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Preface

Quantum integrable models play important roles in a variety of fields such as
quantum field theory, condensed matter physics, and statistical physics. For dec-
ades, a number of theoretical methods have been developed for solving the
eigenvalue problem of integrable models. Among them, the three typical and most
popular methods are the coordinate Bethe Ansatz method proposed by H. Bethe in
1931, the T — Q method proposed by R.J. Baxter in the early 1970s, and the
algebraic Bethe Ansatz method proposed by the Leningrad Group in the late 1970s.
These methods have been demonstrated as powerful in solving most of the known
quantum integrable models. After Baxter’s work on the eight-vertex model, people
realized that a special class of quantum integrable models exists in which the U(1)
symmetry is broken and, in some cases, obvious reference states are absent. Some
well-known examples are the XYZ spin chain (or equivalently the eight-vertex
model), the quantum Toda chain, the anisotropic spin torus, and the quantum spin
chains with nondiagonal boundary fields. Several methods have since been
developed to approach this remarkable problem. Among them, two promising ones
are Baxter’s T — Q method and Sklyanin’s separation of variables (SoV) method,
which provide efficient tools to treat quantum integrable models with functional
analysis.

This book serves as an introduction to the off-diagonal Bethe Ansatz (ODBA)
method, a newly developed analytic theory to approach exact solutions of quantum
integrable models, especially those with nontrivial boundaries. In any sense, ODBA
is not an isolated theory but one based on extensive existing knowledge. Therefore,
this book also covers some main ingredients of 7T — Q relation, algebraic Bethe
Ansatz, thermodynamic Bethe Ansatz, fusion techniques and Sklyanin’s SoV basis,
etc. It is organized in a parallel structure to explain how ODBA works for different
types of integrable models. Chapter 1 is devoted to the basic knowledge of quantum
integrable models, and Chap. 2 to a comprehensive introduction of the algebraic
Bethe Ansatz, the fusion techniques, and the SoV scheme. In addition, the ther-
modynamic Bethe Ansatz method is introduced as a tool for deriving the physical
quantities. Chapter 3 focuses on the application of ODBA in the periodic XXZ
model and the XYZ model, and Chap. 4 on the topological boundary problem using
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the anisotropic spin torus as example. Chapter 5 studies the exact solution
of the spin-% chain Hamiltonian with generic open boundaries, which had been
a long-standing problem for over two decades. Chapter 6 is devoted to the one-
dimensional Hubbard model and the super-symmetric ¢+ —J model with generic
integrable boundaries. Chapters 7 and 8 focus on the generalizations of ODBA to
high-spin integrable models. Chapter 9 is devoted to the Izergin-Korepin model
with generic boundaries, a typical integrable model beyond the A-type models.
Calculations of some important physical quantities based on the Bethe Ansatz
equations, especially the nontrivial boundary contributions, are given in Chaps. 2-5
and the method for retrieving the eigenstates based on the inhomogeneous 7' — Q
relations and the SoV basis is introduced with concrete examples in Chaps. 4 and 5.

In general, the authors aim to introduce topics that are under ongoing research
and are developing at a stimulating pace in this fascinating field. These contents are
selected for the book according to the authors’ own understanding of the topics
under discussion. Thus, they devote much attention to methods that work well for
the nontrivial boundaries (Research on nontrivial surface effects, including edge
states of the quantum Hall effect, surface states of topological insulators, open
strings, and stochastic processes in nonequilibrium statistical physics, has become a
trend in modern physics. The authors study this problem from the mathematical
physics side.). The two-dimensional lattice models and most of the well-established
knowledge on the models with periodic and diagonal boundary conditions are not
included, since several excellent books have already covered these topics. This
book was originally planned for around 100 pages but then was expanded to the
present size, thanks to suggestions of numerous colleagues that detailed calculations
should be included as much as possible to make it easy to follow the method.
Although most of the results contained in this book have been rigorously proven,
we still use the word “exactly” in the title as Baxter did for his book, for the reason
that some results in this book are not that rigorously proven. For example, the
thermodynamic limit is constructed based on reasonable physical arguments. For
most models considered in this book, numerical results are provided to support the
analytical ones, which is a conventional way for physicists and scientists in other
fields to support their proposals, though it may not meet mathematical rigorousness.
For physicists, to propose something correct is always more ambitious than to
prove it.

Also, the methodology still needs to be developed and leaves some open
questions, among which are: how to apply it in graded integrable models and in
cyclic integrable models with nontrivial boundaries; how to retrieve the Bethe states
and to derive the scalar products of high-rank quantum integrable models, etc. We
expect that those issues may undergo significant progress in the near future.

The authors would like to share with you their happiness in undertaking the
collaboration, which started in Fall 2012. At that time little was known about
ODBA. Without the ensuing teamwork, it would have been impossible to achieve
the main original results contained in this book!
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We apologize if any important references are omitted. Any such error is defi-
nitely due to the limits of the authors’ knowledge of the literature.
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Chapter 1
Overview

Quantum integrable models are exactly solvable models defined by the Yang-Baxter
equation (YBE) [1, 2] or the Lax representation [3]. These models play important
roles in a variety of fields such as quantum field theory, condensed matter physics
and statistical physics, because they can provide solid benchmarks for understand-
ing the many-body effects in corresponding universal classes and sometimes even
yield conclusions to debates about important physical concepts. For instance, the
exact solution of the two-dimensional Ising model [4] gives concrete evidence for
the existence of thermodynamic phase transitions; the exact solution of the one-
dimensional Hubbard model [5] clarifies the concept of the Mott insulator; while the
spinon excitations obtained from the exact solution of the Heisenberg spin chain [6]
elucidate how fractional charges could be generated from low-dimensional correlated
quantum systems. In recent years, new applications have been found in cold atom sys-
tems, quantum information, AdS/CFT correspondence and many other aspects. For
example, the Lieb-Liniger model [7, 8], the §-potential Fermi gas model [1, 9] and
the one-dimensional Hubbard model [5] have provided important benchmarks for
one-dimensional cold atom systems and even fit experimental data with incredibly
high accuracy [10]. On the other hand, the anomalous dimensions of operators of
AN = 4 super-symmetric Yang-Mills field theory can be given by the eigenvalues of
the Hamiltonians for certain integrable spin chains [11, 12].

For several decades, a number of theoretical methods have been proposed for solv-
ing the eigenvalue problem of quantum integrable models. Among them, the three
typical and most popular methods are the coordinate Bethe Ansatz method proposed
by Bethe [13], the T — Q method proposed by Baxter [14, 15] and the algebraic
Bethe Ansatz method [16-22] proposed by the Leningrad Group. Those methods
have been demonstrated to be powerful in solving the eigenvalue problem of the
known quantum integrable models and a great number of papers have been devoted
to this topic in the literature. Among the family of quantum integrable models, there
exists a large class of models that do not possess U (1) symmetry and an obvious
reference state is usually absent. Some well-known examples are the XYZ spin chain
with an odd number of sites [17], the anisotropic spin torus [23] and the quantum
spin chains with non-diagonal boundary fields [24-27]. These models have been
© Springer-Verlag Berlin Heidelberg 2015 1
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2 1 Overview

found to possess important applications in non-equilibrium statistical physics (e.g.,
stochastic processes [28-33]), in condensed matter physics (e.g., a Josephson
junction embedded in a Luttinger liquid [34], spin-orbit coupling systems, one-
dimensional cold atoms coupled with a BEC reservoir, etc.) and in high energy
physics (e.g., open strings and coupled D-Branes). Many efforts have been made
[24-27, 29-32, 35-53] to approach this nontrivial problem.

Actually, Baxter’s theory [2] already provided a powerful method for approaching
exactly solvable models with functional analysis, allowing us to solve those models
without U (1) symmetry. A remarkable example is the exact solution of the eight-
vertex model [2]. Another important functional analysis method to approach these
models is the quantum separation of variables (SoV) method [54-57] proposed by
Sklyanin, which has also been successfully applied to several nontrivial quantum
integrable models. A famous example is the solution of the quantum Toda chain [54].
Nevertheless, for a long time, the Bethe Ansatz equations could only be obtained
for constrained boundary conditions [24, 25, 37] or for special crossing parameters
[26, 27, 35, 36] associated with spin—% chains or with spin-s chains [58-61]. An
analytic method for solving the integrable models with or without obvious reference
state, i.e., the off-diagonal Bethe Ansatz (ODBA) method was proposed in 2013
[62]. With this method, several models without obvious reference states were solved
exactly [62-71] by the construction of the inhomogeneous 7 — Q relations, and a
method to obtain the physical quantities in the thermodynamic limit was established
[72] subsequently, based on the ODBA equations. Soon after that, Sklyanin’s SoV
method was applied to the spin—% chains with generic integrable boundaries [73], and
aset of Bethe states was conjectured via the algebraic Bethe Ansatz [74]. A systematic
method to retrieve the Bethe-type eigenstates based on the ODBA solutions and the
SoV basis is developed in [75, 76].

This chapter is a brief introduction of the integrability associated with YBE; the
boundary conditions associated with the integrability; the factorizability induced by
YBE and the ideas of the coordinate Bethe Ansatz; the T — Q relation; and the basic
ingredients of ODBA.

1.1 Integrability and Yang-Baxter Equation

The concept of integrability originated from classical mechanics, wherein a physical
system is usually described by a set of differential equations (the equations of motion).
The solutions of these differential equations are their integrals. In such a sense,
integrable means solvable. The integrals are accompanied by some integral constants
that do not depend on time and are usually called integrals of motion or conserved
quantities. For a mechanical system with N degrees of freedom, if N independent
integrals of motion which are in involution can be obtained, then the system is
completely integrable.

A precise definition of classical integrability is given by Liouville’s theorem [77]:
Given a Hamiltonian system described by the coordinates {x;|j = 1,..., N} and
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the momenta {k;|j = 1, ..., N}, if there exists a canonical transformation x;, k; —
qj, pj to make the Hamiltonian to be only a function of the canonical momenta {p;},
the system is integrable. This is true because the following Poisson brackets hold:

{kjoxiy =850, Apj.ai} =6,

=L —{H, pi}=0, = —, 1.1.1
{ Pj} dr 3Pj ( )

dt

which imply that the N canonical momenta are conserved quantities and the evolution
of the N canonical coordinates is linear in time 7. The Liouville’s theorem indicates
that the variables of an integrable system are in fact completely separable. However,
such a separation process is usually rather nontrivial.

To show the integrability clearly, let us first consider a simple classical integrable
system which might give a bridge to the quantum integrable systems: N classical
indistinguishable objects moving in a straight line. Suppose each object carries a
momentum k; initially and the collisions among the objects are elastic. Consider
the collision process between two neighboring objects. If the objects carry momenta
k; and k; before the collision, and k| and k’; after the collision, respectively, the
conservation laws of momentum and energy require that

K +k3 =k (1.13)

The above equations have two sets of solutions: (1) k] = k;, k;. =kj; 2k =kj,
k’. = k;. Since these objects are not penetrable, only the second set of solutions is
allowed, i.e., the objects exchange their momenta after the collision. If the objects
are moving in a ring (periodic boundary condition), the system can be described by a
parameter set {k1, ..., ki } which does not change with the collision processes. Such
phenomenon is usually called non-diffraction behavior and is a common feature of
the integrable systems. Obviously, the following conserved quantities hold:

N
Co=D K. n=1,....N, (1.1.4)
j=1

indicating that this system is completely integrable. If the objects move in an interval
with boundaries, the momenta they carry are no longer a conserved set of parameters.
The object carrying a momentum k; must be reflected at the boundaries and its
momentum is changed to —k; after reflection. However, the system still preserves
its integrability because of the existence of the following conserved quantities:

N
cz=2|kj|", n=1,...,N. (1.1.5)
j=1
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The central point of quantum integrability lies in the conservation laws governed
by the YBE. There are several ways to derive YBE. Here we adopt Yang’s procedure
[1]. Consider that N indistinguishable quantum particles are moving in one spatial
dimension. Suppose its wave function initially takes the following asymptotic form:

. N
Wi, ~ e 2= g & L Xy (1.1.6)

The first particle reaches the right end of the system from the left after scattering with
all the other particles. The asymptotic wave function after this process becomes

PiSN kix;
Wour ~ S103..N€ =1 0 X K x3 L -0 L xy KL Xy, (1.1.7)

where S7 23, n is the scattering matrix of particle 1 to all the other particles. If the
many-body S-matrix can be factorized as the product of two-body S-matrices

S1.23.8 = St,n(kt, ky) - -+ S1,3(k1, k3)S1,2(k1, k2), (1.1.8)

we call the system a factorizable system. We note that the following inversion identity
for the two-body S-matrix holds:

S1,2(k1, k2)S2,1(ka, k1) = 1. (1.1.9)

The factorizability ensures the integrability of a quantum system. To show this point
clearly, let us consider the three-particle case. There are two routes from the initial
state |1, 2, 3) to the final state |3, 2, 1) as shown in Fig. 1.1. These two routes must
be equivalent because of the uniqueness of the final wave function. If the system is
factorizable, we have the following equation:

S1,2(k1, k2)S1,3(k1, k3)S2,3(k2, k3) = S2,3(k2, k3)S1,3(k1, k3)S1,2(k1, k2).

(1.1.10)
Fig. 1.1 Schematic diagram 11,2,3)
of the Yang-Baxter equation: Si2 Sa3
the two routes from the / \
initial state |1, 2, 3) to the
final state |3, 2, 1) must be 2,1.3) 11.3.2)
equivalent
S 1,3 51,3
12,3,1) 13,1,2)

Sk; Si2

13,2,1)
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This is the YBE, which was realized in [78] and first emphasized by Yang [1] in
solving the one-dimensional §-potential Fermi gas model and by Baxter [2] in con-
structing the 7 — Q method for solving the two-dimensional vertex models. It was
demonstrated by Yang [79] that YBE is the sufficient condition of Yang-Baxter
quantum integrability with proper boundary conditions. This equation also ensures
factorizability, thus constituting the cornerstone for constructing and solving the
quantum integrable models. In fact, the factorizability indicates that the basic scat-
tering process is the two-body one, and that some conserved quantities that possess
the eigenvalues of Egs. (1.1.4) or (1.1.5) always exist, because of the conservation
laws of momentum and energy.

Usually, if the spectral parameters in the S-matrix are additive, i.e., S; j(k;, k) ~
R; j(ki — kj), the YBE is written as

Ri j(ui —uj)Rip(ui —up)Rjp(uj — ug)
= Rj,k(uj - uk)Ri,k(ui — “k)Ri,j(ui — Mj). (1111)

Throughout this book we adopt the standard notations: for any matrix O €
End(V), O; is an embedding operator in the tensor space V® V® - -- ® V, which
acts as O on the jth factor space and as identity on the other factor spaces; R; ;(u)
is an embedding operator of the R-matrix in the tensor space, which acts as identity
on the factor spaces except for the ith and jth ones. Moreover, we denote id as the
identity operator in the corresponding space.

1.2 Integrable Boundary Conditions

There are several possible boundary conditions associated with the quantum
integrability. To show them clearly, let us first introduce the procedure for con-
structing quantum integrable models based on YBE. In principle, given an R-matrix,
we can seek solutions of the equation

RO’()(u —Vv)Lon (u)L()’n(v) =L, (v)Lo,,,(u)RO,()(u — V). (1.2.1)
Obviously, Lo () = Ron(u — 6,) is a solution of this equation. Lo, (u) is
usually called the Lax operator and 6, is a site-dependent parameter (inhomoge-

neous parameter). Given an R-matrix satisfying YBE, we define the monodromy
matrix

To(u) = Lo n@)Lon—1(u)--- Lo,1(u), (1.2.2)
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where N is the number of sites of the system. The transfer matrix of the system is
defined as the trace of the corresponding monodromy matrix in the auxiliary space

t(u) = troTo(u). (1.2.3)

The concept of the transfer matrix originated from the classical statistical models [2]
and was adopted later in the study of quantum integrable models.

An important step to construct and to solve quantum integrable models is the
RTT relation proposed by Baxter. Since

[Lown(u), Lg,()] =0, m #n, (1.2.4)

from YBE (1.2.1) we have

Ry 5(u —v)To(u)T5(v)
= Ry —v)Lo,N@)Lg y(v) -~ Lo1(u)Lg (v)
= Loy LonW)Ry 5w —v) -+ Lo1(u)Lg (v)
= Lo yMLon@) -+ L (v)Lo1(u)Ry 5(u —v)
=T To)Ry 5(u — v). (1.2.5)

Multiplying RO_ (1) (u — v) from the left side of the Eq. (1.2.5) and taking the trace in

the auxiliary spaces 0 and 0, we obtain

[t(u), t(v)] =0. (1.2.6)
Expanding 7 («) in terms of u
oo
tw) = > 1", (1.2.7)
n=0

we readily have that the coefficients are mutually commuting
[t ™M) =o0. (1.2.8)

Choosing one of them or a certain combination of them as a Hamiltonian H, then
[H, t"] = 0 and the model is integrable. If we obtain the eigenvalues of the transfer
matrix, we can obtain all the eigenvalues of the coefficients. The boundary condition
for the transfer matrix defined by (1.2.2) and (1.2.3) is periodic.

In most of the cases, Eq.(1.2.1) allows c-number solution Lo , (1) = Go which
is independent of the spectral parameter u. This allows us to construct the following
transfer matrix

t(u) = tro{GoLo,n(u)Lo,ny—1(u) --- Lo1(u)}, (1.2.9)
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Fig. 1.2 Schematic diagram 11,2,B)
of the reflection equation: the Si2 K,
two routes from the initial / \ _
state |1, 2, B) to the final 2,1,B) 11.2.B)
state |1, 2, B) must be K B
equivalent. B indicates the ! S12
open boundary
12,1,B) 2,1,B)
Szj\ K,
1.2.B) 2,1.B)
b‘__ A/SZT
1,2,B)

which also satisfies the commuting relation (1.2.6). G = id corresponds to the
periodic boundary condition. If G is a diagonal matrix in the auxiliary space, it
corresponds to a twisted boundary condition. If G is a non-diagonal matrix, it then
defines an antiperiodic (or topological) boundary condition.

For the open-boundary quantum systems, it was proposed by Sklyanin [22] and
Cherednik [80] that, apart from YBE, another equation accounting for the boundaries
must also be satisfied to preserve integrability. For a two-body system with open
boundaries, there are again two routes from the initial state |1, 2, B) to the final state
|I, 2. B ) as shown in Fig. 1.2. Because of the uniqueness of the wave function, the
following equation must hold for a factorizable system:

S12(k1, ko) K1 (k1)S2,1(ko, —k1) K2 (k2)
= Ka(k2)S12(k1, —k2) K1 (k1)S2,1(=k2, —k1), (1.2.10)

where K (1) denotes the reflection matrix at the boundary. Equation (1.2.10) is called
areflection equation (RE). A general form of RE for the additive systems is written as

Ripw —v)K[ )Ry 1(u+v)K; (v)
=K, WR12(u+v)K; )Ry (u —v). (1.2.11)

Generally, the R-matrix satisfies the following unitary and crossing-unitary rela-
tions [81, 82]:

Ri2(u) Ry 1 (—u) o id ® id, (1.2.12)
Ry, (u) 4 Ry (—u — hn) A7 o id @ 1id, (1.2.13)

where #; denotes transposition in the ith space, & is a model-dependent number
(usually called the dual Coxeter number [81]) and 7 is the crossing parameter, which
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describes the interaction strength among the quantum objects, and . is a constant
matrix satisfying the relation

(A1 My, Ripw)] =0, A =.4. (1.2.14)

Given a KT (u) belonging to the solution set {K ~(u)} of (1.2.11), let us define
+ -+ h
K™(u) = K" (—u — En)//l. (1.2.15)

Then K+ (u) satisfies the dual RE [22, 80, 83]

Ri2(v = w K ).y Ryt (—u — v — h) s K (v)
= Ky )My ' Rip(—u —v — k)oK @)Ra 1 (v — ). (1.2.16)
It should be remarked that .# = id only for some special cases but generally .#Z # id

(see, e.g., Chap.9).
Corresponding to RE (1.2.10), the general dual RE reads

S5 1 (=ka, kD) K (k1) Sy 12 (i, —ko) K (k)
= K;(kz)SQ’l_l’” (ka, —kD) K (k1) ST 3 (kv ko). (1.2.17)
As for the periodic quantum integrable models, based on YBE and RE, commut-

ing transfer matrix for a quantum integrable model with open boundaries can be
constructed. Details will be given in Chap. 2.

1.3 Basic Ingredients of the Coordinate Bethe Ansatz

The idea of the coordinate Bethe Ansatz [13] is clear with the factorizability. For an
integrable system with the periodic boundary conditions

lI/i (...,x]' =O,...)=l1/0m(...,xj =L,...),
we have the equation

Sinkj kn)---Sj j+1(kj, kjt1)
xSj 1tk kj1) -+ ik, kne™ W, = ¥, (13.1)
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For a spinless system, all the S-matrices are c-numbers. The Bethe Ansatz equations
(BAEs) determining the Bethe roots {k;} read

N
bt =T] Sjj} (kj, kp). (1.3.2)
I#]

If the particles also possess internal degrees of freedom, S ;(k;, k;) is normally an
operator and (1.3.1) becomes another eigenvalue problem

t(kj)Win = e il (1.3.3)

which can be solved by either the algebraic Bethe Ansatz method introduced in
Chap. 2 or the ODBA method introduced in Chap. 3 with the transfer matrix

t(kj) = Sjnkj, kn) -+ Sj jr1kj kjr1)S; j—1(kj kj—1)---Sj1(kj, k).
(1.3.4)

A detailed description is given in Chap. 6.

The coordinate Bethe Ansatz method was first applied to the open integrable
systems by Gaudin [84]. For N dynamical particles in an interval [0, L], suppose the
initial wave function is

. N
Wi ~ e 2K =0 <x < - K xy < L (13.5)

We consider the following process: particle j moves from the left boundary to the
right boundary by scattering once with all the other particles. Then it is bounced back
by the right boundary with a reversed momentum —k ;. The reflected particle moves
further from the right boundary to the left boundary by scattering once again with
all the other particles. Finally it is bounced back by the left boundary and arrives at
its initial position. This process is described by the equation

kf(kj)sl,j(kl, —kj) - Sn jkn, —kj)K; (kj)

x @ il vk, kn) - S ik, kD) Wi = Wi, (1.3.6)
where K J+ (k) is the reflection matrix to the left boundary (see Chap. 6). Again if the
particles have no internal degrees of freedom, all the S-matrices and the K -matrices
are c-numbers. The BAEs determining the Bethe roots {k;} read

e kil — I%;r(kj)sl,j(kl, —kj)---Sn,jkn, —kj)
ij_(kj)Sj,N(kj,kN)-~-Sj,1(kj,k1). (1.3.7)


http://dx.doi.org/10.1007/978-3-662-46756-5_2
http://dx.doi.org/10.1007/978-3-662-46756-5_3
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However, if the particles also possess internal degrees of freedom, Eq.(1.3.6)
becomes a new eigenvalue equation

1 (k) Wiy = e 2 kil y,, (1.3.8)
with the transfer matrix

1(kj) = Ig;_(kj)sl,j(kl» —kj) - Sn,jlkn, —kj)
K (k) Sjnkj k) - Sk k), (13.9)

which can be solved either by the algebraic Bethe Ansatz method (for constrained
K -matrices) or by the ODBA method as introduced in Chap. 6.

1.4 T — Q Relation

The T — Q relation was proposed by Baxter [2] for solving the six-vertex model
and the eight-vertex model. By checking the Bethe Ansatz solutions of the six-vertex
model, Baxter realized that the eigenvalues A(u) of the transfer matrix 7 (u) take a
unified form for all the eigenstates

PN O +n)
A(u) = a(u) 0 + d(u) 0w

(1.4.1)

This allows us to rewrite the above functional relation to a matrix equation, i.e., to
replace A(u) and Q(u) with the corresponding diagonal matrices ¢ (x) and Q(u).
If the Bethe states span the whole Hilbert space, we may further treat #(x) and
O(u) as two mutually commutative operators defined in the corresponding Hilbert
space. Based on this observation, Baxter proposed the 7' — Q relation for the spin—%
integrable models

Ot (u) = a(u)Qu — n) + d(u) Qu + 1), (1.4.2)

where a (1) and d (1) are two known model-dependent functions. Note that the above
operator relation does not depend on the representation basis. Based on this proposal,
Baxter successfully obtained the exact solution of the eight-vertex model by con-
structing the eigenvectors of the Q-operator. In addition, since [ (u), t(v)] = 0O, the
eigenstates of the transfer matrix do not depend on u. Suppose |¥) is a common
eigenstate of the transfer matrix and the Q-operator with

1W)|¥) = Aw)|¥),
QW)|¥) = Qu)|¥). (1.4.3)

From Eq. (1.4.2) the functional relation Eq. (1.4.1) is recovered.


http://dx.doi.org/10.1007/978-3-662-46756-5_6
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Indeed, the T — Q relation is universal for most of the integrable models (the
single-component ones) possessing a proper reference state, as verified later by the
algebraic Bethe Ansatz. Normally Q(u) is a polynomial of some entire function f (u)
and can be parameterized as

M
0w =[] reu—mup, (14.4)
j=1

with f(0) = 0, where the parameters {i;|j = 1, ..., M} are usually called Bethe
roots. Since A(u) is also an entire function about u, the regularity of Eq.(1.4.1)
requires that all the residues about u ; must be zero. This induces the BAEs

a(p;) _ QO+
d(u;j) O(uj—n)’

(1.4.5)

Note that the simplicity of the “poles” j; is required in order to derive the above
BAESs, which is a common feature of the Bethe roots.

Some remarks are in order here: For most of the integrable models without U (1)
symmetry, this relation does not allow polynomial solutions of Q (1) and an extended
version, namely, an inhomogeneous 7' — Q relation [62] should be used. In addition,
for the high-rank integrable systems, more Q-functions or operators are included in
the corresponding 7' — Q relations. This generalization will be discussed in Chap. 7.

1.5 Basic Ingredients of the Off-Diagonal Bethe Ansatz

Usually, to derive eigenstates of a Hamiltonian or a transfer matrix, a reference
state is definitely needed. However, for the quantum integrable models without U (1)
symmetry, some off-diagonal elements of the monodromy matrix enter the expression
of the transfer matrix, which induces the absence of an obvious reference state.
Nevertheless, a reference state is not necessary for getting the spectrum, if we can
find some functional relations to determine the eigenvalues in terms of an extended
version of the 7 — Q relation (1.4.1) or (1.4.2). The eigenstates can thus be naturally
retrieved from the eigenvalues (see Chaps.4 and 5).

Generally, the eigenvalue A(u) is a degree N polynomial of some entire function
f(u) and can be factorized as

N
Alw) = AOHf(u -zj), (1.5.1)

j=1

where Ao is a constant which can be determined by the asymptotic behavior of
the transfer matrix. If there are N equations for the N unknowns z;, A(u) can be
determined completely.
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The central idea of the ODBA [62] is to derive the functional T — Q relation based
on N operator identities which determine the N unknowns of A(u). As a matter of
fact, for a regular 2 x 2 matrix, there are two basic invariants, i.e., its trace and its
determinant that do not depend on the representation basis or the eigenvectors (for an
n x n regular matrix, there are n invariants.). For the quantum integrable models, the
operator-valued monodromy matrix also possesses two basic invariants, i.e., its trace
(the transfer matrix) and its quantum determinant. Indeed, for quantum integrable
systems, the relationship between the transfer matrix and the quantum determinant
at N special points of the spectral parameter can be constructed based on YBE and
RE (open boundary systems).

1.5.1 Functional Relations of the X X X Spin-% Chain

To show the ODBA procedure clearly, let us consider the periodic XXX spin-%
chain. The corresponding R-matrix reads

1
Ro,j(u) =u+nkPy =u+§n(1+aj-oo), (1.5.2)

where 7 is the crossing parameter (we put n = 1 in this case), o; = (U]’.‘, ij, 0;) are
the Pauli matrices, and P; ; is the permutation operator possessing the properties

P,"jOj = OiP,"j, Pi?j =id, trjP,-,j =triP,-,j =1d, (1.5.3)
for arbitrary operator O defined in the corresponding tensor space. It is easy to show

that the R-matrix (1.5.2) also satisfies the following relations which will be used
often in the following text

Initial condition : R 2(0) = P12, (1.5.4)

Unitary relation : Ry 2(u)Ry 1(—u) = —¢(u) x id, (1.5.5)
o) =u®>—1,

Crossing relation : Ry »(u) = —o; Rﬁ{z(—u — Doy, (1.5.6)

PT-symmetry : Ry(u) = Ry1(u) = R (u), (1.5.7)

Zy-symmetry : ooy Ri2(u) = Ri2(w)ofoy, for « =x,y,z, (1.5.8)

Fusion condition : Ry2(£1) = £1+ Py = £2P5, (15.9)

where PI(JE) (PI(E)) is the symmetric (antisymmetric) projection operator. With the

above basic properties, the following crossing-unitary relation also holds:

Ril!z(u)Rtlll(_u —2) = R?,z(_” _ Z)Ri',z(”) = —p(u + 1) x id. (1.5.10)
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The monodromy matrix and the corresponding transfer matrix of the periodic
XXX spin-% chain are respectively defined as

To(u) = Ron(u —0On) -+ - Ro,1(u — 01), (1.5.11)
t(u) = troTo(u), (1.5.12)
with {6;]j =1, ..., N} being some generic site-dependent inhomogeneity parame-

ters. The Hamiltonian of the X X X spin—% chain is thus expressed as

N
1 d0lnt(u) 1

H=—- E 0j-0jt1 = — =N, (1.5.13)
2 = Y du lu=0.19;=0

with the periodic boundary condition ox 4] = o7.

In order to get some functional relations of the transfer matrix, we evaluate the
transfer matrix 7 (u) at the particular points u = ¢; and u = 6; — 1. Let us apply the
initial condition of the R-matrix to express the transfer matrix z(6;) as

t(0;) = tro{Ron(©@; —ON) - Ro j+1(0; — 0+1)
x Py jRo, j—1(0; —0j-1)--- Ro,1(0; — 01)}
=Rjj-10; —0j—1)---Rj1(6; —61)
x tro{Ro,N(0j —ON) -+~ Ro,j+1(0; —011) Po,;}
=Rj -1 =0j-1)---R;1(0; —01)
X RiN O —On) - R; 110 —011). (15.14)

In deriving the above equation, the initial condition (1.5.4) of the R-matrix plays a
key role, which allows us to rewrite the transfer matrix as a product of R-matrices
at the special spectral parameter points 6;. The transfer matrix #(6;) is a reduced
monodromy matrix if the jth quantum space is treated as the auxiliary space.

The crossing relation (1.5.6) makes it possible to express the transfer matrix
t(@; —1)as

t@; —1) =tro{Ron(®; —On —1)--- Ro,1(8; — 01 — 1)}
= (=" tro{og RY y (—0; 4+ 0n) - RY, (=0, + 61)0¢ )
= (=D tro{Ro,1(—0; +61) - -- Ro. N (—0; + ON)}
= (=D Rjj1(=8; +6j11) - Rj.n(~6; +6)
X Rj1(=0; +61) -+ Rj j_1(—0; +0;_1). (1.5.15)
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Using the unitary relation (1.5.5), we have

1010 — 1) =a®)d®; —1), j=1,...,N, (1.5.16)

N N
aw)=[Jw-0;+1, dw=][]w-6). (1.5.17)
j=1 Jj=1

The homogeneous analogue of (1.5.16) reads

81
St = 1) = aGd (= DYlumo o0 = 0. 1 =0,....N —1.

(1.5.18)

Applying (1.5.16) to an eigenstate of f(u), the corresponding eigenvalue A(u)
thus satisfies

A@HAO; — 1) =a(@))d®; —1), j=1,...,N. (1.5.19)
In addition, from the definition of the transfer matrix (1.5.12) it is easy to show that
A(u) is a degree N polynomial of u, (1.5.20)

with the asymptotic behavior

Aw) =2u™ + .-+ . (1.5.21)

1.5.2 Two Theorems on the Complete-Spectrum
Characterization

Theorem 1 Each solution of (1.5.19)—(1.5.21) can be parameterized in terms of the
T — Q relation (1.4.1) with a polynomial Q-function.

Proof Given a degree N polynomial A(u) satisfying (1.5.19)—(1.5.21), we seek the
degree N polynomial solution of Q-function satisfying the equation

QW) Aw) = a()Qu — 1) +dw)Qu + 1). (1.5.22)

We note that the above equation is a polynomial of degree 2N . If the equation holds at
2N+ 1 independent points of u, the equation must also hold for arbitrary u. Obviously,
the above equation holds for ¥ — oo. In addition, as d(0;) = a(0; — 1) = 0, we
readily obtain that

Q0)A)) =a0)Q®; — 1), (1.5.23)
00; —1HAWB; — 1) =dB; — 1)Q(6)). (1.5.24)
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From (1.5.19) we deduce that only one of (1.5.23) and (1.5.24) is independent.
Obviously, (1.5.23) (or equivalently (1.5.24)) allows a degree N polynomial solution

of Q(u)

N—1

N
Q) =u"+ D Iu H (= ;). (1.5.25)

n=0

Substituting the above Ansatz into (1.5.23) we have N linear equations for the N
coefficients {fn|n =0, ..., N — 1} which have a unique solution for a given A(u).
We note that when some of (1 ; — 00 in (1.5.25), the degree of Q(u) can be reduced
to M withO < M < N. Taking u = ; in (1.5.22), we readily have the BAEs

a(uj)Q(u; — 1) +d(up)Quj+1)=0, j=0,....,M. (1526)

O

Theorem 2 The functional relations (1.5.19)—(1.5.21) are the sufficient and nec-
essary conditions to completely characterize the spectrum of the transfer matrix
(1.5.12) with the R-matrix (1.5.2).

Proof For each solution A(u) of the functional relations (1.5.19)—(1.5.21), in terms
of the T — Q relation (1.4.1), we can construct an eigenstate of the transfer matrix
via algebraic Bethe Ansatz (see Chap.?2) with A(u) as the eigenvalue. In such sense,
each solution of the functional relations (1.5.19)-(1.5.21) corresponds to a right
eigenvalue of the transfer matrix. O

As we shall show in the following chapters, a similar conclusion with a generic
inhomogeneous 7 — Q relation also holds for other quantum integrable models.

1.5.3 Inhomogeneous T — Q Relation

Baxter’s T — Q relation (1.4.1) gives a convenient parametrization of the eigenvalues
of the transfer matrix. It is obvious that this parametrization is not the unique one
because there are many ways to characterize a polynomial function, e.g., with its
roots or with its coefficients. We can easily demonstrate that for any given parameter
¢, the following inhomogeneous 7" — Q relation also satisfies (1.5.19)—(1.5.21) and
therefore characterizes the spectrum of the transfer matrix ¢ (#) of the periodic XXX
spin—% chain completely

io Qu—-1) iy Qu+1) _ a(u)d(u)
Aw) =e'%a(u )—Q( ) +e d(u)—Q(u) + 2(1 cosd))—Q(u) ,
(1.5.27)

N
Q) = [ —up, (15.28)
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Table 1.1 The numerical solutions of the BAEs (1.5.29) for N = 3, ¢ = —0.69315i and {0; = 0}

1 “2 U3 E, d
—2.97259 4 1.15909i —2.51751 — 1.42184i —0.50990 + 0.26274i —1.50000 |2
—2.97259 — 1.15909i —2.51751 + 1.42184i —0.50990 — 0.26274i —1.50000 |2
—2.88462 + 0.00000i —1.55769 — 2.56650i —1.55769 + 2.56650i 1.50000 4

The eigenvalues E, calculated from (1.5.30) are the same as those from the exact diagonalization
of the Hamiltonian (1.5.13). The symbol n denotes the number of the energy levels and d indicates
the number of degeneracy

provided that the Bethe roots {u;|j =1, ..., N} satisfy the BAEs

ePa(uOu; — 1)+ e Pd(n)Q(uj + 1) = 2(cos ¢ — Dalu;)d (i),
(1.5.29)

and the selection rules p; # u;, n;j # 6y, 0; — 1. The corresponding eigenvalues of
the Hamiltonian (1.5.13) read

~ 9lnA(w) Ly

du lu=o9;=0) 2

E (1.5.30)

The numerical solutions of the BAEs (1.5.29) and the corresponding eigenvalues
of the Hamiltonian (1.5.13) for N = 3 and N = 4 and arbitrarily chosen ¢ are shown
in Tables 1.1 and 1.2 respectively, while the calculated A(u) curves for N = 4 are
shown in Fig. 1.3. Those numerical simulations imply that the inhomogeneous 7 — Q
relation (1.5.27) and the BAEs (1.5.29) indeed give the correct and complete spectrum

Table 1.2 The numerical solutions of the BAEs (1.5.29) for N = 4, ¢ = —0.69315i and {0; = 0}

123} 2%} 3 a4 E, d
—3.46085 —3.46085 —0.53915 —0.53915 —4.00000 1
— 2.04638i + 2.04638i —0.28370i + 0.28370i
—3.49754 —2.00000 —2.00000 —0.50246 —2.00000 3
— 0.00000: + 2.49853i — 2.49853i — 0.00000:
—3.41695 —2.20702 —1.88461 —0.49142 —0.00000 3
—0.01463i +2.20734i — 2.68745i + 0.49474i
—3.41695 —2.20702 —1.88461 —0.49142 —0.00000 3
+0.01463i — 2.20734i + 2.68745i — 0.49474i
—3.38446 —3.38446 —1.11571 —0.11537 0.00000 1
— 2.02080i + 2.02080i + 0.00000i + 0.00000:i
—3.07558 —3.07558 —0.92442 —0.92442 2.00000 5
+ 1.25638i — 1.25638i + 3.56865i — 3.56865i

The eigenvalues E, calculated from (1.5.30) are the same as those from the exact diagonalization
of the Hamiltonian (1.5.13). The symbol n denotes the number of the energy levels and d indicates
the number of degeneracy
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Fig. 1.3 A(u) vs. u for

N =4, ¢ = —0.69315i and
{0; = 0}. The curves
calculated from the
inhomogeneous 7 — Q
relation (1.5.27) and the
BAEs (1.5.29) are the same
as those obtained from the
exact diagonalization of the
transfer matrix ¢ (u)

real(A)
imag(A)
>

-3

-4 -4

of the periodic XXX spin-% chain model. Actually, the eigenstates associated with

the T — Q relation (1.5.27) and the BAEs (1.5.29) can be constructed via the method
that we shall introduce in Chap. 4.

For most of the spin—% integrable models, based on YBE and RE, the following
operator identities for the transfer matrix ¢ («) hold:

10O — ) =a@)dO; —n) ~ Ay 0)), j=1,....,N, (1.531)

where a(u) and d(u) are two known functions with zeros {6; — n} and {6;}, respec-
tively, and A, (u) is the quantum determinant. We note that the functional version
of the above relation (the inversion relation) was first proposed to derive the free
energy in the thermodynamic limit [85, 86] and a clue to construct Eq. (1.5.31) was
introduced in the framework of analytic Bethe Ansatz [87], where the operator prod-
uct relations (not really inversion identities for multi-component models) were given
in case of homogeneous transfer matrices. Such inversion identities with generic
inhomogeneity were also derived in early 1990s in studying the quantum Knizhkov-
Zamolodchikov equations (for example, see [88]). A method to construct the operator
product identities (1.5.31) used in [64, 65] will be introduced in Chaps. 3-5 and the
generalization to high spin cases will be introduced in Chaps. 8 and 9.
Applying Eq.(1.5.31) to an eigenstate |¥) of #(«), we obtain

AOHAG; —n) =a®)d@®; —n), j=1,...,N, (1.5.32)

which has also been derived via the SoV method [45-51, 73] for particular models. In
fact, for a spin—% system, the functional relations together with the analytic properties
of the transfer matrix constitute the sufficient and necessary conditions to determine
the N unknowns of A(u) polynomial (as we have proven for the X X X spin chain)
and allow us to construct the inhomogeneous functional 7 — Q relation


http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_3
http://dx.doi.org/10.1007/978-3-662-46756-5_5
http://dx.doi.org/10.1007/978-3-662-46756-5_8
http://dx.doi.org/10.1007/978-3-662-46756-5_9

18 1 Overview

i¢(”)a(u) OQu—n01(u—n) n e_i¢(”+’7)d(u) Qu+mn02(u+n)

Alu) =e
00002 () 0001 ()
a(u)d(u)
s 1.5.33
W w010 @) (1.5.33)

with Q(u) being a degree M polynomial, and Q(u) and Q»>(u) being degree M
polynomials. c(u) is a polynomial adjust function of degree n which matches the
asymptotic behavior of A(u). The phase ¢ (1) can be determined by the initial condi-
tion of the transfer matrix. The key point for the inhomogeneous 7' — Q relation lies in
that at the special points u = 6}, 6; — n, the last term vanishes. This makes it possible
that the generalized functional 7' — Q relation can satisfy Eq. (1.5.32) automatically
for arbitrary Q-functions and c(u). That is, with the help of d(6;) = a(6; —n) =0,
Eq.(1.5.33) leads to

QB —mQ16; —n)
Q(0;)02(0)
Q(0)02(0)

0O —mQ1B; —m)’

A@B;) =e?%a(9)) , (1.5.34)

A@; —n) = e Cd0; —n) (1.5.35)

The above two equations give Eq. (1.5.32).

To ensure A(u) to be a polynomial of degree N, we need three conditions: (1)
M +2M; —n = N; (2) the asymptotic behavior of the right hand side of Eq. (1.5.33)
must coincide with that of #(u); (3) the right hand side of Eq.(1.5.33) must be
regular which gives the BAEs. Because Eq. (1.5.33) is correct for all the eigenvalues,
we naturally conclude that the following inhomogeneous 7' — Q relation holds:

Qu — n)(}l(u —n 1P 4(4) O(u + n)é}z(u + 1)
Q) Q2(u) Q) Q1(u)

a(u)d(u)

—, (1.5.36)

Q@) Q1(u)Q2(u)

1) = ?Dau)

+c(u)

with all Q-operators being mutually commutative.

Equation (1.5.36) is the most general T — Q relation for the spin-% quantum
integrable systems derived from the operator product identities. Obviously, there is an
infinite number of choices for the Q-functions and c(u). As we already demonstrated
for the XXX spin chain, a minimal 7" — Q relation with n = 0 or n = 1 is sufficient
to parameterize A(u) completely (see, e.g., Chap.4). This was also verified both
numerically and analytically [71, 73, 89] for several cases. Usually, we choose either
O1(u) = O>(u) = landn = 0or Q) = 1 and n = 0, 1 alternatively, to get
a minimal 7 — Q relation. It should be remarked that for several models a T — Q
relation with M| = 0 can not characterize the eigenvalues correctly (see, e.g., Chap. 3
for the odd N XYZ model and Chap. 9 for the IK model), and instead T — Q relations
with My # 0 should be adopted. For the case of c(u) = 0, Q1(u) = Q2(u) is
definitely required and the inhomogeneous 7' — Q relation is reduced to Baxter’s
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form. In principle, the ODBA scheme makes up for the lack of a reference state.
For the multi-component integrable systems, the operator identities (1.5.31) must be
generalized to recursive ones [68, 70], which allow us to construct nested T — Q
relations. Details will be introduced in Chaps. 7 and 8.

Another important problem in the ODBA scheme is to retrieve the eigenstates,
which are crucial to calculate the correlation functions and the dynamical properties.
Indeed we can do that based on the spectrum characterized by the inhomogeneous
T — Q relation [75]. Details will be introduced in Chaps. 4 and 5.

It should be remarked that the inhomogeneous 7' — Q relation must imply some
unusual algebraic structures and even category structures because of the arbitrariness
in choosing the Q-functions and the off-diagonal terms. Indeed, the structure of the
nested inhomogeneous 7 — Q relations (see Chap. 7) already reveals the difference
in the algebraic representations [90] because of the non-zero inhomogeneous terms.
For many cases, the operator product identities do not allow the c(u) = 0 solution.
Such an irreducible inhomogeneous term must imply a non-trivial topological nature
of the system boundaries.
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Chapter 2
The Algebraic Bethe Ansatz

The algebraic Bethe Ansatz method for quantum integrable models was proposed by
the Leningrad Group [1-7] in the late 1970s, based on YBE. This method was then
generalized to open boundary integrable systems by Sklyanin [8] in 1988, through
developing an equation accounting for the integrable boundaries. In the past sev-
eral decades, the algebraic Bethe Ansatz method has become the most popular one
for solving quantum integrable models. Particularly, the development of the nested
algebraic Bethe Ansatz [9-19] makes it possible to diagonalize multi-component
integrable models in a systematic way.

This chapter is devoted to a detailed description of the algebraic Bethe Ansatz
method and its nested version, with the isotropic spin-chain models as examples.
These approaches are applicable for all the integrable models under the condition
that a proper reference state exists, though different tricks may be used to find proper
generating operators for the eigenstates according to the properties of R-matrices
defined under different algebras [20-24]. Based on the Bethe Ansatz solutions, the
methods to construct low-lying elementary excitations and thermodynamics for the
spin—% chain are introduced. In addition, the fusion procedure and a quantity that is
important throughout this book, the quantum determinant, are also introduced. The
last section is devoted to a brief introduction of Sklyanin’s separation of variables
method [25-27].

2.1 The Periodic Heisenberg Spin Chain

2.1.1 The Algebraic Bethe Ansatz

To show the algebraic Bethe Ansatz procedure clearly, let us consider again the spin—%
Heisenberg chain model. For convenience, we define the homogeneous monodromy
matrix and the corresponding transfer matrix as
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To(u) = Ro,n(u) -~ Ro,1(u), (2.1.1)

and
t(u) = troTo(u), (2.1.2)

respectively with the R-matrix defined in (1.5.2). With the properties of the permu-
tation operator we have

dInt(u)

ot
_ 1) 2W
u=0 ou u=0

au
N N

= ZPI,Z < Py ytrolPon -+ Poj+1Po,j—1-++ Po1]l = ZPj,jq- (2.1.3)
j=1 j=1

The Hamiltonian of the Heisenberg spin chain is thus expressed as

1
— =N, 2.1.4)
u=0 2

N
1 dlnt(u)
HZE E O'j'Uj+]= 9

j=1

with the periodic boundary condition oy 4+1 = 07.

To calculate the commutation relations among the elements of the monodromy
matrix, let us write out the explicit forms of the R-matrix and the monodromy matrix
in the auxiliary tensor space:

u—v+1 0 0 0
Rogw—v=| o “70 L0 (2.1.5)
0 0 0 u—v+1
Aw)y O Bm) O
_ (A@w) B) [ 0o Aaw o Bw
m”_(am0w0®%_ cw 0 Dbpw o |° @O
0 Cwm) 0 D
AW BG 0 0
LN A(v) BmWY) | Cv) D) 0 0
YM”_m®(awD@J_ 0 0 Aw Bw | &7

0 0 C®k) D)

where Iy and [j are the identity operators in the Oth space and Oth space, respectively.
With the help of the Yang-Baxter relation (1.2.5), we can easily deduce the following
commutation relations:
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[A(uw), AW)] =[Dw), D(v)] =0,
AWBO) = "V By Aw) + — B AW).
u—v u—v

u—v+1 1
Du)B(v) = ﬁB(V)D(M) - EB(M)D(V),

[B(), B(v)] = [C(u), C()] =0,
1
[B(w), C()] = E[D(V)A(u) — D) AW)]. (2.1.8)

Based on the above relations, the following useful formulae can be derived:

M
— i —1
AW B - Bua) = [ | %B(m) - B(uan) Aw)
j=1 /

M
- —1
+. H B(u1) -+ B(uj-1)
ek u;l# Wj—

X B(u)B(jt1) -+~ B(ua) A(j), (2.1.9)

M
D@ B By = [[ 2 By - Buw) D)

j=1 Hi

-+ 1
| | ' B(ur)--- B(j—1)
l“ Hj 14 Hj—

X Bu)B(j+1) - BUunD(w)). (2.1.10)

Ma

Proof From the commutation relations (2.1.8) we know that Eq. (2.1.9) is satisfied
for M = 1. Assuming that Eq. (2.1.9) is also satisfied for an arbitrary M, we have

—pmmyr — 1
A)B(up+1)B(r) -+ B(y) = B(um+1)A)B(uy) - - B(un)
U—MUM+1
1
+ ———BWw)A(upm+1)B(u1) -+ - B(pyr)
U—UpM+1

— H LB(M) “B(uym) B(um+1)Au)
u—j

1

M—MM+1—1M 1 MHj_HI_
+ > — I
j=1

U — UM+1 R M

X B(u1) - B(uj—1) B@)B(jy1) -+ B(um+1) A1)

M
1 Um1 —pj —1
[1——"L—Bu) - Bum) Ba)AGps+1)
U—MUM+1 =1 KUM+1 — HKj
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1 i 1 Lo - —1
U= Ml ST ML = G
X B(u1) -+ B(uj—1)B@)B(jt1) - Blum+1) A ). (2.1.11)

Combining the second and the fourth terms in the above equation, we obtain

M+1
A@B(uy) -+ Blumy)) = [ ]
j=1

M+1 M+1

1 wj—pu—1
+> [T B(u1) - B(uj—1)
— U=y o M

Jj=1 I#]

XB)B(pjt1) - Blup+1)A(ij). (2.1.12)

1
R T By - By A)

J

Therefore, Eq.(2.1.9) is also satisfied for M + 1. Equation (2.1.10) can be proven
similarly. O

Let us define the vacuum state of the system as

0) =11 ® -] T, (2.1.13)

where | 1), is the local spin-up state of site n (Accordingly, the local spin-down state
is denoted as | |),.). For convenience, we introduce the notations

1 .
+ _ T P Y
o; = 2(aj :i:laj). (2.1.14)

The Pauli matrices applying on the states | 1); and | |); thus behave as

ol t=11 af1h=11
o 1d)j=0/11;=0,

oil M) =11, oild)i=—11); (2.1.15)
From the definition of the R-matrix we have
1 _
_fu+5;0+07) o,
RO,n(”)|O) = ( O,r;i- u -+ %(1 _ O'rf) 0)

u+1 o,
= ( 0 u )|0). (2.1.16)
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This directly induces

A)|0) = aw)|0) = (u + DHN|0),
D()|0) = d(u)|0) = u™0),
C(u)|0) = 0. (2.1.17)

The operator B(u) can be treated as the spin flipping operator and used to construct
the Bethe states

|M1,..-,/LM>=HB(M]‘)I0), (2.1.18)
j=1
where M is the number of flipped spins and {1} is a set of parameters. Note that

t) = Au) + D(u). (2.1.19)

Applying ¢ (u) to the Bethe state, with the help of the commutation relations (2.1.9)
and (2.1.10), we have

t)| i, oy ip) = A, - ooy pp)

M
+ 3" Aj @B - B(rj—) B B(j11) - Buan|0). (2.1.20)

j=1
where
M1+1
Au) —a(u)H +d( )H (2.1.21)
1
Ajw) = a(u])HM’ Ml ,)H“’ mx

J i MM i MM

(2.1.22)

To ensure the Bethe state to be an eigenstate of the transfer matrix, the unwanted
terms must vanish, i.e., A () = 0. This induces the Bethe Ansatz equations (BAEs)

Y H -+l
(1+_) :Hw, j=1,...,M. (2.1.23)
Hj l#w—w—l

The solutions {u|j =1, ..., M} of the above equations are the Bethe roots.
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For convenience, we put u; = il; — % The BAESs can be rewritten as

-1\ Mo —i
(ﬁ) =[] j=1...m (2.1.24)
rjt 3 i TR
From Eq. (2.1.4) we obtain the eigenvalue of the Hamiltonian in terms of the Bethe

roots as

d0ln A(u)
u

Moo
Z ) N (2.1.25)
u=0 ]:1)‘ +4

EQ, ..., m) =

Obviously, the T — Q relation (1.4.1) holds for this model with the parametrization
M
Q) = [ @ —up. (2.1.26)

In addition, the unwanted terms A;(u) can be expressed in terms of the residue of
A(u) at the point u =

Aj(u) =

res A(u) |u=p;, (2.1.27)

Hj—
which indicates that the regularity of A(u) already ensures the “unwanted” terms in
Eq.(2.1.20) to be zero [28].

2.1.2 Selection Rules of the Bethe Roots

As we mentioned in Chap. 1, in order to get a self consistent set of BAESs, the poles
wj must be simple. Indeed by carefully examining the Bethe states we can deduce
the Pauli principle for the Bethe roots [29], i.e., the eigenvector is zero as long as
wj = py for j # 1. Such a selection rule can easily be verified by the coordinate
Bethe Ansatz. In fact, to preserve the regularity of A(u), doubly degenerate 1 (if
they exist) must satisfy the condition

res{(u — 1)) A} luzy;, = O, (2.1.28)

which gives rise to an additional equation apart from the M — 1 Eq.(2.1.23) and
makes the M — 1 Bethe roots overdetermined.
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Moreover, one may find that a pair ©; = 0 and pup = —1 satisfy the BAEs
(2.1.23). However, this solution also induces a zero Bethe vector. A simple proof is
as follows: From the definition we know that

To(0) = Pon--- Po,1 = Poi Py -+ Pro. (2.1.29)
Therefore,
B) =0, Pin--- P1p. (2.1.30)

From the crossing symmetry property (1.5.6) we know that

To(—=1) = Ro,N(=1)--- Ro,1(—=1)
= (=DNog Py -+ P 10q . (2.1.31)

which gives
B(-1)=(=D""'Pi - P yo; . (2.1.32)
Equations (2.1.30) and (2.1.32) imply that

B(—1)B(0) = B(0)B(—1) = 0. (2.1.33)

2.1.3 Ground State

A remarkable fact is that based on the BAESs, the physical quantities can be derived.
Particularly, computing physical quantities becomes simpler in the thermodynamic
limit.

Let us first consider the case of all the Bethe roots {A;|j =1, ..., M} being real.
Taking the logarithm of (2.1.24), we have

27T1j
N

M
1
01(2)) = + N ;92()»1' — A1), (2.1.34)

where 60, (x) = 2arctan(2x/n), and {/;} are certain integers (half odd integers) for
N — M odd (N — M even). For convenience, we define the counting function

1 1 <
200 =5~ [91(/\) - 200 - Az)] : (2.1.35)

=1
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Obviously, Z(A;) = I/ N corresponds to the Eq. (2.1.34). In principle, each possible
I; may correspond to a A ; solution of the BAEs. However, those solutions may not be
occupied. We treat the occupied solutions as “particles” and the unoccupied solutions
as “holes”. For any consecutive /; and /1 = I; + 1, the following relation holds:

Zhjy) —Z(Rj) 1
Aj+l —Aj NéA;

) (2.1.36)

with §A; = A ;41 — A;. In the thermodynamic limit N — oo, Eq.(2.1.36) becomes
the density of states p(A) + ,oh (A) in the A space, where p(A) and ph (A) are the
densities of the particles and holes, respectively. Taking the derivative of Eq. (2.1.35)
with respect to A, we obtain

i dZ() o0
p(A) +p"(A) = T ai(A) —/ a(A—pwpdw, (2.1.37)
where
= " 2.138
@)= 2139

From Eq.(2.1.25), we know that each real Bethe root A; contributes negative
energy. In the ground state, the Bethe roots should fill the whole real axis and leave
no hole for an even N, i.e., ph(k) = 0. This means that the density of particles in
the ground state p, (1) satisfies

o0
pg(X) =ai(d) —/ ay(A — p)pg(n)d . (2.1.39)

—00

Equation (2.1.39) can be solved by the Fourier transformation defined for an arbitrary
function F()) as

F(w) = / - e F(L)dA,

F(L) = % / - e F(w)dw. (2.1.40)

Taking the Fourier transform of a, (1), we have
ap(w) =¢e" 2. (2.1.41)

Taking the Fourier transform of Eq.(2.1.39), we obtain

1

2cosh %’

fe(@) = (2.1.42)
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Thus the solution of Eq.(2.1.39) is

1
)= ——. 2.1.43
Pg®) 2 cosh(mA) ( )
The density of flipped spins relative to the reference state is
M—/OO (A)dk—l (2.1.44)
N T Ty -

which means that the magnetization of the ground state is zero. The energy density
of the ground state reads

o 11
eq = —271/ a1 (Wpg(dA+ 5 = 5 = 2In2. (2.1.45)

—00

For an odd N, there is a hole at A = 400 in the real axis which carries zero
energy. The energy density of the ground state still takes the form of (2.1.45) but the
state is doubly degenerate.

2.1.4 Spinon Excitations

Now let us consider the elementary excitations of the system. We focus on the even N
case. The simplest excitation is the case of one less spin flipped, i.e., M = N/2 — 1.
Such a configuration is described with two holes put at A’f and )\g in the A sea. In this
case, the density of holes is

1 1
o) = 30— Ay Rl Aby. (2.1.46)

The density p (1) will deviate from p, (1) by §p (1) because of the presence of the
two holes. From Egs. (2.1.39) and (2.1.46) we obtain that
o0
o)+ p"(n) = —/ ar(r — pw)ép(uydu, (2.1.47)

—0Q
which can be solved by Fourier transformation. After some calculations, we obtain
the total spin S, of this excitation as

o0
S, =—-N / Sp(Mdr = 1, (2.1.48)
—00

and the excitation energy as
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anti-kink kink

T
!

|
IR

Fig. 2.1 Classical picture of the spin-triplet elementary excitations. Relative to the Neel state, the

net spin carried by the flipped domain is one. Each domain boundary (kink or anti-kink) carries a
. 1

spin of 5

AE = —2JTN/OO a1(M8p()dr = (A1) 4+ e, (2.1.49)

—0o0
where ¢()) is the dressed energy with the definition

o0

e(A) =2ma1 (L) —/ ay(A — we(pwydu. (2.1.50)

—00

From Eq.(2.1.49), we see that the energy of such excitations is the summation of
the energies of two quasi-holes. Solving Eq. (2.1.50) by Fourier transformation, we
obtain

e(h) = 27pg (M) (2.1.51)

B T
" cosh(h)

Here the two holes together carry spin of one, and each of them may only carry a spin
%. Note that such elementary excitations are unusual compared to those in the higher
dimensional magnetic systems where one magnon carries a total spin of one. The
classical picture of the spin-triplet excitation is shown in Fig.2.1. Those excitations
are usually called spinons [30], a typical fractional excitation in the one-dimensional
quantum systems.

2.1.5 String Solutions

In the above we only considered the real Bethe roots. In fact, the BAEs may have
complex solutions. For a complex A ; with a positive imaginary part, we have

i
Aj—=| =

2

o+ ’5‘ . (2.1.52)

This indicates that the left hand side of BAEs (2.1.24) tends to zero when N — o0.
To keep the equality, the numerator of the right hand side of Eq.(2.1.24) must also
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tend to zero in this limit, which means that there exists another solution A% ~ A —i
in the set of solutions. The general complex solutions of the Bethe roots read

AW =) (n+1—2j)+o(e—5N),j=1,2,...,n. (2.1.53)

],

This is just the string hypothesis [31]. Here )w(x”) indicates the position of the ath
n-string in the real axis, and § is a small positive number to account for the finite size
deviations.

