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Preface

Fluid mechanics is a discipline which focuses on the fluid equilibrium and its
movement. Based on the continuum model, we present the research of fluid
mechanics to reader in this book. Contents of the book have been organized into
broad topic areas: Introductory concepts and fluid statics (Chaps. 1, 2); Fluid
dynamics, flow regimes, head loss, and pipe flow calculation (Chaps. 3, 4, 5);
Fundamentals of fluid mechanics through porous media and corresponding appli-
cations (Chap. 6); Analysis of fluid machinery (Chap. 7); Similitude and dimen-
sional analysis (Chap. 8); and Evaluation and analysis of CO2 storage effect
according to principles of seepage mechanics (Chap. 9).

This book provides many practical tables containing various parameters that are
frequently used in engineering field. For example, Chap. 1 gives some tables about
specific weights of various fluids at standard atmospheric pressure, along with water
viscosity, water elastic modulus, and water expansibility coefficient at different
conditions. In Chap. 2, the geometric properties of various structures are used for
the determination of action location of resultant force, such as area, centroid
coordinate, inertial moment, and so on. In Chap. 4, minor loss coefficients of
different kinds of tubes are listed to facilitate utilization. Roughness coefficients of
different kinds of surfaces, hydraulic conductivities of different kinds of soils, and
ratio scales of similitude models are listed in Chaps. 5, 6, and 8, respectively.

This book also introduces two different ways to derive Darcy’s law. The first
method is based on the well-known Darcy’s experiment, which is widely chosen in
most textbooks. The other way presented in this book is to derive Darcy’s law from
N-S equation based on the connection between free flow and porous flow, which is
helpful for readers to further study nanoscale flow. Furthermore, an advanced
interdisciplinary case study on carbon dioxide capture and storage concerning
energy and environment is presented. With this case study, we intend to provide a
survey of the most increasing amounts of the world’s energy needs from renewable
resource.

At last, we select a number of novel and significant problem sets at the end of
each chapter to help instructor assign homework and improve readers’ ability to
solve engineering problems.

This book is written for senior undergraduates, graduate students, lecturers, and
researchers engaged in fluid mechanics and its application. It mainly introduces the
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basic theoretical knowledge with concise and understandable words, which is much
easier for readers to understand. Meanwhile, this book describes clearly the dif-
ference and connection between free flow and porous flow, and incorporates the
newest knowledge about nanoscale flow. What is more, the knowledge of carbon
dioxide capture and storage is also introduced to bring readers’ attention to envi-
ronmental problems. The main benefit for reader is a sound introduction into all
aspects of fluid mechanics covering all relevant subfields.

Beijing, China Hongqing Song
March 2018
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1Introduction

Abstract
Fluid mechanics is a discipline which focuses on the fluid equilibrium and its
movement. It has great significance on our daily lives. In this chapter, we will
first introduce the developing trends and research methods of fluid mechanics.
Then we will give definitions of continuum model for fluids. Finally, we will
discuss major properties of fluid, such as specific weight, viscosity, compress-
ibility and so on.

Keywords
Specific weight � Viscosity � Compressibility � Expansibility � Surface tension

1.1 Background

1.1.1 Definition of Fluid Mechanics

Fluid mechanics is a discipline which studies the fluid equilibrium and its move-
ment law. In contrast to a solid, a fluid is a substance the particles of which easily
moves and changes their relative position. More specifically, a fluid is defined as a
substance that will deform continuously, that is, flows under the action of a sheer
stress, no matter how small that shear stress may be. A fluid can either be a gas or a
liquid.

The significance of fluid mechanics becomes apparent when we consider the
vital role it plays in our everyday lives. For example, when we turn on our water
taps, we activate flow in a complex hydraulic network of pipes, valves, and pumps.
And our very lives depend on a very important fluid mechanic process—the flow of
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blood through our veins and arteries. Fluid mechanics is involved in some of the
most significant environmental problems, such as air pollution and underground
hazardous waste.

1.1.2 Trends in Fluid Mechanics

The science of fluid mechanics began with the need to control water for irrigation
purposes in ancient Egypt, Mesopotamia, and India. Although these civilizations
understood the nature of channel flow, there is no evidence that any quantitative
relationships had been developed to guide them in their work. It was not until 250
B.C. that Archimedes discovered and recorded the principles of hydrostatics and
flotation. Although the empirical understanding of hydrodynamics continued to
improve with the development of fluid machinery, better sailing vessels, and more
intricate canal systems, the fundamental principles of classical hydrodynamics were
not set forth until the seventeenth and eighteenth centuries. Newton, Daniel Ber-
noulli, and Euler made the greatest contributions to these principles establishment.

Modern developments in fluid mechanics, as in all fields, involve the utilization
of high-speed computers in the solution of problems. The ever-increasing speed and
memory capacity of modern computers are leading to even more exciting appli-
cations of computers in fluid mechanics. Armed with more detailed measurements
and numerical models, fluid mechanicians have developed higher levels of under-
standing that have led to sophisticated designs and applications of fluid systems.

1.1.3 Research Methods of Fluid Mechanics

There are three methods for fluid mechanics research: theoretical analysis, exper-
imental test and numerical simulation. For theoretical analysis, there are three steps
to investigate fluid flow. At first, several main factors affecting the flow problem are
determined after analysis. Then the theoretical mathematic model is established
with appropriate assumptions. Eventually the general solution for fluid movement is
obtained by mathematical method utilization. For experimental test, the actual flow
problem is summarized as a similar experimental model. With the combination of
experimental equipment such as wind tunnel and water tunnel, the actual result can
be deduced based on phenomena and data according to experiments. For numerical
simulation, the calculation results based on theoretical analysis and experimental
observation can be obtained with computing approaches, such as finite difference
method and finite element method, etc. The numerical simulation is becoming
popular with computing technology development since twenty-first century.

These three methods have their own advantages and disadvantages, and the best
way is to complement each other to promote the development of fluid mechanics.
With the development of modern measurement and computing technology, fluid
mechanics will get largely promotion and facilitate for industrial development.
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1.2 Continuum Model of Fluid

1.2.1 Fluid Particles

Similar to solid, fluid also has three basic properties: first, it consists of a large
number of molecules; second, the molecules keep random thermal motion; third,
there are molecular forces between molecules. From the view of microscopic level,
a fluid molecule must have a certain shape, which means a fluid is not continuous,
although the gap between molecules is very tiny.

However, fluid mechanics mainly focus on macroscopic mechanical movement
of fluids rather than microscopic molecules, which is the statistical mean behavior
of a large quantity of molecules. Therefore, the concepts of fluid particle and
continuum must be adopted for fluid mechanic investigations.

Fluid particle is regarded as an aggregation of fluid molecules with small enough
volume and definite macroscopic parameters value such as density, viscosity and
velocity, etc.

1.2.2 Continuum Model of Fluid

Assuming that a fluid is composed of fluid particles rather than molecules, then the
fluid is a continuum, which means that differential calculus is valid for all the
analysis of fluid mechanics. Therefore, all physical properties of fluid particle, such
as density, velocity, pressure, and temperature, are the continuous functions of
space and time ðx; y; z; tÞ [1–3]. The mathematical tools of continuous function and
field theory can be utilized to solve flowing problems.

1.3 Main Properties of Fluid

1.3.1 Density and Specific Weight

Density is the mass of the substance per unit volume. It indicates the intensity of
fluid in space, and usually it is denoted by the Greek letter q with unit kg/m3 in SI.

For homogenous fluid, each point has the same density

q ¼ m

V
ð1:1Þ

For heterogeneous fluid, take an infinitesimal volume DV surrounding a certain
point in space, the mass of fluid in it is Dm, then the ratio DV=Dm is the average
density in volume DV . Let DV ! 0, the limit of this ratio will be the density at the
point inside DV .

1.2 Continuum Model of Fluid 3



q ¼ lim
DV!0

Dm
DV

¼ dm
dV

ð1:2Þ

The specific weight of a fluid is the gravity per unit volume, denoted by c.
For homogenous fluid

c ¼ G
V
¼ mg

V
¼ qg ð1:3Þ

For heterogeneous fluid:

c ¼ lim
DV!0

DG
DV

¼ dG
dV

ð1:4Þ

The unit of specific weight in SI is N/m3.
Different fluids have different density and specific weight. The density and

specific weight of same fluid also vary with the temperature and pressure. Table 1.1
gives the density and specific weight of various fluids at standard atmospheric
pressure. Table 1.2 gives the density and specific weight of water at standard
atmospheric pressure with different temperature.

1.3.2 Viscosity

Viscosity is another important property of a fluid. Viscosity is a measure of the
fluid’s resistance to flow due to its internal friction. Viscosity is measured in two
ways: dynamic (absolute) viscosity l and kinematic viscosity t. One must note that
a fluid exhibits viscosity only when there is relative motion between fluid elements,
or the fluid is in motion. A fluid at rest will not exhibit viscosity. The effect of
viscosity indicates that it will restrict relative slip inside a fluid, thereby obstructing
a fluid’s flow. But this obstruction can only slow down the process of relative slip
rather than eliminating this phenomenon, and this is an important feature of
viscosity.

1.3.2.1 Newton’s Viscosity Law
As shown in Fig. 1.1, two parallel plates are placed horizontally with a distance h.
A certain liquid is filled between the two plates, then supposing that the lower plate
is fixed and the upper moves with a uniform velocity v0 to the right under the
application of force F. According to the nonslip condition, a viscous fluid will stick
to the solid boundary which the fluid attaches, so the fluid layer attaching to the
upper plate moves at the velocity v0 along the direction of x axis, and the fluid layer
attaching to the lower plate stays at rest. Fluid between the two plates flows in the
direction parallel to the plates, its velocity changes uniformly from zero of the lower
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plate to v0 of the upper plate. Thus, there is relative motion between every two fluid
layers, and inner friction T will be generated on the interface. Assuming that the
contacting area of the plate with the fluid is A. Shear stress in a fluid is defined as
the inner friction per unit area, and is denoted with the symbol s, so s ¼ T=A.

Assuming that flowing velocity distribution complies with the relationship of
linearism, as shown in Fig. 1.1. Experiments demonstrate that the magnitude of
shear stress s in a fluid is directly proportional to the velocity of upper plate, but is
inversely proportional to the distance between the two plates, so we have

s ¼ l
v0
h

ð1:5Þ

Table 1.1 Physical properties of various fluids at standard atmospheric pressure

Fluid Temp.
(°C)

Density
(kg/m3)

Specific weight
(N/m3)

Dynamic
viscosity (Pa s)

Kinematic
viscosity (m2/s)

Distilled water 4 1000 9800 1.52 � 10−3 1.52 � 10−6

Seawater 20 1025 10,045 1.08 � 10−3 1.05 � 10−6

Carbon tetrachloride 20 1588 15,562 0.97 � 10−3 0.61 � 10−6

Gasoline 20 678 6644 0.29 � 10−3 0.43 � 10−6

Petroleum 20 856 8389 7.2 � 10−3 8.4 � 10−6

Lubricant 20 918 8996 440 � 10−3 479 � 10−6

Kerosene 20 808 7918 1.92 � 10−3 2.4 � 10−6

Alcohol 20 789 7732 1.19 � 10−3 1.5 � 10−6

Glycerol 20 1258 12,328 1490 � 10−3 1184 � 10−6

Turpentine 20 862 8448 1.49 � 10−3 1.73 � 10−6

Castor oil 20 960 9408 0.961 � 10−3 1.00 � 10−6

Benzene 20 895 8771 0.65 � 10−3 0.73 � 10−6

Mercury 0 13,600 133,280 1.70 � 10−3 0.125 � 10−6

Liquid hydrogen −257 72 705.6 0.021 � 10−3 0.29 � 10−6

Liquid oxygen −195 1206 11,819 82 � 10−3 68 � 10−6

Air 20 1.20 11.76 1.83 � 10−5 1.53 � 10−5

Oxygen 20 1.33 13.03 2.0 � 10−5 1.5 � 10−5

Hydrogen 20 0.0839 0.8222 0.9 � 10−5 10.7 � 10−5

Nitrogen 20 1.16 11.37 1.76 � 10−5 1.52 � 10−5

Carbon monoxide 20 1.16 11.37 1.82 � 10−5 1.57 � 10−5

Carbon dioxide 20 1.84 18.03 1.48 � 10−5 0.8 � 10−5

Helium 20 0.166 1.627 1.97 � 10−5 11.8 � 10−5

Methane 20 0.668 6.546 1.34 � 10−5 2.0 � 10−5
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l is a proportionality constant relevant to fluid property, and is called dynamic
viscosity, and its unit is Pa s.

If velocity distribution does not comply with the relationship of linearism, as
shown in Fig. 1.2, we have

s ¼ �l
du
dy

; ð1:6Þ

where du
dy is called velocity gradient (shear rate).

Table 1.2 Physical properties of water at different temperature (1 standard atmospheric pressure)

Temp.
(°C)

Density
(kg/m3)

Specific
weight
(N/m3)

Dynamic
viscosity �10−3

Pa s

Kinematic
viscosity �10−6

m2/s

Bulk
modulus
�109 N/m2

Surface
tension
(N/m)

0 999.9 9805 1.792 1.792 2.04 0.0762

5 1000.0 9806 1.519 1.519 2.06 0.0754

10 999.7 9803 1.308 1.308 2.11 0.0748

15 999.1 9798 1.140 1.141 2.14 0.0741

20 998.2 9789 1.005 1.007 2.20 0.0731

25 997.1 9779 0.894 0.897 2.22 0.0726

30 995.7 9767 0.801 0.804 2.23 0.0718

35 994.1 9752 0.723 0.727 2.24 0.0710

40 992.2 9737 0.656 0.661 2.27 0.0701

45 990.2 9720 0.599 0.650 2.29 0.0692

50 988.1 9697 0.549 0.556 2.30 0.0682

55 985.7 9679 0.506 0.513 2.31 0.0674

60 983.2 9658 0.469 0.477 2.28 0.0668

70 977.8 9600 0.406 0.415 2.25 0.0650

80 971.8 9557 0.357 0.367 2.21 0.0630

90 965.3 9499 0.317 0.328 2.16 0.0612

100 958.4 9438 0.284 0.296 2.07 0.0594

Fig. 1.1 Newton’s viscosity law [4]
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The above equation is the expression of Newton’s viscosity law, which means
that the shear stress is proportional to the velocity gradient of the fluid and is
relevant to the property of the fluid.

Fluids for which shear stress and velocity gradient satisfy Newton’s viscosity
law are called Newtonian fluids. A lot of substances in nature, such as water, air,
gases, and ordinary oils belong to Newtonian fluids. For some fluids, however, the
shear stress may not be directly proportional to shear rate, and these fluids are
classified as non-Newtonian fluids. As shown in Fig. 1.3, there are mainly three
kinds of non-Newtonian fluids [6].

(1) Bingham plastic. Fluids that have a linear shear stress/shear strain relationship
require a finite yield stress before they begin to flow. Several examples are clay
suspensions, drilling mud, toothpaste.

(2) Shear thinning fluid. When the shear rate increases, the viscosity of a shear
thinning fluid appears to decrease. The polymer solution is a common example.

(3) Shear thickening fluid. The viscosity of a shear thickening fluid appears to
increase when the shear rate increases. Corn starch dissolved in water is a
common example: when stirred slowly it looks milky, when stirred vigorously
it feels like a very viscous liquid.

Fig. 1.2 Velocity gradient [5]

Fig. 1.3 Newtonian and
non-Newtonian fluids
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The kinematic viscosity t can be obtained by dividing the dynamic viscosity l
by density, that is

t ¼ l
q

ð1:7Þ

The unit of kinematic viscosity t is m2/s.

1.3.2.2 Measurement of Viscosity
The measurement of viscosity is generally made with a device known as a vis-
cometer. Various types of viscometers are available, such as U-tube viscometers,
falling sphere viscometers and so on. For U-tube viscometers, as shown in Fig. 1.4,
they are also known as glass capillary viscometers or Ostwald viscometers, named
after Wilhelm Ostwald. Another version is the Ubbelohde viscometer, which
consists of a U-shaped glass tube held vertically in a controlled temperature bath. In
one arm of the U is a vertical section of precise narrow bore (the capillary). Above
there is a bulb, with it is another bulb lower down on the other arm. In use, liquid is
drawn into the upper bulb by suction, then allowed to flow down through the
capillary into the lower bulb. Two marks (one above and one below the upper bulb)
indicate a known volume. The time taken for the level of the liquid to pass between
these marks is proportional to the kinematic viscosity.

Fig. 1.4 U-tube viscometer
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Most commercial units are provided with a conversion factor, or can be cali-
brated by a fluid of known properties. The time required for the test liquid to flow
through a capillary of a known diameter of a certain factor between two marked
points is measured. By multiplying the time taken by the factor of the viscometer,
the kinematic viscosity is obtained.

Example 1.1 As shown in Fig. 1.5, the mass of a 1 cm height and 40� 45 cm2

bottom area wood board is 5 kg. It moves at a fixed velocity along a slope with
lubricant. The wood velocity is u ¼ 1m=s, and the oil thickness is d ¼ 1mm. The oil
velocity gradient caused by wood is linear. What is the dynamic viscosity l of oil?
Solution

h ¼ arctanð5=12Þ ¼ 22:62�

Since velocity is fixed, as ¼ 0. Based on Newton’s second law

X
Fs ¼ mas ¼ 0

mg sin h� s � A ¼ 0

Because velocity gradient is linear,

s ¼ ldu=dy ¼ lu=d

Thus

l ¼ mg sin h � d=Au ¼ 0:105 Pa s

1.3.2.3 Variation Rules of Viscosity
The viscosity of fluid varies with temperature and pressure. Compared with the
temperature, the effect of pressure is much smaller and is usually neglected.

Fig. 1.5 Example 1.1
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A number of empirical formulas reflecting viscosity variation with temperature
are obtained from numerous experimental data.

Empirical formula about the relationship between liquid dynamic viscosity and
temperature is as follows:

l ¼ l0e
�kðt�t0Þ; ð1:8Þ

where l0 is liquid dynamic viscosity at t0,Pa s; k is a coefficient, which reflects the
change rate of viscosity with different temperature.

Empirical formula about the relationship between gas dynamic viscosity and
temperature is as follows:

l ¼ l0
1þ C

273

1þ C
T

ffiffiffiffiffiffiffiffi
T

273

r
; ð1:9Þ

where l0 is gas dynamic viscosity at 0 °C, Pa s; T is gas thermodynamic temper-
ature, K; C is a constant. The constants of ordinary gases are shown in Table 1.3.

For various liquids and gases, the relationship between dynamic viscosity l and
temperature is shown in Fig. 1.6, and the relationship between kinematic viscosity t
and temperature is shown in Fig. 1.7. The viscosity of water and air at different
temperature and standard atmospheric pressure are shown in Table 1.4.

As shown in Figs. 1.6 and 1.7, Table 1.4, the variation rules of viscosity for
liquids and gases are different when temperature changes. For example, the vis-
cosity of liquid decreases while the gas viscosity increases with increase of
temperature.

When temperature increases, distance between liquid molecules increases, and
the attraction between molecules becomes weaker, so the viscosity of liquids will
decrease significantly. As for gases, irregular motion of molecules intensifies with
temperature increases, and momentum exchange becomes more frequent, thereby
viscosity of gases will increase.

1.3.2.4 Ideal Fluid
An ideal fluid is usually defined as a fluid in which there is no friction, namely
l ¼ t ¼ 0. Although such a fluid does not exist in reality, many fluids are
approximate frictionless flow at sufficient distances from solid boundaries, so their
behaviors can be characterized by assuming they act as ideal fluids.

Table 1.3 Values of C for various gases

Gas Air Hydrogen Oxygen Nitrogen Steam Carbon
dioxide

Carbon
monoxide

C 122 83 110 102 961 260 100
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Fig. 1.6 Fluid dynamic viscosity [5]
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Fig. 1.7 Fluid kinematic viscosity [5]
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1.3.3 Compressibility and Expansibility

The density of a fluid is the function of temperature and pressure, thus the volume
occupied by fluid will vary with pressure and temperature. The common sense is
that volume reduces when pressure increases, while volume expands as temperature
increases. This kind of attribute for a fluid is termed as compressibility and
expansibility.

1.3.3.1 Compressibility
The compression coefficient CL is defined as the relative change in volume caused
by a unit change in pressure at constant temperature.

CL ¼ �
dV
V

dp
¼ � 1

V

dV
dp

m2=N ð1:10Þ

or

CL ¼ 1
q
dq
dp

m2=N, ð1:11Þ

where the minus is used to render the compression coefficient CL positive, since
relative volume change is always negative number.

The reciprocal of compression coefficient CL is called the bulk modulus E.

E ¼ 1
CL

N=m2 ð1:12Þ

Table 1.4 Viscosity of water and air at standard atmospheric pressure

Temp. t (°C) Water Air

l (Pa s) t (m2/s) l (Pa s) t (m2/s)

0 1.792 � 10−3 1.792 � 10−6 0.0172 � 10−3 13.7 � 10−6

10 1.308 � 10−3 1.308 � 10−6 0.0178 � 10−3 14.7 � 10−6

20 1.005 � 10−3 1.005 � 10−6 0.0183 � 10−3 15.3 � 10−6

30 0.801 � 10−3 0.801 � 10−6 0.0187 � 10−3 16.6 � 10−6

40 0.656 � 10−3 0.661 � 10−6 0.0192 � 10−3 17.6 � 10−6

50 0.549 � 10−3 0.556 � 10−6 0.0196 � 10−3 18.6 � 10−6

60 0.469 � 10−3 0.477 � 10−6 0.0201 � 10−3 19.6 � 10−6

70 0.406 � 10−3 0.415 � 10−6 0.0204 � 10−3 20.6 � 10−6

80 0.357 � 10−3 0.367 � 10−6 0.0210 � 10−3 21.7 � 10−6

90 0.317 � 10−3 0.328 � 10−6 0.0216 � 10−3 22.9 � 10−6

100 0.284 � 10−3 0.296 � 10−6 0.0218 � 10−3 23.6 � 10−6
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Table 1.5 shows the bulk modulus of water. It can be seen from Table 1.5 that
the bulk modulus of water changes very little with pressure. Water is difficult to
compress. In engineering applications, most liquids can be considered as incom-
pressible fluids.

Example 1.2 Condensing a certain liquid in a container. When the pressure is
106 Pa, the volume of the liquid is 1L. If the pressure turns into 2 � 106 Pa, the
volume of the liquid is 995 cm3. Find the liquid’s bulk modulus.
Solution

According to Eq. (1.12)

E ¼ 1
CL

¼ � dp
dV
V

¼ � 2� 106 � 1� 106

995�1000
1000

¼ 2� 108 Pa

1.3.3.2 Expansibility
The volume expansion coefficient bt is defined as the relative change in volume
caused by unit change in temperature at constant pressure.

bt ¼
dV
V

dt
¼ 1

V

dV
dt

1=�C ð1:13Þ

Table 1.6 shows the volume expansion coefficient of water. It can be seen from
Table 1.6 that the expansibility of water is very small. Similar to the water, the
other liquids also demonstrate small expansibility. Except for large changes in
temperature, the expansibility of liquids can usually be ignored in engineering
applications.

The volume of gases can change significantly with pressure and temperature.
Near ambient temperature and at moderate pressure (<10 MPa), real gases can be

Table 1.5 Water’s bulk modulus at different temperature and pressure

Temp.
(°C)

Pressure/MPa

0.5 1 2 4 8

0 1.852 � 109 1.862 � 109 1.882 � 109 1.911 � 109 1.940 � 109

5 1.891 � 109 1.911 � 109 1.931 � 109 1.970 � 109 2.030 � 109

10 1.911 � 109 1.931 � 109 1.970 � 109 2.009 � 109 2.078 � 109

15 1.931 � 109 1.960 � 109 1.985 � 109 2.048 � 109 2.127 � 109

20 1.940 � 109 1.980 � 109 2.019 � 109 2.078 � 109 2.173 � 109
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considered as ideal gases. The following equation of state for ideal gases can be
shown:

pV ¼ mRT or p ¼ qRT ; ð1:14Þ

where p is absolute pressure, Pa; T is absolute temperature (thermodynamic tem-
perature), K; R is relevant to the relative molecular mass of the gas, and its mag-
nitude may be expressed with the following equation:

R ¼ Molar gas constant
Relativemolecular massðMÞ ¼

8314
M

ð1:15Þ

The unit of R is Nm=ðkgKÞ.

1.3.3.3 Compressible and Incompressible Fluids
Fluid mechanics deals with both incompressible and compressible fluids, that is,
with liquids and gases of either constant or variable density. In reality, there is no
incompressible fluid which is commonly used in case the density change with
pressure is small enough to be neglected. This is usually the case with liquid.

In most cases, gas can be treated as compressible fluid, because its density
always varies with the temperature and pressure.

1.3.4 Surface Tension

1.3.4.1 Surface Tension
Considering the following experiment, as shown in Fig. 1.8. A soap solution is
used to form a soap film on a wire support. A cotton thread is draped across the
soap film, as shown in Fig. 1.8a. If the soapy film ruptures on one side of the
thread, the cotton thread will be pulled to one side. This is shown as Fig. 1.8b or c.
This phenomenon shows evidence that there exists some forces (tension) within the
soap film.

According to the theory of molecular attraction, molecules of liquid below the
surface act on each other by forces that are equal in all directions. However,
molecules near the surface have a greater attraction than those below the surface

Table 1.6 Coefficient of volume expansion of water

Pressure/MPa Temperature (°C)

1–10 10–20 40–50 60–70 90–100

0.1 0.14 � 10−4 1.50 � 10−4 4.22 � 10−4 5.56 � 10−4 7.19 � 10−4

10 0.43 � 10−4 1.65 � 10−4 4.22 � 10−4 5.48 � 10−4 7.04 � 10−4

20 0.72 � 10−4 1.83 � 10−4 4.26 � 10−4 5.39 � 10−4 –

50 1.49 � 10−4 2.36 � 10−4 4.29 � 10−4 5.23 � 10−4 6.61 � 10−4

90 2.29 � 10−4 2.89 � 10−4 4.37 � 10−4 5.14 � 10−4 6.21 � 10−4
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(see Fig. 1.9). This produces a surface on the liquid that acts like a stretched
membrane. Because of this membrane effect, each portion of the liquid surface
exerts “tension” on adjacent portions of the surface. These forces can act on any
object in contact with the liquid surface.

This tension exists on the surface and its magnitude per unit length is defined as
what is called surface tension, that is,

T ¼ rL; ð1:16Þ

where T is tension (force); L is length; r is called surface tension, N/m. Table 1.7
gives values for surface tension of some liquids.

Fig. 1.8 Soap films

Fig. 1.9 Attraction between molecules near the surface

Table 1.7 Surface tension of liquids (20 �C, with air)

Liquids Surface tension r (N/m) Liquids Surface tension r (N/m)

Alcohol 0.0223 Water 0.0731

Benzene 0.0289 Mercury

Carbon
tetrachloride

0.0267 With air 0.5137

Kerosene 0.0233–0.0321 With water 0.3926

Lubricant 0.0350–0.0379 With vacuum 0.4857

Crude oil 0.0233–0.0379
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1.3.4.2 Capillarity
The effect of surface tension can be studied in the case of capillary action in a small
tube shown in Fig. 1.10a. When the end of a very small diameter tube is placed
upright into a reservoir of water, a characteristic curved water surface forms
between the interface of the water and air. The relatively great attraction of the
water molecules for the glass causes the water surface to curve upward in the region
of the glass wall. The surface tension forces within the fluid act around the cir-
cumference of the tube, in the direction indicated in Fig. 1.10.

From free body considerations, equating the lifting force created by surface
tension to the gravity force leads to the balance as follows:

pdr cos h ¼ qghpd2=4 ð1:17Þ

Then, the capillary rise can be deduced from Eq. (1.17):

h ¼ 4r cos h
qgd

; ð1:18Þ

where r is surface tension, namely the force per unit length; h is the wetting angle
between the fluid and the solid surface; q is the liquid density; d is the tube
diameter; h is the height the liquid is lifted.

Equation (1.18) can be used to compute the capillary rise or capillary depression
in a small diameter tube. Surface tension effects are generally negligible in most
macroscopic engineering applications. However, these effects can be important in
microscopic applications, in studies of nanotechnology, the formation of fluid
droplets and bubbles.

Fig. 1.10 Capillarity
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1.4 Problems

1:1 Assuming that air’s specific weight is c ¼ 11:82N=m3, and dynamic viscosity
is l ¼ 0:0183� 10�3 Pa s. Find kinematic viscosity t of air.

1:2 Find dynamic viscosity l and kinematic viscosity t of air when the temper-
ature is 35 �C, and the pressure is 0.1 MPa.

1:3 Two parallel plates are placed horizontally with a distance h ¼ 10mm. Castor
oil (20 �C, l ¼ 0:972� 10�3 Pa s) is filled between the two plates, then
supposing that the lower plate is fixed and the upper moves with a uniform
velocity ðv ¼ 1:5m=sÞ. Find shear stress s in the oil.

1:4 As shown in Fig. 1.11, a 1.5 m2 bottom area wood board moves with a
uniform velocity ðv ¼ 16m=sÞ on liquid surface which the thickness is 4 mm.
Supposing that liquid velocity gradient caused by the board is linear, find,

(1) if the liquid is water at 20 °C, find the force F.
(2) if the liquid is oil at 20 °C ðl ¼ 7:2� 10�3 Pa sÞ, find the force F.

1:5 As shown in Fig. 1.12, a horizontal interface 0-0 exists between two immis-
cible liquids. The dynamic viscosity of these two liquids are l1 ¼ 0:14 Pa s
and l2 ¼ 0:24 Pa s respectively. The thickness is d1 ¼ 0:8 mm and d2 ¼
1:2mm respectively. Assuming that the velocity gradient is linear. Find the
force F required to push a bottom area A ¼ 1000 cm2 wood board to move
with velocity v0 ¼ 0:4m=s along the surface?

1:6 As shown in Fig. 1.13, a cone rotates around its vertical center axis with
uniform velocity. Assuming that the gap is d ¼ 1mm, and it is filled with
lubricant which l ¼ 0:1 Pa s. In this figure, R ¼ 0:3m, H ¼ 0:5m,
x ¼ 16 rad=s. Find the moment required to rotate the cone.

1:7 A tank is filled with oil, and the pressure is 49 kPa. The density of oil is
8900 kg=m3. When the reduction of oil mass is 40 kg, the pressure corre-
spondingly decreases to 9:8 kPa. Assuming that the bulk modulus of oil is
E ¼ 1:32� 106 kN=m2, find the volume of this oil tank.

Fig. 1.11 Problem 1.4
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1:8 In a container of which the volume is 1:77m3, there are some CO with
absolute pressure P0 ¼ 103:4 kPa, and T0 ¼ 21 �C. After the container is
pumped into another 1:36 kg CO, the temperature turns into 24 �C. Find the
corresponding absolute pressure.

1:9 As shown in Fig. 1.14, in a heating system there is a dilatation water tank. The
volume of the water in the system is 8m3. The largest temperature rise is 50 �C
and the volume expansion coefficient of water is av ¼ 0:0005ð1=�CÞ. Find the
smallest volume of dilatation water tank.

Fig. 1.12 Problem 1.5

Fig. 1.13 Problem 1.6

Fig. 1.14 Problem 1.9
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2Fluid Statics

Abstract
Fluid statics focuses on equilibrium problems of forces exerting on a motionless
fluid and corresponding application in practical situations. In this chapter, we
will first discuss Eulerian equilibrium equation of fluids and its integral. In
addition, we will introduce pressure calculation and measurement. Finally,
according to the principles of pressure distribution, we can calculate forces
acting on a plate.

Keywords
Surface force � Eulerian equilibrium � Pressure distribution � Absolute pressure
Vacuum degree � Pressure measurement

2.1 Forces on a Fluid

2.1.1 Mass Force

Mass force is a noncontact force acting on all fluid particles leading to a certain
force field [1, 2]. The magnitude of mass force is proportional to the fluid mass or
fluid volume. It is also called body force.

Unit mass force is defined as the mass force acting on unit mass, of which the
unit is same with acceleration, m/s2. If the fluid particle volume approaches zero,
namely, DV ! 0, then the mass force can be written as

dFm ¼ dm � am ¼ dmðXiþ Yjþ ZkÞ; ð2:1Þ
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where dm is unit mass, am is acceleration, X; Y ; Z are the components of acceler-
ation or unit mass force on x, y, z axes respectively. General mass force includes
gravity and inertial force.

2.1.2 Surface Force

Surface force is the force acting on the contact surface of fluid particles by the
adjacent fluid layer or other fluid [3, 4]. Its value is proportional to contact area.
According to the acting directions, surface forces can be divided into two cate-
gories: one is normal force which is perpendicular to acting surface such as pressure
and normal stress, the other is shear force like shear stress which is parallel to acting
surface.

2.2 Equilibrium Equation and Its Integral

2.2.1 Eulerian Equilibrium Equation

As we might all agree, the static fluid is in equilibrium. The total force involving the
mass force and surface force in fluid element should equal zero, which can be used
to establish the equilibrium equation and obtain the static pressure distribution.

As shown in Fig. 2.1, select a fluid cubic unit abdcc0d0b0a0 in a static fluid. Its
length, width and height are dx; dy; dz, respectively. The pressure of the unit cen-
troid Mðx; y; zÞ is pðx; y; zÞ. The forces acting on the fluid unit include

(1) Surface force. Since the fluid pressure is a continuous function of the position.
Therefore, the pressure acting on surface ad and a0d0 in the x direction can be
expanded as Taylor’s series. Neglecting high order terms, the pressures of
surface ad and a0d0 are pþ 1

2
@p
@x dx and p� 1

2
@p
@x dx, respectively. Similarly, the

pressures of other surfaces are: ac0: p� 1
2
@p
@y dy and bd0: pþ 1

2
@p
@y dy in the y

direction; a0b: pþ 1
2
@p
@z dz and c0d: p� 1

2
@p
@z dz in the z direction.

(2) Mass force. The components of the mass force on x, y, z axes are Fx, Fy and Fz,
respectively:

Fx ¼ qdxdydzX

Fy ¼ qdxdydzY

Fz ¼ qdxdydzZ
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Since the fluid unit is in equilibrium, the total force in the x direction must be
zero, thus

Px þFx ¼ 0

Namely �ðpþ 1
2
@p
@x dxÞdydzþðp� 1

2
@p
@x dxÞdydzþ qdxdydzX ¼ 0

After simplification � @p
@x dxdydzþ qXdxdydz ¼ 0

Similarly, we have

X � 1
q
@p
@x ¼ 0

Y � 1
q
@p
@y ¼ 0

Z � 1
q
@p
@z ¼ 0

9>=
>; ð2:2Þ

Equation (2.2) is the basic differential equation for fluids in equilibrium, which
is first deduced by Euler in 1755, so it is also called Eulerian equilibrium equation.
The above equation is suitable for any static fluid no matter how different force
types and fluid properties are.

2.2.2 Integral of Equilibrium Equation

Multiplying Eq. (2.2) by dx, dy and dz respectively, then summing up the three
equations and we have

Fig. 2.1 Fluid cubic unit [5]
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@p

@x
dxþ @p

@y
dyþ @p

@z
dz ¼ qðXdxþ Ydyþ zdzÞ

Since p ¼ pðx; y; zÞ
then dp ¼ @p

@x dxþ @p
@y dyþ @p

@z dz

dp ¼ qðXdxþ Ydyþ ZdzÞ ð2:3Þ

The above equation is the general differential equation for a fluid in equilibrium,
which is also called pressure differential equation.

The left-hand side of Eq. (2.3) is the total derivative of pressure. Due to the
uniqueness of integral result, the three terms on the right-hand side must also be a
total derivative of a function W ¼ Fðx; y; zÞ, namely

dW ¼ Xdxþ Ydyþ Zdz ¼ @W

@x
dxþ @W

@y
dyþ @W

@z
dz

Thus

X ¼ @W

@x
; Y ¼ @W

@y
; Z ¼ @W

@z
ð2:4Þ

Then Eq. (2.3) can be written as

dp ¼ qdW ð2:5Þ

X, Y , Z in Eq. (2.4) are mass forces with potential which are equivalent to the
gradient of a potential such as gravity, inertial force. Equation (2.5) is the total
derivative equation of pressure p in static fluids, which shows the relationship
between pressure and potential.

Integrating the both sides of Eq. (2.5), we have

p ¼ qW þ c;

where c is integral constant. If potential function W0 and the pressure p0 on free
surface of the liquid in equilibrium are known, then c ¼ p0 � qW0.

Therefore, the integral of Eulerian equilibrium equation can be expressed as

p ¼ p0 þ qðW �W0Þ ð2:6Þ

It can be known from Eq. (2.6) that if the potential function W is known, then
the pressure of every point of a fluid in equilibrium can be determined. Equa-
tion (2.6) is significant to describe the pressure distribution in a static fluid.
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2.2.3 Isobaric Surface

The curved or flat surface which consists of all points with the same pressure in a
fluid is defined as isobaric surface. It is quite obvious that on an isobaric surface
dp ¼ 0, so Eq. (2.3) can be written as

Xdxþ Ydyþ Zdz ¼ 0 ð2:7Þ

The isobaric surface has the following three properties:

(1) Isobaric surface is also the equal potential surface.

From Eq. (2.5), when dp ¼ 0,

dW ¼ 0;W ¼ C

so the potential function is constant, namely, isobaric surface is also the equal
potential surface.

(2) Mass force of each point on the isobaric surface is always perpendicular to
isobaric surface.

Get a line segment dl arbitrarily on isobaric surface, it can be expressed as

dl ¼ dxiþ dyjþ dzk

Equation (2.7) is the dot product of unit mass force and dl. Since the dot product
equals zero on an isobaric surface, mass force of each point on the isobaric surface
is always perpendicular to isobaric surface.

(3) The interface between two kinds of immiscible liquid is isobaric surface.

As shown in Fig. 2.2, two kinds of immiscible liquids are in equilibrium in the
vessel. Their densities are q1 and q2, respectively. If the interface a� a between the
two liquids is not an isobaric surface, then the pressure difference of point A and B
can be obtained respectively from the two liquids:

dp ¼ q1dW

dp ¼ q2dW

)

Since q1 6¼ q2, the above two equations cannot be satisfied at the same time
unless dp ¼ 0 and dW ¼ 0. Therefore, the interface a� a must be an isobaric
surface.
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2.3 Basic Equation for Fluid Statics

2.3.1 Pressure Distribution in a Static Liquid

Figure 2.3 shows the coordinate system of a static liquid. The components of unit
mass force are X = 0, Y = 0 and Z = −g, and substituting them into Eq. (2.3), we
have

dp ¼ qð�gdzÞ ¼ �cdz

Fig. 2.2 Interface between
two static liquids

Fig. 2.3 Static liquid

26 2 Fluid Statics



For homogeneous liquids q = constant, integrating the above formula, we have

p ¼ �czþ c ð2:8Þ

zþ p

c
¼ constant ð2:9Þ

Equation (2.9) represents the pressure distribution in a static liquid, which is
called the basic equation for fluid statics. It shows that the value of zþ p

c at each
point in the static liquid is identical. For example, for point 1 and 2 in Fig. 2.3, we
have

z1 þ p1
c
¼ z2 þ p2

c
: ð2:10Þ

2.3.2 Pressure Calculation in a Static Liquid

The constant c in Eq. (2.8) is the integral constant determined by boundary con-
dition. If on the liquid surface Z ¼ 0 and p ¼ p0, then it can be obtained from
Eq. (2.8) that c ¼ p0.

So p ¼ p0 � cz ð2:11Þ

If the direction of h is opposite to the z axis, then

p ¼ p0 þ ch ð2:12Þ

The above equation is the formula of pressure at each point in a static liquid,
which shows that the pressure at each point in a static liquid is the sum of the liquid
surface pressure and the liquid gravity pressure ch. In homogeneous static liquid,
the pressure at each position varies with its depth. The greater the depth h below the
liquid surface is, the greater the pressure p is.

The isobaric surface of the fluid in equilibrium is perpendicular to mass force,
and the mass force in a static liquid only shows gravity, so the isobaric surface of
the static liquid must be horizontal.

For all kinds of communicating vessels containing homogeneous static liquid, if
the depths of two points are the same, then the pressure of the two points must be
identical.

Example 2.1 In the static liquid shown in Fig. 2.4, it is known that: pa = 98 kPa,
h1 = 1 m, h2 = 0.2 m, and the specific weight of oil and mercury are
coil = 7450 N/m3 and cM = 133 kN/m3, respectively. The height of point C and D
are the same, try to determine the pressure at point C.
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Solution
From Eq. (2.12), the pressure of point D is:

pD ¼ pa þ coilh1 þ cMh2
¼ 98þ 7:45� 1þ 133� 0:2

¼ 132:05 kPa

Since point C and D are of the same height in one continuous fluid, the pressure
is identical, namely, pC ¼ pD ¼ 132:05 kPa.

2.3.3 Absolute Pressure, Relative Pressure, and Vacuum
Degree

In engineering, there are two kinds of pressure representations. One is absolute
pressure denoted as p which takes perfect vacuum as the measurement standard.
The other is relative pressure denoted as p0 which takes the atmospheric pressure pa
as the measurement standard, then p0 ¼ p� pa. Generally, the pressure measured
by a manometer is relative pressure which is also called gage pressure.

The relationship between absolute pressure and relative pressure is shown in
Fig. 2.5. If p[ pa, then p ¼ pa þ p0 and p0 ¼ p� pa; if p\pa, then p ¼ pa � pV
and pV ¼ pa � p, where pV is called vacuum degree.

Example 2.2 Figure 2.6 is a sealed water tank. The distance between the water
surface and plane N � N is h1 ¼ 0:2 m, and the distance between N � N and point
M is h2 ¼ 0:5 m. Try to determine the absolute pressure and relative pressure of

Fig. 2.4 Communicating vessel
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point M and find p0. If there is vacuum on the water surface in the tank, try to
determine the vacuum degree. The atmospheric pressure pa is 101:3 kPa.
Solution

Since N � N is isobaric surface, from Eq. (2.12) the pressure of point M can be
obtained

pM ¼ pa þ ch2 ¼ 101:3þ 9:8� 0:5

¼ 106:2 kPa

p0M ¼ pM � pa ¼ ch2 ¼ 9:8� 0:5 ¼ 4:9 kPa

The absolute pressure on the water surface is

p0 ¼ pM � cðh1 þ h2Þ ¼ 106:2� 9:8� ð0:2þ 0:5Þ ¼ 99:34 kPa

Fig. 2.5 Relationship among absolute pressure, gage pressure and vacuum degree [6]

Fig. 2.6 Sealed water tank

2.3 Basic Equation for Fluid Statics 29



Since p0\pa, there is vacuum on the water surface. The vacuum degree is

pt ¼ pa � p0 ¼ 101:3� 99:34 ¼ 1:96 kPa:

2.3.4 Physical Meaning of Basic Equation for Fluid Statics

As shown in Fig. 2.7, taking plane o� o as the datum reference, point A and B are
connected with two piezometers opened to the atmosphere. The distance between
point A and plane o� o is zA, and the distance between point B and plane o� o is
zB. zA and zB are called elevation heads, namely, the potential energy per unit
weight of the liquid relative to datum reference o� o. The water heights of the two

piezometers are
p0
A
c and

p0
B
c respectively, which named relative pressure head.

