent the one-dimensional seismic response of a liquefiable soil layer, and thus can
be simulated using one single column of elements with properly set boundary
conditions. In the simulations presented, three-dimensional Brick UP elements
(Yang et al. 2008) with side length of 1.0 m were used to evaluate the performance
of the model in 3D analysis. Figure 2.11 shows the finite element mesh, with its
boundary conditions. The 4 nodes at the base of the finite element mesh were fixed
to follow the input motion, the nodes on each level is then tied together using the
Equal DOF command in OpenSees (McKenna and Fenves 2001). Free drainage
was set at the top of the model, the rest of the boundary were undrained. For Model
No. 2, the direction of gravity was tilted 2° as shown in Fig. 2.11. In the simula-
tions, a gravity loading step was carried out with an elastic material stage and then
with a plastic material stage as aforementioned to create the initial geostatic stress
field. Ground motion for the two experiments were input at the base of the mesh
using the actual input accelerations reported by Taboada and Dobry (1993a, b).

Nevada sand of 45 % relative density (e = 0.724) was used in both experiments.
The model parameters were estimated based on experiment results (Arulmoli et al.
1992; Kutter et al. 1994), and are shown in Table 2.1. For permeability, an
important parameter in the simulation, there has been various values reported for
Nevada sand at such relative density, ranging from 1.05 × 10−3 m/s to 3.3 × 10−3

m/s (Bardet et al. 1993; Kutter et al. 1994; Taboada and Dobry 1998; etc.), Manzari
and Arulanandan (1993), Andrianopoulos et al. (2010) suggested using time
dependent permeability during liquefaction. For simplicity, the permeability k was
set to be 1.6 × 10−3 m/s in between the various reported values.
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Fig. 2.9 Simulation of undrained cyclic torsional test with a static shear stress bias for Toyoura
sand at Dr = 46.6 % (experiment data from Chiaro et al. 2013)
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Fig. 2.10 Test configurations of VELACS centrifuge Model No. 1 and Model No. 2
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For the simulation of centrifuge Model No. 1, the calculated ground acceleration
at three different depth are compared with recorded data in Fig. 2.12, showing
satisfactory agreement. The attenuation of acceleration was notable in both the
experiment data and simulation. The amplitude of the simulated lateral displace-
ments were somewhat smaller than the experiment recordings, though final residual
lateral displacements matched well (Fig. 2.13). Figure 2.14 shows the excess pore
pressure time histories, excellent agreement between experiment and simulation
results can be observed for the generation and dissipation process of excess pore
pressure. It can been seen that soils above 5 m in depth all reached liquefaction
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during the seismic event, and the time needed to reach liquefaction was less with
smaller depth. Figure 2.15 shows typical stress path and stress-strain relations at
two different depths in Model No. 1, showing typical patterns of stiffness degra-
dation during pore pressure build up. From Fig. 2.15, it can be clearly seen that soil
reached liquefaction at 2.5 m depth and did not reach liquefaction at 7.5 m.

Figure 2.16 shows that the simulated soil settlement in Model No. 1 is signifi-
cantly different to that measured in the experiment. In the experiment, settlement
developed very quickly, reaching 22 cm after only 20 s, however, the calculated
final settlement was only half of that, and reached its final value after 40 s. This
discrepancy between simulated settlement and measured settlement in centrifuge
tests has been observed in the application of many plasticity models for sand, and
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has been an issue of debate: (1) Zhang and Wang (2012) indicated that this dif-
ference may be caused by rate effects due to the high velocities in the centrifuge
tests; (2) Boulanger and Ziotopoulou (2013) pointed out that the sedimentation
process is not reflected in constitutive models; (3) Elgamal et al. (2003) assumes
that the underestimation of settlement is due to the high nonlinearity of actual sand;
(4) Shahir et al. (2012) tended to suggest that the change in the permeability of sand
during liquefaction plays and important role.

In the simulation of Model No. 2, Fig. 2.17 again shows the good agreement for
acceleration between experiment and calculation results. The trend and final
residual value of the lateral displacements were well simulated (Fig. 2.18). The
excess pore pressure time histories are shown in Fig. 2.19, with the patterns of
excess pore pressure very closely simulated. The typical stress path and stress-strain
relations shown in Fig. 2.20 were different from those of Model No. 1, as the
ground inclination caused shear strain to accumulate in one direction, leading to the
large lateral deformation in Fig. 2.21. Again, the simulation underestimates the
settlement of the sand (Fig. 2.22).

-0.3

-0.2

-0.1

0

0 10 20 30 40

Se
ttl

em
en

t (
m

)

Time (s)

Calculation

Experiment

Fig. 2.16 Calculated and
measured soil settlement in
Mode No. 1

-4
-2
0
2
4

Experiment Calculation

-4
-2
0
2
4

-4
-2
0
2
4

0 2 4 6 8 10 12 14 16

Time (s)

-4
-2
0
2
4

H
or

iz
on

ta
l A

cc
el

er
at

io
n 

(m
/s

2 )

0.25 m

2.35 m

5 m

Input

Fig. 2.17 Calculated and
measured acceleration
histories in Model No. 2

48 2 A Unified Plasticity Model for Large Post-liquefaction …



-0.2
0

0.2
0.4
0.6
0.8

-0.2
0

0.2
0.4
0.6
0.8

-0.2
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10 12 14 16

Time (s)

-0.2
0

0.2
0.4
0.6
0.8

Experiment Calculation

0.5 m

2.5 m

5 m

7.5 m
H

or
iz

on
ta

l D
is

pl
ac

em
en

t (
m

)

Fig. 2.18 Calculated and
measured horizontal
displacement histories in
Model No. 2

-0.2
0

0.2
0.4
0.6
0.8

-0.2
0

0.2
0.4
0.6
0.8

-0.2
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10 12 14 16

Time (s)

-0.2
0

0.2
0.4
0.6
0.8

Experiment Calculation

0.5 m

2.5 m

5 m

7.5 m

H
or

iz
on

ta
l D

is
pl

ac
em

en
t (

m
)

Fig. 2.19 Calculated and
measured excess pore
pressure histories in Model
No. 2

2.5 Validation of Model Formulation and Implementation 49



0

10

20
Experiment Calculation

0

10

20

30

0

20

40

60

0
20
40
60
80

0 5 10 15 20 25 30 35 40

Time (s)

1.45 m

2.6 m

5 m

7.5 m

E
xc

es
s 

Po
re

 P
re

ss
ur

e 
(k

Pa
)

EPPR=1.0

EPPR=1.0

EPPR=1.0

EPPR=1.0

Fig. 2.20 Calculated and measured excess pore pressure histories in Model No. 2

-10

0

10

20

0 10 20 30

xy
(k

Pa
)

-0.01 0.01 0.03 0.05

-0.01 0.01 0.03 0.05

xy

-20

0

20

40

0 20 40 60 80

xy
(k

Pa
)

v (kPa)

2.5 m

7.5 m

Fig. 2.21 Typical stress path and stress-strain relations in Model No. 2

-0.3

-0.2

-0.1

0

0 10 20 30 40

Se
ttl

em
en

t (
m

)

Time (s)

Calculation

Experiment

Fig. 2.22 Calculated and
measured soil settlement in
Mode No. 2

50 2 A Unified Plasticity Model for Large Post-liquefaction …



2.6 Summary

This chapter presents the formulation and numerical implementation of a unified
constitutive model for seismic liquefaction analysis based on the physics of
post-liquefaction deformation established by Zhang and Wang (2012). The model is
unique in that it provides a unified description of sand of different conditions from
pre- to post-liquefaction under monotonic and cyclic loading.

By enforcing the volumetric compatibility equation at liquefaction according to
Zhang and Wang’s (2012) proposition, the model provides physically based
computation of the generation and accumulation of shear strain at zero effective
stress, which is a significant advantage over most existing models.

Through the appropriate formulation of two dilatancy components, namely
reversible and irreversible, the model explicitly links the phenomenon of cyclic
mobility to soil dilatancy, providing excellent modelling capabilities for both
monotonic and cyclic response of sand.

The state parameter W was incorporated into the model for compatibility with
the critical state soil mechanics concept. The model was unified to allow the
simulation of sand at different relative densities and confining pressures with a same
set of parameters.

In the multiaxial formulation, the mapping rules for plasticity and dilatancy were
proposed to be suitable in three dimensional space and accommodate the three
dimensional numerical implementation of the model. Calibration methods for the
model parameters were also provided.

Using a cutting-plane algorithm with substepping as the stress integration
scheme, and the Pegasus procedure to locate the projection of current stress state on
the maximum stress ratio surface, the model was implemented in the OpenSees
finite element framework, making it openly available to the technical community.

The constitutive model and its three dimensional numerical implementation were
validated against drained and undrained triaxial experiments, undrained cyclic
torsional experiments and centrifuge experiments, showing the great capabilities of
the model in simulating sand response of a wide range of densities and confining
pressure, and highlighting its advantage in simulating large post-liquefaction shear
deformations.

However, as the current model underestimates the reconsolidation settlement of
sand, which is something that could be looked into in future improvements.
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Chapter 3
Analysis of Seismic Single Pile Response
in Liquefiable Ground

The seismic response of single piles in liquefiable ground is investigated in this
chapter by conducting centrifuge shaking table tests and numerical simulations. The
seismic response of single piles in liquefiable ground is investigated in this chapter
by conducting centrifuge shaking table tests and numerical simulations. Typical
setups of single piles in liquefiable ground is studied to enhance the understanding
of the major influence factors on the behaviour of piles in liquefiable ground, and
the dynamic coupling of structure-pile inertial interaction and soil-pile kinematic
interaction.

3.1 Centrifuge Test on Single Piles in Liquefiable Ground

Three centrifuge tests on single piles were carried out in this dissertation, (listed in
Table 3.1) including one in level ground (denoted LCS), one in slightly inclined
ground (by 0.75°, denoted ICS), each of which had a superstructure on top of a pile
cap fastened to the pile, and one in level ground without pile cap and superstructure
(LNN).

The three centrifuge tests were conducted at 30g centrifugal acceleration at
Tsinghua University’s 50g-ton geotechnical centrifuge facility. The shaking table
used on the centrifuge was designed to generate unidirectional horizontal acceler-
ation with a maximum of 20g, in a frequency range of 10–250 Hz. Figure 3.1 shows
the setup of the centrifuge tests.

All laboratory dimensions and measurements reported in the current study have
been converted to the prototype scale to facilitate engineering interpretation. The
basic scaling factors for dynamic centrifuge modelling (Kutter 1992) are provided
in Table 3.2. A laminar box with minimal interlayer friction, with coefficient of
friction smaller than 0.01, was used in the tests in order to model one-dimensional
ground response. The length-to-depth ratio of the laminar box was 2 to ensure
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minimal cantilever deformation (Hushmand et al. 1988). The ground model was
made up with saturated Fujian sand and consisted of a top medium dense
(Dr = 50 %) layer (5 m thick) and a bottom dense (Dr = 70 %) layer of 2.5 m. The
Fujian sand is massively produced in Pingtan County of Fujian Province, China,

Table 3.1 Centrifuge test
and numerical simulation
program

ID Ground inclination Remarksa

LCSb Level C, S

ICSc 0.75° C, S

LNN Level C, S

LNSd Level S
aC and S stand for centrifuge test and finite element simulation,
respectively
bThe LCS setup with models different in structure mass, soil
stiffness and soil profile are studied through numerical
simulations
cThe ICS setup with models different in ground inclination and
soil profile are studied through numerical simulations
dThe LNS setup with models different in structure mass, soil
stiffness and soil profile are studied through numerical
simulations

Strain gauge

Accelerometer

Pore pressure transducer

60
0

30
0

30

90
0

Fig. 3.1 Diagram of
centrifuge model tests for
single piles in liquefiable
ground (dimensions in cm)

Table 3.2 Centrifuge
shaking table test scale factors

Quantity Symbol Scale factor

Length l 1/n

Density ρ 1

Acceleration a n

Time (dynamic) td 1/n

Time (consolidation) tc 1/n2

Note n is the centrifugal acceleration in terms of gravity
(g) during the test
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and complies with Standard Sand for Cement Strength Test (GB 178), a national
standard of China. The specific gravity of the sand is 2.65; the maximum and
minimum void ratios are 0.879 and 0.555, respectively. The coefficient of perme-
ability of the sand is 1.5 × 10−4 m/s at 50 % relative density and 6.0 × 10−5 m/s at
80 %. A hydroxypropyl methyl cellulose (HPMC) solution with dynamic viscosity
30 times that of water at ambient temperature was used to resolve the discrepancy
between the scale factor for dynamic time and consolidation time (Table 3.2). The
sand was air pluviated to reach the desired density and then saturated with the
HPMC solution under vacuum.