Substituting the string solutions into the BAEs and taking the product for all j in
the string, we readily obtain

n A<n>_zz N x(’”—/\(”/g) i

] /“—

() ~IT T e e
2 j=lm=1m,,B#n,j,a N}

Considering the large N limit and omitting the exponentially small corrections, we
reduce the above equation to

350+ bn et g /\(”)—A('")Jr Sm +n)
|:)‘(n)_)‘/%m)_i(m+n—2)i|
N

A=A+ Em+n—2)

2 ,

2 =g = Sm —nl+2)]" 28 — a5 — Sim —n|
N )L(m) (n) (m) | i (2.1.55)

o 2(|m—n|—|—2) Ag _)‘ﬁ +§|m_n|

Taking the logarithm of the above equation we readily have
(n)
2rl,

0, (L) = v Z Oy n 0 =257, (2.1.56)

where IOE") are integers or half odd integers depending on the parity of N —> 7> | n M,
with M,, being the number of n-strings and

Oy (%) = O () + 26002 (4) + - - -
+ 29|m—n|+20‘) + (- ‘Sm,n)glm—nl()\)- (2157)

As for the real solution case, we define the counting functions
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1 1 ’ (m)
Za(A) = > 0,(\) — ~ %em,n(x x| (2.1.58)

Obviously, Z, A3y = 1" /N corresponds to Eq.(2.1.56). In the thermodynamic
limit, we have

dZ,(»)

_ h
o Pn(X) + o, (1), (2.1.59)

where p,, (1) and ,0,’} (A) are the densities of n-strings and n-string holes, respectively.
The density of flipped spins is

K—i /Oo M)da (2.1.60)
N—n n _Oo,on . .

=1

Taking the derivative of (2.1.58), we obtain the relation between ,of; (A) and py, (A)
as

P =000 =3 [ AusG— w2161
m=1" ~®

where

AnnA) = aminA) + 2am1n2(A) + -+ + 2a\m—n|+2()¥) + apn—n|(A),
ap(L) = 8(\). (2.1.62)
Equation (2.1.61) is significant for studying the elementary excitations and thermo-
dynamics.
In order to give the complete picture of the elementary excitations in the system,

let us consider another simple type of elementary excitation, i.e., a 2-string at As plus
two holes in the real axis. In this case, the corresponding density functions are

1

o) = N[a(x—,\{')+3(x—x’; ] (2.1.63)
1

P20 = 126G = 1. (2.1.64)

For n = 1 in Eq.(2.1.61), we obtain

P10+ ph0) = ar (1) — / 00— W1 (W
- / [a10. — 1) + as(h — W2 (2.1.65)
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anti-kink kink

4—_
—
L
—_—

Fig. 2.2 Classical picture of the spin-singlet elementary excitations. Relative to the Neel state, the
net spin carried by the flipped domain is zero. One domain boundary carries a spin of % and the

other carries a spin of —%

The deviation of the particle density from that of the ground state reads

sp1 () = —pi' (h) — / ar (0. — wdp1 (wydp
—/ lat(h — ) +az(h — wlo2(w)dpu. (2.1.66)

This allows us to derive the excitation energy as

AE = —ZnN/OO ai(Msp1(WdA — 27 [al (,\s + ’5) +a (,\S - ’5)}

=\ 4+ 0. (2.1.67)

It is easy to check that M = N /2 in this case, indicating a spin singlet excitation as
shown in Fig. 2.2. Interestingly, the excitation energy takes the same form as that of
Eq.(2.1.49). This means that the contribution of the 2-string is completely canceled
by that of the p;(A) redistribution induced by the presence of the string. It can be
proven that this statement is also valid for the more-holes cases with the presence
of arbitrary strings: the n-strings contribute nothing to the energy, and the excitation
energy only depends on the positions of the holes. However, the strings do affect the
scattering matrix among the holes [32].

2.1.6 Thermodynamics

The thermodynamic Bethe Ansatz was first proposed by Yang and Yang [33] for the
Lieb-Liniger model [34] and subsequently generalized to other integrable models by
Gaudin [35], Takahashi [36—38] and Johnson and McCoy [39]. The central point lies
in deriving the entropy from the distribution of the Bethe roots.



36 2 The Algebraic Bethe Ansatz

For the present model, the energy of an n-string in the external magnetic field 4 is

= Atsm+1-2))+L A+im+1-2/)—4%
= —27ma, () + nh. (2.1.68)

"+ im+1—2j)—t A+im+1-2j)+1%
82()»)=Z|: 2 / 24 2 DTz _, + nh

The density of energy can be calculated by
o0 00 1
E/N = Z/ 200 pn(Wdi + = (1 — h). (2.1.69)
n=1"7 " 2

Let us consider an infinitely small interval [A, A +dA] in the X space. The number
of states allowed to be occupied by an n-string in this interval is

Nlpa(2) + p(W)1dA.

Then the number of the possible physical states in this interval is

e¢]

17 [N(ea ) + pli (1)dA]!
20 =11y, G aminpean

(2.1.70)

n=1

With the help of Sterling’s formula In N! =~ N In N, we obtain the entropy in the
interval

ds() =nd20) ~ N Y {loa() + ol (W] nlpa () + Pl G1)]

n=1

— (W) In pp(R) — p" () In o (x)} dh. 2.1.71)

We define the relative density of the free energy as

_r ]1 h 2.1.72
f=y =5 U=h, (2.1.72)

where F = E —T S is the usual free energy, T is the temperature and § is the entropy.
Substituting Egs. (2.1.69) and (2.1.71) into Eq.(2.1.72), we have

f= / ey pn(Wdr =T / {[pn(m + 0, 011y () + pyt (1)]
n=1 —0o0 oo

n=1""

—pn () I pu(3) — Pl () In pt (A)} . 2.1.73)
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For a thermal equilibrium state, the free energy should be minimized with the vari-
ation taken with respect to p, (1), i.e.,

o, (2.1.74)
3pn(A)
which leads to
> {eseny - i1+ ol G
n=17"
—TIn[1 + n;l(A)]SpZ’(A)} dr =0, (2.1.75)
where
o) =2 AQ) (2.1.76)
Mn = o ()») .

Note that §p,, (A) and 8,0,}1’1 (A) are not independent but are related through the following
equation derived from Eq. (2.1.61):

000 == 2 [ Al = wdpn1dp @.1.77)
m=1" "

Substituting Eq.(2.1.77) into Eq.(2.1.75) and putting the coefficient of ép,(A) to
zero, we have

0 o0 00
In[1 + 7,(V)] = 8—;’\) + Z/ ApmnOc— ) In[1 + 0, G)ldp.  (2.1.78)
m=1" "

For convenience, we introduce the integral operators [n] as

(IF () = / an(h — W F (). (2.1.79)

—00

Note that under Fourier transformation, [n] becomes a multiplier exp(—n|w|/2). It
can be easily demonstrated that the following relation holds:

[m][n] = [m + n]. (2.1.80)
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Further, we define

Apn =Im+nl+2m+n—21+ - +2[lm—n|+ 2]+ [Im — nl],

G- Ul (2.1.81)
[0] +[2]° o

where the kernel of the operator G is

3ol

L [ e €2
— e do = = pg(X). (2.1.82)
21 oo 1 + e lel 2 cosh( )
It can be proven that the following operator identities hold:
G[ Am n+1 + AAm,n—l] = _8m,n + Am,n, n>1, (2.1.83)
GAnr=—81m+ Aim. (2.1.84)

With the help of the above relations, we rewrite Eq.(2.1.78) as

o0

e (n
In(1 4,0 = 2 # S Al @) @18

Applying the integral operator G to the summation of Eq.(2.1.85) withn 4 1 and
n — 1, we obtain

Gln(1 + 9,41(L) 4 In(1 4 7,1 ()]

—lé(eo ) +&° (k))+§:é(A +A In(1 Lo
=7 n+1 n—1 n+1,m n—1,m) In(L +n,,~ (A))

m=1
o

O
—8";) In(l -+, () + Zf‘n,mlnaﬂn;l(x)). (2.1.86)

Combining Egs. (2.1.85) and (2.1.86), we arrive at
In 7, (%) = GlIn(1 + 1,11 (1) + In(1 4+ 0,1 (W) (2.1.87)

Again, applying the integral operator G on Eq.(2.1.85) with n = 2, we obtain

+ G In(1 4+ na (V). (2.1.88)

Inni () = —@
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For the case of n — oo, from Eq. (2.1.85), we learn that

1 h
lim —1 & (2.1.89)

n—oo n T

Equations (2.1.87)—(2.1.89) form a closed set of equations for the thermodynamic
quantity .
Substituting Eq. (2.1.61) into Eq. (2.1.73) and using Eq. (2.1.75), we obtain

S 0
f=-T Z/ a, (M) In[1 + n;l(k)]dk. (2.1.90)
n=17 "
From (2.1.85), we know that

R 1 . >
GIn(1+n (V) = 765?@) + > [mlIn(l + n,,' (). (2.1.91)

m=1

Putting A = 0 in the above equation we have
0 0
> / am () In[1 + n,," (W)]1dx
m=1""°

2In2— 5 [
=_7T—+/ PG+ mGINdA. (2192
—o0

Substituting (2.1.92) into (2.1.90), we finally get the expression for the free energy

[e.0]

F/N = eq — T/ g (M) In[1 + 71 (L)]dA. (2.1.93)

We remark that though initially the string hypothesis is used, the final formula for
the free energy is only related to the real root distribution.

Generally, the thermodynamic BAEs cannot be solved exactly. Below, let us con-
sider the low energy limit 7 — 0 and &~ — 0. Because (1) > 0, the driving
term of Eq.(2.1.88) tends to —oo and n;(A) — 0. This indicates that pf()») =0
at zero temperature, which coincides with the density configuration of the ground
state previously derived. In this case, all the 1, (1) become constants and the integral
Eqgs. (2.1.87)—(2.1.89) are reduced to

me =+ )0+, n> 1 (2.1.94)
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The general solution of the above equations is [31]

2

bz — b—l —n
fy = (%) —1, (2.1.95)

where b and z are determined by n; = Oand (2.1.89),i.e.,.b =1,z = e%. Therefore,
the solution of thermodynamic BAEs in the limit 7 — 0 is

sinh? 24
M = ——2L — 1. (2.1.96)

w2 h
sinh” 57
In the case of h = 0, we have n,(h = 0) = n®—1. Putting n, = exp[—e&,/T], then
g1 ~ T°. Comparing the 7~! terms of Eq.(2.1.85) we have

o0
e1(n) = —&)() —/ a(r — per(ud . (2.1.97)
—00
From Egs. (2.1.50) and (2.1.97), we obtain that €1 (}) is the dressed energy &(A).
Since the quasi momentum is p(X) = 27w Z(A), under the Fermi liquid framework
[40] we define the density of states as

Pg )

N = sk

! {d” W) _ (2.1.98)

7 lde(n)|

In the ground state, the density of states reads N(A) = 72| coth(7r1)| and at the
Fermi surface it is N(00) = 7 2. Up to leading order, the density of free energy
reads

f= —T/oo NG)In [1 +e‘w]ds(k)

T2 [ 1
A ——/ In(1 + e Mhdx = =12 (2.1.99)
72 ) s 6

2.2 The Open Heisenberg Spin Chain

2.2.1 The Algebraic Bethe Ansatz

The algebraic Bethe Ansatz for open integrable models can be performed through the
combination of YBE and RE. As an example, let us consider the isotropic Heisenberg
spin chain with two boundary magnetic fields, a model first exactly solved by Alcaraz
et al. via coordinate Bethe Ansatz [41]. The model Hamiltonian is
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N—-1
H= o0 0j1+hiof +hyoy, 2.2.1)
j=1

where /1 and & are the boundary fields.
For the open boundary models, rather than the one-row monodromy matrix, we
need to introduce the double-row monodromy matrix

Uo(u) = To(w) Ky () To(w), (2.2.2)
where K; (u) is the solution of RE and
To(w) = (1 —uH)N Ty ' (—u) = Rio(u) - Ry 0(u). (2.2.3)
Here, the R-matrix is defined by (1.5.2) and RE reads

Rip2(u —v)K[ (WR21(w +v)K, (v)
=Ky MR12+ VK| )Ry 1 (1 —v). (2.2.4)

It can be demonstrated that %/ (u) also satisfies the RE

Ri2(u = )2 ()R 2w + V)W (v)
= Ri2(u =TI Ky T ()R 2+ vV)T2() K5 () T2(v)
= Ri2(u =TI Ky )W) Ry 2 +WTi () Ky (W) To(v)
= Ri2(u =W WMWK @R 2 +WTi () Ky W)
= T Ti W R1 2 — VK] @R 2+ v)Ky 0T () T2 (v)
=TT Ky VR 2+ v)K] @Ry 2 — )Ty ) To(v)
= T ("Ky; WTi )R 20+ v)K; @) T2\ Ty )Ry 2(u — v)
= T (VK5 W T W) R1 2 + (WK @) T1 () Riz(u — v)
=T(WK; WM R+ T @)Ky @) T (@) Ry 2(u — v)
=UO)R12(u +vV)Z W)R12(u —v). (2.2.5)

Note that the following relations are used in deriving the above relation:

Rip(u— T D) = LTI @) R — v), (2.2.6)
Rié(" -v) = le,z(—u +v), (2.2.7)
Ti()R12(u +WTr(v) = To(V)Ry2(u 4+ )Ty (). (2.2.8)

The transfer matrix of the model with open boundary conditions is constructed
by the double-row monodromy matrix as


http://dx.doi.org/10.1007/978-3-662-46756-5_1
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t(u) = tro {K§ ()% W)}, (22.9)

where KJ (u) is a solution of the dual RE (1.2.16) which now reads as follows due
to .Z = id (see (1.5.10))

Rio(v—u) K{ (u) Ry (—u —v —2) K5 (v)
=K WRip(—u—v—2)K{ (u) Ro1 (v —u). (2.2.10)

With the help of (2.2.5) and the properties (1.5.4)—(1.5.10), we can derive that

1) t(v) = tri {K{ )2 w)} tra {KF D 2(0)}
=t {Kff“ W% (u)} tr {K3 0)2(0)}
=2 K" @02 w0 K 0)%0)]

2 K" Wk 0 2w |

12 {K+t1 WKW R 0+ w RS v+ uw) 2 (”)%Z(V)}
e

IKF K @RS 0+ 0] [RE 0+ 02 2]

ri2 (K ORET 0+ 0K @12 @) R 04+ 0201

12 {[K*(v)R“ T 0K @R~ v Ri2G= )]
x [% @) R (v 4+ w) %01}

= tr12 {IKF ORETM 0+ K @RT 3 = )]

X [Ri2(u — V)2 W) R 1 (v + w) % ()]}
@29, {[K+(v)R” T 0K @R L — )]

X[ W) R 2(u + v)W (u) Ry 1 (—v 4+ w)]}
CET i (R v WK @RE W K )

X[ )Ry 2 + )% () Ry 1 (v + )]}

= 2 Ryl (—v+ ) (K @RE; 2w+ K 0)

X U (V)Ri 2 + )2 )] Ry (—v + )}
= tr12 {KF @RE 2@+ 0K W20 Ry 2w+ 02 )]
= 12 {[KF @RE @+ 0K 1 [20)R 120+ 0% )" |

= 12 {[KF @K OIRES 0+ )] [RE 4+ )22 0) 2 )


http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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= 2 {IKF K 0) %02 )
= 2 {[K 02 01 K 020
=tr {KS W%} tri {Kf 2w} =tv)tw). (2.2.11)

Therefore, the transfer matrices with different spectral parameters are mutually
commutative,

[t(u), t(n)]=0. (2.2.12)

The general solutions of Koi(u) were given in [42-45]. Here we choose the
diagonal ones

Ky ) =p+uof, KW =q+ u+ o, (2.2.13)

which allow us to perform the algebraic Bethe Ansatz, where p and ¢ are two
boundary parameters. Taking the derivative of the logarithm of the transfer matrix,
we obtain

N—1
=2pK(0) +4pq D Pj 11 +2q0f. (2.2.14)
j=1

3t (1)
ou u=0

Therefore, the Hamiltonian (2.2.1) can be constructed by the transfer matrix as

1 at(w)
"~ 2pq du

_ N, (2.2.15)
u=0

with the boundary parameters p and g determined by 41 and Ay as
p=—, q=—. (2.2.16)

Denote the double-row monodromy matrix as

of (u) %’(u))

U (u) = (%(u) 260 (2.2.17)

By using RE (2.2.5), we can derive the following useful commutation relations:

[Bw), Z(W)] =€), ()] =0, (2.2.18)
_wtvu—v-1 u+v
A () BW) = RSy 1)%’(\})%(14) + S YR 1)%’(14)42%(\/)
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Cw—v+Du+v+2) WAy

7AW = vy 2O T T a2 W7
w—-v+2

T U—nutv+ 1)%(v)%(u)+ IS 1)%@:)%@). (2.2.20)

For convenience, let us introduce
@(u) =Qu+ )P ) — o (u). (2.2.21)
The transfer matrix thus reads

tw) =(@4+u+1)Fd W)+ (@q—u—1D2Dw)
- q_”_lé(u)+(q_”_l +q~|—u+1)42/(u), (2.2.22)

2u+1 2u + 1
and
— _(u—v+1)(u+v+2) S 2+ 1) —
TBO) = = vy 2W70 - GG ) 2w
4(u + 1)v
I Du v+ D) Bu)d (v), (2.2.23)
v —-v-1) B 1 _
() ABWv) = Y l)ﬁ(v),;z{(u) T Y 1)%’@1)@(1/)
2v Bu) o v). (2.2.24)

T u— vt D

Let us introduce further the notations

By = By) - B(Am),
Bl = BOY) - BOG)BWBNj41) - BOa).  (2.2.25)

By using the commutation relations (2.2.23) and (2.2.24), we can prove that

M

g By =[]

Jj=1

A+ A=) — 1)

(u—2xj)(u+xr;+ 1)%”%(“)

1 L= DO+ M +2)
(2 + D@+ 1) = A + A+ D)

M FR—
By D))

j=1
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Bl AN, (2.2.26)

d 2y MGG == 1)
+Z (u—X;

S W@+ O ma,ﬂ )

M
o o u+2rj+2)w—-2;+1)
D) By = *%)M@(”)j[[l (u+Arj+Du—21))

_% 2u+1) (/\j—/\1+1)(xj+/\l+2)%j§u_)
Sw=2)@hy+ s G =Gy A+ M
40+ 1) M+ A — -,

LA (h). (2227)

+

™M= T

Gty + D@+ 1) LGy =206y +)»z+1) P

J

Proof Obviously, Eq.(2.2.26) is satisfied for M = 1. Suppose it is also satisfied for
an arbitrary M. We have

%(M)%MH = W) By Brps1)

oy A=A =)
H TR +*. H)JMM(u)%(AMm

MGy =+ DO+ +2)

M
;(u—f—k +1)(2A +1) i Qj=A)Rj+a+1

BT 0BG 1)

~.

()»'-f-)»])()»j—)»]—l)

M
+§1(u—k)(2k +1) ( Qi +ra+D)

B A 0N BOM1). (2.2.28)

~.

The first term can be calculated as

M+1

U+ r)w—2—1)
P19/ () ]1;[1 (= 2y +hj + 1)

M
(u + )»j)(u - )‘j —1) 2AM41 .
By (M
1:[1 (u—)»j)(u—f-)»j-‘rl) (u—AM+1)(2AM+1+1) M+1 ( M+1)

(2.2.29)

_ﬁ U+A)w—hrj—1) By 1 DO 1)
P u—=2p)u+2r;j+1) —Aygpr + DQRApg1 +1)°
The second term can be calculated as
M

=S 1 ﬁ(xj—xl+1)(xj+xl+2)
— -+ + D21+ 1D 14 Aj =2+ 2 +1)
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Ai —A DL + A 2 o
[( o 0TI D g Go)
A = Am+D G + Ay + 1)
20+ : _
- B B)D (M
= AmeD) @iy + DM )L Cm+1)

+
A+ A1+ DRy + 1)

B, B jw(xMH)] . (2.2.30)

The third term can be calculated as

M M

S 20 H(Aj+kz)(kj—/\z—l)
w—ap)Qrj+ 1) Gy =R+ +1)

[(/\j + A1) — Apg1 — 1)%,]'

O = A4 j + Ay + 1) MH
1

SO+ + DA + 1)

n 2h M1
A — A+ CApy1 + 1)

j=1

o (A)

B BOND Oom1)

B, B j)ﬂ(xM+1)] . (2.2.31)

Comparing the coefficients of the terms including .7 (1), <7 (% ;), D(r i) (Apg1),
@()\ M+1) and using the properties

Byt = Bw) By, (2.2.32)
PBumr1 = BOAms1)Bu, (2.2.33)
we arrive at Eq.(2.2.26). Equation (2.2.27) can be proven similarly. O

With the crossing property (1.5.6), we obtain the duality relation between T ()
and T (u)

o [To(u))00] = o [Ro,1 () - - - Ro n ()]0
= 0 Ry 5 )og oy Ry 1 )ag +- - 0y R (w)og
= (DN Ron(—u — )Ry y—1 (=t — 1) -~ Ro 1 (—u — 1)
= (=DNTy(—u —1). (2.2.34)

Thus the matrix elements of f(u) can be expressed by those of 7' («) with a different
spectral parameter

Dzu—1) —B(-u- 1)) . (2.2.35)

~ _ N
To(u) = (=1) (_c(_u —1) A(—u—1)

The double-row monodromy matrix is thus factorized as


http://dx.doi.org/10.1007/978-3-662-46756-5_1
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o (u) %B(u) — (=N A(u) B(u)
Cw) 2w) ) C(u) D(u)

p+u 0 D(—u—1) —B(—u—1)
X( 0 P—u)(—C(—u_l) A(—u—l))' (2.2.36)

With the help of Eq. (2.1.8), we obtain

o W)]0) = (p + u)(u + 1*N|0),

Z)|0) =2(p —u — Hu*N*1)0),

€ w)|0) = 0. (2.2.37)
Therefore, |0) is an eigenstate of .27 (1) and g(u). A(u) can be used as the generating

operator for the eigenstates.
Assume that the eigenstates of the transfer matrix take the following form

M
| A1s - d) = [ 200)10). (2.2.38)
j=1
The transfer matrix applied on the state (2.2.38) gives

tw) | A, ..., Apm) = AW) | A, ..oy Ay)

M
+ DA BG) - BOG)BWBGj41) - Bl |0). (2239)
j=1

where A(u) is the eigenvalue term
Aw = (L= vt
)= ——— u
wmt1 1

(u+rj)u—»xr;—1)
(u—rpu+2xr;+1)

M
x(p+w+D*N]
j=1

+2

’

M
q—u—l(p_u_l)uzN_HH(u—Aj+1)(u+Aj+2)
2u+1 N VRS YR

(2.2.40)

and the unwanted coefficients A j(u) read

Aj(u) =

A+ 1)(q +2)(p +A)A; (A'+1)2N1A—4[()»j+?»1)(kj—ll—l)
(u—2r)m+Ar;+1)@2r;+1) J l#j()\j—)q)()»j—i-k;—l-l)
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CAu+ D@ =2 =Dp-2; =D 2N+1H
w—A)w+r+D2x;+1) 7/

(A —kl-i- DM +2+2)
=) +A+1)

Putting A (u) = 0, we obtain the BAEs

() + @)%+ p) (1 1)”
Aj+1—=q)j+1-p)
M
1 R0 =M= oy 24
ey O =M+ DO+ 2 +2)

Aj

Similarly, the selection rules A; # A; and A; # —A; — 1 are required as those for
the periodic boundary case discussed in Sect.2.1.2.

Assume that Aj =iu; — % Equation (2.2.41) can be rewritten as

- . i\2N M . .
(wj =i (i —ip) (i =5 :H(Mj—m—l)(uj+m—l)
(Wj +iq@) (i +ip) \ pj+ & ey (i =+ D+ +1)

(2.2.42)
% q=9q— % and j = 1,..., M. The eigenvalue of the Hamiltonian is

1 0A()
2pq ou

—N

u=0

1 1
Z_Z 5 +N—1+—+—. (2.2.43)
]1u1+4 P q

Note that the unwanted terms can also be expressed as

@A+
Aj(u) = G 0@+, + D0 + 1)I'CSA(M)|,4=)LI., (2.2.44)

which indicates that Baxter’s T — Q relation (1.4.1) also holds for this model with

a@) ==+ p)(u+q)u+ 12N,

du) =

U 1) + Du2N
u — u — u
P q ,

M
Q) = [ [ —2rp+2;+1).

(2.2.45)
j=1
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2.2.2 Surface Energy and Boundary Bound States

Both the boundary fields and the open boundary itself contribute finite values to
physical quantities such as the ground state energy and the free energy. The surface
energy is a typical quantity to describe the boundary effects. It was first studied by
Gaudin [46] and subsequently studied by a number of authors [41, 47-54].

Let us consider the case of p, g > 0. In the ground state, all the Bethe roots
should take real values. By taking the logarithm of Eq.(2.2.42), we obtain

0251 ;) + 02 (1) +2N0O1 (1)

M
=271+ D [02(ij — ) + 02(j + p)] — 01(pj),  (2.2.46)
=1

where the ,,-functions are defined below (2.1.34) and /; are integers. Similar to the
periodic case, we define

1 1
Z(u) = 7 {91(’4) + ﬁ[ezga(u) + 025 () + 01 (u)

M
= D> (02w — 1) + O2(u + Mz))]} : (2.2.47)

=1

It is obvious that Z(w ;) = I;/(2N). In the thermodynamic limit, the density distri-
butions are determined by

dZ
pu) + p'(u) = di“). (2.2.48)

Taking the derivative of Z(u), we obtain

1
pu) = ai(u) + N [a2j(u) + azg (u) + ar(u) — 8(u)]

—/OO a(u —v)p(w)dv, (2.2.49)

—00

where we put ot (u) = ﬁ(S (u). The existence of § (1) in the above equation is due to
the hole at /; = 0, which is a solution of the BAEs but leaves a zero wave function.
The density deviation from that of the periodic case satisfies

1
Sp(u) = N [a25(u) + azg(u) + ar(u) — 8(u)]

—/ ax(u —v)sp(v)dv. (2.2.50)

—00
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With the help of Fourier transformation, we obtain

| e—Plol 4 e=dlol 4 o='% _

8p = — 2.2.51
p(w) N = ( )
The surface energy can be calculated as
o0
ep=hi+hy—1-— 47TN/ ay(u)sp(u)du
o;OO
=h+hy—1- 2N/ a1 (w)sp(w)dw
—0o0
00 ,—pw —qw - _ ,—%
=h1+hN—1—2/ el He e e e
0 1 4+e @
00 g TH 4 ¢TIy
—h+hy—14+7—2In2— 2/ € te N e (2252
0 1—|—€_w
Note that
o 1
N/ Sp(m)du = N5p(0) = X (2.2.53)
—00

indicating that there is a boundary spin in the system. In fact, this boundary spin is
carried by a boundary hole at A" — oo. If we replace p’ (1) with

1

h h
o [5(u)+3(u—,\ )+ 8+ A )], (2.2.54)

Pl ) =
we obtain that N ffooo Sp(u)du = 0. This boundary hole carries zero energy and
corresponds to the Majorana modes at the two boundaries [55].

For p < 0, an imaginary mode w; = ip may exist. This mode contributes a
negative bare energy for —% < p < 0 and a positive bare energy for p < -1
indicating that the bound state is only stable in the former case.

In addition to the above solutions, the following boundary string

py =ip+il, l=-n,....0,....m, (2.2.55)

may exist, wheren > p > 0 orm > —p > 0 is needed to preserve the equality of
the BAEs. The bare energy of this boundary string reads

=271 [a2(m4p) (0) + @2(—p+1)(0)] .

The deviation of p(u) implied by the boundary string satisfies
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Sp(u) = —[218p () — 7 [
+a2m+p) () + A2(a41—p) () + a20—j) ()] . (2.2.56)

arm+1+p) (W)

With the help of Fourier transformation we have
8p(w) = —% [e*mﬂ?)'w‘ + e*<"*ﬁ>'w‘] : (2.2.57)

Therefore, the contribution of the boundary string to the energy is

o0
Ehsz/ [e—(mﬂ?)\wl+e—(n—ﬁ)|w\]e—%\wldw
—0Q

=271 [a2n4p) (0) + @2(0—p+1)(0)]
=0. (2.2.58)

The effect of the boundary string is similar to that of the bulk strings, i.e., contributing
nothing to the energy.

2.3 Nested Algebraic Bethe Ansatz for SU (n)-Invariant
Spin Chain

The integrability of the multi-component models was first studied by Sutherland [56]
on the basis of Yang’s work [57]. Subsequently, Sutherland realized that the corre-
sponding SU (n) spin chain is also exactly solvable [58]. In this section, we introduce
the nested algebraic Bethe Ansatz method with the SU (n)-invariant quantum spin
chain as an example.

The model Hamiltonian reads

N
H=>"Pjji. (2.3.1)

where the permutation operator is defined in the tensor space of n-dimensional linear
spaces

Pjjt1= Z EFETL, (23.2)
w,v=1
andpu,v=1,...,n E ;‘ " is the Weyl matrix (or the Hubbard operator)

EMY = | ) {(v]. (2.3.3)
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The R-matrix of the system is

Ri’j(u) =oa(u) + ,B(M)P,',j, 2.34)

where
)= —— Bu)y=—" (23.5)
oeu—u_H?, u_u—i—n. 3.

One can easily check that the above R-matrix satisfies YBE.
The monodromy matrix of the system is constructed by the R-matrices as

To(u) = Ro,n(u)Ro,n—1(u) - - - Ro,1(u). (2.3.6)
We can easily deduce the following Yang-Baxter relation:
Rio=wITw) @ TW] = [T ®Tw]R2u—v), (2.3.7)
where R is the braided R-matrix with the definition
Ri2) = PiaRi o). (23.8)
The braided R-matrices satisfy the braided YBE
Ria =R 3R 200) = RosMR12 Rz —v).  (23.9)
We write out the explicit form of the monodromy matrix in the auxiliary space:

A -+ Aypa(m)  Bi(u)

T(u) = (2.3.10)

Ap_1a) -+ Ayt p—1(u) By_1(u)
Ciuw) - Cha(w) D(u)

The transfer matrix of the system is the trace of the monodromy matrix in the auxiliary
space

t(w) =troTo(u) = A1,1(u) + Az 2(u) + -+ D(u). (2.3.11)

From the Yang-Baxter relation (2.3.7) one can easily check that the transfer matrices
with different spectral parameters are mutually commutative,

[t(u), t(»)] =0. (2.3.12)

Thus the system is integrable and the Hamiltonian (2.3.1) can be derived from the
transfer matrix ¢ (1) as
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dlnz(u)
ou u=0

=1 +N. (2.3.13)

From (2.3.7), we can derive the useful commutation relations:

B —u)
Dwu)Cp,(A) = ——Cp, (M) D(u) — ——C, D), 2.3.14
(u)Cp, (1) w1 b (M) D(u) w1 b () D(R) ( )
RO =158
Apy b, W) Cpy(A) = VR Cis (M) Ap, by (1)
Blu—2)
———C A A), 2.3.15
w7 by () Apy by (1) ( )
Cp, ) Cpy (M) = RV (u — W20, ) Ce, (), (2.3.16)
where all the subscripts and superscripts take values of 1, ..., n — 1, repeated indices
mean summation and
n—1 n—1
RVwy = D BWEM @ EP” + > a@E!"” @ EP"
by,by=1 b1,br=1
= Bu) + a(u)P[f?, (2.3.17)

where Pif ;) is the permutation operator defined in the SU (n — 1) algebra. The RM (u)
is the braided R-matrix of the SU (n — 1)-invariant spin chain.

To construct the eigenstate, we choose the local vacuum as [0) ; = (0,0, ..., 1),
where ¢ means transposition. The global vacuum state is the direct product of the
local vacuum, |0) = ®§.V:1 |0) ;. Obviously,

a(u) 0 0
0 o(u) 0
Ro,j(u)|0); = e s 0 |10 (2.3.18)
BWE;" BWET" 1
The above relation allows us to arrive at
ozN(u) 0 o 0
N e
rwio=| 7« o, 23.19)
Ci(u)y Crw) --- 1

Suppose that the Bethe states take the form:

ar;-ai

MY AR = Co 04D - oy GU)I0)F , (2.3.20)
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where F lu 17 s a function of the Bethe roots ' and L; is the number of the first
set of Bethe roots. Applying the transfer matrix to the Bethe state (2.3.20) and using
the commutation relations (2.3.14)—(2.3.16) repeatedly, we readily have

1 1
@) Cay M) -+ Cap G101
Ly Ly
I ) o )
=1oaVwA (M)H—a(u—k(l))+Ha(k(1)—u) AL AL R
Jj=1 J Jj=1 J

Ly ﬁ(l/l _ )\’51)) Ly

el

N 3 Dy, (1) 5 (1)

Ny W)
1 1 1

Dot =25 Sy a0 =D !

Ly

1 (1 (1)
~ Il —5—5 1t 2w e, (2.3.21)
o _ LM jor A
k=1, @y =250

where A (u) is the eigenvalue of the next transfer matrix (! (i) defined below and

a,-ai

1 1 1 1
w8y = G 08 ) G0 Cay G 100 T

indicates the unwanted terms. If the Bethe state is an eigenstate of the transfer matrix,
the unwanted terms must be canceled. This leads to the first set of BAEs:

1 1
Iy N

[1

1
iy 20 =25 a¥ a5
i=1,2,..., L. (2.3.22)

bi-by, aL,-ai
ai--ar, Fl >

by
1 _ (DD
=)

The corresponding eigenvalue of the transfer matrix thus reads

Ly

1
Aw) = [ ——————a¥w) AV ) +
}:[1 o(u — )\E']))

Ly 1
_. (2.3.23)
[l a0 -

J=LTAE) u)

We note that the first set of BAESs is in fact a new eigenvalue problem.
Let us define the nested monodromy matrix as

1 1 1 1 1 1 1
7P ) = R(g,gl (u — )L(Ll))R(()ll_l(u M e Rg,;w -y, 2329

1

where R((JI; (u) = Pé]j) Ié(()l; (1). Then the nested transfer matrix P (u) is

1 D) = tro TP ). (2.3.25)
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It can be checked that the following Yang-Baxter relation holds
RN =TV @ TV =TV 0 & TV IR (1 —v). (2.3.26)

Note that now some inhomogeneous parameters {. . . , k(.l), ...} enter the nested mon-
odromy matrix and the nested transfer matrix. The above process reduces the eigen-

value problem to the SU (n — 1) level. Repeating the process, we obtain

Lrtt
1
(r) _ (r) (r+1)
APw) =[] Wl—[a(u AN ATED ()

j=1 =1
Lyt1 1

N I O Y e (2.3.27)
jl:[l a(}\;rJrl) —u)

with the boundary condition A () = 1, where L, is the number of the rth set of
Bethe roots. The BAEs are given by

L o) = 30
J k;ﬁj ()\‘(r) )\5”)) aN(AF/r))

j=1...,L,, r=1,...,n—1 (2.3.28)

Substituting Eq. (2.3.27) into the above equation we readily have

Lo 50 500 Ley 500 =) Ly 5 () 0D

Pl 0 2 =4 A At -

H,\m A 41 =11 A<r> NGO I1 jkm mk<r+1> :

T S 2 o s R .
j=1,...,L,, r=1,2,...,n—1. (2.3.29)

For convenience, we put )»(r) — /,L;r) r/2. The BAEs are thus transformed to

more symmetrlc form

i L,_ 1 i L, +1 i
L, M;V) M]((r) B 1 (r) Ml(r )_tj +1 MY) /1«;(77 ) %
H r) (r) H (r) (r=1) 4 i H (r) (r+1) + i’
k#j M M K = Iy 2 m=1H; = Hm 2
j=1,...,L;, r:1,2,..., — 1. (2.3.30)

Note that Lo = N, Ly = 0and A;O) = 0 are assumed. The eigenvalue of the transfer
matrix is

n—1 L, Lrt |

aw = 3 [] -
J

()
r=1j= 1“(”_)‘,' ) =1 @

_u)
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L

+11 - (2.3.31)

1
=1 a()»; ) _ u)

which allows us to derive the eigenvalue of the Hamiltonian in terms of the Bethe
roots:

d0ln A(u)

1 1
E(Mﬁ),...,M(LI))= o

1
=-> —r N. (23.32)

The physical properties including the ground state energy, the elementary excita-

tions and the thermodynamics of this model can also be derived by a similar process

for the spin-% model. For these topics we direct the readers’ attention to some excel-

lent reviews [59-62]. Finally, we note that for the SU (n)-invariant quantum spin
chain (2.3.1), the nested T — Q relation can also be constructed. Details will be
given in Chap.7.

2.4 Quantum Determinant, Projectors and Fusion

An important quantity throughout this book is the quantum determinant, which is
related to the inverse monodromy matrix. To show how the quantum determinant
is defined, let us first check the inverse R-matrix for the X XX spin-% chain. The
crossing relation (1.5.6) indicates that

Ro,j(—u) = —oq Ry ;(u = n)og . (2.4.1)
The unitary relation (1.5.5) indicates that

Ry ) = ¢~ Woy Ry ;(u — m)oy - (2.4.2)
This allows us to define the inverse monodromy matrix

Ty ' (u) = [Rov () -+~ Ro 1 ()]~ = Ry () -+ Ry (u)
=a~'wd ™ (= moy R (u—n) - Ry (u — n)og

= a ' wyd ™ (u — o Ty (u — n)ay, (2.4.3)

where a(u) and d(u) are two R-matrix dependent functions given in (2.1.17) for the
R-matrix (1.5.2). The quantum determinant is thus defined as

Det,{T (u)} = To(u)oy Ty’ (u — n)og = au)d(u — ). (2.4.4)
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Since

: D(u — —B(u —
o) T (u — oy = (_ c(l(lu _”;) K (l(l“_ n’;)) , (2.4.5)

we have

Detg{T(u)} = Aw)D@w —n) — B@)Cu —1n)
=Dw)A(u—n) —Cu)B(u —n). (2.4.6)

In addition, the following operator identities also hold:

A)Bw —n) = Bu)Aw —n), Cw)Dw —n)=Dw)C(u—n),
D(u —mBu) = Bu—nDw), A —nC)=Cu—nA). (24.7)
The exact definition of the quantum determinant is given by the fusion proce-
dure [7, 63-66]. Given a tensor space V ® V spanned by an orthonormal basis

{IPja)lj, @ =0,1,...}, aone-dimensional projection operator, which projects all
vectors onto a one-dimensional subspace VU9 g defined as

PLY = 1@.0)(@al. (2.4.8)
which possesses the properties
PSP = 851808 P57 (2.4.9)

Since all operators defined in the tensor space can be expressed as linear combinations
of |@; o) (Py, gl, for a given operator Ay (u), the following relation holds:

Pl(jza)A (“)P(] ¥ =BG (M)Pl(,]ja), (2.4.10)
with A(; «)(u) being a scalar function.

For any R-matrix possessing the properties (1.5.4)—(1.5.9), we define the quantum
determinant of the one-row monodromy matrices as

Det, (T (0} = tr1,2 { P Tiw = o P (7}

Det, {7 (u)} = tr1. {Pfj Fr(u — n)fz(u)Pffz)} . 2.4.11)

Since trq, 2P 2 = 1 and P( 12 is a one-dimensional projector, Det, {7 (1)} must be
a scalar function. With YBE and the fusion condition (1.5.9) we have

P{3Rij(u = )Ry, j(u) = Ry j(u) Ry j(u — )P
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= PRy i(u— )Ry ()P = Det, {Ru)} P 2.4.12
=5, 1,](14 n) 2,](”) 12 = etq{ (u)} 1,29 (2.4.12)

with
Det, (R} = tr1.2 {P{5 Ry ju = )Rz )P} (2.4.13)

The above relation leads to

N
Det, (T (u)} = [ | Dety {(R(w)}. (2.4.14)
j=1

Accordingly, the quantum determinants of the reflection matrices, which are useful
to compute the quantum determinant of the double-row monodromy matrix, are
defined as

Det, (K~ (u)} = tr1. {P}?K{(u —DR12Qu — n)K;(u)} , (2.4.15)

Det, (K* ()} = 1715 {PI(E)K;F(M)RLZ(—2M — K — n)} . (24.16)

We note that the quantities Det, { K *(u)} and Dety {R(u)} can easily be derived

with the explicit expressions for the R-matrix, K -matrices and Pl(E). The quantum
determinant for high-rank R-matrices can be defined similarly with singlet projectors.
Details will be given in Chap. 7.

In fact, the quantum determinant is only a special case of fusion with a singlet
projector. The fusion procedure can be generalized to cases with high-dimensional
projectors in the associated algebras. For a given j, the states {|® o)l =1, ..., n;}
span an n j-dimensional subspace. The corresponding projection operator onto this
subspace is thus defined as

nj
P =>" P, (2.4.17)

a=1

which possesses the property
N .

PP =5;,pP. (2.4.18)
Given an R-matrix defined in the tensor space Vi ® V; (the dimensions of the
two vector spaces V1 and V, may be different), at some special point u = uy
(e.g., up = £nin (1.5.9)) the corresponding R-matrix becomes decorated projector,

namely,

Ri2(up) = P x y) = PRy 2 (uo), (2.4.19)
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where Pl(jz) is a projector with the same rank of Ry »(u¢) and yl(jz) is some non-

degenerate matrix. For some particular R-matrices, the corresponding value of uy),
Pl(Jz) and yl(Jz) will be seen in the following chapters. From YBE we obtain

Ro.n () Ry (1t + u0) Ry 2.(u0) = {3 Ry 2(100) Ry (u + 10) Ry, (1)
= P\ Ry )Ry w1 + o) Ry 2(u0).  (2.4.20)

Multiplying (2.4.20) by the inversion of yl(,jz) from the right side, we have

P\ Ry () Ry (u + 10) P = Ro () Ry (u + 1) PS. (2421
Similarly, we can derive
P T) Ty (u + uo) P = Ta(u)Ti (u + uo) Py (2.4.22)

The relations (2.4.19)—(2.4.22) are useful to construct operator product identities of
high-rank and high-spin integrable models. Details will be given in Chaps. 7-9.

2.5 Sklyanin’s Separation of Variables

According to Liouville’s theorem, a remarkable feature of classical integrable sys-
tems is that their variables are completely separable. Sklyanin realized that quan-
tum integrable models also possess such a feature and the separation of variables
of quantum integrable models can be performed in the framework of the algebraic
Bethe Ansatz [25-27]. We use a simple example, i.e., the periodic spin-% Heisenberg
chain to explain the main idea of the quantum SoV method.

2.5.1 SoV Basis

Let us start from the monodromy matrix like (1.5.11) denoted by

_ (A Bu)
T(u) = (C(u) D(M)). 2.5.1)

From the definition of the R-matrix we know that D(u) is an operator valued poly-
nomial of # with a degree N and can be expressed as

D) = u—d)u—dy)---(u—dy), (25.2)
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where {d;|j =1, ..., N} are certain u-independent operators. From the commuta-
tive property [D(u), D(v)] = 0 we readily have

[d;, d]=0, jl=1,...,N, (2.5.3)

which indicate that {d;|j = 1, ..., N} form a mutually commutative operator family
and have common eigenstates. These operators thus serve as the quantum counterpart
of action variables or the canonical momenta in the Liouville theory.

Given a common eigenstate |£2) of {d;|j =1, ..., N}, let us assume

d;|Q2)=d;|2), j=1,....N, (2.5.4)

where {d;|j =1, ..., N} are the corresponding eigenvalues. Let us also assume that

the operator D (u) is simple, i.e., there should be 2%V (which is equal to the dimension

of the Hilbert space) possible sets of {d;|j = 1, ..., N}. Such a condition can always

be realized with generic inhomogeneity included in the monodromy matrix, which

allows us to choose one set of them and assume that d; # d; # d; £ nfor j # L.
Obviously,

D)) =0, j=1,....N. (2.5.5)

This relation allows us to define other non-null eigenstates of D (i) such as

n
(dpys - dp,) =[] BUpIR), (2.5.6)
j=1

withp; e{l,...,N},pr<py<---<ppand0 <n < N and

n N
DWldp,.....dp)=[Jw—dp,+n [] @—addldy,.....dp,).
j=1 11 P
2.5.7)
With the inhomogeneous parameters {¢;|j = 1, ..., N}, a natural choice of the

initial state is |§2) = |0). In this case, d; = 0; and the eigenstates of D(u) read

n

0py 2 0p) =[] BO»)I0), n=0,--- N, (2.5.8)
j=1
n

Opro 2 Op,l = []OICOp). n=0.--- N. (2.5.9)

j=1
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Let us consider the quantity (0, ..., 0y, |[D@)|0p,, ..., 0p,). Acting D(u) to the
left and to the right alternatively, we readily have

n

Ogr- - Og0pr - 0p,) = FaOpro o 09 8w [ [ 8p;0;r  (2:5.10)
j=1

with

Sa@pys s 0p,) = Op1s . 0p,160p, ..., 0p,). (2.5.11)
The total number of states defined in (2.5.8) fromn = 0 ton = N is exactly 2N
by a simple counting. Therefore, the left eigenstates (2.5.9) and the right eigenstates

(2.5.8) are orthogonal and respectively form a left basis and a right basis of the Hilbert
space [67].

2.5.2 Functional Relations

Let (¥ | denote a left eigenstate of the transfer matrix ¢ (u) = A(u) + D(u) with the

eigenvalue A(u). In addition, we define the scalar product F, (uq, - -- , u,) as
n
Fo(ui,...,uy) = (¥| H Bu;)|0), n=0,...,N. (2.5.12)
j=1

Note the fact that B(6;) B(6; —n) = 0, which can be proven with a similar procedure
in Sect.2.1.2. With the help of the commutation relations (2.1.9)—(2.1.10) and by
computing the quantities

<w|t(6j - T’)|017 "'59}1)7 <lp|t(91)|915 "'79j - na "'79}1)’

we obtain

n

0; — 6 —n
AO; = Fa 01, ....0,) = _Hwa(ejm(...,ej —17,...),

1#j
(2.5.13)
n
0; — 0
AONFu(..o, 05 =1, ) = = [ | = ——d(6; =61, ..., 6n),
iy T
j=1,...,n, (2.5.14)

which readily give the functional relations (1.5.19), where a(u) = d(u + n) =
H;-Vzl (u — 6 +n). Provided that A(u) is parameterized by the homogeneous 7 — Q
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relation (1.5.22), the associated eigenstates are the usual Bethe states and the solution
of the above Egs. (2.5.13) and (2.5.14) can be given in terms of a certain determinant
such as (4.6.18). Detailed derivation of F,(6,,, ..., 0),) for antiperiodic and open
boundary conditions will be introduced in Chaps. 4 and 5 respectively. The derivation
of this quantity for the periodic boundary case can be found in [29, 67].

2.5.3 Operator Decompositions

From the definition of the monodromy matrix we know that B(«) and C (u) are oper-
ator valued polynomials of u with a degree N — 1. From the commutation relations
(2.1.8), we can see that the coefficients of B(u) [or C(u)] are mutually commutative.
Accordingly, we can make the following useful operator decompositions

B(u) = Z]‘[ B(b,o, Cw) = ZH

J=11#] j= 11#/

C(b ), (2.5.15)

where {b;|j =1, ..., N} are arbitrary complex numbers with b; # b; # b; £ 1.

The above operator decompositions are convenient to compute inner products and
scalar products. Puth; = 6;—nforj=1,...,nandb; =6 forj=n+1,...,N
We have

By =3 1% lfkej” H 91 T B )

=1 k;/:l k=
— O+ oy O — 6k

+ Z H [1 —B@O). @516
ot ket O Ot O B

With the above relation and the fact B(6;) B(6; — n) = 0, we readily obtain

n—1 N
6, — 6 + 0, —6
fu@r b = [[ 0 ]

o1 OO D O = O
X0, .., Op—1|C ) BEr — 01, ..., Ou—t). (2.5.17)

The expression (2.4.6) of the quantum determinant implies

n—1

Op — O +1
o000 = —a(Gi0; = [[ 255
N
6, — 6,
X H #fn—l(el,-..,en_l), (2.5.18)

k=n+1
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which directly gives the solution

n

n
0; — 6 +n
fn(el,...,@n):H[a(gj)dj(ej)nﬁ}, (2.5.19)
j=l1 k#j
with d;(0;) =7 Hlj\;léj ®; — 6.
The eigenstate (¥ | can be expressed as
Fu(6py,,...,0p,)
(W=D PRI Pl 0, (2.5.20)
(pi fn(epl’ ""91711)
[7/}
Similarly, the right eigenstate |¥) can be derived as
Fu(0p,,....60p,)
|@) PR Py 6),). (2.5.21)

53 Sa O Op,)

We remark that for each matrix element of a monodromy matrix satisfying the
Yang-Baxter relation or Sklyanin’s reflection relation, its eigenstates can be con-
structed in a similar way, as long as the elements with different spectral parameters
are mutually commutative. In such a sense, the SoV scheme gives a precise definition
of quantum integrability or Yang-Baxter integrability. As we shall show in Chaps.4
and 5, depending on the boundary conditions, either diagonal or off-diagonal ele-
ments of the monodromy matrices can be used to construct a convenient basis. The
key point is that the number of independent eigenstates must be the same as the
dimension of the Hilbert space. Obviously, the eigenstates of C(u) [or B(u)] for the
periodic spin chain can not form a complete basis.
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Chapter 3
The Periodic Anisotropic Spin-% Chains

Based on the pioneering work of Bethe [1] in which the coordinate Bethe Ansatz
method was invented and the exact solution of the spin-% Heisenberg chain model
was obtained [2], several authors continued the study of the physical properties of
this model. For example, Hulthén introduced the fundamental integral equations [3]
to derive the ground state energy in the large size limit, which is essential in the
development of the systematic Bethe Ansatz approaches. Nevertheless, it was not
until 1958 that the anisotropic spin-% chain model (XXZ case) was first solved by
Orbach [4] (see also [5, 6]) via the coordinate Bethe Ansatz. Subsequently, Yang and
Yang [7-9] revisited the XXZ model with quite a few new results. McCoy and Wu [10]
realized the intrinsic relationship between the XXZ spin chain and the classical six-
vertex model, which was studied extensively by Lieb [11-14] and Sutherland [15],
while Sutherland noted the relationship between the XYZ spin chain and the eight-
vertex model [16]. Baxter [17—-19] derived the Hamiltonian from the transfer matrix
of the classical two-dimensional vertex model and demonstrated its integrability
with the exact correspondence between the elements of the R-matrix of the quantum
spin-chain model and the Boltzmann weights of the classical vertex model. With this
observation, Baxter successfully diagonalized both the quantum XXZ model and the
XYZ model for an even number of sites. Since Baxter’s famous works on the eight-
vertex model [17, 20] and the quantum XY Z model [18, 19], many papers have been
devoted to this topic in the literature [21-36]. Especially, based on the R-matrices
obtained from the vertex models and the classical integrable systems, the algebraic
Bethe Ansatz method was developed. This allowed Faddeev and Takhatajan [37] to
apply the method to the anisotropic spin chain models, where Baxter’s local gauge
transformation was used to find a pseudo vacuum for the XYZ model with an even
number of sites. The physical properties including the ground state, the elementary
excitations, the thermodynamics and the correlation functions [38—40] have been
extensively studied by many authors. For these topics we direct the readers’ attention
to some well-written books [38, 41-44] and the references therein.
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This chapter introduces the application of ODBA in the anisotropic spin-chain
models with periodic boundary conditions. By constructing the operator product
identities and the asymptotic behavior of the transfer matrices, we re-derive the
known solutions of the periodic XXZ model and the XYZ model. A remarkable fact
is that ODBA greatly simplifies the derivation process for the XYZ model [45]. In
particular, the exact solution of the XYZ model with general coupling constants and
an odd number of sites, which had been a longstanding problem for over 40 years,
can be constructed via this method.

3.1 The XXZ Model

3.1.1 The Hamiltonian

The XXZ spm— chain describes N magnetic objectives coupled by anisotropic
Heisenberg exchanges between the nearest neighbor sites. The model Hamiltonian
reads

N
Z ofoty +olol, +cosnoiol ], (3.1.1)
j=l1

l\)lr—*

where 7 is the crossing parameter describing the anisotropy of the couplings. Here
the periodic boundary condition oy 41 = o7 is assumed. The associated R-matrix of
this model is

7.2

j"o)}

l(a oy —i—o 00) (3.1.2)

Ro,j(u) =

1 s1n(u+n) .z
EI: (1+U/00

which satisfies YBE. We define the inhomogeneous monodromy matrix 7p(x) and
the transfer matrix ¢ (1) as

To(w) = Ro.n(u —0y) -+ Ro1(u — 0y), 3.1.3)
t(u) = troTo(u), (3.1.4)

where 0; are the site-dependent inhomogeneous parameters. By the same procedure
used in Chap. 1, we can demonstrate that

[t(u), t(v)] =0. (3.1.5)
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With the help of the following properties of 7 (u):

1(0)lg;=0y = tro{Po,n - -+ Po,1} = PN -+ P12,

3 (u) al

= — tro{Pon -+ Po,j+1
du u=0.(6;=0) 251nan::'

x[eos (1 + 0§o?) + 1 —ogoi1Po 1 - Po,l} . (3.1.6)

the Hamiltonian (3.1.1) can be expressed as

0lnz(u)
ou

N
— —cos 1. (3.1.7)

u=0.{0;=0} 2

H = sinn

Therefore, the eigenvalues of the Hamiltonian can be observed from A (u), the eigen-
value of the transfer matrix

3 1n Au)
n——
u

N
— —cos 7. (3.1.8)
u=0,{6,=0}

E = sin

3.1.2 Operator Product Identities of the Transfer Matrix

We note that the R-matrix (3.1.2) possesses properties similar to (1.5.4)—(1.5.9):

Initial condition: Ry 2(0) = P 2, (3.1.9)
Unitarity: Ry 2(u) R,y (—u) = — S X DS gy 3 110)
sin“ n
&mmgmmmmRmm)z—qupw—nmﬁ (3.1.11)
PT-symmetry: Ry 2(u) = Ry,1(u) = RY' 22 (w), (3.1.12)
Zy-symmetry: of'o5 R 2(u) = Ri 2(w)ofoy, for « =x,y,z, (3.1.13)
Fusion condition: Ry 2(—1) = —2P, . (3.1.14)

With the same procedure [45, 46] we introduced in Chap. 1, let us apply the initial
condition of the R-matrix to express the transfer matrix 7(6;) as

t0;) =Rj j-10; —0;—1)--- R; 1(8; —61)
XRin@Oj —ON)---Rj j+10; —0j41). (3.1.15)
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The crossing relation (3.1.11) makes it possible to express the transfer matrix
t(@; —n) as

10 =1 = (=D R} j1(=6; +6j41) - Rjn(~6 +6)
XRj1(=0;+61)---Rj j_1(=0; +0;_1). (3.1.16)

Using the unitary relation (3.1.10), we have
1,)t0; —n) =a®;)d®; —n) = Dety {T(6))}, (3.1.17)
with

sin(u —6; +n)
sinn ’

=

a(u) = (3.1.18)

1

~.
I

sin(u — 0;)

du) = (3.1.19)

=

sin
1 ]

~.
I

The commutativity of the transfer matrices with different spectral parameters
implies that they have common eigenstates. Let us assume that |¥) is an eigenstate
of #(u), that does not depend upon u, with the eigenvalue A(u), i.e.,

tW)|W) = Aw)|W). (3.1.20)

The operator identity (3.1.17) implies that the corresponding eigenvalue A (u) satis-
fies the relation

AWB)AO; —n) =a®))dO; —n), j=1,...,N. (3.1.21)
Such functional relations were also derived in [47-52] via the separation of variables
method for some models related to the SU(2) algebra. We remark that using the

inhomogeneity parameters {6;} makes it convenient to get N independent relations
(3.1.21).

3.1.3 A(u) as a Trigonometric Polynomial

In order to determine the dependence of the function A(«) on the spectral parameter
u, let us introduce the following notation for the R-matrix

_(a;jw) bj)
Ro,j(u—0;) = (E;(u) &;(u))' (3.1.22)
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From the definition of the R-matrix we know that a (#) and d j () are two operator-
valued Laurent polynomials of x = e'*:

aj(u) = a;+)x + aj,_)x_l,
dju) =dPx +d7x7, (3.1.23)

with a;i) and d](.i) being some operator-valued coefficients, while b j(u) and ¢ (u)
being u-independent operators.

For convenience, let us denote the monodromy matrix 7 (u) spanned in the aux-
iliary space as

(A B
Tw = (C(u) D(u))'

With a simple recursive process we can demonstrate that

A(u) and D(u) are degree N Laurent polynomials in el

B(u) and C(u) are degree N — 1 Laurent polynomials in e, (3.1.24)

Obviously,

tu+m1)= (DNt ). (3.1.25)

This allows us to parameterize A(u) as

N
AQw) = Ag [ [ sin( — z)), (3.1.26)
j=1

with N + 1 unknowns Ag and {z;]j =1,..., N}.
Equation (3.1.21) readily gives N relations for the unknowns. To determine the
A(u) polynomial, we need one more condition. For this purpose, let us examine

further the asymptotic behavior of the elements of the monodromy matrix for x —
Fo00. As

= _ 0 in z z _leigj —in z z
aj(u)_4isinr/ e (1+aj)+1—aj _4isinr) e (1+0j)+1—0j ,
_ xe_ie./ ; x_leigf ;

. _ n _ z ) _ —in _ Z Z
d](u)_4isinn[e (1 aj)—i—]—l—crj] 2 siny [e (1 Gj)—i-l—i—aj],
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we have
lim AQu) = (2 sing)~NeNui X 0N =0
iu—+00
. . ~—N JeS
lim D(u) = (2i siny) NeNu—i X OHM (3.1.27)
iu—+00
where
| N
M= N=->07], (3.1.28)
j=1
is aconserved quantity with eigenvalues M = 0, 1, ..., N. Therefore, the asymptotic

behavior of A(u) reads

; N
lim A(u) = ; I[Nufijzleﬁ(N—M)n]
in—+00 (2i sin )N

, N 4.
+€l [Nu—z_,'=19_/+M’I:|] 4 (3129)

Together with Eq.(3.1.21), it is sufficient to determine A(u) completely.

3.1.4 Functional T — Q Relation and Bethe Ansatz Equations

Adopting the same procedure used in proving Theorem 1 in Chap. 1, we can demon-
strate that the eigenvalues of the transfer matrix can be parameterized in terms of the
T — Q relation

PN O(u+1)
Aw) = a(u) 0w +d(u) IO (3.1.30)
with
M
Ou) = ]_[ sin(u — 1), (3.1.31)
j=1

where M is an arbitrary non-negative integer. Note thatd(0;) = a(6; —n) = 0. The
above expression for A(u) satisfies Eq.(3.1.21) automatically for arbitrary polyno-
mial Q(u). The form of Q(u) is confined by the quasi-periodicity of Eq. (3.1.25) and
the asymptotic behavior of Eq.(3.1.29).
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In fact, A(u) must be a trigonometric polynomial of degree N. The residues at
the Bethe roots u ; in Eq. (3.1.30) must be zero. This regular property of A(u) leads
to the following BAEs:

a(puj) _ Qi+
d(uj) Ouj—mn’

=1,...., M. (3.1.32)

. . A’] 7’] A.] ]7 . .
For convenience, we put u; = i5 — 5 forreal n and u; = 5+ — 7 for imaginary

n = iy. In the homogeneous limit §; — 0, the BAESs are rewritten as

sinhV 11, +in) _ﬁ sinh $(A; — & + 2in)

N = ; , (3.1.33)
sinhV T(x; —in) i sinh 30 — Ay — 2in)
for real n and
sinV 1o +iy) :_ﬁsin%(xj—/\l+2iy) G134
sinV L(n; —iy) psin 30 — A = 2iy)
for imaginary n = iy.
The eigenvalue of the Hamiltonian (3.1.1) is thus parameterized as
M sin? 7 1
E({A;}) = — : + —cosn, (3.1.35)
JZZ; cosh? %’ —cos2d 2N
for real n and
M )
h 1
EGp=-> — ¥ | Ncoshy, (3.1.36)

27 _cos2 ki 2
j=1 cosh® 5 —cos”

for imaginary n. The BAEs and the eigenvalues are exactly the same as those derived
from the conventional Bethe Ansatz methods.