Point C and D are connected with two closed piezometers. The distance between
point C and plane o� o is zC, and the distance between point D and plane o� o is
zD. zC and zD are also the elevation heads. The water heights of the two piezometers
are pC

c and pD
c respectively, which named absolute pressure head. Pressure head can

reflect the “pressure” energy per unit weight of fluid.
Figure 2.7 shows that

zA þ
p0

A

c
¼ zB þ

p0
B

c
; zC þ pC

c
¼ zD þ pD

c

Fig. 2.7 Physical meaning
of basic equations for fluid
statics

30 2 Fluid Statics



or zA þ
p0

A

c
þ pa

c
¼ zB þ

p0
B

c
þ pa

c
¼ zC þ pC

c
¼ zD þ pD

c

Therefore, the total energy at each point in a static fluid is identical.

2.4 Pressure Measurement

2.4.1 Units of Pressure

The fundamental unit of pressure in SI system is Pascal ðPaÞ, which is one Newton
per square meter ðN=m2Þ. Since Pa is too small, larger units kPa and MPa are used.
Also, 1 kPa ¼ 103 Pa and 1 MPa ¼ 106 Pa.

Pressure is equivalent to a height of liquid column with constant density. Usually
it is more convenient to express a pressure by the height of liquid column, rather
than by the unit N/m2. For example, mmH2O or mmHg is just the common pressure
unit.

Atmospheric pressure can also be used as a standard for pressure measurement

1 standard atmospheric pressure atmð Þ ¼ 760 mmHg ¼ 1:1013� 105 Pa

To simplify engineering calculation, engineering atmospheric pressure is often
used as a standard

1 Engineering atmospheric pressure atð Þ ¼ 9:8 � 104 Pa ¼ 735:6 mmHg
¼ 10 mH2O

Example 2.3 The height of water column caused by the pressure of a certain point
is 6 m, what is the relative pressure of this point? How much standard atmospheric
pressure and engineering atmospheric pressure does it equal respectively?

Solution
The relative pressure of this point is

p ¼ ch ¼ 9800� 6 ¼ 58800 N=m2 ¼ 58:8 kN=m2

For standard atmospheric pressure

p

patm
¼ 58800

1:013� 105
¼ 0:58
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For engineering atmospheric pressure

p

pat
¼ 58800

98000
¼ 0.59 :

2.4.2 Pressure Measuring Instruments

(1) Piezometer

Basically, this method utilizes the change in pressure with height of a fluid column
to evaluate pressure. As shown in Fig. 2.8, under the action of pressure at point A,

the liquid in the piezometer is in equilibrium and its height is hA ¼ p0
A
c , so the

pressure at point A can be obtained.

(2) U-tube manometer

As shown in Fig. 2.9, U-tube manometer is a U-tube with a scale plate and can be
conveniently utilized to measure pressure in a tank or pipeline [7].

Fig. 2.8 Piezometer
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Since the interface is an isobaric surface, on the left side of the U-tube, we have

pN ¼ p0 þ cðh1 þ h2Þ

On the right side of U-tube, we have

pN ¼ pa þ cmhm

Therefore

p0 þ c(h1 þ h2) ¼ pa þ cmhm

p0 ¼ pa þ cmhm � c(h1 þ h2)

pA ¼ p0 þ ch1 ¼ pa þ cmhm � ch2

Then p0 and pA can be obtained after the measurement of h1, h2 and hm.

(3) Cup manometer

The cup manometer is based on U-tube manometer, as shown in Fig. 2.10. It
consists of a metal cup filled with mercury and a glass tube fixed on a scale plate.
The specific weights of water and mercury are cW and cM , respectively. Then the
absolute pressure at point C is

pC ¼ pa þ cMh� cWL ð2:13Þ

Fig. 2.9 U-tube manometer
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(4) Differential manometer

In engineering, sometimes there is no need to know the pressure at a certain point
but to know the pressure difference between two certain points, and the apparatus to
measure pressure difference is called differential manometer. Figure 2.11 is a dif-
ferential manometer for measuring the pressure difference between point A and
B. The height difference of the mercury surface due to the pressure difference is Dh,
so the pressure difference between point A and B is

Fig. 2.10 Cup manometer

Fig. 2.11 Differential
manometer
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pB � pA ¼ cAðh1 þ h2Þþ cmDh� cBðh2 þDhÞ ð2:14Þ

If A and B are both water, then

pB � pA ¼ cWh1 þ 12:6 cWDh ¼ cW (zA � zB)þ 12.6 cWDh ð2:15Þ

Example 2.4 As shown in Fig. 2.9, a mercury U-tube manometer is attached to the
container. It is known that hm ¼ 1 m, h1 ¼ 0:3 m and h2 ¼ 0:4 m, then what is the
relative pressure of the liquid surface in the container? How much engineering
atmospheric pressure does it equal?

Solution
The relative pressure on the liquid surface is

p0 ¼ cmhm � c(h1 þ h2) = 133280� 1� 9800� ð0:3þ 0:4Þ ¼ 126420 Pa
¼ 126:4 kPa

In terms of engineering atmospheric pressure

p0
pat

¼ 126420
98000

¼ 1.29

Example 2.5 As shown in Fig. 2.12, a mercury U-tube manometer is attached to a
gas–water separator. If Dh ¼ 200 mm, then what is the height H of the water
surface in the separator?

Solution

The vacuum degree on the water surface is

pv ¼ cMDh ¼ 133280� 0:2 ¼ 26656N/m2

Establish the basic equation for fluid statics between point A and B

0þ pa
c
¼ Hþ pB

c

namely,

0þ pa
c
¼ Hþ pa � pv

c
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Therefore,

H ¼ pv
c

¼ 26656
9800

¼ 2:72 m:

2.5 Forces Exerting on a Plate by Static Fluid

2.5.1 Resultant Force

Figure 2.13 shows a coordinate system and the angle a between an inclined plate
and horizontal surface.

The resultant force exerting on the plate is the sum of the static pressure exerting
on the plate, so the direction of the resultant force is perpendicular to the plate. Take
an element dA from the plate, the distance between the liquid surface and its
centroid is h, and the pressure on its centroid is

p ¼ p0 þ ch

So the resultant force exerting on the element is

dP ¼ ðp0 þ chÞdA ð2:16Þ

Fig. 2.12 Gas water separator
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It can be known from Fig. 2.13 h ¼ z sin a, so the resultant force exerting on the
plate is

P ¼
Z
A

ðp0 þ chÞdA ¼
Z
A

ðp0 þ cz sin aÞdA

¼ p0Aþ c sin a
Z
A

zdA
ð2:17Þ

According to theoretical mechanics,
R
A zdA is the static moment of the area

GBADH about x axis, and its value is zcA, where zc is the distance between the
centroid c of the area A and x axis. Therefore

P ¼ p0Aþ c sin azcA ¼ p0Aþ chcA; ð2:18Þ

where hc is the depth of the centroid of the area GBADH below the water surface.
For plate GBADH, its left side and right side are both under the action of p0, so

P ¼ chcA ð2:19Þ

Regardless of the shape of the plate and its inclined angle, the magnitude of
hydrostatic force exerting on a plate equals the product of plate centroid pressure
and plate area on contact in terms of Eq. (2.19). The direction of the force is
perpendicular to the plate.

Fig. 2.13 Force exerting on plane area [5]
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2.5.2 The Action Location of Resultant Force

Assuming that the action location of resultant force shows as zD, and the distance
between the location of resultant force and liquid surface is hD. According to
theoretical mechanics, the moment of resultant force to an axis equals the sum of
the moment of force components about the same axis, then

PzD ¼
Z
A

chzdA ¼
Z
A

cz2 sin adA ¼ c sin a
Z
A

z2dA; ð2:20Þ

where
R
A z

2dA ¼ Ix is the inertia moment of the area GBADH about x axis. The
resultant force is P ¼ chcA, so

chcAzD ¼ c sin aIx

zD ¼ sin aIx
hcA

ð2:21Þ

According to the parallel axis theorem for inertia moment: Ix ¼ Ic þ z2cA. Ic is the
inertia moment of the plate on contact about an axis which is parallel to x axis and
through point c. Thus

zD ¼ sin aðIc þ z2cAÞ
hcA

¼ sin aðIc þ z2cAÞ
zc sin aA

¼ zc þ Ic
zcA

ð2:22Þ

namely

zD ¼ zc þ Ic
zcA

ð2:23Þ

The action location of resultant force is always below the centroid c according to
above formula.

The geometric properties of several common planar graphs are shown in
Table 2.1.

Example 2.6 Figure 2.14 shows a pool with a sluice gate. It’s known B ¼ 2 m and
h ¼ 1:5 m. Try to determine the magnitude and the action location of the resultant
force exerting on the sluice gate.

Solution

Since zc ¼ hc ¼ 1
2 h and A ¼ Bh, from Eq. (2.19), we have

38 2 Fluid Statics



P ¼ chcA ¼ c � 1
2
h � Bh

¼ 9800� 1
2
� 1:5� 2� 1:5

¼ 22050 N ¼ 22:05 kN

Table 2.1 The geometric properties of several common planar graphs [5]

Plane shape Area A Centroid coordinate zc Moment of inertia Ic

Rectangle bh 1
2 h

1
12 bh

3

Triangle 1
2 bh

2
3 h

1
36 bh

3

Circle 1
4pd

2 d
2

p
64 d

4

Semicircle 1
8pd

2 2d
3p

1
16

p
8 � 8

9p

� �

Trapezoid h
2 ðaþ bÞ h

3 ðaþ 2b
aþ b Þ h3

36
a2 þ 4abþ b2

aþ b

� �

Ellipse p
4 bh

h
2

p
64 bh

3

Fig. 2.14 Sluice gate
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From Table 2.1, we have

Ic ¼ 1
12

Bh3

From Eq. (2.23), the action location of the resultant force is

zD ¼ zc þ Ic
zcA

¼ hc þ Ic
hcA

¼ 1
2
hþ

1
12Bh

3

1
2 h � Bh

¼ 1
2
� 1:5þ

1
12 � 2� 1:53

1
2 � 1:5� 2� 1:5

¼ 1 m

Example 2.7 Figure 2.15 shows an inclined sluice gate AB, and its width B is 1 m
(perpendicular to the picture). It is known that H ¼ 3 m and h ¼ 1 m. Neglecting
the gate weight and the friction, determine the vertical force needed to lift the gate.
Solution

From Eq. (2.19), the total pressure acting on the gate by the liquid is

P ¼ chcA ¼ c � 1
2
H � B � H

sin 60�

¼ 9800� 1
2
� 3� 1� 3

sin 60�

¼ 50922 N ¼ 50:92 kN

From Eq. (2.23), the distance between the action location of total pressure and
point A is

l ¼ h

sin 60�
þ ðzc þ Ic

zcA
Þ

¼ h

sin 60�
þ

1
2H

sin 60�
þ

1
12B

H
sin 60�
� �3

1
2 � H

sin 60� � B� H
sin 60�

 !

¼ h

sin 60�
þ H

2 sin 60�
þ H

6 sin 60�
¼ 3:464 m

Fig. 2.15 Inclined sluice
gate
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From Fig. 2.15, we have

x ¼ Hþ h

tan 60�
¼ 3þ 1

tan 60�
¼ 2:31 m

According to the moment balance, we have

X
MA ¼ Pl� Tx ¼ 0

Therefore

T ¼ Pl

x
¼ 50:92� 3:464

2:31
¼ 76:36 kN:

2.6 Problems

2:1 A diver works with a depth of 15 m underwater, try to determine the pressure
exerting on the diver.

2:2 Figure 2.16 shows a closed vessel. It is known that h ¼ 1:5 m, pa ¼ 101:3 kPa
and h0 ¼ 1:2 m, try to determine the pressure p0 on the water surface.

2:3. The pressure at a certain point in a water container is 1.5 mH2O, try to
determine the absolute pressure and relative pressure at this point. (Expressing
them by mH2O and mHg, respectively)

Fig. 2.16 Problem 2.2
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2:4. A container filled with gas is connected with a U-tube manometer containing
water, as shown in Fig. 2.17. If hv ¼ 0:3 m, try to determine the relative
pressure of the gas and its vacuum degree.

2:5. A water container is connected with a U-tube manometer containing mercury,
and relevant data are shown in Fig. 2.18. Try to determine the absolute
pressure and relative pressure at point M.

Fig. 2.17 Problem 2.4

Fig. 2.18 Problem 2.5
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2:6. The air container is connected with two mercury U-tube manometers, and the
specific weight of mercury is cM ¼ 133 kN/m3. The height difference of the
open U-tube manometer is h1 ¼ 30 cm, as shown in Fig. 2.19. What is the
height difference h2 of the closed U-tube manometer? (the effect of gas specific
weight is negligible.)

2:7. As shown in Fig. 2.20, container A is filled with water, and container B is
filled with alcohol. The specific weight of alcohol is 8 kN/m3. Using mercury
U-tube manometer to measure the pressure difference of point A and B. It is
known that h1 ¼ 0:3 m, h ¼ 0:3 m and h2 ¼ 0:25 m, try to determine the
pressure difference.

Fig. 2.19 Problem 2.6

Fig. 2.20 Problem 2.7
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2:8. As shown in Fig. 2.21, the relative pressure A of coal gas in the pipe on the
first floor is 100 mm H2O. The height difference between the eighth and the
first floor is H = 32 m. What is the relative pressure of coal gas in the pipe on
the eighth floor? The densities of air and gas are assumed to be constants, and
the coal gas specific weight is cG ¼ 4:9 N/m3.

2:9. The readings of mercury manometers are shown in Fig. 2.22, try to determine
the relative pressure of point A in the water tank. (the heights are all relative to
the ground, in unit of m)

2:10. Figure 2.23 shows a U-tube manometer used to measure the small pressure
difference of the two water pipes. The top of the tube is filled with a liquid
which is lighter than water and immiscible with water.

Fig. 2.21 Problem 2.8

Fig. 2.22 Problem 2.9
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(1) It is known that the relative densities of the liquid in tube A and B are
d1 ¼ d3 ¼ 1, and the relative density of the liquid in the U-tube
manometer is d2 ¼ 0:95. If h1 ¼ h2 ¼ 0:3 m and h3 ¼ 1 m, try to deter-
mine the pressure difference pB � pA.

(2) If the pressure difference of the two pipes is pB � pA ¼ 3825:9 Pa, try to
determine the values of h1; h2; h3 and z.

(3) Try to determine the pressure difference pB � pA if h2 ¼ 0.
(4) If d2 ¼ 0:6 and pB � pA ¼ 0, try to determine the values of h1; h2 and h3.

2:11. As shown in Fig. 2.24, assuming that p2 ¼ 98 kN/m2, D ¼ 100 mm and
d ¼ 30 mm, try to determine the pressure p1 needed to produce a force F ¼
7840N in the horizontal direction. Assuming the total friction is 10% of the
pressure F exerting on the piston.

Fig. 2.23 Problem 2.10

Fig. 2.24 Problem 2.11
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2:12. Figure 2.25 shows a cone-shaped water container. It is known that D ¼ 1m,
d ¼ 0:5m and h ¼ 2m. There is an object with G ¼ 3:2 kN on the lid.
Determine the total pressure acting on the container bottom.

2:13. As shown in Fig. 2.26, there is a rectangular plate with inclined angle 60�

underwater. The dimensions of this plate are: height 1.5 m, width 1.2 m. Try
to determine the magnitude and action location hD of the total pressure
P acting on the plate.

2:14. As shown in Fig. 2.27, a circular sluice gate is placed at the bottom of a pool
with an inclined angel h ¼ 60�, and its diameter is d ¼ 1m. The water depth is
h ¼ 2m. Determine the magnitude and action location hD of the total pressure
acting on the gate.

2:15. As shown in Fig. 2.28, the width of the navigation lock is B ¼ 25m, and the
water level of the upstream and the downstream are H1 ¼ 63m and H2 ¼
48m respectively. The lock consists of two rectangular gates; try to determine
the magnitude and action location of the pressure acting on each gate.

Fig. 2.25 Problem 2.12

Fig. 2.26 Problem 2.13
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3Fluid Dynamics

Abstract
Fluid dynamics, the study of fluid flow, is an important subset of fluid
mechanics. It is based on the conservation laws of mass and momentum,
moment of momentum to study the velocity and pressure of fluid flow,
influential factors and their applications. In this chapter, we will first introduce
the studying approaches (Lagrangian approach and Eulerian approach) and basic
concepts of fluid flow. Then we will present continuity equation of fluid motion.
Furthermore, we also show differential equations of motion for inviscid/viscous
fluid and their corresponding Bernoulli’s integral. Finally, we discuss momen-
tum equation for steady flow and its application.

Keywords
Lagrangian approach � Steady flow � Streamline � Continuity equation
Bernoulli’s integral � Pitot tube

3.1 Approaches Describing the Motion of Fluids

Generally, there are two approaches to describe the motion of a fluid for fluid
mechanics investigation, which are Lagrangian approach and Eulerian approach.

3.1.1 Lagrangian Approach

The Lagrangian approach describes the motions and properties changes of an
individual fluid particle with time. In order to distinguish one particle from another,
the position (a, b, c) is conveniently utilized to describe a particular particle for all
time.
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The position of a particle at each time can be expressed as

x ¼ f1ða; b; c; tÞ
y ¼ f2ða; b; c; tÞ
z ¼ f3ða; b; c; tÞ

9=
; ð3:1Þ

For a given position (a, b, c), the above equations refer to the path for a
particular fluid particle.

In this case, the particle velocity is obtained by differentiating the particle’s
position vector with respect to time. In the Cartesian coordinate system, the particle
velocity is expressed as

ux ¼ @x
@t ¼ @f1ða;b;c;tÞ

@t

uy ¼ @y
@t ¼ @f2ða;b;c;tÞ

@t

uz ¼ @z
@t ¼ @f3ða;b;c;tÞ

@t

9>=
>; ð3:2Þ

And the acceleration will be

ax ¼ @2x
@t2 ¼ @2f1ða;b;c;tÞ

@t2

ay ¼ @2y
@t2 ¼ @2f2ða;b;c;tÞ

@t2

az ¼ @2z
@t2 ¼ @2f3ða;b;c;tÞ

@t2

9>=
>; ð3:3Þ

3.1.2 Eulerian Approach

A fluid is a continuum consisting of numerous fluid particles. The space filled with
flowing fluids is called the flow field.

The Eulerian approach is to focus on a certain point in space, and consider the
motion of fluid particles that pass through that point as time goes on. In a more
general sense, the Eulerian approach describes the whole flow field by variation of
fluid parameters with time at a certain point and nearby point in space, such as
velocity and pressure.

In this case, the fluid parameters will depend on the point in space and time.
Take velocity as an example. It can be expressed as follows:

ux ¼ F1ðx; y; z; tÞ
uy ¼ F2ðx; y; z; tÞ
uz ¼ F3ðx; y; z; tÞ

9=
; ð3:4Þ
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And the acceleration will be

ax ¼ dux
dt ¼

dF1ðx;y;z;tÞ
dt

ay ¼ duy
dt ¼

dF2ðx;y;z;tÞ
dt

az ¼ duz
dt ¼

dF3ðx;y;z;tÞ
dt

9>>>=
>>>;

ð3:5Þ

The pressure and density can be expressed as p ¼ F4ðx; y; z; tÞ and
q ¼ F5ðx; y; z; tÞ, respectively.

With the variation of time, the fluid particle will move from one point to another,
which means that the position of a fluid particle is also a function of time.

By using the chain rule for differentiation of a multivariable function, we can
express the acceleration of a fluid particle in the x-direction as

ax ¼ dux
dt

¼ @ux
@t

þ @ux
@x

dx
dt

þ @ux
@y

dy
dt

þ @ux
@z

dz
dt

¼ @ux
@t

þ ux
@ux
@x

þ uy
@ux
@y

þ uz
@ux
@z

ð3:6Þ

And similarly

ay ¼ duy
dt

¼ @uy
@t

þ ux
@uy
@x

þ uy
@uy
@y

þ uz
@uy
@z

ð3:7Þ

az ¼ duz
dt

¼ @uz
@t

þ ux
@uz
@x

þ uy
@uz
@y

þ uz
@uz
@z

ð3:8Þ

or in the vectorial form

a ¼ du
dt

¼ @u
dt

þðu � rÞu; ð3:9Þ

where r ¼ @
@x iþ @

@y jþ @
@z k, known as the gradient, or Hamilton operator.

The terms on the right-hand side (RHS) of the Eq. (3.9) involve two different
types: the change of velocity with respect to time and the change of velocity with
respect to position.

Terms of the first type @u
dt are called local accelerations or time-varying accel-

erations. Local acceleration terms occur only when a flow field is unsteady. In a
steady flow, the local acceleration is zero. The last three terms ðu � rÞu on the RHS
of the Eq. (3.9) are called convective accelerations or space-varying accelerations.
Convective acceleration occurs when velocity is a function of position in a flow
field. In uniform flows, the convective acceleration is zero.
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Example 3.1 Assuming that the velocity components of a fluid particle in a flow
field are ux ¼ kx; uy ¼ �ky; uz ¼ 0. What is the acceleration?
Solution
The velocity is

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2x þ u2y

q
¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ kr

The acceleration in the x-direction is given by

ax ¼ dux
dt

¼ ux
@ux
@x

¼ k2x

And similarly

ay ¼ duy
dt

¼ uy
@uy
@y

¼ k2y

az ¼ 0

The acceleration is

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x þ a2y

q
¼ k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
¼ k2r

3.2 Classification and Basic Concepts of Fluid Flow

3.2.1 Classification of Fluid Flow

There are many different types of flow and can be classified from different points of
view, including

(1) Based on fluid characteristics or properties

Inviscid fluids are ideal fluids in which viscosity effect is ignored. The flow of fluids
without viscosity is termed ideal flow, while the opposite is called viscous flow.

Flow can also be classified as an incompressible (liquid) and compressible
(gas) flow. All fluids are compressible to some extent, that is, changes in pressure or
temperature cause changes in density. However, in many situations changes in
pressure and temperature are sufficiently small that the changes in density are
negligible. In this case the flow can be modeled as an incompressible flow.
Otherwise the more general compressible flow equations must be taken into
consideration.
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(2) Based upon the state of flow

According to the difference of flow state, fluid flow can be classified as: steady flow
and unsteady flow, uniform flow and nonuniform flow, rotational flow and irrota-
tional flow, laminar flow and turbulent flow, subsonic flow, transonic flow and
supersonic flow, etc.

For example, a flow that is not a function of time is called steady flow. Time
dependent flow is known as unsteady (also called transient) flow. Steady-state flow
refers to the condition where the fluid properties at a point in the system do not
change over time, as shown in Fig. 3.1. The fluid parameters for steady flow can be
expressed as

u ¼ f1ðx; y; zÞ
p ¼ f2ðx; y; zÞ
q ¼ f3ðx; y; zÞ

9=
; ð3:10Þ

(3) Based on the number of space variables

According to how many space variables flow parameters are dependent on fluid
flow may be classified as one-dimensional, two-dimensional, and three-dimensional
flow. This type of classification is applicable in all coordinate systems.

3.2.2 Basic Concepts of Fluid Flow

(1) Path line

Path lines are the trajectories that individual fluid particles follow. These can be
thought of as “recording” the path of a fluid element in the flow over a certain

Fig. 3.1 Steady flow and unsteady flow
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period. The direction the path takes will be determined by the streamlines of the
fluid at each moment in time. It is a concept relevant to Lagrangian approach.

As shown in Fig. 3.2, after a short time Dt, the fluid particle M has moved from
point A to point B, and the curve AB is the path line of particle M. Let dl denote the
little displacement of particle M in time dt, then its velocity can be expressed as

u ¼ dl
dt

Its components on x, y, and z axes are

ux ¼ dx
dt

uy ¼ dy
dt

uz ¼ dz
dt

9>>>>>=
>>>>>;
; ð3:11Þ

where dx, dy and dz are the projection of dl in the coordinate system. It can be
obtained from Eq. (3.11) that

dx
ux

¼ dy
uy

¼ dz
uz

¼ dt ð3:12Þ

Equation (3.12) is called the differential equation of path line.

(2) Streamline

Streamlines are a family of curves that are instantaneously tangent to the velocity
vector of the flow as shown in Fig. 3.3[1]. A streamline exhibits the velocity
direction of different massless fluid element at the same instant, and it is a concept
relevant to Eulerian approach.

Fig. 3.2 Pathline
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Path line and streamline coincide together in a steady flow, but usually do not in
an unsteady flow. Since the velocity at any point in flow field is unique and
determined, there is no possibility for two different streamlines to intersect at a
point.

Streamline is a geometric description of velocity field. If the velocity distribution
of a flow field is known, streamline equation can be derived from the differential
equation of streamline. The derivation of the differential equation of streamline is
shown as follows.

Assuming the curve s in Fig. 3.3 is a streamline, the velocity of a fluid particle at
any point A on the streamline is u, and then take an elementary streamline ds at
point A. By the definition of streamline, ds==u must be satisfied, namely,

u� ds ¼ 0 ð3:13Þ

Since the direction of ds and u is the same, their components on x, y, and z axes
are in proportion correspondingly, therefore

dx
ux

¼ dy
uy

¼ dz
uz

ð3:14Þ

Equations (3.13) or (3.14) is called the differential equation of streamline.

Example 3.2 Assuming that the velocity components in a flow field are
ux ¼ xþ t; uy ¼ �yþ t; uz ¼ 0, find the path line and streamline which pass
through point (−1, −1) when t ¼ 0.

Fig. 3.3 Streamline
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Solution

(1) The differential equation of path line in the problem is

dx
dt

¼ xþ t;
dy
dt

¼ �yþ t;

where time t should be regarded as an independent variable. Integrating the above
equations, we have

x ¼ c1e
t � t � 1; y ¼ c2e

�t þ t � 1

When t ¼ 0, substitute x ¼ y ¼ �1 into the above equations, get c1 ¼ c2 ¼ 0. Thus

xþ y ¼ �2

(2) The differential equation of streamline in the problem is

dx
xþ t

¼ dy
�yþ t

;

where time t should be regarded as a constant. Integrating the above equations, we
have

ðxþ tÞð�yþ tÞ ¼ c

When t ¼ 0, substitute x ¼ y ¼ �1 into the above equations, get c ¼ �1. Thus

xy ¼ 1

3.2.3 Cross Section, Velocity, and Flow Rate

The area which is perpendicular to all streamlines of the elementary stream beam
(or stream tube control volume) is called cross section, as shown in Fig. 3.4.

According to the definition of cross section, the cross section is a flat surface if
streamlines are parallel lines, otherwise it is a curved surface with various shapes.
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Fluid velocity differs with its position on the cross section. The velocity at a
given point on cross section is usually denoted by symbol u, m/s. So the flow rate
passing through a differential area dA is

dQ ¼ udA ð3:15Þ

The unit is m3/s (L/s) or mass flow rate kg/s.
And the total flow rate can be obtained by integrating the above equation over

the entire area A of flow

Q ¼
Z
Q

dQ ¼
Z
A

udA ð3:16Þ

The average velocity can be obtained by dividing the total flow rate by the area
of cross section, namely

v ¼ Q

A
¼

R
A
udA

A
ð3:17Þ

3.3 Continuity Equation of Fluid Motion

The flow field is regarded as full of fluid particles without any forms of voids or
fractures, and this property is called continuity [1–3]. The continuity equation is
based upon the law of mass conservation as it applies to the flow of fluids. In this
section, we first discuss the continuity equation in rectangular coordinate system,
then apply it to elementary flow beam and total flow.

3.3.1 The Continuity Equation in Rectangular Coordinate
System

Take arbitrarily an element with point M as the center, and its dimensions are
dx; dy; dz respectively, as shown in Fig. 3.5. The coordinates of point M are x; y; z,

Fig. 3.4 Cross section
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and the velocity and density of point M at time t are u and q, respectively. Since the
element is infinitesimal, the velocity and density of every point at time t can be
expanded as Taylor series neglecting high order terms. For example, the velocity of
point 2 is ux þ @ux

@x � dx2 , and so on.
Now considering the fluid mass flowing through parallel surfaces a b c d and

a0b0c0d0 during time dt. Since the time and the element are infinitesimal, the
velocities of all points are considered to be the same and distribute uniformly. Thus,
the inflow mass through surface a b c d is

qux � @ðquxÞ
@x

� dx
2

� �
dydzdt

The outflow mass through surface a0b0c0d0 is

qux þ @ðquxÞ
@x

� dx
2

� �
dydzdt

Their difference, namely the net inflow mass is

� @ðquxÞ
@x

� dxdydzdt

Similarly, the net inflow mass in the y and z direction is respectively

� @ðquyÞ
@y

� dydxdzdt and � @ðquzÞ
@z

� dzdxdydt

Fig. 3.5 An element in fluid
motion
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The fluid mass increment in the element during time dt resulting from the change
of fluid density in the element is

@q
@t

dt

� �
dxdydz

According to the law of mass conservation, the algebraic sum of three net inflow
mass above must equal the fluid mass increment in the element, thus

� @ðquxÞ
@x

þ @ðquyÞ
@y

þ @ðquzÞ
@z

� �
� dxdydzdt ¼ @q

@t
dtdxdydz

Rewrite the above equation as

@q
@t

þ @ðquxÞ
@x

þ @ðquyÞ
@y

þ @ðquzÞ
@z

¼ 0 ð3:18Þ

This is the continuity equation for compressible three-dimensional flow.
For compressible steady flow, the continuity equation is

@ðquxÞ
@x

þ @ðquyÞ
@y

þ @ðquzÞ
@z

¼ 0 ð3:19Þ

For incompressible fluid q ¼ constant, no matter the flow is steady or unsteady,
Eq. (3.19) can be simplified as

@ux
@x

þ @uy
@y

þ @uz
@z

¼ 0 ð3:20Þ

Continuity equation establishes the relationship between velocity and density in
a flow, which is a necessary condition for the existence of a given velocity field.

3.3.2 Continuity Equations for Elementary Flow Beam
and Total Flow

3.3.2.1 Continuity Equation for Elementary Flow Beam
Considering an elementary flow beam shown in Fig. 3.6, the cross sections are dA1

and dA2. The corresponding velocities are u1 and u2, and the corresponding den-
sities are q1 and q2. For compressible steady flow, the shape of flow beam will not
change with time, which means that no fluid particles pass through the beam
surface. During time dt, the inflow mass of dA1 is dM1 ¼ q1u1dA1dt, and the
outflow mass of dA2 is dM2 ¼ q2u2dA2dt.
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According to the law of mass conservation, the inflow must equal the outflow,
thus

dM1 ¼ dM2

Namely

q1u1dA1 ¼ q2u2dA2 ð3:21Þ

For incompressible fluid q1 ¼ q2, so

u1dA1 ¼ u2dA2; namely dQ1 ¼ dQ2 ð3:22Þ

This is the continuity equation of elementary flow beam for incompressible
steady flow, which states that the flow rate of any cross section of the flow beam is
the same.

3.3.2.2 Continuity Equation of Total Flow
Integrating Eq. (3.21) over corresponding cross section, we have

Z
A1

q1u1dA1 ¼
Z
A2

q2u2dA2

Combining Eq. (3.17), the above equation can be rewritten as

q1mv1A1 ¼ q2mv2A2

namely

q1mQ1 ¼ q2mQ2 ð3:23Þ

where q1m and q2m are the average density of cross sections 1 and 2, respectively.
Equation (3.23) is the continuity equation of total flow.

Fig. 3.6 Flow beam and
total flow [4]
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For incompressible fluids, it can be written as

Q1 ¼ Q2 or A1v1 ¼ A2v2 ð3:24Þ

Equation (3.24) indicates that the area of cross section is inversely proportional
to the velocity in fluid motion which satisfies continuity. For example, the nozzle of
the fire hose and the sedimentation pool in wastewater treatment are both appli-
cations of this rule in engineering.

The above continuity equation of total flow is derived from condition that the
flow rate is constant along the flow channel. If there is another inflow or outflow, the
equation should be modified to satisfy continuity. For the case in Fig. 3.7, we have

Q3 ¼ Q1 þQ2; A3v3 ¼ A1v1 þA2v2 ð3:25Þ

Q4 þQ5 ¼ Q1 þQ2; A4v4 þA5v5 ¼ A1v1 þA2v2 ð3:26Þ

Example 3.3 A three-dimensional incompressible flow field, known that ux ¼
x2 þ z2 þ 5 and uy ¼ y2 þ z2 � 3, try to find uz.
Solution

According to Eq. (3.20), we have

@uz
@z

¼ � @ux
@x

þ @uy
@y

� �
¼ �2ðxþ yÞ

By integration, we obtain

Z
@uz
@z

dz ¼
Z

�2ðxþ yÞdz
uz ¼ �2ðxþ yÞzþC;

where C can be a constant or a function f ðx; yÞ, thus:

uz ¼ �ðxþ yÞzþ f ðx; yÞ

Fig. 3.7 Inflow and outflow
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Example 3.4 Figure 3.8 is a cyclonic separator of dust. Its inlet is a rectangle with
area A2 ¼ 100 mm� 20 mm, and the cross section of suction pipe is a circle with a
diameter of 100 mm. The inlet velocity is v2 ¼ 12m/s. Find v1.
Solution
According to the continuity equation, we have

A1v1 ¼ A2v2

so

v1 ¼ A2v2
A1

¼ 0:1� 0:02� 12
p
4 � 0:12

¼ 3:06m/s

3.4 Differential Equations of Motion for Inviscid Fluid

This section focuses on the relationship between inviscid flow and force. For ideal
fluids in motion, there is no viscosity and no inner friction generated, thus there are
only mass force and pressure exerting on the element.

Take a cubic element in an ideal fluid in motion, as shown in Fig. 3.9. Its
dimensions are dx; dy; dz. Assuming that the coordinates of the cubic element
centroid are x; y; z, and its pressure is p. The velocity of the centroid is u with its
components ux; uy; uz. The fluid density is q, and the mass force is J with com-
ponents X; Y; Z.

Since the pressure is a function of space and time, so the surface force and the
mass force in the x-direction equal respectively

p� @p

@x

dx
2

� �
dydz� pþ @p

@x

dx
2

� �
dydz and Xqdxdydz

Fig. 3.8 Cyclonic separator
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According to Newton’s second law, the sum of the surface force and mass force
in the x axis equals the product of the element mass and the acceleration in the
x axis:

p� @p

@x

dx
2

� �
dydz� pþ @p

@x

dx
2

� �
dydzþXqdxdydz ¼ qdxdydz

dux
dt

Simplifying the above equation, we can obtain the differential equation of
motion in the x axis

Similarly

X � 1
q
@p
@x ¼ dux

dt
Y � 1

q
@p
@y ¼ duy

dt
Z � 1

q
@p
@z ¼ duz

dt

9>>=
>>; ð3:27Þ

Written in vectorial form, we have

J� 1
q
rp ¼ du

dt
ð3:28Þ

The above equation is the differential equation of motion for inviscid fluids, and
was put forward first by Euler in 1755. Thus it is also called Eulerian differential
equation of motion which is the basis of the classic fluid mechanics. For a static
fluid with ux ¼ uy ¼ uz ¼ 0, the Eq. (3.27) can be transformed into Eulerian
equilibrium differential Eq. (2.2). In other words, Eulerian equilibrium equation is a
special case of Eulerian differential equation of motion.

Fig. 3.9 Parallelepiped element [5]
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Substituting the formula of acceleration into Eq. (3.27), we have

X � 1
q
@p
@x ¼ @ux

@x ux þ @ux
@y uy þ @ux

@z uz þ @ux
@t

Y � 1
q
@p
@y ¼ @uy

@x ux þ @uy
@y uy þ @uy

@z uz þ @uy
@t

Z � 1
q
@p
@z ¼ @uz

@x ux þ @uz
@y uy þ @uz

@z uz þ @uz
@t

9>=
>; ð3:29Þ

The first three terms on the right-hand side of the above equations represent the
change rate of velocity due to position change, which is called space-varying
acceleration. The last term represents the change rate of velocity with respect to
time, which is called time-varying acceleration. Therefore, the acceleration of fluid
particle is the sum of space-varying acceleration and time-varying acceleration.

Generally speaking, there are four unknowns ux, uy, uz and p in Eulerian dif-
ferential equations of motion, but the equation number in (3.29) is only three.
Combining with continuity equation, theoretically, these equations provide the
possibility to solve the four unknowns. For inviscid fluid motion, the equations can
be completely solved, but for viscous fluid motion, the solution is difficult to obtain
due to the mathematical difficulty. Therefore, we can only get the integral or
solution in a few special cases.

3.5 Bernoulli’s Integral of Motion Differential Equations
for Inviscid Fluid

In this section, we will discuss the integral of motion differential equations for
inviscid fluid in special conditions, which is called Bernoulli’s integral.

This integral is derived from the following conditions:

(1) Mass force is constant and potential

X ¼ @W

@x
; Y ¼ @W

@y
; Z ¼ @W

@z

So total differential of the potential function W ¼ f ðx; y; zÞ is

dW ¼ @W

@x
dxþ @W

@y
dyþ @W

@z
dz ¼ Xdxþ Ydyþ Zdz

(2) The fluid is incompressible with constant q.
(3) The fluid flow is steady

@p

@t
¼ 0;

@ux
@t

¼ @uy
@t

¼ @uz
@t

¼ 0
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Thus, the streamline and path line coincide, which means that streamline satisfies

dx ¼ uxdt
dy ¼ uydt
dz ¼ uzdt

9=
;

Under these conditions above, multiplying the three equations in (3.27) by dx, dy
and dz correspondingly and add together, we obtain

ðXdxþ Ydyþ zdzÞ � 1
q

@p

@x
dxþ @p

@y
dyþ @p

@z
dz

� �
¼ dux

dt
dxþ duy

dt
dyþ duz

dt
dz

According to integral conditions, we have

dW � 1
q
dp ¼ dux

dt
uxdtþ duy

dt
uydtþ duz

dt
uzdt ¼ uxdux þ uyduy þ uzduz

dW � 1
q
dp ¼ d

u2x þ u2y þ u2z
2

 !
¼ d

u2

2

� �

Since q is constant, the above equation can be rewritten as

d W � p

q
� u2

2

� �
¼ 0

Integrating the above equation along streamline, we obtain

W � p

q
� u2

2
¼ C ð3:30Þ

This is Bernoulli’s integral of motion differential equations for inviscid fluid. It
indicates that the value of the function W � p

q � u2

2 keeps constant along the
streamline when inviscid and incompressible fluid flows steadily under the action of
potential mass force. In other words, the value of the function W � p

q � u2

2 is
invariable on a same streamline, while varies with different streamlines. As shown
in Fig. 3.10, point 1 and 2 are on the same streamline, and we have

W1 � p1
q
� u21

2
¼ W2 � p2

q
� u22

2
ð3:31Þ
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In general, there are many different kinds of mass force exerting on the flowing
fluid, such as inertial force and gravity. But in many engineering problems, there is
only gravity as mass force of which the components are

X ¼ 0; Y ¼ 0; Z ¼ �g

So
dW ¼ �gdz

By integrating
W ¼ �gzþC

Substituting it into Eq. (3.30), we obtain

gzþ p

q
þ u2

2
¼ constant

Dividing each term of the above equation by g and combining with c ¼ qg, we
obtain

zþ p

c
þ u2

2g
¼ constant ð3:32Þ

Applying the above equation to two arbitrary points on the same streamline, we
have

z1 þ p1
c

þ u21
2g

¼ z2 þ p2
c

þ u22
2g

ð3:33Þ

Fig. 3.10 Bernoulli’s
integral
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The above equation is called Bernoulli equation for incompressible and inviscid
fluid. Since cross section area of the elementary flow beam is infinitesimal, the flow
properties z, p and u are assumed to be the same. Thus Eqs. (3.32) and (3.33) can be
applied to elementary flow beam, and then can be called Bernoulli equation along
elementary flow beam of incompressible and inviscid fluid.

Example 3.5 A flow around an object is shown in Fig. 3.11. The velocity and
pressure at the infinity upstream are respectively u1 ¼ 4:2m/s and p1 ¼ 0. The
water velocity declines due to the resistance of the object, and the velocity of the
stagnation point S equals zero. Try to determine the pressure in the point S.
Solution
Assume the pressure of the stagnation point S is pS, and the viscosity is ignored.
According to Eq. (3.33), we have

z1 þ p1
c

þ u21
2g

¼ zS þ pS
c

þ u2S
2g

Since z1 ¼ zS

pS
c
¼ p1

c
þ u21

2g
� u2S
2g

¼ 4:22

2 � 9:8
¼ 0:9m

So the pressure is

pS ¼ 0:9mH2O

3.6 Differential Equations of Motion and Bernoulli
Equation for Viscous Fluid

3.6.1 Differential Equation of Motion for Viscous Fluid

Differential equation of motion for viscous fluid can also be obtained in terms of
derivation method of inviscid fluid. The differential equations of motion for

Fig. 3.11 Flow around an object
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incompressible viscous fluid are given in (3.34) directly without derivation process,
which are called Navier–Stokes equations (N-S equations).

X � 1
q
@p
@x þ mr2ux ¼ dux

dt ¼
@ux
@t þ ux

@ux
@x þ uy

@ux
@y þ uz

@ux
@z

Y � 1
q
@p
@y þ mr2uy ¼ duy

dt ¼
@uy
@t þ ux

@uy
@x þ uy

@uy
@y þ uz

@uy
@z

Z � 1
q
@p
@z þ mr2uz ¼ duz

dt ¼
@uz
@t þ ux

@uz
@x þ uy

@uz
@y þ uz

@uz
@z

9>>=
>>;; ð3:34Þ

where r2 is Laplace operator, r2 ¼ @2

@x2 þ @2

@y2 þ @2

@z2.

Compared with Eulerian motion differential equations for ideal fluid, the vis-
cosity term mr2u is added to N-S equations, so it is a complicated nonlinear partial
differential equation. N-S equations combining continuity equation are theoretically
enough to solve the four unknowns ux, uy, uz and p. However, the solutions are very
difficult to obtain for actual flow problem due to the complicated boundary con-
ditions. With the development of the computer and computing, now there are
several numerical solution methods for N-S equations.