A 6 m long aluminium pile with a 0.3 × 0.3 m square cross section was modelled
in all three tests. The pile head was fastened into a 0.3 m thick 2.7 × 2.7 m alu-
minium pile cap in the LCS and ICS tests, with a steel superstructure weighing
10.8 ton fixed on the top. Druck™ PDCR81 miniature pore pressure transducers
was used for pore pressure measurement; Dytran™ 3035B/BG accelerometers were
installed to measure horizontal acceleration; and the strains on the pile was acquired
through 7 pairs of strain gauges and the strain values were used to calculate the
bending moment. The pore pressure transducers and accelerometers were installed
4 m from the pile on either side along the centre line of the laminar box at various
depths.

3.2 3D FEM Method for Simulation of Piles in Liquefiable
Ground

A 3D FEM method for simulating the seismic behaviour of piles in liquefiable
ground is developed. The unified plasticity model for large post-liquefaction shear
deformation of sand, which has been implemented in OpenSees, is used to provide
description for sand. OpenSees’s u-p brick element is adopted for solid-fluid cou-
pling in the effective stress analysis of saturated sand. The capability of the u-p
formulation in capturing dynamic pore pressure was validated by Zienkiewicz et al.
(1980, 1999) and is considered appropriate for soils with the coefficient of per-
meability smaller than 10−3 m/s in the complete loading frequency range, and
acceptable for loading frequencies greater than 2 Hz when the coefficient of per-
meability is less than 10−1 m/s, which meets the requirements of this study, where
the coefficient of permeability is in the range of 10−5 to 10−4 m/s.

Second order twenty-node brick elements are used for the piles to provide an
appropriate physical representation of the soil-pile system. The cross section of a
pile consists of a number of elements along the bending direction (Fig. 3.2),
intended to fully capture the bending of the pile. The moment on the pile is
calculated by summing the product of the average stress on each relevant element
ðrave;iÞ with its area (Ai) and moment arm (li):
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M ¼
X

rave;iAili ð3:1Þ

To prove that the finite element representation of the pile can accurately capture
the bending deformation, we simulate a pile alone as a cantilever bending column in
Fig. 3.3. The deflection and bending moments solved by the finite element model
with six second-order hexahedron elements along the bending direction show
excellent agreement with the corresponding closed-form solutions of Euler beam
theory.

A hyperbolic model (Clough and Duncan 1971) is used for the soil-pile inter-
face, in which the shear modulus is determined as:

6 twenty-node brick elements

Soil model
(without pile)

Pile insertion

Elastic gravity

Plastic gravity

Plastic gravity

Seismic

Removal of soil and insertion 
of pile and structure

Full model
(with pile)

Pile cross section

Tied node pairs on the 
boundaries

u-p brick element

brick element

x
y

z

M +

Tied
Soil-Pile interface 
elements

Fig. 3.2 Diagram of staged modelling technique for three dimensional finite element simulation
of piles in liquefiable ground
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Gt ¼ G0cPaðrnPa
Þnð1� Rf

s
rn tan/

Þ2 ð3:2Þ

where G0c; n;Rf and / are model parameters, Pa is the atmospheric pressure, and σn
and τ are the normal and tangential stresses at the interface, respectively. For the
simulations in this dissertation, the normal direction of the interface is the direction
perpendicular to the associated pile surface.

A staged modelling procedure is adopted to simulate the physical process of pile
installation in order to result in correct initial conditions for the subsequent seismic
analysis. In the first stage, the soil block without piles is modelled using u-p
formulation hexahedron elements with appropriate boundary conditions, and
gravity is applied. Figure 3.4 shows the soil model for a level ground. If a sloping
ground is to be modelled, the z coordinate of nodes in an original horizontal mesh
can be changed to achieve the desired inclination without rotating the entire model.
Note that the nodes that are connected with or in the place of the pile and pile cap
should not be moved for the sloping models, so that the pile and pile cap to be
inserted in the later stage can conveniently remain vertical. A close inspection of the
calculated initial effective stress (not shown) found that the vertical stress contour is
parallel to the inclined ground surface in the far-field, indicating that the slope
condition is well simulated. An elastic gravity stage with consolidation is first
carried out, during which linear elasticity is used for the soil. The state of the soil is
then updated to comply with the proposed plasticity model, and a plastic gravity
stage is then conducted to obtain an initial free-field stress.

Next, we use pile and interface elements to replace the soil elements at the
specified location. The three displacement degrees of freedom (DOF) of adjacent
nodes on the pile and interface are tied together, while the soil and interface
elements have an extra pore pressure DOF. Pile caps and superstructures can also be
added to the model if necessary (Fig. 3.2). Another plastic gravity step is subse-
quently carried out to account for settlement and consolidation caused by pile
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insertion, generating the proper initial stress field in the soil and piles at a hydro-
static state prior to seismic loading. This procedure does not capture some effects of
the pile installation process on soil, such as the stress relaxation for a drilled shaft
and soil densification due to driving a high-displacement pile. These effects are
expected to only influence the primary process that we focus on in an insignificant
way. After the elastic, plastic, and plastic-with-pile gravity stages, the seismic
simulation could then be conducted.

Numerical simulation has an important advantage in conducting large amounts
of controlled simulations to study the influencing conditions and factors for the
response of single piles in liquefiable ground, thus, the influence of
soil-pile-structure setup, structure mass, soil stiffness, ground inclination, and soil
layering are investigated in this dissertation using the numerical simulation method
described. In validation and application of the proposed 3D finite element mod-
elling method for piles in liquefiable ground, a series of numerical simulations are
conducted, as summarized in Table 3.1. Apart from the three centrifuge test setups,
a fourth scenario of a single pile in level ground with superstructure directly
attached without a pile cap (LNS) is simulated numerically for comparison. The
superstructure weight in the LNS case is less than the LCS and ICS cases (1.7 ton
compared with 10.8 ton in prototype scales).
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The 3D finite element simulations are carried out in the prototype length- and
time-scale. A half-model cut along the x-z plane through the pile centre is used with
proper boundary conditions applied on the symmetry plane to take advantage of the
symmetry of the problem. Each node on the negative-x boundary share the same
DOF with the corresponding node on the positive-x boundary to simulate the effects
of the laminar box. The tied boundary condition (including modified forms) is
widely adopted as a reasonable method for simulating centrifuge experiments using
shear beam containers (e.g. Elgamal et al. 2002; Andrianopoulos et al. 2010;
Chaloulos et al. 2013). Free drainage boundary is applied at the ground surface.
Input accelerations are forced on the bottom nodes. The pile is simulated using six
rows of second order hexahedron elements along the bending direction (x). As no
significant bending occurs along the y direction, only one row of elements are
sufficient in that direction.

One set of model parameters for sand, interface, pile and structure is used in all
the simulations as listed in Table 3.3. The elastic parameters for the pile and
structure are typical values for aluminium and steel. For the sand model, the elastic
shear modulus parameter (G0), plastic modulus parameter (h) and critical state
stress ratio (M) are calibrated against drained triaxial test data, and the elastic bulk
modulus parameter (j) was determined via the rebound curves of triaxial consol-
idation tests. The critical state parameters (kc, e0, n) for Fujian sand reported by
Yang and Sze (2011) were used. The dilatancy parameters are back-calculated from
the simulation of the LCS centrifuge test and used in the all the other simulations.

Table 3.3 Material parameters used in simulations

Fujian sand (CycLiqCPSP) Value Interface (Clough-Duncan) Value

Go 200 Goc 500

j 0.006 n 0.52

h 1.7 / 30°

M 1.3 Rf 0.65

dre;1 0.45

dre;2 30

dir 0.6 Pile and cap (elastic) Value

a 40 E 70 GPa

cd;r 0.05 V 0.33

np 1.1

nd 8

kc 0.023 Structure column (elastic) Value

e0 0.837 E 200 GPa

n 0.7 V 0.3

Note n is the centrifugal acceleration in terms of gravity (g) during the test
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3.3 Test and Simulation Results

3.3.1 LCS, Level Ground with Cap and Superstructure

Figures 3.4, 3.5, 3.6, 3.7 and 3.8 shows the calculated and measured horizontal
acceleration, excess pore pressure, and bending moment. The results from
numerical simulation were in good agreement with those gained from centrifuge
test.

Figures 3.4 and 3.5 depict the accelerations in time and frequency domains,
respectively. The maximum input acceleration of model LCS was −4.95 m/s2,
occurring at 6.76 s. Figure 3.6 shows that the excess pore pressure in the soil
generated quickly upon the initiation of the seismic excitation, reaching excess pore
pressure ratio (ru, the ratio of excess pore pressure to initial effective stress) of up to
0.6 before 3 s. Excess pore pressure generation slowed down significantly between
3 and 5.5 s, even though the input motion intensified after 4 s. This is attributed to
the attenuation of high frequency motion caused by the build-up of excess pore
pressure and the corresponding softening of the soil. The input motion between 3
and 5.5 s consisted of much greater high frequency components (Fig. 3.5a), which
was mostly filtered by the softened soil (Fig. 3.5b). The acceleration at the ground
surface had a maximum of only 60 % that of the input. Centrifuge test results
showed the top 4 m of sand had reached liquefaction after 10 s, where ru = 1.0.

The calculated and measured bending moment histories at three different depth
are shown in Fig. 3.7. The maximum bending moment in the pile was −58 kN m in
the test and −60 kN m in the simulation, both of which occurred 0.2 s later than the
time of peak input acceleration. No residual moment existed after the seismic
motion had ceased. According to the peak moment distribution along the pile for
model LCS in Fig. 3.8, the maximum bending moment was observed at the pile
head, while the pile tip was free to rotate and had zero moment.
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3.3.2 ICS, Inclined Ground with Cap and Superstructure

The calculated and measured results for the model with pile cap and superstructure
in slightly inclined ground (ICS) are shown in Figs. 3.9, 3.10, 3.11, 3.12 and 3.13.
The soil acceleration attenuation (Fig. 3.9), excess pore pressure build-up
(Fig. 3.10) and pile bending moment (Figs. 3.12 and 3.13) are accurately simu-
lated using the proposed method, with exactly the same material parameters as
those in the LCS simulation. Similar to the observation in the LCS simulation, the
near-pile excess pore pressure during shaking in Fig. 3.10b is significantly smaller
than that of the far-field measurement at the same depth in Fig. 3.10a, echoing the
findings in González et al. (2009). Figure 3.11 provides simulated stress-strain
relationship from both far-field and near-pile soil, showing that the far-field sand
reached liquefaction and most of the shear strain was generated during lateral
spreading. On the other hand, the near-pile sand did not quite reach liquefaction but
exhibited larger shear stress amplitudes and much stronger dilatancy tendency,
likely owing to the interaction between the pile and soil. The near-pile sand also
experienced much smaller shear strain during seismic shaking, which concurs with
the photo evidence from centrifuge tests by González et al. (2009).

The peak pile moment during the earthquake was −45kN m (Fig. 3.12), which
was smaller than that of model LCS partly due to the weaker input motion (max-
imum input acceleration −3.8 m/s2 of ICS vs. −4.95 m/s2 of LCS). The peak
moment distributions of the inclined and level ground models during shaking were
very much alike (Figs. 3.13a and 3.7). However, the ICS model retained a sig-
nificant amount of residual moment after the earthquake, reaching 20 kN m at the
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pile head (Fig. 3.13b). This residual moment was caused by the lateral spreading of
the inclined ground after liquefaction, and amounted to nearly half of the peak
moment even in the very gently inclined model (0.75°).