3.1.5 Ground States and Elementary Excitations

For real n, the system is in the gapless easy-plane region. The ground state is still
described by real Bethe roots filling the whole real axis. As for the X X X case, we
introduce

1 sin(nn)
AN)=———————— 3.1.37
n (%) 27 cosh A — cos(nn) ( )
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The Bethe root distribution in the ground state satisfies

]

a1 (1) = pg(3) + / a2 (1) pg (O — ). (3.1.38)

—0o0

Without losing generality, we consider the case n € (0, 7). Under Fourier trans-
formation it is easy to deduce that

(@) = / g, (Mo, = STROTO = 2T w) (3.1.39)
oo sinh (7 w)
Bo(w) = — @) ! (3.1.40)

1+ ax(w)  2cosh(qw)’

with 8, = 51 — [ 7 | denoting the fractional part of 7. The solution of Eq. (3.1.38)
is

(1) ! /OO —ihos (w)d ! (3.1.41)
= —_— e w D= P
P 27 J oo Pe 4y cosh(%)

The total magnetization is thus
N o0 N -
- - N/ pe(M)dr = — — Np,(0) =0, (3.1.42)
2 oo 2

indicating a spin singlet ground state for an even N (for an odd N there is a hole at
infinity and the ground state is doubly degenerate.). The density of the ground state
energy reads

o
1
eg = —2m sin n/ ay(M)pg(M)dA + 5 cosn

—0o0
1 °  sinh — 1
— sinn/ sinh@o =nw) o4 Leosy. (3143)
2 _oo Sinh(rw) cosh(nw) 2
The dressed energy function in this case reads
oo
e(A) =2msinna;(A) — / ar(n)e(A — pydu. (3.1.44)
—00
Using Fourier transformation, we obtain
T siny
e(h) = (3.1.45)

21 cosh (’;—2‘) .
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Obviously, the lowest energy is at A = F00. With the same procedure used in Chap. 2,
we can deduce that the energy of a spinon excitation can also be described by &(A")
for a hole at A",

For imaginary 7, the system is in the gapped easy-axis region. Without losing
generality, we assume y > 0. Similarly, let us introduce

1 sinh(ny)

D)= ——— 3.1.46
an (%) 27 cosh(ny) — cos A ( )
The Fourier transform of a, (1) is
1 [ . inh
an(w) = —/ ot SIN@Y) s vl (3.1.47)
27 ), cosh(ny) — cos A

Note that w takes values of integers. For the ground state, the Bethe roots still take
real values and fill the region (—, 7 ]. The density of Bethe roots in the ground state
satisfies

e

pe(h) = a1(h) — / @ (10)pg (L — pwydye. (3.1.48)

-7

Using Fourier transformation we have

1
D, = | 3.1.49
Pe(@) 2 cosh(yw) ( )
po(X) = 1 i e_“‘w; (3.1.50)
8 2r 2cosh(yw)’ o

The total magnetization in the ground state for an even N is still zero. Similarly, the
dressed energy in this case is given by

T

e(A) = 27 sinh ya; (1) — / a(h — e — wdu. (3.1.51)

-7
Using Fourier transformation, we obtain

e—lwk

o0
e(1) = sinh y Z S oosh@r)” (3.1.52)
w=—00

Because A; are confined in a finite region, the elementary excitations possess a
finite gap

A =2¢&(m) = sinh y Z =D”

=—00

o)’ (3.1.53)
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3.2 The XY Z Model

3.2.1 The Hamiltonian

The spin-% XYZ model has a variety of applications in statistical physics (associated
with the eight-vertex model), in condensed matter physics (one-dimensional mag-
netism) and in quantum information. The model with an even N (number of sites)
was solved by Baxter via the T — Q method and by Takhatajan and Faddeev via
the algebraic Bethe Ansatz method. In their approaches, a reference state plays an
important role. However, a proper reference state has been found only for an even N
but not for an odd N. Here we introduce the ODBA method to approach this model.
The model Hamiltonian we shall consider reads

N
1 ,
= D) Z(jxaf‘ffﬂ + J,VU}U;H + J.0507 ). (3.2.1)
i=1

For convenience, let us introduce the following elliptic functions for rational numbers
b1, by and generic complex number T with Im(t) > 0:

0 [Zﬂ (u,7) = _Z_: exp {in [(m + b))%t 4+ 2(m 4+ by)(u + bz)]}, (3.2.2)
3 9

o(u)==0 |:?i| w,7), ¢t(u) = ” {Ino ()} . (3.23)
2

These elliptic functions satisfy the following identities:

ou+x)ou—x)o(+yo@-—y) —o+y)o—yo+x)o@-—ux)
=ocw+v)ou—v)ox+yox—y), (3.2.4)
200+ oW+ How—1 1)

2u) = 325
o0 c(DoBHo—I- 1) ’ 023
1
9[?}(%209[%}(14,21)
o(u) _ 2 7 (3.2.6)
T i , 2.
o(3) 9[2}(%,20 0 [i} (5.21)
2

1 1 1
02 |@u20)=0]2 ] 20) x M, 327
M( : M( ey 327
0 0 ocu—Sow+i+%)
9[1](2u,21)=6|:l:|(0,2r)x it (3.2.8)
2 2 o(—5)o(5+3)
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The coupling constants are thus parameterized in terms of the above elliptic
functions as

an O+ 5 o+ 4T o(n+1
Jo=emZUtD e’””% =001 50
o(3) o(=5-) o(3

where the crossing parameter 7 is a generic complex number.
The R-matrix R(#) € End(V ® V) associated with the present model is given by

o (u) og(ut)

_ az(u) az(u)
R(u) = ) o) , (3.2.10)

a4 (u) a(u)

where the non-vanishing entries read [53]

|: ](u 2r)9[%}(u+n,2t)
o) = —, 22 : (3.2.11)
[ }(o 27) 6 [z}(n,%)
1 ()2
[i](u 21)9[1](144-17,21)
() = —2 5 == , (3.2.12)
[1](0 27) 6 [ﬂ(n,zr)
2 2
0 (1) (u,27) 0 (1) (u +1n,27)
a3(u) = '2'0 '2-0 , (3.2.13)
9[4(0,%)9[1}(;7&)
2 2
0 % (u,21) 6 % (u+n,21)
ay(u) = -7-0 I . (3.2.14)
e[l](o,zr)e[ :|(n,2t)
2 2

It can be easily checked that the R-matrix defined by (3.2.10) satisfies YBE and
possesses the following properties:

Initial condition : R;2(0) = P12, (3.2.15)
Unitary relation : Ry 2(u)Ra 1(—u) = —&(u) x id, (3.2.16)
o(wu—n)o(u—+n)
E) = i 1
o (no(n)

Crossing relation : Ry 2(u) =V R?’z(—u -mVi, V=-io?, (3.2.17)
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PT-symmetry : Ry (u) = Ry, 1(u) = t‘ fa 5 (u), (3.2.18)
Z>-symmetry : aliaéRl,z(u) = Rl,z(u)aloz, for i =x,y,z, (3.2.19)
Fusion condition : Ry (=) = —(1 — Pi2) = —2P,7,). (3.2.20)

The periodic boundary Hamiltonian (3.2.1) is thus given in terms of the transfer
matrix 7 (u) defined by (3.1.3)—(3.1.4) with the R-matrix (3.2.10) as

. a(n) | dlnt(u)
R0 du

1
- ENE(H)], (3.2.21)
u=0,{0,=0}

with ¢/ (0) = % o(u) |u:0 and the function ¢ (1) given by (3.2.3).

3.2.2 Operator Product Identities

With a procedure similar to that introduced for the X XX model, we find that the
following operator identities hold:

160,)1(0; —n) = a®))d®; —n) =Dety {TO)}, j=1,...,N, (32.22)

with

ﬁ ow—60;+n)

at) = o (n)

)

ou—6r)
dw)=aw—n = || ——. (3.2.23)
E o ()

The quasi-periodicity of the elliptic function o ()
oc(u+rt)= —e_zi”(“+%)a(u), ocu+1)=—0o), (3.2.24)

directly induces the quasi-periodic properties of the R-matrix:
Rip(u+ 1) = —0f Ry 2(u)of, (3.2.25)
Ria(u+71) = —e 273+ X Ry 5 ). (3.2.26)

With the above relations we can easily deduce that the transfer matrix # (1) possesses
the following quasi-periodic properties:

: ntt N .
tu+ 1) = (—1)Ne‘2”’{N”+N(%)‘Zf:‘ (’f}r(u), (3.2.27)

tw+1) =(—=DVr@w). (3.2.28)
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In addition, from the unitary relation (3.2.16) and the definition of the transfer matrix
we may derive the following operator identity [45]:

N N
[T:0)=]]a0) xid. (3.2.29)
j=1 j=1

The quasi-periodic properties (3.2.27) and (3.2.28), the relations (3.2.22) and
(3.2.29) constitute the sufficient conditions to determine the spectrum of 7 (u).

3.2.3 The Inhomogeneous T — Q Relation

Applying 7 (u) to an arbitrary eigenstate |¥), we can deduce that the corresponding
eigenvalue A(u) possesses relations similar to those of 7(u). From (3.2.27) and
(3.2.28) we can derive

Aw+1) = (=D A), (3.2.30)

~2mi{ NN (557 ) - XL "-f}A(u). (3.2.31)

Aw+1)=(—DVe

In addition, the analytic properties of the R-matrix indicate that
A(u) is an entire function of u. (3.2.32)
The above property together with the quasi-periodic properties (3.2.30)—(3.2.31)

implies that A(u), as a function of u, is an elliptic polynomial of degree N. Similarly,
(3.2.22) and (3.2.29) lead to

AOHAG; —n) =a@)d®; —n), j=1,....N, (3.2.33)
N N
[Ta®)=]]a0p. (3.2.34)
j=1 j=1

The Eqs. (3.2.30)—(3.2.34) provide sufficient conditions to determine the function
A(u) and allow us to construct the inhomogeneous 7' — Q relation

_ linhu+i¢ Q1(u—mn) —2intly (u+n)—i¢ Q>(u+1n)
A= a0 =0 @ T A= w
. o™ (u+ %) a(u)d(u)
o™ () Q1(u) Qa(u)

(3.2.35)
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where [ is an integer, ¢ and ¢ are two constants, and M and m are two non-negative
integers which satisfy the relation

N+m=2M. (3.2.36)
Note that m is even if N is even, while m is odd if N is odd. The functions Q1 (u)

and Q5 (u) are parameterized by 2M Bethe roots {itj|j = 1,..., M} and {v;|j =
1,..., M} as follows

ad o(u—puj) M o(u—vj)
01w =] T)J 0wy = [[ ——. (3.2.37)
j=1

One can easily check that A(u) given by (3.2.35) is a solution of Egs.(3.2.30)—
(3.2.33), provided that the 2M + 2 parameters satisfy the BAEs:

M
N
(E—M)n—z;(,uj—vj)ZhT +my, I, m €Z, (3.2.38)
J=
N M
My =0+ (uj+v)=my, meZ (3.2.39)

=1 j=1

¢ eimipj+him+i¢ zm (Mj + g)
a™(n)

Cef2irrlluj-7i¢>am (Vj 4 %)

a™(n)

a(puj) =—02(uj)Oa(u; +1n), (3.2.40)

dvj) = —=01(v;)01(v; —n). (3.2.41)

It should be noted that (3.2.40) and (3.2.41) are required by the analyticity of A(u)
while (3.2.38) and (3.2.39) are required by the quasi-periodicity of A(u).

In the homogeneous limit 6; — 0, the inhomogeneous T — Q relation is
reduced to

sintutig @ W An) Qi —n) e HTEAN=06N (4) s (u + )
o) Qau) o () Q1(u)

co™(u+3)  oNw+noNw
o™ Q1) Q2(u) oMol (n)

Alu) =e

(3.2.42)

Here the 2M + 2 parameters c, ¢, {1 ;} and {v;} satisfy the following BAEs

M

N

(E—M)n—zg(,uj—vj)zllt+m1, I, m € Z, (3.2.43)
=
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M
Mn+ > (j+v)=my meZ (3.2.44)
=1
PTG D40 (1 4 8) N gy )
- 3.2.45
) N Oo(uj)O2(j +m), ( )
Ce—Zinllv/-—iqbam (Vj + g) UN(VJ')
o () N =—-01(w;)Q1(v; —n). (3.2.46)

The resulting selection rule (3.2.34) becomes
M o(ui +n) 2irk
AO) = [T ZELEE — o k=1, N, (3.2.47)

The eigenvalue of the Hamiltonian (3.2.1) with periodic boundary conditions is
given by

i

_ o)
o’ (0)

1
Zg‘(vj)—{(Mj+n)]+§N§(77)+2inll . (3.2.48)
j=1

3.2.4 Even N Case

When N is an even number, it follows from the Eqs. (3.2.45) and (3.2.46) that either
Mj = vk or uj = v — 1 leads to ¢ = 0 and hence induces a one-to-one correspon-
dence between {j;} and {vi}, i.e., either ;t; = v or u; = v —n. With Eq.(3.2.43)
we conclude that for a generic n and ¢ = 0, the parameters have to obey the relations

Ih =0, N=2M, {u;}={v;}={r;}. (3.2.49)
The resulting 7 — Q relation (3.2.42) is thus reduced to a conventional one:

e[¢0N(u +n) Q(u—n) o7 N(u) Qu+ Qu +n)

A = , 3.2.50
0 V) 0w N 0w o O
M
— A
ow =] G(Z(—n)l) (3.2.51)

=1
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Accordingly, the M + 1 parameters ¢ and {A;} satisfy the following BAEs and
selection rule:

UN()Lj + 77) _ _e_2i¢ Q()\j + T))

- L j=1,...M, (3252
aN(x-) Q(j—n)
G0 TTZH M _ 2 N 3.2.53
Ho(/\) eN (3.2.53)
The eigenvalue of the Hamiltonian reads
_ o % [£Gu) — Gy + ] + SNE) (3.254)
/(0) : j j n 2 n . L.

We note that the BAEs (3.2.52) coincide exactly with those obtained in Refs.
[18, 37, 53]. The selection rule (3.2.53) in fact determines the amplitude of A(«) and
the parameter ¢. Baxter discussed that M = N /2 gives a complete set of solutions of
the Hamiltonian for even N [54]. Our numerical solutions for N = 4 and randomly
chosen n and 7 (listed in Table3.1) also support this conjecture. In such a sense,
¢ # 0 must not lead to new solutions but, instead, to different parameterizations of
the eigenvalues.

A similar phenomenon also appears in the XXZ spin chain with unparallel bound-
ary fields [55-59], where the number M in the BAEs is also fixed. The numerical
simulation [60] indicates that the BAEs with a fixed M indeed give complete solutions
of the model.

3.2.5 Odd N Case

When N is an odd number, it follows from (3.2.45) and (3.2.46) that ¢ = 0leads to the
parameters {y ;} and {v;} having to form pairs with either ;t; = vg or p; = vy — 1.
However, for a generic n neither ;; = v nor u; = v — n can satisfy Eq. (3.2.43).
This contradiction indicates that the solutions of the BAEs (3.2.43)—(3.2.46) with
¢ = 0 do not actually exist for an odd N. Therefore, for the XYZ chain with an
odd number of sites and generic 7, the generalized T — Q relation (3.2.42) cannot
be reduced to a conventional one, as shown in (3.2.50). But when # takes some
discrete values, the corresponding 7 — Q relation (3.2.42) can indeed be reduced
to a conventional one no matter if N is even or odd. For some special values of n,
solutions with ¢ = 0 may exist. In this case, the Bethe roots {i;} and {v;} have to
satisfy the following relations:

mji=v;=Ai;, j=1,...,M,
Mjvmy, =Vjem, —n, j=1,...,M— M.
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Table 3.1 Numerical solutions of the BAEs (3.2.52) and (3.2.53) for N =4, p =0.4and t =i

M A2 k E, n
0.80000 + 0.11349i 0.80000 + 0.88651i 2 —3.21353 1
0.80000 + 0.00000i 0.80000 + 0.50000i 1 —2.34227 2
0.80000 + 0.00000: 0.30000 + 0.50000: 1 —1.71217 3
0.30000 + 0.00000i 0.80000 + 0.00000: 0 —0.61387 4
0.30000 + 0.70000i 0.80000 + 0.80000i 3 0.00000 5
0.30000 + 0.30000: 0.80000 + 0.20000i 1 0.00000 5
0.30000 + 0.86676i 0.80000 + 0.13324i 2 0.00000 5
0.30000 + 0.13324i 0.80000 + 0.86676i 2 0.00000 5
0.62340 + 0.25000i 0.97660 + 0.25000i 1 0.00000 5
0.62340 + 0.75000i 0.97660 + 0.75000i 3 0.00000 5
- — = - — = — 0.00000 5
0.03367 + 0.50000i 0.56633 + 0.50000i 2 0.58230 6
0.30000 + 0.50000: 0.80000 + 0.50000i 2 0.61387 7
0.30000 + 0.00000: 0.80000 + 0.50000: 1 1.71217 8
0.30000 + 0.00000: 0.30000 + 0.50000i 1 2.34227 9
0.30000 + 0.16022i 0.30000 + 0.83978i 2 2.63122 10

The eigenvalues E,, calculated from (3.2.54) are the same as those from the exact diagonalization
of the Hamiltonian. The symbol n denotes the number of the energy levels. Here “- - -” indicates a
degenerate set of Bethe roots (reproduced from [45])

Note that (3.2.44) is not necessary any more, since ¢ = 0. The relation (3.2.43) now
reads

N
(E—Ml)n=ll‘[+m1, li,m €Z. (3.2.55)
This implies that if the crossing parameter 7 takes some discrete values
21 2m
= , 3.2.56
"=N om TN 2 (3.2.36)

for any given non-negative integer M| and integers /| and m, the inhomogeneous
T — Q relation (3.2.42) is reduced to a conventional homogeneous one:

izl iutiep oNw+n) O —n)

An) =
() =e oN(n) Q(u)
N
7[2in11(u+n)+i¢]ww 3.2.57
te N 0w (3257
M o(u—Ap)
ow =] _ (3.2.58)

o
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The My + 1 parameters ¢ and {A} satisfy the associated BAEs:

il 2ig0 " O+ 1) Q0 +m)
oN () Q@j—mn)

G TR T _ 2 N 3.2.60
H () e , ..., N. (3.2.60)

=1,...,M;, (3259

It should be emphasized that M; = N may give a complete set of solutions and
that the degenerate points given by Eq. (3.2.56) become dense in the whole complex
n-plane in the thermodynamic limit (N — 00). This makes it possible to obtain the
thermodynamic properties (up to the order of O(N~2)) [61] of the XYZ model for
generic values of 1 via the conventional thermodynamic Bethe Ansatz method [42].

3.2.6 An Alternative Inhomogeneous T — Q Relation

Based on the functional relations (3.2.33), we can construct another inhomogeneous
T — Q relation

Qimhu+i¢ a(u )Ql(u —mQu —n) Te —[2inli (utn)+ig]

Au) =
O2(u) Q)
wd () O2(u+n)Qu +n) te a(u)d(u) ’ (3.2.61)
01(w) Q) O1(u) Q2(u) Q(u)

where c is a constant, Q1(u), Q2(u) and Q(u) are given by (3.2.37) and (3.2.58),
respectively, with 2M + M| = N. For an even N, M| must be even and M takes the
possible values of

M=01,..., (3.2.62)

N
>
M = 0 indicates that A(u) can be parameterized by one function Q(u). For odd N
however, M| must be odd and M takes the possible values of

N-1
M=l ~——. (3.2.63)

The advantage of the present Ansatz is that only N Bethe roots are needed, which is
the minimum number of parameters to determine the spectrum of the transfer matrix
for odd N and generic 7.

From the quasi-periodic properties (3.2.30)—(3.2.31) and the regularity of A(u),
we obtain the following BAEs:
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Table 3.2 Numerical solutions of the BAEs (3.2.64)—(3.2.69) for N =3, M = M| = 1,n = 0.20,

t=iandli =m; =mp =0

"1 V] Al
0.35000 + 0.02632i 0.45000 + 0.02632i —1.10000 — 0.05263i
0.35000 — 0.02632i 0.45000 — 0.02632i —1.10000 + 0.05263i
—0.15000 + 0.08693i —0.05000 + 0.08693i —0.10000 — 0.17387i

—0.15000 — 0.08693i

—0.05000 — 0.08693i

—0.10000 + 0.17387i

—0.65000 — 0.27875i

—0.55000 — 0.27875i

0.90000 + 0.55749i

—0.28066 + 0.31196i

—0.18066 + 0.31196i

0.16133 — 0.62392i

0.15828 +0.12139i

0.25828 + 0.12139i

—0.71655 — 0.24279i

—0.42198 4 0.50000i —0.32198 4 0.50000¢ 0.44397 — 1.00000i

c ) k E, n
—0.08948 4 0.00000¢ —0.08501 — 0.00000i 1 —1.40865 1
—0.08948 + 0.00000¢ 0.08501 — 0.00000i 2 —1.40865 1
3.04065 + 0.00000¢ 4.10893 — 0.00000: 2 —1.40865 1
3.04065 — 0.00000¢ —4.10893 — 0.00000i 1 —1.40865 1
—0.28951 — 0.00000¢ 0.35925 — 0.00000i 0 1.18468 2
—0.61188 4 0.36729i —0.27657 4 0.04967i 0 1.18468 2
—0.09303 — 0.16695i —0.29190 4 0.31832i 0 1.63263 3
3.33371 — 7.57925i —0.94248 — 0.14392i 0 1.63263 3

The eigenvalues E,, calculated from (3.2.70) are the same as those from the exact diagonalization
of the Hamiltonian. The symbol n denotes the number of the energy levels (reproduced from [45])

2

M

2" &

N
—— M - M,

Jj=1
M,

j=1

N
=1 +Z(Mj +vj) +Z)»j =my, my € Z,

ca(puj) + e‘zi”l‘("f+")_i¢Q2(Mj +m)Qa(nj)Q(uj+n) =0,

cd(vj) + ™I Q1 (v =) Q1(v) Qv — 1) =0,

ca(rj)d(hj) 4+ HTT0 a0 (g — ) Q1A O — 1)
e HTN AT G ) Qo (e + M) Q2(A ) QA + 1) = 0,

M,

i® f—/[[ U(Mj +n)
o o))

= oGy)

=e

Ha(kj+n) _dmk

k=1,...,N.

M
n—> (wj—v)=ht+m. l,meZ (3264

(3.2.65)

(3.2.66)

(3.2.67)

(3.2.68)

(3.2.69)

Note that M = 0 is forbidden for generic n and odd N case to ensure the validity of
Eq.(3.2.64). The eigenvalue of the Hamiltonian (3.2.1) is given by
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o) |, ‘
= 20 Z}[;‘(vj) —s(uj+n)]
j=
M 1
+Z[;(x,)—g(1\j+n)]+§NC(n)+2m11 . (3.2.70)
j=1

It seems that there is some arbitrariness for the choice of /|, m; and m» due to the
periodicity of the model. Chosen sets of numerical results for N = 3 and N = 5 are
respectively listed in Tables3.2 and 3.3. These simulations indicate that any fixed
values of these integers should give a complete set of eigenstates.

We point out that, due to the Z,-symmetry (3.2.19) of the R-matrix, the following
relations hold:

Ul't(u) U = tro (U" To(u) Uf) = tro (a(g' To(u)og;) =), (3271

U =ofo£-~-aji,, i=x,y,z (3.2.72)
Also note that {U'} form an abelian (nonabelian) group when N is even (odd), i.e.
WUH? =id, U'U/==DNUIU', fori # j, and i, j=x,y,z. (3.2.73)

This indicates a double degeneracy of the odd N case, which implies that there
exist multiple solutions of the Bethe roots corresponding to one A(u). Suppose |V )
and |W_) are two degenerate eigenstates of 7 (1) and with U*|Wy) = £|¥y). The
state |¥ (0)) = cos0|W¥,) + sinO|W_) (0 is an arbitrary parameter) must also be an
eigenstate of 7(u) with the same eigenvalue A(u). Obviously, A(u) is independent
of 6. However, the Bethe roots describing the eigenstate generally depend on 6. This
degeneracy may be lifted to fix the Bethe roots by the common eigenstates of ¢ (u)
and U”*.
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Chapter 4
The Spin-% Torus

The spin-% torus model describes the anisotropic spin chain with antiperiodic
boundary conditions or a Mdbius-like topological boundary condition [1-5]. The
model itself is physically interesting due to its relevance to the realization of topolog-
ical states of matter. For example, after a Jordan-Wigner transformation, it describes
a p-wave Josephson junction embedded in a spinless Luttinger liquid [6—8]. The inte-
grability of this model is associated with the Z>-symmetry of the six-vertex R-matrix
[9-12],1i.e., the antiperiodic boundary condition mentioned in Chap. 1. Although only
one bond is changed from the periodic XXZ model, the U (1)-symmetry is completely
broken, making it difficult to apply the conventional Bethe Ansatz methods for the
lack of an obvious reference state.

Historically, the XXZ spin torus model has been the first quantum integrable model
solved via the ODBA method [13]. This chapter studies the construction of the
inhomogeneous 7 — Q relation, based on the operator product identities of the
transfer matrix derived from YBE, and on the intrinsic properties of the R-matrix. It
also introduces an alternative derivation of the functional relations and a basis of the
Hilbert space used to retrieve the eigenstates and the scalar products [14], as well as
some physical properties of the corresponding free fermion model. The last section
is attributed to the XYZ spin torus model.

4.1 Z,-symmetry and the Model Hamiltonian

The model Hamiltonian of the XXZ spin torus reads

N
H=— Z [ofo}‘“ + ajyo;;l + cosh nofo;H] , (4.1.1)
j=1

with the anti-periodic boundary conditions oy | = oj o'0f (¢ = x, y, z). For such
a topological boundary condition, the spin on the N-th site connects with that on the
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first site after rotating by an angle 7 along the x-direction (a kink on the (N, 1) bond)
and forms a torus in the spin space. This kink could be shifted to the (j, j 4+ 1) bond
with the spectrum of the Hamiltonian unchanged

j
H;=UHU}, U} =[]0 (4.1.2)
=1

Note that the braiding occurs in the quantum space rather than in the real space.
The present model therefore describes a quantum Mobius strip. As we showed in
Chap. 3 for the XYZ chain, in the present case we have [H, U”*] = 0, indicating that
the present model possesses a global Z; invariance.

The integrability of the present model is associated with the R-matrix

1 [ sinh(u + n) sinh u
Ry ;i = —| ——(1 5% 1 — o%c?
0.5) 2[ sy 7900 T Gy T 00)
1 X __X y_ Yy
+§(Gj00 +Uj0'0), (4.1.3)

and the monodromy matrix

Tou) = o Ry — O) -+~ Ro,1(u — 1) = (%3 ’;((Z))) (4.1.4)
Because of the Z,-symmetry
[Ro.5(u), 06(0(3)‘] =0, 4.1.5)
the following relation holds
Ryou —)Tou)T5(v) = T(‘)(V)To(u)RO’(‘)(u — V), 4.1.6)
which directly gives
[t(u), t(»)] =0, 4.1.7)
with the transfer matrix # (1) defined as
t(w) =troTo(u) = B(u) + C(u). (4.1.8)

The first order derivative of the logarithm of the transfer matrix gives the Hamil-
tonian (4.1.1)

dlnt
ne) + N cosh . (4.1.9)
u=0,{0;=0}

H = —2sinhp
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4.2 Operator Product Identities

With the intrinsic properties of the R-matrix given in (3.1.9)—(3.1.14) and the same
procedure introduced in Chap. 1, we deduce that

1(0;) = tro {RoN(©Oj —ON) -+ Poj -+ Ro1(0; — 61)og }
=Rj;j-1(0; —0j—1)---Rj1(8; —01)
X0;RjN(Oj —ON) - Rjj1(0; — 0j41), (42.)

and
10; —m = ()Y 1rg {Rg{N(—e, +6N) - RY (6 + el)ag}
= (=D)N trg {0 Ro,1(—0; +61) -+ Ro.n(—0; + ON)}

= (=D"R; j41(=0; +0j11) - Rjn(=0; + Oy)
XUJ)-CR]‘,](—QJ' +601)--Rj j_1(=0; +0;_1). “4.2.2)

The unitary property of the R-matrix thus induces the operator product identities

t@pt@; —n) =—a@)d®; —n) xid, j=1,..., N, (4.2.3)
with
d(w) = aGu — ) = ﬁ[l . (42.4)
By applying the transfer matrix (4.1.8) on an eigenstate |¥) we obtain
ABOHAG; —n) =—a@®pd©®; —n), j=1,..., N, (4.2.5)

with A(u) being the corresponding eigenvalue of the transfer matrix.
From the asymptotic expansions of B(u) and C(u) given in (3.1.24), we know
that

A(u), as a function of u,

is a trigonometrical polynomial of degree N — 1, (4.2.6)
with the periodicity property

A +in) = (=D A®w). 4.2.7)
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The eigenvalue A (u) can be parameterized as the following trigonometric polynomial

N—-1
A@) = Ag [] sinh(u —z), (4.2.8)
j=1

and the N equations (4.2.5) determine the N unknowns Ag and {z;|j =1, ...,
N —1} completely. The corresponding eigenvalue of the Hamiltonian is thus given by

N—1
E = 2sinhp Z cothz; + N coshn. 4.2.9)
Jj=1

4.3 The Inhomogeneous 7' — Q Relation

In this section we show that each solution of (4.2.5)—(4.2.7) can be parameterized in
terms of the inhomogeneous 7' — Q relation [15]

Aw) Q) = aw)e" Qu —n) —e " "dw)Qu +n) — cwaw)dw), (4.3.1)

where O (u) is a trigonometric polynomial of the type

N .
sinh(u — A;)
= _—, 4.3.2
0w =1 —4 ; 432)
j=1
and c(u) is given by
c(u) = e NTHELO=h) _ pmu=n=3 0L, Ot 43.3)

The N parameters {A ;} satisfy the associated BAEs

ta(h)QOg —n) —e T QM + 1) — c(hj)a(jd(R;) =0,
J=1 ..., N (4.3.4)

We follow the same procedure used in Chap. 1 to prove the above statement. Let

us introduce a function fo(u) which is equal to the difference between the left hand
side and the right hand side of (4.3.1), namely,

fow) = Aw)Qu) —a@)e" Qu —n) +e " "dw)Qu + n) + cw)au)du).
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The relations (4.2.7) and (4.2.6) allow us to derive that fo(u) satisfies the properties

folu +im) = = fow), 43.5)
fo(u), as a function of u,
is a trigonometric polynomial of degree 2N — 1. (4.3.6)

This implies that the function fj(u) is fixed by its values at any 2N different points.
For each solution of (4.2.5)—(4.2.7), we can always choose a Q () of form (4.3.2)
such that

fo(0)) = A0;)Q0;) —a®))e” Q®; —n) =0, j=1,...,N, (43.7)
fo®; —n) = A@©O; —m)Q®; —n) +d©; —me ¥ 0(6;) =0,
Jj=1 ..., N, (4.3.8)

which means fy(x#) = 0 or (4.3.1) is fulfilled. The relation (4.2.5) implies that only
N of the above 2N equations are independent, say,
A0)Q0)) = a(Gj)eng(Gj -n), j=1,..., N, (4.3.9)

which allow us to determine the Q (u) function of form (4.3.2) by the values of A(u)
atthe N points {0;|j = 1, ..., N}. Therefore, we are always able to choose Q (1) of
form (4.3.2) such that fy(#) = 0, provided that A(u) is an eigenvalue of the transfer
matrix (4.1.8). Taking u at the roots of the Q () function (i.e., {A;}), then fo(;) =0
gives rise to the associated BAEs (4.3.4).

In the homogeneous limit {#; = 0}, the eigenvalue of the Hamiltonian in terms
of the Bethe roots is given by

Table 4.1 Numerical solutions of the BAEs (4.3.4) for N = 3,7 = 1 and {#; = 0}

Al A2 A3 E, n
—1.43163 — 0.00000i7r | —0.50000 — 0.00000i7r |0.43163 — 0.00000i —3.09636 |1
—1.63742 4+ 0.50000iz | —0.50000 + 0.50000i7r | 0.63742 + 0.50000i —3.09636 |1
—1.18721 — 0.17145i | —0.50000 — 0.26374ix | 0.18721 — 0.17145iw —1.54308 |2
—1.18721 + 0.17145iw | —0.50000 + 0.26374i7 | 0.18721 + 0.17145i7 —1.54308 |2
—1.40287 + 0.39386ir | —0.50000 + 0.28359i7 | 0.40287 + 0.39386i7w —1.54308 |2
—1.40287 — 0.39386iw | —0.50000 — 0.28359i7 | 0.40287 — 0.39386i7 —1.54308 |2
—1.20038 — 0.50000i7r | —0.50000 — 0.00000i7 |0.20038 — 0.50000i 7 6.18252 3
—0.50000 — 0.50000i7r | —0.50000 — 0.15964i7 | —0.50000 + 0.15964im |6.18252 3

E, is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.3.10) are the same as those calculated with exact diagonalization
of the Hamiltonian
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Table 4.2 Numerical solutions of the BAEs (4.3.4) for N =4, n = 1 and {#; = 0}

Al A2 A3 A4 E, n
—2.12754 —1.03389 0.03389 1.12754 —4.27591
+0.50000i +0.50000i +0.50000i ¢ +0.50000i ¢

—_— R R R —427591
—1.74449 —0.98935 —0.01065 0.74449 —3.67755 |2
+0.15319i7 +0.15137i7 +0.15137ix +0.15319i7

—1.74449 —0.98935 —0.01065 0.74449 —3.67755 |2
—0.15319i7 —0.15137im —0.15137im —0.15319i7

—2.03215 —0.96024 —0.03976 1.03215 —3.67755 |2
+0.42071im +0.36347im +0.36347in +0.42071in

—2.03215 —0.96024 —0.03976 1.03215 —3.67755 |2
—0.42071im —0.36347in —0.36347in —0.42071im

—1.86358 —1.02758 0.02758 0.86358 —3.46526 |3
+0.31377i7 +0.24134im +0.24134im +0.31377i7

—1.86358 —1.02758 0.02758 0.86358 —3.46526 |3
—0.31377iw —0.24134ix —0.24134im —0.31377im

—1.60669 —0.50000 —0.50000 0.60669 0.27591 4
—0.50000i —0.25533im +0.25533in +0.50000i

S R R R 0.27591
—1.03760 —0.50000 —0.50000 0.03760 3.67755
—0.12735im —0.41963im +0.15711im —0.12735im

~1.03760 0.50000 0.50000 0.03760 367755 |5
40.12735ir | +0.41963in | —0.1571lix | +0.12735ix

—1.81891 —0.50000 —0.50000 0.81891 3.67755 5
—0.4835lir | —047875ir | —0.0678lir | —0.4835lin

—1.81891 —0.50000 —0.50000 0.81891 3.67755 5
+0.48351ix +0.47875im +0.06781im +0.48351ix

—1.53412 —0.50000 —0.50000 0.53412 7.46526 6
—0.41713im —0.21809i +0.02400i & —0.41713im

—1.53412 —0.50000 —0.50000 0.53412 7.46526 6
+0.41713im +0.21809i 7 —0.02400i +0.41713in

E, is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.3.10) are the same as those calculated with exact diagonalization
of the Hamiltonian. Here “— — —” indicates a degenerate set of Bethe roots

N
E =2sinhp Z[coth()»j +n) — coth(A;)] — N coshn — 2sinh 5. (4.3.10)
j=1

Numerical results for N = 3 and 4 respectively shown in Tables4.1 and 4.2 indicate
that the BAEs (4.3.4) indeed give a complete set of solutions.
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4.4 An Alternative Inhomogeneous 7' — Q Relation

For each eigenvalue A(u), the functional relations (4.2.5)—(4.2.7) allow us to con-
struct a variety of T — Q relations. Here we introduce another simple 7 — Q relation
for the present model proposed in [13]:

Q1(u —n)

Qo(u+mn) a(u)d(u)
0> (u)

Aw) = ea(u) “ow  “owow

— e "4 (u) 4.4.1)

where

M M
01(u) = H sinh(u — ),  Qa(u) = ]_[ sinh(u — vj), (4.4.2)

j=1 J=1

{iej} and {v;} are two sets of Bethe roots, and c(u) is an adjust function. We remark
that the above Ansatz satisfies the operator product identities (4.2.5) automatically
for arbitrary choices of Q1 2(u) and c(u) because a(6; —n) = 0 and d(0;) = 0.In
addition, the exponential factors in the first and second terms are introduced to ensure
quasi-periodicity. This implies that the leading terms for u — oo are =N +Du,
The third term in the 7 — Q relation is included to cancel those unwanted leading
terms by proper choices of c(u) and Q1 2(u).

Based on the above considerations, for even N, M may take the value of ﬂ, and

c(u) = sinh? ple/P1 T4 — giP27u1, (4.4.3)
with
N M
igr=>0;—Mn—2> uj (4.4.4)
j=1 j=1
N M
—igy =D 0j—Mn—2> vj, (4.4.5)
j=1 j=1

to cancel the leading terms in Eq.(4.4.1) when u — Zo0o. The BAEs determined
by the regularity of A(u) (which ensures A(u) to be a trigonometric polynomial of
degree N — 1) read

d@ﬂ=£$QWﬁ—M&Wﬁ
e*#jfn
a) = =S — 0o+ M), j=1, ... M. (446)

C(M])
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Now we can safely take the homogeneous limit 6; — 0. The BAEs for the homoge-
neous case thus read

=M. .
e”i [];=; sinh(v; — p; — n) sinh(v; — ;)

sinh (v;) = : 4.4.7
( J) er—Mn—ZZIiMZI;Lk _ e—Vj-l-(M—l)l]-l—ZZ;[(VI:l Vi ( )
== TT™  sinh(w: — inh(w; —
sinh (u; + ) = — = s — vt S Z ) gy g
eMi=MN=23 ke o+ (M—Dn+2 307 vk
where j =1, ..., N/2.
For odd N, we put M = (N 4 1)/2 and
1 . .
c(u) = 5 sinh" [e“”l“" + e’¢2—2"—2’7] , (4.4.9)

where ¢ and ¢, are given by Eqgs. (4.4.4) and (4.4.5) with M = (N + 1)/2. In the
homogeneous limit, the BAEs read

2" Hlﬁil sinh(v; — p; — n) sinh(v; — )
e2i—Mn=2 3 i g =2 (M=242 33 v

2e= i~ 1M, sinh(uj — v + ) sinh(ue; — vy)
Q2 =Mn=2330 e 4 =2+ (M =242 33 v

sinh™ (v)) = (4.4.10)

sinh™ (u; +1n) = — (4.4.11)

The eigenvalues of the Hamiltonian (4.1.1) in terms of the Bethe roots read

Table 4.3 Numerical solutions of the BAEs (4.4.10)—-(4.4.11)forn =1, N =3and M =2

123} w2 V] 1) E, n
—0.75854 —0.75854 —0.24146 —0.24146 —3.09636 |1
—0.26534im + 0.26534in —0.26534im + 0.26534in
- —— - —— - —— - —— —3.09636 |1
—0.68943 —0.16961 —0.83039 —0.31057 —1.54308 |2
+ 0.45685im +0.29120i7 4+ 0.29120i7 + 0.45685in
—0.68943 —0.16961 —0.83039 —0.31057 —1.54308 |2
—0.45685i —0.29120i 7 —0.29120i 7 —0.45685im
—1.40843 —0.42100 —0.57900 0.40843 —1.54308 |2
—0.22982i 7 —0.01823im —0.01823im —0.22982i7
—1.40843 —0.42100 —0.57900 0.40843 —1.54308 |2
+ 0.22982in +0.01823in +0.01823im + 0.22982iw
—0.56218 —0.56218 —0.43782 —0.43782 6.18252 3
—0.12659i + 0.12659i —0.12659ix + 0.12659in
- —— - —— - —— - —— 6.18252 3

E, is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.4.12) are the same as those calculated with exact diagonalization
of the Hamiltonian. Here “— — —” indicates a degenerate set of Bethe roots
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M
E = 2sinhp z [coth(pLj +1n) — coth(vj)]

—N cosh n — 2sinh 7.

j=1

101

(4.4.12)

Generally, the Bethe roots are distributed across the whole complex plane with
the selection rules w; # wy, ;uj # vy and v; # vy to ensure the simplicity of “poles”
in the 7 — Q Ansatz. We list the numerical results for N = 3 with n = 1 in Table 4.3
and for N = 4 with n = 1 in Table4.4.

Table 4.4 Numerical solutions of the BAEs (4.4.7)-(4.4.8) forn =1, N =4and M =2

"1 m2 Vi %) E, n
—1.04497 0.81526 —1.81526 0.04497 —4.27591 | 1
+ 0.50000i + 0.50000i + 0.50000i + 0.50000i
- = - = - — = - — = —4.27591 |1
—0.29245 0.46312 —1.49129 0.61334 —3.67755 |2
—0.30672im —0.54374im —0.25997i —0.38956i
—0.29245 0.46312 —1.49129 0.61334 —3.67755 |2
+ 0.30672i + 0.54374ix + 0.25997in + 0.38956i
—1.61334 0.49129 —1.46312 —0.70755 —3.67755 |2
+ 0.38956i + 0.25997i7 —0.45626im + 0.30672i
—1.61334 0.49129 —1.46312 —0.70755 —3.67755 |2
— 0.38956i v —0.25997i + 0.45626i —0.30672im
—0.25362 0.53960 —1.48317 0.84848 —3.46526 |3
— 0.00000i + 0.50000i — 0.00000i — 0.00000i
—1.84848 0.48317 —1.53960 —0.74638 —3.46526 |3
+ 0.00000i + 0.00000i — 0.50000i — 0.00000i
—0.38977 —0.38977 —0.61023 —0.61023 0.27591 4
—0.21972in +0.21972in —0.21972in + 0.21972im
- — = - == - — = - — = 0.27591 4
—0.98569 —0.60953 —0.39047 —0.01431 3.67755 5
—0.09329in + 0.04232i 7 + 0.04232i7 —0.09329i7
—0.98569 —0.60953 —0.39047 —0.01431 3.67755 5
+ 0.09329i7 —0.04232i7 —0.04232in + 0.09329ix
—0.50192 —0.10331 —0.89669 —0.49808 3.67755 5
— 0.06546i + 0.51449i7 —0.48551iw — 0.06546i
—0.50192 —0.10331 —0.89669 —0.49808 3.67755 5
+ 0.06546i —0.51449i 7 + 0.48551im + 0.06546i
—0.63365 —0.57469 —0.42531 —0.36635 7.46526 6
—0.16642i + 0.03098i 7 + 0.03098i 7 —0.16642im
—0.63365 —0.57469 —0.42531 —0.36635 7.46526 6
+ 0.16642i —0.03098i 7 —0.03098i 7 + 0.16642i

E, is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.4.12) are the same as those calculated with exact diagonalization
of the Hamiltonian. Here “— — —” indicates a degenerate set of Bethe roots
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4.5 The Scalar Product F,, (61, ..., 6,)

Historically, an alternating method was first used to derive the functional relations
(4.2.5). This method allows us to extract the scalar products from the spectrum even
without knowing the exact form of the eigenstate. A scalar product is defined as
follows:

n
Fo(u;h) = (@I [ ] Bwplo), 45.1)
j=1
with {u;} indicating the parameter set {u1, ..., u,} forn =0,1, ..., N. Without
losing generality, we may put Fp = 1 by properly choosing the normalization of the

eigenvector (¥|.
With the same procedure introduced in Chap.2 we obtain

Cw)]0) =0, A@)|0) = a)|0),
D(u)|0) = d(u)|0), (4.5.2)

where |0) is the all-spin-up state as defined in Chap. 2. In addition, the Yang-Baxter
relation

Ripu = v)T1()T2(v) = W T1 ()R 2(u —v), (4.5.3)
gives rise to the commutation relations

[A(w), AW] = [D(u), D(v)] = [B(u), B(v)] = [C(u), C(v)] =0,

_ sinh(u — v —n) sinh 7
A()B(v) = “sinh(r —v) B)A(u) + Sih(r —v) B)A®),
_ sinh(# — v+ n) _ sinh 7
D(u)B(v) = Tsimh =) B(v)D(u) R a— Bu)D(v),
_ sinh(u — v + n) _ sinh n
CwA®W) = “sinh—v) AW)C(u) ey p— Aw)C(v),
_ sinh(u —v—rn) sinh n
C)Dv) = Tsimh =) D)C(u) + Sinh( —v) Du)C ),
[AG). DO =~ ey By — Cuy B,
sinh(u — v)
(€. B = —T_15uyaw) — DA, (4.5.4)
sinh(u — v)


http://dx.doi.org/10.1007/978-3-662-46756-5_2
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and the useful formulae [16]

O] cwn Bw = ZMn(u {uiHioIC)
=1

+ZM“(u {u;Ho|ck
k>1

C@) [ [ B@n0)y =D M, {u;)B,_,10)
=1 =1

+ > M . B 10), 4.5.5)
k>1
where
n
Ch I—HC(M/) C,l; 1 =Cw) H C(uj),
J#l j#k,l
n
B,_ I—HB%) B, =Bw [] Bw),
J# j#k.l
and

My, {u i) = g, upaGd ) [ T £ e wj) £, ur)

J#l
+gur, wau)d@) [ | £, w) f G, u)), (4.5.6)
J#l
M {ug}) = g, ug) g Qur, w) f (ur upaude) [T £, wo) £, u))
J#k,L
+gu, up)g(ug, u) f (ug, up)a(ug)d(ur) H S g, up) f(ug, uj), 4.5.7)
J#kL
_ sinhp _ sinh(u —v—1n)

sV = Gho—w’ T Tmm—y (4.58)

The above relations lead to the following functional relations based on the calcula-
tions of the quantity (¥ | (u) H’;’:l B(u;)|0)

Aw)F, = ZM’ WFL_ + > MIWFL | + Foyi.
k>1
Fi(u) = A(u), Fy41=0. (4.5.9)
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Note that the notations Fl _1 = Faaluj}jzn, F’1 = Fy1(u,{u;j}j+k,) and
F, = Fy,({u;}) are adopted Since [B(u;), B(u;)] = 0, function F,({u;}) is a
symmetric function of all the variables {u;}. The explicit expression of Fy,({u;})
will be given in the next section (see below (4.6.13)).

Since 6; is a zero of d(u), all functions M; J and M,{ vanish if all their variables
take values in the set {01, ..., Oy} with 0; # 0 # 6; & n. This implies

A Fu1(02, ..., Op) = Fu (01, ..., 0n), (4.5.10)

and the solution

Fa0r1. ... 00) = [] A6)). 4.5.11)

Let us consider the case of n = N and u; = 0; in Eq.(4.5.9). Since MI{,k =0,
Fyt+1 =0and

N
MYy (u, {0;}) = g (61, wa(6))d (u) H f @), u)fOr,0;), (4.5.12)
J#

with the help of Eq.(4.5.11) we obtain

i a(0;)d(u)

N
el § EACRONCRD

I#]

AQw) =
j=1

ﬁl a®,)d®; —n)
A

, 45.13
6;)d;(6;) sinh(u — 6; + N (45.13)

j=l1

withd(u) = (sinh )~V 1‘[;; ; sinh(u — ). Taking the limit u — 6; — 1, we readily
recover the relation (4.2.5).

An interesting fact is that all the F}, functions can be derived exactly from the
recursive relations, for the reason that A(u) is already completely determined by the
T — Q relation and the BAE:s.

4.6 Retrieving the Eigenstates

A remarkable ingredient of the SoV approach is the simple basis of the Hilbert space,
characterized by N independent variables. Such a basis is useful for constructing
SoV eigenstates of the transfer matrix and for computing the correlation functions.
In the framework of ODBA, this basis also makes it convenient to retrieve the Bethe
states [14].
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4.6.1 SoV Basis of the Hilbert Space

Following the procedure introduced in Sect.2.5, a convenient SoV basis can be
constructed for the present model. Let us define the following left and right states

Opis -+ Opl = O] ] €O,

j=1
n
16415 - 0g,) = [ | B®10), 4.6.1)
j=1
where gj, pj € {1, ..., N}, pr < pp <--- < ppandq) < g2 < --- < gy. The

states (4.6.1) are in fact the eigenstates of D(u) [4] and form a basis of the Hilbert
space

= sinh(u — 6, + 1)
D)6y, ....0,)=d /
(w)|6), ) (“),Hl YT

1Opys vy Op,)s

~osinh(u — 6, + 1)
Opys -.r 0y | D) =d /
(Op, | D (1) (u)jf:[1 Y

Opy, ..y Op,l. (4.6.2)
Let us introduce the following inner product

01, - 0l [ ] B@i)I0) = 8, 8410} {a}), g0 = (010) = 1. (4.63)
k=1

The relations (4.5.5) allow us to derive some recursive relations for the function

gn({ejH{Moc}):

n

gn ({0} {ua)) =D

=1
sinh(¢; — 0; —n)
sinh(6; — 6;)

n

sinhnd(u1)a(6;) H sinh(uy — 0 +1n)
sinh(u; — 6;) sinh(u; — 6;)

gn—1({0}jalluatax).  (4.6.4)

The above function can be expressed in terms of certain determinants [16], namely,

H'}Zl [To—; sinh(ue — 6 + 1) detA ({ug}; {6;})
[1;=x sinh(@ — ;) [ 1, p sinh(ua — up)

gn({0j}{ua}) = . (4.6.5)

where the matrix elements of the n x n matrix .4 ({uq}; {6,}) are given by


http://dx.doi.org/10.1007/978-3-662-46756-5_2
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sinhn d(ug) a(8;)

N {0 P = — - . 4.6.6
()i 107D e sinh(uq — 0 + 1) sinh(ug — 0;) (4.6.6)
Similarly, we can derive that
m
(0] H CWwi)lO1, -, On) = Sm.n gn ({0} {ua}). (4.6.7)
k=1
The scalar products (4.6.3), (4.6.5) and (4.6.7) lead to
n
Oprs ooy Op,10g1s - Og) = fuOpys -0y 0p,) S H(S,,j,qj, (4.6.8)
j=1
where
fn(epl ) Qp,,) = gn({gpj}Hij})
" " sinh(8,, — 6, +n)
=[] a®,)d,, 6, Sinh’(’fe _”; ) (4.6.9)
j=1 k#j Pi— TR

Here function d;(u) is defined as d; (u) = Hj-\;él[sinh(u —0;)/ sinh n]. Note that the
total number of the linearly independent right (left) states given in (4.6.1) is

N

> N o, (4.6.10)

—n!
n:O(N n)!n!

Hence these right (left) states form an orthogonal right (left) basis of the Hilbert
space. In such sense, the left eigenstate (¥ | can be expressed as

N
WI=2"> xaOpis s 0p,)(0p1s -, Op, . 4.6.11)

n=0{p;}

The Eqgs. (4.5.1), (4.5.11) and (4.6.8) readily give

[1j=1 46y,

—_— 4.6.12
Snpys oo, 6p) ( )

Xn(gplv R} 9]7") =

Note that in the above we have xo = 1. A(u) is the eigenvalue of the transfer
matrix corresponding to eigenstate (¥ [, and function f,(6p,, ..., 6,,) is given by
(4.6.9). The Egs. (4.6.11)—(4.6.12) allow us to compute functions Fj,({u;}) defined
by (4.5.1) as follows
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2 ({0
Rap= S [Jaen WD s

l<pr<pa<-<pp<NI=1 gn (0} 110p 1)

where function g, ({6, }|{u;}) is given by (4.6.5).

Similarly, by considering the quantities (0| H’}zl C(uj)|¥), we can derive the
right eigenstate

N
) =" xuOpys s Op)Opy - ). (4.6.14)

n=0{p;}

and the scalar product

n
O ] cwplw) = Fulush. (4.6.15)
j=1
4.6.2 Bethe States
Since the states {(0p,, ..., 6),]} given by (4.6.1) form a left basis of the Hilbert

space, an eigenstate |¥) of the transfer matrix can be determined (up to an overall
factor) by the whole set of scalar products

n
4.5.11
Oprs e Op W) = FuOp,. .., 0,) Y=V T A0,
j=1
n=0,...,N. (4.6.16)

Let us consider the Bethe state
N
AL, .oy AN) = HD()».,')LQ; {0, (4.6.17)
j=1

where {A;|j = 1, ..., N} are the Bethe roots given in the T — Q relation (4.3.1)
and the BAEs (4.3.4), and [§2; {0;}) is a reference state to be determined. We take
the reference state so that the following inner products hold:

n
Oops s 0,125 00 = [[a@p)e’, n=0,...,N.  (46.18)
=1
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With the help of (4.6.2), a simple calculation induces that

N
Opre oo Opulrts oo aw) = L[ dGN | Fa@py. .. 6p,). (46.19)
j=1

Therefore, the Bethe state (4.6.17) with the reference state satisfying (4.6.18) is an
eigenstate (up to an irrelevant normalization constant) of the transfer matrix provided
that the parameters {2 ;} satisfy the associated BAEs (4.3.4).

In order to make (4.6.18) fulfilled, we propose the following Ansatz for the ref-
erence state |£2; {6;}):

N - !
12; 16 >=§) (2 ) 10) =i (2 ) 0), (4.6.20)

where the g-integers {[/]4|/ = 0, ...} and the operator B~ are given by

1— q21
[l]q = m’ [O]q =1,
! =1y [l =1y ---[1]ly, g =eé", (4.6.21)
B = lim_{(2sinhne™)"" X% B} (4.6.22)

The definitions (4.1.3) and (4.1.4) allow us to obtain the explicit expression of the
operator B~ as

N

~ (N-1) N z -1 _z

B~ = E AT o3 D1 % o e~ 3 2k % (4.6.23)
=1

Now let us compute the following quantity

(210! Opis -+ 0125105 € 200D = Oy - 0,1 (B7) 100 (4.629)

The definitions (4.6.3) and (4.6.21) imply that we can calculate the function g, ({6;})
by the limit

n

gl = tim [ {H (2sinhye=)" " X ﬂ gn<{e,-}|{uz}>] . (4625)

=1
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Keeping the recursive relations (4.6.4) in mind, we can derive the recursive relations

n

n .

_ _ sinh(6; —6; —n) _

2n((0;) =D " Va@)e” || it 2n1({0)) 20,
— i sinh(6; — 6;)

n=1,..., N,

with the initial condition of gg = 1. The above recursive relations uniquely determine
the functions {g,({6;})In =0, ..., N}

2.6 = {H a(@z)eal} [nly!, n=0,..., N. (4.6.26)

=1

Note that the following identities were used in deriving the above equation

" L sinh(6 —60; —n)

Z(ﬂ—l)r]H — ]_ =1+ 27]_’_'”_‘_ 2(n—l)n=[] (4627)

e — e e nly. .6.
= by sinh(6; — 6;)

Substituting (4.6.26) into (4.6.24), we find that the state |$2; {0, }) given by (4.6.20)
indeed satisfies the relations (4.6.18). Then we conclude that the Bethe state (4.6.17)
with the corresponding reference state (4.6.20) is an eigenstate of the transfer matrix,
provided that the parameters {A;|j = 1, ..., N}satisfy the associated BAEs (4.3.4).
The corresponding eigenvalue is given by the 7 — Q relation (4.3.1).

In the homogeneous limit, the reference state (4.6.20) becomes

i oo — S (B
12) = {eljlinm 12;{6;)) = ;‘ mlm, (4.6.28)

where the operator B~ [c.f., (4.6.23)] reads

N
B = lim B~ = ¢ 7" A Tnvio o 1A% (46.29)
{0;—0} -

Obviously, the reference state |§2) is no longer a pure product state but a highly
entangled superposition state (a ¢-spin coherent state).

Associated with the 7 — Q relation (4.4.1), we can construct another type of Bethe
states

M
s s vn o) = [ D) D)2 (6,)). (4.6.30)
Jj=1
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where the reference state reads

12:{0}) = Zanlwm,.. Op,)

n= O{pj
0 Q10p)
x| |era®p)————=10p, ..., 0p,). (4.6.31)
,1:[1 "y —m) " "
It can be easily checked that
Opys - -, anlv ey UMV, e, VM)
Ql(ep] - 7])
= [[dwpdop ] ea@,)—"L-—=
]H] patsp [T maton) £ 00
M
H (m)dW)Fu@pys -.., 0p,). (4.6.32)

Therefore, the Bethe state (4.6.30) is an eigenstate of the transfer matrix, provided
that the parameters {u ;} and {v;} satisfy the associated BAEs (4.4.6).
In the homogeneous limit, the Bethe state (4.6.30) reads

M
[ owHDw)i2), (4.6.33)
j=1

with the reference state defined as

[e¢)
12)=>" (QILB)” 0). (4.6.34)
S 11141(02(—m))

Some remarks are in order: The above procedure for deriving the Bethe states is
different from that of the algebraic Bethe Ansatz. In the latter scheme, one uses a
known reference state and creation operator to derive eigenvalues and eigenstates of
the transfer matrix, while in the ODBA scheme, one uses known eigenvalues and
creation operator to retrieve the reference state. The key point is that the eigenstates of
the creation operator with an arbitrary parameter u form a basis of the Hilbert space.
Such a reversed process makes it convenient to approach the eigenstate problem of
quantum integrable models without an obvious reference state.
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4.6.3 Another Basis

‘We note that another orthogonal basis spanned by the eigenstates of A(u) also exists.
For convenience, let us denote 6; = 0; — n. The eigenstates of A(u) can be con-
structed as

n n
Opi - Op) =[] BODI0). (Gpy. .. Bl = O[] COpp).  (4.635)
j=1 j=1

The corresponding eigenvalues are given by

" sinh(u —0; —n)
AW) 10y, ..., 0,) =au N [ A
(u) 16, pi) = a( )j]j[1 dnha— 7 P o)
n . ~
= = sinh(u —0; —n) - -
Ops ooy Oy | A(w) = a(u _— ey Op .
(6p, pal Aw) = a( ),1:[1 G il
The above states possess the orthogonal properties
n
Oprs ooy 0p,10g1s - Bg) = fuOpys s 0p, )8 n H(S,,j,qj, (4.6.36)
j=1
with
n _ _
Fa@pro oo 0p) = (=" []d@,)dp; @), +n)

j=1
2 sinh(0p, — 6, + 1)

X : (4.6.37)
kl;[j sinh(6p;, — Op,)
The eigenstates can thus be expressed as
N — — — —
W) =D %uOpy oo Op Oy - Op,),
n=0{p;}
N - - - -
1= 3uOp oo 0p)Opys - O, . (4.6.38)
n=0{p;}
with
- - " ABy)
5O .., By = = A0 (4.6.39)

Fa@pys ooy 0,
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4.7 Physical Properties for n = 7"

At the special point n = %, the model describes the XX torus. This model
can be transformed to a topological free fermion model via the Jordan-Wigner
transformation:

_ il
a] =a, e’”zl I“I”’ o =aje i Yot qa 0;=2aj.aj —1. 4.7.1)

The resulting fermion Hamiltonian reads

H=-2 [a}ajH + a;Haj] 2U* [a ay + aNal] 4.7.2)
=1

where a; and a; are the creation and annihilation operators of fermions, respectively;

nj= a;a j represents the particle number operator; U* = e Xiin is a conserved
quantity with the eigenvalues 1. The second term of the Hamiltonian is a Cooper-
pair term, which obviously breaks the U (1) symmetry.

