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Preface

Quantum integrable models play important roles in a variety of fields such as
quantum field theory, condensed matter physics, and statistical physics. For dec-
ades, a number of theoretical methods have been developed for solving the
eigenvalue problem of integrable models. Among them, the three typical and most
popular methods are the coordinate Bethe Ansatz method proposed by H. Bethe in
1931, the T � Q method proposed by R.J. Baxter in the early 1970s, and the
algebraic Bethe Ansatz method proposed by the Leningrad Group in the late 1970s.
These methods have been demonstrated as powerful in solving most of the known
quantum integrable models. After Baxter’s work on the eight-vertex model, people
realized that a special class of quantum integrable models exists in which the Uð1Þ
symmetry is broken and, in some cases, obvious reference states are absent. Some
well-known examples are the XYZ spin chain (or equivalently the eight-vertex
model), the quantum Toda chain, the anisotropic spin torus, and the quantum spin
chains with nondiagonal boundary fields. Several methods have since been
developed to approach this remarkable problem. Among them, two promising ones
are Baxter’s T � Q method and Sklyanin’s separation of variables (SoV) method,
which provide efficient tools to treat quantum integrable models with functional
analysis.

This book serves as an introduction to the off-diagonal Bethe Ansatz (ODBA)
method, a newly developed analytic theory to approach exact solutions of quantum
integrable models, especially those with nontrivial boundaries. In any sense, ODBA
is not an isolated theory but one based on extensive existing knowledge. Therefore,
this book also covers some main ingredients of T � Q relation, algebraic Bethe
Ansatz, thermodynamic Bethe Ansatz, fusion techniques and Sklyanin’s SoV basis,
etc. It is organized in a parallel structure to explain how ODBA works for different
types of integrable models. Chapter 1 is devoted to the basic knowledge of quantum
integrable models, and Chap. 2 to a comprehensive introduction of the algebraic
Bethe Ansatz, the fusion techniques, and the SoV scheme. In addition, the ther-
modynamic Bethe Ansatz method is introduced as a tool for deriving the physical
quantities. Chapter 3 focuses on the application of ODBA in the periodic XXZ
model and the XYZ model, and Chap. 4 on the topological boundary problem using
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the anisotropic spin torus as example. Chapter 5 studies the exact solution
of the spin-12 chain Hamiltonian with generic open boundaries, which had been
a long-standing problem for over two decades. Chapter 6 is devoted to the one-
dimensional Hubbard model and the super-symmetric t � J model with generic
integrable boundaries. Chapters 7 and 8 focus on the generalizations of ODBA to
high-spin integrable models. Chapter 9 is devoted to the Izergin-Korepin model
with generic boundaries, a typical integrable model beyond the A-type models.
Calculations of some important physical quantities based on the Bethe Ansatz
equations, especially the nontrivial boundary contributions, are given in Chaps. 2–5
and the method for retrieving the eigenstates based on the inhomogeneous T � Q
relations and the SoV basis is introduced with concrete examples in Chaps. 4 and 5.

In general, the authors aim to introduce topics that are under ongoing research
and are developing at a stimulating pace in this fascinating field. These contents are
selected for the book according to the authors’ own understanding of the topics
under discussion. Thus, they devote much attention to methods that work well for
the nontrivial boundaries (Research on nontrivial surface effects, including edge
states of the quantum Hall effect, surface states of topological insulators, open
strings, and stochastic processes in nonequilibrium statistical physics, has become a
trend in modern physics. The authors study this problem from the mathematical
physics side.). The two-dimensional lattice models and most of the well-established
knowledge on the models with periodic and diagonal boundary conditions are not
included, since several excellent books have already covered these topics. This
book was originally planned for around 100 pages but then was expanded to the
present size, thanks to suggestions of numerous colleagues that detailed calculations
should be included as much as possible to make it easy to follow the method.
Although most of the results contained in this book have been rigorously proven,
we still use the word “exactly” in the title as Baxter did for his book, for the reason
that some results in this book are not that rigorously proven. For example, the
thermodynamic limit is constructed based on reasonable physical arguments. For
most models considered in this book, numerical results are provided to support the
analytical ones, which is a conventional way for physicists and scientists in other
fields to support their proposals, though it may not meet mathematical rigorousness.
For physicists, to propose something correct is always more ambitious than to
prove it.

Also, the methodology still needs to be developed and leaves some open
questions, among which are: how to apply it in graded integrable models and in
cyclic integrable models with nontrivial boundaries; how to retrieve the Bethe states
and to derive the scalar products of high-rank quantum integrable models, etc. We
expect that those issues may undergo significant progress in the near future.

The authors would like to share with you their happiness in undertaking the
collaboration, which started in Fall 2012. At that time little was known about
ODBA. Without the ensuing teamwork, it would have been impossible to achieve
the main original results contained in this book!
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We apologize if any important references are omitted. Any such error is defi-
nitely due to the limits of the authors’ knowledge of the literature.
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Chapter 1
Overview

Quantum integrable models are exactly solvable models defined by the Yang-Baxter
equation (YBE) [1, 2] or the Lax representation [3]. These models play important
roles in a variety of fields such as quantum field theory, condensed matter physics
and statistical physics, because they can provide solid benchmarks for understand-
ing the many-body effects in corresponding universal classes and sometimes even
yield conclusions to debates about important physical concepts. For instance, the
exact solution of the two-dimensional Ising model [4] gives concrete evidence for
the existence of thermodynamic phase transitions; the exact solution of the one-
dimensional Hubbard model [5] clarifies the concept of the Mott insulator; while the
spinon excitations obtained from the exact solution of the Heisenberg spin chain [6]
elucidate how fractional charges could be generated from low-dimensional correlated
quantum systems. In recent years, new applications have been found in cold atom sys-
tems, quantum information, AdS/CFT correspondence and many other aspects. For
example, the Lieb-Liniger model [7, 8], the δ-potential Fermi gas model [1, 9] and
the one-dimensional Hubbard model [5] have provided important benchmarks for
one-dimensional cold atom systems and even fit experimental data with incredibly
high accuracy [10]. On the other hand, the anomalous dimensions of operators of
N = 4 super-symmetric Yang-Mills field theory can be given by the eigenvalues of
the Hamiltonians for certain integrable spin chains [11, 12].

For several decades, a number of theoreticalmethods have been proposed for solv-
ing the eigenvalue problem of quantum integrable models. Among them, the three
typical and most popular methods are the coordinate Bethe Ansatz method proposed
by Bethe [13], the T − Q method proposed by Baxter [14, 15] and the algebraic
Bethe Ansatz method [16–22] proposed by the Leningrad Group. Those methods
have been demonstrated to be powerful in solving the eigenvalue problem of the
known quantum integrable models and a great number of papers have been devoted
to this topic in the literature. Among the family of quantum integrable models, there
exists a large class of models that do not possess U (1) symmetry and an obvious
reference state is usually absent. Some well-known examples are the XYZ spin chain
with an odd number of sites [17], the anisotropic spin torus [23] and the quantum
spin chains with non-diagonal boundary fields [24–27]. These models have been
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2 1 Overview

found to possess important applications in non-equilibrium statistical physics (e.g.,
stochastic processes [28–33]), in condensed matter physics (e.g., a Josephson
junction embedded in a Luttinger liquid [34], spin-orbit coupling systems, one-
dimensional cold atoms coupled with a BEC reservoir, etc.) and in high energy
physics (e.g., open strings and coupled D-Branes). Many efforts have been made
[24–27, 29–32, 35–53] to approach this nontrivial problem.

Actually, Baxter’s theory [2] already provided a powerful method for approaching
exactly solvable models with functional analysis, allowing us to solve those models
without U (1) symmetry. A remarkable example is the exact solution of the eight-
vertex model [2]. Another important functional analysis method to approach these
models is the quantum separation of variables (SoV) method [54–57] proposed by
Sklyanin, which has also been successfully applied to several nontrivial quantum
integrable models. A famous example is the solution of the quantum Toda chain [54].
Nevertheless, for a long time, the Bethe Ansatz equations could only be obtained
for constrained boundary conditions [24, 25, 37] or for special crossing parameters
[26, 27, 35, 36] associated with spin- 12 chains or with spin-s chains [58–61]. An
analytic method for solving the integrable models with or without obvious reference
state, i.e., the off-diagonal Bethe Ansatz (ODBA) method was proposed in 2013
[62]. With this method, several models without obvious reference states were solved
exactly [62–71] by the construction of the inhomogeneous T − Q relations, and a
method to obtain the physical quantities in the thermodynamic limit was established
[72] subsequently, based on the ODBA equations. Soon after that, Sklyanin’s SoV
method was applied to the spin- 12 chains with generic integrable boundaries [73], and
a set ofBethe stateswas conjectured via the algebraicBetheAnsatz [74].A systematic
method to retrieve the Bethe-type eigenstates based on the ODBA solutions and the
SoV basis is developed in [75, 76].

This chapter is a brief introduction of the integrability associated with YBE; the
boundary conditions associated with the integrability; the factorizability induced by
YBE and the ideas of the coordinate Bethe Ansatz; the T − Q relation; and the basic
ingredients of ODBA.

1.1 Integrability and Yang-Baxter Equation

The concept of integrability originated from classical mechanics, wherein a physical
system is usually describedby a set of differential equations (the equations ofmotion).
The solutions of these differential equations are their integrals. In such a sense,
integrable means solvable. The integrals are accompanied by some integral constants
that do not depend on time and are usually called integrals of motion or conserved
quantities. For a mechanical system with N degrees of freedom, if N independent
integrals of motion which are in involution can be obtained, then the system is
completely integrable.

A precise definition of classical integrability is given by Liouville’s theorem [77]:
Given a Hamiltonian system described by the coordinates {x j | j = 1, . . . , N } and
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the momenta {k j | j = 1, . . . , N }, if there exists a canonical transformation x j , k j →
q j , p j to make the Hamiltonian to be only a function of the canonical momenta {p j },
the system is integrable. This is true because the following Poisson brackets hold:

{k j , xl} = δ j,l , {p j , ql} = δ j,l ,

dp j

dt
= {H, p j } = 0,

dq j

dt
= ∂ H

∂p j
, (1.1.1)

which imply that the N canonicalmomenta are conserved quantities and the evolution
of the N canonical coordinates is linear in time t . The Liouville’s theorem indicates
that the variables of an integrable system are in fact completely separable. However,
such a separation process is usually rather nontrivial.

To show the integrability clearly, let us first consider a simple classical integrable
system which might give a bridge to the quantum integrable systems: N classical
indistinguishable objects moving in a straight line. Suppose each object carries a
momentum k j initially and the collisions among the objects are elastic. Consider
the collision process between two neighboring objects. If the objects carry momenta
ki and k j before the collision, and k′

i and k′
j after the collision, respectively, the

conservation laws of momentum and energy require that

ki + k j = k′
i + k′

j , (1.1.2)

k2i + k2j = k′
i
2 + k′

j
2
. (1.1.3)

The above equations have two sets of solutions: (1) k′
i = ki , k′

j = k j ; (2) k′
i = k j ,

k′
j = ki . Since these objects are not penetrable, only the second set of solutions is

allowed, i.e., the objects exchange their momenta after the collision. If the objects
are moving in a ring (periodic boundary condition), the system can be described by a
parameter set {k1, . . . , kN }which does not change with the collision processes. Such
phenomenon is usually called non-diffraction behavior and is a common feature of
the integrable systems. Obviously, the following conserved quantities hold:

Cn =
N∑

j=1

kn
j , n = 1, . . . , N , (1.1.4)

indicating that this system is completely integrable. If the objects move in an interval
with boundaries, themomenta they carry are no longer a conserved set of parameters.
The object carrying a momentum k j must be reflected at the boundaries and its
momentum is changed to −k j after reflection. However, the system still preserves
its integrability because of the existence of the following conserved quantities:

Co
n =

N∑

j=1

|k j |n, n = 1, . . . , N . (1.1.5)
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The central point of quantum integrability lies in the conservation laws governed
by the YBE. There are several ways to derive YBE. Here we adopt Yang’s procedure
[1]. Consider that N indistinguishable quantum particles are moving in one spatial
dimension. Suppose its wave function initially takes the following asymptotic form:

Ψin ∼ ei
∑N

j=1 k j x j , x1 � x2 � · · · � xN . (1.1.6)

The first particle reaches the right end of the system from the left after scattering with
all the other particles. The asymptotic wave function after this process becomes

Ψout ∼ S1,23...N ei
∑N

j=1 k j x j , x2 � x3 � · · · � xN � x1, (1.1.7)

where S1,23...N is the scattering matrix of particle 1 to all the other particles. If the
many-body S-matrix can be factorized as the product of two-body S-matrices

S1,23...N = S1,N (k1, kN ) · · · S1,3(k1, k3)S1,2(k1, k2), (1.1.8)

we call the system a factorizable system.We note that the following inversion identity
for the two-body S-matrix holds:

S1,2(k1, k2)S2,1(k2, k1) = 1. (1.1.9)

The factorizability ensures the integrability of a quantum system. To show this point
clearly, let us consider the three-particle case. There are two routes from the initial
state |1, 2, 3〉 to the final state |3, 2, 1〉 as shown in Fig. 1.1. These two routes must
be equivalent because of the uniqueness of the final wave function. If the system is
factorizable, we have the following equation:

S1,2(k1, k2)S1,3(k1, k3)S2,3(k2, k3) = S2,3(k2, k3)S1,3(k1, k3)S1,2(k1, k2).

(1.1.10)

Fig. 1.1 Schematic diagram
of the Yang-Baxter equation:
the two routes from the
initial state |1, 2, 3〉 to the
final state |3, 2, 1〉 must be
equivalent

|1,2,3

|2,1,3 |1,3,2

|2,3,1 |3,1,2

|3,2,1

S1,2 S2,3

S1,3 S1,3

S2,3 S1,2
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This is the YBE, which was realized in [78] and first emphasized by Yang [1] in
solving the one-dimensional δ-potential Fermi gas model and by Baxter [2] in con-
structing the T − Q method for solving the two-dimensional vertex models. It was
demonstrated by Yang [79] that YBE is the sufficient condition of Yang-Baxter
quantum integrability with proper boundary conditions. This equation also ensures
factorizability, thus constituting the cornerstone for constructing and solving the
quantum integrable models. In fact, the factorizability indicates that the basic scat-
tering process is the two-body one, and that some conserved quantities that possess
the eigenvalues of Eqs. (1.1.4) or (1.1.5) always exist, because of the conservation
laws of momentum and energy.

Usually, if the spectral parameters in the S-matrix are additive, i.e., Si, j (ki , k j ) ∼
Ri, j (ki − k j ), the YBE is written as

Ri, j (ui − u j )Ri,k(ui − uk)R j,k(u j − uk)

= R j,k(u j − uk)Ri,k(ui − uk)Ri, j (ui − u j ). (1.1.11)

Throughout this book we adopt the standard notations: for any matrix O ∈
End(V), O j is an embedding operator in the tensor space V ⊗ V ⊗ · · · ⊗ V, which
acts as O on the j th factor space and as identity on the other factor spaces; Ri, j (u)

is an embedding operator of the R-matrix in the tensor space, which acts as identity
on the factor spaces except for the i th and j th ones. Moreover, we denote id as the
identity operator in the corresponding space.

1.2 Integrable Boundary Conditions

There are several possible boundary conditions associated with the quantum
integrability. To show them clearly, let us first introduce the procedure for con-
structing quantum integrable models based on YBE. In principle, given an R-matrix,
we can seek solutions of the equation

R0,0̄(u − v)L0,n(u)L 0̄,n(v) = L 0̄,n(v)L0,n(u)R0,0̄(u − v). (1.2.1)

Obviously, L0,n(u) = R0,n(u − θn) is a solution of this equation. L0,n(u) is
usually called the Lax operator and θn is a site-dependent parameter (inhomoge-
neous parameter). Given an R-matrix satisfying YBE, we define the monodromy
matrix

T0(u) = L0,N (u)L0,N−1(u) · · · L0,1(u), (1.2.2)
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where N is the number of sites of the system. The transfer matrix of the system is
defined as the trace of the corresponding monodromy matrix in the auxiliary space

t (u) = tr0T0(u). (1.2.3)

The concept of the transfer matrix originated from the classical statistical models [2]
and was adopted later in the study of quantum integrable models.

An important step to construct and to solve quantum integrable models is the
RT T relation proposed by Baxter. Since

[L0,m(u), L 0̄,n(v)] = 0, m 	= n, (1.2.4)

from YBE (1.2.1) we have

R0,0̄(u − v)T0(u)T0̄(v)

= R0,0̄(u − v)L0,N (u)L 0̄,N (v) · · · L0,1(u)L 0̄,1(v)

= L 0̄,N (v)L0,N (u)R0,0̄(u − v) · · · L0,1(u)L 0̄,1(v)

= L 0̄,N (v)L0,N (u) · · · L 0̄,1(v)L0,1(u)R0,0̄(u − v)

= T0̄(v)T0(u)R0,0̄(u − v). (1.2.5)

Multiplying R−1
0,0̄

(u − v) from the left side of the Eq. (1.2.5) and taking the trace in

the auxiliary spaces 0 and 0̄, we obtain

[t (u), t (v)] = 0. (1.2.6)

Expanding t (u) in terms of u

t (u) =
∞∑

n=0

t (n)un, (1.2.7)

we readily have that the coefficients are mutually commuting

[t (m), t (n)] = 0. (1.2.8)

Choosing one of them or a certain combination of them as a Hamiltonian H , then
[H, t (n)] = 0 and the model is integrable. If we obtain the eigenvalues of the transfer
matrix, we can obtain all the eigenvalues of the coefficients. The boundary condition
for the transfer matrix defined by (1.2.2) and (1.2.3) is periodic.

In most of the cases, Eq. (1.2.1) allows c-number solution L0,n(u) = G0 which
is independent of the spectral parameter u. This allows us to construct the following
transfer matrix

t (u) = tr0{G0L0,N (u)L0,N−1(u) · · · L0,1(u)}, (1.2.9)
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Fig. 1.2 Schematic diagram
of the reflection equation: the
two routes from the initial
state |1, 2, B〉 to the final
state |1̄, 2̄, B〉 must be
equivalent. B indicates the
open boundary

|1,2,B

|2,1,B|1,2,B

|2,1,B|2,1,B

|1,2,B|2,1,B

|1,2,B

S1,2

S1,2

S2,1

K1

K1

K2

K2

S2,1

which also satisfies the commuting relation (1.2.6). G = id corresponds to the
periodic boundary condition. If G is a diagonal matrix in the auxiliary space, it
corresponds to a twisted boundary condition. If G is a non-diagonal matrix, it then
defines an antiperiodic (or topological) boundary condition.

For the open-boundary quantum systems, it was proposed by Sklyanin [22] and
Cherednik [80] that, apart fromYBE, another equation accounting for the boundaries
must also be satisfied to preserve integrability. For a two-body system with open
boundaries, there are again two routes from the initial state |1, 2, B〉 to the final state
|1̄, 2̄, B〉 as shown in Fig. 1.2. Because of the uniqueness of the wave function, the
following equation must hold for a factorizable system:

S1,2(k1, k2)K1(k1)S2,1(k2,−k1)K2(k2)

= K2(k2)S1,2(k1,−k2)K1(k1)S2,1(−k2,−k1), (1.2.10)

where K (u) denotes the reflection matrix at the boundary. Equation (1.2.10) is called
a reflection equation (RE). A general form of RE for the additive systems iswritten as

R1,2(u − v)K −
1 (u)R2,1(u + v)K −

2 (v)

= K −
2 (v)R1,2(u + v)K −

1 (u)R2,1(u − v). (1.2.11)

Generally, the R-matrix satisfies the following unitary and crossing-unitary rela-
tions [81, 82]:

R1,2(u) R2,1(−u) ∝ id ⊗ id, (1.2.12)

Rt1
1,2(u)M1 Rt1

2,1(−u − hη)M−1
1 ∝ id ⊗ id, (1.2.13)

where ti denotes transposition in the i th space, h is a model-dependent number
(usually called the dual Coxeter number [81]) and η is the crossing parameter, which
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describes the interaction strength among the quantum objects, and M is a constant
matrix satisfying the relation

[M1M2, R1,2(u)] = 0, M t = M . (1.2.14)

Given a K̄ +(u) belonging to the solution set {K −(u)} of (1.2.11), let us define

K +(u) = K̄ +(−u − h

2
η)M . (1.2.15)

Then K +(u) satisfies the dual RE [22, 80, 83]

R1,2(v − u)K +
1 (u)M−1

1 R2,1(−u − v − hη)M1K +
2 (v)

= K +
2 (v)M−1

2 R1,2(−u − v − hη)M2K +
1 (u)R2,1(v − u). (1.2.16)

It should be remarked thatM = id only for some special cases but generallyM 	= id
(see, e.g., Chap. 9).

Corresponding to RE (1.2.10), the general dual RE reads

S−1
2,1(−k2,−k1)K +

1 (k1)St2,−1,t2
1,2 (k1,−k2)K +

2 (k2)

= K +
2 (k2)St1,−1,t1

2,1 (k2,−k1)K +
1 (k1)S−1

1,2(k1, k2). (1.2.17)

As for the periodic quantum integrable models, based on YBE and RE, commut-
ing transfer matrix for a quantum integrable model with open boundaries can be
constructed. Details will be given in Chap. 2.

1.3 Basic Ingredients of the Coordinate Bethe Ansatz

The idea of the coordinate Bethe Ansatz [13] is clear with the factorizability. For an
integrable system with the periodic boundary conditions

Ψin(. . . , x j = 0, . . .) = Ψout (. . . , x j = L , . . .),

we have the equation

S j,N (k j , kN ) · · · S j, j+1(k j , k j+1)

×S j, j−1(k j , k j−1) · · · S j,1(k j , k1)e
ik j LΨin = Ψin . (1.3.1)

http://dx.doi.org/10.1007/978-3-662-46756-5_9
http://dx.doi.org/10.1007/978-3-662-46756-5_2
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For a spinless system, all the S-matrices are c-numbers. The Bethe Ansatz equations
(BAEs) determining the Bethe roots {k j } read

eik j L =
N∏

l 	= j

S−1
j,l (k j , kl). (1.3.2)

If the particles also possess internal degrees of freedom, S j,l(k j , kl) is normally an
operator and (1.3.1) becomes another eigenvalue problem

t (k j )Ψin = e−ik j LΨin, (1.3.3)

which can be solved by either the algebraic Bethe Ansatz method introduced in
Chap.2 or the ODBA method introduced in Chap.3 with the transfer matrix

t (k j ) = S j,N (k j , kN ) · · · S j, j+1(k j , k j+1)S j, j−1(k j , k j−1) · · · S j,1(k j , k1).

(1.3.4)

A detailed description is given in Chap. 6.
The coordinate Bethe Ansatz method was first applied to the open integrable

systems by Gaudin [84]. For N dynamical particles in an interval [0, L], suppose the
initial wave function is

Ψin ∼ ei
∑N

j=1 k j x j , x j = 0 ≤ x1 � · · · � xN ≤ L . (1.3.5)

We consider the following process: particle j moves from the left boundary to the
right boundary by scattering once with all the other particles. Then it is bounced back
by the right boundary with a reversed momentum −k j . The reflected particle moves
further from the right boundary to the left boundary by scattering once again with
all the other particles. Finally it is bounced back by the left boundary and arrives at
its initial position. This process is described by the equation

K̄ +
j (k j )S1, j (k1,−k j ) · · · SN , j (kN ,−k j )K −

j (k j )

×e2ik j L S j,N (k j , kN ) · · · S j,1(k j , k1)Ψin = Ψin, (1.3.6)

where K̄ +
j (k j ) is the reflection matrix to the left boundary (see Chap.6). Again if the

particles have no internal degrees of freedom, all the S-matrices and the K -matrices
are c-numbers. The BAEs determining the Bethe roots {k j } read

e−2ik j L = K̄ +
j (k j )S1, j (k1,−k j ) · · · SN , j (kN ,−k j )

×K −
j (k j )S j,N (k j , kN ) · · · S j,1(k j , k1). (1.3.7)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_6
http://dx.doi.org/10.1007/978-3-662-46756-5_6
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However, if the particles also possess internal degrees of freedom, Eq. (1.3.6)
becomes a new eigenvalue equation

t (k j )Ψin = e−2ik j LΨin, (1.3.8)

with the transfer matrix

t (k j ) = K̄ +
j (k j )S1, j (k1,−k j ) · · · SN , j (kN ,−k j )

×K −
j (k j )S j,N (k j , kN ) · · · S j,1(k j , k1), (1.3.9)

which can be solved either by the algebraic Bethe Ansatz method (for constrained
K -matrices) or by the ODBA method as introduced in Chap. 6.

1.4 T − Q Relation

The T − Q relation was proposed by Baxter [2] for solving the six-vertex model
and the eight-vertex model. By checking the Bethe Ansatz solutions of the six-vertex
model, Baxter realized that the eigenvalues Λ(u) of the transfer matrix t (u) take a
unified form for all the eigenstates

Λ(u) = a(u)
Q(u − η)

Q(u)
+ d(u)

Q(u + η)

Q(u)
. (1.4.1)

This allows us to rewrite the above functional relation to a matrix equation, i.e., to
replace Λ(u) and Q(u) with the corresponding diagonal matrices t (u) and Q̂(u).
If the Bethe states span the whole Hilbert space, we may further treat t (u) and
Q̂(u) as two mutually commutative operators defined in the corresponding Hilbert
space. Based on this observation, Baxter proposed the T − Q relation for the spin- 12
integrable models

Q̂(u)t (u) = a(u)Q̂(u − η) + d(u)Q̂(u + η), (1.4.2)

where a(u) and d(u) are two knownmodel-dependent functions. Note that the above
operator relation does not depend on the representation basis. Based on this proposal,
Baxter successfully obtained the exact solution of the eight-vertex model by con-
structing the eigenvectors of the Q̂-operator. In addition, since [t (u), t (v)] = 0, the
eigenstates of the transfer matrix do not depend on u. Suppose |Ψ 〉 is a common
eigenstate of the transfer matrix and the Q̂-operator with

t (u)|Ψ 〉 = Λ(u)|Ψ 〉,
Q̂(u)|Ψ 〉 = Q(u)|Ψ 〉. (1.4.3)

From Eq. (1.4.2) the functional relation Eq. (1.4.1) is recovered.

http://dx.doi.org/10.1007/978-3-662-46756-5_6
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Indeed, the T − Q relation is universal for most of the integrable models (the
single-component ones) possessing a proper reference state, as verified later by the
algebraic BetheAnsatz. Normally Q(u) is a polynomial of some entire function f (u)

and can be parameterized as

Q(u) =
M∏

j=1

f (u − μ j ), (1.4.4)

with f (0) = 0, where the parameters {μ j | j = 1, . . . , M} are usually called Bethe
roots. Since Λ(u) is also an entire function about u, the regularity of Eq. (1.4.1)
requires that all the residues about μ j must be zero. This induces the BAEs

a(μ j )

d(μ j )
= − Q(μ j + η)

Q(μ j − η)
. (1.4.5)

Note that the simplicity of the “poles” μ j is required in order to derive the above
BAEs, which is a common feature of the Bethe roots.

Some remarks are in order here: For most of the integrable models without U (1)
symmetry, this relation does not allow polynomial solutions of Q(u) and an extended
version, namely, an inhomogeneous T − Q relation [62] should be used. In addition,
for the high-rank integrable systems, more Q-functions or operators are included in
the corresponding T − Q relations. This generalization will be discussed in Chap.7.

1.5 Basic Ingredients of the Off-Diagonal Bethe Ansatz

Usually, to derive eigenstates of a Hamiltonian or a transfer matrix, a reference
state is definitely needed. However, for the quantum integrable models without U (1)
symmetry, someoff-diagonal elements of themonodromymatrix enter the expression
of the transfer matrix, which induces the absence of an obvious reference state.
Nevertheless, a reference state is not necessary for getting the spectrum, if we can
find some functional relations to determine the eigenvalues in terms of an extended
version of the T − Q relation (1.4.1) or (1.4.2). The eigenstates can thus be naturally
retrieved from the eigenvalues (see Chaps. 4 and 5).

Generally, the eigenvalue Λ(u) is a degree N polynomial of some entire function
f (u) and can be factorized as

Λ(u) = Λ0

N∏

j=1

f (u − z j ), (1.5.1)

where Λ0 is a constant which can be determined by the asymptotic behavior of
the transfer matrix. If there are N equations for the N unknowns z j , Λ(u) can be
determined completely.

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_5
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The central idea of the ODBA [62] is to derive the functional T − Q relation based
on N operator identities which determine the N unknowns of Λ(u). As a matter of
fact, for a regular 2 × 2 matrix, there are two basic invariants, i.e., its trace and its
determinant that do not depend on the representation basis or the eigenvectors (for an
n ×n regular matrix, there are n invariants.). For the quantum integrable models, the
operator-valued monodromy matrix also possesses two basic invariants, i.e., its trace
(the transfer matrix) and its quantum determinant. Indeed, for quantum integrable
systems, the relationship between the transfer matrix and the quantum determinant
at N special points of the spectral parameter can be constructed based on YBE and
RE (open boundary systems).

1.5.1 Functional Relations of the X X X Spin-1
2 Chain

To show the ODBA procedure clearly, let us consider the periodic X X X spin- 12
chain. The corresponding R-matrix reads

R0, j (u) = u + ηP0, j = u + 1

2
η(1 + σ j · σ0), (1.5.2)

where η is the crossing parameter (we put η = 1 in this case), σ j = (σ x
j , σ

y
j , σ z

j ) are
the Pauli matrices, and Pi, j is the permutation operator possessing the properties

Pi, j O j = Oi Pi, j , P2
i, j = id, tr j Pi, j = tri Pi, j = id, (1.5.3)

for arbitrary operator O defined in the corresponding tensor space. It is easy to show
that the R-matrix (1.5.2) also satisfies the following relations which will be used
often in the following text

Initial condition : R1,2(0) = P1,2, (1.5.4)

Unitary relation : R1,2(u)R2,1(−u) = −ϕ(u) × id, (1.5.5)

ϕ(u) = u2 − 1,

Crossing relation : R1,2(u) = −σ
y
1 Rt1

1,2(−u − 1)σ y
1 , (1.5.6)

PT-symmetry : R1,2(u) = R2,1(u) = Rt1 t2
1,2 (u), (1.5.7)

Z2-symmetry : σα
1 σα

2 R1,2(u) = R1,2(u)σα
1 σα

2 , for α = x, y, z, (1.5.8)

Fusion condition : R1,2(±1) = ±1 + P1,2 = ±2P(±)
1,2 , (1.5.9)

where P(+)
1,2 (P(−)

1,2 ) is the symmetric (antisymmetric) projection operator. With the
above basic properties, the following crossing-unitary relation also holds:

Rt1
1,2(u)Rt1

1,2(−u − 2) = Rt1
1,2(−u − 2)Rt1

1,2(u) = −ϕ(u + 1) × id. (1.5.10)
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The monodromy matrix and the corresponding transfer matrix of the periodic
X X X spin- 12 chain are respectively defined as

T0(u) = R0,N (u − θN ) · · · R0,1(u − θ1), (1.5.11)

t (u) = tr0T0(u), (1.5.12)

with {θ j | j = 1, . . . , N } being some generic site-dependent inhomogeneity parame-
ters. The Hamiltonian of the X X X spin- 12 chain is thus expressed as

H = 1

2

N∑

j=1

σ j · σ j+1 = ∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

− 1

2
N , (1.5.13)

with the periodic boundary condition σN+1 ≡ σ1.
In order to get some functional relations of the transfer matrix, we evaluate the

transfer matrix t (u) at the particular points u = θ j and u = θ j − 1. Let us apply the
initial condition of the R-matrix to express the transfer matrix t (θ j ) as

t (θ j ) = tr0{R0,N (θ j − θN ) · · · R0, j+1(θ j − θ j+1)

× P0, j R0, j−1(θ j − θ j−1) · · · R0,1(θ j − θ1)}
= R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)

× tr0{R0,N (θ j − θN ) · · · R0, j+1(θ j − θ j+1)P0, j }
= R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)

× R j,N (θ j − θN ) · · · R j, j+1(θ j − θ j+1). (1.5.14)

In deriving the above equation, the initial condition (1.5.4) of the R-matrix plays a
key role, which allows us to rewrite the transfer matrix as a product of R-matrices
at the special spectral parameter points θ j . The transfer matrix t (θ j ) is a reduced
monodromy matrix if the j th quantum space is treated as the auxiliary space.

The crossing relation (1.5.6) makes it possible to express the transfer matrix
t (θ j − 1) as

t (θ j − 1) = tr0{R0,N (θ j − θN − 1) · · · R0,1(θ j − θ1 − 1)}
= (−1)N tr0{σ y

0 Rt0
0,N (−θ j + θN ) · · · Rt0

0,1(−θ j + θ1)σ
y
0 }

= (−1)N tr0{R0,1(−θ j + θ1) · · · R0,N (−θ j + θN )}
= (−1)N R j, j+1(−θ j + θ j+1) · · · R j,N (−θ j + θN )

× R j,1(−θ j + θ1) · · · R j, j−1(−θ j + θ j−1). (1.5.15)
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Using the unitary relation (1.5.5), we have

t (θ j )t (θ j − 1) = a(θ j )d(θ j − 1), j = 1, . . . , N , (1.5.16)

a(u) =
N∏

j=1

(u − θ j + 1), d(u) =
N∏

j=1

(u − θ j ). (1.5.17)

The homogeneous analogue of (1.5.16) reads

∂ l

∂ul
{t (u)t (u − 1) − a(u)d(u − 1)}|u=0,{θ j =0} = 0, l = 0, . . . , N − 1.

(1.5.18)

Applying (1.5.16) to an eigenstate of t (u), the corresponding eigenvalue Λ(u)

thus satisfies

Λ(θ j )Λ(θ j − 1) = a(θ j )d(θ j − 1), j = 1, . . . , N . (1.5.19)

In addition, from the definition of the transfer matrix (1.5.12) it is easy to show that

Λ(u) is a degree N polynomial of u, (1.5.20)

with the asymptotic behavior

Λ(u) = 2uN + · · · . (1.5.21)

1.5.2 Two Theorems on the Complete-Spectrum
Characterization

Theorem 1 Each solution of (1.5.19)–(1.5.21) can be parameterized in terms of the
T − Q relation (1.4.1) with a polynomial Q-function.

Proof Given a degree N polynomial Λ(u) satisfying (1.5.19)–(1.5.21), we seek the
degree N polynomial solution of Q-function satisfying the equation

Q(u)Λ(u) = a(u)Q(u − 1) + d(u)Q(u + 1). (1.5.22)

We note that the above equation is a polynomial of degree 2N . If the equation holds at
2N+1 independent points ofu, the equationmust also hold for arbitraryu. Obviously,
the above equation holds for u → ∞. In addition, as d(θ j ) = a(θ j − 1) = 0, we
readily obtain that

Q(θ j )Λ(θ j ) = a(θ j )Q(θ j − 1), (1.5.23)

Q(θ j − 1)Λ(θ j − 1) = d(θ j − 1)Q(θ j ). (1.5.24)
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From (1.5.19) we deduce that only one of (1.5.23) and (1.5.24) is independent.
Obviously, (1.5.23) (or equivalently (1.5.24)) allows a degree N polynomial solution
of Q(u)

Q(u) = un +
N−1∑

n=0

Ĩnun =
N∏

j=1

(u − μ j ). (1.5.25)

Substituting the above Ansatz into (1.5.23) we have N linear equations for the N
coefficients { Ĩn|n = 0, . . . , N − 1} which have a unique solution for a given Λ(u).
We note that when some of μ j → ∞ in (1.5.25), the degree of Q(u) can be reduced
to M with 0 ≤ M ≤ N . Taking u = μ j in (1.5.22), we readily have the BAEs

a(μ j )Q(μ j − 1) + d(μ j )Q(μ j + 1) = 0, j = 0, . . . , M. (1.5.26)

��
Theorem 2 The functional relations (1.5.19)–(1.5.21) are the sufficient and nec-
essary conditions to completely characterize the spectrum of the transfer matrix
(1.5.12) with the R-matrix (1.5.2).

Proof For each solution Λ(u) of the functional relations (1.5.19)–(1.5.21), in terms
of the T − Q relation (1.4.1), we can construct an eigenstate of the transfer matrix
via algebraic Bethe Ansatz (see Chap.2) with Λ(u) as the eigenvalue. In such sense,
each solution of the functional relations (1.5.19)–(1.5.21) corresponds to a right
eigenvalue of the transfer matrix. ��

As we shall show in the following chapters, a similar conclusion with a generic
inhomogeneous T − Q relation also holds for other quantum integrable models.

1.5.3 Inhomogeneous T − Q Relation

Baxter’s T − Q relation (1.4.1) gives a convenient parametrization of the eigenvalues
of the transfer matrix. It is obvious that this parametrization is not the unique one
because there are many ways to characterize a polynomial function, e.g., with its
roots or with its coefficients. We can easily demonstrate that for any given parameter
φ, the following inhomogeneous T − Q relation also satisfies (1.5.19)–(1.5.21) and
therefore characterizes the spectrum of the transfer matrix t (u) of the periodic XXX
spin- 12 chain completely

Λ(u) = eiφa(u)
Q(u − 1)

Q(u)
+ e−iφd(u)

Q(u + 1)

Q(u)
+ 2(1 − cosφ)

a(u)d(u)

Q(u)
,

(1.5.27)

Q(u) =
N∏

j=1

(u − μ j ), (1.5.28)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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Table 1.1 The numerical solutions of the BAEs (1.5.29) for N = 3, φ = −0.69315i and {θ j = 0}
μ1 μ2 μ3 En d

−2.97259 + 1.15909i −2.51751 − 1.42184i −0.50990 + 0.26274i −1.50000 2

−2.97259 − 1.15909i −2.51751 + 1.42184i −0.50990 − 0.26274i −1.50000 2

−2.88462 + 0.00000i −1.55769 − 2.56650i −1.55769 + 2.56650i 1.50000 4

The eigenvalues En calculated from (1.5.30) are the same as those from the exact diagonalization
of the Hamiltonian (1.5.13). The symbol n denotes the number of the energy levels and d indicates
the number of degeneracy

provided that the Bethe roots {μ j | j = 1, . . . , N } satisfy the BAEs

eiφa(μ j )Q(μ j − 1) + e−iφd(μ j )Q(μ j + 1) = 2(cosφ − 1)a(μ j )d(μ j ),

(1.5.29)

and the selection rules μ j 	= μl , μ j 	= θl , θl − 1. The corresponding eigenvalues of
the Hamiltonian (1.5.13) read

E = ∂ lnΛ(u)

∂u

∣∣∣∣
u=0,{θ j =0}

− 1

2
N . (1.5.30)

The numerical solutions of the BAEs (1.5.29) and the corresponding eigenvalues
of the Hamiltonian (1.5.13) for N = 3 and N = 4 and arbitrarily chosen φ are shown
in Tables1.1 and 1.2 respectively, while the calculated Λ(u) curves for N = 4 are
shown in Fig. 1.3. Those numerical simulations imply that the inhomogeneous T −Q
relation (1.5.27) and theBAEs (1.5.29) indeedgive the correct and complete spectrum

Table 1.2 The numerical solutions of the BAEs (1.5.29) for N = 4, φ = −0.69315i and {θ j = 0}
μ1 μ2 μ3 μ4 En d

−3.46085
− 2.04638i

−3.46085
+ 2.04638i

−0.53915
− 0.28370i

−0.53915
+ 0.28370i

−4.00000 1

−3.49754
− 0.00000i

−2.00000
+ 2.49853i

−2.00000
− 2.49853i

−0.50246
− 0.00000i

−2.00000 3

−3.41695
− 0.01463i

−2.20702
+ 2.20734i

−1.88461
− 2.68745i

−0.49142
+ 0.49474i

−0.00000 3

−3.41695
+ 0.01463i

−2.20702
− 2.20734i

−1.88461
+ 2.68745i

−0.49142
− 0.49474i

−0.00000 3

−3.38446
− 2.02080i

−3.38446
+ 2.02080i

−1.11571
+ 0.00000i

−0.11537
+ 0.00000i

0.00000 1

−3.07558
+ 1.25638i

−3.07558
− 1.25638i

−0.92442
+ 3.56865i

−0.92442
− 3.56865i

2.00000 5

The eigenvalues En calculated from (1.5.30) are the same as those from the exact diagonalization
of the Hamiltonian (1.5.13). The symbol n denotes the number of the energy levels and d indicates
the number of degeneracy
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Fig. 1.3 Λ(u) vs. u for
N = 4, φ = −0.69315i and
{θ j = 0}. The curves
calculated from the
inhomogeneous T − Q
relation (1.5.27) and the
BAEs (1.5.29) are the same
as those obtained from the
exact diagonalization of the
transfer matrix t (u)
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of the periodic XXX spin- 12 chain model. Actually, the eigenstates associated with
the T − Q relation (1.5.27) and the BAEs (1.5.29) can be constructed via the method
that we shall introduce in Chap.4.

For most of the spin- 12 integrable models, based on YBE and RE, the following
operator identities for the transfer matrix t (u) hold:

t (θ j )t (θ j − η) = a(θ j )d(θ j − η) ∼ Δq(θ j ), j = 1, . . . , N , (1.5.31)

where a(u) and d(u) are two known functions with zeros {θ j − η} and {θ j }, respec-
tively, and Δq(u) is the quantum determinant. We note that the functional version
of the above relation (the inversion relation) was first proposed to derive the free
energy in the thermodynamic limit [85, 86] and a clue to construct Eq. (1.5.31) was
introduced in the framework of analytic Bethe Ansatz [87], where the operator prod-
uct relations (not really inversion identities for multi-component models) were given
in case of homogeneous transfer matrices. Such inversion identities with generic
inhomogeneity were also derived in early 1990s in studying the quantum Knizhkov-
Zamolodchikov equations (for example, see [88]). Amethod to construct the operator
product identities (1.5.31) used in [64, 65] will be introduced in Chaps. 3–5 and the
generalization to high spin cases will be introduced in Chaps. 8 and 9.

Applying Eq. (1.5.31) to an eigenstate |Ψ 〉 of t (u), we obtain

Λ(θ j )Λ(θ j − η) = a(θ j )d(θ j − η), j = 1, . . . , N , (1.5.32)

which has also been derived via the SoVmethod [45–51, 73] for particularmodels. In
fact, for a spin- 12 system, the functional relations together with the analytic properties
of the transfer matrix constitute the sufficient and necessary conditions to determine
the N unknowns of Λ(u) polynomial (as we have proven for the X X X spin chain)
and allow us to construct the inhomogeneous functional T − Q relation

http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_5
http://dx.doi.org/10.1007/978-3-662-46756-5_8
http://dx.doi.org/10.1007/978-3-662-46756-5_9
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Λ(u) = eiφ(u)a(u)
Q(u − η)Q1(u − η)

Q(u)Q2(u)
+ e−iφ(u+η)d(u)

Q(u + η)Q2(u + η)

Q(u)Q1(u)

+ c(u)
a(u)d(u)

Q(u)Q1(u)Q2(u)
, (1.5.33)

with Q(u) being a degree M polynomial, and Q1(u) and Q2(u) being degree M1
polynomials. c(u) is a polynomial adjust function of degree n which matches the
asymptotic behavior ofΛ(u). The phase φ(u) can be determined by the initial condi-
tion of the transfermatrix. The key point for the inhomogeneous T −Q relation lies in
that at the special points u = θ j , θ j −η, the last term vanishes. This makes it possible
that the generalized functional T − Q relation can satisfy Eq. (1.5.32) automatically
for arbitrary Q-functions and c(u). That is, with the help of d(θ j ) = a(θ j − η) = 0,
Eq. (1.5.33) leads to

Λ(θ j ) = eiφ(θ j )a(θ j )
Q(θ j − η)Q1(θ j − η)

Q(θ j )Q2(θ j )
, (1.5.34)

Λ(θ j − η) = e−iφ(θ j )d(θ j − η)
Q(θ j )Q2(θ j )

Q(θ j − η)Q1(θ j − η)
. (1.5.35)

The above two equations give Eq. (1.5.32).
To ensure Λ(u) to be a polynomial of degree N , we need three conditions: (1)

M +2M1−n = N ; (2) the asymptotic behavior of the right hand side of Eq. (1.5.33)
must coincide with that of t (u); (3) the right hand side of Eq. (1.5.33) must be
regular which gives the BAEs. Because Eq. (1.5.33) is correct for all the eigenvalues,
we naturally conclude that the following inhomogeneous T − Q relation holds:

t (u) = eiφ(u)a(u)
Q̂(u − η)Q̂1(u − η)

Q̂(u)Q̂2(u)
+ e−iφ(u+η)d(u)

Q̂(u + η)Q̂2(u + η)

Q̂(u)Q̂1(u)

+ c(u)
a(u)d(u)

Q̂(u)Q̂1(u)Q̂2(u)
, (1.5.36)

with all Q̂-operators being mutually commutative.
Equation (1.5.36) is the most general T − Q relation for the spin- 12 quantum

integrable systems derived from the operator product identities. Obviously, there is an
infinite number of choices for the Q-functions and c(u). As we already demonstrated
for the XXX spin chain, a minimal T − Q relation with n = 0 or n = 1 is sufficient
to parameterize Λ(u) completely (see, e.g., Chap. 4). This was also verified both
numerically and analytically [71, 73, 89] for several cases. Usually, we choose either
Q1(u) = Q2(u) = 1 and n = 0 or Q(u) = 1 and n = 0, 1 alternatively, to get
a minimal T − Q relation. It should be remarked that for several models a T − Q
relationwith M1 = 0 can not characterize the eigenvalues correctly (see, e.g., Chap. 3
for the odd N XYZ model and Chap.9 for the IK model), and instead T − Q relations
with M1 	= 0 should be adopted. For the case of c(u) = 0, Q1(u) = Q2(u) is
definitely required and the inhomogeneous T − Q relation is reduced to Baxter’s

http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_9
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form. In principle, the ODBA scheme makes up for the lack of a reference state.
For the multi-component integrable systems, the operator identities (1.5.31) must be
generalized to recursive ones [68, 70], which allow us to construct nested T − Q
relations. Details will be introduced in Chaps. 7 and 8.

Another important problem in the ODBA scheme is to retrieve the eigenstates,
which are crucial to calculate the correlation functions and the dynamical properties.
Indeed we can do that based on the spectrum characterized by the inhomogeneous
T − Q relation [75]. Details will be introduced in Chaps. 4 and 5.

It should be remarked that the inhomogeneous T − Q relation must imply some
unusual algebraic structures and even category structures because of the arbitrariness
in choosing the Q-functions and the off-diagonal terms. Indeed, the structure of the
nested inhomogeneous T − Q relations (see Chap. 7) already reveals the difference
in the algebraic representations [90] because of the non-zero inhomogeneous terms.
For many cases, the operator product identities do not allow the c(u) = 0 solution.
Such an irreducible inhomogeneous termmust imply a non-trivial topological nature
of the system boundaries.
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Chapter 2
The Algebraic Bethe Ansatz

The algebraic Bethe Ansatz method for quantum integrable models was proposed by
the Leningrad Group [1–7] in the late 1970s, based on YBE. This method was then
generalized to open boundary integrable systems by Sklyanin [8] in 1988, through
developing an equation accounting for the integrable boundaries. In the past sev-
eral decades, the algebraic Bethe Ansatz method has become the most popular one
for solving quantum integrable models. Particularly, the development of the nested
algebraic Bethe Ansatz [9–19] makes it possible to diagonalize multi-component
integrable models in a systematic way.

This chapter is devoted to a detailed description of the algebraic Bethe Ansatz
method and its nested version, with the isotropic spin-chain models as examples.
These approaches are applicable for all the integrable models under the condition
that a proper reference state exists, though different tricks may be used to find proper
generating operators for the eigenstates according to the properties of R-matrices
defined under different algebras [20–24]. Based on the Bethe Ansatz solutions, the
methods to construct low-lying elementary excitations and thermodynamics for the
spin- 12 chain are introduced. In addition, the fusion procedure and a quantity that is
important throughout this book, the quantum determinant, are also introduced. The
last section is devoted to a brief introduction of Sklyanin’s separation of variables
method [25–27].

2.1 The Periodic Heisenberg Spin Chain

2.1.1 The Algebraic Bethe Ansatz

To show the algebraicBetheAnsatz procedure clearly, let us consider again the spin- 12
Heisenberg chain model. For convenience, we define the homogeneous monodromy
matrix and the corresponding transfer matrix as

© Springer-Verlag Berlin Heidelberg 2015
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T0(u) = R0,N (u) · · · R0,1(u), (2.1.1)

and

t (u) = tr0T0(u), (2.1.2)

respectively with the R-matrix defined in (1.5.2). With the properties of the permu-
tation operator we have

∂ ln t (u)

∂u

∣∣∣∣
u=0

= t−1(0)
∂t (u)

∂u

∣∣∣∣
u=0

=
N∑

j=1

P1,2 · · · P1,N tr0[P0,N · · · P0, j+1P0, j−1 · · · P0,1] =
N∑

j=1

Pj, j−1. (2.1.3)

The Hamiltonian of the Heisenberg spin chain is thus expressed as

H = 1

2

N∑

j=1

σ j · σ j+1 = ∂ ln t (u)

∂u

∣∣∣∣
u=0

− 1

2
N , (2.1.4)

with the periodic boundary condition σN+1 ≡ σ1.
To calculate the commutation relations among the elements of the monodromy

matrix, let us write out the explicit forms of the R-matrix and the monodromymatrix
in the auxiliary tensor space:

R0,0̄(u − v) =

⎛

⎜⎜⎝

u − v + 1 0 0 0
0 u − v 1 0
0 1 u − v 0
0 0 0 u − v + 1

⎞

⎟⎟⎠ , (2.1.5)

T0(u) =
(

A(u) B(u)

C(u) D(u)

)
⊗ I0̄ =

⎛

⎜⎜⎝

A(u) 0 B(u) 0
0 A(u) 0 B(u)

C(u) 0 D(u) 0
0 C(u) 0 D(u)

⎞

⎟⎟⎠ , (2.1.6)

T0̄(v) = I0 ⊗
(

A(v) B(v)
C(v) D(v)

)
=

⎛

⎜⎜⎝

A(v) B(v) 0 0
C(v) D(v) 0 0
0 0 A(v) B(v)
0 0 C(v) D(v)

⎞

⎟⎟⎠ , (2.1.7)

where I0 and I0̄ are the identity operators in the 0th space and 0̄th space, respectively.
With the help of the Yang-Baxter relation (1.2.5), we can easily deduce the following
commutation relations:

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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[A(u), A(v)] = [D(u), D(v)] = 0,

A(u)B(v) = u − v − 1

u − v
B(v)A(u) + 1

u − v
B(u)A(v),

D(u)B(v) = u − v + 1

u − v
B(v)D(u) − 1

u − v
B(u)D(v),

[B(u), B(v)] = [C(u), C(v)] = 0,

[B(u), C(v)] = 1

u − v
[D(v)A(u) − D(u)A(v)]. (2.1.8)

Based on the above relations, the following useful formulae can be derived:

A(u)B(μ1) · · · B(μM ) =
M∏

j=1

u − μ j − 1

u − μ j
B(μ1) · · · B(μM )A(u)

+
M∑

j=1

1

u − μ j

M∏

l �= j

μ j − μl − 1

μ j − μl
B(μ1) · · · B(μ j−1)

× B(u)B(μ j+1) · · · B(μM )A(μ j ), (2.1.9)

D(u)B(μ1) · · · B(μM ) =
M∏

j=1

u − μ j + 1

u − μ j
B(μ1) · · · B(μM )D(u)

−
M∑

j=1

1

u − μ j

M∏

l �= j

μ j − μl + 1

μ j − μl
B(μ1) · · · B(μ j−1)

× B(u)B(μ j+1) · · · B(μM )D(μ j ). (2.1.10)

Proof From the commutation relations (2.1.8) we know that Eq. (2.1.9) is satisfied
for M = 1. Assuming that Eq. (2.1.9) is also satisfied for an arbitrary M , we have

A(u)B(μM+1)B(μ1) · · · B(μM ) = u − μM+1 − 1

u − μM+1
B(μM+1)A(u)B(μ1) · · · B(μM )

+ 1

u − μM+1
B(u)A(μM+1)B(μ1) · · · B(μM )

=
M+1∏

j=1

u − μ j − 1

u − μ j
B(μ1) · · · B(μM )B(μM+1)A(u)

+ u − μM+1 − 1

u − μM+1

M∑

j=1

1

u − μ j

M∏

l �= j

μ j − μl − 1

μ j − μl

× B(μ1) · · · B(μ j−1)B(u)B(μ j+1) · · · B(μM+1)A(μ j )

+ 1

u − μM+1

M∏

j=1

μM+1 − μ j − 1

μM+1 − μ j
B(μ1) · · · B(μM )B(u)A(μM+1)



26 2 The Algebraic Bethe Ansatz

+ 1

u − μM+1

M∑

j=1

1

μM+1 − μ j

M∏

l �= j

μ j − μl − 1

μ j − μl

× B(μ1) · · · B(μ j−1)B(u)B(μ j+1) · · · B(μM+1)A(μ j ). (2.1.11)

Combining the second and the fourth terms in the above equation, we obtain

A(u)B(μ1) · · · B(μM+1) =
M+1∏

j=1

u − μ j − 1

u − μ j
B(μ1) · · · B(μM+1)A(u)

+
M+1∑

j=1

1

u − μ j

M+1∏

l �= j

μ j − μl − 1

μ j − μl
B(μ1) · · · B(μ j−1)

×B(u)B(μ j+1) · · · B(μM+1)A(μ j ). (2.1.12)

Therefore, Eq. (2.1.9) is also satisfied for M + 1. Equation (2.1.10) can be proven
similarly. ��

Let us define the vacuum state of the system as

|0〉 = | ↑〉1 ⊗ · · · ⊗ | ↑〉N , (2.1.13)

where | ↑〉n is the local spin-up state of site n (Accordingly, the local spin-down state
is denoted as | ↓〉n .). For convenience, we introduce the notations

σ±
j = 1

2
(σ x

j ± iσ y
j ). (2.1.14)

The Pauli matrices applying on the states | ↑〉 j and | ↓〉 j thus behave as

σ−
j | ↑〉 j = | ↓〉 j , σ+

j | ↓〉 j = | ↑〉 j ,

σ−
j | ↓〉 j = σ+

j | ↑〉 j = 0,

σ z
j | ↑〉 j = | ↑〉 j , σ z

j | ↓〉 j = −| ↓〉 j . (2.1.15)

From the definition of the R-matrix we have

R0,n(u)|0〉 =
(

u + 1
2 (1 + σ z

n ) σ−
n

σ+
n u + 1

2 (1 − σ z
n )

)
|0〉

=
(

u + 1 σ−
n

0 u

)
|0〉. (2.1.16)
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This directly induces

A(u)|0〉 = a(u)|0〉 = (u + 1)N |0〉,
D(u)|0〉 = d(u)|0〉 = uN |0〉,
C(u)|0〉 = 0. (2.1.17)

The operator B(u) can be treated as the spin flipping operator and used to construct
the Bethe states

|μ1, . . . , μM 〉 =
M∏

j=1

B(μ j )|0〉, (2.1.18)

where M is the number of flipped spins and {μ j } is a set of parameters. Note that

t (u) = A(u) + D(u). (2.1.19)

Applying t (u) to the Bethe state, with the help of the commutation relations (2.1.9)
and (2.1.10), we have

t (u)|μ1, . . . , μM 〉 = Λ(u)|μ1, . . . , μM 〉

+
M∑

j=1

Λ j (u)B(μ1) · · · B(μ j−1)B(u)B(μ j+1) · · · B(μM )|0〉, (2.1.20)

where

Λ(u) = a(u)

M∏

j=1

u − μ j − 1

u − μ j
+ d(u)

M∏

j=1

u − μ j + 1

u − μ j
, (2.1.21)

Λ j (u) = 1

u − μ j

⎧
⎨

⎩a(μ j )

M∏

l �= j

μ j − μl − 1

μ j − μl
− d(μ j )

M∏

l �= j

μ j − μl + 1

μ j − μl

⎫
⎬

⎭ .

(2.1.22)

To ensure the Bethe state to be an eigenstate of the transfer matrix, the unwanted
termsmust vanish, i.e.,Λ j (u) = 0. This induces the Bethe Ansatz equations (BAEs)

(
1 + 1

μ j

)N

=
M∏

l �= j

μ j − μl + 1

μ j − μl − 1
, j = 1, . . . , M. (2.1.23)

The solutions {μ j | j = 1, . . . , M} of the above equations are the Bethe roots.
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For convenience, we put μ j = iλ j − 1
2 . The BAEs can be rewritten as

(
λ j − i

2

λ j + i
2

)N

= −
M∏

l=1

λ j − λl − i

λ j − λl + i
, j = 1, . . . , M. (2.1.24)

From Eq. (2.1.4) we obtain the eigenvalue of the Hamiltonian in terms of the Bethe
roots as

E(λ1, . . . , λM ) = ∂ lnΛ(u)

∂u

∣∣∣∣
u=0

− 1

2
N = −

M∑

j=1

1

λ2j + 1
4

+ 1

2
N . (2.1.25)

Obviously, the T −Q relation (1.4.1) holds for thismodelwith the parametrization

Q(u) =
M∏

j=1

(u − μ j ). (2.1.26)

In addition, the unwanted terms Λ j (u) can be expressed in terms of the residue of
Λ(u) at the point u = μ j

Λ j (u) = 1

μ j − u
resΛ(u)|u=μ j , (2.1.27)

which indicates that the regularity of Λ(u) already ensures the “unwanted” terms in
Eq. (2.1.20) to be zero [28].

2.1.2 Selection Rules of the Bethe Roots

As we mentioned in Chap.1, in order to get a self consistent set of BAEs, the poles
μ j must be simple. Indeed by carefully examining the Bethe states we can deduce
the Pauli principle for the Bethe roots [29], i.e., the eigenvector is zero as long as
μ j = μl for j �= l. Such a selection rule can easily be verified by the coordinate
Bethe Ansatz. In fact, to preserve the regularity of Λ(u), doubly degenerate μ j (if
they exist) must satisfy the condition

res{(u − μ j )Λ(u)}|u=μ j = 0, (2.1.28)

which gives rise to an additional equation apart from the M − 1 Eq. (2.1.23) and
makes the M − 1 Bethe roots overdetermined.

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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Moreover, one may find that a pair μ1 = 0 and μ2 = −1 satisfy the BAEs
(2.1.23). However, this solution also induces a zero Bethe vector. A simple proof is
as follows: From the definition we know that

T0(0) = P0,N · · · P0,1 = P0,1P1,N · · · P1,2. (2.1.29)

Therefore,

B(0) = σ−
1 P1,N · · · P1,2. (2.1.30)

From the crossing symmetry property (1.5.6) we know that

T0(−1) = R0,N (−1) · · · R0,1(−1)

= (−1)N σ
y
0 Pt0

0,N · · · Pt0
0,1σ

y
0 , (2.1.31)

which gives

B(−1) = (−1)N−1P1,2 · · · P1,N σ−
1 . (2.1.32)

Equations (2.1.30) and (2.1.32) imply that

B(−1)B(0) = B(0)B(−1) = 0. (2.1.33)

2.1.3 Ground State

A remarkable fact is that based on the BAEs, the physical quantities can be derived.
Particularly, computing physical quantities becomes simpler in the thermodynamic
limit.

Let us first consider the case of all the Bethe roots {λ j | j = 1, . . . , M} being real.
Taking the logarithm of (2.1.24), we have

θ1(λ j ) = 2π I j

N
+ 1

N

M∑

l=1

θ2(λ j − λl), (2.1.34)

where θn(x) = 2 arctan(2x/n), and {I j } are certain integers (half odd integers) for
N − M odd (N − M even). For convenience, we define the counting function

Z(λ) = 1

2π

[
θ1(λ) − 1

N

M∑

l=1

θ2(λ − λl)

]
. (2.1.35)

http://dx.doi.org/10.1007/978-3-662-46756-5_1


30 2 The Algebraic Bethe Ansatz

Obviously, Z(λ j ) = I j/N corresponds to the Eq. (2.1.34). In principle, each possible
I j may correspond to a λ j solution of the BAEs. However, those solutionsmay not be
occupied.We treat the occupied solutions as “particles” and the unoccupied solutions
as “holes”. For any consecutive I j and I j+1 = I j + 1, the following relation holds:

Z(λ j+1) − Z(λ j )

λ j+1 − λ j
= 1

Nδλ j
, (2.1.36)

with δλ j = λ j+1 − λ j . In the thermodynamic limit N → ∞, Eq. (2.1.36) becomes
the density of states ρ(λ) + ρh(λ) in the λ space, where ρ(λ) and ρh(λ) are the
densities of the particles and holes, respectively. Taking the derivative of Eq. (2.1.35)
with respect to λ, we obtain

ρ(λ) + ρh(λ) = d Z(λ)

dλ
= a1(λ) −

∫ ∞

−∞
a2(λ − μ)ρ(μ)dμ, (2.1.37)

where

an(λ) = 1

2π

n

λ2 + n2/4
. (2.1.38)

From Eq. (2.1.25), we know that each real Bethe root λ j contributes negative
energy. In the ground state, the Bethe roots should fill the whole real axis and leave
no hole for an even N , i.e., ρh(λ) = 0. This means that the density of particles in
the ground state ρg(λ) satisfies

ρg(λ) = a1(λ) −
∫ ∞

−∞
a2(λ − μ)ρg(μ)dμ. (2.1.39)

Equation (2.1.39) can be solved by the Fourier transformation defined for an arbitrary
function F(λ) as

F̃(ω) =
∫ ∞

−∞
eiωλF(λ)dλ,

F(λ) = 1

2π

∫ ∞

−∞
e−iωλ F̃(ω)dω. (2.1.40)

Taking the Fourier transform of an(λ), we have

ãn(ω) = e− n|ω|
2 . (2.1.41)

Taking the Fourier transform of Eq. (2.1.39), we obtain

ρ̃g(ω) = 1

2 cosh ω
2

. (2.1.42)
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Thus the solution of Eq. (2.1.39) is

ρg(λ) = 1

2 cosh(πλ)
. (2.1.43)

The density of flipped spins relative to the reference state is

M

N
=
∫ ∞

−∞
ρg(λ)dλ = 1

2
, (2.1.44)

which means that the magnetization of the ground state is zero. The energy density
of the ground state reads

eg = −2π
∫ ∞

−∞
a1(λ)ρg(λ)dλ + 1

2
= 1

2
− 2 ln 2. (2.1.45)

For an odd N , there is a hole at λh = ±∞ in the real axis which carries zero
energy. The energy density of the ground state still takes the form of (2.1.45) but the
state is doubly degenerate.

2.1.4 Spinon Excitations

Now let us consider the elementary excitations of the system.We focus on the even N
case. The simplest excitation is the case of one less spin flipped, i.e., M = N/2− 1.
Such a configuration is described with two holes put at λh

1 and λh
2 in the λ sea. In this

case, the density of holes is

ρh(λ) = 1

N
δ(λ − λh

1) + 1

N
δ(λ − λh

2). (2.1.46)

The density ρ(λ) will deviate from ρg(λ) by δρ(λ) because of the presence of the
two holes. From Eqs. (2.1.39) and (2.1.46) we obtain that

δρ(λ) + ρh(λ) = −
∫ ∞

−∞
a2(λ − μ)δρ(μ)dμ, (2.1.47)

which can be solved by Fourier transformation. After some calculations, we obtain
the total spin Se of this excitation as

Se = −N
∫ ∞

−∞
δρ(λ)dλ = 1, (2.1.48)

and the excitation energy as
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Fig. 2.1 Classical picture of the spin-triplet elementary excitations. Relative to the Neel state, the
net spin carried by the flipped domain is one. Each domain boundary (kink or anti-kink) carries a
spin of 1

2

ΔE = −2π N
∫ ∞

−∞
a1(λ)δρ(λ)dλ = ε(λh

1) + ε(λh
2), (2.1.49)

where ε(λ) is the dressed energy with the definition

ε(λ) = 2πa1(λ) −
∫ ∞

−∞
a2(λ − μ)ε(μ)dμ. (2.1.50)

From Eq. (2.1.49), we see that the energy of such excitations is the summation of
the energies of two quasi-holes. Solving Eq. (2.1.50) by Fourier transformation, we
obtain

ε(λ) = π

cosh(πλ)
= 2πρg(λ). (2.1.51)

Here the two holes together carry spin of one, and each of themmay only carry a spin
1
2 . Note that such elementary excitations are unusual compared to those in the higher
dimensional magnetic systems where one magnon carries a total spin of one. The
classical picture of the spin-triplet excitation is shown in Fig. 2.1. Those excitations
are usually called spinons [30], a typical fractional excitation in the one-dimensional
quantum systems.

2.1.5 String Solutions

In the above we only considered the real Bethe roots. In fact, the BAEs may have
complex solutions. For a complex λ j with a positive imaginary part, we have

∣∣∣∣λ j − i

2

∣∣∣∣ ≤
∣∣∣∣λ j + i

2

∣∣∣∣ . (2.1.52)

This indicates that the left hand side of BAEs (2.1.24) tends to zero when N → ∞.
To keep the equality, the numerator of the right hand side of Eq. (2.1.24) must also
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tend to zero in this limit, which means that there exists another solution λ∗
j ∼ λ j − i

in the set of solutions. The general complex solutions of the Bethe roots read

λ
(n)
j,α = λ(n)

α − i

2
(n + 1 − 2 j) + o(e−δN ), j = 1, 2, . . . , n. (2.1.53)

This is just the string hypothesis [31]. Here λ
(n)
α indicates the position of the αth

n-string in the real axis, and δ is a small positive number to account for the finite size
deviations.

Substituting the string solutions into the BAEs and taking the product for all j in
the string, we readily obtain

n∏

j=1

(
λ

(n)
j,α − i

2

λ
(n)
j,α + i

2

)N

=
n∏

j=1

∞∏

m=1

∏

m,l,β �=n, j,α

λ
(n)
j,α − λ

(m)
l,β − i

λ
(n)
j,α − λ

(m)
l,β + i

. (2.1.54)

Considering the large N limit and omitting the exponentially small corrections, we
reduce the above equation to

(
λ

(n)
α − i

2n

λ
(n)
α + i

2n

)N

= −
∞∏

m=1

∏

β

λ
(n)
α − λ

(m)
β − i

2 (m + n)

λ
(n)
α − λ

(m)
β + i

2 (m + n)

×
[

λ
(n)
α − λ

(m)
β − i

2 (m + n − 2)

λ
(n)
α − λ

(m)
β + i

2 (m + n − 2)

]2

× · · ·

×
[

λ
(n)
α − λ

(m)
β − i

2 (|m − n| + 2)

λ
(n)
α − λ

(m)
β + i

2 (|m − n| + 2)

]2
λ

(n)
α − λ

(m)
β − i

2 |m − n|
λ

(n)
α − λ

(m)
β + i

2 |m − n|
. (2.1.55)

Taking the logarithm of the above equation we readily have

θn(λ(n)
α ) = 2π I (n)

α

N
+ 1

N

∑

m,β

θ
′
m,n(λ(n)

α − λ
(m)
β ), (2.1.56)

where I (n)
α are integers or half odd integers depending on the parity of N −∑∞

n=1 nMn

with Mn being the number of n-strings and

θ
′
m,n(λ) = θm+n(λ) + 2θm+n−2(λ) + · · ·

+ 2θ|m−n|+2(λ) + (1 − δm,n)θ|m−n|(λ). (2.1.57)

As for the real solution case, we define the counting functions
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Zn(λ) = 1

2π

⎡

⎣θn(λ) − 1

N

∑

m,β

θ
′
m,n(λ − λ

(m)
β )

⎤

⎦ . (2.1.58)

Obviously, Zn(λ
(n)
α ) = I (n)

α /N corresponds to Eq. (2.1.56). In the thermodynamic
limit, we have

d Zn(λ)

dλ
= ρn(λ) + ρh

n (λ), (2.1.59)

where ρn(λ) and ρh
n (λ) are the densities of n-strings and n-string holes, respectively.

The density of flipped spins is

M

N
=

∞∑

n=1

n
∫ ∞

−∞
ρn(λ)dλ. (2.1.60)

Taking the derivative of (2.1.58), we obtain the relation between ρh
n (λ) and ρm(λ)

as

ρh
n (λ) = an(λ) −

∞∑

m=1

∫ ∞

−∞
Am,n(λ − μ)ρm(μ)dμ, (2.1.61)

where

Am,n(λ) = am+n(λ) + 2am+n−2(λ) + · · · + 2a|m−n|+2(λ) + a|m−n|(λ),

a0(λ) ≡ δ(λ). (2.1.62)

Equation (2.1.61) is significant for studying the elementary excitations and thermo-
dynamics.

In order to give the complete picture of the elementary excitations in the system,
let us consider another simple type of elementary excitation, i.e., a 2-string at λs plus
two holes in the real axis. In this case, the corresponding density functions are

ρh
1 (λ) = 1

N

[
δ(λ − λh

1) + δ(λ − λh
2)
]
, (2.1.63)

ρ2(λ) = 1

N
δ(λ − λs). (2.1.64)

For n = 1 in Eq. (2.1.61), we obtain

ρ1(λ) + ρh
1 (λ) = a1(λ) −

∫ ∞

−∞
a2(λ − μ)ρ1(μ)dμ

−
∫ ∞

−∞
[a1(λ − μ) + a3(λ − μ)]ρ2(μ)dμ. (2.1.65)
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Fig. 2.2 Classical picture of the spin-singlet elementary excitations. Relative to the Neel state, the
net spin carried by the flipped domain is zero. One domain boundary carries a spin of 1

2 and the
other carries a spin of - 12

The deviation of the particle density from that of the ground state reads

δρ1(λ) = −ρh
1 (λ) −

∫ ∞

−∞
a2(λ − μ)δρ1(μ)dμ

−
∫ ∞

−∞
[a1(λ − μ) + a3(λ − μ)]ρ2(μ)dμ. (2.1.66)

This allows us to derive the excitation energy as

ΔE = −2π N
∫ ∞

−∞
a1(λ)δρ1(λ)dλ − 2π

[
a1

(
λs + i

2

)
+ a1

(
λs − i

2

)]

= ε(λh
1) + ε(λh

2). (2.1.67)

It is easy to check that M = N/2 in this case, indicating a spin singlet excitation as
shown in Fig. 2.2. Interestingly, the excitation energy takes the same form as that of
Eq. (2.1.49). This means that the contribution of the 2-string is completely canceled
by that of the ρ1(λ) redistribution induced by the presence of the string. It can be
proven that this statement is also valid for the more-holes cases with the presence
of arbitrary strings: the n-strings contribute nothing to the energy, and the excitation
energy only depends on the positions of the holes. However, the strings do affect the
scattering matrix among the holes [32].

2.1.6 Thermodynamics

The thermodynamic Bethe Ansatz was first proposed by Yang and Yang [33] for the
Lieb-Liniger model [34] and subsequently generalized to other integrable models by
Gaudin [35], Takahashi [36–38] and Johnson andMcCoy [39]. The central point lies
in deriving the entropy from the distribution of the Bethe roots.
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For the present model, the energy of an n-string in the external magnetic field h is

ε0n(λ) =
n∑

j=1

[
λ + i

2 (n + 1 − 2 j) − i
2

λ + i
2 (n + 1 − 2 j) + i

2

+ λ + i
2 (n + 1 − 2 j) + i

2

λ + i
2 (n + 1 − 2 j) − i

2

− 2

]
+ nh

= −2πan(λ) + nh. (2.1.68)

The density of energy can be calculated by

E/N =
∞∑

n=1

∫ ∞

−∞
ε0n(λ)ρn(λ)dλ + 1

2
(1 − h). (2.1.69)

Let us consider an infinitely small interval [λ, λ+dλ] in the λ space. The number
of states allowed to be occupied by an n-string in this interval is

N [ρn(λ) + ρh
n (λ)]dλ.

Then the number of the possible physical states in this interval is

dΩ(λ) =
∞∏

n=1

[N (ρn(λ) + ρh
n (λ))dλ]!