3.3.3 LNN and LNS, Level Ground without Cap,
without and with Superstructure

The simulated and measured pile moment histories and peak distribution for the
model without pile cap and superstructure in level ground (LNN) are shown in
Figs. 3.14 and 3.15, respectively. The acceleration and pore pressure results were
very similar to those of the LCS model and are not shown for conciseness. Compared
with the LCS model with the same ground and seismic conditions, the pile in the
LNN model experienced much smaller bending moments with a maximum of only
5 kN m. Since there was no pile cap or superstructure, the bending moment at both
the pile head and tip were zero, and the maximum moment occurred at 3–4 m depth.

To comparatively study the influence of the pile cap and superstructure, a model
with superstructure but without pile cap (LNS) was simulated numerically.
Figure 3.15 compares the peak pile moment of the LNS and LNN models. The
inertia of the superstructure caused the peak pile moment to be much larger down to
2 m depth in the LNS model, with a maximum of 21 kN m at the pile head.
However, the peak pile moment below 3 m depth were almost identical for the LNS
and LNN models, which echoes with Gazetas and Dobry’s (1984) suggestion that
the active length of piles under horizontal dynamic loading is 5–15 times the pile
diameter. It is worth noting that under the same seismic excitation, the peak bending

0 10 20 30
Moment (kNm)

Simulated

Centrifuge

0

1

2

3

4

5

6

7

-80 -40

Peak Residual

0

D
ep

th
 (

m
)

Moment (kNm)

(b)(a)

Fig. 3.13 Peak and residual moment distribution along the pile from centrifuge test and numerical
simulation on model ICS. a Peak. b Residual

3.3 Test and Simulation Results 67



-10

-5

0

5

10

M
om

en
t (

kN
m

)

-10

-5

0

5

10

M
om

en
t (

kN
m

)

Simulated
Centrifuge

-5

0

5

0 5 10 15 20

M
om

en
t (

kN
m

)

Time (s)

1.50m
from surface

3.30m
from surface

5.85m
from surface

Fig. 3.14 Pile moment
histories at various depths
from centrifuge test and
numerical simulation on
model LNN

0

1

2

3

4

5

6

7

0 5 10 15 20 25

D
ep

th
 (

m
)

Moment (kNm)

Simulated
(LNN)

Centrifuge
(LNN)

Simulated
(LNS)

Fig. 3.15 Peak moment
distribution along pile from
centrifuge test and numerical
simulation on models LNN
and LNS (numerical
simulation only for LNS)

68 3 Analysis of Seismic Single Pile Response in Liquefiable Ground



moment for the piles in models LNN and LNS were positive, while that in the LCS
model was negative. This difference is due to the different interaction modes caused
by the pile cap, which will be discussed in the following section. Note that the pile
moment values between LNS and LCS should not be compared directly since
different superstructure weights were used.

3.4 Seismic Response of Single Piles in Liquefiable
Ground

Through the centrifuge tests and numerical simulations, the seismic response of
single piles in liquefiable ground is reproduced. The results from numerical sim-
ulations agreed very well with those from the centrifuge tests, validating the pro-
posed 3D FEM method. Based on these validations, more in-depth analysis of
single piles in liquefiable ground, can be conducted with confidence using the
method, especially on the major influence factors, and the dynamic coupling of
structure-pile inertial interaction and soil-pile kinematic interaction.

3.4.1 Major Factors Influencing Pile Responses

3.4.1.1 Pile Cap

Simulation results for models LCS and LNS have shown that under the same
ground conditions and seismic input, single piles with and without pile cap expe-
rienced peak bending moments of opposite directions. Figure 3.16 shows that pile
moment was strongly correlated to the displacement of soil and structure acceler-
ation in both models, with the peak moment occurring at maximum positive surface
soil displacement and negative structure acceleration. However, for the case with
pile cap (LCS) the moment was negatively correlated to soil displacement and
positively correlated to structure acceleration, which was opposite to the case
without pile cap (LNS).

This difference in pile moment direction is a result of the difference in bending
modes caused by the pile cap. Figure 3.17 shows the pile slope at the time of peak
pile moment in model LCS and LNS. The pile slope is defined as dω/dy, where ω is
the pile displacement in the x-direction. Under the same soil displacement and
inertial force directions, the pile bent towards opposite directions with and without
pile cap. While the slope at pile tip were close for both LCS and LNS cases, the
LCS had a very small slope at the pile head making it almost vertical, and the slope
at the pile head was greater than that at the pile tip for LNS. This means that the pile
cap restricts the rotation of the pile head and thus causes the pile to bend as
illustrated in Fig. 3.18a, whereas without the constraint of the cap, the pile would
bend in the manner of Fig. 3.18b. The different bending modes hence lead to
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different pile moment distributions. Bending modes influence the role of inertial and
kinematic interactions in different pile model setups, and should be further inves-
tigated in future studies. Variations in pile cap size and modulus are expected to
influence the magnitude of the constraint at the pile head and thus influence the
response of piles.
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3.4.1.2 Lateral Spreading

Test and simulation results of the ICS model showed that lateral spreading of
liquefiable ground could cause significant residual pile moment. Four models with
different ground inclinations (1.5°, 2.25°, 3°, and 6°) but otherwise identical to ICS
were numerically simulated to study this effect. Figure 3.19 shows the evolutions of
the residual maximum pile moment, residual soil surface displacement, residual pile
head displacement, and pile-soil relative displacement with respect to the ground
inclination angle. As the ground slope increased, both the amount of lateral
spreading and residual pile bending moment increased.

The p-y curves at 1.5 m depth in models with 0.75° and 6° inclinations were
back-calculated from the simulation results (Fig. 3.20), with the soil resistance
obtained by calculating the second order derivative of bending moment with respect
to the depth. Comparison of the p-y curves in the two simulations shows that the
soil resistance during lateral spreading in the model with more ground inclination is
significantly greater and continues to increase with increasing displacement, while
the soil resistance was much smaller and peaked early in the model with smaller
inclination, similar to the observations by Abdoun et al. in centrifuge test 2° ground
inclination (2003). Further investigation into the excess pore pressure time history
in the model with 6° inclination shows that sand at 1.5 m depth from ground surface
first reached liquefaction, but the excess pore pressure gradually decreased after
about 7.5 s (Fig. 3.21), suggesting that near-surface sand had regained effective
stress during lateral spreading. The stress strain relationship at the same position
further confirms this observation, showing that as the surface sand dilates during
lateral spreading, it regains effective stress (Fig. 3.22), which is a very important
feature of post-liquefaction shear deformation of sand captured by the current
constitutive model.
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Fig. 3.18 Effect of pile cap on pile head rotation and pile moment
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The increase in effective stress, combined with greater relative lateral dis-
placement between pile and soil, causes the residual pile bending moment to
increase with increased ground inclination. For the given material and structure, a
ground inclination angle above 2° was sufficient to generate a residual moment
greater than the peak moment during shaking, which explains the observed pile
foundation failures that occurred during lateral spreading, and suggests that current
design methods which do not take into consideration of the change in effective
stress of sand during lateral spreading may underestimate the forces that are
enforced onto the piles.

3.4.1.3 Non-liquefiable Crust

A non-liquefiable crust can often be found above liquefiable soil. The effect of a
stiff non-liquefiable crust is here studied by replacing the top 2 m of the LCS and
LNS models with a non-liquefiable layer to create models LCS-N and LNS-N. In
the current simulations, the crust is modelled using linear elasticity, with a Young’s
modulus of 30 MPa and Poisson’s ratio of 0.4, which is aimed to provide a basic
understanding of the effect of a relatively stiff non-liquefiable crust, more advanced
material model should be used in further in-depth analyses of the influence of the
crust layer.
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In the LCS-N model, the maximum moment of the pile occurred near the
interface between the non-liquefiable and liquefiable layers instead of at the pile
head, and was significantly greater than that of the LCS model (Fig. 3.23). The
LNS-N showed similar results of maximum moment occurring at the soil layer
interface. However, the direction of the moment at the soil layer interface was
opposite to that at the pile head (Fig. 3.24), which is again related to the constraint
on pile rotation. Figure 3.25 compares the pile slopes at peak pile moment of
models LCS-N and LNS-N against their respective counterparts without
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non-liquefiable layers. The comparison shows that the existence of a non-liquefiable
crust acts as a weak constraint on the pile rotation within the layer, causing the
bending and pile moment to intensify at the interface between non-liquefiable and
liquefiable layers, which has been the observation in many case histories (e.g.
Berrill and Yasuda 2002; Madabhushi et al. 2010).

3.4.2 Role of Inertial and Kinematic Effects

The typical simulation results in the previous section show that under the same
input motion, the single pile with and without pile cap setups experiences peak pile
moment demand at almost the same time at the pile head, but of different directions.
This raises questions about the roles that structure inertial force and soil kinematic
deformation play on the pile bending moment.

3.4.2.1 With Pile Cap

Figure 3.16a plots the pile head moment (maximum moment in the pile) against the
structure acceleration and soil surface displacement in model LCS, representing
inertial and kinematic interactions, respectively. In this model, the pile head
moment is positively correlated with the structure acceleration (i.e. negatively
correlated with structure inertial force) and is negatively correlated with the soil
surface displacement. The correlation of pile head moment with the soil surface
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displacement is stronger than that with the structure acceleration. When the pile
head moment is at its peak (negative), the structure acceleration is close to its peak
negative value (positive inertial force), while the soil surface displacement is close
to its peak positive value. The roles of structure inertial force and soil deformation
are looked into through applying a positive lateral force on the structure and
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InertialFig. 3.27 Illustration of the
pile head moment caused by
positive kinematic and inertial
effects in single pile models
with pile cap. Mk is the pile
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is that caused by inertial force
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applying a positive soil lateral displacement profile on the ground separately in two
static simulations conducted on the model (Fig. 3.26). Figure 3.26a shows that
when a positive lateral force is applied on the structure, the pile head is subjected to
a positive bending moment, which is opposite to the trend in Fig. 3.16a. When a
positive soil displacement profile is applied on the boundaries of the ground, as
shown in Fig. 3.26b, a negative bending moment occurs at the pile head, similar to
the pattern in Fig. 3.16a. Comparing the static simulation results in Fig. 3.26 with
the dynamic results in Fig. 3.16, it is clear that in this model, the kinematic soil
deformation plays a dominating role on the pile moment, while the structure inertial
force works against the kinematic effect. Figure 3.27 depicts an illustration of the
peak dynamic pile head bending moment demand in the single pile with pile cap
setup generated by a combination of positive inertial force and positive kinematic
deformation. It should be pointed out that the static simulations can only provide a
qualitative understanding of the roles of inertial and kinematic effects, as the soil
properties and the combination of the two effects changes during the dynamic
simulation.

3.4.2.2 Without Pile Cap

The relationships between the pile head moment and the structure acceleration and
soil surface displacement in model NCm2.55G200 of the single pile without pile cap
setup shown in Fig. 3.16b is opposite to those from the dynamic simulation of the
single pile with pile cap setup. In this model, the pile head moment is negatively
correlated with the structure acceleration (i.e. positively correlated with structure
inertial force) and is positively correlated with the soil surface displacement. The
correlation between the pile moment and the structure acceleration is slightly
stronger than that between the pile moment and the soil surface displacement. The
structure acceleration and soil surface displacement are at maximum negative and
positive values, respectively, when the pile head moment is at its positive maxi-
mum, which means that under inertial and kinematic effects of the same direction,
the single pile without pile cap setup experienced pile head moment of the opposite
direction to the setup with pile cap. Similar to the static simulations on the single
pile with pile cap setup, a positive lateral force is applied on the structure and a
positive soil lateral displacement profile is applied on the soil in two static simu-
lations, respectively. Figure 3.28 shows that a positive pile head moment is gen-
erated with positive lateral force on the structure, while the soil displacement profile
only generates an insignificant amount of positive pile head moment, with the
maximum moment occurring at the middle of the pile. For the single pile without
pile cap setup, the inertial effect strongly dominates the pile moment demand at the
pile head (Fig. 3.29).