3.6.2 Bernoulli Equation for Viscous Fluid Motion

Similar to the previous section, we only discuss the integral of motion differential
equation for viscous fluid with the potential mass force. Equation (3.34) can be
transformed into

@
@x W � p

q � u2

2

� �
þ mr2ux ¼ 0

@
@y W � p

q � u2

2

� �
þ mr2uy ¼ 0

@
@z W � p

q � u2

2

� �
þ mr2uz ¼ 0

9>>>=
>>>;

ð3:35Þ

If the flow is steady, the components of the fluid particle’s infinitesimal dis-
placement dl along the streamline are dx; dy; dz. Multiplying the equations in (3.35)
by dx; dy; dz correspondingly and adding together, we have

d W � p

q
� u2

2

� �
þ m r2uxdxþr2uydyþr2uzdz
	 
 ¼ 0 ð3:36Þ

mr2ux; mr2uy; mr2uz are the projections of the tangential stress/shear stress
acting on per unit of viscous fluid, so the second term in the above equation is the
work by the shear stress along the infinitesimal displacement dl on the streamline.
The direction of the resultant force of these shear stresses is always opposite to fluid
flow direction, so the work is negative. Thus, the second term in the above equation
can be rewritten as m r2uxdxþr2uydyþr2uzdz

	 
 ¼ �dwR, where wR is resistance
work. Substituting it into Eq. (3.36), we obtain
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d W � p

q
� u2

2
� wR

� �
¼ 0

Integrating the above equation along the streamline, we obtain

W � p

q
� u2

2
� wR ¼ constant ð3:37Þ

This is Bernoulli’s integral of motion differential equation for viscous fluid [6]. It
indicates that the value of the function W � p

q � u2

2 � wR remains the same along the

streamline when viscous and incompressible fluid flows steadily under the potential
mass force. Taking arbitrarily point 1 and point 2 on the same streamline, we have

W1 � p1
q
� u21

2
� wR1 ¼ W2 � p2

q
� u22

2
� wR2 ð3:38Þ

Assuming only gravity as mass force, the z axis is upward vertically, then we
have

W1 ¼ �gz1;W2 ¼ �gz2

Substituting it into Eq. (3.38) and simplifying, we obtain

z1 þ p1
c

þ u21
2g

¼ z2 þ p2
c

þ u22
2g

þ 1
g
ðwR2 � wR1Þ; ð3:39Þ

where wR2 � wR1 represents the increment of the work by inner friction when per
unit of viscous fluid flows from point 1 to point 2. Using h

0
l ¼ 1

g wR2 � wR1ð Þ to
represent the resistance work, the Eq. (3.39) can be rewritten as

z1 þ p1
c

þ u21
2g

¼ z2 þ p2
c

þ u22
2g

þ h
0
l ð3:40Þ

This is Bernoulli equation for viscous fluid motion. It indicates that the value of
zþ p

c þ u2

2g decreases along the flow direction for viscous fluid flow. The above
equation can be applied to elementary flow beam, then it can be called Bernoulli
equation for elementary flow beam of viscous fluid.

3.6.3 Energy Considerations About Bernoulli Equation

Similar to fluid statics, z, pc,
u2

2g are called elevation head, pressure head and velocity

head respectively. h
0
l is called head loss.
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We also interpret the three terms z, p
c,

u2

2g as potential, “pressure” and kinetic
energies to make up the total mechanical energy of the fluid in units of meters. hl0 is
mechanical energy loss. We also define the total mechanical energy H ¼ zþ p

c þ u2

2g

as energy grade line (EGL), and zþ p
c as hydraulic grade line (HGL).

As shown in Fig. 3.12, the Bernoulli equation of inviscid fluid flow states that
the total mechanical energy of the fluid along streamline keeps unchanged, namely,
the EGL is the same. Therefore, the Bernoulli equation is a special representation of
energy conservation law in the fluid mechanics. The Bernoulli equation of viscous
fluid flow states that the EGL will continuously decrease in the direction of flow due
to the mechanical energy loss.

Example 3.6 A Pitot tube with a mercury manometer is connected to a pipe. The
diameter of the pipe is D ¼ 150mm, as shown in Fig. 3.13. The average velocity in
the pipe is 0.84 times that on the axis of the pipe. Point 1 and 2 are very close to
each other. Neglecting the resistance force in flow, try to determine the flow rate.
Solution

Neglect the energy loss when water flows from point 1 to 2, and establish
Bernoulli equation for cross sections 1-1 and 2-2 (select the centerline of the pipe as
datum reference):

z1 þ p1
cW

þ u21
2g

¼ z2 þ p2
cW

þ u22
2g

Since z1 ¼ z2 ¼ 0, u1 ¼ umax and u2 ¼ 0, we have

umax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g� p2 � p1

cW

r
ð1Þ

Fig. 3.12 EGL and HGL for inviscid and viscous fluid
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According to fluid statics

p2 � p1 ¼ ðcM � cWÞDh

Namely
p2 � p1
cW

¼ ðcM � cWÞDh
cW

Substituting it into Eq. (1), we obtain

umax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g� ðcM � cWÞDh

cW

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 9:8� ð133280� 9800Þ � 0:02

9800

r
¼ 2:22m/s

Thus
v ¼ 0:84umax ¼ 0:84� 2:22 ¼ 1:87m/s

Q ¼ Av ¼ p� 0:152

4
� 1:87 ¼ 0:033m3=s ¼ 33L/s

3.7 Bernoulli Equation for Viscous Fluid Flow
in Pipes and Ducts

To solve actual flow problems utilizing Bernoulli equation in engineering, Bernoulli
equation for elementary flow beam should be extended to flow in pipes and ducts.
The properties such as density, velocity and pressure, etc., on cross section vary

Fig. 3.13 Pitot tube
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with streamlines when fluid flows in a pipe or duct. The Bernoulli equation along a
streamline cannot be applied in a pipe or duct directly. Therefore, we have to derive
the Bernoulli equation for fluid flow in pipes and ducts.

3.7.1 Rapidly Varied Flow and Gradually Varied Flow

Figure 3.14 is the sketch of rapidly and gradually varied flow. The feature of
rapidly varied flow is the large angle b between streamlines and the small curvature
radius r of the streamline. As shown in Fig. 3.14, flows in sections 1-2, 2-3, and 4-5
are rapidly varied flow. Inertial force cannot be neglected and the component of
inner friction on the cross section is not equal to 0 for rapidly varied flow. There are
some complicated forces on these cross sections, so it is unsuitable to apply Ber-
noulli equation between them.

The feature of gradually varied flow is the small angle between streamlines and
the large curvature radius of the streamline. The streamlines are nearly parallel
straight lines. As shown in Fig. 3.14, flows in sections 3-4 and 5-6 are gradually
varied flow. In gradually varied flow, cross sections are almost planes. The pro-
jection of inner friction on the cross section is almost equal to 0. Thus, the pressure
distribution on the cross section conforms to hydrostatic pressure distribution.

It can be proved that for every point of the same cross section in gradually varied
flow, the relationship between its pressure and position can be written as

zþ p

c
¼ constant ð3:41Þ

It is notable that the value of the constant in the above equation varies with cross
section. It can be seen from the piezometer tubes fixed on the cross sections for
gradually varied flow that the HGL is invariable on the same cross section.

Fig. 3.14 Rapidly and gradually varied flow [5]
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3.7.2 Bernoulli Equation in Pipe or Duct

For incompressible and viscous steady flow shown in Fig. 3.15, select an ele-
mentary flow beam, then its Bernoulli equation is

z1 þ p1
c

þ u21
2g

¼ z2 þ p2
c

þ u22
2g

þ h
0
l

Assuming that the fluid weight passing through this elementary flow beam per
unit time is cdQ, we have

z1cdQþ p1
c
cdQþ u21

2 g
cdQ ¼ z2cdQþ p2

c
cdQþ u22

2 g
cdQþ h

0
lcdQ

Integrating every term over flow rate along corresponding cross section, then the
energy equation for pipe flow is

Z
Q

z1cdQþ
Z
Q

p1
c
cdQþ

Z
Q

u21
2g

cdQ ¼
Z
Q

z2cdQþ
Z
Q

p2
c
cdQþ

Z
Q

u22
2g

cdQþ
Z
Q

h
0
lcdQ

ð3:42Þ

The integral of above equation can be divided into three parts. The first part is
the first two terms on each side of the equation, which can be written as

Z
Q

zcdQþ
Z
Q

p

c
cdQ ¼

Z
Q

zþ p

c

� �
cdQ ¼ c

Z
A

zþ p

c

� �
udA

Fig. 3.15 Bernoulli equation
for pipe flow
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In the section of a gradually varied flow we have zþ p
c ¼ constant, thus

c
Z
A

zþ p

c

� �
udA ¼ c zþ p

c

� �Z
A

udA ¼ zþ p

c

� �
cQ

The second part is the third term of the equation
R
Q

u21
2g cdQ, and it can be

expressed by average velocity, namelyZ
Q

u21
2g

cdQ ¼
Z
A

1
2
qu3dA ¼

Z
A

1
2
ðqudAÞu2 ¼ a

1
2
qv3A

� �
¼ av2

2g
cQ;

where a is called the kinetic energy coefficient. According to measurement,
a = 1.05–1.10 in actual flows. We always use the approximation a ¼ 1 in our pipe
flow calculations.

The third part is the last term of the equation
R
Q h

0
lcdQ, which represents the

mechanical energy loss when fluid particle flows from cross section 1-1 to cross
section 2-2. Letting hl denote the average energy loss per unit weight fluid, we obtainZ

Q

h
0
lcdQ ¼ hlcQ

Substituting the three parts into Eq. (3.42) and dividing every term by cQ, then
the energy per unit weight fluid for pipe flow can be written as

z1 þ p1
c

þ a1v21
2 g

¼ z2 þ p2
c

þ a2v22
2 g

þ hl ð3:43Þ

This is the Bernoulli equation for incompressible steady pipe flow under the
action of gravity, which is important in engineering fluid mechanics. Equa-
tion (3.43) can be applied only to the following engineering applications

(1) The fluid is incompressible;
(2) The flow is steady;
(3) The mass force is only due to gravity;
(4) The flows on two cross sections belong to gradually varied flows, but there

may be rapidly varied flows between the two cross sections;
(5) There is no inflow or outflow between the two cross sections and the flow

process is adiabatic.

3.7.3 Other Forms of Bernoulli Equation

(1) Bernoulli equation for gas flow

Bernoulli Eq. (3.43) for steady flow is also suitable for incompressible gas flow, but
for gas flow, its specific weight generally varies. Neglecting the effect of internal
energy, then the Bernoulli equation for gas flow is
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z1 þ p1
c1

þ a1v21
2g

¼ z2 þ p2
c2

þ a2v22
2g

þ hl ð3:44Þ

(2) Bernoulli equation with energy input and output

If there is energy input or output between two cross sections, letting �E denote the
input or output energy, then Bernoulli equation is

z1 þ p1
c

þ a1v21
2g

� E ¼ z2 þ p2
c

þ a2v22
2g

þ hl ð3:45Þ

If fluid machinery does work on fluid, namely inputs energy to the system, the
sign of E is positive, such as pump or fan. If the fluid does work on fluid machinery,
namely system outputs energy, the sign of E is negative, for example, water turbine
pipeline system.

(3) Bernoulli equation with inflow or outflow

If there is inflow between the two cross sections shown in Fig. 3.16a, then Bernoulli
equation is

z1 þ p1
c þ a1v21

2g ¼ z3 þ p3
c þ a3v23

2g þ hl1�3

z2 þ p2
c þ a2v22

2g ¼ z3 þ p3
c þ a3v23

2g þ hl2�3

9=
; ð3:46Þ

If there is outflow between the two cross sections shown in Fig. 3.16b, then
Bernoulli equation is

z1 þ p1
c þ a1v21

2g ¼ z2 þ p2
c þ a2v22

2g þ hl1�2

z1 þ p1
c þ a1v21

2g ¼ z3 þ p3
c þ a3v23

2g þ hl1�3

9=
; ð3:47Þ

Fig. 3.16 Inflow and outflow
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Continuity equations for the two cases are respectively
Inflow: Q1 þQ2 ¼ Q3;
Outflow: Q1 ¼ Q2 þQ3.

3.7.4 Application Examples of Bernoulli Equation

Example 3.7 There is a water supply pipeline AB shown in Fig. 3.17. The pipe
diameter is D ¼ 300mm, and the flow rate is Q ¼ 0:04 m3=s. The relative pressure
of point B is 9.8 � 104 Pa, and the Height is H ¼ 20m. Try to determine the head
loss in pipeline AB.
Solution
Select O-O as datum reference, and establish Bernoulli equation for cross
section 1-1 and 2-2:

z1 þ p1
c

þ a1v21
2g

¼ z2 þ p2
c

þ a2v22
2g

þ hl

According to the given data

z1 ¼ H ¼ 20m; z2 ¼ 0

Then

p1
c
¼ 0;

p2
c
¼ 1 � 9:8 � 104

9800
¼ 10mH2O; a1 ¼ a2 ¼ 1; v1 � 0

v2 ¼ Q

A
¼ 0:04

p
4 � 0:32

¼ 0:566m/s

Fig. 3.17 Water supply
pipeline
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Substituting above values into Bernoulli equation, we obtain

hl ¼ z1 þ p1
c

þ a1v21
2g

� z2 � p2
c
� a2v22

2g
¼ 20� 10� 0:5662

2� 9:8
¼ 9:98mH2O

Example 3.8 Figure 3.18 is the suction pipe of an axial fan. The pipe inner
diameter is D ¼ 0:3m, and the specific weight of air is ca ¼ 12:6N=m3, and
Dh ¼ 0:2m. Try to determine the flow rate Q.
Solution
Since the suction pipe is not long, the energy loss can be ignored and the air is
regarded as incompressible fluid. Select O-O as datum reference, and establish
Bernoulli equation for cross section 1-1 and 2-2:

z1 þ p1
ca

þ a1v21
2g

¼ z2 þ p2
ca

þ a2v22
2g

According to the given data

z1 ¼ z2 ¼ 0; p1 ¼ pA ¼ pa; p2 ¼ pB ¼ pC ¼ pa � cWDh; v1 � 0

Thus

v2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g

p1 � p2
ca

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g

pa � ðpa � cWDhÞ
ca

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g

cWDh
ca

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 9:8� 9800� 0:2

12:6

r

¼ 55:2m=s

Fig. 3.18 Suction pipe of an
axial fan
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The flow rate is

Q ¼ A2v2 ¼ p� 0:32

4
� 55:2 ¼ 3:90m3=s

Example 3.9 Figure 3.19 is a water pump piping system. The diameter of all pipes
is 200 mm, and the flow rate is Q ¼ 0:06m3=s. The height difference between
reservoir C and reservoir A is H ¼ 25m. The head loss of the pipeline A� B� C is
hl ¼ 5m, try to determine the input energy E from the pump to the system.
Solution

Select O-O as datum reference, and establish Bernoulli equation for cross
section 1-1 and 2-2:

z1 þ p1
c

þ a1v21
2g

þE ¼ z2 þ p2
c

þ a2v22
2g

þ hl

According to the given data

z1 ¼ 0; z2 ¼ 25; p1 ¼ p2 ¼ pa; v1 ¼ v2 � 0; hl ¼ 5m

Thus

E ¼ z2 þ hl ¼ 25þ 5 ¼ 30mH2O

In engineering E ¼ H is called the head rise of the pump, which is used to raise
water level and overcome the resistance in the pipeline.

Fig. 3.19 Water pump piping system
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3.8 Instruments for Velocity and Flow Rate Measurement

Instruments for velocity and flow rate measurement in engineering are invented in
terms of Bernoulli equation. Here we mainly introduce two instruments of velocity
and flow rate measurement respectively: Pitot tube and Venturi tube.

3.8.1 Pitot Tube

A Pitot tube, also known as Pitot probe, is a pressure measurement instrument used
to measure fluid flow velocity.

A simple Pitot tube is a 90� glass tube with two open ends, as shown in
Fig. 3.20. The procedure to measure the velocity of point M is as follow: put one
end of the tube at point M, fluid flows into the pipe and its velocity decreases to 0
after reaching a certain height. Point M is called the stagnation point. There is
another pointM0 close to point M and they are on the same streamline. The velocity
of point M0 is u. According to Bernoulli equation, we have

zM0 þ
pM0

c
þ u2

2g
¼ zM þH ¼ zM þ pM

c
þ h

zM0 ¼ zM , since point M0 and point M are very close to each other, so pM0 ¼ pM ,
thus

u ¼
ffiffiffiffiffiffiffiffi
2gh

p
ð3:48Þ

Fig. 3.20 Pitot tube
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It shows that u2

2g, the kinetic energy of point M0, is transformed into the pressure
energy h of the stagnation point M. However, the energy loss cannot be ignored
since actual fluids are viscous. So the above equation can be corrected as

u ¼ c
ffiffiffiffiffiffiffiffi
2gh

p
; ð3:49Þ

where c is called velocity coefficient of Pitot tube, generally ranging from 0.97 to
0.99. For high-precision Pitot tubes, c can be approximately equal to 1.

3.8.2 Venturi Tube

A Venturi tube is used to measure the flow rate in the pipe, and it is composed of
converging section A, constricted section (choke) B and diverging section C, as
shown in Fig. 3.21.

Two piezometer tubes are fixed on the converging section and constricted sec-
tion, respectively. For steady flow of inviscid fluid, selecting O-O as datum ref-
erence, establish Bernoulli equation between cross section 1-1 and 2-2:

z1 þ p1
c

þ v21
2g

¼ z2 þ p2
c

þ v22
2g

Fig. 3.21 Venturi tube [5]
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From continuity equation we obtain

A1v1 ¼ A2v2 v2 ¼ A1

A2
v1 ¼ pd21

4

�
pd22
4

� �
v1 ¼ d21

d22
v1

Substituting it into Bernoulli equation we obtain

z1 þ p1
c

� �
� z2 þ p2

c

� �
¼ v21

2g
d41
d42

� 1

� �

v1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
d41
d42
� 1

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g z1 þ p1

c

� �
� z2 þ p2

c

� �� �s

Assuming that
ffiffiffiffi
2g

pffiffiffiffiffiffiffi
d4
1

d4
2

�1

r ¼ k and z1 þ p1
c

� �
� z2 þ p2

c

� �
¼ Dh, then

v1 ¼ k
ffiffiffiffiffiffi
Dh

p
; ð3:50Þ

where k is called apparatus constant determined by its structure. Thus, the flow rate
is

Q ¼ A1v1 ¼ pd21
4

k
ffiffiffiffiffiffi
Dh

p
ð3:51Þ

Since energy loss has been neglected, the above equation needs to be corrected
as

Q ¼ l
pd21
4

k
ffiffiffiffiffiffi
Dh

p
; ð3:52Þ

where l is called flow rate coefficient of Venturi tube determined by its material,
size, installation quality, fluid viscosity and so on. Its value can only be determined
by experiments and usually ranges from 0.95 to 0.98.

To reduce energy loss, the inner wall of Venturi tube is often designed to be
streamlined in engineering which is called Venturi nozzle. Venturi tube and Ventuti
nozzle are widely utilized. However, the pressure in the constricted section should
not be too low since it will result in vaporization and destroy the continuity of fluid
flow, which causes Ventuti tube to malfunction.

Example 3.10 Figure 3.22 is a Venturi tube. Its diameters are D = 100 mm and
d = 50 mm. The hydraulic grade lines (HGL) are z1 þ p1

c ¼ 1:0m and z2 þ p2
c ¼

0:6m respectively. The flow rate coefficient is l ¼ 0:98, try to determine the flow
rate in the pipe.
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Solution
The height difference of hydraulic grade line between cross section 1-1 and 2-2 is

Dh ¼ z1 þ p1
c

� �
� z2 þ p2

c

� �
¼ 1:0� 0:6 ¼ 0:4m

According to Eq. (3.52), we have

Q ¼ l
pd21
4

k
ffiffiffiffiffiffi
Dh

p
¼ l

pd21
ffiffiffiffiffi
2g

p

4

ffiffiffiffiffiffiffiffiffiffiffiffi
d41
d42
� 1

r ffiffiffiffiffiffi
Dh

p

¼ 0:98� p� 0:12
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 9:8

p

4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:1=0:05Þ4 � 1

q ffiffiffiffiffiffiffi
0:4

p

¼ 0:00556m3=s

3.9 Momentum Equation for Steady Flow
and Its Application

Fluid momentum equation is the concrete expression for the law of momentum
conservation in fluid motion, which reflects the relationship between fluid
momentum and force and is widely used to solve many fluid mechanics problems in
engineering.

Fig. 3.22 Venturi tube
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3.9.1 Momentum Equation for Steady Flow

According to Physics, momentum theorem states that the change rate of momentum
with respect to time equals the resultant vector of external forces acting on the body,

d

dt

X
mv

� �
¼ dM

dt
¼
X

F ð3:53Þ

Now apply this theorem to steady fluid flow. Select an elementary flow beam
1-2, and its cross sections are 1-1 and 2-2, as shown in Fig. 3.23. The pressure of
section 1-1 and 2-2 are p1 and p2, respectively. The velocity of them are v1 and v2,
respectively. After time dt, flow beam 1-2 has moved to 1′-2′ along the streamline
and its momentum has also changed.

The momentum change equals the difference between momentumM10 �20 of flow
beam 1′-2′ and momentum M1�2 of flow beam 1-2. For steady flow, the momentum
of flow beam 1′-2 keeps invariable, so the momentum change equals the difference
between momentum of flow beam 2-2′ and momentum of flow beam 1-1′

dM ¼ M2�20 �M1�10 ¼ dm2u2 � dm1u1 ¼ qdQ2dtu2 � qdQ1dtu1

Applying the above equation to the pipe flow, we have

X
dM ¼

Z
Q2

qdQ2dtu2 �
Z
Q1

qdQ1dtu1 ¼ qdt
Z
Q2

dQ2u2 �
Z
Q1

dQ1u1

� �
ð3:54Þ

From continuity equation, we have

Z
Q2

dQ2 ¼ Q2 ¼
Z
Q1

dQ1 ¼ Q1 ¼ Q

Fig. 3.23 Momentum
equation

3.9 Momentum Equation for Steady Flow and Its Application 83



Substituting average velocity v into Eq. (3.54), we obtain

X
dM ¼ qQdtða02v2 � a01v1Þ;

where a is a coefficient, similar to kinetic energy coefficient.
From Eq. (3.53), we have

X
F ¼ qQða02v2 � a01v1Þ ð3:55Þ

The above equation is the momentum equation for incompressible steady flow.P
F is the resultant of the external force acting on the fluid, including the gravity

G of flow beam 1-2, the pressure P1, P2 on two cross sections, and the summation
R of surface forces acting on other surfaces, so the above equation can be written as

X
F ¼ GþP1 þP2 þR ¼ qQða02v2 � a01v1Þ ð3:56Þ

In general engineering calculation a02 ¼ a01 ¼ 1, and component form of
momentum equation can be written as

P
Fx ¼ qQðv2x � v1xÞP
Fy ¼ qQðv2y � v1yÞP
Fz ¼ qQðv2z � v1zÞ

9=
; ð3:57Þ

Momentum equation is of significant importance and usually used to determine
the interaction force between the fluid and solid surface.

3.9.2 Application of Momentum Equation

(1) Force acting on the tube wall by fluid

Figure 3.24a is a converging elbow, the average velocities of cross section 1-1 and
2-2 are v1 and v2, respectively. The forces acting on the fluid between cross
section 1-1 and 2-2 (Fig. 3.24b) include fluid gravity G, the force R by the elbow,
forces p1A1 and p2A2 on cross sections. Establishing coordinate system as shown in
the figure, the momentum equations in x and z directions are

P
Fx ¼ p1A1 � p2A2 cos h� Rx ¼ qQðv2x � v1xÞP
Fz ¼ �p2A2 sin h� GþRz ¼ qQðv2z � v1zÞ

�

So

Rx ¼ p1A1 � p2A2 cos h� qQðv2 cos h� v1Þ
Rz ¼ p2A2 sin hþGþ qQv2 sin h

�
ð3:58Þ
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The magnitude and direction of the resultant force are R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
x þR2

z

p
and

a ¼ arctg RZ
Rx
, respectively.

The force F acting on the elbow by the fluid equals R, but opposite in direction.
Especially, for variable radius elbow when h ¼ 90� and Q ¼ A1v1 ¼ A2v2, the

force acting on elbow by the fluid is

Fx ¼ ðp1 þ qv21ÞA1

Fz ¼ ðp2 þ qv2
2
ÞA2 þG

�
ð3:59Þ

For equal radius elbow when h ¼ 90� and A1 ¼ A2 ¼ A, if the elbow is on a
horizontal level then the force acting on elbow by the fluid is

Fx ¼ ðp1 þ qv2ÞA
Fz ¼ ðp2 þ qv2ÞA

�
ð3:60Þ

(2) Forces acting on the baffle by the jet

A horizontal jet rushes to a baffle with inclined angle h, as shown in Fig. 3.25. The
cross-section area and average velocity of the jet are A0 and v0 respectively. The jet

Fig. 3.24 Force acting on an elbow by fluid

Fig. 3.25 A jet rushed on
the baffle
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is divided into two streams with v1 and v2, respectively. Take the jet as control
volume. The force acting on the jet by the baffle in its normal direction is
R. Neglecting diffusion, resistance and head loss, according to Bernoulli equation,
we have

v1 ¼ v2 ¼ v0

Take the baffle as x axis and its normal direction as y axis, the momentum
equations are

P
Fx ¼ 0 ¼ qðQ1v1 � Q2v2 � Q0v0 cos hÞP
Fy ¼ �R ¼ �qQ0v0 sin h

�
ð3:61Þ

From continuity equation, we have Q1 þQ2 ¼ Q0, then

Q1 ¼ Q0
2 ð1þ cos hÞ;Q2 ¼ Q0

2 ð1� cos hÞ
R ¼ qQ0v0 sin h ¼ qA0v20 sin h

�
ð3:62Þ

The force acting on the baffle by the jet is F, which equals R, but opposite in
direction. When h ¼ 90�, the jet rushes along the normal direction of the baffle, we
have

Q1 ¼ Q2 ¼ Q0
2

R ¼ qA0v20

�
ð3:63Þ

(3) Reverse thrust of the jet

An open container is filled with liquid, and there is a small hole on the con-
tainer’s side wall. The area of the hole is A, as shown in Fig. 3.26. Assuming that
the flow rate is very small, so it can be regarded as steady flow for a short time,

Fig. 3.26 Reverse thrust of
the jet
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namely its velocity is v ¼ ffiffiffiffiffiffiffiffi
2gh

p
. Thus, the change rate of the momentum in the

x-direction is

d
M

dt ¼ qQv ¼ qAv2

According to momentum theorem, this is the projection of the force acting on the
fluid by the container on the x axis, namely Rx ¼ qAv2, and the reverse thrust of the
jet is Fx ¼ �Rx ¼ �qAv2. If the container can move freely along the x axis, then it
will move in the opposite direction of the jet driven by Fx, which is the reverse
thrust of the jet. Rockets, jet aircrafts are all driven by this kind of reverse thrust.

Example 3.11 There is a horizontal pipe with a nozzle fixed at its right end, and
their diameters are respectively D ¼ 100mm and d ¼ 50mm, as shown in
Fig. 3.27. The flow rate in the pipe is Q ¼ 1m3=min, try to determine the com-
ponent on x axis of the force acting on the jet by the nozzle.
Solution
From continuity equation, we have

v1 ¼ Q

A1
¼ Q

pD2

4

¼
1
60 � 4

p� 0:12
¼ 2:123m/s

v2 ¼ Q

A2
¼ Q

pd2
4

¼
1
60 � 4

p� 0:052
¼ 8:492m/s

Select O-O as datum reference, and establish Bernoulli equation for cross
section 1-1 and 2-2

z1 þ p1
c

þ v21
2g

¼ z2 þ p2
c

þ v22
2g

Fig. 3.27 Nozzle
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Since z1 ¼ z2 and p2 ¼ 0, so

p1 ¼ c
2g

ðv22 � v21Þ ¼
9800
2� 9:8

ð8:4962 � 2:1232Þ ¼ 33837N=m2;

Assuming that the component on x axis of the force acting on the jet by the
nozzle is Fx, the momentum equation of the jet is

p1A1 � Fx ¼ qQðv2 � v1Þ

Thus

Fx ¼ p1A1 � qQðv2 � v1Þ ¼ 33837� p
4
� 0:12 � 1000� 1

60
ð8:496� 2:123Þ

¼ 159:4N

Example 3.12 Figure 3.28 is a nozzle with a 180° arc slit. The velocity of the jet
v is 15 m/s, and its thickness t is 0.03 m. Other dimensions are D ¼ 0:2m and
R ¼ 0:3m, try to determine

(1) the flow rate of the jet;
(2) the component of the force needed to keep the arc nozzle still in the y direction.

Solution
From continuity equation, we have

Qv ¼ pRtv ¼ 3:14� 0:3� 0:03� 15 ¼ 0:424m3=s

Fig. 3.28 Jet nozzle

88 3 Fluid Dynamics



The momentum equation in the y direction is

Fy ¼ 2
Zp

2

0

qvdQ ¼ 2
Zp

2

0

qv cos hRtvdh ¼ 2qv2Rt ¼ 4:05 kN

3.10 Problems

3:1 A flow field is given by ux ¼ 2kx, uy ¼ 2ky and uz ¼ �4kz (k is constant). Try
to determine the streamline through point (1, 0, 1).

3:2 A flow field is given by ux ¼ 1þAt and uy ¼ 2x (A is constant). Try to
determine the streamline through point ðx0; y0Þ at t ¼ t0.

3:3 A flow field is u ¼ ð6þ x2yþ t2Þi� ðxy2 þ 10tÞjþ 25k, try to determine the
acceleration in point (3, 2, 0) at t ¼ 1.

3:4 A flow field for incompressible fluid is

ux ¼ xtþ 2y
uy ¼ xt2 � yt



Try to determine the acceleration in point Að1; 2Þ at t ¼ 1 s.
3:5 As shown in Fig. 3.29, the diameters of the two pipes are d1 ¼ 5 m and

d2 ¼ 1 m, respectively. The velocity distribution on the cross section for the
big diameter pipe is u ¼ 6:25� r2 m=s, where r denotes the radius. Try to
determine the flow rate and the average velocity of the smaller pipe.

3:6 The velocity distribution on the cross section of the pipe is

u ¼ umax 1� r
r0

� �2� �
, where umax is the maximum velocity on the axis of the

pipe, r0 is the radius of the pipe, and r is the distance between the point and the
axis. Try to determine the average velocity of the cross section.

Fig. 3.29 Problem 3.5
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3:7 For three-dimensional incompressible flow, it is known the velocity field is
ux ¼ x2 þ y2z3, uy ¼ �ðxyþ yzþ zxÞ, and uz ¼ 0 when z ¼ 0. Try to deter-
mine the expression of uz.

3:8 As shown in Fig. 3.30, there is an outflow in the pipeline. The dimensions are
dA ¼ 45 cm, dB ¼ 30 cm, dC ¼ 20 cm, dD ¼ 15 cm. vA ¼ 2 m/s and
vC ¼ 4 m/s. Try to determine vB and vD.

3:9 Figure 3.31 is a steam pipeline. The dimensions of the pipeline are
d0 ¼ 50mm, d1 ¼ 45mm, d2 ¼ 40mm. The velocity at the inlet is
v0 ¼ 25m/s. The densities for different parts are q0 ¼ 2:62 kg/m3, q1 ¼
2:24 kg/m3 and q2 ¼ 2:30 kg/m3 respectively. Try to determine the average
velocity v1 and v2 to make sure that the flow rate of the two right pipes equals
each other.

3:10 Figure 3.32 is a drain pipe with eight identical orifices. The diameters of the
pipe and orifice are D ¼ 2 cm and d ¼ 1mm, respectively. The liquid flows
into the pipe with average velocity v ¼ 0:15m/s, and the outflow velocity of
each orifice decreases by 2% than the former. Try to determine the outflow
velocity of the first and the last orifice.

3:11 Figure 3.33 is a blast pipe with four air outlets a; b; c; d. The section area of
the blast pipe is 50 cm� 50 cm. The section area of each air outlet is

Fig. 3.30 Problem 3.8

Fig. 3.31 Problem 3.9
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40 cm� 40 cm, and the air average velocity at the outlet is 5 m/s, try to
determine the velocity and flow rate on the cross section 1-1, 2-2, and 3-3,
respectively.

3:12 Figure 3.34 is a Pitot tube used for measuring the velocity umax on the axis of
the tube. An alcohol manometer is connected to the Pitot tube and
umax ¼ 1:2v. The dimensions are d ¼ 200mm, sin a ¼ 0:2 and l ¼ 75mm.
The gas density and the alcohol density are 1.66 and 800 kg/m3 respectively.
Try to determine the mass flow rate of the gas.

3:13 A Pitot tube connected to a water manometer is used to measure the air
velocity in the pipe, as shown in Fig. 3.35. The reading of the manometer is
h ¼ 150mmH2O. The air density is qa ¼ 1:20 kg/m3, and the water density is
q ¼ 1000 kg/m3. The velocity coefficient of Pitot tube is c ¼ 1. Neglecting the
energy loss, try to determine the air velocity u0.

Fig. 3.32 Problem 3.10

Fig. 3.33 Problem 3.11

Fig. 3.34 Problem 3.12
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3:14 As shown in Fig. 3.36, Oil flows out from the vertical pipe. The pipe diameter
is d1 ¼ 10 cm, and the velocity at the outlet is v ¼ 1:4m/s. Try to determine
the velocity and the diameter of oil column which is H ¼ 1:5m below the
outlet.

3:15 Figure 3.37 is an expanding water supply pipe. The dimensions are
d ¼ 15 cm, D ¼ 30 cm. pA ¼ 68:6 kN/m2, pB ¼ 58:8 kN/m2, h ¼ 1m and
vB ¼ 0:5m/s. Try to determine the velocity vA of point A, the head loss of
section AB and the flow direction. ða ¼ 1Þ

3:16 As shown in Fig. 3.38, there is a pipe with variable diameter, and the angle
between it and the horizontal plane is 45°. The diameter of cross section 1-1 is
d1 ¼ 200mm, and the diameter of 2-2 is d2 ¼ 100mm. The distance between

Fig. 3.35 Problem 3.13

Fig. 3.36 Problem 3.14
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the two cross sections is l ¼ 2m. Oil flows through the pipe, and its specific
weight c0 is 8820 N/m3. The oil velocity of the section 1-1 is v1 ¼ 2m/s, and
the height difference in the mercury manometer is h ¼ 20 cm. Try to deter-
mine: (1) the energy loss hl between cross sections 1-1 and 2-2; (2) flow
direction; (3) the pressure drop between sections 1-1 and 2-2.

3:17 As shown in Fig. 3.39, water flows from bottom to top. The dimensions are
d1 ¼ 300mm and d2 ¼ 150mm. The dimensions of the manometer are
a ¼ 80 cm and b ¼ 10 cm. Try to determine the flow rate.

Fig. 3.37 Problem 3.15

Fig. 3.38 Problem 3.16

Fig. 3.39 Problem 3.17
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3:18 Figure 3.40 shows a centrifugal fan. The diameter of the suction pipe is
D ¼ 200mm, and there is a pressure measuring device with water connected
to the suction pipe wall. The height is h ¼ 0:25 m, and the specific weight of
air is ca ¼ 12:64N=m3. Try to determine the flow rate of the air.

3:19 As shown in Fig. 3.41, there is a siphon with diameter D ¼ 20 mm. Other
dimensions are H1 ¼ 2m and H2 ¼ 6m. Neglecting energy loss, how much
pressure of point S is required to make the pipe start sucking water? And find
the velocity and flow rate in the siphon then.

3:20 Figure 3.42 shows a Pitot tube connected to a horizontal pipeline. The
dimensions are D ¼ 50mm, d ¼ 25mm. p01 ¼ 7:84 kN/m2 and Q ¼ 2:7L/s.
Try to determine the height hv of mercury column. (Neglecting loss)

3:21 A Pitot tube is installed to measure the flow rate of petroleum in the pipeline,
as shown in Fig. 3.43. The diameter of the pipe is d1 ¼ 20 cm, and the
diameter of the choke is d2 ¼ 10 cm. The oil density is q ¼ 850 kg/m3, and
the flow rate coefficient of Venturi tube is l ¼ 0:98. The reading of the
mercury manometer is h ¼ 15 cm. Try to determine the flow rate Q of pet-
roleum in the pipeline.

Fig. 3.40 Problem 3.18

Fig. 3.41 Problem 3.19
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3:22 As shown in Fig. 3.44, a sealed water tank is used to supply water upward.
The height is h ¼ 2 m and the required flow rate is Q ¼ 15L/s. The diameter
of the pipe is d ¼ 5 cm, and the head loss is 50 cm H2O. Try to determine the
pressure required for the tank.

3:23 As shown in Fig. 3.45, air flows in from inlet a (its elevation is zero), and after
burning, the waste gas flows through b, c (its elevation is 5 m), d (its elevation
is 50 m) back to the atmosphere. The specific weight of the air is
ca ¼ 11:8N=m3, and the specific weight of the waste gas is c ¼ 5:9N=m3.
The pressure drop from a to c is 9c v2

2g, and the pressure drop from c to d is

20c v2

2g. Try to determine the velocity v of waste gas at the outlet and the
pressure pc in point c.

3:24 As shown in Fig. 3.46, the diameter of the nozzle is d ¼ 75mm. The diameter
of the hydraulic giant is D ¼ 150mm, of which the inclined angle is h ¼ 30�.
The reading of the pressure gauge is h ¼ 3mH2O. Try to determine the

Fig. 3.42 Problem 3.20

Fig. 3.43 Problem 3.21
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velocity v at the hydraulic giant outlet, maximum range H and the jet diameter
d0 at the highest point.

3:25 As shown in Fig. 3.47, there is a piping system with a pump. The flow rate is
Q ¼ 1000m3=h, and the pipe diameter is d ¼ 150mm. The total head loss of
the pipeline is hl1�2 ¼ 25:4mH2O. The pump efficiency is g ¼ 80%, and the
height difference between two reservoirs’ water level is h ¼ 102m. Try to
determine head rise H and input power N of the pump.

Fig. 3.44 Problem 3.22

Fig. 3.45 Problem 3.23

Fig. 3.46 Problem 3.24
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3:26 As shown in Fig. 3.48, there is a 45° elbow on the horizontal level, and the
diameters of the inlet and the outlet are d1 ¼ 600mm and d2 ¼ 300mm,
respectively. The relative pressure at the inlet is p1 ¼ 40 kPa, and the flow rate
is Q ¼ 0:425m3=s. Neglecting friction. Try to determine the force acting on
the elbow by water.

3:27 As shown in Fig. 3.49, there is a pipe with diameter 150 mm, and two nozzles
are connected to its end. The diameters of the two nozzles are 75 and 100 mm,
respectively. The velocities at the two outlets are both 12 m/s. The pipe and
nozzles are all on a same horizontal level. Neglecting friction, try to determine
the magnitude and direction of the forces acting on the two nozzles by the
water.

Fig. 3.47 Problem 3.25

Fig. 3.48 Problem 3.26

Fig. 3.49 Problem 3.27
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3:28 As shown in Fig. 3.50, the diameter of the vertical jet is d ¼ 7:5 cm, and the
velocity is v0 ¼ 12:2m/s. The jet hits a dish whose gravity is 171.5 N. When
the dish is balanced, try to determine y.

3:29 As shown in Fig. 3.51, the jet diameter is d ¼ 4 cm, and its velocity is
v ¼ 20m/s. The angel between the jet and the plane is h ¼ 30�, and the
velocity of the plane in its normal direction is u ¼ 8m/s. Try to determine the
force F acting on the plane in the normal direction.

3:30 As shown in Fig. 3.52, a board with a shape edge is inserted into the water jet,
and the board is vertical to the jet. The velocity and flow rate of the jet is
v = 30 m/s and Q = 36 L/s. The flow rate of the two distributaries are
Q1 = 1

3Q and Q2 = 2
3Q. Try to determine the deflection angle a of the jet and

the force R exerting on the board by the jet.

Fig. 3.50 Problem 3.28

Fig. 3.51 Problem 3.29

Fig. 3.52 Problem 3.30
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3:31 As shown in Fig. 3.53, a jet is lashing a blade. Assuming that d ¼ 10 cm,
v1 ¼ v2 ¼ 20m/s and a ¼ 135�. Try to determine the force exerting on the
blade when (1) the velocity of the blade ux ¼ 0; (2) ux ¼ 10m/s.

3:32 As shown in Fig. 3.54, a jet is lashing a smooth blade and makes it moves
along the horizontal direction at a constant velocity v. The deflection angle of
the blade is h. The section area at outlet of the jet is A1, and the jet velocity is
v1. Considering the jet is steady compared with the blade, and neglecting
gravity and friction, try to determine the force acting on the blade by the jet.
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4Head Loss of Incompressible
Viscous Flow

Abstract
Actual fluids have different flow regimes due to viscosity. The regimes include
laminar flow and turbulent flow. The regimes, viscosity, and pipe wall surface
have influence on flow resistance, which leads to head loss for fluids flow. In this
chapter, we will firstly introduce types of head loss (friction loss and minor head
loss) and two regimes of fluids flow. Then we will study characteristics of
laminar flow and turbulent flow in circular pipe. Furthermore, we will present the
definition of friction factor and discuss ways to determine value of friction factor
in order to calculate friction loss. Finally, we will give determination of minor
head loss.

Keywords
Friction loss � Reynolds number � Laminar flow � Turbulent flow
Nikuradse tests � Moody chart � Boundary layer

4.1 Types of Head Loss

4.1.1 The Hydraulic Diameter

There are two factors affecting the magnitude of flow resistance: cross-section area
A and wetted perimeter v, which is the length of wall in contact with the flowing
fluid on any cross section.

Hydraulic diameter D or hydraulic radius R is often used to reflect the com-
prehensive influence on flow resistance with two factors above, defined as D ¼
4A
v ;R ¼ A

v separately. The hydraulic diameter will equal the duct diameter for a

circular cross section. For a circular duct with diameter d and radius r, A ¼ pr2 and
v ¼ 2pr, then we have
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R ¼ A

v
¼ pr2

2pr
¼ r

2
¼ d

4
and D ¼ 4A

v
¼ 2r ¼ d

4.1.2 Friction Loss and Minor Head Loss

If the streamlines are straight and parallel to each other, then this kind of flow is
called uniform flow, otherwise, it is called nonuniform flow.

In fluid flow, friction loss (or skin friction) is the loss of pressure or “head” that
occurs in pipe or duct flow due to the effect of the fluid viscosity. The term refers to
the power lost in overcoming the friction between two moving surfaces. The
characteristic of friction loss is that it is proportional to the pipe length. Friction loss
per unit weight of flowing fluid in pipe is denoted by hf .