In this special case, the BAEs satisfied by the roots {z;} can be derived from the
recursive equations. Let us check the case of n = N in Eq.(4.5.9)

N-1
Fy(z {w}) = D M} Fy-i, (4.7.3)
Jj=lz
with {u;} = uy, ..., uny—_1, z being one of the roots of A(u) and

j . -1 J

In addition, from the recursion relation we also have

N-1

Fy(z. {ur}) = — Z M}, A FY_,

Z * G FE . (4.7.4)

j<k
Equations (4.7.3) and (4.7.4) together give rise to

—1
J kl )
Fy_ 2—[ZMNFN L+ D My Fy o+ > My 15\/2}

N I(Z {M]}) I#]j k>1
(4.15)
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(a) H Im(z) (b) Im(z)
O O O O O O O0O0 O O @O O ® OO
s ks
7 F
Re(z) Re(z)
o0 0000000 [ 3N BNON JN I JNON NN J
n L
4 4

Fig. 4.1 a Schematic diagram of the root distribution in the ground state of the XX spin torus.
The states in the lower solution line are all filled and the upper solution line is unoccupied. b The
elementary excitation. A “particle” (indicated by the dor) in the upper solution line must correspond
to a “hole" (indicated by the circle) in the lower solution line with the exactly same real part

From the definition of the F-functions we know that all of them are entire func-
tions. This fact requires that the residues of the right hand side of (4.7.5) about
uj = z = i% must be zero. This requirement gives the following BAEs:

coh®™ (z,) = 1, 2; # 2% £ 21, 4.7.6)
or
coth(zy) = e ¥ = e, n==41,..., (N —1). 4.7.7)

The N —1 pair solutions {z;, z; + %i} mod (i) of the above BAEs fall in two straight
lines parallel to the real axis with the imaginary part +im /4 as shown in Fig.4.1.
We remark that there is a selection rule to choose N — 1 z; from the solution set to
form the N — 1roots of A(u),ie.,z; #z1£i % This selection rule comes from the
fact that the poles and the zeros in (4.7.5) satisfy the same Eq. (4.7.6). Therefore, the
possible number of A (u) is 2¥ !, which, with the double degeneracy implied by the
Z>-symmetry, constitutes the complete spectrum of the transfer matrix.

The eigenvalue of the Hamiltonian is minimized if we put all the roots z; in the
lower solution line and leave the upper solution line empty as shown in Fig.4.1a.
The ground state energy can be easily calculated as E, = —2 cot 53, which slightly
deviates from that ofthe periodic chain. The elementary excitations of the system
are thus formed by the particle-hole pairs as shown in Fig.4.1b. The selection rule
requires that each particle with momentum k must be locked by a hole with momen-
tum —k (Andreev reflection) as shown in Fig.4.2, revealing the topological nature
of the system.
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Fig. 4.2 Schematic diagram (k)
of the excitation spectrum of

the XX spin torus. The RN
“particle” and the “hole” N
carry the exactly same AN
energy and opposite <

momenta R o

4.8 The XYZ Spin Torus

Following the same procedure, the exact spectrum of the XYZ spin torus can also be
constructed [17]. The Hamiltonian of the XYZ spin torus is given by

N
1 :
H =23 (oo + 1yoio)  + 0505, ), “8.1)
n=1
and
I, = emnM, Jy = emn%, J. = o +3) 1 2), (4.8.2)
with the antiperiodic boundary condition
ON41 =07 Ojyl=—01, Ony =—0;. (4.8.3)

The corresponding transfer matrix is defined by Eq.(4.1.8) with the R-matrix
replaced with the XY Z one (3.2.10). Similarly, we have the following operator
identities

tO)NLO; —n) =—a®)d@®; —n), j=1,..., N, (4.8.4)
N N
[T:@n=]]awp x v, (4.8.5)
j=1 j=1
tu+1) = =DV i), (4.8.6)

. +T N
tu+1) = (—1)Ne‘2’”{N”+N"T‘Zl:1 g

t(u), (4.8.7)
where the functions a(#) and d () are given by (3.2.23).

The Z,-symmetry of the R-matrix indicates that the model Hamiltonian also
possesses a Zp-symmetry [18-20], i.e., [H, U*] = 0. The corresponding functional
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relations of A(u) read

ABHAB; —n) =—a®)d@®; —mn), j=1,..., N, (4.8.8)
N N
[Tae)==+]]a0). (4.8.9)
j=1 j=1
Aw+ 1) = =D TA®W), (4.8.10)
. N+t N
A +1) = (—1)Ne‘2”’{"’”“"%‘Z’:1 9’}A(u). 4.8.11)
Meanwhile,
A(u) is an entire function of u. (4.8.12)

The relations (4.8.8)—(4.8.12) completely determine the function A(u). In the
homogeneous limit §; — 0, we have the following inhomogeneous 7" — Q relation
for the XY Z spin torus:

i@l Dusig @ 4 n) Q1w —n)
oNm) Q2w
e*[in(ﬂl+])(u+7))+i¢]O,N(u) Q2(M 4 T})
oV (n) 01(u)
ce™omwu+ 1) o+ ol u)

oW @ NN ()

Alu) =e

, (4.8.13)

where /1 is an integer, and the Q-functions take the forms given by (3.2.37). Note
that here the non-negative integer m is even (odd) for even (odd) N and

N +m=2M. (4.8.14)

The two parameters c, ¢, and the 2M Bethe roots {x;} and {v;} are determined by
the BAEs:

N M 1
S M n—;(uj—vj)= hts)otm, homez, (4815

M
1
M+ (uj +vj) = 5T +ma, m € Z, (4.8.16)
j=1

2+ j+2im i+ 3n+i
e L2 O] o 4 0N 4 )

a™(n) aN ()
= 0o(u;)Qa(pj +m), (4.8.17)
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Ce—Zinllv]-—hbo_m(vj 4 %) O'N(l)j)

o™(n)

and the selection rule

A(0) =

a¥N(n)

M
ot T] et

The eigenvalue of the Hamiltonian reads

E— o(n)
a’(0)

=1

M

1
D [ep = cuj + ]+ SN +2im
J

—Q1(vj)Q1(vj —
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n), (4.8.18)

(4.8.19)

1
(11+§) ., (4.8.20)

where function ¢ (u) is defined by (3.2.3). As for the periodic XY Z spin chain,
any fixed integers /; and m give a complete set of solutions. Numerical results for
N=3m=1and N =4, m = 0 with /[; = m; = 0 are shown in Tables4.5 and

4.6, respectively.

Table 4.5 Numerical solutions of the BAEs (4.8.15)—-(4.8.19) for N =3,n = —-2/3and t =i

w1

)

Vi

0.41667 — 0.24873i

0.41667 + 0.24873i

—0.47794 — 0.00000i

0.41667 — 0.24873i

0.41667 + 0.24873i

—0.47794 — 0.00000i

—0.29185 — 0.11151

0.12518 + 0.11151¢

0.03233 — 0.13153i

—0.29185 — 0.11151i

0.12518 +0.11151:

0.03233 — 0.13153i

—0.29185 +0.11151i

0.12518 — 0.11151§

0.03233 + 0.13153i

—0.29185 + 0.11151i

0.12518 — 0.11151i

0.03233 +0.13153i

—0.08333 — 0.08037i | —0.08333 + 0.08037i | —0.30406 + 0.50000i

—0.08333 — 0.08037i | —0.08333 + 0.08037: | —0.30406 + 0.50000i

v c ) E, n
—0.02206 4 0.50000i |0.21550 — 3.10475i 1.64010 — 0.57175i —1.41032 | 1
—0.02206 + 0.50000i | —0.21550 + 3.10475; | —1.50150 — 0.57175i | —1.41032 |1
0.46767 + 0.63153i —2.78061 — 2.78148i | 1.00207 — 1.48298i —0.37922 |2
0.46767 + 0.63153i 2.78061 + 2.78148i —2.13952 — 1.48298i | —0.37922 |2
0.46767 + 0.36847i 1.43741 — 0.94669i 2.34268 — 0.65658i —0.37922 |2
0.46767 + 0.36847i —1.43741 4 0.94669i | —0.79892 — 0.65658i | —0.37922 |2
—0.19594 — 0.00000i | 2.07093 — 1.46458i 2.52604 — 0.92817i 2.16875 3
—0.19594 — 0.00000i | —2.07093 4 1.46458i | —0.61555 — 0.92817i |2.16875 3

E, is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.8.20) are the same as those calculated with exact diagonalization

of the Hamiltonian
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Table 4.6 Numerical solutions of the BAEs (4.8.15)—-(4.8.19) for N =4,n = —2/3andt =i

M1

MH2

V1

0.33333 — 0.18210¢

0.33333 + 0.18210i

0.33333 — 0.00000:

0.33333 — 0.18210¢

0.33333 + 0.18210i

0.33333 — 0.00000:

—0.16667 — 0.18586i

0.33333 + 0.18586i

—0.16667 + 0.61266i

—0.16667 + 0.18586i

0.33333 — 0.18586i

—0.16667 + 0.38734i

—0.16667 — 0.18586i

0.33333 + 0.18586i

—0.16667 + 0.61266i

—0.16667 + 0.18586i

0.33333 — 0.185861

—0.16667 + 0.38734i

0.20335 — 0.00000:

0.46332 + 0.00000i

—0.16667 + 0.00000i

0.20335 + 0.00000:

0.46332 — 0.00000:

—0.16667 — 0.00000i

—0.16667 — 0.13615i

—0.16667 + 0.13615i

0.33333 + 0.00000i

—0.16667 — 0.13615i

—0.16667 + 0.13615i

0.33333 — 0.00000i

—0.16667 — 0.07684i

0.33333 + 0.07684i

—0.16667 — 0.04444i

—0.16667 + 0.07684i

0.33333 — 0.07684i

—0.16667 + 0.04444i

—0.16667 — 0.07684i

0.33333 + 0.07684i

—0.16667 — 0.04444i

—0.16667 + 0.07684i

0.33333 — 0.07684i

—0.16667 + 0.04444i

—0.16667 — 0.08893i

—0.16667 + 0.08893i

—0.16667 + 0.00000i

—0.16667 — 0.08893i

—0.16667 + 0.08893i

—0.16667 + 0.00000i

v c ) E, n
0.33333 + 0.50000i —0.69252 4 1.19949i | —1.04720 — 0.66489i | —2.34645 |1
0.33333 4 0.50000: 0.69252 — 1.19949i 2.09440 — 0.66489i —2.34645 |1
0.33333 — 0.11266i 1.95137 — 3.37987i —1.04720 — 1.28609; | —1.01133 |2
0.33333 + 0.11266i —0.96144 4 1.66527i |2.09440 — 0.57823i —1.01133 |2
0.33333 — 0.11266i —1.95137 4-3.37987i |2.09440 — 1.28609i —1.01133 |2
0.33333 + 0.11266i 0.96144 — 1.66527i —1.04720 — 0.57823i | —1.01133 |2
—0.16667 4+ 0.50000¢ |1.21750 — 2.10877i 2.09440 — 0.66148i —0.64764 |3
—0.16667 4 0.50000i | —1.21750 4+ 2.10877i | —1.04720 — 0.66148i | —0.64764 |3
0.33333 + 0.50000i 2.32235 — 4.02243i 2.09440 — 1.59613i 0.06267 4
0.33333 + 0.50000i —2.32235 4 4.02243i | —1.04720 — 1.59613i | 0.06267 4
0.33333 + 0.54444i 1.25919 — 2.18098i —1.04720 — 1.09820i |1.01133 5
0.33333 + 0.45556i 0.95239 — 1.64960i —1.04720 — 0.81896i |1.01133 5
0.33333 + 0.54444i —1.25919 + 2.18098i | 2.09440 — 1.09820i 1.01133 5
0.33333 + 0.45556i —0.95239 4 1.64960i | 2.09440 — 0.81896i 1.01133 5
—0.16667 4+ 0.50000i | —1.86802 4 3.23551i | —1.04720 — 1.25303; |2.93143 6
—0.16667 + 0.50000i | 1.86802 — 3.23551i 2.09440 — 1.25303i 2.93143 6

E, is the nth eigenenergy and n indicates the number of the energy levels. The eigenvalues of the
Hamiltonian calculated from (4.8.20) are the same as those calculated with exact diagonalization

of the Hamiltonian

In contrast to the periodic XYZ spin chain, the ¢ = 0 solution of the BAEs
(4.8.15)—(4.8.18) is not allowed for a generic n. However, the ¢ = 0 solutions indeed
exist for some discrete n values labeled by two integers /1 and m:
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N 1
(3—M)n=(l1+§)t+ml, li,m € Z. (4.8.21)

In this case, the T — Q relation (4.8.13) is reduced to a conventional one:

A(u) — eZin(11+%)u+i¢O-N(u + 77) Q(M - 77)

a¥N(n) O(u)
[217r(l1+ )(M+71)+l¢:| g (M) Q(u +n) (4.8.22)
oV Q) h
M
_ o(u— )
Q) = E e
The corresponding BAEs thus read
i enta ml2ig oMy +m QG +m) (4.8.23)
Ny 0%y —n)’ h
j=1,.... M,
Jo TTOM ) e
H 0) =enN, k=1,...,2N. (4.8.24)

As we emphasized in Chap. 3, the degenerate points become dense in the whole
complex n-plane in the thermodynamic limit, which allows us to obtain the thermo-
dynamic properties of the model for generic values of 1 [21] via the conventional
thermodynamic Bethe Ansatz methods [22, 23].
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Chapter 5
The Spin-% Chains with Arbitrary
Boundary Fields

A quantum integrable model with open boundary condition was first solved via the
coordinate Bethe Ansatz method by Gaudin [1]. Later, the open Heisenberg chain
model with parallel boundary fields was solved by Alcaraz et al. [2]. A signifi-
cant breakthrough on the open boundary quantum integrable systems was made by
Sklyanin [3], who proposed the algebraic Bethe Ansatz method for open bound-
ary quantum integrable models with RE [4]. Interestingly, people found that RE may
allow non-diagonal solutions [5-7], and these solutions are generally associated with
the existence of unparallel boundary fields, which break the U (1) symmetry of the
bulk and make it difficult to use the coordinate Bethe Ansatz method and the algebraic
Bethe Ansatz method for the lack of an obvious reference state. After this finding,
many efforts were addressed to this unusual problem. Some noteworthy methods are
the generalized algebraic Bethe Ansatz [8, 9], the analytic Bethe Ansatz [10-12], the
T — Q relation [13, 14], the g-Onsager algebra [15] and the separation of variables
method [16-21]. Unfortunately, for a long time, proper BAEs could only be derived
for some special cases, until ODBA was used to completely solve the problem [22,
23]. The Bethe states for the XXX chain with generic open boundaries were then con-
jectured in [24] and a systematic method for constructing the Bethe-type eigenstates
based on the inhomogeneous 7" — Q relation was developed in [25, 26].

This chapter elaborates on the systematic applications of ODBA on this model,
including construction of the operator product identities, derivation of values of the
transfer matrix at some special spectral parameter points, and construction of
the inhomogeneous 7' — Q relations, the BAEs, and the Bethe-type eigenstates. The
method for calculating physical quantities in the thermodynamic limit [27] based on
the BAEs are also introduced.

© Springer-Verlag Berlin Heidelberg 2015 121
Y. Wang et al., Off-Diagonal Bethe Ansatz for Exactly Solvable Models,
DOI 10.1007/978-3-662-46756-5_5
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1
5.1 Spectrum of the Open X X X Spin-i Chain

5.1.1 The Model Hamiltonian

The spin—% chain with arbitrary boundary fields is described by the Hamiltonian

=

~1
H = (JfoU;H + Jyojyo;;_l + JZU;U;+1) +h; -0y +hy-opn, (5.1.1)
1

~.
I

where J, (@ = x,y,z) are the coupling constants, and h; and hy are the two
boundary fields.

Let us first consider the case of J, = J, = J; = 1, i.e., the XXX case. Obviously,
the bulk possesses a global SU (2)-invariance. This allows us to put h; along the z
direction and hy in the x — z plane. Thus we may simplify the Hamiltonian as

=

1
H= ) 0j-0j41+hiof +hyoy +hioy. (5.1.2)
1

.
Il

The integrability of the model is associated with the R-matrix (1.5.2) and the
reflection rices

K_(u)z(Pj)‘“pgu), (5.1.3)

and

v f(atu+n Ew+n ) _ (Kijw KW
K (”)_(é(u+n)q—u—n)_(1<2+1(u) khw) O

which satisfy the following RE and the dual RE respectively

Rio(u =v)K )Ry 1(u +v)K; (v)

=K, WR12(u+v)K| )Ry 1(u —v), (5.1.5)
Rio(—u+ K )Ry 1 (—u — v — 20 K5 (v)
= Ky R 2(—u —v = 20K (@) Ra,1 (—u +v), (5.1.6)

where p, g, & are real numbers to ensure a hermitian Hamiltonian. For the X X X
chain, we put = 1. In fact, the rational R-matrix possesses the property

[Ri2(u), G1G2] =0, (5.1.7)
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for arbitrary c-number 2 x 2 matrix G, which indicates if K~ (u) satisfies RE,
GK~(u)G~! must also satisfy RE.
Let us introduce the one-row monodromy matrices

To(u) = Ron(u —6On)--- Ro1(u — 61), (5.1.8)
To(u) = Ri.o(u +61) - Ry.o(u + 6y), (5.1.9)

and the double-row monodromy matrix % (u)
Uo(u) = To(u)KO_(u)fo(u). (5.1.10)
The transfer matrix is given by
t(u) = tro{ Ky ()% (u)}. (5.1.11)

With the same procedure introduced in Chap.2, we have [7 (1), t(v)] = 0. The
first order derivative of the logarithm of the transfer matrix 7 («) (5.1.11) yields the
Hamiltonian (5.1.2)

H— dlnt(u)
ou

—-N
u=0,{60;=0}
—1 _
2 KO, KO
ST KO ik O

N

T
I

- l z l z X 5.1.12
In J+1+pal+q(oN+f§aN), (5.1.12)
1

~.
Il

with the parameter correspondences i1 = 1/p, b}, = &/q and hy; = 1/q.

5.1.2 Crossing Symmetry of the Transfer Matrix

An important property of the transfer matrix 7 (1) for open boundary systems is its
crossing symmetry which in the present case reads

t(w) =t(—u—1). (5.1.13)
After straightforward calculations, we find that the following crossing relations hold:

tra{PioR1 2(—2u — 2)[K5y w)]?} = —2uo{ K{ (—u — D)oy, (5.1.14)
try {PLaR12Qu)KS ]2} =2 + Do K| (—u — Doj.  (5.1.15)
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These relations together with the duality relation (2.2.34) imply that [14]
= — 1) = tr {Kg(—u — DTo(—u — DKy (—u — D) To(—u — 1)}

= tro | {K§ (= = DTp(—u — 1)} {KO_(—u — D To(—u — 1)}")]

tro {T()m(—u — DK (—u — DT (—u — 1)[Kg (—u — 1)]“)}

tro 1o () {0 1K (—u — D10y } To(u) {0y [Ky (—u — 1)]%6”}}

1 .
e — To(w) Py 1 Ro 1 Qu)K ™ (u) T,
) ro,l,z{ 0(u) Po,1Ro,1 Qu)K | (u)To(u)
x Py Ro.2 (—2u — 2)1(2—(“)}
1
= ¢ K )Ty (w)Py.1 Ry 1 (2
a0 ro,l,z{ | @)T1(u) Po,1 Ro,1(2u)
X Po2Ro2(~2u = VK5 i )] (5.1.16)
With the relation
1

“ D 1)tro,2 {Po,1Ro,12u) Py 2 Ro2(—2u — 2)K5 )} = K| (u), (5.1.17)

we arrive at (5.1.13).

5.1.3 Operator Product Identities

Obviously, #(u) is a degree 2N + 2 polynomial of . In addition, the crossing sym-
metry (5.1.13) indicates further that 7(«) (and therefore its eigenvalue A(u)) is a
degree N + 1 polynomial of u(u + 1) with N + 2 unknown coefficients. Using a
procedure similar to that introduced in Chap. 1, we have

1(0;) = tro {Ky (0))Ro.n (O — On) -+ Ro,j+1(0; — 0j4+1) Po,j
X Ro,j—1(0; —0;-1)--- Ro,1(0; —01)K (0;)R1,0(01 +6;)---
XRj0(Q20)Rj+1,00+1+6) - Ry oOn +6))}
=Rjj-10; —0;-1) - Rj1(6; —0)K; (0;)Ry, ;01 +6;)---
XRj_1,jOj—1+ 0))tro {K; (0))Ro.N(©j — ON) -+ R, j+1(0; — 041)
X Py jR;j0(20))Rj41,000j41+0;) - Rno(On +6))}. (5.1.18)


http://dx.doi.org/10.1007/978-3-662-46756-5_2
http://dx.doi.org/10.1007/978-3-662-46756-5_1

1
5.1 Spectrum of the Open X X X Spin-i Chain 125
From YBE, we obtain

Ro,j+10; —0j41)Po,jR;j0(20))Rjy1,0(0j41 +6;)
=Ro j+1(0; —0j+1)Ro, j(20))R; 1,01 +0)) P j
= Rj+1,j0j+1 +0j)Ro,j(20;)Ro j+1(0; —0;+1) Po,j
=Rj1,jOj41+0))PojR;j0(20/)R; j+1(0; —Oj11). (5.1.19)

This gives rise to

10)) =Rjj-100; =0j-1)---Rj1(6; =01 K; (0j)Ry (61 +6)) -
XRj1,j0j-1+0)Rjy1,j0j+1+0;)--- Ry j(On +0;)
xtro {Ky (0))Po,jRj 020} Rjn(©j — On) -+ Rj j4+1(0; — 041).
(5.1.20)

The crossing relation (1.5.6) of the R-matrix implies

10 — 1) = tro{og Ky (0; — Dog Ry (=6 +6n) -+ R (=6, + 61)

xog Ky (0 — 1oy RYo(=01 — 6;) - Ri) y (—Oy — 6,)}

= 1ro{(oy K§ (0 — 1)og R\ (=0 + Ox) -+ R (=0 + 61))"
x(0g Ky (0; — Doy RY (=61 — 6;) - Ry (=6 — 6,))}

= tro{(oy Ky (0, — 1)0g) Ro,1(—0; + 61) - - Ro.n (—0; + On)
x(0g K (0j — Do) Ry, 0(—On — 0;) -+ Ry o(—01 — 6;)}

=Rjj11(=0; +0;41)--- Rj N(—0; +0N){0ij}L(9j - 1)0f}tj
XRN,j(=On —0j) - Rjt1,j(=0j41 —O)Rj_1,j(=0j—1 —6j) -
xRy, j(—01 — 0))tro {(og K (0j — 1)ag)° Po,jRj.0(—26,)}
XRj1(=0; +61)--Rj j_1(—0; +0;_1). (5.1.21)

With the help of the unitary property (1.5.5) of the R-matrix and the formulae
K;(u)tro {(a()yK(;(u — l)aoy)to Po,jRj,o(—Zu)} = —Dety,{K~ ()}, (5.1.22)

tro {K& () Po_j Rj o)) {U}Kj(u — 1)0}}"’ = —Det, {Kt ()}, (5.1.23)

we find that the transfer matrix satisfies the relations

B A 6))
C(1-20)(1+20))°

10)1(0; — 1) j=1,...,N, (5.1.24)
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with
A, (u) = Dety {T (u))Det, {T (1)) Det, (K~ (u)}Det, (KT ()},  (5.1.25)
and
N
Dety{T @)} = [ J@ =0, + D@ —0; 1), (5.1.26)
j=1
R N
Dety{T )} = [ J@+6; + D@ +6; - 1), (5.1.27)
j=1
Det, {K (1)} = 2(u — ) (p* — u?), (5.1.28)
Det, (K* ()} = 2(u + 1) [(1 e — qz] . (5.1.29)

The above quantum determinants can be easily calculated with the procedure intro-
duced in Sect. 2.4 of Chap. 2.

In addition, by checking the definition of the transfer matrix, it is easily deduced
that

N

10)=2pq [ —0p1+06)), (5.1.30)
j=1

t(u) ~ 2Nt 4o foru — oo. (5.1.31)

The relations (5.1.24)—(5.1.31) together with the crossing symmetry (5.1.13)
determine the spectrum of the transfer matrix completely.

5.1.4 The Inhomogeneous T — Q Relation

The properties of the transfer matrix #(x) given by (5.1.13) and (5.1.24)—(5.1.31)
imply that the corresponding eigenvalue A(u), which is a polynomial of u, satisfies
the following relations:

Crossing symmetry: A(—u — 1) = A(u), (5.1.32)
N

Initial condition: A(0) =2pgq H(l —0)(1+0;) = A(=1), (5.1.33)
j=1

Asymptotic behavior: A(u) ~ 2u*N*2 4 ... u — +oo, (5.1.34)
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and
‘ o Ay(0)
A6 A6~ = (1 —20;)(1 +26))
=a0,)d®; —1), j=1,...,N, (5.1.35)
where
=220 i+ et ]ﬁ( +0; + D —6; + 1)
au—2u+lu p u thu i u i ,
j=
(5.1.36)
2u 1 N
d(u) = 5 +1(u —p+DIA+EH2(u+1) —q]/[[l(u +0,)(u—6))
=a(—u—1). (5.1.37)

These conditions allow us to construct the following inhomogeneous 7" — Q
relation for each eigenvalue A(u):

_ Qu -1 Qu+1 _ 2.1
A(u) —a(u)—Q(u) +d(u)—Q(u) +2[1 = A +&7)2Ju(m+1)
X}‘[?’:](u +0;)(u—0)(u—+60; +Du—0; + n 5.138)
Ou)

The function Q(u) is parameterized by N Betheroots {A;|j =1, ..., N} asfollows:

N

Q) = [ —rp@+x;+1). (5.1.39)

j=1

Such parametrization obviously satisfies the relation (5.1.35) and the asymptotic
behavior (5.1.34). To ensure A(u) to be a polynomial, the residues of A(u) at the
poles A; must vanish, i.e., the N Bethe roots must satisfy the BAEs

aG )OO — ) +dO)OG; + 1) = —2[1 — (1 + &)1, + 1)
N
[T+ =000 +0+ DG —6+1), j=1.....N,

=1
(5.1.40)
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with the selection rules A; # A; and A; # —A; — 1. Now we can safely take the
homogeneous limit §; — 0. In this case, the functional T — Q relation is

2 1P 2,1 Qu—1)
A(u) = W(”*‘l’)[(l'ﬂf )2’4+6]]W
2u 2N+1 Q(u+1)
5T (u—p+1>[(1+s)z<u+1)— o
| 2N+1
1ol — (1 4 gyt DT (5.141)
0(u)
and the BAEs read
(MH)Z’V“ G PI+ED A+l QG+ 1D
Xj = p+DIA+EDTA;+1)—q]  Q0j—1D

L= +EH)2)Q@A + DGy + DAV
A —p+DIA+EDIA; +1)—qlQ(; — 1)

j=1,...,N. (5.142)

From the relation (5.1.12) we have the eigenvalue of the Hamiltonian in terms of the
Bethe roots given by

91n Au)
E= ———— — N
du y=0,10;=0)
N 2\ 4
1 1 2
=> — YRR UL Gl (5.1.43)
)»]()» +1) p q

j=1

~.

It has been numerically verified [28] that the BAEs (5.1.42) give a complete set of
solutions. Here we list the numerical results for the case of N = 3 and 4 in Tables 5.1
and 5.2.

We remark that (5.1.38) is one of the minimal inhomogeneous 7 — Q relations
for the present model given in [22]. For £ = 0, the two boundary fields are parallel.
This is the case we studied in Chap. 2. In this case, the inhomogeneous term in the
T — Q relation vanishes and part of the N Bethe roots may take the value of infinity.
The Q-function is thus reduced to

M
Qw) = [Jw—-2rpu+r;+1)., M=0.....N. (5.1.44)
j=1

We recover the result obtained via the algebraic Bethe Ansatz method.
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Table 5.1 Numerical solutions of (5.1.42) for N =3, p = —0.6,g = —03and £ = 1.2

Al A2 A3 E, n
—4.10438 — 0.00000i | —3.12345 — 0.00000; | —0.50000 — 0.36233i | —9.66040 |1
—4.46781 — 0.00000i | —1.54620 — 1.55846i | —1.54620 + 1.55846i | —5.22656 |2
—4.42536 4+ 0.00000i | —1.73347 4+ 0.00000; | —0.50000 — 1.26655i | —4.24721 |3
—3.81357 — 0.51692i | —3.81357 4+ 0.51692i | —1.61102 + 0.00000; |—2.49645 |4
—4.42526 — 0.00000i | —1.19169 + 0.00000; | —0.50000 — 0.87145i 2.03247 |5
—3.71762 — 0.15797i | —=3.71762 + 0.15797i | —1.19200 + 0.00000i 4.25829 |6
—4.35285 —1.50781 —1.19223 6.60218 |7
—1.43080 — 0.20414i | —1.43080 + 0.20414; | —1.19144 + 0.00000i 8.73767 |8

E, is the nth eigenvalue of the Hamiltonian and n denotes the number of the energy levels. The
eigenvalues calculated from (5.1.43) are the same as those calculated with exact diagonalization of
the Hamiltonian

5.1.5 An Alternative Inhomogeneous T — Q Relation

The operator identities allow us to construct a variety of 7 — Q relation as we men-
tioned in Chap. 1. In this section, we introduce another convenient 7 — Q relation [22]

_ O1(u—1) O2(u+1) N 21
A) = a() =g 4+ d W =g 2D — (48 + )
XH?=1<u+ej>(u—ej>(u+e,~+1)<u—e,-+1>’ 5145,
O1(w)Q2(u)
with

N N
01w =[Jw—2). 2w =ED"[Jaw+r+1.  (5.146)

j=1 j=1

Obviously, this T — Q relation also satisfies equation (5.1.35). The BAEs in the
homogeneous limit thus read

A )00 + D02(hj) = —2[(—DY — (1 + DI + DIV (5.1.47)

The corresponding eigenvalue of the Hamiltonian is

N NS

2 1 1+ 2

E=—E +N—1+—+ﬁ.
jzl)»j+1 p q

(5.1.48)

The numerical results for N = 3 and 4 listed in Tables 5.3 and 5.4 indicate that the
T — Q relation (5.1.45) and the corresponding BAEs (5.1.47) also give the correct
and complete spectrum of the Hamiltonian.
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Table 5.3 Numerical solutions of (5.1.47) for N =3, p = —0.6,g = —03and £ = 1.2

131

Al A2 A3 E, n
—5.47086 — 0.00000 | —0.50127 — 0.36386i | —0.50127 + 0.36386i | —9.66040 |1
—1.10173 — 1.31044i | —1.10173 + 1.31044i 2.39785 — 0.00000i | —5.22656 |2
—1.75718 + 0.00000¢ —0.14959 — 0.98228i —0.14959 + 0.98228i —4.24721 3
—8.50064 + 0.00000i —1.61125 + 0.00000i 0.72177 — 0.00000:¢ —2.49645 4
—1.19174 + 0.00000; | —0.33280 — 0.55855; | —0.33280 + 0.55855i 2.03247 |5
—6.90555 — 0.00000¢ —1.19200 + 0.00000¢ 0.23184 + 0.00000i 425829 |6
—1.41754 —1.19252 —0.45991 6.60218 |7
—1.60035 —1.19205 13.93425 8.73767 |8

E, is the nth eigenvalue of the Hamiltonian and n denotes the number of the energy levels. The
eigenvalues calculated from (5.1.48) are the same as those calculated with exact diagonalization of
the Hamiltonian

5.2 Bethe States of the Open X X X Spin-% Chain

The algebraic Bethe ansatz provides a useful method to construct eigenstates of
integrable models. Unfortunately, its application strongly depends on the existence
of a proper reference state. For integrable models without such obvious reference
state, an elegant method, namely, the separation of variables (SoV) method, was used
to derive the eigenstates of these models with inhomogeneity [17] by constructing
a simple basis of the Hilbert space. The Bethe states of the open X X X spin chain
with generic boundaries were first conjectured in [24] based on the inhomogeneous
T — Q relation. A systematic method to retrieve the eigenstates was developed in
[25]. This method allows us to construct both the SoV states and the Bethe states,
thus solving the homogeneous limit problem of the SoV approach. In this section,
we retrieve the eigenstates of the open X X X spin chain with generic boundaries.

5.2.1 Gauge Transformation of the Monodromy Matrices

It is easy to check that K (u) can be diagonalized as

1
Ktw) = GKTw)G™! :(q+(1+§2)2(u+1) 0 )

0 G-+ u+1)
_ (K@) 0
- ( ! 12;2(14))’ (5.2.1)
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where the matrix G is given by

1
G5 a+&H -1 ) (522)
R

Accordingly, the gauged K ~ (i) matrix reads

1
2
p+ 1 ru (14+& )Zl—lu
K~ (u)=GK WG '= (14592 (14532

(1+§2>7+1u "

1 1

(1+£2)2 (1+82)2

= (Ifl_l(”) 151_2(”)). (5.2.3)
Ky () Ky (u)

For convenience, we denote the double-row monodromy matrix as

(5.2.4)

Uw)=Tw) K~ ) T = (427(14) %’(u)) 7

C ) D)
and its gauged one as

Uuw)=GTwWK w)TwG '=GTw)G 'GK~(w)G™ ' GTw)G™!

_ (T w) Bw)
- (‘é(u) @(u))' (5.2.5)

The transfer matrix #(«) can be expressed in terms of both double-row monodromy
matrices

tu) = K () o () + K5 ) € W) + Ky () Bw) + K () D)
= K}, (w) ) + K () D). (5.2.6)
The explicit expression (5.2.2) of the G-matrix and the relation (5.2.5) between

the two double-row monodromy matrices allow us to derive the following relations
among their matrix elements:

o (u) = ;1 [5(1 b+ 8D )+ E26 )
26(1 4 £2)2

+&2Bw) -1 -1 +§2)£)@(u)}, (5.2.7)
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?m)=———3——7[sa+«1+s%5an)—a+wl+s%5ﬁ%W)
26(1 +£2)2

+E2Bw) — (1 + (1 + 52);)@@!)} , (5.2.8)
- 1 1
QW) = ———r [5«1 +ED? — ) (u) — E2C(u)

26(1 +£2)2

—E2PBw) + £+ (1 +52)5)@(u)}. (5.2.9)

Both the double-row monodromy matrix and its gauged form satisfy the reflection
algebra (2.2.5). Due to the invariance (5.1.7) of R(u), the commutation relations
among <7 (u), B(u), € (u) and Z(u) take the same forms as those among .o (u),
B(u), € (u) and Z(u) (see Sect.2.2 of Chap.?2):

uw+v>u—v+1)

T ) = —v)u+v+ I)QZ(VWZ(”) T u+v+ 1‘@(”)%%)

o V)”(:J:V . l)gi(u)%f(v), (5.2.10)
G ) = EZ i :; EZ - : I 3%@)92@) AU

o V)”(::V . 1)%7@)92@{), (5.2.11)
A ) (v) = o (V) (u) + pyr— lé(v)%f(u)

- l@(u)‘f(v), (5.2.12)
GWIW) = IMI @) + ————CWHBw)

T jm),@(v), (5.2.13)
G A ) = 7 ()P (u) — o _”V)JEMV:V2+ l)gz’(u)%f(v)

utvtl sl (5.2.14)

(u—vu+v+1
[€ (), €] = [B ), BW)] = 0. (5.2.15)
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5.2.2 SoV Basis

Let us introduce two local states of site n

1
1+&H2 +1 1
1), = %| Myt ——— Iy n=1,...,N, (52.16)
26(1+8%)2 2(1 +£2)2
1 +E92 — 1
12)n = &I Mn — | L), n=1,...,N, (52.17)

26(1 +£2)? 21 + £2)7

and their dual states

2l =6t 1+ (A +ED2 =D u(l], n=1,...,N,
n<2|=En<T|_((1+$2)%+1)n<¢|a n=1,...,N. (5.2.18)

These states satisfy the orthogonal relations
ilalbyy =8apdjr, a,b=12, jk=1,...,N.
Based on the above local states, we define two global product states
12) =&Y, 11);, (2l=®), @l (5.2.19)

For convenience, let us introduce the notation for the gauged one-row monodromy
matrix

o (Aw) B)
GTw) G ! = (é(u) D(u))‘ (5.2.20)
It is easy to check that
Aw)|R) =aw)|2), Dw)|R)=dw)|s2), (5.2.21)
(21A) = a) (2], (2|Dw) =du)(2], (5.2.22)
Cw)|2) = (2|B(u) =0, (5.2.23)
with
N
dw)=aw—1)=[]w-0p. (5.2.24)

j=1
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Adopting a similar procedure to derive (2.2.37), by expanding % (u) in terms of
elements of the gauged one-row monodromy matrices, we can easily deduce

Cw)2) = (DN Ky (w)d(—u — 1)d(u)|2), (5.2.25)
(21Fw) = (—DN K5, wa(u)a(—u — 1)(£2]. (5.2.26)

Noting that Cf(u) forms a commuting family, i.e., [‘é(u), CJZ(V)] = 0, therefore, its
eigenstates do not depend on the spectral parameter and form a basis of the Hilbert
space for generic {0;}. Particularly

C(0,)|12) =C(—0; — 1)|2) =0, (5.2.27)
(21€(=0)) = (2€©0; — 1) =0, (5.2.28)
allow us to construct the SoV states as

OprseensOp) = (Op)) - (0,,)|82), (5.2.29)
Ogrs -+ 00,) = (21D(=04)) - - D(—0,,), (5.2.30)
where gj, pj € {1,...,N}, pr < pp <--- < ppandq; < g2 < --- < gy. Using

the relations (5.2.10)—~(5.2.14) and the relations (5.2.27) and (5.2.28), we conclude
that the above states are exactly the eigenstates of € (u)

CW)Op,r -2 0py) = 0, Bpys o 0, DIOprs -2 0p), (5231
Bgps - s Oy |CW) = R, {8y . 0y ) {Bgys - -+ Oy |, (5.2.32)

with the corresponding eigenvalues being

R, {Op, s ..., 05, ) = (—=DN K, w)d (wyd(—u — 1)
li[ U0, —0p, +1)

5.2.3
=0, 0p, + 1) (5239
h(u, {0y, ..., 05,) = (=DN K5, w)aw)a(—u — 1)
" — 0y, 6, + 1
I1 (1 = By, )t + 6, + 1) (5.2.34)

=1 (u —{—qu)(u - qu + 1)

It follows from (5.2.12) that the operators o (u) with different generic spectral
parameters are not mutually commuting. However, the commutation relation (5.2.12)
and the relations (5.2.31) and (5.2.33) imply that the state |0,,, ..., 0,,) does not
depend on the order of o (6p;) in the right hand side of (5.2.29). Similarly, the

state (0, . .., 6y, | is independent of the order of 17 (—04;) in the right hand side of
(5.2.30).
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For generic inhomogeneous parameters {0}, (5.2.31)—(5.2.32) imply that the left
states and right states satisfy the relations

Ogis -2 00,10p15 - Op) = fupys oo 0p,)0man, NOg).(p),  (5.2.35)

where (4. (p) is defined as

1 if {q1,....qm,p1,-.., put={1,..., N},
8ta).(p) [O otherwise, (5.2.36)

and fn(epla ceey 9[7”) is given by
1@y 0p) = Oppirs s OpylOprs oo Op)

N
=H(—1>N1€5(epj)ci(—0pj —0a®,) [ —DVK5(=6p)

j=1 k=n+1
- 5 i T Op +0p
Xa(=0p)dOp = DHH +9 +1 H Hﬁ

j=ll>j pi j=n+11>j pi

—Op;

- 5.2.37

T IT 5237
j=11=n+1

with the convention p; < --- < p, and py41 < --- < pn.

The right states {|60),,...,0)p,)} given by (5.2.29) (or the left states {(6,, ...,
0p,1} given by (5.2.30)) form a right (or left) basis of the Hilbert space. Therefore,
any right (or left) state can be decomposed as a unique linear combination of the
basis.

5.2.3 The Scalar Product F,(0p,, ..., 0,,)

Assume (Y| to be a common eigenstate of the transfer matrix 7 (u), namely,
(Plru) = (¥ Aw),

where the eigenvalue A(u) is given by (5.1.38). Following the method used in
Sect.4.5 of Chap. 4, we introduce

Fupys - 0p) = (W10, 0p). (5.2.38)
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Let us consider the quantity (¥ [t (0p,, )10p,, - .., 0p,). Acting 1 (0,,. ) to the left
and to the right alternately, we obtain the relation

A(Gpn+l)Fn(9P1’ s Op,) = (‘Ij|t(9pn+1)|9m’ oo Opy)
=K 0pi) Fat1Gpys - 0,0 )

+K50p,11) (W126p,,.) [ [ 76,)192).
j=1

Using (5.2.14), (5.2.31) and (5.2.33), we have
AGp, ) EaOprs . 0p,) = Ky Op,i) Fa1 Opy - 6p,)

K3 Op, ) (W] 7 0p)20),.)12).  (52.39)
j=1

With a similar procedure to derive (2.2.37) and (5.2.25), we can easily derive the
equation

- 1 . _
D(6p,))12) = 26)Pjﬁb<z¢(9,,j)|52), j=1,...,N. (5.2.40)

Substituting (5.2.40) into the relation (5.2.39), we obtain

(ngn+1 + 1)12?_1(9177&1) + IZ;—Z(OPWH)

AGpr) FnOps - 0p) = 20p,,, +1
XFpp1Opys -y Opir)- (5.2.41)
The above recursive relation allows us to determine {F},(6),, ..., 0p,)} as
n (20, + DA®)))

FaOpy. ... 05) =[]

j=1

= = 0
(260, + DK (0,,) + K55(60,))

where Fy = (¥|£2) is an overall scalar factor.
Keeping the explicit expression of the eigenvalue A(u) given by (5.1.38) in mind,

we further rewrite the above expression of {F},(0,,, ..., 0),)} as follows
Fo@pys vy 0p,) = (W10, ....0,)
n
- ~ Q@, —1)
= [TDY 6y, + prad,)d(—6,, — H—"—— Fy,
j=1 QOp))

n=0,...,N. (5.2.42)
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The eigenstates are thus expressed as

N
Fu@ps .-, 0p,)
(W| = Z Z : epl ep (epn+1 g e e ey QPN |’ (5243)
S Oy Op)

with p; <--- < ppand pp41 < -+ < pn.

5.2.4 The Inner Product {010,,, ..., 0p,)

An important quantity we shall use is (0|0, , . .., 8, ). From the definition (5.2.29)
we have

O10p1. -+ Op,) = 01 Op,.) [6py -, 0p,).

With a similar procedure to derive (2.2.37), we find that the following relations
hold:

0]/ () = (=DN K () a)d(—u — 1) (0], (5.2.44)
(0l 2(u) = (—1)N2M—+1K1‘1 () a(u)d(—u— 1) (0|
4oV B DR = Ky G au— 1y 01, (5.2.45)
2u + 1
(0] (u) = 0. (5.2.46)

From (5.2.7)—(5.2.8) we deduce that (O|$zf~ (0p,.,) can be expressed as a linear
combination of (0| and (O|%’5(0pn +1)» which induces the recursive relation

(O16py - 0p,y) = (“DVK[(0p,,)a(0p,.)d(=6),,, — 1)
$(00ps ..., 0p), n=0,....,N—1, (5247)

and gives rise to

(010p,. ... 0p,) = [[(=DYOp; + p)a0,,)d(—6,; — 1)(0]2),
j=1
n=0,...,N. (5.2.48)

With the help of (5.2.16) and (5.2.19), it is easy to check that for a generic nonzero
& the overall constant (0]|$2) does not vanish.
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5.2.5 Bethe States
For each solution of the BAEs (5.1.40), let us introduce the left Bethe state
N ~
(A, ..., AN] = (0] H%(Aj). (5.2.49)

The relations (5.2.31), (5.2.33) and (5.2.48) imply that

n

(Mly e s ANy ooy Op)) = H(—l)N(e,,j + p)a®y,)d(—0,, — 1)

j=1

00y, N s

_— DVKS 0)dO)d(—r — 1)(0]2

x Q(@,,J) kH]( YV K3, Ou)d (M )d (—rg — 1)(0]£2),
n=0,...,N. (5.2.50)

Comparing the above expression with (5.2.42), we conclude that the Bethe state
(A1, ..., AN]| given by (5.2.49) is an eigenstate (up to an irrelevant normalization
factor) of the transfer matrix 7 (#) with the corresponding eigenvalue (5.1.38), pro-
vided that the parameters {1 ;} satisfy the BAEs (5.1.40).

It follows from their definition that the two “reference” states |0) and (0| are
independent of the inhomogeneous parameters {0 }. It is easy to check that all of the
operator %€ (u) (also <7 (u), #(u) and Z(u)), the T — Q relation (5.1.38) and the
associated BAEs (5.1.40) have well-defined homogeneous limits of {#; — 0}. This
implies that the homogeneous limit of the Bethe state (A1, ..., Ay| gives rise to a
left eigenstate of the transfer matrix for the homogeneous open XXX spin-% chain.

It should be remarked that the common eigenstates of B(u) also span the Hilbert
space and the Bethe states associated with the 7 — Q relation (5.1.45) and the BAEs
(5.1.48) can be constructed with the same procedure as

TSP B(.))|0), (5.2.51)

||’:|2

which is an eigenstate of the transfer matrix # (1) with the corresponding eigenvalue
(5.1.38), provided that the parameters {A;} satisfy the BAEs (5.1.40). The corre-
sponding eigenvalue and BAEs are given by the homogeneous limits of (5.1.38) and
(5.1.40).

We note that for £ = 0, the present method does not work, since the eigenstates of
@ (1) and Z(u) can not form SoV basis. In that case, the eigenstates can be obtained
via the algebraic Bethe Ansatz method introduced in Chap. 2.
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5.3 Spectrum of the Open XXZ Spin-% Chain

5.3.1 The Model Hamiltonian

For the XXZ spin- % chain, the corresponding monodromy matrices and transfer matrix
are still defined by (5.1.8)—(5.1.11) but with the R-matrix (4.1.3) and the K -matrices

_ (K[ () K,(u)
K= (G 120):

K =2 [sinh(oe_) cosh(B-) cosh(u) + cosh(a_) sinh(B_) sinh(u)] ,
K5, (u) = 2[sinh(a_) cosh(B-) cosh(u) — cosh(a_) sinh(B_) sinh(u)] ,
K, (u) = ¢’ sinh(2u), K5, (u) = e - sinh(2u), (5.3.1)

and

+ _ -
KT(u) = K (—u— n)'(a,,ﬁ,,e,)e(—a+,—ﬁ+,9+)’ (5.3.2)

which respectively satisfy RE (5.1.5) and the dual RE (5.1.6) associated with the
R-matrix (4.1.3). Here a5, B+, 0 are the boundary parameters associated with the
boundary field terms. The Hamiltonian reads

dlnt(u)
ou

H =sinhp — N cosh n — tanh n sinh n

u=0,{6;=0}

N-1 +
. ) troK, (0)
— 2inh P iR .. (0)+sinhn—2
! ; 18y © " troK (0)
oKy 0)PyoRy o) Ki'(0)
- + sinh n——
troK ¢ (0) Ky ©

—N coshn — tanh n sinh n
N-1

_ X __X y_y Z.2
—Z[Ujaj+1+0j‘7j+1+COSh’70jUj+1]
j=1

+2sinh n

sinh 7 . : X y
m(cosh a_sinh B_o{ + coshf_o{ +isinh0_oj)
sinh n . . P y
_m(cosh a4 sinh 8oy — coshf oy —isinhboy).
+ +

(5.3.3)
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5.3.2 Functional Relations

With the same procedure introduced in Sect. 5.1, we can deduce the quantum deter-

minant A, (u) for the present case as

4 8inh(2u — 2n) sinh2u 4 2n)
sinh? g

Ag(u) = =2

x cosh(u + B—) cosh(u — B_) sinh(u + o4 ) sinh(u — 4)

sinh(u + o—) sinh(u — o)

N
x cosh(u + B4) cosh(u — B4) sinh ™V g Hsinh(u +6,+1n)

=1

x sinh(u — 0; 4+ n) sinh(u + 6; — n) sinh(u — 6; — n).

The operator product identities are

Ag4(05) sinhn sinhp

10 O; —n) =
©1©; =m sinh(y — 26;) sinh( + 26;)

In addition, the following crossing relation holds:
t(—u—n) =t(u).
The quasi-periodicity of the R-matrix and K -matrices

Rip(u+im) = —of Ri2(u) of = —o5 Ri2(u) oy,
K*u+in) = —c*K*u)o?,

and the following properties of K~ (u)
_ 1 _ .
K () = Etr[K 0)] x id,
_(im 1 _fin
K |\—)==tr|K | —)o%| x0o%,
2 2 2
allow us to derive the equations of ¢ (u)

tu+im) =tu),
1(0) = —23 sinh a_ cosh B_ sinh ay cosh B4 coshp

id,

N . .
h(n — 6 h 6
XHSIH (n — 6) sinh( +6)

i k2
-1 sinh“ n

t (Z) = —23cosha_ sinh B— cosh o sinh B4 coshn

xid, j=1,...

(5.34)

(5.3.5)

(5.3.6)

(5.3.7)
(5.3.8)

(5.3.9)

(5.3.10)

(5.3.11)

(5.3.12)
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><1ﬂ[smh ”’ +91+n) sinh (’” +91—n)

x id, 5.3.13
P sinh? ( )
i t( ) cosh(0_ _ 9+)e:l:[(2N+4)u+(N+2)n] it (5 3 14)
X v, D.
oo 22N+1ginh2N 5 '

The relations (5.3.5)—(5.3.6) and (5.3.11)—(5.3.14) can completely determine the
eigenvalue function A(u). These equations imply the following functional relations
of A(u):

A, (0;) sinhn sinhp

AB@HAB; —n) = , j=1,...,N, (5§3.15
©0)A; =m sinh(n — 26;) sinh(n + 26;) / ( )
A(—u — 17) =A), Alu—+im)= A(u), (5.3.16)
A(0) = —2 sinha_ cosh B— sinh a4 cosh 4 coshn
inh(n — 6;) sinh 6
y 1—[ sinh(n .z) S21n (n + 1)’ (5.3.17)
- sinh” n
i 3 . .
A 5 )= —27 cosh _ sinh B_ cosh o sinh S cosh
N lJ'[ in
smh + 6, + r;) sinh ( + 6, — n)
X , 5.3.18
ll:[l s1nh2 ( )
cosh(6L -6 )e [QN+4u+(N+2)n]
ullrfoo Aw) = 22N+1 ginh2VN 5 +ee (5.3.19)

A simple analysis, as we used in the previous sections, leads to the fact that

A(u), as an entire function of u, is a trigonometric
polynomial of degree 2N + 4. (5.3.20)

As we proved for the XXX spin—% chain in Chap. 1, we can show that the functional
relations (5.3.15)—(5.3.20) completely determine the function A(x#) and imply the
inhomogeneous 7" — Q relation formalism.

5.3.3 The Inhomogeneous T — Q Relation

For convenience, let us introduce the notation

(5.3.21)

_ ﬁ sinh(u — 6; + n) sinh(u + 6; + n)
N _1 s1nh2
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, sinh(2u + 2n)

a(u) = -2 Sinh Qi 1 1) sinh(u — o—) cosh(u — B_)
x sinh(u — ;) cosh(u — B1)Au), (5.3.22)
du) = a(—u —n), (5.3.23)
and the Q-functions
N+m .
sinh(u — u;)
O1(w) = T — (5.3.24)
]1;[] sinh n
N+m .
_ smh(u—i—//,j—l-n)_ o
0wy =[] sy = Q= (5.3.25)

j=1

where m = 0 for an even N and m = 1 for an odd N. The inhomogeneous 7" — Q
relation for the present case reads

_ O1(u—n) Q>(u +n)  sinh™ usinh™ (u + 1)
A(w) = a(u) 0 +du) 0160 T
2¢ sinh(u) sinhQu +2n) - -
Aw)A(—u —n). 5.3.26
ooy AT (3320

To match the asymptotic behavior (5.3.19), the parameter ¢ must take the value

N+m
¢=cosh | (N+1+2mm+a_+p_+oap+By+2 D u,
j=1
—cosh(6_ —6). (5.3.27)

If the N + m parameters {u;|j =1, ..., N + m} satisfy the BAEs

2¢ sinh(2u ;) sinh (24 + 21) A(j)A(—pj — 1)
d(p)Qa(n) Qo + 1)
: h2m
S S0 : (5.3.28)
sinh™ p ; sinh™ (i ; + n)

the function A(u) parameterized by the T — Q relation (5.3.26) is a solution of
(5.3.15)—(5.3.20). Note that the selection rules

wj #pg, and pj #F - —n, (5.3.29)

must hold to ensure the simplicity of the poles in (5.3.26).
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In the homogeneous limit 6; = 0, the BAEs (5.3.28) are reduced to

¢sinh(2uj + 1) sinh(244; + 2n) sinh™ w1 ; sinh™ (w; + 1) sinh®Y (14 + 1)
2sinh(p; + a— +n) cosh(u; + B— + n) sinh(u; + a4 +n) cosh(u; + By +n)
N+m

= [ sinh(u; + pr + m) sinh(uj + i +2m). j=1.....N+m.
=1

(5.3.30)
The eigenvalue of the Hamiltonian (5.3.3) in terms of the Bethe roots is given by

E = —sinhp [coth o_ + tanh B_ + coth o4 + tanh ,3+]
N+m
—2sinhn D" coth(u; +n) + (N — 1) cosh . (5.3.31)
j=1

To check the completeness of the solutions, numerical solution of the BAEs
(5.3.30) and exact diagonalization of the Hamiltonian were performed in [23] for
small N and a randomly chosen 7 and the boundary parameters o+, S+ and 6. Here
we list the numerical results for N = 3 and 4 in Tables 5.5 and 5.6, respectively. The
numerical results indicate that the BAEs (5.3.30) indeed give the complete spectrum
of the Hamiltonian.

Now let us seek the ¢ = 0 solutions of the BAEs. In this case, a constraint among
the boundary parameters is needed [9, 10, 29, 30], and a proper reference state may
exist, which allows us to apply the conventional Bethe Ansatz methods. For ¢ = 0,
from the BAEs (5.3.28) we find that the Bethe roots {y;} might form two types of
pairs:

iy = —n),  (ur, —pp —21m), (5.3.32)

and the T — Q relation (5.3.26) is reduced to a conventional one

Q(ft ) dw) O +n)

A = -
W =a=5 o)

, (5.3.33)

with

M. .
- sinh(u — ) sinh(u + w; + n)

u) = I I ,
et ke sinh?

and M is the number of the first type of pairs in (5.3.32). The constraint (5.3.27)
allows us to fix the integer M by the condition
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(N—=1=2M)p=a_+B_ +ay+ B4+ (O_ —6,) mod(2ir). (5.3.34)

This constraint condition was originally found in [9, 10].
In fact, another set of ¢ = 0 solutions of the BAEs (5.3.30) also exists, namely,

i

L (g, —p —2m).
2) (i, =g —2m)

i
WL—m—nL(ws—ma+—mﬂ——n+31ﬁ+—n+

I_n this case, the constraint condition (5.3.34) can be rewritten with another integer
M=N-—1-—M as

QM +1—Np=0a_+ B +ay+ By £ (6_ —0,) mod(2in). (5.3.35)

The resulting 7 — Q relation thus reads

_ o Qu—mn) 5 OQu+n)
Au) = = +d = , 5.3.36
(u) = a(u) o (u) o ( )
with
_ _ 2 sinh(Qu + 27n) .
a(u) = -2 —sinh(Zu g, sinh(u# 4+ «—) cosh(u + B-)
x sinh(u 4+ a) cosh(u + B1)Au), (5.3.37)
d(u) = a(—u —n), (5.3.38)
- i sinh(u — ;) sinh(u 4+ p; + n)
O(u) = ,1:[1 by : (5.3.39)

The two resulting conventional 7 — Q relations (5.3.33) and (5.3.36) with the
constraints (5.3.34) recover the Bethe Ansatz solutions [9-11, 14]. We remark that
in the diagonal boundary limit o+ or B+ — 00, the U (1)-symmetry is recovered and
the resulting 7 — Q relation is reduced to the conventional form with M =0, ..., N.
It should also be remarked that there are in fact several choices for the functions a (u)
and d (u), depending on the decomposition of the quantum determinant. Naturally, we
can respectively replace the boundary parameters o4, 4, ¢— and B_ by g1, €28+,
g3 and e4f_ in a(u), d(u) and & with {s; = +1)i = 1,2,3,4} and [[}_, & = 1.
Accordingly, the degenerate condition (5.3.34) becomes

(N —1—=2M)n = eja_ + e2f_ + e304 + eafy = (O — 64) mod(2in),
(5.3.40)

under which a homogeneous 7" — Q relation exists and the method developed in [9]
is applicable.
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5.3.4 An Alternative Inhomogeneous T — Q Relation

As for the X X X case, an alternative T — Q relation similar to equation (5.1.38) also
exists:

B Qu—n) Qu+n)
2¢ sinh(2u) sinh(2u + 2n) AW A(—u — 1), (5.3.41)
O(u)

where functions A(u), a(u) and d(u) are given by (5.3.21)-(5.3.23), and the O-
function reads

(5.3.42)

N . .

sinh(u — ;) sinh(u + w; +n)

u) = .
Q@) E sinh? n

To match the asymptotic behavior of (5.3.19), the parameter ¢ must take the value

¢ =cosh[(N + Dn+oa_ + B +ay + B4]
—cosh(6- —64). (5.3.43)

Obviously, the above T — Q relation satisfies the functional relations (5.3.15)—
(5.3.19). The regular property (5.3.20) induces the following BAEs

a(uj)Q(uj —n) +d(u;)Qu; +n)
+2csinh(2u ;) sinhQuj + 2 A j)A(—p; —n) = 0. (5.3.44)

The corresponding eigenvalue of the Hamiltonian in terms of the Bethe roots {u ;| j =
L,...,N}with{0; =0|j =1,..., N} reads

E = —sinh n[cotha_ + tanh B_ + coth oy + tanh B4 ]
sinh? p

N
? N —1)cosh. 5.3.45
* jglsinhujsinh(uj_f_n)"'( )coshn ( )

The numerical results for N = 3 and 4 shown in Tables 5.7 and 5.8 imply that the
T — Q relation (5.3.41) and the BAEs (5.3.44) indeed give the correct and complete
solutions.
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Table 5.7 Numerical solutions of the BAEs (5.3.44) for N = 3, {0; = 0}, n = 0.5, a .

5 The Spin-% Chains with Arbitrary Boundary Fields

a_ =08, By =04, p_=03,0, =0.7i and 6_ = 0.9i

L,

M1 %%} n3 E, n
—1.06915 — 0.24629i | —1.06915 + 0.24629; | —0.25000 + 0.15380; | —4.85901 1
—1.14894 — 0.00000i | —0.56599 + 0.00000; | —0.06600 + 0.00000 | —3.59385 |2
—1.16389 — 0.27755i | —1.16389 + 0.27755{ | —0.25000 + 0.65753i | —0.12505 |3
—1.00194 — 0.02084; | —1.00194 + 0.02084i | —0.25000 — 0.43639i | —0.04790 |4
—1.14715 4+ 0.00000i | —1.02769 — 0.48866i | —1.02769 + 0.48866i 1.14491 |5
—0.98811 —0.97869 — 0.37467i | —0.97869 + 0.37467i 1.88549 |6
—0.92025 — 0.00000i | —0.88426 — 0.29853; | —0.88426 + 0.29853i 2.56765 |7
—0.87087 4+ 0.00000i | —0.82191 — 0.27455; | —0.82191 + 0.27455i 3.02776 |8

E, is the nth eigenvalue of the Hamiltonian, and n denotes the number of the energy levels. The
eigenvalues calculated from (5.3.45) are the same as those calculated with exact diagonalization of
the Hamiltonian

5.4 Thermodynamic Limit and Surface Energy

The Bethe root distribution of the ODBA equations is somewhat complicated com-
pared to that of the conventional BAEs. This makes it difficult to use these equations
to approach the thermodynamic limit of such models. Nevertheless, a method to
address this problem was developed in [27] based on the reduced BAEs. The cen-
tral point of this approach is that in the thermodynamic limit the two boundaries are
decoupled and a fixed M in the reduced BAEs may give the complete set of solutions.
We introduce this method by using the open XXZ spin chain with generic boundary
fields as an example.