3.4 Seismic Response of Single Piles in Liquefiable Ground 77



3.4.3 Coupling of Inertial and Kinematic Effects

Upon acquiring a clear understanding of the roles of inertial and kinematic effects, it
is then important to answer the question of how the inertial and kinematic effects
combine to generate the dynamic pile bending moment demand in various setups.
An important aspect in understanding the seismic inertial and kinematic effects on
pile bending moment in liquefiable soils is the coupling of inertial and kinematic
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interactions. Cross-correlation analysis between structure acceleration and pile
moment, and between soil surface displacement and pile moment time history data
can provide a method to quantify the correlation and phase difference between
inertial and kinematic interactions. The cross-correlation coefficient of two discrete
time series of data f and g can be calculated as (Box and Jenkins 1970):

f � gð Þ½D� ¼def
Pn

t¼1 f ½t�g½tþD�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðPn
t¼1 f ½t�f ½t�Þð

Pn
t¼1 g½t�g½t�Þ

p ð3:3Þ

where t is the number of the data point in the series ranging from 1 to n, and Δ is the
lag. Equation 3.1 always gives a coefficient value between 1 and −1 inclusive,
where 1 represents total positive correlation, 0 is no correlation, and −1 is total
negative correlation. When Δ = 0, Eq. 3.1 measures the linear correlation between
two original time series. By calculating the cross-correlation coefficient for lag
�ðn� 1Þ�D� n� 1, the phase difference or time lag between the two correlated
time series can be determined as the lag at which the maximum absolute value of
cross-correlation coefficient is obtained.

3.4.3.1 Single Pile with Pile Cap

For the single pile with pile cap setup, Fig. 3.29 shows the influence of structure
mass on peak pile moment, structure acceleration, and soil surface displacement
based on the results from dynamic simulations on LCS models with different
structure mass. These models have exactly the same settings for the soil, pile and
pile cap, the mass of the superstructure is changed while its height and natural
period remains the same. In this way, the motion of the soil-pile-structure system
remains largely unchanged, as indicated by the negligible variations in the results of
peak structure acceleration and soil surface displacement among the 7 models with
different structure mass shown in Fig. 3.30b, c. The change in the peak pile moment
is then almost solely induced by the change in structure mass, and hence peak
inertial force. The pile absolute value of peak pile head moment decreases with
increasing structure mass (Fig. 3.30a), meaning that an increase in inertial force
from the superstructure could actually lead to a decrease in pile demand, which is
because the structure inertial force works against the kinematic effect and the pile
head moment in this setup. In this series of simulations, when the structure mass
changed by 300 times from 0.108 to 32.4 t, the peak pile moment merely reduced
by 60 % from −88 kN m to −35kN. These results show that the inertial effects on
pile moment in the single pile with pile cap setup is actually beneficial in terms of
reducing pile bending moment demand, but the influence is very limited.

Figure 3.31 depicts the relationships between the pile head moment (maximum
moment in the pile) and the structure acceleration, and between the pile head
moment and the soil surface displacement in two simulations on LCS models with
structure mass of 21.6 and 32.4 t, respectively. Comparing the results for the model
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with a structure weighing 21.6 t in Fig. 3.31a with those for model LCS with
structure mass of 10.8 t in Fig. 3.16, it can be seen that when the structure mass
increases from 10.8 to 21.6 t, the correlation between inertial force and pile moment
becomes stronger, while the correlation between kinematic deformation and pile
moment becomes slightly stronger. However, if the mass of the structure further
increases to 32.4 t, the correlations between both inertial and kinematic effects and
pile moment become less significant (Fig. 3.31b).

Results from cross-correlation analysis between the structure acceleration and
the pile moment, and between the soil surface displacement and the pile moment
time histories in Fig. 3.32, for LCS models with different structure mass, quantify
the observations in Fig. 3.31. At small structure masses, the pile moment has an
almost perfect negative correlation with the kinematic soil displacement, with a
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correlation coefficient of −0.95 (Fig. 3.32a). This correlation for kinematic inter-
action becomes less significant as the mass of the structure increases, with the
coefficient becoming 0.15 for the model with a 32.4 t structure (Fig. 3.32a). The
time lag between soil displacement and pile moment time histories also increases
from 0.02 to 0.22 s (Fig. 3.32b). The correlation coefficient between the structure
acceleration and the pile moment time histories is only 0.51 for the model with a
0.108 t structure, and increases with increasing structure mass to reach a maximum
of 0.78 for the model with a 21.6 t structure, but decreases to 0.36 as the structure
mass further increases to 32.4 t. The time lag between the structure acceleration and
the pile moment changes from −0.1 to 0.1 s as the structure mass increases.

The influence of kinematic soil deformation on pile bending moment for the
single pile with pile cap setup is investigated by altering the soil elastic shear
modulus parameter (G0) value in model LCS (Fig. 3.33). By changing G0 value
from 150 to 300, the peak soil surface displacement reduces from 3.4 to 1.3 cm
(Fig. 3.33c). The 62 % decrease in peak soil surface displacement caused the peak
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pile moment to reduce from −88 to −28 kN m, by 68 % (Fig. 3.34a). This indicates
that for the single pile with pile cap setup, the soil kinematic deformation is highly
influential to the pile moment demand, and limiting the soil deformation serves as a
valid way to reduce the seismic pile bending moment demand. It should be noted
out that the change in G0 value also caused the peak structure acceleration to change
from −3.1 to −4.3 m/s2, however, as analysed in the influence of inertial effects,
such a small change in inertial force would not significantly affect the pile moment.
The change in soil elastic shear modulus parameter (G0) value would not only
change the displacement of the soil, but would be expected to influence the soil-pile
interaction stiffness, which is not looked into in this study.

Cross correlation analyses on models with different soil elastic shear modulus
parameter (G0) value show that the stiffness, and hence the kinematic deformation,
of the soil also affects the correlations for inertial and kinematic interactions
(Fig. 3.35). The kinematic deformation shows stronger correlation with the pile
moment with higher soil stiffness, when the structure was 10.8 t, the correlation
coefficient reaches −0.97 with 0 time lag. However the inertial force has stronger
correlation with the pile moment in soil with lower stiffness, for model Cm10.8G150,
the correlation coefficient is 0.83 with 0 time lag.

For the single pile with embedded pile cap setup, the coupling of inertial and
kinematic interactions is strongly influenced by the magnitudes of both the structure
inertial force and the soil kinematic deformation.
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3.4.3.2 Single Pile without Pile Cap

For the single pile without pile cap setup, dynamic simulations on LNS models with
different structure mass are conducted to investigate the influence of inertial effect,
with the results shown in Fig. 3.35. In these simulations, the change in structure
mass had negligible effect on the soil surface displacement (Fig. 3.35c), and the
peak structure acceleration only increased slightly from −4.8 to −5.7 m/s2 when the
structure mass increased from 0.017 to 5.1 t (Fig. 3.35b). In contrast to the single
pile with pile cap setup, the change in structure mass has a strong influence on the
peak pile moment. When the structure mass increased by 6 times from 0.85 to 5.1 t,
the peak inertial force (mass times peak acceleration) increased by 6.7 times from
4.3 to 29.1 kN, the peak pile moment increased by 7.2 times from 9.3 to 66.7 kN m
(Fig. 3.35a). However, when the structure mass is small enough, 0.85 t in this case,
the maximum pile moment no longer appears at the pile head, hence the change in
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structure mass has almost no influence on the peak pile moment. These results show
that when the structure inertial force is strong enough for the peak pile moment to
occur at the pile head in the single pile without pile cap setup, the dynamic pile
moment demand increases almost linearly with increasing peak inertial force.

For the single pile without pile cap setup, Fig. 3.36 shows that in the model with
a 0.017 t structure, the correlations between the pile moment and the structure
acceleration, and between the pile moment and the soil surface displacement
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become much weaker than that in the model with structure mass of 1.7 t
(Fig. 3.16b). The weaker correlations in this model is to be expected, as the
maximum pile moment does not occur at the pile head, but at 3.5 m depth. When
the structure mass is small enough so that the maximum pile moment does not
occur at the pile head, the structure acceleration and the soil surface displacement
has almost no correlation with the pile moment demand with large time lags
(Fig. 3.37). However, if the structure mass is large enough, the pile moment has a
correlation coefficient of around −0.85 and almost no time lag with structure
acceleration, and has a correlation coefficient of around 0.75 and almost no time lag
with the soil surface displacement, irrespective of the structure mass.

The influence of kinematic effects for the single pile without pile cap setup is
investigated through dynamic simulations on LNS models with different soil elastic
shear modulus parameter (G0) value. Similar to the setup with pile cap, when G0

value is changed from 150 to 300, the peak soil surface displacement reduces from
3.4 to 1.5 cm (Fig. 3.38c). This 56 % decrease in soil surface displacement only
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lead to a 10 % decrease in peak pile moment (Fig. 3.38a), which is most probably
actually caused by the 17 % decrease in structure acceleration (Fig. 3.38b), based
on the previous understanding of the influence of inertial effects. This shows that
the soil kinematic deformation has little influence on the dynamic pile moment
demand in the single pile without pile cap setup. However, if the inertial force from
the structure is small enough that the maximum pile moment does not occur at the
pile head, the influence of kinematic effects would be expected to be more
significant.

Changes in soil elastic shear modulus parameter (G0) value in LNS models
caused no significant effects on the coupling of inertial and kinematic interactions.
For the single pile without pile cap setup, it would be acceptable to consider the
inertial and kinematic interactions to work in phase in designing for the pile
moment demand.

3.5 Summary

A three dimensional finite element modelling method for piles in liquefiable ground
is developed in this chapter. The method was validated against centrifuge shaking
table tests, and subsequently employed in the study of the seismic response of piles.
The unified plasticity model for large post-liquefaction shear deformation is used to
simulate the liquefiable ground. Second order twenty node brick elements are used
for the piles and a hyperbolic model for the soil-pile interface to provide appropriate
physical representation of the soil-pile system. A staged modelling procedure is
adopted for the method to provide correct initial conditions for the seismic analysis.

Three centrifuge shaking table tests on single piles with and without pile cap and
superstructure, in level and inclined liquefiable grounds are conducted and simu-
lated. The results of numerical simulation showed good agreement with the cen-
trifuge test measurements of the accelerations and excess pore pressures within the
soil, and especially the bending moments of the piles.

Some of the major factors for the seismic pile response in liquefiable ground
observed in the centrifuge tests and past case histories are investigated using the
proposed numerical simulation method. The existence of the pile cap is found to
restrain the rotation of the pile head, change the bending mode of the pile, and
hence cause piles with and without pile cap to experience bending moments of
opposite directions. Inclined ground is found to increase lateral spreading of liq-
uefied ground, and in turn result in greater pile residual moment. Even a modestly
inclined ground was sufficient to generate a residual moment greater than the peak
bending moment of a pile in a level but otherwise identical ground. The existence of
a non-liquefiable crust restricts the pile rotation within the layer, causing the
bending and pile moment to intensify at the interface between non-liquefiable and
liquefiable layers.
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The analyses in this chapter show that the roles that inertial structure force and
kinematic soil displacement play on the bending moment of the pile differs in
different setups. In single the pile with embedded pile cap setup, inertial structure
force and kinematic soil displacement of the same direction causes opposite pile
head moment. While for the single pile without pile cap setup, inertial structure
force and kinematic soil displacement of the same direction generates pile head
moment of the same direction. These differences in the roles of inertial and kine-
matic interactions are caused by the difference in pile head rotational constraint.

For the single pile with embedded pile cap setup, kinematic effects have a
dominating influence on the pile moment, the coupling of inertial and kinematic
interactions is strongly influenced by the magnitudes of both the structure inertial
force and the soil kinematic deformation. The coupling of inertial and kinematic
interactions is mostly affected by the magnitude of the structure inertial force in the
pile group setup. For this setup, simply assuming the inertial structure force and
kinematic soil deformation to be in sync or out of phase could lead to
over-conservative or over-optimistic estimates of the dynamic pile moment
demand. However, for the single pile without pile setup, inertial effects dominantly
influence the pile moment, it seems reasonable to assume that the inertial and
kinematic interactions work in sync to cause the dynamic pile moment demand.
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Chapter 4
Dragload and Downdrag Settlement
of Single Piles due to Post-liquefaction
Reconsolidation

4.1 Calculation Method for Dragload and Downdrag
Settlement

4.1.1 Fundamental Error in Traditional Neutral Plane
Solution

A fundamental error with the traditional neutral plane solution is that the neutral
plane solution assumes that the pile settlement and soil settlement are equal at the
depth of the neutral plane. However, it is the relative velocity, not the relative
displacement that must be zero at the neutral plane depth. Consider the elastic
perfectly-plastic material response shown in Fig. 4.1. The neutral plane is defined as
the position along the pile where shaft friction transitions from upward to down-
ward, and is therefore zero. The load transfer curve in Fig. 4.1 illustrates two
different points on where shaft friction is equal to zero, but they are associated with
different amounts of displacement. This clearly establishes that relative displace-
ment between pile and soil is not necessarily equal to zero at the depth where shaft
friction is zero.