[Nρn(λ)dλ]![Nρh
n (λ)dλ]! . (2.1.70)

With the help of Sterling’s formula ln N ! ≈ N ln N , we obtain the entropy in the
interval

d S(λ) = ln dΩ(λ) ≈ N
∞∑

n=1

{
[ρn(λ) + ρh

n (λ)] ln[ρn(λ) + ρh
n (λ)]

−ρn(λ) ln ρn(λ) − ρh
n (λ) ln ρh

n (λ)
}

dλ. (2.1.71)

We define the relative density of the free energy as

f = F

N
− 1

2
(1 − h) , (2.1.72)

where F = E −T S is the usual free energy, T is the temperature and S is the entropy.
Substituting Eqs. (2.1.69) and (2.1.71) into Eq. (2.1.72), we have

f =
∞∑

n=1

∫ ∞

−∞
ε0n(λ)ρn(λ)dλ − T

∞∑

n=1

∫ ∞

−∞

{
[ρn(λ) + ρh

n (λ)] ln[ρn(λ) + ρh
n (λ)]

−ρn(λ) ln ρn(λ) − ρh
n (λ) ln ρh

n (λ)
}

dλ. (2.1.73)
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For a thermal equilibrium state, the free energy should be minimized with the vari-
ation taken with respect to ρn(λ), i.e.,

δ f

δρn(λ)
= 0, (2.1.74)

which leads to

∞∑

n=1

∫ ∞

−∞

{
ε0n(λ)δρn(λ) − T ln[1 + ηn(λ)]δρn(λ)

−T ln[1 + η−1
n (λ)]δρh

n (λ)
}

dλ = 0, (2.1.75)

where

ηn(λ) = ρh
n (λ)

ρn(λ)
. (2.1.76)

Note that δρn(λ) and δρh
m(λ) are not independent but are related through the following

equation derived from Eq. (2.1.61):

δρh
n (λ) = −

∞∑

m=1

∫ ∞

−∞
Am,n(λ − μ)δρm(μ)dμ. (2.1.77)

Substituting Eq. (2.1.77) into Eq. (2.1.75) and putting the coefficient of δρn(λ) to
zero, we have

ln[1 + ηn(λ)] = ε0n(λ)

T
+

∞∑

m=1

∫ ∞

−∞
Am,n(λ − μ) ln[1 + η−1

m (μ)]dμ. (2.1.78)

For convenience, we introduce the integral operators [n] as

[n]F(λ) =
∫ ∞

−∞
an(λ − μ)F(μ)dμ. (2.1.79)

Note that under Fourier transformation, [n] becomes a multiplier exp(−n|ω|/2). It
can be easily demonstrated that the following relation holds:

[m][n] = [m + n]. (2.1.80)
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Further, we define

Âm,n = [m + n] + 2[m + n − 2] + · · · + 2[|m − n| + 2] + [|m − n|],
Ĝ = [1]

[0] + [2] , (2.1.81)

where the kernel of the operator Ĝ is

1

2π

∫ ∞

−∞
e−iλω e− 1

2 |ω|

1 + e−|ω| dω = 1

2 cosh(πλ)
= ρg(λ). (2.1.82)

It can be proven that the following operator identities hold:

Ĝ[ Âm,n+1 + Âm,n−1] = −δm,n + Âm,n, n > 1, (2.1.83)

Ĝ Âm,2 = −δ1,m + Â1,m . (2.1.84)

With the help of the above relations, we rewrite Eq. (2.1.78) as

ln(1 + ηn(λ)) = ε0n(λ)

T
+

∞∑

m=1

Ân,m ln(1 + η−1
m (λ)). (2.1.85)

Applying the integral operator Ĝ to the summation of Eq. (2.1.85) with n + 1 and
n − 1, we obtain

Ĝ[ln(1 + ηn+1(λ)) + ln(1 + ηn−1(λ))]

= 1

T
Ĝ(ε0n+1(λ) + ε0n−1(λ)) +

∞∑

m=1

Ĝ( Ân+1,m + Ân−1,m) ln(1 + η−1
m (λ))

= ε0n(λ)

T
− ln(1 + η−1

n (λ)) +
∞∑

m=1

Ân,m ln(1 + η−1
m (λ)). (2.1.86)

Combining Eqs. (2.1.85) and (2.1.86), we arrive at

ln ηn(λ) = Ĝ[ln(1 + ηn+1(λ)) + ln(1 + ηn−1(λ))]. (2.1.87)

Again, applying the integral operator Ĝ on Eq. (2.1.85) with n = 2, we obtain

ln η1(λ) = −2πρg(λ)

T
+ Ĝ ln(1 + η2(λ)). (2.1.88)
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For the case of n → ∞, from Eq. (2.1.85), we learn that

lim
n→∞

ln ηn

n
= h

T
. (2.1.89)

Equations (2.1.87)–(2.1.89) form a closed set of equations for the thermodynamic
quantity ηn .

Substituting Eq. (2.1.61) into Eq. (2.1.73) and using Eq. (2.1.75), we obtain

f = −T
∞∑

n=1

∫ ∞

−∞
an(λ) ln[1 + η−1

n (λ)]dλ. (2.1.90)

From (2.1.85), we know that

Ĝ ln(1 + η1(λ)) = 1

T
Ĝε01(λ) +

∞∑

m=1

[m] ln(1 + η−1
m (λ)). (2.1.91)

Putting λ = 0 in the above equation we have

∞∑

m=1

∫ ∞

−∞
am(λ) ln[1 + η−1

m (λ)]dλ

= 2 ln 2 − 1
2h

T
+
∫ ∞

−∞
ρg(λ) ln[1 + η1(λ)]dλ. (2.1.92)

Substituting (2.1.92) into (2.1.90), we finally get the expression for the free energy

F/N = eg − T
∫ ∞

−∞
ρg(λ) ln[1 + η1(λ)]dλ. (2.1.93)

We remark that though initially the string hypothesis is used, the final formula for
the free energy is only related to the real root distribution.

Generally, the thermodynamic BAEs cannot be solved exactly. Below, let us con-
sider the low energy limit T → 0 and h → 0. Because ε(λ) > 0, the driving
term of Eq. (2.1.88) tends to −∞ and η1(λ) → 0. This indicates that ρh

1 (λ) = 0
at zero temperature, which coincides with the density configuration of the ground
state previously derived. In this case, all the ηn(λ) become constants and the integral
Eqs. (2.1.87)–(2.1.89) are reduced to

η2n = (1 + ηn+1)(1 + ηn−1), n > 1. (2.1.94)
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The general solution of the above equations is [31]

ηn =
(

bzn − b−1z−n

z − z−1

)2

− 1, (2.1.95)

where b and z are determined by η1 = 0 and (2.1.89), i.e., b = 1, z = e
h
2T . Therefore,

the solution of thermodynamic BAEs in the limit T → 0 is

ηn = sinh2 nh
2T

sinh2 h
2T

− 1. (2.1.96)

In the case of h = 0, we have ηn(h = 0) = n2 − 1. Putting ηn = exp[−εn/T ], then
ε1 ∼ T 0. Comparing the T −1 terms of Eq. (2.1.85) we have

ε1(λ) = −ε01(λ) −
∫ ∞

−∞
a2(λ − μ)ε1(μ)dμ. (2.1.97)

From Eqs. (2.1.50) and (2.1.97), we obtain that ε1(λ) is the dressed energy ε(λ).
Since the quasi momentum is p(λ) = 2π Z(λ), under the Fermi liquid framework

[40] we define the density of states as

N (λ) = 1

π

∣∣∣∣
dp(λ)

dε(λ)

∣∣∣∣ = 2

∣∣∣∣
ρg(λ)

ε
′
(λ)

∣∣∣∣ . (2.1.98)

In the ground state, the density of states reads N (λ) = π−2| coth(πλ)| and at the
Fermi surface it is N (∞) = π−2. Up to leading order, the density of free energy
reads

f = −T
∫ ∞

−∞
N (λ) ln

[
1 + e− |ε(λ)|

T

]
dε(λ)

≈ −T 2

π2

∫ ∞

−∞
ln(1 + e−|x |)dx = −1

6
T 2. (2.1.99)

2.2 The Open Heisenberg Spin Chain

2.2.1 The Algebraic Bethe Ansatz

The algebraic Bethe Ansatz for open integrable models can be performed through the
combination of YBE andRE. As an example, let us consider the isotropic Heisenberg
spin chain with two boundarymagnetic fields, amodel first exactly solved byAlcaraz
et al. via coordinate Bethe Ansatz [41]. The model Hamiltonian is
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H =
N−1∑

j=1

σ j · σ j+1 + h1σ
z
1 + hN σ z

N , (2.2.1)

where h1 and hN are the boundary fields.
For the open boundary models, rather than the one-row monodromy matrix, we

need to introduce the double-row monodromy matrix

U0(u) = T0(u)K −
0 (u)T̂0(u), (2.2.2)

where K −
0 (u) is the solution of RE and

T̂0(u) ≡ (1 − u2)N T −1
0 (−u) = R1,0(u) · · · RN ,0(u). (2.2.3)

Here, the R-matrix is defined by (1.5.2) and RE reads

R1,2(u − v)K −
1 (u)R2,1(u + v)K −

2 (v)

= K −
2 (v)R1,2(u + v)K −

1 (u)R2,1(u − v). (2.2.4)

It can be demonstrated that U0(u) also satisfies the RE

R1,2(u − v)U1(u)R1,2(u + v)U2(v)

= R1,2(u − v)T1(u)K −
1 (u)T̂1(u)R1,2(u + v)T2(v)K −

2 (v)T̂2(v)

= R1,2(u − v)T1(u)K −
1 (u)T2(v)R1,2(u + v)T̂1(u)K −

2 (v)T̂2(v)

= R1,2(u − v)T1(u)T2(v)K −
1 (u)R1,2(u + v)T̂1(u)K −

2 (v)T̂2(v)

= T2(v)T1(u)R1,2(u − v)K −
1 (u)R1,2(u + v)K −

2 (v)T̂1(u)T̂2(v)

= T2(v)T1(u)K −
2 (v)R1,2(u + v)K −

1 (u)R1,2(u − v)T̂1(u)T̂2(v)

= T2(v)K −
2 (v)T1(u)R1,2(u + v)K −

1 (u)T̂2(v)T̂1(u)R1,2(u − v)

= T2(v)K −
2 (v)T1(u)R1,2(u + v)T̂2(v)K −

1 (u)T̂1(u)R12(u − v)

= T2(v)K −
2 (v)T̂2(v)R1,2(u + v)T1(u)K −

1 (u)T̂1(u)R1,2(u − v)

= U2(v)R1,2(u + v)U1(u)R1,2(u − v). (2.2.5)

Note that the following relations are used in deriving the above relation:

R1,2(u − v)T̂1(u)T̂2(v) = T̂2(v)T̂1(u)R1,2(u − v), (2.2.6)

R−1
1,2(u − v) = 1

1 − (u − v)2
R1,2(−u + v), (2.2.7)

T̂1(u)R1,2(u + v)T2(v) = T2(v)R1,2(u + v)T̂1(u). (2.2.8)

The transfer matrix of the model with open boundary conditions is constructed
by the double-row monodromy matrix as

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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t (u) = tr0
{

K +
0 (u)U0(u)

}
, (2.2.9)

where K +
0 (u) is a solution of the dual RE (1.2.16) which now reads as follows due

toM = id (see (1.5.10))

R1,2(v − u) K +
1 (u) R2,1(−u − v − 2) K +

2 (v)

= K +
2 (v)R1,2(−u − v − 2) K +

1 (u) R2,1(v − u). (2.2.10)

With the help of (2.2.5) and the properties (1.5.4)–(1.5.10), we can derive that

t (u) t (v) = tr1
{

K +
1 (u)U1(u)

}
tr2

{
K +
2 (v)U2(v)

}

= tr1
{

K +
1

t1
(u)U t1

1 (u)
}

tr2
{

K +
2 (v)U2(v)

}

= tr1,2
{

K +
1

t1
(u)U t1

1 (u) K +
2 (v)U2(v)

}

= tr1,2
{

K +
1

t1
(u)K +

2 (v)U t1
1 (u)U2(v)

}

= tr1,2
{

K +
1

t1
(u)K +

2 (v) Rt1,−1
2,1 (v + u)Rt1

2,1(v + u)U t1
1 (u)U2(v)

}

= tr1,2
{
[K +

2 (v)K +
1

t1
(u)Rt1,−1

2,1 (v + u)]t1 [Rt1
2,1(v + u)U t1

1 (u)U2(v)]t1
}

= tr1,2
{
[K +

2 (v)Rt1,−1,t1
2,1 (v + u)K +

1 (u)] [U1(u)R2,1(v + u)U2(v)]
}

= tr1,2
{
[K +

2 (v)Rt1,−1,t1
2,1 (v + u)K +

1 (u)] [R−1
1,2(u − v)R1,2(u − v)]

× [U1(u)R2,1(v + u)U2(v)]
}

= tr1,2
{
[K +

2 (v)Rt1,−1,t1
2,1 (v + u)K +

1 (u)R−1
1,2(u − v)]

× [R1,2(u − v)U1(u)R2,1(v + u)U2(v)]
}

(2.2.5)= tr1,2
{
[K +

2 (v)Rt1,−1,t1
2,1 (v + u)K +

1 (u)R−1
1,2(u − v)]

×[U2(v)R1,2(u + v)U1(u)R2,1(−v + u)]}
(1.2.17)= tr1,2

{
[R−1

2,1(−v + u)K +
1 (u)Rt2,−1,t2

1,2 (u + v)K +
2 (v)]

×[U2(v)R1,2(u + v)U1(u)R2,1(−v + u)]}

= tr1,2
{

R−1
2,1(−v + u) [K +

1 (u)Rt2,−1,t2
1,2 (u + v)K +

2 (v)

× U2(v)R1,2(u + v)U1(u)] R2,1(−v + u)
}

= tr1,2
{

K +
1 (u)Rt2,−1,t2

1,2 (u + v)K +
2 (v)U2(v)R1,2(u + v)U1(u)

}

= tr1,2
{
[K +

1 (u)Rt2,−1,t2
1,2 (u + v)K +

2 (v)]t2 [U2(v)R1,2(u + v)U1(u)]t2
}

= tr1,2
{
[K +

1 (u)K +t2
2 (v)Rt2,−1

1,2 (u + v)] [Rt2
1,2(u + v)U t2

2 (v)U1(u)]
}

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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= tr1,2
{
[K +

1 (u)K +t2
2 (v) U t2

2 (v)U1(u)]
}

= tr1,2
{
[K +t2

2 (v)U t2
2 (v)] [K +

1 (u)U1(u)]
}

= tr2
{

K +
2 (v)U2(v)

}
tr1

{
K +
1 (u)U1(u)

} = t (v) t (u). (2.2.11)

Therefore, the transfer matrices with different spectral parameters are mutually
commutative,

[t (u), t (v)] = 0. (2.2.12)

The general solutions of K ±
0 (u) were given in [42–45]. Here we choose the

diagonal ones

K −
0 (u) = p + uσ z

0 , K +
0 (u) = q + (u + 1)σ z

0 , (2.2.13)

which allow us to perform the algebraic Bethe Ansatz, where p and q are two
boundary parameters. Taking the derivative of the logarithm of the transfer matrix,
we obtain

∂t (u)

∂u

∣∣∣∣
u=0

= 2pK +
N (0) + 4pq

N−1∑

j=1

Pj, j+1 + 2qσ z
1 . (2.2.14)

Therefore, the Hamiltonian (2.2.1) can be constructed by the transfer matrix as

H = 1

2pq

∂t (u)

∂u

∣∣∣∣
u=0

− N , (2.2.15)

with the boundary parameters p and q determined by h1 and hN as

p = 1

h1
, q = 1

hN
. (2.2.16)

Denote the double-row monodromy matrix as

U (u) ≡
(
A (u) B(u)

C (u) D(u)

)
. (2.2.17)

By using RE (2.2.5), we can derive the following useful commutation relations:

[B(u),B(v)] = [C (u),C (v)] = 0, (2.2.18)

A (u)B(v) = (u + v)(u − v − 1)

(u − v)(u + v + 1)
B(v)A (u) + u + v

(u − v)(u + v + 1)
B(u)A (v)

− 1

u + v + 1
B(u)D(v), (2.2.19)
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D(u)B(v) = (u − v + 1)(u + v + 2)

(u − v)(u + v + 1)
B(v)D(u) − (u + v + 2)

(u − v)(u + v + 1)
B(u)D(v)

− 2

(u − v)(u + v + 1)
B(v)A (u) + (u − v + 2)

(u − v)(u + v + 1)
B(u)A (v). (2.2.20)

For convenience, let us introduce

D(u) = (2u + 1)D(u) − A (u). (2.2.21)

The transfer matrix thus reads

t (u) = (q + u + 1)A (u) + (q − u − 1)D(u)

= q − u − 1

2u + 1
D(u) +

(
q − u − 1

2u + 1
+ q + u + 1

)
A (u), (2.2.22)

and

D(u)B(v) = (u − v + 1)(u + v + 2)

(u − v)(u + v + 1)
B(v)D(u) − 2(u + 1)

(u − v)(2v + 1)
B(u)D(v)

+ 4(u + 1)v

(2v + 1)(u + v + 1)
B(u)A (v), (2.2.23)

A (u)B(v) = (u + v)(u − v − 1)

(u − v)(u + v + 1)
B(v)A (u) − 1

(u + v + 1)(2v + 1)
B(u)D(v)

+ 2v

(u − v)(2v + 1)
B(u)A (v). (2.2.24)

Let us introduce further the notations

BM = B(λ1) · · ·B(λM ),

B
j
M = B(λ1) · · ·B(λ j−1)B(u)B(λ j+1) · · ·B(λM ). (2.2.25)

By using the commutation relations (2.2.23) and (2.2.24), we can prove that

A (u)BM =
M∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)
BMA (u)

−
M∑

j=1

1

(u + λ j + 1)(2λ j + 1)

M∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
B

j
MD(λ j )
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+
M∑

j=1

2λ j

(u − λ j )(2λ j + 1)

M∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)
B

j
MA (λ j ), (2.2.26)

D(u)BM = BMD(u)

M∏

j=1

(u + λ j + 2)(u − λ j + 1)

(u + λ j + 1)(u − λ j )

−
M∑

j=1

2(u + 1)

(u − λ j )(2λ j + 1)

M∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
B

j
MD(λ j )

+
M∑

j=1

4λ j (u + 1)

(u + λ j + 1)(2λ j + 1)

M∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)
B

j
MA (λ j ). (2.2.27)

Proof Obviously, Eq. (2.2.26) is satisfied for M = 1. Suppose it is also satisfied for
an arbitrary M . We have

A (u)BM+1 = A (u)BMB(λM+1)

=
M∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)
BMA (u)B(λM+1)

−
M∑

j=1

1

(u + λ j + 1)(2λ j + 1)

M∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl )(λ j + λl + 1)
B

j
MD(λ j )B(λM+1)

+
M∑

j=1

2λ j

(u − λ j )(2λ j + 1)

M∏

l �= j

(λ j + λl )(λ j − λl − 1)

(λ j − λl )(λ j + λl + 1)
B

j
MA (λ j )B(λM+1). (2.2.28)

The first term can be calculated as

BM+1A (u)

M+1∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

+
M∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

2λM+1

(u − λM+1)(2λM+1 + 1)
BM+1

M+1A (λM+1)

−
M∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

BM+1
M+1D(λM+1)

(u − λM+1 + 1)(2λM+1 + 1)
. (2.2.29)

The second term can be calculated as

−
M∑

j=1

1

(u + λ j + 1)(2λ j + 1)

M∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
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×
[
(λ j − λM+1 + 1)(λ j + λM+1 + 2)

(λ j − λM+1)(λ j + λM+1 + 1)
B

j
M+1D(λ j )

− 2(λ j + 1)

(λ j − λM+1)(2λM+1 + 1)
B

j
MB(λ j )D(λM+1)

+ 4(λ j + 1)λM+1

(λ j + λM+1 + 1)(2λM+1 + 1)
B

j
MB(λ j )A (λM+1)

]
. (2.2.30)

The third term can be calculated as

M∑

j=1

2λ j

(u − λ j )(2λ j + 1)

M∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)

×
[
(λ j + λM+1)(λ j − λM+1 − 1)

(λ j − λM+1)(λ j + λM+1 + 1)
B

j
M+1A (λ j )

− 1

(λ j + λM+1 + 1)(2λM+1 + 1)
B

j
MB(λ j )D(λM+1)

+ 2λM+1

(λ j − λM+1)(2λM+1 + 1)
B

j
MB(λ j )A (λM+1)

]
. (2.2.31)

Comparing the coefficients of the terms includingA (u),A (λ j ),D(λ j ),A (λM+1),
D(λM+1) and using the properties

BM+1
M+1 = B(u)BM , (2.2.32)

BM+1 = B(λM+1)BM , (2.2.33)

we arrive at Eq. (2.2.26). Equation (2.2.27) can be proven similarly. ��
With the crossing property (1.5.6), we obtain the duality relation between T̂ (u)

and T (u)

σ
y
0 [T̂0(u)]t0σ

y
0 = σ

y
0 [R0,1(u) · · · R0,N (u)]t0σ

y
0

= σ
y
0 Rt0

0,N (u)σ
y
0 σ

y
0 Rt0

0,N−1(u)σ
y
0 · · · σ y

0 Rt0
0,1(u)σ

y
0

= (−1)N R0,N (−u − 1)R0,N−1(−u − 1) · · · R0,1(−u − 1)

= (−1)N T0(−u − 1). (2.2.34)

Thus the matrix elements of T̂ (u) can be expressed by those of T (u) with a different
spectral parameter

T̂0(u) = (−1)N
(

D(−u − 1) −B(−u − 1)
−C(−u − 1) A(−u − 1)

)
. (2.2.35)

The double-row monodromy matrix is thus factorized as

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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(
A (u) B(u)

C (u) D(u)

)
= (−1)N

(
A(u) B(u)

C(u) D(u)

)

×
(

p + u 0
0 p − u

)(
D(−u − 1) −B(−u − 1)

−C(−u − 1) A(−u − 1)

)
. (2.2.36)

With the help of Eq. (2.1.8), we obtain

A (u)|0〉 = (p + u)(u + 1)2N |0〉,
D(u)|0〉 = 2(p − u − 1)u2N+1|0〉,
C (u)|0〉 = 0. (2.2.37)

Therefore, |0〉 is an eigenstate ofA (u) andD(u).B(u) can be used as the generating
operator for the eigenstates.

Assume that the eigenstates of the transfer matrix take the following form

| λ1, . . . , λM 〉 =
M∏

j=1

B(λ j )|0〉. (2.2.38)

The transfer matrix applied on the state (2.2.38) gives

t (u) | λ1, . . . , λM 〉 = Λ(u) | λ1, . . . , λM 〉

+
M∑

j=1

Λ j (u)B(λ1) · · ·B(λ j−1)B(u)B(λ j+1) · · ·B(λM ) | 0〉, (2.2.39)

where Λ(u) is the eigenvalue term

Λ(u) =
(

q − u − 1

2u + 1
+ q + u + 1

)

×(p + u)(u + 1)2N
M∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

+2
q − u − 1

2u + 1
(p − u − 1)u2N+1

M∏

j=1

(u − λ j + 1)(u + λ j + 2)

(u − λ j )(u + λ j + 1)
,

(2.2.40)

and the unwanted coefficients Λ j (u) read

Λ j (u) = 4(u + 1)(q + λ j )(p + λ j )λ j

(u − λ j )(u + λ j + 1)(2λ j + 1)
(λ j + 1)2N

M∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)
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−4(u + 1)(q − λ j − 1)(p − λ j − 1)

(u − λ j )(u + λ j + 1)(2λ j + 1)
λ2N+1

j

M∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
.

Putting Λ j (u) = 0, we obtain the BAEs

(λ j + q)(λ j + p)

(λ j + 1 − q)(λ j + 1 − p)

(
1 + 1

λ j

)2N

×
M∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl + 1)(λ j + λl + 2)
= 1, j = 1, . . . , M. (2.2.41)

Similarly, the selection rules λ j �= λl and λ j �= −λl − 1 are required as those for
the periodic boundary case discussed in Sect. 2.1.2.

Assume that λ j = iμ j − 1
2 . Equation (2.2.41) can be rewritten as

(μ j − i q̄)(μ j − i p̄)

(μ j + i q̄)(μ j + i p̄)

(
μ j − i

2

μ j + i
2

)2N

=
M∏

l �= j

(μ j − μl − i)(μ j + μl − i)

(μ j − μl + i)(μ j + μl + i)
,

(2.2.42)

with p̄ = p− 1
2 , q̄ = q − 1

2 and j = 1, . . . , M . The eigenvalue of the Hamiltonian is

E = 1

2pq

∂Λ(u)

∂u

∣∣∣∣
u=0

− N

= −
M∑

j=1

2

μ2
j + 1

4

+ N − 1 + 1

p
+ 1

q
. (2.2.43)

Note that the unwanted terms can also be expressed as

Λ j (u) = (u + 1)(2λ j + 1)

(λ j − u)(u + λ j + 1)(λ j + 1)
resΛ(u)|u=λ j , (2.2.44)

which indicates that Baxter’s T − Q relation (1.4.1) also holds for this model with

a(u) = 2u + 2

2u + 1
(u + p)(u + q)(u + 1)2N ,

d(u) = 2u

2u + 1
(u − p + 1)(u − q + 1)u2N ,

Q(u) =
M∏

j=1

(u − λ j )(u + λ j + 1). (2.2.45)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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2.2.2 Surface Energy and Boundary Bound States

Both the boundary fields and the open boundary itself contribute finite values to
physical quantities such as the ground state energy and the free energy. The surface
energy is a typical quantity to describe the boundary effects. It was first studied by
Gaudin [46] and subsequently studied by a number of authors [41, 47–54].

Let us consider the case of p̄, q̄ ≥ 0. In the ground state, all the Bethe roots
should take real values. By taking the logarithm of Eq. (2.2.42), we obtain

θ2 p̄(μ j ) + θ2q̄(μ j ) + 2Nθ1(μ j )

= 2π I j +
M∑

l=1

[θ2(μ j − μl) + θ2(μ j + μl)] − θ1(μ j ), (2.2.46)

where the θn-functions are defined below (2.1.34) and I j are integers. Similar to the
periodic case, we define

Z(u) = 1

2π

{
θ1(u) + 1

2N
[θ2 p̄(u) + θ2q̄(u) + θ1(u)

−
M∑

l=1

(θ2(u − μl) + θ2(u + μl))]
}

. (2.2.47)

It is obvious that Z(μ j ) = I j/(2N ). In the thermodynamic limit, the density distri-
butions are determined by

ρ(u) + ρh(u) = d Z(u)

du
. (2.2.48)

Taking the derivative of Z(u), we obtain

ρ(u) = a1(u) + 1

2N

[
a2 p̄(u) + a2q̄(u) + a1(u) − δ(u)

]

−
∫ ∞

−∞
a2(u − v)ρ(v)dv, (2.2.49)

where we put ρh(u) = 1
2N δ(u). The existence of δ(u) in the above equation is due to

the hole at I j = 0, which is a solution of the BAEs but leaves a zero wave function.
The density deviation from that of the periodic case satisfies

δρ(u) = 1

2N

[
a2 p̄(u) + a2q̄(u) + a1(u) − δ(u)

]

−
∫ ∞

−∞
a2(u − v)δρ(v)dv. (2.2.50)
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With the help of Fourier transformation, we obtain

δρ̃(ω) = 1

2N

e− p̄|ω| + e−q̄|ω| + e− |ω|
2 − 1

1 + e−|ω| . (2.2.51)

The surface energy can be calculated as

εb = h1 + hN − 1 − 4π N
∫ ∞

−∞
a1(u)δρ(u)du

= h1 + hN − 1 − 2N
∫ ∞

−∞
ã1(ω)δρ̃(ω)dω

= h1 + hN − 1 − 2
∫ ∞

0

e−pω + e−qω + e−ω − e− ω
2

1 + e−ω
dω

= h1 + hN − 1 + π − 2 ln 2 − 2
∫ ∞

0

e
− ω

h1 + e
− ω

hN

1 + e−ω
dω. (2.2.52)

Note that

N
∫ ∞

−∞
δρ(u)du = Nδρ̃(0) = 1

2
, (2.2.53)

indicating that there is a boundary spin in the system. In fact, this boundary spin is
carried by a boundary hole at λh → ∞. If we replace ρh(u) with

ρh(u) = 1

2N

[
δ(u) + δ(u − λh) + δ(u + λh)

]
, (2.2.54)

we obtain that N
∫∞
−∞ δρ(u)du = 0. This boundary hole carries zero energy and

corresponds to the Majorana modes at the two boundaries [55].
For p̄ < 0, an imaginary mode μ j = i p̄ may exist. This mode contributes a

negative bare energy for − 1
2 < p̄ < 0 and a positive bare energy for p̄ < − 1

2 ,
indicating that the bound state is only stable in the former case.

In addition to the above solutions, the following boundary string

μ
m,n
b,l = i p̄ + il, l = −n, . . . , 0, . . . , m, (2.2.55)

may exist, where n > p̄ > 0 or m > − p̄ > 0 is needed to preserve the equality of
the BAEs. The bare energy of this boundary string reads

−2π
[
a2(m+p)(0) + a2(n−p+1)(0)

]
.

The deviation of ρ(u) implied by the boundary string satisfies
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δρ(u) = −[2]δρ(u) − 1

2N

[
a2(m+1+ p̄)(u)

+a2(m+ p̄)(u) + a2(n+1− p̄)(u) + a2(n− p̄)(u)
]
. (2.2.56)

With the help of Fourier transformation we have

δρ̃(ω) = − 1

2N

[
e−(m+ p̄)|ω| + e−(n− p̄)|ω|] . (2.2.57)

Therefore, the contribution of the boundary string to the energy is

εbs =
∫ ∞

−∞

[
e−(m+ p̄)|ω| + e−(n− p̄)|ω|] e− 1

2 |ω|dω

−2π
[
a2(m+p)(0) + a2(n−p+1)(0)

]

= 0. (2.2.58)

The effect of the boundary string is similar to that of the bulk strings, i.e., contributing
nothing to the energy.

2.3 Nested Algebraic Bethe Ansatz for SU(n)-Invariant
Spin Chain

The integrability of the multi-component models was first studied by Sutherland [56]
on the basis of Yang’s work [57]. Subsequently, Sutherland realized that the corre-
sponding SU (n) spin chain is also exactly solvable [58]. In this section, we introduce
the nested algebraic Bethe Ansatz method with the SU (n)-invariant quantum spin
chain as an example.

The model Hamiltonian reads

H =
N∑

j=1

Pj, j+1, (2.3.1)

where the permutation operator is defined in the tensor space of n-dimensional linear
spaces

Pj, j+1 =
n∑

μ,ν=1

Eμ,ν
j Eν,μ

j+1, (2.3.2)

and μ, ν = 1, . . . , n, Eμ,ν
j is the Weyl matrix (or the Hubbard operator)

Eμ,ν = |μ〉〈ν|. (2.3.3)
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The R-matrix of the system is

Ri, j (u) = α(u) + β(u)Pi, j , (2.3.4)

where

α(u) = u

u + η
, β(u) = η

u + η
. (2.3.5)

One can easily check that the above R-matrix satisfies YBE.
The monodromy matrix of the system is constructed by the R-matrices as

T0(u) = R0,N (u)R0,N−1(u) · · · R0,1(u). (2.3.6)

We can easily deduce the following Yang-Baxter relation:

Ř1,2(u − v)[T (u) ⊗ T (v)] = [T (v) ⊗ T (u)]Ř1,2(u − v), (2.3.7)

where Ř is the braided R-matrix with the definition

Ř1,2(u) = P1,2R1,2(u). (2.3.8)

The braided R-matrices satisfy the braided YBE

Ř1,2(u − v)Ř2,3(u)Ř1,2(v) = Ř2,3(v)Ř1,2(u)Ř2,3(u − v). (2.3.9)

We write out the explicit form of the monodromy matrix in the auxiliary space:

T (u) =

⎛

⎜⎜⎝

A1,1(u) · · · A1,n−1(u) B1(u)

· · · · · · · · · · · ·
An−1,1(u) · · · An−1,n−1(u) Bn−1(u)

C1(u) · · · Cn−1(u) D(u)

⎞

⎟⎟⎠ . (2.3.10)

The transfermatrix of the system is the trace of themonodromymatrix in the auxiliary
space

t (u) = tr0T0(u) = A1,1(u) + A2,2(u) + · · · + D(u). (2.3.11)

From the Yang-Baxter relation (2.3.7) one can easily check that the transfer matrices
with different spectral parameters are mutually commutative,

[t (u), t (v)] = 0. (2.3.12)

Thus the system is integrable and the Hamiltonian (2.3.1) can be derived from the
transfer matrix t (u) as
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H = η
∂ ln t (u)

∂u

∣∣∣∣
u=0

+ N . (2.3.13)

From (2.3.7), we can derive the useful commutation relations:

D(u)Cb1(λ) = 1

α(λ − u)
Cb1(λ)D(u) − β(λ − u)

α(λ − u)
Cb1(u)D(λ), (2.3.14)

Ab1,b2(u)Cb3(λ) = Ř(1)(u − λ)
b3,b2
b4,b5

α(u − λ)
Cb5(λ)Ab1,b4(u)

− β(u − λ)

α(u − λ)
Cb2(u)Ab1,b3(λ), (2.3.15)

Cb1(u)Cb2(λ) = Ř(1)(u − λ)b2,b1
c1,c2 Cc2(λ)Cc1(u), (2.3.16)

where all the subscripts and superscripts take values of 1, . . . , n−1, repeated indices
mean summation and

Ř(1)
i, j (u) =

n−1∑

b1,b2=1

β(u)Eb1,b1
i ⊗ Eb2,b2

j +
n−1∑

b1,b2=1

α(u)Eb1,b2
i ⊗ Eb2,b1

j

≡ β(u) + α(u)P(1)
i, j , (2.3.17)

where P(1)
i, j is the permutation operator defined in the SU (n−1) algebra. The Ř(1)(u)

is the braided R-matrix of the SU (n − 1)-invariant spin chain.
To construct the eigenstate, we choose the local vacuum as |0〉 j = (0, 0, . . . , 1)t ,

where t means transposition. The global vacuum state is the direct product of the
local vacuum, |0〉 = ⊗N

j=1|0〉 j . Obviously,

R0, j (u)|0〉 j =

⎛

⎜⎜⎝

α(u) 0 · · · 0
0 α(u) · · · 0
· · · · · · · · · 0

β(u)E1,n
j β(u)E2,n

j · · · 1

⎞

⎟⎟⎠ |0〉 j . (2.3.18)

The above relation allows us to arrive at

T (u)|0〉 =

⎛

⎜⎜⎝

αN (u) 0 · · · 0
0 αN (u) · · · 0
· · · · · · · · · · · ·

C1(u) C2(u) · · · 1

⎞

⎟⎟⎠ |0〉. (2.3.19)

Suppose that the Bethe states take the form:

|λ(1)
1 , . . . , λ

(1)
L1

|F1〉 = Ca1(λ
(1)
1 ) · · · CaL1

(λ
(1)
L1

)|0〉F
aL1 ···a1
1 , (2.3.20)
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where F
aL1 ···a1
1 is a function of the Bethe roots λ

(1)
j and L1 is the number of the first

set of Bethe roots. Applying the transfer matrix to the Bethe state (2.3.20) and using
the commutation relations (2.3.14)–(2.3.16) repeatedly, we readily have

t (u)Ca1(λ
(1)
1 ) · · · CaL1

(λ
(1)
L1

)|0〉F
aL1 ···a1
1

=
⎧
⎨

⎩αN (u)Λ(1)(u)

L1∏

j=1

1

α(u − λ
(1)
j )

+
L1∏

j=1

1

α(λ
(1)
j − u)

⎫
⎬

⎭ |λ(1)
1 , . . . , λ

(1)
L1

|F1〉

−
L1∑

j=1

β(u − λ
(1)
j )

α(u − λ
(1)
j )

⎧
⎨

⎩

L1∏

k=1,�= j

1

α(λ
(1)
j − λ

(1)
k )

αN (λ
(1)
j )t (1)(λ(1)

j )

−
L1∏

k=1,�= j

1

α(λ
(1)
k − λ

(1)
j )

⎫
⎬

⎭ | . . . , λ(1)
j−1, u, λ

(1)
j+1, . . . |F1〉, (2.3.21)

whereΛ(1)(u) is the eigenvalue of the next transfer matrix t (1)(u) defined below and

| . . . , λ(1)
j−1, u, λ

(1)
j+1, . . . |F1〉 ≡ · · · Ca j−1(λ

(1)
j−1)Ca j (u)Ca j+1(λ

(1)
j+1) · · · |0〉F

aL1 ···a1
1 ,

indicates the unwanted terms. If the Bethe state is an eigenstate of the transfer matrix,
the unwanted terms must be canceled. This leads to the first set of BAEs:

L1∏

k �= j

α(λ
(1)
j − λ

(1)
k )

α(λ
(1)
k − λ

(1)
j )

1

αN (λ
(1)
j )

F
bL1 ···b1
1 = t (1)(λ(1)

j )
b1···bN1
a1···aL1

F
aL1 ···a1
1 ,

j = 1, 2, . . . , L1. (2.3.22)

The corresponding eigenvalue of the transfer matrix thus reads

Λ(u) =
L1∏

j=1

1

α(u − λ
(1)
j )

αN (u)Λ(1)(u) +
L1∏

j=1

1

α(λ
(1)
j − u)

. (2.3.23)

We note that the first set of BAEs is in fact a new eigenvalue problem.
Let us define the nested monodromy matrix as

T (1)
0 (u) = R(1)

0,L1
(u − λ

(1)
L1

)R(1)
0,L1−1(u − λ

(1)
L1−1) · · · R(1)

0,1(u − λ
(1)
1 ), (2.3.24)

where R(1)
0, j (u) = P(1)

0, j Ř(1)
0, j (u). Then the nested transfer matrix t (1)(u) is

t (1)(u) = tr0T (1)
0 (u). (2.3.25)
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It can be checked that the following Yang-Baxter relation holds

Ř(1)
1,2(u − v)[T (1)(u) ⊗ T (1)(v)] = [T (1)(v) ⊗ T (1)(u)]Ř(1)

1,2(u − v). (2.3.26)

Note that now some inhomogeneous parameters {. . . , λ(1)
j , . . .} enter the nestedmon-

odromy matrix and the nested transfer matrix. The above process reduces the eigen-
value problem to the SU (n − 1) level. Repeating the process, we obtain

Λ(r)(u) =
Lr+1∏

j=1

1

α(u − λ
(r+1)
j )

Lr∏

l=1

α(u − λ
(r)
l )Λ(r+1)(u)

+
Lr+1∏

j=1

1

α(λ
(r+1)
j − u)

, r = 1, . . . , n − 1, (2.3.27)

with the boundary condition Λ(n)(u) = 1, where Lr is the number of the r th set of
Bethe roots. The BAEs are given by

Λ(r)(λ
(r)
j ) =

Lr∏

k �= j

α(λ
(r)
j − λ

(r)
k )

α(λ
(r)
k − λ

(r)
j )

1

αN (λ
(r)
j )

,

j = 1, . . . , Lr , r = 1, . . . , n − 1. (2.3.28)

Substituting Eq. (2.3.27) into the above equation we readily have

Lr∏

k �= j

λ
(r)
j − λ

(r)
k − 1

λ
(r)
j − λ

(r)
k + 1

=
Lr−1∏

l=1

λ
(r)
j − λ

(r−1)
l

λ
(r)
j − λ

(r−1)
l + 1

Lr+1∏

m=1

λ
(r)
j − λ

(r+1)
m − 1

λ
(r)
j − λ

(r+1)
m

,

j = 1, . . . , Lr , r = 1, 2, . . . , n − 1. (2.3.29)

For convenience, we put λ(r)
j → iμ(r)

j − r/2. The BAEs are thus transformed to
more symmetric form

Lr∏

k �= j

μ
(r)
j − μ

(r)
k − i

μ
(r)
j − μ

(r)
k + i

=
Lr−1∏

l=1

μ
(r)
j − μ

(r−1)
l − i

2

μ
(r)
j − μ

(r−1)
l + i

2

Lr+1∏

m=1

μ
(r)
j − μ

(r+1)
m − i

2

μ
(r)
j − μ

(r+1)
m + i

2

,

j = 1, . . . , Lr , r = 1, 2, . . . , n − 1. (2.3.30)

Note that L0 = N , L N = 0 and λ
(0)
j = 0 are assumed. The eigenvalue of the transfer

matrix is

Λ(u) = αN (u)

n−1∑

r=1

Lr∏

j=1

1

α(u − λ
(r)
j )

Lr+1∏

l=1

1

α(λ
(r+1)
j − u)
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+
L1∏

j=1

1

α(λ
(1)
j − u)

, (2.3.31)

which allows us to derive the eigenvalue of the Hamiltonian in terms of the Bethe
roots:

E(μ
(1)
1 , . . . , μ

(1)
L1

) = ∂ lnΛ(u)

∂u

∣∣∣∣
u=0

= −
L1∑

j=1

1

μ
(1)
j

2 + 1
4

+ N . (2.3.32)

The physical properties including the ground state energy, the elementary excita-
tions and the thermodynamics of this model can also be derived by a similar process
for the spin- 12 model. For these topics we direct the readers’ attention to some excel-
lent reviews [59–62]. Finally, we note that for the SU (n)-invariant quantum spin
chain (2.3.1), the nested T − Q relation can also be constructed. Details will be
given in Chap.7.

2.4 Quantum Determinant, Projectors and Fusion

An important quantity throughout this book is the quantum determinant, which is
related to the inverse monodromy matrix. To show how the quantum determinant
is defined, let us first check the inverse R-matrix for the X X X spin- 12 chain. The
crossing relation (1.5.6) indicates that

R0, j (−u) = −σ
y
0 Rt0

0, j (u − η)σ
y
0 . (2.4.1)

The unitary relation (1.5.5) indicates that

R−1
0, j (u) = ϕ−1(u)σ

y
0 Rt0

0, j (u − η)σ
y
0 . (2.4.2)

This allows us to define the inverse monodromy matrix

T −1
0 (u) = [R0,N (u) · · · R0,1(u)]−1 = R−1

0,1(u) · · · R−1
0,N (u)

= a−1(u)d−1(u − η)σ
y
0 Rt0

0,1(u − η) · · · Rt0
0,N (u − η)σ

y
0

= a−1(u)d−1(u − η)σ
y
0 T t0

0 (u − η)σ
y
0 , (2.4.3)

where a(u) and d(u) are two R-matrix dependent functions given in (2.1.17) for the
R-matrix (1.5.2). The quantum determinant is thus defined as

Detq{T (u)} = T0(u)σ
y
0 T t0

0 (u − η)σ
y
0 = a(u)d(u − η). (2.4.4)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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Since

σ
y
0 T t0

0 (u − η)σ
y
0 =

(
D(u − η) −B(u − η)

−C(u − η) A(u − η)

)
, (2.4.5)

we have

Detq{T (u)} = A(u)D(u − η) − B(u)C(u − η)

= D(u)A(u − η) − C(u)B(u − η). (2.4.6)

In addition, the following operator identities also hold:

A(u)B(u − η) = B(u)A(u − η), C(u)D(u − η) = D(u)C(u − η),

D(u − η)B(u) = B(u − η)D(u), A(u − η)C(u) = C(u − η)A(u). (2.4.7)

The exact definition of the quantum determinant is given by the fusion proce-
dure [7, 63–66]. Given a tensor space V ⊗ V spanned by an orthonormal basis
{|Φ j,α〉| j, α = 0, 1, . . .}, a one-dimensional projection operator, which projects all
vectors onto a one-dimensional subspace V( j,α), is defined as

P( j,α)
1,2 = |Φ j,α〉〈Φ j,α|, (2.4.8)

which possesses the properties

P( j,α)
1,2 P(l,β)

1,2 = δ j,lδα,β P( j,α)
1,2 . (2.4.9)

Since all operators defined in the tensor space can be expressed as linear combinations
of |Φ j,α〉〈Φk,β |, for a given operator A1,2(u), the following relation holds:

P( j,α)
1,2 A1,2(u)P( j,α)

1,2 = A( j,α)(u)P( j,α)
1,2 , (2.4.10)

with A( j,α)(u) being a scalar function.
For any R-matrix possessing the properties (1.5.4)–(1.5.9), we define the quantum

determinant of the one-row monodromy matrices as

Detq{T (u)} = tr1,2
{

P(−)
1,2 T1(u − η)T2(u)P(−)

1,2

}
,

Detq{T̂ (u)} = tr1,2
{

P(−)
1,2 T̂1(u − η)T̂2(u)P(−)

1,2

}
. (2.4.11)

Since tr1,2P(−)
1,2 = 1 and P(−)

1,2 is a one-dimensional projector, Detq{T (u)} must be
a scalar function. With YBE and the fusion condition (1.5.9) we have

P(−)
1,2 R1, j (u − η)R2, j (u) = R2, j (u)R1, j (u − η)P(−)

1,2

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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= P(−)
1,2 R1, j (u − η)R2, j (u)P(−)

1,2 = Detq{R(u)}P(−)
1,2 , (2.4.12)

with

Detq{R(u)} = tr1,2
{

P(−)
1,2 R1, j (u − η)R2, j (u)P(−)

1,2

}
. (2.4.13)

The above relation leads to

Detq{T (u)} =
N∏

j=1

Detq{R(u)}. (2.4.14)

Accordingly, the quantumdeterminants of the reflectionmatrices,which are useful
to compute the quantum determinant of the double-row monodromy matrix, are
defined as

Detq{K −(u)} = tr1,2
{

P(−)
1,2 K −

1 (u − η)R1,2(2u − η)K −
2 (u)

}
, (2.4.15)

Detq{K +(u)} = tr1,2
{

P(−)
1,2 K +

2 (u)R1,2(−2u − η)K +
1 (u − η)

}
. (2.4.16)

We note that the quantities Detq{K ±(u)} and Detq{R(u)} can easily be derived

with the explicit expressions for the R-matrix, K -matrices and P(−)
1,2 . The quantum

determinant for high-rank R-matrices can be defined similarlywith singlet projectors.
Details will be given in Chap. 7.

In fact, the quantum determinant is only a special case of fusion with a singlet
projector. The fusion procedure can be generalized to cases with high-dimensional
projectors in the associated algebras. For a given j , the states {|Φ j,α〉|α = 1, . . . , n j }
span an n j -dimensional subspace. The corresponding projection operator onto this
subspace is thus defined as

P( j)
1,2 =

n j∑

α=1

P( j,α)
1,2 , (2.4.17)

which possesses the property

P( j)
1,2 P(l)

1,2 = δ j,l P( j)
1,2 . (2.4.18)

Given an R-matrix defined in the tensor space V1 ⊗ V2 (the dimensions of the
two vector spaces V1 and V2 may be different), at some special point u = u0
(e.g., u0 = ±η in (1.5.9)) the corresponding R-matrix becomes decorated projector,
namely,

R1,2(u0) = P( j)
1,2 × γ

( j)
1,2 = P( j)

1,2 R1,2(u0), (2.4.19)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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where P( j)
1,2 is a projector with the same rank of R1,2(u0) and γ

( j)
1,2 is some non-

degenerate matrix. For some particular R-matrices, the corresponding value of u0,
P( j)
1,2 and γ

( j)
1,2 will be seen in the following chapters. From YBE we obtain

R2,m(u)R1,m(u + u0)R1,2(u0) = P( j)
1,2 R1,2(u0)R1,m(u + u0)R2,m(u)

= P( j)
1,2 R2,m(u)R1,m(u + u0)R1,2(u0). (2.4.20)

Multiplying (2.4.20) by the inversion of γ
( j)
1,2 from the right side, we have

P( j)
1,2 R2,m(u)R1,m(u + u0)P( j)

1,2 = R2,m(u)R1,m(u + u0)P( j)
1,2 . (2.4.21)

Similarly, we can derive

P( j)
1,2 T2(u)T1(u + u0)P( j)

1,2 = T2(u)T1(u + u0)P( j)
1,2 . (2.4.22)

The relations (2.4.19)–(2.4.22) are useful to construct operator product identities of
high-rank and high-spin integrable models. Details will be given in Chaps. 7–9.

2.5 Sklyanin’s Separation of Variables

According to Liouville’s theorem, a remarkable feature of classical integrable sys-
tems is that their variables are completely separable. Sklyanin realized that quan-
tum integrable models also possess such a feature and the separation of variables
of quantum integrable models can be performed in the framework of the algebraic
Bethe Ansatz [25–27].We use a simple example, i.e., the periodic spin- 12 Heisenberg
chain to explain the main idea of the quantum SoV method.

2.5.1 SoV Basis

Let us start from the monodromy matrix like (1.5.11) denoted by

T (u) =
(

A(u) B(u)

C(u) D(u)

)
. (2.5.1)

From the definition of the R-matrix we know that D(u) is an operator valued poly-
nomial of u with a degree N and can be expressed as

D(u) = (u − d1)(u − d2) · · · (u − dN ), (2.5.2)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_9
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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where {d j | j = 1, . . . , N } are certain u-independent operators. From the commuta-
tive property [D(u), D(v)] = 0 we readily have

[d j , dl ] = 0, j, l = 1, . . . , N , (2.5.3)

which indicate that {d j | j = 1, . . . , N } form amutually commutative operator family
and have common eigenstates. These operators thus serve as the quantum counterpart
of action variables or the canonical momenta in the Liouville theory.

Given a common eigenstate |Ω〉 of {d j | j = 1, . . . , N }, let us assume

d j |Ω〉 = d j |Ω〉, j = 1, . . . , N , (2.5.4)

where {d j | j = 1, . . . , N } are the corresponding eigenvalues. Let us also assume that
the operator D(u) is simple, i.e., there should be 2N (which is equal to the dimension
of the Hilbert space) possible sets of {d j | j = 1, . . . , N }. Such a condition can always
be realized with generic inhomogeneity included in the monodromy matrix, which
allows us to choose one set of them and assume that d j �= dl �= d j ± η for j �= l.

Obviously,

D(d j )|Ω〉 = 0, j = 1, . . . , N . (2.5.5)

This relation allows us to define other non-null eigenstates of D(u) such as

|dp1 , . . . , dpn 〉 =
n∏

j=1

B(dp j )|Ω〉, (2.5.6)

with p j ∈ {1, . . . , N }, p1 < p2 < · · · < pn and 0 ≤ n ≤ N and

D(u)|dp1 , . . . , dpn 〉 =
n∏

j=1

(u − dp j + η)

N∏

l �={p1,...,pn}
(u − dl)|dp1 , . . . , dpn 〉.

(2.5.7)

With the inhomogeneous parameters {θ j | j = 1, . . . , N }, a natural choice of the
initial state is |Ω〉 = |0〉. In this case, d j = θ j and the eigenstates of D(u) read

|θp1 , · · · , θpn 〉 =
n∏

j=1

B(θp j )|0〉, n = 0, · · · , N , (2.5.8)

〈θp1 , · · · , θpn | =
n∏

j=1

〈0|C(θp j ), n = 0, · · · , N . (2.5.9)
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Let us consider the quantity 〈θq1, . . . , θqm |D(u)|θp1, . . . , θpn 〉. Acting D(u) to the
left and to the right alternatively, we readily have

〈θq1 , . . . , θqm |θp1 , . . . , θpn 〉 = fn(θp1 , . . . , θpn )δm,n

n∏

j=1

δp j ,q j , (2.5.10)

with

fn(θp1 , . . . , θpn ) = 〈θp1 , . . . , θpn |θp1 , . . . , θpn 〉. (2.5.11)

The total number of states defined in (2.5.8) from n = 0 to n = N is exactly 2N

by a simple counting. Therefore, the left eigenstates (2.5.9) and the right eigenstates
(2.5.8) are orthogonal and respectively form a left basis and a right basis of theHilbert
space [67].

2.5.2 Functional Relations

Let 〈Ψ | denote a left eigenstate of the transfer matrix t (u) = A(u) + D(u) with the
eigenvalue Λ(u). In addition, we define the scalar product Fn(u1, · · · , un) as

Fn(u1, . . . , un) = 〈Ψ |
n∏

j=1

B(u j )|0〉, n = 0, . . . , N . (2.5.12)

Note the fact that B(θ j )B(θ j −η) = 0, which can be proven with a similar procedure
in Sect. 2.1.2. With the help of the commutation relations (2.1.9)–(2.1.10) and by
computing the quantities

〈Ψ |t (θ j − η)|θ1, . . . , θn〉, 〈Ψ |t (θ j )|θ1, . . . , θ j − η, . . . , θn〉,

we obtain

Λ(θ j − η)Fn(θ1, . . . , θn) = −
n∏

l �= j

θ j − θl − η

θ j − θl
a(θ j )Fn(. . . , θ j − η, . . .),

(2.5.13)

Λ(θ j )Fn(. . . , θ j − η, . . .) = −
n∏

l �= j

θ j − θl

θ j − θl − η
d(θ j − η)Fn(θ1, . . . , θn),

j = 1, . . . , n, (2.5.14)

which readily give the functional relations (1.5.19), where a(u) = d(u + η) =∏N
j=1(u − θ j +η). Provided that Λ(u) is parameterized by the homogeneous T − Q

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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relation (1.5.22), the associated eigenstates are the usual Bethe states and the solution
of the above Eqs. (2.5.13) and (2.5.14) can be given in terms of a certain determinant
such as (4.6.18). Detailed derivation of Fn(θp1 , . . . , θpn ) for antiperiodic and open
boundary conditions will be introduced in Chaps. 4 and 5 respectively. The derivation
of this quantity for the periodic boundary case can be found in [29, 67].

2.5.3 Operator Decompositions

From the definition of the monodromy matrix we know that B(u) and C(u) are oper-
ator valued polynomials of u with a degree N − 1. From the commutation relations
(2.1.8), we can see that the coefficients of B(u) [or C(u)] are mutually commutative.
Accordingly, we can make the following useful operator decompositions

B(u) =
N∑

j=1

N∏

l �= j

u − bl

b j − bl
B(b j ), C(u) =

N∑

j=1

N∏

l �= j

u − bl

b j − bl
C(b j ), (2.5.15)

where {b j | j = 1, . . . , N } are arbitrary complex numbers with b j �= bl �= b j ± η.
The above operator decompositions are convenient to compute inner products and

scalar products. Put b j = θ j −η for j = 1, . . . , n and b j = θ j for j = n+1, . . . , N .
We have

B(θn) =
n∑

l=1

n∏

k �=l

θn − θk + η

θl − θk

N∏

k=n+1

θn − θk

θl − θk − η
B(θl − η)

+
N∑

l=n+1

n∏

k=1

θn − θk + η

θl − θk + η

N∏

k=n+1,�=l

θn − θk

θl − θk
B(θl). (2.5.16)

With the above relation and the fact B(θ j )B(θ j − η) = 0, we readily obtain

fn(θ1, . . . , θn) =
n−1∏

k=1

θn − θk + η

θn − θk

N∏

k=n+1

θn − θk

θn − θk − η

×〈θ1, . . . , θn−1|C(θn)B(θn − η)|θ1, . . . , θn−1〉. (2.5.17)

The expression (2.4.6) of the quantum determinant implies

fn(θ1, . . . , θn) = −a(θn)d(θn − η)

n−1∏

k=1

θn − θk + η

θn − θk

×
N∏

k=n+1

θn − θk

θn − θk − η
fn−1(θ1, . . . , θn−1), (2.5.18)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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which directly gives the solution

fn(θ1, . . . , θn) =
n∏

j=1

{
a(θ j )d j (θ j )

n∏

k �= j

θ j − θk + η

θ j − θk

}
, (2.5.19)

with d j (θ j ) = η
∏N

l �= j (θ j − θl).
The eigenstate 〈Ψ | can be expressed as

〈Ψ | =
∑

{p j }

Fn(θp1 , . . . , θpn )

fn(θp1 , . . . , θpn )
〈θp1 , . . . , θpn |. (2.5.20)

Similarly, the right eigenstate |Ψ 〉 can be derived as

|Ψ 〉 =
∑

{p j }

Fn(θp1 , . . . , θpn )

fn(θp1 , . . . , θpn )
|θp1, . . . , θpn 〉. (2.5.21)

We remark that for each matrix element of a monodromy matrix satisfying the
Yang-Baxter relation or Sklyanin’s reflection relation, its eigenstates can be con-
structed in a similar way, as long as the elements with different spectral parameters
are mutually commutative. In such a sense, the SoV scheme gives a precise definition
of quantum integrability or Yang-Baxter integrability. As we shall show in Chaps. 4
and 5, depending on the boundary conditions, either diagonal or off-diagonal ele-
ments of the monodromy matrices can be used to construct a convenient basis. The
key point is that the number of independent eigenstates must be the same as the
dimension of the Hilbert space. Obviously, the eigenstates of C(u) [or B(u)] for the
periodic spin chain can not form a complete basis.
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Chapter 3
The Periodic Anisotropic Spin-1

2 Chains

Based on the pioneering work of Bethe [1] in which the coordinate Bethe Ansatz
method was invented and the exact solution of the spin- 12 Heisenberg chain model
was obtained [2], several authors continued the study of the physical properties of
this model. For example, Hulthén introduced the fundamental integral equations [3]
to derive the ground state energy in the large size limit, which is essential in the
development of the systematic Bethe Ansatz approaches. Nevertheless, it was not
until 1958 that the anisotropic spin- 12 chain model (XXZ case) was first solved by
Orbach [4] (see also [5, 6]) via the coordinate Bethe Ansatz. Subsequently, Yang and
Yang [7–9] revisited theXXZmodelwith quite a few new results.McCoy andWu [10]
realized the intrinsic relationship between the XXZ spin chain and the classical six-
vertex model, which was studied extensively by Lieb [11–14] and Sutherland [15],
while Sutherland noted the relationship between the XYZ spin chain and the eight-
vertex model [16]. Baxter [17–19] derived the Hamiltonian from the transfer matrix
of the classical two-dimensional vertex model and demonstrated its integrability
with the exact correspondence between the elements of the R-matrix of the quantum
spin-chain model and the Boltzmann weights of the classical vertex model. With this
observation, Baxter successfully diagonalized both the quantum XXZ model and the
XYZ model for an even number of sites. Since Baxter’s famous works on the eight-
vertex model [17, 20] and the quantum XY Z model [18, 19], many papers have been
devoted to this topic in the literature [21–36]. Especially, based on the R-matrices
obtained from the vertex models and the classical integrable systems, the algebraic
Bethe Ansatz method was developed. This allowed Faddeev and Takhatajan [37] to
apply the method to the anisotropic spin chain models, where Baxter’s local gauge
transformation was used to find a pseudo vacuum for the XYZ model with an even
number of sites. The physical properties including the ground state, the elementary
excitations, the thermodynamics and the correlation functions [38–40] have been
extensively studied by many authors. For these topics we direct the readers’ attention
to some well-written books [38, 41–44] and the references therein.
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This chapter introduces the application of ODBA in the anisotropic spin-chain
models with periodic boundary conditions. By constructing the operator product
identities and the asymptotic behavior of the transfer matrices, we re-derive the
known solutions of the periodic XXZ model and the XYZ model. A remarkable fact
is that ODBA greatly simplifies the derivation process for the XYZ model [45]. In
particular, the exact solution of the XYZ model with general coupling constants and
an odd number of sites, which had been a longstanding problem for over 40 years,
can be constructed via this method.

3.1 The XXZ Model

3.1.1 The Hamiltonian

The XXZ spin- 12 chain describes N magnetic objectives coupled by anisotropic
Heisenberg exchanges between the nearest neighbor sites. The model Hamiltonian
reads

H = 1

2

N∑

j=1

[σ x
j σ x

j+1 + σ
y
j σ

y
j+1 + cos ησ z

j σ
z
j+1], (3.1.1)

where η is the crossing parameter describing the anisotropy of the couplings. Here
the periodic boundary condition σN+1 = σ1 is assumed. The associated R-matrix of
this model is

R0, j (u) = 1

2

[
sin(u + η)

sin η
(1 + σ z

j σ
z
0 ) + sin u

sin η
(1 − σ z

j σ
z
0 )

]

+ 1

2
(σ x

j σ x
0 + σ

y
j σ

y
0 ), (3.1.2)

which satisfies YBE. We define the inhomogeneous monodromy matrix T0(u) and
the transfer matrix t (u) as

T0(u) = R0,N (u − θN ) · · · R0,1(u − θ1), (3.1.3)

t (u) = tr0T0(u), (3.1.4)

where θ j are the site-dependent inhomogeneous parameters. By the same procedure
used in Chap.1, we can demonstrate that

[t (u), t (v)] = 0. (3.1.5)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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With the help of the following properties of t (u):

t (0)|{θ j =0} = tr0{P0,N · · · P0,1} = P1,N · · · P1,2,

∂t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

= 1

2 sin η

N∑

j=1

tr0
{

P0,N · · · P0, j+1

×[cos η(1 + σ z
0σ z

j ) + 1 − σ z
0σ z

j ]P0, j−1 · · · P0,1

}
, (3.1.6)

the Hamiltonian (3.1.1) can be expressed as

H = sin η
∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

− N

2
cos η. (3.1.7)

Therefore, the eigenvalues of the Hamiltonian can be observed fromΛ(u), the eigen-
value of the transfer matrix

E = sin η
∂ lnΛ(u)

∂u

∣∣∣∣
u=0,{θ j =0}

− N

2
cos η. (3.1.8)

3.1.2 Operator Product Identities of the Transfer Matrix

We note that the R-matrix (3.1.2) possesses properties similar to (1.5.4)–(1.5.9):

Initial condition: R1,2(0) = P1,2, (3.1.9)

Unitarity: R1,2(u)R2,1(−u) = − sin(u + η) sin(u − η)

sin2 η
× id, (3.1.10)

Crossing relation: R1,2(u) = −σ
y
1 Rt1

1,2(−u − η)σ
y
1 , (3.1.11)

PT-symmetry: R1,2(u) = R2,1(u) = Rt1 t2
1,2 (u), (3.1.12)

Z2-symmetry: σα
1 σα

2 R1,2(u) = R1,2(u)σα
1 σα

2 , for α = x, y, z, (3.1.13)

Fusion condition: R1,2(−η) = −2P(−)
1,2 . (3.1.14)

With the same procedure [45, 46] we introduced in Chap.1, let us apply the initial
condition of the R-matrix to express the transfer matrix t (θ j ) as

t (θ j ) = R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)

×R j,N (θ j − θN ) · · · R j, j+1(θ j − θ j+1). (3.1.15)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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The crossing relation (3.1.11) makes it possible to express the transfer matrix
t (θ j − η) as

t (θ j − η) = (−1)N R j, j+1(−θ j + θ j+1) · · · R j,N (−θ j + θN )

×R j,1(−θ j + θ1) · · · R j, j−1(−θ j + θ j−1). (3.1.16)

Using the unitary relation (3.1.10), we have

t (θ j )t (θ j − η) = a(θ j )d(θ j − η) = Detq
{
T (θ j )

}
, (3.1.17)

with

a(u) =
N∏

j=1

sin(u − θ j + η)

sin η
, (3.1.18)

d(u) =
N∏

j=1

sin(u − θ j )

sin η
. (3.1.19)

The commutativity of the transfer matrices with different spectral parameters
implies that they have common eigenstates. Let us assume that |Ψ 〉 is an eigenstate
of t (u), that does not depend upon u, with the eigenvalue Λ(u), i.e.,

t (u)|Ψ 〉 = Λ(u)|Ψ 〉. (3.1.20)

The operator identity (3.1.17) implies that the corresponding eigenvalue Λ(u) satis-
fies the relation

Λ(θ j )Λ(θ j − η) = a(θ j )d(θ j − η), j = 1, . . . , N . (3.1.21)

Such functional relations were also derived in [47–52] via the separation of variables
method for some models related to the SU (2) algebra. We remark that using the
inhomogeneity parameters {θ j } makes it convenient to get N independent relations
(3.1.21).

3.1.3 Λ(u) as a Trigonometric Polynomial

In order to determine the dependence of the function Λ(u) on the spectral parameter
u, let us introduce the following notation for the R-matrix

R0, j (u − θ j ) =
(

ā j (u) b̄ j (u)

c̄ j (u) d̄ j (u)

)
. (3.1.22)
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From the definition of the R-matrix we know that ā j (u) and d̄ j (u) are two operator-
valued Laurent polynomials of x = eiu :

ā j (u) = a(+)
j x + a(−)

j x−1,

d̄ j (u) = d(+)
j x + d(−)

j x−1, (3.1.23)

with a(±)
j and d(±)

j being some operator-valued coefficients, while b̄ j (u) and c̄ j (u)

being u-independent operators.
For convenience, let us denote the monodromy matrix T (u) spanned in the aux-

iliary space as

T (u) =
(

A(u) B(u)

C(u) D(u)

)
.

With a simple recursive process we can demonstrate that

A(u) and D(u) are degree N Laurent polynomials in eiu;
B(u) and C(u) are degree N − 1 Laurent polynomials in eiu . (3.1.24)

Obviously,

t (u + π) = (−1)N t (u). (3.1.25)

This allows us to parameterize Λ(u) as

Λ(u) = Λ0

N∏

j=1

sin(u − z j ), (3.1.26)

with N + 1 unknowns Λ0 and {z j | j = 1, . . . , N }.
Equation (3.1.21) readily gives N relations for the unknowns. To determine the

Λ(u) polynomial, we need one more condition. For this purpose, let us examine
further the asymptotic behavior of the elements of the monodromy matrix for x →
±∞. As

ā j (u) = xe−iθ j

4i sin η

[
eiη(1 + σ z

j ) + 1 − σ z
j

]
− x−1eiθ j

4i sin η

[
e−iη(1 + σ z

j ) + 1 − σ z
j

]
,

d̄ j (u) = xe−iθ j

4i sin η

[
eiη(1 − σ z

j ) + 1 + σ z
j

]
− x−1eiθ j

4i sin η

[
e−iη(1 − σ z

j ) + 1 + σ z
j

]
,
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we have

lim
iu→+∞ A(u) = (2i sin η)−N ei Nu−i

∑N
j=1 θ j +i(N−M̂)η + · · · ,

lim
iu→+∞ D(u) = (2i sin η)−N ei Nu−i

∑N
j=1 θ j +i M̂η + · · · , (3.1.27)

where

M̂ = 1

2

⎛

⎝N −
N∑

j=1

σ z
j

⎞

⎠ , (3.1.28)

is a conserved quantitywith eigenvalues M = 0, 1, . . . , N . Therefore, the asymptotic
behavior of Λ(u) reads

lim
iu→+∞ Λ(u) = 1

(2i sin η)N

{
e

i
[

Nu−∑N
j=1θ j +(N−M)η

]

+e
i
[

Nu−∑N
j=1θ j +Mη

]}
+ · · · . (3.1.29)

Together with Eq. (3.1.21), it is sufficient to determine Λ(u) completely.

3.1.4 Functional T − Q Relation and Bethe Ansatz Equations

Adopting the same procedure used in proving Theorem 1 in Chap.1, we can demon-
strate that the eigenvalues of the transfer matrix can be parameterized in terms of the
T − Q relation

Λ(u) = a(u)
Q(u − η)

Q(u)
+ d(u)

Q(u + η)

Q(u)
, (3.1.30)

with

Q(u) =
M∏

j=1

sin(u − μ j ), (3.1.31)

where M is an arbitrary non-negative integer. Note that d(θ j ) = a(θ j − η) = 0. The
above expression for Λ(u) satisfies Eq. (3.1.21) automatically for arbitrary polyno-
mial Q(u). The form of Q(u) is confined by the quasi-periodicity of Eq. (3.1.25) and
the asymptotic behavior of Eq. (3.1.29).

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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In fact, Λ(u) must be a trigonometric polynomial of degree N . The residues at
the Bethe roots μ j in Eq. (3.1.30) must be zero. This regular property of Λ(u) leads
to the following BAEs:

a(μ j )

d(μ j )
= − Q(μ j + η)

Q(μ j − η)
, j = 1, . . . , M. (3.1.32)

For convenience, we put μ j = i
λ j
2 − η

2 for real η and μ j = λ j
2 − η

2 for imaginary
η = iγ . In the homogeneous limit θ j → 0, the BAEs are rewritten as

sinhN 1
2 (λ j + iη)

sinhN 1
2 (λ j − iη)

= −
M∏

l=1

sinh 1
2 (λ j − λl + 2iη)

sinh 1
2 (λ j − λl − 2iη)

, (3.1.33)

for real η and

sinN 1
2 (λ j + iγ )

sinN 1
2 (λ j − iγ )

= −
M∏

l=1

sin 1
2 (λ j − λl + 2iγ )

sin 1
2 (λ j − λl − 2iγ )

, (3.1.34)

for imaginary η = iγ .
The eigenvalue of the Hamiltonian (3.1.1) is thus parameterized as

E({λ j }) = −
M∑

j=1

sin2 η

cosh2
λ j
2 − cos2 η

2

+ 1

2N
cos η, (3.1.35)

for real η and

E({λ j }) = −
M∑

j=1

sinh2 γ

cosh2 γ
2 − cos2

λ j
2

+ 1

2
N cosh γ, (3.1.36)

for imaginary η. The BAEs and the eigenvalues are exactly the same as those derived
from the conventional Bethe Ansatz methods.

3.1.5 Ground States and Elementary Excitations

For real η, the system is in the gapless easy-plane region. The ground state is still
described by real Bethe roots filling the whole real axis. As for the X X X case, we
introduce

an(λ) = 1

2π

sin(nη)

cosh λ − cos(nη)
. (3.1.37)
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The Bethe root distribution in the ground state satisfies

a1(λ) = ρg(λ) +
∫ ∞

−∞
a2(μ)ρg(λ − μ)dλ. (3.1.38)

Without losing generality, we consider the case η ∈ (0, π). Under Fourier trans-
formation it is easy to deduce that

ãn(ω) =
∫ ∞

−∞
eiωλan(λ)dλ = sinh(πω − 2δnπω)

sinh(πω)
, (3.1.39)

ρ̃g(ω) = ã1(ω)

1 + ã2(ω)
= 1

2 cosh(ηω)
, (3.1.40)

with δn ≡ nη
2π −� nη

2π � denoting the fractional part of nη
2π . The solution of Eq. (3.1.38)

is

ρg(λ) = 1

2π

∫ ∞

−∞
e−iλωρ̃g(ω)dω = 1

4η cosh(πλ
2η )

. (3.1.41)

The total magnetization is thus

N

2
− N

∫ ∞

−∞
ρg(λ)dλ = N

2
− N ρ̃g(0) = 0, (3.1.42)

indicating a spin singlet ground state for an even N (for an odd N there is a hole at
infinity and the ground state is doubly degenerate.). The density of the ground state
energy reads

eg = −2π sin η

∫ ∞

−∞
a1(λ)ρg(λ)dλ + 1

2
cos η

= −1

2
sin η

∫ ∞

−∞
sinh(πω − ηω)

sinh(πω) cosh(ηω)
dω + 1

2
cos η. (3.1.43)

The dressed energy function in this case reads

ε(λ) = 2π sin ηa1(λ) −
∫ ∞

−∞
a2(μ)ε(λ − μ)dμ. (3.1.44)

Using Fourier transformation, we obtain

ε(λ) = π sin η

2η cosh
(

πλ
2η

) . (3.1.45)
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Obviously, the lowest energy is atλ = ±∞.With the same procedure used inChap.2,
we can deduce that the energy of a spinon excitation can also be described by ε(λh)

for a hole at λh .
For imaginary η, the system is in the gapped easy-axis region. Without losing

generality, we assume γ > 0. Similarly, let us introduce

an(λ) = 1

2π

sinh(nγ )

cosh(nγ ) − cos λ
. (3.1.46)

The Fourier transform of an(λ) is

ãn(ω) = 1

2π

∫ π

−π

eiωλ sinh(nγ )

cosh(nγ ) − cos λ
dλ = e−nγ |ω|. (3.1.47)

Note that ω takes values of integers. For the ground state, the Bethe roots still take
real values and fill the region (−π, π ]. The density of Bethe roots in the ground state
satisfies

ρg(λ) = a1(λ) −
∫ π

−π

a2(μ)ρg(λ − μ)dμ. (3.1.48)

Using Fourier transformation we have

ρ̃g(ω) = 1

2 cosh(γω)
, (3.1.49)

ρg(λ) = 1

2π

∞∑

ω=−∞
e−iλω 1

2 cosh(γω)
. (3.1.50)

The total magnetization in the ground state for an even N is still zero. Similarly, the
dressed energy in this case is given by

ε(λ) = 2π sinh γ a1(λ) −
∫ π

−π

a2(λ − μ)ε(λ − μ)dμ. (3.1.51)

Using Fourier transformation, we obtain

ε(λ) = sinh γ

∞∑

ω=−∞

e−iωλ

2 cosh(ωγ )
. (3.1.52)

Because λ j are confined in a finite region, the elementary excitations possess a
finite gap

Δ = 2ε(π) = sinh γ

∞∑

ω=−∞

(−1)ω

cosh(ωγ )
. (3.1.53)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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3.2 The XY Z Model

3.2.1 The Hamiltonian

The spin- 12 XYZmodel has a variety of applications in statistical physics (associated
with the eight-vertex model), in condensed matter physics (one-dimensional mag-
netism) and in quantum information. The model with an even N (number of sites)
was solved by Baxter via the T − Q method and by Takhatajan and Faddeev via
the algebraic Bethe Ansatz method. In their approaches, a reference state plays an
important role. However, a proper reference state has been found only for an even N
but not for an odd N . Here we introduce the ODBA method to approach this model.