The flow in a piping system may be required to pass through a variety of fittings,
elbow, or abrupt changes in area. Additional head losses are encountered, primarily as
a result of flow separation. Energy eventually is dissipated by violent mixing in the
separated zones. Therefore, these losses will be minor loss which is denoted by hr.

For the entire piping system, its total head loss hl should be the summation of
friction losses and minor losses, that is

hl ¼
X

hf þ
X

hr ð4:1Þ

4.2 Two Regimes of Viscous Flow

4.2.1 Reynolds Experiment

Viscous flows generically fall into two categories, laminar and turbulent, but the
boundary between them is imperfectly defined. The basic difference between the
two categories is phenomenological and was dramatically demonstrated in 1883 by
Reynolds [1–3], who injected a thin stream of dye into the flow of water through a
tube (Fig. 4.1a).

Reynolds’s experiment was to distinguish between laminar and turbulent flows.
At low flow rate [the upper drawing (Fig. 4.1b)], the pipe flow was laminar and the
dye filament moved smoothly through the pipe. At high flow rate [the lower
drawing (Fig. 4.1c)], the flow became turbulent and the dye filament was mixed
throughout the cross section of the pipe. At low flow rate, the dye stream was
observed to follow a well-defined straight path, indicating that the fluid moved in
parallel layers (laminar) with no unsteady macroscopic mixing or overturning
motion of the layers. Such smooth orderly flow is called laminar flow. However, if
the flow rate was increased beyond a certain critical value, the dye streak broke up
into irregular filaments and spread throughout the cross section of the tube,
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indicating the presence of unsteady, apparently chaotic three-dimensional macro-
scopic mixing motions. Such irregular disorderly flow is called a turbulent flow.

If the experiment is conducted in a reverse process, it can be found that the
transformation of flow regime is: turbulent flow to laminar flow. When without
external disturbance, the flow velocity at which laminar flow transforms to transient
state is called the upper critical velocity, denoted by v0c; and that from turbulent flow
to transient state is called the lower critical velocity, denoted by vc shown in
Fig. 4.2. The upper critical velocity is higher than the lower critical velocity. In
most cases, the lower critical velocity is used as the criterion for judging flow
pattern, and is referred to as the critical velocity.

According to the experiment, we can draw a conclusion

(1) When v[ v0c, fluid flows in turbulent flow;
(2) When v\vc, fluid flows in laminar flow;
(3) When vc\v\v0c, the flow regime is unstable, and the original laminar or

turbulent flow may be maintained.

4.2.2 Criteria for Flow Regime

Based on a great many experiments, Reynolds proposed Reynolds number as the
criterion to judge flow regime. For circular pipes, Reynolds number is defined as

Re ¼ vd

m
; ð4:2Þ

where v is the fluid velocity, d is the inner diameter of the pipe and m is kinetic or
kinematic viscosity of fluid.

Reynolds numbers corresponding to the upper and lower critical velocity are
expressed as the upper and lower critical Reynolds number respectively

Re0c ¼
qv0cd
l

¼ v0cd
m

; Rec ¼ qvcd
l

¼ vcd

m

Fig. 4.1 Reynolds Experiment [4] A: water supply pipe; B: the water tank; C: drainage pipe; D: a
valve to control dye velocity; E: dye; F, G: glass pipe; H: a valve to control flow velocity; I:
measuring tank; J: overflow plate
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Thus, we may utilize upper and lower Reynolds number to determine flow
pattern, namely,

(1) When Re\Rec, laminar flow;
(2) When Rec\Re\Re0c, transient state;
(3) When Re[Re0c, turbulent flow.

Many experiments demonstrate that the lower critical Reynolds number Rec is
always equal to 2320 for circular duct. Conventionally, the lower critical Reynolds
number Rec is used as the criterion between laminar and turbulent flow, that is

(1) When Re� 2320, laminar flow;
(2) When Re[ 2320, turbulent flow.

In practical engineering, the external disturbance is very easy to make the fluid in
turbulent, so the practical critical Reynolds number will be smaller than 2320 with
value following:

Rec ¼ 2000

When the fluid flows in a noncircular pipe, the hydraulic radius can be used as
the characteristic length, and the critical Reynolds number is

Fig. 4.2 Critical velocity in
Reynolds experiment [5]
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Rec ¼ 500

For open channel flow, it is easier to reach turbulent regime due to external
influence. Frequently the critical Reynolds number is used in engineering calcu-
lation as follows:

Rec ¼ 300

Example 4.1 The water with temperature t = 15 °C flows in a pipe with diameter
d ¼ 100 mm, and the flow rate is Q ¼ 15 L=s. There is another rectangular open
channel with width 2 m, and water depth 1 m, and the average velocity is 0.7 m/s.
The water temperature is same as above. Try to determine flow patterns of the two
cases.
Solution

When water temperature is 15 °C, we can know that the kinematic viscosity of
water is m ¼ 1:141� 10�6 m2=s according to Table 1.2.

(1) The flow velocity of water in circular pipe is

v ¼ Q

A
¼ 15� 10�3

p�0:12
4

¼ 1:911 m/s

The Reynolds number of the flow in circular pipe is

Re ¼ vd

m
¼ 1:911� 0:1

1:141� 10�6
¼ 167632 � 2000

Therefore, the water flows in turbulent flow

(2) The hydraulic radius of the open channel is

R ¼ A

v
¼ 2� 1

2þ 2� 1
¼ 0:5 m

Re ¼ vR

m
¼ 0:7� 0:5

0:0114� 10�4
¼ 30701 � 300

Therefore, the water flows in turbulent flow

Example 4.2 The water with temperature t = 15 °C and kinematic viscosity
m ¼ 0:0114 cm2=s, flows in a pipe with diameter d ¼ 20 mm, and the velocity is
v ¼ 8 cm=s. Try to determine flow pattern of the water. What can you do to change
flow pattern?
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Solution
The Reynolds number of water flow in the pipe is

Re ¼ vd

m
¼ 8� 2

0:0114
¼ 1403:5\2000

So the water flows in laminar flow. To change the flow pattern, we can

(1) Increase velocity

If Rec ¼ 2000 is adopted and the viscosity of water is unchanged, the velocity of
water should be

v ¼ Recm
d

¼ 2000� 0:0114
2

¼ 11:4 cm/s

Therefore, the flow pattern of water will become turbulent when the flow
velocity increases to 11.4 cm/s.

(2) Increase water temperature to reduce the viscosity of water

If Rec ¼ 2000 is adopted, and the velocity of water is unchanged, the kinematic
viscosity of water is

m ¼ vd

Rec
¼ 8� 2

2000
¼ 0:008 cm2=s

According to Table 1.2: whenwater temperature is t = 30 °C, m ¼ 0:00804 cm2=s;
when water temperature is t = 35 °C, m ¼ 0:00727 cm2=s.

Therefore, if we can increase the water temperature to 31 °C, the flow pattern of
the water can be turbulent.

4.3 Laminar Flow in Circular Pipe

4.3.1 Two Methods for Laminar Flow Analysis

4.3.1.1 N-S Equation Analysis Method
Steady laminar flow of incompressible fluid in the circular pipe has five charac-
teristics as follows:

(1) Only one-dimensional flow in y direction. Establish the coordinate system as
shown in Fig. 4.3. The y axis should coincide with central line of circular pipe.
Since there is only one-dimensional flow in y direction, uy 6¼ 0; ux ¼ uz ¼ 0.
The N-S equation can be rewritten as
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X � 1
q
@p
@x ¼ 0

Y � 1
q
@p
@y þ v @2uy

@x2 þ @2uy
@y2 þ @2uy

@z2

� �
¼ @uy

@y uy þ @uy
@t

Z � 1
q
@p
@z ¼ 0

9>>=
>>; ð4:3Þ

(2) Steady and incompressible fluid flow. For steady flow, @uy@t ¼ 0. In terms of the

continuity equation of incompressible fluid @ux
@x þ @uy

@y þ @uz
@z ¼ 0, it can be

obtained that @uy
@y ¼ 0 under condition (4.1), so @2uy

@y2 ¼ 0.

(3) Rotational symmetry of velocity distribution. On cross section of the circular
duct, the flow velocity at each point is different but rotational symmetrical, so
the velocity on the x axis and z axis can be indicated in polar coordinates with r.

We have @2uy
@x2 ¼ @2uy

@z2 ¼ @2uy
@r2 ¼ d2

uy
dr2 .

(4) Linear pressure drop along flow direction in pipe with constant diameter. Due
to friction between fluid layers or flow layer and pipe boundary, the pressure is
gradually decreasing along the flow direction. In pipeline of constant radius this
decline is linear, and the change rate of pressure per unit length @p

@y can be

expressed as @p
@y ¼ dp

dy ¼ � p1�p2
l ¼ � Dp

l , in which the negative sign indicates that

the pressure drops along the flow direction.
(5) No mass force in y direction for practical pipe. For practical horizontal pipes,

the mass force in x, y, z direction can be shown as X ¼ Y ¼ 0 and Z ¼ �g.

According to above five characteristics, Eq. (4.3) can be simplified as

Dp
ql

þ 2m
d2uy
dr2

¼ 0 ð4:4Þ

Integrating Eq. (4.4), we have

duy
dr

¼ � Dp
2ll

rþC ð4:5Þ

Fig. 4.3 Control volume for
analysis of laminar flow
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There exists the maximum velocity in the center of the circular pipe r ¼ 0, so
duy
dr ¼ 0. and then the integral constant C equals 0, we have

duy
dr

¼ � Dp
2ll

r ð4:6Þ

This is the ordinary differential equation of laminar flow in circular pipe.

4.3.1.2 Total Force Analysis Method
As shown in Fig. 4.3, select a cylindrical control volume with length l and radius r,
and it is in steady flow state.

The forces acting on the control volume include the pressure on the base area
ðp1 � p2Þpr2 and the friction on the lateral area or side area of cylinder s2prl. The
projection of the external force acting on the control volume along y direction
equals zero

P
Fy ¼ 0, therefore it can be obtained that ðp1 � p2Þpr2 � s2prl ¼ 0.

In terms of the Newton’s viscosity law s ¼ �l duydr , it can be obtained that
duy
dr ¼ � p1�p2

2ll r ¼ � Dp
2ll r.

The results of the two methods are same. Compared with the first method, the
second one is much easier to understand including clear physical description. The
two methods are available only with the conditions of one-dimensional, steady,
rotational symmetry and uniform flow.

4.3.2 Velocity Profile and Shear Stress Distribution
of Laminar Flow in Pipes

Integrating on both sides of Eq. (4.6), we have

uy ¼ � Dp
4ll

r2 þC

According to boundary conditions, when r ¼ R; uy ¼ 0, so C ¼ Dp
4ll R

2. There-
fore, the velocity profile of laminar flow in pipe can be expressed as

uy ¼ Dp
4ll

ðR2 � r2Þ ð4:7Þ

The above equation indicates that the velocity distribution for laminar flow in a
pipe is parabolic across the section with the maximum velocity at the center of the
pipes. The parabolic profile for fully developed laminar pipe flow is sketched in
Fig. 4.4.
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At r ¼ 0,

umax ¼ Dp
4ll

R2 ð4:8Þ

According to the Newton’s viscosity law (stress equation)

s ¼ �l
duy
dr

¼ �l
duy
dr

¼ Dpr
2l

ð4:9Þ

The above equation shows that shear stress on cross section in laminar flow is
proportional to the pipe radius, as shown in Fig. 4.4, which is K-shaped for shear
stress distribution.

When r ¼ R, the maximum shear stress is obtained on pipe wall

s0 ¼¼ DpR
2l

ð4:10Þ

4.3.3 Flow Rate and Average Velocity of Laminar
Flow in Pipes

Selecting an arbitrary point at r in a pipe with infinitesimal width dr, we have cross
section area dA ¼ 2prdr. Then we can get the pipe flow rate as follows:

Q ¼
Z
A

uydA ¼
ZR
0

Dp
4ll

ðR2 � r2Þ2prdr ¼ pDpR4

8ll
¼ pDpd4

128ll
ð4:11Þ

The above equation is called Hagen–Poiseuille equation. The calculation results
in terms of Hagen–Poiseuille equation have great agreement with precise experi-
mental tests, which corresponds to the practical result perfectly.

Hagen–Poiseuille equation is also utilized to measure fluid viscosity according to
the equation as follows:

Fig. 4.4 Velocity profile and shear stress distribution of laminar flow in pipes
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l ¼ pDpd4

128lQ
¼ pDpd4t

128lV

The fluid viscosity can be obtained with pipe inner diameter d and length l, the
measured pressure drop Dp and flow volume V within time t.

The average velocity of the circular pipe is

v ¼ Q

A
¼ pDpR4

8ll � pR2
¼ Dp

8ll
R2 ð4:12Þ

It can be known from Eqs. (4.8) and (4.12) that umax ¼ 2v. It means that the
maximum velocity of laminar flow in circular pipe is twice average velocity, so the
velocity distribution is quite nonuniform.

4.3.4 Friction Head Loss in Laminar Flow

According to Bernoulli’s equation, we have

hf ¼ z1 þ p1
c

þ v21
2g

� �
� z2 þ p2

c
þ v22

2g

� �

The pipe is horizontal z1 ¼ z2 with the average velocity v1 ¼ v2. Combining
with Eq. (4.12), the friction head loss can be shown as

hf ¼ p1 � p2
c

¼ Dp
c

¼ 8llv
cR2

¼ 32llv
cd2

ð4:13Þ

The above equation can be changed for engineering calculation into following:

hf ¼ 32ll
cd2

v ¼ 64
qvd
l

l

d

v2

2g
¼ 64

Re

l

d

v2

2g
¼ k

l

d

v2

2g
ð4:14Þ

where k ¼ 64
Re is called the friction factor in laminar flow, which is only related to

Reynolds number Re. Equation (4.14) is commonly used to calculate the friction
loss, which is also called Darcy–Weisbach equation.

When fluid is transported by the pump in pipe, it is necessary to obtain the power
consumed due to frictional drag. If the fluid specific weight c and flow rate Q are
known, then the consumed power of laminar flow in circular pipe with length l is

N ¼ cQhf ¼ cQ
kl
d

v2

2g
ð4:15Þ
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4.3.5 The Entrance Region

Figure 4.5 illustrates laminar flow in the entrance region of a circular pipe. The flow
has uniform velocity U0 at the pipe entrance. Because of the no-slip condition on
the wall, we know that the velocity on the wall must be zero along the entire length
of the pipe. A boundary layer develops along the walls of the channel. The solid
surface exerts a retarding shear force on the flow; thus, the speed of the fluid in the
neighborhood of the surface is reduced. At successive sections along the pipe in this
entry region, the effect of the solid surface is felt farther out into the flow.

For incompressible flow, mass conservation requires that, as the speed close to
the wall is reduced, the speed in the central frictionless region of the pipe must
increase slightly to compensate; for this inviscid central region, then, the pressure
(as indicated by the Bernoulli equation) must also drop somewhat.

Sufficiently far from the pipe entrance, the boundary layer developing on the
pipe wall reaches the pipe centerline and the flow becomes entirely viscous. The
velocity profile shape then changes slightly after the inviscid core disappears. When
the profile shape no longer changes with increasing distance x, the flow is called
fully developed. The distance downstream from the entrance to the location at
which fully developed flow begins is called the entrance length. The actual shape of
the fully developed velocity profile depends on whether the flow is laminar or
turbulent. In Fig. 4.5 the profile is shown qualitatively for a laminar flow. Although
the velocity profiles for some fully developed laminar flows can be obtained by
simplifying the complete equations of motion, turbulent flows cannot be so treated.

For laminar flow, it turns out that entrance length, L, is a function of Reynolds
number,

L

D
ffi 0:06

qvD
l

;

where v ¼ Q
A is the average velocity (because flow rate Q ¼ Av ¼ AU0, we have

v ¼ U0).
Laminar flow in a pipe may be expected only for Reynolds numbers less than

2320. Thus, the entrance length for laminar pipe flow may be as long as

Fig. 4.5 Flow in the entrance region of a pipe
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L ffi 0:06ReD� 0:06ð Þ 2320ð ÞD ¼ 139D

or nearly 140 pipe diameters.

Example 4.3 A heavy oil with specific weight 9:31 kN=m3 is transported in a
pipeline with length L ¼ 1000 m and diameter d ¼ 300 mm, and the flow rate is
G ¼ 2300 kN=h. Try to determine head loss if the oil temperature is 10 °C
m ¼ 25 cm2=sð Þ and 40 °C m ¼ 1:5 cm2=sð Þ respectively.
Solution

The volumetric flow rate of the heavy oil is

Q ¼ G

c
¼ 2300

9:31� 3600
¼ 0:0686 m3=s

The average velocity of heavy oil is

v ¼ Q

A
¼ 0:0686

p
4 � 0:32

¼ 0:971 m/s

The Reynolds number at 10 °C is

Re1 ¼ vd

m
¼ 0:971� 0:3

25� 10�4
¼ 116:5\2000

The Reynolds number at 40 °C is

Re2 ¼ vd

m
¼ 0:971� 0:3

1:5� 10�4
¼ 1942\2000

The flow patterns of heavy oil in two cases are laminar, and the corresponding
friction losses can be obtained by Darcy Eq. (4.14).

hf1 ¼ k1l
d

v2

2g
¼ 64

Re1

l

d

v2

2g
¼ 64

116:5
� 1000

0:3
� 0:9712

2� 9:8
¼ 88:1 m

hf2 ¼ k2l
d

v2

2g
¼ 64

Re2

l

d

v2

2g
¼ 64

1942
� 1000

0:3
� 0:9712

2� 9:8
¼ 5:28 m

It can be seen from the calculation that the head loss of heavy oil flow at 40 °C is
less than that at 10 °C.
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4.4 Turbulent Flow in Circular Pipe

4.4.1 Parameters Description in Turbulent Flow

As shown in Fig. 4.6, in laminar flow, the fluid particles pass through point m(or
point n) will follow a certain path to point m0(or point n0). However, in turbulent
flow, the fluid particles pass through point mwill follow tortuous and rambling paths
to point C (or point n0). In turbulent flow kinetic parameters u and p of each particle
in flow field are irregular with time, which is referred to as fluctuation phenomenon.
This fluctuation phenomenon of flow variables with time indicates that turbulent
flow is not steady flow, which leads to challenges in turbulent flow research.

However, this kind of flow still follows a certain rule for a long time. All
physical parameters can be dealt with by mean values and fluctuation.

Mean velocity ux is the average of instant velocity ux during time interval T . The
integral area between the curve of instant velocity ux and the t axis to time T should
be equal to the product of mean velocity ux and interval T , as shown in Fig. 4.7,
namely ZT

0

uxdt ¼ Tux

So

ux ¼ 1
T

ZT
0

uxdt ð4:16Þ

Fig. 4.6 Turbulent flow
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In turbulent flow the mean velocity is reliable in terms of long enough time. If
the time interval T is too short, there is no relationship between mean velocity and
time interval T .

It can be seen from Fig. 4.7 that the instant velocity ux can be shown as the sum
of mean velocity ux and fluctuation u0x

ux ¼ ux þ u0x ð4:17Þ

Substituting Eq. (4.17) into (4.16), it yields

ux ¼ 1
T

ZT
0

uxdt ¼ 1
T

ZT
0

ðux þ u0xÞdt ¼
1
T

ZT
0

uxdtþ 1
T

ZT
0

u0xdt ¼ ux þ u0x ð4:18Þ

So

u0x ¼
1
T

ZT
0

u0xdt ¼ 0 ð4:19Þ

This indicates that the mean magnitude of velocity fluctuation equals zero.
The above method can also be applied to other fluid parameters as follows:

uy ¼ uy þ u0y
uz ¼ uz þ u0z
p ¼ pþ p0

8<
: ð4:20Þ

Fig. 4.7 Sketch of mean
velocity and fluctuation
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Obviously, for one-dimensional flow, uy and uz should be zero, and uy; uz should
be equal to u0y and u0z, respectively.

4.4.2 Mixing Length Theory

The mixing length theory of turbulence was proposed by Prandtl in 1925. It can
reasonably explain the influence on average and fluctuation flow and is the basis for
shear stress, velocity, and friction calculation in turbulent flow, so it is widely used
in industry.

Shear stress in turbulent flow is composed of two parts: viscous shear stress
caused by relative movement between neighboring layer, which is generated by
mean velocity, and Reynolds shear stress caused by collision of fluid particles,
which is generated by velocity fluctuation.

Therefore, the total shear stress in turbulent flow may be expressed as

s ¼ s1 þ s2; ð4:21Þ

where s1 is viscous shear stress, s2 is Reynolds shear stress or additional shear
stress.

Viscous shear stress can be expressed according to Newton’s viscosity law as

s1 ¼ l
du
dy

Reynolds shear stress can be expressed directly in terms of mixing length theory
as follows:

s2 ¼ ql2
du
dy

� �2

; ð4:22Þ

where l is called mixing length without physical meaning, �u is the mean velocity.
So total shear stress in turbulent flow can be expressed as

s ¼ s1 þ s2 ¼ l
du
dy

þ ql2
du
dy

� �2

ð4:23Þ

The magnitudes of s1 and s2 differ in different cases associated with Reynolds
number. When Reynolds number is small enough, viscous shear stress s1 is
dominated in the pipe flow. Conversely, Reynolds shear stress s2 would be dom-
inated and s1 can be neglected with large enough Reynolds number.

4.4 Turbulent Flow in Circular Pipe 115



4.4.3 Velocity Distribution of Turbulent Flow in Pipes

4.4.3.1 Velocity Distribution
According to Karman experiment, the relationship between mixing length l and the
distance from fluid layer to pipe wall y can be approximately expressed as

l ¼ ky

ffiffiffiffiffiffiffiffiffiffiffiffi
1� y

R

r
; ð4:24Þ

where R is pipe radius. When y 	 R, namely, near the wall

l ¼ ky; ð4:25Þ

where k is Karman constant found to be 0.4. Therefore, formula (4.22) can be
written as

s2 ¼ qk2y2
du
dy

� �2

ð4:26Þ

For simplicity, the time-averaged symbols in the above equation are neglected, and
we only discuss fully developed turbulent. It can be obtained from Eq. (4.26) that

du ¼ 1
k

ffiffiffi
s
q

r
dy
y

ð4:27Þ

Replace s with friction resistance s0 on the wall, and assume that
ffiffiffi
s0
q

q
¼ v
,

which is called shear stress velocity, the above equation can be transformed into

du ¼ v

k

dy
y

Integrate the above equation

u ¼ v

k
ln yþC ð4:28Þ

The above formula reflects velocity distribution of turbulent flow deduced by
mixing length theory. It can be seen that in turbulent flow, the curve of velocity
distribution on cross section is logarithm-shaped, as shown in Fig. 4.8. According
to measurement tests, the average velocity v is 0.75–0.87 times comparing with the
maximum velocity umax at the center line.

The logarithmic distribution of turbulent velocity is accurate relatively, but the
formula is too difficult to utilize. According to the experimental curve of turbulent
flow in smooth pipes, the velocity distribution of turbulent flow can also be
approximately expressed as a simple exponential formula:

116 4 Head Loss of Incompressible Viscous Flow



ux
umax

¼ y

R

� �n
ð4:29Þ

For different Re, the corresponding exponent n is different, ranging
n ¼ 1=10�1=4.

4.4.3.2 Laminar Sublayer, Hydraulically Smooth Pipe,
and Hydraulically Rough Pipe

There is a very thin fluid layer with laminar flow in vicinity of pipe wall in turbulent
flow, since the friction effect of pipe wall, the velocity is very low and inertia is very
small, so that flow in this layer maintains laminar flow. This layer is defined as
laminar sublayer.

Fluid particles in region beyond sublayer collide and mix with another showing
the characteristic of turbulent flow, which is called turbulent core region. The
thickness d of laminar sublayer is not constant and depends on kinematic viscosity,
fluid velocity, pipe diameter and friction factor. Its approximate calculation formula
can be expressed as

d ¼ 32:8d

Re
ffiffiffi
k

p ð4:30Þ

For crude oil with high viscosity, the thickness d of laminar sublayer is only
several millimeters. For common fluids, d ranges from 10−2 to 10−1 mm. Due to
existence of laminar sublayer, there are great influences on properties of pipe flow,
such as thermal conductivity, flow resistance, etc.

It can be known from the previous statement that for laminar flow in pipes,
friction factor is merely the function of Reynolds number. But in turbulent flow,
besides Reynolds number, roughness of pipe wall is another important factor
influencing friction factor. Roughness may be classified as surface roughness and
relative roughness: surface roughness is the average thickness D of pipe wall

Fig. 4.8 Velocity
distribution of turbulent flow
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roughness, and relative roughness is the ratio of surface roughness D to pipe
diameter d, as shown in Fig. 4.9.

When d[D, rough surface on pipes are all submerged inside laminar sublayer,
it seems that fluid flows through relative smooth wall of pipe. Therefore, frictional
loss has no relationship with roughness, in this case the pipe is called hydraulically
smooth pipe, or smooth pipe for short.

When d\D, rough surface on pipe wall protrudes into turbulent core region, and
consumes couples of energy due to disturbance and eddies generation. In this case,
frictional loss depends on pipe wall roughness, and the pipe is called hydraulically
rough pipe, or rough pipe for short.

4.4.4 Head Loss of Turbulent Pipe Flow

Since uniform flow is discussed, friction resistance s0 on the wall can be calculated
by formula (4.10), namely, s0 ¼ DpR

2l ¼ Dpd
4l , and hf ¼ Dp

qg, therefore

hf ¼ 4s0l
qgd

ð4:31Þ

s0 is too complicated to give an accurate expression for determination. We only
can obtain the value of s0 by experimental and empirical approaches.

Couples of experimental results indicate that s0 is related to average velocity v,
Reynolds number Re, and the ratio of pipe surface roughness D to radius r, so it can
be expressed as

s0 ¼ f ðRe; v;D=rÞ ¼ f1ðRe;D=rÞv ¼ Fv2 ð4:32Þ

Substituting the above equation into Eq. (4.31)

hf ¼ 4Fv2

qg
l

d
¼ 8F

q
l

d

v2

2g
¼ kl

d

v2

2g
ð4:33Þ

Fig. 4.9 Hydraulically smooth pipe and hydraulically rough pipe
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where k ¼ 8F
q ¼ f1 Re; Dr

� �
is called friction factor of turbulent flow, which can only

be determined by experiments.

4.5 Determination of Friction Factor in Circular Pipe

4.5.1 Calculation Equation

Because of the complexity of turbulent flow, the calculation equation for frictional
loss in turbulent flow can only be set up by applying dimensional analysis. The
calculation equation for frictional loss in turbulent flow is the same as that in
laminar flow in form, namely

hf ¼ kl
d

v2

2g

What is different is the magnitude of friction factor k. For laminar flow

k ¼ 64
Re

For turbulent flow, k is the function of Reynolds number Re and relative
roughness D=d, that is

k ¼ f Re;
D
d

� �

4.5.2 Nikuradse Tests

German dynamicist and engineer Nikuradse conducted experimental determination
on friction factor and cross-section velocity distribution in pipe flow in 1933. The
experimental equipment is similar to Reynolds experiments.

Nikuradse simulated roughness by gluing uniform sand grains onto the inner
walls of the pipes. He then measured the pressure drops and flow rates and cor-
related friction factor versus Reynolds number. The curve k ¼ f Re; Dd

� �
presented in

such a way is called Nikuradse curve graph, as shown in Fig. 4.10.
According to the variation characteristic of k, the chart of Nikuradse tests is

divided into five regions.
Region I: Laminar flow region (line ab). When Re\2320(lg Re\3:36), k is free

from relative roughness D=d, and the magnitude of friction factor agrees with the
equation k ¼ 64

Re.
Region II: Transition region of flow regime (line bc). When 2320\Re\4000

(lg Re ¼ 3:36� 3:6), k only depends on Re and is independent from D=d.
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Region III: Turbulent flow in smooth pipes (line cd). When 4000\Re\22:2 d
D

� �8
7,

flow is in turbulent regime where only Re influences on k rather than D=d.
The formula for calculating k in this region is as follows:

① When 4000\Re\105, we can use the formula of Blasius

k ¼ 0:3164ffiffiffiffiffiffi
Re4

p

② When 105\Re\3� 106, we can use the formula of Nikuradse smooth
pipe:

k ¼ 0:0032þ 0:221Re�0:237

③ The more general formula is

1ffiffiffi
k

p ¼ 2 lgðRe
ffiffiffi
k

p
Þ � 0:8

Region IV: Turbulent transient region (the area between line cd and ef ). In this
case, k is related with both Re and D=d, namely, k ¼ f Re; Dd

� �
.

Fig. 4.10 Chart of Nikuradse tests [5]
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The formula for calculating k in this region is as follows:
The Colebrook semi-empirical formula is commonly used to calculate k in this

region

1ffiffiffi
k

p ¼ 1:14� 2 lg
D
d
þ 9:35

Re
ffiffiffi
k

p
� �

The Colebrook formula is more complex, and it has a simplified form as follows:

k ¼ 0:11
D
d
þ 68

Re

� �0:25

Region V: Turbulent flow in rough pipes (the area on the right of line ef ).
Experimental curve becomes a straight line parallel to horizontal axis. This means k
has nothing to do with Re, and only related to D=d, that is k ¼ f D

d

� �
. It indicates that

flow is in fully developed turbulent regime. The formula of Nikuradse rough-pipe
region is commonly used for calculating k as

k ¼ 1

2 lg 3:7 d
D

� �	 
2
The significance of Nikuradse experiment lies in that it has entirely revealed the

relationship among k;Re and D=d in different regimes, and listed most empirical
and semi-empirical formulas to determine k in corresponding regions.

4.5.3 Moody Chart

Based on couples of experiment data, the relationship among k;Re and D=d was
plotted in 1940 by Moody into what was called the Moody chart for pipe friction
shown in Fig. 4.11. The Moody chart is probably the most famous and useful figure
in fluid mechanics. It can be used for circular and noncircular pipe flows and for
open channel flow. The data can even be adapted as an approximation to boundary
layer flows.

If Reynolds number Re and relative roughness D=d are known, then it is easy to
find out the value of k from the Moody chart. Table 4.1 gives the reference value of
the surface roughness of the commonly used pipes.

Example 4.4 There is water flow with temperature t = 6 °C in a pipeline, and the
dimensions of the pipeline are: diameter d ¼ 20 cm, pipe length l ¼ 20 m, and
surface roughness D ¼ 0:2 mm. Try to determine the friction loss hf if the flow rate
is Q ¼ 24 L=s.
Solution

When t = 6 °C, the kinematic viscosity of water is m ¼ 0:0147 cm2=s
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The average velocity on cross section is

v ¼ Q

A
¼ 24� 1000

p
4 � 202

¼ 76:4 cm/s

The Reynolds number is

Re ¼ vd

m
¼ 76:4� 20

0:0147
¼ 1:04� 105 [ 2320 ðin turbulent flowÞ

Fig. 4.11 Moody chart

Table 4.1 Surface roughness of common pipes

Pipe D (mm) Pipe D (mm)

Clean brass or copper pipe 0.0015–0.002 Bituminous iron pipe 0.12

New seamless steel pipe 0.04–0.17 Galvanized iron pipe 0.15

New steel pipe 0.12 Glass, plastic pipe 0.001

Fine galvanized steel pipe 0.25 Rubber hose 0.01–0.03

Galvanized steel pipe 0.40 Wood pipe 0.25–1.25

Old rusty steel pipe 0.60 Concrete pipe 0.33

Common new cast iron pipe 0.25 Earthenware pipe 0.45–6.0

Old cast iron pipe 0.50–1.60
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The relative roughness is

D
d
¼ 0:2

20� 10
¼ 0:001

According to Re and D
d, the friction factor can be obtained on Moody chart

k ¼ 0:027

The friction loss is

hf ¼ kl
d

v2

2g
¼ 0:027� 20� 100

20
� 76:42

2� 980
¼ 8:04 cm H2O

Example 4.5 For water supply, petroleum supply and ventilation to a large
equipment, the ambient temperature is 20 °C. The known data are listed in
Table 4.2. Please calculate the friction loss hf in water pipe, petroleum pipe and
wind pipe respectively.
Solution

Showing the process of solving the problem in Table 4.3. First, the kinematic
viscosity of water, petroleum and air at 20 °C can be obtained in Chap. 1 and listed
in Table 4.3. Second, the surface roughness D of the pipe can be obtained from
Table 4.1, and corresponding d=D can be calculated. Third, we can calculate the
Reynolds number Re ¼ vd

m ¼ 4Q
pdm respectively.

In order to judge which region fluid belongs to, we need calculate the values of

22:2 d
D

� �8
7 and 597 d

D

� �9
8. According to the formulas in corresponding regions, we can

calculate k.
The friction loss hf in different pipes can be calculated by the following

formula.

hf ¼ kl
d

v2

2g
¼ 8klQ2

p2d5g

The results are listed in Table 4.3.

Table 4.2 Known data

Water supply Petroleum supply Ventilation

Pipe New cast iron pipe Brass pipe Seamless steel pipe

Pipe diameter d=cm 20 2 50

Pipe length l=m 20 10 10

Flow rate Q=ðm3=sÞ 0.3 0.01 10
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4.6 Calculation of Frictional Loss in Noncircular Duct

4.6.1 Using Darcy–Weisbach Equation

The characteristic length of circular section is its diameter d, and the characteristic
length of the noncircular section is the hydraulic radius R. It is known that the
relationship between them is d ¼ 4R. Therefore, replacing d with 4R, then for
noncircular uniform flow, we have

hf ¼ k
l

4R
v2

2g
ð4:34Þ

Calculation formulas can be dealt with as follows: replace d with 4R, and replace
Reynolds number of circular pipe ReðdÞ ¼ vd

m with fourfold ReðRÞ ¼ vR
m of noncircular

pipe, then the formulas are suitable for noncircular pipe flow.

4.6.2 Using Chezy Equation

In order to apply Darcy–Weisbach equation to uniform flow in noncircular pipe, we
transform the equation as

hf ¼ kl
d

v2

2g
¼ kl

4R
v2

2g
¼ l

8g
k

1
R

Q2

A2
¼ Q2l

c2RA2

Assuming c2RA2 ¼ K2, then

hf ¼ Q2l

K2
ð4:35Þ

Table 4.3 Solution

Water supply Petroleum supply Ventilation

m=ðm2=sÞ 1:007� 10�6 8:4� 10�6 15:7� 10�6

D=mm 0.25 0.0018 0.10

d=D 800 11,111 5000

Re 1:90� 106 7:58� 104 1:62� 106

22:2 d
D

� �8
7 46,150 9:33� 105 3:75� 105

597 d
D

� �9
8 1:10� 106 – 8:66� 106

Resistance region V III IV

k 0.0207 0.0104 0.0137

hf 9.64 m H2O 269 m (height of petroleum) 36.3 m (height of gas)
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Thus, the formula of flow rate Q and velocity v are

Q ¼ K

ffiffiffiffiffi
hf
l

r
¼ K

ffiffi
i

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
c2RA2

p ffiffi
i

p
ð4:36Þ

v ¼ c
ffiffiffiffiffi
Ri

p
ð4:37Þ

where i is friction loss per unit pipe length, c ¼
ffiffiffiffi
8g
k

q
is Chezy coefficient, K ¼

cA
ffiffiffi
R

p
is volumetric flow rate.

The above three equations were first proposed by Chezy, so it is called Chezy
equation or Chezy formula, which has been widely used in pipeline and channel
engineering calculation.

4.7 Theoretical Foundation of Boundary Layer

4.7.1 Basic Concept of Boundary Layer

In physics and fluid mechanics, a boundary layer is an important concept and refers
to the layer of fluid in the immediate vicinity of a bounding surface where the
effects of viscosity are significant [6–8].

The technique of boundary layer (BL) analysis can be used to compute viscous
effects near solid walls and to “patch” these onto the outer inviscid motion. This
patching is more successful as the body Reynolds number becomes larger, as shown
in Fig. 4.12. In Fig. 4.12, a uniform stream u0 moves parallel to a flat plate of
length l. If the Reynolds number is low, the viscous region is very broad and
extends far ahead and to the sides of the plate. The plate retards the oncoming
stream greatly, and small changes in flow parameters cause large changes in the
pressure distribution along the plate. Thus, although in principle it should be
possible to patch the viscous and inviscid layers in a mathematical analysis, their
interaction is strong and nonlinear. There is no existing simple theory for external

Fig. 4.12 Boundary layer
structure

4.6 Calculation of Frictional Loss in Noncircular Duct 125



flow analysis. Such thick-shear-layer flows are typically studied by experiment or
by numerical modeling of the flow field on a computer.

The flow layer in which the velocity increases from 0 to 0.99 u0 is defined as
boundary layer with the thickness d.

There are three characteristics of boundary layer.

1. The thickness d of boundary layer is much smaller than characteristic length l of
object, d 	 l, dl ! 0, namely, the thickness of boundary layer is extremely small.

2. The thickness of boundary layer increases along the flow direction of the flat
plate.
Because with increase of the flat plate length, friction loss also increases and
fluid internal energy and flow velocity decrease. In order to meet the continuity
requirement, the thickness of boundary layer must increase.

3. There exists laminar flow section, transition section and turbulent flow section in
boundary layer. Under the transition section and turbulent flow section, there
also exists a bottom layer of laminar flow.

4.7.2 Thickness of Flat Plate Boundary Layer

In the boundary layer, the position of the change from laminar flow to turbulent
flow is called transitional point xc, and the corresponding Reynolds number is
called critical Reynolds number Rec which is related to turbulent intensity and wall
roughness. The value of critical Reynolds number can be obtained by experiment
shown as follows.

Rec ¼ u0xc
m

¼ 3:0� 105 � 3:0� 106 ð4:38Þ

When the flat plate is long, the length of laminar boundary layer and the tran-
sition section are small by comparison with that of turbulent boundary layer. The
thickness of laminar boundary layer confirmed by theoretical analysis and experi-
ments is

d
x
¼ 5ffiffiffiffiffiffiffi

Rex
p ð4:39Þ

The thickness of turbulent boundary layer is

d
x
¼ 0:37

ðRexÞ0:2
ð4:40Þ
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4.7.3 Boundary Layer Separation

When viscous fluid flows over curved bodies, velocity along curved boundary layer
will change, and the flow resistance has to vary a lot at the separated point. Cal-
culation for curved boundary layer is very complicated and we will not discuss it
here. In this section, we will mainly focus on the illustration of curved boundary
layer separation.

In actual engineering, the objects usually have shapes of curved surface
(streamlined or non-streamlined object). When a fluid flows over non-streamlined
object in many cases, the boundary layer on the surface will separate from the
surface at a certain position, and reflux in the reverse direction of the mainstream
occurs in vicinity of surface. This kind of phenomenon is called boundary layer
separation in fluid mechanics, as shown in Fig. 4.13a. For streamlined object,
boundary layer separation may also happen in abnormal condition, as shown in
Fig. 4.13b.

In addition, if the streamline of fluid flow change suddenly because of sudden
expansion, sudden contraction, bending pipe and so on in Fig. 4.14, the separation
of the boundary layer will appear due to inertia and generate vortex region.

Fig. 4.13 Boundary layer separation

Fig. 4.14 Vortex region generated by sudden change of streamline
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4.8 Minor Head Loss in Pipeline

4.8.1 Minor Head Loss of Sudden Expansion

Figure 4.15 shows a sudden flow expansion in a pipe. Two diameters of the pipe
are d1 and d2, respectively. Water flows from the smaller diameter pipe into the
larger diameter pipe leading to a recirculation zone generation, and the length of the
recirculation region is (5–8) d2. Since l is short enough, the frictional loss hf can be
ignored comparing with minor loss.

Write Bernoulli’s equation of total flow between cross section 1-1 and 2-2

z1 þ p1
c

þ a1v21
2g

¼ z2 þ p2
c

þ a2v22
2g

þ hr ð4:41Þ

The momentum equation of control volume between cross section A-A and 2-2 is

X
F ¼ p1A1 þPþG sin h� p2A2 ¼ qQða02v2 � a01v1Þ ð4:42Þ

where P is the reaction force exerting on control volume by the pipe wall of annular
area A2 � A1 at section A� A.

According to the relationship between pressure and force, we have

P ¼ p1ðA2 � A1Þ ð4:43Þ

Showing in Fig. 4.15, the projection of gravity G along the pipe center line is

G sin h ¼ cA2l
z1 � z2

l
¼ cA2ðz1 � z2Þ ð4:44Þ

Substituting Eqs. (4.43) and (4.44) and continuity equation Q ¼ A1v1 ¼ A2v2
into Eq. (4.42), we have

Fig. 4.15 Sudden flow
expansion
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ðz1 � z2Þþ ðp1
c
� p2

c
Þ ¼ ða02v2 � a01v1Þv2

g

Substituting the above equation into Eq. (4.41), we have

hr ¼ ða02v2 � a01v1Þv2
g

þ a1v21 � a2v22
2g

When Reynolds number is large enough, a1; a2; a01 and a02 are all close to 1, so
the above equation can be rewritten as

hr ¼ ðv1 � v2Þ2
2g

ð4:45Þ

Substituting v2 ¼ A1v1=A2 and v1 ¼ A2v2=A1 into the above equation respec-
tively, we have

hr ¼ 1� A1

A2

� �2v21
2g

¼ f1
v21
2g

ð4:46Þ

hr ¼ A2

A1
� 1

� �2v22
2g

¼ f2
v22
2g

ð4:47Þ

The above equation is named Borda equation, where f1 and f2 are the minor
(local) loss coefficient or factor with velocity v1 and v2 respectively.

4.8.2 Other Types of Minor Loss

In terms of above analysis, minor loss can be expressed as the product of flow
velocity head and a coefficient, that is

hr ¼ f
v2

2g
ð4:48Þ

Minor loss coefficient f varies with different local devices. If the local device is
fixed in an equal-radius pipe, there exists only one value of minor loss coefficient
for head loss calculation with average velocity. If the local device is fixed just at the
changing position of a pipe, it would have two values of minor loss factor. Usually
we select the parameters of latter part to calculate the minor loss such as latter
velocity head and minor loss coefficient.

Minor loss coefficients of several common devices can be determined as follows:

(1) A sudden contraction of the pipe diameter (Fig. 4.16). The value of f varies
with the area ratio of A2=A1, as shown in Table 4.4.
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(2) Gradually expanding pipe (Fig. 4.17).
The value of f can be determined by the following formula:

f ¼ k
8 sin a

2

1� A1

A2

� �2
" #

þK 1� A1

A2

� �
; ð4:49Þ

where K is related to expansion angle a, and its value is listed in Table 4.5 when
A1
A2

¼ 1
4.