The kinematic condition describing relative movement between soil and pile at
the neutral plane depth can be easily defined by traditional one-dimensional rate
independent plasticity theory. The yield function is defined as f = |Friction| − fs, and
the Kuhn-Tucker complementary conditions require that _zpsignðFrictionÞ � f ¼ 0,
where _zp is the plastic displacement rate (e.g., Simo and Hughes 1998). In the
elastic region where f\0, the Kuhn-Tucker conditions dictate that _zp ¼ 0, whereas
in the plastic region where f = 0, the Kuhn-Tucker conditions dictate that _zp 6¼ 0.
Extending these plasticity concepts to the neutral plane solution, the neutral plane is
defined as the depth where shaft friction is zero, which corresponds to the elastic
region where f\0. Therefore _zp ¼ 0 at the neutral plane based on the Kuhn-Tucker
complementary conditions. One-dimensional rate independent plasticity theory
dictates that it is the relative plastic displacement rate between the soil and pile, _zp,
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and not the relative displacement, zp, that must be zero at the neutral plane depth.
Note that the condition when _zp ¼ 0 and f ¼ 0 also satisfies the Kuhn-Tucker
complementary conditions. Therefore, _zp ¼ 0 does not necessarily indicate a con-
dition of zero friction (e.g., consider the end of consolidation condition where soil
and pile are not settling, but shaft friction is nevertheless mobilized along the pile).
However, when friction is equal to zero, _zp must be zero as well.

Considering that the relative velocity must be zero at the neutral plane depth, pile
settlement can be computed as the integral of soil settlement velocity, Vsoil, at the
neutral plane depth over time:

SpileðznpðtÞÞ ¼
Z t

0
VsoilðznpðtÞ; tÞdt ð4:1Þ

where znp(t) is the depth of the neutral plane at time t, and Vsoilðz; tÞ ¼ @Ssoilðz;tÞ
@t ,

Ssoil(z, t) is the soil settlement at depth z and time t. For the special case where znp(t)
is constant, the soil settlement would be equal to the pile settlement at the neutral
plane depth. However, if znp(t) is not constant, the pile settlement will, in general,
be different than the soil settlement at the neutral plane depth, and will depend on
the evolution of the neutral plane depth over time. For typical consolidation
problems, the neutral plane depth will change with time because the effective
stresses at the soil-pile interface will change as consolidation evolves. The tradi-
tional NPS utilizes the end-of-consolidation neutral plane depth and does not
account for the evolution of neutral plane depth over time, and computes an
erroneous settlement as a result.

4.1.2 Beam on Nonlinear Winkler Foundation Solution

A schematic of a BNWF approach that removes many of the assumptions in the
traditional NPS is shown in Fig. 4.2. The solution utilizes the TzLiq1 material
model implemented in OpenSees (McKenna and Fenves 2001) along the length of
the pile to model shaft friction, and beam column elements for the structural
properties of the pile. End bearing in the BNWF analysis can be modelled in two

z

time1 time2
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z

zPile
Soil

Fig. 4.1 Force-displacement
behaviour between soil and
pile considering
elasto-plasticity
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different ways: (i) a Q-z element (e.g., QzSimple1 in OpenSees) can be used at the
pile tip to capture variation in end bearing load with pile tip settlement, or (ii) an
upward force may be applied at the pile tip to represent a constant end bearing
resistance. A load may also be applied to the pile head. The TzLiq1 and QzSimple1
material models adopt a nonlinear plasticity formulation such that the backbone
load transfer behaviour closely matches published relations [Reese and O’Neill
(1988) or Mosher (1984) for t-z behaviour; Reese and O’Neill (1988) or
Vijayvergiya (1977) for Q-z behaviour]. A complete description of the material
model equations is beyond the scope of this study, but can be found in Boulanger
et al. (2003), and in the OpenSees documentation. The TzLiq1 material was
implemented in OpenSees with the specific intention of modelling piles in lique-
fiable soils (hence its name), but it is equally well suited for modelling downdrag
problems resulting from more traditional consolidation mechanisms. The BNWF
solution inherently includes shifting of the neutral plane depth due to discretization
of time, the link between t-z properties and consolidation stress, and enforcement of
force equilibrium in each increment.

The key feature that makes the TzLiq1 materials amenable to consolidation
analysis is the relation between fs (also called tult or tu in the literature) and effective
stress in the soil. The TzLiq1 material assumes that fs varies linearly with r0, and is
zero when r0 is zero. This is an important improvement upon previous analysis
approaches that utilized constant fs, regardless of consolidation condition. The
analysis proceeds by computing values of fs at each node along the pile based on the
initial effective stress condition and soil-pile interface friction angle. Subsequently,
time- and depth-dependent values of r0 and soil settlement, Ssoil, are input to the

Fig. 4.2 Schematic of BNWF method using TzLiq1 material
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free-ends of the t-z elements, and the fs values are updated to be compatible with r0

at each increment.
A simple example problem consisting of a 20 m long reinforced concrete pile

embedded in a layer of clay (Fig. 4.3) is selected to demonstrate the BNWF
downdrag solution, and for comparison with the traditional NPS. The uniform clay
layer has a saturated unit weight of 20 kN/m3, initial void ratio of 0.8, and coef-
ficient of compressibility (mv) of 2.22 × 10−4 kPa−1. A 150 kPa surcharge is applied
at the surface of the clay layer, resulting in a uniform vertical strain of 3.3 %, and an
ultimate surface settlement of 0.67 m.

The square pile with 0.4 m side length (B) is modelled using elastic beam
column elements with Young’s modulus of 40 GPa (consistent with typical rein-
forced concrete). The pile was discretized into 100 elements (101 nodes) evenly
distributed along its length. The soil-pile interface friction angle d is set as 28° and
the at-rest earth pressure coefficient K0 was set as 0.5. The ultimate soil-pile
interface friction is calculated as fs ¼ r0vK0 tan d. The load transfer behaviour fol-
lowed Reese and O’Neill’s (1988) relation for clay, and the value of z50 (i.e., the
displacement at which half of the ultimate shaft friction is mobilized) was set to
0.0002 m. The resulting load transfer curve is fairly stiff, and is consistent with
empirical observations that ultimate shaft friction is mobilized at small relative
displacements on the order of millimetres. At the tip of the pile, a constant upward
load of 144 kN was imposed to simulate full development of the undrained tip
resistance during downdrag. A constant upward load was selected instead of a Q-z
element at the pile tip to facilitate a direct comparison with the traditional neutral
plane solution. The geotechnical capacity of the pile can be calculated through the

q=150kPa

Qd=144~900kN

Rs=144kN

Uniform saturated 
clay:
mv=2.22×10-7Pa-1

e0=0.8

sat=20kN/m3

20
m

Square pile:
L=20m
B=0.4m
E=40GPa

Fig. 4.3 Basic pile and soil
setup for the example
analyses
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sum of fully mobilized upward shaft friction and tip resistance, which comes up to
995 kN. The solution was computed for various values of pile head load within the
geotechnical capacity prior to consolidation, ranging from 144 to 900 kN. The
example pile has a rather low end bearing resistance. For design, piles are often
founded in more competent strata to provide higher end bearing resistance. In such
cases, the neutral plane may be near the pile tip, which would reduce or eliminate
downdrag settlement.

The example problem was solved using three different types of drainage con-
ditions: drainage through both the top and bottom of the clay layer (double drai-
nage, DD), single drainage through the top (SDtop), and single drainage through the
bottom (SDbottom). The consolidation solution followed the Fourier series
expansion of Terzaghi’s one dimensional consolidation theory:

uðz; tÞ ¼ 4p
p

X1

n¼0

1
2nþ 1

sin
ð2nþ 1Þpz

2H
exp �ð2nþ 1Þ2ðp

2

4
ÞTv

� �
ð4:2Þ

where u(z, t) is the excess pore pressure at depth z and time t, H is drainage path
length, and Tv is the time factor defined as Tv ¼ Cv

H2 t. Isochrones of the consolidation
ratio, Uz, computed from Eq. 4.2 are shown in Fig. 4.4, and are also available in
many soil mechanics text books (e.g., Holtz et al. 2011). Time- and depth-dependent
values of vertical effective stress, r0vðz; tÞ for the free end of the t-z elements were
computed as r0vðz; tÞ ¼ r0vf ðzÞ � uðz; tÞ, where r0vf ðzÞ is the final vertical effective
stress after consolidation at depth z. Utilizing Terzaghi’s 1-D consolidation theory
inherently neglects excess pore pressures caused by pile installation, and changes to
soil permeability and compressibility during consolidation.

Fig. 4.4 Pore pressure and settlement isochrones from Terzaghi’s one dimensional consolidation
theory
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The soil settlement Ssoil(z, t) in the clay layer was acquired by integrating the
vertical strain in the soil profile as the clay consolidates. Isochrones of the
dimensionless settlement ratio computed by integrating Uz with depth are also
shown in Fig. 4.4 based on the assumptions that double drainage boundary con-
ditions apply, and settlement is zero at the bottom of the consolidating layer. Soil
settlement profiles at a desired time can be computed by multiplying the appropriate
settlement ratio by the ultimate surface settlement. Settlement ratio isochrones for
single drainage conditions are not presented herein for brevity, but can easily be
obtained using the methods described earlier.

The computed time- and depth-dependent values of r0vðz; tÞ and Ssoil(z, t) were
imposed on the free ends of the TzLiq1 elements, and solutions of pile settlement
were computed using OpenSees. The UpdateMaterialStage command was utilized
prior to the first load increment to initialize the TzLiq1 materials so that the initial
capacities were tied to the initial effective stress values. Subsequently, the capacities
were updated as the effective stresses increased during consolidation. Penalty
constraints were used to enforce the imposed displacement boundary conditions,
and convergence was based on the norm of the displacement residuals (i.e.,
NormDispIncr in OpenSees) with the tolerance set to 10−8. A Newton-Raphson
algorithm was used to iterate on an equilibrium displacement field for each loading
increment. Solutions were computed using 800 increments to reach an average
degree of consolidation beginning at 0 % and ending at 99.9 %, and an automatic
substepping algorithm was utilized to reduce the step size when convergence did
not occur in 25 Newton-Raphson iterations.

Figures 4.5, 4.6 and 4.7 show the soil settlement, effective stress, soil-pile
friction, and axial pile load distributions at four different average degrees of con-
solidation (25, 50, 75 and 99.9 %) for a pile head load of Qd = 445 kN. The depth of
the neutral plane is clearly evident at the abrupt transition from negative to positive
friction, and also at the depth of the maximum axial load. The profiles in Figs. 4.5,
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Fig. 4.5 Soil and pile responses at different average degrees of consolidation in a double drainage
soil profile. Qd = 445 kN
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4.6 and 4.7 are identical at the end of primary consolidation, but differences in the
profiles arise at intermediate degrees of consolidation.

In the double drainage case, effective stress initially builds up at both the top and
bottom of the clay layer, causing soil strain and increase in soil-pile friction to be
more prominent at the top and bottom. The increase in friction at the top serves to
partially offset the increase in friction at the bottom, and the depth of the neutral
plane remains nearly constant at slightly deeper than 10 m as consolidation evolves.
On the other hand, for the case with single drainage through the top the friction
increases more quickly at the top of the pile, which shifts the neutral plane upward.
As consolidation progresses, friction increases with depth along the pile and the
neutral plane shifts downward to its final equilibrium depth at the end of consoli-
dation. Conversely, when single drainage occurs through the bottom the friction
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Fig. 4.6 Soil and pile responses at different average degrees of consolidation in a single drainage
through the top soil profile. Qd = 445 kN
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through the bottom soil profile. Qd = 445 kN
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increases first at the bottom of the pile, which shifts the neutral plane downward,
and it progresses upward to its final equilibrium position at the end of consolidation.