The model Hamiltonian we shall consider reads

H = 1

2

N∑

j=1

(Jxσ
x
j σ x

j+1 + Jyσ
y
j σ

y
j+1 + Jzσ

z
j σ

z
j+1). (3.2.1)

For convenience, let us introduce the following elliptic functions for rational numbers
b1, b2 and generic complex number τ with Im(τ ) > 0:

θ

[
b1
b2

]
(u, τ ) =

∞∑

m=−∞
exp

{
iπ

[
(m + b1)

2τ + 2(m + b1)(u + b2)
]}

, (3.2.2)

σ(u) = θ

[
1
2
1
2

]
(u, τ ), ζ(u) = ∂

∂u
{ln σ(u)} . (3.2.3)

These elliptic functions satisfy the following identities:

σ(u + x)σ (u − x)σ (v + y)σ (v − y) − σ(u + y)σ (u − y)σ (v + x)σ (v − x)

= σ(u + v)σ (u − v)σ (x + y)σ (x − y), (3.2.4)

σ(2u) = 2σ(u)σ (u + 1
2 )σ (u + τ

2 )σ (u − 1
2 − τ

2 )

σ ( 12 )σ ( τ
2 )σ (− 1

2 − τ
2 )

, (3.2.5)

σ(u)

σ ( τ
2 )

=
θ

[
0
1
2

]
(u, 2τ) θ

[
1
2
1
2

]
(u, 2τ)

θ

[
0
1
2

]
( τ
2 , 2τ) θ

[
1
2
1
2

]
( τ
2 , 2τ)

, (3.2.6)

θ

[
1
2
1
2

]
(2u, 2τ) = θ

[
1
2
1
2

]
(τ, 2τ) × σ(u)σ (u + 1

2 )

σ ( τ
2 )σ ( 12 + τ

2 )
, (3.2.7)

θ

[
0
1
2

]
(2u, 2τ) = θ

[
0
1
2

]
(0, 2τ) × σ(u − τ

2 )σ (u + 1
2 + τ

2 )

σ (− τ
2 )σ ( 12 + τ

2 )
. (3.2.8)
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The coupling constants are thus parameterized in terms of the above elliptic
functions as

Jx = eiπη
σ (η + τ

2 )

σ ( τ
2 )

, Jy = eiπη
σ (η + 1+τ

2 )

σ ( 1+τ
2 )

, Jz = σ(η + 1
2 )

σ ( 12 )
, (3.2.9)

where the crossing parameter η is a generic complex number.
The R-matrix R(u) ∈ End(V ⊗ V) associated with the present model is given by

R(u) =

⎛

⎜⎜⎝

α1(u) α4(u)

α2(u) α3(u)

α3(u) α2(u)

α4(u) α1(u)

⎞

⎟⎟⎠ , (3.2.10)

where the non-vanishing entries read [53]

α1(u) =
θ

[
0
1
2

]
(u, 2τ) θ

[ 1
2
1
2

]
(u + η, 2τ)

θ

[
0
1
2

]
(0, 2τ) θ

[ 1
2
1
2

]
(η, 2τ)

, (3.2.11)

α2(u) =
θ

[ 1
2
1
2

]
(u, 2τ) θ

[
0
1
2

]
(u + η, 2τ)

θ

[
0
1
2

]
(0, 2τ) θ

[ 1
2
1
2

]
(η, 2τ)

, (3.2.12)

α3(u) =
θ

[
0
1
2

]
(u, 2τ) θ

[
0
1
2

]
(u + η, 2τ)

θ

[
0
1
2

]
(0, 2τ) θ

[
0
1
2

]
(η, 2τ)

, (3.2.13)

α4(u) =
θ

[ 1
2
1
2

]
(u, 2τ) θ

[ 1
2
1
2

]
(u + η, 2τ)

θ

[
0
1
2

]
(0, 2τ) θ

[
0
1
2

]
(η, 2τ)

. (3.2.14)

It can be easily checked that the R-matrix defined by (3.2.10) satisfies YBE and
possesses the following properties:

Initial condition : R1,2(0) = P1,2, (3.2.15)

Unitary relation : R1,2(u)R2,1(−u) = −ξ(u) × id, (3.2.16)

ξ(u) = σ(u − η)σ (u + η)

σ (η)σ (η)
,

Crossing relation : R1,2(u) = V1Rt2
1,2(−u − η)V1, V = −iσ y, (3.2.17)
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PT-symmetry : R1,2(u) = R2,1(u) = Rt1 t2
1,2 (u), (3.2.18)

Z2-symmetry : σ i
1σ

i
2 R1,2(u) = R1,2(u)σ i

1σ
i
2, for i = x, y, z, (3.2.19)

Fusion condition : R1,2(−η) = −(1 − P1,2) = −2P(−)
1,2 . (3.2.20)

The periodic boundary Hamiltonian (3.2.1) is thus given in terms of the transfer
matrix t (u) defined by (3.1.3)–(3.1.4) with the R-matrix (3.2.10) as

H = σ(η)

σ ′(0)

{
∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

− 1

2
Nζ(η)

}
, (3.2.21)

with σ ′(0) = ∂
∂u σ(u)

∣∣
u=0 and the function ζ(u) given by (3.2.3).

3.2.2 Operator Product Identities

With a procedure similar to that introduced for the X X X model, we find that the
following operator identities hold:

t (θ j )t (θ j − η) = a(θ j )d(θ j − η) ≡ Detq
{
T (θ j )

}
, j = 1, . . . , N , (3.2.22)

with

a(u) =
N∏

l=1

σ(u − θl + η)

σ (η)
,

d(u) = a(u − η) =
N∏

l=1

σ(u − θl)

σ (η)
. (3.2.23)

The quasi-periodicity of the elliptic function σ(u)

σ (u + τ) = −e−2iπ(u+ τ
2 )σ (u), σ (u + 1) = −σ(u), (3.2.24)

directly induces the quasi-periodic properties of the R-matrix:

R1,2(u + 1) = −σ z
1 R1,2(u)σ z

1 , (3.2.25)

R1,2(u + τ) = −e−2iπ(u+ η
2+ τ

2 )σ x
1 R1,2(u)σ x

1 . (3.2.26)

With the above relations we can easily deduce that the transfer matrix t (u) possesses
the following quasi-periodic properties:

t (u + τ) = (−1)N e
−2π i

{
Nu+N (

η+τ
2 )−∑N

j=1 θ j

}

t (u), (3.2.27)

t (u + 1) = (−1)N t (u). (3.2.28)
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In addition, from the unitary relation (3.2.16) and the definition of the transfer matrix
we may derive the following operator identity [45]:

N∏

j=1

t (θ j ) =
N∏

j=1

a(θ j ) × id. (3.2.29)

The quasi-periodic properties (3.2.27) and (3.2.28), the relations (3.2.22) and
(3.2.29) constitute the sufficient conditions to determine the spectrum of t (u).

3.2.3 The Inhomogeneous T − Q Relation

Applying t (u) to an arbitrary eigenstate |Ψ 〉, we can deduce that the corresponding
eigenvalue Λ(u) possesses relations similar to those of t (u). From (3.2.27) and
(3.2.28) we can derive

Λ(u + 1) = (−1)N Λ(u), (3.2.30)

Λ(u + τ) = (−1)N e
−2π i

{
Nu+N

(
η+τ
2

)
−∑N

j=1 θ j

}

Λ(u). (3.2.31)

In addition, the analytic properties of the R-matrix indicate that

Λ(u) is an entire function of u. (3.2.32)

The above property together with the quasi-periodic properties (3.2.30)–(3.2.31)
implies thatΛ(u), as a function of u, is an elliptic polynomial of degree N . Similarly,
(3.2.22) and (3.2.29) lead to

Λ(θ j )Λ(θ j − η) = a(θ j )d(θ j − η), j = 1, . . . , N , (3.2.33)
N∏

j=1

Λ(θ j ) =
N∏

j=1

a(θ j ). (3.2.34)

The Eqs. (3.2.30)–(3.2.34) provide sufficient conditions to determine the function
Λ(u) and allow us to construct the inhomogeneous T − Q relation

Λ(u) = e2iπl1u+iφa(u)
Q1(u − η)

Q2(u)
+ e−2iπl1(u+η)−iφd(u)

Q2(u + η)

Q1(u)

+c
σm

(
u + η

2

)
a(u)d(u)

σm(η)Q1(u)Q2(u)
, (3.2.35)
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where l1 is an integer, φ and c are two constants, and M and m are two non-negative
integers which satisfy the relation

N + m = 2M. (3.2.36)

Note that m is even if N is even, while m is odd if N is odd. The functions Q1(u)

and Q2(u) are parameterized by 2M Bethe roots {μ j | j = 1, . . . , M} and {ν j | j =
1, . . . , M} as follows

Q1(u) =
M∏

j=1

σ(u − μ j )

σ (η)
, Q2(u) =

M∏

j=1

σ(u − ν j )

σ (η)
. (3.2.37)

One can easily check that Λ(u) given by (3.2.35) is a solution of Eqs. (3.2.30)–
(3.2.33), provided that the 2M + 2 parameters satisfy the BAEs:

(
N

2
− M

)
η −

M∑

j=1

(μ j − ν j ) = l1τ + m1, l1, m1 ∈ Z , (3.2.38)

Mη −
N∑

l=1

θl +
M∑

j=1

(μ j + ν j ) = m2, m2 ∈ Z , (3.2.39)

c e2iπ(l1μ j +l1η)+iφσm
(
μ j + η

2

)

σm(η)
a(μ j ) = −Q2(μ j )Q2(μ j + η), (3.2.40)

c e−2iπl1ν j −iφσm
(
ν j + η

2

)

σm(η)
d(ν j ) = −Q1(ν j )Q1(ν j − η). (3.2.41)

It should be noted that (3.2.40) and (3.2.41) are required by the analyticity of Λ(u)

while (3.2.38) and (3.2.39) are required by the quasi-periodicity of Λ(u).
In the homogeneous limit θ j → 0, the inhomogeneous T − Q relation is

reduced to

Λ(u) = e2iπl1u+iφ σ N (u + η)

σ N (η)

Q1(u − η)

Q2(u)
+ e−2iπl1(u+η)−iφσ N (u)

σ N (η)

Q2(u + η)

Q1(u)

+ c σm
(
u + η

2

)

σm(η)Q1(u)Q2(u)

σ N (u + η)σ N (u)

σ N (η)σ N (η)
. (3.2.42)

Here the 2M + 2 parameters c, φ, {μ j } and {ν j } satisfy the following BAEs

(
N

2
− M

)
η −

M∑

j=1

(μ j − ν j ) = l1τ + m1, l1, m1 ∈ Z , (3.2.43)



3.2 The XY Z Model 81

Mη +
M∑

j=1

(μ j + ν j ) = m2, m2 ∈ Z , (3.2.44)

ce2iπl1(μ j +η)+iφσm
(
μ j + η

2

)

σm(η)

σ N (μ j + η)

σ N (η)
= −Q2(μ j )Q2(μ j + η), (3.2.45)

ce−2iπl1ν j −iφσm
(
ν j + η

2

)

σm(η)

σ N (ν j )

σ N (η)
= −Q1(ν j )Q1(ν j − η). (3.2.46)

The resulting selection rule (3.2.34) becomes

Λ(0) = eiφ
M∏

j=1

σ(μ j + η)

σ (ν j )
= e

2iπk
N , k = 1, . . . , N . (3.2.47)

The eigenvalue of the Hamiltonian (3.2.1) with periodic boundary conditions is
given by

E = σ(η)

σ ′(0)

⎧
⎨

⎩

M∑

j=1

[
ζ(ν j ) − ζ(μ j + η)

] + 1

2
Nζ(η) + 2iπl1

⎫
⎬

⎭ . (3.2.48)

3.2.4 Even N Case

When N is an even number, it follows from the Eqs. (3.2.45) and (3.2.46) that either
μ j = νk or μ j = νk − η leads to c = 0 and hence induces a one-to-one correspon-
dence between {μ j } and {νk}, i.e., either μ j = νk or μ j = νk − η. With Eq. (3.2.43)
we conclude that for a generic η and c = 0, the parameters have to obey the relations

l1 = 0, N = 2M, {μ j } = {ν j } ≡ {λ j }. (3.2.49)

The resulting T − Q relation (3.2.42) is thus reduced to a conventional one:

Λ(u) = eiφ σ N (u + η)

σ N (η)

Q(u − η)

Q(u)
+ e−iφ σ N (u)

σ N (η)

Q(u + η)

Q(u)
, (3.2.50)

Q(u) =
M∏

l=1

σ(u − λl)

σ (η)
. (3.2.51)
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Accordingly, the M + 1 parameters φ and {λ j } satisfy the following BAEs and
selection rule:

σ N (λ j + η)

σ N (λ j )
= −e−2iφ Q(λ j + η)

Q(λ j − η)
, j = 1, . . . , M, (3.2.52)

eiφ
M∏

j=1

σ(λ j + η)

σ (λ j )
= e

2iπk
N , k = 1, . . . , N . (3.2.53)

The eigenvalue of the Hamiltonian reads

E = σ(η)

σ ′(0)

⎧
⎨

⎩

M∑

j=1

[
ζ(λ j ) − ζ(λ j + η)

] + 1

2
Nζ(η)

⎫
⎬

⎭ . (3.2.54)

We note that the BAEs (3.2.52) coincide exactly with those obtained in Refs.
[18, 37, 53]. The selection rule (3.2.53) in fact determines the amplitude ofΛ(u) and
the parameter φ. Baxter discussed that M = N/2 gives a complete set of solutions of
the Hamiltonian for even N [54]. Our numerical solutions for N = 4 and randomly
chosen η and τ (listed in Table3.1) also support this conjecture. In such a sense,
c �= 0 must not lead to new solutions but, instead, to different parameterizations of
the eigenvalues.

A similar phenomenon also appears in the XXZ spin chain with unparallel bound-
ary fields [55–59], where the number M in the BAEs is also fixed. The numerical
simulation [60] indicates that theBAEswith a fixed M indeed give complete solutions
of the model.

3.2.5 Odd N Case

When N is an odd number, it follows from (3.2.45) and (3.2.46) that c = 0 leads to the
parameters {μ j } and {ν j } having to form pairs with either μ j = νk or μ j = νk − η.
However, for a generic η neither μ j = νk nor μ j = νk − η can satisfy Eq. (3.2.43).
This contradiction indicates that the solutions of the BAEs (3.2.43)–(3.2.46) with
c = 0 do not actually exist for an odd N . Therefore, for the XYZ chain with an
odd number of sites and generic η, the generalized T − Q relation (3.2.42) cannot
be reduced to a conventional one, as shown in (3.2.50). But when η takes some
discrete values, the corresponding T − Q relation (3.2.42) can indeed be reduced
to a conventional one no matter if N is even or odd. For some special values of η,
solutions with c = 0 may exist. In this case, the Bethe roots {μ j } and {ν j } have to
satisfy the following relations:

μ j = ν j ≡ λ j , j = 1, . . . , M1,

μ j+M1 = ν j+M1 − η, j = 1, . . . , M − M1.
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Table 3.1 Numerical solutions of the BAEs (3.2.52) and (3.2.53) for N = 4, η = 0.4 and τ = i

λ1 λ2 k En n

0.80000 + 0.11349i 0.80000 + 0.88651i 2 −3.21353 1

0.80000 + 0.00000i 0.80000 + 0.50000i 1 −2.34227 2

0.80000 + 0.00000i 0.30000 + 0.50000i 1 −1.71217 3

0.30000 + 0.00000i 0.80000 + 0.00000i 0 −0.61387 4

0.30000 + 0.70000i 0.80000 + 0.80000i 3 0.00000 5

0.30000 + 0.30000i 0.80000 + 0.20000i 1 0.00000 5

0.30000 + 0.86676i 0.80000 + 0.13324i 2 0.00000 5

0.30000 + 0.13324i 0.80000 + 0.86676i 2 0.00000 5

0.62340 + 0.25000i 0.97660 + 0.25000i 1 0.00000 5

0.62340 + 0.75000i 0.97660 + 0.75000i 3 0.00000 5

− − − − − − − 0.00000 5

0.03367 + 0.50000i 0.56633 + 0.50000i 2 0.58230 6

0.30000 + 0.50000i 0.80000 + 0.50000i 2 0.61387 7

0.30000 + 0.00000i 0.80000 + 0.50000i 1 1.71217 8

0.30000 + 0.00000i 0.30000 + 0.50000i 1 2.34227 9

0.30000 + 0.16022i 0.30000 + 0.83978i 2 2.63122 10

The eigenvalues En calculated from (3.2.54) are the same as those from the exact diagonalization
of the Hamiltonian. The symbol n denotes the number of the energy levels. Here “- - -” indicates a
degenerate set of Bethe roots (reproduced from [45])

Note that (3.2.44) is not necessary any more, since c = 0. The relation (3.2.43) now
reads

(
N

2
− M1

)
η = l1τ + m1, l1, m1 ∈ Z . (3.2.55)

This implies that if the crossing parameter η takes some discrete values

η = 2l1
N − 2M1

τ + 2m1

N − 2M1
, (3.2.56)

for any given non-negative integer M1 and integers l1 and m1, the inhomogeneous
T − Q relation (3.2.42) is reduced to a conventional homogeneous one:

Λ(u) = e2iπl1u+iφ σ N (u + η)

σ N (η)

Q(u − η)

Q(u)

+e−[2iπl1(u+η)+iφ] σ
N (u)

σ N (η)

Q(u + η)

Q(u)
, (3.2.57)

Q(u) =
M1∏

l=1

σ(u − λl)

σ (η)
. (3.2.58)
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The M1 + 1 parameters φ and {λ j } satisfy the associated BAEs:

e2iπ(2l1λ j +l1η)+2iφ σ N (λ j + η)

σ N (λ j )
= − Q(λ j + η)

Q(λ j − η)
, j = 1, . . . , M1, (3.2.59)

eiφ
M1∏

j=1

σ(λ j + η)

σ (λ j )
= e

2iπk
N , k = 1, . . . , N . (3.2.60)

It should be emphasized that M1 = N may give a complete set of solutions and
that the degenerate points given by Eq. (3.2.56) become dense in the whole complex
η-plane in the thermodynamic limit (N → ∞). This makes it possible to obtain the
thermodynamic properties (up to the order of O(N−2)) [61] of the XYZ model for
generic values of η via the conventional thermodynamic Bethe Ansatz method [42].

3.2.6 An Alternative Inhomogeneous T − Q Relation

Based on the functional relations (3.2.33), we can construct another inhomogeneous
T − Q relation

Λ(u) = e2iπl1u+iφa(u)
Q1(u − η)Q(u − η)

Q2(u)Q(u)
+ e−[2iπl1(u+η)+iφ]

×d(u)
Q2(u + η)Q(u + η)

Q1(u)Q(u)
+ c

a(u)d(u)

Q1(u)Q2(u)Q(u)
, (3.2.61)

where c is a constant, Q1(u), Q2(u) and Q(u) are given by (3.2.37) and (3.2.58),
respectively, with 2M + M1 = N . For an even N , M1 must be even and M takes the
possible values of

M = 0, 1, . . . ,
N

2
. (3.2.62)

M = 0 indicates that Λ(u) can be parameterized by one function Q(u). For odd N
however, M1 must be odd and M takes the possible values of

M = 1, . . . ,
N − 1

2
. (3.2.63)

The advantage of the present Ansatz is that only N Bethe roots are needed, which is
the minimum number of parameters to determine the spectrum of the transfer matrix
for odd N and generic η.

From the quasi-periodic properties (3.2.30)–(3.2.31) and the regularity of Λ(u),
we obtain the following BAEs:
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Table 3.2 Numerical solutions of the BAEs (3.2.64)–(3.2.69) for N = 3, M = M1 = 1, η = 0.20,
τ = i and l1 = m1 = m2 = 0

μ1 ν1 λ1

0.35000 + 0.02632i 0.45000 + 0.02632i −1.10000 − 0.05263i

0.35000 − 0.02632i 0.45000 − 0.02632i −1.10000 + 0.05263i

−0.15000 + 0.08693i −0.05000 + 0.08693i −0.10000 − 0.17387i

−0.15000 − 0.08693i −0.05000 − 0.08693i −0.10000 + 0.17387i

−0.65000 − 0.27875i −0.55000 − 0.27875i 0.90000 + 0.55749i

−0.28066 + 0.31196i −0.18066 + 0.31196i 0.16133 − 0.62392i

0.15828 + 0.12139i 0.25828 + 0.12139i −0.71655 − 0.24279i

−0.42198 + 0.50000i −0.32198 + 0.50000i 0.44397 − 1.00000i

c φ k En n

−0.08948 + 0.00000i −0.08501 − 0.00000i 1 −1.40865 1

−0.08948 + 0.00000i 0.08501 − 0.00000i 2 −1.40865 1

3.04065 + 0.00000i 4.10893 − 0.00000i 2 −1.40865 1

3.04065 − 0.00000i −4.10893 − 0.00000i 1 −1.40865 1

−0.28951 − 0.00000i 0.35925 − 0.00000i 0 1.18468 2

−0.61188 + 0.36729i −0.27657 + 0.04967i 0 1.18468 2

−0.09303 − 0.16695i −0.29190 + 0.31832i 0 1.63263 3

3.33371 − 7.57925i −0.94248 − 0.14392i 0 1.63263 3

The eigenvalues En calculated from (3.2.70) are the same as those from the exact diagonalization
of the Hamiltonian. The symbol n denotes the number of the energy levels (reproduced from [45])

(
N

2
− M − M1

)
η −

M∑

j=1

(μ j − ν j ) = l1τ + m1, l1, m1 ∈ Z , (3.2.64)

N

2
η +

M∑

j=1

(μ j + ν j ) +
M1∑

j=1

λ j = m2, m2 ∈ Z , (3.2.65)

ca(μ j ) + e−2iπl1(μ j +η)−iφ Q2(μ j + η)Q2(μ j )Q(μ j + η) = 0, (3.2.66)

cd(ν j ) + e2iπl1ν j +iφ Q1(ν j − η)Q1(ν j )Q(ν j − η) = 0, (3.2.67)

ca(λ j )d(λ j ) + e2iπl1λ j +iφa(λ j )Q1(λ j − η)Q1(λ j )Q(λ j − η)

+e−2iπl1(λ j +η)−iφd(λ j )Q2(λ j + η)Q2(λ j )Q(λ j + η) = 0, (3.2.68)

eiφ
M∏

j=1

σ(μ j + η)

σ (ν j )

M1∏

l=1

σ(λ j + η)

σ (λ j )
= e

2iπk
N , k = 1, . . . , N . (3.2.69)

Note that M = 0 is forbidden for generic η and odd N case to ensure the validity of
Eq. (3.2.64). The eigenvalue of the Hamiltonian (3.2.1) is given by
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E = σ(η)

σ ′(0)

⎧
⎨

⎩

M∑

j=1

[
ζ(ν j ) − ζ(μ j + η)

]

+
M1∑

j=1

[
ζ(λ j ) − ζ(λ j + η)

] + 1

2
Nζ(η) + 2iπl1

⎫
⎬

⎭ . (3.2.70)

It seems that there is some arbitrariness for the choice of l1, m1 and m2 due to the
periodicity of the model. Chosen sets of numerical results for N = 3 and N = 5 are
respectively listed in Tables3.2 and 3.3. These simulations indicate that any fixed
values of these integers should give a complete set of eigenstates.

We point out that, due to the Z2-symmetry (3.2.19) of the R-matrix, the following
relations hold:

Ui t (u) Ui = tr0
(

Ui T0(u) Ui
)

= tr0
(
σ i
0 T0(u) σ i

0

)
= t (u), (3.2.71)

Ui = σ i
1σ

i
2 · · · σ i

N , i = x, y, z. (3.2.72)

Also note that {Ui } form an abelian (nonabelian) group when N is even (odd), i.e.

(Ui )2 = id, Ui U j = (−1)N U j Ui , for i �= j, and i, j = x, y, z. (3.2.73)

This indicates a double degeneracy of the odd N case, which implies that there
exist multiple solutions of the Bethe roots corresponding to oneΛ(u). Suppose |Ψ+〉
and |Ψ−〉 are two degenerate eigenstates of t (u) and with U x |Ψ±〉 = ±|Ψ±〉. The
state |Ψ (θ)〉 = cos θ |Ψ+〉 + sin θ |Ψ−〉 (θ is an arbitrary parameter) must also be an
eigenstate of t (u) with the same eigenvalue Λ(u). Obviously, Λ(u) is independent
of θ . However, the Bethe roots describing the eigenstate generally depend on θ . This
degeneracy may be lifted to fix the Bethe roots by the common eigenstates of t (u)

and U x .
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Chapter 4
The Spin-1

2 Torus

The spin- 12 torus model describes the anisotropic spin chain with antiperiodic
boundary conditions or a Möbius-like topological boundary condition [1–5]. The
model itself is physically interesting due to its relevance to the realization of topolog-
ical states of matter. For example, after a Jordan-Wigner transformation, it describes
a p-wave Josephson junction embedded in a spinless Luttinger liquid [6–8]. The inte-
grability of this model is associated with the Z2-symmetry of the six-vertex R-matrix
[9–12], i.e., the antiperiodic boundary conditionmentioned inChap. 1.Although only
one bond is changed from the periodicXXZmodel, theU (1)-symmetry is completely
broken, making it difficult to apply the conventional Bethe Ansatz methods for the
lack of an obvious reference state.

Historically, theXXZ spin torusmodel has been the first quantum integrablemodel
solved via the ODBA method [13]. This chapter studies the construction of the
inhomogeneous T − Q relation, based on the operator product identities of the
transfer matrix derived from YBE, and on the intrinsic properties of the R-matrix. It
also introduces an alternative derivation of the functional relations and a basis of the
Hilbert space used to retrieve the eigenstates and the scalar products [14], as well as
some physical properties of the corresponding free fermion model. The last section
is attributed to the XYZ spin torus model.

4.1 Z2-symmetry and the Model Hamiltonian

The model Hamiltonian of the XXZ spin torus reads

H = −
N∑

j=1

[
σ x

j σ x
j+1 + σ

y
j σ

y
j+1 + cosh ησ z

j σ
z
j+1

]
, (4.1.1)

with the anti-periodic boundary conditions σα
N+1 = σ x

1 σα
1 σ x

1 (α = x, y, z). For such
a topological boundary condition, the spin on the N -th site connects with that on the
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first site after rotating by an angle π along the x-direction (a kink on the (N , 1) bond)
and forms a torus in the spin space. This kink could be shifted to the ( j, j + 1) bond
with the spectrum of the Hamiltonian unchanged

H̃ j = U x
j HU x

j , U x
j =

j∏

l=1

σ x
l . (4.1.2)

Note that the braiding occurs in the quantum space rather than in the real space.
The present model therefore describes a quantum Möbius strip. As we showed in
Chap.3 for the XYZ chain, in the present case we have [H, U x ] = 0, indicating that
the present model possesses a global Z2 invariance.

The integrability of the present model is associated with the R-matrix

R0, j (u) = 1

2

[
sinh(u + η)

sinh η
(1 + σ z

j σ
z
0 ) + sinh u

sinh η
(1 − σ z

j σ
z
0 )

]

+1

2
(σ x

j σ x
0 + σ

y
j σ

y
0 ), (4.1.3)

and the monodromy matrix

T0(u) = σ x
0 R0,N (u − θN ) · · · R0,1(u − θ1) =

(
C(u) D(u)

A(u) B(u)

)
. (4.1.4)

Because of the Z2-symmetry

[R0,0̄(u), σ x
0 σ x

0̄
] = 0, (4.1.5)

the following relation holds

R0,0̄(u − v)T0(u)T0̄(v) = T0̄(v)T0(u)R0,0̄(u − v), (4.1.6)

which directly gives

[t (u), t (v)] = 0, (4.1.7)

with the transfer matrix t (u) defined as

t (u) = tr0T0(u) = B(u) + C(u). (4.1.8)

The first order derivative of the logarithm of the transfer matrix gives the Hamil-
tonian (4.1.1)

H = −2sinh η
∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

+ N cosh η. (4.1.9)
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4.2 Operator Product Identities

With the intrinsic properties of the R-matrix given in (3.1.9)–(3.1.14) and the same
procedure introduced in Chap.1, we deduce that

t (θ j ) = tr0
{

R0,N (θ j − θN ) · · · P0, j · · · R0,1(θ j − θ1)σ
x
0

}

= R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)

×σ x
j R j,N (θ j − θN ) · · · R j, j+1(θ j − θ j+1), (4.2.1)

and

t (θ j − η) = (−1)N−1 tr0
{

Rt0
0,N (−θ j + θN ) · · · Rt0

0,1(−θ j + θ1)σ
x
0

}

= (−1)N−1 tr0
{
σ x
0 R0,1(−θ j + θ1) · · · R0,N (−θ j + θN )

}

= (−1)N−1R j, j+1(−θ j + θ j+1) · · · R j,N (−θ j + θN )

×σ x
j R j,1(−θ j + θ1) · · · R j, j−1(−θ j + θ j−1). (4.2.2)

The unitary property of the R-matrix thus induces the operator product identities

t (θ j )t (θ j − η) = −a(θ j )d(θ j − η) × id, j = 1, . . . , N , (4.2.3)

with

d(u) = a(u − η) =
N∏

j=1

sinh(u − θ j )

sinh η
. (4.2.4)

By applying the transfer matrix (4.1.8) on an eigenstate |Ψ 〉 we obtain

Λ(θ j )Λ(θ j − η) = −a(θ j )d(θ j − η), j = 1, . . . , N , (4.2.5)

with Λ(u) being the corresponding eigenvalue of the transfer matrix.
From the asymptotic expansions of B(u) and C(u) given in (3.1.24), we know

that

Λ(u), as a function of u,

is a trigonometrical polynomial of degree N − 1, (4.2.6)

with the periodicity property

Λ(u + iπ) = (−1)N−1Λ(u). (4.2.7)

http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_3
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The eigenvalueΛ(u) canbe parameterized as the following trigonometric polynomial

Λ(u) = Λ0

N−1∏

j=1

sinh(u − z j ), (4.2.8)

and the N equations (4.2.5) determine the N unknowns Λ0 and {z j | j = 1, . . . ,

N −1} completely. The corresponding eigenvalue of theHamiltonian is thus given by

E = 2sinh η

N−1∑

j=1

coth z j + N cosh η. (4.2.9)

4.3 The Inhomogeneous T − Q Relation

In this section we show that each solution of (4.2.5)–(4.2.7) can be parameterized in
terms of the inhomogeneous T − Q relation [15]

Λ(u)Q(u) = a(u)eu Q(u − η) − e−u−ηd(u)Q(u + η) − c(u)a(u)d(u), (4.3.1)

where Q(u) is a trigonometric polynomial of the type

Q(u) =
N∏

j=1

sinh(u − λ j )

sinh η
, (4.3.2)

and c(u) is given by

c(u) = eu−Nη+∑N
l=1(θl−λl ) − e−u−η−∑N

l=1(θl−λl ). (4.3.3)

The N parameters {λ j } satisfy the associated BAEs

eλ j a(λ j )Q(λ j − η) − e−λ j −ηd(λ j )Q(λ j + η) − c(λ j )a(λ j )d(λ j ) = 0,

j = 1, . . . , N . (4.3.4)

We follow the same procedure used in Chap. 1 to prove the above statement. Let
us introduce a function f0(u) which is equal to the difference between the left hand
side and the right hand side of (4.3.1), namely,

f0(u) = Λ(u)Q(u) − a(u)eu Q(u − η) + e−u−ηd(u)Q(u + η) + c(u)a(u)d(u).

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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The relations (4.2.7) and (4.2.6) allow us to derive that f0(u) satisfies the properties

f0(u + iπ) = − f0(u), (4.3.5)

f0(u), as a function of u,

is a trigonometric polynomial of degree 2N − 1. (4.3.6)

This implies that the function f0(u) is fixed by its values at any 2N different points.
For each solution of (4.2.5)–(4.2.7), we can always choose a Q(u) of form (4.3.2)
such that

f0(θ j ) = Λ(θ j )Q(θ j ) − a(θ j )e
θ j Q(θ j − η) = 0, j = 1, . . . , N , (4.3.7)

f0(θ j − η) = Λ(θ j − η)Q(θ j − η) + d(θ j − η)e−θ j Q(θ j ) = 0,

j = 1, . . . , N , (4.3.8)

which means f0(u) = 0 or (4.3.1) is fulfilled. The relation (4.2.5) implies that only
N of the above 2N equations are independent, say,

Λ(θ j )Q(θ j ) = a(θ j )e
θ j Q(θ j − η), j = 1, . . . , N , (4.3.9)

which allow us to determine the Q(u) function of form (4.3.2) by the values of Λ(u)

at the N points {θ j | j = 1, . . . , N }. Therefore, we are always able to choose Q(u) of
form (4.3.2) such that f0(u) = 0, provided that Λ(u) is an eigenvalue of the transfer
matrix (4.1.8). Taking u at the roots of the Q(u) function (i.e., {λ j }), then f0(λ j ) = 0
gives rise to the associated BAEs (4.3.4).

In the homogeneous limit {θ j = 0}, the eigenvalue of the Hamiltonian in terms
of the Bethe roots is given by

Table 4.1 Numerical solutions of the BAEs (4.3.4) for N = 3, η = 1 and {θ j = 0}
λ1 λ2 λ3 En n

−1.43163 − 0.00000iπ −0.50000 − 0.00000iπ 0.43163 − 0.00000iπ −3.09636 1

−1.63742 + 0.50000iπ −0.50000 + 0.50000iπ 0.63742 + 0.50000iπ −3.09636 1

−1.18721 − 0.17145iπ −0.50000 − 0.26374iπ 0.18721 − 0.17145iπ −1.54308 2

−1.18721 + 0.17145iπ −0.50000 + 0.26374iπ 0.18721 + 0.17145iπ −1.54308 2

−1.40287 + 0.39386iπ −0.50000 + 0.28359iπ 0.40287 + 0.39386iπ −1.54308 2

−1.40287 − 0.39386iπ −0.50000 − 0.28359iπ 0.40287 − 0.39386iπ −1.54308 2

−1.20038 − 0.50000iπ −0.50000 − 0.00000iπ 0.20038 − 0.50000iπ 6.18252 3

−0.50000 − 0.50000iπ −0.50000 − 0.15964iπ −0.50000 + 0.15964iπ 6.18252 3

En is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.3.10) are the same as those calculated with exact diagonalization
of the Hamiltonian
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Table 4.2 Numerical solutions of the BAEs (4.3.4) for N = 4, η = 1 and {θ j = 0}
λ1 λ2 λ3 λ4 En n

−2.12754
+0.50000iπ

−1.03389
+0.50000iπ

0.03389
+0.50000iπ

1.12754
+0.50000iπ

−4.27591 1

− − − − − − − − − − − − −4.27591 1

−1.74449
+0.15319iπ

−0.98935
+0.15137iπ

−0.01065
+0.15137iπ

0.74449
+0.15319iπ

−3.67755 2

−1.74449
−0.15319iπ

−0.98935
−0.15137iπ

−0.01065
−0.15137iπ

0.74449
− 0.15319iπ

−3.67755 2

−2.03215
+0.42071iπ

−0.96024
+0.36347iπ

−0.03976
+0.36347iπ

1.03215
+0.42071iπ

−3.67755 2

−2.03215
−0.42071iπ

−0.96024
−0.36347iπ

−0.03976
−0.36347iπ

1.03215
−0.42071iπ

−3.67755 2

−1.86358
+0.31377iπ

−1.02758
+0.24134iπ

0.02758
+0.24134iπ

0.86358
+0.31377iπ

−3.46526 3

−1.86358
−0.31377iπ

−1.02758
−0.24134iπ

0.02758
−0.24134iπ

0.86358
−0.31377iπ

−3.46526 3

−1.60669
−0.50000iπ

−0.50000
−0.25533iπ

−0.50000
+0.25533iπ

0.60669
+0.50000iπ

0.27591 4

− − − − − − − − − − − − 0.27591 4

−1.03760
−0.12735iπ

−0.50000
−0.41963iπ

−0.50000
+0.15711iπ

0.03760
−0.12735iπ

3.67755 5

−1.03760
+0.12735iπ

−0.50000
+0.41963iπ

−0.50000
−0.15711iπ

0.03760
+0.12735iπ

3.67755 5

−1.81891
−0.48351iπ

−0.50000
−0.47875iπ

−0.50000
−0.06781iπ

0.81891
−0.48351iπ

3.67755 5

−1.81891
+0.48351iπ

−0.50000
+0.47875iπ

−0.50000
+0.06781iπ

0.81891
+0.48351iπ

3.67755 5

−1.53412
−0.41713iπ

−0.50000
−0.21809iπ

−0.50000
+0.02400iπ

0.53412
−0.41713iπ

7.46526 6

−1.53412
+0.41713iπ

−0.50000
+0.21809iπ

−0.50000
−0.02400iπ

0.53412
+0.41713iπ

7.46526 6

En is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.3.10) are the same as those calculated with exact diagonalization
of the Hamiltonian. Here “− − −” indicates a degenerate set of Bethe roots

E = 2 sinh η

N∑

j=1

[coth(λ j + η) − coth(λ j )] − N cosh η − 2 sinh η. (4.3.10)

Numerical results for N = 3 and 4 respectively shown in Tables4.1 and 4.2 indicate
that the BAEs (4.3.4) indeed give a complete set of solutions.
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4.4 An Alternative Inhomogeneous T − Q Relation

For each eigenvalue Λ(u), the functional relations (4.2.5)–(4.2.7) allow us to con-
struct a variety of T − Q relations. Here we introduce another simple T − Q relation
for the present model proposed in [13]:

Λ(u) = eua(u)
Q1(u − η)

Q2(u)
− e−u−ηd(u)

Q2(u + η)

Q1(u)
− c(u)

a(u)d(u)

Q1(u)Q2(u)
, (4.4.1)

where

Q1(u) =
M∏

j=1

sinh(u − μ j ), Q2(u) =
M∏

j=1

sinh(u − ν j ), (4.4.2)

{μ j } and {ν j } are two sets of Bethe roots, and c(u) is an adjust function. We remark
that the above Ansatz satisfies the operator product identities (4.2.5) automatically
for arbitrary choices of Q1,2(u) and c(u) because a(θ j − η) = 0 and d(θ j ) = 0. In
addition, the exponential factors in the first and second terms are introduced to ensure
quasi-periodicity. This implies that the leading terms for u → ±∞ are e±(N+1)u .
The third term in the T − Q relation is included to cancel those unwanted leading
terms by proper choices of c(u) and Q1,2(u).

Based on the above considerations, for even N , M may take the value of N
2 , and

c(u) = sinhN η[eiφ1+u − eiφ2−u−η], (4.4.3)

with

iφ1 =
N∑

j=1

θ j − Mη − 2
M∑

j=1

μ j , (4.4.4)

−iφ2 =
N∑

j=1

θ j − Mη − 2
M∑

j=1

ν j , (4.4.5)

to cancel the leading terms in Eq. (4.4.1) when u → ±∞. The BAEs determined
by the regularity of Λ(u) (which ensures Λ(u) to be a trigonometric polynomial of
degree N − 1) read

d(ν j ) = eν j

c(ν j )
Q1(ν j − η)Q1(ν j ),

a(μ j ) = −e−μ j −η

c(μ j )
Q2(μ j + η)Q2(μ j ), j = 1, . . . , M. (4.4.6)
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Now we can safely take the homogeneous limit θ j → 0. The BAEs for the homoge-
neous case thus read

sinhN (ν j ) = eν j
∏M

l=1 sinh(ν j − μl − η) sinh(ν j − μl)

eν j −Mη−2
∑M

k=1 μk − e−ν j +(M−1)η+2
∑M

k=1 νk
, (4.4.7)

sinhN (μ j + η) = −e−μ j −η
∏M

l=1 sinh(μ j − νl + η) sinh(μ j − νl)

eμ j −Mη−2
∑M

k=1 μk − e−μ j +(M−1)η+2
∑M

k=1 νk
, (4.4.8)

where j = 1, . . . , N/2.
For odd N , we put M = (N + 1)/2 and

c(u) = 1

2
sinhN η

[
eiφ1+2u + eiφ2−2u−2η

]
, (4.4.9)

where φ1 and φ2 are given by Eqs. (4.4.4) and (4.4.5) with M = (N + 1)/2. In the
homogeneous limit, the BAEs read

sinhN (ν j ) = 2eν j
∏M

l=1 sinh(ν j − μl − η) sinh(ν j − μl)

e2ν j −Mη−2
∑M

k=1 μk + e−2ν j +(M−2)η+2
∑M

k=1 νk
, (4.4.10)

sinhN (μ j + η) = −2e−μ j −η
∏M

l=1 sinh(μ j − νl + η) sinh(μ j − νl)

e2μ j −Mη−2
∑M

k=1 μk + e−2μ j +(M−2)η+2
∑M

k=1 νk
. (4.4.11)

The eigenvalues of the Hamiltonian (4.1.1) in terms of the Bethe roots read

Table 4.3 Numerical solutions of the BAEs (4.4.10)–(4.4.11) for η = 1, N = 3 and M = 2

μ1 μ2 ν1 ν2 En n

−0.75854
− 0.26534iπ

−0.75854
+ 0.26534iπ

−0.24146
− 0.26534iπ

−0.24146
+ 0.26534iπ

−3.09636 1

− − − − − − − − − − − − −3.09636 1

−0.68943
+ 0.45685iπ

−0.16961
+ 0.29120iπ

−0.83039
+ 0.29120iπ

−0.31057
+ 0.45685iπ

−1.54308 2

−0.68943
− 0.45685iπ

−0.16961
− 0.29120iπ

−0.83039
− 0.29120iπ

−0.31057
− 0.45685iπ

−1.54308 2

−1.40843
− 0.22982iπ

−0.42100
− 0.01823iπ

−0.57900
− 0.01823iπ

0.40843
− 0.22982iπ

−1.54308 2

−1.40843
+ 0.22982iπ

−0.42100
+ 0.01823iπ

−0.57900
+ 0.01823iπ

0.40843
+ 0.22982iπ

−1.54308 2

−0.56218
− 0.12659iπ

−0.56218
+ 0.12659iπ

−0.43782
− 0.12659iπ

−0.43782
+ 0.12659iπ

6.18252 3

− − − − − − − − − − − − 6.18252 3

En is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.4.12) are the same as those calculated with exact diagonalization
of the Hamiltonian. Here “− − −” indicates a degenerate set of Bethe roots
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E = 2 sinh η

M∑

j=1

[
coth(μ j + η) − coth(ν j )

]

−N cosh η − 2 sinh η. (4.4.12)

Generally, the Bethe roots are distributed across the whole complex plane with
the selection rules μ j �= μl , μ j �= νl and ν j �= νl to ensure the simplicity of “poles”
in the T − Q Ansatz. We list the numerical results for N = 3 with η = 1 in Table4.3
and for N = 4 with η = 1 in Table4.4.

Table 4.4 Numerical solutions of the BAEs (4.4.7)–(4.4.8) for η = 1, N = 4 and M = 2

μ1 μ2 ν1 ν2 En n

−1.04497
+ 0.50000iπ

0.81526
+ 0.50000iπ

−1.81526
+ 0.50000iπ

0.04497
+ 0.50000iπ

−4.27591 1

− − − − − − − − − − − − −4.27591 1

−0.29245
− 0.30672iπ

0.46312
− 0.54374iπ

−1.49129
− 0.25997iπ

0.61334
− 0.38956iπ

−3.67755 2

−0.29245
+ 0.30672iπ

0.46312
+ 0.54374iπ

−1.49129
+ 0.25997iπ

0.61334
+ 0.38956iπ

−3.67755 2

−1.61334
+ 0.38956iπ

0.49129
+ 0.25997iπ

−1.46312
− 0.45626iπ

−0.70755
+ 0.30672iπ

−3.67755 2

−1.61334
− 0.38956iπ

0.49129
− 0.25997iπ

−1.46312
+ 0.45626iπ

−0.70755
− 0.30672iπ

−3.67755 2

−0.25362
− 0.00000iπ

0.53960
+ 0.50000iπ

−1.48317
− 0.00000iπ

0.84848
− 0.00000iπ

−3.46526 3

−1.84848
+ 0.00000iπ

0.48317
+ 0.00000iπ

−1.53960
− 0.50000iπ

−0.74638
− 0.00000iπ

−3.46526 3

−0.38977
− 0.21972iπ

−0.38977
+ 0.21972iπ

−0.61023
− 0.21972iπ

−0.61023
+ 0.21972iπ

0.27591 4

− − − − − − − − − − − − 0.27591 4

−0.98569
− 0.09329iπ

−0.60953
+ 0.04232iπ

−0.39047
+ 0.04232iπ

−0.01431
− 0.09329iπ

3.67755 5

−0.98569
+ 0.09329iπ

−0.60953
− 0.04232iπ

−0.39047
− 0.04232iπ

−0.01431
+ 0.09329iπ

3.67755 5

−0.50192
− 0.06546iπ

−0.10331
+ 0.51449iπ

−0.89669
− 0.48551iπ

−0.49808
− 0.06546iπ

3.67755 5

−0.50192
+ 0.06546iπ

−0.10331
− 0.51449iπ

−0.89669
+ 0.48551iπ

−0.49808
+ 0.06546iπ

3.67755 5

−0.63365
− 0.16642iπ

−0.57469
+ 0.03098iπ

−0.42531
+ 0.03098iπ

−0.36635
− 0.16642iπ

7.46526 6

−0.63365
+ 0.16642iπ

−0.57469
− 0.03098iπ

−0.42531
− 0.03098iπ

−0.36635
+ 0.16642iπ

7.46526 6

En is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.4.12) are the same as those calculated with exact diagonalization
of the Hamiltonian. Here “− − −” indicates a degenerate set of Bethe roots
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4.5 The Scalar Product Fn(θ1, . . . , θn)

Historically, an alternating method was first used to derive the functional relations
(4.2.5). This method allows us to extract the scalar products from the spectrum even
without knowing the exact form of the eigenstate. A scalar product is defined as
follows:

Fn({u j }) = 〈Ψ |
n∏

j=1

B(u j )|0〉, (4.5.1)

with {u j } indicating the parameter set {u1, . . . , un} for n = 0, 1, . . . , N . Without
losing generality, we may put F0 = 1 by properly choosing the normalization of the
eigenvector 〈Ψ |.

With the same procedure introduced in Chap.2 we obtain

C(u)|0〉 = 0, A(u)|0〉 = a(u)|0〉,
D(u)|0〉 = d(u)|0〉, (4.5.2)

where |0〉 is the all-spin-up state as defined in Chap.2. In addition, the Yang-Baxter
relation

R1,2(u − v)T1(u)T2(v) = T2(v)T1(u)R1,2(u − v), (4.5.3)

gives rise to the commutation relations

[A(u), A(v)] = [D(u), D(v)] = [B(u), B(v)] = [C(u), C(v)] = 0,

A(u)B(v) = sinh(u − v − η)

sinh(u − v)
B(v)A(u) + sinh η

sinh(u − v)
B(u)A(v),

D(u)B(v) = sinh(u − v + η)

sinh(u − v)
B(v)D(u) − sinh η

sinh(u − v)
B(u)D(v),

C(u)A(v) = sinh(u − v + η)

sinh(u − v)
A(v)C(u) − sinh η

sinh(u − v)
A(u)C(v),

C(u)D(v) = sinh(u − v − η)

sinh(u − v)
D(v)C(u) + sinh η

sinh(u − v)
D(u)C(v),

[A(u), D(v)] = sinh η

sinh(u − v)
[C(v)B(u) − C(u)B(v)],

[C(u), B(v)] = sinh η

sinh(u − v)
[D(u)A(v) − D(v)A(u)], (4.5.4)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
http://dx.doi.org/10.1007/978-3-662-46756-5_2
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and the useful formulae [16]

〈0|
n∏

l=1

C(ul) B(u) =
n∑

l=1

Ml
n(u, {u j })〈0|Cl

n−1

+
∑

k>l

M̃kl
n (u, {u j })〈0|Ckl

n−1,

C(u)

n∏

l=1

B(ul)|0〉 =
n∑

l=1

Ml
n(u, {u j })Bl

n−1|0〉

+
∑

k>l

M̃kl
n (u, {u j })Bkl

n−1|0〉, (4.5.5)

where

Cl
n−1 =

n∏

j �=l

C(u j ), Ckl
n−1 = C(u)

n∏

j �=k,l

C(u j ),

Bl
n−1 =

n∏

j �=l

B(u j ), Bkl
n−1 = B(u)

n∏

j �=k,l

B(u j ),

and

Ml
n(u, {u j }) = g(u, ul)a(u)d(ul)

∏

j �=l

f (u, u j ) f (u j , ul)

+g(ul , u)a(ul)d(u)
∏

j �=l

f (u j , u) f (ul , u j ), (4.5.6)

M̃kl
n (u, {u j }) = g(u, uk)g(ul , u) f (ul , uk)a(ul)d(uk)

∏

j �=k,l

f (u j , uk) f (ul , u j )

+g(u, ul)g(uk, u) f (uk, ul)a(uk)d(ul)
∏

j �=k,l

f (u j , ul) f (uk, u j ), (4.5.7)

g(u, v) = sinh η

sinh(v − u)
, f (u, v) = sinh(u − v − η)

sinh(u − v)
. (4.5.8)

The above relations lead to the following functional relations based on the calcula-
tions of the quantity 〈Ψ |t (u)

∏n
j=1 B(u j )|0〉

Λ(u)Fn =
∑

l

Ml
n(u)Fl

n−1 +
∑

k>l

M̃kl
n (u)Fkl

n−1 + Fn+1,

F1(u) = Λ(u), FN+1 ≡ 0. (4.5.9)
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Note that the notations Fl
n−1 = Fn−1({u j } j �=l), Fkl

n−1 = Fn−1(u, {u j } j �=k,l) and
Fn = Fn({u j }) are adopted. Since [B(u j ), B(ul)] = 0, function Fn({u j }) is a
symmetric function of all the variables {u j }. The explicit expression of Fn({u j })
will be given in the next section (see below (4.6.13)).

Since θ j is a zero of d(u), all functions M j
n and M̃ jk

n vanish if all their variables
take values in the set {θ1, . . . , θN } with θ j �= θk �= θl ± η. This implies

Λ(θ1)Fn−1(θ2, . . . , θn) = Fn(θ1, . . . , θn), (4.5.10)

and the solution

Fn(θ1, . . . , θn) =
n∏

j=1

Λ(θ j ). (4.5.11)

Let us consider the case of n = N and u j = θ j in Eq. (4.5.9). Since M̃ jk
N = 0,

FN+1 = 0 and

Ml
N (u, {θ j }) = g(θl , u)a(θl)d(u)

N∏

j �=l

f (θ j , u) f (θl , θ j ), (4.5.12)

with the help of Eq. (4.5.11) we obtain

Λ(u) =
N∑

j=1

a(θ j )d(u)

Λ(θ j )
g(θ j , u)

N∏

l �= j

f (θ j , θl) f (θl , u)

= −
N∑

j=1

a(θ j )d(θ j − η)

Λ(θ j )d̄ j (θ j ) sinh(u − θ j + η)
a(u), (4.5.13)

with d̄ j (u) = (sinh η)−N ∏N
l �= j sinh(u−θl). Taking the limit u → θ j −η, we readily

recover the relation (4.2.5).
An interesting fact is that all the Fn functions can be derived exactly from the

recursive relations, for the reason that Λ(u) is already completely determined by the
T − Q relation and the BAEs.

4.6 Retrieving the Eigenstates

A remarkable ingredient of the SoV approach is the simple basis of the Hilbert space,
characterized by N independent variables. Such a basis is useful for constructing
SoV eigenstates of the transfer matrix and for computing the correlation functions.
In the framework of ODBA, this basis also makes it convenient to retrieve the Bethe
states [14].
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4.6.1 SoV Basis of the Hilbert Space

Following the procedure introduced in Sect. 2.5, a convenient SoV basis can be
constructed for the present model. Let us define the following left and right states

〈θp1 , . . . , θpn | = 〈0|
n∏

j=1

C(θp j ),

|θq1, . . . , θqn 〉 =
n∏

j=1

B(θq j )|0〉, (4.6.1)

where q j , p j ∈ {1, . . . , N }, p1 < p2 < · · · < pn and q1 < q2 < · · · < qn . The
states (4.6.1) are in fact the eigenstates of D(u) [4] and form a basis of the Hilbert
space

D(u)|θp1 , . . . , θpn 〉 = d(u)

n∏

j=1

sinh(u − θp j + η)

sinh(u − θp j )
|θp1 , . . . , θpn 〉,

〈θp1 , . . . , θpn |D(u) = d(u)

n∏

j=1

sinh(u − θp j + η)

sinh(u − θp j )
〈θp1 , . . . , θpn |. (4.6.2)

Let us introduce the following inner product

〈θ1, . . . , θn|
m∏

k=1

B(uk)|0〉 = δn,m gn({θ j }|{uα}), g0 = 〈0|0〉 = 1. (4.6.3)

The relations (4.5.5) allow us to derive some recursive relations for the function
gn({θ j }|{uα}):

gn({θ j }|{uα}) =
n∑

l=1

sinh η d(u1)a(θl)

sinh(u1 − θl)

n∏

j �=l

sinh(u1 − θ j + η)

sinh(u1 − θ j )

× sinh(θl − θ j − η)

sinh(θl − θ j )
gn−1({θ j } j �=l |{uα}α �=1). (4.6.4)

The above function can be expressed in terms of certain determinants [16], namely,

gn({θ j }|{uα}) =
∏n

j=1
∏n

α=1 sinh(uα − θ j + η) detN ({uα}; {θ j })∏
j>k sinh(θk − θ j )

∏
α>β sinh(uα − uβ)

, (4.6.5)

where the matrix elements of the n × n matrixN ({uα}; {θ j }) are given by

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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N ({uα}; {θ j }) α, j = sinh η d(uα) a(θ j )

sinh(uα − θ j + η) sinh(uα − θ j )
. (4.6.6)

Similarly, we can derive that

〈0|
m∏

k=1

C(uk)|θ1, . . . , θn〉 = δm,n gn({θ j }|{uα}). (4.6.7)

The scalar products (4.6.3), (4.6.5) and (4.6.7) lead to

〈θp1 , . . . , θpn |θq1, . . . , θqm 〉 = fn(θp1 , . . . , θpn ) δm,n

n∏

j=1

δp j ,q j , (4.6.8)

where

fn(θp1 , . . . , θpn ) = gn({θp j }|{θp j })

=
n∏

j=1

a(θp j )dp j (θp j )

n∏

k �= j

sinh(θp j − θpk + η)

sinh(θp j − θpk )
. (4.6.9)

Here function dl(u) is defined as dl(u) = ∏N
j �=l [sinh(u − θ j )/ sinh η]. Note that the

total number of the linearly independent right (left) states given in (4.6.1) is

N∑

n=0

N !
(N − n)!n! = 2N . (4.6.10)

Hence these right (left) states form an orthogonal right (left) basis of the Hilbert
space. In such sense, the left eigenstate 〈Ψ | can be expressed as

〈Ψ | =
N∑

n=0

∑

{p j }
χn(θp1 , . . . , θpn )〈θp1 , . . . , θpn |. (4.6.11)

The Eqs. (4.5.1), (4.5.11) and (4.6.8) readily give

χn(θp1 , . . . , θpn ) =
∏n

j=1 Λ(θp j )

fn(θp1 , . . . , θpn )
. (4.6.12)

Note that in the above we have χ0 = 1. Λ(u) is the eigenvalue of the transfer
matrix corresponding to eigenstate 〈Ψ |, and function fn(θp1 , . . . , θpn ) is given by
(4.6.9). The Eqs. (4.6.11)–(4.6.12) allow us to compute functions Fn({u j }) defined
by (4.5.1) as follows
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Fn({u j }) =
∑

1≤p1<p2<···<pn≤N

n∏

l=1

Λ(θpl )
gn({θpl }|{u j })
gn({θpl }|{θpl })

, (4.6.13)

where function gn({θpl }|{u j }) is given by (4.6.5).
Similarly, by considering the quantities 〈0|∏n

j=1 C(u j )|Ψ 〉, we can derive the
right eigenstate

|Ψ 〉 =
N∑

n=0

∑

{p j }
χn(θp1 , . . . , θpn )|θp1, . . . , θpn 〉, (4.6.14)

and the scalar product

〈0|
n∏

j=1

C(u j )|Ψ 〉 = Fn({u j }). (4.6.15)

4.6.2 Bethe States

Since the states {〈θp1 , . . . , θpn |} given by (4.6.1) form a left basis of the Hilbert
space, an eigenstate |Ψ 〉 of the transfer matrix can be determined (up to an overall
factor) by the whole set of scalar products

〈θp1 , . . . , θpn |Ψ 〉 = Fn(θp1 , . . . , θpn )
(4.5.11)=

n∏

j=1

Λ(θp j ),

n = 0, . . . , N . (4.6.16)

Let us consider the Bethe state

|λ1, . . . , λN 〉 =
N∏

j=1

D(λ j )|Ω; {θ j }〉, (4.6.17)

where {λ j | j = 1, . . . , N } are the Bethe roots given in the T − Q relation (4.3.1)
and the BAEs (4.3.4), and |Ω; {θ j }〉 is a reference state to be determined. We take
the reference state so that the following inner products hold:

〈θq1, . . . , θqn |Ω; {θ j }〉 =
n∏

l=1

a(θpl )e
θpl , n = 0, . . . , N . (4.6.18)
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With the help of (4.6.2), a simple calculation induces that

〈θp1 , . . . , θpn |λ1, . . . , λN 〉 =
⎧
⎨

⎩

N∏

j=1

d(λ j )

⎫
⎬

⎭ Fn(θp1 , . . . , θpn ). (4.6.19)

Therefore, the Bethe state (4.6.17) with the reference state satisfying (4.6.18) is an
eigenstate (up to an irrelevant normalization constant) of the transfer matrix provided
that the parameters {λ j } satisfy the associated BAEs (4.3.4).

In order to make (4.6.18) fulfilled, we propose the following Ansatz for the ref-
erence state |Ω; {θ j }〉:

|Ω; {θ j }〉 =
∞∑

l=0

(
B̃−
)l

[l]q ! |0〉 =
N∑

l=0

(
B̃−
)l

[l]q ! |0〉, (4.6.20)

where the q-integers {[l]q |l = 0, . . .} and the operator B̃− are given by

[l]q = 1 − q2l

1 − q2 , [0]q = 1,

[l]q ! = [l]q [l − 1]q · · · [1]q , q = eη, (4.6.21)

B̃− = lim
u→+∞

{(
2 sinh η e−u)N−1

e
∑N

l=1 θl B(u)
}

. (4.6.22)

The definitions (4.1.3) and (4.1.4) allow us to obtain the explicit expression of the
operator B̃− as

B̃− =
N∑

l=1

eθl+ (N−1)η
2 e

η
2

∑N
k=l+1 σ z

k σ−
l e− η

2

∑l−1
k=1 σ z

k . (4.6.23)

Now let us compute the following quantity

[n]q ! 〈θp1 , . . . , θpn |Ω; {θ j }〉 def= ḡn({θp j }) = 〈θp1 , . . . , θpn |
(

B̃−)n |0〉. (4.6.24)

The definitions (4.6.3) and (4.6.21) imply that we can calculate the function ḡn({θ j })
by the limit

ḡn({θ j }) = lim{ul→+∞}

{[
n∏

l=1

(
2 sinh η e−ul

)N−1
e
∑N

k=1 θk

]
gn({θ j }|{ul})

}
. (4.6.25)
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Keeping the recursive relations (4.6.4) in mind, we can derive the recursive relations

ḡn({θ j }) =
n∑

l=1

e(n−1)η a(θl)e
θl

n∏

j �=l

sinh(θl − θ j − η)

sinh(θl − θ j )
ḡn−1({θ j } j �=l),

n = 1, . . . , N ,

with the initial condition of ḡ0 = 1. The above recursive relations uniquely determine
the functions {ḡn({θ j })|n = 0, . . . , N }:

ḡn({θ j }) =
{

n∏

l=1

a(θl)e
θl

}
[n]q !, n = 0, . . . , N . (4.6.26)

Note that the following identities were used in deriving the above equation

n∑

l=1

e(n−1)η
n∏

j �=l

sinh(θl − θ j − η)

sinh(θl − θ j )
= 1 + e2η + · · · + e2(n−1)η = [n]q . (4.6.27)

Substituting (4.6.26) into (4.6.24),wefind that the state |Ω; {θ j }〉given by (4.6.20)
indeed satisfies the relations (4.6.18). Then we conclude that the Bethe state (4.6.17)
with the corresponding reference state (4.6.20) is an eigenstate of the transfer matrix,
provided that the parameters {λ j | j = 1, . . . , N } satisfy the associated BAEs (4.3.4).
The corresponding eigenvalue is given by the T − Q relation (4.3.1).

In the homogeneous limit, the reference state (4.6.20) becomes

|Ω〉 = lim{θ j →0} |Ω; {θ j }〉 =
∞∑

l=0

(
B−)l

[l]q ! |0〉, (4.6.28)

where the operator B− [c.f., (4.6.23)] reads

B− = lim{θ j →0} B̃− =
N∑

l=1

e
(N−1)η

2 e
η
2

∑N
k=l+1 σ z

k σ−
l e− η

2

∑l−1
k=1 σ z

k . (4.6.29)

Obviously, the reference state |Ω〉 is no longer a pure product state but a highly
entangled superposition state (a q-spin coherent state).

Associated with the T −Q relation (4.4.1), we can construct another type of Bethe
states

|μ1, . . . , μM ; ν1, . . . , νM 〉 =
M∏

j=1

D(μ j )D(ν j )|Ω̄; {θ j }〉, (4.6.30)
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where the reference state reads

|Ω̄; {θ j }〉 =
N∑

n=0

∑

{p j }
f −1
n (θp1 , . . . , θpn )

×
n∏

l=1

eθpl a(θpl )
Q1(θpl )

Q2(θpl − η)
|θp1 , . . . , θpn 〉. (4.6.31)

It can be easily checked that

〈θp1 , . . . , θpn |μ1, . . . , μM ; ν1, . . . , νM 〉

=
M∏

j=1

d(μ j )d(ν j )

n∏

l=1

eθpl a(θpl )
Q1(θpl − η)

Q2(θpl )

=
M∏

j=1

d(μ j )d(ν j )Fn(θp1 , . . . , θpn ). (4.6.32)

Therefore, the Bethe state (4.6.30) is an eigenstate of the transfer matrix, provided
that the parameters {μ j } and {ν j } satisfy the associated BAEs (4.4.6).

In the homogeneous limit, the Bethe state (4.6.30) reads

M∏

j=1

D(μ j )D(ν j )|Ω̄〉, (4.6.33)

with the reference state defined as

|Ω̄〉 =
∞∑

l=0

(
Q1(0)B−)l

[l]q ! (Q2(−η))l
|0〉. (4.6.34)

Some remarks are in order: The above procedure for deriving the Bethe states is
different from that of the algebraic Bethe Ansatz. In the latter scheme, one uses a
known reference state and creation operator to derive eigenvalues and eigenstates of
the transfer matrix, while in the ODBA scheme, one uses known eigenvalues and
creation operator to retrieve the reference state. The key point is that the eigenstates of
the creation operator with an arbitrary parameter u form a basis of the Hilbert space.
Such a reversed process makes it convenient to approach the eigenstate problem of
quantum integrable models without an obvious reference state.
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4.6.3 Another Basis

We note that another orthogonal basis spanned by the eigenstates of A(u) also exists.
For convenience, let us denote θ̄ j = θ j − η. The eigenstates of A(u) can be con-
structed as

|θ̄p1 , . . . , θ̄pn 〉 =
n∏

j=1

B(θ̄p j )|0〉, 〈θ̄p1 , . . . , θ̄pn | = 〈0|
n∏

j=1

C(θ̄p j ). (4.6.35)

The corresponding eigenvalues are given by

A(u) |θ̄p1 , . . . , θ̄pn 〉 = a(u)

n∏

j=1

sinh(u − θ̄ j − η)

sinh(u − θ̄ j )
|θ̄p1 , . . . , θ̄pn 〉,

〈θ̄p1 , . . . , θ̄pn | A(u) = a(u)

n∏

j=1

sinh(u − θ̄ j − η)

sinh(u − θ̄ j )
〈θ̄p1 , . . . , θ̄pn |.

The above states possess the orthogonal properties

〈θ̄p1 , . . . , θ̄pn |θ̄q1, . . . , θ̄qm 〉 = f̄n(θ̄p1 , . . . , θ̄pn )δm,n

n∏

j=1

δp j ,q j , (4.6.36)

with

f̄n(θ̄p1 , . . . , θ̄pn ) = (−1)n
n∏

j=1

d(θ̄p j )dp j (θ̄p j + η)

×
n∏

k �= j

sinh(θp j − θpk + η)

sinh(θp j − θpk )
. (4.6.37)

The eigenstates can thus be expressed as

|Ψ 〉 =
N∑

n=0

∑

{p j }
χ̄n(θ̄p1 , . . . , θ̄pn )|θ̄p1, . . . , θ̄pn 〉,

〈Ψ | =
N∑

n=0

∑

{p j }
χ̄n(θ̄p1 , . . . , θ̄pn )〈θ̄p1 , . . . , θ̄pn |, (4.6.38)

with

χ̄n(θ̄p1 , . . . , θ̄pn ) =
∏n

j=1 Λ(θ̄p j )

f̄n(θ̄p1 , . . . , θ̄pn )
. (4.6.39)
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4.7 Physical Properties for η = iπ
2

At the special point η = iπ
2 , the model describes the XX torus. This model

can be transformed to a topological free fermion model via the Jordan-Wigner
transformation:

σ+
j = a†

j e
iπ
∑ j−1

l=1 a†l al , σ−
j = a j e

−iπ
∑ j−1

l=1 a†l al , σ z
j = 2a†

j a j − 1. (4.7.1)

The resulting fermion Hamiltonian reads

H = −2
N−1∑

j=1

[
a†

j a j+1 + a†
j+1a j

]
− 2U z

[
a†
1a†

N + aN a1
]
, (4.7.2)

where a†
j and a j are the creation and annihilation operators of fermions, respectively;

n j = a†
j a j represents the particle number operator; U z = eiπ

∑N
j=1 n j is a conserved

quantity with the eigenvalues ±1. The second term of the Hamiltonian is a Cooper-
pair term, which obviously breaks the U (1) symmetry.

In this special case, the BAEs satisfied by the roots {z j } can be derived from the
recursive equations. Let us check the case of n = N in Eq. (4.5.9)

FN (z, {ul}) =
N−1∑

j=1,z

M ′ j
N FN−1, (4.7.3)

with {ul} = u1, . . . , uN−1, z being one of the roots of Λ(u) and

M ′ j
N = lim

u→∞ Λ−1(u)M j
N (u, z, {ul}).

In addition, from the recursion relation we also have

FN (z, {ul}) = −
N−1∑

j=1

M j
N−1(z, {ul})F j

N−2

−
∑

j<k

M̃ jk
N−1(z, {ul})F jk

N−2. (4.7.4)

Equations (4.7.3) and (4.7.4) together give rise to

F j
N−2 = −1

M j
N−1(z, {u j })

⎡

⎣
∑

l

M ′l
N FN−1 +

∑

l �= j

Ml
N−1Fl

N−2 +
∑

k>l

M̃kl
N−1Fkl

N−2

⎤

⎦ .

(4.7.5)
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Fig. 4.1 a Schematic diagram of the root distribution in the ground state of the XX spin torus.
The states in the lower solution line are all filled and the upper solution line is unoccupied. b The
elementary excitation. A “particle” (indicated by the dot) in the upper solution line must correspond
to a “hole" (indicated by the circle) in the lower solution line with the exactly same real part

From the definition of the F-functions we know that all of them are entire func-
tions. This fact requires that the residues of the right hand side of (4.7.5) about
u j = z ± i π

2 must be zero. This requirement gives the following BAEs:

coth2N (zn) = 1, z j �= zk ± π

2
i, (4.7.6)

or

coth(zn) = e
iπn
N ≡ eikn , n = ±1, . . . , ±(N − 1). (4.7.7)

The N −1 pair solutions {z j , z j + π
2 i}mod(iπ) of the above BAEs fall in two straight

lines parallel to the real axis with the imaginary part ±iπ/4 as shown in Fig. 4.1.
We remark that there is a selection rule to choose N − 1 z j from the solution set to
form the N − 1 roots of Λ(u), i.e., z j �= zl ± i π

2 . This selection rule comes from the
fact that the poles and the zeros in (4.7.5) satisfy the same Eq. (4.7.6). Therefore, the
possible number of Λ(u) is 2N−1, which, with the double degeneracy implied by the
Z2-symmetry, constitutes the complete spectrum of the transfer matrix.

The eigenvalue of the Hamiltonian is minimized if we put all the roots z j in the
lower solution line and leave the upper solution line empty as shown in Fig. 4.1a.
The ground state energy can be easily calculated as Eg = −2 cot π

2N , which slightly
deviates from that ofthe periodic chain. The elementary excitations of the system
are thus formed by the particle-hole pairs as shown in Fig. 4.1b. The selection rule
requires that each particle with momentum k must be locked by a hole with momen-
tum −k (Andreev reflection) as shown in Fig. 4.2, revealing the topological nature
of the system.
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Fig. 4.2 Schematic diagram
of the excitation spectrum of
the XX spin torus. The
“particle” and the “hole”
carry the exactly same
energy and opposite
momenta

ε(k)

4.8 The XYZ Spin Torus

Following the same procedure, the exact spectrum of the XYZ spin torus can also be
constructed [17]. The Hamiltonian of the XYZ spin torus is given by

H = 1

2

N∑

n=1

(Jxσ
x
n σ x

n+1 + Jyσ
y
n σ

y
n+1 + Jzσ

z
n σ z

n+1), (4.8.1)

and

Jx = eiπη
σ (η + τ

2 )

σ ( τ
2 )

, Jy = eiπη
σ (η + 1+τ

2 )

σ ( 1+τ
2 )

, Jz = σ(η + 1
2 )

σ ( 12 )
, (4.8.2)

with the antiperiodic boundary condition

σ x
N+1 = σ x

1 , σ
y
N+1 = −σ

y
1 , σ z

N+1 = −σ z
1 . (4.8.3)

The corresponding transfer matrix is defined by Eq. (4.1.8) with the R-matrix
replaced with the XY Z one (3.2.10). Similarly, we have the following operator
identities

t (θ j )t (θ j − η) = −a(θ j ) d(θ j − η), j = 1, . . . , N , (4.8.4)
N∏

j=1

t (θ j ) =
N∏

j=1

a(θ j ) × U x , (4.8.5)

t (u + 1) = (−1)N−1 t (u), (4.8.6)

t (u + τ) = (−1)N e
−2iπ

{
Nu+N η+τ

2 −∑N
l=1 θl

}

t (u), (4.8.7)

where the functions a(u) and d(u) are given by (3.2.23).
The Z2-symmetry of the R-matrix indicates that the model Hamiltonian also

possesses a Z2-symmetry [18–20], i.e., [H, U x ] = 0. The corresponding functional

http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_3
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relations of Λ(u) read

Λ(θ j )Λ(θ j − η) = −a(θ j ) d(θ j − η), j = 1, . . . , N , (4.8.8)
N∏

j=1

Λ(θ j ) = ±
N∏

j=1

a(θ j ), (4.8.9)

Λ(u + 1) = (−1)N−1Λ(u), (4.8.10)

Λ(u + τ) = (−1)N e
−2iπ

{
Nu+N η+τ

2 −∑N
l=1 θl

}

Λ(u). (4.8.11)

Meanwhile,

Λ(u) is an entire function of u. (4.8.12)

The relations (4.8.8)–(4.8.12) completely determine the function Λ(u). In the
homogeneous limit θ j → 0, we have the following inhomogeneous T − Q relation
for the XY Z spin torus:

Λ(u) = eiπ(2l1+1)u+iφ σ N (u + η)

σ N (η)

Q1(u − η)

Q2(u)

−e−[iπ(2l1+1)(u+η)+iφ]σ N (u)

σ N (η)

Q2(u + η)

Q1(u)

+ c eiπuσm(u + η
2 )

σm(η)Q1(u)Q2(u)

σ N (u + η)σ N (u)

σ N (η)σ N (η)
, (4.8.13)

where l1 is an integer, and the Q-functions take the forms given by (3.2.37). Note
that here the non-negative integer m is even (odd) for even (odd) N and

N + m = 2M. (4.8.14)

The two parameters c, φ, and the 2M Bethe roots {μ j } and {ν j } are determined by
the BAEs:

(
N

2
− M

)
η −

M∑

j=1

(μ j − ν j ) =
(

l1 + 1

2

)
τ + m1, l1, m1 ∈ Z , (4.8.15)

Mη +
M∑

j=1

(μ j + ν j ) = 1

2
τ + m2, m2 ∈ Z , (4.8.16)

c e

[
2iπ(l1+1)μ j +2iπ(l1+ 1

2 )η+iφ
]

σm(μ j + η
2 )

σm(η)

σ N (μ j + η)

σ N (η)

= Q2(μ j )Q2(μ j + η), (4.8.17)

http://dx.doi.org/10.1007/978-3-662-46756-5_3
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c e−2iπl1ν j −iφσm(ν j + η
2 )

σm(η)

σ N (ν j )

σ N (η)
= −Q1(ν j )Q1(ν j − η), (4.8.18)

and the selection rule

Λ(0) = eiφ
M∏

j=1

σ(μ j + η)

σ (ν j )
= e

iπk
N , k = 1, . . . , 2N . (4.8.19)

The eigenvalue of the Hamiltonian reads

E = σ(η)

σ ′(0)

⎧
⎨

⎩

M∑

j=1

[
ζ(ν j ) − ζ(μ j + η)

]+ 1

2
Nζ(η) + 2iπ

(
l1 + 1

2

)⎫⎬

⎭ , (4.8.20)

where function ζ(u) is defined by (3.2.3). As for the periodic XY Z spin chain,
any fixed integers l1 and m1 give a complete set of solutions. Numerical results for
N = 3, m = 1 and N = 4, m = 0 with l1 = m1 = 0 are shown in Tables4.5 and
4.6, respectively.