(3) Gradual contraction pipe (Fig. 4.18). The value of f can be calculated by the
following formula:

f ¼ k
8 sin a

2

1� A2

A1

� �2
" #

ð4:50Þ

(4) Bending pipe (elbow) (Fig. 4.19) and Folding pipe (Fig. 4.20).
The value of f for elbow can be calculated by

Fig. 4.16 Sudden contraction of the pipe diameter

Table 4.4 The minor loss coefficients for sudden contraction of the pipe diameter

A2=A1 0.01 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

f 0.490 0.469 0.431 0.387 0.343 0.298 0.257 0.212 0.161 0.070 0

Fig. 4.17 Gradually expanding pipe

Table 4.5 The values of K for calculating f of gradually expanding pipe

a 2° 4° 6° 8° 10° 12° 14° 16° 20° 25°

K 0.022 0.048 0.072 0.103 0.138 0.177 0.221 0.270 0.386 0.645
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f ¼ 0:131þ 1:847
r

R

� �3:5
� �

h
90�

ð4:51Þ

When h ¼ 90�, the minor loss coefficients of common elbows are listed in
Table 4.6.
For cast iron bending pipe r

R ¼ 0:75, its minor loss coefficient is f ¼ 0:9.
The value of f for folding pipe can be calculated by

Fig. 4.18 Gradual contraction pipe

Fig. 4.19 Bending pipe

Fig. 4.20 Folding pipe

Table 4.6 The minor loss coefficients of h ¼ 90� elbow

r
R 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

f 0.132 0.138 0.158 0.206 0.294 0.440 0.661 0.977 1.408 1.978
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f ¼ 0:946 sin2
h
2

� �
þ 2:407 sin4

h
2

� �
ð4:52Þ

The minor loss coefficients of folding pipes are listed in Table 4.7.
(5) Three-way pipe The minor loss coefficients are listed in Table 4.8.
(6) Gate valve (Fig. 4.21) and Cut-off valve (Fig. 4.22). The minor loss coefficient

varies according to the opening degree, and the values of f are listed in
Table 4.9.

(7) Inlet, outlet, and other common fittings for pipe. The values of f are listed in
Table 4.10.

Table 4.7 The minor loss coefficients of folding pipe

h 20° 40° 60° 80° 90° 100° 110° 120° 130° 160°

f 0.046 0.139 0.364 0.741 0.985 1.260 1.560 1.861 2.150 2.431

Table 4.8 The minor loss coefficients of three-way pipes

90� three-way pipe

f 0.1 1.3 1.3 3

45� three-way pipe

f 0.15 0.05 0.5 3

Fig. 4.21 Gate valve

Fig. 4.22 Cut-off valve
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4.8.3 Aggregation of Head Loss

The above minor loss coefficients are measured without the interference of other
resistances, otherwise, their values will change.

The complex effect of actual installation situation is unknown, therefore, to
calculate the total head (pressure, energy) loss is just to add all frictional losses and
minor losses together, namely aggregation of head loss.

According to aggregation of head loss, the total head loss of a pipe can be
expressed as

hl ¼ hf þ
X

hr ¼ k
l

d
þ

X
f

� �
v2

2g
ð4:53Þ

To facilitate calculation, we can transfer the minor loss factor into equivalent
length as follows:

f ¼ k
le
d

or le ¼ f
k
d; ð4:54Þ

where le is called the equivalent length of minor loss. So the total head loss can be
simplified as

hl ¼ k
lþ P

le
d

v2

2g
¼ k

L

d

v2

2g
; ð4:55Þ

where L ¼ lþ P
le is called the total drag length of the pipe. The equivalent

lengths of various common local devices can be referred in professional manuals.
Actual pipelines are mostly composed of several equal-radius pipes and local

devices, so the head loss can be calculated by the following formula:

hl ¼
X

hf þ
X

hr

hl ¼
Xn
i¼1

kili
di

v2i
2g

þ
Xm
j¼1

fj
v2j
2g

¼
Xn
i¼1

kili
di

v2i
2g

þ
Xm
j¼1

kjlej
dj

v2j
2g

ð4:56Þ

Example 4.6 There is a pipeline from higher reservoir to lower reservoir, as shown
in Fig. 4.23. It is known that height difference of two reservoirs is H ¼ 40 m, pipe
length L ¼ 200 m, pipe diameter d ¼ 50 mm, and h ¼ 90� elbow r=R ¼ 0:5. The
pipe is galvanized steel pipe D ¼ 0:4 mmð Þ. How much water this pipeline can
supply for day and night when the water temperature is 20 °C?

Table 4.9 The minor loss coefficients of gate valve and cut-off valve

Opening degree/% 10 20 30 40 50 60 70 80 90 100

Gate valve f 60 15 6.5 3.2 1.8 1.1 0.60 0.30 0.18 0.1

Cut-off valve f 85 24 12 7.5 5.7 4.8 4.4 4.1 4.0 3.9
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Solution
According to Table 1.2, when t = 20 °C, the kinematic viscosity of water is

m ¼ 1:007� 10�6 m2=s.

Take water surface O-O of lower reservoir as datum reference, and the Bernoulli
equation between cross section 1-1 and 2-2 is

Hþ pa
c

þ a1v21
2g

¼ 0þ pa
c

þ a2v22
2g

þ kl
d

v2

2g
þ

X
f
v2

2g
ð4:57Þ

According to given conditions, v1 ¼ v2  0
Minor loss coefficient of pipe inlet is f1 ¼ 0:5
90° elbows: f2 ¼ 0:294� 2 ¼ 0:588
Gate valve (fully opened): f3 ¼ 0:1
Pipe outlet: f4 ¼ 1:0
Therefore,

P
f ¼ f1 þ f2 þ f3 þ f4 ¼ 2:188

Substituting above equation into Eq. (4.57), we have

H ¼ kl
d
þ 2:188

� �
v2

2g

¼ ð4000kþ 2:188Þ v
2

2g

ð4:58Þ

The relative roughness of the pipe is D
d ¼ 0:4

50 ¼ 0:008. Assuming that the water
flows in region IV, we can take k ¼ 0:036 temporarily on Moody chart, and sub-
stitute it into Eq. (4.58), then

Fig. 4.23 Water supply pipeline
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v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� 9:8� 40
4000� 0:036þ 2:188

r
¼ 2:316 m/s

Re ¼ vd

m
¼ 2:316� 0:05

0:01007� 10�4
¼ 1:15� 105

It can be seen from Moody chart according to D
d and Re that the water flow is

indeed in transient region, and it is also reasonable to take k ¼ 0:036.
The flow rate in the pipe is

Q ¼ Av ¼ p
4
� 0:052 � 2:316 ¼ 0:00455 m3=s

The water supply for day and night is

V ¼ 24� 3600Q ¼ 24� 3600� 0:00455 ¼ 393:12 m3:

4.9 Problems

4:1. There is water flow in a pipe with diameter 10 mm. The average velocity on
cross section is 0:25 m=s, and the water temperature is 10 °C. Try to deter-
mine the flow pattern of water. If the diameter is changed to 25 mm. The
average velocity and water temperature do not change. Try to determine the
corresponding flow pattern. When the diameter is still 25 mm with same water
temperature, determining the flow rate in order to make flow regime change
from turbulent to laminar flow.

4:2. As shown in Fig. 4.24, there is a trapezoid cross-section drainage ditch with
width b ¼ 70 cm and slope 1 : 1:5. When the water depth h ¼ 40 cm, average
velocity on cross section v ¼ 5:0 cm/s, and water temperature 10 °C, deter-
mining the flow regime of water at this time. If the water depth and temper-
ature remain the same, determining the average velocity on cross section to
change the flow regime.

Fig. 4.24 Problem 4.2
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4:3. As shown in Fig. 4.25, there is oil flow with relative density 0.9 in a horizontal
pipe with diameter d ¼ 5 cm and length L ¼ 6 m. The reading of mercury
manometer is h ¼ 13:5 cm. The outflow of oil in three minutes is 5000 N. Try
to determine the dynamic viscosity l of oil.

4:4. There is oilflowwith kinematic viscosity m ¼ 0:2 cm2=s in a pipe, and the average
velocity of oil is v ¼ 1:5 m=s. The friction loss every 100 m length is 40 cm. Try
to determine the relationship between friction factor and Reynolds number.

4:5. There is oil flow with relative density 0.85 and kinematic viscosity m ¼
0:125 cm2=s in a seamless steel pipe D ¼ 0:04mmð Þ. The pipe diameter is
d ¼ 30 cm, and the flow rate is Q ¼ 0:1m3=s. Try to judge flow pattern and
determine:
(1) friction factor k
(2) thickness d of laminar sublayer
(3) shear stress s0 on pipe wall.

4:6. As shown in Fig. 4.26, water flows in a vertical pipe with diameter d and
length l into the atmosphere. The water height in tank is h. The minor head
loss of the piping system can be ignored, and the friction factor is k.

Fig. 4.25 Problem 4.3

Fig. 4.26 Problem 4.6
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(1) try to determine pressure on cross section A at inlet of pipe.
(2) what is the value of h to make the pressure at point A equal to atmospheric

pressure?
(3) determine the average velocity in the pipe.
(4) what is the value of h to make the flow rate irrelevant to the length l of

pipe?
(5) if d ¼ 4 cm, l ¼ 5 m; h ¼ 1 m; k ¼ 0:04, determining the pressure at

point A (that is, x = 0) and x = 1, 2, 3, 4 m respectively.
4:7 There is water flow in a pipe with diameter d ¼ 10 cm and surface roughness

D ¼ 0:3 mm. The water temperature is 5 °C and the average velocity is
v ¼ 1:5 m=s.
(1) which region does the water flow belong to?
(2) what is the value of k?

4:8. The crude oil with temperature 20 °C (kinematic viscosity m ¼ 7:2 mm2=s)
passes through a new cast iron pipe ðD ¼ 0:24mmÞ with length 800 m and
diameter 300 mm. Only friction loss is taken into consideration. How much
pressure is required when the flow rate is 0.25 m3/s?

4:9. There is petroleum flow in a pipe with diameter d ¼ 20 cm and length
l ¼ 1000 m. The flow rate is Q ¼ 40 L=s and the kinematic viscosity of
petroleum is m ¼ 1:6 cm2=s. Try to determine friction loss hf .

4:10. A pipe with length l ¼ 1000 m and diameter d ¼ 150 mm is used to transport
crude oil. When the flow rate is Q ¼ 40 L=s, oil temperature is t = 38 °C and
corresponding kinematic viscosity is m ¼ 0:3 cm2=s, the output power of oil
pump is N ¼ 7:35 kW; If the temperature decreases to t = −1 °C and
m ¼ 3 cm2=s, how much power is required in order to maintain same flow rate?
(assuming that the specific weight of crude oil is c ¼ 8:829 kN/m3 and does
not change with temperature).

4:11. There is a rectangular air duct with cross-section area 1200 mm� 600 mm,
surface roughness D ¼ 0:1mm and length l ¼ 12 m. The air temperature is
45 °C and the flow rate is 42,000 m3/h. The reading in an alcohol manometer
with inclined angle 30° is a ¼ 7:5 mm. The alcohol density is q ¼ 860 kg/m3.
Determine friction factor k of the air duct and compare it with the value on
Moody chart.

4:12. As shown in Fig. 4.27, there is a sudden expansion pipe. DH is the difference
of pressure head between two piezometers. If the flow velocity of the large and
small pipe remain unchanged, determining the ratio of large pipe diameter D
to small pipe diameter d in order to obtain maximum value of DH and
expressing the maximum value DHmax by velocity of small pipe.

4:13. The horizontal pipe diameter is suddenly enlarged from d ¼ 100 mm to
D ¼ 150 mm, and water flow rate is Q ¼ 2m3=min, as shown in Fig. 4.28.
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(1) try to find the minor head loss of sudden expansion pipe.
(2) try to find the difference DH of pressure head between two piezometers.
(3) if the pipe is gradually expanding pipe and minor head loss can be

ignored, determining the corresponding DH.
4:14. As shown in Fig. 4.29, there is a horizontal sudden contraction pipe with

d1 ¼ 15 cm and d2 ¼ 10 cm. The flow rate of water is Q ¼ 2m3=min, and the
reading in a mercury manometer is h ¼ 8 cm. Find the minor head loss of
sudden contraction pipe.

4:15. As shown in Fig. 4.30, there is water flow in a pipe with diameter d ¼ 50 mm
and friction factor k ¼ 0:0285, and the flow rate is 15 m3/h. The pipe length
between point A and B is 0.8 m. The reading in a mercury manometer is
Dh ¼ 20 mm. Determine the minor loss coefficient of bending pipe.

4:16. As shown in Fig. 4.31, there is a fire hose with diameter d1 ¼ 20 mm and
length l ¼ 18 m.

Fig. 4.27 Problem 4.12

Fig. 4.28 Problem 4.13

Fig. 4.29 Problem 4.14
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The diameter of nozzle at outlet is d2 ¼ 3 mm. The minor loss coefficients of
the fittings in the pipe are: inlet f1 ¼ 0:5, valve f2 ¼ 3:5 and nozzle f3 ¼ 0:1
(relative to the outflow velocity of nozzle). The friction factor is k ¼ 0:03. The
relative pressure on water surface in the tank is p0 ¼ 4� 105 Pa, and
h0 ¼ 3m, h ¼ 1 m. Determine the outflow velocity of nozzle.

4:17. In order to determine the minor loss coefficient f of 90� elbow, we can use the
device as shown in Fig. 4.32. It is known that AB pipe length is 10 cm and the
diameter is 50 mm. For turbulent flow in rough pipes, the friction factor k is
0.03. The flow rate is 2.74 L/s currently, and the height difference between
piezometer 1 and 2 is 62.9 cm. Try to determine the minor loss coefficient f of
elbow.

4:18. As shown in Fig. 4.33, the pipe diameter is d ¼ 25 mm. l1 ¼ 8 m; l2 ¼ 1 m;
H ¼ 5 m. The nozzle diameter is d0 ¼ 10 mm, and the minor loss coefficients
of inlet and elbow are f1 ¼ 0:5 and f2 ¼ 0:1 respectively. For nozzle, f3 ¼
0:1 (relative to the outflow velocity of nozzle). The friction factor is k ¼ 0:03.
Try to determine jet height h.

Fig. 4.30 Problem 4.15

Fig. 4.31 Problem 4.16
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4:19. Reservoir A and B are connected by two pipes with different diameter, as
shown in Fig. 4.34. It is known that d1 ¼ 200mm; l1 ¼ 15m; l2 ¼ 20m,
surface roughness D ¼ 0:8mm and H ¼ 20 m. There are two 90� elbows with
d
r ¼ 0:5 and fully opened gate valve in the pipeline. The water temperature is
t = 20 °C. Find the flow rate in the pipeline.

4:20. As shown in Fig. 4.35, passing through a funnel with diameter d2 ¼ 50 mm,
height h ¼ 40 cm and minor loss coefficient f ¼ 0:25, gasoline goes into a
tank. The gasoline flows from a higher oil storage tank to the funnel through a
short pipe, and the pipe diameter is d1 ¼ 30mm. The minor loss coefficients of

Fig. 4.32 Problem 4.17

Fig. 4.33 Problem 4.18
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valve and elbow are f ¼ 0:85 and f ¼ 0:8 respectively. For inlet of the pipe,
f ¼ 0:5. The friction loss can be ignored. Try to determine the height H in the
higher tank in order to make sure the gasoline doesn’t flow over the edge of
the funnel, and find corresponding flow rate that flows into the tank.

4:21. As shown in Fig. 4.36, there are two reservoirs connected by a pipe. The pipe
diameter is d ¼ 500 mm, and the length is 100 m. The surface roughness of
pipe wall is 0.6 mm. The opening degree of gate valve is 60% and the
dimension of 90� elbow is R ¼ 2d. The water temperature is 20 °C and the
flow rate is 0.5 m3/s. The water surface of two reservoirs remains unchanged.
Find the height difference H.

4:22. As shown in Fig. 4.37, water flows out from a reservoir. The pipe diameter is
d ¼ 15 cm. l1 ¼ 30 m; l2 ¼ 60 m and H2 ¼ 15 m. It is known that friction

Fig. 4.34 Problem 4.19

Fig. 4.35 Problem 4.20

142 4 Head Loss of Incompressible Viscous Flow



factor of the pipe is k ¼ 0:023, and the minor loss coefficients of elbow and
butterfly valve with 40� opening degree are f1 ¼ 0:9 and f2 ¼ 10:8 respec-
tively. For inlet of the pipe, f ¼ 0:5. Try to determine:
(1) the flow rate Q of the pipe when H1 ¼ 10 m;
(2) the value of H1 if the flow rate in the pipe is 0.06 m3/s.
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5Pipe Network and Orifice, Nozzle Flow

Abstract
For pipe flow calculation, the piping system can be divided into two parts, that is
single pipe flow and multiple pipes flow. The combination of multiple pipes can
make up the pipe network. The researches on orifice and nozzle flow are also
meaningful in engineering application. In this chapter, we will first introduce
single pipe flow and multiple pipes flow. For multiple pipes flow, we mainly
discuss series flow, parallel flow and uniformly variable mass outflow. Then
we will figure out characteristics of orifice flow and nozzle flow. For them,
we will pay more attention to their discharge coefficients for velocity and flow
rate.

Keywords
Series flow � Parallel flow � Orifice flow � Nozzle flow � Discharge coefficient

5.1 Flow in Single Pipe

Single pipe always involves one pipe with constant diameter. The hydraulic cal-
culation in single pipe is the simplest among pipeline hydraulic calculation, which
is a fundamental for the hydraulic calculation in multiple pipes. The flow in single
pipe can be classified into short pipe and long pipe flow. For hydraulic calculation
in a short pipe, we cannot ignore the minor head loss, otherwise it can be ignored in
a long pipe.
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5.1.1 Hydraulic Calculation in a Short Pipe

The suction pipe of a pump and siphon all belong to the short pipes, so their minor
head loss cannot be neglected in the calculation. The following is an example for
short pipe hydraulic calculation.

Example 5.1 As shown in Fig. 5.1, there is a pump installed in a piping system.
The diameter of cast iron pipe is d ¼ 150 mm, and the length is l ¼ 180 m. The
minor loss coefficient of screen filter without bottom valve is f1 ¼ 6, for inlet and
outlet of the pipe f2 ¼ 0:5, f5 ¼ 1, for three elbows f3 ¼ 0:294� 3, for valve
f4 ¼ 3:9. Assuming that the height h ¼ 100 m, the flow rate Q ¼ 225 m3=h and the
temperature of water t ¼ 20 �C, find output power of the pump.
Solution

When t ¼ 20 �C, the kinematic viscosity of water m ¼ 1:007� 10�6 m2=s
(Table 1.2), then

Re ¼ vd

m
¼ 4Q

pdm
¼ 4� 225

3600p� 0:15� 1:007� 10�6
¼ 5:25� 105

Cast iron pipe D ¼ 0:30 mm, D
d ¼ 0:002

Check the Moody chart according to Re and D=d, k ¼ 0:024.
According to the given conditions,

P
f ¼ f1 þ f2 þ f3 þ f4 þ f5 ¼ 12:28, then

the equivalent pipe length of minor head loss is

X
le ¼

P
f

k
d ¼ 12:28

0:024
� 0:15 ¼ 76:75 m

Substituting the equation v ¼ 4Q
pd2 into hl ¼ k

lþ
P

le
d

v2

2g, we have

Fig. 5.1 A piping system [1]
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hl ¼ 8kðlþ P
leÞQ2

gpd5
¼ 8� 0:024� ð180þ 76:75Þ � 2252

9:8� p2 � 0:155 � 36002
¼ 26:22 m

Thus, the pump’s head rise is

H ¼ hþ hl ¼ 100þ 26:22 ¼ 126:22 m

The output power of the pump is

P ¼ cQH ¼ 9800� 225
3600

� 126:22 ¼ 77310W ¼ 77:3 kW

5.1.2 Hydraulic Calculation in a Long Pipe

We take an example to analyze hydraulic characteristics and calculation method for
long pipe flow. As shown in Fig. 5.2, water is drained away from a water tank by a
pipe with diameter d, length l and height H from water surface to the outlet.

With 0–0 as the datum reference, then Bernoulli equation between section 1–1
and 2–2 is:

Hþ pa
c

þ a1v21
2g

¼ 0þ pa
c

þ a2v22
2g

þ hl

Because of long pipe, we neglect minor head loss hr and velocity head a2v22
2g , then

we have hl ¼ hf . Assuming that v1 � 0, we have

H ¼ hf ð5:1Þ

The above equation shows that the total head of long pipe equals frictional loss,
and the frictional loss of long pipe flow can be calculated by Chezy formula,
namely

hf ¼ Q2l

K2
; ð5:2Þ

Fig. 5.2 Long pipe flow
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where Q is the flow rate, l is the length of pipe, and K is volumetric flow rate which
can be referred from textbooks or professional manuals.

The Chezy formula is generally adopted in hydraulic calculation of long pipe
flow. K can be expressed as follows:

K ¼ cA
ffiffiffi
R

p
¼

ffiffiffiffiffi
8g
k

r
� 1
4
pd2

ffiffiffi
d

4

r
¼ 3:462

ffiffiffiffiffi
d5

k

r
m3=s

The relationship between frictional factor k and Chezy factor c can be expressed
as follows.

k ¼ 8g
c2

The common empirical formula for Chezy factor c calculation is Manning for-
mula, that is

c ¼ 1
n
R

1
6; ð5:3Þ

where R is hydraulic radius.
n is the roughness coefficient which has different values for different types of

boundary roughness. In engineering, the approximate values for different n can be
referred from Table 5.1.

K is the function of d and n. Table 5.2 gives the values of K with different d
and n.

Example 5.2 Assuming that the flow rate of a pipe Q ¼ 250 L/s, the length
l ¼ 2500 m, the head H ¼ 30 m. The material of the pipe is new cast iron. Find the
diameter of the pipe.

Table 5.1 Values for roughness coefficient [1]

Number Pipe types n

1 New and clean cast iron or steel pipe 0.0111

2 Concrete or reinforced concrete pipe 0.0125

3 Welding metal pipe 0.012

4 Riveted metal pipe 0.013

5 Wood pipe with large diameter 0.013

6 Non-lined pressure pipe in rocks 0.025–0.04

7 Dirty water-supply or drainage pipe 0.014
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Solution

K ¼ Qffiffiffi
H
l

q ¼ 250ffiffiffiffiffiffiffi
30
2500

q ¼ 2283 L/s

According to Table 5.2, when n ¼ 0:0111 and K ¼ 2283 L/s, the diameter of
pipe is between 350 and 400 mm, and can be calculated as follows:

d ¼ 350þ 400� 350
2464� 1727

� ð2283� 1727Þ ¼ 378 mm

5.2 Flow in Multiple Pipes

There are multiple pipes in actual pipe systems. The multiple pipe systems include
series flow, parallel flow, variable mass outflow and so on, where only the friction
losses are taken into consideration for hydraulic calculation.

Table 5.2 Values for K with d and n

Diameter d (mm) K/L s�1

n ¼ 0:0111, 1
n ¼ 90

Clean cast iron pipe
n ¼ 0:0125, 1

n ¼ 80
Normal cast iron pipe

n ¼ 0:0143, 1
n ¼ 70

Dirty cast iron pipe

50 9.624 8.46 7.043

75 28.31 24.94 21.83

100 61.11 53.72 47.01

125 110.8 97.4 85.23

150 180.2 158.4 138.6

200 388.0 341.0 298.5

250 703.5 618.5 541.2

300 1144 1006 880

350 1727 1517 1327

400 2464 2166 1895

450 3373 2965 2594

500 4467 3927 3436

600 7264 6386 5587

700 10,960 9632 8428

800 15,640 13,750 12,030

900 21,420 18,830 16,470

1000 28,360 24,930 21,820
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5.2.1 Series Flow

As shown in Fig. 5.3, the flow in pipe system which consists of pipes with different
diameters is series flow. The flow rate in each pipe may be constant, or variable due
to the leakage in the end of each pipe.

We assume the length, the diameter, and flow rate of each pipe are li, di, and Qi

respectively. The flow rate leakage in each pipe is qi. According to the continuity
equation, we have

Qi ¼ Qiþ 1 þ qi ð5:4Þ

The relationship between flow rate and head loss of each pipe is

hfi ¼ Q2
i li
K2
i

The total head loss of series flow equals to the sum of the head loss in each pipe,
that is

H ¼ hf ¼
Xn
i¼1

hfi ¼
Xn
i¼1

Q2
i li
K2
i

¼ Q2
1l1
K2
1

þ Q2
2l2
K2
2

þ � � � � � � þ Q2
nln
K2
n

ð5:5Þ

If there is no leakage in each pipe, then

H ¼ hf ¼ Q2
Xn
i¼1

li
K2
i

ð5:6Þ

Fig. 5.3 Series flow
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Example 5.3 Considering the Example 5.2 with series flow.

Solution

Assuming that the length of the pipe with diameter d1 ¼ 350 mm is l1, so the length
of the pipe with diameter d2 ¼ 400 mm is l2 ¼ l� l1. Then according to Eq. (5.6),
we have

H ¼ Q2 l1
K2

1

þ l� l1
K2

2

 !

Namely 30 ¼ 2502 � l1
17272 þ 2500�l1

24642
� �

So

l1 ¼ 400 m

Therefore, for series flow, the length of the pipe with diameter d1 ¼ 350 mm is
400 m, and the length of the pipe with diameter d2 ¼ 400 mm is
2500 – 400 = 2100 m.

5.2.2 Parallel Flow

As shown in Fig. 5.4, there are three pipes in parallel between point A and B. The
total flow rate is Q. The diameter of each pipe is d1, d2 and d3 respectively, and the
length is l1, l2 and l3 respectively. The flow rate of each pipe is Q1, Q2 and Q3

respectively. The head loss is hf1, hf2 and hf3 respectively. The piezometric head
difference between point A and B is hf . Because there exists only one piezometric
head for each point, the piezometric head difference between point A and B through
different pipes is invariable. Thus, the characteristic of parallel flow is that the head
loss of each parallel pipe is same.

hf ¼ hf1 ¼ hf2 ¼ hf3 ð5:7Þ

Fig. 5.4 Parallel flow
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So

Q2
1l1
K2
1

¼ Q2
2l2
K2
2

¼ Q2
3l3
K2
3

¼ hf ð5:8Þ

According to continuity equation, we have

Q ¼ Q1 þQ2 þQ3 ð5:9Þ

Combing Eq. (5.8) with Eq. (5.9), we can solve many problems about the
hydraulic calculation of parallel flow.

Example 5.4 As shown in Fig. 5.4, The diameter of each pipe is d1 ¼ 150 mm,
d2 ¼ 150 mm and d3 ¼ 200 mm respectively, and the length is l1 ¼ 500 m, l2 ¼
350 m and l3 ¼ 1000m respectively. The overall flow rate of this parallel piping
system is Q ¼ 80 L/s, and each of these pipes belongs to normal pipe. Find the flow
rate of each pipe and the head loss of this parallel piping system.
Solution

According to Table 5.2, K1 ¼ K2 ¼ 158:4, and K3 ¼ 341:0.
Assuming that the flow rate of pipe 1 is Q 1, according to Eq. (5.8), the flow rate

of pipe 2 is Q 2 ¼ Q1
K2
K1

ffiffiffi
l1
l2

q
¼ Q1 �

ffiffiffiffiffiffi
500
350

q
¼ 1:195 Q1

The flow rate of pipe 3 is Q 3 ¼ Q1
K3
K1

ffiffiffi
l1
l3

q
¼ Q1 � 341:0

158:4 �
ffiffiffiffiffiffiffi
500
1000

q
¼ 1:522Q1

The overall flow rate is Q ¼ Q1 þQ2 þQ3 ¼ Q1 þ 1:195Q1 þ 1:522Q1 ¼
3:715Q1

So

Q1 ¼ 21:5 L/s; Q2 ¼ 25:8 L/s; Q3 ¼ 32:7 L/s

The head loss is hf ¼ Q2
1l1
K2
1
¼ 21:52�500

158:42 ¼ 9:2 m H2O

5.2.3 Uniformly Variable Mass Outflow

As shown in Fig. 5.5, assuming that the outlet flow rate is QT , and the total leakage
flow rate is QP. If the leakage flow rate per unit length along the pipe is same,
QP
l ¼ q is constant. This kind of flow is defined as uniformly variable mass outflow.
Select arbitrary point M for analysis, and the distance from point M to point

A is x. The flow rate in point M is

QM ¼ QT þQP � QP

l
x
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Then

dhf ¼ Q2
Mdx

K2
¼ 1

K2
QT þQP � QP

l
x

� �2

dx

Integrate above equation, we have

hf ¼ 1
K2

Z l

0

ðQT þQP � QP

l
xÞ2dx

¼ l

K2
½Q2

T þQTQP þ 1
3
Q2

P�
ð5:10Þ

It can approximately equal to

hf ¼ l

K2
ðQT þ 0:55QPÞ2 ð5:11Þ

Combining the form of Chezy formula, we rewrite the equation as follows:

hf ¼ Q2
cl

K2
ð5:12Þ

where Qc ¼ QT þ 0:55QP.
When QT ¼ 0, Eq. (5.10) can be simplified as

hf ¼ 1
3
Q2

Pl

K2
ð5:13Þ

Fig. 5.5 Uniformly variable
mass outflow [2]
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According to Eq. (5.13), the head loss of uniformly variable mass outflow is just
a third of the head loss of invariable mass flow with same total flow rate. The reason
is that the volumetric flow rate of variable mass outflow decreases gradually along
the pipe.

5.2.4 Pipe Network Geometry

The pipe networks for water supply have mainly the following two types of con-
figurations: branched or tree-like configuration (a) and looped configuration (b), as
shown in Fig. 5.6.

A branched network, or a tree network, is a distribution system having no loops.
Such a network is commonly utilized for rural water supply. The simplest branched
network is a radial network consisting of several distribution mains emerging out
from a common input point.

A pipe network in which there are one or more closed loops is called a looped
network. Looped networks are preferred from the reliability point of view. If one or
more pipelines are closed for repair, water can still reach the consumer by a cir-
cuitous route incurring more head loss. This feature is absent in a branched net-
work. With the changing demand pattern, not only the magnitudes of the discharge
but also the flow directions change in many links.

5.3 Orifice Flow

Orifice flow refers to fluid outflow from an orifice [3, 4]. When fluid flows out
through an orifice into atmosphere, we call this kind of flow as free discharge.
When fluid flows out through an orifice into another liquid, we call this kind of flow
as submerged discharge.

According to the diameter, orifice can be divided into small orifice and large
orifice. Assuming that the head acting on the orifice cross section is H, orifice
diameter is d. When d\ H

10, the orifice belongs to small orifice; when d[ H
10, the

orifice belongs to large orifice.

Fig. 5.6 Pipe networks
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If fluid discharge through an orifice on a container wall might not be affected by
sharp edge it has and the thickness of container wall is smaller than 3d, this kind of
flow is still supposed to thin-plate orifice flow. Otherwise the discharge of orifice on
thick wall of which the thickness is usually bigger than 3d is supposed to nozzle
flow, which will be discussed in the next section.

5.3.1 Steady Discharge Through Thin-Plate Orifice

5.3.1.1 Free Discharge of Thin-Plate Orifice
The free discharge through thin-plate orifice is shown in Fig. 5.7. Assuming that the
head H is constant, the diameter of the orifice is d and the area is A.

When the fluid enters the orifice, the streamlines cannot change direction sharply
due to the inertial effect and bend gradually along a smooth curvet to converge
towards the orifice axis until to a cross section c–c with a roughly distance of
0.5d from inlet.

The cross section c–c is called the vena contracta. Assuming that the area of c–c
is Ac, then

Ac

A
¼ e\1; ð5:14Þ

where e is contraction coefficient.
Consider the flow between section O–O and c–c in Fig. 5.7. Select a datum

reference O′–O′ on the centerline of the orifice, then we write Bernoulli equation
between the two sections as

Hþ pa
c

þ a0v20
2g

¼ 0þ pc
c
þ acv2c

2g
þ hl ð5:15Þ

Fig. 5.7 Free discharge of
thin-plate orifice
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The liquid on cross section c–c is connected with the atmosphere, so we assume
Pc = Pa. Since friction loss is very small, only the minor head loss is taken into

consideration, that is, hl ¼ hr ¼ f v2c
2g, in which f is minor loss coefficient of orifice.

We assume a0 ¼ ac ¼ 1:0, because of the uniform velocity distribution on the
orifice. Therefore, the above equation may be transformed into

Hþ v20
2g

¼ v2c
2g

þ f
v2c
2g

¼ ð1þ fÞ v
2
c

2g

Then

vc ¼ 1ffiffiffiffiffiffiffiffiffiffi
1þ f

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2g Hþ v20

2g

� �s
ð5:16Þ

We express the above equation as follows:

vc ¼ u
ffiffiffiffiffiffiffiffiffiffiffi
2gH0

p
; ð5:17Þ

where u ¼ 1ffiffiffiffiffiffiffi
1þ f

p is discharge coefficient for velocity, and H0 ¼ Hþ v20
2g is effective

head.
Compared with vc, v0 is much smaller and always neglected, so vc can be

approximately expressed as follows.

vc ¼ u
ffiffiffiffiffiffiffiffiffi
2gH

p
ð5:18Þ

Thus, according to Eqs. (5.17) and (5.18), the flow rate of orifice flow is

Q ¼ eAu
ffiffiffiffiffiffiffiffiffiffiffi
2gH0

p
¼ lA

ffiffiffiffiffiffiffiffiffiffiffi
2gH0

p
ð5:19Þ

Or

Q ¼ eAu
ffiffiffiffiffiffiffiffiffi
2gH

p
¼ lA

ffiffiffiffiffiffiffiffiffi
2gH

p
; ð5:20Þ

where l ¼ eu is discharge coefficient for flow rate.
With different types of orifice and resistance, there will be different values of

discharge coefficient. According to many experimental results, the discharge
coefficients take values from u ¼ 0:97� 0:98, l ¼ 0:58� 0:62.

5.3.1.2 Submerged Discharge
As shown in Fig. 5.8, for submerged discharge, the water jet passing through the
orifice will expand rapidly and flow into another liquid.

With 0–0 as the datum reference, the Bernoulli equation between section 1–1
and 2–2 is
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H1 þ p1
c

þ a1v21
2g

¼ H2 þ p2
c

þ a2v22
2g

þ hl; ð5:21Þ

where, hl ¼ hr ¼ fs
v2c
2g. fs is minor loss coefficient of submerged discharge, and it

includes two parts: minor loss coefficient of jet contraction f and minor loss
coefficient of jet sudden expansion fE. We take fE¼1, so fs¼fþ 1. We assume
v1 ¼ v2, a1 ¼ a2 ¼ 1:0, p1 ¼ p2 ¼ pa. Then, Eq. (5.21) can be transformed into

H1 ¼ H2 þð1þ fÞ v
2
c

2g

then

vc ¼ 1ffiffiffiffiffiffiffiffiffiffi
1þ f

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gðH1 � H2Þ

p
¼ u

ffiffiffiffiffiffiffiffiffi
2gH

p
; ð5:22Þ

where H ¼ H1 � H2, which is elevation head difference between upstream and
downstream.

Thus, the flow rate of submerged discharge is

Q ¼ Acvc ¼ eAu
ffiffiffiffiffiffiffiffiffi
2gH

p
¼ lA

ffiffiffiffiffiffiffiffiffi
2gH

p
;

where l is discharge coefficient of submerged discharge for flow rate.
Considering that the head of downstream has little influence on the jet con-

traction and minor loss, we assume the e, u, l of submerged discharge are basically
the same as free discharge.

Example 5.5 Assuming that there is free discharge of a thin-plate orifice with
diameter d ¼ 50 mm, head H ¼ 1 m. Find the flow rate of free discharge. If it is
submerged discharge, and the head after the orifice discharge is H2 ¼ 0:4 m, find
the corresponding flow rate.

Fig. 5.8 Submerged
discharge
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Solution

Neglecting the velocity head v0, and taking discharge coefficient for flow rate
l ¼ 0:62, according to Eq. (5.20), we have

Q ¼ lA
ffiffiffiffiffiffiffiffiffi
2gH

p
¼ l� p

4
d2

ffiffiffiffiffiffiffiffiffi
2gH

p
¼ 0:62� p

4
� 0:052 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 9:8� 1

p

¼ 0:0054 m3=s ¼ 5:4 L=s

When it comes to the submerged discharge, the head difference between
upstream and downstream is Z ¼ H � H2 ¼ 1� 0:4 ¼ 0:6 m, then the flow rate is

Q ¼ lA
ffiffiffiffiffiffiffiffi
2gZ

p
¼ l� p

4
d2

ffiffiffiffiffiffiffiffi
2gZ

p
¼ 0:62� p

4
� 0:052 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 9:8� 0:6

p

¼ 0:00417 m3=s ¼ 4:17 L/s

5.3.2 Discharge Through Big Orifice

As shown in Fig. 5.9, the head in each point on vena contracta is different for big
orifice free discharge. In most cases of engineering applications, for big orifice flow
rate calculation, we utilize the formula which is similar to small orifice. However,
the discharge coefficient for flow rate is determined by the experiments. Thus, the
equation to calculate the flow rate is expressed as follows:

Q ¼ l0A
ffiffiffiffiffiffiffiffiffi
2gH

p
; ð5:23Þ

where l0 is discharge coefficient of big orifice for flow rate ranging from
l0 ¼ 0:6� 0:9.

Fig. 5.9 Discharge through
big orifice
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5.3.3 Unsteady Discharge Through Orifice

Unsteady discharge means that the free surface of the container lowers gradually.
We usually pay more attention to the discharge time for unsteady discharge
calculation.

As shown in Fig. 5.10, we assume the area of the container cross section is A,
the area of orifice is a, the height from free surface of container to orifice is y.
During the time dt, the flow rate of orifice discharge can be calculated by Eq. (5.20)
shown as follows:

Q ¼ la
ffiffiffiffiffiffiffi
2gy

p
Assume that the free surface decreases dy during the time dt. According to the

continuity equation, the outflow volume from orifice equals the decreasing volume
in the container. We have

Ady ¼ Qdt ¼ la
ffiffiffiffiffiffiffi
2gy

p
dt

Then

dt ¼ Ady

la
ffiffiffiffiffiffiffi
2gy

p

The time t of the free surface decreasing from H1 to H2 is indicated after
integrating the above equation as

Fig. 5.10 Unsteady
discharge through orifice
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t ¼
ZH1

H2

dt¼
ZH1

H2

A

la
ffiffiffiffiffi
2g

p dyffiffiffi
y

p

¼ A

la
ffiffiffiffiffi
2g

p ½2 ffiffiffi
y

p �H1
H2

¼ 2A

la
ffiffiffiffiffi
2g

p ffiffiffiffiffiffi
H1

p � ffiffiffiffiffiffi
H2

p� � ð5:24Þ

When H2 ¼ 0, the time of emptying the water in the container is

t ¼ 2A
ffiffiffiffiffiffi
H1

p
la

ffiffiffiffiffi
2g

p ¼ 2AH1

la
ffiffiffiffiffiffiffiffiffiffiffi
2gH1

p ¼ 2V
Qmax

; ð5:25Þ

where V is the emptying volume of the container, and Qmax is the maximum flow
rate at starting time.

Equation (5.25) shows that the emptying time of unsteady discharge is twice the
time for same outflow volume in steady discharge with the head H1.

5.4 Nozzle Flow

When a short pipe with length l ¼ ð3� 4Þd (where d is the pipe diameter) and same
cross section with orifice is connected to the orifice of a container, the outflow in
this case is defined as nozzle discharge. The nozzle can be classified into cylindrical
outer nozzle (Fig. 5.11a), cylindrical inner nozzle (Fig. 5.11b), conical contracted
nozzle (Fig. 5.11c), conical expanding nozzle (Fig. 5.11d), and streamline shape
nozzle (Fig. 5.11e).

5.4.1 Steady Discharge Through Cylindrical Outer Nozzle

A cylindrical outer nozzle is shown in Fig. 5.12. The water jet passing through the
nozzle will contract at first to generate a vena contracta c–c, the distance from inlet
is about Lc ¼ 0:8d. The vacuum phenomenon occurs as well. Then the jet can fill

Fig. 5.11 Different types of
nozzle flow
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the nozzle gradually. So only the minor loss would be involved in hydraulic
calculation.

Assuming that the area of nozzle cross section is A. With 0–0 as the datum
reference, the Bernoulli equation between section 1–1 and 2–2 is

Hþ pa
c

þ a1v21
2g

¼ pa
c

þ av2

2g
þ hl; ð5:26Þ

where hl ¼ hr ¼
P

f v2

2g,
P

f is the total minor loss coefficient, including the
contraction and the expansion of the jet. We take a1 ¼ a ¼ 1:0 and replace v1 with

v0. Assuming that H0 ¼ Hþ v20
2g, we have

H0 ¼ 1þ
X

f
	 
 v2

2g

The velocity can be expressed as

v ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ P

f
p ffiffiffiffiffiffiffiffiffiffiffi

2gH0

p
¼ u

ffiffiffiffiffiffiffiffiffiffiffi
2gH0

p
ð5:27Þ

Compared with v, v0 is much smaller and can be neglected, so we have

v ¼ u
ffiffiffiffiffiffiffiffiffi
2gH

p
ð5:28Þ

The flow rate of nozzle discharge is

Q ¼ Av ¼ uA
ffiffiffiffiffiffiffiffiffi
2gH

p
¼ lA

ffiffiffiffiffiffiffiffiffi
2gH

p
; ð5:29Þ

where u is discharge coefficient for velocity of cylindrical outer nozzle, l is dis-
charge coefficient for flow rate of cylindrical outer nozzle, and l ¼ u. According to
the tests, the value of discharge coefficient for flow rate is l ¼ 0:82.

Fig. 5.12 Steady discharge
through cylindrical outer
nozzle
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5.4.2 Vacuum Degree of Nozzle

The discharge coefficient for flow rate of orifice is smaller than the one of nozzle
due to vacuum generation in the nozzle. The flow rate can be improved a lot after
connecting a nozzle on thin-plate orifice.

As shown in Fig. 5.12, when U-tube manometer is connected with the vena
contracta c–c, the height of the liquid column in U-tube hv equals 0:75H0 according
to experimental results. The value can also be analyzed by theoretical analysis as
follows:

As shown in Fig. 5.12, with 0–0 as the datum reference, the Bernoulli equation
between section 1–1 and c–c is

Hþ pa
c

þ a1v21
2g

¼ pc
c
þ acv2c

2g
þ f

v2c
2g

Neglecting a1v21
2g and assuming that ac ¼ 1:0, we have

pa � pc
c

¼ ð1þ fÞ v
2
c

2g
� H ð5:30Þ

According to the continuity equation, we have

v2c ¼
A

Ac

� �2

v2 ¼ v2

e2

According to Eq. (5.28), we have

v2

2g
¼ u2H

Equation (5.30) can be expressed as follows:

pa � pc
c

¼ ð1þ fÞu
2H

e2
� H

Assuming that f ¼ 0:06 (minor loss coefficient of gradual contraction short pipe
in Table 4.10), e ¼ 0:64 and u ¼ 0:82 usually. Then we have

pa � pc
c

¼ 0:74H � 0:75H0 ð5:31Þ

It can be seen that the bigger H0 is, the higher vacuum will be. The vacuum
degree on the vena contracta is 75% of the acting head, which indicates that the
function of nozzle is equivalent to increasing the acting head of orifice free
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discharge by 75%. Therefore, the flow rate of nozzle discharge is much bigger than
that of corresponding orifice.