5.4.1 Reduced BAEs for Imaginary 1

‘We consider the imaginary 7 and 6+ case. To ensure the Hamiltonian to be hermitian,
we assume o4 to be imaginary and S to be real. Let us examine the degenerate
points of 1 in (5.3.34) with M = N and B+ = £,

o +op £ (O —04)+2mim
N+1

N = , 5.4.1)
where m is an arbitrary integer. For convenience, we introduce the notations A; =
wj+35.iax =ax+75,n=iy,withas,y € (0, ). The reduced BAEs for n = 1,,
read
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|:sinh(kj - i%)T’V sinh(24; — iy) sinh(A; +ia)

sinh(A; +i %)

sinh(2A; +1iy) sinh(A; —iay)

sinh(A; +ia_) cosh(r; + B +i%) cosh(h; — B+ i%)

*Sinh(x; — ia_) cosh(; + B — i%) cosh(nj — f —i%)

N

!

H sinh(A; —A; —iy)sinh(A; + A —iy)
—, sinh(hj — Ay 4 iy) sinh(h + Xy +iy)’

j=1,...,N. (542)

The corresponding eigenvalue of the Hamiltonian in terms of the Bethe roots is thus

E=—

4sin® y

Jj=1

N
Z cosh(2A;) — cosy

—siny [cot (a+ - %)

+ cot (a_ — %)] + (N — 1)cosy.

(5.4.3)

Itis important to note that the reduced BAEs (5.4.2) give acomplete set of solutions
as verified numerically in [27, 31]. Here we list the numerical solutions of (5.4.2)
for N = 3 and 4 with randomly chosen boundary parameters in Tables 5.9 and 5.10.

5.4.2 Surface Energy in the Critical Phase

Based on the reduced BAEs (5.4.2), the thermodynamic limit of the present model
can be constructed with the conventional methods introduced in Chap.2. To show
the procedure clearly, let us introduce the derivation of the surface energy at the
degenerate crossing parameter points given in (5.4.1). From (5.4.3) we know that the

Table 5.9 The numerical solutions of (5.4.2) for N = 3 with the parameters n = —i, a4 = 2i,

a_ =3,y =1,8_=—-1,0L =2i,6_=iandm =0

A %) A3 E, n
—1.48510 4+ 0.67075i | —1.48510 + 2.47085i 0.36994 — 0.00000; | —9.10664 |1
—0.63430 — 1.57080i | —0.38556 + 0.50089i | —0.38556 — 0.50089; | —5.80407 |2
—1.11069 4 1.00247i | —1.11069 +2.13912; | —1.10123 — 0.00000; | —5.30177 |3
—1.68396 — 0.65365i 0.59457 + 1.57080i 1.68396 — 0.65365i | —4.08354 |4
—0.51260 — 1.57080i | —0.38055 4 0.00000i | —0.00000 + 0.64158i 3.46000 |5
—1.56515 — 0.66501i | —0.00000 + 0.64158i 1.56515 — 0.66501i 5.73191 |6
—0.00000 + 0.64159i 0.25391 — 1.57080i 1.09544 4 0.00000¢ 6.81205 |7
—0.94157 4 1.57080i | —0.00000 + 0.64159i 0.20977 + 1.57080i 8.29206 |8

The symbol n indicates the level number. The eigenvalues E,, calculated from (5.4.3) are the same
as those from the exact diagonalization of the Hamiltonian (reproduced from [27])
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contribution of a real Bethe root A ; to the energy is negative. Therefore, in the ground
state the Bethe roots should occupy the real axis as much as possible to minimize
the energy. However, due to the selection rule, the real axis cannot accommodate all
the N Bethe roots. So some of the Bethe roots must be located in the complex plane
and form some strings as we discussed in Chap. 2.

Let us consider the case of a k-string [32] in the ground state configuration with

A?’=)»’+i(k+l—21)%+0(e’“’), I=1,... k (5.4.4)

where A" is the real part of the string and § is a positive number to account for the
small finite size corrections. By omitting the exponentially small corrections we can
rewrite the BAEs (5.4.2) as

. AN 2 . . .
sinh (Aj — 17) sinh(2A; —iy) sinh(A; +iay)
sinh (; +i%) sinh(2Aj +iy) sinh(Aj — iay)
sinh(r; +ia_) cosh (A; + B +i%) cosh (h; — B +i%)
X
smh(k —ia_) cosh (A + B —12) cosh ()»j - B —i%)

B H smh(k — Ay —iy)sinh(A; + A —iy)
sinh(A; — A; +iy)sinh(A; + A +iy)

smh(k + A" —i(k+ D)%) sinh (A; + 2" — ik — D%)
smh(,\ + A +i(k+ D%)sinh (A; + 27 +ik — D])
smh()»j — A —i(k+1)%)sinh (A; — 2" —i(k— %)
s1nh(,\,—w+i(k+1) )sinh (A; — A" +i(k — D%)

. (5.4.5)

with j = 1,..., N — k. For ayx € (%, 7), the logarithmic version of (5.4.5) reads

d1(2j) + [¢2(2,\ ) = D2a, )y (Aj) — P2a_jy (Aj) +w(kj + B) +w(kj — B)
-7 — ¢k+1()»' =) = k1 = A") = Bt (A + A7) = g1 GO+ AD)]
l; N—k

=~ Z[du(x — )+ 20+ 2], (5.4.6)

with [; being an integer and

sinh(A; — i%)
n.h—.mya
sinh(A; + i)

cosh(h; +i%)

Ai)=—iln ————=— 5.4.8
wiks) ! ncosh()»j—i%) ( )

Gm(hj) = — (5.4.7)
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Following the same procedure introduced in Sect.2.2.2, we define the counting
function Z(A) as

Z) = [¢1 (A) + |:¢2(2?») G20, /7y (X)) — $2a_jy (X)) +w(A + B)
+W()~ -B) - ¢k+1()~ —A) =1t = A") = g1 (A + 1)

N—k
~Gpo1 O+ 27) =7 = D [g2(h = A1) + 20 + m]“. (5.49)

=1
In the thermodynamic limit N — oo, the density of the real Bethe roots p (1) is

k_dZ()») 1
p()_d—k__()

=a;(A) + ﬁ[zaz(%) — @ay )y (A) — 2a_jy (X)) + DAL + B)
+o(h = B) — a1 (b —A) —ar—1 (A = A") —agp (A +17)

—ag_ 1A+ 2" =8N — / a(L —v)p()dv, (5.4.10)
with
() = = 2n® 1 sinGmy) (54.11)
2r  di 7 cosh(2A) — cos(my)
by = L v® 1 simy (5.4.12)
2w dA 7 cosh(2A) + cosy
By using Fourier transformations, we obtain
p(w) = po() + pp(w), (5.4.13)
where
- _a(w)
po(w) = Txdr@) @) (5.4.14)
- 1 O .
P0) = i {@3) = .1y (@) = d20_py (@)
+2 cos(Bw)b(w) — 2 cos(X ®)[ak+1(®) + dk—1(@)] — 1}, (5.4.15)
Gy () = sinh(rw/2 — (Smna))7 blw) = sinh(yw/2) (5.4.16)

sinh(rw/2) sinh(rw/2)’
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where 6, = ’;’—7’; — %J denotes the fractional part of ’;’—7}; The total number of the

real Bethe roots is thus given by
o
N/ p(AMdr =N —k, (5.4.17)
—00

with which we can determine the length of the string

ﬁ _ay +a_ + 27 (k41 + Sk—1) — 37
2 2(m —y) '

k= (5.4.18)

Obviously, both k and the number of real Bethe roots are in the order of N /2.

We remark that A" — oo is indeed a solution of the BAEs in the thermodynamic
limit N — oo and minimizes the energy. In such a sense, the ground state energy in
the thermodynamic limit takes the following form

o
E = —47 N sin y/ ai(A)pA)dxr — siny[4mar(A")
—00

+cot(ay — y/2) +cot(a— — y/2) — (N — 1) cot y]

= Neg + ep, (5.4.19)
with
/°° siny sinh(rw/2 — yw/2)
ey = — - dw + cosy,
oo Sinh(ww/2) cosh(yw/2)
ep =€) + Ii(ay) + Ii(a—) + 2L (B). (5.4.20)

where e, is the ground state energy density of the periodic chain and ey, is the surface
energy induced by the open boundary and the boundary fields with

ey = —siny/ 1?;())[ 2(w/2) — 1]dw — cos y,

o
Ii(a) = sin ]// #}a/y (w)dw — siny cot(a — y/2),
o0 2(w)
L(p) =— SIH)// E () cos(Bw)b(w)dw. (5.4.21)
Note that in the above derivations we restrict ourselves to the 84 = —B_ case. For

arbitrary B4, the degenerate points of ) given by the constraint condition (5.3.34) take
complex values and the above derivations are invalid. Obviously, the two boundaries
are decoupled completely. This allows us to make the following arguments. The
surface energy in the thermodynamic limit N — oo must take the form

£p = &) + By, B, O4) + Eplar, B, 6_), (5.4.22)
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where &, (o4, B+, 0+) and &, (a—, B, O_) are the contributions of the left and right
boundary fields, respectively. Let us denote further

Ep(ax, B, 0+) = I1(ax) + I (ax, Bz, 01). (5.4.23)
When g1+ = £, Eq.(5.4.20) gives
I(ay, B, 00)+I(a_,—B,6_) =2L(B). (5.4.24)

Therefore, T (0t+, B+, 6+) are independent of o4 and 6+. Based on the fact that
for «— = im/2 the boundary field is an even function of S_, we conclude that
I(o—, B—,0_) = I(B_) must be an even function of B_. Similarly, we also have
I(oty, By, 04) = Ir(By). Therefore the surface energy for arbitrary B+ and n = 1,,
should be

ep = &y + Ii(ay) + Ni(as) + L(By) + L(B-). (5.4.25)

In fact, ,, form a dense spectrum in the thermodynamic limit and the above equation
is valid for arbitrary imaginary 7.

It should be remarked that in the thermodynamic limit the k-string does not con-
tribute to the energy. However, for a finite system, the string should contribute expo-
nentially small corrections. Though we only considered the a1 € (7/2, 7) case, the
surface energy is in fact a smooth function as was studied in [33-37] for the diago-
nal boundary case. The formulae (5.4.20)—(5.4.21) can be naturally extrapolated to
the region of ax € (0, 7/2). In the thermodynamic limit, the two boundary fields
are decoupled completely and the surface energy does not depend on 64 at all. In
such a sense, we can always adjust 6+ to match the constraint condition (5.3.34) for
arbitrary  and M. We can easily check that with a proper M ~ N /2, the reduced
BAEs also give the same surface energy without using the k-string. We note that the
surface energy does rely on the directions of the boundary fields. The surface energy
of the XXX spin chain with arbitrary boundary fields can be obtained by taking the
limit B+ — 0 and n — 0, which obviously does not depend on the angles 6+ and
coincides exactly with the result of the parallel boundary fields introduced in Chap. 2.

5.4.3 Finite-Size Corrections

Now let us examine the corrections implied by the deviation of 1 from the degenerate
points 1,,. Given an arbitrary physical quantity F ()

1
F(m) = Nfom) + fim) + - f00m) + O(N™?), (5.4.26)
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let us treat f,,(n) (n = 0, 1, 2) as known functions because they can be derived from
the reduced BAEs with conventional methods. For a generic iny,+1 > in > inm,
F (n) reads

_ _ 1 -
F) =N fo) + fitn) + 5 00 + O(N™?), (5.4.27)

where f,(17) are some unknown functions. If both f;,(17) and f,, () are smooth func-
tions about 1, we have

o) = fu(im). (5.4.28)

In addition, since f_o(n) and fp(n) are both boundary-field independent and can
be calculated from the corresponding periodic system, they must be identical, i.e.,
fo(n) = fo(n). With the Taylor expansions respectively around 7,, and 7,41 (n =
1, 2) we readily have

fa) = fuln) + O(N7). (5.4.29)

The above relation implies that the quantity F (1) can be derived from the reduced
BAE:s up to the order of O(N~2).

‘We remark that in deriving the surface energy, we put the integral limits to infinity.
To calculate the finite size corrections (e.g., the Casimir effect or central charge term
on the order of 1 /N), a finite cutoff of the integrals should be adopted and the standard
Wiener-Hopf methods [38—40] are applicable.

5.4.4 Surface Energy in the Gapped Phase

In this subsection, we calculate the surface energy in the case of real n (anti-
ferromagnetic Ising regime). The surface energy for the constrained boundary para-
meters was calculated in [41]. Let us first make the following physically reasonable
arguments. To ensure a hermitian Hamiltonian (5.3.3), &+, B+ must take values either
on the real axis or on the % line. Assuming that only one boundary field exists, e.g.,
ay — oo and 4 — 0, the contribution of the boundary field to the surface energy
should not change when its direction is reversed and rotated along the z-axis. From
the definition of the boundary field we conclude that the surface energy is an even
function of both «_ and B_ and is irrelevant to the value of 6_. On the other hand, the
two boundary fields decouple completely in the thermodynamic limit N — oo and
their contributions to the energy are additive, since the correlations are exponentially
decayed in this gapped phase. It is indeed the case as verified for both boundary fields
along the z axis [35]. Based on the above arguments, we can calculate the surface
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energy with the constraint condition (5.3.34) due to the fact that for any given left
boundary field we can always choose a proper right boundary field to match that
constraint condition. For example, to calculate the contributions of a4 and B4, a
natural choice is to take «— — 0o and B_ — —oo with (5.3.34) fulfilled. In such a
limit, the boundary field associated with o_ and B_ is fixed.

Without losing generality, we consider the odd N case. Taking2M = N — 1, and
ar+o_+pBL+p_ 404 — 9, = 0, the constraint condition (5.3.34) is fulfilled. For
convenience, we put wj = 17 —Z1,ar =+ + 7 and by = B+ + F withp > 0,
Aj€(—m ], ax,by >0andb_ < Owitha_+ay +b_+b, = 2n. The reduced
BAEs are

[sin(gf - ig)TN sin(% +ia_) sin(¥ +ias) cos(% +ib_) cos(’f +iby)
sin( +i1) sin(% —ia_)sin(} —iay) cos(% —ib_)cos(} —iby)
. . M .
Aj sm————z sin 5 —i
_ _sinG i) i SinC, il (2 Dot M. (5430
sin(x; — ”7) 1 @m(— - +in) @m( 3 '\1 +in)

The corresponding eigenvalue reads

M 2
E=> Y00 ST N coshn + Eo (5.431)
= cos Aj — coshp ’ o

with
Ey = —sinh n(coth _ + tanh f_ + coth w4 + tanh 4+) — cosh 7. (5.4.32)

Obviously, each real A ; contributes negative energy. Therefore, in the ground
state, the Bethe roots should fill the real axis in the range of (—m, 7] as long as
it is possible. Let us consider the case of all A, a+ and b+ being real. Taking the
logarithm of (5.4.30) gives

NP1 (M) + d2(2Aj) — doa_ (X)) — P2ay y(Xj) +wr(hj) +w_(Aj) + 7

M
=omli+ > [qsz(xj — M) + 2 + x,)], j=1,....M, (5.4.33)
=1

where /; is an integer and

A amp Ao
sin(= — i+ cos(# +ib
¢m(rj) = —iln M wi(rj) = —iln M

i | (5.4.34)
sin(%- 4 i%57) cos(5 —ib+)
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Define the counting function Z(X) as
1 1
Z() = o [¢1 A + N [¢2(2)») — ®2a_/n(X) — P2a, ;X)) +wi(R)

M
o)+ = D (20— k) + ok + ?»1))”- (5.4.35)

=1

In the thermodynamic limit N — oo, the density of the roots p(X) satisfies

w=22D Loy Lso—n
= - S — -7
P d» 2N N
1
=g1(A) + N [2q (M) — g2a_/nA) — g2a, /n(A) +hy(A) + h_(X)
g
—5(A) —86(A — rr)] — / oA —=v)p()dv, (5.4.36)
—7T
with
1 doém(X) 1 sinh(mn)
A) = — = — , 5.4.37
gm () 2w dA 27 cosh(mn) — cos A ( )
1 dw+( 1 inh(2b
ey = ) L smh@be) (5.4.38)
2w dA 2 cos A + cosh(2b4)
q) = g2(21). (5.4.39)
With Fourier transformation defined in Sect. 3.1 of Chap. 3, we have
-1l
gn(@) = e G) = —— 1+ (=1)"), (5.4.40)
hi(w) = F(—1)Pe 21+l (5.4.41)

Accordingly, we get

p(@) = fo(@) + (@) + fa, (@) + fa_ (@) + fp, (@) + pp_(@), (5.442)

where
R 1) 1
po(@) = 7 a0~ Zeosh(na) (5.4.43)
pop (@) = m[%(w)—(—l) - 1], (5.4.44)
fas (@) = __ /(@) fs (@) = (@) (5.4.45)

N1+ &2(0))’ N1+ &2(w)
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Note that the following relation holds
T N -1
N pM)dr = — = M. (5.4.46)

-7

The energy associated with this root distribution can be expressed as

E=Ney+e)+eq +eq +ep, +ep, (5.4.47)
where
X el
ep = —2sinhp z ——— +coshn, (5.4.48)
W cosh(nw)

o0 .
h
)= —coshy— > ﬂ[Zc}(w) (= — 1], (5.4.49)
cosh(nw)
w=—00
represent the energy density of the bulk and the energy of the free boundary respec-
tively, and

o0 ~
¢a, = —sinhycothas +sinhy > gz“iﬂ, (5.4.50)
o cos (nw)
o
i
ep, = —sinhntanh By — sinhn > % (5.4.51)
Wi cosh(nw)

We remark that the Bethe root distribution considered above may not correspond
to the true ground state but the ground state energy can be extracted from it with
possible boundary excitations considered. It is obvious that A; = 2iay (a4 > 0)isa
solution of the reduced BAEs (5.4.30) for N — oco. For 0 < a4 < %, the boundary
mode must be accompanied by a bulk hole (say, at A”) to ensure the condition
2M = N — 1. This boundary mode induces a deviation of the density by

~ 1 - -
Sp(w) = —m[g2—2a+/n(w) + 824, /n+2(@)

+2cos(M'w)], (5.4.52)

and the excitation energy

4sinh? n . O e 2wl cosh(2a;w)
deq, = v —oodh + 2sinhn z D
cosh(2a4 + 1) — coshp = cosh(nw)
0 —iwAh

e

+2sinhn > (5.4.53)
:

—_— >
“— cosh(wn)
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For ooy > g, in addition to the imaginary mode, two holes (say, at )\ﬁ‘ and A’;
respectively) must exist in the bulk to ensure the condition 2M = N — 1. The

corresponding excitation energy can be calculated as

00wl —iw\h
e 1 4e 2
deq, = 2sinh —F > 0. 5.4.54
Ca, n w:Z_OO comh(@n) (5.4.54)
Therefore, (5.4.50) gives the lowest energy of the boundary parameters oes > 0.
Similarly, A; = 7 + 2iby is also a solution of (5.4.30) for N — oo. This
boundary mode (also accompanied by a hole at A”) contributes excitation energy for
0< By < g

4 sinh? (= D)®e 2@l cosh(2b
Sep, = — S m +2sinhy > (=D)%e "7 cosh(2b-w)
cosh(2B4+ +n) + coshn W cosh(nw)
0 efiw)»h
2 sinh — >0, 5.4.55
+2sin nw;oo soshon ( )

and for B4 > %, the excitation energy of the imaginary mode (associated with two
holes at k’f and ké respectively) reads

00 oAt il
. +emion
Sep, = 2sinhy > W >0, (5.4.56)

w=—

indicating that the lowest energy of the boundary parameter 8, > 01is given by ¢, .
For convenience, let us define the following functions

O x|
Hi(x) = —sinh n coth x + sinh n (5.4.57)

& cosh(nw) ’

< (— 1)a)e—\(2x+77)w\
H>(x) = —sinh ptanh x + sinh 5 Z T (5.4.58)
cosh(nw

W=—00

Based on the above discussions and the parameter duality S+ + % — o4, We
conclude that the surface energy reads

ep = 62 +eq, tep, e +ep, (5.4.59)

in

with ey, = H(|ax|) forreal ey and e, = Ha(|Re(ax)) for Im(ay) = 5, while

¢p, = Ho(Bx]) for real B, and eg, = Hi(IRe(BL)) for Im(p) = .
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5.5 Bethe States of the Open XXZ Spin Chain

The Bethe statesof the open XXZ spin chain are more complicated than those of the
XXX spin chain. The first nontrivial result about the Bethe states of the open XXZ
chain with non-diagonal boundary fields (under the constraint condition (5.3.34))
was obtained in [9], where a local gauge transformation for the XXZ chain, an ana-
logue of Baxter’s vertex-face correspondence of the eight-vertex model, was used.
In this section, we show that such local gauge transformation combining with the
inhomogeneous 7 — Q relation introduced in Sect.5.3, allow us to construct the
Bethe-type eigenstates of the open XXZ spin chain with generic boundary fields in a
rather compact form [26]. The key points are: (1) with one set of gauge transforma-
tion, K T (u) can be diagonalized and the double-row transfer matrix can be expressed
as a linear combination of the diagonal elements of the gauged monodromy matrix,
while the off-diagonal elements of the gauged monodromy matrix can be treated as
the generators of the Bethe states; (2) with another set of local gauge transformation
K™ (u) can be trigonalized, which allows us to construct a proper reference state;
(3) applying N generators to the reference state, we readily obtain the Bethe states
provided that the entries of the generators are the Bethe roots satisfying the BAEs;
(4) such states can be proven to be eigenstates of the transfer matrix by employing
Sklyanin’s SoV basis.

5.5.1 Local Gauge Matrices

Let us introduce the column matrices

e—[u+(a+m)n] e_[”+(°‘_m)’7]
Xm(u)=( | ) Ym(u)=( ) ) (5.5.1)

where o and m are two arbitrary complex parameters. Accordingly, we define the
following gauge matrices:

- _ Ym
5 o RPN & AT ()
Gn) = (Xmy1), Yu1(w)), G, )= o) (5.5.3)
G () = (f( > A—1 _ gm—&-l(’/‘)
m) = (Xm—1@), Vg1 (), Gl () = o) (5.5.4)
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where

+
)_(m(bt) — & (1’ _e—[u+(a+m)n]) , (5.5.5)
2 sinh(mn)

eu+an

) = 2 sinh(mn)

%) = el sinh(mn) %), Toln) = el sinh(mn) 7.0, (55.7)
" sinh(m — " "7 " sinh(m + L "7 7

A e sinh(m + 2)n

e "sinh(m — 2)n

(—1, e7lut@mmnl) (5.5.6)

By simple computations we can obtain the useful orthonormal relations:

Y@ X @) =1, Yu(u)Yp(u) =0,

Xm(“)Xm(u) =0, Xm(u)Ym(“) =1,
X @0+ @0 = (7). (55.10)

Vit @) X1 @) = 1, Yoy () Yi—1 () = 0,
X1 @) X1 () =0, X1 @) Y1 (u) = 1,
X

T+ Y @i = (1) 650

Vi1 @) X 1) =1, Vo1 () Ypp1 () =0,
Xm—l(u)Xm—l(”) =0, Xm—l(u)Ym—i-l(u) =1,

Ron 1) Tt ) + P 1 (1) Kot (1) = ( : ?) . (5.5.12)

Moreover, we can easily check that the following commutation relations hold:

inh(uj — uy +
Ryt — up) X} r X2y (un) = WX'Z”H(M)X},IH(M), (5.5.13)
B 1 ) _ sinh(u] —up) sinh(m — D _» 1
Ryo@uy —u) X, )Y, (u2) = sinh 7 sinh(m7) Yo (u2) X, 4 (up)
wxi(“ﬂ)ﬂ;—l(“l)v (5.5.14)

sinh(mn)
sinh(u] — up) sinh(m + 1)n

Ry 201 —u) Y ) X2, () = Xo ()Y, (uy)

sinh 5 sinh(mn)
sinh —
e R )X ), 6313
Riatr —un)¥) uny2 = S0 M 0yl ), (5.5.16)

sinh n
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sinh(u —up + 1)

- 2w X} ). (5.5.17)
sinh n

Rio(uy — “2))?,%1_1(“2))?},1(141) =

sinh(u] — uy) sinh(m + l)r)

Ry 2(uy —uz)Xm L w2)Y, +2(u1)— z(uz) +1(’41)

sinh 7 sinh(mn)

h —

sinh(u| — up) sinh(m — l)n

Rio(uy — u2)Y +1(u2)Xm Hup) = +2(”2)Xm 1(ur)

sinh n sinh(mn)
sinh(nn +uy —up)
T simh(uy) | m 22y 4 (), (5.5.19)
R sinh(uy —uz + 1) 5o I
1201 —u)¥ W)Y, (”1)—TY )Y (), (5.5.20)
_ _ (e —
X#*l(ul)xyznfz(MZ)ng(ul—M2) W 2 I(MZ)Xm 2(”1) (5521)

- - sinh(u| — up) sinh(m + 1)77
X, )Y )Ry 2 (ug — ) =

X!
sinh 7 sinh(mn) +1 w2) X, (uy)

sinh(mn +uy — uz)
W @)Y (), (5.5.22)

sinh(u#1 — up) sinh(m — l)r/

Y,LH(Ml)X%,(uz)R],z(ul*uz) m l(uz)Y (uy)

sinh n sinh(mn)
SO 1D 21 0, (5.5.23)
T (T2 ) R 2t = ) = 2D )FL . (5.524)
X,ln+1(u1))~(%z(“2)qu2(“1 —up) = W +l(uz)Xm(m) (5.5.25)

sinh(u| — uy) sinh(m + l)r)

X DY )Ry 201 — up) = 2 U)X} (1)

sinh 1 sinh(mn)

sinh(mn +uy; —up) -
© sinh(mp) m+1(“2)Ym 2(u1), (5.5.26)

sinh(u| — up) sinh(m — l)n

Yo ) X2 o) Ry 2y — up) = X2 )V )

sinh 7 sinh(mn)
h(mn — uy +
W @)Xl ), (5.5.27)
. —y sinh(uy —up + 1) ~
Vg (DY 3 )Ry 2y — up) = ———————= ¥ (up) ¥, (uy), (5.5.28)
sinh n
_ sinh(u| — up) sinh(m — 1)71
X2 (un)Ry 2 (1 — uz) X\ (uy) = S‘mhnzsmh(mn) 2 @)Xk e, (5.5.29)
h +
X2 )Ry 21 — u2)Y, (m)—% 2 )Y )
h(mn —uy +
W 2 )Xl ), (5.5.30)
_ inh
Yr%t(“2)Rl.2(u1—MZ)Xrln(ul)zsmwslmih;zm @)X
sinh(mn +uy —u) 52 2 Y ). (5.5.31)

sinh(mn)
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- sinh(u#1 — up) sinh(m + 1)11
Y2 us)R —up)y) = y! ,
mU2) Ry 2(uy —u2)Y,, (u1) = sinh 7 sinh(nn) l(uz) _q(uy)

(5.5.32)
X,I,LH(M])R],z(ul - uz)X,z,,+1(“2) = sinh(uslir;]l;zs)ij:?:n(nm)*‘ D X (Mz)Xm+2(u1)
(5.5.33)
X DR 2y —u) Y2 (up) = W o)X} )
Wxi(mm_zm), (5.5.34)
Tl @Ry 2 — )X (1) = W DL )
Wﬂmz)x}nﬂw, (5.5.35)
L @Ry 20y — u2)Y2_ (u2) = Si“h(”sli;lf:ij;“(jf;")* DIy2 )71y,
(5.5.36)

sinh(u| — up) sinh(m + 1)17

XL @Ry 2y —u) X2 u2) = 2 )Xy, (5.5.37)

sinh 1 sinh(mn)
_ h(ug —uz +1) 5 c
L Ry aGe — ) P2, () mw;i]]ihwwy%(uz)xgn_gm
inh +
) . sinh(uq — un +
Yo DRy 2y — u) Xy, (u) = %X% DT 2000)
sinb{omn =1 £142) g2 )T Gy, (5.5.39)

sinh(mn)
sinh(u#1 — up) sinh(m — l)n

Yo )R 2y — up)Vp (u2) = V2 )Y (uy).

sinh n sinh(mn)
(5.5.40)

Here the R-matrix is given by (4.1.3) and the superscripts 1, 2 indicate the space
indices.

5.5.2 Commutation Relations

Using the orthogonal relations (5.5.10) and (5.5.12), the transfer matrix 7 («) can be
expressed as

tw) = tr{ KT (m|w)% (m|u))
= K1+1(m|u)£% () + K (m|uw) 6 (u)
K3 (m|u) By (w) + K5 (mu) D (), (5.5.41)
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where

(K;<m|u> ng(mm)
( Vo (—) KT @) X () Yo (—) KT () Yo (10)

X (—) KT ) Xmaa @) Xy (=) KT ()Y (1) ) (5.5.42)

Py (W) LBy (1)
Zml =\ @ () @mw))

:( Y2 U @)X (—tt) Y @)W ()Y (—10)

n - . 5.5.43
Ko )2 (1) X (—10) Xm+z<u>%<u>Ym(—u>) (243

The double-row monodromy matrix % (u) is defined as usual

Uw) = TWK~ )T (u) = (;‘Z((;‘)) ggz;) , (5.5.44)

which satisfies RE

Ri2(u =) (W) Ry 1 (u + V)W) = U V)R 2(u +v)Z4 ()R 1 (e — v).
(5.5.45)

The commutation relations among .7, (u), By (u), €, (1) and Z,,(u) can be
derived from (5.5.45) and the commutation relations (5.5.13)— (5 5.40). Multiplying
(5.5.45) with X! +1(ul)X (u2) from the left and X! +1( ul)Xm+2( u») from the
right, we have

Cm(U1) Cmi2(U2) = Cu(U2) Gy (u1). (5.5.46)

Multiplying (5.5.45) with ¥\ | (u1)Y2(u2) from the left and X} . (—upX2 ,
(—u») from the right, we have

2 U1) 12 WU2) = Dy 2(U2) D2 (uy)
sinh(mn — uy; — up) sinhn
P, G,
sinh(mn) sinh(u + uy + n) m (2) m2(u1)
sinh(mn — uy; — up) sinhn
sinh(mn) sinh(u + uy + n)

B (1) G2 (u2). (5.5.47)

Multiplying (5.5.45) with X! il (ul)Ym 5 (u2) from the left and X;L-H( up) X2
(—uy) from the right, we have

m+2
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sinh(u| + up) sinh(uy — uy + n)
G, <, = o, G,
m+2(U1) D2 (u2) sinh(u) — ) sinhGey & 12 + 1) m (U2) G2 (1)
sinh(mn 4+ uy — up) sinh(u1 + u3) sinh n
_ <, €,
sinh(u] + ua + n) sinh(u; — uy) sinh(mn) (1) Gm2(u2)

sinh(mn — u; — up) sinhn
- D U1); : 5.5.48
sinh(u| + w2 + n) sinh(mn) m (U1) Cm2(U2) ( )

Multiplying (5.5.45) with X!, u1)Y2_,(u2) from the left and Y, (—u1)X2,

(—uy) from the right, we have

D (1) G (U2) = Gy (U2) D (1)
sinh(mn 4+ u1 — up) sinh(u; + uy + n) sinh(mn) sinh n

sinh(u1 + up) sinh(u1 — us) sinh(m + 1)n sinh(m — 1)y
" )
N[ Bon 2 U2) o (1) — P2 (1) Con (12)] + o1 101 — 112)

sinh(u1 — uo) sinh(uy + uy)

sinh(mn + uy + up) sinh? n
n n — Ay n . 5.4
X sinh(r + 1y sinh(m — D) (o U2) G (1) — i (1) A (U2)]. (5.5.49)

Using (5.5.47), the relation (5.5.49) can be rewritten as

D (U1) Loy (U2) = Loy (12) Do (1)
sinh 1 sinh(m — 1)y sinh(mn + uy — uy) sinh(u; + up + 2n)
sinh(m + 1)n sinh(m — 2)n sinh(uy — uy) sinh(u; + uy + 1)
X [Bin—2W2) G (1) — Bin—2(u1) G (u2)]. (5.5.50)

Note that .«7,, (u) = Y_,,(u) and %B,,(u) = €_,, (). Similar commutation rela-
tions about %, (1) can be constructed.

Using the orthogonal relations (5.5.10) and (5.5.12), the transfer matrix can also
be written as

t(w) = to{% (m|w) K+ (m|u)}
= K} (m|u)chy (u) + K3\ (m|u) By (1)
K ()G () + K3 (m|u) D (), (5.5.51)

where

e (Rl Riyomlu)
K™ (mlu) = (K;(mm) R mu)

Y (=) K@) X () Yoo (—) KT ()Y, (1)

= (Xm_z(—M)K+(u)Xm(u) X (—) K+ (1) Yy (1) ) (5.5.52)
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- (1) B (u)

% (mu) = (%fm(»o %(u))

_ (?Tut)%(u)ff@z(—u) T @)% @)V (—u) ) (5.5.53)
XU W)X (=) Xy (WY W)Yo (—u) ) o

Similarly, the commutation relations among iy (), By (1), Cpu(u) and Dy, (u)
can be derived from (5.5. 45) and the commutation relations (5 5.13)-(5. 5 40) Mul-
tiplying (5.5.45) with X! _H(ul)X (up) from the left and Xm+1( ul)Xm+2( u»)
from the right, we have

G (U1) Cpy2(U2) = G (U2) o (U1). (5.5.54)

Multiplying (5.5.45) with )_(;1_1 (u 1)X _,(u2) from the left and Y +1 (—uy) Y (—uy)
from the right, we have

Drn—(U2) D2 (1) = Drn—r(1) Dpy—2 (u2)
sinh(mn + u1 + uz) sinh 77
B
sinh(mn) sinh(uy + uz + 1) Cm—2(u1) B (uz)
_ sinh(mn + uy + u2) sinh Nz

B 5.5.55
Slnhmnsmh(ul_|_u2+n) Cm—2Ww2) B (ur). ( )

Multiplying (5.5.45) with X, (u1) X2 _,(u2) from the left and X} | (—u)¥2,
(—uy) from the right, we have

- - sinh(u1 — upy + n) sinh(u; + ug)
Dn— G- =
m-2(u2)m—-2(u1) = sinh(u| + up + n) sinh(u; — uy)
sinh(mn — u; + uo) sinh(u + uy) sinh
L D G2 (u2) Do (1)

Cm— 2(”1)@m (u2)

smh(mn) sinh(u; — uo) sinh(uy + uy + n)
sinh(mn 4+ u| + uy) sinh 17

Gm—2(U2) Sy (u1). (5.5.56)
s1nh(m77) sinh(u1 + uy + 1)

Multiplying (5.5.45) with Y, m+1(”1)X2 (up) from the left and )A(l (= ul) A2
(—uy) from the right, we have

Do (U2) A (1) = Ay (1) Do (2)
sinh(mn — w1 + up) sinh(uy + us + n) sinh n sinh(mn)

sinh(u; — up) sinh(u1 4+ uy) sinh(m — 1)y sinh(m + 1)n
_ _ _ - sinh(mn — u; + us)
X [Con (1) Brs2(2) — Con (42) Bn 2 u1)] + 1- TR

sinh(u] — up) sinh(uy + uy)
sinh(mn — uy — uy) sinh? n
X
sinh(m + 1)n sinh(m — 1)n

(Do (1) Do (U2) — Doy 2) Do (u1)]. (5.5.57)
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Using (5.5.55), (5.5.57) can be rewritten as

D (U2) Sy (1) = Sy (1) Dy (42)
sinh(m 4+ 1)n sinh n sinh(mn — uy + uy) sinh(u; + uy + 2n)
sinh(m 4+ 2)n sinh(m — 1)n sinh(u; — uy) sinh(uy + uy + n)
X[ G (1) B2 (U2) = Gy (U2) B2 (1) (5.5.58)

Note that the relations Gy () = Dy (), By () = Cyn (), By () ~ By (1)
and 6, (u) ~ %, (1) hold.

5.5.3 Right SoV Basis

Before going further, we define a right local state |m),, of nth site in the lattice:
)y, = e~ OnHOEEN=IHAOM 4y | ) (5.5.59)
The gauged R-matrix is defined as

Ron(mlu —6,) = G,y R0 — 0)Gmsn-ni1 (@),  (5.5.60)

Ron(mlu+6,) = G,y (—)Rou(tt + 00) Gy n—n(—u). (55.61)
It is easy to check that the following relations hold:

sinh(u — 6, + 1)

Ron(mlu — )} m), = ——""|m + 1), (5.5.62)
sinh n
Ro,n(mlu — 6,)3|m), =0, (5.5.63)
sinh(m + N —n + 1)n sinh(u — 6,)
Ro.n(mlu — 6,)3Im), = 0 im = 1), (5.5.64)

sinh(m + N —n)n sinh n
sinh(u + 6, +n)

Rou(mlu + 6,)}|m), = . Im — 1), (5.5.65)
sinh n
Ro,n(mlu + 6,)3m), =0, (5.5.66)
sinh(m + N —n)n sinh(u + 6,)
Ron(mlu + 6,)3|m), = “im 4+ 1), (5.5.67)

sinh(m + N —n+ 1)n  sinhp

where Rij means the ith row and jth column element of the R-matrix spanned in the
auxiliary space. The gauged one-row monodromy matrices are defined as



5.5 Bethe States of the Open XXZ Spin Chain 171

T(mlu) = G )T ) G () = (2283 gz((z))) (5.5.68)
_ ( Tt 0T @X111(0) oot 0T @)Y 1<u>)

5.5.69
X1 T @) X111 () X1 )T @)Yy (1) ( )

Fmlu) = Gy (~)F (G (—u) = ( C’"EZi B ((Z))) (5.5.70)

_ ( Yi(=)T () X (=) Y1 (=) T (1) Y (—10) ) (5.5.71)
Xi(—=)T @)X (—u) Xi(—=)T @)Y (—u) )’
where [ =m + N.
Let us define the following global state
Im) = ®N_Im),. (5.5.72)
With the help of (5.5.62)—(5.5.67), we readily have
Cim(u)lm) =0, (5.5.73)
N .
h(u — 9;
An@lm) =T] Sm(“.—’Jrn)pn + 1), (5.5.74)
izl sinh n
sinh(m + N)n N sinh(u —
D = m—1), 5.5.75
m (1) m) sinh(mn) jli[l sinh n ) ( )
Cn(w)|m) = 0, (5.5.76)
N .
~ sinh(u + 6; + n)
An@lm) = [] T T i — 1y, (5.5.77)
iz sinh n
. N .
~ h h 0;
B)lmy = 0D pr om0, Ly (5.58)

sinh(m 4+ N)n il sinh n

Note that the elements of the gauged double-row monodromy matrix can be
expressed in terms of those of the gauged one-row monodromy matrix by using
the orthogonal relations (5.5.11) and (5.5.12)

(W) = V2 )T @)X} Y2 ) K~ (@) X (=) Y (=) T () Xy (—10)
Y2 T (@)Y ) X ) K~ (@) Xy (=) ¥ (=) T () Xy (—0)
2 T (W) X142 V) K~ @)Yy (—) Xy (=) T () X (—10)
2 T (@)Y () X2 K~ (@)Y (=) X (=) T () Xy (—u0), (5.5.79)
G () = X )T W)X ) Y12 (@)K~ (@) X (=) ¥ (=) T (u) X (—0)
+Xm T @)Y ) X () K~ @) X (=) ¥ (=) T () Xy (—10)
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+Xm T () X2 () V) K~ @)Yy (—1) X (=) T (1) X (—10)

+Xm T @)Y () X2 () K~ @)Yy (=) X (=) T ) X (—u0),  (5.5.80)
D () = X2 T @) X1 ) V2 () K~ () X (=) Yy (=) T (u) Y (—10)

+ X2 )T WY o) Xy ) K~ ) X (=) Yy (=) T () Yy (—10)

+X 2T @) X112 Y () K~ ) Y (=) Xy (=) T () Yy (—10)

+X 2T @)Y ) X2 ) K~ @) Yy (=) Xy (=) T () Yy (—10). (5.5.81)

Define

_ (KU K
K= () = (K;am) KZ(W))
(VWK WX (—u)  Viw)K @)Y (—u)

=% ~ . (5.5.82
(XJ(M)K(M)Xz(—M) X1+2(M)K(M)Y1(—M)) ( )

The relations (5.5.73)—(5.5.78) together with (5.5.79)—(5.5.80) and (5.5.82) imply
that

@) |m) = K () sinh(m + N — I)n

sinh(m — 1)n
N . :
h(u — 6;) sinh 0;
T nhe B sinhu k0 4 m) o) (5583
i sinh” n

=

— sinh(u — 6; + n) sinh(u + 6, +
G (u)|m) = K11(1|M)H ( j + n) sinh( i+
j=1

sinh? p

m)

N

_ sinh(u + 6; + n)
+K ) [ ———2—
j=1

- Bp—1(m)m —1). (5.5.84)
sinh 7

The relation (5.5.83) implies that |m) is a pseudo eigenstate of 6, (1) and

Cm(0j)Im) =Cpn(=0; —n)m) =0, j=1,...,N. (5.5.85)

Let us introduce the following right states:
0py, ..., O0psm) = Gy (0p) - Gy (0p,)|m), (5.5.86)
where p; € {1,...,N}and p; < p» < --- < pp. The relation (5.5.47) shows
that the operators .7, (1) with different spectral parameters are not commuting with
each other. However, the relation (5.5.47) and (5.5.85) ensure that the state [0, . . .,
6p,; m) does not depend on the order of .27, (6, ,.). Using the commutation relation

(5.5.48) and the relations (5.5.83) and (5.5.85), we can obtain

G ()10, -, O m) = gt {6py . .., OpaDIOpys .- Op,:m—2), (5.5.87)
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where

. N .
sinh(m + N — 1)n H sinh(u — 6;)

gm(u, {0py, ..., 0p, 1) = Ky (lu)

sinh(m — 1)n 0 sinh n
h 2] sinh(u + 6,,.) sinh(u — T+
sm u+6;,+n) H ( i) ( n) (55.88)
sinh n sinh(u — 9p ) sinh(u + 91,/ +n)
Obviously, the right states {|0,,,...,0,,;m)[n = 0, ..., N} given by (5.5.86) are

pseudo eigenstates of %, (#) and therefore form a ba31s [20] of the Hilbert space.

5.5.4 Left SoV Basis

A left local state of the nth site in the lattice can be defined as

69" +an

— _ o+ (@+m+n—N-1)n]
ol = 5 +n_N_1)n{n<¢| ¢ w1}
(5.5.89)

Let us further define an alternative gauged R-matrix

Ro.n(mlu — 6,) = m+n N R0 = 6,)G yn—n—1(w), (5.5.90)
ROn(m|u+9) m+n N— 1( M)RO,n(u+9n)Gm+n—N(_u)- (5.5.91)

Acting the elements of this gauged R-matrix on the left local state (5.5.89), we have

o (M| Rou(mlu — 6,)3 =0, (5.5.92)

— sinh(u — 6, + 1)

Wl Ro p(mlu — 0,)3 = T — T gy, (5.5.93)
sinh n

_ sinh(m +n — N — 2)n sinh(u — 6,)

R — 61 = —1], (5.5.94
n{m| O,n(mlu 11)1 sinh(m +n — N — 1) sinh 7 ni{m [, ( )
n(m|Ron(mlu + 6,)) =0, (5.5.95)

— sinh(u + 6, + 1)

o (m| Ro p (m|u + 6,)3 = .—""n<m — 1], (5.5.96)
sinh 7

_ sinh(m +n — N + 1)n sinh(u + 6,)

n(m| Ro p(mlu + 6,)} = 0 W im+ 11, (5.5.97)

sinh(m +n — N)n sinh n

where I?ij means the ith row and jth column element of the R-matrix spanned in the
auxiliary space. The corresponding gauged one-row monodromy matrices read
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T(mlu) = G, @)T () Gy () = (2'"8,3 Llf)m?z:)))

_ VT @) X7(u) )__’m(u)T(u)Yl-(u))
B (Xm(u)T(u)Xl(u) X () T () Y7(u) (5.5.98)

Tomlu) = Gy ()T @) G () = (é'"(”) lf’"(”))
Cn(u) D (u)
(Y,H( T ) X1 (=) Yiyy ()T @) Vr (= u)) (5.5.99)
Xi (—)T @) X1 (=) Xp_ ()T @) Y1 (—u) )’
where [ =m — N.
Let us define the following left global state

(m| = ®"_, ,(m|. (5.5.100)
We readily have
(m|Cpn(u) = 0, (5.5.101)
N .

- sinh(u —6; +n)

(m| Dy (u) ZUTWH" (5.5.102)
sinh(m — N — 1)n N sinh(u —

A = —1], (5.5.103
bl Am ) = = o = JUI sinh 7 o )
(M| Con () = 0, (5.5.104)

N .

= h 0 :

| D) = [[ 20 2y (5.5.105)

sinh n

j=1

. N
= sinh(m + 1)n sinh(u + 6; )
A = 1. (5.5.106
(| A (1) sinh(m +1 — N)n H sinh n m )

Jj=1

_ With the relations (5.5.10) and (5.5.12), we can rewrite &Zn(u), ‘fm(u) and
D (1) as
G () = Y )T () X(u) V) K~ @) Xj_o (1) V(=) T () X2 (—10)
Y )T () X)) V() K~ ) V(=) Xj_y (—u) T () X2 (—10)
+m (0T () Y0 Xp() K~ @) Xp(=) Vo (=) T () X2 (—u0)
+ Y ()T @) Yj() Xj(u) K~ () Y7 (—) X (=) T @) X pp—p(—u0),  (5.5.107)
G () = X ()T ) X5() V() K~ () Xj_y (—) V(=) T () Xy (—10)
+Xm T @) X7 Y7 ) K~ @) V(=) X7 (=) T () X (—10)
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+ X ()T ) Y7 () X ) K~ ) Xp(—1) Yy (=) T (1) Xy (—10)

+ X ()T ) Y7 () X)) K~ () V7o () Xp(—u) T ) X (—u),  (5.5.108)
D) = X )T ) X)) Vi) K~ () Xj_y (=) Y (=) T () Yy g2 (—10)

+Xm ()T @) Xp) Y7 ) K~ @) V(=) X7y (—10)T () V2 (—10)

+ X ()T @) Y7 () X7 ) K~ ) Xj(—1) Vo (—) T () Yy (—10)
-H_(m(u)T(u)Yl-(u))_(l-(u)K_(u)f/l-+2(—u))-(l-(—u)f(u))A’m+2(—u)‘ (5.5.109)

Define

== (Kydluw K

K = (IZ;U'W) zz;éa'm))

_ (Z_(@K—(u)&_z(—u) T K~ ) Yi(—u) ) (5.5.110)
Xju) K~ @) Xp(—u) XK~ @)V, (-w ) 7

From (5.5.101)—(5.5.106), (5.5.108), (5.5.109) and (5.5.110), we have

sinh(m + 2)n

(m|Cn(u) = Ky (|u) sinh(m +2 — N)n

N . .

h(u —0; h 0;

Xl—[sm (u i +n) sinh(u + 6;)
j=1

sinh? n

m+2, (55111

+ 1) sinh(u +6; + n)
sinh?

N .
1T ) = Ry Ty [ | 2t =%
j=1

(m]

sinh(u —6; + 1)

: (m + 1 By1 (). (5.5.112)
sinh n

N
+Ky 0w [ ]
j=1

From (5.5.111), we know that (m| is a pseudo eigenstate of % n(u) and
(m|Gm(—0;) = (m|6u®; —n) =0, j=1,...,N. (5.5.113)
Introduce the following left states:
Opy - Oy m| = (M| D (—0p)) - - - Doy (—0,,), (5.5.114)

where p; € {1,...,N}, 0, < 0,,--- < 0p,. From (5.5.55) we know that the

operators %, (u) with different spectral parameters are not commuting with each
other. However, using the commutation relation (5.5.56) and_(5.5.1 13), we find that
the state (0),, ..., 0,,; m| is independent of the order of .@m(—Gpj) in (5.5.114).
Acting ?m(u) on (0, ...,0,,;m| and using (5.5.111), (5.5.113) and (5.5.56), we
have
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Oprs - Ops MG () = G (Wt (Opys - Opy D Opys s Opm 42|, (5.5.115)

where
_ - - sinh(m + 2)n
A0y, ..., 0 =K -
gm(u, {0p, o)) 21 ( |u)smh(m+2— N
N sinh(u — 6 + n) sinh(u + 6))
<1 sinh?
I=1 "
" sinh(u +6,. + n) sinh(u — 6,
<[] = (Wt Op; + 1) : (= 6p)) (5.5.116)
e sinh(u — 6, + 1) sinh(u + 6p)
The relation (5.5.115) indicates that the left states {(0),, ..., 8),; m|} are pseudo

eigenstates of %Zm (u) and therefore form a left basis [26] of the Hilbert space.

5.5.5 The Scalar Product (0,,, ..., 0p,; mo|¥)

An important fact is that with a proper choice of the parameters « = a9 and m = my,

K™ (u) can be diagonalized with a corresponding gauge transformation. Thus the

double-row transfer matrix becomes a linear combination of sz;,,o (u) and Qmo (n).
The operator 4&7;,1 (1) can be rewritten as

() = K3 (16 Ay (0) Ay 0) + K15 (T1) Ay () o1 (1)
+K5, ) Yo )T ) Y7 () Yy (=) T () X2 (— 1)
+K o () Yy ) T @) Yi () X (=) T () X py—a (—10). (5.5.117)

Using YBE, we have
Ty (u)R12Qu) T (u) = T1 () R1.2(2u) T (u). (5.5.118)

Multiplying (5.5.118) with ¥, (u)X?_ (—u) from the left and ¥;" l(u)fffn_z(—u)
from the right, we have

Yo ) T () Yi() X7 (=) T () X 2 (—10)

= Con W) Y1 )T () Y7, (u)
31.nh n sinh((m — Dn —2u) Bm () By (1)
sinh(m — 1)n sinh(Qu + n)

inh n sinh(( — 1)y — 2u) - =
_ Sy s (« : )1 M)Am(u)Am_l(u). (5.5.119)
sinh( — 1)n sinh(u + n)
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Multiplying (5.5.118) with ¥} (u)if+1(—u) from the left and YlflJr](u))A(fnfz(—u)
from the right, we have

Yo )T @) Yy () Yy o (—u) T () X -2 (—0)
_ sinh((m — 1)n — 2u) sinh n sinh(/ + n
N sinh(m — 1)n sinh(2u) sinh(/ + 2)n
X Y7 (=) T (@) V1 (—10) Xon—1 ) T () Y (1)

sinh(2u + 1) sinh(/ + 1)y = .
1(2u + ) sinh T4 ) Byt (). (5.5.120)
sinh(2u) sinh(l 4+ 2)n

Multiplying (5.5.118) with )_(nl1(u)l?i2+1(—u) from the left and YIJ+ 1(u)1?,§ Lo (=)
from the right, we have

Y (=) T () V1 (—) Xn—1 )T ()Y, ()
sinh(2u) sinh(l +2)n - -

= _ Dm Bm
sinh(2u + n) sinh(/ + 1)n () Byn-v1 (1)
sinh((m + 1)n + 2u) sinh n = _
— sinh(m + 1)n sinh(Qu + n) Ay () By (). (5.5.121)

Combining (5.5.120) and (5.5.121), we obtain

Yo ()T () Yi(u) Yy (=) T () Xy —2 (— )
_sinh((m — 1)y — 2u) sinhn - =
~ Sinh(m — 1)n sinhu + 1) Do ) B ()
sinh(2u 4 n) sinh(l + 1)y = _
- Ay () By
Sinh () sinh( £ 2y (0 B (0)
_sinh((m — 1)n — 2u) sinh sinh(l 4+ 1)n
sinh(m — 1)n sinh(2u) sinh(/ + 2)n
sinh((m + 1)n + 2u) sinh n = _
sinh(m + 1)y sinhQu + n) Am () By 1 @) (5.5.122)

Itis easy to verify that (m |§m(—9j) = 0.From (5.5.117),(5.5.119) and (5.5.122),
we have
sinh((m — 1)n + 26;) sinh
sinh(m — 1)n sinh(26; — n)

(m| e (—6) = — (M| D (—0)).  (5.5.123)
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From (5.5.113) and (5.5.58), we have

sinh((m — 1)n + 26,,,) sinhn
sinh(m — 1) sinh(26,, ., — n)
X Opys s Ops Opiml,  (5.5.124)

OpyseesOpys |y (=6, ) =
Pn-H;

where p,4+1 # p1s..., Pn-
Let |¥) be a common eigenstate of the transfer matrix ¢ («), namely

1)) = Aw)|W), (5.5.125)

where A(u) is given by the inhomogeneous 7 — Q relation (5.3.41). As for the X X X
case, we introduce the following scalar product

Fupys s 6pimo) = Oy, ....0p:mol¥), n=0,...,N. (55.126)

We consider the quantity (0, ..., 0,,; molt(=0,,. )|¥), where p,41 # p1,
.., Pn-Byacting 1 (=60, , ) to left and to right alternately with (5.5.123), we obtain
the following recursive relations:

A(=0p, NV Opys ..., 0p,sm0) = Fp10p,, ..., 0p,,0,,. 1 mo)
_ sinh((mo — 1)n +26,,,,) sinh n
X 1 K (mol = 0p,,) — = e
sinh(mo — 1)n sinh(20,, ., — n)

x K1y (mol = 0p,,,)} (5.5.127)

which directly induces

n

Fy(Opy. ..., 0p,:mo) =[] {k;gmm —6p,) —
j=1

x K3t (mol —0,)] " A(=6,,) Fo(mo), (5.5.128)

sinh((mo — 1)n + 26,) sinhn
sinh(mo — 1)n sinh(20,,, — 1)

where Fy(mg) = (mo|¥) is an overall scalar factor.

5.5.6 The Inner Product (0,,, ..., 0,,; mo|m)

Similarly, we can always chose m = mg and ¢ = « to make

K5, (mo+ Nlu) = 0. (5.5.129)
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In such a case, from (5.5.83) and (5.5.84) we have

Gino (W) |mo) =0, (5.5.130)
Gy W) |[mo) = Ky (mo + Nlu)
N . .
h(u — 6; h(u + 6;
x [ b =0 F WSh@ O D ny 55030
i sinh”

From the definitions of % (m|u) and U (m|u), we can derive the relations

e~ — =M1 sinh(m + 2)n[e™ D1 — e_(’"“'l)”]% @
i (u

z =
(W) = = G 2 sinh(m + 1) sinh(n)

eUm=2N — = ginh(m + 2)nle D1 — e_(m“)”]cg
2 sinh(mn) 2 sinh(m + 1)n sinh(mn) (1)

e~ DN _ =m0 ginh(m + 2)n[e~ DT — e_(';lH)n]@
2 sinh(my) 2 sinh(m + 1) sinh(my) i (1)

mn _ ,=mi ginh 2 —(m+l)n _ ,—(m+Dn
G & —e ™ sinh(n 4 2yle T — ¢ | G 0),(5.5.132)
2 sinh(mn) 2 sinh(m + 1)n sinh(mn)

[e~"11 — g=mn|[elm—1n _ o(m+Dny
4 sinh(m + 1)n sinh(mn)
[e =21 _ g=mn|[elm=Dn _ o(m+Du)
4 sinh(m 4+ 1)n sinh(mn)
[e=@tDn _ p=mnj[pmtDn _ p=0nt+1ny
4 sinh(m + 1)n sinh(mn)
[e™1 — g=mn|[elmtDn _ p=0n+1)n)

4 sinh(m + 1)n sinh(imn)

i (u)

D (u) =

G (u)

B (1)

D (u), (5.5.133)

where m and m are arbitrary. B

Let us consider the quantity of (6, ..., 0,,; mo|Cn,(—6;)|mo) for j # p;, 1 =

1, ..., n. Acting 6, (—6;) to the left, from the relations (5.5.115) and (5.5.116), we
know

Oprs s Opys m0|<5mo(—9j)|ﬁzo) =0. (5.5.134)

From the definition (5.5.114), we have

Opys v s Ops O MOl0) = (Opys - - - Oy 0| Dong (=0, ) 1i10). (5.5.135)
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Acting 92,,10(—0,)"“) to the right and using (5.5.130)—(5.5.134), we obtain the
recursive relations

sinh(mgn) et — =00ty

Opi- O Oy molimo) = G 2 e oD — g~ Gro+ D
X(Opy ...\ 0p,; m0|(£mo(_'9p,l+1)|n_10) +Opys -, O0p, s Mol g (—0p, ) mo)
N . .
o sinh(—6,,,, —60; +n)sinh(=0,,., +6; +1n)
— K m + N _ 0 n—+ n—+
11 (mo | pus1) 11:[1 sinh2 "
x(Op,...,0p,;mglmg), n=0,...,N—1 (5.5.136)

5.5.7 Bethe States

Define

1, <oy o s ) = G (1) Emaa(142) - - - Cman—1y () ), (5.5.137)

where {{t1, ..., un} is a set of Bethe roots. From (5.5.115), (5.5.116) and (5.5.136),
we have

n
Oprs - Opyimolpr, ... v moi o) = [ | Ky Gio + NI — 0,
k=1

N sinh(—6,, —6; + 1) sinh(—=6,, + 6, + 1) Loy sinh(u; + 6, + 1)
<[] [1

sinh? sinh(u; — 60, + 1)

j=1
8 sinh(u; — 60),)
sinh(u; + 0),)

=1

Go(mo, mo, {t1, ..., LN}, (5.5.138)

where the overall scalar factor G reads

=

sinh(mqg + 2j)n
sinh(mg +2j — N)n

Go(mo, g, {1, ... un ) = [ | Kqymo+2j =2 = Nlwj)
j=1

N . : +
h(u; — 6k + h(u; +6
y H sinh(pj — 6 + n) sinh(i k)<m0 2N |myg). (5.5.139)
k=1

sinh? n

To make 1524'1 (mglu) = 0 and IEE(WZOW) = 0, we have

sinh(ay + B4) = sinh(04+ + (g — 1)y + mon), (5.5.140)
sinh(ay + B4) = sinh(6+ + (a9 — 1)n — mon). (5.5.141)
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To make K, (19 + N|u) = 0 under the condition that & = oy, we have
sinh(o— + B-) + sinh(0— + aon + (mo + N)n) = 0. (5.5.142)

There are several solutions to the above equations. We shall take one set of the
solutions to derive the right Bethe-type eigenstates, namely

won = —64 + 1+ i%, (5.5.143)
mon = ap + By — i%, (5.5.144)
(mo+ N)yn=—60_ —apn +a— + p_ +in. (5.5.145)

In such a case, we have

_ —De U
K = ——— sinh
11 (molu) cosh(@: + A1) sinh(u + o4 + 1)

x cosh(u + B+ + n)cosh(ay + B+ — 1),  (5.5.146)
K35 (molu) = et sinh(u — ay + 1)

cosh(o4 + B4)

x cosh(u — B4+ + n) cosh(oq + B+ + 1),  (5.5.147)

K, (mo 4 N|u) = —2¢" sinh(u — o) cosh(u — B_), (5.5.148)

and

sinh n sinh((mo — 1)n — 2u) -

- - K| (molu)
sinh(2u + n) sinh(mg — 1)n
_, Sinh(2u + 2n)

=2e m sinh(u — oy ) cosh(u — B4). (5.5.149)

K35 (molu) +

With the help of (5.5.149), the T — Q relation (5.3.41) and the Q-function defined

in (5.3.42), it is easy to rewrite F,(0p,, ..., 0p,; mo) as follows
n

_ -0, —
Fa(Op. ... 0p,:mo) = [[ 2¢7 sinh(8,, + a_) cosh(@,, + py 20 =D

= 0(=6,))

N .
sinh(6,, + 6; — n) sinh(6,. — 6; —

Op; 6 = mSinh®p, =6 = 1) . (5.5.150)

<] 1
I=1

sinh?
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Similarly, we also have

n
_ —6,. .
Oprr - Opimolier. ... s mos o) = [ [ 2¢7"7 sinh(6),; +a-)

Jj=1
—0, —n) ¥ sinh(0,, + 6 —
« COSh(Qp/. ) o( Pj n) ( p_., I —1n)
Q(=0y,) i sinh n
sinh(@,. — 6; — n) _
x b Go(mo, g, {1, - .., LN ). (5.5.151)

sinh n

Comparing (5.5.150) and (5.5.151), we conclude that |uy, ..., uy; mo; mo) is
exactly proportional to the state |¥) and is an eigenstate of the transfer matrix
t(u) with the corresponding eigenvalue (5.3.41), provided that the Bethe roots
{njlj =1,..., N}satisfy the BAEs (5.3.44).