Table 4.5 Numerical solutions of the BAEs (4.8.15)–(4.8.19) for N = 3, η = −2/3 and τ = i

μ1 μ2 ν1

0.41667 − 0.24873i 0.41667 + 0.24873i −0.47794 − 0.00000i

0.41667 − 0.24873i 0.41667 + 0.24873i −0.47794 − 0.00000i

−0.29185 − 0.11151i 0.12518 + 0.11151i 0.03233 − 0.13153i

−0.29185 − 0.11151i 0.12518 + 0.11151i 0.03233 − 0.13153i

−0.29185 + 0.11151i 0.12518 − 0.11151i 0.03233 + 0.13153i

−0.29185 + 0.11151i 0.12518 − 0.11151i 0.03233 + 0.13153i

−0.08333 − 0.08037i −0.08333 + 0.08037i −0.30406 + 0.50000i

−0.08333 − 0.08037i −0.08333 + 0.08037i −0.30406 + 0.50000i

ν2 c φ En n

−0.02206 + 0.50000i 0.21550 − 3.10475i 1.64010 − 0.57175i −1.41032 1

−0.02206 + 0.50000i −0.21550 + 3.10475i −1.50150 − 0.57175i −1.41032 1

0.46767 + 0.63153i −2.78061 − 2.78148i 1.00207 − 1.48298i −0.37922 2

0.46767 + 0.63153i 2.78061 + 2.78148i −2.13952 − 1.48298i −0.37922 2

0.46767 + 0.36847i 1.43741 − 0.94669i 2.34268 − 0.65658i −0.37922 2

0.46767 + 0.36847i −1.43741 + 0.94669i −0.79892 − 0.65658i −0.37922 2

−0.19594 − 0.00000i 2.07093 − 1.46458i 2.52604 − 0.92817i 2.16875 3

−0.19594 − 0.00000i −2.07093 + 1.46458i −0.61555 − 0.92817i 2.16875 3

En is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.8.20) are the same as those calculated with exact diagonalization
of the Hamiltonian

http://dx.doi.org/10.1007/978-3-662-46756-5_3
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Table 4.6 Numerical solutions of the BAEs (4.8.15)–(4.8.19) for N = 4, η = −2/3 and τ = i

μ1 μ2 ν1

0.33333 − 0.18210i 0.33333 + 0.18210i 0.33333 − 0.00000i

0.33333 − 0.18210i 0.33333 + 0.18210i 0.33333 − 0.00000i

−0.16667 − 0.18586i 0.33333 + 0.18586i −0.16667 + 0.61266i

−0.16667 + 0.18586i 0.33333 − 0.18586i −0.16667 + 0.38734i

−0.16667 − 0.18586i 0.33333 + 0.18586i −0.16667 + 0.61266i

−0.16667 + 0.18586i 0.33333 − 0.18586i −0.16667 + 0.38734i

0.20335 − 0.00000i 0.46332 + 0.00000i −0.16667 + 0.00000i

0.20335 + 0.00000i 0.46332 − 0.00000i −0.16667 − 0.00000i

−0.16667 − 0.13615i −0.16667 + 0.13615i 0.33333 + 0.00000i

−0.16667 − 0.13615i −0.16667 + 0.13615i 0.33333 − 0.00000i

−0.16667 − 0.07684i 0.33333 + 0.07684i −0.16667 − 0.04444i

−0.16667 + 0.07684i 0.33333 − 0.07684i −0.16667 + 0.04444i

−0.16667 − 0.07684i 0.33333 + 0.07684i −0.16667 − 0.04444i

−0.16667 + 0.07684i 0.33333 − 0.07684i −0.16667 + 0.04444i

−0.16667 − 0.08893i −0.16667 + 0.08893i −0.16667 + 0.00000i

−0.16667 − 0.08893i −0.16667 + 0.08893i −0.16667 + 0.00000i

ν2 c φ En n

0.33333 + 0.50000i −0.69252 + 1.19949i −1.04720 − 0.66489i −2.34645 1

0.33333 + 0.50000i 0.69252 − 1.19949i 2.09440 − 0.66489i −2.34645 1

0.33333 − 0.11266i 1.95137 − 3.37987i −1.04720 − 1.28609i −1.01133 2

0.33333 + 0.11266i −0.96144 + 1.66527i 2.09440 − 0.57823i −1.01133 2

0.33333 − 0.11266i −1.95137 + 3.37987i 2.09440 − 1.28609i −1.01133 2

0.33333 + 0.11266i 0.96144 − 1.66527i −1.04720 − 0.57823i −1.01133 2

−0.16667 + 0.50000i 1.21750 − 2.10877i 2.09440 − 0.66148i −0.64764 3

−0.16667 + 0.50000i −1.21750 + 2.10877i −1.04720 − 0.66148i −0.64764 3

0.33333 + 0.50000i 2.32235 − 4.02243i 2.09440 − 1.59613i 0.06267 4

0.33333 + 0.50000i −2.32235 + 4.02243i −1.04720 − 1.59613i 0.06267 4

0.33333 + 0.54444i 1.25919 − 2.18098i −1.04720 − 1.09820i 1.01133 5

0.33333 + 0.45556i 0.95239 − 1.64960i −1.04720 − 0.81896i 1.01133 5

0.33333 + 0.54444i −1.25919 + 2.18098i 2.09440 − 1.09820i 1.01133 5

0.33333 + 0.45556i −0.95239 + 1.64960i 2.09440 − 0.81896i 1.01133 5

−0.16667 + 0.50000i −1.86802 + 3.23551i −1.04720 − 1.25303i 2.93143 6

−0.16667 + 0.50000i 1.86802 − 3.23551i 2.09440 − 1.25303i 2.93143 6

En is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.8.20) are the same as those calculated with exact diagonalization
of the Hamiltonian

In contrast to the periodic XYZ spin chain, the c = 0 solution of the BAEs
(4.8.15)–(4.8.18) is not allowed for a generic η. However, the c = 0 solutions indeed
exist for some discrete η values labeled by two integers l1 and m1:
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(
N

2
− M

)
η =

(
l1 + 1

2

)
τ + m1, l1, m1 ∈ Z . (4.8.21)

In this case, the T − Q relation (4.8.13) is reduced to a conventional one:

Λ(u) = e2iπ(l1+ 1
2 )u+iφ σ N (u + η)

σ N (η)

Q(u − η)

Q(u)

−e
−
[
2iπ(l1+ 1

2 )(u+η)+iφ
]
σ N (u)

σ N (η)

Q(u + η)

Q(u)
, (4.8.22)

Q(u) =
M∏

l=1

σ(u − λl)

σ (η)
.

The corresponding BAEs thus read

e
2iπ

[
(2l1+1)λ j +(l1+ 1

2 )η
]
+2iφ σ N (λ j + η)

σ N (λ j )
= Q(λ j + η)

Q(λ j − η)
, (4.8.23)

j = 1, . . . , M,

eiφ
M∏

j=1

σ(λ j + η)

σ (λ j )
= e

iπk
N , k = 1, . . . , 2N . (4.8.24)

As we emphasized in Chap.3, the degenerate points become dense in the whole
complex η-plane in the thermodynamic limit, which allows us to obtain the thermo-
dynamic properties of the model for generic values of η [21] via the conventional
thermodynamic Bethe Ansatz methods [22, 23].
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Chapter 5
The Spin-1

2 Chains with Arbitrary
Boundary Fields

A quantum integrable model with open boundary condition was first solved via the
coordinate Bethe Ansatz method by Gaudin [1]. Later, the open Heisenberg chain
model with parallel boundary fields was solved by Alcaraz et al. [2]. A signifi-
cant breakthrough on the open boundary quantum integrable systems was made by
Sklyanin [3], who proposed the algebraic Bethe Ansatz method for open bound-
ary quantum integrable models with RE [4]. Interestingly, people found that RE may
allow non-diagonal solutions [5–7], and these solutions are generally associated with
the existence of unparallel boundary fields, which break the U (1) symmetry of the
bulk andmake it difficult to use the coordinateBetheAnsatzmethod and the algebraic
Bethe Ansatz method for the lack of an obvious reference state. After this finding,
many efforts were addressed to this unusual problem. Some noteworthy methods are
the generalized algebraic Bethe Ansatz [8, 9], the analytic Bethe Ansatz [10–12], the
T − Q relation [13, 14], the q-Onsager algebra [15] and the separation of variables
method [16–21]. Unfortunately, for a long time, proper BAEs could only be derived
for some special cases, until ODBA was used to completely solve the problem [22,
23]. The Bethe states for the XXX chain with generic open boundaries were then con-
jectured in [24] and a systematic method for constructing the Bethe-type eigenstates
based on the inhomogeneous T − Q relation was developed in [25, 26].

This chapter elaborates on the systematic applications of ODBA on this model,
including construction of the operator product identities, derivation of values of the
transfer matrix at some special spectral parameter points, and construction of
the inhomogeneous T − Q relations, the BAEs, and the Bethe-type eigenstates. The
method for calculating physical quantities in the thermodynamic limit [27] based on
the BAEs are also introduced.

© Springer-Verlag Berlin Heidelberg 2015
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5.1 Spectrum of the Open X X X Spin-
1
2

Chain

5.1.1 The Model Hamiltonian

The spin- 12 chain with arbitrary boundary fields is described by the Hamiltonian

H =
N−1∑

j=1

(
Jxσ

x
j σ x

j+1 + Jyσ
y
j σ

y
j+1 + Jzσ

z
j σ

z
j+1

)
+ h1 · σ1 + hN · σN , (5.1.1)

where Jα (α = x, y, z) are the coupling constants, and h1 and hN are the two
boundary fields.

Let us first consider the case of Jx = Jy = Jz = 1, i.e., the XXX case. Obviously,
the bulk possesses a global SU (2)-invariance. This allows us to put h1 along the z
direction and hN in the x − z plane. Thus we may simplify the Hamiltonian as

H =
N−1∑

j=1

σ j · σ j+1 + h1σ
z
1 + hx

N σ x
N + hz

N σ z
N . (5.1.2)

The integrability of the model is associated with the R-matrix (1.5.2) and the
reflection rices

K −(u) =
(

p + u 0
0 p − u

)
, (5.1.3)

and

K +(u) =
(

q + u + η ξ(u + η)

ξ(u + η) q − u − η

)
≡
(

K +
11(u) K +

12(u)

K +
21(u) K +

22(u)

)
, (5.1.4)

which satisfy the following RE and the dual RE respectively

R1,2(u − v)K −
1 (u)R2,1(u + v)K −

2 (v)

= K −
2 (v)R1,2(u + v)K −

1 (u)R2,1(u − v), (5.1.5)

R1,2(−u + v)K +
1 (u)R2,1(−u − v − 2η)K +

2 (v)

= K +
2 (v)R1,2(−u − v − 2η)K +

1 (u)R2,1(−u + v), (5.1.6)

where p, q, ξ are real numbers to ensure a hermitian Hamiltonian. For the X X X
chain, we put η = 1. In fact, the rational R-matrix possesses the property

[R1,2(u), G1G2] = 0, (5.1.7)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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for arbitrary c-number 2 × 2 matrix G, which indicates if K −(u) satisfies RE,
G K −(u)G−1 must also satisfy RE.

Let us introduce the one-row monodromy matrices

T0(u) = R0,N (u − θN ) · · · R0,1(u − θ1), (5.1.8)

T̂0(u) = R1,0(u + θ1) · · · RN ,0(u + θN ), (5.1.9)

and the double-row monodromy matrix U0(u)

U0(u) = T0(u)K −
0 (u)T̂0(u). (5.1.10)

The transfer matrix is given by

t (u) = tr0{K +
0 (u)U0(u)}. (5.1.11)

With the same procedure introduced in Chap.2, we have [t (u), t (v)] = 0. The
first order derivative of the logarithm of the transfer matrix t (u) (5.1.11) yields the
Hamiltonian (5.1.2)

H = ∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

− N

= 2
N−1∑

j=1

Pj, j+1 + K −
1

′
(0)

K −
1 (0)

+ 2
K +

N (0)

tr0K +
0 (0)

− N

=
N−1∑

j=1

σ j · σ j+1 + 1

p
σ z
1 + 1

q
(σ z

N + ξσ x
N ), (5.1.12)

with the parameter correspondences h1 = 1/p, hx
N = ξ/q and hz

N = 1/q.

5.1.2 Crossing Symmetry of the Transfer Matrix

An important property of the transfer matrix t (u) for open boundary systems is its
crossing symmetry which in the present case reads

t (u) = t (−u − 1). (5.1.13)

After straightforward calculations, we find that the following crossing relations hold:

tr2
{

P1,2R1,2(−2u − 2)[K −
2 (u)]t2

} = −2uσ
y
1 K −

1 (−u − 1)σ y
1 , (5.1.14)

tr2
{

P1,2R1,2(2u)[K +
2 (u)]t2

} = 2(u + 1)σ y
1 K +

1 (−u − 1)σ y
1 . (5.1.15)
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124 5 The Spin- 12 Chains with Arbitrary Boundary Fields

These relations together with the duality relation (2.2.34) imply that [14]

t (−u − 1) = tr0
{

K +
0 (−u − 1)T0(−u − 1)K −

0 (−u − 1)T̂0(−u − 1)
}

= tr0

{{
K +
0 (−u − 1)T0(−u − 1)

}t0
{

K −
0 (−u − 1)T̂0(−u − 1)

}t0
}

= tr0
{

T t0
0 (−u − 1)[K +

0 (−u − 1)]t0 T̂ t0
0 (−u − 1)[K −

0 (−u − 1)]t0
}

= tr0
{

T̂0(u)
{
σ

y
0 [K +

0 (−u − 1)]t0σ
y
0

}
T0(u)

{
σ

y
0 [K −

0 (−u − 1)]t0σ
y
0

}}

= − 1

4u(u + 1)
tr0,1,2

{
T̂0(u)P0,1R0,1(2u)K +

1 (u)T0(u)

×P0,2R0,2 (−2u − 2)K −
2 (u)

}

= − 1

4u(u + 1)
tr0,1,2

{
K +
1 (u)T1(u)P0,1R0,1(2u)

×P0,2R0,2(−2u − 2)K −
2 (u)T̂1(u)

}
. (5.1.16)

With the relation

− 1

4u(u + 1)
tr0,2

{
P0,1R0,1(2u)P0,2R0,2(−2u − 2)K −

2 (u)
} = K −

1 (u), (5.1.17)

we arrive at (5.1.13).

5.1.3 Operator Product Identities

Obviously, t (u) is a degree 2N + 2 polynomial of u. In addition, the crossing sym-
metry (5.1.13) indicates further that t (u) (and therefore its eigenvalue Λ(u)) is a
degree N + 1 polynomial of u(u + 1) with N + 2 unknown coefficients. Using a
procedure similar to that introduced in Chap.1, we have

t (θ j ) = tr0
{

K +
0 (θ j )R0,N (θ j − θN ) · · · R0, j+1(θ j − θ j+1)P0, j

×R0, j−1(θ j − θ j−1) · · · R0,1(θ j − θ1)K −
0 (θ j )R1,0(θ1 + θ j ) · · ·

×R j,0(2θ j )R j+1,0(θ j+1 + θ j ) · · · RN ,0(θN + θ j )
}

= R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)K −
j (θ j )R1, j (θ1 + θ j ) · · ·

×R j−1, j (θ j−1 + θ j )tr0
{

K +
0 (θ j )R0,N (θ j − θN ) · · · R0, j+1(θ j − θ j+1)

×P0, j R j,0(2θ j )R j+1,0(θ j+1 + θ j ) · · · RN ,0(θN + θ j )
}
. (5.1.18)
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http://dx.doi.org/10.1007/978-3-662-46756-5_1
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From YBE, we obtain

R0, j+1(θ j − θ j+1)P0, j R j,0(2θ j )R j+1,0(θ j+1 + θ j )

= R0, j+1(θ j − θ j+1)R0, j (2θ j )R j+1, j (θ j+1 + θ j )P0, j

= R j+1, j (θ j+1 + θ j )R0, j (2θ j )R0, j+1(θ j − θ j+1)P0, j

= R j+1, j (θ j+1 + θ j )P0, j R j,0(2θ j )R j, j+1(θ j − θ j+1). (5.1.19)

This gives rise to

t (θ j ) = R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)K −
j (θ j )R1, j (θ1 + θ j ) · · ·

×R j−1, j (θ j−1 + θ j )R j+1, j (θ j+1 + θ j ) · · · RN , j (θN + θ j )

×tr0
{

K +
0 (θ j )P0, j R j,0(2θ j )

}
R j,N (θ j − θN ) · · · R j j+1(θ j − θ j+1).

(5.1.20)

The crossing relation (1.5.6) of the R-matrix implies

t (θ j − 1) = tr0{σ y
0 K +

0 (θ j − 1)σ y
0 Rt0

0,N (−θ j + θN ) · · · Rt0
0,1(−θ j + θ1)

×σ
y
0 K −

0 (θ j − 1)σ y
0 Rt0

1,0(−θ1 − θ j ) · · · Rt0
0,N (−θN − θ j )}

= tr0{(σ y
0 K +

0 (θ j − 1)σ y
0 Rt0

0,N (−θ j + θN ) · · · Rt0
0,1(−θ j + θ1))

t0

×(σ
y
0 K −

0 (θ j − 1)σ y
0 Rt0

1,0(−θ1 − θ j ) · · · Rt0
0,N (−θN − θ j ))

t0}
= tr0{(σ y

0 K −
0 (θ j − 1)σ y

0 )t0 R0,1(−θ j + θ1) · · · R0,N (−θ j + θN )

×(σ
y
0 K +

0 (θ j − 1)σ y
0 )t0 RN ,0(−θN − θ j ) · · · R1,0(−θ1 − θ j )}

= R j, j+1(−θ j + θ j+1) · · · R j,N (−θ j + θN ){σ y
j K +

j (θ j − 1)σ y
j }t j

×RN , j (−θN − θ j ) · · · R j+1, j (−θ j+1 − θ j )R j−1, j (−θ j−1 − θ j ) · · ·
×R1, j (−θ1 − θ j )tr0

{
(σ

y
0 K −

0 (θ j − 1)σ y
0 )t0 P0, j R j,0(−2θ j )

}

×R j,1(−θ j + θ1) · · · R j, j−1(−θ j + θ j−1). (5.1.21)

With the help of the unitary property (1.5.5) of the R-matrix and the formulae

K −
j (u)tr0

{
(σ

y
0 K −

0 (u − 1)σ y
0 )t0 P0, j R j,0(−2u)

} = −Detq{K −(u)}, (5.1.22)

tr0
{

K +
0 (u)P0, j R j,0(2u)

} {
σ

y
j K +

j (u − 1)σ y
j

}t j = −Detq
{

K +(u)
}
, (5.1.23)

we find that the transfer matrix satisfies the relations

t (θ j )t (θ j − 1) = Δq(θ j )

(1 − 2θ j )(1 + 2θ j )
, j = 1, . . . , N , (5.1.24)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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with

Δq(u) = Detq{T (u)}Detq{T̂ (u)}Detq{K −(u)}Detq{K +(u)}, (5.1.25)

and

Detq{T (u)} =
N∏

j=1

(u − θ j + 1)(u − θ j − 1), (5.1.26)

Detq{T̂ (u)} =
N∏

j=1

(u + θ j + 1)(u + θ j − 1), (5.1.27)

Detq{K −(u)} = 2(u − 1)(p2 − u2), (5.1.28)

Detq{K +(u)} = 2(u + 1)
[
(1 + ξ2)u2 − q2

]
. (5.1.29)

The above quantum determinants can be easily calculated with the procedure intro-
duced in Sect. 2.4 of Chap. 2.

In addition, by checking the definition of the transfer matrix, it is easily deduced
that

t (0) = 2p q
N∏

j=1

(1 − θ j )(1 + θ j ), (5.1.30)

t (u) ∼ 2u2N+2 + · · · , for u → ±∞. (5.1.31)

The relations (5.1.24)–(5.1.31) together with the crossing symmetry (5.1.13)
determine the spectrum of the transfer matrix completely.

5.1.4 The Inhomogeneous T − Q Relation

The properties of the transfer matrix t (u) given by (5.1.13) and (5.1.24)–(5.1.31)
imply that the corresponding eigenvalue Λ(u), which is a polynomial of u, satisfies
the following relations:

Crossing symmetry: Λ(−u − 1) = Λ(u), (5.1.32)

Initial condition:Λ(0) = 2p q
N∏

j=1

(1 − θ j )(1 + θ j ) = Λ(−1), (5.1.33)

Asymptotic behavior:Λ(u) ∼ 2u2N+2 + · · · , u → ±∞, (5.1.34)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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and

Λ(θ j )Λ(θ j − 1) = Δq(θ j )

(1 − 2θ j )(1 + 2θ j )

= a(θ j )d(θ j − 1), j = 1, . . . , N , (5.1.35)

where

a(u) = 2u + 2

2u + 1
(u + p)[(1 + ξ2)

1
2 u + q]

N∏

j=1

(u + θ j + 1)(u − θ j + 1),

(5.1.36)

d(u) = 2u

2u + 1
(u − p + 1)[(1 + ξ2)

1
2 (u + 1) − q]

N∏

j=1

(u + θ j )(u − θ j )

= a(−u − 1). (5.1.37)

These conditions allow us to construct the following inhomogeneous T − Q
relation for each eigenvalue Λ(u):

Λ(u) = a(u)
Q(u − 1)

Q(u)
+ d(u)

Q(u + 1)

Q(u)
+ 2[1 − (1 + ξ2)

1
2 ]u(u + 1)

×
∏N

j=1(u + θ j )(u − θ j )(u + θ j + 1)(u − θ j + 1)

Q(u)
. (5.1.38)

The function Q(u) is parameterized by N Bethe roots {λ j | j = 1, . . . , N } as follows:

Q(u) =
N∏

j=1

(u − λ j )(u + λ j + 1). (5.1.39)

Such parametrization obviously satisfies the relation (5.1.35) and the asymptotic
behavior (5.1.34). To ensure Λ(u) to be a polynomial, the residues of Λ(u) at the
poles λ j must vanish, i.e., the N Bethe roots must satisfy the BAEs

a(λ j )Q(λ j − 1) + d(λ j )Q(λ j + 1) = −2[1 − (1 + ξ2)
1
2 ]λ j (λ j + 1)

×
N∏

l=1

(λ j + θl)(λ j − θl)(λ j + θl + 1)(λ j − θl + 1), j = 1, . . . , N ,

(5.1.40)
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with the selection rules λ j �= λl and λ j �= −λl − 1. Now we can safely take the
homogeneous limit θ j → 0. In this case, the functional T − Q relation is

Λ(u) = 2(u + 1)2N+1

2u + 1
(u + p)[(1 + ξ2)

1
2 u + q] Q(u − 1)

Q(u)

+2u2N+1

2u + 1
(u − p + 1)[(1 + ξ2)

1
2 (u + 1) − q] Q(u + 1)

Q(u)

+2[1 − (1 + ξ2)
1
2 ] [u(u + 1)]2N+1

Q(u)
, (5.1.41)

and the BAEs read

(
λ j + 1

λ j

)2N+1 (λ j + p)[(1 + ξ2)
1
2 λ j + q]

(λ j − p + 1)[(1 + ξ2)
1
2 (λ j + 1) − q]

= − Q(λ j + 1)

Q(λ j − 1)

− [1 − (1 + ξ2)
1
2 ](2λ j + 1)(λ j + 1)2N+1

(λ j − p + 1)[(1 + ξ2)
1
2 (λ j + 1) − q]Q(λ j − 1)

, j = 1, . . . , N . (5.1.42)

From the relation (5.1.12) we have the eigenvalue of the Hamiltonian in terms of the
Bethe roots given by

E = ∂ lnΛ(u)

∂u

∣∣∣∣
u=0,{θ j =0}

− N

=
N∑

j=1

2

λ j (λ j + 1)
+ N − 1 + 1

p
+ (1 + ξ2)

1
2

q
. (5.1.43)

It has been numerically verified [28] that the BAEs (5.1.42) give a complete set of
solutions. Here we list the numerical results for the case of N = 3 and 4 in Tables5.1
and 5.2.

We remark that (5.1.38) is one of the minimal inhomogeneous T − Q relations
for the present model given in [22]. For ξ = 0, the two boundary fields are parallel.
This is the case we studied in Chap.2. In this case, the inhomogeneous term in the
T − Q relation vanishes and part of the N Bethe roots may take the value of infinity.
The Q-function is thus reduced to

Q(u) =
M∏

j=1

(u − λ j )(u + λ j + 1), M = 0, . . . , N . (5.1.44)

We recover the result obtained via the algebraic Bethe Ansatz method.

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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Table 5.1 Numerical solutions of (5.1.42) for N = 3, p = −0.6, q = −0.3 and ξ = 1.2

λ1 λ2 λ3 En n

−4.10438 − 0.00000i −3.12345 − 0.00000i −0.50000 − 0.36233i −9.66040 1

−4.46781 − 0.00000i −1.54620 − 1.55846i −1.54620 + 1.55846i −5.22656 2

−4.42536 + 0.00000i −1.73347 + 0.00000i −0.50000 − 1.26655i −4.24721 3

−3.81357 − 0.51692i −3.81357 + 0.51692i −1.61102 + 0.00000i −2.49645 4

−4.42526 − 0.00000i −1.19169 + 0.00000i −0.50000 − 0.87145i 2.03247 5

−3.71762 − 0.15797i −3.71762 + 0.15797i −1.19200 + 0.00000i 4.25829 6

−4.35285 −1.50781 −1.19223 6.60218 7

−1.43080 − 0.20414i −1.43080 + 0.20414i −1.19144 + 0.00000i 8.73767 8

En is the nth eigenvalue of the Hamiltonian and n denotes the number of the energy levels. The
eigenvalues calculated from (5.1.43) are the same as those calculated with exact diagonalization of
the Hamiltonian

5.1.5 An Alternative Inhomogeneous T − Q Relation

The operator identities allow us to construct a variety of T − Q relation as we men-
tioned inChap.1. In this section,we introduce another convenient T −Q relation [22]

Λ(u) = a(u)
Q1(u − 1)

Q2(u)
+ d(u)

Q2(u + 1)

Q1(u)
+ 2[(−1)N − (1 + ξ2)

1
2 ]u(u + 1)

×
∏N

j=1(u + θ j )(u − θ j )(u + θ j + 1)(u − θ j + 1)

Q1(u)Q2(u)
, (5.1.45)

with

Q1(u) =
N∏

j=1

(u − λ j ), Q2(u) = (−1)N
N∏

j=1

(u + λ j + 1). (5.1.46)

Obviously, this T − Q relation also satisfies equation (5.1.35). The BAEs in the
homogeneous limit thus read

d(λ j )Q2(λ j + 1)Q2(λ j ) = −2[(−1)N − (1 + ξ2)
1
2 ][λ j (λ j + 1)]2N+1. (5.1.47)

The corresponding eigenvalue of the Hamiltonian is

E = −
N∑

j=1

2

λ j + 1
+ N − 1 + 1

p
+ (1 + ξ2)

1
2

q
. (5.1.48)

The numerical results for N = 3 and 4 listed in Tables5.3 and 5.4 indicate that the
T − Q relation (5.1.45) and the corresponding BAEs (5.1.47) also give the correct
and complete spectrum of the Hamiltonian.

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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Table 5.3 Numerical solutions of (5.1.47) for N = 3, p = −0.6, q = −0.3 and ξ = 1.2

λ1 λ2 λ3 En n

−5.47086 − 0.00000i −0.50127 − 0.36386i −0.50127 + 0.36386i −9.66040 1

−1.10173 − 1.31044i −1.10173 + 1.31044i 2.39785 − 0.00000i −5.22656 2

−1.75718 + 0.00000i −0.14959 − 0.98228i −0.14959 + 0.98228i −4.24721 3

−8.50064 + 0.00000i −1.61125 + 0.00000i 0.72177 − 0.00000i −2.49645 4

−1.19174 + 0.00000i −0.33280 − 0.55855i −0.33280 + 0.55855i 2.03247 5

−6.90555 − 0.00000i −1.19200 + 0.00000i 0.23184 + 0.00000i 4.25829 6

−1.41754 −1.19252 −0.45991 6.60218 7

−1.60035 −1.19205 13.93425 8.73767 8

En is the nth eigenvalue of the Hamiltonian and n denotes the number of the energy levels. The
eigenvalues calculated from (5.1.48) are the same as those calculated with exact diagonalization of
the Hamiltonian

5.2 Bethe States of the Open X X X Spin-1
2 Chain

The algebraic Bethe ansatz provides a useful method to construct eigenstates of
integrable models. Unfortunately, its application strongly depends on the existence
of a proper reference state. For integrable models without such obvious reference
state, an elegant method, namely, the separation of variables (SoV)method, was used
to derive the eigenstates of these models with inhomogeneity [17] by constructing
a simple basis of the Hilbert space. The Bethe states of the open X X X spin chain
with generic boundaries were first conjectured in [24] based on the inhomogeneous
T − Q relation. A systematic method to retrieve the eigenstates was developed in
[25]. This method allows us to construct both the SoV states and the Bethe states,
thus solving the homogeneous limit problem of the SoV approach. In this section,
we retrieve the eigenstates of the open X X X spin chain with generic boundaries.

5.2.1 Gauge Transformation of the Monodromy Matrices

It is easy to check that K +(u) can be diagonalized as

K̃ +(u) = G K +(u)G−1 =
(

q + (1 + ξ2)
1
2 (u + 1) 0

0 q − (1 + ξ2)
1
2 (u + 1)

)

≡
(

K̃ +
11(u) 0
0 K̃ +

22(u)

)
, (5.2.1)
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where the matrix G is given by

G =
(

ξ (1 + ξ2)
1
2 − 1

ξ − (1 + ξ2)
1
2 − 1

)
. (5.2.2)

Accordingly, the gauged K̃ −(u) matrix reads

K̃ −(u) = G K −(u)G−1 =

⎛

⎜⎜⎝
p + 1

(1+ξ2)
1
2

u (1+ξ2)
1
2 −1

(1+ξ2)
1
2

u

(1+ξ2)
1
2 +1

(1+ξ2)
1
2

u p − 1

(1+ξ2)
1
2

u

⎞

⎟⎟⎠

≡
(

K̃ −
11(u) K̃ −

12(u)

K̃ −
21(u) K̃ −

22(u)

)
. (5.2.3)

For convenience, we denote the double-row monodromy matrix as

U (u) = T (u) K −(u) T̂ (u) ≡
(
A (u) B(u)

C (u) D(u)

)
, (5.2.4)

and its gauged one as

Ũ (u) = G T (u) K −(u) T̂ (u)G−1 = GT (u)G−1 G K −(u)G−1 GT̂ (u)G−1

≡
( ˜A (u) B̃(u)

C̃ (u) D̃(u)

)
. (5.2.5)

The transfer matrix t (u) can be expressed in terms of both double-row monodromy
matrices

t (u) = K +
11(u)A (u) + K +

12(u)C (u) + K +
21(u)B(u) + K +

22(u)D(u)

= K̃ +
11(u) ˜A (u) + K̃ +

22(u) D̃(u). (5.2.6)

The explicit expression (5.2.2) of the G-matrix and the relation (5.2.5) between
the two double-row monodromy matrices allow us to derive the following relations
among their matrix elements:

˜A (u) = 1

2ξ(1 + ξ2)
1
2

{
ξ(1 + (1 + ξ2)

1
2 )A (u) + ξ2C (u)

+ ξ2B(u) − ξ(1 − (1 + ξ2)
1
2 )D(u)

}
, (5.2.7)
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C̃ (u) = 1

2ξ(1 + ξ2)
1
2

{
ξ(1 + (1 + ξ2)

1
2 )A (u) − (1 + (1 + ξ2)

1
2 )2C (u)

+ ξ2B(u) − ξ(1 + (1 + ξ2)
1
2 )D(u)

}
, (5.2.8)

D̃(u) = 1

2ξ(1 + ξ2)
1
2

{
ξ((1 + ξ2)

1
2 − 1)A (u) − ξ2C (u)

− ξ2B(u) + ξ(1 + (1 + ξ2)
1
2 )D(u)

}
. (5.2.9)

Both the double-rowmonodromymatrix and its gauged form satisfy the reflection
algebra (2.2.5). Due to the invariance (5.1.7) of R(u), the commutation relations
among ˜A (u), B̃(u), C̃ (u) and D̃(u) take the same forms as those among A (u),
B(u), C (u) and D(u) (see Sect. 2.2 of Chap.2):

C̃ (u) ˜A (v) = (u + v)(u − v + 1)

(u − v)(u + v + 1)
˜A (v)C̃ (u) − 1

u + v + 1
D̃(u)C̃ (v)

− u + v

(u − v)(u + v + 1)
˜A (u)C̃ (v), (5.2.10)

D̃(v)C̃ (u) = (u + v)(u − v + 1)

(u − v)(u + v + 1)
C̃ (u)D̃(v) − 1

u + v + 1
C̃ (v) ˜A (u)

− u + v

(u − v)(u + v + 1)
C̃ (v)D̃(u), (5.2.11)

˜A (u) ˜A (v) = ˜A (v) ˜A (u) + 1

u + v + 1
B̃(v)C̃ (u)

− 1

u + v + 1
B̃(u)C̃ (v), (5.2.12)

D̃(u)D̃(v) = D̃(v)D̃(u) + 1

u + v + 1
C̃ (v)B̃(u)

− 1

u + v + 1
C̃ (u)B̃(v), (5.2.13)

D̃(u) ˜A (v) = ˜A (v)D̃(u) − u + v + 2

(u − v)(u + v + 1)
B̃(u)C̃ (v)

+ u + v + 2

(u − v)(u + v + 1)
B̃(v)C̃ (u), (5.2.14)

[C̃ (u), C̃ (v)] = [B̃(u), B̃(v)] = 0. (5.2.15)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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5.2.2 SoV Basis

Let us introduce two local states of site n

|1〉n = (1 + ξ2)
1
2 + 1

2ξ(1 + ξ2)
1
2

| ↑〉n + 1

2(1 + ξ2)
1
2

| ↓〉n, n = 1, . . . , N , (5.2.16)

|2〉n = (1 + ξ2)
1
2 − 1

2ξ(1 + ξ2)
1
2

| ↑〉n − 1

2(1 + ξ2)
1
2

| ↓〉n, n = 1, . . . , N , (5.2.17)

and their dual states

n〈1| = ξ n〈↑ | + ((1 + ξ2)
1
2 − 1) n〈↓ |, n = 1, . . . , N ,

n〈2| = ξ n〈↑ | − ((1 + ξ2)
1
2 + 1) n〈↓ |, n = 1, . . . , N . (5.2.18)

These states satisfy the orthogonal relations

j 〈a|b〉k = δa,b δ j,k, a, b = 1, 2, j, k = 1, . . . , N .

Based on the above local states, we define two global product states

|Ω〉 = ⊗N
j=1|1〉 j , 〈Ω̄| = ⊗N

j=1 j 〈2|. (5.2.19)

For convenience, let us introduce the notation for the gauged one-rowmonodromy
matrix

G T (u) G−1 =
(

Ã(u) B̃(u)

C̃(u) D̃(u)

)
. (5.2.20)

It is easy to check that

Ã(u)|Ω〉 = ã(u)|Ω〉, D̃(u)|Ω〉 = d̃(u)|Ω〉, (5.2.21)

〈Ω̄| Ã(u) = ã(u)〈Ω̄|, 〈Ω̄|D̃(u) = d̃(u)〈Ω̄|, (5.2.22)

C̃(u)|Ω〉 = 〈Ω̄|B̃(u) = 0, (5.2.23)

with

d̃(u) = ã(u − 1) =
N∏

j=1

(u − θ j ). (5.2.24)
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Adopting a similar procedure to derive (2.2.37), by expanding C̃ (u) in terms of
elements of the gauged one-row monodromy matrices, we can easily deduce

C̃ (u)|Ω〉 = (−1)N K̃ −
21(u)d̃(−u − 1)d̃(u)|Ω〉, (5.2.25)

〈Ω̄| C̃ (u) = (−1)N K̃ −
21(u)ã(u)ã(−u − 1)〈Ω̄|. (5.2.26)

Noting that C̃ (u) forms a commuting family, i.e., [C̃ (u), C̃ (v)] = 0, therefore, its
eigenstates do not depend on the spectral parameter and form a basis of the Hilbert
space for generic {θ j }. Particularly

C̃ (θ j )|Ω〉 = C̃ (−θ j − 1)|Ω〉 = 0, (5.2.27)

〈Ω̄|C̃ (−θ j ) = 〈Ω̄|C̃ (θ j − 1) = 0, (5.2.28)

allow us to construct the SoV states as

|θp1, . . . , θpn 〉 = ˜A (θp1) · · · ˜A (θpn )|Ω〉, (5.2.29)

〈θq1 , . . . , θqn | = 〈Ω̄|D̃(−θq1) · · · D̃(−θqn ), (5.2.30)

where q j , p j ∈ {1, . . . , N }, p1 < p2 < · · · < pn and q1 < q2 < · · · < qn . Using
the relations (5.2.10)–(5.2.14) and the relations (5.2.27) and (5.2.28), we conclude
that the above states are exactly the eigenstates of C̃ (u)

C̃ (u)|θp1 , . . . , θpn 〉 = h(u, {θp1 , . . . , θpn })|θp1, . . . , θpn 〉, (5.2.31)

〈θq1 , . . . , θqn |C̃ (u) = h̄(u, {θq1 , . . . , θqn })〈θq1 , . . . , θqn |, (5.2.32)

with the corresponding eigenvalues being

h(u, {θp1 , . . . , θpn }) = (−1)N K̃ −
21(u)d̃(u)d̃(−u − 1)

×
n∏

j=1

(u + θp j )(u − θp j + 1)

(u − θp j )(u + θp j + 1)
, (5.2.33)

h̄(u, {θq1 , . . . , θqn }) = (−1)N K̃ −
21(u)ã(u)ã(−u − 1)

×
n∏

j=1

(u − θq j )(u + θq j + 1)

(u + θq j )(u − θq j + 1)
. (5.2.34)

It follows from (5.2.12) that the operators ˜A (u) with different generic spectral
parameters are notmutually commuting. However, the commutation relation (5.2.12)
and the relations (5.2.31) and (5.2.33) imply that the state |θp1 , . . . , θpn 〉 does not
depend on the order of ˜A (θp j ) in the right hand side of (5.2.29). Similarly, the

state 〈θq1 , . . . , θqn | is independent of the order of D̃(−θq j ) in the right hand side of
(5.2.30).

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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For generic inhomogeneous parameters {θ j }, (5.2.31)–(5.2.32) imply that the left
states and right states satisfy the relations

〈θq1 , . . . , θqm |θp1 , . . . , θpn 〉 = fn(θp1 , . . . , θpn )δm+n,N δ{q},{p}, (5.2.35)

where δ{q},{p} is defined as

δ{q},{p} =
{
1 if {q1, . . . , qm, p1, . . . , pn} = {1, . . . , N },
0 otherwise,

(5.2.36)

and fn(θp1 , . . . , θpn ) is given by

fn(θp1 , . . . , θpn ) = 〈θpn+1 , . . . , θpN |θp1 , . . . , θpn 〉

=
n∏

j=1

(−1)N K̃ −
21(θp j )d̃(−θp j − 1)ã(θp j )

N∏

k=n+1

(−1)N K̃ −
21(−θpk )

×ã(−θpk )d̃(θpk − 1)
n∏

j=1

n∏

l> j

θp j + θpl

θp j + θpl + 1

N∏

j=n+1

N∏

l> j

θp j + θpl

θp j + θpl − 1

×
n∏

j=1

N∏

l=n+1

θpl − θp j

θpl − θp j − 1
, (5.2.37)

with the convention p1 < · · · < pn and pn+1 < · · · < pN .
The right states {|θp1, . . . , θpn 〉} given by (5.2.29) (or the left states {〈θp1 , . . . ,

θpn |} given by (5.2.30)) form a right (or left) basis of the Hilbert space. Therefore,
any right (or left) state can be decomposed as a unique linear combination of the
basis.

5.2.3 The Scalar Product Fn(θ p1, . . . , θ pn)

Assume 〈Ψ | to be a common eigenstate of the transfer matrix t (u), namely,

〈Ψ | t (u) = 〈Ψ | Λ(u),

where the eigenvalue Λ(u) is given by (5.1.38). Following the method used in
Sect. 4.5 of Chap.4, we introduce

Fn(θp1 , . . . , θpn ) = 〈Ψ |θp1 , . . . , θpn 〉. (5.2.38)

http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_4
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Let us consider the quantity 〈Ψ |t (θpn+1)|θp1, . . . , θpn 〉. Acting t (θpn+1) to the left
and to the right alternately, we obtain the relation

Λ(θpn+1)Fn(θp1 , . . . , θpn ) = 〈Ψ |t (θpn+1)|θp1 , . . . , θpn 〉
= K̃ +

11(θpn+1) Fn+1(θp1 , . . . , θpn+1)

+K̃ +
22(θpn+1) 〈Ψ |D̃(θpn+1)

n∏

j=1

˜A (θp j )|Ω〉.

Using (5.2.14), (5.2.31) and (5.2.33), we have

Λ(θpn+1)Fn(θp1 , . . . , θpn ) = K̃ +
11(θpn+1) Fn+1(θp1 , . . . , θpn+1)

+K̃ +
22(θpn+1) 〈Ψ |

n∏

j=1

˜A (θp j )D̃(θpn+1)|Ω〉. (5.2.39)

With a similar procedure to derive (2.2.37) and (5.2.25), we can easily derive the
equation

D̃(θp j )|Ω〉 = 1

2θp j + 1
˜A (θp j )|Ω〉, j = 1, . . . , N . (5.2.40)

Substituting (5.2.40) into the relation (5.2.39), we obtain

Λ(θpn+1)Fn(θp1 , . . . , θpn ) = (2θpn+1 + 1)K̃ +
11(θpn+1) + K̃ +

22(θpn+1)

2θpn+1 + 1

×Fn+1(θp1 , . . . , θpn+1). (5.2.41)

The above recursive relation allows us to determine {Fn(θp1 , . . . , θpn )} as

Fn(θp1 , . . . , θpn ) =
n∏

j=1

(2θp j + 1)Λ(θp j )

(2θp j + 1)K̃ +
11(θp j ) + K̃ +

22(θp j )
F0,

where F0 = 〈Ψ |Ω〉 is an overall scalar factor.
Keeping the explicit expression of the eigenvalueΛ(u) given by (5.1.38) in mind,

we further rewrite the above expression of {Fn(θp1 , . . . , θpn )} as follows

Fn(θp1 , . . . , θpn ) = 〈Ψ |θp1, . . . , θpn 〉

=
n∏

j=1

(−1)N (θp j + p) ã(θp j )d̃(−θp j − 1)
Q(θp j − 1)

Q(θp j )
F0,

n = 0, . . . , N . (5.2.42)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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The eigenstates are thus expressed as

〈Ψ | =
N∑

n=0

∑

{p j }

Fn(θp1 , . . . , θpn )

fn(θp1 , . . . , θpn )
〈θpn+1 , . . . , θpN |, (5.2.43)

with p1 < · · · < pn and pn+1 < · · · < pN .

5.2.4 The Inner Product 〈0|θ p1, . . . , θ pn〉

An important quantity we shall use is 〈0|θp1 , . . . , θpn 〉. From the definition (5.2.29)
we have

〈0|θp1 , . . . , θpn+1〉 = 〈0| ˜A (θpn+1) |θp1 , . . . , θpn 〉.

With a similar procedure to derive (2.2.37), we find that the following relations
hold:

〈0|A (u) = (−1)N K −
11(u) ã(u) d̃(−u − 1) 〈0|, (5.2.44)

〈0|D(u) = (−1)N 1

2u + 1
K −
11(u) ã(u) d̃(−u − 1) 〈0|

+ (−1)N (2u + 1)K −
22(u) − K −

11(u)

2u + 1
d̃(u) ã(−u − 1) 〈0|, (5.2.45)

〈0|B(u) = 0. (5.2.46)

From (5.2.7)–(5.2.8) we deduce that 〈0| ˜A (θpn+1) can be expressed as a linear
combination of 〈0| and 〈0|C̃ (θpn+1), which induces the recursive relation

〈0|θp1 , . . . , θpn+1〉 = (−1)N K −
11(θpn+1)ã(θpn+1)d̃(−θpn+1 − 1)

×〈0|θp1 , . . . , θpn 〉, n = 0, . . . , N − 1, (5.2.47)

and gives rise to

〈0|θp1 , . . . , θpn 〉 =
n∏

j=1

(−1)N (θp j + p) ã(θp j )d̃(−θp j − 1)〈0|Ω〉,

n = 0, . . . , N . (5.2.48)

With the help of (5.2.16) and (5.2.19), it is easy to check that for a generic nonzero
ξ the overall constant 〈0|Ω〉 does not vanish.

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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5.2.5 Bethe States

For each solution of the BAEs (5.1.40), let us introduce the left Bethe state

〈λ1, . . . , λN | = 〈0|
N∏

j=1

C̃ (λ j ). (5.2.49)

The relations (5.2.31), (5.2.33) and (5.2.48) imply that

〈λ1, . . . , λN |θp1 , . . . , θpn 〉 =
n∏

j=1

(−1)N (θp j + p)ã(θp j )d̃(−θp j − 1)

× Q(θp j − 1)

Q(θp j )

N∏

k=1

(−1)N K̃ −
21(λk)d̃(λk)d̃(−λk − 1)〈0|Ω〉,

n = 0, . . . , N . (5.2.50)

Comparing the above expression with (5.2.42), we conclude that the Bethe state
〈λ1, . . . , λN | given by (5.2.49) is an eigenstate (up to an irrelevant normalization
factor) of the transfer matrix t (u) with the corresponding eigenvalue (5.1.38), pro-
vided that the parameters {λ j } satisfy the BAEs (5.1.40).

It follows from their definition that the two “reference” states |0〉 and 〈0| are
independent of the inhomogeneous parameters {θ j }. It is easy to check that all of the
operator C̃ (u) (also ˜A (u), B̃(u) and D̃(u)), the T − Q relation (5.1.38) and the
associated BAEs (5.1.40) have well-defined homogeneous limits of {θ j → 0}. This
implies that the homogeneous limit of the Bethe state 〈λ1, . . . , λN | gives rise to a
left eigenstate of the transfer matrix for the homogeneous open XXX spin- 12 chain.

It should be remarked that the common eigenstates of B̃(u) also span the Hilbert
space and the Bethe states associated with the T − Q relation (5.1.45) and the BAEs
(5.1.48) can be constructed with the same procedure as

|λ1, . . . , λN 〉 =
N∏

j=1

B̃(λ j )|0〉, (5.2.51)

which is an eigenstate of the transfer matrix t (u) with the corresponding eigenvalue
(5.1.38), provided that the parameters {λ j } satisfy the BAEs (5.1.40). The corre-
sponding eigenvalue and BAEs are given by the homogeneous limits of (5.1.38) and
(5.1.40).

We note that for ξ = 0, the present method does not work, since the eigenstates of
C (u) andB(u) can not form SoV basis. In that case, the eigenstates can be obtained
via the algebraic Bethe Ansatz method introduced in Chap. 2.

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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5.3 Spectrum of the Open XXZ Spin-1
2 Chain

5.3.1 The Model Hamiltonian

For theXXZ spin- 12 chain, the correspondingmonodromymatrices and transfermatrix
are still defined by (5.1.8)–(5.1.11) but with the R-matrix (4.1.3) and the K -matrices

K −(u) =
(

K −
11(u) K −

12(u)

K −
21(u) K −

22(u)

)
,

K −
11(u) = 2

[
sinh(α−) cosh(β−) cosh(u) + cosh(α−) sinh(β−) sinh(u)

]
,

K −
22(u) = 2

[
sinh(α−) cosh(β−) cosh(u) − cosh(α−) sinh(β−) sinh(u)

]
,

K −
12(u) = eθ− sinh(2u), K −

21(u) = e−θ− sinh(2u), (5.3.1)

and

K +(u) = K −(−u − η)
∣∣
(α−,β−,θ−)→(−α+,−β+,θ+)

, (5.3.2)

which respectively satisfy RE (5.1.5) and the dual RE (5.1.6) associated with the
R-matrix (4.1.3). Here α∓, β∓, θ∓ are the boundary parameters associated with the
boundary field terms. The Hamiltonian reads

H = sinh η
∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

− N cosh η − tanh η sinh η

= 2 sinh η

N−1∑

j=1

Pj, j+1R′
j, j+1(0) + sinh η

tr0K +
0

′
(0)

tr0K +
0 (0)

+2 sinh η
tr0K +

0 (0)PN ,0R′
N ,0(0)

tr0K +
0 (0)

+ sinh η
K −
1

′
(0)

K −
1 (0)

−N cosh η − tanh η sinh η

=
N−1∑

j=1

[
σ x

j σ x
j+1 + σ

y
j σ

y
j+1 + cosh ησ z

j σ
z
j+1

]

+ sinh η

sinh α− cosh β−
(cosh α− sinh β−σ z

1 + cosh θ−σ x
1 + i sinh θ−σ

y
1 )

− sinh η

sinh α+ cosh β+
(cosh α+ sinh β+σ z

N − cosh θ+σ x
N − i sinh θ+σ

y
N ).

(5.3.3)

http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_4
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5.3.2 Functional Relations

With the same procedure introduced in Sect. 5.1, we can deduce the quantum deter-
minant Δq(u) for the present case as

Δq(u) = −24
sinh(2u − 2η) sinh(2u + 2η)

sinh2 η
sinh(u + α−) sinh(u − α−)

× cosh(u + β−) cosh(u − β−) sinh(u + α+) sinh(u − α+)

× cosh(u + β+) cosh(u − β+) sinh−4N η

N∏

l=1

sinh(u + θl + η)

× sinh(u − θl + η) sinh(u + θl − η) sinh(u − θl − η). (5.3.4)

The operator product identities are

t (θ j )t (θ j − η) = Δq(θ j ) sinh η sinh η

sinh(η − 2θ j ) sinh(η + 2θ j )
× id, j = 1, . . . , N . (5.3.5)

In addition, the following crossing relation holds:

t (−u − η) = t (u). (5.3.6)

The quasi-periodicity of the R-matrix and K -matrices

R1,2(u + iπ) = −σ z
1 R1,2(u) σ z

1 = −σ z
2 R1,2(u) σ z

2 , (5.3.7)

K ±(u + iπ) = −σ z K ±(u) σ z, (5.3.8)

and the following properties of K −(u)

K −(0) = 1

2
tr [K −(0)] × id, (5.3.9)

K −
(

iπ

2

)
= 1

2
tr

[
K −

(
iπ

2

)
σ z
]

× σ z, (5.3.10)

allow us to derive the equations of t (u)

t (u + iπ) = t (u), (5.3.11)

t (0) = −23 sinh α− cosh β− sinh α+ cosh β+ cosh η

×
N∏

l=1

sinh(η − θl) sinh(η + θl)

sinh2 η
× id, (5.3.12)

t

(
iπ

2

)
= −23 cosh α− sinh β− cosh α+ sinh β+ cosh η



5.3 Spectrum of the Open XXZ Spin- 12 Chain 143

×
N∏

l=1

sinh
( iπ
2 + θl + η

)
sinh

( iπ
2 + θl − η

)

sinh2 η
× id, (5.3.13)

lim
u→±∞ t (u) = −cosh(θ− − θ+)e±[(2N+4)u+(N+2)η]

22N+1 sinh2N η
× id + · · · . (5.3.14)

The relations (5.3.5)–(5.3.6) and (5.3.11)–(5.3.14) can completely determine the
eigenvalue function Λ(u). These equations imply the following functional relations
of Λ(u):

Λ(θ j )Λ(θ j − η) = Δq(θ j ) sinh η sinh η

sinh(η − 2θ j ) sinh(η + 2θ j )
, j = 1, . . . , N , (5.3.15)

Λ(−u − η) = Λ(u), Λ(u + iπ) = Λ(u), (5.3.16)

Λ(0) = −23 sinh α− cosh β− sinh α+ cosh β+ cosh η

×
N∏

l=1

sinh(η − θl) sinh(η + θl)

sinh2 η
, (5.3.17)

Λ

(
iπ

2

)
= −23 cosh α− sinh β− cosh α+ sinh β+ cosh η

×
N∏

l=1

sinh
( iπ
2 + θl + η

)
sinh

( iπ
2 + θl − η

)

sinh2 η
, (5.3.18)

lim
u→±∞ Λ(u) = −cosh(θ− − θ+)e±[(2N+4)u+(N+2)η]

22N+1 sinh2N η
+ · · · . (5.3.19)

A simple analysis, as we used in the previous sections, leads to the fact that

Λ(u), as an entire function of u, is a trigonometric

polynomial of degree 2N + 4. (5.3.20)

Asweproved for theXXXspin- 12 chain inChap.1,we can show that the functional
relations (5.3.15)–(5.3.20) completely determine the function Λ(u) and imply the
inhomogeneous T − Q relation formalism.

5.3.3 The Inhomogeneous T − Q Relation

For convenience, let us introduce the notation

Ā(u) =
N∏

l=1

sinh(u − θl + η) sinh(u + θl + η)

sinh2 η
, (5.3.21)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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a(u) = −22
sinh(2u + 2η)

sinh(2u + η)
sinh(u − α−) cosh(u − β−)

× sinh(u − α+) cosh(u − β+) Ā(u), (5.3.22)

d(u) = a(−u − η), (5.3.23)

and the Q-functions

Q1(u) =
N+m∏

j=1

sinh(u − μ j )

sinh η
, (5.3.24)

Q2(u) =
N+m∏

j=1

sinh(u + μ j + η)

sinh η
= Q1(−u − η), (5.3.25)

where m = 0 for an even N and m = 1 for an odd N . The inhomogeneous T − Q
relation for the present case reads

Λ(u) = a(u)
Q1(u − η)

Q2(u)
+ d(u)

Q2(u + η)

Q1(u)
+ sinhm u sinhm(u + η)

sinh2m η

×2c̄ sinh(2u) sinh(2u + 2η)

Q1(u)Q2(u)
Ā(u) Ā(−u − η). (5.3.26)

To match the asymptotic behavior (5.3.19), the parameter c̄ must take the value

c̄ = cosh

⎡

⎣(N + 1 + 2m)η + α− + β− + α+ + β+ + 2
N+m∑

j=1

μ j

⎤

⎦

− cosh(θ− − θ+). (5.3.27)

If the N + m parameters {μ j | j = 1, . . . , N + m} satisfy the BAEs

2c̄ sinh(2μ j ) sinh(2μ j + 2η) Ā(μ j ) Ā(−μ j − η)

d(μ j )Q2(μ j )Q2(μ j + η)

= − sinh2m η

sinhm μ j sinhm(μ j + η)
, (5.3.28)

the function Λ(u) parameterized by the T − Q relation (5.3.26) is a solution of
(5.3.15)–(5.3.20). Note that the selection rules

μ j �= μl , and μ j �= −μl − η, (5.3.29)

must hold to ensure the simplicity of the poles in (5.3.26).
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In the homogeneous limit θ j = 0, the BAEs (5.3.28) are reduced to

c̄ sinh(2μ j + η) sinh(2μ j + 2η) sinhm μ j sinhm(μ j + η) sinh2N (μ j + η)

2 sinh(μ j + α− + η) cosh(μ j + β− + η) sinh(μ j + α+ + η) cosh(μ j + β+ + η)

=
N+m∏

l=1

sinh(μ j + μl + η) sinh(μ j + μl + 2η), j = 1, . . . , N + m.

(5.3.30)

The eigenvalue of the Hamiltonian (5.3.3) in terms of the Bethe roots is given by

E = − sinh η
[
coth α− + tanh β− + coth α+ + tanh β+

]

−2 sinh η

N+m∑

j=1

coth(μ j + η) + (N − 1) cosh η. (5.3.31)

To check the completeness of the solutions, numerical solution of the BAEs
(5.3.30) and exact diagonalization of the Hamiltonian were performed in [23] for
small N and a randomly chosen η and the boundary parameters α±, β± and θ±. Here
we list the numerical results for N = 3 and 4 in Tables5.5 and 5.6, respectively. The
numerical results indicate that the BAEs (5.3.30) indeed give the complete spectrum
of the Hamiltonian.

Now let us seek the c̄ = 0 solutions of the BAEs. In this case, a constraint among
the boundary parameters is needed [9, 10, 29, 30], and a proper reference state may
exist, which allows us to apply the conventional Bethe Ansatz methods. For c̄ = 0,
from the BAEs (5.3.28) we find that the Bethe roots {μ j } might form two types of
pairs:

(μl ,−μl − η), (μl ,−μl − 2η), (5.3.32)

and the T − Q relation (5.3.26) is reduced to a conventional one

Λ(u) = a(u)
Q̄(u − η)

Q̄(u)
+ d(u)

Q̄(u + η)

Q̄(u)
, (5.3.33)

with

Q̄(u) =
M∏

j=1

sinh(u − μl) sinh(u + μl + η)

sinh2 η
,

and M is the number of the first type of pairs in (5.3.32). The constraint (5.3.27)
allows us to fix the integer M by the condition
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(N − 1 − 2M)η = α− + β− + α+ + β+ ± (θ− − θ+) mod(2iπ). (5.3.34)

This constraint condition was originally found in [9, 10].
In fact, another set of c̄ = 0 solutions of the BAEs (5.3.30) also exists, namely,

(μl ,−μl − η),

(
α− − η, α+ − η, β− − η + iπ

2
, β+ − η + iπ

2

)
, (μl ,−μl − 2η).

In this case, the constraint condition (5.3.34) can be rewritten with another integer
M̄ = N − 1 − M as

(2M̄ + 1 − N )η = α− + β− + α+ + β+ ± (θ− − θ+) mod(2iπ). (5.3.35)

The resulting T − Q relation thus reads

Λ(u) = ā(u)
Q̄(u − η)

Q̄(u)
+ d̄(u)

Q̄(u + η)

Q̄(u)
, (5.3.36)

with

ā(u) = −22
sinh(2u + 2η)

sinh(2u + η)
sinh(u + α−) cosh(u + β−)

× sinh(u + α+) cosh(u + β+) Ā(u), (5.3.37)

d̄(u) = ā(−u − η), (5.3.38)

Q̄(u) =
M̄∏

j=1

sinh(u − μl) sinh(u + μl + η)

sinh2 η
. (5.3.39)

The two resulting conventional T − Q relations (5.3.33) and (5.3.36) with the
constraints (5.3.34) recover the Bethe Ansatz solutions [9–11, 14]. We remark that
in the diagonal boundary limit α± or β± → ∞, theU (1)-symmetry is recovered and
the resulting T − Q relation is reduced to the conventional formwith M = 0, . . . , N .
It should also be remarked that there are in fact several choices for the functions a(u)

and d(u), depending on the decomposition of the quantumdeterminant. Naturally, we
can respectively replace the boundary parameters α+, β+, α− and β− by ε1α+, ε2β+,
ε3α− and ε4β− in a(u), d(u) and c̄ with {εi = ±1|i = 1, 2, 3, 4} and∏4

i=1 εi = 1.
Accordingly, the degenerate condition (5.3.34) becomes

(N − 1 − 2M)η = ε1α− + ε2β− + ε3α+ + ε4β+ ± (θ− − θ+) mod(2iπ),

(5.3.40)

under which a homogeneous T − Q relation exists and the method developed in [9]
is applicable.
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5.3.4 An Alternative Inhomogeneous T − Q Relation

As for the X X X case, an alternative T − Q relation similar to equation (5.1.38) also
exists:

Λ(u) = a(u)
Q(u − η)

Q(u)
+ d(u)

Q(u + η)

Q(u)

+2c sinh(2u) sinh(2u + 2η)

Q(u)
Ā(u) Ā(−u − η), (5.3.41)

where functions Ā(u), a(u) and d(u) are given by (5.3.21)–(5.3.23), and the Q-
function reads

Q(u) =
N∏

j=1

sinh(u − μ j ) sinh(u + μ j + η)

sinh2 η
. (5.3.42)

To match the asymptotic behavior of (5.3.19), the parameter c must take the value

c = cosh
[
(N + 1)η + α− + β− + α+ + β+

]

− cosh(θ− − θ+). (5.3.43)

Obviously, the above T − Q relation satisfies the functional relations (5.3.15)–
(5.3.19). The regular property (5.3.20) induces the following BAEs

a(μ j )Q(μ j − η) + d(μ j )Q(μ j + η)

+2c sinh(2μ j ) sinh(2μ j + 2η) Ā(μ j ) Ā(−μ j − η) = 0. (5.3.44)

The corresponding eigenvalue of theHamiltonian in terms of theBethe roots {μ j | j =
1, . . . , N } with {θ j = 0| j = 1, . . . , N } reads

E = − sinh η[coth α− + tanh β− + coth α+ + tanh β+]

+2
N∑

j=1

sinh2 η

sinhμ j sinh(μ j + η)
+ (N − 1) cosh η. (5.3.45)

The numerical results for N = 3 and 4 shown in Tables5.7 and 5.8 imply that the
T − Q relation (5.3.41) and the BAEs (5.3.44) indeed give the correct and complete
solutions.
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Table 5.7 Numerical solutions of the BAEs (5.3.44) for N = 3, {θ j = 0}, η = 0.5, α+ = 1,
α− = 0.8, β+ = 0.4, β− = 0.3, θ+ = 0.7i and θ− = 0.9i

μ1 μ2 μ3 En n

−1.06915 − 0.24629i −1.06915 + 0.24629i −0.25000 + 0.15380i −4.85901 1

−1.14894 − 0.00000i −0.56599 + 0.00000i −0.06600 + 0.00000i −3.59385 2

−1.16389 − 0.27755i −1.16389 + 0.27755i −0.25000 + 0.65753i −0.12505 3

−1.00194 − 0.02084i −1.00194 + 0.02084i −0.25000 − 0.43639i −0.04790 4

−1.14715 + 0.00000i −1.02769 − 0.48866i −1.02769 + 0.48866i 1.14491 5

−0.98811 −0.97869 − 0.37467i −0.97869 + 0.37467i 1.88549 6

−0.92025 − 0.00000i −0.88426 − 0.29853i −0.88426 + 0.29853i 2.56765 7

−0.87087 + 0.00000i −0.82191 − 0.27455i −0.82191 + 0.27455i 3.02776 8

En is the nth eigenvalue of the Hamiltonian, and n denotes the number of the energy levels. The
eigenvalues calculated from (5.3.45) are the same as those calculated with exact diagonalization of
the Hamiltonian

5.4 Thermodynamic Limit and Surface Energy

The Bethe root distribution of the ODBA equations is somewhat complicated com-
pared to that of the conventional BAEs. This makes it difficult to use these equations
to approach the thermodynamic limit of such models. Nevertheless, a method to
address this problem was developed in [27] based on the reduced BAEs. The cen-
tral point of this approach is that in the thermodynamic limit the two boundaries are
decoupled and a fixed M in the reduced BAEsmay give the complete set of solutions.
We introduce this method by using the open XXZ spin chain with generic boundary
fields as an example.

5.4.1 Reduced BAEs for Imaginary η

We consider the imaginary η and θ± case. To ensure the Hamiltonian to be hermitian,
we assume α± to be imaginary and β± to be real. Let us examine the degenerate
points of η in (5.3.34) with M = N and β± = ±β,

ηm = −α− + α+ ± (θ− − θ+) + 2π im

N + 1
, (5.4.1)

where m is an arbitrary integer. For convenience, we introduce the notations λ j =
μ j + η

2 , ia± = α± + η
2 , η = iγ , with a±, γ ∈ (0, π). The reduced BAEs for η = ηm

read
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[
sinh(λ j − i γ

2 )

sinh(λ j + i γ
2 )

]2N
sinh(2λ j − iγ )

sinh(2λ j + iγ )

sinh(λ j + ia+)

sinh(λ j − ia+)

× sinh(λ j + ia−)

sinh(λ j − ia−)

cosh(λ j + β + i γ
2 )

cosh(λ j + β − i γ
2 )

cosh(λ j − β + i γ
2 )

cosh(λ j − β − i γ
2 )

= −
N∏

l=1

sinh(λ j − λl − iγ ) sinh(λ j + λl − iγ )

sinh(λ j − λl + iγ ) sinh(λ j + λl + iγ )
, j = 1, . . . , N . (5.4.2)

The corresponding eigenvalue of the Hamiltonian in terms of the Bethe roots is thus

E = −
N∑

j=1

4 sin2 γ

cosh(2λ j ) − cos γ
− sin γ

[
cot
(

a+ − γ

2

)

+ cot
(

a− − γ

2

)]
+ (N − 1) cos γ. (5.4.3)

It is important to note that the reducedBAEs (5.4.2) give a complete set of solutions
as verified numerically in [27, 31]. Here we list the numerical solutions of (5.4.2)
for N = 3 and 4 with randomly chosen boundary parameters in Tables5.9 and 5.10.

5.4.2 Surface Energy in the Critical Phase

Based on the reduced BAEs (5.4.2), the thermodynamic limit of the present model
can be constructed with the conventional methods introduced in Chap.2. To show
the procedure clearly, let us introduce the derivation of the surface energy at the
degenerate crossing parameter points given in (5.4.1). From (5.4.3) we know that the

Table 5.9 The numerical solutions of (5.4.2) for N = 3 with the parameters η = −i , α+ = 2i ,
α− = 3i , β+ = 1, β− = −1, θ+ = 2i , θ− = i and m = 0

λ1 λ2 λ3 En n

−1.48510 + 0.67075i −1.48510 + 2.47085i 0.36994 − 0.00000i −9.10664 1

−0.63430 − 1.57080i −0.38556 + 0.50089i −0.38556 − 0.50089i −5.80407 2

−1.11069 + 1.00247i −1.11069 + 2.13912i −1.10123 − 0.00000i −5.30177 3

−1.68396 − 0.65365i 0.59457 + 1.57080i 1.68396 − 0.65365i −4.08354 4

−0.51260 − 1.57080i −0.38055 + 0.00000i −0.00000 + 0.64158i 3.46000 5

−1.56515 − 0.66501i −0.00000 + 0.64158i 1.56515 − 0.66501i 5.73191 6

−0.00000 + 0.64159i 0.25391 − 1.57080i 1.09544 + 0.00000i 6.81205 7

−0.94157 + 1.57080i −0.00000 + 0.64159i 0.20977 + 1.57080i 8.29206 8

The symbol n indicates the level number. The eigenvalues En calculated from (5.4.3) are the same
as those from the exact diagonalization of the Hamiltonian (reproduced from [27])

http://dx.doi.org/10.1007/978-3-662-46756-5_2


5.4 Thermodynamic Limit and Surface Energy 153

Ta
bl

e
5.

10
T
he

nu
m
er
ic
al
so
lu
tio

ns
of

(5
.4
.2
)
fo
r

N
=

4
w
ith

th
e
pa
ra
m
et
er
s
γ

=
1,

a +
=

2.
5,

a −
=

1.
5,

β
=

1,
θ −

=
3i
,θ

+
=

−5
i
an
d

m
=

0

λ
1

λ
2

λ
3

λ
4

E
n

n

−1
.6
67
62

−
0.
00
00
0i

−1
.2
16
32

+
1.
57
08
0i

−0
.5
50
18

+
0.
00
00
0i

−0
.2
13
16

+
0.
00
00
0i

−5
.9
33
42

1

−0
.9
20
25

−
0.
00
00
0i

−0
.9
18
93

+
0.
99
51
8i

0.
20
50
1

−
3.
14
15
9i

0.
91
89
3

+
0.
99
51
8i

−3
.8
52
43

2

−0
.9
46
90

−
2.
65
58
2i

−0
.6
88
31

−
1.
57
08
0i

−0
.1
97
33

−
0.
00
00
0i

0.
94
69
0

+
3.
62
73
7i

−3
.5
81
23

3

−0
.4
69
31

−
1.
57
08
0i

−0
.1
79
31

−
0.
00
00
0i

1.
43
23
2

+
1.
57
08
0i

1.
90
42
6

−
0.
00
00
0i

−2
.3
51
48

4

−0
.9
14
10

+
0.
00
00
0i

−0
.9
11
60

−
0.
99
28
7i

−0
.9
11
60

+
0.
99
28
7i

−0
.5
01
19

+
0.
00
00
0i

−1
.4
75
31

5

−0
.8
75
62

−
3.
62
85
0i

−0
.8
75
62

+
0.
48
69
0i

−0
.5
77
55

−
1.
57
08
0i

−0
.4
58
93

−
0.
00
00
0i

−1
.3
68
88

6

0.
39
49
7

−
3.
14
15
9i

0.
39
55
4

+
1.
57
08
0i

1.
40
89
4

+
1.
57
08
0i

1.
87
94
0

+
0.
00
00
0i

−0
.4
31
22

7

−1
.7
76
82

+
0.
00
00
0i

−0
.4
83
16

+
0.
50
05
8i

0.
48
31
6

+
0.
50
05
8i

1.
32
86
8

−
1.
57
08
0i

0.
08
19
5

8

−1
.4
03
29

+
0.
00
00
0i

−0
.8
95
79

−
2.
13
79
2i

0.
89
23
6

+
0.
00
00
0i

0.
89
57
9

+
1.
00
36
7i

0.
98
41
4

9

−0
.5
51
49

+
0.
49
96
4i

−0
.3
86
46

−
1.
57
08
0i

0.
55
14
9

+
0.
49
96
4i

1.
39
98
6

+
0.
00
00
0i

1.
15
59
4

10

−1
.8
01
15

−
0.
00
00
0i

−1
.3
29
16

+
1.
57
08
0i

−0
.7
28
84

−
0.
00
00
0i

−0
.2
87
85

+
1.
57
08
0i

1.
68
69
2

11

−0
.9
28
75

−
1.
57
08
0i

−0
.9
07
86

+
0.
99
95
6i

−0
.9
07
86

+
2.
14
20
4i

−0
.9
06
93

+
0.
00
00
0i

2.
08
87
7

12

−0
.8
62
25

+
1.
57
08
0i

−0
.4
67
38

−
2.
64
16
2i

0.
33
67
4

−
1.
57
08
0i

0.
46
73
8

+
0.
49
99
7i

2.
26
19
4

13

−0
.9
35
79

+
0.
99
86
4i

−0
.9
35
36

−
0.
00
00
0i

0.
23
08
7

+
1.
57
08
0i

0.
93
57
9

−
2.
14
29
5i

3.
06
94
0

14

0.
22
28
0

+
1.
57
08
0i

0.
92
38
5

−
1.
57
08
0i

1.
13
16
0

−
0.
48
93
3i

1.
13
16
0

+
0.
48
93
3i

3.
33
18
6

15

−1
.5
68
49

−
1.
57
08
0i

−0
.7
53
87

+
1.
57
08
0i

0.
19
16
2

+
1.
57
08
0i

2.
05
39
0

+
0.
00
00
0i

4.
33
30
6

16

T
he

ei
ge
nv
al
ue
s

E
n
ca
lc
ul
at
ed

fr
om

(5
.4
.3
)
ar
e
th
e
sa
m
e
as

th
os
e
fr
om

th
e
ex
ac
td

ia
go
na
liz
at
io
n
of

th
e
H
am

ilt
on
ia
n
(r
ep
ro
du
ce
d
fr
om

[2
7]
)



154 5 The Spin- 12 Chains with Arbitrary Boundary Fields

contribution of a real Bethe root λ j to the energy is negative. Therefore, in the ground
state the Bethe roots should occupy the real axis as much as possible to minimize
the energy. However, due to the selection rule, the real axis cannot accommodate all
the N Bethe roots. So some of the Bethe roots must be located in the complex plane
and form some strings as we discussed in Chap.2.