The depth to the neutral plane, and pile settlement at the neutral plane depth are
plotted versus average degree of consolidation in Fig. 4.8. The pile was essentially
rigid (elastic compression was only a fraction of a millimetre at the end of con-
solidation), so Fig. 4.8 can be interpreted as pile head settlement. For the
double-drained case, the pile settlement increases approximately linearly with
average degree of consolidation, reaching a final value of 0.306 m. For the SDtop
case, the initial incremental soil strains occur first near the surface such that soil
settlement is nearly zero below the neutral plane depth, which causes a very slow
initial pile settlement rate. However, with time, the neutral plane shifts upward as
the downdrag stresses increase near the pile head, soil strains shift downward as
consolidation progresses, and the pile settlement rate increases quickly. The pile
settlement at the end of consolidation is 0.350 m, which is 14 % larger than the
double-drained case. For the SDbottom case, the pile initially settles quickly
because incremental soil strains are largest deep in the profile, below the neutral
plane depth. However with time the incremental soil strains move upward, resulting
in a reduction in pile settlement rate. The final pile settlement reaches 0.262 m,
which is 14 % less than the double-drained case. The traditional NPS claims that the
pile settlement is equal to the soil settlement at the depth of the neutral plane at the
end of consolidation, which is 0.310 m for the example problem. This value is close
to the double-drained case, but differs from the SDtop and SDbottom cases
by ±14 %, which is a non-negligible amount.
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Having investigated the effect of drainage conditions on the settlement of piles in
consolidating soil, we now turn our attention to the influence of pile head loading.
Using the same procedures mentioned above, the settlement of single piles sub-
jected to varying head loads within their geotechnical capacity were calculated
through both the BNWF method and traditional NPS under the three drainage
conditions (Fig. 4.9). For all four solutions, the pile settlement increased as the pile
head load increased because the head load shifted the neutral plane upward in the
soil profile. The traditional NPS solution does not match any of the BNWF cases,
though it corresponds more closely with the double drainage case than with the
single-drainage cases.

4.1.3 Modified Neutral Plane Solution

Although the BNWF method correctly captures the evolution of neutral plane depth
over time, and its influence on pile settlement, performing such a BNWF analysis is
currently beyond the capabilities of software commonly used in geotechnical
design. Therefore we now turn our attention to formulating a simple modification to
the neutral plane solution that is amenable to spreadsheet calculation. The steps of
the modified neutral plane solution are summarized in the flow chart in Fig. 4.10.
The first step involves discretizing time into convenient intervals for solving the
consolidation problem. Times should be selected to correspond to reasonably
consistent average degrees of consolidation (e.g., times corresponding to Uave = 0,
25, 50, 75, and 100 % might be selected if five time steps are desired). Second,
profiles of excess pore pressure and vertical strain are computed at each time using
consolidation theory, and the settlement profile Ssoil(znp(ti), ti) is computed by
integrating the vertical strain profile from the bottom up (e.g., see Fig. 4.4). Third,
the depth of the neutral plane is solved at each time interval in the traditional
manner originally suggested by Fellenius (1972) in which forces are summed from
the top down and bottom up, and the neutral plane depth lies at the intersection of
the two lines. However, the shaft friction values must be based on the current
effective stress at a particular depth based on the consolidation solution from step 2.
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The variation in shaft friction during consolidation is precisely why the neutral
plane shifts with time, and is why the traditional NPS incorrectly predicts pile
settlement. Fourth, the pile settlement at the neutral plane depth is computed by
integrating soil settlement velocity at the neutral plane depth over time. Numerical
discretization of time transforms the integral of velocity into a difference in
incremental displacements. Hence, the pile settlement for a particular time step, n,
can be computed using the forward Euler integration method in Eq. 4.3:

SpileðznpÞ ¼
Xn

i¼1

Ssoilðznpðtiþ 1Þ; tiþ 1Þ � Ssoilðznpðtiþ 1Þ; tiÞ
� � ð4:3Þ

For cases where elastic deformation of the pile is anticipated to be significant,
axial strains must be integrated over the pile length to compute the contribution of
pile shortening to head settlement. Furthermore, if a load-transfer curve (i.e., a Q-z
relationship) is utilized rather than a constant specified tip resistance, iteration is
required to obtain a tip resistance that is compatible with the current pile tip
settlement.

Fig. 4.10 Flow chart of the proposed modified neutral plane method
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The example problem presented in Figs. 4.5, 4.6 and 4.7 is also analysed using
the modified NPS using various numbers of time steps (3, 5, and 33). The time steps
are chosen to be at constant intervals of average degree of consolidation.
Figure 4.11 compares the BNWF method and the modified neutral plane method.
The modified NPS accuracy increases as the number of time steps increases. The
small differences between the modified NPS with 33 time steps and the BNWF
solution are likely attributed to differences in time discretization (800 time steps
compared with 33) and elasto-plasticity of the t-z materials in the BNWF solution
compared with the assumption of rigid plasticity in the modified NPS. Using a
modest number of 5 time steps provides reasonable solutions for all three cases, and
is reasonably amenable to spreadsheet calculation.
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4.1.4 Calculation Method for Post-liquefaction
Reconsolidation Process

In order to extend the BNWF andmodified NPS solutions for the downdrag of piles to
cases of post-liquefaction reconsolidation, special consideration would have to be
given to the post-liquefaction reconsolidation process. Considering the inadequacies
in the modelling of liquefaction induced settlement of sand using currently developed
constitutive models, simplified empirical approaches are adopted in this chapter.

For reconsolidating sand, the coefficients of compressibility and permeability
changes during the process. For the coefficient of compressibility, the equation
suggested by Seed et al. (1975) is used:

mv

mv0
¼ expðyÞ

1þ yþ y2
ð4:4Þ

where mv0 is the coefficient of compressibility at zero excess pore pressure, y is
related to the excess pore pressure ratio and relative density, as y ¼ 5ð1:5� DRÞrbu ,
b ¼ 3ð4�DRÞ. The greater the excess pore pressure ratio is, the larger the coefficient
is, as shown in Fig. 4.12.

As for the change of permeability, Shahir et al. (2012) suggested based on
centrifuge test observations that during the excess pore pressure dissipation phase:

kd
ki

¼ 1þða� 1Þ � rbu ð4:5Þ

where ki is the coefficient of permeability when the excess pore pressure is zero, a
and b are two parameters.

Upon introducing the changes in permeability and compressibility, the 1D
consolidation theory can only be solved numerically:

uði; tþ 1Þ � uði; tÞ
Dt

¼ Cv
uðiþ 1; tÞ � 2uði; tÞþ uði� 1; tÞ

Dz2
ð4:6Þ
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where i and t are the discretized spatial and time indices, as shown in Fig. 4.13. In
the solution, drained, undrained and interface boundary conditions are given as:

udrain ¼ 0 ð4:7Þ

uðn� 1; tÞ ¼ uðnþ 1; tÞ ð4:8Þ
k1
Dz1

ðuðm; tÞ � uðm� 1; tÞÞ ¼ k2
Dz2

ðuðmþ 1; tÞ � uðm; tÞÞ ð4:9Þ

4.2 Method Validation

4.2.1 Simulation of Single Pile in Consolidating Soil

To validate the BNWF approach and modified NPS, a model pile from a centrifuge
test by Lam et al. (2009) is analysed. The centrifuge test was conducted at the
Geotechnical Centrifuge Facilities at the Hong Kong University of Science and
Technology to investigate axial load effects on piles in consolidating ground. The
test program involved multiple pile foundations, but only one single pile test (test
no. 1 in their paper) is analysed here. The centrifugal acceleration was 60 g and
results are presented in prototype dimensions.

An instrumented tubular aluminium pile with an outer diameter (D) of 1.2 m and
wall thickness (twall) of 9 cm was installed in an 18 m thick layer of clay (Speswhite
China clay) consolidated to a vertical effective stress of 80 kPa before pile instal-
lation and spin up (Fig. 4.14). The clay was sandwiched between layers of dense
Leighton Buzzard sand layer that provided a double-drained consolidation condi-
tion. The pile tip was 1.2 m above the bottom of the clay layer. The top sand layer
provided a surcharge of 45 kPa, resulting in a measured 10 kN drag load on the pile
from the sand. No load was applied to the pile head. The saturated unit weight,
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Fig. 4.13 Discretization for
the numerical solution of the
1D consolidation problem
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at-rest earth pressure coefficient, and initial void ratio of the clay were specified to
be 16.3 kN/m3, 0.58, and 1.602 respectively. The coefficient of consolidation cv was
back calculated to be 5 × 10−7 m2/s from the distributions of excess pore pressure
measured in the test using Terzaghi’s one dimensional consolidation theory.
Isochrones of predicted and measured excess pore pressure plotted in Fig. 4.14
show good agreement. The coefficient of compressibility mv = 3.63 × 10−7 Pa−1 was
back calculated based on the measured soil surface settlement of 654 mm.

In the BNWF simulations, the backbone of Reese and O’Neill’s (1988) load
transfer curve was used for the t-z elements. The soil-pile interface friction angle was
estimated from the distribution of dragload after consolidation to be 24°. The value
of z50 (displacement at which 50 % of ultimate resistance is mobilized) was set to be
0.0005 m, such that 99 % of the shaft friction was mobilized at around 4–5 mm.

A Q-z element was attached to the tip of the pile to model end bearing resistance.
End bearing is a bit complicated for this problem because (i) it is unclear whether
undrained or drained end bearing resistance would apply for the slow loading
conditions induced during downdrag, and (ii) end bearing resistance would be
anticipated to increase over time as the clay near the tip of the pile consolidates.
Regarding (i), the test data can be used to provide some guidance since drained tip
resistance is typically significantly larger than undrained tip resistance. Lam et al.
(2009) stated that prior to spin up, the soil was preloaded to 80 kPa using a
hydraulic press, resulting in an estimated undrained shear strength su of 17.6 kPa
prior to swelling of the clay, giving a strength ratio su

r0v
¼ 0:22. Invoking concepts of

normalization of undrained shear strength with consolidation stress and overcon-
solidation ratio (e.g., Ladd 1991), the undrained shear strength at the tip of the pile
was estimated as su ¼ 0:22 � r0v � OCR0:8. The undrained shear strength prior to
spin-up was estimated to be 9 kPa, and the final undrained shear strength at the end
of reconsolidation was estimated to be 35 kPa based on the effective stress profiles
in Fig. 4.14. Computing tip resistance as Qt ¼ 10SuA the initial and final tip
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resistance came to 100 and 400 kN, respectively. At the end of consolidation, when
the pile had settled significantly and clearly mobilized the ultimate tip resistance,
the axial load at the tip of the pile was quite close to 400 kN based on extrapolation
from the deepest strain gauge measurement (Fig. 4.15). Although a bearing factor of
9 is commonly used for undrained tip resistance, many researchers suggest that it is
too low and suggest a higher value ranging from about 9 to 12 (e.g., Salgado 2008),
so the fact that a bearing factor of 10 agreed well with the data is not surprising. On
the other hand, the drained bearing capacity would be significantly larger than the
measurements [e.g., over 1300 kN is estimated using Meyerhof’s (1976) bearing
factors for a friction angle of only 20°]. Hence, we conclude that undrained tip
resistance was mobilized during downdrag.

A Q-z element was attached to the pile tip, and the capacity of the element was
increased from 100 to 400 kN in proportion to degree of consolidation at the pile tip
elevation during consolidation. The z50 value was set to 0.012 m such that the
ultimate load is mobilized at approximately 8 % of the pile diameter, which is
consistent with the range presented by Reese and O’Neill (1988).

Figure 4.15 shows the soil and pile responses at different average degrees of
consolidation from the BNWF solution along with the final axial load distribution
measured during the test. The final axial load distribution matches the centrifuge
test data reasonably well. The final pile head settlement was estimated to be
0.194 m (Fig. 4.16), which corresponds well with the measured settlement of
0.206 m (−6 % error).

In addition to the BNWF solution, the settlement was computed using the
modified NPS with time discretization at Uave = 0, 25, 50, 75 and 100 %. Iteration
was used to match the properties of the same Q-z relation used in the BNWF
solution. The final pile settlement using the modified NPS method was 0.208 m,
which is also very close to the measured settlement (+1 % error). On the other hand,
the traditional NPS method predicts the pile settlement to be 0.277 m (+34 % error),
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Fig. 4.15 Soil and pile responses at different average degrees of consolidation compared with
centrifuge test data (Test data from Lam et al. 2009)
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which is significantly larger than the measured value and the values computed from
the BNWF method and modified NPS method. The over-prediction of the tradi-
tional NPS method is expected because the neutral plane begins near the tip of the
pile and transitions upward as consolidation progresses. Using the final neutral
plane position in the traditional NPS method therefore over-estimates pile
settlement.