With the same procedure, we can also construct the left Bethe states as

(U1, ..., wN; mo; mol = (Mol Cmg—2N-1) (1) - - - G (), (5.5.152)
with

T T
apn = —9+—Tl+l5, mon = —0l+—,3++13a

(mog— N)n=—60_—oaon—a_ — pB_. (5.5.153)

It is easy to check that the two reference states |m() and (mg| and all the elements
of the gauged monodromy matrices have well-defined homogeneous limits.

5.5.8 Degenerate Case

When g = mo — 2M and M is an integer, the boundary parameters satisfy the
constraint conditions (5.3.35). For this degenerate case, the method introduced in the
above subsection fails and instead we can use the algebraic Bethe Ansatz method.
Without losing generality, we use the following parametrization to reach the con-
straint (5.3.35)

T
oy + ,8+ = ZE + mon, (55154)
by + (o + Dy = i%, (5.5.155)

o_ + pB_=—0_— (mo+ N + ap)n. (5.5.156)



5.5 Bethe States of the Open XXZ Spin Chain 183

In this case, due to the conditions

K5 (molu) = Y o (=) K () Yipg—2 (1) = 0, (5.5.157)
K3 (molu) = Xmg (=) K () Xpng42 () = 0, (5.5.158)

the transfer matrix becomes
t(w) = K| (mo|u) e, ) + K5 (molu) Dy (u). (5.5.159)
Further, from the condition
K, (mo + Nlu) = m0+N(u)K () Xjng+n(—u) =0, (5.5.160)
we know that and

N .
_ o sinh(u — 6; + n) sinh(u +6; +n) _
Gy (W) mo) = K (mo + Nlu) I I Sinh? lmo),

j=1

g (1)) = 0.
sinh(2u + (mo + 1)n) sinh n
sinh(mo + 1)n sinhQu + 1)

Ding W) mo) = Ky (mo + N|u)

ﬁ sinh(u — 0; + ) sinh( +6; +1m) _
X
; smh2
j=1
_ - _ o sinh(2u + (mo + N + 1)n) sinh
K Niu) — K N
* [ 2200 + Nu) = Ky (o + Nl G N+ Tyn sinh2u + 1)

sinh(mon) sinh(ig + N + 1)n ﬁ sinh(u — 6,) sinh(u + 6; )| o)
X .
sinh(mg + N)n sinh(my + 1)n sinh? o

j=1

With the same procedure introduced in Sect. 5.5.2, multiplying the reflection equa-

tion with Ynll 1(ul)Y2 (up) from the left and Y (= ul)X2 (—uy) from the right,
we have
sinh(u| + up) sinh(u; — n)
G 42(1) B (12) = 2 L T () (1)

sinh(u; — up) sinh(uy + uy + n)
sinh(—(m + 1)n 4+ u1 — us) sinh(2uy) sinh n
B sinh(2up 4+ n) sinh(u; — uy) sinh(m + 1)n
sinh(mn — u; — up) sinh nsinh n
B sinh(u| + up + n) sinh(m + 1)n sinhQuy + n)

B (u1) Ay (u2)

B (u1) D (12), (5.5.161)




184 5 The Spin-% Chains with Arbitrary Boundary Fields

while multiplying the reflection equation with §n11 3 (ul)?n% (u2) from the left and
Y. (—u1)Y2(—uy) from the right, we have

= sinh(u1 + up + 2n) sinh(u| — us + n)
9, B =
m+2(11) Zn (12) sinh(u; — up) sinh(uy + upy + n)
inh 2 inh(2 inh(2 2
sin .((m +2)n+u; +.u2) sinh( uz).sm (Quy + n)%,m (D) Ay (12)
sinh(u| + up + n) sinh(m + 1)n sinh(uy + n)
sinh((m + 1)n 4+ u; — uo) sinh(2u; + 27n) sinh n ~
- P, 9 , (5.5.162
sinh(n + Dy sinh(ay — ) sinh@ug + 1y 2 @) Zm(@2). ( )

B (MZ)@m (u1)

with

~ sinh(2u + n) sinh(m + 1)n
9, = 9,
m (1) sinh 1 sinh(mn) m (1)
sinh(mn + 2u + n)

sinh(mn)

L (1) (5.5.163)

The eigenvalue of @,;10 (u) acting on the reference state |mg) is

sinh(2u 4 n) sinh(mg + N + 1)n
sinh 7 sinh(mg + N)n
sinhQu + (mo + N + 1)n)
sinh(mo + N)n }

Dy (W) |1ig) = [K;z(rﬁo + Nlu)

— Ky, (o + Nu)

[mo). (5.5.164)

lN_[ sinh(u — ;) sinh(u + 6;)
X
P sinh?

Let us introduce further the notation

Bz = Bmo—2(1) - By —om1 (i)
Bl = Bng2(01)  Bg2j @) -+ B g (yp). (5.5.165)

By using the commutation relations (5.5.161) and (5.5.162), with a similar procedure
used to demonstrate (2.2.26) we can prove that

M. .
sinh(u 4+ ;) sinh(u — w; — n)
g By =[] / !

i sinh(u — p ;) sinh(u + p; +n)

Bt D21 (W)

i sinh(2y¢j) sinh(u — uj — (mo — 2j + 1)n) sinh p
! sinh(u — w;) sinh(Zp ; + n) sinh(mog —2j + Dy
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M . .
il sinh(uj — i — ) sinh(uj + 1) 5 ()
iy SR — ) sinh(uj + puy ) = M0
sinh  sinh(—u — w; + (mo — 2j)n) sinh n
sinh(u + w; + n) sinh(2u ; + n) sinh(mo —2j + 1)y
B D21 (1)), (5.5.166)

M

=1

~
ol

sinh(p; — py +n) sinh(w; + wi + 2n)

<1 :
oy sinh(u; — pp) sinh(p; + py + 1)
sinh(u + i + 2n) sinh(u — w; +n) ~

! ’ 1D o2t ()

sinh(u — ;) sinh(u + p; + 1)

7
Do Bz =[]
j=1

sinh(2u + 2n) sinh(u — w; + (mo — 2j + 1)n) sinh
sinh(u — w;) sinh(Zu ; + n) sinh(mg —2j + Dy

B D211 ()

M

=1

~.

ﬁ sinh(uj — g + n) sinh(j + wr + 2n)
sinh(u; — py) sinh(u; + g + 1)

X
I#]
N i sinh(2uj) sinh(u + j¢; + (mo — 2j + 2)n) sinh(2u + 21)
s sinh(u + w; + n) sinh(2u; + n) sinh(mo — 2 + Dn
Msinh( i — g —n)sinh(p; + wy)
oy T T SR TR (). (5.5.167)
) sinh(e; = ) sinh(ey + w4 9
(5.5.168)

Assume the eigenstate of the transfer matrix takes the form

) = Bmg—2(1) - By i (yp)Imo),

[, ...
with mog — 2M = rig. The transfer matrix (5.5.159) acting on the states (5.5.168)
gives
M .
I g) = AW i) + D A B o). (5.5.169)
j=1
where A(u) is the eigenvalue
sinh(u + ) sinh(u — pj —n)
sinh(u — ) sinh(u + wj +1n)

M
Aw) = 57 (molw) A7 (o + Ny [ ]
j=1

5 ﬁ sinh(u + 6 + ) sinh(u — 6; + 1)
sinh? n

=1
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sinh(u + pj + 2n) sinh(u — pj +n)
sinh(u — ;) sinh(u + pj +1n)

M
+5% (molu) Aoy (g + Nw) [ ]
j=1

N . .
o H sinh(u + 9}) s21nh(u — 91), (5.5.170)
=1 sinh< n

and the unwanted coefficients A ;(u) read

sinh (2 )
Aj(u) = — - ,
sinh(2u; + n) sinh(mo —2j + 1)y
» [[sinh(u + i+ (mo —2j + 2)n) sinh(Qu + 2n)
sinh(u + pj +n)
sinh(u — wj — (mo — 2j + )n) sinh

Sk (molu)

«%f{(molu)] Jyy (mo + Nl ;)

sinh(u — (1)
o lN—[ sinh(u; — 6 + n) sinh(p; + 6, + 1) ﬁ sinh(p; — g — n) sinh(uj + p)
1 sinh? oy sinh(u j — pg) sinh(uj + pr + 1)
sinh(u — wj + (mg — 2j + 1)n) sinhQu + 2n)
- — Sy (molu)
sinh(u — ;)

sinh(—u — w; + (mo — 2j)n) sinhn
sinh(u + w; +n)

Ji’]’f(molu)] Ty (mo + Nl j)

. . Mo .
o ﬁ sinh(u; — 6) sinh(u; + 6)) H sinh(u; — g + n) sinh(u; + ug + 21n)
sinh? sinh(wj — wk) sinh (i + pi + 1)

I=1 k)

where

sinh n sinh((mo + 1)n + 2u)
sinh(2u 4+ n) sinh(mg + 1)7n
Jy1 (mo + Nlu) = Ky (mo + Nu),

T (molu) = Kl (molu) +

K35 (molu),

sinh 7 sinh(mgn)
sinh(2u + 1) sinh(mg + 1)n
sinh(2u + n) sinh(mg + N + 1)n

sinh 7 sinh(mg + N)n
sinh(2u + (mo + N + 1)n)

B sinh(img + N)7

5T (molu) = K3 (molu),

Hoy (o + Nlu) = Ky, (mo + Nlu)

K (mo+ Nlu). (5.5.171)
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Putting A (u) = 0, we obtain the following BAEs:

_ ST (molp )7 (g + Nlpj)  sinh(2u )
Sy (mo| )y (g + Npj) sinh(2u; + 21)

N . .
o H sinh(pj — 6 + ) sinh(u; +0; +n)

sinh(u; — 6;) sinh(u; + 6;)

=1

M . .
] b o ) sinh s = = )

. : ,j=1,...,M.
sinh(p; + g + 2n) sinh(uj — pr + 1)

I#]
(5.5.172)

By using the parameterization (5.5.156), we obtain

_ N, U
Ji/]'f(mo|u) = m sinh(2u + 2n) sinh(u + o4 ) cosh(u + B4),
J\7 (o 4 Nlu) = 2" sinh(u 4+ a_) cosh(u + ),

—u

%‘{(mﬂu) = sinh(;—u—i—n) sinh n sinh(u — a4 + 1) cosh(u — B+ + 1),

u

Hyy (g + Nu) = —

sinh n

sinh(2u) sinh(u — a_ + n) cosh(u — B_ +n).

Taking the homogeneous limit, the BAEs become

sinh(ij + a4) cosh(ij + B4) sinh(uj + @—) cosh(p; + B-)
sinh(u; — a4 +n)cosh(u; — B+ +n) sinh(u; — a— +n) cosh(u; — B— +n)

sinh?V (u; + 1) ﬁ sinh(u; + wp) sinh(uj — g —n)

sinh?®N (i) - sinh(uj + py +2m) sinh(uj — g + n’
j=1,..., M. (5.5.173)

1 =

By replacing M with M = N — M — 1, ot with —a™ and BT with —8F, we
can get another set of solutions. These two solutions constitute the complete set of
eigenstates in the degenerate case.

5.6 The Open XY Z Spin-% Chain

5.6.1 The Model Hamiltonian

The model Hamiltonian of the XYZ spin chain with generic boundaries in terms of
the transfer matrix ¢ (u) is
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PAUN A lnt( )
o’(0)
N—-1
= Z (Jxo UJ_H + Jyo U]_H + J; 0] ]+1) + h;—)of‘
=1

+h7Vol +h Dol + h oy + hPoy + P, (5.6.1)

— (N =D2(m) - 2§(277)]

u=0

where the coupling constants are parameterized as

S Mo+ s Mot +H  _o+)
X O'(%) ) y 0—(%+%) ’ Z O_(%) )

and the boundary magnetic fields are parameterized as
# _ 1
U (m U(az - i)
hgiF) H

U( ), 1 o(al(:F))

9

) N F _z
W = L (S -5) o) H ol —3)

0(2) -1 o(al@))

) c F _ l -~z
§P = i (Zhie™-4-1) Gl(n)r Ho(a 27D (560
o(3+3) ;5 o)

Here o (u) is the o-function defined by (3.2.3) and {af)} are parameters contained
in the most general K -matrices [42, 43]

K- =22 bia ¢ e owe ™
T 20(u) o(u+ 5)
( ) —znu
U(")l‘: oY+ oW . , (5.6.3)
o(u+3%) o(u+ E)
K¥ @) = K~ (—u =)o) ) (5.6.4)

where the constants {cl@)} are expressed in terms of boundary parameters {al(jF)} as

_ 3 ® _1
() = im0 =3) H A YN e —2
9 Z 9
o) i oe™)
® _1
. ®_1_z o (o 3= %)
c)(/$) — ity )H 1272 (5.6.5)

O’(Otlx))
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The integrability of the above Hamiltonian is associated with the transfer matrix
defined by the R-matrix (3.2.10) and the K-matrices (5.6.3)—(5.6.4) respectively,
which satisfy RE (5.1.5) and the dual RE (5.1.6).

5.6.2 Operator Product Identities

Direct calculation [14] shows that

3 (=) )
oQu —2n) H oa, " +uwo(a, " —u)

Det, {K~ = , 5.6.6
Sl ) o 1 o o) 000

3 (+) (+)
Det. K+ _ _o(2u + 2n) oo, +u)o(a;’” —u) 567
et KT ) o(n) E a(al(+))a(al(+)) ( )

This leads to the explicit value of the quantum determinant A, (u)

3 ) )
oQu +2n)o Ru — 2n) H H o(u~+a;" o —a;”)

Agu) = —
q(u) o) o) i o@eE?)

(5.6.8)

y ﬁ 0 (u+ 61 + Mo+ 6 — o — 6 +mou—6 —n)
P o (o (mo (o (n) '
The operator product identities thus read

__A4q0@pomam
o(n—20;)o0(+20))

16,)t(6; —n) xid, j=1,....,N. (5.6.9)

Similarly, the corresponding transfer matrix ¢ (1) satisfies the crossing relation
t(—u—mn) =tu). (5.6.10)
From the periodic properties of o-function we can easily derive the relations

Ri2(u+1) = —0{R12(w)o{ = —o5 Ry 2(u)oy,
K¥u+1)=—-c*KT(w)o?,

Ripu+r1)= —e_zi”(“J’%J’%)Gf‘Rl,z(u)Uf = —€_2i”(”+%+%)02xR1,2(u)Uf,
Riou+1+1)= efzi”(”Jr%J“%)alle’z(u)aly = e72i”(”+g+%)azyR1,2(u)o2y,

K_(u + T) — _e—2iﬁ(3u+%f)axK—(u)o,x’
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K u+1+1)= e_z"”(3”+%r)ayl(_(u)ay,
K+(u + T) — _e—2iﬂ(3u+3n+%r)o,xK—i-(u)ax,

KT+ 1+41) = e 27303003 gt (1) (5.6.11)

These relations lead to the following quasi-periodic properties of the transfer matrix

t(u):
tu+ 1) =t@w), tu+t)=e HrWIQutnto) ) (5.6.12)

From the definition of K~ (u) in (5.6.3), we have

K~ (0) = ltr [K~(0)] x id, (5.6.13)
A 1 /1

K (—) = —tr |:K (—) O'Z:| x 0%, (5.6.14)
2 2 2

K- (3) - %tr [K— (% "] x o, (5.6.15)

o
K—( ”) _ L, [K—(HT)GY} xo?. (5.6.16)
2 2 2

The above relations allow us to derive

ﬁ@n+wwm—@

— + -
10) = tr [KHO)] tr [K~(0)] e id, (5.6.17)
t (l =(=DNtr | KT (l) O’Zj| tr [K (l) O'Z:|

2 2 2
N 1 1
XHU("+ 2+t =3 =0 o (5.6.18)

o(mo(n)

~

=1

(D) = e oy [k (5o [k (5) o]

N o+ S+ 0o —3%—6)
<1 o (o (n)

t(l +r) _ e—zm{%n—zﬁ’:lej}tr [K*’ (1 + ‘()Uy:| . [K_ (1 +t)0y]
2 2 2

x(—l)NH 2 id. (5.6.20)

x id, (5.6.19)
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As we discussed above, A(u) should satisfy the same relations of ¢ («), namely,
the functional relations

AGAG; -y = _La@ Do)

= , =1...,N, (5621
o(n—20;)o(n+20;)

the crossing symmetry and the initial values

A(=u —1n) = A(u), (5.6.22)

N
- (n+ 6o —6)
A©) = tr (K O)er (k=) [T 2 : (5.6.23)
E o(mao ()

()=l (el (3)]

on+i+6)om—1—4
XH (n 2 o (n 2 1)

: (5.6.24)
=1 o(mo(n)
a (%) =corem By e (D)oo [k (5) o]
g i talais )

Q T

A (1 er ) _ Ve Bz, [K* (1 er T) UY}

N e g
Xtr|:K_(l+T)0y:|Ho(n+ z F0eh =5 —8) s 6o
2 e o (ma(n)

the quasi-periodic properties
Aw+1) = AWw), A+ 1) = 2mWHIQu+D) o) (5.6.27)
and the analyticity

A(u), as an entire function of u, is an elliptic
polynomial of degree 2N + 6. (5.6.28)

Therefore the values of A(u) at generic 2N + 6 points in the fundamental domain of
the elliptic functions together with its quasi-periodicity, i.e., Egs. (5.6.21)—(5.6.28)
suffice to determine the function completely.
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5.6.3 The Inhomogeneous T — Q Relation

For convenience, let us introduce the notation

N
o~+0;+n)o—0;+n)
A = ’ 5.6.29
“ 1:[ o(n)o(n) ( )
—21]1[ u oQu + 277) O'(u—(y)y))
at = 1 0'(21,4 +n) okt 11 O’(s(y) (y)) A(u), (5.6.30)
d(u) = a(—u —n), (5.6.31)

where /1 is an even integer and s(y) +1. The solutions of (5.6.21)—(5.6.28) can
thus be constructed by the T — Q relation

01(u— 1) 020+ 1)
A = = +d ==
W=at=5 5w T4 50w

cou)o u + 2n)o™ (u)o™(u + n)

AW A(—u —n), (5.6.32
O1(u) Q2(u)a™(n)o™(n) (W A(=u —mn), ( )

where the Q-functions parameterized by M = N + 1 + m Bethe roots {u;|j =
1,..., M} are defined as

Mo — ) Mot )
Ql(”):HTn), ]:[ s 563

and m = 0 (m = 1) for an even N (an odd N). The M Bethe roots i ; and the
constant ¢ should satisfy the following M + 1 equations

3 M
S e e + M A24+mn+2> wj=ht mod(2), (5.6.34)
y=+I=1 j=1
coRuj)o2uj+2n)o (uj)o™ (u; +n)A(uj)A(—pw; —n)

=—1, (5.6.35)
d(pj)a™mao™(m) Q2(u;) Qa(pj +n)

with the selection rule (5.3.29) for the Bethe roots. In the homogeneous limit, the
BAEs (5.6.35) read

) 2(,,)(,"1(“].)(,21\'% (1j +moQuj+nouj +2n)

(J/)
o(u; +& +n)
HH — V) HU(M] + i+ Mo (e + i+ 2),
y==I=1 ‘7(51 ) I=1

(5.6.36)
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Table5.12 The numerical solutions of (5.6.34) and (5.6.36)for N = 3,n = — %

5 The Spin-% Chains with Arbitrary Boundary Fields

oy =040 =06, =03, 4" =0.54,a{" =0.8and1; =0

t=ia” =07,

Mn1

n2

3

—0.14193 — 0.00000i

0.07809 + 0.00000:

0.21920 — 0.00000:

—0.03293 — 0.00000:

0.07930 + 0.00000:

0.28247 — 0.02571i

—0.33332 — 0.16659i

—0.33332 + 0.16659i

—0.01760 + 0.00000i

—0.13331 + 0.00000i

0.10195 — 0.00000i

0.33228 — 0.11710i

—0.33332 — 0.09623i

—0.33332 + 0.09623i

—0.16457 — 0.15392i

—0.16671 — 0.16577i

—0.16671 + 0.16577i

—0.13317 + 0.00000i

—0.37731 + 0.00000:

—0.28935 — 0.00000i

—0.16917 — 0.05505i

—0.16659 — 0.06662i

—0.16659 + 0.06662i

—0.13271 + 0.00000i

L4 s c E, n
0.36608 — 0.00000: 0.47522 + 0.00000: 0.00004 | —3.39556 1
0.28247 + 0.02571i 0.38537 + 0.00000¢ —0.00002 —3.33751 2
0.34046 — 0.10824i 0.34046 + 0.10824i 0.01360 —3.02894 3
0.33228 +0.11710i 0.36346 + 0.00000i —0.00035 —2.51981 4

—0.16457 + 0.15392i —0.00754 + 0.00000i 0.05665 1.76506 |5
0.10246 — 0.00000i 0.36080 + 0.00000i —0.00255 2.00149 |6

—0.16917 + 0.05505: 0.00167 — 0.00000i 0.02178 4.16110 |7
0.10441 + 0.00000: 0.35815 — 0.00000: —0.00135 4.35417 |8

The eigenvalues E,, calculated from (5.6.37) are the same as those from the exact diagonalization
of the Hamiltonian (5.6.1)

and the eigenvalue of the Hamiltonian in terms of the Bethe roots is

_ o) S _
E=20 —2;c<u,+n)+<zv ez ()

3
—2imly = . > ¢(e )

y==% =1

(5.6.37)

We note that any choice of sl(y) should give a complete set of solutions. Numerical
solutions of the BAEs given in Table5.11 and in Table5.12 indicate that the 7 —
Q relation and the BAEs indeed give the correct and complete spectrum of the
Hamiltonian even with a fixed [; = 0.



5.6 The Open XY Z Spin-1 Chain 195

Finally, we should point out that if the boundary parameters {al(y)} satisfy the
constraint [14]

3
S > ea” — it —kn=0 mod(2), (5.6.38)
y==%I[=1

where k is an integer, then ¢ = 0 and the T — Q relation (5.6.32) becomes a usual
one [8, 14]. It should be remarked that, similar to the situation of the periodic XY Z
model with an odd N, a T' — Q relation of the form (5.1.38) with a single Q-function
cannot express the spectrum of the open XY Z spin chain with generic boundaries
for both even and odd N.
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Chapter 6
The One-Dimensional Hubbard Model

As one of the minimal models for strongly correlated electron systems, the Hubbard
model plays a central role in modern condensed matter physics [1-3]. Interestingly,
this model in one spatial dimension is exactly solvable [4], which provides an impor-
tant benchmark for understanding the Mott insulators. In the past several decades,
numerous efforts have been made to study the integrability and the physical proper-
ties of this model [5-10]. A remarkable result was obtained by Shastry [11-13] who
constructed the corresponding R-matrix and the Lax matrix of the one-dimensional
Hubbard model, thus demonstrating its integrability under the framework of YBE.
The graded version of the R-matrix was then obtained by Wadati et al. [14—18]. With
Shastry’s findings, the model was resolved [19, 20] via the algebraic Bethe Ansatz
method. On the other hand, the reason that the open-boundary problem of this model
has attracted a lot of attention is because of its relationship to the impurity problem
in a Luttinger liquid [21]. The exact solution of the open Hubbard chain was first
obtained by Shulz [22], whose result was subsequently generalized to the non-zero
boundary potential case [23-25]. The integrability of the one-dimensional Hubbard
model with diagonal open boundaries was demonstrated in [26] by the construction
of the Lax representation, while the generic integrable boundary conditions were
obtained in [27] by solving YBE and RE. It was found that applying either scalar
potentials or magnetic fields on the two end sites does not break the integrability of
this model. However, the conventional Bethe Ansatz methods could only construct
the exact solutions for parallel boundary conditions. The Bethe Ansatz solution of this
model with generic non-diagonal boundaries was given by the ODBA method [28].
The Hubbard model in the strongly repulsive limit becomes the t — J model
where double occupancy of two electrons on a single site is forbidden. This model
in two spatial dimensions may provide a non-phonon mechanism for high-7, super-
conductivity [29]. Interestingly, the + — J model in one spatial dimension at the
super-symmetric points 2t = +J is also exactly solvable [30-34]. Based on this
observation, some important physical properties including the elementary excita-
tions [35], the correlation functions [36] and the thermodynamics [37, 38] were
extensively studied. It was found that special cases of the model with certain open
boundaries are also integrable [39—45].
© Springer-Verlag Berlin Heidelberg 2015 197
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This chapter is devoted to the exact solutions of both the one-dimensional
Hubbard model and the super-symmetric + — J model with generic integrable
boundary conditions by the combination of the coordinate Bethe Ansatz and the
ODBA [28, 46].

6.1 The Periodic Hubbard Model

The Hamiltonian of the one-dimensional Hubbard model reads

N

N
H=—t > [c] civtatchy Cial +UD njnjy, (6.1.1)
o, j=1 j=1

where c]T o and c; 4 are the creation and annihilation operators of electrons on site
J with spin component « =1, | ; N is the number of sites; # and U are the hopping
constant and the on-site repulsive interaction constant, respectively. Note that the
periodic boundary condition cy+1,¢ = c1,¢ is assumed. Obviously, the model pos-
sesses U (1) x SU (2)spin X SU (2) charge symmetry. In fact, ahidden S O (4) symmetry
[47, 48] also holds.

6.1.1 Coordinate Bethe Ansatz

The U (1) symmetry in the charge sector allows us to construct the eigenstates of the
Hamiltonian (6.1.1) in the form

M N
Wy=>" > > w0, x4y a0, (6.12)

j=1 Olj:T,J, Xj:l

where M is the number of electrons and {«} = {«q, ..., apy}. The eigenvalue equa-
tion of the Hamiltonian (6.1.1) thus reads

—zZ[w{“}(...,xj L)+ kg —1,.0]
j=1
M
+U Zaxi,x_,w{“}(xl, cerx) = EVxy, o xy). (6.1.3)

i<j

M
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The wave function takes the following Bethe Ansatz form [49]

M
lI/{a}(xl, ce XM) = Z Agx}(q) exp | i kajxq]'
pq j=1
x0(xg < xgy < < Xgy)s (6.1.4)

where p = {p1, ..., pu}andqg = {q1, ..., gu} are the permutations of {1, ..., M}
and 0(x; < --- < xp) is the generalized step function, which is one in the noted
variables’ region and zero otherwise.

For all x; # x; cases, Eq.(6.1.3) is automatically satisfied and the corresponding
eigenvalue is

M
E=-2t)" cosk;. (6.1.5)
j=1
For the case of two electrons occupying the same site, we should consider the con-
tinuity of the wave function wld (e oo xy). Considering the sector
I: xg SXgy S Sxgp S Xy S0 S Xy, (6.1.6)

and the sector

I1: Xgp S Xgy S0 SXgipy SXgp S S Xgyys (6.1.7)

when Xg; = Xg;0 = X, the continuity of the wave function llf{“}(xl, ce XM
requires that

) = x ). (6.1.8)

For convenience, we omit the superscript {«} and treat A ,(¢g) as a column vector in
the spin space. The continuity condition (6.1.8) implies

Ap(@) +Ap(@) = Apg) +Ap(q), (6.1.9)

where ¢’ ={...,qj+1,9j,...1and p' = {..., pjy1, pj,...}. For x4, = x4, the
Schrddinger equation (6.1.3) gives rise to

—t I:Aﬁ(q/)eikp”l +Ay (q/)eikpj + Ap(q)e_ik”j + Ap’(q)e_ikpj+l

+AP(Q)€ikp~"+] + Ap’(f])eik”-/ + Ap(f]/)e_ikp,/ + Ap/(q’)e_ikp.i+1]
+UIAp(q) + Ap(q)] = =2t[coskp, +coskp,, 1A, (q) + Ap(g)].  (6.1.10)



200 6 The One-Dimensional Hubbard Model

Substituting Egs. (6.1.9) into (6.1.10), we have
. . U /
[sm(kpj) — 51n(kpj+])] Ap(g) — zEAp(q )

— |:sin(kp_/.) —sintkp,,,) + z%i| Ay (). (6.1.11)

Now let us define the coordinate permutation operator P;. s

P,-,jAp(...,qi,...,qj,...) =Ap(...,q]-,...,qi,...). (6.1.12)

Since the fermionic wave function is completely antisymmetric with both the coor-
dinates and spins of two particles exchanged, if we denote further P; ; as the spin
permutation operator, we have

Pi,jPi,j = _1, Pf/ = };3/ = 1’ (6113)

which implies the relation
— Pjjt1Ap(q) = Ap(q). (6.1.14)
Substituting this relation into Eq. (6.1.11), we readily obtain
Ap(@) = Sp;.piCkpy kpi ) Ap(q), (6.1.15)
with the S-matrix given by

. ) . .U p.
sink; —sink; —i5; Pjy

Sjikj, k) = (6.1.16)

sink; — sink; — i%
Now let us consider the following process: The jth particle moves from the left

end to the right end by scattering with all the other particles to its right. This process
can be described by the relations

Ap(q) = Sjj+1(kj, kjr1)S) j+alky, kji2) -+ Sjmks, ky)
xSi1(kj ki) - S; 10k, kj—1e N AL (q). (6.1.17)

Note above we have used the periodic boundary condition
(.., x;+N,..)=¥(..,xj,...). (6.1.18)

The relation (6.1.17) was first obtained and solved by Yang [49] with a very opaque
Ansatz. Here we introduce an alternative approach to this second eigenvalue problem.
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6.1.2 Solution of the Second Eigenvalue Problem

For convenience, we introduce the notations
Rji(w) =u+nPjy, (6.1.19)
withn = —i £ and

To(u) = Ro,j(u —sink;)Ro, j4+1(u —sinkjy1)--- Ropm(u — sinkyy)
X Ro,1(u —sinky)--- Ro j—1(u —sink;_1). (6.1.20)

To(u) is nothing but the monodromy matrix of the X X X spin chain with the inho-
mogeneity parameters {#; = sink;}. This allows us to transform the eigenvalue
problem (6.1.17) to that of the transfer matrix of the X X X spin chain model with
the correspondence

Sjj+1ky kjr0)Sj jra k. k) -~ Sjm(kj kng)

S kju k) ki kj_) = risink;) (6.1.21)

x5 1(kj, k1 1R Rj—1 ’ .
J1k; Sii-1kj ki n[17%, (sink; — sink; + n)

where 7 (u) = troTo(u) is the transfer matrix. As the operator identities

M
T(sink;)t(sink; —n) = H(sinkj —sink; + n)(sink; — sink; — 1) x id,
=1

j=1,....M, (6.1.22)
hold and
lim t(u) =2uM + .-, (6.1.23)
u— 00

by the same procedure introduced in Chap. 1 we conclude that the eigenvalue of the
transfer matrix takes the form

Au) = H(u—smk +n)————- Q(u +H(u—51 ki )Q(Q(-F)T)), (6.1.24)
j=1

with

M
Q) = [ =), (6.1.25)
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and M < M is a non-negative integer. Because A () must be a polynomial of degree
M as required, its regularity induces

M . M
H“‘_—M:_Hw—ﬁ_” a=1,...,M. (6.126)
il Ag —sink; +1n e Ao —Ag+7
From (6.1.17) and (6.1.21) we have
ikjN AGink)) j=1,....M. (6.1.27)

1y (sink; —sink; +n)’

Substituting (6.1.24) into (6.1.27) and putting Ay = g — 17/2 we readily obtain the
BAEs of the present model, namely

Moo
iij:HSIH J T Ma

1

2 .

Ci=1,....Mm, 6.1.28
¢ T PR A (©120
M a—s1nk]—§ Mua—ﬂﬂ—ﬂ y
1—[ Lo AT g M. (6129

Mo —sink; + 7 Mo — ppg +1

j=1 p=1

These equations should determine the spectrum of the Hamiltonian (6.1.1)
completely.

6.1.3 Ground State Energy and Mott Gap at Half Filling

Substituting n = 12t into (6.1.28) and (6.1.29) and taking the logarithm, we obtain

M
Nkj=2xlj — > 01(sinkj — ). (6.1.30)
a=1
M M
D 01 (e — sinkj) =2 Jo + D 02 (e — 1p), (6.1.31)
j=1 p=1

where 6, (x) = 2arctan(%), I; are integers (half odd integers) for even (odd) M

and J are integers (half odd integers) for odd (even) M — M. As for the Heisenberg
chain model, let us define the counting functions

i
Zo(k) = > Z 0 (sink — i), (6.1.32)
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M M
1 .
Zs() = 55— jE—l O1(n — sink;j) — ﬁz_l O2( —pp) g - (6.1.33)

The corresponding density functions read

2
pelh) + pli ) = & d"(k), (6.1.34)
dZ,
pat) + oy = T2 (6.1.35)
n

In the ground state, all k; and 1, take real values (M < N is assumed). There is no
w hole in the whole real axis and no k hole in the interval [— B, B]. We thus have the
equations

1 o0
pe(k) = — + cosk / ar(sink — w)ps Wy, (6.136)
2 o0
B e
po(it) = / ar (e — sin k) pe (k) dk — / (= Wps()dh, (6.1.37)
_B —00
where
1 4tnU
an(x) = ;anz + 16[2){:2’ (6.1.38)
and B is determined by
B
M
/ pell)dk = . (6.1.39)
s N

We consider the half-filling case, i.e., M = N. In this case, B = 7, the integral
equations can be solved exactly via Fourier transformation. From equation (6.1.37)

we obtain . ®
4 Pc
ps(p) = U/_n de. (6.1.40)

Substituting equation (6.1.36) into the above equation we have

1 [ e Jo(w)
= — ————dw 6.1.41)
P 2 /—oo 2 cosh (42) (
Substituting equation (6.1.41) into equation (6.1.36) we get
1 cosk [ Jyp(w)cos(wsink
pe(k) = — + / v@)cos@sink) (6.1.42)
2 T 0 1 + e
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The ground state energy per site thus reads

o Jo(w)Jl(w)d

b
ey = —Zt/ coskp.(k)dk = —4t/ o dow, (6.1.43)
- 0 w(l+ex)
where

1 [T . .

Jo(@) = — / eosink g, (6.1.44)
27 ) _»
D) T

Ji(w) = —/ cos2kcos(wsink)dk. (6.1.45)
2 ),

The Mott gap is defined as (even N is assumed)

AE—lENNH +ENN 1 ZENN (6.1.46)
) 272 272 272 )0

where E(N4, N ) is the ground state energy of the system with N4 spin-up electrons
and N spin-down electrons, M = N4 + N . With the particle-hole transformation,
we can easily deduce that [4]

E(Ny,Ny) = E(N =Ny, N = N)) + (M — N)U. (6.1.47)

Therefore, the Mott gap can be expressed as

o2 (33)-£(3 )]
AE=-U—-|E(= =)-E(= = -1)]. (6.1.48)
2 2°2 2° 2

Suppose the charge density and the spin density of the system with N = Ny + N,
electrons are p? (k) and ,0? (w), respectively. We also denote the charge density and
spin density of the system with N — 1 electrons as p. and p, . Thus

(k) — p7 (k) = %[a(k — ) + 8k + ]+ o). (6.1.49)

From (6.1.36) and (6.1.37), we know that the deviation of charge density induced
with one electron taken away should satisfy

1
3pc(k) + 518k + ) +d(k — )]

o0
= cosk/ ay(sink — w)dps(u)du, (6.1.50)

—00
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1 & .
—ar(n) +/ aj(sink — w)dp.(k)dk
N -

e}

= dps (1) +/ ax(p — A)éps(A)d A, (6.1.51)

—00

where §p5 (1) = p?(pb) — p; (). With Fourier transformation, we readily have

1 cosk [ cos(wsink)dw
Spck) = ——[8(k —m)+ Sk + )]+ - (6.1.52)
2N Nm 0 l+e2
Therefore, the Mott gap reads
U ©J
AE=2 - ~|—4t/ LR (6.1.53)
2 0 w2 +1)
By using the formula
1
00 J S 2U2 2 U
/ DDy =S 1y (1 + 22 ) -
0 w(er +1) — 4 2t
U 12 [ -1z
- Ly _/ =D (6.1.54)
8t 2 U 1 sinh %

we conclude that the energy gap AE is always positive as long as U is positive.

6.2 Hubbard Model with Open Boundaries

6.2.1 Coordinate Bethe Ansatz

The model Hamiltonian of the open Hubbard chain with unparallel boundary fields
reads

N—1 N
H=—1 [c] Cirta+Cjy oCial + U D njgnjy
o, j=1 j=1
+h; o1 +hy-on, (6.2.1)

where 0; = Za’ﬂ c; «Oa.pCj,p 18 the spin operator on site j, and h; and hy indi-
cate the boundary fields. This Hamiltonian has also been demonstrated [27] to be
integrable.
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We note that the unparallel boundary fields break the U (1) symmetry in the spin
sector. However, the U (1) symmetry in the charge sector still exists. The left U (1)-
symmetry allows us to construct the eigenstates of the Hamiltonian (6.2.1) as

N

M
@) = Z z @y, coxael g el 10 (62.2)

J:] ()[j= »:

The associated Schrodinger equation thus reads

Ma

[(1—5x M xj+1,...)+(1—axj’l)w{a}(...,xj—1,...)]
1

M% I

+ [8x;1h1 - 04, 8; + 8, vhN - 0u; 5 ] ey, )
j=1 /3j T
+U25x,.,x_,.w{“}(x1, cxn) = EW (g, ), (6.2.3)
i<j

where {«a}; means that «; is replaced by 8; in the set {«}. The wave function takes
the Bethe Ansatz form

M
'If{a}(xl, ce X)) = Z A;a},r(q) exp | i erjkp_,‘xq_,'
p.q.r j=1
X0 (xq < Xgy <0 = Xgy), (6.2.4)
where r = {ry, ..., ry} with r; = &. The eigenvalue E can be easily derived from

(6.2.3) with the case of all x; # 1, N and x; # x; considered
M
E = -2t ) cosk;. (6.2.5)

The wave function must be continuous when two electrons occupy the same site.
This indicates that
r r’ AT () o
AL(q) + A (q) =AL(q) + AL (q), (6.2.6)

where ¢ = {...,qj+1.qj,..., P = {....pj+1.pj,...}and ' = {... rjq1,
rj,...}. As for the periodic boundary case, we can deduce

AYG) = Spyprs ks Tk VAT (0, (6.2.7)
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with the S-matrix given by (6.1.19).

Now let us turn to the case of x4, = 1, x4 # x4,(i # j) and x4,, # N. In this
case, the eigenvalue equation (6.2.3) becomes

—tlI/{a}(Z, L)+ Zhl . Ual,ﬁllp(ﬂl"")(l, )

Bi
= —2rcosk,, w1, .. ). (6.2.8)
This induces
> hyog 5w, = -, ), (6.2.9)
Bi
and
ASE ) (q) = K (kp)AS (), (6.2.10)
with

12— h% — 2itsinkhy - 0
12 — h2e2ik

kj k) = — , (6.2.11)

by employing the identity (h - 0)> = h%. With the same procedure we have

ZhN Oy py WP N) = W N 1), (6.2.12)
Bm

and
e MmN AT (q) = Ky (kpy)AS P (), (6.2.13)
with

__ t= —hy —2itsinkhy -0 ;
KW= —— e (62.14)

With the help of (6.2.9) and (6.2.12), we can easily deduce that (6.2.3) also holds
with the Ansatz (6.2.4) for x;, = x4, = 10r x4, | = X4, = N.

Following the coordinate Bethe Ansatz procedure introduced in Chap. 1, we obtain
the second eigenvalue equation

T(kHAC ) = @ 2KN A Gt (6.2.15)
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where

T(kj) = Sj—1,j(kj—1,kj) - St j(ki, kKT (k)Sj1(=kj, k) -
XSj j—1(=kj, kj—1)Sj jr1(=kj, kjt1) - Sjm(—kj, kM)Kj_(kj)
XSm jkp, ki) Sj1,jkjtr, kj). (6.2.16)

6.2.2 Off-Diagonal Bethe Ansatz

Let us introduce the K-matrices

K (u)=p+uhy-o, (6.2.17)
Ktw) =g— w+nh; o, (6.2.18)
with
B h% -2 . 2 —h?
=i . g=i .
2t 2t

The following RE and its dual equation hold:

Ro’ﬁ(u — v)KO_(u)R(),O(u + v)K(-)_ »)

= Ky )Ry (u +v)Ky ()R o(u —v), (6.2.19)
Ry (v — w) K ()R o(—u — v — Zn)K(_;F(v)
= K (M Rg o(—u — v =2m Ky ()R o(v — u), (6.2.20)

where the R-matrix is given by (6.1.20). To solve the eigenvalue problem (6.2.16),
let us introduce the inhomogeneous double-row monodromy matrix

() = Ro,1(u —sinky) -~ Ro p(u — sinky) Ky (u)
X Ry o(u + sinkyy) - - Ry o(u + sinky), (6.2.21)

and the transfer matrix (),
T(u) = tro{K(;r(u)@/o(u)}. (6.2.22)
Noting that

2Kj_(— sink;)

W (6.2.23)

IE].—(kj) =it
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tro{ Ky (—sink;)Ro, j(—2sink;) Py j}

KT (kj) =it : , 6.2.24
i &) (sink; — n)(h3e?*i — 12) ( )
we have the important identification between the operator {7 (k;)} and 7 (u):
M
T(k;) = H(sinkj —sink; — )~ (sink; + sink; — )"
I#j
—2t? 7(—sink;
v(=sink;) (6.2.25)

X n n .
n(sink; — n) (12 — h3e? i) (122 —h3)

The eigenvalue problem (6.2.15) is thus transformed to the eigenvalue problem of
the transfer matrix associated with the inhomogeneous open XXX chain model intro-
ducedin Chap. 5. In the present case, the “inhomogeneity” parameters are 0; = sink;
and the crossing parameter is n = —i %

Let us introduce the notation:

M
Au) = [ [ —sink; + n)(u + sink; + n), (6.2.26)
=1
2u+2n B _
a(u) = n(p+u8|h/v|)(q —ulhi)Au), (6.2.27)
2u+n
d(u) = a(—u —n), (6.2.28)
¢ =2[elhy|lhy| —h; -hy)], (6.2.29)
with
h; -hy
£ = ——. (6.2.30)
[hy - hy|

The eigenvalue A(u) of the transfer matrix 7 (1) can thus be expressed as [28]

01— 1) 02 + )
A = d
W=aw=gw T4 5w
A(u)A(—u — 1)

Q1(u)Q2(u)

(=DM cu(u +n) , (6.2.31)

in which the functions Q1 (#) and Q> (u) are parameterized by M Betheroots {u ;| j =
1, ..., M} for a generic non-vanishing c as follows

M
01(w) =[] —up, (6.2.32)
j=1
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M
Qo) = (=DM [ [ + ej +n) = Q1(—u —n). (6.2.33)
j=1

We note that the regularity of A(u) results in the BAEs
c(uj+mui+3
(p — (uj+mn) ey (G + (u; +n)lhy])

M
XH (W + pmy +n)(uj + pu +2m)
(wj —sink; +n)(uj + sink; + 1)’

— (_1)M+1

j=1...,M, (6234
=1

with the selection rules p; # p;, and p; # —p; — 1. Based on the T — Q relation
(6.2.31) and the correspondence (6.2.25), the eigenvalue problem (6.2.15) implies
the following BAEs for the quasi-momenta {k }:

M
o~ 2ikiN _ H(Sinkj —sink; — )~ (sink; 4 sink; — )"
I#j
—212 A(—sink;)

x nGink; — )% — 262K ) (e 25 —12)° (6.2.35)
Noting that d(—sink;) = A(sink j —n) =0, the above BAEs become
412(p — sink; elhy|)(g + sink; |hy|)
(12 — W26k (122K — hzzv)
— ¢ 2kiN 7 Ginkj — =) i=1,....M. (6.2.36)

) sinkj 4+ + )

Equations (6.2.34) and (6.2.36) determine the spectrum of the Hamiltonian com-
pletely.

It should be remarked that if the two boundary fields h; and hy are parallel or
anti-parallel, the associated K ¥ (u)-matrices can be diagonalized simultaneously. In
this case, the U (1) symmetry in the spin sector is recovered and the constant ¢ given
by (6.2.29) is zero. The T — Q Ansatz is thus reduced to the conventional form no
matter whether M is even or odd

Q- O + 1)
A(um) = a(u) 0 +d(u) 0w (6.2.37)

where the functions Q(u) are parameterized by M unequal Bethe roots {A ili =
1,..., M} as follows
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M

Q) =[Jw=r)u+r+n=0(-u—-n, M=0,....M. (6238
=1

These M parameters {A j} and M quasi-momenta {k;} satisfy the BAEs

4% (p — sink;jelhy|)(G + sink;lhi]) _ o2k N

(l2 _ h%eZikj)(IZe—Zikj _ h%V)
ﬁ (sinkj + Ap)(sinkj — Ay — 1)
(sinkj — ) (sink; + 2 + 1)’

j=1....M, (6.2.39)
=1

b (p = (g + Iy D@ + Gy +n)lha)) 1 (Aj +sink;)(A; — sink;)
j+m(p+2jlhy)(G —Ajlhi]) (Aj —sink; +n)(Aj + sink; + 1)

=1

M
:_H Aj =2 =)+ A) i=1 i (6.2.40)
WG = +mo, s /700" -

6.3 The Super-symmetric ¢t — J Model with Non-diagonal
Boundaries

In this section, we consider the exact solution of the super-symmetric t — J model
with generic non-diagonal boundaries [46]. The model Hamiltonian is

N-1 N-1

1
H=—t Z y[c;’acj—q—l,a +C;+l,acjs0‘]‘@ + 2t Z[S/ 'Sj+1 — annj_H]
a,j=1 j=1
+&ny +2hy - Sy +énny + 2Zhy - Sy, (6.3.1)

where N is the site number; 7 is the hopping constant; & projects out double occu-
pancies; S; = % 2p cJ; o9 a.pCj.p are the spin operators; and &; and &y are the
boundary chemical potentials.

6.3.1 Coordinate Bethe Ansatz

As for the Hubbard model, we construct the eigenstate of the Hamiltonian (6.3.1) as

N

M
Wy=>" D > w0 x)e] gy 0 (63.2)

j=laj=1.] xj=1
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To exclude double occupancy, we need

wldo o x o x, . )=0. (6.3.3)
The eigenvalue equation can be written as

—t

e

—_

(=8, MW+ L)+ (=8 D™y — 1, )]

+
Mz 5

[8c;1G1 +h1 - 04,8) + 8, nEN +hy - 00, 5)] ¥ (21,
A

C XM)
Jj=18j=1
N-1 M
£ Sy b (L= P ¥ @)
j=1 1#k
=EV ™,y (6.3.4)
The wave function takes the following Bethe Ansatz form:
M
Ve = 3 AT @ exp i Dk,
p.q.r j=1
XO(Xg, < Xgy <00 < Xgy)- (6.3.5)

Forx; #1,N,x; # 1, N, and |x; — x;| > 1, the corresponding eigenvalue is

M
E=-2t)" cosk;. (6.3.6)
j=1

When two electrons occupy two adjacent sites, namely, x5, = xg;,;, — 1 = x and
x # 1, N, the Schrédinger equation (6.3.4) induces the relation

A (@) = S kp, o kp, VA (@), (6.3.7)
with p/ = {.

..,pj+1,pj,...} and q’ = {
new parametrization

,qj+1,4j, - -.}. After introducing a

: I
etk J ? (6.3.8)
Aj+ 5
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we obtain the S-matrix

Aj— e t+iPj
SO =k = = = 639
The Schrédinger equation (6.3.4) for x4, = 1, x4, # 2 induces
(+,-+) A (=)
Ay = Kp AT G), (6.3.10)
with
IE'JF()\) _ _)\ + l§ (tz +§12 - h%)()@ + ;1‘) +2§1t(A2 _ };) +2iAthg .a"

)\—% [(Z+$1)A+%(Z_$1)]2—(k—%)2]1%

Similarly, we have

e 2N AT D (g) = K, AT (), (6.3.11)
with
R0y =—2= 5 (P87 —hy)( + ) +26n1 (P — ) +2ikthy -0

g [t +Enx + 5t = EN)I2 = (0. — 5)7hy,
To ensure the integrability of the model, K * () must satisfy RE

S12Guy — u2) K5 (1) So,1 (ur + u2) K5 (u2)
= KFu2)S120u1 + un) K (1) 82,1 (uy — ), (6.3.12)

which implies the integrable conditions of the model
(t+&)> =hi, (t+é&y)?=h}. (6.3.13)

Under this restriction, the reflection matrices become

Ie_()\)ZZA—i EN—Zi)\hN-O’ ’
2A+i &N +2iM(t +EN)

2 +1i & —2iAh; -0

20 —i & 2Nt + £

(6.3.14)

Kt =

(6.3.15)

As for the Hubbard model, the eigenvalue problem of the Hamiltonian is related to
the eigenvalue problem

2 —i\ "N
T AT ) = (2; +’_) AC) (6.3.16)
j l
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with the resulting operator

Tw) = Sj—1,j(tjmt —w) -+ S1 Gt =K W)Sj 1 (—u —ap)---

XS j—1(=t = Aj—0)Sj j1 (=t = hj1) -+ Sjm(—u = k) K (u)
XSM,J‘()\M—M)-~-Sj+],j()»j+1 —Lt). (6317)

6.3.2 Off-Diagonal Bethe Ansatz

Let us introduce the following R-matrix and K -matrices:

Ry j(w) =u+nky;, (6.3.18)
Ky (u) = p +uhy -0, (6.3.19)
K§ () =G — (u+nh; - o0, (6.3.20)
where
PR

With the same notation as for the Hubbard model, i.e.,

y(u) = Ro,1(u — A1) -+ Rom(u —Apy)Ky (u)
XRpo(u+ Ap) -+ Rio(u + 1y), (6.3.21)

and
t(u) = tro {K§ )% W)}, (6.3.22)

we may derive the following important identification between {z(A;)} given by
(6.3.17) and {t (1 ;) }:

M

) =[] —m—-n"'0+mu—-n""
I#]j
x ) (6323
2n(hj —mIp+A;@+En)I[—q + 2, +E1)]
For convenience, we introduce the notation
. M
A =[] =n+m@+ 1+, (6.3.24)
I=1
2u+2n _ _ -
a(u) = > [p +uelhy|l(g —ulhi)Au), (6.3.25)
u-+n
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dw) = a(—u—n), (6.3.26)
Cc = 2[8|h1||hN| — h1 . hN]. (6.3.27)

The T — Q equation for the eigenvalue A(u) of t(u) thus reads

O1(w—n) O2(u+n)
Aw) = = T idw=]—]—=
w=a=nw T 0w
AW A(—u — 1)
—HM _ 7 6.3.28
D et 02 (0:3:28)
The Q-functions are given by
M
O1(w) = H(u —uj), Q2(u) = Q1(~u—n). (6.3.29)

J=1

With the same procedure introduced in the previous section, we obtain the BAEs

[p — 2jelhy[1(G + Ajlhi)) (zx,» — n)ZN _ﬁx, -

[ﬁ+)»j8|hN|][q_—)»j|h1|] 2)»1'—}—)7 _l=1 )‘j‘i‘ll«l‘i"?’
i=1....M, (6.3.30)
c(uj+mQCuj+n)

2[p — (uj +n)elhy|llg + (nj +n)lhyl]

M
; ; 2
XH(MJ + g+ ) (4 w4 2n)

(wj—r2+muj+r+n’

— (_1)M+1

j=1..., M. (6.3.31)
=1

Equations (6.3.30) and (6.3.31) determine the spectrum of the Hamiltonian (6.3.1)
completely.

References

1. EH.L. Essler, H. Frahm, F. Gohmann, A. Kliimper, V.E. Korepin, The One-Dimensional Hub-
bard Model (Cambridge University Press, Cambridge, 2005)

2. N. Andrei, Integrable models in condensed matter physics, in Low-Dimensional Quantum
Field Theories for Condensed Matter Physicists, ed. by S. Lundqvist, G. Morandi, Y. Lu.
Series in Modern Condensed Matter Physics, vol. 6 (World Scientific Publishing Co., Pte. Ltd.,
Singapore, 1995), p. 457

3. T. Deguchi, EH.L. Essler, F. Gohmann, A. Kliimper, V.E. Korepin, K. Kusakabe, Thermody-
namics and excitations of the one-dimensional Hubbard model. Phys. Rep. 331, 197 (2000)

4. E.H. Lieb, F.Y. Wu, Absence of Mott transition in an exact solution of the short-range one-band
model in one dimension. Phys. Rev. Lett. 20, 1445 (1968)

5. EH.L. Essler, V.E. Korepin, K. Schoutens, Complete solution of the one-dimensional Hubbard
model. Phys. Rev. Lett. 67, 3848 (1991)



216

6.

7.

8.

9.

10.

11.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

6 The One-Dimensional Hubbard Model

FH.L. Essler, V.E. Korepin, K. Schoutens, New eigenstates of the 1-dimensional Hubbard
model. Nucl. Phys. B 372, 559 (1992)

M. Takahashi, Magnetization curve for the half-filled Hubbard model. Prog. Theor. Phys. 42,
1098 (1969)

M. Takahashi, Magnetization curve for the half-filled Hubbard model. Prog. Theor. Phys. 43,
860 (1970)

M. Takahashi, Magnetic susceptibility for the half-filled Hubbard model. Prog. Theor. Phys.
43, 1619 (1970)

E. Olmedilla, M. Wadati, Conserved quantities of the one-dimensional Hubbard model. Phys.
Rev. Lett. 60, 1595 (1988)

B.S. Shastry, Infinite conservation laws in the one-dimensional Hubbard model. Phys. Rev.
Lett. 56, 1529 (1986)

. B.S. Shastry, Exact integrability of the one-dimensional Hubbard model. Phys. Rev. Lett. 56,

2453 (1986)

B.S. Shastry, Decorated star-triangle relations and exact integrability of the one-dimensional
Hubbard model. J. Stat. Phys. 30, 57 (1987)

M. Wadati, E. Olmedilla, Y. Akutsu, Lax pair for the one-dimensional Hubbard model. J. Phys.
Soc. Jpn. 36, 1340 (1987)

E. Olmedilla, M. Wadati, Y. Akutsu, Yang-Baxter relations for spin models and fermion models.
J. Phys. Soc. Jpn. 36, 2298 (1987)

M. Shiroishi, M. Wadati, Decorated star-triangle relations for the free-fermion model and a
new solvable bilayer vertex model. J. Phys. Soc. Jpn. 64, 2795 (1995)

M. Shiroishi, M. Wadati, Tetrahedral Zamolodchikov algebra related to the six-vertex free-
fermion model and a new solution of the Yang-Baxter equation. J. Phys. Soc. Jpn. 64, 4598
(1995)

Y. Umeno, M. Shiroishi, M. Wadati, Fermionic R-operator and integrability of the one-
dimensional Hubbard model. J. Phys. Soc. Jpn. 67, 2242 (1998)

M.J. Matins, P.B. Ramos, Exact solution of the lattice vertex model analogue of the coupled
Bariev XY chains. J. Phys. A 30, L465 (1997)

M.J. Matins, P.B. Ramos, The quantum inverse scattering method for Hubbard-like models.
Nucl. Phys. B 522, 413 (1998)

Y. Wang, J. Voit, E.-C. Pu, Exact boundary critical exponents and tunneling effects in integrable
models for quantum wires. Phys. Rev. B 54, 8491 (1996)

H. Shulz, Hubbard chain with reflecting ends. J. Phys. C 18, 581 (1985)

H. Asakawa, M. Suzuki, Finite-size corrections in the XXZ model and the Hubbard model with
boundary fields. J. Phys. A 29, 225 (1996)

X.-W. Guan, Algebraic Bethe Ansatz for the one-dimensional Hubbard model with open bound-
aries. J. Phys. A 33, 5391 (2000)

M. Shiroishi, M. Wadati, Bethe Ansatz equation for the Hubbard model with boundary fields.
J. Phys. Soc. Jpn 66, 1 (1997)

X.-W. Guan, M.S. Wang, S.D. Yang, Lax pair and boundary K-matrices for the one-dimensional
Hubbard model. Nucl. Phys. B 485, 685 (1997)

M. Shiroishi, M. Wadati, Integrable boundary conditions for the one-dimensional Hubbard
model. J. Phys. Soc. Jpn. 66, 2288 (1997)

Y.-Y. Li, J. Cao, W.-L. Yang, K. Shi, Y. Wang, Exact solution of the one-dimensional Hubbard
model with arbitrary boundary magnetic fields. Nucl. Phys. B 879, 98 (2014)

F.C. Zhang, T.M. Rice, Effective hamiltonian for the superconducting Cu oxides. Phys. Rev. B
37,3759 (1988)

P. Schlottmann, Integrable narrow-band model with possible relevance to heavy-fermion sys-
tems. Phys. Rev. B 36, 5177 (1987)

P.B. Wiegmann, Superconductivity in strongly correlated electronic systems and confinement
versus deconfinement phenomenon. Phys. Rev. Lett. 60, 821 (1988)

F.H.L. Essler, V.E. Korepin, K. Schoutens, New exactly solvable model of strongly correlated
electrons motivated by high-Tc superconductivity. Phys. Revs. Lett. 68, 2960 (1992)



References 217

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44,
45.

46.

47.

48.

49.