Let us consider the case of a k-string [32] in the ground state configuration with

λs
l = λr + i(k + 1 − 2l)

γ

2
+ O(e−δN ), l = 1, . . . , k, (5.4.4)

where λr is the real part of the string and δ is a positive number to account for the
small finite size corrections. By omitting the exponentially small corrections we can
rewrite the BAEs (5.4.2) as

[
sinh

(
λ j − i γ

2

)

sinh
(
λ j + i γ

2

)
]2N

sinh(2λ j − iγ )

sinh(2λ j + iγ )

sinh(λ j + ia+)

sinh(λ j − ia+)

× sinh(λ j + ia−)

sinh(λ j − ia−)

cosh
(
λ j + β + i γ

2

)

cosh
(
λ j + β − i γ

2

)
cosh

(
λ j − β + i γ

2

)

cosh
(
λ j − β − i γ

2

)

= −
N−k∏

l=1

sinh(λ j − λl − iγ ) sinh(λ j + λl − iγ )

sinh(λ j − λl + iγ ) sinh(λ j + λl + iγ )

× sinh
(
λ j + λr − i(k + 1) γ

2

)
sinh

(
λ j + λr − i(k − 1) γ

2

)

sinh
(
λ j + λr + i(k + 1) γ

2

)
sinh

(
λ j + λr + i(k − 1) γ

2

)

× sinh
(
λ j − λr − i(k + 1) γ

2

)
sinh

(
λ j − λr − i(k − 1) γ

2

)

sinh
(
λ j − λr + i(k + 1) γ

2

)
sinh

(
λ j − λr + i(k − 1) γ

2

) , (5.4.5)

with j = 1, . . . , N − k. For a± ∈ (π
2 , π), the logarithmic version of (5.4.5) reads

φ1(λ j ) + 1

2N

[
φ2(2λ j ) − φ2a+/γ (λ j ) − φ2a−/γ (λ j ) + w(λ j + β) + w(λ j − β)

−π − φk+1(λ j − λr ) − φk−1(λ j − λr ) − φk+1(λ j + λr ) − φk−1(λ j + λr )
]

= π I j

N
+ 1

2N

N−k∑

l=1

[
φ2(λ j − λl) + φ2(λ j + λl)

]
, (5.4.6)

with I j being an integer and

φm(λ j ) = −i ln
sinh(λ j − i mγ

2 )

sinh(λ j + i mγ
2 )

, (5.4.7)

w(λ j ) = −i ln
cosh(λ j + i γ

2 )

cosh(λ j − i γ
2 )

. (5.4.8)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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Following the same procedure introduced in Sect. 2.2.2, we define the counting
function Z(λ) as

Z(λ) = 1

2π

{
φ1(λ) + 1

2N

[
φ2(2λ) − φ2a+/γ (λ) − φ2a−/γ (λ) + w(λ + β)

+w(λ − β) − φk+1(λ − λr ) − φk−1(λ − λr ) − φk+1(λ + λr )

−φk−1(λ + λr ) − π −
N−k∑

l=1

[φ2(λ − λl) + φ2(λ + λl)]
]}

. (5.4.9)

In the thermodynamic limit N → ∞, the density of the real Bethe roots ρ(λ) is

ρ(λ) = d Z(λ)

dλ
− 1

2N
δ(λ)

= a1(λ) + 1

2N
[2a2(2λ) − a2a+/γ (λ) − a2a−/γ (λ) + b(λ + β)

+b(λ − β) − ak+1(λ − λr ) − ak−1(λ − λr ) − ak+1(λ + λr )

−ak−1(λ + λr ) − δ(λ)] −
∫ ∞

−∞
a2(λ − ν)ρ(ν)dν, (5.4.10)

with

am(λ) = 1

2π

dφm(λ)

dλ
= 1

π

sin(mγ )

cosh(2λ) − cos(mγ )
, (5.4.11)

b(λ) = 1

2π

dw(λ)

dλ
= 1

π

sin γ

cosh(2λ) + cos γ
. (5.4.12)

By using Fourier transformations, we obtain

ρ̃(ω) = ρ̃0(ω) + ρ̃b(ω), (5.4.13)

where

ρ̃0(ω) = ã1(ω)

1 + ã2(ω)
, (5.4.14)

ρ̃b(ω) = 1

2N [1 + ã2(ω)]
{

ã2(
ω

2
) − ã2a+/γ (ω) − ã2a−/γ (ω)

+2 cos(βω)b̃(ω) − 2 cos(λrω)
[
ãk+1(ω) + ãk−1(ω)

]− 1
}
, (5.4.15)

ãm(ω) = sinh(πω/2 − δmπω)

sinh(πω/2)
, b̃(ω) = sinh(γω/2)

sinh(πω/2)
, (5.4.16)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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where δm ≡ mγ
2π − �mγ

2π � denotes the fractional part of mγ
2π . The total number of the

real Bethe roots is thus given by

N
∫ ∞

−∞
ρ(λ)dλ = N − k, (5.4.17)

with which we can determine the length of the string

k = N

2
− a+ + a− + 2π(δk+1 + δk−1) − 3π

2(π − γ )
. (5.4.18)

Obviously, both k and the number of real Bethe roots are in the order of N/2.
We remark that λr → ∞ is indeed a solution of the BAEs in the thermodynamic

limit N → ∞ and minimizes the energy. In such a sense, the ground state energy in
the thermodynamic limit takes the following form

E = −4π N sin γ

∫ ∞

−∞
a1(λ)ρ(λ)dλ − sin γ [4πak(λ

r )

+ cot(a+ − γ /2) + cot(a− − γ /2) − (N − 1) cot γ ]
= Neg + eb, (5.4.19)

with

eg = −
∫ ∞

−∞
sin γ sinh(πω/2 − γω/2)

sinh(πω/2) cosh(γω/2)
dω + cos γ,

eb = e0b + I1(a+) + I1(a−) + 2I2(β), (5.4.20)

where eg is the ground state energy density of the periodic chain and eb is the surface
energy induced by the open boundary and the boundary fields with

e0b = − sin γ

∫ ∞

−∞
ã1(ω)

1 + ã2(ω)
[ã2(ω/2) − 1]dω − cos γ,

I1(α) = sin γ

∫ ∞

−∞
ã1(ω)

1 + ã2(ω)
ã2α/γ (ω)dω − sin γ cot(α − γ /2),

I2(β) = − sin γ

∫ ∞

−∞
ã1(ω)

1 + ã2(ω)
cos(βω)b̃(ω)dω. (5.4.21)

Note that in the above derivations we restrict ourselves to the β+ = −β− case. For
arbitraryβ±, the degenerate points of η given by the constraint condition (5.3.34) take
complex values and the above derivations are invalid. Obviously, the two boundaries
are decoupled completely. This allows us to make the following arguments. The
surface energy in the thermodynamic limit N → ∞ must take the form

εb = ε0b + ε̄b(α+, β+, θ+) + ε̄b(α−, β−, θ−), (5.4.22)
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where ε̄b(α+, β+, θ+) and ε̄b(α−, β−, θ−) are the contributions of the left and right
boundary fields, respectively. Let us denote further

ε̄b(α±, β±, θ±) = I1(a±) + Ī (a±, β±, θ±). (5.4.23)

When β± = ±β, Eq. (5.4.20) gives

Ī (a+, β, θ+) + Ī (a−,−β, θ−) = 2I2(β). (5.4.24)

Therefore, Ī (α±, β±, θ±) are independent of α± and θ±. Based on the fact that
for α− = iπ/2 the boundary field is an even function of β−, we conclude that
Ī (α−, β−, θ−) = I2(β−) must be an even function of β−. Similarly, we also have
Ī (α+, β+, θ+) = I2(β+). Therefore the surface energy for arbitrary β± and η = ηm

should be

εb = ε0b + I1(a+) + I1(a−) + I2(β+) + I2(β−). (5.4.25)

In fact, ηm form a dense spectrum in the thermodynamic limit and the above equation
is valid for arbitrary imaginary η.

It should be remarked that in the thermodynamic limit the k-string does not con-
tribute to the energy. However, for a finite system, the string should contribute expo-
nentially small corrections. Though we only considered the a± ∈ (π/2, π) case, the
surface energy is in fact a smooth function as was studied in [33–37] for the diago-
nal boundary case. The formulae (5.4.20)–(5.4.21) can be naturally extrapolated to
the region of a± ∈ (0, π/2). In the thermodynamic limit, the two boundary fields
are decoupled completely and the surface energy does not depend on θ± at all. In
such a sense, we can always adjust θ± to match the constraint condition (5.3.34) for
arbitrary η and M . We can easily check that with a proper M ∼ N/2, the reduced
BAEs also give the same surface energy without using the k-string. We note that the
surface energy does rely on the directions of the boundary fields. The surface energy
of the XXX spin chain with arbitrary boundary fields can be obtained by taking the
limit β± → 0 and η → 0, which obviously does not depend on the angles θ± and
coincides exactly with the result of the parallel boundary fields introduced in Chap.2.

5.4.3 Finite-Size Corrections

Now let us examine the corrections implied by the deviation of η from the degenerate
points ηm . Given an arbitrary physical quantity F(η)

F(ηm) = N f0(ηm) + f1(ηm) + 1

N
f2(ηm) + O(N−2), (5.4.26)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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let us treat fn(η) (n = 0, 1, 2) as known functions because they can be derived from
the reduced BAEs with conventional methods. For a generic iηm+1 ≥ iη ≥ iηm ,
F(η) reads

F(η) = N f̄0(η) + f̄1(η) + 1

N
f̄2(η) + O(N−2), (5.4.27)

where f̄n(η) are some unknown functions. If both fn(η) and f̄n(η) are smooth func-
tions about η, we have

f̄n(ηm) = fn(ηm). (5.4.28)

In addition, since f̄0(η) and f0(η) are both boundary-field independent and can
be calculated from the corresponding periodic system, they must be identical, i.e.,
f̄0(η) ≡ f0(η). With the Taylor expansions respectively around ηm and ηm+1 (n =
1, 2) we readily have

f̄n(η) = fn(η) + O(N−2). (5.4.29)

The above relation implies that the quantity F(η) can be derived from the reduced
BAEs up to the order of O(N−2).

We remark that in deriving the surface energy, we put the integral limits to infinity.
To calculate the finite size corrections (e.g., the Casimir effect or central charge term
on the order of 1/N ), a finite cutoff of the integrals should be adopted and the standard
Wiener-Hopf methods [38–40] are applicable.

5.4.4 Surface Energy in the Gapped Phase

In this subsection, we calculate the surface energy in the case of real η (anti-
ferromagnetic Ising regime). The surface energy for the constrained boundary para-
meters was calculated in [41]. Let us first make the following physically reasonable
arguments. To ensure a hermitianHamiltonian (5.3.3),α±, β± must take values either
on the real axis or on the iπ

2 line. Assuming that only one boundary field exists, e.g.,
α+ → ∞ and β+ → 0, the contribution of the boundary field to the surface energy
should not change when its direction is reversed and rotated along the z-axis. From
the definition of the boundary field we conclude that the surface energy is an even
function of both α− and β− and is irrelevant to the value of θ−. On the other hand, the
two boundary fields decouple completely in the thermodynamic limit N → ∞ and
their contributions to the energy are additive, since the correlations are exponentially
decayed in this gapped phase. It is indeed the case as verified for both boundary fields
along the z axis [35]. Based on the above arguments, we can calculate the surface
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energy with the constraint condition (5.3.34) due to the fact that for any given left
boundary field we can always choose a proper right boundary field to match that
constraint condition. For example, to calculate the contributions of α+ and β+, a
natural choice is to take α− → ∞ and β− → −∞ with (5.3.34) fulfilled. In such a
limit, the boundary field associated with α− and β− is fixed.

Without losing generality, we consider the odd N case. Taking 2M = N − 1, and
α+ +α− +β+ +β− +θ+ −θ− = 0, the constraint condition (5.3.34) is fulfilled. For
convenience, we put μ j = i

λ j
2 − η

2 , a± = α± + η
2 and b± = β± + η

2 with η > 0,
λ j ∈ (−π, π ], a±, b+ > 0 and b− < 0 with a− + a+ + b− + b+ = 2η. The reduced
BAEs are

[
sin(

λ j
2 − i η

2 )

sin(
λ j
2 + i η

2 )

]2N sin(
λ j
2 + ia−)

sin(
λ j
2 − ia−)

sin(
λ j
2 + ia+)

sin(
λ j
2 − ia+)

cos(
λ j
2 + ib−)

cos(
λ j
2 − ib−)

cos(
λ j
2 + ib+)

cos(
λ j
2 − ib+)

= − sin(λ j + iη)

sin(λ j − iη)

M∏

l=1

sin(
λ j
2 − λl

2 − iη) sin(
λ j
2 + λl

2 − iη)

sin(
λ j
2 − λl

2 + iη) sin(
λ j
2 + λl

2 + iη)
, j = 1, . . . , M. (5.4.30)

The corresponding eigenvalue reads

E =
M∑

j=1

4 sinh2 η

cos λ j − cosh η
+ N cosh η + E0, (5.4.31)

with

E0 = − sinh η(coth α− + tanh β− + coth α+ + tanh β+) − cosh η. (5.4.32)

Obviously, each real λ j contributes negative energy. Therefore, in the ground
state, the Bethe roots should fill the real axis in the range of (−π, π ] as long as
it is possible. Let us consider the case of all λ j , a± and b± being real. Taking the
logarithm of (5.4.30) gives

2Nφ1(λ j ) + φ2(2λ j ) − φ2a−/η(λ j ) − φ2a+/η(λ j ) + w+(λ j ) + w−(λ j ) + π

= 2π I j +
M∑

l=1

[
φ2(λ j − λl) + φ2(λ j + λl)

]
, j = 1, . . . , M, (5.4.33)

where I j is an integer and

φm(λ j ) = −i ln
sin(

λ j
2 − i mη

2 )

sin(
λ j
2 + i mη

2 )
, w±(λ j ) = −i ln

cos(
λ j
2 + ib±)

cos(
λ j
2 − ib±)

. (5.4.34)
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Define the counting function Z(λ) as

Z(λ) = 1

2π

{
φ1(λ) + 1

2N

[
φ2(2λ) − φ2a−/η(λ) − φ2a+/η(λ) + w+(λ)

+w−(λ) + π −
M∑

l=1

(φ2(λ − λl) + φ2(λ + λl))
]}

. (5.4.35)

In the thermodynamic limit N → ∞, the density of the roots ρ(λ) satisfies

ρ(λ) = d Z(λ)

dλ
− 1

2N
δ(λ) − 1

2N
δ(λ − π)

= g1(λ) + 1

2N

[
2q(λ) − g2a−/η(λ) − g2a+/η(λ) + h+(λ) + h−(λ)

−δ(λ) − δ(λ − π)
]

−
∫ π

−π

g2(λ − v)ρ(v)dv, (5.4.36)

with

gm(λ) = 1

2π

dφm(λ)

dλ
= 1

2π

sinh(mη)

cosh(mη) − cos λ
, (5.4.37)

h±(λ) = 1

2π

dw±(λ)

dλ
= − 1

2π

sinh(2b±)

cos λ + cosh(2b±)
, (5.4.38)

q(λ) ≡ g2(2λ). (5.4.39)

With Fourier transformation defined in Sect. 3.1 of Chap.3, we have

g̃m(ω) = e−mη|ω|, q̃(ω) = e−η|ω|

2
(1 + (−1)ω), (5.4.40)

h̃±(ω) = ∓(−1)ωe−2|b±ω|. (5.4.41)

Accordingly, we get

ρ̃(ω) = ρ̃0(ω) + ρ̃0
b (ω) + ρ̃a+(ω) + ρ̃a−(ω) + ρ̃b+(ω) + ρ̃b−(ω), (5.4.42)

where

ρ̃0(ω) = g̃1(ω)

1 + g̃2(ω)
= 1

2 cosh(ηω)
, (5.4.43)

ρ̃0
b (ω) = 1

2N (1 + g̃2(ω))

[
2q̃(ω) − (−1)ω − 1

]
, (5.4.44)

ρ̃a±(ω) = − g̃2a±/η(ω)

2N (1 + g̃2(ω))
, ρ̃b±(ω) = h̃±(ω)

2N (1 + g̃2(ω))
. (5.4.45)

http://dx.doi.org/10.1007/978-3-662-46756-5_3
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Note that the following relation holds

N
∫ π

−π

ρ(λ)dλ = N − 1

2
= M. (5.4.46)

The energy associated with this root distribution can be expressed as

E = Ne0 + e0b + ea+ + ea− + eb+ + eb− , (5.4.47)

where

e0 = −2 sinh η

∞∑

ω=−∞

e−η|ω|

cosh(ηω)
+ cosh η, (5.4.48)

e0b = − cosh η −
∞∑

ω=−∞

sinh η

cosh(ηω)

[
2q̃(ω) − (−1)ω − 1

]
, (5.4.49)

represent the energy density of the bulk and the energy of the free boundary respec-
tively, and

ea± = − sinh η coth α± + sinh η

∞∑

ω=−∞

g̃2a±/η(ω)

cosh(ηω)
, (5.4.50)

eb± = − sinh η tanh β± − sinh η

∞∑

ω=−∞

h̃±(ω)

cosh(ηω)
. (5.4.51)

We remark that the Bethe root distribution considered above may not correspond
to the true ground state but the ground state energy can be extracted from it with
possible boundary excitations considered. It is obvious that λ j = 2ia+ (α+ > 0) is a
solution of the reduced BAEs (5.4.30) for N → ∞. For 0 < α+ <

η
2 , the boundary

mode must be accompanied by a bulk hole (say, at λh) to ensure the condition
2M = N − 1. This boundary mode induces a deviation of the density by

δρ̃(ω) = − 1

2N (1 + g̃2(ω))
[g̃2−2a+/η(ω) + g̃2a+/η+2(ω)

+2 cos(λhω)], (5.4.52)

and the excitation energy

δea+ = 4 sinh2 η

cosh(2α+ + η) − cosh η
+ 2 sinh η

∞∑

ω=−∞

e−2η|ω| cosh(2a+ω)

cosh(ηω)

+2 sinh η

∞∑

ω=−∞

e−iωλh

cosh(ωη)
> 0. (5.4.53)
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For α+ >
η
2 , in addition to the imaginary mode, two holes (say, at λh

1 and λh
2

respectively) must exist in the bulk to ensure the condition 2M = N − 1. The
corresponding excitation energy can be calculated as

δea+ = 2 sinh η

∞∑

ω=−∞

e−iωλh
1 + e−iωλh

2

cosh(ωη)
> 0. (5.4.54)

Therefore, (5.4.50) gives the lowest energy of the boundary parameters α± > 0.
Similarly, λ j = π + 2ib+ is also a solution of (5.4.30) for N → ∞. This

boundary mode (also accompanied by a hole at λh) contributes excitation energy for
0 < β+ <

η
2

δeb+ = − 4 sinh2 η

cosh(2β+ + η) + cosh η
+ 2 sinh η

∞∑

ω=−∞

(−1)ωe−2η|ω| cosh(2b+ω)

cosh(ηω)

+2 sinh η

∞∑

ω=−∞

e−iωλh

cosh(ωη)
> 0, (5.4.55)

and for β+ >
η
2 , the excitation energy of the imaginary mode (associated with two

holes at λh
1 and λh

2 respectively) reads

δeb+ = 2 sinh η

∞∑

ω=−∞

e−iωλh
1 + e−iωλh

2

cosh(ωη)
> 0, (5.4.56)

indicating that the lowest energy of the boundary parameter β+ > 0 is given by eb+ .
For convenience, let us define the following functions

H1(x) = − sinh η coth x + sinh η

∞∑

ω=−∞

e−|(2x+η)ω|

cosh(ηω)
, (5.4.57)

H2(x) = − sinh η tanh x + sinh η

∞∑

ω=−∞

(−1)ωe−|(2x+η)ω|

cosh(ηω)
. (5.4.58)

Based on the above discussions and the parameter duality β± + iπ
2 → α±, we

conclude that the surface energy reads

eb = e0b + eα+ + eβ+ + eα− + eβ− , (5.4.59)

with eα± = H1(|α±|) for real α± and eα± = H2(|Re(α±)|) for I m(α±) = iπ
2 , while

eβ± = H2(|β±|) for real β±, and eβ± = H1(|Re(β±)|) for I m(β±) = iπ
2 .
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5.5 Bethe States of the Open XXZ Spin Chain

The Bethe statesof the open XXZ spin chain are more complicated than those of the
XXX spin chain. The first nontrivial result about the Bethe states of the open XXZ
chain with non-diagonal boundary fields (under the constraint condition (5.3.34))
was obtained in [9], where a local gauge transformation for the XXZ chain, an ana-
logue of Baxter’s vertex-face correspondence of the eight-vertex model, was used.
In this section, we show that such local gauge transformation combining with the
inhomogeneous T − Q relation introduced in Sect. 5.3, allow us to construct the
Bethe-type eigenstates of the open XXZ spin chain with generic boundary fields in a
rather compact form [26]. The key points are: (1) with one set of gauge transforma-
tion, K +(u) can be diagonalized and the double-row transfermatrix can be expressed
as a linear combination of the diagonal elements of the gauged monodromy matrix,
while the off-diagonal elements of the gauged monodromy matrix can be treated as
the generators of the Bethe states; (2) with another set of local gauge transformation
K −(u) can be trigonalized, which allows us to construct a proper reference state;
(3) applying N generators to the reference state, we readily obtain the Bethe states
provided that the entries of the generators are the Bethe roots satisfying the BAEs;
(4) such states can be proven to be eigenstates of the transfer matrix by employing
Sklyanin’s SoV basis.

5.5.1 Local Gauge Matrices

Let us introduce the column matrices

Xm(u) =
(

e−[u+(α+m)η]
1

)
, Ym(u) =

(
e−[u+(α−m)η]

1

)
, (5.5.1)

where α and m are two arbitrary complex parameters. Accordingly, we define the
following gauge matrices:

Ḡm(u) = (
Xm(u), Ym(u)

)
, Ḡ−1

m (u) =
(

Ȳm(u)

X̄m(u)

)
, (5.5.2)

G̃m(u) = (
Xm+1(u), Ym−1(u)

)
, G̃−1

m (u) =
(

Ỹm−1(u)

X̃m+1(u)

)
, (5.5.3)

Ĝm(u) = (
X̂m−1(u), Ŷm+1(u)

)
, Ĝ−1

m (u) =
(

Ȳm+1(u)

X̄m−1(u)

)
, (5.5.4)
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where

X̄m(u) = eu+αη

2 sinh(mη)

(
1, −e−[u+(α+m)η] ) , (5.5.5)

Ȳm(u) = eu+αη

2 sinh(mη)

(−1, e−[u+(α−m)η] ) , (5.5.6)

X̃m(u) = eη sinh(mη)

sinh(m − 1)η
X̄m(u), Ỹm(u) = eη sinh(mη)

sinh(m + 1)η
Ȳm(u), (5.5.7)

X̂m(u) = e−η sinh(m + 2)η

sinh(m + 1)η
Xm(u), (5.5.8)

Ŷm(u) = e−η sinh(m − 2)η

sinh(m − 1)η
Ym(u). (5.5.9)

By simple computations we can obtain the useful orthonormal relations:

Ȳm(u)Xm(u) = 1, Ȳm(u)Ym(u) = 0,

X̄m(u)Xm(u) = 0, X̄m(u)Ym(u) = 1,

Xm(u)Ȳm(u) + Ym(u)X̄m(u) =
(
1 0
0 1

)
, (5.5.10)

Ỹm−1(u)Xm+1(u) = 1, Ỹm−1(u)Ym−1(u) = 0,

X̃m+1(u)Xm+1(u) = 0, X̃m+1(u)Ym−1(u) = 1,

Xm+1(u)Ỹm−1(u) + Ym−1(u)X̃m+1(u) =
(
1 0
0 1

)
, (5.5.11)

Ȳm+1(u)X̂m−1(u) = 1, Ȳm+1(u)Ŷm+1(u) = 0,

X̄m−1(u)X̂m−1(u) = 0, X̄m−1(u)Ŷm+1(u) = 1,

X̂m−1(u)Ȳm+1(u) + Ŷm+1(u)X̄m−1(u) =
(
1 0
0 1

)
. (5.5.12)

Moreover, we can easily check that the following commutation relations hold:

R1,2(u1 − u2)X1
m+2(u1)X2

m+1(u2) = sinh(u1 − u2 + η)

sinh η
X2

m+2(u2)X1
m+1(u1), (5.5.13)

R1,2(u1 − u2)X1
m (u1)Y

2
m−1(u2) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
Y 2

m (u2)X1
m+1(u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X2

m (u2)Y
1
m−1(u1), (5.5.14)

R1,2(u1 − u2)Y
1
m (u1)X2

m+1(u2) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
X2

m (u2)Y
1
m−1(u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Y 2

m (u2)X1
m+1(u1), (5.5.15)

R1,2(u1 − u2)Y
1
m−2(u1)Y

2
m−1(u2) = sinh(u1 − u2 + η)

sinh η
Y 2

m−2(u2)Y
1
m−1(u1), (5.5.16)
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R1,2(u1 − u2)X̂2
m−1(u2)X̂1

m (u1) = sinh(u1 − u2 + η)

sinh η
X̂2

m (u2)X̂1
m−1(u1), (5.5.17)

R1,2(u1 − u2)X̂2
m−1(u2)Ŷ

1
m+2(u1) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
X̂2

m−2(u2)Ŷ
1
m+1(u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Ŷ 2

m+2(u2)X̂1
m−1(u1), (5.5.18)

R1,2(u1 − u2)Ŷ
2
m+1(u2)X̂1

m−2(u1) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
Ŷ 2

m+2(u2)X̂1
m−1(u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X̂2

m−2(u2)Ŷ
1
m+1(u1), (5.5.19)

R1,2(u1 − u2)Ŷ
2
m+1(u2)Ŷ

1
m (u1) = sinh(u1 − u2 + η)

sinh η
Ŷ 2

m (u2)Ŷ
1
m+1(u1), (5.5.20)

X̄1
m−1(u1)X̄2

m−2(u2)R1,2(u1 − u2) = sinh(u1 − u2 + η)

sinh η
X̄2

m−1(u2)X̄1
m−2(u1), (5.5.21)

X̄1
m−1(u1)Ȳ

2
m (u2)R1,2(u1 − u2) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
Ȳ 2

m+1(u2)X̄1
m (u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X̄2

m−1(u2)Ȳ
1
m (u1), (5.5.22)

Ȳ 1
m+1(u1)X̄2

m (u2)R1,2(u1 − u2) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
X̄2

m−1(u2)Ȳ
1
m (u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Ȳ 2

m+1(u2)X̄1
m (u1), (5.5.23)

Ȳ 1
m+1(u1)Ȳ

2
m+2(u2)R1,2(u1 − u2) = sinh(u1 − u2 + η)

sinh η
Ȳ 2

m+1(u2)Ȳ
1
m+2(u1), (5.5.24)

X̃1
m+1(u1)X̃2

m (u2)R1,2(u1 − u2) = sinh(u1 − u2 + η)

sinh η
X̃2

m+1(u2)X̃1
m (u1), (5.5.25)

X̃1
m+1(u1)Ỹ

2
m−2(u2)R1,2(u1 − u2) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
Ỹ 2

m−1(u2)X̃1
m+2(u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X̃2

m+1(u2)Ỹ
1
m−2(u1), (5.5.26)

Ỹ 1
m−1(u1)X̃2

m+2(u2)R1,2(u1 − u2) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
X̃2

m+1(u2)Ỹ
1
m−2(u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Ỹ 2

m−1(u2)X̃1
m+2(u1), (5.5.27)

Ỹ 1
m−1(u1)Ỹ

2
m (u2)R1,2(u1 − u2) = sinh(u1 − u2 + η)

sinh η
Ỹ 2

m−1(u2)Ỹ
1
m (u1), (5.5.28)

X̄2
m (u2)R1,2(u1 − u2)X1

m (u1) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
X̄2

m−1(u2)X1
m+1(u1), (5.5.29)

X̄2
m (u2)R1,2(u1 − u2)Y

1
m (u1) = sinh(u1 − u2 + η)

sinh η
X̄2

m+1(u2)Y
1
m+1(u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Ȳ 2

m+1(u2)X1
m+1(u1), (5.5.30)

Ȳ 2
m (u2)R1,2(u1 − u2)X1

m (u1) = sinh(u1 − u2 + η)

sinh η
Ȳ 2

m−1(u2)X1
m−1(u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X̄2

m−1(u2)Y
1
m−1(u1), (5.5.31)
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Ȳ 2
m (u2)R1,2(u1 − u2)Y

1
m (u1) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
Ȳ 2

m+1(u2)Y
1
m−1(u1),

(5.5.32)

X̃1
m+1(u1)R1,2(u1 − u2)X2

m+1(u2) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
X2

m (u2)X̃1
m+2(u1),

(5.5.33)

X̃1
m+1(u1)R1,2(u1 − u2)Y

2
m−1(u2) = sinh(u1 − u2 + η)

sinh η
Y 2

m−2(u2)X̃1
m (u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X2

m (u2)Ỹ
1
m−2(u1), (5.5.34)

Ỹ 1
m−1(u1)R1,2(u1 − u2)X2

m+1(u2) = sinh(u1 − u2 + η)

sinh η
X2

m+2(u2)Ỹ
1
m (u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Y 2

m (u2)X̃1
m+2(u1), (5.5.35)

Ỹ 1
m−1(u1)R1,2(u1 − u2)Y

2
m−1(u2) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
Y 2

m (u2)Ỹ
1
m−2(u1),

(5.5.36)

X̄1
m−1(u1)R1,2(u1 − u2)X̂2

m−1(u2) = sinh(u1 − u2) sinh(m + 1)η

sinh η sinh(mη)
X̂2

m−2(u2)X̄1
m (u1), (5.5.37)

X̄1
m−1(u1)R1,2(u1 − u2)Ŷ

2
m+1(u2) = sinh(u1 − u2 + η)

sinh η
Ŷ 2

m (u2)X̄1
m−2(u1)

+ sinh(mη + u1 − u2)

sinh(mη)
X̂2

m−2(u2)Ȳ
1
m (u1), (5.5.38)

Ȳ 1
m+1(u1)R1,2(u1 − u2)X̂2

m−1(u2) = sinh(u1 − u2 + η)

sinh η
X̂2

m (u2)Ȳ
1
m+2(u1)

+ sinh(mη − u1 + u2)

sinh(mη)
Ŷ 2

m+2(u2)X̄1
m (u1), (5.5.39)

Ȳ 1
m+1(u1)R1,2(u1 − u2)Ŷ

2
m+1(u2) = sinh(u1 − u2) sinh(m − 1)η

sinh η sinh(mη)
Ŷ 2

m+2(u2)Ȳ
1
m (u1).

(5.5.40)

Here the R-matrix is given by (4.1.3) and the superscripts 1, 2 indicate the space
indices.

5.5.2 Commutation Relations

Using the orthogonal relations (5.5.10) and (5.5.12), the transfer matrix t (u) can be
expressed as

t (u) = tr{K +(m|u)U (m|u)}
= K +

11(m|u)Am(u) + K +
12(m|u)Cm(u)

+ K +
21(m|u)Bm(u) + K +

22(m|u)Dm(u), (5.5.41)

http://dx.doi.org/10.1007/978-3-662-46756-5_4
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where

K +(m|u) =
(

K +
11(m|u) K +

12(m|u)

K +
21(m|u) K +

22(m|u)

)

=
(

Ȳm(−u)K +(u)Xm(u) Ȳm(−u)K +(u)Ym−2(u)

X̄m(−u)K +(u)Xm+2(u) X̄m(−u)K +(u)Ym(u)

)
, (5.5.42)

U (m|u) =
(
Am(u) Bm(u)

Cm(u) Dm(u)

)

=
(

Ỹm−2(u)U (u)Xm(−u) Ỹm(u)U (u)Ym(−u)

X̃m(u)U (u)Xm(−u) X̃m+2(u)U (u)Ym(−u)

)
. (5.5.43)

The double-row monodromy matrix U (u) is defined as usual

U (u) = T (u)K −(u)T̂ (u) =
(
A (u) B(u)

C (u) D(u)

)
, (5.5.44)

which satisfies RE

R1,2(u − v)U1(u)R2,1(u + v)U2(v) = U2(v)R1,2(u + v)U1(u)R2,1(u − v).

(5.5.45)

The commutation relations among Am(u), Bm(u), Cm(u) and Dm(u) can be
derived from (5.5.45) and the commutation relations (5.5.13)–(5.5.40). Multiplying
(5.5.45) with X̃1

m+1(u1)X̃2
m(u2) from the left and X1

m+1(−u1)X2
m+2(−u2) from the

right, we have

Cm(u1)Cm+2(u2) = Cm(u2)Cm+2(u1). (5.5.46)

Multiplying (5.5.45) with Ỹ 1
m−1(u1)Ỹ 2

m(u2) from the left and X1
m+1(−u1)X2

m+2
(−u2) from the right, we have

Am+2(u1)Am+2(u2) = Am+2(u2)Am+2(u1)

+ sinh(mη − u1 − u2) sinh η

sinh(mη) sinh(u1 + u2 + η)
Bm(u2)Cm+2(u1)

− sinh(mη − u1 − u2) sinh η

sinh(mη) sinh(u1 + u2 + η)
Bm(u1)Cm+2(u2). (5.5.47)

Multiplying (5.5.45) with X̃1
m+1(u1)Ỹ 2

m−2(u2) from the left and X1
m+1(−u1)X2

m+2
(−u2) from the right, we have
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Cm+2(u1)Am+2(u2) = sinh(u1 + u2) sinh(u1 − u2 + η)

sinh(u1 − u2) sinh(u1 + u2 + η)
Am(u2)Cm+2(u1)

− sinh(mη + u1 − u2) sinh(u1 + u2) sinh η

sinh(u1 + u2 + η) sinh(u1 − u2) sinh(mη)
Am(u1)Cm+2(u2)

− sinh(mη − u1 − u2) sinh η

sinh(u1 + u2 + η) sinh(mη)
Dm(u1)Cm+2(u2). (5.5.48)

Multiplying (5.5.45) with X̃1
m+1(u1)Ỹ 2

m−2(u2) from the left and Y 1
m−1(−u1)X2

m
(−u2) from the right, we have

Dm(u1)Am(u2) = Am(u2)Dm(u1)

+ sinh(mη + u1 − u2) sinh(u1 + u2 + η) sinh(mη) sinh η

sinh(u1 + u2) sinh(u1 − u2) sinh(m + 1)η sinh(m − 1)η

×[Bm−2(u2)Cm(u1) − Bm−2(u1)Cm(u2)] + sinh(mη + u1 − u2)

sinh(u1 − u2) sinh(u1 + u2)

× sinh(mη + u1 + u2) sinh2 η

sinh(m + 1)η sinh(m − 1)η
[Am(u2)Am(u1) − Am(u1)Am(u2)]. (5.5.49)

Using (5.5.47), the relation (5.5.49) can be rewritten as

Dm(u1)Am(u2) = Am(u2)Dm(u1)

+ sinh η sinh(m − 1)η sinh(mη + u1 − u2) sinh(u1 + u2 + 2η)

sinh(m + 1)η sinh(m − 2)η sinh(u1 − u2) sinh(u1 + u2 + η)

×[Bm−2(u2)Cm(u1) − Bm−2(u1)Cm(u2)]. (5.5.50)

Note that Am(u) = D−m(u) and Bm(u) = C−m(u). Similar commutation rela-
tions about Bm(u) can be constructed.

Using the orthogonal relations (5.5.10) and (5.5.12), the transfer matrix can also
be written as

t (u) = tr{Ū (m|u)K̄ +(m|u)}
= K̄ +

11(m|u) ¯Am(u) + K̄ +
21(m|u)B̄m(u)

+K̄ +
12(m|u)C̄m(u) + K̄ +

22(m|u)D̄m(u), (5.5.51)

where

K̄ +(m|u) =
(

K̄ +
11(m|u) K̄ +

12(m|u)

K̄ +
21(m|u) K̄ +

22(m|u)

)

=
(

Ȳm(−u)K +(u)Xm(u) Ȳm+2(−u)K +(u)Ym(u)

X̄m−2(−u)K +(u)Xm(u) X̄m(−u)K +(u)Ym(u)

)
, (5.5.52)
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Ū (m|u) =
( ¯Am(u) B̄m(u)

C̄m(u) D̄m(u)

)

=
(

Ȳm(u)U (u)X̂m−2(−u) Ȳm(u)U (u)Ŷm(−u)

X̄m(u)U (u)X̂m(−u) X̄m(u)U (u)Ŷm+2(−u)

)
. (5.5.53)

Similarly, the commutation relations among ¯Am(u), B̄m(u), C̄m(u) and D̄m(u)

can be derived from (5.5.45) and the commutation relations (5.5.13)–(5.5.40). Mul-
tiplying (5.5.45) with X̄1

m+1(u1)X̄2
m(u2) from the left and X̂1

m+1(−u1)X̂2
m+2(−u2)

from the right, we have

C̄m(u1)C̄m+2(u2) = C̄m(u2)C̄m+2(u1). (5.5.54)

Multiplying (5.5.45)with X̄1
m−1(u1)X̄2

m−2(u2) from the left and Ŷ 1
m+1(−u1)Ŷ 2

m(−u2)

from the right, we have

D̄m−2(u2)D̄m−2(u1) = D̄m−2(u1)D̄m−2(u2)

+ sinh(mη + u1 + u2) sinh η

sinh(mη) sinh(u1 + u2 + η)
C̄m−2(u1)B̄m(u2)

− sinh(mη + u1 + u2) sinh η

sinhmη sinh(u1 + u2 + η)
C̄m−2(u2)B̄m(u1). (5.5.55)

Multiplying (5.5.45) with X̄1
m−1(u1)X̄2

m−2(u2) from the left and X̂1
m−1(−u1)Ŷ 2

m+2
(−u2) from the right, we have

D̄m−2(u2)C̄m−2(u1) = sinh(u1 − u2 + η) sinh(u1 + u2)

sinh(u1 + u2 + η) sinh(u1 − u2)
C̄m−2(u1)D̄m(u2)

− sinh(mη − u1 + u2) sinh(u1 + u2) sinh η

sinh(mη) sinh(u1 − u2) sinh(u1 + u2 + η)
C̄m−2(u2)D̄m(u1)

− sinh(mη + u1 + u2) sinh η

sinh(mη) sinh(u1 + u2 + η)
C̄m−2(u2) ¯Am(u1). (5.5.56)

Multiplying (5.5.45) with Ȳ 1
m+1(u1)X̄2

m(u2) from the left and X̂1
m−1(−u1)Ŷ 2

m+2
(−u2) from the right, we have

D̄m(u2) ¯Am(u1) = ¯Am(u1)D̄m(u2)

+ sinh(mη − u1 + u2) sinh(u1 + u2 + η) sinh η sinh(mη)

sinh(u1 − u2) sinh(u1 + u2) sinh(m − 1)η sinh(m + 1)η

×[C̄m(u1)B̄m+2(u2) − C̄m(u2)B̄m+2(u1)] + sinh(mη − u1 + u2)

sinh(u1 − u2) sinh(u1 + u2)

× sinh(mη − u1 − u2) sinh2 η

sinh(m + 1)η sinh(m − 1)η
[D̄m(u1)D̄m(u2) − D̄m(u2)D̄m(u1)]. (5.5.57)
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Using (5.5.55), (5.5.57) can be rewritten as

D̄m(u2) ¯Am(u1) = ¯Am(u1)D̄m(u2)

+ sinh(m + 1)η sinh η sinh(mη − u1 + u2) sinh(u1 + u2 + 2η)

sinh(m + 2)η sinh(m − 1)η sinh(u1 − u2) sinh(u1 + u2 + η)

×[C̄m(u1)B̄m+2(u2) − C̄m(u2)B̄m+2(u1)]. (5.5.58)

Note that the relations ¯Am(u) = D̄−m(u), B̄m(u) = C̄−m(u), B̄m(u) ∼ Bm(u)

and C̄m(u) ∼ Cm(u) hold.

5.5.3 Right SoV Basis

Before going further, we define a right local state |m〉n of nth site in the lattice:

|m〉n = e−[θn+(m+N−n+1+α)η]| ↑〉n + | ↓〉n . (5.5.59)

The gauged R-matrix is defined as

R0,n(m|u − θn) = G̃−1
m+N−n(u)R0,n(u − θn)G̃m+N−n+1(u), (5.5.60)

R0,n(m|u + θn) = Ḡ−1
m+N−n+1(−u)R0,n(u + θn)Ḡm+N−n(−u). (5.5.61)

It is easy to check that the following relations hold:

R0,n(m|u − θn)11|m〉n = sinh(u − θn + η)

sinh η
|m + 1〉n, (5.5.62)

R0,n(m|u − θn)12|m〉n = 0, (5.5.63)

R0,n(m|u − θn)22|m〉n = sinh(m + N − n + 1)η

sinh(m + N − n)η

sinh(u − θn)

sinh η
|m − 1〉n, (5.5.64)

R0,n(m|u + θn)11|m〉n = sinh(u + θn + η)

sinh η
|m − 1〉n, (5.5.65)

R0,n(m|u + θn)12|m〉n = 0, (5.5.66)

R0,n(m|u + θn)22|m〉n = sinh(m + N − n)η

sinh(m + N − n + 1)η

sinh(u + θn)

sinh η
|m + 1〉n, (5.5.67)

where R j
i means the i th row and j th column element of the R-matrix spanned in the

auxiliary space. The gauged one-row monodromy matrices are defined as
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T (m|u) = G̃−1
m (u)T (u)G̃m+N (u) =

(
Am(u) Bm(u)

Cm(u) Dm(u)

)
(5.5.68)

=
(

Ỹm−1(u)T (u)Xl+1(u) Ỹm−1(u)T (u)Yl−1(u)

X̃m+1(u)T (u)Xl+1(u) X̃m+1(u)T (u)Yl−1(u)

)
, (5.5.69)

T̂ (m|u) = Ḡ−1
m+N (−u)T̂ (u)Ḡm(−u) =

(
Ãm(u) B̃m(u)

C̃m(u) D̃m(u)

)
(5.5.70)

=
(

Ȳl(−u)T̂ (u)Xm(−u) Ȳl(−u)T̂ (u)Ym(−u)

X̄l(−u)T̂ (u)Xm(−u) X̄l(−u)T̂ (u)Ym(−u)

)
, (5.5.71)

where l = m + N .
Let us define the following global state

|m〉 = ⊗N
n=1|m〉n . (5.5.72)

With the help of (5.5.62)–(5.5.67), we readily have

Cm(u)|m〉 = 0, (5.5.73)

Am(u)|m〉 =
N∏

j=1

sinh(u − θ j + η)

sinh η
|m + 1〉, (5.5.74)

Dm(u)|m〉 = sinh(m + N )η

sinh(mη)

N∏

j=1

sinh(u − θ j )

sinh η
|m − 1〉, (5.5.75)

C̃m(u)|m〉 = 0, (5.5.76)

Ãm(u)|m〉 =
N∏

j=1

sinh(u + θ j + η)

sinh η
|m − 1〉, (5.5.77)

D̃m(u)|m〉 = sinh(mη)

sinh(m + N )η

N∏

j=1

sinh(u + θ j )

sinh η
|m + 1〉. (5.5.78)

Note that the elements of the gauged double-row monodromy matrix can be
expressed in terms of those of the gauged one-row monodromy matrix by using
the orthogonal relations (5.5.11) and (5.5.12)

Am(u) = Ỹm−2(u)T (u)Xl (u)Ỹl−2(u)K −(u)Xl (−u)Ȳl (−u)T̂ (u)Xm(−u)

+Ỹm−2(u)T (u)Yl−2(u)X̃l (u)K −(u)Xl (−u)Ȳl (−u)T̂ (u)Xm(−u)

+Ỹm−2(u)T (u)Xl+2(u)Ỹl (u)K −(u)Yl (−u)X̄l (−u)T̂ (u)Xm(−u)

+Ỹm−2(u)T (u)Yl (u)X̃l+2(u)K −(u)Yl (−u)X̄l (−u)T̂ (u)Xm(−u), (5.5.79)

Cm(u) = X̃m(u)T (u)Xl (u)Ỹl−2(u)K −(u)Xl (−u)Ȳl (−u)T̂ (u)Xm(−u)

+X̃m(u)T (u)Yl−2(u)X̃l (u)K −(u)Xl (−u)Ȳl (−u)T̂ (u)Xm(−u)
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+X̃m(u)T (u)Xl+2(u)Ỹl (u)K −(u)Yl (−u)X̄l (−u)T̂ (u)Xm(−u)

+X̃m(u)T (u)Yl (u)X̃l+2(u)K −(u)Yl (−u)X̄l (−u)T̂ (u)Xm(−u), (5.5.80)

Dm(u) = X̃m+2(u)T (u)Xl (u)Ỹl−2(u)K −(u)Xl (−u)Ȳl (−u)T̂ (u)Ym(−u)

+X̃m+2(u)T (u)Yl−2(u)X̃l (u)K −(u)Xl (−u)Ȳl (−u)T̂ (u)Ym(−u)

+X̃m+2(u)T (u)Xl+2(u)Ỹl (u)K −(u)Yl (−u)X̄l (−u)T̂ (u)Ym(−u)

+X̃m+2(u)T (u)Yl (u)X̃l+2(u)K −(u)Yl (−u)X̄l (−u)T̂ (u)Ym(−u). (5.5.81)

Define

K −(l|u) =
(

K −
11(l|u) K −

12(l|u)

K −
21(l|u) K −

22(l|u)

)

=
(

Ỹl−2(u)K −(u)Xl(−u) Ỹl(u)K −(u)Yl(−u)

X̃l(u)K −(u)Xl(−u) X̃l+2(u)K −(u)Yl(−u)

)
. (5.5.82)

The relations (5.5.73)–(5.5.78) together with (5.5.79)–(5.5.80) and (5.5.82) imply
that

Cm(u)|m〉 = K −
21(l|u)

sinh(m + N − 1)η

sinh(m − 1)η

×
N∏

j=1

sinh(u − θ j ) sinh(u + θ j + η)

sinh2 η
|m − 2〉, (5.5.83)

Am(u)|m〉 = K −
11(l|u)

N∏

j=1

sinh(u − θ j + η) sinh(u + θ j + η)

sinh2 η
|m〉

+K −
21(l|u)

N∏

j=1

sinh(u + θ j + η)

sinh η
Bm−1(u)|m − 1〉. (5.5.84)

The relation (5.5.83) implies that |m〉 is a pseudo eigenstate of Cm(u) and

Cm(θ j )|m〉 = Cm(−θ j − η)|m〉 = 0, j = 1, . . . , N . (5.5.85)

Let us introduce the following right states:

|θp1 , . . . , θpn ; m〉 = Am(θp1) · · ·Am(θpn )|m〉, (5.5.86)

where p j ∈ {1, . . . , N } and p1 < p2 < · · · < pn . The relation (5.5.47) shows
that the operatorsAm(u) with different spectral parameters are not commuting with
each other. However, the relation (5.5.47) and (5.5.85) ensure that the state |θp1 , . . . ,
θpn ; m〉 does not depend on the order of Am(θp j ). Using the commutation relation
(5.5.48) and the relations (5.5.83) and (5.5.85), we can obtain

Cm(u)|θp1 , . . . , θpn ; m〉 = gm(u, {θp1 , . . . , θpn })|θp1 , . . . , θpn ; m − 2〉, (5.5.87)
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where

gm(u, {θp1 , . . . , θpn }) = K −
21(l|u)

sinh(m + N − 1)η

sinh(m − 1)η

N∏

l=1

sinh(u − θl)

sinh η

× sinh(u + θl + η)

sinh η

n∏

j=1

sinh(u + θp j ) sinh(u − θp j + η)

sinh(u − θp j ) sinh(u + θp j + η)
. (5.5.88)

Obviously, the right states {|θp1, . . . , θpn ; m〉|n = 0, . . . , N } given by (5.5.86) are
pseudo eigenstates of Cm(u) and therefore form a basis [20] of the Hilbert space.

5.5.4 Left SoV Basis

A left local state of the nth site in the lattice can be defined as

n〈m| = eθn+αη

2 sinh(m + n − N − 1)η

{
n〈↑ | − e−[θn+(α+m+n−N−1)η]

n〈↓ |
}

.

(5.5.89)

Let us further define an alternative gauged R-matrix

R̄0,n(m|u − θn) = Ḡ−1
m+n−N (u)R0,n(u − θn)Ḡm+n−N−1(u), (5.5.90)

R̄0,n(m|u + θn) = Ĝ−1
m+n−N−1(−u)R0,n(u + θn)Ĝm+n−N (−u). (5.5.91)

Acting the elements of this gauged R-matrix on the left local state (5.5.89), we have

n〈m|R̄0,n(m|u − θn)12 = 0, (5.5.92)

n〈m|R̄0,n(m|u − θn)22 = sinh(u − θn + η)

sinh η
n〈m + 1|, (5.5.93)

n〈m|R̄0,n(m|u − θn)11 = sinh(m + n − N − 2)η

sinh(m + n − N − 1)η

sinh(u − θn)

sinh η
n〈m − 1|, (5.5.94)

n〈m|R̄0,n(m|u + θn)12 = 0, (5.5.95)

n〈m|R̄0,n(m|u + θn)22 = sinh(u + θn + η)

sinh η
n〈m − 1|, (5.5.96)

n〈m|R̄0,n(m|u + θn)11 = sinh(m + n − N + 1)η

sinh(m + n − N )η

sinh(u + θn)

sinh η
n〈m + 1|, (5.5.97)

where R̄ j
i means the i th row and j th column element of the R̄-matrix spanned in the

auxiliary space. The corresponding gauged one-row monodromy matrices read
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T̄ (m|u) = Ḡ−1
m (u)T (u)Ḡm−N (u) =

(
Ām(u) B̄m(u)

C̄m(u) D̄m(u)

)

=
(

Ȳm(u)T (u)Xl̄(u) Ȳm(u)T (u)Yl̄(u)

X̄m(u)T (u)Xl̄(u) X̄m(u)T (u)Yl̄(u)

)
, (5.5.98)

¯̂T (m|u) = Ĝ−1
m−N (−u)T̂ (u)Ĝm(−u) =

( ¯̃Am(u)
¯̃Bm(u)

¯̃Cm(u)
¯̃Dm(u)

)

=
(

Ȳl̄+1(−u)T̂ (u)X̂m−1(−u) Ȳl̄+1(−u)T̂ (u)Ŷm+1(−u)

X̄l̄−1(−u)T̂ (u)X̂m−1(−u) X̄l̄−1(−u)T̂ (u)Ŷm+1(−u)

)
, (5.5.99)

where l̄ = m − N .
Let us define the following left global state

〈m| = ⊗N
n=1 n〈m|. (5.5.100)

We readily have

〈m|C̄m(u) = 0, (5.5.101)

〈m|D̄m(u) =
N∏

j=1

sinh(u − θ j + η)

sinh η
〈m + 1|, (5.5.102)

〈m| Ām(u) = sinh(m − N − 1)η

sinh(m − 1)η

N∏

j=1

sinh(u − θ j )

sinh η
〈m − 1|, (5.5.103)

〈m| ¯̃Cm(u) = 0, (5.5.104)

〈m| ¯̃Dm(u) =
N∏

j=1

sinh(u + θ j + η)

sinh η
〈m − 1|, (5.5.105)

〈m| ¯̃Am(u) = sinh(m + 1)η

sinh(m + 1 − N )η

N∏

j=1

sinh(u + θ j )

sinh η
〈m + 1|. (5.5.106)

With the relations (5.5.10) and (5.5.12), we can rewrite ¯Am(u), C̄m(u) and
D̄m(u) as

¯Am(u) = Ȳm(u)T (u)Xl̄ (u)Ȳl̄ (u)K −(u)X̂l̄−2(−u)Ȳl̄ (−u)T̂ (u)X̂m−2(−u)

+Ȳm(u)T (u)Xl̄ (u)Ȳl̄ (u)K −(u)Ŷl̄ (−u)X̄l̄−2(−u)T̂ (u)X̂m−2(−u)

+Ȳm(u)T (u)Yl̄ (u)X̄l̄ (u)K −(u)X̂l̄ (−u)Ȳl̄+2(−u)T̂ (u)X̂m−2(−u)

+Ȳm(u)T (u)Yl̄ (u)X̄l̄ (u)K −(u)Ŷl̄+2(−u)X̄l̄ (−u)T̂ (u)X̂m−2(−u), (5.5.107)

C̄m(u) = X̄m(u)T (u)Xl̄ (u)Ȳl̄ (u)K −(u)X̂l̄−2(−u)Ȳl̄ (−u)T̂ (u)X̂m(−u)

+X̄m(u)T (u)Xl̄ (u)Ȳl̄ (u)K −(u)Ŷl̄ (−u)X̄l̄−2(−u)T̂ (u)X̂m(−u)
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+X̄m(u)T (u)Yl̄ (u)X̄l̄ (u)K −(u)X̂l̄ (−u)Ȳl̄+2(−u)T̂ (u)X̂m(−u)

+X̄m(u)T (u)Yl̄ (u)X̄l̄ (u)K −(u)Ŷl̄+2(−u)X̄l̄ (−u)T̂ (u)X̂m(−u), (5.5.108)

D̄m(u) = X̄m(u)T (u)Xl̄ (u)Ȳl̄ (u)K −(u)X̂l̄−2(−u)Ȳl̄ (−u)T̂ (u)Ŷm+2(−u)

+X̄m(u)T (u)Xl̄ (u)Ȳl̄ (u)K −(u)Ŷl̄ (−u)X̄l̄−2(−u)T̂ (u)Ŷm+2(−u)

+X̄m(u)T (u)Yl̄ (u)X̄l̄ (u)K −(u)X̂l̄ (−u)Ȳl̄+2(−u)T̂ (u)Ŷm+2(−u)

+X̄m(u)T (u)Yl̄ (u)X̄l̄ (u)K −(u)Ŷl̄+2(−u)X̄l̄ (−u)T̂ (u)Ŷm+2(−u). (5.5.109)

Define

K̄ −(l̄|u) =
(

K̄ −
11(l̄|u) K̄ −

12(l̄|u)

K̄ −
21(l̄|u) K̄ −

22(l̄|u)

)

=
(

Ȳl̄(u)K −(u)X̂l̄−2(−u) Ȳl̄(u)K −(u)Ŷl̄(−u)

X̄l̄(u)K −(u)X̂l̄(−u) X̄l̄(u)K −(u)Ŷl̄+2(−u)

)
. (5.5.110)

From (5.5.101)–(5.5.106), (5.5.108), (5.5.109) and (5.5.110), we have

〈m|C̄m(u) = K̄ −
21(l̄|u)

sinh(m + 2)η

sinh(m + 2 − N )η

×
N∏

j=1

sinh(u − θ j + η) sinh(u + θ j )

sinh2 η
〈m + 2|, (5.5.111)

〈m|D̄m(u) = K̄ −
22(l̄|u)

N∏

j=1

sinh(u − θ j + η) sinh(u + θ j + η)

sinh2 η
〈m|

+K̄ −
21(l̄|u)

N∏

j=1

sinh(u − θ j + η)

sinh η
〈m + 1| ¯̃Bm+1(u). (5.5.112)

From (5.5.111), we know that 〈m| is a pseudo eigenstate of C̄m(u) and

〈m|C̄m(−θ j ) = 〈m|C̄m(θ j − η) = 0, j = 1, . . . , N . (5.5.113)

Introduce the following left states:

〈θp1 · · · θpn ; m| = 〈m|D̄m(−θp1) · · · D̄m(−θpn ), (5.5.114)

where p j ∈ {1, . . . , N }, θp1 < θp2 · · · < θpn . From (5.5.55) we know that the
operators D̄m(u) with different spectral parameters are not commuting with each
other. However, using the commutation relation (5.5.56) and (5.5.113), we find that
the state 〈θp1 , . . . , θpn ; m| is independent of the order of D̄m(−θp j ) in (5.5.114).

Acting C̄m(u) on 〈θp1 , . . . , θpn ; m| and using (5.5.111), (5.5.113) and (5.5.56), we
have
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〈θp1 , . . . , θpn ; m|C̄m(u) = ḡm(u, {θp1 , . . . , θpn })〈θp1 , . . . , θpn ; m + 2|, (5.5.115)

where

ḡm(u, {θp1 , . . . , θpn }) = K̄ −
21(l̄|u)

sinh(m + 2)η

sinh(m + 2 − N )η

×
N∏

l=1

sinh(u − θl + η) sinh(u + θl)

sinh2 η

×
n∏

j=1

sinh(u + θp j + η) sinh(u − θp j )

sinh(u − θp j + η) sinh(u + θp j )
. (5.5.116)

The relation (5.5.115) indicates that the left states {〈θp1 , . . . , θpn ; m|} are pseudo
eigenstates of C̄m(u) and therefore form a left basis [26] of the Hilbert space.

5.5.5 The Scalar Product 〈θ p1, . . . , θ pn; m0|Ψ 〉

An important fact is that with a proper choice of the parameters α = α0 and m = m0,
K +(u) can be diagonalized with a corresponding gauge transformation. Thus the
double-row transfer matrix becomes a linear combination of ¯Am0(u) and D̄m0(u).

The operator ¯Am(u) can be rewritten as

¯Am(u) = K̄ −
11(l̄|u) Ām(u)

¯̃Am−1(u) + K̄ −
12(l̄|u) Ām(u)

¯̃Cm−1(u)

+K̄ −
21(l̄|u)Ȳm(u)T (u)Yl̄(u)Ȳl̄+2(−u)T̂ (u)X̂m−2(−u)

+K̄ −
22(l̄|u)Ȳm(u)T (u)Yl̄(u)X̄l̄(−u)T̂ (u)X̂m−2(−u). (5.5.117)

Using YBE, we have

T2(u)R1,2(2u)T̂1(u) = T̂1(u)R1,2(2u)T2(u). (5.5.118)

Multiplying (5.5.118) with Ȳ 1
m(u)X̄2

l̄−1
(−u) from the left and Y 1

l̄−1
(u)X̂2

m−2(−u)

from the right, we have

Ȳm(u)T (u)Yl̄(u)X̄l̄(−u)T̂ (u)X̂m−2(−u)

= ¯̃Cm(u)Ȳm+1(u)T (u)Yl̄−1(u)

+ sinh η sinh((m − 1)η − 2u)

sinh(m − 1)η sinh(2u + η)

¯̃Dm(u)D̄m−1(u)

− sinh η sinh((l̄ − 1)η − 2u)

sinh(l̄ − 1)η sinh(2u + η)
Ām(u)

¯̃Am−1(u). (5.5.119)
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Multiplying (5.5.118) with Ȳ 1
m(u)Ȳ 2

l̄+1
(−u) from the left and Y 1

l̄+1
(u)X̂2

m−2(−u)

from the right, we have

Ȳm(u)T (u)Yl̄(u)Ȳl̄+2(−u)T̂ (u)X̂m−2(−u)

= sinh((m − 1)η − 2u) sinh η sinh(l̄ + 1)η

sinh(m − 1)η sinh(2u) sinh(l̄ + 2)η

×Ȳl̄+1(−u)T̂ (u)Ŷm+1(−u)X̄m−1(u)T (u)Yl̄+1(u)

+ sinh(2u + η) sinh(l̄ + 1)η

sinh(2u) sinh(l̄ + 2)η
¯̃Am(u)B̄m+1(u). (5.5.120)

Multiplying (5.5.118) with X̄1
m(u)Ȳ 2

l̄+1
(−u) from the left and Y 1

l̄+1
(u)Ŷ 2

m+2(−u)

from the right, we have

Ȳl̄+1(−u)T̂ (u)Ŷm+1(−u)X̄m−1(u)T (u)Yl̄+1(u)

= sinh(2u) sinh(l̄ + 2)η

sinh(2u + η) sinh(l̄ + 1)η
D̄m(u)

¯̃Bm+1(u)

− sinh((m + 1)η + 2u) sinh η

sinh(m + 1)η sinh(2u + η)

¯̃Am(u)B̄m+1(u). (5.5.121)

Combining (5.5.120) and (5.5.121), we obtain

Ȳm(u)T (u)Yl̄(u)Ȳl̄+2(−u)T̂ (u)X̂m−2(−u)

= sinh((m − 1)η − 2u) sinh η

sinh(m − 1)η sinh(2u + η)
D̄m(u)

¯̃Bm+1(u)

+ sinh(2u + η) sinh(l̄ + 1)η

sinh(2u) sinh(l̄ + 2)η
¯̃Am(u)B̄m+1(u)

− sinh((m − 1)η − 2u) sinh η sinh(l̄ + 1)η

sinh(m − 1)η sinh(2u) sinh(l̄ + 2)η

× sinh((m + 1)η + 2u) sinh η

sinh(m + 1)η sinh(2u + η)

¯̃Am(u)B̄m+1(u). (5.5.122)

It is easy to verify that 〈m| ¯̃Am(−θ j ) = 0. From (5.5.117), (5.5.119) and (5.5.122),
we have

〈m| ¯Am(−θ j ) = − sinh((m − 1)η + 2θ j ) sinh η

sinh(m − 1)η sinh(2θ j − η)
〈m|D̄m(−θ j ). (5.5.123)
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From (5.5.113) and (5.5.58), we have

〈θp1 , . . . , θpn ; m| ¯Am(−θpn+1) = − sinh((m − 1)η + 2θpn+1) sinh η

sinh(m − 1)η sinh(2θpn+1 − η)

×〈θp1 , . . . , θpn , θpn+1; m|, (5.5.124)

where pn+1 �= p1, . . . , pn .
Let |Ψ 〉 be a common eigenstate of the transfer matrix t (u), namely

t (u)|Ψ 〉 = Λ(u)|Ψ 〉, (5.5.125)

whereΛ(u) is given by the inhomogeneous T − Q relation (5.3.41). As for the X X X
case, we introduce the following scalar product

Fn(θp1 , . . . , θpn ; m0) = 〈θp1 , . . . , θpn ; m0|Ψ 〉, n = 0, . . . , N . (5.5.126)

We consider the quantity 〈θp1 , . . . , θpn ; m0|t (−θpn+1)|Ψ 〉, where pn+1 �= p1,
. . . , pn . By acting t (−θpn+1) to left and to right alternately with (5.5.123), we obtain
the following recursive relations:

Λ(−θpn+1)Fn(θp1 , . . . , θpn ; m0) = Fn+1(θp1 , . . . , θpn , θpn+1; m0)

×
{

K̄ +
22(m0| − θpn+1) − sinh((m0 − 1)η + 2θpn+1) sinh η

sinh(m0 − 1)η sinh(2θpn+1 − η)

×K̄ +
11(m0| − θpn+1)

}
, (5.5.127)

which directly induces

Fn(θp1 , . . . , θpn ; m0) =
n∏

j=1

[
K̄ +
22(m0| − θp j ) − sinh((m0 − 1)η + 2θp j ) sinh η

sinh(m0 − 1)η sinh(2θp j − η)

×K̄ +
11(m0| − θp j )

]−1
Λ(−θp j )F0(m0), (5.5.128)

where F0(m0) = 〈m0|Ψ 〉 is an overall scalar factor.

5.5.6 The Inner Product 〈θ p1, . . . , θ pn; m0|m̄0〉

Similarly, we can always chose m = m̄0 and α = α0 to make

K −
21(m̄0 + N |u) = 0. (5.5.129)
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In such a case, from (5.5.83) and (5.5.84) we have

Cm̄0(u)|m̄0〉 = 0, (5.5.130)

Am̄0(u)|m̄0〉 = K −
11(m̄0 + N |u)

×
N∏

j=1

sinh(u − θ j + η) sinh(u + θ j + η)

sinh2 η
|m̄0〉. (5.5.131)

From the definitions of U (m|u) and Ū (m|u), we can derive the relations

C̄m(u) = e−m̄η − e−mη

2 sinh(mη)

sinh(m + 2)η[e(m̄−1)η − e−(m+1)η]
2 sinh(m + 1)η sinh(m̄η)

Am̄(u)

+e(m̄−2)η − e−mη

2 sinh(mη)

sinh(m + 2)η[e(m̄−1)η − e−(m+1)η]
2 sinh(m + 1)η sinh(m̄η)

Cm̄(u)

+e−(m̄+2)η − e−mη

2 sinh(mη)

sinh(m + 2)η[e−(m+1)η − e−(m̄+1)η]
2 sinh(m + 1)η sinh(m̄η)

Bm̄(u)

+em̄η − e−mη

2 sinh(mη)

sinh(m + 2)η[e−(m+1)η − e−(m̄+1)η]
2 sinh(m + 1)η sinh(m̄η)

Dm̄(u),(5.5.132)

D̄m(u) = [e−m̄η − e−mη][e(m̄−1)η − e(m+1)η]
4 sinh(m + 1)η sinh(m̄η)

Am̄(u)

+[e(m̄−2)η − e−mη][e(m̄−1)η − e(m+1)η]
4 sinh(m + 1)η sinh(m̄η)

Cm̄(u)

+[e−(m̄+2)η − e−mη][e(m+1)η − e−(m̄+1)η]
4 sinh(m + 1)η sinh(m̄η)

Bm̄(u)

+[em̄η − e−mη][e(m+1)η − e−(m̄+1)η]
4 sinh(m + 1)η sinh(m̄η)

Dm̄(u), (5.5.133)

where m and m̄ are arbitrary.
Let us consider the quantity of 〈θp1 , . . . , θpn ; m0|C̄m0(−θ j )|m̄0〉 for j �= pl , l =

1, . . . , n. Acting C̄m0(−θ j ) to the left, from the relations (5.5.115) and (5.5.116), we
know

〈θp1 , . . . , θpn ; m0|C̄m0(−θ j )|m̄0〉 = 0. (5.5.134)

From the definition (5.5.114), we have

〈θp1 , . . . , θpn , θpn+1; m0|m̄0〉 = 〈θp1 , . . . , θpn ; m0|D̄m0(−θpn+1)|m̄0〉. (5.5.135)
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Acting D̄m0(−θpn+1) to the right and using (5.5.130)–(5.5.134), we obtain the
recursive relations

〈θp1 , . . . , θpn , θpn+1; m0|m̄0〉 = sinh(m0η)

sinh(m0 + 2)η

e(m0+1)η − e−(m̄0+1)η

e−(m0+1)η − e−(m̄0+1)η

×〈θp1 , . . . , θpn ; m0|C̄m0(−θpn+1)|m̄0〉 + 〈θp1 , . . . , θpn ; m0|Am̄0(−θpn+1)|m̄0〉

= K −
11(m̄0 + N | − θpn+1)

N∏

j=1

sinh(−θpn+1 − θ j + η) sinh(−θpn+1 + θ j + η)

sinh2 η

×〈θp1 , . . . , θpn ; m0|m̄0〉, n = 0, . . . , N − 1. (5.5.136)

5.5.7 Bethe States

Define

|μ1, . . . , μN ; m; m̄〉 = C̄m(μ1)C̄m+2(μ2) · · · C̄m+2(N−1)(μN )|m̄〉, (5.5.137)

where {μ1, . . . , μN } is a set of Bethe roots. From (5.5.115), (5.5.116) and (5.5.136),
we have

〈θp1 , . . . , θpn ; m0|μ1, . . . , μN ; m0; m̄0〉 =
n∏

k=1

K −
11(m̄0 + N | − θpk )

×
N∏

j=1

sinh(−θpk − θ j + η) sinh(−θpk + θ j + η)

sinh2 η

N∏

l=1

sinh(μl + θpk + η)

sinh(μl − θpk + η)

× sinh(μl − θpk )

sinh(μl + θpk )
G0(m0, m̄0, {μ1, . . . , μN }), (5.5.138)

where the overall scalar factor G0 reads

G0(m0, m̄0, {μ1, . . . , μN }) =
N∏

j=1

K̄ −
21(m0 + 2 j − 2 − N |μ j )

sinh(m0 + 2 j)η

sinh(m0 + 2 j − N )η

×
N∏

k=1

sinh(μ j − θk + η) sinh(μ j + θk)

sinh2 η
〈m0 + 2N |m̄0〉. (5.5.139)

To make K̄ +
21(m0|u) = 0 and K̄ +

12(m0|u) = 0, we have

sinh(α+ + β+) = sinh(θ+ + (α0 − 1)η + m0η), (5.5.140)

sinh(α+ + β+) = sinh(θ+ + (α0 − 1)η − m0η). (5.5.141)
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To make K −
21(m̄0 + N |u) = 0 under the condition that α = α0, we have

sinh(α− + β−) + sinh(θ− + α0η + (m̄0 + N )η) = 0. (5.5.142)

There are several solutions to the above equations. We shall take one set of the
solutions to derive the right Bethe-type eigenstates, namely

α0η = −θ+ + η + i
π

2
, (5.5.143)

m0η = α+ + β+ − i
π

2
, (5.5.144)

(m̄0 + N )η = −θ− − α0η + α− + β− + iπ. (5.5.145)

In such a case, we have

K̄ +
11(m0|u) = −2e−u

cosh(α+ + β+)
sinh(u + α+ + η)

× cosh(u + β+ + η) cosh(α+ + β+ − η), (5.5.146)

K̄ +
22(m0|u) = 2e−u

cosh(α+ + β+)
sinh(u − α+ + η)

× cosh(u − β+ + η) cosh(α+ + β+ + η), (5.5.147)

K −
11(m̄0 + N |u) = −2eu sinh(u − α−) cosh(u − β−), (5.5.148)

and

K̄ +
22(m0|u) + sinh η sinh((m0 − 1)η − 2u)

sinh(2u + η) sinh(m0 − 1)η
K̄ +
11(m0|u)

= 2e−u sinh(2u + 2η)

sinh(2u + η)
sinh(u − α+) cosh(u − β+). (5.5.149)

With the help of (5.5.149), the T − Q relation (5.3.41) and the Q-function defined
in (5.3.42), it is easy to rewrite Fn(θp1 , . . . , θpn ; m0) as follows

Fn(θp1 , . . . , θpn ; m0) =
n∏

j=1

2e−θp j sinh(θp j + α−) cosh(θp j + β−)
Q(−θp j − η)

Q(−θp j )

×
N∏

l=1

sinh(θp j + θl − η) sinh(θp j − θl − η)

sinh2 η
F0(m0). (5.5.150)
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Similarly, we also have

〈θp1 , . . . , θpn ; m0|μ1, . . . , μN ; m0; m̄0〉 =
n∏

j=1

2e−θp j sinh(θp j + α−)

× cosh(θp j + β−)
Q(−θp j − η)

Q(−θp j )

N∏

l=1

sinh(θp j + θl − η)

sinh η

× sinh(θp j − θl − η)

sinh η
G0(m0, m̄0, {μ1, . . . , μN }). (5.5.151)

Comparing (5.5.150) and (5.5.151), we conclude that |μ1, . . . , μN ; m0; m̄0〉 is
exactly proportional to the state |Ψ 〉 and is an eigenstate of the transfer matrix
t (u) with the corresponding eigenvalue (5.3.41), provided that the Bethe roots
{μ j | j = 1, . . . , N } satisfy the BAEs (5.3.44).

With the same procedure, we can also construct the left Bethe states as

〈μ1, . . . , μN ; m0; m̄0| = 〈m̄0|Cm0−2(N−1)(μ1) · · ·Cm0(μN ), (5.5.152)

with

α0η = −θ+ − η + i
π

2
, m0η = −α+ − β+ + i

π

2
,

(m̄0 − N )η = −θ− − α0η − α− − β−. (5.5.153)

It is easy to check that the two reference states |m̄0〉 and 〈m̄0| and all the elements
of the gauged monodromy matrices have well-defined homogeneous limits.