According to the above analysis, the higher vacuum can lead to bigger flow rate.
However, in order to ensure the nozzle working normally, the highest vacuum in
the nozzle should be restricted. According to the experimental results, the vacuum
on the vena contracta should not exceed 7 m H2O, that is

pa � pc
c

¼ 0:75H0 	 7; H0 	 9 m

Second, there is restriction on the length of nozzle as well. The most suitable
length l should be about 3� 4d.

Example 5.6 As shown in Fig. 5.13, there is a water tank with three cylindrical
drainage orifices. The diameter of the drainage orifice is d ¼ 0:2 m. The thickness
of the wall is l ¼ 0:7 m. The head above the centerline of orifice is H ¼ 1:5 m.
Neglecting the moving velocity v0, find the flow rate of the drainage orifices.
Solution

Since the thickness of the wall l ¼ 3:5 d, the drainage of this water tank can be
regarded as nozzle discharge. Taking discharge coefficient for flow rate l ¼ 0:82,
the flow rate of each drainage orifice is

q ¼ lA
ffiffiffiffiffiffiffiffiffi
2gH

p
¼ 0:82� p

4
� 0:22 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 9:8� 1:5

p
¼ 0:14 m3=s

The overall flow rate of these three drainage orifices are

Q ¼ 3q ¼ 0:42 m3=s

Since the head above the centerline of orifice is H ¼ 1:5 m\ 9 m, the discharge
of drainage orifice functions normally.

Fig. 5.13 Drainage of a water tank
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5.4.3 Other Types of Nozzle Discharge

For other types of nozzle discharge, their velocity, and flow rate formulas are the
same with that of the cylindrical nozzle. The difference is the discharge coefficient,
below are several commonly used nozzles.

5.4.3.1 Streamline Shape Nozzle
As shown in Fig. 5.14a, the discharge coefficient for velocity is u ¼ l ¼ 0:97, and
it is suitable for the case of small head loss, big flow rate, and uniform velocity
distribution at the outlet.

5.4.3.2 Conical Expanding Nozzle
As shown in Fig. 5.14b, when h ¼ 5� � 7�, u ¼ l ¼ 0:42� 0:50. It is suitable for
the case of transforming part of kinetic energy to pressure energy, such as the
diffuser pipe of ejector.

5.4.3.3 Conical Contracted Nozzle
As shown in Fig. 5.14c, the discharge is dependent on the contraction angle. When
h ¼ 30�240, u ¼ 0:963, l ¼ 0:943 is the maximum magnitude. It is suitable for the
case of speeding up the ejecting velocity, such as firefighting water gun.

5.5 Problems

5:1 As shown in Fig. 5.15, there is a cast iron pipe D ¼ 0:4 mmð Þ with constant
diameter d ¼ 500 mm, and the length l ¼ 100 m. Water flow belongs to
turbulent flow in rough pipes (region V). The minor loss coefficients of inlet
and outlet are 0.5 and 1.0 respectively, and for each elbow f ¼ 0:3. The height
from the upstream to the downstream is H ¼ 5 m. Find the flow rate Q of the
pipe.

Fig. 5.14 Common nozzle
discharge
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5:2 The water flows from the high-level reservoir to the low-level reservoir, as
shown in Fig. 5.16. Assuming that H ¼ 12 m. There is a clean steel pipe with
the length l ¼ 300 m and the diameter d ¼ 100 mm. Find the flow rate of the
pipe. If the flow rate Q ¼ 150 m3=h, what is the diameter of the pipe?

5:3 As shown in Fig. 5.17, assuming that the total head of this piping system is
H ¼ 12 m, the diameter and length of each pipe is d1 ¼ 250 mm,
l1 ¼ 1000 m, d2 ¼ 200 mm, l2 ¼ 650 m, d3 ¼ 150 mm, l3 ¼ 750 m
respectively. Find the head loss in each pipe, and draw piezometric head line.
The pipe is clean with minor head loss neglected.

5:4 As shown in Fig. 5.18, there is a parallel piping system. The flow rate of each
pipe is Q1 ¼ 50L/s, Q2 ¼ 30 L/s respectively with the length l1 ¼ 1000 m,

Fig. 5.15 Problem 5.1

Fig. 5.16 Problem 5.2

Fig. 5.17 Problem 5.3

Fig. 5.18 Problem 5.4
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and l2 ¼ 500 m. The diameter is d1 ¼ 200 mm. The pipe is clean. Find the
diameter d2.

5:5 As shown in Fig. 5.19, there are three different pipes between B and C. The
dimension of each pipe is d1 ¼ 300 mm, l1 ¼ 500 m, d2 ¼ 250 mm,
l2 ¼ 300 m, d3 ¼ 400 mm, l3 ¼ 800 m, dAB ¼ 500 mm, lAB ¼ 800 m,
dCD ¼ 500 mm, lCD ¼ 400 m. The pipes all belong to normal pipes. The flow
rate in point B is 250 L/s. Find the total head loss in this piping system.

5:6 The relative pressure on the surface of water tank A is p0 ¼ 1:313� 105 Pa,
and water flows from A to B through a series of different pipes, as shown in
Fig. 5.20. Assuming that H ¼ 8 m. The dimension of the pipes are
d1 ¼ 200 mm, l1 ¼ 200 m, d2 ¼ 100 mm, l2 ¼ 500 m respectively. The
pipes all belong to normal pipes. Only the minor head loss from the valve is
taken into consideration. Find the flow rate Q of the pipe.

5:7 The pumping station utilizes a pipewith the diameter 60 cm to transport thewater,
and the friction loss is 27 m. To reduce the loss, another pipe with same length is
connected in parallel with the first pipe, and correspondingly the total head loss
decreases to 9.6 m. Assuming that both pipes have same friction factor and in
either case, the total flow rate do not change. Find the diameter of second pipe.

5:8 As shown in Fig. 5.21, water flows from one reservoir to another. Assuming
that H ¼ 24 m, l1 ¼ l2 ¼ l3 ¼ l4 ¼ 100 m, d1 ¼ d2 ¼ d4 ¼ 100 mm,
d3 ¼ 200 mm. The friction factor k1 ¼ k2 ¼ k4 ¼ 0:025, k3 ¼ 0:02. Except
the minor head loss from valve, others can be neglected. Find: (1) the flow rate
of the pipe when the minor loss coefficient of the valve is f ¼ 30. (2) the flow
rate of the pipe when the valve is closed.

5:9 Assuming that there is steady discharge through a thin-plate orifice with the
diameter d ¼ 10 mm in the tank. The flow rate is Q ¼ 200 cm3=s. Find the
height H of the water in the tank.

Fig. 5.19 Problem 5.5

Fig. 5.20 Problem 5.6
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5:10 As shown in Fig. 5.22, a reservoir is divided into two parts. Assuming that
the diameter of small orifice is d ¼ 200 mm, and v1 � v2 � 0. The water
level difference from the upstream to the downstream is H ¼ 2:5 m. Find the
flow rate of the small orifice.

5:11 As shown in Fig. 5.23, there is a water tank with the height from the free
surface to the bottom H, where the orifice on the side wall should be fixed in
order to cover a maximum horizontal range for the jet. Find xmax.

5:12 Assuming that the diameter of the orifice d ¼ 100 mm, head H ¼ 3 m. The
velocity on vena contracta is vc ¼ 7 m/s, and the flow rate is Q ¼ 36 L/s.
Find: (1) the discharge coefficient for velocity u and contraction coefficient e
of the orifice. (2) the flow rate if a cylindrical outer nozzle is connected to the
orifice, and the discharge coefficient for flow rate is l ¼ 0:82.

Fig. 5.21 Problem 5.8

Fig. 5.22 Problem 5.10

Fig. 5.23 Problem 5.11

5.5 Problems 167



5:13 There is an enclosed container with liquid inside (the specific weight
c ¼ 7850 N/m3). A cylindrical outer nozzle with the length l ¼ 100 mm, the
diameter d ¼ 30 mm is fixed on the section O–O, as shown in Fig. 5.24. The
manometer is fixed 0.5 m higher than the section O–O with
pM ¼ 4:9� 104 Pa. Find the velocity and the flow rate at starting time.

5:14 There is a rectangular tank with length l ¼ 3 m, width B ¼ 2m, and depth of
the water H ¼ 1:5 m. Two orifices with the diameter d ¼ 100 mm are fixed
at the bottom of the tank. Find the time when the free surface decreases 1 m.

5:15 As shown in Fig. 5.25, find the filling or emptying time of a chamber in ship
lock. Assuming that the length and the width of the chamber are 68 m, 12 m
respectively. The area of the upstream inlet orifice is 3.2 m2, and the height
from the surface of the upstream to the centerline of the orifice is h ¼ 4m.
The water level of the upstream and the downstream remain unchanged and
their difference is H ¼ 7:0 m.

Fig. 5.24 Problem 5.13

Fig. 5.25 Problem 5.15
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6Fundamentals of Fluid Mechanics
Through Porous Media

Abstract
Fluid flow through porous media widely exists in nature and artificial materials,
and its theory has been used in all sorts of scientific and technological fields,
such as soil mechanics, petroleum engineering, mineral engineering, environ-
mental engineering, geothermal engineering, water supply engineering, chemical
industry, micro machine, and so on. In this chapter, we will first give some basic
concepts of fluid flow through porous media, such as porosity and compress-
ibility of porous media. Then we will introduce Darcy’s law and mathematical
model of fluid flow through porous media. Finally, we will utilize some
principles of seepage mechanics to discuss solutions for planar one-directional
flow and planar radial flow.

Keywords
Porous media � Porosity � Compressibility � Darcy’s law � Hydraulic
conductivity

6.1 Several Concepts

Fluid flow through porous media is an important branch of fluid mechanics, which
is based on the combination of porous media theory, surface physics, physical
chemistry, and biology.

The characteristics of fluid flow through porous media are as follows. First, due
to the large specific surface area and strong surface effect in porous media, viscous
effect should be taken into consideration at all times. Second, the fluid compress-
ibility should also be considered due to the high pressure in the formation.
In addition, molecular force cannot be neglected sometimes due to the complex
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pore shape, big resistance and capillary force. Finally, there often exist complex
physical and chemical processes while fluid flowing through porous media.

6.1.1 Porous Media

Porous media refer to solids which contain various types of capillary systems such
as void, fracture, and so on [1, 2]. To sum up, the following points are often used to
describe porous media:

(1) Porous medium is the space occupied by multiphase medium, where the solid
phase is called solid skeleton, the unoccupied space is called pore which can be
filled with gas, liquid or multiphase fluid.

(2) The solid phase and pores should extend throughout the whole medium. This
means that taking a proper size volume from the medium, then this volume
must contain a certain proportion of solid particles and pores.

(3) The pore space should be interconnected so that the fluid can flows in them, and
this kind of pore space is called effective pore space, while disconnected pore
space or dead pore is called void pore space. For flow in porous media, void
pore space is actually regarded as solid skeleton.

The common pore structure is intergranular pore structure, which consists of
solid particles with different sizes and shapes. The spaces between particles are
usually occupied by cement; the unoccupied parts are the pores, which are the
reservoirs and flow channels for fluids, as shown in Fig. 6.1.

6.1.2 Porosity

Pore structure in the porous medium provides space for fluids to store and flow in,
and porosity is a measure of the void space in the porous medium. The total volume
Vb consists of pore volume Vp and solid particle volume Vs,

Fig. 6.1 Intergranular pore
structures
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Vb ¼ Vp þVs ð6:1Þ

Porosity / refers to the ratio of the pore volume Vp to the total volume Vb

/ ¼ Vp

Vb
� 100% ð6:2Þ

/ ¼ Vb � Vs

Vb
� 100% ¼ 1� Vs

Vb

� �
� 100% ð6:3Þ

6.1.3 Compressibility of Porous Media

Strictly speaking, all material have elasticity and can be compressed, porous media
are no exception. For example, rocks are porous media, when under external
pressure they will deform and become more compacted, thus the pore volume
becomes smaller.

The elastic compression coefficient Cf is usually used to describe the elastic state

Cf ¼
dVp

Vp

dp
; ð6:4Þ

where Vp is the pore volume and

dVp

Vp
¼ d/

/
ð6:5Þ

Thus

Cf ¼ 1
/
d/
dp

; ð6:6Þ

where Cf is the rock compression coefficient, generally ranging (1*2) � 10�4

MPa−1; Vb is the total volume of the rock.

6.2 Darcy’s Law

When fluid flows in the porous media, there must be energy loss due to viscous
effect. Darcy proposed a basic relationship between energy loss and velocity based
on the experimental results from 1852 to 1855 [3, 4]. This relationship is called
Darcy’s law and is the most basic relation for fluid flow through porous media.
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6.2.1 Description of Darcy’s Law and Permeability

The device of Darcy experiment is shown in Fig. 6.2. The main body of the device
is a vertical cylinder with an opened upper end, and two piezometer tubes are
connected to its side wall. A filter plate C is fixed at a certain distance from the
bottom, on which there are homogeneous sands. Water flows in from the upper end,
then flows through the sands and flows out from short tube T into vessel V which is
used to measure the flow rate. The overflow pipe B is used to keep the water level
constant in the cylinder.

After a certain period of time, the flowrates of the upper end the tube T becomes
identical and the water level in piezometer is constant, which means that the flow is
steady. Since the velocity is quite small, so velocity head loss can be ignored.
Therefore, total head equals the head of the piezometer, and head loss hw equals the
head difference of the two piezometers,

hw ¼ h1 � h2 ð6:7Þ

h1 ¼ z1 þ p1
qg

þ v21
2g

ð6:8Þ

h2 ¼ z2 þ p2
qg

þ v22
2g

ð6:9Þ

Hydraulic gradient J can be expressed using hydraulic gradient of the
piezometer

Fig. 6.2 Darcy experiment
device [2]
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J ¼ hw
l
¼ h1 � h2

l
¼

z1 � z2ð Þþ p1�p2
q g

l

¼
lþ p1�p2

qg

l
¼ 1þ ;

p1 � p2
lqg

ð6:10Þ

where l is the distance between section 1-1 and 2-2; hw is the head loss between the
two above sections; h1 and h2 is the piezometer head of section 1-1 and 2-2,
respectively.

Based on the analysis of a large amount of experiment data, Darcy thought that
the flow rate Q was directly proportional to section area A and hydraulic gradient J,
and was relevant to soil properties, thus he proposed a formula as follow:

Q ¼ kAJ; ð6:11Þ

where k is the hydraulic conductivity, which reflects the property of porous medium
and has the dimension of velocity.

The average velocity of the section is

v ¼ Q

A
¼ kJ ¼ k 1þ p1 � p2

qgl

� �
¼ k

qgþ p1 � p2ð Þ=l
qg

� �
ð6:12Þ

Experiments show that hydraulic conductivity k is directly proportional to fluid
specific weight qg and inversely proportional to fluid viscosity l, using K as the
ratio coefficient, we have

k ¼ Kqg
l

; ð6:13Þ

where K is called permeability and only relevant to the structure of the porous
medium [5], its dimension is ½L�2.

Substituting Eq. (6.13) into Eq. (6.12), Darcy’s law can be obtained

v ¼ K

l
p1 � p2

l
þ qg

� �
¼ K

l
@p

@z
þ qg

� �
ð6:14Þ

If the sand layer is horizontal, then gravity can be ignored and Darcy’s law can
be simplified as

Q ¼ Av ¼ A
K

l
p1 � p2

l
¼ A

K

l
dp
dx

ð6:15Þ

So flow rate Q and pressure difference have a linear relationship, and Darcy’s
law is linear. If pressure difference and section area are known, then there are only
two factors influencing the resistance: one is fluid viscosity, the other is porous
medium property, namely permeability.
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6.2.2 Deduction from Navier–Stokes Equation

Darcy’s law can also be deduced from Navier–Stokes equation. Since the velocities
vx, vy vz are not real velocities, so they must be replaced with vx

/,
vy
/ and vz

/ when
substituted into N-S equation

1
/
@vx
@t

þ vx
/2

@vx
@x

þ vy
/2

@vx
@y

þ vz
/2

@vx
@z

¼ � 1
q
@p

@x
þ l

q/
r2vx

1
/
@vy
@t

þ vy
/2

@vy
@y

þ vx
/2

@vy
@x

þ vz
/2

@vy
@z

¼ � 1
q
@p

@y
þ l

q/
r2vy

1
/
@vz
@t

þ vz
/2

@vz
@z

þ vy
/2

@vz
@y

þ vx
/2

@vz
@x

¼ � 1
q
@p

@z
þ l

q/
r2vz � g

Define the following statistical averages:

r2vx ¼ 1
c

� �
vx
d2

� �
; r2vy ¼ 1

c

� �
vy
d2

� �
; r2vz ¼ 1

c

� �
vz
d2

� �
;

where d is average pore radius, and c is dimensionless shape parameter. Substi-
tuting the above equation into N-S equation, we have

� 1
/

@

@x

@U
@t

� �
þ 1

/2

@

@x

1
2

@U
@x

� �2

þ 1
2

@U
@y

� �2

þ 1
2

@U
@z

� �2
" #

¼ � 1
q
@p

@x
þ l

cqd2/
@U
@x

� 1
/

@

@y

@U
@t

� �
þ 1

/2

@

@y

1
2

@U
@x

� �2

þ 1
2

@U
@y

� �2

þ 1
2

@U
@z

� �2
" #

¼ � 1
q
@p

@y
þ l

cqd2/
@U
@y

� 1
/

@

@z

@U
@t

� �
þ 1

/2

@

@z

1
2

@U
@x

� �2

þ 1
2

@U
@y

� �2

þ 1
2

@U
@z

� �2
" #

¼ � 1
q
@p

@z
þ l

cqd2/
@U
@z

� g

Assuming l and q are constant and integrating the above equation, we have

� 1
/
@U
@t

þ/2 1
2

@U
@x

� �2

þ @U
@y

� �2

þ @U
@z

� �2
" #

þ p

q
� lU
cqd2/

þ gz ¼ FðtÞ

For steady flow without inertial force, the above equation can be written as

p

q
� lU
cqd2/

þ gz ¼ constant

So

U¼K

l
pþ zqgð Þ + constant
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Differentiating the above equation with respect to z, we have

vz ¼ K

l
@p

@z
þ qg

� �
;

where K ¼ cd2/. The above equation has the same form with Darcy’s law, so
Darcy’s law can be regarded as the empirical formula of N-S equation.

6.2.3 Application Scope of Darcy’s Law

Darcy’s law is the basic law which comes from experiment using homogeneous
sands, so it must have corresponding application scope. It can be seen from Darcy’s
law that the head loss is directly proportional to velocity, which is similar to laminar
flow. Therefore, Darcy’s law is only suitable for laminar flow or linear flow, the
flow which exceeds this application scope is called non-Darcy flow.

When velocity increases to a certain value, there will be inertial resistance
besides viscous resistance, then the flow rate and pressure difference will not have
linear relationship, this velocity value is called the critical velocity of Darcy’s law
(Curve 1 in Fig. 6.3). If velocity exceeds the critical velocity, then the flow could
not keep linear all the time changing to nonlinear, thus Darcy’s law is no longer
suitable. In Fig. 6.3, if the pressure gradient exceeds b, the flow is non-Darcy flow.

When fluid flows through low-permeability tight rock at low velocity, due to the
adsorption effect between the fluid and rock, the fluid will only start flow if the
pressure gradient exceeds the starting pressure gradient (point a in Fig. 6.3).

6.2.4 Determination of Permeability or Hydraulic
Conductivity

Hydraulic conductivity k is a parameter which comprehensively reflects the flow
ability of porous media, the correct determination of its value is of great

Fig. 6.3 Relationship
between pressure gradient and
velocity
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significance to calculation. There are many factors influencing hydraulic conduc-
tivity, mainly depending on fluid viscosity and the properties of solid particles, such
as shape, size, and nonuniformity coefficient. Therefore, it is difficult to develop an
exact theoretical formula to calculate hydraulic conductivity k, the common method
is experiment or experience.

(1) Laboratory measure method: measure the heard loss and flow rate in the lab-
oratory, and then use the theoretical formula to calculate the coefficient.

(2) Field method: drill a well and measure the flow rate and head loss, then use the
theoretical formula to calculate the value of permeability or hydraulic con-
ductivity. It can be obtained from Eq. (6.15) that: K ¼ Ql L

AD p.

(3) Experience method: In various relevant handbooks, there are values or formulas
to calculate hydraulic conductivities of various kinds of soils. However, most of
them are empirical and have limitations, so they can only be used for the rough
estimate. Hydraulic conductivities of various kinds of soils are listed in
Table 6.1 for reference.

Example 6.1 There are two vessels connected by a horizontal square tube as shown
in Fig. 6.4. The dimensions are a ¼ 20 cm and l ¼ 100 cm. The tube is filled with
coarse sand and its hydraulic conductivity is k ¼ 0:05 cm/s. The water depths of
two vessels are H1 ¼ 80 cm and H2 ¼ 40 cm, try to determine the flow rate of the
tube. If the back half of the tube is replaced with fine sand (hydraulic conductivity
k ¼ 0:005 cm/s), try to determine the flow rate of the tube.
Solution

(1) When the tube is filled with coarse sand, according to Eq. (6.11), we have

Q ¼ kAJ;

where A ¼ a2 and J ¼ H1�H2
l , so

Q ¼ ka2
H1 � H2

l

¼ 0:05� 202 � 80� 40
100

¼ 8 cm3=s
� � ¼ 0:008 L/sð Þ

(2) If the first half is coarse sand and the second half is fine sand, letting H denote
the head of the cross section of the tube, then from Eq. (6.11), the flow rates of
the coarse sand section and the fine sand section are respectively

Q1 ¼ k1
H1 � H

0:5l
A and Q2 ¼ k2

H � H2

0:5l
A
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According to continuity principle we have Q1 ¼ Q2, namely

k1
H1 � H

0:5l
A ¼ k2

H � H2

0:5l
A

H ¼ k1H1 þ k2H2

k1 þ k2
¼ 0:05� 80þ 0:005� 40

0:05þ 0:005
¼ 76:36ðcmÞ

The flow rate is

Q ¼ Q1 ¼ k1
H1 � H

0:5l
A ¼ 0:05� 80� 76:36

0:5� 100
� 202 ¼ 1:456 cm3=s

� �

6.3 Mathematical Model of Liquid Porous Flow

The research steps are usually divided into four steps

(1) Make a reasonable abstraction and simplification of complex practical prob-
lem, and establish an ideal physical model;

(2) Establish corresponding mathematical model for the physical model;

Table 6.1 Reference values of soil hydraulic conductivities

Soil type Hydraulic conductivity k

m/day cm/s

Clay <0.005 <6 � 10−6

Loam 0.005–0.1 6 � 10−6–1 � 10−4

Light loam 0.1–0.5 1 � 10−4–6 � 10−4

Loess 0.25–0.5 3 � 10−4–6 � 10−4

Sandy silt 0.5–1.0 6 � 10−4–1 � 10−3

Fine sand 1.0–5.0 1 � 10−3–6 � 10−3

Medium sand 5.0–20.0 6 � 10−3–2 � 10−2

Homogenous medium sand 35–50 4 � 10−2–6 � 10−2

Coarse sand 20–50 2 � 10−2–6 � 10−2

Homogeneous coarse sand 60–75 7 � 10−2–8 � 10−2

Round gravel 50–100 6 � 10−2–1 � 10−1

Pebble 100–500 1 � 10−1–6 � 10−1

Pebble without filling 500–1000 6 � 10−1–1 � 10

Slightly cracked pebbles 20–60 2 � 10−2–7 � 10−2

Multi fractured pebble >60 >7 � 10−2
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(3) Solve the mathematical model;
(4) Apply the theoretical solution to actual problem, find the gap between the

theoretical solution and actual problems and correct the established models to
make them closer to actual problems.

Repeat above steps until obtaining desirable results, as shown in Fig. 6.5.

6.3.1 Mathematical Model of Fluid Flow Through
Porous Media

A whole mathematical model consists of two parts: one is basic differential equa-
tion, the other is boundary or initial condition. To model the basic rule of fluid flow
through porous media, the following factors must be considered:

(1) Mass conservation law is a universal law in nature, so the basic differential
equation must be based on the continuity equation which describes mass
conservation law.

(2) Fluid flow through porous media is a kind of fluid motion, so it must be
dominated by motion equation.

(3) Fluid flow through porous media is also influenced by the fluid and rock states,
so it is necessary to establish state equations.

(4) Fluid flow through porous media is sometimes accompanied by some physical
and chemical phenomena, so characteristic equation should be established to
describe these special phenomena.

Fig. 6.4 Connected vessels
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6.3.1.1 Continuity Equation
Take a cubic element AA0B0B from the formation as shown in Fig. 6.6, its
dimensions are dx, dy and dz. The mass velocity of the center M is q pð Þv, its
components are q pð Þvx, q pð Þvy and q pð Þvz, where q pð Þ is the liquid density.

In the x direction, the component of mass velocity of particle MA is:

q pð Þvx � @ q pð Þvx½ �
@x

� dx
2

ð6:16Þ

After time dt, the mass passing through surface AA0 is

q pð Þvx � @ q pð Þvx½ �
@x

� dx
2

� 	
dydzdt ð6:17Þ

Similarly, the component of mass velocity of particle MB is

q pð Þvx þ @ q pð Þvx½ �
@x

� dx
2

ð6:18Þ

After time dt, the mass passing through surface BB0 is

q pð Þvx þ @ q pð Þvx½ �
@x

� dx
2

� 	
dydzdt ð6:19Þ

Fig. 6.5 General research
steps [6]
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The mass difference between the inflow and outflow of the cubic element during
time dt in x direction is

� @ q pð Þvx½ �
@x

dxdydzdt ð6:20Þ

Similarly, the mass differences between the inflow and outflow of the cubic
element during time dt in y and z direction are

In the y direction � @ q pð Þvy½ �
@y dxdydzdt

In the z direction � @ q pð Þvz½ �
@z dxdydzdt

So the total mass difference between the inflow and outflow of the cubic element
can be obtained

� @ q pð Þvx½ �
@x

þ @ q pð Þvy

 �
@y

þ @ q pð Þvz½ �
@z

� 	
dxdydzdt ð6:21Þ

Equation (6.21) should equal the fluid mass change in the cubic element during
time dt. The liquid mass change during time dt is

@ q pð Þ/½ �
@t

dxdydzdt ð6:22Þ

Thus the following equation can be obtained:

� @ q pð Þvx½ �
@x

þ @ q pð Þvy

 �
@y

þ @ q pð Þvz½ �
@z

� 
¼ @ q pð Þ/½ �

@t
ð6:23Þ

Fig. 6.6 Cubic element
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Or

�r � q pð Þv½ � ¼ @ q pð Þ/½ �
@t

Equation (6.23) is the continuity equation of unsteady flow through porous
media for slightly compressible liquid.

6.3.1.2 Motion Equation
For linear flow, its motion equation obeys Darcy’s law. In rectangular coordinate
system Darcy’s law can be written as

vx ¼ �K@p

l@x

vy ¼ �K@p

l@y

vz ¼ �K@p

l@z

It can be written in vector form

v ¼ �K

l
rp ð6:24Þ

6.3.1.3 State Equations

(1) State equation of liquid

The main parameter used to describe liquid elastic state is liquid compression
coefficient CL

CL ¼ � dV
V

dp
ð6:25Þ

Liquid density q is relevant to mass m and volume V

V ¼ m

q
ð6:26Þ

Differentiating both sides of Eq. (6.26), we have

dV ¼ md
1
q

� �
¼ �mq�2dq ð6:27Þ
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Substituting V and dV into Eq. (6.25), we obtain

CL ¼
dq
q

dp
ð6:28Þ

Separating variables and integrating, we have

CL

Z p

pa

dp ¼
Z q

qa

dq
q

CL p� pað Þ ¼ ln
q
qa

q ¼ qae
CL p�pað Þ ð6:29Þ

The exponential function can be expanded in series

eCL p�pað Þ ¼ 1þCL p� pað Þþ C
2

L

2!
p� pað Þ2 þ � � �

Since CL is very small, the higher order terms can be neglected, thus

q ¼ qa 1þCL p� pað Þ½ � ð6:30Þ

Equation (6.30) is the expression for slightly compressible fluid density for
unsteady flow. For steady flow, fluid is incompressible and its density q is constant.

(2) State equation of rock

Rock elastic compression coefficient Cf is used to describe its elastic state

Cf ¼
dVp

Vp

dp
; ð6:31Þ

where Vp is the void volume.

dVp

Vp
¼ d/

/

Cf ¼ 1
/
d/
dp

ð6:32Þ
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Integrating Eq. (6.32), we have

Cf

Z p

pa

dp ¼
Z /

/a

1
/
d/

Cf p� pað Þ ¼ ln
/
/a

� �

/ ¼ /ae
Cf p�pað Þ ð6:33Þ

Equation (6.33) can be expanded in series and the higher order terms can be
neglected

/ ¼ /a 1þCf p� pað Þ½ � ð6:34Þ

Equation (6.34) is the expression for slightly compressible rock porosity for
unsteady flow. For steady flow, porous medium is incompressible and its porosity /
is constant.

6.3.2 Basic Differential Equation

Substituting motion equation and state equations into the continuity equation, then
the basic differential equation can be obtained. Now substituting Eqs. (6.24), (6.29)
and (6.33) into Eq. (6.23), then the left hand of Eq. (6.23) consists of three terms,
take one term for example

@ q vxð Þ
@x

¼ @

@x
qae

CL p�pað Þ �K@p

l@x

� �� 

¼ �K

l
qa

@

@x
eCL p�pað Þ @p

@x

� 

¼ �K

l
qa

@

@x

@

@x

eCL p�pað Þ

CL

� �� 

¼ �K

l
qa
CL

@

@x

@

@x
eCL p�pað Þ

� 

¼ �K

l
qa
CL

@

@x

@

@xa
1þCL p� pað Þ½ �

� 	

¼ �K

l
qa
CL

CL
@2p

@x2

¼ �K

l
qa

@2p

@x2
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Similarly

@ qvy
� �
@y

¼ �K

l
qa

@2p

@y2

@ qvzð Þ
@z

¼ �K

l
qa

@2p

@z2

So

@ qvxð Þ
@x

þ @ qvy
� �
@y

þ @ qvzð Þ
@z

¼ �K

l
qa

@2p

@y2
þ @2p

@y2
þ @2p

@z2

� �
ð6:35Þ

Simplifying the right hand of the Eq. (6.23), then q � / can be expressed as

q � / ¼ qa 1þCL p� pað Þ½ � � /a 1þCf p� pað Þ½ �
¼ qa/a þ qa/aðCL þCfÞ p� pað Þþ qa/aCLCf p� pað Þ2

Since CLCf is very small, so CLCf is neglected. Define total compression
coefficient as

Ct ¼ CL þCf

Then q � / ¼ qa/a þ qa/aCt p� pað Þ

@ q/ð Þ
@t

¼ qa/aCt
@p

@t
ð6:36Þ

Substituting Eqs. (6.35) and (6.36) into Eq. (6.23) and replacing /a with / for
convenience, we have

K

/lCt

@2p

@x2
þ @2p

@y2
þ @2p

@z2

� �
¼ @p

@t
ð6:37Þ

Setting K
/lCt

¼ g, which is called pressure transmitting coefficient. Its physical
meaning is the area of pressure transmission per unit time and its dimension is
m2=s. So Eq. (6.37) can be written as

g
@2p

@x2
þ @2p

@y2
þ @2p

@z2

� �
¼ @p

@t
ð6:38Þ
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or

gr2p ¼ @p

@t

This is the basic differential equation of unsteady flow for slightly compressible
liquid in porous media, which is the theoretical basis for solving unsteady flow of
slightly compressible liquid.

The physical model of single liquid steady flow in porous media studied in this
chapter is: the formation is homogeneous horizontal incompressible and isotropic;
the liquid is single phase incompressible Newtonian fluid. The flow process is also
assumed to be isothermal steady without any physical and chemical phenomena and
obey Darcy’s law.

The mathematical model has been established, now specific conditions to solve
this model are also needed. In this section two cases are solved: one is planar
one-directional flow, the other is planar radial flow, and the pressure distributions
and flow rate formulas of both cases are also obtained.

For steady flow, the inflow mass equals outflow mass and the fluid density is
constant. So the right-hand side of Eq. (6.38) equals 0. According to assumptions,
variables K, l and q are constant, so

@2p

@x2
þ @2p

@y2
þ @2p

@z2
¼ 0 ð6:39Þ

The above equation is the basic differential equation of steady flow for single
phase liquid, which is also called Laplace equation and can be written as

r2p ¼ 0

6.4 Solution for Planar One-Directional Flow

The simplified physical model is shown in Fig. 6.7, assuming the formation is
homogeneous and horizontal, and its permeability is K. One end of the formation is
supply boundary, and its pressure is pe; the other end is the drainage channel, and
its pressure is pB. The formation length is L, its width is W and its depth is h. The
Newtonian fluid flows along x direction and its viscosity is l.
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(1) Pressure distribution

Assuming the liquid only flows along x direction, then the basic differential
equation can be simplified to one-dimensional form

d2p
dx2

¼ 0 ð6:40Þ

Boundary conditions are

x ¼ 0 p ¼ pe

x ¼ L p ¼ pB ð6:41Þ

Integrating Eq. (6.40), we have

dp
dx

¼ C1 ð6:42Þ

Integrating Eq. (6.42), we have

p ¼ C1xþC2; ð6:43Þ

where C1 and C2 are integral constants.
Substituting boundary conditions (6.41) into Eq. (6.43), we obtain

C2 ¼ pe
C1 ¼ � pe�pB

L

�
ð6:44Þ

Substituting C1 and C2 into Eq. (6.43), the pressure distribution of every point in
the formation can be obtained

p ¼ pe � pe � pB
L

x ð6:45Þ

Fig. 6.7 Simplified model of
planar one-directional flow
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The pressure distribution curve of one-directional steady flow can be obtained
from Eq. (6.45), as shown in Fig. 6.8. The curve shows that the pressure is in linear
distribution from supply boundary to drainage channel, its slope is � pe�pB

L , which
means the pressure decreases evenly.

(2) Flow rate formula

The flow rate formula can be obtained according to Darcy’s law v ¼ � Kdp
ldx:

q ¼ A � v ¼ �K

l
Wh

dp
dx

; ð6:46Þ

where A is flow area, A ¼ Wh; W is the formation width; h is the formation depth.
From Eq. (6.45), we have

dp
dx

¼ � pe � pB
L

ð6:47Þ

Substituting Eq. (6.47) into Eq. (6.46), the flow rate formula of one-directional
flow can be obtained

q ¼ KWh pe � pBð Þ
lL

ð6:48Þ

Example 6.2 An experiment is carried out to measure the permeability of a
cylindrical core. The core radius is 1 cm, and the core length is 5 cm. The liquid
flows through the core driven by the pressure difference between the two ends, and
the viscosity of the liquid is 1� 103 Pa � s. The volume of the liquid passing
through the core during 2 min is 15 cm3. The pressure difference of the two ends is
157 mmHg known from the mercury manometer. Try to determine the perme-
ability K of the core.

Fig. 6.8 Pressure
distribution of planar
unidirectional flow
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Solution
It is known that r ¼ 0:01 m, L ¼ 0:05 m, l ¼ 1� 103 Pa � s, t ¼ 2� 60 ¼ 120 s,
h ¼ 157� 10�3 m and V ¼ 15� 10�6 m3, the pressure difference can be calcu-
lated by density q and h:

Dp ¼ qgh ¼ 13:6� 103 � 9:8� 157� 10�3 ¼ 20924:96 Pa

The flow rate is

q ¼ V

t
¼ 15� 10�6

120
¼ 0:125� 10�6 m3=s

It can be obtained from Darcy’s law that

K ¼ qlL
ADp

¼ 0:125� 10�6 � 103 � 0:05
3:14� 0:012 � 20924:96

¼ 9:5� 10�7 m2

So the permeability of the core is 9:5� 10�7 m2.

(3) Flow field chart of planar one-directional flow

The chart which consists of a group of isobars and streamlines according to a
certain rule is called flow field chart. The isobar is referred to the line on which
every point has the same pressure, and the line which is vertical to the isobar is
called streamline.

It can be known from Eq. (6.45) that the pressure of all points with same x
coordinate is identical. So the isobars are parallel to y axis and the streamlines are
parallel to x axis, they have formed a uniform network, as shown in Fig. 6.9.

6.5 Solution for Planar Radial Flow

The simplified physical model is shown in Fig. 6.10, assuming the formation is a
homogeneous and horizontal disk, its permeability is K and its thickness is h. The
outer circle boundary is the supply boundary, its pressure is pe and the supply radius
is re. A well is drilled at the circle center, its radius is rw and its pressure is pwf . The
liquid is Newtonian fluid and its viscosity is l.
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(1) Pressure distribution

Planar radial flow is a two-dimensional flow, so Eq. (6.39) can be simplified as

@2p

@x2
þ @2p

@y2
¼ 0 ð6:49Þ

Its polar form is

d2p
dr2

þ 1
r

dp
dr

¼ 0 ð6:50Þ

Fig. 6.10 Simplified model
of planar radial flow

Fig. 6.9 Flow field chart of planar one-directional flow
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Boundary conditions of the model are

r ¼ re; p ¼ pe

r ¼ rw; p ¼ pwf ð6:51Þ

Equation (6.39) can be written as

d
dr

r
dp
dr

� �
¼ 0 ð6:52Þ

By integrating

r
dp
dr

¼ C1 ð6:53Þ

By separating variables

dp ¼ C1
1
r
dr ð6:54Þ

By integrating

p ¼ C1 ln rþC2 ð6:55Þ

Substituting boundary conditions (6.51) into Eq. (6.55), C1 and C2 can be
obtained, then substituting C1 and C2 into Eq. (6.55), the pressure distribution of
every point in the formation can be obtained

p ¼ pe � pe � pwf
ln re

rw

ln
re
r

ð6:56Þ

It can be known from Eq. (6.56) that the pressure has a logarithmic distribution
from the supply boundary to well bottom, as shown in Fig. 6.11. Its shape is similar
to a funnel, so it is also called “pressure drop funnel.” The pressure is mainly
consumed near the well bottom, which is because the smaller flow area near well
bottom, the greater resistance to flow.

(2) Flow field chart

It can be known from Eq. (6.56) that the pressure of all points with same r coor-
dinate is identical, so the isobars are a group of concentric circles and the
streamlines are a group of radial rays. The closer to well bottom, the denser the lines
as shown in Fig. 6.12.
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(3) Flow rate formula

It can be known from Darcy’s law that

q ¼ 2prh
K

l
dp
dr

� �
ð6:57Þ

So

ql
2phK

1
r
dr ¼ dp ð6:58Þ

Fig. 6.11 Pressure
distribution of planar radial
flow [6]

Fig. 6.12 Streamline chart
of planar radial flow [6]
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By integrating on both sides, we have

ql
2phK

Z re

rw

1
r
dr ¼

Z pe

pw

dp

The flow rate formula is

q ¼ 2pKh pe � pwð Þ
l ln re

rw

ð6:59Þ

The above equation is the flow rate formula of planar radial flow, which is
widely used in engineering.

Example 6.3 A productive well is drilled by using gravity water pressure, the water
thickness is 10 m, the permeability is 0:4� 10�12 m2, water viscosity is
1:5� 10�3 Pa � s. The supply area of the well is 0:3 km2, well radius is 0:1 m. The
water static pressure is 10:5 MPa and flow pressure is 7:5 MPa. Try to determine
the flow rate of the well per day.
Solution

It is known that A ¼ 0:3 km2, rw ¼ 0:1 m, pe ¼ 10:5 MPa, pw ¼ 7:5 MPa,
K ¼ 0:4� 10�12 m2, l ¼ 1:5� 10�3 Pa � s and h ¼ 10 m.

Since A ¼ pr2e ¼ 0:3 km2,

re ¼ 309 m

From Eq. (6.59), we have

q ¼ 2pKh pe � pwfð Þ
l ln re

rw

¼ 2� 3:14� 0:4� 10�12 � 10� 10:5� 7:5ð Þ � 106

1:5� 10�3 � ln 309
0:1

¼ 0:625� 10�2 m3=s

6.6 Problems

6:1. To use Darcy’s law to measure hydraulic conductivity of some kind of soil by
experiment, put the soil sample in a tube which’s diameter is D ¼ 30 cm. The
amount of flow for 6 h is 85L and the action head is 80 cm. The distance
between the two piezometers is 40 cm, so the hydraulic conductivity of the
soil is

Að Þ 0:4 m=d Bð Þ 1:4 m=d Cð Þ 2:4 m=d Dð Þ 3:4 m=d
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6:2. The flow rate of the tubular formation model is Q ¼ 12 cm3=min, the model
diameter is D ¼ 2 cm. The viscosity of the used liquid is l ¼ 9� 10�3 Pa � s
and its density is 0.85 g/cm3. The model porosity is / ¼ 0:2 and the per-
meability is K ¼ 1� 10�12 m2. Try to determine the flow velocity v and real
velocity u of the liquid.

6:3. A pumping test is carried out in a homogeneous phreatic aquifer to determine
hydraulic conductivity k. The aquifer thickness is 12 m, the well diameter is
20 cm. The distance between the well and the observation well is 20 m. When
the pump keeps constant as 2L/s, the water level of the well decreases by
2.5 m and the water level of the observation well decreases by 0.38 m. Try to
determine the value of k.

6:4. A core is positioned at an angle as shown in Fig. 6.13 and its length is 100 cm.
The section of the core is a square and the square side length is 5 cm. The inlet
pressure is p1 ¼ 0:2 MPa and the outlet pressure is p2 ¼ 0:1 MPa. h ¼ 50 cm,
the specific weight of the liquid is 0.85 times of that of water. The length of the
flow section is L ¼ 100 cm, the liquid viscosity is l ¼ 2� 10�3 Pa � s, the
rock permeability is K ¼ 1� 10�12m2. Try to determine the flow rate Q.

6:5. Fig. 6.14 is a completed well, and the impermeable layer is flat. The well
radius is ro ¼ 10 m, the thickness of the aquifer is H ¼ 8 m. The soil is fine
sand and its hydraulic conductivity is k ¼ 0:001 m/s. Try to calculate the
maximum water flow rate when the water depth of the well h0 � 2 m, and
determine the relationship between the water level of the well and water flow
rate.