A. Foerster, M. Karowski, Algebraic properties of the Bethe Ansatz for an spl(2, 1)-
supersymmetric t-J model. Nucl. Phys. B 396, 611 (1993)

FH.L. Essler, V.E. Korepin, Higher conservation laws and algebraic Bethe Ansatze for the
supersymmetric t-J model. Phys. Rev. B 46, 9147 (1992)

P.-A. Bares, G. Blatter, M. Ogata, Exact solution of the t-J model in one dimension at 2t = +J:
ground state and excitation spectrum. Phys. Rev. B 44, 130 (1991)

N. Kawakami, S.-K. Yang, Correlation functions in the one-dimensional t-J model. Phys. Rev.
Lett. 65, 2309 (1990)

E.D. Williams, Thermodynamics and excitations of the supersymmetric t-J model. Int. J. Mod.
Phys B 09, 3607 (1995)

G. Jiittner, A. Kliimper, J. Suzuki, Exact thermodynamics and Luttinger liquid properties of
the integrable t-J model. Nucl. Phys. B 487, 650 (1997)

A. Foerster, M. Karowski, The supersymmetric t-J model with quantum group invariance. Nucl.
Phys. B 408, 512 (1993)

A. Gonzalez-Ruiz, Integrable open-boundary conditions for the supersymmetric t-J model the
quantum-group-invariant case. Nucl. Phys. B 424, 468 (1994)

F.H.L. Essler, The supersymmetric t-J model with a boundary. J. Phys. A 29, 6183 (1996)

Y. Wang, J. Dai, Z. Hu, F.-C. Pu, Exact results for a Kondo problem in a one-dimensional t-J
model. Phys. Rev. Lett. 79, 1901 (1997)

Y.-K. Zhou, M.T. Batchelor, Spin excitations in the integrable open quantum group invariant
supersymmetric t-J model. Nucl. Phys. B 490, 576 (1997)

G. Bediirftig, H. Frahm, Open t-J chain with boundary impurities. J. Phys. A 32, 4585 (1999)
W. Galleas, Spectrum of the supersymmetric t-J model with non-diagonal open boundaries.
Nucl. Phys. B 777, 352 (2007)

X. Zhang, J. Cao, W.-L. Yang, K. Shi, Y. Wang, Exact solution of the one-dimensional super-
symmetric t-J model with unparallel boundary fields. J. Stat. Mech. P04031 (2014)

C.N. Yang, S.C. Zhang, SO (4) symmetry in the Hubbard model. Mod. Phys. Lett. B 4, 759
(1990)

F.H.L. Essler, V.E. Korepin, K. Schoutens, Completeness of the SO(4) extended Bethe Ansatz
for the one-dimensional Hubbard model. Nucl. Phys. B 384, 431 (1992)

C.N. Yang, Some exact results for the many-body problem in one dimension with repulsive
delta-function interaction. Phys. Rev. Lett. 19, 1312 (1967)



Chapter 7
The Nested Off-Diagonal Bethe Ansatz

In Chap. 2, we introduced how the nested algebraic Bethe Ansatz method was used in
the exact solution of the periodic SU (n)-invariant spin chain. This method can also
solve the open chain with diagonal boundaries [1-5]. However, as for the SU (2)
case [6], it is difficult to use this method to solve the SU (n)-invariant spin chain
with generic integrable boundaries. In this chapter, we introduce the nested ODBA
method to diagonalize the SU (n)-invariant spin chain with both periodic and generic
integrable open boundary conditions [7]. The central points of the nested general-
ization of the ODBA are: (1) based on the intrinsic properties of the R-matrix, the
recursive operator product identities of the transfer matrix can be constructed with
the fusion technique [8—12]; (2) from the definition of the transfer matrix, its asymp-
totic behavior for 1 — o0 and its values at some special points can be derived
explicitly; (3) based on the relations in (1) and (2) the nested inhomogeneous T — Q
relation can be constructed with the self-consistency of the final BAEs checked. This
nested generalization to ODBA is useful and general to the eigenvalue problems of
integrable models associated with high-rank algebras.

7.1 The Fusion Procedure

7.1.1 Fundamental Fusion Relations

Generally, the transfer matrices of the integrable models defined in high-rank alge-
bras cannot form closed operator product identities by themselves as in Eq. (1.5.31).
Instead, a recursive set of operator product identities is needed in order to obtain
the eigenvalues of the transfer matrices. The situation is similar to that of the n x n
c-number matrix where n invariants, i.e., its n principal minors (with the first one
and the last one being the trace and the determinant, respectively), are needed to
characterize the n eigenvalues. The main tool to construct such recursive operator
identities is the fusion technique [8—12] which was initially employed to construct
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new solutions of YBE based on the known R-matrices. The fusion procedure that we
shall use in this chapter is the generalization of that introduced in Sect. 2.4 in multiple
tensor space. In the framework of nested ODBA, this method is used to construct a
set of fused transfer matrices, with which a nested analogue of Eq.(1.5.31) can be
derived.

Throughout this chapter, we denote V as an n-dimensional linear vector space with
an orthonormal basis {|i)|,i = 1, ..., n}. Let us consider the R-matrix R >(u) =
u + n P12 which is related to the Hamiltonian (2.3.1). It possesses the following
properties:

Initial condition : R 2(0) = n P2, (7.1.1)
Unitarity : Ry 2(u)Ra,1(—u) = ¢1(u) x id,
1) = —(u+nu—n)), (7.1.2)
Crossing-unitarity : R?,z(u)R;"1 (—u —nn) = e2(u) x id,
©2(u) = —u(u +nn), (7.1.3)
Fusion condition : Ry 2(—n) = —n+nPi2 = —ZnPl(E). (7.1.4)
The anti-symmetric projectors {Pl(:?’m |m =2, ...,n}in a tensor space of V are

defined by the induction relations

1 m+1
- PO _
Pl = g 1= P | Py s m=1.....n—1.(1.15)
j=2

Iterating the above relation yields alternative definition of the projectors

_ 1 .
P, = . D =DIEOP m=2 .. n, (7.1.6)

.....

KESH

where S, is the permutation group of m indices, P, is a permutation in the group,
and sign(k) is O for an even permutation x and 1 for an odd permutation. We can
easily verify that the projection operators satisfy the relations:

P =P =1, m—1, (117

..... m-1l,..m — veeamt 1 ..m eyl
PP = (1)@ p) e e S, (7.1.8)
Let us introduce fusion-operators {Ié(l,...,m)(—ﬂﬂm = 2,...,n} in terms of the R-

matrix via the recursive relation

~

..... w1y (=) = Ra 1 (=) R3,1(=21) . .. Ryng1,1(=mn) Ra, w1y (=),
m=1,...,n—1. (7.1.9)


http://dx.doi.org/10.1007/978-3-662-46756-5_2
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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In the present case, these operators are proportional to the projectors (7.1.5), i.e.,

m

~ _ m(m—1)

Rty (=0) = gu P . am) = (=m" 2 [[1.  (7.110)
=1

The above relation can be proven by induction as follows. Thanks to (7.1.4), it holds
for the case of m = 2. Assume that (7.1.10) holds up to m. The recursive relation
(7.1.9) implies

= (=)™ + DignmP .,
= qdm+1 (U)Pl(:?,m-i-l'

Hence we have proven the relations (7.1.10).
Now let us turn to fusion of the monodromy matrix. The one-row monodromy
matrices are defined as usual

To(u) = RoN(u —ON)RoN—1(w —ON—1) -+ Ro1(u —61), (7.1.11)
Tou) = R0 +61) - Ry—1.0(u +6On_1)Ry o +6y),  (7.1.12)

which satisfy the Yang-Baxter relations

Ripu—v)Ti(w)Tr(v) = Lo(WTi(w)R1 2(u — v), (7.1.13)
Riou — T ()2 (v) = Ta) Ty () Ry 2(u — v). (7.1.14)

The fundamental Yang-Baxter relation (7.1.13) allows us to derive the following
relation by induction

Rty (=) Ty — (m — 1)) - - Ty (u)
=Ti(u) - Tp(u — (m — 1)n) R1,.._my (—1). (7.1.15)

From the relation (7.1.10) we have

m=2..., n. (7.1.16)
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Accordingly, we can introduce the fused monodromy matrices and fused R-
matrices as follows:

..... (7.1.17)
R(tomp0) = P\ Rio() -+ Ryou — (m — 1)mP{ ) (7.1.18)

,,,,, s’

,
....... m

m=2,...,n.
The fusion relation (7.1.16) of the projection operator Pl(:?. . Plays an important
role in the fusion procedure. It is in fact a generalization of YBE for a multi-particle
scattering process in the following sense. The fundamental Yang-Baxter relation
(7.1.13) and the fusion properties (7.1.16) imply that
R iy 1 (U= V).
(7.1.20)

....................

..........

mk=2,...,n. (7.1.21)

With the help of the fused Yang-Baxter relation (7.1.20) and the fusion properties
(7.1.16) , we can prove that the following fused Yang-Baxter relation holds:

Rap(u =)Ta )Ty (v) = Tp(v)Ta (W) Ra,p(u — v), (7.1.22)

where a, b are the indices of the projected subspaces (e.g., (1, ..., m)). As a direct
consequence, the fused R-matrices also satisfy YBE

Rgp(u — VIR c(U)Rp (V) = Rp c (V) Ry c(@)Rap(m — v). (7.1.23)
Let us further introduce the fused transfer matrices t,, (1)

tm(u) =tri, o{Ta,....my@)}, m=1,...,n, (7.1.24)

,,,,,

which include the fundamental transfer matrix 7 (1) = troTo(u) as the first one, i.e.,
t(u) = t1(u). The fused YBE (7.1.22) gives rise to

[t (), r(V)] =0, m,k=1,...,n, (7.1.25)

indicating that the fused transfer matrices have common eigenstates.
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7.1.2 The Quantum Determinant

We note that #,(«) is in fact the quantum determinant (scalar function) for generic
{0}, because

P = o) (Yol (7.1.26)

and |y) is the SU (n) singlet state. Let V* denote the completely antisymmetric
subspace of the tensor space Ve =1 and {|i*)|i = 1,...,n} be its orthonormal
basis. The vector |i*) is given by

i1yeenin—
o

1
ok 1 In—1 y- . .
li*) = (n_l)‘ z l lit, oo vinet), i=1,....n, (7.127)

In—1

where sll: b is the (n — 1)th order completely antisymmetric tensor. Thus the
SU (n) singlet state |) can be expressed as

[Yo) = Z i, i* (7.1.28)
Taking m = n in (7.1.18), we have

.....

.....

Applying the above equation to the singlet state |) given by (7.1.28) and comparing
the coefficients of the vector components of both sides, we arrive at the equations

n .
* B
> R@LY [RY Y@ =) " = Dety (R 847,
il i*a
Jok,a,y=1,...,n, (7.1.29)
n

[RV*~V(M)]:,: [R@ = (n = Dm]; 2 = Dety {R(w)} 88}

k%«
i,p=1
Jok,a,y=1,...,n, (7.1.30)

where the (n— 1)th fused R-matrix RV "V (1) is given by (7.1.18) withm = n—1, i.e.,

VeV
R g () =R, n—1),01).
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Due to the fact that the vector space V and its dual space V* have the same dimension,
(7.1.29) and (7.1.30) can be rewritten in the matrix forms

Ri2 () I:RY;’V(M _ n)]” = Det, {R(1)} x id ® id, (7.1.31)

[RX§~V(M)] RY,(u — (n — D)n) = Dety [Rw)} x id ®id.  (7.1.32)

With the help of (7.1.2) and (7.1.3), we obtain the difference equation for the quantum
determinant

Dety{Ru+(n—=Dm} _ ¢2(w)
Det, (R(u + nn)} @1 (u+nn)’

(7.1.33)
The above difference equation and the asymptotic behavior of Det,{R(u)} for u
— 00 uniquely determine the quantum determinant, i.e.,

n—1

Dety{Rw)} = (u+n) [ [ — kn). (7.1.34)
k=1

Keeping the relation (7.1.16) in mind, finally we have

N
Dety{T ()} = [ | Dety{Rw — 6))}. (7.1.35)
j=1
and
N n—1
tn(u) = Dety (T )} x id = [ —0; +m) [ [ —0; —kn) xid. (7.1.36)
j=1 k=1

7.2 The Periodic SU (n) Spin Chain

7.2.1 Operator Product Identities

Let us consider the product of the one-row monodromy matrices at two special points

I50)) T5(0; —n) = Ry y(@j —On) - -+ Ry ;(0)--- Ry (6 —01)
XR5 N —On —m) - R5 j(=m)---R5 (6 =01 —1n)
=R} j-10; = 0j—1) -+ Rj1(0; —ODR; y(Oj —ON) -~ Ry ;410 —0j11)
XR5 y(Oj —On —m) -+ R5 ;11(0; — 041 —m)R5 1(=n)Ry ;(0) - -
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(7.1.16) _
=" R}, j-1(0; = 0j-1) -+ Rj,1(6; — 0) PRy (0, — On) - -

xR ;4105 = 0j+1)Rs y (O —On =) -+
XR5 ;1410 — 041 —mR; (=) Ry ;(0) - --
= P;E)Ti(ej) T:(0; —n).
Then we have the following useful relations

TiO)T0; —n) = P, TiO)T0; —m), j=1.....N, (12.1)
P (0)T2(0; —n) = -T1(0)T»0; —n), j=1,....,N. (71.2.2)

Combining the relations (7.1.18) and (7.2.2), we can show that
PriviTi@)Tp,..my0; —n) = =T1(0) T2, .m) (0 — 1), (7.2.3)

where!/ = 1, ..., m—1.The above relations allow us to obtain the following operator
identities:

,,,,,

X T (@ — (m — m) Py . (7.2.4)

Let us evaluate the product of the fundamental transfer matrix and the fused ones
at some special points

et [P it TUONT26) = 1) Togn 0 = m P |

= 1t {TIONT2O; = 1)+ T 0 = m) P 1 )
=tri,mr1 {T0,om1) ()} - (7.2.5)

According to the definition (7.1.24), we have the following functional relations
among the transfer matrices:

HO) (O — 1) = tni1(0;), m=1,...,n—1, j=1,...,N. (1.2.6)

From the initial condition (7.1.1), the fusion condition (7.1.4) and the fundamental
properties of the fusion operator Pif;) we can easily deduce that

(0 +0) =t1n(® +20) =+ =1,,(0j + (m — D) =0. (127
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For convenience, we introduce the following mutually commutative operators {t;,
(u)} associated with the fused transfer matrices {t,, (1)}:

N m—1

() = [T [T 6 —kmwno), (7.2.8)
=1 k=1

[g(w), 5, ()] =0, I,m=1,...,n. (7.2.9)

Obviously, {1,,(u)} are degree N polynomials of u. The operator identities (7.2.6)
imply the relations

N
()T (0 —n) = H(Qj — 0 — M Tm+100;), (7.2.10)
=1
j=1,...,N, m=1,...,n—1.

Note that (1) = t1(1). From the definition (7.1.24) of the fused transfer matrices,
we can deduce the asymptotic behavior

_ n! N
) = ——u"' +---, u— oo. (7.2.11)
m!(n —m)!

7.2.2 Nested T — Q Relation

Let {A,, (u)} (resp. { A, (u)}) be the eigenvalues of {t,, ()} (resp. {z,, (u)}). By apply-
ing t,, (1) to a common eigenstate, we obtain the relations:

AO)AuO; —n) = Ap41(0;), (7.2.12)
Am(ej +n) = Am(gj +2n) == Am(ej + (m—1)n) =0,
j=1,....N, (7.2.13)
n!

Ap) = ————u™ 4. u - oo, (7.2.14)
m!(n —m)!
N n—1

An) = [T —0; +m [J—6; —kn). (7.2.15)
j=1 k=1

It is remarked that the last Eq.(7.2.15) is a direct consequence of (7.1.36). The
definitions (7.2.8) of {7, (#)} lead to relations among their eigenvalues and { A, (u)}:

N m—1

Am(u)znn(u—él—kn)/_lm(u), m=1,...,n. (7.2.16)

=1 k=1
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The properties (7.2.7) (or (7.2.13) for their eigenvalues) imply that each Ap(u) as a
function of u is a polynomial of degree N and satisfies the relations (a consequence
of (7.2.10))

N
AN An©; —m) =[]6; =61 = 1) An116)),
=1

j=1,...,N, m=1,....n—1, (7.2.17)
_ !
An) = ————uV 4. u— oo, (7.2.18)
m!(n —m)!
~ N
An) = [ [ —0; +n). (7.2.19)

j=1
To give the nested 7 — Q relations, we introduce the z-functions

04 w+moWw—n

— I=1,....n, (7.2.20)
05w oy w)

2y ) = 0 (w)

where the Q-functions are given by

N
0V w) = Jw -0, (7.2.21)
j=1
L,
0w =[Ju-1". r=1....n-1 (7.2.22)
=1
0% w) =1, (7.2.23)
with {L,|r = 1, ..., n— 1} being the number of the Bethe roots {A\”|l = 1, ..., L,,
r=1,...,n—1}. The nested T — Q relations are thus constructed as
A (u) = > AP =2 w = m = n).

1<ii<iz<-<ip<n

(7.2.24)

For example, the eigenvalue A(u) of the fundamental transfer matrix ¢ (u) is

0V w+n0oY w—n
0% w) 0V )0 w)
(n—2) (n—1) (n—1)
+ — +
Op (ibiz) n)QgH)(u ) + 09 ) Op (n_(lb)t n)
Qp (M)Qp () Qp (u)

0% u—n)

Aw) = 00 (u +n) + 0V )

. (7.2.25)

+0\ (u)
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while A, (1) is

n—1
An) = 0V w+n) [T Y -, (7.2.26)

=1

which is exactly the quantum determinant given in (7.1.36). It should be empha-
sized that {A,, ()} are given in terms of the special form of (7.2.24) so that
(7.2.12)—(7.2.14) are satisfied for arbitrary Q;-function. We should also remark that
Eq.(7.2.25) is the same as that derived by the algebraic Bethe Ansatz method in
Chap. 2. Note that for the present model we have n — 1 (determined by the rank of
the SU (n) algebra) independent Q-functions. The regularity of the T — Q relation
(7.2.25) leads to the associated BAEs

ﬁ A=A =y _ Lﬁ AP D LHH A D ]
J=1# - )‘E'r) +n e A mot A =gty
I=1,...,L,, r=1,....n—1, Ly=N, Ly=0, 1" =4.

(7.2.27)

—1
_)‘1(: )+77

Moreover, the above BAEs also ensure the regularity of all the eigenvalues A,, (1)
given in (7.2.24). Therefore, the BAEs obtained from all the fused transfer matrices
are self-consistent. Putting ME) = k( ) —rn/2 and 6; = 0, the resulting BAEs
recover those obtained by other Bethe Ansatz methods [13-16]

Ly (V> r) r) (V D —n/2 Lyt (r)_ (r+1)_n/2

— ul
H (r) {r> _H ) ,(Cr ) H ") _ 0+

P R L e k=1 My = My /2 00y +1/2
I=1,...,L,, r=1,...,n—1, Ly=N, Ly=0, 1¥=0. (7228

7.3 Fundamental Relations of the Open SU (n) Spin Chain

7.3.1 The Model Hamiltonian

Let us consider a generic K~ (u) satisfying RE [17-20]
K (uw)=§&+uM, M*>=1, (7.3.1)
where £ is a boundary parameter and M is an n x n constant matrix. Obviously,

K O)=¢( K W=uM+-, u— oo. (7.3.2)
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Note that the eigenvalues of M must be £1. Let us denote the number of positive

eigenvalues as p and the number of negative eigenvalues as g such that p + g = n
and trM = p — q. Accordingly, the generic dual K -matrix K ™ (u) reads

+ £ n v 72
K¥) =& — (ut5n) . 07 =1, (7.3.3)
which satisfies the dual RE

Rip(v—u)K{ )Ry 1 (—u — v — n)KS (v)
= Ky WR12(—u —v —n) K )Ry 1 (v — w), (7.3.4)

and

K+ (—gn) —E Kt =—uM+-, u— oo, (1.3.5)

where & is a boundary parameter and M is an n x n constant matrix with eigenvalues
+1. Similarly, let us denote p as the number of positive eigenvalues and g as the
number of negative eigenvalues such that p +g = n and trM = p — . The Hamil-
tonian defined in terms of the transfer matrix 7 (1) = tro{K(;r W) To(w) Ky (u)f"o(u)}
thus reads

9t
du {u=0.19;=0)
N= troK "0 _trolKT0)Pon] 1
0 0 —K7'(0). (7.3.6
g K (O) kg gk @ 030

7.3.2 The Fusion Procedure

To derive the operator product identities of the open boundary system, the fusion
technique for K -matrices [21, 22] is needed. Following the standard fusion hierarchy,
we introduce the following recursive relations:

K @) =K% =Ry (=2 —np+ (m — 1n) -

.....

x Ri2(=2u —nn+ K (), (7.3.7)

Ki o m@=P7 K& P, (7.3.8)
Kl_,,m(u) = Kl (M)R2,1(2u —-n)--- Rm,1(2u — (m—1)n)

XKy =), (1.3.9)

Kqo m@ =P KT P (7.3.10)
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U,..m(u) =2 W)R2 1 Qu — 1) -+ Ry, 1 Qu — (m — 1)n)
..... m)(u - 77), (7311)
m@) P (1.3.12)

.......

@) = tr1 Ky Oy @)}, m=1,....n, (13.13)

.....

which includes the fundamental transfer matrix 7 (#) as the firstone, i.e., t () = t1(u).
The YBE and RE indicate the following generalized fusion properties [cf.
(7.1.16)]

P KT )Rt Qu — Ky (uw — )P

= K (WRy,1(2u =Ky (w—n) P73, (7.3.14)
P KS (= mRi2(=2u = nn + mK @) P,

= K (u — mR12(—2u — nn + nK{ ) P, (7.3.15)
U omy@) = U1t P m=1,....n, (7.3.16)
Ki =K  @P = m=1._n, (7.3.17)
Kgo w@ =K P = m=1__n (7.3.18)

The above relations can be proven as follows. The associated RE, with special choice
of the spectral parameters, can be written as

Ro1(—mK5 (u—n)R12Qu — n)K| (u)
=K )Ry 1 2u — K5 (u —n)Ri2(—n). (7.3.19)

This relation and the fusion property (7.1.4) of the R matrix lead to the relation
(7.3.14). With the help of the fusion property (7.1.16), one can check (7.3.18) by
induction. Similarly, using the dual RE, one can prove (7.3.15) and its fused version
(7.3.17). Combining the fusion properties (7.1.16), (7.3.18) and (7.3.20) (see below),
one can also check (7.3.16) by induction.

Similarly as we prove the relation (7.1.16), we can show the following relation
holds

..... m

=T T —m—Dn P (7.3.20)
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The above relation and the properties (7.1.16) and (7.3.18) allow us to give the
following decomposition of the fused double-row monodromy matrices

vvvvvvvvv

The fused R-matrix (7.1.18) and the fused K-matrix (7.3.18) satisfy the fused
RE

R .m0 =v)K @) Ro1,..m) (U +V)Ky (V)
= Ky MR, ...my0 + V)Ka’m)m)(M)R()’(l’._,,m)(u — V). (7.3.22)
The above relation can be demonstrated by using YBE and RE repeatedly. To show

this clearly, let us consider the m = 2 case. From the definitions of the fused R- and
K -matrices, we have

Ri2),0(u =v)K | 5 W) Re12).0(u +v)Kj (v)
= Ri0(u —)K; () {Ra0(u —v —n)Ry1(2Qu — n)Ry0(u +v)}
x Ky ( — Ry +v — Ky WP
= Riou —v)K; @)R1,0(u +Vv)R212u —1n)
x {Ra,o(u —v =Ky (u — mMRoo(u+v—mKy 0} P
= Koy WR1o( + VK[ () {Ri00 —v)Ro,1(2u — ) Rao(u +v — )}
x Ky (u = ) Rao(u —v — P
=Ky MR 0+ V)R ou+v—n)K; ()R (2u —n)
x Ky ( — )Ry —v)Rao(u — v — )P
= Ky MR1.2),0 + K 5 )R 2),0u —v). (7.3.23)

Similarly, we can demonstrate the relations

Rap(u —v)K, ()R q(u +v)K,, (v)

=K, WRapu+v)K; (u)Rpa(u —v), (7.3.24)
Rap(v — WK )Ry o(—u —v —nn) K, (v)
= K W Rap(—u —v —n)KF @Ry (v —u),  (7.325)

and therefore

Ry b — v)Ua(u) Rp, o (u +v) % (V)
= U WV)Ra p(u + V)% (u)Rp a(u — V), (7.3.26)
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where @ = (1,...,m) and b = (I, ..., k). Note that the fused crossing-unitary
relation holds:

= ()" T[] =t = Dm@ —a =1 =mym@ -G —

I=1i=1

......... P (7.3.27)

With the same procedure introduced in Eq. (2.2.11), Egs. (7.3.24)—(7.3.27) allow us
to get the equation

[ (@), V] =0, m, k=1,...,n. (7.3.28)

We remark that 7, (1) is the quantum determinant [23, 24] as in the periodic boundary
case

t(u) = Ag(u) X id. (7.3.29)

The coefficient A, («) can be calculated as follows. Taking m = nin (7.3.8), (7.3.10)
and (7.3.20) yields

,,,,,

,,,,, (1) = Dety (K~ ()} x id,
K () = Dety (KT ()} x id.

Using a similar method to compute Det, {7 (1)}, we can easily derive the coefficients
Det, {K™ (1)} and Det, {K*(u)}. Therefore

A, () = Dety {T (u)}Det, (T (u)}Det, {K T (u)}Det, (K ~ (1)}
N N n—1
=[Je—6+m@+o+mn [T []0—0n—knw+6,—kn
=1 m=1 k=1
n—1 i

< [TT]@u— G+ phm2u+m—2—i—jm=1t

i=1 j=1

! n—2 r n—2
x[Ju+—=n—&—tn [[(cut+—=n+&—kn

k=0 k=0

g—1 p—1

< [Jw—¢&—kn [Jw+&—kn. (7.3.30)
k=0 k=0
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From YBE and RE, we rewrite the fused K -matrix in another form
K@) = P K — (m = 1)) Ry 1 (—2u — nyp + 2m — 3)) - -

.....

The initial condition of the R-matrix and the conditions

K- =% K* (—%n) — (13.32)

imply that the transfer matrix #,,(#) can be expressed in terms of {f;(u)|l =1, ...,
m — 1} for the following 2m degenerate points of the spectral parameter u:

0 e -

’2""7 2 r]’ 277 m r]’

n n n m—1

—— —Dnp—=,...,—=n+ —1, 7.3.33
2n+(m i > Nt ( )

which provides some necessary conditions to determine the eigenvalue function
A(u).

7.3.3 Operator Product Identities and Functional Relations

Let us first prove some useful relations that are necessary to obtain the operator
product identities. Similar to (7.2.1), the following relation holds:

T1(—0)To(—6; — ) = P3) Ty (=6 Ta(=6; —m), j=1,....N. (1.3.34)
With the same procedure used in (7.3.23), we can obtain the relations

U (XOj)Ro | (20 — m) U (£ — 1)
= P U (H0)Ro1 (£20; — (20, — 1), j=1.....N. (7.3.35)

Using relations (7.3.16) and (7.3.35), we can derive
P U,..m(£6) = =2, . .m(X6), I=1,...,m—1 (7.3.36)
Finally we arrive at the identities

U...m(£0)) = P U n(£6)). (7.3.37)

.....
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Now let us evaluate the operator product

.....

,,,,,,,

xR 5 (F20; +n—nn)-- R (F20; +mn—nn)R', | (£26; —mn)

X oo X R?’Z(:l:ZGj — 17)?/(2’.“’,”_;_1)(:&9]' — n)K(-E,...,m+l)(:t9j — n)}
m
= [1e5 " @20, —kmyery, st {R1me1 (F20; + mn —n) -
k=1

X R12(F20; + 1 = i) K GONA, 1 GONKE ey (6 =)

Il
—s
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H_
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=
N
=
=
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s
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=
Shs
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|
3
ey
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s
H
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|
N
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~
Il
R

X Ry p(F20) +n —n) K[ (20)) %, m1(£6))}

I
—=

03 20; —knytr, et [KT 1 EODZ, mi1 (26))]

»
Il

1

m
(7.3.37) _ _
=7 [z @205 —kmert o [Ki iy GODP % i1 (26
k=1

m
=[T o5 @0, =k st K iy @007 s opP
k=1

m
= [T o5 @20, =k s Ky GONZ1 ity 6}

k=1

Therefore, the following recursive operator product identities hold:

m

(0t (£0; — 1) = g1 (£0)) [ [ 03 ' (20; —kn).  (7.3.38)
k=1

j=1,...,N, m=1,...,n—1.

Let |¥) be a common eigenstate of {z,, ()} with the eigenvalue A,, (1), i.e.,

tn(W|W) = Ap|W), m=1,...,n. (7.3.39)
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We have the following functional relations:

m
A0 Ap(£0; — ) = Ap1(20) [ [ 03 ' (£20; —kn).  (7.3.40)
k=1

j=1,...,N, m=1,...,n—1.
Using a similar method as in the periodic case, we rewrite the transfer matrix as
m—1 i

@) =[] [@u—in—jn(=2u+@m—2—nyy—in—jn

i=1 j=1
N m—1

< [T T =6 —knyu+ 6 —kn) tn (). (7.3.41)
=1 k=1

Let us introduce the following correspondence:

m—1 i

Aw@) = [] [J@u—in— jm(=2u+ @m—2—nyn—in— jn)
i=1 j=1

[T =6 —kn)+ 6, — k) A w). (7.3.42)

Then we have

m
AE0)) A (£0; — ) = Ap1 (£0)) [ | 031 (£26; — kn)go(£6)).
k=1

m=1,.

..,n—1, j=1,...,N,

(7.3.43)
where the function ¢ (1) is given by
N m+1
po() = [ [ =0 —m@+6 —n) [ ] @u—kn)(=2u +kn— (n +2)m).
I=1 k=2
Obviously, A,,(u) is a degree 2N + 2m polynomial of u. Note that
. ! n—2
An(u) = (=1)7*4 E(u =0+ 0+ [J(cut+ —=n—&—kn

k=0

p—1 qg—1 p—1
-2 _
< [Tu+5=n+& =k [Ja—g —kn) [Tw+6—kn. (7344
k=0

k=0 k=0
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7.3.4 Asymptotic Behavior of the Transfer Matrices

We note that the leading order of {#,, (1)} is completely determined by the eigenvalues
(ML= 1, ..., n}of M M. With the conditions M?> = M? = 1 we have the following
useful relations for arbitrary integer k:

éxﬁ‘ =1r {(MM)k} =1r {(MM)k] =tr {(MM)—k} — é)\lk' (73.45)

In addition,
Det (MM) = Ay -+ Ay = (=147, (7.3.46)
The above equations indicate that the eigenvalues of M M must take the form
s ) = {1, =1 =1, e ..,e*iﬂr,efﬂr} (7.3.47)

where #; are some continuous free parameters related to the boundary fields. The
maximum number of #; is | 5 |. With the relations (7.3.2) and (7.3.5) we can easily
deduce the asymptotic behavior

Ap) = (D)8 u™ N2 4o m=1,...,n, u— oo, (7.3.48)
with

S = > Mij ki, m=1,....n. (7.3.49)

1<ij<iz<-<ip<n

As A, (u) is a degree 2N + 2m polynomial of u, in addition to the functional
relations (7.3.43) and the asymptotic behavior (7.3.48), Z;’;l] 2m additional con-
ditions at the degenerate points listed in (7.3.33) are also needed to determine
(Ap)m = 1,....,n =1} completely. Note that A, (1) has already been fixed
by (7.3.44). The contributions of the K -matrices to the quantum determinant A,, ()
(7.3.44) can be factorized out by n polynomials of degree 2 {K Dwyl=1,...,n}
satisfying the relations

n qg—1
[TxP@—a—-nmp=EDrH]] (—u 12, —kn)
2

=1 k=0

p—1 n—2 B gq—1 p—1
<1 (—M+Tn+§—kn) []@—&—kn[]a+s—kn),

k=0 k=0 k=0

(7.3.50)

KOwWKD(—u—1n) = KTV @) KD (—u — 1), (7.3.51)



7.3 Fundamental Relations of the Open SU (n) Spin Chain 237
where! = 1, ..., n—1.The condition (7.3.51) is required to construct self-consistent
nested 7 — Q relations for the eigenvalues A,, (1) as we shall show in the following
sections of this chapter. We remark that although there are several possible choices for
KO ) satisfying (7.3.50)—(7.3.51), any choice should be able to give a complete

set of solutions of the model, while different choices only give rise to different
parameterizations of the eigenvalues as in the SU (2) case.

7.4 Solution of the SU (3) Case

7.4.1 Functional Relations

To show the procedure clearly, let us first consider the SU(3) case. Without losing
generality, we take the eigenvalues of M M as

(A1, A2, A3) = {l,e‘“’, e"’} . (7.4.1)

The functional relations (7.3.43) now read

A0 Ap(£60; —n) = Apr1(£60)) [ | 03 ' (£20; — kmgo(£6,), (7.4.2)

k=1
wherem = 1,2, j = 1,..., N and the functions ¢o(«) and A3(u) are given by
N m+1
go) = [ [ —6 —mu+6 —n) [ [ @u—kn)(~2u +kn —5n), (7.4.3)
=1 k=2

N

Aswy = [T =0+ m+6+m) (§+ 3 —u) ¢ +u)
=1

><(§+g+u)(g—u)(é—g+u)(g—u+n). (7.4.4)

We choose the functions K ¥ («) for the present case as

KOw = (B4 5n-u) €+, (745)
K@) = (é + %n + u) ¢ —u—n), (7.4.6)

K(3)(u) — (é + %77 + u) & —-u-—n)), (7.4.7)
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which satisfy the relations
K@K D w—mKOw—2m = (E+ 7 —u) € +w

x<§+g+u)(§—u)(§—g—i-u)(’g‘—u—l—n), (7.4.8)
KWK (—u—1n) = KTV @KV (—u —1y), 1=1,2. (74.9)

From the definition (7.3.13) of #,,(u) and the asymptotic behavior of K +(u), we
have

3
A(”)|u—>oo = —IF(MM)MZN+2 4= — Z)WMZN—FZ +..-
i=1

= —(142cos P2 4o (7.4.10)
/_12(”)|u—>oo =1r2 {Pl(,_Z)(MM)l(MM)ZP{_z)} W+ L

= Z A hiyu? VT = 2cos 9 + DuPN T4 (7.4.10)

1<i1<ip<3

Moreover, the Egs. (7.1.1)—(7.1.4), (7.3.2) and (7.3.5) allow us to obtain the relations

N
1) = (—DYe [J@ + m@ — mer{KT©0)} x id, (7.4.12)
=1

() =T (e 30) (- 3)
X tr IK_ (—%n)] X id, (7.4.13)
o (2) e [P K8 (2) macanii (2) P2} (5 )
x ﬁ(e, + %n) (91 - %n) (0, n g) (0, - g) xid,  (7.4.14)

2
_ _ _ _ n -
n(—n) =tris {Pf,;Kl (=) R, 1 (=30)K; <—2n)Pf,2)} (Z — s2) n
N

X H(Ol + )6 —n)(6 +2n)(6 —2n) xid, (7.4.15)
=1
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N

00) = (~DN2&2 [ @ + m@ — mer (KO} t(~n).  (7.4.16)
=1

(=2} = (1) 2Ey? 5 o+ n) (60 -2
2(—5)—(—) 57711:[1 l+§77 1—577
xtr{K (—%n)] z(—g). (7.4.17)

The above six conditions together with the relations (7.4.2) and the asymptotic behav-
ior (7.4.10)—(7.4.11) allow us to determine the eigenvalues A, (u).

7.4.2 The Nested Inhomogeneous T — Q Relation

For the open chain, we define the corresponding Q-functions as

N

00w =[Jw—-0pw+0)), (7.4.18)
j=1
L,

0" w =[] (u — A}’)) (u 4+ 4 rn) Cr=1,...,n—1, (14.19)
=1

0" ) =1, (7.4.20)

where {L,|r = 1,...,n — 1} are some non-negative integers, and » = 1, 2 in the
present case. We introduce further three zZ(«) functions:

2iw) = z1(u) +x1(w), Zo(u) =z2(u), Z3(u) =z3(u). (7.4.21)
Here z,,, (1) is defined as

u( + 5K ™ @) Q@) 0D +n Q" (u —n)

m = , (7.4.22
ot (et @) ey Q" PWEMW 7422
withm = 1,2, 3, n = 3, and x1 (u) is defined as
_ 3\ o ),y F10
x1(u) =u (u + 217) OV u+n0"(u) 00w’ (7.4.23)
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We make the following nested 7 — Q Ansatz

3 3
Aw) =D Z ) = Dz () + x1(u), (7.4.24)

i1=1 i1=1

M) =pQu-mn1 D, @i —mn—xi@awu—mn ¢, (7425

1<i1<ip<3

3
A3w) = [ [ e2@u — kn) {21 )za(u — n)za(u — 2m)}. (7.4.26)
k=1

It should be emphasized that, thanks to 09 (10 ;i) = 0, the above Ansatz (7.4.24)—
(7.4.25) makes the functional relations (7.4.2) automatically fulfilled for arbitrary
Q-functions and Fj(u). These functions (polynomials) are then fixed by the other
conditions required by A;(u) as follows. To match the degree of A(u), Fi(u) is a
polynomial of degree 2L — 2N. The regularity (7.4.24) at the singular points )\y)

and —)LE.I) — n must give the same equation. This consistency requires

Fi) = fi@)Q® (—u —n), (7.427)

with
fiw) = fi(—u—n). (7.4.28)
One can check that the regularity conditions of (7.4.25) indeed coincide with those
of A(u). In order to make (7.4.12)—(7.4.17) satisfied, we need further that all terms

with the factor x; in those equations must be zero, which allow us to choose the
polynomial fi(x) with a minimal degree as follows

2
filw) = cu (u + %n) (u — %77) (u + %n) (u+n), (7.4.29)
where c is a constant. The non-negative integers L and L, satisfy the relation
Ly =N+ L+3, (7.4.30)
and

¢ =2(1 — cos D). (7.4.31)
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The above relation and (7.3.42) lead to the asymptotic behavior (7.4.10)—(7.4.11) of
Ay (1) being automatically satisfied. The regular property (at u = )L;.k), —)Lg.k) —kn
and k = 1, 2) of A(u) leads to the associated BAEs

1 1 1
N kPN o%w) Ve +me® e =
1 1 1 1 1
WD 4 kO 0000 £y 0o — o@D

1y 3 1
= —cy")? (A}” + —n) 0"+ mGY + ImGyY = 2

2 2

L2901 P0" — )

KOohoma —m’

12 430 K207 0D +mo® P — )
WA InkO0P) 0O + 1)

I=1,..., L. (7.4.33)

l=1,...,Ly, (7.4.32)

= —1,

One may check that the chosen F1(u) and the BAEs (7.4.32)—(7.4.33) also guarantee
the regularity of the Ansatz A;(u) given by (7.4.25).
The eigenvalue of the Hamiltonian (7.3.6) for n = 3 is given by

Ly 2 £, 3 ~
2 §+5n—pn—§
E = #4_2(1\7_1)_,_,7#

2
+ —, (7.4.34)
1 1
AP+

EE+3n—pn) 3

where the parameters {Al(l)} are the roots of the BAEs (7.4.32)—(7.4.33) in the homo-
geneous limit {#; = 0}. We note that for ¢ = 0, the condition (7.4.30) is no longer
necessary.

Numerical results for N = 2 shown in Table 7.1 imply that the BAEs indeed give
rise to the correct and complete solutions of the model.

7.5 Solution of the SU (4) Case

The SU(3) case is similar to the SU(2) case since there is only one continuous
boundary parameter . The first nontrivial case could be the SU (4) case as it might
include two free continuous parameters ¢ and 9, defined in (7.3.47). Let us consider
the case of matrices M and M with p = 2 and p = 2. We introduce

K@) = +u)E —w), (7:5.1
K®w)=E—u—nE+u+n, (7.5.2)
KW =E+u+méE—u—n), (7.5.3)

KD = —u—2n)E+u+2n), (7.5.4)
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which satisfy the relations (7.3.50)—(7.3.51) withn = 4. Suppose that the eigenvalues

of MM are
(M1, A2, A3, Ag) = (1, 7101 elP2 702y, (7.5.5)

The asymptotic behavior of the eigenvalues of the transfer matrices reads

Al(”)|u—>oo = —[V{MM}M2N+2 + ...

= —(2cos ¥ + 2cos 192)142N+2 +--, (7.5.6)
Ao |uso00 = 1r12 {Pfg)(MM)l(MM)zpfj} WA
z )»il)»izuzN_M R

1<ii<ip<4
= (24 4cos V) cos )N+ ... (7.5.7)
A3(”)|M~>OO = —Ir123 {Pl(’;?3(MM)1(MM)z(MM)3P1(E?3} u2N+6 + ...
= — Z )»il)»iz)\,,‘3u2N+6 + -

1<ii<iz<iz<4

= —(2cos ¥ + 2cos z?z)uZNJ“G + e (7.5.8)

Moreover, we can derive the relations among the fused transfer matrices:

N

10) = (=D []@ + m@ — ner(K*(©)) x id, (75.9)
=1

N

1(=2m) = (=DVE[] @ +2n) @ —2mir{K~(=2p)} x id, (7.5.10)
=1

N

1(0) =3(=DVen* [ [ +m @ — mir{KT O} t1(=n),  (7.5.11)
=1

o (D) =me{sia () (5 -)
x ﬁ (9, - g) (9, + g) (91 - %n) (9, + ;n) xid,  (7.5.12)
=1

3 o 5 5
2 <_§") =1 (% - 52) l]:[l (91 - E”) (01 + 577)
3 3 3
x (9; ~ 5") (91 - 5’7) tri IK(_m) (_5'7)] xid, (7.5.13)
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N

t(=n) =3(=DVEn* [ [ + 200 = 2m)tr{K~ (=2} t1(—n), (7.5.14)
=1

and

N
130) = 12(=DNen* [ [ + m @ — ner{KTO)} a(=n),  (7.5.15)
I=1

N
13(0) = 12(=DNEn* @ + 26 — 2)tr (K~ (=20)} 12(0). (7.5.16)
=1

5 (1) =12ma [ (1)) 0 (%2 _ é2) " (_;n)
<1 (91 _ g) (91 + g) (9, — %n) (9, + %n) , (7.5.17)

=1
n s o - 3 n
5(-3) =120 (Z - )”23 [Km (‘z")] n(-3)
N 5 5 3 3
<[] (91 — 5”) (9, + E”) (91 - E") (9; + E") . (7.5.18)
=1

il
o 1300) [y = 460767 =) (=DVir123 { K55 0]

N
x [T62@ — @ +n)@ — 206 +21) xid,  (75.19)
=1

N
0 _ _
1350 fummy = 460702 = EDD N tr1 253 { Koy ) [T 0 =)

=1

X (6 +n) @ — 2n) (6 + 2n) (6 — 3n)(0; + 3n) x id. (7.5.20)
In this case, the Z(«) functions read

Zoj—1(u) = zo1—1 () + x21—1(u), (7.5.21)
Zo(u) = zo1(w), 1=1,2. (7.5.22)

Here the function z,, (1) is defined in (7.4.22) withm =1, .. ., 4and 0¥ ) = 1.
The functions xp;_1(u) are

F—1(u)

xa-1 W) = ulu +2m QP w +m 0w Faes.

1=1,2. (75.23)
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The rules for constructing the inhomogeneous terms xp;—1 (u) are:

e To make (7.5.9)—(7.5.20) fulfilled, all terms in those equations with a factor xp;_
must be zero and therefore are irrelevant to the operator identities (7.3.43), which
determines zeros of f>;—1(u) (see below).

e The denominators must be Q) (u) or part of them to ensure that no new pole is
generated.

e They must preserve the self-consistency and symmetry of the BAEs.

The nested T — Q Ansatz can be constructed as

4 4
Aw) =" Z @) = D iy () + x1(u) + x3(w),

i1=1 i1=1

M) =epQu-m] D Zwi,u—n)

1<ii<ip<4

—x1(u)z2(u — 1) — x3(u)z4(u — 1)},

3
Asw) =[]e2@u—km{ Dz @z, — )z —2n)

k=1 1<iy<ip<iz<4
—x1(w)z2(w — n)(Z3(w — 2n) + Z4(u — 21n))
— (1) + 22)x3(w — n)z4(u — 2n)} . (7.5.24)

With analysis similar to that used in the SU (3) case, we have

Fiu) = fi)Q® (—u —n), (7.5.25)
F3u) = f3) 0 (—u — 20 Q@ (—u — 3n), (7.5.26)

k k 7.5.27
(u+§n)(u+n—§n), (7.5.27)

= 3n) = K 2 k 7.5.28
f3(w) = f3(—u — n)—C3H<M+77+§77)(M+ 77—577)- (7.5.28)

k=1

with

:u

fiw) = fi(-u—mn) =c

k

Il
FNQEESR

The non-negative integers {L1, L», L3} satisfy the relations

Li=4+Ly+N, L3y=4+2N+ Lo, (7.5.29)
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and to ensure automatic satisfaction of the asymptotic behavior (7.§.6)—(7.5.8), the
parameters ¢ and c3 are determined by the eigenvalues (7.5.5) of M M through the
equations:

(7.5.30)

—4 4 c1+c3 =—-2cosv; —2cosy,
4 —2c¢; — 2¢3 4 c1c3 = 4 cos 1 cos .

We can easily show that the Ansatz (7.5.24) also fulfills the functional relations
(7.3.43). The regular property of A(u) leads to the associated BAEs

1 1 1 1 1
W KMo oMo +mo® e’ -

1+
W+ KOG OGN + ) 006N —no@aY)

1 1 1
+x,< ‘o +HoOwy R
KD 00" =)

=0, I=1,...,Ly, (7.5.31)

2 2 2 2 2
M43 KO0 0V e? 0P + oo —
2 2 2 2 2
W43 KO0 00 +m @ 0P —m e o)
=—1, I=1,...,Ly, (7.5.32)

3 3 3 3 3
Do + 3000+ 0?0 BoY)

(A
1+
KO0 02> +mo®nY — )

3 3 3 3
WY 4n K900 0®0MeV0)
W2 KOG 0@0 +mo® G — i)
I=1,...,Ls. (7.5.33)

’

It can be shown that the BAEs (7.5.31)—(7.5.33) also guarantee the regularity of
As(u) and Asz(u) given by (7.5.24). Moreover, the Ansatz (7.5.24) indeed satisfies
the relations (7.5.9)—(7.5.20).

The eigenvalue of the Hamiltonian for n = 4 is given by

L 2 ) ’
2 KW (u
E=S 21 ov—1y+ i Wl

1
luso+ =z,  (7.5.34)
PN
=1 )‘1( )()»1( "+

KD (u) 2

where the parameters {Al(l)} are the roots of the BAEs (7.5.31)—(7.5.33) in the homo-
geneous limit {#; = 0}.
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7.6 Solution of the SU (n) Case

By following the same procedure introduced in previous sections, the result for the
SU (n)-invariant spin chain with general open boundary conditions can be readily
derived. The functions z,, (1) are given by Eq.(7.4.22) with (KO )|l =1, ..., n}
satisfying (7.3.50)=(7.3.51). In principle, K“ (u) could be any decomposition of
Eq.(7.3.50). For simplicity, we parameterize them, satisfying the relation

KOwy =KD (—u—1in), 1=1,...,n—1. (7.6.1)

With the same procedure used in the last section, we can obtain the functions x;, (u):

Fo—1(w)
szz_l(u) = u (u+5n) QO +m0®w Fats. 762
xo1(u) =0,
forl =1,2,..., [5]. The functions {F;_1(u)} are thus given by
Fiw) = fiwQ? (—u —n), (7.6.3)

Fa—1() = fa—1) Q%2 (—u — 21 — 1)n)

xO (—u—Q =10V (—u—-20-1y), 1=2,..., L%J, (7.6.4)

and

= ; -1 - [ k
iy =cua [] (u+( -1+ 5)77) (M+( - E)n),

k=1
n

I=1....15]. (7.6.5)

which possess the crossing symmetry
Ja—1(u) = fo—1(—u — (21 = Dn). (7.6.6)

The nested T — Q relation is thus

Aw) =" Zi(w). (7.6.7)
i=1
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All the eigenvalues A,, (1) can be given by

k m—1
An@) =T e2@u—Grr=Dm>7 a0 @ =
I=1 k=1 - m=t
e Zipw—m—Dn}, m=2,...,n, (7.6.8)

where the prime indicates that the terms with factors x7;_1z2; are not included in the
summation. The parameters {cy;—1} are determined by the asymptotic behavior of
the transfer matrices:

Ap@)y=(=D" > Ay AV (7.69)

1<ij<--<ip<n

We remark that the asymptotic behavior of A;(«) and A,_;(u) give the same equation
to determine cp;—1. The parameters {A;r)} satisfy the associated BAEs:

D 2) ¢y (D
P QW7 —m)
1 1 1
K200 MG + =L
+ 0G5

A0
+65" + D00 +me® e F e
+KDa 000D +peVa — =0, j=1.....L1. (716.10)
2.7 4+ QL+ )y 0@V 4 o@D 2Dy
2,27 + @1 = Dy Q=D G QD (1 — )
K(zl“)()»,(fl)) Q(zl)(k,(f” +1)
Ko@) 0@
n

k=1,...,Ly, l=1,...,|_§J, (7.6.11)

K§2s+l) +n

APV 4 (s + 1
2s+1 2541
Q(Zs)(kg s+ ))Q(2S+2)()x5» s+1) )

K(2S+1)(A;23+1))Q(23+])(A§25+1) )+ K<2X+2)()»5~2s+1))

xQEHD G ) + (P )

Q(Zs) ()LE‘ZH-I) +1) Q(QH_Z) (A;Zv+1))

2s5+1 2s5+1
0 ) Py 0 PFY)
Q(zs)()\;k—i_l)“r‘n)

’

2s + 1
x(AE.ZSH) + TT])Q(O) (A§2s+1) +)

Ji=1,..., L1, s:l,...,L%J—l. (7.6.12)
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The eigenvalue of the Hamiltonian (7.3.6) is thus given by

_ i 2 KD @)Y

2
= —— 2N - D)+ p—r—luso+ -, (7.6.13)
=1 )‘z(l)()w(l) + 1) KO @) ™ n

with {%{"} being the Bethe roots at {6; = 0}.
It should be remarked that alternative 7 — Q relations also exist for the open
SU (n) spin chain as in the SU (2) case.
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Chapter 8
The Hierarchical Off-Diagonal Bethe Ansatz

The integrable models confined in higher dimensional quantum space are particularly
interesting because of their important applications in quantum field theory. A typical
model is the SU (2)-invariant spin-s Heisenberg chain which is closely related to the
Wess-Zumino-Novikov-Witten (WZNW) models [1-4]. Its anisotropic and graded
versions are relevant to the lower dimensional quantum field theories [5, 6] such as
the super-symmetric sine-Gordon model [7-9]. In addition, this model has important
applications in condensed matter physics such as fractional statistics [10] and the
multi-channel Kondo problem [11-13] when it is coupled to an impurity spin. The
anisotropic s = 1 integrable spin chain was first proposed by Zamolodchikov and
Fateev [14] to solve YBE. It was subsequently found that the integrable spin-s chain
can be constructed via the fusion techniques [15-19] from the fundamental s = %
representation of YBE [20, 21]. This method establishes a hierarchical structure of the
SU (2)-invariant integrable spin chains and allows us to derive the exact spectra of the
models in the framework of the algebraic Bethe Ansatz (e.g., see [22-24]). Moreover,
the boundary YBE or RE [25, 26] implies that, with generic integrable boundary
fields [27, 28], this model is also integrable. Profound results have been obtained for
the constraint boundary conditions [29-33] in the past decade. Nevertheless, it was
only recently that the model with generic integrable boundary conditions was solved
via the ODBA method [34-36].

This chapter is an introduction to the application of ODBA in the high-spin
Heisenberg chain with generic integrable boundaries. With the fusion techniques, the
R-matrices and K -matrices for the high spin model can be constructed. This allows
us to establish a hierarchical structure among the fused transfer matrices. Based on
this hierarchy and the operator product identities, the inhomogeneous 7' — Q relation
as well as the corresponding BAEs can be derived in a systematic way. In addition, the
exact solution of the alternating-spin chain model, which corresponds to the lattice
nonlinear Schrédinger model, will also be introduced.

© Springer-Verlag Berlin Heidelberg 2015 251
Y. Wang et al., Off-Diagonal Bethe Ansatz for Exactly Solvable Models,
DOI 10.1007/978-3-662-46756-5_8
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8.1 The Fusion Procedure

8.1.1 Fusion of the R-Matrices and the K-Matrices

Throughout this chapter, R(‘ 2

tensor space Vi ® V'i and satlsﬁes YBE

(u) denotes the spin-(/;, ;) R-matrix acting on the

Il 1,1 Ip,1 Ip,1 1,1 1,1
Rg)l2 2)(14 )R(l 3)(M)R§é 3)(0) — Ré’% 3)( )R(I 3)( )R(l 2)(14 _ U). (811)

1
Explicitly, the fundamental Rifz’s)(u) defined in the tensor product of the two-
dimensional auxiliary space and the (25 4 1)-dimensional quantum space is given
by [15-19]

(“)( )_u+2+77(71 Sz, (8.1.2)

where S is the spin-s realization of the SU (2) generators. Namely, all the generators
of SU(2) can be realized by (25 + 1) x (2s + 1) matrices on (2s 4 1)-dimensional
spin-s space as follows

§%lm) = m |m), (8.1.3)
STIm) = /(s + 1+ m)(s —m) |m + 1), (8.1.4)
STIm)=Vs+mGs+1—m)m—1), m=s,s—1,...,—s, (8.1.5)
where {|m)m = s,s — 1,..., —s} is an orthonormal basis of the spin-s space and

the Casimir operator Cr = (S92 + %(S_ St 4 $T57) acting on the spin-s space is
proportional to the identity operator, i.e.,

Crym)=s(s+1)m), m=s,s—1,...,—s. (8.1.6)

Fors = %, the corresponding R-matrix is given by (1.5.2). In particular, with the help

of (8.1.6) we can verify that the spin-(%, s) R-matrix possesses the unitary relation
[cf. (1.5.5)]

()R(Sz)( u)=—|:u+(l+s)ni||:u—(l+s)ﬁ:|Xid 8.1.7)
5 5 . 1.

We note that the R-matrix (8.1.2) can be obtained by the fusion procedure

(2 s)
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() 1 (+)
R\ ) = P
al,... Hi;ll(u + (% —s+kmn

.....

with the product being in the order of increasing k from left to right, where P( .....
is the symmetric projector given by

2s k
+) 1
Pli,zs = 29! U(Z Pz,k), (8.1.9)

1 n—1 1 n—1
+) (+) (+)
Py ZZ(H'ZPM Py nflzzpl ..... n—1 1+ZPIH (8.1.10)

P =P, (8.1.11)
P =P P = p P m<n, (8.1.12)
with {q1, ..., g,} being an arbitrary permutation of {1, ..., n}. Similarly, the spin-

(J, s) R-matrix can be constructed from the R-matrix (8.1.2) by the symmetric fusion
process

,,,,,,,,,,,

(J.5) ) R .
R{1 251 (12s) W) = Py o H { k, {1,.‘.,25}(“ +k—j- 5)’7)
x P (8.1.13)
12) 1.
With the same procedure introduced in Chap. 7, we can easily show that the fused

R-matrices (8.1.13) and (8.1.8) satisfy the associated YBE (8.1.1). Particularly, the
spin-(s, s) R-matrix can be calculated as [15]

s,s +k
R () = H(u —jn) ZH 2 Pi”z, (8.1.14)

IOkl

where Pilé is a projector defined in the tensor space of two spin-s, which projects
the tensor space into the irreducible subspace of spin-/. Explicitly, it reads

ﬁ S1+S)2—jG+1)

PO _
12 = .
I+ —-jG+1

(8.1.15)
=0,
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The R-matrix (8.1.14) possesses the following important properties which are
quite useful to derive the closed operator identities:

Initial condition : R{’;”(0) = (2s)1n> Py 2, (8.1.16)

Antisymmetry : R\’ ”( m = (=D Qs+ DIPY.  (8.1.17)

The projector Pg resembles the properties of PI(E) for the spin—% s.ystem and projects
the tensor product space of two spin-s into the singlet subspace, i.e.,

PO = |®o)(®o|, |Po) = Z( Dis —1)®| —s+1). (8.1.18)

Moreover, from the explicit expression (8.1.2) of the R-matrix, we can show that
[cf.(1.5.9)]

1
R(&%)(i(z +5)n) =+@2s + Dy @“i%), (3.1.19)

where the projectors PlEs) project the tensor product space of the spin-s and the
spin—% spaces into the subspaces with the spin-(s + %) respectively.
Following the methods developed in [37, 38], the corresponding fused K -matrices

can be constructed as

,,,,,

' 2j k—1 1
Ko w =P, LT [ [H R‘(l/z;,i)(Zu +k+1-2j— 1)n)}

k=1
- .
X Ko ¥ (u+ (k= j — 5>’7)}P¢§1+,.)..,a2,. : (8.1.20)
where {a} = {ay, ..., az;}. It should be noted that the productsin [- - - Jand {- - - } of

(8.1.20) are in the order of increasing [ and k from left to right. Let us consider the
generic non-diagonal spin-% K -matrix [27, 28]

KD w) = (p(; Z” po‘—_“u), (8.1.21)

where p_ and «_ are some boundary parameters. It can be easily demonstrated that

{agj)(u) satisfy the RE

(J,5) =) (s,J) —(s)
R{u} by (U = V) Ky () Ry gy (1 +0) Ky (v)

= K" ) Ry +0) K () RO (w0 —v) (8.1.22)
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The dual version of the fused K -matrix is given by the duality

K+ 1 —(j)
() = — (—u—mn) , (8.1.23)
Kia) FO@ ) M (p—ay (=)

where p; and o4 are two free boundary parameters and the normalization factor

f(j)(u) is

2j—1 1

FOw =TT [Ji-e@u+ +k+1-2jml, (8.1.24)
=1 k=1

) = (u—n)+n). (8.1.25)

The generic fundamental dual K -matrix satisfying the dual RE (5.1.6) is

KOy = (Pr—u—n oplatn) ) 8.1.26
W=as@+m prtutn (8.1.26)

8.1.2 Fused Transfer Matrices

The fused (or spin-(j, s)) transfer matrix -*) (u) can be constructed by the fused
R-matrices and K -matrices as follows [26, 30]

199 w) = trig [K{Zij)(u) 79 ) Ko () f{(af}‘”(u)} . (8.127)

where T{(a/} ) (u) and T(J ) (1) are the fused one-row monodromy matrices defined by

(j.5) (V)
T{a} (u) = R {al, {b[N]}(u On) - {a} {b[”}(u 01),

TV @) = RS 4 (01 -+ RS ) 46y (8.1.28)
Here {0;|j = 1, ..., N} are still the inhomogeneous parameters we defined previ-

ously. By following the same procedure introduced in Chap.2, YBE (8.1.1), the RE
(8.1.22) and the dual RE lead to

I:t(j’s)(u) , N”S)(v)] —0. (8.1.29)

Therefore, 1% (1) can be treated as the generating functionals of the conserved
quantities.
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8.2 Operator Identities

3
925'

monodromy matrix T, J (u) and its corresponding transfer matrix t (u) given by

Letus fixan s € {1 1 .} for all the N quantum spaces. Consider the one-row

, 1
157 w) =t T ). j=0.5.1..., (8.2.1)

\S]

with the convention tp s)(u) id. The fusion procedure (8.1.13) of the R-matrices
allows us to express the fused monodromy matrices (8.1.28) in terms of the funda-

(3.9)

mental T, °" " (u) as

Ky l-,S . . 1
70w = PP, T3 4= (j = 2 mn”>w—u—5m+m

( $) 1 +)
2 (u~+(j— 2)77)P1 ,,,,, 2j
(1.9 ) D) .1
=7~ (- = mnzsw—u—5m+m
)
% T3 (- z)n)Pl(t?’zj. (8.2.2)

The second equality of the above equation can be proven by the method proving
(7.1.16). Similarly, we have

(1.5 (1.9 L) (=
w—mT>" @ =P -, )P,

(3.9 (3.9 -
— Pl(Z)T 2 ( )T 2 ( _n)Pl(’Z)

() (29
P12T2

= Det, {T> ()} P, (8.2.3)

where the quantum determinant Det,, { T(%"Y) (u)} is

N
o () (o)) o
=1

Let us calculate the product of the fused transfer matrices (8.2.1):

e -

(3.9
,,,,, [Pﬁg,l T2 (= 2j = D).