5.5.8 Degenerate Case

When m̄0 = m0 − 2M̄ and M̄ is an integer, the boundary parameters satisfy the
constraint conditions (5.3.35). For this degenerate case, the method introduced in the
above subsection fails and instead we can use the algebraic Bethe Ansatz method.
Without losing generality, we use the following parametrization to reach the con-
straint (5.3.35)

α+ + β+ = i
π

2
+ m0η, (5.5.154)

θ+ + (α0 + 1)η = i
π

2
, (5.5.155)

α− + β− = −θ− − (m̄0 + N + α0)η. (5.5.156)
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In this case, due to the conditions

K +
12(m0|u) = Y m0(−u)K +(u)Ym0−2(u) = 0, (5.5.157)

K +
21(m0|u) = Xm0(−u)K +(u)Xm0+2(u) = 0, (5.5.158)

the transfer matrix becomes

t (u) = K +
11(m0|u)Am0(u) + K +

22(m0|u)Dm0(u). (5.5.159)

Further, from the condition

K −
21(m̄0 + N |u) = X̃m̄0+N (u)K −(u)Xm̄0+N (−u) = 0, (5.5.160)

we know that and

Am̄0(u)|m̄0〉 = K −
11(m̄0 + N |u)

N∏

j=1

sinh(u − θ j + η) sinh(u + θ j + η)

sinh2 η
|m̄0〉,

Cm̄0(u)|m̄0〉 = 0,

Dm̄0(u)|m̄0〉 = K −
11(m̄0 + N |u)

sinh(2u + (m̄0 + 1)η) sinh η

sinh(m̄0 + 1)η sinh(2u + η)

×
N∏

j=1

sinh(u − θ j + η) sinh(u + θ j + η)

sinh2 η
|m̄0〉

+
[

K −
22(m̄0 + N |u) − K −

11(m̄0 + N |u)
sinh(2u + (m̄0 + N + 1)η) sinh η

sinh(m̄0 + N + 1)η sinh(2u + η)

]

× sinh(m̄0η) sinh(m̄0 + N + 1)η

sinh(m̄0 + N )η sinh(m̄0 + 1)η

N∏

j=1

sinh(u − θ j ) sinh(u + θ j )

sinh2 η
|m̄0〉.

With the same procedure introduced in Sect. 5.5.2,multiplying the reflection equa-
tion with Ỹ 1

m−1(u1)Ỹ 2
m(u2) from the left and Y 1

m−1(−u1)X2
m(−u2) from the right,

we have

Am+2(u1)Bm(u2) = sinh(u1 + u2) sinh(u1 − u2 − η)

sinh(u1 − u2) sinh(u1 + u2 + η)
Bm(u2)Am(u1)

− sinh(−(m + 1)η + u1 − u2) sinh(2u2) sinh η

sinh(2u2 + η) sinh(u1 − u2) sinh(m + 1)η
Bm(u1)Am(u2)

− sinh(mη − u1 − u2) sinh η sinh η

sinh(u1 + u2 + η) sinh(m + 1)η sinh(2u2 + η)
Bm(u1)D̃m(u2), (5.5.161)
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while multiplying the reflection equation with X̃1
m+3(u1)Ỹ 2

m(u2) from the left and
Y 1

m+1(−u1)Y 2
m(−u2) from the right, we have

D̃m+2(u1)Bm(u2) = sinh(u1 + u2 + 2η) sinh(u1 − u2 + η)

sinh(u1 − u2) sinh(u1 + u2 + η)
Bm(u2)D̃m(u1)

+ sinh((m + 2)η + u1 + u2) sinh(2u2) sinh(2u1 + 2η)

sinh(u1 + u2 + η) sinh(m + 1)η sinh(2u2 + η)
Bm(u1)Am(u2)

− sinh((m + 1)η + u1 − u2) sinh(2u1 + 2η) sinh η

sinh(m + 1)η sinh(u1 − u2) sinh(2u2 + η)
Bm(u1)D̃m(u2), (5.5.162)

with

D̃m(u) = sinh(2u + η) sinh(m + 1)η

sinh η sinh(mη)
Dm(u)

− sinh(mη + 2u + η)

sinh(mη)
Am(u). (5.5.163)

The eigenvalue of D̃m̄0(u) acting on the reference state |m̄0〉 is

D̃m̄0(u)|m̄0〉 =
[

K −
22(m̄0 + N |u)

sinh(2u + η) sinh(m̄0 + N + 1)η

sinh η sinh(m̄0 + N )η

−K −
11(m̄0 + N |u)

sinh(2u + (m̄0 + N + 1)η)

sinh(m̄0 + N )η

]

×
N∏

j=1

sinh(u − θ j ) sinh(u + θ j )

sinh2 η
|m̄0〉. (5.5.164)

Let us introduce further the notation

BM̄ = Bm0−2(μ1) · · ·Bm0−2M̄ (μM̄ ),

B
j
M̄

= Bm0−2(μ1) · · ·Bm0−2 j (u) · · ·Bm0−2M̄ (μM̄ ). (5.5.165)

By using the commutation relations (5.5.161) and (5.5.162), with a similar procedure
used to demonstrate (2.2.26) we can prove that

Am0(u)BM̄ =
M̄∏

j=1

sinh(u + μ j ) sinh(u − μ j − η)

sinh(u − μ j ) sinh(u + μ j + η)
BM̄Am0−2M̄ (u)

−
M̄∑

j=1

sinh(2μ j ) sinh(u − μ j − (m0 − 2 j + 1)η) sinh η

sinh(u − μ j ) sinh(2μ j + η) sinh(m0 − 2 j + 1)η

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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×
M̄∏

l �= j

sinh(μ j − μl − η) sinh(μ j + μl)

sinh(μ j − μl) sinh(μ j + μl + η)
B

j
M̄
Am0−2M̄ (μ j )

−
M̄∑

j=1

sinh η sinh(−u − μ j + (m0 − 2 j)η) sinh η

sinh(u + μ j + η) sinh(2μ j + η) sinh(m0 − 2 j + 1)η

×
M̄∏

l �= j

sinh(μ j − μl + η) sinh(μ j + μl + 2η)

sinh(μ j − μl) sinh(μ j + μl + η)
B

j
M̄
D̃m0−2M̄ (μ j ), (5.5.166)

D̃m0(u)BM̄ =
M̄∏

j=1

sinh(u + μ j + 2η) sinh(u − μ j + η)

sinh(u − μ j ) sinh(u + μ j + η)
BM̄D̃m0−2M̄ (u)

−
M̄∑

j=1

sinh(2u + 2η) sinh(u − μ j + (m0 − 2 j + 1)η) sinh η

sinh(u − μ j ) sinh(2μ j + η) sinh(m0 − 2 j + 1)η

×
M̄∏

l �= j

sinh(μ j − μl + η) sinh(μ j + μl + 2η)

sinh(μ j − μl) sinh(μ j + μl + η)
B

j
M̄
D̃m0−2M̄ (μ j )

+
M̄∑

j=1

sinh(2μ j ) sinh(u + μ j + (m0 − 2 j + 2)η) sinh(2u + 2η)

sinh(u + μ j + η) sinh(2μ j + η) sinh(m0 − 2 j + 1)η

×
M̄∏

l �= j

sinh(μ j − μl − η) sinh(μ j + μl)

sinh(μ j − μl) sinh(μ j + μl + η)
B

j
M̄
Am0−2M̄ (μ j ). (5.5.167)

Assume the eigenstate of the transfer matrix takes the form

|μ1, . . . , μM̄ 〉 = Bm0−2(μ1) · · ·Bm0−2M̄ (μM̄ )|m̄0〉, (5.5.168)

with m0 − 2M̄ = m̄0. The transfer matrix (5.5.159) acting on the states (5.5.168)
gives

t (u)|μ1, . . . , μM̄ 〉 = Λ(u)|μ1, . . . , μM̄ 〉 +
M̄∑

j=1

Λ j (u)B
j
M̄

|m̄0〉, (5.5.169)

where Λ(u) is the eigenvalue

Λ(u) = K +
11 (m0|u)K −

11 (m̄0 + N |u)

M̄∏

j=1

sinh(u + μ j ) sinh(u − μ j − η)

sinh(u − μ j ) sinh(u + μ j + η)

×
N∏

l=1

sinh(u + θl + η) sinh(u − θl + η)

sinh2 η
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+K +
22 (m0|u)K −

22 (m̄0 + N |u)

M̄∏

j=1

sinh(u + μ j + 2η) sinh(u − μ j + η)

sinh(u − μ j ) sinh(u + μ j + η)

×
N∏

l=1

sinh(u + θl ) sinh(u − θl )

sinh2 η
, (5.5.170)

and the unwanted coefficients Λ j (u) read

Λ j (u) = sinh(2μ j )

sinh(2μ j + η) sinh(m0 − 2 j + 1)η

×
{[

sinh(u + μ j + (m0 − 2 j + 2)η) sinh(2u + 2η)

sinh(u + μ j + η)
K +

22 (m0|u)

− sinh(u − μ j − (m0 − 2 j + 1)η) sinh η

sinh(u − μ j )
K +

11 (m0|u)

]
K −

11 (m̄0 + N |μ j )

×
N∏

l=1

sinh(μ j − θl + η) sinh(μ j + θl + η)

sinh2 η

M̄∏

k �= j

sinh(μ j − μk − η) sinh(μ j + μk)

sinh(μ j − μk) sinh(μ j + μk + η)

−
[
sinh(u − μ j + (m0 − 2 j + 1)η) sinh(2u + 2η)

sinh(u − μ j )
K +

22 (m0|u)

+ sinh(−u − μ j + (m0 − 2 j)η) sinh η

sinh(u + μ j + η)
K +

11 (m0|u)

]
K −

22 (m̄0 + N |μ j )

×
N∏

l=1

sinh(μ j − θl) sinh(μ j + θl)

sinh2 η

M̄∏

k �= j

sinh(μ j − μk + η) sinh(μ j + μk + 2η)

sinh(μ j − μk) sinh(μ j + μk + η)

⎫
⎬

⎭ ,

where

K +
11 (m0|u) = K +

11(m0|u) + sinh η sinh((m0 + 1)η + 2u)

sinh(2u + η) sinh(m0 + 1)η
K +
22(m0|u),

K −
11 (m̄0 + N |u) = K −

11(m̄0 + N |u),

K +
22 (m0|u) = sinh η sinh(m0η)

sinh(2u + η) sinh(m0 + 1)η
K +
22(m0|u),

K −
22 (m̄0 + N |u) = sinh(2u + η) sinh(m̄0 + N + 1)η

sinh η sinh(m̄0 + N )η
K −
22(m̄0 + N |u)

− sinh(2u + (m̄0 + N + 1)η)

sinh(m̄0 + N )η
K −
11(m̄0 + N |u). (5.5.171)
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Putting Λ j (u) = 0, we obtain the following BAEs:

1 = K +
11 (m0|μ j )K

−
11 (m̄0 + N |μ j )

K +
22 (m0|μ j )K

−
22 (m̄0 + N |μ j )

sinh(2μ j )

sinh(2μ j + 2η)

×
N∏

l=1

sinh(μ j − θl + η) sinh(μ j + θl + η)

sinh(μ j − θl) sinh(μ j + θl)

×
M̄∏

l �= j

sinh(μ j + μl) sinh(μ j − μl − η)

sinh(μ j + μl + 2η) sinh(μ j − μl + η)
, j = 1, . . . , M̄ .

(5.5.172)

By using the parameterization (5.5.156), we obtain

K +
11 (m0|u) = −2e−u

sinh(2u + η)
sinh(2u + 2η) sinh(u + α+) cosh(u + β+),

K −
11 (m̄0 + N |u) = 2eu sinh(u + α−) cosh(u + β−),

K +
22 (m0|u) = 2e−u

sinh(2u + η)
sinh η sinh(u − α+ + η) cosh(u − β+ + η),

K −
22 (m̄0 + N |u) = −2eu

sinh η
sinh(2u) sinh(u − α− + η) cosh(u − β− + η).

Taking the homogeneous limit, the BAEs become

1 = sinh(μ j + α+) cosh(μ j + β+) sinh(μ j + α−) cosh(μ j + β−)

sinh(μ j − α+ + η) cosh(μ j − β+ + η) sinh(μ j − α− + η) cosh(μ j − β− + η)

× sinh2N (μ j + η)

sinh2N (μ j )

M̄∏

l �= j

sinh(μ j + μl ) sinh(μ j − μl − η)

sinh(μ j + μl + 2η) sinh(μ j − μl + η)
,

j = 1, . . . , M̄ . (5.5.173)

By replacing M̄ with M = N − M̄ − 1, α± with −α± and β± with −β±, we
can get another set of solutions. These two solutions constitute the complete set of
eigenstates in the degenerate case.

5.6 The Open XY Z Spin-1
2 Chain

5.6.1 The Model Hamiltonian

The model Hamiltonian of the XYZ spin chain with generic boundaries in terms of
the transfer matrix t (u) is
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H = σ(η)

σ ′(0)

{
∂

∂u
ln t (u)

∣∣∣∣
u=0

− (N − 1)ζ(η) − 2ζ(2η)

}

=
N−1∑

j=1

(
Jxσ

x
j σ x

j+1 + Jyσ
y
j σ

y
j+1 + Jzσ

z
j σ

z
j+1

)
+ h(−)

x σ x
1

+h(−)
y σ

y
1 + h(−)

z σ z
1 + h(+)

x σ x
N + h(+)

y σ
y
N + h(+)

z σ z
N , (5.6.1)

where the coupling constants are parameterized as

Jx = eiπησ (η + τ
2 )

σ ( τ
2 )

, Jy = eiπησ (η + 1
2 + τ

2 )

σ ( 12 + τ
2 )

, Jz = σ(η + 1
2 )

σ ( 12 )
,

and the boundary magnetic fields are parameterized as

h(∓)
z = ± σ(η)

σ ( 12 )

3∏

l=1

σ(α
(∓)
l − 1

2 )

σ (α
(∓)
l )

,

h(∓)
x = ±e

−iπ
(∑3

l=1 α
(∓)
l − τ

2

)
σ(η)

σ ( τ
2 )

3∏

l=1

σ(α
(∓)
l − τ

2 )

σ (α
(∓)
l )

,

h(∓)
y = ±e

−iπ
(∑3

l=1 α
(∓)
l − 1

2− τ
2

)
σ(η)

σ ( 12 + τ
2 )

3∏

l=1

σ(α
(∓)
l − 1

2 − τ
2 )

σ (α
(∓)
l )

. (5.6.2)

Here σ(u) is the σ -function defined by (3.2.3) and {α(∓)
l } are parameters contained

in the most general K -matrices [42, 43]

K −(u) = σ(2u)

2σ(u)

{
id + c(−)

x σ(u)e−iπu

σ(u + τ
2 )

σ x

+c(−)
y σ(u)e−iπu

σ(u + 1+τ
2 )

σ y + c(−)
z σ(u)

σ (u + 1
2 )

σ z

}
, (5.6.3)

K +(u) = K −(−u − η)
∣∣{c(−)

l }→{c(+)
l } , (5.6.4)

where the constants {c(∓)
l } are expressed in terms of boundary parameters {α(∓)

l } as

c(∓)
x = e−iπ(

∑
l α

(∓)
l − τ

2 )
3∏

l=1

σ(α
(∓)
l − τ

2 )

σ (α
(∓)
l )

, c(∓)
z =

3∏

l=1

σ(α
(∓)
l − 1

2 )

σ (α
(∓)
l )

,

c(∓)
y = e−iπ(

∑
l α

(∓)
l − 1

2− τ
2 )

3∏

l=1

σ(α
(∓)
l − 1

2 − τ
2 )

σ (α
(∓)
l )

. (5.6.5)
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The integrability of the above Hamiltonian is associated with the transfer matrix
defined by the R-matrix (3.2.10) and the K -matrices (5.6.3)–(5.6.4) respectively,
which satisfy RE (5.1.5) and the dual RE (5.1.6).

5.6.2 Operator Product Identities

Direct calculation [14] shows that

Detq{K −(u)} = σ(2u − 2η)

σ (η)

3∏

l=1

σ(α
(−)
l + u)σ (α

(−)
l − u)

σ (α
(−)
l )σ (α

(−)
l )

, (5.6.6)

Detq{K +(u)} = −σ(2u + 2η)

σ (η)

3∏

l=1

σ(α
(+)
l + u)σ (α

(+)
l − u)

σ (α
(+)
l )σ (α

(+)
l )

. (5.6.7)

This leads to the explicit value of the quantum determinant Δq(u)

Δq(u) = −σ(2u + 2η)σ (2u − 2η)

σ (η) σ (η)

∏

γ=±

3∏

l=1

σ(u + α
(γ )

l )σ (u − α
(γ )

l )

σ (α
(γ )

l )σ (α
(γ )

l )

×
N∏

l=1

σ(u + θl + η)σ (u + θl − η)σ (u − θl + η)σ (u − θl − η)

σ (η)σ (η)σ (η)σ (η)
. (5.6.8)

The operator product identities thus read

t (θ j )t (θ j − η) = Δq(θ j ) σ (η) σ (η)

σ (η − 2θ j ) σ (η + 2θ j )
× id, j = 1, . . . , N . (5.6.9)

Similarly, the corresponding transfer matrix t (u) satisfies the crossing relation

t (−u − η) = t (u). (5.6.10)

From the periodic properties of σ -function we can easily derive the relations

R1,2(u + 1) = −σ z
1 R1,2(u)σ z

1 = −σ z
2 R1,2(u)σ z

2 ,

K ∓(u + 1) = −σ z K ∓(u)σ z,

R1,2(u + τ) = −e−2iπ(u+ η
2+ τ

2 )σ x
1 R1,2(u)σ x

1 = −e−2iπ(u+ η
2+ τ

2 )σ x
2 R1,2(u)σ x

2 ,

R1,2(u + 1 + τ) = e−2iπ(u+ η
2+ τ

2 )σ
y
1 R1,2(u)σ

y
1 = e−2iπ(u+ η

2+ τ
2 )σ

y
2 R1,2(u)σ

y
2 ,

K −(u + τ) = −e−2iπ(3u+ 3
2 τ)σ x K −(u)σ x ,
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K −(u + 1 + τ) = e−2iπ(3u+ 3
2 τ)σ y K −(u)σ y,

K +(u + τ) = −e−2iπ(3u+3η+ 3
2 τ)σ x K +(u)σ x ,

K +(u + 1 + τ) = e−2iπ(3u+3η+ 3
2 τ)σ y K +(u)σ y . (5.6.11)

These relations lead to the following quasi-periodic properties of the transfer matrix
t (u):

t (u + 1) = t (u), t (u + τ) = e−2iπ(N+3)(2u+η+τ) t (u). (5.6.12)

From the definition of K −(u) in (5.6.3), we have

K −(0) = 1

2
tr
[
K −(0)

]× id, (5.6.13)

K −
(
1

2

)
= 1

2
tr

[
K −

(
1

2

)
σ z
]

× σ z, (5.6.14)

K − (τ

2

)
= 1

2
tr
[

K − (τ

2

)
σ x
]

× σ x , (5.6.15)

K −
(
1 + τ

2

)
= 1

2
tr

[
K −

(
1 + τ

2

)
σ y
]

× σ y . (5.6.16)

The above relations allow us to derive

t (0) = tr
[
K +(0)

]
tr
[
K −(0)

] N∏

l=1

σ(η + θl)σ (η − θl)

σ (η)σ (η)
× id, (5.6.17)

t

(
1

2

)
= (−1)N tr

[
K +

(
1

2

)
σ z
]

tr

[
K −

(
1

2

)
σ z
]

×
N∏

l=1

σ(η + 1
2 + θl)σ (η − 1

2 − θl)

σ (η)σ (η)
× id, (5.6.18)

t
(τ

2

)
= (−1)N e

−2π i
{

N
2 η−∑N

j=1 θ j

}

tr
[

K + (τ

2

)
σ x
]

tr
[

K − (τ

2

)
σ x
]

×
N∏

l=1

σ(η + τ
2 + θl)σ (η − τ

2 − θl)

σ (η)σ (η)
× id, (5.6.19)

t

(
1 + τ

2

)
= e

−2π i
{

N
2 η−∑N

j=1 θ j

}

tr

[
K +

(
1 + τ

2

)
σ y
]

tr

[
K −

(
1 + τ

2

)
σ y
]

×(−1)N
N∏

l=1

σ(η + 1+τ
2 + θl)σ (η − 1+τ

2 − θl)

σ (η)σ (η)
× id. (5.6.20)
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As we discussed above, Λ(u) should satisfy the same relations of t (u), namely,
the functional relations

Λ(θ j )Λ(θ j − η) = Δq(θ j ) σ (η) σ (η)

σ (η − 2θ j ) σ (η + 2θ j )
, j = 1, . . . , N , (5.6.21)

the crossing symmetry and the initial values

Λ(−u − η) = Λ(u), (5.6.22)

Λ(0) = tr(K +(0))tr(K −(0))
N∏

l=1

σ(η + θl)σ (η − θl)

σ (η)σ (η)
, (5.6.23)

Λ

(
1

2

)
= (−1)N tr

[
K +

(
1

2

)
σ z
]

tr

[
K −

(
1

2

)
σ z
]

×
N∏

l=1

σ(η + 1
2 + θl)σ (η − 1

2 − θl)

σ (η)σ (η)
, (5.6.24)

Λ
(τ

2

)
= (−1)N e

−2π i
{

N
2 η−∑N

j=1 θ j

}

tr
[

K + (τ

2

)
σ x
]

tr
[

K − (τ

2

)
σ x
]

×
N∏

l=1

σ(η + τ
2 + θl)σ (η − τ

2 − θl)

σ (η)σ (η)
, (5.6.25)

Λ

(
1 + τ

2

)
= (−1)N e

−2π i
{

N
2 η−∑N

j=1 θ j

}

tr

[
K +

(
1 + τ

2

)
σ y
]

× tr

[
K −

(
1 + τ

2

)
σ y
] N∏

l=1

σ(η + 1+τ
2 + θl)σ (η − 1+τ

2 − θl)

σ (η)σ (η)
, (5.6.26)

the quasi-periodic properties

Λ(u + 1) = Λ(u), Λ(u + τ) = e−2iπ(N+3)(2u+η+τ) Λ(u), (5.6.27)

and the analyticity

Λ(u), as an entire function of u, is an elliptic

polynomial of degree 2N + 6. (5.6.28)

Therefore the values of Λ(u) at generic 2N + 6 points in the fundamental domain of
the elliptic functions together with its quasi-periodicity, i.e., Eqs. (5.6.21)–(5.6.28)
suffice to determine the function completely.
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5.6.3 The Inhomogeneous T − Q Relation

For convenience, let us introduce the notation

A(u) =
N∏

j=1

σ(u + θ j + η) σ (u − θ j + η)

σ (η) σ (η)
, (5.6.29)

a(u) = −e−2iπl1u σ(2u + 2η)

σ (2u + η)

∏

γ=±

3∏

l=1

σ(u − ε
(γ )

l α
(γ )

l )

σ (ε
(γ )

l α
(γ )

l )
A(u), (5.6.30)

d(u) = a(−u − η), (5.6.31)

where l1 is an even integer and ε
(γ )

l = ±1. The solutions of (5.6.21)–(5.6.28) can
thus be constructed by the T − Q relation

Λ(u) = a(u)
Q1(u − η)

Q2(u)
+ d(u)

Q2(u + η)

Q1(u)

+c σ(2u)σ (2u + 2η)σm(u)σm(u + η)

Q1(u)Q2(u)σm(η)σm(η)
A(u)A(−u − η), (5.6.32)

where the Q-functions parameterized by M = N + 1 + m Bethe roots {μ j | j =
1, . . . , M} are defined as

Q1(u) =
M∏

j=1

σ(u − μ j )

σ (η)
, Q2(u) =

M∏

j=1

σ(u + μ j + η)

σ (η)
, (5.6.33)

and m = 0 (m = 1) for an even N (an odd N ). The M Bethe roots μ j and the
constant c should satisfy the following M + 1 equations

∑

γ=±

3∑

l=1

ε
(γ )

l α
(γ )

l + (M + 2 + n)η + 2
M∑

j=1

μ j = l1τ mod(2), (5.6.34)

c σ(2μ j )σ (2μ j + 2η)σm(μ j )σ
m(μ j + η)A(μ j )A(−μ j − η)

d(μ j )σm(η)σm(η)Q2(μ j )Q2(μ j + η)
= −1, (5.6.35)

with the selection rule (5.3.29) for the Bethe roots. In the homogeneous limit, the
BAEs (5.6.35) read

c e−2iπl1(μ j +η) σ 2(η)σm(μ j )σ
2N+n(μ j + η)σ (2μ j + η)σ (2μ j + 2η)

=
∏

γ=±

3∏

l=1

σ(μ j + ε
(γ )

l α
(γ )

l + η)

σ (ε
(γ )

l α
(γ )

l )

M∏

l=1

σ(μ j + μl + η)σ (μ j + μl + 2η),

(5.6.36)
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Table 5.12 Thenumerical solutions of (5.6.34) and (5.6.36) for N = 3,η = − 2
3 , τ = i ,α(−)

1 = 0.7,

α
(−)
2 = 0.4, α(−)

3 = 0.6, α(+)
1 = 0.3, α(+)

2 = 0.54, α(+)
3 = 0.8 and l1 = 0

μ1 μ2 μ3

−0.14193 − 0.00000i 0.07809 + 0.00000i 0.21920 − 0.00000i

−0.03293 − 0.00000i 0.07930 + 0.00000i 0.28247 − 0.02571i

−0.33332 − 0.16659i −0.33332 + 0.16659i −0.01760 + 0.00000i

−0.13331 + 0.00000i 0.10195 − 0.00000i 0.33228 − 0.11710i

−0.33332 − 0.09623i −0.33332 + 0.09623i −0.16457 − 0.15392i

−0.16671 − 0.16577i −0.16671 + 0.16577i −0.13317 + 0.00000i

−0.37731 + 0.00000i −0.28935 − 0.00000i −0.16917 − 0.05505i

−0.16659 − 0.06662i −0.16659 + 0.06662i −0.13271 + 0.00000i

μ4 μ5 c En n

0.36608 − 0.00000i 0.47522 + 0.00000i 0.00004 −3.39556 1

0.28247 + 0.02571i 0.38537 + 0.00000i −0.00002 −3.33751 2

0.34046 − 0.10824i 0.34046 + 0.10824i 0.01360 −3.02894 3

0.33228 + 0.11710i 0.36346 + 0.00000i −0.00035 −2.51981 4

−0.16457 + 0.15392i −0.00754 + 0.00000i 0.05665 1.76506 5

0.10246 − 0.00000i 0.36080 + 0.00000i −0.00255 2.00149 6

−0.16917 + 0.05505i 0.00167 − 0.00000i 0.02178 4.16110 7

0.10441 + 0.00000i 0.35815 − 0.00000i −0.00135 4.35417 8

The eigenvalues En calculated from (5.6.37) are the same as those from the exact diagonalization
of the Hamiltonian (5.6.1)

and the eigenvalue of the Hamiltonian in terms of the Bethe roots is

E = σ(η)

σ ′(0)

⎧
⎨

⎩−2
M∑

j=1

ζ(u j + η) + (N − 1)ζ(η)

−2iπl1 −
∑

γ=±

3∑

l=1

ζ(ε
(γ )

l α
(γ )

l )

⎫
⎬

⎭ . (5.6.37)

We note that any choice of ε
(γ )

l should give a complete set of solutions. Numerical
solutions of the BAEs given in Table5.11 and in Table5.12 indicate that the T −
Q relation and the BAEs indeed give the correct and complete spectrum of the
Hamiltonian even with a fixed l1 = 0.
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Finally, we should point out that if the boundary parameters {α(γ )

l } satisfy the
constraint [14]

∑

γ=±

3∑

l=1

ε
(γ )

l α
(γ )

l − l1τ − kη = 0 mod(2), (5.6.38)

where k is an integer, then c = 0 and the T − Q relation (5.6.32) becomes a usual
one [8, 14]. It should be remarked that, similar to the situation of the periodic XY Z
model with an odd N , a T − Q relation of the form (5.1.38) with a single Q-function
cannot express the spectrum of the open XY Z spin chain with generic boundaries
for both even and odd N .
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Chapter 6
The One-Dimensional Hubbard Model

As one of the minimal models for strongly correlated electron systems, the Hubbard
model plays a central role in modern condensed matter physics [1–3]. Interestingly,
this model in one spatial dimension is exactly solvable [4], which provides an impor-
tant benchmark for understanding the Mott insulators. In the past several decades,
numerous efforts have been made to study the integrability and the physical proper-
ties of this model [5–10]. A remarkable result was obtained by Shastry [11–13] who
constructed the corresponding R-matrix and the Lax matrix of the one-dimensional
Hubbard model, thus demonstrating its integrability under the framework of YBE.
The graded version of the R-matrix was then obtained byWadati et al. [14–18]. With
Shastry’s findings, the model was resolved [19, 20] via the algebraic Bethe Ansatz
method. On the other hand, the reason that the open-boundary problem of this model
has attracted a lot of attention is because of its relationship to the impurity problem
in a Luttinger liquid [21]. The exact solution of the open Hubbard chain was first
obtained by Shulz [22], whose result was subsequently generalized to the non-zero
boundary potential case [23–25]. The integrability of the one-dimensional Hubbard
model with diagonal open boundaries was demonstrated in [26] by the construction
of the Lax representation, while the generic integrable boundary conditions were
obtained in [27] by solving YBE and RE. It was found that applying either scalar
potentials or magnetic fields on the two end sites does not break the integrability of
this model. However, the conventional Bethe Ansatz methods could only construct
the exact solutions for parallel boundary conditions. TheBetheAnsatz solution of this
model with generic non-diagonal boundaries was given by the ODBA method [28].

The Hubbard model in the strongly repulsive limit becomes the t − J model
where double occupancy of two electrons on a single site is forbidden. This model
in two spatial dimensions may provide a non-phonon mechanism for high-Tc super-
conductivity [29]. Interestingly, the t − J model in one spatial dimension at the
super-symmetric points 2t = ±J is also exactly solvable [30–34]. Based on this
observation, some important physical properties including the elementary excita-
tions [35], the correlation functions [36] and the thermodynamics [37, 38] were
extensively studied. It was found that special cases of the model with certain open
boundaries are also integrable [39–45].
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This chapter is devoted to the exact solutions of both the one-dimensional
Hubbard model and the super-symmetric t − J model with generic integrable
boundary conditions by the combination of the coordinate Bethe Ansatz and the
ODBA [28, 46].

6.1 The Periodic Hubbard Model

The Hamiltonian of the one-dimensional Hubbard model reads

H = −t
N∑

α, j=1

[c†j,αc j+1,α + c†j+1,αc j,α] + U
N∑

j=1

n j,↑n j,↓, (6.1.1)

where c†j,α and c j,α are the creation and annihilation operators of electrons on site
j with spin component α =↑,↓; N is the number of sites; t and U are the hopping
constant and the on-site repulsive interaction constant, respectively. Note that the
periodic boundary condition cN+1,α = c1,α is assumed. Obviously, the model pos-
sessesU (1)×SU (2)spin×SU (2)charge symmetry. In fact, a hidden SO(4) symmetry
[47, 48] also holds.

6.1.1 Coordinate Bethe Ansatz

The U (1) symmetry in the charge sector allows us to construct the eigenstates of the
Hamiltonian (6.1.1) in the form

|Ψ 〉 =
M∑

j=1

∑

α j =↑,↓

N∑

x j =1

Ψ {α}(x1, . . . , xM )c†x1,α1 . . . c†xM ,αM
|0〉, (6.1.2)

where M is the number of electrons and {α} = {α1, . . . , αM }. The eigenvalue equa-
tion of the Hamiltonian (6.1.1) thus reads

−t
M∑

j=1

[Ψ {α}(. . . , x j + 1, . . .) + Ψ {α}(. . . , x j − 1, . . .)]

+U
M∑

i< j

δxi ,x j Ψ
{α}(x1, . . . , xM ) = E Ψ {α}(x1, . . . , xM ). (6.1.3)
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The wave function takes the following Bethe Ansatz form [49]

Ψ {α}(x1, . . . , xM ) =
∑

p,q

A{α}
p (q) exp

⎡

⎣i
M∑

j=1

kp j xq j

⎤

⎦

×θ(xq1 ≤ xq2 ≤ · · · ≤ xqM ), (6.1.4)

where p = {p1, . . . , pM } and q = {q1, . . . , qM } are the permutations of {1, . . . , M}
and θ(x1 ≤ · · · ≤ xM ) is the generalized step function, which is one in the noted
variables’ region and zero otherwise.

For all x j �= xl cases, Eq. (6.1.3) is automatically satisfied and the corresponding
eigenvalue is

E = −2t
M∑

j=1

cos k j . (6.1.5)

For the case of two electrons occupying the same site, we should consider the con-
tinuity of the wave function Ψ {α}(x1, . . . , xM ). Considering the sector

I : xq1 ≤ xq2 ≤ · · · ≤ xq j ≤ xq j+1 ≤ · · · ≤ xqM , (6.1.6)

and the sector

I I : xq1 ≤ xq2 ≤ · · · ≤ xq j+1 ≤ xq j ≤ · · · ≤ xqM , (6.1.7)

when xq j = xq j+1 = x , the continuity of the wave function Ψ {α}(x1, . . . , xM )

requires that

Ψ
{α}
I (. . . , x, x, . . .) = Ψ

{α}
I I (. . . , x, x, . . .). (6.1.8)

For convenience, we omit the superscript {α} and treat Ap(q) as a column vector in
the spin space. The continuity condition (6.1.8) implies

Ap(q) + Ap′(q) = Ap(q
′) + Ap′(q ′), (6.1.9)

where q ′ = {. . . , q j+1, q j , . . .}, and p′ = {. . . , p j+1, p j , . . .}. For xq j = xq j+1 , the
Schrödinger equation (6.1.3) gives rise to

−t
[

Ap(q
′)eikp j+1 + Ap′(q ′)eikp j + Ap(q)e−ikp j + Ap′(q)e−ikp j+1

+Ap(q)eikp j+1 + Ap′(q)eikp j + Ap(q
′)e−ikp j + Ap′(q ′)e−ikp j+1

]

+U [Ap(q) + Ap′(q)] = −2t[cos kp j + cos kp j+1][Ap(q) + Ap′(q)]. (6.1.10)
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Substituting Eqs. (6.1.9) into (6.1.10), we have

[
sin(kp j ) − sin(kp j+1)

]
Ap(q) − i

U

2t
Ap(q

′)

=
[
sin(kp j ) − sin(kp j+1) + i

U

2t

]
Ap′(q ′). (6.1.11)

Now let us define the coordinate permutation operator P̄i, j ,

P̄i, j Ap(. . . , qi , . . . , q j , . . .) = Ap(. . . , q j , . . . , qi , . . .). (6.1.12)

Since the fermionic wave function is completely antisymmetric with both the coor-
dinates and spins of two particles exchanged, if we denote further Pi, j as the spin
permutation operator, we have

Pi, j P̄i, j = −1, P2
i, j = P̄2

i, j = 1, (6.1.13)

which implies the relation

− Pj, j+1Ap(q) = Ap(q
′). (6.1.14)

Substituting this relation into Eq. (6.1.11), we readily obtain

Ap(q) = Sp j ,p j+1(kp j , kp j+1)Ap′(q ′), (6.1.15)

with the S-matrix given by

S j,l(k j , kl) = sin k j − sin kl − i U
2t Pj,l

sin k j − sin kl − i U
2t

. (6.1.16)

Now let us consider the following process: The j th particle moves from the left
end to the right end by scattering with all the other particles to its right. This process
can be described by the relations

Ap(q) = S j, j+1(k j , k j+1)S j, j+2(k j , k j+2) · · · S j,M (k j , kM )

×S j,1(k j , k1) · · · S j, j−1(k j , k j−1)e
−ik j N Ap(q). (6.1.17)

Note above we have used the periodic boundary condition

Ψ (. . . , x j + N , . . .) = Ψ (. . . , x j , . . .). (6.1.18)

The relation (6.1.17) was first obtained and solved by Yang [49] with a very opaque
Ansatz. Herewe introduce an alternative approach to this second eigenvalue problem.
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6.1.2 Solution of the Second Eigenvalue Problem

For convenience, we introduce the notations

R j,l(u) = u + ηPj,l , (6.1.19)

with η = −i U
2t and

T0(u) = R0, j (u − sin k j )R0, j+1(u − sin k j+1) · · · R0,M (u − sin kM )

×R0,1(u − sin k1) · · · R0, j−1(u − sin k j−1). (6.1.20)

T0(u) is nothing but the monodromy matrix of the X X X spin chain with the inho-
mogeneity parameters {θ j = sin k j }. This allows us to transform the eigenvalue
problem (6.1.17) to that of the transfer matrix of the X X X spin chain model with
the correspondence

S j, j+1(k j , k j+1)S j, j+2(k j , k j+2) · · · S j,M (k j , kM )

×S j,1(k j , k1) · · · S j, j−1(k j , k j−1) = τ(sin k j )

η
∏M

l �= j (sin k j − sin kl + η)
, (6.1.21)

where τ(u) = tr0T0(u) is the transfer matrix. As the operator identities

τ(sin k j )τ (sin k j − η) =
M∏

l=1

(sin k j − sin kl + η)(sin k j − sin kl − η) × id,

j = 1, . . . , M, (6.1.22)

hold and

lim
u→∞ τ(u) = 2uM + · · · , (6.1.23)

by the same procedure introduced in Chap.1 we conclude that the eigenvalue of the
transfer matrix takes the form

Λ(u) =
M∏

j=1

(u − sin k j + η)
Q(u − η)

Q(u)
+

M∏

j=1

(u − sin k j )
Q(u + η)

Q(u)
, (6.1.24)

with

Q(u) =
M̄∏

α=1

(u − λα), (6.1.25)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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and M̄ ≤ M is a non-negative integer. BecauseΛ(u)must be a polynomial of degree
M as required, its regularity induces

M∏

j=1

λα − sin k j

λα − sin k j + η
= −

M̄∏

β=1

λα − λβ − η

λα − λβ + η
, α = 1, . . . , M̄ . (6.1.26)

From (6.1.17) and (6.1.21) we have

eik j N = Λ(sin k j )

η
∏

l �= j (sin k j − sin kl + η)
, j = 1, . . . , M. (6.1.27)

Substituting (6.1.24) into (6.1.27) and putting λα = μα − η/2 we readily obtain the
BAEs of the present model, namely

eik j N =
M̄∏

α=1

sin k j − μα − η
2

sin k j − μα + η
2

, j = 1, . . . , M, (6.1.28)

M∏

j=1

μα − sin k j − η
2

μα − sin k j + η
2

= −
M̄∏

β=1

μα − μβ − η

μα − μβ + η
, α = 1, . . . , M̄ . (6.1.29)

These equations should determine the spectrum of the Hamiltonian (6.1.1)
completely.

6.1.3 Ground State Energy and Mott Gap at Half Filling

Substituting η = −i U
2t into (6.1.28) and (6.1.29) and taking the logarithm, we obtain

Nk j = 2π I j −
M̄∑

α=1

θ1(sin k j − μα), (6.1.30)

M∑

j=1

θ1(μα − sin k j ) = 2π Jα +
M̄∑

β=1

θ2(μα − μβ), (6.1.31)

where θn(x) = 2 arctan( 4xt
Un ), I j are integers (half odd integers) for even (odd) M̄

and Jα are integers (half odd integers) for odd (even) M − M̄ . As for the Heisenberg
chain model, let us define the counting functions

Zc(k) = k

2π
+ 1

2Nπ

M̄∑

α=1

θ1(sin k − μα), (6.1.32)
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Zs(μ) = 1

2Nπ

⎧
⎨

⎩

M∑

j=1

θ1(μ − sin k j ) −
M̄∑

β=1

θ2(μ − μβ)

⎫
⎬

⎭ . (6.1.33)

The corresponding density functions read

ρc(k) + ρh
c (k) = d Zc(k)

dk
, (6.1.34)

ρs(μ) + ρh
s (μ) = d Zs(μ)

dμ
. (6.1.35)

In the ground state, all k j and μα take real values (M ≤ N is assumed). There is no
μ hole in the whole real axis and no k hole in the interval [−B, B]. We thus have the
equations

ρc(k) = 1

2π
+ cos k

∫ ∞

−∞
a1(sin k − μ)ρs(μ)dμ, (6.1.36)

ρs(μ) =
∫ B

−B
a1(μ − sin k)ρc(k)dk −

∫ ∞

−∞
a2(μ − λ)ρs(λ)dλ, (6.1.37)

where

an(x) = 1

π

4tnU

n2U 2 + 16t2x2
, (6.1.38)

and B is determined by

∫ B

−B
ρc(k)dk = M

N
. (6.1.39)

We consider the half-filling case, i.e., M = N . In this case, B = π , the integral
equations can be solved exactly via Fourier transformation. From equation (6.1.37)
we obtain

ρs(μ) = t

U

∫ π

−π

ρc(k)

cosh 2π t (μ−sin k)
U

dk. (6.1.40)

Substituting equation (6.1.36) into the above equation we have

ρs(μ) = 1

2π

∫ ∞

−∞
e−iωμ J0(ω)

2 cosh
(Uω

4t

)dω. (6.1.41)

Substituting equation (6.1.41) into equation (6.1.36) we get

ρc(k) = 1

2π
+ cos k

π

∫ ∞

0

J0(ω) cos(ω sin k)

1 + e
Uω
2t

dω. (6.1.42)
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The ground state energy per site thus reads

eg = −2t
∫ π

−π

cos kρc(k)dk = −4t
∫ ∞

0

J0(ω)J1(ω)

ω(1 + e
Uω
2t )

dω, (6.1.43)

where

J0(ω) = 1

2π

∫ π

−π

eiω sin kdk, (6.1.44)

J1(ω) = ω

2π

∫ π

−π

cos2 k cos(ω sin k)dk. (6.1.45)

The Mott gap is defined as (even N is assumed)

ΔE = 1

2

[
E

(
N

2
,

N

2
+ 1

)
+ E

(
N

2
,

N

2
− 1

)
− 2E

(
N

2
,

N

2

)]
, (6.1.46)

where E(N↑, N↓) is the ground state energy of the systemwith N↑ spin-up electrons
and N↓ spin-down electrons, M = N↑ + N↓. With the particle-hole transformation,
we can easily deduce that [4]

E(N↑, N↓) = E(N − N↑, N − N↓) + (M − N )U. (6.1.47)

Therefore, the Mott gap can be expressed as

ΔE = 1

2
U −

[
E

(
N

2
,

N

2

)
− E

(
N

2
,

N

2
− 1

)]
. (6.1.48)

Suppose the charge density and the spin density of the system with N = N↑ + N↓
electrons are ρ0

c (k) and ρ0
s (μ), respectively. We also denote the charge density and

spin density of the system with N − 1 electrons as ρ−
c and ρ−

s . Thus

ρ0
c (k) − ρ−

c (k) = 1

2N
[δ(k − π) + δ(k + π)] + δρc(k). (6.1.49)

From (6.1.36) and (6.1.37), we know that the deviation of charge density induced
with one electron taken away should satisfy

δρc(k) + 1

2N
[δ(k + π) + δ(k − π)]

= cos k
∫ ∞

−∞
a1(sin k − μ)δρs(μ)dμ, (6.1.50)
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1

N
a1(μ) +

∫ π−

−π−
a1(sin k − μ)δρc(k)dk

= δρs(μ) +
∫ ∞

−∞
a2(μ − λ)δρs(λ)dλ, (6.1.51)

where δρs(μ) = ρ0
s (μ) − ρ−

s (μ). With Fourier transformation, we readily have

δρc(k) = − 1

2N
[δ(k − π) + δ(k + π)] + cos k

Nπ

∫ ∞

0

cos(ω sin k)dω

1 + e
Uω
2t

. (6.1.52)

Therefore, the Mott gap reads

ΔE = U

2
− 2t + 4t

∫ ∞

0

J1(ω)

ω(e
Uω
2t + 1)

dω. (6.1.53)

By using the formula

∫ ∞

0

J1(ω)

ω(e
Uω
2t + 1)

dω =
∞∑

n=1

(−1)n+1

⎡

⎣
(
1 + n2U 2

4t2

) 1
2

− nU

2t

⎤

⎦

= −U

8t
+ 1

2
+ 2t

U

∫ ∞

1

(x2 − 1)
1
2

sinh 2πxt
U

dx, (6.1.54)

we conclude that the energy gap ΔE is always positive as long as U is positive.

6.2 Hubbard Model with Open Boundaries

6.2.1 Coordinate Bethe Ansatz

The model Hamiltonian of the open Hubbard chain with unparallel boundary fields
reads

H = − t
N−1∑

α, j=1

[c†j,αc j+1,α + c†j+1,αc j,α] + U
N∑

j=1

n j,↑n j,↓

+ h1 · σ1 + hN · σN , (6.2.1)

where σ j = ∑
α,β c†j,ασα,βc j,β is the spin operator on site j , and h1 and hN indi-

cate the boundary fields. This Hamiltonian has also been demonstrated [27] to be
integrable.
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We note that the unparallel boundary fields break the U (1) symmetry in the spin
sector. However, the U (1) symmetry in the charge sector still exists. The left U (1)-
symmetry allows us to construct the eigenstates of the Hamiltonian (6.2.1) as

|Ψ 〉 =
M∑

j=1

∑

α j =↑,↓

N∑

x j =1

Ψ {α}(x1, . . . , xM )c†x1,α1 . . . c†xM ,αM
|0〉. (6.2.2)

The associated Schrödinger equation thus reads

−t
M∑

j=1

[
(1 − δx j ,N )Ψ {α}(. . . , x j + 1, . . .) + (1 − δx j ,1)Ψ

{α}(. . . , x j − 1, . . .)
]

+
M∑

j=1

∑

β j =↑,↓

[
δx j ,1h1 · σα j ,β j + δx j ,N hN · σα j ,β j

]
Ψ {α} j (x1, . . . , xM )

+U
M∑

i< j

δxi ,x j Ψ
{α}(x1, . . . , xM ) = E Ψ {α}(x1, . . . , xM ), (6.2.3)

where {α} j means that α j is replaced by β j in the set {α}. The wave function takes
the Bethe Ansatz form

Ψ {α}(x1, . . . , xM ) =
∑

p,q,r

A{α},r
p (q) exp

⎡

⎣i
M∑

j=1

rp j kp j xq j

⎤

⎦

×θ(xq1 ≤ xq2 ≤ · · · ≤ xqM ), (6.2.4)

where r = {r1, . . . , rM } with r j = ±. The eigenvalue E can be easily derived from
(6.2.3) with the case of all x j �= 1, N and x j �= xl considered

E = −2t
M∑

j=1

cos k j . (6.2.5)

The wave function must be continuous when two electrons occupy the same site.
This indicates that

Ar
p(q) + Ar ′

p′(q) = Ar
p(q

′) + Ar ′
p′(q ′), (6.2.6)

where q ′ = {. . . , q j+1, q j , . . .}, p′ = {. . . , p j+1, p j , . . .} and r ′ = {. . . , r j+1,

r j , . . .}. As for the periodic boundary case, we can deduce

Ar
p(q) = Sp j ,p j+1(rp j kp j , rp j+1kp j+1)Ar ′

p′(q ′), (6.2.7)
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with the S-matrix given by (6.1.19).
Now let us turn to the case of xq1 = 1, xqi �= xq j (i �= j) and xqM �= N . In this

case, the eigenvalue equation (6.2.3) becomes

−tΨ {α}(2, . . .) +
∑

β1

h1 · σα1,β1Ψ
(β1,...)(1, . . .)

= −2t cos kp1Ψ
{α}(1, . . .). (6.2.8)

This induces

∑

β1

h1 · σα1,β1Ψ
(β1,...)(1, . . .) = −tΨ {α}(0, . . .), (6.2.9)

and

A(+,··· )
p (q) = K̄ +

1 (kp1)A(−,··· )
p (q), (6.2.10)

with

K̄ +
j (k) = − t2 − h2

1 − 2it sin kh1 · σ j

t2 − h2
1e2ik

, (6.2.11)

by employing the identity (h1 · σ )2 = h2
1. With the same procedure we have

∑

βM

hN · σαM ,βM Ψ (...,βM )(. . . , N ) = −tΨ {α}(. . . , N + 1), (6.2.12)

and

e−2ikpM N A(··· ,−)
p (q) = K̄ −

M (kpM )A(··· ,+)
p (q), (6.2.13)

with

K̄ −
j (k) = − t2 − h2

N − 2it sin khN · σ j

t2e−2ik − h2
N

. (6.2.14)

With the help of (6.2.9) and (6.2.12), we can easily deduce that (6.2.3) also holds
with the Ansatz (6.2.4) for xq1 = xq2 = 1 or xqM−1 = xqM = N .

Following the coordinateBetheAnsatz procedure introduced inChap. 1,we obtain
the second eigenvalue equation

τ̄ (k j )A(··· ,+,··· ) = e−2ik j N A(··· ,+,··· ), (6.2.15)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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where

τ̄ (k j ) = S j−1, j (k j−1, k j ) · · · S1, j (k1, k j )K̄ +
j (k j )S j,1(−k j , k1) · · ·

×S j, j−1(−k j , k j−1)S j, j+1(−k j , k j+1) · · · S j,M (−k j , kM )K̄ −
j (k j )

×SM, j (kM , k j ) · · · S j+1, j (k j+1, k j ). (6.2.16)

6.2.2 Off-Diagonal Bethe Ansatz

Let us introduce the K -matrices

K −(u) = p̄ + u hN · σ , (6.2.17)

K +(u) = q̄ − (u + η)h1 · σ , (6.2.18)

with

p̄ = i
h2

N − t2

2t
, q̄ = i

t2 − h2
1

2t
.

The following RE and its dual equation hold:

R0,0̄(u − v)K −
0 (u)R0̄,0(u + v)K −

0̄
(v)

= K −
0̄

(v)R0,0̄(u + v)K −
0 (u)R0̄,0(u − v), (6.2.19)

R0,0̄(v − u)K +
0 (u)R0̄,0(−u − v − 2η)K +

0̄
(v)

= K +
0̄

(v)R0̄,0(−u − v − 2η)K +
0 (u)R0̄,0(v − u), (6.2.20)

where the R-matrix is given by (6.1.20). To solve the eigenvalue problem (6.2.16),
let us introduce the inhomogeneous double-row monodromy matrix

U0(u) = R0,1(u − sin k1) · · · R0,M (u − sin kM )K −
0 (u)

×RM,0(u + sin kM ) · · · R1,0(u + sin k1), (6.2.21)

and the transfer matrix τ(u),

τ(u) = tr0{K +
0 (u)U0(u)}. (6.2.22)

Noting that

K̄ −
j (k j ) = i t

2K −
j (− sin k j )

h2
N − t2e−2ik j

, (6.2.23)
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K̄ +
j (k j ) = i t

tr0{K +
0 (− sin k j )R0, j (−2 sin k j )P0, j }
(sin k j − η)(h2

1e2ik j − t2)
, (6.2.24)

we have the important identification between the operator {τ̄ (k j )} and τ(u):

τ̄ (k j ) =
M∏

l �= j

(sin k j − sin kl − η)−1(sin k j + sin kl − η)−1

× −2t2 τ(− sin k j )

η(sin k j − η)(t2 − h2
1e2ik j )(t2e−2ik j − h2

N )
. (6.2.25)

The eigenvalue problem (6.2.15) is thus transformed to the eigenvalue problem of
the transfer matrix associated with the inhomogeneous openXXX chainmodel intro-
duced inChap.5. In the present case, the “inhomogeneity” parameters are θ j = sin k j

and the crossing parameter is η = −i U
2t .

Let us introduce the notation:

Ā(u) =
M∏

l=1

(u − sin kl + η)(u + sin kl + η), (6.2.26)

a(u) = 2u + 2η

2u + η
( p̄ + u ε|hN |)(q̄ − u |h1|) Ā(u), (6.2.27)

d(u) = a(−u − η), (6.2.28)

c = 2 [ε|h1||hN | − h1 · hN )] , (6.2.29)

with

ε = h1 · hN

|h1 · hN | . (6.2.30)

The eigenvalue Λ(u) of the transfer matrix τ(u) can thus be expressed as [28]

Λ(u) = a(u)
Q1(u − η)

Q2(u)
+ d(u)

Q2(u + η)

Q1(u)

+(−1)M cu(u + η)
Ā(u) Ā(−u − η)

Q1(u)Q2(u)
, (6.2.31)

inwhich the functions Q1(u) and Q2(u) are parameterized by M Bethe roots {μ j | j =
1, . . . , M} for a generic non-vanishing c as follows

Q1(u) =
M∏

j=1

(u − μ j ), (6.2.32)

http://dx.doi.org/10.1007/978-3-662-46756-5_5
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Q2(u) = (−1)M
M∏

j=1

(u + μ j + η) = Q1(−u − η). (6.2.33)

We note that the regularity of Λ(u) results in the BAEs

c (μ j + η)(μ j + η
2 )

( p̄ − (μ j + η) ε|hN |)(q̄ + (μ j + η)|h1|) = (−1)M+1

×
M∏

l=1

(μ j + μl + η)(μ j + μl + 2η)

(μ j − sin kl + η)(μ j + sin kl + η)
, j = 1, . . . , M, (6.2.34)

with the selection rules μ j �= μl , and μ j �= −μl − η. Based on the T − Q relation
(6.2.31) and the correspondence (6.2.25), the eigenvalue problem (6.2.15) implies
the following BAEs for the quasi-momenta {k j }:

e−2ik j N =
M∏

l �= j

(sin k j − sin kl − η)−1(sin k j + sin kl − η)−1

× −2t2Λ(− sin k j )

η(sin k j − η)(t2 − h2
1e2ik j )(t2e−2ik j − h2

N )
. (6.2.35)

Noting that d(− sin k j ) = Ā(sin k j − η) = 0, the above BAEs become

4t2( p̄ − sin k j ε|hN |)(q̄ + sin k j |h1|)
(t2 − h2

1e2ik j )(t2e−2ik j − h2
N )

= e−2ik j N
M∏

l=1

(sin k j − μl − η)

(sin k j + μl + η)
, j = 1, . . . , M. (6.2.36)

Equations (6.2.34) and (6.2.36) determine the spectrum of the Hamiltonian com-
pletely.

It should be remarked that if the two boundary fields h1 and hN are parallel or
anti-parallel, the associated K ±(u)-matrices can be diagonalized simultaneously. In
this case, the U (1) symmetry in the spin sector is recovered and the constant c given
by (6.2.29) is zero. The T − Q Ansatz is thus reduced to the conventional form no
matter whether M is even or odd

Λ(u) = a(u)
Q(u − η)

Q(u)
+ d(u)

Q(u + η)

Q(u)
, (6.2.37)

where the functions Q(u) are parameterized by M̄ unequal Bethe roots {λ j | j =
1, . . . , M̄} as follows
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Q(u) =
M̄∏

l=1

(u − λl)(u + λl + η) = Q(−u − η), M̄ = 0, . . . , M. (6.2.38)

These M̄ parameters {λ j } and M quasi-momenta {k j } satisfy the BAEs

4t2( p̄ − sin k jε|hN |)(q̄ + sin k j |h1|)
(t2 − h2

1e2ik j )(t2e−2ik j − h2
N )

= e−2ik j N

×
M̄∏

l=1

(sin k j + λl)(sin k j − λl − η)

(sin k j − λl)(sin k j + λl + η)
, j = 1, . . . , M, (6.2.39)

λ j ( p̄ − (λ j + η)|hN |)(q̄ + (λ j + η)|h1|)
(λ j + η)( p̄ + λ j |hN |)(q̄ − λ j |h1|)

M∏

l=1

(λ j + sin kl)(λ j − sin kl)

(λ j − sin kl + η)(λ j + sin kl + η)

= −
M̄∏

l=1

(λ j − λl − η)(λ j + λl)

(λ j − λl + η)(λ j + λl + 2η)
, j = 1, . . . , M̄ . (6.2.40)

6.3 The Super-symmetric t − J Model with Non-diagonal
Boundaries

In this section, we consider the exact solution of the super-symmetric t − J model
with generic non-diagonal boundaries [46]. The model Hamiltonian is

H = −t
N−1∑

α, j=1

P[c†j,αc j+1,α + c†j+1,αc j,α]P + 2t
N−1∑

j=1

[S j · S j+1 − 1

4
n j n j+1]

+ξ1n1 + 2h1 · S1 + ξN nN + 2hN · SN , (6.3.1)

where N is the site number; t is the hopping constant; P projects out double occu-
pancies; S j = 1

2

∑
α,β c†j,ασα,βc j,β are the spin operators; and ξ1 and ξN are the

boundary chemical potentials.

6.3.1 Coordinate Bethe Ansatz

As for the Hubbard model, we construct the eigenstate of the Hamiltonian (6.3.1) as

|Ψ 〉 =
M∑

j=1

∑

α j =↑,↓

N∑

x j =1

Ψ {α}(x1, . . . , xM )c†x1,α1 . . . c†xM ,αM
|0〉. (6.3.2)
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To exclude double occupancy, we need

Ψ {α}(. . . , x, . . . , x, . . .) ≡ 0. (6.3.3)

The eigenvalue equation can be written as

−t
M∑

j=1

[
(1 − δx j ,N )Ψ {α}(. . . , x j + 1, . . .) + (1 − δx j ,1)Ψ

{α}(. . . , x j − 1, . . .)
]

+
M∑

j=1

∑

β j =↑,↓

[
δx j ,1(ξ1 + h1 · σα j ,β j ) + δx j ,N (ξN + hN · σα j ,β j )

]
Ψ {α} j (x1, . . . , xM )

−t
N−1∑

j=1

M∑

l �=k

δxl , jδxk , j+1(1 − Pj, j+1)Ψ
{α}(. . . , xl , . . . , xk, . . .)

= E Ψ {α}(x1, . . . , xM ). (6.3.4)

The wave function takes the following Bethe Ansatz form:

Ψ {α}(x1, . . . , xM ) =
∑

p,q,r

A{α},r
p (q) exp

⎡

⎣i
M∑

j=1

rp j kp j xq j

⎤

⎦

×θ(xq1 < xq2 < · · · < xqM ). (6.3.5)

For x j �= 1, N , xi �= 1, N , and |xi − x j | > 1, the corresponding eigenvalue is

E = −2t
M∑

j=1

cos k j . (6.3.6)

When two electrons occupy two adjacent sites, namely, xq j = xq j+1 − 1 = x and
x �= 1, N , the Schrödinger equation (6.3.4) induces the relation

Ar
p(q) = S(rp j kp j , rp j+1kp j+1)Ar ′

p′(q ′), (6.3.7)

with p′ = {. . . , p j+1, p j , . . .} and q ′ = {. . . , q j+1, q j , . . .}. After introducing a
new parametrization

eik j = λ j − i
2

λ j + i
2

, (6.3.8)
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we obtain the S-matrix

S(λ j − λk) = λ j − λk + i Pi, j

λ j − λk + i
. (6.3.9)

The Schrödinger equation (6.3.4) for xq1 = 1, xq2 �= 2 induces

A(+,··· )
p (q) = K̄ +

p1 A(−,··· )
p (q), (6.3.10)

with

K̄ +(λ) = −λ + i
2

λ − i
2

(t2 + ξ21 − h2
1)(λ

2 + 1
4 ) + 2ξ1t (λ2 − 1

4 ) + 2iλt h1 · σ

[(t + ξ1)λ + i
2 (t − ξ1)]2 − (λ − i

2 )
2h2

1

.

Similarly, we have

e−2ikPM N A(··· ,−)
p (q) = K̄ −

pM
A(··· ,+)

p (q), (6.3.11)

with

K̄ −(λ) = −λ − i
2

λ + i
2

(t2 + ξ2N − h2
N )(λ2 + 1

4 ) + 2ξN t (λ2 − 1
4 ) + 2iλt hN · σ

[(t + ξN )λ + i
2 (t − ξN )]2 − (λ − i

2 )
2h2

N

.

To ensure the integrability of the model, K̄ ±(u) must satisfy RE

S1,2(u1 − u2)K̄ ±
1 (u1)S2,1(u1 + u2)K̄ ±

2 (u2)

= K̄ ±
2 (u2)S1,2(u1 + u2)K̄ ±

1 (u1)S2,1(u1 − u2), (6.3.12)

which implies the integrable conditions of the model

(t + ξ1)
2 = h2

1, (t + ξN )2 = h2
N . (6.3.13)

Under this restriction, the reflection matrices become

K̄ −(λ) = 2λ − i

2λ + i

ξN − 2iλ hN · σ

ξN + 2iλ(t + ξN )
, (6.3.14)

K̄ +(λ) = 2λ + i

2λ − i

ξ1 − 2iλ h1 · σ

ξ1 + 2iλ(t + ξ1)
. (6.3.15)

As for the Hubbard model, the eigenvalue problem of the Hamiltonian is related to
the eigenvalue problem

τ̄ (λ j )A(··· ,+,··· ) =
(
2λ j − i

2λ j + i

)−2N

A(··· ,+,··· ), (6.3.16)
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with the resulting operator

τ̄ (u) = S j−1, j (λ j−1 − u) · · · S1, j (λ1 − u)K̄ +
j (u)S j,1(−u − λ1) · · ·

×S j, j−1(−u − λ j−1)S j, j+1(−u − λ j+1) · · · S j,M (−u − λM )K̄ −
j (u)

×SM, j (λM − u) · · · S j+1, j (λ j+1 − u). (6.3.17)

6.3.2 Off-Diagonal Bethe Ansatz

Let us introduce the following R-matrix and K -matrices:

R0, j (u) = u + ηP0, j , (6.3.18)

K −
0 (u) = p̄ + uhN · σ 0, (6.3.19)

K +
0 (u) = q̄ − (u + η)h1 · σ 0, (6.3.20)

where

η = i, p̄ = ξN

2i
, q̄ = − ξ1

2i
.

With the same notation as for the Hubbard model, i.e.,

U0(u) = R0,1(u − λ1) · · · R0,M (u − λM )K −
0 (u)

×RM,0(u + λM ) · · · R1,0(u + λ1), (6.3.21)

and
τ(u) = tr0

{
K +
0 (u)U0(u)

}
, (6.3.22)

we may derive the following important identification between {τ̄ (λ j )} given by
(6.3.17) and {τ(λ j )}:

τ̄ (λ j ) =
M∏

l �= j

(λ j − λl − η)−1(λ j + λl − η)−1

× τ(−λ j )

2η(λ j − η)[ p̄ + λ j (t + ξN )][−q̄ + λ j (t + ξ1)] . (6.3.23)

For convenience, we introduce the notation

Ā(u) =
M∏

l=1

(u − λl + η)(u + λl + η), (6.3.24)

a(u) = 2u + 2η

2u + η
[ p̄ + uε|hN |](q̄ − u|h1|) Ā(u), (6.3.25)
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d(u) = a(−u − η), (6.3.26)

c = 2[ε|h1||hN | − h1 · hN ]. (6.3.27)

The T − Q equation for the eigenvalue Λ(u) of τ(u) thus reads

Λ(u) = a(u)
Q1(u − η)

Q2(u)
+ d(u)

Q2(u + η)

Q1(u)

+(−1)M cu(u + η)
Ā(u) Ā(−u − η)

Q1(u)Q2(u)
. (6.3.28)

The Q-functions are given by

Q1(u) =
M∏

j=1

(u − μ j ), Q2(u) = Q1(−u − η). (6.3.29)

With the same procedure introduced in the previous section, we obtain the BAEs

[ p̄ − λ jε|hN |](q̄ + λ j |h1|)
[ p̄ + λ jε|hN |][q̄ − λ j |h1|]

(
2λ j − η

2λ j + η

)2N

=
M∏

l=1

λ j − μl − η

λ j + μl + η
,

j = 1, . . . , M, (6.3.30)
c (μ j + η)(2μ j + η)

2[ p̄ − (μ j + η) ε|hN |][q̄ + (μ j + η)|h1|] = (−1)M+1

×
M∏

l=1

(μ j + μl + η)(μ j + μl + 2η)

(μ j − λl + η)(μ j + λl + η)
, j = 1, . . . , M. (6.3.31)

Equations (6.3.30) and (6.3.31) determine the spectrum of the Hamiltonian (6.3.1)
completely.
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Chapter 7
The Nested Off-Diagonal Bethe Ansatz

In Chap.2, we introduced how the nested algebraic Bethe Ansatz method was used in
the exact solution of the periodic SU (n)-invariant spin chain. This method can also
solve the open chain with diagonal boundaries [1–5]. However, as for the SU (2)
case [6], it is difficult to use this method to solve the SU (n)-invariant spin chain
with generic integrable boundaries. In this chapter, we introduce the nested ODBA
method to diagonalize the SU (n)-invariant spin chain with both periodic and generic
integrable open boundary conditions [7]. The central points of the nested general-
ization of the ODBA are: (1) based on the intrinsic properties of the R-matrix, the
recursive operator product identities of the transfer matrix can be constructed with
the fusion technique [8–12]; (2) from the definition of the transfer matrix, its asymp-
totic behavior for u → ∞ and its values at some special points can be derived
explicitly; (3) based on the relations in (1) and (2) the nested inhomogeneous T − Q
relation can be constructed with the self-consistency of the final BAEs checked. This
nested generalization to ODBA is useful and general to the eigenvalue problems of
integrable models associated with high-rank algebras.

7.1 The Fusion Procedure

7.1.1 Fundamental Fusion Relations

Generally, the transfer matrices of the integrable models defined in high-rank alge-
bras cannot form closed operator product identities by themselves as in Eq. (1.5.31).
Instead, a recursive set of operator product identities is needed in order to obtain
the eigenvalues of the transfer matrices. The situation is similar to that of the n × n
c-number matrix where n invariants, i.e., its n principal minors (with the first one
and the last one being the trace and the determinant, respectively), are needed to
characterize the n eigenvalues. The main tool to construct such recursive operator
identities is the fusion technique [8–12] which was initially employed to construct

© Springer-Verlag Berlin Heidelberg 2015
Y. Wang et al., Off-Diagonal Bethe Ansatz for Exactly Solvable Models,
DOI 10.1007/978-3-662-46756-5_7

219

http://dx.doi.org/10.1007/978-3-662-46756-5_2
http://dx.doi.org/10.1007/978-3-662-46756-5_1


220 7 The Nested Off-Diagonal Bethe Ansatz

new solutions of YBE based on the known R-matrices. The fusion procedure that we
shall use in this chapter is the generalization of that introduced in Sect. 2.4 inmultiple
tensor space. In the framework of nested ODBA, this method is used to construct a
set of fused transfer matrices, with which a nested analogue of Eq. (1.5.31) can be
derived.

Throughout this chapter, we denoteV as an n-dimensional linear vector spacewith
an orthonormal basis {|i〉|, i = 1, . . . , n}. Let us consider the R-matrix R1,2(u) =
u + ηP1,2 which is related to the Hamiltonian (2.3.1). It possesses the following
properties:

Initial condition : R1,2(0) = ηP1,2, (7.1.1)

Unitarity : R1,2(u)R2,1(−u) = ϕ1(u) × id,

ϕ1(u) = −(u + η)(u − η), (7.1.2)

Crossing-unitarity : Rt1
1,2(u)Rt1

2,1(−u − nη) = ϕ2(u) × id,

ϕ2(u) = −u(u + nη), (7.1.3)

Fusion condition : R1,2(−η) = −η + ηP1,2 = −2ηP(−)
1,2 . (7.1.4)

The anti-symmetric projectors {P(−)
1,...,m |m = 2, . . . , n} in a tensor space of V are

defined by the induction relations

P(−)
1,...,m+1 = 1

m + 1

⎛

⎝1 −
m+1∑

j=2

P1, j

⎞

⎠ P(−)
2,...,m+1, m = 1, . . . , n − 1. (7.1.5)

Iterating the above relation yields alternative definition of the projectors

P(−)
1,...,m = 1

m!
∑

κ∈Sm

(−1)sign(κ) Pκ , m = 2, . . . , n, (7.1.6)

where Sm is the permutation group of m indices, Pκ is a permutation in the group,
and sign(κ) is 0 for an even permutation κ and 1 for an odd permutation. We can
easily verify that the projection operators satisfy the relations:

P(−)
1,...,m P(−)

l,...,m = P(−)
l,...,m P(−)

1,...,m = P(−)
1,...,m, l = 1, . . . , m − 1, (7.1.7)

Pκ P(−)
1,...,m = (−1)sign(κ) P(−)

1,...,m, ∀κ ∈ Sm . (7.1.8)

Let us introduce fusion-operators {R̂〈1,...,m〉(−η)|m = 2, . . . , n} in terms of the R-
matrix via the recursive relation

R̂〈1,...,m+1〉(−η) = R2,1(−η)R3,1(−2η) . . . Rm+1,1(−mη) R̂〈2,...,m+1〉(−η),

m = 1, . . . , n − 1. (7.1.9)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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In the present case, these operators are proportional to the projectors (7.1.5), i.e.,

R̂〈1,...,m〉(−η) = qm(η)P(−)
1,...,m, qm(η) = (−η)

m(m−1)
2

m∏

l=1

l!. (7.1.10)

The above relation can be proven by induction as follows. Thanks to (7.1.4), it holds
for the case of m = 2. Assume that (7.1.10) holds up to m. The recursive relation
(7.1.9) implies

R̂〈1,...,m+1〉(−η) = qm(η)R2,1(−η)R3,1(−2η) . . . Rm+1,1(−mη)P(−)
2,...,m+1

= (−η)m(m + 1)!qm(η)P(−)
1,...,m+1

= qm+1(η)P(−)
1,...,m+1.

Hence we have proven the relations (7.1.10).
Now let us turn to fusion of the monodromy matrix. The one-row monodromy

matrices are defined as usual

T0(u) = R0,N (u − θN )R0,N−1(u − θN−1) · · · R0,1(u − θ1), (7.1.11)

T̂0(u) = R1,0(u + θ1) · · · RN−1,0(u + θN−1)RN ,0(u + θN ), (7.1.12)

which satisfy the Yang-Baxter relations

R1,2(u − v)T1(u)T2(v) = T2(v)T1(u)R1,2(u − v), (7.1.13)

R1,2(u − v)T̂1(u)T̂2(v) = T̂2(v)T̂1(u)R1,2(u − v). (7.1.14)

The fundamental Yang-Baxter relation (7.1.13) allows us to derive the following
relation by induction

R̂〈1,...,m〉(−η) Tm(u − (m − 1)η) · · · T1(u)

= T1(u) · · · Tm(u − (m − 1)η) R̂〈1,...,m〉(−η). (7.1.15)

From the relation (7.1.10) we have

P(−)
1,...,m Tm(u − (m − 1)η) · · · T1(u) = T1(u) · · · Tm(u − (m − 1)η) P(−)

1,...,m,

which by (7.1.7) leads to the following fusion relation

P(−)
1,...,m T1(u) · · · Tm(u − (m − 1)η) P(−)

1,...,m = T1(u) · · · Tm(u − (m − 1)η) P(−)
1,...,m ,

m = 2, . . . , n. (7.1.16)



222 7 The Nested Off-Diagonal Bethe Ansatz

Accordingly, we can introduce the fused monodromy matrices and fused R-
matrices as follows:

T〈1,...,m〉(u) = P(−)
1,...,m T1(u) · · · Tm(u − (m − 1)η)P(−)

1,...,m, (7.1.17)

R〈1,...,m〉,0(u) = P(−)
1,...,m R1,0(u) · · · Rm,0(u − (m − 1)η)P(−)

1,...,m, (7.1.18)

R0,〈1,...,m〉(u) = P(−)
1,...,m R0,1(u) · · · R0,m(u − (m − 1)η)P(−)

1,...,m, (7.1.19)

m = 2, . . . , n.

The fusion relation (7.1.16) of the projection operator P(−)
1,...,m plays an important

role in the fusion procedure. It is in fact a generalization of YBE for a multi-particle
scattering process in the following sense. The fundamental Yang-Baxter relation
(7.1.13) and the fusion properties (7.1.16) imply that

R〈1̄,...,m̄〉,1(u − v)T〈1̄,...,m̄〉(u)T1(v) = T1(v)T〈1̄,...,m̄〉(u)R〈1̄,...,m̄〉,1(u − v).