4.2.2 Simulation of Single Pile in Post-liquefaction
Reconsolidating Soil

In order to validate the effectiveness of the proposed BNWF method in calculating
the dragload and downdrag settlement of piles in post-liquefaction reconsolidating
ground, the post-seismic measurements from the centrifuge shaking table test
(MS06) conducted by Stringer and Madabhushi (2013) are simulated (Fig. 4.17).

The basic setup of the test is shown in Fig. 5.18, which is carried out under 46 g
centrifugal acceleration, the prototype scales will be used in the following
descriptions of the test. The piles in the test is 9.25 m long, with a diameter of 0.5 m
(EA = 4.6 GN, EI = 90 MNm2). The pile spacing is 5.8 times that of the pile
diameter. Only the strain of pile number 1 was measured during the test.
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The ground consisted of two layers of Leighton Buzzard sand, the top layer of
5.8 m having 35 % relative density, while the bottom 6.7 m had a relative density of
100 %. Due to the high density and large particle size of the bottom sand layer, its
consolidation speed is much quicker than the top layer, and causes the pile set-
tlement to be very limited.

In the simulations, the initial permeability coefficients of the top and bottom
layers are assumed to be 3 × 10−4 and 6 × 10−4 m/s2, respectively. The com-
pressibility coefficient is set to be 6.7 × 10−7 and 1.0 × 10−8 Pa−1, respectively.
Figure 4.18 plots the excess pore pressure distribution at five different instances,
showing that the proposed method to be adequate in calculating the
post-liquefaction reconsolidation process. The computed ground surface subsidence
is 0.18 m, since the ground settlement was not reported for this test, the simulation
result is not directly comparable with test data. However the ground settlement for
tests MS07 and MS09, having similar ground conditions as MS06, were measured
to be 0.14–0.18 m, which is close to the simulation results for MS06.

To apply the BNWF method for the simulation of this test, the at rest earth
pressure coefficient is assumed to be 0.5 as Stringer and Madabhushi (2013) sug-
gested, and the friction angle between the pile and the soil is 17°, the ultimate pile
tip resistance is set at 8500 kPa based on the Chinese technical code for building
pile foundations (Ministry of Housing and Urban-Rural Development of China,
2008). The pile head axial load can be back-calculated from the test data as 275 kN.
Figure 4.19 shows that the simulated pile axial force matches that measured at the
end of reconsolidation. During the reconsolidation process, the neutral plane moves
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upwards, but remains within the bottom dense layer, with its final position close to
the interface between the two layers. Neither the friction nor the tip resistance in the
dense layer is fully mobilized.

Although the soil surface experiences 0.18 m settlement, the settlement is
concentrated within the top fine sand layer. Since the neutral plane is always in the
bottom dense layer, the pile settlement is extremely small, being only 0.38 cm,
which is the same as the measured result in the centrifuge test, as shown in
Fig. 4.20.
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The simulations of the two centrifuge tests, one in consolidating clay, and the
other in post-liquefaction reconsolidating sand, shows that the proposed methods to
be capable of calculating the dragload and downdrag settlement of piles, and
exhibited its advantage compared with the traditional NPS.

4.3 Dragload and Downdrag Settlement During
Reconsolidation

Utilizing the proposed BNWF method and technique for calculating the
post-liquefaction reconsolidation method, the pile axial force and settlement due to
reconsolidation induced dragload and downdrag of single piles in typical liquefiable
ground setups is analysed. Figure 4.21 shows the schematic diagrams of the two
typical setups investigated, the influence of soil drainage conditions and com-
pressibility on pile load and settlement is studied. In both setups, the pile tip sits in a
non-liquefied soil layer, the pore pressure of which is assumed to be constant. For
setup A, two layers of liquefiable sand layers, each 4 m thick, lie above the
non-liquefied bearing layer. For setup B, the top 4 m of soil is considered
non-liquefiable with constant pore pressure, while the middle 4 m layer is lique-
fiable sand, the reconsolidation speed of the middle layer depends on the drainage
speed at the top of the layer. At the initial state, the liquefiable layers in both setups
are assumed to be fully liquefied, and the reconsolidation process is calculated
using the simplified method proposed in this chapter. Both of the setups are
assumed to only allow single drainage through the top.

In both setups, the pile head axial load is 100 kN, the piles are 10 m square piles
with a side length of 0.4 m, and an elastic modulus of 40 GPa. The saturated unit
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Fig. 4.21 Two setups for the analysis of the dragload and downdrag of piles in reconsolidating
ground a setup A b setup B
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weight of the soil in every layer is the same, at 19.62 kN/m3, with the at rest earth
pressure coefficient being 0.5. The friction angle between the soil and the piles is
30°, and the ultimate pile tip resistance is 50 kN.

4.3.1 Liquefiable Ground Without Non-liquefiable Crust

For setup A with the top layer of the ground liquefiable, the effects of permeability
and compressibility on downdrag is analysed. The soil conditions of the cases
studied are listed in Table 4.1, among which case 1A is the “benchmark” case.

First, the effect of permeability on the response of piles during post-liquefaction
reconsolidation is analysed. In cases 1A–6A, the compressibility of the two layers
of liquefiable soil is the same, while the ratio of the permeability coefficient of the
top layer over that of the second layer ranges from 1:1 to 16:1. Figure 4.22 and 4.23
plot the ground settlement, soil effective stress, pile friction, and pile axial force
distribution at various degrees of consolidation.

By comparing the results from Fig. 4.22 and 4.23, the final ground settlement,
effective stress, pile friction and pile axial force are identical, irrelevant of the
reconsolidation process. However, during the reconsolidation process, the two
setups exhibit distinctly different behaviour. When the permeability of the top soil
layer is significantly larger than the second layer, the effective stress in the top layer
is regained first, with settlement also developing faster than in the second layer,

Table 4.1 Soil permeability
and compression coefficients
in cases for setup A

Cases k10
(mm/s)

mv10

(Pa−1)
k20
(mm/s)

mv20

(Pa−1)

1A 1.0 1.0 × 10−7 1.0 1.0 × 10−7

2A 2.0 1.0 × 10−7 1.0 1.0 × 10−7

3A 4.0

4A 8.0

5A 16.0

6A ∞

7A 1.0 2.5 × 10−8 1.0 1.0 × 10−7

8A 5.0 × 10−8

9A 2.0 × 10−7

10A 4.0 × 10−7

11A 1.0 × 10−7 4.0 × 10−7

Note k10 and mv10 are the permeability and compressibility
coefficients of the top layer, k20 and mv20 are those of the middle
layer
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which causes the initial neutral plane position to be high, and moves downwards
during reconsolidation. However, for case 1A where the permeability of the two
layers are the same, the neutral plane starts at a much lower position, and rises
during reconsolidation. Although these differences during the reconsolidation
process do not affect the final pile axial force, the pile settlement will definitely be
affected.

Figure 4.24 shows the effect of the top layer’s permeability on the final soil and
pile settlement. No matter how the permeability changes, the settlement of the soil
at the surface and layer interface remains unchanged. The pile settlement, however,
increases as the permeability of the top layer increases, from 0.059 m when the
permeability coefficient of the two layers are 1:1 to 0.224 m when they are ∞:1.
This change in pile settlement is due to the fact that larger permeability at the top
would cause the effective stress to be recovered at the surface first, applying sig-
nificant negative friction on the top portion of the pile, thus raising the initial neutral
plane position, and consequently increases the settlement of the pile.
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Fig. 4.22 Soil and pile response at various degrees of consolidation in case 1A
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Fig. 4.23 Soil and pile response at various degrees of consolidation in case 5A

4.3 Dragload and Downdrag Settlement During Reconsolidation 111



Cases 7A–11A are used to investigate the effect of top layer soil compressibility
on downdrag in liquefiable ground. Figure 4.25 shows the soil response, pile
friction, and pile axial load in case 10A. Compared with those of case 1A in
Fig. 4.22, although the ground settlement increases significantly, the friction and
axial force of the pile showed unnoticeable difference, and the neutral plane
remained in the second liquefiable layer. Figure 4.26 reflects the effect of top layer
compressibility on the settlement of the ground and pile. From case 11A to 10A, the
ground surface settlement increases from 0.28 to 0.58 m, while the pile settlement
remains almost constant at 0.059 m. This is due to the fact that the neutral plane is
constantly in the second layer in these cases, and the change in the settlement of the
top layer has no influence on the settlement within the second layer (Fig. 4.26).
However, if the compressibility of the second layer is changed, causing settlement
at the neutral plane position to change, the pile settlement would obviously change
as well.
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Fig. 4.24 Influence of the permeability of the top soil level in case A on soil surface and interface
settlement, and on pile settlement
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Fig. 4.25 Soil and pile response at various degrees of consolidation in case 10A
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4.3.2 Liquefiable Ground with a Non-liquefiable Crust

For setup B with a non-liquefiable crust layer, the main variable is the drainage
speed at the top of the liquefiable level, which is controlled by the hydraulic
gradient. The three cases analysed are listed in Table 4.2, note that the hydraulic
gradient at the interface is assumed to be less than the critical value.

Figure 4.27 shows the ground response, pile friction, and pile axial load at
different degrees of consolidation during reconsolidation. Reconsolidation only
happens in the second layer, since it is the only layer that liquefies. The position of
the neutral plane barely changes during the process, and the final pile axial force is
the same as that in case 1A. Figure 4.28 further indicates that for setup B with a
non-liquefiable crust, the settlement of the pile is barely affected by the drainage
hydraulic gradient at the top of the liquefied layer. Since the increase of drainage
hydraulic gradient only reduces the reconsolidation time, but does not actually alter
the process. Unless rate effects of soil are considered, the change in the drainage
speed at the top of the liquefiable layer will not affect the final dragload and
downdrag settlement of the pile.
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Table 4.2 Hydraulic gradient
at the top of the liquefiable
layer and soil properties in
cases for setup B

Cases itop/icr k20 (mm/s) mv20 (Pa
−1)

1B 1.0 1.0 1.0 × 10−7

2B 0.1

3B 0.01
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4.4 Summary

Pile settlement is typically assumed equal to soil settlement at the depth of the
neutral plane, but this is a false inference; rather, the pile velocity is equal to the soil
velocity at the neutral plane depth. This fact is supported by fundamental equations
from one-dimensional rate independent plasticity theory. Pile displacement must be
computed as the integral of soil settlement velocity at the neutral plane depth over
time. If the neutral plane depth changes during consolidation or reconsolidation (it
typically does because interface friction depends on consolidation and reconsoli-
dation conditions), the traditional neutral plane solution produces an inaccurate
estimate of pile settlement. If the neutral plane depth is constant during consoli-
dation and reconsolidation, the traditional neutral plane solution is accurate.

An innovative new beam on nonlinear Winkler foundation approach is presented
in which the shaft friction capacity evolves as effective stresses increase during
consolidation and post-liquefaction reconsolidation. The new BNWF method
clearly demonstrates the fundamental mechanisms involved in time-varying load
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Fig. 4.27 Soil and pile response at various degrees of consolidation in case 1B
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transfer between pile and consolidating soil, and shows that settlements from the
traditional neutral plane solution are generally inaccurate. A modified neutral plane
solution that is amenable to spreadsheet calculation is formulated to account for
evolution of the neutral plane depth over time, and provides reasonable agreement
with the BNWF solutions.

For the case of liquefaction, a simplified numerical method for calculating the
post-liquefaction reconsolidation process of sand is proposed, which takes into
consideration the changes of soil permeability and compressibility during
reconsolidation.

The methods are validated carefully against two centrifuge tests, one on piles in
consolidating clay and another on piles in post-liquefaction reconsolidating sand.
The simulation results of both tests are in good agreement with the reported test
data. Exhibiting the methods’ advantage over the traditional neutral plane solution,
especially in calculating the downdrag settlement of piles.