,,,,,

~
<
=
o
.
r—t—
—
—
+
~
[\
~.
|
—
N
o
\
._.
S
.
[a—
~
[\
.
v
._.
"G
—
+
-
N
\..
._.
/-\
9=
N
~~~
<
|
~~
\o}
~.
|
p—
N
=
~
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(3.9 . o
X Ty (u)Pl‘i?,2j1}+<2J—1)<2j> e {1 = Pojoi2))

l 5
20— @2 = D) - ‘2 "wp®,, 1]

Iry,.2j {[1+P2/—1a2i+ -+ Py 2/] 2j)” IP(+) »

.....

.....

,,,,, 2,{(1—P2,_1,21)T w—@j -y (2 ? wy Pt 1]

(8.2.3) (3.5 (3.9)
=, 2,-[Pff?,2,.n”( —@2j = n)-- 2A<>P<” ]

,,,,,

. o —1 4,8 (%*S) .
+(2j — DQ2Jj)" Det T 2" (wltry, 2j—2 T " (u—(2j—Dn)

(2)

X - 2/ 2(” 277)1‘}’2] 1,2 ((1_P2] 12])P ’’’’’ 21 1)]

K N s : !
=15 — (j ——>n>+Detq{T(z @) o TG m. (8.24)

To reach the last equality of the above equation, we have used the identity

2j —1

.....

(I = Prj12))
:trzj—l,2j1+(1+Pl,2j—l+ A+ P 20j- 1)P 77777 2/ s

(+)
- P 2j=2

and the relation tr; {P; ;} = id

With a procedure similar to that used in deriving (8.2.4), we may show that

the fused double-row transfer matrices {t**) (u)} given by (8.1.27) obey the fusion
hierarchy relation [29, 30, 37, 38]

‘ . 1

(39 1920w — i) =19 = (= D)
©) () 1G~15) ;o 1 1,3

80w W= M. =5l G B2

with the convention (%) = id and
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5% (u) = Det, {K 2 (u)}Det, T2 (u)}Det, {K ~2) (u)}Dety {72 (u)}
_ Qu —21n7)2u + 2n)

u —n)Q2u +n)
N

(A +e?)u? = p>) (1 + a)u® — p)

1 1
Xll |1(u 61 (2 S)”)(u 61 (2 S)‘])

From (8.2.5) we can express t*) (1) in terms oft(%’s)(u) as

j 1 , 1 1 o1 1 o1
(9w =12 @t (= M1 o G = = m 12w (= D)
1 1 1 1 1
=80+ (= M+ G = =2m 12w (= )
) 1 1 1 1 1
=80+ (G = =1+ (G = Hm 1V (G = 5)m =3

1 o1
X t00 = = Hm)

~5O00 = G MVt G g 13V~ G D+ 2m)
e 8.2.7)
Here we list the first three:
(09 ) = 139 (u + g) 13 — g) — 8O+ g), (8.2.8)
(30w = 13 @) 39 ) 15 = ) = 89 ) 3w =)

— 89y 139 (u + ), (8.2.9)

12 ) = 13 + 37") (394 515w 15w - 37")

3n. 1 n. (1 3n
_5® NETO PR AE SOV
(u+ > ) (u 2) (u > )

N, (1 3n, (1 3n
_8(5) s t(zss) t(zvs) _
(u+ 2) (u+ 5 ) (u > )
, n. (1 30, (L n
_8(5) _ t(zss) ' t(zss) -
(u 2) (u + > ) (u+ 2)

3
+89 (u+ ?77) 8O (u — g) (8.2.10)
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Keeping the generalized initial condition (8.1.16) of R¢-*) (i) and the fusion

condition (8.1.19) of R®> 2 (1) in mind and using the similar procedure to prove the
relation (7.2.1) in Sect.7.2.1, we may show that

(3.9) (5—3) (3.9)

1 1
TV ONT 60— G+ m = Py TV O)NT 0 — (5 + om).

_1
where the projector @1(52 2 projects the tensor product space of the spin-s and the

spin-% spaces into the subspace with the spin-(s — %) (see (8.1.19)). Then with the
similar fusion procedure used in Sect.7.3.3 of Chap.7, we can derive the identi-
ties [34]

o 1 1 : 1 1
190,139 6; — (5 +9m = 89 @0; + (5 =) 1572:9(9; + g),
j=1,...,N. (8.2.11)

Now let us derive some properties of t(%'s)(u). The R-matrix (8.1.2) and the
K-matrices (8.1.21) and (8.1.26) imply that the following relations hold:

N

1290) =2p_py [] @ + (% +9)M)(—0 + (% +9)n) x id, (8.2.12)
=1

12 U) oo = 2(@—ary — DN xid + - - (8.2.13)
Gy oy — (5.9
139 (—u — ) = 139 ). (8.2.14)

An obvious fact s that 2+ (u), as a function of u, is a polynomial of degree 2N + 2.
The fusion hierarchy relation (8.2.5) implies that all the other fused transfer matrices

1G5 (u) can be expressed in terms of t(%*s)(u) (see (8.2.7)). Therefore the identities
(8.2.11)lead to N constraints on t(%’s) (u), which together with (8.2.12)—(8.2.14) can

completely determine the eigenvalues of t(%'s)(u) (and as a consequence, also the
eigenvalues of all the other transfer matrices { 199 ).

Let AYU%) (u) be the eigenvalue of the fused transfer matrix >*) (u). The fusion
hierarchy relation (8.2.5) directly implies

. . 1
AGD @) AUV = ) = A9 @ = (= 3)n)

. 1 1 3
+89wW AT — G+, j==,1,=,..., (82.15)
2 2 2
with A% (1) = 1. The operator identities (8.2.11) also imply that

1 1
A0 AT O; = (5 +5m) =800 + (5 =) ACTTVE; + ).
j=1,...,N. (8.2.16)
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Equations (8.2.12)—(8.2.14) give rise to the relations

(o) - 1 1
A2(0) =2p_py H(@ + (5 + )M (=0 + (5 +s)m,  (8.2.17)
=1

A U) luss oo = 2(a—ay — DuPN+2 4. (8.2.18)

AGD (—y =) = AGD (). (8.2.19)
The analyticity of t(%‘s)(u) implies that

A(%’S) (u), as a function of u, is a polynomial of degree 2N + 2. (8.2.20)

8.3 The Inhomogeneous 7 — Q Relation

Following the method introduced in previous chapters, we can prove that each eigen-

value A(%’S)(u) can be parameterized by the following inhomogeneous 7 — Q
relation:

Gt Q=) o Q)
AT =ar =G0 T 0w
Feu(u+ )Fm(“) (8.3.1)
Yo -

where the functions a®) (1), d®) (1), F® (1) and the constant c are given by

2u+2
a®w) = 20 1oy ut p A+ o) ut ]
2u+n
N
1 1
< [ =6+ G + Mm@ +6 + (5 +5)m), (8.3.2)
i 2 2
d9wu) =a®(—u—n), (8.3.3)
N 2s 1 1
FO W) = Hg(u =0+ (G = s HROME 0+ (5 = s+, (834
c=2a_a; —1—(1+a) (1 +a2)?]. (83.5)
The Q-function is parameterized by 2s N parameters {A;|j = 1,...,2sN} as
2sN
Q) = H(u—kj)(u+?»j+ﬂ)= O(—u—n). (8.3.6)

J=1
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Proof Let us introduce a function f(u) associated with each solution A(u) of
(8.2.15)—(8.2.20)

F) = AT W) QW) —a® ) Qu — n)
—d® W) Q4 n) — culu +n)F® (u). (8.3.7)

It follows from its definition that the function f (), as a function of u, is a polynomial
of degree 2(2s + 1) N + 2 with the crossing symmetry

f(=u—mn)= fu). (8.3.8)

This property implies that the function can be fixed by its values at (2s + )N + 2
different points. It is clear from the relations (8.2.17) and (8.2.18) that

f(0)=0, and f(u)|ysoo =0 x u?@FTONFT2 4 (8.3.9)

which, together with its values at other (2s 4 1) N independent points, are sufficient to
completely determine f (#). Thanks to the fact that Q () is also a crossing polynomial
(i.e., Q(—u—n) = Q(u)) of degree 4s N with a known coefficient of the term u*",
for each solution A(u) of (8.2.15)—(8.2.20) we can always choose the function Q (u)
given by (8.3.6) such that the following equations hold:

1
fO+G6—5—km=0 k=02 j=1...N. (8310

Then the relations (8.3.8)—(8.3.10) lead to f (#) = 0 or that each solution of (8.2.15)—
(8.2.20) can be parameterized in terms of the inhomogeneous 7 — Q relation (8.3.1)
with proper choices of the function Q (). In fact the conditions (8.3.10) are equivalent
to the following (2s + 1) N linear equations with respect to the values of Q(u) at
the (2s + 1)N different points {0; + (s — % —knk=0,...,2s, j=1,...,N},
namely,

BV xW =0, j=1,...,N, (8.3.11)

with each (25 + 1) x (25 + 1) matrix BY) (superscripts of the elements are omitted
for simplicity) being given by

A + (s = 1) —a(®) + (s = 1))
—d(©; + (s = m AG; + (=3 —al; + (=3

—d0; — (s + Hn) A@; — s+ Hn)
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and the (25 + 1)-components vector X ) being given by

Q@ + (s — )
Q@ + (s — )

Q@ — (s + )

Direct calculation shows that the identities (8.2.16) give rise to det(BY)) = 0 which
ensures the (2s 4+ 1)N linear equations (8.3.11) to have non-zero solutions. In this
case, the number of independent linear equations (8.3.11) is reduced to 2s N and
we can always fix at most the 2s N values (up to a scaling factor) of Q(u) at 2s N
points among {#; + (s — % —knlk=0,1,...,2s, j=1,..., N}, for an example,
{0;+(s— % —kmlk=1,...,2s, j =1,..., N}. Therefore, each solution A(u) of
(8.2.15)—(8.2.20) allows us to parameterize it in terms of the inhomogeneous 7' — Q
relation (8.3.1) where Q(u) can be determined either by its values at 2s N different
points via the Egs. (8.3.11) or by its roots: {A;|j =1, ..., 2s N} determined by the
BAEs (see below). We can check that the 7 — Q relation (8.3.1) does satisfy the
relations (8.2.15)—(8.2.20). O

From (8.3.1) we find that the T — Q relation might have some readily apparent
and simple poles at the points

Aj, —hj—mn, j=1,...,2sN. (8.3.12)

The regularity of the eigenvalue A(%‘s)(u) requires that its residues at these points
must be zero. This requirement leads to the BAEs:

a“NOG; —n) +d9 )00 + 1)
+edjOg+n) FOG;) =0, j=1,...,2sN. (8.3.13)

Similar to the case of the isotropic spin-% chain [39], another simple T — Q
relation exists for the spin-s case

A(l,s) _ ) O1(u—n) FIo) Q2(u+1n)
T =at=s T 0w
F(S)(u)

W (8.3.14)
O1(u) O2(u)

+(=DMeu@ +n)

where

¢ =2a_ay —1— (=DM +a?)(1 +a2)]2),
M
Q1) = H(u—'uj)z Qo(—u—n), M =2sN. (8.3.15)

Jj=1
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The resulting BAEs are

d9 (w0 j) Qo +m) + (=DMe iy +n) FO () =0,
j=1,....,M. (8.3.16)

Taking the homogeneous limit 6; — 0, we can obtain all the eigenvalues AU ()
of the fused homogeneous transfer matrices. In particular, the resulting A (u)
gives the spectrum of the spin-s XXX Hamiltonian with generic integrable boundary
terms.

We note that there are several possibilities for factoring out the functions a‘*) (1)
and d*) (1) from the quantum determinant A>*) (u). For convenience, let us intro-
duce the notations {¢; = +1|i = 1, 2, 3} and

a (u; sl,ez,s@—e] <(1+a+>2u+szp+)<(1+a )Iu+esp.)

2
N

Hu—@z—i-( +s)n)(u+91+( +5)m),  (83.17)
=1

d¥(w; e1, 2, 83) = a® (—u —n; £1, €2, £3),
c(er,e2,63) = 2a_ay — 1 — ey [(1+a2)(1 +a2)]?). (8.3.18)
Similar to the work in [40], the three discrete variables {g;} must satisfy the relation
16283 =1, (8.3.19)
as required by the initial condition (8.2.17). An arbitrary choice of the discrete para-
meters {g;} satisfying the constraint (8.3.19) should give the complete set of the

spectrum of the transfer matrix by replacing a® (1), d) (1) and ¢ in the T — Q rela-
tion (8.3.1) with a® (u; &1, &2, €3), d® (u; €1, €2, €3) and c(e1, €2, €3), respectively.

It is particularly important that for «_ = —a., K*(u) can be diagonalized simul-
taneously and the algebraic Bethe Ansatz method is applicable [33]. In this case,
if we choose €1 = —1, then 263 = —1, the parameter c(e1, €2, €3) = 0 and the

corresponding T — Q relation (8.3.1) is naturally reduced to a conventional one [33]

A @) = a® @ LU= | o, Qe 8.3.20
(u) =a*’(u) ow () oW ( )

with
Ow) = [Jw=rp@+rj+m=0(-u-n., M=01,.... (8320

j=1
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The corresponding BAEs thus read

av(j) __ 0Gj+m
d9G;) QG-

(8.3.22)

We remark that for other choices of {¢;}, even for . = —ay, c(e1, €2, 83) 0
and the 7 — Q relation cannot take the conventional form (8.3.20).

8.4 Completeness of the Solutions

Let us illustrate the completeness of the Bethe Ansatz solutions introduced in the
previous section with the s = 1 case as an example. In terms of the basis {|/)|] =
1,0, —1} given by

the explicit form of the fused R-matrix RV (u) defined in (8.1.13) reads

RV w) =

1_1 1

|>—|§)®|§),

0 = 1 1 1 1 1

|)—E(|§)®|—§>+|—§)®|E)),
1 — 1 1

[—1)=|— 5) |- 5),

h3(u)

ha (u)

ha(u)

hs(u)

h7(u)

he(u)

hs(u)

by (u)

ha (u)

By (u)

ha(u)

hy (u)

hs(u)

he(u)

with the non-vanishing entries

h7(u)

hs(u)

ha(u)

ho(u)

h3(u)

, (8.4.1)

hi(u) =u@u+n) +20> ha@) =u+n), h3@) = (u+n)u+2n),

ha(u) = u(u —n), hs) =20 +n), he(u) =20 hy(u) =2un.

(8.4.2)
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In addition, the fused K-matrix defined by (8.1.20), in terms of the basis {|/)|/ =
1,0, —1}, is given by

x1(w)  xa(u)  xe(u)
K" O@w =Qu+n) [ xa@  x@)  xs@) |, (8.4.3)
xe(u)  xs(u)  x3(u)

where the matrix elements are

2
X100 = (p—+u+ 2) (po+u— )+ =),

2 2
xz(u)=(p7~|—u—g)(p,—u+g)+a%(u+g)(u_g)’
2
5300 = (p- == 23) (p- —u+ 1)+ 1= 2),
xa) = 2o u(p_ +u— g),
xs(u) = v2a_u(p- —u+ g),
xe(u) = o u (u — g), (8.4.4)

while K+ (1) can be given through the duality (8.1.23).
The corresponding spin-1 Hamiltonian in terms of the transfer matrix 1D (x) is
thus given by

9 an
H = —— {infutu+n) 1P @)1} [u=0,10,-0

N-1

1
)

U

3 [Sj Sjp1— (@S- Sj+1)2]
=1

1
+
P2 — 11 +a?)n?

1
[zp_a_s;f +2p S5+ @20 - 25

1
—5en((S)? = (5)%) — en(SiSy + Sfo)]
1

+
GBp3 — 21+ a)nHn?

[6p+ainSy — 6p1nSy,
3
+3a4n* (Sy Sy + SiSY) — @ph — S —aDn*)(S5)°

3 3
@2 = S0+ AS)? - @ + 501 - ai)nz)(sli,)z}

1+ o2 1 4
2"(3 +)2 -+ . S 43N+, (845)
3py — 30 +ai)n p=—7(1+a)p n n
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and the associated eigenvalue of the Hamiltonian reads

2N 4
E=Y 3n” — + Eo, (8.4.6)
o G720 =)
1 1
1 8  2(1+a2)2 2(1+a?)2p_
E0=—|3N+§+ - ) ”*2" + 2( - p: . (847)
n pi—T0+ap) p2-Td+a2)

with the Bethe roots {A ;} determined by (8.3.13) in the homogeneous limit {#; = 0}
or

2N

Ak + 1)
E=- Z n 3n
k=1 (x + j)(ﬂk + 7)

Eo, (8.4.8)

with the Bethe roots {1z} determined by (8.3.16) in the homogeneous limit {#; = 0}.

Numerical solutions of the BAEs (8.3.13) and (8.3.16) in the homogeneous limit
{6; = 0} as well as the exact diagonalization of the Hamiltonian (8.4.5) are per-
formed in [34] for N = 2 and randomly chosen boundary parameters. We list those

results in Tables 8.1 and 8.2, respectively. The eigenvalues A(%’l)(u) of the trans-
fer matrix t(%'l) (u) are shown in Fig. 8.1. Again, the curves of A(%'l)(u) calculated

Table 8.1 Solutions of the BAEs (8.3.13)for N =2,s =1,n=1,{0; =0}, py =0.1,p_ =0.2,

oy =03ando_ =04

Al A2 A3 Ag E, n
0.02022 0.15565 0.15565 1.28344 —2.82985 1
—0.56301: + 0.56301i
0.01436 — 0.14539i 0.01436 1.02580 1.02580 0.74454 2
+ 0.14539i —0.23475i + 0.23475i
0.00579 — 0.12153i 0.00579 0.95719 0.95719 1.84509 3
+ 0.12153i —0.17885i + 0.17885i
—0.50000 + 0.46805; | —0.09323 0.93690 1.18821 3.99277 4
0.06934 — 0.91728i 0.06934 1.06778 1.06778 4.36850 5
+ 0.91728i — 0.60960i + 0.60960i
—0.50000 + 0.16632i | —0.18832 0.82026 1.19558 5.34163
—0.09561 0.89614 1.31281 1.31281 7.59257
— 0.54820i + 0.54820i
—0.25439 0.03756 0.73530 0.73530 9.12855 8
—0.09425i + 0.09425i
—0.18554 0.81124 1.29199 1.29199 9.43905 9
—0.51363i +0.51363i

The symbol n indicates the number of the energy levels, and E), is the corresponding eigenenergy.
The energy E, calculated from (8.4.6) is the same as that from the exact diagonalization of the
Hamiltonian (8.4.5) (reproduced from [34])
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Table 8.2 Solutions of the BAEs (8.3.16)for N =2,s = 1,n=1,{0; =0}, py =0.1,p_ =0.2,

oy =03ando_ =04

1 M2 3 4 Ey n
—2.01449 | —1.03956 —0.20728 — 0.16066i | —0.20728 4 0.16066i | —2.82985 |1
—1.02843 | —0.99277 0.08448 9.58424 0.74454 2
—1.24529 | —0.75827 0.29385 6.34119 1.84509 |3
—0.90627 | —0.50220 —0.50220 + 0.45722i |8.15074 3.99277 |4
— 0.45722i
—6.63560 | —1.41141 —0.58859 0.74744 436850 |5
—0.80847 | —0.50016 —0.50016 + 0.16539; | 6.62545 5.34163 |6
— 0.16539i
—4.94473 | —0.90422 2.81138 35.70597 7.59257 |7
—4.56687 | —0.88866 —0.82335 0.40258 9.12855 8
—4.49000 | —0.81430 2.38972 32.53964 9.43905 9

The symbol # indicates the number of the energy levels, and E), is the corresponding eigenenergy.
The energy E, calculated from (8.4.8) is the same as that from the exact diagonalization of the
Hamiltonian (8.4.5) (reproduced from [34])

A2 )

u

Fig. 8.1 A(%’l)(u) versus u calculated from both the 7 — Q relations and exact diagonalization
of {2V @) for N = 2, 5 = 1, 0; =0}, pr = 0.1, p_ = 0.2, ;. = 0.3and a— = 0.4. The
correspondence is indicated by the number n = 1 to 9 (reproduced from [34])

from the BAEs and the 7 — Q relations coincide exactly with those from the exact
diagonalization of the transfer matrix t(%’l)(u). The numerical results strongly sug-
gest that any choice of the T — Q relations satisfying the closed functional relations
(8.2.15)—(8.2.20) is sufficient to give the complete spectrum of the transfer matrix.
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8.5 The Nonlinear Schrodinger Model

An interesting feature of the high-spin Heisenberg chain is its duality to some infinite
dimensional models. It has been noted that the X X X spin chain corresponds to the
lattice version of the nonlinear Schrodinger model [41] or the Lieb-Liniger model
[42, 43], while the X X Z spin chain corresponds to the lattice version of the sine-
Gordon model [44, 45]. This correspondence allows us to derive the exact solutions of
the associated continuum models by taking a proper limit s — oo. In this section, by
employing the non-linear Schrodinger model as an example, we show that the ODBA
method can also be applied to the infinite dimensional models. The method can be
naturally generalized to the integrable models associated with cyclic representations
such as the lattice sine-Gordon model [44, 45], the 7o model [46], the relativistic
quantum Toda chain [47] and the chiral Potts model [48—51] with generic integrable
boundaries.

8.5.1 The Model Correspondence

The Hamiltonian of the quantum lattice nonlinear Schrodinger model is [41]

N
4 1 8§ —gA
H=— w1+ —2—
3gA3,§("+”+8—2gA)

4 N
> Ay, 8.5.1)
3A2 (1 . Alzgz) HZ:; ¢n¢n

where
b= ("0 +2an+ 1))_1 [(a"'(n)a(n - 1))_l («for+ l)oz(n))_l
x (aT(n + Dola(n — 1))} (oﬁ(n +a(n + 1)) , (8.5.2)
for odd  and
fy = (oﬁ(n — Dam — 2))_1 [(aT(n T l)a(n)>_1 (oﬁ(n)a(n — 1))_1

x (oﬁ(n + Dola(n — 1))} (oﬁ(n — Dam — 2)) , (8.5.3)
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for even n with « being a two-component vector defined by the elements

1
a1 (n) = —i (%)2 Ayl (8.5.4)

n gA gAz T %
ax(n) = [2+ ((=D" = I)T + TI/fnllfn] , (8.5.5)

where A and g are the lattice constant and the coupling constant, respectively, and
1//; (¥, 1s the creation (annihilation) operator of bosons. The continuum model can
be obtained by taking the limit of A — 0, N — oo and the length of the system
L = N A finite with the correspondence

1 nA
Vn = Z/ Yydx, [YE), ¥ ()] =8 —y). (8.5.6)
(n—1)A

The resulting continuum Hamiltonian thus reads

0 0
H= / i W (x) g)(cx)_i_ wT(x)wT(x)w(x)w(x)]dx (8.5.7)

To solve the above Hamiltonian, let us first consider its lattice version (8.5.1). The
corresponding L-operator is [41]

L — (1+<—1>"gf—1”‘;‘+g§2w1wn - (§)2 avlon )
i ()7 Aonvn L4 (—1n 82 4 A 4 2oy by,
|
pn==[2+—o—n"€f-+g§2wi¢m}2, (8.5.8)
and the transfer matrix is defined as
1) =tr{Ly)Ly—-1(u)---Li(w)}. (8.5.9)

The Hamiltonian (8.5.1) can be obtained from the transfer matrix as

H= == i@ )]y + —— al[t()r(m
= n n e
Tagatau 0 m TR aa g, 0 0 =
N
4

s ‘/f"“’A"z (8.5.10)

nol 3A(1 — g)
with

2i g
o= -2 4 8.5.11)

A2
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and
gA AN iuA NJ2
t = (1 1-— il
o) =1+ — ) ) ( 4 > )
gA N/2 AN
14+ =—+ — 1—— —_— . 8.5.12
+(1+ ) + > ) ( YR ) ( )

Let us introduce the Holstein-Primakoff transformations

1 1
(2\?2 _ [ 2\2
si=i(2) o sr=i(2) wion

S5 =5y — Ay Y, (8.5.13)

where the spin s, takes the following alternating values for even sites and odd sites,
respectively

2 n
=i —( " (8.5.14)

The L-operator (8.5.8) can be written as

A A
L) = —=6ZRZ" (- 1, (8.5.15)

2 o 2
where R(2 ")(u) is given by (8.1.2) and n = —ig. For convenience, in the following

text let us set

(8.5.16)
, for even n.

s ——A—i— 1 , for odd n,
Snp = g2
$=75a 7

The corresponding spin chain is then called the alternating-spin chain.

8.5.2 Operator Identities

Let us fix an even number N and introduce the fundamental monodromy matrix for
an alternating-spin chain as

1
T(2 ¢ Y))(u) = aéR((),zzifN)(u —0Oy) - (2 l)(M —01). (8.5.17)
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The transfer matrix ¢ («) of the lattice nonlinear Schrodinger model thus reads

< G5 Ui
t(u)—(——)N T = Dlg=0)- (8.5.18)
Obviously, the following YBE holds
11
R&Q)( )T<2 G, )T<2 G ()
72D () r 3 E YRS Gy, (8.5.19)

which leads to [t (u), t(v)] = 0. Similarly, we can introduce the fused monodromy
matrices (with {a} = 1,...,2j)

(j.G.5) @+ GG
Ta W) =Py 5 Ty"

1
T, (w—(— —)n)

BE 4 (- )n)P<+) (8.5.20)

.....

><~T

and the mutually commutative fused transfer matrices

10G) () = tr{a}T{(aj}’(g'S))(M), (8.5.21)
[t * G ) 1 EEN ()] = 0. (8.5.22)

With a procedure similar to that used to prove the relation (8.2.4), we obtain the
operator recursion equations

. 1 . 1
t(%’(””(u) ,(j—éxs,s))(u — ) = UG g — (- E)n)
_ o 1
A @IV @ — G+ D, (8.523)

with 7©-G-5) = id and

A(E,S)(u) — a(f’s)(u)d(is)(u — ), (8.5.24)
N/2

a“Vu)y =@ —0u1+G+ 1)n)(u — 0y + (s + 1)n) (8.5.25)
I B : Sm. (85,
N/2

59wy = [ [ = bu1 + (5 — I — b + (= — ). (85.26)
Il S+ G > . (85.



272 8 The Hierarchical Off-Diagonal Bethe Ansatz
With the similar fusion procedure used in Sect. 8.2, we have the operator identities
1 CD gy 1) 1EEDN 0y — ) = AT 0n-1) x id, (8.5.27)

; ; ; N
16 () 16-ED gy — ) = A5 (0y) x id, I=1....5. (852

The functions AE‘E"Y) (u) are given by

25—1

_ - 1
Ai‘”)(u) — H A (4 — (5 — E)ﬂ + kn), (8.5.29)
k=0
B 2s—1 B 1
k=0

The expression (8.5.18) implies the asymptotic behavior

t(%,@,s))(u) =2uN ..., u— oo. (8.5.31)

8.5.3 T — Q Relation

Following the method in Sect. 8.3, we obtain the 7 — Q relation

AGGCO () = 4G9 ) Qu-m 469w O+ n)

, (8.5.32)
O(u) Q(u)

where the Q-function is parameterized by M Bethe roots {A;} as
M
0w =[Jw—-2). Mm=0.1....
j=1

From (8.5.18) we conclude that the eigenvalue of the transfer matrix of the lattice
nonlinear Schrédinger model, denoted by Ay s(u), is given by

A n,_ Ax N N Ly Qu—1)
Ns(u+ 5) = (_T) (w+ G+ 5)77) (u+ (s + 5)77) W
1 _ o4 1 v Q+n
+ (u + (E -2 (u+ (2 s)n) X0 ,  (8.5.33)
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with the associated BAEs

GHGHDIDTR+6+DDT 0%y +n)

= (8.5.34)
Oj+E—HmToj+E—omT 20—

After a redefinition of the parameters: A; — A; — %, the above BAEs become

G50 +smT QG +m)

= . (8.5.35)
(=T —sm)? Q(hj —n)
Then taking the limit A — 0, NA — L, the above BAEs are reduced to
— A+
_—H I v (8.5.36)

—Al—lg

which are the same BAESs obtained via the coordinate Bethe Ansatz [42, 43].
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Chapter 9
The Izergin-Korepin Model

The integrable models can be classified into several series such as A, -, By-, C,,- and
D,-types [1-3], associated with different Lie algebras [4]. Most of the models we
studied in the previous chapters belong to the Afll_) 1-type. In fact, the ODBA method
might be applied to other types of the quantum integrable models, among which
the Izergin-Korepin (IK) model [5] associated with the twisted affine algebra Agz)
is the simplest one. It has been realized that this model is closely related to a low-
dimensional relativistic quantum field model, i.e., the Dodd-Bullough-Mikhailov or
Zhiber-Mikhailov-Shabat model [6, 7]. On the other hand, with an open boundary,
this model corresponds to the loop model [8] in statistical physics and describes the
self-avoiding walks at a boundary [9]. The periodic IK model and the open IK chain
with diagonal boundaries have been extensively studied and fruitful results have
been obtained in the past several decades [10-22]. However, the exact solution of
this model with generic boundaries was derived only recently via the ODBA method
[23], even though the most general integrable boundary conditions (corresponding
to the non-diagonal reflection matrices) were known long before [13, 19, 21].

In this chapter, by employing the IK model with generic integrable boundaries as
an example, we show how the ODBA method can also be applied to the quantum
integrable models beyond the A-type. This example, together with the nested ODBA
introduced in Chap. 7 and the hierarchical ODBA introduced in Chap. 8, might form a
systematic method to approach the eigenvalue problem of general quantum integrable
models.

9.1 The Model with Generic Open Boundaries

Throughout this chapter, V denotes a three-dimensional linear space with the basis
{li)]i = 1,2,3}. The R-matrix of the IK model [5] in terms of this basis is
expressed as

© Springer-Verlag Berlin Heidelberg 2015 271
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R(u) =

e(u)

g(u)

ha (u)

hi(u)

ha (u)

g(u)

e(u)

fu

with the non-zero entries

g(u)

e(u)

ha(u)

hi(u) = sinh(u — 3n) — sinh 51 4 sinh 35 + sinh 7,
ho(u) = sinh(u — 3n) + sinh 37,

h3(u) = sinh(u — 5n) + sinh 7,

ha(u)

h3(u)

h4(u) = sinh(u — n) + sinh n,

., (9.1.1)

e(u) = —2¢~ % sinh 27 cosh (g — 3;7) . &(u) = —2¢? sinh 27 cosh (g — 3n) ,

f(u) = —2¢~*“+ " sinh n sinh 257 — ¢~ sinh 41,
f(u) = 2¢"~2" sinh ) sinh 2 — " sinh 47,

g(u) = 2¢~ 5+ sinh g sinh 2y, g(u) = —2¢% 2 sinh = sinh 27.

The R-matrix satisfies YBE and possesses the following properties:

Initial condition: Ry 2(0) = (sinh n — sinh 5n) P; 2,

Unitary relation: Ry 2(u) R2,1(—u) = ¢1(u) x id,

Crossing relation: Ry 2 (1) = VlRiz’z(—u + 61 + in)Vl_l,

PT-symmetry: Ry (1) = R?éz (),
Periodicity: Ry 2(u + 2im) = Ry 2(u),

9.1.2)

9.1.3)
9.1.4)
9.1.5)

(9.1.6)
9.1.7)

where R 1(u) = P12R12(u) P12, and the function ¢;(#) and the crossing matrix

V are given by

o10) = —4sinh (5 — 29) sinh (% +21)

x cosh (g - 377) cosh (% + 317) )

-

V2=

1.

9.1.8)

9.1.9)
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From the relations (9.1.4), (9.1.5) and (9.1.8), (9.1.9) we can deduce that the R-matrix
possesses the crossing-unitary property

Ry () A1 RS (= + 120) A" = pa(u) x id, (9.1.10)

e

M=V'V = 1 , 9.1.11)
—2n

¢ (u) = —4 cosh (g — Sn) cosh (g — n) sinh g sinh (% — 617) ,  (9.1.12)
and the following useful relations

A Ao Ry u) M M = R,
Ri2(u) Ry 1(v) = Ry 1(v) Ryp(u). (9.1.13)

The one-row monodromy matrices 7 (#) and f(u) are still defined as usual, as
3 x 3 matrices with operator-valued elements acting on V&V

To(u) = Ro,n(u —On)Ron—1(u —On—1)--- Ro1(u—01), (9.1.14)
To(u) = Ri0(u + 01)Ro0(u + 62) - - Ry.o(u + Oy). (9.1.15)

We consider the type II (classified in [19, 21]) generic non-diagonal K-matrices
K~ (u) and K (u) found in [13]

14 2e ““¢sinhn 0 2¢~¢TS sinh u
K (u) = 0 1 —2e¢~ ¢ sinh(u — n) 0 ,
2¢=¢7Ssinhu 0 1 42" ¢sinhp
K*(u) = MK (—u~+60+im) |(¢,c)— (.- (9.1.16)

The former satisfies RE

Rip(w —v)K| (W)Ry1(u +v)K, (v)
=K, R 2(u +v)K ()R 1(u —v), 9.1.17)

and the latter satisfies the dual RE

Rio(v — w) K™ )l Ry (—u — v+ 120) 44 K (v)
= K5 ()45 'Ry p(—u — v+ 120) 46K (u)Ro, 1 (v — u). (9.1.18)
Apart from the crossing parameter n, the corresponding transfer matrix # (#) given by

t(u) = tro{Ké|r () To(u)Ky (u)fo(u)} has four other free parameters {¢, ¢, &', ¢’}
describing the boundary fields.
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The IK model Hamiltonian with generic integrable boundaries is thus defined in
terms of the transfer matrix as

dlnt(u)
ou

H =

u=0,{6;=0}

Nz—l 2P j+1R; ;10 rk () 2trolK{ (0) Py oRly 4(0)]
sinh  — sinh 5p tr K+(0)  (sinhn — sinh 5n)tr K+(0)

j=1

O
1 4+ 2e~¢sinhp
) N-1

= cosh 5 E”E” E33E3 sinh 2
sinh  — sinh 5 121 { n( j+r T j41) +sinh 27

X (sinh 3n — cosh 377)(E”E3_2H + E22E3+1) + (sinh 35 + cosh 37n)
xsinh2n(E7E}Y + EPE7 ) +coshn(EfE}y + EJ'EfR )
+2 sinh 7 sinh 25 (e~ 2'7E1~1E3-3 + 62'7E3»3E1-1 D—e ~2 ginh 2y
x(EfEV +EJ'ER ) + ez" sinh 277(122315,Jrl +EPER)

12 21 12 22 22 23 ~32 32 =23
+oosh3n(EPER, + EJ'ER | + EPER + EPES + EVE; )}
—2¢™¢[1 + 2¢~¢ sinh ]! [sinh n(EN — E3) 4 coshE2 — SEB
oS Efl] ) [(sinh n — sinh 57)(2¢~¢' sinh 57 — 4¢~¢ sinh n
x cosh4n + 1 + 2 cosh 2p)] ™! {[(62” — 2¢~*17¢' sinh 1)) cosh 51
+(1 + 2¢~¢ sinh 5n) sinh 27 (sinh 35 — cosh 3n) + 2(e~*" — 221~
x sinh ) sinh 7 sinh 2;7] Ell + [(ez" — 2¢=*1¢' §inh ;) sinh 21
X (sinh 3n + cosh 37n) + (1 + 2¢~¢ sinh 5n) cosh 3n
(™27 — 2¢*1¢' inh ) sinh 27 (sinh 37 — cosh 3n)] E%

—+ [2(64'7 — 2¢727¢ ginh 1) sinh 7 sinh 21 + (1 + 2~ sinh 5n)
x sinh 2 (sinh 37 + cosh 3n) + (¢~ 2" — 2¢*"~¢' sinh 1) cosh 577]
><E13\,3 —2¢7¢ sinh 67 cosh n[ezmg’ E11v3 + e72"7§/E3’V]]}

N 2¢¢' (2 sinh 7 sinh 47 — cosh 57)
2 cosh 2n — 4e—¢ sinh nycosh4n + 1 4+ 2e~¢ sinh 55"

(9.1.19)
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where E 7 "(uw,v = 1,2,3) is the Weyl matrix or the Hubbard operator in Dirac
notations

EMY = |u)(vl,
and

3 3
R} (1) = o Rijw), K () = 5KjF(u). (9.1.20)

The Hamiltonian (9.1.19) is hermitian for real 7, ¢, ¢’ and imaginary ¢ and ¢’ + 27.

9.2 Operator Product Identities

To solve the eigenvalue problem of the transfer matrix, we adopt the fusion techniques
[24-29] for both R-matrices [30] and K -matrices [16, 31] to derive the desired oper-
ator identities determining the spectrum of the transfer matrix ¢ (#). Let us introduce
the following vectors in the tensor space V ® V:

1
X0 = w1 (
M) ®12) —e"2) ) 1)), (9.2.2)

e M) ®13) = 12) ®12) +"3) @ 1)), (9.2.1)

1
X1 = /2 cosh2n (

1 .
Ix2) = Jreoshan (1) ®13) = 2sinhn|2) ® [2) = [3) ® 1)),  (9.2.3)

1
- -n _ o
Ix3) = XV, (e72) ® I3) — e"3) ® |2)), (9.2.4)

and the associated projectors

3
1 3
Pl(,z) = [x0){xol, Pl(,z) = 2 [xi){Xil- 9.2.5)
i=1

The projectors satisfy the properties
(PO =P", i=13. (9.2.6)

Direct calculation shows that the R-matrix at some degenerate points is propor-
tional to the projectors,

R12(6n + im) = —2cosh 3y sinh 2n(2cosh 27 + 1) P x y{ 5, (9.2.7)
R12(41) = 2coshnsinh4n P x 3, (9.2.8)
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where yl(f% are some non-degenerate diagonal matrices € End(V ® V)

yi5 = Diag{l, 1,e*", 1,1, 1,e721, 1,1},

y13 = Diag({l, ¢, 1,e721, —1,¢*,1,e7%", 1}.
Using the same procedure from (2.4.19) to (2.4.21) in Chap. 2, we can show that

P{Y Ry3(u) Ri3(u + 61+ i) P} = o1 ) P ®id, 9.2.9)
P{)R3,1(u) R3 2(u + 6+ im) P{) = o1 (w) P ® id, (9.2.10)
P Ra3(u) Ru3(u + 4n) P = @3(u) Riyop3(u + 20 +im), (9.2.11)
P R3.1(u) R3 2 +4n) P = @3(u) Ra 121 (u + 20 + i), (9.2.12)

where the function ¢3(u) is
03(1) = —2 sinh ( + 2;7) cosh (5 - 3;7) (9.2.13)
Noting that the fused space V(i 2) is defined by
Vi =P3VeV, (9.2.14)
and its dimension is three, after the following isomorphism: C : V — V|;
Cliy=|x), i=12,3, (9.2.15)

we obtain that the fused R-matrix R[j 2),3(u) is isomorphic to Ry 3(u) by direct
calculation, i.e.,

v, 21%V1

C' Rpyo3(u) C Ri3(u). (9.2.16)

Then the fusion relations (9.2.9)—(9.2.12) allow us to derive the following results:

PTy ) Ty (u + 6 + i) P ) = H«n w—6) P @id, (9.2.17)
=1

POy ) By + 6y + im) P ) = H«n @ +6) P @id, (9.2.18)
=1

PO Ty (u) Ty (u + 4 P = H 03(u — 0)) Tj1.2y(u + 29 + i), (9.2.19)

=1

PO w) Ty + 4P = H 03 + 0) Ty 2 (u + 20 + i), (9.2.20)
=1
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We note that in contrast to most of the rational integrable models, here Pz('? =
Pi2P{) P 5 # P,

Similarly, after some tedious calculation we can obtain that

P2(’11)K1_(”)R2’1(2”+6’7+i”)K2_(u+6n+in)Pl(2

= Dety (K~ ()} Py} Pi2, (9.2.21)
P{YKS (u + 61 + im) R 2(=2u + 61 + i) 47 K () Py )

= Det, (K* W)} P P12, 9.2.22)
P1o Py K () Ro1 Qu+ 41Ky (u + 4n) P

= fo(u) K[ 5y (u + 20 + im), (9.2.23)
PYKy (1 + 40) A1 Ry 2(—2u + 814 K () Py Pro

= fr@) K5y +2n+in), (9.2.24)

where the functions f3 () and Det, {K i(u)} are

f—(u) = —=2(1 — 2e ¢ sinh(u — 1)) cosh(u — n) sinh(u + 47), (9.2.25)
F@u) = 2(1 — 2¢=¢ sinh(u — 1)) cosh(u — ) sinh(u — 6n), (9.2.26)
Dety (K@) = tr1.2 { P K @) Ro,1 Qu + 67 + i)

< K3 (u+ 61+ in)Pf}z)Pm} — —2(1 — 2¢~ sinh(u — 1))

x (1 + 2e~ ¢ sinh(u + n)) sinh(u + 6n) cosh(u + 1), (9.2.27)
Det, (K (u)} = tr1.5 {Plf‘z)Kj(u 60+ i) M Ry 2 (—2u + 61 + i)

x M7 K @ P P2 | =201 = 267 sinh(u — )

x (1 + 2¢~¢ sinh(u + 1)) sinh(u — 61) cosh(u — n). (9.2.28)

By using the relations (9.2.17)—(9.2.24) and the fusion procedure introduced in
Chap. 7, it is found that the transfer matrix satisfies the operator identities

5 id
H(&0,)1(20; + 6y + im) = LW X1 , (9.2.29)
1 (2u) u==0;
1) t 2 ]
1(£0,)1 (0, + 41) = 20u) X 1{u + 20 + i7) . (9.2.30)
@2(—2u + 8n) u=+0;
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where j = 1,..., N and the functions &1 («) and §>(u) are

N

S1(u) = Detq{Kf(u)}Detq{KJr(u)}H(pl(u — 01 (w+6,), (9.2.31)
=1

N
Sa(u) = f-(u) f1 () H¢3(M — 03 (u +6)). (9.2.32)
I=1

9.3 Crossing Symmetry and Asymptotic Behavior

As is the case for most of the integrable open boundary models, the transfer matrix
of the present model possesses the crossing symmetry

t(u) =t(—u—+6n+im). 9.3.1)
It is easy to show that the following relations hold:

K~ (u)K ™ (—u) = A_(u) x id, (9.3.2)
ViKY (—u+6n+in) VV Kt (u+6n+in)V = Ay (u) xid, (9.3.3)

where A4 (u) are

A_(u) = (1 — 2e ¢ sinh(u — n))(1 + 2¢ ¢ sinh(u + 1)), (9.3.4)
Ar(u) = (1 —2e ¢ sinh(u — n))(1 +2¢¢ sinh(u +1n)).  (9.3.5)

For convenience, we introduce the matrices

Ry () = try {Pl,z Ro.1(—2u) Vo K5 (u + 61 + im) V{z} . (9.3.6)

K (u+6n+im) =try {Pl,z R, u) K3 (u)} . 9.3.7)

Substituting the expressions (9.1.16) into the above equations, we find that the K -
matrices satisfy the crossing relations

K~ (u) = %(;)(”)} K~ (—u), (9.3.8)

Det, {K+(u)}

VIK Y (—u+6n+in)V. (9.3.9)
Ay (u) !

KY(u+6n+in) =
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Note that the crossing relation (9.1.5) and PT-symmetry (9.1.6) allow us to derive

Ry (u) = V{' RY' ) (—u+ 6n+im) V{', (9.3.10)
Ry (u) = Vo RY,(—u + 6n +im) Va. (9.3.11)

These relations together with (9.1.5) and (9.1.9) give rise to the following dualities
between T (1) and T (u):

T30 (—u + 6n + i) = V* To(u) VP, (9.3.12)
T30 (—u + 6n + i) = Vo To() Vo. (9.3.13)

With a procedure similar to that introduced in Chap. 2, we conclude that the crossing
symmetry (9.3.1) holds.
In addition, since
K*(u+2i7) = K*(u),
the following periodicity of the transfer matrix 7 («) holds:

tu+2im) = t (). (9.3.14)

Moreover, from the definition of the transfer matrix we can easily deduce the
asymptotic behavior

1 2N
im t) = (=) eF2NV+DE—3n—e—¢
u—=+00 2
x[1+2cosh(s" =g +2m] xid+---.  (9.3.15)
Note that

K~ (0) = (1 +2e¢ ®sinhp) x id,

Kt (6n+im) = (1 +2¢ ¢ sinhn).4, (9.3.16)
K~ (im) = (1 — 2¢ ¢ sinh ) x id,
Kt(6n) = (1 —2¢7¢ sinhn).#. (9.3.17)

From the unitary condition (9.1.4) and the crossing unitary condition (9.1.10) we
deduce the relations

N
To)To(—u) = [ [ o1 — ) x id, (9.3.18)
=1

N
Ty ) AT (—u + 12045 = [ [ o2 —0) xid,  (9.3.19)
=1
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which imply the identities

N
t(0) = t(6n + i) = (1 + 2¢ ¢ sinh n)tr{K+(O)}H<p1(—91) x id, (9.3.20)
=1
N
t(im) = t(6n) = (1 — 2¢~ ¢ sinh n)tr{K+(in)}H(p1(i7r —0y) xid. (9.3.21)
=1

9.4 The Inhomogeneous 7' — Q Relation

As we introduced in previous chapters, the eigenvalue A(u) of the transfer matrix
should satisfy the same relations held by #(u). The operator identities (9.2.29) and
(9.2.30) indicate that

AOPAG; + 6y +im) = 2| ©4.1)
12u) |,
So(u) x Alu+2n+im)
i i +4n) = 4.2
AO) AB; + 41) e B

where j = 1,..., N and the functions §;(«) are given by (9.2.31) and (9.2.32).
Equation (9.3.1) ensures the crossing symmetry

A() = A(—u+6n+im), (9.4.3)

while (9.3.14), (9.3.15) and (9.3.20), (9.3.21) give rise to

A +2im) = Au), (9.4.4)
N
A(0) = (1 +2¢ ¢ sinh tr{KTO)} [ o1 (=60). 9.4.5)
=1
N
A(im) = (1 —2e sinhp)tr{K 1 (im)} H(pl(in —6)), (9.4.6)

=1
lim Au) = (_) ei2(N+1)(u—317)—s—s/
u—+00 2

x[142cosh(¢c’ — ¢ +2m)]+---. (9.4.7)
By a simple analysis we conclude that

A(u), as an entire function of %,

is a trigonometric polynomial of degree 4N + 4. (9.4.8)
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The relations (9.4.1)—(9.4.8) provide 4N + 5 conditions to determine the 4N + 5
coefficients of the A(u) polynomial.
Let us introduce the T — Q relation

. Q1(u+4n) Qr(u —6n+in)
A =a =0 o T 0w 2 i)
b O1(u+2n+im)Qr(u —4n) 1 |:C(M)Q1(M+2T)+iﬂ)
Qo —2n+im)Q1(u) cosh(u — 3n) Q1(u) Q2 (u)
B c(—u+6n + im)0r(u — 4n). i| ’ (9.4.9)
O1(u—2n+im)Q0sr(u —2n+im)

where the functions a(u), b(u), c(u), d(u) and Q;(u) are given by

N

a(u) = Hh3(u — 0)h3(u + 6;)(1 — 2e~¢ sinh(u — n))(1 — 2¢~ sinh(u — 7))
=1

sinh(u — 61) cosh(u — n)

" Sinh(u — 217) cosh(u — 37)°
N

du) = Hh4(u — ) ha(u + 6))(1 — 2 sinh(u — 57))(1 — 2¢~¢ sinh(u — 51))
=1

sinh u# cosh(u — 51n)

% sinh(u — 41) cosh(u —3n)’
N

b(u) = th(u —0)hy(u + 6)(1 +2¢~¢ sinh(u — 3n))(1 + 2¢~¢ sinh(u — 37))
=1

(9.4.10)

(9.4.11)

sinh u sinh(u — 61)

" sinh(s — 2) sinh(u — 47’ ©4.12)
c(u) = co(u)4' N sinh u sinh(u — 61)
N
x [T 3t — 60hs(u + 6)hatu — 0)hatu + 61). (9.4.13)
=1
N u— Ak _
Ql(u)zklj[lsinh[ 5 —n], N=4N+2(n—-1), (9.4.14)
N u+ A
02(u) = E] sinh [ S n} . (9.4.15)

Here co(u) is atrigonometric polynomial with a degree n obeying the relation co (1) =
co(—u+4n) to match the asymptotic behavior (9.4.7). We choose the minimal 7 — Q
relation with n = 0 and
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o N
cosh(¢’ — ¢ + 2n) — cosh (Nn -2 = Aj)

+e/ Nn 15N
ecte cosh( ol DIy

N =4N —2. (9.4.17)

co(u) =co=-2 , (9.4.16)

Note that the functions Q; (u) possess the periodic and crossing properties
Qi(u+2im)=Qiw), i=12 Q)= Qi(—u+4n. (94.18)

Indeed, the T — Q Ansatz (9.4.9) satisfies the relations (9.4.3)—(9.4.6). In addition,
since

h2(0) = h4(0) = h3(6n +imw) = ha(6n +im)
= h3(4n) = ha(2n +im) = 0, (9.4.19)

the T — Q Ansatz (9.4.9) also satisfies the functional relations (9.4.1) and (9.4.2).
Inthe T — Q Ansatz (9.4.9), there exist some readily apparent and simple poles:

2n, 4n, 3n+i%, mod(ir), (9.4.20)
and
Aj+2n, —Aj+2n, Aj+4n+in, —Aj+4n+in, modQRix), (9.4.21)

where j =1, ..., N. The regularity of the 7 — Q Ansatz at these poles leads to the
corresponding BAEs of the present model

(1 +2¢~¢sinh(%; — n))(1 4+ 2¢~¢ sinh(A; — n)) cosh(A; — 1)
4sinh A sinh(A; — 27n)

N
Aj—6 Aj+6 Aj—6 Aj+6
:—Hsinh[ / [—n]sinh[ it l—n]cosh[ / l}cosh[g]
e 2 2 2 2

g QG tim) (9.4.22)
O2(Aj —2n)Qa(A; +21)

The above BAEs ensure that the A(u) given by (9.4.9) is an eigenvalue of the transfer
matrix. )
Apart from the above solutions, there is another special solution N = 0 and

A(w) =a(u) +bw) +du). (9.4.23)

This solution corresponds to an isolated vacuum state which is independent of the
boundary fields and does not contain any Bethe root.
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The eigenvalue of the Hamiltonian (9.1.19) reads
d
E=_—1InA®)lu=0
ou
N
A h(5
= Zcoth (n — —J) +2N—m————— cos (_ m)
o 2 sinh n — sinh(57)
e~ coshn e ®coshp
1 4+ 2¢~¢ sinhp 1+ 2e~¢sinhp
inh(6 h h(5n) — sinh(2 h(3 h(7
+sm (6n) cosh n cosh(5n) — sinh(2n) cosh(3n) cosh( n)7 (9.4.24)

sinh(67) cosh 1 sinh(2n) cosh(37)
with the Bethe roots {A;|j = 1,..., N} determined by the BAEs (9.4.22) for
{0; =0}.

Numerical simulations are performed for N = 2 and randomly chosen boundary
parameters by keeping a hermitian Hamiltonian. The numerical results shown in
Table9.1 and Fig.9.1 imply that the 7 — Q relation (9.4.9) and the BAEs (9.4.22)
indeed give the complete solutions of the eigenvalues of the transfer matrix. How-

Table 9.1 One set solutions of the BAEs (9.4.22) for N = 2,7 =0.2,{0; =0}, =2, g =1,

¢ =07and ¢ =0.6

M A2 A3
—3.86730 — 0.76144imw | —3.86730 + 0.76144im | 0.40014 — 0.55129i7
—4.31619 + 0.00000i —3.11935 — 1.00000im | 0.39986 — 0.55166iw

—1.19960 + 0.00000:

—0.35935 — 0.51198ix

—0.35935 + 0.51198in

—5.21818 — 1.00000i

—2.92697 + 0.00000i

0.00014 — 0.44834im

—5.58665 — 0.00000i

—3.11378 + 0.00000i

—0.00014 — 0.44871im

—0.47543 — 0.24271in

—0.47543 + 0.24271im

0.39999 — 0.89627im

—0.78903 + 1.00000i

—0.00004 — 0.13296i

—0.00004 + 0.13296i

—6.34007 — 1.00000i

0.00047 — 0.10337im

0.00047 + 0.10337im

—0.75861 — 0.44544ir

—0.75861 + 0.44544i 7

0.00045 — 0.10340i

A As A6 E, n
0.40014 + 0.55129ix 3.51378 + 1.00000i 5.98665 — 1.00000i7r | —5.43010 | 1
0.39986 + 0.55166i 3.32697 + 1.00000i 5.61818 — 0.00000¢ —5.42987 | 2
1.36235 4 1.00000i 1.72287 — 0.50381ix 1.72287 + 0.50381imw | —4.90174 | 3
0.00014 + 0.44834im 3.51935 — 0.00000; 4.71619 + 1.00000iwr | —4.58712 | 4
—0.00014 + 0.44871iz | 4.26730 — 0.23856i7 4.26730 + 0.23856iw | —4.58375 | 5
0.39999 + 0.89627im 0.48065 — 0.24340i 0.48065 + 0.24340iwr | —3.16027 | 6
0.39510 — 0.55436i 0.39510 + 0.55436i 0.78826 — 1.00000iw | —0.21408 | 7
0.40537 — 0.55059i7 0.40537 + 0.55059i 6.39766 — 0.00000i 0.66418 8
0.00045 + 0.10340i 1.56521 — 0.44347in 1.56521 + 0.44347iw | 0.66882 9

The symbol n indicates the number of the energy levels, and E), is the corresponding eigenenergy.
The energy E, calculated from (9.4.24) is the same as that from the exact diagonalization of the
Hamiltonian
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A(u)

Fig. 9.1 A(u) versus u for N = 2,7 = 0.2, {0; = 0}, & = 2, g =1,¢=07and ¢’ = 0.6.
The curves calculated from exact diagonalization of the transfer matrix coincide exactly with those
from the T — Q relation (9.4.9) and the BAEs (9.4.22)

ever, there could be several sets of Bethe roots corresponding to one A(u) curve.
Such behavior also indicates the multiple parameterizations of the eigenvalues. For
a given A(u), the operator identities give rise to 2N independent equations for the
coefficients of the Q (1) functions, among which N of them are linear and N of them
are quadratic. According to Bézout’s theorem [32], the maximum number of possible
Q (u) functions that parameterize the given A(u) correctly, is 2V, Therefore, a given
A(u) may not correspond to a unique pair of Q; 2(u).

‘We note that the generalization of the above approaches to the type I non-diagonal
K-matrices [19, 21] is straightforward. It should be remarked that there is almost
no arbitrariness in the choice of the T — Q relation, as long as cp(u) is fixed, for
the present model. For example, a T — Q relation with one unique Q-function like
(8.3.1) or with three Q-functions like (3.2.61), allowed for other rank-1 models, does
not exist for the IK model. Such a phenomenon could be a common feature of the

integrable models beyond the A;]_)] -type.

9.5 Reduced T' — Q Relation for Constrained Boundaries

As in the case of the anisotropic spin-% chains introduced in Chap. 5, here ¢y = 0
leads to the constraints among the boundary parameters and 5. In such cases we
might find a proper reference state, enabling application of the conventional Bethe
Ansatz methods [33-35].

The BAEs (9.4.22) require that the Bethe roots {2 ;} form two types of pairs:

Oy —hj),  (hj, —hj +4n), (9.5.1)
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which imply the constraint condition for a generic n
¢’ —¢=—4kn mod 2in), keZ. (9.5.2)

The resulting 7 — Q relation (9.4.9) is thus reduced to a conventional one

QA 06y in)
A == gy T oy v im)
b Qu+2n+inm)Qu — 4r))’ 9.5.3)

O —2n+im)Q(u)

where

u—»A;j . u+Aj
— h
5 n] sinh[ 5

M
Ou) = H sinh[ — 7l (9.5.4)
j=1

withM = N—ktfork < —NM = N+k+1fork > N+landM = N—k, N+k—1
for 1 — N <k < N, respectively.
The reduced T — Q relation is also valid if  takes the following discrete values
c—¢ 2irm

= MeZ and0< M. 55
"SAN—am AN —am MM e a0 0>

The resulting BAEs are

. ) . Xi+0,
N sinh [JTI - ’7] sinh [’T’ - '7] (1 —2¢~¢sinh(Aj + 1))
=1 sinh [ 257 | sinh [ 23 4 ] (14 2¢7 sinhGj =)

0+ 2 ¢ sinh(A; — n)) sinh(A; + 2n) cosh(X; — 1)

(1 —2e=¢sinh(A; + 1)) sinh(A; — 21) cosh(x; + 1)
OM; =2mQj +4n+im)

Qj+6mOM;+in)

j=1,...,M. (9.5.6)

We remark that the Hamiltonian (9.1.19) is normally not hermitian under the above
constraint conditions.
For the diagonal K -matrices

K () =id, K*(u) =.#, (9.5.7)

the T — Q Ansatz (9.5.3) is reduced to the one [16] obtained by the analytic Bethe
Ansatz method



292 9 The Izergin-Korepin Model

_ o Qutdn) S Q@ —6n+in)
A =40 o0 T o i
iy QU A QA 20 + i) 95.8)

Qu—2n+im)Q(u)
where a(u) = a()le,¢/— +ocos g(”) =dW)le,e’—+oos E(“) = b(u)|¢,e'—+00 and the

function Q(u) is still given by (9.5.4) but with M = 0, 1, ..., 2N, because in this
case the U (1)-symmetry is recovered [16].

9.6 Periodic Boundary Case

For the periodic IK model, the ODBA process is natural and simple. In this case, the
transfer matrix reads

t(u) = troTo(u). 9.6.1)

Similarly, using the method in Sect.9.2, and with the help of the relations (9.2.17)
and (9.2.19), we may obtain that the following operator identities hold:

10,)10; 4+ 6n+im) =a®,)dO; +6n +im) x id, (9.6.2)
10,10 +4n) =50)t6; +2n+in), j=1,...,N, (9.63)

where

N N
a(u) = Hh3(u —6), du) = Hh4(u — ), (9.6.4)
=1

=1

N 0; — 0 0, — 0
50, = (—2)NEcosh( J . ! —3;7) sinh( ] . ’+2n). (9.6.5)

In addition, the asymptotic behavior of ¢ (u) for u — oo reads

lim () = 2~ N RN @3 [1 n 200sh(2Mn)] xid 4o (9.6.6)

u—+o00

where M = Z;v:l (Ejl.l — E3%) isrelated to U(1) charge operator.
The Egs. (9.6.2)—(9.6.6) completely determine the eigenvalue A(u) of ¢ (u), which
can be given by the T — Q relation
. u+4 ~ u—6n+im
AGw) = a 2UA | G, QU tntim)
O(u) O —2n+im)
—4 2 j
O(u n)Q(u.Jr 77—1—171)7 9.6.7)
Qu —2n+im)Q(u)

+b(u)
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with

N
b(u) = [ [ hatu —00), (9.6.8)
=1
M U — Ak
) = 'h[ - ] M=0,...2N. 9.6.9)
Ou kl:[lsm > n (

The BAEsS in this case read

. Aj—0
ﬁ sinh [ 25 ] 00, =2m)QG, + 4y +im)
paie sinh[“z‘@l + n] 00 +6mMQG; +im)
j=1.....M. (9.6.10)
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