(7.1.20)

Let us define further

R〈1,...,m〉,〈1̄,...,k̄〉(u) = P(−)

1̄,...,k̄
R〈1,...,m〉,k̄(u + (k − 1)η) · · · R〈1,...,m〉,1̄(u)P(−)

1̄,...,k̄

= R〈1,...,m〉,k̄(u + (k − 1)η) · · · R〈1,...,m〉,1̄(u)P(−)

1̄,...,k̄
,

m, k = 2, . . . , n. (7.1.21)

With the help of the fused Yang-Baxter relation (7.1.20) and the fusion properties
(7.1.16) , we can prove that the following fused Yang-Baxter relation holds:

Ra,b(u − v)Ta(u)Tb(v) = Tb(v)Ta(u)Ra,b(u − v), (7.1.22)

where a, b are the indices of the projected subspaces (e.g., 〈1, . . . , m〉). As a direct
consequence, the fused R-matrices also satisfy YBE

Ra,b(u − v)Ra,c(u)Rb,c(v) = Rb,c(v)Ra,c(u)Ra,b(u − v). (7.1.23)

Let us further introduce the fused transfer matrices tm(u)

tm(u) = tr1,...,m{T〈1,...,m〉(u)}, m = 1, . . . , n, (7.1.24)

which include the fundamental transfer matrix t (u) = tr0T0(u) as the first one, i.e.,
t (u) = t1(u). The fused YBE (7.1.22) gives rise to

[tm(u), tk(v)] = 0, m, k = 1, . . . , n, (7.1.25)

indicating that the fused transfer matrices have common eigenstates.
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7.1.2 The Quantum Determinant

We note that tn(u) is in fact the quantum determinant (scalar function) for generic
{θ j }, because

P(−)
1,...,n = |ψ0〉〈ψ0|, (7.1.26)

and |ψ0〉 is the SU (n) singlet state. Let V∗ denote the completely antisymmetric
subspace of the tensor space V⊗n−1 and {|i∗〉|i = 1, . . . , n} be its orthonormal
basis. The vector |i∗〉 is given by

|i∗〉 = 1√
(n − 1)!

n∑

i1,...,in−1=1

ε
i1,...,in−1
i |i1, . . . , in−1〉, i = 1, . . . , n, (7.1.27)

where ε
i1,...,in−1
i is the (n − 1)th order completely antisymmetric tensor. Thus the

SU (n) singlet state |ψ0〉 can be expressed as

|ψ0〉 = 1√
n

n∑

i=1

|i, i∗〉. (7.1.28)

Taking m = n in (7.1.18), we have

R〈1,...,n〉,0(u) = R1,0(u) · · · Rn,0(u − (n − 1)η)P(−)
1,...,n

= Detq{R(u)} P(−)
1,...,n .

Applying the above equation to the singlet state |ψ0〉 given by (7.1.28) and comparing
the coefficients of the vector components of both sides, we arrive at the equations

n∑

i,β=1

[R(u)]k γ

i β

[
RV∗,V(u − η)

] j∗ β

i∗ α
= Detq{R(u)} δk

j δ
γ
α ,

j, k, α, γ = 1, . . . , n, (7.1.29)
n∑

i,β=1

[
RV∗,V(u)

] j∗ γ

i∗ β
[R(u − (n − 1)η)]k β

i α = Detq{R(u)} δ
j
k δγ

α ,

j, k, α, γ = 1, . . . , n, (7.1.30)

where the (n−1)th fused R-matrix RV∗,V(u) is given by (7.1.18)withm = n−1, i.e.,

RV∗,V
1,0 (u) = R〈1,...,n−1〉,0(u).
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Due to the fact that the vector spaceV and its dual spaceV∗ have the same dimension,
(7.1.29) and (7.1.30) can be rewritten in the matrix forms

R1,2(u)
[

RV∗,V
1,2 (u − η)

]t1 = Detq{R(u)} × id ⊗ id, (7.1.31)
[

RV∗,V
1,2 (u)

]
Rt1
1,2(u − (n − 1)η) = Detq{R(u)} × id ⊗ id. (7.1.32)

With the help of (7.1.2) and (7.1.3), we obtain the difference equation for the quantum
determinant

Detq{R(u + (n − 1)η)}
Detq{R(u + nη)} = ϕ2(u)

ϕ1(u + nη)
. (7.1.33)

The above difference equation and the asymptotic behavior of Detq{R(u)} for u
→ ∞ uniquely determine the quantum determinant, i.e.,

Detq{R(u)} = (u + η)

n−1∏

k=1

(u − kη). (7.1.34)

Keeping the relation (7.1.16) in mind, finally we have

Detq{T (u)} =
N∏

j=1

Detq{R(u − θ j )}, (7.1.35)

and

tn(u) = Detq{T (u)} × id =
N∏

j=1

(u − θ j + η)

n−1∏

k=1

(u − θ j − kη) × id. (7.1.36)

7.2 The Periodic SU(n) Spin Chain

7.2.1 Operator Product Identities

Let us consider the product of the one-rowmonodromymatrices at two special points

T1̄(θ j ) T2̄(θ j − η) = R1̄,N (θ j − θN ) · · · R1̄, j (0) · · · R1̄,1(θ j − θ1)

×R2̄,N (θ j − θN − η) · · · R2̄, j (−η) · · · R2̄,1(θ j − θ1 − η)

=R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)R1̄,N (θ j − θN ) · · · R1̄, j+1(θ j − θ j+1)

×R2̄,N (θ j − θN − η) · · · R2̄, j+1(θ j − θ j+1 − η)R2̄,1̄(−η)R1̄, j (0) · · ·
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(7.1.16)= R j, j−1(θ j − θ j−1) · · · R j,1(θ j − θ1)P(−)

1̄,2̄
R1̄,N (θ j − θN ) · · ·

×R1̄, j+1(θ j − θ j+1)R2̄,N (θ j − θN − η) · · ·
×R2̄, j+1(θ j − θ j+1 − η)R2̄,1̄(−η)R1̄, j (0) · · ·

= P(−)

1̄,2̄
T1̄(θ j ) T2̄(θ j − η).

Then we have the following useful relations

T1(θ j )T2(θ j − η) = P(−)
1,2 T1(θ j )T2(θ j − η), j = 1, . . . , N , (7.2.1)

P1,2T1(θ j )T2(θ j − η) = −T1(θ j )T2(θ j − η), j = 1, . . . , N . (7.2.2)

Combining the relations (7.1.18) and (7.2.2), we can show that

Pl,l+1 T1(θ j )T〈2,...,m〉(θ j − η) = −T1(θ j )T〈2,...,m〉(θ j − η), (7.2.3)

where l = 1, . . . , m−1. The above relations allow us to obtain the following operator
identities:

T1(θ j )T〈2,...,m〉(θ j − η) = P(−)
1,...,m T1(θ j )T2(θ j − η) · · ·

×Tm(θ j − (m − 1)η) P(−)
2,...,m . (7.2.4)

Let us evaluate the product of the fundamental transfer matrix and the fused ones
at some special points

t (θ j )tm(θ j − η) = tr1,...,m+1
{
T1(θ j )T〈2,...,m+1〉(θ j − η)

}

(7.2.4)= tr1,...,m+1

{
P(−)
1,...,m+1T1(θ j )T2(θ j − η) · · · Tm+1(θ j − mη)P(−)

2,...,m+1

}

= tr1,...,m+1

{
T1(θ j )T2(θ j − η) · · · Tm+1(θ j − mη)P(−)

1,...,m+1

}

= tr1,...,m+1
{
T〈1,...,m+1〉(θ j )

}
. (7.2.5)

According to the definition (7.1.24), we have the following functional relations
among the transfer matrices:

t (θ j )tm(θ j − η) = tm+1(θ j ), m = 1, . . . , n − 1, j = 1, . . . , N . (7.2.6)

From the initial condition (7.1.1), the fusion condition (7.1.4) and the fundamental
properties of the fusion operator P(−)

i, j we can easily deduce that

tm(θ j + η) = tm(θ j + 2η) = · · · = tm(θ j + (m − 1)η) = 0. (7.2.7)
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For convenience, we introduce the following mutually commutative operators {τm

(u)} associated with the fused transfer matrices {tm(u)}:

tm(u) =
N∏

l=1

m−1∏

k=1

(u − θl − kη)τm(u), (7.2.8)

[τl(u), τm(v)] = 0, l, m = 1, . . . , n. (7.2.9)

Obviously, {τm(u)} are degree N polynomials of u. The operator identities (7.2.6)
imply the relations

τ(θ j )τm(θ j − η) =
N∏

l=1

(θ j − θl − η)τm+1(θ j ), (7.2.10)

j = 1, . . . , N , m = 1, . . . , n − 1.

Note that τ(u) = τ1(u). From the definition (7.1.24) of the fused transfer matrices,
we can deduce the asymptotic behavior

τm(u) = n!
m!(n − m)! uN + · · · , u → ∞. (7.2.11)

7.2.2 Nested T − Q Relation

Let {Λm(u)} (resp. {Λ̄m(u)}) be the eigenvalues of {tm(u)} (resp. {τm(u)}). By apply-
ing tm(u) to a common eigenstate, we obtain the relations:

Λ(θ j )Λm(θ j − η) = Λm+1(θ j ), (7.2.12)

Λm(θ j + η) = Λm(θ j + 2η) = · · · = Λm(θ j + (m − 1)η) = 0,

j = 1, . . . , N , (7.2.13)

Λm(u) = n!
m!(n − m)! um N + · · · , u → ∞, (7.2.14)

Λn(u) =
N∏

j=1

(u − θ j + η)

n−1∏

k=1

(u − θ j − kη). (7.2.15)

It is remarked that the last Eq. (7.2.15) is a direct consequence of (7.1.36). The
definitions (7.2.8) of {τm(u)} lead to relations among their eigenvalues and {Λm(u)}:

Λm(u) =
N∏

l=1

m−1∏

k=1

(u − θl − kη) Λ̄m(u), m = 1, . . . , n. (7.2.16)



7.2 The Periodic SU (n) Spin Chain 227

The properties (7.2.7) (or (7.2.13) for their eigenvalues) imply that each Λ̄m(u) as a
function of u is a polynomial of degree N and satisfies the relations (a consequence
of (7.2.10))

Λ̄(θ j )Λ̄m(θ j − η) =
N∏

l=1

(θ j − θl − η)Λ̄m+1(θ j ),

j = 1, . . . , N , m = 1, . . . , n − 1, (7.2.17)

Λ̄m(u) = n!
m!(n − m)! uN + · · · , u → ∞, (7.2.18)

Λ̄n(u) =
N∏

j=1

(u − θ j + η). (7.2.19)

To give the nested T − Q relations, we introduce the z-functions

z(l)
p (u) = Q(0)

p (u)
Q(l−1)

p (u + η)Q(l)
p (u − η)

Q(l−1)
p (u)Q(l)

p (u)
, l = 1, . . . , n, (7.2.20)

where the Q-functions are given by

Q(0)
p (u) =

N∏

j=1

(u − θ j ), (7.2.21)

Q(r)
p (u) =

Lr∏

l=1

(u − λ
(r)
l ), r = 1, . . . , n − 1, (7.2.22)

Q(n)
p (u) = 1, (7.2.23)

with {Lr |r = 1, . . . , n −1} being the number of the Bethe roots {λ(r)
l |l = 1, . . . , Lr ,

r = 1, . . . , n − 1}. The nested T − Q relations are thus constructed as

Λm(u) =
∑

1≤i1<i2<···<im≤n

z(i1)
p (u)z(i2)

p (u − η) · · · z(im)
p (u − (m − 1)η).

(7.2.24)

For example, the eigenvalue Λ(u) of the fundamental transfer matrix t (u) is

Λ(u) = Q(0)
p (u + η)

Q(1)
p (u − η)

Q(1)
p (u)

+ Q(0)
p (u)

Q(1)
p (u + η)Q(2)

p (u − η)

Q(1)
p (u)Q(2)

p (u)
+ · · ·

+Q(0)
p (u)

Q(n−2)
p (u + η)Q(n−1)

p (u − η)

Q(n−2)
p (u)Q(n−1)

p (u)
+ Q(0)

p (u)
Q(n−1)

p (u + η)

Q(n−1)
p (u)

, (7.2.25)
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while Λn(u) is

Λn(u) = Q(0)
p (u + η)

n−1∏

l=1

Q(0)
p (u − lη), (7.2.26)

which is exactly the quantum determinant given in (7.1.36). It should be empha-
sized that {Λm(u)} are given in terms of the special form of (7.2.24) so that
(7.2.12)–(7.2.14) are satisfied for arbitrary Qi -function. We should also remark that
Eq. (7.2.25) is the same as that derived by the algebraic Bethe Ansatz method in
Chap.2. Note that for the present model we have n − 1 (determined by the rank of
the SU (n) algebra) independent Q-functions. The regularity of the T − Q relation
(7.2.25) leads to the associated BAEs

Lr∏

j=1,�=l

λ
(r)
l − λ

(r)
j − η

λ
(r)
l − λ

(r)
j + η

=
Lr−1∏

k=1

λ
(r)
l − λ

(r−1)
k

λ
(r)
l − λ

(r−1)
k + η

Lr+1∏

m=1

λ
(r)
l − λ

(r+1)
m − η

λ
(r)
l − λ

(r+1)
m

,

l = 1, . . . , Lr , r = 1, . . . , n − 1, L0 = N , L N = 0, λ
(0)
l = θl .

(7.2.27)

Moreover, the above BAEs also ensure the regularity of all the eigenvalues Λm(u)

given in (7.2.24). Therefore, the BAEs obtained from all the fused transfer matrices
are self-consistent. Putting μ

(r)
j = λ

(r)
j − rη/2 and θ j = 0, the resulting BAEs

recover those obtained by other Bethe Ansatz methods [13–16]

Lr∏

j=1,�=l

μ
(r)
l − μ

(r)
j − η

μ
(r)
l − μ

(r)
j + η

=
Lr−1∏

k=1

μ
(r)
l − μ

(r−1)
k − η/2

μ
(r)
l − μ

(r−1)
k + η/2

Lr+1∏

m=1

μ
(r)
l − μ

(r+1)
m − η/2

μ
(r)
l − μ

(r+1)
m + η/2

,

l = 1, . . . , Lr , r = 1, . . . , n − 1, L0 = N , L N = 0, λ
(0)
l = 0. (7.2.28)

7.3 Fundamental Relations of the Open SU(n) Spin Chain

7.3.1 The Model Hamiltonian

Let us consider a generic K −(u) satisfying RE [17–20]

K −(u) = ξ + uM, M2 = 1, (7.3.1)

where ξ is a boundary parameter and M is an n × n constant matrix. Obviously,

K −(0) = ξ, K −(u) = u M + · · · , u → ∞. (7.3.2)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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Note that the eigenvalues of M must be ±1. Let us denote the number of positive
eigenvalues as p and the number of negative eigenvalues as q such that p + q = n
and tr M = p − q. Accordingly, the generic dual K -matrix K +(u) reads

K +(u) = ξ̄ −
(

u + n

2
η
)

M̄, M̄2 = 1, (7.3.3)

which satisfies the dual RE

R1,2(v − u)K +
1 (u)R2,1(−u − v − nη)K +

2 (v)

= K +
2 (v)R1,2(−u − v − nη)K +

1 (u)R2,1(v − u), (7.3.4)

and

K + (
−n

2
η
)

= ξ̄ , K +(u) = −u M̄ + · · · , u → ∞, (7.3.5)

where ξ̄ is a boundary parameter and M̄ is an n ×n constant matrix with eigenvalues
±1. Similarly, let us denote p̄ as the number of positive eigenvalues and q̄ as the
number of negative eigenvalues such that p̄ + q̄ = n and tr M̄ = p̄ − q̄ . The Hamil-
tonian defined in terms of the transfer matrix t (u) = tr0{K +

0 (u)T0(u)K −
0 (u)T̂0(u)}

thus reads

H = η
∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

= 2
N−1∑

j=1

Pj, j+1 + η
tr0K +

0
′
(0)

tr0K +
0 (0)

+ 2
tr0[K +

0 (0)P0N ]
tr0K +

0 (0)
+ η

1

ξ
K −
1

′
(0). (7.3.6)

7.3.2 The Fusion Procedure

To derive the operator product identities of the open boundary system, the fusion
technique for K -matrices [21, 22] is needed. Following the standard fusion hierarchy,
we introduce the following recursive relations:

K +
1,...,m(u) = K +

〈2,...,m〉(u − η)R1,m(−2u − nη + (m − 1)η) · · ·
× R1,2(−2u − nη + η)K +

1 (u), (7.3.7)

K +
〈1,...,m〉(u) = P(−)

1,...,m K +
1,...,m(u)P(−)

1,...,m, (7.3.8)

K −
1,...,m(u) = K −

1 (u)R2,1(2u − η) · · · Rm,1(2u − (m − 1)η)

× K −
〈2,...,m〉(u − η), (7.3.9)

K −
〈1,...,m〉(u) = P(−)

1,...,m K −
1,...,m(u) P(−)

1,...,m, (7.3.10)
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U1,...,m(u) =U1(u)R2,1(2u − η) · · · Rm,1(2u − (m − 1)η)

× U〈2,...,m〉(u − η), (7.3.11)

U〈1,...,m〉(u) = P(−)
1,...,mU1,...,m(u)P(−)

1,...,m . (7.3.12)

The mth fused transfer matrix tm(u) is thus defined as

tm(u) = tr1,...,m{K +
〈1,...,m〉(u)U〈1,...,m〉(u)}, m = 1, . . . , n, (7.3.13)

which includes the fundamental transfermatrix t (u) as thefirst one, i.e., t (u) = t1(u).
The YBE and RE indicate the following generalized fusion properties [cf.

(7.1.16)]

P(−)
1,2 K −

1 (u)R2,1(2u − η)K −
2 (u − η)P(−)

1,2

= K −
1 (u)R2,1(2u − η)K −

2 (u − η)P(−)
1,2 , (7.3.14)

P(−)
1,2 K +

2 (u − η)R1,2(−2u − nη + η)K +
1 (u)P(−)

1,2

= K +
2 (u − η)R1,2(−2u − nη + η)K +

1 (u)P(−)
1,2 , (7.3.15)

U〈1,...,m〉(u) = U1,...,m(u) P(−)
1,...,m, m = 1, . . . , n, (7.3.16)

K +
〈1,...,m〉(u) = K +

1,...,m(u) P(−)
1,...,m, m = 1, . . . , n, (7.3.17)

K −
〈1,...,m〉(u) = K −

1,...,m(u) P(−)
1,...,m, m = 1, . . . , n. (7.3.18)

The above relations can be proven as follows. The associated RE, with special choice
of the spectral parameters, can be written as

R2,1(−η)K −
2 (u − η)R1,2(2u − η)K −

1 (u)

= K −
1 (u)R2,1(2u − η)K −

2 (u − η)R1,2(−η). (7.3.19)

This relation and the fusion property (7.1.4) of the R matrix lead to the relation
(7.3.14). With the help of the fusion property (7.1.16), one can check (7.3.18) by
induction. Similarly, using the dual RE, one can prove (7.3.15) and its fused version
(7.3.17). Combining the fusion properties (7.1.16), (7.3.18) and (7.3.20) (see below),
one can also check (7.3.16) by induction.

Similarly as we prove the relation (7.1.16), we can show the following relation
holds

T̂〈1,...,m〉(u) = P(−)
1,...,m T̂1(u) · · · T̂m(u − (m − 1)η) P(−)

1,...,m

= T̂1(u) · · · T̂m(u − (m − 1)η) P(−)
1,...,m . (7.3.20)
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The above relation and the properties (7.1.16) and (7.3.18) allow us to give the
following decomposition of the fused double-row monodromy matrices

U〈1,...,m〉(u) = T〈1,...,m〉(u)K −
〈1,...,m〉(u)T̂〈1,...,m〉(u), m = 1, . . . , n. (7.3.21)

The fused R-matrix (7.1.18) and the fused K -matrix (7.3.18) satisfy the fused
RE

R〈1,...,m〉,0(u − v)K −
〈1,...,m〉(u)R0,〈1,...,m〉(u + v)K −

0 (v)

= K −
0 (v)R〈1,...,m〉,0(u + v)K −

〈1,...,m〉(u)R0,〈1,...,m〉(u − v). (7.3.22)

The above relation can be demonstrated by using YBE and RE repeatedly. To show
this clearly, let us consider the m = 2 case. From the definitions of the fused R- and
K -matrices, we have

R〈1,2〉,0(u − v)K −
〈1,2〉(u)R〈1,2〉,0(u + v)K −

0 (v)

= R1,0(u − v)K −
1 (u)

{
R2,0(u − v − η)R2,1(2u − η)R1,0(u + v)

}

×K −
2 (u − η)R2,0(u + v − η)K −

0 (v)P(−)
1,2

= R1,0(u − v)K −
1 (u)R1,0(u + v)R2,1(2u − η)

× {
R2,0(u − v − η)K −

2 (u − η)R2,0(u + v − η)K −
0 (v)

}
P(−)
1,2

= K −
0 (v)R1,0(u + v)K −

1 (u)
{

R1,0(u − v)R2,1(2u − η)R2,0(u + v − η)
}

×K −
2 (u − η)R2,0(u − v − η)P(−)

1,2

= K −
0 (v)R1,0(u + v)R2,0(u + v − η)K −

1 (u)R2,1(2u − η)

×K −
2 (u − η)R1,0(u − v)R2,0(u − v − η)P(−)

1,2

= K −
0 (v)R〈1,2〉,0(u + v)K −

〈1,2〉(u)R〈1,2〉,0(u − v). (7.3.23)

Similarly, we can demonstrate the relations

Ra,b(u − v)K −
a (u)Rb,a(u + v)K −

b (v)

= K −
b (v)Ra,b(u + v)K −

a (u)Rb,a(u − v), (7.3.24)

Ra,b(v − u)K +
a (u)Rb,a(−u − v − nη)K +

b (v)

= K +
b (v)Ra,b(−u − v − nη)K +

a (u)Rb,a(v − u), (7.3.25)

and therefore

Ra,b(u − v)Ua(u)Rb,a(u + v)Ub(v)

= Ub(v)Ra,b(u + v)Ua(u)Rb,a(u − v), (7.3.26)
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where a = 〈1, . . . , m〉 and b = 〈1̄, . . . , k̄〉. Note that the fused crossing-unitary
relation holds:

R
t1,...,m
〈1,...,m〉,〈1̄,...,k̄〉(u)R

t1,...,m
〈1̄,...,k̄〉,〈1,...,m〉(−u − nη)

= (−1)m+k̄
m∏

l=1

k̄∏

i=1

(u − (l − 1)η)(u − (l − 1 − n)η)(u − (i − 1)η)

×(u − (i − 1 − n)η)P(−)
1,...,m P(−)

1̄,...,k̄
. (7.3.27)

With the same procedure introduced in Eq. (2.2.11), Eqs. (7.3.24)–(7.3.27) allow us
to get the equation

[tm(u), tk(v)] = 0, m, k = 1, . . . , n. (7.3.28)

We remark that tn(u) is the quantum determinant [23, 24] as in the periodic boundary
case

tn(u) = Δq(u) × id. (7.3.29)

The coefficientΔq(u) can be calculated as follows. Taking m = n in (7.3.8), (7.3.10)
and (7.3.20) yields

T̂〈1,...,n〉(u) = Detq{T̂ (u)} × id,

K −
〈1,...,n〉(u) = Detq{K −(u)} × id,

K +
〈1,...,n〉(u) = Detq{K +(u)} × id.

Using a similar method to compute Detq{T (u)}, we can easily derive the coefficients
Detq{K −(u)} and Detq{K +(u)}. Therefore

Δq(u) = Detq{T (u)}Detq{T̂ (u)}Detq{K +(u)}Detq{K −(u)}

=
N∏

l=1

(u − θl + η)(u + θl + η)

N∏

m=1

n−1∏

k=1

(u − θm − kη)(u + θm − kη)

×
n−1∏

i=1

i∏

j=1

(2u − (i + j)η)(−2u + (n − 2 − i − j)η)(−1)q+q̄

×
q̄−1∏

k=0

(−u + n − 2

2
η − ξ̄ − kη)

p̄−1∏

k=0

(−u + n − 2

2
η + ξ̄ − kη)

×
q−1∏

k=0

(u − ξ − kη)

p−1∏

k=0

(u + ξ − kη). (7.3.30)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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From YBE and RE, we rewrite the fused K -matrix in another form

K +
〈1,...,m〉(u) = P(−)

1,...,m K +
m (u − (m − 1)η)Rm,m−1(−2u − nη + (2m − 3)η) · · ·

×Rm,1(−2u − nη + (m − 1)η)K +
〈1,...,m−1〉(u)P(−)

1,...,m . (7.3.31)

The initial condition of the R-matrix and the conditions

K −(0) = ξ, K + (
−n

2
η
)

= ξ̄ , (7.3.32)

imply that the transfer matrix tm(u) can be expressed in terms of {tl(u)|l = 1, . . . ,
m − 1} for the following 2m degenerate points of the spectral parameter u:

0,
η

2
, . . . ,

m − 1

2
η, −n

2
η + (m − 1)η,

−n

2
η + (m − 1)η − η

2
, . . . ,−n

2
η + m − 1

2
η, (7.3.33)

which provides some necessary conditions to determine the eigenvalue function
Λ(u).

7.3.3 Operator Product Identities and Functional Relations

Let us first prove some useful relations that are necessary to obtain the operator
product identities. Similar to (7.2.1), the following relation holds:

T̂1(−θ j )T̂2(−θ j − η) = P(−)
1,2 T̂1(−θ j )T̂2(−θ j − η), j = 1, . . . , N . (7.3.34)

With the same procedure used in (7.3.23), we can obtain the relations

U1(±θ j )R2,1(±2θ j − η)U2(±θ j − η)

= P(−)
1,2 U1(±θ j )R2,1(±2θ j − η)U2(±θ j − η), j = 1, . . . , N . (7.3.35)

Using relations (7.3.16) and (7.3.35), we can derive

Pl,l+1U1,...,m(±θ j ) = −U1,...,m(±θ j ), l = 1, . . . , m − 1. (7.3.36)

Finally we arrive at the identities

U1,...,m(±θ j ) = P(−)
1,...,mU1,...,m(±θ j ). (7.3.37)
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Now let us evaluate the operator product

t (±θ j )tm(±θ j − η) = tr1,...,m+1

{
U t1
1 (±θ j )K +

1 (±θ j )
t1

×U〈2,...,m+1〉(±θ j − η)K +
〈2,...,m+1〉(±θ j − η)

}

=
m∏

k=1

ϕ−1
2 (±2θ j − kη) × tr1,...,m+1

{
U t1
1 (±θ j )K +

1 (±θ j )
t1

×Rt1
1,2(∓2θ j + η − nη) · · · Rt1

1,m+1(∓2θ j + mη − nη)Rt1
1,m+1(±2θ j − mη)

× · · · × Rt1
1,2(±2θ j − η)U〈2,...,m+1〉(±θ j − η)K +

〈2,...,m+1〉(±θ j − η)
}

=
m∏

k=1

ϕ−1
2 (±2θ j − kη)tr1,...,m+1

{
R1,m+1(∓2θ j + mη − nη) · · ·

× R1,2(∓2θ j + η − nη)K +
1 (±θ j )U1,...,m+1(±θ j )K +

〈2,...,m+1〉(±θ j − η)
}

=
m∏

k=1

ϕ−1
2 (±2θ j − kη)tr1,...,m+1

{
K +

〈2,...,m+1〉(±θ j − η)R1,m+1(∓2θ j + mη − nη)

× · · · × R1,2(∓2θ j + η − nη)K +
1 (±θ j ) U1,...,m+1(±θ j )

}

=
m∏

k=1

ϕ−1
2 (±2θ j − kη)tr1,...,m+1

{
K +
1,...,m+1(±θ j )U1,...,m+1(±θ j )

}

(7.3.37)=
m∏

k=1

ϕ−1
2 (±2θ j − kη)tr1,...,m+1

{
K +
1,...,m+1(±θ j )P(−)

1,...,m+1U1,...,m+1(±θ j )
}

=
m∏

k=1

ϕ−1
2 (±2θ j − kη)tr1,...,m+1

{
K +

〈1,...,m+1〉(±θ j )U1,...,m+1(±θ j )P(−)
1,...,m+1

}

=
m∏

k=1

ϕ−1
2 (±2θ j − kη)tr1,...,m+1

{
K +

〈1,...,m+1〉(±θ j )U〈1,...,m+1〉(±θ j )
}

.

Therefore, the following recursive operator product identities hold:

t (±θ j )tm(±θ j − η) = tm+1(±θ j )

m∏

k=1

ϕ−1
2 (±2θ j − kη), (7.3.38)

j = 1, . . . , N , m = 1, . . . , n − 1.

Let |Ψ 〉 be a common eigenstate of {tm(u)} with the eigenvalue Λm(u), i.e.,

tm(u)|Ψ 〉 = Λm(u)|Ψ 〉, m = 1, . . . , n. (7.3.39)
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We have the following functional relations:

Λ(±θ j )Λm(±θ j − η) = Λm+1(±θ j )

m∏

k=1

ϕ−1
2 (±2θ j − kη), (7.3.40)

j = 1, . . . , N , m = 1, . . . , n − 1.

Using a similar method as in the periodic case, we rewrite the transfer matrix as

tm(u) =
m−1∏

i=1

i∏

j=1

(2u − iη − jη)(−2u + (2m − 2 − n)η − iη − jη)

×
N∏

l=1

m−1∏

k=1

(u − θl − kη)(u + θl − kη) τm(u). (7.3.41)

Let us introduce the following correspondence:

Λm(u) =
m−1∏

i=1

i∏

j=1

(2u − iη − jη)(−2u + (2m − 2 − n)η − iη − jη)

×
N∏

l=1

m−1∏

k=1

(u − θl − kη)(u + θl − kη)Λ̄m(u). (7.3.42)

Then we have

Λ̄(±θ j )Λ̄m(±θ j − η) = Λ̄m+1(±θ j )

m∏

k=1

ϕ−1
2 (±2θ j − kη)ϕ0(±θ j ),

m = 1, . . . , n − 1, j = 1, . . . , N , (7.3.43)

where the function ϕ0(u) is given by

ϕ0(u) =
N∏

l=1

(u − θl − η)(u + θl − η)

m+1∏

k=2

(2u − kη)(−2u + kη − (n + 2)η).

Obviously, Λ̄m(u) is a degree 2N + 2m polynomial of u. Note that

Λ̄n(u) = (−1)q+q̄
N∏

l=1

(u − θl + η)(u + θl + η)

q̄−1∏

k=0

(−u + n − 2

2
η − ξ̄ − kη)

×
p̄−1∏

k=0

(−u + n − 2

2
η + ξ̄ − kη)

q−1∏

k=0

(u − ξ − kη)

p−1∏

k=0

(u + ξ − kη). (7.3.44)
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7.3.4 Asymptotic Behavior of the Transfer Matrices

Wenote that the leading order of {tm(u)} is completely determined by the eigenvalues
{λl |l = 1, . . . , n} of M̄ M . With the conditions M2 = M̄2 = 1 we have the following
useful relations for arbitrary integer k:

n∑

l=1

λk
l = tr

{
(M̄ M)k

}
= tr

{
(M M̄)k

}
= tr

{
(M̄ M)−k

}
=

n∑

l=1

λ−k
l . (7.3.45)

In addition,

Det
(
M̄ M

) = λ1 · · · λn = (−1)q+q̄ . (7.3.46)

The above equations indicate that the eigenvalues of M M̄ must take the form

{λ1, . . . , λn} =
{
1, . . . , 1,−1, . . . ,−1, e−iϑ1 , eiϑ1 , . . . , e−iϑr , eiϑr

}
, (7.3.47)

where ϑ j are some continuous free parameters related to the boundary fields. The
maximum number of ϑ j is � n

2 �. With the relations (7.3.2) and (7.3.5) we can easily
deduce the asymptotic behavior

Λ̄m(u) = (−1)mδm u2N+2m + · · · , m = 1, . . . , n, u → ∞, (7.3.48)

with

δm =
∑

1≤i1<i2<···<im≤n

λi1 · · · λim , m = 1, . . . , n. (7.3.49)

As Λ̄m(u) is a degree 2N + 2m polynomial of u, in addition to the functional
relations (7.3.43) and the asymptotic behavior (7.3.48),

∑n−1
m=1 2m additional con-

ditions at the degenerate points listed in (7.3.33) are also needed to determine
{Λ̄m(u)|m = 1, . . . , n − 1} completely. Note that Λ̄n(u) has already been fixed
by (7.3.44). The contributions of the K -matrices to the quantum determinant Λ̄n(u)

(7.3.44) can be factorized out by n polynomials of degree 2 {K (l)(u)|l = 1, . . . , n}
satisfying the relations

n∏

l=1

K (l)(u − (l − 1)η) = (−1)q+q̄
q̄−1∏

k=0

(
−u + n − 2

2
η − ξ̄ − kη

)

×
p̄−1∏

k=0

(
−u + n − 2

2
η + ξ̄ − kη

) q−1∏

k=0

(u − ξ − kη)

p−1∏

k=0

(u + ξ − kη),

(7.3.50)

K (l)(u)K (l)(−u − lη) = K (l+1)(u)K (l+1)(−u − lη), (7.3.51)
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where l = 1, . . . , n−1. The condition (7.3.51) is required to construct self-consistent
nested T − Q relations for the eigenvalues Λm(u) as we shall show in the following
sections of this chapter.We remark that although there are several possible choices for
K (l)(u) satisfying (7.3.50)–(7.3.51), any choice should be able to give a complete
set of solutions of the model, while different choices only give rise to different
parameterizations of the eigenvalues as in the SU (2) case.

7.4 Solution of the SU(3) Case

7.4.1 Functional Relations

To show the procedure clearly, let us first consider the SU (3) case. Without losing
generality, we take the eigenvalues of M̄ M as

{λ1, λ2, λ3} =
{
1, e−iϑ , eiϑ

}
. (7.4.1)

The functional relations (7.3.43) now read

Λ̄(±θ j )Λ̄m(±θ j − η) = Λ̄m+1(±θ j )

m∏

k=1

ϕ−1
2 (±2θ j − kη)ϕ0(±θ j ), (7.4.2)

where m = 1, 2, j = 1, . . . , N and the functions ϕ0(u) and Λ̄3(u) are given by

ϕ0(u) =
N∏

l=1

(u − θl − η)(u + θl − η)

m+1∏

k=2

(2u − kη)(−2u + kη − 5η), (7.4.3)

Λ̄3(u) =
N∏

l=1

(u − θl + η)(u + θl + η)
(
ξ̄ + η

2
− u

)
(ξ + u)

×
(
ξ̄ + η

2
+ u

)
(ξ − u)

(
ξ̄ − η

2
+ u

)
(ξ − u + η). (7.4.4)

We choose the functions K (l)(u) for the present case as

K (1)(u) =
(

ξ̄ + 1

2
η − u

)
(ξ + u), (7.4.5)

K (2)(u) =
(

ξ̄ + 3

2
η + u

)
(ξ − u − η), (7.4.6)

K (3)(u) =
(

ξ̄ + 3

2
η + u

)
(ξ − u − η), (7.4.7)
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which satisfy the relations

K (1)(u)K (2)(u − η)K (3)(u − 2η) =
(
ξ̄ + η

2
− u

)
(ξ + u)

×
(
ξ̄ + η

2
+ u

)
(ξ − u)

(
ξ̄ − η

2
+ u

)
(ξ − u + η), (7.4.8)

K (l)(u)K (l)(−u − lη) = K (l+1)(u)K (l+1)(−u − lη), l = 1, 2. (7.4.9)

From the definition (7.3.13) of tm(u) and the asymptotic behavior of K ±(u), we
have

Λ̄(u)|u→∞ = −tr(M̄ M)u2N+2 + · · · = −
3∑

i=1

λi u
2N+2 + · · ·

= −(1 + 2 cosϑ)u2N+2 + · · · , (7.4.10)

Λ̄2(u)|u→∞ = tr1,2
{

P(−)
1,2 (M̄ M)1(M̄ M)2P(−)

1,2

}
u2N+4 + · · ·

=
∑

1≤i1<i2≤3

λi1λi2u2N+4 + · · · = (2 cosϑ + 1)u2N+4 + · · · . (7.4.11)

Moreover, the Eqs. (7.1.1)–(7.1.4), (7.3.2) and (7.3.5) allow us to obtain the relations

t (0) = (−1)N ξ

N∏

l=1

(θl + η)(θl − η)tr{K +(0)} × id, (7.4.12)

t

(
−3

2
η

)
= (−1)N ξ̄

N∏

l=1

(
θl + 3

2
η

)(
θl − 3

2
η

)

× tr

{
K −

(
−3

2
η

)}
× id, (7.4.13)

t2
(η

2

)
= tr1,2

{
P(−)
1,2 K +

2

(
−η

2

)
R1,2(−3η)K +

1

(η

2

)
P(−)
1,2

} (
η2

4
− ξ2

)
η

×
N∏

l=1

(
θl + 3

2
η

)(
θl − 3

2
η

)(
θl + η

2

) (
θl − η

2

)
× id, (7.4.14)

t2(−η) = tr1,2
{

P(−)
1,2 K −

1 (−η)R2,1(−3η)K −
2 (−2η)P(−)

1,2

} (
η2

4
− ξ̄2

)
η

×
N∏

l=1

(θl + η)(θl − η)(θl + 2η)(θl − 2η) × id, (7.4.15)
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t2(0) = (−1)N2ξη2
N∏

l=1

(θl + η)(θl − η)tr{K +(0)} t (−η), (7.4.16)

t2
(
−η

2

)
= (−1)N2ξ̄η2

N∏

l=1

(
θl + 3

2
η

)(
θl − 3

2
η

)

×tr

{
K −

(
−3

2
η

)}
t
(
−η

2

)
. (7.4.17)

The above six conditions togetherwith the relations (7.4.2) and the asymptotic behav-
ior (7.4.10)–(7.4.11) allow us to determine the eigenvalues Λ̄m(u).

7.4.2 The Nested Inhomogeneous T − Q Relation

For the open chain, we define the corresponding Q-functions as

Q(0)(u) =
N∏

j=1

(u − θ j )(u + θ j ), (7.4.18)

Q(r)(u) =
Lr∏

l=1

(
u − λ

(r)
l

) (
u + λ

(r)
l + rη

)
, r = 1, . . . , n − 1, (7.4.19)

Q(n)(u) = 1, (7.4.20)

where {Lr |r = 1, . . . , n − 1} are some non-negative integers, and r = 1, 2 in the
present case. We introduce further three z̃(u) functions:

z̃1(u) = z1(u) + x1(u), z̃2(u) = z2(u), z̃3(u) = z3(u). (7.4.21)

Here zm(u) is defined as

zm(u) = u(u + n
2η)K (m)(u)Q(0)(u)

(
u + (m−1)

2 η
) (

u + m
2 η

)
Q(m−1)(u + η)Q(m)(u − η)

Q(m−1)(u)Q(m)(u)
, (7.4.22)

with m = 1, 2, 3, n = 3, and x1(u) is defined as

x1(u) = u

(
u + 3

2
η

)
Q(0)(u + η)Q(0)(u)

F1(u)

Q(1)(u)
. (7.4.23)
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We make the following nested T − Q Ansatz

Λ(u) =
3∑

i1=1

z̃i1(u) =
3∑

i1=1

zi1(u) + x1(u), (7.4.24)

Λ2(u) = ϕ2(2u − η)

⎧
⎨

⎩
∑

1≤i1<i2≤3

z̃i1(u)z̃i2(u − η) − x1(u)z2(u − η)

⎫
⎬

⎭ , (7.4.25)

Λ3(u) =
3∏

k=1

ϕ2(2u − kη) {z1(u)z2(u − η)z3(u − 2η)} . (7.4.26)

It should be emphasized that, thanks to Q(0)(±θ j ) = 0, the above Ansatz (7.4.24)–
(7.4.25) makes the functional relations (7.4.2) automatically fulfilled for arbitrary
Q-functions and F1(u). These functions (polynomials) are then fixed by the other
conditions required by Λi (u) as follows. To match the degree of Λ(u), F1(u) is a
polynomial of degree 2L1 − 2N . The regularity (7.4.24) at the singular points λ

(1)
j

and −λ
(1)
j − η must give the same equation. This consistency requires

F1(u) = f1(u)Q(2)(−u − η), (7.4.27)

with

f1(u) = f1(−u − η). (7.4.28)

One can check that the regularity conditions of (7.4.25) indeed coincide with those
of Λ(u). In order to make (7.4.12)–(7.4.17) satisfied, we need further that all terms
with the factor x1 in those equations must be zero, which allow us to choose the
polynomial f1(u) with a minimal degree as follows

f1(u) = cu

(
u + 1

2
η

)2 (
u − 1

2
η

) (
u + 3

2
η

)
(u + η), (7.4.29)

where c is a constant. The non-negative integers L1 and L2 satisfy the relation

L1 = N + L2 + 3, (7.4.30)

and

c = 2(1 − cosϑ). (7.4.31)
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The above relation and (7.3.42) lead to the asymptotic behavior (7.4.10)–(7.4.11) of
Λ̄m(u) being automatically satisfied. The regular property (at u = λ

(k)
j , −λ

(k)
j − kη

and k = 1, 2) of Λ(u) leads to the associated BAEs

1 + λ
(1)
l

λ
(1)
l + η

K (2)(λ
(1)
l )Q(0)(λ

(1)
l )

K (1)(λ
(1)
l )Q(0)(λ

(1)
l + η)

Q(1)(λ
(1)
l + η)Q(2)(λ

(1)
l − η)

Q(1)(λ
(1)
l − η)Q(2)(λ

(1)
l )

= −c (λ
(1)
l )2

(
λ

(1)
l + 1

2
η

)3

(λ
(1)
l + η)(λ

(1)
l + 3

2
η)(λ

(1)
l − 1

2
η)

× Q(0)(λ
(1)
l )Q(2)(λ

(1)
l − η)

K (1)(λ
(1)
l )Q(1)(λ

(1)
l − η)

, l = 1, . . . , L1, (7.4.32)

λ
(2)
l + 3

2η

λ
(2)
l + 1

2η

K (2)(λ
(2)
l )

K (3)(λ
(2)
l )

Q(1)(λ
(2)
l + η)Q(2)(λ

(2)
l − η)

Q(1)(λ
(2)
l )Q(2)(λ

(2)
l + η)

= −1,

l = 1, . . . , L2. (7.4.33)

One may check that the chosen F1(u) and the BAEs (7.4.32)–(7.4.33) also guarantee
the regularity of the Ansatz Λ2(u) given by (7.4.25).

The eigenvalue of the Hamiltonian (7.3.6) for n = 3 is given by

E =
L1∑

l=1

2η2

λ
(1)
l (λ

(1)
l + η)

+ 2(N − 1) + η
ξ̄ + 3

2η − p̄η − ξ

ξ
(
ξ̄ + 3

2η − p̄η
) + 2

3
, (7.4.34)

where the parameters {λ(1)
l } are the roots of the BAEs (7.4.32)–(7.4.33) in the homo-

geneous limit {θ j = 0}. We note that for c = 0, the condition (7.4.30) is no longer
necessary.

Numerical results for N = 2 shown in Table7.1 imply that the BAEs indeed give
rise to the correct and complete solutions of the model.

7.5 Solution of the SU(4) Case

The SU (3) case is similar to the SU (2) case since there is only one continuous
boundary parameter ϑ . The first nontrivial case could be the SU (4) case as it might
include two free continuous parameters ϑ1 andϑ2 defined in (7.3.47). Let us consider
the case of matrices M and M̄ with p = 2 and p̄ = 2. We introduce

K (1)(u) = (ξ + u)(ξ̄ − u), (7.5.1)

K (2)(u) = (ξ − u − η)(ξ̄ + u + η), (7.5.2)

K (3)(u) = (ξ + u + η)(ξ̄ − u − η), (7.5.3)

K (4)(u) = (ξ − u − 2η)(ξ̄ + u + 2η), (7.5.4)
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which satisfy the relations (7.3.50)–(7.3.51)with n = 4. Suppose that the eigenvalues
of M̄ M are

(λ1, λ2, λ3, λ4) = (eiϑ1 , e−iϑ1 , eiϑ2 , e−iϑ2). (7.5.5)

The asymptotic behavior of the eigenvalues of the transfer matrices reads

Λ̄1(u)|u→∞ = −tr{M̄ M}u2N+2 + · · ·
= −(2 cosϑ1 + 2 cosϑ2)u

2N+2 + · · · , (7.5.6)

Λ̄2(u)|u→∞ = tr1,2
{

P(−)
1,2 (M̄ M)1(M̄ M)2P(−)

1,2

}
u2N+4 + · · ·

=
∑

1≤i1<i2≤4

λi1λi2u2N+4 + · · ·

= (2 + 4 cosϑ1 cosϑ2)u
2N+4 + · · · , (7.5.7)

Λ̄3(u)|u→∞ = −tr1,2,3
{

P(−)
1,2,3(M̄ M)1(M̄ M)2(M̄ M)3P(−)

1,2,3

}
u2N+6 + · · ·

= −
∑

1≤i1<i2<i3≤4

λi1λi2λi3u2N+6 + · · ·

= −(2 cosϑ1 + 2 cosϑ2)u
2N+6 + · · · . (7.5.8)

Moreover, we can derive the relations among the fused transfer matrices:

t (0) = (−1)N ξ

N∏

l=1

(θl + η)(θl − η)tr{K +(0)} × id, (7.5.9)

t (−2η) = (−1)N ξ̄

N∏

l=1

(θl + 2η) (θl − 2η)tr{K −(−2η)} × id, (7.5.10)

t2(0) = 3(−1)N ξη2
N∏

l=1

(θl + η)(θl − η)tr{K +(0)} t1(−η), (7.5.11)

t2
(η

2

)
= tr1,2

{
K +

〈1,2〉
(η

2

)}
η

(
η2

4
− ξ2

)

×
N∏

l=1

(
θl − η

2

) (
θl + η

2

) (
θl − 3

2
η

)(
θl + 3

2
η

)
× id, (7.5.12)

t2

(
−3

2
η

)
= η

(
η2

4
− ξ̄2

) N∏

l=1

(
θl − 5

2
η

) (
θl + 5

2
η

)

×
(

θl − 3

2
η

)(
θl + 3

2
η

)
tr1,2

{
K −

〈1,2〉
(

−3

2
η

)}
× id, (7.5.13)
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t2(−η) = 3(−1)N ξ̄η2
N∏

l=1

(θl + 2η)(θl − 2η)tr{K −(−2η)} t1(−η), (7.5.14)

and

t3(0) = 12(−1)N ξη4
N∏

l=1

(θl + η)(θl − η)tr{K +(0)} t2(−η), (7.5.15)

t3(0) = 12(−1)N ξ̄ η4
N∏

l=1

(θl + 2η)(θl − 2η)tr{K −(−2η)} t2(0), (7.5.16)

t3
(η

2

)
= 12tr1,2

{
K +

〈1,2〉
(η

2

)}
η5

(
η2

4
− ξ2

)
t1

(
−3

2
η

)

×
N∏

l=1

(
θl − η

2

) (
θl + η

2

) (
θl − 3

2
η

) (
θl + 3

2
η

)
, (7.5.17)

t3
(
−η

2

)
= 12η5

(
η2

4
− ξ̄2

)
tr2,3

{
K −

〈2,3〉
(

−3

2
η

)}
t1

(
−η

2

)

×
N∏

l=1

(
θl − 5

2
η

)(
θl + 5

2
η

)(
θl − 3

2
η

)(
θl + 3

2
η

)
, (7.5.18)

∂

∂u
t3(u)

∣∣u=η = 4ξη2(ξ2 − η2)(−1)N tr1,2,3
{

K +
〈1,2,3〉(η)

}

×
N∏

l=1

θ2l (θl − η)(θl + η)(θl − 2η)(θl + 2η) × id, (7.5.19)

∂

∂u
t3(u)

∣∣u=−η = 4ξ̄ η2(η2 − ξ̄2)(−1)N tr1,2,3
{

K −
〈1,2,3〉(−η)

} N∏

l=1

(θl − η)

× (θl + η)(θl − 2η)(θl + 2η)(θl − 3η)(θl + 3η) × id. (7.5.20)

In this case, the z̃(u) functions read

z̃2l−1(u) = z2l−1(u) + x2l−1(u), (7.5.21)

z̃2l(u) = z2l(u), l = 1, 2. (7.5.22)

Here the function zm(u) is defined in (7.4.22) with m = 1, . . . , 4 and Q(4)(u) ≡ 1.
The functions x2l−1(u) are

x2l−1(u) = u(u + 2η)Q(0)(u + η)Q(0)(u)
F2l−1(u)

Q(2l−1)(u)
, l = 1, 2. (7.5.23)
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The rules for constructing the inhomogeneous terms x2l−1(u) are:

• To make (7.5.9)–(7.5.20) fulfilled, all terms in those equations with a factor x2l−1
must be zero and therefore are irrelevant to the operator identities (7.3.43), which
determines zeros of f2l−1(u) (see below).

• The denominators must be Q(l)(u) or part of them to ensure that no new pole is
generated.

• They must preserve the self-consistency and symmetry of the BAEs.

The nested T − Q Ansatz can be constructed as

Λ(u) =
4∑

i1=1

z̃i1(u) =
4∑

i1=1

zi1(u) + x1(u) + x3(u),

Λ2(u) = ϕ2(2u − η)

⎧
⎨

⎩
∑

1≤i1<i2≤4

z̃i1(u)z̃i2(u − η)

−x1(u)z2(u − η) − x3(u)z4(u − η)} ,

Λ3(u) =
3∏

k=1

ϕ2(2u − kη)

⎧
⎨

⎩
∑

1≤i1<i2<i3≤4

z̃i1(u)z̃i2(u − η)z̃i3(u − 2η)

−x1(u)z2(u − η)(z̃3(u − 2η) + z̃4(u − 2η))

−(z̃1(u) + z̃2(u))x3(u − η)z4(u − 2η)} . (7.5.24)

With analysis similar to that used in the SU (3) case, we have

F1(u) = f1(u)Q(2)(−u − η), (7.5.25)

F3(u) = f3(u)Q(0)(−u − 2η)Q(2)(−u − 3η), (7.5.26)

with

f1(u) = f1(−u − η) = c1

4∏

k=1

(
u + k

2
η

)(
u + η − k

2
η

)
, (7.5.27)

f3(u) = f3(−u − 3η) = c3

4∏

k=1

(
u + η + k

2
η

) (
u + 2η − k

2
η

)
. (7.5.28)

The non-negative integers {L1, L2, L3} satisfy the relations

L1 = 4 + L2 + N , L3 = 4 + 2N + L2, (7.5.29)
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and to ensure automatic satisfaction of the asymptotic behavior (7.5.6)–(7.5.8), the
parameters c1 and c3 are determined by the eigenvalues (7.5.5) of M̄ M through the
equations:

{−4 + c1 + c3 = −2 cosϑ1 − 2 cosϑ2,

4 − 2c1 − 2c3 + c1c3 = 4 cosϑ1 cosϑ2.
(7.5.30)

We can easily show that the Ansatz (7.5.24) also fulfills the functional relations
(7.3.43). The regular property of Λ(u) leads to the associated BAEs

1 + λ
(1)
l

λ
(1)
l + η

K (2)(λ
(1)
l )Q(0)(λ

(1)
l )

K (1)(λ
(1)
l )Q(0)(λ

(1)
l + η)

Q(1)(λ
(1)
l + η)Q(2)(λ

(1)
l − η)

Q(1)(λ
(1)
l − η)Q(2)(λ

(1)
l )

+λ
(1)
l (λ

(1)
l + η

2 )Q(0)(λ
(1)
l )

K (1)(λ
(1)
l )

F1(λ
(1)
l )

Q(1)(λ
(1)
l − η)

= 0, l = 1, . . . , L1, (7.5.31)

λ
(2)
l + η

2

λ
(2)
l + 3

2η

K (3)(λ
(2)
l )

K (2)(λ
(2)
l )

Q(1)(λ
(2)
l )Q(2)(λ

(2)
l + η)Q(3)(λ

(2)
l − η)

Q(1)(λ
(2)
l + η)Q(2)(λ

(2)
l − η)Q(3)(λ

(2)
l )

= −1, l = 1, . . . , L2, (7.5.32)

1 + (λ
(3)
l + η)(λ

(3)
l + 3

2η)Q(0)(λ
(3)
l + η)

K (3)(λ
(3)
l )

Q(2)(λ
(3)
l )F3(λ

(3)
l )

Q(2)(λ
(3)
l + η)Q(3)(λ

(3)
l − η)

+ λ
(3)
l + η

λ
(3)
l + 2η

K (4)(λ
(3)
l )

K (3)(λ
(3)
l )

Q(2)(λ
(3)
l )Q(3)(λ

(3)
l + η)

Q(2)(λ
(3)
l + η)Q(3)(λ

(3)
l − η)

= 0,

l = 1, . . . , L3. (7.5.33)

It can be shown that the BAEs (7.5.31)–(7.5.33) also guarantee the regularity of
Λ2(u) and Λ3(u) given by (7.5.24). Moreover, the Ansatz (7.5.24) indeed satisfies
the relations (7.5.9)–(7.5.20).

The eigenvalue of the Hamiltonian for n = 4 is given by

E =
L1∑

l=1

2η2

λ
(1)
l (λ

(1)
l + η)

+ 2(N − 1) + η
[K (1)(u)]′

K (1)(u)
|u→0 + 1

2
, (7.5.34)

where the parameters {λ(1)
l } are the roots of the BAEs (7.5.31)–(7.5.33) in the homo-

geneous limit {θ j = 0}.
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7.6 Solution of the SU(n) Case

By following the same procedure introduced in previous sections, the result for the
SU (n)-invariant spin chain with general open boundary conditions can be readily
derived. The functions zm(u) are given by Eq. (7.4.22) with {K (l)(u)|l = 1, . . . , n}
satisfying (7.3.50)–(7.3.51). In principle, K (l)(u) could be any decomposition of
Eq. (7.3.50). For simplicity, we parameterize them, satisfying the relation

K (l)(u) = K (l+1)(−u − lη), l = 1, . . . , n − 1. (7.6.1)

With the same procedure used in the last section, we can obtain the functions xm(u):

{
x2l−1(u) = u

(
u + n

2η
)

Q(0)(u + η)Q(0)(u)
F2l−1(u)

Q(2l−1)(u)
,

x2l(u) = 0,
(7.6.2)

for l = 1, 2, . . . , � n
2 �. The functions {F2l−1(u)} are thus given by

F1(u) = f1(u)Q(2)(−u − η), (7.6.3)

F2l−1(u) = f2l−1(u)Q(2l−2)(−u − (2l − 1)η)

×Q(2l)(−u − (2l − 1)η)Q(0)(−u − 2(l − 1)η), l = 2, . . . , �n

2
�, (7.6.4)

and

f2l−1(u) = c2l−1

n∏

k=1

(
u + (l − 1 + k

2
)η

) (
u + (l − k

2
)η

)
,

l = 1, . . . , �n

2
�, (7.6.5)

which possess the crossing symmetry

f2l−1(u) = f2l−1(−u − (2l − 1)η). (7.6.6)

The nested T − Q relation is thus

Λ(u) =
n∑

i=1

z̃i (u). (7.6.7)
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All the eigenvalues Λm(u) can be given by

Λm(u) =
k∏

l=1

m−1∏

k=1

ϕ2(2u − (k + l − 1)η)
∑ ′

1≤i1<···<im≤n

{
z̃i1(u)z̃i2(u − η)

· · · z̃im (u − (m − 1)η)
}
, m = 2, . . . , n, (7.6.8)

where the prime indicates that the terms with factors x2l−1z2l are not included in the
summation. The parameters {c2l−1} are determined by the asymptotic behavior of
the transfer matrices:

Λ̄m(u) = (−1)m
∑

1≤i1<···<im≤n

λi1λi2 · · · λim u2(N+m) + · · · . (7.6.9)

We remark that the asymptotic behavior ofΛl (u) andΛn−l(u) give the same equation
to determine c2l−1. The parameters {λ(r)

l } satisfy the associated BAEs:
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(1)
j − η) = 0, j = 1, . . . , L1, (7.6.10)
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(2l)
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(2l)
k + η)
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(2l)
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,

k = 1, . . . , L2l , l = 1, . . . , �n

2
�, (7.6.11)
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(2s+1)
j − η) + λ

(2s+1)
j + sη

λ
(2s+1)
j + (s + 1)η

K (2s+2)(λ
(2s+1)
j )

×Q(2s+1)(λ
(2s+1)
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Q(2s)(λ
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j )Q(2s+2)(λ

(2s+1)
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(2s+1)
j + η)Q(2s+2)(λ

(2s+1)
j )

+ (λ
(2s+1)
j + sη)

×(λ
(2s+1)
j + 2s + 1

2
η)Q(0)(λ

(2s+1)
j + η)

Q(2s)(λ
(2s+1)
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(2s+1)
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Q(2s)(λ
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= 0,

j = 1, . . . , L2s+1, s = 1, . . . , �n

2
� − 1. (7.6.12)
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The eigenvalue of the Hamiltonian (7.3.6) is thus given by

E =
L1∑

l=1

2η2

λ
(1)
l (λ

(1)
l + η)

+ 2(N − 1) + η
[K (1)(u)]′

K (1)(u)
|u→0 + 2

n
, (7.6.13)

with {λ(1)
l } being the Bethe roots at {θ j = 0}.

It should be remarked that alternative T − Q relations also exist for the open
SU (n) spin chain as in the SU (2) case.
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Chapter 8
The Hierarchical Off-Diagonal Bethe Ansatz

The integrablemodels confined in higher dimensional quantum space are particularly
interesting because of their important applications in quantum field theory. A typical
model is the SU (2)-invariant spin-s Heisenberg chain which is closely related to the
Wess-Zumino-Novikov-Witten (WZNW) models [1–4]. Its anisotropic and graded
versions are relevant to the lower dimensional quantum field theories [5, 6] such as
the super-symmetric sine-Gordon model [7–9]. In addition, this model has important
applications in condensed matter physics such as fractional statistics [10] and the
multi-channel Kondo problem [11–13] when it is coupled to an impurity spin. The
anisotropic s = 1 integrable spin chain was first proposed by Zamolodchikov and
Fateev [14] to solve YBE. It was subsequently found that the integrable spin-s chain
can be constructed via the fusion techniques [15–19] from the fundamental s = 1

2
representation ofYBE [20, 21]. Thismethod establishes a hierarchical structure of the
SU (2)-invariant integrable spin chains and allows us to derive the exact spectra of the
models in the framework of the algebraic BetheAnsatz (e.g., see [22–24]).Moreover,
the boundary YBE or RE [25, 26] implies that, with generic integrable boundary
fields [27, 28], this model is also integrable. Profound results have been obtained for
the constraint boundary conditions [29–33] in the past decade. Nevertheless, it was
only recently that the model with generic integrable boundary conditions was solved
via the ODBA method [34–36].

This chapter is an introduction to the application of ODBA in the high-spin
Heisenberg chain with generic integrable boundaries.With the fusion techniques, the
R-matrices and K -matrices for the high spin model can be constructed. This allows
us to establish a hierarchical structure among the fused transfer matrices. Based on
this hierarchy and the operator product identities, the inhomogeneous T − Q relation
aswell as the correspondingBAEs can be derived in a systematicway. In addition, the
exact solution of the alternating-spin chain model, which corresponds to the lattice
nonlinear Schrödinger model, will also be introduced.

© Springer-Verlag Berlin Heidelberg 2015
Y. Wang et al., Off-Diagonal Bethe Ansatz for Exactly Solvable Models,
DOI 10.1007/978-3-662-46756-5_8
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8.1 The Fusion Procedure

8.1.1 Fusion of the R-Matrices and the K-Matrices

Throughout this chapter, R
(li ,l j )

i, j (u) denotes the spin-(li , l j ) R-matrix acting on the

tensor space Vli ⊗ Vl j and satisfies YBE

R(l1,l2)
1,2 (u − v)R(l1,l3)

1,3 (u)R(l2,l3)
2,3 (v) = R(l2,l3)

2,3 (v)R(l1,l3)
1,3 (u)R(l1,l2)

1,2 (u − v). (8.1.1)

Explicitly, the fundamental R
( 12 ,s)
1,2 (u) defined in the tensor product of the two-

dimensional auxiliary space and the (2s + 1)-dimensional quantum space is given
by [15–19]

R
( 12 ,s)
1,2 (u) = u + η

2
+ η σ 1 · S2, (8.1.2)

where S is the spin-s realization of the SU (2) generators. Namely, all the generators
of SU (2) can be realized by (2s + 1) × (2s + 1) matrices on (2s + 1)-dimensional
spin-s space as follows

Sz |m〉 = m |m〉, (8.1.3)

S+|m〉 = √(s + 1 + m)(s − m) |m + 1〉, (8.1.4)

S−|m〉 = √(s + m)(s + 1 − m) |m − 1〉, m = s, s − 1, . . . ,−s, (8.1.5)

where {|m〉|m = s, s − 1, . . . ,−s} is an orthonormal basis of the spin-s space and
the Casimir operator C2 = (Sz)2 + 1

2 (S−S+ + S+S−) acting on the spin-s space is
proportional to the identity operator, i.e.,

C2 |m〉 = s(s + 1) |m〉, m = s, s − 1, . . . ,−s. (8.1.6)

For s = 1
2 , the corresponding R-matrix is given by (1.5.2). In particular, with the help

of (8.1.6) we can verify that the spin-( 12 , s) R-matrix possesses the unitary relation
[cf. (1.5.5)]

R
( 12 ,s)
1,2 (u)R

(s, 12 )

2,1 (−u) = −
[

u +
(
1

2
+ s

)
η

] [
u −

(
1

2
+ s

)
η

]
× id. (8.1.7)

We note that the R-matrix (8.1.2) can be obtained by the fusion procedure

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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R
( 12 ,s)
a,{1,...,2s}(u) = 1

∏2s−1
k=1 (u + ( 12 − s + k)η)

P(+)
1,...,2s

×
2s∏

k=1

{
R

( 12 , 12 )

a,k (u + (k − 1

2
− s)η)

}
P(+)
1,...,2s, (8.1.8)

with the product being in the order of increasing k from left to right, where P(+)
1,...,2s

is the symmetric projector given by

P(+)
1,...,2s = 1

(2s)!
2s∏

k=1

(
k∑

l=1

Pl,k

)
, (8.1.9)

which possesses the properties

P(+)
1,...,n = 1

n

(
1 +

n−1∑

l=1

Pl,n

)
P(+)
1,...,n−1 = 1

n
P(+)
1,...,n−1

(
1 +

n−1∑

l=1

Pl,n

)
, (8.1.10)

P(+)
1,...,n = P(+)

q1,...,qn
, (8.1.11)

P(+)
1,...,n = P(+)

1,...,n P(+)
q1,...,qm

= P(+)
q1,...,qm

P(+)
1,...,n, m ≤ n, (8.1.12)

with {q1, . . . , qn} being an arbitrary permutation of {1, . . . , n}. Similarly, the spin-
( j, s) R-matrix can be constructed from the R-matrix (8.1.2) by the symmetric fusion
process

R( j,s)
{1,...,2 j},{1,...,2s}(u) = P(+)

1,...,2 j

2 j∏

k=1

{
R

( 12 ,s)
k,{1,...,2s}(u + (k − j − 1

2
)η)

}

×P(+)
1,...,2 j . (8.1.13)

With the same procedure introduced in Chap.7, we can easily show that the fused
R-matrices (8.1.13) and (8.1.8) satisfy the associated YBE (8.1.1). Particularly, the
spin-(s, s) R-matrix can be calculated as [15]

R(s,s)
1,2 (u) =

2s∏

j=1

(u − jη)

2s∑

l=0

l∏

k=1

u + kη

u − kη
P(l)
1,2, (8.1.14)

where P(l)
1,2 is a projector defined in the tensor space of two spin-s, which projects

the tensor space into the irreducible subspace of spin-l. Explicitly, it reads

P(l)
1,2 =

2s∏

j=0,�=l

(S1 + S2)
2 − j ( j + 1)

l(l + 1) − j ( j + 1)
. (8.1.15)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
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The R-matrix (8.1.14) possesses the following important properties which are
quite useful to derive the closed operator identities:

Initial condition : R(s,s)
1,2 (0) = (2s)!η2s P1,2, (8.1.16)

Antisymmetry : R(s,s)
1,2 (−η) = (−1)2sη2s(2s + 1)! P(0)

1,2. (8.1.17)

The projectorP(0)
1,2 resembles the properties of P(−)

1,2 for the spin- 12 systemand projects
the tensor product space of two spin-s into the singlet subspace, i.e.,

P(0) = |Φ0〉〈Φ0|, |Φ0〉 = 1√
2s + 1

2s∑

l=0

(−1)l |s − l〉 ⊗ | − s + l〉. (8.1.18)

Moreover, from the explicit expression (8.1.2) of the R-matrix, we can show that
[cf.(1.5.9)]

R(s, 12 )(±(
1

2
+ s)η) = ±(2s + 1)ηP(s± 1

2 ), (8.1.19)

where the projectors P(s± 1
2 ) project the tensor product space of the spin-s and the

spin- 12 spaces into the subspaces with the spin-(s ± 1
2 ) respectively.

Following themethods developed in [37, 38], the corresponding fused K -matrices
can be constructed as

K −( j)
{a} (u) = P(+)

a1,...,a2 j

2 j∏

k=1

{[k−1∏

l=1

R
( 12 , 12 )
al ,ak (2u + (k + l − 2 j − 1)η)

]

× K
−( 12 )
ak (u + (k − j − 1

2
)η)

}
P(+)

a1,...,a2 j
, (8.1.20)

where {a} ≡ {a1, . . . , a2 j }. It should be noted that the products in [· · · ] and {· · · } of
(8.1.20) are in the order of increasing l and k from left to right. Let us consider the
generic non-diagonal spin- 12 K -matrix [27, 28]

K −( 12 )(u) =
(

p− + u α−u
α−u p− − u

)
, (8.1.21)

where p− and α− are some boundary parameters. It can be easily demonstrated that
K −( j)

{a} (u) satisfy the RE

R( j,s)
{a},{b}(u − v) K −( j)

{a} (u) R(s, j)
{b},{a}(u + v) K −(s)

{b} (v)

= K −(s)
{b} (v) R( j,s)

{a},{b}(u + v) K −( j)
{a} (u) R(s, j)

{b},{a}(u − v) . (8.1.22)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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The dual version of the fused K -matrix is given by the duality

K +( j)
{a} (u) = 1

f ( j)(u)
K −( j)

{a} (−u − η)

∣∣∣
(p−,α−)→(p+,−α+)

, (8.1.23)

where p+ and α+ are two free boundary parameters and the normalization factor
f ( j)(u) is

f ( j)(u) =
2 j−1∏

l=1

l∏

k=1

[−ϕ(2u + (l + k + 1 − 2 j)η)], (8.1.24)

ϕ(u) = (u − η)(u + η). (8.1.25)

The generic fundamental dual K -matrix satisfying the dual RE (5.1.6) is

K +( 12 )(u) =
(

p+ − u − η α+(u + η)

α+(u + η) p+ + u + η

)
. (8.1.26)

8.1.2 Fused Transfer Matrices

The fused (or spin-( j, s)) transfer matrix t ( j,s)(u) can be constructed by the fused
R-matrices and K -matrices as follows [26, 30]

t ( j,s)(u) = tr{a}
{

K +( j)
{a} (u) T ( j,s)

{a} (u) K −( j)
{a} (u) T̂ ( j,s)

{a} (u)

}
, (8.1.27)

where T ( j,s)
{a} (u) and T̂ ( j,s)

{a} (u) are the fused one-rowmonodromymatrices defined by

T ( j,s)
{a} (u) = R( j,s)

{a},{b[N ]}(u − θN ) · · · R( j,s)
{a},{b[1]}(u − θ1) ,

T̂ ( j,s)
{a} (u) = R( j,s)

{a},{b[1]}(u + θ1) · · · R( j,s)
{a},{b[N ]}(u + θN ) . (8.1.28)

Here {θ j | j = 1, . . . , N } are still the inhomogeneous parameters we defined previ-
ously. By following the same procedure introduced in Chap.2, YBE (8.1.1), the RE
(8.1.22) and the dual RE lead to

[
t ( j,s)(u) , t ( j ′,s)(v)

]
= 0 . (8.1.29)

Therefore, t ( j,s)(u) can be treated as the generating functionals of the conserved
quantities.

http://dx.doi.org/10.1007/978-3-662-46756-5_5
http://dx.doi.org/10.1007/978-3-662-46756-5_2
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8.2 Operator Identities

Let us fix an s ∈ { 12 , 1, 3
2 , . . .} for all the N quantum spaces. Consider the one-row

monodromymatrix T ( j,s)
{a} (u) and its corresponding transfer matrix t ( j,s)

p (u) given by

t ( j,s)
p (u) = tr{a}T ( j,s)

{a} (u), j = 0,
1

2
, 1, . . . , (8.2.1)

with the convention t (0,s)p (u) = id. The fusion procedure (8.1.13) of the R-matrices
allows us to express the fused monodromy matrices (8.1.28) in terms of the funda-

mental T
( 12 ,s)

a (u) as

T ( j,s)
{a} (u) = P(+)

1,...,2 j T
( 12 ,s)
1 (u − ( j − 1

2
)η)T

( 12 ,s)
2 (u − ( j − 1

2
)η + η)

× · · · T
( 12 ,s)
2 j (u + ( j − 1

2
)η) P(+)

1,...,2 j

= T
( 12 ,s)
1 (u − ( j − 1

2
)η)T

( 12 ,s)
2 (u − ( j − 1

2
)η + η)

× · · · T
( 12 ,s)
2 j (u + ( j − 1

2
)η) P(+)

1,...,2 j . (8.2.2)

The second equality of the above equation can be proven by the method proving
(7.1.16). Similarly, we have

P(−)
1,2 T

( 12 ,s)
1 (u − η)T

( 12 ,s)
2 (u) = P(−)

1,2 T
( 12 ,s)
1 (u − η)T

( 12 ,s)
2 (u)P(−)

1,2

= P(−)
1,2 T

( 12 ,s)
1 (u)T

( 12 ,s)
2 (u − η)P(−)

1,2

= Detq{T ( 12 ,s)(u)}P(−)
1,2 , (8.2.3)

where the quantum determinant Detq{T ( 12 ,s)(u)} is

Detq{T ( 12 ,s)(u)} =
N∏

l=1

(
u − θl +

(
1

2
+ s

)
η

)(
u − θl −

(
1

2
+ s

)
η

)
× id.

Let us calculate the product of the fused transfer matrices (8.2.1):

t
( 12 ,s)
p (u) t

( j− 1
2 ,s)

p (u − jη)

= tr1,...,2 j

{
P(+)
1,...,2 j−1T

( 12 ,s)
1 (u − (2 j − 1)η) . . . T

( 12 ,s)
2 j (u)P(+)

1,...,2 j−1

}

= tr1,...,2 j

{[
1 + (2 j − 1)P2 j−1,2 j

]
(2 j)−1P(+)

1,...,2 j−1T
( 12 ,s)
1 (u − (2 j − 1)η)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
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× · · · T
( 12 ,s)
2 j (u)P(+)

1,...,2 j−1

}
+ (2 j − 1)(2 j)−1tr1,...,2 j

{
(1 − P2 j−1,2 j )

×P(+)
1,...,2 j−1T

( 12 ,s)
1 (u − (2 j − 1)η) · · · T

( 12 ,s)
2 j (u)P(+)

1,...,2 j−1

}

(8.2.2)= tr1,...,2 j

{[
1 + P2 j−1,2 j + · · · + P1,2 j

]
(2 j)−1P(+)

1,...,2 j−1

× T
( 12 ,s)
1 (u − (2 j − 1)η) · · · T

( 12 ,s)
2 j (u)P(+)

1,...,2 j−1

}
+ (2 j − 1)(2 j)−1

× tr1,...,2 j

{
(1 − P2 j−1,2 j )T

( 12 ,s)
1 (u − (2 j − 1)η) · · · T

( 12 ,s)
2 j (u)P(+)

1,...,2 j−1

}

(8.2.3)= tr1,...,2 j

{
P(+)
1,...,2 j T

( 12 ,s)
1 (u − (2 j − 1)η) · · · T

( 12 ,s)
2 j (u)P(+)

1,...,2 j

}

+(2 j − 1)(2 j)−1Detq{T ( 12 ,s)(u)}tr1,...,2 j−2

{
T

( 12 ,s)
1 (u − (2 j − 1)η)

× · · · T
( 12 ,s)
2 j−2 (u − 2η)tr2 j−1,2 j

(
(1 − P2 j−1,2 j )P(+)

1,...,2 j−1

)}

= t ( j,s)
p (u − ( j − 1

2
)η) + Detq{T ( 12 ,s)(u)} t ( j−1,s)

p (u − ( j + 1

2
)η). (8.2.4)

To reach the last equality of the above equation, we have used the identity

2 j − 1

2 j
tr2 j−1,2 j

{
(1 − P2 j−1,2 j )P(+)

1,...,2 j−1

}

= tr2 j−1,2 j

{
(1 − P2 j−1,2 j )

2 j
(1 + P1,2 j−1 + · · · + P2 j−2,2 j−1)P(+)

1,...,2 j−2

}

= P(+)
1,...,2 j−2,

and the relation tri
{

Pi, j
} = id.