6:6. Fig. 6.15 is an overflow dam. The water level elevation at the upstream of the
dam is 125 m and that of the downstream is 105 m. Water seeps through the
dam, and the flow net is shown in Fig. 6.15. The hydraulic conductivity is
k ¼ 5� 10�5 m=s. The water level elevations of point A and B are 92 and
97 m, respectively. At point C, Ds ¼ Db ¼ 3 m.

Fig. 6.13 Problem 6.4
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Try to calculate

(1) The flow velocity of point C under the dam;
(2) The flow rate per unit width of the dam base;
(3) The flow pressure of Point A and B at the dam bottom.

Fig. 6.15 Problem 6.6

Fig. 6.14 Problem 6.5
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7Fluid Machinery

Abstract
Pumps and fans all belong to fluid machinery which can be used to transport
fluids. Pumps are always used to transport liquids and fans are always used to
transport gases. In this chapter, we will first discuss the characteristics of
centrifugal pump, including its head rise, efficiency, performance curves. Then
we will introduce system curve and pump selection. Finally, we will indicate
some basic concepts about centrifugal fan.

Keywords
Centrifugal pump � Head rise � Efficiency � Operating point � Centrifugal fan

7.1 Centrifugal Pump

Centrifugal pumps are a sub-class of dynamic axisymmetric work-absorbing fluid
machinery [1, 2]. Centrifugal pumps are used to transport fluids by the conversion
of rotational kinetic energy to the hydrodynamic energy of the fluid flow. The
rotational energy typically comes from an engine or electric motor. As shown in
Fig. 7.1, fluid enters axially through eye of the casing, is caught up in the impeller
blades, and is whirled tangentially and radially outward until it leaves through all
circumferential parts of the impeller into the diffuser part of the casing. The fluid
gains both velocity and pressure while passing through the impeller. The
doughnut-shaped diffuser, or scroll, section of the casing decelerates the flow and
further increases the pressure.
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7.1.1 Theoretical Considerations

7.1.1.1 Head Rise of the Pump
As shown in Fig. 7.2, section 1-1 is the inlet of the pump with vacuum gauge 3, and
section 2-2 is the outlet of the pump with pressure gauge 4. The energy difference

Fig. 7.1 Centrifugal pump
[3], (1-impeller 2-impeller
blades 3-suction side 4-casing
5-outlet)

Fig. 7.2 Centrifugal pump in
a piping system [3]
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of per unit weight fluid between outlet and inlet e2 � e1, or the energy head added
to the flow, is called head rise of the pump, which is denoted by H.

Namely H ¼ e2 � e1

As shown in Fig. 7.2, based on the surface O–O of the reservoir 1, the energy of
per unit weight fluid in sections 1-1 and 2-2 is

e1 ¼ hs þ p1
c

þ v21
2g

e2 ¼ hs þ z2 þ p2
c

þ v22
2g

;

where c is the specific weight of the liquid.
Assuming that the atmospheric pressure is pa, and vacuum gauge indicates pv,

pressure gauge indicates pM , then

p1 ¼ pa � pv þ czv

p2 ¼ pa þ pM þ czm

Thus

H ¼ e2 � e1

¼ hs þ z2 þ pa þ pM
c

þ zm � hs � pa � pv
c

� zv þ v22 � v21
2g

Namely

H ¼ ðz2 þ zmÞ � zv þ pM þ pv
c

þ v22 � v21
2g

ð7:1Þ

ðz2 þ zmÞ � zv ¼ Dz is the elevation height difference between pressure gauge
and vacuum gauge, which is always small and can be neglected. Usually v1 and v2
are about the same, then the head rise

H ¼ pM þ pv
c

ð7:2Þ

Therefore, the head rise of the pump can be calculated by pressure gauge and
vacuum gauge.

According to Fig. 7.2, based on section O–O, we write Bernoulli equation
between the surface of the reservoir 1 and section 1-1 as
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p0
c

þ v20
2g

¼ hs þ p1
c

þ v21
2g

þ hls ð7:3Þ

Then e1 ¼ hs þ p1
c

þ v21
2g

¼ p0
c

þ v20
2g

� hls

we write Bernoulli equation between section 2-2 and the surface d-d of reservoir
2 as:

hs þ z2 þ p2
c

þ v22
2g

¼ hs þ hd þ pd
c

þ v2d
2g

þ hld ð7:4Þ

Then e2 ¼ hs þ hd þ pd
c

þ v2d
2g

þ hld

Thus

H ¼ e2 � e1

¼ hs þ hd þ pd
c

þ v2d
2g

þ hld � p0
c
� v20
2g

þ hls

Because of the large area of reservoir 1 and reservoir 2 surface, vd � 0, v0 � 0,
thus

H ¼ hs þ hd þ hls þ hld þ pd � p0
c

ð7:5Þ

When the reservoir 1 and reservoir 2 are connected with the atmosphere,
pd ¼ pa ¼ p0, then the head rise of the pump

H ¼ hs þ hd þ hls þ hld ¼ HG þHl; ð7:6Þ

where HG represents the lift height of the liquid, and Hl is the head loss in the pipe.

7.1.1.2 Efficiency of the Pump
The power delivered to the fluid simply equals the specific weight times the flow
rate times the head rise of the pump

Pw ¼ cQH ð7:7Þ

This is traditionally called output power. The power required to drive the pump is
called input power, denoted by N

N ¼ xT; ð7:8Þ

where x is the shaft angular velocity and T is the shaft torque. If there are no losses,
Pw and N will be equal, but of course Pw is actually less, and the efficiency g of the
pump is defined as
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g ¼ Pw

N
¼ cQH

N
ð7:9Þ

The efficiency g is basically composed of three parts: volumetric, hydraulic, and
mechanical. The volumetric efficiency is

gv ¼
Q

QþQL
; ð7:10Þ

where QL is the loss of fluid due to leakage in the impeller casing clearances. The
hydraulic efficiency is

gh ¼ 1� hf
hs

; ð7:11Þ

where hf has three parts: (1) shock loss at the eye due to imperfect match between
inlet flow and the blade entrances, (2) friction losses in the blade passages, and
(3) circulation loss due to imperfect match at the exit side of the blades. hs is called
theoretical head rise of the pump.

Finally, the mechanical efficiency is

gm ¼ 1� Pf

N
; ð7:12Þ

where Pf is the power loss due to mechanical friction in the bearings, packing
glands, and other contact points in the machine.

By definition, the total efficiency is simply the product of its three parts

g ¼ gv gh gm ð7:13Þ

7.1.2 Pump Performance Characteristics

According to test data, knowing the flow rate Q for a centrifugal pump driven at
constant speed, we can obtain the corresponding head rise H and input power
N. The efficiency g of the pump can also be calculated according to Eq. (7.9). We
can plot H, N, and g as functions of Q, and the curves are called performance
curves for a centrifugal pump, as shown in Fig. 7.3. Note that there are different
performance curves for different pumps with various rotation speed, but their trend
and shape are almost similar to each other.

(1) H-Q curve. The head rise increases slowly to a peak as flow rate increases, then
drops off at larger flow rate. The head loss is the main reason for the
phenomena.
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(2) N-Q curve. The input power rises with flow rate. In order to prevent large
starting electric current from destroying the motor, the centrifugal pump always
starts to work when Q = 0.

(3) g-Q curve. The efficiency is zero at shutoff (zero flow rate), and rises to a peak
as flow rate increases, then drops off at larger flow rate. It stays near its
maximum over a range of flow rate (in this example, from about 60–100 L/s).
To make better use of the pump, the pump should work in such a “working
range.”

7.1.3 Net Positive Suction Head

Cavitation can occur in any machine-handling liquid whenever the local static
pressure falls below the vapor pressure of the liquid. When this occurs, the liquid
can locally flash to vapor, forming a vapor cavity and significantly changing the
flow pattern from the noncavitating condition.

As cavitation commences, it reduces the performance of a pump rapidly. Thus,
cavitation must be avoided to maintain stable and efficient operation. In addition,
local surface pressures may become high when the vapor cavity implodes or col-
lapses, causing erosion damage or surface pitting. In a pump, cavitation tends to
begin at the section where the flow is accelerated into the impeller. Cavitation can
be avoided if the pressure everywhere in the machine is kept above the vapor
pressure of the operating liquid. At constant speed, this requires that a pressure
somewhat greater than the vapor pressure of the liquid be maintained at a pump
inlet (the suction).

Fig. 7.3 Performance curves for a centrifugal pump
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Net positive suction head (NPSH) is defined as the difference between the
absolute stagnation pressure in the flow at the pump suction and the liquid vapor
pressure, expressed as head of flowing liquid. Hence the NPSH is a measure of the
difference between the maximum possible pressure in the given flow and the
pressure at which the liquid will start flashing over to a vapor; the larger the NPSH,
the less likely cavitation is to occur. The net positive suction head required
(NPSHR) by a specific pump to suppress cavitation varies with the liquid pumped,
and with the liquid temperature and pump condition (e.g., as critical geometric
features of the pump are affected by wear). The net positive suction head available
(NPSHA) at the pump inlet must be greater than the NPSHR to suppress cavitation.
Hence, for any inlet system, there is a flow rate that cannot be exceeded if flow
through the pump is to remain free from cavitation. Inlet pressure losses may be
reduced by increasing the diameter of the inlet piping; for this reason, many cen-
trifugal pumps have larger flanges or couplings at the inlet than at the outlet.

7.1.4 System Characteristics and Pump Selection

7.1.4.1 Operating Point of the Pump in Fluid Systems
We define a fluid system as the combination of a fluid machine (like the pump) and
a network of pipes or channels that convey fluid. As shown in Fig. 7.2, when the lift
height of per unit weight liquid is HG from the reservoir 1 to reservoir 2, the energy
needed is HA, thus

HA ¼ HG þ hl

According to the equation in chapter 4,

hl ¼ ðk
X L

D
þ

X
fÞ v

2

2g

¼ ðk
X L

D
þ

X
fÞ Q2

2gA2
¼ RQ2;

ð7:14Þ

where R is the constant determined only by the pipe system, thus

HA ¼ HG þRQ2 ð7:15Þ

Equation (7.15) is called system curve, and it is a parabolic curve, as shown in
Fig. 7.4.

The intersection of the system curve with the pump performance curve H
(Q) defines the operating point. Assuming that the peak of the H-Q curve is point
F. On its right side, the operating point belongs to stable operating area. When the
system curve becomes steeper because of the large HG and R (for example, the long
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pipe with rough pipe wall and valves), the operating point may fall into the left side
of point F. Correspondingly, the pump will work in an unstable way, sometimes
even vibrate.

7.1.4.2 Pump Selection
First and most importantly, we have to take a close look at the application of the
pump. There should be as much details about the system available as possible, to
ensure the right pump could be chosen. Important selection parameters are required,
such as head rise, flow rate, NPSHA, and so on. It is also important to know the
properties of fluid, such as viscosity, abrasives, and temperature. To select a pump,
it is useful to plot the curve, characterizing the system and the characteristic curve
of a potential pump into the same diagram. The point of intersection of the two
curves indicates the operating point of the pump in the system. It is also possible to
make predictions how the pump will behave when changing system parameters.
A common rule when selecting a pump is to choose a pump with at least 25% more
head available than required by the system. Another common practice is to choose
at most the second largest impeller diameter available in a pump series. In case of a
system change or if there is any mistake during pump selection, having the second
largest impeller diameter in the system guarantees the possibility of changing the
impeller to the next larger size without change the casing.

7.2 Centrifugal Fan

A centrifugal fan is a mechanical device for moving air or other gases, as shown in
Fig. 7.5. It developed from simple paddle-wheel designs, in which the wheel was a
disk carrying radial flat plates. Refinements have led to the three general types with
backward-curved, radial-tipped, and forward-curved blades. All the fans illustrated
have blades that are curved at their inlet edges to approximate shockless flow

Fig. 7.4 System curve
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between the blade and the inlet flow direction. These three designs are typical of
fans with sheet-metal blades, which are relatively simple to manufacture and thus
relatively inexpensive.

The centrifugal fan increases the speed and volume of an air stream with the
rotating impellers. Centrifugal fans use the kinetic energy of the impellers to
increase the volume of the air stream, which in turn moves them against the
resistance caused by ducts, dampers, and other components. Centrifugal fans dis-
place air radially, changing the direction (typically by 90°) of the airflow.

7.2.1 Fan Performance Characteristics

As with the centrifugal pump, the centrifugal fan also has performance curves, the
trend of which is similar to the centrifugal pump.

There also exists an operating point for centrifugal fan. The determination of the
operating point is essential to make sure the fan functions normally.

7.2.2 Fan Selection and Installation

Selection and installation of a fan always requires compromise. To minimize energy
consumption, it is desirable to operate a fan at its highest efficiency point. To reduce
the fan size for a given capacity, it is tempting to operate at higher flow rate than
that at maximum efficiency. In an actual installation, this tradeoff must be made
considering such factors as available space, initial cost, and annual hours of
operation. It is not wise to operate a fan at a flow rate below maximum efficiency.
Such a fan would be larger than necessary and some designs, particularly those with
forward-curved blades, can be unstable and noisy when operated in this region.

It is necessary to consider the duct system at both the inlet and the outlet of the
fan to develop a satisfactory installation. Anything that disrupts the uniform flow at
the fan inlet is likely to impair performance. Nonuniform flow at the inlet causes the
wheel to operate unsymmetrically and may decrease capacity dramatically. Swirling
flow also adversely affects fan performance. Swirl in the direction of rotation
reduces the pressure developed; swirl in the opposite direction can increase the
power required to drive the fan.

Fig. 7.5 Centrifugal fan
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7.3 Problems

7:1 In a pumping station, the diameter of pump inlet is d1 ¼ 250 mm and
d2 ¼ 200 mm (exit). The elevation height difference between the pressure
gauge at the exit and the vacuum gauge at the inlet is Dz ¼ 0:3 m. The vac-
uum gauge gives reading pv ¼ 3:92 � 104 Pa, and the pressure gauge gives
reading pM ¼ 8:33 � 105 Pa. The flow rate is Q ¼ 60 L/s. Find the head rise
H of the pump.

7:2 A pump delivers saline water with flow rate Q ¼ 9000 L/min and specific
weight c ¼ 11; 760 N/m3. The diameter of pump exit is 250 mm, and at the
inlet, the diameter is 300 mm. The centerlines of the inlet and the exit are on
the same horizontal level, and the vacuum degree at the inlet is 150 mmHg .
The pressure gauge, 1.2 m higher above the centerline of the exit, gives
reading 1.4 atm. How much input power is required, in kW, if the efficiency is
0.84?

7:3 There is gasoline with specific weight c ¼ 8330 N/m3 in the container, and at
the bottom, there is an orifice connected with a steel pipe with diameter
50 mm. The gasoline is pumped out by a centrifugal pump and into an oil tank
with same diameter steel pipe. The gasoline surface in the container and in the
oil tank is 1.2 and 30 m higher than the axis of the pump, respectively. The
overall length of the pipe is 38 m, and the flow rate is 4546 L/h. The dynamic
viscosity of the gasoline is 0:8� 10�3 Pa s. How much input power is
required, in kW, if the efficiency is 0.80?
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8Similitude and Dimensional Analysis

Abstract
Experiments are usually necessary to solve scientific and technologic problems
because they can provide theoretical basis and criterion. The theoretical
fundamentals for experimental design and evaluation are similitude and
dimensional analysis. This chapter includes similitude, dimensional analysis,
and its application. The learning goals are as follows. First, we should
understand the concepts of mechanics similitude and similarity criterion. Then
we have to master the applications of approximate similitude, the p theorem and
dimensional analysis. Finally, three important approximate models should be
grasped including Froude model, Reynolds model, and Euler model.

Keywords
Mechanics similitude � Froude number � Euler number � Approximate
similitude � Pi theorem

8.1 Similitude

8.1.1 Basic Concepts of Mechanics Similitude

The experiments of engineering fluid mechanics mainly have two categories. One is
engineering model experiment, aiming at hydraulic prediction in large machineries
and upcoming constructed structures. The other is observation experiment, aiming
at figuring out unknown flow characteristics. When investigating the inner
mechanics and physical nature of fluid motion, all steps have to be based on
scientific experiments, including proposing research method, developing fluid
mechanics theory and solving engineering problems.
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To represent actual flow phenomena and predict flow properties utilizing
physical model under actual conditions, it is necessary that prototype and model
have mechanics similitude [1, 2]. Mechanics similitude indicates that all model
variables at corresponding points are proportional to its prototype, and includes
three aspects: geometric, kinematic and dynamic similitude.

(1) Geometric similitude

It means that the model and its prototype have identical shape, and differ only in
scale.

Set the subscript p denote the prototype, and m denote the model. The length
scale ratio kl (also named linear scale ratio) is defined as

kl ¼ lp
lm

ð8:1Þ

The area scale ratio kA and the volume scale ratio kV can be expressed as

kA ¼ Ap

Am
¼ l2p

l2m
¼ k2l ð8:2Þ

kV ¼ Vp

Vm
¼ l3p

l3m
¼ k3l ð8:3Þ

The length scale ratio kl is the first basic scale ratio of mechanics similitude,
which can be used to derive the area scale ratio kA and the volume scale ratio kV .
The dimensions of length l, area A and volume V are L, L2, and L3, respectively.

(2) Kinematic similitude

It means that in addition to geometric similitude, velocities at all corresponding
points are in the same ratio. The velocity scale ratio is

kv ¼ vp
vm

ð8:4Þ

It is the second basic scale ratio of mechanics similitude, and other kinematic
scale ratios can be deduced with kl and kv according to the definition and
dimension.

The time scale ratio is

kt ¼ tp
tm

¼ lp=vp
lm=vm

¼ kl
kv

ð8:5Þ
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The acceleration scale ratio is

ka ¼ ap
am

¼ vp=tp
vm=tm

¼ kv
kt

¼ k2v
kl

ð8:6Þ

The flow rate scale ratio is

kQ ¼ Qp

Qm
¼ l3p=tp

l3m=tm
¼ k3l

kt
¼ k2l kv ð8:7Þ

(3) Dynamic similitude

It means that the kinds of force on the model and its prototype are the same, and all
corresponding forces are in the same ratio.

The density scale ratio is

kq ¼ qp
qm

ð8:8Þ

It is the third basic scale ratio of mechanics similitude, and others dynamic scale
ratios can be deduced with kq, kl and kv according to the definition or dimension.

The mass scale ratio is

km ¼ mp

mm
¼ qpVp

qmVm
¼ kqk

3
l ð8:9Þ

The force scale ratio is

kF ¼ Fp

Fm
¼ mpap

mmam
¼ kmka ¼ kqk

2
l k

2
v ð8:10Þ

The pressure (stress) scale ratio is

kp ¼ Fp=Ap

Fm=Am
¼ kF

kA
¼ kqk

2
v ð8:11Þ

Remarkably, the dimensionless scale ratio is

kC ¼ 1 ð8:12Þ

It means that all dimensionless parameters equal to each other when the model
and its prototype have mechanics similitude, which is able to measure actual flow
parameters with its model such as velocity coefficient, flow rate coefficient and so
on.
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Meanwhile, the model and its prototype are usually in the same gravity field, so
the scale ratio of gravity (gravitational acceleration exactly) generally equals 1,
namely

kg ¼ gp
gm

¼ 1 ð8:13Þ

All these scale ratios of mechanics similitude are listed in Table 8.1. Basic scale
ratios kl, kv and kq are independent to each other, so they can be used to deduce
scale ratios of other parameters, then the relation between the model and its pro-
totype can be determined.

8.1.2 Similarity Criterion

If the model and prototype flow have mechanics similitude, there must be lots of
scale ratios. However, it is impossible and unnecessary to check scale ratios one by
one to match mechanics similitude, and it can be easily done with similitude.

For incompressible fluid flow, the projection of differential motion equation in
the x direction is

X � 1
q
@p

@x
þ mr2ux ¼ dux

dt
ð8:14Þ

So all parameters in the model must be proportional to prototype flow if they
have mechanics similitude, then the motion equation of prototype flow can be
expressed as

kgX � kp
kqkl

1
q
@p

@x
þ kmkv

k2l
mr2ux ¼ k2v

kl

dux
dt

ð8:15Þ

As we know that all terms in N-S equation have the dimension of acceleration
LT−2, so all scale ratios in the formula above are the acceleration scale ratio.

kg ¼ kp
kqkl

¼ kmkv
k2l

¼ k2v
kl

ð8:16Þ

The four terms in Eq. (8.16) all have definite physical meanings, which represent
the ratio of gravity, pressure, viscous force, and inertial force between prototype
flow and the model, respectively.

The fourth term is divided by the first three terms in Eq. (8.16) respectively, then
we have three equations as follows:
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Table 8.1 The scale ratios in different types of mechanics similitude

Types Mechanics
similitude

Gravity
similarity
Froude model

Viscous force
similarity Reynolds
model

Pressure similarity
Euler model

Similarity criterion Frp ¼ Frm
Rep ¼ Rem
Eup ¼ Eum

v2p
gplp

¼ v2m
gmlm

vplp
mp

¼ vmlm
mm

pp
qpv2p

¼ pm
qmv2m

Restriction
between scale
ratios

klkvkq kv ¼ k
1
2
l

kv ¼ km
kl

kp ¼ kqk
2
v

Linear scale ratio
kl

Basic scale
ratio

Basic scale ratio Basic scale ratio Same with
‘Mechanics
similitude’ barArea scale ratio kA k2l k2l k2l

Volume scale ratio
kV

k3l k3l k3l

Velocity scale ratio
kv

Basic scale
ratio

k
1
2
l

km
kl

Time scale ratio kt kl
kv

k
1
2
l

k2l
km

Acceleration scale
ratio ka

k2v
kl

1 k2m
k3l

Flow rate scale
ratio kQ

k2l kv k
5
2
l

kmkl

Kinematic
viscosity scale
ratio km

klkv k
3
2
l

Basic scale ratio

Angular velocity
scale ratio kx

kv
kl

k
�1

2
l

km
k2l

Density scale ratio
kq

Basic scale
ratio

Basic scale ratio Basic scale ratio

Mass scale ratio
klm

kqk
3
l kqk

3
l kqk

3
l

Force scale ratio
kF

kqk
2
l k

2
v kqk

3
l kqk

2
m

Moment scale ratio
kM

kqk
3
l k

2
v kqk

4
l kqklk

2
m

Energy scale ratio
kE

kqk
3
l k

2
v kqk

4
l kqklk

2
m

Pressure (stress)
scale ratio kp

kqk
2
v

kqkl kqk
2
m

k2l
Dynamic viscosity
scale ratio kl

kqklkv kqk
3
2
l

kqkm

Power scale ratio
kP

kqk
2
l k

3
v kqk

7
2
l

kqk
3
m

kl
Dimensionless
scale ratio kC

1 1 1
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k2v
kgkl

¼ 1 ð8:17Þ

Or
v2p
gplp

¼ v2m
gmlm

ð8:18Þ

v2

gl ¼ Fr is called Froude number, which represents the ratio of inertial force to
gravity.

kqk
2
v

kp
¼ 1 or

kp
kqk

2
v

¼ 1 ð8:19Þ

Or
pp
qpv2p

¼ pm
qmv2m

ð8:20Þ

p
qv2 ¼ Eu is called Euler number, which represents the ratio of pressure to

inertial force.

kvkl
km

¼ 1 ð8:21Þ

Or
vplp
mp

¼ vmlm
mm

ð8:22Þ

vl
m ¼ Re is called Reynolds number, which represents the ratio of inertial force to
viscous force.

In a word, if two flows have mechanics similitude or complete similarity, Froude
number, Euler number and Reynolds number must equal respectively for the pro-
totype and its model, that is

Frp ¼ Frm
Eup ¼ Eum
Rep ¼ Rem

8><
>: ð8:23Þ

Equation (8.23) is the criterion of complete similarity for incompressible steady
flow. It is obvious that similitude criterion utilization is more convenient than
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checking scale ratios one by one to match mechanics similitude. Similitude can be
used not only to judge similarity but also to design models.

Mechanics similitude must be satisfied with three mutual restrictions on scale
ratios as follows:

k2v ¼ kgkl

kp ¼ kqk
2
v

km ¼ klkv

8><
>: ð8:24Þ

If the three basic scale ratios selected for model design can satisfy the three
restrictions above, it means that the model and its prototype have complete
mechanics similitude. However, there is challenge to satisfy Eq. (8.24) completely.
For example, substituting the scale ratio of gravity kg ¼ 1 into the first formula in
Eq. (8.24), we have

kv ¼ k
1
2
l ð8:25Þ

Substituting the equation above into the third formula in Eq. (8.24), we have

km ¼ k
3
2
l ð8:26Þ

In general, the model and its prototype use the same fluid (for example, aviation
equipment tested in wind tunnel, hydraulic models tested with water, hydraulic
component tested with working oil), so km ¼ 1, which leads to kl ¼ 1. It does not
make sense that the prototype and model flow have same length.

Due to certain restrictions among scale ratios, it is difficult to satisfy both Froude
criterion and Reynolds criterion at the same time for model and its prototype flow.
There is no contradiction between Euler criterion and the other two criterions
above, so it is easy to reach the Euler criterion and one of two criterions, Froude
criterion and Reynolds criterion, for model and its prototype flow. This approach
which cannot have complete mechanics similitude is called incomplete similarity.

8.1.3 Incomplete Similarity/Approximate Similitude

Approximate similitude works in many cases. Froude number represents the ratio of
inertial force to gravity, and Reynolds number represents the ratio of inertial force
to viscous force. The three forces do not have the same influences on a certain
problem, so it is feasible to reveal main contradiction after ignoring one of sec-
ondary factors and approximate similitude should focus on principal factors.

There are three approximate models in common use [3].
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(1) Froude model

For fluid flow in hydraulic structures or open tunnels, gravity is the dominant force
which plays key role in specific cases. For example, gravity dominates the flow
from high position to low position due to elevation difference. Viscous forces have
no or little impact on this kind of flow. The main similarity criterion of Froude
model is

v2p
gplp

¼ v2m
gmlm

The model and prototype flow usually have the same gravitational acceleration,
So

v2p
lp

¼ v2m
lm

ð8:27Þ

Or

kv ¼ k
1
2
l ð8:28Þ

This formula shows that the velocity scale ratio cannot be basic scale ratio in
Froude model. Substituting Eq. (8.27) into relevant formulas from Eqs. (8.1) to
(8.13), then the relationships between parameters and basic scale ratios kl and kq
can be obtained (listed in Table 8.1).

Froude model is widely used in hydraulic engineering, and large hydraulic
engineering must be tested with model experiments prior to construction.

(2) Reynolds model

Pipe flow needs to overcome pipe friction and is driven by pressure drop. Viscous
force determines the pressure drop and flow properties, while gravity has little
impact on flow and can be neglected. The main criterion of Reynolds model is

vplp
mp

¼ vmlm
mm

ð8:29Þ

Or

kv ¼ km
kl

ð8:30Þ

It demonstrates that the velocity scale ratio depends on the length scale ratio kl
and the kinematic viscosity scale ratio kv. Substituting Eq. (8.30) into relevant
formulas from Eqs. (8.1)–(8.13), the relationships between parameters and basic
scale ratios kl, km and kq can be obtained (listed in Table 8.1).

Reynolds model is widely used in model experiments on pipe flow, hydraulic
technology, and hydraulic machinery.
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(3) Euler model

As experiments show, when Reynolds number increases to a certain value, the
influence of viscous force on flow relatively decreases. And it would have no longer
significant influence on flow when Reynolds number continues to increase. Once
viscous force and gravity have little impact on flow, we can utilize the Euler model.

The Euler criterion should satisfy kp ¼ kqk
2
v and also select kl, kv and kq as the

independent basic scale ratios. The scale ratios of other parameters are respectively
the same with mechanics similitude while applying Euler criterion for designing
model experiments.

Euler model is often used in pipe flows, wind tunnel with Reynolds number big
enough.

Example 8.1 Figure 8.1 shows the water flow under tainter gate. The depth of
water is H ¼ 4 m.

(1) Try to determine the depth of water H0 in the model while kq ¼ 1 and kl ¼ 10.
(2) The flow rate in the model is Qm ¼ 155 L/s, and the velocity of vena contracta

is vm ¼ 1:3 m/s. The force and moment on the tainter gate are Fm ¼ 50 N and
Mm ¼ 70 N m, respectively. Try to determine the flow rate, the velocity of
vena contracta, the force and moment on the tainter gate in prototype flow.

Solution
The water flow under tainter gate is driven by gravity, so its model is designed
according to Froude model, and the scale ratios can be obtained from Table 8.1.

(1) The water depth in the model

H0 ¼ H

kl
¼ 4

10
¼ 0:4 m

(2) For prototype

Flow rate
Qp ¼ kQQm ¼ k

5
2
lQm ¼ 10

5
2 � 0:155 ¼ 49 m3=s

Fig. 8.1 Tainter gate
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Velocity of vena contracta

vp ¼ kvvm ¼ k
1
2
l vm ¼

ffiffiffiffiffi
10

p
� 1:3 ¼ 4:11 m/s

Force on the tainter gate

Fp ¼ kFFm ¼ kqk
3
l Fm ¼ 1� 103 � 50 ¼ 5� 104 N

Moment on the tainter gate

Mp ¼ kMMm ¼ kqk
4
l Mm ¼ 1� 104 � 75 ¼ 7:5� 105 N m

Example 8.2 There is an oil pipe with diameter 15 cm and length 5 m. The flow
rate is 0.2 m3/s. In the experiment, the oil is replaced by water. The pipes in the
model and its prototype have same diameter. The oil viscosity is m ¼ 0:13 cm2=s,
and the water temperature is 10 °C. Find the flow rate in the model to make the two
flows have similarity. If the pressure drop is 3 cm for a 5 m long pipe in the model,
what is the pressure drop for a 100 m long pipe in its prototype?
Solution

(1) The main force of pipe flow is viscous force, so Reynolds numbers of two
flows should equal to each other, namely, Rep ¼ Rem, so kQ ¼ kmkl.

Oil viscosity is mp ¼ 0:13 cm2=s, and water viscosity is mm ¼ 0:0131 cm2=s at
10 °C (Table 1.2), so

km ¼ mp
mm

¼ 0:13
0:0131

� 10:0

Qm ¼ Qp

kQ
¼ Qp

kmkl
¼ 0:2

10� 1
¼ 0:02 m3=s

(2)

kp ¼ kqk
2
m

k2l

Since kc ¼ kqkg, the pressure of its prototype is

hp ¼ Dp
c

� �
p
¼ hmkp=kc ¼ hmk

2
m=ðkgk2l Þ
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While kg ¼ 1 and kl ¼ 1, if the pressure drop for a 5 m long pipe in the model is
0.03 m, the corresponding pressure drop in its prototype is

hp ¼ 0:03� ð0:13=0:0131Þ2=1 ¼ 2:95 m

For a 100 m long pipe in the prototype, the pressure drop is

2:95� 100=5 ¼ 59 m

8.2 Dimensional Analysis and Its Application

Fluid mechanics is more heavily involved with empirical work than is structural
engineering and machine design, because the analytical tools presently available are
not capable of yielding exact solutions to many of the problems in fluid mechanics.
It is true that exact solutions are obtainable for all hydrostatic problems and for
many laminar-flow problems. However, the most general equations solved on the
largest computers yield only fair approximations for turbulent-flow problems-thus
the need for experimental evaluation and verification. For analyzing model studies
and for correlating the results of the experimental research, it is essential that the
researchers employ dimensionless parameters.

8.2.1 Buckingham Pi Theorem

The Buckingham Pi theorem is a statement of the relation between a function
expressed in terms of dimensional parameters and a related function expressed in
terms of nondimensional parameters [4]. The Buckingham Pi theorem allows us to
develop the important nondimensional parameters quickly and easily.

Assuming dimensional parameter N depending on dimensional parameters n1,
n2, n3 … nk, we have

N ¼ f n1; n2; n3; . . .; ni; . . .; nkð Þ ð8:31Þ

Select n1, n2, and n3 as repeating parameters, which are a set of dimensional
parameters that includes all the primary dimensions (e.g., L, M, T). Of course, the
selection for the repeating parameters should meet two requirements. First, these
parameters should be independent to each other; second, the dimensions of other
parameters can be derived from these parameters.

For example, when solving problems about hydraulic head loss or flow resis-
tance, it usually works out best to choose characteristic length l (dimension L in the
MLT system), velocity v (dimensions LT−1), and density q (dimensions ML−3) as
repeating parameters. These three parameters are independent and can respectively
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represent the feature of geometry, kinematics, and dynamics. So it is feasible to
choose n1 ¼ l, n2 ¼ v, n3 ¼ q as repeating parameters.

All the dimensional parameters in Eq. (8.31) can be expressed as the combi-
nation of repeating parameters and the dimensionless parameters as follows:

N ¼ pnx1n
y
2n

z
3

ni ¼ pin
xi
1 n

yi
2 n

zi
3

�
ð8:32Þ

The dimensionless parameters p and pi are shown as

p ¼ N
nx1n

y
2n

z
3

pi ¼ ni
n
xi
1 n

yi
2 n

zi
3

(
ð8:33Þ

The function between dimensionless parameters p and pi also can correspond-
ingly reflect the relationship between dimensional parameters N and ni after
transformation in terms of Eq. (8.33). Thus, Eq. (8.31) can be expressed as

N

nx1n
y
2n

z
3

¼ f
n1

nx11 n
y1
2 n

z1
3

;
n2

nx21 n
y2
2 n

z2
3

;
n3

nx31 n
y3
2 n

z3
3

; . . .;
ni

nxi1 n
yi
2 n

zi
3

; . . .;
nk

nxk1 n
yk
2 n

zk
3

� �
ð8:34Þ

The first three items in the right side are repeating parameters, so we have

x1 ¼ 1 y1 ¼ z1 ¼ 0

y2 ¼ 1 x2 ¼ z2 ¼ 0

z3 ¼ 1 x3 ¼ y3 ¼ 0

8><
>:

Then, Eq. (8.34) can be rewritten as

p ¼ f 1; 1; 1;p4; p5; . . .; pi; . . .; pkð Þ

Or

p ¼ f p4; p5; . . .; pi; . . .; pkð Þ ð8:35Þ

Utilizing this new method, the previous function (8.31) with kþ 1 dimensional
parameters can be transformed into a function (8.35) with k � 2 dimensionless
parameters. This is the Buckingham Pi theorem.

8.2.2 Applications of Dimensional Analysis

The five steps listed below outline a recommended procedure for determining the p
parameters
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Step 1: List all the dimensional parameters involved, that is N, n1, n2, n3 … nk.
Step 2: Select a set of repeating parameters.
Step 3: Select a set of primary dimensions, such as L, M, T.
Step 4: List the dimensions of all parameters in terms of primary dimensions.
Step 5: Set up dimensional equations, combining the parameters selected in Step
2 with each of the other parameters in turn, to form dimensionless groups.
(There will be k − 2 equations.) Solve the dimensional equations to obtain the
k − 2 dimensionless groups.

The detailed procedure for determining the dimensionless p parameters is
illustrated in Example 8.3.

Example 8.3 According to experiments, the pressure drop Dp caused by friction
loss when flowing in the pipe is related to the following factors: pipe diameter d,
average velocity v, density q, dynamic viscosity l, pipe length l, and pipe surface
roughness D. Try to determine the friction loss in the pipe.
Solution

It can be obtained according to the problem that

Dp ¼ f d; v; q; l; l;Dð Þ

Select d, v and q as repeating parameters, because they meet two requirements
for repeating parameters selection, then

p ¼ Dp
dxvyqz

; p4 ¼ l
dx4vy4qz4

; p5 ¼ l

dx5vy5qz5
; p6 ¼ D

dx6vy6qz6

Select L, M, T as primary dimensions and the dimensions of all parameters are
listed as follows:

Parameters d v q Dp l l D

Dimensions L LT−1 ML−3 ML−1T−2 ML−1T−1 L L

Set up dimensional equations as follows:
For Dp:

ML�1T�2 ¼ Lx LT�1
� �y

ML�3
� �z¼ MzLxþ y�3zT�y

Thus z ¼ 1, y ¼ 2, x ¼ 0
So

p ¼ Dp
v2q
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For l:

ML�1T�1 ¼ Lx4 LT�1
� �y4 ML�3

� �z4¼ Mz4Lx4 þ y4�3z4T�y4

Thus z4 ¼ 1, y4 ¼ 1, x4 ¼ 1
So

p4 ¼ l
dvq

Similarly

p5 ¼ l

d
; p6 ¼ D

d

Substituting all dimensionless p parameters into Eq. (8.35), we have

Dp
v2q

¼ f
l
dvq

;
l

d
;
D
d

� �

Since the friction loss in pipe flow is hf ¼ Dp
qg, and Re ¼ vd

m ¼ vdq
l , the above

equation can be rewritten as

hf ¼ Dp
qg

¼ v2

g
f

1
Re

;
l

d
;
D
d

� �

According to experimental results, the friction loss is directly proportional to the
pipe length l and inversely proportional to the pipe diameter d, so l

d can be extracted
from the above function. In addition, the contribution of Re to the function is
equivalent to its reciprocal, so 1

Re can be replaced by Re. The above function can be
transformed into

hf ¼ f Re;
D
d

� �
l

d

v2

2g
¼ k

l

d

v2

2g

8.3 Problems

8:1 As shown in Fig. 8.2, the dimensions of a Venturi tube in the kerosene
pipeline are D ¼ 300 mm and d ¼ 150 mm, and the flow rate is Q ¼ 100 L/s.
The kinematic viscosity of kerosene is m ¼ 4:5� 10�6 m2=s, and its density is
q ¼ 820 kg/m3. The dimension of a model is reduced to 1/3 of that in its
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prototype and water is chosen for the test, of which the kinematic viscosity is
mm ¼ 1� 10�6 m2=s. Try to determine the flow rate in the model. If the head
loss in the model is hfm ¼ 0:2 m and the pressure drop on the choke is
Dpm ¼ 105 Pa, determining the corresponding head loss and pressure drop in
the kerosene pipeline.

8:2 As shown in Fig. 8.3, the height of the car is h ¼ 2 m, and its velocity is
v ¼ 100 km/h. The car is driven when the air temperature is 20 °C. The air
temperature is 0 °C in the model, and the air velocity is v0 ¼ 60 m/s.

(1) Determine the car height h0 in the model.
(2) If the resistance acting on the car in the model is F0 ¼ 1500 N, deter-

mining the corresponding resistance on the car in the prototype.
8:3 A torpedo is 5.8 m long, propelled in the sea (15 °C, m ¼ 1:5� 10�6 m2=s).

The velocity of the torpedo is 74 km per hour. The torpedo model is 2.4 m
long, tested in the water at 20 °C. Find the velocity of the model. If it is tested
in the air in the standard state, what should the model velocity be?

8:4 Castor oil flows in the pipe with the velocity 5 m/s at 20 °C, and the diameter
of the pipe is 75 mm. The density of castor oil is q ¼ 965 kg/m3. The
diameter of the pipe in the model is 50 mm, and air, as the model fluid, is in
the standard state. To have dynamic similitude, what should the average
velocity of air be?

Fig. 8.2 Problem 8.1

Fig. 8.3 Problem 8.2
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8:5 As shown in Fig. 8.4, investigating the flow over the top of the weir crest by
utilizing length scale ratio kl ¼ 20 in the experiment.

(1) If the head over the weir crest in the prototype is h ¼ 3 m, determining
corresponding head in the model.

(2) If the flow rate in the model is Qm ¼ 0:19 m3=s, determining the flow rate
in its prototype.

(3) If the vacuum degree in weir crest in the model is hvm ¼ 200 mm,
determining the corresponding vacuum degree in its prototype.

8:6 As shown in Fig. 8.5, utilizing water tower to simulate the pipe flow from
kerosene tank. The viscosity of kerosene is m ¼ 4:5� 10�6 m2=s, and the
diameter of kerosene pipe is d ¼ 75 mm. The water viscosity is
mm ¼ 1� 10�6 m2=s. Try to determine:
(1) diameter of water pipe; (2) scale ratio of liquid level height; (3) flow rate
scale ratio.

8:7 Oil flows in the pipe with the diameter 20 cm. The oil viscosity is
mp ¼ 0:4 cm2=s, and the flow rate is 121 L/s. If the diameter of the pipe in the
model is 5 cm, assuming that the model fluid is: (1) water at 20 °C
(mm ¼ 1:003� 10�6 m2=s) (2) air (mm ¼ 0:17 cm2=s), then determining the
flow rate in the model respectively. Assuming the main force is viscous force.

8:8 The ratio of ventilation tunnel to its model is 30:1. In the model, the water
dynamic viscosity is 50 times the air viscosity, and its density is 800 times the

Fig. 8.4 Problem 8.5

Fig. 8.5 Problem 8.6
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air density. The model and the prototype have dynamic similitude. If the
pressure drop in the model is 22:8� 104 N/m2, what should the pressure drop
be in the prototype expressed in mm H2O?

8:9 As shown in Fig. 8.6. The flow rate per length in the rectangular weir is
Q
B ¼ kHxgy, where k is a constant, H is the head in weir crest, g is gravitational
acceleration. Try to determine the values of x and y using dimensional
analysis.

8:10 As shown in Fig. 8.7. The flow rate through the orifice is related to diameter d
of the orifice, fluid pressure p and density q. Try to determine the function of
flow rate using dimensional analysis.

8:11 When liquid flows in the pipes which have geometric similitude, the pressure

drop can be expressed as p ¼ qlv2

d / vdq
l

� 	
. Try to prove it. (d is pipe diameter, l

is pipe length, q is fluid density, l is dynamic viscosity, v is the fluid velocity,
/ represents a function.)

8:12 The resistance acting on the board is R, which is submerged and moving in a
fluid. It is known that the resistance is related to factors as follows: density q
and viscosity l of the fluid, velocity v, length l and width b of the board. Try to
obtain the expression for the resistance.

8:13 The input power of the fan is related to the impeller diameter D, rotation
angular velocity x and fluid viscosity l. Try to determine the relationship
between the input power and other parameters using dimensional analysis.

8:14 The resistance F acting on the small ball is related to its velocity v in the fluid,
the ball diameter D, fluid density q and dynamic viscosity l. Try to express the
resistance in a function with relevant parameters using dimensional analysis.

Fig. 8.6 Problem 8.9

Fig. 8.7 Problem 8.10
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9CO2 Storage in Saline Aquifer
with Vertical Heterogeneity

Abstract
CCS (CO2 Capture and Storage) is a classical application of fluid flow in porous
media. In recent years, CCS technology is considered an effective way to reduce
CO2 emissions. Saline aquifer is given special affection for CCS because of its
huge amount of storage. In this chapter, we will first discuss mathematics model
for CO2 storage in terms of fluid flow theory, then introduce analytical solution
to obtain percolating resistance and sweep efficiency. Finally, we evaluate and
analyze storage effect of CO2.