Analyses on piles in post-liquefaction reconsolidating ground using the proposed
methods show that the ground setup could significantly influence the settlement and
effective stress in the ground, and also the downdrag settlement of piles, especially
if the neutral plane position or the ground settlement at the neutral plane is changed
through altering the permeability or compressibility of the soil. Although the
evolution of the neutral plane depth affects downdrag settlement, it has no influence
on the maximum dragload mobilized in the pile, which occurs at the end of primary
consolidation.

References

Boulanger RW, Kutter BL, Brandenberg SJ, Singh P, Chang D. Pile foundations in liquefied and
laterally spreading ground during earthquakes: centrifuge experiments and analyses. Report
No. UCD/CGM-03/01. California: Center for Geotechnical Modeling, Department of Civil
Engineering, University of California, Davis; 2003.

Fellenius BH. Downdrag on long piles in clay due to negative skin friction. Can Geotech J. 1972;
9(4):323–37.

Holtz RD, Kovacs WD, Sheahan TC. An introduction to geotechnical engineering. 2nd ed. Upper
Saddle River, NJ: Prentice Hall; 2011.

Ladd CC. Stability evaluation during staged construction. J Geotech Geoenviron Eng. 1991;117
(4):540–615.

Lam SY, Ng CWW, Leung CF, Chan SH. Centrifuge and numerical modeling of axial load effects
on piles in consolidating ground. Can Geotech J. 2009;46:10–24.

Mayerhof GG. Bearing capacity and settlement of pile foundations. J Geotech Geoenviron Eng.
1976;102(3):197–228.

McKenna F, Fenves GL. OpenSees manual. PEER Center; 2001. http://OpenSees.berkeley.edu
Mosher RL. Load transfer criteria for numerical analysis of axial loaded piles in sand. Mississippi:

US Army engineering waterways experimental station, Automatic data processing center, 1984.
Ministry of Housing and Urban-Rural Development of China. JGJ94-2008 Technical code for

building pile foundations. Beijing: 2008. (In Chinese).

4.4 Summary 115

http://OpenSees.berkeley.edu


Reese LC, O’Neill MW. Drilled shafts: construction procedures and design methods. Report
No. FHWA-HI-88-042. Virginia: U.S. Department of Transportation, Federal Highway
Administration, Office of Implementation; 1988.

Salgado R. The engineering of foundations. New York: McGraw Hill; 2008.
Seed HB, Philippe PM, Lysmer J. The generation and dissipation of pore water pressures during

soil liquefaction. Report: EERC-75-26; 1975.
Shahir H, Pak A, Taiebat M, Jeremic B. Evaluation of variation of permeability in liquefiable soil

under earthquake loading. Comput Geotech. 2012;40:74–88.
Simo JC, Hughes TJR. Computational Inelasticity. Berlin Heidelberg: Springer; 1998.
Stringer ME, Madabhushi S. Re-mobilization of pile shaft friction after an earthquake. Can

Geotech J. 2013;50(9):979–88.
Vijayvergiya VN. Load-movement characteristics of piles. In: Proceedings, Ports 77 Conference.

California: American Society of Civil Engineers; 1977.

116 4 Dragload and Downdrag Settlement of Single Piles …



Chapter 5
Conclusions and Future Work

5.1 Conclusions

The analysis of the seismic response of piles in liquefiable ground is an important
yet challenging topic in the field of geotechnical earthquake engineering. This
dissertation tries to make an effort to improve the understanding of seismic pile
behaviour in liquefiable ground by developing high fidelity numerical methods and
analysing some of the aspects of the lateral and vertical pile response.

A three dimensional unified plasticity model for large post-liquefaction shear
deformation of sand is formulated based on the mechanism of post-liquefaction
deformation and the bounding surface plasticity framework. The model is unique in
that it provides a unified description of sand of different conditions from pre- to
post-liquefaction under monotonic and cyclic loading. The model is implemented in
the OpenSees finite element platform using the cutting plane algorithm for stress
integration, and applied various techniques to improve its numerical stability and
performance, and is made openly accessible to the technical community. The model
is validated against drained/undrained triaxial and torsional laboratory experiments,
and also centrifuge shaking table experiments.

Applying the constitutive model, a continuum 3D finite element method for
simulation of piles in liquefiable ground is proposed. Special attention is dedicated
towards the modelling of piles and soil-pile interface to accurately reflect the
behaviour of piles. A staged modelling procedure is adopted to appropriately
generate the initial stress field in the soil and piles and achieve hydrostatic pore
pressure prior to seismic loading. Three centrifuge shaking table tests on single
piles both with and without pile cap and superstructure in level and inclined liq-
uefiable ground are conducted and simulated in validation of the proposed method,
showing excellent agreement between the numerical simulation results and test
results, and providing confidence in the numerical analysis of the seismic response
of piles in liquefiable ground.
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Using the 3D finite element simulation method, some major factors influencing
the seismic response of single piles in liquefiable ground is investigated. The
existence of the pile cap is found to restrain the rotation of the pile head, changing
the bending mode of the pile. Inclined ground causes significant pile residual
moment through lateral spreading, and even a modestly inclined ground is sufficient
to generate a residual moment that controls the pile moment demand due to the
dilatancy of the sand. The existence of a non-liquefiable crust restricts the pile
rotation within the layer, causing the bending and pile moment to intensify at the
interface between non-liquefiable and liquefiable layers.

The roles that lateral inertial and kinematic interactions play on the pile moment
is found to differ in different soil-pile-structure systems. Inertial structure force and
kinematic soil displacement of the same direction could cause pile head moments of
the same or opposite directions depending on the rotational constraint at the pile
head. Kinematic interaction has a dominating influence on the pile moment for pile
foundations with pile head rotation constrained by the existence of a pile cap, while
inertial interaction is strongly influential for free-head piles. The coupling of inertial
and kinematic interactions depends on the soil-pile-structure system setup and the
magnitudes of the inertial structure force and the kinematic soil displacement. Many
current pseudo-static methods for calculating the seismic pile demand through
summing a percentage of the kinematic demand with another percentage of the
inertial demand could produce very inaccurate results under certain conditions.

For the post-earthquake vertical demand of single piles in liquefiable ground, the
downdrag problem is studied. The fundamental error in the traditional neutral plane
solution for calculating the downdrag settlement of piles promoted the development
of a BNWF method and a modified NPS for piles in consolidating and reconsoli-
dating ground, which would typically experience changes in the neutral plane
position. The proposed methods are evaluated through detailed simulation of two
centrifuge tests, one on a single pile in consolidating clay, and the other on piles in
post-liquefaction reconsolidating sand. Analyses on piles in post-liquefaction
reconsolidating ground using the proposed methods show that the ground setup
could significantly influence the downdrag settlement of piles. Although the evo-
lution of the neutral plane depth affects downdrag settlement, it has no influence on
the maximum dragload mobilized in the pile, which occurs at the end of primary
consolidation.

5.2 Future Work

Although several analysis methods are developed, and extensive analysis on the
seismic response of single piles in liquefiable ground are carried out in this study,
this dissertation has only taken a small step in improving the understanding of the
dynamic pile behaviours, and much future work is still to be done.

The work in this dissertation only focused on the behaviour of single piles,
however, pile groups are much more widely used in practice, while piled-rafts are
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also widely used for high-rise structures. The factors of influence, inertial and
kinematic interaction coupling, and the distribution of load and group effects in pile
groups and piled-raft foundations during seismic liquefaction events require further
investigation. For pile groups and piled raft foundations, the arrangement of piles,
the stiffness of the pile cap and raft could all have significant influence on the
seismic pile demand.

In the current study, the lateral and vertical responses are studied separately due
to the deficiency of the constitutive model in simulating liquefaction induced set-
tlement. It would be highly ideal if the numerical simulation method could be
further developed to allow for the lateral and vertical analyses to be conducted
together, which would require further understanding of the constitutive behaviour
of saturated sand.

During earthquakes, the seismic motion is never only horizontal. The vertical
motion could also have a strong impact on the response of the piles, especially in
terms of axial load and settlement. Model tests and numerical simulations should be
conducted to look into the behaviour of piles in liquefiable ground under a com-
bination of horizontal and vertical motions.

5.2 Future Work 119


	Parts of this thesis have been published in the following articles:

	Supervisor’s Foreword
	Abstract
	Acknowledgements
	Contents
	About the Author
	1 Introduction
	1.1 Background
	1.2 Case Histories of Pile Failures in Liquefiable Ground
	1.2.1 Failure Cases Due to Lateral Effects
	1.2.2 Failure Cases Due to Vertical Effects

	1.3 Soil Liquefaction
	1.3.1 Post-liquefaction Shear Deformation Mechanism
	1.3.2 Constitutive Modelling of Soil Liquefaction

	1.4 Seismic Response of Piles in Liquefiable Ground
	1.4.1 Soil-Pile Kinematic Interaction
	1.4.2 Structure-Pile Inertial Interaction
	1.4.3 Coupling of Kinematic and Inertial Interactions

	1.5 Downdrag of Piles in Consolidating Ground
	1.5.1 Consolidation Induced Dragload and Downdrag Settlement
	1.5.2 Post-liquefaction Reconsolidation Induced Dragload and Downdrag Settlement

	1.6 Scope of Dissertation
	References

	2 A Unified Plasticity Model for Large Post-liquefaction Shear Deformation of Sand and Its Numerical Implementation
	2.1 Model Formulation in Triaxial Stress Space
	2.1.1 Basic Equations
	2.1.2 Elastic Moduli
	2.1.3 State Parameter
	2.1.4 Plastic Loading and Load Reversal
	2.1.5 Plastic Modulus
	2.1.6 Dilatancy
	2.1.7 Post-liquefaction Shear Deformation

	2.2 Multiaxial Generalization
	2.3 Determination of Model Parameters
	2.4 Model Implementation
	2.4.1 Numerical Treatment for Zero Effective Stress State
	2.4.2 Stress Integration Scheme
	2.4.3 Determination of Projection Point on Maximum Stress Ratio Surface
	2.4.4 Symmetrisation of the Elastic-Plastic Tangent

	2.5 Validation of Model Formulation and Implementation
	2.5.1 Undrained and Drained Triaxial Experiment Simulation
	2.5.2 Undrained Cyclic Torsional Experiment Simulation
	2.5.3 VELACS Centrifuge Experiment Simulation

	2.6 Summary
	References

	3 Analysis of Seismic Single Pile Response in Liquefiable Ground
	3.1 Centrifuge Test on Single Piles in Liquefiable Ground
	3.2 3D FEM Method for Simulation of Piles in Liquefiable Ground
	3.3 Test and Simulation Results
	3.3.1 LCS, Level Ground with Cap and Superstructure
	3.3.2 ICS, Inclined Ground with Cap and Superstructure
	3.3.3 LNN and LNS, Level Ground without Cap, without and with Superstructure

	3.4 Seismic Response of Single Piles in Liquefiable Ground
	3.4.1 Major Factors Influencing Pile Responses
	3.4.1.1 Pile Cap
	3.4.1.2 Lateral Spreading
	3.4.1.3 Non-liquefiable Crust

	3.4.2 Role of Inertial and Kinematic Effects
	3.4.2.1 With Pile Cap
	3.4.2.2 Without Pile Cap

	3.4.3 Coupling of Inertial and Kinematic Effects
	3.4.3.1 Single Pile with Pile Cap
	3.4.3.2 Single Pile without Pile Cap


	3.5 Summary
	References

	4 Dragload and Downdrag Settlement of Single Piles due to Post-liquefaction Reconsolidation
	4.1 Calculation Method for Dragload and Downdrag Settlement
	4.1.1 Fundamental Error in Traditional Neutral Plane Solution
	4.1.2 Beam on Nonlinear Winkler Foundation Solution
	4.1.3 Modified Neutral Plane Solution
	4.1.4 Calculation Method for Post-liquefaction Reconsolidation Process

	4.2 Method Validation
	4.2.1 Simulation of Single Pile in Consolidating Soil
	4.2.2 Simulation of Single Pile in Post-liquefaction Reconsolidating Soil

	4.3 Dragload and Downdrag Settlement During Reconsolidation
	4.3.1 Liquefiable Ground Without Non-liquefiable Crust
	4.3.2 Liquefiable Ground with a Non-liquefiable Crust

	4.4 Summary
	References

	5 Conclusions and Future Work
	5.1 Conclusions
	5.2 Future Work