With a procedure similar to that used in deriving (8.2.4), we may show that
the fused double-row transfer matrices {t ( j,s)(u)} given by (8.1.27) obey the fusion
hierarchy relation [29, 30, 37, 38]

t (
1
2 ,s)(u) t ( j− 1

2 ,s)(u − jη) = t ( j,s)(u − ( j − 1

2
)η)

+ δ(s)(u) t ( j−1,s)(u − ( j + 1

2
)η), j = 1

2
, 1,

3

2
, . . . , (8.2.5)

with the convention t (0,s) = id and
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δ(s)(u) = Detq{K +( 12 )(u)}Detq{T ( 12 ,s)(u)}Detq{K −( 12 )(u)}Detq{T̂ ( 12 ,s)(u)}
= (2u − 2η)(2u + 2η)

(2u − η)(2u + η)
((1 + α2−)u2 − p2−)((1 + α2+)u2 − p2+)

×
N∏

l=1

(u − θl + (
1

2
+ s)η)(u + θl + (

1

2
+ s)η)

×
N∏

l=1

(u − θl − (
1

2
+ s)η)(u + θl − (

1

2
+ s)η). (8.2.6)

From (8.2.5) we can express t ( j,s)(u) in terms of t (
1
2 ,s)(u) as

t( j,s)(u) = t(
1
2 ,s)(u + ( j − 1

2
)η) t(

1
2 ,s)(u + ( j − 1

2
)η − η) · · · t(

1
2 ,s)(u − ( j − 1

2
)η)

− δ(s)(u + ( j − 1

2
)η) t(

1
2 ,s)(u + ( j − 1

2
)η − 2η) · · · t(

1
2 ,s)(u − ( j − 1

2
)η)

− δ(s)(u + ( j − 1

2
)η − η) t(

1
2 ,s)(u + ( j − 1

2
)η) t(

1
2 ,s)(u + ( j − 1

2
)η − 3η)

× · · · t(
1
2 ,s)(u − ( j − 1

2
)η)

...

− δ(s)(u − ( j − 1

2
)η + η) t(

1
2 ,s)(u + ( j − 1

2
)η) · · · t(

1
2 ,s)(u − ( j − 1

2
)η + 2η)

+ · · · . (8.2.7)

Here we list the first three:

t (1,s)(u) = t (
1
2 ,s)(u + η

2
) t (

1
2 ,s)(u − η

2
) − δ(s)(u + η

2
), (8.2.8)

t (
3
2 ,s)(u) = t (

1
2 ,s)(u + η) t (

1
2 ,s)(u) t (

1
2 ,s)(u − η) − δ(s)(u + η) t (

1
2 ,s)(u − η)

− δ(s)(u) t (
1
2 ,s)(u + η), (8.2.9)

t (2,s)(u) = t (
1
2 ,s)(u + 3η

2
) t (

1
2 ,s)(u + η

2
) t (

1
2 ,s)(u − η

2
) t (

1
2 ,s)(u − 3η

2
)

− δ(s)(u + 3η

2
) t (

1
2 ,s)(u − η

2
) t (

1
2 ,s)(u − 3η

2
)

− δ(s)(u + η

2
) t (

1
2 ,s)(u + 3η

2
) t (

1
2 ,s)(u − 3η

2
)

− δ(s)(u − η

2
) t (

1
2 ,s)(u + 3η

2
) t (

1
2 ,s)(u + η

2
)

+ δ(s)(u + 3η

2
) δ(s)(u − η

2
). (8.2.10)
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Keeping the generalized initial condition (8.1.16) of R(s,s)(u) and the fusion

condition (8.1.19) of R(s, 12 )(u) in mind and using the similar procedure to prove the
relation (7.2.1) in Sect. 7.2.1, we may show that

T (s,s)
1 (θ j )T

( 12 ,s)
2 (θ j − (

1

2
+ s)η) = P

(s− 1
2 )

1,2 T (s,s)
1 (θ j )T

( 12 ,s)
2 (θ j − (

1

2
+ s)η),

where the projector P
(s− 1

2 )

1,2 projects the tensor product space of the spin-s and the

spin- 12 spaces into the subspace with the spin-(s − 1
2 ) (see (8.1.19)). Then with the

similar fusion procedure used in Sect. 7.3.3 of Chap.7, we can derive the identi-
ties [34]

t (s,s)(θ j ) t (
1
2 ,s)(θ j − (

1

2
+ s)η) = δ(s)(θ j + (

1

2
− s)η) t (s−

1
2 ,s)(θ j + η

2
),

j = 1, . . . , N . (8.2.11)

Now let us derive some properties of t (
1
2 ,s)(u). The R-matrix (8.1.2) and the

K -matrices (8.1.21) and (8.1.26) imply that the following relations hold:

t (
1
2 ,s)(0) = 2p− p+

N∏

l=1

(θl + (
1

2
+ s)η)(−θl + (

1

2
+ s)η) × id, (8.2.12)

t (
1
2 ,s)(u) |u→∞ = 2(α−α+ − 1)u2N+2 × id + · · · , (8.2.13)

t (
1
2 ,s)(−u − η) = t (

1
2 ,s)(u). (8.2.14)

An obvious fact is that t (
1
2 ,s)(u), as a function of u, is a polynomial of degree 2N +2.

The fusion hierarchy relation (8.2.5) implies that all the other fused transfer matrices

t ( j,s)(u) can be expressed in terms of t (
1
2 ,s)(u) (see (8.2.7)). Therefore the identities

(8.2.11) lead to N constraints on t (
1
2 ,s)(u), which together with (8.2.12)–(8.2.14) can

completely determine the eigenvalues of t (
1
2 ,s)(u) (and as a consequence, also the

eigenvalues of all the other transfer matrices {t ( j,s)(u)}).
Let Λ( j,s)(u) be the eigenvalue of the fused transfer matrix t ( j,s)(u). The fusion

hierarchy relation (8.2.5) directly implies

Λ( 12 ,s)(u)Λ( j− 1
2 ,s)(u − jη) = Λ( j,s)(u − ( j − 1

2
)η)

+ δ(s)(u)Λ( j−1,s)(u − ( j + 1

2
)η), j = 1

2
, 1,

3

2
, . . . , (8.2.15)

with Λ(0,s)(u) = 1. The operator identities (8.2.11) also imply that

Λ(s,s)(θ j )Λ( 12 ,s)(θ j − (
1

2
+ s)η) = δ(s)(θ j + (

1

2
− s)η)Λ(s− 1

2 ,s)(θ j + η

2
),

j = 1, . . . , N . (8.2.16)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_7
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Equations (8.2.12)–(8.2.14) give rise to the relations

Λ( 12 ,s)(0) = 2p− p+
N∏

l=1

(θl + (
1

2
+ s)η)(−θl + (

1

2
+ s)η), (8.2.17)

Λ( 12 ,s)(u) |u→∞ = 2(α−α+ − 1)u2N+2 + · · · , (8.2.18)

Λ( 12 ,s)(−u − η) = Λ( 12 ,s)(u). (8.2.19)

The analyticity of t (
1
2 ,s)(u) implies that

Λ( 12 ,s)(u), as a function of u, is a polynomial of degree 2N + 2. (8.2.20)

8.3 The Inhomogeneous T − Q Relation

Following the method introduced in previous chapters, we can prove that each eigen-

value Λ( 12 ,s)(u) can be parameterized by the following inhomogeneous T − Q
relation:

Λ( 12 ,s)(u) = a(s)(u)
Q(u − η)

Q(u)
+ d(s)(u)

Q(u + η)

Q(u)

+ c u(u + η)
F (s)(u)

Q(u)
, (8.3.1)

where the functions a(s)(u), d(s)(u), F (s)(u) and the constant c are given by

a(s)(u) = 2u + 2η

2u + η
[(1 + α2+)

1
2 u + p+][(1 + α2−)

1
2 u + p−]

×
N∏

l=1

(u − θl + (
1

2
+ s)η)(u + θl + (

1

2
+ s)η), (8.3.2)

d(s)(u) = a(s)(−u − η), (8.3.3)

F (s)(u) =
N∏

l=1

2s∏

k=0

(u − θl + (
1

2
− s + k)η)(u + θl + (

1

2
− s + k)η), (8.3.4)

c = 2[α−α+ − 1 − (1 + α2−)
1
2 (1 + α2+)

1
2 ]. (8.3.5)

The Q-function is parameterized by 2s N parameters {λ j | j = 1, . . . , 2s N } as

Q(u) =
2s N∏

j=1

(u − λ j )(u + λ j + η) = Q(−u − η). (8.3.6)



8.3 The Inhomogeneous T − Q Relation 261

Proof Let us introduce a function f (u) associated with each solution Λ(u) of
(8.2.15)–(8.2.20)

f (u) = Λ( 12 ,s)(u)Q(u) − a(s)(u)Q(u − η)

−d(s)(u)Q(u + η) − c u(u + η)F (s)(u). (8.3.7)

It follows from its definition that the function f (u), as a function of u, is a polynomial
of degree 2(2s + 1)N + 2 with the crossing symmetry

f (−u − η) = f (u). (8.3.8)

This property implies that the function can be fixed by its values at (2s + 1)N + 2
different points. It is clear from the relations (8.2.17) and (8.2.18) that

f (0) = 0, and f (u)|u→∞ = 0 × u2(2s+1)N+2 + · · · , (8.3.9)

which, together with its values at other (2s+1)N independent points, are sufficient to
completely determine f (u). Thanks to the fact that Q(u) is also a crossing polynomial
(i.e., Q(−u −η) = Q(u)) of degree 4s N with a known coefficient of the term u4s N ,
for each solution Λ(u) of (8.2.15)–(8.2.20) we can always choose the function Q(u)

given by (8.3.6) such that the following equations hold:

f (θ j + (s − 1

2
− k)η) = 0, k = 0, . . . , 2s, j = 1, . . . , N . (8.3.10)

Then the relations (8.3.8)–(8.3.10) lead to f (u) = 0 or that each solution of (8.2.15)–
(8.2.20) can be parameterized in terms of the inhomogeneous T − Q relation (8.3.1)
with proper choices of the function Q(u). In fact the conditions (8.3.10) are equivalent
to the following (2s + 1)N linear equations with respect to the values of Q(u) at
the (2s + 1)N different points {θ j + (s − 1

2 − k)η|k = 0, . . . , 2s, j = 1, . . . , N },
namely,

B( j) X ( j) = 0, j = 1, . . . , N , (8.3.11)

with each (2s + 1) × (2s + 1) matrix B( j) (superscripts of the elements are omitted
for simplicity) being given by

⎛

⎜⎜⎜⎜⎜⎝

Λ(θ j + (s − 1
2 )η) −a(θ j + (s − 1

2 )η)

−d(θ j + (s − 3
2 )η) Λ(θ j + (s − 3

2 )η) −a(θ j + (s − 3
2 )η)

. . .
. . .

. . .

−d(θ j − (s + 1
2 )η) Λ(θ j − (s + 1

2 )η)

⎞

⎟⎟⎟⎟⎟⎠
,
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and the (2s + 1)-components vector X ( j) being given by

⎛

⎜⎜⎜⎜⎝

Q(θ j + (s − 1
2 )η)

Q(θ j + (s − 3
2 )η)

...

Q(θ j − (s + 1
2 )η)

⎞

⎟⎟⎟⎟⎠
.

Direct calculation shows that the identities (8.2.16) give rise to det(B( j)) = 0 which
ensures the (2s + 1)N linear equations (8.3.11) to have non-zero solutions. In this
case, the number of independent linear equations (8.3.11) is reduced to 2s N and
we can always fix at most the 2s N values (up to a scaling factor) of Q(u) at 2s N
points among {θ j + (s − 1

2 − k)η|k = 0, 1, . . . , 2s, j = 1, . . . , N }, for an example,
{θ j + (s − 1

2 − k)η|k = 1, . . . , 2s, j = 1, . . . , N }. Therefore, each solution Λ(u) of
(8.2.15)–(8.2.20) allows us to parameterize it in terms of the inhomogeneous T − Q
relation (8.3.1) where Q(u) can be determined either by its values at 2s N different
points via the Eqs. (8.3.11) or by its roots: {λ j | j = 1, . . . , 2s N } determined by the
BAEs (see below). We can check that the T − Q relation (8.3.1) does satisfy the
relations (8.2.15)–(8.2.20). 
�

From (8.3.1) we find that the T − Q relation might have some readily apparent
and simple poles at the points

λ j , −λ j − η, j = 1, . . . , 2s N . (8.3.12)

The regularity of the eigenvalue Λ( 12 ,s)(u) requires that its residues at these points
must be zero. This requirement leads to the BAEs:

a(s)(λ j )Q(λ j − η) + d(s)(λ j )Q(λ j + η)

+c λ j (λ j + η) F (s)(λ j ) = 0, j = 1, . . . , 2s N . (8.3.13)

Similar to the case of the isotropic spin- 12 chain [39], another simple T − Q
relation exists for the spin-s case

Λ( 12 ,s)(u) = a(s)(u)
Q1(u − η)

Q2(u)
+ d(s)(u)

Q2(u + η)

Q1(u)

+(−1)M c u(u + η)
F (s)(u)

Q1(u) Q2(u)
, (8.3.14)

where

c = 2(α−α+ − 1 − (−1)M [(1 + α2−)(1 + α2+)] 12 ),
Q1(u) =

M∏
j=1

(u − μ j ) = Q2(−u − η), M = 2s N . (8.3.15)
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The resulting BAEs are

d(s)(μ j )Q2(μ j )Q2(μ j + η) + (−1)M c μ j (μ j + η) F (s)(μ j ) = 0,

j = 1, . . . , M. (8.3.16)

Taking the homogeneous limit θ j → 0, we can obtain all the eigenvalues Λ( j,s)(u)

of the fused homogeneous transfer matrices. In particular, the resulting Λ(s,s)(u)

gives the spectrum of the spin-s XXXHamiltonian with generic integrable boundary
terms.

We note that there are several possibilities for factoring out the functions a(s)(u)

and d(s)(u) from the quantum determinant Δ(s,s)(u). For convenience, let us intro-
duce the notations {εi = ±1|i = 1, 2, 3} and

a(s)(u; ε1, ε2, ε3) = ε1
2u + 2η

2u + η
((1 + α2+)

1
2 u + ε2 p+)((1 + α2−)

1
2 u + ε3 p−)

×
N∏

l=1

(u − θl + (
1

2
+ s)η)(u + θl + (

1

2
+ s)η), (8.3.17)

d(s)(u; ε1, ε2, ε3) = a(s)(−u − η; ε1, ε2, ε3),

c(ε1, ε2, ε3) = 2(α−α+ − 1 − ε1[(1 + α2−)(1 + α2+)] 12 ). (8.3.18)

Similar to the work in [40], the three discrete variables {εi } must satisfy the relation

ε1ε2ε3 = 1, (8.3.19)

as required by the initial condition (8.2.17). An arbitrary choice of the discrete para-
meters {εi } satisfying the constraint (8.3.19) should give the complete set of the
spectrum of the transfer matrix by replacing a(s)(u), d(s)(u) and c in the T − Q rela-
tion (8.3.1) with a(s)(u; ε1, ε2, ε3), d(s)(u; ε1, ε2, ε3) and c(ε1, ε2, ε3), respectively.
It is particularly important that for α− = −α+, K ±(u) can be diagonalized simul-
taneously and the algebraic Bethe Ansatz method is applicable [33]. In this case,
if we choose ε1 = −1, then ε2ε3 = −1, the parameter c(ε1, ε2, ε3) = 0 and the
corresponding T − Q relation (8.3.1) is naturally reduced to a conventional one [33]

Λ( 12 ,s)(u) = a(s)(u)
Q̄(u − η)

Q̄(u)
+ d(s)(u)

Q̄(u + η)

Q̄(u)
, (8.3.20)

with

Q̄(u) =
M̄∏

j=1

(u − λ j )(u + λ j + η) = Q̄(−u − η), M̄ = 0, 1, . . . . (8.3.21)
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The corresponding BAEs thus read

a(s)(λ j )

d(s)(λ j )
= − Q̄(λ j + η)

Q̄(λ j − η)
. (8.3.22)

We remark that for other choices of {εi }, even for α− = −α+, c(ε1, ε2, ε3) �= 0
and the T − Q relation cannot take the conventional form (8.3.20).

8.4 Completeness of the Solutions

Let us illustrate the completeness of the Bethe Ansatz solutions introduced in the
previous section with the s = 1 case as an example. In terms of the basis {|l〉|l =
1, 0,−1} given by

|1〉 = |1
2
〉 ⊗ |1

2
〉,

|0〉 = 1√
2

(
|1
2
〉 ⊗ | − 1

2
〉 + | − 1

2
〉 ⊗ |1

2
〉
)

,

| − 1〉 = | − 1

2
〉 ⊗ | − 1

2
〉,

the explicit form of the fused R-matrix R(1,1)(u) defined in (8.1.13) reads

R(1,1)(u) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h3(u)

h2(u) h5(u)

h4(u) h7(u) h6(u)

h5(u) h2(u)

h7(u) h1(u) h7(u)

h2(u) h5(u)

h6(u) h7(u) h4(u)

h5(u) h2(u)

h3(u)

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (8.4.1)

with the non-vanishing entries

h1(u) = u(u + η) + 2η2, h2(u) = u(u + η), h3(u) = (u + η)(u + 2η),

h4(u) = u(u − η), h5(u) = 2η(u + η), h6(u) = 2η2, h7(u) = 2uη.

(8.4.2)
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In addition, the fused K -matrix defined by (8.1.20), in terms of the basis {|l〉|l =
1, 0,−1}, is given by

K −(1)(u) = (2u + η)

⎛

⎝
x1(u) x4(u) x6(u)

x4(u) x2(u) x5(u)

x6(u) x5(u) x3(u)

⎞

⎠ , (8.4.3)

where the matrix elements are

x1(u) = (p− + u + η

2
) (p− + u − η

2
) + α2−

2
η (u − η

2
),

x2(u) = (p− + u − η

2
) (p− − u + η

2
) + α2− (u + η

2
) (u − η

2
),

x3(u) = (p− − u − η

2
) (p− − u + η

2
) + α2−

2
η (u − η

2
),

x4(u) = √
2α− u (p− + u − η

2
),

x5(u) = √
2α− u (p− − u + η

2
),

x6(u) = α2− u (u − η

2
), (8.4.4)

while K +(1)(u) can be given through the duality (8.1.23).
The corresponding spin-1 Hamiltonian in terms of the transfer matrix t (1,1)(u) is

thus given by

H = ∂

∂u

{
ln[u(u + η) t (1,1)(u)]

} ∣∣u=0,{θ j =0}

= 1

η2

N−1∑

j=1

[
S j · S j+1 − (S j · S j+1)

2
]

+ 1

p2− − 1
4 (1 + α2−)η2

[
2p−α−Sx

1 + 2p−Sz
1 + 1

2
(α2−η − 2η)(Sz

1)
2

−1

2
α2−η((Sx

1 )2 − (Sy
1 )2) − α−η(Sz

1Sx
1 + Sx

1 Sz
1)

]

+ 1

(3p2+ − 3
4 (1 + α2+)η2)η2

[
6p+α+ηSx

N − 6p+ηSz
N

+3α+η2(Sx
N Sz

N + Sz
N Sx

N ) − (2p2+ − 3

2
(1 − α2+)η2)(Sx

N )2

−(2p2+ − 3

2
(1 + α2+)η2)(Sy

N )2 − (2p2+ + 3

2
(1 − α2+)η2)(Sz

N )2
]

+ η(1 + α2+)

3p2+ − 3
4 (1 + α2+)η2

+ η

p2− − 1
4 (1 + α2−)η2

+ 3N
1

η2
+ 4

η
, (8.4.5)
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and the associated eigenvalue of the Hamiltonian reads

E =
2N∑

j=1

4η

(λ j + 3η
2 )(λ j − η

2 )
+ E0, (8.4.6)

E0 = 1

η

{
3N + 8

3
+ 2(1 + α2+)

1
2 p+η

p2+ − η2

4 (1 + α2+)
+ 2(1 + α2−)

1
2 p−η

p2− − η2

4 (1 + α2−)

}
, (8.4.7)

with the Bethe roots {λ j } determined by (8.3.13) in the homogeneous limit {θ j = 0}
or

E = −
2N∑

k=1

4(μk + η)

(μk + η
2 )(μk + 3η

2 )
+ E0, (8.4.8)

with the Bethe roots {μk} determined by (8.3.16) in the homogeneous limit {θ j = 0}.
Numerical solutions of the BAEs (8.3.13) and (8.3.16) in the homogeneous limit

{θ j = 0} as well as the exact diagonalization of the Hamiltonian (8.4.5) are per-
formed in [34] for N = 2 and randomly chosen boundary parameters. We list those

results in Tables8.1 and 8.2, respectively. The eigenvalues Λ( 12 ,1)(u) of the trans-

fer matrix t (
1
2 ,1)(u) are shown in Fig. 8.1. Again, the curves of Λ( 12 ,1)(u) calculated

Table 8.1 Solutions of the BAEs (8.3.13) for N = 2, s = 1, η = 1, {θ j = 0}, p+ = 0.1, p− = 0.2,
α+ = 0.3 and α− = 0.4

λ1 λ2 λ3 λ4 En n

0.02022 0.15565
− 0.56301i

0.15565
+ 0.56301i

1.28344 −2.82985 1

0.01436 − 0.14539i 0.01436
+ 0.14539i

1.02580
− 0.23475i

1.02580
+ 0.23475i

0.74454 2

0.00579 − 0.12153i 0.00579
+ 0.12153i

0.95719
− 0.17885i

0.95719
+ 0.17885i

1.84509 3

−0.50000 + 0.46805i −0.09323 0.93690 1.18821 3.99277 4

0.06934 − 0.91728i 0.06934
+ 0.91728i

1.06778
− 0.60960i

1.06778
+ 0.60960i

4.36850 5

−0.50000 + 0.16632i −0.18832 0.82026 1.19558 5.34163 6

−0.09561 0.89614 1.31281
− 0.54820i

1.31281
+ 0.54820i

7.59257 7

−0.25439 0.03756 0.73530
− 0.09425i

0.73530
+ 0.09425i

9.12855 8

−0.18554 0.81124 1.29199
− 0.51363i

1.29199
+ 0.51363i

9.43905 9

The symbol n indicates the number of the energy levels, and En is the corresponding eigenenergy.
The energy En calculated from (8.4.6) is the same as that from the exact diagonalization of the
Hamiltonian (8.4.5) (reproduced from [34])
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Table 8.2 Solutions of the BAEs (8.3.16) for N = 2, s = 1, η = 1, {θ j = 0}, p+ = 0.1, p− = 0.2,
α+ = 0.3 and α− = 0.4

μ1 μ2 μ3 μ4 En n

−2.01449 −1.03956 −0.20728 − 0.16066i −0.20728 + 0.16066i −2.82985 1

−1.02843 −0.99277 0.08448 9.58424 0.74454 2

−1.24529 −0.75827 0.29385 6.34119 1.84509 3

−0.90627 −0.50220
− 0.45722i

−0.50220 + 0.45722i 8.15074 3.99277 4

−6.63560 −1.41141 −0.58859 0.74744 4.36850 5

−0.80847 −0.50016
− 0.16539i

−0.50016 + 0.16539i 6.62545 5.34163 6

−4.94473 −0.90422 2.81138 35.70597 7.59257 7

−4.56687 −0.88866 −0.82335 0.40258 9.12855 8

−4.49000 −0.81430 2.38972 32.53964 9.43905 9

The symbol n indicates the number of the energy levels, and En is the corresponding eigenenergy.
The energy En calculated from (8.4.8) is the same as that from the exact diagonalization of the
Hamiltonian (8.4.5) (reproduced from [34])
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Fig. 8.1 Λ( 12 ,1)(u) versus u calculated from both the T − Q relations and exact diagonalization

of t (
1
2 ,1)(u) for N = 2, η = 1, {θ j = 0}, p+ = 0.1, p− = 0.2, α+ = 0.3 and α− = 0.4. The

correspondence is indicated by the number n = 1 to 9 (reproduced from [34])

from the BAEs and the T − Q relations coincide exactly with those from the exact

diagonalization of the transfer matrix t (
1
2 ,1)(u). The numerical results strongly sug-

gest that any choice of the T − Q relations satisfying the closed functional relations
(8.2.15)–(8.2.20) is sufficient to give the complete spectrum of the transfer matrix.
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8.5 The Nonlinear Schrödinger Model

An interesting feature of the high-spin Heisenberg chain is its duality to some infinite
dimensional models. It has been noted that the X X X spin chain corresponds to the
lattice version of the nonlinear Schrödinger model [41] or the Lieb-Liniger model
[42, 43], while the X X Z spin chain corresponds to the lattice version of the sine-
Gordonmodel [44, 45]. This correspondence allows us to derive the exact solutions of
the associated continuummodels by taking a proper limit s → ∞. In this section, by
employing the non-linear Schrödinger model as an example, we show that the ODBA
method can also be applied to the infinite dimensional models. The method can be
naturally generalized to the integrable models associated with cyclic representations
such as the lattice sine-Gordon model [44, 45], the τ2 model [46], the relativistic
quantum Toda chain [47] and the chiral Potts model [48–51] with generic integrable
boundaries.

8.5.1 The Model Correspondence

The Hamiltonian of the quantum lattice nonlinear Schrödinger model is [41]

H = − 4

3gΔ3

N∑

n=1

(
tn + t†n + 8 − gΔ

8 − 2gΔ

)

+ 4

3Δ2
(
1 − Δ2g2

16

)
N∑

n=1

Δψ†
n ψn, (8.5.1)

where

tn =
(
α†(n + 2)α(n + 1)

)−1
{(

α†(n)α(n − 1)
)−1 (

α†(n + 1)α(n)
)−1

×
(
α†(n + 1)σ zα(n − 1)

)} (
α†(n + 2)α(n + 1)

)
, (8.5.2)

for odd n and

tn =
(
α†(n − 1)α(n − 2)

)−1
{(

α†(n + 1)α(n)
)−1 (

α†(n)α(n − 1)
)−1

×
(
α†(n + 1)σ zα(n − 1)

)} (
α†(n − 1)α(n − 2)

)
, (8.5.3)
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for even n with α being a two-component vector defined by the elements

α1(n) = −i
(g

2

) 1
2
Δψ†

n , (8.5.4)

α2(n) =
[
2 + ((−1)n − 1)

gΔ

4
+ gΔ2

2
ψ†

n ψn

] 1
2

, (8.5.5)

where Δ and g are the lattice constant and the coupling constant, respectively, and
ψ

†
n (ψn) is the creation (annihilation) operator of bosons. The continuum model can

be obtained by taking the limit of Δ → 0, N → ∞ and the length of the system
L = NΔ finite with the correspondence

ψn = 1

Δ

∫ nΔ

(n−1)Δ
ψ(x)dx, [ψ(x), ψ†(y)] = δ(x − y). (8.5.6)

The resulting continuum Hamiltonian thus reads

H =
∫ L

0

{
∂ψ†(x)

∂x

∂ψ(x)

∂x
+ gψ†(x)ψ†(x)ψ(x)ψ(x)

}
dx . (8.5.7)

To solve the above Hamiltonian, let us first consider its lattice version (8.5.1). The
corresponding L-operator is [41]

Ln(u) =
⎛

⎝ 1 + (−1)n gΔ
4 − iuΔ

2 + gΔ2

2 ψ
†
n ψn −i

( g
2

) 1
2 Δψ

†
n ρn

i
( g
2

) 1
2 Δρnψn 1 + (−1)n gΔ

4 + iuΔ
2 + gΔ2

2 ψ
†
n ψn

⎞

⎠ ,

ρn =
[
2 + (−1)n gΔ

2
+ gΔ2

2
ψ
†
n ψn

] 1
2
, (8.5.8)

and the transfer matrix is defined as

t (u) = tr{L N (u)L N−1(u) · · · L1(u)}. (8.5.9)

The Hamiltonian (8.5.1) can be obtained from the transfer matrix as

H = − 8i

3gΔ4

∂

∂u
ln[t (u)t−1

0 (u)]|u=u0 + 8i

3gΔ4

∂

∂u
ln[t (u)t−1

0 (u)]|u=−u0

+
N∑

n=1

4ψ†
n ψn

3Δ(1 − Δ2g2

16 )
, (8.5.10)

with

u0 = −2i

Δ
+ ig

2
, (8.5.11)
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and

t0(u) = (1 + gΔ

4
− iuΔ

2
)N/2(1 − gΔ

4
− iuΔ

2
)N/2

+(1 + gΔ

4
+ iuΔ

2
)N/2(1 − gΔ

4
+ iuΔ

2
)N/2. (8.5.12)

Let us introduce the Holstein-Primakoff transformations

S+
n = i

(
2

g

) 1
2

ρnψn, S−
n = i

(
2

g

) 1
2

ψ+
n ρn,

Sz
n = sn − Δψ†

n ψn, (8.5.13)

where the spin sn takes the following alternating values for even sites and odd sites,
respectively

sn = − 2

gΔ
− 1

2
(−1)n . (8.5.14)

The L-operator (8.5.8) can be written as

Ln(u) = − iΔ

2
σ z
0 R

( 12 ,sn)

0,n (u − η

2
), (8.5.15)

where R
( 12 ,sn)

0,n (u) is given by (8.1.2) and η = −ig. For convenience, in the following
text let us set

sn =
{

s̄ = − 2
gΔ

+ 1
2 , for odd n,

s = − 2
gΔ

− 1
2 , for even n.

(8.5.16)

The corresponding spin chain is then called the alternating-spin chain.

8.5.2 Operator Identities

Let us fix an even number N and introduce the fundamental monodromy matrix for
an alternating-spin chain as

T
( 12 ,(s̄,s))
0 (u) = σ z

0 R
( 12 ,sN )

0,N (u − θN ) · · · σ z
0 R

( 12 ,s1)
0,1 (u − θ1). (8.5.17)
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The transfer matrix t (u) of the lattice nonlinear Schrödinger model thus reads

t (u) = (− iΔ

2
)N tr0T

( 12 ,(s̄,s))
0 (u − η

2
)|{θ j =0}. (8.5.18)

Obviously, the following YBE holds

R
( 12 , 12 )

1,2 (u − v)T
( 12 ,(s̄,s))
1 (u)T

( 12 ,(s̄,s))
2 (v)

= T
( 12 ,(s̄,s))
2 (v)T

( 12 ,(s̄,s))
1 (u)R

( 12 , 12 )

1,2 (u − v), (8.5.19)

which leads to [t (u), t (v)] = 0. Similarly, we can introduce the fused monodromy
matrices (with {a} = 1, . . . , 2 j)

T ( j,(s̄,s))
{a} (u) = P(+)

1,...,2 j T
( 12 ,(s̄,s))
1 (u − ( j − 1

2
)η)

× · · · T
( 12 ,(s̄,s))
2 j (u + ( j − 1

2
)η)P(+)

1,...,2 j , (8.5.20)

and the mutually commutative fused transfer matrices

t ( j,(s̄,s))(u) = tr{a}T ( j,(s̄,s))
{a} (u), (8.5.21)

[t (k,(s̄,s))(u) , t (l,(s̄,s))(v)] = 0. (8.5.22)

With a procedure similar to that used to prove the relation (8.2.4), we obtain the
operator recursion equations

t (
1
2 ,(s̄,s))(u) t ( j− 1

2 ,(s̄,s))(u − jη) = t ( j,(s̄,s))(u − ( j − 1

2
)η)

+Δ(s̄,s)(u)t ( j−1,(s̄,s))(u − ( j + 1

2
)η) , (8.5.23)

with t (0,(s̄,s)) = id and

Δ(s̄,s)(u) = a(s̄,s)(u)d(s̄,s)(u − η), (8.5.24)

a(s̄,s)(u) =
N/2∏

l=1

(u − θ2l−1 + (s̄ + 1

2
)η)(u − θ2l + (s + 1

2
)η), (8.5.25)

d(s̄,s)(u) =
N/2∏

l=1

(u − θ2l−1 + (
1

2
− s̄)η)(u − θ2l + (

1

2
− s)η). (8.5.26)
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With the similar fusion procedure used in Sect. 8.2, we have the operator identities

t (s̄,(s̄,s))(θ2l−1) t (s̄,(s̄,s))(θ2l−1 − η) = Δ
(s̄,s)
1 (θ2l−1) × id, (8.5.27)

t (s,(s̄,s))(θ2l) t (s,(s̄,s))(θ2l − η) = Δ
(s̄,s)
2 (θ2l) × id, l = 1, . . . ,

N

2
. (8.5.28)

The functions Δ
(s̄,s)
i (u) are given by

Δ
(s̄,s)
1 (u) =

2s̄−1∏

k=0

Δ(s̄,s)(u − (s̄ − 1

2
)η + kη), (8.5.29)

Δ
(s̄,s)
2 (u) =

2s−1∏

k=0

Δ(s̄,s)(u − (s − 1

2
)η + kη). (8.5.30)

The expression (8.5.18) implies the asymptotic behavior

t (
1
2 ,(s̄,s))(u) = 2uN + · · · , u → ∞. (8.5.31)

8.5.3 T − Q Relation

Following the method in Sect. 8.3, we obtain the T − Q relation

Λ( 12 ,(s̄,s))(u) = a(s̄,s)(u)
Q(u − η)

Q(u)
+ d(s̄,s)(u)

Q(u + η)

Q(u)
, (8.5.32)

where the Q-function is parameterized by M Bethe roots {λ j } as

Q(u) =
M∏

j=1

(u − λ j ), M = 0, 1, . . . .

From (8.5.18) we conclude that the eigenvalue of the transfer matrix of the lattice
nonlinear Schrödinger model, denoted by ΛN S(u), is given by

ΛN S(u + η

2
) = (−Δ2

4
)

N
2

{
(u + (s̄ + 1

2
)η)

N
2 (u + (s + 1

2
)η)

N
2

Q(u − η)

Q(u)

+ (u + (
1

2
− s̄)η)

N
2 (u + (

1

2
− s)η)

N
2

Q(u + η)

Q(u)

}
, (8.5.33)
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with the associated BAEs

(λ j + (s̄ + 1
2 )η)

N
2 (λ j + (s + 1

2 )η)
N
2

(λ j + ( 12 − s̄)η)
N
2 (λ j + ( 12 − s)η)

N
2

= − Q(λ j + η)

Q(λ j − η)
. (8.5.34)

After a redefinition of the parameters: λ j → λ j − η
2 , the above BAEs become

(λ j + s̄η)
N
2 (λ j + sη)

N
2

(λ j − s̄η)
N
2 (λ j − sη)

N
2

= − Q(λ j + η)

Q(λ j − η)
. (8.5.35)

Then taking the limit Δ → 0, NΔ → L , the above BAEs are reduced to

eiλ j L = −
M∏

l=1

λ j − λl + ig

λ j − λl − ig
, j = 1, . . . , M, (8.5.36)

which are the same BAEs obtained via the coordinate Bethe Ansatz [42, 43].
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Chapter 9
The Izergin-Korepin Model

The integrable models can be classified into several series such as An-, Bn-, Cn- and
Dn-types [1–3], associated with different Lie algebras [4]. Most of the models we
studied in the previous chapters belong to the A(1)

n−1-type. In fact, the ODBA method
might be applied to other types of the quantum integrable models, among which
the Izergin-Korepin (IK) model [5] associated with the twisted affine algebra A(2)

2
is the simplest one. It has been realized that this model is closely related to a low-
dimensional relativistic quantum field model, i.e., the Dodd-Bullough-Mikhailov or
Zhiber-Mikhailov-Shabat model [6, 7]. On the other hand, with an open boundary,
this model corresponds to the loop model [8] in statistical physics and describes the
self-avoiding walks at a boundary [9]. The periodic IK model and the open IK chain
with diagonal boundaries have been extensively studied and fruitful results have
been obtained in the past several decades [10–22]. However, the exact solution of
this model with generic boundaries was derived only recently via the ODBAmethod
[23], even though the most general integrable boundary conditions (corresponding
to the non-diagonal reflection matrices) were known long before [13, 19, 21].

In this chapter, by employing the IK model with generic integrable boundaries as
an example, we show how the ODBA method can also be applied to the quantum
integrable models beyond the A-type. This example, together with the nested ODBA
introduced in Chap.7 and the hierarchical ODBA introduced in Chap.8, might form a
systematicmethod to approach the eigenvalue problemof general quantum integrable
models.

9.1 The Model with Generic Open Boundaries

Throughout this chapter, V denotes a three-dimensional linear space with the basis
{|i〉|i = 1, 2, 3}. The R-matrix of the IK model [5] in terms of this basis is
expressed as
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Y. Wang et al., Off-Diagonal Bethe Ansatz for Exactly Solvable Models,
DOI 10.1007/978-3-662-46756-5_9

277

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_8


278 9 The Izergin-Korepin Model

R(u) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h3(u)

h2(u) e(u)

h4(u) g(u) f (u)

ē(u) h2(u)

ḡ(u) h1(u) g(u)

h2(u) e(u)

f̄ (u) ḡ(u) h4(u)

ē(u) h2(u)

h3(u)

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (9.1.1)

with the non-zero entries

h1(u) = sinh(u − 3η) − sinh 5η + sinh 3η + sinh η,

h2(u) = sinh(u − 3η) + sinh 3η,

h3(u) = sinh(u − 5η) + sinh η, h4(u) = sinh(u − η) + sinh η,

e(u) = −2e− u
2 sinh 2η cosh

(u

2
− 3η

)
, ē(u) = −2e

u
2 sinh 2η cosh

(u

2
− 3η

)
,

f (u) = −2e−u+2η sinh η sinh 2η − e−η sinh 4η,

f̄ (u) = 2eu−2η sinh η sinh 2η − eη sinh 4η,

g(u) = 2e− u
2+2η sinh

u

2
sinh 2η, ḡ(u) = −2e

u
2−2η sinh

u

2
sinh 2η. (9.1.2)

The R-matrix satisfies YBE and possesses the following properties:

Initial condition: R1,2(0) = (sinh η − sinh 5η)P1,2, (9.1.3)

Unitary relation: R1,2(u)R2,1(−u) = ϕ1(u)× id, (9.1.4)

Crossing relation: R1,2(u) = V1Rt2
1,2(−u + 6η + iπ)V −1

1 , (9.1.5)

PT-symmetry: R2,1(u) = Rt1 t2
1,2 (u), (9.1.6)

Periodicity: R1,2(u + 2iπ) = R1,2(u), (9.1.7)

where R2,1(u) = P1,2R1,2(u)P1,2, and the function ϕ1(u) and the crossing matrix
V are given by

ϕ1(u) = −4 sinh
(u

2
− 2η

)
sinh

(u

2
+ 2η

)

× cosh
(u

2
− 3η

)
cosh

(u

2
+ 3η

)
, (9.1.8)

V =
⎛

⎝
−e−η

1
−eη

⎞

⎠ , V 2 = 1. (9.1.9)
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From the relations (9.1.4), (9.1.5) and (9.1.8), (9.1.9)we can deduce that the R-matrix
possesses the crossing-unitary property

Rt1
1,2(u)M1 Rt1

2,1(−u + 12η)M−1
1 = ϕ2(u)× id, (9.1.10)

M = V t V =
⎛

⎝
e2η

1
e−2η

⎞

⎠ , (9.1.11)

ϕ2(u) = −4 cosh
(u

2
− 5η

)
cosh

(u

2
− η

)
sinh

u

2
sinh

(u

2
− 6η

)
, (9.1.12)

and the following useful relations

M1M2 R1,2(u)M−1
1 M−1

2 = R1,2(u),

R1,2(u) R2,1(v) = R2,1(v) R1,2(u). (9.1.13)

The one-row monodromy matrices T (u) and T̂ (u) are still defined as usual, as
3 × 3 matrices with operator-valued elements acting on V⊗N :

T0(u) = R0,N (u − θN )R0,N−1(u − θN−1) · · · R0,1(u − θ1), (9.1.14)

T̂0(u) = R1,0(u + θ1)R2,0(u + θ2) · · · RN ,0(u + θN ). (9.1.15)

We consider the type II (classified in [19, 21]) generic non-diagonal K -matrices
K −(u) and K +(u) found in [13]

K −(u) =
⎛

⎝
1 + 2e−u−ε sinh η 0 2e−ε+ς sinh u

0 1 − 2e−ε sinh(u − η) 0
2e−ε−ς sinh u 0 1 + 2eu−ε sinh η

⎞

⎠ ,

K +(u) = M K −(−u + 6η + iπ)
∣∣
(ε,ς)→(ε′,ς ′). (9.1.16)

The former satisfies RE

R1,2(u − v)K −
1 (u)R2,1(u + v)K −

2 (v)

= K −
2 (v)R1,2(u + v)K −

1 (u)R2,1(u − v), (9.1.17)

and the latter satisfies the dual RE

R1,2(v − u)K +
1 (u)M−1

1 R2,1(−u − v + 12η)M1K +
2 (v)

= K +
2 (v)M−1

2 R1,2(−u − v + 12η)M2K +
1 (u)R2,1(v − u). (9.1.18)

Apart from the crossing parameter η, the corresponding transfer matrix t (u) given by
t (u) = tr0

{
K +
0 (u)T0(u)K −

0 (u)T̂0(u)
}
has four other free parameters {ε, ς, ε′, ς ′}

describing the boundary fields.
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The IK model Hamiltonian with generic integrable boundaries is thus defined in
terms of the transfer matrix as

H = ∂ ln t (u)

∂u

∣∣∣∣
u=0,{θ j =0}

=
N−1∑

j=1

2Pj, j+1R′
j, j+1(0)

sinh η − sinh 5η
+ tr K +′

(0)

tr K +(0)
+ 2tr0[K +

0 (0)PN ,0R′
N ,0(0)]

(sinh η − sinh 5η)tr K +(0)

+ K −
1

′
(0)

1 + 2e−ε sinh η

= 2

sinh η − sinh 5η

N−1∑

j=1

{
cosh 5η(E11

j E11
j+1 + E33

j E33
j+1) + sinh 2η

×(sinh 3η − cosh 3η)(E11
j E22

j+1 + E22
j E33

j+1) + (sinh 3η + cosh 3η)

× sinh 2η(E22
j E11

j+1 + E33
j E22

j+1) + cosh η(E13
j E31

j+1 + E31
j E13

j+1)

+2 sinh η sinh 2η(e−2η E11
j E33

j+1 + e2η E33
j E11

j+1) − e−2η sinh 2η

×(E12
j E32

j+1 + E21
j E23

j+1) + e2η sinh 2η(E23
j E21

j+1 + E32
j E12

j+1)

+ cosh 3η(E12
j E21

j+1 + E21
j E12

j+1 + E22
j E22

j+1 + E23
j E32

j+1 + E32
j E23

j+1)
}

−2e−ε[1 + 2e−ε sinh η]−1
[
sinh η(E11

1 − E33
1 ) + cosh ηE22

1 − eς E13
1

−e−ς E31
1

]
+ 2

[
(sinh η − sinh 5η)(2e−ε′

sinh 5η − 4e−ε′
sinh η

× cosh 4η + 1 + 2 cosh 2η)]−1
{[

(e2η − 2e−4η−ε′
sinh η) cosh 5η

+(1 + 2e−ε′
sinh 5η) sinh 2η(sinh 3η − cosh 3η) + 2(e−4η − 2e2η−ε′

× sinh η) sinh η sinh 2η
]

E11
N +

[
(e2η − 2e−4η−ε′

sinh η) sinh 2η

×(sinh 3η + cosh 3η) + (1 + 2e−ε′
sinh 5η) cosh 3η

+(e−2η − 2e4η−ε′
sinh η) sinh 2η(sinh 3η − cosh 3η)

]
E22

N

+
[
2(e4η − 2e−2η−ε′

sinh η) sinh η sinh 2η + (1 + 2e−ε′
sinh 5η)

× sinh 2η(sinh 3η + cosh 3η) + (e−2η − 2e4η−ε′
sinh η) cosh 5η

]

×E33
N − 2e−ε′

sinh 6η cosh η[e2η+ς ′
E13

N + e−2η−ς ′
E31

N ]
}

+ 2e−ε′
(2 sinh η sinh 4η − cosh 5η)

2 cosh 2η − 4e−ε′ sinh η cosh 4η + 1 + 2e−ε′ sinh 5η
, (9.1.19)
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where Eμν
j (μ, ν = 1, 2, 3) is the Weyl matrix or the Hubbard operator in Dirac

notations

Eμν = |μ〉〈ν|,

and

R′
i, j (u) = ∂

∂u
Ri, j (u), K ±

j
′
(u) = ∂

∂u
K ±

j (u). (9.1.20)

The Hamiltonian (9.1.19) is hermitian for real η, ε, ε′ and imaginary ς and ς ′ + 2η.

9.2 Operator Product Identities

To solve the eigenvalue problemof the transfermatrix,we adopt the fusion techniques
[24–29] for both R-matrices [30] and K -matrices [16, 31] to derive the desired oper-
ator identities determining the spectrum of the transfer matrix t (u). Let us introduce
the following vectors in the tensor space V ⊗ V:

|χ0〉 = 1√
2 cosh 2η + 1

(
e−η|1〉 ⊗ |3〉 − |2〉 ⊗ |2〉 + eη|3〉 ⊗ |1〉) , (9.2.1)

|χ1〉 = 1√
2 cosh 2η

(
e−η|1〉 ⊗ |2〉 − eη|2〉 ⊗ |1〉) , (9.2.2)

|χ2〉 = 1√
2 cosh 2η

(|1〉 ⊗ |3〉 − 2 sinh η|2〉 ⊗ |2〉 − |3〉 ⊗ |1〉) , (9.2.3)

|χ3〉 = 1√
2 cosh 2η

(
e−η|2〉 ⊗ |3〉 − eη|3〉 ⊗ |2〉) , (9.2.4)

and the associated projectors

P(1)
1,2 = |χ0〉〈χ0|, P(3)

1,2 =
3∑

i=1

|χi 〉〈χi |. (9.2.5)

The projectors satisfy the properties

{P(i)
1,2}2 = P(i)

1,2, i = 1, 3. (9.2.6)

Direct calculation shows that the R-matrix at some degenerate points is propor-
tional to the projectors,

R1,2(6η + iπ) = −2 cosh 3η sinh 2η(2 cosh 2η + 1) P(1)
1,2 × γ

(1)
1,2 , (9.2.7)

R1,2(4η) = 2 cosh η sinh 4η P(3)
1,2 × γ

(3)
1,2 , (9.2.8)
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where γ
(i)
1,2 are some non-degenerate diagonal matrices ∈ End(V ⊗ V)

γ
(1)
1,2 = Diag{1, 1, e2η, 1, 1, 1, e−2η, 1, 1},

γ
(3)
1,2 = Diag{1, e2η, 1, e−2η,−1, e2η, 1, e−2η, 1}.

Using the same procedure from (2.4.19) to (2.4.21) in Chap. 2, we can show that

P(1)
1,2 R2,3(u) R1,3(u + 6η + iπ) P(1)

1,2 = ϕ1(u)P(1)
1,2 ⊗ id, (9.2.9)

P(1)
1,2 R3,1(u) R3,2(u + 6η + iπ) P(1)

1,2 = ϕ1(u)P(1)
1,2 ⊗ id, (9.2.10)

P(3)
1,2 R2,3(u) R1,3(u + 4η) P(3)

1,2 = ϕ3(u) R[1,2],3(u + 2η + iπ), (9.2.11)

P(3)
1,2 R3,1(u) R3,2(u + 4η) P(3)

1,2 = ϕ3(u) R3,[1,2](u + 2η + iπ), (9.2.12)

where the function ϕ3(u) is

ϕ3(u) = −2 sinh
(u

2
+ 2η

)
cosh

(u

2
− 3η

)
. (9.2.13)

Noting that the fused space V[1,2] is defined by

V[1,2] = P(3)
1,2V ⊗ V, (9.2.14)

and its dimension is three, after the following isomorphism: C : V → V[1,2]

C |i〉 = |χi 〉, i = 1, 2, 3, (9.2.15)

we obtain that the fused R-matrix R[1,2],3(u) is isomorphic to R1,3(u) by direct
calculation, i.e.,

C−1 R[1,2],3(u) C
V[1,2]→V1= R1,3(u). (9.2.16)

Then the fusion relations (9.2.9)–(9.2.12) allow us to derive the following results:

P(1)
1,2T2(u) T1(u + 6η + iπ)P(1)

1,2 =
N∏

l=1

ϕ1(u − θl ) P(1)
1,2 ⊗ id, (9.2.17)

P(1)
1,2 T̂1(u) T̂2(u + 6η + iπ)P(1)

1,2 =
N∏

l=1

ϕ1(u + θl ) P(1)
1,2 ⊗ id, (9.2.18)

P(3)
1,2T2(u) T1(u + 4η)P(3)

1,2 =
N∏

l=1

ϕ3(u − θl ) T[1,2](u + 2η + iπ), (9.2.19)

P(3)
1,2 T̂1(u) T̂2(u + 4η)P(3)

1,2 =
N∏

l=1

ϕ3(u + θl )T̂[1,2](u + 2η + iπ). (9.2.20)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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We note that in contrast to most of the rational integrable models, here P(i)
2,1 =

P1,2P(i)
1,2P1,2 	= P(i)

1,2.
Similarly, after some tedious calculation we can obtain that

P(1)
2,1 K −

1 (u)R2,1(2u + 6η + iπ)K −
2 (u + 6η + iπ)P(1)

1,2

= Detq{K −(u)}P(1)
2,1 P1,2, (9.2.21)

P(1)
1,2 K +

2 (u + 6η + iπ)M1R1,2(−2u + 6η + iπ)M−1
1 K +

1 (u)P(1)
2,1

= Detq{K +(u)}P(1)
1,2 P1,2, (9.2.22)

P1,2 P(3)
2,1 K −

1 (u)R2,1(2u + 4η)K −
2 (u + 4η)P(3)

1,2

= f−(u) K −
[1,2](u + 2η + iπ), (9.2.23)

P(3)
1,2 K +

2 (u + 4η)M1R1,2(−2u + 8η)M−1
1 K +

1 (u)P(3)
2,1 P1,2

= f+(u) K +
[1,2](u + 2η + iπ), (9.2.24)

where the functions f±(u) and Detq{K ±(u)} are

f−(u) = −2(1 − 2e−ε sinh(u − η)) cosh(u − η) sinh(u + 4η), (9.2.25)

f+(u) = 2(1 − 2e−ε′
sinh(u − η)) cosh(u − η) sinh(u − 6η), (9.2.26)

Detq{K −(u)} = tr1,2
{

P(1)
2,1 K −

1 (u)R2,1(2u + 6η + iπ)

×K −
2 (u + 6η + iπ)P(1)

1,2 P1,2

}
= −2(1 − 2e−ε sinh(u − η))

×(1 + 2e−ε sinh(u + η)) sinh(u + 6η) cosh(u + η), (9.2.27)

Detq{K +(u)} = tr1,2
{

P(1)
1,2 K +

2 (u + 6η + iπ)M1R1,2(−2u + 6η + iπ)

×M−1
1 K +

1 (u)P(1)
2,1 P1,2

}
= 2(1 − 2e−ε′

sinh(u − η))

×(1 + 2e−ε′
sinh(u + η)) sinh(u − 6η) cosh(u − η). (9.2.28)

By using the relations (9.2.17)–(9.2.24) and the fusion procedure introduced in
Chap.7, it is found that the transfer matrix satisfies the operator identities

t (±θ j )t (±θ j + 6η + iπ) = δ1(u) × id

ϕ1(2u)

∣∣∣∣
u=±θ j

, (9.2.29)

t (±θ j )t (±θ j + 4η) = δ2(u) × t (u + 2η + iπ)

ϕ2(−2u + 8η)

∣∣∣∣
u=±θ j

, (9.2.30)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
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where j = 1, . . . , N and the functions δ1(u) and δ2(u) are

δ1(u) = Detq{K −(u)}Detq{K +(u)}
N∏

l=1

ϕ1(u − θl)ϕ1(u + θl), (9.2.31)

δ2(u) = f−(u) f+(u)

N∏

l=1

ϕ3(u − θl)ϕ3(u + θl). (9.2.32)

9.3 Crossing Symmetry and Asymptotic Behavior

As is the case for most of the integrable open boundary models, the transfer matrix
of the present model possesses the crossing symmetry

t (u) = t (−u + 6η + iπ). (9.3.1)

It is easy to show that the following relations hold:

K −(u)K −(−u) = Δ−(u) × id, (9.3.2)

V t K +(−u + 6η + iπ) V V t K +(u + 6η + iπ)V = Δ+(u) × id, (9.3.3)

where Δ±(u) are

Δ−(u) = (1 − 2e−ε sinh(u − η))(1 + 2e−ε sinh(u + η)), (9.3.4)

Δ+(u) = (1 − 2e−ε′
sinh(u − η))(1 + 2e−ε′

sinh(u + η)). (9.3.5)

For convenience, we introduce the matrices

K̄ −
1 (u) = tr2

{
P1,2 R2,1(−2u) V2 K −

2
t2
(u + 6η + iπ) V t2

2

}
, (9.3.6)

K̄ +
1 (u + 6η + iπ) = tr2

{
P1,2 R1,2(2u) K +

2
t2
(u)

}
. (9.3.7)

Substituting the expressions (9.1.16) into the above equations, we find that the K -
matrices satisfy the crossing relations

K̄ −(u) = Detq{K −(u)}
Δ−(u)

K −(−u), (9.3.8)

K̄ +(u + 6η + iπ) = Detq{K +(u)}
Δ+(u)

V t K +(−u + 6η + iπ) V . (9.3.9)
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Note that the crossing relation (9.1.5) and PT-symmetry (9.1.6) allow us to derive

R2,1(u) = V t1
1 Rt1

1,2(−u + 6η + iπ) V t1
1 , (9.3.10)

R2,1(u) = V2 Rt2
1,2(−u + 6η + iπ) V2. (9.3.11)

These relations together with (9.1.5) and (9.1.9) give rise to the following dualities
between T (u) and T̂ (u):

T t0
0 (−u + 6η + iπ) = V t0

0 T̂0(u) V t0
0 , (9.3.12)

T̂ t0
0 (−u + 6η + iπ) = V0 T0(u) V0. (9.3.13)

With a procedure similar to that introduced in Chap. 2, we conclude that the crossing
symmetry (9.3.1) holds.

In addition, since

K ±(u + 2iπ) = K ±(u),

the following periodicity of the transfer matrix t (u) holds:

t (u + 2iπ) = t (u). (9.3.14)

Moreover, from the definition of the transfer matrix we can easily deduce the
asymptotic behavior

lim
u→±∞ t (u) =

(
1

2

)2N

e±2(N+1)(u−3η)−ε−ε′

×[1 + 2 cosh(ς ′ − ς + 2η)] × id + · · · . (9.3.15)

Note that

K −(0) = (1 + 2e−ε sinh η) × id,

K +(6η + iπ) = (1 + 2e−ε′
sinh η)M , (9.3.16)

K −(iπ) = (1 − 2e−ε sinh η) × id,

K +(6η) = (1 − 2e−ε′
sinh η)M . (9.3.17)

From the unitary condition (9.1.4) and the crossing unitary condition (9.1.10) we
deduce the relations

T0(u)T̂0(−u) =
N∏

l=1

ϕ1(u − θl) × id, (9.3.18)

T t0
0 (u)M0T̂ t0

0 (−u + 12η)M−1
0 =

N∏

l=1

ϕ2(u − θl) × id, (9.3.19)

http://dx.doi.org/10.1007/978-3-662-46756-5_2
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which imply the identities

t (0) = t (6η + iπ) = (1 + 2e−ε sinh η)tr{K +(0)}
N∏

l=1

ϕ1(−θl) × id, (9.3.20)

t (iπ) = t (6η) = (1 − 2e−ε sinh η)tr{K +(iπ)}
N∏

l=1

ϕ1(iπ − θl) × id. (9.3.21)

9.4 The Inhomogeneous T − Q Relation

As we introduced in previous chapters, the eigenvalue Λ(u) of the transfer matrix
should satisfy the same relations held by t (u). The operator identities (9.2.29) and
(9.2.30) indicate that

Λ(θ j )Λ(θ j + 6η + iπ) = δ1(u)

ϕ1(2u)

∣∣∣∣
u=θ j

, (9.4.1)

Λ(θ j )Λ(θ j + 4η) = δ2(u) × Λ(u + 2η + iπ)

ϕ2(−2u + 8η)

∣∣∣∣
u=θ j

, (9.4.2)

where j = 1, . . . , N and the functions δi (u) are given by (9.2.31) and (9.2.32).
Equation (9.3.1) ensures the crossing symmetry

Λ(u) = Λ(−u + 6η + iπ), (9.4.3)

while (9.3.14), (9.3.15) and (9.3.20), (9.3.21) give rise to

Λ(u + 2iπ) = Λ(u), (9.4.4)

Λ(0) = (1 + 2e−ε sinh η)tr{K +(0)}
N∏

l=1

ϕ1(−θl), (9.4.5)

Λ(iπ) = (1 − 2e−ε sinh η)tr{K +(iπ)}
N∏

l=1

ϕ1(iπ − θl), (9.4.6)

lim
u→±∞ Λ(u) =

(
1

2

)2N

e±2(N+1)(u−3η)−ε−ε′

×[1 + 2 cosh(ς ′ − ς + 2η)] + · · · . (9.4.7)

By a simple analysis we conclude that

Λ(u), as an entire function of u
2 ,

is a trigonometric polynomial of degree 4N + 4. (9.4.8)
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The relations (9.4.1)–(9.4.8) provide 4N + 5 conditions to determine the 4N + 5
coefficients of the Λ(u) polynomial.

Let us introduce the T − Q relation

Λ(u) = a(u)
Q1(u + 4η)

Q2(u)
+ d(u)

Q2(u − 6η + iπ)

Q1(u − 2η + iπ)

+b(u)
Q1(u + 2η + iπ)Q2(u − 4η)

Q2(u − 2η + iπ)Q1(u)
+ 1

cosh(u − 3η)

[
c(u)Q1(u + 2η + iπ)

Q1(u)Q2(u)

− c(−u + 6η + iπ)Q2(u − 4η)

Q1(u − 2η + iπ)Q2(u − 2η + iπ)

]
, (9.4.9)

where the functions a(u), b(u), c(u), d(u) and Qi (u) are given by

a(u) =
N∏

l=1

h3(u − θl)h3(u + θl)(1 − 2e−ε sinh(u − η))(1 − 2e−ε′
sinh(u − η))

× sinh(u − 6η) cosh(u − η)

sinh(u − 2η) cosh(u − 3η)
, (9.4.10)

d(u) =
N∏

l=1

h4(u − θl)h4(u + θl)(1 − 2e−ε sinh(u − 5η))(1 − 2e−ε′
sinh(u − 5η))

× sinh u cosh(u − 5η)

sinh(u − 4η) cosh(u − 3η)
, (9.4.11)

b(u) =
N∏

l=1

h2(u − θl)h2(u + θl)(1 + 2e−ε sinh(u − 3η))(1 + 2e−ε′
sinh(u − 3η))

× sinh u sinh(u − 6η)

sinh(u − 2η) sinh(u − 4η)
, (9.4.12)

c(u) = c0(u)41−N sinh u sinh(u − 6η)

×
N∏

l=1

h3(u − θl)h3(u + θl)h4(u − θl)h4(u + θl), (9.4.13)

Q1(u) =
N̄∏

k=1

sinh

[
u − λk

2
− η

]
, N̄ = 4N + 2(n − 1), (9.4.14)

Q2(u) =
N̄∏

k=1

sinh

[
u + λk

2
− η

]
. (9.4.15)

Here c0(u) is a trigonometric polynomialwith a degreen obeying the relation c0(u) =
c0(−u+4η) to match the asymptotic behavior (9.4.7).We choose theminimal T − Q
relation with n = 0 and
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c0(u) = c0 = −2
cosh(ς ′ − ς + 2η) − cosh

(
N̄η − ∑N̄

j=1 λ j

)

eε+ε′ cosh
(

N̄η
2 − 1

2

∑N̄
j=1 λ j

) , (9.4.16)

N̄ = 4N − 2. (9.4.17)

Note that the functions Qi (u) possess the periodic and crossing properties

Qi (u + 2iπ) = Qi (u), i = 1, 2, Q2(u) = Q1(−u + 4η). (9.4.18)

Indeed, the T − Q Ansatz (9.4.9) satisfies the relations (9.4.3)–(9.4.6). In addition,
since

h2(0) = h4(0) = h3(6η + iπ) = h2(6η + iπ)

= h3(4η) = h4(2η + iπ) = 0, (9.4.19)

the T − Q Ansatz (9.4.9) also satisfies the functional relations (9.4.1) and (9.4.2).
In the T − Q Ansatz (9.4.9), there exist some readily apparent and simple poles:

2η, 4η, 3η + i
π

2
, mod(iπ), (9.4.20)

and

λ j + 2η, −λ j + 2η, λ j + 4η + iπ, −λ j + 4η + iπ, mod(2iπ), (9.4.21)

where j = 1, . . . , N̄ . The regularity of the T − Q Ansatz at these poles leads to the
corresponding BAEs of the present model

(1 + 2e−ε sinh(λ j − η))(1 + 2e−ε′
sinh(λ j − η)) cosh(λ j − η)

4 sinh λ j sinh(λ j − 2η)

= −
N∏

l=1

sinh

[
λ j − θl

2
− η

]
sinh

[
λ j + θl

2
− η

]
cosh

[
λ j − θl

2

]
cosh

[
λ j + θl

2

]

× c0Q2(λ j + iπ)

Q2(λ j − 2η)Q2(λ j + 2η)
, j = 1, . . . , N̄ . (9.4.22)

The above BAEs ensure that theΛ(u) given by (9.4.9) is an eigenvalue of the transfer
matrix.

Apart from the above solutions, there is another special solution N̄ = 0 and

Λ(u) = a(u) + b(u) + d(u). (9.4.23)

This solution corresponds to an isolated vacuum state which is independent of the
boundary fields and does not contain any Bethe root.
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The eigenvalue of the Hamiltonian (9.1.19) reads

E = ∂

∂u
lnΛ(u)|u=0

=
N̄∑

j=1

coth

(
η − λ j

2

)
+ 2N

cosh(5η)

sinh η − sinh(5η)

−2
e−ε′

cosh η

1 + 2e−ε′ sinh η
− 2

e−ε cosh η

1 + 2e−ε sinh η

+ sinh(6η) cosh η cosh(5η) − sinh(2η) cosh(3η) cosh(7η)

sinh(6η) cosh η sinh(2η) cosh(3η)
, (9.4.24)

with the Bethe roots {λ j | j = 1, . . . , N̄ } determined by the BAEs (9.4.22) for
{θ j = 0}.

Numerical simulations are performed for N = 2 and randomly chosen boundary
parameters by keeping a hermitian Hamiltonian. The numerical results shown in
Table9.1 and Fig. 9.1 imply that the T − Q relation (9.4.9) and the BAEs (9.4.22)
indeed give the complete solutions of the eigenvalues of the transfer matrix. How-

Table 9.1 One set solutions of the BAEs (9.4.22) for N = 2, η = 0.2, {θ j = 0}, ε = 2, ε′ = 1,
ζ = 0.7 and ζ ′ = 0.6

λ1 λ2 λ3

−3.86730 − 0.76144iπ −3.86730 + 0.76144iπ 0.40014 − 0.55129iπ

−4.31619 + 0.00000i −3.11935 − 1.00000iπ 0.39986 − 0.55166iπ

−1.19960 + 0.00000i −0.35935 − 0.51198iπ −0.35935 + 0.51198iπ

−5.21818 − 1.00000iπ −2.92697 + 0.00000i 0.00014 − 0.44834iπ

−5.58665 − 0.00000i −3.11378 + 0.00000i −0.00014 − 0.44871iπ

−0.47543 − 0.24271iπ −0.47543 + 0.24271iπ 0.39999 − 0.89627iπ

−0.78903 + 1.00000iπ −0.00004 − 0.13296iπ −0.00004 + 0.13296iπ

−6.34007 − 1.00000iπ 0.00047 − 0.10337iπ 0.00047 + 0.10337iπ

−0.75861 − 0.44544iπ −0.75861 + 0.44544iπ 0.00045 − 0.10340iπ

λ4 λ5 λ6 En n

0.40014 + 0.55129iπ 3.51378 + 1.00000iπ 5.98665 − 1.00000iπ −5.43010 1

0.39986 + 0.55166iπ 3.32697 + 1.00000iπ 5.61818 − 0.00000i −5.42987 2

1.36235 + 1.00000iπ 1.72287 − 0.50381iπ 1.72287 + 0.50381iπ −4.90174 3

0.00014 + 0.44834iπ 3.51935 − 0.00000i 4.71619 + 1.00000iπ −4.58712 4

−0.00014 + 0.44871iπ 4.26730 − 0.23856iπ 4.26730 + 0.23856iπ −4.58375 5

0.39999 + 0.89627iπ 0.48065 − 0.24340iπ 0.48065 + 0.24340iπ −3.16027 6

0.39510 − 0.55436iπ 0.39510 + 0.55436iπ 0.78826 − 1.00000iπ −0.21408 7

0.40537 − 0.55059iπ 0.40537 + 0.55059iπ 6.39766 − 0.00000i 0.66418 8

0.00045 + 0.10340iπ 1.56521 − 0.44347iπ 1.56521 + 0.44347iπ 0.66882 9

The symbol n indicates the number of the energy levels, and En is the corresponding eigenenergy.
The energy En calculated from (9.4.24) is the same as that from the exact diagonalization of the
Hamiltonian
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Fig. 9.1 Λ(u) versus u for N = 2, η = 0.2, {θ j = 0}, ε = 2, ε′ = 1, ζ = 0.7 and ζ ′ = 0.6.
The curves calculated from exact diagonalization of the transfer matrix coincide exactly with those
from the T − Q relation (9.4.9) and the BAEs (9.4.22)

ever, there could be several sets of Bethe roots corresponding to one Λ(u) curve.
Such behavior also indicates the multiple parameterizations of the eigenvalues. For
a given Λ(u), the operator identities give rise to 2N independent equations for the
coefficients of the Q(u) functions, among which N of them are linear and N of them
are quadratic. According to Bézout’s theorem [32], themaximum number of possible
Q(u) functions that parameterize the given Λ(u) correctly, is 2N . Therefore, a given
Λ(u) may not correspond to a unique pair of Q1,2(u).

We note that the generalization of the above approaches to the type I non-diagonal
K -matrices [19, 21] is straightforward. It should be remarked that there is almost
no arbitrariness in the choice of the T − Q relation, as long as c0(u) is fixed, for
the present model. For example, a T − Q relation with one unique Q-function like
(8.3.1) or with three Q-functions like (3.2.61), allowed for other rank-1 models, does
not exist for the IK model. Such a phenomenon could be a common feature of the
integrable models beyond the A(1)

n−1-type.

9.5 Reduced T − Q Relation for Constrained Boundaries

As in the case of the anisotropic spin- 12 chains introduced in Chap.5, here c0 = 0
leads to the constraints among the boundary parameters and η. In such cases we
might find a proper reference state, enabling application of the conventional Bethe
Ansatz methods [33–35].

The BAEs (9.4.22) require that the Bethe roots {λ j } form two types of pairs:

(λ j ,−λ j ), (λ j ,−λ j + 4η), (9.5.1)

http://dx.doi.org/10.1007/978-3-662-46756-5_8
http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_5
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which imply the constraint condition for a generic η

ς ′ − ς = −4kη mod (2iπ), k ∈ Z . (9.5.2)

The resulting T − Q relation (9.4.9) is thus reduced to a conventional one

Λ(u) = a(u)
Q(u + 4η)

Q(u)
+ d(u)

Q(u − 6η − iπ)

Q(u − 2η + iπ)

+b(u)
Q(u + 2η + iπ)Q(u − 4η)

Q(u − 2η + iπ)Q(u)
, (9.5.3)

where

Q(u) =
M∏

j=1

sinh[u − λ j

2
− η] sinh[u + λ j

2
− η], (9.5.4)

with M = N−k for k ≤ −N M = N+k+1 for k ≥ N+1 and M = N−k, N+k−1
for 1 − N ≤ k ≤ N , respectively.

The reduced T − Q relation is also valid if η takes the following discrete values

η = ς − ς ′

4N − 4M
+ 2iπm

4N − 4M
, m, M ∈ Z , and 0 ≤ M. (9.5.5)

The resulting BAEs are

N∏

l=1

sinh
[

λ j −θl
2 − η

]
sinh

[
λ j +θl

2 − η
]

sinh
[

λ j −θl
2 + η

]
sinh

[
λ j +θl

2 + η
] (1 − 2e−ε sinh(λ j + η))

(1 + 2e−ε sinh(λ j − η))

= − (1 + 2e−ε′
sinh(λ j − η))

(1 − 2e−ε′ sinh(λ j + η))

sinh(λ j + 2η) cosh(λ j − η)

sinh(λ j − 2η) cosh(λ j + η)

× Q(λ j − 2η)Q(λ j + 4η + iπ)

Q(λ j + 6η)Q(λ j + iπ)
, j = 1, . . . , M. (9.5.6)

We remark that the Hamiltonian (9.1.19) is normally not hermitian under the above
constraint conditions.

For the diagonal K -matrices

K −(u) = id, K +(u) = M , (9.5.7)

the T − Q Ansatz (9.5.3) is reduced to the one [16] obtained by the analytic Bethe
Ansatz method
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Λ(u) = ā(u)
Q(u + 4η)

Q(u)
+ d̄(u)

Q(u − 6η + iπ)

Q(u − 2η + iπ)

+b̄(u)
Q(u − 4η)Q(u + 2η + iπ)

Q(u − 2η + iπ)Q(u)
, (9.5.8)

where ā(u) = a(u)|ε,ε′→+∞, d̄(u) = d(u)|ε,ε′→+∞, b̄(u) = b(u)|ε,ε′→+∞ and the
function Q(u) is still given by (9.5.4) but with M = 0, 1, . . . , 2N , because in this
case the U (1)-symmetry is recovered [16].

9.6 Periodic Boundary Case

For the periodic IK model, the ODBA process is natural and simple. In this case, the
transfer matrix reads

t (u) = tr0T0(u). (9.6.1)

Similarly, using the method in Sect. 9.2, and with the help of the relations (9.2.17)
and (9.2.19), we may obtain that the following operator identities hold:

t (θ j )t (θ j + 6η + iπ) = ã(θ j )d̃(θ j + 6η + iπ) × id, (9.6.2)

t (θ j )t (θ j + 4η) = δ̃(θ j )t (θ j + 2η + iπ), j = 1, . . . , N , (9.6.3)

where

ã(u) =
N∏

l=1

h3(u − θl), d̃(u) =
N∏

l=1

h4(u − θl), (9.6.4)

δ̃(θ j ) = (−2)N
N∏

l=1

cosh

(
θ j − θl

2
− 3η

)
sinh

(
θ j − θl

2
+ 2η

)
. (9.6.5)

In addition, the asymptotic behavior of t (u) for u → ∞ reads

lim
u→±∞ t (u) = 2−N e±N (u−3η)

[
1 + 2 cosh(2M̂η)

]
× id + · · · , (9.6.6)

where M̂ = ∑N
j=1(E11

j − E33
j ) is related to U (1) charge operator.

The Eqs. (9.6.2)–(9.6.6) completely determine the eigenvalueΛ(u) of t (u), which
can be given by the T − Q relation

Λ(u) = ã(u)
Q(u + 4η)

Q(u)
+ d̃(u)

Q(u − 6η + iπ)

Q(u − 2η + iπ)

+b̃(u)
Q(u − 4η)Q(u + 2η + iπ)

Q(u − 2η + iπ)Q(u)
, (9.6.7)
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with

b̃(u) =
N∏

l=1

h2(u − θl), (9.6.8)

Q(u) =
M∏

k=1

sinh

[
u − λk

2
− η

]
, M = 0, . . . , 2N . (9.6.9)

The BAEs in this case read

N∏

l=1

sinh
[

λ j −θl
2 − η

]

sinh
[

λ j −θl
2 + η

] = − Q(λ j − 2η)Q(λ j + 4η + iπ)

Q(λ j + 6η)Q(λ j + iπ)
,

j = 1, . . . , M. (9.6.10)
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