Keywords
Carbon capture and storage (CCS) � Vertical heterogeneity � Analytical
solutions � Percolating resistance � Sweep efficiency

9.1 Description of CO2 Storage

The process of CO2 (Carbon dioxide) storage in nature has been happening for
millions of years. But the artificial way to inject CO2 into the formation has been
implemented since 1970s. CO2 storage is one of the core contents of CCS (CO2

Capture and Storage) technology, and also the most challenging chain in the whole
process of CCS. At present, the geological structures suitable for CO2 storage
include deep saline aquifer, exhausted oil and gas field, and basalt aquifer [1].

Massive emissions of CO2 into the atmosphere are the most direct reason that
causes global warming and climate change, so more and more countries are starting
to focus on carbon abatement technologies. In recent years, the method, CCS is
considered the most effective way to reduce greenhouse gas emissions [2, 3]. Saline
aquifer is given special affection because of its huge amount of storage. Therefore,
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deep saline aquifer is the best choice for the storage of CO2 [4, 5]. At present, the
representative projects of CCS, which are running or building in the world, is
shown in Table 9.1.

Generally, saline aquifer injected with CO2 is located deeper than 800 m
underground where CO2 is in supercritical state (pressure of 7.382 MPa, temper-
ature of 31.048 °C is the supercritical state of CO2) [6]. This condition can improve
the efficiency of the CO2 storage. Therefore, the process of injecting and storing
CO2 in saline aquifers is the process of the two-phase displacement of supercritical
CO2 and brine. Supercritical CO2-brine two-phase displacement process is very
complex, involving two-phase flow in porous media, two-phase interface moves,
and other physical processes.

9.2 Mathematics Model for CO2 Storage in Saline Aquifer

9.2.1 Continuity Equations of Two-Phase Flow

During the injection of CO2, brine flow out from porous media due to the pressure.
Continuity equation in the percolation process is as below. Area 1 gradually
expands as time progresses.

Table 9.1 List of global CCS projects

Project name,
Nation

CO2 processing capacity
Mt/a (year)

Geological
structure

Sequestration
depth

Sleipner, Norway 1 (1996) Marine saline
aquifer

1000

In Salah, Algeria 1 (2004) Continental saline
aquifer

1850

Frio Project, U.S.A 0.65 (2004) Continental saline
aquifer

1540

Snohvit, Norway 0.75 (2008) Marine saline
aquifer

2600

Gorgon, Australia 3.3 (2009) Marine saline
aquifer

2500

Oedos, China >0.1 (2010) Continental saline
aquifer

3000

West Pearl Queen,
U.S.A

0.036 (2002) Exhausted oil field 1370

Otway Basin,
Australia

1 (2005) Exhausted oil field 2056

Total Lacq, France 0.075 (2006) Exhausted oil field 4500
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(1) The continuity equations of the supercritical CO2 and brine in the i-th layer
region 1 are

�r � qgi � �Vgi

� � ¼ @

@t
/iqgiSgi
� � ð9:1aÞ

�r � qwi � �Vwi½ � ¼ @

@t
/iqwiSwið Þ; ð9:1bÞ

where qgi, qwi are the density of CO2 and brine respectively, kg/m3; Vgi, Vwi are the
percolation velocity vector of CO2 and brine respectively in layer i; Sgi, Swi are the
saturation of CO2 and brine in i-layer region; /i is the porosity of i-layer saline
aquifer.

The continuity equation of i-layer region 2 is shown in Eq. (9.1b).

(2) According to the hypothesis, without considering the variation of compress-
ibility and density of supercritical CO2 and brine, we can get the continuity
equation of mixing zone and brine zone in i-th layer through Eq. (9.1a, 9.1b):

�r � Vgi ¼ /i
@Sgi
@t

ð9:2aÞ

�r � Vwi ¼ /i
@Swi
@t

ð9:2bÞ

In polar coordinates, Eq. (9.2a, 9.2b) can be written as

1
ri
� @
@r

riVgi

� � ¼ �/i
@Sgi
@t

ð9:3aÞ

1
ri
� @
@r

riVwið Þ ¼ �/i
@Swi
@t

ð9:3bÞ

9.2.2 Momentum Equations of Two-Phase Flow

According to the assumptions, CO2 and brine follow Darcy’s law in the displace-
ment process without considering the effect of gravity and capillary forces.
Therefore, the momentum equation of the mixing zone can be expressed as

vgi ¼ � ki � krgi
lgi

rpi ð9:4aÞ

vwi ¼ � ki � krwi
lwi

rpi ð9:4bÞ
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Momentum equation of the brine region can be expressed as

vwi ¼ � ki
lwi

rpi; ð9:5Þ

where krgi, krwi are the relative permeability of CO2 and brine respectively in mixing
zone of layer i; ki is the permeability of saline aquifer in i-th layer; lgi, lwi are the
viscosity of CO2 and brine respectively in layer i; pi represents the pressure of the
layer i, Pa.

9.2.3 State Equations

(1) Saturation of saline aquifer

Seen from the assumption, the mixture of CO2 and brine is completed instanta-
neously in porous media during the process of continual injection of CO2, and the
sum of saturations equals to one, namely

Sgi þ Swi ¼ 1 ð9:6Þ

(2) Fractional equation of supercritical CO2

Fractional equation is expressed with the ratio of CO2 volumetric flow rate to the
total flow, expressed by fg. Through the assumptions of neglecting the impact of the
capillary forces and gravitational forces, the fractional equation of the i-th layer can
be represented by the equation

fgi ¼ qgi
qgi þ qwi

¼ vgi
vgi þ vwi

¼ 1

1þ lgi
lwi

� krwikrgi

ð9:7Þ

where fgi is the CO2 content of the i-th layer.
From Eq. (9.7) we know that, without considering the influence of gravity and

capillary forces, the fractional equation mainly depends on the ratio of the viscosity
and permeability between CO2 and brine. For a particular saline aquifer, in the
process of CO2 injection, the value of lgi, lwi are almost unchanged. Therefore, the
variation of fg is mainly affected by krwi/krgi, and the relative permeability is a
function of saturation. Consequently, fg is also a function of saturation.
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(3) Relative permeability

Permeability saturation curve is important to predict CO2 storage efficiency. Per-
meability saturation curves measured in different hierarchical saline aquifers are
different from each other. Based on experience, we can use the equation to get the
permeability saturation curve and related data. In saline aquifer, the permeability
saturation curves of CO2 and brine can be expressed as

krgi ¼ krgi max
Sgi � Srgi

1� Srgi � Srwi

� �ai

ð9:8aÞ

krwi ¼ krwi max
1� Sgi � Srwi
1� Srgi � Srwi

� �bi

ð9:8bÞ

where, Srgi, Srwi are the residual saturation of CO2 and brine in i-th layer, respec-
tively; krgi max, krwi max are the maximum relative permeability of CO2 and brine in
the i-th layer; ai, bi are constant relating to the rock pore structure in the i-th layer of
saline aquifer.

We can obtain the values of a, b by linear regression, obtain average value of the
relative permeability of different testing rock samples a, b, Srg, Srw by using the
arithmetic average method, and substitute into Eq. (9.8a, 9.8b) where you can find
permeability saturation curves of supercritical CO2 and brine in different saline
aquifers.

9.2.4 Governing Equation

According to Eqs. (9.2a, 9.2b), (9.6), and (9.7), the displacement process could be
described by

dri
dt

¼ qi tð Þ
2phi/iri

dfgi
dSgi

ð9:9Þ

where hi refers to the average thickness of saline aquifer of the i-th layer; qi(t) is the
flow rate into the i-th layer with the variation of time.

Through variable separation and integration of Eq. (9.9), the saturation distri-
bution of CO2 in saline aquifers can be obtained, namely

Zr
r0

ridr ¼
f 0gi

2phi/i

Z t

0

qi tð Þdt

r2i � r20 ¼
f 0gi

phi/i
Wi tð Þ ð9:10Þ
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where ri refers to front position radius in the i-th layer saline aquifers at the time t:
WiðtÞ ¼

R t
0 qiðtÞdt refers to the total amount of CO2 injected into the i-th layer at

the time t; r0 is the radius of the injection well; f 0gi refers to f 0gi ¼ dfgi=dSgi.
As the single flow qi(t) changes with time, the front radius for each time can be

determined after iterations and the calculation of the time period.

9.3 Analytical Solution

According to the mathematical model, combined with geological conditions of
saline aquifers and the injection conditions we can obtain the expression of motion
law and storage efficiency of the supercritical CO2 in saline aquifers.

9.3.1 The Front Saturation and the Average Saturation

(1) The front saturation

By means of experiments and analysis, due to the influence of the presence of
gravity and capillary forces, the front saturation is gradually and slowly changing.
In engineering, it is handled as mutation values to meet the accuracy requirements.

From the above analysis we know that the amount of CO2 injected into a saline
aquifer at time t is the increments of saturation, namely

Z t

0

qi tð Þdt ¼
Zr
r0

2phi/iri Sgiðri; tÞ � Srgi
� �

dri ð9:11Þ

Substitute dri ¼ Wi tð Þ
2phi/iri

f 00gi � dSgi into Eq. (9.11),

ZSgfi
Sg0i

Sgiðri; tÞ � Srgi
� �

f 00gidSgi ¼ 1 ð9:12Þ

where Sg0i is the saturation of CO2 when r = r0; Sgfi is the saturation of CO2 at the
front position.

Saturation of CO2 that injected into the borehole wall is Sg0 = 1. When the
saturation of CO2 is 1, namely fg 1ð Þ ¼ 1, f 0g 1ð Þ ¼ 0, from Eq. (9.12) we obtain

f 0gi Sgfi
� � ¼ fgi Sgfi

� �
Sgfi � Srgi

ð9:13Þ
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Equation (9.13) contains the implicit function of Sgf. We can use the mapping
method to obtain f 0gi, and then substitute it into Eq. (9.10) to obtain the curve of the
growth of the front radius with time.

(2) The average saturation

By the assumptions, in the same saline aquifer, when CO2 is injected into saline
aquifer, its average saturation keeps unchanged in the displacement process. After
obtaining the front saturation of the mixing zone, we can further determine the
average saturation �Sgi, namely

�Sgi � Srgi ¼ qiðtÞ � t
phi rfi � r0
� �2

/i

ð9:14Þ

Substituting Eq. (9.10) into (9.14),
�Sgi � Srgi ¼ rfi þ r0

rfi�r0
� 1
f 0gi Sgið Þ, As the radius of saline aquifer R is much greater than

the radius of the well radius r0, we can ignore the radius of the well and get

�Sgi � Srgi ¼ 1

f 0gi Sgi
� � ð9:15Þ

According to the significance of Eq. (9.15), the average saturation of the CO2

injecting process of the i-th layer can also be obtained by mapping method.

9.3.2 Two-Phase Displacement Interface Movement

By Eq. (9.10) we obtain the expression of movement of the front radius with the
injection of the supercritical CO2 as follows:

ri tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 0gi

phi/i
WiðtÞ � r20

s
ð9:16Þ

Wi(t) of the i-th layer saline aquifer changes with time, and other parameters can
be obtained from known conditions, so the front radius function ri(t) is a function of
time. Only by redistributing the flow in the calculation cycle can we get the position
of the front radius at this moment.

9.3.3 Injection Pressure

In the assumptions, CO2 is injected into saline aquifers with the constant flow rate.
In the i-th layer of saline aquifers, the flow of the mixing zone consists of CO2 and
brine, namely
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QiðtÞ ¼ qiðtÞþ qwi ¼� kikrgi
lgi

2prihi
dp
dr

� kikrwi
lwi

2prihi
dp
dr

¼� 2kiprihi kgi þ kwi
� � dp

dr
;

ð9:17Þ

where, Qi is the flow rate of the i-th layer of saline aquifers at time t; ki is absolute
permeability of the i-th layer of saline aquifers; kgi, kwi are the conductivity of CO2

and brine respectively, which is defined as k = kr/l.
Through variable separation of Eq. (9.17), we get

ZPr

P

dp ¼ � QiðtÞ
2kiphi kgi þ kwi

� � Zri
r0

1
ri
dr

PðtÞ � Pr ¼
QiðtÞ � ln ri

r0

2kiphi kgi þ kwi
� � ; ð9:18Þ

where P(t) is the injection pressure at the injection well and it is a function of time;
Pr is the pressure at the position of the front; Similarly, the pressure in the brine
zone can be expressed as

QiðtÞ ¼ � ki
lwi

2prihi
dp
dr

;

After integration:
R Ph

Pr
dp ¼ QiðtÞlwi

2phiki

R R
r

1
ri
dr,

Pr � Ph ¼ QiðtÞlwi
2phiki

ln
R

ri
ð9:19Þ

In the equation, Ph is the hydrostatic pressure of saline aquifers; R is the radius of
the storage area.

Simultaneously solving Eqs. (9.18), (9.19) we can get the expression of the
injection pressure as follows:

PðtÞ � Ph ¼ QiðtÞ
2phiki

lwi � ln
R

ri
þ ln ri

r0

kgi þ kwi
� �

 !
ð9:20Þ

9.3.4 Percolating Resistance

Regard the injection system as the circuit system, namely the so-called electronic–
hydraulic analogy. With flow rate corresponding to current flow and differential
pressure corresponding to voltage, we can obtain from Eq. (9.20)
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QiðtÞ ¼ PðtÞ � Ph

lnri
r0

2phiki� kgi þ kwið Þ þ
lwi�lnRri
2phiki

ð9:21Þ

From the above equation we know that percolating resistance is composed of
two parts, the mixing zone resistance (F1i) and brine zone resistance (F2i). Defining
percolating resistance as F, so the mixing zone, the brine zone, and the total
percolating resistance can be expressed as

F1i ¼ 1

2phiki � kgi þ kwi
� � � ln ri

r0
ð9:22aÞ

F2i ¼ lwi
2phiki

� lnR
ri

ð9:22bÞ

Fi ¼ F1i þF2i ¼
ln ri

r0

2phiki � kgi þ kwi
� � þ lwi � ln R

ri

2phiki
ð9:23Þ

In the equation, F1i, F2i are the percolating resistance of the i-th layer in zone 1
and zone 2 respectively, Pa; Fi is the total resistance of the i-th layer.

Equation (9.23) is the expression of the flow resistance of supercritical CO2. In
the model, fluidity, permeability, thickness, injection radius are given, the only
parameter that changes is the front radius, which changes with time and is related to
percolating resistance. So the change of front radius with time can be analyzed by
iteration.

9.3.5 CO2 Flow Rate of Each Layer

Known from percolating resistance, the resistance of each layer corresponds to the
circuit resistance in circuitry. Therefore the total resistance of the whole saline
aquifer corresponds to the resistance of the layers in parallel. Namely

Ft ¼
Qn

i¼1 Fi

	Pn
i¼1

Qn

i¼1
Fi

Fi

ð9:24Þ

Ft is the total resistance of the entire saline aquifers.
Resistance changes with time. In the beginning of each computation cycle, the

flow rate of each layer is reassigned as follows, so that the flow rate is a function of
time.

qiðtÞ ¼ qFt=Fi ð9:25Þ
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9.3.6 Heterogeneity Coefficient

To describe the differences between the various layers, we need to define hetero-
geneity coefficient between layers to describe the heterogeneity between layers. The
heterogeneity coefficient refers to the ratio between mean square error and average
permeability of the permeability of each layer in statistical intervals [7, 8]. The
greater the heterogeneity coefficient of permeability is, the stronger the hetero-
geneity between layers. It is defined as follows:

�k ¼
Pn

i¼1 hikiPn
i¼1 hi

ð9:26Þ

Kv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1 ki � �kð Þ2

.
n

r
�k

ð9:27Þ

In the equation: k is the average permeability of saline aquifers; hi refers to the
effective thickness of the i-th layer. Kv refers to the heterogeneity coefficient
between layers.

Generally, the formation is uniform when Kv � 0:5, relatively uniform when
0:5�Kv � 0:7, and heterogeneous when Kv � 0:7.

9.3.7 Sweep Efficiency

In the process of the storage of CO2 in saline aquifers, storage efficiency is an
important indicator to evaluate the geological storage. In this study, defining sweep
efficiency is used to evaluate the storage efficiency of CCS. Sweep efficiency is
defined as follows:

g ¼
Pn

i¼1 pr
2
i hi

p � r2maxH
¼
Pn

i¼1 r
2
i hi

r2maxH
ð9:28Þ

In the equation, g is the sweep efficiency; rmax is the maximum front radius of
the n-th layer saline aquifer; H represents the total thickness of the saline aquifer.

Sweep efficiency is mainly related to the front radius during the CO2 injection
process. Under the same injection conditions, the greater the permeability of the
formation is, the larger the front radius is. rmax refers to the front radius of the layer
with the largest permeability.
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9.3.8 Calculation Processes

According to the established supercritical CO2-brine two-phase displacement
model, using the software Matlab, calculation process is shown in Fig. 9.1.

Figure 9.1 is a calculation process flow chart. According to Eq. (9.8a, 9.8b), the
relative permeability curves and the relative permeability of supercritical CO2 and
brine in each layer can be derived. The initial allocation of flow in each layer is
determined by the absolute permeability.

Taking one day as a computation cycle, the position of the two-phase fluid
displacement interface within this period can be obtained by Eq. (9.16). When the
front radius is fixed, the percolating resistance and sweep efficiency within this
period can be determined by Eqs. (9.23) and (9.28). Based on the percolating
resistance of each layer, we can redistribute flow rate by Eq. (9.25), and then enter
the next cycle until the end of the cycle. At last the data is output, and drawn as a
diagram.

Fig. 9.1 Sketch of calculating process
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9.4 Evaluation and Analysis of Storage Effect

Resistance of the process of CO2 injection, sweep efficiency, and the impact of
various factors are analyzed respectively. As constant flow rate is used in super-
critical CO2 injection process, the variation law of injection pressure could be
described by multiplying percolating resistance by flow rate. Therefore injection
pressure will not be discussed in the following discussion.

Sweep efficiency is used as the parameter to quantify storage efficiency. The
higher the sweep efficiency is, the higher the storage efficiency of saline aquifer is.
Studies of effect of influential factors, including saline aquifer radial extent,
injection rate, heterogeneity coefficient, porosity, and other controllable injection
parameters as well as geological parameters, provide important theoretical basis for
the design optimization of CO2 storage.

9.4.1 Scheme and Parameter Selection

9.4.1.1 Parameter Selection
A larger number of layers n will result in a better approximation to the actual
situation of the saline aquifer, and yet more computation load. Suited for engi-
neering needs, three layers, that is, n = 3, were assumed in the calculation in order
to study the CO2 injection process, injection pressure and variation law of sweep
efficiency.

The parameters needed in the calculation are shown in Table 9.2. Schematic
model is shown in Fig. 9.2. Mt/a means that injecting a million tons into the saline
aquifer annually.

Table 9.2 Parameters

Parameters Symbol Unit Values

Saline aquifer porosity / % 35

Saline aquifer thickness h1 m 30

h2 35

h3 40

Brine viscosity lw Pa�s 1.33 � 10−4

Brine density qw kg/m3 1100

CO2 fluid viscosity lg Pa�s 5.8 � 10−5

CO2 fluid density qg kg/m3 760

Injection rate q Mt/a 0.5

Residual brine saturation Srw % 30

Residual CO2 saturation Srg % 10

Temperature in aquifer T °C 35

Radial extent R km 20
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Permeability has effect on the interface movement of the two-phase fluid dis-
placement. As shown in Fig. 9.2, the greater the permeability, the larger the moving
distances. The difference of the two-phase displacement interface positions will
affect the storage efficiency.

The parameters in Table 9.2 are based on experimental data.

9.4.1.2 Scheme
Such influential parameters were considered as permeability of saline aquifer, radial
extent, porosity, injection rate, and injection pressure, among which the first three
are the physical characteristics of saline aquifer, and the latter two belong to the
injection conditions. Heterogeneity coefficient defined in Eq. (9.27) is the index to
represent the heterogeneity of saline aquifer, related to the thickness and perme-
ability of each layer. To simplify the calculations, the thicknesses of three saline
aquifers are assumed to be constant.

The schemes listed in Table 9.3 include different values of heterogeneity coef-
ficient and injection rate. In subsequent calculations, the values of other parameters
are based on Table 9.2.

Fig. 9.2 The sketch of each brine layer

Table 9.3 Different schemes

Case
number

Formation permeability (m2) Heterogeneity
coefficient

Injection
rate (Mt/a)Layer 1 Layer 2 Layer 3

Base case Case 1 6.0 � 10−14 4.5 � 10−14 3.0 � 10−14 0.2803 0.5

Formation
permeability

Case 2 7.7 � 10−14 4.3 � 10−14 1.9 � 10−14 0.5498 0.5

Case 3 8.8 � 10−14 4.4 � 10−14 1.0 � 10−14 0.7370 0.5

Case 4 11 � 10−14 2.0 � 10−14 1.4 � 10−14 1.0165 0.5

Injection
condition

Case 5 6.0 � 10−14 4.5 � 10−14 3 � 10−14 0.2803 0.1

Case 6 6.0 � 10−14 4.5 � 10−14 3 � 10−14 0.2803 0.3

Case 7 6.0 � 10−14 4.5 � 10−14 3 � 10−14 0.2803 1
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9.4.1.3 The Curves of Relative Permeability
The relative permeability of supercritical CO2 and brine is related to saline water
saturation in the layer and residual saturation of the injected CO2, varying with
different CO2 saturation. The expression of the relative permeability of supercritical
CO2 and saline water in saline aquifer is shown as Eq. (9.8a, 9.8b).

According to geological data of a saline aquifer and experimental data, we can
draw relative permeability curves and curves of CO2 content in saline aquifers as
shown in Fig. 9.3. As shown in Fig. 9.3, relative permeability and derivative of
supercritical CO2 content with respect to saturation are required in order to obtain
front radius. The meaning of Eq. (9.13) is that when we make the tangent line of the
CO2 saturation curve through the point Sg = 0.1, the corresponding saturation of the
cut point is the front saturation. According to Eq. (9.15), the intersection of the
tangent line and the line y = 1 is the average saturation, from which the relative
permeability of brine and supercritical CO2 during CO2 injection and the average
saturation of supercritical CO2 can be obtained.

9.4.2 Influential Factors of Percolating Resistance

Percolating resistance describes the magnitude of the resistance of the percolation
received in the formation. In the process of the injection of CO2 into the formation,
the less the percolating resistance is, the faster the injection efficiency will be in the

Fig. 9.3 The curves of relative permeability and the saturation of CO2: a the first layer; b the
second layer; c the third layer; d three-layer comparison chart of permeability curve
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same injection pressure. Therefore, in this study, the analysis of the influencing
factors of percolating resistance has great effect on the improvement of injection
efficiency and storage efficiency.

9.4.2.1 Variation Law of Percolating Resistance
According to the scheme Base case listed in Table 9.3, the heterogeneity coefficient
is 0.2803, the injection is 0.5 Mt/a, the variation of percolating resistance of the
three layers with time is shown in Fig. 9.4.

As shown in the Fig. 9.4, percolating resistance of the three layers is increasing
with time. It presents an evident upward trend in the initial stages and tends to be
stabilized over time. In the Base Case, the absolute permeability of each layer in the
saline aquifer from top to bottom are: 60 mD; 45 mD; 30 mD, and the hetero-
geneity coefficient 0.2803, which indicates the formation is homogeneous. How-
ever, the percolating resistance of each layer is quite different. As shown in the
Fig. 9.4, the greater the absolute permeability is, the smaller the percolating
resistance will be. The percolating resistance of the uppermost layer increases from
the initial 130–135 gradually. The percolating resistance of the intermediate layer
increases from the initial 153–160 gradually. And the percolating resistance of the
lowest layer increases from the initial high 204–220 and tends to stability.

Based on the above analysis, with the increase of the absolute permeability in the
stratum, the percolating resistance is decreasing. Besides, with the linear decrease of
the permeability, the percolating resistance is increasing linearly.

Fig. 9.4 Relationship of each brine layer’s percolating resistance with the base case
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9.4.2.2 Influencing Factors of Percolating Resistance
According to Eq. (9.20) we know that the pressure gradient is the product of the
total percolating resistance and flow rate. When the injection rate is given, the
greater the pressure is, the more energy is consumed and the more cost will be.
Variation of percolating resistance has important effect on improving storage effi-
ciency, economic efficiency and cost reduction. According to Eq. (9.23) of per-
colating resistance, this section will study the effect on percolating resistance of
various factors.

(1) Injection rate of supercritical CO2

Injection rate will directly affect the efficiency of injecting CO2 into the saline
aquifer. The higher the injection rate is, the more conducive to the storage of CO2

and the more reduction of greenhouse effect. However, the higher the injection rate
is, the greater the resistance is. The curve of the total resistance of supercritical
CO2-brine two-phase fluid flow in the percolating process is shown in Fig. 9.5.

Injection rates were among 0.1, 0.3, 0.5, 1 Mt/a. Seen from the Fig. 9.5, the total
resistance increases with different growth rates under different conditions, and
reaches a plateau afterwards. With lower injection rate, the flow resistance is
smaller and it is more conducive to inject CO2; increasing injection rate will lead to
higher flow resistance and is more detrimental to the injection of CO2.

(2) Heterogeneity coefficient of the saline aquifer

Heterogeneity coefficient indicates the heterogeneity of saline aquifers. The larger
the heterogeneity coefficient is, the more heterogeneous the saline aquifer is. And

Fig. 9.5 The relationship of total percolating resistance changed at different injection rate
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the smaller the heterogeneity coefficient is, the more homogenous the saline aquifer
is and more conducive to CO2 storage. Figure 9.6 shows the curve of the variation
of percolating resistance with time with different heterogeneity coefficients. Fig-
ure 9.7 shows the curve of the variation of total percolating resistance with different
heterogeneity coefficients.

Heterogeneity coefficient of Fig. 9.6 are 0.2803, 0.5498, 0.7370, 1.0165 indi-
cating the increase of heterogeneity. Seen from the figure, the smaller the hetero-
geneity coefficient is, the greater the percolating resistance will be. With the
increase of heterogeneity coefficient, the total percolating resistance is decreasing.

Figure 9.7 is the curve of the variation of percolating resistance with different
heterogeneity coefficients. Seen from the figure, it can be divided into three regions.
In the first region, the percolating resistance and sweep efficiency are great.
Although we can take full advantage of the saline aquifer to store CO2, the great
percolating resistance is not conducive to CO2 injection as it acquires high energy
consumption. In the third region, the percolating resistance is low, but the sweep
efficiency is also low, so the saline aquifer cannot be fully used and the storage
efficiency is low. The second region is the moderate. The saline aquifer with
heterogeneity coefficients increasing from 0.18 to 0.62 has benefit for CO2 storage.

(3) Radial extent

Radial extent is an important factor when selecting storage site. The impact of
different radial extents on percolating resistance is shown in Fig. 9.8 based on other
parameters of Base case.

Fig. 9.6 The relationship of total percolating resistance changed with the time at different
heterogeneity coefficient
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As seen from the figure, with the increase of the radius, percolating resistance is
also gradually increasing. With the linear increase of radial extent, the total per-
colating resistance is not increasing linearly but very slowly. And the rate of
increase leveled off over time.

Fig. 9.7 The relationship of total percolating resistance changed with the heterogeneity
coefficient

Fig. 9.8 The relationship of total percolating resistance changed at different radial extent
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(4) Porosity of the saline aquifer

Porosity of saline aquifers is an important parameter to evaluate the capacity of CO2

storage in saline aquifer. The larger the porosity is, the greater the storage capacity
will be. The impact of porosity on percolating resistance is shown in Fig. 9.9.

Figure 9.9 is a curve of the variation of percolating resistance with different
porosity. The larger the porosity is, the smaller the percolating resistance will be
and more conducive to CO2 storage.

Figures 9.5–9.9 shows the curves of the variation over time of percolating
resistance with different injection efficiency, heterogeneity coefficient, radial extent,
and porosity. As seen from the figures, the total percolating resistance is increasing
over time. At the initial period, it increases quickly, and it tends to increase slowly.

9.4.3 Influential Factors of Sweep Efficiency

The definition of sweep efficiency is shown in Eq. (9.28) in Sect. 9.3.7, and is an
important indicator to evaluate CO2 storage efficiency in the saline aquifer. Due to
the formation heterogeneity, the advancing rates of CO2 in different layers are
different. This study analyzes the variation law of front radius and sweep efficiency
under different values of heterogeneity coefficient, injection rate, radial extent,
porosity to provide theoretical guidance for the CCS program.

Fig. 9.9 The relationship of percolating resistance changed at different porosity
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9.4.3.1 Sweep Efficiency and Front Radius
Heterogeneity coefficient defined by Eqs. (9.26) and (9.27) is a parameter to
describe the heterogeneity between layers. According to Table 9.3, the hetero-
geneity coefficients are 0.2803, 0.5498, 0.7370, 1.0165, respectively.

Figure 9.10 shows the curves of variation of sweep efficiency with heterogeneity
coefficient over time and the sketch map of front radius in saline aquifer. The four
diagrams (a), (b), (c), (d) represent the variation of sweep efficiency over time and
the corresponding sketch map of front radius when the injection efficiency in saline
aquifer are 0.1, 0.3, 0.5, 1 Mt/a from (a) to (d) respectively. As can be seen from the
figure, with the injection of supercritical CO2, the sweep efficiency is decreasing. At
the initial stage it decreases quickly and then level off.

Sweep efficiency decreases with the increase of the injection rate. We can see
from the sketch map of front radius that with the increase of injection efficiency, the
gaps between the layers become larger and larger and thus influence the CO2

storage efficiency. Sweep efficiency also decreases with the increase of hetero-
geneity coefficient.

Fig. 9.10 The variation of sweep efficiency and front radius with heterogeneity coefficient in
saline aquifer: a heterogeneity coefficient is 0.2803; b heterogeneity coefficient is 0.5498;
c heterogeneity coefficient is 0.7370; d heterogeneity coefficient is 1.0165
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As can be seen from sketch map of front radius, when the heterogeneity coef-
ficient is 1.0165, front radius of the first layer is much larger than that the other two
layers, which causes a great waste for the saline aquifer that stores supercritical
CO2.

9.4.3.2 The Influence of Injection Rate
Figure 9.11 is the curve graph of the sweep efficiency with the variation of injection
rate when the heterogeneity coefficient is 0.2803. As can be seen from Fig. 9.11, the
sweep efficiency decreases from the previous 79.25–78.6% with the increases of
injection rate, and the decreasing amplitude is only 0.65%. We can conclude that
the injection rate has little impact on sweep efficiency.

9.4.3.3 The Influence of Heterogeneity Coefficient
From the above analysis we know that the larger the heterogeneity coefficient is, the
smaller the percolating resistance will be and more conducive to the injection of
CO2. The influence of heterogeneity coefficient on CO2 storage efficiency is shown
as below.

Figure 9.12 shows the curve of the sweep efficiency with the variation of
heterogeneity coefficient. As can be seen from the figure, with the increase of the

Fig. 9.10 (continued)
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heterogeneity coefficient, the sweep efficiency decreases. The heterogeneity coef-
ficient increases from the 0.1 to 1.2 and the sweep efficiency decreases from 95 to
35%. So we can see that heterogeneity coefficient is the factor that influence sweep
efficiency most. Therefore, in the process of the evaluation of CO2 storage in saline
aquifer, the smaller the heterogeneity coefficient is, the higher the CO2 storage
efficiency will be and the better the economic efficiency.

Fig. 9.11 The relationship of sweep efficiency changed with the injection rate

Fig. 9.12 The relationship of sweep efficiency changed with the heterogeneity coefficient
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Figures 9.10–9.12 represents the law of the variation of sweep efficiency with
different heterogeneity coefficient and different injection rate over time. As can be
seen from the figures, the sweep efficiency is declining over time. In the initial
stage, the drop is large, and at last it tends to level off. Based on the above analysis
we can see that the injection rate has little effect on sweep efficiency and hetero-
geneity coefficient, which shows the heterogeneity of the stratum itself, is the most
important factor affecting sweep efficiency. The larger the heterogeneity coefficient
is, the lower the sweep efficiency will be. The smaller the heterogeneity coefficient
is, the higher the sweep efficiency will be. What’s more, the influence of the
injection rate on sweep rate also cannot be overlooked.

9.4.3.4 The Influence of Different Radial Extent
In the selection of the site for CO2 storage, the larger the radial extent is, the more
the storage of CO2. But the radial extent of saline aquifer will influence the per-
colating resistance and indirectly influence the sweep efficiency. The analysis of the
influence of different radial extent on sweep rate has great significance in the
evaluation of storage efficiency of saline aquifer. In the calculation of the super-
critical CO2-Brine two-phase displacement model, the radial extent takes the value
20 km. We can choose different radial extents under this condition. The curve of the
variation of sweep efficiency over time is shown in Fig. 9.13.

Seen from the figure, the larger the radial extent is, the higher the sweep effi-
ciency will be. It indicates that in the selection of storage site, the larger the radius
is, the more favorable of CO2 storage. Radial extent can be taken as an important
indicator for the evaluation of CCS.

Fig. 9.13 The relationship of sweep efficiency changed with the time at different radial extent
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9.4.3.5 The Influence of Porosity
In the evaluation of storage efficiency, porosity is a factor that cannot be over-
looked. The larger the porosity, the more CO2 is stored in the unit volume of saline
aquifer and more favorable for CO2 storage. With different porosity, the curve of
the variation of sweep efficiency over time is shown in Fig. 9.14.

Seen from the figure, the larger the porosity is, the higher the sweep efficiency
will be, and the more conducive to storage of CO2. In the evaluation of CO2 storage
in saline aquifers this parameter is an important indicator for site selection.

Through the above analysis, the effect of influential factors on the total perco-
lating resistance and sweep efficiency are clarified. With the increase of the
heterogeneity coefficient, the percolating resistance and sweep efficiency are
decreasing. The smaller the percolating resistance is, the more conducive to CO2

storage. However, the decrease of storage efficiency will result in decrease of
amount of CO2 storage. Figure 9.7 shows that heterogeneity coefficient in the
intermediate zone, ensure the CO2 storage efficiency as well as quick decrease of
the percolating resistance. An optimum selection of heterogeneity coefficient can
benefit both the economic efficiency and injection efficiency of CO2 storage.

Fig. 9.14 The relationship of sweep efficiency changed with the time at different porosity
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Appendix

Chapter 1

1:1 m¼ 1:52 � 10�5 m2=s
1:2 l ¼ 1:87 � 10�5 Pa � s; m ¼ 1:69 � 10�5 m2=s
1:3 s ¼ 145:8 Pa
1:4 (1) F1 ¼ 6N (2) F2 ¼ 43:2N
1:5 F ¼ 3:73N
1:6 39:6 N � m
1:7 V ¼ 151:34m3

1:8 p2 ¼ 172:2 kPa
1:9 DV ¼ 0:2m3

Chapter 2

2:1 p ¼ 248:3 kPa
2:2 p0 ¼ 104:24 kPa
2:3 Absolute pressure: 11:8mH2O, 0:868mHg; Relative pressure: 1:5mH2O,

110:34mmHg
2:4 p0 ¼ �2940 Pa; pv ¼ 2940 Pa
2:5 pM ¼ 177:74 kPa; p

0
M ¼ 76:44 kPa

2:6 h2 ¼ 43:5 cm
2:7 Dp ¼ 27:32 kPa
2:8 p0 ¼ 823:2 Pa
2:9 p

0
A ¼ 264:8 kPa

2:10 (1) pB � pA ¼ 0:415mH2O (2) h1 ¼ 0:55m; h2 ¼ �0:2m; h3 ¼ 0:75m;
z ¼ 0:4m
(3) pB � pA ¼ 0:4mH2O (4) h1 ¼ 0:95m; h2 ¼ �1m; h3 ¼ 0:35m

2:11 p1 ¼ 1:187 � 103 kPa
2:12 P ¼ 27:15 kN
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2:13 P ¼ 25:58 kN; hD ¼ 1:55m
2:14 P ¼ 12:05 kN; hD ¼ 1:60m
2:15 P ¼ 1:02 � 108 N; Y ¼ 27:9m

Chapter 3

3:1 y ¼ 0; z ¼ 1
x2

3:2 y� y0 ¼ x2�x20
1þAt0

3:3 a ¼ 104i þ 154j
3:4 a ¼ 4i þ 6j; a ¼ 7:21m/s2

3:5 Q ¼ 61:36m3=s, v ¼ 78:13m/s
3:6 v ¼ 0:5 umax

3:7 uz ¼ �xz þ z2

2
3:8 vB ¼ 4:5m/s; vD ¼ 10:88m/s
3:9 v1 ¼ 18:05m/s; v2 ¼ 22:25m/s

3:10 v1 ¼ 8:04m/s; v8 ¼ 6:98m/s
3:11 v1 ¼ 9:6m/s; Q1 ¼ 2:4m3=s; v2 ¼ 6:4m/s; Q2 ¼ 1:6m3=s; v3 ¼ 3:2m/s;

Q3 ¼ 0:8m3=s
3:12 QM ¼ 0:518 kg/s
3:13 u0 ¼ 49:50m/s
3:14 v2 ¼ 5:6m/s, d2 ¼ 5 cm
3:15 vA ¼ 6m/s; h1 ¼ 1:73mH2O, from A to B
3:16 (1) h1 ¼ �0:239moil (2) From 2-2 to 1-1 (3) Dp ¼ 3:74 � 104 Pa
3:17 Q ¼ 0:091m3=s
3:18 Q ¼ 1:935m3=s
3:19 v3 ¼ 10:84m/s; Q ¼ 3:41L/s; p2 ¼ 22:83 kPa
3:20 hv ¼ 47:3mmHg
3:21 Q ¼ 0:0512m3=s
3:22 p ¼ 53:66 kPa
3:23 v ¼ 5:72m/s, pc ¼ �68:99 Pa (Relative pressure)
3:24 v ¼ 7:92m/s, H ¼ 0:8m, d0 ¼ 80:6mm
3:25 H ¼ 127:4m, N ¼ 433:51 kW
3:26 F ¼ 9:46 kN, h ¼ 18:22�

3:27 Fx ¼ 0:243 kN; Fy ¼ 0:026 kN
3:28 y ¼ 5:61m
3:29 F ¼ 126N
3:30 a ¼ 30�; R ¼ 456:5N
3:31 (1) F1 ¼ 920N (2) F2 ¼ 230N

3:32 Rx ¼ qA1ðv1 � vÞ2ðcos h� 1Þ; Ry ¼ qA1ðv1 � vÞ2 sin h; R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
x þR2

y

q
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Chapter 4

4:1 Re ¼ 1914\ 2000 Laminar flow, Re ¼ 4787 Turbulent flow,
Q ¼ 5:12 � 10�5 m3=s

4:2 Re ¼ 9289 [ 300 Turbulent flow; v\ 0:16 cm/s
4:3 l ¼ 0:135 Pa � s
4:4 k ¼ 4:65 � 10�7 Re
4:5 Turbulent flow in smooth pipes (1) k ¼ 0:0236 (2) d ¼ 1:88mm

(3) s0 ¼ 5:06 Pa

4:6 (1) p ¼ cl kh=d�1
kh=dþ 1 (2) h þ d

k (3) v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2gðhþ lÞ
1þ kl=d

q
(4) h ¼ d

k (5) pA ¼ 0,

p1 ¼ p2 ¼ p3 ¼ p4 ¼ 0
4:7 (1) Region IV: Turbulent transient region (2) k ¼ 0:025
4:8 hf ¼ 40:82moil
4:9 hf ¼ 16:54moil

4:10 N ¼ 19:53 kW
4:11 According to Blasius formula k ¼ 0:015, from Moody chart k ¼ 0:019

4:12 D
d ¼ ffiffiffi

2
p

, DHmax ¼ v2d
4g

4:13 (1) hf ¼ 0:284m (2) p2�p1
c ¼ 0:455m (3) p2�p1

c ¼ 0:74m

4:14 hr ¼ 0:268mH2O
4:15 f ¼ 0:65
4:16 v ¼ 27:43m/s
4:17 f ¼ 6:275
4:18 h ¼ 3:59m
4:19 Q ¼ 53:5 L/s
4:20 H ¼ 26:6m, Q ¼ 4:9L/s
4:21 H ¼ 3:84m
4:22 (1) Q ¼ 0:045m3=s (2) H1 ¼ 17:76m

Chapter 5

5:1 Q ¼ 0:757m3=s
5:2 Q ¼ 13:57 L/s; d ¼ 135mm
5:3 hf1 ¼ 0:824mH2O; hf2 ¼ 1:76mH2O; hf3 ¼ 9:42mH2O
5:4 d2 ¼ 150mm
5:5 hf ¼ 7:39mH2O
5:6 Q ¼ 11L/s
5:7 d ¼ 51:3 cm
5:8 (1) Q1 ¼ 23:75L/s; Q2 ¼ 5:7 L/s (2) Q ¼ 19:67L=s
5:9 H ¼ 0:92m

5:10 Q ¼ 0:132m3=s
5:11 y ¼ H

2 ; xmax ¼ CvH
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5:12 (1) u ¼ 0:92; e ¼ 0:65 (2) Q ¼ 49:4 L/s
5:13 v ¼ 9:4m/s, Q ¼ 6:66L/s
5:14 t ¼ 144 s
5:15 t ¼ 18:5 h

Chapter 6

6:1 (C) 2:4m/d
6:2 v ¼ 0:0637 cm/s; u ¼ 0:318 cm/s
6:3 k ¼ 0:6m/s
6:4 Q ¼ 1:25 L/s

Chapter 7

7:1 H ¼ 89:41m
7:2 N ¼ 31:1 kW
7:3 N ¼ 387:5 kW

Chapter 8

8:1 Q2 ¼ 7:4L/s; hf1 ¼ 0:45m; Dp1 ¼ 1:845 bar
8:2 (1) h0 ¼ 0:873m (2) P1 ¼ 1830N
8:3 vmw ¼ 120 km/h; vma ¼ 1585 km/h
8:4 vm ¼ 0:103m/s
8:5 (1) h ¼ 0:15m (2) Q ¼ 339:88m3=s (3) h ¼ 4mH2O
8:6 (1) d ¼ 27:5mm (2) kh ¼ 2:73 (3) kQ ¼ 12:27
8:7 (1) Qm ¼ 76mL/s (2) Qm ¼ 12:87 L/s
8:8 Dp ¼ 8:25mmH2O
8:9 x ¼ 3

2 ; y ¼ 1
2

8:10 Q ¼ kd2
ffiffi
p
q

q

8:12 Q ¼ kd2 Dp
q

� �1
2

8:13 N ¼ D5 qx3 f Q
D3x

� �
8:14 F ¼ qv2 D2 f ðReÞ
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